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Abstract

We study a measure-valued population equation on a compact trait space with positive
baseline growth and competition, an additional mutation birth gain, and frequency-
dependent horizontal transfer with an antisymmetric net kernel. We give sufficient
conditions for convergence to a unique nonzero equilibrium. Separating total mass from
trait frequencies yields positive mass bounds. Without mutation, maximal time-averaged
fitness on the initial support tends to zero, and the endpoint measure in each joint
subsequential limit is supported on the zero set of the limiting averaged fitness. Potential
transfer and recipient-independent competition reduce the frequency dynamics to a
normalized positive semigroup. For general transfer, a common-reference balance gives
an entropy criterion allowing arbitrarily strong circulation. An adjoint-weighted entropy
identity includes singular population components and the normalization correction in
transfer. Mutation dissipates deviations in weighted composition, while a quadratic-form
condition controls the remaining mass deviation; in finite dimensions, mutation can
also compensate for negative directions of that form. A separate contraction criterion
compares arbitrary trajectories using only coefficient bounds. Invariant resident laws yield
invasion indices for recurrent environments. Examples exhibit bistability under complete
reset mutation and periodic populations whose time averages are not equilibria. For
rank-one mutation, we classify stationary frequencies, prove a critical lower bound ruling
out exponential convergence from an initial point mass at a maximizer, and determine
the condensate when the initial population assigns positive mass to the maximizing set.

Keywords. Measure-valued population dynamics; horizontal gene transfer; mutation; relative
entropy; positive semigroups; invasion; condensation.
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1 Introduction

1.1 The population equation

Let X be a nonempty compact metric space. In particular, X may be a compact subset of
RZ. Let b,d: X — [0,00), C : X2 — (0,00), and 7 : X2 — [0, 00) be continuous. Assume

T:b—d>0, nggl, a(:v,y):T(x,y)—T(y,x).

Let m(x, dy) be a Borel probability kernel. The measure u; records population mass by trait,
and Ny = uy(X) is the total mass. The coefficient C(z,y) is the competitive effect of trait
y on trait x, while m(y,dz) gives the trait distribution of offspring produced through the
mutation term by a parent of trait y. For a nonzero finite nonnegative initial measure ug,

consider
i/f(x)m(dm) = /f(x) [r(x) -~ /C(m,y)ut(dy)} uy(da)

+p/b Uf yydx] t(dy)

//f oz, y)u(dx)ug(dy), Ny = uy(X), (1.1)

for f € C(X). Here b — d is the baseline net growth, and the mutation term is an additional
birth gain of rate pb(y) per parent. Thus p scales an additional offspring channel; it does
not replace a fraction of the baseline births by mutant births. Integrating this gain gives the
effective growth a = r + pb in the mass equation.

The transfer convention is that 7(x,y) describes conversion of a trait-y individual to trait
x through interaction with a trait-z individual. Indeed, the last term of (1.1) equals

Al]t //b”(ﬂc) — FW)I7 (@, y)ur(dw)u(dy).

It vanishes for f = 1. Its per-capita contribution depends on the trait frequencies wu/Ny,
which explains the term frequency-dependent transfer.

We seek conditions ensuring a unique nonzero equilibrium that attracts all nonzero
initial populations, and limiting balance relations for trajectories that need not converge.
Conservation of mass under transfer leaves the frequency dynamics free to circulate. Mutation
can mix traits while competition sustains multiple attracting equilibria. On a continuous
trait space, parent-independent mutation can also coexist with stationary measures having
singular components. The convergence criteria below address these distinct obstructions
through normalized positive-semigroup representations, entropy dissipation, or contraction of
pairs of trajectories.

1.2 Relation to existing work

Measure-valued ecological and evolutionary equations with horizontal transfer arise from
individual-based population models; see Billiard et al. [3], Champagnat et al. [6]. The latter
survey states the weak population equation and finite-time well-posedness in Proposition 3.1,
and records the general long-time problem with transfer as open in Section 3.1. Pure selection
and competition have a more developed asymptotic theory, including concentration and
entropy methods under additional assumptions on the interaction kernel [9, 13].

For particular horizontal-transfer models, numerical and formal Hamilton—Jacobi investiga-
tions reveal several evolutionary regimes [5]. Stationary small-mutation analyses characterize



monomorphic and dimorphic states in a one-dimensional model [11]. The constrained
Hamilton—Jacobi theory of Garriz and Mirrahimi [10] proves dynamic monomorphic regimes
under specific hypotheses, while identifying further questions for initial data and parameters
leading beyond those regimes. These diffusion and small-mutation results address a different
limiting problem from (1.1) with a fixed, general mutation kernel.

Several established analytical methods underlie the results below. The general relative
entropy method uses direct and adjoint positive eigenelements [15]. Positive non-conservative
semigroups can be studied by conservative transforms, generalized Doeblin conditions, and
Harris-type theorems [1, 2]. The role of boundary invariant laws in persistence is developed in
Hofbauer and Schreiber [12]. Continuous mutation-selection models also exhibit concentration
and changes in asymptotic profile [4]; spectral thresholds and convergence rates for the
house-of-cards model are studied in Cloez and Gabriel [7]. Coville and Girardin [8] study
existence, uniqueness, and stability for structured population equations whose density-
dependent feedback is a fixed positive function times a scalar nonlocal functional. In (1.1),
the competition kernel need not be separable, and normalized transfer introduces a further
nonlinear interaction.

We give direct proofs of the stated results for (1.1). The principal model-dependent
calculations are the joint averaged-environment conditions, the nonlinear remainder in
adjoint-weighted entropy, and the coupled contraction estimate for mass and composition.
The examples distinguish obstructions to uniqueness from obstructions to convergence:
nonlinear competition can produce bistability even for two traits, while a spectral edge can
prevent total variation convergence in the continuum even when the stationary population is
unique.

1.3 Notation and convergence

Write M(X) for the finite signed Radon measures, M (X) for its positive cone, and P(X)
for probability measures. The total variation norm is

lllry = 1pl(X);

two mutually singular probabilities have distance 2. Weak convergence means convergence
against all functions in C'(X). A nonzero equilibrium is globally attracting in a stated
topology if every nonzero nonnegative initial measure converges to it in that topology. This
assertion concerns the full trajectory, without time averaging. We use p ~ v for mutual
absolute continuity, and p > v for the order of measures. For a real continuous function f on
a compact space, set f_ = min f, fy = max f, and osc(f) = f+ — f—; C_ and C refer to
extrema on X2. In particular b_ > r_ > 0.

The operators and scalar competition average used below are
Budz) = [ Wwymly,dju(dy).  Qu=Bu—bu a=r+ b

Cp(z) Z/C(x,y)u(dy), Ap(x) Z/a(w,y)u(dy), C(v) Z/CvdV-

The same symbol M is used for the Markov kernel acting on functions or measures: M f(z) =
J flyym(z,dy) and (Mp)(E) = [ m(z, E)u(dx). When a scalar maximum is denoted by M

in the rank-one section, its meaning is local to that section.

For probabilities 7, v, the relative entropy is

/10 d—ﬂd <Lv
H(rm |v) = S T ’
+00

otherwise.



It is extended-valued when the displayed integral diverges. The reference distribution is
the first argument in the entropy estimates below. Finiteness requires m < v; the evolving
measure v may still have a component singular with respect to .

1.4 Convergence mechanisms and their scope

A common reset, or mutation minorization, means a bound m(z, E) > nq(E) for every trait x
and every Borel set E, with one probability measure ¢ and one constant > 0. Complete reset
means m(z,-) = g independently of the parent trait. These conditions provide quantitative
mixing for the conservative generator p(Q when p > 0; the nonlinear population dynamics

also depends on selection and competition.

Table 1 summarizes the convergence criteria. The hypotheses concern different features of
the equation; the examples show that one criterion may apply when another fails. Each row
gives the main conditions, with the complete assumptions in the cited result.

Table 1: Sufficient conditions for convergence. Except for the last row, the conclusions hold

for every nonzero nonnegative initial measure.

Criterion and main hypotheses

Conclusion and reference

Potential transfer. C(z,y) = ¢(y) and

a(z,y) = h(xz) — h(y); p > 0; a positive bounded
adjoint eigenfunction bounded away from zero and a
common mutation reset, or finitely many traits and
irreducible mutation.

Common reference law. Q7 =0, Cm and a + Anw
constant; the competition form is nonnegative on
zero-mass measures; p > 0 and m > 5.

Adjoint-weighted entropy. A stationary u,, a
positive bounded adjoint weight bounded away from
zero, and two positive semidefinite endpoint kernels;
p > 0and m > nu,.

Mutation-augmented entropy. Finitely many
traits, a positive stationary state and adjoint weight;
p > 0 and m > nu,; both mutation-augmented
endpoint matrices are positive definite.

Mutation contraction. A common mutation reset
satisfies the coupled inequalities (10.6), which
control selection, transfer, competition, and the
mass—frequency coupling.

Uniform trait dominance. p = 0; a trait in the
initial support has the fitness advantage specified by
(3.7).

Unique nonzero equilibrium;
exponential convergence in total
variation. Theorem 6.2 and
Corollary 6.4.

Unique nonzero equilibrium;
exponential entropy decay and
exponential convergence in total
variation. Theorem 8.1.

Unique nonzero equilibrium;
exponential convergence in total
variation. Theorem 9.4.

Unique nonzero equilibrium;
exponential convergence, allowing
some negative competition
directions. Corollary 9.7.

Unique nonzero equilibrium;
exponential convergence in total
variation, without first solving the
stationary equation. Theorem 10.2.

Weak concentration at that trait;
total variation convergence of
frequencies exactly when it has
initial atomic mass. Theorem 3.7.

Several general statements precede these criteria. The exact mass equation yields a
positive absorbing interval (Theorem 2.1). A Feller mutation kernel gives a weakly continuous



semiflow, a compact attracting set, and existence of a stationary measure (Theorem 2.3).
The merely measurable-kernel formulation still gives total variation well-posedness, but may
have no stationary measure at all (Example 2.7).

Without mutation, the maximum of averaged fitness over the initial support tends to
zero along the full time axis. At a joint subsequential limit, the limiting averaged fitness is
nonpositive on that support, and the endpoint population is supported on its zero set. This
fitness depends on two separate averages: the population measure and its normalized frequency
(Theorems 3.1-3.3). Invariant occupation laws then describe stationary or recurrent resident
environments, and their invasion rates have an explicit two-average formula (Proposition 4.3).
The rank-one mutation analysis gives exact spectral thresholds, a family of condensed
stationary states, and precise obstructions to total variation or exponential convergence
(Section 7).

Mutation changes the averaged balance: the local growth coefficient excluding mutation
influx can be strictly negative at every resident trait because mutation continuously supplies
mass. Proposition 2.8 gives the general averaged inequality and the exact finite-dimensional
logarithmic balance, including this incoming mutation flux.

2 Measure dynamics and mutation accessibility

Throughout this section, X is a compact metric space. All measures are finite Radon measures.
We use the full total variation norm, so that [|u — v||ry < 2 for probability measures. The
mutation kernel is initially assumed only to be a Borel probability kernel. Set

(Bu)(B) = [ bwymly. B)uldy).  Qu=Bu—bu, a=r+ph

and write

Cn)@) = [ Clwndy.  (An) = [ ale.y)aldy)
For u > 0 with N = u(X) > 0, define

y:%, hy =r—Cu+ Av, F(u) = hyu + pBu.

The equation under consideration is @ = F(u). We call h, the local ecological growth
coefficient. It is the multiplication coefficient before adding mutation influx, so for p > 0 it
need not equal the total per-capita growth of a resident trait. The quantity a = r+pb includes
the additional mutation birth gain. The mass equation bounds population size independently
of its composition; the frequency equation retains the interactions that determine which traits

persist.

Theorem 2.1 (Total variation well-posedness and mass regulation). Let r,b,C, « satisfy
the standing assumptions, with r— >0, C_ > 0, and a(x,y) = —a(y,z). For every nonzero
ug > 0, the equation has a unique global solution

u € C([0, 00); M(X))

in total variation. It is nonnegative and has positive total mass. Every weak solution tested
against C'(X) agrees with this solution. Its mass and frequency satisfy

N’ = N{{a,v) — N(Cv,v)}, (2.1)
V' =pQu +{a — {(a,v) — N(Cv — (Cv,v)) + Av}v.



In particular,

a_N—-CyN?><N' <a,N—-C_N% (2.3)
Consequently,
min{Ny,a_/C+} < Ny < max{Ny,ay/C_} (t>0) (2.4)
and
liminf V; > a_/Cy, limsup V; < a4 /C_. (2.5)
t—o0 t—o0

Proof. The operator B is positive and bounded on total variation, with norm at most b..
Multiplication by a bounded function is also bounded. On every set where the total variation
norms are bounded and the signed mass is bounded away from zero, the map

(Au)u B

ur— (r—Cu)u + u(X) +p

is locally Lipschitz in total variation. Banach-space ordinary differential equation theory
therefore gives local existence and uniqueness. Positivity follows from the variation-of-
constants formula: the local multiplication term has a bounded negative part on bounded
positive sets, and the gain pBwu is nonnegative.

Integrating the equation eliminates the transfer term because [[ a(z,y)u(dz)u(dy) = 0.
The mutation gain has mass p(b,u), which yields (2.1). Differentiating u/N gives (2.2).
Comparison with scalar logistic equations proves (2.3)—(2.5). These estimates prevent both
finite-time blow-up and approach to the zero-mass singularity. The solution therefore extends
globally.

