
HIGHER INVARIANTS OF COMPLEX HADAMARD MATRICES
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Abstract. Associated to any complex Hadamard matrix H ∈ MN (T) is a quantum permutation
group G ⊂u S+

N , the Hopf image of the representation associated to the magic matrix formed by the

rank 1 projections Pij = Proj(Hi/Hj), and its invariants ck = dim(Fix(u⊗k)) are the dimensions of
the relative commutants of the subfactor associated to H. We compute these invariants well beyond
the levels k = 2, 3 previously known, up to k = 9 in the best cases, by using Jones–Wenzl and annular
decompositions. For the Diţă deformations of the Fourier matrices we compute G for all values of
the parameters, and we study the order 8 families F8,5, in connection with free wreath products.
For the matrices of small order with c2 = 2, such as the Karlsson ones at generic parameters, we
find ck = Catk at all the levels computed. Finally, via an integrality principle and character sums,
we prove that the Paley II matrices, and more generally those coming from symmetric conference
matrices, have infinite depth, as well as the Paley I matrices with 11 ≤ q < 105.
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Introduction

For a complex Hadamard matrix H ∈ MN (T) with rows H1, . . . ,HN , the rank 1 projections
Pij = Proj(Hi/Hj) form a magic matrix, and the quantum group G = GH ⊂ S+

N is the Hopf image
of the representation associated to this magic matrix [11, 14]. The planar algebra of the subfactor
associated to H by Popa and Jones [53,77] is the fixed point planar algebra of G [14], so the numbers

ck = dimFix(u⊗k) =

∫
G
χk

are the dimensions of the relative commutants, up to an index shift. The subfactor has finite depth
precisely when G is finite, and the simplest possible answer, the “only Temperley–Lieb” one, is
G = S+

N , which amounts to ck = Catk for all k. We would like to compute G, or as much as possible
about it, for as many H as possible. The previous literature stops at k = 2, 3, rarely 4 [30,66], with
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the notable exception of the infinite depth results of Montgomery for the Paley II matrices and for
P7 [62, 63], obtained with the angle operator [64,78].

We compute here the invariants ck well beyond these levels, for a large basis of complex and real
matrices, up to k = 9 in the best cases. The computations themselves use a number of tools, such
as rotation sectors, probabilistic counts with noncrossing seeds, the duality between H and Ht, and
above all the decomposition of the truncated operators Tk into Jones–Wenzl pieces. Then we use
this data as a guide in 3 directions: the Diţă deformations, where G can be computed, the wild
matrices, those of small order like the Karlsson matrices [57], which appear to have G = S+

N , and
the real matrices, mainly the Paley ones, where infinite depth can be proved.

Diţă deformations. For the deformed Fourier matrices FM ⊗Q FN the quantum group was
computed for generic Q in [12], and Bichon developed in [21] the tools for the non-generic case.

Let X,Y be finite abelian groups, let ΓX,Y = Z(|X|−1)(|Y |−1) ⋊ Y be the group from [12], with the
lattice part identified with IX ⊗ IY , the product of the augmentation ideals, and encode a dephased
parameter matrix Q ∈MX×Y (T) into an element θ ∈ (R/Z)[X × Y ]. We obtain:

Theorem A. For any X,Y and any Q, the quantum group of FX⊗QFY is C∗(ΓX,Y /NQ)⋊ΦC(X),
where NQ consists of the elements r ∈ IX ⊗ IY such that rθ is a sum of a function of X and a
function of Y . In particular this quantum group is the generic one if and only if, for each Galois
orbit of pairs of nontrivial characters of X,Y , the vector of character sums of the exponents of the
parameters which are not roots of unity is nonzero, and when Q has roots of unity as entries, it is
finite, of explicit dimension.

This is Theorem 4.4 below, which is made explicit for F2 ⊗Q Fn and Fn ⊗Q F2, and in particular
at orders 6 and 8, where the generic locus has a nontrivial structure, even away from the roots of
unity. It also covers the real case, as for instance the matrix had16.1 from McKay’s library [60],
whose quantum group is finite, of dimension 256. For the Diţă matrices which are not of deformed
Fourier type, our main examples are the regular families F8,5a, F8,5b, F8,5c of order 8, built from 2
matrices F s4 . Here we show that the quantum groups are contained in the free wreath products
S+
4 ≀∗Z2 and H+

2 ≀∗Z2, the latter being the quantum automorphism group of the binary tree [35,36],
with equality at all the levels computed, we reduce the equality to a freeness question for 2 copies of
a quantum group, and we exclude the known intermediate objects, the quotients of Izumi, Morrison
and Penneys type [50], and the free wreath products with amalgamation of Freslon [40]. In subfactor
terms, the question is whether the planar algebra is a Bisch–Jones free composition [23,87].

Wild matrices. Let us call wild the complex Hadamard matrices with GH = S+
N . The matrices

of Diţă type have c2 ≥ 3, and for all the matrices that we tested with c2 = 2, we find ck = Catk at
all the levels computed. This extends the observations of Camp and Nicoara at levels 2 and 3 [30].
The main tool for the computations is as follows:

Theorem B. For H ∈ MN (T) with N ≥ 5, we have Tk ≃
⊕

smk(s)Φs, where mk(s) are the

multiplicities of the irreducible corepresentations rs of S
+
N in u⊗k, and Φs ≃ Ψ2⊕ . . .⊕Ψs⊕ [s odd] ·

0N−1 for s ≥ 1, where Ψt is the restriction of Tt to the annular lowest weight space Λt ⊂ (CN )⊗t.
In particular GH = S+

N if and only if ∥Ψt∥ < 1 for all t ≥ 2.

This is Theorem 9.1 and Theorem 9.2 below, the latter being the spectral version, for the tracial
states with ψ(uij) =

1
N , of the annular decomposition of Jones [54]. In practice, if ck−1 = Catk−1,

then ck is Catk plus the multiplicity of the eigenvalue 1 of Ψk, and this can be decided by a
probabilistic count on Λk, without storing any fixed vectors. We obtain in this way the following
values:
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order matrices ck = Catk, numerically, up to

6 T6, BF6, H
q
6 , BN

q
6 , K6 k = 9

7 P q7 , R
q
7 k = 8

8 F8,2, F8,4, K8,2, M8,1, I8,12, K8,30, L8,30 k = 7
9, 10 H9, BN9, BN10 k = 7
11, 12 N11, N

′
11, Paley P12 k = 6

20, 24 Paley P 1
20, P

2
20, P

1
24 k = 5

20, 24 had20.1, the 45 classes of order 24 with c2 = 2 k = 4
32 to 48 Paley P 1

32, P
2
36, P

1
44, P

1
48 k = 4

52 to 108 Paley P 2
52, P

2
100, P

1
104, P

1
108, P

2
108 k = 3

28 all the 487 classes, including P 1
28, P

2
28 k = 3

6 to 8 13,600 special points of the families k = 4

Real matrices. The real Hadamard matrices of orders 12 to 108 with c2 = 2 that we tested,
including the Paley matrices up to order 108, are all Temperley–Lieb as far as computed, while at
order 16 all the 5 classes are of Diţă type, with sequences ck decreasing from one class to the next.
A first step towards wildness is infinite depth, and we have here the following general principle, and
its application to the Paley I matrices:

Theorem C. If GH is finite, there is a monic polynomial p ∈ Z[x] such that p(NTk) = 0 for any
k, so an eigenvalue of NTk which is not an algebraic integer forces infinite depth. For the matrices
of order 2(q + 1) built from symmetric conference matrices, including all the Paley II matrices, an
explicit eigenvector of NT2, with eigenvalue 1 + (2q + 1)(q − 3)2/(q + 1)2, gives infinite depth for
any q ≥ 5. For the Paley I matrix P 1

q+1, the matrices Xψ(x, y) = ψ(y − x) on Fq × Fq, with ψ a
nontrivial character of F∗

q of odd order, are eigenvectors of T2, with eigenvalues given by character

sums, and this gives infinite depth for all the prime powers q ≡ 3 mod 4 with 11 ≤ q < 105.

This is Theorem 6.1, Theorem 6.2 and Theorem 6.6 below. The first assertion recovers the infinite
depth results of Montgomery for Paley II and P7 [62, 63], whose eigenvalues, such as 16q/(q + 1)2

for Paley II, appear as eigenvalues of NT2, and has as well a version for the traces, the numbers
Tr((NTk)

r), which are partition functions on tori, having to be algebraic integers. The second
assertion gives a new proof for Paley II, which uses only the conference matrix axioms, and so
applies as well to the non-Paley symmetric conference matrices. For Paley II we also find, besides
Montgomery’s eigenvalue, an eigenvalue α = 32((a2− b2)2+1), where q = a2+ b2 with a odd, when
q is prime, coming from the value at 1 of Greene’s hypergeometric function 3F2 over Fq [42, 74],
and for Paley I the representation theory of PSL2(Fq) produces, when q ≡ 3 mod 8, a rational
eigenvalue which numerically equals (U − 2)2 + 16q, with U coming from a curve with complex
multiplication by Z[

√
−2]. For Paley I, the eigenvalues involve character sums attached to genus 1

curves over Fq, which have no closed form, and this is why the second assertion is stated up to a
bound, with exact integer certificates coming from Galois orbits of characters. The cases q = 3, 7,
excluded, correspond to the Walsh matrices W4,W8, whose quantum groups are finite.

Motivations. The original motivation is statistical mechanics in the sense of Jones [53, 54]: the
ck are the partition function side, and families of matrices with N → ∞, such as the Paley ones,
are the first place where thermodynamic limits can appear. On the other hand, the data suggests
a general relation between the algebraic invariants of H, those of G, the geometric ones, such as
the defect [6, 85], and the analytic ones, such as the glow [8]. Let us mention as well that there
are other notions of quantum symmetries for the Hadamard matrices, coming from the associated
Hadamard graphs, which lead to a different picture, with all the real Hadamard matrices of a given
order being quantum isomorphic, see Gromada [43], and Brannan, Gromada, Hernández Palomares
and Priebe [28] for the complex case.
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Computations. Many results of this paper are of numerical nature. The values of ck, and the
norms, are floating point results, the ones coming from probabilistic counts being marked with a
star, unless confirmed by another method, and only the bounds ck ≥ Catk, the closed formulae and
the integer computations of section 6.5 are exact, see section 3.1. All the programs used, written in
Python, are available with the paper, together with their output files. The heaviest computations,
at the highest levels, were done on 2 laptops, by 18 programs named after felines, from lynx.py

to sandcat.py, and fighters, from fedor.py to sefo.py, which are listed in section 3.1, the other
programs being mentioned in the text, at the place where they are used.

Organization. Sections 1-2 contain preliminaries, on the complex Hadamard matrices, the quan-
tum permutation groups, the Temperley–Lieb algebra, and the Hopf algebra tools that we need,
written for readers coming from combinatorics, as well as from quantum algebra. Sections 3-4 deal
with the deformed Fourier matrices, numerically and then algebraically, and section 5 deals with
the Diţă families F8,5 and the free wreath products. Section 6 deals with the real matrices, and
sections 7-8 with the other wild matrices, of orders 6 and 7, and of orders 8 to 11. Finally, section
9 discusses the Jones–Wenzl and annular decompositions.

1. Complex Hadamard matrices

A complex Hadamard matrix is a square matrix H ∈ MN (C) whose entries are on the unit
circle, |Hij | = 1, and whose rows are pairwise orthogonal, with respect to the scalar product

⟨x, y⟩ =
∑

i xiȳi of CN . Equivalently, H ∈ MN (T) and H/
√
N is unitary. Two such matrices are

called equivalent, H ∼ K, if one can pass from one to the other by permuting the rows and columns,
and by multiplying the rows and columns by numbers in T. Any matrix is equivalent to a dephased
one, having only 1 entries on the first row and the first column. See [8, 84].

Fourier matrices. The basic example is the Fourier matrix, (FN )ij = wij with w = e2πi/N , with
indices i, j ∈ {0, . . . , N − 1}. More generally, for a finite abelian group G = ZN1 × . . . × ZNr we
have the generalized Fourier matrix FG = FN1 ⊗ . . . ⊗ FNr , and we have FG ∼ FG′ iff G ≃ G′. At
N = 2, 3, 5 the Fourier matrix is the only complex Hadamard matrix, up to equivalence [45], while
at N ≥ 4 there are many other examples, which are the object of this paper. Already at N = 6 the
classification is a well-known open problem, see [31,57,83].

Real and Butson matrices. The real Hadamard matrices, with ±1 entries, exist only at N = 1, 2
and at N ∈ 4N, and the Hadamard conjecture states that they exist at all N ∈ 4N. The basic
examples are the Walsh matrices W2n = F⊗n

2 , which are Fourier matrices, and the Paley and
Williamson matrices, constructed in section 6 below. More generally, the Butson matrices are the
complex Hadamard matrices whose entries are roots of unity of a given order.

Diţă deformations. Given Hadamard matrices H ∈ MM (T) and K ∈ MN (T), and a parameter
matrix Q ∈MM×N (T), the Diţă deformation of H ⊗K is the matrix [34]

(H ⊗Q K)ia,jb = QibHijKab

which is Hadamard, for any choice of Q. For Q the all-one matrix we recover H⊗K. The basic case
is that of the deformed Fourier matrices FM⊗QFN , with for instance all the 4×4 complex Hadamard
matrices being of the form F2 ⊗Q F2, up to equivalence. More generally, and this is Diţă’s original
construction [34], the inner matrix can depend on the outer row: given K1, . . . ,KM ∈ MN (T), the
matrix

(H ⊗Q (K1, . . . ,KM ))ia,jb = QibHij(Ki)ab

is Hadamard too, because the scalar product of the rows ia and kc is∑
b

QibQ̄kb(Ki)ab(Kk)cb
∑
j

HijH̄kj =MNδikδac
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We say that a matrix is of Diţă type when it is equivalent to some H ⊗Q (K1, . . . ,KM ) with
M,N ≥ 2. In such a matrix, the quotient of 2 rows ia, ic with the same outer index depends
only on the inner column index b, and this is what our block structure searches test, as a first
step, a candidate structure being then subject to the condition that the outer blocks, obtained by
restricting one row of each group to one class of columns, are all equivalent to H. Note that in
Diţă’s original array the inner matrix is attached to the block column, and that our row convention
is its transpose. Since transposition matters, a matrix can be of Diţă type while its transpose is
not. The general form is genuinely more general: at order 8, the matrices F8,5b of section 3.4 are of
the form F2⊗ (K,L), with inner matrices K,L which are in general not equivalent, and in this case
no single inner matrix can be used, as explained in section 8.5, where an example with c2 = 3 which
is not of Diţă type, even in this general sense, is discussed too. We will see many more examples in
what follows, of Diţă type or not.

Defect, regularity. The defect of H, introduced by Tadej and Życzkowski [85], is the number

d(H) = dim

{
A ∈MN (R)

∣∣∣ ∑
k

HikH̄jk(Aik −Ajk) = 0, ∀i, j

}
− (2N − 1)

which is an upper bound for the dimension of the smooth families of dephased matrices passing
through H. When d(H) = 0, the matrix H is isolated, as is for instance the case for the Fourier
matrix Fp, with p prime. Also, following [41], a matrix is called regular when the scalar products
between its rows decompose as sums of cycles, a cycle being a sum of the form q(1+ ζ+ . . .+ ζp−1),
with ζ a primitive root of unity of prime order p, and q ∈ T.
Commuting squares. The interest in the complex Hadamard matrices from the operator algebra
viewpoint comes from Popa’s observation [77], that up to conjugation by a unitary, the pairs of
orthogonal maximal abelian subalgebras of MN (C) are the pairs (∆,H∆H∗), with ∆ ⊂ MN (C)
being the diagonal matrices, and with H Hadamard [45]. Indeed, for D,E ∈ ∆ and U ∈ UN we
have tr(DUEU∗) = 1

N

∑
ij DiiEjj |Uij |2, so the orthogonality tr(DUEU∗) = tr(D)tr(E) amounts

to |Uij | = 1/
√
N . Moreover, the diagram

∆ ⊂ MN (C)
∪ ∪
C ⊂ H∆H∗

is a commuting square in the sense of subfactor theory: the conditional expectations onto ∆ and
H∆H∗ commute, and their product is the expectation onto C. By iterating the basic construction,
any such commuting square produces a subfactor A0 ⊂ A1 of the hyperfinite II1 factor R, of index
N in the sense of [52], whose planar algebra P = (Pk), with Pk = A′

0 ∩ Ak, can be computed from
the commuting square, by Ocneanu’s compactness theorem [55,73]. For the Hadamard commuting
square, this computation was done by Jones. In order to formulate his result, we view the elements
T ∈ Pk as vectors T ∈ (CN )⊗k, that is, as linear maps C → (CN )⊗k, in their fixed tensor realization,
explained in section 2.4 below, and we set T ◦ = id ⊗ T ⊗ id. Also, we use the normalized Gram
matrix of the row quotients, and its products along the rows of indices, given by

Gjbia =
1

N

∑
k

HikH̄jkH̄akHbk , Gki1...ik,j1...jk = G
jkjk−1

ikik−1
. . . Gj2j1i2i1

With these conventions, the result of Jones is as follows [53,54]:

Theorem 1.1. The planar algebra P = (Pk) of the subfactor associated to a complex Hadamard
matrix H ∈MN (C) is given by

T ∈ Pk ⇐⇒ T ◦G2 = Gk+2T ◦

with T ◦ and G being as above.
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Proof. This follows from Ocneanu compactness, by a direct computation. See [53, 54], and also [8,
Theorem 14.23]. □

For the readers coming from combinatorics, the only thing to be retained from the above is that
the subfactor associated to H produces a sequence of finite dimensional algebras Pk ⊂ MNk(C),
given by explicit linear conditions in terms of H, whose dimensions ck = dimPk are the invariants
studied in this paper. These algebras are subject to strong structural constraints, coming from the
planar operations, and the theory of quantum permutation groups, explained in the next section, is
the most convenient way of organizing them. The normalization 1/N in G matters: for H = FN we

have Gjbia = δi−j,a−b, while without it, the 2 sides of the equation would differ by a factor Nk. For
the readers coming from subfactors, with N = A0 andM = A1 we have N ′∩Mk−1 = A′

0∩Ak = Pk,
and ck is its dimension, as explained in section 2.4 below.

2. Quantum permutation groups

2.1. Quantum permutations. Magic matrices. Consider first the symmetric group SN , viewed
as a group of permutation matrices. The coordinate functions uij : SN → {0, 1}, given by uij(σ) =
δiσ(j), are commuting projections in the algebra C(SN ), and since each σ is a bijection, they sum
up to 1 on each row and each column of the matrix u = (uij). A square matrix with entries in a
C∗-algebra which are projections, summing up to 1 on each row and each column, is called magic,
and by Gelfand duality C(SN ) is the universal commutative C∗-algebra generated by the entries of
an N ×N magic matrix. The group structure of SN is encoded by the maps ∆(uij) =

∑
k uik⊗ukj ,

ε(uij) = δij , S(uij) = uji, which are the transposes of the multiplication, of the unit, and of
the inversion. Following Wang [90], C(S+

N ) is obtained by removing the commutativity: it is the
universal C∗-algebra generated by the entries of an N × N magic matrix, with comultiplication,
counit and antipode given by the same formulae. This is a Woronowicz algebra in the sense of [94],
and S+

N is called the quantum permutation group.

Small values of N . The entries of a magic matrix of size N ≤ 3 commute, so that S+
N = SN for

N ≤ 3 [90]. At N ≥ 4 this is no longer true, because for any 2 projections p, q in a C∗-algebra, the
following matrix is magic: 

p 1− p 0 0
1− p p 0 0
0 0 q 1− q
0 0 1− q q


Since the universal C∗-algebra generated by 2 projections is C∗(Z2 ∗Z2), which is noncommutative,
and infinite dimensional, so is C(S+

N ), for any N ≥ 4. In fact, S+
4 is a twist of SO3, in the sense

explained below [10].

Quantum subgroups. A closed quantum subgroup G ⊂ S+
N is given by a quotient C(S+

N ) → C(G)
by a Hopf ideal, and the image of u, still denoted u, is called the fundamental corepresentation of
G. The basic examples are the closed subgroups of SN , the finite quantum groups, those for which
C(G) is finite dimensional, and the group duals: if Γ is a discrete group generated by elements
g1, . . . , gr of orders N1, . . . , Nr, with N1 + . . . +Nr = N , then C∗(Γ) is a quotient of C(S+

N ), with
u block diagonal, the s-th block being obtained from C∗(⟨gs⟩) ≃ C(ZNs) by Fourier transform [20].
Given 2 quantum subgroups G,K ⊂ S+

N , we can form their intersection G ∩K, and the quantum
group ⟨G,K⟩ that they generate, which are the analogues of the classical constructions.

Fixed vectors. The tensor powers of u are the matrices u⊗k = (ui1j1 . . . uikjk), and their fixed
spaces are given by

Fix(u⊗k) =
{
ξ ∈ (CN )⊗k

∣∣∣u⊗k(ξ ⊗ 1) = ξ ⊗ 1
}
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More generally, we have the intertwiner spaces Hom(u⊗k, u⊗l). By Woronowicz’s results [94], C(G)
has a unique Haar state

∫
G, and the Peter–Weyl theory gives

ck = dimFix(u⊗k) =

∫
G
χk , χ =

∑
i

uii

where χ is the main character, satisfying 0 ≤ χ ≤ N . For a classical group G ⊂ SN , the function χ
counts the fixed points, and ck is the number of orbits of G on {1, . . . , N}k.
Tannakian duality. The quantum group G ⊂ S+

N is uniquely determined by its intertwiner

spaces Hom(u⊗k, u⊗l), which form a tensor C∗-category [95], and the correspondence G → Hom
is decreasing, the smaller quantum groups having more intertwiners. In particular, the intertwiner
spaces of ⟨G,K⟩ are the intersections of those of G and K. By Frobenius duality, everything is
determined by the fixed spaces Fix(u⊗k), so these spaces, or rather their dimensions ck, are the
basic invariants of G.

2.2. Partitions, Temperley–Lieb. Partitions. For a partition π of {1, . . . , k}, consider the
vector

ξπ =
∑
i1...ik

δπ(i) ei1 ⊗ . . .⊗ eik

where δπ(i) = 1 if the indices are equal inside each block of π, and δπ(i) = 0 otherwise. For instance
at k = 2 the partitions {1, 2} and {1}{2} give the vectors

∑
a ea ⊗ ea and

∑
ab ea ⊗ eb. The fixed

spaces of SN are spanned by all the vectors ξπ, which are linearly independent for N ≥ k, and this
gives the Bell numbers ck = 1, 2, 5, 15, 52, . . . For S+

N , the fixed spaces are spanned by the vectors
ξπ with π noncrossing, meaning that there are no a < b < c < d with a, c in one block and b, d in
another block, and these vectors are linearly independent for N ≥ 4 [3, 16]. Since the number of
noncrossing partitions of {1, . . . , k} is the Catalan number Catk, this gives ck = Catk. At k = 4,
the only crossing partition {1, 3}{2, 4} gives the vector

∑
ab ea ⊗ eb ⊗ ea ⊗ eb, which is fixed by SN ,

and not by S+
N .

Consequences. For any quantum group G ⊂ S+
N with N ≥ 4 the Catk vectors ξπ with π ∈ NC(k)

are fixed, so ck ≥ Catk, and by Tannakian duality we have equality for all k iff G = S+
N . In

the language of free probability [65], ck = Catk for all k means that χ follows the free Poisson

law π1, of density
1
2π

√
4x−1 − 1 on [0, 4]. More generally, the free Poisson law πt has moments∑

π∈NC(k) t
|π|, and the free cumulants κn of a law are defined by the moment-cumulant formula

ck =
∑

π∈NC(k)

∏
β∈π κ|β|, so that πt has all its free cumulants equal to t. The free convolution ⊞

is additive on the free cumulants, and corresponds to the sum of free variables. These are the free
analogues of the Poisson laws and of the cumulants.

Temperley–Lieb. The intertwiners of S+
N are best described via the Temperley–Lieb algebra

TLn(δ), spanned by the diagrams of noncrossing pairings between 2 rows of n points, with multipli-
cation given by stacking the diagrams, the closed loops being replaced by δ factors [52,88]. By split-
ting each point into 2 points, the noncrossing partitions of k points correspond to the noncrossing
pairings of 2k points, and this fattening procedure gives an isomorphism End(u⊗k) ≃ TL2k(

√
N) [3].

The Jones–Wenzl projection fn ∈ TLn(δ), for δ ≥ 2, is the unique nonzero idempotent which is
killed by all the diagrams containing a cap. It is given by f1 = 1 and by Wenzl’s recurrence [91]

fn+1 = fn ⊗ 1− Pn−1(δ)

Pn(δ)
(fn ⊗ 1)En(fn ⊗ 1)

where En is the diagram with a cap and a cup at the positions n, n+ 1, and where P0 = 1, P1 = δ,
Pn+1 = δPn − Pn−1 are Chebyshev polynomials, Pn(δ) being the trace of fn.

Representations of S+
N . For N ≥ 4, the projection ps ∈ End(u⊗s) corresponding to f2s ∈

TL2s(
√
N) is minimal, its range is an irreducible corepresentation rs, of dimension ds = P2s(

√
N),
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and the corepresentations r0 = 1, r1, r2, . . . obtained in this way are all the irreducible corepresen-
tations of S+

N , with fusion rules rs ⊗ rt = r|s−t| + . . . + rs+t, as for SO3 [3]. Concretely, the range
of ps consists of the vectors which are orthogonal to the images of all the intertwiners coming from
lower levels, and so is the intersection of the kernels of the lowering maps, namely the merging of 2
adjacent legs, ea ⊗ eb → δabea, and the summation over a leg, ea → 1. This description will be our
computational definition of the Jones–Wenzl pieces, in section 9.

Planar algebras. The vectors of (CN )⊗k can be viewed as k-boxes, which can be composed
along planar tangles, by contracting the indices along the strings, and this is the spin planar
algebra of Jones [53]. For any G ⊂ S+

N , the spaces Fix(u⊗k) form a planar subalgebra, and
conversely, any planar subalgebra of the spin planar algebra comes from a unique quantum group
G ⊂ S+

N [5]. The tangles drawn in an annulus, generated by the rotation of the legs and by the
Temperley–Lieb operations, form the annular category, and any planar algebra decomposes as a sum
of irreducible annular modules, determined by their lowest weight vectors, those killed by all the
annular operations decreasing the number of legs [54]. This decomposition, extended to arbitrary
tracial states, will be the key to the spectral computations of section 9.

2.3. Hopf algebra tools. Hopf images. Given a representation π : C(S+
N ) → B, there is a

largest Hopf ideal contained in kerπ, and the corresponding quantum group G ⊂ S+
N is called

the Hopf image of π [11]. This is the smallest quantum subgroup G ⊂ S+
N such that π factorizes

through C(G). Classically, if the elements π(uij) commute, they generate an algebra C(Z), with
Z a compact space, each point of Z produces a permutation, and the Hopf image is the closed
subgroup of SN generated by these permutations. In general, the fixed spaces of the Hopf image
are computed by Tannakian duality, in terms of the matrices π(uij).

