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Abstract

We study a measure-valued population equation on a compact trait space with positive
baseline growth and competition, an additional mutation birth gain, and frequency-
dependent horizontal transfer with an antisymmetric net kernel. We give sufficient
conditions for convergence to a unique nonzero equilibrium. Separating total mass from
trait frequencies yields positive mass bounds. Without mutation, maximal time-averaged
fitness on the initial support tends to zero, and the endpoint measure in each joint
subsequential limit is supported on the zero set of the limiting averaged fitness. Potential
transfer and recipient-independent competition reduce the frequency dynamics to a
normalized positive semigroup. For general transfer, a common-reference balance gives
an entropy criterion allowing arbitrarily strong circulation. An adjoint-weighted entropy
identity includes singular population components and the normalization correction in
transfer. Mutation dissipates deviations in weighted composition, while a quadratic-form
condition controls the remaining mass deviation; in finite dimensions, mutation can
also compensate for negative directions of that form. A separate contraction criterion
compares arbitrary trajectories using only coefficient bounds. Invariant resident laws yield
invasion indices for recurrent environments. Examples exhibit bistability under complete
reset mutation and periodic populations whose time averages are not equilibria. For
rank-one mutation, we classify stationary frequencies, prove a critical lower bound ruling
out exponential convergence from an initial point mass at a maximizer, and determine
the condensate when the initial population assigns positive mass to the maximizing set.

Keywords. Measure-valued population dynamics; horizontal gene transfer; mutation; relative
entropy; positive semigroups; invasion; condensation.
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1 Introduction

1.1 The population equation

Let X be a nonempty compact metric space. In particular, X may be a compact subset of
Rd. Let b, d : X → [0,∞), C : X 2 → (0,∞), and τ : X 2 → [0,∞) be continuous. Assume

r = b− d > 0, 0 ≤ p ≤ 1, α(x, y) = τ(x, y) − τ(y, x).

Let m(x, dy) be a Borel probability kernel. The measure ut records population mass by trait,
and Nt = ut(X ) is the total mass. The coefficient C(x, y) is the competitive effect of trait
y on trait x, while m(y, dx) gives the trait distribution of offspring produced through the
mutation term by a parent of trait y. For a nonzero finite nonnegative initial measure u0,
consider

d

dt

∫
f(x)ut(dx) =

∫
f(x)

[
r(x) −

∫
C(x, y)ut(dy)

]
ut(dx)

+ p

∫
b(y)

[∫
f(x)m(y, dx)

]
ut(dy)

+ 1
Nt

∫∫
f(x)α(x, y)ut(dx)ut(dy), Nt = ut(X ), (1.1)

for f ∈ C(X ). Here b− d is the baseline net growth, and the mutation term is an additional
birth gain of rate pb(y) per parent. Thus p scales an additional offspring channel; it does
not replace a fraction of the baseline births by mutant births. Integrating this gain gives the
effective growth a = r + pb in the mass equation.

The transfer convention is that τ(x, y) describes conversion of a trait-y individual to trait
x through interaction with a trait-x individual. Indeed, the last term of (1.1) equals

1
Nt

∫∫
[f(x) − f(y)]τ(x, y)ut(dx)ut(dy).

It vanishes for f = 1. Its per-capita contribution depends on the trait frequencies ut/Nt,
which explains the term frequency-dependent transfer.

We seek conditions ensuring a unique nonzero equilibrium that attracts all nonzero
initial populations, and limiting balance relations for trajectories that need not converge.
Conservation of mass under transfer leaves the frequency dynamics free to circulate. Mutation
can mix traits while competition sustains multiple attracting equilibria. On a continuous
trait space, parent-independent mutation can also coexist with stationary measures having
singular components. The convergence criteria below address these distinct obstructions
through normalized positive-semigroup representations, entropy dissipation, or contraction of
pairs of trajectories.

1.2 Relation to existing work

Measure-valued ecological and evolutionary equations with horizontal transfer arise from
individual-based population models; see Billiard et al. [3], Champagnat et al. [6]. The latter
survey states the weak population equation and finite-time well-posedness in Proposition 3.1,
and records the general long-time problem with transfer as open in Section 3.1. Pure selection
and competition have a more developed asymptotic theory, including concentration and
entropy methods under additional assumptions on the interaction kernel [9, 13].

For particular horizontal-transfer models, numerical and formal Hamilton–Jacobi investiga-
tions reveal several evolutionary regimes [5]. Stationary small-mutation analyses characterize
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monomorphic and dimorphic states in a one-dimensional model [11]. The constrained
Hamilton–Jacobi theory of Gárriz and Mirrahimi [10] proves dynamic monomorphic regimes
under specific hypotheses, while identifying further questions for initial data and parameters
leading beyond those regimes. These diffusion and small-mutation results address a different
limiting problem from (1.1) with a fixed, general mutation kernel.

Several established analytical methods underlie the results below. The general relative
entropy method uses direct and adjoint positive eigenelements [15]. Positive non-conservative
semigroups can be studied by conservative transforms, generalized Doeblin conditions, and
Harris-type theorems [1, 2]. The role of boundary invariant laws in persistence is developed in
Hofbauer and Schreiber [12]. Continuous mutation–selection models also exhibit concentration
and changes in asymptotic profile [4]; spectral thresholds and convergence rates for the
house-of-cards model are studied in Cloez and Gabriel [7]. Coville and Girardin [8] study
existence, uniqueness, and stability for structured population equations whose density-
dependent feedback is a fixed positive function times a scalar nonlocal functional. In (1.1),
the competition kernel need not be separable, and normalized transfer introduces a further
nonlinear interaction.

We give direct proofs of the stated results for (1.1). The principal model-dependent
calculations are the joint averaged-environment conditions, the nonlinear remainder in
adjoint-weighted entropy, and the coupled contraction estimate for mass and composition.
The examples distinguish obstructions to uniqueness from obstructions to convergence:
nonlinear competition can produce bistability even for two traits, while a spectral edge can
prevent total variation convergence in the continuum even when the stationary population is
unique.

1.3 Notation and convergence

Write M(X ) for the finite signed Radon measures, M+(X ) for its positive cone, and P(X )
for probability measures. The total variation norm is

∥µ∥TV = |µ|(X );

two mutually singular probabilities have distance 2. Weak convergence means convergence
against all functions in C(X ). A nonzero equilibrium is globally attracting in a stated
topology if every nonzero nonnegative initial measure converges to it in that topology. This
assertion concerns the full trajectory, without time averaging. We use µ ∼ ν for mutual
absolute continuity, and µ ≥ ν for the order of measures. For a real continuous function f on
a compact space, set f− = min f , f+ = max f , and osc(f) = f+ − f−; C− and C+ refer to
extrema on X 2. In particular b− ≥ r− > 0.

The operators and scalar competition average used below are

Bµ(dx) =
∫
b(y)m(y, dx)µ(dy), Qµ = Bµ− bµ, a = r + pb,

Cµ(x) =
∫
C(x, y)µ(dy), Aµ(x) =

∫
α(x, y)µ(dy), C̄(ν) =

∫
Cν dν.

The same symbol M is used for the Markov kernel acting on functions or measures: Mf(x) =∫
f(y)m(x, dy) and (Mµ)(E) =

∫
m(x,E)µ(dx). When a scalar maximum is denoted by M

in the rank-one section, its meaning is local to that section.
For probabilities π, ν, the relative entropy is

H(π | ν) =


∫

log dπ
dν

dπ, π ≪ ν,

+∞, otherwise.
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It is extended-valued when the displayed integral diverges. The reference distribution is
the first argument in the entropy estimates below. Finiteness requires π ≪ ν; the evolving
measure ν may still have a component singular with respect to π.

1.4 Convergence mechanisms and their scope

A common reset, or mutation minorization, means a bound m(x,E) ≥ ηq(E) for every trait x
and every Borel set E, with one probability measure q and one constant η > 0. Complete reset
means m(x, ·) = q independently of the parent trait. These conditions provide quantitative
mixing for the conservative generator pQ when p > 0; the nonlinear population dynamics
also depends on selection and competition.

Table 1 summarizes the convergence criteria. The hypotheses concern different features of
the equation; the examples show that one criterion may apply when another fails. Each row
gives the main conditions, with the complete assumptions in the cited result.

Table 1: Sufficient conditions for convergence. Except for the last row, the conclusions hold
for every nonzero nonnegative initial measure.

Criterion and main hypotheses Conclusion and reference

Potential transfer. C(x, y) = c(y) and
α(x, y) = h(x) − h(y); p > 0; a positive bounded
adjoint eigenfunction bounded away from zero and a
common mutation reset, or finitely many traits and
irreducible mutation.

Unique nonzero equilibrium;
exponential convergence in total
variation. Theorem 6.2 and
Corollary 6.4.

Common reference law. Qπ = 0, Cπ and a+Aπ
constant; the competition form is nonnegative on
zero-mass measures; p > 0 and m ≥ ηπ.

Unique nonzero equilibrium;
exponential entropy decay and
exponential convergence in total
variation. Theorem 8.1.

Adjoint-weighted entropy. A stationary u∗, a
positive bounded adjoint weight bounded away from
zero, and two positive semidefinite endpoint kernels;
p > 0 and m ≥ ην∗.

Unique nonzero equilibrium;
exponential convergence in total
variation. Theorem 9.4.

Mutation-augmented entropy. Finitely many
traits, a positive stationary state and adjoint weight;
p > 0 and m ≥ ην∗; both mutation-augmented
endpoint matrices are positive definite.

Unique nonzero equilibrium;
exponential convergence, allowing
some negative competition
directions. Corollary 9.7.

Mutation contraction. A common mutation reset
satisfies the coupled inequalities (10.6), which
control selection, transfer, competition, and the
mass–frequency coupling.

Unique nonzero equilibrium;
exponential convergence in total
variation, without first solving the
stationary equation. Theorem 10.2.

Uniform trait dominance. p = 0; a trait in the
initial support has the fitness advantage specified by
(3.7).

Weak concentration at that trait;
total variation convergence of
frequencies exactly when it has
initial atomic mass. Theorem 3.7.

Several general statements precede these criteria. The exact mass equation yields a
positive absorbing interval (Theorem 2.1). A Feller mutation kernel gives a weakly continuous
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semiflow, a compact attracting set, and existence of a stationary measure (Theorem 2.3).
The merely measurable-kernel formulation still gives total variation well-posedness, but may
have no stationary measure at all (Example 2.7).

Without mutation, the maximum of averaged fitness over the initial support tends to
zero along the full time axis. At a joint subsequential limit, the limiting averaged fitness is
nonpositive on that support, and the endpoint population is supported on its zero set. This
fitness depends on two separate averages: the population measure and its normalized frequency
(Theorems 3.1–3.3). Invariant occupation laws then describe stationary or recurrent resident
environments, and their invasion rates have an explicit two-average formula (Proposition 4.3).
The rank-one mutation analysis gives exact spectral thresholds, a family of condensed
stationary states, and precise obstructions to total variation or exponential convergence
(Section 7).

Mutation changes the averaged balance: the local growth coefficient excluding mutation
influx can be strictly negative at every resident trait because mutation continuously supplies
mass. Proposition 2.8 gives the general averaged inequality and the exact finite-dimensional
logarithmic balance, including this incoming mutation flux.

2 Measure dynamics and mutation accessibility

Throughout this section, X is a compact metric space. All measures are finite Radon measures.
We use the full total variation norm, so that ∥µ− ν∥TV ≤ 2 for probability measures. The
mutation kernel is initially assumed only to be a Borel probability kernel. Set

(Bµ)(E) =
∫

X
b(y)m(y,E)µ(dy), Qµ = Bµ− bµ, a = r + pb,

and write
(Cµ)(x) =

∫
X
C(x, y)µ(dy), (Aµ)(x) =

∫
X
α(x, y)µ(dy).

For u ≥ 0 with N = u(X ) > 0, define

ν = u

N
, hu = r − Cu+Aν, F(u) = huu+ pBu.

The equation under consideration is u̇ = F(u). We call hu the local ecological growth
coefficient. It is the multiplication coefficient before adding mutation influx, so for p > 0 it
need not equal the total per-capita growth of a resident trait. The quantity a = r+pb includes
the additional mutation birth gain. The mass equation bounds population size independently
of its composition; the frequency equation retains the interactions that determine which traits
persist.

Theorem 2.1 (Total variation well-posedness and mass regulation). Let r, b, C, α satisfy
the standing assumptions, with r− > 0, C− > 0, and α(x, y) = −α(y, x). For every nonzero
u0 ≥ 0, the equation has a unique global solution

u ∈ C1([0,∞); M(X ))

in total variation. It is nonnegative and has positive total mass. Every weak solution tested
against C(X ) agrees with this solution. Its mass and frequency satisfy

N ′ = N{⟨a, ν⟩ −N⟨Cν, ν⟩}, (2.1)
ν ′ = pQν + {a− ⟨a, ν⟩ −N(Cν − ⟨Cν, ν⟩) +Aν}ν. (2.2)
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In particular,
a−N − C+N

2 ≤ N ′ ≤ a+N − C−N
2. (2.3)

Consequently,
min{N0, a−/C+} ≤ Nt ≤ max{N0, a+/C−} (t ≥ 0) (2.4)

and
lim inf
t→∞

Nt ≥ a−/C+, lim sup
t→∞

Nt ≤ a+/C−. (2.5)

Proof. The operator B is positive and bounded on total variation, with norm at most b+.
Multiplication by a bounded function is also bounded. On every set where the total variation
norms are bounded and the signed mass is bounded away from zero, the map

u 7−→ (r − Cu)u+ (Au)u
u(X ) + pBu

is locally Lipschitz in total variation. Banach-space ordinary differential equation theory
therefore gives local existence and uniqueness. Positivity follows from the variation-of-
constants formula: the local multiplication term has a bounded negative part on bounded
positive sets, and the gain pBu is nonnegative.

Integrating the equation eliminates the transfer term because
∫∫
α(x, y)u(dx)u(dy) = 0.

The mutation gain has mass p⟨b, u⟩, which yields (2.1). Differentiating u/N gives (2.2).
Comparison with scalar logistic equations proves (2.3)–(2.5). These estimates prevent both
finite-time blow-up and approach to the zero-mass singularity. The solution therefore extends
globally.

