
STABILITY CONDITIONS ON TWISTED DERIVED CATEGORIES I:
EXISTENCE AND FULL NUMERICAL SUPPORT

ZHIRUI LI

Abstract. We prove that for every nonempty smooth projective variety X over an arbitrary field and
every Brauer class α, the twisted derived category Db(X,α) admits a Bridgeland stability condition
with full numerical support. Based on Chunyi Li’s construction and its extension to arbitrary fields,
we establish uniform phase control under tensoring by an Azumaya algebra and calibrate the resulting
slicing to the induced central charge. We further show that the constructed stability condition is
geometric and satisfies a mass–Hom bound, which persists throughout its connected component.
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1. Introduction

Motivated by Douglas’s notion of Π-stability for D-branes in string theory [Dou01, Dou02], Bridgeland
introduced stability conditions on triangulated categories in [Bri07]. His fundamental deformation
theorem [Bri07, Theorem 1.2] established the local description of spaces of stability conditions in terms
of their central charges. In particular, numerical stability spaces with finite-rank numerical Grothendieck
groups are finite-dimensional complex manifolds by [Bri07, Corollary 1.3].

Constructing Bridgeland stability conditions on Db(X) for a scheme X thus became a central problem
in algebraic geometry. The case of smooth projective curves was understood through slope stability by
[Bri07, Mac07]. Bridgeland constructed stability conditions on K3 surfaces and described a distinguished
connected component of their stability manifolds in [Bri08]. The construction via tilted hearts was
subsequently developed for arbitrary smooth projective complex surfaces by Arcara–Bertram [AB13],
using classical Bogomolov–Gieseker inequality and the Hodge index theorem.

For threefolds, Bayer, Macrı‘ and Toda proposed a double-tilt construction [BMT14], relating the
existence of Bridgeland stability conditions to Bogomolov–Gieseker-type inequalities involving ch3 of
tilt-semistable objects.

Subsequent work established stability conditions on several classes of threefolds, including projective
space [Mac14], smooth quadric threefolds [Sch14], Fano threefolds of Picard rank one [Li19b], abelian
threefolds and certain Calabi–Yau threefolds of abelian or Kummer type [BMS16], and smooth quintic
threefolds [Li19a]. Further examples include Calabi–Yau double and triple solids [Kos22] and broader
classes of Calabi–Yau threefolds [FKLR25].
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Beyond existence, an important property is geometricity, which requires all skyscraper sheaves of
points to be stable of the same phase [Bri08, Li19a, FKLR25]. Further questions concern the full
numerical support property [LLL+26, Che26] and the geometry of moduli spaces of semistable objects
[BM14, PT19, BLM+21].

In January 2026, Li [Li26] proved that for any general smooth projective variety X over C,
Stab(Db(X)) ̸= ∅. Based on stability conditions on products of elliptic curves by [Liu21], Li constructed
stability conditions on Pn via finite quotients of En and then induced them on X ↪→ Pn by restriction.
This approach does not rely on the higher-dimensional Bogomolov–Gieseker type inequalities used by
earlier constructions.

In July 2026, Li et al. [LLL+26] extended the construction of stability conditions in [Li26] to projective
schemes over arbitrary fields and to projective families, based on the relative theory of [BLM+21]. They
constructed geometric stability conditions, established mass–Hom bounds throughout a distinguished
component [LLL+26, Theorem 1.3], and obtained proper good moduli spaces in characteristic zero
[LLL+26, Theorem 1.1] via [BLM+21, Theorem 21.24].

In [LLL+26, Section 1.7], the authors raised three directions for further research:
• Projectivity of the constructed proper good moduli spaces;
• Full numerical support on Knum(X);
• Stability conditions on other categories, including Db(X,α).

The second question was subsequently solved by Cheng [Che26] in August 2026. The third concerns
smooth proper Deligne–Mumford stacks, twisted derived categories and semiorthogonal components of
derived categories, with important examples of the latter constructed in [BLMS23, PPZ22].

Twisted derived categories Db(X,α) arise naturally from moduli problems for sheaves [Căl00, Yos06,
Lie07] and play an important role in Fourier–Mukai equivalences [Căl00, HS06]. Earlier constructions
include generic twisted K3 surfaces [HMS08], arbitrary smooth projective surfaces [HP24, Theorem 12.2]
and twisted abelian threefolds [HP24, Theorems 12.6 and 12.8] in characteristic zero. However, these
results do not provide a general existence theorem with full numerical support in arbitrary dimension
and characteristic.

We address this problem for all smooth projective varieties over arbitrary fields and all Brauer classes,
as stated in the following theorem.

Theorem 1.1. Let X be a nonempty smooth projective scheme over an arbitrary field k, and let
α ∈ Br(X). Then Db(X,α) admits a Bridgeland stability condition satisfying the support property with
respect to its full numerical Grothendieck group Knum(D

b(X,α)).

The constructed stability condition is also geometric and satisfies a mass–Hom bound, and the
mass–Hom bound persists throughout its connected component; see Proposition 5.5 and Corollary 5.6,
together with the geometricity result in Section 5.1.

Although Db(X,α) can be realized as an admissible subcategory of the derived category of a Brauer–
Severi variety [BS21], a stability condition on the ambient category need not restrict to Db(X,α), since
the Harder–Narasimhan factors of an object in the subcategory need not remain in it.

We briefly outline the proof of Theorem 1.1. Choose an Azumaya algebra A representing α, and
write

C = Db(X), D = Db(X,A).

Let L : C ⇄ D : U be the free–forgetful adjunction. Starting from a suitable rational stability condition
σ = (Z,P) constructed in [LLL+26, Theorem 6.2], we establish uniform phase control under tensoring
by A in Proposition 3.2:

UL(P(ϕ)) ⊆ P([ϕ− ε, ϕ+ ε]).

This estimate is recorded in (3.5). While W = Z ◦U is the natural candidate for a central charge on D,
the main technical challenge is to construct a locally finite slicing R such that (W,R) is the stability
we want. Here the key technique is construct a locally finite slicing Q whose phase are uniformly close
to the phase determined by W first, see Lemma 3.4 to Corollary 3.8; so that Q can be subsequently
modified to a slicing R compatible to W in Theorem 4.1.
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For each c ∈ R, we generate a t-structure (Âc, B̂c) on Dqc(X,A) from L(P(> c)), whose coaisle
is U−1P̂(≤ c). The key step is Proposition 3.5, which proves that (Âc, B̂c) restricts to a bounded
t-structure (Ac,Bc) on D. The proof uses noetherian hearts of σ to ensure that their truncations
preserve bounded coherent complexes.

For this family of t-structures, we define Q(ϕ) by (3.9). Proposition 3.6 shows that Q is a locally
finite slicing on D, satisfying

U(Q(ϕ)) ⊆ P([ϕ− ε, ϕ]).

Adapting the local phase-calibration argument of [Bri07, Section 7], Theorem 4.1 produces a locally
finite slicing R compatible with W = Z ◦ U , and yields a locally finite pre-stability condition (W,R).

Finally, Proposition 4.3 shows that the forgetful functor induces an injection

Unum : Knum(D) ↪→ Knum(C),

which becomes an isomorphism after tensoring with Q. Combining the mass estimate in Lemma 4.2
with [Che26, Corollary 2.3], we obtain the full support property for τ = (W,R). The disconnected case
follows by treating the connected components separately and applying Morita equivalence.

In Section 5, we establish two further properties of τ . First, using the compatibility of our construction
with scalar extension stated in Proposition 5.1, we prove that τ is geometric in Proposition 5.2. Second,
we establish the mass–Hom bound for τ in Proposition 5.5 and show that it persists throughout its
connected component in Corollary 5.6.

Remark 1.2. Assume char(k) = 0; then the category D = Perf(X,A) is smooth, proper, and idempotent
complete. By Proposition 5.5 and Corollary 5.6, every stability condition ρ in the connected component
Σ containing τ satisfies a mass–Hom bound.

Let ρ = (V,S) ∈ Σ and N = Knum(D). By [BLM+21, Theorem 12.17 and Proposition and
Definition 12.15], for every field extension K/k, the canonical extension ρK = (VK ,SK) has numerical
class map

vK : Knum(DK) → Λk, vK(E) = η∨K/k(E),

where Λk = Im(η∨
k̄/k

) ⊂ N ⊗Z Q. The identity χk(T, vK(E)) = χK(TK , E) shows that these classes
are universally locally constant in perfect families, by proper base change. Together with the uniform
support property under scalar extension, this gives a locally constant stability condition in the sense of
[HLR25, Example 2.29].

Let H = LG be the classical generator of D proved in Lemma 3.3. For every finite extension K/k
and E ∈ DK , the adjunction formula and restriction of scalars give

[K : k] dimK HomDK
(HK , E) = dimk HomD(H, p∗E)

≤ CH,ρmρ(p∗E)

= CH,ρ[K : k]mρK (E).

The constant is uniform over all field extensions, which verifies condition (1) of [HLR25, Theorem 2.35].
Moreover, the generator boundedness condition holds by [HLR25, Remark 2.36]. Consequently, [HLR25,
Theorem 2.35] implies that for every v ∈ Λk and a ∈ R, the locus of ρK -semistable objects of class v in
SK((a, a+ 1]) defines an open derived substack Mss

ρ (v; a) with a canonical morphism

π : Mss
ρ (v; a)cl −→M ss

ρ (v; a),

where M ss
ρ (v; a) is a proper good moduli space over k.

For the untwisted projective families in [LLL+26, Theorem 1.1], the existence of proper good moduli
spaces in characteristic zero follows from [BLM+21, Theorem 21.24]. Our application of [HLR25,
Theorem 2.35] gives an analogous result for twisted derived categories over a field, without establishing
a relative theory for twisted projective families.

In both settings, properness concerns the good moduli spaces rather than the semistable stacks, and
projectivity is not established in general. In particular, our result does not solve the first question
raised in [LLL+26, Section 1.7].
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2. Preliminaries

2.1. Stability conditions and scalar extension. We recall the conventions for Bridgeland stability
conditions and the basic results on numerical support and scalar extension used throughout the paper.

Let T be an essentially small triangulated category. For full subcategories S, T ′ ⊆ T , write S ∗ T ′

for their extension product, consisting of objects E fitting into a distinguished triangle

S −→ E −→ T ′ −→ S[1], S ∈ S, T ′ ∈ T ′.

The operation ∗ is associative by the octahedral axiom.
An abelian category is called noetherian (respectively, artinian) if every ascending (respectively,

descending) chain of subobjects stabilizes. It is of finite length if it is both noetherian and artinian.
For the quasi-abelian categories considered below, finite length is understood with respect to strict
subobjects.

We now recall the notion of a slicing.

Definition 2.1. A slicing P on T consists of full additive subcategories P(ϕ) ⊂ T , indexed by ϕ ∈ R,
satisfying

P(ϕ+ 1) = P(ϕ)[1], Hom(P(ϕ1),P(ϕ2)) = 0 for every ϕ1 > ϕ2,

and such that every nonzero object E admits a finite Harder–Narasimhan filtration with nonzero factors
Fj ∈ P(ϕj) of strictly decreasing phases ϕ1 > · · · > ϕn.

