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Abstract

Let G be a split semisimple group whose simple factors are of classical type, over a
global function field F of arbitrary positive characteristic. We prove that every semisimple
elliptic Langlands parameter ΓF → Ĝ(Qℓ) is the parameter of a cusp form on G, in
the sense of V. Lafforgue’s excursion operators; we call such a form an automorphic
realization of the parameter. Neither F nor its field of constants is extended.

We start from L. Lafforgue’s theorem for general linear groups and use automorphic
descent and the theta correspondence. The work is to prove that the descent does not
vanish over F , to carry out the computations with root subgroups in small characteristic,
in particular in characteristic two, and to identify the parameter itself and not only its
unramified Hecke eigenvalues.

This is the third of three papers. Together with the first, which contains the arithmetic
foundations, and the second, which treats the exceptional types by a geometric method,
it gives automorphic realizations of semisimple parameters on all split reductive groups,
with a restriction on the characteristic for the exceptional types only.

2020 Mathematics Subject Classification. 11F70, 11R39 (primary); 22E50, 22E55, 11F27
(secondary).
Keywords. Langlands parameters, function fields, automorphic descent, theta correspondence,
Eisenstein series, characteristic two.
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1 Introduction
Let F be the function field of a curve over a finite field and let G be a split reductive group
over F . Vincent Lafforgue decomposed the space of cusp forms on G according to semisimple
Langlands parameters ΓF → Ĝ(Qℓ). His theorem attaches a parameter to each summand of
the decomposition. It does not say which parameters occur.

For general linear groups every irreducible parameter whose determinant has finite order
occurs, by the theorem of Laurent Lafforgue. We prove that every semisimple elliptic parameter
occurs when the simple factors of G are of classical type, in every positive characteristic. The
proof transports cusp forms from general linear groups to G by automorphic descent and by
the theta correspondence. This is the third paper of a series of three. The first [I] contains the
arithmetic foundations and deduces from the present theorem, and from its counterpart for
the exceptional types [II], the existence of automorphic realizations of semisimple parameters
on all split reductive groups, under the conditions on the characteristic stated there, which
concern only the exceptional factors.

1.1 The theorem

Let X/Fq be a smooth projective geometrically connected curve, let F = Fq(X), and put
p = charF . Fix a prime ℓ ̸= p, put k = Qℓ, and write ΓF = Gal(F sep/F ). For a split
connected reductive group G/F , the dual group Ĝ is taken over k.

Definition 1.1. A parameter is a continuous homomorphism σ : ΓF → Ĝ(k) unramified at
all but finitely many places. It is semisimple if the identity component of the Zariski closure
of its image is reductive. It is elliptic if

C
Ĝ

(im σ)/Z(Ĝ) is finite.

The link between cusp forms and parameters is given by excursion operators. An excursion
datum consists of a finite set I, a function f ∈ k[Ĝ\ĜI/Ĝ], invariant under simultaneous left
and right multiplication, and a tuple γ ∈ ΓIF . Lafforgue’s operator SI,f,γ acts on cusp forms:
it creates an invariant vector in the cohomology of shtukas with legs indexed by I, transports
it by γ, and contracts with an invariant covector representing f [Laf18, §§0.3–0.5]. These
operators commute, and a cusp form φ has parameter σ when

Sfun
I,f,γφ = f

(
(σ(γi))i∈I

)
φ for every excursion datum (I, f,γ). (1.1)

We write νσ(I, f,γ) for the scalar on the right. A nonzero cusp form φ which satisfies (1.1)
is called an automorphic realization of σ, and we say that it realizes σ. The superscript in
Sfun records that we need these operators on functions that are not yet known to be cuspidal;
on cusp forms Sfun is Lafforgue’s operator, and the extension is constructed in [I, Section 5].

Theorem 1.2. Let G/F be split semisimple with simple factors of types A, B, C, D, in any
positive characteristic. Let σ : ΓF → Ĝ(k) be a semisimple elliptic parameter. Then there
are an open compact subgroup K ⊂ G(AF ) and a nonzero cusp form φσ on G(F )\G(AF )/K
satisfying (1.1).

This is Theorem 13.1. The cusp form lives over F itself: neither the field nor its field
of constants is extended. The theorem covers every group in an isogeny class, not only the
simply connected and adjoint ones, and every characteristic, including p = 2. The parameter
is recovered through every excursion operator. This is more than the equality of Hecke
eigenvalues at the unramified places which the descent method gives directly, and for the
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even orthogonal groups, where the standard representation determines a parameter only up
to an outer automorphism, the difference matters.

The function φσ is a nonzero element of the excursion summand of σ, and it is not unique.
We do not determine multiplicities, the structure of packets, or compatibility with the local
correspondence at the ramified places.

1.2 Relation to earlier work

General linear groups and excursion operators. Laurent Lafforgue proved the correspondence
for irreducible GLn-parameters with finite-order determinant [Laf02, Introduction, Theorem
(i)n–(ii)n]. For a split reductive group, Vincent Lafforgue constructed the decomposition of
cusp forms by parameters [Laf18, Theorem 0.1]. That theorem identifies the parameters
of the summands that occur; that the summand of a prescribed parameter is nonzero is a
separate assertion, and it is the subject of this series of papers. For a split semisimple group
and a parameter which is everywhere unramified and has Zariski dense image, [BHKT19,
Theorem 1.1] gives, after a finite Galois extension of the function field, a cuspidal representation
whose unramified components have the Satake parameters prescribed by the parameter. Our
conclusion keeps the field fixed.

Descent and theta correspondence. The construction starts from automorphy for general
linear groups and uses automorphic descent [GRS99, GRS11], the theta correspondence
[Ral84], and the theory of automorphic L-functions over function fields [Lom09, Lom19]. The
work here is to prove nonvanishing over F , to carry out the necessary coordinate calculations
in small characteristic, in particular in characteristic two, and to identify the parameter itself
and not only its unramified Hecke eigenvalues.

In characteristic two the orthogonal groups are defined by quadratic forms, and one step
of the even orthogonal descent, which in odd characteristic divides a quadratic exponent by
two, is replaced by an argument with the Cartier operator (Section 9).

1.3 Organization

Section 2 explains the construction without proofs, Section 3 lists the results we import,
including those of [I], and Section 4 fixes conventions. Section 5 contains what is common
to all cases: how the parameter is recovered from its standard representation, and the tools
for comparing Fourier coefficients. Section 6 constructs the Eisenstein residue. Sections 7, 8
and 9 treat the orthogonal descents, and Section 10 deduces the theorem for orthogonal and
spin groups. Sections 11 and 12 treat the symplectic groups by the theta correspondence,
and Section 13 assembles the cases. A list of notation is at the end, and Appendix A lists the
identities which were also checked by computer.

2 Overview of the construction
This section describes the proof of Theorem 1.2 without giving it. The construction starts
from cusp forms on general linear groups, which exist by the theorem of L. Lafforgue, and
transports them to G by integral operators. Functions are present from the beginning, and
the difficulty is to show that the operators do not annihilate them.

In type A the parameter is lifted to a general linear group, and the correspondence of
L. Lafforgue applies (Theorem 5.8). The rest of this outline is about the symplectic and
orthogonal cases.

From the parameter to general linear groups. Let ϱ = Stdσ be the composite of σ with
the standard representation of Ĝ. Since σ is elliptic, ϱ is a sum of pairwise nonisomorphic
irreducible representations ϱi, each of which preserves a form of the same type, symmetric or



2 Overview of the construction 5

alternating (Proposition 5.2). Each ϱi is the parameter of a cuspidal representation Πi of a
general linear group. The problem is to make a function on G out of the Πi.

Orthogonal descent. As in the work of Ginzburg, Rallis and Soudry, we regard the product
of these general linear groups as a Levi subgroup of a classical group S about twice as large
as G, and form the Eisenstein series on S induced from the Πi. That ϱi preserves a form of
the given type is reflected in a pole of an L-function of Πi, and this pole produces a pole
of the Eisenstein series. Its residue is a space of functions on S(F )\S(A) which are square
integrable modulo the centre (Section 6). The group S contains a unipotent subgroup Udesc
with a character ψdesc whose stabilizer contains G. The descent of a function E in the residue
is the function

g 7−→
∫
Udesc(F )\Udesc(A)

E(ug)ψdesc(u)−1 du, g ∈ G(A).

In words: one integrates E over the directions of S which do not belong to G, against a
character, and what remains is a function on G(F )\G(A).

Two separate questions. At an unramified place the local component of the residue is
a subquotient of an explicit induced representation, and the corresponding local operation,
the Jacquet module twisted by ψdesc, is exact. The twisted Jacquet module of the induced
representation can be computed, and its unramified constituents have the Satake parameter
of σ (Section 7). In the smallest case, the descent from SO5 to a torus of dimension one, it is
the sum of two characters, inverse to each other, if the torus is split, and it is zero otherwise
(Section 7.3). This gives the Hecke eigenvalues of the descent, provided the descent is not zero;
it says nothing if it is zero. That the descent is not zero is a global statement. The residue
has a nonzero Fourier coefficient of another kind, which comes from the Whittaker coefficients
of the Πi (Proposition 6.6). We show that the Whittaker coefficient of the descent is not zero
by transforming one coefficient into the other. The tool is elementary (Lemma 5.9): when
two unipotent subgroups X and Y are put in duality by the commutator and a character,
an integral over Y (F )\Y (A) may be exchanged for an integral over X(F )\X(A) without
affecting vanishing. A proof of nonvanishing is a sequence of such exchanges, sometimes a
long one, and its whole difficulty is to keep track of the root subgroups involved (Sections 7
and 8). Figures 1–4 show these subgroups in small cases.

Small characteristic. The exchanges rest on the commutator relations between root
subgroups, with their structure constants, and on Fourier analysis on F\A. For an odd
orthogonal target the argument is the same in all characteristics, once the orthogonal group
is defined by a quadratic form and not by a bilinear form. For an even orthogonal target one
step moves a Fourier coefficient from the trivial character of a root subgroup to a nontrivial
one, and in odd characteristic it does so by a computation in which a quadratic exponent is
divided by two. In characteristic two we replace it by the following observation: the function
a 7→ ψ(sa2) is then an additive character of a, so it is of the form ψ(Cψ(s)a), and the map
Cψ, which is computed by the Cartier operator, is surjective (Section 9).

Symplectic groups. For a symplectic group we do not use a descent but the theta lift
from an even orthogonal group, which on parameters adds a trivial line to the standard
representation. Nonvanishing and the Hecke eigenvalues both follow from one computation,
that of a Jacquet module of the Weil representation (Sections 11 and 12).

From Hecke eigenvalues to the parameter. In these cases the outcome is a nonzero function
on G which has the Hecke eigenvalues of σ at almost all places and a nonzero Whittaker
coefficient. This is less than what the theorem asserts, which concerns all excursion operators.
The gap is closed by the arithmetic results of [I]: such a function is cuspidal because σ
is elliptic, the cusp forms with these Hecke eigenvalues have parameters whose standard
representations are isomorphic to ϱ, and for the groups in question this determines the
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parameter up to conjugacy, or up to the outer automorphism in the even orthogonal case,
which is then dealt with separately (Proposition 5.6).

3 Results used
We collect the theorems on which the construction rests, in the form in which they are used.
Precise references to the individual statements are repeated at each point of use.

3.1 From the literature

Input 1 (General linear groups). Let ϱ be a continuous irreducible n-dimensional Qℓ-
representation of ΓF , unramified at almost all places, whose determinant has finite order.

1. There is a cuspidal automorphic representation π of GLn(AF ) whose Satake parameters
at the unramified places are the eigenvalues of geometric Frobenius elements in ϱ [Laf02,
Introduction, Theorem (i)n–(ii)n].

2. The Frobenius eigenvalues of ϱ at the unramified places are algebraic numbers all of
whose complex absolute values are one [Laf02, Theorem VII.6].

3. The representation π is tempered at every place [Laf02, Theorem VI.10(i)].

In part (1) the Hecke operators act by right translation, as in Section 4. The statement
does not depend on the conventions of [Laf02] for Hecke operators and for Frobenius elements:
a change of either convention replaces ϱ by its dual and π by its contragredient, and the
theorem applies to all irreducible representations.

Parts (1) and (3) are the starting point of the construction; part (2) is the source of the
purity theorem of [I, Section 4].

Input 2 (Eisenstein series, Whittaker functionals and the Weil representation). We follow the
descent method of Ginzburg, Rallis and Soudry [GRS99, GRS11]: one forms the residue of an
Eisenstein series on a larger classical group, induced from self-dual cuspidal representations
of general linear groups, and takes a Fourier coefficient of it. No theorem is quoted from
those works. The statements we do quote are the following.

1. Cusp forms of fixed level on a group over a function field have compact support modulo
the centre [Mor82, Chapter I, §5.3 and Proposition 5.3].

2. A function of finite level agrees with its constant terms far in the cusps [Mor82, Chapter I,
§5.9]; consequently an automorphic form on which the centre acts through a unitary
character, and whose constant terms have exponents in the negative chamber, is square
integrable modulo the centre (the estimate is written out in the proof of Lemma 6.4).
For a maximal parabolic subgroup and unitary cuspidal data, at a fixed level, the
intertwining operator and the Eisenstein series are rational functions on the complex
torus of unramified characters by which the data are twisted. Along the real points of
this torus, with parameter s ∈ R and s = 0 the trivial character, they are holomorphic
at s = 0 and have at most simple poles for s > 0 [Mor82, Chapter III, Lemmas 3.2
and 3.5, Theorem 5.2].

3. Over a nonarchimedean local field of any characteristic, the intertwining operators for
tempered inducing data are given by convergent integrals in the open positive chamber
[Wal03, Proposition IV.2.1], and on the spherical vector of an unramified principal
series they are given by the formula of Gindikin and Karpelevich [Cas80, Theorem 3.1].
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4. The Whittaker functional on a principal series representation is given by an integral
over the open cell [CS80, Theorems 1.4 and 1.6, Corollary 1.7], with the unramified
value of [CS80, Theorem 5.4].

5. Eisenstein series over function fields continue meromorphically, with the constant-term
formulas of [BL24, Theorem 2.3, (6.2), (6.4), (6.17)]; pseudo-Eisenstein series span
the functions of compact support [BL24, §9.2, (9.3)]. In the same work automorphic
forms are characterized by finite systems of difference equations satisfied by the cuspidal
projections of their constant terms [BL24, §9.1].

6. The theta distribution of the Weil representation is invariant under rational points
[Wei64, §§29–30 and 40–41]. The metaplectic cocycle in odd characteristic is described
in [Rao93].

What is proved here, and not taken from the literature, is the nonvanishing of the descent over
F , the identification of its excursion parameter, and every argument in characteristic two.

3.2 From the first paper

The arithmetic part of the argument is contained in [I]. It is applied in Section 5, up to
Proposition 5.6, and in the sections where the realization theorems are proved. We use the
following definitions and statements; a reader who accepts them does not need the rest of
that paper.

1. Excursion operators on functions. For a level N the excursion operators act on the
functions with compact support on YN = G(F )\G(AF )/KN , through the cohomol-
ogy of stacks of shtukas, and Sfun

e is defined on all functions on YN by transposition
(Definition I.5.12). On cusp forms it is the operator of V. Lafforgue. The cohomol-
ogy in question is finitely generated over the spherical Hecke algebra at one place
(Proposition I.5.5).

2. Purity and fields of coefficients. A semisimple elliptic parameter with values in a
semisimple group is strongly pure (Theorem I.4.8). We also use Lemma I.4.1 on
compact subgroups of GLn(k) and the decomposition of a parameter into a twist by
the constant field and a parameter σfin (Lemma I.4.11).

3. From Hecke eigenvalues to the parameter. Proposition I.8.6, which shows that a function
with the Hecke eigenvalues of an elliptic parameter at almost all places is cuspidal,
and Lemma I.8.5, the form of this statement for a subalgebra of the Hecke algebra;
Lemma I.8.2, by which the Hecke operators attached to one representation with finite
kernel suffice; and Lemma I.8.8, which extracts an eigenfunction from a pairing.

4. Irreducible constituents. An admissible subspace of smooth vectors in a unitary repre-
sentation is semisimple (Lemma I.9.1), and Proposition I.9.3 on images of restricted
tensor products.

5. Isogenies. The pullback of cusp forms along a homomorphism with central kernel
and normal image (Lemma I.10.1), the descent along the quotient by a central torus
(Lemma I.10.4), and the reduction of the existence of a cusp form with a given elliptic
parameter to simply connected simple groups (Corollary I.10.11).

Those conventions of [I, Section 3] which are used in this paper are repeated in Section 4.
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4 Conventions
We fix the normalizations of Frobenius, of the Satake equivalence and of class field theory
used in the whole paper, and define the excursion summand attached to a parameter. The
spaces of functions on which excursion operators act are constructed in Sections I.5 and I.6.

4.1 Frobenius and the Satake equivalence

Let degF : ΓF → Ẑ be the homomorphism given by the action on the constant field, normalized
so that an arithmetic Frobenius element has degree 1. A geometric Frobenius element at
a place v of degree dv has degree −dv. The Satake equivalence, for G and for all its Levi
subgroups, is normalized by one square root q1/2 ∈ k chosen once and for all. When q is the
square of an integer we take the positive root; then in all cases there is an isomorphism of k
with C which maps q1/2 to the positive square root of q.

4.2 The centre and class field theory

Let TG = (Z◦
G)red and

CTG = TG(F )\TG(AF ), deg(t)(χ) =
∑
v

dv v(χ(tv))

for a character χ of TG. This defines a homomorphism deg : CTG → X∗(TG). The degree of
the bundle attached to t is − deg(t).

Definition 4.1. A central lattice is a free subgroup Ξ ⊂ CTG on which deg is injective and
whose image under deg has finite index in X∗(TG). A function on G(F )\G(AF ) is invariant
under Ξ if it is invariant under translation by the elements of Ξ.

The quotient of CTG by a central lattice and an open compact subgroup is finite.
Class field theory is normalized by the arithmetic Artin map, Artv(ϖv) = Frobarith

v , and
a character χ of ΓF corresponds to the character

CFTGm(χ)(t) = χ(Art(t)−1)

of the idele class group; for a split torus one takes the product over a basis of characters.
Right translation by a is denoted Ta, (Tah)(g) = h(ga). With these conventions the excursion
operator of a character λ of T̂G and a geometric Frobenius element at v is Tλ(ϖv) [Laf18,
Proposition 6.2], and a parameter of the form cdegF corresponds to the character t 7→ c− deg(t).
Let αG : Ĝ→ T̂G be the homomorphism dual to the inclusion TG → G. The central character
of a parameter σ is

ωσ = CFTTG(αGσ),
a character of CTG . This is the character which occurs in Theorem I.C.

4.3 Excursion summands

Definition 4.2. Let V be a finite-dimensional vector space on which the excursion operators
Se act, for all finite sets I, all functions f and all tuples in ΓIF ; they generate a commutative
algebra B of endomorphisms. Let mσ ⊂ B be the ideal generated by the operators Se − νσ(e).
The excursion summand of σ in V is the generalized eigenspace

Vνσ =
⋃
n≥1
{v ∈ V : mn

σv = 0}.

For a space which is a union of subspaces V of this kind, the excursion summand is the union
of the Vνσ .
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The definition involves the excursion operators for all tuples in the Galois group; the
Hecke operators at the unramified places are among them. A nonzero excursion summand
in a space of finite dimension contains a joint eigenvector of the excursion operators, with
eigenvalues νσ(e): the commuting operators Se − νσ(e) are nilpotent on it. So the existence
of a nonzero summand and the existence of an eigenfunction are equivalent.

5 Parameters and Fourier coefficients
This paper proves Theorem 13.1: for the classical groups, every elliptic parameter is the
parameter of a cusp form, in every characteristic. The starting point is L. Lafforgue’s
correspondence for general linear groups, applied to the standard representation ϱ = Stdσ of
the parameter. The form preserved by ϱ determines an Eisenstein series on a larger classical
group; a Fourier coefficient of its residue is a function on the group we want, the descent of
Ginzburg, Rallis and Soudry. For part of the symplectic case the descent is replaced by a
theta lift.

There are two separate questions. A local computation of Jacquet modules identifies
the Hecke eigenvalues of a descent if the descent is nonzero. That it is nonzero is a global
statement, which we prove by comparing Fourier coefficients over F itself. The comparison
uses explicit root subgroups, and this is where characteristic two needs separate calculations
(Section 9). Once a nonzero function with the right Hecke eigenvalues is found, the results of
[I] show that it is cuspidal and has the parameter σ, for the excursion operators of all tuples
(Proposition 5.6).

The present section collects what is common to all cases: how σ is recovered from ϱ
(Lemma 5.1, Proposition 5.2), the order of the poles of the relevant L-functions (Lemma 5.4),
the recognition statement just mentioned, the case of type A (Theorem 5.8), and two general
facts about Fourier coefficients (Lemmas 5.9 and 5.10).

Throughout the paper k = Qℓ with ℓ ̸= p. Integrals have complex values, compared with
k through a fixed isomorphism ι : k ≃ C which maps the chosen q1/2 to the positive square
root of q; so the Satake parameters defined with q1/2 are those of normalized induction with
the positive modulus character. All inductions are normalized. For a unipotent group U we
put [U ] = U(F )\U(AF ), with the measure of volume one, and we fix a nontrivial character
ψ : F\AF → C×. The irreducible summands of ϱ are denoted ϱi. In computations with roots,
Eab is the matrix sending the basis vector b to a, and xα(t) is the full matrix of the root
subgroup, including its quadratic entries when the root is short. The table shows where each
kind of input is established.

Input Assertion needed Location
Self-dual general-linear
blocks

A residual representation with
a nonzero Siegel–Whittaker
coefficient

Proposition 6.6

Local descent The parameter and the
obstruction to a nonsplit
endpoint

Proposition 7.1

Global root operations A nonzero descent over F Propositions 7.10, 8.5,
9.4

Quadratic kernels Nonzero lifts and spherical
Hecke equations

Corollary 11.6

Common arithmetic Cuspidality and the excursion
character

Proposition 5.6
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5.1 Recovering a parameter from its standard representation

A parameter with values in a classical group is a representation together with a form. The first
lemma says that the representation determines the form up to isometry. In even orthogonal
dimension this leaves the outer automorphism: two parameters with the same standard
representation are conjugate in the orthogonal group, and not necessarily in the special
orthogonal group.

Lemma 5.1 (Forms and simultaneous conjugacy). Let r and r′ be semisimple representations
of a group Γ on a finite-dimensional k-vector space V which preserve, up to the same character
χ of Γ, a nondegenerate symmetric or alternating form B. If r ≃ r′, then r′ = grg−1 for an
isometry g of B. If B is symmetric and dimV is odd, g can be taken of determinant one.

Proof. This is an instance of the following. Let T be a representation of GL(V ) with an open
orbit O, let b ∈ O, and suppose r and r′ both multiply b by χ. Choose a ∈ GL(V ) with
r′ = ara−1. Then b′ = a−1b is again multiplied by χ under r. If b′ = cb for some c in the
centralizer C of r, then g = ac stabilizes b and grg−1 = r′. So it suffices to show that C acts
transitively on

N = O ∩ E, E = {t ∈ T : r(γ)t = χ(γ)t for all γ}.

Let H be the Zariski closure of r(Γ), a reductive group. The line kb is stable under r(Γ),
hence under H, and H acts on it through an algebraic character which extends χ; we denote
this character by χ as well. At a point t ∈ N the map ξ 7→ ξt from gl(V ) to T is surjective,
because O is open, and it is H-equivariant when the action of H on T is twisted by χ−1.
Taking invariants under H is exact, so the Lie algebra gl(V )H of C maps onto E. Hence
every orbit of C on N is open. But N is a nonempty open subset of the vector space E and
therefore irreducible, so it cannot contain two disjoint nonempty open subsets. Thus N is a
single orbit.

Take T to be the space of symmetric or alternating bilinear forms, in which the nonde-
generate forms are an open orbit with stabilizer the isometry group. In odd dimension −1 is
an isometry of determinant −1 which acts trivially by conjugation.

Proposition 5.2 (The blocks of an elliptic parameter). Let r be a semisimple representation
of Γ on V preserving a nondegenerate symmetric or alternating form B up to a character χ;
in the symmetric case assume dimV ≥ 3. The following are equivalent.

1. The centralizer of r in the group of similitudes of B is finite modulo scalars.

2. V is an orthogonal direct sum of pairwise nonisomorphic irreducible subrepresentations
Vi, and the restriction of B to each Vi is nondegenerate.

If B is alternating and dimVi = 2di, then detVi = χdi.

Proof. Write V = ⊕
W W ⊗MW , the sum being over the irreducible representations and MW

the multiplicity spaces. The form pairs the summand of W with that of W ∗ = W∨ ⊗ χ and
with no other.

Assume (1). If some W ̸≃ W ∗ occurs, then for every t ∈ k× the transformation equal
to t on W ⊗MW , to t−1 on W ∗ ⊗MW ∗ and to 1 on the other summands is an isometry
commuting with r. These form a torus which meets the scalars in a finite group, contrary to
(1); in the symmetric case this uses dimV ≥ 3 when there is no other summand. So every W
that occurs satisfies W ≃ W ∗. By Schur’s lemma the form on W ⊗MW is then bW ⊗ bM ,
where bW is the invariant form of W , unique up to a scalar, and bM is a nondegenerate
symmetric or alternating form on MW . The isometry group of bM commutes with r, and it
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is infinite as soon as dimMW ≥ 2. Hence dimMW = 1, the form bM is symmetric, and bW
has the symmetry of B. This is (2).

Assume (2). A similitude commuting with r acts on each Vi by a scalar ci, and c2
i is its

multiplier, the same for all i. So it is a scalar times an element of a finite group of signs.
For the last assertion, a similitude of an alternating form in dimension 2d with multiplier

c has determinant cd.

Remark 5.3. Ellipticity excludes multiplicities; it does not make the standard representation
irreducible. In particular an orthogonal elliptic parameter has at most one line of invariants
under ΓF , which will determine the rank of the quadratic theta lift in Section 11.

5.2 Poles of L-functions

Lemma 5.4 (The order of the pole at s = 1). Let V be a semisimple lisse sheaf on a
nonempty open U ⊂ X, pure of weight zero. Then the order of the pole of LU (s, V ) at s = 1
is dimV ΓF . The function has neither zeros nor poles at real s > 1, nor at s = 1 if V ΓF = 0.

Proof. By the Grothendieck–Lefschetz formula,

LU (s, V ) =
2∏
j=0

det
(
1− q−s Frob

∣∣ Hj
c (UFq , V )

)(−1)j+1
.

