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CERTIFIED LOWER BOUNDS FOR THE FIRST AND THE SIGNED
THIRD AUTOCORRELATION CONSTANTS

TEJASVI SINGH TOMAR

ABSTRACT. Let C1 be the largest constant such that sup|, <12 f ft—z)f(z)dx > C1 (fj{é/z f)2
for every nonnegative function f on the real line. We prove C; > 1.337, improving the bound
1.2937 of Kim and Pilanci, by a spatial branch-and-bound over the masses of f on equal bins.
Consequently, for every large g, every g-Sidon set in {1,..., N} has fewer than 1.2231y/gN
elements once N is large enough in terms of g. For real-valued f supported in [—1/4,1/4], let
C3 and Cj be the analogous constants for the essential suprema of |f * f| and of f x f; no lower
bound better than the trivial bound 1 was recorded for them. We prove C3 > C5 > 4/3 with
the argument principle. Both proofs are computer-assisted, and both theorems are also proved
in Lean 4.

1. INTRODUCTION
For f: R — [0,00] write (f * f)(t) = [g f(t —z)f(z)dx € [0,00]. Following [1], we call the
largest constant C' such that

(1) sup (140 = O

—1/2<t<1/2 —1/4

1/4

f(zx) da:>2

for all measurable f: R — [0, 00] the first autocorrelation constant Cy (the name is customary,
although f = f is the autoconvolution of f). It is Problem 6.2 of [8]. Restricting f to [—1/4,1/4]
does not increase the left side, so Cj is also the infimum of sup(f * f)/(/ f)? over nonnegative f
supported in [—1/4,1/4]. Schinzel and Schmidt [26] studied this quantity and conjectured that
Cy=m/2.

The constant comes from additive combinatorics. A set A C {1,...,N} is a g-Sidon set if
{(a,b) € Ax A:a+b=m}| <g forall m. Cilleruelo, Ruzsa and Vinuesa [3] proved that
the largest g-Sidon set in {1,..., N} has between o(g)v/gN(1 — o(1)) and (g)+/gN (1 + o(1))
elements as N — oo, where o(g) and 7(g) both tend to a constant o as ¢ — oo. They also
expressed o through the continuous problem, and in our normalization o2 = 2/C; [4, Section
1.2].

Explicit step functions give the best upper bounds for C;. Matolcsi and Vinuesa [18] found
Cy < 1.5098, which disproved the conjecture of Schinzel and Schmidt. Computer searches [1, 8]
and later programs [5, 11] have lowered the bound below 1.5028. Lower bounds, however, have
moved slowly. Cloninger and Steinerberger list the earlier ones [4, Section 1.2], which end with
the bound C; > 1.2748 of Matolcsi and Vinuesa [18] (quoted as 1.2749 in [4]). Cloninger and
Steinerberger reduced the problem to a finite min-max over mass vectors, replaced the simplex
of mass vectors by a lattice, and proved C; > 1.28 by a large enumeration. Ivanisvili and Xie [10]
sharpened an error term of that computation to obtain 1.2802. Piterbarg, Bajaj and Vincent
report C7 > 1.292 [21]. Kim and Pilanci [14] proved C; > 1.2937 with a semidefinite relaxation,
and they checked its dual solution in interval arithmetic.
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'[I‘he(])rem 1.1. ¢ > %. That is, (1.1) holds with C = 1.337 for every measurable f: R —
0, o0|.

The proof also gives the inequality with the essential supremum in place of the supremum.
Corollary 1.2. In the notation above, o < 1/2000/1337 < 1.2231.

The method. Cloninger and Steinerberger observed that the masses p; = || B, | of f onn equal
bins B; already force f * f to be large somewhere. If ¢; <@+ j < co, then B; 4 Bj lies in one
interval J of length (ca — ¢1 + 2)/(2n), the same for all such 4,7, so sup; f * f is at least the
averaged mass gc,c,(p) of (2.1). Hence C; > V,,, where V,, is the minimum over the simplex of
the largest of these averages (Lemma 2.1). The inequality C1 > V,, has no error term, and since
we work on the continuous simplex, the lattice error that limited [4] does not arise. We prove
Vag > % (Theorem 2.2). Section 5 explains the choice of n.

The function p — maxe,<c, deye, (P) is @ maximum of indefinite quadratic forms, and any
convex relaxation of its minimization over the simplex that replaces pp’ by a matrix variable
and admits all points (p, ppT) with p € A, gives no lower bound above 1: the uniform mixture
of the n vertices of A,, has second moment matrix %I , and for this matrix all averaged forms
are at most 1. We therefore split the simplex into regions, following the multiscale idea of [4],
and bound the maximum from below on each region by a linear relaxation, tightened where
necessary by linearized inequalities (v + v - p)? > 0 that a semidefinite relaxation supplies. The
dual vector of the linear program certifies the bound on the region (Sections 3 and 4).

Signed functions. Problem 6.4 of [8] asks the question of Problem 6.2 for functions that may
take negative values. If f takes negative values, then f % f can be negative as well. For an
integrable function f: R — R that vanishes almost everywhere outside [—1/4,1/4], the function
f = f is integrable and vanishes almost everywhere outside [—1/2,1/2]. Let C5 and C% be the
largest constants such that

(1.2) estse%p|(f*f)(t)|203(/f)2 and ess.sup(f>|<f)(7f)201,3(/.70)2

teR

for all such f; Section 6 compares this with the formulation of [8]. The notation C5 follows
[1], and the repository of optimization constants [20] calls C3 the signed third autocorrelation
constant. Clearly C4 < C5, and C5 < () since nonnegative integrable f are admissible in (1.2)
and for them esssup |f * f| < sup f = f. Averaging f * f over [—1/2,1/2] gives C4 > 1. The
problem list [8] gives no lower bound for either constant, and [20] gives only this trivial bound for
(5. Step functions give C3 < 1.4631 [20], and a step function with 600 cells gives C3 < 1.4603
[7]; we checked the value 1.4603 in exact rational arithmetic. A step function with 800 cells
is reported to give C3 < 1.4579 [13], and a step function that gives an upper bound of about
1.4489 for C% is reported in [11]. Earlier upper bounds are listed in [8] and [2, Table 1 and
Appendix A.5].

Theorem 1.3. Let f: R — R be integrable, vanish almost everywhere outside [—1/4,1/4], and
satisfy [ f #0. Then

2
esssup [(f + P)(0)] > esssup (7 + F)(0) > 3( [ 1)
teR teR
Consequently Cs > C4 > %.
We prove Theorem 1.3 in Section 6. Since C5 < (1, it also gives C7 > 4/3, which Theorem 1.1

improves by a different method. For the proof, let [ f = 1 and let M be the essential supremum
of fx f; then f(2)?> = M(S(z) — (z)) for complex z, where S(z) = sin(nz)/(nz) and w =
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1i_1/2,1/2) — (f * f)/M is nonnegative almost everywhere with [w =1 —1/M. So all zeros of
S — have even order, whereas S has simple zeros, and the argument principle gives a point of a
circle around the zero 1 of S at which S = A for some A € (0,1]. If M < 3, that is, [w < 1/4,
such a point cannot lie on part of the circle, and on the rest of the circle it confines the values
of w; under these constraints an argument of the same kind on further ellipses shows that S —w
has a zero of odd order, which is impossible (Section 6 outlines the argument before the proof).

For each theorem, two separately written checkers accept the certificate. Both theorems
themselves, not only their certificates, are also proved in Lean 4 [15] with Mathlib [16], each
in two ways: with finite checks evaluated by compiled code, and by Lean’s kernel alone. For
Theorem 1.1 the checkers check that the leaves of the search tree cover the simplex, up to the
symmetry p; — pn—1—;, and evaluate the bound of Lemma 3.1 exactly at every leaf, so no solver
needs to be trusted (Section 4.2); for Theorem 1.3 they work in ball arithmetic (Appendix B).
Appendix A describes the formal proofs. The two parts of the paper are independent: Sec-
tions 2 to 5 concern Theorem 1.1 and Corollary 1.2, and Section 6, with Appendix B, proves
Theorem 1.3.