We write
ϕ+P(E) = ϕ1, ϕ−P(E) = ϕn.
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For an interval I ⊆ R, the category P(I) is the finite extension closure of the slices with phases in I,
including the zero object. The nonzero objects of P(ϕ) are called P-semistable objects of phase ϕ, and
its simple objects are called stable.

A slicing is locally finite if there exists η > 0 such that P((ϕ−η, ϕ+η)) is a finite length quasi-abelian
category, where quasi-abelian is defined in [Bri07, Definition 4.1].

We next recall the numerical invariants used to define central charges and the support property for
stability conditions.

The Grothendieck group K0(T ) is generated by classes of objects, satisfying [E] = [F ] + [G] for every
distinguished triangle F → E → G→ F [1]. If T is proper over a field k, its Euler pairing is defined by

χ(E,F ) =
∑
j∈Z

(−1)j dimk HomT (E,F [j]).

Here proper means for every E,F ∈ T ,
∑
j∈Z dimk HomT (E,F [j]) <∞. The numerical Grothendieck

group is Knum(T ) = K0(T )/ radR χ, where

radR χ = {v ∈ K0(T ) : χ(u, v) = 0 for every u ∈ K0(T )} .
We now recall Bridgeland stability conditions and the support property.

Definition 2.2. Let Λ be a finite-rank free abelian group, and fix a homomorphism v : K0(T ) → Λ. A
pre-stability condition is a pair σ = (Z,P), where P is a slicing and Z : Λ → C is a homomorphism
satisfying

Z(v(E)) ∈ R>0e
iπϕ for every 0 ̸= E ∈ P(ϕ).

We say that σ satisfies the support property if there exists a norm ∥ · ∥ on ΛR = Λ⊗Z R and a constant
Cσ > 0 such that

(2.1) ∥v(E)∥ ≤ Cσ|Z(v(E))| for every nonzero σ-semistable object E.

A Bridgeland stability condition with respect to Λ is a pre-stability condition satisfying the support
property. We denote the space of such conditions by Stab(Λ,v)(T ).

When T is proper and Λ = Knum(T ), with v being the natural quotient map K0(T ) → Knum(T ), we
call this the full numerical support property. By [Bri07, Theorem 1.2] and [BLM+21, Theorem 12.11],
Stab(Λ,v)(T ) is a complex manifold, and the central-charge map (Z,P) → Z is a local homeomorphism
from Stab(Λ,v)(T ) to HomZ(Λ,C).

Cuts, hearts, and exact sequences. A slicing determines a family of bounded t-structures. We
recall the corresponding conventions for cuts and hearts.

Definition 2.3. A t-structure on T is described by an orthogonal pair (A,B) satisfying

A[1] ⊆ A, B = A⊥,

such that every E ∈ T admits a truncation triangle E+ → E → E− +1→ with E+ ∈ A and E− ∈ B. In
the usual indexing convention,

T ≤0 = A, T ≥0 = B[1],
and the heart is A ∩ B[1].

For a slicing P and d ∈ R, the associated cut is (P(> d),P(≤ d)), with bounded heart

Hd = P((d, d+ 1]), T ≤0
d = P(> d), T ≥0

d = P(≤ d+ 1).

We use the convention Coh(X)[0,+∞) for the finite extension closure of the nonnegative shifts of
coherent sheaves. Equivalently, it consists of objects whose standard cohomology is concentrated in
non-positive degrees.

For an interval I of width less than one, by [Bri07, Lemma 3.4 and 4.3], P(I) is quasi-abelian and
its strict exact sequences correspond precisely to distinguished triangles whose three terms lie in P(I).
In any quasi-abelian category, strict monomorphisms and epimorphisms are closed under composition,
and strict epimorphisms remain strict under pullback.

The following lemma collects the phase inequalities used throughout the paper.
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Lemma 2.4. For a short exact sequence

0 −→ F −→ E −→ G −→ 0

in a heart Hd, or a strict exact sequence in P(I) with |I| < 1, the nonzero terms satisfy

(2.2) ϕ+(F ) ≤ ϕ+(E), ϕ−(G) ≥ ϕ−(E).

For any triangle F → E → G
+1→, one also has

ϕ+(E) ≤ max
{
ϕ+(F ), ϕ+(G)

}
, ϕ−(E) ≥ min

{
ϕ−(F ), ϕ−(G)

}
.

Moreover, for arbitrary nonzero E1, E2, Hom(E1, E2) = 0 if ϕ−(E1) > ϕ+(E2).

Proof. The subobject and quotient inequalities are [Bri07, Lemma 3.4], applied to an interval of width
at most one, and the remaining parts are standard results. □

Stability functions and hearts. A stability function on a heart H is a homomorphism Z : K0(H) → C
such that

Z(E) ∈ {reiπϕ : r > 0, 0 < ϕ ≤ 1} for every 0 ̸= E ∈ H.
It defines semistability by ϕZ(F ) ≤ ϕZ(E) for every nonzero subobject F ⊆ E, and stability by strict
inequality for proper nonzero subobjects.

A bounded heart equipped with a stability function having the Harder-Narasimhan property de-
termines a unique pre-stability condition, and conversely, by [Bri07, Proposition 5.3] and [BLM+21,
Lemma 12.6]. The support property may likewise be checked on semistable objects of the heart.

For quasi-abelian interval categories, we use skewed stability functions, whose nonzero charges lie in
a rotated semi-closed half-plane

{reiπϕ : r > 0, a < ϕ ≤ a+ 1}.
Semistability and HN filtrations are then defined similarly by [Bri07, Definition 4.4].

A central charge on a finite-rank lattice is called rational if its image lies in Q+ iQ, and discrete if
its image is a discrete subgroup of C. A rational charge on a finite-rank lattice has discrete image.
Mass and distances. Let σ = (Z,P) be a stability condition. For an object E with HN factors
F1, . . . , Fn, define its mass by

mσ(E) =

n∑
j=1

|Z(Fj)| and mσ(0) = 0.

Mass is invariant under shifts, additive under direct sums, and subadditive along distinguished triangles,
which means that

mσ(E) ≤ mσ(F ) +mσ(G)

for every triangle F → E → G→ F [1] by [HLR26, Theorem D].

Definition 2.5. For two slicings P,Q, define their generalized distance by

d(P,Q) = sup
0̸=E

max
{
|ϕ+P(E)− ϕ+Q(E)|, |ϕ−P(E)− ϕ−Q(E)|

}
.

By [Bri07, Lemma 6.1], for η ≥ 0, d(P,Q) ≤ η if and only if Q(ϕ) ⊆ P([ϕ − η, ϕ + η]) for all ϕ ∈ R.
And for stability conditions σ = (Z,P) and ρ = (W,Q), the generalized metric

d(σ, ρ) = max

{
d(P,Q), sup

0̸=E

∣∣∣∣log mσ(E)

mρ(E)

∣∣∣∣
}

∈ [0,+∞]

induces the Bridgeland topology [Bri07, Proposition 8.1].

The following standard result will be used in the base-change and moduli arguments.

Lemma 2.6. If σ1 = (Z1,P1) and σ2 = (Z2,P2) are two stability conditions with Z1 = Z2 and
d(P1,P2) < 1, then σ1 = σ2. Moreover, if σ, ρ lie in the same connected component, there exists C > 0
such that

C−1mσ(E) ≤ mρ(E) ≤ Cmσ(E) for every E ∈ T .
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Proof. The first assertion is [Bri07, Lemma 6.4]. For the second, since the component is path-connected,
we choose a path σt from σ0 = σ to σ1 = ρ. By continuity in the generalized metric, there is a partition
0 = t0 < · · · < tn = 1 such that

dStab(σti−1 , σti) < 1 (1 ≤ i ≤ n).

Hence, for every E ̸= 0, ∣∣∣∣log mρ(E)

mσ(E)

∣∣∣∣ ≤ n∑
i=1

∣∣∣∣∣log mσti
(E)

mσti−1
(E)

∣∣∣∣∣ < n.

The assertion follows with C = en. □

Rotation and transport. We introduce the group action on stability conditions defined in [Bri07,
Lemma 8.2]. For a ∈ R, rotation sends σ = (Z,P) to

σa = (e−iπaZ,Pa), Pa(ϕ) = P(ϕ+ a),

whose heart is P((a, a+1]). Rotation preserves mass, since it multiplies the central charge by a complex
number of length one. An exact autoequivalence Φ transports the central charge and slicing by

ZΦ := Z ◦ Φ−1
∗ , (ΦP)(ϕ) = Φ(P(ϕ)).

When Φ induces an automorphism of the chosen lattice Λ, this defines an action on Stab(Λ,v)(T ). In
particular, tensoring by a line bundle acts in this way on the full numerical stability space.
Scalar extension of stability conditions. Let X be a smooth projective variety over a field k, and
let A be an Azumaya algebra on X. Set

D = Perf(X,A) = Db(Coh(X,A)).

For a field extension K/k, let p : XK = X ×k K → X be the projection, and write

AK = p∗A, DK = Perf(XK ,AK).

Let Y → X be a Brauer–Severi scheme associated with A, with the appropriate Brauer-class
convention. By [BS21, Theorem 6.2 and Corollary 6.5], D is equivalent to a component of a strong
semiorthogonal decomposition of Db(Y ). Consequently, [BLM+21, Theorem 12.17] applies to numerical
stability conditions on D.

In particular, every numerical Bridgeland stability condition ρ = (V,S) on D admits a canonical
scalar extension

ρK = (VK ,SK)

to DK for every field extension K/k, satisfying the support property with respect to the base-changed
numerical lattice. These extensions are compatible with towers of fields. Moreover, for every E ∈ D
and ϕ ∈ R, one has

E ∈ S(ϕ) ⇐⇒ EK ∈ SK(ϕ), VK(EK) = V (E),

and the Harder–Narasimhan filtration of EK is obtained by base change from that of E. In particular,
mρK (EK) = mρ(E).

We will also use the description of the extended cuts

SK(≤ c) =
{
F ∈ DK : p∗F ∈ Ŝ(≤ c)

}
.

Here p∗ is the pushforward on quasi-coherent derived categories, taking values in Dqc(X,A) ≃ Ind(D),
and Ŝ(≤ c) is the coaisle of the corresponding Ind-extended t-structure, as recalled in Section 2.2.
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2.2. Ind-extensions of bounded t-structures. We briefly recall the ∞-categorical results needed
below. All derived categories are understood with their usual stable ∞-categorical enhancements
by using ∞-categorical localization, whose homotopy categories are the corresponding triangulated
categories. Recall that a stable ∞-category admits finite limits and colimits, with pullback and pushout
squares coinciding. And if an ∞-category is equivalent to a small ∞-category, we call it essentially
small.

For an essentially small stable ∞-category C, let P(C) = Fun(Cop,S) be its presheaf ∞-category,
where S denotes the ∞-category of spaces. Its Ind-completion Ind(C) is the smallest full sub-∞-category
of P(C) containing the representable presheaves and closed under filtered colimits. Equivalently, Ind(C)
is obtained by freely joining filtered colimits to C.

