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Quadratic Strictly Positive Real Factors
of Stable Transfer Functions
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Abstract

We characterize factorizations G = Ggo H in which G and Gy are stable, minimum-phase,
biproper real-rational functions with simple poles and zeros and positive gains at infinity, and
H is a quadratic strictly positive real function. Classical rational decomposition identifies
the quadratic right-factor classes with real Mobius involutions fixing G. Within each class,
we parameterize all normalized representatives and eliminate the scaling parameter and the
frequency variable. The resulting sign conditions involve univariate polynomials of degree
at most four. They determine all feasible denominator intervals and all factorizations in
the class; for real-algebraic input, they give an exact decision procedure. We also give a
scaling that maximizes the smaller of the inner positive-real margin and the outer spectral
margin for a fixed denominator. For quadratic input, existence is equivalent to strict positive
realness of G and to an explicit coefficient inequality. Examples exhibit a disconnected
feasible parameter set, separate algebraic and analytic obstructions, and a quartic input with
exactly three admissible classes.

Keywords. Rational decomposition; strictly positive real function; Mdébius involution; Hurwitz
polynomial; transfer function substitution.

1 Introduction

Positive-real functions arise in the analysis and synthesis of passive networks [3]. Substituting
strictly positive real functions for the Laplace variable has been studied in stabilization, robustness,
and composition problems; see [6, 8, 7]. State-space realizations of rational compositions and
applications to electrical circuits and feedback networks are developed in [2]. The associated
inverse problem asks whether a given transfer function is itself a composition with a positive-real
inner function.

Fernandez-Anaya and Martinez-Garcia formulate this inverse question in [9, Problem 1.1,
Problem 2]. Their formulation seeks an inner function in SPRy, the strictly positive real class of
relative degree zero, and asks for its largest possible denominator degree. We study quadratic
inner factors and require the outer function to be stable, minimum-phase, and biproper. The
input has the same spectral properties and has simple poles and zeros. We also require positive
gains at infinity. These are the conditions imposed throughout this paper. An example in
Section 7.3 shows that the condition on the outer factor changes the existence question.

At the algebraic level, rational decomposition is governed by intermediate fields and Mobius
reparametrization. Algorithms and structural results are given in [11, 1, 4]. For a quadratic
right factor, the corresponding function-field extension has a unique nontrivial automorphism.
Thus algebraic quadratic factor classes correspond to involutions in the fixing group of the input
rational function. We use this classical correspondence and the fixing-group viewpoint of [10] to
separate the finite algebraic choice from the analytic existence question within each class.

For a fixed algebraic class, the analytic constraints reduce to a problem in one real parameter.
If the corresponding involution is

bs+c

T(s) = pPTE b? — ac # 0,
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every quadratic representative normalized by H(cc) = 1 has the form

as+b

Hs)=1-t—"r
(S) 82+d18+d0’

Cc = bd1 — ado.

The denominator has one free real parameter. We eliminate ¢ by comparing the real parts of
(as + b)/(s® + dys + do) on the input spectrum and on the imaginary axis. We then eliminate
the frequency variable by a quadratic positivity test. The final conditions involve univariate
polynomials of degree at most four in the remaining denominator parameter.

The spectral separation criterion in Theorem 4.1 gives the full interval of admissible scalings
for each denominator. Theorem 4.2 expresses denominator feasibility by polynomial signs, and
Corollary 4.3 combines this criterion with the finite algebraic classification. There are at most
n — 1 quadratic classes for an input of degree n. Proposition 4.5 selects an optimal scaling for
each feasible denominator, and Theorem 6.1 gives an exact procedure for real-algebraic input.
The quadratic-input criterion and examples in Sections 5 and 7 describe both existence and the
distinct algebraic and analytic obstructions.

The algebraic classification uses the classical degree law and the intermediate-field corre-
spondence. Our analysis determines which representatives in each class satisfy the simultaneous
positive-real and outer spectral constraints, and reconstructs every such factorization.

2 The constrained problem and algebraic candidates

2.1 Transfer functions and normalization

Write
C,={s€C:Res>0}, C_={sc€C:Res<0}), K, =CyU{cx}cP{(C).

A real polynomial is Hurwitz if all its roots lie in C_. The degree of a reduced rational function
P/Q is max(deg P, deg Q). For a proper scalar transfer function this is its McMillan degree. A
rational function is biproper if its numerator and denominator have equal degrees.

Definition 2.1. For n > 1, let S,, be the class of real-rational functions of degree n that are
biproper, have all poles and zeros simple and in C_, and satisfy G(o0) > 0. Numerators and
denominators are always reduced.

A real-rational function H belongs to SPRy if it is biproper, its denominator is Hurwitz,

Re H(iw) >0 (w€R), H(oo) > 0.

The subclass of rational degree two is denoted by SPR((]Z). The poles and zeros of an inner

function in SPR((JQ) may be repeated.

This is the rational frequency-domain convention for strict positive realness used here. The
positive value at infinity supplies a uniform strict margin on the compactified imaginary axis.

Lemma 2.2 (Half-plane property). If H € SPRy, then H is analytic on a neighborhood of K,
and

min Re H(s) > 0.

sEK

In particular, every solution of H(s) = «, with Rea < 0, lies in C_.

