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THE L! POINCARE CONSTANT OF THE HAMMING CUBE

TEJASVI SINGH TOMAR

ABSTRACT. Let C' be the smallest constant such that E|f — Ef] < CE|Vf]| for every real-
valued function f on every Hamming cube {—1,1}", where |V f| is the Euclidean length of
(D1f,...,Dnf) and D;f(z) = (f(z) — f(z9))/2. Ben Efraim and Lust-Piquard proved C' <
/2, the Gaussian case gives C > /m/2, and Ivanisvili, Li, van Handel and Volberg asked
whether C' = y/7/2. We prove that it is, with an explicit constant ¢, < /7/2 in dimension n.
The proof turns on an integral of first absolute moments of sums of independent biased random
signs: we compute it exactly when the coefficients are nonnegative, and show, with a sampled
Fejér kernel, that it can only grow when the coefficients are replaced by their absolute values.
The equality C' = /7/2 is also proved in Lean 4 with Mathlib.

1. INTRODUCTION

Let x be uniformly distributed on the Hamming cube {—1,1}". For f: {—1,1}" — R and
1 <j<mnput
f(@) = f(aV)

D, f(@) = =TT 9 g1y = (Y Dys@?) .
J=1

where 2U) is obtained from z by changing the sign of the jth coordinate. Let C' be the smallest
constant such that

(L.1) E[f(z) — Ef(2)| < CE|V/|(z)

for all n > 1 and all f. This is the L' Poincaré constant of the Hamming cube.

Ben Efraim and Lust-Piquard [1] proved C' < 7/2 by a non-commutative argument (their
gradient omits the factor 1/2, and the bound appears there as 7/4), and several other proofs
give the same constant [5]. Ivanisvili, Li, van Handel and Volberg [5] showed that C' < m/2,
with a gap that was not made explicit. R. van Handel obtained an explicit gap of about 61070
(see [6, Section 1.3]), and Ivanisvili and Stone [6, Corollary 3] proved C < 7/2 — 1.3-107%. In
the other direction, the central limit theorem carries (1.1) over to Gauss space, where the sharp
constant is y/7/2 [12], so that C' > /7/2 ~ 1.2533 [5]. Ivanisvili, Li, van Handel and Volberg [5]
asked whether C' = /7 /2, and Ivanisvili and Stone [6, Remark 1.3] suggest that it is. A positive
answer means that, for this inequality, the cube is in no dimension worse than Gauss space. For
functions with values in {0,1}, Durcik, Ivanisvili, Roos and Xie [3, Theorem 1.3] proved that
E|f — Ef| < E|Vf|, with equality for indicators of half-cubes, and they state that the sharp
constant for real-valued f is still open [3]. Han and Li [4] prove higher-order inequalities of
Poincaré type on the cube with explicit constants, and Ivanisvili, Xie and Zhang [8, Section 6]
bound fractional spectral moments of bounded functions with integrals of absolute moments
of sums of biased random signs like the integral J below (Remark 2.4(iii)). We prove that

C=./r.
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Theorem 1.1. C' = \/xw/2. More precisely, for every n > 1 and every f: {—1,1}" — R,

E|f —Ef| < ¢, E[Vf], cn =N (1 — f:(k — 2)!<”>n—k),

k
k=2
where ¢, < \/m/2 for every n, the sequence (c,) is nondecreasing, and ¢, — /7/2. For instance
c1 =1, co =3/(2V2) and c3 = 17/(9V/3).

For n = 1 the constant ¢; = 1 is attained by f(x) = z1. For larger n the constant ¢, is
not always the best one: in dimension 2 the best constant is 1 (Remark 5.2). Theorem 1.1
concerns real-valued functions. For complex-valued functions the best constant is not known,
and Remark 5.1 proves the upper bound 73/2 /4.

The proof has three parts. The first reduces the problem to sums of independent random
variables. For p € (0,1) let £®) be the random variable with

1—
(1.2) P(g@) - Tp> —p, P(g(m _ %> —1-p,
so that E®) =0 and E(¢6®))2 = 1. For A\ € R” put
w/2 n 1 :
9 +sin 6
(13) IO = [E[ A s, o) = R
j=1
where §§p ), ey ® are independent copies of £() (the integrand is defined for 6 < 7/2), and let

K be the supremum of J(A) over all n and all unit vectors A € R"™. Ivanisvili, van Handel and
Volberg [7, Theorem 1.2] proved a Pisier-type inequality on the cube. For real functions and
the convex function | - | it states, after a change of variables, that

(1.4) Elf -Ef| <E, J(V(y),
where y is uniform on the cube and Vf(y) = (D1f(y),...,Dnf(y)). Since J(a) < Klal, it
follows from (1.4) that C' < K (Theorem 2.2). Earlier arguments bound the inner expectation,

for each value of p separately, by E|V f| times R(p), the supremum of E[}, )\]f](-p )| over unit

vectors A. This leads to C' < foﬂ/ 2 R(p(0))dh. The route goes back to [5, Sections 2-5], where

it is used in a dual form to prove C' < /2. Ivanisvili and Stone [6, Section 2.4] made it explicit
with an upper bound for R(p). We take the supremum over directions only after the integration
over p. The order matters, because a certified computation shows that the integral of R(p(0))
is at least 1.42177 (Remark 2.5).

Two new ingredients then give K = (/m/2. The first is an exact formula for J on vectors
with nonnegative coordinates (Theorem 3.6): for such A, J(A\) = ZE[ }_; A; Z;|, where Z1, Zs, . ..

are independent with density %(1 + 22)72. Tt rests on a mean-value identity for a holomorphic
function on the unit disk, and it shows that J(\) < /7/2|\| for nonzero such \; among the unit
vectors of R™ with nonnegative coordinates, J is largest at (1,...,1)/y/n, where it equals ¢,.
The second is the inequality J(\) < J(|A1],...,|A\n]) for every A (Theorem 4.1), whose analogue
for a single value of # can fail (Remark 4.8). Its proof expands the characteristic function of
a centred Bernoulli variable, as a function of the success probability, in a Fourier series; the
coefficients form a sampled Fejér kernel, and for nonnegative frequencies these distributions and
all their convolutions put at least as much mass at k as at —k for every & > 0 (Lemmas 4.3
and 4.5). Together the two ingredients give J(a) < J(lai|,...,|an|) < cplal for a € R, and (1.4)
then gives Theorem 1.1.

Section 2 proves the reduction, Sections 3 and 4 the two ingredients, and Section 5 the

theorem. Section 6 gives a second proof of C' < /m/2 that avoids complex analysis, and
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Section 7 describes the formal proof of C' = /7/2 in Lean 4 with Mathlib, which has no
hypotheses. Appendix A treats the dual approach of [5]. An earlier computer-assisted proof of
the weaker bound C' < K < 71/50, with a certificate checked by two programs and in Lean, is
n [14].

2. THE REDUCTION
We keep the notation of the introduction. The function J is defined by (1.3) on all of R™. Tt

satisfies J(c\) = |¢[J(A), and it does not change if zero coordinates are appended to . Put

K, =sup{J(A): A e R", |A| =1}, K =sup K,
n>1

where | - | is the Euclidean norm. Since J(A) < /2 for unit vectors (Remark 2.3), K < /2.
For t > 0let p=e7! and let ¢ = ((t) = ((1,...,¢s) be independent of x, with independent
coordinates and P((; = 1) = (1 & p)/2. Write 2{ = (21(1, ..., 2nCn), Tif(x) = E¢ f(2() and

G=p
0; =46;(t) = ——=.
J ]( ) m
In [7] the vector ((t) is denoted £(t), and §;(¢) has the same name. The following identity is
due to Ivanisvili, van Handel and Volberg [7, Lemma 2.1 and Remark 2.2], who credit the direct
derivation through the derivative of T;f to J. Liu. Ivanisvili and Stone used it in [6, (2.5)]. We
include the short proof.

Lemma 2.1. For every f: {—1,1}"" = R and every x € {—1,1}",

-Ef= [ — Ec[Zé ) Dy f (1))

and the integral converges absolutely.

