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THE 24-CELL CONJECTURE IN THE ALL-CONTACT CASE AND NEAR
Dy

TEJASVI SINGH TOMAR

ABSTRACT. The 24-cell conjecture states that every Voronoi cell of a packing of unit balls in
R* has volume at least 8, the volume of the regular 24-cell. It implies that no packing of equal
balls in R* is denser than the lattice packing D4. We prove the conjecture for two classes of
cells; in each class, equality holds only for the D4 root configuration. The first consists of the
cells whose ball touches every ball centred at distance less than 2+/2 from its centre, and its
proof uses a certificate at the second level of the Lasserre hierarchy. The second consists of
the cells whose 24 nearest centres lie in an explicit neighbourhood of the D4 configuration,
whatever the other centres are. For them the volume is at least 8 plus a fixed multiple of
the total outward displacement of the 24 centres, which we prove by a quantitative rigidity
estimate and a second-order expansion of the volume about Ds. Our proofs for both classes
are computer-assisted and partly formalised in Lean.

1. INTRODUCTION

Let P C R?* be the set of centres of a packing of unit balls, so that distinct centres are at
distance at least 2. The Voronoi cell of ¢ € P is

Ve={zeR': |z —¢| <|z—y|forally € P}.

For the lattice Dy, scaled to minimal distance 2, every Voronoi cell is a regular 24-cell with
inradius 1 and volume 8. The 24-cell conjecture states that vol(V,) > 8 for every packing and
every centre.

The conjecture implies that the density of a packing of equal balls in R* is at most 72/16,
the density of Dy, so that Dy would be the densest packing in R* [14]. Among lattice packings
this was proved by Korkine and Zolotareff [10], while for general packings the best proved
upper bound on the density is 0.63611, from the three-point bounds of Cohn, de Laat and
Salmon [5]. In dimension three the analogous volume statement for the densest lattice packing
is false: by the dodecahedral theorem of Hales and McLaughlin [9], the smallest Voronoi cell
of a packing of unit balls is the regular dodecahedron of inradius 1, not the cell of the face-
centred cubic lattice [14]. A proof of the full conjecture has been announced by Bhattacharjee,
Bhattacharya, Mandal and Bhattacharya [2]. The subsection at the end of this section relates
our results to it and to their later draft [3].

The centres that touch a given ball form a kissing configuration. In dimension 4 the kissing
number is 24, the number of contacts in D4, by Musin’s theorem [13], and the configuration of
24 contact points is unique up to isometry [11]. Musin [14] proposed to approach the conjecture
itself by semidefinite bounds for the centres around a given one, extending those for spherical
codes, together with isoperimetric inequalities for polyhedra. Our proof of Theorem 1.1 below
combines the two kissing theorems with the semidefinite part of this proposal.
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The conjecture is sharp at D4, where the 24 nearest centres touch the central ball and every
other centre is at distance at least 2¢/2. Our first result treats the cells in which, as in Dy,
every centre at distance less than 2v/2 touches the central ball.

Theorem 1.1. Let ¢ € P, and suppose that every centrey € P with 0 < |y —c| < 2v/2 satisfies
ly —c| = 2. Then vol(V,) > 8, with equality if and only if the centres at distance 2 from ¢ form
a translate of a Dy root system scaled by /2.

The proof bounds vol(V.) from below by a quantity 73, obtained from the caps that the
neighbouring centres cut from the ball B = B(c,v/2) by inclusion—exclusion truncated at the
third order. For contact configurations, T3 depends only on the kissing configuration C' C S3
of contact directions. An exact certificate for the second level of the Lasserre hierarchy, in
the form developed by de Laat, Leijenhorst and de Muinck Keizer [11], together with interval
bounds for the polynomial approximations it uses, shows 73(C') > 8 whenever |C| < 23. The
two kissing theorems recalled above dispose of |C'| > 24. We also show that, for every packing,
no point of B lies in five caps (Proposition 2.1), which identifies the loss in this bound exactly.

Our second result concerns configurations close to that of D4. Let uq, ..., u24 be the vectors
of the Dy root system scaled to unit length. For unit vectors W = (wq, ..., waq) put

S 2\1/?
TR I
the minimum over orthogonal maps R and permutations 7 of {1,...,24}.

Theorem 1.2. Let c € P, and let y1,...,y24 € P\ {c} be distinct. Put 6; = |y; — c| — 2 and
w; = (y; — ¢)/|yi — ¢|, and suppose that
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In particular vol(V,) > 8, with equality if and only if {y1 —¢,...,y24 — ¢} = 2R{uq,...,u}
for some R € O(4). In that case V. is the reqular 24-cell cut out by these 24 centres.

The packing condition gives J; > 0, and nothing is assumed about the other centres of P.
The bound d(W) < % only starts the rigidity argument, which then confines d(W) below 0.022;
in particular, y1,...,y24 are the 24 centres nearest to ¢ (Remark 7.12). The proof shows that
the first-order gain from the outward displacement outweighs all losses (Section 7 begins with
an outline).

We develop the truncated bound in Section 2, give the certificate in Section 3, control its
polynomial approximations in Section 4 and complete the proof of Theorem 1.1 in Section 5.
Section 6 contains remarks on the relaxation, and we prove Theorem 1.2 in Section 7. Results
marked computer-assisted rest on finite computations, which Section 8 describes together with
the parts of both proofs that are formalised in Lean. Appendix A contains the longer proofs
of Section 7.

Relation to [2] and [3]. The proof of the full conjecture announced in [2] treats cells accord-
ing to their number of contacts, using a covering estimate, a semidefinite certificate and the
uniqueness of the Dy root system. The later public draft [3] states the bound for every cell
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except those with 24 to 27 other centres within distance v/6 of the centre, not all at distance 2.
For part of this excluded class it has further results, among them a local result near D4 and the
bound for the 24 centres of the root configuration pushed outwards along their own directions.

The statement of [3] covers the cells of Theorem 1.1, for which we give an independent proof,
based on an exact certificate for the second level of the Lasserre hierarchy. The configurations
of Theorem 1.2 with ), d; > 0 lie in the excluded class (Remark 7.12). Theorem 1.2 contains
the local result of [3], allows a total outward displacement 7.5 times larger and gives an explicit
linear bound.

From [2] we take the truncated inclusion-exclusion bound and its value at D4, which we
reprove in Section 2; the distance d(W); and the rigidity operator of the Dy contact graph
with its constant stress (Lemma 7.1) and its spectrum, which we recheck. From [3] we take
the inversion hull (Lemma 7.2) and the rigidity argument with slack (Lemma 7.4).

2. THE TRUNCATED CELL

Fix a packing and translate so that ¢ = 0. Let B = {z : || < v/2}. For a centre y # 0 put
Hy={a: () > g2} ={a: lo—yl<lal}, K, =H,NB.
Since Vp is closed and each H, is open, Vo = R*\ U, Hy, so Von B = B\U, Ky. 1If [y| > 2v/2,
then every z € Hy has |z| > (z,vy)/|y| > |yl/2 > V2, so K, = (). Write Y for the finite set
of centres with 0 < |y| < 2v/2, and let Sy be the sum, over all k-element subsets of Y, of the
volumes of the intersections of the corresponding caps.
Proposition 2.1. No point of B lies in five of the sets K,. Consequently
vol(Vo N B) = 21% — Sy + Sy — S5+ Sy.

Proof. Let x € Bliein K, ..., Ky, , and put po = 0 and p; = y;. Each p; satisfies [p;—z| < |z|,
and |p; — p;| > 2 for i # j. Hence

(pi =@, 95— a) = §(pi = ol + Ip; — 2l = Ipi ~ ps?) < laf* ~2 <0

The m + 1 vectors p; — = are nonzero and have pairwise negative inner products. In R?* there
are at most five such vectors, so m < 4. Inclusion—exclusion over the caps covering a point
therefore ends at order four, and vol(B) = 272. O

Put
Tg(Y) =272 — S1+ Sy — S3.

Since at most four caps meet, Sy is the volume of the set of points of B that lie in four caps.
Corollary 2.2. vol(Vy) > vol(VhonB) = T3(Y)+ Sy > T3(Y).

The inequality vol(VoNB) > T5(Y) is [2, Lemma 7.32], stated there for contact configurations
together with its equality case. Corollary 2.2 shows that, in every packing, its loss is exactly
Si.

Proposition 2.3. If a centre moves radially outward, or is removed, then T5(Y) does not
decrease. Moving a centre of Y radially inward strictly decreases it.

Proof. For z € B let k(x) be the number of caps containing z. Then T3(Y) = [, b(k(x)) dx
with b(k) =1 —k+ (5) — (§), and b(k) — b(k — 1) = —(k — 2)(k — 3)/2 < 0 for k > 1. Moving
y outward along its ray shrinks H,, and removing y removes it, so k(z) does not increase
anywhere. For an inward move of y € Y the gained region contains points near y/2. This
point lies in no other half-space H,/, because the packing condition gives |y/2 —y/|* —|y/2|? =
(V1> +1y—v'1*—ly*) = (8 — [y*)/2 > 0. There k goes from 0 to 1 and b from 1 to 0. O
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Contact configurations. Suppose now that every y € Y has |y| = 2. Then y = 2w with
w € 83, and |y — ¢'| > 2 means (w,w') < % The directions form a kissing configuration
C C 83: a finite set of unit vectors with pairwise inner products in [—1, %] All caps are cut
off by hyperplanes at distance 1. Let w; be the volume of one such cap of B, let wa(u) be the
volume of the intersection of two caps whose normals have inner product u, and let ws(u,v,t)

be the analogous volume for three caps. Then

T3(C) =2m> —w|Cl+ Y w((ww)— > ws((w,w), (ww"), (W, w")).

{w,w'}CC {w,w" w"}CC

Lemma 2.4. If k caps of a contact configuration share a point of B, then their normals have
pairwise positive inner products. In particular wa(u) = 0 for u < 0. For three of the normals,
with Gram matriz G and pairwise inner products u,v,t < %, we have ws(u,v,t) > 0 if and
only if

q(u,v,t) = duvt — (u+v+t—1)2 =2det G — 1" adj(G)1 > 0.