Proof. The denominator is Hurwitz and H is analytic at infinity. The continuous boundary
values on iR U {oo} have a positive minimum. The harmonic minimum principle, applied after
a Cayley map from the half-plane to the disk, gives the same lower bound in the half-plane.
Compactness then gives the assertion on K. O



Definition 2.3. An admissible quadratic factorization of G € S, is an identity
G=GooH, HeSPRY, GoeSn
for some m > 1. Two such factorizations are equivalent if
]Ej:qSoH, C:‘():Goo¢*1
for a real Mobius transformation ¢. Let F2(G) denote the set of equivalence classes.

The standard degree law for rational composition [4, Lemma 1.1] gives n = 2m. If r =
H(oo) > 0, the replacement

H'=H/r,  Gi(w) = Go(rw)

preserves all the conditions and yields H*(co) = 1. Hence it suffices to classify normalized
representatives. A real Mobius transformation relating two normalized representatives fixes 1;
normalization does not select a unique representative in a class.

2.2 Quadratic factors and involutions

Define
I'c ={y € PGL2(R) : Goy =G}, I(G) ={r €Tg: > =id, 7 #id}.

Proposition 2.4 (Classical quadratic correspondence). The equivalence classes of real rational
decompositions G = F o J with deg J = 2, without analytic constraints on F,J, are in bijection
with Z(G). For T € Z(QG), the corresponding field is

Proof. The degree formula for function fields gives [R(s) : R(J)] = 2. In characteristic zero this
quadratic extension has a unique nonidentity automorphism 7. Every R-automorphism of R(s)
is a real Mobius transformation, so J o7 = J, and then Go 7T =G.

Conversely, an involution has a trace-zero matrix representative and can be written

bs+ ¢

m, [a:b:c] ERP27 (5:: bz—ac#o. (21)

7(s) =
Indeed its matrix square is a scalar matrix, and the Cayley—Hamilton identity forces trace zero
for a nonidentity projective transformation. If a # 0, the invariant function

asz—c

as+b

Jr(s)=s+7(s) =

has degree two: its numerator does not vanish at —b/a, since its value there is 6/a. If a = 0,
then b # 0, and the invariant polynomial

J-(s) = s>+ (¢/b)s

has degree two. In either case the quadratic extension R(s)/R(.J;) has automorphism 7, and its
fixed field is R(J;). Thus G = F o J; for a real rational function F'.

Two degree-two generators of the same field differ by a degree-one real rational function,
hence by a real Mébius transformation. This proves the bijection. The general intermediate-field
and fixing-group formulation is given in [4, 10]. O



Proposition 2.5 (Finiteness). For G € S, the group I'c acts freely on the pole set of G.
Consequently
Tolln, @I <n—-1, |F(G)|<n-1.

If n is odd, Z(G) and F2(G) are empty. Every involution in Z(G) pairs the poles and the zeros
of G without fixed points.

Proof. The identity G o v = G implies that v permutes the poles. If v fixes a simple pole p, the
function 1/G has nonzero derivative at p, and is locally one-to-one. The identity (1/G)oy =1/G
forces v to be the identity near p, and therefore globally. The map v +— 7(p) is consequently
injective. Thus the group is finite, and each pole orbit has |I'¢| elements. This proves divisibility
and the bounds. An involution acts without fixed points on the pole set, so n is even. The same
local argument applied to a simple zero proves the last statement. ]

The finite classification above concerns factor classes. Each admissible class can contain a
continuum of normalized representatives. The remaining sections determine this continuous
family exactly.

2.3 Candidate extraction from poles, zeros, or coefficients

Let P(G) and Z(G) denote the pole and zero sets. The graph of (2.1), in affine coordinates, is
qr(u,v) := auv + b(u +v) + ¢ = 0. (2.2)

It is nondegenerate because § # 0. When a = 0 this polynomial is affine-linear; its projective
graph still has bidegree (1,1).

Proposition 2.6 (A finite candidate list). Fiz p € P(G) and z € Z(G). For each

P e P(G)\{p}, 2€Z(G)\{z},

solve

p p+p 1) [

= 2.
22 z+72 1 b 0 (2.3)

c

over R, interpreting complex equations through their real and imaginary parts. Fach system

produces at most one real projective candidate. After duplicates are removed, retain precisely

those candidates for which T pairs both P(G) and Z(G) without fized points. The retained set is

Z(G). At most (n —1)? candidates are generated.

Proof. The two rows in (2.3) are linearly independent over C. Otherwise their last coordinates
imply equality of the rows. The two pairs would have equal sums and products, hence would be
the same unordered pair, contrary to P(G) N Z(G) = @. The real kernel therefore has dimension
at most one.

Any nonzero solution is nondegenerate. If @ # 0 and b? = ac, then

(au + b)(av + b)

qr(u,v) = @ :

Both disjoint pairs in (2.3) would have to contain —b/a, which is impossible. If a« = 0 and
b2 = ac, then b = 0, and the equations force ¢ = 0.

Every element of Z(G) occurs by taking p’ = 7(p) and 2’ = 7(z). Conversely, if a candidate
passes the pairing test, then G o 7 and G have the same divisor on P!, so G o1 = A\G for a
nonzero constant A. A nonidentity involution has two distinct fixed points on P!(C). Neither is
a pole or zero of GG, by the pairing test. Evaluation at either fixed point gives A = 1; this is also
valid at infinity because G(oc0) is finite and nonzero. O



Proposition 2.7 (Coefficient recognition). Write G = P/Q in reduced form and put
P(u)Q(v) — P(v)Q(u)

u—v

Bg(u,v) = (2.4)

The elements of Z(G) correspond exactly to the factors of Bg of the form
auv + b(u + v) + ¢, a,b,c e R, b2 —ac #0,
taken up to monzero real multiples.