2. REDUCTION TO A FINITE PROBLEM
Fix n > 1 and put h = 1/(2n). For 0 <i <nlet B; = [—3 + ih, —1 + (i + 1)h), and let
Anz{pER”: pi > 0, Zipi:]-}'
For 0 <e¢; <e¢p <2n—2andpe A, define

2n
(2.1) feren(p) = —————= Y. pipj,
c2—c1t2 c1<i+j<ce
where the sum runs over ordered pairs (i,5) € {0,...,n — 1}2. Let F,(p) = maxe,<c, Geyes (D)

and V,, = min,ca,, Fn(p).
Lemma 2.1 (Cloninger—Steinerberger). Cy >V, for every n > 1.

Proof. Let f be measurable and nonnegative, and let g = f1_y/41/4). Then g*xg < fx f

pointwise and [ g = fi{? 4 f- 1If this integral is zero there is nothing to prove. If it is infinite,

then f_lﬁz g*g = ([ g)? = oo by Tonelli’s theorem, so the left side of (1.1) is infinite. Otherwise
we scale so that [g = 1. We write g = >, ¢; with ¢; = ¢glp, and put p; = [ ¢;, so that
p € Ay, All terms of g x g =37, ; g; * g; are nonnegative, and g; x g; vanishes outside B; + B; C
[—3+ (i +j)h,—3+ (i+j+2)h]. For ¢y <colet J =[—3 +crh,—1 4+ (o +2)h] C [-3,3]. If
c1 <i+j < co, then B; + B; C J, and fJ gi * gj = pip; by Tonelli’s theorem. Hence

|J|supg*g > /g*g > Y pips,
J 7 c1<itj<en
and Supjy<i/2 9 * g > eye, () because |J| = (e — c1 + 2)h. We take the maximum over ¢; < ¢z

and obtain sup g * g > F,(p) > V,,. The same argument works with the essential supremum on
J, which also bounds |J|~* [; g * g from above. O

The reversal p; — pp—1—; maps the pair (c1,c2) to (2n — 2 — ¢2,2n — 2 — ¢1) and preserves
¢y — c1, so it preserves Fj,. One of p and its reversal satisfies >;(2¢ —n + 1)p; < 0. Therefore

(2.2) Vi =min{ Fu(p) : p € An, (20 = n+1)p; <0},

1337
Theorem 2.2. V39 > 1555
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Theorem 1.1 follows from Lemma 2.1 and Theorem 2.2, and Corollary 1.2 follows from The-
orem 1.1 and 02 = 2/C1; by the remark after Theorem 1.1, it holds in either normalization. We
prove Theorem 2.2 in Section 4.

3. REGIONS AND THEIR RELAXATIONS

3.1. Regions. Let 7 be the balanced binary tree of bin intervals. Its root is {0,...,n — 1}, an
interval with more than one bin has its two halves as children (the left half has |-/2] bins), and
its leaves are the single bins. For a block D € T put mp = > ,cppi- A region is a set

R={peA,: Lp<mp<Up (DET), T2 —n+1)p; <0}

with rational bounds. The root region has Lp = 0 and Up = 1. A region is split at a block D
and a rational s with Lp < s < Up into the regions with Up replaced by s and with Lp replaced
by s. After a split the bounds are tightened by the rules mp = mp, + mp, for the children
Dy, D5 of D and myoot = 1, applied until they no longer change. A region whose tightened
bounds cross is empty.

3.2. The relaxation. For p in a region R we consider the point z(p) with the following co-
ordinates: mp for D € T; Z;; = pip; for ¢« < j, where Zj; stands for Z;;; Zpg = mpmg
for pairs of non-root blocks that are not both single bins (for two single bins, Zpg stands for
the corresponding Z;;); the band masses P. = >, +j=cDip; over ordered pairs and their partial
sums Go = Py + -+ P, for 0 < ¢ <2n —2; and t = F,(p). This point satisfies the following
constraints.

(i) Window constraints - — +2(GCQ Ge—1)—t<0for0<c¢; <cp <2n—2,withG_; =0.
(ii) Band, tree and product constraints: the definitions of P. and G, the identities mp =
mp, +mp,, and the identities Zpg = Zp,p+Zp,E (or Zpp = Zp,p,+2Zp,Dy+ZDyD,)-

(iii) Simplex constraints >_j Zij = pi for each 4, which hold because }_;p; = 1. These are
reformulation-linearization constraints in the sense of Sherali and Adams [23].

(iv) The symmetry constraint >_,(2i —n+ 1)p; < 0.

(v) McCormick constraints [17]: for each pair of non-root blocks D, E, the four inequalities
that state (mp—Lp)(mg—Lg) > 0, (Up—mp)({Ug—mg) >0, (mp—Lp)({Ug—mpg) >0
and (Up —mp)(mg — Lg) > 0 after mpmpg is replaced by Zpg.

(vi) Square constraints, in the spirit of Sherali and Fraticelli [24]: for distinct non-root blocks
Dy, ..., Dy and integers vg, v1, ..., vk, the inequality obtained from (vg +vimp, + -+
Ukka)2 > 0 by expanding the square and replacing the products of block masses by
the corresponding variables Z.

(vii) The bounds Lp < mp < Up, 0 < Z,P,G < 1 and 0 < t < 3, the last one whenever

F.(p) <3.
Lemma 3.1. Write finitely many of these constraints as £, < a,-x < u, with £, u, € QU{to0},
and the bounds as b~ < x < b". Let y be a rational vector with y, < 0 whenever £, = —oo and

yr > 0 whenever u, = 0o, and put p=-e; — >, yray. If
=> yle+ > yrur+zmm pebe, pebl) = A
yr>0 yr<0

for some X\ < 3, then F,(p) > X\ for every p € R.

Proof. Suppose p € R and F,,(p) < A. Then x = z(p) satisfies all constraints and bounds, and
t=p-z+Y,y-(ar-z) > LB(y) > A, a contradiction. O

The quantity LB(y) is the safe dual bound of Neumaier and Shcherbina [19], valid for any y
with the stated signs, optimal or not.
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4. THE COMPUTATION

4.1. The search. Throughout this section n = 39 and A = %. We solved the linear programs
with the open-source solver HiIGHS [9] in double precision. At n = 39 the relaxation without
square constraints has 17,085 rows and 3,158 columns. Window and McCormick constraints

enter the linear programs lazily, when the current solution violates them. We obtain square
1 mp mg
constraints for pairs of blocks from an eigenvector of the matrix (mp ?JD ?JE) for its smallest
mg DE EFE
eigenvalue at the current solution, scaled and rounded to integers.

If the linear program does not close a node but its value is close to A, we also solve Shor’s
semidefinite relaxation [25] with the interior-point solver Clarabel [6]. It keeps the equality rows
of the linear program and those of its inequality rows that are nearly active at the solution, and
it adds the condition that the matrix M = (;’g), where Z = (Z;;) is the matrix of the bin
products, be positive semidefinite. The variables P., G. and Zpg for pairs of blocks that are not
both single bins keep no bounds there: the checkers complete the multipliers of the rows that
define these variables so that their reduced costs vanish, and a dual solution that used bounds
on them would lose that part of its bound. If the value of this relaxation is at least A, its dual
solution gives multipliers for the rows and a positive semidefinite matrix .S, which multiplies the
condition (S, M) > 0. Let u = (up, '), with up € R and «' € R, be a unit eigenvector of S
whose eigenvalue o exceeds 10~7 times the largest one. The term o u’ Mu of (S, M) is o times
the linearization of (ug + u’ - p)2. We round 2?%u/||u|s to an integer vector v = (wvp,v’) and
replace this term by a multiple of the square constraint for (vg 4+ v’ - p)2 > 0; the terms with
smaller eigenvalues, or with v' = 0, are dropped. With the multipliers of the rows, these square
constraints give a dual vector of the linear relaxation. The search stores it like the dual vectors
of the linear programs (see below), and if the floating-point check fails, it splits the node. These
square constraints never enter the linear programs.