Proof. If x € B satisfies (x,w;) > 1, then the angle between x and w; has cosine greater than
1/|z| > 1/+/2. Any two of the w; are therefore at angle less than 7/2. Now let three caps meet in
B. By the first part their inner products u, v, t lie in (0, %], so det G = 142uvt—u?—v?—t? > i.
The entries of adj(G)1 are (1 —t)(1 +t —u — v) and its cyclic analogues, all positive. Let
xo € span{w, w, w3} satisfy (xg,w;) =1 for each i. Then zq = ), \yw; with A\ = G '1 >0,
and |zg|> = 1TG7'1. Every z in the intersection of the three closed half-spaces satisfies

2 > Jzol® + 2(x — o, 0) = |wol* +2D N({mwi) —1) > |zl
so 1TG711 < 2. Since adjG = (det G) G, we get ¢ = det G (2 — 1T G711) > 0. Conversely,
let ¢ > 0. If det G = 0, then adj G is positive semidefinite and ¢ = —17 adj(G)1 < 0. Hence

det G > 0 and |zg|> = 1TG7'1 < 2, and for small € > 0 the point (1 + ¢)zg lies in all three
caps. The identity for ¢ is a direct expansion. O

Lemma 2.5 ([2, Prop. 7.34]). For the Dy root system, normalised to unit vectors, T3 = 8.

Proof. The Voronoi cell of v/2Dy is the regular 24-cell with inradius 1, circumradius v/2 and
volume 8, so vol(VyN B) = 8. The lattice v/2D, has no vectors of length strictly between 2 and
2v/2, s0 Y consists of the 24 contacts. The inner products of distinct roots lie in {-1, —%, 0, %}
The eight roots at inner product % with a fixed root form the vertices of a cube, two of them
being at inner product % exactly when they are adjacent. A cube has no triangles, so no four
roots have all six inner products equal to % By Lemma 2.4 no point of B lies in four caps, so

Sy =0, and Corollary 2.2 gives T3 = 8. O
Numerically,
wi & 0.7460119958,  wa(%) ~ 0.0760762771,  ws(3, 5,5) ~ 0.0118567031,

and Lemma 2.5 reads 2% — 24wy 4+ 96 wo(3) — 96 ws(3, 3, 3) = 8.

3. A LEVEL-TWO CERTIFICATE

We use the second level of the Lasserre hierarchy for spherical codes in the form of [11],
which built on [7]. The dual objects are a kernel K on T, the subsets of S of size at most
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two, invariant under the orthogonal group and positive semidefinite in the sense of [11]. For a
finite set S of at most four points put

AHE(S) = Y K(JJ).
J,J/GIQ
JuJ'=8
Positive semidefiniteness of K, applied to the indicator vector of the subsets of a finite code
C, gives

(1) 0 < > K(JJ) = KO0+ Y AK(S).

LSO, ||| <2 0£5CC, |S|<4

In the symmetry-reduced form of [11], A2 K (S) is an S|g|-invariant polynomial in the pairwise
inner products of S. We use the degree parameters (di,d) = (14,16) of [11], and with these
every such polynomial has degree at most 16.

The objective is encoded by right-hand sides on pieces of the configuration spaces. Write
D =[-1, %], and call a finite set of points admissible if its pairwise inner products lie in D
and its Gram matrix is positive semidefinite. Let ps be a polynomial of degree at most 16 in
one variable, and let p3 be an S3-invariant polynomial of degree at most 16 in three variables.
The pieces are:

e singletons, with right-hand side —w;", where w{ is a rational number with w; < wi;

e pairs with u € [—1,0], right-hand side 0, and pairs with u € [0, %], right-hand side
p2(u);

e admissible triples with ¢ < 0, right-hand side 0, and admissible triples with ¢ > 0,
right-hand side —ps;

e admissible quadruples, right-hand side 0.

On each piece we require an identity A2K(S) + 3(S) = ¢(5), where ¥ is a sum of terms
g - h with h a sum of squares and g a polynomial that is nonnegative on the piece. Put
s(z) = (z +1)(3 — z). For pairs on [a,b] the polynomials g are 1 and (u — a)(b — u). For
triples they are 1, the elementary symmetric functions of s(u), s(v), s(t), the Gram determinant,
and —q or ¢ on the two triple pieces. For quadruples they are 1, the elementary symmetric
functions of the values of s at the six inner products, the Gram determinant, and the elementary
symmetric functions of the four 3 x 3 principal minors of the Gram matrix. In the singleton
identity we add a variable yu > 0, giving A2 K ({x}) +r — u = —w]" with a constant r > 0.

Proposition 3.1. Suppose the identities hold, with > 0 and K(0,0) + 23y = k. Then every
kissing configuration C with |C| < 23 satisfies

F(C) =21 —w/|C] + Z pa(u) — Z p3 > 21 — k.

{w,w’}CC triples

u>0 q>0
Proof. Assign each pair with v > 0 to the second pair piece and every other pair to the
first. Assign each triple with ¢ > 0 to the second triple piece and every other triple to the
first. Quadruples form a single piece. On the assigned piece ¥ > 0, so AsK(S) < ¢(S). For
singletons, A2 K ({z}) < p—wi". Substituting into (1) gives 0 < K (0, )+ |C|(p—wi )+ p2—
3" p3. Since |C|p < 23y, this becomes F(C) > 272 — K(0,0) — 23u = 272 — k. 0

Theorem 3.2 (computer-assisted). There is a solution of the identities above in exact rational
arithmetic with ;> 0 and k = 1828197/156250. Hence F(C) > 2n% — 1828197/156250 =
8.0387480021787 ... for every kissing configuration with at most 23 points.



6 TEJASVI SINGH TOMAR

The certificate, computed with the clustered low-rank solver of [12] and rounded to exact
rationals, is in the supplement [16]. Each zonal matrix entry, indexed as in [11] by a signature
A = (A1, \2), was checked to have degree |A| = A1 + A2, and the sum-of-squares terms have
degree at most 16 by construction. So both sides of each identity are polynomials of degree at
most 16, and exact equality at the pair samples and on the principal lattices of Table 3, which
are unisolvent for all such polynomials [15, 4], proves the identities.

4. THE POLYNOMIAL APPROXIMATIONS

The function F' uses w{“ , p2 and ps in place of w1, we and ws. Lemma 4.1 below bounds
the errors (Table 3). The volume ws has a closed form. For ws the partial derivative dws/du
has a closed form in terms of a one-dimensional integral, and ws is enclosed by certified one-
dimensional integration [1]. The same formula bounds the derivatives of ws — p3 over each box
of a cover of the triple piece.

Lemma 4.1 (computer-assisted). Let g3 = 2.8111-107'? and e3 = 107%. Then
(1) wi < wi;
(2) p2(u) < wa(u) +e2 foru € [0, %],
(3) p3(u,v,t) > ws(u,v,t) — ez for every admissible triple with q(u,v,t) > 0.

By Lemma 2.4, wy = 0 on [—1,0] and ws = 0 on admissible triples with ¢ < 0. The
right-hand side 0 on those pieces is therefore exact.

5. PROOF OoF THEOREM 1.1

By Corollary 2.2 it suffices to show T3(C) > 8 for every kissing configuration C' C S3, with
equality only for Dy. By [13] we have |C| < 24, and by [11] a configuration with |C]| =24 is a
Dy root system, for which 75 = 8 by Lemma 2.5.

Let |C] < 23. Then C has at most 253 pairs and 1771 triples. Lemmas 2.4 and 4.1 give

T5(C) > F(C)—253ey — 1771 ¢,

since the singleton term only improves, the pair and triple terms on the pieces with right-hand
side 0 are exact, and each remaining term loses at most €5 or €3. Theorem 3.2 then gives

1828197
> o2 - T
T(C) 2 20" = 20

If vol(Vp) = 8, then T5(C) < 8 by Corollary 2.2, so C' is a Dy root system and Vp is the
regular 24-cell. Conversely, if the contacts form /2 times a D4 root system, their half-spaces
cut out a regular 24-cell of circumradius v/2. Every other centre y has |y| > 2v/2, so H,, lies
in {|z| > v/2} and misses the cell. Hence V; is this 24-cell and vol(Vp) = 8. O

—253€e9 — 1771 e3 = 8.0369770014675 ... > 8.

6. REMARKS ON THE RELAXATION

Remark 6.1 (The bound on the number of points). The values in this remark are floating-point
solutions of the semidefinite programs. Without the constraint |C| < 23, the relaxation gives
only T5 > 7.9617 at degrees (14,16) and 7.9932 at degrees (16, 18); at (14,16) the numbers
of pairs, triples and quadruples of its optimal moment vector are close to those of a mixture
of a 23-point and a 24-point configuration, which the bound on |C| excludes. The bound
|C| < 23.5, which is equivalent for integer sizes, gives 7.9807. For the exact truncated volume
T35 4+ Sy of Corollary 2.2 the values are 7.9953 without a bound and 8.0239 with |C| < 23.5.
Whether the relaxation for T3 4+ Sy reaches 8 without a bound on |C| at some degree is open.
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Remark 6.2 (The packing constraint is needed). The bound concerns cells whose facets come
from a kissing configuration. Without the angular constraint it fails. The polytope {z :
(x,q;) <1, i=1,...,24} for the rational vectors g; listed in the supplement contains the unit
ball and has 24 facets, yet its volume is 7.9655697 ... < 8. This was computed exactly, by two
independent methods [16]. Its normals have minimal angle about 54.6°. A volume below 8 in
this setting was observed numerically in the code accompanying [2]. So no argument about
facet directions alone, in the manner of Fejes Téth’s bound for polyhedra with twelve faces
containing a ball [8], can give the conjecture. Any proof must use the 60° separation.

Remark 6.3 (Beyond contacts). For a general cell, the centres at distance between 2 and
2v/2 cut smaller caps from B, and Proposition 2.1 still applies. The natural extension of
Theorem 3.2 is a level-two relaxation in which each point carries its distance as a label. By
Proposition 2.3, rounding labels down is valid, but near D4 the bound grows only linearly in
the displacement, so such a relaxation must keep the labels continuous there. Theorem 1.2
treats the configurations near Dy by a local argument instead.

