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LOWER BOUNDS FOR THE BEARDWOOD-HALTON-HAMMERSLEY
CONSTANT

TEJASVI SINGH TOMAR

ABSTRACT. Let 8 be the Beardwood—Halton-Hammersley constant: the shortest tour through
n independent uniform random points in the unit square has length asymptotic to 3/n almost
surely. Dong and Cao proved S > 0.6421 from an inequality 8 > 5/8 + Z,i(::,) Cl, where Cy
is an integral over configurations of k£ points in the plane that form a connected graph when
points at distance at most 1 are joined. For Cs, Cy and C5, sharper bounds come from a
first-order expansion of the area of the union of the unit disks on boxes of configurations. For
Cs + - - - + C2, which Dong and Cao did not use, a lower bound comes from comparing each
point only with the three points before it in the order of their first coordinates. We obtain
B > 0.6496, and 8 > 0.6508 if the exponential function of the C library used to evaluate the
bound for Cg + - - - + Caz has a relative error below 107°. The proofs are computer-assisted;
the bound 0.6496 is proved in Lean 4, with finite checks evaluated by compiled code, from the
inequality of Dong and Cao and two statements about unions of disks that we prove but do not
formalize.

1. INTRODUCTION

Let X1, Xo, ... be independent uniform random points in [0, 1]2, and let L,, be the length of the
shortest closed tour through Xji,..., X,. Beardwood, Halton and Hammersley [1] proved that
L,,/+/n converges almost surely to a constant 3. The value of 3 is not known, although numerical
experiments suggest that it is about 0.71 [9, 3]; it is listed in the repository of optimization
constants [14].

Every point of a tour is joined to two other points, so it contributes at least half the sum
of the distances to its two nearest neighbours. Beardwood, Halton and Hammersley used this
to prove 5 > 5/8 [1] (see also [13, Section 3.1]). Steinerberger [13] refined their argument and
claimed 8 > 5/8+19/5184, but Gaudio and Jaillet [7] found an error in this argument, corrected
the bound to 8 > 5/8+19/10368 > 0.6268 and tightened the corrected argument to 5 > 0.6277.
Dong and Cao [4] proved 8 > 0.6421. With importance sampling they also obtained 8 > 0.6536
with probability at least 1—10~% over the randomness of the sampling; this is not a deterministic
bound. Dong and Cao also proved 5 < 0.8810 [4].

The bound of Dong and Cao has the form 5 > 5/8+ZkK:3 C}, for every K > 3 (Theorem 2.1).
The number C}, is the contribution to this bound of the connected components with k points of
the graph that joins two points of a Poisson process when their distance is at most r (a random
geometric graph), integrated over r. After the integration over r, it is I'(k — 2)/(2 - k!) times
the integral of g(G)A~(=1/2) over the configurations y = (y1,...,yx) of points in the plane with
y1 = 0, with respect to dys---dyx. Here G is the graph on yi,...,y; that joins two points
at distance at most 1, and A is the area of the union of the disks of radius 1 centred at the
points, the region in which a further point would be joined to one of them. The weight g(G) is
0 if G is disconnected; otherwise 0 < g(G) < p(G) — n1/2, where p(G) is the least number of
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vertex-disjoint paths that cover the vertices of G and ny is the number of its vertices of degree 1,
and g(G) = p(G) —n1/2 if G is connected and has at most six vertices. Section 2 defines g for
all graphs. Dong and Cao bound C3, C4 and C5 from below. They cover a bounded part of the
space of configurations with boxes of side 1/1600, 1/50 and 1/10, respectively, and on each box
they bound g from below by its minimum and A from above by a bound built from a spanning
tree. Their values are C3 > 0.011135, Cy > 0.005040 and C5 > 0.001015 [4, Section 3.3], and
their bound 0.6421 uses no term with k& > 6. Monte Carlo estimates give C5 ~ 0.0117147,
Cy4 = 0.0064059 and Cs =~ 0.0039065, with standard errors in Section 7, so, measured against
these estimates, the bounds of Dong and Cao leave most room in Cy and Cs.

Theorem 1.1.

(a) We have C3 > 0.0117130195, Cy > 0.0063707166 and C5 > 0.0035280362.
(b) We have 332 Cx > 0.0030379504113, and consequently 8 > 0.6496497227.
(c) If the exponential function of the C library glibc 2.41 has a relative error below 1072, then
z2:6 C > 0.0042404631, and consequently
522
B> 3 + kZ_ng > 0.6508522354 > 0.6508.

Part (b) rests on a Lean 4 proof that evaluates the bound of Section 5 on a coarser grid
in fixed-point interval arithmetic (Section 6). The assumption in (c) enters only through the
floating-point recursion that evaluates this bound on the finer grid (Section 5.4).

The method. Following Dong and Cao, we use rotations about y; = 0, the reflection in the
first axis and the order of the first coordinates of ys,...,yr to write Ci as an integral with the
weight |ya| over a box in R?*73, restricted to a set Dy (Lemma 2.2), and we subdivide the box
adaptively. The new part is the bound on a single box @ with centre ¢. For configurations y in
@ we bound A(y) from above by A(c) + VA(c) - (y — ¢) + o, where the remainder ¢ > 0 depends
on @ and on y — ¢ (Lemma 3.1). The gradient of A is an integral over the exposed arcs of the
circles, and its variation along a segment comes from the motion of the endpoints of these arcs,
which are the vertices of the union. For each vertex that is not shown to stay inside a third
disk along the segments from ¢, the remainder adds a bound for the angle swept by the vertex,
multiplied by the sum of the distances moved by the two disk centres whose circles meet there.
Since t s t~*=1/2) ig decreasing and convex, Jensen’s inequality turns this into a lower bound
for the uniform average over ) of the integrand, including the weight |y2|; this bound loses
only the average of ¢ and explicit terms of second order in the widths of @ (Proposition 3.4).
On boxes where some edges of the graph are undetermined, the bound uses the minimum of
g plus the excess of g on events, with lower bounds for their probabilities under the uniform
distribution on the box (Proposition 3.6). Boxes that cross the boundary of Dy, and boxes in
which two points can coincide, receive cruder bounds (Propositions 3.7 and 3.8). A box is split
while the estimated loss of its bound exceeds a threshold.

For 6 < k < 22 we order the points by their first coordinates. The edges of the graph between
points that are at most three places apart in this order form a subgraph on all £ points, and
if it is connected, then g > 1 — %n<2, where n<o is the number of vertices of degree less than
2 in this subgraph (Lemma 5.2). A pass over the points that keeps only the last three points
and a finite state computes this bound (Lemma 5.3). The area A is at most 7 plus, for each
further disk, the area that it adds to the union of the at most three disks before it in this order.
Both bounds depend only on the differences of consecutive points, and after a Laplace transform
in A the integral becomes an iterated integral of kernels in up to three consecutive differences
(Section 5).



THE BEARDWOOD-HALTON-HAMMERSLEY CONSTANT 3

Verification. The bounds for C3, C4 and Cs are computed in ball arithmetic (Section 4.2).
One program computes the bound for Cg + - - - + Caz in (c) from tables in ball arithmetic and a
recursion in floating point with an explicit error bound; two separately written programs, run
at coarser grids, give lower bounds at least as large as this program at the same grids; this
comparison checks the program but does not replace it (Section 5.4). The Lean proof of (b)
also proves (a); its finite checks are evaluated by compiled code. Another Lean proof gives
the weaker bound 8 > 0.6440396 with all checks evaluated by Lean’s kernel. The Lean proofs
assume Green’s formula for the area of a union of disks and the estimate of Lemma 3.1 along
segments, which Section 3 proves but which are not formalized, and the proofs for 8 also assume
the inequality of Theorem 2.1 (Section 6.1).

2. THE INTEGRALS C},

For a,b € R? we write |a| for the Euclidean norm and B(a, p) for the closed disk with centre
a and radius p. For t € R let u(t) = (cost,sint). For a finite graph G let ni(G) be the number
of vertices of degree 1, let p(G) be the least number of vertex-disjoint paths that cover the
vertices of G, where a single vertex counts as a path, and let cc(G) be the number of connected
components, with cc(G) = 0 for the empty graph. For S C V(G) let G — S be the subgraph
induced by V(G) \ S. For a connected graph G, Dong and Cao [4, Definition 5] put

D(G) = 1Z(z —de()y,  q(G) = max{l, {”“G)], max_(cc(G — S) — |S)) }

2 2 SCV(G)

v

where dg(v) is the degree of v, and g(G) = ¢(G) — D(G). For a disconnected graph they put
g9(G) = 0. They prove p(G) > q(G) > D(G) [4, Lemma 3], so 0 < g(G) < p(G) — D(G). If G is
connected and has at least two vertices, then D(G) = n;1(G)/2. An enumeration of all graphs on
three to six labelled vertices shows that p(G) = ¢(G) for every connected graph G with at most
six vertices (for one or two vertices p = ¢ = 1). Hence ¢g(G) = p(G) — n1(G)/2 for connected
graphs with between two and six vertices, and this is the form in which our programs evaluate
g. (The proof of [4, Theorem 3] uses only 0 < g < p — D and g = 0 on disconnected graphs, so
Theorem 2.1 below also holds with g replaced by p — D.)