Crossed coproducts. LetX be a finite abelian group, written additively, acting by automorphisms
r → x · r on a discrete group Γ. The crossed coproduct C∗(Γ)⋊C(X) is the algebra C∗(Γ)⊗C(X),
with comultiplication

∆(r ⊗ δx) =
∑
y∈X

(r ⊗ δy)⊗ ((−y) · r ⊗ δx−y)

for r ∈ Γ and x ∈ X. This is a Woronowicz algebra, fitting into an exact sequence C(X) →
C∗(Γ) ⋊ C(X) → C∗(Γ), so that the corresponding quantum group is an extension of the group

dual Γ̂ by X [1,80]. Its Haar state is given by r⊗ δx → δr1/|X|. These quantum groups appear for
the deformed Fourier matrices, with Γ being a semidirect product Zn ⋊ Y , see section 4.

Quotients. The Hopf algebra quotients of C∗(Γ)⋊C(X) which are injective on C(X) were described
by Bichon [21]. Such a quotient is given by a quotient datum (N,Φ), consisting of a normal subgroup
N ⊂ Γ, which is stable under X, and of a morphism Φ : N → C(X,T), subject to compatibility
conditions, and the quotient is obtained by identifying each r ∈ N with the function Φ(r), namely

C∗(Γ/N)⋊Φ C(X) = C∗(Γ)⋊ C(X)
/ 〈
r ⊗ 1 = 1⊗ Φ(r)

∣∣ r ∈ N
〉

When Γ/N is finite, the quotient is finite dimensional, of dimension |Γ/N | · |X|. Intuitively, in a
given model, N consists of the elements of Γ which act as functions on X, and the main result of
section 4 is the computation of this pair, for the deformed Fourier matrices.

Free wreath products. Given quantum subgroups G ⊂ S+
N and G′ ⊂ S+

M , the free wreath

product C(G ≀∗G′) is generated byM free copies u(1), . . . , u(M) of the fundamental corepresentation

of C(G), and by the fundamental corepresentation v of C(G′), with the relations [u
(i)
ab , vij ] = 0,

the fundamental corepresentation being wia,jb = u
(i)
ab vij [19]. For instance S

+
n ≀∗ S+

m is the quantum
automorphism group of the graphmKn formed bym disjoint copies of the complete graphKn [9], the
hyperoctahedral quantum group is H+

N = Z2 ≀∗ S+
N [13], and H+

2 ≀∗Z2 is the quantum automorphism
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group of the binary tree with 8 leaves [35,36]. When the factors are group duals or abelian groups,
the free wreath products are crossed coproducts as above, see section 4.1.

Free products, twists. Given G ⊂ S+
N and G′ ⊂ S+

M , the dual free product G ∗̂G′ ⊂ S+
N+M

corresponds to the free product C(G) ∗ C(G′), with fundamental corepresentation u ⊕ u′, and its
Haar state is the free product of the Haar states [89]. Thus its main character is a sum of 2 free
variables, and its law is µ ⊞ µ′. As for the twists, S+

4 = SO−1
3 means that C(S+

4 ) is obtained
from C(SO3) by twisting its multiplication by a 2-cocycle on the Klein group V ⊂ SO3 of diagonal
matrices [10], and similarly, H+

2 = O−1
2 [13]. A twisted quantum group has the same representation

theory, at the level of fusion rules, as the original group.

Coamenability. A quantum group G ⊂ S+
N is coamenable when its Haar state is faithful on the full

C∗-algebra, and by the analogue of Kesten’s criterion, this happens iff N belongs to the support of

the law µ of χ, that is, iff limk c
1/k
k = N [2]. For instance the finite quantum groups, and the crossed

coproducts with Γ amenable, are coamenable, while S+
N with N ≥ 5 is not, because limk Cat

1/k
k = 4.

2.4. The quantum group of a matrix. Definition. Given a complex Hadamard matrix H ∈
MN (T) with rows H1, . . . ,HN , the rank 1 projections

Pij = Proj(Hi/Hj)

form a magic matrix, because ⟨Hi/Hj , Hi/Hk⟩ = Nδjk and ⟨Hi/Hj , Hk/Hj⟩ = Nδik. Thus we have

a representation π : C(S+
N ) →MN (C), uij → Pij , and the quantum group G = GH ⊂ S+

N associated

to H is its Hopf image, the minimal one producing a factorization π : C(S+
N ) → C(G) → MN (C)

[11, 14]. For the Fourier matrix FG we obtain the group G itself, acting on itself, and for a tensor
product H ′ ⊗H ′′ we obtain the product G′ ×G′′ [8, Theorem 14.5].

An example. For H = F2, with rows H1 = (1, 1) and H2 = (1,−1), we have H1/H1 = H2/H2 =
(1, 1) and H1/H2 = H2/H1 = (1,−1), so the magic matrix is

P =

(
Q+ Q−
Q− Q+

)
, Q± = Proj

(
1
±1

)
Its entries commute, they generate C(Z2) ≃ C2, and G = Z2. The fixed vectors can be computed
directly, via the matrix Tk of section 3.1, with entries tr(Pi1j1 . . . Pikjk). At k = 2, in the basis
11, 12, 21, 22, we obtain

T2 =
1

2


1 0 0 1
0 1 1 0
0 1 1 0
1 0 0 1


which has eigenvalues 1, 1, 0, 0, and so c2 = 2, the fixed vectors being e1⊗ e1+ e2⊗ e2 and e1⊗ e2+
e2 ⊗ e1. More generally, for FN we have G = ZN , and ck = Nk−1. At the other extreme, the free
answer is ck = Catk, meaning G = S+

N , and the general question is to locate GH between these 2
extremes.

Recovering the planar algebra. By Tannakian duality [95], the Hopf image is described by the
formula Hom(u⊗k, u⊗l) = Hom(P⊗k, P⊗l), the spaces on the right being taken in a formal sense,
and a computation with the vectors Hi/Hj shows that T ∈ Hom(u⊗k, u⊗l) iff T ◦Gk+2 = Gl+2T ◦,
with the notations of Theorem 1.1 [8, Theorem 14.9]. By comparing with Theorem 1.1, we obtain
that the planar algebra of the Hadamard subfactor is given by Pk = Fix(u⊗k) [14]. Moreover, the

subfactor itself is of the form AG ⊂ (CN ⊗A)G, with A = R⋊ Ĝ [4]. The main character χ =
∑

i uii
being a sum of N projections, its law µ = µH with respect to the Haar functional is a probability
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measure on [0, N ], with moments

ck =

∫
G
χk = dimFix(u⊗k) = dim(Pk)

by the Peter–Weyl theory of [94]. Thus the Poincaré series of the subfactor f(z) =
∑

k ckz
k is the

Stieltjes transform of µ, namely f(z) =
∫
G

1
1−zχ . The subfactor has finite depth precisely when G

is finite, and the main problem is that of computing µ, and so the numbers ck, and if possible G
itself, for the various complex Hadamard matrices.

Dictionary. The literature uses several languages, as follows:

subfactors, commuting squares quantum groups

Hadamard matrix, biunitary, spin model, type II matrix H ∈MN (T)
relative commutant N ′ ∩Mk−1 Fix(P⊗k), of dimension ck
“only Temperley–Lieb”, principal graph A∞ ck = Catk, that is, G = S+

N
finite depth G finite
connected components of the profile graph orbitals, c2
intermediate subfactor G preserves a partition of {1, . . . , N}
defect, isolation, span condition geometry of the moduli space

Here we use ck = dim(N ′ ∩ Mk−1), normalized so that FN gives c2 = N . Beware of the index
shifts in the literature: [30] call N ′ ∩M1 the second relative commutant, while [17] call it the first.
See [51, 72, 77] for the various equivalent formulations, and [6, 61, 82, 85] for the defect and the
isolated matrices.

Known facts. We will use the following results:

(1) As explained in section 2.2, we have ck ≥ Catk for N ≥ 4, with equality for all k iff G = S+
N .

See [33] for the related maximality questions for SN ⊂ S+
N . A single extra fixed vector, at

some level, means that G is smaller.
(2) At level 2 [30,51,53], c2 is the number of connected components of the graph on pairs (a, c),

with (a, c) ∼ (b, d) when ⟨Ha/Hb, Hc/Hd⟩ ̸= 0, and is the dimension of the Nomura algebra
of H. We have c2 = N iff H is a tensor product of Fourier matrices, and c2 = 2 for real
Hadamard matrices of order ≡ 4 mod 8 [51]. The matrices of Diţă type have an intermediate
subfactor, in the sense of [22,44], and so c2 ≥ 3 [30]. This holds as well in the general form
H ⊗Q (K1, . . . ,KM ) of section 1, the indicator of the partition of the rows according to the
outer index being a fixed vector of GH , as one checks directly.

(3) For the Diţă deformations FM⊗QFN with generic Q [12], we have C(G) = C∗(ΓX,Y )⋊C(X)

with ΓX,Y = Z(|X|−1)(|Y |−1) ⋊ Y , and an explicit formula for ck, see section 4.1. See also
[21,29]. The case of non-generic Q was open.

(4) The angle operator Θ of [53,64] has as 1-eigenspace the standard invariant, and τ(Θn) gives
cn. It is not clear whether this operator is the matrix Tk below in disguise, but its eigenvalues
found in [62,63] appear as eigenvalues of NT2, see section 6.5.

Previous work. The only computations of quantum invariants beyond level 2 that we are aware
of are those of Camp and Nicoara [30,66]:
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matrix c2 c3 c4

F s4 , s = ±1,±i (Fourier) 4
F s4 , other s ∈ T 3 10 35, or 36 if s8 = 1 primitive
F6(a, b), generic Diţă 4
F8(a, b, c, d, z), generic Diţă 4
Beauchamp–Nicoara BN q

6 , Tao T6, Haagerup 2
Petrescu P q7 , all q 2 5 (at q = 1)

They conjecture that the principal graph of F s4 is D
(1)
2k when s is a primitive root of unity of order

2k, and D
(1)
∞ otherwise, and that BN q

6 and P q7 are supertransitive. They also report that every
non-Diţă, non-Fourier matrix they tested, for N ≤ 11, has c2 = 2, and c3 = 5 where computed.
These are the first observations of the type summarized in section 8.5. Montgomery [62,63] proved
that the Paley II matrices and P7 give infinite depth subfactors, and conjectured that Paley II is
A∞. For Paley I, see section 6.5. The rest of this literature [39, 46–49, 67, 68, 70, 71, 79, 92] deals
with the moduli space and with the deformation theory, and the deformations of [69, 93] will be
discussed in section 3.3.

2.5. Transposition. Conjugation and transposition. The 4 matrices H, H̄,Ht, H∗ are related
as follows [4, 7]:

Proposition 2.1. We have GH̄ = GσH , where C(G
σ) is C(G) with comultiplication Σ∆, with Σ the

flip. Thus µH̄ = µH and µH∗ = µHt. Also, if GH is finite, then GHt = ĜH .

Proof. The first assertion and the last one are from [7, Proposition 2.2, Theorem 2.3]. As for the
laws, the main character of Gσ is the same element χ =

∑
i uii of the same algebra, with the same

Haar functional, and H∗ = Ht. □

Thus at most 2 computations are needed per matrix, for H and Ht, and in fact 1 suffices, by
Theorem 2.3 below. The truncations of µ, from [7], are defined as follows. With

∫ r
G = (tr ◦ ρ)∗r,

where ρ : C(G) → MN (C) is the factorizing map, we have
∫
G = limk

1
k

∑
r≤k

∫ r
G, and the law µr of

χ with respect to
∫ r
G has moments crk = Tr(T rk ), where

(Tk)i1...ik,j1...jk = tr(Pi1j1 . . . Pikjk)

Since Tk is positive, with spectrum in [0, 1], see section 3.1, we have in fact ck = limr→∞ Tr(T rk ),
decreasingly. We have the following results, from [7]:

Theorem 2.2. The truncations µr = µrH have the following properties:

(1) µr is the law of the Gram matrix X(r) = (⟨ξa, ξb⟩)a,b∈{1,...,N}r of the unit vectors ξa1...ar =

N−r/2 Ha1
Ha2

⊗ . . .⊗ Har
Ha1

, with respect to the normalized trace.

(2) We have the duality formula
∫ r
GH

(χ/N)p =
∫ p
GHt

(χ/N)r, for any p, r.

(3) For H = FM ⊗Q FN we have µH = µHt, for any Q ∈MM×N (T).
(4) We have µH({N}) = µHt({N}), and µH({N}) = 1/|GH | when GH is finite.

Proof. These are [7, Theorem 4.4, Theorem 5.2, Propositions 4.1, 4.5, 4.6]. □

In all our computations, without any exception, we found ck(H) = ck(H
t). In fact, this holds in

general, and the Diţă assumption in Theorem 2.2 (3) can be removed:

Theorem 2.3. For any complex Hadamard matrix H ∈MN (T) and any k we have

Tk(H) = N−k−1AA∗ , Tk(H
t) = N−k−1A∗A

where A ∈MNk(C) is given by Ai,x =
∏
s H̄isxsHis+1xs, with indices mod k. Thus Tk(H) ≃ Tk(H

t),
so µrH = µrHt for any r, and µH = µHt.
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Proof. With ξij = N−1/2Hi/Hj , cyclicity gives (Tk)ij =
1
N

∏
s⟨ξis+1js+1 , ξisjs⟩, and expanding each

scalar product as

⟨ξis+1js+1 , ξisjs⟩ =
1

N

∑
xs

H̄isxsHjsxsHis+1xsH̄js+1xs

gives the first formula. In (A∗A)xy =
∑

i

∏
sHisxsH̄is+1xsH̄isysHis+1ys each is appears in the factors

s− 1 and s, and summing over it gives N times a scalar product of the vectors of Ht, which gives
the second formula. Finally AA∗ ≃ A∗A, and the truncated moments are the numbers Tr(T rk ). □

In particular H is wild iff Ht is, and the Jones–Wenzl pieces of section 9 satisfy Φs(H) ≃ Φs(H
t).

On the fixed vectors, v → N−(k+1)/2Av is an explicit isometry from Fix(G⊗k
Ht ) to Fix(G

⊗k
H ), which

might help with the question of the relation between GH and GHt for GH infinite, where the dual
is no longer compact, and where Proposition 2.1 should be replaced by something weaker, such as
a monoidal equivalence. Also, Tk(H) = 1

N

∑
x Proj(ζx) is

1
N times the frame operator of the unit

vectors ζx = N−k/2 ηxkx1⊗ηx1x2⊗. . .⊗ηxk−1xk , with ηab = Ha/Hb the column ratios. Combined with

Theorem 2.2 (2), the array N−pTr(T rp ) is symmetric in p, r: in vertex model terms, the partition
function on the p × r torus is invariant under the rotation of the torus. The duality formula gives
a useful reformulation of the problem:

Theorem 2.4. We have cp(H) = NpµpHt({N}), that is, cp(H) is the multiplicity of the eigenvalue

N of the Gram matrix X(p) associated to Ht, and also, by Theorem 2.3, of the one associated to H.

Proof. In the duality formula, the left side is crp(H)/Np, which converges to cp(H)/Np with r → ∞.

The right side is
∫ N
0 (x/N)rdµpHt(x), which converges to µpHt({N}), because µpHt is supported on

[0, N ]. Finally, by Theorem 2.2 (1) the measure µpHt is the law of an Np ×Np matrix with respect

to the normalized trace, so NpµpHt({N}) is the multiplicity of the eigenvalue N . □

We checked this formula numerically at p = 1, 2, 3, for had16.3, F8,5a, F8,5b, T6 and F s4 , with the
multiplicities 1, 3, 11, then 1, 4, 19, then 1, 3, 11, then 1, 2, 5, and then 1, 3, 10, matching the values
of c1, c2, c3 computed below.

3. Deformed Fourier matrices, numerics

3.1. Conventions and methods. Notations. We write e(t) = e2πit, w = e(1/3) and i = e(1/4),
and the indices run over 0, . . . , N − 1, with (FN )ij = e(ij/N). For the Diţă deformations we use
the convention (H ⊗Q K)ia,jb = QibHijKab of section 1, with Q ∈ MM×N (T) dephased, and with
the double index ia standing for iN + a, as in [8, Theorem 5.12]. A matrix in logarithmic form

is given by H ′, with Hij = ωH
′
ij for a stated root of unity ω, and the real matrices are displayed

as sign patterns. We denote by Catk = 1, 2, 5, 14, 42, 132, 429, 1430, 4862 the Catalan numbers, at
k = 1, . . . , 9.

Equivalences. By Proposition 2.1, only H and Ht need to be computed. For each matrix, we first
determine the equivalences between H,Ht, H̄,H∗, by placing them in the known parametrizations,
and by an exact equivalence test, so that each equivalence class is computed once. The matrices
themselves are built by the module matrices.py, which contains all the conventions of the present
paper, and the equivalences are tested by equiv.py, by using, in the real case, McKay’s reduction
to a graph isomorphism problem.

Exact computation. With ξij = (Hi/Hj)/
√
N the unit vector spanning Pij , consider the matrix

Tk ∈MNk(C) given by

(Tk)i1...ik,j1...jk = tr(Pi1j1 . . . Pikjk) =
1

N

k∏
s=1

⟨ξas+1 , ξas⟩
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where as = (is, js), with ak+1 = a1, and with tr the normalized trace. We have Tk = N−k−1V V ∗,
with Vi,x =

∏
sHisxs−1H̄isxs for i, x ∈ {1, . . . , N}k, with x0 = xk, so Tk is positive. Also, Tk is a

contraction, being the image of the unitary P⊗k ∈MNk(MN (C)) under the conditional expectation
id⊗ tr. Thus the spectrum of Tk is contained in [0, 1], and ck = dimker(Tk − 1) is the multiplicity
of the eigenvalue 1. For Nk ≤ 5000 we compute this multiplicity directly, from the singular values
of Tk − 1, and we record the ratio between the smallest nonzero singular value and the largest zero
one. This, and the methods below, are implemented in the module ck.py, on which all the other
programs are built.

Seeded computation. For larger Nk, we first generate candidate fixed vectors at level k from
those at lower levels, namely leg doublings, tensor products and cyclic rotations, and we verify
each of them, ∥Tkv − v∥ < 10−8, after orthogonalization. This gives an orthonormal family S of
s numerically fixed vectors, and so ck ≥ s, up to the numerical accuracy. The noncrossing seeds
below are exactly fixed, but the other candidates are built from numerically computed vectors, and
a small residual alone does not certify a fixed vector. The candidates are processed in blocks of 64,
the independent directions being extracted from the Gram matrix of each block. In order to decide
whether S spans the whole fixed space, we use either a deflated Lanczos computation on S⊥, which
is the method used for the values at level 5 written without star, or the probabilistic count below.
Note that Tk is never formed: we only use matrix-vector products, which factor through V , at a
cost of order Nk+2.

Probabilistic count. On S⊥ we take a random Gaussian block X ∈ Mn×b, with n = Nk, and
apply the Chebyshev filter p(Tk), where p(x) = T50(2x/a− 1) with a = 0.95, which is bounded by
1 on [0, a], and equals cosh(50 arccosh(2/a − 1)) ≃ 4 · 109 at x = 1. After Rayleigh–Ritz on the
span of p(Tk)X, we count the Ritz values > 1− 10−4, and check the corresponding vectors directly,
with residuals ∥Tkv − v∥ of order 10−8. We denote by X∗ the value s + # obtained in this way,
which is ck with high confidence, but not with a deterministic error bound: a residual of order 10−8

does not distinguish the eigenvalue 1 from an eigenvalue 1− 10−10, for instance. The failure modes
are a random block nearly orthogonal to a fixed vector, which is excluded by taking b well above
the number of vectors found, restarting with 2b if this number exceeds b− 10, and an eigenvalue in
(a, 1), which would show up as an intermediate Ritz value. As a test, against known exact values,
we recover c5 = 197 for F8,5b, c4 = 142 for had16.2, and c4 = 46 for had16.3.

Noncrossing seeds. For any G ⊂ S+
N , the Catk vectors ξπ with π ∈ NC(k) are fixed. For the

matrices expected to be Temperley–Lieb, we use these vectors as seeds, and the random block then
only checks whether something beyond Temperley–Lieb is fixed. This makes the computation of c7
at N = 6, in dimension 67 = 279936, a matter of minutes.

Rotation sectors. Since the trace is cyclic, Tk commutes with the simultaneous cyclic rotation of
the k legs, (Tk)ρ(i),ρ(j) = (Tk)ij . Thus Tk is block diagonal with respect to the k eigenspaces of the

rotation, of dimension about Nk/k each, and ck is the sum of the multiplicities of the eigenvalue 1
in the blocks. Working in one block at a time, with one coordinate per rotation orbit, divides the
memory by about k. This is how the values c6 of section 3.4 were obtained, and the decomposition is
implemented in sectors.py and lwsector.py, the latter restricting moreover to the lowest weight
vectors of section 9.

Numerical status, stars. The values of ck in this paper are obtained in floating point arithmetic,
and are numerical results, with the exception of the bounds ck ≥ Catk, which are exact, of the values
given by closed formulae, as those of section 4, and of the exact integer computations of section
6.5. Among the numerical values, a star marks those coming from the probabilistic count above,
for the integers c∗k and for the Jones–Wenzl multiplicities e∗k of section 9, which are high confidence
values. The values without star come from the full singular value decomposition of Tk − 1, with
the gap ratios indicated, or from a deflated Lanczos computation of the top eigenvalues of Tk on
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the orthogonal complement of the fixed vectors found, or from a converged norm computation, via
Theorem 9.1. These are more reliable, but are not proofs either: a converged Ritz value is an
eigenvalue up to its residual, and a lower bound for the top of the spectrum, but a Krylov iteration
gives no global upper bound, an eigenvector nearly orthogonal to the starting block being possible
in principle. For the norms ∥Φk∥ of section 9 the values are Ritz values, and so lower bounds, and
a star means that the iteration was stopped with a residual above 10−4. At an algebraic point, a
proof of ck = Catk could be obtained from an exact rank computation, such as a nonzero minor of
Tk − 1 of the right size modulo a suitable prime, but we have not done this.

Exact checks. Some of the numerical results are complemented by exact computations, in integer
or cyclotomic arithmetic: the integrality obstructions for the Paley I matrices, in section 6.7, the
value c2 = 2 at the Haagerup point of the Karlsson family, in section 7, which gives cgen2 = 2 for
this family, and the value c2 = 3, together with the Diţă block structures, at a point of F8,5b, of
its transpose, and of F8,5c, with entries roots of unity, in section 8.5. These exact checks are done
by the programs trace exact.py, using the GMP library for big integer products, c2exact.py,
working with Gaussian integers, and f85bpoint.py and f85cpoint.py, working with exponents
of roots of unity, and reduction modulo cyclotomic polynomials. On the other hand, all the other
values of ck, and all the norms, are numerical, as explained above, and turning them into proofs
would require exact rank computations, or rigorous enclosures for the relevant spaces.

Positivity. Since χ =
∑

i uii satisfies 0 ≤ χ ≤ N , the sequence (ck), with c0 = 1, is the moment
sequence of a probability measure on [0, N ]. Thus the Hankel matrices (ci+j), (ci+j+1) and (Nci+j−
ci+j+1) must be positive, which gives free lower bounds on ck, in terms of c1, . . . , ck−1.

Cost and checks. On a laptop with 8GB of memory, typical times are: 3 minutes for F8,5a at
k = 5, 40 minutes for had16.4 at k = 5, from 1 minute (N = 6) to 2.5 hours (N = 10) for the matrices
of sections 7 and 8 at k = 6, 75 minutes for P 1

20 at k = 5, and from 77 minutes (F8,5b) to 4 hours
(F8,5a) at k = 6, by rotation sectors. Every matrix below was checked numerically to be Hadamard,
|Hij | = 1 and HH∗ = N1N to precision 10−9, at 5 random points for the families, and the formulas
used in the computations are the ones displayed here. The exact checks mentioned above use only
integer arithmetic, with Python integers, or with the GMP library, and are independent of the
floating point computations, the corresponding programs, and their output files, being included in
the archive.

Programs. All the programs, with their output files, are in the code archive accompanying the
paper, described by a README file. The basic layer consists of the modules matrices.py, ck.py,
equiv.py mentioned above, and of dita test.py, which searches for the Diţă block structures,
as explained in section 3.4. The first sweeps through the basis of matrices were done by the
programs stage0.py to stage46.py, level5.py and sun.py, and the more specialized programs
are mentioned in the text, at the place where they are used. Most of these programs run in seconds
or minutes, and all of them use only numpy and scipy, besides the GMP library mentioned above.
The archive contains, for each of them, the version actually used, together with its output files, as
described in its README file. The laptop programs below, on the other hand, run from several
minutes to a full night each, the longest single jobs, at the highest levels, taking several hours,
as indicated by the timings recorded in their log files, which are included in the archive, next to
the programs themselves. The longest computations were done on 2 laptops with 8GB of memory,
overnight or during the day, by programs named after felines and fighters, which write their results
in log and json files, stop by themselves after a fixed time, and resume where they stopped when
launched again. These programs are as follows:
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program computation section

ocelot.py c5 for F8,5a and had16.4, c4 for had16.1, c6 for F8,5b 3.4, 6.3
hoost.py c6 for F8,5a, F8,5b, F8,5c, by rotation sectors 3.4
sandcat.py multiplicities e5, e6 for the families F8,5, then converged norms ∥Φk∥ at orders

7 to 24
3.4, 9.1

margay.py independent check of c5 = 212 for had16.3, with a new seed and Lanczos 6.3
lynx.py c1, . . . , c4 for the 45 classes of order 24 with c2 = 2, for H and Ht 6.4
fedor.py c1, c2, c3 for the 487 classes of order 28, for H and Ht, then c4 6.4
bobcat.py Jones–Wenzl counts for the Paley matrices of orders 20 to 36 6.2
cormier.py Jones–Wenzl counts for the Paley matrices of orders 44 to 108 6.2
bones.py glued matrices of order 10, with c2 = 2, up to e6, and e7 for 1 of them 8.2
caracal.py c7 for the 7 matrices of order 6, with noncrossing seeds 8.3
puma.py c6 for the matrices of orders 6 to 10, and c5 for P 1

20 8.3
gsp.py c6 for I8,12,K8,30, L8,30, L

t
8,30, P

1
7 , BN9, and c5 at order 20 8.3

crocop.py norms ∥Φk∥ at the low levels, for the wild matrices of orders 6 to 12 9.1
serval.py norms ∥Φk∥ at the next levels, up to level 8 at order 6 9.1
jaguar.py Jones–Wenzl counts e6, e7, e8, for the wild matrices of orders 6 to 12 9.1
aerts.py e9 for the 7 matrices of order 6, and e7 for H9, BN9 9.1
lennox.py e8 for the 3 matrices of order 7, e6 for P 1

12, e7 for BN10 9.1
sefo.py converged norms ∥Φk∥ for the 7 matrices of order 6, up to level 9 9.1

Each program comes with the modules that it uses, and the times indicated below are those of these
laptops.

3.2. Fourier matrices and F s4 . For the Fourier matrices FN with N = 2, . . . , 8, and for FG with
G = Z2

2,Z3
2,Z2 × Z4, the first 2 being the Walsh matrices W4,W8, we find ck = Nk−1 for k ≤ 4, as

it should be. This was the calibration run of the methods, done by the program stage0.py. At
N = 4, every complex Hadamard matrix is equivalent to a matrix of the following form, which is
F2 ⊗Q F2 with Q = (11

1
s), see [8, Theorem 5.13]:

F s4 =


1 1 1 1
1 −1 1 −1
1 s −1 −s
1 −s −1 s


We have F s4 ∼ F−s

4 ∼ F s̄4 ∼ F−s̄
4 , so the relevant parameter is s2, up to conjugation. With

s = e(a/n) for all n ≤ 12 and (a, n) = 1, plus 3 random points, we find, for H and Ht alike:

s c1 c2 c3 c4

s4 = 1 (Fourier, Z2
2 or Z4) 1 4 16 64

s8 = 1, primitive 1 3 10 36
all other tested s, including the random ones 1 3 10 35

This agrees with [30], and the singular value gaps are all above 1013. Up to level 4, only s2 of order

4 produces a jump. For s2 of order 3 or 6, any jump must happen at k ≥ 5, and testing the D
(1)
2k

conjecture of [30] in these cases requires the levels k ≥ 5.

