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CERTIFIED LOWER BOUNDS ON THE OPTIMAL-DECODING
THRESHOLD OF THE SURFACE CODE

TEJASVI SINGH TOMAR

ABSTRACT. Under independent bit flips, rigorous lower bounds on the threshold of the surface
code from earlier work stay below 0.04, while numerical estimates place the optimal threshold
near 0.109. By counting labelled failure paths with exact transfer-matrix certificates, we prove
without sampling that every minimum-weight decoder has threshold at least 0.0465 on the
planar and rotated codes. We then give statistical certificates that, with confidence 1 — 107°
each, the optimal threshold of the planar code is at least 0.103 under bit flips and at least
0.02 under phenomenological noise. Each statistical certificate bounds the failure probability of
an auxiliary decoder that divides the code into blocks and corrects each block using a window
around it; optimal decoding does at least as well, so the bound also holds for optimal decoding.
A deterministic lemma shows that the auxiliary decoder fails only if bad blocks, in which the
window corrections leave a defect or a long residual path, form a sparse hierarchy that joins the
two rough boundaries. This gives an explicit bound once every block is bad with probability
below a limit, about 4 x 10™* under bit flips, and a pre-registered Monte Carlo experiment
bounds these probabilities. The confidence rests on a binomial model of the counts of bad
blocks and on two tested properties of each decoding program. All these results are proved in
the proof assistant Lean 4, the statistical ones with the binomial model and the two properties
as hypotheses.

1. INTRODUCTION

The surface code [21, 8] stores a logical qubit reliably as long as the physical error rate
stays below a threshold. In the simplest setting, code capacity, each qubit suffers a bit flip
independently with probability p and the syndrome is measured without error. Decoding one
error sector is then a problem on a planar graph. For optimal decoding, which picks the most
likely logical class given the syndrome, this problem is the random-bond Ising model on the
Nishimori line [26, 8], and the optimal threshold is believed to be the Nishimori point, estimated
numerically as 0.10917(3) [29]. Minimum-weight matching, the standard efficient decoder, has
a threshold near 0.1031 in simulations [35].

Rigorous lower bounds are much smaller. Dennis, Kitaev, Landahl and Preskill [8] showed
that minimum-weight decoding, and hence optimal decoding, succeeds with probability tending
to one for p below a constant, which their argument puts at 0.0373. For the toric code, a
decoding failure produces a homologically nontrivial cycle on which at least half of the edges
are errors, and the expected number of such cycles decays for these p. The value 0.0373 uses a
numerical estimate of the connective constant p of self-avoiding walks on the square lattice; with
the proven bound p < 2.662343 [6] the same argument gives 0.0366. To our knowledge, no larger
rigorous code-capacity threshold has been published for either decoder. Other rigorous bounds,
from a recent method for general local noise channels [20] and from the bounds for low-density
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parity-check codes of [9] (see also [22]), are lower. Table 1 collects these values, together with
those for measurement errors at the same rate as qubit errors.

bit flips bit flips and measurement
errors

numerical estimate, optimal decoding 0.10917(3) [29] about 0.033 [27]
numerical estimate, matching 0.1031 [35] 0.0293(2) [35]
earlier rigorous bound, minimum 0.0366 [6, 8] 0.0112 [8, 31]
weight (hence optimal)
earlier rigorous bounds, other 0.034 [20]; about 0.029 for
methods the toric code [9]
this paper, minimum weight (hence  0.0465 (Theorems 2.1-2.3)  0.016 (Theorem 2.4)
optimal)
this paper, optimal, statistical 0.103 (Theorem 2.5) 0.02 (Theorem 2.6)

TABLE 1. Thresholds of the surface code under independent noise. The earlier
rigorous bounds in the third row are those of the argument of [8] with the proven
bounds 2.662343 [6] and 4.739 [31] on the connective constants of self-avoiding
walks on the square and the cubic lattice; with numerical estimates of these
constants, the authors of [8] report 0.0373 and 0.0114. The value 0.0465 is for
the planar and rotated codes; for the toric code we prove 0.046. The statistical
results hold with the confidence of Section 2.4.

On the side of statistical mechanics, Horiguchi and Morita extended the Peierls argument
to the +J model on the square lattice and showed that a ferromagnetic phase exists when the
fraction of antiferromagnetic bonds is below 1 —0.97394 ~ 0.026 [17]. Rigorous results on phase
transitions along the Nishimori line in finite dimensions remain scarce [28]; for continuous spins
in three dimensions see [13]. Numerically, the phase boundary of the square-lattice model is
reentrant below the Nishimori point [1, 29], so the matching threshold lies below the optimal
one. Reentrance has been proved, with computer assistance, for a decorated square lattice with
independent +.J couplings [30].

Thresholds proved for renormalization-group and cellular-automaton decoders are many or-
ders of magnitude smaller [4, 23]. Under circuit-level noise, the path argument gives 1.7 x 10~*
for the circuit model of [8], matching thresholds of 7.4 x 107% [12] and 2 x 1072 [34] have been
proved, each for its own circuit and noise model, and the union-find and greedy decoders are
known to have finite thresholds [36].

Critical points have been certified statistically in percolation. The method of Balister, Bol-
lobds and Walters [2] turns Monte Carlo estimates into confidence intervals with exactly com-
puted error probabilities, and it gives intervals of width at most 5 x 10~ at confidence 99.9999%
for the site and bond percolation thresholds of the eleven Archimedean lattices [32]. We are not
aware of a comparable certificate for an error-correction threshold.

1.1. Results. Without sampling, every minimum-weight decoder, and hence maximum-
likelihood decoding, has threshold at least 0.0465 on the planar and rotated codes and at least
0.046 on the toric code (Theorems 2.1-2.3). Under phenomenological noise, in which data
qubits and syndrome bits fail independently with the same probability, every minimum-weight
decoder of the planar code has threshold at least 0.016 (Theorem 2.4). With sampling,
maximum-likelihood decoding of the planar code has threshold at least 0.103 under independent
bit flips (Theorem 2.5) and at least 0.02 under phenomenological noise (Theorem 2.6). These
two are statistical results. They hold with the confidence defined in Section 2.4, which is based
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on registered Monte Carlo experiments, on a binomial model of their counts and on two tested
properties of the decoding programs. For Theorem 2.5, the registration required one test of
these properties to be run at the registered block and window size before the launch, but this
test was run only after the analysis (Section 5.4). The bounds of these two theorems become
useful only at distances of order 10°. Table 1 compares these thresholds with earlier ones, and
Section 2.3 states all results with their constants.

1.2. Methods. The argument of [8] bounds the failure probability by the probability of an
increasing event, one that is preserved when errors are added: the presence of a long path on
which at least half of the edges are errors. Every argument that applies a union bound to paths,
clusters or other sets that the error must contain does the same, and for matching, Monte Carlo
estimates suggest that no such argument reaches p = 0.093 (Section 7.1). The sampling-free
bounds stay in this class of arguments and push it further by exact counting; the statistical
certificates leave it.

For the sampling-free bounds (Section 3) we fix a failing minimum-weight correction C* that
minimizes a linear tie-break functional. Its symmetric difference with the error contains a path
between the rough boundaries whose edges are labelled as errors or corrections. Exchanging a
short stretch of the path for a geodesic, or its correction edges for a shortest pairing of their
odd-degree checks, gives another failing correction (Figure 1); since C* has least weight and,
among failing minimizers, least functional, many labelled stretches cannot occur. The remaining
labelled walks are counted by a transfer matrix with finite memory, and an integer potential that
satisfies every row of the matrix certifies that their growth rate is below one for label weights
that bound the probability of each walk (Section 3.4).

For the certificate of Theorem 2.5 we bound optimal decoding by an auxiliary decoder. It
divides the code into square blocks (Figure 2). For each block it computes a minimum-weight
correction on a window around the block, with edge weights given by the marginals of the window
posterior, and keeps the edges that the block owns. A block is bad if the combined first-stage
correction leaves a defect in it or a residual path from it to f,, distance L; adding errors can
remove both, so this event is not increasing. A deterministic lemma (Section 5.3) shows that a
failure of the decoder forces a sparse hierarchy of bad blocks, which gives an explicit bound on
the failure probability once blocks are bad with probability below a limit, about 4 x 10~ for the
block and window sizes of Theorem 2.5 (Appendix A.4). Under the two tested properties of the
program (Section 2.4), whether a block is bad depends only on the errors near it, and blocks in
equivalent positions are bad with the same probability, so only one number per kind of block has
to be bounded. Monte Carlo sampling bounds these numbers with exact binomial confidence
bounds, in the manner of the percolation certificates mentioned above. Optimal decoding does
at least as well as the auxiliary decoder, and the failure probability of optimal decoding is non-
decreasing in p and in the width and non-increasing in the distance (Section 2.5), so the bound
at a single value of p, for codes made of whole blocks, gives a threshold.

Sections 4 and 5.5 carry both methods over to phenomenological noise, on its three-
dimensional decoding graph. All theorems of Section 2 are proved in Lean 4 [7] with Mathlib
[33] (Section 6), with the conditions of Theorems 2.5 and 2.6 taken as hypotheses; Section 6.4
lists what the formal proofs do not cover.

1.3. Organization. Section 2 defines the codes and decoders, states the main results, explains
the confidence statement and reduces Theorem 2.5 to a bound for the auxiliary decoder. Sec-
tion 3 proves the sampling-free bounds for bit flips and Section 4 the sampling-free bound for
measurement errors. Section 5 describes the auxiliary decoder, proves the deterministic bound
and reports the two certificates. Section 6 describes the formal proofs, and Section 7 discusses
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the limits of these methods. Appendix A proves Theorem 5.3 in full. Two supplements accom-
pany the paper (see Code and data): the records of the experiments and of the formal checks,
and the proof of a criterion for a threshold of optimal decoding in terms of quantities of a single
finite window, which Section 7.2 states informally.

2. SETTING AND MAIN RESULTS

2.1. Decoding graphs. All results concern one error sector of a surface code under independent
errors, so they are statements about a decoding graph. A decoding graph G has a set V' of checks,
in some cases two boundary vertices b1, bs that carry no parity constraint, and a finite set of
edges, the error locations; an edge between a check and a boundary vertex is a half-edge. Under
independent noise of strength p, the error E contains each edge independently with probability
p. The syndrome OF C V is the set of checks of odd degree in E. A correction is a set C of
edges with 0C' = OE. If G has boundary vertices, C fails when |C'NJ(b1)| and |E N §(by)| have
different parity, where §(b1) is the set of half-edges at by; in particular, E @ C' then contains a
path from b; to be. For the toric code, C fails when E & C is homologically nontrivial.

We use the following graphs; the rotated code and the toric code are written in coordinates
in Section 3.

(a) The planar code Pgq,, of distance d > 2 and width w > 1: checks (z,y) with 0 <oz <w—1
and 0 <y < d—2, an edge between any two checks at Fuclidean distance 1, and a half-edge
from each check (x,0) to b; and from each check (z,d —2) to ba. The bottom and top sides
are rough and the left and right sides smooth. For w = d this is one error sector of the
unrotated planar code of distance d; under independent X and Z errors the other sector is
the same graph rotated by a right angle, so for square codes the statements below apply to
it by symmetry.

(b) The rotated code R4 of odd distance d: the checks are the X checks of the rotated surface
code with d? qubits, and the errors are Z errors. Each qubit is an edge between the two X
checks that contain it; a qubit that lies in only one X check is a half-edge to by or to bo,
according to the rough side on which it lies.

(c) The toric code Ty, of side m: checks Z2,, each joined to its right and upper neighbour.

(d) The phenomenological graph Qg 7 of the planar code with 7" > 0 noisy rounds of syndrome
measurement and a final perfect round: vertices (¢,z,y) with 0 <¢ <T,0<z <w-—1 and
0 <y <d-2, an edge between any two vertices at distance 1 (space-like edges are data
errors, time-like edges are errors of syndrome bits), and half-edges from (¢, z,0) to by and
from (t,z,d—2) to be. Every edge has the same probability p, so data qubits and syndrome
bits fail at the same rate.

2.2. Decoders. A decoder maps each syndrome to a logical class, possibly at random; it fails on
E when it outputs a class other than that of E. The mazimum-likelihood (ML) decoder outputs
a class of largest posterior probability given the syndrome; it minimizes the failure probability
among all decoders, randomized ones included. We write Py, (G, p) for its failure probability.
A minimum-weight decoder outputs a correction of least size |C|. Our counting bounds concern

Puw (G, p) = Pr(some correction of least size fails),

so they hold for every rule of breaking ties. Every minimum-weight decoder with a fixed tie rule
is a decoder, so Pyr(G,p) < Puw(G,p). A decoder has threshold at least p, on a family of
codes if its failure probability tends to zero as d — oo for every p < p,, along codes whose width
w, and for the phenomenological graph also the number T of rounds, are at most polynomial in
d. All our bounds give exponential decay in d for every p < p, along such codes.
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2.3. Results. For 0 < p < p, < % put

p(1 —p)
P«(1 = py)
Theorems 2.1-2.4 are proved outright. Theorems 2.5 and 2.6 are statistical: they hold with the
confidence defined in Section 2.4. Table 9 in Section 6 lists the Lean theorems.

Theorem 2.1 (planar code). Let 0 < p < 0.0465, d > 11 and w > 1, and put A =
0.998 p(0.0465, p). Then

p(p«,p) = <1l

Adfll
1-X\

Theorem 2.2 (rotated code). Let 0 < p < 0.0465, let d > 11 be odd, and put A =
0.998 p(0.0465, p). Then

PuL(Paw,p) < Puw (Paw, p) < w - 398.91 -

d-11
1-X

Theorem 2.3 (toric code). Let 0 < p < 0.046 and m > 1201, and put A = 0.997 p(0.046, p).
Then

Pur(Ra,p) < Puw(Ra,p) < 2d - 366,183,771.98 -

m—10

11—\
For 0 < p < 0.045 and m > 769 also Pyw (Tm,p) < m? - 383,157,811 - N™78/(1 — X) with
N = 0.996 p(0.045, p).

Theorem 2.4 (measurement errors). Let 0 < p < 0.016, d > 9, w > 1 and T > 0, and put
A =0.998 p(0.016,p). Then

Pur(Tm,p) < Paw (Ton, p) < m? - 428,572,391.6 -

Ad—9
Pur.(Qd,w,r:P) < Puw(Qawr,p) < (T'+1)w - 1.2827 - =

In each of Theorems 2.1-2.4, A < 1 for every p in the stated range, so the failure probability
decays exponentially in the distance; in Theorem 2.4 the bound grows linearly in the number
T + 1 of rounds, so the failure probability per round decays exponentially in d. The thresholds
of minimum-weight decoding and of ML decoding are therefore at least 0.0465 for the planar
and the rotated code, at least 0.046 for the toric code, and at least 0.016 for the planar code
under phenomenological noise.

Theorem 2.5 (optimal decoding at p = 0.103). Let L = 352 and R = %L — 1 = 527 be the
block side and the window radius of the registered program. For w > 1 and d > 41L + 1 put
ny = max(6, [w/L]) and n, = [(d — 1)/L|. With confidence 1 — 1079, under the conditions
(V6), (Heov) and (Bin) of Section 2.4, the following holds: for every p € [0,0.103], every w > 1
and every d > 41L + 1,

(2.1) PuL(Pa,w, p) < 36 ng e 10040 1 3.8 5 101, ¢ 0015 (ry=10),

In particular, under these conditions and with this confidence, if w > 1 is a function of d
that grows subexponentially, that is, we ™ — 0 as d — oo for every ¢ > 0, then for every
p € [0,0.103] the probability P, (Paw,p) tends to 0 and is at most e~ (d=1)/70400 for o] large d.
Hence the optimal threshold of the planar code under independent bit flips is at least 0.103.

For n, = n, = n, as for w = d — 1 = nL, the right side of (2.1) is below 0.1 from n = 1379
and below 1072 from n = 1700, that is, from distance 485,409 and 598,401. For square codes,
w = d, we have n; = n, + 1, and the two values of n, are the same, 1379 and 1700. These are
the constants of the Lean proof; sharper constants are given in Remark 2.8.
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Theorem 2.6 (optimal decoding with measurement errors at p = 0.02). Let L = 35 be the
block side of the registered program of Section 5.5. For w > 1, T > 0 and d > 5L + 1 put
ng = max(5, [w/L]), ny = max(5, [(T+1)/L]) and ny, = |(d—1)/L]|. With confidence 1—1077,
under the conditions (V6), (Hcov) and (Bin) for this program (Section 2.4), the following holds:
for every p € [0,0.02], every w > 1, every T > 0 and every d > 5L + 1,

(2:2) Py (Qaw.r: p) < 804nsng e 0108 (47 511 5 108 ngng 0007 (AT,

In particular, under these conditions and with this confidence, if w > 1 and T are functions of
d that grow subexponentially, that is, we ™ — 0 and Te ¢ — 0 as d — oo for every ¢ > 0,
then for every p € [0,0.02] the probability Py, (Qd,w 1, p) tends to 0 and is at most e~ (d—1)/28000
for all large d. Hence the optimal threshold of the planar code under phenomenological noise is
at least 0.02.