For k>3 and y = (y1,...,uyx) € (R?)¥ let G1(y) be the graph on {1,...,k} with an edge ij
whenever |y; — y;| <1, and let

Aly) = area(o By, 1))

i=1
Theorem 2.1 (Dong and Cao [4, Theorem 3]). For every integer K > 3,

_ W/ 9(G1(y))
(R

K
)
> - C Cr = " dyy - - - d

where y1 = 0 in the integral.

Hence lower bounds for Cs, Cy and C5 give a lower bound for g, with K = 5.

We now reduce the domain of integration. Write s = k—3 and ¢(t) = t=* for ¢ > 0. Following
Dong and Cao [4, Section 3.3], we put y2 = (r2,0) and y; = (§;,7;) for 3 < j < k, and we collect
the coordinates in

T = (T27§3)7737 o 7§]§, 77]@) S R2k_3.



4 TEJASVI SINGH TOMAR

Let Dy be the set of x with 79 >0, 13 > 0 and &3 < &4 < --- < &, and let X} be the box of the
x with 7o € [0,k — 2], n3 € [0,k — 2] and all other coordinates in [—(k — 2), k — 2]. Put
21 T'(k — 3) (k —2)!
Kl = o .

Lemma 2.2. For k > 3,
Comri [ raglGily) p(Al) do.
DpNXy

Proof. Dong and Cao [4, Section 3.3] write y2 in polar coordinates, use the invariance of the
integrand under rotations about y; = 0 and under the reflection in the first axis, and obtain
2r (k-1
== | 2 9(Ch (1) $(A(w)) i
: {r2>0, n3>0}

We undo the reflection, which gives the same integral over {ry > 0} with the factor T'(k—3)/k!.
The integrand is symmetric in y3, ..., yx, and the set where two of the &; coincide has measure
zero; hence the integral over {ro > 0} is (k—2)! times the integral over the set where in addition
&3 < -+ < &. The reflection in the first axis fixes y1, y2 and every §;, maps 13 to —n3 and
preserves the integrand, so this integral is twice the integral over Dj. Finally, Dong and Cao
show that ¢g(G1(y)) > 0 implies |y;| < k —2 for all j [4, Section 3.3]: in a connected graph with
k vertices in which some vertex is at graph distance k — 1 from y1, a shortest path to that vertex
contains all k vertices and any further edge would shorten it. Therefore G(y) is a path and
g = 0. Hence every y; is joined to y; by at most k — 2 edges of length at most 1. Points of Dy,
with |y;| <k — 2 for all j lie in Xj,. O

3. BOUNDS ON A BOX

3.1. Notation. A box is a set Q = Hflli_04[ad,ad + hg] € Xj in the coordinates z, where
d = 0 stands for ry. Its widths are hy > 0, its volume is v = []; hq, and its centre ¢ is the
configuration with coordinates ag + hg/2. For x € Q, the point y; is 0, the point yo ranges over
the segment [ag, ag + ho] x {0}, and y; ranges over a rectangle R; for j > 3. We put R; = {0}
and Ry = [ag, ag + ho] x {0}, write ¢; for the centre of R;, §; = y; — ¢; for the displacement and
£j = maxg |0;| for half the diagonal of R;.

For ¢ < j let d;j and djj be the least and the largest distance between a point of R; and a point
of Rj. The edge ¢j is present on @ if d:;- < 1, absent if di_j > 1, and undetermined otherwise.
Let gmin(Q) and gmax(Q) be the least and the largest value of g over the graphs that contain
the present edges and no absent edge (gmin(®) is the quantity g(Q) of [4, Section 3.3]). Then
gmin(Q) < g(Gl(y)) < gmax(Q) for x € Q

We write E for the average over x uniform in (). Under this measure the coordinates are
independent and uniform, and Ed; = 0.

3.2. The union area and its gradient. Let y be a configuration with distinct points. For
each i let E;(y) be the set of t € R/27Z such that y; + u(t) lies in no open disk B°(y;,1) with
j # 4. The boundary of the union of the disks consists of the arcs y; + u(E;), and Green’s
theorem gives

1 k
(3.) =33 [ (o)
i=1 iy

Moving the disk B(y;, 1) with velocity w changes the area of the union at the rate |, (W, u(t)) dt,
the integral of the normal velocity over the exposed boundary of the moving disk. The right-hand
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side of (3.2) below depends continuously on y, since the endpoints of the arcs move continuously
and arcs appear or vanish only with length zero. Hence A is continuously differentiable on
configurations with distinct points, and

(3.2) V,,Aly) = /E | ut

For a pair i # j with 0 < |y; — y;| < 2 the circles 0B(y;, 1) and 0B(y;,1) meet in two points.
Seen from y; they lie in the directions 0;; = 1;; = oy, where 1);; is the direction of y; — y; and
a;j = arccos(|y; —y;]/2). The endpoints of the arcs that form E;(y) are such directions. We call
these intersection points the vertices of the pair 7.

3.3. The vertex remainder. For a box @), a pair ¢ < j with di_j < 2 and w > 0, put

A

(3.3) Tij(w) = Aijw + pij + mln(d—_, 77),
ij

where (Aij, pij) = (1/4/4— (d;;)Q, 0) if d;; < 2, and (\ij, pij) = (0, 2arcsm(m1n(d;;, 2)/2) —
2arcsin(d;;/ 2)) otherwise. (The second choice is also allowed when d;-';- < 2. Our programs use
the first one when d;;. < 1.98.) A vertex of the pair ij is covered on @ if it exists at ¢ and, along
every segment from ¢ to a configuration of @, it lies in the interior of some disk B(y;, 1) with
I ¢ {i,j} at all times at which it exists. Let v;; € {0,1,2} be an upper bound for the number of
vertices of the pair ij that are not covered on @) (Remark 3.2).

Lemma 3.1. Let Q) be a box with d;; >0 for alli < j. Then for every x € @,
|A(y) — A(c) = (VA(e),y — )| <o) = D vij (16:] +16;]) Toj(18; — i)

1<y, d;;<2
Here <VA(C)7 Y- C> = ZZ<Vy1A(C)7 51>

Proof. Let y(t) = ¢+ t(y — ¢) for t € [0,1], so that y;(t) = ¢; + td;, and let f(t) = A(y(t ))
All conﬁgurations y(t) lie in Q, so their points are distinct. By (3.2), f/(t) = >_,(d:,7i(t)) w

= JE. () ¥ Since f(1) — f(0) - fo (f'(t) — f(0)) dt and |u| =1,
£(1) = £(0) = £'(0) i<Sup ZW‘E £)) & Ei(y(0)),

where | - | is the length of a subset of the circle. The set I; is the complement of the union of
the closed arcs {t : [t — ;| < ay;} over the j with |y; — y;| < 2, up to finitely many points.
Along the path these arcs move continuously, an arc appears or vanishes only with length zero
at a tangency, and moving an endpoint that lies in the interior of another arc does not change
the union. A covered vertex lies in the interior of another arc whenever it exists. Hence, if a
direction lies in exactly one of E;(y(t)) and E;(y(0)), then at some time in [0, ¢| an endpoint of an
arc passes through it while lying in no open arc of another disk. Up to finitely many tangency
directions, this endpoint is the direction 9;; of a vertex that is not covered. The symmetric
difference therefore lies, up to a null set, in the union of the ranges of these directions, and its
length is at most the sum of their total variations over the times at which the vertices exist.
We bound this total variation. Write z = ¢; —¢; and w = 6; — §;, so that y;(t) —y;(t) = z+tw
has length £(t) > d;; > 0. Let e(t) be its direction as a unit vector and e (t) the rotation of e(t)

by 7/2. Then 1;; = (et,w)/¢ and ¢’ = (e, w), and from cos a;; = £/2 we get aj; ==l [vA =2
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where ¢ < 2. So N )
(o2y] < el e
J ¢ V4 — 2
The first term integrates to the total variation of the direction of the vector z + tw, which moves
on a line that avoids the origin, so its integral is less than 7. It is also at most |w|/ d;; pointwise.

The second term is the absolute value of the derivative of arcsin(¢/2). The function ¢ is convex,
hence first decreasing and then increasing, and its values on the times where the vertex exists

lie in [di_j,min(d;;, 2)]. So the integral of the second term is at most 2arcsin(min(d$, 2)/2) —

2aresin(d;;/2). It d;; < 2, the second term is also at most |w|/y/4 — (d;;)2 pointwise. In both
cases the total variation of HZTJ; is at most Tj;(|w|). The direction of the same vertex seen from
Y; is ;; + ™ F ay;, which satisfies the same bound. Every vertex that is not covered therefore

contributes at most (|0;| + |0;|) T3;(Jw|), there are at most v;; of them for the pair ij, and the
lemma follows. U

Remark 3.2. The programs treat a vertex of the pair ¢j as covered only if it exists at the centre
and |P —¢| + & + Tij(ei +€5) + & < 1 for some | ¢ {i,j}, where P is the vertex at the centre.
Along the segment from ¢ to any configuration of () the vertex exists on an interval containing
0, because / is convex, and on this interval it moves by at most €; + Tj;(e; + €;) while y; moves
by at most €;. Hence the vertex is covered.

