hexagon: 2611. 00399v1

Automorphic realization of Langlands parameters for split
groups over global function fields

IT. The geometric construction

Boyang Hu
Tsinghua University

12 November 2026

Abstract

Let G be a split simply connected semisimple group over a global function field F'
whose characteristic does not divide the order of the Weyl group of G. We prove that
every semisimple elliptic Langlands parameter I'r — G(Q,) is the parameter of a cusp
form on G, in the sense of V. Lafforgue’s excursion operators; we call such a form an
automorphic realization of the parameter. The parameter may be ramified at finitely
many places and may have finite monodromy, and neither F' nor its field of constants is
extended.

The starting point is the geometric Langlands correspondence in characteristic zero.
It provides a sheaf, and the function which the trace of Frobenius attaches to a nonzero
sheaf can vanish identically. The main point of the construction is to arrange that the
trace in question is a determinant det(1 — ¢) with no zero factor, and that it stays nonzero
under specialization to the given field.

This is the second of three papers. Together with the first, which contains the
arithmetic foundations, and the third, which treats classical groups in every characteristic,
it gives automorphic realizations of semisimple parameters on all split reductive groups,
with a restriction on the characteristic for the exceptional types only.
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1 Introduction

Let F be the function field of a curve over a finite field and let G be a split reductive group
over F'. Vincent Lafforgue decomposed the space of cusp forms on G according to semisimple
Langlands parameters I'p — é(@g) His theorem attaches a parameter to each summand of
the decomposition. It does not say which parameters occur.

We prove that every semisimple elliptic parameter occurs when G is simply connected
and the characteristic does not divide the order of the Weyl group. The proof is geometric:
it starts from the geometric Langlands correspondence over a field of characteristic zero and
ends with a function on the points of Bung over the given finite field. This is the second
paper of a series of three. The first [I] contains the arithmetic foundations and deduces
from the present theorem, and from its counterpart for classical groups [III], the existence of
automorphic realizations of semisimple parameters on all split reductive groups.

1.1 The theorem

Let X/F, be a smooth projective geometrically connected curve, let F' = F,(X), and put
p = char F. Fix a prime ¢ # p, put k = Q;, and write I'r = Gal(F®?/F). For a split
connected reductive group G/F, the dual group G is taken over k.

Definition 1.1. A parameter is a continuous homomorphism o : 'y — G(k) unramified at
all but finitely many places. It is semisimple if the identity component of the Zariski closure
of its image is reductive. It is elliptic if

Cs(imo)/Z(G) s finite.

The link between cusp forms and parameters is given by excursion operators. An excursion
datum consists of a finite set I, a function f € k[G\G!/G], invariant under simultaneous left
and right multiplication, and a tuple v € F%. Lafforgue’s operator St s~ acts on cusp forms:
it creates an invariant vector in the cohomology of shtukas with legs indexed by I, transports
it by -, and contracts with an invariant covector representing f [Lafl8, §§0.3-0.5]. These
operators commute, and a cusp form ¢ has parameter o when

fun

Sitae = f((o(vi))ier)w for every excursion datum (I, f,~y). (1.1)
We write v, (I, f,) for the scalar on the right. A nonzero cusp form ¢ which satisfies (1.1)
is called an automorphic realization of o, and we say that it realizes 0. The superscript in

St records that we need these operators on functions that are not yet known to be cuspidal;
on cusp forms S is Lafforgue’s operator, and the extension is constructed in [I, Section 5].
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Theorem 1.2. Let G/F be split, simply connected and semisimple, and suppose that p does
not divide the order of the Weyl group of G. Let o : I'p — C:’(k:) be a semisimple elliptic
parameter. Then there are an open compact subgroup K C G(Ar) and a nonzero cusp form
vs on G(F)\G(Ar)/K satisfying (1.1).

This is Theorem 12.2. Three features of the result should be stated at once. The cusp
form lives over F' itself: neither the field nor its field of constants is extended. The parameter
may be ramified at finitely many places and may have disconnected, even finite, monodromy.
And the parameter is recovered through every excursion operator, so the form determines o
up to conjugacy and not only the conjugacy classes of its Frobenius elements.

For the types G5 and Fj the hypothesis is p > 3, for Eg it is p > 5, and for E7 and Eg
it is p > 7. For a group of classical type it is a condition which grows with the rank; these
groups are treated in every characteristic in [III], by a different method, so the theorem is
needed in [I] only for the five exceptional types. The hypothesis belongs to the method. It
supplies nondegenerate invariant forms on the Lie algebra and its Levi subalgebras, and it
keeps wild inertia inside tori when the parameter is lifted to characteristic zero. We do not
expect it to reflect an obstruction to automorphy.

The function ¢, is a nonzero element of the excursion summand of ¢, and it is not unique.
We do not determine multiplicities, the structure of packets, or compatibility with the local
correspondence at the ramified places.

1.2 Relation to earlier work

General linear groups and excursion operators. Laurent Lafforgue proved the correspondence
for irreducible GL,,-parameters with finite-order determinant [Laf02, Introduction, Theorem
(i), —(ii),). For a split reductive group, Vincent Lafforgue constructed the decomposition of
cusp forms by parameters [Lafl8, Theorem 0.1]. That theorem identifies the parameters
of the summands that occur; that the summand of a prescribed parameter is nonzero is a
separate assertion, and it is the subject of this series of papers. For a split semisimple group
and a parameter which is everywhere unramified and has Zariski dense image, [BHKT19,
Theorem 1.1] gives, after a finite Galois extension of the function field, a cuspidal representation
whose unramified components have the Satake parameters prescribed by the parameter. Our
conclusion keeps the field fixed.

Geometric Langlands. The geometric input is the restricted geometric Langlands equiva-
lence of Gaitsgory and Raskin over an algebraically closed field of characteristic zero [GR25,
Theorem 1.3.9(ii)], together with its Whittaker functional. In positive characteristic their
theorem gives an equivalence on a union of connected components of the spectral side, and
whether this union is everything is their Conjecture 1.3.10. The subsequent preprint [Ope26c,
Theorem 1.4], by OpenAl, states that it is, over Fq under the four Lie-theoretic assumptions
of the restricted theory, and over an arbitrary algebraically closed field when in addition
p is very good and p t [Wg|; its Corollary 8.2 gives the arithmetic formula for unramified
parameters. We do not use that theorem. Our result concerns arithmetic parameters over F
that are ramified at finitely many places and may have finite or disconnected monodromy,
and it produces functions, not sheaves.

Our method does, however, owe several ideas to the three Langlands preprints [Ope26c,
Ope26a, Ope26b] in OpenATI’s public math repository. Testing a Hecke eigensheaf against
a hypersurface transverse to the nilpotent cone, letting modification points collide, and
working with framed bundles all appear there and are starting points for the present paper.
The statements of those preprints have different hypotheses from ours: the tame eigensheaf
theorem [Ope26a, Theorem 1.1] assumes geometrically dense monodromy and one tame
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regular-unipotent puncture, and the Frobenius theorem [Ope26b, Theorem 1.1] treats SL,
with p > n and allows a finite extension of constants. None of them is used as an input.

What is new in the geometric argument is the combination of three steps: lifting the
ramification of the parameter to a curve in characteristic zero on which it becomes unramified;
constructing a coefficient whose Frobenius supertrace is a nonzero determinant; and comparing
the whole category of coefficients, not one object, through specialization, which reduces the
ambiguity in the Frobenius structure to a single scalar. A trace calculation with a homogeneous
test function then yields a bundle defined over F, at which the resulting function does not
vanish. That calculation draws on [BBAMY26, Appendix AJ; the Whittaker and spectral
comparisons use [AGK ™22, NY19, GKRV22, GR24, NT26].

1.3 Organization

Section 2 explains the construction without proofs and shows how the main results depend
on one another. Section 3 lists the results we import, including those of [I], Section 4 fixes
conventions, and Section 5 introduces the curves and the Hecke families which are used
throughout. The construction itself occupies Sections 6-12. A parameter over F5(¢) with
image S3 C PGLa(k) is followed through the first steps in Sections 6.4 and 7.5. A list
of notation is at the end, and Appendix A lists the identities which were also checked by
computer.

2 Overview of the construction

This section describes the proof of Theorem 1.2 without giving it. Its main difficulty is not
visible from the statement, and the first subsection explains it. The last subsection lists the
statements in which the steps are carried out and shows how they depend on one another.

2.1 The difficulty: a nonzero sheaf can have zero trace

Geometric Langlands produces sheaves, and we need a function. The function attached to
a complex of sheaves K with an action of Frobenius is the alternating sum of the traces of
Frobenius on the cohomology of its stalks. This function can vanish identically for a nonzero
K: on a point, the complex k @ k[—1] with the identity as Frobenius already has trace zero.
So a theorem that produces a nonzero Hecke eigensheaf does not, by itself, produce a nonzero
automorphic function. To exclude this cancellation, over the given finite field and without
enlarging it, is the central problem of the geometric construction.

The way out is to arrange that the alternating trace in question is a determinant. If ¢ is
an endomorphism of a finite-dimensional vector space V', then the alternating trace of ¢ on
the exterior algebra of V', with V placed in degree —1, is

Z(—1)itr(¢;AiV) = det(1 — ¢; V).

A determinant is nonzero as soon as no eigenvalue of ¢ is equal to one, and this is a condition
that purity can verify.

2.2 Where the exterior algebra comes from

The parameter o lives on an open part of the curve X in characteristic p, and may be ramified.
The first step of the construction (Section 7) replaces this situation by an unramified one in
characteristic zero: there is a smooth projective curve C' over an algebraically closed field of
characteristic zero, with an everywhere unramified local system p. This curve degenerates,
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through a nodal curve in characteristic zero, to a curve with two components in characteristic
p, which is geometrically reduced and Gorenstein. One component is X, with the parameter
o; the other is auxiliary. On C' the geometric Langlands equivalence of Gaitsgory and Raskin
is available. It attaches to a coherent sheaf P on the space of local systems an automorphic
sheaf Fp on the stack of G-bundles on C, and it identifies a certain functional of Fp, its
Whittaker coefficient, with the space of global sections of P.

It remains to choose P. The obvious choice is the structure sheaf of the residual gerbe
of p, whose space of global sections is k. But its direct image on the stack of local systems
need not be compact, and compactness is used twice below: for constructibility, and for the
formula which expresses the Whittaker coefficient by ordinary global sections. Instead we
remove a few points from the auxiliary component, fix the restriction of p to the punctured
curve, and consider all ways of extending it across the punctures. As a set this space of
extensions is small. As a derived space it also remembers the equations which say that the
monodromy around each puncture is trivial, one equation for each direction in the Lie algebra,
and these equations contribute exterior generators: the space is

8p = [Spec A(B,[1])/Z,],

where B, is the sum of one copy g, of the dual of the Lie algebra of G for each point & which
is removed, and Z, is the centralizer of the monodromy of p (Section 6). For an orbit of
length d of Frobenius on the points which are removed, and a point = of the orbit, the d-th
power of Frobenius acts on the summand g* by ¢? times the coadjoint action of the image
gp of Frobenius under the parameter. The trace we need is therefore, up to the corrections
discussed in the next paragraph,

det(1 — ¢% Ad(gp)¥; 8%),

and it is not zero: by the purity theorem of Section 1.4 the eigenvalues of Ad(gp) have
absolute value one, so none of them is ¢~¢. In the example of Section 6.4, where ¢ =5, d = 1,
gp = 1 and the Lie algebra has dimension three, this determinant is (1 — 5)% = —64.

Two corrections are needed because of the quotient by Z,. Global sections on the quotient
are the invariants of Z,, and taking invariants could reintroduce cancellation. The group of
components I, of Z,, is finite; we tensor the structure sheaf with its regular representation,

Preg = Og, @ k[1L,],

because the invariants of a finite group in a representation tensored with the regular rep-
resentation are the representation itself. The identity component of Z, is a torus, since o
is elliptic, and Frobenius fixes no nontrivial character of it; so the parts of nonzero weight,
which the invariants discard, would not have contributed to the trace in any case. The result
is Proposition 6.10.

2.3 Why the comparison is made for all coefficients

We have computed a trace on the side of local systems, and we need it on the side of
automorphic sheaves, in characteristic p. The equivalence of Gaitsgory and Raskin is an
equivalence over an algebraically closed field. It identifies the two vector spaces, but it says
nothing about the action of Frobenius on them, and an isomorphism of vector spaces that
does not respect Frobenius is of no use for traces. If we transported only the object Peg, the
two actions of Frobenius could differ by an arbitrary automorphism.
For this reason we transport the functor and not one object. On the side of local systems
the functor is
L', : Perf(§,) — Vecty, P—T(3,,P),
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and on the automorphic side it is P + the Whittaker coefficient of Fp. The two Frobenius
actions then differ by an automorphism of the functor I'y, and such automorphisms are very
few: by the Yoneda lemma they are given by the invertible functions of degree zero on §,,
which are the nonzero constants. So the two actions differ by one scalar ¢ € k*, the same for
all P and in all degrees (Lemma 6.7). A scalar multiplies the alternating trace of Pg by a
nonzero number and cannot make it vanish.

2.4 From characteristic zero to characteristic p

The price is that the whole family P — Fp, with all the maps between its members and all
its Hecke identities, has to be carried from the smooth curve C' in characteristic zero to the
curve with two components in characteristic p. There are two degenerations, the formation
of the nodes and the reduction modulo p, and we treat them together over a valuation ring
of rank two (Section 8).

The family is extended by relative nearby cycles. To compare its Whittaker coefficient
before and after specialization, we replace this coefficient by a local invariant, the vanishing
cycles of Fp for a suitable function f on the stack of bundles at a suitable point, and we
must show that this invariant is the same before and after specialization. It could change
only at points where the differential of f lies in the singular support of the sheaves, in a
suitable relative sense. For Hecke eigensheaves over a field the singular support is contained
in the nilpotent cone; Theorem 9.2 is a form of this statement over a valuation ring: the
restriction of the family to the hypersurface f = 0 still specializes well at every point where
the differential of f is not nilpotent. The proof moves the point of a Hecke modification until
the direction in question becomes visible there. The Hecke identity controls only the direct
image of the sheaf along a proper map from the Hecke correspondence, and the theorem is a
statement about one stalk before the direct image is taken. So one argument isolates the
stalk inside a fibre of the correspondence (Lemma 9.8), and another removes the auxiliary
variables introduced on the way (Lemmas 9.9 and 9.10). One nilpotent direction remains, the
regular one. There f is chosen homogeneous of weight two for an action of the multiplicative
group, and the part of the vanishing cycles on which —1 acts by —1 is shown to be the same
at the three points of the base (Section 10).

2.5 Returning to the original curve and field

At this stage we know that a vanishing cycle of the sheaf in characteristic p has nonzero
Frobenius trace. This is still not a value of the function. Because f is homogeneous, the trace
on its vanishing cycles can be written as a sum of traces on stalks of the sheaf, at points
defined over I, some of them twisted by the action of —1. The twisted terms are ordinary
traces at other rational points: if x satisfies — Fry(z) = 2 and a?~! = —1, then az is fixed
by Fry, and the equivariance of the sheaf identifies the twisted trace at x with the ordinary
trace at ax. So if the function vanished at every rational point, the trace on the vanishing
cycles would vanish too. Hence the function is not zero at some bundle defined over [Fy; no
extension of the finite field is made.

That bundle lives on the curve with two components. We restrict it to the auxiliary
component, keep this restriction fixed, and let the bundle on X vary. The result is a nonzero
function on bundles on X with a level structure along the points where the components meet
(Section 12). The order of the two steps matters: the auxiliary bundle is the one found by
the trace argument, and an arbitrary choice made beforehand would not be known to give a
nonzero function.
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Coefficient and Frobenius trace Lift and smooth curve
Proposition 6.10 Theorem 7.1; Proposition 7.10

and microstalk Theorem 8.8
Theorem 9.2; Proposition 9.16

Transverse test function The entire Hecke family over S

¥

Excursion equations
Theorem 11.2

Conserved trace and rational bundle
Theorems 10.4, 10.7

Restriction to X and cuspidality
Theorem 12.2

Figure 1: The two inputs to geometric realization: a nonzero rational trace and the excursion
equations. The final restriction uses both.

2.6 The parameter

It remains to see that this function has parameter o, in the sense of (1.1). Its Hecke eigenvalues
at the unramified places are those of o, because it comes from a Hecke family attached to
o. But for a general group the Hecke eigenvalues do not determine the parameter, and (1.1)
asks for more: the eigenvalues of all excursion operators. An excursion operator is built from
the cohomology of spaces of shtukas with several legs, and its three steps, creation, action of
Galois elements, and annihilation, have counterparts for the family of sheaves: Hecke functors
with several legs and their compatibilities when legs collide. Taking traces of Frobenius of
these compatibilities gives the excursion equations (Theorem 11.2). They come out for the
Chevalley dual of the parameter of the sheaf, so the construction is applied to the Chevalley
dual of o. This is why the Hecke identities of the family, with all legs and all collisions, were
carried through every step above.

Two further points complete the argument. The trace argument gives the excursion
equations for tuples of elements of the Weil group. The function is cuspidal. Otherwise one
of its constant terms along a proper parabolic subgroup would have a parameter with values
in a proper Levi subgroup of the dual group, and an elliptic parameter is not of this form
(Section 1.8). On the space of cusp forms the equations extend to tuples in the Galois group
by continuity (Corollary 1.6.14).

2.7 The statements and their dependencies

The nonzero number of the first subsections is followed through three statements.

1. Proposition 6.10: on the side of local systems, the Frobenius supertrace on the global
sections of a certain perfect complex is a determinant, and it is nonzero by purity.

2. Proposition 10.9: the corresponding automorphic sheaf, specialized to characteristic p,
has nonzero trace at some bundle defined over IF, on the curve with two components.
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3. Proposition 12.1: the trace remains nonzero after the bundle on the auxiliary component
is fixed, which gives a function on bundles on X.

Each passage must be compatible with Frobenius, and most of the work lies in the passage
from (1) to (2). Figure 1 shows how these and the other main results depend on one another;
an arrow means that the result at its tail is used in the result at its head. The calculation of the
trace on the side of local systems and the construction of the curve can be read separately, up
to the comparison under specialization. The proof of Theorem 12.2, in Section 12, assembles
these results.

3 Results used

We collect the theorems on which the construction rests, in the form in which they are used.
Precise references to the individual statements are repeated at each point of use.

3.1 From the literature

Input 1 (Restricted geometric Langlands in characteristic zero). Let C' be a smooth proper
curve over an algebraically closed field of characteristic zero. Gaitsgory and Raskin construct
a functor Ly, from the category of sheaves with nilpotent singular support on Bung(C) to the
category of ind-coherent sheaves with nilpotent singular support on the stack LS%(C’) of local
systems with restricted variation, and prove that in characteristic zero it is an equivalence
[GR25, Theorem 1.3.9(i)—(ii)]. (Over a ground field of positive characteristic their theorem
gives an equivalence onto the sheaves supported on a union of connected components; the
hypotheses on the characteristic are those of [GR25, §0.1.9].) We use three of its properties: it
intertwines the Hecke action with the spectral action of [AGK™ 22, Theorems 8.1.4 and 14.5.2];
on the image of quasi-coherent sheaves its inverse is given by the spectral action on the nilpotent
projection of the Poincaré object [GR25, §§1.1.3-1.1.8]; and the Whittaker coefficient of
the automorphic sheaf which corresponds to a quasi-coherent sheaf is the complex of !-global
sections of the latter on the spectral side [GR25, Proposition 1.2.5].

Input 2 (Universal local acyclicity over a valuation ring). Let S be the spectrum of an
absolutely integrally closed valuation ring with generic point n, and let Y/S be separated and
of finite presentation. Restriction to the gemeric fibre is an equivalence between complexes on
Y that are universally locally acyclic over S and constructible complexzes on Yy, with inverse
Rj. [HS23, Theorem 4.1]. Universal local acyclicity can be tested on rank-one valuation rings
[HS23, Corollary 3.10].

Input 3 (Vanishing cycles over a two-dimensional base). We use Saito’s results on nearby
cycles for a bounded constructible complex and a morphism of finite type. If the morphism is
locally acyclic relative to the complex outside a closed subscheme which is quasi-finite over
the base, the nearby cycles and the vanishing cycles are constructible and commute with finite
base change; if it is universally locally acyclic outside this subscheme, they commute with
every base change [Sail5, Proposition 1.8 and Corollary 1.10].

Input 4 (The Whittaker functional as a microstalk). For a smooth projective curve C over
C and sheaves in the classical topology with nilpotent singular support on Bung(C), Nadler
and Taylor define a Whittaker functional as the vanishing cycles, at the canonical bundle,
of the sum of the simple root coordinates on the stack of twisted N-bundles, applied to the
I-pullback of a sheaf. They prove that, after a shift, this functional computes the microstalk
at the regular nilpotent Higgs field on the canonical bundle [NT26, (3.8) and Theorem 3.3.4).
Two further steps are needed here and are carried out in Proposition 9.16: the comparison of
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this functional with the Whittaker coefficient of Input 1, and the transfer to £-adic sheaves
over an arbitrary algebraically closed field of characteristic zero.

Some of these sources are recent preprints, among them [GR25], [NT26] and [BBAMY26].
The first two enter the proof of Theorem 12.2 exactly as stated in Inputs 1 and 4; from
the third we take a method and no statement (Section 10). The results of L. Lafforgue,
V. Lafforgue and Xue on which the arithmetic part rests are listed in [I, Section 2].

3.2 From the first paper

The arithmetic part of the argument is contained in [I]. We use the following definitions and
statements; a reader who accepts them does not need the rest of that paper.

1. Excursion operators on functions. For a level N the excursion operators S, for
excursion data e = (I, f,~) with v € W}I;, act on the functions with compact support
on Yy = G(F)\G(Ar)/Ky, and S™™ is defined on all functions on Yy by transposition
(Definition 1.5.12). On cusp forms it is the operator of V. Lafforgue. The operators S,
are defined through the cohomology of the stacks of shtukas with integral coefficients
(Section 1.5), and the partial Frobenius maps on this cohomology have the properties
stated in Lemma 1.5.8.

2. Purity. A semisimple elliptic parameter is strongly pure (Theorem 1.4.8). We also use
Lemma I.4.1 on compact subgroups of GL,,(k), and Lemma 1.4.4, by which the quotient
of the arithmetic monodromy group of such a parameter by the geometric one is finite
and cyclic.

3. From a functional to a cusp form. Let ¢ # 0 be a function on Yy and gceer & sSemisimple
elliptic parameter unramified outside N. If the linear form ¢ — [c, ¢] on functions with
compact support has the excursion eigenvalues of oot for all tuples in the Weil group,
then ¢ is a cusp form with parameter ¥Gocoest, for all tuples in I'p (Proposition 1.8.10;
see also Lemma 1.8.11).

Those conventions of [I, Section 3] which are used in this paper are repeated in Section 4.

4 Conventions

We fix the normalizations of Frobenius and of trace functions used in the whole paper, define
the excursion summand attached to a parameter, and recall the Chevalley involution. The
spaces of functions on which excursion operators act are constructed in Sections 1.5 and 1.6.
The conventions of [I, Section 3] on the centre and on class field theory are not needed here,
because G is semisimple and simply connected.

4.1 Frobenius and trace functions

Letdegp : I'p — Z be the homomorphism given by the action on the constant field, normalized
so that an arithmetic Frobenius element has degree 1. The Weil group Wy is the inverse
image of Z; it is dense in I'r. A geometric Frobenius element at a place v of degree d, has
degree —d,. We write Fr, for the Frobenius endomorphism of a scheme over Fy, and Frob,
for the action of geometric Frobenius on cohomology.

For a bounded complex K with a Weil structure and a rational point x, the trace function
is

ti(x) = Z(—l)’Tr(Frobq; H'(Ky)),

i
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and we write Str for an alternating trace of this kind. A shift by one changes the sign of the
trace function. Tate twists and shifts are always kept when trace functions are compared.
The Satake equivalence, for G and for all its Levi subgroups, is normalized by one square
root ¢'/2 € k chosen once and for all. When ¢ is the square of an integer we take the positive
root; then in all cases there is an isomorphism of k with C which maps ¢/2 to the positive
square root of q.

4.2 Excursion summands

Definition 4.1. Let V be a finite-dimensional vector space on which the excursion operators
Se act, for all finite sets I, all functions f and all tuples in F%; they generate a commutative
algebra B of endomorphisms. Let m, C B be the ideal generated by the operators S, — v, (e).
The excursion summand of o in V is the generalized eigenspace

Ve = U{UEV:mZU:O}.

n>1

For a space which is a union of subspaces V' of this kind, the excursion summand is the union
of the V.

The definition involves the excursion operators for all tuples in the Galois group; the
Hecke operators at the unramified places are among them. A nonzero excursion summand
in a space of finite dimension contains a joint eigenvector of the excursion operators, with
eigenvalues v, (e): the commuting operators S, — v,(e) are nilpotent on it. So the existence
of a nonzero summand and the existence of an eigenfunction are equivalent.

4.3 The Chevalley involution

Let J¢ be the Chevalley involution of G which preserves the pinning. On the maximal torus
of the pinning it is ¢t — wo(t~!), where wy is the longest element of the Weyl group [Lil19,
Definition 3.1.1]. We put

ol = Ygoo.

The parameter o appears because the pairing between functions with compact support and
arbitrary functions is bilinear: transposition of an excursion operator replaces o by of, see
(I.5.6). The letter o always denotes the parameter of the main theorems.

5 Geometric setup

This section fixes the geometric objects which are used from Section 6 on: the curves, the
base over which they vary, the Hecke correspondences, and the notion of a Hecke family. It
contains no proofs.

5.1 Curves and specializations

The curve of the closed fibre is the union Cy = X Up Cs of the original curve and of an
auziliary component Co. It is Gorenstein and geometrically reduced, but it is not nodal when
D is not reduced. Its construction is expressed by the pushout square

D ——— (y

1

X — Cy.



5 Geometric setup 12

The original parameter and the Hecke legs remain on X. The component Cs carries the
extra puncture that produces the exterior algebra of Section 6. On the intermediate fibre, in
characteristic zero, the two local systems have opposite inertia along D; this is the condition
under which the glued local system extends to the smoothing. The divisor D may have
multiplicities; its scheme structure records the level retained at the end of the construction.

Two specializations are involved: the smooth curve degenerates to a nodal one, and
the nodal curve in characteristic zero reduces to characteristic p. Section 8.1 constructs a
rank-two valuation base S with geometric points 7, &, s in this order. The fibres have the
following roles:

reduction mod =
C, —eredelom ., o IS s €y @ F,

T

T]WWWWMWA%&WMWNMMMWMMW%S.

The first fibre is smooth and proper in characteristic zero; the middle fibre has the two
components of (5.1) in characteristic zero; the last is the curve Cj in characteristic p, which
is geometrically reduced and Gorenstein. In general only the middle fibre is nodal. The wavy
arrows indicate specialization. All comparisons are made along this ordered flag.

For a finite set of legs I in the smooth open U, the Hecke functor is defined by the
correspondence

Bung(C) x U! Qo Hke 1 I, Bung(C) x U!

N

Ul
After bounding the modifications by a Satake representation, the appropriate projection is
proper.

5.2 The object which is transported: Hecke families

One kind of object is constructed in characteristic zero (Section 6), extended over the base S
(Section 8), restricted to the curve X (Section 12), and finally used to produce a function
(Section 11). We define it here once, in the generality needed for all four steps.

Let Y be a stack of G-bundles on a curve, with or without level structure, over a field
or over S, and let U’ be an open subset of the smooth locus of the curve, disjoint from the
level. For a finite set I and a representation V of GI , modifications of bundles at I points
of U’, with the Satake kernel of V', define the Hecke functor Hy y from complexes on Y to
complexes on Y x U'!; when I has one element we write Hy,. Let p be a G-local system on
U', and Z a reductive group over k which acts on p by automorphisms. For V' as above let V,
be the local system on U’ attached to p and V; the group Z acts on it. For a local system
W with an action of Z on a scheme B, and a functor W — Fy on representations of Z, put

F(W):@fW&@Z(WW) on Y x B,
w

the sum being over the irreducible representations of Z.

Definition 5.1 (Hecke families). 1. A Hecke family on ), with legs in U’ and eigenvalue
p, is a k-linear functor W — Fy from the finite-dimensional representations of Z to
complexes on ), together with isomorphisms

Hiv(Fw) = F(W ®V,) onY x U
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for all I, V and W. They are required to be natural in W and in V', to be the identity for
the trivial representation V', and to be compatible with the restriction to the diagonals
of U'" and with convolution, that is, with the composition of Hecke functors.

2. Let ¢ be an automorphism of the curve which preserves U’ and the level structure,
so that it acts on ), let a be an automorphism of Z, and let 6 : a*¢*V, ~ V, be
isomorphisms commuting with Z and compatible with the operations on V. A structure
of compatibility with ¢ on a Hecke family is a system of isomorphisms

*
cw 1 @ Fw >~ Forw,

natural in W, such that for all I, V and W the two isomorphisms from ¢*Hy v (Fw )
to F(o*W ® V,) are equal: the Hecke isomorphism for W followed by ¢ and 6, and
Hrv (cw) followed by the Hecke isomorphism for a*W.

3. When Y is defined over F,, the pullbacks by the Frobenius endomorphisms of )V and of
U’ are equivalences of the étale categories. A Hecke family with Frobenius is a Hecke
family together with a comparison of the Hecke functors under these pullbacks, given
by the Frobenius structure of the Satake kernels as in (F3) of Setup 11.1.

In this paper the word coefficient, used alone, refers to the argument of such a family: a
representation W of Z, a local system W with an action of Z, or more generally a perfect
complex P on the stack §, of Section 6. Whittaker coefficients, Fourier coefficients and fields
of coeflicients are always named in full.

The conditions (1) and (2), for Y = Bung, p(X) and the Frobenius endomorphism, are
written out with all normalizations as (F1)-(F3) in Setup 11.1. In these terms the steps of
the construction are the following.

o Lemma 6.6: the functor W — Fp,, is a Hecke family on the stack of bundles of the
smooth curve in characteristic zero, with legs outside D,.x, and it has a structure of
compatibility with the semilinear Frobenius automorphism. (The lemma is stated for
the larger family P — Fp indexed by perfect complexes; this is needed in Section 10.)

e Theorem 8.8: the family, with this structure, extends over S.

o Proposition 12.1: the restriction of the fibre over s to Bung p(X) is a Hecke family
with Frobenius.

e Theorem 11.2: the trace function of a Hecke family with Frobenius satisfies the excursion
equations of its eigenvalue.

6 A perfect complex whose trace cannot cancel

As explained in Section 2, the first step of the geometric construction is to find a perfect
complex whose Frobenius trace cannot vanish by cancellation. It is constructed in this section,
in characteristic zero and before any sheaf is specialized. Its cohomology is an exterior algebra,
so the alternating trace of Frobenius on it is a determinant, and purity shows that no factor
of this determinant is zero.

The section is organized as follows. After fixing the data (Setup 6.1), we describe the stack
on which the perfect complexes live, a derived fibre (Lemma 6.4), define the corresponding
family of automorphic sheaves and compute its Whittaker coefficient (6.2), show that the
family is compatible with Hecke functors and with Frobenius (Lemma 6.6), and finally
compute the supertrace (Proposition 6.10).
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Setup 6.1. Let C be a smooth proper curve over an algebraically closed field Kgeom of
characteristic zero, and let p be a semisimple G-local system on C with coefficients in k = Q.
The curve and the local system carry a semilinear automorphism lifting the arithmetic
g-Frobenius; let g € @(k) be its action on a marked fibre of p. Let Mon, be the Zariski
closure of the geometric monodromy. We assume that

1. Mon, is reductive;
2. (Mon,, g)/Mon, is finite;
3. C’a(Monp,g) is finite.

Such data are constructed from the given elliptic parameter in Section 7. The curve lives
over Kgeom, and k is the field of coefficients of the sheaves.

Put Z, = Cz(Mon,), a = Ad(g)|z, and I1, = mo(Z,). Thus Z, is the centralizer of the
geometric monodromy. Ellipticity makes the centralizer of the arlthmetlc monodromy finite,
while Z, can contain a torus.

Lemma 6.2 (The centralizer of the geometric monodromy). The group Z, is reductive, Z,
is a torus, and 1 —«: Z) — Zj is an isogeny.

Proof. The centralizer of a reductive subgroup of a reductive group in characteristic zero is
reductive. By assumption (2) some power ¢g" lies in Mon,; it commutes with Z,, so o™ = 1.
The group of fixed points of « is C@(I\/Ionp, g), which is finite by assumption (3).

Suppose that the derived group of Z7 is not trivial. An automorphism of finite order of a
connected reductive group stabilizes a Borel subgroup and a maximal torus of it [Ser07, §3.3,
Proposition 3(b)—(c)]. Then « permutes the corresponding simple coroots, and the sum of
the coroots in one orbit is a nonzero cocharacter fixed by «. Its image is a torus of dimension
one fixed by a, which contradicts the finiteness of the group of fixed points. So Z7 is a torus.
The kernel of 1 —« on it is the group of fixed points, which is finite; so 1 — « is an isogeny. [

6.1 Filling punctures as a derived intersection

Choose a nonempty divisor Dy, on C, stable under the Frobenius automorphism and
consisting of distinct points, and write C° = C' — D,yx. For the stacks of local systems with
restricted variation of [AGK ™22, GR25], consider

Zo =LS5(C),  Zoo =LSK(C®),  §p=BZ,x"z.. Zc.

Here BZ, — Zco is the residual gerbe of the point p|ce, and we write j : §, — Z¢ for the
projection. The underlying classical stack of §, is BZ,. The derived structure records the
equations which express that the monodromy at the punctures is trivial; they are satisfied at
p, but not transversally.

The stacks Z¢ and Zgo are defined by means of lisse f-adic sheaves. To compute with
them we compare them with stacks of representations of topological fundamental groups.
The comparison has three parts: a change of the base field, the passage from /-adic sheaves to
sheaves for the classical topology, and the passage from local systems with restricted variation
to all local systems. We make them explicit, because the second and the third are used for
the curve C°, which is not proper.

The base field. The curve C and the divisor D,ux are defined over an algebraically closed
subfield Ky C Kgeom of finite transcendence degree over QQ, and such a field can be embedded
in C. For an extension of algebraically closed fields of characteristic zero and a scheme Y of
finite type over the smaller field, pullback is an equivalence between the categories QLisse
of Y and of its base change [AGK™22, §9.5.2, with its footnote, and Remark 9.5.3]. It is
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compatible with tensor products and with restriction to open subschemes. The stack of local
systems with restricted variation is defined in terms of the symmetric monoidal category
QLisse with its t-structure. Therefore Z¢, Zco, the map between them and the point p do
not change when the pair (C, D,yux) is replaced by its model over Ky, and then by the base
change of this model to C. Lemmas 6.4 and 6.5 concern only these objects; the semilinear
automorphism of Setup 6.1 does not occur in them. In their proofs we may therefore assume
that Kgeom = C.