For ny =n, =ny =n, asfor T +1 =w = d — 1 = nL, the right side of (2.2) is below 0.1
from n = 5018 and below 1072 from n = 5713, that is, from distance 175,631 and 199,956. As
for Theorem 2.5, these constants come from the Lean proof; they are not optimized.

2.4. The confidence statement. Theorem 2.5 rests on a fixed program, the first stage of
the auxiliary decoder of Section 5, and on a random experiment that was registered before it
ran. The bound (2.1) is a deterministic statement S. The Lean proof derives S from (V6),
(Heov) and the hypothesis that seven unknown numbers ¢; are at most 3.29 x 1074, where ¢,
is the probability that a reference block of type ¢ € {L0, L1, L2, bulk, R2, R1, R0} is bad under
independent bit flips at p = 0.103 (Section 5.4). The experiment is sequential. The samples of
each type are drawn in a fixed order, and each type is examined at three looks, after its first
n1 = 125,040, ny = 187,560 and ng = 250,080 samples. A type is accepted at the first look j at
which at most ¢; of these n; samples are bad, where (c1, ¢, c3) = (7,19,32), and its sampling
stops there. The experiment accepts if every type is accepted at one of its looks.

Definition 2.7. A statement S holds with confidence 1 — § for a registered experiment if the
experiment accepted and Pr(the experiment accepts and S is false) < §, where the probability
is over the randomness of the experiment.

The conditions are the following.

(V6) The first stage of the decoder reads only the syndrome: for every code size and every block,
its output on the block depends on the error only through the syndrome in the window of
the block.

(Hcov) The first stage commutes with translations: if a code is embedded in a larger one at an
offset by whole blocks, with the sides that a block touches aligned, then the larger code’s
output on the image of a block is the image of the smaller code’s output on the block, for
every syndrome.

(Bin) For each type t and each look j, the number of bad samples among the first n; samples of
type t has the binomial law with parameters n; and &;.

Conditions (V6) and (Hcov) are properties of the registered program. The validations V2,
V4 and V6 of Section 5.4 tested them and found no mismatch. V6 at the registered geometry
(352,527) ran only after the analysis, although the registration required it before the first sample
(Section 5.4). Table 2 lists, for both certificates, what supports each condition and when it was
tested. Validations are finite tests, so (V6) and (Hcov) remain validated hypotheses about
the registered program, not proved facts. Condition (Bin) treats the pseudo-random numbers
as independent uniform draws; it holds if the bad indicators of the samples of each type, in
their fixed order, are independent and each equal to 1 with probability ;. The rounding of
the flip probability is handled on paper, outside the formal proof. The sampler compares a
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uniform number in binary arithmetic with the floating-point number nearest to 0.103, so its flip
probability exceeds 0.103 by less than 10716, A sample uses fewer than 8.92 x 10 edges, so each
e; changes by less than 9.9 x 10710, This change is far inside the margins of the acceptance rule.
Each threshold ¢; is the largest count whose exact one-sided Clopper—Pearson upper bound [5] for
g¢ at level 1079/3, from n; samples, is at most 3.29 x 104, and the largest of these three bounds
is 3.2632 x 10~%, rounded up. So a type passes a given look with probability at most 107/3
whenever its bad probability is at least 3.2632 x 10~%, and at the flip probability of the sampler a
type with e, > 3.29x107* is bad with probability above 3.29x 1074 —9.9x 10710 > 3.2632x 10~
Condition (Bin) also identifies the blocks sampled by the experiment with the reference blocks
(Section 5.4); each sampled block lies in a patch of the code that contains all edges on which its
bad event depends. Only the marginal law of each count at each look enters.

The experiment accepted (Table 6). Under (V6), (Hcov) and (Bin), if S is false, then some
type t*, determined by the unknown numbers &;, has e > 3.29 x 1074, and the experiment
can accept only if t* is accepted at one of its three looks; by the previous paragraph this has
probability at most 3-107/3 = 10~?. This is the confidence 1 —10~? of Theorem 2.5. The level
10~? is not divided among the seven types: the experiment accepts only if every type is accepted,
that is, it rejects the union of the seven hypotheses g; > 3.29 x 10~% only if it rejects each of them,
and such an intersection—union test has the level of its component tests [3]. The exact sum of the
three binomial tail probabilities at 3.29 x 10™% is 4.78 x 10719, The confidence 1 —107? is that of
a single experiment: no other experiment was registered for this statement, and during the run
the counts were read only by an automated step that took each look and reported its decision
and nothing else (Section 5.4). Section 5.4 also lists every certificate experiment registered for
this paper or its earlier versions, with a bound for all of them together.

Remark 2.8 (sharper constants). For each type, the exact one-sided Clopper—Pearson upper
bound for ¢; at level 1077/3, at the look that accepted the type, is at most 3.13149 x 1074
(rounded up; the largest is that of the bulk type, accepted at the first look with 7 bad samples).
So all seven bounds are below ¢ = 3.1315 x 10~%, with a margin larger than the effect of the
rounding of the flip probability. With confidence 1 — 107°, all seven true probabilities are at
most €: if the largest of them exceeded &, the type that attains it would exceed its own bound,
and for a fixed type this happens at one of its three looks with probability at most 3 -1072/3.
Evaluating the bound of Section 5 at € in place of 3.29 x 10™4, with the level parameter a; = 16
that minimizes the bound there, as the registration prescribes, gives

PuL (P, p) < 5441, 01666 (ny,=40) 4 1 70 5 10P py,, ¢~ 00296 (ny—40)

under the same conditions and with the same confidence 1 — 10~°. For n, = ny = n it is below
0.1 from n = 749 and below 1073 from n = 911, that is, from distance 263,649 and 320,673;
for square codes the two values of n, are the same, 749 and 911. This bound depends on the
numerical evaluation of Appendix A.4, which Lean does not check (Section 6.4).

Theorem 2.6 rests in the same way on a second registered experiment, with the program of
Section 5.5. Its blocks are cubes of side L = 35 in the coordinates (t,z,y) of Qg 7, and its
window radius is R = 34. For this program, (V6) and (Hcov) are the statements above, with
translations by whole blocks in each of the three directions. Condition (Bin) says that for each of
the 25 block types ¢ the number of bad samples has the binomial law with parameters n = 3 x 10°
and &;, where ¢; is the probability that the reference block of type t is bad at p = 0.02; as above,
it also identifies the sampled blocks with the reference blocks. The experiment accepts if no
type has more than 14 bad samples. Under (V6), (Hcov) and (Bin), if some ; > 1.85 x 107°
then the probability of acceptance is at most 10™%, and otherwise (2.2) holds. The experiment
accepted (Table 8), which gives the confidence 1 — 107 of Theorem 2.6. Its validations of (V6)
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and (Hcov) at the registered radius ran only after the analysis (Table 2). The flip probability of
its sampler exceeds 0.02 by less than 1.8 x 10717, which changes each ; by less than 3 x 10719,
A type passes with probability at most 4 x 10~!! whenever its bad probability is at least the
Clopper—Pearson bound at k = 14, and this bound lies more than 107 below 1.85 x 107°. So

this rounding does not affect the confidence either.

condition  certificate at p = 0.103 (L = 352, R = 527) certificate at p = 0.02 (L = 35, R = 34)

(V6) V6 at (L, R) = (8,11), (16,23) and (24,35) V6 at (9,4) before the registration; at R =
before the registration; at the registered L — 1 only after the analysis, at (9,8) and
(352,527) only after the analysis, although (35, 34)
the registration required it before the first
sample (Section 5.4)

(Hcov) the window-local design (Section 5.1); V2 V2 and V4 at (9,4) before the registration;
and V4 at (8,11), (16,23) and (24,35) be- at R = L — 1 only after the analysis, at
fore the registration (9,8) and (35, 34)

(Bin) fixed looks, fresh seeds, every sample up fixed n, fresh seeds, every sample counted;
to the accepting look counted in the fixed samples identified with the reference blocks
order; samples identified with the reference by construction and by V4
blocks by construction and by V4

the V1, also at the registered geometry be- V1 at the registered geometry, V3 at (9,4)

program fore the first sample, V3 and V5; identical

records of the implementations of the run
at the registered geometry (Section 5.4)

TABLE 2. The conditions of the two certificates and the validations that support
them (Section 5.4); pairs (L, R) give the block side and the window radius. No
validation had a mismatch. Sections R.1 and R.2 of the records supplement give
every run with its number of comparisons.

2.5. From the auxiliary decoder to optimal decoding. In Section 5 we bound the failure
probability of an auxiliary decoder at p = 0.103 on codes made of whole blocks, Py, 141, n,L
with n, > 6 and n, > 41, by the right side of (2.1), under the same conditions and with the
same confidence. The first stage of this decoder is the registered program; its later stages are
minimum-weight corrections with edge weights in [0.98,1.02]. The Lean proof of Theorem 2.5
takes unit weights there, so it has no hypothesis on them; this is allowed because only Py, is
bounded, the experiment measures only the first stage, and every such auxiliary decoder bounds
Pyp. Theorem 2.5 follows from this bound, the optimality of ML decoding and the next two
lemmas, which hold for every code size.

Lemma 2.9 (monotonicity in p). For 0 <p <p' < i, Pur(Paw,p) < Pur(Paw 7).

Proof. If p = % there is nothing to prove. Otherwise let N contain each edge independently with
probability » = (p' — p)/(1 — 2p) € [0, %], independently of E. Then E' = E & N contains each
edge independently with probability p(1 —r) + (1 — p)r = p’. Consider the randomized decoder
that, given OF, draws N, applies the ML decoder for p’ to the syndrome OF & ON = OF’, and
adds the class of N to its output. Since the class of E’ is the class of E plus the class of N, this
decoder fails exactly when the ML decoder for p’ fails on E’. Its failure probability is therefore
Pyt (Paw,p’), and the ML decoder for p does at least as well. O

Proposition 2.10 (monotonicity in the size). For fizedp € [0, 1], Pur(Paw,p) is non-increasing
in d and non-decreasing in w.
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Proof. From d to d+1: the checks of Py ,, are the checks of Py, in rows 0,...,d—2. Read the
vertical edges of P41, between rows d—2 and d—1 as the half-edges of Py, at its top side. The
restriction of an error of Py41q,, to these edges and to the edges below them is an independent
error of Pg,,, with the same class, since the class is the parity at b;, and its syndrome is the
syndrome of the large code in rows 0,...,d — 2. Any decoder of Py ,, therefore gives a decoder
of Pgy1,, with the same failure probability, and ML decoding of Pg1 ., does at least as well.
From w to w+1: a decoder of Py ,, draws an independent error N on the edges of Py 41 that
are not edges of Py ,,, that is, the vertical edges and half-edges of column w and the horizontal
edges between columns w — 1 and w. From 0F and N it computes the syndrome of £ U N in
Pa,w+1, applies ML decoding of Py 41 and adds the class of N, the parity of its half-edges at
by. It fails exactly when ML decoding of Py 41 fails on E'U N, an independent error of Pg 4 1-
Hence Py (Pa,w,p) < PuL(Pdw+1,P)- O

Proof of Theorem 2.5. Let 0 < p < 0.103, w > 1 and d > 41L + 1, and let n,,n, be as in the
theorem, so that n, > 6, n, > 41, w < n,L and d > nyL + 1. Lemma 2.9 and Proposition 2.10
give
PuL(Paw,p) < Pun(Paw, 0.103) < Pyr(Pay, L+1,n,L, 0.103).

The last probability is at most the failure probability of the auxiliary decoder on Py, 141, n,L
at p = 0.103, and by Section 5 this is at most the right side of (2.1). For the last statement,
ny > (d—1)/L—1and 0.015/L > 1/35200 give ¢=0-10(ny—40) < =0.015(ny—40) < (0.615—(d—1)/35200_
so the right side of (2.1) is at most 3.81 x 10% 0615, ¢=(d=1)/35200  1f 4y grows subexponentially
in d, so does n, < max(6,w/L + 1), and this is at most e~ (4=1)/70400 for all large d. O

3. SAMPLING-FREE BOUNDS

In this section we prove Theorems 2.1, 2.2 and 2.3 by the scheme outlined in Section 1.2. Two
features are specific to this section: the smooth sides of the rotated code, which are not parallel
to the lattice axes, and the seam of the tie-break on the torus.

3.1. Coordinates. All three decoding graphs consist of points of Z?2, or of Z2,, joined by unit
steps, together with half-edges. We write |u — v| for the ¢! distance, and a lattice path between
uw and v with |u — v| steps is a geodesic. Each half-edge is regarded as the unit step from its
check to an outer point, a lattice point outside the graph, as follows.

Planar code. For the check (2/,y") of Py, in Section 2.1 we write (x,y) = (v/,2"). The checks
are then the points of the box B = [0,d — 2] x [0, w — 1], each check (0,y) has a half-edge to b;
with outer point (—1,y), and each check (d—2,y) has a half-edge to bs with outer point (d—1,y).
These are the coordinates of the Lean statements, which write n, = d — 1 and n, = w.

Rotated code. The d? data qubits of Ry sit at the points (a,b) with 0 < a,b < d — 1. For
0 <1i,j <d— 2 the plaquette with corners (3, j), (¢ +1,75), (4,5 + 1), (i + 1,7 + 1) carries an X
check when i + j is even. The weight-two X checks act on the qubits (,0), (i + 1,0) for odd i
and on (i,d—1),(i+1,d—1) for even i, 0 < i < d—2; we place them at the positions (i, —1) and
(i,d—1). The X check at position (i, j) gets the lattice coordinates (z,y) = ((i+4)/2, (i—4)/2),
so that t +y =17 and x —y = j. Then:

(a) the checks are exactly the lattice points of Ry = {(z,y) € Z* : 0 <ax+y <d—2, -1 <
r—y<d-1}

(b) two checks share a qubit if and only if they are lattice neighbours, and then they share
exactly one;

(c) the qubits that lie in only one X check are the half-edges. At each check z they correspond
one-to-one to the unit steps e for which z 4 e lies beyond one of the rough lines x +y = —1
and z +y = d — 1 and inside the smooth range —1 < x — y < d — 1; the outer point of the
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half-edge is z + e. The half-edges across z + y = —1 are the qubits of the column a = 0
and join by; those across z +y = d — 1 are the qubits of the column a = d — 1 and join bs.
There are d of each.

These facts follow from the definitions. We also checked them by explicit construction for d < 21,
and the Lean development identifies the failure probability of the rotated code with that of this
graph (Section 6.1). A check can have two half-edges to the same boundary vertex; they are
different edges. We call the lines © —y = —1 and x — y = d — 1 the bottom and the top smooth
sides, and h(z) = (d — 1) — (x — y) the height of a point z = (x,y) below the top side.

Toric code. We write the checks of Ty, as (z,y) with xz,y € {0,...,m — 1}; each check is
joined to (z £ 1,y) and (x,y + 1), modulo m.

3.2. Tie-break, failure paths and exclusion rules. For the planar and the rotated code let
¢(z,y) = x + 9y. For the toric code let ¢(z,y) = x, the representative in {0,...,m — 1}; this
is a function on Z2,, which jumps across the seam between the columns m — 1 and 0. For a
set S of edges let ®(S) be the sum of ¢(u) + ¢(v) over the edges {u,v} of S, where a half-edge
contributes its check and its outer point.

Suppose that some correction of least size fails, and let C* be one with the least value of ®
among the failing corrections of least size. The set E @& C* has even degree at every check. For
the planar and the rotated code it has odd degree at b; and at bo, so it contains a simple path
from by to by. Its first and last edges are half-edges, and its interior 7/, the path without them,
joins a check on the side of b; to a check on the side of by. So +' has at least d — 2 edges: in
Pa,w the coordinate x runs from 0 to d — 2, and in R4 every step changes x + y by £1, from
0 to d — 2. For the toric code E & C* is not null-homologous, so it contains a simple cycle ~
that is not null-homologous, and 7 has at least m edges; we put v/ = 7. In all cases C* & v is a
correction, so |y N E| > |y N C*| because C* has least size. We label the edges of v in E by E
and those in C* by C; every edge of v gets exactly one label.

A window is a sub-path o of 7/ between two checks u # v. We write ng and n¢ for the
numbers of its labels, o and o¢ for its sets of E- and C-edges, and T, for the set of checks of
odd degree in o¢. An alternative to a set S of edges is a set A of edges of the graph with the
same checks of odd degree as S, such that A has an even number of half-edges at b, (planar and
rotated code), respectively such that |S| + |A] < m (toric code).

Lemma 3.1. Let o be a window from u to v.
(i) no — ng < |A| for every alternative A to o;
(ii) if nc — ng = |A| for an alternative A to o, then ®(o¢) < ®(op) + P(A);
(iii) no < |A] for every alternative A to o¢;
(iv) if nc = |A] for an alternative A to oc, then ®(oc) < ®(A).