Proof. Such a polynomial is irreducible over C and defines the graph v = 7(u). If GoT = G,
the numerator in (2.4) vanishes on that graph. The graph polynomial divides it, and is coprime
to u — v; hence it divides Bg. Conversely, a factor of the indicated form gives G o 7 = G by
substitution. The resulting rational identity extends to P!, including the points omitted by the
affine formula. O

The numerator in (2.4) is the near-separated polynomial used in rational decomposition; see
[1, 4]. Division by the diagonal factor isolates the nontrivial fiber relations. For exact rational
input, real involutions may have real-algebraic coefficients. A coefficient-based implementation
must therefore allow real-algebraic extensions. Factorization over Q alone need not expose all
real quadratic classes.

3 Normalized representatives of a quadratic class

Fix 7 € Z(G), and fix a representative (a, b, c) in (2.1). A set T containing one point from each
pole pair and one point from each zero pair has cardinality n. We first describe every normalized
inner function in this class. Its values on T will then determine the outer poles and zeros.

Lemma 3.1 (Normalized representatives). Every real degree-two biproper function H with
H(c<) =1 and H o = H has a unique expression
as+b

Hp(s)=1—tLp(s),  Lp(s)= D) D(s) = s* + dys + do, (3.1)

where
t 7& O, C = bdl - ado‘ (32)

Conwversely, (3.1)—(3.2) define such a function. Moreover,
Ress (D — t(as +b), D) = t*(b* — ac) # 0. (3.3)

Proof. Write H = N/D as a reduced ratio of monic quadratics, N = s? + nys + ng. Direct
expansion gives

N(u)D(v) = N(v)D(u) = (u — v)(Auv + B(u +v) + C),

where

A:dl—nl, B:do—no, C:nldo—nodlzBdl—Ado.

The nontrivial fiber graph is the graph of 7, so (A, B,C) = t(a, b, ¢) for a unique nonzero real t.
This gives (3.1) and (3.2). Conversely, the same expansion gives the prescribed graph.
To compute the resultant, use N — D = —t(as + b). If a # 0, the possible common root is
—b/a, and
a?D(—b/a) = b* — abd; + a*dy = b* — ac.

The resultant is t2(b?> — ac). If a = 0, then b # 0; N — D = —tb gives the same formula. Hence
the functions in the converse are reduced and have degree two. Uniqueness follows from their
monic numerator and denominator. O



The involution fixes precisely the ramification points of H. At finite points they satisfy
as? + 2bs + ¢ = 0. By Proposition 2.5, none belongs to P(G) U Z(G).

For a single real denominator parameter #, use one of the following two projective normaliza-
tions:

Representative ‘ di(0) ‘ do(0) ‘ O,
a=1 0 |b—c| {0:0>0,b0—c>0} (3.4)
a=0,b=1 c 0 (0,00) if ¢ >0, @ if ¢ <O.

Thus ©; is exactly the set of Hurwitz denominators in the normalized class. Both rows are
needed, including the affine involutions in the second row.

Lemma 3.2 (Quadratic SPR test). Let

32—|—n13+n0

Hs) = s2 +dys+dy
be reduced, with dy,dg > 0. Set
p =nid; —ng — dp, r = nodp.
Then H € SPRéQ) if and only if
r >0, (p >0 orp? < 4r). (3.5)
Proof. For © = w?,
Re H (iw) = 2 +pr+r

(do —z)? + d3z’
The denominator is positive for x > 0. The numerator is positive on [0, 00) precisely when r > 0
and either its vertex lies at a nonpositive point, p > 0, or its minimum r — p?/4 is positive. [

Proposition 3.3 (Spectral reconstruction). Fiz 7 € Z(G) and a representative Hpy from

Lemma 3.1. Suppose Hp; € SPR(()2) and

D(z) #0, ReHp:(z) <0 (z€T;). (3.6)

Let aq, ..., oy be its values on the pole pairs and B, ..., Bm its values on the zero pairs, where
m = n/2. Then the unique outer factor is

Go,pt(w) =rpy [[ w;ﬂj, ks = G(oo) [ 19 (3.7)

j:1w_aj j:11_6j

It belongs to Sp,, and G = Go,p o Hp. Conversely, every normalized admissible factorization
in the class of T satisfies (3.6) and is obtained in this way.

Proof. The identity Hp; o7 = Hp; shows that if a representative point is not a pole of Hp,
neither is its partner. Each prescribed pair consists of two different points and is invariant under
7; it is therefore a fiber of the degree-two function Hp . Different pairs have different values,
since a degree-two map cannot have four distinct points in one fiber. This also separates pole
values from zero values. The two lists are invariant under conjugation, since Hp ; and G have
real coefficients. Their values lie in C_. Thus (3.7) is real-rational, has simple separated poles
and zeros in C_, and has positive leading gain: each negative real value contributes a positive
factor 1 — a; or 1 — B;, and each nonreal conjugate pair contributes a squared modulus.