Since |0; — ;| < [6;] + |9;| and Tj; is increasing, o(d) < > vijxiiTij(Xij) with xa; = |0s] + [65].
In particular

(3.4) 0(8) < Rumax == > vij(ei+5) Tij(ei +¢5)
i<j, di;<2

on Q. For the averages we use the moments of |§;|. If R; has half-sides o and ¢’, then E|§;|? =
(0% + ) /3, E|§;| < (E|5;]*)"/? and E|5;|* = 0*/5 + 20%0"%/9 + ¢’ /5. Different points are
independent, and (a + b)* < 8(a* + b*). This bounds Ex;;, Exfj and Exf}j.

Lemma 3.3. Let QQ be as in Lemma 3.1. With the sums over the pairs with d;j < 2,
Eo < Z Vij ()\z'jEX?j + i Bxij + min (Ex3; /d;;, WEXij))a
1/2 . 3 1/2
(E92) / < Z Vij (3)\%1{5){% + 3:U’z2j]EXsz + 3m1n(EX?j/(dij)2’ 7T2EX12]')) .

Proof. Each term of p is at most Vij()\,-jxfj + pijXi; + min(x?j/di_j,ﬂxij)), and Emin(a,b) <
min(Ea, Eb). For the second moment use (a + b + ¢)? < 3(a? + b + ¢?) for each term and
Minkowski’s inequality for the sum. O

3.4. Interior boxes. In the coordinates x the displacement is x — z., with components A4, and
Lemma 3.1 gives A(y) < A(c) + (b, A) + o, where by = 0A/Ors and by for d > 1 are the partial
derivatives of A at ¢ with respect to the coordinates §; and 7n;. Put

= Ac) - %Z lbalha, Sy = (Z b§h§/12)1/2.
d d

Proposition 3.4. Let Q be as in Lemma 3.1, let R > Ep and S > (Eg*)'/2, and suppose that
7> 0. Then E[rap(A(y))] > V(Q), where 7 = ag + ho/2 and

= 5} / bOh(z)
V(@) = p(Ale) + R) +¢(A(e) 20 -

ho

(AR - ") (5,4 5)
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Proof. Put Z = A(c)+(b, A)+o. Then A(y) < Z, and Z > 7 because ¢ > 0. Since ¢ is decreasing
and 7o > 0 on Q, rop(A(y)) > rop(Z) = Fp(Z) 4+ Aop(Z). Since ¢ is convex and decreasing and
E(b, A) = 0, Jensen’s inequality gives E¢(Z) > p(A(c) +Eo) > ¢(A(c)+ R). For the other part,
Taylor’s theorem gives ¢(Z) = ¢(A(c)) + ¢'(A(c))(Z — A(c)) + w with |w| < 10" (7)(Z — A(c))?,
because Z and A(c) are at least 7 and ¢” is decreasing. Now EAy = 0, IE[A()(b, A)] = boh?/12
and |E[Apg]| < hOEQ, since o > 0 and |Ag| < ho/2. Finally [E[Aow]| < 2" (1)E(Z — A(c))?,
and E(Z — A(c))? < (S, + (E0?)'/?)? by Minkowski’s inequality, since E(b, A)? = S2. O

If gnin(@) = gmax(Q@), then g(G1(y)) = gmin(Q) on @, and the box contributes at least
v gmin (@) max(V(Q),0) to the integral of Lemma 2.2, provided that Q C Dy.

3.5. Boxes with undetermined edges. For a box ) as in Lemma 3.1 put

7 =ao @(A Z’bd|hd+Rmax>

£+ = (ao + ho) ¢ (max(Tr Ale —72|bd|hd mx))

By Lemma 3.1 and (3.4), and since the union contains a unit disk, f~ < rop(A(y)) < f on Q.
For 0 < g <1 let

®(q) =max(qf ", V' = (1-q)f"),
where V* = max(V(Q),0) if 7 > 0 and V* = 0 otherwise.

Lemma 3.5. If F C @Q is measurable and Pr(F) > q for the uniform measure on @, then
L [orap(Aly)) dz > @(q).

Proof. The first expression is at least Pr(F)f~. Also [, = fQ - fQ\ > the first integral is at
least vV* by Proposition 3.4 and since the integrand is nonnegative, and the second is at most

v(l—q)fT. O

Proposition 3.6. Let Q C Dy, be as in Lemma 3.1. Let T be a set of one or two undetermined
edges, and for each assignment o of the states present and absent to the edges in T let F, C Q
be the event that the edges have these states, q, a lower bound for Pr(F,), and g, the least value
of g over the graphs that contain the present edges of @, avoid its absent edges and give the
edges in T the states o. Then

/Q r20(C1) S AW) 2 V(@ V40 3 (00 — 9wl D) (0

Proof. The events Fy, partition @, and ¢(G1(y)) > gmin(Q) + >, (9o — 9min(Q))1F, (z) on Q.
Integrate against r2p(A(y)) and use Proposition 3.4 and Lemma 3.5. O

Our programs evaluate the right-hand side for every single undetermined edge and every pair
of them, and use the largest value. The edge ij is present exactly when |U; — U;| < 1, where
U; and Uj are independent and uniform on R; and R;. The difference U; — U; has independent
coordinates. Each has a trapezoidal density with explicit distribution function, except the second
coordinate for the pair (1,2), which is 0. We cut the range of the first coordinate into eight
strips of equal width, inscribe in the unit disk and circumscribe about it the union of rectangles
over these strips, and obtain lower bounds for Pr(|U; —U;| < 1) and Pr(|U; — U;| > 1) as sums of
products of exact differences of distribution functions. For two edges without a common vertex
the events are independent, and we multiply the bounds. For two edges with a common vertex
we use the Fréchet bound Pr(F N F’) > Pr(F) + Pr(F’) — 1.
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3.6. Boxes at the boundary of the domain. The box @ lies outside Dy, up to a null set, if
ming §; > maxg &;j41 for some j. Such boxes contribute nothing. The pair (j,j + 1) straddles
Q if ming §; < maxg &1 and maxg & > ming &j41.

Proposition 3.7. Let Q be as in Lemma 3.1 with ag > 0 and ming n3 > 0, and suppose that
exactly one pair (j,j+ 1) straddles Q and that no other pair violates the order. Let ¢ = Pr(&; <
&j+1) for the uniform measure on Q. Then

/ r2 9(G1(9)) (A®)) do > v garin(Q) B(g):
QNDy,

Proof. Here QQ N Dy, is the event &; < {41, and ¢ > gmin(Q). Apply Lemma 3.5. O

The probability ¢ is the value at 0 of the trapezoidal distribution function of §; — ;1. Boxes
with two or more straddling pairs contribute nothing.

3.7. Boxes in which two points can coincide. If dl-_j = 0 for some pair, Lemma 3.1 does not
apply. Put € = max; ¢;.

Proposition 3.8. Let Q C Dy be a box. Then
/Qrz 9(G1(9)) p(A(y)) dz > v gmin (Q) a0 ¢ (1 +€)*A(c/(1 + €))),

where ¢/(1 + €) is the configuration with points c;/(1 + ¢€).

Proof. For z € QQ we have B(y;,1) C B(c;,1+4¢€), so A(y) is at most the area of the union of the
disks B(c;, 1+¢), which is (14+¢)2A(c/(1+¢€)) by scaling. Moreover ro > ag and g > gmin(Q). O

The programs use Proposition 3.8 for every box with di_j = 0 for some pair, provided that no
pair straddles it. If a pair straddles such a box, the box receives 0.

4. THE COMPUTATION

4.1. The boxes. For k = 3,4,5 the search program subdivides Xj. It first bisects X breadth
first, always at the midpoint of the widest coordinate, into N initial boxes, where NN is a power
of two. Then it processes every box () recursively as follows. It drops @Q if @ lies outside Dy,
Or gmax(Q) = 0. It bisects @ at the midpoint of its widest coordinate if this width exceeds a
parameter Wy. Otherwise it computes the bound that applies: Proposition 3.8 if two points
can coincide and no pair straddles @); 0 if two points can coincide and a pair straddles @, or if
two or more pairs straddle Q; Proposition 3.7 if exactly one pair straddles Q); Proposition 3.6
if gmin(Q) < gmax(Q); and v gmin(Q) max(V(Q),0) otherwise. It also computes an estimate of
the loss of this bound, namely Kxvgmax(Q)7¢(A(c)) minus kg times the bound. If the estimate
exceeds a parameter tol and the relevant width exceeds a floor Wy, it bisects () at the midpoint
of the coordinate that realizes the relevant width. For interior boxes and for boxes in which two
points can coincide, the relevant width is the largest width; for straddling boxes, it is the larger
of the widths of &; and &;1 over the pairs (j, j+ 1) that straddle @Q; for the other boxes, it is the
largest width among the coordinates of the points that meet an undetermined edge. A box that
is neither dropped nor split is a leaf. Since every split is a bisection, the leaves and the dropped
boxes partition Xj. All box corners are dyadic rationals, which are exact in double precision.
The program uses double precision throughout and is not part of the proof.

