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ABSTRACT

We study the N x N complex Hermitian Gaussian band matrix whose variance pro-
file is the inverse of Id — W2A, where A is the Neumann Laplacian on {1,...,N},
in the critical regime W2 =< N. We prove that, for energies E in a neighborhood
of zero, the unfolded eigenvalue process converges to a stationary point process,
whose law depends only on the limit X of N/((4 — E?)W?) and is given by the
partition functions of a supersymmetric sigma model on an interval. We also
determine the macroscopic law of the mass of an eigenvector selected near a given
energy. Its density is the normalized exponential of a Brownian motion with drift,
under the law tilted by its total mass; the same law describes the eigenvectors of
the critical one-dimensional random Schrédinger operator. Further, we compute
the limits of the two-energy correlations of the local densities of states at all pairs
of interior sites, of the mean eigenvector profile at the scale of single sites, and
of N times the mean inverse participation ratio, which is 2 4-2X/3. As X — 0
and X — oo, we recover the pair statistics of the GUE and of a Poisson process,
and in the localized limit we obtain an explicit random shape for the eigenvectors.
The number variance in a window of length L grows like v/ XL as L — oo at every
fixed X, and we describe the crossover to Poisson statistics in windows of length
of order X. Several of these results confirm predictions that physicists obtained
from the sigma model. The proof starts from the supersymmetric representation of
averages of ratios of characteristic polynomials, which for this profile is a transfer
operator on a one-dimensional chain. We show that the transfer chain converges
to the heat semigroup of the sigma model, whose noncompact direction produces
the Brownian motion in the eigenvector law.
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PART I

Introduction and overview



SECTION 1

Introduction

1.1 Background

Random band matrices are random Hermitian matrices whose entries vanish, or are
negligible, outside a band of width W around the diagonal. They interpolate between
Wigner matrices, for W comparable to N, and random Schrodinger operators on a one-
dimensional lattice, for W of order one. In physics, they were introduced to describe
level statistics intermediate between those of regular and chaotic systems [114] (see [94,
Section 5.3]). For band matrices of size N in one dimension, the eigenvectors are expected
to be localized on a scale of order W2, so that one expects a transition at W ~ N/2,
with delocalized eigenvectors and the local eigenvalue statistics of the GOE or the GUE,
according to the symmetry class, for W >> N'/2, and localized eigenvectors and Poisson
statistics for W < N1/2 [10, (0.2)]. Casati, Molinari, and Izrailev found numerically that
the localization of the eigenvectors and the distribution of the level spacings depend on
N and on the bandwidth only through the ratio of the square of the bandwidth to N
[15, 16]. Fyodorov and Mirlin explained this scaling in [53], where they mapped band
matrices with a general profile onto the one-dimensional supersymmetric sigma model
of a thick disordered wire, with a localization length proportional to the square of the
bandwidth (see [94, (5.39)—(5.41)]). We refer to [10, 128, 129] for surveys.

On the localized side, Schenker proved in [112] that the eigenvectors are localized
when W8 < N, and the exponent 8 was improved to 7 in [104, Theorem 4]. Localization
for W < N1/* was proved in [19] for the Wegner orbital model and in [17] for Gaussian
band matrices. Recently, Drogin [31] obtained localization at the sharp scale W? when
W2 < N, for real symmetric block band matrices with regular entry distributions. Hislop
and Krishna showed that, for real symmetric band matrices with Gaussian entries and
W ~ N* with « < 1/7, the limit points of the eigenvalue counts in fixed intervals are
Poisson distributed, for almost every energy [67]. Fan and Zou proved convergence of
the local eigenvalue statistics to a Poisson process for real symmetric Gaussian block
band matrices with W2 logN/N — 0 [47, Theorem 1.3].

On the delocalized side, Erd6s and Knowles proved quantum diffusion and showed
that most eigenvectors have localization length larger than W7/¢ [40, 41], and delocal-
ization was established for W > N%/5 in [45]. Bourgade, Yau, and Yin [13] proved
quantum unique ergodicity, delocalization, and local GOE statistics for real symmetric
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band matrices with W > N3/4+¢, using the estimates of Bourgade, Yang, Yau, and Yin
[12] and of Yang and Yin [137], after the case W =< N [11]; see also [6, 32].

Delocalization down to the threshold was proved recently. Yau and Yin [138] proved
delocalization, quantum unique ergodicity, and GUE universality for Gaussian periodic
block band matrices with W > N1/2+¢. Erdés and Riabov [44] extended these results
to general variance profiles and entry distributions with W? > N'*¢, and Fan, Yang,
and Yin [48] proved delocalization for general variance profiles with W > N'/2+¢, With
supersymmetric methods, M. Shcherbina and T. Shcherbina [119, Theorem 1.1] proved
that the two-point correlation function of Gaussian block band matrices converges to
that of the GUE when the block size W and the number n = N/W of blocks satisfy
W > Cn log5 n. As noted in [31, 47], these results establish the localization—delocalization
transition of the eigenvectors and the transition between Poisson and random-matrix local
statistics, for large classes of band matrices. None of them describes the critical regime
W2 < N, although some of them hold there, as we explain below. Other critical scalings
occur at the spectral edge, where the transition to Airy statistics happens at W =< N°/6
[127] (see [86] for higher dimensions), and the transition at W < N 1/2 45 already visible
in the fourth moment of the level density on global scales [100].

In the critical regime W? < N, the physics prediction is that the statistics of the
eigenvalues and eigenvectors are those of the one-dimensional supersymmetric sigma
model on a wire of finite length, whose only parameter is the ratio X of the length of
the wire to the localization length [38, 53] (see [94, Section 3.2.1]). For the eigenvectors,
Fyodorov and Mirlin solved this sigma model exactly for several statistics, including
the inverse participation ratio and the distribution of the components [54-56, 93], using
the simplification that occurs when the imaginary part of the frequency tends to zero
and only the noncompact variable of the sigma model survives [94, Section 3.2.1]. For
the eigenvalues, Altland and Fuchs studied the level correlations of a finite wire across
the crossover from Wigner-Dyson to Poisson statistics, from numerical solutions of the
transfer-matrix equations [4] (see [90, Section V]), and Kettemann studied the analogous
autocorrelation of spectral determinants [74, 75]. Closed formulas are known for long
wires at all frequencies [87, 90], and, for every ratio of length to localization length, at
frequencies that are large compared with the level spacing of a localization volume [90,
(25)-(26)]. We compare them with our results in Section 1.3.

The rigorous results that describe the critical regime itself concern characteristic
polynomials. In [122, Theorem 1.2], T. Shcherbina considered the band matrix that we
study, whose variance profile is the inverse of Id — W2?A for the Neumann Laplacian A
on {1,..., N} (see Definition 1.1 below), with N a fixed multiple of W?2. She proved that
the normalized second mixed moment of the characteristic polynomials of this matrix,
at two energies at distance of order 1/N around E, converges to a matrix element of the
semigroup generated by the Laplacian on the sphere S? plus a potential. Her parameter
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coincides with the parameter Xy (E) = N/ ((4 — E2)W?) of our results, since (271p(E))? =
4 — E? for the semicircle density p(E) = (4 — E?)1/2/(27). Her Laplacian, written in the
variable F = 1 — 2|Uy,|? of her unitary matrices U, is the operator dr((1 — F?)dF), which
reappears below as the compact part of the operator Ap of Definition 1.4. This completed
the results of [116, 121] on the two sides of the threshold, and analogous critical results
were proved for real symmetric block band matrices in [123, Theorem 1.1] and for a
non-Hermitian model in [120]. Characteristic polynomials involve only the compact
sector of the sigma model, which here is the sphere S?, while the statistics of eigenvalues
and eigenvectors require inverse determinants, and therefore its noncompact sector. The
noncompact sector, together with the anticommuting variables, appears in the analysis of
the two-point function above the threshold by M. Shcherbina and T. Shcherbina [117, 119].

Several estimates are valid at W? < N but do not detect the transition: the density
of states of Disertori, Lohmann, and Sodin [29, Theorem 1], the Wegner and Minami
estimates of [104], the lower bounds of Erdés and Knowles on the localization length
[40, 41], which are uniform in N, their Altshuler-Shklovskii formulas for the density—
density correlations on mesoscopic scales 17 > W—1/3+¢ 142, Theorems 2.2-2.3], and,
for periodic profiles with sufficiently fast polynomial decay, the delocalization bound
% < NT(W~2+4 N~1) of Fan, Yang, and Yin [49, Theorem 2.6], which holds for all
bulk eigenvectors ¢ and all W > N¥, for every T > 0 with probability at least 1 — N~P for
every D > 0 and all large N. To our knowledge, no rigorous result on the local eigenvalue
process, on the eigenvalue correlation functions on the scale of the level spacing, or on
the distribution of the eigenvector mass was previously available at W? < N.

A rigorous analogue of the critical regime is known for one-dimensional random
Schrodinger operators on a box of n sites whose potential has variance of order 1/n.
Kritchevski, Valké, and Virdg [81] showed that their eigenvalues near a bulk energy
converge to a point process Sch;, where T depends on the variance of the potential and
on the energy. This regime lies between a nearly periodic spectrum, for a potential of
smaller variance, and Poisson statistics, for a potential of larger variance [81] (see also
[35]). (For CMV matrices with decaying coefficients, Killip and Stoiciu found a transition
from Poisson statistics to the clock process [77].) Ritkind and Virdg [109, Theorem 1.1]
proved that the mass of a uniformly chosen eigenvector of the critical operator, viewed as
a measure on [0, 1], converges in law to the probability measure with density proportional
to S(t(t—U)), where /

B _ It
S(t) = exp <E_Z>’ teR,
B’ is a two-sided Brownian motion, and U is uniform on [0,1] and independent of £'.
They expect this behavior to be universal for eigenvectors of critical random operators in
one dimension, and they state conjectures for several such models [109, Conjectures 1.2—-
1.3]. Dumaz and Labbé proved one of them, for the continuous Anderson Hamiltonian
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on a long interval at energies of the order of its length [34, Theorems 3 and 4], and found
the same shape, on an infinite interval, in the localized crossover regime of that operator
[35, Theorem 3]; see also [97] for decaying potentials.

In this article, we determine the limit of the eigenvalue process of the band matrix
of Definition 1.1 at the critical bandwidth, for energies near zero, together with the
macroscopic and local statistics of the eigenvectors. Several of our results confirm
predictions obtained by physicists from the sigma model, and our law of the eigenvector
mass coincides with the law of Rifkind and Virdg; we discuss these relations in Section 1.3.

1.2 Main results

We now state our results. We begin with the definition of the model and the scaling
under which we study it, and we then state the results, grouped by the observables they
concern.

The model

Definition 1.1. Let N > 2 be an integer and let W > 0. Let A denote the Neumann
Laplacian on {1, ..., N}, which acts on functions f: {1,..., N} — C by

BN =), (fFG) = f@).

ji li—jl=1

The matrix Id — W2A is positive definite, since —A is nonnegative. We set | = (Id —
W2A)~1. We let H = Hy w denote the N x N complex Hermitian random matrix whose
entries H;; with i < j are independent centered Gaussian random variables, such that H;;
is real with variance J;; and, for i < j, the real and imaginary parts of H;; are independent,
each with variance J;;/2. Equivalently,

EH;;Hy = 00k Jij, i,j,k1€{l,...,N}. (1.1)
We call H the Gaussian band matrix with bandwidth W, and we call ] its variance profile.

We let i denote the imaginary unit, since the letter i denotes a site. We use the
conventions of Section 1.4 for constants, asymptotic notation, and covariances.

The matrix H belongs to the unitary symmetry class, for which the target space
of the sigma model below is simplest. For real symmetric matrices one expects the
orthogonal sigma model, with a localization length half as large [38, (52)-(53)] and with
the Gaussian factor Ey*/(IEy?)? = 3 of a real Gaussian variable vy in place of the factor
2 in Theorems 1.14 and 1.15 below; the orthogonal analogue of the critical result for
characteristic polynomials is in [123].
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The profile | is a smoothed version of the usual band structure. We set

. 1 3_6W|m|
OW = 2arsinh <m), ]Z(m) = m, me 2.

Then Jz(i — j) is the kernel of the inverse of Id — W2Az, where Ay is the Laplacian on Z,
and the method of images gives

Ji= Y, (z(i—j+2mN)+Jz(i+j—1+2mN)), ije{l,...,N} (1.2)

meZ

All terms in (1.2) are positive, and | decays exponentially in |i — j| /W, since WOy — 1 as
W — co. Since A annihilates constants, every row of | sums to one, and E} ; |Hi]'|2 =1
for all i, as for a Wigner matrix. When N/W is large, the second moment }; Jij (i — j)?is
of order W2, uniformly in i, and for the kernel on Z we have ¥,,c Jz(m)m? = 2W2.

The reason for this choice of profile is that its inverse Id — W?A is a nearest-neighbor
operator. Our analysis starts from averages of ratios of characteristic polynomials of
H, such as (1.4) below. To compute them, one writes each determinant as a Gaussian
integral over commuting or anticommuting variables, averages over H, and decouples the
resulting quartic interaction by a Hubbard-Stratonovich transformation, which introduces
one variable for each site. This variable is a matrix whose entries are commuting or
anticommuting variables. We call such a matrix a supermatrix (see Section 3.4). The
Gaussian weight of these variables is given by the quadratic form of 1. Since ]! couples
only nearest neighbors, the integrand is a product of factors attached to single sites and to
pairs of neighboring sites. The integral is therefore a one-dimensional chain, whose value
is a matrix element of a power of a transfer operator; we derive this representation in
Proposition 4.11. (This structure underlies earlier supersymmetric work on band matrices
with the profile J, such as [27, 29, 115]; see Section 1.3.)

However, the inverse of a sharp profile such as ]Z-]- = (2rp+1) _11‘1-_ jl<ror when it exists,
is not a band matrix, and the same procedure produces an interaction between all pairs
of sites. In the physics literature, band matrices with a general normalized profile are
mapped onto the same one-dimensional sigma model, in which the profile appears only
through its second moment [53] (see [94, (5.39)-(5.41)] and [58, (7)]). More precisely, for
a profile whose rows sum to one, we obtain from the lattice sigma model of [58, (7)],
as in Section 1.3, the parameter 2N/ ((4 — E2) ¥, J(r)r?), where the second moment is
taken away from the ends of the chain. Our profile has ¥, J(r)r> = 2W? there, and this
parameter becomes N/ ((4 — E2)W?) = Xy (E), with Xy(E) as in (1.3) below. The sharp
profile of half-width rp has second moment r¢(rp + 1) /3, and Figure 1.1 compares the two
profiles when their second moments agree. Our results should therefore describe general
profiles, and we conjecture that they hold for the sharp profile of half-width ry, with
W2 replaced by ro(ro +1)/6 in Xy(E). Our proof, however, uses the nearest-neighbor



1 Introduction 1.2 Main results 7

structure of ]! in an essential way. The Neumann boundary condition corresponds to a
wire with two ends [94, Section 3.2.1].

0.05 ¢

0.04 |

0.03 |

Jij

002 SN

0.01 | |

0 : : 1 : 1 1 1 1 — : : ‘

—-60 -50 —40 -30 —20 —10 0 10 20 30 40 50 60
i—j

Figure 1.1. The kernel Jz(i — j) of (1.2) for W = 10 (solid line), which is a row of the variance
profile | far from the ends of the chain, up to exponentially small terms, and the sharp profile
(2ro + 1)711\1‘71190 with rg = 24 (dashed gray line). Both have total mass one and the second
moment 2W? = ry(ro + 1) /3 = 200.

The law of H has a positive density on the space of Hermitian matrices, since the
entries of | are positive. In particular, the eigenvalues of H are simple almost surely. We
let Ay < --- < Ay denote them, and we let uy, ..., uxN denote corresponding normalized
eigenvectors, with coordinates u,(i). We set w,(i) = |uy(i)|>. These weights do not
depend on the choice of phases, and Y ; w, (i) = 1 and ), w.(i) = 1. Throughout, «
denotes an eigenvalue index and i, j denote sites. For E € (—2,2), we set

se=+1—-E2/4,  p(E) = %E an = Np(E),

N (1.3)

XN(E) = m, x,x:aN(/\,x—E).

By Lemma 7.3, the expected density of states of H converges to the semicircle density
p(E) = (4 — E*)'/2/(2m), and the unfolded eigenvalues x, have mean spacing one
near zero. The parameter Xy (E) compares N with W2. In the physics literature, W?
is the order of the localization length of the eigenvectors when N = oo [15, 53], and
Xn(E) = N/ is the length of the chain in units of the localization length & = (4 — E?)W?
(see Section 1.3). For N < W? one expects the local statistics of the GUE and delocalized
eigenvectors, and for N > W? one expects Poisson statistics and localized eigenvectors
(see Section 1.1). This paper concerns the critical regime N =< W2, in which Xy (E) stays
bounded and bounded away from zero, and in which features of the two regimes appear
on different scales.
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The paper has four parts, which are described in Section 1.3. Part I consists of this
section and the overview of the proof, Part II introduces supersymmetry and the sigma
model, Part III derives the results below from the sigma model and from the interface
theorem, Theorem 7.6, and Part IV proves the interface theorem. This theorem states that
averages of ratios of characteristic polynomials of H, and their derivatives in perturbations
at single sites, converge to quantities of the sigma model, and that the diagonal entries of
the resolvent of H have bounded moments and, at sites away from 1 and N, the mean
that the semicircle law predicts; we describe it in Section 2.1. Every result of Section 1.2
uses it.

We now fix the energies and the limits that our results concern. Theorem 7.6 involves
two universal energies 0 < E, < Eoyt < 1/2, the inner and the outer energy bound of
Remark 7.7. Our analysis of the transfer operator in Part IV applies for |E| < Eqyt, and
this bound will be fixed in (20.2). The inner bound E, will be fixed in Section 20.1. The
margin Eqyt — E. absorbs the shifts of the energy by O(1/N) in the proof of Theorem 7.6,
and Part III uses it to control the eigenvalues far from E. Both bounds are the same for
all our results, and in particular they do not depend on the number of characteristic
polynomials in the averages below or on the order of any moment. Their values are not
explicit, since they depend on universal constants in Part IV that we do not compute. All
our results are stated for |E| < E,. These restrictions come from the estimates of Part IV,
and we expect the results to hold for all |E| < 2.

Definition 1.2. Let X € (0,00). We say that (N, W, E) tends to the critical limit at X if
N,W — oo and E = Ey  satisfies |E| < E, and Xy(E) — X. We say that a statement
holds uniformly in the critical regime if for all 0 < X_ < X, < oo it holds uniformly over
all (N,W,E) with |[E| < E,and X_ < XN(E) < X4, as N — oo.

In these limits the energy E may depend on N and W. Several statements below
concern limits X | 0, X — oo, or L — oo of objects defined below for fixed X € (0, c0),
such as the limiting point process Ex and the kernels Kx, which arise in the critical limit
at X. In all such statements the critical limit is taken first, and the second limit is a
statement about the limiting objects. We do not consider joint limits in which Xx(E) — 0
or XN(E) — co as N — oo.

The eigenvalue process

We identify a locally finite point configuration on R with its counting measure. We equip
the set of locally finite counting measures on R with the vague topology, the coarsest
topology for which the maps { — [ f d{ are continuous for all continuous functions f
with compact support. We consider the unfolded eigenvalue process

N
N — Z 5x,x-
a=1

[1]
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Our description of the limit of ZEy is based on averages of ratios of characteristic
polynomials. Fix ¢ > 0 and an integer k > 1. For u = (uy,...,u;) € RF with Yjuj=0
and b = (by,...,b;) € (0,00), we set

k (xa — u]')z + b]2

N
T (u,b) = E qu P a— (1.4)
a=1j= a

We call TI(\;{) the source ratio, (u,b) the sources, k the source rank, and ¢ the damping.

The dependence of T](\;( ) on ¢ is not displayed. Writing z; = E + (uj +ib;)/ay and

zg = E +ie/ayn, we have
]En;(zl det(H — Z]) det(H — Z])
(det(H — zo) det(H — Z))"

T (u,b) =

Each determinant in the numerator is a Gaussian integral over anticommuting (Grass-
mann) variables, and each determinant in the denominator is a Gaussian integral over
complex variables (see Section 3.1). Averages of this kind are the quantities that the
supersymmetric method computes. Since }; u; = 0, we have

ko (x—u)?+b?
/ ] _ -2
g2 - 1+0(x77), |x| — oo,

j=1

and the corresponding product over the points of a process of intensity one converges
absolutely.

The limits of Tl(\;( ) are partition functions of the supersymmetric sigma model of a
disordered wire [38, 39], which Fyodorov and Mirlin derived for band matrices [53].

Definition 1.3. Let X > 0, ¢ > 0,k > 1, u € RF with Y;u; = 0, and b € (0,c0)*. We

let Z )((]fZ(u,b) denote the partition function of the supersymmetric sigma model on [0, 1]
with coupling X and sources (u,b), which is defined in Definition 5.16.

(k)

The reader may treat Z, . as an explicit superintegral, defined in Section 5, and
Theorem 1.6 below can be read without its definition.

We describe it briefly. We call a 4k x 4k matrix a supermatrix of size (2k|2k) if its
two diagonal blocks of size 2k, the BB and the FF block, have commuting entries and its
two off-diagonal blocks have anticommuting entries (see Section 3.4). We let diag(A | D)
denote the supermatrix with BB block A, FF block D, and vanishing off-diagonal blocks,
and we let STr denote the supertrace, given by STrM = Tr A — Tr D for a superma-
trix M with BB block A and FF block D. Let Mj denote the symmetric superspace
U(k,k|2k)/(U(k|k) x U(k|k)), a quotient of Lie supergroups that Section 5 realizes as
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a set of supermatrices Q of size (2k|2k) with Q*> = Id. Its underlying manifold is the
product of the noncompact symmetric space U(k,k)/(U(k) x U(k)) and the compact
symmetric space U(2k)/(U(k) x U(k)). We call the functions on My superfunctions.
Besides a point of the underlying manifold, they depend on 4k? anticommuting variables

(see Section 3). The partition function Z)((k Z(u,b) is the Berezin integral over My, an
integral over the commuting and the anticommuting variables, of the heat semigroup at
time one, applied to the constant function one, of the operator XCy plus a potential. Here
the Casimir operator Cj is minus the invariant Laplace-Beltrami operator of My, and the
potential is linear in Q and depends on ¢, u, and b.

Precisely, let Ap = diag(Idy, —Idy), and let I' = diag(eAp |I'r) denote the diagonal
supermatrix with

FF = d1ag(b1 — iul, ce ,bk — iuk, —b1 — iul,. «oy _bk — iuk).
The diagonal entries of E +il'/ay are the spectral parameters zg,Zp and zj,z; of T](f ),
Then
Z)((ki(u,b) — /e—(XCk—HTSTr(QF))L

where [ is the invariant Berezin integral over M of Definition 5.6, normalized so that
[e % =1 with di(Q) = STr(AQ) and A = diag(Ap|Ap). The time variable of the
semigroup is the position along the chain, rescaled to [0, 1]. We will use two properties

of Z)((kz in this section. By Corollary 5.20, we have ZP(ili 2(0, €l) = 1, in agreement with

TI(\;( ) (0,€1) = 1. At rank one, the second derivative of Zgz(O, b)in b at b = ¢ is given by
the function Iy of Definition 1.4 below.

The underlying manifold of M is the product of the hyperbolic plane and the sphere
S2. The rank-one computations of Section 6 reduce to functions of two coordinates, the
hyperbolic cosine B > 1 of the distance to a base point of the hyperbolic plane and the
cosine F € [—1,1] of the distance to a base point of S?. The operator Ap in the next
definition is the Laplace-Beltrami operator of the product acting on functions of (B, F).

Definition 1.4. Let D = [1, ) x [—1, 1], with coordinates (B, F), and set d = B — F. We
define the differential operator

Ap = aB((B2 - 1)83) + aF((l — Fz)ap)

Let X > 0. We let (Bt, ﬁt)tzo denote the diffusion on D with generator XAp, and we let
IE, denote the expectation when (By, Fy) = p € D. For z € C with Rez > 0, t > 0, and
bounded measurable functions f on D, we set

t

(et(XAD’Zd)f) (p) =E, [f(Bt,ﬁt) exp < — Z/

i (B —ﬁs)ds)},
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and we define the singlet state ¥;*: D — C by
t
G / (0 (Xbp—2d)1 gy (1.5)
0

For 0 < x <y < 1and Rez > 0, we define

Kx(x,y;2) = /D $X7 (el (Xbo2)g Xz ) 4B dF, (1.6)
Rx(xz) = /D gwfﬂ‘}f{ffxdf;dp, (17)
1 rl
IX(Z):/O / Kx(x,y;z)dydx, (1.8)
X

and we set Kx(x,y;z) = Kx(y,x;z) for 0 < y < x < 1. We call Kx the contact kernel.

The coordinates B; and F; are independent one-dimensional diffusions, with gen-
erators Xdg((B?> —1)dg) on [1,00) and X9r((1 — F?)df) on [—1,1]. A computation of
their scale functions and speed measures shows that their finite endpoints are entrance
boundaries in Feller’s classification. This implies that the diffusion is determined by
its generator and does not reach the boundary of D at positive times. The integrals in
(1.6)—(1.8) converge absolutely, and Ky, Kx, and Ix are holomorphic in the half-plane
Rez > 0 (see Sections 6 and 10). The singularity of B/d in (1.7) is at the corner (1,1),
where it is integrable.

Remark 1.5. The time variables in Definition 1.4 are positions along the chain. In (1.6),
the diffusion runs for time x from the left end of [0, 1], for time y — x between the two
points x and y, and for time 1 — y from the right end. The singlet state has the following
probabilistic meaning. A direct computation shows that 1/d is harmonic for Ap away
from the corner (1,1). Let (B, F;)¢>0 denote the Doob transform of (B, F;) by 1/d, which
is the diffusion with generator

2(B%—-1)

2(1—F?)

-1 _ _
Xd Ap d _X<AD _

stopped when it reaches the corner. We call it the singlet diffusion. For Rez > 0, the
defining property of the Doob transform and (1.5) give

‘PtX’Z(p) = IE; [exp ( — z/ot(Bv —F) dv)],

where [} denotes the expectation when (By, Fy) = p (see Lemma 6.5). Consequently

57| < ¥XReZ < 1 and ¥*(1,1) = 1, since d vanishes at the corner. By Lemma 5.19,
the Berezin integral over M of a superfunction that is annihilated by the odd vector
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field (supercharge) of that lemma equals the value of the superfunction at the point A
of M, and this point corresponds to the corner. We explain in Section 6 how ‘I’f(’z and
the kernels arise from the sigma model. In the notation of the physics literature, we have
XAp — zd = —2Xd~1Hd, where H is the transfer-matrix Hamiltonian of the unitary wire
[71, (12)], d~'Hd is the operator of [71, (18)—(20)], and their dimensionless frequency is
set to z/(2X); time there is position in units of the localization length.

Our first main result is the following theorem, which identifies the limit of Zy.

Theorem 1.6. Let X € (0,00). In the critical limit at X, the following statements hold.

(a) The point processes &y converge in law, in the vague topology, to a point process Ex on R
that is simple, stationary, invariant under the reflection x — —x, and of intensity one. The
law of Ex depends only on X.

(b) Foralle > 0, k > 1, u € R with Yiup =0, and b € (0,00)k, we have T](f)(u,b) —
Z)((k Z(u, b) and

(x —u;) )2 4 b?
E[] 1‘[ oo = Zyl(ub). (1.9)

xe& X]
For every fixed € > 0, the values of the left side of (1.9) for all k, u, and b as above determine
the law of Ex.
(c) Forall e >0,

AT (0,6 +1)],_y — 27, BTG (0,e+1)|,_, — 472(1 + Ix(27e)).  (1.10)

The proof of Theorem 1.6 is given in Section 8. The matrices appear in the proof of part
(b) only through Theorem 7.6, which is the main result of Part IV. We derive parts (a) and
(c) from part (b), from the counting estimates of Lemma 7.2, which follow from known
results, and, for part (c), from a computation in the sigma model of rank one. By part
(b), a single damping ¢ suffices to determine the law. The reason is that the logarithms
of the rational functions in (1.9), which all have the same poles *ie, approximate every
nonnegative continuous function f with compact support in the norm sup_ (x% + 2| f(x)|.
After the change of variables x = ¢ tan(9/2), this follows from Fejér’s theorem.

The limits in part (c) concern sources of rank one. Let P.(v) = &/ (7t(v? + £2)) denote
the Poisson kernel. Differentiating the product in (1.4), we find

N
TN (0,6 +1)|,_y =27E Y Pe(xa),
a=1

and the first limit in (1.10) expresses that Ex has asymptotic intensity one. The second
derivative is a two-point function of Zx smoothed at scale e. Together with stationarity,
it identifies the pair correlation of Ex, as follows. Theorem 1.6 confirms the prediction,
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recalled in Section 1.1, that the local eigenvalue statistics at the critical bandwidth form
a family of laws indexed by X. We call a positive Radon measure v on R translation-
bounded if sup g v([s,s +1]) < co. We call the measure vy of the next corollary the pair
measure of Ex. It is the reduced second factorial moment measure of Zx in the sense of
[22, Section 8.1].

Corollary 1.7. Let X € (0,00). There exists an even, positive, and translation-bounded Radon
measure vx on R such that

E flx,y) = f(v,v+s)vx(ds)do (1.11)
L0 ok .

x#y

for all nonnegative measurable functions f on R?. It satisfies
(P xvx)(v) =1+ Re Ix(me — i) — Pe(v), e>0,veR, (1.12)

and it is the unique translation-bounded measure with this property. Further, for all bounded
intervals Ay, Ao C IR, in the critical limit at X,

Cov (En(Ar),Ex(42)) — A1 Aol + [ 1410 (A2 =5)|ux(ds) = [ 1] [ A2, (L13)

and the right side equals Cov(Z2x (A1), Ex(Az)).

Corollary 1.7 is proved in Section 14. By (1.12), the function 1 + Re Ix (e — intv) is
the Poisson smoothing at scale ¢ of the two-point function éy + vx of Ex, including its
diagonal term. For L > 0, we set

=L+ / — |s]) vx(ds) — L2 (1.14)
Applying Corollary 1.7 with A; = Ay = [c,c + L], we see that
Y% (L) = VarEx([c,c + L]) =limVarEy([c,c + L]), CcE€R,
where the limit is the critical limit at X. We call £5(L) the number variance of Zx.

Eigenvectors

We select the eigenvectors of H through their eigenvalues, with a smooth window. We
fix a nonnegative function ¢ € C°((—1,1)) with [ ¢ = 1 for the rest of the paper. For
Ec€Randr >0, weset pg,(A) =r1p((A —E)/r).
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Definition 1.8. Let E € (—2,2) and r > 0, and let w, = (wy(1),...,ws(N)). For each «,
let &, = ®(Ay, wy), where ®: R x [0,1]Y — R is a measurable function that is bounded
or nonnegative. We define the annealed selection of ®, at energy E and scale r by

- ]EEX 47E,r()\zx)q)nc
<(I)zx>E,r— IEZaGDE,r(/\zx) ’

and, fori € {1,..., N}, its site-rooted version by

<(I) >i _ ]Ezzx (PEJ’(AOC)le(i)q)rX
YR EY., P r(Aa)wa(i)

The denominators are positive, since the law of H has a positive density. The two
selections are expectations under probability measures on pairs (H,«). The first tilts
the law of H by Y, ¢r,(As), and given H it chooses a with probability proportional
to ¢r,(Ax). The second tilts further by w,(i). They are ratios of expectations, not
expectations of random ratios (this is the sense of the word annealed), and they are well
defined when r is much smaller than the spacing of the eigenvalues near E, in which
case a typical sample of H has no eigenvalue in the support of ¢g,. Our results hold
uniformly for 0 < r < 7y, for every deterministic sequence 7y — 0. This covers all
windows that are small on the macroscopic scale, including windows much smaller than
the spacing.

We let P([0,1]) denote the space of Borel probability measures on [0,1], with the
topology of weak convergence. We set y(f) = [ fdu for u € P([0,1]) and bounded
measurable functions f on [0,1]. We define the mass measure of u, by

N

o = Ewa(i)éi/w e P([0,1]).

Its limit is described by the following Brownian objects.