Proof. For an alternative A to o put C' = C* @ o & A. It is a correction, since o & A has even
degree at every check, and |C'| = |C*| — n¢ + ng + |A| — 2k, where k is the number of edges
of Ain (C*\ o¢)Uog. It fails, because C' & C* = o @ A has an even number of half-edges
at by, respectively has fewer than m edges and is therefore null-homologous. Since C* has least
size, (i) follows. In the case of (ii), k = 0, so C’ is a failing correction of least size; it is the
disjoint union of C*\ o¢, o and A, so ®(C') = &(C*) — ®(o¢) + P(og) + P(A), and the choice
of C* gives (ii). Parts (iii) and (iv) follow in the same way from C” = C* @ o¢ @ A, with
|C”| = |C*| — nec + |A| — 2K”, where k" is the number of edges of A in C* \ o¢. O

The certificates apply Lemma 3.1 with explicit alternatives (Figure 1): in (i) and (ii) a geodesic
from u to v, and in (iii) and (iv) the union of geodesics that join the pairs of a perfect matching
of T, of least total length ¢(7y). If these geodesics overlap, the edges used an odd number of
times form an alternative with fewer than ¢(7,) edges; so when ne = ¢(1y), (iii) forces them to
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FIGURE 1. An example of a labelled failure path in the planar code Py 5, drawn
in the coordinates of Section 3.1. These exchange the two axes of Section 2.1, so
the rough sides are on the left and the right, and the half-edges join the checks
of the columns z = 0 and x = 7 to b; and by. Let C* be a failing correction of
least size that minimizes the tie-break ®. Then F @ C* contains a path ~ from b,
to by, whose edges in E are labelled E (solid) and whose edges in C* are labelled
C (dashed). The window o of v from u to v consists of the four edges through
(4,1), (5,1) and (6,1). Replacing o by the geodesic A (dotted) gives another
failing correction, C* @ 0 @ A. Since C* has least size, every window satisfies
nc —np < |u—v|, here 2 — 2 < 2. Windows that violate this inequality, or
that attain it and lose the tie-break, cannot occur (Lemma 3.1), and the count
of Section 3.4 includes only labelled paths without them.

be disjoint, and (iv) applies to their union. In (ii) and (iv) the strongest test uses geodesics of
least ®. For ¢ = x + 9y the least ® among all lattice geodesics from w to v is attained by the
canonical geodesic, which takes its steps in increasing order of their ¢-increments, that is, in the
order —y, —z, +x, +y: exchanging two consecutive steps whose increments are in the wrong order
lowers ®. Two consecutive C-edges that turn a corner form a window with ng = 2 = |u — v/,
so by (ii) they turn from the smaller to the larger ¢-increment whenever the other corner is
available. We say that a window fails a test if (i)—(iv) are violated for one of these edge sets. By
Lemma 3.1, no window of +/ fails a test, as long as every edge set used in a test is an alternative.
Whether it is depends on the graph.

3.3. The tests in each graph. Planar code. Every lattice geodesic between two points of
the box B stays in B. So every geodesic between checks of a window is an alternative (it has
no half-edge), and the tests use all lattice geodesics, with no condition on the position of the
window.

Rotated code. Two lemmas make the tests valid in Ry. The first handles the rough sides.

Lemma 3.2. Let P be a set of unit steps forming paths between checks of Rq, all of whose points
lie in the smooth range —1 <z —y < d—1. Then Ry contains a set A of edges with the same
checks of odd degree as P and an even number of half-edges at by and at by, such that |A| < |P|,
and ®(A) = ®(P) if |A| = |P|.

Proof. A point of P outside Ry lies beyond a rough line. A maximal stretch of a path of P
outside Ry leaves Ry by a step from a check z to a point ¢ and returns by a step from a point ¢/
to a check 2’; it stays beyond one rough line, since every step changes x + y by &1. The steps
z — t and t' — 2’ cross this line and end in the smooth range, so by (c) they are half-edges of z



12 TEJASVI SINGH TOMAR

and of 2/ to the same boundary vertex, with outer points ¢ and ¢’. Replace each such stretch by
these two half-edges, and let A be the set of edges used an odd number of times. A stretch has
at least two steps, and exactly two when ¢t = t/; then the two half-edges have the same value of
® as the two steps they replace. So |A| < |P|, with equality only if every stretch has two steps
and no edge is used twice, in which case ®(A4) = ®(P). Half-edges are added in pairs at one
boundary vertex. O

The second handles the smooth sides. Write £ =z —y.

Lemma 3.3 (band lemma). Let a,b € Z2, let ¢ > max(£(a),£(b)), and let P be a geodesic from
a to b of least ® among the geodesics all of whose points satisfy & < c¢. Then every point of P
satisfies £ > min(f(a),f(b),c — 1). Without the constraint £ < ¢, every point of the canonical
geodesic satisfies € > min(&(a),£(b)).

Proof. A geodesic uses one horizontal and one vertical direction. If its profile £ is not monotone,
the two directions are +z,+y or —x, —y. In both cases one of them, s1, raises £ by 1 and has
the smaller ¢-increment (+z against +y, and —y against —x), while the other, so, lowers £ by
1. Exchanging two consecutive steps sz, s1 into s1, so lowers ® by 2(é(s2) — ¢(s1)) > 0 and
raises the point between them by 2 in £. Suppose that the least value [ of £ on P is below
min(¢(a),&(b),c—1). At the first point of P with £ = [, the path arrives by a step s2 and leaves
by a step s1, from a point at level [+ 1 < ¢— 1; the exchange keeps the path at £ < ¢ and lowers
®, a contradiction. Without the constraint the same exchange applies at every level, and the
canonical geodesic is the unique geodesic of least ®. O

For a window o let &, be the least value of £ on its points. The points of ¢ lie in Ry, so
&, > —1, and since consecutive points differ by 1 in £ and all satisfy £ < d — 1, also &, < d — 2.
The tests for Ry use, for each pair of checks of the window, a geodesic of least ® among those
whose points have height h > 0, that is, { < ¢ = d — 1; in (iii) and (iv) these are taken over
the pairs of a least-length matching. By Lemma 3.3 and &, < d — 2, every such geodesic stays
at £ > &, > —1, inside the smooth range. Lemma 3.2 turns it, or the union of the matching
geodesics, into an edge set A of Ry with no more edges. If A has fewer edges, the window
violates (i) or (iii) for the alternative A; otherwise ®(A) equals the ® of the geodesics. In both
cases a window that fails a test violates Lemma 3.1. This holds for every d.

The tests of a window depend on its position only through the ceiling £ < d — 1. A geodesic
between two points a, b of a window rises at most |a — b| < M above max(£(a),&(b)), where M
bounds the number of edges of the windows we test. So if all points of a window have height
at least M, the ceiling does not bind, and the tests are those of the planar code (all lattice
geodesics).

Toric code. The windows we test have at most M edges, and every alternative used has at
most M edges, with 2M < m. So |o| + |A| < m for these edge sets, and the tests use all lattice
geodesics on the torus, compared by the true ®. Measure the position of a point by its offset o
from the seam, the representative of its column in {—|[m/2],...,[m/2] — 1}, so that ¢ = o for
0> 0and ¢ =m+o for o < 0. A window and its alternatives lie in the range of offsets spanned
by the window. If this range does not contain both —1 and 0, the window lies on one side of
the seam, ¢ is affine there, and the tests are those of the planar code with ¢(x,y) = x, whose
canonical order is —x, then the vertical steps, then +zx.

Lemma 3.4. For a window of at most M edges, the outcome of every test is the same for all
m > 4M?.

Proof. For m > 2M the window and its alternatives do not wrap around the torus, and their
points have offsets within M of the offset of the first point of the window. Only (ii) and (iv),
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and the choice of a geodesic or matching of least ®, compare values of ®, and each comparison
is between two edge sets with the same number of edges, at most 2M in total, hence at most
4M endpoints. Each side equals m/N + @), where N counts its endpoints at negative offsets and
Q is the sum of the offsets of its endpoints. The difference is m AN + AQ; AN does not depend
on m, and AQ does not change if all offsets are shifted by the same amount, so measuring them
from the first point of the window gives |AQ| < 4M - M < m. Hence the sign of the difference
is the lexicographic sign of (AN, AQ), which does not depend on m. O

The certificates evaluate the tests with a fixed large value in place of m, and the Lean state-
ments require m > Lo = 4M (hg + M) + 1 with hg = K + M + 1 (that is, Ly = 1201 for M = 10
and Lo = 769 for M = 8), which is larger than 4M?2.

3.4. Counting. For a fixed labelled path, the event that it occurs as « with these labels has
probability at most p™£(1 — p)"¢, where ng and nc now count the labels of the whole path: its
E-edges lie in F, and its C-edges lie in C* and therefore not in E. Because np > n¢ on 7, this
is at most wiPw/ with wg = pX and we = (1 — p)/X, for every X > 1.

Fix M >3 and K = M — 1. A state is a walk of K unit steps through K + 1 distinct points,
with a label on each step, none of whose windows fails a test. A successor of a state appends
one labelled step to a point outside the walk, such that no window of at most M edges that
ends with the new step fails a test; the oldest step is then dropped, and w(s — ') is the weight
of the new label. If a positive potential H on the states satisfies

(3.1) Z w(s — s')H(s') < XNH(s) for every state s,

s’ successor of s
then by induction on n the labelled continuations of n steps of a state s weigh at most
A"H(s)/ min H. Every labelled simple path none of whose windows of at most M edges fails a
test is such a continuation of its first K steps, because each of its windows of at most M edges
ends at some step and lies in the M-step suffix there.

Planar code. The tests do not depend on the position of the window, so the states are
translation classes of labelled walks in Z2. A state whose points lie in B has no successor inside
B that it lacks in Z2, so the rows (3.1) of the system on Z? imply those of all states in B, and
no boundary types occur.

Rotated code. Here the tests near the top side depend on the heights. Let hg = 2K +6. A
state whose last point has height h < hg carries h; it is a near state (s,h). A state whose last
point has height h > hg is the translation class s of its walk and gets the potential H(s) of the
planar system; the tests of its successors are those of the planar code, because every point of
a window that ends at the new point has height at least hg — 1 — M = M + 3. The rows to
check are therefore: the rows of the near states, whose successors are near states or, at height
ho, far states; the rows of the far states at height exactly hg, whose successors at height hg — 1
are near states; and the rows of the planar system for the far states above hg. Near the bottom
side and the rough sides the walks of R, are among these walks, with the same tests, so these
rows suffice for every d > 11; for small d some modelled heights do not occur.

Toric code. Here the tests of windows that straddle the seam depend on the offsets. Let
ho = K+ M +1. A state whose last point has offset o € [—hg, hg — 1] carries o; every other state
is the translation class of its walk and gets the potential of the system on Z? with ¢(z,y) = .
Every window of a far state and of its successors lies on one side of the seam, with offsets at
least hg — 1 — M = K or at most —hg + M = —K — 1, so its tests are those of the system with
¢ = x. The rows to check are those of the near states, of the far states at the two interfaces
o= hg and 0 = —hg — 1, whose successors at offsets hg — 1 and —hg are near states, and of the
system with ¢ = z. By Lemma 3.4 the tests, and hence the rows, are the same for all m > L.
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We also need m > 2hg + 2M + 2, so that the zone near the seam does not wrap around the
torus; this is implied by m > Ly.

3.5. The certificates. Table 3 lists the certificates. Each is a positive integer potential on the
states of the system described above, and every row (3.1) is checked in exact integer arithmetic.

The potentials are at most 234,
code M ho states transitions Da X A largest ratio
planar 10 - 3,883,082 19,106,700  0.0465 3.091  0.998 0.999306

rotated 10 24 82,148,725 + 2 - 3,883,082 438,790,694 0.0465 3.091 0.998 1—7.8-10"1C
toric 10 20 157,107,748 + 3 - 3,930,982 832,352,608 0.046 3.12228 0.997 1—1.4-10°
toric 8 16 5,084,396 + 3 - 159,004 27,561,980 0.045 3.1943 0996 1—1.5-107°
TABLE 3. The certificates; p,, X and A are exact decimals. For the rotated and
the toric code the states are the near states plus one copy of the far system for
each interface and one for the rows above it, and likewise the transitions. The
last column is the largest ratio of the two sides of (3.1), rounded to the digits
shown; the exact check is in integers.

The constants of Theorems 2.1-2.3 are start sums of these potentials. With w(s) = [Jw over

the labels of the walk s:

(a) planar: Ko = (wg +we)? Y w(s)H(s)/ min H < 398.91;

(b) rotated: Kyo4 = (wp + we)? maxy, S(h)/min H < 366,183,771.98, where S(h) is the sum of
w(s)H over the states whose first point has height h, each taken with the potential of its
near or far copy;

(c) toric: Kior = (wp + we) max, S(0)/ min H, with S(0) defined in the same way by the offset
o of the first point; Ko < 428,572,391.6 for M = 10 and Ko, < 383,157,811 for M = 8.

These values are computed exactly from the certificate data, in the weights at p = p,.
3.6. Proofs. Below, p,, X and A are those of Table 3. For p < p, put

p«(1 —p)

X, =
P p(1—ps)

> X.

Then wg and we both scale by p(p«, p); the rows are linear in the weights and the tests do not
depend on p, so every row holds with A\p(ps, p) in place of A, and the start sums do not increase.
It therefore suffices to prove each bound at p = p,, with A replaced by Ap(p«,p) for smaller p.
In each case Py, < Puw.

Proof of Theorem 2.1. By Lemma 3.1 and Section 3.3, Pyiw (Pa.w,p) is at most the total weight
of the labelled paths from b; to by none of whose windows fails a test. Bound the two half-edges
of each path, summed over their labels, by wg 4+ wc each. The interior starts at one of the w
checks (0,y) and has at least d — 2 edges, so with the certificate and Section 3.4

d—11

1—A

Puw(Paw:p) SwKo Y XK <w-398.91-
£>d—2

with K = 9 and A\ = 0.998 p(0.0465, p). The condition d > 11 makes the interior at least K
steps long, so that it begins with a state. O
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Proof of Theorem 2.2. As for the planar code, now with the tests and the near states of Ry,
valid for every d by Section 3.3. The path  starts with one of the d half-edges at by; its interior
starts at the check z of this half-edge, and the first K steps form a state whose first point has
height h(z). The interior has at least d—2 edges and ends at a check with at most two half-edges
to by. Hence

d—11
Puw(Ra,p) <d-2- Keot » A5 < 2d-366,183,771.98 - =)
0>d—2 N
with K =9 and A = 0.998 p(0.0465, p); as for the planar code, d > 11 makes the interior at least
K steps long. O

Proof of Theorem 2.3. Every point of T, can be the first point of 7. Fix one, and follow 7 from
it. Its first £ — 1 steps, where ¢ > m is the length of «, form a labelled simple path whose
windows pass the tests, and the last step closes the cycle; we bound the closing step, summed
over its labels, by wg + we, and we do not test the windows that contain it. The first K steps
form a state whose first point has offset 0. By Lemma 3.4 and Section 3.4, for m > Lo,

Patw (T p) < m?Koor 3 A8 = 2 M

MW( map) =m tor Z =m torﬁ
>m

For M = 10 we have K = 9, hy = 20, Ly = 1201, A = 0.997 p(0.046,p) and the bound
m? - 428,572,391.6 - A™19/(1 — \). For M = 8 we have K = 7, hg = 16, Ly = 769, X =

0.996 p(0.045, p) and the bound m? - 383,157,811 - X'™=8 /(1 — ). O
M (longest window) 4 6 8 9 10 11
states 240 6,258 157,618 779,946 3,883,082 19,106,700

p at which the Perron root is 1 0.0420 0.0445 0.0459  0.0462 0.0468 0.0470

TABLE 4. Growth of labelled paths in Z? under the tests with ¢ = = + 9y on
windows of at most M edges, minimized over X (floating-point Perron roots).
Only the certificates of Section 3.5 enter the proofs.

Remark 3.5. Without exclusion rules the count above is the argument of Dennis, Kitaev, Landahl
and Preskill [8], with the labels in place of the half-weight condition, and it gives about 0.037.
The rules remove part of the multiplicity of the union bound: they keep only the crossing and
the labels of one canonical minimum-weight correction. Table 4 shows how slowly the threshold
of the method grows with the length of the windows. On the torus the tie-break has no vertical
term, since a function on Z2, that is linear in both directions would have two seams; with ¢ = z
the growth rate reaches 1 at about 0.0465 for M = 10, slightly below the planar value. The
rotated code uses the potential of the planar certificate far from the top side, so the two theorems
hold at the same p..