The eigenvalues of Frobenius on H0
c and H1

c have absolute values at most 1 and q1/2 [Del80,
Theorem 3.3.1 and §3.3.10], so these two factors have no zero for real s ≥ 1. By Poincaré
duality H2

c is the space of coinvariants of the geometric fundamental group on V , twisted
by −1. Its eigenvalues have absolute value q, so the factor for j = 2 has no zero for s > 1,
and its order of vanishing at s = 1 is the multiplicity of the eigenvalue 1 of Frobenius on the
geometric coinvariants. Since V is semisimple and the geometric monodromy group is normal
in the arithmetic one, the geometric invariants are a direct summand of V , isomorphic to
the coinvariants, on which the quotient group acts. That quotient is reductive with a dense
cyclic subgroup, hence diagonalizable, so Frobenius is semisimple there and the multiplicity
of the eigenvalue 1 is dimV ΓF .

We shall apply the lemma to the blocks Vi of an elliptic parameter. By Schur’s lemma
the square L-function of the same sign as the form, L(s,Λ2Vi ⊗ χ−1) or L(s, Sym2 Vi ⊗ χ−1),
has a simple pole at s = 1, and for i ̸= j the function L(s, Vi ⊗ Vj ⊗ χ−1) has neither a pole
nor a zero there. This is what prevents cancellation in the Eisenstein coefficient of Section 6.

5.3 Recognizing the parameter of a function

The constructions of this paper produce complex-valued functions. The next lemma moves
them to the coefficient field k.

Lemma 5.5 (Transport of coefficients). Let φ be a complex cusp form of finite level, invariant
under a central lattice. Then ι−1 ◦ φ is a cusp form with values in a finite extension of Qℓ.
It satisfies the same Hecke equations as φ, and its Whittaker coefficients are the images of
those of φ.

Proof. By Harder’s theorem [Har74, Theorem 1.2.1 and Corollary 1.2.3] the support of φ at
a given level is compact modulo the centre, and the lattice makes it finite modulo G(F ) and
the level subgroup. So φ takes finitely many values, and their images under ι−1 lie in a finite
extension of Qℓ. Hecke operators, constant terms and Whittaker coefficients at a given level
are finite sums whose coefficients are rational numbers, powers of the chosen square root of q
and roots of unity; ι−1 respects such sums.
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A smooth complex function that is not yet known to be cuspidal can also be composed
with ι−1: its constant terms, its Fourier coefficients and the Hecke operators are still finite
sums. Only the argument given above for the finiteness of the field of values uses cuspidality.

Proposition 5.6 (Recognition by standard Hecke data). Suppose that the dual group of G
is Sp2n, SOd with d ≥ 3, GSp2n, or GSO2n with n ≥ 2. Let σ : ΓF → Ĝ(k) be continuous,
finitely ramified and semisimple, with multiplier of finite order in the similitude cases. Let
h ≠ 0 be a smooth function of finite level on G(F )\G(AF ), and let S be a finite set of places
containing the places where h or σ is ramified. Suppose that at every place outside S the
Hecke operators attached to the standard representation act on h through the coefficients of
the characteristic polynomial of Stdσ of Frobenius, possibly as generalized eigenvalues; in the
similitude cases assume the same for the multiplier, and that h has the corresponding central
character of finite order. (The set S may be larger than the set of ramified places: in the
applications it also contains the places where an auxiliary additive character, a section or a
level is ramified.)

1. If σ is elliptic, then h is cuspidal.

2. If h is cuspidal, the cuspidal excursion summand of σ is nonzero. If moreover a
Whittaker coefficient of h is nonzero, this summand contains a function with a nonzero
Whittaker coefficient.

Proof. Step 1: parameters with the same standard data. Let σ′ be a continuous semisimple
parameter with the same characteristic polynomials of the standard representation at almost
all places, and the same multiplier. By Chebotarev and Brauer–Nesbitt, Stdσ′ ≃ Stdσ.
Lemma 5.1 then shows that σ′ is conjugate to σ in the stabilizer of the tensor, that is, in Ĝ
or, in even orthogonal type, in the full orthogonal or similitude group.

Step 2: cuspidality. Suppose that σ is elliptic and that h is not cuspidal. Let r be the
standard representation of Ĝ, and for u /∈ S let Au be the subalgebra of the spherical
Hecke algebra at u generated by the operators which correspond to the coefficients of the
characteristic polynomial of r, to the inverse of its determinant and, in the similitude cases, to
the multiplier and its inverse. The spherical Hecke algebra is a finitely generated module over
Au, by the proof of Lemma I.8.2(1). (The determinant of r is one in the isometry cases and
a power of the multiplier in the similitude cases.) By hypothesis Au acts on h through the
generalized character χu given by the standard data of σ(Frobu). A Satake parameter over
χu has in the standard representation the eigenvalues of Stdσ(Frobu), which are ℓ-adic units
because σ is continuous; since the weights of the standard representation, together with the
multiplier in the similitude cases, generate a subgroup of finite index in the character group
of the dual torus, every character of the dual torus takes a unit value at such a parameter.

So Lemma I.8.5 applies. It gives a proper standard Levi subgroup M and a continuous
semisimple parameter σM of M , unramified outside S, such that iσM and σ have the same
characteristic polynomials of the standard representation, and the same multiplier, at the
Frobenius elements of all places outside S. By step 1, σ is conjugate to iσM in Ĝ or, in even
orthogonal type, in the full orthogonal or similitude group. Conjugation by an element of
that group preserves Ĝ and maps i(M̂) onto a proper Levi subgroup of Ĝ. So the image of σ
lies in a proper Levi subgroup of Ĝ, whose connected centre centralizes it and has positive
dimension modulo Z(Ĝ). This contradicts ellipticity.

Step 3: the excursion summand. Assume h cuspidal. The space of cusp forms of its level
and central character is finite dimensional and is the direct sum of its generalized excursion
summands. Excursion operators commute with Hecke operators, so every component of h
satisfies the same Hecke equations, and by step 1 the parameter of every nonzero component
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is σ or its outer conjugate. Some component is nonzero, and if a Whittaker coefficient of h is
nonzero then it is nonzero on some component.

Step 4: the outer automorphism. In even orthogonal type let s be the isometry, defined over
F , which exchanges the two vectors of the last hyperbolic pair and fixes the other vectors
of the basis. Conjugation by s is an automorphism of the special orthogonal group over F
which induces the outer automorphism of the dual group. It lifts to GSpin. An element of
the Clifford group which represents s is odd, so it does not lie in GSpin; but conjugation by
it preserves the even Clifford group GSpin, and fixes the scalars. This holds in characteristic
two as well, where s has Dickson invariant one. By Lemma I.10.1 this automorphism maps
the summand of a parameter onto the summand of the outer conjugate of the parameter,
and it maps a Whittaker coefficient to the Whittaker coefficient for the character which it
transports. Hence the two summands are both nonzero.

5.4 Type A and lifting along a central torus

Lemma 5.7 (Lifting along a central torus). Let 1→ Z → H ′ → H → 1 be an exact sequence
of algebraic groups over k with H semisimple, H ′ connected reductive and Z a central torus.
Every continuous, finitely ramified parameter τ : ΓF → H(k) lifts to a continuous, finitely
ramified parameter τ̃ : ΓF → H ′(k) whose image in the abelianization of H ′ is finite. If τ is
semisimple, or elliptic, or strongly pure, then so is τ̃ , ellipticity being understood modulo the
centre.

Proof. A continuous lift, ramified at finitely many additional places, exists by [Con11,
Lemma 5.2 and Proposition 5.3], and it takes values in a finite extension of Qℓ by Lemma I.4.1.
Since H is semisimple, Z is the connected centre of H ′ and maps onto the abelianization
of H ′ with finite kernel. Multiplying the lift by a character with values in Z that factors
through the degree, as in Lemma I.4.11, we make its image in the abelianization finite without
changing its projection to H or its restriction to inertia.

If τ is semisimple, the unipotent radical of the Zariski closure of the image of τ̃ maps to a
unipotent normal subgroup of the reductive closure of the image of τ , hence trivially; it lies
in the torus Z and is trivial. The centralizer of τ̃ maps into that of τ , and the inverse image
of the centre of H is the centre of H ′; this gives ellipticity. For purity, let r be an irreducible
representation of H ′. The representation End(r) factors through H, so at an unramified place
the ratios of the Frobenius eigenvalues of rτ̃ are algebraic of absolute value one under every
embedding; and det r factors through the abelianization, so the product of the eigenvalues is
a root of unity. Hence each eigenvalue is algebraic of absolute value one.

Theorem 5.8 (Type A). Every continuous, finitely ramified, semisimple elliptic parameter
with values in PGLn(k) has a nonzero cuspidal excursion summand on SLn(AF ).

Proof. By Lemma 5.7 the parameter lifts to a representation τ̃ of dimension n with determinant
of finite order. It is irreducible: if it were a sum of two subrepresentations, scaling them
independently would give a torus in the centralizer of the original parameter. By L. Lafforgue’s
theorem [Laf02, Introduction, assertion (ii)n] there is a cuspidal representation of GLn(AF )
with parameter τ̃ and central character of finite order. Every excursion summand that meets
it has, by the compatibility of excursion operators with Hecke operators and by Chebotarev,
the parameter τ̃ . Choose a function in such a summand, translate it so that it is nonzero at
the identity, and restrict it to SLn(AF ). The restriction is cuspidal because the unipotent
radicals of the parabolic subgroups of SLn and GLn coincide, and by Lemma I.10.1 it lies in
the summand of the image of τ̃ in PGLn.



5 Parameters and Fourier coefficients 14

5.5 Two facts about Fourier coefficients

For a character ζ of [U ] write

FU,ζf(g) =
∫

[U ]
f(ug)ζ(u)−1 du.

Let V be a space of automorphic functions stable under right translation. We write (U, ζ) ∼
(U ′, ζ ′) if FU,ζ vanishes identically on V exactly when FU ′,ζ′ does. This relates the two
coefficients only as conditions on the whole space; it does not compare them on an individual
function. The global arguments of this paper consist of chains of such equivalences, obtained
from the following lemma and from conjugation by elements of G(F ).

Lemma 5.9 (Exchange of root subgroups). Let U be a unipotent group with a character ζ of
[U ], and let X and Y be vector groups which normalize U , preserve ζ, meet U trivially and
satisfy [X,Y ] ⊂ U . Suppose that ζ extends to characters of UX and of UY , trivial on X and
on Y , and that (x, y) 7→ ζ([x, y]) is a perfect pairing between X and Y defined over F . Then

(UX, ζ) ∼ (U, ζ) ∼ (UY, ζ).

Proof. Since FUX,ζ is the integral of FU,ζ over [X], the vanishing of the latter implies that of
the former. Conversely, for fixed g the function x 7→ FU,ζf(xg) on [X] has a Fourier expansion,
which is a finite sum because f is smooth. By the perfect pairing its characters are x 7→ ζ([x, y])
with y ∈ Y (F ). Write [x, y] = xyx−1y−1. The function FU,ζf is equivariant on the left under
U(AF ) and invariant on the left under Y (F ), so FU,ζf(xy−1g) = ζ([x, y])−1FU,ζf(xg). Hence
the coefficient of this character is FUX,ζf(y−1g). Consequently, if FUX,ζ vanishes on V , then
all the coefficients vanish, and so does FU,ζ . The statement for Y follows by symmetry.

The second fact is local. It computes twisted Jacquet modules of induced representations
and is the tool for Proposition 7.1.

Lemma 5.10 (Twisted Jacquet modules of induced representations). Let G be a reductive
group over a nonarchimedean local field, P = MU and P ′ parabolic subgroups, ζ a character
of U , H ⊂M a subgroup preserving ζ, and χ a character of P ′. For a representative w of a
double coset in P ′\G/P , taken in the Weyl group of a maximal split torus contained in both
Levi subgroups, write P ∩ w−1P ′w = Mw ⋉ Uw and

Zw = {Mwγ ∈Mw\M : ζ is trivial on γ−1Uwγ}.

Assume that the conditions defining Zw are closed conditions on the matrix entries of γ.
1. The double coset of w contributes to the twisted Jacquet module JU,ζ(iGP ′χ) only through

the fibres over Zw.

2. Suppose that Zw is empty for all double cosets but one, and that for this one it is a
finite disjoint union of closed orbits MwγjH ≃ Bj\H admitting local sections. Put
Uj = U ∩ (wγj)−1P ′wγj. Then, as a representation of H,

JU,ζ(iGP ′χ) ≃
⊕
j

c-IndHBj
(
(χδ1/2

P ′ ) ◦Ad(wγj)
∣∣∣det Ad(·)|LieU/LieUj

∣∣∣) .
Proof. The proof has three parts: exactness of twisted coinvariants, the computation on a
single fibre, and the passage from one fibre to a family of fibres, which is the only delicate
point.
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Step 1: exactness and a single fibre. A contracting cocharacter exhausts U by compact open
subgroups Un. Coinvariants for (Un, ζ) are the image of the projector that averages against
ζ−1, which is exact in characteristic zero, and JU,ζ is their direct limit; so JU,ζ is exact. For a
closed subgroup L ⊂ U , the twisted coinvariants of c-IndUL 1 are zero if ζ|L is nontrivial, and
if ζ|L is trivial they are one-dimensional, given by integration over L\U against ζ−1. Indeed a
function with compact support modulo L is supported in LK0 for a compact open subgroup
K0, and averaging over a sufficiently large Un proves both statements.
Step 2: families of fibres. By step 1 and the filtration of the induced representation by the
double cosets, these can be treated one at a time. The piece attached to P ′wP is the space of
sections with compact support of the inducing line bundle on (Mw ⋉ Uw)\P . Over a chart of
Mw\M choose a continuous section b 7→ γ(b) of M →Mw\M . Writing the points of the fibre
over b as wvγ(b) identifies this fibre with Uw\U and trivializes the line bundle on it. In these
coordinates u ∈ U acts on the fibre by right translation by γ(b)uγ(b)−1, and the character
becomes ζb(v) = ζ(γ(b)−1vγ(b)).

Let a section have vanishing integrals over the fibres above Zw, and let b be a point of the
projection of its support. On a small compact open chart around b the supports in the fibres
lie in the image of one compact open subgroup K ′ of U . If b /∈ Zw, enlarge K ′ so that it
contains an element of Uw on which ζb is not trivial. In both cases the average of the section
over K ′ against ζb vanishes at b, by step 1. It vanishes near b as well. Indeed, after shrinking
the chart, the character ζb′ on the compact set K ′ and the section, in the trivialization, do
not depend on b′; and since the normalizer of a compact open subgroup of U is open in M ,
we may also assume that γ(b′)−1K ′γ(b′) = γ(b)−1K ′γ(b) on the chart. So one compact open
subgroup of U kills the section over the chart. The projection of the support is compact;
cover it by finitely many such charts. A subgroup Un which is large enough then kills the
section.

Conversely, a function with compact support on Zw extends to the base, by means of
a finite partition into open and closed charts. On each chart choose K ′ so small that ζb is
trivial on it for all b in the chart, and multiply the extension by the characteristic function of
the image of K ′ in Uw\U , divided by its volume. The integrals over the fibres of the section
obtained are the given function on Zw. This proves (1), and identifies the contribution of the
double coset.
Step 3: the surviving layer. Under the hypothesis of (2) the map

f 7−→
[
h 7−→

∫
Uj\U

f(wγjuh)ζ(u)−1 du

]
identifies the contribution of the jth orbit with a space of functions on Bj\H. Substituting u =
bu′b−1 for b ∈ Bj gives its transformation law: the factor χδ1/2

P ′ of the induced representation
evaluated at wγjb(wγj)−1, times the modulus of the change of variables on Uj\U . This is
the compact induction of the statement. If Bj is a parabolic subgroup of a reductive group
H, dividing the character by δ1/2

Bj
writes it as a normalized parabolic induction.

6 An Eisenstein residue with a nonzero Fourier coefficient
Let σ be an elliptic symplectic or even orthogonal parameter whose multiplier χ has finite
order. By Proposition 5.2 its standard representation is a sum of distinct blocks ϱi, each
carrying a form of the same kind with multiplier χ. Since (det ϱi)2 = χdim ϱi , the determinants
have finite order, and L. Lafforgue’s theorem gives unitary cuspidal representations Πi of
GLmi(AF ) with parameters ϱi. They satisfy Π∨

i ⊗ ωσ ≃ Πi, where ωσ is the character
corresponding to χ by class field theory.
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The descent starts from an Eisenstein series on a group S = GSpin2m or GSpin2m+1,
induced from ⊠iΠi on a Levi subgroup contained in the Siegel Levi subgroup. This section
proves what is needed about it (Proposition 6.6): its iterated residue is a nonzero, irreducible,
square-integrable automorphic representation, and a specific Fourier coefficient, denoted SW ,
does not vanish on it. This is the function-field form of the first step of the descent method
of Ginzburg, Rallis and Soudry [GRS99, GRS11].

The proof has the usual shape. The constant terms of the Eisenstein series are sums over
Weyl elements of intertwining operators, whose unramified parts are ratios of L-functions; the
poles of these ratios at the point of interest come from Lemma 5.4. In the constant term along
the Siegel parabolic subgroup exactly one term has a pole of maximal order, and its Whittaker
coefficient along the Levi subgroup is an explicit nonzero product of L-values; this shows that
the leading coefficient is not zero. Separately, every exponent of every cuspidal constant term
of the leading coefficient is strictly negative; this shows that it is square integrable. At the
ramified places nothing is computed: we exhibit test vectors for which the local coefficient is
1.

6.1 Whittaker functionals on general linear groups

Let ψd(n) = ψ(∑i<d ni,i+1) on the group Ud of upper triangular unipotent matrices in GLd,
and Wf (g) =

∫
[Ud] f(ng)ψd(n)−1 dn.

Lemma 6.1 (Whittaker functionals on general linear groups). 1. For a cusp form f on
GLd(AF ),

f(g) =
∑

γ∈Ud−1(F )\GLd−1(F )
Wf

((
γ 0
0 1

)
g

)
.

In particular Wf ̸= 0 if f ̸= 0.

2. Over a nonarchimedean local field of any characteristic, the space of Whittaker func-
tionals on an irreducible smooth representation of GLd has dimension at most one.

3. The Whittaker functional f 7→Wf (1) on a cuspidal representation ⊗′
vΠv is a product

of local Whittaker functionals.

Proof. (1) Expand f along the last column of Ud, a vector group on which GLd−1(F ) acts.
The term of the trivial character is a constant term along a proper parabolic subgroup
and vanishes. The nontrivial characters form one orbit, and the stabilizer of a point is
the mirabolic subgroup of GLd−1. Repeating the argument inside the successive mirabolic
subgroups gives the formula; at each stage the term of the trivial character is a constant term
of f integrated over a unipotent group, and for fixed g all the sums are finite.

(2) By [BZ77, Theorem 2.5] an irreducible representation embeds in a representation
induced from supercuspidal representations of a Levi subgroup. The space of Whittaker
functionals of a representation of GLd is the dual of its derivative of order d in the sense
of Bernstein and Zelevinsky, the derivatives are exact functors [BZ77, Proposition 1.9(a)],
and the derivative of order d of such an induced representation is one-dimensional [BZ77,
Theorem 4.4, Lemma 4.5 and Corollary 4.6]. These results hold over any nonarchimedean
local field.

(3) Choose a pure tensor on which the functional is nonzero. For a finite set of places, the
restriction of the functional to the tensors that agree with the chosen one outside that set
is, by (2), the product of the local functionals normalized to take the value 1 on the chosen
components, times the value on the chosen tensor. These descriptions are compatible when
the set grows.
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Lemma 6.2 (Whittaker functional of an induced representation). Let v be a place and
consider the representation of GLm(Fv) induced from ⊠iΠi,v| det |si, with the Whittaker
functional given by the integral over the open cell of the Whittaker functionals of the Πi,v.

1. If all the data are unramified, the value of this functional on the spherical vector,
normalized by the spherical Whittaker vectors of the Πi,v, is∏

i<j

Lv(1 + si − sj ,Πi ×Π∨
j )−1.

2. In general there is a section supported in the open cell, with compact support there, on
which the functional is 1 for all (si).

Proof. The functional is defined on the whole induced representation and is compatible
with induction in stages [CS80, Theorems 1.4 and 1.6, Corollary 1.7]. For a principal series
with Satake parameters za its value on the spherical vector is ∏a<b(1 − q−1

v zaz
−1
b ) [CS80,

Theorem 5.4]; the normalization is fixed by the case of rank one, where the integral over Ov is
1, the next shell contributes −q−1

v z1z
−1
2 and the others contribute zero. Writing each Πi,v as a

subquotient of a principal series and dividing by the factors with a, b in the same block gives
(1), first for distinct parameters and then in general because both sides are rational functions.
For (2) take a section supported on a small compact open subset of the open cell, with values
a vector on which the Whittaker functional of the inducing representation is nonzero, and
with the dependence on the unipotent variable chosen to cancel the character.

6.2 Regularized values of Eisenstein series

Let S be a split GSpin group and PS its Siegel parabolic subgroup, with Levi subgroup
GLm×Gm and unipotent radical UPS . The coefficient SW is the Whittaker coefficient, along
the maximal unipotent subgroup UGL,m of GLm, of the constant term along PS:

SW(f)(g) =
∫

[UGL,m]

∫
[UPS ]

f(ung)ψm(n)−1 du dn.

The Eisenstein series we need has a pole of order equal to the number of blocks, along
several hyperplanes at once. The next lemma defines its leading term without choosing an
order in which to take residues.

Lemma 6.3 (Regularized Eisenstein value). Let E(f, x) be a family of Eisenstein series
induced from cuspidal data with unitary central character, depending on a parameter x near 0
in a vector space, through unramified twists which are trivial on the centre of the ambient group;
so the centre acts on all the members of the family through one unitary character. Suppose
that every cuspidal constant term of E(f, x) is a sum of terms of the form u(x)/∏j∈J Lj(x),
with u holomorphic and J ⊂ {1, . . . , N}, where L1, . . . , LN are distinct linear forms. Put
δ = ∏N

j=1 Lj.
1. δ(x)E(f, x) is holomorphic at x = 0.

2. Its value R(f) at 0 depends only on the value of the section f at x = 0, and R is
equivariant.

3. A term of a constant term contributes to the constant term of R(f) only if J =
{1, . . . , N}.

Proof. At a fixed level the Eisenstein series is meromorphic in x, and its values at all g have
a common denominator locally [BL24, §9.5]; for a holomorphic family of sections, take the
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product of the denominators for a basis of the inducing space of the given level, in its compact
realization. Suppose that δE has a pole. Choose a smooth point of an irreducible component
of its polar divisor which lies on no other component, and at which the leading coefficient of
some value of δE is not zero. In a coordinate transverse to the divisor, this leading coefficient,
as a function of g, is an automorphic function all of whose cuspidal constant terms vanish,
by the hypothesis on the denominators. The centre acts on it through the same unitary
character, and it is orthogonal to the cusp forms on which the centre acts through that
character: in the region of convergence, the pairing of an Eisenstein series with a cusp form
unfolds to an integral of a constant term of the cusp form, which is zero, and this persists
by analytic continuation. An automorphic function with these two properties is zero [BL24,
§9.1, equation (9.2), and §9.5]. This proves (1). Two sections with the same value at 0 differ
by a sum ∑

i xifi(x), on which the regularized value vanishes; and the equivariance of E is an
identity of meromorphic functions. This is (2). In (3), a term with J ≠ {1, . . . , N} becomes,
after multiplication by δ, divisible by a linear form and vanishes at 0.

Lemma 6.4 (Square integrability of the regularized value). In the situation of Lemma 6.3,
where the centre acts through a unitary character, suppose that the exponents of all the terms
contributing to the constant terms of R(f) are strictly negative on the relevant cones of
reduction theory. Then the image of R consists of functions that are square integrable modulo
the centre. If in addition the coefficient SW of E(f, x) is u(x)/δ(x) with u holomorphic and
u(0) ̸= 0 for some f , then R ̸= 0, and SW(R(f)) = u(0).

Proof. The first statement is the criterion for square integrability in terms of constant terms.
A function of finite level agrees with its constant terms far in the cusps [Mor82, Chapter I,
§5.9], so a strictly negative exponent bounds the square norm on a Siegel set by a sum
C
∑
d∈Zr≥0

(1 + ∥d∥)aq−ϵ∥d∥ with ϵ > 0. The coefficient SW is an integral over a compact set,
so it commutes with multiplication by δ and evaluation at 0.

Corollary 6.5 (Irreducibility). Suppose moreover that at every place the local induced
representation at x = 0 has an irreducible cosocle Jv, that is, a unique maximal proper
subrepresentation with quotient Jv, and that at almost all places the spherical vector has
nonzero image in it. Then the image of R is the irreducible representation

⊗′
v Jv.

Proof. The image is a nonzero quotient of the restricted tensor product of the local induced
representations, and it is unitary, being square integrable. Apply Proposition I.9.3.

6.3 The residue attached to self-dual blocks

Proposition 6.6 (The residual representation). Let m = ∑
imi, and let Πi be the distinct

cuspidal representations described at the beginning of the section. Let S = GSpin2m if the
blocks are alternating and S = GSpin2m+1 if they are symmetric, and consider the Eisenstein
series E(ft, t) on S induced from ⊠iΠi| det |t/2 ⊠ ωσ on the parabolic subgroup contained in
PS with Levi subgroup

∏
i GLmi ×Gm. Let N be the number of blocks.

1. The limit R(f) = limt→1(t− 1)NE(ft, t) exists, and R is a nonzero equivariant map to
functions that are square integrable modulo the centre.

2. The image of R is irreducible, and the connected centre acts on it through ωσ.

3. The coefficient SW is not identically zero on the image of R.

Proof. Let Sram be a finite set of places containing those where some Πi or ψ is ramified, and
put

Li(z) = LSram(z,Πi, r ⊗ ω−1
σ ), Lij(z) = LSram(z,Πi ×Πj ⊗ ω−1

σ ),
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where r = Λ2 in the alternating case and r = Sym2 in the symmetric case. These are the
L-functions of the representations of the dual Levi subgroup on the Lie algebra of the dual
Siegel radical, whose weights are zazb/c with a < b, respectively a ≤ b.