For completeness, suppose a weak solution is given in the formulation using continuous
test functions. Its mass satisfies the same comparison bounds. On a bounded time interval,
the weak equation gives ∣∣∣∣ ddt⟨f, ut⟩

∣∣∣∣ ≤ K∥f∥∞ (f ∈ C(X ))

with K independent of f . The dual characterization of total variation for Radon measures
implies ∥ut − us∥TV ≤ K|t − s|. Thus the path is total variation continuous. Since F
is locally Lipschitz, F(ut) is total variation continuous. The integrated weak equation is
consequently the corresponding Banach-space integral equation. Uniqueness identifies the
two solutions.

Remark 2.2. The decomposition pBu = pQu + pb u separates conservative redistribution
from the additional growth pb. The original gain pBu has total mass p⟨b, u⟩. Equation (2.5)
excludes extinction of the entire population under the standing positive-growth assumptions.
It gives no positive lower bound for the mass of each trait. In finite dimensions, coordinate
persistence follows under the mutation hypotheses of Proposition 2.6 or the mutation-free
boundary-law condition of Theorem 4.4.

Set
ℓ = a−

2C+
, U = 2a+

C−
, K = {u ≥ 0 : ℓ ≤ u(X ) ≤ U}. (2.6)

The mutation kernel is called Feller if

Mf(x) :=
∫

X
f(y)m(x, dy) ∈ C(X ) for every f ∈ C(X ).
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Theorem 2.3 (Weak compactness, attraction, and stationary states). Assume p = 0, or
assume that m is Feller. The solution maps Stu0 = ut form a weakly continuous semiflow on
the nonzero positive measures. The slab K is weakly compact, convex, and positively invariant.
It absorbs every nonzero orbit, and the absorption time is uniform when the initial masses lie
in a fixed compact subinterval of (0,∞).

The set
A =

⋂
t≥0

StK (2.7)

is nonempty, weakly compact, and fully invariant: StA = A for t ≥ 0. It attracts K uniformly
in any metric inducing the weak topology, and attracts every nonzero orbit. Every omega-limit
set is nonempty, weakly compact, connected, and fully invariant. There is at least one nonzero
equilibrium in K.

Proof. Compactness of X makes every positive bounded-mass set weakly relatively compact;
weak mass continuity makes K compact. Its convexity is immediate. Logistic comparison
proves positive invariance and the stated absorption properties.

To prove weak continuity, consider u0,n ⇀ u0 ̸= 0. On each bounded time interval,
their solutions lie in a common mass annulus and have uniformly bounded total variation
speeds. The Arzela–Ascoli argument in the metrizable weak topology produces subsequential
convergence of paths, uniformly on compact time intervals. For a continuous kernel, weak
convergence of bounded measures implies uniform convergence of its potentials. Moreover,
B∗f = bMf is continuous under the Feller assumption. These properties allow passage to
the limit in the integrated weak equation. Uniqueness from Theorem 2.1 identifies the limit
and proves convergence of the entire sequence.

The sets StK are nonempty compact sets decreasing with t. Their intersection is therefore
nonempty and compact. For the reverse inclusion in full invariance, take v ∈ A and, for
integers n, choose zn ∈ K with Sn+tzn = v. A convergent subsequence of Snzn has limit in A,
and continuity gives a preimage of v under St. Uniform attraction follows by contradiction:
any sequence Stnzn, tn → ∞, zn ∈ K, has limit points in every STK, hence in A. The
omega-limit assertions follow from the same compactness argument; connectedness follows by
intersecting the nested closures of the continuous orbit tails.

For existence of an equilibrium, choose h > 0 so small that

h(C+U + ∥α∥∞) ≤ 1, 2hC+U ≤ 1.

Then Thu = u + hF(u) is nonnegative for u ∈ K. Its mass is bounded below and above,
respectively, by

f−(N) = N + h(a−N − C+N
2), f+(N) = N + h(a+N − C−N

2).

Both comparison functions are increasing on [ℓ, U ], and f−(ℓ) ≥ ℓ, f+(U) ≤ U . Thus
ThK ⊆ K. The map Th is weakly continuous. The Schauder–Tychonoff fixed point theorem
yields u∗ = Thu∗, hence F(u∗) = 0.

Remark 2.4. The attraction in Theorem 2.3 is weak attraction. No total variation compactness
is asserted. Uniform absorption over all nonzero initial measures with arbitrarily small masses
is also excluded: even a scalar logistic equation requires arbitrarily long times to leave a
neighbourhood of zero.

Proposition 2.5 (Mutation accessibility). Suppose p > 0, let ν0 = u0/N0, and define

Λ =
∞∑
k=0

2−k−1Mkν0, S = supp Λ. (2.8)
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For every t > 0, ut and Λ are mutually absolutely continuous. In particular, supput = S. If
m is Feller, then m(x, S) = 1 for every x ∈ S, and S is the smallest closed mutation-invariant
set containing suppu0. When p = 0, one instead has ut ∼ u0.

Proof. The standing assumptions imply b− ≥ r− > 0. Along a fixed orbit, hut is uniformly
bounded by some H. Positive semigroup comparison gives

e−HteptBu0 ≤ ut ≤ eHteptBu0.

For every k ≥ 0,
bk−M

ku0 ≤ Bku0 ≤ bk+M
ku0.

All coefficients of eptB are positive when t, p > 0, so this series and Λ have exactly the same
null sets. For p = 0, the usual multiplicative solution formula gives ut ∼ u0.

Since MΛ = 2Λ − ν0 ≤ 2Λ, we have∫
m(x,X \ S) Λ(dx) = 0.

For a Feller kernel the integrand is lower semicontinuous, because X \S is open. Positivity at
any point of S would therefore imply positivity on a set of positive Λ mass, a contradiction.
This proves mutation invariance of S. If another closed mutation-invariant set contains
suppu0, every Mkν0 is supported on that set, which proves minimality.

Proposition 2.6 (Eventual lower bounds supplied by mutation). If p > 0 and m(x, ·) ≥ ηπ0(·)
for some probability measure π0 and η > 0, then there is δ > 0, depending only on the
coefficients and the absorbing slab, such that every nonzero orbit eventually satisfies ut ≥ δπ0.
For a finite trait space, irreducibility of B is enough to obtain an eventual positive lower
bound for every coordinate.

Proof. On K, let hu ≥ −H, with H > 0. Then

u̇ ≥ −Hu+ pηb−ℓ π0.

Integration on each unit interval after entry into K gives

ut+1 ≥ pηb−ℓ
1 − e−H

H
π0.

In the finite irreducible case, the comparison

ut+1 ≥ e−HepBut

and strict positivity of every entry of epB, together with Nt ≥ ℓ, give the coordinate
bounds.

Example 2.7 (A weak limit that is not stationary). The Feller assumption cannot be omitted
from the weak dynamical conclusions. Let

X = {0} ∪ {1/n : n ≥ 1}, T (1/n) = 1/(n+ 1), T (0) = 1,

and put m(x, ·) = δT (x). Take b = r = C = p = 1 and d = τ = 0. All coefficient assumptions
hold, but m is not Feller. For u0 = 2δ1, the solution is

ut = 2e−t
∞∑
k=0

tk

k!δ1/(k+1).
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It has constant mass 2 and converges weakly to 2δ0. The vector field at that limit equals

F(2δ0) = 2(δ1 − δ0) ̸= 0.

In fact, this example has no nonzero equilibrium. An equilibrium would have mass 2 and its
normalized measure would satisfy Mν = ν. Since T has no preimage of 0, invariance forces
ν({0}) = 0; then ν({1}) = 0, and recursively every point has zero mass. This is impossible
for a probability measure on the countable space X .

2.1 Averaged balance in the presence of mutation

The coefficient hu = r − Cu+A(u/N) omits the nonnegative mutation influx. At a positive
finite-dimensional equilibrium, a negative value of hu(i) can be balanced by incoming offspring.
The next result separates this local coefficient from total logarithmic growth and shows which
averaged inequality survives for a general mutation kernel.

Proposition 2.8 (Averaged mutation-input balance). Assume p > 0, let S = supp Λ be the
reachable support in Proposition 2.5, and define

uT = 1
T

∫ T

0
ut dt, νT = 1

T

∫ T

0
νt dt, FT = r − CuT +AνT .

Then, without any Feller assumption,

lim sup
T→∞

max
x∈S

FT (x) ≤ 0. (2.9)

In particular, every weak cluster pair (u, ν) satisfies

r − Cu+Aν ≤ 0 on S.

Equality of the maximum to zero and concentration on the zero set are not asserted.
If the trait space is finite and B is irreducible, then for every s > 0 and every coordinate i,

1
T

∫ T

s

[
hut(i) + p

(But)i
ui(t)

]
dt = log ui(T ) − log ui(s)

T
= O(T−1). (2.10)

There are coefficient-dependent constants κi > 0 such that

lim sup
T→∞

FT (i) ≤ −κi < 0. (2.11)

Proof. Fix s > 0. Proposition 2.5 gives suppus = S. Along the orbit, let

R+ = max{N0, a+/C−}, H = sup
t≥0,x∈X

|hut(x)| < ∞.

The nonnegative mutation gain and variation of constants imply the measure inequality

uT (dx) ≥ exp
(∫ T

s
hut(x) dt

)
us(dx), T ≥ s.

The functions FT have a common modulus of continuity

ω(δ) = ωr(δ) +R+ωC(δ) + ωα(δ).
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For fixed δ > 0, compactness of the support gives

qs(δ) = inf
x∈S

us(B(x, δ)) > 0

by a finite-cover argument. At a maximizer of FT |S , the preceding measure inequality
therefore yields

R+ ≥ NT ≥ qs(δ) exp{T (max
S

FT − ω(δ)) −Hs}.

Consequently
max
S

FT ≤ ω(δ) + Hs+ log(R+/qs(δ))
T

.

First let T → ∞, and then let δ ↓ 0. Weak convergence of the environmental averages
gives uniform convergence of their continuous-kernel potentials, which proves the cluster-pair
assertion.

For finite irreducible mutation, all coordinates are positive for every positive time. Propo-
sition 2.6 gives an eventual common lower bound ui(t) ≥ δ∗ > 0, while eventually Nt ≤ U .
The component equation can thus be divided by ui(t) and integrated from any s > 0. The
logarithms in (2.10) are uniformly bounded for T ≥ s, proving the O(T−1) estimate. Finally,

p
(But)i
ui(t)

≥ pδ∗
U

(B1)i =: κi > 0

for all sufficiently large t. Every row of an irreducible mutation matrix is nonzero. The
bounded contribution of the initial interval does not affect the time average, so (2.11)
follows.

Example 2.9 (Negative local growth balanced by mutation). On a one-point trait space,
take b > 0, 0 < r ≤ b, C = c > 0, p > 0, and the unique probability mutation kernel. The
positive equilibrium has mass N∗ = (r + pb)/c, and its local coefficient is

h∗ = r − cN∗ = −pb < 0.

The mutation gain exactly compensates this loss. Thus, with mutation present, even a
stationary population may have a strictly negative maximal local averaged fitness and an
empty zero-fitness set.

3 Accumulated fitness and averaged environments

Assume p = 0 throughout this section, and let S = suppu0. Set

uT = 1
T

∫ T

0
us ds, νT = 1

T

∫ T

0
νs ds, FT = r − CuT +AνT .

These integrals may be taken in total variation; equivalently they are characterized by
integration against continuous test functions. These two averages enter separately because
competition acts through ut = Ntνt, whereas transfer acts through νt. Their limits need not
describe a stationary population. The mutation-free equation is multiplicative at each trait
and gives

uT (dx) = eTFT (x)u0(dx). (3.1)

Put
R− = min{N0, r−/C+}, R+ = max{N0, r+/C−}.

Then R− ≤ Nt ≤ R+.
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Theorem 3.1 (Uniform maximal averaged fitness). Let MT = maxS FT . Then

lim
T→∞

MT = 0.

More precisely, define
q(δ) = inf

x∈S
u0(B(x, δ)).

For every δ > 0, q(δ) > 0. If ω is any common modulus of continuity of the functions FT |S,
then

log(R−/N0)
T

≤ MT ≤ ω(δ) + 1
T

log R+
q(δ) . (3.2)

One such modulus is
ω(δ) = ωr(δ) +R+ωC(δ) + ωα(δ),

where the kernel moduli refer to their first variable, uniformly in the second variable.
If, for 0 < δ ≤ δ0,

ω(δ) ≤ Lδβ, q(δ) ≥ cδκ

with L, c > 0, β > 0, and κ ≥ 0, then, whenever T−1/β ≤ δ0,

MT ≤ (κ/β) log T + L+ log(R+/c)
T

. (3.3)

For every ε > 0 and every T with T−1/β ≤ δ0, the moving fitness-deficit set satisfies

νT {FT ≤ MT − ε} ≤ N0
c
eLT κ/βe−εT . (3.4)

Proof. Compactness of S and the definition of support imply q(δ) > 0: choose a finite cover
of S by balls of radius δ/2, each centred in S. If x ∈ B(xj , δ/2), then B(xj , δ/2) ⊂ B(x, δ).
The minimum of the positive masses of these finitely many balls is a lower bound.

The upper estimate NT ≤ N0e
TMT proves the lower bound in (3.2). Let xT ∈ S maximize

FT . On B(xT , δ) ∩ S, one has FT ≥ MT − ω(δ), and hence

NT ≥ q(δ)eT (MT−ω(δ)).

This proves the upper bound. First let T → ∞, then δ ↓ 0, to obtain MT → 0. Taking
δ = T−1/β gives (3.3). Finally,

uT {FT ≤ MT − ε} ≤ N0e
T (MT−ε).

Dividing by the preceding lower bound for NT , with the same choice of δ, proves (3.4).

Remark 3.2. For a finite support with positive atomic weights, q(δ) is bounded below uniformly
as δ ↓ 0. The maximal averaged fitness is then O(T−1). The logarithmic factor in (3.3)
records the cost of finding initial mass in a shrinking neighbourhood of a maximizing trait.

Theorem 3.3 (Joint-limit complementarity). Suppose Tj → ∞ and

uTj ⇀ v, uTj ⇀ u, νTj ⇀ ν.