Lemma 6.3 (Comparison with the Betti stacks). Suppose that Kgeom = C. ForY = C or
Y = C° let LSB(Y) be the stack of G-local systems with coefficients in k on the topological
space Y (C), that is, the stack of maps from its homotopy type to BG [AGK' 22, §4.5.1].

1. There are monomorphisms of prestacks vy : Zy — LSB(Y), compatible with restriction
from C to C°.

2. Put
T = BZ, x" g5 00y LS®(C),

the fibre product being formed with the residual gerbe of p|ce and the restriction map.
The projection T — LSB(C) factors through vc, and the resulting map T — §, is an
isomorphism, under which the projection becomes tc o j.

3. Let )A(p be the formal completion of LSB(C') along the fibre through p of the map to its
coarse moduli space [AGK™ 22, §4.6.2]. The intersection Zc , of Zc and X, in LSB(0)
is open and closed in each of them, and j factors through Zc ,.

Proof. Write LSB"(Y') for the stack of local systems with restricted variation in the classical
topology [AGK ™22, §4.7]; the results quoted from there apply to C and to C°, which are
smooth connected varieties over C.

Step 1: the monomorphisms. The comparison functor from ¢-adic sheaves to ind-constructible
sheaves of k-vector spaces for the classical topology is fully faithful and commutes with inverse
images [GR25, §2.2.1]; on lisse sheaves it is symmetric monoidal [GR25, §2.2.4]. It preserves
the usual t-structure, filtered colimits and lisse sheaves, so it maps the full subcategory
QLisse(Y) of the first kind [AGK ™22, Definition 1.2.6] to that of the second kind, and the
functor so obtained is fully faithful and symmetric monoidal, being the restriction of a fully
faithful functor to full subcategories. The functor from the second category QLisse to all
locally constant sheaves is fully faithful as well [AGK ™22, Proposition 4.7.2]. A fully faithful
symmetric monoidal functor remains fully faithful after tensoring with QCoh(S), which
is dualizable, and therefore induces a monomorphism between the prestacks of symmetric
monoidal functors from Rep(G); this is the argument of [AGK*22, Lemma 4.1.4], used in
[AGK ™22, §4.7.4] for the second functor. So we have monomorphisms

Zy — LSBT (V) — LSB(Y),

and ¢ty is their composite. Both functors commute with restriction to C°. This proves (1).

Step 2: the projection factors through local systems with restricted variation. The monomor-
phism LSB7(C) — LSB(C) is a formal isomorphism [AGKT22, Proposition 4.7.8]. By the
definition [AGK*22, §4.1.6] this means that a point of LS®(C) with values in an affine scheme
S lies in LSB"(C) as soon as its restriction to the reduced classical scheme underlying S does.
So let S be reduced and classical. On classical schemes the Betti stack classifies families of
homomorphisms from the fundamental group to C:‘, up to conjugation [AGK122, §4.5]. A
point of T" with values in S is therefore given by a Z,-torsor on S, a family of local systems
on C' parametrized by S, and an isomorphism between the restriction of this family to C°
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and the twist by the torsor of the constant family with fibre p|co. Since m1(C°) — m1(C)
is surjective, the family on C is the twist by the torsor of the constant family with fibre p.
Locally on S for the étale topology the torsor is trivial, and the family is the image of the
point p of LSB"(C) under S — pt. The prestack LSP"(C) is a stack for the étale topology
[AGK ™22, Main Theorem 1.4.5], so the point lies in it.

Step 3: the projection factors through Z¢o. The map Zo — LSB’T(C’) is an isomorphism onto
a union of connected components [GR25, Lemma 2.2.5], that is, onto an open and closed
substack. Its complement is open and closed as well. By step 2 every point of T" with values
in a field maps to the point p, after an extension of the field, and p is a point of Zx. So the
inverse image in T of the complement has no points and is empty, and the projection factors
through Z¢.

Step 4: the isomorphism. If a map A — Y factors through a monomorphism Y’ — Y, then
AxyY’' ~ A; and if two maps A — Y and B — Y factor through Y”, then A xy' B ~ Axy B.
Both follow from Y’ xy Y’/ ~ Y’. Applying the second to the monomorphism tce and the
first to tc and the projection of T', which factors through it by step 3, we get

C‘{p = BZP X Zeco ZC ~ BZp XLSB(CO) ZC ~T XLSB(C) ZC ~ T,

all fibre products being derived. The composite is inverse to the map of (2), and it is
compatible with the projections to LSB(C). This proves (2).

Step 5: the formal completion. The substack LSP"(C) of LSB(C) is the disjoint union
of the formal completions of the fibres of the map to the coarse moduli space [AGK™22,
Corollary 4.8.5]. So )A(p is open and closed in LS®"(C), and so is Z¢ by step 3; hence their
intersection is open and closed in each. The map j factors through Zo by construction, and
through X » because every point of §, with values in a reduced classical scheme maps into
the fibre through p, by step 2. This proves (3). O

Lemma 6.4 (The derived fibre). There is an isomorphism

8p = [Spec A(B,[1])/Z,], B, = @ 9 (6.1)

CEEDaux

where A(B,[1]) is the exterior algebra of B,, placed in degrees < 0 with zero differential, and
Z, acts through the coadjoint representation at each point. In particular HOF(S,), 0) =k.
The objects OQW , for W a representation of finite dimension of Z,, generate Perf(§,) under
finite cones and retracts.

Proof. We may assume that Kyeom = C. By Lemma 6.3(2) the stack §, is then the fibre T
of the restriction map between the Betti stacks, which we now compute.

Let h be the genus of C' and n = |Dayux|. The fundamental group of the punctured surface
has generators ai, b1, ..., an, by, C1,...,c, and the relation [;[a;, b;] Hj c; = 1. We eliminate
¢n: the punctured surface retracts onto a graph with 2h +n — 1 loops, so its Betti stack is
[@2h+”*1 / @] The closed surface is obtained from it by attaching a disc along each boundary
loop, and this is a homotopy pushout. The stack of maps to BG turns it into a derived fibre
product: the Betti stack of the closed surface is the fibre product of that of the punctured
surface and of BG over [G"/G], for the map which records the images of ¢y, ..., ¢, and the
inclusion of the identity. Since p has trivial monodromy at the punctures, the fibre over the
residual gerbe of p|co is the quotient by Z, of the spectrum of
k?

L
k ®0(€;n)
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both copies of k being the residue field at the identity. The identity is a smooth point with
cotangent space B,, and the Koszul resolution shows that the cohomology of this ring is the
exterior algebra of B,, with B, in degree —1.

To obtain an isomorphism of algebras with an action of Z,, and not only of their
cohomology, we use formal coordinates at the identity which are compatible with the action.
They exist: since Z, is reductive, the surjections m/ m%*!t — m/m? of representations of Z,
are split, compatibly in a, and the image of a splitting is a space of coordinates. In such
coordinates the Koszul complex is a resolution of k& by modules with an action of Z,, and
after tensoring with k its differential is zero. This gives (6.1) for 7', hence for §,,.

The identification of the cohomology in degree —1 with the cotangent space, and of the
graded algebra of cohomology with its exterior algebra, is canonical. So an automorphism
which preserves the fibre acts on the graded algebra of cohomology by the exterior powers of
its action in degree —1. The splitting which was used to produce a model with zero differential
is a choice, and it need not be compatible with Frobenius; it is not used for the action.

The functions of degree zero on §, are the invariants of Z, in the part of degree zero of
the exterior algebra, which is k. For a complex @ of modules over the exterior algebra with a
compatible action of Z,, the complex of maps from O ® W to Q is (W* ® Q)%. This functor
of @ commutes with filtered colimits, because taking invariants under a reductive group does.
If @ has a nonzero cohomology class, the class lies in a finite-dimensional subrepresentation
W of a cohomology group, and gives a nonzero map from a shift of O ® W. So the objects
O ® W are compact generators, and the perfect complexes, which are the compact objects,
are obtained from them by finite cones and retracts. O

Lemma 6.5 (Compactness). For every P € Perf(§,), the object j, P is compact in QCoh(Z¢).

Proof. By Lemma 6.4 it is enough to consider P = O ® W. We may assume that Kgeom = C,
and we use the notation of Lemma 6.3 and of the preceding proof. Write X = LS®(C) and
jB:LCoj:%’p—>X.

Step 1: the direct image on the Betti stack is perfect. The variety G2htn—1 ig smooth, and

the orbit of the semisimple representation p|co in it is closed and smooth; so the inclusion of
this orbit is a regular immersion. The sheaf on [G2"*+"~1 /@] = LS®(C®) supported on the
orbit and defined by the representation W of the stabilizer Z, is therefore perfect. It is the
direct image of W from the residual gerbe. The inclusion of the residual gerbe is a closed
immersion, because the orbit is closed; so its base change jP is an affine morphism, and
direct images along these two maps commute with base change. By base change in the square
which defines 7', and by Lemma 6.3(2), the pullback of this sheaf to X is j2(O ® W). Hence
jB(O ® W) is perfect. The stack X is the quotient of an affine derived scheme Spec R by G
[AGK 122, §§4.5-4.6.1]. Since G is reductive, the functor of global sections on X commutes
with colimits, and perfect complexes on X are compact in QCoh(X).

Step 2: sheaves on the formal completion. Let © : )A(p — X be the inclusion of the
formal completion of Lemma 6.3(3). The coarse moduli space of X is the spectrum of the
invariants R®, and its underlying classical scheme is of finite type [AGK ™22, §§4.6.1-4.6.2];

let fi,...,fm € H°(R)C generate the maximal ideal of the image of p in it. Then X o is the
quotient by G of the formal completion of Spec R along the locus f; =--- = f,,, = 0, which
is a formal affine scheme in the sense of [AGK 122, §7.1]. Let QCoh(X), C QCoh(X) be the
full subcategory of the objects whose restriction to the complement of the fibre is zero; it is
closed under colimits. We claim that * restricts to an equivalence

QCoh(X), —~+ QCoh(X,).
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For the affine scheme Spec R in place of X this is [AGK ™22, Proposition 7.1.5], and the same
holds for the schemes G2 x Spec R with the pullbacks of the functions f;. These schemes
form the Cech nerve of Spec R — X, and their formal completions form the Cech nerve of the
corresponding cover of X p- The equivalences are given by pullback, so they are compatible
with the maps of the two nerves, and the condition on the support is compatible with these
maps, because pullback commutes with restriction to the open complement of the fibre. The
claim follows by descent for quasi-coherent sheaves.

Step 3: conclusion. The complex j2(O ® W) is supported at the point p, so it lies in
QCoh(X),. It is compact in QCoh(X) by step 1. Hence it is compact in the full subcategory
QCoh(X),: the inclusion commutes with colimits, so maps from the complex into a filtered
colimit formed in the subcategory are computed in QCoh(X). By step 2 the complex
*jB(0 @ W) is compact in QCOh()A( »)- The map jB factors through the monomorphism ¢,
80 §p X x X, = 3,, and by base change i*j5(O ® W) is the direct image of O ® W under
Sp — Xp. R

By Lemma 6.3(3) this map factors through Z¢ ,, which is open and closed in X, and in
Zc. So QCoh(Zc,,) is a direct factor of QCoh()Z'p) and of QCoh(Z¢), and the direct images
of O® W to )A(p and to Z¢ both come from its direct image to Z¢ ,. An object of a direct
factor which is compact in the whole category is compact in the factor, and an object which is

compact in a direct factor is compact in the whole category. Therefore j,.(O ® W) is compact

in QCoh(Z¢). O

6.2 The automorphic family and its Whittaker coefficient

We use the equivalence of categories of the geometric Langlands correspondence with restricted
variation in characteristic zero [GR25, Theorem 1.3.9(ii)], which we denote by LLy;. Let e be the
fully faithful embedding of the category of quasi-coherent complexes into the spectral category
with nilpotent singular support, normalized as in [GR25, §§1.3.1-1.3.4]; the normalization
includes the graded line of the dualizing complex. Define

Fp = (L) te(jP), P € Perf(3,).

The functor P +— Fp is exact and k-linear. Since j, P is compact, [GR25, Theorem 1.1.7 and
§1.3.4] shows that Fp is compact in the category of all automorphic sheaves; its restriction
to every smooth chart of finite type is a bounded constructible complex.

The Whittaker coefficient

Let Poinc!Vac be the Poincaré object defined by !-pushforward from the Whittaker stack,
with the regular representation of the finite centre as coefficient (it is recalled in the proof
of Lemma 6.6). The Whittaker coefficient is the functor Wh which it corepresents. The
projection of Poinc!\/ac to the category of sheaves with nilpotent singular support corepresents
the functor to QCoh(Z¢) followed by global sections. The two objects are different, but on
our family the two functors agree:

Wh(Fp) =~ T\(Zc, j«P) =~ I'(3,, P). (6.2)

The first isomorphism is [GR25, Proposition 1.2.5]. For the second, I'| agrees with I" on
compact objects [AGK'22, Remark 7.6.2], and I'(Z¢, j« P) = I'(§,, P). In terms of the

projected object, the adjunction for the functor L s t0 QCoh(Z¢) gives
RHom(Poinc) &, Fp) ~ I'(Zc, j. P), (6.3)
since Ly coarseF P = J«P: the right adjoint of the fully faithful functor e maps e(j«P) to j.P

[GR25, Corollary 1.3.6(ii)].
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Theta pairs

The curves in this paper carry a theta pair: a line bundle L with an isomorphism L? ~ Q¢.
Let A, be the sum of the positive coroots of GG, a cocharacter of the maximal torus T,
and Pr = A\pr(L) the T-bundle induced from L. The theta pair enters the definition of the
Whittaker stack through Pr, and that of the canonical bundle in Section 9.6.

Pullback and transport. A semilinear automorphism uc of the curve acts on the moduli
stacks in two ways which are inverse to each other: an object can be pulled back by uc, or
transported by it. The direction of Frobenius in the rest of the paper depends on keeping the
two apart, so we give them different names:

up(€) = up€, ur(7) = upT, Ugut = ugl, Uspec = uzl.
Thus Uaut and ugspec are transport by uc, that is, pullback of bundles and of local systems by
ual. When u¢ is the arithmetic Frobenius acting on the coefficients, .yt is the arithmetic
Frobenius of the stack of bundles. The same convention must be used on the two stacks.
Indeed the pullback of a modification at = is a modification at ualx, and for the universal
local system Viyy evaluation gives a canonical isomorphism

(UL X ual)*vuniv = Vuniv-

The corresponding statements for the inverse maps uayt and ugpec follow. The directions of
all the Frobenius maps which occur in the paper are collected in the table of Remark 11.3.

Let ¢ : uf,p = p be the chosen descent isomorphism. The point p is fixed by ur, and on
the residual gerbe BZ, of this point uy, acts by the automorphism

80:Z, — Zp, 2z cub(z) et

S0 Uspec = uzl, and its lift ug to the derived fibre, act on the gerbe through -1, The
pullback of a vector bundle on BZ, along the map induced by an automorphism v of Z,, is
the restriction of the representation along . Hence

UEPW ~ P(é—l)*W~ (64)

We compute ¢ for the arithmetic Frobenius of Setup 6.1. The semilinear map uc is the
one with u# (a) = a? on the residue field. Let a be the chosen arithmetic lift of Frobenius
in the fundamental group, used to base it, and g its image. Then uc acts on the geometric
fundamental group by v +— a~'va, so that

(uep)(v) =9 'o(v)g, c=uy,

in the marked fibre, and § = Ad(g) = «. The orientation can be seen on a finite étale torsor:
pulling back a section with coordinates b along uc replaces them by b7, so the canonical
descent map on the fibre is the arithmetic Frobenius; the local system is a limit of such
torsors. Therefore (6.4) reads

UEPW = P(a—l)*W‘

Lemma 6.6 (Hecke action and semilinear covariance). 1. Let V' be a representation of
G, and let Vy|co = @, Wa X Ly be a decomposition of the associated local system, with
W, a representation of Z, and L, a local system on C°. Then

v(Fp) ~ P Frew, K La (6.5)
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over C°. The isomorphism does not depend on the decomposition. The same holds
for every finite set I of legs and every representation of CA?[, over (C°)!, and these
isomorphisms are compatible with tensor products, composition, permutations of the
legs and fusion. We refer to them as the Hecke identities of the family; for P = Py =
Oz, @ W they make W+ Fp,, a Hecke family in the sense of Definition 5.1(1).

2. Let uc = u be a semilinear isomorphism of the curve C' which preserves the pinning,
the theta pair and the divisor Dy, together with an isomorphism u*p ~ p. It induces
an autoequivalence uy of Perf(§,) and a natural isomorphism

*
Ug i F P fugpa

compatible with the Hecke identities. For a composite of two semilinear isomorphisms
the isomorphism is the composite of the two. In particular the chosen lift of Frobenius
and all its powers act on the family compatibly.

Proof. The Hecke identities concern the spectral action. The covariance concerns the object
to which the spectral action is applied, and it is this part which determines the Frobenius
structure of the family.

Step 1: the Hecke identities. On §, x C° the universal local system is pulled back from
BZ, x C°, where the local system attached to V' is @, W, X L, with W, regarded as a vector
bundle on BZ,. The Hecke functor Hy corresponds under L, to the tensor product with the
local system attached to V', and by the projection formula for j

]*P ® Vuniv|Zc><C° = @]*(P ® Wa) X La-
a

The left-hand side does not involve the decomposition. The compatibilities for all finite sets of
legs are part of the equivalence between the spectral action and the action of Hecke functors
on sheaves with nilpotent singular support [AGK'22, Theorems 8.1.4, 14.3.2 and §14.3.3].

Step 2: a formula for the family. Let Pc be the projection of Poinc!VaLC to the category of
sheaves with nilpotent singular support. For A € QCoh(Z¢) and an automorphic sheaf IC,
RHom((Lg;) 'eA, K) ~ RHom(4, e"L;K) ~ RHom (A, L coarseC),

where e is the right adjoint of e. So (L) 'e is the left adjoint of L§ .uee- By the
construction of the latter [GR25, §§1.1.3—1.1.8] this left adjoint is A — A x Pc, where
denotes the spectral action. Hence

Fp = (j.P)  Pe. (6.6)
This formula does not involve the choice of an inverse of IL7-, and it fixes the normalization of

€.

Step 3: covariance of the Poincaré object. Let #¢ = Buny p, /T be the Whittaker stack
and r the rank of G. The Poincaré object is defined by the diagram

Bung(C) <% #o X [AT)T] <25 BZ(G)

as pox¢ of the sheaf jieg « Regy () [—7], where Regy ) = (pt — BZ(G))ik, with the shifts
of [GR24, §§3.3.3-3.3.7]. The component of y¢ attached to a simple root sends an N-torsor
to the class of the extension it defines, an element of H'(C,{¢), followed by the trace
HYC,Qc) — Kgeom of Serre duality.
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With the convention of transport fixed above, u acts on the N-torsors, on their quotients
attached to the simple roots and on the theta pair, and the trace of Serre duality commutes
with semilinear pullback. So u carries the whole diagram to the diagram of the curve obtained
by base change. Here x¢ is a morphism of stacks over Kgeom, along which the sheaves, with
coefficients in k, are pulled back. Pullback by an isomorphism commutes with p;, x* and j,

and preserves Re . These base change isomorphisms give u* . Poinc)2¢ ~ Poincy2°.
p 82(a) g p g aut ! !

Step 4: covariance of the projection. The projection to sheaves with nilpotent singular
support is given by the universal Hecke projector of [AGK'22, §13.4.1, Corollary 13.4.6
and §15.4.7]. It is a colimit of Hecke functors, indexed by diagrams formed from finite sets
of points of the curve, their collisions, representations of G and the fibres of the universal
local system. The pullbacks by wayt, on the automorphic side, and by ugspec, on the spectral
side, send each of these diagrams to the corresponding diagram for the curve obtained by
base change, and they commute with tensor products, with colimits and with I'y on the
spectral side. So they commute with the projector. The comparison is canonical. By [GR25,
Theorem 1.1.7] and [AGK™'22, Proposition 17.2.3] the projector is the right adjoint of the
inclusion of the sheaves with nilpotent singular support; the equivalence u},, preserves this
subcategory, and an equivalence which commutes with a fully faithful functor commutes
with its right adjoint, compatibly with the counits. Applied to the Poincaré object this gives
urPo ~ Pc.

Step 5: covariance of the family. For the same reason

ur(A*K) ~ ( A) * (ug, )C).

k
uspec aut

The Cartesian square which defines §, is preserved by u, s0 ug,e.j« P ~ jiuzP. Substituting

in (6.6) we obtain the asserted isomorphism, that is, a natural isomorphism which makes the

square

Perf(§,) Bincil N Shvniip (Bung(C))

u% J/ lu;ut

Perf(g,) For Shvnilp (Bung(C))

commute. For two semilinear isomorphisms « and v, the isomorphism attached to uv and the
composite of those attached to u and v are both base change maps for the same diagrams,
and base change maps are compatible with composition. The same argument applies to
the maps of creation, fusion and annihilation in the Hecke action, so the isomorphisms are
compatible with the Hecke identities. ]

6.3 Why the whole family is needed

The comparison with a microstalk in Section 9.6 is at first a comparison over an algebraically
closed field, without Frobenius. For a single complex this would give no control of the trace
of Frobenius. The control comes from the following property of the functor of global sections
on the whole category Perf(§,).

Lemma 6.7 (Rigidity of the functor of global sections). Let I',(P) = I'(§,, P) on Perf(§,).
Every natural endomorphism of degree zero of the functor I', acts on the cohomology groups
HiI’p(P) by one scalar, the same for all P and all i. For this it suffices that the endomor-
phism be natural for the morphisms of the homotopy category and commute with the shift.
Consequently, if a functor p is isomorphic to I'y @ L for a graded line L, and both functors
are compatible with Frobenius, the two actions of Frobenius on cohomology differ, under the
isomorphism, by a nonzero scalar which does not depend on P or on the degree.
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Proof. In the homotopy category of Perf(F,) the functor P — HT,(P) is Hom(O, P): it is
corepresented by the structure sheaf, which is a perfect complex. By the Yoneda lemma for
this ordinary category, its endomorphisms are the compositions with the elements of

End(Oj3,) = HI'(§,,0) = k,

the last equality by Lemma 6.4. Concretely, a natural endomorphism is determined by its
value on the identity of O, an endomorphism of O, and its value on a section v : O — P is
the composite of v with this endomorphism. So the given endomorphism acts on HT',(P) by
a scalar ¢ which does not depend on P. Since H'T',(P) = HT,(PJi]) and the endomorphism
commutes with the shift, it acts by ¢ on H'T,(P).

For the second assertion, transport the action of Frobenius on u to I'y ® L by the
isomorphism, and compose it with the inverse of the action of Frobenius on I', ® L. The result
is a natural automorphism of the functor I', ® L, of degree zero, and the first part applies to
it after the choice of a generator of L; the scalar is not zero because the automorphism is
invertible. O

Remark 6.8 (Which naturality is used). Only the Yoneda lemma of an ordinary category
enters. So the isomorphisms of functors to which the lemma is applied below, in particular
the comparison with the microstalk of Proposition 9.16, are needed only as isomorphisms of
functors on homotopy categories which commute with the shift. This is enough, because the
functors take values in complexes of vector spaces over a field and all conclusions concern
supertraces.

Remark 6.9. The lemma would be of no use for the single object Pes. Its cohomology
I'(3), Preg) lives in several degrees, and an automorphism acting by different scalars in different
degrees can turn a nonzero alternating trace into zero. Naturality on all of Perf(§F,) forces
the same scalar in every degree.

Proposition 6.10 (The supertrace is a nonzero determinant). Suppose that every orbit of
Frobenius in Daux consists of the points which lift a closed point of degree d.ux of a fibre in
characteristic p, and that the adjoint action of the Frobenius element gp € é(k)) of that point
is pure of weight zero. Let

Preg = O, @ k[IL]

with the action of Frobenius induced by o, which permutes the basis by e, — ey Then

Frobenius and its inverse have nonzero supertrace on F(Sp, Preg).

7) -

Proof. Write ¢ for the action of Frobenius. We compute in the graded algebra of cohomology
A = A(B,[1]), on which Frobenius acts by the exterior powers of its action in degree —1. The
group Z, is linearly reductive, so H*I'(F,, Preg) = (k[II,] @ A)Ze.

Step 1: removing the group of components. For a complex K of representations of Z, the
map
K% — (k[IL,) @ K)?°, v —> Z ey ® v,
v€ell,
where 7 € Z, is a representative of 7, is an isomorphism: it does not depend on the
representatives because v is invariant under Z7, and its inverse is the coefficient of e;. For

K = A it commutes with ¢, since ¢(Jv) = a(7)¢(v). So the supertrace to be computed is
that of ¢ on A% .

Step 2: removing the torus. Decompose A according to the characters of the torus Z7. The
map ¢ sends the part of weight y to the part of weight xy o a™!. If y oa™! =, then y is
trivial on the image of 1 — a, which is Z) by Lemma 6.2; so x = 0. The parts of nonzero
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weight are therefore permuted without fixed points and do not contribute to the trace, in any
degree. Hence ¢ has the same supertrace on A% and on A, and since A'B,, is in degree —i,

Str(;T(Fp, Preg)) = > _(—1)" tr(¢; A'B,) = det(1 — ¢; B,). (6.7)

i

Step 3: the determinant. Take an orbit of punctures; its length is d = daux. At one of its
points choose a local arithmetic lift ap of Frobenius and a generator 7 of the tame inertia.
On the /-primary tame quotient

a DT@BI =",

Write gp = p(ap), and let Ad(gp)¥ (&) = € o Ad(gp') be the coadjoint action on g*. The
arithmetic map on the spectral side is the transport uspec. Let M be the monodromy at the
puncture of a local system near p, a formal variable near the identity. After d steps, and after
identifying the base local system by gBl, the transport is

M —s g5' M gp,

whose linearization on the Lie algebra is g% Ad(gf)l). So the pullback of the equation M =1
acts on its conormal space by ¢% Ad(gp)". This is the action on H~! of the Koszul complex
of the derived intersection, and its exterior powers give the action on all the cohomology
groups; the complex itself need not be given an action of Frobenius. Hence the arithmetic
operator ¢ on B, permutes the summands of the orbit cyclically, and

¢d

/g\; = qd Ad(gD>v

The determinant of 1 — ¢ on the cyclic sum is det(1 — ¢%; g). Its factors are 1 — ¢?\, with A
an eigenvalue of Ad(gp)Y, and |\| = 1 for every complex embedding by purity. So no factor
vanishes. The geometric operator is the inverse of the arithmetic one, on the conormal space
and on the representation of the group of components together; its factors are 1 — ¢g=4\ 71,
which do not vanish either. What is essential is purity: compactness of the image of the
parameter gives only f-adic information, and by itself would not exclude an eigenvalue of
complex absolute value ¢g+9. O

Remark 6.11. The hypothesis on weights cannot be dropped: the determinant det(1 —¢;B,)
vanishes as soon as ¢ has the eigenvalue 1. In the application the puncture is chosen over a
closed point of the original curve (Lemma 8.3), so that Theorem 1.4.8 applies to gp.

6.4 An S;-parameter and the determinant —64

In the following example the parameter, the group Z, and the supertrace of Proposition 6.10
are computed by hand. The rest of the construction is not explicit: the automorphic function
is obtained from these data by the results of Sections 7-12.

Take F' = F5(t), G = SLy, and G = PGLy(k), with ¢ # 5. The splitting field of 23 — z — ¢t
has geometric and arithmetic Galois group S3. To see this directly, the map t = 23 — x
of projective lines has separable degree three, so the cubic is geometrically irreducible. Its
discriminant 4 — 27t> = 4 — 2¢? has two simple zeros and is not a square. The geometric
Galois group is therefore S3. The arithmetic group lies between it and Ss, so it is S3 as well,
and the splitting field has constant field Fj5.

Use the projective images of

() ()
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They satisfy 73 = s2 = 1 and srs = r~!, and give the parameter o : ['r — S3 < PGLa(k).
Its ramification has order two at t2 = 2 and order three at infinity, hence is tame at five. Its

centralizer is
1 =2
Zy ={1,c}, c= [(2 _1>] . (6.8)

Indeed, ¢ = [-3I] = 1; it commutes with r and commutes projectively with s. Conversely,
diagonalizing r gives its torus centralizer, on which s acts by inversion. The fixed subgroup
is puo. Thus o is elliptic, although its centralizer is not trivial.

The point ¢t = 0 has identity Frobenius, since the cubic splits there as z(z — 1)(z + 1).
In Section 7.5 the divisor D,,x is taken to be one rational point of the auxiliary component
above t = 0. So daux = 1, and the Frobenius element at the puncture is gp = 1. It is also
shown there that the geometric monodromy group of the local system p on the smooth curve
is S3; hence Z, = II, = ua, by (6.8). For any representation V' of this group, the mutually
inverse maps

V — (klu2] @ V)*2, vi—e1 @v+e.® cu, e1 @ u1 + e @ v — U1

commute with Frobenius; this is step 1 of the proof of Proposition 6.10. Therefore the
cohomology of I'(F,, Preg) is the exterior algebra A of that proof, with its grading. Here B, is
the conormal space pgl5 at the one puncture, which has dimension three. The arithmetic
operator of step 3 of that proof, which is defined by transport, acts by 5 id on B,, in degree
—1, because ¢ = 5, daux = 1 and gp = 1. Its supertrace is

1-3-5+3-25-125=(1-5)3= —64. (6.9)

The geometric operator is its inverse, with supertrace (1 —571)3 = 64/125. Both numbers
are nonzero in the coefficient field.

In the later sections this number is transported to the automorphic side. By Proposi-
tion 9.16 and Lemma 6.7, the supertrace of geometric Frobenius on the vanishing cycles
studied in Section 10 is 64¢/125, where the scalar ¢ € k* accounts for the comparison of the
two Frobenius structures and for the graded line in that lemma. The scalar is not determined,
and it need not be: the supertrace is not zero. Proposition 10.9 then gives a bundle on the
special fibre of Cy, defined over F5, at which the Frobenius supertrace of the sheaf is not zero.

There is also an elementary check on the parameter. At t = 0,1, 2 the cubic has respectively
three, one and no roots in F5. Its Frobenius classes have orders one, two and three. The adjoint
traces are respectively 3, —1,0. These are predicted Hecke eigenvalues of any realization of o,
not computed values of ¢, .

For this parameter automorphy can also be proved directly. The matrices r and s define
a linear representation of S3 of dimension two, which is irreducible: r has two distinct
eigenspaces, and s exchanges them. Its determinant has finite order, so by the theorem of
L. Lafforgue it is the parameter of a cuspidal representation of GLo. Take a cusp form in the
corresponding summand and translate it on the right so that its value at the identity is not
zero. Its restriction to SLo(Af) is a nonzero cusp form, and it lies in the summand of o by
[Laf18, Proposition 12.5 and Remark 12.13]. This summand, at a finite level, contains a joint
eigenvector of the excursion operators.

7 A smooth proper curve in characteristic zero carrying the
parameter

This section constructs the data of Setup 6.1 from the given parameter o: a smooth proper
curve in characteristic zero with an unramified local system p, related to (X, o) by specializa-
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tion. The parameter o lives on an open subset of X in characteristic p and may be wildly
ramified there. The construction has four steps.

1. Lifting (Theorem 7.1). Lift X to a curve X over a ring of Witt vectors, and lift o,
with its whole compact image, to a representation of the fundamental group of the
complement of a divisor D C X. The divisor must not depend on the finite quotient of
the image under consideration, and this is where p { |Wg| is used: it makes the images
of wild inertia finite abelian with a tame action on them.

2. A second component (Lemma 7.6 and Proposition 7.7). Construct a cyclic cover Cy — X
of degree d branched along D, and glue it to X along D. The degree is chosen so that
the pullback of the local system to Cs has inertia inverse to that of the original one, up
to conjugation by elements commuting with Frobenius.

3. Smoothing (Proposition 7.7). The curve Cy = X Up Cy, which has two components, is
Gorenstein and is nodal on the fibre of characteristic zero, deforms to a smooth proper
curve over Ryl[¢]], with a square root of its dualizing line.

4. Extending the local system (Proposition 7.9 and Proposition 7.10). Because the inertia
on the two branches at each node of the intermediate fibre, in characteristic zero, is
inverse, the local system extends over the smoothing, and on the smooth fibre it is
unramified. The ramification of ¢ has been traded for genus; the parameter itself is
still present on the component X of the special fibre.

Throughout this section p 1 |W¢|; recall that the Weyl groups of G and G have the same
order. We put Q = im(o), a compact group, and choose a finite extension F of Q, and a
lattice stable under @ as in Lemma 1.4.1.

7.1 Lifting the compact representation on one open

Theorem 7.1 (Lifting a parameter with its ramification). Let X/F, be smooth, projective
and geometrically connected, let U = X — X for a finite set 32, and let o : m(U) — H(k) be
continuous, where H is connected semisimple and pt |Wy|. Fiz a smooth projective lift X of
X over W(F,). After a finite totally ramified extension Ro/W (F,) there is a divisor D C Xpg,,
finite and flat over Ry, whose special fibre has support 2, and a continuous representation

olift T (Xr, — D) — @

restricting to o on the special fibre. Its image is ), and the image of the geometric fundamental
group of the generic fibre contains the image under o of the geometric fundamental group
of U. The same divisor D serves for all finite quotients of Q: the lift is constructed as a
compatible system of torsors under these quotients on Xr, — D, with base points compatible
with those of o and with the action of Frobenius.

The point of the theorem is that D does not depend on the finite quotient. If each finite
quotient were lifted separately, the branch loci could grow without bound. In the proof one
first lifts the tame quotient of the representation, with ramification only along the lift of X3,
and then corrects the lift by a cocycle with values in a fixed finite group, which accounts for
all further ramification.

Lemma 7.2 (Pro-p subgroups of the image). Every pro-p subgroup of Q is finite and abelian.
If P is a normal pro-p subgroup of a closed subgroup Qo of Q, the image of the homomorphism
Qo — Aut(P) given by conjugation has order prime to p.
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Proof. The group ) has an open normal subgroup which is pro-¢, a congruence subgroup for
the chosen lattice. A pro-p subgroup meets it trivially, so it embeds into the finite quotient
and is a finite p-group. A finite nilpotent subgroup of H (k) normalizes a maximal torus
[Ser07, §3.3, Theorem 3”]. The image of our p-group in the Weyl group of this torus is a
p-group, hence trivial since p { |Wpg|; so the group is contained in the torus and is abelian.
For the second assertion let .S be a Sylow pro-p subgroup of (Jy. It contains the normal
subgroup P, and it is abelian by the first part, so it acts trivially on P. The image of S in
the finite group im(Qy — Aut(P)) is a Sylow p-subgroup of this group, and it is trivial. [

The correction mentioned above is a cohomology class, and the next lemma will be used
to lift it from the special fibre. For a complete discrete valuation ring R with uniformizer 7
and residue field kg, write

o —

Ar=R[z]],  Kp=TFrac(Ag),  K§" =Frac(Ag)q-

The field K}** is the completion of Kg along the special fibre 7 = 0 of Spec Ag. It is a
complete discretely valued field with residue field kr((t)), where ¢ is the image of z.