7. A NEIGHBOURHOOD OF Dy

This section proves Theorem 1.2. We translate so that ¢ = 0 and write p and o for the two
bounds in the hypothesis, so that d(W) < p and ), 0; < 0. Put

Yi

24
hi = 5lyil, ni = hi —1= 36, SZZ% wi =
i=1 ‘

The packing condition gives n; > 0, and the hypothesis gives n; < 7 := ¢/2 and s < ¢/2, so
that |n|? < #js. Since Hy, = {z : (x,w;) > h;}, the cell lies in the polytope

P={z: (z,w;) < h;, i=1,...,24},

and we put F = vol(P N B), with B = {|x| < v/2} as in Section 2. The argument works for
any (p, o) satisfying the conditions collected in Section 7.7, and it gives vol(Vp) > 8 4+ I's with
an explicit constant I' = I'(p, o) > 0. The values in Theorem 1.2 are one certified instance, the
row (p,0) = (%, %) of Table 1, which we call the main row.

The proof compares the first-order gain with the losses. By Lemma 7.2, the cell contains
PN J, where J is the inversion hull of Section 7.2, so vol(Vp) is at least F minus the hull deficit
vol((PN B) \ J). In Section 7.4 we write F as an inclusion—exclusion sum ®, the analogue of
T3, up to a small term from squares of caps, and in Section 7.5 we expand ® about Dy: to first
order it grows by %s, the quadratic part is controlled by exact matrices, and the third-order
remainder is explicit. In Section 7.6 we bound the hull deficit by quadratic terms. All these
losses are quadratic in the tilt 7 and the pushes 7. The rigidity estimate of Section 7.3 bounds
|7| by a multiple of s, and |n|? < s, so in the region of Theorem 1.2 the losses add up to less
than %3, and the first-order gain dominates them. The budget and the assembly of the bound
are in Section 7.7.

7.1. The root system. The roots of D, are the 24 vectors *e, £ ¢, with p < ¢, and u; is
the ith root divided by v/2. Two distinct u;, uj have inner product % on a set T of 96 pairs,
0 on a set O of 72 pairs, —% on 96 pairs and —1 on 12. The pairs in T" are the contact pairs.
Fach u; lies in eight of them, and its eight contact neighbours sum to 4u;. A contact triangle
is a set of three roots any two of which form a contact pair. There are 96 contact triangles,
each contact pair lies in exactly three of them and each root in twelve, and no four roots are
pairwise in contact (proof of Lemma 2.5).
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The 24 vertex directions v1,...,v2 are the unit vectors +e, and %(il,il,il, +1). Each
inner product (u;,vy) is 0 or +1/+/2. For each k the set N(k) = {i : (u;,v) = 1/v/2} has six
elements. It consists of three orthogonal pairs {as;, a;j}, 7 =1,2,3, and its other twelve pairs
are contact pairs. With fi; = (uq,,; — u%j)/\/ﬁ, the vectors vg, fr1, fr2, fk3 are orthonormal,

and the six roots in N (k) are (v = fx;)/v/2. In particular Uay; + g = V2 vy. Each orthogonal
pair lies in exactly one set N(k), each contact pair in exactly three and each root in exactly
six. A square is the union of two orthogonal pairs of the same N (k); there are 72 squares. The
polytope

Jo = conv{2uy, ..., 2ups} = {x: (x,v;) < V2 for all k}

is a 24-cell with inradius v/2. Tts facet with normal vy, is the octahedron conv{2uy : b € N(k)},
which touches the sphere |z| = v/2 at /2 vg.

For each i fix a 4 x 3 matrix B; whose columns form an orthonormal basis of uf- A tilt is
a vector T = (11,...,721) € (R?)* =R™, and we write t; = B;7; € ui, so that |7]> = 3, |t;]2.
The rigidity operator A : R™ — RT and its analogue Ao : R™ — R? on orthogonal pairs are

(A7)ij = (tiyug) + (uisty)  ({5,5} €T),  (AoT)ij = (ti,uy) + (ui, t;)  ({i,5} € O).

The vector At is the first-order change of the contact inner products when each u; moves to
u; + t;.
The exact computations in [16] use other coordinates: t; = B$7$, where /2 Bf is an integer
4 x 3 matrix whose columns are orthogonal, lie in uzL and have lengths v/2, 1, 1. So the columns
of B have Gram matrix diag(l, %, %) In the coordinates 7°, the matrices of A and Ap are
rational, and so are the matrices of the quadratic forms given by Ny in Lemma 7.4 and by H
in Lemma 7.9. Positive semidefiniteness, eigenvalues, Schur complements and norms refer to
the Euclidean inner product and do not depend on the coordinates. In [16] they are computed
exactly in the coordinates 75, with this Gram matrix.
Lemma 7.1. (1) The eigenvalues of ATA are 0,1, %, 3,4, with multiplicities 6,29, 8,21, 8,
and ker A = {(B Au;); : A € s0(4)}. Hence |A7| > |7| for 7 L ker A, and ||A|| = 2.
(2) Z{z’,j}eT(AT)ij =0 for every T.
(3) Aol < 2.

Proof. Part (1) is [2, Lemma 7.50], where it is stated for the singular values of A. The
vectors (B, Au;); lie in the kernel because (Au;,u;) + (u;, Auj) = 0, and they form a 6-
dimensional space because the u; span R?; since ker A has dimension 6, they form all of
it. For (2), > 7 (A7)iy; = > ;(ti; >_;u;), where j runs over the contact neighbours of i.
This equals ) ,;(t;,4u;) = 0, which is the constant stress of [2, Cor. 7.49]. For (3), the
six roots orthogonal to u; are & an orthonormal basis of u;", so Zju<tiauj>2 = 2|;]?, and

ZO(AoT)?j <23, Zﬂi(ti,uj)Q = 4|72 U

By (1) and (2), a tilt with A7 < 0 satisfies A7 = 0 and is an infinitesimal rotation: the
normalised root system is infinitesimally jammed, as shown in [6, Prop. 3.3]. Lemma 7.4 below
is a quantitative form of this statement.

7.2. The other centres. Put ¢; = 4y;/|y;|*> = 2w;/h;, the image of y; under inversion in the
sphere of radius 2, and let

J = COHV{O, q1y.-- 7q24}

be the inversion hull.
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Lemma 7.2 (Inversion hull [3]). For centres y # z, both different from 0, and g, = 4y/|y|?,

2 2 2 _ 2
ﬂ_@y,z) _ (=2 =9yl 4)14(\@/ 2> —4) > 0.
2 2|y

Consequently Vo 2 PN J and
vol(Vp) > F —vol((PNB)\J).

Proof. Since 2(y, z) = |y|> + |2|* — |y — 2|?,

o
2yl (5 — {0y 2)) = 1 = 4(lyl? + |22 = ly = 212) = (1212 = 4)(lyl> = 4) +4(ly — = - 9),

and the three brackets are nonnegative by the packing condition. Hence, for every centre
z ¢ {0,y1,...,92}, the closed half-space {z : (x,z) < |2|?/2} contains 0 and every ¢;, and
therefore contains J. The cell Vj is the intersection of P with these half-spaces, so Vj 2 PN.J
and vol(Vp) > vol(PNJNB)=F —vol((PNB)\J). O

7.3. Gauge and rigidity. Choose, as in [2, Theorem 7.51], a labelling and an R € O(4) that
attain d(W). Applying R~! to the packing changes neither the hypotheses nor the volume, so
we may assume R = I. Then the identity minimises R’ — >_. |w; — R'u;|? over O(4). Put

1/2
d; = w; — U4, ld| = (Z |di|2> =d(W) < p, n; = (di, i), ti = di — nuy,

let 7 € R™ be the tilt with Bj7; = t;, and write £ = (7,7) € R x R**. For {i,j} € TUO
put u;; = (w;, w;), and for {i,j} € T put Au;; = u;; — 5. Let d be a number with max; |d;| <
Ild|| < d < 1. At first d = p, and Corollary 7.5 below replaces it by a much smaller value. Put

2 d
S Tra_me  pTraeing, a=g-cos(§42p), w=sin2p

Lemma 7.3. (1) 7 L ker A.
(2) i = —gldil* and |t:|* < |dif* < x|t:|*. Hence |7| < ||d|| < x'/?|7].
(3) For {i,j} € T we have Au;; = (AT)ij + ¢ij with ¢;j = (d;,d;) — 1(|di|*> + |d;|?). For
{i,7} € O we have u;j = (AoT)i; + (d;,d;). Moreover
D Auy=Qai= Y (didj)—2||d|*.
{i,3}€T {i,3}€T
(4) leisl < G(1dil* +1d;*) and (S ci)'/? < 3dlld]|. With Qu(r) = Y (ti,ty) — 2I7]%,

1Qa — Qu(7)| < (23 xd + X*d%)|7|*.

X

(5) For{i,j} €T,
K24+ h? -1
2hR

(6) If 2¢ < /6, then wij > 5 —u for {i,j} € T, |uij| < uy for {i,j} € O, and u;; <0 for
all other pairs.

uij < a(hi,hj) < 3+ 5(ni +n)), a(h,h') =

Proof. (1) For A € so(4) the derivative of s — >, |w; —e*4u;|? at s = 0is =23, (u;+d;, Au;) =
—2% (i, Au;), because (u;, Au;) = 0 and d; —t; is a multiple of u;. Minimality makes it vanish,
so 7 is orthogonal to every (B; Au;);, and these span ker A by Lemma 7.1.
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(2) Expanding |u; + d;|> = 1 gives |d;|> = —2n;. Hence n? + 2n; + [t;|* = 0, and since
(wi,wi)) = 1+ n; = 1—4|di|? > 0 (as |d;| < d < 1) we get n; = (1 — [t:»)Y? — 1. So
|di* = 2[tif? /(1 + (1 = [t:]*)/?) < xt:|, while |d;|* = [t;]* +nf > [t:]*.