The composition in (3.7) has exactly the prescribed pole and zero fibers, all simple. Poles
of Hp, produce neither poles nor zeros of the composition because Go p (00) = kp; # 0, 0.
At infinity the composition equals G p+(1) = G(c0). Equality of divisors and of the value at
infinity proves the identity. Uniqueness follows because substitution by a nonconstant rational
function is injective. The converse follows from the actual outer poles and zeros. O



4 A one-parameter analytic criterion

4.1 Eliminating the scaling parameter

For Hp; = 1 —tLp, strict positive realness requires t Re Lp(iw) < 1, whereas the outer spectral
constraints require t Re Lp(z) > 1. Thus a common scaling exists exactly when the spectral
values lie strictly on one side of the boundary range of Re Lp.
Fix a Hurwitz denominator D satisfying (3.2). On the compactified imaginary axis put
mp = min RelLp(iw), Mp = max RelLp(iw). 4.1
b weRU{oo} D< ) b wERU{Xoo} D( ) ( )
The values are finite and attained, and mp < 0 < Mp, since Lp(oo) = 0. When D(z) # 0 for
z €T, put
r.(D) = Re Lp(z), r_(D) = minr,(D), r4+(D) = maxr,(D). (4.2)
z€Tr z€T-
Theorem 4.1 (Spectral separation and all scaling intervals). For the fized denominator D, an
admissible normalized factorization exists if and only if D(z) # 0 on T and one of the following
strict separation conditions holds:

r_(D) > Mp, (4.3)
r+(D) <mp. (4.4)
The two conditions are mutually exclusive. All corresponding scaling parameters are, respectively,
1 1

3= — der (4. 4.

75 = (57 71 under (43), (4.5
1 1
Jn = <, ) , under (4.4). 4.6
D mp 7“+(D) ( ) ( )
In these formulas 1/Mp = +o0o0 when Mp =0, and 1/mp = —oc when mp = 0.

Proof. The frequency inequalities for Hp; = 1 — tLp give the open interval

mp MD7

with the stated conventions. Its point ¢ = 0 represents a constant function and will be excluded
by the spectral inequalities. Those inequalities are exactly
tr,(D) >1 (z € T7).

If t > 0, they require r_(D) > 0 and ¢ > 1/r_(D). Intersection with the SPR interval is
nonempty precisely when r_ (D) > Mp, and gives (4.5). If ¢t < 0, they require r4 (D) < 0 and
t <1/ry(D), giving (4.4) and (4.6). Since mp < 0 < Mp, both separation conditions cannot
hold. Proposition 3.3 completes the proof. O

The extrema in this theorem require only a quadratic equation. Set
e =ady — b, f = bdy, q=d3 — 2dy, r=d3. (4.7)

For x = w?,
ex+f
“Trair
The denominator equals (dg — z)? 4 d2z > 0. Consequently mp, Mp are obtained by evaluating
Rp at 0, at infinity with value zero, and at the nonnegative real roots of

ex? +2fr + fq—er =0. (4.9)

Re Lp(iw) = Rp(x) : (4.8)

This follows by differentiating (4.8). When e = 0, the equation is linear; e = f = 0 is excluded
by do,d1 > 0 and (a,b) # (0,0).



4.2 Eliminating the frequency variable

The difference between a spectral value and a boundary value has a quadratic numerator in
x = w?. Testing the strict sign of this difference on the compactified interval [0, o] eliminates z,
leaving only the denominator parameter.

Use one of the normalized charts in (3.4), and regard D = Dy as a function of its single
parameter. For z € T, define the real polynomials

U.(0) = Re((az + ) Dp(z)), V2(0) = |Dy(2) ], (4.10)
Bz(e) =qU, — €V, Cz(e) =rU, - fV., (4'11)
E.(9) = 4U.C, — B2 (4.12)

Here e, f,q,r are evaluated at dy(),d1(6).

Theorem 4.2 (Univariate polynomial criterion). Fiz 7 € Z(G). A parameter 6 € O, admits an
admissible normalized factorization in its class if and only if either

U, >0, C, >0,

or every z € T, 4.13
B,>0 or Ez>0} J Y T ( )

or

U, <0, C, <0,

eT.. 4.14
B.<0 or B> 0} for every z L ( )

These are respectively the positive and negative branches of Theorem 4.1. In either chart,
degyU, <1, degyV, <2, degyB, <2, degyC,<2, degyk, <4 (4.15)

The strict signs of U, automatically exclude Dy(z) = 0.

Proof. If D(z) =0, then U, =V, = 0, so neither set of conditions holds. Otherwise V, > 0, and

Ux?+ B,z +C,
(D) — R = .

The condition r,(D) > Mp includes strict separation from Rp(oco) = 0. It is therefore equivalent
to U, > 0 and positivity of the numerator polynomial for every x > 0. For U > 0,

U4+ Bz +C>0 (z>0) <= C>0, B>0or B2<4UC.

The difference is continuous on [0, oo] and has positive limit U, /V, at infinity, so this positivity
gives a uniform positive gap. This gives (4.13). Applying the same test to —U,2? — B,z — C,
gives (4.14).

We verify the degree cancellations explicitly. In the chart a = 1, write

uy = |z 4 b|%, up = Re((z 4+ b)2%2 — ¢), vo = |22 — ¢

Then
U, = u160 + uy, V., ZU192—|—2’U09+U0.

Substitution gives

B, = — (up + bu1)92 + (2cu1 — v9)0 + 2cup + by, (4.16)
C, = — (b0 — ¢)((bug + cu1)f + cug + bvg). (4.17)

In the chart a =0,b =1, set

n = Re(z? + c2), v=|22+cz%.



Then

U.=0+n, V. =6 +2n0 + v,
B, = —0*+ 0+ c*n+v, C,=—-0(nd+v).
All the stated degree bounds follow. O

Corollary 4.3 (Complete characterization). Let G € S,,. Its admissible quadratic factorization
classes are in bijection with those 7 € Z(G) for which the univariate conditions (4.13) or (4.14)
have a solution in ©,. For each such class, (3.4), (4.5)-(4.6), and (3.7) give all normalized
admissible factorizations.