Lemma 7.3 (Approximation of cohomology classes). Let P be a finite abelian group killed
by p", on which the Galois group of Kgr acts through a finite quotient A of order prime to
p. Let K'/Kp be the extension with group A. Suppose that K' Qg K}’%ert s a field and that
pprn C K. Then the restriction map

HY(Kg, P) — HY K}, P)
1S surjective.

Proof. Let K" = K' @k, Kj*. It is a complete discretely valued field in which K’ is
dense.

We first prove the surjectivity for K’ in place of Kg. Over K’ the module P is a sum of
groups Z/p" with trivial action, and ppn C K ’. By Kummer theory it is enough to show that
every x € (K'V'*)* is the product of an element of K’* and a p"-th power. Choose y € K'*
with v(xz/y — 1) > 2v(p"). By Hensel’s lemma, applied to the polynomial xv" — x/y and its
approximate root 1, the element z/y is a p"-th power.

Now let £ € HY (K}, P), and let 3 € H'(K’, P) be a class whose restriction to KVt
is the restriction of &. Put m = [K’ : Kp] and choose an integer m’ with mm’ = 1
(mod p™). Since KV'* is a field, restriction to K} commutes with corestriction from K,
and the corestriction of the restriction of £ is m&. So the class m’ Corg /K B restricts to
m/'mé = €. O

Lemma 7.4 (The local lift). Let k be a finite field of characteristic p, let Qo be a closed
subgroup of Q, and let o : G (1)) — Qo be a continuous surjection. Let P be the image of the
wild inertia group; it is finite abelian, and the conjugation action of Qg on it factors through
a group of order prime to p, by Lemma 7.2. Let p"P =0 and R = W (k)[(pn]. Then there are
a divisor D" C Spec R[[2]], finite and flat over R and containing z = 0, and a continuous

homomorphism
&o : m1(Spec R[[z]] — D7) — Qo

whose composite with G pevers — 71(Spec R[[z]] — DY) is the composite of oo with Greyert =
Gu((t))- The equality is one of homomorphisms for compatible base points, and not only up to
conjugation. The divisor D serves for every finite quotient of Q.
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Proof. In step 1 we choose a splitting over the tame quotient, and in step 2 we lift the
homomorphism so obtained to characteristic zero, by means of the standard tame coverings.
Its difference with og is a cocycle with values in the finite group P, which is lifted by
Lemma 7.3. Step 3 is bookkeeping: it shows that the ramification of the result is contained
in one divisor.

Step 1: splitting off the tame part. Let T = Z(p/)(l) X G, be the tame quotient of Gy ().
Since P is the image of wild inertia, o¢ induces ¢ : T — @Qo/P. Consider the pullback by o
of the extension

1%P—>Q0—>Q0/P—)1

It is an extension of T by the finite abelian p-group P, and we claim that it splits. Extensions
of profinite groups with finite kernel have continuous sections, so they are classified by
continuous cohomology, and it suffices to show that H?(T, P) = 0. The tame inertia group
2(1”/)(1) has order prime to p, so it has no cohomology in positive degrees with coefficients in
P. By the Hochschild-Serre spectral sequence H?(T, P) is then H? of G, with coefficients in
a finite module, which is zero because G, ~ Z. A splitting is a continuous homomorphism

n:T—)QO

whose composite with Qo — Qo/P is 0p.

Step 2: the correction. The unramified extensions of R and the coverings obtained by
adjoining 22/, for m prime to p, define a homomorphism

7 : m1(Spec R[[2]][1/z]) — T.

The reductions of these coverings are the unramified and the tamely ramified coverings of
k((t)), so the restriction of 7 to G gvert is the composite of Gevert = Gly((¢)) with the tame
quotient map. We regard og as a homomorphism on G Kyert in the same way. Then oy and
n7 have the same image in Qp/P, and

cvert(7) = 00(7) (7 (7)) € P

is a continuous 1-cocycle on G'gvert for the action of this group on P by conjugation through
n7. This action is defined on G'ip, and it factors through a finite quotient A of order prime
to p. The corresponding extension of K remains a field after tensoring with K}, because
the restriction of 7 to G Kyert is still surjective. So Lemma 7.3 applies: the class of cye¢ is the
restriction of a class in H'(Kpg, P). Let ¢ be a cocycle in this class. Its restriction differs from
Cvert Dy the coboundary of an element of P, and after changing ¢ by the same coboundary
the restriction of c is equal to cyert. The cocycle relation says that

ao(y) = c(v) n7(v)
is a homomorphism on G, and its restriction to ¢ Kyert is ayg.

Step 3: the divisor. The homomorphism g is determined by 7, which is unramified outside
z = 0, and by the homomorphism

GKR—>P>4A

with components ¢ and the action on P, which has finite image. Let B be the normalization
of R[[z]] in the finite étale algebra over Kp defined by the latter. It is a finite R[[z]]-module
since R|[[z]] is excellent, and it is free: a normal ring of dimension two is Cohen—-Macaulay,
and a finite Cohen—Macaulay module of maximal dimension over a regular local ring is free
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by the formula of Auslander and Buchsbaum. Let § be the discriminant of a basis of B. After
completion along m = 0 the algebra is the one defined by cyert and the action, which come
from G ((1)); so B is unramified at the prime (7) and § ¢ (7). By the Weierstrass preparation
theorem z¢ is the product of a unit and a distinguished polynomial in z. Hence

DM = V(24)

is finite and flat over R, and its special fibre is supported at t = 0.

The algebra B is étale outside V'(d), and the coverings which define 7 are étale outside
z = 0. So &g factors through 71 (Spec R[[z]] — D""). For a finite quotient of Qo we compose
oo with the quotient map. No new discriminant and no new branch point occurs, and this is
the uniformity asserted in the lemma. O

Proof of Theorem 7.1. Step 1 lifts the curve. Steps 2 to 4 glue the local lifts of Lemma 7.4
to the unique lift over the part of the curve where o is unramified; this is an application of
formal patching, and the only point to watch is that the divisor is constructed before a finite
quotient of @ is chosen. Step 5 proves the statement on the geometric fundamental group,
which is used in Proposition 7.10.

Step 1: the curve. The obstruction to lifting a smooth curve to the next infinitesimal
thickening lies in H?(X,TY), and the obstruction to lifting an ample line bundle lies in
H?(X,Ox); both groups vanish. So there is a formal lift with an ample line bundle, and it is
algebraic by [Gro61, III;, Theorem 5.4.5]. The locus where the lift is not smooth is closed
and proper over the base and does not meet the special fibre, so it is empty.

Step 2: the divisor. Let p™ kill the images of the wild inertia groups at the points of 3, and
let Rg = W(Fy)[(pn]. At each point of ¥ the completed local ring of X, is of the form R[[z]]
as in Lemma 7.4, and that lemma gives a divisor V(2J) and a lift of the restriction of o.
On the formal completion of Xr, along U, finite étale coverings of U lift uniquely. On the
completed punctured discs around the points of ¥ the two constructions agree, with their
base points: finite étale coverings of such a punctured disc correspond to those of its special
fibre Spec k((t)), and both constructions restrict to the given covering there.

The patching theorem for formal schemes [Pri00, Theorem 3.4] is an equivalence between
coherent modules on X', and compatible systems of modules on the formal completion along
U and on the discs. We apply it first to the ideals (20) on the discs and the unit ideal on the
formal completion along U. The result is an invertible ideal of X, whose quotient is flat
over Ry and has finite support in the special fibre. The divisor D which it defines is proper
and quasi-finite over Ry, hence finite.

Step 3: the torsors. Let A be a finite quotient of ). Patching the normalizations B on the
discs with the étale algebra on the formal completion along U we obtain a finite flat algebra
Ba on X, with an action of A. We claim that it is a A-torsor outside D. Let Zp be the
ideal of D. On each disc some power of Zp annihilates the module of relative differentials of
Ba and the kernel and cokernel of the map

Ba @ BA — H Ba, bt — (b-a)),
acA

since the algebra is a torsor outside V' (zd). On the formal completion along U these modules
are zero. There are finitely many discs, so one power of Zp annihilates the three modules on
all the pieces, and since patching is faithful the same holds on Xg,. So the modules vanish
outside D, which is the claim.

Step 4: compatibility. The divisor D was constructed before A was chosen. For a surjection
A’ — A of finite quotients of ), the maps between the algebras on the discs and on the
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formal completion along U agree on the punctured discs, by the uniqueness of the lift of an
étale covering with base point. Since patching is fully faithful they define a map Ba — Bar,
and the maps for three quotients are compatible. The same argument applies to the actions
of the groups, to the base points and to the descent data for Frobenius. The compatible
system of torsors is a continuous homomorphism

WI(XRO —D) HI&HA:Q
A

Its restriction to the special fibre is o, which is surjective; so its image is Q. If 3 = @ there
are no discs, D = &, and the argument reduces to the lifting of étale coverings of a proper
scheme.

Step 5: the geometric image. It suffices to prove the assertion in each finite quotient A. Let
Y be the A-torsor over Xr, — D. It is connected: a connected component is finite étale over
the connected base, hence surjective, so it meets the special fibre of ), which is connected
because o maps onto A. Let L = Frac Ry and let L' be the algebraic closure of L in the
function field of ). The Galois group of L'/L is the quotient of A by the image of the
geometric fundamental group of the generic fibre.

We claim that L’'/L is unramified. A closed point of the special fibre of ) lifts, since )
is smooth over Ry, to a point with values in a finite unramified extension R; of Ry. The
elements of L’ integral over Ry are regular functions on the normal scheme ), and evaluation
at this point embeds L’ into Frac R;.

Let R’ be the ring of integers of L’. The corresponding quotient cover is (Xr, — D) X g,
Spec R': the evaluation argument gives the map to Spec R’, and the two finite étale covers
agree on the generic fibre. On the special fibre this is a constant-field cover, so the geometric
fundamental group of U acts trivially on it. So the image of this group in A is contained in
the image of the geometric fundamental group of the generic fibre. O

The divisor D is flat over Ry, so it is the closure of its generic fibre. In the sequel we

replace D by the closure of the reduced generic fibre; this does not change the complement,
and the generic fibre of D is now reduced. We are also free to enlarge D by divisors, finite
and flat over Ry, along which ¢'f' is unramified.
Fibres at tangential base points. Let x be a point of D(L) and z a local coordinate of
X7 at z. A finite étale covering of X — D whose inertia at x has order dividing n becomes
unramified at x after the substitution z = (": the normalization of its pullback is finite étale
over the disc with coordinate (. Its fibre at ( = 0 does not depend on n, up to canonical
isomorphism, and is called the fibre at the tangential base point defined by z. The group u,, of
the substitutions ¢ — 6¢ acts on it, and this is the action of inertia. If 2/ = za with a(z) =1,
the series a!/" with constant term one identify the fibres for z and for 2/, compatibly with n;
so the fibre depends only on the tangent vector dual to z. If a(z) = ¢ # 1 an identification
requires a compatible system of roots of c.

Suppose that the tangent vector is defined over the residue field of x; this field is fixed by
@" if the orbit of z under ¢ has length . Then ¢" acts on the fibre at the tangential base point,
and for a torsor under @) this action is given, in a frame of the fibre, by an element g, € Q.
It depends on the tangent vector: replacing z by cz, with ¢ in the residue field, multiplies g,
by the image under the inertia homomorphism of the Kummer class (¢"(c'/™)/c'/™),, of c.

Corollary 7.5 (Inertia and Frobenius at the boundary). Fiz an algebraic closure L of L and
a lift ¢ of the arithmetic Frobenius to L. Let x be a point of D(L) whose orbit under ¢ has
length r. The image under o' of the inertia group at x is quasi-unipotent: it is of the form

pu(7) = 520 exp(te(v)Ny),
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with s, of finite order, N, nilpotent and commuting with s,, ty the f-adic tame character and
a a character with values in 7/ ord(s;). Every element g, € Q by which ¢" acts on the fibre
at a tangential base point at x satisfies

gxsxg:;I = Sgcm (C7 ord 3:(:) =1, Ad(Qw)Nx = qTNx-

Proof. The inertia group at a point of a curve in characteristic zero is 2(1), and ¢" acts on it
through the cyclotomic character. On the ¢-part this character has the value ¢", because the
roots of unity of order a power of ¢ are unramified over L.

An open subgroup of the inertia group is mapped into a pro-¢ congruence subgroup of
Q, hence factors through Z,(1). Let A be the image of a generator. Then g,Ag; ' = A9".
So the map A — A? permutes the eigenvalues of A, in a faithful representation, and every
eigenvalue satisfies A9 = X for some m > 0. The eigenvalues are therefore roots of unity, a
power of A is unipotent, and the image of inertia is quasi-unipotent. The relation for N, is
the logarithm of g, Ag; ' = A7 for this power, and the relation for s, follows from the action
of " on the finite quotient of the inertia group, where the cyclotomic character has a value ¢
prime to the order. All the coverings are defined over Ry, so these relations are compatible
with the descent data for Frobenius. O

7.2 Reversing inertia without changing Frobenius

Two punctured curves with local systems can be glued at a node only if the inertia at the
two branches is inverse to each other. The pullback to a cyclic covering of degree d branched
at the point raises the inertia to the power d. The next lemma chooses d, together with the
elements which will identify the fibres at the nodes.

Lemma 7.6 (Reversing inertia). Let p;, s, and N, be as in Corollary 7.5, for the finitely
many points x of D(L), and let r, be the length of the orbit of x under ¢. There are an odd
integer d > 1 prime to p, an integer n > 1 and elements u, € Zy, which depend only on Q, on
the orders of the s, and on the integers r,., with the following property. For every x and every
element g, € Q by which ¢"* acts on the fibre at a tangential base point at x, the element

P, =(g;)"" if Ny #0, P.=1 if N, =0,
of Q is defined and satisfies

Prgz = 9o Py, Pxpx('Y)idpxil = pz(7)-
If the tangential base points are permuted by ¢ on every orbit, so are the elements P,.

The point of this formulation is that d is chosen before the tangent vectors: the curve of
the next subsection depends on d, and the tangent vectors at its nodes are defined by its
equation.

Proof. Let Q1 be an open normal subgroup of () contained in a congruence subgroup on
which the ¢-adic logarithm and exponential are defined and inverse to each other (level ¢
for odd ¢, level 4 for ¢ = 2). Choose n > 1 divisible by the index of @1 in @ and by the
orders of the groups (Z/ord(s;))*. Let g, be as in the statement and write r = r,. Then
g € Q1, so (g")* is defined for u € Zy; and g? commutes with s;, because g,s,9, ' = s and
¢ =1 modulo the order of s,. If N, # 0, the relation Ad(g})N, = ¢"" N, shows that ¢"" is
congruent to one modulo the level, and log(q"™) # 0 because ¢ is not a root of unity.
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Choose d > 1 odd with d = —1 modulo the orders of all the s,, modulo p, and modulo
™ where m > 2 is at least the valuation of log(q"=™) for every z with N, # 0. Then d is
prime to p, and

log(—1/d)
= ————5 € Zy.
ta log(q™) ¢
These choices involve only @, the orders of the s, and the integers r,. The element P, = (g?)%~
commutes with g, and with s,, and

Ad(Pz)Nx = (an)usz = _éN:c'

Therefore
Pupu(7) P, = 559 exp(—dte(v) - (—1)NL) = pa(7),

since d = —1 modulo the order of s,. If N, = 0 the same congruence gives p;¢ = p,. Finally,
if the tangential base points are permuted by ¢, the elements g, at the points of an orbit are
transported by ¢, and so are the P,. After r steps one returns to g, P,g, ' = Py, so this is
consistent. ]

7.3 The curve and its square root of the dualizing line

Let Qx be the relative dualizing sheaf of X over Ry, and let d be the integer of Lemma 7.6.
Choose a sufficiently ample line bundle A on X and put

L=0ry®A2, k=002 4

so that k2 = Qx ® L. Let Dy, be a nonempty divisor, finite étale over Ry and disjoint
from the divisor of Theorem 7.1. Such a divisor exists: take a closed point of the special
fibre outside that divisor; over the corresponding finite unramified extension of Ry it lifts to
a section, by smoothness and Hensel’s lemma; the conjugates of this section have disjoint
special fibres, hence are disjoint, and their union is defined over Ry. We choose a section
s€ HY(X, Ed) whose divisor contains the divisor of the theorem and D,;, has a simple zero
along Dy, in every geometric fibre, and has reduced generic fibre. From now on D denotes
the divisor of s; the local system ¢ is unramified at the points which have been added.

Such a section exists if A is ample enough. Sections of £ vanishing on the old divisor
correspond to sections of a twist of £¢, and by the vanishing theorem of Serre one can
prescribe the value of the latter along D, and on the first infinitesimal neighbourhood of
any point. The sections over Ry with a prescribed reduction are Zariski dense in the space of
sections over L, and those whose divisor on the generic fibre is not reduced form a proper
closed subset, because the linear system separates tangent vectors. So a section with the
required properties exists over Ry itself.

Proposition 7.7 (The curve with two components and its smoothing). In the total space of
L, with tautological coordinate w, set

Cy: wl=s, Co: ww?—s)=0. (7.1)
Let mg : Co — X be the projection.

1. The curve Cy is the union of the zero section X and of Ca, glued along D. It is flat,
projective and Gorenstein over Ry, with geometrically reduced and connected fibres, and
its dualizing sheaf is wjK3. So T4k is a theta characteristic.

2. There is a flat projective family over Ry[[e]] with fibre Cy at € = 0, to which the theta
characteristic extends, and whose fibre over the fraction field is smooth. Its dualizing
sheaf has positive degree on every component of every fibre.
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Over the generic fibre of Ry the divisor D is reduced and its points are ordinary double
points of Cy. Over the closed fibre D may be nonreduced, and then that fibre of Cj is not
nodal: the local equation w(w® — 22) = 0, in characteristic greater than three, defines a
reduced Gorenstein curve whose singular point is not an ordinary double point. Nothing
below uses that the closed fibre is nodal; the properties used are those of (1). The calculations
in the proof are made for the whole family over Rj.

Proof. Step 1: the curve Cy. The two equations are monic in w, so Cy and Cj are finite and
free over X, of degrees d and d + 1. They are Cartier divisors in the total space of £, which
is smooth over Rp; so they are Gorenstein. Let h : Cy — X be the projection. The curve Co
meets the zero section in the divisor Dy = (w = 0) of Co, which A maps isomorphically onto
D, and h*D = dD,. The equality of ideals (w) N (w? —s) = (w(w? — 5)) shows that Cj is the
pushout of X and C5 along D, and this remains true after any base change. At a point of Dy,
the section s is a uniformizer in every geometric fibre, so w® — s is an Eisenstein polynomial
and the geometric fibres of Cs are irreducible; they are reduced because d is invertible. Hence
the fibres of Cy are geometrically reduced and connected.

Step 2: the dualizing sheaf. The canonical bundle of the total space of L is the pullback of
Qx ® L7, and Cj is the divisor of a section of the pullback of £¢*!. The adjunction formula
gives

Qcy /Ry = mh(Qx ® L) = k1. (7.2)

On the component X this is Qx (D). The derivative of w(w? — s) with respect to w is —s on
the component w = 0 and ds on the component w? = s. Write #; and 6 for the resulting
local trivializations of the dualizing line, corresponding to the same local frame of x? on the
two components. Then

0y = (—=1/d) cp(h™01), (7.3)

where ¢, is the isomorphism of the logarithmic Riemann—Hurwitz formula. This is the
condition that the residues of the dualizing sheaf at the two branches of a node are opposite.
If the degree of A is large, FSH% has positive degree on both components, and the generic
fibre has at least three nodes.

Step 3: the smoothing. Since L ~ O(D) and H'(X, L) = 0, the restriction H(X, LI+1) —
HO(D, £41|p) is surjective. The scheme D is finite over the local ring Ry, hence semilocal,
so L|p has a frame bp. We choose a section t of L1 with

tlp = —bar. (7.4)

In particular ¢ is invertible on D. The normalization (7.4) is used in Section 7.4: it makes
the tangent vectors of the two branches at a node correspond to each other. For an integer
e > 0 let C be the curve over Ry[[¢]] with equation

w(w? — s) = %t (7.5)

in the total space of £, and w : C — X the projection. As before it is finite and free over
X, projective and Gorenstein, with 7,O¢ = ;1:0 £~% and dualizing sheaf (7*k1)2. The
first formula shows that the fibres are connected, and the second that the dualizing sheaf is
positive on every component and that 7*x; extends the theta characteristic. The locus of
the base over which the fibre is geometrically reduced is open [The26, Tag 0COE]; it contains
the closed point of the local base, so it is the whole base.

It remains to see that the fibre over the fraction field of Ry[[e]] is smooth. Let Z C C
be the closed subset where C is not smooth over Ryl[[c]]. Consider the fibre of C over the
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generic point of the divisor € = 0 of the base, which is Cp ® L. Outside the nodes it is smooth.
At a node, w and w? — s are part of a system of local coordinates of the total space of L,
because s has a simple zero there, and ¢ is a unit; so, in a local frame of £, with £ = w and
y = (w? — 5)/t the curve C is given near the node by zy = £°, and Z is contained in € = 0 in
a neighbourhood of the node. Now suppose that Z contains a point z of the fibre over the
fraction field. The closure of z is proper over the base and maps onto it, so z specializes to a
point of Z in Cy ® L, necessarily a node. Every neighbourhood of this node then contains
the point z of Z, at which ¢ # 0; this is a contradiction. ]

Remark 7.8. The line bundle A is taken very positive for three reasons: there must be
a section s with the prescribed divisor, there must be a direction of smoothing, and the
dualizing line of Cy must be positive on both components. The degree of A plays no role
afterwards.

7.4 Extending the parameter across the smoothing

On the component X of Cy we have the local system ¢'if, and on Cy — Dy we take its pullback

by h. We work over L and use, near each point of D, a local frame b of £ which extends the
frame bp of (7.4). In this frame w, s and ¢ are functions, t = —1 on D, and

T =w, y=(wl—s)/t

are the coordinates in which C is zy = €° near the node. On the branch X', where w = 0, the
function y = —s/t is a local coordinate; it is s times a function with value one at the node.
On the branch C5 the function x = w is a local coordinate, and

R (ylx) = —wt/t = x¥ a(z), a(0) = 1. (7.6)

Another frame extending bp changes = and y by functions with value one at the node. So the
tangent vectors defined by y on X and by x on Cy are well defined, and they are permuted
by ¢, since bp is defined over Ry. By (7.6) the fibre of h*o'ft at the tangential base point z
of Cy is identified with the fibre of o!f' at the tangential base point y of X’: one substitutes
yt/n = z%/mql/" with the root of a whose constant term is one. This identification commutes
with the action of ¢", which is therefore given on both fibres by the same element g, of Q;
and it transforms the action of # € p,, on the fibre for Cy into that of 8¢ on the fibre for X'
So the inertia on the branch in Cy is p?. With a section ¢ whose value on D is not normalized,
a(0) would be a unit ¢ of the residue field, and the two actions of ¢" would differ by the
image under p, of the Kummer class of ¢; this is the reason for (7.4).

From now on g, denotes the action of ¢" at these tangential base points, and P, the
element of Lemma 7.6 for this g,. At a node over a point = of the old divisor we identify
the fibres on the two branches by P, and at a node over an added point by the identity.
The two branches of a node have opposite orientations, so the condition for gluing is that p,
on the first branch corresponds to the inverse of p¢ on the second, and this is the relation
Prp, dP; 1= pz. The relation P,g, = g, P, says that the identifications are compatible with
Frobenius.

Fix a compatible system of roots ¢

Rp = JL[[="/™]],

1/m of ¢, put

and extend ¢ to Rp by its action on the coefficients, so that it fixes all the ¢!/™. The fraction
field of Rp is algebraically closed.
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Proposition 7.9 (Extension of the coverings to the smoothing). Let C be the family (7.5),
considered over Ll[€]], and let Q be a profinite group with a countable basis of neighbourhoods
of the identity. Suppose given

e a continuous homomorphism to Q of the fundamental group of X7 — D, and on Cy — Do
its pullback by h;

e for each node an element of Q) identifying the fibres of the two branches at the tangential
base points defined by y and by x, such that the inertia homomorphisms of the two
branches become inverse to each other;

e an action of ¢ on these data, such that the identification at each node is carried by ¢ to
the identification at its image.

Then these data define a continuous homomorphism to Q) of the fundamental group of the
smooth locus of C ® Rp over Rp, and in particular of its geometric generic fibre, which is
smooth and proper. Its image is contained in the closed subgroup generated by the image
of the given homomorphism and by the elements attached to the nodes, and it contains the
image of the given homomorphism. The automorphism ¢ acts on the result, compatibly with
all finite quotients of QQ and with composition.

Proof. The construction is made for one finite quotient A of ) at a time, and the coverings
are then shown to be compatible. The essential point is in step 2: the condition that the
inertia on the two branches of a node is inverse is what is needed for the two coverings to
glue to a finite étale covering of a stack whose coarse space is the nodal curve. Choose a
decreasing sequence of open normal subgroups of () which is a basis of neighbourhoods of the
identity. (The group @ to which the proposition is applied has such a sequence because it is
a compact subgroup of GL,,(E).)

Step 1: a stack of roots. Let n be an integer divisible by e and by the orders of the images
in A of the inertia groups at the points of D. Put

T =e"", A, =L[[m]],

so that 7' = £°. On the open subset t # 0 of C4, = C ® A,,, which contains the nodes, w is a
section of the pullback of £, the quotient y = (w? — 5)/t is a section of the pullback of £7!,
and wy = 7,}. Let €, be the stack over this open subset whose objects are

(M, M®" ~7*L, uw e T(M), v e T(M™Y)), W=w, =y, uv=rTy,

with M a line bundle. Where w is invertible, u trivializes M, and the object is unique and
has no automorphisms; the same holds where y is invertible. So %, is isomorphic to C4,,
outside the nodes of the closed fibre, and we glue it with the complement of these nodes in
Ca,, to obtain a stack over Cy, , still denoted %,,. In a local frame of £ near a node it is the
quotient

{uv = 7}/ tin)], r=u", y=uv", 0(u,v)=(0u,0 o). (7.7)

Thus %, is a Deligne-Mumford stack, proper over A,, with coarse space C4,. It is regular,
since the chart uv = 7, is and C4,, is smooth over A, outside the nodes. It coincides with
Ca,, over the locus where Cy4, is smooth over A,, in particular over the generic fibre. The
closed fibre %, 0 has the chart [{uv = 0}/u,] at each node. Its normalization is the union
of the stack of n-th roots of X7 along D, with v" = y, and of that of C2,Z along Dy, with
u" = x; and €, is obtained by gluing them along the residual gerbes By, of the nodes.

If n' = mn, then 7, = 777, and (M',/,v") — (M'®™ '™ /™) defines a morphism
G — Cn @4, A, which is the identity over the smooth locus. The automorphism ¢ acts
on all these stacks and morphisms, because it fixes the 7,, and £, s and ¢ are defined over Ry.
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Step 2: a covering of the closed fibre. The given torsor under A on A7 — D extends uniquely
to a finite étale torsor on the stack of n-th roots of A7 along D: in the chart with coordinate
v the normalization of its pullback is finite étale, because n is divisible by the order of inertia,
and the group u, acts on it. Its restriction to the residual gerbe at a node is the fibre at
the tangential base point defined by y, with the action of u,; by (7.7) an element 6 acts by
pz(0)~!. In the same way the pullback by h extends to the stack of roots of C, 7, and its
restriction to the gerbe is the fibre at the tangential base point defined by x, which has been
identified with the previous one; on it 6 acts by p.(6)?. The element of @ attached to the
node, taken in A, is an isomorphism between these two fibres, and the hypothesis that it
makes the inertia homomorphisms inverse to each other says that it commutes with the two
actions of p,. So it is an isomorphism between the restrictions of the two torsors to the gerbe
By,

Locally for the étale topology, a finite étale covering of the chart [{uv = 0}/u,] is the
same as finite étale coverings of the two branches, with actions of u,, and an equivariant
isomorphism between their fibres at the origin. Indeed the ring of uv = 0 is the fibre product
of the rings of the two branches over the residue field of the origin; finite projective modules
over a fibre product of rings along a surjection are obtained by patching ([Mil71, §2], [The26,
Tag 0D2J]); and a finite locally free algebra over this ring is étale if it is étale over both
branches. Hence the two torsors and the isomorphisms at the nodes define a finite étale
torsor Ya o under A on %, 0, whose restrictions to the two components are the given ones.
The element attached to the node is part of the construction, so the torsor comes with its
identification of fibres, and not only up to isomorphism.

Step 3: extension to the family. The stack %, is proper over the complete local ring A,.
Therefore restriction to the closed fibre is an equivalence between the categories of finite
étale coverings of ¢, and of 4, 0. Indeed, a finite étale covering extends uniquely over each
infinitesimal neighbourhood of the closed fibre, with its morphisms. The resulting compatible
system of coherent sheaves is algebraic by the existence theorem of Grothendieck for proper
stacks [Ols05, Theorem 1.4]. The theorem gives an equivalence of categories of coherent
sheaves which is compatible with tensor products, so the multiplication of the algebras, the
action of the group and the morphisms between coverings are algebraic as well. The algebra
obtained is étale over a neighbourhood of the closed fibre, and the closed subset where it
is not étale has a closed image in Spec A,, which does not contain the closed point; so it is
empty. Let YA be the torsor on %, which extends Va g. Over the smooth locus of Cy4,, it is a
finite étale torsor on a scheme.

Step 4: the maps between the coverings. Let A’ — A be two quotients of the sequence, with
integers n’ = mn. On the closed fibre of %, the torsor under A induced from Yas o and the
pullback of VA o are the same: they agree on the two components, the fibres at the tangential
base points formed with n and with n’ are identified canonically, and at each node both
torsors are glued by the image of the same element of @). Since restriction to the closed fibre
is fully faithful, this isomorphism extends uniquely to %,,. For three quotients, the composite
of two of these isomorphisms and the third have the same restriction to the closed fibre, so
they are equal. On the smooth locus the morphisms %,,; — %, are the identity. So the torsors
YA, pulled back to Rp, form an inverse system of finite étale torsors on the smooth locus of
C ® Rp. This is the continuous homomorphism to Q.

Step 5: the action of ¢. On the closed fibre the action of ¢ on the data is a system
of isomorphisms ®A : ¢* Va9 ~ Va compatible with the maps of step 4. On the two
components they are the given ones, and they are compatible with the gluing because the
identification at each node is carried by ¢ to the identification at its image. By the equivalence
of step 3, ®A and its inverse extend to %,, the extensions are inverse to each other and
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compatible with the maps of step 4, and the extensions of the powers of ¢ are the powers of
the extension. The action of ¢ itself is extended, and not only that of the power which fixes
a given node. This is possible because ¢ fixes 7.

Step 6: the image. All the data have values in the closed subgroup of ) generated by
the image of the given homomorphism and the elements attached to the nodes, so the
homomorphism constructed has values in it.

For the lower bound, fix A and let )’ be a connected component of Y. Since )’ is
proper over A,, its closed fibre is connected: the idempotents of the closed fibre lift. The
stack )’ is regular and connected, hence integral. Its closed fibre is a finite étale covering of
the connected stack %, 0, so it has a point over the smooth locus of C4, ; as )}’ is smooth over
A,, at this point, the point lifts to a section of ) over A,. The ring of global functions of )’
is a domain, finite over A,, and the section defines a homomorphism from it to A,, which is
the identity on A,. The kernel of this homomorphism is a prime ideal which meets A,, in
zero, hence is zero. So the ring of global functions of )’ is A,, and the generic fibre of )’ is
geometrically connected. The same holds after replacing n by a multiple. So the connected
components of the torsor on the geometric generic fibre correspond to those of Y .

Now the restriction of YA o to X — D is the torsor of the given homomorphism, and a
connected component of this restriction lies in one connected component of Va o. So the
image of the fundamental group of the geometric generic fibre in A contains the image of the
given homomorphism. The image in () is compact, hence closed, and a closed subgroup of @
which has this property in every quotient of the chosen sequence contains the image in () of
the given homomorphism.

The elements attached to the nodes themselves need not lie in the image. Only the
products of these elements around the cycles of the dual graph, conjugated along paths,
contribute to it. O

Proposition 7.10 (The unramified parameter on the smooth curve). Let MonZ" and Mong®™
be the arithmetic and the geometric monodromy group of the given elliptic parameter o, and
g = o(Frob) the image of the chosen Frobenius element. The geometric generic fibre of
the smoothing of Proposition 7.7 carries an unramified G-local system p whose geometric
monodromy group Mon, satisfies

Mon&®™ C Mon, C Mon?", (Mon,, g) = MonZ'.

The group Mon,, is reductive and normalized by g. The local system p extends to the smooth
locus of the family over Rp, and the restriction of the extension to the closed fibre is o't on

Xt — D and the pullback of ottt by h on C’Qi — Do, compatibly with the action of Frobenius.

Proof. Apply Proposition 7.9 to the local systems on the two components and to the elements
P,. All these data have values in @, so the image of p is contained in ) and Mon, C Mon'.
Take the base point on the component which carries o'iff. By the proposition the image
contains the image of the geometric fundamental group of the generic fibre of X, — D
lift " which contains the image of the geometric fundamental group of U under o by
Theorem 7.1. This gives the first inclusion.

The quotient Mon%' /Mon&®°™ is finite and cyclic by Lemma 1.4.4. So every group between
the two is normal in Mon%', in particular normalized by g, and has the same identity
component, which is reductive. Finally Mong°°™ and ¢ generate a dense subgroup of MonZ",
which gives the last equality. O

under o

7.5 The curves in the 53 example

We carry out the construction of this section for the parameter of Section 6.4, in the notation
of Lemma 7.6 and Proposition 7.7, and we find the rational point which was used there as
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the auxiliary puncture. The numbers are chosen for simple arithmetic, not to minimize the
genus.

Work over Ry = Zs, with X = ]P’}%0 and coordinate t. The scheme of ordered roots of
23 — z —t is an étale Ss-torsor off 4 — 27t2 = 0 and infinity; it is the lift o' of the parameter.

