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Abstract

Alman and Vassilevska Williams have refuted the 3SUM and APSP hypotheses. Their
algorithms rest on counting the triangles through prescribed edges of lopsided tripartite graphs,
whose middle part has n® vertices for a small e. Majdoddin extended the method to every
e <In4/(5lnb5) ~ 0.172. We determine which of the main conditional lower bounds derived
from the refuted hypotheses survive. We also prove that the method extends to every e < 0.17843
when the prescribed edges are known in advance and there are at most n?~</2 of them, which
confirms Majdoddin’s numerical estimate. Whether a bound survives depends mostly on the
instances that its reduction produces. The reductions behind most bounds produce instances
outside the range of the new algorithms: balanced graphs, or lopsided graphs with a larger
middle part. Most of the set-disjointness, dynamic-graph and triangle bounds therefore follow
from hypotheses that no known algorithm contradicts. These hypotheses, however, concern
mainly such instances, and for several bounds the hypothesis is the bound itself, stated for these
instances. Their evidence came largely from the refuted hypotheses. A few bounds are false,
among them a lower bound of Goldstein, Lewenstein and Porat for Set Disjointness over small
universes; the Strong SetDisjointness Conjecture also fails at small polynomial query times.
Other bounds have lost their support, such as the Set Disjointness trade-offs of Kopelowitz,
Pettie and Porat over small universes apart from constant query time. Finally, we collect the
known obstacles to a larger closed-form range with a different base identity and use border-rank
lower bounds to exclude several natural candidates.

1 Introduction

For two decades the 3SUM and APSP hypotheses, together with SETH and OMv, were the
main sources of conditional lower bounds in fine-grained complexity. Alman and Vassilevska
Williams [AV26] recently refuted both. Their deterministic algorithms solve 3SUM on integers
of polynomial magnitude in O(n!?992) time and APSP with polynomially bounded integer weights
in O(n299912) time, and their core algorithm, composed with known reductions, also refutes the Ex-
act Triangle, weighted k-Clique, (min, +)-convolution and Directed Unweighted APSP hypotheses;
the same approach solves 3XOR in truly subquadratic time [AV26, Remark 23|, [Maj26]. Majdod-
din [Maj26] improved the exponents (Section 2). Simpler algorithms and proofs [SY26, KL26] and
a reduction from real to integer 3SUM [FPS26] also appeared.

A lower bound derived from a refuted hypothesis remains a true implication, but it no longer
gives evidence for the bound. For each of the main bounds we determine, often separately for
different ranges of its parameters, which of three cases holds: a known algorithm now beats it, so
it is false; it follows from another hypothesis that no known algorithm contradicts, which we call a
surviving hypothesis; or no surviving hypothesis is known to imply it, and it has lost its evidence.
Section 4 refines these cases into five verdicts.
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Where the new algorithms work. At the core of [AV26] is an algorithm that computes pre-
scribed entries of a thin matrix product XY with X € Z¥*P and D < N¢. In graph terms, it
counts the triangles through prescribed edges of a tripartite graph whose middle part has only
N°¢ vertices. Majdoddin extended the range of this matrix theorem from ¢ < 0.1204 to every
e<e*:=1In4/(5Inb5) = 0.17227. .., the exponent of Coppersmith’s rectangular matrix multiplica-
tion algorithm from Schonhage’s partial-product tensor [Cop82]. Alman and Vassilevska Williams
note that the reductions of Kopelowitz, Pettie and Porat [KPP16] and of Vassilevska Williams
and Xu [VX20, Corollary 3.12] produce instances of this lopsided kind [AV26, Section 3.1]. Most
downstream reductions, however, produce instances outside the range of the algorithms: balanced
graphs, or lopsided graphs whose middle part is larger. The shape of the instances behind a bound
therefore largely decides its fate, and much of the classification reduces to determining that shape.
In Section 3 we parametrize the lopsided instances by the exponent § of the size of the middle part,
state a hypothesis LSTHy for the natural instances that the reductions produce, and state, under
the name BST, the hypothesis of [AV26, Section 6] that the balanced case needs m*/3=°() time,
together with the related forms that some downstream reductions need.

Verdicts. Table 1 gives the status of the standard hypotheses, and Tables 2 and 3 give the
verdicts for the main conditional lower bounds; Section 4 gives the reasons. Alman and Vassilevska
Williams already mark the problems reached from 3SUM, APSP or Exact Triangle only by one-
way reductions as having lost their evidence [AV26, Figure 1]. We find that most set-disjointness,
dynamic-graph and triangle bounds follow from surviving hypotheses, mostly hypotheses about the
instances that the reductions produce, and for some dynamic and data-structure bounds the OMv
conjecture or the part of the Strong SetDisjointness Conjecture that survives. The hypotheses
about instances are not contradicted by any known algorithm, but their evidence came largely
from the refuted hypotheses (Table 1 marks them open, and LSTH; as refuted in a regime), and
for several bounds the hypothesis is the bound itself, stated for those instances. An exception is the
triangle-detection hypothesis of [ABKZ22, Corollary 1.11], which was never derived from 3SUM or
APSP and which implies BST, its degree-bounded form for degree \/n and the all-nodes form; the
evidence offered for it uses a regime that the refutation is not known to affect (Section 4.3). The data
structure of [AV26, Maj26] itself makes a few bounds false: a lower bound of Goldstein, Lewenstein
and Porat for Set Disjointness, at universe sizes m” with r < ¢* (Proposition 4.1), and, for small
polynomial query times, the Strong SetDisjointness Conjecture of [GKLP17] (Corollary 4.2). Other
bounds have lost their support, such as the Set Disjointness trade-offs of [KPP16] where they use
universes below n°, except at constant query time (Proposition 4.3), and the quadratic bounds for
most 3SUM-hard problems in computational geometry [GO95, Kin04]. The same data structure
gives 3SUM-Indexing a randomized data structure with truly subquadratic preprocessing time and
truly sublinear expected query time (Proposition 4.4).

Queries known in advance. Majdoddin also reported a numerical evaluation: when the pre-
scribed entries are known in advance, an exact count of the leaves of the recursion takes the method
to about 0.1784 [Maj26, Section 8]. We prove that it does: for every € below an explicit constant
£ = (.17843... there is v > 0 such that, for integer matrices X € ZN¥*P and Y € ZP*N with
entries of polynomial magnitude and 2 < D < N°, the entries of XY at any set of at most N?/v/D
positions given in advance can be computed deterministically in O(N?/D?) time (Theorem 5.1).
This is as many positions as the reductions produce. The proof uses Majdoddin’s count of the
leaves of the pruned recursion [Maj26, Lemma 6.1] as it stands, without the split that confines the
analysis of [Maj26] to ¢ < £* (Section 5). Consequently LSTHy is false for every 6 < ®*, and the



thresholds of the offline bounds move from £* to €**; the theorem gives no explicit saving and does
not by itself improve the exponents for 3SUM or APSP. For data structures that answer queries
online the best known threshold remains £*.

The threshold. The threshold * is where the analysis of [Maj26] stops for the five-term partial-
product tensor. In Section 6 we collect the known obstacles to a larger range of this analysis
with a different base identity, mostly Majdoddin’s barriers [Maj26, Appendix A}, and add Koszul-
flattening lower bounds on border rank that exclude further natural kinds of base identity, among
them two that would compute two disjoint inner products at once. The paper thus has two parts:
the classification in Sections 2—4, and the results on the method itself in Sections 5 and 6. Section 7
collects open questions.

2 Hypotheses after the refutation

In Table 1 we list the standard hypotheses of fine-grained complexity. A hypothesis is refuted if
a polynomially faster algorithm is known for its problem in the stated form, refuted in a regime
if this holds for some but not all of its parameters, open if the new algorithms do not address it
although its evidence came from the refuted hypotheses, and unaffected otherwise.

For orientation, the best exponents claimed in research papers are 1.9945 + o(1) for 3SUM
and 2.9945 4 o(1) for Exact Triangle, the (min, +)-product and APSP, all deterministic [Maj26,
Corollary 16.1], where the o(1) hides a factor exp(O(y/log nloglogn)) [Maj26, Sections 13.6, 15.5],
so that the gain over [AV26] from the second part of [Maj26] appears only for astronomically
large n [Maj26, Sections 13.7, 15.7]. Saha and Ye give O(n*%%%) for the (min, +)-product and
APSP [SY26], and an unrefereed repository [Shr26] claims smaller exponents.

3 Sparse triangle hypotheses

Most downstream bounds were derived from the refuted hypotheses through All-Edges Sparse
Triangle or offline Set Disjointness, on instances of a particular shape. In this section we state the
forms of these problems that the downstream reductions use, determine which of them lie in the
range of the new algorithms, and name the rest.