The canonical functor C ↪→ Ind(C) is fully faithful. Recall that a category is idempotent complete
if every idempotent endomorphism splits. When C is idempotent complete, it identifies C with the
compact objects of Ind(C), namely those objects P for which Map(P,−) preserves filtered colimits. For
example, if X is smooth projective, then

Db(CohX) ≃ Perf(X), Ind(Perf(X)) ≃ Dqc(X).

Suppose that C carries a bounded t-structure with aisle C≤0. By [AGH19, Proposition 2.13], the
subcategory Ind(C≤0) is the aisle of an induced t-structure on Ind(C). This t-structure may not be
bounded on Ind(C). The canonical inclusion C ↪→ Ind(C) is t-exact, and the truncation functors commute
with filtered colimits. In particular, if M ≃ colimiMi with Mi ∈ C, then H0(M) ≃ colimiH

0(Mi) since
H0 = τ≥0τ≤0 ≃ τ≤0τ≥0, where the latter colimit is taken in the heart of the induced t-structure.

The following lemma identifies the heart of the induced t-structure and shows that the noetherian
property ensures the subobjects and quotients of objects in the original heart remain in that heart.

Lemma 2.7. Let C be an essentially small stable ∞-category with a bounded t-structure, and let H = C♡

be its heart. Let Ĥ be the heart of the induced t-structure on Ĉ = Ind(C). Then Ĥ ≃ Ind(H), and if H
is noetherian, every subobject and quotient in Ind(H) of an object belonging to H also belongs to H.

Proof. Since the Ind-construction preserves fully faithful functors, the inclusion H ↪→ C induces a fully
faithful functor Ind(H) ↪→ Ind(C). By [AGH19, Proposition 2.13], the canonical inclusion C ↪→ Ind(C)
is t-exact, so H ⊆ Ĥ. Moreover, the induced heart is closed under filtered colimits. Thus we obtain a
fully faithful functor Ind(H) ↪→ Ĥ.

To prove essential surjectivity, let E ∈ Ĥ. Write E ≃ colimiEi as a filtered colimit with Ei ∈ C.
Since H0 commutes with filtered colimits, we have

E ≃ H0(E) ≃ H0
(
colim
i

Ei
)
≃ colim

i
H0(Ei).

By t-exactness of the canonical inclusion, H0(Ei) ∈ H for every i. Hence E ∈ Ind(H), proving
Ĥ ≃ Ind(H).

Now suppose that H is noetherian. Let E ∈ H and S ↪→ E be a subobject in Ĥ. Write S ≃ colimi Si,
where Si ∈ H. Set Ii = im(Si → E). Since H ↪→ Ĥ is exact and fully faithful, each Ii is a subobject
of E computed in H. These images form a directed family of subobjects of E. Since E is noetherian,
there exists an index i0 such that Ii ⊆ Ii0 for every i.

Filtered colimits are exact in Ind(H), so they commute with images. As S ↪→ E is a monomorphism,
we obtain

S ≃ im
(
colim
i

Si → E
)
≃ colim

i
Ii ≃ Ii0 .

Thus S ∈ H. Finally, every quotient object lies in H since H is an abelian category and H ↪→ Ĥ is an
exact embedding. □

2.3. Noetherian rational cuts.

Lemma 2.8. Suppose (Z,P) is a stability condition and Z(K0(C)) ⊆ r1Z + ir2Z with r1, r2 > 0.
Then P((0, 1]) is noetherian. If Z(K0(C)) ⊆ 1

q (Z+ iZ) for some integer q, the set of d ∈ R such that
P((d, d+ 1]) is noetherian is dense in R.
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Proof. Set H = P((0, 1]). Fix a nonzero object E ∈ H and consider an ascending chain E1 ⊆ E2 ⊆
· · · ⊆ E in H; we need to prove that it eventually stabilizes. Since ℑZ(A) ≥ 0 for every A ∈ H, the
sequence ℑZ(Ej) is nondecreasing, bounded above by ℑZ(E), and takes values in r2Z≥0. Hence it is
constant for all j ≥ j0.

Set Qj = Ej+1/Ej and Gj = E/Ej . For j ≥ j0, every nonzero Qj has Z(Qj) ∈ r1Z<0, so
ℜZ(Qj) ≤ −r1. The exact sequence 0 → Qj → Gj → Gj+1 → 0 gives ℜZ(Gj+1) − ℜZ(Gj) ≥ r1
whenever Qj ̸= 0. Thus, if the chain does not eventually stabilize, ℜZ(Gj) → +∞, while y := ℑZ(Gj)
remains constant for j ≥ j0.

Let p = ϕ−(E) ∈ (0, 1]. By (2.2), every nonzero Gj belongs to P([p, 1]). If p < 1, the phase bound
implies ℑ(e−iπpZ(Gj)) ≥ 0, and hence ℜZ(Gj) ≤ y cot(πp). If p = 1, every nonzero Gj has negative
real charge. In either case, ℜZ(Gj) is bounded above, contradicting the preceding divergence. Therefore
H is noetherian.

For the second assertion, choose d ∈ R such that

eiπd =
u+ iv√
u2 + v2

for some (u, v) ∈ Z2 \ {(0, 0)}. Such choices of d form a dense subset of R. Define Zd = e−iπdZ and
Pd(ϕ) = P(ϕ+ d). Then (Zd,Pd) is a stability condition with Pd((0, 1]) = P((d, d+ 1]).

If Z(K0(C)) ⊆ q−1(Z+ iZ), then multiplication by e−iπd gives

Zd(K0(C)) ⊆
1

q
√
u2 + v2

(Z+ iZ).

Thus the first assertion applies to (Zd,Pd), showing that P((d, d+ 1]) is noetherian. This completes
the proof. □

3. Phase control and generated slicings

3.1. Uniform phase control for vector bundles. Throughout this section, let k be an arbitrary
field and X a smooth projective k-variety. Fix a closed embedding i : X ↪→ Pnk for n ≥ 1, write
H = c1(OPn(1)) and OX(m) = i∗OPn(m). For each sufficiently large integer M , set aM =M2/2 and
let σM = σ̃aM ,0

X = (ZM ,PM ) be the induced geometric stability condition on Db(X) from [LLL+26,
Theorem 6.2], with

(3.1) ZM (F ) = −
∫
Pn
k

e−iaMH ch(i∗F ).

The following result based on [LLL+26] is used in the proof of Theorem 1.1.

Lemma 3.1. For every finite set T ⊂ Z and every η > 0, there exists M0 > 0 such that for all integers
M ≥M0, m ∈ T , and nonzero F ∈ Db(X), one has aM > a0 and

(3.2)
∣∣ϕ±aM ,0(F (m))− ϕ±aM ,0(F )

∣∣ < η.

Proof. Choose an elliptic curve E over k; in particular, it admits a k-rational point o ∈ E(k). Let
pj : E

n → E be the projections, and set

HE :=

n∑
j=1

p∗jc1(OE(o)),

which coincides with [LLL+26, (4.1)]. Write PEn

a,b for the continuous family of slicings constructed in
[LLL+26, Proposition 4.5].

For each positive integer M , let πM : En → En be the multiplication isogeny sending z to Mz,
which is finite and faithfully flat. [LLL+26, (4.5)] gives π♯MPEn

a,b = PEn

M2a,M2b. Applying the preceding
identity to (a, b) = (1, 2m

M2 ) and using [LLL+26, Lemma 3.5(3)], for every fixed m ∈ Z,

d(PE
n

M2,0,PE
n

M2,2m) ≤ d(PE
n

1,0 ,PE
n

1, 2m
M2

) −→ 0
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as M → ∞, where the convergence follows from continuity of the map constructed in [LLL+26,
Proposition 4.5] at (1, 0).

Let g : En → Pnk be the finite quotient map of [LLL+26, Theorem 5.6]. Since g∗H = 2HE numerically
and PPn

a,b = g♯PE
n

2a,2b, tensoring with g∗OPn(m) shifts the parameter b by 2m by [LLL+26, (4.6)]; hence
[LLL+26, Lemma 3.9(1)] gives

PPn

aM ,0 ⊗OPn(m) = g♯PE
n

M2,2m.

By [LLL+26, Theorem 6.2], for sufficiently large M , the induced slicing on X is PM = i♯PPn

aM ,0.
Using the distance estimate in [LLL+26, Lemmas 3.5(3) and 3.9(3)], we obtain

d(PM ,PM ⊗OX(m)) ≤ d(PPn

aM ,0,PPn

aM ,0 ⊗OPn(m))

≤ d(PE
n

M2,0,PE
n

M2,2m)

≤ d(PE
n

1,0 ,PE
n

1,2m/M2) −→ 0.

Finally, the tensor action satisfies ϕ±PM⊗OX(m)(F (m)) = ϕ±PM
(F ). Hence the left-hand side of (3.2)

is bounded by d(PM ,PM ⊗OX(m)), independent of F . Since T is finite, continuity at (1, 0) gives a
common choice of M0 for all m ∈ T . This proves the assertion. □

Using truncated resolutions and the cohomological bounds in the proof of [LLL+26, Theorem 7.8],
we extend the preceding phase estimate to any fixed vector bundle.

Proposition 3.2. For every vector bundle B on X and every ε > 0, there exists M0 =M(B, ε) such
that every M > M0 has the following property: every nonzero σXaM ,0-semistable object F ∈ PM (ϕ)
satisfies

(3.3) B ⊗ F ∈ PM ([ϕ− ε, ϕ+ ε]).

Proof. Fix a vector bundle B and pick m0 ≫ 0 such that B(m0) is globally generated. Then there is a
surjective morphism L0 := OX(−m0)

⊕r0 ↠ B. Repeating this procedure, we obtain an exact sequence
of length N

(3.4) 0 −→ KN −→ LN−1 −→ · · · −→ L0 −→ B −→ 0,

where each Lj is a finite direct sum of OX(−mj) for some mj ∈ Z>0, and similarly for B∨. Here we
choose N = n, where n is the dimension of the ambient projective space fixed above. The kernels in
these resolutions are locally free, since any surjection between vector bundles splits locally.

Since all terms in the resolution are locally free, we know B ⊗ F lies in the extension closure of
Lj ⊗ F [j] for 0 ≤ j ≤ N − 1 and KN ⊗ F [N ]. By Lemma 3.1, when M is large enough, every factor
F (−m) satisfies ϕ−PM

(F (−m)) > ϕ− ε, this means Lj ⊗ F [j] ∈ PM ([ϕ− ε,∞)) for all j.
By shifting F , we may assume 0 < ϕ ≤ 1. As established in the proof of [LLL+26, Theorem 7.8], we

have
PM ((0, 1]) ⊂ ⟨Coh(X), . . . ,Coh(X)[N − 1]⟩,

Coh(X) ⊂ PM ((1−N, 1]).

Thus KN ⊗ F [N ] is a finite extension of objects of the form

(KN ⊗H−j(F ))[N + j] ∈ PM ((1 + j,N + j + 1]).

That shows KN ⊗ F [N ] ∈ PM (> 1) and then B ⊗ F ∈ PM ([ϕ − ε,∞)). Increasing M0 if necessary,
the same argument applied to B∨ shows that for every semistable object G ∈ PM (ψ), we know
B∨ ⊗G ∈ PM ([ψ − ε,∞)).