The twists | det |si which occur below are trivial on the centre of S, as Lemma 6.3 requires.
Write an element of the maximal torus of the Levi subgroup GLm×Gm as (t1, . . . , tm; t0). In
type Bm the roots ei vanish on the centre, which forces ti = 1. In type Dm the roots ei ± ej
force t1 = · · · = tm = ε with ε2 = 1. In both cases | det | is one on the centre of each block,
and the centre of S acts through the character t 7→ ωσ(t0)∏i ωΠi(ε), where ωΠi is the central
character of Πi and ε = 1 in type B. It does not depend on the twists, and it is unitary,
because ωσ has finite order and ε2 = 1.
Step 1: the poles. We first let the exponents vary independently, inducing from ⊠iΠi| det |si .
The constant terms are sums of intertwining operators, products of operators of rank one.
The unramified parts of the latter are

Lij(si + sj)
Lij(1 + si + sj)

,
Li(2si)

Li(1 + 2si)
,

and similar ratios in the differences si − sj . By Lemma 5.4 and the remark following it,

ai = Res
z=1

Li(z) ̸= 0, Li(2)Lij(1)Lij(2) ̸= 0 (i ̸= j).

We need the operators of rank one only near the real point at which all the si are equal to
1/2; there the differences are 0 and the sums are 1. An operator in a difference is evaluated
at the real point of the unitary axis, where the operators of rank one are holomorphic [Mor82,
Chapter III, Theorem 5.2(i)]. Consider an operator in a sum si + sj with i ≠ j, as a function
of z = si + sj . Its unramified part Lij(z)/Lij(1 + z) is holomorphic at z = 1, by Lemma 5.4
and the remark which follows it; this is where Π∨

j ⊗ ωσ ≃ Πj ̸≃ Πi is used. At the places
of Sram the local operators are given by integrals which converge for ℜz > 0, because the
representations Πi,v are tempered (Input 1(3)) [Wal03, Proposition IV.2.1]. So this operator
is holomorphic at z = 1. The remaining operators, in 2si, have at most simple poles [Mor82,
Chapter III, Theorem 5.2(i)–(ii)]. So the hypothesis of Lemma 6.3 holds with the N linear
forms 2si− 1, and restricting to si = t/2 gives the existence of R(f) = limt→1(t− 1)NE(ft, t).
Step 2: the exponents. We verify the hypothesis of Lemma 6.4. As explained at the end
of this step, it suffices to consider the cuspidal components of the constant terms along the
standard parabolic subgroups P ′ = M ′U ′. Let M be the inducing Levi subgroup. Since the
inducing datum is cuspidal, the cuspidal component of the constant term along P ′ is a sum
over the Weyl elements w with wMw−1 = M ′ [BL24, (6.17) and (6.18)]; the terms induced
from smaller Levi subgroups of M ′ are orthogonal to cusp forms of M ′. By Lemma 6.3(3)
a Weyl element w contributes to a remaining constant term only if it produces all N poles.
Factor the intertwining operator of w along a reduced sequence of reflections in relative roots.
The factors attached to two different blocks are holomorphic at the point, and the factor
attached to the relative root βi of the ith block which is fixed by the inducing datum has at
most a simple pole; so w must make every βi negative. The coroots which restrict to βi on
the centre of the inducing Levi subgroup are the ea + eb with a, b in the block i, including
a = b when the block is of symmetric-square type. For such a coroot α∨, the restriction of
wα∨ to the centre of M ′ = wMw−1 is the relative root wβi, which is negative. The coroots
outside M ′ which are positive are those of the unipotent radical of P ′, and their restrictions
to the centre of M ′ are positive relative roots; so wα∨ is negative. Thus w makes negative all
the coroots ea + eb with a, b in the same block. Let

γi = 2
mi

∑
a in block i

ea, λ = 1
2

m∑
a=1

ea =
∑
i

mi

4 γi,
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so that λ is the exponent at t = 1 and the γi span the space of exponents fixed by the Weyl
group of the inducing Levi subgroup, modulo the central direction of the ambient group.
Each γi is a positive combination of these coroots:

γi = 2
mi(mi − 1)

∑
a<b

(ea + eb) or γi = 2
mi(mi + 1)

∑
a≤b

(ea + eb),

with a, b in the block i, according to whether the block is of alternating-square type, where
mi ≥ 2, or of symmetric-square type; each coordinate occurs mi−1 times in the first sum and
mi+ 1 times in the second. For a contributing w, each wγi is therefore a positive combination
of negative coroots, hence a combination with coefficients ≤ 0 of the simple coroots. Consider
a simple root that does not belong to the Levi subgroup of the constant term. The coefficient
of its coroot in wλ is a sum of nonpositive numbers, and it is not zero: otherwise the coefficient
would vanish in every wγi, whereas the wγi span the space of exponents fixed by the Weyl
group of M ′, modulo the central direction of the ambient group. For an inner product on the
real space of coroots which is invariant under the Weyl group, this space is the orthogonal
complement of the span of the coroots of M ′, and it maps isomorphically onto the quotient
by that span. So the coefficient of a simple coroot outside M ′ does not vanish on the whole
space. Hence ⟨wλ, d⟩ < 0 for all d ≠ 0 in the positive cone, which is the negativity to be
proved; the half-sum of roots in the normalized induction cancels the modulus character in
the integral of the square. It suffices to consider cuspidal constant terms: an exponent of an
arbitrary constant term is the restriction of an exponent of a cuspidal constant term along a
smaller parabolic subgroup, by the transitivity of constant terms, and the positive cone of
the larger parabolic subgroup lies in the closed positive cone of the smaller. The regularized
value is a Laurent coefficient, so its constant terms can contain polynomials in the degree
multiplied by the same exponentials; a polynomial does not affect the convergence of the sum
in the proof of Lemma 6.4, in which the factor (1 + ∥d∥)a already appears.

Step 3: the coefficient SW. This is the main point. In the constant term along PS, only
the terms with wMw−1 contained in the Siegel Levi subgroup remain, because the inducing
datum is cuspidal. For such a term the roots which are differences of two indices of one block
force all the indices of the block to have the same sign. If the sign of a block is positive, the
roots which are sums of two of its indices remain positive, and the block contributes no pole.
So a term which produces all the poles changes the sign of every block. Modulo the Weyl
group of the Siegel Levi subgroup there is one such term, the one making the whole Siegel
radical negative. Its term is a function on GLm, induced from ⊠iΠi with shifted exponents,
and its Whittaker coefficient is computed on the Bruhat cells of GLm: on a cell other than the
open one the character ψm is nontrivial on a simple root subgroup contained in the stabilizer,
so that cell contributes zero. On the open cell, at the places outside Sram and for spherical
data, the intertwining operator and Lemma 6.2(1) give the factor

∏
i

Li(t)
Li(t+ 1)

∏
i<j

Lij(t)
Lij(t+ 1)Lij(1) ,

and (t− 1)N times this tends to ∏i aiLi(2)−1∏
i<j Lij(2)−1 ̸= 0.

At a place of Sram we choose the section so that the local factor is 1 for all values of the
parameter. The cell in question is the product of the opposite Siegel radical, with coordinate
zP , and of the open cell of the Whittaker functional in GLm, with coordinate zA. The
corresponding Weyl elements, whose inverses are the representatives which occur in the
integral, satisfy

wP = w0,Sw0,LS , wA = w0,Mw0,LS , wAwP = −w0,M ,
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with additive lengths, where M is the inducing Levi subgroup and w0,S = −1; in the even
orthogonal case this holds because m is even. In the two successive integrations the product
of the representatives is w−1

P uPw
−1
A uA = (wAwP )−1(wAuPw−1

A )uA. The root coordinates of
the two unipotent factors are disjoint, and together they parametrize the open cell for the
inducing parabolic subgroup and the Borel subgroup of the ambient group. Choose a small
compact open neighbourhood Ωv of the identity in these coordinates and a vector in the
inducing representation whose Whittaker function is 1 at the identity, and let the section be
vol(Ωv)−1ψA(zA) times this vector on Ωv, extended by zero. On Ωv the Levi components in
the Iwasawa decomposition are units, so the exponents do not enter, and the local integral is
1.

Thus for suitable f the coefficient SW(E(ft, t)) is u(t)/(t − 1)N with u(1) ̸= 0, and
Lemma 6.4 gives (1) and (3).

Step 4: irreducibility. Each Πi,v is tempered [Laf02, Theorem VI.10(i)]. The representation
of GLm(Fv) induced from ⊠iΠi,v is irreducible and tempered: in terms of segments, those
attached to tempered representations are centred on the unitary axis, and two such segments
on the same cuspidal line are nested, hence not linked [Zel80, Theorem 9.7(a)]. By induction
in stages the local induced representation at t = 1 is induced from the Siegel parabolic
subgroup, from this tempered representation twisted by a positive exponent. By the Langlands
classification it is a standard module, and a standard module has an irreducible cosocle [Sol25,
Theorem A and §2]; at an unramified place the image of the spherical vector in it is nonzero.
Corollary 6.5 gives (2); the central character is that of the inducing data.

Remark 6.7. Purity of the blocks enters through the poles in step 1. Square integrability
comes from the signs of the exponents in step 2. The test vectors at the ramified places in
step 3 are needed because the Euler product over the unramified places says nothing about
the remaining local factors of the coefficient.

7 Orthogonal descent and its local parameter
The residual representation of Proposition 6.6 lives on a special orthogonal group, or on
the corresponding general spin group GSpin (an extension of the special orthogonal group
by Gm), about twice as large as the group we want. The descent is a Fourier coefficient of
it along a unipotent subgroup Udesc, for a character ψdesc whose stabilizer H in the Levi
subgroup is the target group. This section does three things. It computes the twisted Jacquet
module of the local components for (Udesc, ψdesc) (Proposition 7.1), which gives the Hecke
eigenvalues of the descent if it is nonzero. It proves two lemmas on rearranging Fourier
coefficients (Lemmas 7.8 and 7.9). And it proves that the descent to an odd orthogonal group
is nonzero, with a nonzero Whittaker coefficient, in every characteristic (Proposition 7.10).
The descent to an even orthogonal group is treated in Sections 8 and 9.

Two features of the local computation are used later. In the even orthogonal case the
Jacquet module has two summands, exchanged by the outer automorphism. And it vanishes
when the stabilizer is not split, so that the stabilizer of a nonzero global descent is split at
every unramified place.

7.1 The descent datum

Write a split even quadratic space as

V =
m⊕
i=1

(Fei ⊕ Ffi), Q
(∑

xiei + yifi
)

=
∑

xiyi,
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with root vectors

Eei−ej = Eij − Efjfi , Eei+ej = Eifj − Ejfi , Fα = Etα.

In odd dimension there is an additional basis vector u, orthogonal to the others; its norm is 1
in characteristic two, and a convenient nonzero constant otherwise. Orthogonal groups are
the smooth special orthogonal groups. In even dimension this is the kernel of the Dickson
invariant on the orthogonal group of the quadratic form; outside characteristic two it is the
kernel of the determinant. In odd dimension it is the kernel of the determinant O(Q)→ µ2 in
every characteristic; in characteristic two the bilinear form of an odd-dimensional space has
the line of u as radical, and the quadratic form is not zero on it. The rank of g − 1 modulo
two, which is the Dickson invariant in even dimension, cannot be used in odd dimension: in
characteristic two a short root element of the odd orthogonal group differs from the identity
by a matrix of rank one. All unipotent groups below are the same for the orthogonal group
and for GSpin.

In both configurations r ≥ 1, and Udesc is the unipotent radical of the parabolic subgroup
fixing the flag ⟨e1⟩ ⊂ · · · ⊂ ⟨e1, . . . , er⟩, whose Levi subgroup is the product of a torus of
rank r and the orthogonal group of the space spanned by the remaining basis vectors. The
character ψdesc is ψ of the sum of the coordinates on the simple roots ei − ei+1, i < r, plus a
linear form λ of the last row, that is, of the component of Udesc in the root subgroups from
er into the remaining space.

First configuration. Here m = 2r + 2 and the ambient group has type Dm. The form
λ has coefficients (−1, 1) on (er − em, er + em) and zero elsewhere; it is the pairing with
v = em − fm. Let H be the subgroup of the Levi subgroup whose torus component is trivial
and whose orthogonal component fixes v. It stabilizes ψdesc, and it is the special orthogonal
group of the orthogonal complement of v in the remaining space, a split group of type Br+1;
in characteristic two this identification is explained below. The full stabilizer of ψdesc in the
Levi subgroup is slightly larger: the simple root coordinates force the r torus coordinates
to have a common value a, the last row gives gv = av, and then a2 = 1 because Q(v) ̸= 0;
so the stabilizer is µ2 × H. Outside characteristic two H is its identity component. In
characteristic two µ2 is connected and not reduced, and H is the reduced identity component
of the stabilizer.

Second configuration. Here m = 2r and the ambient group has type Bm. We assume

λ = B(v, ·) with Q(v) ̸= 0 (p ̸= 2), λ(u) = 1 (p = 2).

Then Vλ = kerλ is a nondegenerate even-dimensional quadratic space and H = SO(Vλ) has
type Dr. It need not be split.

When the ambient group is GSpin, we write H also for the inverse image of this group.
In characteristic two the description of H in the first configuration requires an argument,

because v lies in its own orthogonal complement. Put v = em + fm and u0 = fm, and write
the remaining space as Fv ⊕ Vmid ⊕ Fu0, so that

Q(xv + w + yu0) = x2 + xy +Qmid(w).

An isometry of v⊥ = Fv ⊕ Vmid fixing v has the form w + xv 7→ kw + (x+ c(w))v, with k
symplectic for the bilinear form of Vmid and c(w)2 = Qmid(kw) +Qmid(w). Its extensions to
the whole space send

u0 7−→ u0 + b+Av, B(kw, b) = c(w), A2 +A = Qmid(b),

over every base ring R. The equation for A need not have a solution in R; it has one in the
R-algebra R′ = R[A]/(A2 + A−Qmid(b)), which is finite étale and faithfully flat. Over R′
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we thus have an extension. The reflection x 7→ x+B(x, v)v changes A into A+ 1 and has
Dickson invariant one; composing with it on the open and closed part of SpecR′ where the
Dickson invariant of the extension is one, we get an extension of Dickson invariant zero. It
is unique: the difference T of two values of A satisfies T 2 + T = 0, so it is an idempotent,
and the two extensions differ by the reflection on the part where T = 1. By uniqueness the
two pullbacks of this extension to R′ ⊗R R′ coincide, and it descends to R. Thus restriction
to v⊥ identifies H with the special orthogonal group of the nondegenerate odd-dimensional
quadratic space v⊥, the split group SO2r+3, as group schemes. On a remaining hyperbolic
pair its short root subgroup is

hj(s) = xej−em(s)xej+em(s), hj(s)fj = fj + sv + s2ej ,

on which the torus acts through zj .

7.2 The local Jacquet module

Let P ′ be the parabolic subgroup of the ambient group whose Levi subgroup consists of
blocks GL2 on consecutive pairs of basis vectors, n in number, where n = r + 1 in the first
configuration and n = r in the second. In the first configuration there are two such parabolic
subgroups P ′

+ and P ′
−, corresponding to the two families of maximal isotropic subspaces. For

characters µ1, . . . , µn and ωσ of the multiplicative group of the local field put

IP ′(µ;ωσ) = iGP ′

(
⊠
j
µj ◦ det⊠ωσ

)
,

where the last factor is a character of the central Gm of GSpin, which is a factor of the
Levi subgroup, and is omitted for orthogonal groups. Let z1, . . . , zn be the coordinates of
the maximal torus of H and z0 the coordinate of the central Gm of GSpin, that is, of the
cocharacter e∗

0. In the dual coordinates the similitude character of GSpin is 2e0 + ∑
i ei;

the multiplier of the dual group GSp or GSO is the character e∗
0 of the dual torus. Define

characters of that torus by

ξµ(z) = ωσ(z0)
n∏
j=1

µj(zj), ξιµ(z) = ωσ(z0)
∏
j<n

µj(zj)(ωσµ−1
n )(zn).

Proposition 7.1 (Orthogonal Jacquet module). Over any nonarchimedean local field and
for arbitrary smooth characters µj and ωσ,

JUdesc,ψdescIP ′(µ;ωσ) ≃


iHBH ξµ, ambient type D2r+2,

iHBH ξµ ⊕ i
H
BH
ξιµ, ambient type B2r, Vλ split,

0, ambient type B2r, Vλ nonsplit.

In the first case the result is the same for P ′
+ and for P ′

−.

The proof occupies the rest of this subsection. It applies Lemma 5.10 with P = MUdesc,
the parabolic subgroup of which Udesc is the radical, and it has four parts. Only one double
coset can contribute (Lemma 7.2). In this double coset the intersection of Udesc with the
conjugate of P ′ is a product of root subgroups, which we list (Lemma 7.3). The locus on
which the character is trivial on this intersection is a flag variety of H (Lemma 7.4); this is
the main point. The characters given by Lemma 5.10 are ξµ and ξιµ (Lemma 7.5). In the
first configuration we take P ′ = P ′

+ in these four lemmas, and compare with P ′
− afterwards

(Lemma 7.6).
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The character at a point of the Levi subgroup. The roots of Udesc are

ei − ej , ei + ej (1 ≤ i ≤ r, i < j ≤ m), ei (1 ≤ i ≤ r, ambient type B). (7.1)

Let W be the remaining space, spanned by the eh, fh with h > r and by u in odd dimension,
so that M = Gr

m ×GW with GW the special orthogonal group of W , or its inverse image in
GSpin. The elements of the last row are the n(y), y ∈W , with n(y)fr ≡ fr + y modulo er;
on them ψdesc(n(y)) = ψ(λ(y)), and the root subgroups are

xer−eh(t) = n(−tfh), xer+eh(t) = n(−teh),

and in odd dimension the short root subgroup Uer consists of the n(tu). Let γ be an
element of M , with components (a1, . . . , ar) and g ∈ GW . Put ψγ(n) = ψdesc(γ−1nγ). Since
γ−1n(y)γ = n(a−1

r g−1y), this is the character of Udesc of the same kind as ψdesc in which the
coefficients on the simple roots ei − ei+1, i < r, are multiplied by nonzero scalars and λ is
replaced by λ′ = a−1

r λ ◦ g−1. It is trivial on every other root subgroup of (7.1). We shall use
two properties of λ′, valid for every γ.

(a) If λ = B(v, ·), then λ′ = B(v′, ·) with v′ = a−1
r gv, and Q(v′) = a−2

r Q(v) ̸= 0. Writing
v′ = ∑

h>r(xheh + yhfh) + zu, the coefficients of ψγ on Uer−eh and Uer+eh are −xh and
−yh, and Q(v′) = ∑

h xhyh +Q(u)z2.

(b) In the second configuration in characteristic two, λ′(u) ̸= 0: the line of u is the radical
of the bilinear form of W and Q(u) ̸= 0, so g fixes u, and λ′(u) = a−1

r λ(u).
The condition of Lemma 5.10 at the point γ of the double coset of w is that ψγ be trivial on
Uw = Udesc ∩ w−1P ′w. This group is the product of the root subgroups Uα, α in (7.1), for
which wα is a root of P ′, that is, a positive root or a root ±(e2c−1 − e2c) of a block. So the
condition is:

if wα is a root of P ′, the coefficient of ψγ on Uα is zero. (7.2)

This is a condition on root subgroups and on the values of ψ at their points, and the arguments
below are the same in every characteristic. The inducing character is trivial on all unipotent
elements of P ′, including those of the blocks, so the µj do not enter the condition.

Lemma 7.2 (The contributing double coset). Let w be a signed permutation, and suppose
that (7.2) holds at some point γ of M . Then w lies in the double coset of the element w0 with

w0(ei) = f2i−1, w0(er+k) = e2k (1 ≤ i, k ≤ r),

extended to the fi by duality. In the first configuration w0 fixes em−1, and it exchanges em
and fm exactly when r is odd; in the second configuration w0(u) = (−1)ru.

Proof. For i ≤ r write

w(ei) = eji (sign +) or w(ei) = fji (sign −), Ai = ⌈ji/2⌉,

so that Ai is the block of P ′ containing the image.

Step 1: the sign of er is negative. Suppose w(er) = ej . Let h > r. If w(eh) = el, then
w(er + eh) = ej + el is a positive root, so yh = 0. If w(eh) = fl, then w(er − eh) = ej + el, so
xh = 0. Hence xhyh = 0 for all h. In even dimension this gives Q(v′) = 0, which contradicts
(a). In odd dimension w(er) = ej is a positive short root, so λ′(u) = 0. In odd characteristic
λ′(u) = 2Q(u)z, hence z = 0 and again Q(v′) = 0. In characteristic two λ′(u) ̸= 0 by (b), a
contradiction.
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Step 2: all signs are negative. If the signs of ei and ei+1 are (+,−), then w(ei − ei+1) =
eji + eji+1 is a positive root, while the coefficient of ψγ on the simple root ei− ei+1 is not zero.
So a positive sign cannot be followed by a negative one; since the last sign is negative, all are.

Step 3: the blocks. For i < r we now have w(ei − ei+1) = eji+1 − eji . If Ai+1 < Ai, this is a
positive root; if Ai+1 = Ai, it is a root of a block. Both are excluded by (7.2), the coefficient
on a simple root being nonzero. Hence

A1 < A2 < · · · < Ar. (7.3)

In the second configuration there are r blocks, so Ai = i. In the first there are r + 1, and
(7.3) leaves the possibility Ar = r + 1. Suppose this is the case, and let h > r, w(eh) = el
or fl. Then l ̸= jr and ⌈l/2⌉ ≤ r + 1 = Ar, so el − ejr is a root of P ′: a positive root if l
lies in an earlier block than jr, a root of the last block otherwise. It is the image of er + eh
if w(eh) = el and of er − eh if w(eh) = fl. So again xhyh = 0 for every h and Q(v′) = 0, a
contradiction. Therefore Ai = i for all i in both configurations.

Step 4: the representative. Multiplying w on the left by the Weyl group of the Levi subgroup
of P ′, which exchanges the two indices of a block, we may assume ji = 2i− 1. The images
of the eh, h > r, are then, up to signs, the e2k with k ≤ r and, in the first configuration,
em−1 and em. Multiplying on the right by the Weyl group of GW , which consists of the
signed permutations of the indices h > r, with an even number of sign changes when W has
even dimension, we arrive at w(ei) = f2i−1 and w(er+k) = e2k for 1 ≤ i, k ≤ r. In the first
configuration we arrive in addition at w(em−1) = em−1, and then w exchanges em and fm
exactly when r is odd, since the number of sign changes of an element of the Weyl group
of type Dm is even. In the second configuration w(u) = (−1)ru, the determinant being one.
This is w0.

Lemma 7.3 (The intersection). For w = w0 the group Uw = Udesc ∩ w−1P ′w is

Uint =
∏

1≤k≤i≤r
Uei+er+k ,

a product of commuting root subgroups.

Proof. We apply w0 to the list (7.1). In the following table 1 ≤ i ≤ r, i < j ≤ r and
1 ≤ k ≤ r.

root α of Udesc w0α root of P ′

ei − ej e2j−1 − e2i−1 no
ei + ej −e2i−1 − e2j−1 no
ei − er+k −e2i−1 − e2k no
ei + er+k, k < i e2k − e2i−1 yes, a positive root
ei + er+i e2i − e2i−1 yes, a root of the ith block
ei + er+k, k > i e2k − e2i−1 no
ei ± em−1, ei ± em (type D) −e2i−1 ± em−1, −e2i−1 ± em no
ei (type B) −e2i−1 no

The roots marked “no” are negative, and none of them is a root ±(e2c−1 − e2c) of a block: in
e2j−1 − e2i−1 both indices are odd, in e2k − e2i−1 with k > i the indices lie in different blocks,
and in type D we have 2i− 1 < m− 1. This gives Uint. The sum of two roots ei + er+k is
not a root, so the root subgroups commute.

Lemma 7.4 (The locus). Let w = w0, and put Z0
k = ⟨er+1, . . . , er+k⟩ for k ≤ r.
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1. The quotient Mw\M is the variety of isotropic flags Z1 ⊂ · · · ⊂ Zr in W with dimZk = k,
completed in the first configuration by a maximal isotropic subspace Zr+2 ⊃ Zr in a
fixed family. The class of γ corresponds to the flag (γ−1Z0

k).

2. The condition (7.2) at γ is λ(Zr) = 0.

3. In the first configuration the locus defined by this condition is one orbit of H, isomorphic
to BH\H for a Borel subgroup BH of H.

4. In the second configuration the locus is empty if Vλ is not split. If Vλ is split, it consists
of two orbits of H, each isomorphic to BH\H with the same Borel subgroup BH .

In all cases the locus is closed and the orbit maps have local sections. As base points we take
γ1 = 1, with the coordinates of W chosen so that Z0

r ⊂ kerλ, and for the second orbit in (4)
an element γ2 ∈ GW which normalizes the torus, exchanges e2r and f2r and fixes the other
basis vectors of Vλ.

Proof. Step 1: the flag variety. The group Mw = M ∩ w−1P ′w contains the torus Gr
m, and

its component in GW is the parabolic subgroup whose roots β are those with wβ a root of P ′.
From w(er+k − er+k′) = e2k − e2k′ and w(er+k + er+k′) = e2k + e2k′ , and the corresponding
formulas for em−1, em and u, one finds that it is the stabilizer of the flag

Z0
1 ⊂ · · · ⊂ Z0

r ,

completed in the first configuration by the maximal isotropic subspace Z0
r+2 spanned by

Z0
r , em−1 and w−1em. So Mw\M is the variety of isotropic flags (Zk) = γ−1(Z0

k) in W of
dimensions 1, . . . , r, followed in the first configuration by a maximal isotropic subspace Zr+2
in the family of Z0

r+2. This is (1).

Step 2: the condition. By Lemma 7.3 the condition is that ψγ be trivial on the subgroups
Uei+er+k with k ≤ i ≤ r. The character ψγ is trivial on Uei+er+k for i < r, and on
xer+er+k(t) = n(−ter+k) it is ψ(−tλ′(er+k)). So the condition is λ′(Z0

r ) = 0, that is, λ(Zr) = 0.
This is (2).

Step 3: the first configuration. The condition says Zr ⊂ v⊥. Then Y = Zr+2 ∩ v⊥ has
dimension r + 1: it contains Zr, and it is not Zr+2 because v, having nonzero norm, is not
in Z⊥

r+2 = Zr+2. So (Z1, . . . , Zr, Y ) is a complete isotropic flag of the space v⊥ of dimension
2r+ 3. Conversely, for such a flag the space Y ⊥/Y is a split quadratic plane; its two isotropic
lines give the two maximal isotropic subspaces of W containing Y , one in each family, and
Zr+2 is the one in the prescribed family. So the locus is the variety of complete isotropic flags
of v⊥, on whose rational points H acts transitively with stabilizer a Borel subgroup: it is one
orbit BH\H. These statements hold in characteristic two, where v ∈ v⊥ and isotropic means
that the quadratic form vanishes.