For completeness, suppose a weak solution is given in the formulation using continuous
test functions. Its mass satisfies the same comparison bounds. On a bounded time interval,
the weak equation gives

S| <Klfle (FeC)

with K independent of f. The dual characterization of total variation for Radon measures
implies ||us — us|[Tv < K|t — s|. Thus the path is total variation continuous. Since F
is locally Lipschitz, F(u;) is total variation continuous. The integrated weak equation is
consequently the corresponding Banach-space integral equation. Uniqueness identifies the
two solutions. O

Remark 2.2. The decomposition pBu = pQu + pbu separates conservative redistribution
from the additional growth pb. The original gain pBu has total mass p(b, u). Equation (2.5)
excludes extinction of the entire population under the standing positive-growth assumptions.
It gives no positive lower bound for the mass of each trait. In finite dimensions, coordinate
persistence follows under the mutation hypotheses of Proposition 2.6 or the mutation-free
boundary-law condition of Theorem 4.4.
Set
a_ _ 2a4

(= — S hais o
o VT

The mutation kernel is called Feller if

K={u>0:4<u(X)<U}. (2.6)

Mf(z) = /Xf(y)m(:c,dy) e C(X) forevery f e C(X).



Theorem 2.3 (Weak compactness, attraction, and stationary states). Assume p =0, or
assume that m is Feller. The solution maps Siug = uy form a weakly continuous semiflow on
the nonzero positive measures. The slab IC is weakly compact, convez, and positively invariant.
It absorbs every nonzero orbit, and the absorption time is uniform when the initial masses lie
in a fized compact subinterval of (0,00).
The set
A=) 5K (2.7)
>0

is nonempty, weakly compact, and fully invariant: SR =2A fort > 0. It attracts K uniformly
i any metric inducing the weak topology, and attracts every nonzero orbit. Fvery omega-limit
set is nonempty, weakly compact, connected, and fully invariant. There is at least one nonzero
equilibrium in IC.

Proof. Compactness of X makes every positive bounded-mass set weakly relatively compact;
weak mass continuity makes K compact. Its convexity is immediate. Logistic comparison
proves positive invariance and the stated absorption properties.

To prove weak continuity, consider up, — up # 0. On each bounded time interval,
their solutions lie in a common mass annulus and have uniformly bounded total variation
speeds. The Arzela—Ascoli argument in the metrizable weak topology produces subsequential
convergence of paths, uniformly on compact time intervals. For a continuous kernel, weak
convergence of bounded measures implies uniform convergence of its potentials. Moreover,
B*f = bM f is continuous under the Feller assumption. These properties allow passage to
the limit in the integrated weak equation. Uniqueness from Theorem 2.1 identifies the limit
and proves convergence of the entire sequence.

The sets S;K are nonempty compact sets decreasing with ¢. Their intersection is therefore
nonempty and compact. For the reverse inclusion in full invariance, take v € 21 and, for
integers n, choose z,, € K with S,,+;2, = v. A convergent subsequence of S, 2, has limit in 2,
and continuity gives a preimage of v under .S;. Uniform attraction follows by contradiction:
any sequence St zn, t, — 00, zp, € K, has limit points in every SrK, hence in 2. The
omega-limit assertions follow from the same compactness argument; connectedness follows by
intersecting the nested closures of the continuous orbit tails.

For existence of an equilibrium, choose A > 0 so small that
WOU + Jall) <1, 2hCLU < 1.

Then Thu = u + hF(u) is nonnegative for u € K. Its mass is bounded below and above,
respectively, by

f-(N)=N+h(a_N—-CyN?),  f.(N)=N +h(a; N—C_N?).

Both comparison functions are increasing on [¢,U], and f_(¢) > ¢, f(U) < U. Thus
T,/ C K. The map T}, is weakly continuous. The Schauder—Tychonoff fixed point theorem
yields u, = Thus, hence F(uy) = 0. ]

Remark 2.4. The attraction in Theorem 2.3 is weak attraction. No total variation compactness
is asserted. Uniform absorption over all nonzero initial measures with arbitrarily small masses
is also excluded: even a scalar logistic equation requires arbitrarily long times to leave a
neighbourhood of zero.

Proposition 2.5 (Mutation accessibility). Suppose p > 0, let vy = ug/Ny, and define

[ee]
A= Z 271k, S = supp A. (2.8)
k=0



For every t > 0, uy and A are mutually absolutely continuous. In particular, suppus = S. If
m is Feller, then m(x,S) = 1 for every x € S, and S is the smallest closed mutation-invariant
set containing supp ug. When p = 0, one instead has u; ~ ug.

Proof. The standing assumptions imply b_ > r_ > 0. Along a fixed orbit, h,, is uniformly
bounded by some H. Positive semigroup comparison gives

etheptB HteptB

ug < u < e UugQ.

For every k£ > 0,
e M*ug < BFug < b5 MPug.

All coefficients of eP*B are positive when t,p > 0, so this series and A have exactly the same
null sets. For p = 0, the usual multiplicative solution formula gives u; ~ ug.

Since MA = 2A — vy < 2A, we have

/m(:v, X\ S) A(dx) = 0.

For a Feller kernel the integrand is lower semicontinuous, because X'\ S is open. Positivity at
any point of S would therefore imply positivity on a set of positive A mass, a contradiction.
This proves mutation invariance of S. If another closed mutation-invariant set contains
supp ug, every MF¥yy is supported on that set, which proves minimality. ]

Proposition 2.6 (Eventual lower bounds supplied by mutation). If p > 0 and m(z,-) > nmo(-)
for some probability measure my and n > 0, then there is § > 0, depending only on the
coefficients and the absorbing slab, such that every nonzero orbit eventually satisfies uy > 0mg.
For a finite trait space, irreducibility of B is enough to obtain an eventual positive lower
bound for every coordinate.

Proof. On K, let h, > —H, with H > 0. Then
> —Hu~+ pnb_{ .

Integration on each unit interval after entry into IC gives

1—e
U1 = prb—t—r— o
In the finite irreducible case, the comparison
ups1 > e HePBy,

and strict positivity of every entry of ePP, together with N; > ¢, give the coordinate
bounds. O

Example 2.7 (A weak limit that is not stationary). The Feller assumption cannot be omitted
from the weak dynamical conclusions. Let

X={0}U{l/n:n>1}, T(Q/n)=1/(n+1), T(0)=1,

and put m(z,-) = dp(y). Take b=r=C=p=1and d =17 = 0. All coefficient assumptions
hold, but m is not Feller. For ug = 24§1, the solution is

Z k,51/(1c+1 .



It has constant mass 2 and converges weakly to 26p. The vector field at that limit equals
F(260) = 2(61 — dp) # 0.

In fact, this example has no nonzero equilibrium. An equilibrium would have mass 2 and its
normalized measure would satisfy Mv = v. Since T has no preimage of 0, invariance forces
v({0}) = 0; then v({1}) = 0, and recursively every point has zero mass. This is impossible
for a probability measure on the countable space X.

2.1 Averaged balance in the presence of mutation

The coefficient hy, = r — Cu + A(u/N) omits the nonnegative mutation influx. At a positive
finite-dimensional equilibrium, a negative value of h,,(7) can be balanced by incoming offspring.
The next result separates this local coefficient from total logarithmic growth and shows which
averaged inequality survives for a general mutation kernel.

Proposition 2.8 (Averaged mutation-input balance). Assume p > 0, let S = supp A be the
reachable support in Proposition 2.5, and define

1 (T 1 /T
ET:f/ uy dt, 7T:f/ vy dt, Fr=r—Cur + Avrp.
T Jo T Jo
Then, without any Feller assumption,

lim sup max Fip(z) < 0. (2.9)

T—oo TES
In particular, every weak cluster pair (u,V) satisfies
r—Cu+Av <0 onS.

Equality of the maximum to zero and concentration on the zero set are not asserted.
If the trait space is finite and B is irreducible, then for every s > 0 and every coordinate 1,

;/T {hut(i) +p(fl(é;))" dt = log“i(T); loguils) _ o1y, (2.10)

There are coefficient-dependent constants k; > 0 such that

limsup Fr(i) < —k; <0. (2.11)

T—o00

Proof. Fix s > 0. Proposition 2.5 gives suppus = S. Along the orbit, let

R, = max{Ny,a/C_}, H= sup |hy(z)] < oo.
t>0,2eX

The nonnegative mutation gain and variation of constants imply the measure inequality

T
wp(dz) > exp (/S By, () dt) us(dz), T > s.

The functions Fr have a common modulus of continuity

w(d) = wr(6) + Rywe(6) + wa(9).

10



For fixed § > 0, compactness of the support gives

qs(6) = inf ug(B(x,6)) >0
zeS
by a finite-cover argument. At a maximizer of Fp|g, the preceding measure inequality

therefore yields
Ry > N > g5(9) eXp{T(mgX Fr —w(0)) — Hs}.

Consequently
Hs +log(Ry/qs(9))
+ .
T
First let T — oo, and then let 4 | 0. Weak convergence of the environmental averages
gives uniform convergence of their continuous-kernel potentials, which proves the cluster-pair
assertion.

max Fr <w(9)

For finite irreducible mutation, all coordinates are positive for every positive time. Propo-
sition 2.6 gives an eventual common lower bound wu;(¢t) > d, > 0, while eventually N; < U.
The component equation can thus be divided by u;(¢) and integrated from any s > 0. The
logarithms in (2.10) are uniformly bounded for T' > s, proving the O(T~!) estimate. Finally,

(But); _ pox«

wit) = U

P (Bl1); =:k; >0
for all sufficiently large ¢t. Every row of an irreducible mutation matrix is nonzero. The

bounded contribution of the initial interval does not affect the time average, so (2.11)
follows. ]

Example 2.9 (Negative local growth balanced by mutation). On a one-point trait space,
take b > 0,0<r <b, C=c>0,p>0, and the unique probability mutation kernel. The
positive equilibrium has mass N, = (7 4 pb)/c, and its local coefficient is

hy =r—cN, = —pb < 0.

The mutation gain exactly compensates this loss. Thus, with mutation present, even a
stationary population may have a strictly negative maximal local averaged fitness and an
empty zero-fitness set.

3 Accumulated fitness and averaged environments

Assume p = 0 throughout this section, and let S = supp ug. Set

1 T 1 T
UT:—/ us ds, ﬁT:—/ vsds, Fr=r—Cur+ Avr.
T 0 T 0

These integrals may be taken in total variation; equivalently they are characterized by
integration against continuous test functions. These two averages enter separately because
competition acts through u; = Nyvy, whereas transfer acts through v4. Their limits need not
describe a stationary population. The mutation-free equation is multiplicative at each trait
and gives

up(dz) = ePFr@yg(de). (3.1)

Put
R_ = min{Ny,r_/C1}, Ry = max{Ny,r+/C_}.

Then R- < N; < R,.

11



Theorem 3.1 (Uniform maximal averaged fitness). Let My = maxg Fr. Then
lim Mp = 0.
Tooe T

More precisely, define
q(9) = inf up(B(z,d)).

reS
For every 6 > 0, q(§) > 0. If w is any common modulus of continuity of the functions Fr|g,
then ) R
< Mp <w(d) + T log — (3.2)

log(R_ /No)
T q(6)

One such modulus is
w(0) = wr(0) + Rywc () + wa(0),
where the kernel moduli refer to their first variable, uniformly in the second variable.
If, for 0 < 6 < 4y,
w(d) < L, q(6) > o
with L,c >0, >0, and k > 0, then, whenever T—/8 < ¢,

My < (B/B)log T + ; +log(R+/c) (3.3)

For every ¢ > 0 and every T with T—Y/8 < &y, the moving fitness-deficit set satisfies
N,
vr{Fr < My — e} < =2elrr/Be=eT, (3.4)
c

Proof. Compactness of S and the definition of support imply ¢(d) > 0: choose a finite cover
of S by balls of radius §/2, each centred in S. If x € B(x;,5/2), then B(x;,0/2) C B(x,0).
The minimum of the positive masses of these finitely many balls is a lower bound.

The upper estimate N7 < Noe? M7 proves the lower bound in (3.2). Let z7 € S maximize
Fr. On B(z7,0) NS, one has Fr > M7 — w(6), and hence

This proves the upper bound. First let T" — oo, then § | 0, to obtain My — 0. Taking
6 = T-1/5 gives (3.3). Finally,

UT{FT < Mp — E} < NoeT(MT_a).
Dividing by the preceding lower bound for Np, with the same choice of §, proves (3.4). O

Remark 3.2. For a finite support with positive atomic weights, ¢(9) is bounded below uniformly
as § | 0. The maximal averaged fitness is then O(T~!). The logarithmic factor in (3.3)
records the cost of finding initial mass in a shrinking neighbourhood of a maximizing trait.

Theorem 3.3 (Joint-limit complementarity). Suppose T; — oo and
ur; — v, ﬂTj — U, vr; — .