Set F = r − Cu+Aν. Then

F ≤ 0 on S, max
S

F = 0, supp v ⊆ S ∩ {F = 0}. (3.5)

Moreover,
r−
C+

ν ≤ u ≤ r+
C−

ν (3.6)

in the order of measures.

12



Proof. Continuous kernels map weakly convergent bounded measures to uniformly convergent
potentials, so FTj → F uniformly. Theorem 3.1 gives maxS F = 0, which also implies F ≤ 0.
Every point where F < 0 has a neighbourhood O and an ε > 0 such that FTj ≤ −ε on O for
all sufficiently large j. Formula (3.1) gives uTj (O) ≤ N0e

−εTj . The Portmanteau theorem
yields v(O) = 0. Finally, (2.5) and ut = Ntνt, integrated against a nonnegative continuous
function and averaged in time, give (3.6).

Corollary 3.4 (A convergent averaged environment). If FT → F uniformly as T → ∞,
every weak limit of uT , νT , uT , or νT is supported on S ∩ {F = 0}. In particular, if this zero
set is the singleton {x∗}, then

νt ⇀ δx∗ , Nt −→ r(x∗)
C(x∗, x∗) , ut ⇀

r(x∗)
C(x∗, x∗)δx∗ .

Proof. On each compact subset of {F < 0}, formula (3.1) now gives exponential decay for
every sufficiently large time. This decay also forces vanishing of all time-averaged masses
there; the positive lower bound on Nt gives the same conclusion for frequencies. If the zero
set is a singleton, compactness yields convergence of the entire frequency trajectory. Then
⟨r, νt⟩ → r(x∗) and ⟨Cνt, νt⟩ → C(x∗, x∗). The variable zt = 1/Nt satisfies

z′
t = ⟨Cνt, νt⟩ − ⟨r, νt⟩zt.

Comparison with asymptotically constant linear equations proves the claimed mass limit.

Corollary 3.5 (An equilibrium obtained from convergent averages). Assume p = 0, Nt →
N∗ > 0, and νT ⇀ ν∗. Then N∗ν∗ is an equilibrium, and

r −N∗Cν∗ +Aν∗ ≤ 0 on S, r −N∗Cν∗ +Aν∗ = 0 on supp ν∗.

The frequency trajectory itself need not converge.

Proof. Boundedness and convergence of Nt imply uT ⇀ N∗ν∗. Thus FT converges uniformly
to the displayed fitness. Corollary 3.4 puts ν∗ on its zero set, and Theorem 3.3 makes it
nonpositive on S. Multiplication by N∗ν∗ yields the stationary equation.

Remark 3.6. The endpoint limit v in Theorem 3.3 generally differs from both time averages.
One cannot replace u by v, or ν by v/v(X ), without an additional convergence argument. If
the two time averages converge along the entire time axis, Corollary 3.4 also gives suppu =
supp ν ⊆ {F = 0}.

3.1 A coefficient criterion for selection of one trait

The preceding estimates also yield a convergence criterion involving only coefficient inequalities
and the initial support.

Theorem 3.7 (Uniform trait dominance). Assume p = 0, let S = suppu0, and let ℓ =
r−/(2C+), U = 2r+/C−. Suppose x∗ ∈ S and a continuous function ∆ : S → [0,∞) satisfy
∆−1(0) = {x∗} and

r(x) − r(x∗) −N{C(x, y) − C(x∗, y)}
+ α(x, y) − α(x∗, y) ≤ −∆(x)

x, y ∈ S,
N ∈ [ℓ, U ]. (3.7)

Then
νt ⇀ δx∗ , ut ⇀

r(x∗)
C(x∗, x∗)δx∗ .
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For each subset E closed in S with x∗ /∈ E, the frequency νt(E) tends to zero exponentially.
If u0({x∗}) > 0, the frequency convergence holds in total variation. If u0({x∗}) = 0, then
∥νt − δx∗∥TV = 2 for every finite t. The coefficient condition need only be checked at N = ℓ
and N = U .

Proof. After a finite time t0, the mass belongs to [ℓ, U ]. Integrating (3.7) against νt(dy) yields

hut(x) − hut(x∗) ≤ −∆(x), t ≥ t0.

The bounded contribution of the initial interval gives a constant K0 such that

T{FT (x) − FT (x∗)} ≤ K0 − T∆(x), T ≥ t0, x ∈ S. (3.8)

Let E be closed and avoid x∗, and put ∆E = minE ∆ > 0. Choose a ball about x∗ whose
radius is small enough that the common modulus of continuity of FT is at most ∆E/2.
The initial measure of this ball is positive. Comparing its contribution to (3.1) with the
contribution of E, using (3.8), proves νT (E) ≤ KEe

−∆ET/2. This proves weak concentration;
the mass limit follows as in Corollary 3.4.

If a0 = u0({x∗}) > 0, the exact atomic mass is uT ({x∗}) = a0e
TFT (x∗). Thus

uT (S \ {x∗})
uT ({x∗}) ≤ eK0

a0

∫
S\{x∗}

e−T∆(x)u0(dx) −→ 0

by dominated convergence. This gives total variation convergence. When a0 = 0, absolute
continuity with respect to u0 preserves zero mass at x∗, so the total variation distance between
the two probabilities is exactly 2. The final assertion follows from the affine dependence on
N .

Remark 3.8 (The role of the initial support). For p = 0, every x ∈ X yields an equilibrium

ux = r(x)
C(x, x)δx.

Therefore, on a trait space containing more than one point, uniqueness and global attraction
over all nonzero initial measures are impossible in the mutation-free model. Theorem 3.7
specifies its basin through the presence of x∗ in the initial support. This qualification is
essential even when the coefficient inequalities are strict.

4 Invariant resident laws and invasion

Assume the weak semiflow hypotheses of Theorem 2.3. Invariant resident laws below are
probability measures on the absorbing compact set K. An occupation law records how time
is distributed over population states, rather than over traits. It retains the joint variation of
total mass and composition that the two environmental averages alone do not determine. For
a fixed orbit, define its occupation law

ΠT = 1
T

∫ T

0
δut dt.

The barycentres of probability laws on bounded-mass sets are understood weakly, by duality
with C(X ).
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Proposition 4.1 (Invariant occupation laws). Every sequence Tj → ∞ has a subsequence
along which ΠTj converges weakly to an invariant probability law Π, supported on ω(u0). For
every f ∈ C(X ), ∫

[⟨fhu, u⟩ + p⟨f,Bu⟩] Π(du) = 0, (4.1)

and ∫
[⟨a, ν⟩ −N⟨Cν, ν⟩] Π(du) = 0. (4.2)

The barycentres
uΠ =

∫
uΠ(du), νΠ =

∫
u

u(X ) Π(du)

are the corresponding limits of the two environmental averages. If p = 0 and S = suppu0,
then

r − CuΠ +AνΠ ≤ 0 on S, max
S

(r − CuΠ +AνΠ) = 0. (4.3)

Proof. The orbit lies in a weak compact mass annulus. Occupation laws are therefore relatively
compact. For a bounded continuous function Φ on that annulus and s > 0,∣∣∣∣∫ (Φ ◦ Ss − Φ) dΠT

∣∣∣∣ ≤ 2s∥Φ∥∞
T

.

Weak continuity of Ss gives invariance in the limit. Orbit tails approach the omega-limit
set, which proves the support assertion. Integrating the derivatives of ⟨f, ut⟩ and logNt,
dividing by T , and using their boundedness proves (4.1) and (4.2). The integrands are weakly
continuous. The maps u 7→ u and u 7→ u/u(X ), tested against a continuous function, are
also weakly continuous on the mass annulus, which identifies the barycentres. Equation (4.3)
follows from Theorem 3.1.

Remark 4.2. The law Π = δu∗ represents a stationary resident. The time distribution on a
periodic orbit represents a periodic resident. More general invariant laws describe recurrent
environments without assuming a single limiting state. The barycentre uΠ need not be
an equilibrium: the stationary moment identity contains EΠ[u ⊗ u] and EΠ[u ⊗ u/N ]. In
particular, uΠ = NΠ νΠ need not hold.

Proposition 4.3 (Scalar invasion in an ergodic resident environment). Assume p = 0 and let
Π be an ergodic invariant resident law. A rare trait x, absent from the resident, has linearized
equation

w′ = hut(x)w.
For Π-almost every resident initial state,

lim
t→∞

1
t

log wt
w0

= Λ(x,Π) := r(x) − (CuΠ)(x) + (AνΠ)(x). (4.4)

For a finite trait space, each resident coordinate is either zero Π-almost everywhere or positive
Π-almost everywhere. In the latter case its invasion index equals zero.

Proof. The first statement follows from the exact logarithmic growth formula and the ergodic
theorem, since hu(x) is bounded and continuous on the resident mass annulus. In finite
dimensions, the events {ui = 0} and {ui > 0} are invariant for the mutation-free flow, so
ergodicity gives the dichotomy. In the positive case choose δ > 0 with Π{ui ≥ δ} > 0. There
are resident trajectories that are typical for the ergodic theorem and return to this set at
arbitrarily large times. Along the return times,

log ui(t) − log ui(0)
t

−→ 0,
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because δ ≤ ui(t) ≤ U . Its full-time limit is the ergodic mean Λi(Π), so that mean is zero.

For a nonergodic invariant law, the integral on the right-hand side of (4.4) still defines
Λ(x,Π). It is the average of the growth indices of the ergodic components, rather than a
constant growth rate along almost every individual resident trajectory.

4.1 A finite-dimensional persistence theorem

A positive scalar invasion index describes growth in the linearized rare-trait equation. Uniform
persistence of all traits requires control of the boundary environments that an interior
trajectory can approach. The next theorem obtains this control from a single positive
weighted sum of invasion indices over every boundary invariant law. Its proof uses an average
Lyapunov function; the broader structured-population theory is developed in [12].

Theorem 4.4 (Persistence from boundary invariant laws). Let X = {1, . . . , n}, p = 0, and
let

K∂ = {u ∈ K : some ui = 0}.

Suppose there are ci > 0 such that
n∑
i=1

ciΛi(Π) > 0 (4.5)

for every invariant probability law supported on K∂. Then there is δ > 0, depending only on
the coefficients and ci, such that every solution with ui(0) > 0 for all i satisfies

lim inf
t→∞

ui(t) ≥ δ (i = 1, . . . , n).

Proof. If the boundary is empty, compactness of K already gives the conclusion. Otherwise,
write g(u) =

∑
i cihu(i). The set of invariant probability laws on the compact boundary is

compact. Hence (4.5) has a uniform positive lower bound, say ρ > 0. There is T > 0 such
that

1
T

∫ T

0
g(Ssu) ds ≥ ρ/2 (u ∈ K∂).

Otherwise, boundary occupation laws along time intervals whose lengths tend to infinity
would have an invariant limit with integral at most ρ/2. Continuity extends this inequality,
with ρ/4, to a neighbourhood of the boundary.

Let P (u) =
∏
i u

ci
i . It vanishes precisely on the boundary. Choose ε > 0 so that {P ≤ ε}∩K

lies in that neighbourhood. For an interior point in this set,

P (STu) ≥ eρT/4P (u).

Let G = supK |g|. For points with P (u) > ε, one always has

P (STu) ≥ e−GT ε.

Consequently the discrete sequence P (SkTu), once the orbit enters K, eventually stays above
εe−GT . Between sampling times it stays above εe−2GT . Since every coordinate is at most U ,
this lower bound for the product gives a positive lower bound for every coordinate, uniformly
over positive initial states.
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Example 4.5 (Invadable boundary equilibria without persistence). Consider the mutation-
free, transfer-free three-trait system with ri = 1 and

C =

1 a b
b 1 a
a b 1

 , a > 1 > b > 0, s := a+ b− 2 > 0.

This is the classical cyclic competition family studied in [14]. The only positive-mass boundary
equilibria are the three unit vectors. Each can be invaded by one missing trait, whose growth
rate is 1 − b > 0. Nevertheless the invariant law

Π∂ = 1
3(δe1 + δe2 + δe3)

has
Λi(Π∂) = 2 − a− b

3 < 0 (i = 1, 2, 3).

Thus (4.5) fails for every choice of positive weights.
The failure of persistence can also be seen directly. Write u = Nq,

∑
i qi = 1, and

H = q1q2q3. For positive solutions,

d

dt
logH = −sN

1 − 3
∑
i<j

qiqj

 = −sN

2
∑
i<j

(qi − qj)2 ≤ 0.

If q(0) ̸= (1/3, 1/3, 1/3), the limit of H must be zero. Indeed, a positive limit would keep
the trajectory away from the boundary. Compactness and invariance would then force its
omega-limit set into the equality set q1 = q2 = q3, where H = 1/27 > H(0), contradicting
monotonicity. Hence such solutions approach the extinction boundary in frequency despite
invadability of every boundary equilibrium.

4.2 Mutation classes and positive linear growth

For a finite trait space, write Bij = bjm(j, {i}), so columns index parent traits and rows
index offspring traits. With mutation, a resident face is invariant only when no mutation
flows from that face to its complement. Let R denote the resident trait set and let J be its
complement, so that BJR = 0. Linearization in the rare traits then gives

w′ =
[
diag

(
hut |J

)
+ pBJJ

]
w. (4.6)

The dependence of the resident environment on w contributes only to higher-order terms in
this transverse equation. For a stationary resident the relevant rate is the spectral bound of
the constant Metzler matrix. For a periodic resident it is the logarithm of the spectral radius
of the period map, divided by the period. For an ergodic resident law, subadditivity gives
the top matrix Lyapunov exponent. If p > 0 and BJJ is irreducible, bounded coefficients and
positivity of its exponential identify a common principal growth rate for nonzero positive
rare populations. The same discussion applies to an autonomous block of the missing-trait
system; couplings from other missing blocks must be retained when they are present.

In an infinite-dimensional trait class, one can similarly define the positive evolution family
and an operator-norm growth rate. A principal positive direction and identification of
that rate with growth from arbitrary positive initial measures require additional positivity
or compactness. Feller continuity alone does not provide those conclusions. Moreover, if
mutation directly supplies a missing class, its dynamics are inhomogeneous; an invasion
equation of the homogeneous form (4.6) is then inappropriate.