Definition 1.9. Let X > 0, and let 8 = (Bt);[o1] be a standard Brownian motion, with
law P and expectation E. We set

ggX(t)

1
ox(t) = V2XBi — Xt,  Zx = / ex(0dp uy(dt) = S dt.
0

X

Since Ee$x(Y) = 1 for all t, we have EZx = 1. We let Qx denote the probability measure
defined by dQx = Zx dP. For k > 1 and x1,...,x; € [0,1], we set

exp (gx(x1) + -+ 4 gx(xx))

M¥(x1,...,x¢) = E 7T
X

], Cx (1, %2) = M (x1, %2).
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The random measure px is the normalized exponential of a Brownian motion with
drift, and Qx tilts its law by the total mass Zx. Using the definition of Qx, we see that
M is the density of the k-th moment measure of yx under Qx,

®k _ X
Bo, [ SR = [ FOOME(x) dx

for all nonnegative measurable functions f on [0, 1]%. In particular M¥ = 1. We call Cx
the eigenvector correlation.

Theorem 1.10. Let 7y — 0 be a deterministic sequence, and let ®: P([0,1]) — R be continuous.
Then, uniformly in the critical regime and in 0 < r < 7y,

<¢(V§6N))>E,r - ]EQXN(E) [CD(VXN(E))] — 0.

In particular, in the critical limit at X, the law of y,(XN)

ux under Qx, for every choice of r = ry € (0, 7n].

under (-) g, converges weakly to the law of

Theorem 1.10 is proved in Section 12. It describes the distribution of the mass of an
eigenvector, selected by its eigenvalue, on the macroscopic scale. In the critical regime
the mass is spread over the whole chain, but it is not flat. Its density is the exponential of
a Brownian motion with drift, normalized to have total mass one, under the law tilted
by the total mass. This confirms the law of the envelope of an eigenfunction derived
by Fyodorov and Mirlin [56], in the form of [94, (3.32)-(3.34)]. The same law, as a
law of exponential functionals of Brownian motion, was proved by Rifkind and Virag
for the critical one-dimensional random Schrodinger operator recalled in Section 1.1,
with their parameter T equal to 4X [109, Theorem 1.1]; we check this identification in
Remark 12.7. Theorem 1.10 shows that band matrices at the critical bandwidth have
the same coarse eigenvector law. The Brownian motion comes from the noncompact
direction B of the sigma model. In Section 10, we show that the diffusion of Definition 1.4
becomes a geometric Brownian motion on the scale where B is large, with logarithm
given by the process gx. As X | 0, the measure px tends to the Lebesgue measure,
which is the macroscopic profile of the eigenvectors of the GUE. As X — oo, the mass
concentrates near a uniformly distributed point, as expected for localized eigenvectors
(see Proposition 1.16). The coarse law does not control the mass at the scale of single sites,
since functions such as }_; w, (i)? are not continuous functions of pt,ch). We treat these in
Theorem 1.15.

The next corollary concerns the mean and the covariance of the mass. We let Covg,
denote the covariance under Qyx, and for observables ®, and ®/, as in Definition 1.8, we
define their covariance under the annealed selection by

COVE,r(q)ou CI){X) = <q>aq)£¢>E,r - <q)tx>E,r <CDI/X>E,r-
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Corollary 1.11. Let X > 0, and let f,g: [0,1] — R be bounded and Riemann integrable. Then
Bo.nx(f) = [ fidt

Covay (1x(F)ix(®)) = [ [ F0)s) (€x(xm) ~1) drdly

Further, let 7y — 0 be a deterministic sequence. In the critical limit at X, uniformly in 0 <

(1.15)

r < 7N, the quantities y,&N) (f))Erand Cove ,( y&N) (f), ]/LSCN) (g)) converge to the corresponding
quantities in (1.15).

The exact identities in (1.15) follow from Definition 1.9 and Tonelli’s theorem, and the
matrix limits are proved in Section 12. In particular [Eq, yx is the Lebesgue measure on
[0,1], and a selected eigenvector is flat on average. The function Cx — 1 is the covariance
density of the mass.

We now describe the mass as seen from a point of the chain, which we call the
root. There are two natural choices of the root, at random according to the mass of the
eigenvector, or at a given site under the site-rooted selection. For the first, we let Qx
denote the probability measure on pairs (B, U), where B is a path on [0,1] and U € [0, 1],
defined by

Qx(dp, du) = e&xW) P(dp) du.

Since fol esx() QU = Zx and Eesx(U) = 1, the measure Qy has first marginal Qx and a
uniform second marginal. For the second, we let x € (0,1) and set
o (VEX(Bi— By) — X|t —x)

fol exp (V2X(Bs — Bx) — X|s — x]) ds’

For the large-X limit, we let (Bs)ser denote a two-sided Brownian motion, so that (Bs)s>0
and (B—s)s>o are independent standard Brownian motions, and we set

( ) gﬁﬁs*b‘ R (117)

olS) = , s € I\. .
T

The integral in the denominator is finite almost surely, since B5/s — 0 as |s| — oo. For
X >0and ty € [0,1], we let ox s, (t) = X(t — tg). We let P(IR) denote the space of Borel
probability measures on IR, with the topology of weak convergence.

px,x(t) te[0,1]. (1.16)

Theorem 1.12. Let X € (0,00), and let 75y — 0 be a deterministic sequence. The following
statements hold.

(a) In the critical limit at X, uniformly in 0 < r < 7y, for every continuous function
®: P([0,1]) x [0,1] = R,

( /01<D<u&N),t) i (dn) o Eg [@(ux,U)].

Eyr X



1 Introduction 1.2 Main results 17

(b) Let i = iy satisfy i/N — x € (0,1). In the critical limit at X, uniformly in 0 < r < 7y,
for every continuous function ®: P([0,1]) — R,

(@), — E[@(px,(t) db)].

(c) As X — oo, the law of ((oxu)«pix,U) under Qx converges weakly to the law of
(peo(s) ds, U"), where U’ is uniform on [0,1] and independent of B. For every x € (0,1),
the law of (0x x)«(px x(t) dt) under P converges weakly to the law of p(s) ds, as random
elements of P(R).

Theorem 1.12 is proved in Section 12. In part (a), the integral against ngN)(dt)
samples a root t from the mass of the eigenvector, and the theorem states that the pair
formed by the mass measure and the root converges in law to (ux, U) under Qx. By
the Cameron-Martin theorem, the random measure px ,(f) dt under IP has the law of ux
under e8x(¥) dIP. Indeed, tilting by e8x(¥) adds the drift v/2X to  on [0, x], which reverses
the drift of gx to the left of x. The mass of an eigenvector rooted at x decays exponentially
away from x in each direction, at rate X per unit length, up to the fluctuations of two
independent Brownian motions. At large X, part (c) describes this shape on the scale 1/X.
(In the coupling given by Brownian scaling, the densities converge in L! almost surely.)
Undoing the scaling, a distance s in (1.17) corresponds to (4 — E?)W?s sites. Heuristically,
at large fixed X, the mass of a selected eigenvector at distance m from its root is of order
exp(v/2Bs — |s|) with s = m/((4 — E2)W?).

These shapes coincide with those of the critical random Schrédinger operator. Under
the identification of parameters stated after Theorem 1.10, and with the function S of
Section 1.1, the pair formed by the density of Rifkind and Virag [109, Theorem 1.1] and
its root U has the law of (ux, U) under Qx, which is the limit in Theorem 1.12(a), and by
Brownian scaling the density on R proportional to S(4s) has the law of pe; we show this
in Remark 12.7 and at the start of Section 12.5. Recentered at its center of mass, the same
shape is the limit of the eigenfunctions of the continuous Anderson Hamiltonian in its
crossover regime [35, Theorem 3]. We also determine the mean of the random shape.

Corollary 1.13. Let p be as in (1.17), and set fos(s) = Epeo(s) for s € R. Then pos is even,
Peo(0) =1/3, [ Poo(s)ds = 1, and

/2 4 1
Poo(3) = 3253/2e—5/ (1+0(s™h), s— 0. (1.18)

Corollary 1.13 is proved in Section 12. Since s/s — 0 almost surely, a typical sample
of pe satisfies log peo(s) = —|s|(1+0(1)) as |s| — oo, while by (1.18) the mean decays at
rate 1/4. The mean profile is therefore governed by rare samples, in which the Brownian
motion is unusually large far from the root. The tail (1.18), with its constant, confirms
a prediction of Efetov and Larkin [38, (56)] (see Section 1.3). The value p(0) = 1/3
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is half the slope in X of the limiting normalized mean inverse participation ratio in
Theorem 1.15 below. Indeed, we show in Section 12 that X 1Cx(x, x) — fe(0) as X — oo,
for all x € (0,1).

Local intensities and participation

We now turn to the local density of states at a single site. Fori € {1,...,N}, ¢ > 0, and
v € R, we set

N
f,N(v) =N Z:lwa(i)Pg(x,x — ).

We let G(z) = (H — z) ! denote the resolvent of H, for z € C with Imz # 0. Using the
spectral decomposition G;;(z) = Y, wa(i)/(Ax — z) and (1.3), we find

6N (0) = s Im Gy (E + (v +ie) /ay). (1.19)

By Theorem 7.6(d), the mean of G;;(E + (v +1ie)/ay) converges to —E/2 + isg, uniformly
over sites i with i/ N away from 0 and 1, and the expectation of £ \;(v) therefore tends to
one at such sites. The next theorem identifies the limit of the two-point function of the
local density, at two energies and at two sites, for all pairs of interior sites.

Theorem 1.14. Let § € (0,1/2). For e1,e, > 0and u,v € R, set z = (g1 + €3) — im(u — 0).
Uniformly in the critical regime, in (e1,€2,u,v) in compact subsets of (0,00)? x R?, and in sites
i,jwithé <i/N,j/N <1— 6, we have

E6 ()63 (v) =1 = 3Re Ky, () (i/N,j/N;z) — 0 (i # ), (1.20)
ng,lz\](”)gizy\](v) —1—Re KXN(E)(Z'/N;Z) — 0, (1.21)

and

N
N’E 2 Wa (1) Wa () Pey (Xa — 1) Pey (Xo — )

a=1

— (14 1) Cxy(£)(i/ N, j/N) Pey ey (1t — v) — 0. (1.22)

Theorem 1.14 is proved in Section 11. The sum in (1.22) is the part of lEﬁflll\,(u)ﬁj.fN(v)
that comes from single eigenvalues, and subtracting it from (1.20) or (1.21) gives the
contribution of pairs of distinct eigenvalues. The theorem includes adjacent sites j =i+ 1,
for which i/N and j/N tend to the same point x. The limit 1+ 1 Re Kx(x, x;z) of the
two-point function at adjacent sites differs from the limit 1 + Re Kx(x;z) at a single site.
Skvortsov and Ostrovsky found the same distinction for an infinite wire, between nearby
and coincident points, with the same weight B/ (B — F) at coincident points [126, (2),

(7)=(8)].
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The two kinds of limits are related through the behavior of the kernels at z = 0. In
Theorem 10.4 and Section 11, we show that for0 < x <y <1,

gKX(x, y;z) — Cx(x,y), zKx(x;z) — 2Cx(x, x), z}0, (1.23)

where z tends to zero along the positive real axis. In this sense, the eigenvector corre-
lations are the residues of the kernels at z = 0. Since Rez ™1 = e +e, (U — ), the term
(1+1;—j) Cx(x,y)Re z~! that comes from these residues is exactly the limit in (1.22). Our
proofs use this relation in the reverse direction. In Sections 9 and 11, we extract the
eigenvector correlations from the local densities at positive damping. The factor 1+ 1;_;
is the ratio [E|y|*/(IE|v|?)? = 2 for a centered complex Gaussian variable 7y with Ey? = 0.
This suggests that, on the scale of single sites, the coordinates of an eigenvector behave
like complex Gaussian variables whose variances are given by the mass measure.

The eigenvector correlations at the scale of single sites are given by the following
theorem. For E € (—2,2),r > 0,and i,j € {1,..., N}, we define the rooted mean profile

Pn(E,73,]) = N{wa (i),
so that N~'Py(E,r;i,j) is the mean mass at j of an eigenvector rooted at i. We let

IPR(u,) = ¥; w,(i)? denote the inverse participation ratio of u,.

Theorem 1.15. Let 6 € (0,1/2), and let 7y — 0 be a deterministic sequence. Uniformly in the
critical regime and in 0 < r < 7y,
sup |Pn(E,7;4,j) — (1+1=j) Cx,(£) (i/N,j/N)| — 0, (1.24)
§<i/N,j/N<1-6

and the same holds with Py (E, r;1,7) replaced by N?(w, (i)wy(j))E . Moreover, uniformly in the
critical regime and in 0 < r < 7y,

2XN(E)

N(IPR(ta)),r =2 = =%

—0, (1.25)

and fol Cx(x,x)dx =14 X/3 forall X > 0.

Theorem 1.15 is proved in Section 11. The profile (1.24) is a statement at the scale
of single sites, with coefficient one for distinct sites, even when they are adjacent, and
coefficient two for coincident sites. It does not follow from Theorem 1.10, which concerns
weak limits of the mass measure. The limit (1.25) requires, in addition, bounds on the
moments of the local densities at all sites, including those near the ends of the chain,
which are part (c) of Theorem 7.6. Its proof applies to every nonnegative integrable
window with compact support and positive integral in place of ¢. By Definition 1.9, we

have
1C d C 1 ggX(t) Zd
/0 x(x,x)dx = QX/O ( Zx > t
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The limit (1.25) confirms the prediction of Fyodorov and Mirlin [54, 56] (see Section 1.3).
The participation ratio of a selected eigenvector is the product of the factor two from the
scale of single sites and the participation ratio of the macroscopic profile. As X | 0, the
limit 2 +2X/3 tends to 2, which is the limit of N IPR for the eigenvectors of the GUE
(for these, EIPR = 2/(N + 1)). For large X it grows like 2X /3. Heuristically, a selected
eigenvector then occupies of the order of N/X, or (4 — E?)W?, sites.

Endpoints and the metallic regime

The parameter X interpolates between the metallic regime X — 0, where one expects
the statistics of the GUE, and the localized regime X — co, where one expects Poisson
statistics and localized eigenvectors. The next proposition confirms this for the observ-
ables above. Recall that these limits are taken after the critical limit, as explained after
Definition 1.2. We set

l-e® 5 (L)—L—Z/L(L—s)<
222 4 GUE - 0

sin 775\ 2
Igue(z) = ) ds,

and we let Jy o, denote the point mass at the Lebesgue measure on [0, 1], viewed as a law

on P([0,1]).

Proposition 1.16. Let L > 0and 0 < x <y < 1. As X | 0 and as X — oo, the objects in the
first column of the following table converge to the entries of the second and the third columns,
respectively.

Object X110 X — o0

pair measure vx/( ds) (1— (sinms/(ms))?)ds  ds

number variance ¥4 (L) z2up(L) L

law of px under Qx OLeb law of &y, with U uniform on [0, 1]
eigenvector correlation Cx(x,y) 1 0

kernel 1Kx(x,y;z) Igue(z) 0

The pair measures converge vaguely, the laws converge weakly, and the kernels converge locally
uniformly in Rez > 0.

The proofs are in Sections 12 and 14. The first two rows identify the pair measure and
the number variance of Ex with those of the sine process (the local limit of the GUE) as
X | 0, and with those of a Poisson process as X — co. Recall from Corollary 1.7 that vx
is determined by its Poisson transforms. One can check that 1 4 Re Igyg(7e — intv) is the
Poisson smoothing of the two-point function of the sine process, in the sense of (1.12).
By Theorem 1.14, the last two rows say that at separated sites the two-energy intensity
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tends to 1+ Re Igug(z) as X | 0 and to 1 as X — oo, while the contribution of single
eigenvalues tends to P, 4, (1 — v) and to zero. We expect that Ex converges to the sine
process as X | 0 and to a Poisson process as X — co. However, Proposition 1.16 concerns
only the pair measures.

We now describe the first corrections to the metallic endpoint. We let

x2 +y2

1
max(x,y) + =, x,y €10,1],

3

Gn(xy) =

denote the Green kernel of the Neumann Laplacian on [0, 1] acting on functions of mean
zero. It satisfies —92Gn(x,y) = 8(x —y) — 1, with 9,Gn(x,y) = 0 at x € {0,1} and

fol Gn(x,y)dx =0.
Proposition 1.17. As X | 0,

Cx(x,y) =1+ 2XGn(x,y) + O(X?) (1.26)

uniformly in x,y € [0,1], and

2

Ix(2) = Ioue(2) + g (1- %) + 0(X°) (1.27)

uniformly for z in compact subsets of {Rez > 0}.

Proposition 1.17 is proved in Section 13. The first correction to the eigenvector
correlation Cx of Corollary 1.11 is linear in X, while the first correction to Ix is quadratic.
Both coefficients are spectral quantities of the Neumann Laplacian on [0,1], whose
nonzero eigenvalues are (7r11)?, with normalized eigenfunctions /2 cos(7tnx) for n > 1.
Indeed,

2 cos(mtnx) cos(tny) 1 1 )
, — =2 = 2Tr Gy
(7tn)? 45 1; (7tn)* TON

Gn(xy) =),

n>1

By (1.12), the corresponding correction to the smoothed pair function (P * vx)(v) is

X —2me+27miv 2X? : 2

ERe(l—e )—>Esm (7v), el 0.

This has the form of the correction to the Wigner-Dyson two-point function of a metallic
wire obtained by Kravtsov and Mirlin [80, (15)], and the spatial term 2XGy appears in
[94, (3.55), (3.74)]; we compare both terms with the physics literature in Section 1.3.
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Fluctuations across scales

We finally consider the fluctuations of Ex in windows of length L — oo, at fixed X. Recall
from (1.14) that X%(L) is the variance of the number of points of Zx in a window of
length L. We set f1(s) = f(s/L) and Ex(f) = Lyem, f(x) for functions f on R and L > 0.
We use the Fourier transform f(k) = [ e~ 2™ f(s)ds, and for functions f and g such
that the integral converges absolutely we set

() = [ K2 FUOGTR) dk

Theorem 1.18. Let X € (0,00), and let f,g: R — C be compactly supported functions of
bounded variation, or Schwartz functions. Then, as L — oo,

Cov (EX(fL)rEX(gL)) 1 .
XL > 2ﬁ<f18>H1/4

1 (f(s) = f(s)(g(s) — g(s")) ,
= 1657 /R/R | dsds’,

S _S/|3/2

(1.28)

and both integrals converge absolutely. In particular, ¥3 (L) ~ m=3/2\/XL as L — .

Theorem 1.18 is proved in Section 14. For the sine process, the variance of Z(f1)
stays bounded for smooth f, and the number variance grows logarithmically; for a
Poisson process of intensity one, these variances grow linearly. However, at every finite
X, the process Ex lies strictly between these cases. Its variances grow like v/L, with the
homogeneous Sobolev seminorm of order 1/4 in place of the seminorm of order 1/2 that
describes the sine process. The asymptotics 7773/2y/XL confirms the law of Altshuler
and Shklovskii [5, (6)-(6a)], which they derived for a metal, X < 1. Physics predicts it
at every X for windows much longer than X [90, (2), (25)-(26)], and for band matrices
a version on mesoscopic scales was proved by Erdés and Knowles, also in the localized
regime [42, Section 1.6] (see Section 1.3).

By Proposition 1.16, we have Z@(L) — L as X — oo for all L > 0, while Theorem 1.18
implies that £% (L) = o(L) as L — oo for all X > 0. In other words,

>2 (L
Hmlhlx():Q lim lim
X—soo L300 L L—00 X—300

ZX(L)

=1

The next theorem resolves this by describing the number variance on windows whose
length is of order X.

Theorem 1.19. Let Iy denote the modified Bessel function of order zero. Let meo(u) =
e=2/1u1o(2/ ul) for u € R\ {0}, let mes(0) = 0, and set

W@:Amﬂm(

; 2
sin n£u> du,

¢>0. (1.29)
TTu
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Then %, (X0)/ X — V(£) as X — oo, locally uniformly in ¢ € [0,00). Further, V({) ~ { as
01 0and V(£) ~ m=3/2\/l as { — oo, and for £ > 0 we have 0 < V(£) < £, and V(£)/ 0 is
strictly decreasing in (.

Theorem 1.19 is proved in Section 14, and Figure 1.2 shows the curve. The function
Meo is the limit on the scale X of the Bartlett spectrum myx of Ex (the structure factor
of physics), the positive measure whose Fourier transform is the reduced covariance
measure Jy + vx — ds [22, Section 8.2]; we show in Section 14 that its Laplace transform
Jr e~ 201 ime (1) du is the limit of XIx(Xa) as X — oo. In physics, 1 is the spectral
form factor of a long unitary wire, with u the time in units of the Heisenberg time of a
localization volume. In cold-atom quench experiments, it is the contrast of the peak of
coherent forward scattering [91, (13)], and we compare Theorem 1.19 with the physics
literature in Section 1.3. Theorem 1.19 proves these predictions for the limiting processes
Ex. We have mq (1) — 1as |u| — co, which gives Poisson behavior in short windows, and
Meo(u) ~ |u|'/?/(24/7) as u — 0, which gives the law of Theorem 1.18 in long windows.
The crossover has the following heuristic explanation. By Theorem 1.15, an eigenvector
occupies about N/ X sites when X is large, and the eigenvalues of eigenvectors localized
in a common region of this size have unfolded spacings of order X. A window of
length much smaller than X contains at most one eigenvalue from each region, and these
eigenvalues are nearly independent. A window of length much larger than X contains
many eigenvalues from each region, and these repel each other.

100 |
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Figure 1.2. The variance per unit length V(¢)/¢ of Theorem 1.19 (solid line), computed by

numerical quadrature with the supplementary script crossover_ratio.py, with the Poisson
value 1 (dashed gray line) and the large-window asymptote 77-3/2¢~1/2 (dotted gray line).
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Remark 1.20. We list the main questions that our results leave open. The results are proved
only for |E| < E,. The endpoint statements of Proposition 1.16 concern pair measures,
number variances, and laws of the mass measure, and we do not prove that Ex itself
converges to the sine process or to a Poisson process. The crossover of Theorem 1.19 is
a statement about the limiting processes Ex, not about matrices with Xy (E) — oo. The
two-energy intensities of Theorem 1.14 relate the eigenvalues to the eigenvectors, but we
do not identify the joint limit of the eigenvalues and the mass measures as a marked point
process. The eigenvector results describe one eigenvector selected by its eigenvalue; they
do not give the law of a single coordinate Nw,(i), or the joint law of several eigenvectors.
Finally, Corollary 1.7 and Theorem 1.18 are second-moment statements, and we do not
prove central limit theorems for linear statistics of Ex. A point process is called number
rigid if, for every bounded interval, the configuration outside the interval determines
almost surely the number of points inside. Since the variance of Ex(f;) grows like v/L,
the variance criterion for number rigidity of Ghosh and Peres [61, Theorem 6.1], which is
stated for processes on C and whose proof applies on IR, cannot be met by dilations of a
test function, and we do not know whether Ex is number rigid.

1.3 Previous work and methods

Relation to the physics literature

The physics predictions for band matrices at the critical bandwidth come in two steps.
The first is the reduction of the matrix model to the one-dimensional sigma model, which
is a saddle-point approximation for wide bands without control of the errors. The second
is the evaluation of observables within the sigma model, which is in many cases an
exact computation and in others a perturbation expansion in X (see [94]). Our interface
theorem, Theorem 7.6, makes the first step rigorous for the matrix of Definition 1.1
at W2 < N, and Part III carries out the second step rigorously for the observables of
Section 1.2. (For the review [94], we use the equation numbers of the arXiv version.)

In the physics literature, a disordered wire in the unitary class is described by the
ratio of the length of the wire to the length § = 271v ADgj¢, which is given by the density
of states v, the cross-section A, and the diffusion constant Dy [38, (52)—(53)] (see [94,
Section 3.2.1]). For band matrices, Fyodorov and Mirlin wrote the sigma model on the
lattice with a coupling equal to the square of the imaginary part of the saddle point
times Y, J(r)r* [58, (7)]. Recall from (1.3) that sg = v/1 — E2/4, so that 4s% = 4 — E2. For
our profile, the saddle point, which solves the self-consistent equation of the semicircle
law (see Section 2.3), has imaginary part sg, and ¥, J(r)r?> = 2W? away from the ends
of the chain, so that the coupling equals 2s2W?. Comparing it with the continuum
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normalization of [94, (2.10)], we find that ¢ is twice the coupling, and
F=(4—-EHW?,  Xy(E) ==

The localization length given after [58, (7)] is 2¢, four times the coupling; it is the decay
length of ||, while & is that of |i|?. This identification is heuristic, but it agrees with the
typical decay of the mass in Theorem 1.12, at rate one in units of (4 — E?)W? sites, and
with the parameter of the critical result [122, Theorem 1.2] on characteristic polynomials.

Several of our results are rigorous versions of predictions from the sigma model. The
coarse law of Theorem 1.10 is the law of the envelope of an eigenfunction of a finite
wire, which was derived by Fyodorov and Mirlin [56] and written by Mirlin as a path
integral [94, (3.32)—(3.34)], following the method of Kolokolov for strictly one-dimensional
systems [79]. Using the Girsanov theorem, one can check that the law [94, (3.34)] of the
logarithm of the envelope is the law of log(e$X/Zx) under Qx, with gx, Zx, and Qx as
in Definition 1.9; we write out this translation after (12.1). In the same description, an
eigenfunction is the product of the envelope and a fast factor with Gaussian statistics
[94, (3.33)], which accounts for the factor 1+ 1,—; in Theorems 1.14 and 1.15. The law
of Theorem 1.10 is also the eigenvector law of the critical one-dimensional random
Schrodinger operator of Rifkind and Virdg, by Remark 12.7. Band matrices are not
among the operators of their universality conjectures [109, Conjectures 1.2-1.3], and
Theorem 1.10 adds them to this class. The eigenvalue processes of the two models differ.
As X | 0, the process Ex tends to the sine process, in the sense of Proposition 1.16,
while the eigenvalues of the weakly disordered Schrodinger operator are locally close to
periodic [81].

The limit 2 42X /3 of Theorem 1.15 agrees with the prediction of Fyodorov and Mirlin
[54, 56]; its expansion to second order in X is in [57, (12), (17)]. Its slope 2X /3 for large X
agrees with [94, (3.48)]. The tail (1.18) of the mean profile, with the constant /2 /32, was
obtained by Efetov and Larkin for the density correlator of a long wire [38, (56)], and the
whole curve p, agrees with the curve of [71, (75)—(76)], up to a factor two that comes from
the normalization there (see Remark 12.13). The two-sided shape p. of Theorem 1.12
is implicit in [94, (3.30)—(3.34)], and its counterparts for random Schrodinger operators
are described after Theorem 1.12. The distinction between coincident and adjacent sites
in Theorem 1.14, with the weight B/(B — F) of the contact kernel, is the finite-wire
counterpart of the local correlations of the infinite wire of Skvortsov and Ostrovsky [126,
), (7)=®)]

For the metallic corrections of Proposition 1.17, the spatial term 2XGn(x,y) corre-
sponds to the diffusion propagator of a wire with reflecting ends [94, (2.22)—(2.23)], once
the conductance in the normalization of [94] is identified with 1/X (see Remark 13.11).
It appears in the first-order correlations of eigenfunction amplitudes [94, (3.55), (3.74)],
derived in [9, 57]. The spectral term has the form of the correction of order 8121%/[ to
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the Wigner-Dyson two-point function that Kravtsov and Mirlin obtained for a metallic
sample of dimensionless conductance gk [80, (15)] (see also [94, (2.25), (2.27)]). The two
corrections agree if gxv = 1/(27rX). This identification is heuristic, and the agreement
of the coefficients serves only to check consistency; we explain both in Remark 13.12.

The asymptotics X% (L) ~ 7-3/2y/XL of Theorem 1.18, including the constant, is the
formula of Altshuler and Shklovskii [5, (6)-(6a)] in dimension one and in the unitary
class, since a window of L spacings corresponds to the ratio 271 XL of energy to Thouless
energy in their notation. They derived it by perturbation theory for a good metal, which
corresponds to X < 1, and for windows that are large compared with the Thouless energy.
In long wires, physics predicts the same law for energy differences much larger than the
level spacing of a localization volume [90, (2)], which in our units means windows of
length much larger than X, and the formula [90, (25)-(26)] describes such windows at
every value of the ratio of length to localization length. For band matrices, a rigorous
version on mesoscopic energy scales, with the same seminorm [ |k|'/2f (k)¢ (k) dk, was
proved by Erd6s and Knowles [42, Theorem 2.3] (see also [43]); as they note, it also holds
in the localized regime [42, Section 1.6].

For the eigenvalue process, physics predicts a family of limits indexed by X, which
tends to the GUE statistics as X — 0, by Efetov’s computation of the zero mode [37] (see
[94, (2.11)]), and to Poisson statistics as X — co. Theorem 1.6 identifies this family through
its sources, and Proposition 1.16 confirms its two endpoints at the level of pair measures.
For real symmetric block band matrices, the Poisson limit was proved directly in the
localized regime in [47]. The sigma-model expression for the correlations of eigenfunction
amplitudes at two energies separates the contribution of single eigenfunctions as a
singular part [94, (3.4), (3.69)-(3.70)], which is the formal counterpart of the residues
(1.23) and of the extraction in Section 9.

The structure factor m of Theorem 1.19 and the stationary pairing 7 of (14.26), which
satisfies Z(a) = [ e~ >"lmqo (1) du by Lemma 14.12, were found in physics, for long
unitary wires. The function m. is the spectral form factor of such a wire. Micklitz,
Miiller, and Altland computed it as the contrast of the forward-scattering peak [91, (13)],
and Marinho and Micklitz as the form factor itself [87, (19)]. The level correlation function
of a long wire, whose transform is 7, was derived by Micklitz [90, (8)—(9)] and by Marinho
and Micklitz [87, (12)=(13)]. In our variables, the latter formula is X' Re Z(—ims/X)
at a separation of s mean level spacings, by (14.34), and Remark 14.13 compares the
conventions and normalizations of these works with each other and with ours. We did
not find the number variance V in these works. All of them use the exact zero mode of the
singlet transfer operator of an infinite unitary wire, found by Skvortsov and Ostrovsky
[126, (14)], which is also the stationary state in our proof in Section 14.
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Methods

We give an overview of the proofs in Section 2. Here we describe the sources of their
ingredients.

The supersymmetric method was introduced by Efetov [36, 37] (see [39, 133]). Ac-
counts accessible to probabilists are [128], [7, Chapter 11], and [135], and Section 3 collects
what we use. Supersymmetric transfer matrices were used early in rigorous work on
one-dimensional random Schrodinger operators [14, 78] (see [29, Section 1]). For band
matrices, the supersymmetric transfer-matrix formalism was suggested by Efetov and
adapted at a heuristic level by Fyodorov and Mirlin [56] (see [119, Section 1]). Rigorous
supersymmetric analyses of band matrices with the profile | of Definition 1.1 go back
to the work of Disertori, Pinson, and Spencer on the density of states in three dimen-
sions [27] (see also [25, 26]). In one dimension, a supersymmetric transfer operator was
developed by M. Shcherbina and T. Shcherbina [115-117, 119, 122] (see the survey [118])
and by Disertori, Lohmann, and Sodin [29], who used a supersymmetry that commutes
with the transfer operator and attribute it to Constantinescu [21]. Bao and Erd&s [6]
combined supersymmetry with comparison arguments for block band matrices. Our
exact representation of T](f ) as a transfer chain in Section 4 follows this line.

Our argument has three new steps, and Section 2.1 explains what each of them
replaces and where it enters. First, we control the whole chain at W? < N, including
its noncompact sector, at every source rank k and with all coefficients in the Grassmann
variables. At this bandwidth the chain converges to the heat semigroup of the sigma
model over the whole interval [0, 1]. We prove this by averaging over the fast variables
of the chain, which relax over about W steps, much fewer than the N steps of the chain,
with a normalization that an identity coming from supersymmetry (a Ward identity)
makes exact. In the earlier work [118], the transfer operator is analyzed through its
spectrum, above the threshold [119] and, at the threshold, for the compact sector alone
[122]. Second, we attach both ends of the chain to its bulk up to errors O(e~""), for some
v > 0. Third, we extract eigenvector moments from local densities, as described below.