Step 4: the second configuration. The locus is the variety of complete isotropic flags of length
r in W contained in Vλ = kerλ, a space of dimension 2r. It has no rational point if Vλ is not
split. If Vλ is split, the stabilizer in H of (Z1, . . . , Zr−1) is a Borel subgroup BH , and there
are two choices of Zr, one in each family of maximal isotropic subspaces. So the locus consists
of two orbits of H, each isomorphic to BH\H with the same BH . In characteristic two the
decomposition W = Fu⊕ Vλ, which exists because λ(u) = 1, gives the same description.

Step 5: local sections. The locus is defined by the closed condition λ(Zr) = 0, and the orbit
maps have local sections, given by the big cells. The elements γ1 and γ2 are points of the two
orbits.
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Lemma 7.5 (The characters). Suppose that the locus of Lemma 7.4 is not empty, and let χ be
the inducing character of IP ′(µ;ωσ). For the base point γj put Uj = Udesc ∩ (w0γj)−1P ′w0γj.
Then, on the maximal torus of H,

(χδ1/2
P ′ ) ◦Ad(w0γj) ·

∣∣∣det Ad(·)|LieUdesc/LieUj

∣∣∣ =

ξµ δ
1/2
BH
, j = 1,

ξιµ δ
1/2
BH
, j = 2.

Proof. Step 1: the modulus characters. Let ϵ = 0 in ambient type D and ϵ = 1 in ambient
type B. On the kth remaining pair (er+k, fr+k) the exponents of |zk| in the half modulus of
P ′, in the modulus of Uint and in the half modulus of BH are

m− 2k + 1 + ϵ

2 , r − k + 1, m− r − k + ϵ− 1
2 .

The first is the coefficient m− j + ϵ/2 of the half sum of positive roots of the ambient group
at j = 2k, minus the contribution −1/2 of the block. The second counts the r − k + 1 roots
ei + er+k in Uint; the modulus of the whole of Udesc is trivial on H because the weights zk
and z−1

k occur in pairs. The first minus the second is the third. For the last coordinate in
the first configuration the three exponents are 1/2, 0, 1/2. So at γ1 = 1, where U1 = Uint, the
two modulus factors on the left combine to δ1/2

BH
.

Step 2: the inducing characters. Under w0 the determinant of the kth block restricts to
zk on the torus of H. For GSpin, with coroots e∗

i − e∗
j and e∗

i + e∗
j − e∗

0, the coordinates
made negative by w0 are the first r, and in the first configuration for odd r also the last one,
since w0 then exchanges em and fm. All of them are trivial on H, so the central coordinate
restricts to z0. This gives ξµ at γ1. At γ2 the left side is evaluated at γ2zγ

−1
2 , which is z

with zn inverted and, for GSpin, with z0 multiplied by zn. The half modulus of BH does not
involve zn, the exponent m− r − k + (ϵ− 1)/2 being zero for k = r = n; so step 1 applies
without change, and the inducing character becomes ξιµ.

Lemma 7.6 (The two parabolic subgroups). In the first configuration there is an automor-
phism of the ambient group which preserves Udesc and ψdesc, is the identity on H, and carries
P ′

+ and its inducing character to P ′
− and its inducing character.

Proof. Consider the isometry which exchanges em and fm and acts by −1 on the first r
hyperbolic pairs. The exchange of em and fm is the reflection in v. It fixes the vectors of
v⊥, so it commutes with H, and it changes the sign of λ. The sign −1 on the first r pairs
commutes with H and restores the sign of λ without affecting the coordinates on the roots
ei − ei+1, i < r. So the isometry preserves ψdesc and commutes with H. The exchange of
em and fm also exchanges the two families of maximal isotropic subspaces, hence P ′

+ and
P ′

−, and it carries the last block of one to the last block of the other compatibly with the
determinants; the second factor lies in the maximal torus and changes neither the parabolic
subgroups nor their characters. So conjugation by this isometry is the required automorphism
of the orthogonal group.

For GSpin we lift it. In the Clifford algebra, normalized by e2
i = f2

i = 0 and eifi+fiei = 1,
put

t̃r =
r∏
i=1

(ei + fi)(ei − fi).

This is an even element of the Clifford group whose image in the orthogonal group is −1 on
the first r hyperbolic pairs and the identity on their complement, and conjugation by the
vector v induces conjugation by the reflection in v. So the automorphism of GSpin which lifts



7 Orthogonal descent and its local parameter 28

our isometry is conjugation by t̃rv; it preserves the even Clifford group although v is odd. It
is trivial on H: the element t̃r lies in the even Clifford algebra of the first r hyperbolic pairs
and commutes with the even Clifford algebra of the remaining space, and v anticommutes
with the vectors of v⊥, hence commutes with their even products. In characteristic two each
factor (ei + fi)(ei − fi) is (ei + fi)2 = 1, the automorphism is conjugation by v, and the
isometry has Dickson invariant one.

Proof of Proposition 7.1. Take P ′ = P ′
+ in the first configuration. The condition (7.2) is

closed in γ. By Lemma 5.10(1) a double coset contributes to the Jacquet module only through
the points at which this condition holds, and by Lemma 7.2 there are such points only in the
double coset of w0. If Vλ is not split, there are none in this double coset either (Lemma 7.4),
and the Jacquet module is zero. Otherwise the locus is a finite disjoint union of closed orbits
BH\H with local sections, and Lemma 5.10(2) gives the Jacquet module as the sum over
these orbits of the compact inductions from BH of the characters of Lemma 7.5. Since BH\H
is compact, these are the normalized inductions iHBH ξµ and iHBH ξ

ι
µ.

In the first configuration, composing IP ′
+

(µ;ωσ) with the automorphism of Lemma 7.6
gives IP ′

−
(µ;ωσ), and it does not change the twisted Jacquet module as a representation of

H.

Let aj = µj(ϖ) and c = ωσ(ϖ) for unramified characters. Since Jacquet modules and
invariants under a compact open subgroup are exact, the proposition shows that every
spherical subquotient of the twisted Jacquet module of a subquotient of IP ′(µ;ωσ) has
multiplier c and standard eigenvalues

a1, . . . , an, c/an, . . . , c/a1.

Remark 7.7. The vanishing in the nonsplit case holds because the flag variety of Lemma 7.4
has no rational point. It allows us to construct a global descent without controlling the
discriminant of Vλ in advance, and to conclude afterwards that Vλ is split. In characteristic
two the discriminant is replaced by an Artin–Schreier class, the Arf invariant.

7.3 The smallest case

It may help to see the proof of Proposition 7.1 in the smallest case, the second configuration
with r = 1. The ambient group is SO5, with basis e1, e2, f2, f1 and u, and W = ⟨e2, f2, u⟩.
The group Udesc is the unipotent radical of the stabilizer of the line of e1. It is abelian,
y 7→ n(y) identifies it with W , and its root subgroups are Ue1−e2 , Ue1+e2 and Ue1 . There is
no simple root ei − ei+1 with i < r, so ψdesc = ψ ◦ λ for a linear form λ on W whose kernel
Vλ is a nondegenerate plane, and H = SO(Vλ) is a torus of dimension one, split if and only if
Vλ is a hyperbolic plane. The parabolic subgroup P ′ is the stabilizer of the isotropic plane
⟨e1, e2⟩, its Levi subgroup is GL2, and IP ′(µ) is induced from µ ◦ det.

There are two double cosets, according to the sign of w(e1) (Lemma 7.2). If the sign is
positive we may take w = 1. All three roots of Udesc are then roots of P ′, so (7.2) asks that
λ′ = 0, which never happens: this double coset does not contribute. If the sign is negative,
w(e1) = f1, w(e2) = e2 and w(u) = −u. The images of e1 − e2, e1 + e2 and e1 are −e1 − e2,
e2−e1 and −e1, of which only the second is a root of P ′, a root of the block. So Uint = Ue1+e2

(Lemma 7.3), and the condition at the point γ = (a1, g) is λ(g−1e2) = 0.
The quotient Mw\M is the variety of isotropic lines Z1 = g−1⟨e2⟩ in the quadratic space

W of dimension three, a conic, and the condition says that Z1 lies in the plane Vλ (Lemma 7.4).
So the locus is the intersection of a conic with a line. It consists of two rational points if Vλ
is split and has no rational point otherwise; in the second case the Jacquet module is zero.
In the split case choose the coordinates so that Vλ = ⟨e2, f2⟩; the two points are the lines
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of e2 and of f2, both fixed by H, whose element z acts by z on e2 and by z−1 on f2. Here
BH = H.

For the characters (Lemma 7.5): at the first point the element z is sent by w to the
element of the block with determinant z, so the inducing character gives µ(z). The half
modulus of P ′ contributes |z|, because the half sum of the positive roots of SO5 is (3/2, 1/2)
and that of the block is (1/2,−1/2). The roots of Udesc have weights z−1, z and 1 on H, and
removing Uint, of weight z, leaves |z|−1. The two cancel. At the second point z is replaced by
z−1. Hence

JUdesc,ψdescIP ′(µ) ≃
{
µ⊕ µ−1, Vλ split,
0, Vλ not split,

as a representation of H, which in the split case is the multiplicative group of the local field.
The two summands are the two points in which the line meets the conic, and in general the
two families of maximal isotropic subspaces of Vλ play the same role.

7.4 Two rearrangements of Fourier coefficients

The global argument uses the following two operations on root subgroups. All the commutator
pairings in them have coefficient ±1, so they are valid in characteristic two.

Lemma 7.8 (Separating a row). In the odd orthogonal group, let U be the standard maximal
unipotent subgroup, U0

last = {g ∈ U : gu,fm = 0}, and Li(g) = gi,m + bgi,−m for a constant
b, where the indices m and −m refer to em and fm. Let ν : U0

last → F be an additive
homomorphism, so that ψ ◦ ν is a character, which is trivial on Uer−ej and on Uej−em for
r < j < m. Then (Utail, ψ(ν + Lr)) ∼ (Urow, ψ(ν + Lr)) for the subgroups of U0

last

Utail = {Li = 0 : r < i < m}, Urow = {gr,i = 0 : r < i < m}.

Proof. Write the form as Q = a0z
2 +∑

xiyi. On U0
last the entry gm,−m = −a0g

2
u,fm

vanishes.
Hence in the entry (i,−m) of a product gg′ the terms passing through u and em vanish, and
those passing through the fj vanish because the matrices are triangular. Adding b times this
entry to the entry (i,m) gives

Li(gg′) = Li(g) + Li(g′) +
∑

i<j<m

gijLj(g′).

For j = r + 1, . . . ,m− 1 in turn, let the common subgroup be the one defined by gri = 0 for
r < i ≤ j and Li = 0 for j ≤ i < m, and exchange Uer−ej for Uej−em by Lemma 5.9. Before
the exchange the entry grj is free and Lj = 0; after it grj = 0 and Lj is free. So the first step
starts from Utail and the last ends at Urow. The displayed formula shows that the common
subgroup is a group and that its character is invariant. The commutator of the two root
subgroups is Uer−em , on which the character is nontrivial, and the pairing is ±st. In odd
characteristic the condition defining U0

last is equivalent to gm,u = 0.

Lemma 7.9 (Interleaving two chains). Let A1, . . . , Ar and B1, . . . , Bb be two sequences of
weights, with b = r− d ≥ 1 and d ∈ {−1, 0, 1}. Consider the unipotent group generated by the
root subgroups of the positive roots Ai−Ai′ and Bj−Bj′ within each sequence and of the cross
roots Ai − Bj with i < r, with a character which is ψ of the sum of the coordinates on the
adjacent roots Ai −Ai+1 and Bj −Bj+1, and possibly of further coordinates on an auxiliary
subgroup which is normalized by all these root subgroups and by UBj−Ai+1 for j ≤ i− d, the
character being invariant. Then the coefficient is equivalent, in the sense of ∼, to the one in
which the cross roots are replaced by

Ai −Bj (j > i− d), Bj −Ai (i ≥ 2, j < i− d).
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Figure 1: The cross roots of Lemma 7.9. A cell in the row of Ai and the column of Bj contains
the sign + if the root subgroup of Ai −Bj belongs to the group, and the sign − if that of
Bj −Ai does. Left: r = 3, b = 4, d = −1, the case of step 2 of the proof of Proposition 7.10
for n = 4. Right: r = 4, b = 3, d = 1, the case of step 2 of the proof of Lemma 8.3 for n = 4.
The small numbers give the order of the exchanges; each replaces the sign + of a cell by the
sign − in the cell below it. At the end the signs are those of the degrees of the roots Ai −Bj
for a grading which decreases by 2 along each chain and in which Ai and Bi−d have the same
degree, except that for d = −1 the root B1 −A1 is absent.

Proof. The roots involved are those of the general linear group on basis vectors indexed
by A1, . . . , Ar, B1, . . . , Bb, where [1 + sEab, 1 + tEbc] = 1 + stEac for distinct a, b, c. Put
Xij = UAi−Bj and Yij = UBj−Ai+1 . Their commutator is UAi−Ai+1 , on which the character
is ψ, so the pairing between Xij and Yij is ψ(st). We exchange Xij for Yij by Lemma 5.9,
for i = r − 1, r − 2, . . . , 1 in this order and, for each i, for j = 1, . . . , i− d in this order; here
i− d ≤ b− 1. At the end the cross roots Ai −Bj that remain are those with j > i− d, and
the root Bj −Ah has been added, at the step (h− 1, j), exactly when h ≥ 2 and j < h− d.
This is the statement. It remains to check the hypotheses of Lemma 5.9 at the step (i, j).

The common subgroup. Remove Xij . The root Ai −Bj could be a sum of two remaining
roots only as (Ai −Ah) + (Ah −Bj) with h > i or as (Ai −Bh) + (Bh −Bj) with h < j. But
Ah−Bj with h > i was removed at an earlier value of i, and Ai−Bh with h < j at an earlier
value of j. So the remaining roots form a group.

Conjugation by Yij. The root Bj −Ai+1 can be added to a remaining root in four ways:

remaining root sum
Ah −Bj Ah −Ai+1
Ai+1 −Ah Bj −Ah
Bh −Bj Bh −Ai+1
Ai+1 −Bh Bj −Bh.

In the first row h < i, since the root with h = i has just been removed and those with h > i
earlier; the sum is a nonadjacent root of the first chain. In the second row h > i+ 1, and
the sum was added at the step (h− 1, j). In the third row h < j, and the sum was added at
the step (i, h). In the fourth row Ai+1 −Bh remains only if h > i+ 1− d ≥ j + 1, and the
sum is a nonadjacent root of the second chain. In all cases the sum belongs to the common
subgroup and the character is trivial on it.

Conjugation by Xij. The possible sums are Ai − Bh with h > j, Ah − Bj with h < i,
and Ai −Ah with h ≥ i+ 2. The first two have not been removed yet and the third is not
adjacent. An adjacent root of the second chain could only arise from a root Bh − Ai, and
such roots are added only at the later value i− 1. So Xij normalizes the common subgroup
and preserves its character. The auxiliary subgroup is covered by the hypothesis.

Figure 1 shows the cross roots before and after the exchanges, in the two cases in which
the lemma is applied below.
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7.5 Nonvanishing for an odd orthogonal target

The next proposition shows that the descent in the first configuration is nonzero. The
Siegel–Whittaker coefficient is the coefficient SW of Section 6.

Proposition 7.10 (Nonvanishing of the odd orthogonal descent). Let V be a space of
automorphic functions on SO4n or GSpin4n, n ≥ 2, stable under right translation. If the
Siegel–Whittaker coefficient is not identically zero on V, then the descent of V to the split
group of type Bn has a nonzero principal Whittaker coefficient.

Proof. The Whittaker coefficient of the descent is a Fourier coefficient of V along a unipotent
subgroup of the ambient group. The coefficients to be compared are taken along subgroups
generated by the root subgroups of positive weight for a cocharacter D. In the gradings used
below the smallest positive weight is 2. The quotient of such a subgroup by the subgroup
of the weights greater than 2 is a vector group, with the root subgroups of weight 2 as
coordinates, and an element f of weight −2 defines a character of it, by the pairing over the
integers explained in step 3. We transform the pair for the descent, by exchanges of root
subgroups and by one conjugation over F , into the pair (DSW, fSW) of a principal nilpotent
element of the Siegel Levi subgroup, and then relate the latter to the Siegel–Whittaker
coefficient. The conjugation in step 3 is the essential point.

Step 1: combining the two coefficients. Put m = 2n and r = n− 1. The composite of the
descent and of the Whittaker coefficient of H is the coefficient along the product of Udesc and
of the maximal unipotent subgroup of H. Let N be the unipotent radical of the parabolic
subgroup with Levi subgroup GLm−1× SO2, and Nc ⊂ N the subgroup of the roots ei + ej
with i < j < m. The quotient N/Nc has coordinates xi and yi, for the roots ei − em and
ei + em, and the upper triangular unipotent subgroup of GLm−1 acts on the two columns x
and y in the usual way. We write a point, modulo Nc, as (A, x, y), with A in that unipotent
subgroup. In the initial group xj = yj for n ≤ j < m, because its short root subgroup in the
row j is xej−em(s)xej+em(s). The character is the sum of the adjacent coordinates of the two
chains of A, together with Lr + ym−1, where Li = −xi + yi.

For j = n, . . . ,m− 1 in turn we exchange Uer−ej for Uej−em . The common subgroup of
the exchange is defined by Ari = 0 for n ≤ i ≤ j and Li = 0 for j ≤ i < m; it is a subgroup,
by the rule for the multiplication of the columns. The root subgroup of er − ej preserves Lr
because Lj = 0, and that of ej−em preserves it because Arj = 0. Both normalize the common
subgroup and preserve the other coordinates of the character, and the commutator of two of
their elements changes Lr by ±st. The subgroup Nc is central in N and is normalized by the
upper triangular unipotent subgroup of GLm−1, hence by all the groups in question; and it is
contained in the common subgroup and in the kernel of the character. So it suffices to check
all this in the quotient. After the exchanges the conditions Lj = 0 have been replaced by
Arj = 0. The resulting character is the pairing with

f =
∑
i<r

Fei−ei+1 − Fer−em + Fer+em +
m−2∑
j=n

Fej−ej+1 + Fem−1+em .

Step 2: interleaving. Apply Lemma 7.9 with Ai = ei, Bj = en+j−1 and d = −1; the auxiliary
subgroup is N . The root elements of GLm−1 which are exchanged act on the columns only in
rows other than r and m− 1: the root Ai−Bj has row i < r, and the root Bj −Ai+1 has row
n+ j − 1 ≤ m− 2, since j ≤ i+ 1 ≤ r. So they preserve the auxiliary character Lr + ym−1.
The group obtained is the subgroup {δ = 0} of the group of positive degree for the grading

D(ei) = 2(n− i) (i < n), D(ej) = 2(m− j) (j ≥ n), D(fi) = −D(ei),
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Figure 2: Step 4 of the proof of Proposition 7.10 for m = 6. The cell in row k and column
l, k < l, contains the sign + if the root subgroup of ek + el belongs to the group and the
sign − if that of −ek − el does. At the start all the signs are +, as for the Siegel–Whittaker
coefficient. For i = 4 and i = 3 the root ei+1 + ei+2 is removed first; each exchange then
replaces the sign + of a cell (i, j) by the sign − in the cell (i+ 1, j) below it. At the end the
sign is + for k + l < 8 and − for k + l > 8, and the cells with k + l = 8 are empty: these are
the roots of positive degree for DSW.

where δ is the coordinate on the root en − e1, of degree 2; all other positive degrees are at
least 2 as well. The characters of the whole group of positive degree that extend ours are the
pairings with

ft = f + tEe1−en , t ∈ F.

Step 3: conjugation to a principal nilpotent element of the Siegel Levi subgroup. For
t ∈ {0,−1} define vectors

v1 = en, w1 = fn,

vk = tek−1 + en+k−1, wk = (2t+ 1)fk−1 + (t+ 1)fn+k−1 (2 ≤ k ≤ n),
vn+1 = −tem + (t+ 1)fm, wn+1 = (t+ 1)em − tfm,

vn+2+h = (−1)h
(
(2t+ 1)fr−h + tfm−1−h

)
,

wn+2+h = (−1)h
(
(t+ 1)er−h − em−1−h

)
(0 ≤ h ≤ n− 2).

For these two values of t they form a hyperbolic basis: Q(vi) = Q(wi) = 0, B(vi, wj) = δij
and B(vi, vj) = B(wi, wj) = 0. So Pt : ei 7→ vi, fi 7→ wi is an isometry, and

P−1
t ftPt =

∑
i<m

Fei−ei+1 =: fSW, P−1
t DPt = DSW, DSW(ei) = m+ 2− 2i.

These are identities between matrices with integer entries; the defect of each for general t is
divisible by t(t+ 1), for instance fmt = (−1)n−12t(t+ 1)Efn,en whereas fmSW = 0. The span of
the vi meets that of the ei in dimension n for t = 0 and n+ 1 for t = −1. Hence Pt lies in
the special orthogonal group, of Dickson invariant zero, for exactly one of the two values:

t∗ = 0 if n is even, t∗ = −1 if n is odd.

In characteristic two the pairing between the root vectors Fα and Eα that defines the
characters is the reduction of the integral pairing tr(AB)/2 on the Lie algebra of the even
orthogonal group over Z, and the identities above hold over Z.

Step 4: from (DSW, fSW) to the Siegel–Whittaker coefficient. The group of positive degree
for DSW contains the roots ei + ej with i + j < m + 2 and −ei − ej with i + j > m + 2,
whereas the Siegel–Whittaker coefficient is along the group of all positive roots. We pass from
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the second to the first; Figure 2 shows the case m = 6. For i = m− 2, . . . , 2 in decreasing
order: if i ≥ n, first remove the root ei+1 + ei+2, on which the character is trivial; then, for
j = m, . . . ,max(i+ 2,m+ 2− i) in decreasing order, exchange

Uei+ej for U−ei+1−ej .

At the step (i, j) the positive roots ek + el present are those with k < i, or k = i and l ≤ j, or
k > i and k+ l < m+ 2, and the negative roots −ek − el present are those with k ≥ i+ 2 and
k + l > m+ 2, or k = i+ 1 and l > j; in both lists k < l. Call these sets P and N. Together
with the roots ek − el, k < l, of the upper triangular group of GLm they form a closed set
of roots which contains no pair of opposite roots, and therefore the product of their root
subgroups is a unipotent group. We check this directly. Recall that j ≥ max(i+ 2,m+ 2− i).

• P is stable under lowering an index. If ek + el ∈ P and one of the two indices is replaced
by a smaller one, the result is in P. The only case which is not immediate is that of
k, l > i with k + l < m+ 2 when the new index is i; then the other index is at most
m− i < j. This gives the sums of a root ea − eb with a root of P.

• N is stable under raising an index. If −ek − el ∈ N and an index is replaced by a larger
one, the result is in N: in the case k = i+ 1, l > j, raising k gives two indices which
are at least i+ 2, with sum larger than m+ 2 because l > m+ 2− i. This gives the
sums of a root ea − eb with a root of N.

• A root of P plus a root of N. If ea + eb ∈ P and −eb − ec ∈ N with a ̸= c, the sum is
ea − ec, and we must show a < c. Both b and c are at least i + 1. If a ≤ i there is
nothing to prove. If a > i, then a+ b < m+ 2. When b, c ≥ i+ 2 and b+ c > m+ 2 we
get c > m + 2 − b > a. When b = i + 1 and c > j we get a < m + 1 − i ≤ j − 1 < c.
The case c = i+ 1, b > j does not occur, since it would give a < m+ 2− b < i.

• No opposite roots. A pair {k, l} cannot give a root of P and one of N: for k ≥ i+ 2 the
conditions k + l < m+ 2 and k + l > m+ 2 exclude each other, and for k = i+ 1 the
conditions l < m+ 1− i and l > j do.

The same verification applies with the root ei + ej removed, so the common subgroup of
the two groups of an exchange is a group. The only commutator on which the character is
nontrivial is the root ei− ei+1, with coefficient ±1: it is the commutator of the two exchanged
root subgroups. The other sums of an exchanged root with a present root which could be
simple roots do not occur, because ei+1 + ej−1 /∈ P, as i+ j ≥ m+ 2, and because no root
of N involves the index i. Consider the root removed at the beginning of the step for i ≥ n.
Among the positive roots which are sums and are still present, ei+1 + ei+2 is the only one
with both indices greater than i; lowering one of its indices gives a root which is still present,
and the removed root is not obtained by lowering an index of a root which is kept. Among
the negative roots which are sums, none involves the index i+ 1, and with a root −ei+2 − el
one obtains ei+1 − el with l ≥ i+ 3, on which the character is trivial. So the root subgroup
which is removed normalizes the subgroup which is kept, and its character. The coefficient
before a removal is an integral of the coefficient after it, so nonvanishing is preserved, and
each exchange is an equivalence by Lemma 5.9. At the end the roots are those of positive
degree for DSW.

Step 5: conclusion. If the Siegel–Whittaker coefficient is not identically zero on V, then by
step 4 neither is the coefficient for (DSW, fSW), and conjugating by Pt∗ ∈ G(F ) neither is the
coefficient for (D, ft∗). The latter is a Fourier coefficient, along the root subgroup of en − e1,
of the coefficient on {δ = 0} of step 2, which is therefore not identically zero. By steps 2
and 1 the Whittaker coefficient of the descent is not identically zero.
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Remark 7.11. Of the two values t = 0,−1 exactly one gives an isometry in the identity
component of the orthogonal group; which one depends on the parity of n. The argument
works in characteristic two because it uses the quadratic form and not only its bilinear form:
the latter does not see the component or the action of the short root subgroup. The identities
of step 3, the determinant of Pt and the dimensions of the intersections have been verified by
computer for n ≤ 5. The sequences of exchanges in steps 1, 2 and 4 and in Lemma 7.9, and
the statements of Lemmas 7.2 and 7.3, have been verified in small rank by a program. At
each exchange it checks the conditions of Lemma 5.9 on the sets of roots and on the supports
of the characters, in the form in which the program encodes them. The same was done for
Lemmas 8.3 and 8.4.

8 Even orthogonal descent and its final Fourier coefficient
For an even orthogonal target the descent depends on a vector v in the last row of the unipotent
radical, and it is the stabilizer of a nondegenerate v that has the right type. The Siegel–
Whittaker coefficient of the residue only gives a coefficient in which the corresponding frequency
is zero. The problem of this section is to pass from frequency zero to a nonzero frequency
c ∈ F×. In odd characteristic this is done by a Fourier–Jacobi argument (Lemma 8.1); the
argument in characteristic two is different and is given in Section 9. In both cases the vector
is found over F without control of its norm, and the vanishing of the local Jacquet module
in the nonsplit case (Proposition 7.1) then shows that the stabilizer is split. The result is
Proposition 8.5.

