hexagon: 2611. 00431v1

Regularity criteria and an effective bound for irregular extensions
of Euler triples

A. Dujella and S. Slijepcevié

November 12, 2026

Abstract

An Euler triple is a Diophantine triple {a,b,c¢} witha <b<c=a+b+ 2vVab+1. Tt
extends to the regular Diophantine quadruple {a,b,c,d }, and it is conjectured that it has
no other extension d > ¢. We prove that an irregular extension forces ¢ < 4 - 10*®, against
¢ < 10”8 in recent work of He and Togbé. The proof squeezes the index m of the extension,
which locates a common term of two Pell sequences, between a floor from congruences,
c < 8m?*, valid for every irregular extension, and ceilings from linear forms in logarithms.
The same squeeze, with other bounds, gives three regularity criteria: by the size of b/a, which
confines irregular extensions to 1 + Tlgg < b/a < 33552%; by pair coordinates, through the
hypergeometric method; and by coprime divisors of the index combinations, which settles
every Euler triple with two elements in a ratio j : k with jk < 300. As applications, the
three-parameter family of Cipu, Fujita and Mignotte extends only regularly when vA > 2 and
K > 643, and when K =1, A € {2,3} and v > 2; the latter contains the Hoggatt—Bergum
triples, for which this recovers Dujella’s theorem for extensions d > c.
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1 Introduction

A set of positive integers is a Diophantine tuple if the product of any two of its elements,
increased by 1, is a perfect square. Every Diophantine triple {a,b,c} with a < b < ¢, where
ab+1 =172 ac+1 = s and bc + 1 = ¢, extends to the Diophantine quadruple {a,b,c,d, },
where

dy =ds(a,b,¢c) =a+ b+ c+ 2abec + 2rst,

as observed by Arkin, Hoggatt and Straus [3] and, independently, by Gibbs (see [15]). An
integer d > ¢ such that {a,b,c,d} is a Diophantine quadruple is an extension of the triple; it
is reqular if d = d(a,b,c) and irreqular otherwise. The regularity conjecture, which goes back
to the same authors, asserts that every Diophantine quadruple is regular, that is, that every
extension of a Diophantine triple is regular (see [18]). It implies that there is no Diophantine
quintuple: Dujella proved that there are only finitely many [14], and He, Toghé and Ziegler that
there are none [19]. For a fixed triple, Fujita and Miyazaki [18] showed that there are at most
eleven extensions, and Cipu, Fujita and Miyazaki [11] that there are at most eight. In a recent
preprint He and Togbé [20] give a proof that there are only finitely many irregular Diophantine
quadruples. The conjecture itself is open.

This paper is about the extensions of Fuler triples, the Diophantine triples {a,b,c} with
a < b<cand

c=a-+b+2r, r=+vab+1

(Definition 2.3). The name is that of He, Toghé and Ziegler [19]; Cipu, Fujita and Mignotte [7]
and Dujella [15] call these triples regular, a word that in this paper qualifies only extensions. By
a lemma of Jones [21] (see [19]), a Diophantine triple with a < b < ¢ either is an Euler triple or
satisfies ¢ > 4ab. So each Diophantine pair {a, b} with a < b lies in exactly one Euler triple with
third element larger than b, and among the Diophantine triples that contain the pair as their
two smallest elements it has the least third element. For an Euler triple, s =a+r,t =b-+r
and d; (a,b,c) = 4rst (Lemma 2.4), and we write

a:r—}-\/%, B = s+ ac, Vzt—l—\/%

for its units. Cipu, Fujita and Miyazaki [11] showed that an Euler triple has at most three
extensions d > d4(a,b,c).

1.1 Index systems and the main results

Let d be an irreqular extension of an Euler triple {a,b,c}, that is, an integer d > ¢ with
d # d (a,b,c) such that {a,b, c,d} is a Diophantine quadruple, and write ad+1 = 2%, bd+1 = >
and cd+1 = 2% with z,y, 2 > 0. An index system of d (Definition 2.5) is a quadruple (X, 1, m,n),
with A € {—1,1} and integers [, m,n > 0, such that

yva+ Vb= (vVa+ Vb) o, zv/a+zve = (\Wa+ ) B,
Vb4 yve = Wb+ /)y

By Proposition 2.11, every extension has exactly one index system, and by Lemma 2.14 the
index system of an irregular extension satisfies 3 <n < m <[ < 2n; we call m the index of the
extension. It locates z as a common term of the Pell sequences of the pairs {a,c} and {b,c},
at the positions m and n (Lemma 2.8). Each of our results compares a lower bound for the
index, coming from the arithmetic of the three representations, with an upper bound coming
from Diophantine approximation. The first result is a universal lower bound.



Index floor (Theorem 3.6). Let (A, l,m,n) be the index system of an irreqular extension d of
an Euler triple {a,b,c}. Then ¢ < 4m?(m + \)? < 8m*.

Equivalently, m > (¢/8)'/4: the index grows at least like the fourth root of ¢. The previous
lower bound for the index of an Euler triple, 32m° > clogc for ¢ > 107 [20], gives m >
(clogc/32)'/%, a fifth root; Theorem 3.6 raises the exponent of ¢ from 1/5 to 1/4 and needs
no condition on ¢. We do not know whether the exponent 1/4 is optimal. The index floor is
the heart of the paper: it is the lower bound behind the pair-coordinate criterion, the effective
bound and the three-parameter family below.

Two of the units «, 3,7 are close when b/a is large, and when b — a is small compared with
vac. In both cases the three representations force regularity.

Close Pell units (Theorem 4.5). Let {a,b,c} be an Euler triple with b > 3355%a or \/ac >
3075 (b —a). Then {a,b,c} has no irregular extension.

Consequently an Fuler triple with an irregular extension satisfies 1 + less < b/a < 33552
(Corollary 4.6). The second condition holds whenever b — a < a/1538; for Euler triples with
a > 3.8-107 this range contains the range b < a+4+/a of the close-pair theorem of Filipin, Fujita
and Togbé [17]. The constants come from one numerical inequality in Laurent’s bound for linear
forms in two logarithms [22], which they satisfy with a margin below one half of one percent.
In their concluding remarks Cipu, Fujita and Mignotte [7] explain that their two-parameter
families became tractable through sharp bounds for the difference of the integer coefficients
of the logarithms, and write that “it remains for future works to obtain similar bounds for
general triples, not necessarily given parametrically”. For Euler triples such bounds are the gap
inequalities

vac log 8
a

m > (I —m) Ry, n>(m-—n)R,, where Rw:\/gloga, Rz:b
a _

(Lemma 2.18), and Theorem 4.5 follows from them and Laurent’s theorem.

The third criterion uses coordinates adapted to the hypergeometric method. A pair repre-
sentation of sign o € {—1, 1} of an Euler triple {a, b, c} is a quadruple (p1, g1, p2, g2) of positive
integers with a = p1q1, b = p2g2 and p1ga — p2q1 = 20 (Definition 5.8). Every Euler triple has

one, and its pair coordinates (p1,q1), (p2,q2) and (ps3,q3) = (p1 + P2, q1 + q2) satisfy ¢ = psqs
(Lemma 5.10).

Pair coordinates (Theorem 5.19). Let {a,b,c} be an Euler triple with a pair representation
such that piqs > 800p§, or such that pi1qs > 42p§ and ¢ > 4.5-10'2. Then {a,b,c} has no
irregular extension.

Cipu, Fujita and Mignotte [10] proved the regularity of a three-parameter family of Euler
triples by the simultaneous approximations of Rickert [26] and the criterion of Bennett [6],
under a growth condition on the parameters. Their approximation measure extends to every
pair representation with p1gs > 168 (Theorem 5.14). Together with the index floor, which takes
the place of their congruence lower bound for the index, it gives Theorem 5.19; on their family
it removes the growth condition.

The fourth criterion is arithmetic. For an Euler triple put

~ ged(a,b) A _ sed(bo) A _ ged(ao)
™ ged(a,b,4)’ 7 ged(b,c,4)’ 7 ged(a,c,4)’

ged(r, ¢) ged(t, a) ged(s, b)
GTC:77 Ga:77 GS :77

ged(r, ¢, 2) 7 ged(t,a,2) "7 ged(s, b, 2)
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and call I} = AgpGre, o = ApGyg and I3 = A, Gy its coprime divisors (Definition 6.1);
the two factors of each product are coprime (Lemma 6.2). The index combinations of an index
system are m —n, [ + Am and [ 4+ An.

Coprime divisors (Theorem 6.3). Let (\,l,m,n) be the index system of an irreqular extension
d of an Euler triple {a,b,c}, with the coprime divisors I1;,1lo, 113 and the gap ratio R, above.
Then

I | m—n, I | 1+ Am, II3 | I 4+ An, and — m>TIL(1+ R,).

The application is to Euler triples with two elements in a fixed ratio, for which the coprime
divisors grow linearly with ¢. An Euler triple has ratio type j : k, for coprime integers 1 < j < k,
if two of its elements v < w satisfy jw = kv (Definition 8.5); for each j : k and each choice of the
two positions, these triples come from the positive solutions of the Pell equation u? — jkg? = 1
(Lemma 8.6).

Fixed ratios (Theorem 8.7). Let {a,b,c} be an Euler triple of ratio type j : k. If {a,b,c} has
an irreqular extension, then

19.46 ¢

6(j +k)

Cc

— —0.15 < 2.4638 - 10"2(log ¢)% 1o

If jk < 300, then {a,b,c} has no irreqular extension.

Earlier results of this kind concern single ratios; they are listed in the table at the head of
Section 8.

Finally, all irregular extensions of Euler triples are confined to an explicit range.

Effective bound (Theorem 7.9). Let {a,b,c,d} be a Diophantine quadruple with a < b < c < d
and c=a+b+2Vab+ 1. If d # di(a,b,c), then ¢ < 4-10%.

This improves the bound ¢ < 10% of [20]. Near the new bound the index floor forces the
index m to be of order 10'2.

As applications we settle two subfamilies of the three-parameter family of Cipu, Fujita and
Mignotte [10]. With F_y = 1, Fy = 0 and Fyyo = Fyy1 + F}, integers v, A, K > 1 and a sign
e €{—1,1}, put ¢y = FrA+ Fr_1 and fx = ¢p (oK + 2eFy); the family triple of the parameter
point (v, A, K,¢€) is {fu, fu+1, fu+2} (Convention 8.1), an Euler triple for K > 3 (Lemma 8.2).
We prove that the family triple has no irregular extension when vA > 2 and either K > 643, or
K > 128 and ¢ > 4.5-10'2 (Corollary 8.3), and when K = 1, A € {2,3} and v > 2 (Theorem 8.4).
For (A,e) = (3,—1) the family triples are the Hoggatt—Bergum triples {F5, 192, Fop44, Fori6},
and for extensions d > ¢ Theorem 8.4 recovers Dujella’s theorem on them [12]; these triples are
also covered by the results of Filipin, Fujita and Togbé [17] on the pairs {Fby, Foryo} and of
Park and Lee [25] on the pairs {Fok, Fogt+4}. The table at the head of Section 8 compares these
applications, and the other families settled here, with what was known.

1.2 Methods and plan of the paper

The lower bounds are arithmetic. Expanding the three Pell sequences at their common terms
to second order, by the congruences of Dujella [13], and to third order, following He and Toghé
[20], gives congruences for I, m,n modulo a, b and ¢, and integer combinations of them in which
the leading terms cancel give the index floor. Reducing the multiplication matrices modulo the
geds of two elements, or of a root and an element, gives the divisibilities behind the coprime
divisors, and the divisibility of a quadratic index form in pair coordinates gives a further lower



bound in the pair-coordinate criterion; for close units the gap inequalities play the part of the
lower bound. The upper bounds are analytic. Those from linear forms in logarithms start from
the two linear forms

A, =2lloga —2mlog S+ log Dy, A, =2mlog B — 2nlogy + log Ey

of Definition 2.16, with explicit algebraic numbers Dy, Ey, which satisfy 0 < A, < 4.01 374"
and 0 < A, < 287%" (Lemma 2.18). They are bounded from below by Laurent’s theorem on
linear forms in two logarithms [22] for close units, by Matveev’s theorem [23] for the a priori
bound (Proposition 7.3), and by the theorem of Mignotte and Voutier [24] on linear forms in
three logarithms for the effective bound. For pair coordinates the upper bound comes from the
approximants of Rickert [26], with Bennett’s criterion [6] and the prime product of Cipu and
Fujita [9]. Individual triples below the analytic thresholds are closed by the reduction of Baker
and Davenport [4] in the form of Dujella and Pethé [16] (Proposition B.1). Several steps of
the proofs are finite computations: numerical inequalities certified in interval arithmetic with
outward rounding, exhaustive checks over explicit finite sets, and these reductions. Each is
stated where it is used, with what it checks and how.

Section 2 contains the common setting: Euler triples, their index systems and the two linear
forms. Its results are used throughout, above all the existence and uniqueness of the index
system (Proposition 2.11) and the ordering of the indices (Lemma 2.14), on which every later
section rests. The index floor, the criteria for close units, pair coordinates and coprime divisors,
and the effective bound are proved in Sections 3 to 7, in this order. After Section 2, Sections 3,
4 and 6 can be read independently of one another; Section 5 uses the index floor, and Section 7
uses the index floor and the heights and Laurent’s theorem of Section 4. Section 8 proves the
results on fixed ratios and on the three-parameter family, with a table comparing them with the
literature. Appendix A contains the proof for the three-parameter family with 643 < K < 2401,
and Appendix B the reduction for a single triple.

2 Euler triples, index systems and the two linear forms

This section sets up the objects of the paper and proves the facts on which the later sections
rest: every extension of an Euler triple has exactly one index system (Proposition 2.11), and for
an irregular extension the indices are ordered (Lemma 2.14) and the two linear forms A, and
A, are exponentially small in the index (Lemma 2.18). Most of it is routine or quoted. The
one step that carries an idea is the comparison of two expressions of one number (Lemma 2.17),
which gives both linear forms their smallness.

2.1 Euler triples and their extensions

Definition 2.1. A Diophantine tuple is a finite set of distinct positive integers in which the
product of any two distinct elements, increased by 1, is a perfect square. A Diophantine tuple
with three elements is a Diophantine triple, and one with four elements is a Diophantine
quadruple.

Definition 2.2. Let {a, b, c} be a Diophantine triple (Definition 2.1) with a < b < ¢, and put

di(a,b,c) = a+b+ (2ab+ 1)c £ 2+/(ab+ 1)(ac + 1)(bc + 1).

An extension of {a,b,c} is an integer d > ¢ such that {a,b,c,d} is a Diophantine quadruple.
The extension d is regular if d = d (a, b, ¢) and irregular otherwise. A Diophantine quadruple



{a,b,c,d} with a < b < ¢ < d is regular or irregular according as d is a regular or an irregular
extension of {a,b, c}.

Definition 2.3. An Euler triple is a set {a,b,c} of positive integers a < b < ¢ such that
ab+ 1 = 72 for a positive integer r and

c=a+b+2r
Its roots are r, s =a +r and t = b+ r. Its units are

a=r+Vab, B =s+ +ac, vzt—f—\/%,
and its multiplication matrices are

A=(0D) m=(0) o=l

Lemma 2.4. Let {a,b,c} be an Euler triple with roots r,s,t, units «, 3,y and multiplication
matrices A, B, C (Definition 2.3). Then:

1. ac+1=s% and bc + 1 = t2; in particular {a,b,c} is a Diophantine triple;
cr—st=rs—at=rt—>bs=1, and d+(a,b,c) = 4rst = 4r(cr — 1);
T, 8,t are pairwise coprime, and ged(a,r) = ged(a, s) = ged(b, t) = 1;

b—a>2,b>3,a<r<bandda<c<2(a+b);

AT I

none of ab,ac,bc is a perfect square; det A = detB = detC = 1, and o' = r — Vab,
Bl =s—ac, v =t —be; for integers u, v,

(uv/a+vVb) a = uiv/a + v Vb, (uv/a+ vv/e) B = uzva + v2v/c,
(uVb +vv/e)y = usVb + v3v/c,
where (1) = A7), (7)) =B(7), (i3) = C()s
6. B(7)=().B() =) C(1)=() and C'(3) = (")

Proof. Throughout, c=a+b+2r,s=a+r,t=b+r and r?> = ab+ 1.

We first prove items 1 and 2. One has s> = a® +2ar +ab+1=a(a +b+2r) +1 =ac+1,
and in the same way t?> = bc + 1; with ab + 1 = r? this shows that {a,b,c} is a Diophantine
triple (Definition 2.1). Next,

cr —st=r(a+b)+2r° —ab—r(a+b) —r*=r*—ab=1,

rs —at =ra+r’>—ab—ar =1, rt —bs =rb+r?—ab—br =1.

By Definition 2.2 and item 1, dy(a,b,c) = a+ b+ (2ab+ 1)c + 2rst. Using a + b = ¢ — 2r,
2ab+1=2r2—1and er — 1 = st,

dy(a,b,c) =c—2r + (2r2 = 1)c + 2rst = 2r(cr — 1 + st) = 4rst = 4r(cr — 1).



We next prove item 3. A common divisor of r and s divides 7t — bs = 1; a common divisor
of r and ¢, or of s and t, divides rs — at = 1; a common divisor of a and r divides rs — at = 1.
Finally s> — ac = 1 and t? — bc = 1 give gcd(a, s) = ged(b, t) = 1.

We next prove item 4. If b = a + 1, then a®> < ab+1 = a?> +a+1 < (a+ 1)2, so
ab + 1 is not a square; hence b —a > 2 and b > 3. Since 2 = ab+ 1 > a?, r > a; since
a<b-—1,r <t -b+1<b’sor<b Thenc=a+b+2r >a+a+2a = 4a. Finally
(a+b)?—dr?=(b—a)?—-4>0,52r<a+bandc<2(a+b).

We next prove item 5. Since r >a > 1,7 >2and (r—1)2 <r?2 -1 =ab < r?, s0 ab is not a
square; likewise ac = s2 — 1 and be = t? — 1 with s,¢ > 3. The determinants are > — ab, s> — ac,
t? — be, all equal to 1 by r2 = ab+ 1 and item 1, and (r 4+ vab)(r — Vab) = r? — ab = 1, and
likewise for §,~. Expanding,

(uv/a + vVb)(r + Vab) = (ru+ bv)va + (au + rv)Vb,
(uv/a + vy/c)(s + vac) = (su + cv)va + (au + sv)/c,
(uVb + v/€)(t + Vbe) = (tu + cv)Vb + (bu + tv)V/e,

which are the matrix products of item 5. Since ab is not a square, y/a and Vb are linearly
independent over QQ, so the coordinates in the first display are unique; likewise for the pairs

V@, /& and Vb, /c.

We finally prove item 6. Since c—s=b+r=t,s—a=r,c—t=a+r=sandt—b=r,
o(1)-(0)-0) 2= D 0-()
1 s—a T 1 —a S 1 T
=1\  fe—=t\ [s (1 [t —c\(1\ [-s
o()-()-0) ()= )0)-()

where B™! and C~! are the adjugates because the determinants are 1. O

2.2 The index system of an extension

An extension d of an Euler triple gives one solution of the Pell equation of each pair of the triple,
and the index system records where these solutions lie in the orbits of the units.

Definition 2.5. Let d be an extension (Definition 2.2) of an Euler triple {a,b,c} with units
a, 3,7 (Definition 2.3), and let z,y, z be the positive integers with

ad +1 =22, bd +1 = 92, cd+1 =22

An index system of d is a quadruple (A, 1, m,n), where A € {—1,1} and [, m,n > 0 are integers,
such that

yvat+zVb = (Va+Vb) o?, zv/a+zve = (\Wa++e) B2, Vb+yve = (AWb+/c) 2

The integer m is the index of the index system. The Pell equation of the pair {a,b} is
the equation ay? — bz? = a — b in the unknowns z,y; likewise the Pell equation of {a,c} is
az? — cx? = a — ¢, and that of {b,c} is b22 — cy? =b—c.

By Proposition 2.11 below, every extension has exactly one index system, so we speak of the
index system and the index of an extension. The pair (z,y) solves the Pell equation of {a,b},
since ay? — bx? = a(bd + 1) — b(ad + 1) = a — b; likewise (,z) and (y, 2) solve those of {a,c}
and {b,c}. The second and third displays say that z = V) = W} (Lemma 2.8), with the Pell
sequences of the following convention; in the notation of Dujella [13] and of Fujita and Miyazaki
[18] this reads z = va,, = wap,.



Convention 2.6. Let {a,b,c} be an Euler triple with multiplication matrices B, C (Defini-
tion 2.3). For A € {—1,1} and integers j > 0, the Pell sequences V;.)‘ and Wj)‘ are the first
coordinates of the integer vectors

A A
27 2j
B <1> and C <1>,

Lemma 2.7. Let P,Q,S be positive integers with PQ + 1 = S?, put npg = S + /PQ, and let
ug, Vg € Z. For j >0 let uj,v; € Z be defined by

uj\/13+vj\/@ = (UO\/TD—FU()\/@) nIZ'Q‘

1. The even subsequences satisfy X1 = (4PQ + 2)X; — X;—1 for i > 1, where X; = ug; or
Xz‘ = V9;.

respectively.

2. For every integer 1 > 0,

ug; = up + 2Qi (Piug + Swy)  (mod 8PQ?),
va; = vo + 2Pi (Qivg + Sug) (mod 8P?Q).

Proof. This is the second-order congruence of Dujella (see [15]), in a form symmetric in the two
square roots; we give the induction.

Since PQ = S% —1 with S > 2, PQ is not a square, so v/ P and v/Q are linearly independent
over Q and u;,v; are well defined; explicitly uj;1 = Suj + Qu; and vj1 = Pu; + Sv.

We first prove item 1. Since 77;,(1;) =5 —+/PQ, one has U%Q +771;c2,2 =22PQ+1) =4PQ +2,
hence ni,(grl) = (4PQ + 2)77%@ — ni%_l). Multiplying by uoVP + v9v/Q and comparing the
coefficients of v/P and /@ gives item 1.

We next prove item 2. Put T' = P(Q and write nl%iQ = U;+ K;V/T with Ui, K; € Z. Expanding
(uoV'P + vo/Q)(U; + K;+/PQ) gives

ug; = uglU; + Quo K, vo; = voU; + PugK;. (1)
From npb? = nFo (2T + 1) + 2SVT) one gets Uip1 = (2T + 1)U; + 25TK; and Ky =
(2T + 1)K; + 25U;, with Uy = 1, Ky = 0. By induction K; = SJ; with J; € Z, where Jy = 0
and, using S =T + 1,
Jit1 = (2T + 1)JZ’ + 2U;, Uir1 = (2T + 1)Ui + QT(T + 1)Ji.

We claim that
Ui=1+2°T (mod8T?), J;=2i (mod 8T). (2)

This holds for i = 0. If U; = 1 + 2i°T + 8T?¢ and J; = 2i + 8Th with ¢, h € Z, then
Jiv1=2(i+1) +4i(i + 1)T + 8T (h + 2Th + 2Tg),

U1 = 14 2(i 4+ 1)°T + 4i(i + 1)T? + 8T% (g + 2T'g + 2h + 2Th),
and 8 | 4i(i + 1), which proves (2) for ¢ + 1.



By (1) and (2),
up; — g — 2Qi(Piug + Svo) = ug(U; — 1 — 2°PQ) + QSvo(J; — 2i),
where the first term is divisible by 872 = 8 P2Q? and the second by 8QT = 8PQ?. Likewise
va; — vo — 2Pi(Qivg + Sug) = vo(U; — 1 — 2i°PQ) + PSuo(J; —2i) =0 (mod 8P*Q).
O

Lemma 2.8. Let {a,b,c} be an Euler triple with roots r,s,t, units «, 3,y and multiplication
matrices A, B, C (Definition 2.3), and let A € {—1,1}.

1. For every integer k > 0, the vectors AF G), B* (i‘) and CF (’1\) are the coordinate vectors

of (v/a +Vb) oF with respect to \/a, Vb, of (A\/a + +/c) BF with respect to \/a,~/c, and of
(AWb++/c) v* with respect to \/b,\/c. Equivalently, they are the vectors (“%) of Lemma 2.7

Vg

for (P,Q, S,ug,v0) = (a,b,r,1,1), (a,c,s,\, 1) and (b, c,t, A, 1), respectively.

2. Let d be an extension of {a,b,c}, let x,y,z be as in Definition 2.5, and let l,m,n > 0
be integers. The first, second and third displays of Definition 2.5 hold if and only if,

respectively,
<y> ! <1> ’ (Z> 2 <)\> 7 <Z> " <A> '
T 1 T 1 Y 1

In particular, if (X\,l,m,n) is an index system of d, then z = Vrﬁ = Wg‘, with the Pell
sequences of Convention 2.6.

3. For every integer j > 1,

. 1 (1 .
A2ﬂ+2< ) = (4ab+2)A29< ) — A%72

1

. 1 <1> ’

B2+2 (i‘) = (4ac+2)B¥ <i\) -BY (i\> ’
A > |

c¥t? (i) = (4bc +2) C¥ <1> — 2 @

In particular the Pell sequences satisfy Vj)_‘H = (4ac + 2)VjA - ‘/;)\—1 and Wj)‘Jrl = (4bc +
2)Wj)‘ — Wj)‘_1 for j > 1, and their initial terms are

V=W =X, VP =A2ac+1)+2sc, W] = A(2bc+ 1)+ 2tc.

Both coordinates of B% (i‘) and both coordinates of C% (’1\) are strictly increasing in j > 0
and positive for j > 1.

Proof. Ttem 1 is item 5 of Lemma 2.4, applied k times; items 2 and 3 follow from it, the
recurrences by item 1 of Lemma 2.7 and the monotonicity by induction.

We first prove item 1. By Lemma 2.4, item 5, ab is not a square, so y/a and Vb are linearly
independent over Q and an element u+/a + vV/b with u,v € Z has a unique coordinate vector
(Z)7 by the same item, multiplication by « sends the element with coordinate vector (Z) to the
element with coordinate vector A(Z) Induction on k shows that A¥ G) is the coordinate vector
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of (a4 vb)a¥. In the same way, since ac and be are not squares (same item), B* (’1\) and
ol (/1\) are the coordinate vectors of (A\/a + v/c) B¥ and (A\WWb + /c)7*. Finally ab+ 1 = 72
(Definition 2.3), ac+1 = s and be+1 = t? (Lemma 2.4, item 1), so (P, Q, S) = (a,b, 1), (a, ¢, s)
and (b, c, t) satisfy the hypothesis of Lemma 2.7, with npg = «a, § and 7; and its defining identity
up VP + vp/Q = (uoV'P + 19/ Q) nﬁQ says that (Z:) is the coordinate vector just described.

We next prove item 2. By item 1, the right side (v/a + vb)a? of the first display of
Definition 2.5 has coordinate vector AQZG), and its left side y\/a + zv/b has coordinate vector
(g) Since coordinates with respect to \/a, Vb are unique, the first display holds if and only if
(Y) = Azl(i). In the same way the second display holds if and only if (%) = B*™ (i‘), and the
third if and only if (;) =C?" (i‘) If (\,1,m,n) is an index system of d, the first coordinates of
the last two identities are z = V,) and z = W,}, by Convention 2.6.

We next prove the recurrences of item 3. By item 1, the two coordinates of A% (%), of B% (i‘)
and of C% (i‘) are the terms ug; and vy; of Lemma 2.7 for PQ) = ab, ac and bc, respectively. By
item 1 of Lemma 2.7, each of them satisfies X;11 = (4PQ +2)X; — X;_; for j > 1, which gives
the three vector recurrences; their first coordinates for B and C are the recurrences of VjA and

I/Vj’\ (Convention 2.6).
We next compute the initial terms. Since B? and C° are the identity matrix, VO/\ = WO)‘ =\

Next B(’l\) = (ijig), and, by s = ac+ 1,

#(0) - (o) - ()

)

in the same way, by t2 = be + 1, C2(}) = ()‘gfgl;;it\?)tc) The first coordinates are V;* and W7

We finally prove the monotonicity. Let (X;);>0 be one of the four coordinate sequences of
B% (i‘) and C% (i‘) By the recurrences, X1 — X; = 4acX; + (X; — X;—1) for j > 1 in the
first two cases, and X;11 — X; = 4bcX; + (X; — X;_1) in the last two. Moreover X; > Xy
and X7 > 0: the second coordinates start at 1 and the first at A, and, since c—s=b+r > 0,
c—t=a+r>0and s—a=1t—b=r (Definition 2.3),

1+2a(c+As) > 14+ 2a(c—s) >1, 14+2b(c+ At) > 1+2b(c—t) > 1,
VA, W >2er —1>1> A
If X; >0and X; > X,_4 for some j > 1, the identity above gives X;,1 > X, > 0. By induction,

(X;)j>0 is strictly increasing, and X; > 0 for j > 1.
[

We quote two results on the fundamental solutions of these Pell equations; they are the
inputs of Proposition 2.11.