3.1 Lopsided instances

Definition 3.1 (Lopsided All-Edges Sparse Triangle). An instance of LST(n,u, Q) is a tripartite
graph with parts A and B of n vertices each and a middle part M of u vertices, arbitrary edges
in Ax M and M x B, and a set W C A x B of Q query pairs. The task is to decide, for every
(a,b) € W, whether a and b have a common neighbour in M. In the counting version the task is
to output the number of common neighbours.

In the language of sets, LST(n,u, Q) is offline Set Disjointness with n sets on each side over a
universe of size u and () queries, and the counting version asks for the sizes of the intersections.
Answering each query by merging the two neighbourhoods takes O(QA) time, where A is the
largest degree into M. Computing the whole Boolean product of the two biadjacency matrices
takes nv(blogn w.1)+o() time which is n?T°(1) when u < n%32! [VXXZ24].

Definition 3.2 (Natural instances). For 0 < § < 2, a natural instance of LSTs(n) is an instance
of LST(n,n?, Q) in which every vertex of AU B has at most n9/2 neighbours in M and Q < n2-9/2,



Hypothesis Status Reference
3SUM, integers of polynomial magnitude;  refuted [AV26, Maj26]
Strong 3SUM (integers in [—n?,n?])
3SUM and Exact Triangle over the reals refuted real RAM, Las Vegas [AV26, Theorem
35], through [CVX22]; for 3SUM
also [FPS26]
APSP and its subcubic equivalence refuted [AV26, Maj26, SY26)
class [VW18, AGV15]
Exact Triangle; Strong Exact Triangle refuted [AV26, Theorem 19]
(weights in [—n,n]) [CX24]
3XOR; 3SUM over Fg and over abelian refuted [AV26, Remark 23], [Maj26, Theorem E,
groups of exponent p Section 19]
Zero-, Min- and Max-Weight k-Clique refuted [AV26, Corollary 39]
(min, 4)-convolution [KPS17, CMWW19]  refuted [AV26],
through [BCD+14, BIS17, CMWW19]
Directed Unweighted APSP refuted [AV26, Theorem 34]
Hinted OMv [BNS19, Conjectures 5.2, 5.7, refuted in a thin hints: 7 < 0.1204 [AV26, Corollary
5.12] regime 40], 7 < e* [Maj26, Corollary 10.1,

Strong SetDisjointness [GKLP17,
Conjecture 3]

Lopsided Sparse Triangle LSTHj

refuted in a
regime

refuted in a

Proposition 10.3]

query time N7,
0<7<e*/(2+¢€*)=0.0793...
(Corollary 4.2)

d < e (Corollary 5.2)

regime
SETH, Orthogonal Vectors unaffected
OMyv without hints [HKNS15] unaffected
k-SUM and k-XOR for k > 4 unaffected [AV26, Section 1.2]
3SUM-Indexing (no truly subquadratic unaffected [AV26, Section 1.2]; the strong form fell
space with O(1) query time) in 2019 [KP19, GGHPV20]
Multiphase conjecture [Pat10] open its 3SUM-based case follows from
LSTHy.4 (Lemma 3.10, Section 4.1)
BST, its degree-bounded, all-nodes and open Section 3; BST, BST /2 and the all-nodes
batched forms, TLH, LST(r, 0, k), LSTL form also follow from the hypothesis
of [ABKZ22, Corollary 1.11] (Section 4.3)
Combinatorial BMM unaffected
Combinatorial versions of 3SUM and open the new algorithms are algebraic [AV26,

APSP

Section 1.2]

Table 1: Status of fine-grained hypotheses. Integer inputs have polynomial magnitude and the inte-
ger algorithms are deterministic. e* =1n4/(5In5) = 0.17227... and ¢ = 0.17843... (Section 5).



Merging solves natural instances in O(n?) time for every 4.

Hypothesis 3.3 (LSTHs). For every e > 0, natural instances of LSTs(n) cannot be solved in
O(n?7¢) time. The counting form #LSTHj is the same statement for the counting version.

The reductions of [KPP16, Theorem 1.4] from 3SUM, of [FKP24, Theorem 1.4] from determin-
istic 3SUM and of [VX20, Corollary 3.12] from Exact Triangle produce, for a parameter 0 < v < 1,
offline Set Disjointness with O(N) sets of size O(N'~7) over a universe of size O(N?727) and
O(N 147) queries, where N is the number of sets up to logarithmic factors. After padding the
instance with isolated vertices to absorb the logarithmic factors, these are natural instances of
LSTy_5,. This is the regime pointed out in [AV26, Section 3.1]. Consequently 3SUM and Exact
Triangle each imply LSTH; for every 0 < ¢ < 2, under randomized reductions (deterministic ones
for 3SUM, by [FKP24]). The refutation, however, reaches only small ¢.

Theorem 3.4 ([AV26, Maj26]). For every § < ¢* and every p > 0 there is v > 0 such that
the counting version of LST(n,n®,n* ) can be solved deterministically in O(n>="%) time. In

particular LSTHg and #LSTH; are false for every § < &*.

Proof. Majdoddin’s Theorem 7.4, which is part of his Theorem A [Maj26], computes the entries
of a product XY with X € ZN*P at any N2/DH prescribed positions in O(N?/D7) time when
D < N¢ e <e*, and for e <In4/(5In10) = 0.1204 this is [AV26, Theorem 25]. We apply it to the
two biadjacency matrices, with N = n, D = n® and the query pairs as positions. O

In Section 5 we extend this range to every § < ¢ (Corollary 5.2). For larger § no algorithm
faster than O(n?) is known for natural instances.

Some conditional lower bounds use lopsided instances that do not saturate these bounds, with
smaller sets or fewer queries, which merging solves in less than n? time. Lemma 3.10 below derives
some of them from natural instances, and the following general form covers them all.

Hypothesis 3.5 (LST(r,0,k)). Let 0 < 0 < r < 2 with min(r,20) > 1/5, and let kK + o < 2. For
every ¢ > 0, instances of LST(n,n",n") in which every vertex of AU B has at most n° neighbours
in M cannot be solved in O(n"*t77¢) time.

Natural instances are the case 0 = r/2, kK = 2 — r/2. The condition k + o < 2 keeps the
merging time below the cost n2t°() of the whole product for small 7. Since every set has at most
n° elements, hashing the universe into O(n??) buckets, with O(logn) independent hash functions,
preserves the answers with high probability [Pat10, GLP19]. Hence only min(r, 20) matters. The
restriction min(r,20) > 1/5 keeps the hypothesis clear of the range of Corollary 5.2, and every use
below satisfies it.

3.2 Listing

The dynamic bounds of [AV14] do not follow from the decision version of LST. They use a capped
listing problem, in which the task is to list all triangles that contain a query pair or to report that
there are more than a given number of them [AV14, Theorem 10.1]. A fast algorithm for capped
listing does not obviously give a fast decision algorithm, since an instance may have many triangles,
so the corresponding hypothesis has to be stated separately.

Hypothesis 3.6 (LSTL(r,0,k,)\)). Let r,0,k be as in LST(r,0,k) and 0 < A < k 4 0. For every
e > 0, no algorithm, given an instance of LST(n,n", n") in which every vertex of AU B has at most
n? neighbours in M, lists in O(n"T77¢) time all triangles that contain a query pair whenever there
are at most n* of them.



For A < k, LSTL(r, 0, k, A) implies LST(r, 0, k), because a decision algorithm finds the query
pairs that lie in triangles, and if there are at most n* of them, merging their neighbourhoods lists
the triangles in O(n**7) further time. For balanced graphs the listing hypothesis is the following,
in the general form that matches the listing algorithm of Bjorklund, Pagh, Vassilevska Williams
and Zwick [BPWZ14] when w = 2.

Hypothesis 3.7 (TLH). For every ¢ > 0 and m <t < m?/2, listing ¢ triangles of a graph with m
edges, or all of them if there are fewer, cannot be done in O(ml_atl/g’) time.

At t = m the bound is m*/3, and since listing m triangles in a graph with m edges is equivalent to
All-Edges Sparse Triangle under randomized reductions, up to polylogarithmic factors [DKPW20],
TLH at t = m is the balanced hypothesis BST below. The algorithms of [AV26, Maj26] count
triangles without listing them, and they apply only to lopsided graphs whose middle part has fewer
than n°" vertices (Theorem 5.1). They do not bear on any of the listing hypotheses.