Take A = O(2), so that
L=Qx@A2=0(2), r =082 4d=0d-1).
For the degree d of the cyclic cover we choose a positive integer satisfying

= -1 (mod 6), d=1 (mod 4), d=4 (mod 5).

The first congruence gives the property of Lemma 7.6 with P, = 1: the inertia groups of ¢!t

have orders two and three, and N, = 0 because the image is finite, so that p, (7)™ = p.(7).
The second makes the d-th power map the identity on F7, which makes a rational point easy
to find. The third makes 2d — 3 divisible by five, which gives the separable polynomial below.
The least positive solution is d = 29.

Set co = 4/27 and take the section s of £2? = O(58) with affine polynomial

s(t) = (12 — ¢o)(t*° + t + 1). (7.8)

Its affine degree is 57, so its divisor D includes infinity with multiplicity one. Modulo five the
derivative of t°® +t + 1 is 1; its remainder modulo t*> — 2 is 4t + 1, coprime to t?> — 2. Thus
D is finite étale of degree 58, contains all the branch points, and avoids t = 0. The factor
t? — ¢y contains the branch points of the lift, not only their reductions; the zeros of the other
factor form the divisor Dy;.

In the total space of L, the curves (7.1) are

Cy: w® =5, Co: ww® —s)=0.

The latter has components X and Cs, meeting along D. At each simple zero of s the cyclic
equation is Eisenstein, so Cs is geometrically irreducible; since 29 is a unit in Ry, it is smooth.
The local system on it is the pullback of ¢!ff. At a point of D the pullback raises the inertia
to the power 29, and p(7)* = p.(y)~!: the inertia on the two branches is inverse to each
other, as is needed for gluing. Riemann-Hurwitz gives

29(Cy) — 2 = 29(—2) + 58(28) = 1566,  ¢(Cs) = 784.

There are 58 nodes, so the arithmetic genus of the nodal curve Cy is 0 + 784 4+ 58 — 1 = 841.

The theta characteristic is determined by the same degrees. By (7.2) the dualizing sheaf
of O is the pullback of Qx ® £2? = O(-2) ® 0(2)? = O(56). Its square root 7;k1, the theta
characteristic, is the pullback of O(28); no additional choice is involved.

For the section of £3° = O(60) in (7.5), which is called ¢ there, we take 1 + t3s, where ¢ is
the coordinate. It is nonzero everywhere on D, including infinity, where its leading coefficient
is 1. It satisfies the normalization (7.4): in the standard frames of £ along D its restriction
to D is 1, and 1 = —b30 for a primitive fourth root of unity b € Zs. With e = 6 the family
(7.5) is

w(w? — 5) =81 4 3s), (7.9)

and it smooths every node. The exponent 6 is a common multiple of the two inertia orders;
locally the equation is zy = €% up to a unit. Propositions 7.9 and 7.10 give the unramified
local system p on the smooth proper generic fibre, and Proposition 7.7 extends the theta
characteristic. The arithmetic and the geometric monodromy group of ¢ are both S3, so
Proposition 7.10 gives Mon,, = S3.
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At t = 0 the equation w?* = s(0) = —4/27 has the solution w = 3 modulo five, and
Hensel’s lemma gives its unique lift wg in Zs. The derivative of the left side of (7.9) with
respect to w at this point is 29w(2)9, a unit, so the point extends to a section of the smoothing;
this is the divisor D,yx of Lemma 8.3, with dayx = 1. It lies on the auxiliary component,
away from D. The torsor of ordered roots is split at t = 0, so the Frobenius element at this
puncture is gp = 1, which gives the determinant in (6.9). The legs of the Hecke modifications
on the original component still range over X — D.

The genus 841 is the cost of satisfying the three elementary congruences with the same
cyclic cover. The example makes the inverse inertia, the theta characteristic and the rational
puncture explicit; only their existence enters the realization theorem.

8 Specializing the whole Hecke family

Section 6 constructed a family of automorphic sheaves P — Fp on the smooth curve in
characteristic zero, and Section 7 showed that this curve degenerates, first to the nodal
curve X Up (5 in characteristic zero and then to characteristic p. The goal of this section is
Theorem 8.8: the family extends over a base S that contains both degenerations, as a family
of complexes which are universally locally acyclic (ULA) over S, together with its Hecke
identities and its compatibility with Frobenius. The whole family is extended, with all maps
between its members, because the argument of Lemma 6.7 needs naturality in P.

The tool is the theorem of Hansen and Scholze (Input 2): over an absolutely integrally
closed valuation ring, ULA complexes are the same as constructible complexes on the generic
fibre. So objects extend automatically and uniquely, and maps between ULA complexes
extend uniquely. What has to be proved is that everything appearing in a Hecke identity is
ULA. For the sheaf this holds by construction, for the local systems on the curve it requires
that they extend over S (Lemma 8.2), and for the Satake kernels it is a theorem of Gaitsgory
and Raskin over a Witt ring, which we transfer to S (Lemma 8.5).

8.1 The base and the total local system

Let L be the algebraic closure of Frac Ry chosen above, and Ry, its valuation ring. Introduce

Rp=J LIV, R=RpxpRa,  S=Speck,

n>1

so that R consists of the series in Rp whose constant term lies in Ry,. It is a valuation ring
of rank two. Its spectrum S has three points 7, £, s, with residue fields the field of Puiseux
series over L, the field L, and F,. Over ¢ the curve Cg is the nodal curve C in characteristic
zero, and over s it is its reduction. The semilinear automorphism ¢ acts on the coefficients of
the series and fixes the chosen roots of «.

Lemma 8.1 (The valuation ring). The field \U,, L((¢*/™)) is algebraically closed. The ring R
s a valuation ring of this field, and it is absolutely integrally closed.

Proof. A polynomial over the union has its coefficients in a field L((u)) with u = /™. A
finite extension of this complete discretely valued field has residue field L, and it is of the form
L((v)) for a uniformizer v. Write u = v®a(v) with a a unit. Since the residue characteristic is
zero, a has an e-th root, and after replacing v by va(v)'/¢ we have u = v°. So the extension
is contained in the union.

Let f be a nonzero element of the field. If its leading exponent is positive, it lies in
Rp with constant term zero, hence in R; if the exponent is negative, f~! lies in R. If the
exponent is zero, f is a unit of Rp whose constant term is a nonzero element of L, and either
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this constant term or its inverse lies in Ry,. So R is a valuation ring. A valuation ring with
algebraically closed fraction field is absolutely integrally closed. O

Let Cg be the base change to S of the family of Proposition 7.7, and U = Cg" its smooth
locus over S. Over Ry, the family is the Gorenstein curve Cy with its two components, nodal
on its generic fibre, whose smooth locus carries ¢t and its pullback by h; over Rp it carries
the homomorphism of Proposition 7.9.

Lemma 8.2 (The local system over the base). These homomorphisms glue to a continuous
homomorphism from the fundamental group of U to Q, and so define, for every representation
of CA;, a local system on U, compatibly with tensor products. We denote this system by E. The
gluing is compatible with base points, with the finite quotients of QQ and with the action of ¢.

Proof. By construction the two homomorphisms agree on the fibre over L, which is the smooth
locus of Cy ® L. The equality R = Rp X7 Ry says that S is the pushout of Spec Rp and
Spec Ry, along Spec L, which is closed in the first. Such pushouts have the expected universal
property for maps to algebraic stacks with suitable diagonal, and they are compatible with
flat base change [AHHLR24, Theorem 4.2 and Lemma 4.3(2)]; so U is the pushout of its
restrictions to the two rings.

A torsor under a finite quotient /K of @ is a map to the classifying stack B(Q/K),
whose diagonal is finite. By the universal property the torsors on the two pieces, with their
identification over L, define a torsor on U, and maps of torsors glue in the same way. Since a
map out of the pushout is determined by its restrictions, the glued maps satisfy the same
identities; this applies to the transition maps, to the action of the groups and to the action of
¢. The inverse limit over K is the required continuous homomorphism. O

Lemma 8.3 (The auxiliary puncture). Let y be a closed point, of degree daux, of the special
fibre of Cy over Fy which does not lie on Dy. There is a divisor Daux of the family C, finite
étale over Ro|[e]], whose closed fibre isy. On the generic fibre ¢ permutes its points cyclically,
and ¢%x acts on the fibre of £ at such a point as the Frobenius element of y acts on the fibre
of h*o. In particular its adjoint action is pure of weight zero.

Proof. The family C is smooth over Ry[[e]] at y. Let R1/Rp be the unramified extension
of degree daux. By Hensel’s lemma y lifts to a section over Rj[[e]]. Its daux conjugates are
pairwise disjoint: the locus where two of them coincide is a closed subscheme of the local
scheme Spec R [[¢]] which does not contain the closed point. Their union descends to a divisor
Doy finite étale over Ro[[e]].

After base change to S each of the sections is a section over S. An absolutely integrally
closed valuation ring is strictly henselian, so the restriction of £ to a section is constant, and
its fibres over 7 and over s are identified. The identification commutes with ¢%w which
maps the section to itself. Over s this automorphism is the Frobenius element of y. The last
assertion follows from Theorem 1.4.8, applied to the image of y in X. O

Put U° = U — D,yux; this is where the legs of Hecke modifications are allowed. It is dense
in every component of every geometric fibre. Since the puncture D,,x lies on the auxiliary
component, U° contains all of X — supp D on the original component.

8.2 ULA extension and relative Satake

For a map Y — S, a complex is universally locally acyclic (ULA) if every local specialization
map is an isomorphism after every base change. By Input 2, for Y/S separated and of finite
presentation, restriction to the generic fibre is an equivalence

DYA(Y/S k) = D.(Y,, k),  with inverse Rj.. (8.1)



8 Specializing the whole Hecke family 40

This includes rational and algebraic ¢-adic coefficients [HS23, Theorem 4.1]. It commutes
with external products [HS23, Corollary 4.2(iv)], and with smooth pullback, because smooth
pullback preserves universal local acyclicity. We use it in the following form: a map between
the generic fibres of two ULA complexes extends uniquely, and an identity between such maps
holds over S if it holds over 7.

On a stack with a smooth atlas, a complex is called locally ULA if its pullbacks to the
schemes of a smooth atlas are ULA over S.

Lemma 8.4 (ULA extension on the stack of bundles). Let B = Bung(Cs/S). Restriction to
the generic fibre is an equivalence between the locally ULA complexes on B which are bounded
and constructible on every quasi-compact open substack, and the complexes on B, which are
bounded and constructible on every quasi-compact open substack.

Proof. The stack B is locally of finite presentation over S with affine diagonal. Choose a
smooth atlas by affine schemes of finite presentation over S; the fibre products of its members
over B are then separated and of finite presentation, and (8.1) applies to all of them. A
complex on B, or on B,, is a compatible system of complexes on the schemes Y;, of the
Cech nerve of the atlas Yy. Let a complex on B, be given. Let Ey be the ULA extension
to Yy of its restriction to the generic fibre of the atlas, and let E,, be the pullback of Ej
to Y, by the first projection. Smooth pullback preserves ULA complexes and commutes
with restriction to the generic fibre, so F, is the ULA extension of the n-th member of the
given system. Let f :Y,, — Y,, be a map of the nerve. The composite of f with the first
projection of Y;, is one of the projections of Y,, to Yy, which are smooth. So f*FE,, is ULA;
this includes the degeneracy maps, which are not smooth. By the full faithfulness in (8.1)
the isomorphisms f*FE,, ~ E, of the given system extend, together with the identities and
the higher compatibilities between them. The F, therefore form a complex on B which
extends the given one, and the same argument applies to maps between complexes. On
a quasi-compact open substack one can take a finite atlas, which gives the boundedness;
constructibility on each member of the atlas is part of the theorem of Hansen and Scholze. [

To extend a Hecke identity, both of its sides must be ULA. For the side that is a Hecke
transform this requires a Satake kernel over S that is ULA over the space of legs, including
the loci where legs collide. The results available in the literature are over other bases. Zhu’s
fusion theorem is over a field [Zhul7, §5.4, Proposition 5.4.2, Remark 5.4.12, Theorem 5.5.17
and Corollary 5.5.19]. Gaitsgory and Raskin construct the kernel in mixed characteristic over
a ring of Witt vectors and prove that it is ULA for both projections [GR25, Theorem 4.2.2,
§4.2.3 and (4.14)]. The following lemma transfers these kernels to S.

Lemma 8.5 (Satake kernels over the base S). Let V' be a representation of GI. On the
Hecke correspondence over S with legs in U°, bounded by the weights of V', there is a complex
S}’f‘“l/ with the following properties.

1. Its restrictions to the fibres over n, & and s are the Satake kernels of V' over those fields.

2. It is ULA over the product of the stack of bundles and the space of legs, for the projection
to either end.

3. The isomorphisms expressing compatibility of Satake kernels with maps of representations,
with convolution, with changes of local coordinate and with fusion along the diagonals
extend from the generic fibre.

Proof. Steps 1 and 2 define the kernel, by extending the Satake sheaf of the generic fibre.
The content of the lemma is in step 3: over a larger base, which contains a ring of Witt
vectors, the kernel so defined coincides with the one constructed by Gaitsgory and Raskin,
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whose properties are known. Steps 4 and 5 descend these properties to S and extend the
compatibilities.

Step 1: local models. The question is local on the space of legs. Fix a geometric point of
(U°)!, and divide the legs into groups: two legs are in the same group if they coincide at this
point. For each group choose an étale coordinate on the smooth curve U° near the common
image of its legs. We work on the locus where legs of different groups do not meet. By
completion along the graphs of the legs, the space of modifications at the legs of one group is
identified with the Beilinson—Drinfeld Grassmannian of the affine line, pulled back by the
coordinates; for several groups one obtains the product. On the part bounded by the weights
of V, the action of the group of arcs and the changes of coordinates factor through jets of
finite order. Adding a trivialization of the jets of that order is a smooth covering, because
the group of jets is smooth. In this way the construction is reduced to the bounded Schubert
varieties in the Grassmannians, which are separated and of finite presentation over S, with
the diagonals included.

Step 2: definition of the kernel. On each of these Schubert varieties we apply (8.1) to the
Satake sheaf of the generic fibre, and call the extension 8}"}1, It is ULA over S by construction.
Properties (1) and (2) do not follow from this, and are proved in the next two steps by

comparison with the kernel of Gaitsgory and Raskin.

Step 3: comparison over a larger base. Let Cpix be the completion of L and Opy its
valuation ring, which contains W (F,). The field Cpix is algebraically closed [BGR84, §3.4.1,
Proposition 3]. Define

RY = <U Cmix{[fu”“) X Conise Ormixs SW = Spec RV.

By the proof of Lemma 8.1 this is again an absolutely integrally closed valuation ring. The
inclusion R — RW is local and injective, so R is torsion free over the valuation ring R,
hence flat, and faithfully flat [The26, Tags 0539 and 00HQ)].

We take the kernels from the projective line. By [GR25, Theorem 4.2.2 and §4.2.3], applied
to P! over W (F,), with the legs restricted to Al and after pullback along the section of either
end given by the trivial bundle, there is a kernel on the Beilinson—Drinfeld Grassmannian of
the affine line which is ULA over the space of legs and restricts to the Satake kernels over
the fields. Pull it back to RW. With the trivializations of jets of step 1, the kernel for either
end is the pullback of this one; it does not depend on the trivializations, because the kernel
on the model is equivariant for the changes of trivialization. The ULA property is preserved
by base change, so the pullback is ULA over the same product for our local model. It is
therefore also ULA over SW: the space of legs is smooth over SV, and so are the charts of
the stack of bundles, because the obstruction to deforming a bundle on a curve lies in the H?
of the adjoint bundle, which is zero.

We now have two complexes on the local model over SW: the pullback of S}’a‘l/ and the
pullback of the kernel of Gaitsgory and Raskin. Both are ULA over SV, and on the generic
fibre both are the Satake sheaf of V', with the same shifts and twists. By (8.1) over SV they
are isomorphic, by a unique isomorphism extending the identification on the generic fibre.
Hence the pullback of S}’a‘l/ has properties (1) and (2).

Step 4: descent. The map SV — S is faithfully flat and quasi-compact, hence a covering for

the topology in which the ULA property descends [The26, Tag 0ETC], [HS23, Proposition 3.7;

the same holds after base change to the charts of the product of the stack of bundles and the
val

space of legs. So 879, has property (2) over S. Property (1) over S follows from step 3: each
of the three algebraically closed fields over which S has a fibre embeds in the corresponding
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field for SV, and groups of morphisms between constructible complexes do not change under

an extension of algebraically closed fields. The isomorphisms which express the invariance

of the kernel under changes of coordinates and under the action of jets are maps between

complexes which are ULA over S, and are given on the generic fibre; so they extend uniquely,
val

and the extensions agree on overlaps of charts. This defines §73, on the Hecke correspondence
of the curve Cg.

Step 5: compatibilities. A map of representations induces a map of kernels on the generic fibre,
which extends uniquely. For convolution the complex to be pushed forward is ULA, by the
argument with local products of Lemma 8.6, and the proper direct image from the bounded
convolution space preserves this property. For a diagonal, the restriction of the kernel is
again ULA over S by (2); so the fusion isomorphism of the generic fibre extends uniquely,
and by the comparison of step 3 the extension is the fusion isomorphism on the special fibre.
Associativity and the other identities between these isomorphisms hold because they hold on
the generic fibre. Finally, the construction involves only the formal neighbourhoods of the
legs, which lie in the smooth locus; the nodes of the fibres play no role. O

Lemma 8.6 (Hecke transforms are ULA over the legs). Let KC be a locally ULA complex on
B, I a finite set and V a representation of G!. The Hecke transform of IC with kernel S}’a‘lf
is locally ULA over (Uo)g, the diagonals included. The same holds for a composite of such
transforms.

Proof. Let a be large enough for the bound defined by V. We trivialize the bundles along
the divisor a ), I';, where I'; is the graph of the i-th leg. In an étale coordinate t this divisor
has the equation [];c;(t —t;)* = 0, which is monic of degree a|l|; so the divisor is finite
and locally free over the space of legs, also where legs coincide. By the infinitesimal lifting
criterion, the Weil restriction of G along it is smooth. Let T' = (U°)%. When a trivialization
at the first end is added to the data, we get a smooth covering B’ — B xg T, over which
the bounded Hecke correspondence becomes the product B’ x1 Grr <y with the local model
Grr<y of the Grassmannian over 7. On this product the complex to be pushed forward
is the exterior product over T of the pullback of K to B’ and of the Satake complex of
the local model. The first factor is ULA over T', by base change and smooth pullback; the
second is, by Lemma 8.5(2); and an exterior product over the common base of two ULA
complexes is ULA [HS23, Corollary 4.2(iv) and Corollary 3.10]. The property descends along
the smooth covering and is preserved by the proper direct image. For a composite of several
transforms, give the legs of the successive transforms different labels, apply the statement for
one transform repeatedly, each time over the space of the legs already introduced, and finally
pull back along the map which identifies the labels that are to coincide. On a diagonal, the
fusion isomorphism of Lemma 8.5(3) and proper base change identify the restriction of the
transform with the transform for the representation obtained by fusion. O

The next statement concerns Hecke families in the sense of Definition 5.1, on B;, and with
legs in Uy. It applies in the same way when the family is indexed by a small stable category,
as the family P — Fp of Lemma 6.6 is, and not only by the representations of Z: the proof
uses only that the Hecke identities are isomorphisms between complexes which are ULA.

Proposition 8.7 (Extension of a Hecke family). Consider a Hecke family on B, whose
members are bounded and constructible on every quasi-compact open substack, and suppose
that the local systems in its Hecke identities extend to local systems on powers of U°. Then
the family has a unique locally ULA extension to B, and the Hecke identities extend to it. If
the family carries an action of a semilinear automorphism, or of a smooth group, compatible
with the Hecke identities, the action extends as well.
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Proof. The members of the family extend by Lemma 8.4. In a Hecke identity the source is a
Hecke transform of an extended member, which is ULA by Lemma 8.6, and the target is the
exterior product of an extended member with a local system, which is ULA. Both restrict on
the generic fibre to the two sides of the given identity, by Lemma 8.5(1). So the isomorphism
and its inverse extend uniquely, and every identity between such isomorphisms holds for the
extensions.

The same reasoning applies to all the data at once. A family with its Hecke identities and
their compatibilities is an object of a limit of categories, indexed by the finite sets of legs, the
maps of representations and the diagrams of convolution and fusion; an action of a group, or
of an automorphism, adds the terms of its nerve to the index. Restriction to the generic fibre
is an equivalence on each term of the limit, hence on the limit. Each finite part of these data
is defined over a finite extension of (Qy, so the passage to coefficients in k causes no difficulty.
The extension is functorial in the member of the family, so it applies to an exact functor on a
small stable category. O

Theorem 8.8 (The family over the valuation base). The family P — Fp of Section 6 extends
uniquely to a family of locally ULA complezes on Bung(Cs), bounded and constructible on
every quasi-compact open substack, together with the maps induced by maps in Perf(§,), the
Hecke identities for all finite sets of legs in U°, and the action of Frobenius.

Proof. We apply Proposition 8.7 to the functor P +— Fp on Perf(§,). Its Hecke identities
(6.5) involve the local systems L, = Homz,(W,,&(V),), and we have to show that they
extend to local systems on U°. The local system (V') is defined on U by Lemma 8.2. The
action of Z, on £(V), has its matrix coefficients in a subcoalgebra Cy C O(Z,) of finite
dimension, and is given by a coaction

EV)y — EWV), ®Cy.

Both sides are restrictions of local systems on U, which are ULA. So the coaction extends,
with the identities which express that it is counital and coassociative and its compatibility
with maps of representations. Since Z, is reductive, the extension of L, is then defined as
a direct summand of a local system, and is a local system. The action of Frobenius on the
family (Lemma 6.6(2)) extends by the proposition. O

Remark 8.9. The theorem gives a family on the special fibre, but it gives no control over its
trace function. Restriction from .S to the closed fibre is not conservative, and nothing proved
so far excludes that the trace function of Fp s vanishes identically. Sections 9 and 10 address
this.

9 Hecke symmetry and transverse test functions

Theorem 8.8 extended the family P +— Fp over the valuation base S as a family of universally
locally acyclic (ULA) complexes. To reach a trace we shall take vanishing cycles of these
complexes along a function f on a chart of Bung, and for that we must know how they
behave on the hypersurfaces f = t. Restriction to a hypersurface does not preserve the ULA
property in general. The main result of this section, Theorem 9.2, says that for the members
of a Hecke family it does, at every point where df lies outside the global nilpotent cone.
This is a relative form, over a valuation ring and in mixed characteristic, of the theorem
that Hecke eigensheaves have nilpotent singular support [AGK™22, Main Theorems 14.4.3
and 14.4.4]; this theorem is the converse of the theorem of Nadler and Yun [NY19] that
the Hecke transforms of a sheaf with nilpotent singular support are lisse along the curve.
Its proof follows the same mechanism: a non-nilpotent covector can be moved by a Hecke
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modification into the direction of the moving point, where the local systems attached to the
family are lisse.

The rest of the section applies the theorem. We show that near the canonical bundle
the nilpotent cone has a single smooth branch (Proposition 9.12), construct a function f,
homogeneous of weight two and defined over I, whose differential meets the nilpotent cone
only at that point and transversally there (Lemma 9.14), and identify the resulting vanishing
cycles on the generic fibre with the Whittaker coefficient (Proposition 9.16).

A test function is a regular function f on a smooth chart of a stack of bundles. Its
differential is the covector against which the singular support of a complex is tested.

9.1 The comparison theorem

Setup 9.1. Let S; be the spectrum of an absolutely integrally closed valuation ring of rank
one, with generic point 7 and closed point s. Let C/S; be a projective Gorenstein curve with
geometrically reduced fibres, and let U C C be an open subscheme, smooth over Sj, that is
dense in every component of every fibre. Let G be split semisimple, and assume that the
residue characteristic of Sy is zero or does not divide |Wg|. Put B = Bung(C/S1).

The cotangent space of B at a bundle E on a fibre C' is the space H°(C,ad(FE)* ® Q¢) of
Higgs fields, where Q¢ is the dualizing line bundle. The global nilpotent cone Nilp consists
of the pairs (E, 6) with 0 nilpotent at every point. For a smooth chart 7 : Y — B we write
7° Nilp C T*Y for the set of covectors dn*0 with 6 nilpotent; these covectors vanish on the
tangent spaces of the fibres of .

Let K be a complex on a separated space Z of finite presentation over Sp, and let
iz Zs — Z and jz : Z, — Z be the inclusions of the fibres. The specialization cone, which
is computed on an étale chart when Z is not a scheme, is

Az(K) = Cone (i K — i Rjz.j5K),

a complex on Zs. By Input 2, a complex K with constructible generic fibre is ULA over S7 if
and only if £ ~ Rjz.j5IC, that is, if and only if Az (KC) = 0. On an open subscheme of Z, the
complex is ULA over S; if and only if all the stalks of Az (K) vanish there. Three properties
follow from the base-change theorems and [HS23, Theorem 4.1]: the formation of A commutes
with proper pushforward and with smooth pullback, and Az (K ® £) = Az(K) ® L|z, when
L is lisse on Z.

For a dominant coweight A let V) be the irreducible representation of G of highest weight
A, and let Hy, be the corresponding Hecke functor with one leg in U, that is, the functor Hyy
of Section 5 for a set I with one element; it sends complexes on B to complexes on B xg, U.

Theorem 9.2 (Transverse Hecke comparison). In Setup 9.1, let K be a locally bounded
constructible complex on B that is ULA over Si. Put \j = |Wg\wjv, where the w}/ are the
fundamental coweights, and suppose that for every j there is an isomorphism

Hy; () ~ PKjaREja, (9.1)

in which each Kjq is a complex on B that is ULA over Si and each &; is lisse on U.
Let m : 'Y — B be a smooth chart, separated and of finite presentation over Sy, let
f eI (Y,0y), and let y be a point of V(f)s such that dfy ¢ =° Nilp. Then

Ay p) (T Kly(f))y = 0.
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Remark 9.3 (Naturality). The conclusion says that the canonical map i*K' — i*Rj.j*K’,
for K' = W*IC\V( ), is an isomorphism at y. Since this map is canonical, it commutes with
every isomorphism induced by an automorphism of the data (C,Y, f, K). In particular, when
these data are defined over a finite field and C carries a Weil structure, the isomorphism at y
commutes with Frobenius.

Outline of the proof. If df, does not vanish on the fibre of 7 through y, then V'(f) is smooth
over B near y and there is nothing to prove. Otherwise df, = dn*6 for a Higgs field 0 that is
not nilpotent, and the argument has four steps, carried out in Sections 9.2-9.5.

1. Linear algebra (Lemma 9.4). At a point u € U where 6 is not nilpotent, 6 can be
conjugated into a maximal Levi subalgebra m; in such a way that it acts invertibly on
g/m; and pairs nontrivially with ;.

2. Geometry of the Hecke correspondence (Lemma 9.6). Modify the bundle at u by A; inside
this Levi subgroup. Then 6 extends to the modified bundle. Near this modification the
conormal variety of the Hecke correspondence is étale over the cotangent bundles of
both ends, and its covector in the direction of the moving point w is not zero.

3. Isolation (Lemma 9.8). The Hecke transform of K is ULA in the direction of u by
(9.1). Since the Hecke transform is a proper pushforward, this gives the vanishing of
the cohomology of a specialization cone over a whole fibre of the correspondence. Step
(2) shows that near the chosen modification this cone is supported at one point, so its
stalk there is a direct summand of zero.

4. Stabilization (Lemmas 9.9 and 9.10). The hypersurface on which the stalk of step
(3) lives is, in suitable coordinates, the hypersurface f + > r;s; = 0. Adding the
nondegenerate quadratic form Y r;s; in new variables does not change the specialization
cone, up to a shift and twist.

The steps are combined at the end of Section 9.5.

A vanishing theorem for a proper pushforward does not by itself give information about
the complex being pushed forward, because a nonzero complex on a proper variety can have
zero cohomology. Step (3) is where this is addressed, and it is the reason the proof needs the
geometric information of step (2) and not only the identity (9.1).

9.2 Placing a non-nilpotent Higgs field in a Levi subalgebra

Let k be the normalized invariant bilinear form on g, defined over Z on the Chevalley form of
the Lie algebra.

Lemma 9.4 (Detecting non-nilpotence). Work over an algebraically closed ground field k, of
characteristic zero or of characteristic p{ |Wgl|.

1. Each \j = |Wg|w}/ is a dominant cocharacter in the coroot lattice.

2. The form k is nondegenerate on g, on every Levi subalgebra, and on the centre of every
Levi subalgebra.

3. Let a(t)dt € g[[t]] dt with a(0) not nilpotent. After conjugation by an element of G[[t]]
there is an index j such that a(t) € m;[[t]], where M; is the standard mazimal Levi
subgroup obtained by omitting the simple root cj, and

ad(a(0)) is invertible on g/m;, k(a(0),dN;) # 0. (9.2)
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Proof. (1) For a coweight v and w € W¢ the difference v — wv lies in the coroot lattice QV,
and Y, wv = 0 because G is semisimple. Hence |[Wglv =3, (v —wr) € QY.

(2) In a basis of simple coroots, the matrix of £ on the Cartan subalgebra is the symmetrized
Cartan matrix of G. Its determinant is a product of determinants of Cartan matrices of the
simple factors of G and of ratios of squared lengths of roots. For a standard Levi subgroup,
the matrix of k on the span of its simple coroots is obtained in the same way from the
Cartan matrix of its subdiagram, with the lengths of the roots inherited from G. All the
primes which divide these determinants divide |Wg|. Away from these primes the pairing
between two opposite root spaces is perfect as well. A Levi subalgebra is the sum of the
whole Cartan subalgebra and of pairs of opposite root spaces, so x is nondegenerate on
it. The same argument, with the span of its coroots in place of the Cartan subalgebra,
shows that k is nondegenerate on its derived subalgebra. The orthogonal complement of the
derived subalgebra in the Levi subalgebra is the centre: an element orthogonal to all brackets
commutes with the Levi subalgebra, by invariance and nondegeneracy. So s is nondegenerate
on the centre. A change of the lattice of cocharacters within the isogeny class changes the
indices by divisors of the Cartan determinants, which are invertible in the characteristic
considered.

(3) We first treat the constant term. Conjugate a(0) into a Borel subalgebra and write
it as h +n’ with A in the Cartan subalgebra t and n’ in the nilpotent radical. Conjugating
by root subgroups in order of increasing height removes the components of n’ in the root
spaces gg with S(h) # 0. We obtain a(0) = h + n with n nilpotent and [h,n] =0, and h # 0
because a(0) is not nilpotent.

Next we show that, after conjugation by an element of the Weyl group, the roots vanishing
on h are exactly those of a standard Levi subgroup M;. This is automatic in characteristic
zero; in characteristic p we argue as follows. Let W}, C W be the stabilizer of h. Its order is
prime to p, so averaging over W}, is a projector on X, (7T) ® Zp)- Let Ay, be its image, the
lattice of Wp-invariants; then h, being Wy-invariant, lies in Ay @ k C t. If g(h) = 0, the
reflection sg fixes h, so it belongs to W}, and 3 vanishes on Ay. If B(h) # 0, then /5 does
not vanish on Ay, since otherwise it would vanish on A; ® k. Choose a rational vector in
A, ® Q outside the hyperplanes of the roots of the second kind, and move it into the closed
dominant chamber by an element of Wg. The roots vanishing on it are those of a standard
Levi subgroup M;, and after the corresponding conjugation they are the roots vanishing on
h.

Now h +n € my, and h lies in the centre of m;. The vectors d\; with j ¢ I form a
basis of that centre, because |W¢| is invertible. By (2) there is j ¢ I with x(h,d\;) # 0,
and k(n,d)\;) = 0 because root spaces are orthogonal to t. Since j ¢ I we have m; C m;,
and every root 3 outside m; satisfies §(h) # 0. Thus ad(h) is invertible on g/m;, and so is
ad(h + n), because ad(n) is nilpotent and commutes with ad(h). This proves (9.2) for the
constant term.

Finally we treat the whole series. The conjugation map G x™Mj m; — g has differential
(v,m) — [v,a(0)] + m at the point (1,a(0)), which is an isomorphism from g/m; & m; to g
by the invertibility just proved. The map is therefore étale there, and Hensel’s lemma lifts
a(t) uniquely to a k[[t]]-point of G xi m; with the given reduction. Its first coordinate is a
k([[t]]-point of G/Mj; since M; is smooth it lifts to G[[t]], and conjugating by this element
puts a(t) in my[[t]]. O

9.3 The Hecke correspondence near the chosen modification

Fix a geometric point of U in a fibre C' of C, with local coordinate ¢, a G-bundle Ey on C with
a Higgs field 0, and a trivialization of Ey near the point in which 6 = a(t) dt satisfies (9.2)
for some j. Let E; be the modification of Ey at the point defined by t% in this trivialization.
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Since ); is central in M; and a(t) € m;[[t]], conjugation by t% fixes a(t), so @ is also a Higgs
field ' on E;. We call h, = (Ey, E1), with its leg, the chosen modification. Tt lies in the
open stratum of the Hecke correspondence bounded by A;, whose fibres over either end have
dimension a = (2pg, A;), where 2pg is the sum of the positive roots.

The Hecke correspondence is a correspondence between stacks. We describe it near h, by
schemes, in the following form.

Definition 9.5 (Hecke charts). A Hecke chart at the chosen modification consists of

e two schemes Yj and Y7 with smooth maps to B, both smooth of relative dimension n
over St;

e an étale map M — Yy x Y7 x U and a closed subscheme I' C M, with projections hg,
h1 and leg to Yy, Y7 and U,

e an étale map over Y7 x U from I' to the open stratum of the pullback to Y7 x U of the
Hecke correspondence bounded by A;, under which the first end of the modification
attached to a point h of I is the bundle of hg(h);

e a point of I' over the chosen modification, again denoted by h..

The Higgs fields 6 and 6’ define covectors on Yy at hg(hs) and on Y7 at hq(hs), by pullback
from B. The following properties are required.

1. The scheme I' is smooth over S, of codimension ¢ = n — a in M, and its projections to
Yy x U and to Y7 x U are smooth of relative dimension a.

2. There is a covector ¢ at the leg such that (0, —60', —¢) is conormal to I" at hy. The two
projections from the conormal bundle N*I" to T*Yy x U and to T*Y; x U, which forget
the covector at the other end and the covector at the leg, are étale at this point.

3. The covector £ is not zero.

Lemma 9.6 (Hecke charts of framed bundles). There are a divisor Q on C, disjoint from
the leg, and a Hecke chart (Yo, Y1, M,T') at the chosen modification in which Yo and Y are
étale charts of the stack of G-bundles with a trivialization along Q). Its covector at the leg is

& = £k(a(0),dN;) dz, (9.3)

where x is the coordinate of the leg. The charts and the divisor Q) can be chosen so that
properties (1)—(3) hold in a neighbourhood of h. in the family over Si.