Set F=r—Cu+ Av. Then

F <0 onsS, mgXF =0, suppv € SN{F = 0}. (3.5)
Moreover,
g—;v <u< %v (3.6)

in the order of measures.
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Proof. Continuous kernels map weakly convergent bounded measures to uniformly convergent
potentials, so Fr; — F' uniformly. Theorem 3.1 gives maxg F' = 0, which also implies F' < 0.
Every point where F' < 0 has a neighbourhood O and an & > 0 such that Fr, < —¢ on O for
all sufficiently large j. Formula (3.1) gives up, (O) < Noe“%i. The Portmanteau theorem
yields v(O) = 0. Finally, (2.5) and u; = Ny, integrated against a nonnegative continuous
function and averaged in time, give (3.6). O

Corollary 3.4 (A convergent averaged environment). If Fr — F uniformly as T — oo,
every weak limit of ur, vy, Ur, or Ur is supported on SN{F = 0}. In particular, if this zero
set is the singleton {x.}, then

r(zy) N r(zy)

— 0, Ny — 0z, -
Vt Tx t C(x*,"]j*)’ ut C(x*v,l'*) Tx

Proof. On each compact subset of {F' < 0}, formula (3.1) now gives exponential decay for
every sufficiently large time. This decay also forces vanishing of all time-averaged masses
there; the positive lower bound on V; gives the same conclusion for frequencies. If the zero
set is a singleton, compactness yields convergence of the entire frequency trajectory. Then
(ryvp) — r(zy) and (Cvg, 1) — C(x4, x4). The variable z; = 1/N; satisfies

2, = (Cv, v — (ryv) 2.
Comparison with asymptotically constant linear equations proves the claimed mass limit. [

Corollary 3.5 (An equilibrium obtained from convergent averages). Assume p =0, Ny —
N, >0, and Up — v,. Then N,v, is an equilibrium, and

r— N,Cv+ Av, <0 on S, r— N,Cv, + Av, =0 on supp vs.
The frequency trajectory itself need not converge.

Proof. Boundedness and convergence of Ny imply up — N,v,. Thus Fr converges uniformly
to the displayed fitness. Corollary 3.4 puts v, on its zero set, and Theorem 3.3 makes it
nonpositive on S. Multiplication by N,v, yields the stationary equation. O

Remark 3.6. The endpoint limit v in Theorem 3.3 generally differs from both time averages.
One cannot replace @ by v, or 7 by v/v(X), without an additional convergence argument. If
the two time averages converge along the entire time axis, Corollary 3.4 also gives suppu =
supp? C {F = 0}.

3.1 A coefficient criterion for selection of one trait

The preceding estimates also yield a convergence criterion involving only coefficient inequalities
and the initial support.

Theorem 3.7 (Uniform trait dominance). Assume p = 0, let S = suppug, and let { =
r—/(2Cy), U =2r./C_. Suppose x, € S and a continuous function A : S — [0,00) satisfy
A7H0) = {z.} and

r(z) —r(z.) — N{C(z,y) — C(zs,y)} z,y €S,

3.7
a(ey) - ae.y) < -A)  NeLU] el
Then (z2)
(T
Vg 59&; Ut C(x*,:v*) T



For each subset E closed in S with x. ¢ E, the frequency v (E) tends to zero exponentially.
If ug({zs}) > 0, the frequency convergence holds in total variation. If ug({z.}) =0, then
lve — Oz, ||Tv = 2 for every finite t. The coefficient condition need only be checked at N = ¢

*

Proof. After a finite time to, the mass belongs to [¢, U]. Integrating (3.7) against v;(dy) yields
ho, () — hy, (z4) < —A(2), t > tp.
The bounded contribution of the initial interval gives a constant K such that
T{Fr(xz) — Fr(z.)} < Ko — TA(x), T>ty, x€S8. (3.8)

Let E be closed and avoid x,, and put Ag = ming A > 0. Choose a ball about x, whose
radius is small enough that the common modulus of continuity of Fr is at most Ag/2.
The initial measure of this ball is positive. Comparing its contribution to (3.1) with the
contribution of F, using (3.8), proves vp(E) < Kge 2#T/2, This proves weak concentration;
the mass limit follows as in Corollary 3.4.

If ap = up({z+}) > 0, the exact atomic mass is up({z.}) = ape’ Fr(®), Thus

ur(S\ {z+}) _ efo o TA®@)

ug(dz) — 0
ur({z«}) ~ a0 Js\{u.} old)

by dominated convergence. This gives total variation convergence. When ag = 0, absolute
continuity with respect to ug preserves zero mass at x,, so the total variation distance between

the two probabilities is exactly 2. The final assertion follows from the affine dependence on
N. O

Remark 3.8 (The role of the initial support). For p = 0, every x € X yields an equilibrium

e _ ()
C(z,x) -

Therefore, on a trait space containing more than one point, uniqueness and global attraction
over all nonzero initial measures are impossible in the mutation-free model. Theorem 3.7
specifies its basin through the presence of z, in the initial support. This qualification is
essential even when the coefficient inequalities are strict.

4 Invariant resident laws and invasion

Assume the weak semiflow hypotheses of Theorem 2.3. Invariant resident laws below are
probability measures on the absorbing compact set K. An occupation law records how time
is distributed over population states, rather than over traits. It retains the joint variation of
total mass and composition that the two environmental averages alone do not determine. For
a fixed orbit, define its occupation law

1 T
Iy = = Oy, dt.
r=g | b

The barycentres of probability laws on bounded-mass sets are understood weakly, by duality
with C'(X).

14



Proposition 4.1 (Invariant occupation laws). Every sequence T; — 0o has a subsequence
along which T, converges weakly to an invariant probability law 11, supported on w(ug). For

every f € C(X),
[ 1w+ i, Buo) T(du) = 0, (11)

and

/ [{a, 1) — N(Cw, )] TI(du) = 0. (4.2)

The barycentres

ﬁnz/uﬂ(du), 7 :/u(ux)n(du)

are the corresponding limits of the two environmental averages. If p = 0 and S = supp ug,
then
r—Cun+Avp <0 on S, msax(r — Cuyn + Avpp) = 0. (4.3)

Proof. The orbit lies in a weak compact mass annulus. Occupation laws are therefore relatively
compact. For a bounded continuous function ® on that annulus and s > 0,

252l

‘/((I’oSs—fl))dHT < =2

Weak continuity of S gives invariance in the limit. Orbit tails approach the omega-limit
set, which proves the support assertion. Integrating the derivatives of (f,u;) and log IV,
dividing by 7', and using their boundedness proves (4.1) and (4.2). The integrands are weakly
continuous. The maps u — u and u — u/u(X), tested against a continuous function, are
also weakly continuous on the mass annulus, which identifies the barycentres. Equation (4.3)
follows from Theorem 3.1. O

Remark 4.2. The law II = §,,, represents a stationary resident. The time distribution on a
periodic orbit represents a periodic resident. More general invariant laws describe recurrent
environments without assuming a single limiting state. The barycentre @ need not be
an equilibrium: the stationary moment identity contains Enfu ® u] and Ep[u ® u/N]. In
particular, i = N1 7 need not hold.

Proposition 4.3 (Scalar invasion in an ergodic resident environment). Assume p =0 and let
II be an ergodic invariant resident law. A rare trait x, absent from the resident, has linearized
equation

w' = hy, (7)w.

For I1-almost every resident initial state,

1 w

lim —log — = A(z,1I) := r(z) — (Cun)(z) + (Avp) (). (4.4)
t—oo t wo

For a finite trait space, each resident coordinate is either zero Il-almost everywhere or positive

II-almost everywhere. In the latter case its invasion index equals zero.

Proof. The first statement follows from the exact logarithmic growth formula and the ergodic
theorem, since h,(x) is bounded and continuous on the resident mass annulus. In finite
dimensions, the events {u; = 0} and {u; > 0} are invariant for the mutation-free flow, so
ergodicity gives the dichotomy. In the positive case choose § > 0 with II{u; > §} > 0. There
are resident trajectories that are typical for the ergodic theorem and return to this set at
arbitrarily large times. Along the return times,

log u;(t) — log u; (0)
t

— 0,
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because 6 < u;(t) < U. Its full-time limit is the ergodic mean A;(II), so that mean is zero. [

For a nonergodic invariant law, the integral on the right-hand side of (4.4) still defines
A(z,II). It is the average of the growth indices of the ergodic components, rather than a
constant growth rate along almost every individual resident trajectory.

4.1 A finite-dimensional persistence theorem

A positive scalar invasion index describes growth in the linearized rare-trait equation. Uniform
persistence of all traits requires control of the boundary environments that an interior
trajectory can approach. The next theorem obtains this control from a single positive
weighted sum of invasion indices over every boundary invariant law. Its proof uses an average
Lyapunov function; the broader structured-population theory is developed in [12].

Theorem 4.4 (Persistence from boundary invariant laws). Let X = {1,...,n}, p=0, and
let
Ko ={u € K : some u; = 0}.

Suppose there are ¢; > 0 such that
ZCzAz(H) >0 (45)
i=1

for every invariant probability law supported on Kg. Then there is § > 0, depending only on
the coefficients and c;, such that every solution with u;(0) > 0 for all i satisfies

hgg)lfui(t)Z(S (i=1,...,n).

Proof. If the boundary is empty, compactness of I already gives the conclusion. Otherwise,
write g(u) = >, ¢ihy (7). The set of invariant probability laws on the compact boundary is
compact. Hence (4.5) has a uniform positive lower bound, say p > 0. There is T' > 0 such
that

1 T
T/o 9(Ssu)ds > p/2  (u € Kp).
Otherwise, boundary occupation laws along time intervals whose lengths tend to infinity

would have an invariant limit with integral at most p/2. Continuity extends this inequality,
with p/4, to a neighbourhood of the boundary.

Let P(u) = []; ui*. It vanishes precisely on the boundary. Choose € > 0 so that {P < e}NK
lies in that neighbourhood. For an interior point in this set,

P(S7u) > TP ().
Let G = supg |g|. For points with P(u) > ¢, one always has
P(S7u) > e 9Te.

Consequently the discrete sequence P(Skru), once the orbit enters K, eventually stays above
ce~ T Between sampling times it stays above ee 2T, Since every coordinate is at most U,
this lower bound for the product gives a positive lower bound for every coordinate, uniformly
over positive initial states. O
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Example 4.5 (Invadable boundary equilibria without persistence). Consider the mutation-
free, transfer-free three-trait system with r; = 1 and

1
C=1|b
a

S = Q

b
al, a>1>0>0, s:=a+b—-2>0.
1

This is the classical cyclic competition family studied in [14]. The only positive-mass boundary
equilibria are the three unit vectors. Each can be invaded by one missing trait, whose growth
rate is 1 — b > 0. Nevertheless the invariant law

Iy = %(661 + 562 + 563)

has 5 b
Ai(ITy) = %"_ <0 (i=1,2,3).

Thus (4.5) fails for every choice of positive weights.

The failure of persistence can also be seen directly. Write u = Ngq, > ;¢ = 1, and
H = q1g2q3. For positive solutions,

d sN
g H = —sN | 1-3% qiqj | =—==-> (2 — )" <0.

dt — —
1<) 1<)
If ¢(0) # (1/3,1/3,1/3), the limit of H must be zero. Indeed, a positive limit would keep
the trajectory away from the boundary. Compactness and invariance would then force its
omega-limit set into the equality set ¢ = g2 = g3, where H = 1/27 > H(0), contradicting
monotonicity. Hence such solutions approach the extinction boundary in frequency despite
invadability of every boundary equilibrium.

4.2 Mutation classes and positive linear growth

For a finite trait space, write B;; = bjm(j,{i}), so columns index parent traits and rows
index offspring traits. With mutation, a resident face is invariant only when no mutation
flows from that face to its complement. Let R denote the resident trait set and let J be its
complement, so that Byr = 0. Linearization in the rare traits then gives

w' = [diag(hy,|s) + pBs] w. (4.6)

The dependence of the resident environment on w contributes only to higher-order terms in
this transverse equation. For a stationary resident the relevant rate is the spectral bound of
the constant Metzler matrix. For a periodic resident it is the logarithm of the spectral radius
of the period map, divided by the period. For an ergodic resident law, subadditivity gives
the top matrix Lyapunov exponent. If p > 0 and B is irreducible, bounded coefficients and
positivity of its exponential identify a common principal growth rate for nonzero positive
rare populations. The same discussion applies to an autonomous block of the missing-trait
system; couplings from other missing blocks must be retained when they are present.

In an infinite-dimensional trait class, one can similarly define the positive evolution family
and an operator-norm growth rate. A principal positive direction and identification of
that rate with growth from arbitrary positive initial measures require additional positivity
or compactness. Feller continuity alone does not provide those conclusions. Moreover, if
mutation directly supplies a missing class, its dynamics are inhomogeneous; an invasion
equation of the homogeneous form (4.6) is then inappropriate.
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5 Potential differences and circulation

Only the net transfer kernel & =7 — 71 enters the deterministic equation. Conversely, every
continuous antisymmetric kernel is realized by the nonnegative continuous rate 7(x,y) =
max{a(x,y),0}.

Proposition 5.1 (Potential differences and triangular circulation). For a continuous anti-
symmetric kernel a, the following are equivalent:

1. there is h € C(X) such that a(x,y) = h(x) — h(y);
2. a(z,y) +a(y,z) + a(z,2) =0 for all x,y,z € X.

The potential h is unique up to an additive constant.

Proof. A potential difference has zero sum around a triangle. Conversely, fix zg € X and put
h(z) = a(z,xo). The triangle with vertices x,y, xo gives the representation. Subtracting two
representations shows that their potentials differ by a constant. O

Every antisymmetric kernel on a two-point set satisfies this criterion. Here triangular
circulation means the sum of the net transfer coefficients around a three-trait cycle. It
can first occur with three traits. The criterion concerns the transfer kernel. Under the
additional recipient-independent competition assumption in Section 6, it represents the
frequency dynamics by a normalized linear semigroup; the total mass still satisfies a scalar
nonlinear equation.

Proposition 5.2 (A reference-dependent orthogonal decomposition). For o € P(X), set

hel@) = [aley)oldy),  Bola,y) = ale,y) = ho@) + hay)

Then o(hy) = 0, By is antisymmetric, and B,0 = 0 pointwise. Moreover, for every continuous
h,
lae = h() + h(W)l[72(0m0) = 1Bl 2 (0m0) + 210 = Bo = a(B)[122(0)- (5.1)

If o has full support, hy is the unique continuous least-squares potential after imposing

o(h)=0.