3.3. Deformations of tensor products. The Diţă deformations are the basic source of families
of complex Hadamard matrices. A conceptual approach to the deformations of the Fourier matrices,
and more generally of the group commuting squares, is that of Nicoara and White [69]: for a finite
abelian group, explicit partial isometries a produce one-parameter families Ut = exp(it(a + a∗)),
with UtFN Hadamard for any t ∈ R, which attain the defect bound, and which were combined
into multi-parameter families by Worley [93], see also [70]. We use here the Diţă parametrization,
the comparison with the families of [69, 93] being an interesting question. At order 6 we have the
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following 2 families, with F
(rs)
6 = F2 ⊗Q F3 for Q = (11

1
r

1
s), and F

(rs)
6 = F3 ⊗Q F2 for Qt = (11

1
r

1
s),

see [8, Proposition 6.19] and [14]:

F
(rs)
6 =


1 1 1 1 1 1
1 w w2 1 w w2

1 w2 w 1 w2 w
1 r s −1 −r −s
1 wr w2s −1 −wr −w2s
1 w2r ws −1 −w2r −ws

 F
(rs)
6 =


1 1 1 1 1 1
1 −1 1 −1 1 −1
1 r w wr w2 w2r
1 −r w −wr w2 −w2r
1 s w2 w2s w ws
1 −s w2 −w2s w −ws


At order 8 we have the 4 right deformations of the tensor products F2 ⊗ F4, F4 ⊗ F2, F2 ⊗W4,
W4 ⊗ F2, with Q dephased, and the parameters q1, q2, q3 filled into Q row by row:

F2 ⊗Q F4 =



1 1 1 1 1 1 1 1
1 i −1 −i 1 i −1 −i
1 −1 1 −1 1 −1 1 −1
1 −i −1 i 1 −i −1 i
1 q1 q2 q3 −1 −q1 −q2 −q3
1 iq1 −q2 −iq3 −1 −iq1 q2 iq3
1 −q1 q2 −q3 −1 q1 −q2 q3
1 −iq1 −q2 iq3 −1 iq1 q2 −iq3



F4 ⊗Q F2 =



1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 q1 i iq1 −1 −q1 −i −iq1
1 −q1 i −iq1 −1 q1 −i iq1
1 q2 −1 −q2 1 q2 −1 −q2
1 −q2 −1 q2 1 −q2 −1 q2
1 q3 −i −iq3 −1 −q3 i iq3
1 −q3 −i iq3 −1 q3 i −iq3



F2 ⊗Q W4 =



1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 1 −1 −1 1 1 −1 −1
1 −1 −1 1 1 −1 −1 1
1 q1 q2 q3 −1 −q1 −q2 −q3
1 −q1 q2 −q3 −1 q1 −q2 q3
1 q1 −q2 −q3 −1 −q1 q2 q3
1 −q1 −q2 q3 −1 q1 q2 −q3



W4 ⊗Q F2 =



1 1 1 1 1 1 1 1
1 −1 1 −1 1 −1 1 −1
1 q1 −1 −q1 1 q1 −1 −q1
1 −q1 −1 q1 1 −q1 −1 q1
1 q2 1 q2 −1 −q2 −1 −q2
1 −q2 1 −q2 −1 q2 −1 q2
1 q3 −1 −q3 −1 −q3 1 q3
1 −q3 −1 q3 −1 q3 1 −q3


At order 9 we have the deformation of F3 ⊗ F3, with 4 parameters, which gives for instance the
Fourier matrix F9, up to equivalence, at Qjd = e2πijd/9:



COMPLEX HADAMARD MATRICES 17

F3 ⊗Q F3 =



1 1 1 1 1 1 1 1 1
1 w w2 1 w w2 1 w w2

1 w2 w 1 w2 w 1 w2 w
1 q1 q2 w wq1 wq2 w2 w2q1 w2q2
1 wq1 w2q2 w w2q1 q2 w2 q1 wq2
1 w2q1 wq2 w q1 w2q2 w2 wq1 q2
1 q3 q4 w2 w2q3 w2q4 w wq3 wq4
1 wq3 w2q4 w2 q3 wq4 w w2q3 q4
1 w2q3 wq4 w2 wq3 q4 w q3 w2q4


At 3 random points of each family, for H and Ht alike, we find the following values, which are
stable on all the points, the program being stage2.py:

family parameters c1 c2 c3 c4

F2 ⊗Q F3, F3 ⊗Q F2 2 1 4 18 86
F2 ⊗Q F4, F4 ⊗Q F2, F2 ⊗QW4, W4 ⊗Q F2 3 1 5 28 167
F3 ⊗Q F3 4 1 5 29 181

Thus the generic values depend only on the sizes {M,N}, and not on the order of the factors, nor
on F4 versus W4, as predicted by [12], see section 4.1. The special values, found by setting each
parameter in turn to a root of unity of order ≤ 12, the others being random, and all the parameters
equal to such a root, at k ≤ 4 for N = 6 and k ≤ 3 for N = 8, 9, are as follows. At N = 6, all
parameters ±1 give F6, with c2, c3, c4 = 6, 36, 216, all parameters of order 3 or 6 give c4 = 90, and
all parameters ±i give c4 = 88. At N = 8, 9, the only special point is the Fourier one.

3.4. The families F8,5a, F8,5b, F8,5c. Among the regular complex Hadamard matrices of order 8,
classified in [41], there are 7 families in which only the cycle structures A,B appear. A direct search
for the Diţă block structure, namely row groups whose quotients are constant on a common column
partition, done by the program dita test.py, shows that 3 of them have Diţă block structures,
and these are the following 5-parameter families, F8,5a and F8,5b being of Diţă type in the row
convention of section 1, and F8,5c in the transposed one, that is, F t8,5c is of Diţă type, as explained

in section 8.5, with a, b, c, d, e ∈ T independent, displayed as in [41]. The other 4 families have no
such structure, and are discussed in section 8.

F8,5a(a, b, c, d, e) =



1 1 1 1 1 1 1 1
1 −1 −bd bd −bd bd 1 −1

1 −1
c − bd

a d bd
a −d −1 1

c
1 1 −1 −1 −1 −1 1 1

1 −1
c

bd
a −d − bd

a d −1 1
c

1 −1 bd −bd bd −bd 1 −1
1 1

c e ae
b −e −ae

b −1 −1
c

1 1
c −e −ae

b e ae
b −1 −1

c



F8,5b(a, b, c, d, e) =



1 1 1 1 1 1 1 1
1 −1 −bd bd −bd bd 1 −1

1 −1
c − bd

a d bd
a −d −1 1

c
1 1

c − bd
a −d bd

a d −1 −1
c

1 1 −1 −1 −1 −1 1 1
1 −1 bd −bd bd −bd 1 −1

1 e bd
a cde − bd

a −cde −1 −e
1 −e bd

a −cde − bd
a cde −1 e


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F8,5c(a, b, c, d, e) =



1 1 1 1 1 1 1 1
1 −1 ad −ad −bd bd 1 −1
1 −1

c d d −d −d −1 1
c

1 1 −1 −1 −1 −1 1 1
1 −1

c −d −d d d −1 1
c

1 −1 −ad ad bd −bd 1 −1

1 1
c e −e be

a − be
a −1 −1

c
1 1

c −e e − be
a

be
a −1 −1

c


At 3 random points, for H and Ht alike, we find:

family c1, c2, . . . next eigenvalue at the last level

F8,5a 1, 4, 19, 98, 531, 2974∗ 0.993
F8,5b 1, 3, 11, 45, 197, 903 0.986
F8,5c 1, 3, 11, 45, 197, 903 < 0.95

These values were obtained by the programs sun.py, up to level 5, and then ocelot.py and
hoost.py, the latter working at level 6 by rotation sectors. The value c5 = 531∗ comes from
526 seeds and 5 new fixed vectors. The next eigenvalue at level 5, namely 0.966, is above the
filter threshold a = 0.95, but it is well separated from 1, and is correctly not counted. At
level 6, the count by rotation sectors gives c6 = 903∗ for F8,5b and F8,5c, with the same sec-
tor contributions 165, 139, 159, 142, 159, 139, and c6 = 2974∗ for F8,5a, with sector contributions
520, 474, 516, 474, 516, 474, the sectors s and −s contributing equally in all cases. The same method
gives again c5 = 531∗ for F8,5a, with sector contributions 107, 106, 106, 106, 106, from independent
random blocks. As for the next Ritz values at level 6, these are 0.986 in all sectors for F8,5b, and
0.993, 0.967, 0.981, 0.967 in the sectors 0,±1,±2, 3 for F8,5a, while for F8,5c the filter finds no eigen-
value of T6 in (a, 1), at the same parameters as for F8,5b. Thus F8,5b and F8,5c, which have the
same ck as far as computed, are distinguished by the spectrum of T6. The program sandcat.py

computes the multiplicities e5, e6 of the eigenvalue 1 in the Jones–Wenzl pieces of section 9, and
finds e5 = 9, 9, 55 and e6 = 27, 27 for F8,5b, F8,5c, F8,5a, which confirms c5 = 531 and c6 = 903. As
for the special points, for F8,5a and F8,5b, all parameters ±1 give c2, c3 = 8, 64, and all parameters
±i give c2, c3 = 5, 28, the generic values of F2⊗Q F4. For F8,5c we also get c2, c3 = 4, 19, the generic
values of F8,5a, at c = ±1, and along the diagonal at all the other tested roots of unity.

4. Deformed Fourier, algebraic results

4.1. Deformed Fourier models. In this section X,Y are finite abelian groups, written additively,
with M = |X| and N = |Y |, the double indices being ia with i ∈ X, a ∈ Y . The parameter matrix
Q ∈MX×Y (T) is dephased, Q0c = Qi0 = 1, and we consider the deformed Fourier matrix FX⊗QFY .
The quantum groups of these matrices with Q generic were computed in [12], and Bichon developed
in [21] the tools for the non-generic case. We first recall what is needed from these papers, then
state our main result, which covers all the parameters, and finally discuss the examples.

The free wreath product. For a Diţă deformation, the magic matrix is a Q-twisted tensor
product of those of the factors,

(U
H⊗QK
ia,jb )kc,ld =

QicQjd
QidQjc

(UHij )kl(U
K
ab)cd

and the deformation can only decrease the truncated moments crp = Tr(T rp ), as shown in [12,
Theorem 2.8]. The free wreath products, recalled in section 2.3, enter as follows [12,19]:
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Proposition 4.1. For H ∈ MM (T), K ∈ MN (T) and any Q ∈ MM×N (T), the representation

uia,jb → U
H⊗QK
ia,jb of C(S+

MN ) factorizes through C(S+
N ≀∗ S+

M ), via vij → UHij ⊗ 1 and u
(i)
ab →∑

j U
H⊗QK
ia,jb . In particular GH⊗QK ⊂ S+

N ≀∗ GH .

Proof. Let W = UH⊗QK . Since UK is magic,
∑

a(U
K
ab)cd = δcd, and the Q-ratio equals 1 at c = d,

so Vij =
∑

aWia,jb = UHij ⊗ 1, independently of b. Thus V is magic, and U
(i)
ab =

∑
jWia,jb is

magic too: its entries are sums of orthogonal projections from the same row of W , its row sums
are

∑
jbWia,jb = 1, and its column sums are

∑
j Vij = 1. Now Wia,j′b ≤ Vij′ and Wia′,jb ≤ Vij , and

Vij′Vij = 0 for j′ ̸= j, so U
(i)
ab Vij =

∑
a′ Wia,jbWia′,jb = Wia,jb, and similarly VijU

(i)
ab = Wia,jb. This

gives the factorization. Finally, the elements Vij = UHij ⊗ 1 satisfy the relations of C(GH), so the

factorization descends to C(S+
N ≀∗ GH), and the last assertion follows from the minimality of the

Hopf image. □

The same proof applies to the general form H ⊗Q (K1, . . . ,KM ) of section 1, because the com-

putation of Vij only uses the orthogonality of the rows of Ki, and so GH ⊂ S+
N ≀∗ S+

M for all the

matrices of Diţă type, the M copies of S+
N being free.

The Fourier case. For H = FX the entries Uij depend only on i−j, and the factorization descends

to C(Y ≀∗ X), where v commutes with all the u(i). The Fourier transform C(Y ) ≃ C∗(Y ) on each

copy gives then an isomorphism C(Y ≀∗X) ≃ C∗(Y ∗X)⋊C(X), where c(i) denotes the element c ∈ Y
of the i-th copy of Y , and where C∗(Γ) ⋊ C(X) is the crossed coproduct, equal to C∗(Γ) ⊗ C(X)
as an algebra, with the comultiplication twisted by the action of X on Γ by translation of the
copies [12, Section 3]. With εke =

∑
i Fikeie, for k ∈ X and e ∈ Y , the model is given by

π(c(i)) εke = θkeic εk,e−c, θkeic =
Qi,e−cQi−k,e
QieQi−k,e−c

and C(X) acts by scalars on the blocks span(εke)e, which are preserved by the elements c(i). Thus
the words of total degree 0 ∈ Y act diagonally, and so commute, and we obtain, for any Q, a
factorization [12, Theorem 3.10, Proposition 4.2]

C(S+
MN ) → C∗(ΓX,Y )⋊ C(X) →MMN (C), ΓX,Y ≃ T ⋊ Y, T ≃ Z(M−1)(N−1)

where ΓX,Y is the quotient of Y ∗X by the commutators of words of degree 0, and where T is the

subgroup of the words of degree 0, which is free abelian on the elements tic = (−c)(0)c(i), with
i, c ̸= 0. For X = Y = Z2 this is the infinite dihedral group.

Quotient data. According to Bichon [21], a quotient datum for C∗(Γ) ⋊ C(X) is a pair (N,Φ),
with N ⊂ Γ a normal, X-stable subgroup, and Φ : N → C(X)× a group morphism satisfying some
compatibility conditions, and to such a pair corresponds a Hopf algebra quotient C∗(Γ/N)⋊ΦC(X).
Given a representation θ which is injective on C(X), its Hopf image is of this form, with (N,Φ)
being the maximal pair such that θ(r⊗ 1) = θ(1⊗Φ(r)) for any r ∈ N [21, Proposition 4.1]. In our
situation, this gives:

Proposition 4.2. For any Q, the elements of ΓX,Y acting by scalars on all the blocks belong to T ,

and tR =
∏
i,c̸=0 t

Ric
ic acts on εke by a monomial QDke(R), with Dke linear in R, given by

Dke(tic) = [i, e− c] + [i− k, e]− [i, e]− [i− k, e− c] + [−k, e− c]− [−k, e]

with [j, d] denoting the exponent vector of Qjd. If the group NQ of these elements is X-stable, then

the quantum group of FX ⊗Q FY is given by C∗(ΓX,Y /NQ)⋊ΦC(X), with Φ(tR)(k) = QDk0(R), and
the law of its main character is given by

ck =
1

M
#
{
(i1, c1), . . . , (ik, ck) ∈ X × Y

∣∣∣ c(i1)1 . . . c
(ik)
k ∈ NQ

}
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Proof. A word of degree d ∈ Y maps εke to a multiple of εk,e−d, so it can act by scalars only if

d = 0. The formula of Dke follows from the formula of θkeic , by applying c(i), then (−c)(0). The

elements acting by scalars on all blocks form a group, which is normal, because the elements c(j)

preserve the blocks, and Φ is a morphism. Since any pair (N,Φ) as above has N ⊂ NQ, the first

assertion follows from [21, Proposition 4.1]. As for the law, we have χ = (
∑

i,c c
(i)) ⊗ δ0, and the

Haar functional of C∗(Γ/NQ) ⋊Φ C(X) maps r ⊗ δ0 to 1
MΦ(r)(0) for r ∈ NQ, and to 0 otherwise.

Since D0e = 0, all the elements of NQ act trivially on the block k = 0, so Φ(r)(0) = 1, which gives
the formula. □

We have checked the formula for ck against the direct computation with the model, at levels k ≤ 4,
at many points, generic or not, of orders 6, 8 and 9, with the program nongen.py. For Q generic,
NQ = {1}, and this is the theorem of [12], where the law was computed as follows, via an explicit

embedding ΓX,Y ⊂ Z(M−1)N ⋊ Y :

Theorem 4.3. For Q ∈MX×Y (T) generic, the quantum group associated to FX ⊗Q FY is given by
C(G) = C∗(ΓX,Y )⋊ C(X), and the law of its main character is

µ =

(
1− 1

N

)
δ0 +

1

N
law(A)

where A = qq∗ is the Gram matrix of the rows of a Haar distributed matrix q ∈ MM×N (T), with
respect to E ⊗ trM . Equivalently, cp is 1

MN times the number of pairs i ∈ Xp, d ∈ Y p such that the
multisets [(ir, dr)]r and [(ir, dr−1)]r coincide, with d0 = dp.

Proof. This is [12, Theorem 4.6, Propositions 5.1 and 5.2]. With the partial sums dr = c1+ . . .+ cr,

the word c
(i1)
1 . . . c

(ip)
p is sent by the embedding to (

∑
r birdr−1 − birdr , dp), which gives the multiset

formula, and the indicator of the multiset equality is
∫ ∏

r qirdr q̄ir+1dr dq, which gives the Gram
matrix formula. □

These formulae are implemented in bbformula.py and bb moments.py. The Gram matrix formula
gives c2 =M +N −1 and c3 =M2+N2+3MN −3M −3N +2, and the multiset formula gives the
generic values below. In the regimeM = αK, N = βK withK → ∞, only the noncrossing partitions
contribute at leading order, by Biane’s inequality [18], and cp ≃ Kp−1

∑
π∈NC(p) α

|π|−1βp−|π|, in

agreement with the Marchenko–Pastur behavior of qq∗ [12, Lemma 5.3]. Note also that ΓX,Y is
amenable, so that G is coamenable.

|X| × |Y | c1 c2 c3 c4 c5

2× 2 1 3 10 35 126
2× 3, 3× 2 1 4 18 86 426
2× 4, 4× 2 1 5 28 167 1036
3× 3 1 5 29 181 1181

4.2. The main theorem. Our main result describes NQ and Φ for any Q. Let Z[X × Y ] be

the group ring, with the group element (j, d) written xjyd, let IX ⊂ Z[X] and IY ⊂ Z[Y ] be the
augmentation ideals, and identify T with IX ⊗ IY ⊂ Z[X × Y ], via

tic → (xi − 1)(yc − 1)

We also use the following element, encoding the parameters:

θ =
∑
j,d

θjd x
jyd ∈ (R/Z)[X × Y ], e2πiθjd = Q−j,d

the space (R/Z)[X×Y ] being viewed as a Z[X×Y ]-module, so that rθ makes sense for r ∈ Z[X×Y ].
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Theorem 4.4. For any finite abelian groups X,Y , and any dephased Q, the quantum group of
FX ⊗Q FY is C∗(ΓX,Y /NQ)⋊Φ C(X), where

NQ =
{
r ∈ IX ⊗ IY

∣∣∣ rθ ∈ (R/Z)X + (R/Z)Y
}

that is, NQ consists of the elements r such that rθ is of the form a(j) + b(d), a condition which
reads (x− 1)(y − 1)rθ = 0 when X,Y are cyclic. Moreover:

(1) Write Qjd = ζjd
∏
s γ

βs(j,d)
s , with ζjd roots of unity, and with γs multiplicatively independent,

and not roots of unity. Then NQ = {1}, that is, the quantum group is the generic one, if
and only if, for any pair (χ, ψ) of nontrivial characters of X,Y , there is an s such that∑

j,d

βs(j, d) χ̄(j)ψ(d) ̸= 0

(2) If Qjd = e2πiajd/L for all j, d, the quantum group is finite, of dimension MN [T : NQ], where

[T : NQ] is the order of the image of IX ⊗ IY in (Z/L)[X × Y ]/((Z/L)X + (Z/L)Y ), under
r → rθ̂, with θ̂ =

∑
j,d a−j,d x

jyd.

(3) In all cases, the law of the main character is given by the formula in Proposition 4.2, and
only depends on NQ.

Proof. With φjd = θ−j,d, so that e2πiφjd = Qjd, Proposition 4.2 shows that tic acts on εke by

e2πiV (k,e), with

V (k, e) = φi,e−c + φi−k,e − φie − φi−k,e−c + φ−k,e−c − φ−k,e

On the other hand, with F = (xi − 1)(yc − 1)θ, a direct expansion gives F (k, e) − F (0, e) =
−V (k, e). Thus the element of T corresponding to r acts by scalars on the block k precisely when
F (k, e)−F (k, 0)−F (0, e)+F (0, 0) = 0 for any e, with F = rθ, and the condition for all k is that rθ
is of the form a(j)+ b(d). This condition is invariant under the multiplication by the elements of X
and of Y , which implement the action of X on T , and the conjugation by Y , so NQ is normal and
X-stable. As for the compatibility conditions in the definition of a quotient datum [21, Definition

2.1], the action of X on ΓX,Y is the translation of the copies, c(i) → c(i+j), which corresponds on
T to the multiplication by xj . With Fr = rθ, the scalar by which r ∈ NQ acts on the block k is

Φr(k) = e2πi(Fr(0,0)−Fr(k,0)), and since Fxjr(k, e) = Fr(k − j, e), we obtain

Φr(l + h) = Φr(l)Φx−lr(h)

which is the required compatibility between the fibres. Also, Φ is invariant under the conjugation
by ΓX,Y , because its elements preserve the blocks, on which r acts by scalars. Thus (NQ,Φ) is a
quotient datum, and Proposition 4.2 applies. For (1), we have NQ = {1} if and only if NQ⊗Q = 0.

Multiplying by an integer kills the torsion part of θ, and since the numbers 1
2π log γs, together with

1, are linearly independent over Q, we see that r ∈ NQ ⊗ Q if and only if rβ̂s ∈ QX + QY for

any s, where β̂s =
∑

j,d βs(−j, d)xjyd. Now by decomposing Q[X × Y ] into its simple components,

indexed by the Galois orbits of the pairs of characters (χ, ψ), the functions of the form a(j) + b(d)
are those supported by the components with χ = 1 or ψ = 1, while IX ⊗ IY ⊗Q is the sum of the
other components. Thus NQ ⊗ Q is the sum of the components with χ, ψ ̸= 1 on which all the β̂s
vanish, and the value of β̂s at (χ, ψ) being the above sum, this gives (1). Finally, (2) is clear from
the description of NQ, the dimension of C∗(ΓX,Y /NQ)⋊Φ C(X) being |Y |[T : NQ] · |X|, and (3) is
Proposition 4.2. □

In other words, the generic locus is described by a finite number of components, one for each Galois
orbit of pairs of nontrivial characters, each of them producing its own type of degeneration, and
this explains all the phenomena below. All the formulas in this subsection and the next one were
checked against a brute force computation of the elements of ΓX,Y acting by scalars, for M × N
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up to 5 × 2, 3 × 5 and 4 × 4, including the non-cyclic cases X or Y equal to Z2
2, or Z3

2, with more
than 50, 000 elements tested. The programs, in the folder tsukuba of the archive, are general.py

and gen final.py for the cyclic case, abelian.py and klein.py for the general abelian case, and
unified.py for the case M = 2 or N = 2 below.

4.3. Examples. The case M = 2 or N = 2. For X = Z2 we have (x − 1)2 = −2(x − 1), and
the condition in Theorem 4.4 becomes a condition in Z[Y ]. For Y = Zn, with augmentation ideal
I ⊂ Z[Zn], and similarly for Y = Z2 and X = Zn, we obtain:

Theorem 4.5. Consider the matrices F2 ⊗Q Fn with Q1 = (1, q1, . . . , qn−1), and Fn ⊗Q F2 with

Qt1 = (1, q1, . . . , qn−1), and let Θ =
∑

d θdx
d in (R/Z)[Zn], with e2πiθd = q2d, respectively with

e2πiθd = q2−d, where q0 = 1.

(1) NQ = {r ∈ I | (x − 1)rΘ = 0}, that is, NQ consists of the elements r such that rΘ is

constant, and in the case F2 ⊗Q Fn, Φ(r) = (1, e2πiλ), where λ ∈ 1
nZ/Z is this constant.

(2) The laws of the main characters of F2 ⊗Q Fn with Q1 = (1, q1, . . . , qn−1), and of Fn ⊗Q F2

with Qt1 = (1, qn−1, . . . , q1), coincide.

(3) If qd = e2πiad/L for all d, the quantum group is finite, of dimension 2n[Zn−1 : NQ], with

[Zn−1 : NQ] = |(ψI + LZ[Zn]) /LZ[Zn]| , ψ = 2(x− 1)
∑
d

adx
d

for F2 ⊗Q Fn, and with the reversed vector (a−d)d for Fn ⊗Q F2.

Proof. For F2 ⊗Q Fn, write r = (x − 1) ⊗ s with s ∈ I. Since θ is supported by x ⊗ Z[Zn], with
(x−1)x = 1−x, the condition (x−1)(y−1)rθ = 0 becomes 2(y−1)sθ1 = 0, where θ1 is the row j = 1
of θ, which gives (1) with Θ = 2θ1, and the constant value λ of sΘ satisfies nλ = ε(s)

∑
d θd = 0.

The case of Fn ⊗Q F2 is similar, with the roles of x, y exchanged, the reflection j → −j in the
definition of θ producing q−d. As for (2), the transpose of F2 ⊗Q Fn is equivalent to Fn ⊗Qt F2,
so by Theorem 2.3 the law for F2 ⊗Q Fn is that for Fn ⊗Q F2 with Qt1 = (1, q1, . . . , qn−1), and the
relabeling i → −i of the rows and the columns of Fn, which leaves Fn invariant, shows that this
matrix is equivalent to the one with Qt1 = (1, qn−1, . . . , q1). Note that the equality of the groups
NQ alone would not suffice here, the ambient groups ΓX,Y being different. Finally, (3) is Theorem
4.4 (2). □

For n = 2, this gives back the dimension 4 · o(q4) found by Bichon for F q4 [21], the jump c4 = 36
at q8 = 1 primitive coming from a finite quotient of the infinite dihedral group. For n prime, there
is a single component in Theorem 4.4 (1), and we obtain [21, Theorem 5.1]: the quantum group is
the generic one, as soon as one of the parameters is not a root of unity.

Order 6. For n = 3 the module I is the ring Z[ω] of Eisenstein integers, with ω = e2πi/3, and
everything can be made explicit:

Theorem 4.6. Consider F2 ⊗Q F3 with Q1 = (1, p, q), and F3 ⊗Q F2 with Qt1 = (1, p, q).

(1) For F2 ⊗Q F3, with α = p2, β = q2, the group NQ consists of the elements tm1 t
n
2 with

βmαn = α−m−nβn = αmβ−m−n, and Φ(tm1 t
n
2 ) = (1, βmαn), with values in {1} × Z3.

(2) For F3 ⊗Q F2, with B = p2/q, C = q2/p, the group NQ consists of the elements tm1 t
n
2 with

B2mC2m+2n = B2m+2nC2n = 1, and Φ(tm1 t
n
2 ) = (1, (BC)mCn, Bm(BC)n), with values in

{1} × Z2
2.