If B ⊗ F = 0, the assertion is immediate. Otherwise, let G be its highest Harder–Narasimhan
factor, of phase ψ. If ψ > ϕ+ ε, the lower bound for B∨ gives B∨ ⊗G ∈ PM (> ϕ). Hence, by tensor
adjunction,

Hom(G,B ⊗ F ) ≃ Hom(B∨ ⊗G,F ) = 0,

contradicting the nonzero morphism from the highest HN factor G to B ⊗ F . This completes the
proof. □
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3.2. Coherent generated cuts for Azumaya modules. For this section X is connected and smooth
projective over an arbitrary field k, and A is an Azumaya algebra over X with degree r, hence rank r2
over OX . We use left A-modules and write

C = Db(CohX), D = Db(Coh(X,A)), Ĉ = Dqc(X), D̂ = Dqc(X,A).

Since X is smooth projective, we know

C = Perf(X) = Ĉc, Ĉ ≃ Ind(C).
We define two functors L : C → D and U : D → C as

L(F ) = A⊗OX
F, U(M) =M viewed over OX .

We know that L is left adjoint to U , both are exact functors and U preserves colimits. Moreover, U
conservative, meaning that if a morphism becomes an isomorphism under U , then it is an isomorphism.
An A-module is coherent as an OX -module if and only if it is a coherent A-module.

We first record a characteristic-independent identification of the small category. For an object E in
a triangulated category, thick(E) denotes the smallest thick subcategory containing E, i.e., the closure
under finite direct sums, shifts, cones, and direct summands.

Lemma 3.3. Let X be a smooth projective scheme over an arbitrary field k, and let A be an Azumaya
algebra on X. Then

D = Perf(X,A) = D̂ c.

If G is a compact generator of Ĉ, then LG is a compact generator of D̂, and D = thick(LG). Conse-
quently, D̂ ≃ Ind(D).

Proof. Since X is smooth, every bounded coherent A-complex is perfect, see [Kuz06, Lemma 10.19].
Although the cited argument is given in a characteristic-zero setting, it applies over any field since A
is a matrix algebra étale-locally, and Morita equivalence reduces the assertion to the regularity of X.
Thus D = Perf(X,A).

Let P be a perfect A-complex. The internal derived Hom functor RHomA(P,−) commutes with
filtered colimits. Indeed, this can be checked étale-locally, where P is represented by a bounded complex
of finitely generated projective A-modules. Moreover, since X is smooth, derived global sections
commute with filtered colimits. Consequently,

RHomA
(
P, colimiMi

)
≃ RΓ

(
X,RHomA

(
P, colimiMi

))
≃ RΓ

(
X, colimiRHomA

(
P,Mi

))
≃ colimiRHomA

(
P,Mi

)
.

Thus P is compact, proving D ⊆ D̂ c.
By [The, Theorem 36.15.3], Ĉ = Dqc(X) admits a perfect compact generator G. Since L ⊣ U and

U preserves filtered colimits, LG is compact. Moreover, if M ∈ D̂ satisfies HomD̂(LG[n],M) = 0 for
every n ∈ Z, then adjunction gives HomĈ(G[n], UM) = 0 for every n. Since G generates Ĉ, we have
UM = 0; conservativity of U then implies M = 0. Thus LG is a compact generator of D̂.

By [The, Proposition 13.37.6], we obtain D̂ c = thick(LG). Since LG ∈ D and D is a thick subcategory
of D̂, this gives

D ⊆ D̂ c = thick(LG) ⊆ D.
Therefore D = Perf(X,A) = D̂ c = thick(LG). Finally, the compact-generation theorem identifies D̂
with Ind(D̂ c) = Ind(D). □

Fix 0 < ε < 1. Applying Proposition 3.2 to the underlying vector bundle of A, choose M sufficiently
large and set σ = (Z,P) := σM . Then

(3.5) UL(P(ϕ)) ⊂ P([ϕ− ε, ϕ+ ε]).

for every ϕ ∈ R.
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By [LLL+26, Theorem 6.2], the stability condition satisfies the support property with respect to the
finite-rank numerical quotient lattice Λi = Im(K0(X) → Knum(Pnk )). Moreover, since aM = M2

2 , its
central charge satisfies Z(K0(C)) ⊆ 1

2nn! (Z+ iZ). In particular, Z has discrete image. We keep this
stability condition fixed for all cutoffs c ∈ R.

To construct a stability condition on D, a natural candidate for the central charge is W = Z ◦ U ,
where U is the forgetful functor. The main difficulty is to construct a suitable slicing compatible with
W . Indeed, the naive choice U−1P(ϕ) fails since it need not satisfy the Harder–Narasimhan property.

An easy counter example is X = P1
k, V = OX ⊕OX(1) and A = EndOX

(V ). Let σt = (Zt,Pt) be
the standard slope stability condition on X, with Zt(F ) = − deg(F ) + it rk(F ) for all t > 0. Then
UL(O) = O(−1)⊕O⊕2 ⊕O(1) /∈ Pt( 12 ).

Moreover, the subcategories U−1Pt(ϕ) do not form a slicing. Indeed, every object E ∈ U−1Pt(ϕ)
is of the form V ⊗ F and then UE = F ⊕ F (1) ∈ Pt(ϕ) for some F ∈ C by Morita equivalence.
Since Zt(F (1)) = Zt(F )− rk(F ) and F, F (1) has the same phase since they both lie in Pt(ϕ). So we
know rk(F ) = 0. Consider E0 = V , if {U−1Pt(ϕ)}ϕ∈R form a slicing, the same argument implies all
HN-factors of E0 are of rank zero, gives a contradiction.

This counter example suggests a loose version of phase control: instead of forcing UE to be semistable
of phase ϕ, we seek a slicing Q such that all HN phases of UE lies in a small interval containing ϕ.
And then modify the obtained slicing Q appropriately to get the stability condition (W,R). Moreover,
the counter example above told us that we cannot lift the HN-filtration of UE ∈ C directly back to
D, instead we want to lift the t-structures determined by P. Here the technique is to consider the
Ind-extension of P to Ĉ, pullback by U to D̂ and then restrict back to D. We then use the controlled
phase errors to construct the locally finite slicing Q.

For any c ∈ R, the slicing P defines a t-structure on C with aisle P(> c) and coaisle P(≤ c); we
denote its Ind-extension to Ĉ by P̂(> c) = Ind(P(> c)) and P̂(≤ c) = P̂(> c)⊥. Let Âc be the aisle in
D̂ generated under extensions and colimits by

Sc = {L(F ) : F ∈ P(> c)} ⊆ D̂,

and let B̂c = Â⊥
c . By [Lur, Proposition 1.4.4.11] applied to T = D̂ and Sc, one obtains a t-structure

(Âc, B̂c) satisfying
Âc[1] ⊂ Âc, Hom(Âc, B̂c) = 0,

and for any M ∈ D̂, there exists a truncation triangle M+ →M →M−, where M+ ∈ Âc,M− ∈ B̂c.
The following lemma shows the relation between Ind-extension of t-structure induced by slicing P

and (Âc, B̂c).

Lemma 3.4. For every c ∈ R, the generated t-structure satisfies

(3.6) B̂c = U−1P̂(≤ c), U(Âc) ⊆ P̂(> c− ε).

Moreover, these t-structures are nested: Âb ⊆ Âa and B̂a ⊆ B̂b whenever a < b, and satisfy Âc+1 = Âc[1]

and B̂c+1 = B̂c[1].

Proof. By the universal property of the t-structure generated by L(P(> c)), an object M ∈ D̂ belongs
to B̂c if and only if

HomD̂(LF,M) = 0 for every F ∈ P(> c).

By adjunction, this is equivalent to HomĈ(F,UM) = 0 for every F ∈ P(> c). Since P̂(> c) is
the Ind-extension of P(> c), the latter condition is equivalent to UM ∈ P̂(≤ c). Consequently,
B̂c = U−1P̂(≤ c).

Every generator of Âc can be written as L(F ) for some F ∈ P(> c). Let Fi be its HN-factors
with phase ϕi. By (3.3), we know UL(Fi) ∈ P([ϕi − ε, ϕi + ε]) ⊆ P(> c− ε). Since UL is exact and
P(> c− ε) is closed under extension, we know UL(F ) ∈ P(> c− ε) and denote

Tc =
{
M ∈ D̂ : UM ∈ P̂(> c− ε)

}
.
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It is easy to check Tc is closed under extensions and colimits, so Âc ⊆ Tc by definition of Âc.
Finally, P(> b) ⊆ P(> a) for a < b gives Âb ⊆ Âa, and taking right orthogonals yields B̂a ⊆ B̂b. Since

P(> c+ 1) = P(> c)[1] and L is exact, we have Âc+1 = Âc[1]. Taking right orthogonal complements
gives B̂c+1 = B̂c[1]. □

The preceding lemma controls the generated t-structures through the forgetful functor. We now
show that their truncations preserve bounded coherent objects, using the noetherian ambient hearts
from Section 2.2–2.3.

Proposition 3.5. For every c ∈ R, the generated t-structure (Âc, B̂c) restricts to a bounded t-structure
(Ac,Bc) on D, where Ac = Âc ∩ D and Bc = B̂c ∩ D.

Proof. Let M ∈ D, and take its truncation triangle

M+ −→M −→M− −→M+[1]

in D̂, where M+ ∈ Âc and M− ∈ B̂c. Applying forgetful functor U , we obtain a triangle

UM+ −→ UM −→ UM− −→ UM+[1]

and by Lemma 3.4, we know UM+ ∈ P̂(> c− ε) and UM− ∈ P̂(≤ c). Choose d ∈ R from the dense
subset of R in Lemma 2.8 such that c− 1 < d < c− ε. The heart Hd = P((d, d+ 1]) is noetherian, and
the induced t-structure on Ĉ has heart Ĥd ≃ Ind(Hd). Consider the bounded t-structure (C≤0

d , C≥0
d )

induced by Hd, more precisely, C≤0
d = P(> d), C≥0

d = P(≤ d + 1). And denote Ĉ≤0
d = P̂(> d) and

Ĉ≥0
d = P̂(≤ d+ 1).

By definition above, we know

UM+ ∈ Ĉ≤0
d , UM− ∈ Ĉ≥0

d .

Let Hj
d : Ĉ → Ĥd be the cohomology functor with respect to the heart Hd. Since H−1

d (UM−) =
H1
d(UM+) = 0, it induces a short exact sequence

(3.7) 0 −→ H0
d(UM+) −→ H0

d(UM) −→ H0
d(UM−) −→ 0.

The middle term lies in Hd since M ∈ D implies UM ∈ C, so Lemma 2.7 implies that H0
d(UM+) and

H0
d(UM−) lies in Hd as well, in particular, they are compact.
Since UM+ ∈ Ĉ≤0

d and UM− ∈ Ĉ≥0
d , by the universal properties of truncation, we know

τ≤−1
d (UM+) ≃ τ≤−1

d (UM), τ≥1
d (UM−) ≃ τ≥1

d (UM).

Consequently there are two canonical triangles

τ≤−1
d (UM) −→ UM+ −→ H0

d(UM+),

H0
d(UM−) −→ UM− −→ τ≥1

d (UM).