The leaves do not depend on N as long as the initial bisection splits only boxes whose widest
coordinate is wider than Wy, that is, for N < 213, 218 and 226 when k = 3, 4 and 5, respectively,
and Wy is as in Table 1. Indeed, the recursion splits such boxes at the same coordinate, and
a box that is dropped has only dropped sub-boxes. The checker takes N as a parameter. The
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search program takes N to be the least power of two that is at least 64 times the number of
threads. For k = 3 this is at most 2'3 only on at most 128 threads.

4.2. The checker. The checker contains a verbatim copy of the recursion of the search program,
so for the same N, or any N in the range of Section 4.1, it visits the same leaves. The float
decisions of this copy need not be correct. For every leaf it takes from the copy only the corners
(and, for the skip below, the float value) and computes the following in ball arithmetic [8], at
128 bits of precision.

(1) It checks that the centre and the widths of the leaf are exact in double precision, that ag > 0
and minns > 0, and which pairs violate or straddle the order.

(2) It classifies the edges from the exact squared distances (dfcj)2 between the dyadic rectangles.

(3) It computes gmin, gmax and the values g, from its own table of 2g = 2p — ny, where p is
computed by enumerating the orders of the vertices.

(4) It computes A(c) and VA(c) from (3.1) and (3.2). The endpoints 1;; +c;; of the arcs covered
by the other disks are balls. It replaces each by an exact double, computes the exposed set
of these doubles exactly on a circle of length equal to the double nearest to 2w, integrates
over this set in ball arithmetic, and adds an explicit bound for the effect of the replacement
and of the change of circle.

(5) It computes v;; (dropping a vertex only if the test of Remark 3.2 holds for the whole ball),
Rax, and the bounds of Lemma 3.3.

(6) It evaluates the bound of Propositions 3.4-3.8 that applies, with the probabilities of Proposi-
tions 3.6 and 3.7 from exact distribution functions and with V* = 0 unless 7 > 0 is certified,
and takes the lower endpoint, or 0 if this is negative.

(7) It adds the lower endpoints with rigorous rounding and multiplies the sum by ki in ball
arithmetic.

Leaves whose float value is zero are skipped, which can only lower the result. The checker
prints [10'%z] /109 for the lower endpoint x of the product. It can split the initial boxes into
contiguous ranges and treat each range separately. A range prints the exact integer 1030z for
the lower endpoint x of its sum, and a separate step adds these integers after checking that the
ranges come from the same parameters and the same build of the checker and do not overlap.

4.3. Proof of the bounds for k < 5. For k = 3,4,5 the checker, run with the parameters of
Table 1, prints the stated lower bounds. Every leaf ) that it evaluates satisfies the hypotheses
of the proposition that it applies, by steps (1)—(5) and, for Proposition 3.4, the certified test
7 > 0 in step (6). So the value it adds is at most fQﬂDk rogp(A) dx, and the other leaves and
the dropped boxes contribute nonnegative amounts. Since the leaves and the dropped boxes
partition X, Lemma 2.2 gives the bounds for C'3, Cy and C5. Section 5 bounds Cy, ..., Cs and
completes the proof of Theorem 1.1.

4.4. Runs. Table 1 lists the runs; for £ = 4 and k = 5 the initial boxes were split into ranges
of equal length. In all runs no leaf value falls below 0.999 times the float value of the search
program. The tests of the checker, against the search program, with deliberate errors and against
separately written programs, and its reruns on other machines are in Appendix A.

5. THE TERMS WITH k > 6

For k > 6 we do not subdivide the space of configurations adaptively, and we follow the outline
given in the introduction. Section 5.1 passes to sorted coordinates, Section 5.2 bounds ¢ from
below, Section 5.3 bounds A from above and takes the Laplace transform in A, and Section 5.4
evaluates the resulting bound.
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TABLE 1. The checker runs.

k=3 k=4 k=5

Wo; Wy 0.1;2-100* 0.4;5-1074 0.6; 2.5-1074
tol; N 10712; 4,096 10713; 262,144 10~1'3; 4,194,304
Ranges of initial boxes 1 16 256
Leaves 12,835,507 1,992,539,492  19,964,335,746

evaluated in ball arithmetic 11,563,336 1,751,885,102  14,286,968,737

of these, with coinciding points possible 3,786 17,657,522 468,368,060

Float sum of the leaf bounds 0.011713020  0.006370717 0.003528036
Certified lower bound for Cy 0.0117130195 0.0063707166  0.0035280362

5.1. Sorted coordinates. Let H = {z € R? : z() > 0}, where z(1) is the first coordinate of z.
For z = (z1,...,2,_1) € H*"! let y(z) be the configuration with 41 = 0 and y; 41 = y; + 2; for
1 <i <k —1. Its points are ordered by their first coordinates.

Lemma 5.1. For k>3 and s=k — %,

o [ o) Aluz) =

Proof. The function F(y) = g(G1(y))A(y)~* is invariant under translations of the configuration
and under permutations of its points. For a permutation 7 of {1,...,k} consider the map
(Y255 Uk) = (Yn(2)=Yn(1)> - - - > Ym(k) —Yr(1)), Where y1 = 0. It is linear and has an integer matrix,
and its inverse, the map for 71, has one too, so its determinant is +1. The function F has the
same value at a configuration and at its image. The map sends the set of configurations with

y1 = 0 and yfrl()l) << yfrl(zc) onto the set of configurations with y; = 0 and ygl) < < ylil).

The k! sets of the first kind cover (R?)*~! up to a null set, so the integral of Theorem 2.1 is k!
times the integral of F' over the sorted configurations. In the coordinates z; = y;4+1 — y;, which
have Jacobian 1, the sorted configurations form HF . O

Cr =

5.2. The window graph. Fix z € H*!, write y = y(2) and G = G1(y). The window graph
H(z) is the graph on {1,...,k} whose edges are the edges {j,{} of G with |j — ] < 3. For a
graph H' on {1,...,k} let neo(H’) be the number of its vertices of degree less than 2, and put

A(H') = {

Let g(z) = A(H(z)). Adding edges to a graph keeps it connected and does not increase ncg,
so A is nondecreasing under adding edges. In particular A(H') < g(z) for every graph H' on
{1,...,k} whose edges are edges of H(z).

Lemma 5.2. For every z € H* 1 we have 0 < §(2) < g(G1(y(2))).

max (0,1 — $ncp(H’)) if H' is connected,

0 otherwise.

Proof. If g(z) = 0, the claim is g > 0, which holds by [4, Lemma 3| and because g = 0 on
disconnected graphs. Suppose that g(z) > 0. Then H(z) is connected, and it is a spanning
subgraph of G, so G is connected. Since ¢(G) > 1 and D(G) = ni1(G)/2, we get g(G) >
1 —n1(G)/2. A vertex of degree 1 in G has degree at most 1 in H(z), so n1(G) < n<a(H(2)),
and g(G) > 1 — gn<a(H(2)) = §(2). O

The value A(H') of a graph H' whose edges join vertices at most three apart can be computed
in one pass over the vertices that remembers only a window of three vertices. After the vertices
1,...,4 have been processed, let H] be the subgraph of H’ induced by them, and call {max(1,7—
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2),...,1} the window. The pass starts with the window {1}, the degree 0 and the count 0. The
state consists of the partition of the window by the components of H/, the degrees in H] of the
window vertices, capped at 2, and the number, 0 or 1, of vertices j < i — 3 of degree less than 2
in H/. If this number would become 2, the pass returns 0, because A = 0 once two vertices have
degree less than 2. To process the vertex i+ 1, we add it with its edges to those of the vertices 1,
i — 1 and 7 — 2 that exist, and update the degrees. Since all these neighbours lie in the window,
the new partition is obtained by merging the blocks of the neighbours with the new vertex. For
i > 3 we then remove the vertex i — 2 from the window. All possible neighbours of i — 2 have
then been processed, so its degree is final, and it is counted if this degree is less than 2. If the
component of i — 2 does not meet the new window, then H' is disconnected, because every later
edge has both ends at least i — 1, and the value is 0. After the last vertex, H' is connected if and
only if the window lies in one block, and then A(H’) = max(0,1 — in.o(H')), where noo(H') is
the count plus the number of window vertices of degree less than 2.

Lemma 5.3. This pass returns A(H').