Proof. Every admissible factorization can be normalized, determines an involution by Proposi-
tion 2.4, and has the form in Lemma 3.1. Theorems 4.1 and 4.2 give the necessary and sufficient
analytic conditions. Proposition 3.3 supplies the unique outer function. Two normalized inner
functions are equivalent exactly when their involutions agree, by Proposition 2.4. O

4.3 Feasible intervals and their endpoints
Let & C ©; be the denominator parameters satisfying Theorem 4.2.

Proposition 4.4 (Interval structure). The set . is an open semialgebraic subset of R. It is a
finite union of open intervals and has at most 9n+ 3 connected components. Each finite endpoint
is a root of a nonzero polynomial among

do, dl, U,, B, C,, E, (ZETT). (4.18)

If G has real-algebraic coefficients, the set £, and all its finite endpoints can be determined
exactly by univariate real-root isolation and sign evaluation.

Proof. The polynomial conditions give semialgebraicity. For openness, take a feasible parameter.
In a sufficiently small neighborhood the denominator remains Hurwitz and is nonzero at all
z € T;. The functions Lp, depend continuously on ¢, uniformly on the compactified imaginary
axis. This follows either from continuity on that compact set or from a uniform expansion
at infinity. Hence mp, Mp,r_,ry are continuous there. The strict conditions in Theorem 4.1
persist.

Delete identically zero polynomials from the list (4.18), while recording their zero sign in the
logical conditions. The remaining polynomials have at most

24+n(1+2+2+4)=9n+2

distinct real roots in total. On every complementary open interval all their signs are constant.
Every component of the open set &£, contains at least one such interval, which proves the
component bound and the endpoint claim.

For real-algebraic input, the poles and zeros are algebraic. The linear systems in Proposi-
tion 2.6 give algebraic representatives of the candidates. Thus all coefficients in (4.18) lie in an
explicit real algebraic number field. Exact root isolation, ordering, and sign determination over
this field give the intervals; these are standard univariate operations in real algebraic geometry
[5]. O

In applying this proposition, the roots used to partition the line must themselves be evaluated.
For example, £, = 0 with B, > 0, U, > 0, and C, > 0 can satisfy the positive branch. Such a
point joins adjacent feasible cells. The appearance of a weak inequality B, > 0 causes no failure
of openness: when B, =0 and U,,C, > 0, one has F, =4U,C, > 0.

The degree bound four concerns the parameter polynomials over the field generated by the
spectral data and the involution coefficients. The degree of an endpoint over (Q can be larger.



4.4 Explicit scaling and simultaneous half-plane margins
For a feasible denominator D, define

vp(t) = min { min  Re Hp4(iw), min (— Re HD’t(z))} . (4.19)

weRU{oo} z€Tr

The first term is a strict positive-real margin. The second is the minimum distance, measured
by real part, of the reconstructed outer poles and zeros from the imaginary axis. Normalization
gives Hp ¢(o0) =1, so vp(t) < 1.

Proposition 4.5 (Optimal scaling for a fixed denominator). Under (4.3), the choice
2

by = ——— 4.20
r_ (D) + Mp ( )
is admissible and mazimizes yp(t) over all admissible scalings. The maximum is
r—(D)— Mp
ty) = —————— > 0.
() = D) Ty
Under (4.4), the corresponding choice and value are
2 mp — r4(D)
by = ——, ty) = ———<- > 0. 4.21
" (D) +mp o (t) —mp — r4(D) (4.21)

If Mp > 0, respectively mp < 0, the optimizer is unique. If Mp = 0, respectively mp = 0, the
mazximum is 1 and the displayed choice is one of the optimizers.

Proof. On the positive branch,
vp(t) = min{l — tMp, tr_(D) — 1}.

The decreasing and increasing affine functions have equal values at (4.20). The strict separation
condition places that point inside J 5 . If Mp > 0, their intersection is the unique maximum. If
Mp = 0, the first function is constant and the maximum 1 is attained for every t > 2/r_(D).
On the negative branch,

vp(t) = min{l — tmp, try (D) — 1},

and the same argument gives (4.21). O

The optimization in Proposition 4.5 fixes both the involution and the denominator. It
supplies a definite representative for every feasible denominator; the remaining parameter may
subsequently be selected to meet an additional design condition.

Corollary 4.6 (Rational reconstruction). Suppose G € Q(s) and an involution in Z(G) has a
rational representative (a,b,c). If its feasible set is nonempty, the corresponding class contains
an admissible factorization with H,Gy € Q(s).

Proof. Choose a rational § in an open feasible denominator interval, and then a rational ¢ in its
open scaling interval. The normalized inner function has rational coefficients. For fixed rational
G, H, the coefficients of the unique outer factor are obtained from the rational coefficient identity
G = G o H. After a normalization of its numerator and denominator, this is a consistent linear
system over @, and thus has a rational solution. Uniqueness of the outer rational function
identifies that solution with (3.7). O
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5 Complete classification for quadratic input

For an input of degree two, the outer function necessarily has degree one. The constrained
existence question then has a closed coefficient answer.

Theorem 5.1 (Quadratic input). Let

52 +u1s + ug

G(s) =k
() s2 +wv1s + vg

€S8, k> 0.