3.3 Balanced instances

At § = 1 the three parts of a natural instance have the same size, and natural instances are All-
Edges Sparse Triangle on graphs with n vertices of degree about v/n and m = @(n3/ 2) edges, where
merging takes n? = m*? time. Alman and Vassilevska Williams propose that the balanced case
needs m*3-°() time [AV26, Section 6]. We use this hypothesis in the form for all graphs with m
edges.

Hypothesis 3.8 (BST). For every ¢ > 0, All-Edges Sparse Triangle on graphs with m edges cannot
be solved in O(m*/3~¢) time.

Several downstream reductions need more than BST, because they start from graphs of bounded
degree, solve the all-nodes version, or solve many independent instances at once. We name the
corresponding forms as follows, with € > 0 arbitrary in each.

o Degree-bounded form BSTpg, for 0 < 8 < 1/2: All-Edges Sparse Triangle on n-vertex graphs
of maximum degree at most n” cannot be solved in O(n'*2°=¢) time. This is the conclusion
of [VX20, Corollary 3.11], and BST,; is the base of [ABKZ22, Theorem 4.1]. Since such
graphs have m < n3/2 edges, BST, /2 implies BST; the converse is not known [ABKZ22,
Section 7).

o All-nodes form: All-Nodes Sparse Triangle (decide for every vertex whether it lies in a tri-
angle) on graphs with m edges cannot be solved in O(m®*~¢) time. This is the statement
of [CX24, Theorem 4.6].

e Batched form: m?/? independent instances of All-Edges Sparse Triangle with m edges and
m?/3 vertices each cannot be solved in O(m?~¢) total time. This is what the proof of [VX20,
Corollary 3.10] uses.

3.4 Relations between different ¢

Hardness of natural instances is not obviously monotone in §, and padding transfers it only with a
loss.

Lemma 3.9 (padding). Let 0 < § < & < 2 and n' := [n?=0/2/C=/27 " Bvery natural instance
of LSTs(n) is a natural instance of LSTg(n') after adding isolated vertices to all three parts.

Consequently, if natural instances of LSTg can be solved in O(n®~¢) time for some ¢ > (& —
0)/(2—408/2), then LSTH; is false.



Proof. After padding, the outer parts have n’ vertices and the middle part n/® > n’® vertices.

Degrees are at most n%/2 < n'%/2 and Q < n?=%/2 < n/2-9/2 1y the choice of n’. Isolated vertices
need not be written down, so an algorithm for LSTs running in time O(n/2~¢) solves the original
instance in time O(n(2-8)(2=0/2)/(2=0"/2) _2-6/2 4 p1+6/2) where the last two terms read the input.
The first exponent is below 2 exactly when (2 — 6/2) > §' — 6. O

Read in the other direction, Lemma 3.9 says that LSTHs implies the lower bound

n?—j_'ig/‘g—o(l)
for natural instances of LSTs, which approaches n? as ¢’ | §. Instances with fewer queries inherit
the hypothesis without loss.

Lemma 3.10 (fewer queries). Let 1/5 <20 <r <2 and 1 < k <2 — 0. Then LSTHy, implies
LST(r,0, k).

Proof. Suppose that instances of LST(n,n", n") with degrees at most n? can be solved in O(n*+t77¢)
time for some ¢ > 0, which we may take below x — 1. Take a natural instance of LSTy,(n), add
isolated vertices to its middle part until it has n” vertices, and split its at most n>~7 query pairs into
at most n?~97" + 1 groups of at most n* pairs. With the same graph, each group is an instance of
LST(n,n",n®) with degrees at most n?, and its input, of size O(n'*? 4+n*), is within the time bound
since k —e > 1. The natural instance is therefore solved in O((n?777" + 1) n"to=¢) = O(n?9)
time, since Kk + o < 2. ]

4 Which lower bounds survive

In this section we classify the main conditional lower bounds that were derived from 3SUM, APSP,
Exact Triangle or weighted k-Clique. For each of them we record the shape of its hard instances
and one of the following verdicts.

Faster. The problem is equivalent to a refuted one and now has a polynomially faster algorithm.
Refuted. The stated lower bound is false, because a known algorithm beats it.

Implied by H. The bound follows from a hypothesis H that no known algorithm contradicts,
usually by the original derivation started from H instead of the refuted hypothesis.

Unaffected. The bound rests on a hypothesis that was never derived from the refuted ones and
is not refuted.

Unsupported. The base hypothesis is refuted and no surviving hypothesis is known to imply the
bound. The problem need not have become easier, but the bound has lost its evidence.

Tables 2 and 3 summarize the classification, and in the rest of the section we give the reasons where
they are not immediate. For a bound derived through the reductions that produce natural instances
of LSTy_2 (Section 3), the verdict depends on the value of vy that it uses. By Corollary 5.2,
these instances are easy when 2 — 2y < &% that is, when v > 1 — ¢*/2 = 0.91078..., and
otherwise LSTHs_o, implies the bounds that use them. Bounds on data structures that answer
queries online can also follow from the Strong SetDisjointness Conjecture restricted to query times
N7 with 7 > 79 := /(2 + ") = 0.0793..., which we write as SSD~,,. By Corollary 4.2 the
conjecture fails below this range, and it survives above. For such bounds the threshold is €*, where



Majdoddin’s data structure stops, and their corners with constant query or update time follow
from the SetDisjointness Conjecture of Patragcu and Roditty [GKLP17, Conjecture 1]. Where the
references list a full version of a paper, its theorem numbers refer to that version.

4.1 Set problems and data structures

We begin with a published lower bound that the data structure of [AV26, Maj26] falsifies as stated.
Goldstein, Lewenstein and Porat [GLP19, Theorem 7] show from 3SUM that every data structure
for Set Disjointness on m sets Sy, ..., S, C [u] of total size N, for every u € [N% N] with 6 > 0,
needs Q(m?~°M) preprocessing time or Q(u!/2=°M) query time.

Proposition 4.1. For every 0 < r < &* and every q > 0 there is ¢ > 0 such that Set Disjointness
on m sets over a universe of size u = m” has a deterministic data structure with preprocessing
time O(m?2~¢) that returns the size of any intersection in O(u?) time. In particular the conclusion
of [GLP19, Theorem 7] fails for u=m".

Proof. Apply the data-structure statement of [Maj26, Theorem 7.4] to the m x u incidence matrix
X and to Y = X7, with m in the role of the N there and D = u = m”. After preprocessing in
O(m?/u?) = O(m?~"7) time, any entry of XY, which is the size of an intersection, is computed in
O(u9) time. Since N < mu, the universe size u = m” lies in [N°, N] for § = r/(1 + ) on instances
with N > u, such as those of [GLP19, Theorem 7]. Hence ¢ < 1/2 contradicts [GLP19, Theorem
7]. O

The same data structure refutes a conjecture of Goldstein, Kopelowitz, Lewenstein and Porat
that predates [AV26].

Corollary 4.2. The Strong SetDisjointness Conjecture [GKLP17, Conjecture 3], which asks for
space QUN?/T?) at query time T for sets of total size N, is false. It fails at every query time
T=N"with0<t1<1=c"/(2+¢").

Proof. Goldstein, Lewenstein and Porat [GLP19, Theorem 4] prove that the conjecture implies
the following: every data structure for Set Disjointness on m sets over [u], for u € [N?, N], uses
Q(m2=°M) space or has Q(u'/27°M) query time. The data structure of Proposition 4.1 uses at
most its preprocessing time, O(m?~), as space and has query time O(u?), so for u = m” with
0 <r<e*and g < 1/2 it violates this conclusion. Hence the conjecture is false.