When neither program closes a node, we give every block D the score Yy |Zpp—mpmpg| (1+
20wpp/ maxw), where wpg is the sum of the absolute duals of the pair’s McCormick con-
straints. We split the block with the largest score at its mass in the optimal solution, clipped to
the middle half of its interval. Splits are made at multiples of 2739, so that the search propagates
bounds exactly in floating point, in agreement with the rational propagation in the checkers.

We distributed the tree over subtrees, which we call jobs; each job is stored as one log file.
We call these files the search logs. Together with a file that fixes n, A and the rows and columns,
they form the certificate. The root job expands the tree to depth 9 and delegates the 330 open
nodes there as new jobs. Every other job is processed depth-first by one worker, which delegates
the unexplored nodes as new jobs once it has processed its budget of nodes. The budget only
decides where jobs are cut. At most leaves (Table 1) the search stored a compressed dual vector,
as in the certificates with stored dual vectors of Section 5, with the keys of the square constraints
that it uses: the blocks and the integers vy, ..., v;. Its entries on most rows and on the square
constraints are integers divided by a power of 2, and the checkers complete the remaining entries
as the format in the repository specifies. The search stored such a vector only if it passed a
floating-point check. Each of the other leaves is recorded without data; the search records a leaf
in this way only if its floating-point bound is at least A+ 10~7. The format also has a record for
a leaf with an uncompressed dual vector, which no leaf needed. Unlike the archived certificate
for Va9 > 267/200 (Section 5), this certificate keeps the dual vectors: the linear programs of the
checkers use square constraints for pairs of blocks only.

4.2. The check. We call the two programs the first checker and the second checker. At a leaf
with a stored dual vector, the first checker completes the vector, builds each square constraint
from the integers of its key, and evaluates LB(y) exactly; if this value is below ), it rejects the
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certificate. For a leaf without data, the first checker solves the relaxation of its region, with
window and McCormick constraints added when they are violated. If this does not give a bound
of at least A, it adds square constraints for pairs of blocks, built from eigenvectors as in the
search and rounded to integers, for a bounded number of rounds. It rounds the duals that it
found to dyadic rationals and evaluates LB(y) exactly in integer arithmetic; the parameters of
these steps, which do not affect correctness, are in the repository.

Proof of Theorem 2.2. We check each job separately: we recompute its root region from the
splits on its path, follow its depth-first record, and recompute the child regions. Every node of
a job receives exactly one record, a split, a delegation or a leaf, and no record is left over. A
child whose tightened bounds cross would be empty and need no leaf, but no such child occurs.
At a leaf recorded without data the checker first computes a dual vector y as described above.
At every leaf it evaluates LB(y) exactly and finds LB(y) > %, so Lemma 3.1 gives F3g > %
on the leaf region. The smallest value of LB(y) that it finds (Table 1) exceeds A by about 1075,
A final pass confirms three facts: every delegated subtree is the root of exactly one job, all jobs
are reachable from the root job, and the delegation graph has no cycles. Because a delegated
region and the root region of its job are recomputed from the same path, they coincide. The
two children of a split cover their parent, so the leaf regions cover the region (2.2), and (2.2)
gives Vg > %. The first checker performed these steps on the search logs. The Lean checker
repeats the region, record, bound and partition checks on these logs, completed as described in

Appendix A. O

The second checker differs from the first in the following respects.

(a) It evaluates LB(y) in rational arithmetic. It rounds the duals that it finds to multiples
of 2799; for a square inequality, whose linear program carries a rescaled copy of the row,
it rounds the dual of that copy and undoes the scaling. A stored dual vector is evaluated
as stored.

(b) Its linear programs manage their rows differently and restart with other settings when
they stall, and an exact Farkas test, never needed at any leaf, handles infeasible leaf
programs.

(c) It recomputes the regions and checks the records of each job before it solves any linear
program for that job, and its final step identifies every job file by its SHA-256 and then
checks the partition as the first checker does.

(d) It tests a stored dual vector, which it first completes if it is stored in compressed form,
before it searches for its own.

We ran it on the search logs. It accepted every leaf: at the leaves with a stored dual vector, this
vector passed the test in (d), and at the leaves without data the second checker accepted the
leaf with a dual vector that it found. The smallest bound LB(y) with which it accepted a leaf
agrees with that of the first checker in all printed digits.

TABLE 1. The certificate of Theorem 2.2.

Bins n and bound A 39, %
Nodes of the search tree 179,347,419
Leaves 89,673,710 (89,671,264 with a stored dual vector,

2,446 without data)
Smallest exact leaf bound 1.33700001000. ..
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5. REMARKS

Limits of the reduction. We list in Table 2 upper bounds for V,,, each from an explicit mass
vector found by a local search from random starting points and evaluated exactly. Independent
runs agree on all digits shown. We release such vectors for 2 < n < 24, for n = 26,28,...,36
and for n = 39. For 2 < n < 19 the value is below 1.2937, and V7 = 1, so the reduction needs
at least 20 bins to improve on [14]. Since V39 < 1.349505, Theorem 2.2 is within 0.0126 of the
best bound available at n = 39.

TABLE 2. Upper bounds for V,, from explicit mass vectors, rounded up.

12 1.243365 19 1.292579 23 1.308665 30 1.331221
16 1.271793 20 1.294443 24 1.312492 32 1.335788
17 1.281014 21 1.299660 26 1.320130 34 1.338779
18 1.283145 22 1.304949 28 1.325596 36 1.342202

39 1.349505

Further certificates. We also checked six further certificates, for Va9 > 267/200, V3 >
133/100, V3o > 33/25, Vag > 131/100, Vay > 13/10 and Vay > 32/25, with between 113,761
and 527,163,006 leaves; the first three use square constraints. Both checkers of Theorem 2.2
accepted the first two, a checker for certificates that store the dual vector of every leaf accepted
the third, and a third checker, for certificates without square constraints, the other three. The
certificate for Vg > 267/200 comes from a search as in Section 4 with A = 267/200, a root
job of depth 8 and no semidefinite step. Its archived form keeps only the search tree, and the
first checker accepted it in this form, finding its own dual vector at every leaf except two. For
Va6 > 133/100, a search of the same kind as in Section 4 was run, with n = 36 and A = 133/100
and without compressed dual vectors; one leaf of its certificate carries a dual vector and 21
square constraints. The certificate for V3y > 33/25 stores the dual vector of every leaf, for most
leaves in compressed form. The certificate for V5o > 32/25 gives an independent proof of the
bound C; > 1.28 of [4]. With the same branching rule, the square constraints reduced the
number of leaves by a factor of 2.5 at n = 20 and 2.3 at n = 24.

6. THE SIGNED THIRD AUTOCORRELATION CONSTANT

In this section, which does not depend on Sections 2 to 5, we prove Theorem 1.3. We reduce
it to a statement about the zeros of S — ji for the measures p of a class, outline the certificates,
prove the lemmas behind multi-level certificates (Lemmas 6.1-6.5 and Proposition 6.7) and
nested certificates (Lemmas 6.9 and 6.10 and Proposition 6.12), and then prove the theorem.
The problem list [8] states the constants C5 and C§ with the maximum over [¢t| < 1/2 and with
| max;(f * f)(t)| on the left of the second inequality. For f € L? the function f  f is continuous,
so the maximum exists and equals the essential supremum. The absolute value in the second

inequality of [8] does not matter, because esssup(f * f) > f_IﬁQ f*f=([f)? For integrable f,
the supremum of f * f over any set of full measure on which it is defined is at least its essential
supremum, so lower bounds for the constants in (1.2) hold for either reading.

Let f be as in the theorem. Replacing f by f/ [ f multiplies f * f by the positive number
([ )72, so we may assume [ f = 1. Let g = f* f. Then g is integrable, it vanishes almost
everywhere outside [—1/2,1/2], and [¢g = 1 by Fubini’s theorem. In the one-sided case let

M = esssupg, and in the two-sided case let M = esssup|g|. If M = oo there is nothing to
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1/2
1/2
M > 1. Let w=1_1/31/29] — g/M. After a change on a null set, w > 0, w vanishes outside
[—1/2,1/2], and [w =1—1/M. In the two-sided case g > —M almost everywhere, and we may
also assume w < 2.
For ze Cand t € R let

A , 1/2
= f(z / fl@)e ™ de,  Ki(z) =e 2™, S(2) = / Ky(z)dt = ,
_1/2 Tz
with S(0) = 1. For a finite Borel measure p on [—1/2,1/2] let i(z) = [ Ki(z)du(t) and
G, = S — [i. We identify an integrable function p on [ 1/2,1/2] with the measure p(t) dt. The

prove, so let M < oco. Since g < M almost everywhere on [—1/2,1/2] and [/, g = 1, we have

functions F, ji and G, are entire. Since [[|f(z)f(y)Kypiy(2)|dxdy < | f|I3e™™ = Fubini’s
theorem gives [ g(t)K;(z)dt = F(2)?, and therefore
(6.1) F(2)? = M Gy(2), z e C.