The following conditions are equivalent:
(i) G admits an admissible quadratic factorization;
(ii) G € SPRYY;
(iii)
urvy > (y/ug — /00)>. (5.1)

When these conditions hold, F2(G) has exactly one element. Otherwise it is empty.
A factorization can be constructed as follows. Put

5@2812}(1}’_RGG(3) > 0, MG:£%§|G(S)|, L =0¢g/2,

choose R > 2MZ2 /d¢, and set

Jﬂ@_g%gay am@_iﬁig (5.2)

Proof. An admissible degree-one outer function has the form

w+b
Go(w):/{w_i_a, a,b,k >0, a#b.

For Rew > 0,
2 b) R b
Re Go(w) = m’w| +(a+b)Rew+a > 0.
lw + al?
The half-plane property of the inner factor therefore implies (ii).
Conversely, suppose (ii). Lemma 2.2 gives g > 0, and compactness gives Mg < co. Since

Mg > d¢, the chosen R exceeds M. For (5.2),

RReG(s) — )+ LReG(s) — |G(s)|? . Rog/2+ 62/2 — M2,
R —G(s)[? - [k —G(s)[?

on K. There is no denominator zero on K. If G = P/Q is reduced, the polynomials P — ¢Q
and R(Q — P have degree two because ¢ < G(0c0) < R. They are coprime: a common root would
imply (R — ¢)Q = 0, hence P = Q = 0. Thus H has degree two, is biproper, has a Hurwitz
denominator, and has positive value at infinity. The outer function in (5.2) has pole —1, zero
—{/R, and positive gain R, so it belongs to S;. The composition identity is direct.

Finally, the Hurwitz conditions give ug, u1,vg,v1 > 0. After removing the positive scalar k,
the frequency numerator is

ReH(s) = >0

2+ (u1v1 — up — vo)x + uguo, x> 0.
By Lemma 3.2, its strict positivity is equivalent to
ULV — U — Vg > —24/UgVg,

which is (5.1). The quadratic extension R(s)/R(G) has exactly one nontrivial automorphism.
Proposition 2.4 therefore gives exactly one algebraic quadratic class, and hence the asserted
admissible class count. O
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Corollary 5.2 (A complete boundary family). For p > 1, set

2
s+ s+1
GP(S)ZSQ—l—s—i—p'

Then G, € S2, and an admissible quadratic factorization ewists exactly when 1 < p < 4. At
p=4,
(w? —2)?

Re G4(iw) = A=)

so strict positive realness fails at w = ++/2. For p > 4, the real part is negative at some frequency.

Proof. The quadratic input criterion reduces to 1 > (1 — \/,5)2, which is p < 4 for p > 1. The
boundary formula follows by direct substitution. If p > 4, the frequency numerator x> — pz + p
takes the negative value p — p?/4 at = = p/2. O

6 Exact identification and reconstruction

The characterization gives an exact procedure for input with real-algebraic coefficients. A
complex pole or zero is represented by its real and imaginary parts as real algebraic numbers.
All sign decisions are exact. Arbitrary real coefficients retain the mathematical characterization
of Corollary 4.3; the computational statement below uses the specified algebraic input model.

Theorem 6.1 (Exact decision and complete output). For G € S,, with real-algebraic coefficients,
the following procedure terminates and returns all admissible quadratic factor classes, their
complete normalized parameter families, and an explicit representative of every nonempty class.

1. If n is odd, return the empty set. Otherwise compute the exact simple poles and zeros.

2. Generate and filter the candidates by Proposition 2.6. Alternatively, use Proposition 2.7
over the real algebraic numbers.

3. For each retained T, choose a chart in (3.4) and a representative set T. Form the polyno-
mials (4.10)—(4.12).

4. Isolate and order all real roots of the nonzero polynomials (4.18). On each complementary
open interval and at every root, check both Hurwitz inequalities do(6) > 0,d1(0) > 0 and the
logical conditions of Theorem 4.2. Merge the feasible cells into open intervals.

5. Discard the candidate if no interval remains. Otherwise record its intervals, the positive or
negative branch on each interval, and the scaling intervals (4.5)—(4.6).

6. Choose a parameter in any retained interval. Compute the boundary extrema using (4.9),
choose t, from Proposition 4.5, and reconstruct Go by (3.7).

The candidate-generation stage uses at most (n — 1)? projective candidates. For each retained
candidate, the analytic stage uses at most 4n + 2 parameter polynomials, all of degree at most
four.

Proof. The completeness of the algebraic list is Proposition 2.6. Each listed coefficient is algebraic.
The parameter conditions are exactly those in Theorem 4.2; root isolation and sign evaluation
produce all their solutions by Proposition 4.4. There are finitely many such operations. A
nonempty interval contains a rational sample point, and the extrema at that point are algebraic
by (4.9). The displayed choice of t, is therefore algebraic and belongs to the required interval.
Reconstruction is exact by Proposition 3.3. Conversely every admissible factorization lies in one
retained class and is described by its recorded parameter and scaling intervals. The operation
counts follow from (2.3) and (4.18). O
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The bounds in Theorem 6.1 count candidates and polynomial degrees. Root-field construction
and arithmetic heights enter a bit-complexity analysis separately. The procedure returns an
algebraic reason for exclusion: failure of the fixing-group test, an empty Hurwitz denominator
domain, or an empty set of feasible sign cells. No frequency sampling is needed for any of these
decisions.

7 Inverse identification and obstructions

The following examples identify all quadratic classes directly from the input rational function
and determine which classes are admissible.