Proof. By induction on i, the state after vertex i is as described, and every component of H/
meets the window, unless the pass has returned 0. In that case H' is disconnected or has two
vertices of degree less than 2, and A(H’) = 0 in both cases. A degree of a vertex that has left
the window no longer changes. At the end, therefore, the count and the window degrees give
n<o(H'), and, since every component of H' meets the window, H' is connected exactly when
the window lies in one block of the partition. O

5.3. The area and the Laplace transform. For » > 0 put A;(r) = area(B(z,1) \ B(0,1))
for any z € R? with |z| = r, and for w’,w, z € R? put
As(w, z) = area(B(z,1) \ (B(0,1) U B(~w, 1))),
As(w',w,z) = area(B(z,1) \ (B(0,1) UB(—w,1) U B(—w — ', 1))).
Thus Ay (r) = m—2arccos(r/2)+5v4 —r2 for r < 2and Ay (r) = 7 for r > 2, and Az(w’,w, z) <
Az (w, 2) < Ai(Jz]).
Lemma 5.4. For k> 3 and s =k — %,

1 [ .
Cr > = / e () dt,  We(t) = / §(z) e M) dz,
2 Jo Hk—1

where A(Z) = Al(\zﬂ) + AQ(Zl, 22) + Zf:_gl Ag(zi_g, Zi—1, Zz)
Proof. Write B; = B(y;,1). Adding the disks in the order of their indices,

k
Aly) =7+ Z area(Bl- \ U Bj>
i=2 j<i
k
< 7+ area(Bs \ B1) + area(Bg \ (Ba U Bl)) + Z area(Bi \ (Bi—1UB;_2 U B,-_g)).
i=4
Translating y;—1 to the origin shows that the term for ¢ > 4 is As(z;—3, z;—2, zi—1), the term for i =
3is Az (21, 22), and the term for i = 2is A1 (|z1). Fora > 0 wehave a™* ='(s)™* [[7t5~ e dt,
which is decreasing in a. Lemmas 5.1 and 5.2, these two facts and Tonelli’s theorem give the
claim. g

In the pass of Lemma 5.3, the step that processes the vertex i + 1 uses the edges {i + 1,1},
{i+1,i—1} and {i+1,7—2}, which depend only on (z;_2, zi_1, %), and the factor e~*43(2i-2,2i-1,2)
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depends on the same triple. Thus Wy (¢) is a sum, over the sequences of states of the pass,
of iterated integrals of kernels in three consecutive increments; the term for each sequence is
weighted by the value A of its final state. A forward recursion over the vertices, a transfer
operator on functions of the state and of the last two increments, gives all k at once.

5.4. Evaluation. We cut the set of increments z with |z| < 2 in H into polar cells Z = {ru(6) :
r<r <7, 0<6<80} Theradii form a grid with 60 equal steps on [0, 1] and 30 on [1, 2], and the
angles form a grid with an even number 144 of equal steps on (—m /2, 7/2). (The programs use the
angular range (0, 7), which is equivalent, since only differences of angles enter.) Configurations
with some |z;| > 2 are dropped, which lowers the integral.

Edge classes. On a product cell Q = Z; x- - -x Z_1 we declare the edge {i+1,4} of the window
graph present if 7(Z;) < 1. Otherwise it is absent up to a null set, because 1 is a grid radius.
We declare the edge {i+1,7— 1} present if |2+ 2| <1 for all z € Z;_1 and 2’ € Z; is certified in
ball arithmetic, and absent otherwise. The extreme values of |z + 2'|> = r2 +7/2 4+ 211 cos(§' — )
over a pair of cells are attained at the corners of the box of radii or, for the minimum, at the
minimizers on its edges, with the extreme values of cos(f’ — ). We declare the edge {i+1,i—2}
present only if the following test certifies that |z + 2’ + 2| < 1 for all z € Z; o, 2’ € Z;_; and
2" € Z;, and absent otherwise. Each cell is enclosed in the pentagon whose vertices are its four
corners and the point at distance 7/ cos((6 — §)/2) from the origin on its middle ray, where the
tangents to the outer arc at its ends meet. The maximum of the norm over the sum of three
pentagons is attained at a sum of three vertices, one from each pentagon. We compute the 125
sums from the vertices rounded to doubles and declare the edge present if the largest norm is
at most 1 — 10712, which covers the rounding errors. Let Hq be the graph of the edges declared
present. Its edges are edges of H(z) for every z € Q, so A(Hg) < g(z) on Q. The pass of
Lemma 5.3 has 103 reachable states.

Averaging. On ), Jensen’s inequality for the uniform probability on Q gives

N k—1
A —tA(2) Y = 7 . ) .
/Q §(2) A0 dz > A(Hg) 9] exp(—t(a1(21) + a2(Z1, Z2) + Y as(Zia, Zicr, 20) ) ),
i=3

where a1(Z2), aa(Z,Z") and as(Z, Z', Z") are upper bounds for the means of A;(|z|) over Z, of
Ay(w, z) over Z x Z' and of As(w',w,z) over Z x Z' x Z". We compute these bounds in ball
arithmetic at 128 bits and round them upward to doubles, and we round ag further upward
to single precision. For a; we use an upper Riemann sum with 64 subintervals and the radial
density, since A; is increasing.

The bounds as and as come from Lemma 3.1 for unions of three and four disks whose centres
are sums of increments. Let K1, ..., K, be compact convex sets, and let z1, ..., z, be indepen-
dent random points, uniform on cells Zy C ICs. The centres are y, = > apsxs for p=1,...,n,
with integer coefficients a,s, and A(y) is the area of the union of the unit disks centred at
Y1,..-,Yn. For points ¢; € Ky we expand at ¢, = ), apsCs and put 6, = y, — ¢,. For p < ¢
let dlij bound |y, — y,| from below and above on K; X -+ x Ky, and define T}, and v, as in
Section 3.3, with the segments from ¢ to y(z), x € Z3 X -+ X Z,,,, in place of the segments in a
box. Let és be the centroid of Z, and 02 = E|xs — &|?, and for p < ¢ let

qu Z Z(|a’p8’ + |aqs|)0'5 + ’Z aps(és - 65) + ’Z (qu(és — 65) .
s s s
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Lemma 5.5. Suppose that d,, > 0 for all p < q. Then

[BA(y) - A©)] 23| (e — &)

=2 — . -2 — _
+ Z Vpq (/\qupq + HpgXpq T Min (qu/dpq7 WXPQ))'
p<q, dpg<2

Proof. The map = +— y is linear, so the segment from ¢ to y(z) is the image of the segment from
(C1,...,Cm) to x, which lies in Iy x - -+ X K,,. Along it the distances between the centres lie in
[d;q, d;‘fq]. The proof of Lemma 3.1 uses only these distances along the segment, so for every x the
error of the linear approximation is at most Y vpeXpqIpg(|0g — 9p|), With xpg = |p| + |d¢|. The
linear term has mean }_ (V,, A(c), Edp), and Ed, = >  aps(¢s — &s). By (3.2) the gradient with
respect to one centre has norm at most 2, which gives the first term. Since T}, is increasing and
|64 — 0p| < Xpq» €ach term of the error is at most vpg(ApgXag + fpgXpq + MiIn(Xay/dny: TXpq)), and
Emin(a,b) < min(Ea, Eb). Finally xpq < > (|aps| +|ags|)|zs — €|+ |Edp| + |Edy|, so Minkowski’s
inequality gives (If:?,xgq)l/2 < Xpg> and Expq < (Exgq)lm. O

As the sets Ky we take the convex hulls of the cells, enlarged by disks of radius 107°. We

expand at the doubles nearest to the sums ) < apsCs that occur as centres. They have the form
Cp = Y., ApsCs With |6s—¢5| < 1071% 50 & € K. The centroid of a cell has norm 2701 sin((0-0)/2)
s UpsCs s~ Cs ) ] s 3722 (0-0)/2
and 02 = (r? +72)/2 — |¢s|>. The bounds d* are computed on sets that contain the hulls: the
hull of a cell lies in the polar box with inner radius r cos((f — @)/2) and in the pentagon of the
edge test. For a single increment or the sum of two we use the polar boxes, as in the edge test,
and for the sum of three we use the pentagons as described below. We widen all these bounds
by 10712, which covers the enlargement. We take Vpq = 2 for every pair with d,, < 2 and choose
(Apgs fpq) as in Section 3.3. The Riemann sums below use 64 subintervals.

The bound az. We write As(w,z) = area(B(—w,1) U B(0,1) U B(z,1)) — 7 — Ai(|w|). The
mean of A;(|w|) over Z is bounded from below by a lower Riemann sum. The mean of the area
of the three disks is bounded from above by Lemma 5.5 with the increments w € Z and z € Z’
and the centres —w, 0 and z. The area at the expansion point is computed as in the checker
(Section 4.2). Where some dp, 1s not certified to be positive, or where this computation fails,
which happens only when a distance between two centres cannot be separated from 0 or from 2,
we use only As(w, z) < Ai(|z]), whose mean we bound by an upper Riemann sum. In general
we take the smaller of the two bounds.

The bound az. For w' € Z, w e Z' and z € Z" put Py = —w —w', P, = —w, P, = 0 and
P3 = z. Let Uy be the area of the union of the unit disks centred at P, ..., P;, and Us that of
the disks centred at Py, P; and P, so that As(w’,w, z) = Us—Us. The six distances between the
centres are |w'|, |w)|, |z|, |[w" +w|, |w+ z| and |w’ 4+ w + z|. For the last one, the largest norm of
the 125 sums of pentagon vertices bounds it from above, and ) min, (e, v) bounds it from below,
where the sum runs over the three pentagons, v over the vertices of a pentagon and e is the unit
vector along the sum of the means of the vertices. If |w’ + w + z| > 2 on the whole product, the
disks centred at Py and P3 meet in at most one point, so A3 = As(w, z) on the product, and we
take ag = as(Z’, Z"). Otherwise the mean of Uy is bounded from above by Lemma 5.5 for its six
pairs of centres, with its value at the expansion point computed as in the checker. The mean of
Us is bounded from below by the larger of two bounds. The first is Lemma 5.5, which bounds
|EUs — Us(c)|. The second uses that the union contains B(Py,1)UB(Py, 1), so Us > m+ A1 (|w]),
with a lower Riemann sum for the mean of A;(Jw|). Then ag is the smaller of as(Z’, Z") and
the difference of the two bounds, since Az < As pointwise. Where Lemma 5.5 does not apply
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to Uy, for the reasons given for ag, we take ag = ao(Z’,Z"”), and where it does not apply to Us
we use only the second lower bound. A negative value of ag would stop the program, but none
occurs.