The zeros of S are the nonzero integers, and they are simple because S’'(n) = (—=1)"/n. Since
F(0) = [ f =1, the function F is not identically zero, and by (6.1) every zero of G, has even
order.

For 7 > 0 let A, be the set of nonnegative Borel measures on [—1/2,1/2] of total mass at
most 7, and let A2 be the set of measurable functions p: [~1/2,1/2] — [0,2] with [ p < 7. Both
sets are convex and closed under multiplication by numbers in [0, 1], and A% C A,. We call A,
the class of the one-sided case and A2 the class of the two-sided case. If 1 — 1/M < 7, then w
belongs to the class of its case (for the same 7). The certificates below rule this out, because
they show that G, has a zero of odd order for every p in the class (Propositions 6.7 and 6.12).

The certificates work in levels. On an ellipse T; around the zero 1 of S, every measure p of
the class has a crossing unless G, has an odd number of zeros inside T7: for some X € (0, 1],
the function S — Af vanishes at a point z of 77 (Lemma 6.1 below). At this point, S(z) lies in
a convex set whose size is proportional to 7. If 7 is small, a line separates S(z) from this set
on part of 77 (Lemma 6.2). On the rest, the crossing confines the value of ji at a nearby point
to a thin neighbourhood of a ray (Lemma 6.5). Under this constraint an argument of the same
kind on a second ellipse, a tile around the zero 3 of S, shows that G, has a zero of odd order
(Lemmas 6.3 and 6.4). Where this second step fails on part of a tile, a crossing there confines i
further (Lemma 6.9), and the argument is repeated under the new constraint, with further tiles
near 3, 4.5 and 6.4.

Lemma 6.1 (first level). Let p be a finite Borel measure on [—1/2,1/2], and let T be a piecewise
smooth Jordan curve that passes through no zero of S and encloses an odd number of them. Then
G, has no zero on I' and an odd number of zeros inside I', counted with multiplicity, or there
are z € I' and X € (0,1] with S(z) = Aa(z).

Proof. For 0 < X < 1 the function Gy, = S — Afi is entire, and Gy, (2) and G),(z) depend
continuously on (A, z). Suppose that no G, vanishes on I'. Then |G, (2)| has a positive lower
bound on the compact set [0,1] x I', so the number of zeros of G, inside I', counted with
multiplicity,

1 Gh()
27 Jr Gu(2)
depends continuously on A. As an integer, N(A) is constant. Thus N(1) = N(0), and N(0)
is odd because I' encloses an odd number of zeros of Gg = S and they are simple. Otherwise
G u(z) = 0 for some A € [0,1] and z € I', and A > 0 because S has no zero on I'. O

N\ =

dz (T" oriented counterclockwise),
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Lemma 6.1 is a homotopy form of Rouché’s theorem. We call a point z as in its second
alternative a crossing for p. For p = w the first alternative contradicts (6.1), so w has a crossing
on I'. The next lemma bounds the real part of ufi(z) for the measures of the two classes.

Lemma 6.2. Let ¢: [—1/2,1/2] — R be continuous and T > 0.

(a) [¢dp < 7max(0,max ¢) for every p € Ar.
(b) [ pd < Aot + 2 [ max(¢ — Ao, 0) for every p € A2 and every g > 0.

Proof. Part (a) holds because ¢ < max(0, max ¢) and p is nonnegative with mass at most 7.
In (b), [pp = Xofp+ [p(¢— o). Here X\g [p < A7 because A\g > 0, and p(¢p — Ag) <
pmax(¢p — Ao, 0) < 2max(¢p — Ao, 0). O

In the one-sided case let B;(¢) = 7 max(0,max ¢). In the two-sided case let B;(¢) = Ao +
2 [ max(¢— Mo, 0), where \g > 0 is a number that the certificate supplies with ¢ (Definition 6.6).
By Lemma 6.2, [¢du < B;(¢) for every p in the class of the case. If Re(uS(z)) > B.(¢) for
¢(t) = Re(uK(z)), then the functional { — Re(u() separates S(z) from the convex set of all
fi(z) with p in the class, and no measure of the class has a crossing at z. Where this separation
fails, we restrict the values of i at finitely many points and use witnesses.

Let 7 >0, 2.€C,r>0,let p1,...,pr € C with &k > 0, and let Q1,...,Qr C C be closed
rectangles with sides parallel to the axes. Let P = P(7/, z.,7;p1,Q1;-- . ; Pk, Qr) be the set
of measures v in the class of the case, with 7/ in place of 7, for which some o > 1 satisfies
|0(z¢) — 0S(2)| < r and for which D(p;) € Q; for j =1,..., k. We say that P pins the values
of U at z. and at the points p;. This set is convex: v +— ©(p) is linear, discs and rectangles are
convex, and convex combinations of the numbers o preserve the condition at z..

Lemma 6.3 (pinned sets). Let P be as above, let v,y1,...,yx € C, and let A(t) = Re(vKy(z))+
> Re(y;Ki(pj)). In the two-sided case B may be formed with any Ao > 0.

(a) If Re(vS(z.)) > 0 and
(6.2) By (A) < Re(0S(zc)) — |v|r+ Y min Re(7;),
j J
then P is empty.
(b) Let p,u € C and ¢p(t) = Re(uKy(p)) — A(t). If Re(vS(z)) < 0 and
(6.3) Re(uS(p)) — Re(05(zc)) — [vfr — Z}}é%j? Re(gjz) > Br(¢p),
j J
then G, (p) # 0 for every v € P.

Proof. Let v € P, with o as in the definition. Then Re(v(z2.)) differs from o Re(v.5(z.)) by at
most |v|r, and Re(y;2(p;)) lies between the minimum and the maximum of Re(y;x) over x € Q).
Moreover [ Adv = Re(v9(z)) + 3, Re(y;0(p;)). In (a), Re(vS(z:)) > 0 and o > 1 give

/Adu > Re(05(2)) = [vlr + 3 min Re(;z),
g e

which together with (6.2) contradicts Lemma 6.2. In (b), suppose that G,(p) = 0. Then
o(p) = S(p), and Re(vS(z.)) <0 and o > 1 give

Re(@S(p)) = / Bpdv + / Adv < Byi(y) + Re(5S(x0)) + folr + 3 max Re(gz)
j J

by Lemma 6.2. This contradicts (6.3). O
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Lemma 6.4 (witness covers). Let p1 be a finite Borel measure on [—1/2,1/2], and let K1,..., Ky
be convex sets of such measures with p € K1 U---UK,,. Suppose that for each j either K; is
empty, or there are a piecewise smooth Jordan curve T and a measure v; € K; such that no
G, with v € K; vanishes on T and G,,j has an odd number of zeros inside T, counted with
multiplicity. Then G, has a zero of odd order.