(3) If p = e2πia/L, q = e2πib/L, the quantum group is finite, of dimension 6[Z2 : NQ], with

[Z2 : NQ] =
L2

|Z[ω]/(L,w)|
, w = 2(1− ω)(a+ bω) = 2(a+ b) + 2(2b− a)ω

the same for the 2 matrices, as is the law of the main character.
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Proof. Here t1, t2 are t11, t12 for F2⊗QF3, and t11, t21 for F3⊗QF2. On the block k = 1 of F2⊗QF3,
the element tm1 t

n
2 acts by diag(βmαn, α−m−nβn, αmβ−m−n), which gives (1), the product of these

3 numbers being 1. For F3 ⊗Q F2, it acts on the blocks k = 1, 2 by diag(x, x−1) and diag(y, y−1),
with x = (BC)mCn and y = Bm(BC)n, which gives (2). For (3), the equations in (1) are given by

the integer matrix 2

(
a+ b 2a− b
2b− a a+ b

)
, acting modulo L, and those in (2) by its transpose. This

matrix has determinant 12(a2 − ab + b2), and the gcd of its entries is 2 gcd(a + b, 2b − a), and the
same holds for the matrix of the multiplication by w on Z[ω], whose determinant is the norm of w.
Thus the 2 matrices have the same Smith normal form, and the order of the image modulo L is
L2/|Z[ω]/(L,w)|. □

For instance, the Fourier point p = q = 1 gives Z6, while p = 1 and q of order 3, 4, 12, 8 give
dimensions 18, 24, 72, 96, with c4 = 90, 88, 86, 86 and c5 = 486, 456, 426, 426, against the generic
c4, c5 = 86, 426, and with Φ nontrivial in some of these cases, for instance for F2 ⊗Q F3 with q
of order 3 or 12, and for F3 ⊗Q F2 with q of order 4, 8 or 12. This completes the partial results
of [21, Section 5] in the case 3× 2. These values come from the programs formula6.py, eisen.py
and table6.py, the last one comparing with the direct computation.

Order 8. For n = 4 the module I = Z[x]/(x3 + x2 + x+ 1) embeds with finite index into Z× Z[i],
via x → (−1, i), and there are 2 components in Theorem 4.4 (1), corresponding to x → −1 and
x → ±i. Thus, contrary to the case n prime, the generic locus has a nontrivial structure even for
parameters which are not roots of unity:

Theorem 4.7. Consider F2 ⊗Q F4, with Q1 = (1, q1, q2, q3), with not all qc roots of unity, and set
r = q1q3/q2. Then exactly one of the following happens:

(1) r is not a root of unity, and q2, q1/q3 are not both roots of unity. Then the quantum group
is the generic one, C∗(Z3 ⋊ Z4)⋊ C(Z2).

(2) r is a root of unity. Then NQ = ⟨tm⟩, with t = t11t
−1
12 t13 and m = o(r4), and Φ(tm) =

(1, r2m), with r2m = ±1.
(3) q2 and q1/q3 are roots of unity. Then, with α = (q3/q1)

2 and β = q22, the group NQ consists

of the elements ta11t
b
12t

−a
13 with αaβb = αbβ−a = ±1, and Φ is given by this sign, on the block

k = 1.

For F4 ⊗Q F2, with Q
t
1 = (1, q3, q2, q1), the same trichotomy holds, with the same subgroups NQ of

I, and the same laws of the main character.

Proof. The component x→ −1 of Θ = 2
∑

d θdx
d is 2(θ0−θ1+θ2−θ3), which corresponds to r−2, and

the component x→ i is 2(θ0 − θ2) + 2i(θ1 − θ3), which corresponds to q2 and q1/q3. Thus Theorem
4.4 (1) gives the trichotomy, the cases (2) and (3) being exclusive, because together they would
force all the parameters to be roots of unity. In case (2), NQ is contained in the line of (1,−1, 1),
whose integer points are the powers tj , and these act on the block k = 1 by r2j , r−2j , r2j , r−2j , so by
scalars precisely when r4j = 1. Case (3) is similar, the element ta11t

b
12t

−a
13 acting on the block k = 1

by x, y, x−1, y−1, with x = αaβb, y = αbβ−a. The last assertion follows from Theorem 4.5 (1) and
(2). □

Observe that the quantum groups themselves are different for F2⊗QF4 and F4⊗QF2. In the generic
case, the characters of C∗(T ⋊ Y ) ⊗ C(X) correspond to those of TY × Y , times the points of X,
where TY is the group of coinvariants. For Y = Z4 we have TY ≃ Z4, while for Y = Z2, acting by
−1 on T ≃ Z3, we have TY ≃ Z3

2, and so there are 2 · 4 · 4 = 32 characters in the first case, and
4 · 2 · 8 = 64 in the second one.
In particular, the relation q2 = q1q3 makes the quantum group smaller than the generic one,
even with q1, q3 not roots of unity, so the primality assumption in [21, Theorem 5.1] cannot be
removed. The law is then given by c1, . . . , c6 = 1, 5, 28, 169, 1076, 7124, instead of the generic
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1, 5, 28, 167, 1036, 6608, the value c4 = 169 being confirmed by the direct computation with the 8×8
model. At roots of unity of order dividing 8, we find the following values, the same for F2 ⊗Q F4

with Q1 = (1, q1, q2, q3) and for F4 ⊗Q F2 with Qt1 = (1, q3, q2, q1), with ζ = e2πi/8, the values for
(1, i, i) and (1, ζ, ζ) being confirmed by the direct computation, with the programs index8.py and
table8.py:

(q1, q2, q3) [Z3 : NQ] dimension c1, . . . , c4

(1, 1, 1) 1 8 1, 8, 64, 512
(1, i, i) 2 16 1, 6, 40, 288
(1, 1, i) 4 32 1, 5, 28, 176
(1, ζ, ζ) 8 64 1, 5, 28, 170
(1, 1, ζ) 16 128 1, 5, 28, 167

The other deformed Fourier matrix of order 8 is F2 ⊗Q FZ2
2
, with Q1 = (1, qa, qb, qc), the indices

being the elements 0, a, b, c of Z2
2. Here the 3 nontrivial characters of Z2

2 are rational, so there are 3
components, and Theorem 4.4 (1) shows that, when not all the parameters are roots of unity, the
quantum group is the generic one, except when one of the 3 numbers qa/qbqc, qb/qaqc, qc/qaqb is a
root of unity, in which case NQ has rank 1, or 2 of them, in which case it has rank 2.

Order 9. For F3 ⊗Q F3 there are 2 components, corresponding to (χ, ψ) = (ω, ω) and (ω, ω̄), and
Theorem 4.4 (1) shows that, when not all the parameters are roots of unity, the quantum group is
the generic one, except in the following 2 cases, which are mutually exclusive:

(1) Q12/Q21 and Q11Q22/Q12 are roots of unity.
(2) Q11/Q22 and Q12Q21/Q11 are roots of unity.

In both cases NQ has rank 2, and for instance with Q12 = Q21 = γ and Q11Q22 = γ, we find
c1, . . . , c4 = 1, 5, 31, 213, instead of the generic 1, 5, 29, 181, the values c1, c2, c3 being confirmed by
the direct computation with the model, by the programs three.py, three2.py and three3.py. At
roots of unity, we find for instance, the other parameters being 1:

F3 ⊗Q F3 [T : NQ] dimension c1, . . . , c4

Q = 1, or Qjd = ωjd 1 9 1, 9, 81, 729
Q11 = ω, or Q11 = Q22 = ω, or Q12 = Q21 = ω 3 27 1, 5, 33, 261

Q11 = e2πi/6 48 432 1, 5, 29, 181
Q11 = i 256 2304 1, 5, 29, 181

Other Diţă matrices. For a Diţă matrix H⊗QK which is not of deformed Fourier type, Proposi-

tion 4.1 still givesG ⊂ S+
N ≀∗GH , but the above method requires the inner pieces to be group algebras,

as is the case when K is a Fourier matrix. The families F8,5a, F8,5b, F8,5c of section 3.4, whose se-
quences 1, 4, 19, 98, 531 and 1, 3, 11, 45, 197 are strictly below the generic one 1, 5, 28, 167, 1036 of
the 8× 8 deformations, are of this other type, with inner blocks of type F s4 , which for F8,5b depend
on the outer row, and are discussed at the end of the present section.

4.4. Cumulants. Definitions. The free cumulants κn = κn(χ) are given by the moment-cumulant
formula over the noncrossing partitions, ck =

∑
π∈NC(k)

∏
β∈π κ|β|, see [65]. The Boolean cumulants

bn are given by the same formula over the interval partitions, or equivalently byM(z) = 1/(1−B(z)),
withM(z) = 1+

∑
k ckz

k and B(z) =
∑

n bnz
n, or by 1/G(z) = z−

∑
k bk+1z

−k, with G the Cauchy
transform of µ. Combinatorially, ck counts the closed paths of length k based at 1 on the fusion
graph of u, and bk counts those which return to 1 for the first time at step k, that is, the fixed
vectors of u⊗k which do not factorize as ξ ⊗ η over a prefix of the legs.

Values. For the deformed Fourier matrices, we have:
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matrix κ1, κ2, . . . b1, b2, . . .

F2 ⊗Q F2, generic 1, 2, 3, 2,−5,−20 1, 2, 5, 14, 42, 132
F2 ⊗Q F3, generic 1, 3, 8, 17, 20,−40 1, 3, 11, 45, 197, 905
F2 ⊗Q F4, generic 1, 4, 15, 50, 135 1, 4, 19, 100, 562
F3 ⊗Q F3, generic 1, 4, 16, 60, 200 1, 4, 20, 112, 672
F8,5b, F8,5c 1, 2, 4, 8, 16, 32 1, 2, 6, 22, 90, 394
F8,5a 1, 3, 9, 25, 60, 105∗ 1, 3, 12, 55, 273, 1428∗

Several observations are in order. For F2 ⊗Q F2 the Boolean cumulants are the Catalan numbers,
shifted by 1, while κ2κ4 − κ23 = 2 · 2 − 32 = −5 < 0. Since the free cumulants (κn+2)n≥0 of a
freely infinitely divisible law form the moment sequence of a positive measure, this shows that the
law of χ is not freely infinitely divisible. For F2 ⊗Q F3 the Boolean cumulants coincide with the
little Schröder numbers 1, 3, 11, 45, 197, 903 up to n = 5. For F8,5b and F8,5c the free cumulants are
κn = 2n−1, at the computed orders n ≤ 6, which suggests χ ∼ 2π1/2, with πt the free Poisson law
of parameter t, and the Boolean cumulants are, at the same orders, the large Schröder numbers,
counting the separable permutations, those avoiding the patterns 2413 and 3142. Finally, for F8,5a

the free cumulants are close to 3n−1 without being equal, while the Boolean cumulants are the
ternary numbers 1

2n+1

(
3n
n

)
, up to n = 6. Note also that the sequence shifting left under 3 iterations

of the INVERT transform, the 3-fold analogue of the little Schröder numbers, is 1, 4, 19, 100, 562,
which is that of F2 ⊗Q F4, and not that of F8,5a.

5. The families F8,5, wreath products

In this section we study the 3 families F8,5a, F8,5b, F8,5c of section 3.4, which are of Diţă type, F8,5c

up to transposition, but not of deformed Fourier type, their inner blocks being matrices of type F s4 ,
so that Theorem 4.4 does not apply. We identify the candidates for their quantum groups, which
are free wreath products, prove the inclusions, and reduce the equalities to freeness questions, for 2
copies of S+

4 , respectively of H+
2 , the main result being Theorem 5.10.

5.1. Free wreath products. The moments ck =
∑

π∈NC(k) 2
k−|π| of 2π1/2 are the little Schröder

numbers 1, 3, 11, 45, 197, 903, . . . (OEIS A001003), which are, up to a factor 2, the moments of the

free Poisson law of parameter 2. Since limk c
1/k
k = (1+

√
2)2 = 3+ 2

√
2, which lies strictly between

the free value 4 and the value N = 8 of the coamenable case, the corresponding quantum group
would not be coamenable, unlike for the generic deformations [12]. At generic parameters, the
values of section 3.4 for F8,5b and F8,5c are the little Schröder numbers, up to c6 = 903, and for

F8,5a the Boolean cumulants of χ are the ternary numbers 1
2n+1

(
3n
n

)
, up to the value c6 = 2974∗.

For F8,5b and F8,5c, there is a natural candidate for the quantum group. Consider the free wreath

product S+
4 ≀∗ Z2 ⊂ S+

8 , consisting of 2 free copies of S+
4 , exchanged by Z2. With the notations of

section 4.1, here v =

(
p 1− p

1− p p

)
, the projection p commutes with both copies u(0), u(1), and

so C(S+
4 ≀∗ Z2) = (C(S+

4 ) ∗ C(S
+
4 )) ⊗ C(Z2) as an algebra, with the Haar state being the tensor

product of the Haar states.

Proposition 5.1. The main character of S+
4 ≀∗ Z2 has law

µ =
1

2
δ0 +

1

2
π2 = D2(π1/2)

so its moments are the little Schröder numbers, and this quantum group is not coamenable. More-
over, the magic matrix W of F8,5b, and that of F t8,5c, admit a partition of the indices into 2 blocks

of size 4, ia with i ∈ {0, 1}, such that
∑

aWia,jb does not depend on b, and so the quantum groups

of F8,5b and F
t
8,5c are contained in S+

4 ≀∗ Z2.
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Proof. We have χ =
∑

i,a u
(i)
aavii = p(χ(0) + χ(1)), with p central, of trace 1

2 , and with χ(0), χ(1)

free, each having law π1, the free Poisson law, since S+
4 has ck = Catk. Thus µ = 1

2δ0 +
1
2(π1 ⊞

π1) = 1
2δ0 +

1
2π2, whose moments are ck = 1

2

∑
π∈NC(k) 2

|π|, the little Schröder numbers, and the

equality with D2(π1/2) follows by comparing the moments
∑

π∈NC(k) 2
k−|π|. The support of π2 is

[(
√
2−1)2, (

√
2+1)2], which does not contain 8, so G is not coamenable. As for the second assertion,

the condition is a polynomial identity in the parameters, which is checked directly, with the blocks
{0, 1, 4, 5}, {2, 3, 6, 7} for F8,5b, and {0, 1, 6, 7}, {2, 3, 4, 5} for F t8,5c. The proof of Proposition 4.1

then applies verbatim, and gives a factorization through S+
4 ≀∗ S+

2 = S+
4 ≀∗ Z2. □

The numerics, done by the programs wstruct.py and even.py, are consistent with these inclusions

being equalities. At random parameters, each of the 2 inner copies U
(i)
ab =

∑
jWia,jb is a 4×4 magic

matrix whose Hopf image has c1, . . . , c5 = 1, 2, 5, 14, 42, the values of S+
4 . By the classification of the

quantum subgroups of S+
4 [10], this excludes all of them except the twisted icosahedral group Aτ5 ,

which has the same moments up to c5, and differs only at c6, and the fact that each copy generates
S+
4 is proved in Proposition 5.5 below. Also, the block diagonal 8×8 magic matrix formed by the 2

copies has c1, . . . , c4 = 2, 6, 22, 90, which are the moments of π2, the values of the dual free product
S+
4 ∗̂S+

4 , so the 2 copies are free, up to level 4. Together with the agreement of the ck up to k = 6,
this raises the question whether the quantum groups of F8,5b and F

t
8,5c, at generic parameters, are

both equal to S+
4 ≀∗ Z2, which would make them non-coamenable, unlike the quantum groups of the

generic Diţă deformations of [12]. Since µH = µHt by Theorem 2.3, this would give χ ∼ D2(π1/2) for

all the 4 matrices F8,5b, F
t
8,5b, F8,5c, F

t
8,5c. The case of F8,5a is different. Its magic matrix has both

block structures, with 2 blocks of size 4 and with 4 blocks of size 2, and these are nested, the pairs
{0, 3}, {1, 5} and {2, 4}, {6, 7} being contained in the blocks {0, 1, 3, 5} and {2, 4, 6, 7}. When the 2
blocks of size 4 are labeled compatibly with the pairs, the 2 inner copies have c1, . . . , c4 = 1, 3, 10, 35,
the values of the hyperoctahedral quantum group H+

2 = Z2 ≀∗ Z2 = O−1
2 [13], which is the quantum

group of the generic F s4 , and so the natural candidate is H+
2 ≀∗ Z2, as discussed at the end of the

present section.

5.2. Structure of F8,5b. We now explain the inclusion in Proposition 5.1, and what we can prove

towards the equality with S+
4 ≀∗ Z2, in the case of F8,5b. Let P± ∈ M2(C) be the projections onto

1√
2
(1,±1), and for K,L ∈M4(T) Hadamard, consider the matrix RKLab = Proj(KaL̄b), where KaL̄b

is the componentwise product of the row Ka with the conjugate of the row Lb. This matrix is magic,
because ⟨KaL̄b,KaL̄b′⟩ = ⟨Lb′ , Lb⟩ = 4δbb′ , and similarly for the columns, and for K = L we recover
the magic matrix UK .

Proposition 5.2. Up to permutations of rows and columns, we have

F8,5b =

(
K K
L −L

)
, K =


1 1 1 1
1 −1 −s s
1 1 −1 −1
1 −1 s −s

 , L =


1 −c̄ − bd

a d

1 c̄ − bd
a −d

1 e bd
a cde

1 −e bd
a −cde


with s = bd, and with respect to C8 = C2 ⊗ C4, the magic matrix of F8,5b is

W =

(
P+ ⊗ UK P− ⊗RKL

P− ⊗RLK P+ ⊗ UL

)
Thus the outer magic matrix is UF2 ⊗ 1, and the 2 inner copies are u(0) → UK ⊕RKL and u(1) →
UL ⊕RLK , acting on (P+ ⊗ C4)⊕ (P− ⊗ C4).

Proof. The first assertion is a reordering of the rows and columns of F8,5b, with the rows 0, 1, 4, 5 and
2, 3, 6, 7, and the columns 0, 1, 2, 3 and 6, 7, 4, 5. The rows of F8,5b are then (Ka,Ka) and (La,−La),
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so the quotients are (Ka/Kb,Ka/Kb), (La/Lb, La/Lb), (KaL̄b,−KaL̄b) and (LaK̄b,−LaK̄b), whose
projections are P+ ⊗ UKab , P+ ⊗ ULab, P− ⊗ RKLab and P− ⊗ RLKab . Summing over the inner indices,

and using the magic property of UK , UL, RKL, RLK , gives the outer and inner magic matrices. □

We will also need the following matrix. With D = diag(L0), we have
1
4KDL

∗ = 1⊕V3, where, with
w = c̄ē,

V3 =
1

4

2(1− s) (1 + s)(1 + w) (1 + s)(1− w)
0 2(1− w) 2(1 + w)

2(1 + s) (1− s)(1 + w) (1− s)(1− w)


Indeed, the entries of 1

4KDL
∗ are 1

4

∑
mKimL0mL̄jm, and since L0L̄1 = (1,−1, 1,−1), L0L̄2 =

(1,−w,−1, w), L0L̄3 = (1, w,−1,−w), a direct computation gives this formula.
Recall from [10] that S+

4 = SO−1
3 is a twist of SO3. It has the Pauli model π : C(S+

4 ) →
C(SU2,M4(C)), given by uab → [x → Proj(caxcb)], with c0, . . . , c3 being 1, iσ1, iσ2, iσ3, acting
on M2(C) ≃ C4, with scalar product ⟨a, b⟩ = tr(ab∗). This model is faithful, as shown in [15], and
its fibers πx were studied by Enders [37], who showed that they are generically irreducible, and
locally pairwise inequivalent, and deduced from this that C(S+

4 ) is not semiprojective. We denote
by ρ : SU2 → SO3 the covering map, given by xckx

∗ =
∑

l ρ(x)lkcl, and the fiber πx becomes, in
the coordinates where u ≃ 1 ⊕ a, the representation θρ(x) below. The Hopf images of these fibers
are as follows.

Lemma 5.3. Let a be the 3-dimensional fundamental corepresentation of S+
4 = SO−1

3 , so that
u ≃ 1 ⊕ a, and for y ∈ SO3 let θy : C(S+

4 ) → M4(C) be the Pauli representation aij → yijτi ⊗ τj,
with τk = iσk, which is the fiber at y of the embedding of [10, Theorem 5.1]. Then the Hopf image of

θg is Γτg , the twist of the closed subgroup Γg = ⟨V, g⟩ ⊂ SO3, where V is the Klein group of diagonal
matrices.

Proof. For a closed subgroup V ⊂ Γ ⊂ SO3 the cocycle of [10], which is induced by the restriction
to V , descends to C(Γ), and the formula aij → τi ⊗ τj ⊗ xij gives, as in [10, Theorem 5.1], an
embedding θΓ : C(Γτ ) →M4(C)⊗C(Γ), whose fibers are the representations θy, with y ∈ Γ. Since
θg is a fiber of θΓg , it factorizes through C(Γ

τ
g), and so its Hopf image is contained in Γτg . Conversely,

let I be the Hopf ideal defining the Hopf image of θg, and S = {y ∈ SO3 | θy(I) = 0}. This set is
closed, and contains g. Let Ω = 1√

2
(e1 ⊗ e2 − e2 ⊗ e1), which satisfies (τk ⊗ τk)Ω = Ω for k = 1, 2, 3,

and consider the isometry J(ξ ⊗ η) = ξ ⊗ Ω⊗ η. We have then

(θy ⊗ θz)∆(aij)J =
∑
k

yikzkj(τi ⊗ τk ⊗ τk ⊗ τj)J = (yz)ijJ(τi ⊗ τj) = Jθyz(aij)

so θyz is a subrepresentation of (θy ⊗ θz)∆. Since I is a Hopf ideal, it follows that S is a closed
subsemigroup of SO3, hence a closed subgroup, and in particular 1 ∈ S. Now θ1 maps a to the
diagonal matrix with entries τk ⊗ τk, which are commuting symmetries, so θ1 factorizes through
C(V ), where V ⊂ SO−1

3 is the classical diagonal subgroup, the twist being trivial on it, and the
Hopf image of θ1 is V . Thus I ⊂ ker(C(S+

4 ) → C(V )), and since each θv with v ∈ V factorizes
through C(V ), we obtain V ⊂ S. Thus Γg ⊂ S, so θΓg(I) = 0, and by injectivity of θΓg the ideal I

is contained in the kernel of C(S+
4 ) → C(Γτg). Thus the Hopf image contains Γτg . □

This agrees with the values found numerically for the Pauli models, by the programs pauli.py,
fibers.py and finite.py: O2 around a coordinate axis gives c1, . . . , c4 = 1, 3, 10, 35, D4 gives
1, 3, 10, 36, A4 gives 1, 2, 6, 22, and SO3 gives 1, 2, 5, 14. In order to apply this to F8,5b, we need to
know which fibers appear. Here we have the following general fact, which comes from the faithfulness
of π:
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Lemma 5.4. Every irreducible representation σ : C(S+
4 ) →M4(C) is unitarily equivalent to a fiber

πx, with x ∈ SU2, and we have then, for any a, b ∈ {1, 2, 3},
Tr(σ(uab)σ(u00)) = ρ(x)2ab

where Tr is the usual, non-normalized trace of M4(C).

Proof. Let ξ ∈ C4 be a unit vector. Since σ is irreducible, φ = ⟨σ(·)ξ, ξ⟩ is a pure state of C(S+
4 ),

which by [15] is a C∗-subalgebra of C(SU2,M4(C)), via π. The extensions of φ to C(SU2,M4(C))
form a weak∗-closed face of the state space, whose extreme points are therefore pure states, and these
are of the form f → ⟨f(x)η, η⟩. Thus φ = ⟨πx(·)η, η⟩, and by uniqueness of the GNS construction,
σ is equivalent to the cyclic subrepresentation of πx generated by η, which is 4-dimensional, and so
is πx itself. As for the formula, caxcb and x are unit vectors of M2(C), and since tr(cacl) = −δal for
a, l ≥ 1, we have

⟨caxcb, x⟩ = tr(caxcbx
∗) =

∑
l

ρ(x)lb tr(cacl) = −ρ(x)ab

so that Tr(πx(uab)πx(u00)) = |⟨caxcb, x⟩|2 = ρ(x)2ab, as claimed. □

With this, the 2 inner copies can be identified by hand, with the above matrix V3 as the only input:

Proposition 5.5. Assume s ̸= ±1 and w /∈ {±1,±i}. Then RKL is an irreducible representation
of C(S+

4 ), equivalent to a Pauli fiber πx with |ρ(x)ab| = |(V3)ab| for any a, b, and its Hopf image is
S+
4 . The same holds for RLK .

Proof. Let ξab = KaL̄b, so that RKLab = Proj(ξab), with ||ξab||2 = 4. Since K0 = 1, the above
formula of V3 gives ⟨ξab, ξ00⟩ =

∑
mKamL0mL̄bm = 4(1⊕ V3)ab. Also, ⟨ξa0, ξ0b⟩ =

∑
mKamL̄0mLbm

is the conjugate of the same quantity with K replaced by K̄, that is, with s replaced by s̄, and since
the entries of V3 are products of constants and of the numbers 1 ± s, 1 ± w, whose moduli don’t
change under s→ s̄, we obtain |⟨ξa0, ξ0b⟩| = 4|(1⊕ V3)ab| as well.

Now let T ∈ M4(C) commute with all the RKLab . Both (RKL0b )b and (RKLa0 )a are families of 4
orthogonal rank 1 projections summing up to 1, so we have Tξ0b = µbξ0b and Tξa0 = λaξa0, for
certain scalars λa, µb, and the same holds for T ∗, with the conjugate scalars. Thus

λa⟨ξa0, ξ0b⟩ = ⟨Tξa0, ξ0b⟩ = ⟨ξa0, T ∗ξ0b⟩ = µb⟨ξa0, ξ0b⟩
so that λa = µb when (V3)ab ̸= 0. For s, w ̸= ±1 all the entries of V3 are nonzero, except for the
(2, 1) one, so the corresponding bipartite graph is connected, and we obtain µ1 = µ2 = µ3 = µ.
Thus T = µ0R

KL
00 + µ(1 − RKL00 ). But |(V3)22| = 1

2 |1 − w| ∈ (0, 1), so ξ22 is neither proportional

nor orthogonal to ξ00, and R
KL
00 does not commute with RKL22 , which gives µ0 = µ. Thus RKL is

irreducible.
By Lemma 5.4, RKL is equivalent to a fiber πx, with ρ(x)

2
ab = Tr(RKLab R

KL
00 ) = 1

16 |⟨ξab, ξ00⟩|
2 =

|(V3)ab|2. Let g = ρ(x). By Lemma 5.3, the Hopf image is Γτg , and we must prove that Γg = SO3.
The closed subgroups of SO3 containing V are SO3 itself, the subgroups of the 3 copies of O2 around
the coordinate axes, whose elements have a diagonal entry ±1, and the tetrahedral, octahedral and
icosahedral groups containing V . The pairs formed by such a group and a Klein subgroup are
conjugate in SO3, except for the octahedral group, where V can be normal or not, and since the
normalizer of V consists of signed permutation matrices, a direct check on representatives shows
that the entries of the elements of these groups have moduli in the set F = {0, 12 ,

1√
2
, φ2 ,

1
2φ , 1}, with

φ the golden ratio. Now for s, w ̸= ±1 the entries of V3 have moduli < 1, so Γg is not contained
in a copy of O2. Also, the second row of g has moduli 0, 12 |1 − w|, 12 |1 + w|, and the only way

of writing 1 as a sum of 2 squares of nonzero elements of F is 1 = 1
2 + 1

2 , which would require

|1− w|2 = 2, that is w = ±i. Thus g belongs to no finite subgroup containing V , so Γg is infinite,
and Γg = SO3. Finally, RLKab = (RKLba )t, so RLK is obtained from RKL by composing with the
antipode and transposing, which does not change the Hopf image. □
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Numerically, as checked by the program rklcheck.py, x is a lift of r2(δ)r1(γ), where rk denotes the
rotation around the k-th axis, and δ = π

2−
1
2 arg(bd), γ = π

2+
1
2 arg(ce), but the above proof only uses

the moduli of the entries of ρ(x), which can be read on V3. Note also that the numerics alone could
hardly have done this step: the twist of the icosahedral group A5 ⊃ V has c1, . . . , c5 = 1, 2, 5, 14, 42,
like S+

4 , and only c6 separates them, with c6 = 133 for Aτ5 , and c6 = 132 for RKL.