For the noncompact sector, we use the hyperbolic Hubbard-Stratonovich transforma-
tion on the domain of Schifer and Wegner [111], which was made rigorous by Zirnbauer
[139, Section III.E, Lemma 3.2 and Theorem 3.3]. Other hyperbolic domains were treated
by Fyodorov [52], by Fyodorov, Wei, and Zirnbauer [60], and by Miiller-Hill and Zirn-
bauer [96], who also gave an explicit deformation of the Schifer-Wegner domain into the
Euclidean one [96, Appendix B]. These works concern a single matrix variable. The prod-
uct contour for the chain, with all coefficients in the Grassmann variables, is constructed
in Appendix B.

The normalization of the sigma model and the evaluation of the rank-one observables
rest on supersymmetric localization (see Section 3.7), which goes back to Parisi and
Sourlas [103]. Schwarz and Zaboronsky proved a general localization theorem on compact
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supermanifolds [113, Theorem 1]. For the noncompact target space of our sigma model,
we follow the argument of Disertori, Spencer, and Zirnbauer [28, Appendix C] (see also
[7, Theorem 11.4.5]). On noncompact supermanifolds, changes of variables produce
boundary terms, which were described by Rothstein [110] (see [139, Section II.A]) and
are known in physics as Efetov—Wegner terms [76]. We work in global coordinates in
which they do not arise; they reappear in the polar coordinates (B, F) as the mass that
the singlet diffusion of Remark 1.5 carries into the corner.

The extraction of eigenvector moments from the part of Poisson-smoothed local
densities that comes from coincident eigenvalues (Section 9) has, to our knowledge,
no rigorous antecedent; its counterpart in physics is described in Section 1.3. Besides
Theorem 7.6 and elementary properties of Gaussian matrices, Part III uses two known
results about H, the factorial moment bounds of Peled, Schenker, Shamis, and Sodin [104,
Theorem 3] and the density of states of [29, Theorem 1 and Remark 1.3]. The law of Zx
is determined through its Laplace functionals [23], which the ratios in (1.9) approximate
by Fejér’s theorem. The Brownian motion of Definition 1.9 arises from the noncompact
sector. On the scale where B is large, the singlet diffusion moves in B approximately
as a geometric Brownian motion. The physics counterpart of this scaling is the transfer
equation [94, (3.22)—(3.23)], and our computation of the residues in Section 10 is a rigorous
version of it. The resulting computations use Dufresne’s identity [33], in the form of
[88, Theorem 6.2], the Kontorovich-Lebedev transform [30, Section 10.43(v)], and the
Liouville operator —85 + ¢e¥ +1/4, whose use in one-dimensional localization goes back
to Kolokolov [79] (see [94, (3.28)—(3.31)], and [20] for exponential functionals of Brownian
motion in disordered systems). The function 2,/4K;(2,/7) that describes each side of a
long wire is the zero mode of [38, (55)]. In Part IV, the passage from the chain to the
continuum semigroup uses the Trotter-Kurtz approximation theorem [82, 131], in the
form of [46, Chapter 1, Section 6], and the a priori bounds on partial chains use Hua’s
determinant inequality [68] (see [102]) and the Minami-type estimate of Graf and Vaghi
[63].

Computations confirmed by computer

The calculations used in the proofs are written out explicitly in the text. Supplementary
scripts check selected identities numerically or symbolically. Each script is named where
it is used. We list four of the longer ones. The first two belong to the rank-one radial
reduction of Section 6. They are the radial density d~2 of the invariant integral, which
Lemma 6.2 establishes, and the radial part of C; in Lemma 6.8, which the proof of that
lemma derives from the values of the Casimir operator in Lemma 5.11. Remark 6.9
names the two scripts that confirm them, the first through the divergence identity (6.20).
This reduction is used in all of Part IlII, through Ky, Kx, and Ix, but not in the proof of
Theorem 7.6. The third is the form (10.22) of C; in the polar chart, which Lemma 10.7
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proves from Lemmas 10.8 and 10.9, and which Remark 10.10 confirms. The fourth is the
second-order metallic coefficient I2(z) = (1 — e=2?) /45 in Lemma 13.8, the sum of the
three integrals over the time simplex in (13.29), which Remark 13.9 confirms.

Organization of the paper

Section 2 gives an overview of the proof and ends, in Section 2.10, with a description of
what each section of the four parts is for. Appendix A collects general tools, Appendix B
constructs the product contour, and Appendix C proves the construction of the semigroup
of the sigma model stated in Proposition 5.15.

1.4 Notation

We collect the conventions used throughout the paper. Symbols that are specific to one
section are defined there.

Unless stated otherwise, ¢, C > 0 denote constants that may depend on the fixed
parameters of the statement at hand, such as the source rank k, the damping ¢, the margin
0, the bounds X4 in Definition 1.2, and test functions, but not on N, W, or E. Their values
may change from line to line. When the dependence on a parameter matters, we indicate
it by a subscript, as in Cy. Let f be a complex-valued and g a nonnegative function of the
parameters at hand. We write f = O(g) if there exists a constant C such that |f| < Cg,
and f = o(g) if |f|/¢ — 0 in the limit under consideration; a subscript, as in Ok(g),
indicates a parameter on which the constant depends. For positive f and g, we write
f = g if there exist constants ¢, C > O such that cg < f < Cg,and f ~ gif f/¢g — 1. In
heuristic statements and in descriptions of other works, f < ¢ and ¢ > f mean that f is
much smaller than g, in the sense of the work cited. Limits of quantities that depend on
N are taken in the critical limit at X, or uniformly in the critical regime, as specified in
Definition 1.2.

We set [n] = {1,...,n} for positive integers n. As in Section 1.2, i denotes the
imaginary unit, and we reserve the letters i and j for sites in [N]. We let Id denote the
identity matrix or operator, 1,4 the indicator function of a set A, and J;; the Kronecker
delta. For a € C, we let I, and K, denote the modified Bessel functions of order a; the
functions Iy, Kx, and KX, indexed by the parameter X, are the kernels of Definition 1.4.

The matrix H is defined on a probability space with probability measure IP and
expectation [E. We use the same symbols for the law and the expectation of the Brownian
motion 8 of Definition 1.9, which is defined on a separate probability space, and we let
Eq, denote the expectation under Q. For complex random variables {; and (> with

finite second moments, we set Cov(Zy,{2) = E[({1 — EZ1)(Z2 — EZ»)] and Var(Z;) =
Cov(Z1,01)-
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Recall that G(z) = (H — z)~! denotes the resolvent of H for z € C with Im z # 0, with
entries G;;(z). By the spectral theorem,

ot (i) ua(f)

6y(z) = 1 2l

and in particular Im G;;(z) > 0 for Imz > 0. The supersymmetric variables of Parts IT and

IV have their own sign conventions, and Lemma 4.14 relates them to G. Grassmann alge-

bras, supermatrices, the supertrace STr, and the superdeterminant SDet are introduced
in Section 3.

Recall the Poisson kernel P;(v) = ¢/ (7r(v? + €2)) and the Fourier transform f(k) =
Jre ks f(s) ds of Section 1.2. We have P, * P, = P, 4¢,. Point processes on R carry
the vague topology, and spaces of probability measures carry the topology of weak
convergence.

Supplementary scripts accompany the paper. They check identities numerically
or in exact arithmetic, among them the computations listed in Section 1.3, and each
script is named where it is used. The scripts are distributed with the source files of
this paper, in the folder anc, and the paths of the scripts named in the text, such as
polar/check_polar_density.py, are relative to that folder.

The sections of the four parts are numbered consecutively, and the appendices are
lettered. Theorems, propositions, lemmas, corollaries, definitions, and remarks share
one counter within each section, and equations are numbered within each section. A
reference such as Theorem 7.6(b) refers to part (b) of a numbered statement.



SECTION 2

Overview of the proof

In this section, we explain the main steps of our proofs and the ideas behind them.
The discussion is heuristic, and the precise statements and proofs are in Parts II-IV;
Section 2.10 describes what each section of the paper does. We use the notation of
Section 1 and the conventions of Section 1.4. This section can be read without any
background in supersymmetry.

2.1 Strategy and main difficulty

All our results are derived from expectations of ratios of characteristic polynomials of

H. Recall from (1.4) that the source ratio Tz(\;{ )(u,b) is the expectation of a ratio of 2k
characteristic polynomials of H to 2k others, evaluated at distance of order 1/N from
the energy E, above and below the real axis. We also use its derivatives in perturbations
of the spectral parameters at finitely many sites, which are expectations of products of
resolvent entries at these sites.

The proof has two halves, which are joined by the interface theorem, Theorem 7.6. In
its part (a), it states that T](\;( ) (u,b) converges to the partition function Zg{/i(u,b) of the
supersymmetric sigma model on [0, 1] of Definition 1.3, as N, W — oo with Xy (E) — X,
for sources near the base point (u,b) = (0,¢1). Its part (b) states that the derivatives
in perturbations at sites i1 < --- < iy with i;/N — x, € (0,1) converge to the same
sigma-model expression with an explicit function of the field Q inserted at each point
x4, also when neighboring sites are perturbed. We let kg = E/2. Then —«xg + isg is the
value at E + i0 of the Stieltjes transform of the semicircle law. Parts (c) and (d) state that
the moments of the diagonal resolvent entries G;;(z), at distance of order 1/N from E,
are bounded uniformly over all sites, and that EG;;(z) — —«g + isg at sites i with i/N
away from 0 and 1. We prove the interface theorem in Part IV, and from it and from the
sigma model we derive the eigenvalue and eigenvector statistics of Section 1.2 in Part III.
Figure 2.1 shows how the sections depend on each other.

The theorem holds for every source rank k and every damping ¢ > 0, with two
energies 0 < E, < Eqyt < 1/2 that do not depend on k or e. Its limits (a) and (b) hold up
to the outer energy bound Ey;, the energy up to which the estimates of Part IV hold. Its
uniform statements (c) and (d) hold up to the inner energy bound E,, and the margin
between the two bounds absorbs the shift of the energy by O(1/N) in their proof. Part III

31
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also uses this margin to control the eigenvalues far from E, and our results are therefore
stated for |E| < E.. Remark 7.7 explains the two bounds.

The main difficulty is that three features occur together at W2 < N. First, eigenvalue
statistics require inverse determinants at energies in both half planes, and these bring in
a noncompact symmetry group, as we explain in Section 2.2. Characteristic polynomials,
which are the subject of the earlier critical results recalled in Section 1.1, involve only
the compact part of the sigma model. Second, the supersymmetric representation of T](f )
is a one-dimensional chain of N matrix-valued variables, and at W2 =< N it does not
reduce to an integral over finitely many variables. Its slow variables diffuse over a time
of order one along the chain, and we must control the chain over all N < W2 steps, with
errors that remain summable over that many steps. Third, eigenvector statistics require
all derivatives in the local perturbations, including every coefficient in the anticommuting
variables, and they appear only in the limit € | 0 of the damping ¢ of (1.4), which comes
after the limit N — co.

Three steps of our argument are new, and we point out each where it is explained.
The first is the control of the whole chain at W2 < N, including its noncompact part, at
every source rank k and with all anticommuting coefficients, by averaging over its fast
variables, in Section 2.4. It replaces the spectral analysis of the transfer operator in the
earlier work recalled in Section 1.3, which concerns the regime above the threshold or, at
the threshold, the compact part alone. The second is the attachment of the two ends of
the chain with errors of order e~ for some « > 0, in Section 2.5. It replaces arguments
by weak convergence or compactness, which give no rate, and a rate is needed, since
the comparison along the chain multiplies these errors by quantities that we control only
up to e?™). The third is the extraction theorem for eigenvector moments, in Section 2.7,
which replaces the formal residue identities through which eigenvector statistics are
computed in physics [94, (3.4) and (3.69)—(3.70)], and which has, to our knowledge, no
rigorous antecedent.

2.2 The transfer chain

We begin by explaining why a ratio of determinants becomes a one-dimensional chain. A
determinant is a Gaussian integral over anticommuting, or Grassmann, variables, and an
inverse determinant is a Gaussian integral over commuting complex variables, provided
that the Hermitian part of the quadratic form is positive definite. We write each of

the 4k determinants of TI(\;( ) in this way, as in Section 3.1. In the resulting integral, H
appears linearly in the exponent, and the normalizations of the commuting and the
anticommuting Gaussians cancel. We may then take the average over H inside the
integral, and since H is Gaussian, this average is the exponential of a quartic form in
the integration variables, with the coefficients J;;. We decouple this quartic form by a
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Figure 2.1. The logical structure of the proof. An arrow from one box to another means that
the second uses results of the first, and only the main dependencies are drawn (for instance,
Section 19 also uses results of Sections 16 and 18). Section 4 is used throughout Part IV, and
Sections 5 and 6 throughout Part III, which uses from Part IV only the interface theorem. The
a priori bounds ¢°™) on partial chains (integrals over consecutive sites of the chain) make the
errors e~ "W, for some 7 > 0, of the attachment of the ends negligible.

Hubbard-Stratonovich transformation (a Gaussian integral that turns the exponential of
a quadratic form into an average of exponentials of linear forms), which introduces a
supermatrix S; of size (2k|2k), in the sense of Section 1.2, for each site i € [N]. The BB and
FF blocks of S; have commuting entries, while the BF and FB blocks have anticommuting
entries.

The Gaussian field of this transformation has covariance |, so that its precision
J~1 = 1d — W2A appears in the integrand. This is where the variance profile matters. For
all functions f on [N], we have

N N N-1

Y U Yif)fG) = O +W2 Y (F(i+1) - f(i)?, (2.1)

ij=1 i=1 i=1
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and the same identity holds for supermatrices, with products replaced by supertraces of
products. The precision thus couples only neighboring sites, although ] itself couples all
pairs of sites. After the original variables are integrated out site by site, we obtain the
exact representation of Proposition 4.11. To state it, we define the chain integral Zy and
the onsite weight wr by

/er H e WISTH(Si1—5)2/2 4.

ZUr(S) — e STr(SZ)/Z—mN STr(SF) SDet(E o S)—

(2.2)

where I is the source supermatrix of Section 1.2, and SDet is the superdeterminant of
Section 3.4, which plays the role of the determinant for supermatrices. We let I'y denote

the value of I' at the base point of the sources, at which TI(\;( )

factor that tends to one, TZ(\;C ) is the ratio Z N(T)/Zn(Tp), so that the normalization of the

integral cancels, and by Theorem 7.6(a) this ratio converges to the partition function Z )((k 2
of the sigma model. We have STrI" = 0, since ) ; u; = 0.

The integrand of (2.2) factors into terms that involve one site or two neighboring sites.
The integral is a matrix element of T%\] ~1, where the transfer operator Tr of Definition 4.9
acts on functions of one supermatrix by applying the Gaussian link and multiplying the
result by wr. The link is the heat kernel on supermatrices at time (2W?)~!, and (2.2)
resembles the Feynman—Kac representation of a walk whose Gaussian steps have size
W1, in a potential. The analogy is only formal. The weights are complex and contain
anticommuting variables, so that probabilistic arguments do not apply to the chain, and
every estimate of Part IV is an estimate for operators.

The commuting variables need care, and this is where inverse determinants make a
difference. We call the k pairs of determinants and inverse determinants with Imz > 0
the retarded flavors, and the k pairs with Imz < 0 the advanced flavors. The Gaussian
integral that represents det(H — z)~! has an exponent of the form il*(z — H){, with a
complex vector {, when Imz > 0, and the opposite sign is needed when Imz < 0. The
commuting variables of the 2k inverse determinants carry an indefinite quadratic form,
with k positive and k negative directions, whose symmetry group is the noncompact group
U(k, k). In the Hubbard-Stratonovich transformation, this has the following consequence.
Integrating the commuting block of each S; over Hermitian matrices, as for the Gaussian
unitary ensemble in Section 3.5, would produce an inverse superdeterminant with poles
on the domain of integration. Following Schifer and Wegner [111] (see Section 1.3), we
integrate this block instead over a cycle in complex space, on which the commuting block
of E — S, with its advanced rows multiplied by —1, has a positive definite imaginary part.
We construct the product of these cycles for the whole chain, with all anticommuting
coefficients, in Appendix B. The cycle is noncompact, and along its noncompact directions

= 1. Up to an explicit
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the integrand decays only through the damping ¢/ay, which is of order W~2. We will see
in Section 2.7 that this slow decay is the origin of the Brownian motion in our eigenvector
laws.

Local sources are treated in the same way. We call a supermatrix Y = diag(Y® | YF)
that is added to E + iag,ll“ at one site i a local source at i. It perturbs the spectral parame-
ters at i and multiplies the onsite weight at i by SDet(Id + (E — S;) ~1Y)~!. The derivatives
of this factor at Y = 0 are polynomials in the entries of (E — S;) ™!, and the dictionary of
Lemma 4.14 identifies their integrals with expectations of polynomials in the resolvent
entries of H (for instance, a first derivative gives —IEG;;(z)). We call the collection of all
these derivatives at one site its complete local jet. The eigenvector observables need it in
full, including its mixed and off-diagonal terms, since two derivatives at one site and two
derivatives at neighboring sites have different limits.

2.3 The saddle manifold and the two scales

We now explain why the chain is close to a sigma model for large W. The source-free
onsite weight wy, obtained by setting I' = 0 in wr, is stationary at the supermatrices S with
S = (E—S)~!. For S = 7Id with T € C, this equation reads T(E — 7) = 1. Its solutions
Kg F isg are minus the semicircle values —«xg £ isg at E 410 recalled in Section 2.1, and
the saddle-point equation is the self-consistent equation of the semicircle law. Since
the equation is invariant under conjugation, its supermatrix solutions xgld — isgQ, with
Q? = Id, form orbits. Recall the supermatrix A = diag(Ap | Ap) of Section 1.2, whose
diagonal entries are 1 on the retarded and —1 on the advanced flavors. The damping
selects the orbit of the point kgld — isgA, at which the retarded flavors take the value
kg — isg and the advanced flavors the value kg + isg. This orbit is a copy of the target
space M of the sigma model, on which Q is the coordinate, and the onsite weight wy is
identically one on it. In the FF block, the two values can also be distributed differently
over the flavors. We call the union of all these orbits the saddle manifold, and we call the
number p € {0,...,2k} of diagonal entries of the FF block at which the value kg — isg
occurs the signature of an orbit. The saddle manifold has 2k + 1 components, one for
each signature. The copy of M is the component p = k, the balanced component of
Section 4.6, and we explain in Section 2.4 why the other components disappear in the
limit.

The cycle of Section 2.2 passes through the saddle manifold, and by Lemma 15.9,
the onsite weight on the cycle decays away from the saddle manifold. This is why the
chain lives near the saddle manifold. Along the saddle manifold, the onsite weight is
constant, while in the normal directions it has a nondegenerate critical point, with second
derivatives of order one. The links e~"*STr(5i+1-5)%/2 make the increments of the chain of
size W1, and the two kinds of directions respond to them differently. We set h = W~1/2,
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so that the increment of one link is of size 2. In the normal directions, the chain is a
discretized Ornstein-Uhlenbeck process (a Gaussian autoregressive chain) with steps of
size h? and a confinement of order one. Its normal coordinate relaxes by a factor 1 — ch?
per step, over about 12 = W steps. Its stationary size is of order }, since a chain with
steps of size h? and relaxation rate h? has a stationary variance of order h*/h?> = h?. In
the tangent directions, the chain performs a random walk along the saddle manifold,
each step of which has variance dyy = h* = W2 (the square of the increment of one
link). Over the N < h~* steps of the chain, it moves by a distance of order one, while
over the 1=2 steps that the normal coordinate needs to relax, it moves only by k. (In
the language of physics, the normal and the tangent variables are the massive and the
Goldstone modes.) Figure 16.1 shows the two scales.

The total time of the tangent walk is the parameter Xy (E) of our results. Indeed,
to first order, one link acts on functions of the tangent variables as the heat semigroup
e~ at time t = (4s2W?2)~1, where C; is the Casimir operator of Section 1.2, minus the
invariant Laplace operator of M. The reason is that the link factor, a Gaussian in the
distance between neighbors, is the heat kernel of the ambient space at the time (2W2)_1,
and Lemma 16.5 identifies the restriction of the ambient heat generator to the saddle
manifold as —(2s2)~1C;. Since 452 = 4 — E?, the N links of the chain run this semigroup
for the time

N N
= = XN(E). 2.
42W2 (4 E2)W? n(E) 23)
The source factor e~ STST) of an onsite weight becomes e~seay' STHQD) on the sad-

dle manifold, since STrI' = 0. Since Nsg/ay = 7, the N source factors combine to
exp(—m fol STr(Q(#)I') dt), where Q(#) is the tangent variable at the site tN.

Heuristically, the chain should therefore converge to the sigma model of Section 1.2.
We let Gxr = XCy + mSTr(QI') denote its generator. In this notation, Zgﬁl(u,b) =
[e=6xr1, with the invariant Berezin integral over M; of Section 1.2. In probabilistic
terms, this would be the expectation of exp(—m fol STr(Q(#)I') dt) for a Brownian motion
Q(t) on My with generator —XC, integrated over its starting point, where the time ¢
is the position along the chain. The noncompact factor U(k, k)/(U(k) x U(k)) of the
underlying manifold of M comes from the inverse determinants, and the compact factor
from the determinants. A Brownian motion on this superspace is only a heuristic notion,
and Section 5 defines the semigroup e~ f°XI' analytically, on weighted L? spaces. The
weights are needed since the constant function 1, to which the semigroup is applied, is
not square integrable over the noncompact factor.

The sigma model inherits the normalization of the source ratios, Z)((k,z(O, ¢1) = 1. This
is a consequence of supersymmetry, and since the same mechanism appears twice more
below, we describe it. In flat space, there exists an odd vector field q, the supercharge
of Section 3.7, which turns commuting variables into anticommuting ones and has zero
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divergence. Consider a superfunction that q annihilates. An integration by parts shows
that inserting a factor e~“%’, where ¢ is an odd function for which go is a Gaussian
exponent in all variables, does not change its integral, for all c > 0. As ¢ — oo, the
inserted Gaussian concentrates the integral at the origin, where the Gaussian factors of
the commuting and the anticommuting variables cancel. Therefore, the integral of the
superfunction is its value at the origin, as in the dimensional reduction of Parisi and
Sourlas [103]. We call a superfunction closed if a supercharge annihilates it. By the same
argument, which is Lemma 5.19, the integral over M of a closed superfunction is its
value at the base point Q = A. At the base point of the sources, the derivative in t of
the integral of e '6x101 reduces, after an integration by parts, to the integral of a closed
superfunction that vanishes at A. By localization, this derivative is zero, and we obtain
the normalization in Corollary 5.20.

2.4 Averaging over the fast modes

We now describe how Part IV proves the convergence of the chain to the sigma model,
which is the main part of the proof of Theorem 7.6(a). We write a supermatrix near the
saddle manifold in terms of a point of the saddle manifold and a normal displacement
U, in a tube of fixed small radius around the saddle manifold. We conjugate the transfer
operator by the square root of the source-free onsite weight and by a Gaussian in U, so
that the normal variables live in the Gaussian Hilbert space of a harmonic oscillator, with
all their anticommuting coefficients. We let Aj denote the resulting operator, which we
call the adapted transfer operator, as in Section 16.5.

We call the operator obtained from Aj by removing the tangent motion and the source
the frozen normal transfer. By Lemma 16.10, it is to leading order the transfer operator
of a supersymmetric harmonic oscillator, namely the Ornstein—Uhlenbeck semigroup
at a complex time of order h?, tensored with its finite-dimensional analogue for the
anticommuting normal variables. We let )y denote the vacuum of the oscillator, which
is the constant function in its Gaussian Hilbert space, and we call the number by which
one step of the oscillator multiplies () its zero-point factor. The commuting and the
anticommuting normal coordinates contribute reciprocal factors to it, and in the balanced
component, where the two kinds of coordinates have equal dimensions, these factors
cancel. There the oscillator fixes )y and contracts the orthogonal complement of the
vacuum by a factor 1 — ch? per step.

Since the normal variables equilibrate after about 1 =2 steps, long before the tangent
variables move, the evolution of the tangent variables should involve the normal ones
only through their equilibrium. In the language of semigroup theory, this is averaging to
tirst order over the fast variables, as in Kurtz’s theorem on perturbed semigroups [83].
Rather than an averaging theorem, our argument uses the Trotter-Kurtz approximation
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theorem [82, 131], and we check its two conditions, consistency on a suitable set of vectors
and stability of the powers of Aj;. The difficulty in both is the length of the chain. An
error of size h3 per step, which looks small, adds up to 1~ ! over the h~# steps, and every
error must be compared either with the gap h? of the oscillator or with the variance dyy
of the tangent step.

The first obstacle is the normalization of the fast chain. The frozen normal transfer
differs from the oscillator by the anharmonic terms of the onsite weight, which connect
the vacuum with excited states at order #* and change the vacuum itself at order h*. A
perturbative argument places its top eigenvalue at 1+ O(h3 - h3/h? + h*) = 1+ O(h*).
However, (1+ Ch4)hf4 tends to e©, so that such an argument would have to determine the
coefficient of h* exactly, including all couplings of the anticommuting variables, to keep
the normalization of the chain. To overcome this obstacle, we use supersymmetry, which
shows that the relevant mean is preserved exactly. The normal oscillator has its own
supercharge qnor, an odd operator with qrzlor = 0. As in Section 2.3, we call the vectors
that it annihilates closed. All factors of the frozen normal transfer are invariant, so that it
commutes with qnor and maps the closed vectors into closed vectors. For a closed vector,
the normalized Gaussian integral over the normal variables is its value at the origin, by
the localization argument of Section 2.3, and the invariant factors of the step equal one
at the origin. It follows that the frozen normal transfer preserves the Gaussian mean
of closed vectors exactly, whatever its anharmonic terms are. This is Proposition 16.22,
and we call it the Ward identity, a name that the physics literature gives to all identities
obtained from supersymmetry in this way.

Since the frozen normal transfer also contracts the closed vectors of mean zero by
the factor e~ per step, Banach’s fixed point theorem implies that there exists a unique
closed vector (), of mean one that it leaves invariant. By Lemma 18.3, it differs from the
vacuum by O(h), and every closed vector of mean one relaxes to it at the rate h? per step.
Once the ends of the chain are attached to the tube, as in Section 2.5, they relax to (), in
this way. (A supersymmetry of the transfer operator was used by Disertori, Lohmann,
and Sodin [29] to fix its top eigenvalue.)

We call the set of vectors (0, ® f, where f is a function on the saddle manifold, the
invariant normal line. The adapted step acts on it, to first order, as one step of the
semigroup of the sigma model. Using the time normalization (2.3) in Proposition 18.12,
we find that

A @ f) = 0 @ (f = NGy rf) + O(N'h) (2.4)

for smooth functions f with compact support, with an error measured in norms of finitely
many derivatives of f. The tangent heat of one link contributes the Casimir operator,
and the source factor contributes the potential. This averaging on the invariant normal
line, with its normalization made exact by the Ward identity, is the first new step of our
argument. Over the N steps of a macroscopic time, the errors add up to O(h), which tends



2 Owerview of the proof 2.5 The ends of the chain 39

to zero. Heuristically, first order suffices because the tangent generator moves vectors off
the invariant normal line only at order £, since its normal derivatives annihilate (), so
that the correction of second order in the averaging vanishes in the limit.

The second obstacle is stability. The Trotter-Kurtz theorem also requires that the
powers A" with n < Th™* be bounded, uniformly in /, on all vectors and not only on the
invariant normal line. It is natural to try to prove this by an energy estimate, showing
that the generator of the adapted step is dissipative in the Gaussian Hilbert space of the
normal oscillator. However, this approach fails for the anticommuting normal variables.
Their part of the step has an eigenvalue of modulus at least 1+ ch?, which is compensated
by the zero-point factor of the commuting variables alone, and Remark 16.11 explains
why every metric of product form loses this compensation. To avoid this loss, we integrate
the anticommuting normal variables against the complete Gaussian factor of the step
before we take any norm.

We then compare Aj with a reference contraction Cj, the product of the oscillator and
of the heat flow on the saddle manifold during one link. We bound Aj, — Cj, relative to the
defects Id — C;Cy, and Id — C;,C;;, which measure how much Cj, dissipates. A perturbation
that is small relative to these defects keeps the powers bounded, by Lemma A.1. In this
way, we obtain [|A|| < ¢CT for ndy < T, which is Theorem 17.1 and the most technical
estimate of Part IV. The comparison rests on the kernel of the step in coordinates centered
at the midpoint of the link. In these coordinates, the Gaussian factor of a link is an
even function of the tangent increment, and the terms of the kernel that are odd in the
increment gain a factor h?> when they are integrated.

With stability and consistency, the Trotter-Kurtz theorem implies that A} (), ® f) —
Oy, ® e~ txr f as n/N — t, which is Theorem 18.14. The other components of the saddle
manifold disappear in the same framework. In a component of signature p # k, the
normal variables have 2(p — k)? more commuting than anticommuting dimensions, with
an excess of (p — k)? in each of the two root blocks. The zero-point factors of the oscillator
then do not cancel, and they leave a factor of modulus e c(p=hH per step. Over a stretch
of ON steps, this gives the factor e=".

2.5 The ends of the chain

We now turn to the ends of the chain. The chain begins and ends with the constant
function 1 on the cycle of Section 2.2, and this function is far from the invariant normal
line in three ways. It does not decay in the normal variables. In the Gaussian space of
the normal oscillator, it behaves like the inverse of the vacuum, and a decaying Gaussian
factor is needed to give it a finite norm. It is spread over all 2k + 1 components of the
saddle manifold. Finally, it lives on the cycle and not on the tube. The second new step of
our argument is the attachment of the ends to the tube with exponentially small errors.
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The errors must be exponentially small for the following reason. We call the chain on
the cycle the physical chain, to distinguish it from the adapted chain on the tube, and
we call T}1, the integral over j consecutive sites as a function of the variable at its free
end, a partial chain. In the final comparison, every change from the cycle to the tube near
an end is paired with a physical partial chain, and the size of these partial chains is not
obvious. One physical step has norm at most ¢/" in a suitable weighted space, which
gives only eV over N < W2 steps. Observe that this is the same exponential order as the
errors that Gaussian concentration produces, which are of size e~"Wr* at normal distance
r from the saddle manifold, since the normal fluctuations are of size h = W—1/2, We need
two estimates, an a priori bound ¢°("™) on the partial chains and attachment errors e~
for some 7y > 0.

The a priori bound of Theorem 15.14, which is of order ¢CVW(log W)Z, combines two
estimates of a different nature. Away from cores of radius hlog W around the saddle
manifold, one step contracts by the factor e—(18 W)*/W since the onsite weight decays
there. Near the saddle manifold, we return to random matrices. The Gaussian part of a
partial chain whose first site is linked to a given point S of the cycle can be integrated
back, by reading the Hubbard-Stratonovich transformation backward. The resulting
anchored identity, Proposition 4.13, writes the partial chain as the expectation, over an
n x n Gaussian band matrix, of a quotient of two determinants, one from commuting and
one from anticommuting variables, in which S appears linearly. Using Hua’s determinant
inequality [68], we compare the two determinants, and we bound the expectation by
integrating over the diagonal entries of the band matrix, with the version of Minami’s
estimate [92] proved by Graf and Vaghi [63].

Next, we explain the attachment, which takes place in a block at one end of the chain,
whose length is a universal constant times W. Since each link is a heat kernel at time
(2W2)~1, the links of this block amount to a heat flow of total time of order 1/W, which
is short, so that a growth rate of order W per unit of heat time adds up to a constant
factor over the block. This is why plain weighted energy estimates suffice at the ends,
while the long stretches of the chain need the stability analysis of Section 2.4. Three
such estimates are combined in Section 19. The first concerns the region far from the
saddle manifold, where the constant function is not small but the onsite weight decays.
An estimate of Agmon type [1] (an energy estimate with an exponential weight) shows
that the partial chain over the block stays bounded against a weight that grows with the
distance from the saddle manifold and is raised gradually during the block, and hence
that it is exponentially small far from the saddle manifold.