Proof. Let m(+1) = (1 £ e7%)/2. Then Tyf(z) = Zze{ 1137 L1 me(25) f(22) is a polynomial in
t with Tof = f and Ty f(z) — Ef as t — oo. Since dtﬂ't(:tl) Fe t/2,

et
ST () ——ZE Flaci™) — f(acho)],

where (9% is ¢ with ¢; replaced by £1. Checkmg the two values of (; separately gives f(x¢ht) —
f(x¢?™) =2¢;D; f(x¢). The left side does not depend on ;. Since CJZ = 1 and (; is independent
of the other coordinates,

E[6;D; f(2()] = E[¢;0) - GD; f(2C)] = E[¢;05] - 3 B[f (2" T) = f(x¢?7)],
and E[(;6;] = (1 — p?) /\/1 — p2 = /1 — p2. Hence

d

ST (@) = - QtZEéDfxg)] %ZEéDfxC)]
Integrating from 0 to 7 and lettmg T — 00, we obtain the 1dent1ty. For the absolute conver-

gence, E[d;] = (22(1 — p) + 52(1 + p))//1—p2 = \/1—p?, so the integrand is at most

et >_;jmax |D; f| in absolute value. O

Theorem 2.2. For every n and every f: {—1,1}" — R,
Elf —Ef| <E, J(Vf(y)) < K E|Vf],
where y is uniform on {—1,1}". Consequently C < K.
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The first inequality is the case X = R, ® = |- | of the Pisier-type inequality [7, Theorem 1.2],
after the substitution e™* = sinf. In the variable p it is the first step of [6, Section 2.4].
For completeness we write out the argument. The second inequality holds because J(a) =
la| J(a/la]) < Knlal for a # 0.

Proof. By Lemma 2.1, the triangle inequality and Tonelli’s theorem,

00 1 n
BIS ~B11< [y B D010 D11 (2600t

Fix t. For each value of ¢ the map x — z( preserves the uniform measure, so the pair (z(, ()
has the law of (y,() with y uniform and independent of (. Since J; is a function of (j,

>0 Dif Q)| = BEY by ay(u)|,  aly) = V().

Eg¢

Put p=(1+4p)/2. Then1—p=2(1—p),1+p=2pand 1 —p*=4p(1—p),sod; = /(1 —p)/p
with probability p and §; = —/p/(1 — p) with probability 1—p. Thus d1,...,J, are independent
copies of £P). By Tonelli’s theorem again, now exchanging E, with the integral over ¢,

1 (1+e)/2)
_ < o . \ )
Blf ~Ef<B, [~ IS ar

Substitute et = sin@ with § € (0,7/2). Then dt = —(cos#/sinf)df and (e* — 1)~1/2 =
sinf/ cosf, so (e —1)"12dt = —df. Also (1+ e~ *)/2 = p(#), and t € (0,00) corresponds to
0 € (0,7/2). Hence the integral over ¢ equals J(a(y)). This is the first inequality, and the second
was explained above. Finally C' = sup,, sup; E|f — Ef|/E|V f| < sup,, K, = K. O

Remark 2.3. (1) E|¢®)] = 2,/p(1 — p) = cosb for p = p(6), so J(e1) = fOW/Q cosfdf = 1. For a
unit vector A and S5 =3, /\jgj(.p”)) we have E|S| < (ES?)1/2 =1, so J(\) < 7/2. This recovers
C <m7/2.

(ii) K, < Kp41, and K, is attained, since J is continuous on the unit sphere by dominated
convergence.

(i) K > y/7/2. Let A= (1,...,1)//n, fix 0 € [0,7/2), and let S be as in (i). By the central
limit theorem, S converges in law to a standard Gaussian g as n — oo. Since ES? = 1, the
family {S} is uniformly integrable, and E|S| — E|g| = 1/2/7. By dominated convergence (with
the bound E|S| < 1), J(\) = (7/2)/2/m = y/7/2. Theorem 2.2 therefore cannot give a bound
below /m/2. We show in Section 5 that K = \/7/2.

Remark 2.4. We compare Theorem 2.2 with earlier arguments.

(i) With R(p) = sup,, sup|y—1 E|>_; )\jﬁj(-p)|, the bound C < foﬂ/z R(p(0)) df of the introduc-
tion comes from bounding E, ¢|3>;6;D;f(xC)| by R((1 +e™")/2)E|Vf| for each t. Ivanisvili
and Stone [6, Section 2.4] use their explicit upper bound [6, (1.8)] for R(p). In the dual form
of (ii) below, Ivanisvili, Li, van Handel and Volberg show that R(p) < 1 for p near 3/4 [5,
Theorem 3.1].

(ii) The inequality E|f — Ef| < K,E|V f| also follows from the duality argument of [5, Sec-
tion 2], and the dual constant Cqualn of [5, (12.1)] satisfies Cqualn < Kpn = ¢p < /7/2, with
equality Cyual2 = c2 for n = 2 (Appendix A). So the values of Cgyal, computed numerically
in [5, Section 12] stay below \/m/2, although, as remarked there, a linear extrapolation of them
would reach /2 near n = 60.
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(iii) Ivanisvili, Xie and Zhang [8, Section 6] use the function Wy(a) = (e2*—1)"2E| Y, a;6i(s)|

and the integrals T'y( fooo s, ( ) ds with the vector a held fixed, 0 < a < 1, to bound
fractlonal spectral moments S 4 1A% f(A)? of functions with values in [—1,1]. In this notation
fo a) ds corresponds to a = 0.

Remark 2.5. The bound fﬂ/2 (p(9)) df of Remark 2.4(i) cannot reach 1.42. Indeed, R(p) >
E|n~1/2 > j<n f}p)\ for every n. With w = 1—p, thesum ., fj(p) equals (nw—Y)/y/w(l — w),
where Y is binomial with parameters n and w. If nw < 1, the only value of Y below its mean
is 0, so

B2 30 ¢ = 200Ny (1 - w2

= nw(l — w)

By a theorem of Stone [13, Theorem 4.3.1], n = |1/(2w — w?)| maximizes the left side over
n. Evaluating this equal-weight bound in ball arithmetic on a fine partition of [0,7/2), with
nw < 1 on each interval, gives the certified bound [; "2 R R(p(6))do > 1.42177, in agreement
with [6, Remark 1.3]; the archive contains the program.

The same limit applies to any bound E; ¢[ > 6;(t)D; f(z()| < ¢(t) E[V f| that holds for all n
and all f, whether or not it is obtained through R. Let n = 2m — 1 and let f be the indicator
of {z1 + -+ +x, > 1}. At a point y with y; + --- + y, = £1, the gradient V f(y) equals :l:%
times the indicator vector of the m coordinates of y equal to 4+1, and at all other points it
vanishes. As in the proof of Theorem 2.2, the left side then equals E|V f| - E[m~1/2 di<m {;p)]
with p = (14 e~ *)/2. Hence c(t) is at least the equal-weight value for every m, and the integral
of ¢(t)(e* —1)~1/2 has the same lower bound.

3. VECTORS WITH COORDINATES OF ONE SIGN

In this section we give exact formulas for J(A) when all coordinates of A\ are nonnegative
(Theorem 3.6). We deduce that J(\) < \/7/2|A| for every nonzero A whose coordinates are all
nonnegative or all nonpositive, and that the constant y/7/2 cannot be lowered (Corollary 3.7).
Among unit vectors in [0,00)", the maximum of J is attained at equal weights (Corollary 3.8).

Throughout this section, px (t) = Ee?*X is the characteristic function of a real random variable
X,and 1, = (1,...,1) € R For a € (0,7/2) let £* be the variable £®) of (1.2) with p = cos? a.
The superscript « is a label, not an exponent. For this p we have /(1 —p)/p = tana and

p/(1 —p) = cot v, so
(3.1) P(¢* = tana) = cos® a, P(£* = — cot o) = sin® av.

As a runs over (0,7/2), the parameter p = cos? o runs over (0,1). For A € R” let £%,...,£% be
independent copies of %, and put S, = 37 \;&5
Lemma 3.1. Let A € R™.

(i) For a € (0,7/2), Szjo—a has the law of —S,.

(ii) J() =[5/ E|Sa| da.

Proof. (i) By (3.1), £7/2=* takes the value tan(m/2—a) = cot o with probability cos?(7/2—a) =

sin? @, and the value —cot(r/2 — a) = —tana with probability sin?(7/2 — a) = cos®a, so
£™/2= has the law of —£%. By independence, the vector ( f/Zfa, ceey ,7{/2%!) has the law of

(—€2,...,—£%), and (i) follows.
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(ii) We substitute § = 7/2 — 2« in (1.3), with a € (0,7/4). Then p(f) = (1 + cos2«)/2 =
cos? ar, so EP®) is €2 and df = —2 da. Hence

w/4
T\ = 2/ E| S| da.
0

By (i), E[Sa| = E|Sy/o_a|- Therefore [7/*E|S,| da = ://42E|Sa|da, and (ii) follows. O
Lemma 3.2. For every real random variable X,

2 [ dt
BIX| =2 [ (1-Repx() .

where both sides may be +00.