The argument has the following shape. A family of Fourier coefficients Λc, c ∈ F , is
defined on a unipotent subgroup Ucorr of the source group. For c ≠ 0 it is equivalent to the
Whittaker coefficient of the descent with endpoint of norm c/2 (Lemma 8.3); for c = 0 it is
implied by the Siegel–Whittaker coefficient (Lemma 8.4). The group Urad of the parabolic
subgroup with Levi subgroup GLn−1

2 × SO5 is normalized by a Jacobi group which preserves
λrad. After integration over (Urad, ψλrad) one has a function on the Jacobi group, and the
Λc are its Fourier coefficients. A function on the Jacobi group with a nonzero coefficient at
c = 0 has a nonzero coefficient at some c ̸= 0.

8.1 The residual representation attached to a parameter

Let σ take values in GSp2n(k) or GSO2n(k), with n ≥ 2, and suppose it is continuous, finitely
ramified, semisimple, elliptic modulo scalars and strongly pure, with multiplier χ of finite
order and ωσ = CFT(χ). The descent goes

GSpin4n −→ GSpin2n+1, GSpin4n+1 −→ GSpin2n

in the two cases. By Proposition 5.2, Stdσ = ⊕
i ϱi with distinct irreducible ϱi of dimensions

mi,
∑
mi = 2n, each carrying a form of the same kind with multiplier χ. In the alternating

case the mi are even and det ϱi = χmi/2; in the symmetric case odd dimensions, including
one, are allowed, and (det ϱi)2 = χmi . By L. Lafforgue’s theorem, and class field theory in
dimension one, there are unitary cuspidal representations Πi with parameters ϱi; they satisfy
Π∨
i ⊗ ωσ ≃ Πi and are tempered at every place [Laf02, Theorem VI.10(i)]. The hypotheses of

Proposition 6.6 hold, by the remark after Lemma 5.4, and we obtain an irreducible residual
representation π of the source group, on which the connected centre acts through ωσ, with
nonzero Siegel–Whittaker coefficient.

At a place where everything is unramified, let the standard eigenvalues of σ be aj and
c/aj , 1 ≤ j ≤ n, with c = χ(Frobv). The Satake parameter of πv on the Siegel Levi subgroup
GL2n consists of all these numbers shifted by q

−1/2
v . Replacing c/aj by its partner under



8 Even orthogonal descent and its final Fourier coefficient 35

the Weyl group of the source, we can write it as the pairs (ajq−1/2
v , ajq

1/2
v ), so that πv is a

spherical subquotient of the representation IP ′(µ;ωσ) of Proposition 7.1 with µj(ϖ) = aj .
In type B2n the Weyl group contains all the sign changes needed. In type D2n it contains
only an even number of them; one uses P ′

+ if n is even and P ′
− if n is odd, which accounts

for the remaining sign. Since only spherical subquotients are involved, this holds also when
eigenvalues coincide.

8.2 A nonzero frequency

For the rest of this section assume p ≠ 2. Let H be the Heisenberg group with coordinates
(x, y, z) and multiplication

(x, y, z)(x′, y′, z′) = (x+ x′, y + y′, z + z′ + (xy′ − yx′)/2),

on which SL2 acts; its upper unipotent element n(b) acts by (x, y, z) 7→ (x, y − bx, z). We
write X,Y, Z for the three coordinate subgroups. The subgroup generated by Y , Z and the
n(b) is abelian, and we consider its characters ψ(z + cb), c ∈ F .

Lemma 8.1 (A nonzero frequency). Let V be a space of automorphic functions on the Jacobi
group H⋊SL2, stable under right translation. If the Fourier coefficient for the character ψ(z),
that is c = 0, is not identically zero on V, then the coefficient for ψ(z + cb) is not identically
zero for some c ∈ F×.

Proof. We pair with a theta series. This turns the coefficients into the Fourier coefficients,
along the upper unipotent subgroup, of a genuine function on the metaplectic group, and a
genuine function cannot be invariant under both unipotent subgroups of SL2.

Step 1: unfolding. Let ωψ be the Schrödinger representation,

ωψ(x, y, z)ϕ(t) = ψ(z + yt+ xy/2)ϕ(t+ x), ωψ(n(b))ϕ(t) = ψ(bt2/2)ϕ(t).

The functional ϕ 7→ ∑
ξ∈F ϕ(ξ) is invariant under the rational points of the Jacobi group

in its metaplectic cover [Wei64, §§29,40–41, Proposition 5 and Theorem 6]. For f ∈ V and
a Schwartz function ϕ, integrate f against the theta series of ωψ−1 over [H]; the result is a
genuine automorphic function Φ on the metaplectic group. Let Fcf be the coefficient of f for
ψ(z + cb). We claim that the Fourier coefficient of Φ for the character ψ(cb) of the upper
unipotent subgroup is ∫

A
Fcf(X(x)g)(ωψ−1(g)ϕ)(x) dx.

Indeed, write the Heisenberg variable in the order Y ZX. The term of the theta series with
index ξ has the phase ψ(−z − yξ − b(ξ + x)2/2); translating the variable by the rational
element X(ξ) removes ξ and combines the sum with the integral over [X] into an integral
over X(A), and the relation

X(x)n(b) = Y (bx)Z(bx2/2)n(b)X(x)

cancels the quadratic phase. All the quotients are compact, so the manipulations are justified.
Since the functions ωψ−1(g)ϕ are arbitrary Schwartz functions of x, the hypothesis F0 ̸= 0
implies that Φ is not identically zero for suitable f and ϕ, and it suffices to show that some
Fourier coefficient of some such Φ with c ̸= 0 is nonzero.

Step 2: a genuine function has a nonzero frequency. Suppose all the coefficients with c ̸= 0
vanished, for all f and ϕ. Then every Φ would be invariant under the upper unipotent
subgroup, and, conjugating by the rational Weyl element, under the lower one. But the
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canonical lifts of these two subgroups to the metaplectic group generate the kernel of the
covering at a place v: with w(t) = n+(t)n−(−t−1)n+(t) and h(t) = w(t)w(−1) one has
h(s)h(t) = (s, t)vh(st) [Rao93, Theorem 5.3, Corollary 5.5(2), Lemma 5.1(iii), Theorem A.4],
and the Hilbert symbol of a uniformizer and a nonsquare unit is −1, because norms from
the unramified quadratic extension have even valuation. So Φ would be invariant under the
nontrivial element of the kernel, on which a genuine function changes sign, and Φ would
vanish.

The Jacobi group occurs in the source group as follows. Consider a quadratic space of
dimension five with basis (e1, e2, u, f2, f1), where B(ei, fj) = δij and B(u, u) = 1, and let

xei(t) = 1 + tEi,0 − tE0,−i − 1
2 t

2Ei,−i

be its short root subgroups, the index 0 referring to u and −i to fi.

Lemma 8.2 (The Jacobi group in SO5). The assignments

X(x) 7→ xe2(−2x), Y (y) 7→ xe1(y), Z(z) 7→ xe1+e2(−2z), n(b) 7→ xe1−e2(b/2)

extend to an embedding of the Jacobi group in SO5, in which SL2 is the subgroup SL(⟨e1, e2⟩)
of the Levi subgroup GL2. It lifts to GSpin5.

Proof. One computes

X(x)Y (y)Z(z − xy/2) =


1 0 y xy − 2z −y2/2
0 1 −2x −2x2 xy + 2z
0 0 1 2x −y
0 0 0 1 0
0 0 0 0 1

 .

In the product of two such matrices the entry (1, 4) is xy − 2z + x′y′ − 2z′ + 2yx′, which is
the entry attached to (x+ x′, y + y′, z + z′ + (xy′ − yx′)/2); the other entries are checked in
the same way. Conjugation by 1 + (b/2)(E1,2−E−2,−1) replaces y by y− bx, and conjugation
by 1 + 2a(E2,1 − E−1,−2) replaces x by x− ay; both fix z. The group SL2 and the unipotent
elements lift canonically to the spin group.

Now let m = 2n and consider the source group of type Bm, with the notation of Section 7.
Let Urad be the unipotent radical of the parabolic subgroup with Levi subgroup GLn−1

2 × SO5,
the last factor acting on the span of em−1, em, u, fm, fm−1, with the character

λrad(g) =
m−2∑
i=1

gi,i+2,

the sum of the traces of the n−1 blocks of size two that describe Urad modulo its commutator
subgroup. An element (g, . . . , g, h) of the Levi subgroup preserves this character if hj = jg,
where j is the inclusion of ⟨em−1, em⟩ in the five-dimensional space. So the Jacobi group of
Lemma 8.2, with SL2 embedded diagonally in all the blocks, normalizes Urad and preserves
λrad, and acts on the coefficients of automorphic functions along (Urad, ψλrad).

8.3 The coefficients Λc

Let U be the standard maximal unipotent subgroup of the source group and U0
last = {g ∈ U :

gm,0 = 0}. Let Ucorr ⊂ U0
last be the subgroup on which the entries g1,2, g3,4, . . . , gm−1,m have

a common value, denoted a. In terms of the preceding paragraph,

Ucorr = Urad ⋊ (Y Zn), a = b/2,
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Figure 3: Three of the subgroups of U0
last of Table 1, with their characters, for n = 3 and

m = 6. The cells are the entries gi,j in the rows of e1, . . . , e5 and the columns of e2, . . . , e6
and f6; the remaining root subgroups of U0

last belong to the three groups, and the characters
are trivial on them. A shaded cell is an entry subject to a condition: it vanishes, or it has
the common value a, or it is one of two entries joined by a bar, which satisfy Li = 0. The
symbol in a cell is the coefficient of that entry in the character, a dot standing for 1; the
character Λc contains in addition the term c

2a. In UWh,c the character follows the two chains
e1, e2, e3 and e4, e5. Row separation, interleaving and the isometry of step 2 of the proof of
Lemma 8.3, which sends e1, e2, e3 to e1, e3, e5 and e4, e5 to e2, e4 and exchanges e6 and f6,
carry it to the second diagonal of Ualt.

where Y Zn is the abelian subgroup of the Jacobi group. For c ∈ F define on Ucorr

Λc(g) =
m−2∑
i=1

gi,i+2 − a
n−1∑
j=1

g2j,2j+1 + gm−1,−m + c

2a. (8.1)

The first sum is not λrad of the component of g in Urad: a block Ci of g is the corresponding
block of that component times ( 1 a

0 1 ), and the trace of Ci ( 1 a
0 1 )−1 is the trace of Ci minus

ag2i,2i+1. This is the second sum. The entry gm−1,−m is −2z. Thus

Λc = λrad − 2z + cb/4,

and ψΛc is the character λrad on Urad times the character of Y Zn which, for the additive
character ψ(−2 ·), is the one with frequency −c/8 in Lemma 8.1.

The rest of this section passes between the coefficients along five families of subgroups
of U0

last. Table 1 lists these subgroups with their characters, and then the order in which
the coefficients are reached in the proof of Proposition 8.5. The groups UWh,c and Ualt are
defined in Lemma 8.3 and its proof, the groups Uchain,r in the proof of Lemma 8.4. Figure 3
shows three of them for n = 3.

Lemma 8.3 (The coefficient Λc and the descent). For c ∈ F put Li = gi,m + (c/2)gi,−m, let
UWh,c ⊂ U0

last be defined by Li = 0 for n < i < m, and let

λWh,c =
∑
i<n

gi,i+1 + Ln +
m−2∑
i=n+1

gi,i+1 + gm−1,−m

on UWh,c. Then (UWh,c, ψλWh,c) ∼ (Ucorr, ψΛc). For c ≠ 0 the coefficient along
(UWh,c, ψλWh,c) is the descent of Section 7, in the second configuration with r = n
and endpoint −vc, where vc = em + (c/2)fm, followed by a Whittaker coefficient of its
stabilizer.
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subgroup defined in U0
last by character, composed with ψ

Uchain,m−1 no condition λm−1 =
∑

i<m gi,i+1

Uchain,r, r ≤ m− 2 gi,m = 0 for r < i < m λr =
∑

i<r gi,i+1 + gr,m +
∑m−2

i=r+1 gi,i+1 + gm−1,−m

UWh,c Li = 0 for n < i < m λWh,c =
∑

i<n gi,i+1 + Ln +
∑m−2

i=n+1 gi,i+1 + gm−1,−m

Ualt g2j,2j+1 = 0 for j < n λalt,c =
∑m−2

i=1 gi,i+2 + gm−1,−m + c
2gm−1,m

Ucorr g2j−1,2j = a for j ≤ n Λc =
∑m−2

i=1 gi,i+2 − a
∑

j<n g2j,2j+1 + gm−1,−m + c
2a

from to by

1 Siegel–Whittaker coefficient ⇒ (Uchain,m−1, λm−1) the first is the integral of the
second over Uem (Lemma 8.4,
step 1)

2 (Uchain,r, λr) ⇒ (Uchain,r−1, λr−1) for r = m− 1, . . . , n+ 1: row
separation, removal of Uer+em

,
exchange of Uer

for U−em
,

conjugation by wr (Lemma 8.4,
steps 2 and 3)

3 (Uchain,n, λn) = (UWh,0, λWh,0) the definitions agree
4 (UWh,0, λWh,0) ∼ (Ualt, λalt,0) row separation, interleaving of the

chains e1, . . . , en and
en+1, . . . , em−1, an isometry
(Lemma 8.3, step 2)

5 (Ualt, λalt,0) ∼ (Ucorr,Λ0) exchange of
∏

j<n Ue2j−1−e2j
for∏

j<n Ue2j−e2j+1 (Lemma 8.3,
step 1)

6 (Ucorr,Λ0) ⇒ (Ucorr,Λc), some c ̸= 0 Fourier expansion on the Jacobi
group, after integration over
(Urad, ψλrad) (Lemma 8.1;
Proposition 8.5, step 1)

7 (Ucorr,Λc) ∼ (UWh,c, λWh,c) lines 5 and 4 for this c, through
(Ualt, λalt,c)

8 (UWh,c, λWh,c) = descent, then Whittaker UWh,c = Udesc,n ⋊ UHc
: the descent

with r = n and endpoint −vc, then
a Whittaker coefficient of Hc

(Lemma 8.3, step 3)

Table 1: The coefficients of Section 8, for m = 2n and p ≠ 2. Above: the subgroups and
their characters; here n ≤ r ≤ m− 1 and c ∈ F , Li = gi,m + (c/2)gi,−m, and a denotes the
common value of the entries g1,2, g3,4, . . . , gm−1,m. Below: the route from the Siegel–Whittaker
coefficient to the Whittaker coefficient of the descent. The sign⇒ means that if the coefficient
on the left is not identically zero on the space of functions considered, neither is the one on
the right; ∼ is the relation of Section 5.5. The frequency c changes only in line 6. That c is
then a square, so that Hc is split, is step 2 of the proof of Proposition 8.5.
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Proof. Both coefficients are compared with a third. Let Ualt ⊂ U0
last be defined by the

vanishing of the entries g2j,2j+1, with the character ψλalt,c, where

λalt,c(g) =
m−2∑
i=1

gi,i+2 + gm−1,−m + (c/2)gm−1,m.

Step 1: Ucorr ∼ Ualt. The two groups contain Ucorr ∩ Ualt, and are obtained from it by
adding ∏j<n Ue2j−e2j+1 , respectively ∏j<n Ue2j−1−e2j . Conjugation by Ue2j−e2j+1 changes two
neighbouring entries on the second superdiagonal by opposite multiples of a, which cancel in
(8.1); conjugation by a root subgroup Ue2j−1−e2j preserves the character of Ualt because the
entries g2j,2j+1 vanish there. The commutator pairing, in coordinates sj on the first group
and tj on the second, with tn = 0, is ∑j<n(tj − tj+1)sj , a perfect pairing. So Lemma 5.9
applies.
Step 2: UWh,c ∼ Ualt. By Lemma 7.8 with r = n and b = c/2 the conditions Li = 0 can be
replaced by gn,j = 0 for n < j < m. Then apply Lemma 7.9 to the chains Ai = ei, i ≤ n,
and Bj = en+j , j < n, with d = 1. The auxiliary subgroup is the unipotent radical of the
parabolic subgroup with Levi subgroup GLm−1× SO3; the character on it only involves the
rows of An and Bn−1, paired with em + (c/2)fm and with fm, and the commutators that
occur in the exchanges lie in other rows. The isometry over F

Ai 7→ e2i−1, Bj 7→ e2j , em ↔ fm, u 7→ −u,

of determinant one, carries the resulting group and character to Ualt and ψλalt,c.
Step 3: the case c ̸= 0. The equations Li = 0 say that the rows n < i < m are orthogonal
to vc, so that UWh,c = Udesc,n ⋊ UHc , where Udesc,n is the descent radical with r = n and
UHc is a maximal unipotent subgroup of Hc = GSpin(v⊥

c ), the orthogonal complement being
taken in the space spanned by the last n hyperbolic pairs and u. In the convention n(y)fi ≡
fi+y mod Fei of (7.1) and the following formulas, gi,m = −B(y, em) and gi,−m = −B(y, fm).
Thus Ln is the pairing with −vc, and ψλWh,c restricts to ψdesc with endpoint −vc. Its
restriction to UHc has coefficient one on the simple roots ei − ei+1, n < i < m− 1. The last
term gm−1,−m pairs the last row with −fm, whose component in v⊥

c is zc = −fm + c−1vc.
This vector is orthogonal to the other basis vectors of v⊥

c and B(zc, zc) = −c−1; over a field
where Hc splits, it has nonzero components along both of the last two simple root vectors.
So the character is a nondegenerate character of the maximal unipotent subgroup of the
quasi-split group Hc.

Lemma 8.4 (From the Siegel–Whittaker coefficient to frequency zero). Let V be a space of
automorphic functions on GSpin4n+1, stable under right translation. If the Siegel–Whittaker
coefficient is not identically zero on V, neither is the coefficient along (Ucorr, ψΛ0).

Proof. By Lemma 8.3 with c = 0 it suffices to treat the coefficient along (UWh,0, ψλWh,0).
We reach it through a chain of coefficients indexed by r = m− 1,m− 2, . . . , n, each implied
by the preceding one.
Step 1: the chain. For n ≤ r ≤ m−2 let Uchain,r ⊂ U0

last be defined by gi,m = 0 for r < i < m,
with the character

λr =
∑
i<r

gi,i+1 + gr,m +
m−2∑
i=r+1

gi,i+1 + gm−1,−m.

For r = m−1 let Uchain,m−1 = U0
last and λm−1 = ∑

i<m gi,i+1. For r = n this is (UWh,0, λWh,0).
The Siegel–Whittaker coefficient is the integral of the coefficient for r = m− 1 over the root
subgroup Uem , so the latter is not identically zero.
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Step 2: from r to r− 1: an exchange. Let n < r ≤ m− 1. By Lemma 7.8 with b = 0 we may
replace the conditions gi,m = 0 by gr,j = 0 for r < j < m. Remove the root subgroup Uer+em ,
on which the character is trivial; this preserves nonvanishing. What remains is Ucom,r ⋊ Zr
with Zr = Uer , where Ucom,r is the group with roots

Φ+ \ {em, er, er + em, er − ej (r < j < m)}.

Let Yr = U−em , with

x−em(s) = 1 + s(Efm,u − Eu,em)− 1
2s

2Efm,em .

We exchange Zr for Yr by Lemma 5.9. Both normalize Ucom,r and preserve its character:
conjugation by Yr produces from ei + em the roots ei and ei − em, and from ei the root
ei − em, with i ≠ r; conjugation by Zr produces from ei − er the roots ei and ei + er, and
from ei the root ei + er. All of these belong to Ucom,r and the character is trivial on them;
the root em−1 + em, on which it is not trivial, does not occur because r < m. Finally

[x−em(s), xer(t)] = xer−em(st),

as one checks in the five-dimensional space with basis (er, em, u, fm, fr), and the character on
Uer−em is ψ. So the pairing is perfect.

Step 3: from r to r − 1: a conjugation. Let wr be the isometry which fixes the first r − 1
hyperbolic pairs, sends (ei, fi) to (−ei+1,−fi+1) for r ≤ i ≤ m − 2, sends (em−1, fm−1) to
(−fm,−em) and (em, fm) to (er, fr), and sends u to −u. It has determinant one, the exchange
of e and f in one pair being compensated by the sign on u. For i ≤ m− 2 put i′ = i if i < r
and i′ = i+ 1 otherwise. The roots supported on the indices at most m− 2 are mapped to all
the positive roots which involve neither r nor m. The roots ei± em−1 are mapped to ei′ ∓ em,
and em−1 to −em. The sums ei + em with i ≤ m− 2 are mapped to the sums which involve
er and not em, and em−1 + em to er − em. The differences ei − em which are allowed, those
with i < r, are mapped to ei − er. Altogether these are the roots of Ucom,r and −em, so

wrUchain,r−1w
−1
r = Ucom,rYr,

and on the roots where λr−1 is nontrivial it acts as follows, for r ≤ m− 2:

root image
ei − ei+1 (i < r − 1) ei − ei+1

er−1 − em er−1 − er
ei − ei+1 (r ≤ i ≤ m− 3) ei+1 − ei+2

em−2 − em−1 em−1 + em
em−1 + em er − em.

The coefficient is +1 in each row: in a root ei − ej the two signs cancel, and in the last two
rows the exchange of em and fm turns the sign of Eei+ej into that of Eei−ej . For r = m− 1
the last two rows are replaced by em−2 − em−1 and em−1 − em. So conjugation by wr ∈ G(F )
carries the coefficient for r − 1 to the coefficient obtained in step 2.

8.4 Nonvanishing

Proposition 8.5 (Nonvanishing of the even orthogonal descent, p ≠ 2). Assume p ̸= 2. The
descent of the residual representation of Section 8.1 on GSpin4n+1 to the split group GSpin2n
is nonzero and has a nonzero Whittaker coefficient.
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Proof. Step 1: a nonzero descent for some c. The residual representation has a nonzero
Siegel–Whittaker coefficient. By Lemma 8.4 the coefficient Λ0 is not identically zero on it. The
coefficients Λc are the Fourier coefficients, for the characters of Lemma 8.1, of the functions
on the Jacobi group obtained by integrating over (Urad, ψλrad). So Λc is not identically zero
for some c ∈ F×, and by Lemma 8.3 the descent with endpoint −vc has a nonzero Whittaker
coefficient on Hc. The conjugations by isometries used in these lemmas lift to elements of
GSpin(F ), because H1(F,Gm) = 0, and two lifts differ by a rational point of the centre,
which acts trivially on automorphic functions; so all the coefficients are coefficients of π.
Step 2: c is a square. By Witt cancellation the space v⊥

c is split if and only if Q(vc)/Q(u) is
a square; since Q(vc) = c/2 and Q(u) = 1/2, this means that c is a square. If it were not,
by Chebotarev there would be a place v where π and ψ are unramified and Hc is not split.
There πv is a subquotient of the representation IP ′ of Section 8.1, and its twisted Jacquet
module vanishes by Proposition 7.1 and exactness. On the other hand a nonzero descent
gives a nonzero functional on this Jacquet module. Translate a vector with nonzero descent
on the right so that the integral which defines its descent is not zero at the identity; write
it as a sum of pure tensors, one of which has a nonzero integral; fix the components of this
tensor at the places other than v, and let the component at v vary. By a change of variable
in the adelic integral the functional obtained is equivariant for Udesc,n(Fv) and ψdesc,v, so it
factors through the Jacquet module, which is zero. This contradiction shows that Hc is split.
By Witt’s theorem and a suitable element of the torus the endpoint −vc and the character
are conjugate over F to the split datum.

Remark 8.6. The Fourier–Jacobi argument only shows that some frequency c ≠ 0 occurs.
That the stabilizer is split follows from the unramified local components together with the
global nonvanishing. Because these two steps are separate, the first can be replaced by another
argument in characteristic two without changing the second. The identities of Lemma 8.2
and the commutator in step 2 of the proof of Lemma 8.4 have been verified by computer.

9 Even orthogonal descent in characteristic two
Section 8 produced, in odd characteristic, a nonzero generic descent from GSpin4n+1 to split
GSpin2n. The step that fails in characteristic two is the Fourier–Jacobi argument: it moves a
Fourier coefficient from frequency zero to a nonzero frequency on the unipotent subgroup of
the SL2 in the Jacobi group, a long root group, and it uses a quadratic exponent divided by
two. This section gives a replacement. Its result is Proposition 9.4 together with Corollary 9.5;
the realization theorems for orthogonal groups, in all characteristics, are then deduced in
Section 10.

Throughout this section p = 2. The argument has three parts.
1. In characteristic two the short root element contains a square, and the commutator that

should move the frequency has character ψ(sa2) instead of ψ(sa). The map a 7→ a2 is
not surjective on F , so this looks weaker. But a 7→ ψ(sa2) is an additive character of a,
and the Cartier operator computes it: it equals ψ(Cψ(s)a) for an explicit additive map
Cψ : F → F that is surjective. This allows us to prescribe the frequency (Lemmas 9.1
and 9.2).

2. Iterating this along the rows of the unipotent radical moves the Siegel–Whittaker
coefficient of the residual representation to a coefficient with a prescribed short-root
frequency (Lemma 9.3).

3. A second Fourier expansion then produces a descent whose target is the special or-
thogonal group of a quadratic space containing a plane x2 + xy + c2

0y
2. Here the
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frequency c0 cannot be prescribed, and the plane may a priori be anisotropic. The local
Jacquet module of Proposition 7.1 vanishes for an anisotropic plane, which forces the
Arf invariant of the plane to be trivial (Proposition 9.4 and Corollary 9.5).

The matrix identities of this section and its statements about sets of roots were also checked
by computer, in small rank. These checks are not part of the proofs; Appendix A lists them,
with the programs and the ranges covered.

9.1 Conventions in characteristic two

We use the quadratic space with basis e1, . . . , em, u, fm, . . . , f1 and form

Q
(
zu+

∑
i

(xiei + yifi)
)

= z2 +
∑
i

xiyi.

Its polar form B has radical spanned by u. As before, Ea,b denotes the matrix sending the
basis vector b to a and the other basis vectors to zero. The short root elements and their
coordinates are

xei(a) = 1 + aEu,fi + a2Eei,fi , x−ei(a) = 1 + aEu,ei + a2Efi,ei , ci(g) = gu,fi .

The root ei has coroot 2e∗
i in the special orthogonal group and 2e∗

i −e∗
0 in GSpin; the quadratic

entry a2 does not affect this. The map a 7→ xei(a) is a homomorphism, and the short root
groups of two different hyperbolic pairs commute, because B(u, u) = 0.