7.1 A quartic input with one class and two feasible intervals

Consider the coefficient input

_ 60s" 4 453s% 4 1428s% 4 21635 + 1368
 60s* + 43053 + 132052 + 1970s + 1260

Its numerator and denominator factor as

G(s)

P(s) = 3(4s® + 155 +19)(5s> + 195 + 24),  Q(s) = 10(2s> + 7s + 9)(3s> + 115 + 14).

The four quadratic factors are Hurwitz, have negative discriminants, and have no common
roots. Thus the input is stable, minimum-phase, biproper, and has simple poles and zeros, with

G(o0) = 1.
Direct coefficient arithmetic gives
P(u)Q(v) — P(v)Q(u)

u—v

= —60(uwv +u+v —1)R(u,v),
where

R(u,v) = 23u*v? + 85u’v + 108u? + 85uv? + 314uw
+ 399u + 108v% + 399v + 507.

As a quadratic polynomial in w, its discriminant is
disc, R = —2711v* — 20048v* — 625340* — 941760 — 59823.

This quartic is squarefree: its discriminant is 63880506703872 # 0. Consequently it is not a
square in C(v), so R has no factor linear in u over C(v). In particular, it has no additional
nondegenerate symmetric factor of bidegree (1,1). Hence the unique quadratic right-factor class
is determined by

s—1
tbhic=1]1:1:-1 = — .
aibid =11, o) =
All normalized representatives of this class with Hurwitz denominator have
1
Du(s)=s? +ds+d+1, d>0, Hyls)=1-t>"— =0
Dy(s)
Write Ly = (s + 1)/Dy. Since
Lq= L4
ST Y (d—4)Ly’
and the four spectral fibers satisfy L4(z) =k + 1, k = 1,2, 3, 4, their values are
1
La(2)

Td—4+1/(k+1)
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The four denominators must be nonzero. They have one common sign precisely when d < 7/2
or d > 19/5; for 7/2 < d < 19/5 at least two have opposite signs, except at excluded zero
denominators. Thus the spectral inequalities tL4(z) > 1 are equivalent to

t<d—19/5, 0<d<17/2,
t>d—-"7/2, d>19/5.

These spectral inequalities must also be intersected with the SPR interval in ¢.

For any fixed d, frequency-domain positivity of 1 —¢L, is an open interval of ¢ containing zero.
This elementary convexity permits an exact threshold test. In the positive case, an admissible
t > d — 7/2 exists if and only if the threshold ¢4 = d — 7/2 lies strictly inside the SPR interval.
At this threshold,

24 (7/2 9/2 5d — 11
s*4+(7/2)s+9/ b= -

9
=—(d+1
Da(s) : 5 0, r 2( +1)>0

Hd7t+ (S) =
for every d > 19/5. Hence all such d are feasible.
In the negative case, the corresponding threshold is t— = d — 19/5. At that value,

52 +(19/5)s +24/5 _ 14d—29 24

—(d+1).
Dd(s) ) p 5 Y r 5( +)

Hd,t_(s) =

For d > 29/14, the SPR inequality is immediate. For 0 < d < 29/14, it is
196d> — 1292d + 361 < 0.

The smaller root of this quadratic is

4 — 323 — 7615

98

and the larger root exceeds 29/14. Therefore the complete set of feasible denominator parameters
is

(ds,7/2) U (19/5,00).
At d = d,, the necessary spectral threshold is an endpoint of the SPR interval, so strict feasibility

fails. The endpoints 7/2 and 19/5 make one of the spectral evaluations infinite.
For the particular denominator d = 4, one has

3xr+5

— =w?>0.
2r6rr2s Y=

Re Ly(iw) =

Its minimum on the compactified half-line is zero and its maximum is

v10 -1 -5+ 4v10

My = Ta Tmax = 3

Consequently the full scaling interval for this denominator is

1 8(1 10

For every ¢ in this interval, reconstruction gives

Go(w) = 1% E;}U

—1+4t)(w—1+5t)
—1+2t)(w—1+3t)
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All of its poles and zeros are negative, simple, and distinct, and the identity G = Go; 0 Hay
holds exactly. Choosing ¢t = 1 yields

s%+3s+4 3 ( 3)(w+4)
“wrasts m=gg

w +
Hyi(s) 10 (w + 1) (w +2)°

For the denominator d = 4, Proposition 4.5 selects

L 16 _17-V10
“THrvio T 5+ vi0

Indeed r— = 2 and v4(t) = min{l — #(v/10 — 1)/8, 2t — 1}, whose two affine terms agree at
t.. This gives an explicit admissible representative with maximal simultaneous margin for this
denominator.

7.2 An even-degree algebraic obstruction

Consider

(s+5)(s+6)(s+T7)(s+38)

(s+1)(s+2)(s+3)(s+4)

All poles and zeros are simple negative integers. A quadratic right factor would give an involution
that pairs the four poles without fixed points. There are exactly three possible pole pairings.
Their corresponding involutions fail to preserve the zero set, as the following exact check shows:

Galg(s) =

Pole pairs ‘ [a:b: (] ‘ 7(=5)
{—1,—2},{-3, -4} | [2:5: 11] | —14/5
{~1,-3},{-2,—4} | [2:5:14] | —-11/5
{-1,-4},{-2,-3} | [0:1:5] 0

None of the values in the last column belongs to {—5, —6,—7,—8}. Hence G,j; has no real
quadratic right factor, before any SPR constraint is imposed.