4. MEASUREMENT ERRORS

In this section we prove Theorem 2.4. The decoding graph G' = Qg ,, 7 of Section 2.1 has the
points of the box B = [0,T] x [0,w — 1] x [0,d — 2] as checks, an edge between any two checks at
distance 1, and half-edges from the checks (¢, z,0) to by and from the checks (t,z,d — 2) to bs.
We write |u — v| for the ¢! distance of two checks, and a path between checks u,v with |u — v|
edges is a geodesic. Every geodesic between two checks of B stays in B, since B is a box.
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4.1. Failure paths and exclusion rules. Let ¢(¢,x,y) = 81t+x+ 9y, and for a set S of edges
let ®(S) be the sum of ¢p(u) + ¢(v) over the edges {u,v} € S between checks. If some correction
of least size fails, let C* be one with the least value of ® among the failing corrections of least
size. The set F @ C* has even degree at every check and odd degree at by and bo, so it contains
a simple path v from b; to by. The interior of v (without its two half-edges) meets all d — 1
rows, so it has at least d — 2 edges. Since C* @ +y is a correction, |y N E| > |y N C*|. We label
the edges of v in E by E and those in C* by C; every edge of + gets one label. A window is a
sub-path o of v between checks u # v that contains no half-edge; ng and n¢ count its labels,
and og, o¢ are its labelled edge sets.

Lemma 4.1. Fvery window o from u to v satisfies:
(i) nog —ng < |lu—v|;
(ii) if nc — ng = |u —v|, then ®(o¢) < ®(og) + ®(P’) for every geodesic P' from u to v;
(iii) ne < c(Ty), the least total length of a perfect matching of the set Ty of odd-degree checks
of oc;
(iv) if nc = c(T5), then ®(oc) < >, P(Py) for any geodesics Py, joining the pairs of a
least-length perfect matching of Ty .

Proof. (i) For a geodesic P’ from u to v, C' = C*@® o @ P’ is a correction and |C’| < |C*| —nc +
ng + |u—wv|. (ii) In the equality case |C’| = |C*| — 2k, where k is the number of edges of P’ in
(C*\ oc) Uopg; hence k = 0, and C has least size. It fails, because C' & C* = ¢ @& P’ has no
half-edge, and ®(C") = ®(C*) — ®(o¢) + ®(0g) + ®(P’); the choice of C* gives the inequality.
(iii) and (iv) follow in the same way from C' = C* @ o¢ @ P”, where P” is the set of edges used
an odd number of times by the Py; if the Py overlap, then |P”| < ¢(T},) and |C’| < |C*|. O

The least value of ® over the geodesics from w to v is attained by the geodesic that takes
its unit steps in increasing order of their ¢-increments. By (ii), every run of C-edges of -« is
this staircase; in particular two C-edges that turn a corner turn from the smaller to the larger
¢-increment.

4.2. Counting. The counting of Section 3.4 carries over, with Z? in place of Z? and Lemma 4.1
in place of the tests. A fixed labelled path occurs as v with probability at most wi®w/e, with
wrg = pX, we = (1 —p)/X and any X > 1, since ng > n¢ on 7. States and successors are
defined as there, with windows that satisfy the lemma, and if a positive potential H on the
states satisfies

(4.1) Z w(s — s')H(s') < NH(s) for every state s,

s’ successor of s

then the labelled continuations of m steps of a state s weigh at most N™H (s)/ min H; they
include every labelled simple path whose windows satisfy the lemma.

Lemma 4.2. For a state whose points lie in B, every successor inside B is a successor in 7>
with the same steps and labels. Hence the rows (4.1) of the translation-invariant system on Z3
imply the rows of all states in B.

Proof. Every alternative used in Lemma 4.1, a geodesic between two points of the window or
a matching geodesic, lies in the bounding box of the window’s points, hence in B. So every
window excluded in Z3 is excluded in B, and in B a state has no successor that it lacks in Z3.
Since H > 0, the rows in B follow. O

So one certificate for the bulk system covers every box; no boundary types occur.
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4.3. The certificate. The certificate is a positive integer potential for the bulk system with
M = 8: 5,263,174 states and 44,599,560 transitions, p, = 2/125, X = 231/50, A = 499/500,
potentials at most 232. As in Section 3.5, every row (4.1) is checked in exact integer arithmetic.
The largest ratio of the two sides of (4.1) is 0.997805 (the Perron root of the system is 0.995809),
and the start sum Ko = (wg +we)? Y., w(s)H(s)/ min H is at most 1.2827.

Proof of Theorem 2.4. By Lemma 4.1 and the counting above, Pyw(Q4.w 7,p) is at most the
total weight of the labelled paths from b; to be whose windows satisfy the lemma. As in the
proof of Theorem 2.1, bound the two half-edges of each path, summed over their labels, by
wg + we each. The interior of the path starts at one of the w(7T 4 1) checks of the rows y = 0
and has at least d — 2 edges. With the certificate, Lemma 4.2 gives at p = p, = 2/125

Ad—9
1—X\

Pyw(Qawr:p) Sw(T+ 1)Ky > AT < (T+1)w-1.2827-

>d—2
The condition d > 9 makes the interior at least 7 steps long, so that it begins with a state. For
p < p« take X, = X/ps(1 —p)/(p(1 — px)) > X. As in Section 3.6, wg and we then both scale
by p(ps, p); since the rows are linear in the weights and the rules do not depend on p, every row

holds with Ap(p«,p), and Ky does not increase. Finally Py, < Pyw. O
M (longest window) 4 5 6 7 8
states 968 8,352 72,294 616,322 5,263,174

p at which the Perron root is 1 0.0150 0.0152 0.0157 0.0159 0.0161

TABLE 5. Growth of labelled paths in the bulk under the rules of Lemma 4.1 on
windows of at most M edges (floating-point Perron roots). The proof uses only
the certificate of Section 4.3.

Remark 4.3. Dennis, Kitaev, Landahl and Preskill [8] report 0.0114 for this noise model; their
argument, counts self-avoiding walks on the cubic lattice and uses the numerical value 4.684
of their connective constant. Its condition 4u?p(1 — p) < 1, which gives the values 0.0373
and 0.0366 of the introduction, gives 0.0115 at u = 4.684 and 0.0112 at the proven upper
bound p < 4.739 [31]. Numerically the threshold of minimum-weight matching is 0.0293(2) [35].
Lemma 4.2 uses that B is a box. We do not treat the rotated or the toric code with measurement
errors; there the rules would need the modifications of Section 3.

5. THE CERTIFIED THRESHOLD

5.1. Blocks, windows and the auxiliary decoder. Fix a block side L > 2 and a window
radiusO§R<%L, and put g = LR/LJ+1,sothatg:1ifR<Landg:21fL§R<%L.
We work on codes made of whole blocks, Py, 14+1,n,r With ny > 2g+2, and with n, > 5if g =1
and n, > 6 if g = 2: the checks are (z,y) with 0 <z < W =n,L and 0 < y < H = nyL,
the bottom and top sides are rough and the left and right sides smooth. Block ¢ = (a, b), with
0 <a<ngand 0 <b < ny, is the set of checks [aL,al + L) x [bL,bL + L). An edge between
two checks is owned by the block of its left or lower endpoint, and a half-edge by the block of its
check. Distances between blocks are £, distances of their indices, and Ni(c) is the set of blocks
at distance at most 1 from c¢. The window W, is the set of checks at ¢, distance at most R from
¢ (Figure 2). The window graph G. has every edge with at least one endpoint in W,; an edge
with exactly one endpoint in W, (a cut edge) and every half-edge end at a boundary vertex, so
nothing outside the window constrains it.



18 TEJASVI SINGH TOMAR

Let u be a fixed table of independent uniform numbers in [—1,1], indexed by a position
modulo L and a direction, generated from a seed fixed in the registration. The edge e with
left or lower endpoint (z,y) and direction 0 gets u. = us(z mod L, y mod L) and the weight
we = 1+ 0.02u, € [0.98,1.02]; half-edges are indexed in the same way. Since u. depends on the
position only modulo L, translates of a window by whole blocks carry identical weights.

Stage 1. For each block ¢, the first stage computes from the syndrome in W, alone a correction
X. of DNW, on G. (Section 5.2) and keeps the edges of X, owned by c¢. The union of the kept
edges is Cy. Its residual is D' = D & 9Cy, and block c is flagged if D' meets it. Stage 1 is the
registered program, and it is the only part of the decoder that the experiment measures.
Levels 0 and 1. Fix integers ag,a; > 1. Let K range over the components of the flagged blocks
under adjacency at distance at most ag, and let Ro(K) be the set of blocks within distance
[ap/2] of K. If |D' N K| is even, or Ry(K) contains a check of row 0 or row H — 1, or Ry(K)
is the whole code, then K is resolved by a minimum-weight correction Cx of D' N K that uses
only edges inside Ry(K) and half-edges of its checks. Otherwise K is odd, and its blocks pass
to level 1, which applies the same rule to them with adjacency a; and regions within distance
[a1/2].

Top. Let Q be the residual D’ restricted to the blocks of the unresolved level-1 components. Ciqp
is a minimum-weight edge set of the whole code whose odd checks are exactly € (the boundary
vertices absorb any parity). The output is C' = Cy & @y Ck @ Chop-

Proposition 5.1. For every syndrome, C is a correction, that is, 0C = D.

Proof. Blocks at distance at most a have [a/2]-neighbourhoods that share a block, so the region
of a component is a connected set of checks. A resolved component has even residual parity or
reaches a rough row, so Ck exists. Each flagged block lies in exactly one component at each
level until it is resolved or reaches the top, so the odd checks of @ Cx @ Ciop are exactly D/,
and 0C = 0Cy & D' = D. O

The registered program uses ag = 5 and a; = 16. The analysis below holds for every admissible
a1 at once, because the bad events are events of the first stage, which does not depend on ay;
the statement of Theorem 2.5 also uses a; = 16.

5.2. The first stage: window marginals. Stage 1 at block ¢ weights each edge of G, by the
log-odds of its posterior probability given the syndrome in the window, and then matches. It
has five steps. Write D, = DN W..

(i) Reference chain. A fixed function of D, gives an edge set ¢y of G, with dcy = D, on We:
each defect is joined by a straight path to the nearest side of the window rectangle along
which every check has a cut edge (ties are broken in a fixed order of the sides); if no side has
this property, L-shaped paths are used, and in a window without any cut edge the defects
are paired in lexicographic order.

(ii) Window posterior. Identify all boundary vertices of G. with one vertex o, and merge
the m edges from each check of the window’s perimeter to o (cut edges and half-edges;
m € {1,2} in the windows that the analysis uses) into one edge that flips with probability
P = %(1 — (1 = 2p)™). Under independent flips, the posterior law of the error X on this
graph given D, is

II(X) Hpg(e(l — pe )t Xe over X with 0X =D, on W,
e
with p. = p for an ordinary edge and p. = py, for a merged edge. Let P, = Il(e € X); for

an edge of a merged pair, P, = P, + (1 — P) y?/(1 + y?) with y = p/(1 — p) and P, the
marginal of the merged edge.
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(iii) Weights. Each edge of G gets
1-F

(5.1) W, = min<30,max(—30, In )) 10w,

(iv) Matching. X. is a minimum-weight correction of D, on G. for the weights w’. Negative
weights are allowed and handled by the standard reduction. It is computed by the sparse-
blossom implementation of minimum-weight perfect matching [15, 16] (based on [10]), at
a version fixed in the registration, on a canonical ordering of the checks and edges of the
window; the term 10~3u, separates ties, and the remaining tie behaviour is part of the fixed
program.

(v) Commit. The edges of X. owned by ¢ are kept.

e

The construction is designed for (V6) and (Hcov). The reference chain, the weights and the
matching are computed from D, alone, so the output on ¢ should depend on the error only
through the syndrome in W;; the canonical choice of ¢y is what makes this hold bit for bit,
since the posterior itself does not depend on ¢y but its floating-point evaluation does. The
computation depends on the window only through its shape and the periodic weights u., which
is what (Hcov) needs.

The marginals as an Ising model on the dual. Write X = ¢g & Z. The set Z ranges over the
edge sets with even degree at every check of W, that is, over the cycles of the planar graph G¢
obtained above, and II(Z) o ], ye with y. = pe/(1 — pe) for e & ¢y and y. = (1 — pc)/pe for
e € ¢p. In the plane, the cycles of G7 are exactly the domain walls of the configurations £o of
spins on its faces. Hence II is the law of the domain walls of the Ising model on the dual graph
of G¢ with couplings K, = —% In y., that is, with

te = tanh K, = +(1 — 2p,),

with the minus sign on the edges of ¢p: a random-bond Ising model on the Nishimori line [26],
with bond signs given by ¢p. By the Kac-Ward formula [18] (equivalently, the Pfaffian method
of [19, 11]), its partition function is a constant times S = det(I — A)!/2, where A acts on the
directed edges of the dual graph, Age =t ¢(@&)/2 when & continues & without backtracking,
¢ being the turning angle, and Azz = 0 otherwise. Differentiating,

oS oS oA
ot o, 5“(” A) aTB)’

where o, 0’ are the spins on the two faces at e. ThenIl(e € Z) = 3(1—(00).), and P, =Il(e € Z)
for e ¢ co, P. =1 —1l(e € Z) for e € ¢p. The marginals therefore need exactly the entries of
(I — A)~! at the nonzero positions of A.

Computation. A diagonal unitary similarity, which multiplies the row and the column of each
directed edge by a phase determined by its direction, makes A real with entries +t./; it leaves S
and the right side of (5.2) unchanged, so all arithmetic is real, in double precision. Multiplying
the real matrix I — A by a diagonal matrix of fixed signs and the permutation that reverses each
directed edge on one side, and by the diagonal matrix of the couplings t. on the other, gives
a real skew-symmetric matrix of the form of Kasteleyn [19], with the same sparsity up to that
permutation, from whose inverse the needed entries of (I — A)~! follow. This matrix is sparse,
with the adjacency of the faces of the window. We order its unknowns by nested dissection [14],
splitting the rectangle of faces recursively along a line of edges in the middle of its longer side
down to pieces of at most 16 faces, factor it by a multifrontal elimination with dense frontal
matrices, of which skew symmetry lets us compute only one triangle, and obtain the needed
entries of the inverse by the backward recursion of selected inversion [24, 25]. For a window with
N edges this takes O(N®/2) operations and O(N log N) memory.

(5.2) (00")e = te+ (1 —t2)
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FiGURE 2. The auxiliary decoder of Section 5.1 on a part of a code far from its
sides, with block side L. = 4 and window radius R = 5, given by the formula
R = %L — 1 of the registered program of Section 5.4; dots are checks and thin
lines bound the blocks. The window W, of block ¢ (dashed) consists of the checks
within ¢ distance R of ¢; it reaches beyond Nj(c) (thick), the nine blocks at
block distance at most 1 from c. Stage 1 computes a correction for each block
from the syndrome in its window and keeps the edges that the block owns; the
kept edges form Cy. A block is bad if the residual syndrome has a check in it
(flagged; filled dots) or if a path of F' = E @ Cy (red edges) inside Ni(c) joins it
to a check at £, distance at least L (long; the loop through ¢ reaches distance L
from ¢ and makes ¢ long, but it stays within distance 3 < L of the block to the

right of ¢, which is good). Bad blocks are shaded.

In double precision the computed marginals carry rounding errors, which can be large in some
windows. As a diagnostic not used by the analysis, the program records for each window the
largest residual |((I —A)X)gz— 1| over the directed edges €, where X holds the computed entries
of the inverse. Over the 8.25 x 10° windows of the experiment of Section 5.4, this residual
had median 5.1 x 1078 and 99th percentile 4.3 x 1075, but it exceeded 10™* in 0.59% of the
windows and reached 1.6 x 107. In windows with a large residual, the computed marginals
can be far from the true ones. Inaccurate marginals affect neither the validity of the decoder,
since Proposition 5.1 holds for every first stage, nor the bound of Theorem 5.3, which does
not use that the marginals are accurate or that the matching is optimal. The accuracy of the
marginals affects only how often blocks are bad, and the experiment measures that frequency
for the program as implemented.

5.3. Block events and the deterministic analysis. Let F' = F & Cy; its odd checks are D'.

Definition 5.2. Block c is bad if it is flagged, or if some path of F' inside Nj(c) joins a check
of ¢ to a check at {, distance at least L from ¢ (the block is long).

By (V6), whether ¢ is bad depends only on the error on the edges with an endpoint in the
union of the windows of Nj(c), and these edges lie within ¢, distance L+ R of c¢. For two blocks
at distance n these edge sets are disjoint when (n — 3)L > 2R. With

D=4+ [2R/L],

the bad events of any set of blocks with pairwise distances at least D are therefore independent;
D:5forR:L—1,andDszorL§R<%L.
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Types. Since R < gL, the window of a block in column a meets only the columns a—g,...,a+g,
and it is clipped by the left smooth side exactly when a < g, since its left cut edges exist if and
only if aL — R —1 > 0; the same holds on the right. In block rows g +1,...,n, — g — 2, a block
in one of the columns g+ 1,...,n, — g — 2 is of type bulk: neither its window nor those of its
neighbours are clipped. The blocks of columns 0, ..., g are of the types LO0,..., Lg, and those
of columns n, — 1,...,n, — g — 1 of the types R0, ..., Rg; in each of them the window of the
block or of a neighbour in its row is clipped by a smooth side. There are thus 2g 4+ 3 types: five
for R < L and seven for L < R < %L. The bounds on n; ensure that no block has neighbours
whose windows reach both smooth sides. By (Hcov), all blocks of one type are bad with the
same probability, that of the reference block of the type (Section 5.4). The rough rows 0,...,g
and ny —g—1,...,n, — 1 are never sampled: the analysis declares their blocks bad.