(3) For {i,j} € T we have (u;,d;) = (u;,t;) + 3n; = (u;,t;) — |d;|?, and expanding
(ui + di,uj + dj) gives the first identity. The second is the same expansion with (u;,u;) = 0.
For the sum, the contact neighbours of u; sum to 4u;, s0 > ((us, dj) +(di, uj)) = >, (ds, du;) =
A3 = —2| ).

(4) The bound on ¢;; follows from |(d;, d;)|
contact pairs, Y p ¢7; < A5 p(di?+d; )% <
the last bound erte d; = t; + n;u;. For {z ]}
it t5) + by, and [l = |72 + ¥, 02, 5

Qa— Qu(1) = Z(W(ti,ug’) + ng(ui, tj) + gnin;) — 22”3

T

5(|di|> + |d;|?). Since each root lies in eight
Sp(ldil* +1d;[*) = 937, |dil* < 9d?||d]|?. For
€ T this gives (d;,dj) = (ti, t;) + n;{ti, uj) +

<
9
8

Here |(t;,u;)| = [(ti, uj— 3u;)| < §|ti|, Ini| < £|t;]* and |t;| < d. The cubic terms are therefore
at most %JZT(WP + [¢1%) = 2v/3xd|7|?>. The quartic terms are at most f—;Jz Sor(ti? +
|t51%) + S |7? = x|,

(5) The packing condition |y; — y;|* = 4h? + 4h]2 — 8hihjui; > 4 is uy; < a(hy, hyj). With
h =1+ n a direct expansion gives

1 1y _ 0B+ i+ 1j)
ES ._i_._ah,?hA_,:
5 (i + ;) ( (hi, hj) ) 2(1+ i) (1 + ;)

(6) The angle between w; and u; is 2 arcsin(|d;|/2) < . Angles between points of S satisfy
the triangle inequality, so the angle between w; and w; differs by at most 2¢ from the angle
between u; and w;. This angle is 7/3 on T, m/2 on O and at least 27/3 otherwise. Since
2¢p < /6, this gives the three bounds. ([l

The next lemma is the rigidity argument of [2, Theorem 7.51], carried out with slack as
in [3]: the contact inner products may exceed % by the pushes.

Lemma 7.4 (computer-assisted). Let C, be the supremum of |7'| over all 7/ L ker A and
n € R* such that ' >0, > ;mi =1, and (A7);; < (0} + n;) for all {i,j} € T. Then C, is
finite, and C? < 13(1) In the setting of Lemma 7.3,
7| < Cr(s+31dl?).

If moreover |t| <t and B := 3C,xt < 1, then |7| < Cyrs/(1— B).
Proof. First, C’ < 8. Let (7/,n) be admissible. Since each root lies in eight contact pairs,
>op(Ar )U < 33 pml+ n;) = 4. By Lemma 7.1(2) the entries of A7’ sum to 0, so [|A7[|; =
2> (AT )Jr < 8. By Lemma 7.1(1), |7/| < |A7'| < ||A7']]; <8.

The bound C? < L comes from an identity

100
0 (Z 772) — 7P = TN + ) (Mo te(€) (&) for all & = (7',77),
i k.l
Where 7! is the component of 7’ orthogonal to ker A and /¢1,...,¢129 are the linear forms 7,

and 3 (n} + ;) — (A7) for {i,j} € T. The matrix My is symmetric with nonnegative rational
entries, and Ny is positive semidefinite (Table 3). On admissible (7/,7') every ¢ is nonnegative,

o) |7"|2 < %.
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By Lemma 7.3(3)-(5), (A7)ij = Auij —cij < 3(mi +m;) + %(!di|2 +1d;]?) on T. So 7 :=

n + 3|d;|? > 0 satisfies (A7);; < $(n) + n;), and 7 L ker A by Lemma 7.3(1). If >°;n > 0,

scaling gives |7| < Cr 3, mh = Cr(s + 2||d||?). If 3=, 7} = 0, then A7 < 0 with entries summing

to 0, so AT =0 and 7 = 0. Finally ||d||?> < x|7|? < xt|7|, so |7| < Crs + B|7|. O
Iterating Lemma 7.4 improves the bound d.

Corollary 7.5. Let Dy = p, and for n >0 let x, = 2/(1 + (1 — D2)Y/?), 8, = 3C,xD,, and

-2
Cro/2
D1 = min(Dn, X1/2 7‘70/>

N Bn
If By < 1, then for every n we have ||d|| < D, hence max; |d;| < D,,, and
C
7| < Cls < Toax :=C) 0/2, cl = —"—.
1- IBn

Proof. By induction on n. If ||d|| < D, then |7| < [|d|| < D,, so Lemma 7.4 applies with
d=t=Dyand =0, <y <1 Itgives |7| < Crs/(1 - 5,) < Cr(c/2)/(1 — Brn), and then
Id]| < xo*|7| < Dyy1 by Lemma 7.3(2). 0

We write Deg for the value of D,, used below (the computation of Section 7.7 takes Deg =
D13). From now on d = Deg, the quantities x, o, %, @, are computed from it, and we assume
2¢p < 7/6, so that Lemma 7.3(6) applies. At p = % the first step has By = 0.8653..., and at
the main row the iteration gives the value Dqg of Table 1.

7.4. The truncated volume of P. For heights h1,...,h, > 1 and unit vectors wi, ..., wpy
with Gram entries u,yp, the volume of

{z: |z| < V2, (z,ws) > hg fora=1,...,m}

depends only on the h, and the ug,. For m = 1,2,3 we denote it by S(h1), II(hy, he;ui2)
and ©(hi, ho, ha; u12,u13, ug3). Thus S(h;) = vol(Ky,), and at h = 1 these are the functions
w1,ws,ws of Section 2. Define

<I>(h,uT) = 27‘(’2 — Z S(hz) + Z H(hi, hj;uij) — Z @(ha, hb, hc; Ugb, Ugcey ubc),
i {i,j}T {a,b,c}
the last sum over the 96 contact triangles. This is a function of the 24 heights and the 96
contact inner products. At (o = (h =1, ur = 3) it equals T3(D4) = 8, by Lemma 2.5.
The next lemma describes two half-spaces in a frame adapted to them.

Lemma 7.6. Let w,w' be unit vectors with v = (w,w’) € (=1,1), and let h,h' > 1. Put
a=((1+u)/2)V2, o/ = (1—u)/2)'2, p = (w+w')/(2a), n = (w—w')/(2)), h = §(h+1),
h=(h—h)/2d), ¢ =h/a and § = /2 — é. Then p,n are orthonormal, and (z,w) > h and
(z,2w') > W' hold if and only if a(x,p) > h + o/|(z,n) — h|. If some & with |x| < /2 satisfies
both, then ¢ >0, u > 0 and § < u/v/2, and every such x satisfies

¢<(ep)<VE )kl < S(@p)-¢), e VP <@-)+ g

Proof. We have w = ap + o/n and w' = ap — o/n. The two inequalities read a(z,p) >
h — o/ (z,n) and a(z,p) > h' + o/(x,n), and the larger right-hand side is h + o/|(z,n) — Al.
This gives (z,p) > ¢ and the bound on (z,n) — h, and (z,p) < |z| < V2. Next, |z — v2p|> =
(|2 = (z,p)?) + (V2= (z,p))? < (2— )+ §2. Since h, h' > 1 we have ¢ > 1/a = (2/(14u))/?,
50 & < /2 forces u > 0, and § < \/5(1—(1+u)_1/2) < u/v2. O
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For x € Blet A(z) ={i: z € K,,}, and put

2 1/2 )
CO:<1+’U,J_) ) CO:((2_C%)+(ﬂ_00)2)1/2+4d.

Lemma 7.7. Suppose (o < 1—+/2d, and let x € B. Either any two elements of A(x) form a
contact pair, and then A(x) has at most three elements, or A(x) C N(k) for some k.

Proof. Let x € K, N K, with {i,j} ¢ T. By Lemma 7.6, u;; > 0, so {i,j} € O by
Lemma 7.3(6). Let k be the vertex with {i,j} C N(k), so that w; + u; = V2v,. Lemma 7.6
gives |z — V2p| < (2 — &) + §»)Y2, and ¢ > (2/(1 + u;;))"/? > co. The right-hand side
decreases in ¢, so it is at most ((2—c3) + (V2 — ¢9)?)Y/2. Since |(w; +w;) — (u; +u;)| < 2d and
lu; + uj| = V2, and |a/|a| — b/|b]| < 2|a — b|/|b| for nonzero vectors, we get |p — v < 2v/2d.
Hence |z — v2vg| < Co. If also x € K,,, then

1< hy < (z,w) < V20, w) + o < V2(vp,w) + V2d + Co,

so (v, u) > 0. Hence (vg,w;) = 1/4/2, that is, I € N(k). So A(z) C N(k) as soon as A(x)
contains a pair outside 7. Otherwise its elements are pairwise in contact, and there are at
most three of them. O

Lemma 7.8. Suppose (o <1 —+/2d and 64d> < 1. Then F = O (h,ur) + N, where
N = / v(A(x)) dx, v(A)=[A=0]—1+|A| —er(A) +tr(A4),
B

and ep(A), tr(A) are the numbers of contact pairs and contact triangles contained in A. The
function v(A(zx)) takes values in {—1,0,1}, and it equals —1 exactly when A(x) is a square.