5.3. Freeness, reduction. What remains is the freeness of the 2 copies, which we have not been
able to establish. We can however reduce it, in the spirit of [12, 21], to a question about a single

model of the dual free product S+
4 ∗̂S+

4 . Let A = C(S+
4 ) ∗ C(S

+
4 ), with the 2 copies u(0), u(1),

and ν the automorphism exchanging them. Since the outer model is the Fourier model UF2 , the
factorization of Proposition 5.1 descends, as in section 4.1, to the quotient where vij depends only on
j−i ∈ Z2, and then v commutes with both copies. Thus we have a factorization through A⊗C(Z2),

with vij → 1⊗ δj−i, which is a Hopf algebra with the comultiplication coming from wia,jb = u
(i)
ab vij ,

namely

∆(u
(i)
ab ) =

∑
k,c

u(i)ac vik ⊗ u
(k)
cb

which is the crossed coproduct A⋊C(Z2), with Z2 acting via ν [12,21]. In this picture, Proposition
5.2 tells us that the model θ of F8,5b is block diagonal with respect to C8 = (P+ ⊗C4)⊕ (P− ⊗C4),
with 1⊗ δg mapped to the projection Eg onto the g-th block, and with A acting on the 2 blocks via
the models

σ0 = (UK , UL), σ1 = (RKL, RLK)

the first matrix in each pair being the image of u(0), and the second one, that of u(1).

Proposition 5.6. Consider the model τ = (σ1⊗σ1ν)∆ of A, acting on C4⊗C4. If the Hopf image
of σ0 ⊕ τ is S+

4 ∗̂S+
4 , and in particular if the Hopf image of τ is S+

4 ∗̂S+
4 , then the quantum group

of F8,5b is S
+
4 ≀∗ Z2.

Proof. Let I ⊂ A ⋊ C(Z2) be the Hopf ideal defining the Hopf image of θ. Since δ0, δ1 are central
idempotents, we have I = (J0 ⊗ δ0) ⊕ (J1 ⊗ δ1), with Jg = {a ∈ A | a ⊗ δg ∈ I}, and since
θ(1⊗ δg) = Eg ̸= 0, we have 1 /∈ Jg. The above formula of ∆ gives, for a ∈ A and h ∈ Z2,

∆(a⊗ δh) =
∑
g∈Z2

(a(1) ⊗ δg)⊗ (νg(a(2))⊗ δh−g)

and by multiplying by (1⊗δg)⊗(1⊗δh−g), we see that a ∈ Jh implies ∆(a) ∈ Jg⊗A+A⊗νg(Jh−g),
for any g ∈ Z2.

We first prove that J0 = 0 implies I = 0. Let a ∈ J1. With g = 1 and g = 0 we obtain
∆(a) ∈ J1 ⊗ A and ∆(a) ∈ A ⊗ J1, so that ∆(a) ∈ J1 ⊗ J1. By applying m(S ⊗ id) we obtain
ε(a)1 ∈ J1, so ε(a) = 0, and then a = (ε⊗ id)∆(a) ∈ ε(J1)J1 = 0.

Now J0 is the image of I by the Hopf algebra map A ⋊ C(Z2) → A given by a ⊗ δh → δh0a, so
it is a Hopf ideal of A. Since θ(a ⊗ δ0) = σ0(a)E0, we have J0 ⊂ kerσ0. Also, for a ∈ J0 we have
(θ⊗θ)∆(a⊗δ0) = 0, and the restriction of this operator to the block E1⊗E1 is (σ

1⊗σ1ν)∆(a) = τ(a),
so J0 ⊂ ker τ . Thus J0 is contained in the Hopf ideal defining the Hopf image of σ0 ⊕ τ , which is 0
by assumption, and so I = 0. □

The anti structure. The pair σ1 has a special form. With π = RKL we have RLKab = (RKLba )t,
so that σ1 = (π, πt ◦ S), where πt(a) = π(a)t, the composition of the 2 antimultiplicative maps S
and x→ xt being a representation. Since ut is magic, there is also a transposition automorphism ι
of the algebra C(S+

4 ), given by ι(uij) = uji. For a Pauli fiber, since c̄k = ±ck, we have πx(uba)
t =

Proj(c̄bx̄c̄a) = πx̄(uba), so π
t
x ◦S = πx̄ ◦ ι, these 2 representations agreeing on the generators. Thus,

if π = Ad(F ) ◦ πx, as in Proposition 5.5, we obtain

σ1 ≃ (πx, Ad(M) ◦ πx̄ ◦ ι), M = F ∗F̄
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with M a symmetric unitary. In terms of the representations θy of Lemma 5.3, we have θy(ι(aij)) =
yjiτj ⊗ τi, so the second copy is a Pauli fiber with the 2 tensor legs exchanged, that is, twisted the
opposite way. Numerically, this appears to be what produces freeness. With x, y ∈ SU2 generic,
and with the programs anti.py, which transposes the 2 magic indices, that is, uses ι, even4.py,
wtest.py and wtest4.py, the free values being the moments 2, 6, 22, 90 of π2, and the values of the
twist of SO3 × SO3, with independent copies, being 2, 6, 22, 92:

model of A c1 c2 c3 c4

(πx, πy) 2 6 22 92
(πx, πy ◦ ι) 2 6 22 90
σ1, for F8,5b 2 6 22 90
τ , for F8,5b 2 6 22 90

Indeed, for (πx, πy) both copies are fibers of the same embedding of [10, Theorem 5.1], at the point
(ρ(x), ρ(y)) of the abelianization of C(SO3) ∗ C(SO3), so the Hopf image is contained in the twist
of SO3 × SO3, and the value c4 = 92 is the one of this twist. Note also that the value c4 = 90 for
(πx, Ad(W ) ◦ πy) appears as well for the various unitaries W tested, outside the Pauli normalizer,
the 2 copies being then not fibers of the same embedding.

Placement models. In order to understand the tensor powers of such pairs, consider a space
(C2)⊗Q ⊗K, and for c = 0, 1 an ordered pair (pc, qc) of distinct qubits, and a representation Xc of
C(SO3) on the tensor product of the other factors. The formula

a
(c)
ij → τ

(pc)
i τ

(qc)
j ⊗Xc

ij

where τ (p) denotes τ acting on the qubit p, defines then, via the embedding of [10, Theorem 5.1]
followed by Xc, a model of A, that we call a placement model. As basic examples, (θy, θz) is the
placement model with Q = 2, K = C, both copies placed on (1, 2), and X0, X1 the evaluations at
y, z, and (θy, θz ◦ ι) is the one with copy 0 placed on (1, 2), copy 1 placed on (2, 1), and X1 the
evaluation at zt.

Lemma 5.7. The tensor product (α ⊗ β)∆ of 2 placement models α, β, with data (pc, qc, X
c) and

(p′c, q
′
c, Y

c), is a placement model, with copy c placed on (pc, q
′
c), and given by

Zcij =
∑
k

(τk ⊗ τk)
(qc,p′c) ⊗Xc

ik ⊗ Y c
kj

In particular, (θy ⊗ θz)∆ ≃ ⊕v∈V θyvz, for any y, z ∈ SO3.

Proof. Since a is a corepresentation, ∆(a
(c)
ij ) =

∑
k a

(c)
ik ⊗ a

(c)
kj is mapped to

∑
k τ

(pc)
i τ

(qc)
k Xc

ik ⊗
τ
(p′c)
k τ

(q′c)
j Y c

kj = τ
(pc)
i τ

(q′c)
j ⊗Zcij , because X

c does not act on the qubit qc, and Y
c does not act on p′c.

The operators τk⊗ τk commute, and in the Bell basis of C2⊗C2 they are diag(vkk), with v running
over V , the singlet Ω corresponding to v = 1. Thus Zc = ⊕v∈VX

cvY c, which is a commuting
family, with values in SO3, and so a representation of C(SO3). The last assertion is the case Q = 2,
K = C, of points. □

For the pair (θy, θz ◦ ι), the tensor square has copy 0 placed on the qubits (1, 4), contracted over
(2, 3), and copy 1 placed on (2, 3), contracted over (1, 4). Thus each copy is placed on the qubits
over which the other one is contracted, and there the operators τi ⊗ τj with i ̸= j of one copy do
not commute with the operators τk ⊗ τk entering in the representation Zc of the other copy, which
they permute, up to signs. For (θy, θz), on the other hand, both copies remain on the same qubits
at all levels, and the representations Z0, Z1 commute. This seems to be the mechanism behind
the above table, as checked with placement.py, and leads to the question whether, for x, y ∈ SU2

generic, the Hopf image of (πx, πy◦ι) is S+
4 ∗̂S+

4 , that is, whether a twisted point and an anti-twisted
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point of SO−1
3 are free. Together with Proposition 5.6, a positive answer would give the equality

G = S+
4 ≀∗Z2 for F8,5b, modulo the unitaryM . Since the condition ck = ck(S

+
4 ∗̂S+

4 ) defines, at each
level k, the complement of a real algebraic subset of SU2 × SU2, it would be enough to establish
freeness at a single point (x, y), as in the proofs of the freeness of 2 generic rotations. We have no
such point, however, and the numerical evidence for this freeness stops at k = 4.

5.4. The case of F8,5a. Here the same reordering as in Proposition 5.2, with the rows 0, 1, 3, 5 and

2, 4, 6, 7, and the columns 0, 1, 2, 3 and 6, 7, 4, 5, gives F8,5a =

(
K K
L −L

)
, with the same K as for

F8,5b, and with

L =


1 −c̄ −t d
1 −c̄ t −d
1 c̄ e ae

b
1 c̄ −e −ae

b

 , t =
bd

a

so the magic matrix has the same form as in Proposition 5.2, with RLKab = (RKLba )t. The block
structures being nested, the proof of Proposition 4.1, applied twice, shows that the quantum group
of F8,5a is contained in H+

2 ≀∗Z2, which is the quantum automorphism group of the binary tree with
8 leaves [35, 36]. The main character of this latter quantum group has law 1

2δ0 +
1
2(µ ⊞ µ), with

µ = 1
2δ0+

1
2α being the law for H+

2 , where α is the arcsine law on [0, 4], by the proof of Proposition
5.1, and its moments are

c1, . . . , c6 = 1, 4, 19, 98, 531, 2974

which are exactly the values found for F8,5a, at all the levels computed. Also, the block diagonal
8× 8 magic matrix formed by the 2 inner copies has c1, . . . , c4 = 2, 8, 38, 196, the moments of µ⊞µ,
while 2 independent copies would give c4 = 204, as computed by the programs blocks.py and
freeconv.py. As a first algebraic step, we have:

Proposition 5.8. Assume that c or b/a is not a root of unity. Then the 4 × 4 magic matrix of
F8,5a obtained by summing over the pairs generates H+

2 . Also, the 2 middle level projections P0, P1

of the inner copies, acting on P−⊗C4, produce a representation of C∗(D∞) = C(Z2) ∗C(Z2) which
is faithful on the group D∞, and so inner faithful.

Proof. The pair level magic matrix preserves the partition into 2 blocks of 2 pairs, so it factorizes
through Z2 ≀∗ Z2 = H+

2 , which is the crossed coproduct C∗(D∞) ⋊ C(Z2) of section 4.1, with
X = Y = Z2, the 2 inner involutions g0, g1 generating D∞, and the block projection E representing
C(Z2). By Proposition 4.2, or rather by its proof, which applies verbatim here, the Hopf image
is C∗(D∞/N) ⋊Φ C(Z2), with N consisting of the elements acting by scalars on the 2 blocks. A

reflection g0(g0g1)
n acts on the block E as g0, which is not scalar there, because E · 1+g0

2 has rank
2, inside a block of rank 4. As for the translation g0g1, a direct computation from the formula
of L shows that it acts trivially on the block E, and with eigenvalues c±2, (b/a)±2 on the block
1 − E. Thus (g0g1)

m acts by scalars only if c4m = (b/a)4m = 1, so N = {1}, which gives the
first assertion. As for the second one, with K0 = 1 we have P0 = Proj(L̄0) + Proj(L̄1) and
P1 = Proj(L0) + Proj(L0K̄2), and since L0 ± L1 and L0 ± L0K̄2 are supported on the first 2 and
on the last 2 coordinates, we obtain

P0 = Proj(1,−c)⊕ Proj(−t̄, d̄), P1 = Proj(1,−c̄)⊕ Proj(−t, d)

Thus, with Si = 2Pi− 1, the unitary S0S1 has eigenvalues c±2, (b/a)±2. Since P0, P1 are group-like,
in the sense that 2Pi−1 are group-like elements, the Hopf image of this representation of C∗(D∞) is
the group algebra of the image of D∞, and this image is D∞ itself as soon as S0S1 has infinite order.
Note that the representation of the algebra C∗(D∞) itself is not faithful, being finite dimensional:
with u = g0g1 and E = {c±2, (b/a)±2}, the element

∏
λ∈E(u− λ) ̸= 0 is in its kernel. □



32 T. BANICA AND C. OPUS

Proposition 5.6 applies verbatim to F8,5a, withH
+
2 instead of S+

4 . Here the model θ splits as ε⊕σ⊕π2
on the block E0, with ε the counit, σ the classical permutation (03)(15)(24)(67), which flips all the
pairs, and π2 irreducible of dimension 2, and as an irreducible representation of dimension 4 on
the block E1. Numerically, at random parameters, each of the 2 copies of C(H+

2 ) has c1, . . . , c5 =
1, 3, 10, 35, 126 in σ0 ⊕ τ , the values of H+

2 , and the model σ0 ⊕ τ itself has c1, . . . , c4 = 2, 8, 38, 196,
the moments of µ⊞µ, which are the values of H+

2 ∗̂H+
2 , while σ0 alone has c1, . . . , c4 = 2, 10, 56, 338.

Thus, here too, the question is the freeness of the 2 copies.
As an algebra, C(H+

2 ) ∗C(H+
2 ) = C∗(Λ), with Λ = (D∞ ×Z2) ∗ (D∞ ×Z2), its Haar state being

the canonical trace of Λ, and there are 2 natural families of intermediate quantum groups. The first
one consists of the dihedral quotients at the middle level, which are the quantum group analogues
of the quotients of A2 ∗ A2 studied by Izumi, Morrison and Penneys [50], and these are excluded
by Proposition 5.8. The second one consists of the free wreath products with amalgamation of
Freslon [40], obtained by identifying the 2 copies of a Hopf subalgebra C(K) ⊂ C(H+

2 ), and these
are excluded too:

Proposition 5.9. Assume that c or b/a is not a root of unity. Then the quantum group of F8,5a

is not contained in the free wreath product with amalgamation H+
2 ≀∗,K Z2, for any Hopf subalgebra

C(K) ̸= C of C(H+
2 ).

Proof. We have H+
2 = O−1

2 [13], a twist of O2, so the irreducible corepresentations of H+
2 are,

as for O2, the trivial one, a 1-dimensional one δ, and 2-dimensional ones ρk with k ≥ 1, with
ρk ⊗ ρl = ρk+l ⊕ ρ|k−l|, where ρ0 = 1 ⊕ δ. A Hopf subalgebra C(K) ̸= C corresponds to a full
subcategory, stable by tensor products and conjugation, and containing a nontrivial irreducible
corepresentation, so it contains δ, because ρk ⊗ ρk ⊃ ρ0. Now δ is the unique nontrivial group-
like element of C(H+

2 ), namely m = 2(u00 + u01) − 1, with {0, 1}, {2, 3} being the 2 pairs, and
this element is invariant under the automorphisms of H+

2 , so the amalgamation forces the relation
ν0(m) = ν1(m), for any identification of the 2 copies. But in the model, ν0(m) and ν1(m) are
mapped, on the block P− ⊗ C4, to the symmetries S0, S1 from the proof of Proposition 5.8, and
since S0S1 has eigenvalues c±2, (b/a)±2, not all equal to 1, we have S0 ̸= S1. □

In subfactor terms, by Tarrago and Wahl [87], the equality G = H+
2 ≀∗Z2 means that the planar alge-

bra of F8,5a is the Bisch–Jones free composition [23] of 3 subfactors of index 2, and the above results
exclude the known intermediate objects between the tensor and the free compositions. We have not
been able, however, to exclude the other intermediate quantum groups, such as the generalized free
wreath products of Fima and Troupel [38], and the method of Proposition 5.6 does not go further.
Indeed, below the top level, the Hopf subalgebras C(Z2) of the 2 copies of C(H+

2 ) generate C∗(D∞),
which is not central, and the quantum subgroups which can be read on the model are small: for
instance, the largest invariant subspaces of (θ ⊗ θ)∆ and of its triple analogue on which the pair
level magic matrix acts as the identity have dimensions 10 and 54, and on them the 4 symmetries
inside the pairs generate only a virtually abelian group, as found by the programs pairfixed.py,
flipgroup.py and imagealg.py. Thus, what remains is a genuine freeness question, which might
well require analytic methods. Summarizing, we have proved the following result:

Theorem 5.10. For s = bd ̸= ±1 and w = c̄ē /∈ {±1,±i}, the quantum group G of F8,5b satisfies:

(1) G ⊂ S+
4 ≀∗ Z2, and each of the 2 inner copies generates S+

4 .
(2) The model splits as σ0⊕σ1, with σ1 = (π, πt◦S), and π being a Pauli fiber, up to conjugation.
(3) If the model σ0 ⊕ (σ1 ⊗ σ1ν)∆ generates S+

4 ∗̂S+
4 , then G = S+

4 ≀∗ Z2.

Proof. This follows from Propositions 5.1, 5.5 and 5.6, and from the above discussion of the anti
structure. □

Similarly, by Propositions 5.8 and 5.9, and by the above discussion of the case of F8,5a, the
quantum group G′ of F8,5a is contained in the quantum automorphism group H+

2 ≀∗Z2 of the binary
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tree, and when c or b/a is not a root of unity, G′ projects onto H+
2 at the pair level, is contained in

no free wreath product with amalgamation H+
2 ≀∗,K Z2 with K ̸= {1}, and is equal to H+

2 ≀∗ Z2 as

soon as the corresponding model σ0 ⊕ (σ1 ⊗ σ1ν)∆ generates H+
2 ∗̂H+

2 .

6. Real Hadamard matrices

We discuss here the real Hadamard matrices. The numerics show that the matrices with c2 = 2,
including the Paley matrices up to order 108, are Temperley–Lieb as far as computed, while those
of order 16, which are all of Diţă type, have sequences ck which decrease from one class to the next.
Then we turn to infinite depth, which is the first step towards wildness, and which we establish
for the Paley II matrices, and more generally for the matrices coming from symmetric conference
matrices, and for the Paley I matrices, with 11 ≤ q < 105.

6.1. Constructions. Let χ be the quadratic character of Fq, and Qab = χ(b − a). The Paley I

matrix, for q ≡ 3 mod 4, is P 1
q+1 = 1 +

(
0 I
−I Q

)
, and the Paley II matrix, for q ≡ 1 mod 4, is

obtained from

(
0 I
I Q

)
by replacing 0 →

(
1 −1
−1 −1

)
and ±1 → ±

(
1 1
1 −1

)
, as in [8, Theorem

1.19], see also [75]. Note that P 1
q+1 is skew, in the sense that P 1

q+1+(P 1
q+1)

t = 2, because χ(−1) = −1

for q ≡ 3 mod 4, while P 2
2(q+1) is symmetric. The elements of Fq are ordered as 0, 1, . . . , q − 1 for q

prime, and as polynomials c0 + c1x + c2x
2 in lexicographic order of (c0, c1, c2) for q = 9, 25, 27, 49,

these matrices being built by the module pmatrices.py. The Williamson matrices are built from
symmetric circulant matrices A,B,C,D ∈MK(±1) with first entry +1 and A2+B2+C2+D2 = 4K,
placed as in [8, Theorem 1.24], the quadruple used being the first one found by a lexicographic search.
Finally, hadN.k denotes the k-th matrix of order N in McKay’s library [60], in his order, starting
from k = 0.

Classes. The number of equivalence classes is 1, 5, 3, 60, 487 at the orders 12, 16, 20, 24, 28.
At order 12, the Paley matrices P 1

12, P
2
12 and the Williamson matrix W12, with K = 3, are all

equivalent, to the following matrix:

P 1
12 =



+ + + + + + + + + + + +
− + + − + + + − − − + −
− − + + − + + + − − − +
− + − + + − + + + − − −
− − + − + + − + + + − −
− − − + − + + − + + + −
− − − − + − + + − + + +
− + − − − + − + + − + +
− + + − − − + − + + − +
− + + + − − − + − + + −
− − + + + − − − + − + +
− + − + + + − − − + − +


At order 16, the 5 classes are had16.0 = W16, the Walsh matrix, and had16.1, . . . ,had16.4. At order
20, the 3 classes are P 1

20 ∼ had20.2 with q = 19, P 2
20 ∼ W20 ∼ had20.0 with q = 9 and K = 5, and

had20.1. At orders 24 and 28 we use first the Paley matrices P 1
24, with q = 23, P 1

28, with q = 27,
and P 2

28, with q = 13, and the Williamson matrix W28, with K = 7, which is equivalent to P 2
28, and

then all the classes of [60]. The matrices of order ≥ 16 are not displayed, being given by the above
constructions, and by [60].

Transposition. With an exact equivalence test, by row by row backtracking, which is com-
plete, and with the equivalences found being checked, as done by the programs equiv.py and
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preflight real.py, all the above matrices are equivalent to their transposes, except for had16.3
and had16.4, which are transposes of each other, hadt16.3 ∼ had16.4. Thus had16.3, had16.4 is the only
pair to be computed separately.

6.2. Results. For H and Ht alike, we find the following values, the first ones being computed by
the programs stage1.py and stage1b.py, and the higher ones by the programs mentioned below:

matrix c1, . . . , c4 higher levels

P 1
12 1, 2, 5, 14 c5 = 42, c6 = 132

had16.0 =W16 1, 16, 256, 4096
had16.1 1, 7, 58, 568 c5 = 6496, finite, of dimension 256
had16.2 1, 4, 21, 142
had16.3 1, 3, 11, 46 c5 = 212
had16.4 ∼ hadt16.3 1, 3, 11, 46 c5 = 212
P 1
20, P

2
20 1, 2, 5, 14 c5 = 42

had20.1 1, 2, 5, 14
P 1
24 1, 2, 5, 14 c5 = 42
P 1
28, P

2
28 1, 2, 5, 14

P 1
32, P

2
36, P

1
44, P

1
48 1, 2, 5, 14

P 2
52, P

2
100, P

1
104, P

1
108, P

2
108 1, 2, 5

Here the values c5 = 42 at orders 20 and 24, and all the values at the orders N ≥ 32, come
from the Jones–Wenzl count of section 9, done in real arithmetic by the programs bobcat.py and
cormier.py, which give ek = 0 in all cases. Level 5 at orders 20 and 24, in dimensions 3.2 · 106 and
8 ·106, takes 5 to 20 minutes, level 4 at order 48, in dimension 5.3 ·106, takes about 35 minutes, and
level 3 at orders 100 to 108, in dimension about 1.2 · 106, takes about 2 minutes. For P 1

20, the value
c5 = 42 was obtained first by the program puma.py, with noncrossing seeds, in 75 minutes, and at
orders 20 and 24 the converged norms computed by the program sandcat.py at level 5, which are
0.2919, 0.5084, 0.2396 for P 1

20, P
2
20, P

1
24, confirm these values. Thus the matrices of orders 12, 20, 24,

28, 32, 36, 44, 48, 52, 100, 104, 108 tested are Temperley–Lieb as far as computed, while at order
16 none of them is, the moments of the 5 classes decreasing from W16 to had16.3 ∼ hadt16.4, which
is a comparison of moments, the corresponding inclusions of quantum groups being not proved,
and with only W16 having a commuting magic matrix. The Diţă block structure search shows that
had16.1, . . . ,had16.4 all have a Diţă block structure, in the general sense of section 1, while the other
matrices above have no such structure. Among them, only had16.1 is a deformed Walsh matrix
FZa

2
⊗Q FZb

2
, as explained below.

6.3. The matrices had16. The sequence 1, 3, 11, 46 of had16.3 and had16.4 starts as the little
Schröder sequence 1, 3, 11, 45 of F8,5b, see section 4, but leaves it at level 4, where 45 of the fixed
vectors come from level 3, and 1 is new. The Hankel conditions give, with c1, . . . , c4 = 1, 3, 11, 46:

det

 1 3 11
3 11 46
11 46 c5

 = 2c5 − 411 ≥ 0

so c5 ≥ 206. For had16.3, the seeds give 207 fixed vectors, a search with random blocks on their
orthogonal complement gives 5 more vectors, and a Lanczos computation of the top eigenvalues of
T5 on the orthogonal complement of these 212 vectors gives 0.875, 0.8536, 0.8248, 0.8042, the whole
computation being redone, with a new random seed, by the program margay.py. Thus c5 = 212,
with 2c5 − 411 = 13, and the value 0.875 is the same as the second eigenvalue at level 4. Since
had16.4 ∼ hadt16.3, Theorem 2.3 gives c5 = 212 for had16.4 as well, and the direct computation by the
program ocelot.py, which takes 40 minutes, gives indeed 212, with 207 vectors coming from the
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seeds. At the next level, the positivity of the Hankel matrix (ci+j)i,j=0,...,3, with c0 = 1, amounts
to 10c6 − 10377 ≥ 0, and so gives c6 ≥ 1038, in agreement with the prediction c6 ∈ {1054, 1055}
coming from the Boolean cumulants, discussed below.

OEIS. The search for 1, 3, 11, 46 in the OEIS database returns 34 sequences, whose next terms are
as follows, with the ones below 206 being excluded by the above Hankel bound:

next term number sequences

180–205 10 excluded by c5 ≥ 206
206 2 A271959, A151140
207 7 A006605, A155134, A275757, A291090,

A151141, A357233, A306822
208 2 A193074, A287891
209 2 A371428, A233389
210 3 A281548, A086521, A225293
211 2 A046996, A248426
213 2 A337913, A129579
219, 230, 233, 234 4 A393791, A030814, A030976, A264416

Thus 1, 3, 11, 46, 212 is not in OEIS. The seeds alone give 207, the value of A006605, the number
of modes of connections of 2n points, related to Baxter’s generalization of the Temperley–Lieb
operators. Since the candidates are consecutive integers, approximate values of c5 would have been
useless here, and the probabilistic count, which produces an integer, is the right tool.