Hypothesis (H.). For every set S of blocks in rows g+1,...,n, — g —2 with pairwise distances at
least D, Pr(all blocks of S are bad) < ¢/%. Under (V6) and (Hcov) this holds with & = max; &;.

Theorem 5.3 (failure bound of the auxiliary decoder). Let L > 2, 0 < R < 3L, D = 4 +
|2R/L], ap > D — 1 and a1 > max(ag,2D — 2) with a; even, and put Hy = 2a; + D + 2. Let
stage 1 be any program whose output on each block depends only on the syndrome in the block’s
window, and let the later stages be as in Section 5.1, with weights in [0.98,1.02]. Assume (H.)
with € below the convergence limits of the two series of Theorem A.8. Then there are explicit
constants C1, s1,Ca, 82 > 0, which depend only on e, D, ag, a1, the weight ratio k = 1.05 and
L, and do not increase with L, such that for all n, as in Section 5.1 and all n, > Hy

Pr(the decoder fails on PnyL+1,nxL) < Cing e s1(ny—Ho) | Co ny e 52(ny—Ho)

In the instance (g, a0,a1) = (3.29 x 1074,5,16) with L < R < %L, so that ¢ =2, D = 6 and
Hpy = 40, the bound holds for every L > 2, n, > 6 and n, > 41 with

Chy =36, s =010, Cy=38x10% s5=0.015,

the constants of (2.1). The Lean proof establishes the bound with these constants (Section 6.2),
and Appendix A.4 compares them with the numerical evaluation. At the same (e, ag, a1) and for
every L > 192, the numerical evaluation of the series in Appendix A.4 gives the sharper bound
5.35 x 102 n, e 0-161(ny—40) 4 1 39 x 10° N 6*0'025("?4*40), and at the certified level € it gives the
constants of Remark 2.8.

The proof is given in full in Appendix A; its idea is as follows. Call the components of the bad
blocks under adjacency at distance at most ag the clusters. A path of F' that starts in a good
block ¢ ends before it reaches distance L from ¢, since otherwise ¢ would be long. Hence every
component of F' meets at most one cluster, and the residual defects, which lie in flagged blocks,
lie in clusters. Group the clusters into families linked by level-1 components. If the decoder
fails, then either the part of F & C' attached to a single family has odd parity at both boundary
vertices, or the top stage joins a chain of families from one rough side to the other. Parity
inside interior clusters forces witnesses, flagged blocks far apart within a cluster or a family,
and keeps consecutive families of a chain more than a; apart; an exchange argument bounds
the total weight of the top-stage paths of a chain by the distances between the entry and exit
defects within its families, since otherwise re-pairing would lower the weight of the top stage.
Among the bad blocks of a cluster, a greedy selection keeps blocks at mutual distance at least
D, which by (H.) are all bad with probability at most € to the number of blocks. Counting the
two alternatives with exponential tilts then gives two geometric series, and hence the two terms
of the bound.

5.4. The certificate at p = 0.103. In the code of 7 x 7 blocks, Prr+1,71, the blocks (a,3) with
a =0,...,6 are the reference blocks of the types LO, L1, L2, bulk, R2, R1, R0, and &; is the
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probability that the reference block of type t is bad at p = 0.103. A sample of type ¢ draws
independent flips on a patch, which consists of the checks within ¢, distance R+ 1 of Nj(c) and
all edges between them; for the types other than bulk the patch is clipped at the smooth side.
The sample then runs stage 1 on the windows of the blocks of Nj(c), nine of them, or six for
the types LO and RO, and evaluates Definition 5.2. Every edge that the bad event depends on
lies in the patch, so a sample is bad with probability e;; this identification is part of (Bin).

The level 3.29 x 10~* was fixed before the calibration runs described next, together with the
constants of (2.1), which Lean proves at this level. The block side and the number of samples
were chosen before the registration, by a rule applied to two calibration runs of the bulk type
at p =0.103 with R = %L — 1, whose seeds are disjoint from those of the experiment. The first
calibration run had ten block sides from 96 to 384, with 1.2 x 10 samples at each of the three
largest; the second had 1.2 x 10° samples at each of L = 352, 384 and 416. The rule was frozen
together with the design of the second run, before that run started. It fits a model of the rate
of flagged blocks as a function of L to the flag counts of both runs, takes the rate of long blocks
at each L from the second run alone, and selects, among block sides from 352 to 440 and sizes
of 2 x 10%, 2.5 x 10° and 3 x 10° samples per type, the cheapest design whose probability of
failing the acceptance rule, estimated from the posterior law of these rates under each of two
models of the flag rate, is at most 0.07. It selected L = 352 and n = 2 x 10°, with an estimated
probability of failing of 0.061. An earlier version of the rule had fitted the rate of long blocks
over the ten block sides of the first run, and this fit failed its goodness-of-fit test; the choice
to keep the flag counts of the first run and to drop its counts of long blocks was made after
that run had been read. These choices affect only the cost of the experiment and its chance of
failing, not its validity, since every sample of the experiment was drawn after the registration,
with fresh seeds.

The registration was frozen before the first sample was drawn. It fixes the program: p = 0.103,
L =352, R = 527, the posterior weights (5.1) on every edge of every window with their tie term
and clipping, the marginal computation of Section 5.2, and the matching implementation at a
fixed version. It fixes the later stages, with ag = 5 and a; = 16, and the rule that the sharper
constants of Remark 2.8 use the admissible a1 that minimizes the bound at the certified level. It
fixes the experiment as follows. The samples of each type are drawn in chunks of 40, with seeds
derived from the type, the index of the chunk and entropy drawn at the freeze, and they are
ordered by chunk. The looks are at n; = 125,040, ny = 187,560 and nz = 250,080 samples, that
is, after 3,126, 4,689 and 6,252 chunks; here ng = 160[1.257n,/160] for the selected n = 2 x 10°,
n1 = ng/2 and ny = 3ng/4. A look counts the bad samples among the first n; samples of
the type, and it is taken only when all of them are complete, so the order in which samples
finish cannot affect it. A type is accepted at the first look j with at most c¢; bad samples,
(c1,¢2,c3) = (7,19,32), and no sample of an accepted type beyond its accepting look is counted.
Each c¢; is the largest count whose exact one-sided Clopper-Pearson upper bound for ¢; at level
1079/3, from n; samples, is at most 3.29 x 10~*: these bounds are 3.1315 x 1074, 3.2483 x 10~*
and 3.2632 x 10~ at ¢;, rounded up, and 3.2919 x 1074, 3.3369 x 10~ and 3.3240 x 10~* at
¢; + 1, rounded down. A type fails as soon as more than c3 samples of an initial segment of
its order, made of complete chunks, are bad, since then no look can accept it, and one failed
type ends the experiment without acceptance. A sample whose decoding makes no progress for
3600s is decoded again in a new process, and it is counted as bad if it again makes no progress
within 2700s. The command of the analysis was written down before the run started.

The calibration rule had selected the size n for a single look with acceptance at k; < 21, a
threshold that divides the level 107? among the seven types. Before the second calibration run
was analysed, the registration replaced the single look by the sequential design above, in which
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each type is tested at the full level (Section 2.4) and which, by the estimates of the registration,
is less likely to fail than the single look.

By the method of Section 5.2, the program computes the same quantities as the program
of the certificate at p = 0.102 in the previous version of this paper, but at the values of p, L
and R of this certificate. The present implementation differs from the earlier one in three ways,
each of which, by construction, leaves the output unchanged bit for bit: the program and its
marginal computation are organized to use less memory and time; the matching library is built
with a change that removes a rare slow path without changing any step of the matching; and the
windows of a sample are computed in three threads. Before the registration, at the registered
geometry, the 21 samples of V1 below gave identical outputs with and without these changes,
and three full samples of each type gave identical records with and without the threads.

Six validations test the registered program. Each uses its own random inputs, and none reads
a certificate sample. V6 compares the stage-1 outputs, matching weights and flags of all nine
windows for errors with the same syndrome: E; E @ S, for plaquette boundaries S inside the
windows; E@® SE T, for a relative cycle I' across them; and the canonical chain of the syndrome.
It tests (V6) directly. V2 compares stage-1 outputs, in block coordinates, for errors that are
periodic with period L. V4 compares the block events of the sampler with the full decoder on
planar codes of 8 x 8 blocks, for all seven types. V2 and V4 test (Hcov) and the identification
of samples with reference blocks. V1 (two runs of the program on the same samples), V3 (an
independent implementation of the marginals and the matching) and V5 (exact transfer-matrix
marginals) test the implementation. All six passed before the registration was frozen, on blocks
of side 8, 16 and 24 with window radius R = %L — 1, the formula of the registered program,
and V1 passed again at the registered geometry (352,527), also before the registration. Table 2
gives the outcomes, and Table R.1 of the records supplement lists every run.

The run deviated from the registration in one respect. The registration made the launch
conditional on four checks: V6 at the registered geometry (352,527) and three gates. The first
gate compares the records of the driver program that ran the samples with those of a reference
driver. The second checks that a chunk resumed in a new process gives the same records as
one decoded without interruption. The third checks, on an instance known to be slow, that the
selected matching implementation does not stall in a stage-1 window solve on a sample where the
reference implementation finishes; this gate decides which implementation may be used. None
of the four ran before the launch. V6 at (352,527) ran after the analysis, on the frozen program
with the registered inputs. Its pass rule, written down before V6 gave any result, required 21
of 21 comparisons without a mismatch, and a failure would have withdrawn the certificate. V6
passed. Since V6 tests a property of the program and not of the samples, running V6 after the
analysis tests the same property as running it at the registered time; for V6, only the timing
departs from the registration. What the three gates guard against is covered by checks that ran
before the launch, by the records of the run and by the replays of the bad samples, and the
three gates themselves passed after the analysis (Section R.1).

The run took place on 7 November 2026, on 20 machines. An automated step took each look
as soon as its samples were complete and reported only its decision; the counts themselves were
read only after the last decision. Table 6 shows the result. Five types were accepted at the first
look; L2 and R1, with 9 and 10 bad samples among their first ny samples, were accepted at the
second. So the experiment accepted, and by Sections 2.4 and 2.5 this gives Theorem 2.5. No
sample stalled, and the failure condition never applied. The largest upper bound at an accepting
look, that of the bulk type, gives the level € of Remark 2.8. Each of the 42 bad samples among
the counted ones was decoded again from its seed on a machine that had produced none of them,
with records identical apart from the time and memory fields. For the 4,120 counted samples
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whose full first-stage data the registration required to be stored, the flags and long paths were
recomputed from these data with identical results (Section R.1).

type look n bad samples k; c¢; upper bound for &;
L0 1 125040 2 7 2.228 x 1074
L1 1 125040 4 7 2.617 x 1074
L2 2 187560 10 19 2.401 x 1074
bulk 1 125040 7T 7 3.132 x 1074
R2 1 125040 3 7 2.429 x 1074
R1 2 187560 12 19 2.599 x 10~*
RO 1 125040 4 7 2.617 x 1074

TABLE 6. The certificate at p = 0.103, L = 352, R = 527: for each type, the
look that accepted it, the number n of samples counted there, the number k; of
bad samples among them and the threshold c¢; of that look. The last column is
the exact one-sided Clopper—Pearson upper bound at level 10~9/3, rounded up.
At the first look, L2 had 9 and R1 had 10 bad samples among 125,040.

Registered experiments. Table 7 lists every certificate experiment registered for this paper or its
earlier versions, each with its outcome. The second registration at p = 0.100 was conditional: it
was to be run only if, when the machines of the first registration became free, the first had not
passed all its types. It was never run. Registrations that were replaced before any sample was
drawn under them, and so were never run, are not listed; three of them, at p = 0.100, had been
time-stamped. Each listed registration bounds by 10~ the probability that it accepts while its
statement is false, under the conditions of its own program. Over all k = 5 of them, whether
or not they were run, the probability that at least one accepted a false statement is at most
5x 1079 under the conditions of all five programs; this holds whatever rule selects the statements
that are reported and however the experiments depend on each other. Since Theorem 2.5 covers
every p < 0.103, it implies the threshold statements of the two earlier accepted certificates for
bit flips. The registrations and records of the experiments at p = 0.100 and p = 0.102 are in
earlier versions of the fourth record listed in Code and data.

5.5. The certificate under measurement errors. Theorem 2.6 uses a certificate of the same
kind on the phenomenological graph. The codes are Qny L+1,ne L, ne L—1 With ng,ng, ny > 5, whose
checks form the box [0,n:L) x [0,n;L) x [0,n,L) in the coordinates (t,z,y). The blocks are
cubes of side L = 35, and the window of a block is the set of checks at /., distance at most
R = 34 from it. Distances between blocks are ¢, distances of their indices, so Nj(c) has at most
27 blocks. Only the sides y = 0 and y = nyL — 1 carry half-edges; the two sides in x and the
first and last layers in ¢ behave like smooth sides. Every weight is 1. For each block, stage 1
computes a minimum-weight correction of the syndrome in the block’s window on the graph of
the window. In this graph, every check with a neighbour outside the window has one edge to a
boundary vertex. Stage 1 uses a matching program at a fixed version with a fixed order of nodes
and edges, and it keeps the edges owned by the block. Levels 0 and 1, with ag = 4 and a; = 20,
and the top stage are as in Section 5.1. A block is bad if it is flagged or long, as in Definition 5.2,
and the bad events of blocks at pairwise distances at least D = 5 are independent. Outside the
declared rows 0, 1, n, — 2, n, — 1, a block has one of 25 types. Its block column gives one of L0,
L1, bulk, R1, RO, as in Section 5.3, and its block layer in time gives one of B0, B1, bulk, E1,
FE0, defined in the same way.
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registered p (L,R) types acceptance outcome
26 Oct 2026 0.100 (280, 279) 5 k, < 18 of 1.2 x 10%; level accepted
5x 107
26 Oct 2026 0.02, (35,34) 25  k; < 14 of 3 x 106; level accepted,
measurement 1.85 x 107° Theorem 2.6
errors
26 Oct 2026 0.100, (304, 303) 5 k; < 18 of 1.2 x 10?; level not run
conditional 5x 107%
30 Oct 2026 0.102 (280,419) 7 ki < 17 of 2 x 10%; level accepted
3x 1074
7 Nov 2026  0.103 (352,527) 7 three looks; level accepted,
3.29 x 1074 Theorem 2.5

TABLE 7. The certificate experiments registered for this paper or its earlier ver-
sions, each designed for confidence 1 —107°. Pairs (L, R) give the block side and
the window radius; the level is the bound on the bad-block probabilities that
acceptance certifies. Registrations replaced before any sample was drawn under
them are not listed.

The deterministic lemma and the counting of Theorem 5.3 have three-dimensional analogues,
with D = 5, ap = 4, a; = 20, Hy = 47 and xk = 1, since all weights are equal. Lean proves
them in full, for the decoder whose later stages use any minimum-weight corrections for these
unit weights. If every type is bad with probability at most e* = 1.85 x 1075, the decoder fails
on Qn, L+1,n,L,n,L—1 With probability at most the right side of (2.2); the rates 0.1008 and 0.007
there are the tilts of the two counts. Lemma 2.9 and Proposition 2.10 hold for Qg ,, 7 with the
same proofs, where a new layer, together with the time-like edges into it, is added like a new
column. As in the proof of Theorem 2.5, these lemmas and the optimality of ML decoding turn
the bound for codes made of whole blocks into (2.2) for all d > 5L+ 1, w > 1 and T' > 0. When
w and T' grow subexponentially in d, so does nyn,, while the exponentials of (2.2) decay at least
like e~(@=1)/5000. thig gives the last statement of Theorem 2.6.

As in Section 5.4, no sample was drawn before the registration was frozen; this registration
fixes the program described above, the level £* and a joint design. Each of N = 3 x 106
simulations draws independent flips at p = 0.02 on a patch of 5 x 5 x 3 blocks (in z, t and y)
with their windows and a margin. It runs stage 1 on the 75 windows and evaluates the bad
events of the 25 blocks of the middle block row, one of each type. The seeds are derived from
fresh entropy; every simulation is counted, and there is no stopping rule. The experiment accepts
if k; < 14 for every type t. Equivalently, for every type the exact one-sided Clopper—Pearson
upper bound for &; at level 4 x 10711 = 1079/25 is at most &*.

Before the registration, V1 ran at the registered geometry. Also before the registration, V2,
V3, V4 and V6 of Section 5.4, adapted to three dimensions, ran at (L, R) = (9,4), not at the
registered radius R = L — 1. V2, V4 and V6 ran at R = L — 1 only after the analysis, at
(L,R) = (9,8) and at the registered (35,34). The outcomes are in Table 2, with the individual
runs in Section R.2 of the records supplement.