Fix a separating element t ∈ F , so that dt is a basis of Ω1
F/Fq , and write the nontrivial

additive character ψ of F\AF as ψ = ψη dt with η ∈ F×:

ψ(a) =
∏
v

ψv(av), ψv(a) = (−1)Trκ(v)/F2 Resv(aη dt).

For a unipotent F -group N write [N ] = N(F )\N(AF ), with Haar measure of volume one. For
a character ζ of N(AF ) trivial on N(F ), the Fourier coefficient of an automorphic function ϕ
is

FN,ζϕ(g) =
∫

[N ]
ϕ(ng)ζ(n)−1 dn.

We say that the coefficient (N, ζ) is nonzero on a space of automorphic functions stable under
right translation if FN,ζϕ(g) ̸= 0 for some ϕ in the space and some g.

9.2 The Cartier operator and characters of squares

Lemma 9.1 (The character of a square). Every element of F can be written uniquely as
A2 + tB2 with A,B ∈ F . Put

Ct(A2 + tB2) = B, Cψ(s) = η−1Ct(ηs).

Then for s ∈ F and a ∈ AF ,
ψ(sa2) = ψ(Cψ(s)a), (9.1)

and Cψ(tηβ2) = β for every β ∈ F . In particular Cψ : F → F is surjective.

Proof. Since F is a function field in one variable over a perfect field of characteristic two,
[F : F 2] = 2, and t /∈ F 2 because dt ≠ 0. So 1, t is a basis of F over F 2. The same holds for
each completion: [Fv : F 2

v ] = 2 by the expansion of Laurent series into even and odd parts,
and t is not a square in Fv, since otherwise F = F 2(t) would be contained in F 2

v , although F
contains an element of valuation one at v.
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Write ηs = A2 + tB2 with A,B ∈ F . Let C be the Cartier operator on differentials of Fv;
it is additive and satisfies C(g2 dt) = 0 and C(g2t dt) = g dt. For a ∈ Fv this gives

C(sa2η dt) = C
(
(Aa)2 dt+ (Ba)2t dt

)
= aB dt = Cψ(s)a η dt.

In a local uniformizer z the Cartier operator sends ∑j ajz
j dz to ∑j a

1/2
2j+1z

j dz, so the residue
of Cω is the square root of the residue of ω. The trace from κ(v) to F2 is invariant under
the square root. Hence ψv(sa2) = ψv(Cψ(s)a) at every place v, including those where η dt
has a zero or a pole, and taking the product gives (9.1). Finally η · tηβ2 = t(ηβ)2, so
Cψ(tηβ2) = η−1ηβ = β.

Lemma 9.2 (Prescribing a frequency). Let N be a unipotent group with a character ζ trivial
on N(F ), and let X = x(Ga) and Y = y(Ga) be one-parameter groups that normalize N and
preserve ζ. Assume that X ∩N = Y ∩N = 1, that [X,Y ] ⊂ N , and that

ζ([x(s), y(a)]) = ψ(sa2).

If the coefficient (N, ζ) is nonzero on a space V of automorphic functions stable under right
translation, then for every β ∈ F the coefficient on NY of the character extending ζ by
y(a) 7→ ψ(βa) is nonzero on V.

Proof. For ϕ ∈ V put h = FN,ζϕ and, for β ∈ F ,

hβ(g) =
∫
F\AF

h(y(a)g)ψ(βa) da.

By the hypotheses on Y this is the coefficient of ϕ in the statement. For fixed g the function
a 7→ h(y(a)g) on F\AF is locally constant, so it is a finite sum of characters ψ(αa) with
α ∈ F . If h ̸= 0, choose ϕ, g and α with hα(g) ̸= 0.

Let s ∈ F . Since ϕ is left invariant under x(s) and x(s) normalizes N and preserves ζ,
we have h(x(s)g′) = h(g′) for all g′. Moving x(s) past y(a) produces the commutator, an
element of N on which ζ takes the value ψ(sa2); signs play no role, since ψ takes the values
±1. With Lemma 9.1 we obtain

hβ(x(s)g) =
∫
F\AF

h(y(a)g)ψ
(
(β + Cψ(s))a

)
da = hβ+Cψ(s)(g). (9.2)

Given β, take s = tη(α + β)2. Then Cψ(s) = α + β and hβ(x(s)g) = hα(g) ̸= 0. The
translation is by an element of G(F ), so the nonzero coefficient is a coefficient of a function
in V over F .

9.3 Moving the frequency along the rows

Let G be SO2m+1 or GSpin2m+1, let U be its upper triangular maximal unipotent subgroup
in the basis above, and put U0

last = {g ∈ U : cm(g) = 0}, the subgroup generated by the
positive root groups other than Uem . Matrix entries are indexed by the basis; we write gi,j
for the entry at (ei, ej) and gi,−j for the entry at (ei, fj). For 1 ≤ r < m− 1 define

Uchain,r = {g ∈ U0
last : gi,m = 0 (r < i < m)},

Urow,r = {g ∈ U0
last : gr,j = 0 (r < j < m)},

λr =
∑
i<r

gi,i+1 + gr,m +
m−2∑
i=r+1

gi,i+1 + gm−1,−m.
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In terms of roots, λr is the sum of the coordinates on the chain e1 − e2, . . . , er−1 − er, on
er − em, on the chain er+1 − er+2, . . . , em−2 − em−1, and on em−1 + em. For r = m− 1 both
groups are defined to be U0

last, and λm−1 = ∑
i<m gi,i+1. We call (U0

last, ψλm−1) the endpoint
coefficient. The Siegel–Whittaker coefficient SW of Section 6 is its integral over the remaining
root group Uem , so if SW is nonzero on a space of functions, the endpoint coefficient is too.

Lemma 9.3 (Row iteration). Let V be a space of automorphic functions on G, stable under
right translation, on which the Siegel–Whittaker coefficient is nonzero. Then for every r with
1 ≤ r ≤ m − 1 the coefficient (Uchain,r, ψλr) is nonzero on V. Moreover, for every r with
1 ≤ r < m− 1 and every β ∈ F , the coefficient (Uchain,r, ψ(λr + βcm−1)) is nonzero on V.

Proof. The case r = m − 1 is the endpoint coefficient. We show, for 2 ≤ r ≤ m − 1 and
β ∈ F , that if (Uchain,r, ψλr) is nonzero on V then so is (Uchain,r−1, ψ(λr−1 +βcm−1)). Taking
β = 0 and descending induction on r gives the first assertion, and a general β in the last step
gives the second.

The step which is special to characteristic two is the second. The commutator of the two
root groups is quadratic in one of the variables, and Lemma 9.2 turns the character ψ(sa2)
which results into a character which is linear in a. Steps 3 and 5 are verifications on roots.

Step 1: from the chain group to the row group. By Lemma 7.8 with b = 0, the coefficients of
ψλr on Uchain,r and on Urow,r vanish identically together. Put

Zr = Uer , Xr = Uer+em , Y = U−em ,

and let Nr be generated by the positive root groups other than those of

em, er, er + em, er − ej (r < j < m).

Then Urow,r = NrZrXr. The character ψλr is trivial on Zr and on Xr; for r = m − 1 this
uses that λm−1 has no term on a root ei + em. Integrating over fewer variables, we see that
the coefficient (NrZr, ψλr) is nonzero on V.

Step 2: the commutator. We apply Lemma 9.2 to N = NrZr, X = Xr and Y . In the ordered
basis (er, em, u, fm, fr) of the relevant five-dimensional space,

xer+em(s) = 1 + s(Eer,fm + Eem,fr), x−em(a) = 1 + aEu,em + a2Efm,em ,

and a direct computation gives

[xer+em(s), x−em(a)] = xer(sa)xer−em(sa2) : (9.3)

both sides fix er, u, fm and send

em 7−→ em + sa2er, fr 7−→ fr + sa u+ sa2fm + s2a2er.

The first factor on the right lies in Zr, where the character is trivial, and the second has
character ψ(sa2), because λr contains the coordinate on er − em with coefficient one. So
[Xr, Y ] ⊂ NrZr with the commutator character required by Lemma 9.2.

Step 3: normalization. We check that Xr and Y normalize NrZr and preserve its character.
Conjugation by Y = U−em moves a root group Uei+em into UeiUei−em . For i ̸= r both of

these lie in Nr and carry the trivial character, and Uer+em is not in NrZr. The remaining
positive root groups in NrZr commute with Y : the only positive root that could interact with
−em otherwise is em, which is excluded, and the short root groups of the other hyperbolic
pairs commute with Y in characteristic two.



9 Even orthogonal descent in characteristic two 45

Conjugation by Xr = Uer+em can only produce root groups Uei+em , from ei − er, and
Uei+er , from ei − em. These lie in Nr and carry the trivial character. The one root of this
form on which λr is not trivial, em−1 + em, would have to come from em−1 − er, which is not
a positive root since r ≤ m− 1.
Step 4: prescribing the frequency on Y . Lemma 9.2 now shows that the coefficient on NrZrY
of the character ψλr extended by y(a) 7→ ψ(βa) is nonzero on V, for every β ∈ F . Since Zr
commutes with Y and carries the trivial character, the same holds for the group NrY .
Step 5: identification with the previous row. Let wr be the element of the Weyl group,
represented over F , that fixes ei, fi for i < r and u, and satisfies

wr(ei) = ei+1 (r ≤ i ≤ m− 2), wr(em−1) = fm, wr(em) = er,

with the corresponding action on the dual vectors. We claim that

wrUchain,r−1w
−1
r = NrY

and that conjugation carries ψ(λr−1 + βcm−1) to the character of step 4. For r ≤ m− 2 the
roots on which λr−1 + βcm−1 is nontrivial are transformed as follows.

root of Uchain,r−1 image under wr
ei − ei+1 (i < r − 1) ei − ei+1

er−1 − em er−1 − er
ei − ei+1 (r ≤ i ≤ m− 3) ei+1 − ei+2

em−2 − em−1 em−1 + em
em−1 + em er − em
em−1 −em

The images in the first five rows are exactly the roots of λr, and the last row carries the
coordinate cm−1 to the coordinate of Y . For r = m− 1 the last two roots of λm−2 are carried
to em−2 − em−1 and em−1 − em, the last two roots of the endpoint character.

For the groups we compare the sets of roots. On the indices, wr is the map i 7→ i for i < r,
i 7→ i+ 1 for r ≤ i ≤ m− 2, m− 1 7→ −m and m 7→ r. It maps the indices 1, . . . ,m− 2 onto
the indices other than r and m, preserving their order; so the roots of Uchain,r−1 supported
on the first m− 2 indices give all the positive roots which involve neither r nor m. The roots
ei ± em−1 with i ≤ m− 2 give the roots ej ∓ em with j /∈ {r,m}, and em−1 gives −em. The
sums ei + em with i ≤ m− 2 give the sums which involve er and not em, the sum em−1 + em
gives er − em, and the differences ei − em with i < r, the only ones in Uchain,r−1, give ei − er.
These are the roots of NrY . The matrix of wr permutes the vectors of the basis, so it maps
each root subgroup of the table to its image with the same parameter, also in characteristic
two. The two characters are homomorphisms which agree on these root subgroups, hence
they agree.

Since the functions in V are left invariant under the rational element wr, the coefficient
(Uchain,r−1, ψ(λr−1 + βcm−1)) of ϕ at g equals the coefficient of step 4 at wrg. It is therefore
nonzero on V.

9.4 The descent and its terminal plane

Now take m = 2n with n ≥ 2, so that G is SO4n+1 or GSpin4n+1. Let Vtail be the span of the
basis vectors other than e1, . . . , en, f1, . . . , fn. A linear form λ on Vtail with λ(u) = 1 defines
the descent character

ψλ(g) = ψ
(∑
i<n

gi,i+1 + λ
(
prVtail(gfn)

))
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on the unipotent radical of the parabolic subgroup stabilizing the flag spanned by e1, . . . , en.
Its connected stabilizer in the Levi subgroup is GSpin(kerλ), and the descent with terminal
covector λ is the Fourier coefficient with respect to ψλ, viewed as a function on that group.
The descent is generic if it has a nonzero Whittaker coefficient.

The construction below involves two linear forms on the last three-dimensional space
Vterm = ⟨e, u, f⟩, where e = em and f = fm. One, called λc0 , defines the group to which we
descend; the other, called κW, defines a Whittaker character on that group.

Proposition 9.4 (A generic descent in characteristic two). Let V be a space of automorphic
functions on GSpin4n+1, stable under right translation, on which the Siegel–Whittaker coeffi-
cient is nonzero. Then there is c0 ∈ F such that V has a nonzero generic descent of length n
whose terminal covector is

λc0(zu+ xe+ yf) = z + x+ c0y

on Vterm, extended by zero on the other hyperbolic pairs of Vtail. The restriction of Q to
kerλc0 ∩ Vterm is the binary form x2 + xy + c2

0y
2, whose Arf invariant is the class of c0 in

F/{s2 + s : s ∈ F}. If the connected centre acts on V through a character, it acts on the
descent through the same character.

Proof. The proof transforms the coefficient provided by row iteration into a Whittaker
coefficient of a descent, through a sequence of Fourier exchanges (Lemmas 5.9 and 7.9) and
one Fourier expansion. Each exchange preserves the property of being nonzero on V. The
expansion, in step 3, is the one step which is not an equivalence: it produces a frequency c0
which cannot be prescribed, and this is why Corollary 9.5 is needed afterwards.

Table 2 records the group and the character after each step. They have the same shape
throughout. The weights of a basis of ⟨e1, . . . , em−1⟩, the standard basis in steps 1 to 3 and a
new basis from step 4 on, are divided into two chains. Write N for the unipotent radical of
the parabolic subgroup with Levi subgroup GLm−1× SO(Vterm); it is generated by the root
groups of the sums of two weights of the chains and by the terminal rows ri(Vterm) of step 5.
The group is generated by N , by the root groups of the positive differences within each chain,
and by the root groups of certain differences between the two chains. The character is ψ of
the sum of the coordinates on the adjacent roots of each chain and of one linear form on the
terminal row of the last weight of each chain, written in the coordinates v = zu+ xe+ yf of
Vterm. In this description the roots An−1−ϵlast, Bn+ϵlast and Bn of step 1 are the coordinates
y on the row of An−1, and x and z on the row of Bn.

Comparing the first line with the last: the chain of length n carries the form z + x at the
start and z+ x+ c0y at the end, the chain of length n− 1 carries the form y throughout, and
the differences between the chains, which at the start are of the form (short chain) minus
(long chain), are at the end all the differences (long chain) minus (short chain). The last
configuration is the one of a descent along the long chain followed by a Whittaker coefficient
along the short chain. Figure 4 shows the differences between the chains at each step for
n = 4.
Step 1: the starting coefficient. By Lemma 9.3 with r = n − 1 and β = 1, the coefficient
(Uchain,n−1, ψ(λn−1 + cm−1)) is nonzero on V. Rename the coordinate weights

Ai = ei (i < n), Bj = en−1+j (j ≤ n), ϵlast = em,

so that Bn = em−1. After the row separation of Lemma 7.8, the character has coefficient one
on the adjacent roots of the two chains A1, . . . , An−1 and B1, . . . , Bn, and on An−1 − ϵlast,
Bn + ϵlast and Bn. The group is generated by the positive root groups other than those of
ϵlast and of An−1 −Bj .
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step the two chains differences between the
chains

forms on the last
rows

obtained by

1 A1, . . . , An−1 and
B1, . . . , Bn

Ai −Bj with i < n− 1 y on An−1,
z + x on Bn

row iteration with
r = n− 1 and β = 1;
row separation

2 the same Ai −Bj with j > i+ 1,
Bj −Ai with i ≥ 2,
j ≤ i

the same interleaving with
d = −1

3 the same those of step 2 and
B1 −A1

the same; in
addition c0δ on
B1 −A1

Fourier expansion
along δ; this produces
c0

4 A′
1, . . . , A

′
n and

B′
1, . . . , B

′
n−1

A′
i −B′

j with j > i− 1,
B′

j −A′
i with j < i− 1

z + x+ c0y on A′
n,

y on B′
n−1

the same group in the
basis changed by gpair

4 the same A′
i −B′

j with i < n the same interleaving with d = 1,
in the opposite
direction

6 the same, renamed
A1, . . . , An and
B1, . . . , Bn−1

all Ai −Bj the same exchange of UBj
for

UAn−Bj , j < n

Table 2: The group and the character after each step of the proof of Proposition 9.4; step 4
has two stages. In steps 1 to 3, Ai = ei and Bj = en−1+j . In step 4 the new weights are those
of the vectors b1, c0a1 + b2, . . . , c0an−1 + bn for the chain A′ and a1, . . . , an−1 for the chain B′;
the term c0δ of step 3 has become part of the coordinate on the adjacent root A′

1 −A′
2. The

forms are λc0 = z + x+ c0y and κW = y. In the last line the terminal rows of the weights
Bj are restricted to Lc0 = kerλc0 , so that the group is no longer generated by N and root
groups; it is the group R of step 6.

A1

A2

A3

B1 B2 B3 B4

+ + + +

+ + + +

step 1

A1

A2

A3

B1 B2 B3 B4

+ +

− − +

− − −

step 2

A1

A2

A3

B1 B2 B3 B4

− + +

− − +

− − −

step 3

A′
1

A′
2

A′
3

A′
4

B′
1 B′

2 B′
3

+ + +

+ +

− +

− −

step 4, first stage

A′
1

A′
2

A′
3

A′
4

B′
1 B′

2 B′
3

+ + +

+ + +

+ + +

step 4, second stage

A1

A2

A3

A4

B1 B2 B3

+ + +

+ + +

+ + +

+ + +

step 6

Figure 4: The differences between the two chains in Table 2, for n = 4, with the conventions
of Figure 1: the sign + stands for a root (row) minus (column) and the sign − for its opposite.
In step 3 and in the first stage of step 4 the signs are those of the weights for the grading of
step 3. A shaded cell marks two members of the chains which have the same weight for that
grading: these are the blocks (Ai, Bi+1) in which gpair acts in step 4, and after the change of
basis the pairs (A′

i+1, B
′
i). In step 6 the chains have been renamed, and the terminal rows of

the Bj are restricted to Lc0 .
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Step 2: interleaving the two chains. The chains have lengths r = n− 1 and b = n = r+ 1, so
Lemma 7.9 applies with d = −1. The exchanges it performs are

UAi−Bj ←→ UBj−Ai+1 , i = n− 2, . . . , 1, j = 1, . . . , i+ 1.

Its auxiliary group is here the unipotent radical of the parabolic subgroup with Levi
GLm−1× SO(Vterm). We verify the hypothesis on this group. Conjugation by a root group
UAi−Bj in the list changes only the row of Ai, with i < n− 1, and conjugation by its partner
UBj−Ai+1 changes only the row of Bj , with j ≤ i + 1 < n. Neither is one of the two rows,
those of An−1 and Bn, on which the character of the auxiliary group is nontrivial, so that
character is preserved. After the exchanges, the cross roots in the group are

Ai −Bj (j > i+ 1), Bj −Ai (i ≥ 2, j ≤ i).

For n = 2 there are no exchanges and this description holds from the start.

Step 3: a Fourier expansion and the frequency c0. Introduce a grading: B1 has weight 2n,
both Ai and Bi+1 have weight 2(n − i), ϵlast has weight zero, and dual vectors have the
opposite weights. Let U>0 be generated by the root groups of positive weight. The positive
cross weights are those of Ai −Bj with j > i+ 1 and of Bj −Ai with j ≤ i. Comparing with
step 2, the group obtained there is the kernel in U>0 of the coordinate δ on the single root
B1 − A1. Every positive weight is at least two, so δ, which has weight two, is an additive
character of U>0; the squares of the coordinates on short roots have weight at least four, so
they do not affect it. Expanding along δ, we find c0 ∈ F such that the coefficient on U>0 of
the character extended by ψ(c0δ) is nonzero on V. The expansion gives no control over c0.

Step 4: change of basis in the Levi subgroup. The Levi subgroup of the grading has blocks
B1, the pairs (Ai, Bi+1), and Vterm. On the part of weight two, the character is given by the
vector (c0, 1) in the first row, by the trace on each intermediate 2× 2 block, and on the last
block by the matrix

Cterm =
(

1 0 0
0 1 1

)
,

whose columns correspond to the roots with −ϵlast, with +ϵlast, and to the short root. Apply
the matrix gpair =

(
c0 1
1 0
)
, of determinant one, in each block (Ai, Bi+1). Then

g−1
pair

(
c0
1

)
=
(

1
0

)
, gtpairCterm =

(
c0 1 1
1 0 0

)
,

and the trace characters on the intermediate blocks are unchanged. In the new basis there
is a long chain b1, c0a1 + b2, . . . , c0an−1 + bn and a short chain a1, . . . , an−1, with the dual
basis transformed by the inverse transpose. Call the vectors of the long chain A′

i, 1 ≤ i ≤ n,
and those of the short chain B′

j , 1 ≤ j ≤ n− 1. Their weights are 2(n− i+ 1) and 2(n− j).
So the root A′

i −B′
j has weight 2(j − i+ 1): the positive roots between the two chains are

the A′
i −B′

j with j > i− 1 and the B′
j −A′

i with j < i− 1. This is the situation at the end
of Lemma 7.9 with d = 1. Each exchange of that lemma involves two roots A′

i − B′
j and

B′
j −A′

i+1 with i < n and j ≤ i− 1. Their root subgroups act on the auxiliary radical only
in the rows of A′

i and of B′
j , which are not the last rows A′

n and B′
n−1 of the two chains; so

they preserve the character on these last rows. We apply the lemma in the opposite direction,
and get a nonzero coefficient in which the long chain ends with the linear form λc0 on Vterm
and the short chain ends with

κW(zu+ xe+ yf) = y.
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The Levi subgroup acts linearly on the part of weight two, including the short root coordinate,
so these are identities between characters and not only between their differentials.

Step 5: vector groups in the terminal space. To compare this coefficient with a descent
followed by a Whittaker coefficient we need the following subgroups. For a hyperbolic index
i and v ∈ Vterm define ri(v) by

ri(v)fi = fi + v +Q(v)ei, ri(v)w = w +B(w, v)ei (w ∈ Vterm), ri(v)ei = ei,

and by the identity on the other basis vectors. Since Q(v +w) = Q(v) +Q(w) +B(v, w), the
map v 7→ ri(v) is a homomorphism, and one checks on the basis that

[ri(v), rj(w)] = xei+ej (B(v, w)), (9.4)
xei−ej (s) rj(v)xei−ej (s)−1 = rj(v) ri(sv)xei+ej (sQ(v)). (9.5)

The plane Lc0 = kerλc0 ⊂ Vterm has equation z = x+ c0y, so Q restricts to x2 + xy + c2
0y

2

on it. The vector e + u lies in Lc0 , has Q(e + u) = 1, and satisfies B(e + u, v) = y for
v = zu+ xe+ yf ; that is, it represents κW|Lc0

. Consequently the adjacent roots of the short
chain, together with κW on its last row, define a generic character of the maximal unipotent
subgroup of the quasi-split group GSpin(kerλc0), whether or not Lc0 is isotropic.

Step 6: descent followed by a Whittaker coefficient. Rename the long and short chains
A1, . . . , An and B1, . . . , Bn−1. Taking the descent with terminal covector λc0 along the long
chain and then the Whittaker coefficient along the short chain is a Fourier coefficient on the
group R generated by all root groups Uei+ej among the chain indices, the positive differences
within each chain, all UAi−Bj , and the terminal rows rAi(Vterm) and rBj (Lc0). Its character
is nontrivial on terminal rows only for An and Bn−1, where it is λc0 and κW. We pass from
R to the group of step 4 by the exchanges, for j = 1, . . . , n− 1,

Xj = UAn−Bj , Yj = rBj (Fu) = UBj ,

and verify the hypotheses of Lemma 5.9.
When Xj is removed, the remaining generators still generate a group with these root

subgroups. Among the differences, An−Bj could reappear as a commutator only from An−Bi
and Bi−Bj with i < j, and An−Bi has been removed at an earlier step. Commutators with
the terminal rows give terminal rows and sums, never a difference. The group Xj normalizes
what remains, and preserves the character. Indeed, conjugating by Xj a difference Ai −An
or Bj −Bk which is present produces the root Ai −Bj with i < n, or An −Bk with k > j;
both are present and carry the trivial character. Conjugating a sum produces sums. And by
(9.5) the action of Xj on the terminal rows adds to the row of An a vector of the row of Bj ;
this row is still Lc0 , since it is enlarged only after the exchange, and λc0 vanishes on Lc0 .

The group Yj commutes with all the terminal rows, by (9.4) and because B(u, ·) = 0. Its
commutators with differences come from Bi −Bj with i < j and from Ai −Bj with i < n.
They lie in the rows of the Bi with i < j, which have already been enlarged, and in the rows
of the Ai with i < n, on all of which the character is trivial; the sums which appear carry
the trivial character as well. Moreover Yj meets the common subgroup trivially, because
Fu ∩ Lc0 = 0. Finally, by (9.5) with v = au,

[Xj(s), Yj(a)] = rAn(sa u)xAn+Bj (sa2),

on which the character is ψ(λc0(sa u)) = ψ(sa). This is a perfect pairing, so the exchange
applies. It replaces the row rBj (Lc0) by rBj (Vterm) and removes Xj . Since κW(u) = 0, the
character on the last row of the short chain is unchanged.
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After all n− 1 exchanges we have the group and character of step 4. Hence the coefficient
on R is nonzero on V . Since all the groups involved have compact quotients, Fubini’s theorem
identifies this coefficient with the Whittaker coefficient of the descent of a function in V,
which is therefore nonzero.

Step 7: central character and Arf invariant. Unipotent elements lift uniquely to GSpin.
The rational elements of Levi subgroups and the Weyl elements used above lift because
H1(F,Gm) = 0, and two lifts differ by a rational point of the centre, which acts trivially
on automorphic functions. So the construction preserves the character through which the
connected centre acts. Finally the Arf invariant of x2 + xy + c2

0y
2 is the class of c2

0, and
c2

0 = c0 + (c2
0 + c0) has the same class as c0.

Corollary 9.5 (The descent is to the split group). In Proposition 9.4, suppose that V is
an irreducible automorphic representation whose local components at almost all places are
subquotients of the representation induced from GLn2 considered in Proposition 7.1. Then
c0 = s2 +s for some s ∈ F , and the generic descent is a nonzero generic automorphic function
on split GSpin2n over F .