To see which query times are affected, we follow the proof of [GLP19, Theorem 4]|. For a
parameter u and a small € > 0, it answers queries on arbitrary sets of total size N in time T =
O(u!/?¢) with space O(N?/u!~¢ + §'), where S’ is the space of a data structure for at most
N/u'/?~¢ sets over [Su] with query time O(u!'/?7%). We use Proposition 4.1 for this structure,
with the sets padded by empty ones to (8u)'/" sets, so that S" = O(u(~9/"). For u = N¥ with
v=r/(1+7r(3 —¢)) the padding suffices, and

ST2 — O(NQ,LLfE 4 N27C/(1+T(1/275))) — O(N27Q(1))
at T = N7 with 7 = r(3 —&)/(1+7(3 —¢)). As r ranges over (0,¢*) and € — 0, T takes every
value in (0,e*/(2 + &%)). O

The hard instances of [GLP19, Theorem 7] have m sets of size O( /u) and O(m? /\/u) queries, up
to factors u®©) for an arbitrarily small € > 0. Writing «w = m”, they are therefore natural instances
of LST, for r’ close to r. For r > &%* the bound follows from LSTH, for these r’, since a data
structure with preprocessing m2—¢ and query time u'/2~¢ would solve them in O(m?~¢ 4 m27"e)



Lower bound Instances Verdict

Static set problems and data structures

Offline Set Disjointness [KPP16, Thm 1.4], LST2_ 2y refuted for v > 1 — /2 (Corollary 5.2);
[FKP24, Thm 1.4], [VX20, Cor 3.12], implied by LSTH;_ 2, otherwise

parameter 7y

Set Disjointness over a universe [u], m sets: LST,, u=m" refuted for r < &* (Proposition 4.1); implied
m?~°M preprocessing or u!/27°) for r > ¢ (Section 4.1)

query [GLP19, Thm 7]

Set Disjointness trade-off at v [KPP16, Thm  LST2_2, unsupported for p > 4/(2+¢*) = 1.8413...
1.7; p 4+ 2¢ > 2 [KPP16, Cor 1.8] yx=2-2/p except at ¢ = 0 (Proposition 4.3); implied

Range mode, stretch-(< 2) distance oracles,
3SUM-Indexing over small universes [GLP19,
Cor 9, Thm 12, 14]

Set Intersection with reporting,

p+q > 2 [KPP16, Cor 5.2]

Bounds from Strong SetDisjointness [GLP19,
Thm 4, 8, 10, 13], [GKLP17, Thm 5, 8, 9,
13, 14]

Consequences of Strong

3SUM-Indexing [GKLP17, Thm 1, 2, 7, 11,
12]

Set Disjointness, universe log®m, constant
query time [GKLP17, Conj 1]

Multiphase problem from 3SUM [P&t10,
Thm 3]

via [GLP19, Thm
7]

[KPP16, Thm 1.5]

polylog universe

(r,o,K) =
(0.4,0.2,1.4)

for smaller p and at ¢ = 0 (Section 4.1)
unsupported where they use r < £*; implied
where they use r > ¢* (Section 4.1)

unsupported

refuted or unsupported below query time
NT° (except the sparse case of [GKLP17,
Thm 14]), implied by SSDs -, above
(Section 4.1)

unsupported since 2019 [KP19, GGHPV20];
Thm 1 (Strong SetDisjointness) refuted at
query times N7, 7 < 79 (Corollary 4.2)
unaffected

implied by LSTHo.4 (Lemma 3.10)

Dynamic problems

Multiphase conjecture = dynamic

bounds [P&t10, Thm 2]

st-SubConn, st-Reach, BPMatch, SC, §-PP
from 3SUM [AV14, Thm 5.2]; st-reachability
from Exact Triangle [VX20, Cor 1.6];

a €[1/6,1/3]

Decremental /incremental st-SP, BWMatch
from APSP [AV14, Thm 5.4]

Fully dynamic MCM [KPP16, Thm 1.11];
incremental set intersection

emptiness [KPP15, Thm 9]

Incremental MCM, Q(A%399%) [KPP16, Thm
1.12]

d-failure connectivity, query time d*/27°() at
deletion time d* [KPP16, Thm 5.3]

Dynamic matrix inverse and

relatives [BNS19], partially dynamic distance
oracles [HLS24], dynamic attention [BSZ24]

capped listing, r =
2
30—ay € [0.8,1]

one-way
APSP-hard
LSTs o,
LST1.1231

LSTs, 6 < 1/a

hinted OMv

implied by the multiphase conjecture

implied by LSTL(r, 0, k, A) (Section 4.2)

unsupported

implied by OMv for every ~; the
approximate variant of Thm 1.11 as Cor 1.8
(Section 4.1)

implied by LSTH; 1231

implied by OMv [HKNS15, Cor 3.12]
(Section 4.2)

thin-hint end unsupported; main bounds
implied by hinted OMv outside the refuted
regime (Section 4.2)

Table 2: Set problems and dynamic problems after the refutation. e* = 0.17227... (queries online),
e®™ = 0.17843 ... (queries known in advance); LSTs, LST and LSTL are defined in Section 3.



Lower bound

Instances

Verdict

Triangles, cycles and distance oracles
All-Edges Sparse Triangle, mi/3 [VX20, Cor
1.1], [CX24, Thm 3.1, 4.3, A.3]

Reporting m triangles, m*3 [P5t10, Thm 5]

Enumerating ¢ triangles [KPP16, Thm 1.10]

AE-Sparse Triangle, maximum degree
n” [VX20, Cor 3.11]
AE-MonoA, n®/2 [VX20, Cor 3.10]

Distance oracles, dynamic APSP, cycle
enumeration [ABKZ22, Cor 1.7-1.9]
4-cycle and related bounds [ABKZ22, Cor
1.11]

Graphs with few short cycles [ABF23, Thm
1.1-1.5], [JX23, Thm 1.5, 1.7]
1/4

Triangle detection, maximum degree n"/~,
n'® [JX23, Thm 1.14]

All-Nodes Sparse Triangle, m®/4 [CX24,
Thm 4.6]

Sparse Triangle Detection, m®/7 [CX24, Thm

m-edge graphs
balanced

dense, t < m3/?

equal parts

O(n) independent
instances
maximum degree
Vn

triangle detection,
maximum degree

vn
from 3SUM
Strong 3SUM

m = N3

Strong Exact

implied by BST (it is BST)

implied by BST (equivalent under
randomized reductions [DKPW20])
implied by TLH

implied by BSTg (it is BSTp3)

implied by the batched form of BST
implied by BST /;

unaffected (Section 4.3)

sharper exponents unsupported; weaker
forms from BST; o through [ABKZ22]

unsupported

implied by the all-nodes form (it is that

form)

4/3

implied, even with m™*°, by the hypothesis

4.7] Triangle of [ABKZ22, Cor 1.11]
Strings, geometry, convolutions
Jumbled (histogram) indexing [ACLL14, (strong) unsupported
Thm 2, 3, 5], [GKLP16, Thm 6, 7] Convolution-

3SUM, 3SUM
Local alignment, alphabet n'~° [AVW14, 3SUM,; unsupported
Thm 1]; alphabet /n [AVW14, Cor 1] Max-Weight

4-Clique
Local alignment, binary alphabet [AVW14, SETH unaffected
Thm 2]
GeomBase, 3SUM’ [GO95] equivalent to 3SUM  faster
Three collinear points, point covering, one-way from unsupported
motion planning [GO95]; minimum-area 3SUM
triangle [Kin04]; polygon
containment [BHPO1]
Problems as hard as sorting X + Y, unaffected
o(n?logn) level [Bar96]
(min, +)-convolution class [CMWW19, Thm  reduces to 3SUM, faster
2 APSP
MonoConvolution [LPV20, Thm 7, §] equivalent to 3SUM  faster

Other bases
APSP-equivalent problems [VW18, AGV15]

One-way APSP-hard problems, e.g. [AV14,
Thm 5.4], local alignment at n'®> [AVW14]

Average-case Zero-k-Clique [LLV19, AHY25]

faster [AV26]
unsupported

refuted in every form with polynomially
bounded weights [AV26, Cor 39]

Table 3: Triangle, string, geometric and other bounds after the refutation. BSTpg, the all-nodes
and batched forms, and TLH are defined in Section 3.
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time. For €* < r < €®° these instances are easy by Corollary 5.2, but the bound, which concerns
data structures, still follows from SSD~, through [GLP19, Theorem 4], since preprocessing time
bounds space. At u = m” that theorem uses the conjecture at query times about N7/(2t7) py
the computation in the proof of Corollary 4.2, and r/(2 + r) > 79 when r > &*. The bounds
that [GLP19] derive from its Theorem 7 by further reductions behave in the same way: they
are unsupported where they use it with » < ¢*, and otherwise they follow from SSD.,,, and for
r > &% also from LSTH,. for »’ near . The bounds that [GLP19, GKLP17] derive from the Strong
SetDisjointness Conjecture itself are unsupported where they use it at query times below N0
except that on sparse graphs [GKLP17, Theorem 14] also follows from the Directed Reachability
Hypothesis of [GKLP17, Conjecture 12], through [GKLP17, Theorem 15]. Two of them are even
refuted there: [GLP19, Theorem 4], by Proposition 4.1, and [GKLP17, Theorem 5], a bound for
detecting whether an edge lies in a triangle, by the data structure of Corollary 4.2 applied to the
neighbourhoods of the vertices.

The trade-offs of Kopelowitz, Pettie and Porat for Set Disjointness are not refuted, because they
concern data structures for all instances, but for v > 1 — £*/2 a data structure beats the trade-off
on the instances used to prove them.