Moreover
N > —Zvol(ﬂ Ka> > —Asq|7'|2,
Q acq
the sum over the 72 squares Q, where Agq = %ksq §3/2(2 + \/§JX1/2)2 with

32 1+
301:723/47?L
15 1—u,

Proof. Up to a null set, PN B = {z € B : A(z) = 0}. The numbers S(h;), II(h;, hj; u;;) and
O(...) are the volumes of the caps K, and of their intersections, so Y, S(h;) = [5|A(z)|dz,
Sl = [per(A(z))deand YO = [ tr(A(z)) du. With vol(B) = 212 this gives F —® = .
By Lemma 7.7, A(z) is a set of at most three pairwise contacts, where v = 0, or lies in some
N (k). In N(k) the contact pairs are the twelve edges of an octahedron, the orthogonal pairs
its three diagonals and the contact triangles its eight faces. A subset without a diagonal lies
in a face, where v = 0. For subsets containing a diagonal we have v =1 for [A| =2 and v =0
for |[A] = 3. For |A| = 4, v = —1 for two diagonals, which is a square, and v = 0 for one
diagonal together with one vertex of each other diagonal. Finally v =0 for |A| =5 and v =1
for |A| = 6. This proves the statement about v, and with it the first inequality. The second is
proved in Appendix A.1. d

k (1—64d>)7V2, g=u,/V2

7.5. The smooth part. By the symmetry of Dy, the first partial derivatives of ® at (y are
gy = 0®/0h; and g, = 0P/0u;;, the same for all ¢ and all {7, 5} € T. Write ®pp, Ppy, Puy for
the blocks of the Hessian D2®((p), and define the quadratic form

H(E,€) = 29, Qulr) + D20 (¢o) [(n, AT)]?, € = (r,n) e R x R¥,
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with @; as in Lemma 7.3(4). By Lemma 7.3(3), %7—7(5,5) is the second-order part of & —
®(h,ur). Let M, be the 24 x 72 matrix with (M,7); = ox(7) := Z?ZI(AOT)%J%J,, the sum
of the first-order changes of the three orthogonal inner products at the vertex vg. Let E be
the 24 x 24 matrix with Ey, = 1 if b € N(k) and Ej, = 0 otherwise.

Lemma 7.9 (computer-assisted). (1) |gn — %| <1022 and |g, — §| < 10722, The entries
of ®pn, ®ry and @y, differ by at most 10722 from those of the rational matrices (IJ?W
@Y and @Y, given by (B0, )k = —4, (Y, )k = 1 if {k,1} € T and 0 for the other k # I,
(@) Jkij = =1 if k € {i,5}, 3 if {i,4,k} is a contact triangle and O otherwise, and
(®0)ee = 1, (BV,)er = —% if the distinct contact pairs e, f lie in a common contact
triangle and O otherwise. Moreover || ®) || =4 and 0 < 9, < 31.

(2) Let D*®Y be the symmetric matriz with blocks ®Y,, ) @9 . and define the quadratic

form H(E,€) = 3Qu(1) + DQ(I)O[(H,AT)]2. Then |[H —H| < 1.3-1072°, and the blocks
of H satisfy:
(a) 0 =X Hyr, with largest eigenvalue 2 ;
(b) Hyr vanishes on ker H,r; hence L := H Hry satisfies HerL = Hyyp, and L)% =
12;
(c) the Schur complement Z = Hyy, — ’HTT,]L satisfies Z = —8I;
(d) 9Hyr — MT M, = 0 and ||E + M,L|| = 6.

The blocks of #H, the pseudo-inverse in (2)(b) and the matrices M,, L are taken in the
orthonormal coordinates 7 € R™, 5 € R?* (cf. Section 7.1). The form # is the Hessian at
¢ = 0 of the volume of P (Table 3). The draft [3] also computes this Hessian at the 24-cell.
Part (2)(b) gives, for 7/ =7+ Ln,

(2) HEE) =17 THept + 0" Zn > 7T H ot —8n)2

So the quadratic part of the expansion is bounded below by —4|n|? > —4#js. The tilts do not
enter at first order: the first-order term in ur is g, > Auij = guQq, which is of second order
by Lemma 7.3(3); this is where the constant stress enters.

Let g9 = 1072, For b, b, > 0 let B(b,,b,) be the box of heights h, € [1,1 + b.] and inner
products g, € [% — b, % + be].

Lemma 7.10 (computer-assisted). Suppose that 7 < b and u < b, for one of the bozxes
B,, = B(m/100,m/50), m =1,...,5. Then

B(h,ur) =8 — (4 —e0)s = 3H(E &) > —AD|y2 - 4P|,

with the constants A§3),A§3) of Appendiz A.3, which depend on 7, d, a weight k1 > 0 and
bounds for the third partial derivatives of I1 and © on the boz.

The proof is in Appendix A.3, which also describes how the bounds on the third derivatives
are obtained. The certification of Theorem 1.2 leaves some room in these inputs: it still
succeeds if all bounds on third derivatives are multiplied by 4.09, or if only C, < 1.444 is used

in place of C? < %.

7.6. The hull deficit. The cell can lose volume only near the 24 points /2wy, where Jy
touches the sphere |z| = v/2. There the hull J is close to the facet conv{2u; : b € N(k)} of
Jo. Put ex; = nq,,; + N, To first order, the part of (P N B)\ J near v/2vy, is empty unless
Ckj > Uay;ay, for j = 1,2,3, and its depth and its widths in the directions f;; are bounded by
these excesses. So its volume is of fourth order [3].
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Lemma 7.11. Let ko, k3 > 0, and suppose that the region condition (4) of Appendix A.2 holds
at every step of the iteration described there. Then, with 7/ = 7 + Ln,
24
vol(PNB)\J) < A, Y ow(r)? + Allnf* + AY|7[?,
k=1

where Ay, AY, AP are given by (5) in terms of i, d, ke and k3.

The proof is in Appendix A.2. By Lemma 7.9(2)(d), >, ox(7)? = |[M,7'|> < 97" TH 7'
So the first term is absorbed by the nonnegative term in (2) when 94, < 1.

7.7. Proof of Theorem 1.2. Let 1, ko, k3, k4 > 0 be weights. We use the following condi-
tions on (p, o), with d = Deg:

2) 2p < 7/6;

3) o <1—+2d, 64d% < 1, and g, < /2, where g, = 277/(1 + 7)) + 2d;

4) 71 < be and u < b, for one of the boxes Byy;

5) the region condition (4) at every step of the iteration of Appendix A.2;
C6) I' > 0, where I' is defined in (3) below.

By Lemma 7.2, vol(Vp) > F—vol((PNB)\J). By Lemma 7.8, F > ®— Ay, |7|?. Lemma 7.10,
inequality (2) and Lemma 7.11 then give

vol(Vo) —8 > (4 —eo)s+ (& —945) T TH, 7' — (4+ A)|n|* — Al 7],

with A4, = AE’) + Al and A4; = A§3) + Agq + Al I 94, < %, the middle term is nonnegative
and we drop it. Otherwise we use H,, < 21 and |7/|> < (1 + k4)|[7]2+ (1 + ry DILI%n|? with
|L||> = 12, and add (94, — 2)3(1 + k4) to A; and (94, — $)3(1 + k;') - 12 to A.. Finally
In|? < 7s, and |7|? < TimaxCY's by Corollary 7.5. Hence

(3) vol(Vp) =8 > I's, T'=%—e0— (44 A)N— A TmaxCy.

All quantities in (C1)-(C6) are explicit. They were evaluated, together with the choice
between the two cases for 94,, using C, = (191/100)'/2, the third-derivative bounds of
Lemma 7.10 and 300 steps of the iteration of Appendix A.2 (Table 3). At the main row
the computation gives I' > 0.2437 (Table 2), which proves the inequality of Theorem 1.2. Ev-
ery row of Table 1 gives a theorem of the same form; for instance, d(W) < % and ), 6; < %
imply vol(Vp) > 8 + 1.3111 s. At the main row the depth bound A of Appendix A.2 keeps its
starting value e,4; the iteration there improves only Y and Y.

Fquality. If s > 0, then vol(Vy) —8 > T's > 0. If s = 0, Corollary 7.5 gives |7| < C/'s = 0,
sot; =0, d; =0 and y; = 2u; for all ¢, in the labelling and frame fixed in Section 7.3.
Then ¢; = 2u; and J = Jy, and P = {z : (x,u;) < 1} is the regular 24-cell with vertices
V2v;. These satisfy (v2ug,vi) < V2, so P C Jy. By Lemma 7.2, Vo 2 Pn.J = P,
and Vj € P, so Vp = P and vol(Vp) = 8. The same argument shows that vol(Vp) = 8
whenever {y1,...,y24} = 2R{uq,...,u24} for some R € O(4). This completes the proof of
Theorem 1.2. O

Remark 7.12 (Effective size and nearest centres). We prove the claims made after Theorem 1.2.
Corollary 7.5 gives d(W) = ||d|| < Deg < 0.021709, so no 24 centres of a packing containing

0 with d(W) between this value and 2 have Y, §; < 135. The hypothesis d(W) < 2 gives the

starting value Dy = % of the iteration of Corollary 7.5, for which condition (C1) is checked.
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TABLE 1. Certified pairs (p,o): with the weights and box listed, conditions
(C1)-(C6) hold, and vol(Vp) > 8 4+ I's whenever d(W) < p and ), ; < o. The
column I' gives the certified lower bound rounded down to four decimals, and
the column D.g the certified upper bound rounded up to six decimals.

p o > Deg (K1, K2, K3,K4) boOx
2/5 1/125  1.3111 0.005593 (1,8,1,3) B,
9/20 1/125  1.3111 0.005593 (1,8,1,%) B,
2/5  1/50 1.1951 0.014242 (%,4,4,1) B,
2/5  1/40 0.9535 0.017944 (%2,4,%) B,
2/5  3/100  0.2437 0.021709 (1,2,4,2) B,
2/5  31/1000 0.0026 0.022470 (;2,4,2) B,

TABLE 2. The budget of (3) at the main row of Table 1, with the weights
(%, 2,4,2) and the box B, per unit of s. The losses are rounded as shown, and
I" is rounded down. They follow, as in Section 7.7, from the constants recorded
for the main row in the supplement [16].

term per unit of s
first-order gain (Lemma 7.10) 3—€o

hull deficit (Lemma 7.11), including the term added because —-0.94

94, > 3

other losses: third-order remainder (Lemma 7.10), quadratic —0.15

part (2), square overlaps (Lemma 7.8)

total loss, using |7|? < TaxCY's (Corollary 7.5) —1.0896

r 0.243742

Next, every centre z ¢ {0, y1,. .., y24} satisfies |z| > 2.72. Indeed, the 24-cell {z : (z,u;) < 1}
has circumradius v/2, so (z,u;) > |z|/v/2 for some i, and then |z — 2u;|? < [2]? — 2v/2|2z| +4 =
(|z] — v2)% + 2. In the frame of Section 7.3, |y; — 2u;| < 2nm; + 2|d;| < 0.0735, so |z — 2u;| >
2—0.0735 by the packing condition. Since |z| > 2, this gives (|z| —v/2)? > 1.9265% -2 > 1.7114
and |z| > 2.72. So yi,...,y24 are the 24 centres nearest to 0, and the only centres within
distance /6.