Proof. We first show that ¢y = [;°(1 — coss)s™?ds equals w/2. For 0 < ¢ < b, integration by

parts gives
b b o
1—coss 1 —cossqb sin s
/ —5 —ds= [—7] +/ ds.
- s S e c S

As e — 0 and b — oo, the boundary terms tend to 0 and the last integral tends to the Dirichlet
integral m/2. The integrand on the left is nonnegative, so ¢y = 7/2 by monotone convergence.
For real x # 0 the substitution s = t|x| shows that [°(1 — costx) 2 dt = co|z|. Hence

2 [ dt
|| :/ (1 —costz)
0 t

s

for every real x, including x = 0. We apply this with £ = X and take expectations. Since the
function (¢, ) + (1 —costz)t~? is nonnegative and continuous on (0, 00) x R, Tonelli’s theorem
allows us to exchange E and the integral. Finally, EcostX = Repx(t). O

Lemma 3.3. For A\ € R",
dgq

JO) = ;AlE’g;Aj(nj_Q)‘q(l—q)’

where, for each q, the variables n1,...,n, are independent with P(n; =1) =q=1—P(n; =0).

Proof. Let ¢ = sin? o with a € (0,7/2). If 5 is a Bernoulli variable with parameter g, then

(¢ —n)/\/q(1 — q) takes the value \/q/(1 —q) = tana with probability 1 — ¢ = cos?« and

the value —/(1 — q)/q = — cot a with probability ¢ = sin? @, so it has the law of £*. Hence
E[Sa| = E|>2; Aj(n; — @)l/+/a(1 — q). Since dg = 2sinacosada = 21/q(1 — q) da, the formula
follows from Lemma 3.1(ii). O

Let D = {z € C: |z| < 1}, and let D be its closure.

Lemma 3.4. Fizu > 0. For z€ D\ {-1,0,1} put
— i [(1 + 2)2 exp(—u i n z> - (1- 2)2 exp(—u 1 jz)},
and put ®,(0) = (1 +u)e ™. Then the following hold.
(a) ®,, is holomorphic in D.
(b) [®u(2)] <4 for z € D.
(c) @, is continuous on D\ {—1,1}.
(d) For o € (0,7/2), ®,(e*) = Ee™” | and ®,(e~%%) is the complex conjugate of B, (e*'*).

®,(2)
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Proof. Put wy(z) = (1—2)/(14z) and wa(z) = (1+2)/(1 —z). The function w; is holomorphic
on C\ {—1}, and ws is holomorphic on C \ {1}. Since (1 —2)(1+2) =1 — |z|> + (£ — 2) and
Z — z is purely imaginary,

2
_ |11 +‘z:2 >0 (zeD, z#-1).
In the same way, Rews(z) = (1 — |2[2)/|1 — 2|> > 0 for 2 € D, z # 1. Hence the functions
gr = exp(—uwy), k = 1,2, satisfy |gx| < 1 at every point of D where they are defined.
(a) The numerator v(z) = (1+2)%g1(2) — (1 — 2)%g2(2) is holomorphic in D, and v(0) = ™% —
e " =0, so v(z)/(4z) has a removable singularity at 0, with value ©/(0)/4. From w/(0) = —2
and w)(0) = 2 we get ¢} (0) = 2ue™™ and ¢5(0) = —2ue". Therefore
V(0) = (267" +01(0)) — (=27 + 63(0)) = 4(1 + w)e ™,
and the extension takes the value ®,(0) at 0.
(b) For 1/2 < |z| < 1 we have |®,(2)| < (J]1 + z|®> + |1 — 2]?)/(4]z]) < (4+4)/2 = 4. By the
maximum principle the same bound holds for |z| < 1/2.
(c) The defining formula is continuous on D\ {—1,0,1}. At 0, continuity follows from (a).
(d) Let z = e with 0 < || < m. Then 142z = 2cos(¢/2) €*/? and 1—z = —2isin(¢)/2) €'/
Hence
(1+ 2)?
4z
and so

Rew;(z)

1— 2
( 2) = —sin? %,
4z 2

:COSZ%, wi(z) = —itan —, wa(z) = icot =,

2 2

(I)u(e’i’l/)) = (3032 % eiutan(w/2) + sin2 % e*iucot(¢v/2)

For ) = 2 with a € (0,7/2), this is Ee™" by (3.1). Replacing ¥ by — conjugates each term,

because cos? and sin? are even and tan and cot are odd. OJ
Lemma 3.5. For uy,...,uy, >0,

9 /2 n e n

— Re [ | Ee™¢" da = 14+ u;)e ™.

-/ II [0+

Proof. Let F' = H?:l ®,,. By Lemma 3.4, F' is holomorphic in D, [F| < 4" in D, and F
is continuous on D \ {4—1,1}. Moreover F'(0) = [[;(1 + uj)e™, F(e?) = I1; Eeii¢” for
a € (0,7/2), and F(e~™) = F(e®¥) for ¢ € (0,7). For 0 < r < 1 the mean-value property of
holomorphic functions gives

F(0) ! /7r F(re™) di.

:% .

As 7 — 1, F(re™) — F(e™) for every 1 ¢ {0,47} by continuity, and the integrands are
bounded by 4™. By dominated convergence,

F(0) = — /Tr F(e) dp = 1/7r Re F(¢) dib.

~or

—m ™ Jo
The second equality holds because the integrals over (—m,0) and (0, 7) are complex conjugates
of each other. The lemma follows by the substitution ¢ = 2a. O

Theorem 3.6. Let A € [0,00)". Then

(A1) J(N) = /000(1 ~ T+ ) e*Aft) d
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Let Zy, ..., Zy be independent random variables with density fz(x) = 2(1+22)~2 on R. Then
T n
(A2) J() = §]E‘Z Ajzj(.
j=1

Let x1,...,xn be independent random variables with density \/2/m r2e=m*/2 on (0,00), and let
Vi =x;? ThenEV; =1 and

(A3) T = \/? E(an AJQ-V])U :
j=1

IfXN#0and L =X +---+ A\, then

(A4) JN) =L=Y (k-2)ox(X) L'F,
k=2

where o 1s the kth elementary symmetric polynomial.

Proof. We begin with (Al). By Lemma 3.1(ii) and Lemma 3.2 with X = S,

/W/Z/ (1 —Reyps, ())d do

The integrand is nonnegative, since Re¢g, < 1. By (3.1) and independence,

n
©s., (t) — H(COSZ o ei)\jttana + sin2 o e—i)\ji&cota)7
j=1
which is continuous on (0,7/2) x (0,00). By Tonelli’s theorem we may therefore exchange the
two integrals. For ¢ > 0 we have ¢g, (t) = [, Eei¢” with u; = \jt > 0. Lemma 3.5 gives
w/2 "
/ Re g, (t) da = 5 H(l + \t) e Nt
0 =1
Substituting this into the integral over ¢, we obtain (Al).
Next we prove (A2). We have

A 00 . 2
/ e et gt — 2 Re/ e~ (i)t gy — 2
R 0 L+

/ lt|e e~ dt = 2Re /Oote—(““)t dt = 2Re — L~ 20~ 7).

R 0 (I+idx)?  (1+2?)?

Adding, [,(1 + [t])e e~ dt = 4/(1 + 2?)? = 27 fz(x). The functions (1 + [¢|)e” Il and f
are continuous and integrable. By the Fourier inversion theorem, [p e'® f7(z)dz = (1 + [t[)e~ I
for every real t. At ¢ = 0 this shows that fR fz = 1. Hence fz is a probability density, and
@z, (t) = (1+]t))e 1. Since \; > 0, the characteristic function of YA Zjis Hj(l—l—)\j\t\)e*)‘j't‘.
Lemma 3.2 with X = 7, A;Z; now gives

]E‘Z)\ij‘ - i/ooo@ ~TIa+ 0 e_)‘ft>%,
i=1 j=1

and (A2) follows from (Al).

and
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We turn to (A3). The density /2/m r2e=*/2 is that of the chi distribution with three degrees
of freedom. Let g be a standard Gaussian variable, and let x be independent of g with this
density. For x € R, the density of g/x at x is

e’} —x2r2 0
/ ro S /2 e r2e "2 dr = 1/ e~ (Ha)r?/2 g fz(x),
0 V2 ™ T Jo

because [ r3e=r*/2 dr = 2/b2 for b > 0. Hence we may take Zj = gj/x;- Here g1,..., gy, are
standard Gaussian variables, and all the variables gi,...,g, and xi,...,xn are independent.
Conditionally on x1, ..., Xn, the sum ) i Aig; /x;j is a centered Gaussian variable with variance

> A?VJ Its conditional expected absolute value is therefore \/2/7 (3, A?Vj)l/ 2. We take
expectations and use (A2). We obtain J(A [E Z] Vi) V;)Y/2, which is (A3). Finally,

EV; = / 7’2\/>7“26r2/2 dr = 1.
0 T

Finally we prove (A4). We put z; = A;/L and t = s/L in (Al). Since }_, z; = 1,

ﬁ(l—i—)\jt)e*)‘jt:e*SH(l—Fx] )=¢e" Zak )
j=1

7j=1
with o9 = 1 and oy(z) = 1. Also dt/t?> = Lds/s?. Hence

J(L)\) = /000(1 - (1+ s)e_s)g - kZ:QUk(fU) /000 "2 ds.