Since the inclusion j : C ↪→ Ĉ is t-exact for the induced t-structure, we know

j(τ≤−1
d,C (UM)) ≃ τ≤−1

d,Ĉ
(j(UM)), j(τ≥1

d,C(UM)) ≃ τ≥1

d,Ĉ
(j(UM)).

We know H0
d(UM+), H

0
d(UM−) ∈ Hd ⊆ C, and τ≤−1

d (UM), τ≥1
d (UM) ∈ C, so UM+, UM− ∈ C,

which means that UM+ and UM− are bounded coherent, then M+,M− ∈ D are also bounded coherent.
Here smoothness of X ensures that these bounded coherent A-complexes are perfect, hence compact,
as in Lemma 3.3.

Finally, we need to prove for any M ∈ D, M ∈ Bc for c large enough and M ∈ Ac for c small enough.
Since UM ∈ C, it has a finite HN-filtration, so there exists c+ ∈ R such that UM ∈ P(≤ c) for c ≥ c+,
then M ∈ B̂c ∩ D = Bc for all sufficiently large c. To prove the other bound, set

T =
⋃
c∈R

Ac ⊂ D.



14 ZHIRUI LI

This is a thick triangulated subcategory of D, which follows from the nesting and shift compatibility of
the aisles Ac for all c, together with their closure under extensions and retracts. Picking a compact
generator G of Ĉ, we know D = thick(LG) by Lemma 3.3. Since G ∈ C, it has finite HN-filtration, so
pick c < ϕ−P(G), then G ∈ P(> c), so LG ∈ Âc∩D = Ac ⊂ T . Because T is thick, D = thick(LG) ⊆ T ,
so T = D. As a result, M ∈ Ac for all sufficiently small c.

For any c ∈ R and M ∈ Ac− , M ∈ Bc+ for some c−, c+. Pick n large enough such that c− n < c−
and c+ n > c+, so M ∈ Ac[−n] ∩ Bc[n]. So (Ac,Bc) is bounded, that completes the proof. □

3.3. Finite transitions and a slicing. We now show that the bounded t-structures constructed in
Section 3.2 arise from a locally finite slicing on D. Recall that the fixed stability condition σ = (Z,P)
satisfies the support property with respect to a finite-rank lattice by [LLL+26, Theorem 6.2]. By
Lemma 3.4 and Proposition 3.5, the bounded t-structures (Ac,Bc) satisfy

(3.8) U(Aa ∩ Bb) ⊆ P((a− ε, b]) (a < b).

Proposition 3.6. For each ϕ ∈ R, define

(3.9) Q(ϕ) =

⋂
a<ϕ

Aa

 ∩

⋂
b>ϕ

Bb

 .

Then Q is a locally finite slicing on D satisfying

(3.10) U(Q(ϕ)) ⊆ P([ϕ− ε, ϕ]) (ϕ ∈ R).

Moreover, Q(I) has finite length for every interval I of width less than 1− ε. The t-structures induced
by Q coincide with the t-structures constructed in Section 3.2; namely, Q(> c) = Ac and Q(≤ c) = Bc
for every c ∈ R.

Proof. Step 1: Choose a lattice norm and a constant Cσ as in (2.1), and set λ := infγ∈Λ\{0} ∥γ∥ > 0.
Since the central charge factors through Λ, every nonzero σ-semistable object G satisfies |Z(G)| ≥ λ

Cσ
.

For a closed interval J = [u, v] of width w < 1, put θ = (u+ v)/2 and define the additive function
ρJ(F ) = ℜ(e−iπθZ(F )) on K0(C). If 0 ̸= F ∈ P(J), its HN factors have phases in J , and hence

(3.11) ρJ(F ) ≥ cos
(πw

2

)
mσ(F ) ≥

λ

Cσ
cos

(πw
2

)
=: µJ > 0.

In particular, ρJ is additive on distinguished triangles and has a uniform positive lower bound on the
nonzero objects of P(J).
Step 2: Fix E ∈ D. For each c ∈ R, let Hc = Hc(E) and Kc = Kc(E) be the terms of its canonical
truncation triangle Hc → E → Kc, with Hc ∈ Ac and Kc ∈ Bc. For a < b, by the universal property of
the truncation functor, there is a canonical map Hb → Ha; denote its cone by Ea,b.

We claim that Ea,b ∈ Aa ∩ Bb. Indeed, Ha, Hb[1] ∈ Aa, so extension closure gives Ea,b ∈ Aa. On
the other hand, the octahedral axiom gives a triangle Ka[−1] → Ea,b → Kb. Since Ka[−1],Kb ∈ Bb, it
follows that Ea,b ∈ Bb.

Now fix a < b with b− a+ ε < 1, and put J = [a− ε, b]. For any subdivision a = c0 < · · · < cn = b,
the octahedral axiom gives

[Ea,b] =

n∑
j=1

[Ecj−1,cj ] in K0(D).

By (3.8), every U(Ecj−1,cj ) belongs to P(J). Moreover, conservativity of U and (3.11) give
ρJ(U(Ecj−1,cj )) ≥ µJ whenever Ecj−1,cj ̸= 0. Thus

(3.12) #{j : Ecj−1,cj ̸= 0} ≤ ρJ(U(Ea,b))

µJ
<∞.

In particular, the number of nontrivial cutoff changes in any subdivision of [a, b] is uniformly bounded.
Call two cutoffs s < t equivalent if the canonical map ft,s : Ht → Hs is an isomorphism. Their

equivalence classes are convex intervals. Indeed, if s < u < t and ft,s : Ht → Hs is an isomorphism,
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then the truncation triangle Hs → E → Ks at s is also a truncation triangle for (Au,Bu). Uniqueness
of truncations therefore identifies all three cutoffs.

If {Hc}c∈[a,b] has infinitely many classes, we can put arbitrarily many points a ≤ t0 < · · · < tm ≤ b

such that Etj−1,tj ̸= 0 for each j, contradicting with (3.12), hence there are only finitely many classes
of Hc whenever b− a+ ε < 1.

Since (A0,B0) is bounded by Section 3.2, there exists an integer n large enough such that E ∈ A−n,
so Hc ≃ E for c≪ 0, and similarly E ∈ Bm for m large enough, so Hc ≃ 0 when c≫ 0.
Step 3: By the above arguments, we know for any fixed object E, Hc(E) varies finitely many times,
and we denote by ϕ1 < ϕ2 < . . . < ϕr to be the points where Hc(E) changes. Fix a point ϕ = ϕi,
choose δ > 0 such that ϕi ∈ (ϕi−1 + δ, ϕi+1 − δ). When s ∈ (ϕ− δ, ϕ), denote Hs(E) =: Hϕ− and for
s ∈ (ϕ, ϕ+ δ), denote Hs(E) =: Hϕ+ and Cϕ := Cone(Hϕ+ → Hϕ−). For any ϕ−δ < s < ϕ < t < ϕ+δ,
Cϕ ≃ Es,t. Consequently, Cϕ ∈ As ∩ Bt for such s, t, means Cϕ ∈ Q(ϕ) when s ↑ ϕ and t ↓ ϕ.

Choosing cutoffs
s0 < ϕ1 < s1 < ϕ2 < · · · < ϕr < sr

in the intervening constant regions, we know there exist canonical maps 0 = Hsr → Hsr−1
→ · · · →

Hs0 = E, the successive cones Cj = Cone(Hsj → Hsj−1
) lies in Q(ϕj), it forms a finite Q-HN filtration

of E ∈ D. Thus every nonzero object of D admits a finite Q-HN filtration.
Moreover, since Aa,Bb is additive, extension-closed subcategories for any a, b, so Q(ϕ) are additive

and extension-closed subcategories. What’s more, by Lemma 3.4, Ac[1] = Ac+1 and Bc[1] = Bc+1,
so Q(ϕ + 1) = Q(ϕ)[1]. For ϕ > ψ, choosing ψ < c < ϕ gives Q(ϕ) ⊆ Ac and Q(ψ) ⊆ Bc, hence
Hom(Q(ϕ),Q(ψ)) = 0. These properties prove that Q is a slicing.

For 0 ̸= F ∈ Q(ϕ) and arbitrary a < ϕ < b, we have UF ∈ P((a− ε, b]) by (3.8). Taking a ↑ ϕ and
b ↓ ϕ in the inequalities gives UF ∈ P([ϕ− ε, ϕ]). This proves (3.10).
Step 4: Let I be an interval of width less than 1− ε, and put J = [inf I − ε, sup I]. Then J has width
less than one, and (3.10) together with the exactness of U gives U(Q(I)) ⊆ P(J).

By [Bri07, Lemma 4.3], the category Q(I) is quasi-abelian. Every nonzero object F ∈ Q(I) satisfies
ρJ(UF ) ≥ µJ , since U is conservative and (3.11). Thus any finite strict filtration of E ∈ Q(I) has at
most ρJ (UE)

µJ
nonzero factors. This bounds all strict subobject and quotient chains, proving that Q(I)

has finite length. In particular, Q is locally finite.
Finally, Lemma 3.4 gives Bc = U−1P(≤ c). We first observe that P̂(≤ c) =

⋂
b>c P̂(≤ b). Using

B̂c = U−1P̂(≤ c) and restricting to D, we obtain

Bc =
⋂
b>c

Bb.

By definition of Q and this right-continuity, Q(> c) ⊆ Ac and Q(≤ c) ⊆ Bc. Hence the Q-HN cutoff
triangle at c is also a truncation triangle for (Ac,Bc). Uniqueness of truncations gives Q(> c) = Ac

and Q(≤ c) = Bc, as required. □

Remark 3.7. The proof of Proposition 3.6 uses only the following hypotheses:
• An exact conservative functor U : D → C.
• A stability condition (Z,P) on C satisfying the support property on a finite-rank lattice.
• A family of bounded t-structures (Ac,Bc)c∈R such that for a < b, Ab ⊆ Aa, Ba ⊆ Bb, Ac+1 =
Ac[1], and U(Aa ∩ Bb) ⊆ P((a− ε, b]) for some 0 ≤ ε < 1.

Under these hypotheses, Proposition 3.6 defines a locally finite slicing Q satisfying (3.10), and Q(I)
has finite length whenever I has width less than 1− ε. If, in addition, Bc =

⋂
b>c Bb, its induced cutoffs

coincide with the original t-structures.
In particular, the construction of Q does not intrinsically depend on the smoothness of X. This

raises the question of whether the same method applies to singular projective schemes. The main
difficulty is to construct the required bounded t-structures on the appropriate category, rather than
recover a slicing from such t-structure.
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Indeed, the proof of Proposition 3.5 uses smoothness to identify

Db(Coh(X,A)) = Perf(X,A) = Dqc(X,A)c.

For singular X, bounded coherent complexes need not be perfect, and the generated t-structures on
Dqc(X,A) need not restrict to Perf(X,A). Nevertheless, once the suitable bounded cuts is formulated,
the argument of Proposition 3.6 still applies.

Corollary 3.8. Let W = Z ◦ U : K0(D) → C. Then W (K0(D)) is discrete. Moreover, for every
nonzero E ∈ Q(ϕ), one has W (E) ̸= 0 and ϕW (E) ∈ [ϕ− ε, ϕ].