Table 8 shows the counts. There were 32 bad samples, all flagged and none long, and at most
4 of any type, so the experiment accepted. The largest exact Clopper—Pearson upper bound at
level 4 x 107!, that of the count 4, is 1.1706 x 107°, rounded up.
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LO L1 bulk R1 RO

B0 0 0 3 3 0
B1 2 1 1 1 2
bulk 2 1 1 2 0
E1 1 0 0 2 2

E0 0 4 1 2 1

TABLE 8. The certificate under measurement errors at p = 0.02, L = 35, R = 34:
the number of bad samples among the 3 x 10% samples of each type, by block
layer in time (rows) and block column (columns). Every count is at most 14.

6. FORMAL VERIFICATION IN LEAN 4

The theorems of Section 2 are also proved in the proof assistant Lean 4, with the Mathlib
library; Table 9 lists the formal theorems. A proof assistant checks every step of a proof against
the rules of its logic, and the part of Lean that performs this check is its kernel.

6.1. The sampling-free bounds. The Lean statements of Theorems 2.1-2.4 concern the de-
coding graphs of Section 2.1, which are defined in Lean from their checks and edges. In Lean,
P is the box [0,d—1) x [0, w) of checks with half-edges at the two ends of the first coordinate;
the Lean statements write n, = d—1 and n, = w, so the exponent n, —10 in Lean is the exponent
d—11 of Theorem 2.1. The phenomenological graph Qg 7 is the box [0, T4+1) x [0,w) x [0,d—1)
with half-edges at the two ends of the last coordinate. The rotated code is defined by the posi-
tions of its d? qubits and of its X checks, and the logical class of an error is the parity of its flips
on the first column; a Lean lemma identifies its failure probability with that of the graph used
in the proof. The toric code Ty, has the checks Z2,, and a correction fails when E @ C crosses
one of the two seams of the torus an odd number of times. In Lean, Pyw is the probability
that some correction of least size fails, and Py, is the least failure probability of a map from
syndromes to logical classes; a randomized decoder is a mixture of such maps, so it does no
better. Each theorem has a version for Pyw and one for Pyr,; the second follows from the first
and Py, < Puw. The constants and rates are those of Section 2.3, entered as exact rationals,
for example 398.91 = 39891/100 and 0.998 = 499/500. The statements have no hypotheses
beyond the ranges of p and of the size.

The general argument. Each proof consists of a general argument, proved once for each family of
graphs, and a finite check of a certificate. The general argument has four parts: the probability
estimates (independence of the edges, the union bound over failure paths, and the change of
measure from p, to p), a decoder lemma, a counting lemma, and the soundness of the checks.
The decoder lemma states that if some correction of least size fails, then a failing correction
of least size with the least value of the tie-breaking potential ® exists; E @ C' then contains a
path between the two boundaries (for the toric code, a cycle that is not null-homologous), and
no window of this path can be replaced by a witness that passes the check, which covers the
exclusion rules of Section 3 in one statement. The counting lemma turns the row inequalities
of a potential into a bound on the weighted number of legal labelled walks of each length. The
soundness theorems derive the hypotheses of the counting lemma from the Boolean checks of
a certificate. For the rotated code the walk carries its height below the top side while it is
near that side, and for the toric code its offset from the seam of ® while it is near the seam;
a translation lemma shows that the checks of states far from the seam do not depend on the
offset, so the far states are checked at a single offset.
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result content Lean theorems checked by
Thm. 2.1  0.0465 planar_A10_kernel, kernel
planar_A10_kernel ML
same statement planar_A, planar A _ML compiled evaluation
Thm. 2.2 0.0465 rotated_B_kernel, kernel
rotated_B_kernel ML
same statement rotated B, rotated B_ML compiled evaluation
Thm. 2.3 0.046 toric_A’_10_kernel, kernel
toric_A’_10_kernel ML
same statement toric_A’_10, toric_A’_10.ML compiled evaluation
0.045 toric_A’ kernel, toric_A’ kernel ML  kernel
same statement toric_A’, toric_A’ ML compiled evaluation
Thm. 2.4 0.016 phenom D2M8_kernel, kernel
phenom D2M8_kernel ML
same statement phenom D2, phenom_D2_ML compiled evaluation
Thm. 2.5 bound (2.1) and theoremB_q103 main, kernel
threshold pMLPlanar_tendsto_zero_subexp_q103,
pMLPlanar_exp_decay_subexp_q103
confidence statements  theoremB_certified q103, kernel
threshold_q103_certified, through
S3Fam.certified_seqgK_iut
counts of Table 6 and  cp_accept_q103_jj and kernel
the rule cp_reject_ql03_jj for j = 1,2, 3,
cp-q103, obs_accept_q103,
obs_first_q103, obs_cp_-q103, and
cp-upper_-q103_t, cp_tight_q103_t for
t = L0, L1_RO, L2, bulk, R2, R1
the confidence theoremB_certified_q103_obs, kernel
statements for the threshold_ql103_certified_obs
observed counts
Thm. 5.3 the instance with S3Fam.h2d_E329 kernel
D=6
Prop. 5.1 wvalidity of the decoder S3Geom.S3dec_valid kernel
Thm. 2.6 bound (2.2) d1B_num, through fail bound _prog3 kernel
threshold pML3_tendsto_zero_subexp, kernel
pML3_exp_decay_subexp
confidence statements diB_certified, kernel
threshold_dl_general certified
counts of Table 8 and  di_accept, d1_rule_tail, kernel

the rule

dl_cp_upper_k4, dl_cp_tight k4

TABLE 9. The main results and their formal proofs. Names ending in ML are
the statements for Py,. “Kernel” means that every step, including every finite
computation, is checked by Lean’s kernel; “compiled evaluation” means that the
certificate checks are run as compiled code inside Lean (Section 6.1).

Certificates. A certificate lists the states of the walk, that is, its last K steps with their labels
(for the rotated and the toric code also the height or the offset near the boundary or the seam),
gives each state a positive integer potential, and fixes p,, A and the constant of the bound. The
check functions verify, for every listed state, that the weighted sum of the potentials of its legal
successors is at most A times its own potential and that every successor that is not listed ends in
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an excluded window; they verify that every legal start of a walk is listed or excluded, and they
bound the start sum by the stated constant. An excluded window counts only if a witness for
it passes the witness check. Hence neither the search that finds the witnesses nor the certificate
files need to be trusted: a wrong value can only make a check fail. Tables 3 and 5 give the sizes
of the certificates.

Compiled evaluation and the kernel. A generator turns the certificate files into Lean data mod-
ules and writes the sha256 of each input file into the module. The checks are then evaluated in
one of two ways. With compiled evaluation, the check functions are compiled to machine code
and run through native_decide; each call adds one axiom, which #print axioms lists, and the
compiler and the runtime join the trusted base. On the kernel route, the certificate is a binary
search tree whose nodes hold a state, its potential and the successors that the certificate claims
to be excluded; the check functions recurse on this tree, and every check is reduced by the kernel
(decide +kernel), which adds no axiom. The checks are split into pieces of moderate size
(ranges of rows or subtrees, and prefixes of the start walks), each piece is a separate theorem,
and lemmas proved once combine the pieces. The planar, the rotated, the phenomenological
and the two toric bounds are proved in both ways from the same certificates, with identical
statements (Table 9). The Lean sources also contain kernel-checked bounds from two smaller
certificates, for the planar code at p < 0.045 with d > 9 and for the phenomenological graph at
p < 0.0155 with d > 7, with 157,618 and 72,294 states. The data modules can be regenerated
from the certificate files, whose sha256 they record; the reproduction manifest lists the input
files of each theorem with their hashes. For the kernel certificates these include the transition
or hint files, from which the generator reads the windows that the certificate claims to be ex-
cluded. Section R.3 of the records supplement gives the cost of the checks behind Table 9 and
lists how many such axioms each compiled-evaluation theorem uses besides the standard ones
(Section 6.4).

6.2. The certified threshold. The development defines the planar code Py, of Section 2.1,
in which every edge, half-edges included, is flipped independently with probability p. It defines
the class of an error, the parity of its half-edges at by, and the failure probability Pur,(Pg.w,p)
of a decoder that maps each syndrome to a class of largest probability; every tie rule gives the
same value. The auxiliary decoder of Section 5 is defined on every code size, with block side L
and window radius R; n, = max(6, [w/L]) and n, = [(d — 1)/L] are as in Theorem 2.5. The
probabilities €, that the reference blocks are bad are defined from the first stage of the decoder
on a code of 7 x 7 blocks, as in Section 5.4.

Let the first stage have block side L > 2 and window radius L < R < %L, so that D = 6, and
let it satisfy (V6) and (Hcov). Lean derives the bound (2.1) of Theorem 2.5 from the hypothesis
that &, < 3.29 x 10~ for the seven types. From the bound it derives the threshold statement
for every width w > 1 that grows subexponentially in d, in particular for every width bounded
by a polynomial in d: for every p € [0,0.103], the optimal failure probability tends to 0 and
is at most e~ (@=1/(200L) for gl large d, that is, e (d=1)/70400 4 T, — 352. The proof bounds
Py, by the failure probability of the auxiliary decoder, using Lemma 2.9 and Proposition 2.10,
which are also proved in Lean. The per-block hypothesis (H.) follows from three facts: from
(V6), through the independence of blocks at block distance at least 6; from (Hcov), through
the equality of the bad probabilities of blocks of the same type, for every n, > 6; and from
the bounds on the ;. Lean proves Theorem 5.3 in the instance described after that theorem,
(¢,a0,a1) = (3.29 x 1074, 5,16) with D = 6, for every L > 2 and every first stage, with weights
in [0.98,1.02] on the edges and in [0,1.02] on the half-edges in the later stages, and with both
terms of (2.1) and the constants shown; Theorem 2.5 uses it with unit weights (Section 2.5). The
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deterministic part of this proof is proved for every g = |R/L| + 1, with ap > max(2, D —1) and
a1 > ap, and so is the reduction, by (Hcov), to the 2g + 3 reference blocks for every n, > 2g+ 2.

The experiment enters through (Bin). Lean proves the confidence statement of Section 2.4
for a sequential design with any finite set of looks: if the threshold c¢; of each look satisfies
F(cj;nj,3.29 x 1074) < a, where F is the binomial lower tail, then under (Bin) either the bound
holds or the probability that every type is accepted at some look is at most a times the number
of looks. It proves this both for the bound and for the threshold statement, with one acceptance
event for all widths, and it does not assume a bound on the ;. For the registered looks the
kernel checks F(cj;nj,3.29 x 1071) < 107%/3 < F(c;j + 1;n;,3.29 x 107%) for j = 1,2,3. With
three looks, the first inequality gives the confidence 1 — 107; the second shows that each cj is
the largest count that the level 1077/3 allows at its look. Lean also checks three facts about the
counts of Table 6: (1) each type’s count at its accepting look is at most the threshold of that
look, and the two types accepted at the second look had counts above ¢; at the first; (2) each
type satisfies F(k;nj,3.29 x 1071) < 1079/3, where n; is the size of its accepting look; and
(3) the rounded upper bounds of the table are valid and correctly rounded. The kernel carries
out all the arithmetic of these checks exactly, with integers. Instantiated with these counts,
the confidence statement gives Theorem 2.5. The hypotheses (V6), (Hcov) and (Bin) concern
the registered program and the experiment, and Lean cannot check them; Table 2 gives the
evidence for them. No theorem of this development uses compiled evaluation. The development
also contains, in their original form, the statements of the certificate at p = 0.102 from the
previous version of this paper.

6.3. The certified threshold under measurement errors. A separate development proves
Theorem 2.6 in the same way. It imports only Mathlib. Up to names, it repeats the parts of the
development of Section 6.2 that it needs: ML decoding and the Clopper—Pearson arithmetic. Its
graph is Qg .1, the box [0, + 1) x [0,w) x [0,d — 1) of checks with half-edges at the two ends
of the last coordinate, and the class of an error is the parity of its half-edges at b; over all layers.
The decoder is that of Section 5.5, with any minimum-weight corrections in its later stages,
and the 25 probabilities €; are defined on the code of 5 x 5 x 5 blocks. Lean derives (2.2) from
(V6), (Heov) and ; < 1.85 x 107°, with no other hypothesis. The derivation goes through the
failure bound of the decoder, whose deterministic lemma and counts Lean proves in full; Lean
evaluates the constants of the proof, 803.44 and about 5.106 x 10%, and rounds them up. It also
derives the threshold statement for all subexponential w and T', and the confidence statement
of Section 2.4 for both statements, here too with a single acceptance event, valid for all w and
T. In exact integer arithmetic, the kernel checks that the counts of Table 8 satisfy the rule and
that F(14;3 x 10%,1.85 x 107°) < 4 x 10~ and it checks the quoted bound 1.1706 x 1075, Its
axiom report covers 849 declarations, among them every theorem of it in Table 9, and each of
them depends only on the standard axioms of Section 6.4.

6.4. Scope and trusted base. The formal proofs do not cover the following:

(i) the identification of the planar, toric and phenomenological codes with their decoding
graphs, which is standard; for the rotated code Lean proves it;

(ii) the symmetry that carries the planar bounds to the other sector of square codes (Sec-
tion 2.1);

(iii) the argument of Section 2.4 that the rounding of the samplers’ flip probabilities does not
change the confidence;

(iv) for Theorems 2.5 and 2.6, the three conditions under which each holds, which enter the
Lean proofs as hypotheses.
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Proved on paper only are Theorem 5.3 in its general form, whose full proof is given in Appen-
dix A; the sharper constants that follow it and those of Remark 2.8; and the single-scale criterion
of Section 7.2, which the criterion supplement proves.

Lean reports, for every theorem, the axioms it depends on. The trusted base is Lean’s
kernel, including its built-in arithmetic on natural numbers, together with three standard axioms
of Lean’s foundations: propositional extensionality, the axiom of choice and the soundness of
quotients. The theorems of Sections 6.2 and 6.3 and the kernel-route theorems of Section 6.1
depend on nothing else. The theorems marked “compiled evaluation” in Table 9 also depend
on one axiom for each large certificate check: Lean evaluates the check, a Boolean test, with
compiled code and records its outcome true as an axiom that names the test. Beyond the
kernel, they rely on Lean’s compiler and runtime, on the C compiler that builds the precompiled
modules, and on these modules having been built from the checked sources. Programs outside
Lean generate the certificate data, and the searches for exclusion witnesses are Lean functions;
neither needs to be trusted (Section 6.1).

7. DISCUSSION

7.1. Monotone arguments. Call an error set failing for minimum-weight matching if some
minimum-weight correction of it fails. An event is increasing if it is preserved when errors are
added. The argument of [8], the bounds of Sections 3 and 4, and every union bound over sets
that the error must contain, such as paths or clusters, bound the failure probability by the
probability of an increasing event that contains the failing sets. Every such event contains the
event U that some subset of the error is failing, and U is itself increasing, so no such bound is
smaller than Pr(U). For the planar code at p = 0.093, Monte Carlo estimates of Pr(U), with U
decided by integer programming, grow from 0.264 at d = 7 to at least 0.357 at d = 19, while the
failure probability of matching itself does not grow. These estimates are not rigorous, and the
behaviour for large d is an extrapolation, but they indicate that arguments of this kind cannot
prove a threshold for matching above 0.093, and in particular that the counting bounds cannot
be pushed to the numerical threshold 0.1031 of matching. The certificates of Theorems 2.5
and 2.6 are not of this kind: a block is bad when window solutions leave a defect or a long
residual path, and either can disappear when errors are added (Section 1.2).

Within the counting method, the value of p at which the growth rate of the labelled walks
reaches one increases only slowly with the length of the windows that the exclusion rules inspect,
from about 0.042 for windows of four edges to about 0.047 for windows of eleven edges (Table 4).
We do not know how to go well beyond 0.05 without sampling. A natural next step would also
use the correction away from the crossing, but that is a non-local function of the error.

7.2. Statistical certification. Theorem 2.5 is a theorem about unknown numbers, the seven
bad-block probabilities, combined with a registered experiment that bounds them. Its confidence
statement concerns the sampling only: it bounds the probability that the experiment accepts
while the bound is false, under the binomial model, and it does not depend on any prior on
the unknown numbers. Anyone can recompute the counts from the archived records, and a new
run with fresh seeds would be an independent test of the same statement. The same holds for
Theorem 2.6 and its 25 block types. For both theorems some tests at the registered geometry
were run only once the analysis was complete: V6 for Theorem 2.5 (Section 5.4), and the tests
of (V6) and (Hcov) at the registered radius for Theorem 2.6 (Section 5.5).

A deterministic proof at p = 0.103 would need the bad-block probabilities themselves, which
are probabilities of events depending on about 8.9 x 10% independent bits, or a criterion whose
inputs can be computed exactly. The criterion supplement (see Code and data) proves such a
criterion for optimal decoding, at a single scale. Draw a sample from the posterior law of the
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errors in a window, given the syndrome in the window. If, for each of four window shapes, in
the bulk, at a rough side, at a smooth side and at a corner, the probability that this sample and
the true error differ by a long path near the centre of the window, plus twice the square root of
a measure of how strongly the errors on the edges that leave the window influence the posterior
law near its centre, is less than 1/16 at p,, then the optimal threshold of the planar code is at
least p,. The inputs need exact posterior samples and partition functions with certified numerics
on windows of side near 10%. The criterion is not checked in Lean, and we have not certified it
at any p.