Splitting the integral is allowed because each piece is integrable. Indeed, (1 — (1 + s)e™%)s™2
tends to 1/2 as s — 0 and is O(s72) as s — oco. The integrals in the sum equal (k —2)!. For the
first integral we use %(1 + s)e® = —se~*®. Integration by parts on [e,b] gives

/b(l - (1+ s)e_s)g = [—1_(1:8)68}2 + /be_S ds,

which tends to 0 +1 =1 as ¢ — 0 and b — oco. Since oi(z) = o1(\)LF, this proves (A4). O
Corollary 3.7. Let A € R™ be nonzero, with A € [0,00)" or XA € (—o0,0]™. Then

< /72|

Moreover, J(1,/v/n) — \/7/2 as n — oo. Hence the supremum of J(\) over all n and all unit
vectors A € [0,00)" U (—00,0]™ is \/7/2, and it is not attained.
Proof. For u > 0 let £(u) = log(1 +u) —u+u?/2. Then £(0) = 0 and ¢'(u) = u?/(1 +u) > 0 for
u > 0. So

(14+u)e ™= e 2l u) 5 omu?/2 (u>0).
Let X € [0,00)" be nonzero. For every t > 0 some \;t is positive, and therefore

n

n
H(l + At e Nt = e M2 exp (Z E()\jt)) > e NP2,
j=1 j=1

The substitution s = |A|t and integration by parts give

[e.e] dt 1_ 752/200 o0
oo g = ([ [T e = T
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By (A1), \/7/2|A| — J()) is the integral of (H (1+Ajt)e Nt —e |/\‘2t2/2)t 2 over (0,00). Both
integrals involved are finite, and this integrand is continuous and positive on (0,00). Hence
J(\) < /7/2|A|. For X € (—00,0]" we use J(—A) = J(\).
The limit was shown in Remark 2.3(iii). It also follows from (A3). Let Vi,Va,... be in-
dependent copies of the variable V; of Theorem 3.6, and put V,, = (V4 + --- + V,,)/n. Then
1,/y/n) = \/7 EVI/ 2 By the strong law of large numbers, V;, — EV; = 1 almost surely.
The family {Vn } is uniformly integrable. Indeed, for ¢ > 0 we have Vi /2 < V,,/c on the event
{VJ/Z > c}, so the expectation of V1% over this event is at most EV,,/c = 1/c. Hence EV,/? - 1.
The last statement of the corollary follows from the strict inequality and the limit. O

Corollary 3.8. The function J(x) = J(/z1, .. ->/Tn) is symmetric and concave on [0,00)".

In particular, J is Schur-concave there, that is, J(z) > J(y) whenever x is majorized by y.
Consequently:

(i) J(\) < J(1,/+/n) for every unit vector X € [0,00)™.

(i) J(1p,/v/n) < J(1ps1/vV/n+1) for every n > 1. Thus J(1,/y/n) is nondecreasing in n

and converges to \/m/2.
Proof. By (A3), J(z) m/2 E(Y.,x;V;)/2.  This is finite, since E(>; z; V)12 <
(> z;EV;)Y/? = >z )1/ 2 by Jensens 1nequahty The function J is symmetric because
Vi,...,V, are independent and identically distributed. For every outcome, = — (Z xj V‘)l/ 2 is
a linear function with values in [0, 00) composed with the concave square root, so it is concave
on [0,00)". Taking expectations preserves concavity. If x is majorized by v, then T is a convex
combination of coordinate permutations of g, by theorems of Hardy, Littlewood and Pdélya and
of Birkhoff [10]. Concavity and symmetry then imply J(z) > J(y).
For (i), let z = (A\2,...,A2) and let ), ... ("™ be its cyclic shifts. Their average is 1,,/n,

so concavity and symmetry give J(1,/y/n) = J(1,/n) > 137 J(z®)) = J(z) = J(\). For (ii),
apply the same argument in dimension n+1 to x = (1/n,...,1/n,0), whose cyclic shifts average

to 1p41/(n +1). This yields J(1,41/vn+1) > J(1 n/\f ()) = J( n/v/n), because appendlng
a zero coordinate does not change J. The limit is part of Corollary 3.7.

Remark 3.9. The bound of Corollary 3.7 is approached at the rate n™ 1/2,

1
Vv (Vr/2 = J(1,/vn)) —3 (n — o0).
To see this, let ¢ be as in the proof of Corollary 3.7, put v = t/y/n and y = nf(u). Then
(1 +u)e™)" = e~"*/2¢¥ and (A1) together with the integral computed in that proof gives

VA= I = [T

For u > 0 we have 0 < /(u) < u?/3, because u?/3 — £(u) vanishes at 0 and has derivative
u3/(1+u) >0. Let t < y/n. Then 0 <y < t3/(3y/n) <t?/3 and e¥ — 1 < ye¥, so

0< \/ﬁeft2/2(ey - 1)t72 < %efﬁ/ﬁ.

The right side is integrable on (0,00). For fixed t, £(u)/u® — 1/3 as u — 0, so \/ny — t3/3
and /n (e¥ — 1) — t3/3. For t > \/n we have u > 1, and (1 + u)e™* is decreasing on [0,00). It
follows that 0 < e~**/2¢¥ < (2/e)™. Therefore the part of the integral over (y/n, co), multiplied
by /n, is at most

T > e\ t2/2 dt e n/2
N0 /ﬁ((z/ P et < /e e,
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which tends to 0. By dominated convergence, the limit equals fooo % e=?/2qp =1

4. VECTORS WITH COORDINATES OF BOTH SIGNS
In this section we prove the following theorem. For A € R™ we write A = (|A1],...,|\al)-

Theorem 4.1. For everyn > 1 and every A € R™,
J(A) < TN,
with strict inequality when A has a positive and a negative coordinate.

Throughout this section, 1 denotes a Bernoulli variable with parameter ¢ € [0,1], that is,
P(n=1)=q¢=1-P(n=0). For p € R" let Sy(u) = > %_; pj(nj — q), where n1,...,n, are
independent copies of . By Lemma 3.3,

I dg
4.1 J(n) = / E| S, ()] ——2—.
(4.1) (1) =5 ; | q(u)lq<1_q)
For ¢ € R and ¢ € [0, 1] put
(4.2) £o(q) = Ee€0=0) = (1 — q) e’ 4 ge~ic1-9),
and for a finite family u = (u1, ..., u,) of real numbers put F%,(¢) = [[;_; fu,;(¢). Then f_.(q) =
fe(@), |fe(q@)] < 1 and f.(0) = fo(1) = 1. For v > 0 we write vu = (vuq,...,vu,) and |uly =
lu1| + -+ + |uy|. Finally, sincy = sin(7y)/(my) for y # 0 and sinc0 = 1.

Lemma 4.2 (frequency form). Let a € [0,00)™ and b € [0,00)", and let X = (a, —b) € R™ "2,
so that A = (a,b). For v >0 put
dq

1
Gv) = /0 Im Fyu(q) Im Fp(q) —a

This integral converges absolutely for every v > 0, the function v — G(v)v
(0,00), and

~2 s integrable on

Proof. Let p € R™. By (4.1) and Lemma 3.2,
1 — ReEetvSa(1)
q,v) dv dg, q,v) = > 0.
/ / g/.t g,u,( ) UQ Q(l _ q)

Since J(u) < §|p| by Remark 2.3(i) and homogeneity, Tonelli’s theorem shows that g, is inte-
grable on (0,1) x (0, 00), With integral 7.J ().

By independence, Ee%s(t) = [, Ee#i(m~9). For ¢ > 0 we have Ee =9 = f,(q) and
Eei(=9) = f.(q). Hence, with z; = Fyu(q) and z = Fy(q),
EeivSa(A) — Z122, EevSe() = Z129.