17



5 Potential differences and circulation

Only the net transfer kernel α = τ − τT enters the deterministic equation. Conversely, every
continuous antisymmetric kernel is realized by the nonnegative continuous rate τ(x, y) =
max{α(x, y), 0}.

Proposition 5.1 (Potential differences and triangular circulation). For a continuous anti-
symmetric kernel α, the following are equivalent:

1. there is h ∈ C(X ) such that α(x, y) = h(x) − h(y);

2. α(x, y) + α(y, z) + α(z, x) = 0 for all x, y, z ∈ X .

The potential h is unique up to an additive constant.

Proof. A potential difference has zero sum around a triangle. Conversely, fix x0 ∈ X and put
h(x) = α(x, x0). The triangle with vertices x, y, x0 gives the representation. Subtracting two
representations shows that their potentials differ by a constant.

Every antisymmetric kernel on a two-point set satisfies this criterion. Here triangular
circulation means the sum of the net transfer coefficients around a three-trait cycle. It
can first occur with three traits. The criterion concerns the transfer kernel. Under the
additional recipient-independent competition assumption in Section 6, it represents the
frequency dynamics by a normalized linear semigroup; the total mass still satisfies a scalar
nonlinear equation.

Proposition 5.2 (A reference-dependent orthogonal decomposition). For σ ∈ P(X ), set

hσ(x) =
∫
α(x, y)σ(dy), βσ(x, y) = α(x, y) − hσ(x) + hσ(y).

Then σ(hσ) = 0, βσ is antisymmetric, and βσσ = 0 pointwise. Moreover, for every continuous
h,

∥α− h(x) + h(y)∥2
L2(σ⊗σ) = ∥βσ∥2

L2(σ⊗σ) + 2∥h− hσ − σ(h)∥2
L2(σ). (5.1)

If σ has full support, hσ is the unique continuous least-squares potential after imposing
σ(h) = 0.

Proof. Antisymmetry gives σ(hσ) = 0 and hence βσσ = hσ − hσ + σ(hσ) = 0. For any k,∫∫
βσ(x, y)[k(x) − k(y)]σ(dx)σ(dy) = 0.

Thus the two components are orthogonal. Finally,∫∫
[k(x) − k(y)]2 σ(dx)σ(dy) = 2∥k − σ(k)∥2

L2(σ).

Take k = h−hσ. Full support turns equality almost everywhere between continuous potentials
into pointwise equality.

For every probability ν, this decomposition gives

(a− ν(a) +Aν)ν =
[
a+ hσ − ν(a+ hσ) + βσν

]
ν. (5.2)

The residual kernel βσ has the same triangular circulation as α. The potential part is
incorporated into the trait-dependent growth term, while βσν retains the dependence on
composition.
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5.1 Hamiltonian structure in the finite pure-transfer system

For a finite trait set, let AT = −A and consider

q̇i = qi(Aq)i, qi > 0,
∑
i

qi = 1.

In logarithmic coordinates yi = log qi,

ẏ = A∇H(y), H(y) =
∑
i

eyi . (5.3)

A constant antisymmetric matrix defines a Poisson bracket, so this is a Hamiltonian system,
possibly with a degenerate Poisson structure. For v ∈ kerA, the quantity v · y is conserved.
In particular, if π > 0,

∑
i πi = 1 and Aπ = 0, then

H(π | q) =
∑
i

πi log(πi/qi)

is conserved. These identities explain why antisymmetry alone does not give dissipation.
For the full finite frequency equation without mutation, write C = Cs +Ca, with CT

s = Cs
and CT

a = −Ca. At a fixed mass N , the selection and symmetric-competition part has the
replicator-gradient form generated by

ΦN (q) = a · q − N

2 q
TCsq.

The corresponding frequency field has components qi[∂iΦN (q) −
∑
j qj∂jΦN (q)]. The matrix

A − NCa supplies the remaining antisymmetric interaction. Variation of N couples these
parts to the mass equation; the fixed-mass potential ΦN is not asserted to be a Lyapunov
function for that coupled system.

6 Potential transfer and Perron convergence

Throughout this section the competition and transfer kernels satisfy

C(x, y) = c(y), α(x, y) = h(x) − h(y), c ∈ C(X ), min c > 0, (6.1)

where h ∈ C(X ). Competition then imposes the same per-capita loss on every recipient trait,
so it cancels from the frequency equation. The transfer contribution is h− ν(h) and can be
combined with selection. Set

s = r + h, a = r + pb, V = s+ pb = a+ h, Lµ = sµ+ pBµ = pQµ+ V µ.

The bounded operator L generates a positive, uniformly continuous semigroup on the Banach
space of finite signed measures with its total variation norm. We use the full total variation
norm, so that the distance between two probabilities is at most 2.

Proposition 6.1 (Exact projective reduction). Under (6.1), every nonzero solution has the
form

νt = etLu0(
etLu0

)
(X )

, N ′
t = Nt

[∫
a dνt −Nt

∫
c dνt

]
. (6.2)

If νt → ν∗ in total variation, then

ut −→ N∗ν∗, N∗ =
∫
a dν∗∫
c dν∗

. (6.3)

If the frequency convergence is exponential with exponent κ > 0, then the full convergence is
exponential with any exponent 0 < ω < min{κ,min a}.
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Proof. The original equation becomes

u̇ = Lu−
[∫

c du+
∫
h dν

]
u.

The last term is a scalar multiple of u. Multiplication by the scalar integrating factor therefore
gives the first identity in (6.2); the mass equation follows from the general mass–frequency
decomposition. For the convergence claim let It = N−1

t , At =
∫
a dνt, and ct =

∫
c dνt. Then

I ′
t = −AtIt + ct.

Here At ≥ min a > 0, while At → A∗ =
∫
a dν∗ and ct → c∗ =

∫
c dν∗. Variation of constants

applied to It − c∗/A∗ proves convergence. If the coefficients converge exponentially, the same
formula gives the asserted rates, with a strict inequality in ω covering the possible resonant
case.

The limiting mass in (6.3) depends on the original effective growth a = r + pb. If λ is the
Perron eigenvalue of L, then λ =

∫
(a+ h) dν∗, and consequently N∗ = (λ−

∫
h dν∗)/

∫
c dν∗.

This formula is invariant under addition of a constant to h.

6.1 A positive adjoint eigenfunction and a Doob transform

A positive adjoint eigenfunction identifies a weighted mass that grows at a single exponential
rate under the linear semigroup. Dividing out that growth and changing the weight produces a
mass-preserving process. A common reset for the transformed process then yields contraction.
Conservative transforms of this kind are used in [1, 2]; the next result gives explicit constants
for the bounded mutation operator considered here.

Theorem 6.2 (Quantitative convergence from an adjoint eigenfunction). Assume p > 0 and

m(x, ·) ≥ ηq(·) (x ∈ X ) (6.4)

for a probability q and η > 0. Suppose that a bounded Borel function ψ and a real number λ
satisfy

0 < ψ− := inf ψ ≤ supψ =: ψ+ < ∞, L∗ψ = λψ pointwise on X . (6.5)

Put
θ = pηmin b, κψ = θ

∫
ψ dq

ψ+
.

Then there is a unique probability eigenmeasure ν∗ of L, and its eigenvalue is λ. More
precisely, there is a positive measure γ with

∫
ψ dγ = 1 such that∥∥∥∥e−λtetLµ−

(∫
ψ dµ

)
γ

∥∥∥∥
TV

≤ e−κψt

ψ−

∥∥∥∥ψµ−
(∫

ψ dµ

)
π

∥∥∥∥
TV

, (6.6)

where π = ψγ is a probability. For every nonzero µ ≥ 0,∥∥∥∥∥ etLµ

(etLµ)(X ) − ν∗

∥∥∥∥∥
TV

≤ 4ψ+
ψ−

e−κψt, ν∗ = γ

γ(X ) . (6.7)

The full population converges to (6.3).
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Proof. Define, on finite measures,

Ptζ = ψ e−λtetL(ζ/ψ).

The adjoint eigenfunction identity implies that Pt preserves mass. Its jump-rate kernel is

kψ(x, dy) = pb(x)ψ(y)
ψ(x)m(x, dy). (6.8)

Indeed, its total jump rate is pb(x)
∫
ψ(y)m(x, dy)/ψ(x) = λ− s(x), so the diagonal term is

precisely the negative of this rate. Let qψ(dy) = ψ(y)q(dy)/
∫
ψ dq. The lower bound

kψ(x, dy) ≥ κψqψ(dy)

allows us to subtract a common reset generator. The remainder is a Markov generator. On
the subspace of measures of zero total mass, the reset generator is −κψI, and hence

∥Ptζ − Ptζ̃∥TV ≤ e−κψt∥ζ − ζ̃∥TV

for probabilities ζ, ζ̃. The complete metric space of probabilities therefore has a unique fixed
point for P1. Commutation with Pt shows that this fixed point, denoted by π, is invariant for
every Pt. Conjugating the contraction gives (6.6). For µ ≥ 0, its right-hand side is at most
2ψ−1

− (
∫
ψ dµ)e−κψt, while

(e−λtetLµ)(X ) ≥ ψ−1
+

∫
ψ dµ.

The elementary normalization estimate ∥v/v(X ) − w/w(X )∥TV ≤ 2∥v − w∥TV/v(X ) proves
(6.7). Finally, if γ̃ ≥ 0 is any nonzero eigenmeasure with eigenvalue λ̃, pairing with ψ yields
(λ̃− λ)

∫
ψ dγ̃ = 0. Thus λ̃ = λ, and the normalized convergence identifies γ̃ up to scale.

No Feller assumption is needed in this theorem. If the kernel is Feller, one may seek
ψ in C(X ); for a merely measurable kernel, the appropriate space in (6.5) is Bb(X ). The
two-sided bound on ψ makes the weighted and ordinary total variation norms equivalent.
At the spectral edge in the rank-one examples below, no strictly positive bounded adjoint
eigenfunction exists.

6.2 A coefficient condition that constructs the eigenfunction

Theorem 6.3 (Mixing stronger than the oscillation of the linear potential). Assume (6.4),
and put

θ = pηmin b, V = r + h+ pb.

If
θ > osc(V ) := supV − inf V, (6.9)

then the hypotheses of Theorem 6.2 hold. They can be realized with

inf V ≤ λ ≤ supV, 1
λ− inf V + θ

≤ ψ(x) ≤ 1
λ− supV + θ

, θ

∫
ψ dq = 1.

Consequently
κψ = 1

ψ+
≥ θ + λ− supV ≥ θ − osc(V ) > 0. (6.10)

In particular, the population has a unique nonzero equilibrium, which attracts every nonzero
initial measure in total variation.
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Proof. Let Πqµ = qµ(X ) and set

R = pQ− θ(Πq − I), T = R+ (V − θ)I.

The kernel pb(x)m(x, dy) − θq(dy) is nonnegative and has total mass pb(x) − θ. Thus R is a
bounded Markov generator, and

L = T + θΠq.

Positivity and comparison give

e(inf V−θ)t ≤ etT
∗1(x) ≤ e(supV−θ)t.

For z > supV − θ, define

ψz = (z − T ∗)−11 =
∫ ∞

0
e−ztetT

∗1 dt, F (z) = θ

∫
ψz dq.

The function F is continuous and strictly decreasing. Moreover,

θ

z − inf V + θ
≤ F (z) ≤ θ

z − supV + θ
.

Condition (6.9) places the interval [inf V, supV ] inside the domain of this resolvent. Its
endpoints satisfy F (inf V ) ≥ 1 ≥ F (supV ), including the constant-potential case in which
the endpoints coincide. There is therefore a unique λ in this interval with F (λ) = 1. Set
ψ = ψλ. Then

L∗ψ = T ∗ψ + θ

∫
ψ dq = λψ − 1 + 1 = λψ.

The stated bounds follow from the comparison estimate. They imply strict positivity and
boundedness. If m is Feller, T ∗ acts boundedly on C(X ), and its resolvent preserves that
space; otherwise the same construction takes place in Bb(X ). Finally, the rate follows from
Theorem 6.2 and the normalization θq(ψ) = 1.

This theorem does not require compactness of the mutation operator. The operator-norm
estimate (6.6) gives convergence to a rank-one projection, hence a simple isolated eigenvalue
and a spectral gap on the measure space. The estimate is sufficient rather than necessary:
the exact rank-one threshold in the next section can yield a positive gap even when (6.9)
fails.

Corollary 6.4 (Finite traits and irreducible mutation). Suppose X = {1, . . . , n}, Cij = cj > 0,
αij = hi − hj, and p > 0. Assume that the mutation matrix is irreducible, equivalently that
Bij = bjm(j, {i}) is irreducible. Let

L = diag(r + h) + pB.

Then L has a simple Perron eigenvalue λ and a unique positive right eigenvector ν∗ normalized
by
∑
i ν∗,i = 1. There are constants K, γ > 0, depending only on the coefficients, such that

every nonzero nonnegative initial measure satisfies

∥νt − ν∗∥1 ≤ Ke−γt.

The full population has the unique nonzero equilibrium

u∗ = N∗ν∗, N∗ =
∑
i(ri + pbi)ν∗,i∑

i ciν∗,i
= λ−

∑
i hiν∗,i∑

i ciν∗,i
, (6.11)

and every nonzero initial measure converges to it exponentially. No one-step minorization or
oscillation condition is required.
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Proof. Since bi > 0, multiplication of the columns of the mutation matrix by bi preserves its
directed graph. Thus L is an irreducible Metzler matrix. A sufficiently large scalar shift makes
L a nonnegative irreducible matrix with positive diagonal, so the Perron–Frobenius theorem
gives positive right and left eigenvectors ν∗, ψ, with ψ⊤ν∗ = 1, and a strictly dominant real
eigenvalue λ. Equivalently, etL is strictly positive for every t > 0. The finite-dimensional
spectral decomposition gives

e−λtetL = ν∗ψ
⊤ +O(e−γt)

in operator norm for some γ > 0. In dimension one the same identity is exact. For a
nonnegative vector v, one has ψ⊤v ≥ (mini ψi)∥v∥1; moreover,

∥e−λtetLv∥1 ≥ ψ⊤v

maxi ψi
.