Proof. By Proposition 3.6, UE is nonzero and belongs to P([ϕ− ε, ϕ]). Since ε < 1, the central charges
of nonzero HN factors of UE lie in a sector of angle less than π. Their sum W (E) = Z(UE) is therefore
nonzero and has phase ϕW (E) ∈ [ϕ− ε, ϕ].

Finally, the chosen ambient stability condition σ = (Z,P) has discrete central charge image, since its
parameter is rational. Thus W (K0(D)) ⊆ Z(K0(C)) is discrete. □

4. Calibration and numerical support

4.1. Phase calibration for a discrete charge. In Section 3.3, we obtain a slicing Q on D =
Db(Coh(X,A)), a group homomorphism W : K0(D) → C with discrete image and a real number δ > 0
small enough such that every 0 ̸= E ∈ Q(ϕ) satisfies W (E) ̸= 0 and

(4.1) ϕ− δ <
1

π
argW (E) < ϕ+ δ.

Here the argument is understood as a real lift chosen in the appropriate interval. We now adjust Q to
make it compatible with the induced central charge W = Z ◦ U . The construction is an adaptation of
[Bri07, Section 7]. Although [Bri07, Theorem 7.1] cannot apply directly, (4.1) and Proposition 3.6 give
the necessary inputs for the argument in this section.

Theorem 4.1. Let 0 < δ < 1
16 , and Q,W be as above. Then there exists a locally finite pre-stability

condition (W,R) on D satisfying

R(ψ) ⊂ Q((ψ − δ, ψ + δ)) for all ψ ∈ R, d(Q,R) ≤ δ.

Proof. We adapt the proof technique of [Bri07, Section 7].
Step 1: Call E = Q((a, b)) thin if 0 < b − a < 1 − 2δ. By [Bri07, Lemma 4.3], E is a quasi-abelian
category whose exact sequences are given by distinguished triangles.

Let 0 ̸= F ∈ E , let Fj ∈ Q(ϕj) be its Q-HN factors, where a < ϕj < b. By (4.1), we know
1
π argW (Fj) ∈ (a− δ, b+ δ) with width w = b− a+2δ < 1. Hence W (F ) ̸= 0 and there exists a unique
ψ(F ) ∈ (a− δ, b+ δ) such that

W (F ) = |W (F )|eiπψ(F ).

This defines a skewed stability function on E , as in [Bri07, Definition 7.2].
We claim that every thin interval has finite length. Set

θ =
a+ b

2
, κ = cos

(
π(b− a+ 2δ)

2

)
> 0,

and define ρ(F ) = ℜ(e−iπθW (F )). Since W (K0(D)) is discrete by Corollary 3.8, there exists mW > 0
such that |z| ≥ mW for every nonzero z ∈W (K0(D)). Hence

ρ(F ) ≥ κ|W (F )| ≥ κmW > 0.

Since ρ is additive in strict exact sequences, every strict filtration of a fixed object F has at most ρ(F )
κmW

nonzero factors. Thus E has finite length.
Step 2: A nonzero object F ∈ E is called W -semistable if ψ(A) ≤ ψ(F ) for every nonzero strict subobject
A ↪→ F in E . Following [Bri07, Definition 7.4], we say F is enveloped by E if

a+ δ ≤ ψ(F ) ≤ b− δ.
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The proof of [Bri07, Lemma 7.3] applies in our setting, if F is W -semistable in a thin interval, then

(4.2) F ∈ Q((ψ(F )− δ, ψ(F ) + δ)).

Likewise, the argument of [Bri07, Lemma 7.5] shows that W -semistability of an enveloped object is
independent of the chosen enveloping interval. In fact, the proofs of these two lemmas use only the
slicing axioms and (4.1).

For each ψ ∈ R, let R(ψ) consist of zero and the objects that are W -semistable of phase ψ in some
thin enveloping interval . By (4.2),

(4.3) R(ψ) ⊆ Q((ψ − δ, ψ + δ)).

The proof of [Bri07, Lemma 7.6], using kernels and images in a common Q-heart, then gives

(4.4) HomD(R(ψ1),R(ψ2)) = 0

for any ψ1 > ψ2. The definition of R(ψ) also implies R(ψ + 1) = R(ψ)[1].
Finally, the proof of [Bri07, Lemma 7.7] applies, since its argument uses the phase estimate (4.1),

the Hom-vanishing (4.4), and the finite-length property of thin intervals established in Step 1. So
every object of Q((a+ 2δ, b− 4δ)) has a finite HN filtration in E , whose factors are W -semistable and
enveloped by E , hence belong to the subcategories R(ψ) for some ψ. We refer to this as the buffered
HN construction.
Step 3: For t ∈ R, define

Ut = ⟨R(ψ) : ψ > t⟩ext, Vt = ⟨R(ψ) : ψ ≤ t⟩ext,

By (4.4), Hom(Ut,Vt) = 0. Shift compatibility of R gives Ut[1] ⊆ Ut.
For 0 ̸= F ∈ Q(s), apply the buffered HN construction in the thin interval Q((s− 3δ, s+ 5δ)). Let

G1, . . . , Gℓ be the resulting HN factors, with Gj ∈ R(ψj) and ψ1 > · · · > ψℓ. The first and last factors
give nonzero morphisms

Hom(G1, F ) ̸= 0, Hom(F,Gℓ) ̸= 0.

By (4.3), Gj ∈ Q((ψj − δ, ψj + δ)). Since F ∈ Q(s), we know ψ1 − δ < s and ψℓ + δ > s, so we obtain
s− δ < ψj < s+ δ for all 1 ≤ j ≤ ℓ.

Consequently, taking finite extension yields

(4.5) Q([t+ δ,∞)) ⊆ Ut, Q((−∞, t− δ]) ⊆ Vt.

We now construct cut triangles, following the proof of [Bri07, Theorem 7.1]. Consider the Q-HN
filtration, we know any M ∈ D belongs to some H ∗ C ∗ L, where

H ∈ Q([t+ δ,∞)),

C ∈ Q((t− δ, t+ δ)),

L ∈ Q((−∞, t− δ]).

By (4.5), we know H ∈ Ut and L ∈ Vt. For C ∈ Q((t− δ, t+ δ)), apply the buffered HN construction in
Q((t− 3δ, t+ 5δ)), we obtain a finite HN-filtration of C, and partition these factors by phases > t or
≤ t, we know C ∈ Ut ∗ Vt, so M ∈ Ut ∗ Vt, means M admits a triangle M+

t →M →M−
t with M+

t ∈ Ut
and M−

t ∈ Vt.
To prove (Ut,Vt) is a t-structure, it remains to show U⊥

t ⊆ Vt, for M ∈ U⊥
t , the first map is zero, so

M−
t ≃M ⊕M+

t [1]. Since M+
t [1] ∈ Ut and M−

t ∈ Vt, orthogonality gives M+
t = 0. So M ≃M−

t ∈ Vt.
Step 4: By (4.3),

Ut ⊆ Q((t− δ,∞)), Vt ⊆ Q((−∞, t+ δ)).

First fix s < t with t− s ≤ δ and take 0 ̸= F ∈ Us ∩ Vt. Then

F ∈ Q((s− δ, t+ δ)).

Since t− s ≤ δ, applying the buffered HN construction in Q((s− 3δ, t+5δ)), we obtain a finite filtration
of F with factors Gj ∈ R(ψj), where ψ1 > · · · > ψℓ. The first and last HN factors give nonzero
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maps G1 → F and F → Gℓ. Since F ∈ Vt ∩ Us, the Hom-vanishing (4.4) implies ψ1 ≤ t and ψℓ > s.
Consequently,

s < ψj ≤ t (1 ≤ j ≤ ℓ).

Now let 0 ̸=M ∈ D. Choose real numbers t0 < tn satisfying

t0 < ϕ−Q(M)− δ, tn > ϕ+Q(M) + δ.

By (4.5), M ∈ Ut0 ∩ Vtn . Choose a finite subdivision t0 < t1 < · · · < tn with tj+1 − tj ≤ δ.
Let Tj →M be the Utj -truncation of M , grouping these truncations together gives canonical maps

0 = Tn −→ Tn−1 −→ · · · −→ T0 =M.

Set Cj = Cone(Tj+1 → Tj), we have
Cj ∈ Utj ∩ Vtj+1

.

Each nonzero Cj therefore has a finite HN filtration with factors in R(ψ) of phases in (tj , tj+1]. Refining
the successive truncation triangles by these filtrations gives a finite HN filtration of M with strictly
decreasing phases.

It remains to prove that R(ψ) is extension-closed. Consider a triangle F1 → N → F2 with
F1, F2 ∈ R(ψ). By (4.3), N ∈ Q((ψ − δ, ψ + δ)). The buffered HN construction in Q((ψ − 3δ, ψ + 5δ))
gives factors Gj ∈ R(ψj) with ψ1 > · · · > ψℓ.

If ψ1 > ψ, then (4.4) gives Hom(G1, F1) = Hom(G1, F2) = 0, hence Hom(G1, N) = 0, contradicting
the nonzero map G1 → N . Dually, if ψℓ < ψ, then Hom(F1, Gℓ) = Hom(F2, Gℓ) = 0, contradicting the
nonzero quotient map N → Gℓ. Thus there is only one factor of phase ψ. Hence N ∈ R(ψ).

In conclusion, we know R is a slicing. By its definition, every nonzero F ∈ R(ψ) satisfies W (F ) =
|W (F )|eiπψ. Therefore R is a slicing compatible with W .
Step 5: By (4.3),

R((t− δ, t+ δ)) ⊆ Q((t− 2δ, t+ 2δ)).

The category on the right is a thin quasi-abelian category of finite length. Strict exact sequences on the
left are also strict exact on the right, so R is locally finite and (W,R) is a pre-stability condition.

Finally, (4.3) and [Bri07, Lemma 6.1] give d(Q,R) ≤ δ. □

Suppose that the subcategories U−1P(ϕ) form a slicing compatible with W . Since U is exact
and conservative, the induced slicing has coaisles U−1P(≤ c), which coincide with those of Q by
Proposition 3.6. Hence the two slicings coincide, and in particular Q is compatible with W . Since
Theorem 4.1 gives d(Q,R) ≤ δ < 1 and both slicing are compatible with W , [Bri07, Lemma 6.4] implies
that R = Q. Thus our construction agrees with exact induction whenever the latter applies.

4.2. The stability condition and full numerical support.

4.2.1. Construction and a mass estimate. We now establish the support property of the pre-stability
condition constructed in Section 4.1 with respect to the full numerical Grothendieck group.

Fix ε = 1
100 and δ = 3

2ε. By Corollary 3.8, the hypotheses of Theorem 4.1 are satisfied, so we obtain
a locally finite pre-stability condition τ = (W,R) on D, where W = Z ◦ U , such that

R(ψ) ⊆ Q((ψ − δ, ψ + δ)) (ψ ∈ R),
and d(Q,R) ≤ δ.

The following lemma controls the mass of every τ -semistable object. It will be used to transfer the
full numerical support property from σ to τ .

Lemma 4.2. Let τ = (W,R) be the pre-stability condition constructed in Section 4.1. Then for every
nonzero τ -semistable object E ∈ R(ψ), one has

(4.6) UE ∈ P((ψ − 5ε

2
, ψ +

3ε

2
)) ⊆ P((ψ − 3ε, ψ + 2ε)).