Theorem 2.9. Let d be an extension of an Euler triple {a,b,c} with roots r,s,t and multipli-
cation matrices B, C, and let x,y, z be as in Definition 2.5. There are integers ki,ke > 0 and

int€g€7 S 21,X1,22,Y2 ’UJ'lth T1,Y2 > O SUCh lfhat
( ) ' ( 2)
y y

z _ Bk.l Z1
x x1)’
and, according to the parities of (k1,k2):

o cven/even: (|z1],z1;|22],y2) = (1,1;1,1), with 21 = 29;
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o odd/even: (|z1|,x1;|22],y2) = (t,7;1,1), with 2122 < 0;
o cven/odd: (|z1|,x1;|22],y2) = (1,1;8,7), with z122 < 0;

e odd/odd: (|z1],x1; |22|,y2) = (t,7r;s,7), with z129 > 0.

Proof. This is [11, Theorem 2.1], specialised to an Euler triple; that theorem completes [18,
Theorem 1.3] by the values of the second coordinates. In the source the fundamental solutions
are written (zg, o) and (z1,y1) and the exponents m,n; its matrices of multiplication by 5 and
v are B and C (Lemma 2.4, item 5); and the values cr — st, rs — at, rt — bs that occur in its
four cases are all equal to 1 (Lemma 2.4, item 2). With these values the two alternatives of the
even/even case coincide, and the four cases become the four cases above. O

Lemma 2.10. Let P < Q be positive integers with PQ + 1 = S? for an integer S, and put
npg = S +/PQ. Every solution in positive integers (X,Y) of PY? — QX% = P — Q satisfies

YVP +X\/Q = (YoVP + Xo/Q) nfi

for an integer k > 0 and an integer solution (Xo,Yy) of the same equation with

1< X < ];(g:f)), 13%\3\/(5_133?_13).

In particular Y§ < Q*/4.

Proof. This is [19, Lemma 8] (numbering of the arXiv version 2), going back to [13]. For the
last inequality, S? — 1 = PQ gives (S —1)/P = Q/(S+ 1), s0 Y¢ < Q(Q — P)/(2(S + 1)); since
S >2and Q — P < Q, this is less than Q?/4. O

Proposition 2.11. Every extension of an Euler triple has exactly one index system.

Proof. Existence comes from the classification of the fundamental solutions (Theorem 2.9), which
gives the second and third displays of Definition 2.5, and from the bounded fundamental solutions
of the Pell equation of {a, b} (Lemma 2.10), which give the first; uniqueness follows by comparing
two index systems in the three displays. For d > d(a,b, ¢) existence is known [18, Introduction];
see also [10] for the three-parameter family. The proof below is valid for every extension.

Let d be an extension of the Euler triple {a, b, ¢}, with roots r, s, t, units «, 3, v, multiplication
matrices B, C, and x,y, z as in Definition 2.5.

We first obtain the second and third displays of Definition 2.5. By Theorem 2.9 there are
integers ki, ko > 0 and fundamental solutions with (fﬁ) = Bk (i) and (;) = Ck2 (zi), in one of
four parity cases. Let ¢ € {—1,1} be the sign of z;. By the one-step identities of Lemma 2.4,
item 6, the four cases convert as follows.

e Even/even, k1 = 2my, ko = 2ng: (z1,21) = (22,y2) = (¢,1). Take A =&, m = mg, n = ng.

e Odd/odd, k1 = 2mo + 1, ko = 2no + 1: (21,21) = (et,r), (22,y2) = (es,7). If ¢ = 1, then

() = B(3) and () = C(7) give (3) = B¥™*2(%), (§) = C¥*2(7): take A = —1,
m=mo+1, n =nyg+1. If e = —1, then (;t) = B_l(i) and (;8) = C_l(i) give
(2) =B2mo 1), (;) = C?(}): take A = 1, m = mqg, n = no.

e Even/odd, k1 = 2myg, ko = 2ng + 1: (z1,21) = (&,1), (22,92) = (—es,r). f e =1: A =1,
m=mg,n=ng. fe=—-1: A=—-1, m=mg, n=ng+ 1.
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e Odd/even, k1 = 2mgo+ 1, k2 = 2no: (21,21) = (et,r), (22,92) = (—¢,1). f e =1: A= —1,
m=mg+1,n=ng. lfe=-1: A\=1, m =mg, n = nop.

In every case (3) = B*™ (i‘) and (;) =C? (/1\) with the same A and m,n > 0, which by item 2
of Lemma 2.8 are the second and third displays.

We next obtain the first display. The positive integers x,y satisfy ay? — bz? = a(bd + 1) —
blad + 1) = a — b. By Lemma 2.10 with (P,Q,S) = (a,b,r), so that npg = «, there are an
integer k > 0 and integers Xy > 1, Yy with a¥Z — bX2 = a — b, Y < b*/4 and

yva +2vb = (Yov/a + XoVb) oF.

Write o = pj, + qxv/ab. Then y = Yypy, + bXoqy, and in the binomial expansion of (r 4+ v/ab)"
every term of p;, except r* contains a positive power of ab; so y = Yyr* (mod b). On the other
hand, writing v2* = u + vV/be, the third display gives y = u + Abv, and in the same way
u =1t = (bc+1)" =1 (mod b). Hence Yypr¥ =1 (mod b), and since 72> = ab+ 1 =1 (mod b)
(multiply by r when k is odd),

Yo=1 (modb) (k even), Yo=7r (modbd) (kodd).

By Lemma 2.4, item 4, b > 3 and 1 < r < b; and the integers in (—%, g) are pairwise incongruent
modulo b.

If k is even, Yy = 1, hence bXZ = b and X = 1; take [ = k/2.

If k is odd, Yy € {r,r —b}. The value Yy = 7 gives bXZ = ar? —a+b = b(a® + 1), impossible
since a? < a®?+1 < (a+1)% So Yy = r—b, and bX3 = a(r—b)2—a+b = b(r—a)? by ab+1 = r?;
asr >a, Xo=r—a. Then

Yova + XoVb = (r = b)va + (r — a)Vb = (Va + Vb)(r — Vab) = (Va+ V) o™,

so the first display holds with | = (k —1)/2 > 0.

We finally prove uniqueness. Let (A\1,l1, m1,n1) and (Mg, l2,m2,n2) be index systems of d;
we show first that A\; = Ao. By the second display, (A1v/a + /¢)3%™ = (Aav/a + \/c)p*>™2. If
A1 # A2 then, up to exchanging the two systems, Ay =1, Aa = —1, and

2(ma—m1) _ \/E+\/a: cta 2
b Ve —+a cfa—i_cfa\/%‘

The left side lies in Z[\/ac], because B*! = s+ y/ac (Lemma 2.4, item 5), and /ac is irrational;
so (¢ —a) | 2. But ¢ > 4a (Lemma 2.4, item 4), so ¢ — a > 3a > 3, a contradiction.

With A; = A, after cancelling the factors A\1v/a + v/¢, \1Vb + /¢ and /a + /b, which are
nonzero as a < b < ¢, the second display gives B2mi—m2) — 1 g0 my = mgy because 3 > 1. The
third display gives v2("="2) = 1 50 n; = ng, and the first gives a2(1=2) =1 so0 [} = L.

O

We next identify the index system of the regular extension. It is used to exclude small
indices in Lemma 2.14, and its common term V1_1 =W, ! reappears in the finite computations
of Section 8 and Appendix A.

Lemma 2.12. Let {a,b,c} be an Euler triple. Then dy(a,b,c) is an extension of {a,b,c}, and
its index system is (—1,1,1,1). In particular Vfl = Wfl, and this common term is the number

z of dy(a,b,c).
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Proof. Let r,s,t be the roots of {a,b,c} and d = di(a,b,c). By Lemma 2.4, item 2, d = 4rst
and st =cr —1,sod =4r(cr —1) > ¢, asr > a > 1 (item 4 of Lemma 2.4). By Definition 2.3
and items 2 and 6 of Lemma 2.4 (rs —at = rt — bs = 1, B(_ll) = (t), C(_ll) = (S)),

T T
1 1 -1
A2 A ty _ + 2bs , B2 _B tY _ (er+st ’
1 s 14 2at 1 T 14 2at
-1
2 _C s\ _ cr+ st ‘
1 r 1+ 2bs
Put z =14 2at, y=142bs and z =cr + st. Sincers=1+at, rt =1+bs and cr — st =1,

2? =1+ 4atrs = ad + 1, yP=1+4bsrt =bd +1, 22:(cr—st)2+4crst:cd+1,

so, by item 1 of Lemma 2.4, d is an extension of {a,b,c} and z,y, z are its numbers of Defini-
tion 2.5. By item 2 of Lemma 2.8, the three identities above are the three displays of Defini-
tion 2.5 for (A, l,m,n) = (—1,1,1,1), which by Proposition 2.11 is therefore the index system
of d. Finally z = V"' = W ! by Convention 2.6.

L]

2.3 The index ordering and the two linear forms

For an irregular extension the indices are ordered, 3 < n < m < [ < 2n, and the triple is not
small, b > 4000; the second fact is a result of Cipu, Filipin and Fujita [8], which we quote.

Theorem 2.13. Let {a,b,c} be a Diophantine triple with a < b < ¢, and let d be an extension
of {a,b,c} with d > dy(a,b,c). Then b > 4000.

Proof. This is a result of Cipu, Filipin and Fujita [8], in the form quoted in [18, Lemma 2.1]: if
a<b<c<di(ab,c) <d, then b > 21000 when b < 2a, b > 130000 when 2a < b < 12a, and
b > 4000 when b > 12a. The hypothesis ¢ < dy(a,b, c) holds because d4(a,b,c) > (2ab+ 1)c
(Definition 2.2). O

Lemma 2.14. Let (A\,l,m,n) be the index system of an irreqular extension d of an Euler triple
{a,b,c}. Then
3<n<m<lIl<2n, m >4, [>5,

and d > dy(a,b,c) and b > 4000.

Proof. Each of the inequalities n < m, m < [ and [ < 2n compares the same coordinate, z, x
or y, along two sequences built from the three displays of Definition 2.5. The two sequences
satisfy second-order recurrences with different coefficients; the one with the larger coefficient
stays ahead (the comparison principle below), so it reaches the common value at the smaller
index.

We first set up the sequences. By items 1 and 5 of Lemma 2.4, s> = ac+ 1, > = be+ 1, and
multiplication by «, 8,7 acts on coordinates through A,B,C. For k > 0 write A* G) = (“’“),

vk
ie. (va+VbaF = up/a + vpVb; then ug = vo = 1, upq = rug + bug, Vpp1 = auy, + rog, S0
ug, Vg are positive and strictly increasing in k. For j > 0 write

()= (7). ()~ (1)
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with the Pell sequences Vj)‘, Wj)‘ of Convention 2.6. By item 2 of Lemma 2.8, the three displays
say
x:v2l:§m7 y:U2l:¢n7 Z:Vn/f\L:Wr/L\

By item 3 of Lemma 2.8, the sequences (vs;);, (Vj’\)j and (&), (WJA)]- and (v;); satisfy X1 =
TX;— X1 (j >1) with T = 4ab+ 2, 4ac + 2, 4bc + 2 respectively; and (u4;); satisfies it with
T="T,:=a*+a*=2(8*—82+1), since a* and a~* are the roots of X2 — T, X + 1. The
initial values of (VJ’\) and (Wj)‘) are given in item 3 of Lemma 2.8; those of the other sequences
are vg = &g = Y9 = up = 1 and

vg =14 2a(b+r), & =14 2a(c+ \s),
Pr=1+2b(c+At),  ug=8r"—8r% +144br(2r* —1).

We use the following comparison principle. Let X1 =T1X; - X, 1 and Y; 1 = 15Y; —Y; 4
(j > 1) with 71 > Ty > 2, and let jo > 1 be such that 0; = X; — Y} satisfies §;, > d;,—1 > 0 and
X; > 0 for j > jo. Then X; > Y for all j > jo. Indeed 641 — 6; = (To — 2)d; + (05 — 6j—1) +
(Ty — T») X, so by induction 041 > 6; > 0 for j > jo. By item 3 of Lemma 2.8, the sequences
(&), (Vj)‘), (Wj)‘), (1) are strictly increasing and positive for j > 1.

We next exclude small indices. If m = 0 or n = 0 then z = X and ¢d = 22> —1 = 0, impossible.
By Lemma 2.12, Vfl = Wfl is the number 2z, of the regular extension. If A = —1 and m =1 or
n=1,then z =z, sod = (22 — 1)/c = dy(a, b, c), contradicting irregularity. Hence m,n > 1,
and m,n > 2 when A = —1. Put jo =1if A=1 and jy = 2 if A = —1; then m,n > jo.

We next prove m > n. Here W — V{ = 2¢(b—a)(1 + \) because t — s = b —a. If A = 1,
W} =V =de(b—a) >0=Wg =V If A= —1, W =V and Wi — V3d = 4(b — a)cW} > 0.
The comparison principle with 77 = 4bc + 2 > T5 = 4ac + 2 gives Wj)‘ > Vj)‘ for j > jo, in
particular W) > V2. If m < n, then z = V) < V) < W) = 2, since (VJA) is increasing. So
m > n.

We next prove | > m. Here § — vy = 2a(c+ As —b—1) = 2as(1 + X). If A =1 this is
positive; if A = —1, & = vg and & — vg = 4a(c — b)vy > 0. The comparison principle with
Ty = 4ac + 2 > Ty = 4ab + 2 gives £ > vq; for j > jo, in particular &,, > vop,. If I < m, then
T =19 S Vo < &m =z. Sol>m.

We next prove | < 2n. First T, > 4bc + 2: this is 1672(r2 — 1) > 4bc, i.e. 4ar? > c, true
as 4ar? > 4b > a+b+2r = ¢ (by a < r < b, Lemma 2.4, item 4). Second us4 > 1)1: since
1 <1+2b(c+t) =1+ 2b(a+ 2b+ 3r),

ug — 1y > 8r3(r? — 1) + 2b(7“(4r2 —5) —a—2b) >0,

because r(4r? — 5) = r(4ab — 1) > 2(4b — 1) > a + 2b. With ug = 1), the comparison principle
with Th1 = T, > Ty = 4bc + 2 and jg = 1 gives uy; > 1pj for j > 1. If [ > 2n, then y = uy >
Ugn > Yp =y. So 1 < 2n.

Next, n < m < I < 2n places two distinct integers strictly between n and 2n, so n > 3,
m>n+1>4andl>m+1>5.

We finally prove d > d4 (a, b, ¢) and b > 4000. Since (V]A) is increasing, m > 2 and V' =V, ! =
2(2ac +1) > 0, we have z = V) > V} > V' =z, Henced = (22— 1)/c > (22 —1)/c =
d4(a,b,c). By Theorem 2.13, applied to the Diophantine triple {a,b,c} (Lemma 2.4, item 1),
b > 4000.

O

We now turn to the two linear forms. Each of x and z is a coordinate of two of the three
representations, and the closed forms below write it in two ways.
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Lemma 2.15. Let (A, l,m,n) be an index system of an extension d of an Euler triple {a,b, c}
with units a, 8,7, and let x,y,z be as in Definition 2.5. Then

= (0 D)o+ (= Bt = (3D ¢ ()i
o () (1= B (s (o

Proof. By Lemma 2.4, item 5, (uy/a + vvb)a = uj\/a 4+ v1v/b with (1;11) = A(Z) for integers
u,v; since ! = r — \/@, the same expansion gives (u\/a — v\/B)a_l = ujv/a — v1Vb. By
induction on k > 0, for integers ug,vo the identity (ugv/a + vovb)a* = uv/a + vv/b implies
(uov/a — voVb)a™" = uy/a — vV/b, the coordinates being unique because ab is not a square. The
same holds for § with \/a,/c and B, and for v with v/b, /¢ and C. So the three displays of
Definition 2.5 imply

pwa—avh=(Va- Vb aVa-ave=(\a- Vesn,
by = (Wh - vy,

[Salle}

Subtracting the first two of these identities from the corresponding displays and dividing by v/b
and by /c gives the two expressions of 2z; adding the last two to the corresponding displays
and dividing by v/a and by v/b gives the two expressions of 2z.

O]

Definition 2.16. Let {a,b,c} be an Euler triple with units «, 3, (Definition 2.3). For A €
{—1,1} put

= Vbe + \Jac B Vbe + M\Wab 2¢(b —a)

= N= Y05

Vb + Aab’ AT Jae+ aWab b(Ve + AVa)?

The linear forms of an index system (A, [, m,n) (Definition 2.5) of an extension of {a, b, c} are
A; =2lloga —2mlog 8 + log Dy, A, =2mlog B — 2nlog~y + log F),

and the gap ratios of {a,b,c} are

b V
R, = \/7 log a, R, = ac log 5.
a b—a

The numbers Dy and E are the ratios of the leading coefficients of the two expressions of z
and of z in Lemma 2.15, so that A, and A, are the logarithms of the ratios of the leading terms.
The number &y is the constant of the bound A, < k)8~ %" of Lemma 2.18, item 5, which is the
form in which the reduction of Appendix B uses A,; the gap ratios are the factors of the gap
inequalities, item 3 there. The two comparisons are one argument, which we prove once, for two
abstract expressions; it is the one technical step of this section.

Lemma 2.17. Let uy > po > 0, v1 and vo be real numbers with v1 < uo and g1 + vy = po + v,
and put e; = p;v; fori =1,2. Let up > 1 and ug > 1 be real numbers with

-1 -1
H1UL + VU = Holg + VoUy

and put X; = pyu;. Then e; < eo and X22 > ey, and:
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1. up < uo and X1 > Xo, that is, 0 < log(Xl/Xg) < log(,ul/ug);

€2 — €1

2. log(X1/X e R
og(X1/ 2)<X22—62’

3. ifea <0 and 2(ez — e1) < X2, then log(X1/X2) < 2(62)(_1261).
Proof. We compare the two expressions, which agree at uy = uo = 1, in three ways: at equal
arguments the first is the larger, which gives the upper side of item 1; at equal leading terms
it is the smaller, which gives the lower side; and one exact identity between the leading terms
gives the size of log(X/X3), items 2 and 3.

Put 0 = p1 + v1 = po + 9, and, for ¢ = 1,2, a real number e and real numbers u, X > 0,

Fi(u) = piu + viu™t, he(X) =X +eX L

Then F;(u) = he,(piu), because e;(piu)~t = vu~t; moreover Fi(1) = Fy(1) = o, and the
hypothesis reads Fj(u1) = Fa(usg), that is, he, (X1) = he,(X2). Since py, uo > 0 and ug,ug > 1,
we have X7, Xo > 0.

We first prove e; < es. Since v; = 0 — u;, one has e; = ou; — ,u?, SO

ez —e1 = (ui — 1) — o — p2) = (1 — p2) (1 + p2 — o) = (1 — p2) (p2 — 1),

and both factors are positive, as u1 > ps and v < pso.
We next prove u; < ug. Since vy — v9 = o — 1,

Fi(u) = Fa(u) = (m —p)(u—u") >0 (u>1).

For u > 1 one has vyu~2 < max{v,0} < u1, because v1 < pg < py; hence Fj(u) = puy —vju=2 >
0, and F} is strictly increasing on [1,00). If uj > ug, then, as ug > 1, Fy(uy) > Fi(ug) > Fa(us),
which contradicts F1(u1) = Fa(ug). So up < ug.

We next prove X22 > eo. Suppose that X22 < ey. Then ey > 0, so o > 0; and u% < v/ 2,
because X22 = ,u,gu% and ey = psvs. Thus 1 < ug < (1/2//1,2)1/2. For0 <u < (Vg/ug)l/Q one has
Fi(u) = ps — vou™2 < 0, so Fy is strictly decreasing on (0, (va/u2)"/?], and Fy(ug) < Fy(1) = 0.
On the other hand Fj(u;) > Fi(1) = o, because u; > 1 and F} is increasing on [1,00). Hence
F5(u2) < Fi(uy), a contradiction.

We next prove X1 > X5. For X > 0 one has hL(X) =1 —eX 2. Since u; > 1 and p; > vy,
X2 > pu? > v = eq; so hy, (X) > 0 for X > X1, and h, is strictly increasing on [X1,00). If
X1 < XQ, then

hel (Xl) < h€1 (XQ) < h62 (XQ)a

the second inequality because e; < eg and Xy > 0; this contradicts he, (X1) = he,(X2). So
X1 > Xj. Since log(X1/X32) = log(p1/u2) + log(uy /usz), the inequalities uq < ug and X7 > Xo
say that 0 < log(X1/X2) < log(p1/u2), which is item 1.

We next derive the exact identity on which items 2 and 3 rest. The relation he, (X;) =
hey(X2) reads X1 — Xo = e2X, ' — e1 X, ', Multiplying by X;X» gives (X1 — Xo)X1 Xy =
e2 X1 — e1 X9, and subtracting ea(X1 — X3) from both sides gives

(X1 — X2)(X1X2 — 62) == (62 — 61)X2.
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We next prove item 2. Since X; > X3 > 0 and X22 > ey, we have X1 X5 — ey > X22 —e9 > 0.
Since X7/X2 > 1 and the logarithm lies strictly below its tangent line at 1, the identity gives

X1 Xl—XQ_ €y — €1 <€2—61
Xo X0 XiXo—e2  Xi—er

the last step because es — e; > 0.

We finally prove item 3. Let e < 0 and 2(ex —e1) < X12. Since 0 < X9 < X7 and ey <0,
we have €2X51 < engl, SO

X1 — X2 = 62X{1 — elel S (62 — el)Xfl

Hence § = 1 — X,/ X satisfies 0 < § < (e2 —e1)/X{ < 3. For 0 < 6 < 1 one has —log(1 —§) =
D k>l 5k /k < D k>t 68 =6/(1—6), and §/(1 — &) < 28 because § < 5. Therefore
1) 2(62 —61)

Xi
log =2 = —log(1 — — <2<
og 5 og( 5)<1 5757 12

O]

Lemma 2.18. Let (A, l,m,n) be the index system of an irreqular extension d of an Euler triple
{a,b,c}, with the linear forms, the gap ratios and the numbers Dy, Ex, kx of Definition 2.16.
Then:

1. lloga < mlog 8 < nlog~y;

b—a b—a
2. vJajc <log(B/a) < \/a/b, T <log(v/B) < Tac’ and log(v/a) < +/b/a;
3. m>(l—m)R; andn > (m —n)R;;
4. 0 < A, < min{log Dy, 4.01 =4},

5. 0 < A, <min{log Ey, k)B7%™, 23874"},

Proof. Ttems 1, 4 and 5 compare the two expressions of z and of z given by Lemma 2.15, by
Lemma 2.17; items 2 and 3 are elementary. By Lemma 2.14, 3 < n <m <[ < 2n and m > 4.
By items 1 and 4 of Lemma 2.4, s> = ac+ 1, > = bc + 1 and ¢ > 4a; so m < %, and
B =s++/ac > 2\/ac.

We first compare the two expressions of x. By Lemma 2.15, 2x = pu1+14 ul_l = [oU2+VolUy !
with

(:uhyl?ul) = (1 + \/%7 1- \/m’ a2l), (:u2>y27u2) = (1 + A a/c, 1— AMa /82m)

The hypotheses of Lemma 2.17 hold: p1 + 11 = puo +1vo = 2; g > po > 1 — \/ai/c > %
and v < g, because \/% < \/6%; and u; > 1, ue > 1. Dividing the numerator and the
denominator of Dy by v/be gives ju1/p2 = Dy, so log(piuy /(poug)) = Ay. Item 1 of Lemma 2.17
gives o' < 2™ and 0 < A, < logDy. Here ey =1 —a/band e =1 —a/c,s0 0 < ey —ey < 1
and eo < 1; with poug > %ﬁQm, item 2 gives

1 4

= < 4.01874m
Tgm 1 pmoa <O

A, <
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the last inequality because S4™ > 16 > (4ac)® > 1604.

We next compare the two expressions of z. By Lemma 2.15, 2z = pjuy —i—ulul_l = ,u2u2+1/2u2_1
with

(:U’laylvul) = (\/C/ia—i_)‘? )‘_\/%7 52m)’ (M27V27u2 (\/74_)‘ A— \/7 7 )

The hypotheses hold: p1 +v1 = po +vo = 2A; gy > po > 0 and v < 0 < pg, because a < b < ¢;
and uy,ug > 1. Here py/us = Ey, so log(pui/(puguz)) = A,, and item 1 gives 82™ < 42" and
0 <A, <logE\. Here ey =1 —c/a and ea =1 —¢/b < 0, so e; —e; = ¢(b — a)/(ab) and
2(e2 —e1)/(pr1wr)? = KAB~4™. Since e+ A/a > e —/a > 1\/c, we have r\ < 8(b—a)/b < 8,
while 84 > 16a%¢® > 16; so kS~ < 1, and item 3 gives A, < k\B~%". Finally m > n + 1
gives kS~ < 8371374n < 254",

The two comparisons give o < 2™ < 4" which is item 1, and items 4 and 5.

We next prove item 2 by one mean-value step. As a =7 ++Vr?2 —1, f = s+ 52 —1 and
v =t+ Vt? — 1, one has loga = f(r), log 8 = f(s), logy = f(¢) for f(u) = log(u + vVu? — 1),
whose derivative (u? — 1)~1/2 is strictly decreasing on (1,00). By the mean value theorem on
[r,s], [s,t] and [r,t], where s —r =a,t—s=b—aand t —r = b,

<logé b—a < log b 10g1<L7

a
s2—1 Vr V2 B Vs o r2—1
and V2 —1=+Vab, Vs —1= Vac, V2 —1= Vbe give item 2.
We next prove item 3, by an argument adapted from Cipu, Fujita and Mignotte [10]. By
items 1 and 2, (I — m)loga < mlog(8/a) < m+/a/b, which is m > (I — m)R,. Likewise
(m —n)log B < nlog(y/B) < n(b—a)/\/ac, which is n > (m —n)R,. O

Items 4 and 5 are the input of every bound by linear forms in logarithms below, in Sections 4
and 7 and in Appendix B, and item 3, the gap inequalities, is the lower side of the criterion for
close units. The lower bound for the index that holds for every irregular extension is the subject
of the next section.

3 A quartic index floor

This section proves the quartic index floor (Theorem 3.6). The exponent 4 has a simple source:
the index polynomials of the convention below are quadratic in [, m,n, the second-order con-
gruences make the order-two quotients integers, with 0 < k. < H (Lemma 3.2), and each of the
two bounds of the section multiplies two quadratic quantities, k. and Ls in the bracket for ¢
(Lemma 3.4), and the index polynomials and k. in the bound for a + b that the cofactor triples
give (Lemma 3.5). The bracket also needs the third-order congruence modulo ¢ of Lemma 3.3.

Convention 3.1. Let {a,b,c} be an Euler triple with roots r,s,t (Definition 2.3), and let
A € {-1,1} and I,m,n be integers; when (\,1,m,n) is an index system (Definition 2.5), the
quantities below are evaluated at it. The index polynomials are

L1:l2fm2, L2:l2fn2, L3:m2fn2,

M =2m? + xm — 1, My = 2n° 4+ An — 1,
lem(m—i-)\), HQZH(H-F)\), H:H1+H2,
By, = 2m* + A(m +n), By, = 2n% + A(m + n),
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and the order-two quotients are the rational numbers

bLy —rM Lo — rM- H B
fy = oM ke My g, = 22T D0

a b c

Lemma 3.2. Let (A, l,m,n) be the index system of an irreqular extension d of an Euler triple
{a,b,c}, with the index polynomials and the order-two quotients kq,ky, k. of Convention 3.1.
Then:

1. the index polynomials satisfy

(bl? +7l) — (em? + Asm) = bLy — rM; — aHj,
(al® + 71) — (en® + Xtn) = aLy — rMy — bHy,
am?® + Asm — bn®> — Xtn = aH + rB,, — cHs;

2. kg, ky, ke are integers, kg <0, kpy <0 and 0 < k. < H.