Normalization therefore gives the frequency estimate uniformly over nonzero nonnegative v.
Proposition 6.1 proves the full convergence and the first expression forN∗. Summing Lν∗ = λν∗
gives λ =

∑
i(ri + hi + pbi)ν∗,i, proving the second expression. Every nonzero equilibrium has

a stationary frequency, so the same frequency convergence establishes uniqueness of the full
equilibrium.

7 Rank-one mutation, spectral thresholds, and condensation

Assume (6.1), let b ≡ b0 > 0, and suppose

m(x, ·) = q(·), supp q = X , k = pb0 > 0. (7.1)

Then
Lµ = sµ+ kqµ(X ).

Define

M = max
X

s, g = M − s, K = {x : g(x) = 0}, ρ = k

∫
X

1
g
dq ∈ (0,∞], (7.2)

where 1/g = +∞ on K. Thus K is the maximizing set of the linear potential s = r + h, and
M is the upper spectral edge of multiplication by s. In particular, ρ < ∞ implies q(K) = 0.
The support assumption on q excludes positive eigenmeasures with an eigenvalue below M .

At eigenvalue M , the stationary equation requires q(K) = 0 and prescribes the measure
kg−1q off K. When q(K) = 0, this part has mass ρ. If ρ < 1, the remaining mass 1 − ρ must
lie on K and is singular with respect to q; this is the condensate. If ρ > 1, normalization
instead requires an eigenvalue strictly above M . The following theorem makes this distinction
precise.

Theorem 7.1 (All stationary frequencies in the rank-one model). Under (7.1), the stationary
probabilities of the normalized semigroup are exactly the following.

1. If ρ > 1, there is a unique λ > M satisfying

k

∫
q(dx)
λ− s(x) = 1. (7.3)

The unique stationary probability is

ν∗(dx) = k

λ− s(x)q(dx). (7.4)
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2. If ρ = 1, the unique stationary probability is ν∗ = kg−1q, and its eigenvalue is M .

3. If ρ < 1, the stationary probabilities form the family

νζ = kg−1q + (1 − ρ)ζ, ζ ∈ P(K), (7.5)

and every member has eigenvalue M .

Every such frequency gives precisely one nonzero equilibrium of the full population equation,
with mass

∫
(r + k) dν/

∫
c dν.

Proof. A stationary probability is equivalent to Lν = λν for some real λ. Thus

(λ− s)ν = kq. (7.6)

If λ < M , the nonempty open set {s > λ} has positive q-mass, contradicting the signs in
(7.6). For λ > M , normalization is exactly (7.3). Its left side is strictly decreasing, tends
to zero at infinity, and tends to ρ as λ ↓ M . This proves the first case and excludes such a
root when ρ ≤ 1. For λ = M , equation (7.6) fixes ν|X \K = kg−1q and leaves a nonnegative
measure on K. Normalization fixes its mass to 1 − ρ, proving the remaining cases. The full
equilibrium statement follows from Proposition 6.1.

For a single maximizer and a mutation density, this threshold is the continuous-time house-
of-cards threshold studied in [7]. The proof above applies directly to compact spaces and
arbitrary full-support mutation measures, and records the freedom on an entire maximizing
set. The following results establish global convergence when ρ > 1 and identify the selected
condensate when ρ < 1 and u0(K) > 0.

Corollary 7.2 (The separated eigenvalue regime). If ρ > 1, every nonzero initial measure
satisfies

∥νt − ν∗∥TV ≤ 4λ− min s
λ−M

e−(λ−M)t. (7.7)

Consequently the full population has a unique nonzero equilibrium, globally attracting in total
variation.

Proof. Take ψ(x) = (λ− s(x))−1. Equation (7.3) gives kq(ψ) = 1, and

L∗ψ = sψ + kq(ψ) = λψ.

The transformed process jumps with rate λ− s(x) and destination law ν∗. Its common reset
rate is λ−M . The result is Theorem 6.2 with ψ+/ψ− = (λ− min s)/(λ−M).

7.1 Initial mass on the maximizing set selects the condensate

Theorem 7.3 (Total variation convergence in the condensed regime). Suppose ρ < 1 and let
u0 ≥ 0 be finite and nonzero. Set A0 = u0(K). If A0 > 0, then

νt −→ k

g
q + (1 − ρ)u0|K

A0
in total variation. (7.8)

In fact, the unnormalized semigroup satisfies

e−MtetLu0 −→ u0|K + kA0
1 − ρ

q

g
in total variation. (7.9)

If u0(K) = 0, the left side of (7.9) converges to zero in total variation, and the finite-
time frequency assigns zero mass to K. Hence it cannot converge in total variation to any
probability in (7.5).
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Proof. Put vt = e−MtetLu0 and Zt = vt(X ). The variation-of-constants formula is

vt(dx) = e−g(x)tu0(dx) + kq(dx)
∫ t

0
e−g(x)(t−s)Zs ds. (7.10)

Consequently

Z = a0 +K0 ∗ Z, a0(t) =
∫
e−gt du0, K0(t) = k

∫
e−gt dq.

Here a0(t) → A0 and ∥K0∥L1(0,∞) = ρ < 1. The resolvent R0 =
∑
n≥1K

∗n
0 belongs to

L1(0,∞) and has norm ρ/(1 − ρ). Thus

Z = a0 +R0 ∗ a0, sup
t≥0

Zt ≤ u0(X )
1 − ρ

, Zt −→ A0
1 − ρ

.

The final limit follows by dominated convergence in the convolution. The first term of (7.10)
converges in total variation to u0|K . For g(x) > 0, the integral in its second term converges
to A0/((1 − ρ)g(x)) and is bounded by u0(X )/((1 − ρ)g(x)). Since g−1 ∈ L1(q), dominated
convergence gives (7.9). If A0 > 0, normalization proves (7.8). If A0 = 0, the linear limit is
zero. Moreover, q(K) = 0 and (7.10) give vt(K) = u0(K) = 0. Every νζ has mass 1 − ρ on
K, so

∥νt − νζ∥TV ≥ 2(1 − ρ) (t ≥ 0).

The condition u0(K) > 0 permits several maximizers and determines the relative conden-
sate weights exactly. It also identifies why normalization requires additional analysis when
u0(K) = 0: both the numerator and the normalizing mass in the shifted linear evolution tend
to zero. In the single-maximizer density setting, [7] establishes general condensed behavior in
Cesàro mean and explicitly distinguishes this from convergence without time averaging. We
do not extend that theorem to arbitrary maximizing sets here.

7.2 Adjoint weights and convergence rates at the spectral edge

Proposition 7.4 (Failure of a positive bounded adjoint weight). Suppose ρ ≤ 1. Every
bounded nonnegative Borel function satisfying L∗ψ = Mψ vanishes on X \K. Consequently
there is no strictly positive bounded adjoint eigenfunction. If ψ is required to be continuous,
the only nonnegative solution is ψ = 0.

Proof. The eigenfunction equation is g(x)ψ(x) = k
∫
ψ dq. At any point of the nonempty

set K, it implies q(ψ) = 0. Hence gψ = 0, proving the support assertion. For continuous
ψ ≥ 0, full support of q and q(ψ) = 0 imply ψ = 0 everywhere. Finally, pairing any strictly
positive bounded adjoint eigenfunction with a stationary probability from Theorem 7.1 forces
its eigenvalue to equal M , so the preceding argument excludes it.

Proposition 7.5 (An algebraic lower bound at criticality). Suppose ρ = 1, choose x∗ ∈ K,
and take ν0 = δx∗. Let G = max g > 0. For the unique critical equilibrium ν∗ = kg−1q,

∥νt − ν∗∥TV ≥ 2
1 +Gt

(t ≥ 0). (7.11)

Thus no theorem asserting exponential convergence for every initial measure can hold at this
threshold.

25



Proof. For vt = e−MtetLδx∗ , formula (7.10) gives vt(K) = 1. The quantity

Wt =
∫

X \K

1
g
dvt

is finite on bounded time intervals because
∫
g−1 dq = 1/k. To justify its differentiation

without using an unbounded test function, define

K0(t) = k

∫
e−gt dq, K̃0(t) = k

∫
g−1e−gt dq.

The integral formula gives Z = 1 +K0 ∗Z and W = K̃0 ∗Z. The function K̃0 is continuously
differentiable, with K̃0(0) = 1 and K̃ ′

0 = −K0. Consequently

W ′
t = Zt − (K0 ∗ Z)(t) = 1.

Therefore Wt = t and Zt = 1 + vt(X \ K) ≤ 1 + GWt = 1 + Gt. Since ν∗(K) = 0 and
νt(K) = 1/Zt, the total variation distance is at least 2/Zt, which proves the claim.

Example 7.6 (An explicit compact-trait threshold). Let X = [0, 1], q(dx) = dx, b ≡ 2,
d(x) = xβ with 0 < β < 1, C ≡ c > 0, and α = 0. Then r = 2 − xβ > 0, k = 2p, and

ρ = 2p
1 − β

, pc = 1 − β

2 .

For p > pc there is a unique nonzero equilibrium, and every nonzero initial measure converges
to it exponentially in total variation. For p = pc the stationary frequency is (1 − β)x−β dx;
the initial frequency δ0 yields the lower bound 2/(1 + t) in (7.11). For 0 < p < pc, the unique
stationary frequency is

ν∗ = 2px−β dx+
(

1 − 2p
1 − β

)
δ0, u∗ = 2

c
ν∗.

It attracts in total variation every initial measure having positive mass at 0. For initial
measures with zero mass at 0, total variation convergence to this equilibrium is impossible.
This example separates equilibrium uniqueness, spectral separation, and convergence topology
within one family satisfying all the original coefficient assumptions.

Example 7.7 (A continuum of equilibria under complete reset mutation). Let X = [0, 1],
q(dx) = dx, b ≡ 2, C ≡ c > 0, α = 0, and r(x) = 2 −

√
x(1 − x). Then K = {0, 1} and

ρ = k

∫ 1

0

dx√
x(1 − x)

= πk, k = 2p.

For 0 < p < 1/(2π), all stationary frequencies are

νξ(dx) = k√
x(1 − x)

dx+ (1 − πk)
[
ξδ0 + (1 − ξ)δ1

]
, 0 ≤ ξ ≤ 1,

and the corresponding equilibrium mass is 2/c. If u0({0, 1}) > 0, Theorem 7.3 selects
ξ = u0({0})/u0({0, 1}). Thus full support of a parent-independent mutation law does not
imply uniqueness of the equilibrium or independence from the initial measure.
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8 Convergence through a common reference distribution

The competition form acting on signed perturbations is

C(σ) =
∫∫

C(x, y)σ(dx)σ(dy).

It depends only on the symmetric part of C. Pointwise positivity of C does not imply
nonnegativity of this form: the matrix ( 1 2

2 1 ) has value −2 on (1,−1). Positive competition
forms and relative entropy are used in pure-selection convergence theory [13].

Here the reference distribution is stationary for conservative mutation and makes both the
competition potential and the combined selection–transfer potential constant across traits.
These balances cancel the linear terms in the entropy derivative for every total mass. The
remaining competition form is nonnegative, and a mutation reset supplies strict entropy
decay.

Theorem 8.1 (A common-reference entropy criterion). Assume p > 0. Suppose that there
are π ∈ P(X ) and constants a∗, c∗ > 0 such that

Qπ = 0, Cπ(x) = c∗, a(x) +Aπ(x) = a∗ (x ∈ X ). (8.1)

Assume also that

C(σ) ≥ 0 if σ(X ) = 0, m(x, ·) ≥ ηπ(·) (x ∈ X ) (8.2)

for every finite signed measure σ and some η > 0. Then

u∗ = a∗
c∗
π

is the unique nonzero stationary measure and attracts every nonzero initial measure in total
variation.

More precisely, put θ = pηb−. For every t ≥ s > 0,

H(π | νt) ≤ e−θ(t−s)H(π | νs),

∥νt − π∥TV ≤
√

2H(π | νs) e−θ(t−s)/2.
(8.3)

The entropy on the right is finite. Population convergence is exponential with any rate
0 < ω < min{θ/2, a−} after a positive initial time. Neither a bound on the magnitude of α
nor a Feller assumption is required.

Proof. Antisymmetry gives π(Aπ) = 0, so π(a) = a∗. Substitution in the mass and frequency
equations verifies stationarity.

Let w = ν − π. The contribution of the multiplicative frequency field to the entropy
derivative is

d

dt
H(π | ν)

∣∣∣∣
mult

= ⟨a−NCν +Aν,w⟩

= ⟨a+Aπ −NCπ,w⟩ −NC(w) = −NC(w) ≤ 0. (8.4)

The first equality uses the conservative rewriting: the multiplicative frequency field is the
potential a−NCν+Aν minus its ν-average. This potential includes the growth correction pb
from mutation. In the second equality ⟨Aw,w⟩ = 0. Conditions (8.1) remove the remaining
linear term for every value of N .
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By Lemma 10.1, the mutation semigroup contracts H(π | ·) at rate θ. Its infinitesimal
entropy dissipation is therefore at least θH(π | ν). Together with (8.4), this yields

d

dt
H(π | νt) ≤ −θH(π | νt)

and the first inequality in (8.3).
We justify the calculation for arbitrary initial measures. The positive gain in the frequency

equation is pBνt ≥ θπ. The remaining multiplication coefficient is bounded below along each
bounded mass trajectory. Variation of constants gives, for each s > 0, a constant cs > 0 such
that νt ≥ csπ for all t ≥ s. Thus H(π | νt) ≤ − log cs < ∞. Lebesgue projection relative to
π and the integrated logarithmic chain rule justify (8.4) and the mutation derivative. The
component singular with respect to π remains part of the probability measure νt throughout
this calculation. Pinsker’s inequality gives the second estimate.

Finally, I = N−1 satisfies
I ′ = −ν(a)I + C̄(ν).

Its coefficients converge exponentially to a∗ and c∗, while ν(a) ≥ a− > 0. Variation of
constants proves the population estimate, including the strict rate inequality at resonance.
Any stationary nonzero measure must have the same limit, which proves uniqueness.

Example 8.2 (Arbitrarily strong circulation). Take constant b, r > 0 with r ≤ b, p > 0,
m(x, ·) = π, and f ∈ C(X ). Set

C(x, y) = c0 + εf(x)f(y), π(f) = 0, ε ≥ 0, c0 > ε∥f∥2
∞.