Proof. Antisymmetry gives o(h,) = 0 and hence 8,0 = hy — hy + 0(hs) = 0. For any k,

[ 8ot ib@) = k() o(dz)otdy) 0.

Thus the two components are orthogonal. Finally,

[ @) = k)2 o dw)o(dy) = 20k = o) 3o

Take k = h— h,. Full support turns equality almost everywhere between continuous potentials
into pointwise equality. ]

For every probability v, this decomposition gives
(a—v(a) + Av)v = [a+ hy — v(a+ hy) + Bov]v. (5.2)

The residual kernel 8, has the same triangular circulation as a. The potential part is
incorporated into the trait-dependent growth term, while S, retains the dependence on
composition.
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5.1 Hamiltonian structure in the finite pure-transfer system
For a finite trait set, let AT = —A and consider

G =q(Ag)i,  @>0, Y ai=1

In logarithmic coordinates y; = log g;,

y = AVH(y), H(y) = Z eYi. (5.3)

A constant antisymmetric matrix defines a Poisson bracket, so this is a Hamiltonian system,
possibly with a degenerate Poisson structure. For v € ker A, the quantity v - y is conserved.
In particular, if # > 0, Y>>, m; =1 and Am = 0, then

H(m | q) = Zm log(mi/q;)

is conserved. These identities explain why antisymmetry alone does not give dissipation.
For the full finite frequency equation without mutation, write C' = C 4 C,, with CJ = C,

and O] = —C,. At a fixed mass N, the selection and symmetric-competition part has the
replicator-gradient form generated by

N
dn(g)=a-q— EqTqu-

The corresponding frequency field has components ¢;[0;®n(q) — >=; ¢;0;®n(g)]. The matrix
A — NC, supplies the remaining antisymmetric interaction. Variation of N couples these
parts to the mass equation; the fixed-mass potential ® 5 is not asserted to be a Lyapunov
function for that coupled system.

6 Potential transfer and Perron convergence

Throughout this section the competition and transfer kernels satisfy
Cla,y) =cly),  alz,y) =hx) = h(y), ceC(X), minc>0, (6.1)

where h € C(X). Competition then imposes the same per-capita loss on every recipient trait,
so it cancels from the frequency equation. The transfer contribution is h — v(h) and can be
combined with selection. Set

s=r+h, a =1+ pb, V=s+pb=a+h, Lp=su+pBu=pQu+ V.

The bounded operator £ generates a positive, uniformly continuous semigroup on the Banach
space of finite signed measures with its total variation norm. We use the full total variation
norm, so that the distance between two probabilities is at most 2.

Proposition 6.1 (Exact projective reduction). Under (6.1), every nonzero solution has the

form
etfu
Vt:(etTO)(EX), Nt,:Nt [/ath—Nt/Cth:|. (62)
If vy — v, in total variation, then
dv,
ug — Nyvs, N, = ?Zdz . (6.3)

If the frequency convergence is exponential with exponent k > 0, then the full convergence is
exponential with any exponent 0 < w < min{x, mina}.
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Proof. The original equation becomes

= Lu— [/cdu—l—/hdu}u.

The last term is a scalar multiple of u. Multiplication by the scalar integrating factor therefore
gives the first identity in (6.2); the mass equation follows from the general mass—frequency
decomposition. For the convergence claim let I; = N, ', A; = [adv;, and ¢; = [ cdy;. Then

Ié = —AtIt + ¢

Here A; > mina > 0, while A, — A, = [adv, and ¢; — ¢, = [ c¢dv,. Variation of constants
applied to I; — ¢, /A, proves convergence. If the coefficients converge exponentially, the same
formula gives the asserted rates, with a strict inequality in w covering the possible resonant
case. O

The limiting mass in (6.3) depends on the original effective growth a = r + pb. If X is the
Perron eigenvalue of £, then A = [(a + h) dv,, and consequently N, = (A — [ hdv,)/ [ cdv,.
This formula is invariant under addition of a constant to h.

6.1 A positive adjoint eigenfunction and a Doob transform

A positive adjoint eigenfunction identifies a weighted mass that grows at a single exponential
rate under the linear semigroup. Dividing out that growth and changing the weight produces a
mass-preserving process. A common reset for the transformed process then yields contraction.
Conservative transforms of this kind are used in [1, 2]; the next result gives explicit constants
for the bounded mutation operator considered here.

Theorem 6.2 (Quantitative convergence from an adjoint eigenfunction). Assume p > 0 and
m(z,:) 2 nq() (v € X) (6.4)

for a probability ¢ and n > 0. Suppose that a bounded Borel function ¥ and a real number A
satisfy

0 <y :=inf¢) <supey =: 1y < oo, L) = M) pointwise on X. (6.5)
Put
Jvdq
(o

Then there is a unique probability eigenmeasure v, of L, and its eigenvalue is A\. More
precisely, there is a positive measure vy with [ dy =1 such that

0 = pnmin b, Ky = 0

_ e*l{wt
ey ([van)a| < fou ([odn)a| (6.6)
v Y- TV
where m = 1y is a probability. For every nonzero pu > 0,
ep Py v
— — 1 < 4T mvt Ve = ——. (6.7
‘ e = e +) ’

The full population converges to (6.3).
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Proof. Define, on finite measures,

P =g e e E(¢/y).
The adjoint eigenfunction identity implies that P, preserves mass. Its jump-rate kernel is

¥(y)
ky(x,dy) = pb(x)——=<m(x, dy). 6.8
(@, dy) = pb(z) o) (z, dy) (6.8)
Indeed, its total jump rate is pb(z) [ (y)m(z,dy)/¥(x) = X — s(x), so the diagonal term is
precisely the negative of this rate. Let gy (dy) = ¢¥(y)q(dy)/ [ ¢ dg. The lower bound

ky(z,dy) > kyqy(dy)

allows us to subtract a common reset generator. The remainder is a Markov generator. On
the subspace of measures of zero total mass, the reset generator is —x,/, and hence

IPi¢ — Pty < e ™!)1¢ = Cllrv

for probabilities ¢, E . The complete metric space of probabilities therefore has a unique fixed
point for P;. Commutation with P; shows that this fixed point, denoted by 7, is invariant for
every P;. Conjugating the contraction gives (6.6). For p > 0, its right-hand side is at most

20~ ([ du)e "t while
(e Metp) () > 3 [wdp.

The elementary normalization estimate ||v/v(X) — w/w(X)|Tv < 2|v — w|Tv/v(X) proves
(Q?) Finally, if 7 > 0 is any nonzero eigenmeasure with eigenvalue A, pairing with 1 yields
(A= A) [¢dy =0. Thus A = A\, and the normalized convergence identifies 5 up to scale. [

No Feller assumption is needed in this theorem. If the kernel is Feller, one may seek
¥ in C(X); for a merely measurable kernel, the appropriate space in (6.5) is By(X). The
two-sided bound on % makes the weighted and ordinary total variation norms equivalent.
At the spectral edge in the rank-one examples below, no strictly positive bounded adjoint
eigenfunction exists.

6.2 A coefficient condition that constructs the eigenfunction

Theorem 6.3 (Mixing stronger than the oscillation of the linear potential). Assume (6.4),
and put
6 = pnmin b, V =r+ h+ pb.

If
0 > osc(V) :=supV —inf V, (6.9)

then the hypotheses of Theorem 6.2 hold. They can be realized with

1
infV <)< V. — < < - 0 dg=1.
YV = ASsY, /\—ian—l—H_w(x)_)\—supV—i—H’ /¢ q
Consequently
1
nwzdj—20+)\—supV29—osc(V)>0. (6.10)
Jr

In particular, the population has a unique nonzero equilibrium, which attracts every nonzero
initial measure in total variation.
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Proof. Let I pu = qu(X) and set
R=pQ - 0611, — I), T=R+(V-0)I.

The kernel pb(x)m(z, dy) — 0q(dy) is nonnegative and has total mass pb(z) — 6. Thus R is a
bounded Markov generator, and
L=T+0ll,.

Positivity and comparison give

e(ian—@)t < etT*l(ﬂj) < e(supV—Q)t'

For z > sup V — 6, define

wzz(z—T*)_llz/

0

[e.o]

e et 1 dt, F(z)=40 / W, dg.

The function F' is continuous and strictly decreasing. Moreover,

0 0
—————— < F2) < ———.
z—infV +0 z—supV +0

Condition (6.9) places the interval [inf V,sup V] inside the domain of this resolvent. Its
endpoints satisfy F'(inf V) > 1 > F(sup V'), including the constant-potential case in which
the endpoints coincide. There is therefore a unique A in this interval with F(A) = 1. Set

1/121[))\. Then
£*¢:T*w+0/¢dq:w—1+1:w.

The stated bounds follow from the comparison estimate. They imply strict positivity and
boundedness. If m is Feller, T* acts boundedly on C(X), and its resolvent preserves that
space; otherwise the same construction takes place in By(X). Finally, the rate follows from
Theorem 6.2 and the normalization 0q(v) = 1. O

This theorem does not require compactness of the mutation operator. The operator-norm
estimate (6.6) gives convergence to a rank-one projection, hence a simple isolated eigenvalue
and a spectral gap on the measure space. The estimate is sufficient rather than necessary:
the exact rank-one threshold in the next section can yield a positive gap even when (6.9)
fails.

Corollary 6.4 (Finite traits and irreducible mutation). Suppose X = {1,...,n}, Cij; = ¢; > 0,
a;; = h; — hj, and p > 0. Assume that the mutation matriz is irreducible, equivalently that
Bij = bjm(j,{i}) is irreducible. Let

L = diag(r + h) + pB.
Then L has a simple Perron eigenvalue A and a unique positive right eigenvector v, normalized

by > ;vxi = 1. There are constants K,y > 0, depending only on the coefficients, such that
every nonzero nonnegative initial measure satisfies

vy — w1 < Ke .

The full population has the unique nonzero equilibrium

(i £ pbi)vii A= hive
wy = Nuvo, N, = 2T HPO)Ves A= Bihives (6.11)

> i CiVsi > i Cilsi

and every nonzero initial measure converges to it exponentially. No one-step minorization or
oscillation condition s required.
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Proof. Since b; > 0, multiplication of the columns of the mutation matrix by b; preserves its
directed graph. Thus L is an irreducible Metzler matrix. A sufficiently large scalar shift makes
L a nonnegative irreducible matrix with positive diagonal, so the Perron—Frobenius theorem
gives positive right and left eigenvectors vy, ), with ¢ Tv, = 1, and a strictly dominant real
eigenvalue \. Equivalently, e*” is strictly positive for every ¢ > 0. The finite-dimensional
spectral decomposition gives

6—>\t6tL — V*¢T + O(e—'yt)

in operator norm for some v > 0. In dimension one the same identity is exact. For a
nonnegative vector v, one has ¢ ' v > (min; ¥;)||v||1; moreover,

)
e ety > 20
max; ¥;

Normalization therefore gives the frequency estimate uniformly over nonzero nonnegative v.
Proposition 6.1 proves the full convergence and the first expression for N,. Summing Ly, = v,
gives A = >, (ri + h; + pb;)vs i, proving the second expression. Every nonzero equilibrium has
a stationary frequency, so the same frequency convergence establishes uniqueness of the full
equilibrium. O

7 Rank-one mutation, spectral thresholds, and condensation

Assume (6.1), let b = by > 0, and suppose
m(z,-) =q(-), suppg=2X&,  k=pby>0. (7.1)
Then
Lp = sp+ kqu(X).
Define

1
M:m{\z}xs, g=M —s, K ={x:g(x) =0}, p:k/ gdqe(o,oo], (7.2)
X

where 1/g = 400 on K. Thus K is the maximizing set of the linear potential s = r + h, and
M is the upper spectral edge of multiplication by s. In particular, p < oo implies ¢(K) = 0.
The support assumption on ¢ excludes positive eigenmeasures with an eigenvalue below M.

At eigenvalue M, the stationary equation requires ¢(K) = 0 and prescribes the measure
kg~lq off K. When ¢(K) = 0, this part has mass p. If p < 1, the remaining mass 1 — p must
lie on K and is singular with respect to ¢; this is the condensate. If p > 1, normalization
instead requires an eigenvalue strictly above M. The following theorem makes this distinction
precise.

Theorem 7.1 (All stationary frequencies in the rank-one model). Under (7.1), the stationary
probabilities of the normalized semigroup are exactly the following.

1. If p > 1, there is a unique A > M satisfying
q(dx)
k| ——=1. 7.3
/)\ —s(x) (7:3)
The unique stationary probability is

vi(dz) = Lq(dm). (7.4)



2. If p = 1, the unique stationary probability is v, = kg~ 'q, and its eigenvalue is M.
3. If p < 1, the stationary probabilities form the family

ve=kg lq+(1-p)¢,  (E€P(K), (7.5)
and every member has eigenvalue M.

Every such frequency gives precisely one nonzero equilibrium of the full population equation,
with mass [(r+k)dv/ [ cdv.

Proof. A stationary probability is equivalent to L = Av for some real A\. Thus
(A= s)v = kq. (7.6)

If A < M, the nonempty open set {s > A} has positive ¢g-mass, contradicting the signs in
(7.6). For A > M, normalization is exactly (7.3). Its left side is strictly decreasing, tends
to zero at infinity, and tends to p as A || M. This proves the first case and excludes such a
root when p < 1. For A = M, equation (7.6) fixes v|y\ g = kg~ 'q and leaves a nonnegative
measure on K. Normalization fixes its mass to 1 — p, proving the remaining cases. The full
equilibrium statement follows from Proposition 6.1. O

For a single maximizer and a mutation density, this threshold is the continuous-time house-
of-cards threshold studied in [7]. The proof above applies directly to compact spaces and
arbitrary full-support mutation measures, and records the freedom on an entire maximizing
set. The following results establish global convergence when p > 1 and identify the selected
condensate when p < 1 and uo(K) > 0.