Since z1(z2 — Z2) = 2i z; Im 29 and Re(iz1) = Im 21,
Re(Zz122) —Re(21Z2)  2Imz; Im 2y
vq(l—q)  v?q(1-q)
The absolute value of the left side is at most g>\ + g», which is integrable. By Fubini’s theorem,

m(J(A)—J(N)) is the integral over v of 2G(v)v~2, and G(v)v~? is integrable. It remains to show
that the integral defining G(v) converges absolutely for every v. For complex numbers y; with

9x(q,v) — gx(q,v) =
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lyjl <1 we have [[];y; — 1] < >, |ly; — 1, and |fe(q) — 1| < Ele(n — q) = 2|c[¢(1 — ¢). Hence
| Im F,(q)| < [Fu(q) — 1] < 2|ul19(1 — g), and

| Im Fiya(q) Im Fyp(q)|
q(1—q)
Lemma 4.3. Let ¢ € R and x = ¢/(27), and put k. (k) = sinc®(x — k) for k € Z, a sampled
Fejér kernel. Then k, is a probability distribution on Z, and

folg) = ra(k)e®™ e (0<q<1),
keZ
where the series converges absolutely and uniformly.

< 4v*|al1|bl1 q(1 - q). 0

Proof. If x is an integer, then e~ = 1, s0 f.(q) = €' = ¥4 and k, is the point mass at z.
Let x not be an integer. For k € Z put v = ¢ — 2wk. Then v # 0 and e = e'“. Integration by

parts gives
1 ) . iy 1 1 ) % iy 1
T e e e
/(1—q)ewqdq:— 5 / qedg = —+ —5—.
0 Y v 0 vy v

Since f.(q)e 2™ = (1 — q)e"4 4 e~ g9 and e~ = 1,

i e“—1 i 1l—e 2-—2cosc sin?(7x)

1
727rikqd _ - _ _ — = = k).
/0 fc(Q) € q ) ~y + ’Y2 ’Y2 7.‘-2(1- _ k;)Z ﬁz( )

Since ki (k) < 7 2(z — k)72, the series Y, kz(k)e* %4 converges absolutely and uniformly on
R. Its sum is a continuous function with period 1 whose Fourier coefficients are the numbers
kz(k). The function f. is continuous on [0, 1] with f.(0) = f.(1), so its periodic extension is
continuous, and it has the same Fourier coefficients. Two continuous periodic functions with the
same Fourier coefficients coincide, by Fejér’s theorem. This proves the expansion, and at ¢ = 0
it shows that Y, kz(k) = fc(0) = 1. O

For a finite family u = (u1, ..., u,) of real numbers let IC, = Ky, *- - - x Ky, , with x; = u;/(27),
be the convolution of the distributions of Lemma 4.3, and put Si(u) = Ky (k) — Ku(—k) for
k> 1.

Corollary 4.4. For every finite family u of real numbers, 3~ |Br(u)] <1 and

Im F,(q) = ) Bi(u)sin(2rkg)  (0< g <1).
E>1
Proof. By Lemma 4.3, Fy,(q) is a product of absolutely convergent series. Their product is the
absolutely convergent series whose coeflicients are the convolution of the coefficient sequences,
so Fy(q) = 3, Ku(k)e* k4. We take imaginary parts and combine the terms with indices k and

—k. Finally, 32~ [Br(u)| < gz Ku(k) < 1. O

Lemma 4.5 (positive skew). Let uy,...,u, > 0. Then Br(u) > 0 for every k > 1, that is,
Ku(k) > Ky(—Fk). If moreover r > 1 and 0 < uj < 27 for every j, then (1(u) > 0.

A probability distribution s on Z is symmetric unimodal if s(j) = s(—j) and s(j) > s(j + 1)
for all 7 > 0. Let P be the set of laws of random variables N 4+ Y, where N and Y are
independent, N takes values in {0, 1,2, ...}, and Y has a symmetric unimodal law. For p € (0, 1)
let g,(j) = ;Z oVl j € Z, be the two-sided geometric law, which is symmetric unimodal. For
z>0and 7> 0 let

e—’r\k—m|

Da:,ﬂ'(k) = m (k € Z)? AT(x) = ;6_7—'[_36"
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The proof of Lemma 4.5 rests on four facts.

(a) Let v be the law of N + Y as in the definition of P, and let s be the law of Y. Then
v(k) > v(—k) for every k > 1, and v(1) — v(—1) > P(N =1)(s(0) — s(2)).

(b) If s and s’ are symmetric unimodal, then so is s * ', and (s % s')(0) — (s * §')(1) >
(5(0) = s(1)) (s'(0) — §'(1)). In particular, P is closed under convolution.

(c) Let z > 0 and 7 > 0. Write z = m + y with an integer m > 0 and y € [0,1), and put
p =e€ 7. Then D, , is the law of m + B + Y, where B and Y are independent, Y has
law g,, B takes the values 0 and 1, and P(B =1) < 1, with P(B=1) >0if y > 0. In
particular, D, » € P.

(d) Let > 0 not be an integer, and put w,(7) = 7~ 2sin?(rz) 7 A, (z) for 7 > 0. Then w,
is a probability density on (0,00), and k. (k) = [§° we(7)Ds r (k) dr for every k € Z.

Proof of (a). For k > 1,
v(k)—v(=k) =Y PN =m)(s(k—m)—s(—-k—m)) = Y _ PN =m)(s(|k—m|) - s(k+m)).

m>0 m>0

2

Every term is nonnegative, because s is even and 0 < |k —m| < k+m. For k = 1 the term with
m=1is P(N = 1)(s(0) — s(2)). O

Proof of (b). For an integer R > 0 let Ug be the uniform distribution on {—R, ..., R}. Let s be
symmetric unimodal and put cg = (2R + 1)(s(R) — s(R+ 1)) > 0. For every j, > p crUgr(j) =
> R>lj| (s(R)—s(R+1)) = s(j), because s(R) — 0 as R — co. Summing over j gives >, cgr = 1.
Thus s is a mixture of the laws Ur. For R, R’ > 0, (Ug * Ug/)(j) is the number of points in
{-R,...,R}In{j—R,...,j+ R}, divided by (2R+1)(2R'+1). This is an even function of j. It
is nonincreasing on {0,1,2,... }: when j > 0 increases by 1, the point j+ R’'+1 enters the second
set and j — R leaves it, and if j + R' +1 < R, then R < Rand —R< j— R < R. So Ur * Up
is symmetric unimodal. Let ¢}, be the coefficients of s’. Then s* s’ = ZR,R’ crCpy Ur xUp is a
mixture of symmetric unimodal laws, hence symmetric unimodal, and
(5% 5)(0) = (s % s")(1) = Y erdp (Ur * Ur)(0) = (U * Up/)(1)) > cocp,
R,R/

because every term is nonnegative and Up * Uy is the point mass at 0. Here ¢g = s(0) — s(1) and
¢y = §'(0) — §'(1). Finally, let N,Y, N’ Y’ be independent, with N +Y and N’ +Y” as in the
definition of P. Then N+Y + N +Y' = (N + N')+ (Y +Y’), where N + N’ takes values in
{0,1,2,...}, Y + Y’ has a symmetric unimodal law, and the two are independent. O

Proof of (¢). Put

wo =e Y — pPe™, wy = p(e™ —e ).
Then wg > 0, because e 27 > 72" = p?, and wy; > 0, with w; > 0if y > 0. Let P(B = 1) =
w1 /(wp + w1), and let h be the law of m+ B+ Y. For k € Z and j =k —m,

h(k) _ wo gp(j) + wi gp(j - 1).
wo + w1

If j > 1, then wop’ +wip’ "t = p? (wop + w1) = pPe™(1 — p?) = (1 — p?) e 70V, If j <0,

then wop ™7 + wip' =7 = p~I(wy +wip) = p e (1 — p?) = (1 — p?) e "W=7). Since 0 < y < 1,

in both cases h(k) is a constant multiple of e~V =¥l = ¢=7lk=2| ith a constant that does not

depend on k. Hence h = D, -, and D, , € P with N =m + B. O
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Proof of (d). For k € Z we have |k — x| >0 and [;* re k=2l dr = (k — 2)~2. Hence

sin?(mx)  sin?(7x) rlk—a] o0
K/x(k) = m = /0 T TE dr = /0 wm(T)Dxﬂ-(k) dr.