Let v, w be continuous functions of π-mean zero, and set

α(x, y) = L[v(x)w(y) − w(x)v(y)].

Then Qπ = 0, Cπ = c0, Aπ = 0, and C(σ) = ε(σ(f))2 for zero-mass σ. Theorem 8.1 applies
for every L ∈ R. The exponential frequency rate is independent of L. The nonnegative rate
τ = max{α, 0} realizes this flux.

The hypotheses require a mutation-invariant probability measure that also satisfies the two
ecological balance identities in (8.1). Irreducibility of mutation alone does not ensure these
identities. The next criterion starts from a stationary population and an adjoint eigenfunction
of its frozen operator.

9 Adjoint-weighted entropy and convergence

The general relative entropy method uses a positive adjoint eigenelement to weight the entropy
relative to a stationary solution; see [15]. Here a stationary population determines a frozen
linear operator. When its adjoint has a positive eigenfunction bounded above and away from
zero, the method applies to the frozen dynamics. The nonlinear remainder contributes a
quadratic form that includes the effect of normalizing horizontal transfer.

9.1 The frozen operator and its conservative transform

Write b− = minX b > 0. For a nonzero positive measure u, write

N = u(X ), ν = u/N, hu = r − Cu+Aν.
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Let u∗ be a nonzero stationary measure, and put

N∗ = u∗(X ), ν∗ = u∗/N∗, h∗ = r − Cu∗ +Aν∗.

The frozen operator is
L∗µ = h∗µ+ pBµ, L∗u∗ = 0. (9.1)

We assume that there is a bounded Borel function ψ such that

0 < ψ− ≤ ψ(x) ≤ ψ+ < ∞, h∗(x)ψ(x) + pb(x)
∫

X
ψ(y)m(x, dy) = 0 (x ∈ X ). (9.2)

This is a pointwise adjoint equation on the entire trait space. An adjoint equation only on
the support of u∗ is insufficient for initial measures charging traits outside that support.

Set
Z =

∫
ψ du∗, φ = ψu∗

Z
.

Multiplication by ψ conjugates L∗ to the conservative generator

Gλ = ψL∗(ψ−1λ). (9.3)

Its jump-rate kernel is
k(y, dx) = p b(y)ψ(x)

ψ(y)m(y, dx). (9.4)

Indeed, its total outgoing rate at y equals −h∗(y) by (9.2). In particular, G preserves mass
and Gφ = 0.

For p > 0, condition (9.2) implies

h∗(x) ≤ −pb−
ψ−
ψ+

< 0 (x ∈ X ). (9.5)

Thus an adjoint function bounded above and away from zero is a substantive spectral condition.
It can fail at a spectral edge supporting a condensed equilibrium.

Corollary 9.1 (A sufficient condition for the adjoint function). Given a stationary u∗, define

V∗ = h∗ + pb = a− Cu∗ +Aν∗, L∗ = pQ+ V∗.

Suppose m(x, ·) ≥ ηq(·) for a probability measure q and some η > 0, and

θ = pηb− > osc(V∗).

Then (9.2) has a bounded Borel solution bounded away from zero. If m is Feller, the solution
constructed in this way is continuous.

Proof. The resolvent construction in Theorem 6.3 uses only boundedness of the potential
and the mutation minorization. Applied to the frozen operator pQ+ V∗, it gives a positive
bounded adjoint eigenfunction ψ and a real eigenvalue λ. Pairing its pointwise eigenfunction
equation with u∗ yields

λ

∫
ψ du∗ =

∫
(L∗

∗ψ) du∗ =
∫
ψ d(L∗u∗) = 0.

The integral is strictly positive, so λ = 0. The construction takes place in Bb(X ); under the
Feller assumption it preserves C(X ).
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9.2 The exact nonlinear entropy identity

An entropy for the population measure must account for changes in both composition and
total mass. We therefore use relative entropy for finite measures rather than normalizing
the population at the outset. For probability measures, H(ρ | µ) denotes the usual relative
entropy

∫
log(dρ/dµ) dρ, with value +∞ when appropriate. For finite positive measures λ∗, λ,

define
Hfin(λ∗ | λ) = λ(X ) − λ∗(X ) +

∫
log dλ∗

dλ
dλ∗,

with value +∞ when the integral is not well defined as a finite relative entropy. The weighted
Volterra entropy is

Vψ(u) = Hfin(ψu∗ | ψu). (9.6)

It is nonnegative and vanishes exactly at u = u∗. If

u = zu∗ + u⊥, u⊥ ⊥ u∗,

then
Vψ(u) =

∫
ψ(z − 1 − log z) du∗ +

∫
ψ du⊥. (9.7)

The component singular with respect to u∗ contributes its full ψ-weighted mass. Thus the
entropy does not require u ≪ u∗.

Define the symmetric kernel

SN (x, y) = ψ(x)C(x, y) + ψ(y)C(y, x)
2 − ψ(x) − ψ(y)

2N α(x, y)

+ ψ(x)(Aν∗)(x) + ψ(y)(Aν∗)(y)
2N , (9.8)

and its quadratic form
SN (v) =

∫∫
SN (x, y) v(dx)v(dy).

The last term of (9.8) accounts for the change of total mass in the denominator of the transfer
term. Antisymmetry alone does not cancel the weighted transfer terms or their normalization
correction.

Proposition 9.2 (Balanced flux and weighted entropy). Assume (9.1) and (9.2). The
measure

J(dx, dy) = pψ(x)b(y)m(y, dx)u∗(dy) (9.9)

has equal first and second marginals, both equal to −ψh∗u∗. Let ut = ztu∗ + u⊥
t be a solution

on a time interval on which zt is bounded below by a positive constant, uniformly on compact
time subintervals. Then, almost everywhere in time,

d

dt
Vψ(ut) = −DJ(zt) − D⊥(ut) − SNt(ut − u∗), (9.10)

where

DJ(z) =
∫∫ [

z(y)
z(x) − 1 − log z(y)

z(x)

]
J(dx, dy), (9.11)

D⊥(u) = p

∫
ψ(x)
z(x) d(Bu⊥)ac(x). (9.12)

Here the absolutely continuous part in (9.12) is taken relative to u∗. Both dissipations are
nonnegative.
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Proof. The first marginal in (9.9) is pψBu∗ = −ψh∗u∗. The second marginal has density
pb(y)

∫
ψ(x)m(y, dx) = −ψ(y)h∗(y) relative to u∗. This proves the balance assertion without

a detailed-balance assumption.
The stationarity equation shows that pB maps measures absolutely continuous with respect

to u∗ to measures with the same property. For the frozen equation, the linear part of the
entropy derivative vanishes by L∗

∗ψ = 0. The remaining part is

−
∫
ψ

z
d(L∗u)ac = −

∫
ψh∗ du∗ −

∫∫
z(y)
z(x)J(dx, dy) − D⊥(u).

The equal marginals give ∫∫
[log z(y) − log z(x)] J(dx, dy) = 0,

and hence the frozen contribution is −DJ(z) − D⊥(u).
Write v = u− u∗ and s = N −N∗. Since

ν − ν∗ = v

N
− s

N
ν∗,

the nonlinear difference is the multiplication operator

hu − h∗ = −Cv + 1
N
Av − s

N
Aν∗.

Its contribution to the entropy derivative is∫
ψ(hu − h∗) dv = −SN (v),

which proves (9.10).
For completeness, Lebesgue projection relative to u∗ is a bounded linear projection in total

variation. The absolutely continuous density of a C1 measure-valued solution is therefore an
absolutely continuous curve in L1(u∗). On intervals where zt has a positive lower bound, the
logarithm is Lipschitz on its range and the integrated chain rule applies. No upper bound on
zt, and no absolute continuity of ut with respect to u∗, is required.

9.3 A continuum convergence theorem

Let I = [ℓ, U ] ⊂ (0,∞) be a positively invariant mass interval which contains N∗ and
eventually contains the mass of every nonzero solution. The interval supplied by the logistic
comparison is one such choice. Assume

SN (v) ≥ 0 for every finite signed measure v and every N ∈ I. (9.13)

Since SN = S0 + N−1S1, condition (9.13) is equivalent to its two endpoint versions at
N = ℓ, U .

Proposition 9.3 (Gram-matrix and finite-feature tests). Suppose SN is continuous on X 2,
as is the case when ψ is continuous. For fixed N , its quadratic form is nonnegative on all
finite signed measures if and only if

[SN (xi, xj)]ki,j=1 ⪰ 0

for every k ≥ 1 and every finite collection x1, . . . , xk ∈ X . For the family (9.8), it suffices to
make these tests at N = ℓ, U .
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Proof. Testing atomic measures proves necessity. Conversely, approximate the positive and
negative parts of a finite signed measure weakly by finite atomic measures, with uniformly
bounded total variation. Continuity of SN on the compact product space passes the quadratic
forms to the limit. The endpoint assertion follows because SN is an affine function of 1/N .

A useful sufficient certificate is a finite-feature representation

SN (x, y) = f(x)⊤HNf(y), f : X −→ Rk,

with f continuous and HN symmetric. Positive semidefiniteness of Hℓ, HU , when HN is affine
in 1/N , proves (9.13). More precisely, positive semidefiniteness on span f(X ) is needed, and
it is also necessary for this representation.

Theorem 9.4 (Adjoint-weighted convergence on compact trait spaces). Assume p > 0, (9.1),
(9.2), (9.13), and

m(y, ·) ≥ η ν∗(·) (y ∈ X ) (9.14)

for some η > 0. Then u∗ is the unique nonzero stationary measure. Every nonzero solution
converges to u∗ exponentially in total variation after a finite entrance time. The exponential
rate can be chosen to depend only on the coefficients, u∗, ψ, η and I. A Feller assumption on
m is not needed.

Proof. The frozen Markov dynamics dissipates changes in weighted composition while pre-
serving weighted mass. We first obtain this composition estimate, then use the weighted
quadratic form to control the remaining mass deviation. For a state u with mass in I, put

λ = ψu, λ∗ = ψu∗, M = λ(X ), q = λ/M, ζ = M/Z.

Then
Vψ(u) = Z

[
ζ − 1 − log ζ + H(φ | q)

]
. (9.15)

Here M =
∫
ψ du is weighted mass, q = ψu/M is weighted composition, and ζ is the ratio of

weighted masses. Thus the two terms in (9.15) measure deviations in mass and composition,
respectively. Write H = H(φ | q). The rate kernel (9.4) satisfies

k(y, ·) ≥ κ0φ(·), κ0 = pηb−Z

N∗ψ+
> 0.

Consequently
G = κ0(φ⟨1, ·⟩ − I) +R,

where R is another conservative Markov generator and Rφ = 0. The data-processing inequality
for etR, together with convexity in the second argument of relative entropy, gives

H(φ | etGq) ≤ e−κ0tH(φ | q).

The frozen entropy dissipation at u is therefore at least κ0ZH. In the notation of Proposi-
tion 9.2,

DJ(z) + D⊥(u) ≥ κ0ZH. (9.16)

Set
c0 =

∫
ψ(x)(Cu∗)(x)u∗(dx) > 0, P = sup

N∈I
∥SN∥∞.

The two transfer terms in (9.8) cancel on the ray spanned by u∗, giving the identity

SN (u∗) = c0 for every N > 0. (9.17)
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Let e = u− ζu∗. By (9.13), the square root of SN is a seminorm, so

c0(ζ − 1)2 ≤ 2SN (u− u∗) + 2SN (e).

Moreover,
e = Mψ−1(q − φ), ∥e∥TV ≤ M

ψ−
∥q − φ∥TV.

Pinsker’s inequality therefore gives

c0(ζ − 1)2 ≤ 2SN (u− u∗) + 4P
(
M+
ψ−

)2
H, M+ = ψ+U. (9.18)

Put M− = ψ−ℓ and
KR = 1

2 min{1,M−/Z}2 .

On the allowed mass interval, ζ − 1 − log ζ ≤ KR(ζ − 1)2. Combining (9.15) and (9.18), we
obtain

Vψ(u) ≤ Z

[
1 +

4KRPM
2
+

c0ψ2
−

]
H + 2ZKR

c0
SN (u− u∗).

Thus (9.10) and (9.16) imply

d

dt
Vψ(ut) ≤ −κVψ(ut), κ = min

{
κ0

1 + 4KRPM2
+/(c0ψ2

−)
,

c0
2ZKR

}
> 0. (9.19)

We justify the use of the entropy for arbitrary initial measures. Once the mass lies in I,
hut ≥ −K for a constant K depending only on the data and I, and

pBut ≥ pηb−ℓ ν∗.

Variation of constants implies, for every fixed s > 0,

ut+s ≥ pηb−ℓ

N∗

1 − e−Ks

K
u∗,

with the usual interpretation when K = 0. Thus the density relative to u∗ has a positive lower
bound at positive elapsed times, although a singular component can remain. Proposition 9.2
applies and Vψ(ut+s) < ∞.

Finally, the elementary finite-measure entropy inequality

∥λ− λ∗∥2
TV ≤ 2

[
λ(X ) + λ∗(X )

]
Hfin(λ∗ | λ)

follows from (
√
z − 1)2 ≤ z − 1 − log z and Cauchy–Schwarz. It gives

∥ut − u∗∥TV ≤
√

2(M+ + Z)
ψ−

√
Vψ(ut). (9.20)

Equations (9.19) and (9.20) prove the claimed exponential convergence. Applying this
conclusion to a stationary solution proves uniqueness.

Remark 9.5 (Weak convergence under strict positivity of the weighted form). There is also
a useful version without (9.14). Assume additionally that ψ is continuous, and suppose
Vψ(u0) < ∞, the initial mass lies in I, and SN (v) > 0 for every nonzero finite signed v and
every N ∈ I. Then ut ⇀ u∗. The strict positivity here separates distinct measures; no
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uniform coercive lower bound in the total variation norm is assumed. Indeed, approximation
of u0 by (1 − ε)u0 + ε[N0/N∗]u∗, which preserves its mass N0 = u0(X ), yields

Vψ(ut) +
∫ t

0
SNs(us − u∗) ds ≤ Vψ(u0).

Convexity and lower semicontinuity give Vψ(uε0) → Vψ(u0). The density in each approximating
solution remains bounded below on finite time intervals by the multiplicative part of the
equation; the entropy inequality then passes to the limit by lower semicontinuity. The
integrand is uniformly continuous in time, because the orbit is uniformly Lipschitz in total
variation on the mass slab and SN is continuous and uniformly bounded there. It tends
to zero. Weak compactness and continuity of (N, u) 7→ SN (u − u∗) identify every weak
cluster point as u∗. This argument gives weak convergence and does not imply total variation
convergence.