Proof. Ttem 1 consists of polynomial identities. Integrality comes from comparing, for each of x,
y and z, the second-order congruences of the two Pell equations that contain it; the signs of k,
and kj come from the index inequalities of Lemma 2.18, and the bounds for k. from the index
ordering. Throughout, c =a+b+2r,s=a+7,t=>b+r and r> = ab + 1 (Definition 2.3), so
that ac +1 = s% and bc + 1 = #? (item 1 of Lemma 2.4), and the index polynomials are those of
Convention 3.1. By Lemma 2.14,3<n<m<[l<2n,s01<2n—-1<2m -3 and m < 2n— 2.

We first prove item 1. Substituting ¢ = a+b+2r, s = a+r and t = b+ r and expanding the
index polynomials, the two sides of each identity become the same polynomial in a,b,r, with
A, I, m,n as parameters.

We next prove that kg, kp, k. are integers. By items 1 and 2 of Lemma 2.8, y\/a + Vb,
zy/a + x+/c and 2v/b + y\/c are the terms of index 21, 2m, 2n of the orbits of Lemma 2.7 with
(P,Q, S, up,v9) = (a,b,r,1,1), (a,c,s,\, 1) and (b, c,t, A\, 1) respectively. Item 2 of Lemma 2.7,
applied to x in the first two orbits, to ¥ in the first and the third, and to z in the last two, gives

x=1+2a(bl*> +rl) =1+ 2a(em® + Asm) (mod 8a?),
y=1+2b(al® +7l) =1+ 2b(cn? + Atn)  (mod 8b?),
2= A+ 2c(Aam? + sm) = A+ 2¢(Mbn? + tn) (mod 8c?).
Cancelling 2a, 2b, 2c and multiplying the last congruence by A,
4a | (b1* + 1) — (em? + Asm), 4b | (al® +71) — (en® + Mtn), 4c | am® 4 Asm — bn® — Atn.
By item 1, these three differences are
bL1 —rMy —aHy, als — rMs — bHo, aH + rB,, — cH>,

soa|bLy —rMy,b|aly —rMy and c| aH + rBy, that is, kg, kp, ke € Z.
We next bound log a. By Lemma 2.14, b > 4000, so > = ab + 1 > 4000 and r > 64. Since

a:r+\/%>r,
loga > log 64 > 3.
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We next prove k, < 0 and kp < 0, by one argument. By item 3 of Lemma 2.18, with the gap
ratio R, of Definition 2.16, m > (I — m)R; = (I — m)+/b/a loga, so (I — m)loga < m+/a/b;
and [ +m < 3m, as | < 2n < 2m. Hence

Vab
bLy =b(l—m)(l+m) < i)gCLmz <rm? < rMj,
o'

since vab < r, loga > 3 and M; > 2m? —m — (2m — 3) = 2m? — 3m + 3 > m?; so k, < 0. By
items 1 and 2 of Lemma 2.18, [log o < nlogy < n(log o+ +/b/a), so (I —n)loga < n\/b/a; and
l4+n < 3n,as !l < 2n. Hence

3vVab

aLy =a(l —n)(l+n) < n? < rn® < rMo,
log

since My >2n2 —n—(2n—1) =2n2 —3n+1>n? asn > 3;so0 k, < 0.

We finally prove 0 < k. < H. Clearly H > 0, and B,, > 2n?—(2n—2)—n = 2n?—3n+2 > 0,
s0 k. > 0. Since 2H — B,, = By, = 2m? + A(m +n) > 0, we have aH + 1B, < (a+2r)H < cH,
so k. < H.

O

Lemma 3.3. Let (\,l,m,n) be the index system of an irreqular extension d of an Euler triple
{a,b,c}, with the order-two quotient k. and the index polynomial Hs of Convention 3.1, and put

A, = a(m® —m)(2s + Aam) — b(n® — n)(2t + \bn).
Then A, + 3\(k. — Hz) =0 (mod 24c).

Proof. Following [20], we expand the common term z to third order along each of the two Pell
equations that contain it, modulo 16¢3, and compare. By item 2 of Lemma 3.2, k. is an integer.
For ¢ > 0 put
fa(q) = X+ 2¢(hag® + sq) + %acz(q?’ —q)(2s + Aag),
an integer since 6 | ¢ — ¢, and define f,(q) in the same way with (b, ) in place of (a, s).
We first prove V;* = f.(q) and Wq’\ = fy(q) (mod 16¢3) for all ¢ > 0, with the Pell sequences

of Convention 2.6. One has f,(0) = A = V3 and fu(1) = A(2ac + 1) + 2sc = V}}, by item 3 of
Lemma 2.8. Identically in a,c, s,

falg+2) — (dac+2) fa(qg+1) + falq) = —3a® q(¢+1)(q+2)(25+ Aa(g+1)) =0  (mod 16¢%),

because 6 | ¢(q¢ + 1)(¢ + 2). By item 3 of Lemma 2.8, the sequence (Vq’\)q satisfies V;;rQ =
(dac + 2)Vq’\+1 — VqA. Induction on ¢ gives V.* = f,(q) (mod 16¢3). The same argument with
(b,t) in place of (a, s) gives Wq’\ = f»(¢) (mod 16¢3).

We next compare the two expansions at the common term. By item 2 of Lemma 2.8,
z = V) = W), By item 1 of Lemma 3.2, aH + rB,, — cHy = am? + Asm — bn? — M\n, and
aH + 1B, = ck.; hence A(am? — bn?) + sm — tn = Ae(k. — Ha). Therefore

0=V)—W)= fu(m) — fo(n) = 20()\(am2 —bn?) + sm — tn) + %CQAZ
= %02 (A. + 3\(k. — Hz))  (mod 16¢%).
Since 6 divides m® —m and n® —n, 3 | A,, and dividing by 2¢? gives A,/3 + A(k. — Ha) = 0
(mod 8¢), that is A, + 3\ (k. — H2) =0 (mod 24c).
O
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The bracket below is the main step. Its lower end W¥(m,n) is shown to be positive when
m < %n, and the end of its proof shows by two examples that this condition cannot be replaced
by m < 2n; the range m > %n is covered by the bound for a+ b that follows it, since ¢ < 2(a+b)
(Lemma 2.4).

Lemma 3.4. Let (\,l,m,n) be the index system of an irreqular extension d of an Euler triple
{a,b,c}, with the index polynomials and the order-two quotient k. of Convention 3.1. Put

U(u,v) = —ut + 0% (302 + Ao+ 1) + 2 uv(20 4+ N) + 0% (202 + 3 v + 1), P, =3k.Ls+Y(m,n).
Then ¢ | P, and
T(m,n) < P, < ¥(n,m) < 4m?*(m + ).

If moreover m < 3n, then U(m,n) >0 and ¢ < P, < 4m?*(m + \)2.

Proof. The divisibility comes from the third-order congruence of Lemma 3.3, multiplied by L3
and reduced modulo ¢; the bracket from writing P, as a convex combination of W(m,n) and
U(n,m) with weight k./H. By Lemma 2.14, 3 < n < m <[ < 2n; by item 2 of Lemma 3.2, k.
is an integer with 0 < k. < H.

We first prove ¢ | P,. Write b =c —2s+a and t = ¢ — s, where s2 = ac+ 1 =1 (mod ¢)
(item 1 of Lemma 2.4), and note that ck. = aH +1rB,, = a(H — By,) + (a +1)B;, = aL3 + sB,,.
Substituting b = a — 2s, t = —s and s> = 1 (mod ¢) in A, with A, as in Lemma 3.3, gives

A, = Xa’L3(m? +n? —1) +2a5s0 —4(n® —n)(1+ An) (mod c),
0 = (m® —m) + (n® —n) + 2 n(n® —n),
since (a —2s)(n® —n)(=2s+A(a—2s)n) = (n® —n)(Aa®n — 2as — 4Aasn+4+4An). Multiplying
by ALs and using aLs = —sB,, and s> = 1: a®?L3(m? +n? — 1) = B2(m? +n? — 1), 2XasL30 =
—2AB,0, and —4AL3(n® —n)(1+An) = —4L3(A(n® —n)+n*—n?). Together with 3L3(k.— Hs)
this gives
ALs (A + 3\(k. — H)) = B2(m? +n? — 1) — 2AB,,0 — 4Lz (A\(n® — n) + n* — n2)
+3L3(k. — H2) = P, (mod c¢),
the last equality being an identity of polynomials in m,n, k. for each A € {—1,1}. Since 24c |
A, + 3A(k. — H) by Lemma 3.3, ¢ | P,.
We next prove the bracket. Grouping terms by degree and using A\? = 1,

T(n,m) — ¥(m,n) = 3(m* —n?) + 3\(m> + m*n — mn?® — n3)
= 3(m? — n2)(m2 +n?+ Xm + n)) = 3HLs.

Therefore P, = (1— %)\I’(m,n)+%\ll(n, m). Since 0 < k. < H and L3 > 0, ¥(m,n) < ¥(n,m)
and U(m,n) < P, < ¥(n,m). Writing n =m — e,

U(n,m) = 4m?(m + \)? — e(2m(m + X)(m + 2X) + (3m? — Am — 1)e — 4me?® + 63).

Because n < m < 2n, we have 1 < e < m/2, so 4me < 2m? and the bracket exceeds 2m(m —
)(m —2)+ (m? —m —1)e >0, as m > 4. Hence ¥(n,m) < 4m?(m + \)2.
We finally treat the case m < %n For real u > n,

0*w

W(u, n) =—12u® +23n?> + A +1) < —6n’+2n+2 < 0,
u
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so u — ¥(u,n) is strictly concave on [n, 3n]. At the endpoints ¥(n,n) = 4n?(n + A)? > 0 and
16 U(2n,n) = n*(59n? + 180An + 100) > 0, the last because 59n® — 180n + 100 > 0 for n > 3.
Hence ¥(m,n) > 0 for n <m < %n, and then P, > W(m,n) > 0 is a positive multiple of ¢, so
¢ < P. < 4m*(m+ X\)2. For the positivity of (m,n), the condition m < 2n cannot be replaced
by m < 2n: ¥(50,26) = —7344 for A = 1 and ¥(18,10) = —432 for A = —1.

O

Lemma 3.5. Let (A, l,m,n) be the index system of an irreqular extension d of an Euler triple
{a,b,c}. Then a+b < F\(m,n), where

Fi(m,n) = 4m*n® + m> + m?n — m? + mn? — 2m + n® — n?,

F_1(m,n) = 4m?n®* — 2m3 — 2m>n — 2mn? + 2mn + m — 2n> + n.

Proof. The two cofactor triples (Qq, Qp, @r) and (Q,, @}, Q) defined below are cross products
of two integer vectors orthogonal to (a,b,r), hence integer multiples of (a,b,r), with positive
multipliers g, ¢’; then a +b < ¢g’a + gb, and the identity for ¢g’a + gb, with 0 < k. < H, bounds it
by a polynomial of degree 4 in m,n. With the index polynomials and the order-two quotients
kg, ky, k. of Convention 3.1, the cofactor triples are given by

Qo = kp(By, —2k.) + Mok, Qp = LoBy, + MyH — (2Lo + M>) ke, Qr = ky(kc— H) + Lok,

Qiz = (2L1—|—M1)/€C—L1Bn, Q/b = Ml(H—ktc)—Fk‘a(ch—Bn), Q/ = (—ka)k‘c—FLl(H—k?c).

T
By Lemma 2.14, 3 < n < m < [ < 2n, so Ly, Ly, L3, M1, M>, H, B,, are positive integers;
by item 2 of Lemma 3.2, kq, kp, k. € Z with k, < 0, ky < 0, 0 < k. < H. In particular
Qa:QbaQTa fp ;WQ;" are integers.

We first prove that the two cofactor triples are positive integer multiples of (a,b,r). By the
definitions of kg, ky, k. and ¢ = a + b+ 2r, the vector (a,b,r) is orthogonal to each of

Vi1 = (k’a, _L17M1)7 Vo = (_L2akbaM2)7 V3 = (kc - H, kw ch - Bn)a

and (Qq,Qp, Qr) = —(v2 x v3), (@, Q},Q)) = —(v1 x v3). Direct expansion using ak, =
bLy1 — rMy, bky, = aLy — rMsy and ck. = aH + rB,, gives

bQr = rQy, aQp = bQq, QQ;* = TQiy bQ:z = GQZ

Since k, < 0, ky < 0, 0 < k. < H and Ly, Ly > 0, both summands of Q, = (—kp)(H —
ke) 4+ Lok. and of Q! = (—kq)ke + L1(H — k.) are positive, so @, Q. > 0. As r2 —ab = 1,
ged(a,r) = ged(b,r) = 1; hence r | Q, (from bQ, = rQp) and r | Q. (from aQ) = rQ.),
and with g = Q,/r > 1, ¢ = Q) /r > 1 the four identities give (Qq, Qp, Qr) = g(a,b,r) and
( 517 Q;ﬂ Q;) = gl(av b, T)'

We next derive the identity for ¢’a 4+ gb. We have 2Ly + M; = 21> — 1+ Am and 2Ly + My =
20?2 — 1+ An, so (2L + My) — (2Lg + M) = A(m — n), while Ly — L1 = L3. Adding Q), = ¢'a
and Qp = gb cancels [ and gives

g'a+ gb= L3B, + MoH + \(m — n)k.

We finally prove a + b < Fy(m,n). Since g,¢' > 1, a+b < g’a+ gb. Since | > m + 1,
My <2n?2+An—m—1;and 1 < k. < H—1. When \ = 1, using (m —n)k. < (m —n)(H — 1),

ga+ gb< L3B, + (2n* — 1)H — (m —n) = Fi(m,n).
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When A = —1, using —(m —n)k. < 0 and My < 2n? —n—m — 1,
gda+gb< L3B, + (2n* —n—m—1)H = F_y(m,n).
0

Theorem 3.6. Let (A, 1,m,n) be the index system of an irreqular extension d of an Euler triple
{a,b,c}. Then
¢ < dm*(m+ \)? < 8m*.

Proof. The first inequality comes from the quartic bracket of Lemma 3.4 when m < %n, and from
the quartic bound for a + b of Lemma 3.5 otherwise; the second from m > 4. By Lemma 2.14,
3<n<m<l<2nand m>4,som < 2n— 2.

If m < 3n, then Lemma 3.4 gives ¢ < P, < 4m?(m + \)%.

Suppose now m > %n, son < %m By item 4 of Lemma 2.4, ¢ < 2(a+b), and by Lemma 3.5,
a+b< Fy(m,n).

When A = 1: 4m*n? < ¥m* and m® + m?n+mn? +n3 < (1+ 2+ 5+ 5)m?® = $m3, while
the remaining terms of Fj(m,n) are negative, so

32 130
c <2F;(m,n) < jm‘l + 2—7m3 < 4m* 4 8m> < 4m?(m + 1)
When A = —1: —2m?n +2mn < 0, m — 2mn? < 0 and n — 2n® < 0, so F_1(m,n) <

Am?n? — 2m3 < %m‘l — 2m3. Moreover %n <m < 2n — 2 with n > 3 forces m > 8: forn < 4
no integer m satisfies %n <m <2n—2; and for n > 5, m > % Hence

16 4
4m2(m —1)% — ¢ > 4m?*(m — 1) — 2(§m4 - 2m3> = §m2(m2 - 9m+9) > 0.
Here m? —9m +9=m(m —9)+9>1,as m > 8. So ¢ < 4m?(m + \)? in all cases.
Finally, m > 4 gives m? — 2m — 1 > 0, that is (m + 1)2 < 2m?; hence 4m?(m + \)? <
4m?(m +1)% < 8m*. O

The next section does not use it: for close units the gap inequalities take its place.

4 Close Pell units force regularity

This section proves the criterion for close Pell units (Theorem 4.5) and the ratio window that
follows from it (Corollary 4.6). Both conditions of the criterion rest on one mechanism, applied
to two pairs of units. When b/a is large, §/« is close to 1 and A, is a linear form in log(3/«)
and log(a?~™ D,); when b— a is small compared with /ac, v/f is close to 1 and A, is a linear
form in log(y/B) and log(5%(™~") E)). The mechanism is proved once, for two abstract numbers
(Lemma 4.4), and the criterion checks its conditions in the two cases. All the numbers involved
lie in the real biquadratic field K = Q(v/ab, \/ac), where we first compute their sizes and heights.

Definition 4.1. For a nonzero algebraic number 7 of degree D = [Q(7n) : Q], let a, H}D:1(X —

n(j)), with a, > 0, be its primitive irreducible polynomial over Z. Its absolute logarithmic
height is

D
1 )
h(n) = 5(loga77 + Zlogmax{l, |77(J)]}).
j=1
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Lemma 4.2. Let (A, l,m,n) be the index system of an irreqular extension d of an Euler triple

{a,b,c}, with Dy, Ey as in Definition 2.16, and put K = Q(v/ab, \/ac). Then:
1. %logc <loga < logc—log2, %logc—i—logQ < log B < logc, andlog S —loga < log2+4/c;

2. K is a real biquadratic field that contains «, 3,7, Dy, Ex, and for (e1,e2) € {—1,1}? it has
an embedding with o — o', B+ (2, v +— y€1€2;

3. for integers i,7, h(B'a?) = Lmax(]i|logB, |j|loga), in particular h(a) = Sloga and
h(p/a) = %Iogﬁ; and h(y/B) = %log’y; moreover /o and v/ have degree 4 over Q;

4. 0 <log Dy < min{log4, 2\/a/b}, Nig(Dy) = (gEﬁ:g%)Q € (0,1), and h(D,) < logc;

5. 0 <log By <2(b—a)/ac, Nijo(Ex) = (Z%:Z;)Q > 1, and h(E)) <log 5 if b < %a;

6. The numbers o, B/a and Dy exceed 1 and are multiplicatively independent, and so do v/
and B2 E, .

Proof. The size estimates in items 1, 4 and 5 are elementary consequences of the identities
of an Euler triple; the norms, heights, degrees and independence statements come from the
four embeddings of IC of item 2, which invert o and 8 independently. We use the identities
of Lemma 2.4 throughout: s = a+7, t =b+r, 82 =ac+ 1, 1> =bc+1,a < r < band
da < c<2(a+b);as c=a+ b+ 2r, these give 2r < a+ b, ¢ > 4r and ¢ < 4b, and ¢ > 4a gives
Va < 3\/c. By Lemma 2.14, n < m.

We first prove item 1. Since ¢ > 47, a < 2r < ¢/2, so loga < logc — log2. Next a? =
2ab + 1+ 2rv/ab, so o — ¢ = (2ab—a —b) + 1 + 2r(vVab— 1) > 0 and loga > 3 loge. Since
s =ac+1,

2v/e<2y/ac< B <2s=2a+2r=c—(b—a)<c,

SO %logc+log2 <logB < loge. Finally « =2r —a™! >2r —r~!and s/r = 1+a/r <2, so, as
4r? = dab+4 > 2(a +b) > c,

2 1 1 4
log 8 — log « <logﬁ zlog; —log<1— ﬁ) <log2—i-7j2 <10g2+g,

using —log(l — ) < z/(1—z) <2z for 0 <z < 1.

We next prove item 2. The integers ab, ac,bc are not squares (Lemma 2.4, item 5), and
ab-ac = a?-be; hence K is a real biquadratic field with the four embeddings Ocpent Vab — e1Vab,
Vac — exy/ac, and vVbe = vaby/ac/a lies in K and is sent to ejepv/be. The units o = 7 + /ab,
B =s++/acand v =t + Vbe lie in K, and o' = r —Vab, 71 = s — ac, v =t — Vbe
(Lemma 2.4, item 5); S0 0¢, ¢, sends a — a°', f +— B and v — 7“2, The numbers D) and
E, are quotients of sums of ++v/ab, £1/ac, Vbc, so they lie in K as well.

We next prove item 3. By item 2, the conjugates of the unit 5°a’ are exp(=ilog 3 £ jlog )
with independent signs, so

4h(B'a’) = |ilog 8 + jloga| + |ilog 8 — jlog a| = 2max(|i|log 8, |j|log ).

With 8 > a > 1 (as s > r and /ac > V/ab) this gives h(a) = 3 loga and h(B/a) = 3 log B.
Likewise, by item 2 the four conjugates of the unit v/3 are (y/8)*! and (8y)*';as v > 8 > 1

(because t > s and vbe > \/ac), h(y/B) = 1 (log(v/B) +log(37)) = 4 log~. For the degrees, the
images 3°2a~“ of 3/a under the four embeddings of item 2 are 8/a, af, (a8)~!, /B, which
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are distinct because 8 > o > 1; and the images 7°1°237¢ of /3 are v/B, B/7, (87)~}, By (for
(e1,e2) = (1,1),(1,-1),(—1,1),(—=1,—1)), which are distinct because v > 5 > 1. So /«a and
v/ B have degree 4.

We next prove item 4. Dividing numerator and denominator in Definition 2.16 by v/bc
gives Dy = (1 + +/a/b)/(1 + A\/a/c). Since ¢ — (v/a + vb)? = 2(r — Vab) > 0, one has
Vaje < a)(Va+Vb), e 1 —/aje> (1+/a/b)~. Hence 1 < Dy < D_y < (14 /a/b)?,
where D) > 1 because \/a/b > y/a/c. So 0 < log Dy < 2log(1 + \/a/b), which is less than
2,/a/b and than log 4. The numerator N, = vbc+ +/ac and the denominator M, = v/bc+ Avab
of D) are algebraic integers, and by item 2

061,62Nx 262(61\/%7L \/%)a |O-€1,62NI‘ = \/%+€1\/%,
Oepeo My = 61(62\/%—1— )\\/(%), |01 eoMz| = Ve + AesVab.

The inner factors e;vbe+ Vac and eavbe+ M\ ab have signs e1 and ez, S0 0¢, ¢, N, and o¢, ¢, M,
both have sign ejez. Hence every conjugate of Dy is positive, N q(N;) = (bc — ac)? and
Nxg(My) = (bc — ab)?, which gives the norm; it lies in (0,1) because b(c — a) — ¢(b — a) =
a(c —b) > 0. Since ac > ab, the four values of max(|oe, e, Nu|, [0, e, Me|) are Ve + /ac (for
e1 = 1, twice), Vbc+Vab and vbe —/ab (for ey = —1). By the product formula, 4h(N,/M,) is
the sum of log max(||Ny||, || M.||) over the normalized absolute values || - || of K; the finite places
contribute at most 0 because N, M, are algebraic integers, and the four real places give

4h(Dy) < 2log(Vbe + ac) + log(be — ab) = log(c(v/a + vb)?) + log(b(c — a)) < 4loge,

using (v/a + vb)? < c and b(c — a) < 2.

We next prove item 5. Since vbe > /ac > Vab, Ex — 1 = (vVbc — \/ac)/(v/ac + A ab) > 0.
Put u = v/a, v = Vb and w = /¢, so that u < v and u +v < w < 2v (as (va + vVb)? < ¢ < 4b),
and E) = Z((:Ziizg For A =1, Ey < v/u, so logE; < = < W, the last step because
w < 2v < 2(u+wv). For A = —1, using log(1 + p) < p for p > 0,

- 1 1 2(v? — u?
logE_lzlogB—l—log(l—i-u) < (v—u)<—+ )S (v - )7
U w— v U w—v UwW

where the last inequality is equivalent to w? — (u + 3v)w + 2v(u + v) < 0, that is, to (w — u —
v)(w — 2v) < 0. Since v2 — u? = b — a and uw = y/ac, in both cases 0 < log E\ < 2(b— a)/+/ac.

The numerator N, = vbe+Avab and the denominator M, = Vac+ Mab of E) are algebraic
integers, and by item 2 |o¢, e, No| = Vbc + Aeavab and |o¢, ¢, M| = v/ac + Aejeav/ab, both
positive. Hence Ni/g(N:) = (bc — ab)? = b*(c — a)? and N o(M:) = (ac — ab)* = a*(c — b)%;
since b(c—a)—a(c—b) = ¢(b—a) > 0, the norm of E exceeds 1. For e; = 1 the larger of |o¢, ¢, V.|
and |0¢, e, M| iS |0¢, ¢, V-], and the product of its two values (ex = £1) is bc — ab = b(c — a);
for e; = —1 both are at most vVbc + Vab = vb(y/c + y/a). By the product formula, the finite
places contributing at most 0,

4h(E)) < log(b(c — a)) + log(b(v/c + va)?).
When b < 3a, one has b(c—a) < be < 3ac and, as (Ve ++/a)? < Je, b(v/e+a)? < Jbe < Zac;

so 4h(Ey) < log(%(ac)?) < log %, because 8 = s + \/ac > 2 /ac. Hence h(E)) < log .

We finally prove item 6. Here o > 1, B/a > 1 (as s > r and /ac > vab) and Dy > 1 (item
4). If ai(ﬁ/a)jD';i = 1 with integers 4, j, k, taking norms gives N;C/Q(DA)’“ =1, as the units o, 8
have norm 1 by item 2; so k = 0 by item 4. Then /o'~ = 1, and the embedding 01,—1 gives
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fIai~7 =1, whence % =1, j = 0 and i = 0. Next /8 > 1 because t > s and vbc > +/ac,
and B2~ E\ > 1 because m > n and E) > 1 (item 5). If (fy/ﬂ)i(ﬂz(m_")E,\)] = 1 with
integers 1, j, taking norms gives N,C/Q(E,\)j = 1, as the units 5,7 have norm 1 by item 2; so
j =0 by item 5, and then ¢ = 0 because v/ > 1. O

The bound h(D),) < loge of item 4 is essentially sharp: for the Euler triples {3,5,16} and
{1,120, 143} an exact computation gives h(D)) ~ 0.875logc and h(D,) ~ 0.991log ¢, for both
values of \. It enters the criterion through the height of a2~ Dy in the case of large b/a.
The lower bound that we play against the smallness of the forms is Laurent’s theorem on linear
forms in two logarithms [22], quoted in the form we use.

Theorem 4.3. Let 1,12 > 1 be real algebraic numbers that are multiplicatively independent,
put D = [Q(n1,m2) : Q|, let by, ba be positive integers, and

Ap = bylogmy — by logm.

Let p > 1 and % < <1 be real, and put o, = w and A\;, = or logp. With the height h
of Definition 4.1, let Ay, As be real numbers with

A; > max{1, (p—1)logn; +2Dh(n;)} (i=1,2),  A1Ay > A2,

and let hy, be a real number with

Dlog2}.

by b
hy > maX{D(log(—l n i) +log AL + 1.75) +0.06, A,

4, T4,

hyo 1 1 11
_hw b —o(14+ /14 —— O, =14+ =t
=t e (+ +4H2)’ L t e o

)2 wr, 1 w% 8/\Lwi/492/4 471 1 )\LOJL 2 / CO’LwLaL
6:3—<—+— —+7+—(—+—> ) C = =5
NMor\6 2\ 9 T 3/AAvH  3\AL | A H A
Then

log|AL| > —C (hy + log p)* A1 Az — \/wrp (hr, + log p) — log(C'(hr, + log p)> A1 As).

Proof. This is [22, Theorem 2, p. 327], in the case of two real numbers greater than 1 with their
real logarithms; there D = [Q(n1,m2) : Q]/[R(n1,m2) : R], which is the degree in this case, and
Ap/op = log p. O

The next lemma is the crux of the section. It concerns two numbers 71, 72, the first close to 1
and the second of height linear in an integer g, and it excludes a very small form log 7o — 2k log 1y
when k > ¢gT€; its two sets of constants serve the two cases of the criterion.

Lemma 4.4. Let n1,n2 > 1 be real algebraic numbers that are multiplicatively independent, with
[Q(m1,m2) : Q] =4, and let

(T, &, ho, C) = (3355, log 6710, 2, 4.01)  or  (T,&,ho,C) = (3075, log 12300, 1, 2).

There do not exist a real number & > &y and integers g,k > 1 such that

1 1 1 2
logm < =, h(m) < 5(5 + T)’ lognz < 298+ . h(n2) < (g + ho)é, k> gT¢,
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and
0 < logn — 2klogm < C e 4kE,

Proof. We play the upper bound Ce™%*¢ of the last condition against Laurent’s lower bound

(Theorem 4.3). The first four conditions allow Laurent’s parameters A; and As of order ¢ and
g€, so that the lower bound is roughly exponential in g&2 times the square of log(k/(g¢)), while
the upper bound is exponential in k¢; and the condition k > ¢gT¢ makes k/(g€) too large for
both bounds to hold.

Suppose that & > & and g, k > 1 satisfy all the displayed conditions, and put Ay = logns —
2klogmn;. We derive a contradiction from Theorem 4.3, applied with b; = 2k, by = 1, D =
[Q(m,m2) : Q] =4, p=37and u = %, so that o, = W =0.93155 and A;, = o log 37 =
3.36375... ..