The matrix had16.1. An exhaustive search over the real deformed Fourier matrices FZa
2
⊗Q FZb

2

with a + b = 4 and Q having ±1 entries, by using the counting of Proposition 4.2, done by the
program walshdita.py, shows that only 2 classes appear, namely W16, at Q = 1, and had16.1,
which is equivalent to FZ2

2
⊗Q FZ2

2
, with Q having a single entry −1, at the position (3, 3), the

elements of Z2
2 being labeled 0, 1, 2, 3 in binary. Thus Theorem 4.4 (2) applies, and shows that the

quantum group of had16.1 is finite, of dimension 256, with |ΓX,Y /NQ| = 64, and with

c1, . . . , c7 = 1, 7, 58, 568, 6496, 84352, 1197568

which confirms the value c4 = 568 found above, by the probabilistic count. The other 3 classes,
had16.2, had16.3, had16.4, are thus of Diţă type only in the general sense H⊗Q(K1, . . . ,KM ) of section
1, and are not deformed Fourier matrices.

Cumulants. For the order 16 matrices, with the notations of section 4, we have:

matrix κ1, κ2, . . . b1, b2, . . .

W16 1, 15, 210, 2715 1, 15, 225, 3375
had16.1 1, 6, 39, 303 1, 6, 45, 423
had16.2 1, 3, 11, 61 1, 3, 14, 95
had16.3, had16.4 1, 2, 4, 9, 26 1, 2, 6, 23, 103

The Boolean cumulants 1, 2, 6, 23, 103 of had16.3 are the numbers of permutations avoiding a single
pattern of length 4, and the passage from F8,5b, with Boolean cumulants 1, 2, 6, 22, 90 counting the
permutations avoiding the 2 patterns 2413, 3142, amounts to dropping 1 of the 2 forbidden patterns,
matching the single new fixed vector at level 4. The OEIS searches for the free cumulants 1, 2, 4, 9, 26,
for the moments 1, 0, 2, 4, 17, 66 of χ − 1, and for the binomial transform 1, 2, 6, 24, 113, 588, give
nothing relevant. This suggests exploring the Boolean cumulants of compact quantum groups, as
opposed to the Boolean quantum semigroups of Liu [58]. Since the 3 classes of patterns of length 4
give |Av6(τ)| = 512 or 513, this Boolean picture predicts c6 ∈ {1054, 1055} for had16.3.
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6.4. All classes of orders 24 and 28. We computed c2, c3 for all the 60 classes of order 24, and
c2 for all the 487 classes of order 28, from the data of [60], for both H and Ht, which agree in all
cases, with the programs sweep real.py and sweep c2.py. Then, for the 45 classes of order 24
with c2 = 2, we computed c4, for both H and Ht, and for the 487 classes of order 28 we computed
c3, for both H and Ht, and then c4 for H, for the first 9 classes, these 2 overnight computations
being done by the programs lynx.py and fedor.py. The results are as follows:

order classes c1, c2, . . . Diţă structure

24 45 1, 2, 5, 14 no
24 14 1, 3, 11 yes, of size 2× 12
24 1 1, 4, 20 yes, of size 2× 12
28 487 1, 2, 5, and c4 = 14 for 9 of them no

For the classes with c2 = 2, these values are confirmed via Theorem 9.1, by computing the norms
∥Φk∥ of section 9 with a converged Lanczos iteration, with residuals below 10−9, by the program
orders.py, built on the module gapcheck.py: the largest values are ∥Φ4∥ = 0.7685 at order 24,
and ∥Φ3∥ = 0.5702 at order 28, and ∥Φ4∥ = 0.3189 for the 9 classes of order 28 computed at level
4. Thus, for all these 547 matrices, we have c2 ≥ 3 precisely for the matrices of Diţă type, and the
other ones are Temperley–Lieb up to level 4 at order 24, and up to level 3 at order 28, and level
4 for the 9 classes computed. Observe that 14 of the Diţă classes of order 24 start, like F8,5b and
had16.3, with 1, 3, 11.

6.5. Infinite depth. All the real matrices above with c2 = 2 are Temperley–Lieb as far as com-
puted, and the natural question is whether they are wild. A first step is to prove that G is infinite,
that is, that the subfactor has infinite depth, and this was done by Montgomery for the Paley II ma-
trices and for P7 [62,63], by using the angle operator. We use here instead the following integrality
principle:

Theorem 6.1. If GH is finite, there is a monic polynomial p ∈ Z[x] such that p(NTk) = 0, for
any k. Thus the eigenvalues of all the matrices NTk are algebraic integers, from a finite set not
depending on k, and if some NTk has an eigenvalue which is not an algebraic integer, then GH is
infinite, and the subfactor has infinite depth.

Proof. Let π : C(G) → MN (C) be the factorizing representation, uij → Pij , and ω = Tr ◦ π, so
that NTk = (id ⊗ ω)(u⊗k), as in the proof of Theorem 9.1. The dual C(G)∗ is an algebra with
the convolution φ ∗ ϕ = (φ ⊗ ϕ)∆, with unit ε, and since U = u⊗k satisfies (id ⊗ ∆)U = U12U13,
the map φ → (id ⊗ φ)(U) is a unital algebra morphism C(G)∗ → MNk(C). Now assume that
C(G) =

⊕
ρMdρ(C) is finite dimensional, and let R ⊂ C(G)∗ be the Z-span of the traces Trρ = Tr◦ρ

of its irreducible representations. We have ε = Trε, and Trρ ∗Trσ = Tr◦(ρ⊗σ)∆ is a sum of traces
Trτ , with integer multiplicities, because (ρ⊗σ)∆ is a representation. Thus R is a unital ring, which
is a finitely generated Z-module, so all its elements are integral over Z. Since ω =

∑
ρmρTrρ, with

mρ the multiplicities of the irreducible representations in π, we have ω ∈ R, so p(ω) = 0 for some
monic p ∈ Z[x], and applying the above morphism gives p(NTk) = 0. Finally, the vertices of the
principal graph being the irreducible corepresentations of G, finite depth means that G has finitely
many of them, that is, that G is finite. □

For instance, for had16.1, whose quantum group is finite, of dimension 256, the spectra of NT2
and NT3 are {16, 8, 0} and {16, 8, 4, 0}, and for F s4 , whose quantum group is finite precisely when
s is a root of unity [21], the spectrum of NT2 is {4, 0} at s = i, and {4, 3, 1, 0} at s = e(1/6), while
at a generic point it contains the eigenvalues 2.0402 and 1.9598. More generally, for an analytic
family (Hq), if some function q → Tr((NTk(Hq))

m) is not constant, then GHq is infinite outside a
countable union of proper analytic subsets, the algebraic numbers being countable, and this applies
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to Hq
6 , BN

q
6 , P

q
7 , whose spectra vary, by the tables in section 9. Also, the eigenvalues of the angle

operator found by Montgomery [62,63] appear here as eigenvalues of NT2, namely 16q/(q+ 1)2 for
the Paley II matrix of order 2(q+1), which we checked at q = 5, 9, 13, and 1/49 for P7. Since these
are not algebraic integers, Theorem 6.1 recovers the infinite depth results of [62, 63] in these cases.
These checks are done by the program certify.py, which also certifies the rational eigenvalues
exactly, in integer arithmetic.

Taking traces in Theorem 6.1, if GH is finite then the numbers Tr((NTk)
r) = N rTr(T rk ) are

algebraic integers, for any k, r, and so they are integers when H is real. In vertex model terms,
since N−kTr(T rk ) is the partition function on the k × r torus, as explained after Theorem 2.3,
finite depth forces these partition functions, suitably normalized, to be integers. This gives a quick
test, implemented in the program moments.py, and for instance for the Paley I matrices below at
q = 11, 19, 23, 31, 43 we have Tr((NT2)

2) = 1664/3, 277696/125, 9088/3, 4868, 13688704/1331, so
the test detects infinite depth at q = 11, 19, 23, 43, but not at q = 31, where N = 32 has no odd
prime factor. In general, the denominators come from the odd primes dividing q + 1.

6.6. Paley II matrices. For a real Hadamard matrix H ∈ MN (±1) consider the linear map
ΦH on MN (R) ≃ RN ⊗ RN given by ΦH(Y )xy =

∑
abHaxHayHbxHbyYab. Since (T2)i1i2,j1j2 =

N−3(
∑

xHi1xHi2xHj1xHj2x)
2, expanding the square gives

N3T2 = ΦHtΦH

and we will use this formula for computing eigenvectors. Let C ∈ Mn(0,±1) be a symmetric
conference matrix, that is, C = Ct, Cxx = 0, Cxy = ±1 for x ̸= y, and C2 = qI, with n = q + 1, so
that q ≡ 1 mod 4. The matrix

H = C ⊗
(
1 1
1 −1

)
+ 1n ⊗

(
1 −1
−1 −1

)
is then a symmetric Hadamard matrix of order N = 2n, and for the Paley conference matrix, built
from the quadratic character χ on {∞} ∪ Fq, this is the Paley II matrix P 2

2(q+1) [75]. We index H

by pairs (x, a), with x ∈ {1, . . . , n} and a ∈ {0, 1}, so that H(x,a),(z,c) = (−1)ac(Cxz + δxz(−1)a+c),
and we consider the following 4 matrices in MN (0, 1), indexed by pairs ((x, a), (y, b)):

P1 = [x ̸= y, a = b] , P2 = [x ̸= y, a ̸= b] , P3 = [x = y, a ̸= b] , P4 = [x = y, a = b]

Thus P4 = 1N , and P1 +P2 +P3 +P4 is the all-one matrix. We set X = P1 −P2 and Y = P1 +P2,
so that X((x, a), (y, b)) = (1− δxy)(−1)a+b.

Theorem 6.2. With Φ = ΦH , the space span(X,Y, P3, P4) is invariant under Φ, with

Φ(X) = 2(q + 1)X − 2(q − 3)Y + 4q(q − 3)P3

Φ(Y ) = −2(q − 3)X − 2(q + 1)Y +N(N − 2)P4

Φ(P3) = 2(q − 3)X − 2(q + 1)P3 + 2(q + 1)P4

Φ(P4) = N(Y + P3 + P4)

and N3T2X = βX, with β = 4(q + 1)2 + 4(2q + 1)(q − 3)2. Thus NT2 has the eigenvalue

β

N2
= 1 +

(2q + 1)(q − 3)2

(q + 1)2

which is not an algebraic integer for q ≥ 5, and H has an infinite quantum group, and produces an
infinite depth subfactor. In particular, this holds for all the Paley II matrices.

Proof. Since H is symmetric, N3T2 = Φ2. Given u = (z, c) and v = (z′, c′), set ri = HiuHiv, so

that Φ(Z)uv =
∑

ij rirjZij , and σ = (−1)c, τ = (−1)c
′
. For the all-one matrix we have Φ(J)uv =
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(
∑

i ri)
2 = N2δuv, and Φ(P4)uv =

∑
i r

2
i = N . Next, Φ(P3)uv = 2

∑
x r(x,0)r(x,1), and

r(x,0)r(x,1) = στ(C2
xz − δxz)(C

2
xz′ − δxz′) = στ(1− 2δxz)(1− 2δxz′)

which sums to στ(q − 3) for z ̸= z′, and to στ(q + 1) for z = z′, giving the formula of Φ(P3). As
for X, with ε(x,a) = (−1)a we have Φ(X)uv = (

∑
i εiri)

2−
∑

xm
2
x, with mx =

∑
a(−1)ar(x,a). With

κ = −στ , we have

mx = (1 + κ) (CxzCxz′ + δxzδxz′στ) + (1− κ) (δxzσCzz′ + δxz′τCzz′)

and by using C2 = qI, the 4 cases z = z′ or not, c = c′ or not, give Φ(X)uv = 8,−4(q−1), 4q(q−3), 0
on the supports of P1, P2, P3, P4, which is the formula of Φ(X). Finally, Φ(Y ) = Φ(J)−Φ(P3)−Φ(P4)
gives the formula of Φ(Y ). Now in Φ2(X), the coefficients of Y , P3, P4 cancel, and the coefficient
of X is 4(q+1)2+4(q− 3)2+8q(q− 3)2 = β. As for the last assertion, 2q+1 is prime to q+1, and
(q + 1)2|(q − 3)2 would imply q + 1|4, so β/N2 is a rational number which is not an integer. □

These formulae were checked numerically by piiphi.py and piibeta.py. The proof uses only
the conference matrix axioms, so this applies as well to the symmetric conference matrices which
are not of Paley type, such as the one of order 46 found by Mathon [59], and gives new examples
of infinite depth subfactors, of order 92. In matrix terms, Φ has on our 4-dimensional space the
eigenvalues ±N3/2 and ±

√
β, the eigenvalue N3 of Φ2 corresponding to the Temperley–Lieb vectors

1N and J . Montgomery’s eigenvector [64], with eigenvalue 64q of N3T2, giving 16q/(q + 1)2, is
S ⊗ D, with S the matrix (χ(y − x))x,y∈Fq extended by 0 at ∞, and D = diag(1,−1), and its

computation uses the Paley structure, via S2 = qI − J . There are 2 more eigenvectors of the same
type, as follows:

Proposition 6.3. For the Paley II matrix, the matrices S⊗12 and S⊗γ, with γ =

(
0 1
1 0

)
, satisfy

N3T2X = αX, with α = 8T 2 + 32, where

T =
∑
s,t∈Fq

χ(s(s− 1)t(t− 1)(t− s))

When q = p is prime, p = a2 + b2 with a odd, we have T = 4a2 − 2p, and so α = 32((a2 − b2)2 +1).

Proof. With rb(y) = H(y,b)uH(y,b)v for y ∈ Fq, we have Φ(S ⊗E)uv =
∑

bb′ Ebb′⟨rb, Srb′⟩. For z ̸= z′

in Fq we have rb = (στ)b(g+(−1)bCzz′(σez+τez′)), with g(y) = χ((y−z)(y−z′)). The affine change
of variables y = z + (z′ − z)s gives ⟨g, Sg⟩ = χ(z′ − z)T , and we have (Sg)z = (Sg)z′ = −χ(z′ − z),
and Szz′ = χ(z′ − z). This gives

⟨rb, Srb′⟩ = (στ)b+b
′
[
Czz′(T + 2(−1)b+b

′
στ)− (σ + τ)((−1)b + (−1)b

′
)
]

and so Φ(S ⊗ 12)uv = 2Czz′(T + 2στ), and Φ(S ⊗ γ)uv = 2Czz′(στT − 2). When z = z′, or when
∞ ∈ {z, z′}, the vectors rb are combinations of 1, ez and Sez, and by using the fact that S has zero
diagonal and zero row sums, and S2 = qI − J , a direct computation shows that the corresponding
entries of Φ(S ⊗ 12) and Φ(S ⊗ γ) vanish. Thus

Φ(S ⊗ 12) = S ⊗ ((2T + 4)12 + (2T − 4)γ) , Φ(S ⊗ γ) = S ⊗ ((2T − 4)12 − (2T + 4)γ)

and since the matrix

(
2T + 4 2T − 4
2T − 4 −2T − 4

)
squares to (8T 2 + 32)12, we obtain the first assertion.

As for the value of T , the substitution t → 1/t shows that T is q2 times the value at 1 of Greene’s
hypergeometric function 3F2(χ, χ, χ; ε, ε | ·) over Fq [42], whose value at 1 for q = p ≡ 1 mod 4
is (4a2 − 2p)/p2, see [74]. We have checked the formula T = 4a2 − 2p numerically for all primes
p ≡ 1 mod 4 below 120, as well as T = 18,−14 at q = 9, 25, with the programs piialpha.py and
piialphacheck.py. □
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Summarizing, the subspace of RN ⊗ RN invariant under the affine maps x → sx + t with s a
nonzero square, which has dimension 24, carries the eigenvalues N3, 64q, α, β of N3T2, and we
have checked numerically, with the program piiinv.py, that for all primes q ≡ 1 mod 4 below
200 the spectrum there is exactly N3, 64q, α, β, 0, with multiplicities 2, 4, 2, 2, 14. Also, β lives on
the 8-dimensional subspace invariant under the larger group PSL2(Fq), as found with piiglob.py.
For Paley I, as we will see now, the affine-invariant subspace has dimension 6, and carries only the
eigenvalues N3 and 0. This is why Paley I is harder.

6.7. Paley I matrices. Let q ≡ 3 mod 4 be a prime power, and N = q + 1. We index P 1
q+1 by

{∞} ∪ Fq, so that H∞z = 1 for any z, Ha∞ = −1 for a ∈ Fq, and Haz = h(z − a) for a, z ∈ Fq,
with h(0) = 1 and h(u) = χ(u) for u ̸= 0. Since H is real, (T2)i1i2,j1j2 = N−3S2

i1i2j1j2
, with

Si1i2j1j2 =
∑

xHi1xHi2xHj1xHj2x, which is symmetric in the 4 indices. The affine maps z → sz + t,
with s a nonzero square, fixing ∞, are automorphisms of H, and we use them as follows. Since
−1 is not a square, F∗

q is the product of the squares and of {±1}, and the characters ψ of F∗
q with

ψ(−1) = 1 are those of odd order, dividing n = (q − 1)/2. For such a ψ ̸= 1, set ψ(0) = 0, and
consider the matrices Xψ indexed by {∞} ∪ Fq, given by Xψ(x, y) = ψ(y − x) for x, y ∈ Fq, and
vanishing on the row and column ∞.

Proposition 6.4. We have N3T2Xψ = mψXψ, with mψ = µ(ψ)µ′(ψ), where

µ(ψ) =
∑
t∈Fq

ψ(t)C(t) , µ′(ψ) =
∑
t∈Fq

ψ(t)C ′(t)

with C(t) =
∑

a g(a)g(a + t), C ′(t) =
∑

a g
′(a)g′(a + t), and g(a) = h(−a)h(1 − a), g′(a) =

h(a)h(a− 1).

Proof. With the notations of section 6.6, we have N3T2 = ΦHtΦH . Let M = ΦH(Xψ). Since the
maps σ(z) = sz + t are automorphisms of H, and Xψ(σx, σy) = ψ(s)Xψ(x, y), we have Mσx,σy =
ψ(s)Mxy. Also, M is symmetric, and its diagonal entries are

∑
abXab = 0. The entries M∞y

are constant in y, by translation invariance, and are multiplied by ψ(s) under scaling, so they
vanish, because ψ is nontrivial on the squares. As for the entries Mxy with x ̸= y in Fq, they
are of the form f(y − x), with f(sd) = ψ(s)f(d) for s square, and f(−d) = f(d), by symmetry,
so f = f(1)ψ, and M = µXψ, with µ = M01 =

∑
ab g(a)g(b)ψ(b − a) =

∑
t ψ(t)C(t). The same

argument applies to ΦHt , which has the same automorphisms, and with (Ht)a0(H
t)a1 = g′(a) this

gives ΦHt(Xψ) = µ′Xψ. □

Since ΦHt is the adjoint of ΦH , with respect to the scalar product ofMN (C), we have µ′(ψ) = µ(ψ),
and so mψ = |µ(ψ)|2 ≥ 0. These eigenvectors were found by the program principal.py, and the
eigenvalues mψ are computed, from a single entry, by eigq.py.

The action of PSL2(Fq). The automorphism group of P 1
q+1 contains G = PSL2(Fq), acting

on {∞} ∪ Fq = P 1(Fq) by signed permutations, and since the entries of N3T2 are squares, N3T2
commutes with the corresponding permutation action of G on pairs of points. We use the standard
notations for the irreducible representations of G: the Steinberg representation St, of dimension q,
the principal series π(ψ), of dimension q + 1, with ψ ̸= ψ−1 a character of the split torus, taken up
to inversion, the discrete series σ(θ), of dimension q − 1, with θ ̸= θ−1 a character of the nonsplit
torus C(q+1)/2, taken up to inversion, and the 2 representations ρ± of dimension (q−1)/2. Let w be

the element of order 2 of C(q+1)/2, and recall that G has order q(q2 − 1)/2, its nontrivial elements

being split, unipotent or elliptic, according to their number of fixed points on P 1(Fq), which is 2,
1 or 0, the split and nonsplit tori being cyclic, of orders (q − 1)/2 and (q + 1)/2. These facts,
and the character table of G used below, are standard, and can be found in the literature on the
representations of the finite groups SL2(Fq).
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Proposition 6.5. For the Paley I matrix, with q ≡ 3 mod 4, the following hold:

(1) N3T2 vanishes on the antisymmetric vectors, and on the vectors φ(x), φ(y), δxyφ(x) with∑
φ = 0, and has eigenvalue N3 on 1N and on the all-one matrix.

(2) The space of functions on unordered pairs of distinct points is, as a representation of G, the
sum of 1, St, all the π(ψ), once each, the σ(θ) with θ(w) = −1, twice each, and, when q ≡ 3
mod 8, the representations ρ+, ρ−.

(3) Thus N3T2 has eigenvalues mψ on the π(ψ), given by Proposition 6.4, 2 eigenvalues on each
σ(θ) with θ(w) = −1, and, when q ≡ 3 mod 8, an eigenvalue mh on ρ±, given by

mh =
1

2|G|

(
(q − 1)N4 −

∑
u

τ(u)− 2
∑
t

θ0(t)τ(t)

)
where τ(g) = Tr(N3T2 g), the sums are over the nontrivial unipotent elements, and over the
elliptic elements, and θ0 is the character of order 2 of the nonsplit torus.

Proof. (1) The vanishing on antisymmetric vectors comes from the symmetry of S, and the other
assertions follow from Si1i2jj = Nδi1i2 for any j, which gives

∑
j S

2
i1i2jj

= N3δi1i2 , and from∑
j2
S2
i1i2j1j2

= N2, these formulae following from HHt = N1N .

(2) The space in question is IndGK(1), with K the stabilizer of {∞, 0}, which is dihedral of order
q − 1, consisting of the split torus, of order (q − 1)/2, and of (q − 1)/2 involutions x → c/x, which
are elliptic, because −1 is not a square. Thus the multiplicity of ρ is 1

q−1

∑
g∈K χρ(g), and the

character table of G gives 1 for 1, St, π(ψ), then 1− θ(w) for σ(θ), and (1− θ0(w))/2 for ρ±, with

θ0(w) = (−1)(q+1)/4.
(3) The first assertions follow from (1) and (2). As for mh, the projection onto the isotypic

component of ρ+ ⊕ ρ− is e = q−1
2|G|

∑
g χ(g)g, with χ = χρ+ + χρ− , which is the character of σ(θ0),

equal to q − 1, 0, −1, −2θ0(t) on the identity, the split, the unipotent and the elliptic elements.
Since Tr(N3T2e) = (q − 1)mh, we obtain the formula. □

Accordingly, the spectrum of N3T2 is the multiset union of N3 with multiplicity 2, of 0 with
multiplicity (q+1)(q+4)/2−2, of the numbers mψ, with multiplicity q+1, and of (q+1)/4 further
numbers, with multiplicity q−1, the multiplicities adding up when some of these numbers coincide.
For instance at q = 7, where P 1

8 ∼ W8, the eigenvalue N3 has multiplicity 8, and the eigenvalue 0
has multiplicity 56. We checked this description at q = 19, 23, 31, with the programs fullspec.py
and orbits.py. The numbers τ(g) are easily computed, as τ(g) = ∥U tU∥2 with Uix = HixHgi,x,
and using only one element in each unipotent subgroup and one nonsplit torus, the formula for mh

takes a few seconds for q ≤ 100, with the program halftrace.py. We find that mh is always an
integer, given by

mh = (U − 2)2 + 16q , U = 4a2 − 2q

where q = a2 + 2b2 with a odd, for all the 19 primes q ≡ 3 mod 8 below 380, for instance mh =
320, 1600, 832, 8000 at q = 11, 19, 43, 59. Here U is the trace of the Frobenius over Fq2 of the elliptic

curve y2 = x3 + 4x2 + 2x, which has complex multiplication by Z[
√
−2]. Similarly, for Paley II,

the number T = 4a2 − 2q in Proposition 6.3 is the trace of the Frobenius over Fq2 of the curve

y2 = x3 − x, which has complex multiplication by Z[i]. Whether this formula of mh holds for all
q ≡ 3 mod 8 is open, and Proposition 6.5 (3) might give a way of proving it. As for the affine-
invariant subspace, it is spanned by the indicators of the 6 orbits of pairs, and carries only the
eigenvalues N3, twice, and 0.

Thus NT2 has the eigenvalue mψ/N
2. Up to boundary terms, C(t) is the character sum∑

a χ(ft(a)) with ft(a) = a(a − 1)(a + t)(a + t − 1), related to the number of points of the curve
y2 = ft(x) over Fq, and so mψ has no simple closed form, contrary to the Paley II case. However,

mψ ∈ Z[e2πi/d], with d the order of ψ, and the Galois group acts on the characters of order d, so
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the trace Pd =
∑

o(ψ)=dmψ is an integer. If mψ/N
2 were an algebraic integer for some ψ of order

d, then so would be its conjugates, and so N2|Pd. With µ(ψ) = 2
∑

s square ψ(s)C(s), the integers

Pd are computed exactly from the integers C(t), C ′(t), by using Ramanujan sums, and this is done
by the program trace cert.py. For instance, with m = mψ in the cases where all the characters
of order d give the same eigenvalue, we have:

q 11 19 23 27 31 43

d 5 3 11 13 3 3
Pd 1280 1152 11264 9984 4608 1152
mψ, and mψ/N

2 320, 20
9 576, 36

25 – 832, 52
49 2304, 9

4 576, 36
121

At q = 23 the 10 characters of order 11 give 5 different eigenvalues, none of them rational, but
P11 = 11264 is not divisible by N2 = 576. At q = 7 we have P3 = 0, in agreement with the fact
that P 1

8 ∼ W8 has a finite quantum group. We ran this over all the prime powers q ≡ 3 mod 4
with 11 ≤ q < 105, namely 4,806 primes and the 11 prime powers 27, 243, 343, 1331, 2187, 6859,
12167, 16807, 19683, 29791, 79507. A first sweep, with the programs trace fast.py for the primes,
and trace gf.py for the prime powers, computes the autocorrelations and the convolutions by fast
Fourier transforms, rounded to integers, which is reliable, but not a proof. The final computation,
by the program trace exact.py, uses integer arithmetic for all the quantities computed. The
autocorrelations C,C ′ on the additive group Fq ≃ Zrp, and the cyclic convolution on Zn giving
Pd via Ramanujan sums, are computed exactly, by Kronecker substitution, that is, as products
of big integers whose base 264 digits are the coefficients, these products being done by the GMP
library, through the module gmpconv.py. The field Fpr is built from a primitive polynomial, found
and checked by fast exponentiation, and the program also checks the Paley identity

∑
a χ(a)χ(a+

t) = −1 for t ̸= 0, which makes P 1
q+1 Hadamard. Finally, at q = 7, 11, 19, 23, 27, 31, 43, 47, it

recomputes the integers Pd from the full matrix N3T2, as exact traces against Ramanujan sums,
after checking exactly the following fact, with s a generator of the squares, and Yj the indicator of
the set {(x, y) | y − x ∈ {sj ,−sj}}, extended by 0 on the row and column ∞: N3T2Yj is the sum of
a cyclic translate, by j, of a fixed combination of the Yl, and of a term which does not depend on j.
Thus the span of the differences Yj − Y0, which contains the matrices Xψ with ψ ̸= 1, is invariant,
and the Xψ are eigenvectors. The whole sweep takes about 40 minutes, and we always find a divisor
d of (q−1)/2 with N2 ∤ Pd, the certifying divisors, and the sums of all the traces Pd, being the same
as in the first sweep, for all the primes. At q = 7, excluded, there is no such divisor. For instance,
for some large values of q, the smallest certifying divisor d, and the corresponding trace Pd, are as
follows:

q 10007 29791 50023 79507 99991

d 5003 3 3 3 3
Pd 996,750,011,392 2,489,356,800 19,859,447,808 24,812,790,912 23,828,318,208
Pd mod N2 57,214,528 714,230,272 2,342,643,776 5,848,224,720 3,831,518,080

We obtain the following result:

Theorem 6.6. For any prime power q ≡ 3 mod 4 with 11 ≤ q < 105, the Paley I matrix P 1
q+1 has

an infinite quantum group, and so produces an infinite depth subfactor. More precisely, there is a
divisor d of (q − 1)/2 such that, for any character ψ of order d, the eigenvalue mψ/N

2 of NT2 is
not an algebraic integer.