Proposition 4.3. For every v > 1 — €*/2 there is ¢ > 0 such that the instances of [KPP16,
Theorem 1.4] with parameter v admit a deterministic data structure with

tp+N%3 ty = O(N%‘C),

where N s the total size of the sets, t,, the preprocessing time and t, the query time. The trade-off
of [KPP16, Theorem 1.7] asserts that no data structure for Set Disjointness achieves this.

Proof. The instances have ©(nlogn) sets of size O(n!~7) over a universe of size D = ©(n?~27),
so N = O(n?> Vlogn), NMN/C=7) = §(n'*7) and N¥2=7) = ©(n?). Moreover, D < (nlogn)®
for some e < e* because 2 — 2y < ¢*. Fix ¢’ < 1/2. By the data-structure statement of [Maj26,
Theorem 7.4] there is v/ > 0 with t, = O(n?/D"") and t, = O(D?), so t,+n't7t, = O(n>~ =207 ¢
nit7+2=294") "and both exponents are below 2 because ¢/ < 1/2. O

Corollary 1.8 of [KPP16] (p + 2¢ > 2 for preprocessing NP and query time NY) is proved by
applying Theorem 1.7 with v = 2 — 2/p + &’ for a small ¢’ > 0. Since preprocessing time bounds
space, and query time N? is also query time NV 7 for every ¢ > ¢, a data structure with p +2q < 2
contradicts the Strong SetDisjointness Conjecture at query time N for ¢/ just below 1 — p/2.
Hence the corollary follows from SSD-, for 1 — p/2 > 79, that is, for p < 4/(2 +¢*) = 1.8413. .,
and for p < 4/(2+ &%) = 1.8361. .. also from LSTHy/,_5_o.s. For p > 4/(2 + €*) Proposition 4.3
beats Theorem 1.7 on its instances, and the corollary is unsupported there, with one exception. At
g = 0 it follows from the SetDisjointness Conjecture of Patragcu and Roditty [GKLP17, Conjecture
1], which is not affected. That conjecture concerns universes of polylogarithmic size, where N is
quasilinear in m. The fully dynamic trade-off for maximum cardinality matching [KPP16, Theorem
1.11] and the incremental one for set intersection emptiness [KPP15, Theorem 9] survive for every
v, because the OMv conjecture, which is not affected, implies them. For Theorem 1.11, OMv
rules out polynomial preprocessing together with update time 6(y/m) for maintaining the size
of a maximum matching [HKNS15, Corollary 3.4], and a data structure that beats the trade-off
has polynomial preprocessing and update time m{(=1/C=1=20)  where (1 —4)/(2 — ) < 1/2.
For [KPP15, Theorem 9], take the n rows of the matrix of the OuMv problem [HKNS15, Theorem
2.7], which has n® columns, as sets, and answer each of n vector pairs (u,v) by inserting v as a new
set and asking |u| emptiness queries. A data structure that beats the trade-off then solves OuMv
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in O(n'*7; + n?t,) = O(n*+*=2W) time for 1 — v < a < 2(1 — ) /7. The version of Theorem 1.11
for approximate matchings without augmenting paths of length 7 is not covered by [HKNS15]. It
answers Set Disjointness queries online through the matching gadget of [KPP16, Section 4.2], so
the analysis of Corollary 1.8 applies to it, with constant update time in place of constant query
time.

The reporting bound [KPP16, Corollary 5.2] uses the instances of [KPP16, Theorem 1.5], which
must enumerate up to n?2~° elements of the intersections with § — 0. This is about as many as the
merging algorithm reads. It is thus a bound on the overhead of reporting. None of the hypotheses
of Section 3 covers it, and the counting algorithms of [AV26, Maj26] do not report elements.

The multiphase problem of Patragcu [Pat10] gives one set in its second phase, so the data
structure of [AV26], which preprocesses both families of sets, does not apply to it. The multiphase
conjecture survives. Its evidence, however, came from 3SUM. The derivation [Pat10, Theorem 3]
queries the intersections of k = R\/n sets of size n/R over a universe of size ©((n/R)?) with one
set per vertex of the other side, for nR query pairs, with R = n%. In the notation of LST(r, o, k),
with n!?> vertices on each outer side, these instances have (r, o, x) = (0.4,0.2, 1. 4) A multiphase
data structure that beats [Pat10, Theorem 3] would answer all these queries in n?~(Y) time, so
LST(0.4,0.2,1.4) implies the theorem, and by Lemma 3.10 so does LSTHg 4. In that reduction the
triangles are listed only after these queries are answered, so their number affects the listing step
and not the queries.

Finally, the new algorithms change what is possible for 3SUM-Indexing, where the arrays A
and B are preprocessed and a query asks whether a + b = 2z for some a € A and b € B. A data
structure with truly subquadratic preprocessing time and truly sublinear query time would have
refuted the 3SUM hypothesis [DG25], and such a data structure now exists.

Proposition 4.4. 3SUM-Indezing on n integers of polynomial magnitude has a randomized data
structure with preprocessing time O(n*=¢) and expected query time O(n'=¢) for some ¢ > 0.

Proof. Goldstein, Lewenstein and Porat [GLP19, Lemma 6] reduce a 3SUM-Indexing instance, for
any X € [n%,n] and € > 0, in truly subquadratic time to O(e log X) instances of Set Disjointness, the
i-th with m; = n\/X/u; sets of size O(\/u;) over a universe of size u; = X'7¢/2071 € (X172 X1+e]
so that each 3SUM-Indexing query is answered by O(n/ VX X) queries to each instance and truly
sublinear expected additional time. Take X = n!/1% and € small. Then u; < mo 1 “and the data

structure of [Maj26, Theorem 7.4], used as in Proposition 4.1 with D = u; < mo 1 , preprocesses
the i-th instance in O(m?/u)) < O(n?X'~(1=9)147)) time and answers its queries in O(u?) <
O(X90+2)) time. For € < /3 and ¢ < 1/4 the preprocessing is O(n?>~¢) and a 3SUM- Indexmg
query takes O(nX90+9)=1/210gn) = O(n'~¢) time. O

The 3SUM-Indexing conjecture itself, which concerns truly subquadratic space with O(l) query
time, is not affected [AV26, Section 1.2].

4.2 Dynamic problems

The 3SUM-based bounds of Abboud and Vassilevska Williams [AV14, Theorem 5.2] use the triangle
instances of [Pat10, Lemma 11] and need their capped listing version [AV14, Theorem 10.1], which
lists all triangles or reports that there are more than A = O(n?/R). The graphs have two parts
of Ry/n vertices, a third part of n vertices, degrees O(n/R) into the third part and O(nR) query
edges, with R ~ n'=3%/2 for the trade-off parameter a € [1/6,1/3]. With N := R\/n = n3(1-)/2
vertices on each outer side, they are instances of LST(N, N, N*) with degrees at most N7 and at
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most N triangles, where

2 o 4 —3a 24 3«
0’277 R= ——— =

"T31-a)y 1-a 31— a)’ 31— a)’

so that r € [0.8,1] and N9 = N?" = n2. The parameters saturate the bounds of natural instances
only at a = 1/3, and A < k for a < 1/3. These bounds therefore follow from LSTL(r, o, k, A), far
from the range of the known algorithms. Pagh’s problem is not derived from these instances but
through the multiphase route [Pat10]. The trade-off for dynamic st-reachability stated from Exact
Triangle in [VX20, Corollary 1.6] is the same as [AV14, Theorem 5.2] and has the same verdict.
The APSP-based bounds [AV14, Theorem 5.4] reduce from Min-Weight Triangle with polynomial
weights, which is equivalent to APSP and now faster, to the dynamic problems. Since this reduction
goes only one way, these bounds are unsupported.

The bound for incremental maximum cardinality matching [KPP16, Theorem 1.12] takes v =
(1+a)/(2+3a) = 0.43845. .. with a = (v/17—1)/8, hence § = 2 —2y = 1.1231.... From the OMv
conjecture, which the refutation does not affect, Dahlgaard later derived the bound Q(nlf"(l)) for
incremental maximum cardinality matching, as [KPP16, Section 1.6] notes. The bound for d-failure
connectivity [KPP16, Theorem 5.3] says that queries need d/2=°(1) time unless preprocessing or
deletions are slow. For deletion time d* it needs instances with 6 = 2 — 2y < 1/a, so that the
deletions are negligible, and it is supported by LSTH; for such ¢ exactly when 1/a > £, that
is, when a < 1/¢® = 5.604.... The data structure of Duan and Pettie discussed in [KPP16,
Section 5] has deletion time A%t with ¢ > 1, so for it the bound no longer follows from the
lopsided hypotheses. It survives nevertheless, because the OMv conjecture implies the stronger
bound d'=°") on the query time for every polynomial deletion time [HKNS15, Corollary 3.12],
as [KPP16, Section 5.3 already notes.