Consequently, the mass of UE satisfies

(4.7) mσ(UE) ≤ sec(3πε)|W (E)|.
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Proof. Let 0 ̸= E ∈ R(ψ). By Proposition 3.6 and Theorem 4.1, one has

E ∈ Q((ψ − δ, ψ + δ)), U(Q(ϕ)) ⊆ P([ϕ− ε, ϕ]),

Since U is exact, applying to Q-HN filtration of E gives UE ∈ P((ψ−δ−ε, ψ+δ)) ⊆ P((ψ− 5
2ε, ψ+

3
2ε)),

this proves (4.6). Let F1, . . . , Ft be the σ-HN factors of UE satisfying Fj ∈ P(ϕj). By (4.6), we know
|ϕj − ψ| < 3ε. Since W (E) = |W (E)|eiπψ, we obtain

|W (E)| = Re
(
e−iπψZ(UE)

)
=

∑
j

|Z(Fj)| cos
(
π(ϕj − ψ)

)
≥ cos(3πε)

∑
j

|Z(Fj)|

= cos(3πε)mσ(UE).

As 3ε < 1
2 , cos(3πε) > 0, and (4.7) follows. □

4.2.2. Comparison of numerical Grothendieck groups. To deduce the full numerical support property
from Lemma 4.2, we need to compare the numerical Grothendieck groups of C = Db(Coh(X)) and
D = Db(Coh(X,A)). We will show that the forgetful functor U induces an injection on numerical
Grothendieck groups, and it becomes an isomorphism after tensoring with Q or R. This allows us to
pull the full-support estimate from σ on Knum(C) back to τ on Knum(D).

Recall from Section 3.2 that A is an Azumaya algebra of degree r, so rkOX
A = r2. The free–forgetful

adjunction is
L : C ⇄ D : U, L(F ) = A⊗OX

F, L ⊣ U
Both functors are exact and induce homomorphisms between Grothendieck groups of C and D, denoted
by L∗ : K0(C) → K0(D) and U∗ : K0(D) → K0(C). Since X is smooth, we identify K0(C) with the
Grothendieck ring K0(X).

Proposition 4.3. The induced homomorphisms L∗ and U∗ satisfy

(4.8) L∗U∗ = [A] · idK0(D), U∗L∗ = [A] · idK0(C)

where the first equality uses the natural K0(C)-module structure on K0(D). The class [A] is invertible
in K0(C)Q. Consequently, U∗ induces an isomorphism UQ : K0(D)Q

∼−→ K0(C)Q. Moreover, U∗ descends
to an injective homomorphism

Unum : Knum(D) ↪→ Knum(C),
which becomes an isomorphism after tensoring with Q (and hence with R).

Proof. We first prove (4.8). For any F ∈ C, the equality U∗L∗(F ) = [A] ⊗ F is immediate. For the
other equality, let M ∈ D. The underlying OX -complex A⊗OX

UM carries two natural left A-module
structures, the first one is b ·1 (a⊗m) = ba⊗m and the second is b ·2 (a⊗m) = a⊗ bm. The first is the
free module structure on LU(M), while the second represents [A] · [M ] under the natural K0(C)-module
structure on K0(D).

Now we show that these two structures are naturally isomorphic. Let trd : A −→ OX be the reduced
trace. It induces a nondegenerate pairing

A⊗OX
A −→ OX , a⊗ b 7−→ trd(ab).

Indeed, on an étale splitting cover V → X, the pairing becomes the ordinary matrix-trace pairing.
Let

Ω =
∑
s

us ⊗ vs ∈ Γ(X,A⊗OX
A)

be the canonical inverse tensor of the reduced-trace pairing. On an étale splitting chart, Ω =
∑
i,j Eij ⊗

Eji. Direct computation gives

(4.9) Ω2 = 1⊗ 1, Ω(b⊗ 1) = (1⊗ b)Ω
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for every local section b of A. The tensor Ω is canonical, so these identities hold globally. Using Ω, we
define an OX -linear morphism locally in an étale trivialization by

TM : a⊗m −→
∑
s

usa⊗ vsm.

The local expressions glue since Ω is canonical. Then TM is an A-linear involution intertwining the two
A-module structures, in particular, TM is an isomorphism. This proves both identities in (4.8).

Next we show that [A] is invertible in K0(X)Q. Write d = dimX, since X is smooth, the Chern
character map induces an isomorphism of rings

ch : K0(X)Q
∼−→

d⊕
j=0

CHj(X)Q.

As X is connected, the rank map is the degree-zero component of the Chern character. Set ξ =

[A] − r2[OX ] ∈ K0(X)Q, then ch(ξ) ∈
⊕d

j=1 CH
j(X)Q. Since CHj(X)Q = 0 for j ≥ d + 1, then

[A] = r2[OX ] + ξ is invertible, with inverse

[A]−1 =
1

r2

d∑
j=0

(
− ξ

r2

)j
.

All inversions here take place in K0(C)Q, independent of the characteristic k. Both L∗ and U∗ are
compatible with K0(C)-module structures, then (4.8) implies UQ : K0(D)Q → K0(C)Q is an isomorphism
with inverse U−1

Q = LQ ◦ ([A]−1 · −).
We now pass to numerical Grothendieck groups. Let χC and χD denote the Euler pairings on K0(C)

and K0(D). Then derived adjunction L ⊣ U gives

(4.10) χC(F,UM) = χD(LF,M)

for all F ∈ C and M ∈ D. The numerical Grothendieck groups are defined by

Knum(C) = K0(C)/ radR(χC), Knum(D) = K0(D)/ radR(χD).

Direct computation shows x ∈ radR(χD) implies U∗x ∈ radR(χC), so U descends to a homomorphism

Unum : Knum(D) −→ Knum(C).
To prove injectivity, suppose x ∈ K0(D) such that U∗x ∈ radR(χC), then for an arbitrary y ∈ K0(D),
there exists f ∈ K0(X)Q such that y ⊗ 1 = LQ(f) since LQ is surjective. Extending the Euler pairing
Q-linearly, we obtain

χD(y, x) = χD(LQ(f), x) = χC(f, U∗x) = 0.

So x ∈ radR(χD), this proves that Unum is injective. Tensoring with Q, surjectivity of UQ implies
Unum,Q is surjective, together with injectivity of Unum, this proves that Unum,Q is an isomorphism.

Finally, Knum(C) is a free abelian group of finite rank, as X is smooth projective. The injectivity
of Unum implies that Knum(D) is also free abelian of finite rank, tensoring Unum,Q with R, we know
Unum,R : Knum(D)R

∼−→ Knum(C)R. This completes the proof. □

Remark 4.4. The map Unum need not be an integral isomorphism, even for a split Azumaya algebra.
Indeed, take X = Spec k and A = Matr(k) with r > 1. Let S = kr be the simple left A-module.

Then we know K0(D) = Z[S] and K0(k) = Z[k], so forgetful functor satisfies U∗[S] = r[k] and
L∗[k] = [A] = r[S], so U∗L∗ = L∗U∗ = r2. This result also shows that the forgetful functor does not
preserve the Euler pairing in general.

We are now ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. First assume that X is connected. The preceding construction gives the locally
finite pre-stability condition τ = (W,R) on D, with W = Z ◦ U .

Since the central charge Z constructed in Section 3.1 is numerical, Proposition 4.3 proves that τ is
also numerical, since its central charge W factors through Knum(D).
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By [Che26, Corollary 2.3], the same stability condition σ = (Z,P) satisfies the support property
with respect to Knum(C). Choose a Euclidean norm ∥ · ∥C on Knum(C)R and a constant Cσ > 0 with
∥[F ]∥C ≤ Cσ|Z(F )| for every nonzero σ-semistable object F .

By Proposition 4.3,
∥v∥D := ∥Unum,R(v)∥C

defines a Euclidean norm on Knum(D)R. For a nonzero τ -semistable object M , let F1, . . . , Fs be the
σ-HN factors of UM , then

(4.11)

∥[M ]∥D = ∥[UM ]∥C ≤
∑
j

∥[Fj ]∥C

≤ Cσ
∑
j

|Z(Fj)| ≤ Cσ sec(3πε)|W (M)|,

where the last inequality follows from Lemma 4.2, and Cσ is independent of M . Hence τ is a Bridgeland
stability condition satisfying the full numerical support property.

Write X =
⊔s
i=1Xi for the decomposition of X into connected components. Then Db(X,α) =⊕s

i=1 D
b(Xi, αi), where αi is the restriction of α to Xi. Construct τi = (Wi,Ri) for each i and define

W (M1, . . . ,Ms) =

s∑
i=1

Wi(Mi), R(ψ) =

s⊕
i=1

Ri(ψ)

it is easy to verify (W,R) is the stability condition we want. Finally, Morita equivalence sends this
stability condition on Db(X,A) to Db(X,α), preserving the full numerical support property. This
completes the proof. □

5. Properties of the constructed stability condition

Throughout this section, let X be a smooth projective variety over an arbitrary field k, and let A be
an Azumaya algebra representing α ∈ Br(X). We retain the notation

C = Db(CohX), D = Db(Coh(X,A)), σ = (Z,P), τ = (W,R)

from Sections 3.2 to 4.2, where L ⊣ U is the free-forgetful adjunction, W = Z ◦ U , ε = 1
100 and δ = 3ε

2 .
We first assume that X is connected, so that A has constant degree r. The conclusions extend to
disconnected X by the same argument in Section 4.2, and hence to Db(X,α) via Morita equivalence.

5.1. Geometricity of τ . Let K/k be a field extension. Retain the notation XK , AK and DK from
Section 2.1 and put CK = Db(Coh(XK)). By the scalar-extension theorem recalled in Section 2.1, the
stability condition τ = (W,R) admits a canonical scalar extension τK,1 = (WK,1,RK,1) to DK .

On the other hand, applying the construction of Section 3.1–4.2 directly over K, using the base-
changed projective embedding and the same parameter M in Section 3.1, gives another stability
condition τK,2 = (WK,2,RK,2).

To describe the central charge of the canonical extension, set Nk = Knum(D), NK = Knum(DK).
Recall the normalized Euler-test map from [BLM+21, (12.2)],

η∨K/k : NK −→ Nk ⊗Z Q,

characterized by χk(T, η∨K/k([E])) = χK(TK , E) for every T ∈ D and E ∈ DK . Here χk and χK denote
the Euler pairings on D and DK respectively.

Since W is numerical, it admits a Q-linear extension WQ : Nk ⊗Z Q → C. The central charge of the
canonical scalar extension is therefore

WK,1 =WQ ◦ η∨K/k.

We now show that the canonical scalar extension agrees with the direct construction.

Proposition 5.1. τK,1 = τK,2 as above.
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Proof. Let p : XK → X be the base-change projection, which induces the restriction functor
Dqc(XK ,AK) → Dqc(X,A). Let σK,1 = (ZK,1,PK,1) be the base change of σ = (Z,P) by p to
XK and let σK,2 be the direct construction on XK . By [LLL+26, Theorem 2.8 and Lemma 3.10],
pullback and pushforward commute with scalar extension, hence σK,1 = σK,2.