Proof. Let p lie in K;. Then K; is not empty. For 0 < § < 1 the measure py = (1 — 0)p + 0v;
lies in K, and G, = (1 —0)G, + 0G,,. As in the proof of Lemma 6.1, the number of zeros
of G, inside T} depends continuously on 6, so it is constant. Hence G, has an odd number of
zeros inside T}, and one of them has odd order. ]

Lemma 6.5 (localization). Let A C C be a set with a point z. € A, and let U O A be convex.
Let d,Y,L,mg be numbers with |z — z.| < d and |S(z)| > mg > 0 for z € A, and |[Im(| <Y
and |S"(¢)| < L for ( € U. Put omax = 7™ /mg and vy = d(r7e™ +omaxL). If p € A;, z€ A
and A € (0,1] satisfy S(z) = M\i(z), then o = 1/X > 1 satisfies |fi(zc) — 05(zc)| < rr. Moreover
li(p)| < Te™ ™ Pl for every p € C and every p € A

Proof. We have [i(z) = 05(z). Since the segment from z to z. lies in U and [2ntK:(¢)| <
mem Il for |t] < 1/2, we get |fi(2) — fi(ze)| < [|Ki(2) — Ki(ze)| du(t) < wrde™ . Moreover
o = |(2)]/1S(z)| < re™™2 fmg < oy and [S(2) — S(ze)| < dL. Hence |ji(z.) — 05(z.)| <
li(ze) — f(2)| + 0]S(2) — S(z.)| < 77. The last claim holds because |K;(p)| < e™™?l for
[t] < 1/2. O

Definition 6.6. Let 0 < 7 < 1. A certificate for 7, in the one-sided or in the two-sided case,
consists of the following data.

(i) An ellipse 77, parametrized by z(s) = ¢+ acos2ws + ibsin27ws for 0 < s < 1 with real
c and a,b > 0, that passes through no zero of S and encloses an odd number of them,
and a subdivision of [0, 1] into intervals of two types, E and H.

(ii) For each interval of type E, a number u € C, and in the two-sided case a number \g > 0
with which B; is formed, such that Re(uS(z)) > B;(¢) for ¢(t) = Re(uK(z)) at every
point z of the arc.

(iii) For each interval [sg,s;] of type H: a point z. = z(s.) with sg < s. < s1; numbers
d,Y,L,mg as in Lemma 6.5 for the arc z([so, s1]) and a convex set containing it, and
a number r > 7.; points p1,...,pr € C with & > 0 and numbers R; > rerlmp;l,
and finitely many products () = Q1 X --- X @ of closed rectangles with sides parallel
to the axes, called leaves, whose union contains the product of the squares {z € C :
|Rez|,|Imz| < R;}. For k = 0 there is a single leaf. Each leaf carries one of the
following.

e An exclusion: numbers v,y1,...,yr € C, and in the two-sided case A\g > 0, that
satisfy Re(vS(z.)) > 0 and (6.2) with 7/ = 7.
o A witness, which consists of the following.

(a) Numbers 7/ > 7 and 7/ > r;.

(b) An ellipse T, called the tile, parametrized by p(q) = cr + arcos2mq +
tbp sin 2mq for 0 < ¢ < 1 with complex ¢p and ap,br > 0, and a subdivi-
sion of [0, 1] into intervals that define the tile arcs.

(c) For each tile arc, numbers u,v,y1,...,yx € C, and in the two-sided case
Ao > 0, that satisfy Re(vS(z.)) < 0 and (6.3), with this 7/ and with 7’ in
place of r, at every point p of the tile arc.

(d) A measure viep € P(7', 2, 7"sp1, Q15 - - -5 Pr, Qk) such that G, has no zero
on T and an odd number of zeros inside T, counted with multiplicity.
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A certificate whose intervals all have type E is a single-contour certificate, and its correctness
rests on Lemmas 6.1 and 6.2 alone. We say that the ellipse T} forms the first level, the intervals
of type H with k& = 0 the second level, and those with & > 1 the third level. A certificate without
intervals of the third level is a two-level certificate. On an arc of the second level, a crossing
confines fi(z.) to a disc around a point 0.5(2.), and under this constraint G,, has an odd number
of zeros inside the tile. The nested certificate of Theorem 1.3 has no third level in the sense of
Definition 6.6: on each of its intervals of type H we have k = 0, and the single leaf carries a tree
of nodes as in Definition 6.11 below. Its tiles are the following. Seven are ellipses around the
zero 3 of S; two of them also enclose the zero 2, and one also encloses the zero 4. A circle of
radius 0.45 around 4.55 — 0.25¢ encloses no zero of S. An ellipse around 4.57+0.157: encloses the
zeros 4 and 5, and an ellipse around 6.44 — 0.05¢ encloses the zero 6. Each of these comes with
its mirror image. The remaining tile is an ellipse around 6.35, symmetric about R, that encloses
the zeros 6 and 7. The lemmas need no condition on the zeros of S inside a tile. The reflection
t — —t maps each class to itself and replaces fi(z) by fi(Z), so every condition at a point z has a
counterpart at z; this is why the tiles come in conjugate pairs. The checkers nevertheless do not
use this symmetry; the nested certificate of Theorem 1.3 is checked on every interval of [0, 1].

Proposition 6.7 (multi-level certificates). If a certificate for T exists, then G, has a zero of
odd order for every p in the class of the case.

Proof. Let ;1 be in the class. By Lemma 6.1 for I' = Ti, either G, has an odd number of
zeros inside 77, and then one of them has odd order, or p has a crossing z = z(s) on T} with
S(z) = Mi(z) and X € (0,1]. In the second case let s lie in an interval I of the certificate. If I has
type E, then Au belongs to the class, and Re(uS(z)) = [ ¢ d(Au) < B-(¢) by Lemma 6.2, which
contradicts (ii). So I has type H. By Lemma 6.5, some o > 1 satisfies |i(z.) — 0S(zc)| < 7,
and |Re i(p;)|, | Tm i(p;)| < R, for every j. So  belongs to P(r, ze,rrip1, Qus- . - prs Qi) for
some leaf Q). For a leaf with an exclusion let Ko = P(7, z¢, 7501, Q15 - - - 5Dk, Qk). It contains
the former set because r > r;, and it is empty by Lemma 6.3(a). For a leaf with a witness let
Kqg = P(7', ze,7";p1, Q15 . . . s Pk, Qi) It contains the former set because 7/ > 7 and /' > r,, it
contains vrep, and by Lemma 6.3(b) no G, with v € K¢ vanishes on the tile. Lemma 6.4 with
the sets Kg gives the claim. O

Corollary 6.8. Let f be as in Theorem 1.3. If a certificate for T exists in the one-sided case,
then esssup(f * f) > ([ f)?/(1 — 7). If one exists in the two-sided case, then esssup|f * f| >

(S 2/ =)
Proof. We may assume [ f =1 and M < oo, as at the beginning of this section. If 1 —1/M < 7,

then w belongs to the class of its case, and G, has a zero of odd order by Proposition 6.7. This
contradicts (6.1). Hence 1 — 1/M > 7, that is, M > 1/(1 — 7). O

Nested certificates. The certificate behind the bound % needs one more step. At a witness,
separation may fail on part of the tile. A measure of the leaf’s set then has a crossing of a
second kind on the tile, and this crossing confines the measure further, so that a failing arc can
be treated in the same way as a leaf.

Lemma 6.9 (crossings at a base measure). Let T' be a piecewise smooth Jordan curve, and let
vy and p be finite Borel measures on [—1/2,1/2]. Suppose that Gy, has no zero on' T and an odd
number of zeros inside T', counted with multiplicity, and that every zero of G, has even order.
Then there are z € T and k > 0 with fi(z) = S(z) + KGy, (2).

Proof. For 0 < 6§ <1 let ug = (1 — 0)vy + O, so that G, = (1 — 0)G,, + 0G,. If G, vanishes
at a point of T', take k = 0. Otherwise G/, is not identically zero, and it has an even number
of zeros inside T'. If no G, vanished on T', then, as in the proof of Lemma 6.1, the number of
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zeros of G, inside T would not depend on ¢; but it is odd for § = 0 and even for § = 1. Hence
Gy(z) = 0 for some 6 € [0,1] and z € T, and 6 > 0 because G, has no zero on 7. Dividing
(1 —-0)Gy,(2) +0G,(2) = 0 by 6 gives the claim with k = (1 —6)/6. O

Fix € > 0. Let A = p([qo, q1]) be an arc of a tile T with parametrization p(q), and let vy be
a finite Borel measure on [—1/2,1/2]. A measure p satisfies the tube condition (A,vy) if there
are z € A and k > 0 with |i(z) — S(z) — kG (2)| < €. A node N below an interval of type H
consists of numbers 75 > 7 and ry > r,, where r; is formed with some numbers d,Y, L, mg as
in Lemma 6.5 for the arc of 77 and a convex set containing it, a product Q1 X - - - X Qg of closed
rectangles and finitely many tube conditions (Ay,v4),..., (Am,Vm). In the one-sided case let
En be the set of measures in P(7y, zc, N3 p1, @15 - - - 5 Pk, Q) ) that satisfy these tube conditions.
This set need not be convex, and we write conv Ey for its convex hull.