The second estimate compares the block near the saddle manifold with reference
vectors on the tube, which are built from adapted steps. The two satisfy the same
local equation between steps and agree initially near the saddle manifold, so that their
difference is created only at a normal distance of order one from it. A Davies—Gaffney
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estimate [24] shows that a heat flow of duration of order 1/W carries a disturbance
over a distance of order one only with a factor e=¢"Y, which yields the error e="". The
third estimate gives the references a Gaussian decay in the normal variables, which the
comparison along the rest of the chain needs, although at the start of the block they
have finite norm only with a decaying Gaussian weight. Heuristically, since each step
relaxes the normal coordinate by a factor 1 — ch?, the exponent of a Gaussian weight in
the normal variables can be raised by an amount of order h? per step at a bounded cost,
and over a stretch of order W steps it can move from negative to positive values.

One point requires care. In Theorem 7.6, the energy bounds E. and E,y are fixed
first, and the rank k, the damping ¢, and the local sources of part (b) only afterward. The
estimates that restrict the energy, at the ends of the chain and in the consistency analysis
of Section 18, must therefore hold with constants that depend on none of these choices.
These universal constants are not computed. They determine E,y, together with the
restriction |E| < 1/2 of the a priori bound of Section 15, and this is why Eqyt, and with it
the energy E. < Eqyt of our results, is not explicit.

We compare the physical chain with the adapted one through a telescoping identity
in one-sided form, Lemma 20.4. We attach the chain to the tube only at its right end,
and we write ZN(T') as the pairing of the constant function 1 with the chain applied
to the attached block. In this form, each local error is paired with a physical partial
chain started from 1, which the a priori bound controls, and the total error is of order
Ne~"W+o(W)_ Finally, Lemma 20.5 moves the pairing with the constant function from the
cycle back to the tube by Stokes” theorem along an explicit homotopy, with an error of
the same exponential order. On the tube, an initial layer of about &2 log(1/h) adapted
steps, whose tangent time tends to zero, relaxes the factors at both ends to (), ® 1, by
the relaxation of closed vectors described in Section 2.4, and the unbalanced components
are suppressed on stretches of length of order N. By the limit of the adapted chain on
the invariant normal line, the balanced term converges to the integral over M of the
product of e=6xr1 and e~ (1-)6xr1, for every splitting point 6 € (0,1), and this integral
is Z)((Iz(u,b). The normal factors contribute the normalized Berezin integral of Q)7 over
the normal variables, which Section 16.4 calls the analytic Berezin pairing of (), with
itself, and which is one by localization. This proves Theorem 7.6(a).

Local sources need one further idea. The physical comparison keeps exactly the
complete local jet at each site that carries a local source. A complete jet changes the
bounds only by a constant factor and a bounded number of polynomial weights, and it
leaves the Gaussian decay unchanged, so that the estimates at the ends hold for blocks
that contain such sites, with the same universal constants, also when such sites are
adjacent. This is Lemma 20.11.

Only afterward, inside the adapted chain, whose powers are bounded, do we replace
the jet by its value on the saddle manifold. We call G(Q) = —xgld +isgQ the orbit
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resolvent. On the tube, we have (E — S)~! = —G(Q) + O(h). The retarded and advanced
diagonal entries of G(A) are the semicircle limits —«r & isg of G;;(E £1i0). In this order
of the two replacements, the algebraic error O(h) is paired with the stable adapted chain
and not with a physical partial chain, whose size is known only to be ¢*("W). We call the
function obtained from the jet by replacing (E — S)~! with —G(Q) the orbit multiplier of
the site, as in (7.17). In the limit, the jet acts as the multiplication by its orbit multiplier.
This multiplier is a polynomial in the entries of G(Q). It acts trivially on the normal
factor and therefore preserves (), and we obtain Theorem 7.6(b). Derivatives at distinct
sites, even adjacent ones, become separate multipliers, while all derivatives at one site
become a single multiplier, which contains the off-diagonal entries of G(Q).

Parts (c) and (d) of Theorem 7.6 follow from the same comparison. For the moments
of Gj; at every site, also close to the ends, we attach the chain at the end farther from i,
so that the stretch of the chain that arrives at i has length of order N, and we use the
boundedness of the pairing with the adapted chain rather than its limit. The mean of G;;
at sites away from the ends is the case of one first derivative, which localization evaluates
as —kg +1isg.

2.6 From the sigma model to the point process

We now turn to Part III, which uses Theorem 7.6 and the sigma model, and nothing else
from Part IV. The convergence of Zy in Theorem 1.6 rests on three properties. The bounds
of [104] on factorial moments of eigenvalue counts, which are estimates of Minami type,
give tightness, and together with the asymptotics of the expected density of eigenvalues
from [29] they show that every limit is simple and has intensity one. Next, H has a
Gaussian component proportional to the identity, independent of the rest of H, whose
standard deviation after unfolding is at least of order W'/2 by Lemma 7.4. A translation
of the unfolded spectrum by a bounded amount therefore changes its law by O(W~1/2),
and every limit is stationary. Finally, the sources at one damping determine the law,
by Fejér’s theorem as explained after Theorem 1.6, since they determine the Laplace

(k)

functionals of the process. Since Theorem 7.6(a) identifies TI\;( only near the base point,

we also use that TI(\;C ) is entire in the parameters u and b, which appear only in the
numerator of (1.4), with bounds that are uniform in N, and a normal-families argument
(Montel’s theorem) extends the convergence to all parameters.

The rank-one derivatives in Theorem 1.6(c) are where the singlet state and the kernels
of Definition 1.4 come from. Superfunctions on M, that are invariant under the stabilizer
of A are functions of the two coordinates (B, F) € D of Section 1.2. By Lemma 6.8, the
operator C; acts on them as —dApd~—!, where d = B — F and the conjugation by d comes
from the four anticommuting variables. The generator reduces to Gx , = XC; 4 zd, with
z = 27te, at the base point of the sources. Thus e f®Xz1 is the probability that the singlet
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diffusion of Remark 1.5 survives killing at rate zd up to time ¢, which is the singlet state
‘I"f(’z. In the coordinates (B, F), the invariant integral over M consists of an integral
over D and a point mass at the corner (1,1), which corresponds to A. We call this point
mass the corner term. It is the Efetov—-Wegner term of polar coordinates described in
Section 3.6, and localization computes it. The second derivative in Theorem 1.6(c) is a
sum of pairings with two insertions along the wire. Each insertion splits into a value
at the corner, which the semigroup preserves by localization, and a part that evolves by
the diffusion (B, F;) of Definition 1.4, and these parts produce the kernel Kx and the
function Ix.

2.7 Eigenvector moments

Eigenvector moments are extracted from local densities at positive damping. Recall that
the local density £ \; of Section 1.2 is the Poisson smoothing of the measure N }_, wq (i)Jx,-
Let [Ty denote the expectation of the measure N2 Yoo p Wa (1) Wp (1), ;) on R2. The part
of Il with @ = B lies on the diagonal, with a density that is the eigenvector moment we
want. We have

EZ; (0)65 N (0) = /IR | Pe(t)Pe(0) Ty (dt, do), /R P.(t)%dt = 2%»: (2.5)

A diagonal part with constant density c therefore contributes ¢/ (27e). For the stationary
limiting measures considered below, whose integrals against products of Poisson kernels
are finite, the part without mass on the diagonal contributes o(e~!) as ¢ | 0. The density
c is the residue at z = 0 of the limit at the damping ¢ = z/(27), and Theorem 7.6(b)
expresses this limit through the sigma model.

To make this rigorous, we must deal with the order of limits, which is the main
difficulty, since Theorem 7.6 identifies the limit N — oo only at fixed ¢ > 0. To handle
this, we consider vague limits of the expected measures 11y themselves, and Lemma 9.5
establishes three properties of all such limits. It is stationary in the energy variable, by the
Gaussian component of H. Its part from pairs of distinct eigenvalues puts no mass on the
diagonal. This follows from the bound on second factorial moments of eigenvalue counts,
which shows that the number of pairs of distinct unfolded eigenvalues in an interval of
length r has expectation O(r?). One might expect that estimates on k eigenvalues are
needed for the products over k sites that the coarse law involves, but the pair bound
suffices at every order. Finally, Poisson kernels may be integrated against the limit. The
Gaussian component of H also makes the expected diagonal measures Gaussian mixtures
(convolutions with a centered Gaussian density) whose width tends to infinity, and for
such mixtures vague convergence implies that the densities converge locally uniformly.
Densities give the annealed selections over windows of every width r < 7y, including
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windows much smaller than the spacing of the eigenvalues. This extraction theorem,
Theorem 9.6, is the third new step of our argument.

It remains to compute residues in the sigma model, and this is where the noncompact
sector appears. Consider the kernel Kx(x,y;z) of Definition 1.4, whose residue at z = 0
is twice the eigenvector correlation Cx(x,y). It is built from diffusions on D killed at rate
z(B — F). For small z, the killing is negligible unless B is of order 1/z, so that the relevant
part of D lies far out in the noncompact direction, near the boundary at infinity of the
hyperbolic plane. On this scale, the noncompact coordinate B; of the singlet diffusion
becomes a geometric Brownian motion. For the starting point By = Xg/z, we have,
approximately and in law as processes,

1
%Bt ~ qegX(t), Z/O B;dt =~ XqZyx, (2.6)

where ¢ is the position along the wire, and ¢x(t) = V2XB; — Xt and Zx = fol e8x(t) dt
are the Brownian motion with drift and its exponential functional of Definition 1.9. The
compact coordinate F, the angles and the anticommuting variables decouple on this scale,
since their coupling to B is of order 1/B by Lemma 10.11.

The singlet state at time one therefore tends to EeX14x , the Laplace transform of the
total mass. On this scale, an insertion at the position x multiplies by a factor proportional
to By, and hence to ¢8X(*). In these coordinates, the invariant measure of the hyperbolic
plane becomes dB = Xz~ !dg, and the factor z~! is the pole. Integrating over the starting
point g and using

Ak = (k _1'2)! /o g2 dg,  A>0,k>2 2.7)

we obtain the moments M = [E[esx(*1)++8x(¥) / 75~1] of Definition 1.9. Heuristically,
the mass profile e8x(t) /Zy of a selected eigenvector is the profile of the noncompact
coordinate B of the sigma model along the wire, on the scale 1/z on which the damping
acts, divided by its integral. For k = 2, we couple the scaled diffusion with the geometric
Brownian motion driven by the same Brownian motion, and this proves zKx(x,y;z) /2 —
Cx(x,y) in Theorem 10.4.

For moments of order k > 3, the extraction needs a nonnegative observable of the
resolvent whose part from single eigenvalues is proportional to the product [T, wx (ia)
over k sites. We use permanents of Im G at these sites. Inverse determinants are Gaussian
integrals over commuting variables, so that derivatives at k sites of a local source in the
commuting block produce permanents, by Wick’s theorem for complex Gaussians, just
as derivatives of a determinant produce determinants. We can therefore stay at rank one
for all orders. The expected permanent is proportional to the Poisson smoothing of a
positive measure whose diagonal part is proportional to Y, [T, wa(ia)dx,. The limit of
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the expected permanent at fixed damping is a pairing with k source insertions in the
rank-one sigma model. The source is not invariant, so that this limit needs the complete
rank-one model, with its angular and anticommuting variables. The generator acts on the
components of a superfunction, on the scale B < 1/z, as the scalar singlet generator plus
a matrix potential of order 1/B. The source becomes B times a function of the angle of
the hyperbolic plane and of the anticommuting variables, and these variables stay fixed
in the limit. We then compute the residue, an explicit multiple of M, by a coupling
argument in Lemma 10.12, which is the most technical step of Section 10.

The remaining steps of the coarse law are soft. By Scheffé’s lemma, the moments at
sites that are separated from each other and from the ends determine the step densities
of all tensor moments of the mass measure in L!, and by the Stone-Weierstrass theorem,
these moments determine the law of the random probability measure on [0, 1], and
Theorem 1.10 follows. The rooted laws of Theorem 1.12 follow from the Cameron—
Martin theorem, as explained after that theorem, and the infinite-wire shape follows
by Brownian scaling as X — co. The mean shape of Corollary 1.13 is computed from
Dufresne’s identity for the exponential functional of a Brownian motion with drift [33].

2.8 Local intensities and the participation ratio

The local intensities of Theorem 1.14 involve two sites, and here the complete local jet
matters. First derivatives at two distinct sites become two separate multipliers, each an
entry of the orbit resolvent G(Q), and their pairing in the rank-one sigma model produces
the kernel Kx. Two derivatives at one site become one multiplier, the corresponding term
of the complete jet. Besides the product of two diagonal entries of G(Q), this multiplier
contains the product of the two off-diagonal entries of the commuting block, which
couple the retarded and the advanced flavors, as we explain in Remark 7.9. Its pairing
produces the contact kernel Kx, whose integrand carries the weight B/d. By (1.23), we
have zKx/2 — Cx and zKx — 2Cx as z 4 0, and the extraction turns these residues into
the profile of Theorem 1.15, with the coefficient 1 + 1,—;. The full two-energy intensity
also needs the part of the pair measure away from its atom at zero separation. We recover
it from its values at equal energies, since it is an even function of the separation.

The participation ratio N(IPR(u,))g , is the average over all sites i of N?(w,(i)?)E,,
including the sites near the ends of the chain, where Theorem 7.6(b) is not available.
There we need only a uniform bound on the diagonal densities, which follows from
the moment bounds of Theorem 7.6(c) at all sites. Strips of width JN at the ends then
contribute O(4), and the interior contributes 2 fol Cx(x,x)dx. We evaluate this integral
exactly, as 1+ X/3, in Proposition 11.12, by a Laplace transform in the length of the wire
and two integrated identities for the resolvent of the killed geometric Brownian motion.



2 Overview of the proof 2.9 Second-order statistics and fluctuations across scales 46

2.9 Second-order statistics and fluctuations across scales

All second-order statistics of Ex in Section 1.2 are read off from the function Ix of
Definition 1.4, through two transforms of positive measures. Recall from Corollary 1.7 that
the pair measure vy is determined by its Poisson transforms (1.12), which are expressed
through Ix by Theorem 1.6(c) and stationarity. Moreover, the reduced covariance measure
b0 + vx — ds of Ex is positive definite, so that its Fourier transform is a positive measure.
Following [22, Section 8.2], we call this measure, in the normalization of our Fourier
transform, the Bartlett spectrum mx of Ex. In Lemma 14.4, we prove the Laplace identity

Ix(z) = /]Re—22|k| myx(dk), Rez > 0.

Asymptotics of Ix therefore become statements about vx and my, through continuity
theorems for these transforms.

As X | 0, the diffusion moves only by O(v/X) during the times along the wire, and
the semigroups in (1.6) are close to multiplications. We expand them in powers of X
by Duhamel’s formula. The difficulty is to bound the remainders uniformly over the
closed simplex 0 < x <y < 1 of positions, since on its faces some of the times vanish
and the corresponding factors give no decay in B. Recall that d = B — F. We overcome
this difficulty by controlling the fluctuations of log(1 + d) along the paths, which shows
that the total killing along the wire produces decay faster than every power of B. The
coefficients of the expansion are then elementary integrals over the simplex of positions
and over D, and evaluating them, we obtain the expansion of Ix in Proposition 1.17.
Afterward, Remark 13.11 notes the identity 1/45 = 2 Tr Glz\I of Section 1.2, which expresses
the coefficient of X? through the eigenvalues of the Neumann Laplacian on [0, 1]. The
expansion of Cx is simpler, since it is a Gaussian integral in the parameter v/2X.

As X — oo with z/X = a fixed, the wire is much longer than the time in which
the diffusion relaxes, and XIx(Xa) is close to a stationary pairing Z(a), which involves
only the stationary singlet state of an infinite wire. This state is the zero mode found by
Skvortsov and Ostrovsky [126], and Z(a) is an explicit combination of modified Bessel
functions. Inverting the Laplace transform gives the function m. and the crossover of
Theorem 1.19. These objects were found in physics from the same zero mode, as recalled
in Section 1.3, and Theorem 1.19 makes these predictions rigorous, as statements about
the limiting processes Zx. At fixed X, the same estimate for large z determines the
behavior of mx near zero, which is the law 2% (L) ~ 7773/2y/XL of Theorem 1.18.

2.10 Organization of the paper

In Part II, we introduce the supersymmetric tools and the two exact objects of the proof.
Section 3 collects the facts about Grassmann variables, Berezin integrals, supermatrices,
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and localization in flat space that the paper uses, for readers who are new to them.
Section 4 writes the source ratios as the open transfer chain (2.2) on the product of
Schifer-Wegner cycles, together with the anchored identity for partial chains and the
dictionary with resolvent entries; it is the starting point of Part IV. Section 5 defines the
sigma model on [0, 1], constructs its semigroup, proves the localization identity and the
normalization, and is used in Parts III and IV. Section 6 reduces the model of rank one to
diffusions on D and to a calculus of rank-one pairings, from which the singlet state and
the kernels of Definition 1.4 arise; Part III uses it throughout.

In Part III, we derive our main results from the sigma model and the interface
theorem. Section 7 collects the inputs about H that do not involve supersymmetry
and states the interface theorem, on which Part III relies as its only input from Part
IV. Section 8 identifies the limiting point process and proves Theorem 1.6. Section 9
proves the extraction theorem, which turns limits at positive damping into eigenvector
moments over small energy windows, for use in Sections 11 and 12. Section 10 computes
the residues of the sigma-model kernels at zero damping through geometric Brownian
motion at the noncompact boundary, and these residues identify the eigenvector moments.
Section 11 proves Theorems 1.14 and 1.15, and Section 12 proves Theorems 1.10 and 1.12
and their corollaries. Section 13 proves the metallic expansion of Proposition 1.17, and
Section 14 proves the statements on the pair measure, the large-scale covariance, and the
crossover, with the remaining rows of Proposition 1.16.

The interface theorem is proved in Part IV. Section 15 proves the bounds on one
physical step and the a priori bound ¢°™) on partial chains, which makes errors of
order e~ "W negligible in the comparison. Section 16 sets up coordinates near the saddle
manifold and the fast normal oscillator, identifies in Lemma 16.5 the heat generator on
the saddle manifold as a multiple of Ci, and proves the contraction of the oscillator and
its Ward identity. Section 17 proves the stability of the powers of the adapted transfer
operator over h 4 steps. Section 18 constructs the state (), deduces from Lemma 16.5 the
time normalization (2.3) of one link, proves the consistency (2.4), and deduces the limit
of the adapted chain for vectors of the form (), ® f. Section 19 attaches the ends of the
chain to the tube with exponentially small errors. Section 20 combines these results into
the proof of Theorem 7.6. Finally, Appendix A collects four general tools, Appendix B
constructs the product contour of Section 4, and Appendix C contains the proof of the
regular realization of the semigroup of Section 5.



PART II

Supersymmetry for random band matrices
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Part II contains the calculus of Grassmann variables and Berezin integrals, the exact
representation of the source ratios as the integral of a chain of supermatrices, and the
sigma model on [0, 1] in Section 5, with its reduction at rank one in Section 6. Section 2.10
describes what each section of Part II does, and Section 3 is written for readers who have
not used anticommuting variables.

Part III uses the dictionary Lemma 4.14 between resolvent entries and insertions in the
chain, and the saddle manifold of Section 4.6. A reader of Part III also needs the source
supermatrices and local sources of Section 4.1, the Schdfer-Wegner cycle of Section 4.4,
and the onsite weights and the chain integral of Definition 4.9, in terms of which the
dictionary is stated. Part IV starts from the exact representation Proposition 4.11 and
from the anchored identity Proposition 4.13 for partial chains. Both parts use the target
space of Section 5, the partition function with its semigroups, and the localization identity.
The sigma model of rank one of Section 6 is used throughout Part III and nowhere in
Part IV.

A reader who takes the definitions on trust may skip the proofs in Section 3 and Sec-
tion 5.2, and the proof of the regular realization in Appendix C. The start of Section 5
says which of its definitions a reader of Part III needs.



SECTION 3

Grassmann variables and Berezin integration

This section introduces the calculus of anticommuting variables that the rest of the paper
uses. The supersymmetric method writes an average of a ratio of determinants of H as an
integral over commuting and anticommuting variables, in which the average over H can
be computed exactly. In Section 4, this gives the exact representation of the source ratio
TI(\;{ ) as an integral over supermatrices, and in Section 5 the same calculus describes the
limiting sigma model. We write for a reader who has not used supersymmetry before.

The material is standard. Textbook accounts are given by Berezin [8], Efetov [39], Weg-
ner [135], and, for mathematicians, Varadarajan [132]. Introductions aimed at probabilists
are given in [128] and [7, Chapter 11], and Zirnbauer [140] reviews the method for Her-
mitian band matrices, with emphasis on the correctness of the mathematical reasoning.
We prove the facts that later sections use, so that the paper can be read without these
references. The one exception is the general change of variables formula, Theorem 3.15,
for which we refer to the literature.

We begin in Section 3.1 by explaining why anticommuting variables appear. Section 3.2
defines Grassmann algebras and functions of even elements, and Section 3.3 introduces
the Berezin integral and computes Gaussian integrals. Section 3.4 treats supermatrices,
the supertrace, and the superdeterminant. With these tools, Section 3.5 carries out the
whole method for a matrix from the Gaussian unitary ensemble, which shows what the
calculus is for. Section 3.6 then discusses changes of variables and the boundary terms
they can produce, and in Section 3.7, we prove the localization theorem in flat space; the
same mechanism normalizes the sigma model in Section 5. The coefficient norms, with
which Section 5 and Part IV estimate superfunctions, are defined in Section 5.2, where
they are first used.

3.1 Motivation

Let A be an N x N complex matrix whose Hermitian part Re A = (A + A*)/2 is positive
definite. We will show in Proposition 3.8 that

/ e_C*Aé dC — L / g.g.e—C*Aé dC — (A_l)ij (3 1)
CN det A’ cn 7t detA ’ '
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where d{ is the Lebesgue measure on CV divided by 77V. Let H be an N x N Hermitian
matrix, let z = E + iy with E € R and 17 > 0, and recall that G(z) = (H — z)~!. We apply
(3.1) with A = i(H — z), for which Re A = 5Id. Since A~! = —iG(z), we obtain
7. »—iC"(H—z2){
Gy(z) =i L GGie =T 2D (3:2)
f e—i0*(H-2)¢ dg

In this sense a resolvent entry is a covariance of a Gaussian weight on C~, although
a complex one. For random H, the difficulty lies in the denominator of (3.2), which
depends on H. Since the expectation of a ratio is not the ratio of the expectations, the
average of G;j(z) cannot be computed by averaging the numerator and the denominator
separately.

The denominator can be removed by a second Gaussian integral, over anticommuting
variables X1, X1, ..., XN, XN, Which produces the determinant instead of its inverse. In-
deed, we will show that [e=*"4X dy = det A for every complex matrix A. Multiplying
the two integrals, we will find in Lemma 3.9 that

det(H —w) —il*(H—z){—ix*(H-w)x
det(H —z) /e dedr

(3.3)
Gij(z) = i/CiC_je_ig*(H_Z)g_iX*(H_Z)X dZdx

for all w € C. In these integrals, the normalizations of the two Gaussian integrals have
canceled, and H enters linearly in the exponent. When H is Gaussian, its average can
be taken inside the integral, where it gives an explicit exponential, and the average of a
ratio of determinants becomes an integral of an explicit function. Derivatives in w, and
products of such ratios at E 4 iy and E — iz, generate products of resolvent entries.

This is the supersymmetric method. It was introduced by Efetov [36, 37] in the theory
of disordered metals; superspace had been brought into statistical physics by Parisi and
Sourlas [103], in the study of random magnetic fields. Verbaarschot, Weidenmtdiller, and
Zirnbauer [133] applied the method to random matrix models of compound-nucleus scat-
tering. The name refers to a symmetry between the commuting and the anticommuting
variables of integrals such as (3.3), which we discuss in Section 3.7.

3.2 Grassmann algebras

We now define the algebras in which anticommuting variables take values. Throughout
this section, r > 0 is an integer, and we write [r] = {1,...,r}.

Definition 3.1. We define the Grassmann algebra )\, to be the complex associative algebra
with unit generated by ¢, . . ., §; subject to the relations ¢,¢, = —&,G, for all a,b € [r]. For
I={i; < - <is} C[r], wesetgl =¢ --- &, with ¢? =1, and we call ¢! the exterior
monomial of degree |I|.
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The monomials ¢! form a basis of A, (which is the exterior algebra of C"), and every
f € A, has a unique expansion

f=YY fne&, fiec (3.4)

IC[r]

We call the numbers f] the coefficients of f, the number fg the body of f, and f — fp the
soul of f. We call f even if f; = 0 whenever |I| is odd, and odd if f; = 0 whenever |I| is
even. We call f homogeneous if it is even or odd, and we assign the parity 0 to even and 1
to odd elements.

The relations imply ¢2 = 0. One checks on monomials that fg¢ = (—1)*f¢f for
homogeneous f and g of parities « and B. In particular, even elements commute with all
elements of /,, while odd elements anticommute with each other and have square zero.
We call f nilpotent if fz = 0. For nilpotent f, every monomial of f° has degree at least s,
and at least 2s if f is even. We conclude that

fr+1 —_ 0, and fLr/2J+1 =0 if f is even. (35)

It follows that f is invertible if and only if fo # 0, and then f~! = f 1 Y1 _(—n/fp)*
with n = f — f». The anticommuting variables of the physics literature are the generators
¢a, and the commuting variables are complex numbers or, more generally, even elements.

We next allow the coefficients to depend on commuting variables. Let m > 0 and let
U C R™ be open.

Definition 3.2. We define the space of superfunctions on the superdomain U™ to be
Ce(U™ry = C®(U) @ A,. Its elements are the sums f = ¥, fi&! with complex-valued
coefficients f; € C*(U), multiplied as in A,, with pointwise products of the coefficients.
We call x = (x1,...,xy) € U the even coordinates and ¢y, . .., & the odd coordinates of umlr,

The terms coefficient, body, soul, even, odd, and nilpotent are used for superfunctions
as in Definition 3.1; the body f; of a superfunction is a function on U, and f(x) € A,
denotes the value of f at x € U. The spaces CK(U"I") are defined in the same way, and
so are holomorphic superfunctions on U™ for open U C C™, whose coefficients are
holomorphic.

Several formulas below contain odd elements that are not coordinates, such as the odd
entries of a supermatrix or odd sources. We regard such elements as further generators
of a larger Grassmann algebra A, ,» containing A,, and we call these further generators
auxiliary. Even coordinate derivatives and the integration over odd coordinates defined
in Section 3.3 act coefficientwise in the auxiliary generators. Here we always write
a superfunction as f = Y; f;¢! with the coefficients f;, which may contain auxiliary
generators, to the left of the monomials ¢ I For instance, if 6 is an auxiliary odd generator
and r = 1, then the coefficient of ¢; in 0¢; is 6, and in 10 = —6¢; it is —6. The
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odd coordinate derivatives defined below extend by graded linearity: for an auxiliary
coefficient a of parity «, we have d¢, (ag) = (—1)%*adg,g. In particular, og, (051) = —6.

For i € [m], the derivative 0y, acts on the coefficients. For a € [r], every superfunction
can be written uniquely as f = f' + &,f"”, where f' and f” do not contain ¢,, and we set
dz,f = f". One checks on monomials that 9g,0z, = —0g,d¢, and that

dz,(fg) = (9z,f)g + (—=1)"f oz, g

for homogeneous f of parity a. We call an operator V = }; ¢;dy; + ), da0¢,, where ¢; and
d, are superfunctions, a vector field on U™, We call V even if the ¢; are even and the d,
are odd, and odd if the c; are odd and the d, are even. A homogeneous vector field V of
parity B satisfies V(fg) = (Vf)g + (—1)* f V¢ for homogeneous f of parity a.

Functions of even elements

Expressions such as e‘C*Ag, where A may have even entries, require functions of even
elements. Since the soul of an even element is nilpotent, a Taylor expansion around the
body terminates.

Definition 3.3. Let a = (ay,...,a,) be even superfunctions on U™, with bodies ap =
(a1,0,---,ap0) and souls n = a — ag. Let V C IR” be open, let ¢ € C*(V), and suppose
that the bodies are real-valued with ag(U) C V. We define

gla) =Y (9"¢)(a0) A A (3.6)

p a!
a€Ny

If instead V C C? and g is holomorphic on V, we define g(a) by (3.6) with complex
derivatives, for complex-valued bodies with ap(U) C V.

By (3.5), the sum has only finitely many nonzero terms, those with |a| < r/2. If g is
a polynomial, then Taylor’s formula shows that g(a) is the polynomial evaluated in the
algebra. For complex coordinates ¢ € C", we use (3.6) with the real and imaginary parts
as variables. In terms of the Wirtinger derivatives, a shift of { by even nilpotent elements
u and of { by even nilpotent elements v, which may be unrelated, reads

755(0)

0{'—‘8' u“vﬁ. (37)

§C+ul+v)=)
ap

Lemma 3.4. Let a, V, and g be as in Definition 3.3.

(a) Forall § € C®°(V), we have (¢§)(a) = g(a)3(a).
(b) For every homogeneous vector field V on U™, we have V(g(a)) = Z;?:l(ajg)(a) Va.
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(c) Every identity between smooth, or holomorphic, functions on V remains true when the
variables are replaced by even elements a with ap(U) C V. In particular e %2 = eMe%,
det(eX) = e X for every square matrix K with even entries, and g(a)~! = (1/g)(a) if g
has no zeros on V.

(d) Let V! C RV be open, let h € C®(V;RP") with h(V) C V', and let §' € C®(V'). Then
(§' o h)(a) = §'(h(a)), where hi(a) denotes the even elements (hy(a), ..., hy(a)).

The same statements hold in the holomorphic case, and (d) also holds for complex-valued h and g’
holomorphic on an open set V' C C¥'.

Proof. We begin with (a). We insert the two expansions (3.6) and collect the terms with
a given power n7, which is possible because the souls are even and commute. By the
Leibniz rule, we have

g(ll)g(a) _ Z Z (azxg)(a®)(a,8g) (a®) Z 87(gg~)(ﬁl@) n’ — (gg)(a)

T atp=y a! B! Y 7!

We now prove (b). Both sides are left linear in )V over superfunctions, and (9;¢)(a) is
even. It suffices to consider V = dy, and V = d¢,. Using the chain rule for the coefficients
and the Leibniz rule for the commuting factors 7;, we obtain

Ay, (a ZZ 88g a@) ) n +Z a@ sz] "7 O ;.

=

After the subst1tut10n a — a + ¢; in the second sum, each sum becomes an expansion of
(0j¢)(a), and we find

p p
dxg(a) =) (9; 9z, (aj0 + 1)) = Z a) Ox, ;.
j=1 j=1

The case V = d¢, is the same computation without the first sum, since d¢, annihilates the
bodies and ng(n? ) = oc] ] ngn] for even n;.

Finally, if g = § on V, then all derivatives agree, and (3.6) implies that g(a) = g(a).
This proves (c), and the examples follow with (a). For instance, K ~ det(eX) and
K + eTTX are entire functions of the entries of K that agree on complex matrices, and the
determinant of a matrix with even entries is the same polynomial in the entries.

It remains to prove (d). We let T, u denote the Taylor polynomial of order |[r/2] at by
of a smooth function u defined near by. The definition (3.6) says that g(a) = (T,,8)(a),
where the polynomial is evaluated in the algebra, since n* = 0 for || > r/2. By
the chain rule for Taylor polynomials, T, (g’ o 1) is obtained from the composition
(Tii(ap)8') © (Tauh) by discarding the terms of degree larger than |r/2] in the variables
centered at agp. The discarded terms vanish at a, and therefore

(8 07)() = (Ty(u)8) (Tuh) (@) = (Ty o, &) (i(a)) = ' ((a),
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where the last step uses that /1(a) has the body 1(ag) and a nilpotent soul. O

For real coefficients, the proof of [132, Theorem 4.3.1] defines g(a), there called a
pullback, by the expansion (3.6) and shows that ¢ — g(a) is a homomorphism of algebras,
as in Lemma 3.4(a); see also [8].

3.3 Berezin integration

We now define integration over odd coordinates. The definition is algebraic, and the
integral of a superfunction will be the ordinary integral of the coefficient of its top
monomial.

Definition 3.5. For f € \,, we define the Berezin integral [ fdZ = 1) to be the coefficient

of §1C2 - - - ¢ in f. We call a superfunction f on umlr integrable if all its coefficients belong
to L1(U), and for integrable f we define

/erdxdg = /uf[r] (x) dx.