Symmetry. Since a rotation of all cells preserves these quantities, they depend only on the
radial indices and the differences of the angular indices. The reflection in the first axis maps
sorted configurations to sorted configurations. We make the pair tables invariant under it by
taking the weaker bound for any two cell pairs that it exchanges, that is, the larger upper bound
and the smaller lower bound, and, where the edge classes differ, an absent edge. The triple
tables are computed for one half of the angular differences and copied to the other half. This
is valid because the reflection maps each product of three cells onto its image and preserves the
exact means of Az and the exact relations |z + 2/ + 2| < 1, so a bound for one product is a
bound for the other. Then the recursion below is symmetric as well, and only the target cells in
one half of the angular range have to be computed.

The recursion. Summing over (), with the cell areas rounded down to doubles, gives a lower
bound W (t) for Wy (t), the exact value of the following recursion with the stored bounds. It runs
over the increments, and its entries are indexed by the state of the pass of Lemma 5.3 and by the
cells of the last two increments. The step for z; gives the entry |Z;|e~*®(%1) to the cell Z; and
its state. The step for zo multiplies by ]Z2|€*ta2(Z1’Z2), and the step for z; with ¢ > 3 multiplies
by \Zi\e*ta?’(zi*?’zifl’zi), and each moves to the new state. The closing step for a given k is
merged with the step for z;_1. For each pair of cells of the last two increments, it multiplies
the partial sums of that step by the final values A of the new states, and it then adds these N%
numbers, first over the cells of z;_s and then over those of zx_1; here No = (60 4 30)144 is the
number of cells. All terms are nonnegative.

Rounding. We evaluate the recursion in double precision and rescale each step by a power of 2.
The products tas are exact, because ¢ is a multiple of 1/8 not above 6 and ag has single precision.
The other products ta have a relative error at most 2753, which changes the exponential by a
relative error below 3 - 10715, since ta < 6m. We use the assumption of Theorem 1.1(c), a
relative error below 10~ for the exponential function. The manual of glibc says that its test
suite flags only errors above 9 units in the last place [6, Section 19.7], which is a relative error
below 2 - 107, Suppose also that no product and no rescaled entry is subnormal or zero.
Then each factor |Z|e™™ has a relative error below 1.01 - 107, Let u = 2753, Each entry
of a step is a sum of at most 103 N¢ nonnegative products, and in the closing step each term
passes through at most 2N¢ + 206 further additions. A sum of n nonnegative terms has relative
error at most nu/(1 — nu), so each step adds a relative error below 1.2 - 1072 and the closing
step adds one below 3 - 10712, After at most 22 — 1 steps the computed value U satisfies
(1-10"")¥ < ¥(t) < (1+10"7)¥. The program uses the wider upper enclosure (14 107°),
which also covers a mode that rounds the factors down to single precision; this mode was not
used in the run. It is compiled without options that flush subnormal numbers to zero. We reran
the computation of all ¥ of the run below with counters added to its comparisons, which leave
its arithmetic unchanged. The rerun reproduces every value U bit for bit and finds no subnormal
or zero product and no subnormal rescaled entry. The function \II‘,: is a positive combination of
exponentials in ¢, so it is nonincreasing and log \II% is convex. On each interval of the grid of step
1/8 on [0,6] we use three lower bounds for \112: its value at the right endpoint, and the secant
lines of log \Ilg through the left and through the right neighbouring interval, extended over the
interval. The secants use the endpoints of the enclosures in the direction that keeps them below
log \Ifg. There is no left secant on the second interval and no right secant on the last one, and on
the first interval we use only the value at its right end. We integrate each of these lower bounds
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exactly with the lower incomplete gamma function, after checking that the slope of the line is
below 7, and keep the largest integral. The part with ¢ > 6 is dropped.

The triple tables are computed in slices on several machines, and the recursion for different
values of ¢ runs on different machines that load all slices. The loading step checks that every
triple is loaded exactly once and that all slices come from the same grid. All slices and all values
U of the run come from one build of the program. A last step checks that the values U are
present for every k and every grid point and computes the t-integral. With these parameters
the evaluation gives 3 22 C > 0.0042404631.

A second program, written from the specification of the bound without consulting the source
of the first, computes the same bound with its own geometry, its own version of the pass of
Lemma 5.3 and a recursion run twice, with rounding downward and upward. At the grid
(40,20,96) it gives Y72 Cx > 0.0039557308, against 0.0039174952 for the first program, and
its value is at least that of the first program for every k.

A third program, written in the same way, evaluates a bound of the same form with sharper
ingredients; it computes the geometry of the tables in MPFR arithmetic with explicit margins
and the recursion and the t-integral with directed rounding. At the grids we compared, it too
gives at least the value of the first program for every k. This is observed, not guaranteed, since it
averages u over 32 Riemann subintervals where the first program uses 64. At the grid (20, 10, 48)
it gives 222:6 C > 0.0032023178, and the first program gives 0.0030379534 at the same grid
and step. The repository describes both programs in detail.

The tests of the first program are also in Appendix A.

5.5. A simpler bound. We also record a weaker bound, which is not used in Theorem 1.1.
Because it factorizes completely, its evaluation is much simpler. It uses the area bound A(y) <
T+ Zf;ll A1(]#), which follows from the proof of Lemma 5.4 and compares each disk with
the previous one only. If |z;| < 1 for all ¢, then H(z) contains the path (1,2,...,k), so it is
connected and its vertices 2,...,k — 1 have degree at least 2. The vertex 1 has degree at least 2
if |21 + 22| < 1, and the vertex k if |z;_o + z;_1| < 1. So §(z) > 3(e1 + e2) on this set, where e;
and ey are the indicators of these two conditions. The argument of Lemma 5.4 gives, for every
k>3,

Ck > ;/ tsflefﬂt m(t)kf?)zp(t) dt
0

where
1
m(t) = 7T/ re_tAl(T) d?“, / / rrg e ~HAu(r)+A1(r2)) ( 19(7“1, 7“2))2 d’l"l d?“g,
0

and 9(ry,r2) € [0,7] is the arccosine of (1 — rf — r3)/(2r1re) clamped to [—1,1]. Indeed,
in polar coordinates z; = r;u(6;) with 6; G (—m/2,7/2), the condition |z; + 22| < 1 means
|61 — 02| > Y(r1,72), and the set of such (61,62) has measure (7 — 9(r1,72))?. Hence the term
%el contributes %m(t)k*?’??(t) to the inner integral, because each of the increments z3, ..., 251
ranges over the half disk and contributes the factor m(t¢). The term %62, which depends on z;_o
and z;_1, contributes the same.

We evaluate this bound in ball arithmetic at 128 bits, with the radial cells [¢/1000, (i41)/1000].
Since A; is increasing,

i+1)/1000 :
/( S ) g s L e i)

i/lOOO - 2. 10002

For two radial cells [a1,b;] and [a2,bs] we split the range [0,7] of |#; — 63| into 2% in-
tervals of equal length and call such an interval with left endpoint ¢ inside if b2 + b3 +
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2max(b1by cos ¢, ajaz cos @) < 1. Then |21 + 22| < 1 on the whole product of the cells and the
interval. Since this test is monotone in ¢, the inside intervals form a final segment [¢*, 7], found
by bisection, and on the two radial cells the angular measure is at least (7 — ¢*)2. This gives
lower bounds m(t) < m(t) and P(t) < P(t) that are decreasing in ¢. On the grid ¢; = j At,
where At is the double nearest to 0.002, we bound the integral over [t;_i,t;] from below
by m(t;)¥73P(t;) times the exact integral of ¢+*~le~™ over this interval, given by the lower
incomplete gamma function. The part beyond the last grid point, 6000 At ~ 12, is dropped.
The sum of the resulting lower bounds for k = 6,...,30 is Y50« Cx > 0.0010814417.

5.6. Proof of Theorem 1.1. Part (a) is proved in Section 4.3. Part (b) is proved in Lean
from three statements that are proved in Section 3 or cited as Theorem 2.1 (Section 6.1). Under
the assumption of part (c), Section 5.4 proves Ziia Cr > 0.0042404631; hence, by Theorem 2.1
with K = 22,

5
B> 3 +0.0117130195 + 0.0063707166 + 0.0035280362 - 0.0042404631 = 0.6508522354 > 0.6508.

6. FORMAL VERIFICATION

In the Lean 4 proof assistant [11], with the Mathlib library [10], we proved parts (a) and (b)
of Theorem 1.1 and two weaker bounds for (3, in three proofs. The second native proof gives
parts (a) and (b), and the first native proof gives > 0.6491725104; both evaluate their finite
checks by compiled code. The kernel-only proof gives 8 > 0.6440396, and Lean’s kernel evaluates
all of its checks. Part (c) rests on the evaluation of Section 5.4, not on the formal proofs: the
bound for Cg + - - - + Ca2 on the grid (60, 30, 144) is not formalized.