Lemma 6.10 (tubes). Let N be a node in the one-sided case, let (Aj,v;) forl=1,...,m be its
tube conditions, and let v,y1, ..., Yk, V1,..., Uy, € C.

(a) Suppose that Re(vS(z:)) > 0, that Re(v;G,,(€)) > 0 for ¢ € A; and every l, and that
Bry(A) < Re(8S(20)) — |v|ry + Z min Re(7;7) + Z(mln Re(#:9(C)) — [uile)

for A(t) = Re(vK(2c))+2; Re(yjKt(p ))+Zl max¢eca, Re(0K(C)). Then En is empty.
(b) Let p,u € C. Suppose that Re(vS(z.)) < 0, that Re(1,G,,(¢)) < 0 for ( € A; and every
[, and that

Re(uS(p)) — Re(0S(zc)) — [vlry = ) max Re(y;z) — Z(g&x Re(w15(¢)) + \sz6> > By (®)
i ! l

for @(t) = Re(uK:(p)) — Re(vKi(2c)) — 35 Re(y;Ki(p;)) + 32 maxcea, (— Re(0 K (Q)))-
Then G, (p) # 0 for every v € conv Ey .

Proof. The arcs A; are compact, so these extrema exist, and A and ® are continuous. Let
u € En, with ¢ as in the definition of P, and with points 2; € A; and numbers x; > 0 for
its tube conditions. Then Re(v;fi(z;)) differs from Re(v;5(21)) + ki Re(v;Gy,(21)) by at most
lugle. In (a) let A(t) = Re(vKi(z2)) + >2; Re(y Ki(ps)) + > Re(vKi(2)). As in the proof of
Lemma 6.3, the sign conditions give

/)\du > Re(vS(z0)) — |v|ry + Z mm Re (yjx) + Z(mm Re(9;5(¢)) — |vl]5),

while [Adp < By (X) < B;, (A) by Lemma 6.2, because z; € A; gives A < A. This contradicts
the hypothesis, so E is empty. In (b) let ¢(t) = Re(uK(p)) —Re(vK¢(z:)) — > ; Re(y; Ki(ps)) —
> 1 Re(0,K¢(2)). Then ¢ < ®, and the sign conditions give

Re(ufi(p) /(bdu—i-Re(vu Ze)) + ZRe yi(ps)) + ZRe up(z)) < B,

where 8 = B (®) +Re(vS(2c)) + |v|ry + 3 ; maxaeq, Re(ij)—kzl(maXCEAZ Re(9;5(C)) + |vile).
The number 5 does not depend on p, and v +— Re(ud(p)) is linear, so Re(ud(p)) < B for
every v € conv Ey. If G,(p) = 0, then Re(uS(p)) = Re(u?(p)) < S, which contradicts the
hypothesis. O

Definition 6.11. A nested certificate for 7 in the one-sided case consists of the data of Defini-
tion 6.6, except that each leaf @) of an interval of type H carries a finite tree of nodes in place of
an exclusion or a witness. The root of the tree has the rectangles of () and no tube conditions.
Each node N has one of the following kinds.
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e Empty: numbers as in Lemma 6.10(a).
e Split: an index j; the four children of IV arise from dividing @); into four equal rectangles.
e Arc split: an index [ and a number ¢, with gy < ¢, < q1, where A; = p([qo, ¢1]) and p
is the parametrization of the tile of A;; in the two children of N the arc A; is replaced
by p([q0, gm]) and by p([gm., q1])-
e Witness: a tile T as in Definition 6.6, a measure v € Ey such that G, has no zero on
T and an odd number of zeros inside T', counted with multiplicity, and a subdivision of
the parameter interval of T' into tile arcs. Each tile arc A carries either numbers as in
Lemma 6.10(b) for every point p of A, or a child N’ whose tube conditions are those of
N together with (A,v).
Each node has its own numbers 7y and ry, and except where stated, a child has the rectangles
and the tube conditions of its parent. An exclusion of Definition 6.6 is an empty node without
tube conditions, and a witness there is a witness node all of whose tile arcs carry separations.

Proposition 6.12 (nested certificates). If a nested certificate for T exists in the one-sided case,
then G, has a zero of odd order for every u € A-.

Proof. Suppose that every zero of G, has even order for some u € A;. As in the proof of
Proposition 6.7, p has a crossing z(s) with S(z(s)) = Ai(z(s)) and A € (0, 1], where s lies in
an interval of type H, and fi(p;) € Q; for every j, for some leaf @ of this interval. Every node
N below this interval has 7 > 7 and ry > 77, so p € A;,, and by Lemma 6.5 the number
o = 1/X satisfies |fi(z.) — 0S(z.)| < ry. Hence u € Ex whenever p satisfies the rectangles and
the tube conditions of N, in particular for the root N of the tree of (). We show that u € Eyn
implies € En for some child N’ of N. As the tree is finite, this is a contradiction. An empty
node has Eny = @ by Lemma 6.10(a). At a split, i(p;) lies in one of the four rectangles. At an
arc split, a point z; € A; as in the tube condition (A, ;) for u lies in one of the two halves of A;.
At a witness, Lemma 6.9 with vy = v gives z € T and k > 0 with ji(z) = S(z) + kG, (z). Then
Gy(z) =0for pgp=(1—-0)v+60pand § =1/(1+ k), and pg € conv Ex. By Lemma 6.10(b), z
lies on no tile arc with a separation. So z lies on a tile arc A with a child N’, and u satisfies the
tube condition (A, v) with this z and &, even with ji(z) — S(z) — kG, (z) = 0. As p also satisfies
the rectangles and the tube conditions of N, we get u € Env. O

Here the induction runs over Ey and not over conv E: a measure in conv Ey that satisfies
a new tube condition need not lie in the convex hull of the measures of Ey that satisfy it.

Corollary 6.13. Let f be as in Theorem 1.3. If a nested certificate for T exists in the one-sided
case, then esssup(f * f) > ([ f)?/(1 — 7).

Proof. As for Corollary 6.8, with Proposition 6.12 in place of Proposition 6.7. O

The proof of Theorem 1.3 below uses only the one-sided case. The two-sided case enters only
the limits at the end of this section.

Proof of Theorem 1.3. The nested certificate of Theorem 1.3 (Table 3) uses for T} the circle with
¢ =21/20 and @ = b = 3/5. Its interior meets R in the interval (¢ — a,c + a) = (0.45,1.65).
All zeros of S are real, so T} encloses exactly one of them, the zero 1, and passes through none.
Its intervals of type H have no pinned points. It is a nested certificate for 7 = % in the one-
sided case, with € = 1075 in the tube conditions. The checks described in Appendix B confirm
that its intervals subdivide [0, 1], that the tile arcs of every witness subdivide the parameter
interval of its tile, and that the conditions of Definitions 6.6 and 6.11 hold. Since 1/(1—1) =4

Corollary 6.13 gives esssup(f x f) > %(ff)2, and esssup |f * f| > esssup(f = f). If [ f =0,



14 TEJASVI SINGH TOMAR

the right sides of the inequalities in (1.2) vanish, and the left sides are nonnegative because

esssup(f = f) > f,l{%f « f =0. Hence C3 > C% > %. ]

TABLE 3. The nested certificate of Theorem 1.3 (one-sided case).

Threshold 7; € ;1076

Intervals of type E; of type H (records of type N) 276; 2,182

Nodes: empty; arc split; witness 15,172,398; 15,100,886; 7,924,564

Tube conditions at a node; arc splits in a row at most 2; at most 8

7N of the empty nodes and witnesses 7, except at 81,508 of them (at most 101/400)

Certificates, checks and formal proofs. Appendix B describes the certificate files and their
checks, and Appendix A the formal proofs of Theorem 1.3 and of two weaker bounds. The
certificates were found by search programs in the repository, which choose the numbers u, v and
y; by linear programming in floating point; they are not part of the proof.