Proof. Steps 1 and 2 construct the charts and describe their tangent spaces at the chosen
modification. The content is in step 3: the condition that the Higgs field remains regular when
the modification moves is expressed by the pairing (9.4), and this pairing is nondegenerate
because of (9.2). Steps 4 and 5 deduce the properties (2) and (3) of a Hecke chart.

Step 1: charts. A bound on the relative position bounds the poles of a modification, in a
faithful representation V', by a multiple mx of the leg. Choose @ disjoint from the leg and so
large that

H°(Hom(V (Ep), V(E1))(mz — Q) =0,  H(End(V(E;))(-Q)) =0 (i=0,1).

The second vanishing says that a bundle with a trivialization along ) has no nontrivial
automorphisms, so the framed bundles near E; form an algebraic space, of which we take étale
charts Y;. The modifications considered identify the two framings along @), so each framing
determines the other. When the two framed ends and the leg are fixed, an infinitesimal
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variation of the modification is, in the faithful representation, a section of the first vector
bundle of the display. This bundle has no sections, so the map from the Hecke correspondence
to Yy x Y7 x U is unramified at h,. An unramified morphism becomes a closed immersion
after an étale base change of its target near the point [The26, Tag 0G1D]: there are an étale
map M — Yy x Y7 x U and a closed immersion into M of a neighbourhood I" of h, which
lifts the given map. By semicontinuity the two vanishings hold in a neighbourhood. The
projections of the open stratum to either end and the leg are smooth with fibres the open
orbit of dimension a in the affine Grassmannian. So I' is smooth of dimension n + 1+ a
and of codimension (2n + 1) — (n+ 14 a) = n — a. Finally, a framing of the second end
of a modification determines a framing of the first. So the pullback to Y; x U of the Hecke
correspondence is the pullback of the correspondence between framed bundles, and the scheme
of which I' is an étale neighbourhood is its base change along the étale chart Y. Hence I is
étale over this pullback, with first end the bundle of hy. These are the data of a Hecke chart,
with property (1).

Step 2: the local model. All tangent spaces are taken over the residue field of the leg. Put
gin = 0[[t]], gout = Ad(tY)gin and i = gin N gout, and let g, be the subspace of g on which A;
has weight b. Then

gin/i = D oelt]/taslt],  Gour/i = @Dt wult]/g0t].

b>0 b<0

The first space is the tangent space at h, to the modifications of Fy at the fixed leg, and
the second is the tangent space to the modifications of Fq. Both have dimension a, and the
pairing (v4,v_) — Resk(vy,v_) dt between them is perfect.

Step 3: the Hessian. Fix the end Ejp, its Higgs field 6 and the leg, and move the modification
by vy. To first order the modified bundle is changed by conjugation by 14 vy, and € remains
regular on it if and only if [v,a(t)] dt has no polar part with respect to gout. By the duality
of step 2 this is the vanishing, for all v_, of

(v, v_) — Resk(a(t), [v4,v_]) dt = Resk(ad(a(t))v4,v_)dt. (9.4)

We claim that this pairing is nondegenerate. Since a(t) € m;[[t]] has weight zero, ad(a(t))
preserves each g[t]/t?. It is triangular for the filtration by powers of ¢, with diagonal blocks
ad(a(0))|q,, and these are invertible for b # 0 by (9.2). Hence ad(a(t)) is an automorphism of
gin/i, and the claim follows from the perfect pairing of step 2. The same holds with the two
ends exchanged.

To relate this to the global geometry, let A be the sheaf of infinitesimal automorphisms
of the modification h,; it is the adjoint bundle away from the leg and has stalk i there. At
h, the framed Hecke correspondence with fixed leg has tangent complex RT'(C, A(—Q))[1],
and under Serre duality on the Gorenstein curve the maps induced on cotangent spaces by
the two projections are given by the local spaces of step 2.

Step 4: the projections are étale. Consider the projection N*I' — T*Yy x U. Its source and
target are smooth of the same dimension 2n + 1, so it is enough to show that its tangent map
at the chosen point is injective. A tangent vector in the kernel fixes Fy, the covector 8 and the
leg. What remains are the a tangent directions of the modification and the ¢ directions in the
fibre of the conormal bundle. Because the projection I' — Y7 x U is smooth, the differentials
in the directions of Y of the ¢ equations of I' are linearly independent; equivalently, the map
from a fibre of the conormal bundle to the covectors at the first end is injective. Now let
a tangent vector in the kernel move the modification by v,. Along it the covector 8 at Ejy
stays in the image of the conormal bundle, which means that  continues to extend to the
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moved second end, to first order. By step 3 this forces v4 = 0. The vector then lies in a fibre
of the conormal bundle and has zero image in the covectors at the first end, so it is zero by
the injectivity just noted. The argument for the other projection is the same with the ends
exchanged. This proves (2), given that (0, —6’) extends to a conormal vector, which is the
statement that 6 and 6 agree away from the leg.

Step 5: the covector at the leg. Moving the leg from 0 to x replaces tN by (t — )V,
whose logarithmic derivative in = at « = 0 is —d\;/t. Pairing with 6 = a(t)dt gives
FResk(a(t),d\;)dt/t = Fr(a(0),dN;), which is not zero by (9.2). This proves (3) and
(9.3). O

Theorem 9.2 concerns an arbitrary smooth chart of B. After pullback to the stack of
framed bundles such a chart is not étale but smooth, of some relative dimension d. A smooth
morphism need not be a product in any étale neighbourhood, but it admits, locally, an étale
map to the product of its target with A?. The next lemma shows that this is enough: a
Hecke chart can carry d additional parameters, which a modification leaves unchanged.

Lemma 9.7 (Hecke charts with parameters). Let (Yp, Y1, M,T") be a Hecke chart at the
chosen modification, and let (w,w) : Y(fr — Yy x A4 be an étale map with a point yar over
ho(hs). Put Y{T =Yy x A4, let M be the pullback of M to Yy" x Yi¥ x U, and let Tt ¢ M+
be the part of the inverse image of I' on which the coordinate w' of the factor A% of Y;" s
equal to w(y), where y is the first end. Then (Yot YH, M, TF), with the point hf = (h.,yg),
is a Hecke chart at the chosen modification, of relative dimension n + d and with the same
covector at the leg.

Proof. The maps Y;" — Yy — Band Y;" — Y] — B are smooth. The map M+ — M x A%x A4
defined by w and w’ is étale, because (w, w) is, and I'" is the pullback along it of the product
of T with the diagonal of A?. Hence I't is closed in M T and étale over I' x A?, which is étale
over the pullback to Yl+ x U of the Hecke correspondence; the first end of a modification is
the bundle of w(y), as required. The points of I'"" are the pairs of a point h of T and a point
of Y;" over hg(h), and hf is one of them.

Consequently I'" is smooth of codimension ¢ +d = (n + d) —a in M ™. Its projection to
YO+ x U is a base change of the projection of I' to Yy x U, and its projection to Yl+ x U is
the composite of the étale map to I' x A% with the product of the projection of I' to Y; x U
and the identity of A?. Both are smooth of relative dimension a. This is (1).

The conormal bundle of I'* is the pullback of the product of N*I" with the conormal
bundle of the diagonal, and the latter maps isomorphically to the cotangent bundle of either
factor A%, The pullbacks of § and ¢ to Y;" and Y;© vanish on the directions of A¢, so
(0, —0', =) is conormal to I'" at A}, with the same £&. The two projections from N*I'*
to T"‘YO+ x U and to T*Yf x U are étale at every point lying over a point at which the
projections from N*I" are étale. This gives (2) and (3). O

9.4 Isolating one stalk in a Hecke fibre

The hypothesis (9.1) is about the Hecke transform of I, that is, about an integral of K over
all modifications with a given second end. The theorem is about I itself, near one point and
in the codirection of one test function f. This subsection passes from the integral to one of
its terms. We introduce a function F' of the two ends of a modification and of ¢ auxiliary
variables. On I' it is f of the first end, and at the base point its differential in the direction
of the second end and the leg is (¢,€). Because £ # 0, the integral over the modifications
which end at the base point has zero specialization cone. Among these modifications the
chosen one is isolated in the locus where the integrand can have a nonzero cone, because the
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projection from the conormal bundle of I' to T*Y; x U is étale there. So the term of the
chosen modification has zero cone by itself (Lemma 9.8). The next subsection identifies this
term with the specialization cone of K on the hypersurface f = 0.

In this subsection and the next, (Yy, Y1, M, T") is a Hecke chart at the chosen modification,
of relative dimension n, and ¢ = n — a. Let f be a function on Y, and let yo = ho(h4), a
point of the special fibre of Yy lying over Ey. Assume that

f(yo) =0, df (yo) = 0,

where 6 is the covector on Yy defined by the Higgs field. Write B =Y; xU, and let z : M — Y}
and b : M — B be the two components of the étale map M — Yy x B. Choose equations
g1y, 9c for I'in M near h,. On M x A° put

F(m,¢) = f(z(m)) =Y ¢jgi(m).
j=1

Here x(m) is the image of m in Yj. It is the first end of a modification ending at b(m) exactly
when m lies in I'. Since M is étale over Yy X B, a tangent vector at m is a pair of tangent
vectors at z(m) and at b(m). By Definition 9.5(2) the covector (8, —6', —&) is conormal to
I" at h,, so there is a unique (, with Zj Cojdg; = (0,—0", =) at h,. We write m, for the
image of hy in M, b, for b(m) and b’ for (mu, (). Then F(b') =0 and

d,F =0, dF=0, dF=(0,¢ ath. (9.5)

Let ¢ : H — B be the pullback to B of the Hecke correspondence bounded by \;, with its
proper projection to the second end and the leg: a point of H over (y1,u) is a modification at
u, bounded by A;, whose second end is the bundle of y;. Let ho : H — B be the first end,
and let A be the Satake kernel of V), on H. The first end of a modification is a point of the
stack B and not of the chart Yp; but I' is an étale neighbourhood of h, in H, and on it hg is
the composite of hg : I' — Y with the chart Yy — B. Pulling back along V(F') — B gives a
proper map

¢ :HxpV(F) — V(F),

and we call the pullback of i_lélC ® A to its source the integrand. The pushforward of the
integrand along ¢’ is the pullback of HVAJ. (K) to V(F).

Lemma 9.8 (The isolated contribution). Assume (9.1), with K and all K;, ULA over Si.
Then the specialization cone of the integrand has zero stalk at the point (hy,b').

Proof. Let D be the specialization cone of the integrand.

Step 1: the cohomology of D on the fibre of ¢ over V' vanishes. By (9.5) and £ # 0, the
differential of F' at b’ is not zero in the direction of the leg. Hence the projection V(F) — Y;
is smooth near o'. The pullback of K;, along a smooth map is ULA over Si, and it stays so
after tensoring with the pullback of the lisse sheaf £;,. By (9.1), the pullback of the Hecke
transform to V(F) therefore has zero specialization cone at b'. Since A commutes with the

proper pushforward ¢,
RT(¢~'(),D) = 0. (9.6)

This statement concerns the whole fibre, which is the closed Schubert variety of modifications
ending at b,; it has no analogue for an open part of the fibre.

Step 2: near hy, the restriction of D to the fibre is supported at h,. Since A commutes with
étale pullback, we may compute near hy on the étale neighbourhood I' of h, in H. The kernel
A is lisse of rank one there. Up to this factor the integrand is the pullback of K along

I'xp V(F) — Yo, (h,m, ) — hg(h).
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Since the pullback of K to the smooth chart Yy is ULA, the cone D vanishes at every point
where this map is smooth. Its source is the hypersurface F(m,() =0 in (I' xp M) x A, a
scheme which is étale over I' x Y x A¢ so the map is smooth at a point unless dF' vanishes
there on all tangent vectors with dhg = 0. At a point (h, b’) of the fibre over ¥’, the derivatives
of F'in x and ( are those of (9.5) and vanish. The remaining tangent vectors are those of
I at h with dhg = 0, on which dF is the covector (¢,¢). Hence, if the cone is not zero at
(h,b), then (¢',€) vanishes on ker(dhg) C T,T'; in other words, (6, —6', —¢) is conormal to T’
at h for some covector 0y at ho(h).

Let Z be the set of these points h; it is closed in the fibre. Since the projection of I" to
Yo x U is smooth, dhg is surjective, so g is determined by h, and it depends continuously on
h € Z. Thus h — (h; 6y, —0', —&) is a continuous section of N*T" over Z. Its values lie in the
fibre of the projection N*T' — T*Y; x U over the fixed point defined by (bs,6’) and the leg,
and its value at h, is the point (h; 6, —6', —¢). By Definition 9.5(2) this projection is étale
at that point, which is therefore isolated in its fibre. Hence h, is isolated in Z. As ' — H is
étale, hence open, there is a neighbourhood A of h, in ¢'~1(b') such that D|x is supported
at h.

Step 3: conclusion. Put F, = ¢'~'(V'). By step 2 the complex D|p, vanishes on N — {h,}.
So it is the direct image of its restriction to the union of the two disjoint closed subsets
{h«} and F. — N, and it is the direct sum of a complex supported at h., with stalk D, 1),
and of a complex supported away from h.. Thus Dy, y is a direct summand of (9.6) and
vanishes. O

9.5 Removing the auxiliary variables

Lemma 9.8 is a statement about the hypersurface F' =0 in (I' xg M) x A°. We now show
that this hypersurface differs from V(f) by a nondegenerate quadratic form in additional
variables, and that such a form does not affect the specialization cone.

Lemma 9.9 (Hyperbolic coordinates). Near (hy,b') there are functions ri,...,r, and
81,.+-y8n on (I'xg M) x A¢, vanishing at (hs, V'), such that the map

(T xp M) x A® — (Yo x U) x A*™, (h,m, ¢) — (ho(h),leg(h),r,s),

is étale at (hy,b') and

F = f(h()(h)) + ZT‘Z‘SZ'. (97)
i=1
Proof. Choose étale coordinates 1, ...,x, on Yy near yo and put s; = x;(z(m)) — z;(ho(h)).

Because the x; are étale coordinates, the locus s = 0 coincides near the point with the locus
x(m) = ho(h), which inside I' xp M is I' Xy, xp M. This scheme is étale over I', and the
closed immersion ¢ : I' — M defines a section of it, which is an open immersion. So near
(hs,b') the functions s; generate the ideal of the graph m = ¢(h), the variable ¢ being free. A
function that vanishes on the graph is therefore a combination of the s;: there are functions
F; and Gj; with

Fla(m)) = fho(h)) =3 _siFis  gj(m) = siGii;

the second function vanishes on the graph because g;(¢(h)) = 0 for h € I'. With r; =
F; — 37, (iGji, substitution into the definition of F' gives (9.7) as an identity of functions. We
differentiate (9.7) with respect to the étale coordinate x;, with h fixed: on the locus s = 0 the
function 7; is the partial derivative of F' in x;; in particular r vanishes at (h.,b") by (9.5).
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It remains to show that the map is étale. Its source and target are smooth over Si, of
relative dimensions

dim((T'xp M) x A°) = (n+1+a)+n+(n—a) and (n+1) + 2n,

which are equal, so it suffices to show that a tangent vector at (hy,b’) killed by the differential
of the map is zero. Such a vector has dhg = 0 and dleg = 0, and then ds = 0 gives dz = 0.
What remains are the a directions of I' in the fibre of (hg,leg) and the ¢ directions of (. On
the locus s = 0, to which the vector is tangent, r; is the partial derivative of F' in z;, that
is, the i-th component of the covector df — 37, (jd.g; at the point ho(h) of Yp. The first
term does not change along the remaining directions, since they fix hg(h). The derivative
of r along them is therefore, up to sign, the tangent map of the projection from N*I' to
the covector at the first end, with the first end and the leg fixed. That map is injective by
Definition 9.5(2), so the vector is zero. O

Lemma 9.10 (Quadratic stabilization). Let Z be a scheme smooth over Sy, let f be a
function on Z, and let IC be a complex on Z that is ULA over S1. Let K, be the pullback of
K to the hypersurface

Qm:{f—i—imsi:(]} CZXA2m,

i=1
and identify V(f) with the locus r = s =0 in Q,,. Then

AQ, (Km)lvip), = Avip(Kly ) (=m)[—2m].

In particular, if A, (Km) has zero stalk at a point z € V(f)s, then so does Ay () (Kly())-

Proof. By induction it is enough to treat m = 1: the function f +3,_,, ris; on Z x A?m~2

and the pullback of K, which is again ULA, reduce the case of m to that of m — 1.
For m = 1, compactify the fibres of @1 — Z to the family of conics

97:@:{7“8+fw2:0}CPQZ—>Z,

so that Q; is the open subscheme w = 1. This family is the pullback along f : Z — Al of the
universal family {rs +tw? = 0} C P2 x Al. The total space of the universal family is smooth,
and the map [r: s : w] — [r: w] = [~tw : 5] identifies it with the blowup of P! x Al at the
point ([0 : 1],0). The formulas for the cohomology of a blowup and of a projective bundle
[Riol4, Theorem 1.2 and Proposition 2.2.2.1], proper base change along f and the projection
formula give

R K ~ K& K(=1)[-2] & i (Kly (5)) (-1)[-2],

where i : V(f) — Z is the inclusion. The decomposition is constructed on the universal
family, so it requires no regularity of V'(f).

Apply Az, which commutes with Rg, and with i,. On the right the first two summands
vanish because K is ULA, and the third becomes i. Ay () (Kly(5))(—=1)[-2]. On the left we
get RJ*AQ(Q*IC). The map ¢ is smooth outside the locus r = s = 0 over V(f), which lies in
the chart w =1 and is the copy of V/(f) in the statement. So Az(¢"K) is supported on that
locus, on which g restricts to the isomorphism onto V' (f). Comparing the two sides gives the
assertion. O

Proof of Theorem 9.2. Step 1: the smooth case. If df, does not vanish on the tangent space
of the fibre of 7 through y, then V(f) — B is smooth near y, and 7*K|y () is ULA near y as
a smooth pullback of K.
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Step 2: reduction to a chart with parameters. Otherwise df, = dn*60 for a Higgs field 6 on
the bundle Ey = 7(y), and 6 is not nilpotent by hypothesis. Some invariant polynomial of 6
is then a nonzero section of a line bundle on the reduced curve, so it is nonzero at a point u
of the dense open U. Apply Lemma 9.4(3) to the germ of 6 at u; this gives j and the chosen
modification h,, and Lemma 9.6 gives @ and a Hecke chart (Y{,Y{, M’,T") of framed bundles.

Let Bg — B be the stack of bundles with a trivialization along @; it is smooth over B,
and Yy — Bg is étale. The fibre product Y xpg Y] is therefore smooth over Y, and it is
smooth over Y, of some relative dimension d, because 7 is smooth. Choose a point z of it
over y and over the first end of the chosen point of I'. By the local structure of smooth
morphisms, a neighbourhood Y of z admits an étale map to Y§ x A? over Y. By Lemma 9.7,
Yy is the first scheme of a Hecke chart (Yp, Y1, M,T") at the chosen modification, in which
ho(hs) = z. Since A commutes with smooth pullback, it suffices to prove the theorem for the
chart Yy, the pullback of f and the point yg = z. At that point the pullback of f vanishes,
and its differential is the pullback of 6 from B, because df, is. These are the hypotheses of
Section 9.4 for this Hecke chart.

Step 3: conclusion. By Lemma 9.8, the specialization cone of the integrand vanishes at
(h«,b"). Near that point the integrand is, up to a lisse factor of rank one, the pullback of K
along hg to the hypersurface F' =0 in (I' xp M) x A°. By Lemma 9.9 this hypersurface is
étale, near (hy, V'), over the hypersurface {f + > 7;s; = 0} C (Yo x U) x A%, and on the latter
the complex is pulled back along the projection to Yy. The point (hy,b") maps to the point
with » = s = 0 over (yp, u), where u is the leg of h,. Since A commutes with étale pullback,
Lemma 9.10, applied with Z = Yy x U and the pullback of I, which is ULA, shows that the
specialization cone of the pullback of K to V(f) x U vanishes at (yo,u). As V(f) xU — V(f)
is smooth, the same holds on V(f) at yo. O

Corollary 9.11 (Local acyclicity along a transverse test function). For the family of
Theorem 8.8 over the base S, let Y — Bung(Cs) be a smooth chart and let f 1Y — A}g be a
smooth function whose differential lies outside the pullback of the nilpotent cone except along
a section x.. Then, for every perfect coefficient P, the pullback of Fp toY is ULA over A}g
away from x,.

Proof. By the valuative criterion [HS23, Corollary 3.10] it suffices to test universal local
acyclicity after base change along maps SpecV — Ag from absolutely integrally closed
valuation rings of rank one. If the coordinate of A' pulls back to t € V, the base change of
Y is the hypersurface f —¢ = 0 in Yy. The Hecke identities (9.1) hold for Fp over S with
the ULA complexes Fpgw, and lisse factors on U° (Lemma 6.6 and Theorem 8.8), and they
survive base change to V', as does the density of the open set of legs in every component.
Theorem 9.2, applied to the function f —t on Yy, gives the vanishing of the specialization
cone at every point outside z,. The maps SpecV — Als include those that change ¢t and the
characteristic at once, and those that lie in a single fibre of S. O

9.6 The nilpotent cone at the canonical bundle

Let C be a fibre of our family of curves, with dualizing line bundle Q¢, and let (L, L? ~ Q)
be the theta pair that is part of the data of the family (Section 6). Fix a pinning of G and
put

E. = \(L) xT G,

where A, is the sum of the positive coroots. A root of height h contributes the line bundle
Qfé to ad F, so the pinned generators of the negative simple root spaces define sections of
ad F, ® Q¢ that vanish nowhere. Their sum is a Higgs field 6, on F, that is regular nilpotent
at every point. We call (E,, 6.) the canonical point of the nilpotent cone.
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Proposition 9.12 (The nilpotent cone at the canonical point). Suppose that Q¢ has positive
degree on every component of C. Near (Ey,0,) the global nilpotent cone is smooth and
Lagrangian, relative to the base. If my,...,m, are the exponents of G, its tangent space at
(Ey,04) is

P H (C,a™), of rank » rk H'(C,Qc™) = dim G (g(C) — 1).

The pair (Ex,0.) has no infinitesimal automorphisms, and these statements commute with
base change.

Proof. Step 1: deformations. The centralizer of a regular nilpotent element is a smooth
commutative group scheme [Ric17, Proposition 4.4.1], and the principal grading acts on its
Lie algebra with weights —2m,;. In characteristic zero the second assertion is classical: for
the element f of a principal sls-triple, the Lie algebra is a sum of irreducible representations
with highest weights 2m;, and the centralizer of f is spanned by their lowest weight vectors.
In characteristic p we deduce it as follows. Let A = Z[1/|W¢|]; the primes which are not
very good divide |Wg/|, so the results of [Ricl7, §4] hold over A. Let f be the sum of the
root vectors of the pinning for the negative simple roots. Its centralizer is smooth over A,
by [Ricl7, Proposition 4.4.1] applied with the opposite Borel subgroup, so the Lie algebra
of the centralizer is a finite locally free A-module. The principal cocharacter acts on f by
t~2, hence normalizes the centralizer and acts on this module. The weight spaces are direct
summands, and their ranks are constant because Spec A is connected. So the weights are the
same in characteristic p as in characteristic zero. If the group is semisimple but not simply
connected, these results are applied to its simply connected cover: under our hypothesis
on the characteristic the cover is a central étale isogeny, it induces an isomorphism of Lie
algebras, and the inverse image of the centralizer of an element of the Lie algebra is the
centralizer of the same element. Twisting by F, gives a smooth commutative group scheme J
over C' with Lie J = @; Q™. Because the orbit map of the regular nilpotent orbit is smooth,
every regular nilpotent Higgs field near 6, is locally conjugate to 6., and the pairs (E, ) with
6 regular nilpotent near (E,,6,) are the J-torsors near the trivial one. Their automorphisms,
deformations and obstructions are H°, H' and H? of Lie J. Here H? = 0 by the positivity
of Q¢ and H? = 0 because C is a curve. Hence H! is locally free and commutes with base
change, and the space of such pairs is smooth with the stated tangent space. Since being
regular is an open condition and C is proper, every nilpotent Higgs field near 6, is regular
nilpotent, so this space is a neighbourhood of (E,,6,) in the nilpotent cone. The rank is
computed by Riemann-Roch and }~;(2m; + 1) = dim G.

Step 2: the Lagrangian property. Let (E,6) be a point of the germ. By step 1 it is locally
isomorphic to (Fy,0,), and a tangent vector to the germ at this point is represented by
a cocycle v with values in the centralizer of 6, which is locally Lie.J. The Liouville form,
evaluated on this tangent vector, is the Serre duality pairing of v with 8, that is, the class of
the cocycle k(f,~) with values in Q¢. Locally 6 has principal weight —2 and « has weights
—2m; < 0, while k pairs only opposite weights; so x(#,y) = 0. Thus the Liouville form
vanishes at every point of the germ, and therefore so does the symplectic form.

The rank computed in step 1 is dim G (g — 1), the dimension of the stack of bundles. Now
let A : Y — Bung be a smooth chart of relative dimension 7, for instance a chart of framed
bundles. The pullback of the germ to T*Y consists of the covectors dh*6 at the points of Y
over the germ. It is smooth of dimension dim G (g — 1) +r = dim Y, half the dimension of
T*Y, the r directions of the fibres of h being included. The Liouville form of T*Y vanishes
on it: evaluated on a tangent vector it is the pairing of # with the image of that vector in the
tangent space of Bung, which is the Liouville form of 7™ Bung on a vector tangent to the
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germ, and that is zero by what was just shown. So the pullback of the germ to every smooth
chart is Lagrangian; this is the form in which the statement is used. O

9.7 A homogeneous test function defined over I,

We now construct a chart at the canonical point and a test function on it. Two requirements
shape the construction. The function must be homogeneous for a G,,-action, because
Section 10 uses the action to compare vanishing cycles at different points of S. And the chart,
its distinguished point and the function must be defined over F,, because the final trace is
taken over that field.

Work first over the complete local base Sy = Spec Ryl[[¢]], whose closed point sg has
residue field Fy; the objects over S are obtained by pullback. Choose a divisor @ in the
smooth locus of the curve over Sp, so large that H°(C,End(V (E,))(—Q)) = 0 for a faithful
representation V; by the theorem on cohomology and base change this holds on every fibre.
Bundles near F, with a trivialization along ) then have no nontrivial automorphisms, and
since deformations of bundles on a curve are unobstructed they form a smooth algebraic space
Zi over Sy, which is quasi-separated with affine diagonal. The divisor @ is finite over the
local base Sy, so L is trivial along Q; a trivialization of L along @) gives one of E,, through
its torus reduction, and hence a section ¢ : Sy — Zf.

Changing the trivialization of a bundle along () by the constant element A, (¢) defines an
action of G, on Z%. It does not change the underlying bundle, and it fixes ¢, because Ay (%)
is an automorphism of E,. This automorphism multiplies 6, by t=2. So 6., as a covector at
¢, is an eigenvector of the action, of weight 2 or —2 according to the conventions for induced
actions. We fix the direction of the action, replacing ¢ by ¢~! if necessary, so that the weight
is two in the following sense: on a chart with an action, the differential at a fixed point of
a function of weight two has the same weight as 6,. Finally, let G,, act on the cotangent
bundle by the induced action composed with that scaling of the fibres, by ¢? or =2, which
fixes 6,. This action preserves the graph of the differential of every function of weight two. It
preserves the pullback of the nilpotent cone, which is stable under the induced action, since
that action does not change the underlying bundle, and under scaling. The symplectic form
is homogeneous for it, and we normalize the grading it induces on tangent spaces at fixed
points so that the symplectic form has weight two.

Lemma 9.13 (An equivariant chart through the canonical point). There are a Gy, -equivariant
étale morphism u:Y — Zy with Y affine over Sy, and a Gy, -fized section x, : Sy — Y with
w oz, = ¢, such that x.(so) is an Fq-rational point. After replacing Y by a Gyy,-stable affine
open subscheme containing x., there are homogeneous étale coordinates on Y that vanish
along x,.

Proof. Step 1: the chart. By [AHR26, Corollary 10.2], applied to the fixed point ¢(sg) of the
action of the group G,, of multiplicative type on 2%, which is locally of finite presentation,
there is a G,-equivariant étale map u : (Y,y0) — (2, c(s0)) with Y affine, inducing an
isomorphism of residue fields and of stabilizers at yg. So yg is an Fy-rational fixed point.

Step 2: the section. Form the fibre product

V=Sxg9,Y ——Y

So ———— P
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The map p is étale, V is affine because the diagonal of 2% is affine, and yo defines a rational
point of the closed fibre of p. Since Sy is henselian, there is a unique section h of p through
this point [The26, Tag 04GR]. Put z. = v o h.

Step 3: the section is fixed. Let G, act trivially on Sp. Then V inherits an action over Sj.
The geometric fibres of p are discrete and G, is connected, so the action is trivial on every
geometric fibre. The locus in G,, xg, V where the action map agrees with the projection is
open, because V/Sj is étale, and it contains every geometric point. So the action on V is
trivial, and h, hence z,, is fixed.

Step 4: homogeneous coordinates. Let T be the ideal of z.(Sp) in Y. The conormal module
T/1? is free of finite rank over the local ring of Sy and is graded by the weights of G,,.
Lift a homogeneous basis to homogeneous elements of Z; this is possible because taking a
homogeneous component commutes with the surjection Z — Z/Z2. These functions define an
equivariant map from Y to an affine space with a linear action, which is étale along z,. The
locus where it is not étale is closed and G,,-stable. Take a function vanishing on that locus
and nonzero at yg; its component of weight zero has the same value at yy and still vanishes
on the locus, since the ideal of a stable closed subscheme is graded. Inverting it gives a stable
affine open subscheme containing x, on which the map is étale. O

The symplectic vector space in the next proof is the tangent space E of the cotangent
bundle of Y at (z.,0,), with its grading by the weights of G,,. It contains two graded
Lagrangian subspaces: the tangent space Avert Of the cotangent fibre, and the tangent space
Ayilp of the nilpotent cone, which is Lagrangian by Proposition 9.12. The graph of the
differential of a function f with df(x.) = 0, is a Lagrangian complement of Ay, and it is
graded if f is homogeneous of weight two. We need it to be a complement of Ay, as well.

Lemma 9.14 (A transverse homogeneous test function). After replacing Y by its product
with a graded vector space and by a G,,-stable affine open neighbourhood of x., there is a
function f on'Y, homogeneous of weight two and smooth over the base, such that the graph
of df meets the pullback of the nilpotent cone exactly along ., and transversally:

graph(df) N Nilpy = x.(S0). (9.8)

Proof. Step 1: linear algebra. Put I = Ayery N Apjp and choose a graded decomposition
E=(IaIl'2)o UsaU), Apip =T ® Uy, At =T U_,

in which the two summands in parentheses are orthogonal, U, and U_ are Lagrangian in the
second, and IV (2) is an isotropic graded complement of I in the first. Such a decomposition
exists: graded complements of I in Ay, and Aye pair perfectly, and a graded complement
of I in the orthogonal of Uy @ U_ is made isotropic by subtracting half of its alternating
self-pairing.

A common graded Lagrangian complement of U, and U_ need not exist; see Remark 9.15.
We therefore enlarge the chart. Replace Y by Y x U”V, where U"V is a copy of U_ as a
graded vector space. This adds to E the symplectic space U2V @ ULV, where UL consists
of the new cotangent directions; we identify it with a copy of Uy in such a way that the new
symplectic form is the negative of the old one under the two identifications. The vertical
subspace becomes Ayery @ ULV, and the tangent space of the pulled-back nilpotent cone
becomes Ay, @ U2V, Consider

A=T1"(2) @ {uy +ui™} @ {u_ + w2},
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where u4 runs through Ut and «}°V is its copy. It is graded, and it is isotropic because the

two symplectic forms cancel on the last two summands; it has half the dimension, so it is
Lagrangian. Comparing components shows that it meets both Ay, @ UV and Ayers @ URSY
in zero.

Step 2: the function. As a Lagrangian complement of the vertical subspace, A is the graph
of a symmetric bilinear form on the tangent space of the enlarged chart at x,, homogeneous
of weight two. This holds on the closed fibre; lift the form to a homogeneous symmetric form
in the homogeneous coordinates of Lemma 9.13 over Sy, and let ¢ be half the associated
quadratic form. Let eg be the linear function of weight two in these coordinates with deg = 0,
along z., and put f = ey + ¢. Then df = 6, along z, and the tangent space of graph(df) at
x4(s0) is A. The determinant expressing transversality to the nilpotent cone is a unit at s,
hence a unit over the local base Sy.

Step 3: shrinking. Let Zy C'Y be the closed subscheme where graph(df) meets Nilpy. By
transversality it is étale over Sy along z,, and f is smooth there because 8, # 0. We shrink
Y twice. First we remove the closed subset where Z is not étale over Sp or f is not smooth;
it is stable under the action and does not meet x,(Sp). After this Z; is étale and separated
over Sp, so the section z, is open and closed in it, and we remove Zy — ,(Sp), which is again
closed and stable. Each time the result is an affine open subset, stable under the action,
which contains the whole section: if J is the homogeneous ideal of the subset to be removed
and 7 the ideal of the section, then J +Z = Oy, so J contains an element equal to 1 along
the section; its component of degree zero has the same property, and we invert it. O

Remark 9.15 (Why the chart is enlarged). In a symplectic plane with weights 0 and 2, the
two weight lines are the only graded Lagrangian subspaces, so they have no common graded
complement. After one coordinate is added, the quadratic form zy of weight two has Hessian
determinant —1 and supplies one. The enlargement in Lemma 9.14 does this for all weights
at once. It depends only on the chart, so the same function f serves for every coefficient P.

Pulling back along S — Sy gives the chart, the section z, and the test function f used in
Section 10. By construction their special fibres and the point z.(sg) are defined over F,.

9.8 The microstalk on the generic fibre

On the generic fibre the curve is smooth and proper over a field of characteristic zero, and
the vanishing cycles of f at z, can be computed.

Proposition 9.16 (The microstalk is the Whittaker coefficient). On the geometric generic
fibre there is an isomorphism of functors on Perf(§,),

(RO Fp)a.[~1] = T'(3p, P) ® Lenitt, (9.9)
where Lgnig 18 a graded line that does not depend on P.

The proof is given at the end of the section. It has four ingredients, of different kinds, which
we state as separate lemmas: a passage from étale sheaves to sheaves in the classical topology
(Lemma 9.17); the theorem of Nadler and Taylor (Input 4); a computation of vanishing cycles
of a homogeneous function (Lemmas 9.19, 9.20 and 9.21); and the comparison of two kernels
by a calculation with D-modules (Lemma 9.22).