The hinted OMv conjectures of van den Brand, Nanongkai and Saranurak [BNS19] are refuted
for thin hints, and the lower bounds that used that end of their trade-offs (for dynamic matrix in-
verse with fast queries, partially dynamic distance oracles [HLS24] and dynamic attention [BSZ24])
are unsupported [AV26, Section 5.4], although no faster algorithm for these dynamic problems
follows. The main bounds of [BNS19], at hint dimension n’3 use the conjectures far from the
refuted range.

4.3 Triangles, cycles and distance oracles

Most triangle bounds derived from Exact Triangle, 3SUM or APSP use graphs whose parts have
comparable sizes, but the precise hypothesis they need varies. The bounds of Abboud, Bringmann,
Khoury and Zamir for distance oracles, dynamic APSP and cycle enumeration [ABKZ22, Corollaries
1.7-1.9] start from all-edges triangle detection in n-vertex graphs of maximum degree /n [ABKZ22,
Theorem 4.1], which is BST; /5. The authors of [ABKZ22] do not know how to reduce the general
case to it. The bound n®? for AE-MonoA [VX20, Corollary 3.10] packs the m?/3 independent
sparse instances, m!/3 at a time, into instances of AE-MonoA. It therefore needs the batched form,
since a single balanced instance embedded in AE-MonoA gives only an n? bound. The all-nodes
bound [CX24, Theorem 4.6] uses graphs with N vertices per part, m = N 4/3 edges and maximum
degree N1/3.

The refinements of Abboud, Bringmann and Fischer and of Jin and Xu for graphs with few
short cycles [ABF23, JX23] assume 3SUM, so their sharper exponents are unsupported. Weaker
versions, however, follow from BST} , through the short-cycle removal of [ABKZ22]. The bound
of [JX23, Theorem 1.14] assumes the Strong 3SUM hypothesis (integers in [—n?,n?]), which the
algorithms of [AV26] refute, so it is unsupported.
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The 4-cycle bounds of [ABKZ22, Corollary 1.11] assume that detecting one triangle in a graph
of maximum degree \/n needs n27°() time. This hypothesis was never derived from 3SUM or
APSP [ABKZ22|, and the new algorithms do not bear on it. Since an algorithm for the all-edges
or the all-nodes version detects a triangle, the hypothesis implies BST /5, hence BST, and the
all-nodes form (such graphs have m < n%/? edges). The evidence offered for it in [ABKZ22, Section
7] is a reduction (Theorem 7.6) from Zero-Triangle with parts of sizes n, \/n, v/n and weights up
to v/n, under a Strong Zero-Triangle Conjecture stated for all parameters (Conjecture 7.5). That
conjecture is refuted in its symmetric case, with parts of size n and weights up to n, by the Exact
Triangle algorithm of [AV26], but the regime used by Theorem 7.6 is not known to be affected.
The hypothesis also gives the bound m?*/3=°(1) for detecting a triangle in graphs with n vertices,
maximum degree \/n and up to n3?2 edges. The detection bound m?7 of [CX24, Theorem 4.7]
therefore survives, although it assumes the Strong Exact Triangle hypothesis (weights in [—n,n]),
which is refuted as well.

4.4 Strings, geometry and convolutions

The bounds for jumbled indexing, derived from Convolution-3SUM and its strong form [ACLL14]
and from 3SUM [GKLP16], and for local alignment over large alphabets, derived from 3SUM and
Max-Weight 4-Clique [AVW14], rest only on refuted hypotheses. The quadratic bound for binary
local alignment rests on SETH [AVW14, Theorem 2| and is unaffected.

In computational geometry, GeomBase is equivalent to 3SUM [GO95] and now has a polynomi-
ally faster algorithm. Three collinear points, point covering and planar motion planning [GO95],
minimum-area triangle [Kin04] and polygon containment under translation [BHP01] were shown
hard by reductions from 3SUM in one direction only, so their quadratic bounds are now unsup-
ported. Lower bounds in restricted decision-tree models remain for 3SUM itself [Eri99] and for
three collinear points [ES95]. Problems shown as hard as sorting X + Y [Bar96], which concern an
o(n?logn) algorithm, have a base that the new algorithms do not affect. The problems equivalent
to (min, +)-convolution [CMWW19, Theorem 2] are faster, because (min, +)-convolution reduces
to 3SUM and to the (min, +)-product [BCD+14, BIS17, CMWW19]. MonoConvolution, for its
part, is equivalent to 3SUM at its n3/2 baseline [LPV20, Theorems 7, §].

5 Queries known in advance

The data structure behind Theorem 3.4 answers the queries one at a time. When the set W of
query positions is known in advance, as in LST and in offline Set Disjointness, the pruned recursion
of [AV26, Section 2.4.2] visits only the leaves that the wanted entries need, and Majdoddin’s count
of these leaves [Maj26, Lemma 6.1] can be used as it stands. The analysis behind Theorem 3.4
instead splits the leaves at a threshold, the switching order, on the number of inner levels at which
a leaf does not use the term Py that feeds only the inner product, and this split limits it to e < €*.
Majdoddin evaluated the range that the unsplit count allows numerically as about 0.1784 [Maj26,
Remark 6.2 and Section 8]. In this section we prove that the method reaches every ¢ below the
constant € defined in (1). Sections 3 and 4 use this range for the problems whose queries are
known in advance.

Theorem 5.1. For every e < £ there is v > 0 such that the following holds. Let X € ZN*P and
Y € ZP*N have entries of absolute value NOW | with 2 < D < N¢, and let W be a set of at most
NQ/\/E positions, given together with X and Y. Then the entries of XY at W can be computed
deterministically in O(N?/D7) time.
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Corollary 5.2. For every 6 < €** and every p > 1/2 there is v > 0 such that the counting version
of LST(n,n®,n?> %) can be solved deterministically in O(n*>~7°) time. In particular LSTHs and
#LSTHs are false for every § < .

The corollary follows from Theorem 5.1 as Theorem 3.4 follows from Majdoddin’s theorem, with
N=n,D= nd and n2 M < N2/\/5.
The constant. Let H(z) = —xInz — (1 —2)In(1 —z), and for c > 1 and 0 <y < 1 let

1—y 1
— _1 — _ —
fy) =H(y) +yln4 - 51n2, be(y) == c(H( . > H(c)) +ylnd4,
A(c) :=cln5— L(cH(1/c) + (¢ — 1)In4).
Since f'(y) = 1n@ > 0on (0,4/5), f(0) < 0and f(4/5) > 0, f has a unique root y; in (0,4/5).
The function b, is concave, since b(y) = —1/(1 —y) —1/(c — 1+ y) < 0, and b.(0) = 0. For
y > 0 it strictly decreases in ¢, since 9b.(y)/0c = In sziy < 0. We check below that b.(ys) is
positive at ¢ = 4.8268 and negative at ¢ = 4.8269, so there is a unique cpin with b, (y7) = 0, and
4.8268 < cmin < 4.8269. We set

ex In2 B
e = Alemm) 0.17843.... (1)

The function A increases in c, since 4’(c) = 3 In % > 0 for ¢ > 25/21.