If f takes values in a Grassmann algebra with auxiliary generators, both integrals are
taken coefficientwise in the auxiliary generators.

Exchanging two generators changes the sign of the Berezin integral, which is linear
but not positive in any sense. Other references use other orders, which differ from
ours by signs. Note that [ fd( is the body of dg, - - - 0¢, f; in this sense the Berezin
integral behaves more like a derivative than like an integral. We will need the following
elementary properties; in (f), the odd variables 04, .. .,0, are integrated over as well.

Lemma 3.6. Leta € [r] and i € [m].

(a) Forall f € \,, we have [ 0, f d& = 0. Consequently, for homogeneous f of parity « and
all g € A,

@ gds = ~(-1)* [ rag,gde.

(b) Let f be a superfunction on R™" of class C' such that f and dy,f are integrable. Then
[ 0x,fdxd¢ = 0.

(c) Let B € C™". For f € \,, let f(BC) denote the element obtained from (3.4) by replacing
each &y, with Y, BpCc. Then [ f(BZ)d¢ = detB [ fdE.

(d) Let 01, ...,0, be odd elements in the auxiliary generators, and let f (& + 6) denote the element
obtained by replacing each &, with &, + 6y,. Then [ f(¢+0)d¢ = [ fd¢.

(e) Let f be a superfunction on R™" whose coefficients are smooth and have all their partial
derivatives integrable, and let uy, ..., u, be even nilpotent elements in the auxiliary genera-

tors. Then [ f(x +u)dxd¢ = [ fdxdg, where f(x +u) = Y5 fr(x +u)¢! is defined by
(3.6). The same holds on C™ for the independent shifts (3.7) of { and (.



3 Grassmann variables and Berezin integration 3.3 Berezin integration 56

(f) Let f € N\, ., with generators &y, ...,Cr,01,...,0,.. Then the iterated Berezin integrals in

the two orders satisfy
J(fsae)aa= o [ [ san)

In this paper, r and v’ are even whenever two Berezin integrals are exchanged, and the sign
is one.

Proof. The top coefficient of d¢, f vanishes, since d¢, f does not contain ¢,. Together with
the Leibniz rule for d¢, (fg), this implies (a). Statement (b) is the identity

[ 2 fidx =0

for an integrable C! function with integrable derivative, which follows from Fubini’s
theorem and the fundamental theorem of calculus.

We now prove (c). Only the term fj, [T,—; (¥ BucGc) of f(B¢) contains the top mono-
mial, and

[l ( 3 Bbcéﬂ) = LI I Bon(ty Sty -+~ Er(r) = detB 1 -+ &
7T b=1

b=1 "c=1

where the sum runs over the permutations 7v of [r], and we used (1) Cr(y) =
sgn(m) ¢y - - - &r. To prove (d), observe that [Tpc; (& + 0)) contains the monomial ¢y - - - &r
only for I = [r], and then with coefficient one.

It remains to prove (e). By the definition of f;(x + u) in Definition 3.3, we have

o
fie ) = o IO e,
~ !

and the terms with a # 0 integrate to zero by (b). The shifts (3.7) are treated in the same
way, since the Wirtinger derivatives are linear combinations of real derivatives.

Finally, with the coefficients written to the left, the left side of (f) is the coefficient of
01---0,C1---& in f, and the integral [([ fd6)d¢ is the coefficient of &; - - - &07 - - - 0,
These two monomials differ by the sign (—1)"". O

Statement (c) is the first sign that odd variables transform inversely to even ones: for
even coordinates, the substitution x +— Bx multiplies the integral by | det B|~!. We will
see in Section 3.6 that the two rules combine into the superdeterminant.

Gaussian integrals

The superspaces of this paper have complex even coordinates and pairs of odd coordi-
nates.
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Definition 3.7. Let m,n > 0. We write C"?" for the superdomain whose even coordinates
= (01,---,{m) € C™ are identified with points of R?>", and whose odd coordinates
are X1, X1,-- -, Xn, Xn, in this order. Here j is the complex conjugate of {;, while ¥; is a
generator independent of ;. We let dZ = H;'ﬂ:1 m 1 dRe( jdIm{;, and for an integrable

superfunction F on C"?" we set

[Fdcax= [ Fopl(@)de,

where Fp, is the coefficient of x1X1x2X2- - XuXn in F. For A € C"*™ and B € C"*",
we write (*Al =} i (iAij¢j and x*Bx = L;; XiBijxj, and we use the same notation for
matrices with even entries. We let 85]. = (ORe g~ 101m Cj) /2 and BC-], = (JRe g+ i01m g].) /2
denote the Wirtinger derivatives.

The products x;x; are even, so the order of the pairs in the top monomial does not

matter. (The factor 7—! in d{ is chosen so that f el dl = 1 on C™.) Up to the
normalization of d{, the integral | Fd{ dy is the integral of Definition 3.5 on R2Z"2" We
write Re A > 0 for a complex matrix A if ReA = (A + A*)/2 is positive definite, and
for a matrix A with even entries, we write Re Ay > 0 if its body has this property. For
a square matrix B, we let adj B denote its adjugate, so that (adjB);; = (—1)"" det Bj i,
where Bj;; denotes B with row j and column i deleted. Recall that adj B = (det B)B —Lif
B is invertible.

Proposition 3.8. Let m,n > 1, and let i and j be indices.

(a) Let A be an m x m matrix with even entries such that Re Ay > 0. Then det A is invertible,
and ( 1)
* 1 = * A_ 1
AL — / 7o CAL g7 — ij
/m ¢ ¢ det A’ cm Gigje ¢ det A
(b) Let B be an n x n matrix with even entries. Then

/e—x*Bx dy = detB, /X,-Xje_X*BX dx = (adj B)i]'.

(c) Let B be as in (b) and invertible, and let 6 = (0y,...,0,)" and § = (8y,...,0,)7 consist of
odd elements in the auxiliary generators. Then

P xgogT GTp—1
/e X*Bx+x*0+0 dezdetBee B0

(d) Let A be as in (a) and B as in (b). Then, on C’”‘Z”,

« . det B
—0FAL—X"Bx —
/e ddx = 3oz

Ifm =nand B = A, then [ {; e CALXAXdr dy = inXje_g*Ag_X*AX d¢dy =
(A1)

ij-
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Proof. We begin with (a) for complex A. The only step beyond linear algebra is the
passage from Hermitian to non-Hermitian A, which we make by analytic continuation.
We first let A be Hermitian and positive definite. We write A = ODO™* with O unitary
and D = diag(dy, ..., dn). The substitution { = O’ preserves dZ, and

AT Q7 = 1l —djlé}\ZdR 'dIm e = w1l 1
Lo de=T17 e eGidim& =115 = Gea
]:

j=1

Now let A be a complex matrix with Re A > 0. We write A = A; +1iAj, where A; =
Re A and A = (A — A*)/(2i) are Hermitian. The set S4 of t € C with Re(A; +tA3) >0
is a vertical strip containing 0 and i, because Re(A; +tAy) = A1 + (Ret)Ay. For t € Sy,
the matrix A; + tA; is invertible, since Re(v* (A1 4 tAy)v) > 0 for all v # 0. Moreover,
for every compact set K C Sy there exists ¢ > 0 such that, for all t € K,

|8 (Ar+tA)T) — (=T (Ar1+(ReD)A2)¢ < el
Consequently the functions

ts [ e T AHANTGr i det(Aq 4 tAy) !
Cm
are holomorphic on S4. They agree for real t € §4, where A; 4 tA; is Hermitian and
positive definite, and the identity theorem implies that they agree at t = i.
The second formula of (a) follows by differentiating the first in the entry Aj;, which is
allowed by dominated convergence. Indeed, we have

aAﬁe_C*AC — _gjgl e—g*AC’ aA]‘i det(A)—l — _det(A)_l(A_l)ij.

Each side of the two formulas is a holomorphic function of A on the open set {A : Re A >
0}, and their derivatives of all orders in the entries of A may be computed under the
integral. For A with even entries, the integrand e~¢ 4¢ is, by Definition 3.3, the Taylor
expansion of e~ ¢"A'Cin A" around Ag, evaluated at the soul A — Agp. Integrating term by
term and using Lemma 3.4(c), we obtain (a) for even A, where det A is invertible because
its body det A is nonzero.

We now prove (b). Each term of x*By has degree two, and only the term (—x*By)" /n!
of e=X"BX contributes to the top monomial. Using —¥; Xj = XjXi, we have

X Bx
BT DD o | LIETA
l]r /l‘rljll ]Vl

A term is nonzero only if (j1,...,jn) and (iy,...,i,) are permutations of [n]. The factors
Xj.Xi, are even, and ordering them by ji accounts for the factor n!. A term then becomes
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IT; By Il X1X (1) for a permutation 7t of [n]. Exchanging two of the ¥ in the last product
changes its sign, and we find

HXan(l) = Sgn(ﬂ)]_[xl)a, (E_X*BX top ngn H (1) = detB.
=1 =1 =1

The second formula follows by differentiating in Bj;, since

GBeXBX——XxeX X = Xxex BX, 8le.detB:(aij)z-]-,
where the second identity is Jacobi’s formula. Each side of these formulas is a polynomial
in the entries of B, and the formulas remain valid for even entries.

To prove (c), we complete the square. Expanding the product and keeping the order
of the odd factors, one checks that

—X'Bx+x0+0"x=—-(x*-0"B1)B(x—B'9)+0"B16.

All terms are even, and by Lemma 3.4(c) the exponential factors accordingly. The first

factor is obtained from e~ BX by shifting the generators Xj and X; by odd elements. By

Lemma 3.6(d), its Berezin integral is that of e~ X"BX, and the claim follows from (b).
Finally, using e~¢ A¢—x"BX = ¢=¢"48e=X"BX and (b), we find

(eié*Agix*BX)tOp - det(B) eig*Ag'

Integrating over { with (a), we obtain (d). The two insertions follow in the same way
from the second formulas of (a) and (b), since (adjA);;/ det A = (A_l)i]-. N

We now apply Proposition 3.8 to resolvents, with the convention G(z) = (H —z) L.
The sign in front of i in the exponent must be chosen so that the Gaussian integral over
converges, and this sign depends on the sign of Im z.

Lemma 3.9. Let H be an N x N Hermitian matrix, let E € R and y > 0, and set z+ = E £ in.
Then, on CNI2N, for all w € C,

det(H—w) [ il (H—z0)04 5" (H—w)y]

and for all i,j € [N],
Gij(z+) = ii/glg‘j TS (H=z)ltx" (H-z2)x] 7 d

(3.9)
S / xig; e Hoz) o (H=200 g7 dy.
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Proof. We set
A =+i(H —z4) = £+i(H — E) + yld.

Since +i(H — E) is anti-Hermitian, we have Re A = y#Id > 0. Applying Proposition 3.8(d)
with this A and with B = +i(H — w), we obtain

S\N
/ ¢ ACAX = TN det(H = 22)/

which is (3.8). For (3.9), we take w = z4, so that B = A, and we use
(A_l)l‘]' = (:i:i)_lGij(zi) = Fi Gl']'(Zi). O

Multiplying a copy of (3.8) with z by a copy with z_, we write a product of two ratios
of determinants as one integral over C?N*N, with the signs —i and +i in the exponent. In
Section 4, these signs are collected in the matrix A, and the dictionary between resolvent
entries and Gaussian insertions is Lemma 4.14. Derivatives of (3.8) in w also generate
resolvents; for instance, Jacobi’s formula gives

det(H — w)

@ det(H — Z) ‘w:z - —TI'G(Z)

3.4 Supermatrices

Linear changes of all coordinates of a superspace, and the quadratic forms in Gaussian
superintegrals, are described by supermatrices. Throughout this section, R denotes a
Grassmann algebra, possibly with auxiliary generators, or an algebra of superfunctions.
The even part of R is commutative, and determinants of matrices with even entries are
defined by the usual formula.

Definition 3.10. Let m,n > 0. A supermatrix of size (m|n) over R is a block matrix
A B
w=(¢ p)
with blocks A € R™™, B € R™", C € R"™™M, and D € R"™". We call M even
if the entries of A and D are even and those of B and C are odd, and odd if the
entries of A and D are odd and those of B and C are even. We call A, B, C, and D
the BB, BF, FB, and FF blocks of M. For homogeneous M of parity a, we define the

supertrace STr M = Tr A — (—1)* Tr D. For even M with A and D invertible, we define the
superdeterminant, or Berezinian,

det(A — BD~IC)
det D

SDet M =
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(The letters B and F stand for bosonic, or commuting, and fermionic, or anticommut-
ing.) An even supermatrix maps columns (v,6)?, whose first m entries v are even and
whose last n entries 6 are odd, to columns of the same kind. Products of supermatri-
ces are matrix products, and the product of homogeneous supermatrices of parities «
and B is homogeneous of parity « + f (mod 2). An even supermatrix M has the body
Mg = diag(Agp, Dp). Suppose that Mg is invertible, and suppose that R has r generators.
Then M = Mg(Id + K), where K = M_' (M — My) has nilpotent entries and therefore

satisfies K"t = 0, and
r

M1t =Y (—-K)M,".
s=0
Conversely, the body of the identity MM ! = Id shows that M, is invertible if M is. We
conclude that an even supermatrix is invertible if and only if Ay and D¢ are invertible;
in this case SDet M is defined.

The following identities are standard, and their proofs are elementary. The only
point at which the anticommutation of the odd entries matters is (3.10) below, which
replaces the identity det(Id — FF’) = det(Id — F'F) for complex matrices F and F’ by
det(Id — FF") = det(Id — F'F)~! for matrices F and F’ with odd entries.

Lemma 3.11. Let M and M’ be even supermatrices of size (m|n) over R, and let A, B,C, D be
the blocks of M.

(a) If M is invertible, then SDet M = det A det(D — CA~1B)~L.
(b) If M and M’ are invertible, then SDet(MM') = SDet M SDet M.

(c) For homogeneous supermatrices M and M’ of parities a« and B, we have STe(MM') =
(—1)*BSTr(M'M). In particular STr(MM') = STr(M'M) for even M and M.

M — STM

(d) The series eM = Y ~q M®/s! converges, eM is even and invertible, and SDet(eM)
(e) Suppose that the coordinates are split into two groups, each of which may contain even and
odd coordinates, and that M is invertible and block upper triangular with respect to this
split, with diagonal blocks My and M, which are even supermatrices. Then SDet M =

SDet M; SDet M,.

In (e), the rows and columns of M are reordered so that the coordinates of the first
group come first, and within each group, even coordinates precede odd ones. State-
ments (a) and (b) are [132, Corollary 3.6.3 and Theorem 3.6.2], and (c) is stated in [132,
Section 3.5]. For block diagonal supermatrices with complex entries, [132, Section 3.6]
chooses the definition of the superdeterminant so that (d) holds. For (a)—(e), see also [8].

Proof. We begin with (a). We set F = A~1B and F' = D~!C, whose entries are odd. Since
A—BD71C= A(ld - FF')and D — CA~'B = D(Id — F'F), it suffices to show that

det(Id — FF’) det(Id — F'F) = 1. (3.10)
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For s > 1, we write (FF')* = FZF' with Z = (F'F)*~!, whose entries are even. Using the

fact that the odd entries of F and F’ anticommute and commute with the even entries of
Z, we find

Tr ((FPI)S) = Z Fubzchc/a = Z Fc/aFabec =-Tr ((F/F)S)‘

ab,c a,b,c

The matrices FF’ and F'F have nilpotent even entries. The identity

det(Id — K) = exp ( — Z M)

s>1 5

holds for complex matrices K near zero, and by Lemma 3.4(c) and (d) it holds for matrices
K with nilpotent even entries, for which the sum is finite. Applying it to K = FF' and
K = F'F proves (3.10).

We now prove (b). We first record three special cases, in which A’, B’,C’, D’ are the
blocks of M'. Let P and P’ be invertible matrices with even entries of sizes m and 1, and
let F and F’ be matrices with odd entries of sizes m x n and n x m. Using the definition
of SDet in the first two cases and (a) in the third, we find that

A"+ FC' B +FD' det(A’ + FC' — (B' + FD')D'~1C") ,
Det = — SDet
She ( C’ D’ ) det D’ SDet M,
PA’ PP det P det(A’ — B'D’~1C’')  detP )
Det = = Det 11
SDe <P'c' P’D’) det P’ det D/ detpr SDetM, - (B1D)
A’ B’ det A’
Det = = SDet M'.
SDe (F’A’+C’ F’B’+D’) det(F'B' + D' — (F'A’ 4+ C')A'-1B/) SDet M

The three supermatrices on the left are the products UrM’, diag(P, P')M’, and LpM’,
where Ur and Ly denote the block unitriangular supermatrices with off-diagonal blocks
F and F'. Taking M' = Id, we see that

P

Multiplying out, one checks that M = Uf diag(P, P') Ly with
F=BD', P=A-BD'C, P=D, F=D'C

Applying the three cases of (3.11) in turn, we find SDet(MM’) = (det P/ det P’) SDet M/,
and the case M’ = Id shows that det P/ det P’ = SDet M.

Next, we prove (c), using that Tr(FF') = (—1)"" Tr(F'F) for matrices F and F’ whose
entries are homogeneous of parities v and 79’. Applying this to the four products in
the diagonal blocks of MM’, we find that STr(MM’) and (—1)*} STr(M'M) consist of
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the same four terms with the same signs. For instance, if M and M’ are even, then
Tr(BC') = — Tr(C'B) and Tr(CB’) = — Tr(B'C), and
STr(MM') = Tr(AA’) + Tr(BC') — Tr(CB') — Tr(DD’)
=Tr(A’A) — Tr(C'B) + Tr(B'C) — Tr(D'D) = STr(M'M).

The other parities are treated in the same way.

To prove (d), note that the supermatrices with entries in a Grassmann algebra R form
a finite-dimensional algebra. The operator norm of left multiplication on this algebra is
submultiplicative, and the series for e™ converges absolutely in it. (For superfunctions
we argue at each point.) The supermatrix eM is even, and e~ is its inverse. We
set f(t) = SDet(eM) for t € R. By (b), the definition of SDet, and the expansion
etM =1d + tM + O(t?), we have

f(t+t) = f(H)f(H), f(t) =1+tSTr M+ O(#?).

Therefore f'(t) = f(t) STr M, the derivative of e 'ST'M£(t) vanishes, and f(t) = ¢!5TM,
where we used that the even part of R is commutative. Setting t = 1 proves (d).

It remains to prove (e). A reordering of the coordinates that keeps even coordinates
even is a conjugation by an invertible even supermatrix, which does not change SDet by
(b). In the order in which the coordinates of the first group come first, we write

M = diag(M;, M,)(1d + K),

where K has nonzero entries only in the rows of the first group and the columns of the
second group. Then

K% =0, Id + K = €K, STrK = 0,

and (d) implies that SDet(Id + K) = 1. In the standard order, the four blocks of
diag(M;i, M) are block diagonal, so that SDet diag(M;, M) = SDet M; SDet M, by the
definition of SDet. By (b), this completes the proof. O

We can now compute Gaussian integrals whose quadratic form mixes commuting and
anticommuting variables. For an even supermatrix M of size (m|n) with blocks A, B, C, D,
we define the even superfunction

(G, x)*™M(C, x) =C"AC+ " Bx + x"C{ + x"Dx
on C"2", where {*Bx = Y, {iBipxy and x*CZ = Yy, ; XoCri -

Proposition 3.12. Let M be an even supermatrix of size (m|n) with blocks A, B,C, D, whose
entries lie in the auxiliary generators, and suppose that Re Ag > 0. Then

(7 det(D — CA~1B)
(Cx)*M(Z,x) —
/e dédx det A ’

which equals SDet(M)~1 if M is invertible.
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Proof. The matrix A is invertible, since det Ay # 0. Expanding the product, one checks
that

(CX)"M(Gx) = (£ +x*CAT) A(C+AT'Bx) + x*(D — CA™'B)x.

The entries of the columns
u= A"1By, v=(x*CAHT

are even and nilpotent. By Lemma 3.4(c), the exponential of minus the first term is
obtained from e~¢ 4¢ by shifting ¢ by u and { by v, as in (3.7), and the second term does
not involve (.

We integrate over ( first, coefficientwise in the odd coordinates and the auxiliary
generators. The coefficients of e=¢ 4% are polynomials in ¢ and { times e~ 42¢, and all
their derivatives are integrable. By Lemma 3.6(e), the shifts by # and v do not change the
integral over , and Proposition 3.8(a) implies that

/e—(é,x)*M(é,x)dgz 1 o~ X'(D-CA™'B)x

det A
Integrating over x with Proposition 3.8(b) completes the proof, and Lemma 3.11(a)
identifies the result with SDet(M)~! when M is invertible. O

Applied to a supermatrix of the form M ® Idy, acting on N copies of the coordinates,
Proposition 3.12 yields the Nth power of the integral for M. This is how the size of a
matrix becomes a parameter in Section 3.5.

3.5 An example: the Gaussian unitary ensemble

We now carry out the supersymmetric method in the simplest case, to show the reader the
steps that Section 4 carries out for band matrices. In this section, H denotes a Hermitian
matrix from the Gaussian unitary ensemble (GUE), with centered complex Gaussian
entries such that EH;iHy = ;0% N ~1. This is the covariance (1.1) of the band matrix of
Definition 1.1, with the variance profile | = (Id — W?A)~! replaced by its limit N~1117
as W — oo.

Proposition 3.13. Let N > 1, let z € C with Imz > 0, and let w € C. Then

— 2.2 —iy)N-1
ieett((zzv_ g)) _ % /]R N2 ((aZ) - ;y))ml (z—x)(w—iy) —1)dxdy. (3.12)

The proof has four steps. We represent the ratio as a superintegral over N copies of
C'12, compute the average over H, decouple the resulting quartic exponent by Gaussian
integrals over the entries of a supermatrix of size (1|1), and integrate out the N copies.
The last step produces the Nth power of a superdeterminant, and the dimension of the
final integral does not depend on N.
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Proof. We begin with the representation of the ratio. For 7,j € [N], we set
IT;; = igi + XiXi,

and we will show in Section 3.7 that these bilinears are supersymmetric. Applying
Lemma 3.9 with the upper sign and z; = z, and using det(w — H)/det(z — H) =
det(H — w)/ det(H — z), we obtain

det(w — H)

_ iz0* C+iwx* x—iY; j Hifll;
det(z — H) /e ] a6 dx 19

on CNIZN | The coefficients of the integrand are polynomials in {, {, and the entries of H,
times a factor of modulus e~ (m2)¢ and we may take the expectation inside the integral.
We next compute the average. For a complex matrix 77 = (7'(1-]-), the variable Y., Hijrj
is a complex linear combination of jointly Gaussian variables, and
E i 2_ l e —i Y, Hijmj _ =7y i i i
(ZHl]m]) = NZT[Z]T[]" Ee ' &ij HiiTij = ¢ 2N Lij Tij i,
L] L]

Both sides of the second identity are entire in 71, and their derivatives may be computed
under the expectation. By Lemma 3.4(c), the identity also holds for 7t = I1. We set

N N
a=Cx=)Y Cixie  B=Xx'T=)_ xi
i=1 i=1
which are odd. Reordering the odd factors, we find
Y GRixi = Y RiGilixi = Pu = —ap, Y XixiXjXi = —(x*x)%
ij 0] ij
Expanding I1;;I1;;, in which each of the two cross terms gives —af after summation, we
find
Znijnji = (C"0)* —20B— (X" X)*
i,j
and therefore

det(w —H) _ [ iz giwx'y ,— 702/ @N) y(¢' 1)/ (2N) aB/N
]Edet(z—H) —/e e e e d¢dy. (3.14)

We now decouple the three quartic factors by Gaussian integrals; this is the Hubbard—
Stratonovich transformation. For complex numbers a and b, we have

o~/ (2N) _ /zﬁ/ o N®/2-ixa gy R/(2N) /zﬂ/ e NP I2HYb gy,
T JR 7T JR
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and by Lemma 3.4(c) these identities hold for the even elements a = (*C and b = x*x.
For the odd factor, we introduce two new odd coordinates ¢ and @, with the Berezin
integral [ -dd¢ given by the coefficient of #9. Applying Proposition 3.8(c) with n = 1,
B=N, 60 =B, and 6 = a, we obtain

B/N _ %/e—NE‘ﬂ—&-ﬁﬁ—&-a& 40,

We insert these three identities into (3.14). The coefficients of the resulting integrand
are bounded by a polynomial times e~ (Im2)[LF=NG*41%)/2 and we may integrate over {
and y first. Since

N N
8 =—Y x®,  ad=-) %,
i=1 i—1

we may write the exponent as

Y 59N M(E v = (o9
-N > — Nﬁﬁ—izzl(gzﬂﬁ) M(Zi, xi), M = ( B8 —(iW+y)) '

The supermatrix M is even, with a BB entry of real part Imz > 0. Proposition 3.12,
applied to M ® Idy on CNPN, yields

— Xi(Gixi) " M(Zixi) _ (—(iw+y) —98/(i(x —2z))\N _ w—iy 09 N
/e ! ! dCd)(_< i(x —z) ) _<z—x+(z—x)7-> '

It remains to integrate over ¢, x, and y. Since (89)? = 0, we have

_NFe W —1 8 \N  (w—iy)N - (w—iy)N-1 .
. Nﬁﬁ(z—xij(z—x)z) :%jLNﬁﬁ%(l—(z—X)(w—ly)).

The first term on the right does not contain ¢ and has Berezin integral zero. Since the
Berezin integral over 9 is the coefficient of 98, we have

/z?z?dﬂz 1

Collecting the factor N~1 - N/(27) from the three Hubbard-Stratonovich identities, we
obtain (3.12). O

We checked (3.12) numerically for several values of z and w, against integration over
the eigenvalue density of the GUE for N < 3 and against Monte Carlo simulation for
N = 4, with the supplementary script grassmann/gue_check.py. Exact formulas for
general correlation functions of ratios of characteristic polynomials, valid for every uni-
tarily invariant ensemble, were obtained by Fyodorov and Strahov [59] with orthogonal
polynomials; the point of the example is the method rather than the formula.
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Three features of the proof reappear for band matrices. First, the supermatrix M
equals i(R — diag(z, w)), where

R= ( o __”9) ,  STrR?® = x® 412 + 200,
—i¢ iy
We have SDet(cK) = SDetK for every number ¢ # 0 and every invertible even superma-
trix K of size (1]1), and the proof shows that
% = % /e‘NSTr(RZ)/2 SDet ( diag(z, w) — R) N dx dy dd,

where SDet(K) ! stands for det(D — CA~!B)/ det A, as in Proposition 3.12, when the FF
block of K is not invertible. The measure (271) e~V STr(R?)/2 4 dy d¢ has total integral
one for every N, since the Gaussian factors of the even and odd entries cancel. In
Section 4, the Hubbard-Stratonovich field becomes one supermatrix per site, and the
fields at different sites are coupled through the inverse of the variance profile |. Second,
the FF entry iy of R runs over the imaginary axis. The FF quartic factor (X" 0*/(2N) has
the sign opposite to the BB factor, and the factor e~V STr(R?)/2 jg integrable in the FF entry
on the imaginary axis but not on the real axis. Third, the BB entry x is real because
only Imz > 0 appears. When E + iy and E — inj appear together, the bosonic part of the
quartic form is not definite, and the BB entries are integrated over the cycle of Section 4.4
instead.

3.6 Change of variables

For even variables, the change of variables formula multiplies the integrand by the
Jacobian determinant. Recall from Lemma 3.6(c) that a linear change of odd variables
multiplies it by the inverse determinant instead. Berezin’s formula combines these rules
for changes of coordinates that mix even and odd variables.

Let U,V C R™ be open, and let yy, ...,y be even and Ci, ..., odd superfunctions
on U™/, For a superfunction f = Y, f;&' on V™", we write f(y, &) = ¥ fi1(y)&", where
f1(y) is defined by Definition 3.3 and ¢! is the product of the ¢, a € I, in increasing
order. When the body map y is a diffeomorphism from U onto V, we regard (y,¢’) as
new coordinates, and we call the even supermatrix of size (m|r)

_ ((Oxy))i, (axiCZ)i,b) i 15
’ ((aéayj)a,j (92,83 )a b (3.15)

the Jacobian supermatrix of the change of coordinates. The rows of J are indexed by the
old coordinates and the columns by the new ones. The following lemma justifies the
word “coordinates”; it is the form of the inverse function theorem for superdomains that
we need, and a local version for supermanifolds is [132, Theorem 4.4.1].
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Lemma 3.14. Suppose that yg is a diffeomorphism from U onto V and that the body of the matrix
(0¢,8},)ap is invertible at every point of U. Then f — f(y,¢') is an isomorphism of algebras from
C®(V™Ir) onto C=(U™I"), which maps even superfunctions to even ones and odd superfunctions
to odd ones.

Proof. We write ®(f) = f(y,¢’). By Lemma 3.4(a), ® is a homomorphism of algebras. It
preserves parity, since the y; are even and the ;, are odd.

Let F;, for s > 0, denote the superfunctions, on U™ or on V", whose monomials
all have degree at least s. Each ¢} lies in F7, with part of degree one }_,(Dg),Ga, where
Dy = (9¢,¢},)o is the body of the FF block of J. The soul of each y; lies in F,. We
therefore have, for |I| =s,

(f16) = (frovo) [T ( L(Deaséa) mod Fius,

bel a

where the product is taken in increasing order of b. Thus ® maps F; into F;, and on the
monomials of degree exactly s, modulo F; 1, it acts as the composition with yg followed
by the linear change of generators with the invertible matrix Dg(x). This induced map
is bijective, with an inverse given by the composition with yél and the inverse matrix,
whose entries are smooth.

If ®(f) =0and f # 0, let s be the smallest degree of a monomial of f. Then the part
of f of degree s is mapped to zero modulo F;1, which contradicts the bijectivity of the
induced map. Hence @ is injective. To prove surjectivity, let f' € C®(U"I"), and suppose
that f' € F;. By the bijectivity of the induced map, there exists f;, a sum of monomials
of degree s with coefficients in C*(V), such that ' — ®(f;) € F;41. Repeating this
with f' — ®(f;) in place of f/, we obtain f = f; + fo11+ -+ - + fr with ®(f) = f, since
Fri1 = {0}. O

By Lemma 3.14, every superfunction on U"!" can be written uniquely as f(y, &)
with f € C®(V™"), and Berezin’s formula compares the Berezin integrals in the two
coordinate systems.

Theorem 3.15. In this setting, suppose that yg is an orientation-preserving diffeomorphism from
U onto V and that the body of the matrix (dg,C})qp is invertible at every point of U. Then, for
every superfunction f on V™" whose coefficients have compact support in 'V,

Fdyde = /u | f(,&) SDet 7 dxdz.

ymlr

This is Berezin’s change of variables formula; see [8] and, with another arrangement
of the matrix of derivatives, [132, Theorem 4.6.1]. With the Berezinian of a change of
coordinates written as in [3, Definition 2.5], it is [3, Theorem 2.7], which is credited
there to Leites [84]. Conventions for the arrangement of J and for the order of the
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odd coordinates differ between references, and the plain transpose of 7, with rows
indexed by the new coordinates, gives a different, incorrect, formula. (The supplementary
script grassmann/berezin_change_check.py checks the formula, in our arrangement,
for a nonlinear change of coordinates on R'?, and shows that the other arrangement
fails.) Linear changes of the odd coordinates and translations of the even coordinates
by nilpotent elements are the special cases proved in Lemma 3.6. For y = x and ¢}, =
Y, Bpala, we have SDet 7 = (det B)~!, and for y = x +u and ¢’ = ¢, we have SDet J = 1.

Boundary terms

For our purposes, boundary terms are the most delicate point of the calculus, and they
determine the choice of coordinates in Section 5. The hypothesis of compact support in
Theorem 3.15 cannot be dropped, even for changes of coordinates that have SDet 7 =1
and map U onto itself. The following example is known as Rudakov’s example (see [3,
Example 2.8]). Let U = (0,00), r = 2, and ¢ € C(R), and consider the coordinates
y = x+&& and & = & on U2, The Jacobian supermatrix has the blocks 1, 0, (&, —&1)7,
and Id, so that SDet 7 = 1. The function f = g, a function of the even coordinate alone,
has [ 1 fdydé’ = 0. However, f(y,¢') = g(x) + ¢'(x)&182, and therefore

oS, SDet T dxdg = [ g'(x) dx = —g(0).
The two sides differ by a term at the boundary point x = 0, unless g(0) = 0. The same
computation on U = R gives zero on each side.