Limits of the method. The following limits are numerical observations, not proved state-
ments. For single-contour certificates, whatever the contour, the largest admissible 7 appears
to be about 0.16557 in the one-sided case and about 0.1694 in the two-sided case, which corre-
sponds to about 1.1984 for C% and 1.2039 for C5. For two-level certificates with the ellipse T}
of the certificate with 7 = 7/30 (Appendix A) and, as tiles, one axis-parallel ellipse around the
zero 3 together with its mirror image, the corresponding values appear to be about 1.277 for Cj
and 1.282 for (3. For a third level with pinned points near % — %z and % + %i, the value for
C% appears to be at most about 1.31 with that ellipse and at most about 1.32 with the circle
Ty of the nested certificate. With this circle, trees of nodes as in Definition 6.11 go past these

values and give the bound of Theorem 1.3.

APPENDIX A. PROGRAMS AND FORMAL PROOFS

Independent audits rebuilt or re-checked the Lean proofs of both theorems and of the weaker
signed bounds, some in full and some in samples. The repository records the runs behind
Sections 4 to 6, their costs and the hashes of their inputs, and what each audit covered.

Programs. The README of the repository maps the programs of Sections 4 to 6 to its files
and records, for each pair of checkers, what the two have in common and how the second was
written. The first checker of Theorem 2.2 shares with the search the constraint definitions of the
checker for certificates without square constraints (Section 5), which the first checker extends.
The second checker shares no code with the first checker or with the search; an earlier version of
it, which did not read compressed dual vectors, checked the certificate for Vag > 133/100. Both
checkers use HiGHS.

The Lean proofs of Theorem 1.1. We formalized the reduction, the reversal symmetry
and the soundness of a checker in Lean 4 with Mathlib. The formal theorem states (1.1) with
C = 1337/1000 for measurable f: R — [0,00] with lower Lebesgue integrals. We also derive
in Lean the statement with the essential supremum, and a version for measurable f: R — R
that is nonnegative and vanishes outside [—1/4,1/4], stated with Mathlib’s convolution and
the L* norm on [—1/2,1/2]. The Lean checker re-implements the constraints of Section 3
and proves them valid. It reads the search logs, in which a variant of the first checker, with
identical acceptance logic, has filled in the dual vectors of the 2,446 leaves without data; any
filled certificate that the Lean checker accepts gives the theorem. An exporter translates the
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filled logs into Lean source. Since no formal theorem mentions the certificate, the exporter need
not be trusted; the same holds for the exporters of the Lean proofs of Section 6.

Lean accepts the certificate in two ways. In the first, native_decide evaluates the checks by
compiled code, which adds the compiler to the trusted base; each auxiliary axiom of the final
theorem records the result of a compiled evaluation, one for each generated module (a module
checks a group of jobs) and one for the root region. In the second, a checker evaluated by Lean’s
kernel alone checks the segments of the depth-first records of all jobs in generated modules, and
group modules and the final modules compose these checks. An audit found the three final
statements of this proof equal to the reviewed statements with A = 1337/1000 and confirmed
that they depend only on the standard axioms propext, Classical.choice and Quot.sound.

The Lean proofs of Theorem 1.3 and of two weaker bounds. Two multi-level certificates
give weaker bounds. The first, for 7 = 6/25, uses the circle T3 of the nested certificate and has
270 intervals of type E, 672 of the second level and 1,432 of the third level, which pin the values
of ji at % — %z and % + %i or at their mirror images; it gives C3 > C% > 25/19. The
second, for 7 = 7/30, in which T3 is the ellipse with ¢ = 53/50, a = 39/100 and b = 21/50, has
2,626 intervals and gives C5 > C% > 30/23. Both checkers of multi-level certificates accept both
certificates.

The formalization of the argument for multi-level certificates counts zeros by winding numbers
and uses neither the argument principle nor the Jordan curve theorem. A checker written in
Lean re-derives the conditions of Definition 6.6 from the definitions and is proved sound. It is
extended to nested certificates, with the node sets and tube conditions of Definition 6.11, and
proved sound again; it checks the 1,229 arcs of the nested certificate in the upper half of 77,
and a proved symmetry gives the arcs in the lower half, which are their mirror images. For
each of the three bounds %, 25/19 and 30/23, the formal theorems state that for every f as in
Theorem 1.3 each real number M with f*f < M almost everywhere satisfies M > b( [ f)?, where
b is the bound, the same inequality for the essential supremum in the extended reals together
with esssup f % f < esssup |f * f|, and C5 > C4 > b. The precision of the interval enclosures of
the Lean checker is part of the generated data, 80 bits for the certificate with 7 = 6/25 and 64
bits for that with 7 = 7/30, and the soundness proof holds for every precision.

Each of the three bounds is proved in two ways. In the first, native_decide evaluates the
finite certificate checks, one for each interval of 77 in the certificate with 7 = 6/25 and one for
the global checks, 2,375 in all; 207,572 for the nested certificate; and 2,627 for the certificate
with 7 = 7/30. In the second, a version of the checker written for evaluation by the kernel,
which is proved to compute the same results as the checker above on every input, checks the
certificate in generated modules by decide +kernel. The check of each interval of type H is
split into piece theorems small enough for the kernel, and further modules assemble them. For
the nested certificate, the proof has the same 207,572 finite certificate checks and an assembly
with the same statements as the proof by native_decide, but it derives each check from the
corresponding check of the kernel version; the check of a tree of nodes is split into theorems for
single nodes, for small subtrees and, at witnesses with many tile arcs, for runs of consecutive
tile arcs, a further theorem shows that these theorems cover the tree, and the largest checks are
split over several generated modules. An audit confirmed that the three theorems of this proof
state the same as those of the proof by native_decide and use no axioms beyond the standard
ones.

The Lean proofs of the further certificates. The Lean checker accepted all six further
certificates of Section 5 through native_decide, and the checker that runs in the Lean kernel
alone accepted those for Voo > 32/25, Vg > 131/100 and V3g > 133/100. For that checker, the
duals of the rows of these three certificates were rounded to multiples of 27%4, and the duals of
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the square constraints of the certificate for Vg > 133/100 were rounded down to nonnegative
multiples of 2794; every leaf was checked again exactly with the rounded duals.

Summary. Each of the bounds C; > 1337/1000, C3 > C% > %, Csy > C% > 25/19 and
C3 > C% > 30/23 has a proof whose finite checks are evaluated by compiled code, with 124,632,
207,572, 2,375 and 2,627 such checks and one auxiliary axiom for each of them besides Lean’s
three standard axioms, and a proof by Lean’s kernel alone, which depends only on the standard
axioms.

APPENDIX B. CERTIFICATES AND CHECKERS OF SECTION 6

A certificate is a JSON file. It contains 7, the parameters ¢, a, b of T1, the tiles by their centres
and semi-axes, and the intervals of [0, 1] with their types, all as rational numbers. An interval
of type E carries the real and imaginary parts of u. An interval of type H of the second level
carries s. and a witness without numbers y; and without a stored 7/, which is 7. One of the
third level carries s., its two pinned points p1, po with the numbers R, Ro, and a tree of leaves,
obtained from the squares {z : |Rez|,|Imxz| < R;} by repeatedly dividing one of the current
squares into four equal squares. A leaf carries its squares @); and either an exclusion, given by v
and the numbers y;, or a witness. A witness consists of 7/, the name of its tile, vyep, a number
orep and the tile arcs. The number o, plays the role of o in the definition of P for 14ep, and
each tile arc is given by an interval of the parameter ¢ of the tile and by u, v and the numbers
y;. The measures v,¢p are sums of point masses. The repository specifies the format in full. In a
nested certificate an interval of type H is stored as a record of type N, which carries the record
of its tree. A node record is an empty node, with v, the numbers y; and one number v; for each
tube condition; a split, with the index j; an arc split, with the index [ of a tube condition and
the number ¢,,; or a witness, with the data of a witness above, whose tile arcs carry either the
numbers u, v, y; and v; or the record of a child, which names the kind of its new tube condition.
For each tube condition (A;, ;) a witness also lists a point g, of the parameter interval of A4,
and a number k, > 0, and the checkers prove |2(p(q,)) — S(p(¢r)) — krGy, (p(qr))| < € for its
measure v. Empty nodes and witnesses may store 7, which is 7 otherwise, and the header
holds e.