6.1. The statements. The formal statements use Mathlib’s definitions. Points are elements
of R x R, with Lebesgue measure. The number C}, is defined by the formula of Theorem 2.1
as a Lebesgue integral with values in [0,00], with y; = 0. In it, A(y) is the measure of the
union of the closed unit disks centred at the points, the vertices i # j of G1(y) are adjacent if
lyi —y;| <1, and ¢g(G) = ¢(G) — D(G) if G is connected and g(G) = 0 otherwise, with ¢ and
D as in Section 2. A real number 3 satisfies IsBHHConstant /3 if, for every sequence Xg, X7, ...
of independent random points of R? with the uniform distribution on [0,1]%, on any probability
space, the length of the shortest closed tour through Xy, ..., X,_1 divided by /n tends to 8
almost surely. The theorem of Beardwood, Halton and Hammersley, which says that such a
exists, is not formalized; the statements below concern every real number with this property.

The statements have three hypotheses, which are not formalized. The first, GreenFormula, is
Green’s formula (3.1) for every configuration of distinct points. The second, VertexLemmaSeg,
is Lemma 3.1 together with Remark 3.2 and (3.2), with the quantities of the box replaced by
bounds that hold along the segment from its centre ¢ to y. The proof of Lemma 3.1 uses only
this segment, so it proves this statement as well. The third, DongCaoK30 3, is the inequality
8>5/8+ Ziozg C) of Theorem 2.1, in [0, 00|, as a premise on /3. The bounds for the numbers
C}, assume the first two hypotheses, and the bounds for 5 all three. Each bound for § is stated
in two forms: for every real § with DongCaoK30 /3, and for every g with IsBHHConstant [3,
assuming DongCaoK30 S for every such 8. Theorem 2.1 is needed only to pass to the constant of
the Beardwood-Halton—-Hammersley theorem. Appendix B gives the hypotheses and the types
of the theorems as they read in the Lean files.

6.2. The proofs. The bound of the first native proof is 0.6491725104 = 5/8 + 0.0117130195 +
0.0063707166+0.003403470140.0026853042. For C3 and CY it proves the bounds of Theorem 1.1,
with the subdivisions of Table 1. For Cs it uses the subdivision with tol = 3-10~!% and the values
of Wo, Wy and N of Table 1, and it proves the weaker bound C5 > 0.0034034701. For 6 < k < 30
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it uses the bound of Section 5 with a window of two places instead of three: the window graph has
the edges {j,1} of G with |j—1I| < 2, and the area is bounded by W+A1(|Z1\)+Zf:_21 As(zi—1, zi).
A Lean program evaluates this bound on the polar cells of Section 5.4, with 60 and 30 radial
steps on [0,1] and [1,2] and 144 angular steps, at the points ¢ = j/16 with 1 < j < 96, and its
correctness proof is of the same kind as that of the window of three places below; this yields

20 6 Cr > 0.0026853042.

For k = 3,4,5, a program written in Lean subdivides the box X as in Section 4.1, with these
parameters. On every leaf it computes a lower bound by the case distinction of Section 4.1,
from Propositions 3.4-3.8, in fixed-point interval arithmetic with exact integers. The decisions
of the subdivision are taken in floating point, as in the search program, and some approximate
values, such as candidates for the values of arcsin, are taken from floating point as well. None of
them needs to be correct. A Lean proof shows, from GreenFormula and VertexLemmaSeg, that
for every box the computed value, divided by 2%°7, is at most the integral of Lemma 2.2 over
the intersection of the box with Dy, and that the sum of these values over the leaves in a range
of initial boxes is at most the integral over the intersection of the union of these boxes with
Dy,. The inequality Cj, > ky, kaka r2 9(G1(y)) v(A(y)) dx of Lemma 2.2, the direction used by
the bounds, is proved in Lean as well, and the tables of g are checked in Lean. The program
runs in parts, each over a range of initial boxes, and each part is a theorem stating that the
sum over its range is at least a given integer, computed beforehand by a C program from sums
over the same initial boxes and reduced by a relative margin of 10~°. Further theorems add up
the ranges; their types force the ranges to be contiguous and to cover all initial boxes, and the
ranges of initial boxes without a part, on which the sums of the C program are 0, receive the
lower bound 0, which is valid because the computed value of every box is nonnegative.

In the first native proof these checks are evaluated by native_decide, which executes com-
piled code. The trusted base then includes the Lean compiler, the C compiler that it uses and the
Lean runtime. Besides the standard axioms propext, Classical.choice and Quot.sound, its
theorems depend on one auxiliary axiom for each compiled check that they use; the README
of the repository lists them.

The second native proof evaluates the same program on the subdivisions of Table 1 for k = 3,
4 and 5, so it proves the bounds of Theorem 1.1 for C3, Cy and Cs. Its parts and the theorems
that add them up are formed as in the first native proof, and for £ = 3 and k = 4 they are the
same parts. For k& = 5 it has parts of its own, and again the ranges of initial boxes without a
part, on which the sums of the C program are 0, receive the lower bound 0. The second native
proof uses native_decide in the same way, with the same trusted base.

For the window of three places, the second native proof evaluates the bound of Section 5 on
the grid (20,10,48). Here a Lean program computes the pair and triple entries of the tables
of Section 5.4 in exact fixed-point interval arithmetic and runs the recursion with rounding
downward and upward. It checks given enclosures of W& (¢;) for 3 < k < 22 at the points t; = j/8
with 1 < j < 48, and it integrates over 0 < t < 6, which gives 372, Cx > 0.0030379504113 and,
with the bounds for C3, Cy and Cs5, 8 > 5/8 + 0.0117130195 + 0.0063707166 + 0.0035280362 +
0.0030379504113 > 0.6496497227. The enclosures were computed beforehand by a variant of the
first program of Section 5.4, run with the edge classes of the triple entries of the Lean program,
and they are not trusted: the check either confirms each of them or fails. Its correctness proof
contains the analogues of Lemmas 5.1-5.4, the soundness of the entries of the tables and of the
recursion, the discretization of Section 5.4 with Jensen’s inequality on the products of cells, and
the bound for the integral over t; the part with ¢ > 6 is dropped, which lowers the bound. The
window check, the integral over t, a nondegeneracy check of the grid and a positivity check are
evaluated by native_decide, as four further compiled checks.
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The kernel-only proof bounds only C3, C4 and C5, and it uses Cp > 0 for 6 < k < 30.
For Cj it uses the subdivision of Table 1 and so, like the native proofs, proves the bound
C3 > 0.0117130195 of Theorem 1.1. Its subdivisions for C4 and Cj are coarser: 512 initial boxes
with (Wo, Wy, tol) = (0.4, 0.002, 3-10719) for Oy, which yield Cy > 0.0059365909, and 4,194,304
initial boxes with (Wy, Wy, tol) = (0.6, 0.0005, 3 - 10719) for Cs, which yield C5 > 0.00139. So
5/8 + C5 + Cy + C5 > 0.6440396. The leaf bounds are computed by the same program as in
the native proofs, but all auxiliary values, including the candidates for the values of arcsin, are
computed in integer arithmetic, so that the kernel evaluates no floating-point operation; the
subdivision trees, whose decisions are taken in floating point, enter only as recorded codes. For
Cs, Lean’s kernel also checks the table of g for five points, and the integer values of cos and sin
at the points of the angular grid are written into the files as a table, which theorems proved
by decide +kernel check entry by entry against their computation. A Lean program cuts the
subdivision trees into pieces and records a claimed lower bound for every piece, and a script
turns these records into Lean files. In theorems proved by decide +kernel, each covering at
most 25 leaves for (3 and Cy and at most 12 for C5, Lean’s kernel evaluates the leaf bounds
and checks the claims. For each initial box that is cut into pieces, one further theorem of this
kind checks that the pieces are the parts of the subdivision tree of the box and that the top
part of the tree, with the claimed values of the pieces, gives at least the value claimed for the
box; the other initial boxes, whose computed values are 0, are again bounded below by 0, as in
the native proofs. From these checks, a Lean proof that holds for every list of pieces that passes
them derives the bounds for C3, Cy and Cs, so the cut program, the script and the generated
files need not be trusted. The kernel-only theorems depend only on the three standard axioms.
Their bound is larger than 5/8 +0.011135 4 0.005040 + 0.001015 = 0.64219, the bound given by
the values of Dong and Cao for C'5, C4 and C5.

The Lean source files are in the directory lean/ of the repository given under Data availability.
Its README gives the versions of Lean and Mathlib, the build times and further checks of the
three proofs, among them checks of the exported proofs by two other implementations of Lean’s
kernel, nanoda [12] and lean4lean [2]. Compiled files are not included, so rebuilding a native
proof evaluates all of its compiled checks again.

7. LIMITS OF THE METHOD

This section collects numerical observations; the proofs do not use them.