9.4 Finite-dimensional tests

On a finite trait space, write

Bij = bjm(j, {i}), A⊤ = −A, Ψ = diag(ψ1, . . . , ψn).

We write Sym(M) = (M +M⊤)/2. For a positive equilibrium u∗, let

L∗ = diag(r − Cu∗ +Aν∗) + pB.

If p > 0 and B is irreducible, the equation L∗u∗ = 0 implies that zero is the Perron eigenvalue
of L∗, and there is a positive left eigenvector ψ. The kernel (9.8) becomes the symmetric
matrix

SN = Sym(ΨC) − 1
N

Sym(ΨA) + 1
2N

[
1(ΨAν∗)⊤ + (ΨAν∗)1⊤

]
. (9.21)

Corollary 9.6 (Two semidefinite tests). Assume p > 0, B is irreducible, and u∗ > 0 is
stationary. If

Sℓ ⪰ 0, SU ⪰ 0,

then u∗ is the unique nonzero stationary state and every nonzero trajectory converges to it.
The convergence is exponential after an initial transient. No one-step minorization is required.

Proof. The affine dependence on 1/N gives SN ⪰ 0 for all N ∈ I. Every nonzero trajectory
enters the strictly positive orthant at every positive time, by irreducibility and comparison
with a positive multiple of etpBu0. For positive u, let zi = ui/u∗,i and Fij = pψiBiju∗,j . The
entropy identity reads

V̇ψ = −
∑
i,j

Fij

[
zj
zi

− 1 − log zj
zi

]
− (u− u∗)⊤SN (u− u∗).

The first term vanishes only if zi = zj on every mutation edge. Irreducibility therefore forces
u = cu∗. On this ray the quadratic term is (c− 1)2c0, which vanishes only at c = 1. Entropy
sublevel sets inside the mass slab are compact subsets of the positive orthant. LaSalle’s
principle proves convergence.

For the rate, the quadratic part of mutation dissipation at u∗ is

1
2
∑
i,j

Fij

(
vj
u∗,j

− vi
u∗,i

)2

.
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Its kernel is the one-dimensional space span{u∗}. Adding v⊤SN∗v makes the quadratic form
positive definite, by (9.17). The entropy itself has a positive definite Hessian at u∗. A
local entropy–dissipation estimate gives exponential convergence once the trajectory enters a
sufficiently small neighborhood.

Mutation can also compensate for negative directions of SN . The following criterion
quantifies this possibility.

Corollary 9.7 (Mutation-augmented matrix criterion). Assume a finite trait space, p > 0, a
strictly positive stationary state u∗, and a strictly positive adjoint vector ψ satisfying (9.2).
Let I = [ℓ, U ] be a positively invariant absorbing mass interval containing N∗. Assume (9.14),
and define

Z = ψ⊤u∗, φ = Ψu∗
Z

, R = Ψ − φψ⊤,

κ0 = pηb−Z

N∗ψ+
, β = κ0Z

2(ψ+U)2 .

No positive semidefiniteness assumption on the unaugmented matrices SN is imposed. If both
matrices

Sℓ + βR⊤R, SU + βR⊤R (9.22)

are positive definite, then u∗ is the unique nonzero stationary state and every nonzero trajectory
converges to it exponentially after an initial transient.

Proof. For v = u− u∗, M = ψ⊤u, and q = Ψu/M ,

Rv = Ψu−Mφ = M(q − φ).

Since Ru∗ = 0 and kerR = span{u∗}, this term measures departure from the equilibrium
composition and vanishes along the equilibrium ray. Pinsker’s inequality gives

H(φ | q) ≥ ∥Rv∥2
2

2(ψ+U)2 .

The frozen entropy dissipation is at least κ0ZH(φ | q), hence

V̇ψ ≤ −v⊤[SN + βR⊤R]v ≤ −λ0∥v∥2
2

for a positive λ0, by the two endpoint assumptions. Minorization and the mass lower bound
place each trajectory in a fixed compact subset of the positive orthant after one additional unit
of time in the mass slab. On that compact set, Taylor’s formula gives Vψ(u) ≤ K∥u− u∗∥2

2.
The resulting differential inequality proves exponential convergence and uniqueness.

9.5 Examples and boundaries of the criteria

Example 9.8 (Nonconstant adjoint weight and nonzero transfer). Take two traits and

b = (1, 1), r =
( 3

10 ,
7
20

)
, p = 1

5 , m(j, {i}) = 1
2 ,

C =
( 1

2
1
10

1
20

1
5

)
, A =

(
0 3

20
− 3

20 0

)
.

Set d = b− r and realize A by the nonnegative transfer rates τij = max{Aij , 0}. Then

u∗ = (1, 2)⊤, ψ = (1, 2)⊤, h∗ =
(

− 3
10 ,−

3
20

)⊤
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satisfy both stationary equations. The logistic mass interval can be chosen as

[ℓ, U ] =
[1

2 , 22
]
.

The weighted matrices are

SN =
( 1

2 + 1
10N

1
10 + 3

40N
1
10 + 3

40N
2
5 − 1

10N

)
.

At the lower endpoint,

S1/2 =
( 7

10
1
4

1
4

1
5

)
, detS1/2 = 31

400 > 0.

At the upper endpoint,

S22 =
(111

220
91
880

91
880

87
220

)
, detS22 = 146231

774400 > 0.

Corollary 9.6 proves global convergence. The mutation generator has the unique invariant
probability (1/2, 1/2), for which Cπ = (3/10, 1/8) is not constant. Thus the common-reference
balance hypotheses do not hold. The coefficient contraction criterion also fails, even after
recipient-centering:

δrec = 1
2 max

j
(max

i
Cij − min

i
Cij) = 9

40 .

Any mass interval containing u∗ has U ≥ 3, so its frequency Lipschitz bound contains
5Uδrec ≥ 27/8, whereas every common-reset rate satisfies θ = pηb− ≤ 1/5.

Example 9.9 (Mutation controls a negative competition direction). Let n = 3, P = I−11⊤/3,
and take

bi = 1, ri = 1
2 , p = 1, m(j, {i}) = 1

3 , C = 11⊤ − 1
20P.

Thus Cii = 29/30 and Cij = 61/60 for i ̸= j. For an arbitrary L ≥ 0, set

A = L

 0 −1 1
1 0 −1

−1 1 0

 .
Then

u∗ = 1
21, ψ = 1, Z = 3

2 , φ = 1
31, R = P, κ0 = 1.

Since Aφ = 0, the transfer terms in SN vanish for every N , and SN = C. This matrix has
eigenvalue −1/20 on the zero-sum subspace, so both the semidefinite condition (9.13) and the
competition condition on zero-mass measures in (8.2) fail. On the other hand U = 90/29 and

β = 841
10800 , C + βP = 11⊤ + 301

10800P

is positive definite. Corollary 9.7 proves global convergence for every transfer amplitude L.
For L ≥ 1/2, the coefficient contraction condition fails for every potential subtraction: the
three-edge circulation has magnitude 3L, so ∥βh∥∞ ≥ L for every h, whereas the common-reset
rate is at most 1.
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Example 9.10 (A continuum family with nonconstant adjoint weight). Let π0 be any prob-
ability measure on a compact trait space, let ϕ ∈ C(X ) be strictly positive and nonconstant,
let 0 < p ≤ 1, and put m(y, ·) = π0, b ≡ b0 > 0, α = 0, and

C(x, y) = c

ϕ(x) , r(x) = r0
ϕ(x) ,

where c, r0 > 0 and r0 ≤ b0 minϕ, so d = b0 − r ≥ 0. Writing mϕ =
∫
ϕdπ0, define

N∗ = r0 + pb0mϕ

c
, ν∗ = ϕ

mϕ
π0, u∗ = N∗ν∗.

The adjoint function ψ = ϕ satisfies

h∗ = −pb0mϕ

ϕ
, L∗

∗ϕ = 0.

The weighted kernel is the constant kernel SN (x, y) = c, whose quadratic form is c[v(X )]2. It
is nonnegative and vanishes on every zero-mass perturbation. Moreover

π0 ≥ mϕ

max ϕν∗.

Theorem 9.4 therefore gives global exponential convergence in total variation for every nonzero
initial measure. The competition potential Cπ is nonconstant for every probability π, so the
common-reference balance assumption cannot apply when ϕ is nonconstant.

Remark 9.11 (The spectral and entropy criteria are complementary). The positive-semigroup
reduction for constant competition can imply global convergence even when the weighted
quadratic form is indefinite. For example, take two traits, A = 0, Cij = 1, equal positive birth
rates, uniform irreducible mutation, and unequal growth rates. The frozen adjoint vector ψ
is nonconstant, whereas

SN =
(

ψ1 (ψ1 + ψ2)/2
(ψ1 + ψ2)/2 ψ2

)
, detSN = −(ψ1 − ψ2)2

4 < 0.

Nevertheless normalized Perron–Frobenius dynamics yields global convergence. Failure of one
structural criterion therefore identifies a limitation of that argument, rather than instability
of the equilibrium.

10 Quantitative contraction under mutation mixing

This criterion compares two evolving populations without specifying a stationary state.
Mutation mixing contracts the difference of their frequencies. Selection and transfer can
increase this difference, and competition couples it to the difference of their total masses. Two
differential inequalities control these effects together. The resulting test uses only coefficient
bounds and a minorization of the mutation kernel.

Throughout this section, the total variation norm is the full norm ∥σ∥TV = |σ|(X ). Assume
that p > 0 and

m(x, ·) ≥ ηπ0(·) (x ∈ X ), θ = pηb− > 0, (10.1)

where π0 is a probability measure and b− = min b. No invariance assumption is imposed on
π0.
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Lemma 10.1 (The common-reset estimate). For every signed measure σ of mass zero,

∥etpQσ∥TV ≤ e−θt∥σ∥TV.

If Qπ0 = 0, then, for probability measures ν,

H(π0 | etpQν) ≤ e−θtH(π0 | ν),

with the usual extended-valued interpretation.

Proof. Write Pπ0µ = µ(X )π0 and

R = pQ− θ(Pπ0 − I).

The jump measure of R from a point y is pb(y)m(y, dx) − θπ0(dx), which is nonnegative
by (10.1); its mass is pb(y) − θ. Thus R is a bounded conservative Markov generator. Its
semigroup is a total variation contraction and preserves the zero-mass subspace. On that
subspace pQ = R− θI, which proves the first assertion.

If Qπ0 = 0, then Rπ0 = 0 and

etpQν = e−θtetRν + (1 − e−θt)π0.

Convexity of relative entropy in its second argument, followed by the data-processing inequality
for etR, proves the second assertion. The data-processing inequality follows directly from
conditional Jensen’s inequality applied to a joint measure with transition kernel etR.

10.1 Removing composition-neutral terms

Choose arbitrary continuous functions h, c on X and set

βh(x, y) = α(x, y) − h(x) + h(y), Ec(x, y) = C(x, y) − c(y), δ = ∥Ec∥∞. (10.2)

The frequency equation is unchanged if its selection and transfer terms are written using
a + h and βh. Its competition term depends only on Ec, because the contribution of c(y)
cancels upon normalization.

The subtraction changes only the representation of the frequency equation; the mass
equation retains the full competition kernel. The smallest possible value of δ is explicit:

δrec = 1
2 max
y∈X

(
max
x

C(x, y) − min
x
C(x, y)

)
. (10.3)

It is attained by the continuous function

cmid(y) = 1
2
(
max
x

C(x, y) + min
x
C(x, y)

)
.

Indeed, for each fixed y, the best uniform approximation to C(·, y) by a constant is its
midrange. Compactness and continuity imply continuity of both extremal functions of y. In
particular, δrec = 0 exactly when C(x, y) = c(y).

Fix the positively invariant absorbing mass interval

ℓ = a−
2C+

, U = 2a+
C−

. (10.4)
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More generally, the proof below applies to any positively invariant absorbing interval [ℓ, U ] ⊂
(0,∞). Define

L = 3
2 osc(a+ h) + 2∥βh∥∞ + 5Uδ, J = 2Uδ,

K = 1
2 osc(a) + U

(1
2 osc(c) + 2δ

)
, γ = ℓC−. (10.5)

The constants J and K bound the influence of a mass difference on frequency and of a
frequency difference on mass, respectively. The condition below requires the net mutation
contraction and the mass damping to dominate this coupling.

Theorem 10.2 (A coefficient-based global contraction criterion). Assume (10.1). If h, c can
be chosen so that

θ > L, (θ − L)γ > JK, (10.6)

then the equation has exactly one nonzero stationary measure u∗. Every nonzero initial
measure converges to u∗ exponentially in total variation after entering the mass interval
(10.4).

More precisely, choose q > 0 with

qγ > J, qK < θ − L,

and put
λ = min{θ − L− qK, γ − J/q} > 0.

For two solutions whose masses lie in [ℓ, U ],

∥νt − ν̃t∥TV + q| logNt − log Ñt| ≤ e−λt
(
∥ν0 − ν̃0∥TV + q| logN0 − log Ñ0|

)
. (10.7)

The conclusions hold for measurable mutation kernels; the Feller property is not needed.

Proof. Set D = ∥ν − ν̃∥TV and E = | logN − log Ñ |. For any bounded function f and
zero-mass signed measure σ,

|σ(f)| ≤ 1
2 osc(f)∥σ∥TV. (10.8)

Consequently the selection map Sf (ν) = (f − ν(f))ν satisfies

∥Sf (ν) − Sf (ν̃)∥TV ≤ 3
2 osc(f)D.

For a bounded antisymmetric kernel β, the map Tβ(ν) = (βν)ν satisfies

∥Tβ(ν) − Tβ(ν̃)∥TV ≤ 2∥β∥∞D.