Corollary 7.2 (The separated eigenvalue regime). If p > 1, every nonzero initial measure
satisfies
\ — mi
mins e*(A*M)t
A—M
Consequently the full population has a unique nonzero equilibrium, globally attracting in total
variation.

[ve — villrv < 4 (7.7)

Proof. Take 1(z) = (A — s(z))~!. Equation (7.3) gives kq(x)) = 1, and
L% = s+ kq(¥) = M.

The transformed process jumps with rate A — s(x) and destination law v,. Its common reset
rate is A — M. The result is Theorem 6.2 with ¢4 /¢y = (A — mins)/(A — M). O

7.1 Initial mass on the maximizing set selects the condensate

Theorem 7.3 (Total variation convergence in the condensed regime). Suppose p < 1 and let
ug > 0 be finite and nonzero. Set Ag = ug(K). If Ay > 0, then

k U
v — —q+ (1— p)ﬂ in total variation. (7.8)
9 Ao
In fact, the unnormalized semigroup satisfies
kA
e Mty — ug|x + 1 0% i total variation. (7.9)

If up(K) = 0, the left side of (7.9) converges to zero in total variation, and the finite-
time frequency assigns zero mass to K. Hence it cannot converge in total variation to any
probability in (7.5).
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Proof. Put vy = e Mtetfyy and Z, = v¢(X). The variation-of-constants formula is

t
vy(da) = e 9@y (da) + kq(dz) / e 9@t 7 ds. (7.10)
0

Consequently
Z =ag+ Kygx Z, ap(t) = /e*gt dug, Ky(t) = k/e*gt dq.

Here ag(t) — Ao and [[Ko|lp1(000) = p < 1. The resolvent Ry = 3°,~; K" belongs to
L(0,00) and has norm p/(1 — p). Thus

ug(X) 7, — Ao
Y 1_p'

Z =ag+ Ry * ag, sup Zy <
>0 1—p

The final limit follows by dominated convergence in the convolution. The first term of (7.10)
converges in total variation to ug|x. For g(z) > 0, the integral in its second term converges
to Ag/((1 — p)g(x)) and is bounded by ug(X)/((1 — p)g(x)). Since g~' € L'(q), dominated
convergence gives (7.9). If Ap > 0, normalization proves (7.8). If Ag = 0, the linear limit is
zero. Moreover, ¢(K) = 0 and (7.10) give v;(K) = ug(K) = 0. Every v has mass 1 — p on
K, so
i — velley > 20— p) (£20).
O

The condition ug(K) > 0 permits several maximizers and determines the relative conden-
sate weights exactly. It also identifies why normalization requires additional analysis when
uo(K) = 0: both the numerator and the normalizing mass in the shifted linear evolution tend
to zero. In the single-maximizer density setting, [7] establishes general condensed behavior in
Cesaro mean and explicitly distinguishes this from convergence without time averaging. We
do not extend that theorem to arbitrary maximizing sets here.

7.2 Adjoint weights and convergence rates at the spectral edge

Proposition 7.4 (Failure of a positive bounded adjoint weight). Suppose p < 1. Ewvery
bounded nonnegative Borel function satisfying L*) = M1 vanishes on X \ K. Consequently
there is no strictly positive bounded adjoint eigenfunction. If 1 is required to be continuous,
the only nonnegative solution is Y = 0.

Proof. The eigenfunction equation is g(z)¥(x) = k [ dg. At any point of the nonempty
set K, it implies ¢(¢») = 0. Hence gu) = 0, proving the support assertion. For continuous
¥ > 0, full support of ¢ and ¢(¢) = 0 imply ¥ = 0 everywhere. Finally, pairing any strictly
positive bounded adjoint eigenfunction with a stationary probability from Theorem 7.1 forces
its eigenvalue to equal M, so the preceding argument excludes it. ]

Proposition 7.5 (An algebraic lower bound at criticality). Suppose p =1, choose x, € K,
and take vy = 8,,. Let G = maxg > 0. For the unique critical equilibrium v, = kg~ 'q,

lve — vi|lTv > (t>0). (7.11)

1+ Gt

Thus no theorem asserting exponential convergence for every initial measure can hold at this

threshold.
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Proof. For vy = e~ Mtetls, | formula (7.10) gives vy (K) = 1. The quantity

1
Wt = - dvt
X\K g

is finite on bounded time intervals because [¢g~'dq = 1/k. To justify its differentiation
without using an unbounded test function, define

Ky(t) = k/e_gt dg, Ko(t) = k/g_le_gt dq.

The integral formula \ gives Z =1+ ff/o x/Z and W = fo * Z. The function %0 is continuously
differentiable, with K¢(0) = 1 and Kj = —Kj. Consequently

Therefore Wy =t and Z; = 1 + (X \ K) < 1+ GW; = 1+ Gt. Since v, (K) = 0 and
v (K) = 1/Z;, the total variation distance is at least 2/Z;, which proves the claim.

O

Example 7.6 (An explicit compact-trait threshold). Let X = [0,1], ¢(dz) = dz, b = 2,
d(z) =28 with0< B <1,C=c>0,and a =0. Then r =2 — 2% > 0, k = 2p, and

2p 1-7

For p > p. there is a unique nonzero equilibrium, and every nonzero initial measure converges
to it exponentially in total variation. For p = p. the stationary frequency is (1 — 3)z =% du;
the initial frequency &y yields the lower bound 2/(1 +¢) in (7.11). For 0 < p < p,, the unique
stationary frequency is

Uy = 2px*ﬁ dx + (1 — 2p> oo, Uy = 21/*.
1-06 c
It attracts in total variation every initial measure having positive mass at 0. For initial
measures with zero mass at 0, total variation convergence to this equilibrium is impossible.
This example separates equilibrium uniqueness, spectral separation, and convergence topology
within one family satisfying all the original coefficient assumptions.

Example 7.7 (A continuum of equilibria under complete reset mutation). Let X = [0, 1],

q(dx) =dz,b=2,C=¢>0,a=0,and r(z) =2 — \/z(1l —z). Then K ={0,1} and

wk, k = 2p.

1 dz
=) -

For 0 < p < 1/(2m), all stationary frequencies are

ve(dr) = dx + (1 — k) [£00 + (1 — &)d1], 0<¢<,

z(l—x)

and the corresponding equilibrium mass is 2/c. If up({0,1}) > 0, Theorem 7.3 selects
€ = uo({0})/up({0,1}). Thus full support of a parent-independent mutation law does not
imply uniqueness of the equilibrium or independence from the initial measure.
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8 Convergence through a common reference distribution

The competition form acting on signed perturbations is

Clo) = // C(z,y) o(dx)o(dy).

It depends only on the symmetric part of C. Pointwise positivity of C' does not imply
nonnegativity of this form: the matrix (%) has value —2 on (1, —1). Positive competition
forms and relative entropy are used in pure-selection convergence theory [13].

Here the reference distribution is stationary for conservative mutation and makes both the
competition potential and the combined selection—transfer potential constant across traits.
These balances cancel the linear terms in the entropy derivative for every total mass. The
remaining competition form is nonnegative, and a mutation reset supplies strict entropy
decay.

Theorem 8.1 (A common-reference entropy criterion). Assume p > 0. Suppose that there
are m € P(X) and constants a,cs > 0 such that

Qm =0, Cr(x) = ¢y, a(z) + An(z) = ax  (z € X). (8.1)
Assume also that
Clo)>0 ifo(X)=0, m(z,) >nn(-) (zeX) (8.2)

for every finite signed measure o and some 1 > 0. Then

A
Uy = —
Cyx

is the unique nonzero stationary measure and attracts every nonzero initial measure in total
variation.

More precisely, put @ = pnb_. For everyt > s > 0,

H(m | vy) < e_e(t_s)”)’-[(w | vs),

lve = lloy < \/2H (7 | vs) e 0092,

The entropy on the right is finite. Population convergence is exponential with any rate
0 <w <min{f/2,a_} after a positive initial time. Neither a bound on the magnitude of o
nor a Feller assumption is required.

(8.3)

Proof. Antisymmetry gives m(Am) = 0, so 7(a) = a,. Substitution in the mass and frequency
equations verifies stationarity.

Let w = v — w. The contribution of the multiplicative frequency field to the entropy
derivative is

%H(ﬂ' | v) = (a— NCv + Av,w)

mult

= (a+ Ar — NCrm,w) — NC(w) = —NC(w) < 0. (8.4)

The first equality uses the conservative rewriting: the multiplicative frequency field is the
potential a — NC'v + Av minus its v-average. This potential includes the growth correction pb
from mutation. In the second equality (Aw,w) = 0. Conditions (8.1) remove the remaining
linear term for every value of N.
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By Lemma 10.1, the mutation semigroup contracts H (7 | -) at rate 6. Its infinitesimal
entropy dissipation is therefore at least 61 (7 | v). Together with (8.4), this yields

d
a}l(ﬂ | ) < —0H (7 | v)

and the first inequality in (8.3).

We justify the calculation for arbitrary initial measures. The positive gain in the frequency
equation is pByy > 6m. The remaining multiplication coefficient is bounded below along each
bounded mass trajectory. Variation of constants gives, for each s > 0, a constant c¢; > 0 such
that vy > cgm for all ¢ > s. Thus H(w | 1) < —loges < 0o. Lebesgue projection relative to
7 and the integrated logarithmic chain rule justify (8.4) and the mutation derivative. The
component singular with respect to 7 remains part of the probability measure v; throughout
this calculation. Pinsker’s inequality gives the second estimate.

Finally, I = N~ satisfies

I' = —v(a)I + C(v).

Its coefficients converge exponentially to a, and ¢, while v(a) > a_— > 0. Variation of
constants proves the population estimate, including the strict rate inequality at resonance.
Any stationary nonzero measure must have the same limit, which proves uniqueness. ]

Example 8.2 (Arbitrarily strong circulation). Take constant b,r > 0 with » < b, p > 0,
m(z,-) =m, and f € C(X). Set

C(x,y) =co+ef(x)f(y), w(f)=0, e >0, co >s\|f||§o.

Let v, w be continuous functions of m-mean zero, and set

a(z,y) = Liv(z)w(y) — w(z)o(y)].

Then Qm = 0, C1 = cg, A = 0, and C(0) = &(c(f))? for zero-mass o. Theorem 8.1 applies
for every L € R. The exponential frequency rate is independent of L. The nonnegative rate
7 = max{a, 0} realizes this flux.

The hypotheses require a mutation-invariant probability measure that also satisfies the two
ecological balance identities in (8.1). Irreducibility of mutation alone does not ensure these
identities. The next criterion starts from a stationary population and an adjoint eigenfunction
of its frozen operator.

9 Adjoint-weighted entropy and convergence

The general relative entropy method uses a positive adjoint eigenelement to weight the entropy
relative to a stationary solution; see [15]. Here a stationary population determines a frozen
linear operator. When its adjoint has a positive eigenfunction bounded above and away from
zero, the method applies to the frozen dynamics. The nonlinear remainder contributes a
quadratic form that includes the effect of normalizing horizontal transfer.

9.1 The frozen operator and its conservative transform

Write b_ = miny b > 0. For a nonzero positive measure u, write

N = u(X), v=u/N, hy =1 —Cu+ Av.
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Let u. be a nonzero stationary measure, and put
N, = ui(X), Vi = us /Ny, hye =1 — Cuy + Av,.

The frozen operator is
Lo = hypo + pBp, Liuy, = 0. (9.1)

We assume that there is a bounded Borel function v such that

0 <9 <o) <thy <00, ha(2)y() + pb(z) /Xw(y)m(x,dy) =0 (zed). (92

This is a pointwise adjoint equation on the entire trait space. An adjoint equation only on
the support of u, is insufficient for initial measures charging traits outside that support.

Set y
Uy
7 = ., — P

/ ¥ du v="Z

Multiplication by v conjugates L, to the conservative generator

G\ =L (7N, (9.3)
Its jump-rate kernel is @)
= ﬁm T

Indeed, its total outgoing rate at y equals —h.(y) by (9.2). In particular, G preserves mass
and Gy = 0.
For p > 0, condition (9.2) implies

ha(z) < —pb_ 2= <0 (z€ ). (9.5)

Yy

Thus an adjoint function bounded above and away from zero is a substantive spectral condition.
It can fail at a spectral edge supporting a condensed equilibrium.

Corollary 9.1 (A sufficient condition for the adjoint function). Given a stationary u., define
Vi = hs +pb=a— Cu, + Av,, L. =pQ+ Vi
Suppose m(zx,-) > nq(-) for a probability measure q and some n > 0, and
6 = pnb_ > osc(Vy).

Then (9.2) has a bounded Borel solution bounded away from zero. If m is Feller, the solution
constructed in this way is continuous.

Proof. The resolvent construction in Theorem 6.3 uses only boundedness of the potential
and the mutation minorization. Applied to the frozen operator pQ + Vi, it gives a positive
bounded adjoint eigenfunction ) and a real eigenvalue A. Pairing its pointwise eigenfunction
equation with wu, yields

)\/wdu* _ /(czw) du, — /wd([,*u*) 0.