Summing over k£ and using Tonelli’s theorem gives fooo we(T)dT =" Ko (k) = 1. g

Proof of Lemma 4.5. Let x; = u;/(2m) > 0, and let I be the set of indices j for which z; is not
an integer. For j ¢ I, k;,; is the point mass at the integer x; > 0, which belongs to P. For
T = (15)jer € (0,00)" let v, be the convolution of the laws Dy, ., j € I, and Ky, j ¢ I. By
(b) and (c), v € P. By (d), the definition of convolution and Tonelli’s theorem (all terms are
nonnegative),

(4.3) Ku(k) = / ve(k) [[wey () dr (k€ Z).

(0,00)? jeI
By (a), v (k) —v-(—k) > 0 for every 7 and every k > 1, and integrating over 7 we get i (u) > 0.
If I is empty, K, = v, is a point mass at a nonnegative integer.

Now let 0 < u; < 27 for every j. Then 0 < z; < 1,s0 1 = {1,...,7}. By (c), vy is the law
of N+Y, where N=DBi+---+B,and Y =Y, +---+Y,, all B; and Y; are independent,
0 <P(B; =1) <1, and Y; has law g,, with p; = e™. Then P(N = 1) > 0. Let s be the law
of Y. Since g,(0) > g,(1) for every p, (b) and induction on r give s(0) > s(1) > s(2). By (a),
vr(1) > vy (—1) for every 7, and S1(u) > 0 follows from (4.3). O

Lemma 4.6 (the kernel). For integers k,1 > 1,

2w (k+1) 1—
q :/‘ 1oy b,
q(1—q) 2|k Yy

and fol | sin(27kq) sin(27lq)| dg/(q(1 — q)) < 4(1 + log(w min(k, 1))).
Proof. Let P(q) = sin(27kq) sin(2nlq). Then P(1—gq) = P(q) and |P(q)| < 4%kl min(q, 1 —q)?,

so the integrals of P(q)/q and P(q)/(1 — q) over (0,1) converge separately and are equal. Since
1/(g(1 —q)) =1/¢+1/(1 — q) and 2sinasin § = cos(a — ) — cos(a + ),

W(k,l) = 2/ P(q dq /1<(1 — cos(2m(k +1)q)) — (1 — cos(2m(k — Z)Q)))CZ]

Both parts converge separately. The substitutions y = 2w(k+1)q and y = 27|k — l|q (the second
part vanishes if k = [) give

27 (k+1) 1— 2m|k—1| 1— 2w (k+1) 1—
W@U:/ ww@_/ ww@:/ L= cosy
0 Y 0 Y 2| k—I| Y

The integrand is continuous and nonnegative and vanishes only at isolated points, and |k — | <

k+1, so W(k,l) > 0. For the second statement let [y = min(k,!). By the symmetry ¢ — 1 — g,
the bound 1/(1 —¢) <2 on (0,1/2], and |P(q)| < |sin(27lyq)| < min(1, 27lyq),

1
W(kz,l):/0 sin(27kq) sin(27lq)

L |P(q)l 12 dg
dg <4 min(1, 2wlpq) — = 4(1 + log(wly)). ]
/oqa—q) g <4 [ min(1,2mig) S = 4(1 + log(rl)

Proof of Theorem 4.1. Permuting the coordinates of A, changing the sign of A and appending
or deleting zero coordinates change neither J(\) nor J(A). If all nonzero coordinates of A have
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the same sign, then J(A\) = J(A). Otherwise we may assume that A\ = (a, —b) with a € (0, 00)™
and b € (0,00)"2, where ny,ny > 1. Fix v > 0. By Corollary 4.4,

Im Fie(q Zﬁk (va) sin(27kq), Im Fip(q ZBZ vb) sin(27lq).
E>1 >1

We insert these series into the definition of G(v) in Lemma 4.2 and integrate term by term. This
is allowed, because by Lemma 4.6

Z e (va)] |Bu(b) |sm 27kq) sin(27lq)] dg < 4(2‘@“ (va)|(1 + log(7k)) )(ZW[ (vb)] )

1 —
kJl>1 q) k>1 >1

and both factors are finite. The second is at most 1. For the first, let M = M; + - - - + M,,, with
independent M; of laws k., where x; = va;/(2m), so that M has law Kyq. Since |Gy (va)| <
]Cva(k) + Kva(_k)a

ni
Z Bk(va)| (1 + log(mk)) < 1+ logm + Elog(1 + |M|) <1+ logm + ZElog(l + |M;)),
k>1 j=1
where the last step uses 1+ |y + /| < (1 + |y|)(1 +|y|). Each Elog(1 + |Mj|) is finite, because
ke(k) < 77 2(k — )72 for k # x. Therefore

= Z Br(va) By (vb) W(k,1),

kl>1

and every term is nonnegative by Lemmas 4.5 and 4.6. So G(v) > 0 for every v > 0, and
J(X\) > J(A\) by Lemma 4.2.

For the strict inequality let vy = 27/ max(ay,...,an,,b1,... ,bn) and 0 < v < vy. All
coordinates of va and vb lie in (0,27), so f1(va) > 0 and (1(vb) > 0 by Lemma 4.5. Since all
terms of the double series are nonnegative, G(v) > 1 (va)B1(vb)W(1,1) > 0 for 0 < v < vy, and

J(X) > J(A) by Lemma 4.2. O
For v > 0 and p € R™ put
1 dq
4.4 Cy = / E(1 — cos(vS, .
(4.4) (1) ; ( ( Am»qﬂ_w

Since 1 — cosy < y?/2 and ES,(n)? = |ul?q(1 — q), we have Cy(u) < v?|u|?/2 < oco. By (4.1),
Lemma 3.2 and Tonelli’s theorem, as in the proof of Lemma 4.2,

(4.5) J(p) = i/ooo Cy(pe) i

Corollary 4.7. For every n > 1, every A € R" and every v > 0, Cy,(X) < Cy(N).

Proof. As in the proof of Theorem 4.1, we may assume that A\ = (a, —b) with a € (0,00)™ and
b € (0,00)"2, since otherwise C,(\) = C,(\). The computation in the proof of Lemma 4.2,
without the integration over v, shows that C,(A) — C,(A\) = 2G(v), and G(v) > 0 by the proof
of Theorem 4.1. ]

Remark 4.8. The integration over 0 in (1.3), or over ¢ in (4.1), cannot be omitted. For fixed p
the inequality E| 3, \;¢P'| < E| Y2 |A;|6%)] can fail. Let p = 4/5, which is p(6) for sinf = 3/5.
Then ¢®) takes the values 1/2 and —2 with probabilities 4/5 and 1/5. For A = (1,1,1,1,-1)
a direct computation shows that E| Y2, A6 = 5888/3125, while E| Y., ¢| = 1024/625 =
5120/3125.
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Remark 4.9. For 0 < a < 2, |y|* is a positive multiple of [;°(1—cosvy) v™'~* dv, and integrating
Corollary 4.7 over v we obtain

! o dq dq
/0E|Sq<x>\ T /E\S()y Pt

)~
Both sides are finite, since E|S,(1)|* < (|u|?¢(1—q))*/%. For a = 1 this is Theorem 4.1, by (4.1).
For a = 2 both sides are equal, since ES,(1)? = |u|?q(1 — q).

5. THE CONSTANT

We now prove Theorem 1.1.

Proof of Theorem 1.1. Let n > 1 and let A\ € R™ be a unit vector. Then X is a unit vector in
[0,00)", and Theorem 4.1 and Corollary 3.8(i) give

J) < JN) < J(1a/Vn).
Hence K, = J(1,/y/n). By (Ad) with L = \/n and o4(1,/v/n) = (})n —k/2,

Ky =+/n— Z(k —2)! (Z) n k2 p=R/2 = ¢
k=2

By Theorem 2.2, E|f —Ef| < ¢,,E|V f] for every f: {—1,1}" — R. By Corollary 3.7, ¢,, < \/7/2
and ¢, — /7/2, and by Corollary 3.8(ii) the sequence (c;,) is nondecreasing. The values of ¢,
¢y and cg follow from the formula. In particular, C' < K = /7/2.