The same phenomenon occurs at the singular point of polar coordinates, and there
it carries information. Let ¢ € C®([0,00)), and consider F = ¢({Z + xx) on C!2. By
Definition 3.3, we have F = ¢(|Z|?) — ¢'(|Z]?) xx, and therefore

[Fazax=—— [ ¢(lcP)dRegdimg =~ [“¢(nde=g(0).  (316)
C 0
However, on (C \ {0})'?> we may use the new even coordinates

/ XX e XX
C=i(1+57)  T=i(1+550)
which satisfy '’ = {{ + xx, and keep the odd coordinates x, x. In the coordinates
(Z',x, %), the function F = ¢({'C’) is a function of the even coordinates alone, with
Berezin integral zero. The odd coordinates are unchanged, so the BF block of the Jacobian
supermatrix vanishes, its FF block is the identity, and SDet J is the determinant of its
BB block. In real coordinates, { — {’ is a radial dilation by the factor 1 + ¢/ (2|¢|?) with
¢ = xx, whose Jacobian determinant 1 — c?/ (4|Z|*) reduces to one, since c> = 0. Therefore
SDet J = 1. The change of coordinates is singular at { = 0, where F does not vanish,
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and the value g(0) in (3.16) is a boundary term concentrated there. A computation of this
kind in polar coordinates on a superdomain of dimension (2|2) is [3, Examples 4.7(ii)].

In the supersymmetric method, one often parametrizes supermatrices by eigenvalues
and angles, and the boundary contributions of such changes of variables are known
in physics as Efetov—-Wegner terms (see [76]). A general formula for them was given
by Rothstein [110], and a coordinate-free form by Alldridge, Hilgert, and Palzer [3].
Zirnbauer [139, Section II.A] explains why they matter for the integrals of the supersym-
metric method, whose integrands are not compactly supported. Berezin’s formula is an
identity for compactly supported integrands, and an integrand that does not vanish at
the boundary of the body domain, or at a singular point of the coordinates, produces
additional terms. In this paper, superintegrals over the symmetric superspace of Section 5
are written in global coordinates that are nonsingular everywhere (Section 5.2). The body
has no boundary, and the integrands have integrable coefficients, so that integration by
parts produces no boundary terms. At rank one, Section 6 also uses coordinates that
are singular at a point, and there the contribution of the singular point is accounted for
separately; the example (3.16) shows that localization can identify it.

3.7 Supersymmetry and localization

Recall from (3.8), with w = z., that

/ezpi{g*(H—Zi)éer*(H—Zi)x] dZdy =1

for every Hermitian matrix H. This is forced by a symmetry that exchanges commuting
and anticommuting variables. We now explain the mechanism, which also normalizes
the sigma model in Section 5. We work on the flat superspace C"1?" of Definition 3.7.

Definition 3.16. We define the odd vector fields

n

Y (%9, + &jox;)

n
0+ =), (X9, — {dg),  a- =
j=1 j=1
on C"?", and we define the supercharge to be q = q4+ + q—. We call a superfunction F
supersymmetric, or q-closed, if F = 0, and q4.-closed if q+F = 0.

We have qf; = xj, a; = Xj, axj = {j, and q¥; = —{; on the coordinates; the field g
acts only on {; and {;, and q— only on 4 jand x;. Squares of odd vector fields are even
vector fields, and computing them on the coordinates, one finds that g3 = ¢> = 0 and

n

0 = q+9- +a-a+ = ) (G, + xjdx, — Zj9z, — Xio%;)-

j=1
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The operator iq? generates the phase rotations, which multiply ¢ and x by ¢! and  and
X by e it fort € R. Every supersymmetric function F is invariant under these rotations,
since q°F = q(qF) = 0. Thus q+ and q_ have square zero, and so has q on invariant
functions. Sign conventions for these fields differ between references; ours is adapted to
the quadratic forms {*A{ + x*Ax of Lemma 3.9.

Lemma 3.17. Let i,j € [n], and set
_ n _ n
L = Cij + XiX;s o=y Tixi o =—Y Xl
=1 =1

on C"?", and let ¢’ be one of the fields q, q., and q_.
(a) We have q'TI;; = 0, and g’ g(IT) = 0 for every entire function g of the n? entries of the
matrix IT = (IT;).
(b) We have qo = q_0 = q4+04+ =T+ X*x.
(c) For every superfunction F on C"2" of class C such that F, its first-order partial derivatives,
and q'F are integrable, we have [ q'Fd{dx = 0.

Proof. Using that q+ are odd derivations, we compute

0+(8iC) = Cixjr a+(Xixj) = (@+X)xj — Xi9+x; = —Cix;js
0-(8iC)) = xiGj, a-(Xixj) = (@-X)xj — Xi9-xj = —XiGj,

so that
q+11L;j = g-I1;; = gIl;; = 0.

The second claim of (a) follows from Lemma 3.4(b). Next, we have

a+(Cix1) =0, a-(Qix1) = xixi + Qi a+(—xi81) = 4 + xixu

and summing over [ gives (b).

To prove (c), note first that the assumed integrability of q'F makes its Berezin integral
well defined. The top coefficient of {;d,,F vanishes, since this superfunction does not
contain )x;; the same holds for {;05F. Up to sign, the top coefficient of x;d;,F is the
derivative in {; of a coefficient of F, whose integral vanishes by Lemma 3.6(b), and the
same holds for XlaglF . Each of the three fields is a combination of these four kinds of
terms. [

Statement (c) says that g, g+, and q_ have zero divergence for the flat Berezin integral,
and statements (a) and (b) say that {*C + x*x is closed and exact for each of them. The
deformation step of the localization argument uses only these three properties, and we
state it for a general odd vector field, which we also denote by ¢, and for a Berezin integral
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with a density, so that Section 5 can apply it on a curved superspace. For such a field, ¢?
is in general a nonzero even vector field, and the lemma assumes only that q(qo) = 0 for
the exponent qo, which would be automatic if g> = 0. For an even superfunction p on
U™ and a superfunction F such that pF is integrable, we write | o= Sy PF dx dg.

Lemma 3.18. Let q be an odd vector field on U™/, let p be an even superfunction, and let F and
o be superfunctions of class C', with o odd. Suppose that qF = 0 and q(qc) = 0. Let T C R be
an open interval, and suppose that the following conditions hold for all t € T

(i) The superfunctions pFe "% and p(qo)Fe™ "9 are integrable, and the coefficients of the second
are bounded, locally uniformly in t, by an integrable function.

(it) We have fp q(cFe~17) = 0.

Then t — fp Fe~199 js constant on T.

Proof. The superfunction qo is even, and Lemma 3.4(b) yields

[ —tqo

ge ' = —te " q(qo) = 0,

where we used the assumption q(qo) = 0 in the last step. Since q is an odd derivation
and ¢ is odd, we have

q(cFe ") = (qo)Fe " — o q(Fe ') = (qo)Fe "7,

where we used qF = 0. By (i), we may differentiate under the integral, and we find

E/Fe_tq” = — /(qa)Fe_tq‘T = — / q(cFe 1) =0,
dt Jp o o

where the second equality follows from the previous display and the third from (ii). [

In words, a factor e~/ with a g-exact and g-closed exponent can be inserted into the
integral of a g-closed function without changing it. As t — oo, this factor concentrates
the integral near the zeros of the body of qo, where it can be computed. Schwarz
and Zaboronsky [113, Theorem 1] prove a general localization theorem of this kind on
compact supermanifolds, and they explain that the dimensional reduction of Parisi and
Sourlas [103] can be obtained from such theorems. The superspaces of this paper are
not compact, and the decay of the integrands replaces compactness. In flat space, the
localization theorem reads as follows. For the field g, it is [7, Theorem 11.4.5], where it is
formulated for differential forms, and the same argument on the hyperbolic superplane
is [28, Appendix C, Lemma 16]. We include the short proof, since it also covers q+ and
Section 5 repeats its steps in a curved setting.
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Proposition 3.19. Let q’ be one of the fields q, q, and q_. Let F be a superfunction on C"*" of
class C' such that F and its first-order partial derivatives are integrable, and suppose that q'F = 0.
Then

/ngdx — £y (0).

Proof. Let o' = o4 if ¢/ = q4, and ¢/ = 0 otherwise, with ¢ and ¢4 as in Lemma 3.17. By
Lemma 3.17(b), we have
n
qc =0+ xx =Y 1,
=1
and Lemma 3.17(a) therefore implies that q'(q'c’) = 0. We first apply Lemma 3.18 with
q' and ¢’ in place of gand ¢, p = 1, and 7 = (0,0). The x;%; are even and (Xij)Z =0,
so that ;
et — e—t\§\2 H(l + thXj)- (3.17)
j=1
Since |¢|Pe~t1¥I" is bounded for p < 3, the coefficients of Fe~77", of (q'c”)Fe 7%, and
of ¢’ Fe_tq/”/, and the first derivatives of the last, are bounded by a constant times sums

of the moduli of the coefficients of F and of their first derivatives, with a constant that is
locally uniform in ¢ > 0. This verifies (i). Moreover, the identity

q/<0_/Fe—tq’(7’) _ (qlo_/)Fe—tq’a’

from the proof of Lemma 3.18 shows that this q'-derivative is integrable as well. Thus
Lemma 3.17(c), applied to o’ Fe =17, verifies (ii). Therefore [ Fe~'4% d{dy is constant in
t > 0.

For K C [n], let Fx) denote the coefficient of [[;cx x;X; in F, so that F) = Fp and

F(jn)) = Frop- By (3.17), the top coefficient of Fe'97" is

(Fe_tq/gl)top _ ot KZH t|K|F([n}\K). (3.18)
Ccin

We now let t | 0. The right side of (3.18) converges pointwise to Fiop, and for ¢t < 1 it is
bounded by )k |Fk)|, which is integrable. By dominated convergence, we have

lim / Fe 97 7 dy = / Fdgdy.

Next, we let t — co. For every integrable function § on C" that is continuous at zero,
we have

lim ¢ [ e Pg(2)dc = 5(0),

t—o0



3 Grassmann variables and Berezin integration §3.7 74

where we used that t"e— e < te~t for |Z] > 1 and that
t”/ e P gz = 1.

We apply this to the terms of (3.18). The term with K = [n] converges to Fy(0), while
each term with |K| < n carries a factor tXI=" in front of a convergent quantity and tends
to zero. Therefore

lim [ Fe~' dz dy = Fp(0).

t—o0

Since the integral is constant in ¢, this completes the proof. O

(Forn =1and F = g({C + xx) with g € C°([0,00)), the function F is supersymmetric
by Lemma 3.4(b) and Lemma 3.17(a), and Proposition 3.19 gives the value g(0) found in
(3.16).)

The proof uses three properties: the divergence identity of Lemma 3.17(c), the ex-
actness of the localizing exponent, and the invariance of the Berezin integral under the
rescaling { +— t=1/27, x — t71/2x, ¥ — t71/2%, whose Berezinian is one. The last
property appears in the proof as the cancellation of /Kl against =" in the term with
K = [n]. The odd vector fields generated by the odd symmetries of the sigma model on
the symmetric superspace of Section 5 have the same properties, and the proof of the
localization lemma Lemma 5.19 follows the same three steps.

In applications, the integrand is often a polynomially bounded function times a
supersymmetric Gaussian. The following consequence of Proposition 3.19 treats this
case; it is the flat-space prototype of the zero-source normalization Corollary 5.20. For
A € C"" with Re A > 0, we let A4 > 0 denote the smallest eigenvalue of Re A.

Corollary 3.20. Let A € C"*" with Re A > 0, and let q' be one of the fields q, q+, and q_. Let
f be a superfunction on C"?" of class C' such that q' f = 0, and suppose that there exist C > 0

and v < A4 such that the coefficients of f and their first-order partial derivatives are bounded by
Cele. Then

[ FereAex Az dy = fo(0)

In particular, [ P(IT)e~¢A¢—X"Axdgdyx = P(0) for every polynomial P in the entries of T,
and [e=¢ A AXdrdy = 1.

Proof. Observe that

n
AT+ X Ax =) Al
ii=1

so e~ ¢ AC=X"AX is an entire function of IT, which is ¢’-closed by Lemma 3.17(a). Since
q'f = 0, the product F = fe~& A4=X"AX gatisfies q'F = 0. The coefficients of e=* 4X are

constants, and
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The coefficients of F and their first derivatives are therefore bounded by a constant
times (14 [g])e~(*a=7I *, which is integrable. Then Proposition 3.19 implies the first
claim, since F»(0) = f»(0). By Lemma 3.17(a), the polynomial P(IT) is closed for
each of the three fields. The coefficients of P(II) are polynomials in { and {, and
P(IT)(0) = P(0). O

For f =1, the corollary also follows from Proposition 3.8(d). For f = IIj;, it says
that the two insertions of Proposition 3.8(d) have opposite contributions, since {;; = {;{;
and Xjxi = —xiX;- By Lemma 3.6(c), a linear change of the odd coordinates multiplies
the Berezin integral by a constant, so the corollary also identifies normalized Gaussian
integrals in other coordinates. For instance, in the real coordinates {; = x; + iy; and the
odd coordinates a; = ¥; and B; = x;/2, we have

n

CCHxx=Y, (F+yi+20B),  ar =Y (Bj(dy —idy,) — (x; — iy})dn;)-
=

j=1

With A = %Id, or with a diagonal A with Re A > 0, the corollary then says that the
normalized Gaussian integral of a polynomially bounded q.-closed function is the value
of its body at the origin. This is the form in which localization is used for the normal
oscillator in Section 16.



SECTION 4

The supersymmetric representation of
the band matrix

In this section, we write the source ratios Tz(f ) of (1.4) as the integral of a one-dimensional
chain. The chain has one supermatrix-valued variable at each site of [N], a weight
attached to each site, and a Gaussian link between neighboring sites. By Proposition 4.11,
the chain integral is a bilinear pairing in which a power of an explicit transfer operator
Tr appears. In Part IV, we start from this representation and from the identity for partial
chains in Proposition 4.13, and we prove that the chain converges to the sigma model
of Section 5. In Part III, we use Lemma 4.14, which relates resolvent entries of H to
derivatives of source ratios and to insertions in the chain.

The derivation is the supersymmetric method, which Section 3.5 carries out for the
GUE, applied to the band matrix of Definition 1.1. The supersymmetric approach to
band matrices goes back to Fyodorov and Mirlin [53], who used it to derive, at the level
of physics, the one-dimensional sigma model. Our derivation has three steps. We write
each determinant in Tl(f ) as a Gaussian integral, bosonic for the inverse determinants
and fermionic for the others, we average over H, and we decouple the resulting quartic
interaction by a Hubbard-Stratonovich transformation, with one supermatrix for each
site. For the density of states, which involves only the upper half plane, these steps are
carried out for the same variance profile in [29, Proposition 2.1]. For block band matrices,
M. Shcherbina and T. Shcherbina derived an integral representation of the two-point
function, which involves both half planes, with the noncompact hyperbolic sector and
the anticommuting variables [117, Proposition 2.1] (see also [119]).

Two points need care. The first is the choice of the variance profile, which makes
the decoupled integrand a chain with nearest-neighbor coupling (see Section 4.3). The

second is that T](\;( ) contains resolvents in the upper and the lower half plane. In this
case, the commuting variables of the Hubbard-Stratonovich transformation cannot be
integrated over Hermitian matrices. In [117], the commuting variables of each block are
instead integrated out by a bosonization formula ([117, Proposition 7.1], taken there from
[51]). Such a formula replaces an integral over several commuting vectors, of a function
of the matrix of their inner products, by an integral over this matrix. It applies there
because each block carries as many vector variables as its size, which is at least two. In
our model, each site carries a single vector variable, and we integrate the commuting

76
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variables of the Hubbard-Stratonovich transformation over a cycle introduced by Schéfer
and Wegner [111]. We prove the identity that justifies this in Appendix B. After the exact
representation, Section 4.6 describes in elementary terms the saddle manifold, near which
Part IV analyzes the chain. It is a union of 2k 4 1 conjugation orbits, each consisting of
critical points of the onsite weight. In Section 5, we describe its balanced component as a
homogeneous superspace.

We use the Grassmann algebras, supermatrices, the supertrace STr, the superdetermi-
nant SDet, and the Berezin integral of Section 3. Throughout this section, the integers
k> 1and N > 2, the parameters ¢ > 0 and W > 0, and the energy E € (—2,2) are fixed.
Recall sg, p(E), and ay from (1.3), and recall that kg = E/2, so that K% + s% = 1. We
let || A|| denote the Hilbert-Schmidt norm of a complex square matrix A and || A||op its
operator norm, and we set ReA = (A+ A*)/2and ImA = (A — A*)/(2i). We write
A > 0if A is Hermitian and positive definite.

4.1 Source ratios as superdeterminants

We first collect the spectral parameters of TI(\;( )in one diagonal supermatrix. The superma-

trices of this section have size (2k|2k). We index the rows of the BB block, and those of the
FF block, by 2k flavors, and we call the flavors 1,. ..,k retarded and the flavors k +1,...,2k
advanced. We let diag(A | D) denote the supermatrix with BB block A, FF block D, and
vanishing odd blocks.

Definition 4.1. We set Agp = Ar = diag(Idy, —Idy) and A = diag(Ap | Ag). We set
1o = ay' and i = eng. For 'y € C**2 we call

I' = diag(eAp | T'r)

a source supermatrix. For u € RF and b € (0,00)F, we let T'(u,b) denote the source
supermatrix with

FF = d1ag(b1 — iul,. . .,bk — iuk, _bl — iul,. cey _bk — iuk),
and we set Tp =T'(0,¢e1) = eA.

The diagonal entries of E 4 inoI'(u,b) are the spectral parameters of the determinants
in TI(\?). Recall from Section 1.2 that z, = E + (u, +ib,) /ay for a € [k] and zg = E +ie/ay.
Then

E + ii/]or(u, b) = diag (Z()Idk, Zoldy ‘ 212k 21, - - /Zk)- 4.1)

We will also perturb the spectral parameter at single sites, which produces eigenvector
observables (see Lemma 4.14). We call a family Y = (Y;);c[n] of supermatrices Y; =
diag(YP | YJ) with complex 2k x 2k blocks a family of local sources, and we set ||Y?||op =
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max; || YP||op. Given a family (Ai)icn) of (2k|2k) supermatrices, we let A — H denote the
supermatrix of size (2kN|2kN) with blocks

(A - H)l] = 51]Az — HZ]Id, l,] € [N],

where Id is the identity supermatrix of size (2k|2k). We write A — H as well when A; = A
for all i.

Definition 4.2. For a source supermatrix I' and local sources Y with [|YP|op < 7, we

define

T (T;Y) = ESDet (E+inl +Y —H) ', (4.2)

and we set TI(\;C)(F) = ](\;c)(F;O).

We call the sites i; < --- < iy of Definition 7.5 the marked sites. When Y; = 0
outside the marked sites, T](f ) (T'(u,b);Y) is the function defined there, through which
Part IIT uses local sources. Since the supermatrix in (4.2) has vanishing odd blocks, its
superdeterminant is the ratio of the determinants of its BB and FF blocks.

Lemma 4.3. Let T be a source supermatrix and Y local sources with ||Y®||op < 1. Then the

BB block of E +inol’ + Y — H is invertible for every Hermitian H, and TI(\;{) (T;Y) is finite and
holomorphic in Ty and in the entries of Y. Moreover, for all u € R and b € (0,00)F,

TOTwp) =T W), THT)=1 SEIZ=0 (4.3)
Proof. Let Dg denote the BB block of E + iyl + Y — H, which has the blocks
(Dg)ij = 6 (E+inAp+YP) — Hyldy,  i,j € [N].
Since the matrices EAg and H ® Ag are Hermitian, we have

Im ((Idy ® Ag)Dg) = yld + diag;. |y (Im(ApYP)) > (17 — [ YP[|op)Id > 0.

Recall that a matrix A with Im A > 0 is invertible and satisfies | det A| > detIm A. In-
deed, the matrix K = (Im A)"1/2(Re A)(Im A)~'/2 is Hermitian, and A = (Im A)'/?(K +
ild)(Im A)'/2. Taking determinants, we find

|det A| = det(Im A) [ [ |1 + i > detIm A,
H

where y runs over the eigenvalues of K, which are real. Together with the previous
display, this inequality implies that

|detDB|_1 <(n- ||YB||0p)_2kN
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for every Hermitian H. The determinant of the FF block is a polynomial in the entries
of H, T'g, and YF, and the entries of H have Gaussian tails. Dominated convergence now
shows that the expectation is finite and holomorphic.

We now prove (4.3). The two blocks of E + il (1, b) — H are block diagonal over the
flavors by (4.1), so that

det(z, — H)det(z, — H) N & (x0 — ug)? + b2
Det (E r = .
SDet (E -+l (u,b) — ITdetzo— H)det(zo — H) Hg x2 + €2
In the second step, we used that for x = an(A — E),
2 42 2, 2
=) -0 = EIER -y — ) = 25
aN aN

Taking expectations yields the first identity. For I'j = €A, the BB and FF blocks coincide,
which implies that TI(\;C ) (T'p) =1, and we have

STrT3 = e?(Trldy — Tridy) = 0. ]

By Theorem 1.6, the limits of the source ratios T](\f ) (u,b) determine the limit of the
point process Zy, and the local sources give access to eigenvector observables. The rest
of the section rewrites TI(\;C ) (;Y).

4.2 Gaussian representation and the average over H

We now write the superdeterminant in (4.2) as a Gaussian integral, as in Lemma 3.9, and
compute the average over H. For each site i € [N], we take 2k complex coordinates {; =
(Ci1,---,Ciok) and 4k odd coordinates x;,, Xiqa @ € [2k], and we let ¢; = (;, xi) denote
the supervector at the site i. As in Definition 3.7, the integral over all these coordinates is
denoted [ -dy. For a (2k|2k) supermatrix M, we set ¥F My; = (T;, xi)*M(j, x;), in the
notation preceding Proposition 3.12, and we let 1/;1-1,0]* denote the even supermatrix with
entries (;)a(¢})p- One checks on the four blocks that

STe(yiypf M) = My (44)
for every even supermatrix M; in the FF block, we used —xi.Xjp = X;jpXia-
Lemma 4.4. Let T be a source supermatrix and Y local sources with ||YP||op < 1. Then
Tk >(r Y) /exp( le% (E+inol + Yi)y Z Jij STr (ip] A yjpy )) dy, (4.5)
1] 1

where the integrand is integrable.
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Proof. Fix a Hermitian matrix H, and set
M = —i(ldy ® A)(E +inl +Y — H),
which has vanishing odd blocks. The proof of Lemma 4.3 shows that
Re MPP = Im ((Idy ® Ag)(E +inol + Y — H)PB) > (17 — || YP|op)1d.

Note that SDet(—ildy ® A) = 1, since its BB and FF blocks coincide. By Proposition 3.12,
we have

SDet (E +inol +Y — H) ' = /exp (iZgb;‘A(E +inl + ;)i — 1Y Hj; lp;ﬁAq;j) dy.
i i,j
The body of this integrand has modulus

exp (~ L Im (Aslins + ¥P)G) < =0 lwliF,
i

which is independent of H, and the other coefficients are this function times polynomials
in , {, and the entries of H. Using Fubini’s theorem, we may take the expectation inside
the integral.

We now compute the expectation. Let ¢ = (c;;) be a complex matrix. The variable
Ei,j Hjjcjj is a complex linear combination of centered jointly Gaussian variables. By (1.1),
we have

2 . 1
E ( ZHijCij> =Y Jijciicii, E exp < - IZHijCij> = exp < 5 Z]ijcijcji>'
i i i i

Each side of the second identity is entire in c. Using Lemma 3.4(c), we conclude that the
identity holds for the even elements ¢;; = ¢/ Ay;. Finally, since ¢ Ay; is even, we have

STr (i} Agjpf A) = (W7 Agy) STr (witpi A) = (9 Apy) (97 Ai),
where we used (4.4) in the last step. O

The quadratic term in (4.5) contains the spectral parameters and is a sum of terms
attached to single sites. The quartic term comes from the randomness of H. It couples
every pair of sites with the weight J;;, and by (1.2) the weight is of order W~ for pairs at
distance up to order W. The rest of the derivation removes this coupling.

4.3 Decoupling and the nearest-neighbor chain

The Hubbard-Stratonovich transformation decouples a quadratic form in the exponent by
a Gaussian integral. In one variable, it is the identity e /2 = (27r)~1/2 Ir /2 gy
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Given a positive definite matrix | and a vector 4, one uses instead a centered Gaussian
vector ¢ with covariance J,

e <1’,]_11’> /2

e~ (@]a)/2 _ gp-ilag) where ¢ has the density 20N (det 172"
e

We apply this with the supermatrix ;1A in place of 4;, and with one supermatrix-
valued variable R; for each site in place of g;. Each R; is a (2k|2k) supermatrix, integrated
over a cycle. We use this word as in contour integration. A cycle is a set of (2k|2k)
supermatrices whose odd entries are independent odd coordinates and whose pairs of
BB and FF blocks range over a real submanifold of C2¥*2k x C%*2k of real dimension 8k?,
which is the complex dimension of this space. The integrands below are holomorphic
in the BB and FF entries, and in Section 4.4 we move the cycle in complex space, as one
moves a contour of integration in one complex variable. We begin with the flat cycle.

Definition 4.5. We let S, denote the set of (2k|2k) supermatrices whose BB block is
Hermitian, whose FF block is iM with M Hermitian, and whose 8k? odd entries are
independent odd coordinates. We identify S, with the superdomain IRBK*I8k* through the
real coordinates of the BB block and of M, orthonormal for the Hilbert-Schmidt inner
product, and the odd entries, ordered so that RﬂBf is immediately followed by REE for all
a,b € [2k]. We let dR denote the Berezin integral of Definition 3.5 on this superdomain,
multiplied by the constant ¢, € C \ {0} for which

/S e STHR)/24R = 1. (4.6)

4

On SbN , we use the product of N copies of dR, with independent odd coordinates.
Note that on S,
STrR?* = ||[RPP||? + || M||? 4 2 Tr (RPFR'™),

where we used Tr(RFPRPY) = — Tr(RBFRFP), since the entries of the odd blocks anticom-
mute. We now compute c;. The even coordinates contribute the Gaussian integral (27‘()4"2
over R®’, The products RBFRFB are even and commute, and each pair of their factors is
consecutive in our order of the odd entries. Applying Lemma 3.6(f) pair by pair, we find

2k
. BF oFB 2
/e TRERD de = T /(1—R§§R£§) dREFAR}P = (—1)* =1,
a,b=1

where ¢ denotes the 8k? odd entries of R in this order. Therefore ¢, = (27T)_4k2. In

another order of the odd entries, this Berezin integral may be —1; for instance, reading
the two odd blocks row by row gives (—1)k.
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The flat cycle has the three features of the GUE computation listed after the proof
of Proposition 3.13: the Gaussian measure in (4.7) below has total integral one; the FF
block is rotated by i, since STr carries a minus sign on the FF block; and the BB block is
Hermitian, which suffices only when one half plane appears (see Section 4.4). We prove
in Lemma B.2 that for every positive definite real symmetric N x N matrix M and all
even supermatrices By, ..., By with entries in auxiliary generators,

1 _ 1 :
exp ( —5 Z(M 1)1']' STr(BiBj)> = /SbN exp < ~5 iZj:Mi]' STr(R;R;) — llZSTr(RiBi)> dR.

(4.7)
The right side carries the constant one for all M, and this is the basic supersymmetric
cancellation. We spell it out for B = 0, to which the general case reduces by completing
the square. Let x; € R& denote the even coordinates of R;. Since M is symmetric, we
find as in the computation of STr R? above that

1 1 kN bE FB
2. E i STr(RiR)) = 5 ) Miy(xi, xj) + 3 ) (RP)ap Mij (R;® )y
) =1 ab=1ij=1

For the first term, the Gaussian integral over the even coordinates is

2 —
/ngzw xp ( ) 21 M xl,x]>> dx = (2m)* N det(M ® Idg2) Y/
23

= (2m)%°N det(M) 4.

For each pair (a,b), the second term is a fermionic Gaussian in the 2N odd entries
(RPF),p and (RFP),,, and since the odd entries of each R; come in consecutive pairs,
the Berezin integral factors over (a4,b) without signs. By Proposition 3.8(b), applied
with x; = (R¥),, xi = (RIB),,, and the matrix —M, each pair contributes the factor
det(—M) = (—1)N det M. Over the 4k? pairs, we obtain

/SN o2 By MiSTIK) gR — & (27T)4k2N de’f(M)%kZ((_l)Ndet M)4k2 =1

The even coordinates contribute det(M)_‘J‘k2 and the odd coordinates det(M)4k2, and the
two factors cancel because S, has as many even as odd dimensions, 8k?2 of each.

To decouple (4.5), we take M = [~ ! and B; = Y;¢; A. This is where the choice of the
variance profile matters. Recall that J~! = Id — W2A, and note that

N N-1

Y (-A)f)fG) = ¥ (fli+1) - £(i)

ij=1 i=1
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Using this identity in each entry and STr(AB) = STr(BA) for even supermatrices, we
obtain

N N N-1
Y (J71ySTr(RiR;) = Y_STrRZ + W? Y STr(Riq — R;)*. (4.8)
ij=1 i=1 i=1

Thus the precision of the Hubbard-Stratonovich field is a nearest-neighbor operator,
although ] itself couples all pairs of sites. This is the reason for the choice of | in
Definition 1.1. The same profile is used in [29], where it is observed that the dual
supersymmetric model has nearest-neighbor coupling, and in three dimensions in [27].
We now insert (4.7) into (4.5) and, for the moment formally, integrate out . By (4.4),
we have STr(R; ;1] A) = 1 AR;1p;. The exponent becomes i)_; ¥ A(E +inol’ +Y; — R;);,
and the y-integral factors over the sites. Applying Proposition 3.12 at each site, with
Y = 0, we would obtain
) e 2 N1
() 2 /8N exp (— ) |5 STr R? + STrlog (E + ol — Ry)|
b i=1
w2 N-1

— = ¥ STr(Rip - Ri)2> dR, (4.9)
i=1
where we wrote SDet(A)~! = ¢~ 5T1084  which follows from Lemma 3.11(d) when
the logarithm is defined. The source appears only in the onsite terms. We translate
R; = S; +inol’, which leaves the links unchanged, and we expand

1 1 1
5 STe(Si + inl)? = 5 STr S? + 5o STr(S,T) — 5175 STrT2.

The right side of (4.9) then becomes

N N-1
eN;y%STr(FZ)/2/He— STr(S?)/2—ino STr(S;T) SDet(E — Si)_l H o~ W2STr(Si11-51)%/2 4. (4.10)
i=1 i=1

The integrand in (4.10) is a product of N factors attached to single sites and N — 1
Gaussian links with variance of order W=2in S;; — S;, so that the integral is a matrix
element of the (N — 1)st power of an integral operator in one supermatrix variable, which
we define in Section 4.5 (see Figure 4.1). Recall from the discussion after (2.2) that the
resemblance of such an integral to a Feynman-Kac formula is only formal, since the
weights are complex and contain odd variables.

For other variance profiles, the first two steps are unchanged, since Lemma 4.4 uses
only the variances (1.1). However, the decoupling by one supermatrix per site needs
a Gaussian field with covariance J, and the precision |1 of this field appears in the
action. For the sharp profile J;; = (2W + 1) '1;_; <y, such a field does not exist once N
is large compared with W, since | is then not positive semidefinite. Indeed, its symbol,
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wr wr wr wr wr wr wr wr
@ g O O emmnmrnnnnnnnnaeennnanns [ g o)
51 kTphys S» Sm Sm+1 Sm+2 SN-m SN—m+1 SN
/¢ N—2m
m Tr fm

Figure 4.1. The open chain of Proposition 4.11. Each site carries the weight wr of (4.15), and each
pair of neighboring sites the link kernel k, = of Definition 4.9. In the pairing (4.19), the partial
chain f,, collects the last m sites, the power T%\] 2" the middle N — 2m sites, and /,, the first m
sites together with the link from S, to S,,41.

the normalized Dirichlet kernel, takes negative values, and for W = 8 and N = 200 the
smallest eigenvalue of | is about —0.22. A positive definite profile whose inverse is not
sparse leads to a decoupled integrand that contains STr(R;R;) for all pairs of sites and
does not factor into nearest-neighbor terms. We do not know how to write the chain for
such profiles with an integral operator in one supermatrix variable, and our proof uses
the nearest-neighbor structure (4.8) in an essential way.