We first fix the parameters Ai, As,h; and check the hypotheses of Theorem 4.3. Put
(x1,x2) = (4.0014, 16.0025) in the first case and (x1,x2) = (4.0015, 8.0025) in the second,
and

Ar=x1§, A= (80g 4+ x2)¢.

Laurent’s condition with p = 37, D = 4 reads A; > 36logn; + 8h(n;), with the height h of
Definition 4.1; and since & > &g, the first four conditions give

40 40
4 — 44+ —
36log i + 8h(m) < 46 + = < ( +T£O)§<A1,
72
T¢&o

and A1, 4> > 1, AjAy > 32082 > M2, Put & = 1/(x1&o), 4« = logAp + 1.75 + $(0.06 +
log37) = 3.88078.. ., and

72
36log 7 + 8h(2) < (80g + 8ho)é + = < (809 4 8ho + )g < A,

2k
Y=— "ty =log(Y + &)+ Ly,
(80g + x2)€ v =log(Y' + o)

hi = 40y —log 37 = 4(log(Y + &o) + log A, 4+ 1.75) + 0.06.

Since b1 /As + ba/A1 =Y +1/(x1€§) < Y + dp, the number hj, satisfies the first lower bound
required of it in Theorem 4.3. Next, the condition k& > ¢T¢&, which enters only here, and
80g + x2 < (80 + x2)g give
2T
Y >Y:= ,
0 80 + x2
6710 6150
=69.89401... Yo =

96.0025 o 10T 88,0025

that is Y() =

= 69.88437.. .,

so by > ly, > 8.12 and hy, > 28, which exceeds A7, and % =2log2. As A\ /or, =log37, the
quantity H of Theorem 4.3 is H = (hy + log37)/Ap = 4y /A, and since A, > 0 the theorem
gives

logAL > —16Cf§/A1A2 — 4\/ wLeL fy — 10g(16C’£§/A1A2). (1)

We next replace the auxiliary functions of (1) by constants. The functions wy and 67 of
Theorem 4.3 decrease as H increases, so C decreases as H, Ay or A, increases, and so does C'. We
have H > Hg := 45}/0/)\1;, A1 > A1 :=x1& and Ay > Az := (80 + x2)&o- Let OJL,(),QL,(),CO,C(/)
denote the values of wr,0r,,C,C" at (Ho, A1,0, A2,0); then w0y, < wr 0810, C < Cp and C' < (.
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We now turn (1) and the upper bound for Az into an inequality Y < ©(Y'). By hypothesis
log Ap < log C —4k&. Combining this with (1) and the three bounds just obtained, and dividing
by 245¢ = 22 with Z = (80g + x2)&2, we get, since 4k¢/(2E) =Y and A1 A4s/(2428) = x1/2,

QW&’ N log(16C6£%X1E) +logC

Y < 8)(160 f% + o=

Put Zp = (80 + x2)&3, so that = > =Zy. The function u — log(Qu)/u decreases for Qu > e, and
Q = 16 C)(3-x1 satisfies Q=g > 2 - 10% moreover log C > 0. Hence each of the last two terms is
largest at = = =g, and

Y < O(Y) i=aly + 1ly + 1o log by + 1,

2\/wr,00L,0
g = 8x1Co, P = ——, o =

p
=0

i e = 10g(16066A170A270)

I *

= — )
=0 2.:.0

where ¢y =log(Y + dp) + £s is now read as a function of the real variable Y > Yj.

We next show that ©(Y)/Y is strictly decreasing for Y > Y. The coefficients )2, 11, g
are positive, and ¢, > 0 by the evaluation below. Since dfy/dY = 1/(Y + dy) < 1/Y and
by > fyo > 2,

YO (Y) < 2holy + 11 + ZS < hals + by + Yo log by < O(Y),

because 20y < (3., 1 < ¢y and 1/¢y < logly for ¢y > 2. Hence £ (0(Y)/Y) = (YO'(Y) —
O(Y))/Y? <.

Finally we evaluate at Yy. All constants above are explicit, and their values were computed in
interval arithmetic with 256-bit endpoints, every comparison below holding for the full intervals.
In the first case Ho = 9.66560..., wro = 4.00267..., 00 = 1.05306..., Cp = 0.0329567 ...,
Cl = 0.0734636. .., o = 1.054986..., 1 = 5.5089... 1074, 9p = 1.3416... - 1074, ¢, =
7.9515...-107%, and

O(Yy) = 69.70554 ... < 69.89401 ... =Y.

In the second case Ho = 9.66541..., wro = 4.00267..., 0,0 = 1.05306..., Co = 0.0329086. . .,
Cl) = 0.0734100. .., ¢o = 1.053472..., 1 = 5.2611...-107% 9o = 1.2812... 1074, ¢, =
7.1772...-107%, and

O(Yy) = 69.60241 ... < 69.88437... = Y.

In both cases Q=y > 2 - 109 at ¢y = fly,, which gives it for every larger fy. Since O(Y)/Y
decreases, ©(Y') <Y for every Y > Yj, which contradicts ¥ < O(Y) at our Y > Y;.
O

Theorem 4.5. Let {a,b,c} be an Euler triple with
b>3355%a  or  \ac>3075(b— a).
Then {a,b,c} has no irregular extension.

Proof. Suppose that d is an irregular extension of {a, b, ¢}, and let (X, 1, m,n) be its index system
(Proposition 2.11), with the linear forms A,, A,, the numbers D), E) and the gap ratios R, R,
of Definition 2.16. By Lemma 2.14, n < m < [. In each of the two cases we exhibit numbers
n1,M2,&, g, k that satisfy all the conditions which Lemma 4.4 excludes; the first case uses the

29



linear form A, the second the linear form A,. Throughout, h is the height of Definition 4.1,
and we use h(uv) < h(u) + h(v).

By item 2 of Lemma 4.2, the numbers «, 8, v, Dy, E) lie in the real biquadratic field K =
Q(Vab, Vac).

The case b > 33552a. Put

™

m = ) n2:a2(lim)D)\7 fZIOgOé7 g:l_mzla k:mv

and (T, &o, ho, C

~—

= (3355,10g6710,2,4.01). We check the conditions of Lemma 4.4.

e Since vab > 3355a > 3355 and r > \/@, we have a > 2vab > 6710, so £ > &.

e By Lemma 4.2 (item 6), o, 3/a and Dy exceed 1 and are multiplicatively independent;
hence 11,12 > 1, and ning = 1 with integers 4,5 forces i = 295 = j = 0, so 01,72 are
multiplicatively independent. By Lemma 4.2 (item 3), n; has degree 4, so [Q(n1,72) : Q] =
4 a5 Q(,7) C K.

e By Lemma 2.18 (item 2), logn1 < \/a/b < 1/T; by Lemma 4.2 (item 3), h(n;) = 1 log 8 =
3(& +logm) < 5(€+1/T).

e By Lemma 4.2 (item 4), log e = 2g€ +1log D) < 29§ +2+/a/b < 2g€ +2/T. By items 3, 4
and 1 of Lemma 4.2, h(n2) < h(a?9) +h(D,) < g€ +logc < (g + 2)&, since log ¢ < 2log a.

e By Lemma 2.18 (item 3), k =m > (I — m)R; = g/b/a§ > gT¥¢.

e logny — 2klogm = 2lloga — 2mlog 5 + log Dy = A,, and by Lemma 2.18 (item 4) 0 <
Ay < 401874 <4.01e %, as B> a.

This contradicts Lemma 4.4.
The case \/ac > 3075(b — a). Put

m=g =AU, g=lgh  g=m-n>x1 k=n

and (T, &, ho, C) = (3075,10g 12300, 1,2). We first note that b < %a: by Lemma 2.4 (item 4),
¢ < 2(a+b) < 4b, so /ac < 2b and b — a < /ac/3075 < 2b/3075, whence a > 313 > 2b. We
check the conditions of Lemma 4.4.

e Since b—a > 2 (Lemma 2.4, item 4) and s > +/ac, we have 8 > 2y/ac > 6150(b—a) > 12300,
so & > &.

e By Lemma 4.2 (item 6), 11,72 > 1 and they are multiplicatively independent. By
Lemma 4.2 (item 3), n; has degree 4, so [Q(n1,72) : Q] = 4 as Q(n1,m2) C K.

e By Lemma 2.18 (item 2), logm < (b —a)/+/ac < 1/T; by Lemma 4.2 (item 3), h(n;) =
Llogy = (& +logm) < 2(&+1/T).

e By Lemma 4.2 (item 5), logne = 29§ +1og E) < 29§ +2(b—a)/\/ac < 2g€+2/T. By items
3 and 5 of Lemma 4.2, the latter applicable as b < %a, h(n2) < h(B%9) +h(E)) < g€ + €.

e By Lemma 2.18 (item 3), k =n > (m —n)R, = gﬂg > gT¢.

e logny — 2klogm = 2mlogB — 2nlogy + log E\ = A,, and by Lemma 2.18 (item 5)
0 <A, <2674 =2e 4,
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This contradicts Lemma 4.4. Hence {a, b, ¢} has no irregular extension. O

Corollary 4.6. If an Euler triple {a,b,c} has an irregular extension, then 1—1—@ < g < 33552,

Proof. By Theorem 4.5, b < 3355%a and y/ac < 3075(b — a). By Lemma 2.4 (item 4), ¢ > 4a, so
Vac > 2a. Hence 2a < 3075(b — a), that is b/a > 1+ z3= > 1+ . O

The heights of Lemma 4.2 and Laurent’s theorem are used again in Section 7.

5 Regularity from pair coordinates

This section proves the pair-coordinate criterion (Theorem 5.19). The key idea is that an Euler
triple, written in pair coordinates, falls into the setting of Rickert’s simultaneous approximations
to square roots [26]. In a pair representation a = p1q1, b = paqe with p1ga — paq1 = £2, the num-
bers \/a7/0 and \/bTC, after rescaling, become square roots /1 + a;/N with integer shifts a; and
an integer N. The hypergeometric method then gives them an effective simultaneous approxi-
mation measure (Theorem 5.14), with an exponent below 2 exactly when 40p3 < wpiqs, while
the common term z of an irregular extension approximates them with exponent 2. Comparing
the two exponents caps the index m (Lemma 5.18); under the hypotheses of the criterion the
cap is a multiple of log ¢, against the floors for m given by the quartic index floor (Theorem 3.6)
and, in the first case, by Lemma 5.17.

The section has three parts: Subsection 5.1 states the method for arbitrary integer shifts,
Subsection 5.2 applies it to a pair representation, and Subsection 5.3 bounds the index and proves
the criterion. The weight lies in Theorem 5.14 and Lemma 5.18; the rest is the machinery
of the method, stated once in general form, and bookkeeping in pair coordinates. From the
earlier sections the section uses the index system and its common term z (Proposition 2.11,
Lemma 2.15), the ordering of Lemma 2.14, the order-two quotient k. of Convention 3.1, and the
quartic index floor.

5.1 Rickert’s approximants and Bennett’s criterion

We state the hypergeometric method for arbitrary distinct integer shifts ag, a1, a2; nothing in
this subsection involves a Diophantine triple. Rickert’s approximants [26] are polynomials p;; of
degree at most k whose linear forms A; = >, p;;¥; in the three square roots J; = (1 + a;jz)t/?
vanish to order 3k at x = 0, as the proof of Lemma 5.3 shows. Three properties make them
usable. Their determinant does not vanish (Lemma 5.3, after Rickert and Bennett), and both
this fact and the bounds of Lemma 5.12 rest on one residue representation (Lemma 5.2). Their
denominators are controlled: the coefficient products are integers divisible by every prime of
the Cipu-Fujita prime product [9] (Lemma 5.5), which exceeds 1.6/(4.09 - 10'3) (Lemma 5.6).
And Bennett’s criterion [6] (Lemma 5.7) turns integer approximants with entries of size P¥ and
linear forms of size L™* into an approximation measure with exponent 1 + log P/log L.

Convention 5.1. Rickert’s approximants ([26], in the normalisation of [10]). Let the shifts
ap, ai,ay be distinct integers, M = max; |a;|, and

2
Fiz)=][(z-a), ku=k+ds (0<il<2),
=0
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where k£ > 1 is an integer and §;; the Kronecker delta. For 0 <4, j < 2 the Rickert polynomial

pij(x) = piy) (x) is

k+ 5\ L —k o
J

ho+hi+ho=k;;—1 I#j

the sum over all non-negative integers hg, hi, ha with hg + h1 + ho = k;; — 1. For a real number
x with |x|M < 1 the approximated numbers are

0, =0j(z) = (1+a2)/2>0  (j=0,1,2),

and the linear forms are A;(z) = Z?:o pij(x)dj(x) (i = 0,1,2). The index k is suppressed
when it is fixed. Throughout, (1 + z:n)l/ 2 denotes the principal branch, analytic in the disc
lz| < 1/]z|.

The coefficient products of order k are the rational numbers

(k) 11\ _ o2k—1 k"’% —ky

1]

for i,j € {0,1,2} and every triple h = (hg, h1, ho) of non-negative integers with hy + hy + hy =
kij —1. When all of them are integers, GG}, denotes their greatest common divisor.

Lemma 5.2. Let ag,a1,a2 be distinct integers, let k > 1 be an integer, and let p;; = pgg) be

Rickert’s polynomials of order k for these shifts, with M, F and k;; as in Convention 5.1. Put

2

gi(z) = [[(z = a) ™ = (= a) F(2)") ™" (1=10,1,2).

=0

Then for all 0 < 14,7 < 2:

1. in the ring Q[[z]] of formal power series, with ¥; = 3 (1é2)a§xe, the coefficient of
" in pij(x)d; is (kJrJ/Q)ReSZ:ajz“gi(z) for every integer u > 0; in particular p;;(0) =

Reszzajgi(z);

2. for every real x with |x|M <1,

pij(@) V(@) = Reseea, ¥ilz),  vil2) = (L4 22)"7 g, (2).

Proof. The residue form is Rickert’s [26], who defines the approximants by contour integrals and
derives the formula of Convention 5.1 from them, and Bennett [6] estimates the approximants
through the same integrals; we include a proof for completeness. In view of the formal expansion
(1+ zx)k+1/2 = w0 (k+u1/2) z%z", item 1 is the formal counterpart of item 2; we prove the two
items separately, item 1 in Q[[x]] and item 2 for real z. For a function ¢ meromorphic near a,
Res,—q¢ is the coefficient of (2 — a)™! in its Laurent expansion at a.

We first express the coefficients of p;; by residues. For e > 0 put p;j(e) = Res.—q;(z —

a;)°gi(2). Since g; = (2 — a;) ™" [];;(2 — ar) ™" and

[Je-ap™ =TT 3 (") @ = a0 = ap
hy

I#5 I#5 =0
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near z = aj, we get pij(e) = > ], (_}Z“)(aj — a)~®tM) the sum over hy > 0 (I # j) with
El# hy = kij —1—e, for 0 < e < k;j — 1, and p;j(e) = 0 for e > k;;. Comparing with the
formula of Convention 5.1 (with e = h;, and k;; — 1 < k),

k 1
pi(x) = <"7 + 2) pij(e) z°(1 +a;z) ¢, pi;(0) = p;;(0).

e
e=0

We next prove item 1. (For |x|M < 1 the series ¥; converges to the ¥, of Convention 5.1.)
For a rational number w put (1 + a;z)" = >, (i’)a?:):e; Vandermonde’s identity gives (1 +
a;z)?(1 + a;z)? = (1 + ajz)+, and for w € Zsg the series is the polynomial (1 + ajz)".

Hence p;j(x)0; =, (k+1/2)p7;j(e):v€(1 + ajz)F1/27¢ and its coefficient of 2" (u > 0) is

e

; (k: Jer 5) <k: J; %; €> 0" piy(e) = (kz :L— %) ez::uo (Z) 0= pig(e)

b+ L
— ( + 2>Reszzaj 2%gi(2),

u

using (V) (Y=¢) = () (Y), pij(e) = 0 for e > k, and 2% = >, (Z)a?fe(z —aj). As p;;(0) =
Res.—q,9i(2), this proves item 1.

We finally prove item 2. Let x be real with |x|M < 1, so that t; is analytic in the disc
|z| < 1/|z| except for poles at ap,a1,as. Near aj, ¥;(z) = x(2)(z — a;)7%s with y(z) =
(14 zz)k+1/2 Hl#(z—al)_k“ analytic at a;, so the residue is x(¢)(a;)/e!, e = k;;— 1. By Leibniz’s
rule, x(¢) /e! is the sum over hj + hy, + hy, = e, where {l1,ls} = {0,1,2}\ {j}, of the products of
the h-th derivatives divided by h!, and % -4 (1 + zx)k+1/2 = (k+;/2)xh(1 + zz)F P (1 4 22)V/2,

Rl dzh
%i—hh(z — )"k = (7;:”)(2 — a;)"Fa~h Evaluating at z = a; gives exactly 9; p;;(z) by the
formula of Convention 5.1. O

Lemma 5.3. Let ag, a1, as be distinct integers, let k > 1 be an integer, and let p;;(x) be Rickert’s
polynomials of order k for these shifts (Convention 5.1). Then there is a rational number Cy, # 0
such that

det(pij(x))ogi,j§2 = Cya™.

In particular det(p;j(x)) # 0 for every real x # 0.

Proof. The nonvanishing of this determinant is due to Rickert [26], and Bennett [5, Section 2]
states the identity with an explicit value of Cf, for any number of shifts. We include a proof
for completeness. For a rational function ¢ € Q(z), Res,—,¢ is the coefficient of (z —a)~! in its
Laurent expansion at a, and [z '], ¢ is the coefficient of 27! in its expansion in powers of 1/z.
We use the residue theorem for rational functions: ) Res,—,¢ = [zfl]ooqﬁ, the sum over the
poles a of ¢; this follows from the partial fraction decomposition, since [z71]o(2z — a) ¢ is 1 for
e =1 and 0 for e > 2, and polynomials contribute nothing. With F' and k;; as in Convention 5.1,
let

2
ks -1 .
g(z) =[[e=a) ™ = (z-a)P" " (=0,1,2)
=0
as in Lemma 5.2, and put p;; = Res,—4,gi(2). Each p;; is a polynomial in x of degree at

most k with rational coefficients, since every term of its defining sum is a rational multiple of
Cﬂhj(l + ajl‘)k_hj with hj < ki]’ —-1<k.
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By Lemma 5.2, item 1, p;;(0) = p;j, and in the ring Q[[z]] of formal power series, with
Vi = >0 (léz)a x°, the coefficient of z (u > 0) in p;;(x)v; is (k+qj/2)ReSz:ajz“gi(z).

We next show that, in Q[[z]], A; := 3, pij(2)9; = 23 (mod 23**1) for each i, where uy =
(k-g}g/ 2). Summing these coefﬁments over j and applying the residue theorem, the coefficient of x*

in A; is (kt}ﬂ) [27Y02"gi(2). Since gi(z) = 273 [[,(1 — ay/2) kit = 273k 1(1 + D es1tez™)
with rational t., the expansion of z%g; at infinity has only powers z*~3F~1=¢ (¢ > 0), with
coefficient 1 for e = 0; so [z a02"g; is 0 for u < 3k and 1 for u = 3k.

We next reduce the determinant to u &, where & is the determinant of the matrix with rows
(pios 1, pi2), i = 0,1,2. Let po, p1, p2 be the columns of (p;j(z)) and £(x) = det(p;;(x)) € Q[z],
of degree at most 3k because each entry has degree at most k. In Q[[z]], ¥1 is a unit (constant
term 1); adding 99 /¢ times column 0 and ¥J5/7; times column 2 to column 1 does not change

the determinant and turns column 1 into (A;/91);. By the previous step (A;); = 2% (uze + rg)
with e = (1,1,1)T and g € Q[[]]3, so

E(x) = 191_1x3k (uk det [po, e, pg] + z det [po, g, pg]) = g & 2°F (mod :CSkH),

because at = 0 the columns Po, P2 are (pio)i, (pi2)i and ¥1(0) = 1. As degé < 3k, E(z) =
urEpz*. Moreover uy, = 3k e H3k 1(k: + % —e) # 0, since no factor vanishes.

We finally prove & # 0. Each row of (p;;) sums to zero: Zj pij = [ egi = 0, as g;
has order 3k + 1 > 2 at infinity. Suppose & = 0. Then there is (19,71,72) € Q3 \ {0} with
Zi NiPi0 = Zz Nipi2 = Zl 1; = 0, and by the row sums also ZZ n:ipi1 = 0. Put

=Yoo= g IO =Tal]E-w

i I#i

Then f(a;) = mi[[,z(ai — @), so f # 0; its coeflicient of 2248 >.mi = 0, so deg f < 1;
and Res,—q,9 = > ;mipij = 0 for j = 0,1,2. Since deg f < deg FF¥+1, partial fractions give
g=>_; Z’;Jrll je(2—a;) ¢ with §j1 = Res,—,;g = 0. Hence I =3, ZEJFQI f]ee(z a;)'7¢ satisfies
I' = g, and J = F*I is a polynomial. At infinity I = > o (2 ¢and I' = =Y o ez ¢,
while g = f/F**1 has only powers z~¢ with e > 3k + 3 — deg f > 3k + 2; therefore (., = 0 for
e <3k, thatis [ =3 v Gz As FF = 23%(1+ O(271)), the polynomial J = F*T has only
negative powers of z at infinity, so J =0. Then I =0, g = I' = 0 and f = 0, a contradiction.
Hence & # 0, and Cy = up& # 0. O

Definition 5.4. For an integer & > 1 the Cipu—Fujita prime product P(k) ([9], proof of
Theorem 2.2) is the product of all primes p with

k—1y 3
p>V2+1,  ged(p,2k) =1, {T}>1’

where {u} = u — |u]; the empty product is 1.

Lemma 5.5. Let k > 1 be an integer, and let ﬂgk)(h) be the coefficient products of order k
(Convention 5.1).

1. For 0 < h < k, 22’“*1(’%}1/2) € Z. In particular every Tz(]k)(h) is an integer, so G} is
defined.

2. Let p be an odd prime with ptk and {(k—1)/p} > 3. Then p divides every ﬂ(jk)(h).
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3. P(k) (Definition 5.4) divides Gy; in particular Gy, > P(k).

Proof. Ttem 1 is a lemma of Rickert [26], as quoted by Cipu, Fujita and Mignotte [10]; items 2
and 3 are the term-wise form of the divisibility used in [9, proof of Theorem 2.2], which cites [5,
Lemma 4.1]. We include the proofs. Throughout, v, denotes the p-adic valuation on Q*, and
for an integer u and ¢ > 1 we write u mod ¢ for the least non-negative residue.

We first record the valuation of the half-integral binomial coefficients. For 0 < h < k,

h—1 h—1
k+34\ 1 1 L= (2k+1 —2¢)
< h )‘mg(k+2_e)_ 2% I ’

a quotient whose numerator is a product of positive odd integers. Let p be an odd prime and, for
f>1letws e {0,... ,pf —1} be defined by 2wy = 2k+1 (mod pf). Then pf | 2k+1—2e if and
only if e = wy (mod pf), and writing h = gp’ +n with 0 < n < p/, the interval 0 < e < h — 1
contains exactly g + [ > wy] such e (here [-] is 1 if the condition holds and 0 otherwise). By
Legendre’s formula v,(h!) = 3~ 1~y |h/pf ], so

vp(<k_}t%>):z:[(hmodpf)>wf] > [(hmodp) >wi]| >0. (5.1)
1

We next prove item 1. By (5.1), vp(22k_1(k+;/2)) > 0 for every odd prime p. For p =
2, the numerator is odd, so 02(22k_1(k+;/2)) = 2k —1—h — vy(h!); this is 2k — 1 > 1 if
h =0, and for h > 1 it is at least 2k — 1 — h — (h — 1) = 2(k — h) > 0, since va(h!) =
h — (number of binary digits 1 of h) < h — 1. Hence 22¢~! (k+,1/2) €Z. In Tz(jk)(h) one has
hj <kjj —1<k, and (7:) = (=1)h (U+Z§_1) € Z for every integer v > 1; so Tz(]k)(h) €Z.

We next record the valuation of the ordinary factors. For integers v > 1 and h > 0,
(7)) = (—1)h(”+z_1), and by Legendre’s formula

(TN =S D)

f>1

Each summand is > 0, and the summand f = 1 equals [(v — 1) mod p+ hmod p > p]. Hence

Up(<—hv)) > [((v—1) mod p) + (hmod p) >p| >0. (5.2)

We now prove item 2. Put p = (k— 1) mod p, so that {(k—1)/p} = p/p and the hypothesis
reads 4p > 3p. Since pt k, p#p—1,s0 p <p—2and kmodp = p+ 1. Since 2k +1 =
2(k—1)+3=2p+3 (mod p) and 3p < 2p < 2p — 4, the integer 2p+ 3 — p is even (as p is odd)
and lies in [1,p — 1], so
_2p4+3—-p p—3
B O R
Fix 4,5 and h = (ho, h1, ha) with hg + hy + he = k;; — 1, and write hy = h; mod p. Since p
is odd, vp(Ti(f)(h)) = vp((’“t;“)) + D1z vp((_,fl“)), a sum of non-negative terms by (5.1) and
(5.2). Suppose that p 1 Tig.k)(h), that is vp(Ti(jk)(h)) = 0. Then (5.1) gives h; < wy. For | # j,
ki —1¢€{k—1,k},so (ky—1) modp € {p,p+ 1} is at least p, and (5.2) gives hy <p—1— p.
Therefore

w1

3p—1

0<ho+h +hy<w +2(p—1-p) = 5

—p<p,

35



where the last inequality is 3p — 1 < 4p. On the other hand hg + hi + ho = hg + h1 + hy =
kij —1 (mod p), and k;; —1 € {k — 1,k} is congruent to p or to p + 1, both in [0,p — 1]. As
0< hy+hy+he <p<p-—2,the sum hg+ hi1 + hy is its own least residue and would equal p
or p+ 1, which is impossible. Hence p | TZ(Jk)(h)

We finally prove item 3. A prime p counted in P(k) satisfies p < 3(k — 1): this is clear if
p<k—1 (then k>2), and if p > k — 1 then {(k — 1)/p} = (k —1)/p > 2. So P(k) is a finite
product of distinct primes. Every such prime satisfies ged(p, 2k) = 1, so it is odd and does not
divide k, and it satisfies {(k —1)/p} > 3; by item 2 it divides every ﬂgk)(h). Hence P(k) divides
every ﬂ(jk)(h), hence their greatest common divisor Gy, which is positive; so Gy, > P(k).

O

Lemma 5.6. For every integer k > 1,

1.6%

P(k) > 50 101"

where P(k) is the Cipu—Fujita prime product (Definition 5.4).

Proof. This is proved in [9], proof of Theorem 2.2. With J;(k) the open interval ((k—1)/l, 4(k—
1)/(41—1)), display (2.1) there bounds P(k) from below by the product of the primes p € J;(k)
with ged(p,2k) = 1, over 1 <1 < |(k—1)/v2k —1|. The logarithm of this product is shown
there to exceed 0.4706 k > klog1.6 for k > 903683 (explicit prime-number estimates, applied
to the intervals with [ < 13), and to exceed klog1.6 — 31.342 for 1 < k < 903682 (computer
search; the minimum is attained at k& = 607). Since 31342 < 4.09 - 103, this gives the claim;
display (2.2) there states the resulting bound for an integer that is a multiple of P(k), but both
derivations bound the right side of (2.1), hence P(k).

O]

Lemma 5.7. Let 01,05 be real numbers and 6y = 1. Assume that there are positive real numbers
Uy, ps, L, P with L > 1 such that for every positive integer k there are integers p;j, (0 <1,j <2)
with det(pz'jk)ogi’jgg 75 0,

2
pijr| <peP® (0 <i,j <2), ‘Zpijkej) <LLTR(0<i<2).
=0
Then for all integers Ag, A1, Ao with Ag > 0,

A
Aol

_ A
Ag

log P

0
2 log L’

c~t=4p,P (max{l, 26*})771.

max{ ’01 —

‘}>CA6T, T=1+

Proof. This is Bennett’s criterion [6], as stated by Cipu, Fujita and Mignotte [10]; the constants
p,l, the exponent A, the numerators pi,ps and the denominator ¢ of the sources are written
i, Ue, T, A1, Ao and Ag here. The statement is invariant under a permutation of the index 7,
since only the set of columns and the linear forms enter; this is used when the columns are
indexed by shifts ag, a1, as of Convention 5.1 with a; = 0, so that the approximated number
11 = 1 stands in the middle column. ]
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5.2 An approximation measure for a pair representation

We now place an Euler triple in this setting. A pair representation factors the two smaller
elements so that the cross products are p1qo = r+ 0 and p2q1 = r — o, and the sums p3 = p1 +p2
and g3 = q1 + g2 factor the largest, ¢ = psqs; every Euler triple has one of sign +1, its canonical
quadruple (Lemma 5.10).