Both sides of (9.9) are composites of P — Fp with a functor on constructible sheaves
with nilpotent singular support on Bung(C'), where C' is the generic fibre, a smooth proper
curve over the algebraically closed field Kgeom of characteristic zero: on the left the functor
p = (R®¢(—))s.[1], on the right, by (6.2), the functor Wh = RHom(Poinc*¢, —). So
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the proposition says that g ~ Wh ® Lgnig. Vanishing cycles are normalized by the triangle
" — RU — RO.

The functors  and Wh make sense in three settings: for étale sheaves over Kgeom, for
étale sheaves over C, and for sheaves of k-vector spaces in the classical topology. We write
1t and Whe! for the functors in the third setting.

Lemma 9.17 (Reduction to the classical topology). Choose an embedding of Kgeom in C.
If there is an isomorphism p' ~ Wh @ Lenise of functors on sheaves of k-vector spaces with
nilpotent singular support, in the classical topology, on the stack of bundles of the complex
curve C K, .o, C, then there is an isomorphism p ~ Wh ® Lgnige of functors on étale sheaves
with nilpotent singular support on Bung(C).

Proof. An embedding exists, because Kgeom has the cardinality of the continuum.

The form of the two functors. Let m: Y — Bung(C) be the chart, a smooth map from a
scheme of finite type. Then u(F) is, up to a shift, the stalk at the rational point z, of the
vanishing cycles of 7*F for the function f on Y. The object Poinc'®® is the direct image
with compact supports, along a map pw to Bung(C) from a stack of finite type, of a complex
Kw obtained by the six operations from constant sheaves [GR25, §1.1.1][GR24, §3.3]; so
Wh(F) = RHom(Kyy, piyF). Thus each of the two functors is a pullback to a stack of finite
type, followed by operations on that stack: the functor RHom out of a fixed complex in one
case, vanishing cycles at a point of a scheme in the other.

From Kgeom to C. For stacks of finite type over the field Kgeom, the six operations on
constructible complexes commute with the base change to C: for direct images this is the
generic base change theorem over the base Spec Kgeom [Del77, Th. finitude, Théoreme 1.9];
inverse images, direct images with compact supports and tensor products commute with
every base change; and the extraordinary inverse image and the internal Hom are reduced,
by a decomposition into strata on which the complexes are lisse, to direct images along
immersions and to smooth pullbacks. Moreover the pullback functor is fully faithful on
constructible complexes, the cohomology of such a complex being unchanged by an extension
of algebraically closed fields. Vanishing cycles commute with the change of trait from the
henselization of A}{geom at the origin to that of Al [Del77, Th. finitude, Proposition 3.7].
Singular supports are compatible with extension of the base field: for torsion coefficients this
is [Beil6, Theorem 1.4(iii)], and for coefficients in an algebraic extension of Qy it is [Bar24,
Theorem 1.5(xi)]. We apply this on smooth charts of finite type; the nilpotent cone is also
compatible with the extension of the base field, so nilpotence is preserved.

From étale sheaves to the classical topology. Over C there is a fully faithful functor
from constructible étale k-sheaves to constructible sheaves of k-vector spaces in the clas-
sical topology, which commutes with the direct and inverse images of both kinds [GR25,
§2.2.1][BBD82, §6.1.2] and with vanishing cycles [DK73, Exposé XIV, Théoreme 2.8], and
which preserves nilpotence of the singular support on Bung(C) [GR25, §2.2.2]. Being fully
faithful, it preserves RHom. It sends the complex Kyw to the complex defined by the same
recipe.

Conclusion. Let an denote the composite of the two functors of comparison, from nilpotent
étale sheaves on Bung(C) to nilpotent sheaves in the classical topology on the stack of bundles
of the complex curve. By the two paragraphs above there are isomorphisms of functors
p~ pu oan and Wh ~ Whoan. They are isomorphisms of functors on the homotopy
categories which commute with the shift, and this is all we need (Remark 6.8). Composing
the given isomorphism with an gives the assertion. O

The comparison with the classical topology is used only to produce this isomorphism of
functors. The action of Frobenius is brought in afterwards, on the étale side (Proposition 10.9,
step 3).
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From here to the proof of Proposition 9.16, C' is a smooth proper complex curve, and all
sheaves are sheaves of k-vector spaces in the classical topology. Let i : Bun}, — Bung be the
stack of N-bundles twisted by the torus bundle of E,, and let fy : Bung — A! be the sum
of the coordinates on the simple root spaces. The one-parameter group A, acts on Bunfy;,
fixing F, and contracting to it, and fy has weight two. So fn descends to

f:Bun% /G,, — [A1/G,,],

where G, acts on A! with weight two. Let ig,, : Bun% /G, — Bung be the map induced
by i, let j : Bus — [Al/G,,] be the open point, and let k[us2] be the regular representation.

Two steps below identify the cohomology of a space which an action contracts to a point
with the stalk at that point. We state this once, in the form in which it is used.

Lemma 9.18 (Contraction by an action with positive weights). Let Rsg act on E = C™ by

Wn

(21, zn) = (P2, 1 2y)

with integers w; > 0, and let F be a bounded constructible complex on E whose cohomology
sheaves are locally constant along the orbits. Then the restriction map

RT'(E,F) — Fo

is an isomorphism. More generally, let f: E — C be a polynomial which is homogeneous of
weight d > 0 for this action, let € > 0, and let U, C E be the open subset where |f| < €. Then
the restriction map RI'(Ue, F) — Fo is an isomorphism.

These are restriction maps. So they are natural in F, and compatible with the restriction
from U, to Uy for € < e.

Proof. Write z; = x; + v/—1y;, and let v = 3, w;(2;05, + v:0y,) be the vector field of the
action. Away from the origin the action is free, and locally FE is the product of an interval
of an orbit and a transversal. The cohomology sheaves of F are locally constant along the
orbits, so over E \ {0} the microsupport of F consists of covectors which vanish on v [KS85,
Proposition 4.1.2(ii)]. At the origin v = 0.

Choose an integer D > 0 divisible by all the w;, and put

plz) = Ym0,

7

This is a polynomial in the x; and y;. It is proper, it vanishes only at the origin, and
dp(v) = 2Dp. So away from the origin dp does not vanish on v, and the conormal directions
of the level sets of p do not meet the microsupport of F. The open sets Es = {p < s}, s > 0,
are relatively compact, increase with s and exhaust E. By the theorem on noncharacteristic
deformations [KS85, Theorem 4.4.1(1)] the restriction maps

RI(E,F) — RI'(Es, F)

are isomorphisms. The sets E form a basis of neighbourhoods of the origin, so the colimit of
the right-hand side as s — 0 is Fy. This proves the first assertion.
For the second, replace p by the function

|fI?

Pe:P‘i‘m
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on U.. It is smooth and vanishes only at the origin. The set where p. < s is compact: on it
p<sand |f|* <se?/(1+s) <€ Since |f|? is homogeneous of weight 2d,

2d 2| f
@ =17

which is positive away from the origin. The set U, is not stable under the whole action, but
the cohomology sheaves of F are locally constant along the parts of the orbits which lie in it,
and the statement about the microsupport uses nothing more. The argument then continues
as before, with the sets {p. < s}. O

dpe(v) = 2Dp +

Lemma 9.19 (Vanishing cycles on the line with the action of weight two). For a constructible
complex G on [A')G,,], with pullback G' to A', there is an isomorphism

(R®.G")o[1] ~ RHom (j.k[u2][—1],G), (9.10)

natural in G.

Proof. Complexes on this stack split according to the two characters of the central subgroup
2.

For the trivial character we are on the quotient Q; of A! by the action of weight one,
with open point j; : pt — Qj, closed point i; : BG,, — Q; and atlas a : A' = Q;, and
we must show that (R®:G")y ~ RHom(j; .k, G). With our normalization, the stalk of the
vanishing cycles is the cone of the specialization map from the stalk G, to the stalk Gj at
the point 1; the latter is the stalk of the nearby cycles, because G’ is equivariant. Both
stalks are corepresentable functors of G. Indeed G; = RHom(j %, G); and G = RI'(AY,G))
by Lemma 9.18, and this is RHom(a1k[2], G) because a is smooth of relative dimension one.
By the Yoneda lemma the specialization map is induced by a morphism sp : j; 1k — a1k[2],
and the stalk of the vanishing cycles is RHom(7,G), where T is the fibre of sp. It remains
to see that 7 ~ j1 k. For G = ji .k the vanishing cycles are a line in degree zero, and
RHom(T, j1,+k) = RHom(ji T, k); so j5T =~ k. The restriction {7 is ijaik[1] = pik[1], where
p : pt = BGy,, and i]j1 «k = p«k. These two objects are isomorphic: for a torsor under Gy,
both are the cone of the Euler class k[—2] — k. The endomorphisms of degree zero of p.k
are the scalars, since p*p.k = k @ k[—1]. So the map {7 — i}j1.+j77T that glues T from its
two restrictions is either an isomorphism, in which case 7 =~ ji .k, or zero, in which case
T =~ ji1,k @ i1,417T. The second case is excluded by taking G = j1,k: its vanishing cycles are
a line, whereas RHom from the direct sum to j; 1k has total dimension three.

For the nontrivial character, the stalk and the costalk at the origin vanish, because the
central po acts trivially on every complex on BGy,; so G is the direct image of its restriction
V' to the open point, and both sides of (9.10) are V[1]. O

Lemma 9.20 (A linear chart of the stack of twisted unipotent bundles). There are an affine
space with a linear action of Gy, all of whose weights are positive, and a map from it to
Buny;, equivariant for the action of Apr, which is a torsor under a unipotent group and maps
the origin to Ey.

Proof. Let N“ be the group scheme over the curve obtained by twisting N by the fixed torus
bundle, so that Bunf; classifies its torsors. Filter NV by the height of the roots. The successive
quotients of N“ are central, and they are the direct sums of the line bundles £, attached to
the roots a of a given height. Choose an effective divisor @ so large that H°(L,(—Q)) =0
for all positive roots «, and let Bunfy  classify the torsors with a trivialization along Q.
Lifting a torsor with its trivialization from one quotient of the filtration to the next meets no
obstruction, since H? vanishes on a curve; the lifts have no automorphisms; and they form a
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torsor under the vector group @, H'(L,(—Q)), the sum being over the roots of the given
height. So Bun‘KLQ is obtained from a point by successive torsors under vector groups. The
group Ap; acts on all these data, and on the vector group of the roots of height h with weight
2h. A torsor under a vector group over an affine scheme is trivial, and it has a trivialization
invariant under A,: its sections form an affine space under a rational representation of G,
and Gy, is linearly reductive. By induction Buny;  is an affine space with a linear action of
positive weights, whose origin is the trivial torsor. The map Bunf; o — Bunfy which forgets
the trivialization is a torsor under the group of sections of N over (), a unipotent group. It
commutes with the action of A,;, and it maps the origin to the point of Buny, defined by the
trivial torsor, whose image in Bung is F.. ]

Lemma 9.21 (Vanishing cycles of the homogeneous function). For a constructible complex
F on Bung there is an isomorphism

(RO, i' F)p.[-1] ~ RHom(Py, F),  P1 =g, f*(juk[pa])[~1],
natural in F.

Proof. Put J = iEGm F, a complex on the quotient. Its pullback J’ to Bun¥; is i' F[—2], because
the quotient map is smooth of relative dimension one. By adjunction and Lemma 9.19,

RHom(f*j*k[HQH_l]7 j) = (Rq)t(fN,*jl))o[l]’

the stalk at the origin of the vanishing cycles of the direct image of 7’ under fy; here smooth
base change identifies the pullback of f,7 with InaT'.

The map fy is not proper, and vanishing cycles do not commute with a direct image
which is not proper. What makes the comparison possible here is the contraction: we claim
that

(RO (fnsT))g = (RO T B,

naturally in 7. Both sides are cones of specialization maps. On the left the stalk of fn .J’
at 0 is the cohomology of the inverse image of a small disc, which the action contracts to Ej;
so it is Jf_, by Lemma 9.18 applied on the chart of Lemma 9.20. The nearby stalk is the
cohomology of the whole fibre f;,l(l), because over the punctured line fx is a product, after
a covering of degree two, by homogeneity and equivariance. On the right the stalk is again
Jf, » and the nearby stalk is the cohomology of a Milnor fibre, which the action identifies
with the part of f 1(,1(1) where a norm v is less than a radius that tends to infinity as the
value of fn tends to 0. So the claim amounts to this: for R large the restriction

RU(fy'(1),J") — RU(fy' (1) n{r < R} T

is an isomorphism.

We prove this on the chart of Lemma 9.20. The map from the chart to Bun% is smooth,
so nearby cycles commute with pullback along it, and its fibres are contractible, so for a
complex pulled back from Bun% it preserves the cohomology of the fibre of fy and of the
inverse image of the disc. On the affine space, v is the maximum of the functions \xill/ Wi
where w; > 0 is the weight of the coordinate x;. It is a proper semialgebraic function, and J’
is constructible for a finite algebraic stratification. We claim that the complex Rv,J’ on the
half-line is locally constant on an interval (Rp, c0). Put u = v/(1+ v), a function with values
in [0,1), and let T be the graph of u on the fibre f5'(1), as a subset of P x R, where P is
the projective space which contains the affine space. It is a semialgebraic set with compact
closure. So the extension by zero of J’ from I' to P x R is an R-constructible complex with
compact support, and its direct image on R is R-constructible [KS85, Proposition 8.3.1]. In
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particular this direct image is locally constant on an interval (1 — d,1). Since v is proper, the
points of the closure of I" which do not belong to I' lie over u = 1; so over [0,1) the direct
image is Ru.J’, and the claim follows. Covering the half-line by [0, R) and (Rp, 00) now
shows that the restriction to ¥ < R is an isomorphism for R > Ry.

The isomorphism so obtained is natural in J’. For each R the restriction map displayed
above is a natural transformation between functors of 7/, and these transformations are
compatible when R increases. The action identifies the nearby stalk with the right-hand
side for all large R, compatibly with the restriction maps between different radii. So there
is one natural transformation from the cohomology of the fibre f 1\_]1(1) to the nearby stalk;
what depends on J’ is only the radius beyond which the individual restriction maps are
isomorphisms. Together, and with J’ = i' F[—2], this gives the statement. It says that the
Whittaker functional is corepresented by the Whittaker sheaf [NT26, Remark 1.1.1]. O

Lemma 9.22 (The kernel of the Poincaré object). The object Py of Lemma 9.21 is isomorphic
to Poinc, .

Proof. The object Poinc® is defined in the same way as P;, with the torus 7" in place of
Apr, the map x : Bun¥; — A" to the simple root spaces in place of fy = sumoy, and the
kernel K7 = jreg « Rz(c)[—7] on [A"/T], where r is the rank of G, jreg : BZ(G) — [A"/T] is
the open point and Ry ) is the direct image with compact supports of k under pt — BZ (G)
[GR24, §§3.3.3-3.3.7]. By base change along x it suffices to prove that

q sum™ (j.k[p2][-1]) ~ Kr, q:[A"/Gy] — [A"/T]. (9.11)

Both sides are obtained by the six operations from constant sheaves, so they are defined
with coefficients in @, on the same analytic stack. For two bounded constructible complexes
with coefficients in Q on [A” /T, which has finitely many orbits, the space Hom" has finite
dimension and commutes with the extension of the coefficients to C. The isomorphisms form
a Zariski open subset of this space, defined over QQ, because a morphism is an isomorphism
if it is one on the stalks at a point of each orbit; and such an open subset has a rational
point if it has a complex point. So we may take k¥ = C and use D-modules. Under the
Riemann—Hilbert correspondence KCp corresponds to the direct image with compact supports,
under A" — [A"/T], of the pullback of the exponential D-module under the sum [GR24,
Remark 3.3.4]. By base change and transitivity of direct images, (9.11) follows once we know
that j.k[ua][—1] corresponds to the direct image £ with compact supports of the exponential
D-module under A! — [A'/G,,], for the action of weight two. This direct image is regular
holonomic: on the open orbit its pullback by the orbit map z + 22 is a trivial connection, so
it is a sum of regular Kummer connections, and the only other stratum is the origin. For
the trivial character of o we are in the case of weight one, treated in [GR24, Remark 3.3.2].
The part of & with nontrivial character is the direct image of its restriction to the open
point, as in the proof of Lemma 9.19. That restriction is the cohomology with compact
supports of G,, with coefficients in the product of the exponential D-module and the local
system of order two. It is dual to the cohomology of the complex h — h' — (1 +1/(2x))h on
Laurent polynomials. The kernel of this operator is zero, as one sees from the term of highest
degree. Its cokernel is one-dimensional: the relations [z"] = (n — §)[z"~1], for all integers n,
show that it is spanned by the class of 1, and that class is not zero, because the linear form
2" — ¢, with ¢g =1 and ¢, = (n — %)cn,l vanishes on the image. So the restriction is the
nontrivial character, in the same degree as for the trivial character. This proves (9.11). [

Proof of Proposition 9.16. By Lemma 9.17 it suffices to construct an isomorphism p¢ ~
Whe' @ Ly for a complex curve; we drop the superscripts.
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Step 1: the theorem of Nadler and Taylor. By Lemma 9.14 the graph of df meets the nilpotent
cone transversally at the smooth point (FE\, 6,). For such a function the functor of vanishing
cycles factors through the category of sheaves localized at this point of the cotangent bundle,
which is equivalent to the category of complexes of vector spaces [NT26, Proposition 2.3.1
and its proof]; so p is the microstalk at (F.,6,), up to a shift. We need the comparison of
the functors attached to two transverse functions as an isomorphism of functors, natural in
the sheaf, and not only for each sheaf separately. It is. Choose once a contact transformation
near the point, with its kernel. The two functors defined by the kernel are inverse to each
other [KS85, Theorems 6.3.4 and 6.3.5], and the kernel is determined up to tensor product
with an invertible complex of coefficients [KS85, Remark 6.3.6], which over the field & is a
graded line; the coefficients in that section are a ring of finite weak global dimension, so
k is allowed. After the transformation the functor attached to a transverse function is the
tensor product with a graded line which depends only on the function [KS85, Lemmas 7.2.3
and 7.2.4]. The comparison of two transverse functions is then the choice, made once, of an
isomorphism between two graded lines. By Input 4, which is [NT26, Theorem 3.3.4], the
microstalk at the same point is also computed, up to a shift, by F — (R® fNi!]-" )E, -

Step 2: conclusion. By Lemma 9.21 the last functor is, up to a shift, RHom(P;, —), and
by Lemma 9.22 this is Wh. So pu >~ Wh ® Lgpit;, where the graded line Lgus collects the
shifts. It does not depend on the sheaf, and the isomorphism is one of functors: the
isomorphism of step 1 is one of functors, that of Lemma 9.21 is natural, and Lemma 9.22
is an isomorphism between two objects which corepresent functors, so it induces a natural
isomorphism between them whatever isomorphism is chosen. The remaining ambiguity is a
scalar, by Lemma 6.7. O

10 From a microstalk to a rational trace

We now have a chart Y at the canonical point, with a fixed section z, and a test function
f of weight two (Section 9.7); we know that the automorphic family is ULA over S and,
away from x,, along f (Corollary 9.11); and we know the vanishing cycles of f at z, on the
generic fibre (Proposition 9.16). This section turns that information into the statement we
need, Proposition 10.9: in characteristic p, the member of the family with coefficient B¢ has
nonzero Frobenius trace at some bundle defined over F,. There are three steps.

1. Comparing the two ends of S (Theorem 10.4). Vanishing cycles along f and specialization
over S need not commute. We show that the discrepancy carries the trivial action of
the scaling group, so that it disappears on the part of the vanishing cycles on which
—1 € Gy, acts by —1.

2. Frobenius (proof of Proposition 10.9). The comparison of step (1) is an isomorphism of
functors of the coefficient P. By Lemma 6.7 the two Frobenius structures then differ
by one scalar, and the nonzero supertrace of Proposition 6.10 survives.

3. From vanishing cycles to a stalk (Theorem 10.7). A nonzero trace on vanishing cycles
at x, is not yet a nonzero value of the trace function. A trace formula for homogeneous
functions shows that it forces a nonzero stalk trace at some F,-rational point of the
chart.

The nonzero number which is being followed sits on a different object at each stage:
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the trace of Frobenius is known to be nonzero on by

I'(F,, Preg), on the spectral side Proposition 6.10
the vanishing cycles of f at z, on the generic fibre, up to one Proposition 9.16 and step (2)
scalar

their minus part on the special fibre Theorem 10.4
the stalk at a rational point of the chart Theorem 10.7
the stalk at a bundle defined over F, Proposition 10.9

10.1 Scaling actions and the minus part

Let a: G, XY — Y be an action. A complex IC on Y is strongly equivariant if it is equipped
with an isomorphism a*/C ~ prj. K that restricts to the identity along the unit section and
satisfies the cocycle condition on G, X G,, X Y. At a fixed point of the action, the group
G,,, then acts on the stalk of K.

Setup 10.1. Let S be the spectrum of an absolutely integrally closed valuation ring in which
2 and ¢ are invertible. Let Y/S be separated and of finite presentation, with an action of Gy,
a fixed section z, : S — Y, and a function f:Y — A}g of weight two that vanishes along z,.
Put Z = f71(0). Let P be a strongly equivariant complex on Y.

Since f has weight two, the element ¢ = —1 of G, preserves f, and it therefore acts on
the vanishing cycles of f at the fixed point. For a geometric point b of S define
_ 1—e¢
wo(P) = (R, Bo)e, o [1]: iy (P) = —— u(P).

The coefficients are rational, so the projector makes sense also when ¢ = 2. The action of €
comes from the geometry of Y. The monodromy of the vanishing cycles, which comes from
the inertia group at 0 € Al, is a different action.

10.2 Vanishing cycles at the two ends of the base

The comparison rests on a result of Saito on nearby cycles over a base of dimension two
(Input 3), which is stated for noetherian schemes and torsion coefficients. Our base is a
valuation ring and our coefficients are rational, so two reductions are needed. The first lemma
provides the integral structure, and the second carries out both reductions.

Lemma 10.2 (A lattice for both acyclicity conditions). Let R be an absolutely integrally
closed valuation ring in which ¢ is invertible, and S = Spec R. Let Y be separated and of
finite presentation over S, let z, : S — Y be a closed section, and let f:Y — A}g. Put
U=Y —x.(S). Let P be a bounded constructible complex with rational coefficients that is
ULA over S and such that Ply is ULA over Als. Then, for a suitable finite extension E/Qy,
there is a constructible complex P of Op-modules with PY[1/¢] ~ P that has the same two
properties.

Proof. Step 1: a lattice on U. The ring R is integrally closed, hence so are R[t] and its
localizations. Thus A}g is normal and irreducible, in particular geometrically unibranch. By
[HS23, Proposition 6.11], P|y admits a lattice £y that is ULA over AL. Since AL — S is
smooth, Ly is also ULA over S [HS23, §3, discussion following Proposition 3.3].

Step 2: extension over the generic fibre. The generic fibre V), is a noetherian scheme of finite
type over a field. Write j, : U, — Y, and i, : x4, — Y, for the inclusions. The complex P,
is determined by jp P, by iy P, and by the gluing morphism

in,*i;Pn — jn,!j;Pn[l]-
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On the open part take the lattice jpLy of step 1, and on the closed part take any lattice
of iy P, a bounded complex of finite free modules. By [HS23, Corollary 2.4], morphisms
between the rational complexes are the morphisms between the lattices with ¢ inverted. So
after multiplying the lattice on the closed part by a large power of a uniformizer, the gluing
morphism is defined integrally. Its fibre is a lattice £, in P, whose restriction to Uy, is jyLy.

Step 3: extension over S. By [HS23, Theorem 4.1] with integral coefficients, £, has a unique
extension PT to Y that is ULA over S. On U, both P*|y and Ly are ULA over S with
the same generic fibre, so the full faithfulness in that theorem gives P*|y ~ Ly. Hence
Py is ULA over A}. By the same uniqueness, with rational coefficients, P*[1/¢] ~ P. The
reductions of P™ modulo powers of the uniformizer of O retain both properties, by the
criterion for change of coefficients in the proof of [HS23, Proposition 3.8]. O

Lemma 10.3 (Successive specializations). In the situation of Lemma 10.2, assume fox, =0
and put Z = f~1(0). Choose a specialization s <— 1 of geometric points of S, and compatible
geometric generic points of the strict localizations of A' at 0 over s and over . Let

Dp = Cone (Po., — (RUz/5(P|z,)a...)
Then there is a distinguished triangle
Dp[—1] — ps(P) — py(P) — Dp. (10.1)

It is natural in P: the three terms are exact functors on the stable co-category of complexes
satisfying the hypotheses, and the maps are natural transformations between them.

Proof. Step 1: torsion coefficients on a noetherian model. In the strict localization of A} at
(0, s) consider the four points

(075) — (0’7])

I I

(t,5) «—— (&),

where t denotes the chosen geometric generic points of the line. The locus where P is not
ULA over Ay is contained in z,(S), which is finite over its image, the zero section of Ag. On
a noetherian model and with torsion coefficients, [Sail5, Proposition 1.8(2), (1.17)] applied
along the top and right edges of the square gives a distinguished triangle

Ag — Ay — py(P)[1], Ao = (RVY /5P| z, ). .-

Along the left and bottom edges, the generic point of the line does not meet x,, and the same
proposition identifies Ay with (RWy, Ps)., ,. Both Ag and A; receive the canonical map from
Py, ., compatibly, and the cones of these maps are Dp and p,(P)[1]. The octahedral axiom
for the composite Py, , — Ao — Ai, shifted by —1, gives (10.1).

Step 2: descent to a noetherian model. Take the lattice PT of Lemma 10.2 and put
P, = Pt ®(L9E Op/w™. The schemes, the section and f are of finite presentation and
descend to a noetherian model; a finite affine cover with its presentations gives a bound on
the relative dimension that persists under every further base change. For each fixed m, the
complex P, descends after refining the model, and so do the two ULA conditions, by [HS23,
Proposition 3.7] applied to Y/S and to U/AY. This is done for one m at a time, on a model
which depends on m.

Step 3: return to S and passage to the limit. Apply step 1 on the model. By the compatibility
of Saito’s proposition with base change, the resulting terms, pulled back to R, are the nearby
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and vanishing cycles of P, over R. Let d be a common bound for the relative dimensions of
the models of Y — A} and of Z — S. By base change the stalks of the nearby cycles in the
triangle are the cohomology complexes of Milnor fibres. If P* has Tor-amplitude in [a, ],
these stalks have Tor-amplitude in [a, b+ d] and commute with change of coefficients [Sail5,
Lemma 1.6(1) and Corollary 1.10(1)]. The cones and shifts in the triangle change the bounds
by integers which do not depend on m. The same formula identifies the reduction of each
term for m 4 1 with the term for m, compatibly with the maps, which are the canonical
adjunction, specialization and cone maps. Different models give the same maps, by passing
to a common refinement. We can therefore take the derived limit over m on the original base
and invert ¢. By the uniform bound the terms of the limit are the nearby cycles of P+ and,
after inverting ¢, of P; compare [Sail5, Corollary 1.10(1)]. This gives the triangle for P.

Step 4: naturality. The maps in (10.1) are composites of the canonical transformations of
the six operations, and these are defined for rational coefficients without reference to a lattice.
The lattice was used only to prove that the cones are as stated. The naturality in P follows;
in particular, no automorphism of P is required to preserve a lattice. O

Theorem 10.4 (The minus part is the same at both ends). In Setup 10.1, suppose that
P is ULA over S and that Ply_, sy is ULA over A}g. Then for a specialization s < n
of geometric points of S, and choices as in Lemma 10.3, the map of (10.1) restricts to an
isomorphism

w7 (P) = iy (P),

natural in P in the sense of that lemma.

Proof. The triangle (10.1) is compatible with the action of € on its three terms, since € is
an automorphism of the data (Y, f, z,, P). It therefore suffices to show that € acts trivially
on the cohomology of Dp: the image of the projector (1 — €)/2 on Dp is then a direct
summand with zero cohomology, hence zero, and applying the projector to the triangle gives
the isomorphism.

The subscheme Z = f~1(0) is stable under G,,, and P)| z, 1s strongly equivariant. Its
extension Rjz.(P|z,) is ULA over S by [HS23, Theorem 4.1], and the restriction of this
extension to Zs is RV ,g4(P|z,). The action and projection maps G,, X Z — Z are smooth,
so the pullbacks of the extension along them are ULA over S; they are identified on the
generic fibre by the equivariant structure, and the full faithfulness of [HS23, Theorem 4.1]
extends the identification, with its unit and cocycle conditions, over S. Hence RV, 5(P|z,)
is strongly equivariant, compatibly with the map from P|z,, and G, acts on Dp.

For a strongly equivariant complex and a fixed point, the action of G,, on each cohomology
group of the stalk is locally constant on G, and is the identity at the unit. As G,, is connected,
every element acts trivially; in particular e does. O

When the data carry a Weil structure that commutes with the scaling action, Frobenius
commutes with € and preserves u; (P).

The comparison is useful only if the generic microstalk is not killed by the projector. The
next lemma arranges this.

Lemma 10.5 (Changing the sign). Suppose that the generic fibre has characteristic zero and
that € acts on the functor w, by the scalar +1. Replace

(Y.f,P) by (Y xAy f+y? pry P[1)),

where Gy, acts on y with weight one. Then the two ULA conditions of Theorem 10.4 still
hold, ., is tensored with a fized graded line, and € acts on it by —1. If f is smooth, so is

f+y2
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Proof. The pullback of P is ULA over S as a smooth pullback. For the condition along the
new function, cover the complement of (x.,0) by two open sets. Where y # 0, the map
(w,y) = (w, f(w) +y?) to Y x Al is étale, as 2 is invertible, and the pullback of P to Y x Al
is ULA over the second factor. Where w # x,, the pullback of P is ULA over A? with respect
to (f,y) by hypothesis, and the map (¢,%y) + t + y? is smooth.

On the generic fibre, the Thom-Sebastiani theorem [Il116, Theorem 4.5 and Re-
mark 4.11(a)] identifies the vanishing cycles of f + y?, with the normalization given by the
shift, with the local convolution of those of f and those of y2. The generic fibre lies over an
algebraically closed field of characteristic zero. There the monodromy is tame, and local
convolution is isomorphic to the tensor product, as a functor of the two complexes, once
a compatible system of trivializations of the convolution kernels has been chosen [Il116,
Corollaries 5.25 and 5.26, Remark 5.27]. We choose one. Both functors are defined by kernels,
and the isomorphism is an isomorphism between the kernels [I1116, Proposition 5.18 and
Corollary 5.25]; so it applies to complexes as well as to sheaves. The resulting isomorphism
is natural in P, which is what the next steps use; its compatibility with Frobenius is not
needed, because Frobenius is brought in afterwards (Proposition 10.9, step 3). The nearby
fibre of y? consists of two points, its reduced cohomology is a line, and y — —y exchanges
the points and acts on the line by —1. This changes the sign of the action of e. Finally df is
a component of d(f + y?), so smoothness is preserved. O

10.3 From vanishing cycles to a rational point

We now work over Iy, and write Fr, for the ¢g-power map on points and Frob, for geometric
Frobenius on cohomology. The theorem of this subsection must produce a point over I, itself;
a point over an extension would give an automorphic function over the wrong field.

The proof uses hyperbolic restriction, and at one point exchanges it with the cohomology
of an inertia group. We isolate that exchange. It is also the source of the factor 1 — ¢ in the
trace computation.

Lemma 10.6 (Inertia and hyperbolic restriction). Let iy, be the inertia group of a trait of
residue characteristic p # £, and let A be a bounded constructible complex with a continuous
action of Iy, on a scheme of finite type over F,. Suppose the scheme carries an action of
Gy, commuting with that of Iy on A, let x be a rational fized point, and let Hyp A be the
cohomology with compact supports of the attractor of x, the set of points y with lim; gty = x,
with coefficients in A. Then

Hyp RT'(Iin, A) ~ RT ([, Hyp A),

compatibly with geometric Frobenius and with any further symmetry of finite order. If Iiy
acts trivially on the cohomology of Hyp A, then

Str(Frobg; RT (Iin, Hyp A)) = (1 — ¢) Str(Frob,; Hyp A). (10.2)
Both statements hold for the eigenspaces of such a symmetry.

Proof. Step 1: the exchange. Work first with torsion coefficients. The action of wild
inertia factors, on a finite stratification, through a finite p-group. Since p is invertible in the
coefficients, its invariants are the image of the averaging idempotent, and there is no higher
cohomology. The part of tame inertia of order prime to /¢ is treated in the same way. These
idempotents commute with pullback and with pushforward with compact supports. The
remaining quotient of [, is Z¢(1). For a topological generator 7, its continuous cohomology
is computed by the complex

(B =L B
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in degrees 0 and 1, where B is the invariant part just described. Hyperbolic restriction
is a pullback followed by a pushforward with compact supports, so it commutes with this
cone. This gives the comparison for torsion coefficients. For integral and rational coefficients,
use the compatible system of torsion complexes: the two geometric operations have finite
cohomological dimension and the complex above has length one, so the bounds are uniform
and the derived limits give the comparison. A different choice of 7 changes the complex but
not the functor it computes, so the isomorphism is compatible with the action of Frobenius
on I, by conjugation and with commuting symmetries.

Step 2: the trace. There is a spectral sequence, equivariant for Frobenius,
H(Iin, H*(Hyp A)) = H*™(RT(I;n, Hyp A)).

If I}, acts trivially on H®(Hyp .A), its only nonzero columns are H’(Hyp A) for a = 0 and
H®(Hyp A)(—1) for a = 1. Geometric Frobenius acts on k(—1) by ¢, and the alternating
trace of the abutment equals that of the Eo page, which is (1 — ¢) times the alternating trace
on Hyp A. Passing to an eigenspace of a commuting symmetry is another idempotent, to
which the same argument applies. O

Theorem 10.7 (A nonzero microstalk trace gives a rational point). Let p # 2. Let Y/F,
be smooth and affine with an action of G,,, let f: Y — Al be smooth of weight two, and let
zy € Y(F,) be a fized point. Let P be a bounded constructible Weil complex on 'Y, strongly
equivariant compatibly with its Weil structure, such that the vanishing cycles of f on f~1(0)
are supported at x,. If

Str(Froby: 11~ (P)) # 0,

then there is x € Y (IFy) at which the stalk of P has nonzero Frobenius supertrace.