Proof. This follows from Theorem 6.1, Proposition 6.4, and the above computation, whose output
is in the files trace exact-primes.log, trace exact-powers.log and trace exact-brute.log,
with the corresponding json files listing, for each q, the certifying divisors d and the first value Pd.
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Further checks are done by the programs verify gf.py and exactcheck.py, and the first sweep is
in the files trace small.log and trace full.log. □

7. Wild matrices, orders 6 and 7

We discuss here the complex Hadamard matrices of orders 6 and 7 which are not of Diţă type.
At order 6 these are the known matrices T6, H

q
6 , BF6, BN

q
6 , and the Karlsson family K6, which

contains all of them except T6, and at order 7 these are the Petrescu matrices. All of them have
c2 = 2, at generic parameters for the families, the family K6 containing special points with c2 = 4, 6,
and are Temperley–Lieb as far as computed, the higher levels being discussed in section 8.3.

7.1. Order 6. The Tao matrix T6 [86], see [8, Proposition 6.16], is isolated, and regular:

T6 =


1 1 1 1 1 1
1 1 w w w2 w2

1 w 1 w2 w2 w
1 w w2 1 w w2

1 w2 w2 w 1 w
1 w2 w w2 w 1


The Haagerup matrices Hq

6 [45], see [8, Proposition 6.17], form a regular 1-parameter family, with
q ∈ T:

Hq
6 =


1 1 1 1 1 1
1 −1 i i −i −i
1 i −1 −i q −q
1 i −i −1 −q q
1 −i q̄ −q̄ i −1
1 −i −q̄ q̄ −1 i


The Björck–Fröberg matrix [25], see [8, Proposition 5.17], is circulant, and non-regular, with a a
root of a2 + (

√
3− 1)a+ 1 = 0, the 2 roots a, ā giving 2 circulant matrices:

BF6 =


1 ia −a −i −ā iā
iā 1 ia −a −i −ā
−ā iā 1 ia −a −i
−i −ā iā 1 ia −a
−a −i −ā iā 1 ia
ia −a −i −ā iā 1


The Beauchamp–Nicoara matrices [17], see [8, Theorem 5.18], are self-adjoint and non-regular, and
every self-adjoint 6× 6 complex Hadamard matrix is of this form:

BN q
6 =


1 1 1 1 1 1
1 −1 x̄ −y −x̄ y
1 x −1 t −t −x
1 −ȳ t̄ −1 ȳ −t̄
1 −x −t̄ y 1 z̄
1 ȳ −x̄ −t z 1


x =

1 + 2q + q2 −
√
2
√
1 + 2q + 2q3 + q4

1 + 2q − q2
, t =

1 + 2q + q2 −
√
2
√

1 + 2q + 2q3 + q4

−1 + 2q + q2

y = q, z =
1 + 2q − q2

q(−1 + 2q + q2)

with the principal branch of the square root. Note that this matrix is Hadamard only on the arc
Re(q) ≤ (

√
3− 1)/2, that is, | arg q| ≥ 68.53◦, and not on the whole circle, as stated in [8]. At the
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endpoints we have q4 + 2q3 + 2q + 1 = 0, and the constant
√
3 − 1 is that of the Björck–Fröberg

equation. The matrix D6 appears at q = i.

H2-reducible matrices. Following Karlsson [56], a complex Hadamard matrix of order 2q is
called H2-reducible if, up to permutations of the rows and columns, its q2 blocks of size 2 × 2
are all Hadamard. The basic construction of such matrices is by gluing 2 Hadamard matrices of
order q, as follows. We use the Bloch sphere: to a unit vector ξ ∈ C2 we associate rξ ∈ S2, with

|⟨ξ, η⟩|2 = 1
2(1 + ⟨rξ, rη⟩), and we use spherical coordinates on S2, with polar angle measured from

re1 .

Proposition 7.1. Let K,L ∈Mq(T) be Hadamard, and let A0, . . . , Aq−1 ∈ U2 and B0, . . . , Bq−1 ∈√
2U2. The matrix H ∈M2q(C) having as 2× 2 blocks

Hij = Ai

(
Kij 0
0 Lij

)
Bj

satisfies HH∗ = 2q, and it is Hadamard if and only if, for any i, j, we have

cosαi cosβj + sinαi sinβj cos(φi − ψj − γij) = 0

where (αi, φi) and (βj , ψj) are the coordinates of the Bloch vectors of A∗
i e1 and 1√

2
Bje1, and e

iγij =

Lij/Kij. When H is Hadamard, it is H2-reducible.

Proof. With A = diag(Ai) and B = diag(Bj) we have H = A(K ⊗ e11 + L ⊗ e22)B, up to a
permutation, and the middle matrix is

√
q times a unitary, so HH∗ = 2q. Thus each block Hij is√

2 times a unitary, and a 2×2 unitary V has |V11| = |V22| and |V12| = |V21|, with |V11|2+ |V12|2 = 1.
So Hij is Hadamard iff |(Hij)11| = 1. Now (Hij)11 = ⟨DijBje1, A

∗
i e1⟩ with Dij = diag(Kij , Lij), and

since Dij acts on the Bloch sphere by the rotation of angle γij around re1 , we obtain |(Hij)11|2 =
1 + cosαi cosβj + sinαi sinβj cos(φi − ψj − γij). □

Conversely, if H is H2-reducible, with the blocks Hij all Hadamard, we can write Hij = XiWijYj
with Yj = H0j , Xi = Hi0H

−1
00 ∈ U2, and Wij ∈ U2 with W0j = Wi0 = 1. The block matrix W is

then
√
q times a unitary, that is, a Hadamard matrix with entries in U2, and H is of the above form

precisely when theWij commute: in this caseWij = U diag(Kij , Lij)U
∗, and we can take Ai = XiU ,

Bj = U∗Yj . At order 6 this is automatic, and we recover in this way the result of Karlsson [56,57],
as follows:

Theorem 7.2. Any H2-reducible matrix of order 6 is equivalent to a matrix as in Proposition 7.1,
with K = F3 and L = F3 or L = F̄3. In the first case H is of Diţă type, and in the second case
Hij = XiΩ

ijYj, with Ω ∈ U2 satisfying 1 + Ω + Ω2 = 0, and having eigenvalues w, w̄.

Proof. With the above notations, the orthogonality of the block rows 0, 1, and of the block columns
0, 1, gives 1 +W11 +W12 = 0 and 1+W11 +W21 = 0, and then the orthogonality of the block rows
0, 2 gives W22 = −1 −W21 = W11. Let Ω = W11. Since −1 − Ω is unitary, the eigenvalues λ of Ω
satisfy |1+λ| = 1, so λ ∈ {w, w̄}, hence λ2 = −1−λ, and so Wij = Ωij . Diagonalizing Ω, we obtain
the form in Proposition 7.1, with K,L ∈ {F3, F̄3}, and up to exchanging K,L, and permuting the
block rows by i → −i, we can assume K = F3. If L = F3 then γij = 0, and the conditions read
ri ⊥ sj for all i, j, with ri, sj the Bloch vectors in Proposition 7.1. Thus either all ri are ±r, or all
sj are ±s, for some r, s ∈ S2. In the first case we can take Ai diagonal, up to multiplying on the
right by a fixed unitary, which can be moved into the Bj , and H(ir),(jc) = airw

ij(Bj)rc is of Diţă
type, with the Bj being Hadamard. The second case is similar. □

In the second case we obtain the Karlsson matrices [57], a non-affine family with 3 real parameters,
containing the previously known 1- and 2-parameter families. In the original coordinates of [57],
which we use for computations, they are as follows. Let Λ = n·σ be the Hermitian unitary associated
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to a unit vector n ∈ S2, with polar coordinates θ, ϕ, explicitly Λ =

(
cos θ eiϕ sin θ

e−iϕ sin θ − cos θ

)
, and

consider the matrix cube root of unity

Ω = e2πiΛ/3 = −1

2
+
i
√
3

2
Λ , Ω3 = 1 , 1 + Ω + Ω2 = 0

Then, with F2 =

(
1 1
1 −1

)
and Dz = diag(1, z), the matrix is

K6 =

X0

X1

X2

1 1 1
1 Ω Ω2

1 Ω2 Ω

Y0 Y1
Y2


with Yj = DzjF2, where z0 = 1, and with X0 = 1 and Xi =

1
2F2Dzi+2F2 for i = 1, 2. Thus K6

is a Fourier matrix F3 with entries in M2(C), the cube root of unity being replaced by Ω, or, in

quaternionic terms, by the cube root of unity −1
2 +

√
3
2 u, with u = iΛ a pure unit quaternion.

The relation K6K
∗
6 = 6 is automatic, because the middle matrix is

√
3 times a unitary, the Xi are

unitary, and YjY
∗
j = 2, and each 2× 2 block is

√
2 times a unitary, so that it is Hadamard as soon

as its entries are unimodular. The only condition is thus that the entries are unimodular, and this
determines the phases from z1 = eiψ, as

z23 = MA(z
2
1), z24 = MB(z

2
1), z22 = M−1

A (MB(z
2
1)), MX(z) =

X2
12z −X2

11

X̄2
11z − X̄2

12

with A = F2Ω and B = F2Ω
2, with a choice of signs for the square roots, as in [57]. The degenerate

points where MA or MB is undefined are excluded. At θ = 0 the matrix Ω = diag(w, w̄) is diagonal,
and K6 is a Diţă matrix, so θ is a normal coordinate to this Diţă locus, with ϕ giving the direction
of the tilt of Ω. Note that the square roots make the formula discontinuous at θ = 0.
In the coordinates of Proposition 7.1, where K = F3, L = F̄3 and γij = 2πij/3, the family K6 is
the variety of configurations of 6 points r0, r1, r2, s0, s1, s2 ∈ S2 subject to the 9 equations there,
modulo the rotations around the axis. This is a 3-dimensional variety, as it should, the 9 equations
on the 11 remaining coordinates having 1 relation, as seen numerically. The Diţă points are those
where the ri, or the sj , are all at the poles, by the argument in the proof of Theorem 7.2, and
θ = 0 above corresponds to the ri at the poles. The other matrices Hq

6 , BF6, BN
q
6 above are

H2-reducible [56], and so belong to K6, while T6 is not, and their configurations are special. For
the Haagerup matrix Hq

6 , in each of its 6 block structures, 4 of the 6 points make the magic angle
with the axis, cos2 αi = cos2 βj =

1
3 , and the remaining 2 satisfy cos2 α0+cos2 β0 =

2
3 , with suitable

labels. For the self-adjoint matrices BN q
6 and BF6, we have βj = π−αj for all j. These facts were

found numerically, at several values of the parameters, with the programs bloch.py and h2red.py.
The 4-parameter family of Szöllősi [83], conjecturally generic at N = 6, has no closed form, and is
not treated here. A complete classification at N = 6, as the union of this family, of K6, and of T6,
with an algebraic reconstruction of the generic family, was recently announced in [31]. For H and
Ht alike, we find, with the program stage3.py:

(1) T6, and BF6 for both roots a, ā: c1, . . . , c4 = 1, 2, 5, 14.
(2) Hq

6 , at all roots of unity q of order ≤ 12 and 3 random points: 1, 2, 5, 14.
(3) BN q

6 , at all roots of unity of order ≤ 12 on its arc, including q = i, which gives D6, and
q = −1, and at 3 random points of the arc: 1, 2, 5, 14.

(4) K6, at 3 random points: 1, 2, 5, 14. On the grid θ, ϕ, ψ ∈ π
6 {0, . . . , 5}, at k ≤ 3: 1, 2, 5 at 164

of the 185 valid points, and 1, 4, 18 at the other 21, the 31 degenerate points being skipped.
These are the generic values of the order 6 Diţă families, which are contained in K6.

The value cgen2 = 2 for K6 can be proved exactly: at the Haagerup point H1
6 ∈ K6, with entries

in {±1,±i}, an exact computation in the Gaussian integers, by the program c2exact.py, shows
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that the graph of section 2.4 has 2 components, of sizes 6 and 30, so c2(H
1
6 ) = 2, and by upper

semicontinuity of c2 = dimker(T2 − 1), we have c2 = 2 near H1
6 , and so at the generic points of K6.

Thus at order 6, every known non-Diţă matrix is Temperley–Lieb up to level 4, which extends the
c2 = 2 observations of [30].

7.2. Order 7. Every regular complex Hadamard matrix of order 7 is equivalent to F7, P
q
7 or Rq7,

with q ∈ T [41], see also [76]. Here Rq7 is a monomially normalized conjugate of P q7 , kept because

conjugation is not part of the equivalence, so that ck(R
q
7) = ck(P

q′

7 ) for some q′:

P q7 =



−q q w 1 w 1 w
q −q w 1 1 w w
w w −w 1 w w 1
1 1 1 −1 w w w
w 1 w w −q̄w q̄w 1
1 w w w q̄w −q̄w 1
w w 1 w 1 1 −1



Rq7 =



1 1 1 1 1 1 1
1 1 1 w −1 −1 w2

1 −w2 w2 w2 q −q w
1 w −1 1 qw2 −qw2 w2

1 −1 −w −1 −q q −w2

1 w2 w qw q −qw −q
1 w2 w −qw qw −q q


At 3 random points and at all roots of unity q of order ≤ 12, for H and Ht alike, we find c1, . . . , c4 =
1, 2, 5, 14 everywhere, and in particular c3 = 5 at q = 1, as found in [30], the program being
stage46.py.

8. Wild matrices, orders 8 to 11

We continue with the non-Diţă matrices of orders 8 to 11, namely the regular matrices of order
8 from [41], the isolated matrices of orders 9, 10, 11 found in [17], and some new glued matrices of
order 10. Then we discuss the higher levels, up to level 9, for all the wild candidates, as well as the
special points of the families, and we summarize the findings.

8.1. Order 8. Among the 7 regular families of [41] in which only the cycle structures A,B ap-
pear, the 3 families F8,5 of section 3.4 are of Diţă type, and the 4 which are not of Diţă type are
the following, with independent parameters a, b, c, d ∈ T, displayed as in [41], in dephased form,
the transposed families being displayed too, as they appear in [41], and as they are used in the
computations below:

F8,4(a, b, c, d) =



1 1 1 1 1 1 1 1
1 −1 ad −ad −bd bd 1 −1
1 −1

c d d −d −d −1 1
c

1 1
cd −ad ad −1 −1 1 − 1

cd
1 1

c ad2 −ad2 bd2 −bd2 −1 −1
c

1 d −d −d −bd2 bd2 −1 d
1 − 1

cd −1 −1 bd −bd 1 1
cd

1 −d −ad2 ad2 d d −1 −d


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F t8,4(a, b, c, d) =



1 1 1 1 1 1 1 1
1 −1 −1

c
1
cd

1
c d − 1

cd −d
1 ad d −ad ad2 −d −1 −ad2
1 −ad d ad −ad2 −d −1 ad2

1 −bd −d −1 bd2 −bd2 bd d
1 bd −d −1 −bd2 bd2 −bd d
1 1 −1 1 −1 −1 1 −1
1 −1 1

c − 1
cd −1

c d 1
cd −d



F8,2(a, b) =



1 1 1 1 1 1 1 1

1 −1 b −b − b
a

b
a a −a

1 −a b
a b − b

a −b −1 a

1 1
a

b
a2

− b
a

b
a − b

a2
− 1
a −1

1 1 −1 −1 −1 −1 1 1

1 a −b b
a − b

a b −a −1

1 − 1
a − b

a − b
a2

b
a

b
a2

−1 1
a

1 −1 − b
a2

b
a2

b
a − b

a
1
a − 1

a



F t8,2(a, b) =



1 1 1 1 1 1 1 1
1 −1 −a 1

a 1 a − 1
a −1

1 b b
a

b
a2

−1 −b − b
a − b

a2

1 −b b − b
a −1 b

a − b
a2

b
a2

1 − b
a − b

a
b
a −1 − b

a
b
a

b
a

1 b
a −b − b

a2
−1 b b

a2
− b
a

1 a −1 − 1
a 1 −a −1 1

a
1 −a a −1 1 −1 1

a − 1
a


The remaining regular families of [41], involving other cycle structures, are the following 2, with
a, b ∈ T, which are not of Diţă type either, as explained below:

K8,2(a, b) =



1 1 1 1 1 1 1 1

1 a −b2 − b2

a −1 −a b2

a b2

1 a
b −1 b

a 1 −a
b − b

a −1

1 −b b b2

a − b
a −1 b

a − b2

a
1 −a −b b −a

b
a
b −1 a

1 −1 b − b
a

b
a −b − b2

a
b2

a
1 −a

b −b −1 a
b a b −a

1 b b2 −b −1 b −b −b2



M8,1(a) =



1 1 1 1 1 1 1 1
1 −wa2 a wa −1 wa2 −a −wa
1 a −a a3 −a3 −a4 a4 −1
1 wa −w

a −wa w
a w2 −1 −w2

1 −1 w
a −a3 wa2 −wa2 a3 −w

a
1 wa2 w −wa4 −wa2 −w2a4 −a4 w2

1 −a −w −1 −w
a w a w

a
1 −wa −1 wa4 a3 −wa4 −a3 wa


Finally, there are 4 isolated regular matrices, which are Butson, given here in logarithmic form, with
ω = e(1/12) for I8,12 and ω = e(1/30) for the other 3, these logarithmic forms being also the ones
used in the module matrices.py, which builds all the matrices of this paper, with the conventions
used here, the 4 matrices themselves being taken from the classification in [41]:
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I ′8,12 =



0 0 0 0 0 0 0 0
0 0 0 3 6 6 6 9
0 1 5 9 1 5 9 6
0 4 8 6 10 2 3 9
0 6 2 11 9 8 3 5
0 6 11 5 3 11 9 5
0 7 6 1 7 3 9 1
0 10 6 7 4 9 3 1



K ′
8,30 =



0 0 0 0 0 0 0 0
0 0 6 10 12 18 20 24
0 6 13 28 27 21 12 15
0 10 28 20 16 4 10 22
0 12 27 16 1 15 24 9
0 18 21 4 15 19 6 3
0 20 12 10 24 6 0 18
0 24 15 22 9 3 18 7



L′
8,30 =



0 0 0 0 0 0 0 0
0 0 6 10 12 18 20 24
0 6 21 2 19 17 4 15
0 10 17 25 8 2 15 23
0 12 4 23 27 15 19 8
0 18 2 17 15 3 1 16
0 20 19 15 4 16 5 1
0 24 15 8 23 1 16 9



Lt′8,30 =



0 0 0 0 0 0 0 0
0 0 6 10 12 18 20 24
0 6 21 17 4 2 19 15
0 10 2 25 23 17 15 8
0 12 19 8 27 15 4 23
0 18 17 2 15 3 16 1
0 20 4 15 19 1 5 16
0 24 15 23 8 16 1 9


For H and Ht alike, we find c1, . . . , c4 = 1, 2, 5, 14 for all these matrices, at generic parameters, with
the program stage46.py. The value c2 = 2 of F8,2, F8,4 was checked independently with the profile
graph, and the Diţă block structure search confirms that F8,2, F8,4,K8,2,M8,1 are not of Diţă type.
The special points found, at k ≤ 3, by the same procedure as in section 3.3, are as follows:

(1) F8,4, F
t
8,4: all parameters ±1 give c2, c3 = 8, 64, and all parameters ±i give 5, 28.

(2) F8,2, F
t
8,2: c2, c3 = 5, 28 at a = ±1, and the Fourier point.

(3) K8,2: c2, c3 = 4, 19 at b = ±1, and along the whole diagonal a = b, except at a = b = ±1,
where we get 8, 64, and at a = b = ±i, where we get 6, 40.

(4) M8,1: c2, c3 = 4, 19 at a6 = 1.

Note that 5, 28 are the generic values of F2⊗QF4, and 4, 19 those of F8,5a, so all these families meet
Diţă type loci, at special parameters.
Block structure. All the regular matrices of order 8 above, and the Diţă type ones of section 3.4,
are H2-reducible, in several ways, as found by a direct search, with the programs types8.py and
look8.py. In each block structure, the normalized blocks Wij defined after Proposition 7.1 are of
one of 2 types. For F8,4, F

t
8,4 and F8,5a, F8,5b, F8,5c, in all the block structures the Wij commute, so
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these matrices are obtained by gluing 2 complex Hadamard matrices of order 4 as in Proposition
7.1, namely 2 matrices of the form F s4 , up to permutations. For F8,2, K8,2, M8,1, I8,12, K8,30, L8,30

and their transposes, there are block structures in which theWij do not commute, and in all of them
detWij = 1, so that W is a quaternionic Hadamard matrix of order 4, in the sense of [32], where
these matrices are classified. This dichotomy seems to be general: among 300 dephased Hadamard
matrices of order 4 with entries in U2, found by local minimization from random points, by the
program u2had.py, all are commuting, or quaternionic. We do not know whether this dichotomy
holds for all the Hadamard matrices of order 4 with entries in U2, which would be a quaternionic
analogue of the classification of the complex Hadamard matrices of order 4, recalled in section 3.
Thus all the matrices of order 8 considered here come either from a pair of complex Hadamard
matrices of order 4, or from a quaternionic Hadamard matrix of order 4, and both types contain
matrices with c2 = 2.

8.2. Orders 9 to 11. The following isolated matrices were found by computer in [17, Section 3].

Here y = 1−i
√
15

4 for H9, ϵ = e(1/10) for BN9, given in logarithmic form, and a = −1+i
√
15

4 for BN10:

H9 =



1 1 1 1 1 1 1 1 1
1 −1 −1 y y−1 −y−3 y−3 y y−1

1 y y3 −y2 y3 y −1 −y y
1 y y −1 y−1 y−3 −y−3 −1 y−1

1 −y −y2 y3 y3 −1 y y y
1 y y3 y3 y y−1 y−1 y y2

1 y3 y y y2 y−1 y−1 y3 y
1 −y2 −y y y −1 y y3 y3

1 y3 y −y y y −1 −y2 y3



BN ′
9 =



0 0 0 0 0 0 0 0 0
0 5 3 3 5 9 8 7 1
0 4 5 7 1 3 5 9 9
0 3 7 5 1 8 9 3 5
0 9 1 5 5 3 7 2 7
0 9 5 1 3 5 1 7 6
0 1 7 9 6 1 5 5 3
0 7 9 4 9 5 3 5 1
0 5 2 9 7 7 3 1 5


BN10 =



1 1 1 1 1 1 1 1 1 1
1 1 a−2 a−1 a−2 a2 1 a2 1 a
1 a2 1 a−2 a−2 1 a a2 1 a−1

1 1 1 1 a−2 a2 a2 a a−2 a−1

1 a2 a−2 1 1 a 1 a2 a−2 a−1

1 1 a−1 a−2 1 1 a2 a2 a−2 a
1 a2 1 a−2 a−1 a2 1 1 a−2 a
1 a2 a−2 1 a−2 1 a2 1 a−1 a
1 a a−2 a−2 1 a2 a2 1 1 a−1

1 a a−1 a−1 a−1 a a a a−1 1


The 2 matrices N11, N

′
11 have x = 3

4 − i
√
7

4 , and (a, b, y) = (−x, x,−x2), respectively (a, b, y) =
(1,−1, x̄):

N11, N
′
11 =



1 1 1 1 1 1 1 1 1 1 1
1 y y a b b −1 x −1 x −1
1 y b b a y x x −1 −1 −1
1 a b y y b −1 −1 x −1 x
1 b a y b y x −1 −1 −1 x
1 b y b y a −1 −1 x x −1
1 −1 x −1 x −1 −x

a −x
b −x

y −x
y −x

b

1 x x −1 −1 −1 −x
b −x

y −x
b −x

y −x
a

1 −1 −1 x −1 x −x
y −x

b −x
b −x

a −x
y

1 x −1 −1 −1 x −x
y −x

y −x
a −x

b −x
b

1 −1 −1 x x −1 −x
b −x

a −x
y −x

b −x
y


For these 5 matrices and their transposes, we find, with the program stage46.py, the values
c1, . . . , c4 = 1, 2, 5, 14.
Glued matrices of order 10. The matrix BN10 is not H2-reducible. However, Proposition 7.1
produces many matrices of order 10 with c2 = 2, as follows. Take K = F5 and Lij = ζσ(i)τ(j),
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with ζ = e(1/5) and σ, τ permutations of Z5 fixing 0. For each of the 576 choices of (σ, τ) we
solved the equations of Proposition 7.1 by local minimization from random points, and computed
c2, with the programs build.py, classify10.py and ten.py, the last one computing also the
defect. When σ, τ are both multiplications by units, so that Wij = Ωij with Ω5 = 1, as for K6,
all the solutions found have c2 = 6, or c2 = 10. For 500 of the remaining 560 choices, we found
solutions with c2 = 2. We then took 16 of these choices, including σ = id, τ = (34), and one
solution with c2 = 2 for each, and ran the overnight program bones.py on them. In all 16 cases we
found c1, . . . , c6 = 1, 2, 5, 14, 42, 132, the values c5, c6 coming from the Jones–Wenzl count of section
9, which gives e5 = e6 = 0, and the same values for Ht, by Theorem 2.3. For σ = id, τ = (34), the
count at level 7, in dimension 107, gives e7 = 0 as well, so that c7 = 429. Within the construction,
the solution sets have local dimension 2 for 12 of the 16 choices, and 1 for the other 4, and the
defect is 8, except for 2 choices, where it is 4. The largest eigenvalue found on the Jones–Wenzl
pieces at levels 5, 6 is about 0.1, except for 1 choice, where it is about 0.96. Similarly, at order 8,
the quaternionic Fourier matrix Wij = uij , with u a pure unit quaternion, only gives matrices with
c2 ≥ 3, the generic values being c2, c3 = 3, 11, as for F8,5b. Thus the Fourier pattern of K6 gives
no wild candidates at orders 8 and 10, while gluing F5 with a permuted copy of itself gives them
at order 10. We have not checked whether these matrices belong to the known families of order
10 [81, 84]. The matrix with σ = id, τ = (34), which was used at level 7, is given numerically in
the file example.npy accompanying bones.py, and the 16 solutions are written by this program in
the files pair-a.npy to pair-p.npy, from fixed random seeds. These solutions are approximate,
the equations of Proposition 7.1 being solved with residuals below 10−11, and the values above are
those of these approximate matrices: we have no exact representatives, and the statements about
them should be understood as numerical observations, and not as existence or classification results.