Definition 5.8. Let {a,b,c} be an Euler triple with root r (Definition 2.3). A pair rep-
resentation of {a,b,c} of sign o € {—1,1} is a quadruple (p1,q1,p2,q2) of positive integers
with

a = piqi, b = p2qa, P1q2 — p2q1 = 20.

The canonical quadruple of {a,b, ¢} is the quadruple of rational numbers

a r+1 r—1
N q2 = 5 P2 = .
b1 yai q1

b1 = ng((I, T+ 1)7 q1 =
The pair coordinates of a pair representation are the vectors

(p1,q1), (p2,q2), (p3,q3) = (p1 + P2, @1 + @2)-

Definition 5.9. Let (p1,q1, p2, q2) be a pair representation of sign o of an Euler triple {a, b, ¢},
with p3s = p1 + p2 and g3 = q1 + g2 (Definition 5.8). Its hypergeometric parameter and its
shifts are

N = %plpﬂl& ag = —0op2, ap = 07 a2 = op1,

and its rescaled roots are the positive real numbers

b3 ja
01 ==/, Oy = :
p1Vec p2 VvV c

_ps b

These data are chosen so that the rescaled roots are numbers that Rickert’s approximants

approximate. By item 3 of the next lemma, 6; = \/1+ag/N and 03 = /14 az/N, while
1+ a1/N = 1; so (01,1,09) are the approximated numbers ¥y, 1,92 of Convention 5.1 at
x = 1/N. The same item gives 2(N +a;)/A; = q1, —g3, g2 for j = 0,1, 2, which is the hypothesis
under which Lemma 5.11 makes the scaled approximants integers.

Lemma 5.10. Let {a,b,c} be an Euler triple with roots r,s,t (Definition 2.3), and use the
notation of Definition 5.8 and Definition 5.9.

1. The canonical quadruple of {a,b,c} is a pair representation of sign +1. Every pair repre-
sentation of sign o satisfies

P1q2 =T + 0, p2q1 =71 — 0.
2. For every pair representation of sign o,

¢ = p3qs, $ =pi1qs — 0 = p3q1 + O, t =p3q2 — 0 = p2g3 + 0.
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3. For every pair representation of sign o, the hypergeometric parameter N is a positive
integer and

N + ag = 3 pap3q1, N + a1 = 1 pipogs, N +as = L pip3ge;

moreover, with Aj = Hl#(aj —ap), one has Ag = paps, A1 = —p1p2, Ao = p1p3, so that

2(N + ap) 2(N +aq) 2(N + az)

= q1, = —4q3, = 2.

Ag Aq Ag
Consequently
2
ag az c_ D3 P143
0 = 1 + AT 9 = 1 ) - = 5" :
! N ? N P} pigz —20

4. For every pair representation of sign o, p1 < ps and q1 < ga.

Proof. We first prove item 1. By Definition 2.3 and item 4 of Lemma 2.4, a > 1 and b > 3, so
r?=ab+1>4andr > 2. Put p; = ged(a, 7+ 1), ¢1 = a/p1, g2 = (r+1)/p1; these are positive
integers with ged(q1, g2) = 1. From ab =72 —1 = (r—1)(r+1) we get p1q1b = (r —1)p1go, hence
q1b = (r — 1)q2, and ged(q1,q2) = 1 gives q1 | r — 1. Thus po = (r — 1)/q1 is a positive integer,
b= (r—1)g2/q1 = p2g2, and p1g2 —p2q1 = (r+1) — (r —1) = 2. So the canonical quadruple is a
pair representation of sign +1. Finally let (p1, q1, p2, ¢2) have sign o and put u = p1qa, v = p2q;.
Then u,v >0, uv =ab=7r>—-1and u—v = 20, 50 (u+v)? = (u—v)? +4duv = 4r%, u+v = 2r,
andu=r4+o,v=r—o0.

We next prove item 2. By Definition 2.3, c=a+b+4+2r, s=a+r and t = b+ r. By item 1,
p3g3 = (p1+p2)(q1+q2) =a+b+pige+peqy =a+b+2r=c,pis—oc=a+(r+o)—-o=s,
psqi+o=a+(r—o)+o=s,p3a—0c=(r+o)+b—oc=tand pogs+o0=(r—o)+b+o =*t.

We now prove item 3. We show that IV is an integer. Since piga — p2q1 = 20 is even,
p1g2 = p2q1 (mod 2). If pips is even, pipags is even. If p; and ps are both odd, then ¢; = ¢
(mod 2), so g3 = q1 + ¢2 is even. In both cases N = %plpgqg € Z, and N > 0. Using
P1q2 — 20 = p2q1 and paq1 + 20 = p1ge from item 1,

N —opy = %Pz (P1q1 + p1g2 — 20) = %P2 (P11 +p2q1) = %p2p3€I17

N +op1 = ip1 (p2q1 + p2g2 + 20) = §p1 (p1g2 + P2a2) = 3P1P3G2.

The shift differences are ag — a1 = —opa, a9 — ay = —op3, a1 — ay = —op1, SO Ny =

(—op2)(—ops) = paps, A1 = (op2)(—0op1) = —pipe, Az = (op3)(op1) = pips, and the three
quotients are ¢i, —qs, g2. Using a = p1q1, b = paga and ¢ = p3qs (item 2),

p3 piai  pepsn N +ag 62— p3 p2q2  pipsqe N +ap
Py | 2_ D3 _

92 — —
! P] P393 P1P2G3 N 3 p3qs  Pip2g3 N

and 601,602 > 0, which gives the two square roots. Finally p3gi = pi1gs — 20 by item 2, so
¢/a = p3q3/(p1q1) = p3qs/ (p1(p1gs — 20)).

We finally prove item 4. From item 1, &L .9 = It0 gpd 2L . 4 _ ¢, whence
p2 @ r—o P2 a2
2 2 _
P _ a(r + o) @ a(r — o)
ps  blr—o) @ blr+o)
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By Lemma 2.4, item 4, b—a > 2. Now a(r+1) < b(r—1) is equivalent to a+b < r(b—a), which
holds because both sides are positive and r2(b — a)? — (a + b)? = (ab+ 1)(b — a)? — (a + b)? =
ab((b—a)?*—4) > 0. Also a(r—1) < b(r+1), as a < b. For o = 1 this gives p; < ps and ¢1 < g;
for o = —1 it gives p; < py and ¢q; < ¢o.

0

Lemma 5.11. Let ag,a1,a2 be distinct integers, let k > 1, and let p;; = pz(-;?) and Gy, be as

in Convention 5.1. Let N be a nonzero rational number with N +a; # 0 (j = 0,1,2), put
Aj=1I4(a; —a) and A = [(ag — a1)(ao — az)(a1 — a2)|, and assume that

2(N ;
MGZ (j=0,1,2).
Aj
Then for all i,j € {0,1,2},
. (SAN)* 1
i = ———— Dii | — 7.
P =G, Pi\N)*©

In particular, if N and ag,a1,as are the hypergeometric parameter and the shifts of a pair
representation of an Euler triple (Definition 5.9), the hypothesis holds and A = pipaps, so that

(8 p1papsN ¥

1
ii | =— Z Ek>1, 0<14,5 <2).
OYen p]( >€ ( = (2W) )

N

Proof. By Lemma 5.5, item 1, the coefficient products Tl-(jk)(h) are integers, so GG is defined.
Write Y} = 2(N + CLj)/Aj € 7.

We first establish the closed form of a single term. Fix i, j and h = (hg, h1, he) with
ho + h1 + ho = k‘ij — 1, and write {ll,lg} = {0,1,2} \ {]} Since (1 + aj/N)kfthfhj =
(N +a;)* " N=* and A% = £(a;, — ay,)F Hl#(aj —a)*,

2k ARNE .

(14 aj/N)F—hiN—hi k k—h; k k—ky—h
=+2°(N+a;)" " (a;, — ar,) ||(a-—a1) i,
. kii+h J 1 2 J
[Tij(aj — ag)ruthe 1]

By hypothesis 2(N + a;) = Y;A; = ¥; [T,;(a; — ar), s0 28(N + a))*~" = 2V ™ [T, (a; -

a;)*"i and collecting the exponents of a; — a; gives
1+ a;/N)F=hi N=hi o k—h; —hj—hy—8;
2k’Aka’ ( J :iQhJY- J(al —q )kH(a’_al)k hj—h 5”.
. _ o \ka+th J 1 2 J
Hl;éj(a] CLl) ! ! 14§

We next show that the right side is an integer. Since hj + h; = k;; — 1 — hy for the third
index l/, we have k‘—hj —h;—; = k—kij+1+hl/ —0; = 1—51'3‘ — 01+ hy > 0, because j # [
so at most one of d;;,0; equals 1. Also k —hj > k — (k;; — 1) > 0. Hence every factor on the
right is an integer.

We now prove the integrality of p;;. Multiplying the formula of Convention 5.1 for p;;(1/N)
by 23k 1 AR Nk = 92k=1 . ok Ak Nk gives

(1+ aj/N)k_th_hj]

3k—1 Ak nrk _ K) () . |9k Ak NF
2 A"N¥pii(1/N) Zh:sz (h) [2 AN Hl;éj(aj_al)kil+hl
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In each summand Z;(]k)(h) is an integer divisible by G}, and the bracket is an integer by the first
two steps. Hence the sum is an integer divisible by G, and p;; = 23k—1Akap¢j(1/N)/Gk € 7,
as (SAN)F /2 = 23k—1Ak Nk,

Finally we verify the hypothesis for a pair representation. By Lemma 5.10, item 3, N is a
positive integer, Ag = pap3, A1 = —pi1p2, Ao = p1p3, and 2(N + a;)/A; equals q1, —g3, g2 for
7 =0,1,2, which are integers; moreover N + ag = %pgpgqh N+4+a=Nand N+as = %p1p3q2
are positive, and the shifts —opo, 0, op; are distinct as p1,p2 > 0. So the hypothesis holds, and
A = |AgA1A[Y? = pipops.

O

Lemma 5.12. Let (p1,q1, p2,q2) be a pair representation of an Euler triple, with hypergeometric
parameter N, shifts ap, a1, ay and rescaled roots 01,0y (Definition 5.9), and assume N > 3pa.

Put p = pa/N < = , and let p;; = pgc), ¥, A; be Rickert’s approzimants (Convention 5.1) for
these shifts at x = 1/N. Then (Yy,%1,92) = (01,1,02), and for every integer k > 1 and all

0<i,j<2:
A(%)‘ = 2*1 (1 —u>‘1{217(1 —u)2N3}7k;
mo(x)] = (522 ()"

Proof. The two bounds are those of Cipu, Fujita and Mignotte [10], which follow the arguments
of Bennett [6], except that the prefactor in item 2 is taken here for both signs of the representation
and for the shift ag, whereas the source gives its value for ag > 0 only; we give the proof.
Throughout, z = 1/N, o is the sign of the representation and M = maxl |al| = po, since p; < po
(Lemma 5.10, item 4); so M = p < 1. By Lemma 5.10, item 3, 99 = (1 + ag/N)*/? = 6, and
Py = (1 +a2/]\7)1/2 =6y, and 91 =1 as a1 = 0. Put

2.

hi(z) = (L+ 222 (2= a) 'F ()", F(2) =[] (z - ),

which is analytic in |z| < N except for poles at ag, a1, as.

We first note that p;;(x)v; is the residue of 1; at a;, by Lemma 5.2, item 2 (there ¢; =
1+ zx)k+1/2g with g; = ((z — CLZ)Fk)_l and |z|M = p < 1), so that, by the residue theorem,
Ai(x) = o F § 1i(z) dz over the counter-clockwise circle |z| = T, for any M <T < N.

We next prove item 1. The integrand t; extends analytically to C\ ((—oo, —N]U{ag, a1, a2}),
with [4;(2)] = O(]z|~2¥1/2) at infinity, so the circle of radius T — oo contributes nothing
and the contour can be collapsed onto the cut: §¢;dz = f__O]: (¢ (2) — ¥; (2))dz, where s
are the boundary values from the upper and lower half-planes (the small circle around the
branch point —N contributes nothing, as ¢; is bounded there). For z = —¢&, £ > N, one has

(1+ z:v)l/2 = ir(g/N - 1)1/2 from above and below, so 15 (&) — ¢; (=€) = 2¢/—1(1 —

EIN)R(E/N — 1)Y2 ) ((—¢ (—€)F). Since |€ + | > & — M forall l and € > N > M,
1)k+1/2 -3k poo k+1/2
’ )‘ < / (S/N ) df _ N / v d’U
T )y (&= M)3kH 7 Jo (v+1—p)3ktl
N—3k2(1 _ H)—2k+1/2 3 1
= W B<k+§, 214;—5),
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by the substitutions £ = N (1 + v), = (1 —pw and [;" w11
We claim B(k + 3,2k — §) < 27T (L) for k > 1 At k=1, B(g 3)
equality. The ratio of consecutive Values is

+ w) T2 dw = B(u1,u2)
=T(3)l(3)/T(4) = {5, with

Bk+3,2k+3) (k+3)2k+3)2k—3) 4

- < oo
B(k+3,2k—4) (Bk+3)(3k+2)(3k+1) =27

because 4(3k + 3)(3k + 2)(3k + 1) — 27(k + 3)(2k + 3)(2k — §) = 54k? + 235k + 213 > 0. Hence,
as (1—p)¥/2 <1,
k —k
D= e () B = B e e D )
We now prove item 2. Fix j and let I'; be the circle |z — aj| = p, p = p1/2. It separates
a; from the other shifts (their distances to a; are among p1, p2,p3, all > 2p), and lies in |z| <
p2 +p1/2 < N. By the residue representation, |p;;(z)|9J; < p - maxr, [1 + zx\k+1/2/(minpj |z —
a;| - minp, |F(z)]k), and minr, |z — a;| > p (equality if i = j; otherwise |z — a;| > |a; — a;| —p >
p1 —p = p). Also maxp, [1 + zz| < 1+ (Jaj| + p)/N =: T;. For Z; := minr, |F(z)], write
zZ=aj + peV=19; the two factors lz—a], 1 # j, are (X} 4 p* 42, X;p cos ¢)1/2 with X; = |a; —q
and €, = sgn(a; — ;). For j = 0 and j = 2 the two signs ¢; coincide (ap and ap are the
extreme shifts), so both factors are minimal at the same ¢, giving Zy = p(p2 — p)(p3 — p) and
Zy = p(p1 — p)(ps — p). For j = 1 the signs differ and the product of the squared factors is
(p? + p? — 2p1pu)(p3 + p* + 2p2pu), u = cos ¢ € [—1,1], a concave quadratic in u, minimal at
an endpoint; the values there are (p1 — p)?(p2 + p)? and (p1 + p)%(p2 — p)?, and the first is the

smaller since (p1 + p)(p2 — p) — (p1 — p)(P2 + p) = 2p(p2 — p1) = 0. So Z1 = p(p1 — p)(p2 + p).
With p = p1/2:

p2(p1 + 2p2) p1(2p2 — p1)(2p2 + p1)

71 =7 Zo =
1= 42 = S ) 0 ] )
3p1 2p2 +p1
T:=1 To=1+—"—1 Tg=1+ 2 &
T 2N 2= 1o 0=t TN
Hence |p;j(2)] < (Y;/92)Y(X;/Z;)*. For j =1,2, T; < 1+ 38 and T;/Z; < % For
1

7 = 0 the same bound holds because

2p2+p1> 3p1
14 P27 o (1 —)
<:>P1< + N < (2p2 —p1) +2N

To 80458
Zy ~ pi(p1+ 2p2)
— —2(p2 —p1)<1 + %) <0.

The prefactors: 191 =1,9 =1+0p)/N >1-p/N, 92 =1—0ps/N > 1~ p, so

Tj/ﬁ? 1—:310;1/;]2\,]\7) < ;L for j = 1,2 (the function y — (14 3y)/(1 — y) is increasing and

3
p1/N < u) and To/ﬁg < 1+_2#M since 2ps + p1 < 3p2. Hence

14+ 3un\1/2, 8(1+ 281y &k
) (G G
N lL—p pi (p1+ 2p2)
Finally N > 3ps gives 8(1 + %)pg < 4(p1 + 2p2), which is equivalent to B'MT” < py; this is item
2.

O]
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Convention 5.13. The measure constant of the hypergeometric method is w = 1.3175.

The value of w is fitted to the hypothesis p1gs > 168 of the next theorem. For a pair
representation the ratio 1 = pa/N of Lemma 5.12 equals 2/(p1g3), so this hypothesis reads
uw< 8%1. The linear forms of the scaled approximants decay like L * with Ly = 1.35(1—p)2N2/A,
where A = pi1pops and 1.35 = g—g is the factor % of Lemma 5.12 divided by the factor 8/1.6 =5
that the scaling of Lemma 5.11 leaves after the bound for the prime product. The constant w
lies just below 1.35(1 — 8—14)2 = 1.3180.. ., so for every such representation Ly may be replaced
by wN?/A, the quantity in the denominator of the exponent 7.

Theorem 5.14. Let (p1,q1,p2, q2) be a pair representation of an Euler triple, with hypergeomet-
ric parameter N and rescaled roots 01,02 (Definition 5.9), and assume that p1q3 > 168. With w
as in Convention 5.13, put

log(20p3N/p1) _q 10g(10p2p3L]3)
log (wN?/(p1paps)) log (wp1p2q3/(4ps))

Then T < 2 if and only if 40p3 < wpiqs, and in that case, for all integers Agy, Ay, As with
Ay > 0,

: ‘02 — é‘} > (2.9 1028 pi’N)_lAgT.

max{ ‘01 — j(l) A P

Proof. We apply Bennett’s criterion (Lemma 5.7) to Rickert’s approximants at z = 1/N, scaled
to integers. Their entries grow at most like P* and their linear forms decay at least like L~F,
where P = 20p3N/p; and L = wN?/(p1pap3); so the exponent of the measure is 7 = 1 +
log P/log L, and it is below 2 exactly when P < L, that is, when 40p§ < wp1q3. This application
follows Cipu, Fujita and Mignotte [10]: the proof is that of their approximation measure, with
the pair coordinates (p1, p2,p3) and g3 in place of the parameters of the three-parameter family,
and their constant 2.8605 - 10%® becomes 2.9 - 10?® because the prefactor of the bound for pij in
Lemma 5.12 is taken for both signs of the representation and for the shift ag, on the whole range
p1g3 > 168. We use the shifts ag, a1, a2 and Rickert’s approximants p;; = pgf) of Convention 5.1
at * = 1/N, whose approximated numbers are (Jo,01,92) = (61,1,62) (Lemma 5.12), A =
pip2ps and g = pa/N = 2/(p1g3) < 1/84; in particular N > 84ps > 3po, so Lemma 5.12 applies.

We first produce the integer matrices. By Lemma 5.11, for every k > 1 the numbers p;; =

k
(82AGNk ) pij(1/N) are integers, where Gy, is the greatest common divisor of the coefficient products

of order k (Convention 5.1). By Lemma 5.5, item 3, and Lemma 5.6, G, > P(k) > 1.6%/(4.09 -
10'3), where P(k) is the prime product of Definition 5.4; hence

(SAN)* _ 409 10%3 <8AN

)k = 2.045 - 10'3 (5AN)*
2C, 2 1.6 ‘ ‘

The matrix (p;j(1/N));; is nonsingular by Lemma 5.3, since 1/N # 0; hence det(p;j) =

3
((BAN)*/(2Gy))” det(pi; (1/N)) # 0.
We next verify the two bounds of Lemma 5.7 for the integers p;;1, = p;;. By Lemma 5.12,
item 2,

14 3puy\1/2 4 \k 20ps N
i 32'045.1013( + 2:“) <5AN~ . ) = p. P*, p 20ps 7
1—p Pip2 D1
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with p, = 2.045 - 1013((1 + 31)/(1 — p))"/* < 2.045 - 1013 - (85.5/83)1/2 < 2.0756 - 1013. By

Lemma 5.12, item 1,

1.35(1 — p)2N?
A )

27 5AN -4 \k
y-ﬂ’ <2.045-10 (1 — ) M —— ) =0, L7F,
‘zj:pf i| = A (27(1—u)2N3> 0

with £, = 2.045 - 1013 - 2. (1 — p)~! < 2.045-10'3 - 2T . 82 < 8.7313 - 10'2. The hypotheses of
Lemma 5.7 hold a fortiori with py, ¢, replaced by the upper bounds 2.0756-10'3 and 8.7313-10'2,
which we use from now on. Since 1.35(1 — &;)* > 1.31804 > w, we have Ly > L = wN?/A,
so the bound holds with L in place of Lg. In pair coordinates N2/A = D1P245 2/ (4p3) and
p3N/p1 = pap3qs/2, which gives the second expression of 7. Moreover L = wpipag3/(4ps) >
w- 168 - qs3 - 4; > 21wgs > 1, using p1g3 > 168 and pa > p3/2 (as p1 < p2 by Lemma 5.10, item

4); and P > 1. Hence 7 =1 +log P/log L > 1, and the decisive comparison is that of P with L:
7 < 2if and only if P < L, that is 20psN/p1 < wN?/(p1p2ps), that is 20pop3 < wN = %wplpgqg,
that is 40p§ < wp1g3.

Ly =

We finally apply Lemma 5.7, with the columns indexed by the shifts as explained there: for all
integers A, A1, A2 with Ay > 0, max; |0; — A;/Ag| > CAy7 with C~! = 4p, P(max{1,2(,})"! =
4p, P(20,)" L If 7 < 2, then 1 < 7 < 2 gives (2¢,)" ! < 2/, and

C ' <8p,l,P<8-2.0756-10".8.7313-10'%. 20BN <29.1085 N,
D1 P1

The numerical constants of this proof are certified in interval arithmetic with 256-bit precision.
O

5.3 The index in pair coordinates

We return to an irregular extension d with index system (A, 1, m,n). The next two lemmas, both
after Cipu, Fujita and Mignotte [10], are the inputs of the index inequality Lemma 5.18: the
approximation of the rescaled roots by the common term z (Lemma 5.15), and the growth of z
with m (Lemma 5.16). Lemma 5.17 adds a lower bound for m that is special to pair coordinates;
it is used in the first case of Theorem 5.19.

Lemma 5.15. Let (p1,q1, p2, q2) be a pair representation of an Euler triple {a, b, c}, with rescaled
roots 61,60y (Definition 5.9). Let x,y, z be positive integers with

az? —cx? =a—c, bz — ey’ =b—c.
Then
max{‘t%—@), pzy}< psve
P12 P22 2p1f

Proof. This is a lemma of Cipu, Fujita and Mignotte [10] in pair coordinates, and the proof is
that of the source. By Definition 5.9, ; = g—?\/a/c and 0y = %\/b/c- Since cx?—az? = c—a > 0,
we have z/c > z\/a, hence

o) - 22| = |2v/a—av/e| = - B _C__ B,
p1z plzxf 291»’3\/E atae pave 2ava 21?1\[
In the same way, y/c > 2v/b and
‘2_@_ ps c=b  _psve o pave -
P2z 22\/5 Z\[—l—y\f 2p2\f 2111\[
because pa > p; (Lemma 5.10, item 4) and b > a. O
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Lemma 5.16. Let (A, l,m,n) be the index system of an irreqular extension d of an Euler triple
{a,b,c}. Then
22 > %™ > (4ac)™.

Proof. The argument is that of Cipu, Fujita and Mignotte [10], without the factor 0.9999 and
without a lower bound on c. Here z is the positive integer with c¢d + 1 = 22 and 8 = s + \/ac
(Definition 2.5, Definition 2.3).

We first bound z from below. By Lemma 2.15, multiplied by /a, and since A\ > —1,
22v/a = (vVe+ AWa) 77 + (Wa —e) 727 > (Ve—Va) B2 = (Ve+Va) B2

We next show that (y/c — 2v/a)*™ > \/c + y/a. By Lemma 2.4, item 4, b > a + 2 and
r>a+1,s0c—4a="b+2r—3a >4, and ¢ > 4a gives 2y/a < \/c; hence

c—4a 4 2
VesWes AT e e

Since 52 = ac+ 1, s > y/ac and 8 > 2y/ac; as m > 1 (Lemma 2.14), 4™ > % > 16a%¢% > 16¢2.
Therefore (/¢ — 2¢/a)5*™ > 32¢3/2 > 2,/c > \/c + \/a.

Combining, (v/c4+/a)B7*™ < (Ve—2y/a)B>™, 50 2z/a > (/e —+/a) B> — (Ve—2y/a) 3°™ =
Va 32" that is 2z > 2™, Finally %™ > (2y/ac)*™ = (4ac)™. O

Lemma 5.17. Let (A, l,m,n) be the index system of an irreqular extension d of an Euler triple
{a,b,c}, and let (p1,q1,p2,q2) be a pair representation of {a,b,c} (Definition 5.8). Then the
integer

Q = 2(p1m? + pan®) + Aps(m + n)

is divisible by qs and satisfies 0 < Q < 2psm(m + 1); in particular g3 < 2psm(m + 1).

Proof. The divisibility is the integrality of the order-two quotient k. = (aH + rB,)/c of Con-
vention 3.1 written in pair coordinates; here H = H; + Hy and B, = 2n? + A(m + n) are
index polynomials, and k. is an integer by item 2 of Lemma 3.2. Let o be the sign of the pair
representation.

We first prove that g3 | Q. By Lemma 5.10, items 1 and 2, a = p1q1, ¢ = p3qs, p1g2 =7+ 0,
P3q1 = p1g3 — 20 and p3ga = p2q3 + 20. Consequently

p3r = p3(p1g2 — o) = p1(paqz + 20) — op3 = p1p2gs + o(p1 — p2),

and
p3aske = p3(aH +rBy) = p1(p1gs — 20)H + (p1p2gs + o(p1 — p2)) Ba
= q3p1(p1H + p2By) — 0 (2p1H — (p1 — p2)Bn).

Since 2H — By, = 2m? + 2Am + 2n% + 2An — 2n? — A\(m + n) = 2m? + A\(m + n), we have
2p1H — (p1 — p2)Bp = p1(2m* + A(m +n)) + p2(2n + A(m +n)) = Q.

Hence 0Q = g3 (p1 (p1H + p2By) — pgkzc), and as ¢ = +1 and all quantities in the bracket are
integers, ¢3 | Q.

We next prove the two bounds. By Lemma 2.14, 3 < n < m <l < 2n. Write @ =
p1(2m? + X(m + n)) + p2(2n® + A(m + n)). Both brackets are positive: for A = 1 trivially, and

for A = —1 because m +n < 2m < 2m? and m +n < 3n < 2n? (as m < 2n and n > 3). So
Q> 0. Sincen <mand A <1, Q < 2pym?+2pan?+p3(m+n) < 2p3m?+2p3m = 2p3m(m+1).
Finally Q is a positive multiple of g3, so g3 < Q < 2pgm(m + 1). O
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Lemma 5.18. Let (A, l,m,n) be the index system of an irreqular extension d of an Euler triple
{a,b,c}, and let (p1,q1,p2,q2) be a pair representation of {a,b,c} with p1qz > 168 and 40p% <
w Pp1q3, with w as in Convention 5.13. Then

log (wp1p2qg/(4p3))
log (wp1gs/(40p3))

mlog(4ac) < log 2 + -log (7.3 - 10°7 pp3gs).

Proof. The common term z gives a simultaneous rational approximation of quality =2 to the
rescaled roots (61,602) (Lemma 5.15), while the measure of Theorem 5.14 has exponent 7 < 2;
this bounds log z from above, and since z grows exponentially in m (Lemma 5.16), it bounds m.

Let N be the hypergeometric parameter and 61, > the rescaled roots of the pair representa-
tion (Definition 5.9), and let o be its sign. Let 7 be as in Theorem 5.14; by that theorem and
the hypothesis 40p§ < wp1qs, T < 2. Explicitly, in pair coordinates

log(1 1 40p?
Fe14 0g(10p2p3q3) 9 - og(wp1gs/(40p3)) >0,

log (wp1p2q?/(4p3))’ ~ log(wpip2a3/(4p3))

as 10papsqs > 1 and wpiqs/(40p3) > 1.