Remark 7.13 (Sharpness). The coefficient % is g, and it cannot be improved. Let the packing
consist of 0 and the centres 2u;, except that y; = 2(1 + n)u; with 0 < 7 < 1; this is a
packing, and d(W) = 0. The cell is the 24-cell with one facet moved from (zr,u;) = 1 to
(x,u1) = 1+ n. The hyperplanes of the eight neighbouring facets pass through 2u;, and
the pyramid over the facet with apex 2u; has height 1, like the pyramid with apex 0, so

its volume is 8/24 = % The cell gains the part of this pyramid at height at most 7, so

vol(Vo) =8+ 3(1— (1 —n)*), and (vol(Vp) — 8)/s = (1 — (1 —n)")/(3n) < % (this example is
also in [3]). For the largest push allowed by Theorem 1.2, n = 23—0, the ratio equals 1.3036. . .,
slightly less than %. Numerically, configurations with exact rational coordinates sampled at
the corner of the region of Theorem 1.2, including extreme tilts and further centres, never give

a smaller exact ratio than this single push [16]. The certified constant is far below these values.

Remark 7.14 (Limits of the method). In o, the method is limited by the second-order terms of

the hull deficit: at p = % the certified constant falls to 0.0026 at o = %, and with the weights
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(%, 2,8,2) the computation gives a negative lower bound for I' at o = % In p, the method
is limited by the first step of the rigidity iteration: (C1) fails at (23, {3z), and at (g5, z5) the
iteration of Corollary 7.5 does not reduce D;, below 55, so (C2) fails.

8. VERIFICATION

Table 3 lists, for the results behind Theorems 1.1 and 1.2, how each is checked and what is
formalised in Lean. The computations are done by the programs of the supplement [16]. Unless
ball or interval arithmetic [1] is stated, they are exact, in rational or in modular arithmetic.
A comparison made in ball or interval arithmetic holds for every point of the balls or intervals
involved.

Parts of Sections 2-5 and of Section 7 are formalised in Lean 4 with Mathlib. A theorem
is kernel-checked if its only axioms are the three standard ones of Lean, so that every step
has been checked by Lean’s kernel. It is native if some finite computations are evaluated
by compiled code, which adds the Lean compiler, its runtime and the compiled libraries to
the trusted base. In the formal statements, space is R* with Lebesgue measure, half-spaces
and the ball B are open as in Section 2, and a packing is any set of points, possibly infinite,
at mutual distance at least 2. For the arithmetic of the certificate, the kernel works on a
copy of the certificate in Lean, whose agreement with the deposited certificate is verified by
independent programs outside Lean. For Theorem 3.2, native evaluation shows that each row of
the certificate is the value at its sample point of a row function built by a Lean reimplementation
of the zonal assembly of [11], and that the triple row functions are invariant under relabelling,
as the invariant sample sets require. The versions of Theorems 3.2 and 1.1 specialised to the
certificate make two assumptions on the certificate:

(H1) inequality (1) holds, for every kissing configuration, for the kernel that the 60 kernel
blocks of the certificate define through the zonal functions of the reimplementation;

(H2) the row function of the quadruple piece, an explicit polynomial in the six inner products,
is invariant under the relabellings of the four points.

Hypothesis (H1) contains the positivity theorem of [11], the faithfulness of the reimplementa-
tion to the construction there, and the correctness of the zonal entries, which agree with those
computed by the code of [11]. The formal proof of Theorem 1.2 assumes, for every packing
and centres yi, ..., %24 as in the theorem with ¢ = 0, and in (h1)-(h4) for every labelling and
R as in (h0), with certified upper bounds for the constants of the main row:

(h0) a labelling and an R € O(4) attaining d(W) exist, which follows from the compactness
of O(4);

(h1) the bound of Lemma 7.8 holds;

(h2) the inequality of Lemma 7.11 holds;

(h3) the bounds on |7| of Corollary 7.5 hold;

(h4) the inequality of Lemma 7.10 holds.

The supplement [16] gives these constants exactly, states the hypotheses in full and documents
the formal proofs.

APPENDIX A. PROOFS FOR SECTION 7

Throughout, the notation of Section 7 is in force, with d = Deg and conditions (C2)—(C4)
of Section 7.7. In particular d bounds ||d|| and every |d;|, and 0 < n; < 7.
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TABLE 3. Verification. “Kernel” means kernel-checked, and “native” that some
finite computations are evaluated by compiled code.

result

how it is checked

in Lean

the results of
Section 2 and
Proposition 3.1
the certificate of
Theorem 3.2

Lemma 4.1

Theorem 1.1

facts on D4 and Jo
(Section 7.1)
Lemma 7.1

C? <191/100
(Lemma 7.4)
‘H (Lemma 7.9(2))

Lemma 7.9(1)

Lemma 7.10

(C1)—(C6) and T’
(Tables 1 and 2)
Theorem 1.2

proofs in the text

identities at the sample points and the
identity fixing &, right-hand sides —wi",
p2, —p3, 0: exact

blocks positive definite: Cholesky, ball
arithmetic

unisolvence of the sample sets (17 points
for pairs; 204 and 3679, the dimensions of
the S3- and Sy-invariant polynomials of
degree < 16): full rank modulo a prime
triple and quadruple identities on the
principal lattices

{a/16 : a € ZY,, |a| < 16}, m = 3,6,
without invariance assumptions: exact
interval arithmetic (Section 4)

proof in Section 5

exact, with Jy by vertex enumeration

spectrum of AT A: exact, in two coordinate
systems

exact identity; Mo > 0 entrywise, No >~ 0
of rank 90 by LDLT

exact LDL" and spectra

eigenvalues of H,-: 0,1/6,2/3,1,4/3,5/3,
multiplicities 15,16,12,12,9,8
characteristic polynomial of Z:

(z +8)"(z +20/3)"(z — 4)

in the coordinates 7°, equal to the Hessian
of the volume of P computed in [16]
derivatives of S,II, © at (o: ball
arithmetic, within 10722 of the rationals
|®%.]l =4 and 0 < @, < (3/2)I: exact
third derivatives of I, © on By,...,Bs:
Taylor models in ball arithmetic
(Appendix A.3)

ball arithmetic

proof in Section 7

kernel; Lemma 2.5 via the covolume of
V2D., without identifying Vo as the
24-cell

polynomials g of Section 3 nonnegative
on their pieces: kernel

these facts, except those on the principal
lattices, and

K(0,0) + 23 = 1828197/156250 with
@ > 0: kernel

Theorem 3.2 for the certificate: native,
under (H1) and (H2)

(1): kernel, with w; read natively from
the certificate

(2): closed form of wa kernel, inequality
native

(3): not formalised

kernel, from the bound of Theorem 3.2,
Lemma 4.1, [13] and [11]

for the certificate: native, under (H1),
(H2), Lemma 4.1(3), [13] and [11]
counts of roots, contact pairs and contact
triangles: kernel

ker A, |A7| > |7| for 7 L ker A, ||A]| =2
and the constant stress: kernel

the rest of the spectrum: not formalised
the certificate: kernel; it enters only
through (h3)

parts (a)—(d), with the eigenvalue 5/3
and ||L||?> = 12 as upper bounds, (c) as
H(E,€) > —8|n|?, without

|E + M, L|| = 6; the characteristic
polynomial of Z; the identity with the
matrix of [16]: kernel

the derivative values: not formalised

not formalised; enters as (h4)

I" > 0.2437 from the certified constants:
kernel

kernel, from (h0)—(h4), for ¢ = 0, without
identifying Vi with the regular 24-cell
Lemma 7.2 and inequality (2): kernel
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A.1. The square overlaps. We prove the second inequality of Lemma 7.8. Let @) be a square
at the vertex vy, formed by the orthogonal pairs {a1,a}} and {a2,ab}. Apply Lemma 7.6 to
each pair, with w = w,,, w' = War, b = hg, and W= hq:, and denote the resulting quantities
by ap, &, pr, 0y, Ry, éy, §r for r = 1,2. Suppose the four caps of Q meet, so that g1, g2 > 0. By
Lemma 7.6, a common point x satisfies

” 5 aq A~ 5 ag
& < (z,p1) < V2, |(z,n1) — 1| < J(@%Pl) —é1), [(,n2) — ha| < o 92
1 2

the last because (x, p2) < v/2. Let Pr be the orthogonal projection onto the plane orthogonal to
p1 and ny. For fixed (z,p) and (z, n1), the projection Pr z lies in a disc of radius (2— (z, p;)?)'/?
and in a strip of width 2(ag/ab)ge/|Prng|. Put A = /2 — (x,p1) € (0,§1). Then (z,p1) —é =
g1 — X and 2 — (z,p1)? < 2v/2 ), so

" oay as G 1/2 32 341002 352

1( K>< 228 (g — A) - 422 2v2 )2 dxn = 222%/ o
Vo ﬂ Ya _/ o (61 =) all !Prnzl( V2 15 ofaf |Prng|
ac@ 0 ! 2 ne

and the same holds with 1 and 2 exchanged. By Lemma 7.3(6), a,./al. = (1 +u)/(1—u))/? <
(14 a1)/(1 —ay))/2.  As in the proof of Lemma 7.7, |p, — vx| < 2v/2d, and likewise
Iny = frj.| < 21/2d, where j, is the index of the pair. Since frj, is orthogonal to v; and
fiji» we get [(no,p1)|, [(n2,n1)| < 4v/2d and [Prng|> > 1 — 64d?. With §, < ugq.a /V2 < g
(Lemma 7.6) this gives

vol( () Ky ) < ks ingomin(in, 52)*% < Shoa 3%/ (5% + 33).
a€®

Each orthogonal pair lies in exactly two squares, and = < u*/v/2 for each pair, so the sum
over all squares is at most %ksqg?’/z ZO(U;E)Q. By Lemma 7.3(3) and Lemma 7.1(3),

(3 u2)” < tollirl + (X liias) " < 2+ Va2 r)
O O

because each root lies in six orthogonal pairs, so that Y [d;|?|d;|* < % Soldil? + |d;]?) =
3d?||d||* < 3d>x|7|>. This proves N' > —Ag|7|2.