The integral is strictly positive, so A = 0. The construction takes place in By(X'); under the
Feller assumption it preserves C(X). O
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9.2 The exact nonlinear entropy identity

An entropy for the population measure must account for changes in both composition and
total mass. We therefore use relative entropy for finite measures rather than normalizing
the population at the outset. For probability measures, H(p | 1) denotes the usual relative
entropy [ log(dp/du) dp, with value +00 when appropriate. For finite positive measures A, A,

define D\
*d)\,
d\ ’

Hon (O | A) = A(X) — A (X) + / log

with value +o00 when the integral is not well defined as a finite relative entropy. The weighted
Volterra entropy is

V() = Han (v | du). (9.6)
It is nonnegative and vanishes exactly at u = u,. If
u:zu*+uL, uLJ_u*,
then
Vy(u) = /@ZJ(Z —1—logz)dus + /wduL. (9.7)

The component singular with respect to u, contributes its full ¢-weighted mass. Thus the
entropy does not require u < .

Define the symmetric kernel

Y(z)C(z,y) +¥(y)Cy, )  ¥(z) —v(y)
2 2N

U(z)(Avi) () + P(y) (Ave) (y)
N hd , (9.8)

Sn(z,y) = a(z,y)

and its quadratic form
Sn(v) = [[ Sx(a.y) o(dz)otdy)

The last term of (9.8) accounts for the change of total mass in the denominator of the transfer
term. Antisymmetry alone does not cancel the weighted transfer terms or their normalization
correction.

Proposition 9.2 (Balanced flux and weighted entropy). Assume (9.1) and (9.2). The
measure

J(dz, dy) = py(2)b(y)m(y, dz)u.(dy) (9.9)

has equal first and second marginals, both equal to —whyus. Let up = zpus + uf‘ be a solution
on a time interval on which z; is bounded below by a positive constant, uniformly on compact
time subintervals. Then, almost everywhere in time,

%Vw(ut) = Dy (2) — D (ug) — Sy (s — ), (9.10)

where

D ]
DJ(Z)_// L(x) 1= tog 2] .y, (9.11)
(z)

Dy (u) = p / Ly B () (9.12)

Here the absolutely continuous part in (9.12) is taken relative to u.. Both dissipations are
nonnegative.
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Proof. The first marginal in (9.9) is py Bu, = —th,u,. The second marginal has density
pb(y) [(z)m(y,dx) = —1(y)h.(y) relative to u,. This proves the balance assertion without
a detailed-balance assumption.

The stationarity equation shows that pB maps measures absolutely continuous with respect
to u, to measures with the same property. For the frozen equation, the linear part of the
entropy derivative vanishes by L£i1) = 0. The remaining part is

_/Tﬁd(ﬁ*u)ac = —/zph* du, — // zggj(dx,dy) — D (u).
The equal marginals give

[ 108:2(9) 105 2(@)] I (da. dy) =0,

and hence the frozen contribution is —D(z) — D (u).
Write v = u — uy and s = N — N,. Since

v S
N N

V—U =
the nonlinear difference is the multiplication operator
1 s
hy — hy = —Cv + NA’U — NAI/*.
Its contribution to the entropy derivative is

/w(hu —h)do = —Sn(v),

which proves (9.10).

For completeness, Lebesgue projection relative to u, is a bounded linear projection in total
variation. The absolutely continuous density of a C! measure-valued solution is therefore an
absolutely continuous curve in L!(u). On intervals where z; has a positive lower bound, the
logarithm is Lipschitz on its range and the integrated chain rule applies. No upper bound on
zt, and no absolute continuity of u; with respect to u,, is required. O

9.3 A continuum convergence theorem

Let I = [¢,U] C (0,00) be a positively invariant mass interval which contains N, and
eventually contains the mass of every nonzero solution. The interval supplied by the logistic
comparison is one such choice. Assume

Sn(v) >0 for every finite signed measure v and every N € I. (9.13)

Since Sy = So + NS, condition (9.13) is equivalent to its two endpoint versions at
N=/(U.

Proposition 9.3 (Gram-matrix and finite-feature tests). Suppose Sy is continuous on X2,
as is the case when v is continuous. For fized N, its quadratic form is nonnegative on all
finite signed measures if and only if

(SN (i, 2)]f j=1 = 0

for every k > 1 and every finite collection x1,...,x, € X. For the family (9.8), it suffices to
make these tests at N = £, U.
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Proof. Testing atomic measures proves necessity. Conversely, approximate the positive and
negative parts of a finite signed measure weakly by finite atomic measures, with uniformly
bounded total variation. Continuity of S on the compact product space passes the quadratic
forms to the limit. The endpoint assertion follows because Sy is an affine function of 1/N. [

A useful sufficient certificate is a finite-feature representation

Sn(x,y) = f(x) " Hyf(y),  f: X —R",

with f continuous and Hpy symmetric. Positive semidefiniteness of Hy, Hy7, when Hy is affine
in 1/N, proves (9.13). More precisely, positive semidefiniteness on span f(X') is needed, and
it is also necessary for this representation.

Theorem 9.4 (Adjoint-weighted convergence on compact trait spaces). Assume p > 0, (9.1),
(9.2), (9.13), and

m(y,-) Znvs(-) (y € X) (9.14)

for some n > 0. Then u, is the unique nonzero stationary measure. Every nonzero solution
converges to uy exponentially in total variation after a finite entrance time. The exponential
rate can be chosen to depend only on the coefficients, us,¥,n and I. A Feller assumption on
m 1s not needed.

Proof. The frozen Markov dynamics dissipates changes in weighted composition while pre-
serving weighted mass. We first obtain this composition estimate, then use the weighted
quadratic form to control the remaining mass deviation. For a state u with mass in I, put

A=vu, AN o=tu, M=\X), qg=\M, (=MZ

Then
Vy(u) =Z[¢ —1—log¢ +H(e | q)]. (9.15)

Here M = [ du is weighted mass, ¢ = ¥u/M is weighted composition, and ( is the ratio of
weighted masses. Thus the two terms in (9.15) measure deviations in mass and composition,
respectively. Write H = H (¢ | ¢). The rate kernel (9.4) satisfies

_ b2

> 0.
Ny

k(ya ) > 50@(')3 Ko
Consequently
G =ro(p(l,") = I) + R,

where R is another conservative Markov generator and Ry = 0. The data-processing inequality
for e!®, together with convexity in the second argument of relative entropy, gives

H(p | e“q) < e ™H(p | q).

The frozen entropy dissipation at u is therefore at least kKgZH. In the notation of Proposi-
tion 9.2,
DJ(Z) -I—DL(U) > kot H. (916)

Set,
co = / $(2)(Cu) (@) us(dz) >0, P = sup ||Sx -
NeT

The two transfer terms in (9.8) cancel on the ray spanned by w., giving the identity

Sn(ux) =¢o for every N > 0. (9.17)
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Let e = u — Cux. By (9.13), the square root of Sy is a seminorm, so
co(C —1)% < 28n(u — uy) + 2SN (e).
Moreover,
1 M
e=My~(g—¢),  lelrv < ——=llg—¢lrv.

Pinsker’s inequality therefore gives
2 M. \?
co(¢ —1)* <28y (u — uy) + 4P o H, My =y, U. (9.18)

Put M_ =1_¢ and
1

" 2min{l, M_/Z}%

On the allowed mass interval, ( — 1 —log ¢ < Kr(¢ — 1)2. Combining (9.15) and (9.18), we
obtain

Kgr

4KpPM? 2ZKp
<Z|1 t\H Sn(u — uy).
Vy(u) < [ L ] e N (U — uy)
Thus (9.10) and (9.16) imply
Ko Co

d
—Vy(ur) < =KV (ur), K = min {

o } > 0. (9.19)

14+ 4KpPM2 [(coyp?)’ 2ZKp

We justify the use of the entropy for arbitrary initial measures. Once the mass lies in I,
hy, > —K for a constant K depending only on the data and I, and

pBug > pnb_Lv,.
Variation of constants implies, for every fixed s > 0,

pnb_l1 — e K
Ut+s > N K

U*,

with the usual interpretation when K = 0. Thus the density relative to u, has a positive lower
bound at positive elapsed times, although a singular component can remain. Proposition 9.2
applies and Vy (uys) < 00.

Finally, the elementary finite-measure entropy inequality

1A = Aoy < 2[AX) + A ()] Han (A | A)
follows from (y/z —1)? < z — 1 — log 2z and Cauchy-Schwarz. It gives

VIO 4 D) ), (9.20)

lur — usl|lrv <

P
Equations (9.19) and (9.20) prove the claimed exponential convergence. Applying this
conclusion to a stationary solution proves uniqueness. O

Remark 9.5 (Weak convergence under strict positivity of the weighted form). There is also
a useful version without (9.14). Assume additionally that 1 is continuous, and suppose
Vy(ug) < 00, the initial mass lies in I, and Sy (v) > 0 for every nonzero finite signed v and
every N € I. Then u; — wu,. The strict positivity here separates distinct measures; no
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uniform coercive lower bound in the total variation norm is assumed. Indeed, approximation
of ug by (1 — €)ug + €[No/Ny]u, which preserves its mass Ny = uo(X), yields

t
Vi (ut) +/ Sn, (us — uy) ds < Vy(uo).
0

Convexity and lower semicontinuity give Vy(ug) — Vy(uo). The density in each approximating
solution remains bounded below on finite time intervals by the multiplicative part of the
equation; the entropy inequality then passes to the limit by lower semicontinuity. The
integrand is uniformly continuous in time, because the orbit is uniformly Lipschitz in total
variation on the mass slab and Sy is continuous and uniformly bounded there. It tends
to zero. Weak compactness and continuity of (NV,u) — Sy(u — u,) identify every weak
cluster point as u,. This argument gives weak convergence and does not imply total variation
convergence.

9.4 Finite-dimensional tests

On a finite trait space, write
Bij =bym(j,{i}), A" =-A, U=diag¥,...,¥n)
We write Sym(M) = (M + M ")/2. For a positive equilibrium wu,, let
L, = diag(r — Cus + Avy) + pB.

If p > 0 and B is irreducible, the equation L,u, = 0 implies that zero is the Perron eigenvalue
of Ly, and there is a positive left eigenvector 1. The kernel (9.8) becomes the symmetric
matrix

1 1
Sy = Sym(WC) — 1 Sym(WA) + o [1(WAv) T + (WA )1T]. (9.21)
N 2N
Corollary 9.6 (Two semidefinite tests). Assume p > 0, B is irreducible, and u, > 0 is
stationary. If
Sﬁ = 07 SU = 07

then uy is the unique nonzero stationary state and every nonzero trajectory converges to it.
The convergence is exponential after an initial transient. No one-step minorization is required.

Proof. The affine dependence on 1/N gives Sy = 0 for all N € I. Every nonzero trajectory
enters the strictly positive orthant at every positive time, by irreducibility and comparison
with a positive multiple of e?Pug. For positive u, let z; = wi/us; and Fyj = py;Byjuy ;. The
entropy identity reads

i, v

)

The first term vanishes only if z; = z; on every mutation edge. Irreducibility therefore forces
u = cuy. On this ray the quadratic term is (¢ — 1)2cg, which vanishes only at ¢ = 1. Entropy
sublevel sets inside the mass slab are compact subsets of the positive orthant. LaSalle’s
principle proves convergence.

For the rate, the quadratic part of mutation dissipation at u, is

2
1 V; V;
zz%<]‘l>'
Z?]

u*:j u*vi
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Its kernel is the one-dimensional space span{u,}. Adding v'Sy,v makes the quadratic form
positive definite, by (9.17). The entropy itself has a positive definite Hessian at u,. A
local entropy—dissipation estimate gives exponential convergence once the trajectory enters a
sufficiently small neighborhood. O

Mutation can also compensate for negative directions of Sy. The following criterion
quantifies this possibility.

Corollary 9.7 (Mutation-augmented matrix criterion). Assume a finite trait space, p > 0, a
strictly positive stationary state u., and a strictly positive adjoint vector v satisfying (9.2).
Let I = [¢,U] be a positively invariant absorbing mass interval containing N,. Assume (9.14),

and define

Z:w—ru% Y =7 R:qj_(pw—rv

pnb_Z ko4

T Ny b= 24 U)*

No positive semidefiniteness assumption on the unaugmented matrices Sy is imposed. If both
matrices

Ko

S¢+BR'R, Sy+pBR'R (9.22)

are positive definite, then u is the unique nonzero stationary state and every nonzero trajectory
converges to it exponentially after an initial transient.

Proof. For v =1 —uy, M = u, and ¢ = Yu/M,
Rv=Yu—Mp=DM(qg— ).

Since Ru, = 0 and ker R = span{u,}, this term measures departure from the equilibrium
composition and vanishes along the equilibrium ray. Pinsker’s inequality gives

| Rvl3
H(p|q) > W

The frozen entropy dissipation is at least ko ZH (¢ | ¢), hence
Vy < =0 [Sy + BRTRJv < = Xol|v]3

for a positive A\g, by the two endpoint assumptions. Minorization and the mass lower bound
place each trajectory in a fixed compact subset of the positive orthant after one additional unit
of time in the mass slab. On that compact set, Taylor’s formula gives Vy(u) < K|lu — u.l|3.
The resulting differential inequality proves exponential convergence and uniqueness. ]

9.5 Examples and boundaries of the criteria

Example 9.8 (Nonconstant adjoint weight and nonzero transfer). Take two traits and

10° 20 5 2’

3 10 0
20 5 20

Set d = b —r and realize A by the nonnegative transfer rates 7;; = max{A;;,0}. Then

b=1), r=(505) p=5 mGAD =3

T T 3 3 T
u*:(1,2) , 1/12(1,2) , h*: —1707—270
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satisfy both stationary equations. The logistic mass interval can be chosen as

0,U] = B 22} .