We first bound z from above. Let x,y, z be the positive integers with ad+1 = 2, bd+1 = 32,
cd + 1 = 22 (Definition 2.5); then az? — ca? = a(ed + 1) — c(ad + 1) = a — ¢ and likewise
bz2 — cy?> = b — c. Apply Theorem 5.14 with (A, As, Ag) = (p2p3x, p1psy, p1p27), so that
A1/Ap = p3x/(p1z) and Aa/Ap = psy/(p2z), and compare with Lemma 5.15:

< pg\/E 272,
2p1+/a

Since 7 < 2 and pips > 1, (p1p2)” < (p1p2)?, and with N = 1pipags,

_ D3 P1p2qs DP3v/C 2.9-10% c
22T <2.9.108% 2. -pr2 Ve = plpg’p%qg o

A;

6 — i
Ao

-1
(2.9 : 1028%N) (p1p2z)” " < max
1 (2

p1 2 172 2p1\/a o 4
. 1/2 1/2
By Lemma 5.10, item 3, \/c/a = 17;—‘;’(1912:137‘7_3%) /2 < 1’;—?(%) / , as p1qs > 168 and u — u/(u—2)
decreases (for 0 = —1 the factor u/(u + 2) is below 1). Hence

5 . 29-10% /168
s 20

1/2
33 27 3 3 =
T ) ﬁ) Pop3q3 < 7.3 - 107" pop3q3 =: =.

Taking logarithms (2 > 1,2 — 7 > 0),

log= log (wp1p2q3/(4ps3)) log =

log z < = =
2—T log (wplqg/(40p§))

—

We next bound z from below. By Lemma 5.16, (4dac)™ < 2z, so mlog(4ac) < log z + log 2.
Combining the two bounds gives the claim.

O
Theorem 5.19. Let {a,b,c} be an Euler triple with a pair representation such that
p1qs > 800p§, or such that piqs > 42p§ and ¢>4.5-10"2,

Then {a,b,c} has no irreqular extension.
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Proof. In each case the upper bound for the index m given by Lemma 5.18 contradicts the
lower bounds for m given by Lemma 5.17 and Theorem 3.6 (first case) or by Theorem 3.6 alone
(second case).

Suppose that {a, b, c} has an irregular extension d, let (X,1,m,n) be its index system (Propo-
sition 2.11), let o be the sign of the pair representation, and let w be as in Convention 5.13. We
first collect what both cases use. By Lemma 5.10, item 4, 1 < p; < %pg, so p3 > 2. In both
cases piqs > 42p3, hence pigz > 42 -4 = 168 and 40p3 < 42wp? < wpigs (as 42w > 40); so
Lemma 5.18 applies and gives

log (wp1p2qg/(4p3))

mlog(4ac) < R :=log2 +
log (wp1gs/ (40p3))

. 10g(7.3 1027 p%pgqg).

The three logarithms in R are positive: wpiqs/(40p3) > 1 as just shown, 7.3 - 10*"p3p3qs > 1,
and wp1p2q3/(4ps) = 10papsqs - wpiqs/(40p3) > 1. Hence R can only increase when the two
logarithms of the numerator are replaced by upper bounds and the logarithm of the denominator
by a positive lower bound. On the other side, by Theorem 3.6, ¢ < 8m?, that is

2m > (2¢)Y/4,

and by Lemma 5.17, g3 < 2psm(m + 1), that is

a5

m(m-+1) > .
( ) 50

We now treat the case p1gs > 800 p3. Put u := g3/(2p3). Since p; < %pg, u > p1gs3/p3 > 800,
and ¢ = p3q3 = 2up3 (Lemma 5.10, item 2). Moreover p3q1 = p1g3—20 > 800 p3—2 (Lemma 5.10,
item 2), so

2
a=piq1 > q > 800p3 — — > 799.5 ps, dac > 8- 799.5 up3 = 6396 up;.
p3

The two lower bounds for m read

1 1 1 2\ 1/4
m>\/u+1—§ and m>§(2c)1/4:<%) .

On the other hand, pips < ip%, po < p3, q3 = 2ups and log(wplqg/(40p§)) > log(800 w/40) =
log(20w) > 0, so the bound mlog(4ac) < R yields

log(wu2p§/4)

mlog(6396 up3) < mlog(4ac) < log?2 + log(20w)

10g(1.46 1028 upg) =: R*(u, p3).

We next show that the contradiction need only be checked at u = 800. Fix ps > 2, put
¢ =logu, n =logps and wy = 1/log(20w) < 0.306, and consider

g1(w) = (\Ju+ % = 4)10g(6396 upf) — R*(u, ps),
2\ 1/4
up *
ga(u) = (“12) " 10g(6396 up) — R (u, po).
Here R*(u,p3) = log2 + wo (2§ + 3n + log(w/4)) (€ + 7n + log(1.46 - 10%®)), so

w0y R*(u, p3) = wo (4€ + 170 + 21og(1.46 - 10%) + log(w/4)) < 1.23¢ + 5.21n + 39.4.
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On the other hand, log(6396 up3) = £ + 31 + log 6396 > £ + 3n + 8.76. For u > 800 we have
u/(24y/u+1/4) > 14.1, so

w0y [(m - %) log (6396 uz)%)} > 14.1( + 37 + 8.76) > 1.23¢ + 5217 + 39.4.
For v > 800 and p3 > 55 we have (up§/4)1/4 > 978, 50

w0y Kuf)w log (6396 uzﬁ)] = (upg’)l/4(5 31+ 1og 639 + 1)

4 4
31 + 8.76
> 27.8(“# + 1) > 1.23€ + 5.217 + 39.4.

Hence ¢; is strictly increasing on [800,00) for every ps > 2, and g¢a is strictly increasing on
[800, 00) for every ps > 55. The contradiction to be derived is g1(u) > 0 for 2 < p3 < 55 and
g2(u) > 0 for pg > 55, so it suffices to establish it at u = 800.

We now treat u = 800 and 2 < p3 < 55, with n = logps > log2. Using m > 1/800.25 — 0.5,

the difference
f1(n) := (V800.25 — 0.5) (log(5 116 800) + 31) — log 2

(log(160 000 w) + 3n) (log(1.168 - 1031) + 7n)
log(20w)

is a strictly concave quadratic polynomial in 7, since its second derivative is —42/log(20w) <
0. Interval evaluation at the endpoints, in 256-bit arithmetic, gives fi(log2) > 151.5836 and
f1(log 55) > 23.5355, so by concavity fi(logps) > 0 for all p3 € [2,55].

We next treat u = 800 and p3 > 55. Using m > (200p§)1/4 = 200'/4¢"/2, the function

f2(n) := 2001172 (log(5 116 800) + 31) — R*(800, ")

satisfies fo(log5hb) > 26.3014, by the same interval evaluation. Its derivative is positive for
n > no := loghb. Indeed, with w; = log(5116800), £ = log800, C; = 2&y + log(w/4) and
Co = & + log(1.46 - 10%8),

f3(n) = 200'/*e/? (wlTjL?’n +3) = wo (420 + 3Cy + 7Cy).

By convexity e/2 > 6770/2(1 + %) with v = n—ny > 0, so the first term is at least 200'/%/55 (1 +

%) (%‘37]0 +3+ %v) > 466 + 275v, while the second is less than 145 + 13v.

Thus f2(logps) > 0 for all p3 > 55. In both ranges the two lower bounds for m contradict
the upper bound mlog(4ac) < R, which settles the first case.

We finally treat the case p1gs > 42p3 and ¢ > 4.5 - 10'2, by an argument of Cipu, Fujita
and Mignotte [10] in pair coordinates, with their congruence lower bound for m replaced by the
quartic index floor of Theorem 3.6. We first bound R by a function of ¢ alone. By Lemma 5.10,
item 2, ¢ = p3q3; moreover p1p2 < ipg by the AM—GM inequality, and p3 > 2. Hence

2 2 2 2
wp1p2gs  Wpsqy _ weT o weT wp1ds 42w

= = =L 1
dps  — 16 16ps — 32 40p2 = 40

Moreover p; < %pg gives 42p% < pigz < %pgqg = %c, so p3 < (¢/84)Y/2, and with py < ps,

q3 = ¢/p3, ”

27.3,. 3 27. 5
7.3 10%pplas < 7.3-107pfe < <0
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On the left, 2m > (2¢)'/4, and log(4ac) > log(4c) as a > 1. Put ¢ = loge, A = 7.3 - 10%7/845/2
and, for real (,

1/4 2¢ +log ) (Z¢ +log A
5(0) = 22 ¢ 4 10g ) — 102 — (X F 108 3) (5 +1ogd)
2 log 55

Since %(20)1/4 log(4c) = #eC/‘l(CHog 4), log(wc?/32) = 2(+log & and log(Ac™/?) = %C+log A,
these bounds turn mlog(4ac) < R into ¢(logc) < 0.

We now show that ¢ > 0 on [(1,00), where ¢; = log(4.5 - 10'2); since logc > (i, this
contradicts ¢(logc) < 0. Differentiating twice,

- 42w
log 0

" 24 L rC+logd 1 14
70 =5 ( 16 +§)
and the first term has derivative #eéﬁ/‘l(ﬁé%4 + %) >0 for ( > —12 —log4. As (1 > 29 >
—12—log4, ¢" is increasing on [(1, 00). Hence, if ¢”(¢1) > 0, then ¢’ is non-decreasing on [(1, 00);
and if moreover ¢(¢1) > 0 and ¢'(¢1) > 0, then for ¢ > (1, ¢(¢) = ¢(¢1) + fé ¢ >o(G)+ (¢ —
¢1)¢'(¢1) > 0. In interval arithmetic with 256-bit precision, ¢(¢1) > 115.1, ¢/({1) > 5924 and
¢"(¢1) > 2041. Hence ¢(logc) > 0, a contradiction, which settles the second case. So {a,b,c}
has no irregular extension.

O]

Since p1gs = p3q1 + 20 (Lemma 5.10, item 2), the hypotheses p1g3 > 800 p3 and p1g3 > 42 p3
say, up to the term 20, that ¢ > 800p3 and ¢ > 42p3: the smallest element a = p1q; has a
factor ¢ that is large compared with p; + p. This is the case in the three-parameter family of
Section 8, for which item 3 of Lemma 8.2 gives piqz > £=2 p3. The criterion is applied there,
and Lemma 5.18 once more in Appendix A.

6 Coprime divisors of the index combinations

This section proves Theorem 6.3, a lower bound for the index of another kind than the quartic
floor. The quartic floor (Theorem 3.6) bounds m from below by a power of ¢. Theorem 6.3 shows
that three coprime divisors of the triple, built from greatest common divisors of two elements
or of an element and a root, divide the index combinations m — n, [ + Am and [ + An; through
the gap inequality n > (m —n)R, (Lemma 2.18, item 3) the first of them bounds m from below.
Its one application, to the triples with two elements in a fixed ratio, is in Subsection 8.2. The
whole argument lies in the proof of the theorem, which works with the matrix form of an index
system (Lemma 2.8, item 2); the lemma before it is a two-line coprimality check.

Definition 6.1. Let {a,b,c} be an Euler triple with roots r,s,¢ (Definition 2.3). Its ged
divisors are

oo md@d) gedbe)  scd(o)
™ ged(a,b,4)’ 7 ged(b, ¢, 4)’ 7 ged(a,c,4)’
its root divisors are
ged(r, c) ged(t, a) ged(s, b)
Grczi, Ga:77 = ——,
gl T gdba,2) T ged(s,6,2)
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and its coprime divisors are the products
I = AwGhre, o = ApGia, U3 = AacGop.

The three index combinations of an index system (A, [, m,n) of an extension of {a,b, c}
(Definition 2.5) are numbered

1: m—n, 2: 1+ Am, 3: 1+ An,

and objects attached to them carry the same number and are listed in this order. The pair of
elements and the element-root pair attached to them are {a,b} and {r,c} for 1, {b,c} and {t,a}
for 2, {a,c} and {s,b} for 3.

Each index combination receives two divisors, one from a pair of elements and one from an
element and a root. The factors ged(-,4) and ged(-, 2) are removed because the congruences in
the proof of Theorem 6.3 hold for 4 and 2 times the combination, respectively. The two divisors
attached to one combination are coprime by the next lemma, so that with each of them their
product II; divides the combination.

Lemma 6.2. For every Euler triple {a,b,c}, the gcd divisors and the root divisors (Defini-
tion 6.1) satisfy
ng(Aaba Grc) = ng(Abca Gta) = ng(Aaw Gsb) =1

Proof. By Definition 6.1, Ay | @ and Gy | 7, Ape | b and Gy | ¢, Age | @ and G, | s. By
Lemma 2.4, item 3, ged(a,r) = ged(b,t) = ged(a, s) = 1. Hence a common divisor of Ay, and
G divides ged(a, r) = 1, a common divisor of Ap. and Gy, divides ged(b,t) = 1, and a common
divisor of A,. and G, divides ged(a, s) = 1. d

Theorem 6.3. Let (N, l,m,n) be the index system of an irreqular extension d of an FEuler
triple {a,b,c}, with the coprime divisors 11y,11a,Il3 of Definition 6.1 and the gap ratio R, of
Definition 2.16. Then

Iy | m—n, Iy | I 4 Am, II3 | I 4 An, and  m>I(1+ R,).

Proof. We reduce the three displays of Definition 2.5 modulo each of the six integers ged(a, b),
ged(b, ¢), ged(a, ), ged(r, ¢), ged(t, a) and ged(s, b): modulo each of them the squares of the mul-
tiplication matrices are unipotent or —I, so the displays become linear congruences in [, m,n,
which give the three divisibilities; the gap inequality then gives the lower bound for m. Congru-
ences modulo factors of ¢ are used in [10]; here the moduli are these six greatest common divisors.
Throughout, c=a+b+2r,s=a+r, t=b+randr>=ab+1,and s> =ac+ 1, 2 =bc+1
by Lemma 2.4, item 1. Let A, B, C be the multiplication matrices of {a,b,c} (Definition 2.3),
and let x,y, z be as in Definition 2.5.

We first write the index system in matrix form: by item 2 of Lemma 2.8,

(=20 Q=m0 ()=e6)
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We next record the squares of the multiplication matrices and the powers of special matrices
modulo an integer. By r2 =ab+ 1, s> = ac+ 1 and t? = bc + 1,

A2 2ab+1 2rb B2 _ 2ac+1 2sc 2 2bc+1 2tc
~\ 2ra  2ab+1)° -\ 2sa  2ac+1)’ N 2tb 2bc+1)°

. . 1 1
Modulo any integer, a matrix congruent to ( u), to (u (1)> or to —I has k-th power con-

0 1
gruent to 0 1) to u 1) " to (—1)*I, for every k > 0. Modulo each of the six greatest
common divisors above, the squares A% B2, C? are of one of these three shapes, so the three
matrix equations above become linear in I, m,n; we compare a coordinate that two of them
share. All congruences below are modulo the integer ¢ named at the start of the paragraph.
1 2 1 2t
Modulo g = ged(a,b): 2 =1,c=2rand s=t =r,so B? = (O fc> and C? = <0 lc>'
The first coordinates of the second and third equations give z = A + 2msc = A + 2ntc, hence
0 =2rc(m —n) = 4r(m —n) = 4(m — n).

1 2sa 1
The second coordinates of the first two equations give x = 1 + 2lra = 1 4+ 2Amsa, hence
0 = 2a(lr — dms) = 2ar(l + Am) = —4r2(1 + dm) = —4(1 + Am).

Modulo g = ged(b,c): 72 =1,a = —2rand s = —r,s0 A? = <211"a 0) and B? = ( ' O)'

1 2rb 1 0
_ L2 _ - 2 2 —
Modulo g = ged(a,c): =1, b= —2r and t = —r, so A* = <0 1 ) and C* = <2tb 1)-

The coordinate y of the first and third equations gives y = 1 + 2lrb = 1 + 2Antb, hence 0 =
20(Ir — Ant) = 2br(1 + An) = —4r2(1 + An) = —4(1 + A\n).
Modulo g = gcd(r,c): b= —aand ab= —1,s0a®> =1, s =a and t = —a. Then A? = —1, so

r=y=(-1),, while B2 = C? = (; (1)>,sox51+2)\mandyzl+2/\n. Hence 2Am = 2An,

that is 2(m — n) =0, since A = £1.
Modulo g = ged(t,a): r = —b, B> =r2 =1, ¢ = —b and s = —b. Then C? = 1, s0 z = \y;
1

A? = ((1) _12) gives y = 1 —2[; and B? = <0 ?) gives z = A+ 2m. Hence A +2m = A — 2],

that is 2(m 4+ Al) = 0, and multiplying by A, 2(1 + Am) = 0.
Modulo g = ged(s,b): 7 = —a, a®> =r> =1, c= —a and t = —a. Then B2 = —1, s0 2z = \z;
1

A? = <_12 ?) gives x =1 — 2l; and C? = <0 f) gives z = A+ 2n. Hence A + 2n = X — 2)[,
that is 2(n + Al) = 0, and multiplying by A, 2(l + An) = 0.
We next pass to the divisors. The six congruences just proved say that

ged(a,b) [4(m —n),  ged(b,c) [4(l+Am),  ged(a, ¢) [ 4(+ An),

ged(r,c) | 20m—n),  ged(t,a) | 20+ W), ged(s,b) | 20+ An).
If g | 4k for integers g > 1 and k, then ﬁ | k, and if g | 2k, then d( o) | k.

Since ged(a,b,4) = ged(ged(a, b),4) and ged(r, ¢,2) = ged(ged(r, ¢),2), and likewise for the
other four, it follows by Definition 6.1 that A, and G, divide m —n, Ap. and Gy, divide [+ Am,
and A, and Gg divide [ + An. The two divisors in each pair are coprime by Lemma 6.2, so
their products, the coprime divisors, satisfy

H1|m—n, Hg”-ﬁ-)\m, H3|l+)\n.
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We finally prove m > II1(1 + R,). By Lemma 2.14, 3 < n < m < [ < 2n. In particular
m—mn > 1, and as II; | m —n, m —n > II;. By the gap inequality of Lemma 2.18, item 3,
n > (m —n)R,, where R, = ;/‘Ts log 8 > 0 is the gap ratio of Definition 2.16. Hence

m=n+(m-n)>(m-n)(1+R,) >1I1(1+ R,).

7 An effective bound for irregular extensions

This section proves the effective bound (Theorem 7.9), ¢ < 4 - 108, Its ceilings for the index
come from lower bounds for linear forms in three logarithms, applied to the form A, = 2lloga —
2m log B+ log D) of Definition 2.16, which is positive and smaller than 4.01 3~4™ (Lemma 2.18,
item 4); the sizes and heights of o, § and D) are those of Lemma 4.2. These bounds enter at two
levels of precision. In Subsection 7.1, Matveev’s theorem [23] gives the a priori bound for the
index (Proposition 7.3), valid for every irregular extension, and against the quartic index floor
(Theorem 3.6) it gives ¢ < 10™ (Proposition 7.5). In Subsection 7.2, the theorem of Mignotte
and Voutier [24] gives caps for m, from m < 7 -10'2 down to m < 10'2, on four windows
of ¢ (Proposition 7.8). This proposition is the heart of the section; its main step excludes an
exceptional linear relation between the coefficients of A,, with Laurent’s theorem (Theorem 4.3)
from Section 4. The effective bound then follows by feeding each cap back into the quartic floor.

7.1 The a priori bound
Convention 7.1. The a priori function is defined, for real ¢ > 1 and u > 1, by
®o(u) =u—0.15 — Kp(logc)®log(19.46u),  Kp = 2.4638-10'2.

Its constants Kg, 0.15 and 19.46 are those of the a priori bound for the index, obtained from
Matveev’s theorem applied to the linear form A, (Definition 2.16).

The function ®,. is the a priori bound in the form in which it is used: a single value ug > 1
with ®.(up) > 0 caps the index by 2m < wug (Proposition 7.3). It is used in this form in this
section, in Section 8 and in Appendix B.

Theorem 7.2. Let L be a real number field of degree D, let n1,m2,n3 € L be positive and
multiplicatively independent, and let by, ba, b3 € Z with bs # 0 and

Apr = by logng + balogne + bslogns.

Let A1, Ag, Az be real numbers with A; > max{Dh(n;),|logn;|,0.16} (Definition 4.1), and put
By = max{1,|b1|A1/As, |b2|A2/As, |bs[}. Then

log |Anr| > —Chr(3) Co Wy D? A Az As,

where Cpr(3) = Pe3 - 95161 - 3¢ < 6.441 - 108, Cp = log(e?*-23%5D?log(eD)) and Wy =
log(1.5¢ ByyDlog(eD)).

Proof. This is Matveev’s theorem [23] for three logarithms in a real field; the condition 4; > 0.16
only restricts the admissible choices of 4;. With A; = max{Dh(n;),|logn;|} it is stated in [18,
Proposition 6.2], with the constant 11796480 e*D? log (3% D? log(eD)), which is Cis(3)CoD?
because 11796480 = 18- 9.5 16*- 3. O
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Proposition 7.3. Let (A, l,m,n) be the index system of an irreqular extension d of an Fuler
triple {a, b, c}, and let ®. be as in Convention 7.1. Then ®.(2m) < 0; consequently 2m < ug for
every real ug > 1 with ®.(ug) > 0.

Proof. We apply Matveev’s theorem (Theorem 7.2) to the linear form A, of Definition 2.16.

We first collect the inputs. By Lemma 2.14, m > 4 and ¢ > b > 4000. By Lemma 2.18,
lloga < mlog 3 (item 1) and 0 < A, < 4.01 374™ (item 4). By Lemma 4.2: loga < logc and
3logc+log2 < log B < logc (item 1); K is a real biquadratic field (item 2); h(a) = 4 loga and
h(B) = Llog B (item 3); 0 < log Dy < log4 and h(D,) < logc (item 4); and «, 8/a, Dy exceed
1 and are multiplicatively independent (item 6).

We next choose the parameters of Theorem 7.2. Take £ = I, which contains «, § and D)
and has degree D = 4; take n1 = a, 172 = 3, n3 = D)y and by = 2I, by = —2m, bs = 1, so that
Ay = Ay, The n; are positive, and multiplicatively independent because they generate the same
group as «, 3/, Dy; bs # 0. We may take

Ay =2loga, Ay = 2log S, Az =4loge,

since 4h(a) = 2loga, 4h(B) = 2log B, 4h(D,) < 4loge, log D) < logd < 4logc, and all
three exceed 0.16 because logc > log4000 and 2loga > loge (item 1 of Lemma 4.2). As
lloga < mlogf, log 5 < logc and m > 4,

lloga mlogp
loge ’ loge
so Wy = log(1.5¢ ByyDlog(eD)) < log(0.75¢ Dlog(eD) - 2m) < log(19.46 - 2m).

~We now prove that ®.(2m) < 0. Put C = Cum(3)CoD?. Theorem 7.2 gives logA, >
—CWoA1A2A3 = —16 CWylogalog Sloge, and A, < 4.01 4™ gives log A, < log4.01 —
4mlog B. Hence 4mlogp < log4.01 + 16 C' Wylog alog Slogc; dividing by 2log 8 and using
log a < log c and 2log 8 > log 4000 + 2 log 2,
< log4.01

log 4000 + 2log 2

BM:maX{l, } < m,

2m +8C (log ¢)? 10g(19.46 - 2m) < 0.15 + Kp(log ¢)?1og(19.46 - 2m),
that is, ®.(2m) < 0. The constants of ®. enter through three numerical bounds, 8C < Kg,
log 4.01/(log 4000 + 21log 2) < 0.15 and 0.75e Dlog(eD) < 19.46, which were verified in interval
arithmetic with outward rounding.

For the second assertion, let ug > 1 with ®.(up) > 0. Since log(19.46ug) > 1, uy >
Kg(logc)?1log(19.46 ug) > Kg(logc)?, and ®.(u) = 1 — Kg(loge)?/u > 0 for u > ug; so @, is
strictly increasing on [ug, 00). If 2m > wug, then ®.(2m) > ®.(ug) > 0, contradicting the first
assertion. Hence 2m < uyg. OJ

To use the cap one needs a point at which ®. is positive for all large ¢ at once. The next
lemma gives such points along curves u = «c?, from a check at a single value cy. It is developed
once and used twice: with (1,6, co) = (2'/4, i, 107), against the quartic floor, in Proposition 7.5;
and with (¢,80,co) = (1/1806,1,102%), against the floor from coprime divisors, which is linear in
¢, in Theorem 8.7.

Lemma 7.4. Let &, and Kg be as in Convention 7.1. Let v > 0, 8 > 0 and co > 1 satisfy
e > 1, flogco > 2+ |log(19.46 1),

By (1ch) > 0 and  Ouch > Kglogcy (21og(19.46 ueh) + 0logcp).

Then ®.(1c?) > 0 for every real ¢ > cy.
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Proof. Put £ = log(19.46:) and w = flogec, so that tc? = te® > 1 for ¢ > ¢y and log(19.46:c%) =
¢ +w. Then ®.(vc?) = f(w), where

Fw) = 1 — Pw),  P(w) = 0.15 + % w2l + ).

Put wy = @log cg. It suffices to show that f(w) > 0 for w > wy. We have

Plw) = % Bu? +2w),  P'(w) = % (6w + 26),
02 / /! _
K—E(P (w) — P"(w)) = 3w(w — 2) + 20(w — 1).

For w > wp > 2 + |¢| the last quantity is nonnegative: if £ > 0 both terms are nonnegative, and
if £ < 0 then 3w(w — 2) > 3w|| > 2|¢|(w — 1). Hence P” < P’ on [wy, 00).

Let ¢ = f = e — P'. On [wp,o0) we have ¢’ = e — P" > g, so (e *g) > 0 and
g(w) > g(wp) e”~"0. Moreover

0 g(wp) = 0ch — Kglogey (Bwg + 2¢0) = 0ch — Kglogcg (2 log(19.46 ch) + O log co) >0

by hypothesis. Hence g > 0 on [wp, o0), so f is increasing there, and f(w) > f(wq) = P, (1)) >
0 for w > wy. O
Proposition 7.5. Let d be an irreqular extension of an Euler triple {a,b,c}. Then c < 107.
Proof. We compare the quartic index floor with the a priori bound along the curve u = 21/4¢1/4.
Let (A, 1,m,n) be the index system of d (Proposition 2.11), let ®. and Kg be as in Convention 7.1,
and suppose that ¢ > 107,

By Theorem 3.6, ¢ < 8m?, hence
1/4
2m>2(§> =[,Cl/4, L= 2l/4,

We apply Lemma 7.4 with . = 21/4, 9 = % and ¢ = 107, and check its four hypotheses.
First, cf = 21/410/* > 6.68 - 10'® > 1. Second, flogcy = Zlog10 > 43.17, while 0 <
log(19.46 1) < 3.15, so flogcy > 2 + |1log(19.46¢)|. Third, ®q,(ccd) > 3.28 - 10! > 0. Fourth,
Hch > 1.67 - 108, whereas K log ¢ (2 log(19.46 ch) + Olog co) < 5.78 - 106, These four values
were verified in 256-bit interval arithmetic with outward rounding.

Hence Lemma 7.4 gives ®.(1c'/*) > 0. Since tc'/* > 1, Proposition 7.3 with ug = tc'/* gives
2m < ve¥/4, which contradicts the floor above. Therefore ¢ < 107°. O

The value 107 is not the limit of this argument: the function ¢ — ®.(2'/4c'/4) changes sign
near log;,c = 73.74, so the same comparison gives ¢ < 1077, We keep 10™ because it is the
upper end of the first window of the index caps.

7.2 Index caps on windows of ¢

Below 10” we use the sharper lower bound of Mignotte and Voutier for linear forms in three
logarithms (Theorem 7.6). It is quoted with its factorial term b read from the definition: the dis-
played statement of Lemma 3.5(b) of [24] transposes two coefficients, as the proof of Theorem 7.6
explains. In Proposition 7.8 it is applied to A, in the basis («, Dy, 8/«) rather than («, 3, D)).
The reason is the unit 5/a: its height is %logﬂ (Lemma 4.2, item 3), but its logarithm is less

53



than log2 + 4/c (item 1), so its parameter (p — 1)log(5/a) + 8 h(f/c) in Theorem 7.6 is about
4log B, where f3 itself would need (p + 3)log 3, that is 28log 8 for the value p = 25 used there.
The Liouville bound Lemma 7.7 serves one step of that proof: it shows that the two logarithms
of the centred linear form in two logarithms have opposite signs.