A.2. The hull deficit. We prove Lemma 7.11. Put ¢, = 27j/(1 + 7) + 2d. Then |g¢; — 2u;| <
2(1—1/h;)+2|d;| < g, for all i. By (C3), &, < v/2; on the certified pairs of Table 1, ¢, < 0.0755.
This condition is used three times: for the positive factor 1 — ,/v/2 in (a), for (z,vx) > 0 on
C, which makes ¢, well defined in Lemma A.1(2), and for V2 —A > 0in tyax.

(a) Localisation. For a unit vector e, the support functions satisfy hj(e) > max;(q;,e) >
hy,(€)—eq > (1—4/V/2) hyy(€), because hy, > v/2. Since 1—¢,/+/2 > 0, the right-hand side is
the support function of (1—¢,/v/2)Jo, s0 J 2 (1—¢,/v2)Jo = {x : (x,v}) < V2—¢, for all k}.
So (PN B)\ J is contained in the union of the sets X3 = (PN Cy) \ J, where Cy, = {z € B :
(z,06) > V2 —g4}. For x € Cy we have (z,v) > V2 — ¢, > 0, and the vector z = x — /2vy,
satisfies |z|? = |z]? — 2v2(z, vk) + 2 < 2v/2(V2 — (z, ) < 2V/2¢,.

Fix k for the rest of the proof, and write v = vy, and f; = fi;. For j = 1,2,3 write j+ = ay;
and j— = aj, so that ujp = (v =+ fi)/V2. For b € N(k) let j(b) be its pair and s, = £1 its
sign. For € R* write 2 = 2 — v/2v = 29v + 2| with 2| = > afio Since g = (2/hp) (up + dp),

qb—\/ivzebv—l—Pb, szsb\/ﬁfj(b)"i'rba



THE 24-CELL CONJECTURE IN THE ALL-CONTACT CASE AND NEAR Dy 19

with 0, = V2(h; " —1)+2h, (v, dy) and 1y = spv/2(hy ' —1) i) +2h;  (dy— (v, dp)v). IV is the
partner of b, then v = (uy + uy)/v/2, so (v,dp) = ((up, tp) +np)/v/2 and |(v, dp)| < U|dp| with
v=(1+d/2)/V2. Hence [0] < V2, + 20|dy| and || < V/2mp +2|dy|. Put 0; = 304 +6;-),
Spr; = max;xj + [0+ — 0;] and 7 = maxy |rp].

(b) Height of the hull. Let Q = conv{g, : b € N(k)} C J, and let Q' be its orthogonal
projection to vt which is the convex hull of the P,. For y € QF let hup(y) and low(y) be
the largest and the smallest ¢ with v/2v +y +tv € Q. For y € vt write y; = (y, f;) and

lyh =22 lwil-

Lemma A.1. (1) If lyl1 + V37 < V2, then y € QF and, for each j, with li,ls the other
two indices,

hup(y) > 6, —

lyil +7 v | + lyis| + 27
Ojp —0,_| — = ! Spr ;.
2\/§ ‘ J+ J | \/§ p J
(2) Letz € Cy, z = x—+/2v and 0 > maxy, |0, and suppose that t|z) |, +v/3F < v/2 for all

€ [1,t.], where t, = (V2 +0)/(V2 + 2); note that t, > 1, because zy < 0 for x € B.
If x ¢ J, then zo > hup(z, ).

Proof. (1) For y/ € vt define \°(y') € RN®) by A0, (y') = max(+y],0)/v/2 for | # j and
)\?i(y’) =11-aly)) £ y]/(2\f) where a(y') = (|yl1| + |yl2])/\f Then A is continuous,
S A =1, 2, A) s6vV2f) = /5 and X°(y') > 0 if and only if |1 < v/2. On the closed
ball of radius 7 about y we have |3/|1 < |yl1 + V3|y —y| < V2, so A° > 0 there, and the
continuous map y' — y — >, )\2 (y/)rp, maps this ball into itself. By Brouwer’s theorem it has
a fixed point y*. With A = A2(y*) we get A >0, >, Ay = 1 and >, \Po = y* + > AT = ¥
So y € QF, and Dop @ = V2u +y + (O Abp)v € Q, whence hup(y) > >, Apby. For [ # j

only one of A\;y, A\;_ is nonzero, so

Z/\(ﬂb—e +;i}§ i+ — +l§:yl Hli_ )
#J

with the sign of y; in 6; 4. Since |y;| < || + 7, the bound follows.

(2) We show that zy < hup(z,) implies € J; here z; € Q by (1). For ¢t > 1 we have

= V2vu + tz) + o(t)v with o(t) = t(v/2 + 20) — V2. Since V2 + 29 = (z,v) > 0, o is
increasing, and o(t,) = 6. By (1), every tz; with t € [1,,] lies in the interior of Q1 where
hup is concave and low is convex, hence both are continuous. Every point of 2 has height in
[miny 0y, maxy 6], so low < hup < 0. If 29 > low(z), then = € Q. Otherwise o(t) — low(tz] )
is negative at ¢ = 1 and nonnegative at ¢t = t,, so it vanishes at some t; € (1,t¢.]. Then
low(t121) = o(t1) < hup(t121), so tiz € Q and & = t7*(t1x) € conv({0} UQ) C J. O

Let A > —zp, ¥V > _max; |z;] and # > 7 be bounds valid on X}, and o > maxy |0p]. Then

te < tmax =1+ (0+A)/(V2—A) on Xj. If
(4) 3tmaxY + V37 < V2,

then Lemma A.1(2) applies on Xj, and every z € X, satisfies zg > 0; — err;(z) for each j,
where

|Z]|+T |Zl1|+|zl2’+2fs I
2v2 V2 PL
(c) Volume. For b € N(k) put ¢y = hy — vV2{v,wp) = my — V2{v,dp), and for each pair
I put m; = (Y +¥-)/v2 and o = (Y — ¥—)/V/2. Let 2 € Xi. Then zy < 0 because

err;(z) = 0j+ —0;—| +
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(z,v) < |z| < v/2, and the facet inequalities (x,w;+) < byt read (20 & 2;)/V2 < e — (2, dj1).
Hence z; lies in the interval

L= [or— (mi — 20) = V2I2lldi—|, o1+ (mi — 20) + V2|2 |diy|].
Let Y > supy, |z[, put A; = —0; + supy, errj and A, = min; A;, and for [ = 1,2, 3 put

Y
Hl :ml+A*+ﬁ(‘dl+|+‘dl_|), Hl+ :max(Hl,O).

By (b), 0 < —zp < A, on Xy, so X = 0 if A, < 0. For x € X, the interval I; has length
2(my — z0) + V2|2|(|diy | + |di—|) < 2H;, so X, = 0 if some H; < 0. In every case Xj lies in
the set of z with 0 < —z9 < A} and each z in an interval of length 2H;", and integrating over
z1, 22, z3 and then over zy gives

3
vol(X;) < Af [ 2H,".
=1
Put aj = V2AT, v = V2 (mu + J5(ldi| + 1)) ", Wi = 35 max(ay,7;) and amin =
min; o; = V2AF < W3 /3. If A, <0, then X;, = () and the next display holds trivially. If
J A x

A, > 0, then V2 H l+ < v + amin for each I: if H; > 0 this follows from the definitions, and
otherwise the left-hand side is 0. By the arithmetic—geometric mean inequality,

Wi 3
VO](Xk:) < 20min H(’Yl + amin) < 2amin(?k + amin) < Wi
l

(d) Second-order bookkeeping. Write e; = nj4 +n;— and uj = uj4 j—. From (v,d;; +d;-) =
(wj = (djr djm) = 5(|dj* + 1dj—[?)) /v/2, 0 < 1 = byt <y and [(v, d)| < 7|dy| we get

— W € — Ui
J Yy J Y /
+ wj, mj < + w;,

V2 V2
with @; = (d/v2 + 77)(|dj4| + |d;-|) and @) = (d/v2)(|dj+| + |d;-|). By Lemma 7.3(3),
uj = (AoT)jt,j- + (djt, dj-). Put

Ry —2’< i+ d )H‘\[(WJ ‘Hﬂ —i—superrj)—i—Y(\d]Jr\—i—\d] D Rk:ZRkj'

- e
-0, <

If X, # 0, every A; is positive, and «; and +; are at most e; — (AoT);4 j— + Ryj, which is
therefore positive. Summing over j gives W}, < Zj exj — ox(T) + Ry, so

vol(Xy) < Sﬁ (Z erj — ok(T) + Rk>2

for any bound M > W. B
A priori bounds. Put do = \/2d > |di| + |d;—| and

o =min(ay, dy+ 3d?), 0=+2q+20d, #=+207+2d, AO=20+ 20ds,
Spr = 0+ V20 + vdy, 6=0/V2+dy, @ = (d/V2+00)dy, & = (d/V2)ds,
m=(21+10)/V2+&', K= (2i+10)/V2+&.

These bound || on O, |0y, |re|, [0+ — 0|, spr;, |o], @, @}, my and —0;, respectively.