The construction. We recall what the proof uses from [Maj26, Sections 3-6|, for integers L >
m > 1, D =4™ and Ny := 4~™. The base identity has five terms Pi1, Po1, P2, Pao, Py: the term
P;; contributes to the outer output z;; and to the inner output zp, and Py only to z9. A squared
run tensors the identity over 2L levels, the last L with left and right exchanged. Its outputs are
strings w of 2L output variables, and w is read if it has zy at exactly m levels of each half; these 2m
levels form the set Q(w). The rows of X are cut into blocks of Ny rows and the columns of Y into
blocks of Ny columns, K, consecutive blocks form a row band or a column band, and a tile is a row
band together with a column band. With two fixed re-indexing maps and a list of K, good sets of
m levels, the 2m + 1 squared runs of a tile compute all Kg block products of the tile, each entry
as the sum of one output of each run at a read output string fixed in advance [Maj26, Theorem
5.1]. The input arrays of a run depend only on the bands, so each band is encoded once per run.
A leaf is a string 7 of 2L terms, its order is 2m minus its number of terms Py, and the product
II(7) at 7 is the sum over the runs of the products of the encodings at 7. The entry at a read
output string w is the sum of II(7) over the leaves that contribute to w, namely those with any
term at the levels of Q(w) and with P;; at every other level at which w has z;;. For a set U of read
output strings, Leaves(U) is the set of leaves that contribute to some w € U. Let o, := (22”)4d,
let B, := (mL_e)4L_m+e be the number of strings of L terms with exactly m — e terms Py, and let
By = Yy +dy=d Bay B, With 0 < dy,ds < m. Exactly o leaves of order d contribute to each read
output string, exactly /3, leaves of order d have at most m terms Py in each half, and every leaf
that contributes to a read output string has at most m in each half. Hence [Maj26, Lemma 6.1]

2m
|Leaves(U)| < Z min{|U|al, 55} (%)
d=0

Proof of Theorem 5.1. Let ¢ < €®*. Since A is continuous and increasing, there is ¢ € (¢min, 4.8269)
with A(c) < In2/e. Then b.(yf) < benn(ys) = 0, so there is ¥ < yy with b.(y') < 0, and

15



< 0. Since f increases on [0,4/5], f < f(y') on [0,y']; since b, is concave with b.(0) = 0,
be(y) < Gbe(y') < be(y') on [y, 1]. Hence

Qax min{f(y),be(y)} < =g, g:= —max{f(y),be(y/)} > 0. (2)
Choose v > 0 with v < g/(2In2) and A(c) + yIn2 < In2/e.

We use this construction. We pad D to 4™ with 4™~ < D < 4™ so that |W| < 2! N? and
N > 4m=1/e "and from now on write D = 4™. Let L := [¢m)], so that ¢ := L/m € [¢,c+ 1/m),
and let K = (ﬁl), so that By = KNg. The list of good sets has K, > p2 K entries, where
2, =0.0833... [Maj26, Lemma 4.1], so a tile has E := KZN§ entries.

The algorithm. It computes the encodings of all row and column bands, 2m + 1 arrays of
O(25%) numbers per band [Maj26, Section 5]. Then, for every tile 7" in the set 7 of tiles, it runs
the pruned recursion [AV26, Section 2.4.2] on the 2L levels, with the set Wr of the output strings
of the positions of W that lie in 7" and with the product II(7) returned at a leaf 7 [Maj26, Section
6]. By [Maj26, Theorem 5.1] and [AV26, Lemma 10|, this computes the wanted entries, visits
exactly the leaves in Leaves(Wr), and uses O(L?) operations per visited leaf. There are at most
4N/(KzNp) bands and |T| < 4N?/E. The re-indexing maps [Maj26, Lemma 4.1], the lists of good
sets and the location of the output strings take O(NL") 4+ LN2/NZ + L?|W|) operations, as in
the proof of [Maj26, Theorem 7.2]. All numbers have O(log N') bits by the argument of [Maj26,
Section 7], since L < (¢4 1)m and N > D'/e,

Leaves. We sum (x) with U = Wy over the tiles. Since Y pcrmin{zy, y} <min{} rz7,|[T|y},
|W| <2'"™N? and E > put K2NZ = p, 52, we obtain

U , 4N® aen . goy By
Z |Leaves(Wr)| < me {|W\ad, N ﬁd} < 4N me{Q—m, Yy }
ey o d—0 /’LOOIBO

Write y = d/(2m) € [0,1]. The bounds e"#*/™) /(n 4+ 1) < (}) < e"HE/M) give of /2m < &2m/W)
and B./By < (L + 1)embc’(e/m). By concavity, b (z1) + be(22) < 2by(y) whenever z1 + 29 = 2y, so
BY/B2 < (m+1)(L+1)%e*« W) and by < b, because ¢/ > ¢. With (2),

Z |Leaves(Wr)| < 4uz(2m + 1)(m 4+ 1)(L + 1)> N?e=2m9,
TeT

so the pruned recursions use O(L*m*NZ2e=2"9) = O(N2D~9/™2]0g% D) operations, as > =
Dl/ In2

Encodings and tiles. The encodings take O(m 25 N/(KyNy)) operations, which is O(N?/D7)
when mD7Y25% /(KyNy) < N. This condition also gives the condition N > K Ny of the tiling, since
251 > K2Ng [Maj26, proof of Corollary 7.3]. As there, K > MH0m/L) /([ 4 1), and Lln2 —
LH(m/L) increases in L with derivative at most In 2*, so that

mD7 25 % m(L+1) 2m(A(c)+71n2)
KgNO N 4“20

Since A(¢)4+~vIn2 < 1In2/e and N > 4(m=1/e = g2(m=1)In2/e the condition holds once m exceeds a
constant depending on ¢; for smaller m, D is bounded and the statement is trivial. The total time

is O(N2/D"). 0
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The numerical value. Let yo := 1379/20000, y; := 6897/100000, ¢ := 100000/560443 =
0.178430... and &1 := 5000/28021 = 0.178437.... We check that

In2
Flyo) <0, busaeo(yo) <0, A(4.8269) < —=,

an2 (3)
f(y1) > 0, b4,8268(y1) > 0, A(4.8268) > Z

Fach of these says that a combination of logarithms of rational numbers with rational coefficients
has a given sign. Multiplied by a common denominator of the coefficients (20000, 20000, 100000,
100000, 100000 and 5000) and exponentiated, they become the inequalities

2000020000 < 27242 . 13791379 . 1862118621
22758 . 1000020000 . 3826976538 . 9653896538 < 1862118621 . 4826996538 . 7791777917,
5482690 . 1000050000 i 38269191345 < 2943133 . 48269241345
236206 . 68976897 . 9310393103 < 100000100000’
12067482680 . 9310393103 . 389577389577 < 213794 . 2500100000 . 9567382680 . 482680482680
247155 . 1206712067 < 524134 . 25002500 . 956795677

which we verify in exact integer arithmetic (computed’; see Appendix A). The first two give 3o < y [
and, by concavity, b4,8269(yf) < 0, 80 ¢min < 4.8269, and with the third, e > gy > 0.17843. The
fourth and fifth give y; < y1 and bsgaes(yr) > 0, since bagaes is concave and positive at yi, so
Cmin > 4.8268, and with the sixth, e < e; < 0.17844. Unlike the split form of [Maj26, Corollary
7.3], which needs ¢ > 5, the exact count works for these ¢ < 5.

6 Why the analysis stops at In4/(5In5)

The hypotheses of Section 3 are stated beyond the range of the known algorithms, and it is fair to
ask whether a better base identity would move that range. In this section we collect what is known
about this question. Most of it is due to Majdoddin [Maj26, Appendix A]. We add the enumeration
of the shapes that could improve the closed-form range and Koszul-flattening bounds for identities
with two inner outputs. In short, no base identity in the classes analysed here is known to beat &*:
among border identities with one private term, kn + 1 terms and at most one shared variable, only
the shape of the five-term tensor attains it (Proposition 6.1); with several private terms, when every
outer output lies in a term that covers no other outer output, the shapes with £ = 1, (k,n) = (2,2)
and (k,n) = (2,3) give no saving or do not exist, and larger shapes are open; and the two natural
profiles with two disjoint inner outputs do not exist (Proposition 6.2).

A base identity is a decomposition Zle VAUAX N, €xact up to an error that the method tolerates
or in the border sense, of the trilinear form ;< <, iy;zi;+ I 20, where F' is a bilinear form whose
rank qg is the inner length. The method takes the L-th tensor power, keeps the output strings that
contain zy at exactly m = L/c positions, and computes only the leaf products that the wanted
outputs need [AV26, Section 2]. A term is private if its output form is a multiple of zy. A variable
of F that also occurs in the outer product is shared. For one shared variable, S(k,n,q’) denotes
the tensor with inner form 37 ./ psgs + cy1, of effective inner length ¢’ + 1 [Maj26, Appendix A.5].
The five-term partial-product tensor of [Cop82, Maj26] is S(2,2,1).
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The closed-form range. The analysis of [Maj26] saves a polynomial factor exactly for ¢ < ef =
In4/(51n5) with the five-term tensor. That of [AV26] does so exactly for ¢ < ey =1n4/(51n10) =
0.1204 with Schénhage’s ten-term identity. Both limits have the form

21nqq
RInR )

for an identity with R terms and inner length gy per half of the squared run (R = 5, ¢o = 2 and
R =10, gqo = 4). The reason is that in both cases the leaf count needs ¢ > R, and at ¢ = R the
condition that a tile fits coincides with the cost of the encodings [Maj26, Proposition 8.1]. The
derivation uses only these features, so we use (4) to compare identities with one private term in
which every outer output lies in exactly one term. This limits the closed-form analysis, not the
method: with W known in advance the method reaches every ¢ < € with the five-term tensor
(Theorem 5.1), and numerically about 0.1292 with Schénhage’s identity [Maj26, Section 8|.