We estimate Cj with two Monte Carlo programs that sample configurations along random
trees, in the spirit of the importance sampling of Dong and Cao [4, Section 3.4, with exact
union areas and exact values of p. One of them gives C5 = 0.0117147(7), Cy = 0.0064059(3),
C5 = 0.0039065(3) and Cs = 0.0026084(4), where the digits in parentheses are the standard
error in the last digit, and the other agrees to within about 1.2 standard errors. So, numerically,
the framework with K = 5 cannot give more than 5/8 + C3 + Cy + C5 =~ 0.6470, and with K = 6
it cannot give more than about 0.6496. The sampling bounds of Dong and Cao for k£ < 10 [4,
Section 3.4] suggest that the framework with K = 10 gives more than 0.6536.

Among (3, Cy and Cs, most of the remaining loss is in C5, on boxes with undetermined edges.
For k = 6 the integral is nine-dimensional, and its mass is spread over many boxes with small
integrands, so we did not subdivide it. The bound of Section 5 gives Cg > 0.0017057370, which
is 65% of the Monte Carlo estimate. Most of the loss comes from § and the window-three area
bound: by Monte Carlo, the integral with g in place of g and the window-three area bound at
exact positions is about 0.00195 for £ = 6, and the discretization lowers it to the certified value.
At the grid (20,10, 48), deciding the undetermined edges by sample points instead of dropping
them raises the sum over 6 < k < 22 from 0.00304 to 0.00433, while replacing the area bounds
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by sample means raises it only to 0.00340. At this grid the undetermined edges thus cost about
three and a half times as much as the area bounds. For 6 < k£ < 10 the bound is a decreasing
share of Monte Carlo estimates of the integrals of Theorem 2.1 with p—mn1/2 in place of g, which
equal Cy for k < 6 and are at least C}, in general. A larger bound would therefore have to come
first from the boxes with undetermined edges (for C5 and in the bound for k£ > 6), and then
from a subdivision of the integral for k = 6.

APPENDIX A. TESTS OF THE PROGRAMS

We tested the checker against the float values of the search program and with a self-test,
with deliberate errors in shorter runs, against separately written programs, which also estimate
Cs,...,Cs by Monte Carlo integration (Section 7), and by reruns on other machines. We tested
the first program for £ > 6 against sampled means of the entries of its tables and with deliberate
errors. No test found a violation, every deliberate error raised the certified value, and the reruns
reproduced the certified values, the leaf counts and the exact integers of the runs. The repository
describes each test and its result.

APPENDIX B. THE FORMAL STATEMENTS

The hypotheses of Section 6.1 read as follows in the Lean files.
def GreenFormula : Prop :=
V(& : N)(y:Fink - Pt), (Vij, i1# j—>yi##yj) — unionArea y = greenArea y
Here unionArea y is A(y), and greenArea 7y is the right-hand side of (3.1), where the set E;(y)
is represented by the ¢ € [0,27) such that y; + u(t) has distance at least 1 from every y; with
jF#i.
def VertexLemmaSeg : Prop :=
V (k& :N) (cy: Fin k — Pt) (eps : Fin k — R) (dlo dhi : Fin k — Fin k — R)
(first : Fin k — Fin k — Bool),
(Vij,i<j—0<dloij —
Vij,i<j—=>VtelIcc (0:R)I1,
dlo i j < edist2 (segPt (c i) (y i) t) (segPt (c j) (y j) t) A
edist2 (segPt (c i) (y i) t) (segPt (c j) (y j) t) < dhi i j) —
(Vigj,i<j — first i j = true — dhi i j < 2) —
(V i, enorm2 (y i - ¢ i) < eps i) —
|unionArea y - unionArea c
- Z i, ((greenGrad c i).1 * (y i - ¢ i).1 + (greenGrad c i).2 * (y i - ¢ 1).2)|
< vertexRemSeg c y eps dlo dhi first
Here ¢ takes the place of the centre of a box, segPt (¢ i) (y i) tisc¢;+t(y; —¢;), and edist2
and enorm?2 are the Fuclidean distance and norm. For ¢ < j, dlo i j and dhi i j are bounds

d;; > 0 and d;-; for the distance between the i-th and the j-th point of ¢ + t(y — ¢) for every
t € [0, 1]; the positivity of d;j is a premise, as in Lemma 3.1, and keeps the points distinct along
the segment. The number eps i is a bound ¢; for |y; — ¢;|. The vector greenGrad c i is the
right-hand side of (3.2) at ¢. The number vertexRemSeg ¢ y eps dlo dhi first is p(d) of
Lemma 3.1 with 6; = y; — ¢;, with Tj; as in (3.3), where first i j selects the first choice of
(Nij, ptij), which is allowed only if dhi i j < 2, and with v;; given by the test of Remark 3.2,
or v;; = 2 if the circles of radius 1 around ¢; and ¢; do not meet in two points.
def DongCaokK30 (8 : R) : Prop :=

(5 /8 : R>000) + > k € Finset.Icc 3 30, C k < ENNReal.ofReal f3

The theorem BHH.mainBoundsV3_N of the second native proof has the type
def MainBoundsV3 : Prop :=

GreenFormula — VertexLemmaSeg —

ENNReal.ofReal (117130195 / 10 ~ 10) < C 3 A
ENNReal.ofReal (63707166 / 10 ~ 10) < C 4 A
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ENNReal.ofReal (35280362 / 10 ~ 10) < C 5

so it states the bounds of Theorem 1.1(a) under GreenFormula and VertexLemmaSeg.

The same proof has the theorem W3Prod20.w3_bound_lit, whose type is W3BoundAt
(30379504113 / 10000000000000), and the theorem BHH.betaBoundV3At_N_w20, whose type
is BetaBoundV3At (6496497227 / 10 ~ 10), where

def W3BoundAt (w : R) : Prop :=
GreenFormula — VertexLemmaSeg — ENNReal.ofReal w < ) k € Fimset.Icc 6 22, C k

def BetaBoundV3At (b : R) : Prop :=

GreenFormula — VertexLemmaSeg — V [ : R, DongCaok30 f — b < f3
and the theorem BHH.bhhBetaBoundV3At_N_w20, of type BHHBetaBoundV3At (6496497227 /
10 ~ 10), which states § > 0.6496497227 for every 8 with IsBHHConstant (3, with the three
hypotheses of BHHBetaBoundV2 below.

From MainBoundsV3 and a hypothesis W3Bound, which states that GreenFormula and
VertexLemmaSeg imply 222:6 Cr > 0.0042404631 and is not proved in Lean, the theo-
rems betaBoundV3_N_of and bhhBetaBoundV3_N_of derive 8 > 0.6508522354, in the forms

BetaBoundV3At and BHHBetaBoundV3At.
The theorems BHH.betaBoundV2_N and BHH.bhhBetaBoundV2_N of the first native proof have
the following types.

def BetaBoundV2 : Prop :=
GreenFormula — VertexLemmaSeg — V [ : R, DongCaok30 S — (6491725104 / 10 ~ 10 : R) < 8

def BHHBetaBoundV2 : Prop :=
GreenFormula — VertexLemmaSeg — (V § : R, IsBHHConstant S — DongCaoK30 () —
V B : R, IsBHHConstant 3 — (6491725104 / 10 ~ 10 : R) < S8

The conclusion of BetaBoundV2 is equivalent to 5/8 + > 30, C), > 0.6491725104 in [0, 00
(for one direction take f = 5/8 + 220:3 Ck), so BetaBoundV2 says that GreenFormula and
VertexLemmaSeg imply this inequality. The first native proof also shows, with the standard
axioms only, that C; < oo for every k > 3. Theorem 2.1 enters BHHBetaBoundV2 as its
third hypothesis. The theorems BHH.betaBoundK3 and BHH.bhhBetaBoundK3 of the kernel-only
proof have the same types with 6440396 / 10 ~ 7 in place of 6491725104 / 10 ~ 10, and
its theorem BHH.mainBoundsK3 states, under GreenFormula and VertexLemmaSeg, the bounds
Cs > 0.0117130195, Cy > 0.0059365909 and C5 > 0.00139.

DATA AVAILABILITY

The search program, the checker, the program that compares p and ¢, and the logs of
the checker runs are archived at doi:10.5281/zenodo.23716095 and available in the repository
github.com/tejasvi/bhh-constant-bound-v8 (tag v9). So are the programs of Section 5, with
their logs and negative controls, and the Lean files of Section 6. The records of the cut program,
from which the files of the kernel-only proof are generated, are the three files k3_all.txt.xz,
k4 all.txt.xz and c5_all.txt.xz of the record doi:10.5281/zenodo.23716095; they are not
in the repository. The checker needs a C compiler with OpenMP and FLINT version 3. The
archive also contains the separately written programs used for the tests in Appendix A and the
Monte Carlo program that gives the values of Cs,...,Cg quoted in Section 7. These programs
are not part of the proof.

USsE oF Al TOOLS

Generative Al tools were used to find and prove the results, to write the programs and the
Lean formalization, and to draft the text. The author reviewed the arguments, the programs
and the formal statements, and takes responsibility for the content.


https://doi.org/10.5281/zenodo.23716095
https://github.com/tejasvi/bhh-constant-bound-v8/tree/v9
https://doi.org/10.5281/zenodo.23716095
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