The weighted matrices are

At the lower endpoint,

& I 31
S1/2: (le é)’ detSl/2:@>0.
At the upper endpoint,
111 91
590 330 146231
Sog = (29210 88870> R det Sy = > 0.
580 930 774400

Corollary 9.6 proves global convergence. The mutation generator has the unique invariant
probability (1/2,1/2), for which Cm = (3/10,1/8) is not constant. Thus the common-reference
balance hypotheses do not hold. The coefficient contraction criterion also fails, even after

recipient-centering;:
9

E-
Any mass interval containing u, has U > 3, so its frequency Lipschitz bound contains
5Udrec > 27/8, whereas every common-reset rate satisfies § = pnb_ < 1/5.

1 .
Orec = = max(max Cyj — min Cy;) =
j i i

Example 9.9 (Mutation controls a negative competition direction). Let n =3, P = I—11" /3,
and take

1 1
bi=1, rm==, p=1, m@ﬁbz§, c=11"T- =P

20

N | —

Thus Cy; = 29/30 and Cj; = 61/60 for i # j. For an arbitrary L > 0, set

0o -1 1
A=L1| 1 0o -1
-1 1 0
Then 1 3 1
=21, ¢=1, Z=2 ¢=-1, R=P, ko=1.
we=gl ¥ y #=gh R o

Since Ap = 0, the transfer terms in Sy vanish for every N, and Sy = C. This matrix has
eigenvalue —1/20 on the zero-sum subspace, so both the semidefinite condition (9.13) and the
competition condition on zero-mass measures in (8.2) fail. On the other hand U = 90/29 and
841 301
= C+pP=11"+—_P
b 10800 +5 + 10800
is positive definite. Corollary 9.7 proves global convergence for every transfer amplitude L.
For L > 1/2, the coefficient contraction condition fails for every potential subtraction: the
three-edge circulation has magnitude 3L, so || 8 ||cc > L for every h, whereas the common-reset
rate is at most 1.

36



Example 9.10 (A continuum family with nonconstant adjoint weight). Let 7y be any prob-
ability measure on a compact trait space, let ¢ € C'(X') be strictly positive and nonconstant,
let 0 <p <1, and put m(y,-) = m9, b=0by >0, « =0, and

C 70
C T,Y)= "7 r\r)=—/7=,
C=5w " 5w
where ¢,rg > 0 and 79 < bp min ¢, so d = by —r > 0. Writing my = [ ¢ dmp, define
b
N, = w’ Ve = 0, u, = N,v,.
C m¢
The adjoint function 1) = ¢ satisfies
b
he = 200 ey — .

¢ )
The weighted kernel is the constant kernel Sy (z,y) = ¢, whose quadratic form is c[v(X)]2. Tt
is nonnegative and vanishes on every zero-mass perturbation. Moreover

me

7T0>

Vs.
max¢
Theorem 9.4 therefore gives global exponential convergence in total variation for every nonzero
initial measure. The competition potential C'w is nonconstant for every probability 7, so the
common-reference balance assumption cannot apply when ¢ is nonconstant.

Remark 9.11 (The spectral and entropy criteria are complementary). The positive-semigroup
reduction for constant competition can imply global convergence even when the weighted
quadratic form is indefinite. For example, take two traits, A = 0, C;; = 1, equal positive birth
rates, uniform irreducible mutation, and unequal growth rates. The frozen adjoint vector 1
is nonconstant, whereas

_ Y1 (Y1 +92)/2 _ (1 =)’
SNy = <(¢1+w2)/2 o ), det Sy = 1 < 0.

Nevertheless normalized Perron—Frobenius dynamics yields global convergence. Failure of one
structural criterion therefore identifies a limitation of that argument, rather than instability
of the equilibrium.

10 Quantitative contraction under mutation mixing

This criterion compares two evolving populations without specifying a stationary state.
Mutation mixing contracts the difference of their frequencies. Selection and transfer can
increase this difference, and competition couples it to the difference of their total masses. Two
differential inequalities control these effects together. The resulting test uses only coefficient
bounds and a minorization of the mutation kernel.
Throughout this section, the total variation norm is the full norm ||o ||ty = |o|(X). Assume
that p > 0 and
m(z,:) >nmo(-) (z € X), 0 = pnb_ >0, (10.1)

where 7 is a probability measure and b_ = min b. No invariance assumption is imposed on
0.
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Lemma 10.1 (The common-reset estimate). For every signed measure o of mass zero,
10|y < e [lo]|Tv-
If Qmg = 0, then, for probability measures v,
H(mg | €PPv) < e "H(mg | v),
with the usual extended-valued interpretation.
Proof. Write P u = p(X)m and
R=pQ — 0P, — I).

The jump measure of R from a point y is pb(y)m(y,dz) — Omo(dz), which is nonnegative
by (10.1); its mass is pb(y) — 6. Thus R is a bounded conservative Markov generator. Its
semigroup is a total variation contraction and preserves the zero-mass subspace. On that
subspace pQQ = R — 01, which proves the first assertion.

If Qmg =0, then Rmg = 0 and
PRy = e ety 4 (1 — e %)y,

Convexity of relative entropy in its second argument, followed by the data-processing inequality
for e!f?, proves the second assertion. The data-processing inequality follows directly from
conditional Jensen’s inequality applied to a joint measure with transition kernel e*%, ]

10.1 Removing composition-neutral terms

Choose arbitrary continuous functions h,c on X and set

Bu(w,y) = ax,y) — h(z) +h(y),  Eclz,y)=C(z,y) —cly), 6= [Ecloo. (10.2)

The frequency equation is unchanged if its selection and transfer terms are written using
a + h and Bj. Its competition term depends only on E., because the contribution of ¢(y)
cancels upon normalization.

The subtraction changes only the representation of the frequency equation; the mass
equation retains the full competition kernel. The smallest possible value of § is explicit:

1 .
Brec = 5 ma (max C(,y) — min C(z,y) ) (10.3)

It is attained by the continuous function

cmid(y) = 1 (mgx C(z,y) + min C(m,y)) .

2
Indeed, for each fixed y, the best uniform approximation to C(-,y) by a constant is its
midrange. Compactness and continuity imply continuity of both extremal functions of y. In
particular, dyec = 0 exactly when C(z,y) = c(y).

Fix the positively invariant absorbing mass interval

a— ~ 2a4

gzﬂ’ —C_.

(10.4)
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More generally, the proof below applies to any positively invariant absorbing interval [¢, U] C
(0,00). Define

L:;osc(a+h)+2HﬁhHoo+5U5, J =2U§,
K= %osc(a) +U (; osc(c) + 25> , y=ALC_. (10.5)

The constants J and K bound the influence of a mass difference on frequency and of a
frequency difference on mass, respectively. The condition below requires the net mutation
contraction and the mass damping to dominate this coupling.

Theorem 10.2 (A coefficient-based global contraction criterion). Assume (10.1). If h,c can
be chosen so that
0>1L, (0—L)y> JK, (10.6)

then the equation has exactly one nonzero stationary measure u,. FEvery nonzero initial
measure converges to u, exponentially in total variation after entering the mass interval
(10.4).

More precisely, choose ¢ > 0 with
qy > J, gK <0—-1L,

and put
A=min{f — L —q¢K, v—J/q} > 0.

For two solutions whose masses lie in [¢,U],
vt — Te|mv + q| log Ny — log Ny| < e (HVO —o|ltv + gq|log No — log No’) : (10.7)
The conclusions hold for measurable mutation kernels; the Feller property is not needed.

Proof. Set D = ||v — D||py and E = |log N — log N|. For any bounded function f and
zero-mass signed measure o,

o(f)] < 5 ose(Pl v (10.8)

Consequently the selection map Sy(v) = (f — v(f))v satisfies

- 3
155 () = S¢(D)llrv < 5 ose(f)D.
For a bounded antisymmetric kernel 3, the map T3(v) = (Sv)v satisfies
1Ts(v) = Ts@)]lrv < 2|8l D-

Write
H(v) = (B — v(Ew))v.

Since || E¢llco = 9,
[H(v)llrv <26, |H(v) — H@)|lrv < 56D. (10.9)

For the second estimate, expand the difference as

(Ecv —vEww)(v—0)+ (E(v — V) — [vE.v — VE.D|)D.
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The three resulting bounds are 20D, §D, and 2§D. Since |N — Z\~f] < UE, the competition
difference is bounded by 5U§D + 2UJE. Variation of constants and Lemma 10.1 therefore
give the upper Dini inequality

Dt < —(0—-L)D+ JE. (10.10)

For the logarithmic mass,

(log N) = v(a) — NC(v).
The decomposition C' = ¢(y) + E. gives
- - 1
|IC(v) —C()| < (2 osc(c) + 25) D.
Furthermore

sgn(log N —log N)(N — N)C(v) > (C_E.
Hence
EtT < —yE+ KD. (10.11)
Multiplying (10.11) by ¢ and adding (10.10) proves (10.7).

The space [¢,U] x P(X) is complete for the distance in (10.7). Every fixed positive-time
map is a strict contraction and has a unique fixed point. Commutation with all other time
maps implies that this fixed point is stationary. Every stationary nonzero measure has mass in
[a—/C4,ay/C_], so there are no stationary measures outside the absorbing interval. Finally,

INv— No|ry <UD+ E)
transfers the estimate to the original population measures. O

Corollary 10.3 (Recipient-independent competition). If C(z,y) = c(y), it suffices that, for
some continuous h,

3
pnb_ > 2 osc(a+h) +2fla = h(z) + h(y)||co-

In particular, neither the size nor the oscillation of c(y) enters the frequency contraction
condition.

Proof. Here § = J = 0. The frequency estimate is autonomous, and ¢ in Theorem 10.2 can
be chosen sufficiently small. O

The constants in Theorem 10.2 are explicit sufficient bounds. For finite trait sets, the
search over h and c involves only finitely many oscillation and maximum-norm constraints.
The midrange choice (10.3) minimizes the direct contribution of competition to the frequency
estimate. Competition independent of the recipient trait still affects the mass equation, but
contributes no such frequency term.

10.2 Dependence of the equilibrium on the coefficients

The contraction also supplies a quantitative perturbation statement. Write G = p(), and use
tildes for a second coefficient collection.
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Corollary 10.4 (A perturbation bound for equilibria). Suppose that both systems have the
common invariant absorbing interval [¢,U], and that the first system satisfies (10.7) with
q, A > 0. Suppose the second system has a stationary measure U, in this interval. Set

ey = |G = Gllmort +oscla —a) + 2U[|C = Clloo + |l — @|sos
en = [la = @llos + U[|C = C|so-
Then

v — Ts|lTv + ¢l log Ny — log N, | < m

In particular, two coefficient collections satisfying a common strict contraction bound have
quantitatively close equilibria.

Proof. At a fixed state (N,v), the two frequency vector fields differ by at most ¢, and
the two logarithmic mass vector fields by at most ey. Repeat (10.10)—(10.11) for one
trajectory from each system, adding these forcing bounds. The weighted distance d satisfies
dt < —\d + ¢, + qen. Apply this inequality to the two stationary trajectories. O

For example, the operator perturbation is bounded by
IpQ = 5 Q| < 2[[pb = Bblle + [[Fblloc sup [Im(w, -) = (2, ) |1y
T

The one-step minorization itself need not persist under small kernel perturbations. The
semigroup contraction does persist: on zero-mass measures, variation of constants gives

—(6-11G—9l|

le9o|rv < e o ||y

Thus the contraction argument of Theorem 10.2 remains valid for sufficiently small coefficient
perturbations, using the reduced mixing rate and a common absorbing interval. The contrac-
tion regime is therefore open in the displayed operator and uniform norms, even though the
original one-step minorization need not persist.

11 Examples separating the structural conditions

The preceding theorems impose different conditions on the coefficients. The examples in this
section identify several failures of implications between positivity, mixing, uniqueness, and
convergence.

11.1 Complete-reset mutation can coexist with bistability

Proposition 11.1 (Two stable equilibria under strictly positive mutation). Let X = {1,2},
b=r=1,d=0, a=0, and

o 1 1 3

Then the population equation has three monzero equilibria, all strictly positive. Two are
asymptotically stable and the third is a saddle.
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Proof. Write N = uj + ug and ¢ = u1/N. Direct calculation gives

N'=N[l+p— N1 +4q(1—q))],
¢ = (¢-3)[ANq(1 - q) - ).

A nonzero equilibrium cannot have ¢ = 0 or ¢ = 1, since mutation points into the interval.
The three possibilities are

(N,q) = (Hp 1), (N,q) = (1,1i \/21—P>

2 72

The Jacobian at the central point is diagonal with eigenvalues —(1 + p) and (1 —p)/2. At
either outer equilibrium put z = 2¢ — 1, so 22 = 1 — p. The Jacobian is

—(1+p) 4z
pr/2  —22%)°
Its characteristic polynomial is (A+2)(A+1—p). Thus the two outer equilibria are hyperbolic
sinks and the central point is a hyperbolic saddle. O

The mutation component alone relaxes to the uniform frequency at rate p, since the kernel
satisfies a common-reset condition with 7 = 1. In the full equation, competition between
different traits is three times self-competition, and two asymmetric attracting equilibria
remain for 0 < p < 1. Thus irreducibility and strict positivity of mutation alone do not
imply uniqueness. The negative competition direction (1, —1) prevents the common-reference
competition condition from holding.

11.2 Periodic residents with a nonstationary population average

Let

1
A=11 0 -1, w:§(1,1,1)T. (11.1)

The interior solutions of ¢; = ¢;(Aq); preserve q1g2q3. For each value in (0,1/27), its level set
in the open simplex is a smooth closed curve and the vector field never vanishes on that curve.
Hence every such level set is a periodic orbit. The only interior stationary frequency is .

Ifo=r=C=1,d=p=0, and Ny = 1, these frequency orbits give periodic population
solutions of the original model. The transfer rate 7;; = max{A;;,0} realizes the required
nonnegative horizontal-transfer rates.

The next variant exhibits the correlation between total mass and composition explicitly.