4.4 The noncompact sector and the Schifer-Wegner cycle

The right side of (4.9) is not defined as written. We now explain why, and how the
derivation is repaired. The identity (4.7) holds for each fixed ¢. To integrate out ¥
afterward, we must exchange the y-integral with the integral over R, and for this the
integrand must be integrable on the product. The odd variables appear polynomially,
and the FF blocks through convergent Gaussians. The difficulty is in the BB blocks. For
R; € §,, the commuting part of the exponent at the site i has the real part

Re [if{ Ap(E +inAp — RP°)Z;] = —n|gi|* + ¢ Im (AR®) ;.

Since R?B is Hermitian, Im(ABRPB) is a Hermitian matrix with trace zero, whose eigen-
values are of the order of the off-diagonal blocks of RPE. The {;-integral therefore diverges
whenever these blocks are large compared with 7. Equivalently, the inverse superde-
terminant in (4.9) has poles on S,. For instance, for k = 1 and the Hermitian matrix
RPB = (E 1), we have

det (E +inAp — R®®) = 4% — |r|?,

which vanishes for |r| = 7.

The source of the difficulty is that the quadratic form {*Ag( is indefinite, of signature
(k, k), so that the symmetry group of the commuting variables is the noncompact group
U(k, k). This hyperbolic symmetry was first observed by Wegner [134] (see also [60,
p- 2]), and the cure is due to Schifer and Wegner [111]. One deforms the BB blocks
of the Hubbard-Stratonovich variables into the complex domain, in such a way that
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Im(Ag(E +inAp — RPP)) becomes positive definite. We use the following form of their
cycle. We let Herm(2k) denote the space of Hermitian 2k x 2k matrices, and we let
Hermgy(2k) and Herm, (2k) denote its subspaces of block-diagonal and block off-diagonal
matrices, for the decomposition into k x k blocks given by the retarded and advanced
flavors.

From here on, in this section, in Sections 15 and 19, and in Appendix B, the letter X
denotes a matrix in Herm,(2k), which will be a coordinate of the cycle. The parameter X
of Definition 1.2 appears there only as Xy (E).

For X € Herm,(2k), we set

)1/2 1/2

fo(X) = (s21d + X? gx = (sg (fo(X) + X))

Definition 4.6. We let the Schifer—-Wegner cycle S be the set of (2k|2k) supermatrices S
with

(4.11)

SPP = P —iAg(fo(X) + X), SFF = pId + iM, (4.12)

where P € Hermy(2k), X € Herm,(2k), and M € Herm(2k), and whose odd entries
are independent odd coordinates. We call (P, X, M) the coordinates of S € S. For
R € S, with BB block P —iAgX and FF block iM, we let S(R) denote the point of S with
coordinates (P, X, M) and the same odd entries as R. For a superfunction F of S whose
coefficients are defined on S, we call F integrable on S if R — F(S(R)) is integrable in the
sense of Definition 3.5, and we define

/SF(S)dS:/SbF(S(R))dR.

We let SN denote the product of N copies of S, with independent odd coordinates, and
the product integral.

The map X — —iAgX is a linear isometry of Herm,(2k) onto itself. Every Hermitian
matrix therefore has the form P —iAgX for unique P and X, and the flat cycle has BB
block P —iAgX. The cycle § is thus a graph over S,: its BB block differs from that of S,
by the block-diagonal matrix —iApfo(X), and its FF block by the constant xgId. Figure 4.2
shows this graph for k = 1.

The definition of f s F dS contains no Jacobian factor, because it is a contour integral
of a holomorphic integrand. To see this, we write the BB block of a complex supermatrix
as P¢ — iAgX®, with P¢ complex block diagonal and X¢ complex block off-diagonal,
and its FF block as iM®. We use the entries of P¢, X©, and M® in the complexifications
of orthonormal bases of the corresponding real spaces as complex coordinates z € C8,
These coordinates are real exactly on &, where they are the coordinates of Definition 4.5.
The form dR then extends to the holomorphic Berezin form cydzy A --- A dzge dg, the
product of a holomorphic volume form in the even entries and the Berezin integral in
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the odd entries. As for a contour integral | o f (z)dz = [ f(())7/(t) dt, integrating this
form over a cycle parametrized by x — z(x) means integrating F(z(x)) detz’(x) against
cx dx d&, where z/(x) denotes the complex 8k? x 8k? matrix of partial derivatives of z in
x. By Lemma B.1, the result does not change when the cycle is deformed, provided the
integrand decays. The cycle § is parametrized by

(P, X, M) — (PS, X, M) = (P —iAgfo(X), X, M — ixgld),

whose Jacobian matrix is triangular with unit diagonal. Hence detz’ =1, and [ FdS is
the integral of the holomorphic Berezin form over S.

=
<
ok __Sby o 1
-1 ‘ R 0
0 1 \ ) o
Im X
ReXu 12

Figure 4.2. The Schidfer-Wegner cycle for k = 1, drawn for E = 0 and P = 0, so that sp = 1
and P = EId = xgId. Here X has the single entry Xj, = X»;. The plane of Xj; at height zero
carries S,, and S is the graph of fo(X)11 = —Im SPP over it, the upper sheet of the hyperboloid
fo(X)3; — | X12|* = s%. The two dotted segments join points R of S, to the points S(R) above them,
one at X = 0, where S(R) is the vertex at height sg, and one at the labeled point R. The dashed
circle | X1z| = 5, drawn with 5 = 0.3, carries the poles on S, of the example in Section 4.4, with
|r| = |X12|, and S stays away from it. The points of S shown have the BB blocks kg — isgQx of
Lemma 4.7(d), the BB blocks of critical points of the weight of the chain, and the vertex gives
KE — is EAB-

Since P ranges over all of Hermy(2k), the cycle S is also the set of supermatrices with
BB block xgId + P — iAg(fo(X) + X), which is the form used in Part IV. We will need the
following properties of S.

Lemma 4.7. Let X € Herm, (2k) and S € S with coordinates (P, X, M).
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(a) The matrix fo(X) is block diagonal and commutes with X, the matrix g& = sz ' (fo(X) + X)
is positive definite with detgx = 1 and gxApgx = Ap, and Tr fo(X) > || X||.
(b) We have Im (Ag(E — S®B)) = sgg%. In particular E — SPB is invertible, with
|det(E—SPP)| "t < s, (E—SPB) lop < sp2(sE+2/|X]lop)-

(c) The body of STr S? has real part ||P||> — 2ks% + || M||* — 2kx2, and for 6 € [0,1],

1 1
Re [ — o Tr (%8 + iy Ap)’] = 3 IPIP — 09 Te fo(X) + k(53 +6%%).  (413)

(d) For Qx = gy Apgx, we have Q% = Id and —iAg(fo(X) + X) = —isgQx. In particular,
the point of S with P = xgld has BB block xgld — ispQx.

Proof. We begin with (a). The matrices X? and fy(X) are block diagonal, since X is block
off-diagonal. The identity AgXAp = —X shows that the eigenvalues of X come in pairs
+x, and fo(X) + X has the eigenvalues (5% + x2)/2 4+ x > 0. Using

(52 +x2)2 4 x) ((s3 +xH)V? —x) = §2,
we find that det g§< = 1. Moreover
AsgxAs =sg' (fo(X) — X) = gx°

and taking positive square roots, we obtain ApgxAp = g;(l, which is equivalent to
gXABgX = AB' Finally,

T fo(x) = ik + )2 = (02) " = |xi).

For (b), we write
Ag(E — SPP) = A(E — P) +i(fo(X) + X) = Ap(E — P) + isggk-

Since P commutes with Ap, the matrix Ag(E — P) is Hermitian, and the formula for
the imaginary part follows. The bound on the determinant follows from the inequality
|det A| > detIm A of the proof of Lemma 4.3 and det(sgg%) = s%.

To bound the inverse, let A be a matrix with Im A > 0. For all unit vectors v, we have

|Av|| > [0*Av| > v*(Im A)v,

which implies that
||A71HOp < ||(ImA)71H0p-
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We apply this with A = Ag(E — SPP), and we obtain
H(E - SBB)_luop < 5131||g)_<2||0p = SEZHfO(X) - X||0p < Sng(SE +2||X||0p)/

where we used gy? = sz (fo(X) — X) and || fo(X)]lop < £ + [|X]|op-
For (c), we set Z = fyo(X) + X — 61, which is Hermitian, so that

SBB +igyAg = P —iAgZ.

The trace Tr(PAgZ) = Tr((AgP)Z) is real, since P and Ag commute. The cross terms
between the block-diagonal and the block off-diagonal components of Z have trace zero,
and

ABZAB = fo(X) — 917 — X.

Using || fo(X)|? = 2ks2 + || X||2, we find

. 2
ReTr (P —iApZ)” = [|P||* +[|X[* — [ fo(X) — 67]]?
= ||P||> — 2ks% + 207 Tr fo(X) — 2k6%4>.

This is (4.13), and the case § = 0 gives the BB part of the first claim. The FF block
contributes
—ReTr(kg +iM)? = | M|*> — 2kxZ,

and the odd entries contribute only nilpotent terms.
For (d), note that part (a) implies Apgx = g;(lAB, and therefore

Ap(fo(X) + X) = spApgk = segy Apgx. [

The cycle is designed for Lemma 4.7(b). For R; € S + ingl’, the BB block of A(E +
inoI' — R;) has imaginary part SEg%(,- > 0. This makes the ;-integral converge and
shows that the inverse superdeterminant in (4.10) is a smooth function on S. Next,
Lemma 4.7(d) shows that the BB blocks of S include the matrices kg — isggAp g_l with
g > 0 and gApg = Ap, and the FF blocks of § include the matrices kg — isgQp with Qf
Hermitian and Q% = Id. These are the blocks of the critical points of the weight of the
chain near which the chain concentrates, which we describe in Section 4.6. This is the
reason for the choice s = sg in fy.

The integrability on the deformed cycle is delicate, and (4.13) shows why. Consider
tirst the cycle S itself, which is the case § = 0. There the modulus of the BB part of
the Gaussian factor e~ ST(R*)/2 s constant in X, so that this factor does not decay in the
noncompact directions. The decay comes from the translation by i#I’, which is the case
6 = 1 and produces the factor e 1Tt fo(X) | In the variables Si = R; —inol, this factor
is the BB part of |e 05T (ST)|, the damping factor of the weight that each site of the
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chain carries (Definition 4.9). For this reason, we deform the flat cycle directly onto the
translated cycle S + ingl, through the cycles Sr, t € [0, 1], with BB blocks

P—iAg((1—t)(fo(X)—n)+X), P eHermy(2k), X € Herm,(2k),

FF blocks iM + (1 — t)(xgld + inpT'r) with M € Herm(2k), and independent odd entries.
Thus St = S, and St = S +inpl’. The integral over St is defined as in Definition 4.6,
and S%\,]t denotes the product cycle. We will need the following identity.

Proposition 4.8. Let T be a source supermatrix, and fix {1, . ..,{n € C?*. Let Fy(R) denote the
integrand on the right side of (4.7) with M = [~! and B; = Pipr A

(a) For every polynomial p in the entries of Ry, ..., R, the superfunction pFy is integrable on
SII"\,]t for all t € [0,1], and its integral does not depend on t. In particular,

FydR = FydR.
/Sf\’ Pre (S+ineT)N Pry

(b) Fort € [0,1] and R; € Sr; with BB coordinates (P;, X;), the body of the BB part of the
exponent of Fy satisfies

(JY)ij
2

Re[—z

Tr (RFPRP®) — i) ¢7 ABRPPG;|
i i

N
< ;<_%HPZ'”2—ZTrfo(Xi)+Ck,ﬂ(1+ |€i’4)>, (4.14)

where Cy,, depends only on k and 1.

We prove Proposition 4.8 in Appendix B, and we now explain the two computations
on which it rests. First, at each site, the real part in (4.14) is

ez = 22D - T ()
F = 1K+ P) — (- D (fo(X) — ) + X2

Here the Gaussian term —3#(2 — t) X||?> and the damping term —(1 — £)27 Tr fo(X) to-
gether give decay along X for all t. The source term is bounded by t{* fo(X)Z + 7|Z|?,
since fo(X) 4+ X > 0. Second, the link terms do not grow along the deformation. The
translation by 77 cancels in R; ;1 — R;, and the identity

1X = X' = 1 fo(X) = fo(X) > = sE Tr (ks + 8x 8% — 21d) > 0

shows that f is a contraction for the Hilbert-Schmidt norm. It follows that the real part of
the link terms is bounded by —3W?||P;;1 — P||? on every Sr. The supplementary script
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rep_cycle_check.py checks the identities of Lemma 4.7 and the last identity at random
points, and rep_homotopy_check.py checks the per-site identity above, the bound (4.14)
for each site, and the bounds of Lemma B.3.

We now compare Proposition 4.8 with earlier results. Schéafer and Wegner [111] intro-
duced the parametrization P —iATsT~! of the bosonic Hubbard-Stratonovich variable,
with T in the noncompact group, which makes the integral converge while keeping the
integrand bounded (see the description in [60, p. 2]). The BB part of S has this form
with A = sg, by Lemma 4.7(d). A rigorous version of their prescription was given by
Zirnbauer [139]. Following [139, Section III.B], we say that an ensemble of Hermitian
matrices is of class C if its matrices have the form H = (b”* —lZzT) with a Hermitian and
b symmetric, so that iH lies in the Lie algebra of the compact symplectic group. For
the Gaussian ensemble of class C, he shows in [139, Lemma 3.2 and Theorem 3.3] that
the image of the Schdfer-Wegner parametrization is a manifold without boundary on
which the Gaussian factor and the coupling to the vector variables are bounded, and he
expresses the ensemble average of a generating function as a superintegral over a single
supermatrix. The class of the GUE, with the noncompact group U(n4,ng), is treated in
the same way in [139, Section IV.G]. The corresponding identity for a different domain,
due to Pruisken and Schéfer, was established by Fyodorov for U(p, q) [52] (see [60, p. 4]),
by Fyodorov, Wei, and Zirnbauer for O(p, q) [60, Theorem 1], where the integral becomes
a sum of integrals over subdomains with alternating signs, and by Miiller-Hill and Zirn-
bauer for general noncompact groups [96, Theorem 2.1]. In [96, Appendix B], they also
sketch an explicit deformation of the Schifer—-Wegner domain into the flat domain, for a
single matrix variable and without odd variables, along a homotopy of a different form.

All these results concern a single matrix variable. In [139], the convergence in the
noncompact directions comes from the coupling to the vector variables, and [60, 96]
assume that the source A satisfies As > 0, in the notation of [60]. (In the chains of
[117], the commuting variables are bosonized instead, as explained at the beginning of
this section.) In contrast, Proposition 4.8 concerns N matrix variables coupled by the
nearest-neighbor precision (4.8), with a source ;{7 Ap at each site whose product with
Ap has rank one. The source alone then produces decay in only some of the noncompact
directions, and the decay must come from the damping 7 instead. What is new in
Appendix B is the control of the link terms, through the contraction property of fy, and
an explicit deformation onto the translated cycle with a majorant that is uniform along
the deformation. The argument is elementary, and we give it in full.

4.5 The open chain

We now define the objects of the chain and state the exact representation. Recall the
cycle S of Definition 4.6. The superfunctions on S below are even, with values in the
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Grassmann algebra generated by the odd entries of their arguments, and integrals over
S are taken in the sense of Definition 4.6.

Definition 4.9. Let I" be a source supermatrix.

(a) For S € S and a (2k|2k) supermatrix Y = diag(Y® | YY), we define the onsite weight
and the marked onsite weight

wr(S) = e~ STr(S?)/2—ino STr(ST) SDet(E — S)—l

o (4.15)
wF,Y(S) — e STr(5%)/2—iny STr(ST) SDet(E — S+ Y)—l

the second for Y in a neighborhood of zero that may depend on S. We let wy denote
wr with T = 0, so that wr = wpe 0 STx(ST),

(b) For t > 0and S, S’ € S, we define the heat kernel k;(S,S') = e~ ST(S=5)*/(4) and we
let K; denote the operator

(Kef)(S /kt (S,5")£(5")dS,

where the Berezin integral is over the odd entries of S'. We set Typys = (2W?) ™1
that kr, (S, S") = e "V*ST(S=5)%/2 i the link factor of (4.10).

(c) We define the transfer operator Tr = MwTKTphys’ where My, denotes multiplication by
w, so that

(Tef)(S) = wr(S) [ ka5, S)f(S))dS (4.16)

so that the heat link acts first and the onsite weight is applied after it. We define its
analytic transpose T = Ky Muwr, which applies the weight first. For integers m > 1,
we define the partial chains

fm = T{'1, O = (TF)™1.

We say that ¢,,, and more generally a product of steps Tf* with insertions, is built in
the analytic transpose order.

(d) For superfunctions f and ¢ on S such that fg is integrable on &, we define the
bilinear pairing Bs(f,8) = [s f S)dS.

(e) For a superfunction F on & N we defme the chain integral

N-1

N
Zn(TF) = /SN (St S T Twr(S) TT ke (S0 Siv1)dS,  (417)
i=1 i=1

whenever the integrand is integrable, and we write Zy(I') = Z5(T; 1) for the chain
integral of the open chain without insertion.
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The superdeterminant in (4.15) is defined on all of S. Indeed, let A, B, C, D denote
the blocks of E — S. By Lemma 4.7(b), the block A is invertible. Using Lemma 3.11(a), we
obtain det(D — CA-1B)

-1 e -

SDet(E—S) " = ot A

The right side is a polynomial in the FF and odd entries of S and in the entries of A1
divided by det A. The same holds for wry when [|YP||op is smaller than s times the
smallest eigenvalue of g%(, and the derivatives of wry in Y at Y = 0 are defined at every
point of S. We will need three facts about the heat kernel, which we prove in Appendix B.

Lemma 4.10. Let t,#' > 0. Forall §,S" € S, the superfunctions ki(S,-) and k¢(S, -)ky (-, S")
are integrable on S, and

(K1)(S) =1, /Skt(S, S)ku(S',5")dS" = ky (S, ™).

Moreover, ki(S,S") = k(S',S), and the body of ki(S,S') has modulus at most
e IP=PIPHIM=MI%)/(4)  where (P, X, M) and (P',X',M') are the coordinates of S and
S'.

Since dS is normalized by (4.6), the identity K;1 = 1 holds without a constant factor,
for all + > 0 and all W; the reason is the cancellation of determinants after (4.7), with
N=1land M = (2t)"L

We can now state the exact representation.

Proposition 4.11. Let I" be a source supermatrix.

(a) The integrand of Zn(T) is integrable on SV, and

T](\f)(l“) — N73STH(I?)/2 Zn(T). (4.18)

(b) The partial chains f,, and {,, are defined by absolutely convergent integrals, £, = KTphys fm,
and for all integers 1 <m < N/2,

2ZN(T) = Bs(1, TN1) = Bs (b, TN 2" f). (4.19)
Moreover, Bs(Tf f,g) = Bs(f, Trg) whenever both sides are given by absolutely convergent
iterated integrals.

(c) Let Y be local sources. Then Tl(f ) (T;Y) is holomorphic in the entries of Y for || Y®||op < 7,
and for every multi-index « = («q, ..., aN), where a; is a multi-index in the entries of Y;,

N N-1
k 2 2 .
aaYTI(\])(r’. Y)|Y:0 — N1 STr(I?) /2 /SN | | (aoﬁwr/Yi(Si)lYi:O) | 1| kTphys(Si’ S;iy1)dS,
i=

B (4.20)
with an integrable integrand. If Y® = 0, then TZ(\;( ) (T';Y) equals the right side of (4.20) with
a = 0 and wr y,(S;) in place of the derivatives, for all FF blocks YF.
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In particular,

ZN(T)
Zy(To) =1,  TE(T) = N STe(I?)/2 ZNL ) 421
wilo) =1, v (D) =e Zn(To) (21
Later sections use only the ratio form in (4.21), which holds for every normalization

of dS, and its prefactor tends to one together with its derivatives in the sources, since
N5 = (Np(E)?)~".

Proof. We begin with (c), which contains (a) as the case « = 0, Y = 0. Holomorphy was
shown in Lemma 4.3. In (4.5), the local sources appear only through the factor etXi ¥i AYii,
For ||Y®||op < 17/2, the body of the integrand is bounded by e 1IC1/2 times polynomials
in ¢, uniformly in Y, so we may differentiate under the integral. We obtain

ATy = /Ptx(lp) exp (197 AE +inoD)gi — 5 Y- Ji STr (wii Ay A) ) dy,
1 L]

(4.22)
where
o (1) = O Li i AYi

Y=0
is a polynomial in .

For fixed 1, we first apply (4.7) with M = ]! and B; = ¢;¢/ A, and we then deform
the cycle by Proposition 4.8(a) with p = 1. Using (4.4), we find

9r k) T:Y :/d / i 9 A(E+inoT—R) i o= 3 X (715 STE(RR)) 4R
YIN (T Y) |y P (S+inD)N pa(p)e e

(4.23)

We next show that the integrand in (4.23) is integrable on the product, so that the two

integrals may be exchanged. Let R; = S; + il with S; € S. The body of the BB part of
the y;-exponent has real part

—FIm (Ap(E — SPP))¢; = —s¢ C?‘gi&-,
by Lemma 4.7(b). The coefficients of the integrand are bounded by polynomials in {, in
the coordinates of the S; and in the entries of #oI’, times

exp ( —sp) g?g-&) ’e*%ﬂ,f(f‘l)ffSTf(RfRﬂ
i

7

@

where | - | denotes the modulus of the body. For fixed X;, the integral of the first factor
times a polynomial of degree 24 in {; is at most

— _ _ —2g—2k
CqSEquxizng det(sEg%(,-) ! < Cgsg L (5E ‘|‘2||Xi||0p)qr

where we used Lemma 4.7.
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We now bound the second factor. The case t = 0, { = 0 of (4.14) implies that its BB
part is bounded by

N
1

[Texp < - §HPi||2 - ZTrfo(Xi) + Ck,;y)-

i—1

Its FF part is a Gaussian in the M; times e€IM|, since J=! > Id. The polynomial factors
in X; of the previous paragraph are dominated by e~ /0(Xi)/4 since Tr fo(X;) > || X]|.
Altogether, the integrand is integrable on the product.

Since the supervectors 1; have 4kN odd coordinates in all and the supermatrices R;
have 8k*N, both even numbers, Lemma 3.6(f) shows that the two Berezin integrals may
be taken in either order without a sign, and Fubini’s theorem allows us to integrate over
P first.

We now integrate over . At the site i, Lemma 4.7(b) yields

Re [ —iAp(E + ol +Y; — R;)™] = sggk +Im (ApYP),

which is positive definite for Y; near zero. Applying Proposition 3.12 and differentiating
under the y-integral, we obtain

. * . N J—
/ po (1) L ¥ AEFIT =R i qqpy — [ I8¥ SDet (E +inol +Y; — R;) ' ly —o-
i=1 ’
It remains to substitute R; = S; + inpl’, under which f S-ingD)N dR becomes f sy dS
by Definition 4.6. The links are unchanged by (4.8), and

2y ’7(2) 2
ZZ;STr (S; +inoT)? IZ:STrS 11701215Tr (S;T') — > STrI-,
where we used STr(S;I") = STr(I'S;). Collecting the factors yields (4.20), whose integrand
is integrable by the bounds above.

Now let YP = 0. The FF block of E + il + Y — H appears in the superdeterminant
only through the determinant of a Schur complement. Each side of the claimed identity
is therefore a polynomial in the entries of the Y}, and their Taylor coefficients at zero
agree by (4.20). This proves (c) and (a).

We next prove (b). Recall that K¢, 1 = 1 by Lemma 4.10, so that Tr1 = wr. Using
(4.16) and induction, we find that

m—1

fm(S1) = wr(S /Sm 1er H phys(si,siﬂ)dsz... ds,,

has m weights and m — 1 links. Moreover,

( Tltr ) " 1 = KTphys (er KTphys )m_l wr = KTphys TIKH 1’
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which shows that ¢, = KTphys fm has one more link.

The integrand of each of these iterated integrals is a factor of the integrand of
ZN(T), possibly multiplied by one more link, whose body has modulus at most one
by Lemma 4.10. The bounds in the proof of (a), with { = 0, show that it is integrable for
each value of the free variable. The function T%\’ “2m ¢ has N — m weights and N —m — 1
links, so its pairing with ¢, has N weights and N — 1 links, arranged as in Figure 4.1.
Each site carries 8k odd coordinates, an even number, so that the Berezin integrals over
different sites may be taken in any order, and Fubini’s theorem identifies both pairings
in (4.19) with (4.17) for F = 1.

The transpose identity follows from Fubini’s theorem and the symmetry kr, (S, S') =
kTphys (8',S), without signs, since all superfunctions involved are even. Finally, recall from

Lemma 4.3 that Tl(f )(1"0) = 1 and STrT3 = 0. Inserting these into (4.18) at I' = Ty, we
conclude that Zx(Ty) = 1, and (4.21) follows. O

4.6 The saddle manifold

We now describe the critical points of the onsite weight, around which Part IV analyzes
the chain. Recall the onsite weight wr of (4.15), and write wr(S) = e~/ (5)~170STr(ST)
with F(S) = §STrS? + STrlog(E — S). The critical points of F solve S = (E — S)~1, or
equivalently S> — ES + 1 = 0. Let Q be an even supermatrix of size (2k|2k) with Q? = Id,
and let S = kg —isgpQ. Then E — S = kg +isgQ, and (kg +isgQ) (kg —isgQ) = k2 + 5% =
1, so that

(E—S) ! =g —isgQ =S. (4.24)

Every such supermatrix S is therefore a critical point of F.

For p € {0,...,2k}, let RSf’ ) denote the diagonal supermatrix with BB block kg —isgAp
and FF block xp — isg diag(Idy, —Idy_,), which is of this form. The supermatrices

VRip)V’l, where V is an even invertible supermatrix of size (2k|2k) with entries in a

Grassmann algebra, form 2k + 1 complex orbits, indexed by the signature p, and we call

their union the saddle manifold (see Section 16.3, where p is fixed and Rgf ) is written

Ry). The orbits of signature p # k have more commuting than anticommuting normal
directions, and their contributions to the chain become exponentially small in W after
a macroscopic number of steps, as explained in Section 2.4 and proved in Lemma 20.2.
The limit of the chain is therefore carried by the complex orbit of kg — isg A, the orbit of
signature p = k.

We call the balanced component of the saddle manifold the real form of this orbit whose
body is the set of matrices

kg — isp diag (gApg ™' | uApu 1),
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where g ranges over the complex 2k x 2k matrices with ¢*Agg = Ap and u over the
unitary 2k x 2k matrices. Here the body of the orbit is the complex manifold of the

matrices of this form with g, u € GL(2k,C), since the body of VROV s the conjugate

of ng) by the body of V. By a real form of a complex manifold we mean, as for R" in C"
or the unitary group in GL(#,C), a real submanifold whose tangent space at each point
spans the complex tangent space over C and has half its real dimension. The matrices
with the above restrictions on ¢ and u form such a submanifold. At the point kg —isgA,
for instance, the tangent space of the orbit consists of the matrices —isg diag(B | C) with
B and C complex and block off-diagonal, and that of the submanifold of those with B
anti-Hermitian and C Hermitian; at the other points, this follows by conjugation.

The cycle S passes through this body, by Lemma 4.7(d). In Section 5, we describe the
balanced component, together with its odd directions, as a homogeneous superspace: its
points are the supermatrices kg — isgQ, where Q is the field on the target space M; of
the sigma model, and the odd elements of gl(2k|2k) act on it infinitesimally. Since the
supertrace and the superdeterminant are invariant under conjugation, by Lemma 3.11, the
function F is constant on each component of the saddle manifold, and on the balanced
component the onsite weight varies only through the small source term.

The links e~ W*STr(Si+1-5)%/2 force neighboring variables to be close. Heuristically, the
chain therefore stays near the saddle manifold, its normal fluctuations relax over about
W sites, and its tangent variables on the balanced component perform a random walk
whose scaling limit is the heat semigroup on M; of Section 5. This heuristic is explained
in Sections 2.3 and 5.1, and Part IV makes it rigorous.

4.7 Symmetry and the source factor

We record the symmetries of the weights and the size of the source factor, which Part IV
uses in the tube around the saddle manifold.

Remark 4.12. We let GL(2k|2k) denote the group of even invertible (2k|2k) supermatrices
whose entries lie in a Grassmann algebra, and for an even supermatrix A we let the
stabilizer of A be the subgroup of V' € GL(2k|2k) with VA = AV. For V € GL(2k|2k) and
even supermatrices S and S, Lemma 3.11(b) and (c) give

STr(VSV~1)? = STr S,
SDet (E— VSV 1) = SDet(E — S),
STr (V(S — §')V1)* = STr(S — §')2.
It follows that wo(VSV 1) = wy(S) and k;(VSV~1,VS'V-1) = k(S,S’), wherever both

sides are defined, and STr(VSV~IT') = STr(ST) if V commutes with T. By (4.24), the
critical points of wy include the supermatrices kg — isgQ with Q? =1d, and the stabilizer
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of kg — isgA consists of the V € GL(2k|2k) that commute with A. These are algebraic
identities. Conjugation does not preserve the cycle S, and invariance statements for
integrals over S need a separate argument. Conjugation by an element of GL(2k|2k) with
body diag(g | ), where ¢* Agg = Ap and u is unitary, preserves the body of the balanced
component, defined in Section 4.6, and such an element fixes the point kg — isgA if and
only if it commutes with A.

The BB part of the source factor wr/wy = e~ M0STr(ST) is real and at most one on the

body of the balanced component of the saddle manifold. Part IV also uses bounds on its
derivatives there. Since these are stated in the geometry of Section 5, we give them in
Lemma B.5 of Appendix B.8.

4.8 The anchored chain

In Part IV, we need a priori bounds on the partial chains ¢, = KTPhys Tt1, as functions of
their free variable (see Section 15). The partial chain ¢, is a chain of n sites whose first site
is linked to a fixed point S of the cycle, and we say that it is anchored at S. The Gaussian
part of a partial chain can be integrated as in Section 4.3, read backward. The result is
an average over an n x n Gaussian matrix of an inverse superdeterminant in which S
appears linearly. To state it, we let A, denote the Neumann Laplacian on [n], and we set

n
Jn = (Idy — WA, + erle;)*l, c=Wer€R",  o,=Y ¢ (4.25)
i=1
The matrix J, ! is the precision of the chain on [n] with an additional link of weight W?
from the site 1 to the fixed point. It has positive diagonal, nonpositive off-diagonal entries,
and positive row sums, so that all entries of J, are positive. Since [, 11 = 1+ W2e;, we
have

Jl=1—¢, on = W3(1—¢1), 1", 1=n—0,, W2 —W*(J)11 = 0w, (4.26)

and in particular 0 < ¢; < 1 for all i. We let H") denote the 1 x n complex Hermitian
Gaussian matrix with EH z‘(jn)ngl) = 6;10jx(Ju)ij, defined as in Definition 1.1.

Proposition 4.13. Let I be a source supermatrix, let n > 1, and set {,, = KTphys T{'1. Then for
all S € S,

2 —_—

-1
x E SDet <E —H®W —c®S+ig(1—-¢)® r) , (4.27)

STr r2)
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where ¢ @ S denotes the family (¢;S);c|y), in the notation of Section 4.1. More generally, let E,({X)
denote the function defined by the same iterated integral as {,, with the weights wr(S;) at the
sites of the chain replaced by the derivatives a@gwr,yi(si) |y,=0, where Sy is the site linked to S.

Then E,(f‘)(S) is the derivative 95 at Y = 0 of the right side of (4.27) with Y; added to the ith
diagonal block of the supermatrix in the superdeterminant.