Theorem 7.6. Let n1,m2,m3 > 1 be real algebraic numbers that are multiplicatively independent,
put D = [Q(n1,m2,n3) : Q|, let by, ba, bs be positive integers with ged(by, ba,bs) =1, and
Amv = b1 logm + b logns — bz logns, 0 < [Amv| < 27/w,

where w is the largest order of a root of unity in Q(n1,n2,n3). Let Ko >3, £ > 5, Ryy, S, T be
positive integers, put N, = Ko(Ko+ 1)/2, assume RyyST > Ny, and put g = % — w}{:ﬁ'
Put 51 = ng(bl, bg), 52 = ng(bg, bg) and

o By —Dbs+ (T =)oy (S—Dbs+ (T —1)bs (Klo—ll( ~|)K0—j>_K0(K0—112)(K0+1)
20, 25, = I '

Let Ry, Rs, R3, S1,52,55,T1, Ty, T3 be positive integers with Ryy > Ri1+Ro+Rs3, S > S1+S55+S3
and T > Ty +To +T3. Let p > 2 be real, and let A1, As, A3 be real numbers with A; >
(p—1)logn; + 2D h(n;) (Definition 4.1), such that

Kol ¢
(T°+§—037K0— 2)log p > (D+1)log N. + g€ (A1 Rty + Ao + AsT) +

PutV = /(R1 + 1)(S1 + 1)(T1 + 1), and suppose that for some real x > 0
(Ri+1)(S1+1)(Th +1) > Ko M, M=max{Ri+ 51 +1, S1+T1+1, R +T1 + 1, xV},
Sl g 0 <j1 <R, 0<ja<S1,0<3j3<Ti} >/,
Pl 0 < 1 S Ry, 0< o £ 55, 0 < js < Ty} > 2K,
(Ro +1)(Sy + 1)(Ty + 1) > K2, (R3 +1)(S3+1)(T3 +1) > 3K3L.

72D(K0 —b log b.

Then
0T tT1Amv ]/ (2b3)

2bs

Ay = [Amv] -
or one of the following holds:
(C1) by < max{Rj, Ro}, by < max{Sy, S2} and bs < max{Ty,T»};

(C2) there are integers uy, us, us with ged(uy, ug, ug) = 1 and u1by + ugbs + usbs = 0, such that

BT+ o (REDEE) B D(SiED)
M —maX{Sl,Tl}’ 2= M —maX{Rl,T1}7 3= M —maX{Rl,Sl}'

luq| <

Proof. This is [24, Theorem 2.1] in its real case (numbering of the arXiv version 3), with the
conventions and notation of its Sections 2.1 and 2.2. The parameters written here Ky, /,
N, Rmv, Ai, 61, 02 are K, L, N, R, a;, di, ds there, and D is the quotient [Q(n1,72,73) :
Q]/[R(n1,m2,m3) : R] of its Liouville inequality, which in the real case is the degree. The num-
ber b is the quantity b of its definition (2.5), written out by means of (2.3) and (2.4), since
bhno = = Buv= l)bg’Jr(T Db and bi¢o = M For real 7; > 1 the lower bound for a; in
the source, p| log ni| — log|ni| + 2D h(n;), is the one stated here. Two remarks on the source.
First, b is to be read from (2.5): the displayed statement of its Lemma 3.5(b) transposes bo
and b3 in the second fraction, a misprint, as the last display of the proof of that lemma and
the entries (SJ b +tb ) of its interpolation determinant show. Second, if Q(n1,n2,n3) is real then
w = 2, and the condltlon on Ayy reads 0 < |Apy]| < 7. O
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Lemma 7.7. Let n # 1 be a positive real algebraic number with [Q(n) : Q] < 4. Then

log |logn| > —4h(n) — 4.

Proof. We first bound | — 1| from below by evaluating the primitive minimal polynomial of 7
at 1. Let D = [Q(n) : Q] < 4 and let P(X) = a, [[2,(X — n;) € Z[X] be the primitive minimal
polynomial of 1, with a,, > 0 and 71 = 1. By Definition 4.1, a,, Hi’;l max(1, |n;]) = ePP. Since
P is irreducible and n # 1, the integer P(1) is nonzero, so

D D
1< P =ay[L—nl [T =nl < 1=l ay ][ 2max(1, |n;]) < 2P 1P | -1,
i=2 1=2

using |1 — n;| < 2max(1, |n;]) and max(1,|n|) > 1. As D <4 and h(n) > 0, this gives
log |n — 1] > —4h(n) — 3log 2.

We now pass from |n — 1| to |logn| in three cases. If 1 < n < 2, then logn > "T_l > 772;1
so loglogn > log(n — 1) —log2 > —4h(n) —4log2 > —4h(n) — 4. If 0 < n < 1, then |logn|
—logn > 1—n = |n—1|, so log|logn| > —4h(n) — 3log2 > —4h(n) — 4. If n > 2, then
log|logn| > loglog2 > —0.37 > —4 > —4h(n) — 4. This proves the bound in all cases. O

Proposition 7.8. Let (\,l,m,n) be the index system of an irreqular extension d of an Euler
triple {a,b, c}, and suppose that ¢ > 10486,

1. If ¢ < 10™, then m < 7-10'2.
2. If ¢ < 10°2, then m < 3.45 - 102,
3. If ¢ < 10°, then m < 1.1-10'2.

4. If ¢ < 10%877 then m < 10'2.

Proof. We apply the theorem of Mignotte and Voutier (Theorem 7.6) to the linear form A, of
Definition 2.16 in the basis (a, Dy, 8/«), and exclude its exceptional alternative (C2) by a linear
form in two logarithms centred at the relation it provides, together with Laurent’s theorem
(Theorem 4.3) applied separately for each denominator. The argument is the same in four rows,
which differ only in their parameters; each row starts from the cap proved by the row before,
and the first from the a priori bound (Proposition 7.3).

We first fix the parameters. Put Ly = 48.6log 10, p = 25, Myv = %, P+ =p+3 =28,
p— =p—1=24, and

| U/log10 Qo Q x !
row 1 75 3.4-10% 1.4-108 13/10 320
row 2 52 1.4-10% 6.9-10'2 13/10 312
row 3 51 6.9-10?2 2.2-10'2 3/5 198
row 4 | 4877  22-102 2.10'2 1/2 196
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In each row we assume Ly < logec < U and prove 2m < @Q); rows 1, 2, 3 and 4 prove items 1, 2,
3 and 4.

We next show 2m < Qg in each row. In row 1, with ®, and Kg as in Convention 7.1, since
loge < U and log(19.46 Qo) > 0,

®.(Qo) > Qo — 0.15 — KrU?1og(19.46 Qp) > 0,

because KpU?log(19.46 Qp) + 0.15 < 3.3535 - 10'8; so Proposition 7.3 with ug = Qp > 1 gives
2m < Qo. In rows 2, 3 and 4, Qg is the value of @ in rows 1, 2 and 3, whose windows contain
the window of the row; so 2m < Q¢ follows from those rows, which are proved first.

Suppose 2m > @; we derive a contradiction in each row. By item 4 of Lemma 2.18, A, <
4.01 7% and log4.01 < 1.39, so

log A, < —4mlog 8 + 1.39. (1)

We next set up the linear form in three logarithms. By Definition 2.16, A, = 2lloga —
2mlog B + log Dy = (21 — 2m)loga + log Dy — 2mlog(5/a), and | > m by Lemma 2.14. We
apply Theorem 7.6 with (n1,12,1m3) = (o, Dy, 8/c) and (b1,ba,b3) = (21l — 2m,1,2m). The b;
are positive integers with ged(by, bg, b3) = 1. By item 6 of Lemma 4.2, the n; exceed 1 and are
multiplicatively independent, and they generate the real biquadratic field K of item 2 (already
aand f = «a- f/a do), so D = 4; as K is real, the condition on Ayry in Theorem 7.6 reads
0 < A; < m, which holds as A, < 1 by item 4 of Lemma 2.18. Put

Ay = pyloga, Ay = 8logc+ p_log4, As = pilog 8 — p_loga = 4log S+ p_log(B/a).

These are admissible: by item 3 of Lemma 4.2, h(a) = $loga and h(B/a) = 1log 3, so A =
(p—1)log a+8h(a) and As = (p—1)log(B/a)+8h(B/a); and by item 4, (p—1) log Dx+8h(D)) <

p—log4d + 8logc = Ay. Item 1 of Lemma 4.2 gives

p+Lo

5
so A_ := min; A; > 2Ly 4+ 4log?2 and 2 := A1A3A3 > Q_, the product of these three lower
bounds. Also A; < Af = p+(U —log2), Az < A; := 8U + p_log4, and A; + Ay + A3 =
4loga+ pylogB+8loge+ p_logd < Xy := (124 p4)U + p_log4.

We next bound the product Q. Put ¢ = 4-107486 50 that log f—log o < log 2+¢ by item 1 (as
4/c < ¢). Then (log a)?/log B > (log a)?/(log a+log 2+¢) > log a—log2—¢, so Azloga/log B =
pirloga — p_(loga)?/logB < 4loga + p_(log2 + ) < 4loge + (p— — 4)log?2 + p_e, using
log o < log ¢ —log 2. Hence, with Y(Y) = p; (8Y + p_log4) (4Y + (p— — 4)log2+ p_e) for real
Y >0,

Al >

Ay > 8Ly + p_log4, Az > 4log B > 2Ly + 4log 2,

log B < Y(loge) <T(U), Q<O =7TO)U. (2)
We now choose the remaining parameters of Theorem 7.6 and check its side conditions.
Following Section 5.2 of [24], put Ko = | My, ¢1 = (xMavl)?3, co = (Myv0)?/?, ¢3 =
(BME)'3E, Ry = |ciAsAs], Si = |ciA14A3], T; = |c;A1As] for i = 1,2,3, Ryv = 1+ S R;,
S=14>8,T=1+> T, and Cy = ¢; + c2 + c3. Then R; + 1 > ¢;A2As, and similarly
for S;,T;. The side checks ¢3 > 2Myv{/A_, Xv/Cc1A— > 1 and MyyvQ- > 2 hold in every row.
First, V2 = (R + 1)(S1 + 1)(T1 + 1) > ¢3Q? = (xMmv£Q)? > (xKo)?, so V? > KoxV; and

(Ri+1)(S1+1)(T1+1) T +1 S C%Q
Ri+51+1 (Ri+ 1)1+ (S1+1)~1 7 A7t 4+ 47!
2
> AA-Q > Myvt§) > Ko,
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and likewise for the other two pairs; so (Ry +1)(S1 +1)(71 +1) > KoM. By the multiplicative
independence of the 7;, the two cardinalities in Theorem 7.6 equal (R; +1)(S1+ 1)(71 4+ 1) and
(Rg + 1)(S2 + 1)(Ty + 1); and ¢3Q? > ¢, 302 = (Myv Q)2 > max(2Kol, K2) (as MyvQ > 2),
30?2 = 3MI%/IV€3Q2 > 3K2( give the remaining four conditions. Finally Ryy ST > ¢30? > N, =
K()(K() + 1)5/2, Ky>3and £ >5.

We next bound the factorial term b of Theorem 7.6. Here 6; = ged(2l — 2m,2m) > 1 and
89 = ged(1,2m) = 1, and the last factor of b is at most e'/3K 2 by [24, Lemma 3.5(a)]. With
(b1,b2,b3) = (21 — 2m, 1,2m) this gives

Q(RMV - l)m + (T - 1)(2[ — 2m)
2

2(8 — 1ym + (T — 1)
2

11
logb < log + log —210gK0+§.

Since Ryiy — 1 < CyA3A43, S — 1 < CoA1As and T — 1 < C A1 Ay, the two numerators are
at most C*Q(?T"l‘ + 2l—2m) and C*Q(?T"; + A%,) As lloga < mlogf (item 1 of Lemma 2.18),

A3
2l — 2m < 2mlog(B/a)/ log av; with A3 > 4log 3, log av > %10gc, log 8 > %1ogc and 2m < Qo,

2m+2l—2m< 2m (1 log2—|—s) QQO(l log2+e> Y
Ay Az loga\py  dlogp Lo \p4 2Ly /O
om 1 Qo 1
2L o =: Na.
A, VA S 8Lt p logd T 2L dlogz MV
With Ky > Myvl2 — 1 we obtain
C. NN, 11 1
logh < B:= 21 1 9 (1—7).
ogh < YA A R R T Sy VA o

We next reduce the main condition of Theorem 7.6 to one numerical inequality. With D =4

it reads (K084 £ —0.37K —2) log p > 5log Ny + gl( A Ry + A2S+ A3 T) + 28U 16g b. Divide

by Kpy. The left side becomes at least (% —0.37)log p, as £ > 4. On the right, 51(}%()]\[* < 51‘;§fv+

with K- = MuvlQ_ — 1, Ky = MyylQy and Ny = K (K4 + 1)£/2; next g < % and

ARy + AoS + AsT <3C.Q+ X4, and (3C.Q + X1)/(Mmvl2 — 1) decreases with Q; finally
8(Ko—1)
3Ko

logh < %B. Hence the main condition follows from

5log N. ¢ 3C0_+X% 8
B T E, 3)
K_ 4 MyvlQ_—1 "3

(g — 0.37) log p >

which holds in every row, with the margins shown in the table below.

We now exclude the main alternative of Theorem 7.6. Put Ty = / (1 + C*ATA;), so that
(T < Tp; in every row Tp < Q/2. As2m > Q and A, < 1, Ay = Aa;f%eeTAx/(‘*m) < i€1/4Ax <
A;. The inequality Ajn, > p~K0¢ then gives log A, > —Myv(?Qlog p, and with (1), (2) and
log 5 > % + log 2,

My 21 y) 1.39  Myvf?1 1.39
MVE 08P <« MV ngT(U)—i-i =:
2 logB8 2logp 2 Lo +2log2

In every row cap < @, which contradicts 2m > Q.
Alternative (C1) gives 2m = by < max (T}, Ty) < max(ci, c2) A1 As < max(ci,c2) Af A, and
the last number is below 7 - 10% < @Q in every row; this is impossible.

2m <

cap.

It remains to exclude alternative (C2); this is the main step of the proof. Let uy, ug, usg be the

integers of (C2): ged(u1,u2,ug) = 1, u1 (20 —2m) +ua + 2usm = 0, |uz| < %, and the
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two analogous bounds hold. Since M > xV > Xc?/QQ, (S1+1)(Th+1) < JATA A5(1+ cl%f
and max(S1,T1) < c1 A1 max(Ay, Az), and similarly for ug, us, we get |u;| < FA; with

Ve (1+1/(c42))
X 1-1/(c/aAs)

If u; = 0, then ug # 0 by coprimality and 2m < |us| < FAJ; in every row FAJ < Q, which
is impossible. So u; # 0; let © = ged(ug, u; — usz), which divides ug, and put ¢ = |u1|/9,
a = sgn(u1)(u1 — uz)/0 and Cye = —sgn(uq)uz/0. Then

2am — 2ql + Ciq = 0, ged(a, q) =1,
1< q < Gmax = LFA;FJv ‘Cf€1| < Cmax = LFA;J’

and a > 0 because 2am = 2ql — Cye; > 21 — |Cye1] > 0.

We rewrite —A; as a linear form in two logarithms, centred at this relation. Choose py € Z
with |po| < ¢/2 and apy = —Cra (mod g), and put ko = (apo + Cre1)/q and t = (2m — po)/q;
these are integers, t > 0 and 2] = ko + at. With

(=%  £=D'praM,

one has exactly —A, = tlog (+log&, log ¢ = Cretlos O‘+§717;’g Da=ahs apd logé = %0 log ¢ — % -

log D). Using loga < loge < U (item 1 of Lemma 4.2), 0 < A, < logD), < log4 and
h(Dy) < loge < U (item 4 of Lemma 2.18 and item 4 of Lemma 4.2), 2m > @Q, the height

formula of item 3 of Lemma 4.2, aloga = qlog 8 —log ¢ and |ko| < § + |Cfel‘
CmaxU + qlog4 Zy  CmaxU 1
[log (| < Z4 := == Sqog o [logg] < Xy :=logd+—F+ m;‘ L t<t, Cf]‘)+2,

and h(¢) = 3 max(qlog 3,aloga) < H(log 3) and h(¢) < He(log B), where for real Y

Y+ Z CaxU
1 14 ;

H(Y) =YY +7,),  H(v)=U+T2 -

both increase with Y. By item 2 of Lemma 4.2, the four embeddings of I send the unit ¢ to
the four numbers SF%a*?, which are distinct by item 6, so ¢ # 1 generates K; and Nk o) =
Nijo(D y) "1 # £1 by item 4, while units have norm £1, so ¢ and & are multiplicatively indepen-
dent. If log ¢ and log ¢ had the same sign, then A, > |log¢|, and Lemma 7.7, applied to the pos-
itive number £ # 1 of degree at most four, would give log A, > —4H¢(log ) —4 > —4H¢(U) — 4;
but in every row 4He(U) + 4 < 2Q(% + log2) — 1.39 for every integer 1 < ¢ < gmax, which
contradicts (1). So the two logarithms have opposite signs. Replacing ¢ or & by its inverse,
Ay = bylogne — by logm with {ny,m} = {¢T1, £} both greater than 1, the coefficient t on the
number from ¢ and 1 on the number from &.

We finally apply Theorem 4.3 separately for each denominator q. Put B~ = LO +log 2 and
Bt = U, and split [B~, BT], which contains log 3, into sixteen equal sublntervals [Bj, Bj+1],
0 < j < 15. For fixed ¢ and j with log 5 € [Bj, Bj+1], apply Theorem 4.3 with D =4, p = p, :=
qg+2, 4 =0.63, 0 = %, AL = op log pg, with the numbers A¢ > 8H¢(Bjt1)+(pg—1)Zg+1
and A¢ > 8H¢(Bjy1) + (pq — 1) X4 + 1 in the roles of the A; of the numbers coming from ¢ and

¢, and with

1
hp > max{4<log<A— n I) +log A + 1.75) +0.06, Ap, 210g2},
¢ A
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each taken as the upper endpoint of its interval enclosure. These choices are admissible, since
h(n™') = h(n) and t < t,. With H,wr,01,C,C" as in Theorem 4.3 (for A; Ay = A¢Ag), the
theorem gives log A, > —E, j, where

E,; = C(hr + log pq)2A§A§ + Vwrlr (hr + log pq) + log(C’(hL + log pq)QAcAg).

For every integer 1 < ¢ < gmax and every j, in every row, AcA¢ > A and E,; < 2QB; — 1.39.
Since 4mlog 5 > 2Q)B;, this contradicts (1).

The numerical values used above were computed in interval arithmetic of at least 160 bits
with outward rounding, with A_ replaced by its lower bound 2Ly + 4 log 2 in the side checks and
in F', which is legitimate because the side checks hold a fortiori and F' decreases as A_ grows;
each entry is an endpoint of an enclosure.

| T(U)/U? B margin of (3) cap To (Gmaxs Crmax)
row 1 | <935.093 <74.037  >4712 < 11502-10% < 2.266- 107 (37546, 11030)
row2 | <953.96 <49.240  >65.28  <53567-102 < 1.0458-10'2 (25767, 7662)
row 3 | < 955.12 < 47.791 > (0.1046 < 2.0777-10'2 < 3.986- 10" (36387, 10828)
row 4 | <957.86 < 45.490 > 6.351 < 1.8671-10'2 < 3.550- 10" (39162, 11675)

The largest ratio Ey ;/(2QB; — 1.39) is below 0.8476, 0.1490, 0.6476, 0.5902 in rows 1 to 4, and
occurs at ¢ = ¢max, j = 15. In every row the side checks hold, the bound in (C1) is below 7- 108,
FAF <@, and He(U) < 1.63-10° for 1 < ¢ < gmax-

All alternatives of Theorem 7.6 are excluded, so 2m < @ in each row. Rows 1, 2, 3 and 4
give 2m < 1.4-10"3, 2m < 6.9-10'2, 2m < 2.2-10'2 and 2m < 2 - 102, which are items 1, 2, 3
and 4.

O

Theorem 7.9. Let {a,b,c,d} be a Diophantine quadruple with a <b <c<d andc=a+b+
2vab+ 1. If d # dy(a,b,c), then c < 4-10%8,

Proof. The proof is a descent: starting from ¢ < 107°, each index cap of Proposition 7.8 gives,
through the quartic index floor (Theorem 3.6), a smaller bound for ¢, until ¢ < 4 - 1048,

We first put the hypotheses in the language of index systems. Since {a,b, ¢,d} is a Diophan-
tine quadruple, ab + 1 is a square, so r = y/ab+ 1 is a positive integer and ¢ = a + b + 2r: the
set {a,b,c} is an Euler triple (Definition 2.3). It is a Diophantine triple and d > ¢, so d is an
extension of {a,b,c}, irregular because d # dy(a,b,c) (Definition 2.2). Let (A,l,m,n) be its
index system (Proposition 2.11).

We next record the form in which the floor is used. By Theorem 3.6, ¢ < 4m?(m + \)? <
4m?(m + 1)2. Hence, for every positive integer Q,

m<Q = c<4(Q-1)72Q?% <4Q*, (1)

since then m < Q — 1 and m(m+1) < (Q — 1)Q.
We now descend. By Proposition 7.5, ¢ < 107. If ¢ < 1086, then ¢ < 4-10%8, as 106 < 3.99.
Let ¢ > 10*%6. Ttem 1 of Proposition 7.8 gives m < 7-10'2, so by (1)

c<4(7-10")" =9.604 - 105! < 1072,
Item 2 of Proposition 7.8 now gives m < 3.45 - 1012, so by (1)

c<4(345-10%)* < 10°L.
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Item 3 of Proposition 7.8 now gives m < 1.1 - 102, so by (1)
c<4(1.1-10")* < 10%877,
Item 4 of Proposition 7.8 now gives m < 1012, and (1) gives
c<4(10?2 —1)2.10* < 4. 10%.

Here 10%¢ < 3.99 and 4 (1.1 - 10'2)? < 10477 were verified in interval arithmetic with outward
rounding; the other three comparisons are exact integer comparisons.

O

Every step of this descent uses the clause ¢ < 4m?(m + \)? of the quartic floor, not only
c < 8m*. From m < Q the weaker floor gives only ¢ < 8(Q — 1)*, which for Q = 7-10'2,
3.45-10"2, 1.1-10" and 10'? exceeds 10°2, 10°%, 10%77 and 4 - 10%®, respectively; so none of the
four steps would close, and the last would give only ¢ < 8- 108, The effective bound is used
once more, in Section 8, to confine the family with K = 1 to finitely many triples.

8 Families of Euler triples that extend only regularly

We apply the pair-coordinate criterion (Theorem 5.19), the coprime divisors (Theorem 6.3)
and the effective bound (Theorem 7.9) to two families of Euler triples: the three-parameter
Fibonacci family of Cipu, Fujita and Mignotte [10] (Subsection 8.1), and the triples with two
elements in a fixed ratio (Subsection 8.2). The following table lists the families of Euler triples
whose regularity follows from our results, with what was known before.

Family Previously known This paper

three-parameter family K > 165F,A; the casesv =1, A=1 K > 643;

of [10], vA > 2 and v, A < 10 [10] K > 128 if ¢ > 4.5 - 1012
(Corollary 8.3)

the same with K =1, v <10 [10]; for (4,¢) = (3,—1), all v > 2

Ae {2, 3} {F2V+27 F2V+4, F2z/+6} [12} (Theorem 84)

two elements b/a € {2,3,6} via [1]; all j: k with jk < 300

in ratio j : k {Pak, Pak12,2Pog 12} [2] (Theorem 8.7)

b far from b<a+4ya [17] b > 3355%a or /ac > 3075(b — a)

or close to a (Theorem 4.5)

Here Py denotes the k-th Pell number. Any further family all of whose members satisfy b >
33552a, or \/ac > 3075(b — a), is covered by Theorem 4.5 directly. The proofs are completed in
the appendices: Appendix A treats the range 643 < K < 2401 of the three-parameter family,
and Appendix B gives the reduction that settles the finitely many single triples left below the
analytic bounds.

8.1 The three-parameter Fibonacci family

Convention 8.1. The three-parameter Fibonacci family is the family of [10] in the case
le] = 1, defined as follows. Let F_; = 1, Fy = 0 and Fji9 = Fi41 + Fj. For integers v > 1,
A>1, K>1andasigne e {—1,1} put, for £ > 0,

¢ = FrA+ Fp_q, Y = oK + 2eFy, Jr = orr,
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and X = F,A. The quadruple (v, A, K,¢) is a parameter point, and the set {f,, fu+1, fu+2}
is its family triple; when the family triple is an Euler triple, its elements are a = f,, b = fi 41,

Cc = fy+2.

Lemma 8.2. Let (v, A, K, ) be a parameter point (Convention 8.1), and put
r=¢upu+1 K + E(FV¢V+1 + Fy+1(z)y)-

1. fufosr1+1= r2 and fovo = fuo + fop1 + 2r.

2. IfK >3, orif K =1, A>2andv > 2, then 0 < f, < f,41 and r > 0. Hence
the family triple {a,b,c} is an Euler triple with root r, and (¢y, Yy, du+1,Yuy1) is a pair
representation of it of sign £(—1)", with pair coordinates (ps,qs) = (Gv+2,Yv+2).

3. If K > 3, then this pair representation satisfies pi1qs > %pg

Proof. We first record an identity for a symmetric bilinear form. For £ = (£1,&2) and n = (1, 72)
in Z? put

(§&,m = K&m +e(§imz + Sam), (€, ] = &z — Sam.
Since €2 =1,

<§777>2 - <§7§><777n> = [6777]2

We next prove item 1. Put ey = (¢, Fy) for k > 0. Since Fji1o = Fj11 + F}j for j > —1, we
have ¢xi10 = ¢pr1 + ¢k, hence ex1o = €1 + e, and Yr10 = Y11 + Y, for k > 0. Moreover
fr = ot = (eg,er) and r = (e,,e,41). By Cassini’s identity Fy_1Fpi1 — F,? = (=1)%, valid
for k> 0 with F_1 =1,

ler, ert1] = (FRA~+ Fy_1)Fps1 — Fo(Fr A+ Fp) = (—=1)* (k> 0).

So the identity above gives 72 — f, f,+1 = 1, and bilinearity gives f, 12 = (e, +e,11,€e, +e,11) =
fy + fu+1 + 2r.

We now show that (e, e;) > 0 for the pairs of indices needed below. For k& > 0 we have
Fk > 0, Qbk > 1 and Fk < ¢k7 since ¢0 = 1, ¢1 = A and ¢k = FkA—l—kal > Fk for k > 1. If
K >3, then for all k,j >0

(ex,ej) > Kopdj — (Frgj + Fjor) > ¢rdi(K —2) > 0.
Let K=1and A>2. For k>0, ¢y — Fp, = (A—1)Fp + Fx_1 > Fy + Fj_1 = F11. If e =1,
then (ey,e;) > ¢pp; > 1 for k,j5 > 0. If e = —1, then for k,5 > 0
(e, ej) = (¢x — Fi)(¢j — F}) — FpFj = Fpp1 Fj — Fi.Fj,

and the right side is positive unless k = j = 1, because F;11 > 1 and F;11 > F; for ¢ > 0, with
equality in the second only for ¢ = 1. So, for K =1 and A > 2, (e, e;) > 0 for all k, j > 0 with
(k. j) # (1,1).

We next prove item 2. The pairs (v,v), (v +1,v+ 1), (v,v+1) and (v — 1,v + 2) have
nonnegative entries, as v > 1, and none of them is (1,1) when v > 2; so under either hypothesis
the previous paragraph gives f, > 0, fuo4+1 > 0, r > 0 and, since e,+1 — e, = €,_1 and
€ 411+ €y =€yt

for1— fo=(evy1 — ey, epy1 +€)) = (e,1,€,12) > 0.
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By item 1, f,f,41 + 1 = r? with 7 a positive integer and f, o = f, + foi1 +2r > fui1; so
{a,b,c} is an Euler triple with root r. Put (p1,q1,p2,92) = (¢v, ¥y, Pvt1,%v+1). These are
positive integers, since ¢, ¢p+1 > 1 and ¥y, = fo,/du, Vo1 = fu41/¢v+1 are positive. We have
a = p1q1, b = p2q2 and

P12 — P21 = 26(puFuq1 — dva Fy)) = 2efey, e41] = 26(—1)",

so (p1,q1, P2, g2) is a pair representation of sign e(—1)”. Its pair coordinates are ps = ¢, +dp+1 =
¢ui2 and g3 = P, + Y11 = Yy .