The action of Frobenius on vanishing cycles depends on a lift of Frobenius to the Galois
group of the generic point of the henselization of A! at the origin, and two lifts differ by
an element of the inertia group. In the theorem, and wherever Frob, acts on p~, the lift
is taken in the subgroup of index two attached to the covering ¢ = u2. Step 3 of the proof
shows that the inertia group of that covering acts trivially on the cohomology of p~(P); so
the supertrace does not depend on the lift within this subgroup.

The role of the scaling action can be seen on points. In the argument below there appear
points x of Y that are fixed not by Fr, but by € Fr,. Choose a € F; with a9~! = —1. Then

Fri(ax) = a?Fry(z) = (—a)(ex) = az,

so ax is a rational point, and the equivariant structure of P, being compatible with the Weil
structure, identifies the trace of e Frob, on the stalk at « with the trace of Frob, on the stalk
at ax. Twisted fixed points thus contribute values of the trace function at rational points,
and no extension of I, is needed.

Proof. Steps 1 to 4 compute one hyperbolic restriction in two ways. One gives the vanishing
cycles at x4, the other the cohomology with compact supports of the part of a fibre of f
which the action contracts to x., and the outcome is the equality of supertraces (10.4). This
is the content of the proof. Step 5 is then the trace formula for the fibre.

Step 1: a function of weight one. Make the base change t = u?: put Y/ =Y X pl Al and
P" = pry P. For the action ¢(x,u) = (cz,cu), the function u on Y’ has weight one. The
involution € (z,u) = (ex,u) preserves u. Since f is smooth, Y’ is smooth. The nearby cycles
of u for P, as a complex with Weil structure, are those of f for P; only the inertia group is
replaced by its subgroup of index two [I1106, §1.1(b)].
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Step 2: hyperbolic restriction. Let Z = (u = 0), with inclusion i : Z — Y’ and complement
j:Y' —Z — Y’ and let F be the fixed locus of G,, in Y’. It lies in Z, because u has
weight one. Hyperbolic restriction takes values in complexes on F; the point z, need not be
isolated in F, and stalks at z, are taken at the end. For X =Y’ or X = Z, let X* and X~
be the attractor and the repeller, with their inclusions p* : X* — X and the limit maps
gt : X* = F, and put
Hypt = ¢ (»")",  Hypx =¢ (p7)"

Braden’s theorem gives an isomorphism Hyp} K ~ Hypy K of complexes on F for every
equivariant complex K on X [Bra03, Theorem 1][Ric19, Theorem 2.6]. Because u has positive
weight, the repeller of Y lies in Z, so that Z~ = (Y')™ and py, =i o p,. For an equivariant
complex QQ on Y/ — Z we claim

Hyp,, i* Rj.Q ~ Hypy. 71Q[1] (10.3)

as complexes on F. Indeed

Hyp}, i*Rj.Q ~ Hyp, i'7iQ[1] = Hypy. 51Q[1] ~ Hypy 51 Q1.

The first isomorphism is Braden’s theorem on Z for the equivariant complex i* Rj,Q ~ i'j1Q[1],
the equality holds because (p;,)! = (p})!i!, and the last isomorphism is Braden’s theorem on
Y’ for 51Q. Both complexes are equivariant.

We now take the stalk at . of both sides of (10.3). By base change for the direct image
with compact supports, the stalk at x, of Hyp} K is the cohomology with compact supports,
with coefficients in K, of the fibre of ¢ over z,, which is the attractor of x, in X. We write
Hypy for this functor; it is the one of Lemma 10.6. All maps commute with Frobenius and
with €. We apply the resulting isomorphism Hyp, i*Rj,.Q ~ Hypy 71Q[1] to Q = P'|y'_z,
take the part on which € acts by —1, and compute the Frobenius supertrace of both sides.

Step 3: the left side. We have i*Rj,.Q = RT(I;,, RY, P’), where [, is the inertia group of
Al at 0. By Lemma 10.6 the left side of (10.3) is R['(I;n, Hyp, R¥,P’).

We first identify the minus part of Hyp, RV, P’. On Z the involution € is the action
of =1 € Gy,; hence it is trivial on the cohomology of Hyp, i*P’. Indeed, the action by
scaling is a family of automorphisms of the attractor, parametrized by G,,, together with an
isomorphism of the complex of coefficients. The direct image with compact supports along
the projection to G,, is a constant complex with an endomorphism, which is the identity at
the unit element, and therefore on the cohomology at every point of the connected group G,,.
The triangle relating i* P’, nearby cycles and vanishing cycles therefore gives

(Hypz R¥,P')” ~ (Hyp; R®,P')” = p~ (P)[1];

the last equality holds because the vanishing cycles are supported at x,, and the attractor of
T4 meets this support in the point x, alone; so here hyperbolic restriction is the stalk.

Next, Ij, acts trivially on the cohomology of (R¥, P’),,. To see this, consider on Y’ x G,
the function Au and the pullback P'* of P’ from Y’. Verdier [Ver83, §7, Proposition 7.1(a)]
proves that the nearby cycles R¥y, (P") form a monodromic complex in the direction of
G, that wild inertia acts trivially on them, and that tame inertia acts by the inverse of the
canonical monodromy of this complex. On the other hand the automorphism p(y, A) = (Ay, A)
of Y/ x G,,, carries the function w, pulled back from Y”’, to Au, and by strong equivariance it
carries the pullback of P’ to P"*. Hence

RU,, (P ~ a*RY, (P,
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compatibly with the action of [j,, where a is the action map. In particular wild inertia acts
trivially on RU,(P’). Along {z.} x Gy, the right side is constant, because z, is a fixed point,
so its canonical monodromy is trivial there, and tame inertia acts trivially on the cohomology
of the stalk at .. The isomorphisms of the preceding paragraph are compatible with Ijy,
and on the minus part the stalk of the vanishing cycles at x, is identified with that of the
nearby cycles. So I, acts trivially on the cohomology of (Hyp, RV, P’)~.

Formula (10.2), with the shift by one, now shows that the supertrace of Frobenius on the
minus part of the left side of (10.3) is

—(1 = q) Str(Frobg; u= (P)).

Step 4: the right side. The attractor of x, in Y’ — Z is, by homogeneity, the product of
G,,, and its fibre over u = 1. Let C] be the cohomology with compact supports of that fibre
with coefficients in P’. The involution € acts trivially on the factor G,,, whose cohomology
with compact supports has Frobenius supertrace ¢ — 1. With the shift, the supertrace on the
minus part of the right side is —(q — 1) Str(Froby; C; ). Comparing with step 3 and dividing
by 1 —gq,

Str(Frobg; = (P)) = — Str(Frobg; C ). (10.4)

Step 5: conclusion. Suppose that the stalk of P has zero supertrace at every point of Y (IF,).
By the trace formula for cohomology with compact supports, Str(Froby; C1) is a sum of such
stalk traces and vanishes. The same formula applied to €' Frob,, that is, to the quadratic
twist of the fibre over u = 1, expresses Str(€e’ Froby; C1) as a sum over points fixed by € Frg,
and by the remark preceding the proof each term is a stalk trace at a rational point. So
this vanishes too. Half the difference of the two is the supertrace on C;, which contradicts
(10.4). O

Remark 10.8 (The two factors). The factors 1 — ¢ in step 3 and ¢ — 1 in step 4 have different
origins: the first comes from the cohomology of inertia, the second from the cohomology with
compact supports of a scaling orbit. Their quotient is the sign in (10.4). The argument needs
the part on which € acts by —1: on the invariant part the contribution of i* P’ in step 3 does
not drop out.

10.4 Nonvanishing for the automorphic family

Proposition 10.9 (A rational bundle with nonzero trace). Let P — Fp be the family over
S of Theorem 8.8. The complex Fp,, s on the special fibre has nonzero Frobenius supertrace
at some bundle on the curve Cy = X Up Co defined over IFy.

Proof. If G is trivial, the stack of bundles of each fibre is a point, and the complex attached
to Preg is a graded line, on which Frobenius is invertible. Otherwise p { |Wg| implies p # 2.

Step 1: the hypotheses of the comparison. Pull the family back to the chart Y of Lemma 9.14,
with the shift by the relative dimension. The pullbacks are strongly equivariant for the scaling
action, which is induced by a change of trivialization and does not change the underlying
bundle. They are ULA over S, and by Corollary 9.11 they are ULA over A} away from ..
The chart and the test function depend only on the nilpotent cone, so this holds for every
perfect coefficient P on the same chart.

Step 2: the sign. By Proposition 9.16, the functor p, on Perf(§,) is I'(§,, —) ® Lshirs. The
involution € is a natural automorphism of this functor, hence a scalar by Lemma 6.7, and the



11 The arithmetic parameter of the trace 71

scalar is 1 or —1. If it is 1, apply Lemma 10.5 to the whole family. In either case u; = u,,
and Theorem 10.4, applied along the flag of .S, gives an isomorphism of functors

s = iy = T(8p, =) ® Lsnite- (10.5)

Step 3: Frobenius. Both sides of (10.5) carry a Frobenius covariance with respect to the
same autoequivalence of Perf(g,): the left side from the Weil structure of the family on the
special fibre, with Frobenius acting on vanishing cycles through a lift chosen as explained
after Theorem 10.7, the right side from the action of Frobenius on §, (Lemma 6.6). By
Lemma 6.7 they differ by one nonzero scalar. Evaluated at P, this identifies geometric
Frobenius on py (Fp,,), up to that scalar and the action on the line Lgig, with the inverse of
arithmetic Frobenius on I'(F,, Preg), including the inverse of the permutation of the basis of
E[I1,]. Its supertrace is not zero, by Proposition 6.10, which covers the inverse of Frobenius.

Step 4: a rational point. The finitely many objects and maps involving P, are defined
over a finite extension of Q. On the special fibre of the chart, which is defined over F,, the
vanishing cycles of f are supported on z, by step 1. So Theorem 10.7 applies and gives an
F,-rational point of the chart at which the stalk of the pullback has nonzero supertrace. The
pullback from the stack of bundles to the chart is smooth, and it changes stalk traces by a
sign and a power of q. The image of the point is the required bundle. ]

11 The arithmetic parameter of the trace

Section 10 produced a nonzero trace function ¢. This section shows that it has the right
parameter: Theorem 11.2 says that the functional h +— [h, ¢] on functions with compact
support is an eigenvector of every excursion operator, with eigenvalue given by p. By
Proposition 1.8.10 this makes ¢ a cusp form with parameter J5p (Corollary 11.13). Here d¢
is the Chevalley involution of G (Section 4); it appears because the pairing with functions of
compact support exchanges a parameter with its Chevalley dual. Accordingly, in Section 12
the construction is applied to ¥go in place of o.

For a single Hecke eigensheaf the argument is due to Braverman and Varshavsky and to
V. Lafforgue: the eigensheaf defines, for every finite set of legs, a map from the cohomology
of shtukas to the fibre of its eigenvalue, and these maps are compatible with creation,
annihilation and the action of the Weil groups; an excursion operator is then computed on
the eigenvalue. Two things have to be added here. First, the compatibility of these maps
with partial Frobenius morphisms was left unwritten in [Lafl8, Proposition 15.1]; we prove it
in Proposition 11.10. Secondly, we have a family Fy and not a single eigensheaf. Its Hecke
identities involve only the geometric local system, and a geometric local system has several
arithmetic structures: the image g of Frobenius can be multiplied by any z in the centralizer
Z of the geometric monodromy. The maps just described therefore take values in functions
of z, and an excursion operator acts on them as multiplication by the function z — v,_(e),
where p, is the parameter with Frobenius image modified by z (Proposition 11.12). The
function of z attached to the coefficient R = k[my(Z)] is supported on the twisted conjugacy
class of z = 1, on which p, is conjugate to p (Lemma 11.6). This gives the theorem.

11.1 Setting and statement

Setup 11.1. Let G be split, simply connected and semisimple, let Y = Bung p for the
original curve X and a nonempty effective divisor D, which may be nonreduced, and let
U = X —supp D. The coefficient field k is an algebraic closure of Qy, with a fixed square

root of q. Sheaves are considered on the base change of Y, U and of the stacks below to Fg,
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and Fr denotes the ¢g-Frobenius endomorphism of such a base change; it is linear over F,. For
a finite set I and J C I, the partial Frobenius Frob; of U’ is Fr on the coordinates in J and
the identity on the others.

The local system. Let p be a G-local system on U. For a representation V' of GT let V, be
the associated lisse sheaf on U’; on F, it comes with isomorphisms 6 : Frob¥ V, = V,. Let
Z G be a reductive subgroup centralizing the image of the geometric fundamental group.
The group Z! then acts on V, over F,; for z € Z we write z; for its action through the legs
in J, and z = z7. Let ¢ be a geometric Frobenius element of the Weil group of U and put
g = p(¢)~1, the image of an arithmetic Frobenius element. We assume that g normalizes Z
and put o = Ad(g)|z. Since 6 induces on a fibre the action of ¢,

07 0 Frob¥(z5) = a (2)500;. (11.1)

For z € Z let p, be the parameter of the Weil group with the same restriction to the geometric
fundamental group as p and with p.(¢) = z¢g~!; equivalently, V,, is V, with 0 replaced by
zj05. This is a homomorphism because Z centralizes the geometric image. For an excursion
datum e = (I, f,7) with v = (y;) € W, the value v,,(e) = f((p:(Vi))ier) is a regular
function of z.

The family. We are given a k-linear functor W +— Fy from finite-dimensional representations
of Z to locally bounded constructible complexes on Y. For a lisse sheaf W on a scheme B
with an action of Z we put F(W) = @y Fiw X Hom (W, W) on Y x B, the sum being over
the irreducible representations. Let Hecke; be the stack over U! of modifications of G-bundles
with level structure along D, with its maps a,b to Y given by the source and the target
and its map ¢ to U', and let S1,v be the Satake kernel on it, in the normalization of [Lafl8,
Definition 4.5 and (4.8)]. The Hecke functor is Hy v (K) = (b, £)(Sr,v ® a*K). The family is
a Hecke family with Frobenius in the sense of Definition 5.1. With the normalizations just
fixed, this means the following.

(F1) Hecke isomorphisms. For all I, V and W there are isomorphisms Hy v (Fw) ~ F(W®V,)
onY x U’ where Z acts diagonally on W ®V,. They are natural in W and in V, are the
identity for the trivial representation, and are compatible with restriction to diagonals
of U and with convolution: for I = J U J" and V = V; K V4 the isomorphism for (I, V)
is the composite of those for (J, V1) and (J', V2) under the convolution isomorphism of
Satake kernels. Here naturality in V, restriction to diagonals and convolution refer to
the corresponding structures of the kernels Sy [Lafl8, Notation 4.9, Propositions 4.10
and 4.12].

(F2) Frobenius covariance. There are isomorphisms cy : Fr* Fyy ~ Fo-p, natural in W,
where ry : Z — GL(W) denotes the action of Z on a representation W, and o*W is
W with the action z — ry(a(z)).

(F3) Compatibility. The Satake kernel has its Frobenius structure ®s : Fr*Sry ~ Sy
[Laf18, (3.5)], which gives Fr* H; v (K) ~ Hry(Fr* K), where on the left Fr is the
Frobenius of Y x U!. Under this identification the two isomorphisms

Fr* HI,V(-FW) — F(a*W X Vp),

namely the Hecke isomorphism for W followed by ¢ and 6, and Hy vy (e ) followed by
the Hecke isomorphism for oW, are equal.

In (F3) we used that 7 : o* Fr* V, — V,, commutes with the action of Z, by (11.1). The family
of Theorem 8.8, restricted as in Proposition 12.1, has this structure. For simply connected G

the Schubert dimensions are even, so no sign occurs in the commutativity constraint [Lafl8,
Remarks 1.19 and 1.21].
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The trace function. A map X : oW — W of representations of Z makes Fyr a Weil complex,
with structure map F) o ey : Fr* Fiy — Fw. We call such a map A a closing map. Let

II =m(Z2), R = k[11], AR Q'R = R, ey eq-1(y),

where Z acts on R by left translation, and let ¢ be the trace function of the Weil complex
(FRrs AR)-

Theorem 11.2 (Excursion equations for the trace). In Setup 11.1, assume that Z° is a
torus and that 1 — « : Z° — Z° is an isogeny. For every excursion datum e = (I, f,~) with
~ € W}, the pairing

h(y)e(y)
L,(h) = ) h e C(Y(F,), k) (11.2)
W= 2 ThwlE)l )
satisfies

L@Se = Vp(e)Lgo; Vp(e) = f((p(’}/z))léf)

Remark 11.3 (Conventions). Let uc be the arithmetic Frobenius of the curve, acting on
the coefficients. With the conventions which precede Lemma 6.6, the automorphisms of
the stack of bundles and of the spectral stack are the transports uau(E) = (ug')*€ and
Uspee(T) = (ual)*v'. The descent isomorphism ¢ : ufp =~ p has matrix g in the marked fibre,
SO Ugpec acts on the centralizer through a~!, where a = Ad(g)|z, and the covariance of
Lemma 6.6 is

U;ut]:W =~ ]:(a—l)*W-

On the special fibre u,yt o Fry is the absolute Frobenius, whose pullback is canonically the
identity on étale sheaves. Inverting the covariance gives

Fry Fiw ~ Forw,

which is (F2). On the legs the corresponding map is ual, whose pullback is identified with
Fry; in the same way, and the isomorphism of local systems is

6= (ug") (™) : (ugh)p — p.

Its matrix in the marked fibre is g7, and §oFr*(z) = a~!(2)00; equivalently 0 : o* Fr* V,, — V,
is equivariant under Z. By the identity for the universal local system and the Hecke identities,
the inverse of the arithmetic covariance is the square (F3). So (F3) is a property of the family
which has been constructed, and the direction of « is determined by the construction.

For the regular representation R of the group of components the map which plays the
role of a closing map for the arithmetic covariance is (a~')*R — R, €y > €q(y); We call it
the arithmetic closing map. The closing map of the setup, the geometric one, is its inverse
Ar:a"R — R, ey > e4-1(,). The arithmetic and the geometric operator on I'(F,, Preg) are
inverse to each other, on the exterior algebra A and on R together, and Proposition 6.10
shows that the supertraces of both are nonzero. The trace function of a Weil complex is the
trace of the geometric operator.

The following table collects the two directions. The left column is the arithmetic one,
defined by transport by uc; the right column is the geometric one, defined by pullback by
Frobenius, and the maps on the right are the inverses of those on the left.
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arithmetic geometric

map of the stack of bundles  uay; : € — (ual)*é' Fry; the composite uay; o Fry is
the absolute Frobenius

covariance of the family uh Fw 2 Fla-1ysw Fry Fw =~ Fo+w, which is (F2)
local system on the legs ¢:ugp — p, with matrix g 0: (ual)*p — p, with matrix g~!
closing map on R = k[II] €y F¥ Ea(y) AR : €y €q-1(y)
operator on g%, for an orbit ¢? Ad(gp)Y ¢ 4(Ad(gp)¥)~ 1
of length d
factor of the supertrace, for 1 — g%\ 1—g 4\t
an eigenvalue A of Ad(gp)Y
the example of Section 6.4 —64 64/125

11.2 Functions on the centralizer

Twisted conjugation is the action h % z = a(h)zh ™! of Z on itself. If z is replaced by h * z
then zg~! is replaced by its conjugate under a(h), so that pps. = Ad(a(h)) o p..

Definition 11.4 (Trace data and matrix coefficients). Let V' be a finite-dimensional repre-
sentation of Z. We write A(V') for the space of regular maps a : Z — V* such that

a(hxz) = a(z) ory(a(h))™? (h,z € Z).

A trace datum for V' is a pair (W, \) of a finite-dimensional representation W of Z and a map
A a*(W®V) — W of representations. Its matriz coefficient is

aw(2)(v) = Tr(rw(z) o A(— @) | W).

*

For the trivial representation, A(1) is the space O(Z)
under twisted conjugation, and aw )(2) = Tr(rw(2)A).

of regular functions invariant

Lemma 11.5 (Matrix coefficients). 1. The function aw,x belongs to A(V'), and X — aw
induces an isomorphism

@Homz(a*(W @ V), W) " A(V),
w

the sum being over the irreducible representations of Z.

2. If W = @,; W; @ M; with Wj irreducible and pairwise nonisomorphic, and \; denotes
the partial trace over M; of the component of A from o*(W; @ M; @ V') to W; @ M;,
then aw = >; aw, ;-

3. Let V.=V, ® Vi, let V| be another representation and 9 : V{ — Vi a linear map with
Dory(z) =1y (a™Y(2))od. Put W =W @V, and

Nia(WeieVielh) — Wael, W R v QU] @y — AM(w v @va) @V (v]).
Then (W', X') is a trace datum for V{ @ Va, and
awr x(2) = aw(2) o (rv, (2)0 ® idy,).

Proof. (1) Write A\, = AM(— ® v) € End(W). That A is a map of representations means
Aa(hyo Tw(a(h)) = rw (h)A,. Hence

a(2)(v) = Te(rw (2)rw (B) " Aaguyorw (a(h))) = a(h* z)(a(h)v),
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which is the condition defining A(V'). Representations of the reductive group Z are semisimple,
and by the algebraic Peter—Weyl theorem the maps End(W) — O(Z), T — Tr(rw(z)T), for
W irreducible, are injective and O(Z) is the direct sum of their images. Twisted conjugation
acts on the image of End(W) through T+ ry (h)Try (o (h)) ™!, that is, through the natural
action on Hom(a*W, W). Tensoring with V* and taking invariants gives the isomorphism.

(2) Only the components of A from the ith summand to itself contribute to the trace, and
the trace over W; ® M; is the trace over W; of the partial trace.

(3) That )\ is a map of representations follows from the property of 9. For fixed v] and v
the operator ry/ (2) N (—®v] ®v2) on W@ V7 sends w@wv1 to ry (2)Mw@vy @vg) @1y, (2)0(v]).
The trace of an operator of the form w ® v; — T(w @ v1) @ ¢, with T : W ® Vi — W and
c € V1, is the trace of w +— T'(w ® ¢). This gives the formula. O

Lemma 11.6 (The regular coefficient). Assume that Z° is a torus and that 1 — o is an
isogeny of Z°. Then

ar, = 1% 14, 0 ={ah)h™':heZz}. (11.3)
The set O is a union of connected components of Z, and for every excursion datum e,

Vp.(€) arng(2) = vp(€)arng(2) (2 € 2). (11.4)

Proof. The operator rg(z)Ar sends ey to €za-1(y), Where Z is the image of z in II. Its trace
is the number of v with z = ya~(y)~!. Writing v = «a(), these are the solutions of
Z = a(8)d~1; if there is one, the others are its products on the right with elements of I1¢.

Suppose Z = a(6)d ! and let ho be a lift of §. Then z = a(hg)thy' with t € Z°. The
map s — a(s)s~! is an endomorphism of the torus Z°, and it is surjective because 1 — « is
an isogeny. Writing t = a(s)s™! gives z = a(hgs)(hos) ™! € &. Conversely the image in II of
an element of ¢ has the required form. This proves (11.3) and shows that ¢ is the inverse
image of a subset of II.

For z = a(h)h™! = hx 1 we have p, = Ad(a(h)) o p, and excursion functions are invariant
under simultaneous conjugation. This proves (11.4). O

Remark 11.7. With the trivial coefficient in place of R, all the parameters p, would con-
tribute. The regular representation of my(Z) restricts the contributions to certain components
of Z, and the condition that 1 — « is an isogeny of Z° makes those components a single
twisted conjugacy class. Both parts of Lemma 6.2 are used here.

11.3 Traces of correspondences

We recall the trace of a cohomological correspondence relative to a base, in the form in which
it will be used. Let B be a scheme of finite type over ﬁq and M a scheme separated and of
finite type over B. Complexes on M are assumed bounded, constructible and universally
locally acyclic over B; this holds for K XN when M = Yy x B, K is a complex on Yy and N
is lisse on B.

Definition 11.8 (Correspondences with kernel and their traces). Let K be a complex on M
and K’ a complex on a second scheme M’ of the same kind; in most of what follows M’ = M,
but in step 5 of the proof of Proposition 11.10 the two are different. A correspondence with
kernel from K to K’ consists of a scheme H separated and of finite type over B with a map
(a,b) : H— M xpg M’, a complex A on H, the kernel, and a map

n:AQa'K — V'K’
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The composite with a correspondence (H', A’,n') from K’ to a complex K” on a third such
scheme is supported on H Xy pp oo H', has kernel A Xy A’, and the map of the composite is
deduced from 7 and 1’ by the base change map, as in [Laf18, §4.1]. Amap f: K — K’ is a
correspondence supported on M with kernel k. For an endomorphism F of M over B and
amap ¢ : F*K — K', we write U, for the correspondence from K to K’ supported on M,
with (a,b) = (F,id) and kernel k.

Let N be a lisse sheaf on B and ¢ = (H, A,n) a correspondence with kernel from K to
K ® N. Let C be its fixed locus, the inverse image of the diagonal of M xp M, with maps
1:C—>H,mn:C—>Mandp:C— B. Let pg : H— B be the structure map. The map 7
is the same as a map A — (a, b)!(DM/BK Xp K) ® pj; N, by the duality

DyypK Rp K' ~ RHom(pr} K, pry K') (11.5)
of [LZ22, Proposition 2.5]. The trace of € is the composite

tr(e) : i*A — i*(a,b)'(Dy/pK Rp K) @ p*N — 7'(Dpy/pK @ K) @ p*N — woyp @ p*N,

(11.6)
in which the middle arrow is the base change map i*(a,b)' — 7' A* and the last is evaluation.
The pairing of € is the map

II(e) : pi*A m pp'N — N.

In the language of [LZ22, Construction 2.6], a correspondence with kernel from K to K’ is a
morphism (H, A)® (M, K) — (M, K') in the symmetric monoidal 2-category of cohomological
correspondences over B. The object (M, K) is dualizable because K is universally locally
acyclic [LZ22, Theorem 2.16], and tr(e) is the trace of an endomorphism of a dualizable object
[LZ22, Construction 1.6], formed with the kernel (H, A) as a parameter and with values in
(B, N). No condition on the kernel is needed.

The statements of [LLZ22] are for torsion coefficients, and we pass to the coefficients k in
the usual way. The complexes used below are finite in number and defined over the ring of
integers O of a finite extension £ of Qy. Their reductions modulo the powers of a uniformizer
w are universally locally acyclic where the complexes are, so the trace and its properties are
available modulo @™ for every m, compatibly with reduction. To pass to the limit one needs
the cohomology with compact supports of the fixed loci, with coefficients modulo @™, to be
bounded independently of m. The fixed loci which occur are stacks of shtukas of level D with
bounded modifications, truncated by the Harder—Narasimhan polygon (step 1 of the proof of
Theorem 11.2). Let D' > D be a divisor with the same support and large multiplicities. The
stacks of level D’, with the same bounds, are quasi-projective schemes, and those of level D
are their quotients by the finite group ker(G(Op/) — G(Op)) [Lafl8, Remarque 4.3]; here we
use that D is not empty and that G is semisimple. This group has a filtration with quotients
which are vector spaces over [Fy, so it is a p-group and its order is invertible in the coefficients.
Hence the cohomology of the quotient is the invariant part of the cohomology of the scheme,
and the bounds for schemes of finite type apply. Finally, the maps between the complexes
are defined after ¢ is inverted, and they need not preserve the integral structures. Since the
trace and the identities proved below are multilinear in the maps, they can be checked after
the maps have been multiplied by a power of the uniformizer. In the application D contains
the divisor Dy, of Section 7, which is not empty.

Lemma 11.9 (Properties of the trace). (a) Sums and products. The trace is additive for
decompositions of K into direct sums: the trace of an endomorphism of K1 ® Ks is the
sum of the traces of its two diagonal components. If K = K1 X M with M lisse on B
and € = ¢g @ m with m : M — M ® N’, then tr(e) = tr(e1) @ Tr(m).
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(b) Base change. The trace and the pairing are compatible with base change along a map
B' — B.

(c¢) Proper maps of kernels. Let e = (H, A,n) and € = (H', A’,n) be correspondences from
K to K®QN, let m: H— H' be a proper map compatible with the maps to M xg M,
and let k : m*A’ — A. Suppose that 1 is the pushforward of n, that is, the composite

A @d*K = m,(m*A @adK) 5 m(A®a*K) 5 mm't' (K @ N) = V(K ® N).

Then I1(€') is the composite of I(e) with the map pji"™* A" — pii*A given by pullback
along the map of fized loci C — C" and by k.

(d) Cyclic symmetry. Let Ky and K; be complexes on schemes My and M; as above,
possibly different, let €1 be a correspondence from Ky to K1 and eo one from Ky to
Ko ® N. The fized loci of €3 0 €1, an endomorphism of Ky, and of (e ® N) o €2, an
endomorphism of K1, are the same, and tr(ez o €;) = tr((eg ® N) o €2).

e) Frobenius. Let B = SpeclF,, let M be defined over F, with Frobenius Fr, and let
q q
¢ Fr* K — K. The fized locus of V4 is the finite set M (Fy), and tr(Vy) is the function
y— Tr(oy | Ky).

(f) Open subschemes. Let M° C M be an open subscheme, and let €° be the restriction of
a correspondence € = (H, A,n) from K to K ® N to the open subset H° = a~*(M°) N
b=Y(M°) of H. Its fived locus is the open subset C° = w~1(M°) of C, the trace of €° is
the restriction of the trace of € to C°, and I1(e°) is the composite of I1(€) with the map
pric* A — pri* A of extension by zero.

Proof. Statements (a), (b), (c) and (e) are formal or are in the literature; (d) requires an
argument, because it is stated there without parameters, and (f) is a direct verification.

(a), (b) The symmetric monoidal 2-category of [L.Z22, Construction 2.6] is additive in the
sheaf, which gives the first part of (a); the second holds because (B, M) is dualizable and
the trace of a tensor product of endomorphisms is the product of the traces. Base change is
a symmetric monoidal functor [LZ22, Proposition 2.26], and such functors preserve traces;
this is (b).

(¢) The pair (m, ) is a morphism p : (H', A’) — (H, A) of that category, supported on H,
and the hypothesis says that m is a 2-morphism from € o (¢ ® id) to ¢’. Composition with
the coevaluation and the evaluation of (M, K) is functorial for 2-morphisms, so m induces a
2-morphism between the traces, which is the assertion; this is the mechanism of the relative
Lefschetz—Verdier formula [LZ22, Theorem 2.21], here in the case where M does not change.

(d) This is the symmetry of the pairing (u,v) ~ (v, u) of [LZ22, Construction 1.6, in a form
with parameters. Let X and Y be dualizable objects of a symmetric monoidal 2-category,
with evaluations evy,evy and coevaluations coevy, coevy, and let

u:PPX —Y, V:PhY —XT

be morphisms, where P;, P, and T are arbitrary objects. Consider the morphism (u,v) :
P, @ P, — T obtained as follows: apply coevy ® coevy to create X @ XV @Y @ YV; apply u
to PL® X and v to P,®Y; and apply evy to the result of v with YV, and evx to the factor X
of the result of v with XV. The trace of vo (P, ® u), an endomorphism of X with parameters,
is by definition obtained from coevx, the composite, and evx. Inserting between u and v the
identity of Y, written as the composite (Y ® evy) o (coevy ® Y'), we obtain (u,v). In the
same way the trace of (u ® T') o (P} ® v), an endomorphism of Y with parameters, becomes
(u,v) after insertion of the identity of X between v and u. So the two traces are isomorphic,
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by an isomorphism built from the triangle identities of X and Y and the symmetry; the
objects P, P, and T are only carried along. We apply this to X = (My, Ky), Y = (M, K1),
T = (B, N) and the kernels of €; and ez as P; and Ps; the supports of the two composites
are identified by exchanging the two factors of the fibre product.

(e), (f) Statement (e) says that the local terms of the Frobenius correspondence are the traces
on the fibres [GV25, Corollary 0.9]. For (f), each map in (11.6) is compatible with restriction
to open subsets, since for an open immersion the two pullbacks coincide and commute with
all the functors involved; and p° = p o e for the open immersion e : C° — C, so that the
integration map of p° is that of p composed with the counit eje* — id. Property (f) concerns
open immersions and extension by zero, and property (c) concerns proper maps m: an open
immersion is not an admissible 2-morphism in (c). O

11.4 The trace pairing

For a finite set I and a representation V' of G let Hr,v be the sheaf HOD,],V ® k of Section 1.5,
on Ul over Fq: it is the direct limit over u of RO of the Satake sheaf F. 7,v on the stacks
ChtIS“ of shtukas with level D. The stack Cht; is the locus b = Froa in Hecker, and Fy y is
the restriction of Sy, where the condition b = Froa is understood as a 2-fibre product: an
identification of the two bundles, with their level structures, is part of the datum. The partial
Frobenius morphisms of [Lafl8, §3] induce maps Fy : Frob’ Hrv — Hpv [Lafl8, §4.3]. For
I = @ the sheaf Hy 3 is the space C.(Y (Fy), k).

Let Ary be the sheaf on U I over Fq whose sections are the regular maps a from Z to
sections of V' satisfying the condition of Definition 11.4 for the diagonal action of Z. By
Lemma 11.5(1) it is the direct sum, over the irreducible representations W, of the lisse sheaves

Qw = Homy (a"(W @ V,), W).
It follows from (11.1) that
@J : -AI,V — Frob”} .A]’\/, (@JCL)(Z) = a(z) o ZJGJ,

is well defined; it is an isomorphism. Evaluation at a point z is a map from Ajy to the dual
of V,,, which carries ©' to the partial Frobenius structure of that dual.

A trace datum over a base 3 : B — Ul is a triple (W, N, \) of a lisse sheaf W on B with
an action of Z, a lisse sheaf N on B and a map A : a*(W® *V,) = W ® N commuting with
Z. Its matrix coefficient ayy , defined fibrewise, is a section of * A7y ® N.

Proposition 11.10 (The trace pairing). In Setup 11.1, for every finite set I and every
representation V. of G! there is a map of sheaves on U! over Fy,

Oy : Arv @ Hry — k,

with the following properties.

1. Functoriality. For a map u:V — V' of representations, Il1 y(a’, H(u)h) = Iy (a o
u, h). For a map of finite sets  : I — I', the restriction of Il1y to the corresponding
diagonal is I/ ¢ under the coalescence isomorphism.

2. No legs. For a trace datum (W, \) for the trivial representation, with trace function

ow of (Fw,A),

h(y)pwa(y)
Op(awp, h) = > 22
weviey | AW (Fo)
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3. Partial Frobenius. For J C I, sections a of Ary and h of Frob’; Hy v,

H[,V (a, FJ(h)) = Fl"Obj} H[}V (@J(a), h) (11.7)

The proof occupies the rest of this subsection. We first define a pairing for every trace
datum.