Start with A = gq and Y = (2y/2¢,)'/2, which are valid by (a), and repeat the following step.
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A~ ~

PutY =6 + 1+ A + v2Y d, which bounds |z]| by (c); replace Y by min(Y, A + v/3Y) and
recompute Y; check (4); put

Y ~ 2Y +2F __
+TA9 + 7qspr > superry,

2\/§ \/§ o Xy
and replace A by min(A,K + err). Each step derives valid bounds from valid ones, so the
bounds after any number of steps may be used. Then Ry < Rpyax := 3(%d§ +V2% + V28 +
V2err + ng). By (d), a;; and v; are at most 27 4+ 4o + Rmax/3, SO M = 3(27 + o) + Rumax
bounds W.
Summation. Put fi = %(Y +#) and fo = 2(Y + 7). Then \@supXk err; < fi|04 —6;-| +
faspr;, and

err =

104 — 0;—| < V2n0 —nj—| + 20(|djr | + |dj—|),

_ €; _
spr; < V2 E ny + 20 E |dy| + —\/% +o(|djy| + |dj-]),
bej bij

where b ¢ j runs over the four elements of N (k) outside the pair j. With 2|(d;+,d;-)| <
2do(|dj4| + |dj—|) this gives

Rij < Ci(ldjy] + |dj-|) + Calmjy —mj| + Cs > 1o+ Ca > _ |ds| + Chej,
beZj bij

Wlth Ch = *d2+2d+\[1777]—|—Y—|—21/f1 + vfy, Cy = \ffl, C3 = \ffg, 4 = 2Ufs and
= f2/+/2. Sum over the 72 pairs (k,7). Each root lies in six orthogonal pairs and in six

sets N(k), so
D oUdi P+ 1d- Py = 6lldl*, DD ldbl* = 12)d|)%,

b¢j

STl —mi=lP <6l Yo e<zpl Y =121,

béj
and ||d||? < x|7|?. By (225 Ry;)? < 3225 Rij and the Cauchy—Schwarz inequality (3, c;y;)? <
i), czyf) for ¢; > 0, with Cioy = 2C1 + Co + 4C5 + 4C + Cs,

ZR% < 8|72 + Se|nl?, Sy = 3C40t (6C) + 12C4)x, S, = 3Ci0t(6Cy + 12C3 + 12C5).
k

Finally put w(n) = (E + MyL)n. Since ;ex; = (En)g and oy (1) = ox(7') — (M Ln)k, we
have . exj — o (1) = wi(n) — ox(7'), and [w(n)| < 6]y by Lemma 7.9(2)(d). For kg, k3 >0
it follows that

Zvol Xi) < 8—6 { 1+/<;2)Zak(7-/ 2
k

(14 w1 (14 ) 3602 + (1 -+ 15 )(Stlr[2 + S lnl)) .
which is Lemma 7.11 with
Ay = BMP*(1+ ko), AP =8P+ k(1 + k3 1S,

(5) Al = L0214+ k5 1) (36(1 4 k3) + (14 k3 ") Se).
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A.3. The third-order remainder. We prove Lemma 7.10. By the symmetry of D4, which
acts transitively on roots, contact pairs and contact triangles, and the symmetry of II in
h1, ho and of ©® under permutations of its three vectors, the derivatives of ® at (y are g, =
—S’ + 811, — 1204, and g, = II,, — 30,,,, and

—S" + 81y, — 120, if k=1,

((I)hh)kl = Hh1h2 — 3@h1h2 if {/{3, l} € T,
0 otherwise,
thu - 3®h1u12 it ke {Zaj}a

(Phu)k,ij = § —Ohguys if {i,j,k} is a contact triangle,

0 otherwise,
Huu - 3®’LL12U12 lf €= f?

(Pun)ef = § —Ouyouss if e # f lie in a common contact triangle,
0 otherwise,

with all partial derivatives of S,II,© taken at h = 1, u = % These partial derivatives, of
order at most two, are enclosed in ball arithmetic with radius at most 6 - 10737, and the
resulting values lie within 10722 of %, %, —4,1,-1, %, 1,—%, which is Lemma 7.9(1). Hence
D2®(¢y) — D?®Y is a symmetric matrix with at most 29 nonzero entries in each row (9 + 20
in a row of a height, 5 + 7 in a row of an inner product), all at most 10722 in absolute value,

and its norm is at most 2.9 - 1072, Since
H(E,€) — H(EE) = (20u — 3)Qe(7) + (D*®(¢o) — D*@°) [(n, A7),

|Q:(7)| < 6|7|2 (each root lies in eight contact pairs) and ||A|| = 2, we obtain |H(&,&) —
H(E )| <1.2-10727]2 4+ 2.9 - 10722 (|n|? + 4|7]?) < 1.3 - 10720¢|2, which is the first claim of
Lemma 7.9(2). Consequently g;, > % —¢oand 0 < g, < % + g¢. The matrix &y, — @?Lu has at
most 20 nonzero entries in each row and 5 in each column, all at most €, s0 || Ppy|| < 4+ 10¢0.
The matrix ®,, — ®J, has at most 7 nonzero entries in each row, so ||®y,| < 2 + 7eo and
By, = —Teol. Finally |[H — H| < 1.3-10720 < 96 .

Each local term f € {S(h;),II(h;, hj;ui;),O(...)} is real-analytic on the box: its closed
form is valid there, the vertex of the corresponding cone lying inside the ball [16]. The box
is convex and contains (p and, by Lemma 7.3(5),(6), the actual arguments. So f((p + A) =
f(Co) + DFIA] + $D?fIA]? + £ D3 f(¢*)[A]® for some ¢* on the segment. Summing over the
local terms and substituting Ah =7, Au= A7+ c and ), Au;j = Qq (Lemma 7.3(3)) gives

D =8+ gps + SH(E,E) + 9u(Qa — Qu(T)) + D*®((o) [(n, AT), (0,¢)] + 3¢ Pyuc + Ra,

where Rg is the sum of the cubic terms. We bound the terms in turn. First, gs > (% —ep)s and
LH(E,€) > AH(E,€) — 48eo(|7[? + [nf?). By Lemma 7.3(4), gu(Qq — Q1) = —(} +0)(2v/3xd +
x2d?)|7|?. The next term is " ®pyc 4+ (A7) T ®yuc, and |¢| < 3d||d|| < c.|7| with ¢, = 3dx'/2.
So for any x; > 0 it is at least

—(4+ 10z0)eanllr] = 203 + Teo)eulr? = e ((2+ 520) (57 0l + kal7[2) + (3 + 1z0)l7[?).

Further, $¢"®y,c > —Zeoc?||2
For the cubic terms let Mg, be an upper bound for |0,0,0.f| on the box, for each local
term f and each multi-index of order three. These bounds come from closed forms of lower



THE 24-CELL CONJECTURE IN THE ALL-CONTACT CASE AND NEAR Dy 23

derivatives. For the pair term,

on 7 213/2 9y ho —uly (ha — uh1)®

=3 <2(2 — hi)** = 3(2 - hY) (1— u2)l/2 T (1 — u2)3/2 )’
@_L< _h%+h%—2uh1h2>2

ou 41— )i 1 —u? ’

and symmetrically in hs. For the triple term,

80 1 )
= 2 — |z[?)dA
Muay  2(1 —u2,)1/2 /Fab( |2[%) dA,
CAS) Fy 520 halS, Uap| Fa
Ohadhy (1 | 2b’ 7z @70 G s 2 2a|1/2 _Zb’72bl’/2’
aOhy (1 —uly) : (2-h2) = (1—ug)

where Fy, is the two-dimensional face of the region {|z| < v/2, (x,w.) > h. Vc} in the plane
(x,wq) = ha, (x,wp) = hy (a circular segment), and S, is the part of the sphere |z| = /2
on the boundary of its face in the hyperplane (z,w,) = h, (the intersection of two spherical
caps). These have closed forms in square roots and inverse cosines, valid on the boxes [16]. A
third partial derivative with an index u is a second derivative of one of the forms for OIl/0u
or 00 /0uy, and the others are derivatives of the remaining forms. On each box these forms
are expanded as Taylor models in ball arithmetic [1] on a cover of the box by cells. The
required derivatives of the Taylor models are bounded on each cell, and the maxima over the
cells, rounded up with a small safety factor, are the M. (Table 3). Then 1|D3f(¢*)[AJ?] <
%Za,b,c Mape| Aa||Ap||Ac], the sum over ordered triples of local variables. We use |Ahy| < 7
and |Aup| < A, := max(u, ), and group the triples by the number of Gram variables. With
the symmetric nonnegative matrices Mgy[a,b] = Zcey Mape for a,b of type x (x,y € {h,u}),
and ||M||s the largest row sum of M,

%‘DBf(C*)[A]3| < % [(AuHMuuHoo + 377||Muh||00)‘Au100|2

+ (380 Moo + 7l Mnlloo) [ Ahioc]?].

where Au,. and Ahj,. are the local variables of f. Each Au?j occurs in one II term and
three © terms, and each n? in one S term, eight IT terms and twelve © terms. On [1,1 + 7]

we have [S”(h)| = 8r(h? — 1)(2 — h?)"1/2 < Mg = 8mij(2 + 7)(2 — (1 + 7)?)~ /2. Hence
|Re| < Ry|Au|? + Rp|n|?, where
Ry = 3 [Auuu(T) 4 37Aun (IT) + 3(AuAun(©) + 3720 (0))],
Ry = ¢ [Msij + 8(3AuA o (1) + 7iAps (IT)) + 12(3Au A (©) 4+ 7ARR(O))],
where Agy(f) = [[Mayloo for the local term f, and |Au| < [A7|+ |c| < (2+¢,)|7|. For o = 3=
(box By) this gives R, < 0.049195 and Rj, < 0.819561, and for the row (p,0) = (£, 135) of
Table 1 (box Bg) it gives R, < 0.207857 and Rj, < 3.389261. Collecting the terms proves
Lemma 7.10 with
Af’) = (% + 50) (2\/§XC?+ XQCF) + c*((2 + beg)k1 + 3 + 1450) + %5003 +R,(2+ c*)2 + 48¢q,
AB) = ¢,(2 4 5eg) /k1 + Ry, + 4820
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DATA AVAILABILITY

The certificate and its checker, the interval-arithmetic proofs of Lemma 4.1, the construction
scripts, the exact computation behind Remark 6.2, the programs and logs behind Section 7
and the Lean projects of Section 8 are in [16].

USE oF Al TOOLS

Generative Al tools were used extensively to write and run code, to carry out and check
computations, and to draft text. The author checked the results and the text, and takes
responsibility for the content.
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