The lower bound C > /7 /2 is known [5], and we include the short argument. Let g: R — R
be bounded and continuously differentiable, with ¢’ bounded and uniformly continuous, and let
w be the modulus of continuity of ¢’. Put f,,(z) = g(s,(z)) with s,,(x) = (x1+---+x,)/+/n. By
the mean value theorem, D; f,(x) = x;¢'(sn(z))/v/n+ej(x) with |ej(x)| < w(2/y/n)/+/n. Since
> :U?/n = 1, it follows that |\an|(a:) - \g’(sn(:r))H < w(2/y/n) for every x. By the central
limit theorem, s,(z) converges in law to a standard Gaussian variable G. Since g and ¢’ are
bounded and continuous, E|f, —Ef,| = E|g(G) — Eg(G)| and E|V f,| — E|¢(G )| and therefore

E|g(G)—Eg(G)| < CE|¢'(G)|. For e > 0 let g.(s) = erf(s/(ev/2)), where erf(y) \F IJe = dr,
Then Eg.(G) = 0, E|g-(G )| —lase— 0, and
—52/(26 52/2 ) 9
]E|gs - —
V2 V2 \/27‘((1 +e2)
Hence C > y/7/2. O

The constants ¢, equal 1, 1.0606602, 1.0905505, 1.1574618, 1.2209961 and 1.2428767 for n = 1,
2, 3, 10, 100 and 1000. By Remark 3.9, v/n (1/7/2 — ¢,,) — 1/3, and this quantity equals 0.330
at n = 1000. For f(x) =21 ---x, we have Vf(y) = f(y)1, and hence E, J(Vf(y)) = J(1,) =
cnE|V f|. So the second inequality of Theorem 2.2 is attained, and the theorem yields no bound
below ¢, in dimension n.

Remark 5.1. Durcik, Ivanisvili and Roos [2, Section 1.5] consider (1.1) for complex-valued func-
tions f, with |Vf? = > |D;jf|?. They state that the best constant lies in [/7/2,7/2), and
that it is conjectured to equal \/7T7/2 (their constant C1 is the reciprocal). Theorem 1.1 does not
settle this conjecture, but it implies the bound 73/2 /4 ~ 1.3921 for complex-valued f. Indeed,
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2| = % 027r |Re(e™2)|d¢ for z € C. The real function Re(e™*f) has mean Re(e *’Ef) and
gradient Re(e™*V f). Theorem 1.1 and Tonelli’s theorem give
3/2

1 21 —i
E|f—Ef|§\/§E[4/O Re(e ¢Vf)\d¢} §\/§-2\%E|Vf|:7T4E|Vf|.

The second inequality follows from the Cauchy—Schwarz inequality and fo% | Re(e™"w)|?> do =
m|w|? for w € C". This improves the upper end of the known range from /2 to 7%/2/4.

Remark 5.2. For n = 2 the best constant is 1, attained by f(z) = 21, while co = 3/(2v/2). To
see that 1 suffices, let f: {—1,1}> — R. Then E|f — Ef| = max,E[(f — Ef)g], where g runs
over the functions {—1,1}? — {—1,1}. If g — Eg = D1 A; + DA for real functions A; and As,
then, since each Dj; is self-adjoint,

E[(f —Ef)g] = E[f (9 — Eg)] = E[D1f A1 + Daf A} < max |A(z)| E[Vf],

where A = (Aj, Ag). If g is replaced by —g, or composed with a symmetry of the square,
then a pair A for the new function is obtained from the old pair in the same way, with its
coordinates permuted accordingly, and max, |A(z)| does not change. Up to these operations,
g is a constant, x1, z1xe or min(z1,z2) = (x129 + 1 + 22 — 1)/2. For these we take A = 0,
A = (21,0), A = (2122, 122)/2 and

12 I 3

12 T2 3 T2
22 A, — 2 2
4 10 20 =2 T T aw
respectively. In the last case A takes the values (7/10,7/10), (0,-4/5), (—4/5,0) and
(—=1/2,-1/2) at (1,1), (1,-1), (—=1,1) and (—1,—1). In all cases |A| < 1.

x
A1=71+

6. AN ELEMENTARY PROOF OF THE UPPER BOUND

We now prove K < y/7/2 a second time, without the complex analysis of Section 3. It
combines Corollary 4.7 with an inequality at a fixed frequency for vectors with nonnegative
coordinates (Theorem 6.1), whose proof uses Lemma 4.5 once more. Unlike Section 5, this
argument does not yield the constants c,.

We keep the notation of Section 4. For a finite family v = (u1, ..., u,) of nonnegative numbers
and for 7 > 0 put

dq

1
Gr(q) = e ™10-D/2 C(y;7) = /O (1-Re [QT(q)Fu(q)])q(l —

where F, = 1 for the empty family, and let Cq(p) = C(0; p?) for p > 0. By Lemma 6.3 below
the integrand is bounded, so C(u;7) is finite. For A € [0,00)" and v > 0, the functional (4.4)

satisfies Cyy(A) = C(vA;0), because E cos(vSg(A)) = Re[[; fur;(¢) = Re Fya(q).

Theorem 6.1. For every finite family u of nonnegative numbers, with Euclidean norm |u|, and
every T > 0,

Clu;) < Ca((lu? +7)'/?).
In particular, Cy(X) < Cq(v|A|) for every A € [0,00)" and every v > 0.

Lemma 6.2. For c € R and q € [0,1] let he(q) = €4 — e “0=9 | Then |h.(q)| < 2 and

L) =0 - Db g fla) = i)~ hela).
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ForT >0, g’T(O) = gT(l) =1,0<6G,<1,1 _gT(Q) < TQ(l _Q)/Q; a’rgT(Q) = _%q(l _Q)gT(Q)’

and

(1 — 2¢)*
G7(q) = (T + %)Qf(q) >0
Proof. Differentiating the two terms of (4.2) gives 9.[(1 — ¢)e™] = ig(l1 — q)e*? and
deqe -] = —ig(1 — q)e (-9 and also Ay[(1 — q)e™®d] = —ei®@ + jc(1 — q)e™®@ and
aq[qe_ic(l_Q)} = e~11=9) 4 jeqe¢1=9)  Adding, we obtain the two formulas. The statements
about G, follow from G/ (q) = —5(1 —2¢)G-(¢) and 1 —e™¥ <y for y > 0. O

Lemma 6.3. Let Z be a compact interval, and let t — (u(t),7(t)) be a continuous map from T
to [0,00)" x [0,00). Put H(q,t) = Gr4)(q)Fu)(q) and ®(t) = C(u(t); 7(t)). Then [1 - H(q,t)| <
(T(t)/2 + 2|u(t)|1) g(1 — q), and P is continuous on L. If the map is continuously differentiable
on Z, then so is ® (with one-sided derivatives at the end points), and

1
o' (t) :—/0 Reaa—]j(q,t) q(ldf 5

Proof. As in the proof of Lemma 4.2, |[];y; — 1| < >_,|y; — 1| for complex numbers y; with
ly;| <1, and |fe(q) — 1| < 2|e|g(1 — ¢). Together with Lemma 6.2 this proves the bound for
|1 — H|. So the integrand of ®(¢) is bounded on (0,1) x Z, and it is continuous in ¢ for each gq.
The continuity of ® follows by dominated convergence. If the map is continuously differentiable,
Lemma 6.2 and the product rule give

/(¢
Zu q) hoy ) Hj = é)q(l—qﬂi Hj =G, [ [ fuy-
I#]
Hence |0:H|/(q(1 —q)) <237, |uj(#)|+|7'(t)]/2, which is bounded on (0,1)xZ, and 6 H/(q(1—q))
is continuous in t. By the mean value theorem and dominated convergence, ® is differentiable
with the stated derivative, and the same argument shows that ®' is continuous. O

Lemma 6.4. For a finite family u of nonnegative numbers let I,,( fo Im F,(y)dy for q €
[0,1]. Then I, > 0 and I,(0) = I,,(1) = 0. Consequently, for every T Z 0,

1 1
Y(u,7) = — /O G! () Im F,(q) dg = /O G"(g) L(q) dg > 0.

Proof. By Corollary 4.4 and Lemma 4.5, Im Fy,(q) = > )~ B(u) sin(2mkq) with Sy (u) > 0 and
> i Br(u) < 1. The series converges uniformly, so

1 — cos(27k
o A - L
E>1

and every term vanishes at ¢ = 0 and at ¢ = 1. Integration by parts gives — fol G ImF, dq =

— [g;Iu](l) + fol G’1,, dgq. The boundary term vanishes, and G” > 0 by Lemma 6.2. O
Proposition 6.5. Let u = (uq,...,u,) be a nonzero family of nonnegative numbers, let 79 > 0,

and put V = (|u|?> + 79)"/? and T = max; u;. Fort € [0,T) let
u;(t) = max(u; —t,0), r(t)=V? - Zuj(t)z, D(t) = C(ul(t);7(t)).