7.3. Beyond p = 0.103. The certified decoder takes its weights from the window posteriors.
With matching weights instead, the bad-block probability at p = 0.10 stayed at several per cent
in pilot runs even for blocks of side 256 and windows of radius 320, because the residual loops
of matching approach the block size near the matching threshold. Posterior weights remove this
obstacle, but the window side needed to make bad blocks rare still grows as p approaches the
Nishimori point, and the cost of computing the window marginals grows like the cube of the
window side. At p = 0.103 the windows have side L + 2R = 1406, and the experiment took
about 7.1 x 10* core-hours. Larger windows also cost in the deterministic analysis. A window
radius R > L raises the independence distance D, so that bad blocks count as independent only
at larger distances, and the series of Theorem A.8 converge only for smaller : below about
4 x 10~* at D = 6, against about 6 x 10™% at D = 5 (Appendix A.4).

7.4. Measurement errors. Theorem 2.6 carries the method of Theorem 2.5 over to measure-
ment errors; its first stage is plain matching with uniform weights. The value 0.02 lies below
the numerical thresholds for this noise, 0.0293(2) for matching [35] and near 0.033 for optimal
decoding [27], and above the value 0.016 that Theorem 2.4 gives without sampling for every
minimum-weight decoder.

7.5. Open problems.

(1) A deterministic proof that the optimal threshold of the surface code exceeds 0.05, for
instance by certifying the single-scale criterion of Section 7.2 with exact arithmetic.

(2) A rigorous threshold for minimum-weight matching above 0.0465. By the discussion above,
such a proof cannot rest on an increasing event alone near the numerical threshold of
matching.

(3) Certified bounds under measurement errors that approach the numerical thresholds, and
bounds for circuit-level noise beyond the matching thresholds proved so far.

CODE AND DATA

The material behind this paper is archived in four parts, each with a file listing the SHA-256
checksums of its files:

e the Lean development of Theorem 2.5: record 10.5281/zenodo.24048008; SHA-256 of its
checksum file:
99d91723c5edbeedOed22feabdfebadbaaca3ddf885dee0083a5ab0805bb9e2c6;

e the Lean development of Theorem 2.6: record 10.5281/zenodo.24048008; SHA-256 of its
checksum file:
834111ee330382643e873ca897c60dc79d887a2316b2e5357c8£2706£a70e133;

e the Lean development of Theorems 2.1-2.4: record 10.5281/zenodo.24048008; SHA-256 of
its checksum file:
76£02636£65959e936d2aae8cc75£700ae6b78b809e534bffbb4848278be31cd;
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e the registrations, the programs, the certificate data, the outputs of all checks, the records
supplement (records of the experiments and of the formal checks, cited here as Sections R.1—
R.3) and the criterion supplement (the single-scale criterion of Section 7.2 with its proof):
record 10.5281/zenodo.24048007; SHA-256 of its checksum file:
c93f8b8aaf985fcbbd2e6cd607d8e4c59897cdad9e3abd8ec99f£3d7al3f£2617b0.

The Lean developments use Lean 4 version 4.35.0-rc3 and Mathlib at commit c55e6e78. De-
tails of the computing setup in the archived files were normalized for release, among them file
paths, host, machine, account and process names, processor and machine types, cloud zones and
internal working names. One program library of the certificate at p = 0.103 was normalized
by removing its table of local symbol names; this leaves its code and its dynamic symbols un-
changed. Wherever the files of the certificate at p = 0.103 quote the SHA-256 of a normalized
file, or a prefix of it, computed from the file as originally written, the quote is replaced by a fixed
marker (REDACTED_SHA256 or REDACTED_SHA). No measured value was changed. The record files
of this certificate and of its calibration runs are released byte for byte, and the archive lists every
normalized file with the SHA-256 of its released version. The files of the earlier certificates at
p = 0.100 and p = 0.102 (Table 7) are in earlier versions of the fourth record. The records are
released under CC BY 4.0, with the Lean sources and the programs under Apache-2.0.

APPENDIX A. PROOF OF THEOREM 5.3

This appendix proves Theorem 5.3, in the explicit form of Theorem A.8, and records how
its constants are evaluated. We use the decoder of Section 5.1, with 0 < R < %L and g =
|R/L] +1 € {1,2}, on Pyy1,w with W =n,L, H =nyL, n, as there and n, > 2g + 2, and the
bad blocks, types, declared rows and hypothesis (H.) of Section 5.3. For a check x, 8(z) denotes
its block; block displacements are measured with the norms |- |~ and |- |; of their indices, Ng(c)
is the set of blocks at distance at most k from ¢, and d(x, y) is the least weight of a path between
checks x and y. Stage 1 is any program as in Theorem 5.3. Let F' = E @ Cp; its odd checks are
D'

A.1. Block events.

Lemma A.1 (dependence). Whether c is bad depends only on the error on the edges that have
an endpoint in the union U(c) of the windows of the blocks of N1(c). With D =4+ |2R/L|, the
bad events of any set of blocks with pairwise distances at least D are independent.

Proof. Whether c is flagged depends on D and on Cy on the edges at the checks of ¢; whether
¢ is long depends on F' on the edges with both endpoints in Ny(c). Each of these edges has
its left or lower endpoint in Nj(c), so it is owned by a block of Nj(c), and its value in Cj is a
function of the syndrome in that block’s window, which is a function of E on the edges with
an endpoint in the window. These edges, and the edges at the checks of Nj(c) themselves,
have an endpoint in U(c); so bad(c) depends only on E on the edges with an endpoint in
U(c). In block coordinates, if ¢ is in column a, the checks of U(c) have first coordinate in
[aL — L — R, aL + 2L + R — 1], and similarly for the rows. For blocks ¢, at distance n, say in
the first coordinate, an edge with an endpoint in U(c) and an endpoint in U(c’), or a check in
both, exists only if aL + 2L + R > (a +n)L — L — R, that is, if (n — 3)L < 2R. Hence the two
edge sets are disjoint when (n — 3)L > 2R, which holds for n > 4 + |2R/L]|, and disjoint edge
sets carry independent errors. O

If every block of type t is bad with probability e;, then (H.) holds with ¢ = max;e;, by
Lemma A.1.
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A.2. The deterministic lemma. From now on, ag > D — 1, a1 > ag, a1 > 2D — 2, and a; is
even. (The condition a; > ag is used only in the strip argument below.) The declared rows are
0,...,9gandny,—g—1,...,n,— 1. Since R > (g9 — 1)L, we have D > 2g + 2; hence ag > 29 +1,
so that [ag/2] > g+ 1, and hy = a1/2+ 1 > D > g for the strip depth hs used below. Besides
the declared rows, this is all that the proof uses about g. The lemmas of this section carry the
letters (A), (B), (C), (W) and (X) of the outline of the proof of Theorem 5.3.

Clusters. With the blocks of the declared rows counted as bad, the clusters are the components
of the bad blocks (declared or not) under adjacency at distance at most ag. Distinct clusters
are at distance at least ag +1 > D. Gy and Giep are the clusters that contain the declared
rows at the bottom and at the top (possibly the same cluster). Every other cluster is interior;
its blocks lie in the rows g +1+ag,...,ny — g — 2 — ao.

Lemma A.2 (A). Take the components of F' on the checks (a half-edge belongs to the component
of its check; by and by join nothing). A component of F' that meets no bad block has no odd
check and lies within distance L — 1 of each block it meets. Every component of F' meets at most
one cluster.

Proof. Let c be a good block. Then c is in the rows g+1,...,n, — g — 2, and no path of F' from
a check of ¢ reaches f, distance L from c: every edge changes each coordinate by at most 1, so
the first check of such a path at distance at least L from c is at distance exactly L, and the path
up to that check lies in Nj(c), which would make ¢ long. (Since ¢ is inrows g+1,...,ny—g—2
and g > 1, the blocks of Ni(c) contain no check of row 0 or H — 1, so the path meets no half-edge
before that check.) The odd checks of F are the residual defects, which lie in flagged, hence
bad, blocks; so a component meeting no bad block has none.

Suppose a component meets two clusters K1 # Ks. A path in it from K; to Ky leaves K;
into a block ¢’ adjacent to K7, which is good because ag > 1. The whole component then lies
within distance L — 1 of ¢/, so it meets only blocks within distance 1 of ¢/; in particular Ky has
a block within distance 1 of ¢/, hence within distance 2 < ag of K7, a contradiction. ]

Since flagged blocks are bad and the level-0 adjacency equals the cluster adjacency, every
level-0 component lies in one cluster. Two clusters are linked if a level-1 component (resolved
or not) meets both, and the families are the classes of clusters under the equivalence generated
by linking. For a family F let Yz be the sum of the components of F' that meet F and of the
corrections Ck of the resolved components inside F.

Lemma A.3 (B, decomposition). 0Yr = QN F for every family, and

E@Cz( 3 )@@Yf@aop.

components of F' meeting no bad block F

The components of F' that meet no bad block are closed and do not change the class.

Proof. E® C =F & @y Cx ® Ciop, and F' is the sum of its components; by Lemma A.2, each
component meeting a bad block meets exactly one cluster, hence one family. The components
of F' meeting F have as odd checks the residual defects in the flagged blocks of F, and each
resolved C inside F has odd checks D' N K. Every flagged block of F is resolved exactly once,
or its residual belongs to €2; this gives 0Yr = QN F. A component meeting no bad block has
no odd check and lies within distance L — 1 of a good block, so it touches no half-edge and its
height is less than 3L < H; it is therefore a cycle of checks with no half-edge, which does not
change the parity at b;. ([l

Lemma A.4 (C, failure path). If the decoder fails, then one of the following holds:
(T1) some family F has Yr with odd degree at both by and by;
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(T2) there is a sequence by — Fi — -+ — Fpm — ba of distinct families in which consecutive
families are joined by paths of Ciop, and the first (last) link is a path of Ciop from by (to
ba) or an odd degree of Yr, at by (of Yr,, at ba).

Proof. Decompose Ciop into paths that pair the checks of 2 with each other or with a boundary
vertex, and form the multigraph whose vertices are the families and by, bo: it has an edge for each
such path (between the families, or the family and boundary vertex, containing its ends) and an
edge Fb; whenever Yr has odd degree at b;. By the handshake lemma for Yr and Lemma A.3,
every family vertex has even degree. If the decoder fails, £ @& C has odd degree at by, and by
Lemma A.3 so has by in the multigraph; hence b; and b2 lie in one component of the multigraph,
and a simple path joins them. If this path is by — F — by and both of its edges are odd degrees
of Yz, this is case (T1); otherwise the path is as in (T2). (A minimum-weight Ci,, contains no
path between two boundary vertices, since weights are positive.) O

Lemma A.5 (W, parity witnesses).

(W0) An odd level-0 component K in an interior cluster has, in the same cluster, a flagged
block at distance at least ag + 1 from K.

(W1) Let K1 be an odd level-1 component such that every cluster meeting K is interior. Then
one of these clusters contains a flagged block of another level-1 component, at distance at
least a1 + 1 from K.

(R) Every check of Q lies in a flagged block of an odd level-0 component whose blocks belong
to an odd level-1 component. Consequently, a path of Ciop between two different families
of a (T2) chain joins blocks at distance at least a; + 1.

Proof. The components of F' that meet an interior cluster reach no rough side, since the cluster’s
blocks lie in the rows g + 1 + ag,...,ny — g — 2 — ap and the components stay within distance
L —1 of good blocks outside it. Their odd checks are the residual defects in the cluster’s flagged
blocks, so the number of these defects is even. For (W0): |D' N K| is odd, so the cluster has
residual defects outside K, that is, in another level-0 component, which is at distance at least
ap + 1 from K. For (W1), add to the components of F' meeting an interior cluster the resolved
level-0 corrections inside it; the odd checks of the sum are the residual defects of the cluster’s
odd level-0 components, again an even number. Summing over the clusters that meet K, all
interior by assumption, the total number of such defects is even, while K; contains an odd
number of them; so some cluster has level-1 residual outside K, that is, in a flagged block of
another level-1 component, at distance at least a; +1 from K;. (R) holds by the construction of
Q). Blocks of distinct level-1 components are more than a; apart, and the two ends of a path of
Ciop between different families lie in different level-1 components, because a level-1 component
lies in a single family. O

Strips and the sub-path of a chain. Put hs = a1/2+ 1. The bottom strip Sy is the set of block
rows < hg, the top strip Siop the set of rows > n, — 1 — hs. A bottom (top) strip family is a
family with a block in Shet (Stop); @ family containing Gt is a bottom strip family. A family
F with Yr of odd degree at b; is also a bottom strip family: a half-edge of Yr at by lies in a
component of F' meeting block row 0, whose blocks are declared and belong to Gpet, or in a
correction C'x whose region reaches row 0, so that K has a block within max([ag/2],a1/2) < hs
rows of row 0. The same holds at the top. On a (T2) chain, let Fy be the last bottom strip
family (b if there is none) and F,, 1 the first top strip family after it (by if there is none); the
families F1, ..., F, between them are intermediate. If Fy is also a top strip family, it has blocks
in both strips; this case is counted with (T1) in Section A.3, so we assume Fy # F,,41 there.
An intermediate family contains no block of the strips and hence, since g < hs, no declared
block; its level-1 regions N, /»(K) stay in the rows > 2 and its clusters are interior, so (WO0)
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and (W1) apply to all of them. Residual defects lie in unresolved components K, whose regions
Naq/21(K) contain no check of row 0 or H — 1; since [ag/2] > g + 1, the entry and exit defects
of every family on the chain lie in the rows g +2,...,n, — g — 3, never in a declared row.

For 1 <i < m let u; and v; be the checks of €2 at which the chain enters and leaves F;, let vg
be the check at which it leaves Fy and u,,4+1 the check at which it enters F,,,+1, and let P; be
the path of Cip from v; to wiq1.

Lemma A.6 (X, exchange). Zw(PZ) < Zd(ui,vi) + d(vo, b1) + d(um+1,b2), where d(xz,b;)

=0 =1
is the least weight of a path from x to a half-edge at b;, the half-edge included.

Proof. Remove Fy, ..., Py, from Cigp, join u; to v; by a shortest path for 1 <4 < m, and join vg
to by and w41 to be by shortest paths. The result is again an edge set whose odd checks are
(2, and Ciop has minimum weight among such sets. O

A.3. The probability bound.

A.3.1. Metric facts. Write |z|; for the ¢; norm. Since every edge changes |- |1 by at most 1
and weighs at least 0.98, every path between checks x and y weighs at least 0.98 |x — y|;. A
monotone lattice path inside the rectangle of checks gives d(z,y) < 1.02|z — y|;, and a straight
path down to row 0 followed by a half-edge gives d(z,b1) < 1.02 (y, + 1) for a check z in row
Yz, and similarly at the top. For checks x,y in blocks ¢, ¢/,

L —ch—v) <lo—yh <L( —chi+v), v=2,

so the offset between a check and its block costs at most v in units of L. Put x = 1.05 >
1.02/0.98.

A.3.2. Selection trees. For a cluster C and a block of it chosen as its root, process the blocks of
C in breadth-first order for the adjacency at distance at most ag, starting from the root, and
select a block if it is at distance at least D from every block selected before.

Lemma A.7. (i) The selected blocks are pairwise at distance at least D. (ii) Every block of C
is within distance D — 1 of a selected block. (iii) Every selected block other than the root has a
selected block processed before it at a distance in [D, Ag], Ao = D — 1+ ag; so the selected blocks
form a tree ¢ whose steps lie in Sy = {v € Z% : D < |v|oo < Ao}. Selected blocks of distinct
clusters are at distance at least ag +1 > D.

Proof. (i) and (ii) hold by construction. For (iii), a block b other than the root is ap-adjacent
to a block b” processed before it, and b” is within D — 1 of a block ¥ selected before b; then
b — oo < ap+ D —1= Ag, and |b — V/|oc > D because b was selected. The last claim holds
because distinct clusters are at distance at least ag + 1. O

Hence every set of selected blocks, of one or several clusters, that avoids the declared rows
satisfies the hypothesis of (H.).

A.3.3. Generating functions. Put Ay =D —14ay, S ={v €Z%: D < |v|oo < A1}, Ty = |S0],
Ty, =|S1| and 0y = a3 +2—D. For A > 0 and s > 0 let

t(v) =eMlhtse T =N "), Ti= ) ),

’UES() vEST
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where v, is the signed row component of v. Define

L 0 L U
Up=eTy, Up=cTy, Q=clp+—>, V=chiQ, %=5T1(5T0+ 0 )
1-0Up 1-U

1 1

Wo= ——, By=——,
T, T 10,

Qm = ((1 =TUp)> = 1)By + T + By — 1.
For a,c > 0 let Mac =3, 11 >0, (w** % 1% ) (2), where w = 15, t and * is convolution on Z*:

it counts tree paths with a tilted and then c untilted steps in Sy that end at £, distance at least
ow. Put

Witon = Wy Z 5a+cMa,C7 Witeg = ZECMO,C‘A:S:W

a,c>0 c>1
off = (1+ k)Dv, and

Qm el Witoff

d = Mo | Wit
e € 1ton + 11—V,

L
AEZ2,|Aloo>0uw

J is finite if and only if s < A. For the spanning case let Ti(s) = > g, €™, Up(s) =€, c5, €
and

UO(S)

=T ( T 7>

Vi(s) =eTi(s)le 0+1—U0(S)

A.3.4. The theorem.