Proof. Suppose that c0 is not of the form s2 + s. Then z2 + z = c0 defines a separable
quadratic extension of F , and by Chebotarev’s theorem there is a place v, among the places
where the local component is as in the statement, that does not split in it. At such a place
the plane Lc0 is anisotropic, and the twisted Jacquet module of Proposition 7.1 is zero. But
the nonzero global descent coefficient gives a nonzero functional on that Jacquet module.
Indeed, translate a vector with nonzero descent on the right so that the integral which defines
the descent is not zero at the identity, write it as a sum of pure tensors, one of which has a
nonzero integral, and fix the components of this tensor at the places other than v. A change
of variable in the integral shows that the functional obtained on the component at v has the
required equivariance. This contradiction shows that c0 = s2 + s.

For such c0, the vectors

espl = su+ s2e+ f, fspl = (s+ 1)u+ (s2 + 1)e+ f

lie in Lc0 , satisfy Q(espl) = Q(fspl) = 0 and B(espl, fspl) = 1, and κW takes the value one on
each. So Lc0 is a hyperbolic plane over F . The isometry that fixes u and carries this pair to
the standard hyperbolic pair identifies the target of the descent with the split group, and the
generic character with a generic character of its standard maximal unipotent subgroup.

Remark 9.6 (Two different uses of frequencies). The proof uses Fourier expansion in two
ways. In row iteration the frequency on a short root group can be prescribed, by Lemma 9.2.
In step 3 of Proposition 9.4 the expansion only provides some frequency c0, and no rational
conjugation is available to change its class modulo {s2 +s}: such a conjugation would amount
to the surjectivity of s 7→ s2 + s on F . That the class of c0 is trivial is proved by the local
argument of Corollary 9.5.

10 Realization for orthogonal and spin groups
We return to arbitrary positive characteristic and collect the results of Sections 6–9. The
Eisenstein residue and the global Fourier coefficients have produced a nonzero generic descent.
Two things remain: the descent must be cuspidal, and its excursion parameter, not only its
unramified Hecke eigenvalues, must be σ. Both follow from ellipticity through Proposition 5.6.

Recall the situation of Section 8.1. The parameter σ takes values in GSp2n(k) or GSO2n(k);
it is continuous, finitely ramified, semisimple, elliptic modulo scalars and strongly pure, and
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its multiplier χ has finite order. The residual representation attached to σ lives on GSpin4n or
GSpin4n+1, and its descent is a space of functions on split GSpin2n+1 or GSpin2n, respectively.

Lemma 10.1 (The descent is cuspidal). Every function in the descent of the residual
representation of Section 8.1 to the split group, and every right translate of such a function,
is cuspidal.

Proof. Let h be a function in the descent; it is complex valued, and we consider ι−1h. Let
uv be an element of the descent radical at a place v. Right translation by uv multiplies the
descent integral by ψdesc,v(uv): at a point of the target group one conjugates uv by this point
and changes the variable of integration. So, when the components at the places other than
v are fixed, the descent factors through the twisted Jacquet module at v, and the resulting
map is equivariant for the target group at v. At a place where h is spherical and the residual
representation is unramified, the local component of the latter is a subquotient of the induced
representation of Proposition 7.1. The twisted Jacquet functor and the functor of invariants
under a hyperspecial subgroup are exact. It follows that ι−1h satisfies the Hecke equations of
σ for the standard representation and for the multiplier, possibly in generalized form. This
holds also when some of the inducing characters coincide, and for both summands in the
second case of the proposition. Since σ is elliptic, Proposition 5.6 shows that ι−1h is cuspidal.
A constant term at a fixed argument is a finite sum, so h is cuspidal as well. A right translate
of h is spherical outside a larger finite set of places, and the same argument applies to it.

Theorem 10.2 (Orthogonal realization with multiplier). Let G be split GSpin2n+1 with
n ≥ 1, or split GSpin2n with n ≥ 2, over a global function field F of any characteristic.
Let σ be a continuous, finitely ramified, semisimple parameter with values in the dual group
GSp2n(k) or GSO2n(k), elliptic modulo scalars and strongly pure, whose multiplier χ has
finite order. Then the excursion summand of νσ in the space of cusp forms on G contains a
generic irreducible cuspidal automorphic representation. Its connected central character is
CFT(χ).

Proof. Step 1: a nonzero generic descent. For GSpin3 = GL2 the theorem is Input 1.
Otherwise take the residual representation of Section 8.1, which has a nonzero Siegel–Whittaker
coefficient by Proposition 6.6. For the odd target, Proposition 7.10 gives a nonzero generic
descent of length n − 1. For the even target, a nonzero generic descent of length n to the
split group over F is given by Proposition 8.5 in odd characteristic, and by Proposition 9.4
and Corollary 9.5 in characteristic two. In all cases the connected centre acts through
ωσ = CFT(χ).
Step 2: cuspidality and the parameter. By Lemma 10.1 the descent is cuspidal. Take a
function in it with nonzero Whittaker coefficient and transport it to k by ι−1; Lemma 5.5
shows that it is defined over a finite extension of Qℓ, at a fixed level and for a fixed central
lattice. It satisfies the standard and multiplier Hecke equations of σ, so Proposition 5.6
provides a function in the excursion summand of νσ whose Whittaker coefficient is still
nonzero. In the even case that proposition may first require replacing σ by its conjugate
under the outer automorphism; applying the corresponding rational outer automorphism of
G to the function removes this ambiguity.
Step 3: an irreducible representation. Transport the function back to C. By Lemma I.9.1
the representation it generates is a finite sum of irreducible cuspidal representations, and the
Whittaker functional is nonzero on one of them. Excursion operators are given by finite sums
at each fixed level, so they commute with the transport of coefficients; and right translations
preserve excursion summands. This representation therefore lies in the excursion summand
of νσ.
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Theorem 10.3 (Spin groups). Let G be split Spin2n+1 with n ≥ 1 or split Spin2n with
n ≥ 2, in any characteristic, and let σ be a continuous, finitely ramified, semisimple, elliptic
and strongly pure parameter with values in PSp2n(k) or PSO2n(k), respectively. Then the
excursion summand of νσ in the space of cusp forms on G is nonzero.

Proof. By Lemma 5.7, σ lifts to a parameter with values in GSp2n(k) or GSO2n(k) with
multiplier of finite order, and the lift is again semisimple, elliptic modulo scalars and strongly
pure. Theorem 10.2 realizes the lift on GSpin. Take a nonzero function in that realization,
translate it on the right so that its value at the identity is not zero, and restrict it to Spin.
The restriction is cuspidal, because the two groups have the same unipotent radicals of
parabolic subgroups. By Lemma I.10.1 and the invariance of excursion operators under right
translation [Laf18, Remark 12.4], the restriction lies in the excursion summand of the image
of the lift in the dual group of Spin, which is σ. The cases D2 and D3 are included.

Corollary 10.4 (Special orthogonal groups). Let H be split SO2n+1 with n ≥ 1 or split SO2n
with n ≥ 2, in any characteristic, and let σ be a continuous, finitely ramified, semisimple
elliptic parameter with values in Sp2n(k) or SO2n(k), respectively, whose standard representa-
tion is pure of weight zero for every embedding of the coefficients into C. Then the excursion
summand of νσ in the space of cusp forms on H contains a generic irreducible cuspidal
automorphic representation.

Proof. Regard σ as a parameter with values in GSp2n(k) or GSO2n(k) with trivial multiplier.
The irreducible summands of its standard representation have determinants of finite order,
and the purity theorem of Section I.4 gives the hypotheses of the residual construction.
Theorem 10.2 gives a generic cuspidal representation of GSpin with trivial connected central
character. Its functions are invariant under the central torus Gm, which is smooth and split
in every characteristic, including two, and so they descend to the quotient H. Lemma I.10.4
identifies the excursion summand containing the descended representation as that of νσ, and
the Whittaker coefficient is unchanged.

11 Quadratic theta lifting and all spherical Hecke moments
To pass from the even orthogonal group SO2m to the symplectic group Sp2m we use the theta
lift for the dual pair of equal rank. On parameters it adds a trivial line to the standard
representation. Two things have to be proved about the lift of a generic cusp form: that it is
nonzero, and that its Whittaker coefficient Λ satisfies the expected Hecke equations at all
unramified places, that is, Λ(TΘ) = η(T )Λ(Θ) for the spherical Hecke operators T . We obtain
both from one computation, that of the twisted Jacquet module of the Weil representation
along the maximal unipotent subgroup of the symplectic group (Lemma 11.1): it is the space
of compactly supported Whittaker functions on the orthogonal group. Globally this gives a
formula for the Whittaker coefficient of the lift as an integral of the Whittaker function of the
cusp form against a test function at our disposal (Proposition 11.5), from which nonvanishing
is read off. At unramified places the test function attached to a Hecke operator applied to
the spherical vector is computed explicitly (Proposition 11.3); it is governed by the branching
rule from SO2m+1 to SO2m, and this gives these equations. A generalized Hecke eigenfunction
with a nonzero Whittaker coefficient is then extracted by Lemma I.8.8 (Corollary 11.6). The
Weil representation is written in a model that uses the quadratic form and not only its
bilinear form, so that the argument applies in characteristic two.
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11.1 A model of the Weil representation in every characteristic

Let V = V+ ⊕ V ∨
+ with dim V+ = m ≥ 2,

Q(x, ξ) = ξ(x), B((x, ξ), (x′, ξ′)) = ξ(x′) + ξ′(x),

and put G0 = SO(V ) and G1 = Sp2m. Over a local field, G1 acts by right multiplication
on Matm,2m = V+ ⊗ F 2m, hence on its Schwartz space. Writing a matrix as (x,y) with two
blocks of size m×m, we transport this action by the partial Fourier transform

(FΦ)(x, ξ) =
∫

Φ(x,y)ψ(− tr(ytξ)) dy

to a representation Wψ of G1 on S(V m), where z = (z1, . . . , zm) and zi = (xi, ξi) ∈ V . Let
m(A) = diag(A,A−t), n(C) =

( 1 C
0 1
)

with C = Ct, and w =
( 0 1

−1 0
)
. Then

Wψ(m(A))ϕ(z) = |detA|mϕ(zA), (11.1)

Wψ(n(C))ϕ(z) = ψ

∑
i

CiiQ(zi) +
∑
i<j

CijB(zi, zj)

ϕ(z), (11.2)

Wψ(w)ϕ(z) =
∫
ϕ(z′)ψ

(∑
i

B(zi, z′
i)
)
dz′. (11.3)

The first follows from the substitution y 7→ yA−t in the Fourier transform. For the second,
substitute y + xC for y; the phase that remains is ψ(tr(Ctxtξ)), and its diagonal and off-
diagonal terms are the two sums displayed. The third is the Fourier transform in all variables.
Since these operators come from an action of G1 by pullback, they define a representation of
G1 itself; no metaplectic cover occurs, and no quadratic phase is divided by two. The group
O(V ) acts by r(h)ϕ(z) = ϕ(h−1z), and the two actions commute.

Whittaker data. Fix a hyperbolic basis ei, fi of V with ei ∈ V+. Let U1 be the maximal
unipotent subgroup of G1 consisting of the m(u)n(C) with u upper unipotent, and for c ∈ F×

let
χ1,c(m(u)n(C)) = ψ

(∑
i<m

ui,i+1 + cCmm

)
.

On the orthogonal side let U0 be the maximal unipotent subgroup of G0 fixing the flag of the
ei, and

vc = (e1, . . . , em−1, em + cfm) ∈ V m.

The span of vc is stable under U0, which gives a homomorphism framec from U0 onto the group
UGLm of upper unipotent matrices, defined by nvc = vc framec(n). Let ψGL(u) = ψ(∑i ui,i+1)
and χ0,c = ψGL ◦ framec. This is a nondegenerate character of U0, with coefficients 1, . . . , 1, c
on the simple roots, and every nondegenerate character of U0 is conjugate under the torus to
one of these: the first m− 1 coefficients can be normalized to 1, and the ratio of the last two
is then c.
Lemma 11.1 (The Whittaker quotient of the Weil representation). Over a nonarchimedean
local field of any characteristic, the map ϕ 7→ Jϕ,

Jϕ(h) =
∫
UGLm

ϕ(h−1vcu)ψGL(u)−1 du, (11.4)

induces an isomorphism of representations of G0

JU1,χ1,c(Wψ) ≃ c-IndG0
U0
χ−1

0,c .

In particular every smooth function on G0 that transforms by χ−1
0,c on the left under U0 and

has compact support modulo U0 is of the form Jϕ.
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Proof. We take coinvariants in two stages, first along the subgroup of the n(C) and then
along that of the m(u). By (11.2) the first stage restricts functions to a fibre of the map
which sends z to the values Q(zi) and B(zi, zj); the second, by (11.1), is an integral over
UGLm acting on the right. The points of the fibre where z has rank less than m do not
contribute, and the others form one orbit of G0.
Step 1: the fibre. The coinvariants for the characters C 7→ ψ(cCmm) of the group of symmetric
matrices are the restrictions of Schwartz functions to the closed set

Qc = {z : Q(zi) = 0 (i < m), Q(zm) = c, B(zi, zj) = 0 (i < j)};

a function vanishing on Qc is killed by averaging against the character, and restriction is
surjective. In characteristic two the conditions on the Q(zi) are independent of those on the
B(zi, zj). At a point where z has rank m the differentials of the equations are independent:
in terms of βij = B(zi, dzj), which are independent linear forms, they are βii and βij + βji.
So this part of Qc is smooth in every characteristic.
Step 2: frames of rank less than m. Stratify the rest of Qc by the first index j such that
zj lies in the span of z1, . . . , zj−1; here j < m, because Q(zm) = c ≠ 0 while the span of the
others is isotropic. Acting by an element of UGLm , which preserves ψGL up to conjugation
within the stratum, we may assume zj = 0. Then the root subgroup uj,j+1(a) fixes z while
ψGL is nontrivial on it, so the fibre of the coinvariants at z is zero. This is the statement
at one point; it extends to the stratum as follows. Fix a compact subset of the stratum.
On a neighbourhood of one of its points where a given minor of (z1, . . . , zj−1) is invertible,
the coefficients which express zj in terms of z1, . . . , zj−1 are continuous functions, and so
is the element of UGLm which they define. Conjugating by it a fixed element of uj,j+1 on
which the character is not trivial, we get an element of the stabilizer of the frame which
depends continuously on the frame and on which the character is not trivial. Cover the
compact subset by finitely many such neighbourhoods with compact closure. All the elements
obtained lie in one compact open subgroup of UGLm , and the average over this subgroup
against the character kills every function supported in the compact subset: each orbit of the
subgroup which meets the support has in its stabilizer an element of the subgroup on which
the character is not trivial. Since coinvariants are exact, the strata can be removed one after
the other, in the order given by the closed conditions that the first j columns are dependent.
Step 3: frames of rank m. These form one orbit of G0. Indeed the first m− 1 vectors span
an isotropic subspace and can be moved to e1, . . . , em−1; then zm is, modulo their span, of
the form xem + yfm with xy = c, the torus makes x = 1, and the unipotent radical of the
stabilizer of the span removes the other coordinates. This uses the full orthogonal group;
but the reflection in em − cfm fixes vc and has determinant −1, or Dickson invariant one in
characteristic two, so G0 is transitive as well. The stabilizer of vc is Sc = ker framec. Writing
an element of U0 as

n = diag(u, u−t)
(

1 T
0 1

)
, T t = −T, Tii = 0,

one finds framec(n) = u(1 + c(Tem)etm), so that Sc is defined by u = 1 − c(Tem)etm; it is
isomorphic to an affine space, in every characteristic. Since the orbit and the stabilizer are
smooth, the orbit is Sc\G0.
Step 4: the integral. On functions on Sc\G0 the remaining coinvariants, for UGLm = U0/Sc
and the character ψGL, are given by the integral (11.4), which converges because u 7→ h−1vcu
is a closed embedding. Its image consists of all functions with compact support modulo U0,
and its kernel is spanned by the differences ϕ(·u)− ψGL(u)ϕ, as one sees with local sections
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of G0 → U0\G0. A Schwartz function whose support meets the strata of step 2 is, by that
step, congruent modulo the relations to one with compact support in the orbit of frames of
rank m, and the integral vanishes on the relations. Finally Jr(h0)ϕ(h) = Jϕ(hh0).

11.2 The spherical vector

Let v be a place where the residue characteristic is arbitrary, ψ has conductor Ov and c ∈ O×
v .

Let K0 and K1 be the hyperspecial subgroups of G0 and G1 defined by the lattice spanned
by the basis, and ϕ0 = 1V (Ov)m . By (11.1)–(11.3) it is fixed by K1, and it is fixed by K0.
For J = G0, G1 and a dominant weight γ of the dual group let T Jγ be the Hecke operator
corresponding under the normalized Satake isomorphism to the character of the irreducible
representation of highest weight γ, and tγ the corresponding element of the torus:

tλ = diag(ϖλi , ϖ−λi) ∈ G0, tµ = m(diag(ϖµi)) ∈ G1.

Lemma 11.2 (Whittaker functionals and Hecke operators). Let J be G0 or G1, let Λ be a
Whittaker functional on a smooth representation of J , for a character of conductor Ov on
each simple root, and let v0 be a vector fixed by the hyperspecial subgroup. Then

Λ(T Jγ v0) = δBJ (tγ)−1/2Λ(tγv0). (11.5)

Proof. No irreducibility is assumed, so this is a statement about the module of compactly
supported Whittaker functions invariant under the hyperspecial subgroup, of which the
function g 7→ Λ(gv0) is a linear functional. Precisely, pair compactly supported functions
which transform by ψ−1 under the maximal unipotent subgroup U with Whittaker functions,
which transform by ψ, by integration over U\J ; this pairing is bilinear, with no complex
conjugation. The compact module has a basis bγ indexed by the dominant γ: bγ is supported
on UtγK and normalized by bγ(tγ) = δBJ (tγ), so that ⟨bγ ,W ⟩ = W (tγ) for every Whittaker
function W invariant under K. For a Hecke operator T let T ∗(g) = T (g−1); then ⟨T ∗b,W ⟩ =
⟨b, TW ⟩. With W (g) = Λ(gv0) the two sides of (11.5) are ⟨b0, T

J
γW ⟩ = ⟨(T Jγ )∗b0,W ⟩ and

δBJ (tγ)−1/2⟨bγ ,W ⟩. So the lemma follows from the identity

(T Jγ )∗b0 = δBJ (tγ)−1/2bγ

in the compact module; the transpose matters when −w0γ ̸= γ. To verify the identity, pair
both sides with the Whittaker functions Wt of the unramified principal series, normalized by
Wt(1) = 1, for t in a Zariski-dense set of unramified parameters. By the formula of Casselman
and Shalika [CS80, Theorem 5.4], Wt(tγ) = δBJ (tγ)1/2χγ(t), where χγ is the character of
highest weight γ; and T JγWt = χγ(t)Wt. So both sides pair with Wt to χγ(t). An element
of the compact module is a finite combination of the bλ, and its pairing with Wt is the
corresponding combination of the functions δBJ (tλ)1/2χλ(t) of t. These are regular functions
which are linearly independent, also on a Zariski-dense set; so an element which pairs to zero
with all these Wt is zero.

A weight λ = (λ1, . . . , λm) of SO2m is said to interlace a dominant weight µ of SO2m+1,
written λ ≺ µ, if

µi ≥ λi ≥ µi+1 (i < m), µm ≥ |λm|. (11.6)

Such λ are dominant. Put d0(λ) = ∑
i(m − i)λi and d1(µ) = ∑

i(m − i + 1)µi, so that
δB0(tλ)1/2 = q

−d0(λ)
v and δB1(tµ)1/2 = q

−d1(µ)
v .
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Proposition 11.3 (Hecke operators on the spherical vector). For dominant µ and λ,

JWψ(tµ)ϕ0(tλ) =
{
q

−d0(λ)−d1(µ)
v , λ ≺ µ,

0, otherwise.
(11.7)

Consequently, if W 0
λ denotes the function in c-IndG0

U0
χ−1

0,c supported on U0tλK0 with value
q

−d0(λ)
v at tλ, then

J
Wψ(TG1

µ )ϕ0 =
∑
λ≺µ

W 0
λ ,

and, if Λ is a Whittaker functional for χ0,c on a smooth representation of G0 and v0 is a
vector fixed by K0, ∫

U0\G0
Λ(hv0)J

Wψ(TG1
µ )ϕ0(h) dh =

∑
λ≺µ

Λ(TG0
λ v0).

The operator
∑
λ≺µ T

G0
λ corresponds under the Satake isomorphism to the restriction of the

character of highest weight µ of SO2m+1 along s 7→ diag(s, 1).

Proof. By (11.1), Wψ(tµ)ϕ0 is q
−m
∑

µj
v times the characteristic function of the z with

zj ∈ ϖ−µjV (Ov). In the integral (11.4) at h = tλ the variable is the upper unipotent matrix
u, and the jth column of t−1

λ vcu has coordinates ϖ−λiuij on ei, i ≤ j, with in addition the
coordinate cϖλm on fm for j = m. The integrand is therefore nonzero only if λj ≤ µj for
all j, from the diagonal entries ujj = 1, and λm ≥ −µm, from the coordinate on fm; and
then the domain of integration is uij ∈ ϖλi−µjOv for i < j. The integral over the variable
ui,i+1 against ψ is the volume qµi+1−λi

v of its domain if this domain is contained in Ov, that
is if λi ≥ µi+1, and zero otherwise; the other variables contribute the volumes qµj−λiv . This
gives the conditions (11.6), and the product of the volumes and of the factor q−m

∑
µj

v is
q

−d0(λ)−d1(µ)
v .

The function JWψ(tµ)ϕ0 is invariant under K0 on the right, so by the Iwasawa decomposition
it is determined by its values at the tλ, which vanish unless λ is dominant because of the
character χ0,c. Applying Lemma 11.2 for G1 to the functionals ϕ 7→ Jϕ(h), which are
Whittaker functionals on Wψ by Lemma 11.1, we get J

Wψ(TG1
µ )ϕ0 = q

d1(µ)
v JWψ(tµ)ϕ0 , which is

the sum of the W 0
λ . The integral of Λ(hv0) against W 0

λ is, by the Iwasawa decomposition,
δB0(tλ)−1/2Λ(tλv0), and this is Λ(TG0

λ v0) by Lemma 11.2 for G0. The last assertion is the
branching rule

trBm,µ(diag(s, 1)) =
∑
λ≺µ

trDm,λ(s) [Mol06, §4.1, (4.4)],

in which each λ occurs with multiplicity one.

Remark 11.4. For m = 2 and µ = (1, 0) the interlacing weights are λ = (0, 0) and (1, 0),
with values q−2

v and q−3
v in (11.7); multiplied by qd1(µ)

v = q2
v they are 1 and q−1

v , the values
of W 0

λ . The branching rule is StdSO5 |SO4 = StdSO4 ⊕1: the lift adds a trivial line to the
standard parameter.

11.3 The global lift

Let f be a cusp form on G0(A) in a generic cuspidal representation, with Satake parameters
s0
v at the unramified places, and choose c ∈ F× such that its Whittaker coefficient Wh0,c f
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for χ0,c is not zero. For a Schwartz function ϕ on V (A)m define

θ(h, g;ϕ) =
∑

z∈V (F )m
(r(h)Wψ(g)ϕ)(z), Θ(f, ϕ)(g) =

∫
[G0]

f(h)θ(h, g;ϕ) dh.

The theta function is invariant under G0(F ) × G1(F ): for the three kinds of generators
of G1(F ) this follows from the product formula, from ψ(F ) = 1, and from the Poisson
summation formula [Wei64, §§29–30,40–41]. The support of a cusp form of given level is
compact modulo the centre [Mor82, Chapter I, Proposition 5.3], and here the centre is finite,
so that its group of adelic points is compact. Choose a compact subset of G0(A) which maps
onto this support. For h in this subset and g in a compact set, the supports of the functions
r(h)Wψ(g)ϕ lie in one compact subset of V (A)m, which contains only finitely many points of
V (F )m. So the integral defining the lift, its integrals over compact unipotent quotients and
the unfolding below are finite sums. With Schwartz functions taking algebraic values they
make sense over k as well, after Lemma 5.5.

Proposition 11.5 (Whittaker coefficient of the theta lift). The Whittaker coefficient of the
lift for χ1,c is

Wh1,c Θ(f, ϕ)(g) =
∫
U0(A)\G0(A)

Wh0,c f(h)JWψ(g)ϕ(h) dh. (11.8)

Moreover there is ϕ, equal to ϕ0
v outside finitely many places, such that v = Θ(f, ϕ) and the

functional Λ = Wh1,c(−)(1) satisfy

Λ(Tv) = η(T )Λ(v), Λ(v) ̸= 0

for every T in the tensor product of the spherical Hecke algebras at the places outside a finite
set. This set contains the places v where f is not spherical, where the conductor of ψ is
not Ov, or where c is not a unit; and η is the character whose standard parameter at v is
Std(s0

v)⊕ 1.

Proof. Step 1: unfolding. The global computation is parallel to the proof of Lemma 11.1.
Integrating against the character of the n(C) restricts the sum over V (F )m to Qc(F ). In an
orbit of UGLm(F ) consisting of frames of rank less than m, choose the frame in which the first
dependent column is zero, zj = 0, as in Lemma 11.1. Unfolding the sum over this orbit leaves
an integral over the quotient by the stabilizer of the frame. The stabilizer contains uj,j+1,
on which the character is not trivial, so the integral over uj,j+1(F )\uj,j+1(A) vanishes. The
points of rank m form the orbit Sc(F )\G0(F ), and unfolding the sum against the integral
over [G0], then combining the integral over [Sc] with the integral over [UGLm ] into an integral
of f over [U0], gives (11.8).

Step 2: Hecke operators. Let v be a place which is not in the finite set of the statement, and
let ϕ = ϕ0

v ⊗ ϕv. We apply Proposition 11.3 to the representation of G0(Fv) generated by f
and to its Whittaker functional f ′ 7→Wh0,c f

′(hv). With (11.8) we get

Λ
(
TG1
µ Θ(f, ϕ)

)
=
∑
λ≺µ

Λ
(
Θ(TG0

λ f, ϕ)
)

= η(TG1
µ )Λ

(
Θ(f, ϕ)

)
,

since f is an eigenvector of the operators TG0
λ and the sum of the eigenvalues is the character

of highest weight µ at diag(s0
v, 1). The components at the other places were arbitrary, so the

argument can be repeated at other unramified places, and products of operators at one place
are linear combinations of the TG1

µ .
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Step 3: nonvanishing. Translate f so that Wh0,c f(1) ̸= 0, and let K = ∏
vKv be a compact

open subgroup of G0(A) fixing f , hyperspecial at almost all places, such that χ0,c is trivial
on U0(A)∩K. By Lemma 11.1 at the remaining places, and with ϕ0

v at the others, there is ϕ
such that Jϕ is the function supported on U0(A)K which is χ−1

0,c on U0(A). Then the right
side of (11.8) at g = 1 is Wh0,c f(1) times the volume of (U0(A) ∩K)\K.