Let 0 =ty <ty < -+ <ty =T be the distinct elements of {0,uy,...,u,}. Then 7(t) > 19, and
on each interval [t;—1,t;] the map t — (u(t),7(t)) is continuously differentiable (with one-sided
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derivatives at the end points), and

5190 Fu0) @) = 1001~ 0 Guio0) 5 Fao 0 @) = W(u(t). (1) = 0.
Proof. Since 0 < u;(t) < uj, we have 7(t) > V? — |u|?* = 79. Fix i and let A = {j : u; > t;}.
For t € [ti—1,t;] and j € A we have u;(t) = uj —t. For j ¢ A we have u; < t;_; < t, because
u; is one of the points ¢; and u; < t;, so u;(t) = 0. Hence t — u(t) is affine on this interval,
T(t) = V2 - > jealuy — )%, and 7/(t) = 20(t) with O(¢) = > jealu; —t). Since fo = 1,
Fyw = HjeA Ju;—t- By Lemma 6.2 with ¢ = u; — ¢,

0 Ofu,—
B ot = =01 = @)y = —i4(1 =) (i )1 — )

O fu,—
= 401 = )~ Dfoy-o il — )

and 0¢G () = —%q(l — )7 (1)Gr ) = —q(1 — Q)O()Gr(r). With H = G, ;) F1), the product rule
gives

OH OF ()

. OF )
- =—q(1-q¢)O(t)H +q(1 - )O)H +iq(1l - q) G- —.

=iq(1 —q) Grp)

ot dq dq
Since G,y is real and Re(iz) = —Im z, Lemma 6.3 gives
/ Griy(@) 7= ImF u(t)(q) dg
= [g (t) Im Fyy( t) / gT(t q) Im Fy 4y (q) dg = W (u(t), 7(t)).
The boundary term vanishes because Fy,;)(0) = Fy,)(1) = 1, and ¥ > 0 by Lemma 6.4. O

Proof of Theorem 6.1. If w = 0, both sides equal Cg(7/2). Otherwise we take 79 = 7 and
the path of Proposition 6.5. The function ® is continuous on [0,7] by Lemma 6.3, and by
Proposition 6.5 it is nondecreasing on each interval [t;—1,t;]. Hence C(u;7) = ®(0) < ®(T) =
C(0; V?) = Cq(V). For the last statement take u = vA and 7 = 0.

Lemma 6.6. For p >0, 1 [ Ca(vp)v=2dv=\/7/2p.

Proof. Both sides vanish for p = 0, so let p > 0. The integrand is nonnegative, so we may
integrate over v first. For ¢ € (0, 1) the substitution y = vpy/q(1 — q) and the integral computed
in the proof of Corollary 3.7 give

/ (1—e —v2p?q(1- q/2)@_p /q(1 —q) / Y2 /2 dé/ \/zp q(1—q).
0 @/
Finally, fol dq/+/q(1 —q) = . O

Corollary 6.7. For every n > 1 and every A € R™, J(A\) < \/7/2|\|. Hence K < \/7/2, and
C < \/7/2 by Theorem 2.2.

Proof. By Corollary 4 7 and Theorem 6.1, Cy,(\) < C' (A) < Ca(v|A|) for every v > 0. By (4.5)
and Lemma 6.6, J(A) < 2 [ Cq(v[A])v de = /m/2|\|. O



20 TEJASVI SINGH TOMAR

7. FORMAL VERIFICATION

The formal proof is written in Lean 4 [11] with Mathlib [9]. It shows that E|f — Ef| <
V7/2E|Vf| for all n and all f: {—1,1}" — R, and that every constant with this property is at
least /7 /2. With C defined as the infimum of the set of valid constants, which is nonempty by
the upper bound, it follows that C' = y/7/2. The formal proof also proves the first inequality
of Theorem 2.2 and Corollary 6.7, with J defined by the integral (1.3). The proofs are checked
by the Lean kernel and use only the standard axioms. For the upper bound, the formal proof
follows Section 6. It establishes (4.5), Corollary 4.7, Theorem 6.1 and Lemma 6.6, and it does
not use Theorem 3.6. The lower bound follows Section 5, with the central limit theorem on the
cube derived from Lévy’s continuity theorem in Mathlib. Theorem 4.1 itself, Theorem 3.6 and
its corollaries, the constants ¢, the strict inequalities in Lemmas 4.5 and 4.6, and the remarks,
apart from the value J(e;) = 1 in Remark 2.3(i), are not formalized. The Lean projects, with
the versions of Lean and Mathlib that they use, are in the archive given under Data availability.

APPENDIX A. THE DUAL APPROACH

This appendix proves the statements of Remark 2.4(ii).

We first derive E|f — Ef| < K,E|Vf| from the duality argument of [5, Section 2]. By
Lemma 2.1 and (7, Lemma 2.1], f —Ef = [* ", D;T;D; f dt (see [7, Remark 2.2]). Since D;
and T; are self-adjoint and commute, E[(f —Ef)g] =E> . D;f Iy D;Tg dt for every g. By [7,
Lemma 2.1], D;Tig(x) = (e* — 1)"Y2E[5;(t)g(2{(t))]. Hence, if [g] <1 and A is a unit vector,
then >, A; IS DiTig(x)dt < J(N) < K, for every z, and so E[(f — Ef)g] < K,E|V f|. Taking
the supremum over all g with |g| < 1, we obtain the inequality. The same argument shows that
the dual constant Caualn = SUpjg<; maxy | [~ VTrg(x) dt| of [5, (12.1)] is at most K. (The

operators Oy used there satisfy |Org| = |Dgg|, so the Euclidean norms agree.) It equals the
quantity [5, (11.11)]. Indeed, with p = e~* and z uniform on the cube, the formula for D;T}g
shows that [ D;Tyg(x)dt = E.[g(xz)K;(z)], where K;(z) = fo zj — p)(1 — p?) ' TLL(1 +

pzr) dp, and the supremum over |g| < 1 of the length of thls Vector is maxw_l E.[>2; A K;(2)],
which does not depend on z and is (11.11). In dimension n, the quantity [5, (11.12)] equals
fSr/Q Ry, (p(0)) df, where Ry (p) is the supremum of E| > Ajﬁj(.p)] over unit vectors of R™. Indeed,
in (11.12) the expectation over z uniform on {—1,1}" carries the weight (1+ p)"~ %) (1— p)4=) =
[1.(1 + pzx), where d(z) is the number of coordinates equal to —1. With this weight it is
the expectation over z with independent coordinates and P(z; = 1) = (1 —|— p)/2. For such z,
(zi—p)/(1—p? —5/\/1—;) where 6; = (z;—p)/+/1 — p? has the law of £) with p = (14p)/2.
Finally dp/+/1 — p? = df for p = sinf. Thus Kn is obtained from (11.12) by taking the maximum
over A outside the integral over p. By Section 5, K,, = ¢, < \/@ Since the argument above
also proves E|f — Ef| < CquainE|Vf|, Theorem 1.1 shows that sup,, Cquain = y/7/2. For
n = 2 equality holds, Cgyal2 = c2. Indeed, let ¢ = min(z1,22) = (x122 + 21 + 22 — 1)/2,
which they found to be optimal for n = 2. Then Tig = (e ?'x122 + e t(z1 + 22) — 1)/2, s0
JoS DiTygdt = x1/2 + x122/4, and similarly for Dy. At @ = (1,1) the vector [° VTigdt is
(3/4,3/4), whose length is 3/(2v/2) = cz. They report the same optimal value for 3 < n < 7, so
by their computations Cqual,n = c2 < ¢, = K, for these n.

DATA AVAILABILITY

The certificate mom_c142. json, the two checkers checklla mom.py and checklla_indep.py,
the program that generates the perturbed certificates used to test them, the search program
mom_bb.py and the programs for the numerical statements of Sections 2, 4 and 5 are archived
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at doi:10.5281/zenodo.23715901 and available at
https://github.com/tejasvi/hamming-cube-poincare-v2/tree/v3. The certificate has
SHA-256 hash

931895626b499b932af4ecf332f5491e06a0ae94e2e031ef6e8ee45496fb0758.

The checkers need Python 3.9 or later and python-flint. Some files of the archive use the
numbering of an earlier version of this paper, and its file README.md lists the correspondence.
The Lean project of Section 7 is in the directory lean/sharp of the archive, and that of [14], with
its certificate and programs, in the directory lean outside lean/sharp. Their README files
display the definitions, name the theorems, give the versions of Lean and Mathlib and list the
places where the formal proofs are arranged differently from the text. The main README file
describes the certificate, the tests of the two checkers on perturbed certificates and the search.

USsE oF AI TooLS

Generative Al tools were used to find and prove the results, to write the programs, and to
draft the text. The author reviewed the arguments and the programs and takes responsibility
for the content.
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