R =

Barriers. Majdoddin proves the following barriers.

e For k,n > 2, an exact identity whose inner variables are disjoint from the outer ones, with a
harmless error, has go < R — k — n [Maj26, Proposition A.2].

e A border identity has g0 < R — k — n + 1 with disjoint inner variables and effective inner
length at most R — k — n + 2 with one shared variable [Maj26, Propositions A.4, A.5].

e A run in which every output is a correct single output of a distinct entry and block cannot
use two shared variables on the same side, nor, if the blocks that compute each entry are
disjoint, one on each side [Maj26, Theorem A.9].

e Ry private terms give a saving only if R%R?(C_l) < qo, where every outer output lies in at
least R; terms that cover no other outer output [Maj26, Lemma A.1].

The exact identity obtained from Schéonhage’s by z11 +— 211 + 2¢ reaches inner length R—k—n+1
but shares 1 and y;, which Theorem A.9 rules out [Maj26, Appendix A.1]. Full products as base
identities are excluded for many shapes [Maj26, Theorem A.14, Corollary A.18].

One private term. Combining the cap with (4) leaves only a few shapes.

Proposition 6.1. Let a border identity (for instance an exact identity without error) have one
private term, outer product (k,1,n) with k <n, R = kn+1 terms, at most one shared variable and
inner length qo. If € > €*, then (k,n,qo) is (2,2,2), the shape of the five-term tensor, for which
e =¢% orone of (1,1,2), (1,2,2), (1,3,2), (1,4,2), (2,2,3), (2,3,4). No identity of the last six
shapes exists.

Proof. Since q¢o < R, e < 2/R < 1/6 < &* for R > 12 (as 5° = 3125 < 4096 = 49), so
kn < 10. Evaluating (4) for these shapes with q9 < R — k — n + 2 gives the list, with equality
eh = 2In2/(5In5) = ¢* for (1,4,2) and (2,2,2) (computed’). Each of the last six shapes has
go = R—k —n+2, so it needs one shared variable, and up to exchanging left and right its tensor is
S(k,n,q0 — 1) or S(n,k,qo —1). For (1,n,2), S(n,1,1) is concise of left dimension n + 2 > R, and
S(1,n,1) has border rank at least n + 2 for n < 6 [Maj26, Remark A.6]. For (2,2,3) and (2,3,4),
S5(2,2,2), S(2,3,3) and S(3,2,3) have border rank at least 6, 8 and 8 [Maj26, Remark A.7], more
than R = 5 and R = 7. Table 4 reproduces these bounds. Identities that are exact only up to a
tolerated error are covered by [Maj26, Proposition A.2] when k,n > 2 and their inner variables are
disjoint from the outer ones, and not otherwise. O
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With Ry > 2 private terms, (4) is not the range of the method. Adding Ry — 1 private terms
Psqszo to the five-term tensor gives border identities with R = Ry + 4 terms and g9 = Ry + 1,
for which (4) exceeds ¢* when Ry < 5. By [Maj26, Lemma A.1], however, they give no saving at
all, since R2 > qo. In general, when every outer output lies in a term that covers no other outer
output, Lemma A.1 requires R < g < R—k—n+2=(k—1)(n—1)+ Ry + 1. For k = 1 and
for (k,n) = (2,2) this is impossible, and for (k,n) = (2, 3) it forces Ry = 2 and ¢p = 5. No border
identity attains this, because S(2,3,4) and S(3,2,4) have border rank at least 9 > 8 (Table 4). For
larger shapes with Ry > 2 we do not know the range.

Several inner outputs. The barriers of [Maj26] assume one inner output per level. A natural
way around them is to let the outer terms serve two inner products at once. The private-leaf
count suggests that this would help. For a profile of terms, the leaf model of [Maj26] gives a rate
value [Maj26, Remark 6.2 and Appendix A.1]: the largest product ey of range and saving that
the exact count of leaves allows, maximised numerically over the parameters of the construction.
With pruned encodings the five-term tensor scores ey = 0.0061 in this model, at ¢ = L/m =~ 10.85
with € &~ 0.0811 and v ~ 0.0756 (against 0.005825 in [Maj26]). The profile with outer product
(2,1,2), two private terms and four outer terms that each serve two inner outputs of length 2
scores 0.0102, at ¢ = 6.37 with ¢ ~ 0.1258 and v ~ 0.0814, and the analogous profile with outer
product (3,1,3) and two inner outputs of length 4 scores 0.0074, at ¢ ~ 11.51 with € ~ 0.1013 and
v~ 0.0729 (computedT). Proposition 6.2 shows that neither profile exists when the inner products
are disjoint.

Proposition 6.2. The tensor (2,1,2) ®(1,2,1)® (1,2,1) has border rank at least 7, and (3,1,3) ®
(1,4,1) & (1,4, 1) has border rank at least 13, while the two profiles need 6 and 11 terms.

Proof. The bounds come from Koszul flattenings [LO13], and the ranks are listed in Table 4. [J

Tensor flattening rank bound terms
S(1,n,1),n=1,2,3,4 B(n=1),Ap=1 3,7,9,11 3, 3.5, 45, 55 n+1
S5(2,2,2) C,p=1 22 5.5 5
S5(2,3,3) C,p=3 141 7.05 7
S5(3,2,3) C,p=1 45 7.5 7
S5(2,3,4); 5(3,2,4 C,p=3;p=1 161; 51 8.05; 8.5 8
(2,1,2) @ (1,2,1)®2 C,p=2 66 6.6 6
(3,1,3) @ (1,4,1)®2 C,p=5 3102 12.31 11

Table 4: Koszul-flattening lower bounds on border rank. The flattening is APV @ U* — APV @ W
for a factor V' (C: the output factor) and the bound is the rank divided by (dim;_l); “terms” is
the number of terms the identity or profile would have. Ranks are exact over Q and agree with
ranks modulo 23 — 1.1

7 Open problems
We close with some questions that the classification leaves open.

1. Is LSTH; true for some 67 Is hardness monotone in d, so that there is a threshold §* € [¢°%, 1]
below which natural instances are easy and above which they are hard? Lemma 3.9 gives
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only a weak form of monotonicity. Theorem 5.1 needs the queries in advance. Can a data
structure that answers queries online reach beyond £*?

2. Is there a base identity outside the classes of Section 6 whose closed-form range, with queries
online, exceeds Coppersmith’s exponent? The thin full products that [Maj26, Appendix A.9]
does not exclude, the smallest being (34,2,35), are candidates, and so are identities with
several private terms, whose range is not known.

3. Can capped listing, triangle listing or Set Intersection with reporting be solved faster on
lopsided instances, as counting can? A positive answer would bear on the listing hypotheses
and on the status of [KPP16, Corollary 5.2].

4. Does LST(r, 0, k) follow from the natural hypotheses also when 20 > r or k < 1, the cases
that Lemma 3.10 leaves out? Does the listing hypothesis LSTL(r, o, k, A) follow from them,
or from BST? Does BST imply BST, , [ABKZ22]?

5. Can the quadratic lower bounds for three collinear points and the other 3SUM-hard prob-
lems of computational geometry be derived from a surviving hypothesis, such as k-SUM for
some k > 4, BST, or SETH? No polylogarithmic improvement is known for three collinear
points [AV26].

6. Triangle detection in tripartite graphs with parts of sizes n, n and \/n and O(n3/ 2) edges would
have consequences for girth approximation if it could be solved in O(n?~¢) time [RV12, AV26).
These instances lie outside the range of Theorems 3.4 and 5.1. Can they be solved faster?

A Computations

The values marked t were computed with short Python programs. The ranks in Table 4, the in-
equalities (3) and the comparisons in the proof of Proposition 6.1 are exact: the ranks by elimination
over Q, with a cross-check modulo 23! — 1, and the inequalities and comparisons as inequalities
between integers. For each shape of Proposition 6.1 with ¢y > 2, a rational number ¢t = a/b
lies strictly between logy qo and % logs R, or equals both when they coincide, so the comparison
amounts to comparing qg with 2% and 5°¢ with Rf’. The other ranges and the leaf-model scores
are floating-point evaluations. Lean 4 also proves the integer forms of these inequalities and com-
parisons, and lower bounds on the ranks equal to the values in Table 4, from which the border-rank
bounds follow with the Landsberg—Ottaviani inequality as an explicit hypothesis; the passage from
the integer forms back to logarithms is not formalized. The programs, their outputs and the Lean
files are in the supplement to this paper, https://doi.org/10.5281/zenodo.23602530.
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