Moreover, the two cutoff inclusions following from (3.5) extend to the Ind categories, written as

A⊗ P̂(> c) ⊆ P̂(> c− ε), A⊗ P̂(≤ c) ⊆ P̂(≤ c+ ε).

Together with the projection formula, we know UKLK(PK(ϕ)) ⊂ PK([ϕ− ε, ϕ+ ε]), this is the base
change version of equation (3.5).

By Lemma 3.4 and [LLL+26, Theorem 2.8(1)], we know

BK,c = {E ∈ DK : UKE ∈ PK(≤ c)}

= {E ∈ DK : Up∗E ∈ P̂(≤ c)}

= {E ∈ DK : p∗E ∈ B̂c},

where p∗UK = Up∗.
By Proposition 3.5, Ind(Ac) is an aisle. Since Ac = Âc ∩D and Âc is generated by L(P(> c)) ⊆ Ac,

the two-sided inclusion gives Âc = Ind(Ac). By Proposition 3.6, we know

B̂c = Q̂(≤ c), B̂K,c = Q̂K(≤ c).

Consequently, QK(≤ c) = p−1
∗ Q̂(≤ c) = {E ∈ DK : p∗E ∈ Q̂(≤ c)}.

The key step is the comparison of two slicings RK,1 and RK,2, in fact, we need to show
d(RK,1,RK,2) ≤ 2δ. Since d(Q,R) ≤ δ, after taking Ind-extension, we know

(5.1) R̂(≤ c) ⊆ Q̂(≤ c+ δ), Q̂(≤ c) ⊆ R̂(≤ c+ δ).

By definition, we know RK,1(≤ c) =
{
E ∈ DK : p∗E ∈ R̂(≤ c)

}
, taking inverse images under p∗ and

restricting to perfect objects gives

(5.2) RK,1(≤ c) ⊆ QK(≤ c+ δ), QK(≤ c) ⊆ RK,1(≤ c+ δ).

Therefore d(QK ,RK,1) ≤ δ, on the other hand, Theorem 4.1 gives d(QK ,RK,2) ≤ δ. Consequently,

d(RK,1,RK,2) ≤ 2δ < 1.

Finally, τK,1 and τK,2 have the same central charge. Indeed, nondegeneracy of the rational numerical
Euler pairing allows us to write

Z(−) =
∑
ν

zνχC(Tν ,−), Tν ∈ K0(C)Q.

Since L ⊣ U , we know W (−) =
∑
ν zνχD(LTν ,−). The coefficients zν are unchanged under scalar

extension, and (LTν)K = LK((Tν)K) by flat base change, so

WK,1(−) =
∑
ν

zνχDK
((LTν)K ,−)

=
∑
ν

zνχDK
(LK(Tν)K ,−) = ZK(UK(−)) =WK,2(−).

Then [Bri07, Lemma 6.4] gives τK,1 = τK,2, that finishes the proof. □

For a closed point x ∈ X, let Fx = κ(x) be its residue field and write

Ax := A⊗OX
κ(x) ≃ Matmx

(Dx), dx = degDx,

where Dx is a central division algebra over Fx, direct computation implies r = mxdx. Write Sx for its
unique simple left module, regarded as a coherent A-module on X supported at x. Then

(5.3) U(Sx) ≃ F⊕rdx
x , L(Fx) ≃ S⊕mx

x .
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We call a condition on D geometric if, after extension to an algebraic closure k̄, all simple twisted
skyscrapers Sp at geometric points p ∈ Xk are stable of the same phase. This is the twisted analogue of
[LLL+26, Definition 2.11].

Proposition 5.2. The stability condition τ is geometric. Moreover, for every closed point x ∈ X, the
object Sx is τ -stable of phase 1 over k.

Proof. We first check that Fx is σ-stable of phase 1. Let p : Xk → X, after pullback by p∗, we know
p∗Fx ≃ Ox×kk

, where x ×k k = Spec(κ(x) ⊗k k). It has a finite filtration by geometric skyscraper
sheaves of length [Fx : k], by [LLL+26, Theorem 6.2], each factor is semistable of phase 1, lies in Pk(1),
so p∗Fx ∈ Pk(1). By the construction of Pk, we know Fx ∈ P(1).

To prove Fx is stable, for any short exact sequence 0 → A→ Fx → B → 0 in P(1), then [LLL+26,
Theorem 2.8(3)] implies that after pull back by p∗,

(5.4) 0 −→ p∗A −→ p∗Fx −→ p∗B → 0

is a short exact sequence in Pk(1). Since p∗Fx has finite length in Pk̄(1) and all its simple composition
factors are geometric skyscraper sheaves, the same holds for p∗A and p∗B. Thus both are extensions
of zero-dimensional coherent sheaves and hence belong to Coh(Xk̄). As p is faithfully flat, we obtain
A,B ∈ Coh(X). The simplicity of Fx ∈ Coh(X) concludes the proof. The definition of central charge
(3.1) gives Z(Fx) = −[Fx : k].

Now we turn to the twisted category. For every a < 1, Fx ∈ P(1) ⊆ P(> a), we know L(Fx) ∈⋂
a<1 Aa. On the other hand, UL(Fx) ≃ F⊕r2

x ∈ P(≤ 1). So by Lemma 3.4, we know L(Fx) ∈ B1 ⊂⋂
b>1 Bb. Thus, by the definition of Q(1), L(Fx) ∈ Q(1), means Sx ∈ Q(1) since L(Fx) ≃ S⊕mx

x and
Q(1) is closed under direct summands. Moreover, W (Sx) = −rdx[Fx : k] by direct computation.

Set h = 2δ, I = (1 − h, 1 + h) and E = Q(I), so Sx is enveloped by E . Consider the strict exact
sequence

(5.5) 0 −→ F −→ Sx −→ G −→ 0

in Q(I). By (3.10), all three underlying objects lie in

P((1− h− ε, 1 + h)) ⊂ P((1/2, 3/2]).

The latter is an abelian heart, so U induces a short exact sequence 0 → UF → F⊕rdx
x → UG→ 0 in H,

thus ϕ+P(UF ) ≤ ϕ+P(U(Sx)) = 1. If F ≠ 0, then UF ≠ 0, and the argument of W (F ) = Z(UF ) is at
most π. This proves W -semistability in the thin enveloping category, hence Sx ∈ R(1) by the definition
of (W,R).

Finally we show that Sx is τ -stable. For the same short exact sequence (5.5), we assume ϕW (F ) = 1
and F ̸= 0. Since ϕW (F ) = 1, we know W (F ) = Z(UF ) ∈ R<0. Moreover, by the preceding phase
bound UF ∈ P((1− h− ε, 1]). Thus the imaginary parts of the central charges of its HN-factors are
nonnegative, consequently, all these factors are of phase 1, so UF ∈ P(1). Then UG ∈ P([1, 1 + h)),
and since W (G) =W (Sx)−W (F ), so W (G) ∈ R, that means G = 0 or UG ∈ P(1). Since Fx is simple
in P(1) and UF is a subobject of U(Sx) ≃ F⊕rdx

x in P(1), then UF ≃ F⊕e
x for some 1 ≤ e ≤ rdx.

Since U is t-exact for the standard t-structures and UF ≃ F⊕e
x , we know Hj(F ) = 0 for j ≠ 0 and

then F is a finite-dimensional left Ax-module. By the classification of Ax-modules, we know F ≃ S⊕q
x ,

then UF ≃ F⊕qrdx
x , so q = 1 since 1 ≤ e ≤ rdx, then F → Sx is an isomorphism, which forces G = 0.

Finally, every short exact sequence in R(1) has its terms in Q((1− δ, 1 + δ)) ⊂ Q(I) by (4.3), and is
strict in Q(I), so Sx is simple in R(1). Applying the same argument over k̄ and using Proposition 5.1,
we know τ is geometric. □

Remark 5.3. The free fiber L(Fx) is stable exactly when r/dx = 1, which is equivalent to Ax being a
division algebra, and otherwise is strictly semistable.

But in general, τ -stability of Sx over k does not imply that (Sx)k-stable over k. For example, let
k = R, X = Spec(R), and A = H, the Hamilton quaternion algebra. Its unique simple left module is
S = H.
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After scalar extension to C, one has

H⊗R C ≃ Mat2(C).
The base-changed module SC is the regular left Mat2(C)-module, hence is the direct sum of two copies
of its unique simple module. It is therefore strictly semistable.

5.2. The mass–Hom bound. A stability condition ρ on a proper k-linear dg-category D satisfies a
mass–Hom bound if, for every T ∈ D, there exists CT > 0 such that

dimk HomD(T,E) ≤ CTmρ(E)

for all E ∈ D. Since mass is invariant under shifts, the same constant CT applies to E[j] for every
j ∈ Z.

Lemma 5.4. For every E ∈ D,

(5.6) mσ(UE) ≤ sec(3πε)mτ (E).

Proof. Let E1, . . . , Et be the τ -HN factors of E. Applying U to the HN triangles of E, then Lemma 4.2
gives

mσ(UE) ≤
t∑

j=1

mσ(UEj) ≤ sec(3πε)

t∑
j=1

|W (Ej)| = sec(3πε)mτ (E).

□

Proposition 5.5. For every T ∈ D there is a constant CT > 0 such that

(5.7) dimk HomD(T,E[j]) ≤ CTmτ (E) for every E ∈ D, j ∈ Z.
In particular, τ satisfies the mass–Hom bound.

Proof. Choose a compact generator G of Dqc(X), since X is smooth projective, we know Dqc(X)c =
Perf(X) = C, so G ∈ C. Then we know C = thick(G) and D = thick(LG). By [LLL+26, Theorem 7.5],
the stability condition σ has a mass–Hom bound. Thus there is a constant BG > 0 satisfying

dimk HomC(G,F ) ≤ BGmσ(F ) for every F ∈ C.
For any E ∈ D and j ∈ Z, adjunction and Lemma 5.4 yield

(5.8)
dimk HomD(LG,E[j]) = dimk HomC(G,UE[j])

≤ BGmσ(UE[j]) ≤ BG sec(3πε)mτ (E).

Here mass is invariant under shifts, so the same constant works for every integer j.
Let

T := {T ∈ D : ∃CT > 0 satisfying (5.7) for all E, j} .
It is easy to show T is closed under shifts, finite direct sums, direct summands and cones, so T is
a thick triangulated subcategory. And (5.8) implies LG ∈ T , so T = D since D = thick(LG). That
completes the proof. □

The mass–Hom bound also persists throughout the connected component containing τ . Put N =
Knum(D), and write StabN (D) for the space of numerical Bridgeland stability conditions whose central
charges factor through N and satisfy the support property with respect to N .

Corollary 5.6. Let Σ be the connected component of StabN (D) containing τ . Then every ρ ∈ Σ
satisfies a mass–Hom bound.

Proof. By Lemma 2.6, for every ρ ∈ Σ there exists Cρ > 0 such that

mτ (E) ≤ Cρmρ(E) for every E ∈ D.

For each T ∈ D, Proposition 5.5 therefore gives

dimk HomD(T,E[j]) ≤ CTCρmρ(E) for every E ∈ D, j ∈ Z.

Hence ρ satisfies the mass–Hom bound. □
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