We finally prove item 3. As K > 3, item 2 applies. Moreover ¢,_1 < ¢,: for v = 1 this
is1 <A, and for v > 2, ¢, — ¢pp—1 = ¢—2 > 1. Hence ¢,10 = 2¢, + ¢—1 < 3¢,, and since
FV+2 S ¢l/+27

K -2 K-2,
I/+2:Tp3'

P143 = v (Pv42K +26F10) > dpduia(K —2) >

O]

Item 3 is the link with the pair-coordinate criterion: in the family, its hypothesis on p1qs/p3
becomes a condition on K alone. The proof of the next corollary takes the range 643 < K < 2401
from Appendix A.

Corollary 8.3. Let (v, A, K,e) be a parameter point of the three-parameter Fibonacci family
with vA > 2, and let {a,b,c} be its family triple. If

K > 643, or K >128 and ¢>4.5-10',
then {a,b,c} has no irreqular extension.

Proof. Under either hypothesis K > 128, so by Lemma 8.2, items 2 and 3, {a,b,c} is an Euler
triple with a pair representation satisfying p1qs > % p%. Hence p1g3 > 42 p?)’, and p1q3 > 800 p%
if K > 2402; so, by Theorem 5.19, {a, b, ¢} has no irregular extension if K > 2402 (first case) or

if ¢ > 4.5 - 10'? (second case). Otherwise 643 < K < 2401, and the claim is Theorem A.5.  [J

For K =1 item 3 of Lemma 8.2 does not apply, and the next theorem is proved through the
effective bound instead: together with b > 4000, it confines v, for each of the four pairs (A,¢),
to a finite range, whose 427 triples are settled by the reduction of Appendix B.

Theorem 8.4. Let A € {2,3}, e € {—1,1} and v > 2, and let {a,b,c} be the family triple of
the parameter point (v, A, 1,¢), that is,

a = ¢V(¢V + 25F1/)7 b= ¢I/+1(¢l/+1 + 25FI/+1)> C= ¢V+2(¢V+2 + 2€Fl/+2)7

with ¢, = Fiyo if A =2 and ¢, = Li41 if A = 3, where Ly, denotes the k-th Lucas number.
Then {a,b, c} is an Euler triple, and it has no irreqular extension.

Proof. For (A,e) = (3,—1) one has ¢y, —2F), = Lp11—2F, = Fyq1 and Ly41 Fg1 = Fopa, so the
family triples are the Hoggatt—Bergum triples { Fby, 42, Foyt4, Fou16} (with kK = v + 1); for them
the theorem is contained in Dujella’s theorem [12]: if {Fhy, Fogt2, Fort4,d} is a Diophantine
quadruple, then d = 4F2k+1F2k+2F2k+3, which is d+(F2k,F2k+2,F2k+4). Flhpll’l, Fujita and
Togbé [17] proved the stronger statement that every Diophantine quadruple containing the pair
{Fok, For12} is regular. For 2 < v < 10 the theorem is contained in the result of Cipu, Fujita
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and Mignotte [10] that the family triples with 1 < » < 10 and 1 < A < 10 have no irregular
extension, for every K. The argument below treats the four cases and every v > 2 together.

We first record the Euler property and a monotonicity. By Lemma 8.2, item 2 (with K =1,
A > 2 v >2) {ab,c} is an Euler triple. The same item, applied to every parameter point
(k,A,1,e) with k > 2, gives f < fr+1; s0 (fx)r>2 is strictly increasing, and b = f,1; and
¢ = fyy9 increase with v.

Suppose that {a, b, c} has an irregular extension d. We next confine v to a finite range. By
Lemma 2.14, applied to the index system of d (Proposition 2.11), b > 4000. Let 4 = 6, 8, 6,
7 for (A,e) = (2,1), (2,-1), (3,1), (3,—1), respectively. For v = 11 we have b = 2040, 1869,
3431, 2584, and for v = 1 + 1 we have b = 5335, 4896, 8968, 6765; since b increases with v,
we get v > vy. On the other hand {a,b,c,d} is a Diophantine quadruple with a < b < ¢ < d,
c=a+b+2Vab+1and d # dy(a,b,c), so c < 4-10* by Theorem 7.9. Let vgp = 114, 116,
113, 115 for the four cases, respectively; at v = vg the element ¢ is about 7.39 - 10%%, 6.78 - 10%%,
4.75-10%8,9.37-10%, so ¢ > 4-10*8 for every v > Vg, as c increases with v. Hence 11 < v < vg.

We finally treat the remaining triples, by a finite computation. For each of the 107, 107,
106, 107 triples with v; < v < vg, let M > 1 be an integer just above the zero of ®. in [1,c0),
for which ®.(M) > 0 was verified. For each A € {—1,1} a number J, < 3 satisfying item 1
or item 2 of Proposition B.1 was found, and the exact check of that proposition (no exponent
2m < Jy gives an irregular extension) succeeds. For A\ = —1, the common term Vfl =W, L
the number z of the regular extension (Lemma 2.12), makes the number p_; of Proposition B.1
extremely close to 2 — 2log 5/log~; in the cases where item 1 was not found, item 2 holds with
(mg,no) = (2,2). All these evaluations were carried out in outward-rounded interval arithmetic
with 170 decimal digits. By Proposition B.1, none of these triples has an irregular extension,
which contradicts the existence of d. Hence {a, b, c} has no irregular extension.

O

8.2 Euler triples of small ratio type

The second family is defined by an arithmetic condition, two elements in a fixed ratio, and it is
the application of Theorem 6.3 announced in Section 6. The next lemma describes these triples
by a Pell equation, so that those below any bound for ¢ are finite in number and can be listed.

Definition 8.5. Let j < k be coprime positive integers. An Euler triple {a, b, ¢} (Definition 2.3)
has ratio type j : k if two of its elements v < w satisfy

Jw = k.

Lemma 8.6. Let {a,b,c} be an Euler triple with root r, of ratio type j : k (Definition 8.5)
realised by elements v < w with jw = kv, and let g = ged(v,w). Then:

1. if (v,w) = (b, ¢) then k < 437, and if (v,w) = (a,c) then k > 4j;
2. there is a positive integer u with u?> — jkg? =1, and

(v,w)=(a,b): r=u, c=(j+k)g+2u;
(v,w):(b,c): T:U—jg, a:(j+k)g_2u7
(v,w) = (a,¢): r=u—jg, b= (j+k)g—2u.
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In particular jk is not a square, and every Euler triple of ratio type j : k realised by a given
pair of positions arises in this way from a positive solution (u,g) of u®> — jkg®> = 1, that is, from
u~+ gvjk = (us + gu/jk)' with an integer i > 1, where (ux, g«) is the least positive solution.

Proof. Recall ab+ 1 =r? and ¢ = a + b+ 2r (Definition 2.3).

We first prove item 1. By Lemma 2.4, item 4, a < r < b and ¢ > 4a; hence b < ¢ =
a+b+2r <4b. If (v,w) = (b,c) then k/j = ¢/b < 4; if (v,w) = (a,c) then k/j = c/a > 4.

We next prove item 2. Since jw = kv and ged(j, k) = 1, j divides v; writing v = jh gives
w = kh, and ged(v, w) = hged(j, k) = h, so v = jg and w = kg.

If (v, w) = (a,b), then r> = ab+1 = jkg?>+1, so u = r works and ¢ = a+b-+2r = (j+k)g-+2u.

If (v,w) = (b,c), thena=c—b—2r = (k—j)g — 2r and

r? :ab+1:jg((k—j)g—2r) +1, equivalently (r+j9)* = jkg* + 1.

Put w =7+jg > 1. Then u?—jkg®> =1,r =u—jgand a = (k—j)g—2u+2jg = (j+k)g—2u.

If (v,w) = (a,c), thenb=c—a—2r = (k—j)g—2r and r? = ab+1 = jg((k—j)g—2r) +1,
which is the same relation as before. Hence u = r+jg satisfies u?—jkg? = 1, and b = (j+k)g—2u.

We finally prove the last assertion. Since g > 1 and u? = jkg? + 1, the number jk is not
a square: otherwise, with jk = €2, (u — eg)(u + eg) = 1 with u + eg a positive integer, which
forces u + eg = 1 and so g = 0. Conversely, the displayed formulas express the triple through
(J, k,u,g), so every Euler triple of the given type realised by the given positions arises from a
positive solution (u,g) of u? — jkg?> = 1. Since jk is not a square, the positive solutions of
u? — jkg? = 1 are exactly the pairs with u + gv/jk = (ux + g«\/7k)?, i > 1, where (ux, gi) is
the least positive solution; this is the classical description of the solutions of Pell’s equation (see
[15]). O

Theorem 8.7. Let {a,b,c} be an Euler triple of ratio type j : k. If {a,b,c} has an irreqular

extension, then
19.46 ¢

6(j+k)

_°
6(j + k)
If jk < 300, then {a,b,c} has no irreqular extension.

—0.15 < 2.4638 - 10'%(log ¢)? log

Proof. We bound m from below linearly in ¢ by the coprime divisors (Theorem 6.3) and compare
this bound with the a priori bound (Proposition 7.3); this proves the first assertion and, for
¢ > 10?!, the second, and the triples with j& < 300 and ¢ < 10?!, which are finitely many, are
treated by a finite computation.

Suppose that {a,b,c} has an irregular extension d, and let (\,l,m,n) be the index system
of d (Proposition 2.11). Let v < w be elements realising the ratio type (Definition 8.5), and
g = ged(v, w), so that v = jg and w = kg because ged(j, k) = 1.

We first prove 2m > ¢/(6(j + k)). By Theorem 6.3, I1; | m —n, Iz | { + Am, II3 | { + An and
m > II;(1+ R;). By Lemma 2.14, 3 <n<m <1< 2n. As 3 <n <m and II; | m —n, we have
m>n+1l1 >3+An Asi>m>nandl <2n <2m, we have 1 <l +Im <Il+m < 3m
and 2 <1+ An <1+ n < 3m, so the divisibilities IIy | [ + Am and I3 | I + An give IIs < 3m and
II3 < 3m. Since each ged divisor divides the corresponding coprime divisor (Definition 6.1),

1

m > maX(Aab + 27 %Abca %Aac)7 Avw = m =

I (v, w)

= (a,b), then ¢ < 2(a+b) = 2(j+k)g (Lemma 2.4, item 4); hence m > g/4 > ¢/(8(j+k)).
If (v, w) €

(a,
{(b,¢), (a,c)}, then ¢ = kg and m > ¢g/12 = ¢/(12k). In all cases 2m > ¢/(6(j + k)).
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We next deduce the first assertion. Put Y = ¢/(6(j + k)), and let &, and Kg be as in
Convention 7.1. If Y > 1, then ®.(Y) < 0, since otherwise Proposition 7.3, applied with
ug =Y, would give 2m < Y; and ®.(Y) < 0 is the inequality of the first assertion. Otherwise
% <Y <1, because ¢ > w = kg > k and j < k; then the left side of the first assertion is less

than 1, while its right side is at least Kg(logc)?log % > 1.

We now prove the second assertion for ¢ > 1021, Let jk < 300; since (j — 1)(k — 1) > 0, we
have j + k < jk+1 <301, s0 Y > ¢/1806. We apply Lemma 7.4 with « = 1/1806, § = 1 and
co = 10%L. Tts hypotheses hold: tcy > 1; logcy > 48.3 and | log(19.46/1806)| < 4.6; an evaluation
in outward-rounded interval arithmetic gives ®,(co/1806) > 3.0 - 10'7; and ¢y/1806 > 5.5 - 1017
exceeds K log ¢ (21og(19.46 ¢ /1806) +log cg), which is less than 1.7-10'6. Hence ®.(c/1806) >
0 for every ¢ > 10%!, and Proposition 7.3, applied with ug = ¢/1806 > 1, gives 2m < ¢/1806 < Y,
which contradicts 2m > Y. So no Euler triple of ratio type j : k with jk < 300 and ¢ > 10%!
has an irregular extension.

Finally we treat ¢ < 10?!, by a finite computation. By Lemma 8.6, jk is not a square, and
each Euler triple of ratio type j : k arises from a positive solution of u? — jkg?> = 1 for one
of the three pairs of positions. The triples with j& < 300 and ¢ < 102! are therefore obtained
from finitely many powers of the least positive solutions of these equations; there are 8 906 such
triples. For each of them let M be the least integer M > 1 with ®.(M) > 0; by Proposition 7.3,
an irregular extension would have 2m < M. For 1048 of the triples, twice one of the lower
bounds for m above, or, when (v, w) = (a,b), twice the lower bound

Jac
ng(a7 b7 4) (k - J)

Ap(l+R,)=Ap + log <IIi(1+ R,) <m

given by Theorem 6.3 (here b —a = (k — j)g = ged(a, b,4)Ag(k — ), and R, is the gap ratio
of Definition 2.16), is at least M; so these triples have no irregular extension. For each of the
remaining 7858 triples and for both signs A, a number J) < 11 satisfying item 1 or item 2 of
Proposition B.1 was found, and the exact check of that proposition (no exponent 2m < .J gives
an irregular extension) succeeds; so these triples have no irregular extension either. Item 1 is
the reduction of [16, Lemma 5(a)]. For A = —1, the common term V"' = W', which is the
number z of the regular extension (Lemma 2.12), makes the number p_; of Proposition B.1
extremely close to 2 — 2log 3/log~, so that item 1 may fail with denominators ¢ of the size
of M; in the cases where item 1 was not found, item 2 holds with (mg,ng) = (2,2). All these
evaluations were carried out in outward-rounded interval arithmetic with 150 decimal digits.
Hence no Euler triple of ratio type j : k with jk < 300 has an irregular extension.

O]

The first assertion holds for every ratio type. Its left side grows linearly in ¢ and its right side
like (logc)3, so for each j : k it fails for all large ¢, and by Lemma 8.6 only finitely many triples
of ratio type j : k lie below that point: each ratio type is reduced to a finite computation. For
jk < 300 the proof excludes all ¢ > 10?! in this way, and settles the triples below that bound
one by one.

A The three-parameter family for 643 < K < 2401

This appendix proves Theorem A.5, which completes Corollary 8.3 in the range 643 < K < 2401.
It applies the results of Section 5 once more, to the pair representation of the family (Lemma 8.2),
now with every quantity bounded in terms of the two parameters X = F,, A and K. The quartic
floor (Theorem 3.6) and the index inequality Lemma 5.18 become a floor and a ceiling for 2m
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(Lemma A.2), the ceiling being the index function U(X, K) defined first. Lemma A.3 compares
the two, and Lemma A.4 is an exhaustive search over the 1681604 parameter points with
F,A < 144 and 643 < K < 2401. The plan that combines them is stated at the head of the
proof of Theorem A.5.

Definition A.1. With w as in Convention 5.13 and the exact constants

0.498
w =247-10%, up = 272066 Ve, uz=— o Y

the index function of the three-parameter Fibonacci family (Convention 8.1) is the function
of real X > 1 and K > 643 given by

UX.K) = 2log(u1 XTK) log(us X3/?K)
T log(4X2K) log(usK)

These numerals are the constants of the ceiling for the index in Lemma A.2: w; is 1.46-102%8.
10125(5 + &35) rounded up, where 1.46 - 10% is twice the constant 7.3 - 10?7 of Lemma 5.18;
uz/y/w is 0.498+/30 rounded up; and uz = 0.498 w/60.

Lemma A.2. Let (v, A, K,¢) be a parameter point (Convention 8.1) with vA > 2 and K > 643,
and let (A,l,m,n) be the index system of an irreqular extension d of its family triple {a,b,c}.
Then, with the index function U of Definition A.1,

1. 2m > (20)V/4 > (8X2(K —2))"*;

2. 2m <U(X, K).

Proof. Ttem 1 is Theorem 3.6 with a lower bound for ¢; item 2 is the index inequality of
Lemma 5.18 for the pair representation of the family, with each quantity in it bounded in
terms of X and K.

We first fix the pair representation and record elementary bounds. By Lemma 8.2, item 2,

{a,b,c} is an Euler triple and (p1,q1,p2,92) = (v, ¥y, dvt+1,%1+1) is a pair representation of
it, with pair coordinates (ps,q3) = (¢v+2,%v+2); S0 @ = f, = p1q1 and ¢ = f, 12 = p3gs. Since

v>1,
B, < Fp1 <2F,  2F, <Fu2<3F,  Fug<min{6F, 3F., $F),
and Fy < ¢ < Fi41A for k> 0. Hence
X<y, 41 <3X, 2X+F,1 <o <min{5X, 3¢,},  pipaps < 30X°.
Moreover g3 = ¢p12K + 2eF, 1o with 0 < F,,19 < ¢40 and AK > 643, so
) 2

5 2
buia(K —2) <43 < FyysAK +2F, 15 < (2 + )RR <3(2 +

— XK.
3+643 3 643)

We now prove item 1. By Theorem 3.6, ¢ < 8m?, that is 2m > (2¢)'/%. By the bounds
above, ¢ = p3q3 > @2 oK —2)>4X 2(K —2), which gives the second inequality.
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We next apply Lemma 5.18. Since K > 643, Lemma 8.2, item 3, gives piq3 > %pg >
213p§; as pg > 2X > 2, this gives p1q3 > 852 > 168 and wpi1q3 > 213wp§ > 40p§. Put

log L

_ wplPQQ§ _
’ log(L/P)’

P = 10paps3qs, L 1
P3

=2 =7.3-10%" p3p3gs, g

so that L/P = wpi1q3/(40p3) > 1. Then Lemma 5.18 gives mlog(4ac) < log2 + glog=. Since
P >1and L/P > 1 we have g > 1, and E > 1; hence

mlog(4ac) < glog2 + glog = = glog(22).

We bound g. With the hypergeometric parameter N = %plpgq;», and S3 = pip2ops one has
L =wN?/S3 and L/P = wN/(20psp3). For fixed p1, p2, p3, the function

/ log(wN"/S3)
log (wN’/(20p2p§))

of real N’ > 0 is decreasing where its denominator is positive, since there its derivative has the
sign of log(wp1/(400p2p3)) < 0.

Since g3 > p3(K —2) and & — 1 > 0.498K (as K > 500), N > 183(K —2) > N; :=
0.498 S3K. At N’ = Ny the denominator is log(0.498 wpiK/(20p3)) > log(0.498 wK/60) =
log(usK), by p3 < 3p1, and usK > 643 uz > 7. So the denominator is positive on [Ny, 00), and,
as 0.498%wS3 K2 > 1,

- log(wNZ/S3)  log(0.498% wS3K?) - 2log(us X3/2K)
log(usK) log(usK) —  log(usK)

by S3 < 30X3 and 0.498v/30 < 2.72766.
We bound Z. By the bounds above, pipigs < (3X)3(5X)% - 3(5 + 553) XK = 10125(3 +

6%3)X7K, SO

2
95 < 1.46 - 1028 - 10125(2 4 @)XU( <247 102X"K = u XK.

We bound 4ac from below. Write Y = ¢, ¢, 2. Then ac = f, f,12 = (p1g3)(p3q1) with
p1g3 = YK + 2e¢, F 10, p3q1 = YK + 2e¢,40F,.

By the bounds above, Y > X(2X + F, 1), 20, F, 42 < 2F,11A-3F, = 6F, 11X and 2¢,2F, <
2F,,3AF, < 6F,1X. So each factor is at least 2X2K + F, 1 X(K — 6) > 2X2K, hence
4ac > 16 X1K?2, that is log(4ac) > 2log(4X2K) > 0.

We conclude. Combining the three bounds,

2log(us X*/2K
2mlog(4X*K) < mlog(4ac) < glog(22) < 0z )

1 XK
- log(usK) og(u1 ),

that is, 2m < U(X, K).
Lemma A.3. Let U be the index function of the three-parameter family (Definition A.1).
1. For every real X > 1, the function K — U(X, K) is positive and decreasing on [643, 00).
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2. For all real X > 145 and K > 643, (8X*(K — 2))"/* > U(X, K).

3. For all real X and K with 1 < X <144 and K > 643, U(X, K) <U(144,643) < 100.6.

Proof. We first prove item 1. For constants C; > Cy > 0, the function K — log(C1K)/log(C2K)
is positive where CoK > 1, and there its derivative has the sign of log(C2/C7) < 0. Write
U =20Q1Q2 with
log(u1 XK) log(us X3/2K)
QX K) = log(4X2K) "’ Q2(X, K) = log(usK)

For X > 1 and K > 643 we have u1 X7 > 4X2 4X2K > 1, us X?? > uy > ug and uzK >
643 ug > 7. So both factors are positive and decreasing in K on [643, 00), and so is U(X, -).

We next prove item 2. For p > ¢ > 0 and Cq,Cy > 0, the derivative of the function
X + log(C1XP)/log(C2X 1), where CoX? > 1, has the sign of log(C%/C{). With Cy = 643uy,
Cy =4-643, p = 7, ¢ = 2 this sign is that of log(47 - 643° /u?) = —107.13... < 0, so Q1(-,643)
decreases on [1,00). Hence, by item 1, for X > 145 and K > 643,

UX,K) <U(X,643) < 2Q1(145,643) Qo(X, 643) =: H(X).

Moreover (8X2(K — 2))/* > (8- 641 X2)1/4 = 51281/4X1/2 = L(X). Since Qu(X,643) =
log(643us X 3/?) / log(643us3),

3Q1(145,643)

X(L-H)(X)=}5128"1X1/2 - log (643u3)

which is increasing in X and positive at X = 145 (50.949... > 10.011...). So L— H is increasing
on [145,00), and L(145) = (8-641-145%)"/4 = 101.899.... > H(145) = U(145,643) = 100.595 . . ..
Therefore (8X2(K — 2))"/* > L(X) > H(X) > U(X, K).
We finally prove item 3. By item 1, U(X, K) < U(X,643), so it suffices to show that
X — U(X,643) is increasing on [1,00). With w = logX > 0 and the positive constants
e1 = log(643uy), ea = log 2572, e3 = log(643us),
2 (e1 + Tw) (63 + %w)

U(X,643) = .
(X, 643) log(643us) ea + 2w ’

and the derivative in w of the last factor has the sign of
<7(63—|— %w) +%(€1 +7w)) (ea+2w)—2(e1+Tw) (63—|— %w) = <7€3+ %61) e9—2e1e3+21lesw—+21w?,

which is positive for w > 0, since its value at w = 01s 139.64 . ... Hence U (X, K) < U(144,643) =
100.562... < 100.6 for 1 < X <144 and K > 643.

All numerical values in this proof were evaluated in interval arithmetic with the exact con-
stants of Definition A.1.

O

The threshold 145 of item 2 is not optimal: its argument already closes from X = 141.

Lemma A.4. Let (v, A, K,¢) be a parameter point (Convention 8.1) with vA > 2, F,A < 144
and 643 < K < 2401. Then the Pell sequences (Convention 2.6) of its family triple satisfy
VA =W, with A € {—1,1} and integers 1 < m,n < 50, only for (\,m,n) = (—1,1,1).
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Proof. The proof is a finite computation. There are 478 pairs (v, A) with vA > 2 and F, A < 144,
all with v < 12, hence 478 - 1759 - 2 = 1681 604 parameter points as in the statement. At each
of them the family triple {a,b,c} is an Euler triple with root r (Lemma 8.2, item 2), and its
other roots are s = a+r and t = b+ r. At each point, a,b,c,r were computed in exact
integer arithmetic and the identities of Lemma 8.2, item 1, were checked; then Vj)‘ and Wj)‘
were computed for both A and 0 < 5 < 50 by the recurrences and initial terms of item 3 of
Lemma 2.8, modulo the prime 23! — 1. A non-congruence V) # W} modulo 23! — 1 proves
VA 4 W), Besides (A\,m,n) = (—1,1,1), which gives a congruence at every point, there are
fifteen congruences with 1 < m,n < 50, at four parameter points; each of them was recomputed
in exact integer arithmetic, and none is an equality. This proves the claim.

The exception is a genuine common term: by Lemma 2.12, Vl_1 =W, 1'is the number z of
the regular extension dy(a, b, c).

O

Theorem A.5. Let (v, A, K,¢) be a parameter point (Convention 8.1) with vA > 2 and 643 <
K <2401. Then its family triple has no irreqular extension.

Proof. The floor and the ceiling for the index (Lemma A.2) are incompatible when X > 145;

when X < 144 the ceiling leaves only indices m < 50, which the search of Lemma A.4 excludes.
By Lemma 8.2, item 2, the family triple {a,b,c} is an Euler triple. Suppose that it has

an irregular extension d, and let (A, I, m,n) be the index system of d (Proposition 2.11). By

Lemma A.2,

(8X2(K —2))"* < 2m < U(X, K).

Since X is a positive integer, either X > 145 or X < 144. If X > 145, this contradicts

Lemma A.3, item 2.

Let X < 144. By Lemma A.3, item 3, 2m < U(X, K) < 100.6, so m < 50; and Lemma 2.14
gives 3 < n < m. By item 2 of Lemma 2.8, V) = z = W) with 3 < n < m < 50. This
contradicts Lemma A .4, since m # 1.

Hence {a, b, c} has no irregular extension. O

B A Baker—Davenport reduction for a single Euler triple

For a single Euler triple the a priori bound leaves finitely many indices: 2m < M for every
integer M with ®.(M) > 0 (Proposition 7.3). By the method of Baker and Davenport [4], in the
inhomogeneous form of Dujella and Peth6 [16], the linear form A, divided by log ~y, reduces them
to 2m < J) for a small Jy, and these are checked directly; Proposition B.1 states the resulting
criterion. Its second alternative serves the sign A = —1, for which the common term V; ' = W !
of the regular extension can make the number p_; extremely close to 2 — 2log 3/ log~y, so that
the first alternative does not apply with denominators of the size of M. The criterion is used in
Theorem 8.4 and Theorem 8.7.

Proposition B.1. Let {a,b,c} be an Euler triple with units B, and multiplication matriz B
(Definition 2.3), and let M > 1 be an integer with ®.(M) > 0, where ®. is as in Convention 7.1.
For A € {—1,1} let Ey and k) be as in Definition 2.16, and put

log 8 log E)\
= ;=
logy logy

Suppose that for each A € {—1,1} there is an integer Jyx > 0 for which one of the following holds.
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1. There are integers p,q with ¢ > 0 such that n = ||qux|| — M|q€ —p| > 0, where || - || denotes
the distance to the nearest integer, and qry < 1 3%/>log~.

2. There are integers mg > 0 and ng with my < Jy such that

K .
[mo& — no + pal + @ﬁ’% < min{[g€ — p| : p/q a convergent of {, 1 < q < M},

If, for each \ and each integer m > 0 with 2m < Jy, the second coordinate x of B?™ (i‘) does
not give an integer d = (x® — 1)/a with d > ¢, d # dy(a,b,c) and bd + 1 a square, then {a,b,c}
has no irregular extension.

Proof. Suppose that d is an irregular extension of {a, b, c}, let (X, 1, m,n) be the index system of d
(Proposition 2.11), and let z, y, z be as in Definition 2.5. By item 2 of Lemma 2.8, (%) = B*™ (i‘),
so x is the second coordinate of B*™ (i‘) By Proposition 7.3, applied with ug = M, we have
2m < M.

We show that 2m < Jy. Suppose 2m > Jy. Item 5 of Lemma 2.18, divided by log~, gives

0 < 2mé — 2n + py < -2 g=im o A g2y
log~y log~y
In case 1 we use the reduction of Baker and Davenport [4], in the inhomogeneous form of [16,

Lemma 5(a)]. Since quy — q(2m& — 2n + py) + 2m(g€ — p) is an integer and 2m < M,
arx
lasall < g (2mé€ —2n 4 jua) + 2mle€ —p| < = B + Mlg€ —pl,

so qrAB~4™ > nlog, that is 1 4™ logy < qry < 1%/ log~y, which contradicts 2m > Jy. In
case 2, 2m —mg > 1 and

Kx
[(2m —mg)E — (2n —no)| < 12mé€ — 2n + px| + |mo& —no + pa| < @B 2N 4 |mo& — no + pal-

The number ¢ is irrational: 39 = ¥ with integers P,Q > 1 is impossible, since 82 € Q(y/ac)\Q
and v* € Q(\/&), and these two fields are distinct because ab is not a square (Lemma 2.4, item
5). Let p;/q; be the convergent of £ with ¢; < 2m — mg < ¢;+1. By the best-approximation
property of convergents, |(2m —mg)§ — (2n —ng)| > |¢:€ — pi|, and 1 < ¢; < 2m —mg < M; this
contradicts the hypothesis of case 2.

Hence 2m < Jy, and d = (2% — 1)/a with  the second coordinate of B?™ (i‘), d>c,d#
dy(a,b,c) (as d is irregular, Definition 2.2) and bd+1 = y?. This contradicts the hypothesis. [
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