Proposition 11.2 (The mean of a periodic population need not be stationary). Let X =
{1,2,3}, b=r=1,d=p=0, let « = A be (11.1), and set

Cij = Cy, Cc= (1,2,3)T.
There is a positive periodic population solution u; = Niq; whose time average u is not an

equilibrium, although
r—Cu+Aqg=0

at every trait.
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Proof. Choose a nonconstant interior periodic frequency orbit ¢;, extended periodically to all
t € R, and define

o0
I; = / e el q_qds, N; = It_l.
0

Then I} = cTq; — I, so
Nt/ = Nt[l — NtCth].

Competition is independent of the recipient, and r is constant. Thus ¢; solves the frequency
equation independently of N, and u; = N:q; is a positive periodic population solution.

Integrating (log ¢;)’ = (Aq); over one period gives Ag = 0, hence ¢ = 7. Averaging the
equation for I yields I = ¢"g = 2. The function ¢'¢; is nonconstant, since a nonconstant
closed frequency orbit cannot lie in the affine line ¢"¢ = constant inside the two-dimensional
simplex. Consequently [ is nonconstant. Strict Jensen inequality gives

N=I"1>

On the other hand, averaging (log N) = 1 — Nc'q gives ¢'a = 1. If the strictly positive
vector 4 were stationary, its per-capita growth equations would therefore imply A(u/N) = 0.
It would follow that & = N, and then 1 = ¢4 = 2N, a contradiction. Finally, Cu = 1 and
Aq = 0, proving the last assertion. O

This example realizes the two distinct environmental averages & = Ngqg and ¢ in the
complementarity and invasion formulas. Their distinction persists even for an exact periodic
solution.

11.3 A comparison of the convergence mechanisms

The examples in Section 9 distinguish the convergence criteria. A normalized positive
semigroup can converge when the unaugmented weighted kernel is indefinite. The mutation-
augmented weighted criterion can also control arbitrarily strong circulation beyond the
coefficient contraction bound. Proposition 11.1 shows that a mutation lower bound by itself
does not select a unique equilibrium. The spectral-edge examples of Section 7 show that the
obstruction can also be infinite dimensional: complete reset mutation may admit a family of
stationary measures with nonzero singular components relative to its reset law.

12 Discussion

12.1 How to use the criteria

The mass equation supplies the first reduction in every case. It places every trajectory in a
fixed positive mass interval and excludes total extinction under the assumption r_ > 0. If
p = 0, the initial support remains dynamically relevant, and every monomorphic population
has its own stationary mass. Global uniqueness over all nonzero initial measures is therefore
impossible unless the trait space consists of one point. The averaged-environment and
dominance results provide statements with the appropriate support-dependent scope.

For p > 0, the accessible mutation class should be identified first. An invariant closed
class can be treated as its own trait space. When competition is independent of the recipient
and transfer is a potential difference, the frequency equation is exactly a normalized positive
semigroup. In finite dimensions irreducibility of the mutation matrix then suffices. In the
continuum, Theorem 6.2 combines a common reset with a positive adjoint eigenfunction
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bounded above and away from zero. The oscillation criterion constructs that eigenfunction
under a stronger coefficient inequality. Complete reset with a full-support law already
mixes the conservative mutation process, yet the rank-one examples reach a spectral edge
after selection is included. Mixing of mutation alone therefore does not guarantee that
the normalized population semigroup converges in total variation to a common stationary
frequency.

For general competition and circulation, a common reference measure gives a direct entropy
test. If that balance fails, the weighted criterion uses a stationary population and the left
eigenfunction of its frozen operator. The corrected quadratic kernel Sy contains both the
weighted antisymmetric interaction and the change in the normalization N~!'. Once the
stationary state, adjoint weight, and required mutation condition are available, the remaining
positivity test reduces in finite dimensions to two endpoint matrices. Mutation dissipation
can be added before testing positivity, as in Corollary 9.7. Pointwise positivity of C' describes
competitive mortality; nonnegativity of its quadratic form controls signed perturbations and
is a separate condition.

The contraction criterion uses a different set of data. It can be checked through a mutation
minorization, coefficient oscillations, and uniform norms without finding a stationary measure.
Subtracting a potential from transfer and a recipient-independent term from competition can
substantially reduce these bounds. Strict contraction also gives quantitative stability of the
equilibrium under coefficient perturbations.

12.2 What changes at the boundaries of the hypotheses

Several boundaries are identified by explicit formulas. Without Feller continuity, weak
limits need not be stationary. In the mutation-free cyclic-transfer example with constant
competition, conservation of a frequency entropy sustains periodic trajectories. At the critical
rank-one threshold p = 1, an initial frequency §,, at a maximizer retains mass at least
(14 Gt)~! on the maximizing set, with G = max g. This lower bound excludes exponential
convergence to the stationary frequency, which gives that set zero mass. In the condensed
regime p < 1, an initial population with uo(K) = 0 continues to give K zero mass at every
finite time, whereas each stationary frequency gives it mass 1 — p. Total variation convergence
is therefore impossible for these initial data, even when K is a singleton and the stationary
frequency is unique.

The distinction between endpoint and time-averaged states is equally substantive. A
periodic resident can have identically zero averaged fitness while its mean population is not
stationary (Proposition 11.2). For invasion and persistence, the relevant environment is an
invariant probability law. Checking isolated resident equilibria alone does not control all
boundary invariant laws, as the cyclic competition example demonstrates.

12.3 Questions suggested by the theory

The following extensions require additional analysis.

1. For mutation kernels satisfying only a multistep or state-dependent mixing condition,
one may seek nonlinear analogues of generalized Doeblin and Harris estimates. The
obstacle is to control the time-dependent selection weights while keeping a uniform
estimate for differences of normalized trajectories.

2. The weighted identity reduces convergence to a nonlinear quadratic form, which includes
competition and transfer corrections, and a frozen Markov dissipation. A useful next
step is to replace the uniform reset assumption by a quantitative functional inequality
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for the transformed generator. Any such extension must also control the weighted total
mass, since dissipation of the normalized weighted composition vanishes on the entire
ray of positive multiples of the stationary population.

. In the rank-one condensed regime, positive initial mass on the maximizing set determines

the relative condensate weights explicitly. When that mass is zero, the shifted linear
population tends to zero and normalization becomes singular. Multiple maximizers then
require estimates of their relative near-maximal contributions. Weak convergence of
the frequency trajectory without time averaging cannot be inferred from the stationary
classification or from convergence of its Cesaro averages.

. For recurrent residents, scalar invasion indices are replaced by positive-operator growth

rates when mutation couples the rare traits. In finite dimensions, irreducible positive
cocycles give a principal exponent. For continuous trait classes, identification of a
principal direction requires additional compactness or positivity beyond Feller continuity.

. Uniform versions of the convergence criteria could justify interchange of large-time

and mutation-limit procedures. The present constants may degenerate when a mixing
rate or spectral gap tends to zero. Consequently the fixed-kernel results do not settle
the monomorphic continuation and polymorphic questions for the noncompact, small-
diffusion model studied in Géarriz and Mirrahimi [10]. That model also has a confining
growth function that is negative for large traits, so the positive-growth mass bounds
used here are unavailable in that form.

References

1]

8]

Vincent Bansaye, Bertrand Cloez, and Pierre Gabriel. Ergodic behavior of non-conservative
semigroups via generalized Doeblin’s conditions. Acta Applicandae Mathematicae, 166:29-72,
2020. doi: 10.1007/s10440-019-00253-5.

Vincent Bansaye, Bertrand Cloez, Pierre Gabriel, and Aline Marguet. A non-conservative Harris
ergodic theorem. Journal of the London Mathematical Society, 106(3):2459-2510, 2022. doi:
10.1112/jlms.12639.

Sylvain Billiard, Pierre Collet, Régis Ferriere, Sylvie Méléard, and Viet Chi Tran. Stochastic
dynamics for adaptation and evolution of microorganisms. In Furopean Congress of Mathematics,
Berlin 2016, pages 525-550. EMS Press, 2018. doi: 10.4171/176-1/25.

Angel Calsina, Silvia Cuadrado, Laurent Desvillettes, and Gaél Raoul. Asymptotic profile in
selection—mutation equations: Gauss versus Cauchy distributions. Journal of Mathematical
Analysis and Applications, 444(2):1515-1541, 2016. doi: 10.1016/j.jmaa.2016.07.028.

Vincent Calvez, Susely Figueroa Iglesias, Hélene Hivert, Sylvie Méléard, Anna Melnykova, and
Samuel Nordmann. Horizontal gene transfer: numerical comparison between stochastic and
deterministic approaches. ESAIM: Proceedings and Surveys, 67:135-160, 2020. doi: 10.1051/proc
/202067009.

Nicolas Champagnat, Sylvie Méléard, and Viet Chi Tran. Multiscale eco-evolutionary models:
from individuals to populations. In Proceedings of the International Congress of Mathematicians
2022, volume 7, pages 5656-5678. EMS Press, 2023. doi: 10.4171/ICM2022/24.

Bertrand Cloez and Pierre Gabriel. Fast, slow convergence, and concentration in the house of
cards replicator-mutator model. Differential and Integral Equations, 37(7-8):547-584, 2024. doi:
10.57262/die037-0708-547.

Jérome Coville and Léo Girardin. An abstract framework for a class of nonlocal structured
population models: existence, uniqueness and stability of steady states, 2026. URL https:
//arxiv.org/abs/2512.13232v2. Version 2, 21 September 2026.

45


https://doi.org/10.1007/s10440-019-00253-5
https://doi.org/10.1112/jlms.12639
https://doi.org/10.4171/176-1/25
https://doi.org/10.1016/j.jmaa.2016.07.028
https://doi.org/10.1051/proc/202067009
https://doi.org/10.1051/proc/202067009
https://doi.org/10.4171/ICM2022/24
https://doi.org/10.57262/die037-0708-547
https://arxiv.org/abs/2512.13232v2
https://arxiv.org/abs/2512.13232v2

[9]

[10]

[12]

[13]
[14]

[15]

Laurent Desvillettes, Pierre-Emmanuel Jabin, Stéphane Mischler, and Gaél Raoul. On selection
dynamics for continuous structured populations. Communications in Mathematical Sciences, 6
(3):729-747, 2008. doi: 10.4310/CMS.2008.v6.n3.a10.

Alejandro Garriz and Sepideh Mirrahimi. A Hamilton—Jacobi approach for the evolutionary
dynamics of a model with gene transfer: characterizing monomorphic dynamics for non-concave
fitness functions. Journal of Differential Equations, 472:114402, 2026. doi: 10.1016/j.jde.2026.1
14402.

Alejandro Garriz, Alexis Léculier, and Sepideh Mirrahimi. Impact of a unilateral horizontal gene
transfer on the evolutionary equilibria of a population. Mathematical Models and Methods in
Applied Sciences, 34(5):951-991, 2024. doi: 10.1142/50218202524500192.

Josef Hofbauer and Sebastian J. Schreiber. Robust permanence for interacting structured
populations. Journal of Differential Equations, 248(8):1955-1971, 2010. doi: 10.1016/j.jde.2009.1
1.010.

Pierre-Emmanuel Jabin and Gaél Raoul. On selection dynamics for competitive interactions.
Journal of Mathematical Biology, 63:493-517, 2011. doi: 10.1007/s00285-010-0370-8.

Robert M. May and Warren J. Leonard. Nonlinear aspects of competition between three species.
SIAM Journal on Applied Mathematics, 29(2):243-253, 1975. doi: 10.1137/0129022.

Philippe Michel, Stéphane Mischler, and Benoit Perthame. General relative entropy inequality: an
illustration on growth models. Journal de Mathématiques Pures et Appliquées, 84(9):1235-1260,
2005. doi: 10.1016/j.matpur.2005.04.001.

46


https://doi.org/10.4310/CMS.2008.v6.n3.a10
https://doi.org/10.1016/j.jde.2026.114402
https://doi.org/10.1016/j.jde.2026.114402
https://doi.org/10.1142/S0218202524500192
https://doi.org/10.1016/j.jde.2009.11.010
https://doi.org/10.1016/j.jde.2009.11.010
https://doi.org/10.1007/s00285-010-0370-8
https://doi.org/10.1137/0129022
https://doi.org/10.1016/j.matpur.2005.04.001

	Introduction
	The population equation
	Relation to existing work
	Notation and convergence
	Convergence mechanisms and their scope

	Measure dynamics and mutation accessibility
	Averaged balance in the presence of mutation

	Accumulated fitness and averaged environments
	A coefficient criterion for selection of one trait

	Invariant resident laws and invasion
	A finite-dimensional persistence theorem
	Mutation classes and positive linear growth

	Potential differences and circulation
	Hamiltonian structure in the finite pure-transfer system

	Potential transfer and Perron convergence
	A positive adjoint eigenfunction and a Doob transform
	A coefficient condition that constructs the eigenfunction

	Rank-one mutation, spectral thresholds, and condensation
	Initial mass on the maximizing set selects the condensate
	Adjoint weights and convergence rates at the spectral edge

	Convergence through a common reference distribution
	Adjoint-weighted entropy and convergence
	The frozen operator and its conservative transform
	The exact nonlinear entropy identity
	A continuum convergence theorem
	Finite-dimensional tests
	Examples and boundaries of the criteria

	Quantitative contraction under mutation mixing
	Removing composition-neutral terms
	Dependence of the equilibrium on the coefficients

	Examples separating the structural conditions
	Complete-reset mutation can coexist with bistability
	Periodic residents with a nonstationary population average
	A comparison of the convergence mechanisms

	Discussion
	How to use the criteria
	What changes at the boundaries of the hypotheses
	Questions suggested by the theory