7.3 An analytic obstruction despite an SPR right factor

Let )
s°+s+1
Gi(s) = 5¥——.
)= st
The poles and zeros are simple and have real part —1/2. Its quadratic fiber involution is
7(s) = —s—1, but

Re G (iv/2) = —5% <0.

Theorem 5.1 therefore excludes every factorization satisfying the prescribed stable outer-factor
conditions. Nevertheless,

~ N ~ s24+s+1 ~ w
Gy.=Goo H H(s) = ——— G = .
* 0011, (S) 2+s+2 0(w) S _ 7w

Here H is SPR because its frequency numerator is (w? —1)2 + 1. The pole of Gy is 8/7, so it is
unstable. This also distinguishes the constrained problem from a version in which only the inner
factor is required to be SPR.
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7.4 A quartic input with three admissible classes

Set = s + 4 and consider A )
x*+3x°+1
G =——F—.
3(5) xt + 422 + 1
Each polynomial 32 + ky + 1, for k = 3, 4, has distinct negative roots. Thus all poles and zeros of
(3 are simple, have real part —4, and are mutually distinct. In the = coordinate, the coefficient

calculation is
P(u)Q(v) — P(v)Q(u)

u—"v

= (u+v)(uv — 1)(uv + 1).
The three factors give precisely the involutions
T —> —, r+— 1/z, x+— —1/x.

All three classes satisfy the full analytic constraints. Explicit representatives and outer factors
are

2+ 4 w? + 28w + 16
Hi(s) = ——— G =5
1) = 01(0) =5 08w+ 16"
(x—1)2  (s+3)? 5w? + 6w + 5
H = = G - - -
)= T TZ T a2 02(0) = G w6
2 2 2
- —3rx—1 s“+5bs+3 14w* + 8w + 14
H3(s) = = Go(w)

T 22432 —1 2+ 1ls+27 T 15wl + 6w+ 15

In all three cases G3 = G j o H;. The SPR frequency parameters (p,r) are respectively
(111/4,325), (26,225), (25,81).

They are strictly positive. Every outer numerator and denominator is a Hurwitz quadratic with
nonzero discriminant, and each numerator is coprime to its denominator. Thus this example
has exactly three admissible Mébius classes, attaining the general bound n — 1 for n = 4. The
repeated numerator and denominator roots of Ho are allowed: the simple-spectrum hypothesis
concerns (G3 and the outer factors, and the chosen spectral fibers of Hy are unramified.

8 Dimension and perturbations of admissible inputs

For even n, the set of admissible inputs has codimension n — 2 in the coefficient space of degree-n
biproper functions. This quantifies the restriction imposed by exact quadratic decomposition,
even though all spectral and positivity conditions on a given factorization are open.

Proposition 8.1 (Dimension of the admissible input set). Let n = 2m > 2. In the (2n + 1)-
dimensional real coefficient space of reduced biproper degree-n functions, the set

D, ={G €S, : F2(G) # o}

is a nonempty semialgebraic set of dimension n+ 3. Its codimension is n — 2. In particular, for
n > 4 it has empty interior in Sy,.

Proof. A reduced biproper degree-k function is described by a monic denominator, an arbitrary
degree-k numerator, and a nonzero leading numerator coefficient, giving 2k + 1 real parameters.
Consider pairs (Go, H) of degrees m, 2 satisfying the required outer and inner conditions and
such that Gg o H has simple poles and zeros. They form an open semialgebraic subset U of a
coefficient space of dimension

(2m+1)+5=n+6.
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Openness of the SPR condition follows from uniform strict positivity on the compactified
imaginary axis. Simplicity of the composite spectrum excludes finitely many critical-value
incidences, an open condition. Semialgebraicity follows from the quadratic SPR test, Hurwitz
inequalities, and nonvanishing discriminants and resultants.

The set U is nonempty. Choose H = (s> + 3s +4)/(s* + 4s + 5), and choose m distinct
negative real outer poles and m distinct negative real outer zeros, with all 2m values different
and avoiding the finitely many critical values of H. Lemma 2.2 places their preimages in C_,
and avoidance of the critical values makes them simple.

The composition map U — D,, is semialgebraic and surjective, so its image D,, is semialgebraic.
For fixed G, its fiber is a finite union of M6bius reparametrization orbits intersected with U, by
Propositions 2.4 and 2.5. The action

(Go, H) — (Goo ¢!, o H)

is free, since ¢ o H = H with H nonconstant implies ¢ = id. Each orbit has dimension
three. At an admissible pair all the defining conditions are strict and the degrees persist, so its
intersection with U contains a three-dimensional relatively open neighborhood. Every nonempty
fiber therefore has dimension three. Hardt’s triviality theorem and additivity of dimension on
products [5, Theorem 5.45 and Proposition 5.28] give

dimD, = (n+6) —3=n+3.
The final assertion follows by comparing with 2n + 1. O

For a fixed involution and a feasible denominator, the strict separation conditions persist
under small changes of the denominator parameter. If ¢ also varies within its admissible
interval, the inner and outer half-plane margins stay positive. More generally, small changes
of an admissible pair (Go, H), preserving degrees and the strict spectral conditions, remain
admissible and yield nearby inputs. Proposition 8.1 specifies why unrestricted changes of the
input coefficients can remove an exact decomposition when n > 4.

Within each admissible quadratic class, the denominator remains free to vary over the
intervals determined by Theorem 4.2. Proposition 4.5 gives the optimal scaling for each such
choice.
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