8.3. Higher levels. We computed c5 for all the matrices of this section, at a random point for the
families, plus a few special points, for H and Ht alike, by the seeded method of section 3.1 with
a deflated Lanczos verification, in dimension up to 115 = 161051, with the program level5.py.
Then we computed c6 and c7 for some of them, by the probabilistic count with noncrossing seeds,
with the programs puma.py and gsp.py at level 6, and caracal.py at level 7, and c6, . . . , c9, by the
Jones–Wenzl count of section 9, with the programs jaguar.py, aerts.py and lennox.py, for H,
which suffices, by Theorem 2.3. The values c6, . . . , c9 in the tables below come from probabilistic
counts, but they are confirmed by the converged norms of section 9, all below 1, which is why
they are written without star, except for BF6 at level 9. A blank in the tables means that the
corresponding value was not computed. At orders 6 and 7, we find:

matrix c5 next eigenvalue c6 c7 c8 c9

T6 42 0.619 132 429 1430 4862
BF6 42 0.667 429 1430 4862∗

Hq
6 , q random 42 0.673 132 429 1430 4862

Hq
6 , q = 1 42 0.667 429 1430 4862

BN q
6 , q random 42 0.692 132 429 1430 4862

BN q
6 , q = i (D6) 42 0.667 429 1430 4862

K6, random 42 0.795 132 429 1430 4862
P q7 , q random 42 0.587 132 429 1430
P q7 , q = 1 42 0.570 132 429 1430
Rq7, q random 42 0.575 132 429 1430

At orders 8 to 11, where c8 and c9 were not computed, we find:
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matrix c5 next eigenvalue c6 c7

F8,4, random 42 0.893 132 429
F8,2, random 42 0.638 132 429
K8,2, random 42 0.566 132 429
M8,1, random 42 0.859 132 429
I8,12 42 0.553 132 429
K8,30 42 0.541 132 429
L8,30, L

t
8,30 42 0.946 132 429

H9 42 0.442 132 429
BN9 42 0.747 132 429
BN10 42 0.648 132 429
N11, N

′
11 42 0.382 132

Also, P 1
12 has c6 = 132, by the same method. The second eigenvalues at these levels are given in

section 9, and are at least those at level 5, by Theorem 9.1. Thus all these matrices are Temperley–
Lieb as far as computed, and so are the real matrices of section 6 with c2 = 2.

8.4. Special parameters. The non-Diţă families Hq
6 , BN

q
6 , K6, P

q
7 , R

q
7, F8,4, F8,2, K8,2, M8,1

were scanned on fine grids, together with all the points having as parameters roots of unity of order
≤ 24 for 1 parameter, ≤ 12 for 2 parameters, and ≤ 8 for 4 parameters, plus random points, for
a total of about 13,600 points with c2 = 2, with the programs scan.py and scan4.py. At all of
them we found c3 = 5 and c4 = 14, the 15 points where the probabilistic count gave c4 > 14 being,
by a full recomputation with dense linear algebra, artifacts of points close to a special locus, with
eigenvalues 1− 10−5 or 1− 10−6. The special loci found are as follows:

family special locus c2, c3, c4

F8,2 line a = 1 5, 28, 167, generic 2× 4 Diţă
K8,2 lines a = b and b = 1 4, 19, 98, as for F8,5a

K8,2 isolated points 6, 40
F8,4 69 points 3, 11
F8,4 other points 5, 28
M8,1 12 points 4, 19
K6 45 points 4, 18, generic 2× 3 Diţă
F8,2,K8,2, F8,4 a few points 8, 64, Fourier type
Hq

6 , BN
q
6 , P

q
7 , R

q
7 none –

In all cases the jump starts at level 2.

8.5. Wild matrices. Let us call wild the complex Hadamard matrices H with GH = S+
N . For such

matrices the free cumulants of χ are all equal to 1, χ being free Poisson, and the Boolean cumulants
are the shifted Catalan numbers 1, 1, 2, 5, 14, . . . Summarizing, all the matrices of sections 6, 7 and
8 with c2 = 2 are Temperley–Lieb as far as computed: the 24 matrices of section 8.3 up to c5,
without star, and up to c6 = 132, 20 of them up to c7 = 429, the 3 of order 7 up to c8 = 1430,
and the 7 of order 6 up to c9 = 4862, with a star for BF6 at level 9, the 13,600 special points up to
c4, and the 532 real matrices of orders 24 and 28 with c2 = 2 up to c4, respectively c3. The Diţă
block structure search was run directly on F8,2, F8,4,K8,2,M8,1, P

q
7 , and for the other matrices the

absence of a Diţă structure follows from c2 = 2, a Diţă structure producing a block partition which
is invariant under G, and so c2 ≥ 3. In addition, at all the special points of the non-Diţă families,
the jump from the Temperley–Lieb values happens at level 2. Thus, for all the matrices tested with
c2 = 2, meaning that GH is quantum 2-transitive, we find ck = Catk at all the levels computed,
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which extends the observations of [30] at levels 2 and 3, and raises the question whether all these
matrices are wild.

Note that the matrices of Diţă type have c2 ≥ 3, but that the converse fails. Consider the point
(a, b, c, d, e) = (z, z2, z4, z8, z16) of F8,5b, with z = e2πi/101. All its entries are roots of unity of order

202, and an exact computation in Q(e2πi/202), by reduction modulo the cyclotomic polynomial,
done by the program f85bpoint.py, shows that c2 = 3, that the only Diţă block structure is the
one of size 2× 4 from Proposition 5.2, and that the inner blocks K,L have different Haagerup sets
{HijH̄kjHklH̄il}, namely {±1,±z±10} and {±1,±z±20}. Thus this matrix is of the form F2 ⊗Q

(K,L), but not of the form H ⊗Q K. As for its transpose, which has c2 = 3 as well, by Theorem
2.3, the same program shows that its only candidate block structure, of size 4× 2, has outer blocks
with the same 2 different Haagerup sets, while in a matrix H ⊗Q (K1, . . . ,KM ) the outer blocks,
obtained by restricting one row of each group to one class of columns, are all equivalent to H. Thus
the transpose is not of Diţă type, even in the general sense of section 1, and has c2 = 3. The
same happens for the family F8,5c itself, at the same point: the program f85cpoint.py shows that
c2 = 3, and that the only candidate structure, of size 4×2, has outer blocks with different Haagerup
sets, {±1,±z±4} and {±1,±z±1}, while its transpose has the form F2⊗Q (K,L). Thus the relevant
condition here is c2 = 2, and not the absence of a Diţă structure.

9. The Jones–Wenzl decomposition

9.1. Jones–Wenzl pieces. For N ≥ 4 the irreducible corepresentations of S+
N are r0 = 1, r1, r2, . . .,

with u = r0 + r1 and r1 ⊗ rs = rs−1 + rs + rs+1 for s ≥ 1, so that u⊗ rs = rs−1 + 2rs + rs+1. The
dimensions are d0 = 1, d1 = N − 1 and ds+1 = (N − 2)ds − ds−1, and rs ⊂ u⊗s is the range of the
Jones–Wenzl projection ps ∈ End(u⊗s). We denote by mk(s) the multiplicity of rs in u⊗k, with
mk(0) = Catk.

Theorem 9.1. Let H ∈ MN (T) be complex Hadamard, with N ≥ 4, let ψ = tr ◦ π : C(S+
N ) → C,

and set Φs = (id⊗ ψ)(rs) ∈Mds(C). Then:

(1) Tk ≃
⊕k

s=0mk(s)Φs, with Φ0 = 1, Φ1 = 0, and 0 ≤ Φs ≤ 1.
(2) ck =

∑
smk(s)es, where es is the multiplicity of the eigenvalue 1 of Φs. In particular

GH = S+
N iff ∥Φs∥ < 1 for all s ≥ 2.

(3) The spectrum of Tk is contained in that of Tk+1, with multiplicities. If ck = Catk, the largest
eigenvalue of Tk below 1 is max2≤s≤k ∥Φs∥, which is nondecreasing in k.

(4) With respect to ψ, the law of χ is (1− 1
N )δ0+

1
N δN , for any H. In particular Tr(Φs) depends

only on N and s.

Proof. By definition (Tk)ij = ψ(ui1j1 . . . uikjk), so Tk = (id ⊗ ψ)(u⊗k), and decomposing u⊗k over
S+
N , with a unitary intertwiner, gives (1). Here Φ0 = ψ(1) = 1, and (id⊗ ψ)(u) = (tr(Pij))ij =

1
N I

is the projection onto the constant vector, which spans r0 ⊂ u, so Φ1 = 0. The bounds 0 ≤ Φs ≤ 1
come from 0 ≤ Tk ≤ 1. Now (2) follows from (1), and from ck = dimker(Tk − 1), and (3) follows
from u⊗k ⊂ u⊗k ⊗ u = u⊗k+1. As for (4), since Pii = Proj(1) for any i, we have Tr(Tp) =
tr((

∑
i Pii)

p) = Np−1 for any p, and the characters of the rs being polynomials in χ, this gives the
last assertion. □

Thus ck only sees the eigenvalue 1, while the whole spectrum of Tk is encoded in the matrices Φs,
whose traces are universal, and whose norms are the relevant quantities. For the Diţă matrices the
integers es give a sparser encoding of the ck. For instance e2, e3, . . . = 1, 0, 1, 0 for F s4 , 1, 1, 4, 9, 27
for F8,5b and F8,5c, 2, 4, 16, 55, 207

∗ for F8,5a, and 1, 1, 5, 15 for had16.3. For the wild matrices, on the
other hand, all the integers es with s ≥ 2 vanish, as far as computed, and the relevant information
is in the norms ∥Φs∥, computed as follows, the spectral gap discussed at the end of this section
being defined in terms of these norms.
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Computation. The range of pk is the intersection of the kernels of the lowering maps, namely the
merging of 2 adjacent legs, and the summation over a leg, which are the adjoints of the generating
intertwiners of S+

N . Equivalently, it is the intersection of the space of vectors whose leg sums all

vanish, given by the projection (1− 1
N I)⊗k, with the space of vectors vanishing on the words having

2 equal adjacent letters. Both these projections are explicit, and commute with Tk, and alternating
between them converges geometrically, at a rate of about 0.63 per sweep, as it must by von Neu-
mann’s alternating projection theorem, the limit being the projection onto the intersection of the
2 ranges. This range is small, of dimension dk, for instance dk = 19, 71, 265, 989, 3691, 13775, 51409
at N = 6 and k = 2, . . . , 8, versus 68 ≃ 1.7 · 106 for the ambient space, but it has no simple explicit
basis, and this is why we work in the ambient space. Note also that this range is not invariant under
the rotation of the legs, the merging of the last leg with the first one being not among the lowering
maps, so that, unlike for the annular pieces of section 9, the rotation sectors cannot be used here.
We then compute ∥Φk∥ by restarted block Krylov on the range of pk, followed by an accurate final
projection and an exact Rayleigh–Ritz step. In practice, the Krylov blocks have N vectors, with 3
to 5 steps between the restarts, and at most 30 restarts, the iteration stopping when the residuals
of the 4 top Ritz vectors are below 10−7, while for Nk ≤ 2000 the operator is simply diagonalized.
The tables below were computed by crocop.py and serval.py. The vectors still have dimension
Nk, but no fixed vectors need to be stored, and level 8 at N = 6, in dimension 68 ≃ 1.7 · 106, takes
about 15 minutes on a laptop. At low levels, the values agree with the full diagonalization of Tk
in the rotation sectors, done by the programs spectro.py and hw.py, which confirms the decom-
position (1) to precision 10−15. Also, the norms at the various levels are computed independently,
and since ∥Φk∥ is nondecreasing in k, by Theorem 9.2 below, this provides a check on the numerics,
all the unstarred values being indeed nondecreasing. Note also that the top eigenvalues are often
degenerate, as for instance ∥Φ2(T6)∥ = 1

4 , of multiplicity at least 4, and this is one reason for using
blocks of vectors, rather than single vectors. For the converged norms explained below, each Ritz
value θ comes with its residual ∥Φkv − θv∥, which bounds the distance from θ to the spectrum of
Φk, and with its leak, the norm of the component of v outside the range of pk, which measures the
accuracy of the projections, and stays below 10−12 in all cases. A Ritz value is a lower bound for
∥Φk∥, up to these small errors, but a Krylov method alone gives no upper bound, an eigenvector
nearly orthogonal to the starting block being possible in principle, so the values below, although
reliable, are not proofs. At orders 6 and 7, we find:

matrix ∥Φ2∥ ∥Φ3∥ ∥Φ4∥ ∥Φ5∥ ∥Φ6∥ ∥Φ7∥ ∥Φ8∥ ∥Φ9∥

T6 0.2500 0.4284 0.6189 0.6189 0.6510 0.6510 0.6650 0.6657
BF6 0.6335 0.6335 0.6667 0.6667 0.6667 0.6667 0.6667 0.6667∗

Hq
6 , q random 0.4019 0.4019 0.6733 0.6733 0.6733 0.6733 0.6812 0.6812

Hq
6 , q = 1 0.3704 0.3704 0.6667 0.6667 0.6667 0.6667 0.6667 0.6667

BNq
6 , q random 0.5008 0.5008 0.6922 0.6922 0.6922 0.6922 0.6999 0.6999

BNq
6 , q = i (D6) 0.3704 0.3704 0.6667 0.6667 0.6667 0.6667 0.6667 0.6667

K6, random 0.7416 0.7416 0.7946 0.7946 0.7946 0.7946 0.7946 0.7946
P q
7 , q random 0.3528 0.5303 0.5619 0.5870 0.5942 0.5942 0.5942
P q
7 , q = 1 0.3528 0.5702 0.5702 0.5702 0.5706 0.5706 0.5710
Rq

7, q random 0.3528 0.5469 0.5533 0.5746 0.5927 0.5927 0.5927

All the values in these tables are Ritz values, and so lower bounds for the norms. At order 6, all
the values come from the converged computation of the program sefo.py, explained below, with
residuals below 10−9, except for BF6 at level 8, with residual 6 · 10−8, and at level 9, where the
iteration was stopped with residual 5 · 10−5, this value being starred. At orders 7 to 12, all the
values come from the converged computation of the program sandcat.py, explained below, with
residuals below 3 · 10−9. At orders 8 to 12, where the norms were computed up to level 7 or 6, we
find:
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matrix ∥Φ2∥ ∥Φ3∥ ∥Φ4∥ ∥Φ5∥ ∥Φ6∥ ∥Φ7∥

F8,4, random 0.8934 0.8934 0.8934 0.8934 0.8934 0.8934
F8,2, random 0.6218 0.6218 0.6377 0.6377 0.6377 0.6377
K8,2, random 0.4519 0.4519 0.5658 0.5658 0.5658 0.5658
M8,1, random 0.8585 0.8585 0.8585 0.8585 0.8585 0.8585
I8,12 0.4648 0.4648 0.5529 0.5529 0.5529 0.5529
K8,30 0.4771 0.4771 0.5412 0.5412 0.5412 0.5412
L8,30 0.9410 0.9410 0.9457 0.9457 0.9457 0.9457
H9 0.4174 0.4205 0.4415 0.4415 0.4442 0.4444
BN9 0.6187 0.7466 0.7466 0.7466 0.7466 0.7466
BN10 0.5641 0.5641 0.6484 0.6484 0.6484 0.6484
N11 0.2805 0.3819 0.3819 0.3819 0.3819
P 1
12 0.1852 0.3086 0.3992 0.3992 0.4326

Counting. By Theorem 9.1 (2), if ck−1 = Catk−1, then ck = Catk + ek. Thus, at the next level,
we only need to know whether Φk has the eigenvalue 1, and the Krylov norms, which are only lower
bounds, can be replaced by the probabilistic count of section 3.1, run on the range of pk instead
of S⊥, with the projection of the computation above. This is the module jwcount.py, requiring
neither seeds nor fixed vectors, and a block of b = 8 vectors, or even b = 2, suffices, a fixed vector,
if any, being detected with high probability by any random block, after which the block is doubled
until it exceeds twice the count. As a test, we recover e2, . . . , e5 = 1, 1, 4, 9 for F8,5b, with blocks
of 2 vectors already detecting the fixed vectors at levels 4 and 5. The cost is about 5 minutes
for level 8 at N = 6, and 10 minutes for level 9, in dimension 69 ≃ 107, with b = 2. With the
programs jaguar.py, aerts.py and lennox.py, we find ek = 0 in all cases, namely e6 for P 1

7 , I8,12,
K8,30, L8,30, BN9, N11 and P 1

12, then e7 for P q7 , P
1
7 , R

q
7, the 7 matrices of order 8, H9, BN9 and

BN10, then e8 for P q7 , P
1
7 , R

q
7, and e8, e9 for the 7 matrices of order 6. This gives the probabilistic

values c6 = 132∗, c7 = 429∗, then c8 = 1430∗ at orders 6 and 7, and c9 = 4862∗ at order 6, which
are confirmed by the converged norms below, except for BF6 at level 9, and are therefore written
without stars in section 8.3. Level 7 at N = 10, in dimension 107, takes about 30 minutes on a
laptop, and level 8 at N = 7, in dimension 78 ≃ 5.8 · 106, about 6 minutes, while level 8 at N = 8,
in dimension 88 ≃ 1.7 · 107, is beyond the reach of a laptop with 8GB of memory.

Converged norms. In order to certify the values of the tables, and so remove the stars of section
8.3, we use as well a Lanczos iteration run to convergence on the range of pk, with the Paige
bound on the residual. This is implemented in the module gapcheck.py, which also computes
the multiplicities ek by a block method of LOBPCG type, with locking, and was used for the
orders 24 and 28 in section 6.4. The program sefo.py applies it to the 7 matrices of order 6, up
to level 9, in about 1.7 hours for level 9, and its output, in the files sefo.log and sefo.json,
gives the order 6 rows of the above tables, with 8 digits, for instance ∥Φ9(T6)∥ = 0.66574293,
∥Φ8(H

q
6)∥ = ∥Φ9(H

q
6)∥ = 0.68118741 and ∥Φk(K6)∥ = 0.79456168 for k = 4, . . . , 9. The program

sandcat.py applies the same method to the matrices of orders 7 to 12, up to levels 8, 7, 6 at orders
7, 8 to 10, 11 to 12, in about 20 minutes for P 1

7 at level 8, and 7 minutes for BN10 at level 7, in
dimension 107, and gives the corresponding rows of the above tables, its output being in the files
sandcat.log and sandcat.json. It also computes the norms at level 5 for P 1

20, P
2
20, P

1
24, and the

multiplicities of section 3.4.

Several observations are in order:

(1) All the norms are below 1. For the unstarred values, this gives ck = Catk, in the same sense
as the Lanczos computations of section 3.1. For the starred value, that of BF6 at level 9,
the equality c9 = Cat9 comes from the count above. Thus all the entries of the tables come
with ck = Catk, and this extends to level 8 at order 7, and to level 9 at order 6.
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(2) For 13 of the 22 matrices the profile becomes constant from level 3 or 4 on, as far as
computed, and for F8,4 and M8,1 already from level 2. However, the generic points of Hq

6
and BN q

6 , constant from level 4 to level 7, jump at level 8, to 0.6812 and 0.6999, the previous
values 0.6733 and 0.6922 remaining eigenvalues of Φ8, and staying constant at level 9, while
T6 jumps at the levels 3, 4, 6, 8 and 9, and BF6, constant at 0.666660 from level 4 to level
7, increases slightly at level 8, to 0.666664, staying below 2

3 . Thus the profiles are staircases,
and a constant stretch does not mean that ρ(H) is reached. The explanation is given by
Theorem 9.2 below. Some values are rational, such as 10

27 ,
2
3 for H1

6 and for the D6 point of

BN q
6 , and

5
27 ,

25
81 ,

97
243 for P 1

12.
(3) The profiles of P q7 and Rq7 increase up to level 6, and then ∥Φ8∥ = ∥Φ7∥ = ∥Φ6∥, to 8

digits, while ∥Φ5∥ > ∥Φ4∥, and P 1
7 is constant at levels 3 to 5, and at levels 6, 7, and

increases slightly at level 8. Thus the order 6 pattern of odd levels repeating the even
ones appears at order 7 too, but only from level 7 on. In the notations below, this means
∥Ψ7∥ ≤ max2≤t≤6 ∥Ψt∥ = ∥Φ6∥, and this maximum is ∥Ψ6∥ when ∥Φ6∥ > ∥Φ5∥, as is the
case numerically. As for H9, its profile is still slowly increasing at level 7.

9.2. Annular pieces. The staircases come from the rotation ρ of the legs of (CN )⊗k. By traciality
Tk commutes with ρ, and also with the S+

N intertwiners, and so with the whole annular category [54].

Since ρ is not an S+
N intertwiner, it mixes the isotypic components: with D the doubling of the last

leg, the map Γs = ps+1ρD : rs → rs+1 satisfies Φs+1Γs = ΓsΦs, for any tracial state. For N = 5, 6, 7
this map is injective for s = 2, 4, while for s = 3 it has, together with the similar maps p4ρ

jDi, with
Di doubling the leg i, a common kernel of dimension N −1, on which Φ3 = 0. Now let Λt ⊂ (CN )⊗t
be the space of vectors with all leg sums 0, vanishing on the words with cyclically adjacent equal
letters, this latter condition being void for t = 1, so that dimΛ1 = N −1. This is the annular lowest
weight space, invariant under Tt and ρ, and we denote by Ψt the restriction of Tt to it, and by ft
the multiplicity of its eigenvalue 1.

Theorem 9.2. For N ≥ 5, and any tracial state ψ with ψ(uij) =
1
N , as for instance the one coming

from a complex Hadamard matrix, we have, for any s ≥ 1,

Φs ≃ Ψ2 ⊕Ψ3 ⊕ . . .⊕Ψs ⊕ [s odd] · 0N−1

and in particular ds =
∑s

t=2 dimΛt + [s odd](N − 1), while Φ0 = 1. Thus ∥Φs∥ = max2≤t≤s ∥Ψt∥
for s ≥ 2, and es = f2 + . . . + fs, which is nondecreasing. If ψ comes from a complex Hadamard
matrix H, then GH = S+

N iff ∥Ψt∥ < 1 for all t ≥ 2.

Proof. The annular category acts on V =
⊕

k(CN )⊗k in a way compatible with the adjoints, so
this representation is completely reducible, and since lowest weight vectors of the same weight
t and rotation eigenvalue ω have the same inner products with all annular diagrams, we obtain
V =

⊕
t,ωWt,ω ⊗ Λωt , with Wt,ω irreducible annular modules, plus the Temperley–Lieb part at

t = 0. Since Tk commutes with the annular category, it acts as 1 ⊗ Ψt,ω. Next, restricting to the
rectangular category, Wt,ω(s) contains nt(s) rectangular lowest weight vectors at level s, and these

generate copies of rs, so Φs ≃
⊕

t,ω Ψ
⊕nt(s)
t,ω , with the numbers nt(s) determined by

dimWt,ω(s) =
∑
j≤s

nt(j)ms(j) , ms(j) =

(
2s

s− j

)
−
(

2s

s− j − 1

)
the formula for ms(j) coming from the fattening u↔ 1

2 ⊗
1
2 . For t ≥ 2 we have dimWt,ω(s) =

(
2s
s−t
)
,

for the modulus
√
N > 2, by [54, Proposition 5.3], and by telescoping nt(s) = 1 for s ≥ t. For t = 1,

the module generated by v ∈ Λ1 is spanned by the vectors ξπ,B(v), with π ∈ NC(s) and B a marked

block carrying v, so dimW1(s) ≤
(
2s−1
s−1

)
, the total number of blocks of the noncrossing partitions

of {1, . . . , s}. For the equality, we use the shaded picture: the spin planar algebra is the planar
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algebra of the star graph with one central vertex and N leaves, and the space Λ1 of the vectors
with sum 0 sits in the zero-box space of the shading opposite to the one of the central vertex, in
the kernel of the adjacency summation back to the center. Thus these vectors are lowest weight
vectors of weight 0, of the exceptional type, and the corresponding irreducible annular modules
have dimension 1

2

(
2s
s

)
=
(
2s−1
s−1

)
at level s ≥ 1, by [54, Proposition 5.21, Theorem 5.23], for the

modulus
√
N > 2. Thus the vectors ξπ,B(v) are linearly independent, dimW1(s) =

(
2s−1
s−1

)
, and

since
(
2s−1
s−1

)
=
∑

j oddms(j), telescoping gives n1(s) = [s odd]. On these modules T1 acts on Λ1 as

(ψ(uij))ij =
1
N I, which vanishes there, and this gives the term [s odd] · 0N−1. Finally, if ψ comes

from H, then Tt ≥ 0, by Theorem 2.3, so ∥Ψt∥ = 1 means that 1 is an eigenvalue of Ψt, and this
gives the last assertion. Positivity is needed here: the uniform measure on the odd permutations of
S5 gives a tracial state with ψ(uij) =

1
5 , which acts by −1 on the copy of Λ4(C5 ⊖ C) in level 4, so

that a block of norm 1 need not produce the eigenvalue 1 for an arbitrary tracial state. □

We checked the dimensions dimWt(s) directly, by generating the modules at N = 6, with the
program wdims.py, obtaining 1, 3, 10, 35, 126 for t = 1, 1, 6, 28, 120 for t = 2 and 1, 8, 45 for t =
3, at s = t, . . . , 5, and the decomposition itself numerically, with the programs annular.py and
annular2.py, with all the spectra matched to 10−8 for s ≤ 4, and the dimension formula for ds for
N = 5, 6, 7, 8 and s ≤ 5. At N = 4 the statement fails, as it must, since F s4 has e2, e3 = 1, 0. For the
Haar state of a quantum group G ⊂ S+

N , where Tk is the projection onto the fixed vectors, Theorem
9.2 reduces to the formula es = f2 + . . . + fs, which is the annular decomposition of the planar
algebra Fix(G) due to Jones [54], written in S+

N terms. The new point is the spectral statement for

the tracial states with ψ(uij) =
1
N , coming from the annular decomposition of the whole spin planar

algebra. The integers ft are the dimensions of the lowest weight spaces of the planar algebra [54],
for instance f2, f3, f4 = 1, 0, 3 for F8,5b, 2, 1, 8 for F6(r, s), and 0, 0, 1 for S6, the crossing. Note

also that by Theorem 9.1 (4) we have Tr(Φs) =
1
N (ds + (−1)s(N − 1)), which gives 4, 11, 45, 164 at

N = 6. The annular pieces, computed by the program psinorms.py, are as follows:

matrix ∥Ψ2∥ ∥Ψ3∥ ∥Ψ4∥ ∥Ψ5∥
T6 0.2500 0.4284 0.6189 0.5915
BF6 0.6335 0.5095 0.6667 0.6272
Hq

6 , q random 0.4019 0.3437 0.6733 0.6123
BN q

6 , q random 0.5008 0.3986 0.6922 0.6770
K6, random 0.7416 0.5835 0.7946 0.7093

At order 6 the odd pieces are smaller than the even ones, except for Ψ3(T6), which explains the
staircases. Computationally, Λt is smaller than rt, as for instance 47 versus 71 at t = 3, N = 6, and
splits further into rotation sectors.

9.3. The spectral gap. The annular pieces suggest a quantitative, and therefore more stable,
version of the wildness question of section 8.5. For H ∈ MN (T) with N ≥ 4 and c2 = 2, consider
the spectral gap ρ(H) = sups≥2 ∥Φs∥. The question is then whether ρ(H) < 1, which would mean

that the truncated integrals of Theorem 2.2 converge to the Haar integral of S+
N exponentially

fast, uniformly over the irreducible corepresentations. Note that a finite number of levels is not
known to decide wildness by itself, a bound on the levels at which the proper quantum subgroups
of S+

N differ from S+
N being not available. A Brannan type estimate [26] of ∥Ψt+1∥ in terms of the

previous annular pieces, combined with computations up to some level, would on the other hand
give ρ(H) < 1 for explicit matrices, and so wildness.
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