Step 1: construction. Let (W, N,)) be a trace datum over 8 : B — U!. Fix pu and let
Yy C Y be a quasi-compact open substack defined over F, which contains the bundles that
occur in Cht?“ , for instance one of the open substacks of the Harder—Narasimhan filtration.
Put M = Yy x B and F = Frxidg. By adjunction the Hecke isomorphism (F1) is a
correspondence with kernel €y from F(W) to F(W ® *V},), supported on Hecke; xyr B
with kernel Sy . Let

(N

or: FPFW @ BV,) -5 Fla*(W @ B'V,)) 224 Fow) @ N.

The fixed locus of Wy, o€y is Cht; X1 B, and its kernel there is F7y. We define
MV = T(Vy, oew) : B*Hiy — N,

after restriction to the truncation by p and passage to the cohomology sheaf of degree zero.
By Lemma 11.9(f) the result does not depend on Y and is compatible with the transition
maps in p, which are extensions by zero.

The relative trace is used here for Artin stacks; the construction and the relative formula
of Lefschetz and Verdier hold in that generality, with proper morphisms replaced by proper
representable ones [LZ22, Remark 2.24]. The hypotheses are satisfied. On each truncation the
stacks which occur in (11.6) are of finite type over B. The complexes on the stacks of bundles
at the source and at the target are exterior products with lisse complexes on B, so they are
ULA over B. The maps of supports along which we push forward are bounded convolution
maps and relative Frobenius maps of bounded Hecke projections, which are representable
and proper. The trace, its cyclicity and its restriction to open substacks are then formed
with the same duality and base change maps as for schemes. This gives the pairing at level
D over the whole of U’, the diagonals included.

For an irreducible representation W, the tautological map a*(W ® V,) - W ® Q) is a
trace datum over U’ and gives o . ow ® Hrv — k. We define Iy as the sum of the
maps IV

Step 2: general trace data. We claim that for every trace datum over a base,
VA = (BTLy @ N)(awr ® —). (11.8)

Decompose W = @y W @ My with My, = Hom, (W, W), so that F(W) = @y Fiw KMy
The Hecke isomorphisms and ¢ are natural in the coefficient, hence respect this decomposition
and act trivially on the sheaves My . By Lemma 11.9(a) the trace of Wy, o€y is the sum
over W of the traces obtained from the partial trace over My of the diagonal component of
A. The same decomposition holds for ayy y, by Lemma 11.5(2).

Step 3: functoriality and the case without legs. The Hecke isomorphisms are natural in V
and compatible with restriction to diagonals, and traces are compatible with base change
(Lemma 11.9(b)). This gives (1). For I = @& the correspondence ey is the identity and W,
is the Frobenius correspondence of the Weil complex (Fy, A). The stack of its fixed points
is the finite groupoid of the bundles defined over I, in the chosen truncation, and the local
term on the component of a bundle y is the trace on the stalk at y [GV25, Theorem 0.8(a)
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and Corollary 0.9]. The integral over this component carries the weight | Aut(y)(F,)|~: the
point is an atlas of B Aut(y)(F,), finite étale of degree | Aut(y)(F,)|, and the trace map of
the atlas followed by the integral over the component is the integral over the point. This
gives (2).

Step 4: Frobenius covariance as an identity of correspondences. Let J be a finite set, Vi a
representation of G’ ., B:B — U’ abase and W a lisse sheaf on B with an action of Z. In the
two fibre products which follow, the Hecke stack is the bounded one which supports the kernel
for V1. Let H = Hecke; x5 3 B and H° = Hecke; X7 g B, the Hecke correspondences
over B with legs at § and at Frog, and let € and €° be the correspondences with kernel given
by (F1) on them. Consider the two composites

earw o ¥e: FOW) ~» F(a™W) ~» F(&™W ® "V ,),
Vegoepy: FOWV) ~»FW®R B Fr*"Vi,) ~ FlaW® [*Vi,),

where W, is the Frobenius correspondence of the covariance ¢, and ¥, g that of ¢ followed
by F(1® 6y). The first is supported on H, with source map F o a and target map b. The
second is supported on T'= H® x; pr,p M. The relative Frobenius

riH—T,  ur— (Fr(u),b(u)),

is compatible with the source and target maps. It is a base change of the relative Frobenius
of the map (b, ¢) : Hecke; — Y x U, which is representable and of finite type on bounded
parts; so r is a finite universal homeomorphism. The kernel on T is the pullback of S;y;,
and its pullback by r is Fr* S;y,, which ®s identifies with the kernel on H.

Claim. The correspondence ¥, o €}, is the pushforward of e,«yy o ¥, along (r, ®s), in
the sense of Lemma 11.9(c).

Indeed, by adjunction a correspondence with kernel Ar supported on T', with source
and target maps s and t, is the same as a map (Ar ® s*K) — K’, and its being the
pushforward of a correspondence supported on H means that this map is the composite of
the corresponding map for H with the isomorphism

t(Ar ® s K) " tirr*(Ar © s K) —% (tr) (An © (sr)'K),

in which the first arrow is an isomorphism because r is a universal homeomorphism. For
W, g o €y, we have, by base change, /(A7 ® s*K) = Fr* H; v, (F(W)), pulled back to M, and
the displayed isomorphism is the identification Fr* H v, (K) ~ H v, (Fr* K) of (F3). The two
maps to be compared are therefore the two isomorphisms of (F3), for the coefficient W in
place of W; they are equal by (F3) and additivity.

Step 5: partial Frobenius. By (1) and additivity in V' we may assume V =V} K V5, with
Vi a representation of G’ and V, one of GY', J' = I — J. By (11.8) it suffices to consider
a = aw, for a trace datum (W, N, \) over B = U with W a representation.

The open substacks. The correspondences below relate bundles which differ by bounded
modifications, and an open substack of Y of finite type is not stable under such modifications.
If the middle bundle of an iterated modification were required to lie in the same open substack
as its ends, the convolution maps would in general not be proper, and Lemma 11.9(c) could
not be applied. We therefore use three open substacks. Fix p. Bounded modifications
change the Harder—Narasimhan polygon of a bundle by a bounded amount, so there are
quasi-compact open substacks, defined over [F,

Y. CcY,CY.CY
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with the following properties: Y, contains the first bundle of every shtuka in the truncation
by p of Chtg‘],"]); a bundle obtained from a bundle of Y, by a modification with legs in J’
bounded by V5 lies in Y3,; and a bundle obtained from a bundle of Y}, by a modification with
legs in J bounded by V; lies in Y. Being defined over F,, they are stable under Fr and under
its inverse on points.

Let €1 be the Hecke correspondence with legs in J from Fy on Y}, x B to F(W @ V;,) on
Y. x B, and €3 the one with legs in J’ from F(W @ V; ) on Y. x B to F(W ®V,) on Y3, x B.

They are composed below in two orders, which are shown in Figure 2.

fo—F— & —— Fr&

Yy Ye Yy

& ——— & —F— &

Ya Y, Ye

Figure 2: The two orders of the modifications in step 5. Above: a fixed point of Uy, o€z 0€;
is a shtuka in which the modification with legs in J comes first; its ends lie in Y}, and the
middle bundle then lies in Y.. Below: after the cyclic move the modification with legs in J’
comes first; the first bundle is taken in Y,, and then the middle bundle lies in Y}, and the last
one in Y.. Under each bundle is the open substack which contains it.

The composite €3 0 €1 is supported on the part of the iterated Hecke stack Hecke//")
whose two ends lie in Y}, and whose middle bundle lies in Y,. By the choice of Y. the condition
on the middle bundle is automatic. So this is the whole iterated Hecke stack over the ends in
Y}, its map m to Heckey is proper, and by (F1) the correspondence ey, taken with Yy = Y},
in step 1, is its pushforward along m. The map of kernels required in Lemma 11.9(c) is the
counit: the convolution kernel is the proper direct image of the iterated kernel, and the counit
maps the pullback of this direct image to the iterated kernel. The fixed locus of Wy, o€z 0 €1
is the stack Chtg‘]"],) of shtukas with two modifications, and, by proper base change of this
direct image to the fixed locus, the pullback on cohomology is the isomorphism through
which #H;y does not depend on the partition [Lafl8, Définition 4.1]. By Lemma 11.9(c) and
then (d),

A = (W, cea0er) =1II((e1 ® N) oWy, oer),

where the last correspondence is an endomorphism of F(W ® Vi ,) on Y. x B with values
in N; here (d) is applied to complexes on the two different spaces Y}, x B and Y. x B. In
this last correspondence the middle bundle, which is Fr &y, is constrained to lie in Y}, so its
support is in general not the whole of the iterated Hecke stack Hecke”"/) over ends in Ye,
and its convolution map need not be proper. We therefore restrict it to Y,. By Lemma 11.9(f)
the pairing of the restriction is the pairing itself on the classes supported over Y,, extended
by zero, and these include the classes of the truncation by u. Over Y, the constraint is
automatic: the middle bundle is obtained from a bundle of Y, by a modification with legs in
J’, so it lies in Y},. Hence the restricted correspondence is supported on the whole iterated
Hecke stack over ends in Y,, and its convolution map is proper. Conversely, for a shtuka
(&1 — Fr& — Fr &) with & € Y,, the bundle & lies in Y3,; so no part of a class supported
over Y, is lost on the other side.

Now Wy, = F(A) o .. By naturality of the Hecke isomorphisms in the coefficient,
(e1®@N)oF(N) = F(A®1) o€, where on the right €; is taken with the coefficient o*(W @ V,,).
By the claim of step 4, applied to W = W ® V,, the correspondence €1 o ¥, has pushforward
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VU, goeq along . Composition with the other correspondences preserves this relation. Moreover
FA®1) oV .g=Vy,, N=A®1l)o(1®by):a" (W ®Frob;V,) - W @ N,

with W =W ® Vi ,. Thus (W', N, \) is a trace datum over the base Frob; : UT — UZ, and
WUy, 0 €] o€, restricted to Ya, is the correspondence defining its pairing, for the partition
(J',J) and with Y = Y, in step 1; its convolution map is proper, as we have just seen, so
Lemma 11.9(c) applies to it. On fixed loci r induces the map

Chth’J,) — Chthl?J) XUI,FrObJ UI,

which sends a shtuka (& — & — Fr&) to (& — Fr& — Fré&;). This is the partial
Frobenius morphism of [Laf18, §3], and the identification of kernels, which is ®s on the factor
with legs in J and the identity on the other, is the isomorphism of [Laf18, Propositions 3.3,
3.4 and 4.10]. Hence the pullback on cohomology is the map F); of [Lafl8, §4.3]; truncations
are treated as there, using [Lafl18, Lemme 3.1]. Lemma 11.9(c), applied to the finite universal
homeomorphism 7, now gives

/ !
oV o Fyp =1VA on Frob’; Hy v,

first on the classes which come from the truncation by w of the target of the partial Frobenius
morphism. For the pullback of such a class the first bundle lies in Y3: it is the inverse image
under Frobenius of the result of a bounded modification at the legs J’ of a bundle in Y,. So
the two maps of the equality compute the same trace on these classes. Every class comes from
such a truncation, and both maps are compatible with extension by zero; the equality follows
on the direct limit. By (11.8) the right side is Frob’; II; v (aw n, —), and by Lemma 11.5(3),
applied fibrewise with ¢ = 6; and using (11.1), we have ayy » = O (aw,). This proves
(11.7) and completes the proof of Proposition 11.10. O

Remark 11.11 (Relation to a statement of V. Lafforgue). In step 5 the closing map A stays
in the path when the first modification is moved past Frobenius, and the coefficient changes
from W to W ® V1 ,. For a single eigensheaf, when Z is trivial, the matrix coefficients form
the sheaf V7, and (11.7) says that the adjoint maps Hry — V, commute with the partial
Frobenius maps. This is the statement left unwritten in the proof of [Laf18, Proposition 15.1];
compare [AGK ™21, §4.5.5] for sheaves with nilpotent singular support in the absence of level
structure. The only input specific to the situation is (F3).

11.5 Evaluating an excursion

Let Hyy be the fibre of Hyy at the geometric generic point 7; of U!. By Lemma 1.5.8 the
partial Frobenius maps and the fundamental group act on it through W. The fibre of Arv
at 77 is the space A(V') for the fibre of V.

Proposition 11.12 (Excursion operators on matrix coefficients). For every excursion datum
e with tuple in Wi, every a € O(Z)* and every h € C.(Y (Fy), k),

Oy (a, Seh) =g (v, (€) a, h),
where v,,(e) a is the function z — v,_(e)a(z).

Proof. The map Il; 1 is a map of sheaves, so its fibre at 7; is invariant under the geometric
fundamental group of U, and by Proposition 11.10(3) it is invariant under the partial
Frobenius maps, acting on Az y by @}1. The Frobenius—Weil group of [Lafl8, Remarque 8.18]
is generated by the geometric fundamental group and lifts of the partial Frobenius morphisms.
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Evaluation at z carries its action on A(V') to the action on the dual of the fibre of V,,_, which
factors through the product of the Weil groups. The evaluations being jointly injective, the
action on A(V) factors through W4 and is

(v-a)(2) = a(z) o pa(v) "

Thus H[’V(a,’)/h) = HL\/(V_I - a, h) for v € Wfly, a € A(V) and h € HLV‘

Write f((g:)) = (€, (g:)x) with x € V and £ € V* invariant under the diagonal group. The
operator S, is the composite of the creation operator of z, the action of v = (v;) on Hyy
and the annihilation operator of £. Creation is the map H(x) : Hioy1 = Hyopva followed
by the coalescence isomorphism and by specialization to 77; annihilation is defined in the
same way from £. The sheaf Ajy is a sum of lisse sheaves and II; 1 is a map of sheaves, so
it commutes with specialization. By Proposition 11.10(1),

Iy (a,Cih) = lg(d' ()(z),h),  Tz(a,CR) =1y (al,h'),

where a§{ € A(V) is the function z — a(z)¢; it satisfies the condition of Definition 11.4
because £ is invariant under Z. Combining the three steps,

My (a, Seh) =y (v (a€),ChR) =TIy (2 = a(2)(€, p2 (7)), ),

and (€, p-(7)z) = vp. (€)- ]

Proof of Theorem 11.2. By Proposition 11.10(2) and (11.8), L, = Iz(agx,, —). By Propo-
sition 11.12 and (11.4),

L, (Sch) =11g(vp,(€) aprg. h) = vo(e) lg(apry, h) = vy(e)Ly(h). O

Corollary 11.13 (The parameter of a nonzero trace function). If p is semisimple and elliptic
and ¢ # 0, then ¢ is a cusp form with compact support and a joint eigenfunction of the
excursion operators for all Galois tuples. Its parameter is Vgp, where Yg is the Chevalley
involution.

Proof. By Theorem 11.2 the linear form L, satisfies (1.8.3) with oeer = p, for all tuples in
the Weil group. Proposition 1.8.10 then gives both assertions; the Chevalley involution comes
from the transposition in that proposition. O

12 Returning to the original curve

At this point we have a family of Weil complexes on Bung(Cy), for the curve Cy = X Up Co
over [F;, and a G-bundle Gy on Cy, defined over Fy, at which the member with coefficient P,eg
has nonzero trace (Proposition 10.9). We want a function on bundles on X. A bundle on
Cp is a pair of bundles on X and on Cs with an identification along D, so we fix the bundle
on (5 and let the one on X vary. The bundle on Cs must be the restriction of Gy: then Gy
itself lies in the resulting family, and the function obtained is not zero. Theorem 12.2 is then
assembled from the results of Sections 6-11.

12.1 Fixing the bundle on the auxiliary component

Recall from Definition 5.1 the notion of a Hecke family with Frobenius; for J = Bung, p(X)
its conditions are (F1)—(F3) of Setup 11.1.
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Proposition 12.1 (Restriction with a trivialization on the boundary). Let Co = X Up Cy be
the special fibre of the curve of Proposition 7.7; the divisor D, identified with Dy C Co, may
be nonreduced. Let Bung p(X) be the stack of G-bundles on X with a trivialization along D.
Suppose given a Hecke family with Frobenius on Bung(Cy) whose legs lie in an open subset
containing X — supp D, and a point Gy € Bung(Cy)(Fy) at which one member of the family
has nonzero trace. Then there is a morphism

gl : BunG,D(X) — Bung(C())

over F, such that the pullback of the family by gl is a family with the structure (F1)-(F'3)
for legs in X — supp D, and the pullback of that member has nonzero trace at a point of
Bung, p(X)(F,).

Proof. Step 1: the morphism. Let Go be the restriction of Gy to Cs. Its restriction to Do is
trivial: Ds is a finite scheme over F,, a G-torsor over a finite field is trivial by the theorem
of Lang, and a section over the reduced subscheme lifts to Do because the torsor is smooth.
Choose a trivialization of Go along Ds. A bundle on X with a trivialization along D can then
be glued to Gy along D ~ D5, and this defines gl.

Since D may be nonreduced, and its scheme structure determines the level of the function
we are going to construct, we give the details of the gluing. Locally the ring of Cj is the
fibre product of the rings of X and of C5 over the ring of D, by Proposition 7.7, and this
remains true after base change to any test scheme. Finite projective modules over such a
fibre product are equivalent to pairs of finite projective modules over the two rings with an
isomorphism over the ring of D, compatibly with tensor products [The26, Tag 0D2J]. To
pass to G-bundles choose a faithful representation G — GL,,; the quotient GL,, /G is affine,
because G is geometrically reductive. A G-bundle is a vector bundle of rank n with a section
of the associated bundle with fibre GL,, /G. The vector bundles glue by the equivalence just
quoted, and a section of a scheme affine over Cj is the same as a pair of compatible sections
over the two components. The same applies to isomorphisms. Hence, if B; and By are the
stacks of bundles on X and on Cs with a trivialization along D,

BUHG(C(]) ~ [Bl X BQ/GD], GD = ReSD/]Fq(G X D),
and the choice of Go with its trivialization gives

Bung,p(X) ~ Bung(Co) Xpung(cs) {92} (12.1)

Step 2: the trace. The bundle Gy defines a point G of the fibre (12.1) over F,, which gl
maps to Gy. For the member K of the family with nonzero trace at Gy, the stalk of gI*IC at
g{r is the stalk of K at Gy, with the same action of Frobenius. So

Str(Froby, (gI*IC)ggr) = Str(Frobg, Kg,) # 0.

Step 3: the Hecke structure. A modification of a bundle on Cy at points of X — supp D
does not change its restriction to Cy. So the Hecke correspondence of Bung, p(X) with legs
in X — supp D is the base change by gl of the Hecke correspondence of Bung(Cy), for the
projection to the source and for the projection to the target. The formal neighbourhoods of
the legs are the same for X and for Cj, so the two correspondences have the same Satake
kernels; this includes the loci where legs coincide, where one uses the sum of the graphs of
the legs. Let hg and hy be the projections of a bounded part of the correspondence of Cy
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and Ap the kernel, and let A, hy¥ and Aﬁ be the corresponding objects for X. Since h; is
proper on a bounded part, proper base change gives

(gl x idyr)*h1y(hgK ® Am) ~ hiy (kg ) gl K @ Az).

Base change isomorphisms are compatible with maps of representations, with convolution
and with restriction to diagonals. So the isomorphisms (F1) of the family on Bung(Cp) give
isomorphisms (F1) for its pullback, with the same compatibilities. Everything is defined over
F,, so the isomorphisms (F2) pull back as well and (F3) is preserved. O

12.2 Geometric realization when p does not divide the order of the Weyl
group

Theorem 12.2 (Geometric realization). Let G/F be split, simply connected and semisimple,
and suppose that p { |[Wg|. For every semisimple elliptic parameter o : U'r — G(k) there are
an open compact subgroup K C G(Ar) and a nonzero cusp form ¢, on G(F)\G(Ar)/K such
that

S 0o = f((0(%))icr) o
for every excursion datum (I, f,~) with v € F%. In particular the excursion summand of o
in the space of cusp forms of level K is not zero.

The proof occupies the rest of this subsection. It assembles the results of the preceding
sections in three stages, which produce a family of sheaves on the special fibre and a rational
point at which one of them has nonzero trace. The step which is new here is Proposition 12.3:
the family restricted to bundles on X has the structure required by Theorem 11.2.

If G is trivial the constant function has the required properties. Otherwise the Weyl
group contains a reflection, so p # 2. We apply the construction to the parameter of = 950,
which is again continuous, finitely ramified, semisimple and elliptic. The reason is that the
function obtained at the end has the parameter 9go' (Corollary 11.13), which is conjugate
to o.

The smooth curve and its local system. By Lemmas 1.4.1 and 1.4.4 the parameter ¢! has
values in a finite extension of Qy, its arithmetic and geometric monodromy groups Mon2;
and Monfiom are reductive, and the quotient of the first by the second is finite and cyclic.
Theorem 7.1 lifts of to characteristic zero. Proposition 7.7 gives a proper family C of curves
with a theta characteristic, whose special fibre is Cy = X Up Cs and whose generic fibre is
smooth of characteristic zero, and Proposition 7.10 gives a local system p on the geometric
generic fibre such that

Mon®”™ C Mon, C Mon?%, (Mon,, g) = Mon%},
where g is the image under o' of the chosen arithmetic Frobenius element. These data satisfy
the conditions of Setup 6.1: Mon, is reductive, the quotient in (2) is finite, and the centralizer
in (3) is the centralizer of Mon®;, which is finite because o is elliptic and G is semisimple.
By Lemma 6.2 the group

Z, = Cgz(Mon,), a = Ad(9)|z,

is reductive, its identity component is a torus, and 1 — « is an isogeny of this torus. Since
Monfﬁom C Mon,,, the group Z, centralizes the image under o' of the geometric fundamental
group. It will be the group Z of Setup 11.1.
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The family and the trace of its coefficient. Choose the divisor Dyyx on the second component
as in Lemma 8.3. For a finite-dimensional representation W of Z, let

Py =05, @W,  Preg = Pyny(2,))

Section 6 attaches to these objects the sheaves Fp, on the stack of bundles of the generic
fibre, with their Hecke identities and their compatibility with Frobenius (Lemma 6.6). By
Proposition 6.10, whose hypothesis on weights holds by Lemma 8.3, Frobenius and its inverse
have nonzero supertrace on I'(F,, Preg)-

A rational bundle with nonzero trace. By Theorem 8.8 the whole family extends over the
base S. The functor P+ Fp is extended, and not only the object Fp,,; so the comparison
with a microstalk is natural in P, and by Lemma 6.7 the two actions of Frobenius differ by
one scalar. These arguments are carried out in Sections 9 and 10, and their conclusion is
Proposition 10.9: there is a bundle Go € Bung(Co)(F,) at which Fp,, s has nonzero trace of
geometric Frobenius. (Geometric Frobenius is the inverse of the Frobenius automorphism used
in Lemma 6.6, see Remark 11.3; this is why both Frobenius and its inverse were considered
in the preceding paragraph.)

Proposition 12.3 (The family on bundles on X). With the data just constructed, let
Fiv = e" Fry s on Bung p(X),

with gl as in Proposition 12.1 for the bundle Gyo. Then W +— .7-"‘,)[(/ is a family with the structure
(F1)-(F3) of Setup 11.1, for the group Z = Z, with its automorphism « and for the local
system on X — supp D which is the restriction of the local system £ on the base S, namely
ol (Proposition 7.10). The Frobenius structure on the Satake kernels which enters (F3) is
that of [Laf18, (3.5) and Propositions 4.10—4.14).

Proof. By Proposition 12.1 it suffices to see that the functor W +— Fp,, s on Bung(Cp) has
this structure, with legs in U7, and this is obtained from Lemma 6.6 as follows.

Step 1: the Hecke identities (F1). For P = Py and a decomposition V, = @, W, X L, into
isotypic parts, with W, irreducible and L, = Hom, (W,,V)), the Hecke identity (6.5) reads

Hy (Fry) ~ B Fruew, X La.

The functor W + Fp,, is additive and Z, is reductive, so F Pwow, — Dy F J
Homgz, (W', W®@W,), the sum being over the irreducible representations. Hence the right-hand
side is

B Fr,, RHom, (W', W & V,) = F(W @ V,,)

W
in the notation of Setup 11.1. The same computation applies to every finite set of legs. The
isomorphisms are natural in W because the Hecke identities are natural in P, and their com-
patibility with maps of representations V', with restriction to diagonals and with convolution
is the compatibility asserted in Lemma 6.6(1). By Theorem 8.8 these isomorphisms, with
their compatibilities, extend over S, for the Hecke functors defined by the kernels S}’a‘l/ The
restriction of these Hecke functors to the fibre over s is the Hecke functor of that fibre, by
proper base change and Lemma 8.5(1) and (3). So the restriction to s has the isomorphisms
(F1).

Step 2: the Frobenius covariance (F2). Let uc be the arithmetic Frobenius of the curve and
¢ :ugp =~ p the descent isomorphism, with matrix g in the marked fibre. Pullback of local



12 Returning to the original curve 87

systems by uc acts on BZ, through z — cu¥(z) c™! = a(z). The spectral map of Lemma 6.6

is the transport, the inverse of this pullback, so

ugPw = Py ws  UawS Py = FP 1y
This covariance extends over S. On the special fibre u}, is inverse to Fr*, and the inverse of
the covariance is Fr* Fy ~ Fow.

Step 3: the compatibility (F3). The inverse covariance acts on the legs by ual, and the
corresponding isomorphism of local systems is 6§ = (ual)*(c_l), with matrix ¢! in the
marked fibre. It is an equivariant map o* Fr*V, — V, under Z,. The compatibility of the
covariance with the Hecke identities, in Lemma 6.6(2), read in the inverse direction, is (F3).
It is preserved by the extension over S and by the restriction to s, like all the maps which
enter it.

Step 4: the Frobenius structure of the Satake kernels. The Frobenius structure obtained in
this way must be the one used in (F3). The semilinear pullback of the Satake kernels on the
generic fibre, and the comparison maps, are compatible with convolution and with fusion,
and so are their extensions, by Lemma 8.5(3) and the uniqueness of ULA extensions. So on
the special fibre we have two Frobenius structures on the Satake kernels compatible with the
tensor structure: this one, and that of [Lafl8, (3.5) and Propositions 4.10-4.14]. The kernels
are taken with their Tate twists. On the open stratum of the Schubert variety of a coweight
A the kernel is the constant sheaf with the shift and twist [d)](d)/2), where d) = (2pg, A)
is even because G is simply connected. Both structures restrict there to the canonical
structure of the constant sheaf and of the Tate twist, for which the semilinear comparison
was the canonical one. An isomorphism between intersection complexes is determined by its
restriction to the open stratum, so the two structures agree on the kernel of every irreducible
representation, for one leg, and by naturality on all the kernels. The tensor structure gives
the same conclusion: for one leg the ratio of the two structures is an automorphism of the
Satake functor ‘compatible with tensor products. By the Satake equivalence it is given by
an element of G which commutes with G that is, by an element of the centre of G and
this centre is trivial because G is semisimple and simply connected. For several legs the two
structures agree by factorization and fusion. O

Proof of Theorem 12.2. Step 1: the parameter. Let ¢, be the trace function of the member
of the family of Proposition 12.3 for the regular representation of mo(Z,). The sheaf Fp,
has nonzero trace at Gg, so ¢, is not zero (Proposition 12.1). On this representation the
arithmetic closing map sends ey to e,(,), and its inverse is the map Ag of Setup 11.1.
By Theorem 11.2 the linear form defined by ¢, on functions with compact support is an
eigenvector of the excursion operators for tuples in the Weil group, with the eigenvalues of
of. By Corollary 11.13, ¢, is a cusp form with compact support and an eigenfunction of the
excursion operators for all Galois tuples, with parameter YgoT, that is, o up to conjugation.
(See Remark 12.4 for the dependence of this step on conventions.)

Step 2: the level. Write D =3, n,v and

Kp= [[ GO, x T[] ker(G(O,) — G(Oy/m}")).

vésupp D vesupp D

Since G is smooth, G(O,) maps onto G(O,/m}¥), so a trivialization along D is the same as a
level structure for K p, also when D is not reduced. For split simply connected G the points
of Bung p(X) over F, are G(F)\G(AFr)/Kp [Lafl8, Remark 8.21], and ¢, is a function on
this set. The bundle Gy, its restriction to Cz and the trivialization are defined over Fy, and
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the values of ¢, lie in a finite extension of Qy. So the conclusion holds for the given field F
and the given prime /. O

Remark 12.4 (Independence of conventions). Which of o and J¢o is the parameter of ¢,
depends on conventions of several of the works we use: whether the Hecke functor attached to
V in [AGK ™22, GR25] corresponds to the functor Hyy of [Lafl8] or to the one attached to
the dual representation, and the transposition in Proposition 1.8.10. The two normalizations
of the Satake equivalence which occur, and the effect of passing from one to the other, are
described in [I, Section 3.2]. The existence statement of Theorem 12.2 does not depend on
them: by Lemma [.8.11 the cuspidal excursion summand of o at a given level is not zero if
and only if that of Ygo is not zero. For the same reason it does not matter whether ¥ is an
involution or only has inner square.

Remark 12.5. The condition p{ |W¢| is used in two places. In Theorem 7.1 it makes the
images of wild inertia lie in tori, so that the parameter lifts to characteristic zero with a
divisor of ramification independent of the finite quotient. In Lemma 9.4 it makes the invariant
form nondegenerate on all Levi subalgebras. There is no hypothesis on the ramification of o
or on the component group of the centralizer of its geometric monodromy; these affect the
curves C and C and the level of ¢, only.

12.3 The example of Section 6.4, concluded

For the parameter o : I'r — S3 C PGLa(k) over F' = F5(t) of Sections 6.4 and 7.5, the
theorem gives the following. The group is G = SLg, and p = 5 does not divide |Wg| = 2. The
genus of the smooth curve is 841, and its special fibre is Cy = P' Up Cs, with D a divisor of
degree 58 on P! which contains the points where ¢ is ramified. The group Z ,» has two elements,
the perfect complex Preg is O ® k[u2]. On its global sections the arithmetic supertrace is
(1 —5)3 = —64, and the geometric one is (1 —571)3 = 64/125. Since these numbers are not
zero, Proposition 10.9 provides a bundle on Cy over F5 at which the trace function of Fp,, s
does not vanish, and the theorem provides a nonzero cusp form on SLg(F')\ SL2(Ar)/Kp
with parameter . What the construction does not give is a formula: neither the bundle nor
any value of the cusp form is determined explicitly, and the level Kp is far from minimal.
(For this group the result also follows from [III]; the example is meant to show the size of the
objects.)

A Computer checks

Some of the computations in this paper were also carried out by computer. No proof depends
on such a computation: in each case the argument is given in the text, and the program is a
check on it. The programs are written in Python, with the library SymPy, and are in the
directory anc of the source of this paper. They compute with matrices, for subspaces of Lie
algebras.

Statement What is checked Program and range
Lemma 9.4(2) the primes dividing the check_kappa.py; A, Bn, Cn, D, for
discriminant of the invariant n < 6, and all exceptional types

form on the span of the simple
coroots of each standard Levi
divide |Wg|
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Statement What is checked Program and range
Lemma 9.6, step 3; the rank of the pairing (9.4), check_transverse_chart.py; five
Lemma 9.10; with degenerate cases as blocks and orders of pole in
Lemma 9.14, step 1; controls; the identities of the gly, gls, gl,, 66 graded cases with
Lemma 9.22 chart of the universal conic; the initial dimension at most 10, and the
graded Lagrangian chart identities symbolically
complement; the recurrence
and the rank for a truncation
in Laurent polynomials
Notation

The table lists notation used in more than one section, with the place where it is introduced.

Notation Meaning and location

X, F,Tp,Wg The original curve, its function field, its absolute Galois group and its
Weil group (Section 4).

p,q, L,k The geometric characteristic, size of the constant field, coefficient prime,
and k = Q,.

Kgcom The characteristic-zero geometric field of the smooth curve C, distinct
from k (Section 6).

degr, dy Arithmetic Galois degree and the degree of a closed point v; geometric
Frobenius at v has degree —d,,.

Fr,, Frob, The g-power map of a scheme and geometric Frobenius acting on sheaf
cohomology, respectively.

G, @, M, M The split group, its dual, a Levi subgroup and the corresponding dual
Levi.

O, Vs The prescribed parameter and its character on excursion data, defined by
(1.1).

dg, ol The Chevalley involution preserving the pinning, and ¥go (Section 4).

€= (Ivf7'7), Sea Siun

Co=XUp Cy

S,T]7£,S

Daux, p

[¢]

~

An excursion datum, its excursion operator on functions with compact
support, and the transposed operator on all functions ([I, Definitions 5.7
and 5.12]).

The curve, geometrically reduced and Gorenstein, obtained by gluing X
and the auxiliary component Cy along the divisor D, which determines
the level of ¢, (Section 7).

The spectrum of a valuation ring of rank two and its three points
(Section 8.1).

The additional divisor on the auxiliary component, and the unramified
local system on the smooth proper curve in characteristic zero

(Setup 6.1).

The local system on the smooth locus of the family of curves over S
(Lemma 8.2).

The embedding of quasi-coherent complexes into the spectral category
(Section 6).

The gluing morphism Bung, p(X) — Bung(Cy) (Proposition 12.1).

In an excursion datum (I, f, <), a function on éI; in Sections 9 and 10, a
test function on a chart.

A finite set of legs; an inertia group (Section 10).

Centralizer of the geometric monodromy and its component group
(Section 6).
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Notation Meaning and location

Sp, Pw The derived fibre of the restriction to the punctured curve, and the
perfect complex Oz, ® W on it.

Fp The automorphic sheaf attached to a perfect complex P on §,.

Ay (K) The specialization cone of K on Y'; it vanishes exactly when £ is
universally locally acyclic (Section 9).

Hrv, Hy The Hecke functor attached to a representation V' of GI , with legs in the
smooth locus of the curve; Hy when I has one element (Section 5).

Nilp The global nilpotent cone in the cotangent stack of Bung.

w- The part of the microstalk at the regular nilpotent point on which

—1 € G, acts by —1 (Section 10).

The following terms are introduced in this paper, or are used in a sense fixed here.

Term Where it is defined
parameter; semisimple; elliptic Definition 1.1
excursion summand Definition 4.1
automorphic realization; to realize a Section 1, after (1.1)
parameter

Hecke family; Hecke family with Frobenius Definition 5.1

test function; specialization cone Section 9

chosen modification Section 9.3

Hecke chart Definition 9.5

trace datum; matrix coefficient Definition 11.4

correspondence with kernel; its trace and ~ Definition 11.8
pairing

Statement on the use of Al

The mathematical arguments of the three papers of this series were developed with GPT-6
Astra Pro. The papers were then organized and rewritten with Claude Fable 5.2, and in the
course of this several arguments were replaced or expanded. The three papers were then
reviewed in detail, line by line, by GPT and Claude models, in sessions which had not taken
part in writing them, and the errors found in this way were corrected.

Boyang Hu organized the work and is responsible for the manuscript.
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