The proposition gives the values of one functional Λ on the vectors Tv. A generalized
eigenfunction is obtained from it as follows. The functional Λ at the fixed level is a pairing
with a function of compact support. The identities Λ(Tv) = η(T )Λ(v) with Λ(v) ̸= 0 show
that this pairing does not vanish after localization at the maximal ideal of the transposed
character: an operator T that is invertible there cannot kill it, because Λ(Tv) = η(T )Λ(v) ̸= 0.
Lemma I.8.8 then gives a finite quotient of the Hecke module, killed by a power of that
maximal ideal, in which the pairing is nonzero, and a functional on that quotient which is
nonzero on it is the required function.

Corollary 11.6 (A generic function with the lifted Hecke character). There is an automorphic
function of finite level on G1(A) on which the spherical Hecke algebras at the unramified
places act through η, as a generalized character, and whose principal Whittaker coefficient is
nonzero.

12 Generic cuspidal support and symplectic realization
This section proves the realization theorem for symplectic groups (Theorem 12.5). Let σ be
an elliptic parameter with values in SO2n+1 and ϱ = Stdσ. By Proposition 5.2 the space of
invariants of ϱ has dimension zero or one. If it has dimension one, ϱ⊖ 1 is an elliptic even
orthogonal parameter of dimension 2n, and the theta lift of Section 11 of a generic cusp form
with that parameter has standard parameter ϱ on Sp2n. If it has dimension zero, we must
start from ϱ⊕ 1 on SO2n+2, and the lift, on Sp2n+2, has standard parameter ϱ⊕ 1⊕2. The
lift is then not cuspidal, and its cuspidal support is a representation of GL1× Sp2n whose
second factor has parameter ϱ. To make this precise we need a version of cuspidal support
which applies to a generalized Hecke eigenfunction and which keeps track of the Whittaker
coefficient (Proposition 12.2); this lemma is the main work of the section.

12.1 Cuspidal support of a generic function

Lemma 12.1 (No doubled line in a cuspidal representation). Let π be an irreducible cuspidal
automorphic representation of split Sp2s, s ≥ 1, and let τ be a continuous semisimple
representation of ΓF of dimension 2s+ 1, unramified at almost all places. Suppose that the
eigenvalues of Frobenius on τ at the unramified places are algebraic numbers all of whose
complex absolute values are one, and that at almost all places the characteristic polynomial
of Frobenius on τ is that of the standard Satake parameter of π. Then the space of invariants
of ΓF in τ has dimension at most one.

Proof. We use one Eisenstein series of rank one. Let H = Sp2s+2, and let P = MU be
the stabilizer of an isotropic line, with M = Gm × Sp2s. The roots of U are e1 ± ej , for
2 ≤ j ≤ s+ 1, and 2e1. Let w0 represent the element of the Weyl group which changes the
sign of e1; it normalizes M and maps U to the opposite unipotent radical. For z ∈ C let I(z)
be the space induced from | · |z ⊗ π, with the normalization by δ1/2

P , and

M(z) : I(z) −→ I(−z), (M(z)Φ)(g) =
∫
U(A)

Φ(w−1
0 ug) du,
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the intertwining operator. The integral converges when ℜz is large, and on the sections of a
given level M(z) is a rational function of q−z.
Step 1: the poles are simple. The parabolic subgroup P is maximal, and the inducing
representation is cuspidal and unitary: the centre of Sp2s is finite, so its cusp forms are
square integrable. So a pole of M(z) at a real point z > 0 is simple [Mor82, Chapter III,
Theorem 5.2(i)].
Step 2: the unramified places. Write π = ⊗′

v πv, and let S be a finite set of places outside of
which π and τ are unramified and the characteristic polynomials agree. For ℜz large and
a pure tensor Φ = ⊗

v Φv, the operator M(z) is the product of the local operators Av(z)
defined by the same integral over U(Fv). Let v /∈ S, and let tv be the Satake parameter of
πv, an element of SO2s+1. The representation πv is a subrepresentation of an unramified
principal series of Sp2s, so Iv(z) is a subrepresentation of an unramified principal series of H,
on which Av(z) is the intertwining operator of the Weyl element w0. The coroots of the roots
of U are e1 ± ej and e1: on them the character of the torus which defines this principal series
takes the values q−z

v a, where a runs over the eigenvalues of tv in the standard representation.
So the formula of Gindikin and Karpelevich [Cas80, Theorem 3.1] gives, for the spherical
vector Φ0

v of Iv(z) whose value at the identity is the spherical vector ξ0
v of πv,

Av(z)Φ0
v = det(1− q−1−z

v tv)
det(1− q−z

v tv)
Φ0
v,− = Lv(z, τ)

Lv(1 + z, τ) Φ0
v,−,

where Φ0
v,− is the spherical vector of Iv(−z) with the same value at the identity. The formula

holds for regular characters in the region where the integral converges absolutely; both sides
are holomorphic in the character there, so it holds for the characters above, whose entries
along the Levi subgroup may coincide, and then for all z by meromorphic continuation.
Step 3: the other places. Let v ∈ S. Choose a nonzero vector ξv of πv and a compact open
subgroup Uv of U(Fv), and let Φv,z ∈ Iv(z) be the section which is supported in the open
subset P (Fv)w−1

0 Uv and is given there by

Φv,z(pw−1
0 u) = δ

1/2
P (p) |a|z πv(m)ξv (u ∈ Uv),

where (a,m) is the image of p in M(Fv). The map P × U → Pw−1
0 U is bijective, so this

is well defined; it is a smooth vector, and its restriction to a maximal compact subgroup
depends holomorphically on z. For every z,

(Av(z)Φv,z)(1) =
∫
U(Fv)

Φv,z(w−1
0 u) du = vol(Uv) ξv,

an integral over a compact set.
Step 4: conclusion. Take Φz with the components of step 3 at the places of S and the
spherical vectors elsewhere. It is a holomorphic family of sections of a fixed level, and by
steps 2 and 3, first for ℜz large and then for all z by continuation,

(M(z)Φz)(1) = LS(z, τ)
LS(1 + z, τ)

∏
v∈S

vol(Uv) · ξ,

where ξ is the nonzero vector of π with components ξv at the places of S and ξ0
v elsewhere.

The representation τ defines a semisimple lisse sheaf on the complement of S, pure of weight
zero. By Lemma 5.4 the function LS(z, τ) has a pole at z = 1 of order dim τΓF , and LS(2, τ)
is finite and not zero. So M(z) has a pole at z = 1 of order at least dim τΓF , and by step 1
this dimension is at most one.
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For generic π the functorial transfer to general linear groups [Lom19, Theorem 7.2], which
is proved under Kim’s Assumption A [dCL24, §4], gives more: τ is multiplicity free.

The function produced by Corollary 11.6 is a generalized Hecke eigenfunction with a
nonzero Whittaker coefficient, and it need not be cuspidal. For a Levi subgroup M , write
DM for the image of the adelic degree map in Hom(X∗

F (M),Z).

Proposition 12.2 (Generic cuspidal support). Let J be split connected reductive, and let h be
a function of finite level on J(F )\J(A) on which the spherical Hecke algebras at the unramified
places act through a generalized character η, and whose principal Whittaker coefficient is
nonzero.

1. There are a standard Levi subgroup M , possibly equal to J , a generic irreducible cuspidal
representation π of M(A) whose central character has finite order on the connected
centre, and a character χ : DM → k×, such that the Hecke character of π ⊗ (χ ◦ deg)
corresponds to η under the normalized Satake restriction from J to M .

2. If at one unramified place the eigenvalues given by η in a faithful representation of the
dual group are ℓ-adic units, then χ takes values in the units of a finite extension of Qℓ,
and π ⊗ (χ ◦ deg) has a continuous parameter.

Proof. The space of functions with compact support is spanned by pseudo-Eisenstein series
built from cuspidal data. We separate those built from generic cuspidal representations from
the others, show by pairing with a Poincaré series that η occurs in the first part, and then
specialize the degree variables. The step which needs care is the third. The image of the
Hecke algebra in the endomorphisms of the functions with compact support does not act on
the module from which the generic part is induced, so the specialization is made with the
abstract Hecke algebra, and with translations by a central lattice which do not belong to it
and only commute with it.

Step 1: pseudo-Eisenstein series. Fix the level K and an unramified place u, and let
C = Cc(J(F )\J(A)/K, k). It is a finitely generated module over the spherical Hecke algebra
Hu (Proposition I.5.5). By [BL24, §9.2, (9.3)], C is the sum, over the standard Levi subgroups
M , of the images of the pseudo-Eisenstein maps, which send a compactly supported cuspidal
function on M , placed on finitely many pieces of the Iwasawa decomposition, to the sum of
its translates under P (F )\J(F ). With the normalization by the half modulus these maps are
compatible with the Satake restriction. The statement holds over k by transport under ι,
because at a fixed level the sums and the integrals which define constant terms are finite. The
level on the Levi subgroup depends on the piece of the Iwasawa decomposition: we choose a
representative ga ∈ J(A) of each double coset in P (A)\J(A)/K, and let KM,a be the image
in M(A) of P (A) ∩ gaKg−1

a . The representatives can be chosen with component one at the
unramified places, and there the local Satake restriction acts on each piece.

A compactly supported cuspidal function on M of given level is a finite sum of functions
supported in one degree d ∈ DM . Such a function is the restriction to degree d of a cusp form
which is periodic under a central lattice Ξ whose degrees are large enough for the translates of
the support to be disjoint. Periodic cusp forms of fixed level form a finite-dimensional space
[BL24, §9.2, proof after (9.3)], and the representation which it generates is a finite sum of
irreducible cuspidal representations by Lemma I.9.1; their central characters have finite order
on the connected centre, because the connected centre modulo Ξ and the level subgroup is
finite. So the cuspidal functions with compact support are spanned by the functions 1deg=dφ,
with φ in an irreducible cuspidal representation π of this kind. Let Cgen, respectively Cnong,
be the span of the pseudo-Eisenstein series of those for which π is generic, respectively not
generic. Then

C = Cgen + Cnong,
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and both are stable under the Hecke operators at all unramified places: a Hecke operator of
M of a given degree shifts d, and the pseudo-Eisenstein maps are compatible with Satake
restriction.

Step 2: the character η occurs in the generic part. Choose g0 at which the Whittaker coefficient
of h, for the character ψB of the maximal unipotent subgroup UB, is nonzero. Since h is
invariant under K, the character is trivial on UB(A) ∩ g0Kg

−1
0 , and ϕ(ng0k) = ψB(n)−1 is

a well defined function on UB(A)g0K. Its Poincaré series P0 = ∑
γ∈UB(F )\J(F ) ϕ(γ ·) has

compact support on J(F )\J(A), because the support of ϕ is compact modulo UB(A) and
[UB] is compact. Unfolding gives

⟨h, P0⟩ ̸= 0, ⟨E,P0⟩ = 0 for E ∈ Cnong.

For the second, unfold along the Bruhat decomposition, with representatives w of minimal
length in their classes modulo the Weyl group of M . If the cell of w is not the open one,
there is a simple root α such that wα is a root of the unipotent radical N of the parabolic
subgroup. The section is invariant on the left under N(A), so its translate by w is invariant
under the root group of α, on which ψB is not trivial; the contribution of the cell is zero. The
open cell contributes the Whittaker coefficient on M of the function from which the section
is induced. This function is a function in the nongeneric representation, restricted to one
degree; the restriction does not affect integrals over unipotent groups, so the coefficient is
zero.

Let A be the image of the Hecke algebra of all unramified places in EndHu(C). It is a
finitely generated module over the noetherian ring Hu, being a submodule of a finite sum of
copies of C. An operator which vanishes on C vanishes on all functions of level K, so η is a
character of A. We claim that

AnnA(Cgen) ⊂ ker η.

Let T annihilate Cgen. Its transpose T⋆ satisfies ⟨E,T⋆P0⟩ = ⟨TE,P0⟩ = 0 for E in Cgen and
also for E in Cnong, which is stable under T. Hence T⋆P0 = 0 and ⟨Th′, P0⟩ = 0 for every
function h′ of level K. If η(T) ̸= 0, then T is invertible on the generalized eigenspace of h:
with (T− η(T))ah = 0 and

h0 = η(T)−1
a−1∑
j=0

(
−η(T)−1(T− η(T))

)j
h

we have Th0 = h, and ⟨h, P0⟩ = 0, a contradiction. This proves the claim. Since Cgen is
a finitely generated A-module whose annihilator is contained in the maximal ideal ker η,
Nakayama’s lemma gives Cgen ⊗A kη ̸= 0.

Step 3: specializing the degree. Finitely many generic π suffice to generate Cgen over Hu.
For each of them choose a central lattice Ξ, generated by elements at the place u, which
acts trivially on π [BL24, §6.2], and let Λ = deg Ξ ⊂ DM , a sublattice of finite index, and
R = k[Λ]. On each of the finitely many pieces of the Iwasawa decomposition consider the
functions 1deg=dφ with φ ∈ πKM,a . Together they span

Dπ =
⊕

d̄∈DM/Λ

R⊗k V cut
d̄

,

where V cut
d̄

is the direct sum, over these pieces, of the spaces of restrictions to one degree of
the class d̄. The lattice Λ acts through the translations by Ξ. So Dπ is a free R-module of
finite rank.
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Two algebras act on Dπ. Let H ur be the Hecke algebra of J at all unramified places, as an
abstract algebra. It acts on C, through its image A, and on Dπ, through the Satake restriction
to M ; Dπ is stable because a Hecke operator of M is a sum of operators which shift the
degree and map each πKM,a into itself. The pseudo-Eisenstein map Dπ → Cgen is equivariant
for H ur. The image A itself need not act on Dπ, since this map need not be injective; so
we work with H ur and with the ideal mη ⊂H ur, the kernel of the character defined by η.
The translations by Ξ are not elements of H ur: already for a group of semisimple rank one,
the Satake algebra of the torus is k[z, z−1], that of the group is k[z + z−1], and translation is
multiplication by z. But they commute with the action of H ur on Dπ, because Ξ is central
in M . Commutation is all that is needed.

By step 2, Cgen/mηCgen ≠ 0. The sum of the maps Dπ → Cgen over the finitely many
chosen π is surjective and equivariant, so by right exactness Q = Dπ/mηDπ ≠ 0 for one of
them. The submodule mηDπ is stable under R, because the two actions commute. So Q is a
nonzero finitely generated R-module, and by Nakayama’s lemma there is a maximal ideal of
R, that is, a character ζ : Λ → k×, such that the fibre of Q at ζ is not zero. Extend ζ to
χ : DM → k×.

The fibre of Dπ at ζ is described by the identity∑
ν∈Λ

ζ(ν)−1Tν(1deg=dφ) = χ(d)−11deg≡d mod Λ (φ⊗ χ),

where aν is an element of Ξ of degree ν and Tνf(x) = f(xaν). At each point only one term of
the sum is not zero. So the fibre is identified with its image: restricted to one chosen degree
in each class, passing to the quotient by Ξ gives back the corresponding space of restrictions.
Since

1deg≡d mod Λ = 1
|DM/Λ|

∑
ε∈(DM/Λ)∨

ε(deg−d),

the fibre is contained in the sum of the cuspidal representations π ⊗ χε. They are generic,
since twisting by a character of the degree does not affect unipotent integrals, and H ur acts
on their spherical vectors by characters. As the fibre of Q at ζ is a nonzero quotient of this
sum on which H ur acts through η, one of these characters is η. Replacing χ by χε gives (1).

Step 4: continuity. Assume the hypothesis of (2). All the data are defined over a finite
extension of Qℓ. The cuspidal representation π has a continuous parameter, namely that of a
nonzero excursion summand, and its eigenvalues at u in a faithful representation r of the
dual group of J are units. On the weight space of a weight wi of the connected centre of the
dual group of M in r, the twist by χ multiplies the eigenvalues by the value of wi on the
element of that centre corresponding to χ, with coordinates zj . By hypothesis the products
are units, so ∑

j

(wi)j valℓ(zj) = 0 for every i.

Since r is faithful the wi span the rational character space of the centre, and all the zj are
units; this is not affected by the extraction of a root needed to pass from the degree of u to
degree one. A unit of a finite extension of Qℓ generates a subgroup with compact closure, so
the character of Z it defines extends continuously to Ẑ. This gives (2).

Remark 12.3. The usual cuspidal support would produce a Levi subgroup and a cuspidal
representation but could lose genericity. Here the Poincaré series P0 of step 2 forces η to
occur in the generic part before the degree variables are specialized. The hypothesis on units
is used only in step 4, to make the character of the degree continuous.
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12.2 Removing the two trivial lines

Proposition 12.4 (Removing the two trivial lines). Let σ : ΓF → SO2r+1(k) be continuous,
finitely ramified, semisimple, elliptic and strongly pure, and assume that ϱ = Stdσ has no
nonzero invariant vector, that is, ϱΓF = 0. (A line on which ΓF acts by a nontrivial character
is allowed.) Suppose there is a function of finite level on Sp2r+2 with a nonzero principal
Whittaker coefficient on which the spherical Hecke algebras act, as a generalized character,
with standard parameter ϱ ⊕ 1⊕2. Then the excursion summand of σ on Sp2r contains a
generic irreducible cuspidal representation.

Proof. Proposition 12.2 applies: for a symplectic group the coefficients of the standard
characteristic polynomial generate the spherical Hecke algebra, and the Satake parameters
are unit-valued because σ is continuous. It gives a Levi subgroup M = ∏

i GLdi × Sp2s and a
generic cuspidal representation of it with continuous parameters τi of the factors GLdi and τs
of Sp2s, such that ⊕

i

(τi ⊕ τ∨
i )⊕ Std τs ≃ ϱ⊕ 1⊕2

by Chebotarev. The right side is pure of weight zero, because σ is strongly pure, and it
contains the trivial representation twice. So by Lemma 12.1 it is not Std τs alone: the
Levi subgroup is proper. By Proposition 5.2 the irreducible constituents of ϱ are nontrivial,
self-dual and of multiplicity one. A nontrivial constituent of some τi would be a constituent
of ϱ, hence self-dual, and would occur also in τ∨

i , with multiplicity at least two on the left. So
each τi is a sum of trivial representations; being the parameter of a cuspidal representation
of GLdi it is irreducible, so di = 1 and τi = 1. Each such factor accounts for two trivial lines,
and there are exactly two. Hence there is one factor GL1, s = r, and Std τs ≃ ϱ.

The component on Sp2r is a generic cuspidal representation whose Hecke eigenvalues
are those of ϱ. Every excursion summand which meets it has a parameter with standard
representation ϱ, by Chebotarev, and such a parameter is conjugate to σ by Lemma 5.1 in
odd dimension.

Theorem 12.5 (Symplectic groups). Every continuous, finitely ramified, semisimple, elliptic
and strongly pure parameter σ : ΓF → SO2n+1(k) has a nonzero cuspidal excursion summand
on split Sp2n, in every positive characteristic. For n ≥ 3, if its standard representation has
no nonzero invariant vector, this summand contains a globally generic irreducible cuspidal
representation.

Proof. For n = 1 this is the case of type A1 (Theorem 5.8), and for n = 2 it follows from
Sp4 ≃ Spin5 and Theorem 10.3. Let n ≥ 3, and let n0 ∈ {0, 1} be the dimension of the space
of invariants of ϱ = Stdσ. Put

ϱ0 =
{
ϱ⊖ 1, m = n, if n0 = 1,
ϱ⊕ 1, m = n+ 1, if n0 = 0.

This is an orthogonal representation of dimension 2m and determinant one whose irreducible
constituents are orthogonal and distinct, hence an elliptic parameter for SO2m by Propo-
sition 5.2. By Corollary 10.4 there is a generic cuspidal representation of split SO2m with
this parameter, and by Corollary 11.6 a function on Sp2m with nonzero Whittaker coefficient
which is a generalized Hecke eigenfunction with standard parameter ϱ0 ⊕ 1.

If n0 = 1 this parameter is ϱ, and Proposition 5.6 shows that the function is cuspidal and
that the summand of σ is nonzero. If n0 = 0 it is ϱ⊕ 1⊕2 on Sp2n+2, and Proposition 12.4
gives a generic cuspidal representation in the summand of σ on Sp2n.
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13 The realization theorem for classical groups
This section assembles the results of the preceding sections into the realization theorem for
all split semisimple groups with factors of classical type.

Theorem 13.1 (Classical groups). Let G/F be split connected semisimple with simple factors
of types A,B,C,D, in any positive characteristic, and let σ : ΓF → Ĝ(k) be a semisimple
elliptic parameter in the sense of Definition 1.1. Then the cuspidal excursion summand of σ
is nonzero at some finite level. This holds for every group in each isogeny class.

This is the conclusion of Theorem I.A for these groups, and it is Theorem 1.2: a nonzero
excursion summand at a finite level is a finite-dimensional space on which the excursion
operators commute and act through the generalized character of σ, so it contains a cusp form
satisfying (1.1). In the statements of this paper the words continuous and finitely ramified
repeat what Definition 1.1 requires of a parameter.

Proof. By Corollary I.10.11 it suffices to treat the simply connected simple groups, the passage
to products and to an arbitrary central quotient being made there. The parameters of the
simple factors are again continuous, finitely ramified, semisimple and elliptic, hence strongly
pure by Theorem I.4.8. For SLn the assertion is Theorem 5.8; for Spin2n+1 and Spin2n it is
Theorem 10.3; for Sp2n it is Theorem 12.5. The isomorphisms in low rank (B1 = C1 = A1,
D2 = A1 ×A1, D3 = A3, B2 = C2) are included in these statements.

One point in the reduction should be kept in mind. The central subgroup by which the
product of the simply connected factors is divided need not be a product of subgroups of the
factors, and it need not be reduced when the characteristic divides its order. The transfer of
Corollary I.10.11 is therefore applied once, to the product and the given subgroup, and not
factor by factor.

A Computer checks
Some of the computations in this paper were also carried out by computer. No proof depends
on such a computation: in each case the argument is given in the text, and the program
is a check on it. Statements about a classical group of arbitrary rank can be checked by a
program only in the ranks indicated, and for the other ranks the argument in the text is the
only proof.

The programs are written in Python, with the libraries SymPy and NumPy, and are
in the directory anc of the source of this paper. The program exchange_checker.py is a
common library. It keeps track of a set of roots and of the roots on which a character is not
trivial, and at each exchange it tests that the sets are closed and normalized under addition
of roots, that the character has the required support, and that the sum of the two exchanged
roots lies in this support. These are the conditions on roots in Lemma 5.9; the constants of
the commutators and the Fourier pairing over the adeles are treated in the text. The other
programs compute with matrices, for subspaces of Lie algebras or for the groups themselves.

Statement What is checked Program and range

Lemmas 7.2 and 7.3 exactly one double coset of
Weyl elements contributes, and
the intersection of unipotent
groups is as stated

check_orthogonal_jacquet.py;
B2, B4, B6 (also with the criterion of
characteristic two), D4, D6
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Statement What is checked Program and range

Lemma 7.9 for the two chains, the
conditions on the sets of roots
and on the supports of the
characters

check_interleave.py, 2 ≤ r ≤ 7

Proposition 7.10, steps 1,
2 and 4

the sequences of exchanges and
the final subgroups and
characters

check_odd_descent_steps12.py, n ≤ 4;
check_sw_exchange.py, m ≤ 12

Proposition 7.10, step 3 the hyperbolic basis, the
determinant of Pt and the
conjugation formula

check_odd_descent.py; n ≤ 5

Lemma 8.2 the embedding of the Jacobi
group and the commutator
used in Lemma 8.4

check_jacobi_embedding.py; symbolic

Lemma 8.3, step 2 the equivalence of the two
Fourier coefficients, in the Lie
algebra, and the additivity of
Λc on the group

check_even_descent_wh.py, n = 2, 3, 4,
with several rational values of c;
check_lambda_c.py, n = 2

Lemma 8.4, steps 2 and 3 the chain of exchanges and the
signs in the final table

check_even_descent_chain.py; n ≤ 4

(9.3), (9.4), (9.5),
Corollary 9.5

matrix identities over
polynomial rings in
characteristic two

check_char2.py; symbolic

Lemma 9.3, step 5;
Proposition 9.4,
steps 1–3

the sets of roots check_roots.py; m ≤ 9, n ≤ 7

Notation
The table lists notation used in more than one section, with the place where it is introduced.

Notation Meaning and location

X,F,ΓF The original curve, its function field and its absolute Galois group.
p, q, ℓ, k The geometric characteristic, size of the constant field, coefficient prime,

and k = Qℓ.
degF , dv Arithmetic Galois degree and the degree of a closed point v; geometric

Frobenius at v has degree −dv.
G, Ĝ,M, M̂ The split group, its dual, a Levi subgroup and the corresponding dual

Levi.
σ, νσ The prescribed parameter and its character on excursion data, defined by

(1.1).
e = (I, f,γ), Se, Sfun

e An excursion datum, its excursion operator on functions with compact
support, and the transposed operator on all functions ([I, Definitions 5.7
and 5.12]).

TG,Ξ, ωσ The connected centre with its reduced structure, a central lattice, and
the central character of σ (Definition 4.1).

ι The fixed isomorphism k ≃ C (Section 5).
ψ, [N ],FN,ζ The additive character, the quotient N(F )\N(AF ), and a Fourier

coefficient (Sections 5 and 9).
SW The Siegel–Whittaker coefficient (Section 6).
xα(t), Ea,b A root group element and an elementary matrix (Section 5).
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Notation Meaning and location

ri(v) The unipotent element attached to a vector v of the terminal space
(Section 9).

ϱ, ϱi,Πi The standard representation Stdσ of a classical parameter, an
irreducible summand of it, and the corresponding cuspidal representation
of a general linear group (Section 5).

The following terms are introduced in this paper, or are used in a sense fixed here.

Term Where it is defined

parameter; semisimple; elliptic Definition 1.1
central lattice; invariant under Ξ Definition 4.1
excursion summand Definition 4.2
automorphic realization; to realize a
parameter

Section 1, after (1.1)

descent; descent datum Section 7

Statement on the use of AI
The mathematical arguments of the three papers of this series were developed with GPT-6
Astra Pro. The papers were then organized and rewritten with Claude Fable 5.2, and in the
course of this several arguments were replaced or expanded. The three papers were then
reviewed in detail, line by line, by GPT and Claude models, in sessions which had not taken
part in writing them, and the errors found in this way were corrected.

Boyang Hu organized the work and is responsible for the manuscript.
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