Multi-level certificates (Definition 6.6), such as the certificate for 7 = 6/25 that the Lean
proofs of Appendix A read, are checked by two programs. Both checkers read all numbers
exactly. They confirm that the intervals of T7 and the arcs of each tile subdivide the respective
parameter interval [0, 1], that (¢ — a,c + a) contains exactly one nonzero integer, that ¢ + a is
not a nonzero integer and that R; > rem! Pl for every pinned point pj. To establish that the
leaves cover the product of the two squares, the first checker compares each leaf with its position
in the tree, and the second checks that the leaves lie in it, have pairwise disjoint interiors and
have total volume Hj(2Rj)2. Each checker also verifies 7/ > 7 and computes bounds r > r, for
each interval of type H, together with the numbers d,Y, L, mg, rather than reading them from
the file. For a witness, v’ is computed in the same way with 7/ in place of 7, that is, ' = r
rounded up (for the second checker, the larger of its two values), so that ' > r,. Both checkers
bound |S’| locally on each arc. With a bound for |S’| on a whole horizontal strip, the value of
r in the first checker would be up to about 2.3 times larger, and at least twice as large on 426
of the 2,104 intervals of type H. In a floating-point evaluation 1,574 of the 66,632 exclusions of
the certificate for 7 = 6/25 would then fail. With the local bounds, the smallest slack of an
exclusion in this evaluation is about 2.5 - 107°. For each witness the checkers verify in exact
arithmetic that 14ep has nonnegative masses at points of [—1/2,1/2] with total mass at most 7/
and that owep > 1, and they prove the inequality |Drep(2c) — OrepS(2¢)| < 7’ and the conditions
Drep(pj) € Q; with enclosures. The zeros of Gy, inside the tile are counted by the argument
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principle. The checkers divide the tile into pieces on which the values of G, provably lie in a
disc whose radius is less than half the distance from its centre to 0, and they add the changes
of the argument over the pieces and require the sum to be within 7/2 of an odd multiple of 2.

The first checker uses the ball arithmetic of Arb [12] through python-flint [22], with a precision
of 80 bits. It encloses the points of an arc of 17 in a complex ball, takes this ball as the convex set
of Lemma 6.5, and bounds |S’| from above and |S| from below on it by ball evaluation. It proves
the inequalities of (ii), (6.2) and (6.3) on balls for the points of the arcs and on subintervals
for ¢, which it bisects when necessary within fixed limits. The second checker also uses Arb,
with a precision of 100 bits, but a different enclosure method. It encloses each arc in a disc
around the value at its midpoint and bounds functions on the disc by the value at the centre
and a Lipschitz bound. For instance, it bounds |S’| on a disc D(py,d) by S (pm)| + (72 /3)e™
with Y = |Imp,,| + &, which follows from |S”(¢)| < (x2/3)e™™¢l In ¢ it uses second-order
bounds on adaptive cells. For the radius r it computes the bound of Lemma 6.5 twice, once
with the disc D(z.,d) and once, as the first checker does, with a ball containing the arc, and
it uses the larger value. Definition 6.6 admits any r > r;, so this choice is sound. The larger
value makes the conditions on the exclusions and on the tile arcs harder and the condition
|Drep (2c) — OrepS(zc)| < 1 easier. In the certificate for 7 = 6/25 the disc-based value would have
sufficed for every witness. Both rely on FLINT through python-flint and on the exact rational
arithmetic of Python.

Two further programs, the first and the second checker of the nested certificate, check the
nested certificate of Theorem 1.3. It is archived in 2,048 parts, files of the same format with the
same header that together hold its 2,458 intervals, and the checkers run on each part separately.
Both checked all 2,048 parts and accepted every interval of each. A third program checks the
SHA-256 hash of every part against a list of the hashes and confirms that the parts have the
same header and that their intervals subdivide [0, 1].

The first checker of the nested certificate extends the first checker above to trees of nodes,
with the same ball arithmetic at 80 bits, and it checks the intervals of type E as that checker
does. At each empty node and each witness it computes ry from 7y as it computes r’ above and
checks the sign conditions and the inequalities of Lemma 6.10. There it bounds the functions of
t by second-order Taylor bounds on dyadic cells of [~1/2,1/2], down to length 2722, it encloses
each term with an arc A; on four balls that cover A;, and it bounds the extrema over A; of the
terms with S and G, on 8 or 64 such balls. It checks that the measure of each witness lies in
En, using the points ¢. and the numbers k, of the certificate, and it counts the zeros inside the
tiles as above. It accepts the record of a child only if the record names the tube condition of
Definition 6.11 as its kind.

The second checker of the nested certificate uses ball arithmetic with 128 bits, bounds the
extrema over the arcs A; by second-order Taylor bounds in the parameter of the arc and the
functions of ¢t by mean-value bounds on dyadic cells down to length 2734, and it accepts the
records of children under the same rule. For r it takes the smaller of two bounds of Lemma 6.5,
one with a disc around z. and one with a box containing the arc of 77, and at a witness it takes
|0(2.) — 0S(zc)], for the number o of the witness, if this is larger; Definition 6.11 admits any
TN 2 Tr.

DATA AVAILABILITY

The certificate of Table 1, the search logs in 178 tar files (1.88 terabytes), is archived by
the author and available on request, together with the 2,412 job files that the Lean checker
read in filled form; a public location will be added in a later version of this paper. The search
programs, the checkers and the Lean formalization are archived at doi:10.5281/zenodo.23715661.
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This record also holds the file meta. json of the run, the SHA-256 hashes of the job files of
each of the 178 tar files and of the 2,412 filled job files, the list of all files that the Lean
checker read for this certificate, with their SHA-256 hashes, the SHA-256 hashes of the
124,634 compiled modules of this Lean proof (c1337_oleans.sha256.gz) and of their sources
(c1337_sources.sha256.gz), the SHA-256 hashes of the 5,164,010 compiled check modules
of its kernel-only proof (k1337_check_oleans.sha256.gz, in two parts), and the certificate
for Vag > 267/200 (11.0 gigabytes, compressed) with the corresponding list. That certificate is
the copy that the program search/d2tree.py of the repository made from its search logs (1.4
terabytes, not archived), and the program tools/idcheck_tree.py confirmed that the two
have the same tree. The record further holds the certificate for Vg > 133/100 (4.8 gigabytes)
with the corresponding list and the SHA-256 hashes of the 2,274,566 compiled modules of its
kernel-only proof (kc36_oleans.sha256.gz), the certificate for Voo > 32/25 (321 megabytes),
and, compressed with gzip, the certificate for 7 = 6/25 that the Lean proofs of the bound 25/19
read (2,686 megabytes, 10.64 gigabytes uncompressed) and the certificate with 7 = 7/30 that
the Lean proofs of the bound 30/23 read (1,300 megabytes), as well as the nested certificate of
Theorem 1.3 in 2,048 parts, collected in one tar file (25.2 gigabytes), the hint files that, with it, re-
generate the sources of the kernel-only Lean proof of C5 > C% > % (765 megabytes, compressed),
and the SHA-256 hashes of the generated sources and compiled modules of that proof; the check-
ers of this certificate, the program that checks the coverage by its parts and the search programs
of Section 6 are in the directory signed of the repository snapshot in this record, and the pro-
grams that produced the certificate with 7 = 7/30 are in that directory of the snapshot archived
at doi:10.5281/zenodo.23549127. The certificate for V3p > 33/25 is archived, split into 78 parts,
at doi:10.5281/zenodo.23523705. The certificates for Va4 > 13/10 and Vg > 131/100, of 11 and
81 gigabytes, are not archived. The programs, the Lean sources and the directory signed are
also available at https://github.com/tejasvi/autocorrelation-lower-bounds/tree/v13
(commit bfabb085b8c4725d2f3f1002341bdeb592¢£8979).
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