Write
H(ν) =

(
Ecν − ν(Ecν)

)
ν.

Since ∥Ec∥∞ = δ,
∥H(ν)∥TV ≤ 2δ, ∥H(ν) −H(ν̃)∥TV ≤ 5δD. (10.9)

For the second estimate, expand the difference as

(Ecν − νEcν)(ν − ν̃) +
(
Ec(ν − ν̃) − [νEcν − ν̃Ecν̃]

)
ν̃.
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The three resulting bounds are 2δD, δD, and 2δD. Since |N − Ñ | ≤ UE, the competition
difference is bounded by 5UδD + 2UδE. Variation of constants and Lemma 10.1 therefore
give the upper Dini inequality

D+ ≤ −(θ − L)D + JE. (10.10)

For the logarithmic mass,
(logN)′ = ν(a) −NC̄(ν).

The decomposition C = c(y) + Ec gives

|C̄(ν) − C̄(ν̃)| ≤
(1

2 osc(c) + 2δ
)
D.

Furthermore
sgn(logN − log Ñ)(N − Ñ)C̄(ν) ≥ ℓC−E.

Hence
E+ ≤ −γE +KD. (10.11)

Multiplying (10.11) by q and adding (10.10) proves (10.7).
The space [ℓ, U ] × P(X ) is complete for the distance in (10.7). Every fixed positive-time

map is a strict contraction and has a unique fixed point. Commutation with all other time
maps implies that this fixed point is stationary. Every stationary nonzero measure has mass in
[a−/C+, a+/C−], so there are no stationary measures outside the absorbing interval. Finally,

∥Nν − Ñ ν̃∥TV ≤ U(D + E)

transfers the estimate to the original population measures.

Corollary 10.3 (Recipient-independent competition). If C(x, y) = c(y), it suffices that, for
some continuous h,

pηb− >
3
2 osc(a+ h) + 2∥α− h(x) + h(y)∥∞.

In particular, neither the size nor the oscillation of c(y) enters the frequency contraction
condition.

Proof. Here δ = J = 0. The frequency estimate is autonomous, and q in Theorem 10.2 can
be chosen sufficiently small.

The constants in Theorem 10.2 are explicit sufficient bounds. For finite trait sets, the
search over h and c involves only finitely many oscillation and maximum-norm constraints.
The midrange choice (10.3) minimizes the direct contribution of competition to the frequency
estimate. Competition independent of the recipient trait still affects the mass equation, but
contributes no such frequency term.

10.2 Dependence of the equilibrium on the coefficients

The contraction also supplies a quantitative perturbation statement. Write G = pQ, and use
tildes for a second coefficient collection.
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Corollary 10.4 (A perturbation bound for equilibria). Suppose that both systems have the
common invariant absorbing interval [ℓ, U ], and that the first system satisfies (10.7) with
q, λ > 0. Suppose the second system has a stationary measure ũ∗ in this interval. Set

εν = ∥G − G̃∥M→M + osc(a− ã) + 2U∥C − C̃∥∞ + ∥α− α̃∥∞,

εN = ∥a− ã∥∞ + U∥C − C̃∥∞.

Then
∥ν∗ − ν̃∗∥TV + q| logN∗ − log Ñ∗| ≤ εν + qεN

λ
.

In particular, two coefficient collections satisfying a common strict contraction bound have
quantitatively close equilibria.

Proof. At a fixed state (N, ν), the two frequency vector fields differ by at most εν and
the two logarithmic mass vector fields by at most εN . Repeat (10.10)–(10.11) for one
trajectory from each system, adding these forcing bounds. The weighted distance d satisfies
d+ ≤ −λd+ εν + qεN . Apply this inequality to the two stationary trajectories.

For example, the operator perturbation is bounded by

∥pQ− p̃ Q̃∥ ≤ 2∥pb− p̃ b̃∥∞ + ∥p̃ b̃∥∞ sup
x

∥m(x, ·) − m̃(x, ·)∥TV.

The one-step minorization itself need not persist under small kernel perturbations. The
semigroup contraction does persist: on zero-mass measures, variation of constants gives

∥etG̃σ∥TV ≤ e−(θ−∥G̃−G∥)t∥σ∥TV.

Thus the contraction argument of Theorem 10.2 remains valid for sufficiently small coefficient
perturbations, using the reduced mixing rate and a common absorbing interval. The contrac-
tion regime is therefore open in the displayed operator and uniform norms, even though the
original one-step minorization need not persist.

11 Examples separating the structural conditions

The preceding theorems impose different conditions on the coefficients. The examples in this
section identify several failures of implications between positivity, mixing, uniqueness, and
convergence.

11.1 Complete-reset mutation can coexist with bistability

Proposition 11.1 (Two stable equilibria under strictly positive mutation). Let X = {1, 2},
b = r = 1, d = 0, α = 0, and

m(i, {j}) = 1
2 , C =

(
1 3
3 1

)
, 0 < p < 1.

Then the population equation has three nonzero equilibria, all strictly positive. Two are
asymptotically stable and the third is a saddle.
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Proof. Write N = u1 + u2 and q = u1/N . Direct calculation gives

N ′ = N
[
1 + p−N(1 + 4q(1 − q))

]
,

q′ = (q − 1
2)
[
4Nq(1 − q) − p

]
.

A nonzero equilibrium cannot have q = 0 or q = 1, since mutation points into the interval.
The three possibilities are

(N, q) =
(1 + p

2 ,
1
2

)
, (N, q) =

(
1, 1 ±

√
1 − p

2

)
.

The Jacobian at the central point is diagonal with eigenvalues −(1 + p) and (1 − p)/2. At
either outer equilibrium put x = 2q − 1, so x2 = 1 − p. The Jacobian is(

−(1 + p) 4x
px/2 −2x2

)
.

Its characteristic polynomial is (λ+2)(λ+1−p). Thus the two outer equilibria are hyperbolic
sinks and the central point is a hyperbolic saddle.

The mutation component alone relaxes to the uniform frequency at rate p, since the kernel
satisfies a common-reset condition with η = 1. In the full equation, competition between
different traits is three times self-competition, and two asymmetric attracting equilibria
remain for 0 < p < 1. Thus irreducibility and strict positivity of mutation alone do not
imply uniqueness. The negative competition direction (1,−1) prevents the common-reference
competition condition from holding.

11.2 Periodic residents with a nonstationary population average

Let

A =

 0 −1 1
1 0 −1

−1 1 0

 , π = 1
3(1, 1, 1)T. (11.1)

The interior solutions of q̇i = qi(Aq)i preserve q1q2q3. For each value in (0, 1/27), its level set
in the open simplex is a smooth closed curve and the vector field never vanishes on that curve.
Hence every such level set is a periodic orbit. The only interior stationary frequency is π.

If b = r = C = 1, d = p = 0, and N0 = 1, these frequency orbits give periodic population
solutions of the original model. The transfer rate τij = max{Aij , 0} realizes the required
nonnegative horizontal-transfer rates.

The next variant exhibits the correlation between total mass and composition explicitly.

Proposition 11.2 (The mean of a periodic population need not be stationary). Let X =
{1, 2, 3}, b = r = 1, d = p = 0, let α = A be (11.1), and set

Cij = cj , c = (1, 2, 3)T.

There is a positive periodic population solution ut = Ntqt whose time average ū is not an
equilibrium, although

r − Cū+Aq̄ = 0

at every trait.

42



Proof. Choose a nonconstant interior periodic frequency orbit qt, extended periodically to all
t ∈ R, and define

It =
∫ ∞

0
e−s cTqt−s ds, Nt = I−1

t .

Then I ′
t = cTqt − It, so

N ′
t = Nt[1 −Ntc

Tqt].

Competition is independent of the recipient, and r is constant. Thus qt solves the frequency
equation independently of Nt, and ut = Ntqt is a positive periodic population solution.

Integrating (log qi)′ = (Aq)i over one period gives Aq̄ = 0, hence q̄ = π. Averaging the
equation for I yields Ī = cTq̄ = 2. The function cTqt is nonconstant, since a nonconstant
closed frequency orbit cannot lie in the affine line cTq = constant inside the two-dimensional
simplex. Consequently I is nonconstant. Strict Jensen inequality gives

N̄ = I−1 >
1
Ī

= 1
2 .

On the other hand, averaging (logN)′ = 1 − NcTq gives cTū = 1. If the strictly positive
vector ū were stationary, its per-capita growth equations would therefore imply A(ū/N̄) = 0.
It would follow that ū = N̄π, and then 1 = cTū = 2N̄ , a contradiction. Finally, Cū = 1 and
Aq̄ = 0, proving the last assertion.

This example realizes the two distinct environmental averages ū = Nq and q̄ in the
complementarity and invasion formulas. Their distinction persists even for an exact periodic
solution.

11.3 A comparison of the convergence mechanisms

The examples in Section 9 distinguish the convergence criteria. A normalized positive
semigroup can converge when the unaugmented weighted kernel is indefinite. The mutation-
augmented weighted criterion can also control arbitrarily strong circulation beyond the
coefficient contraction bound. Proposition 11.1 shows that a mutation lower bound by itself
does not select a unique equilibrium. The spectral-edge examples of Section 7 show that the
obstruction can also be infinite dimensional: complete reset mutation may admit a family of
stationary measures with nonzero singular components relative to its reset law.

12 Discussion

12.1 How to use the criteria

The mass equation supplies the first reduction in every case. It places every trajectory in a
fixed positive mass interval and excludes total extinction under the assumption r− > 0. If
p = 0, the initial support remains dynamically relevant, and every monomorphic population
has its own stationary mass. Global uniqueness over all nonzero initial measures is therefore
impossible unless the trait space consists of one point. The averaged-environment and
dominance results provide statements with the appropriate support-dependent scope.

For p > 0, the accessible mutation class should be identified first. An invariant closed
class can be treated as its own trait space. When competition is independent of the recipient
and transfer is a potential difference, the frequency equation is exactly a normalized positive
semigroup. In finite dimensions irreducibility of the mutation matrix then suffices. In the
continuum, Theorem 6.2 combines a common reset with a positive adjoint eigenfunction
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bounded above and away from zero. The oscillation criterion constructs that eigenfunction
under a stronger coefficient inequality. Complete reset with a full-support law already
mixes the conservative mutation process, yet the rank-one examples reach a spectral edge
after selection is included. Mixing of mutation alone therefore does not guarantee that
the normalized population semigroup converges in total variation to a common stationary
frequency.

For general competition and circulation, a common reference measure gives a direct entropy
test. If that balance fails, the weighted criterion uses a stationary population and the left
eigenfunction of its frozen operator. The corrected quadratic kernel SN contains both the
weighted antisymmetric interaction and the change in the normalization N−1. Once the
stationary state, adjoint weight, and required mutation condition are available, the remaining
positivity test reduces in finite dimensions to two endpoint matrices. Mutation dissipation
can be added before testing positivity, as in Corollary 9.7. Pointwise positivity of C describes
competitive mortality; nonnegativity of its quadratic form controls signed perturbations and
is a separate condition.

The contraction criterion uses a different set of data. It can be checked through a mutation
minorization, coefficient oscillations, and uniform norms without finding a stationary measure.
Subtracting a potential from transfer and a recipient-independent term from competition can
substantially reduce these bounds. Strict contraction also gives quantitative stability of the
equilibrium under coefficient perturbations.

12.2 What changes at the boundaries of the hypotheses

Several boundaries are identified by explicit formulas. Without Feller continuity, weak
limits need not be stationary. In the mutation-free cyclic-transfer example with constant
competition, conservation of a frequency entropy sustains periodic trajectories. At the critical
rank-one threshold ρ = 1, an initial frequency δx∗ at a maximizer retains mass at least
(1 +Gt)−1 on the maximizing set, with G = max g. This lower bound excludes exponential
convergence to the stationary frequency, which gives that set zero mass. In the condensed
regime ρ < 1, an initial population with u0(K) = 0 continues to give K zero mass at every
finite time, whereas each stationary frequency gives it mass 1 −ρ. Total variation convergence
is therefore impossible for these initial data, even when K is a singleton and the stationary
frequency is unique.

The distinction between endpoint and time-averaged states is equally substantive. A
periodic resident can have identically zero averaged fitness while its mean population is not
stationary (Proposition 11.2). For invasion and persistence, the relevant environment is an
invariant probability law. Checking isolated resident equilibria alone does not control all
boundary invariant laws, as the cyclic competition example demonstrates.

12.3 Questions suggested by the theory

The following extensions require additional analysis.

1. For mutation kernels satisfying only a multistep or state-dependent mixing condition,
one may seek nonlinear analogues of generalized Doeblin and Harris estimates. The
obstacle is to control the time-dependent selection weights while keeping a uniform
estimate for differences of normalized trajectories.

2. The weighted identity reduces convergence to a nonlinear quadratic form, which includes
competition and transfer corrections, and a frozen Markov dissipation. A useful next
step is to replace the uniform reset assumption by a quantitative functional inequality
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for the transformed generator. Any such extension must also control the weighted total
mass, since dissipation of the normalized weighted composition vanishes on the entire
ray of positive multiples of the stationary population.

3. In the rank-one condensed regime, positive initial mass on the maximizing set determines
the relative condensate weights explicitly. When that mass is zero, the shifted linear
population tends to zero and normalization becomes singular. Multiple maximizers then
require estimates of their relative near-maximal contributions. Weak convergence of
the frequency trajectory without time averaging cannot be inferred from the stationary
classification or from convergence of its Cesàro averages.

4. For recurrent residents, scalar invasion indices are replaced by positive-operator growth
rates when mutation couples the rare traits. In finite dimensions, irreducible positive
cocycles give a principal exponent. For continuous trait classes, identification of a
principal direction requires additional compactness or positivity beyond Feller continuity.

5. Uniform versions of the convergence criteria could justify interchange of large-time
and mutation-limit procedures. The present constants may degenerate when a mixing
rate or spectral gap tends to zero. Consequently the fixed-kernel results do not settle
the monomorphic continuation and polymorphic questions for the noncompact, small-
diffusion model studied in Gárriz and Mirrahimi [10]. That model also has a confining
growth function that is negative for large traits, so the positive-growth mass bounds
used here are unavailable in that form.
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