Theorem A.8. Let L >2,0< R< %L, D=4+ |2R/L|, a9 > D — 1, and let a; be even with
ay > ag and a; > 2D — 2; put hs = a1/2+ 1 and Hy = 2hs + A1 + 1 = 2a1 + D + 2. Assume
(He).

(a) If V1(0) < 0.9, then with s; = sup{s > 0:Vi(s) < 0.9, Uy(s) < 0.9},

(hs =+ 1) 7% (1 + €T1(81)W1)

Pr(T1, or (T2) with Fo = Fms1) < Crnge st0w=Ho) 0y — ,
1-— Vl(Sl)

where Wi = 1/(1—Uop(s1)). )
(b) If at some 0 < s < X\ we have Uy <1,V <1, Vo <1 and r < 1, then
. 4(hs + 1) Gbot JEtop GACe“dS

PT(TQ, f(] 7& fm+1) < CQ Ny €_S(ny_H0), CQ = 1—r s

where Gyor = Wo /(1 = V), Erop = eWo(1 +eT1Wo)/(1 — V) and congs = Dv + kDv + kv +
k(2hs + A1) +2.04K/L.

Consequently, the failure probability of the decoder on Pp,r+1,n,L 1S at most Cinge s1(ny—Ho) 4
anxe_“”?(”y_HO) with sy = s.

This is Theorem 5.3 with explicit constants; the constants depend on L only through the
last term of cengs, which decreases in L. The rest of this section proves it. Throughout, a
configuration is an error E, and every sum over block tuples counts each tuple once; tuples that
cannot arise only add nonnegative terms.
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A.3.5. Routes through a family. Fix a family F of a (T2) chain, with entry check u and exit
check v (for Fyp only an exit, for F,,11 only an entry). Join two clusters of F if some level-1
component has odd level-0 components o in one and o’ in the other at distance at most a;. This
graph on the clusters of F is connected, because each level-1 component is aj-connected and
each odd level-0 component lies in one cluster. Take a simple path ¢g = C(u),...,¢; = C(v) in
it, where C(z) is the cluster containing 3(z), and for each step a pair (o0, 0’) at distance at most
a; with blocks b, € 0 and by € o at distance at most a;. Root ¢y at S(u) and cjt+1 at by, and
select blocks as in Lemma A.7. The route of F is the sequence of selected blocks formed by the
tree path in ¢; from its root to the selected block s; that covers b, (in-cluster steps in Sp), the
link s; — root(cj4+1), and so on, ending in ¢; with the tree path from its root to the selected
block o(F) that covers B(v). A link has length at least ap + 1 > D (the clusters are distinct)
and at most (D — 1) + a1 = Ay, so its step lies in Sj.

Leaves. Every root is a block of an odd level-0 component: S(u) by (R), and b, because o
belongs to a level-1 component. In an interior cluster, by (W0) and Lemma A.7(ii) the cluster
has at least two selected blocks. For every route cluster whose route part is its root alone, other
than the cluster C* below, add one tree neighbour of the root (a leaf, with displacement in Sy,
not on the route).

Witness. Let K; and K J’ be the level-1 components of the links that enter and leave c;, with
Ko = K(u) and K| = K(v), the level-1 components of u and v.

(a) If K # K for some j, put C* = ¢; and e* = root(c;), a block of K;. The block b, of the
leaving link (or B(v) if j = t) belongs to K7, so it is at distance at least a1 + 1 from e*, and
the selected block b that covers it satisfies [0 — e*|oc > a1 +1— (D — 1) = 0y

(o) Otherwise every link belongs to K = K(u) = K(v), which is odd because it carries the
residual check u, and by (W1) a cluster C* meeting K contains a block of a level-1 component
K' # K. If C* is a route cluster, its root e* is a block of K, and the selected block b’ covering
the block of K’ satisfies |b' — €*|oo > 0.

(B) If C* is not a route cluster, follow a chain of odd level-0 components of K from a route
cluster C, to C*, shortened so that the clusters after C, are distinct and off the route, and
root each of them at the block reached by the link into it (an ezcursion); again e* = root(C*)
is a block of K and |0/ — €*|o > 0.

In all cases the tree path 7 in C* from e* to b’ has at least one step, so C* needs no leaf. The

skeleton of F consists of the route, the leaves, 7w and, in case (), the excursion: the tree path

in C, from a route block to the start of the first excursion link, the excursion links, and the
excursion clusters with their own leaves. All skeleton blocks are distinct selected blocks, so by

Lemma A.7 and (H.) the probability that all of them are bad is at most ¢ to the number of

them. (The skeleton of an intermediate family contains no declared block.)

A.3.6. Proof of part (a). Let F be a family with blocks in both strips; this covers (T1), where
some Yr has odd degree at b; and at be, and the case Fo = Fp,+1. Take, as in Section A.3.5,
a route through the clusters of F from a block in Sy or in a declared bottom row to a block
in Siop or in a declared top row, with leaves on the link-entered clusters. If F contains Ghot,
choose the route to start at a declared block of Gpot; this is possible because the graph on the
clusters of F is connected, and then the route, a simple path in that graph, never returns to
Ghot. Cut it at the last block bg that lies in S}, or in a declared row and at the first later block
that lies in Siop or in a declared row; the counted part runs from bs to the block b, before that
cut. There are at most (hs + 1) n, choices for by, which is not counted with a factor ¢; every
later route block and every leaf is bad, selected and not declared. Every later link enters an
interior cluster, which has (WO0), except possibly one link into the non-declared part of Gop,
whose target may lack (WO0). The block b, is within A; rows of a block of Siop, or of a declared
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row, so the signed row progress from bs to b, is at least (ny, —1 — hy — A1) — hy = ny, — Hp.
Multiplying the indicator by es(Prostess—(ny—Ho)) > 1 and distributing e®P™8™ over the steps
gives, summed over all counted routes,

(hs + 1) g - W1 =Y Va(s)F - (14 Ty (s)Wy) - e (o= Ho),
k>0

since the in-cluster steps from b, contribute Y, Up(s)* = W7, each link into an interior cluster
contributes €77 (s) times 7T} (root with a leaf, the route staying at the root) plus Up(s)/(1—Uy(s))
(one or more route steps), which is Vi(s), and the one exceptional link contributes at most
1+ eTy(s)Wy. At s = s this is Cingyes1(ny—Ho)

A.3.7. The counting lemma for intermediate families.

Lemma A.9. Let Fi,...,Fy be the intermediate families of a (T2) chain, D] = root(Fit1) —
o(F;) the jump displacements (0 < i < m, with o(Fo) the block of Fo’s route that covers B(vp))
and R; = o(F;) — root(F;) the route displacements (1 <i <m). Then:
(1) |D}|e > oy for every jump;
(ii) >0 |Di < kYo% [Rili + moff + cends + K Phot + K prop, where puoy and piop are the £
lengths, in blocks, of the end routes of Section A.3.8;
(iii) summed over all skeletons of Fi, ..., Fp and all landing roots, with the weight € per skeleton

—A|D’|1+sD

block, e WLty per route step v, and e v per jump, each intermediate family

contributes at most ® and each jump at most J.

Proof. (i) By (R), v; and ;41 lie in odd level-0 components of odd level-1 components, in F;
and F;11; a level-1 component lies in one family, so these level-1 components differ, and blocks
of different level-1 components are at distance at least a; + 1. Since |o(F;) — 8(vi)]|oo < D — 1,
we get [Df|oo > a1 +1— (D —1) = oy,

(ii) By Section A.3.1, the path P; weighs at least 0.98 L (|Dj|; — Dv): the root of Fy; is
B(uit1), and o(F;) is within D — 1 of B(v;), which costs (D — 1)v, plus v for the offsets of the
checks in their blocks. Likewise d(u;,v;) < 1.02 L (|R;|1 + Dv). Inserting these and the end
bounds of Section A.3.8 into Lemma A.6 and dividing by 0.98 L gives (ii), since 1.02/0.98 < k
and off = (1 + k)Dv.

(iii) For every configuration in (T2) choose one skeleton for each intermediate family as in
Section A.3.5. On that configuration (ii) holds for the data of the chosen skeletons, so

1< exp()\(ﬁz |R7,|1 + moff =+ Cends 1+ KPbot + KpPtop — Z ’D;h))?
i %

and |R;|; is at most the sum of the ¢; norms of the route steps of F;. The signed row progress of
the block path from bg to b. (Section A.3.8) is the sum of the row components of all route steps
and jumps, in-block offsets telescoping, and it is at least n, — Hp; so also 1 < es(progress—(ny—Ho))
Taking expectations and the union over skeletons, the probability is at most the sum, over all
skeleton tuples, of the product of these factors and e per skeleton block. The sum factorizes.
Per jump, the landing root of F;i; ranges over the A = D] with |A|, > o, factor J. Per
family in cases (), (¢/): the route clusters co, ..., ¢, one of which is C*. Each link contributes
eTy (its target block and its tilted step), and each route cluster other than C* contributes Q:
either the root with a leaf (¢Tp, the route staying at the root) or k > 1 tilted route steps (UF).
C* contributes Wity its route part from e* shares an initial segment of ¢ tilted steps with m,
7 continues with ¢ untilted steps and ends at distance at least o, from e* (the count M),
and the rest of the route part from the branching block contributes Wy. The position of C*
among the ¢ + 1 route clusters gives Y_,(t + 1)V = (1 — V)72, and the landing root gives e.
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In case (/3), the marked route cluster C, contributes @,,: a route part with k > 1 steps, k + 1
choices of the branching block and the excursion’s in-cluster walk (Bjy), or the root with a leaf
and an empty excursion walk (¢7), or a non-empty excursion walk from the root (By — 1); the

excursion links are untilted (e77 each), the excursion clusters contribute }, Vi =(01-W1,

and C* contributes Witeg through 7 from its root. Together with e*° per family this gives at

most ® per intermediate family. ([l

A.3.8. The ends, and proof of part (b). Assume Fy # F41, and first that both are strip families.

Bottom end. Choose a route in Fj that ends at the selected block o(Fp) covering B(vg) and
that starts in a declared row of Gy, if Fo contains Gyt (the tree path of Gyt from a declared
block, then links into interior clusters; the route never returns to Gt ), and otherwise at a block
of Spet. Let bg be the last block of the route that is declared or lies in Sy,o;. There are at most
(hs + 1) ny positions for bs, each with weight at most 1; every later route block has its factor
e, and every later link enters an interior cluster, which has (W0). The route from b, therefore
contributes at most Gy, = Wo/(1— V). Its length pho, = |o(Fo) — bs|1 enters (i) above through

d(vo,b1) < 1.02 L (ppor + Dv) + 1.02 (hsL + 1.02),

a path from vy to a check of bg, then straight down at most hsL rows, then a half-edge of weight
at most 1.02. Divided by 0.98 L, with 1.02/0.98 < &, the last term gives khs+ 1.02 x/L; the two
ends together give the term 2.04 k/L of cengs-

Top end. The route of F,,41 starts at the landing root (1), which has its factor e (it
is never declared), and stops before the first block that is declared or lies in Siop; let be be its
last block. It may enter the non-declared part of Giop once by a link whose target lacks (WO0),
with weight el instead of V,Nand then continues by in-cluster steps; so it contributes at most
Eiop = eWo(1+T1Wy) /(1 — V). Both of its ends are selected blocks, and b lies within hg + A;
block rows of the top row, so with piop = [be — B(tm+1)]1,

d(Um+1,b2) < 1.02L (prop + v) + 1.02 ((hs + A1) L + 1.02).

Assembly. The chain from Fy to Fp,41 has m intermediate families and m + 1 jumps; the
extra jump adds Dv in (ii). Adding the two end bounds, divided by 0.98 L, gives the constant
Cends = DV + KDv + kv + Kk(2hs + A1) +2.04 k /L of the theorem. The signed row progress from
bs (row at most hs) to b (row at least ny, —1 — hs, — Ay) is at least ny, — Hy. By Lemma A.9(iii),
the probability of a (T2) chain with strip families at both ends is at most

(hs + 1) ng - Gpot - J Z ™ . Biop - € ends . g=8(y—Ho)

m2>0

It 7o = b1 or Fup1 = b, the chain starts or ends with a path of Ciop, to the boundary.
The landing sum of such a boundary match over the n, block columns is dominated by the
corresponding strip factor (hs + 1) ng Ghot J, respectively J Eiqp, and a factor 4 covers the four
variants. With 3> 7™ = (1 —r)~! this is Cy n, e =5 =H0) This proves part (b), and with part
(a) and Lemma A.4 the theorem.

A 4. Evaluation of the constants.

Method. All counts are exact integers: Tp, 17 and the sums over Sy and S are finite sums. The
witness counts M, . for a + ¢ < 9 are computed by discrete Fourier convolution on a grid large
enough that no wrap-around occurs, which reproduces the direct convolution up to rounding; the
remaining terms with a 4 ¢ > 10 are bounded by the sum over all walks, >~ 10> 0 ﬁoaUO”_“.
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The landing sum has the closed form

I+ Y+ Y- A1 45A Y —(x
J = <1 >_ At Y, = ) = ( $S);
1= +1—y++1—y_ Z e r=e Yyr =€

|A] oo <ow

valid for s < A. In the numerical evaluation the offset is taken as off + x/2, which only increases
r. For given ¢, the rate s of part (b) is the largest s (by bisection) for which miny (A, s) < 0.9
over a geometric grid of A, possibly multiplied by a fixed fraction in {1,0.9,0.8,0.7,0.6} chosen
to minimize the code size at which the bound drops below 0.1; then A is the minimizer at that s.
The rate s; of part (a) is found by bisection. All arithmetic is in double precision. The stated
constants are rounded: rates down, prefactors up, so that the stated bound is implied by the
computed one.

Convergence limits. For D = 6, ag = 5, a; = 16 and k = 1.05, one has Ty = 320, 77 = 1728,
ow =12, hy = 9 and Hy = 40. The spanning term converges (V;(0) < 0.9) for e < 8.301 x 1074,
and the chain term (minyr(),0) < 0.9) for e < 3.982 x 10~%. For comparison, with D = 5,
ag = 4 and a1 = 12, which serve window radii %L < R < L, the two limits are 1.341 x 1072 and
6.176 x 1074,

The level of the registered experiment. With D = 6, a9 = 5, a;y = 16 and L < R < %L,
at € = 3.29 x 1074, the level that the experiment of Section 5.4 certifies, the computation
gives s1 = 0.1615355 and sy = 0.0259488 (fraction 1). The prefactors are C; = 534.11 and
Cy = 1.3836 x 10° at these exact rates, and C(0.161) = 482.8 and C5(0.025) = 6.657 x 10%
at the rates rounded down. Each stated prefactor below is at least as large as both computed
values of its constant, so the stated bound

Pr(failure) < 5.35 % 102 TNy 670'161 (ny—40) +1.39 x 105 Ny 670.025 (ny—40)

is implied by the computed one, for n, > 6 and n, > 41, under the hypotheses of Section 5.3. At
the smaller rates s; = 0.10 and sy = 0.015 of (2.1) the same computation gives C; = 38.13 and
Co = 8.19 x 103. The second is below the constant 3.8 x 10% of (2.1), but the first is above its
constant 36. The constant 36 comes from the Lean proof, which bounds the sum of part (a) by
its own count of the routes (Section 6.2); the evaluation here gives (2.1) with 38.2 in place of 36.
These evaluations take the term 2.04 k/L of cepgs at L = 192, so they hold for every L > 192. The
Lean proof bounds the ends of a chain by its own constant, 2D+ kD +khs+r(hs+ A1 +1)+1.05,
which equals 61.35 at this instance and is smaller than cepgs. The last term of this constant,
1.05, bounds the contribution 2 - 1.02/(0.98 L) of the two half-edges for every L > 2. So, for
every L > 2, Lean proves the failure bound of the auxiliary decoder with the constants of (2.1),
and hence (2.1) itself (Section 6.2). At the certified level &, the constants of Remark 2.8 are
computed in the same way, with the fraction 1.

A.5. Remarks on the proof.

(1) The proof never uses that the window corrections are optimal or that stage 1 uses a partic-
ular weight; this is why one certificate of stage-1 events serves every admissible a;.

(2) Lemma A.2 uses that every edge changes each coordinate by at most one; this is where the
square lattice enters.

(3) The later stages enter only through Lemma A.6 and the metric facts of Section A.3.1, that
is, through the weight bounds 0.98 < w, < 1.02.

(4) The declared rows and the strips make the end families explicit: residual defects never lie
in a declared row, so no landing sum over declared rows is needed.
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