The supermatrix in (4.27) has the blocks
5 (E = eiS+ino(1—¢)T) — H'1d,  i,j € [n].

The BB block of this supermatrix is invertible. Indeed, after multiplication by Id,, ® Ag,
its body has imaginary part diag;(¢;sgg% + (1 — ¢;)n7) > 0 by Lemma 4.7(b), where X is
the coordinate of S. The same argument as in Lemma 4.3 shows that the expectation is
finite.

Proof. Recall from Definition 4.9 that ¢,(S) is the integral over (S1,...,S,) € 8" of

n n—1

kTphys (S’ Sl) 1—11: wr (Sl) 1—11: kTphys (Si’ SiJrl ) :
i= i=

We first write the superdeterminants as Gaussian integrals. Using Lemma 4.7(b) and

Proposition 3.12, we have

SDet(E — S;)~! = / T AE=S)0: gy,

on S. The bounds in the proof of Proposition 4.11, with the damping e~ /0(Xi) of the
weights in place of (4.14), show that the resulting integrand is integrable on S" times
the space of the ;. As in the proof of Proposition 4.11, the numbers of odd coordinates
involved are even, and using Fubini’s theorem, we obtain

0(8) = [ talS;9) dy,

where

n

n 2
0u(S; ) = /S exp ( . % Y- ()i STr(SiS)) + 3 STr(Sibi) — WT STr 52) ds;--- dS,

i,j=1 i=1

and
bj = W21 S —i(yip; A + noT).

Here we expanded —WTZ STr(S; — S)?, and we used (4.4) and the analogue of (4.8) on [n].
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We next compute ¢,(S; ) for fixed ¢. The BB part of its exponent is of the form
treated in Lemma B.4, with unit masses, the damping # coming from —iry STr(S;I'), and
one link to the fixed point S. That lemma deforms each S; from S onto the cycle with
Hermitian BB block and FF block in xgld + iHerm(2k), which is a translate of S, (see
Appendix B.7). Completing the square on this cycle and applying Lemma B.2, we find

1 W2 2\ ¥, ¢FAEY;
En(S} 1,0) = exp (E Z(]”)’] STI‘(blb]) — 7 STr S )6 L L
i,j
We now expand %Zi,j(]n)ij STr(b;b;). Together with the term —IW2STr S2 of £,(S; ¢),
the terms with S only, those with S and I', and those with I' only give

w4 W2
7(]:1)11 STrS? — > STr$? = —% STr S?,

—inoW?(J,1)1 STr(ST) = —inooy, STr(ST),

2 2
U ng(n = ow)
—70(1T Ju1) STrT? = — - STr 2,

where we used (4.26). Using (J,1); = 1 — ¢; and (4.4), we find that the remaining terms
are

1
=5 2Un)ij STr (ipf Apypi A) =1} i i ASp; — 10 ) (1 = 6i) i AT
1,] 1

1

The computation in the proof of Lemma 4.4, read backward with H () in place of H,
shows that

1 D)
exp ( 5 ;j(]n)ij STr (ll’ill’?AlPﬂP;‘A)) =Eexp < — i;jHi(j )1pi A1pj).

Altogether, ¢,,(S; ) is the Gaussian prefactor in (4.27) times
Eexp (i ¢7 A(E— S +ino(1— D) s — i} HY g7 Ayy).
1 1]

By Lemma 4.7(b), the body of the exponent has the real part

n

-4 (QiSEgi + (1 =¢i)n)Ci

i=1

which is independent of H™).
We may now exchange the expectation and the -integral, and (4.27) follows from
Proposition 3.12.
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For the marked version, we argue as in the proof of Proposition 4.11(c). Differentiating
under the integral at fixed S; € S, we obtain

9y, SDet(E — S; + Y;) 7|, _, = /Pm(#’i) eI NME=S)Yi dy,,

with the polynomial p,, of (4.22). This polynomial does not involve Sy,...,S,, and
the argument above applies with the extra factor []; ps, (¢;). With Y; added to the ith
diagonal block, the matrix ¢;spg% + (1 — ¢;)77 in the real part of the exponent above
becomes ¢;spgx + (1 — ¢;)n7 + Im(AgY?P), which is at least ((1 — ¢;)17 — || YP||op)Id. For
|1YP|lop < (1 —i)/2, the coefficients of the integrand are therefore bounded, uniformly
in Y, by polynomials in ¢ and in the entries of H™) times ¢~ Xi(1=¢:)léi /2, This allows
us to differentiate under the y-integral, and the claim follows. O

4.9 Resolvent entries and insertions

We now state the dictionary between the resolvent G(z) = (H —z)~! and the chain.

Derivatives of T](f ) (T;Y) in the local sources are expectations of polynomials in resolvent
entries. In the chain, they are integrals with polynomials in the entries of (E — S;)~!
inserted at the marked sites.

Let I' be a source supermatrix with diagonal FF block. We let zlf, .. .,zgk denote the
diagonal entries of E + i#pl'p, and we set ZuB =z fora < k and z}? = Zp for a > k. We let
GB and GF denote the 2kN x 2kN matrices with entries

(G®)(ia),(i0) = Sab Gij(28),  (GF) (i), (ip) = Oab Gij(z3),

indexed by sites i,j € [N] and flavors a,b € [2k]. For local sources Y, we let Y® and
YF denote the block-diagonal matrices with (i,7) blocks YP and Y}. We set Ry(T) =
SDet(E + inol’ — H)~!, so that ERyN(T) = TI(\;{)(F), and by the proof of Lemma 4.3,
Rn(T(u,b)) is the product inside the expectation in (1.4). For a € [k], we set ef =
eq+eprs € C*ande; = (e, —ex,)/(2i). For S € S such that E — S is invertible, we let
[(E—S)~1]P® and [(E — S)~!]FF denote the BB and FF blocks of the inverse supermatrix,
and we define

70(8) = ~(e)"[(E~9)7]%e; (4.28)

Lemma 4.14. Let I be a source supermatrix with diagonal FF block, and let Y be local sources
with [|Y®||op < 7.

(a) We have

(4.29)

det(Id — GFYF) ]

0 (7. y) —
Iy (GY) =E [RN (T) det(Id — GBYB)
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(b) At every point of S where E — S is invertible, which is all of S if E # 0 and a set of full
measure if E = 0, we have

wry(S) = wr(S) SDet (Id + (E — §) 1Y) . (4.30)

If Y = diag(Y®P | 0), the last factor equals det(Id + [(E — S) " '|PPYP)~1 and if Y =
diag(0 | YY), it equals det(Id + [(E — S) ~1]FFYF).

Consequently, in the sense of Taylor coefficients at Y = 0, the entries of GB and GF in (4.29)

correspond to the entries of —[(E — S;)'|®® and —[(E — S;)~1|¥F in (4.20). In particular, let

I' =Ty, sothat z = zy = E 4 in, and let iy, . .., iy € [N] be distinct sites. Then, in the notation
(4.17),

E per [Gi,i,(2)],,_; = Zn (To; IT(-[(E~- Siu)_l]]ﬂB))/ (4.31)
a=1

E det [Giaib (Z)}szl =2ZN (r(),' H ( — [(E — Sia)_l]}ﬂ:)>, (4.32)
a=1

Eper [Im Gy, (2)],_, = 2n (T [ [ 11(53))), (433)
a=1

where per denotes the permanent and Im G = (G(z) — G(z)*)/(2i). If m < k, then

E][ImG;; (z) = Zy (ro; 1 %(Si,,)) . (4.34)
a=1 a=1
Finally, for all i € [N] and integers g > 1, writing y = [(E — S;) 1|58,
1 (g 2
E|Gii(z) " = Zn (Fo; Y <r> (11 Vet h+0) T (Y1 k1 yk+1,1)r)- (4.35)
r=0

All chain integrals in (4.31)—(4.35) have integrable integrands.

Recall from Section 1.2 that £\, (0) = sg ' Im Gji(zp); for a center u # 0, (4.34) applies
with E replaced by E + u/ay and the same 7. The local density £; ;, a random function
attached to the site i, is unrelated to the partial chains ¢,, of Definition 4.9, which are
superfunctions on S built from m sites of the chain. The permanent (4.33) at distinct sites
contains the products Im G; ;, Im G;,;,, and the product of diagonal entries is obtained
from (4.34), which uses one pair of flavors for each site. The sites in (4.34) must be
distinct. At a single site i, the two pairs of flavors 1 and 2 give, with y = [(E — S;) ~1]BB,
the insertion

M(S)72(S) + (e) yes (&) yef
for E(Im G;;(z))?, and not 71(S;)72(S;); moments at a single site are given by (4.35).
In (4.35), the matrix side does not couple the retarded and advanced flavors, while the
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insertion contains the entries y; 11 and yx1 1, which couple them. Such terms distinguish
coincident from distinct sites in Theorem 1.14.

Proof. We begin with (a). Let D = E + i) — H. The BB and FF blocks of D are
block diagonal over the flavors, with (a,a) blocks z8 — H and zf — H on CVN. Using
(z— H)~! = —G(z) and reordering the indices, we find

D !'= —diag (G® | G"), D+Y=D(Id - diag(G® | G") Y).
By Lemma 3.11(b), we now have

_,det(Id — GFYF)

-1 _
SDet(D +Y) " = SDet(D) det(1d — GPYD)’

and taking expectations, we obtain (4.29).
For (b), the multiplicativity of SDet in Lemma 3.11(b) implies that

SDet(E — S + Y) = SDet(E — S) SDet (Id + (E — 5) 1Y),

and (4.30) follows from the definition (4.15). When Y has only a BB block, the supermatrix
Id + (E — S)~1Y has FF block Id and BF block zero. When Y has only an FF block, its BB
block is Id and its FB block is zero. In these two cases, Lemma 3.11(a) and the definition
of SDet give, respectively,

SDet (Id + (E— S)_lY) — det (Id_ +[(E - S)_l]BBYB),
SDet (Id + (E — S)_lY) = det (Id + [(E . S)_l]FFYF) *1.

Note that the FF block kg —iM of E — S is invertible for all M if E # 0, and outside the
null set where M is singular if E = 0.

The correspondence follows by comparing (4.29), at T = I'g where Ry (To) = 1, with
(4.20) and (4.30). We now verify the special cases. For (4.31), we set

m
Yia = diag(tﬁEll | 0)1 A= Z taeiﬂezl,
a=1

where Eq; is the matrix unit of the first flavor. The letter E with two indices, such as Ej;
here or E;; and Egg in later sections, always denotes a matrix unit, and E without indices
is the energy. Then (4.29) reduces to

T (To; Y) = Edet (Idy — G(2)A) .
The coefficient of t1 - - - t,, in det(Idy — GA)~! is the permanent of the submatrix of G
with rows and columns iy, ..., i, by the expansion of det(Id — A)_1 into permanents
(MacMahon’s master theorem). For the chain side, (4.30) gives the factor

m

[T+ tl(E—si) 87,

a=1
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whose coefficient of t1 - - - t;, is the insertion in (4.31).
For (4.32), we use the FF sources Y; = diag(0 | f,E11) instead. The coefficients of
t1 - - -t on the matrix side and on the chain side are then, respectively,
m
(—-1)"Edet [Gy;,(z)]",_, and  J][(E-S;,)7]}.
a=1

For (4.33), we use the sources
Y,, = diag (e ()7 | 0).

The matrix ¢ (¢; )T has rank one and GP is diagonal in the flavors, and therefore

G(z) —G(2)y _

T = det (Idy — AImG(2)),

where we used G(z2) = G(z)*. As for (4.31), the expansion into permanents shows that
per[Im G; ; ] is the coefficient of t; - - - t;; in the inverse of this determinant. For the chain

side, we set y = [(E — S; ) ~1]PP, and we have

det (Id + taye] (e)7) = 1+ ta(e; ) Tye) =1 —tan1(Ss,),

det (1d — G®Y®) = det (Idy — A

and the inverses of these factors give the insertion.
For (4.34), we use the source t,e} (e; )T at the site i,. Different sites now use different
pairs of flavors. Since GBis diagonal in the flavors, the matrix side factors,

m
det (1d — GPYP) ' = T (1 - t.Im Gy, (2)) ",
a=1

and the chain side is the product of the factors (1 — t,7,(S;,)) !, as above.
For (4.35), we use the source

Y; = diag (tEll + tlEk_H/k_H | 0).

On the matrix side, since |G;;(z)| < 77!, we may expand both factors into geometric
series for |t|, [t'| < 7, and we obtain

]E(l — tGii(Z))il (1 — t/Gil‘(Z))il Z tqth/ E [Gii(z)qGii(z)q/]'

Since G;;(z) = G;;(z), the coefficient of t1t"7 is the moment E|G;;(z)|*1. The factor on the
chain side is the inverse of

(1+ty11) (X + FYerrpr1) — Y11 Ves 11

and expanding first in its last term gives the coefficient in (4.35).

The insertions are Taylor coefficients of SDet(Id + (E — S)~1Y)~!, which are the
derivatives of the marked weights in (4.20) divided by wr. Their integrability follows
from Proposition 4.11(c). O]
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The supplementary script rep_dictionary_check.py checks the matrix and chain
sides of (4.31)—(4.35) separately, before the expectation, together with the coincident-site
insertion above and the saddle values below, for k = 2 and a random Hermitian matrix
of size five, to a relative error of order 10~12.

The insertions take explicit values on the saddle manifold of Section 4.6. Let S =
kg — ispQ with Q2 = Id. By (4.24), we have —(E — S)~! = —«xg + isgQ, the supermatrix
that Part III uses under the name orbit resolvent, in (7.16). At Q = A, its retarded and
advanced diagonal entries —xr £ isg are the values of G;;(E £ i0) for the semicircle law.
Inserting (4.24) into (4.28), we find

S BB
’Yﬂ(s) = ?E (Qaa + Qu,k+a - Qk+a,a - Qk+a,k+a> ’

which at Q = A gives 7,(S) = sg = Im(—«g + isg).



SECTION 5

The sigma model on a wire

This section defines the continuum object behind our main results, the partition function
Z }((kl(u, b) of Definition 1.3, and proves the general facts about it that the rest of the paper
uses. The partition function is the Berezin integral of a heat semigroup on a symmetric
superspace My, the target space of the supersymmetric sigma model, and its generator
is X times an invariant second-order operator, the Casimir operator, plus a potential that
carries the sources. We explain heuristically in Section 5.1 why this object describes the
chain of Section 4, and we make it precise in Definition 5.16. In Proposition 5.15, whose
proof is in Appendix C, we construct the semigroup on weighted L? spaces and show
that the partition function is well defined. In Lemma 5.19 and Corollary 5.20, we prove a
localization identity of Parisi-Sourlas type and deduce that the partition function equals
one without sources. The next section, Section 6, reduces the case of rank one to two
scalar diffusions on the domain D of Definition 1.4, the radial and the singlet diffusion,
develops the calculus of rank-one pairings that Part III uses, and shows in Lemma 6.15
how the singlet state ‘I’fi’z and the kernels Kx and Ix arise from the partition function.
Part III uses only these results and those of Section 6, together with Theorem 7.6, and
the opening of Part II lists what Part IV takes from this section. From Section 5.2, the
reader of Part III needs only the definitions of the field Q and of the invariant integral,
the formula (5.14) for the Casimir operator Cy, the three properties of C; in Lemma 5.8,
and the integration by parts formula (5.13). The algebraic facts behind these definitions
are contained in proofs and remarks, which this reader may skip, as well as Appendix C.
After Definition 5.16 and Lemma 5.17, such a reader can go on to the statements of
Section 5.4 and then to Section 6. At rank one, in Section 6, everything is explicit. The
underlying manifold of M is a hyperbolic plane times a sphere, and on superfunctions
that are invariant under the stabilizer of the base point, C; is an explicit second-order
operator on the domain D (Lemma 6.8). We use the Grassmann calculus of Section 3
throughout, and we refer to Section 2 for the role of the sigma model in the proof.

5.1 Why this target space

We first explain heuristically why the limits of the source ratios TI(\;( ) should be described
by a heat semigroup on a superspace of supermatrices Q with Q> = Id. The overview
explains the same mechanism in Section 2.3, and the precise statement is Theorem 7.6,
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which is proved in Part IV. The reduction of band matrices to a one-dimensional su-
persymmetric sigma model, with the scaling parameter N/W?, is due to Fyodorov and
Mirlin [53]; see also [94, (5.39)—(5.41)], [95, Sections 2.5.4 and 4.3], and [39].

By Proposition 4.11, the ratio TI(\;( ) is a ratio of integrals over chains Sy, ..., Sy of (2k|2k)
supermatrices. The source-free onsite weight is stationary where S = (E — S) 1. Writing
S = xg — isgQ, this equation becomes s%(Id — Q%) = 0, so that the critical points are the
supermatrices kg — isgQ with Q? =1d, as in (4.24). The chain stays near the balanced
component of the saddle manifold of Section 4.6, on which Q lies in the orbit of A under
conjugation, and its tangent variables move along this component. The target space M
is this orbit, with its odd directions, and the balanced component of Section 4.6 is the
set of supermatrices kg — isgQ with Q € M. To first order, each link moves the tangent
variables by a heat semigroup at time (4s2W?)~1, since the link factor e~ WSTr(Si11-51)%/2
is a Gaussian in the distance between neighbors, the heat kernel k¢,  of Definition 4.9.
The N links therefore run this semigroup for the time Xy(E) of (2.3). Since Nsg/any = T,
the source factors of the N sites combine to exp(—7 fol STr(Q(#)T') dt), where Q(t) is the
tangent variable at the site tN.

The odd directions of Mj matter for the following reason. By Remark 4.12, the onsite
weight and the links are invariant under conjugation by all even invertible supermatrices,
including those with odd entries. On My, the infinitesimal odd symmetries give the
localization identity Lemma 5.19, by which the integral of a superfunction annihilated by
an odd symmetry is its value at the base point A. This identity implies the normalization

Z)(("l(o, ¢1) = 1, which matches Tz(\;{ )(O, ¢1) = 1, and at rank one it produces the corner
terms from which the kernels of Definition 1.4 arise (Section 6).

A sigma model is a field theory whose field takes values in a symmetric space, here
My, and the wire is the interval [0,1] of scaled positions t+ = i/N along the chain.
Formally, the partition function of Definition 5.16 is a path integral over fields Q: [0,1] —
My, whose transfer operator over a length t of the wire is e~®xr, with the generator
Gxr = XC¢+ mSTr(Qr') of (5.23). This picture omits two difficulties, which occupy
most of Part IV. The tangent and normal variables of the chain are coupled, and the
superfunctions involved have no positivity, so that a Feynman—-Kac formula on M is not
available. Further, the chain variables lie on a contour rather than on the saddle manifold,
and the weights are complex away from it.

5.2 The target space

Throughout this section, k > 1 is fixed. We first describe the superspace M; =
U(k, k|2k)/(U(k|k) x U(k|k)) through its underlying manifold and its odd coordinates,
and we then define the field Q, the symmetries, the invariant Berezin integral, and the
Casimir operator. We give concrete definitions in global coordinates, and we cite the
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literature for the facts from the theory of homogeneous supermanifolds that we use.
Physical background on these spaces can be found in [39] and [139].

Supermatrices

We use the supermatrices of Definition 3.10 of size (2k|2k). We index their rows and
columns by pairs (a,0), where a € [2k] is a flavor and o € {B,F} is a grading. As
in Section 4, the flavors a < k are retarded and the flavors a > k advanced, and we
write |(a,0)] = 0if ¢ = B and |(4,0)] = 1 if ¢ = F. For a supermatrix M, we let
MBB, MBF MFB and MFF denote its four blocks of size 2k x 2k, and we let Mgr, Mga,
MR, and Mpa denote its four flavor blocks, which are supermatrices of size (k|k). For
instance, MEIZ is the k x k matrix of the entries with retarded row flavor, advanced
column flavor, and grading F. Recall the supermatrix A = diag(Ag|Ar) of Section 4,
with Ag = A = diag(Idy, —Idy). We let Idg and Ids denote the diagonal supermatrices
with entry one at the retarded, respectively advanced, flavors in each grading, and zero
elsewhere. Then A = Idg — Ida.

We let g denote the space of all (2k|2k) supermatrices with complex entries. We let go
denote the subspace of supermatrices with vanishing blocks MBF and M'®, and g; the
subspace with vanishing blocks MP? and M'F, and we call the elements of gy even and
those of g; odd. For homogeneous Y, Y’ € g of parities |Y| and |Y’|, we define the bracket
Y, Y] =YY — (—1)|YHY/|Y’ Y, and we extend it bilinearly. We call g, with this bracket,
the Lie superalgebra gl(2k|2k). All facts about it that we use are proved below. In this
section and in Section 18.4, the letters Y and Y’ denote elements of g; the local sources Y;
of Section 4 do not occur there. We set

t={Y €g: AY =YA}, m={Y €g: AY = —-YA}, (5.1)

and ¢ = €N g;, m;j = mNg; for j € {0,1}. Thus ¢ consists of the supermatrices whose
flavor blocks Ygra and YR vanish, m of those whose blocks Ygr and Yaa vanish, and
g = £ & m. The space my, of dimension 4k?, consists of the odd supermatrices supported
on the flavor blocks RA and AR. We equip m; with the Hilbert-Schmidt inner product
(Y,Y') = Tr(Y*Y’). For a complex matrix M, we write | M||p for its operator norm and
||M|| s for its Hilbert-Schmidt norm.

For example, at rank one we order the four indices as (RB, RF, AB, AF), as in Section 6.
Then A = diag(1,1, —1, —1), and the elements of ¢ and m are the matrices

ar w« 0 0 0 0 as 3
Br b1 0 O 0 0 B3 by
0 0 a o €t ag Ky 0 0 .
0 0 B by By by 0 O

with complex entries, where the a; and b; occupy the even positions and the «; and f;
the odd ones. Thus mp and m; are both four-dimensional, and an element of m; couples
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the retarded bosonic index with the advanced fermionic one, and the retarded fermionic
index with the advanced bosonic one.

We let U(k, k) denote the group of complex 2k x 2k matrices g with ¢*Agg = Ap, and
we set

Go = {dlag(g3|gp) 1 3B € U(k,k), 8F € U(Zk)}, Ko = {g € Gy : gA = Ag}

The group Ky consists of the elements of Gy whose flavor blocks RA and AR vanish. It
is isomorphic to U(k)?, its elements are unitary, and conjugation by k € K, preserves m;
and its inner product.

The underlying manifold

We define M to be the set of supermatrices gAg~! with ¢ € Gy, and we call it the
underlying manifold of M. The map gKo — gAg~! is a bijection from Gy/Ky onto M,
through which MY is a smooth manifold of dimension 4k?. A point Q € M is block
diagonal, Q = dlag(QBB]QFF) and MO Hj x S, where

Hi = {gApg ™' : g € U(k,K)} = U(k k)/(U(k) x U(K)),
Sk = {uApu 1 u € U(2k)} = U(2k) /(U (k) x U

We equip M? with the Riemannian metric whose square norm of a tangent vector Q at
Qis

—3STr(Q%) = —3 Tr ((Q"°)?) + 3 Tr ((Q™)?), (5.2)
and we let dvol denote its volume measure and A MY its Laplace—Beltrami operator, which

is nonpositive. The metric is invariant under the action Q + ¢Qg¢~! of Gy. The space
Hjy is the Riemannian symmetric space of the noncompact group U(k, k), and Sy is the
Grassmannian of k-dimensional subspaces of C?*. To see that (5.2) is positive definite,
it suffices by invariance to consider Q = A. There the tangent vectors have the form
Q =[Y,A] = —2AY, where Y € m satisfies Y8 = (YBB)* and YiE = —(Y£%)*, and for
these

—3STr(Q?) = 4Tr (YRR (YRR)") +4Tr (Yra (Yra)")-

At rank one, Hj is the set of matrices ( B \/BTfle*igB v BZ:B} %8 ) with B > 1, and S; is the
set of matrices (7i 171; 7 i iv 111;2 ek ) with F € [—1,1]. In the coordinates B = coshr

and F = cos 9, the metric (5.2) takes the form dr? +sinh?r d6% on H; and d¢? + sin? ¢ d62
on S1. Thus H; is the hyperbolic plane of curvature —1 in the hyperboloid model, S;
is the unit sphere, and the coordinates B and F are those of Definition 1.4. In these
coordinates, dvol = dBd6fg dF dfg, and on functions of (B, F) the operator A MO acts as
Ap.
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We define the weight v on M by
v(Q) = 1+ 3 Tr(ApQ"). (5.3)
At rank one, v = 1 + B. The following lemma collects the properties of v that we use.
Lemma 5.1. (a) For all Q € MY, we have § Tr(AgQP®) > k, with equality if and only if
QBB = Ap, and 3 Tr(ApQ'F) < k, with equality if and only if QF = Ap. Moreover,
1Q%lns < 20(Q) and [[Q™ lop = 1.

(b) For all integers m > 1, there exists Cy, such that |V™v| < Cyv on MO where V is the
Levi-Civita connection.

(c) There exist C and gy such that vol({v < R}) < CR7 forall R > 1.

Proof. We begin with (a). Let QPP = ¢Apg~! with ¢ € U(k, k), and write g in flavor blocks
a, b, c, e. Since g_l = Apg* A, we have

ApQP = Apgg*Ap >0,  Tr(ApQ™P) = Tr(gg™).
The relation g*Apg = Ap implies that a*a — ¢*c = Idy and e*e — b*b = Idy, and therefore
Tr(gg") = 2k +2Tr(b*b) + 2 Tr(c*c) > 2k.

Equality holds if and only if b = ¢ = 0, or equivalently if ¢ commutes with Ag. Since
ApQPB is positive semidefinite, we have

1Q%"[ls = 1ABQ" [|s < Tr(ABQPP) =2(v —1).

The matrix Qf = uAgpu* is Hermitian and unitary, and Tr(ApQ'F) < 2k, with equality if
and only if the unitary matrix ApuApu* is the identity.

We now prove (b). Fix ¢ = diag(gp|gr) € Go, and consider the isometry 1o/(Q) =
¢'Qg¢’~!. Then

voly(Q) =1+ 3Tr(AgQ"), Ay = (gp) 'Asgs = Ap(85)*gB-

The function v o 1y is the restriction to M,g of an affine function of the entries of Q. Its
covariant derivatives of order m at A are therefore bounded by

Cul|Agr s < Cn Tr((85)*88) = 2Cum (0(g'Ag"™1) — 1),

with Cy, independent of g’. Since 1y is an isometry mapping A to g¢’Ag’~!, and G acts
transitively, we obtain (b).
Finally, we prove (c). It suffices to consider Hy, since Sy is compact. Every point of

Hy has the form QB8 = ¢YAge™ with Y = ( % %), since Hy is a symmetric space of
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noncompact type and its exponential map at Ag is onto. Let o7, ..., 0y be the singular
values of w.
The curve s — ¥ Age®Y, 0 < s < 1, is a geodesic, whose length 7 is the distance
from Ag to QPB. Using
ApQPB = Ape? Ag = e 2,

we find

j
j=1 ]

k ) 1/2 k
r:2<20-> , v =14 ) cosh(20;)) > cosh(r/Vk).
' =1
Thus {v < R} is contained in the product of Sy with the ball of radius v/klog(2R) about
Ap in Hy. Since Hj is homogeneous, its sectional curvature is bounded below, and the
Bishop-Gromov inequality bounds the volume of a ball of radius r by Ce“". Together

with the inclusion above, this implies (c), since eCVklog(2R) — (ZR)C\/E. O

Superfunctions and the field Q

Let A2 denote the Grassmann algebra with odd generators x1, ..., x4 (Definition 3.1).
We fix an orthonormal basis e, ..., e, 2 of m;, and we define the generic odd tangent
supermatrix to be ® = ), xqe,. Its nonzero entries lie in the blocks BF and FB and are
linear combinations of the x,. In particular, ® is an even supermatrix in the sense of
Definition 3.10. For k € Ky, we let a denote the automorphism of the algebra /. with
Y, &k (Xa)es = k®k 1, which replaces © by k@k 1.

Definition 5.2. A superfunction on My is a smooth map f: Gp — Ay such that f(gk) =
ay(f(g)) for all g € Gy and k € Ky. We write f(g;©) for f(g) to indicate the dependence
on the odd variables. The field Q is the matrix of superfunctions

Q(8;0) = ge®Ae™Og 7 = gAe g, (5.4)
The second form of (5.4) uses ®A = —A®. Since kAk™! = A, we have
k@K1 —
Q(gk;©) = gAe > g1 = 1y (Q(;9)),

and Q is therefore a matrix of superfunctions. Its entries have the parities of their
positions, so Q is an even supermatrix. It satisfies

Q*=1d, STrQ=0. (5.5)

For the second identity, note that STrQ = STr(Ae~2??) and that STr(A®™) = 0 for all
m > 1. Indeed, for odd m the supermatrix A®™ has vanishing diagonal blocks, and

for even m > 2 the cyclicity of the supertrace (Lemma 3.11(c)) and @A = —AO give
STr(A@™) = STr(@A@®" 1) = — STr(AO™).
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Definition 5.2 is the global description of My that we use, and we call (g,©) the
regular coordinates. We call gAg~! € M the body point of (g;®). The body fp of a
superfunction is then a function on MY, and Qg (g) = gAg ™. Let O C M be open. We
call a smooth map s: O — Gg with s(x)As(x)~! = x for all x € O a section over O. For a
section s, the map f — f os identifies the superfunctions on My, restricted to O, with the
superfunctions on the superdomain O2|4 of Definition 3.2, with odd coordinates x,. A
second section has the form sk for a smooth map k: O — Ky, and the two identifications
differ by the unitary change of odd coordinates @ > k®k !

The regular coordinates identify the superfunctions with the sections of a vector
bundle over MY with fiber A4, and all analytic estimates below are based on this
structure. The word regular distinguishes them from the polar coordinates of Section 6,
which are singular at a point. The regular coordinates are nonsingular everywhere, and
integrals in them require only integration by parts, without boundary terms (compare
Section 3.6).

We use the conventions of Section 3 for these superfunctions. Coefficients are writ-
ten to the left of the monomials in the )x,, and auxiliary odd generators, such as the
parameters ¢y of Section 5.2, are treated as coefficients (Section 3.2). If a4, ..., a,, are even
superfunctions and ¢ is a smooth function on a neighborhood of the range of their bodies,
then the superfunction ¢(ay,...,a,) is defined pointwise by Definition 3.3; this defines,
for instance, e =% and y(d; /) below, and compositions of such functions are computed
by Lemma 3.4(d). Since the number 4k? of the generators y, is even, the Berezin integral
in the x, commutes with Berezin integrals in other generators (Lemma 3.6(f)).

Remark 5.3. Every superfunction on Mj is, near each point of M?, a smooth function of
the entries of Q, in the sense of Definition 3.3. Indeed, near a point of M?Y, the bodies of
suitable even entries of Q form a coordinate system of M?, since M is a submanifold
of a space of matrices. By (5.4), the terms of degree one of the odd entries of Q form
the matrix —2¢A@g !, which determines ®, and their other terms have degree at least
three in the x,. Solving for ® degree by degree, we write the x, as polynomials in the
odd entries of Q whose coefficients are smooth functions of the body point. The souls
of the even entries are polynomials in the x,, so the bodies of the even entries are also
smooth functions of the entries of Q, and inserting these expressions into f = ¥ fix!
proves the claim. For intuition, a superfunction on M) may therefore be thought of as a
function of a supermatrix Q with Q% = Id, as in the physics literature, and a derivation
of the algebra of superfunctions is determined by its values on the entries of Q.

Symmetries

We use the name U(k, k|2k) only for the pair consisting of the group Gy and the Lie
superalgebra g. The group Gp acts on MY by Q — ¢’Q¢’~!, and on superfunctions
by left translation of ¢ in the regular coordinates. In the odd directions there are no
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group elements with complex entries, and the symmetries are described infinitesimally,
by derivations of the algebra of superfunctions. For each Y € g, we now construct the
derivation Y that moves Q by its commutator with Y. For even Y, it is the derivative of the
action of eY, and for odd Y, it is the odd analogue, written with an odd parameter. In the
language of supermanifolds, the Y are the fundamental vector fields of the action of the
supergroup on the homogeneous superspace Mj; for textbook accounts of supergroups
and their actions, see [8, 132]. We construct them directly, in the regular coordinates,
and prove the properties that we use. Let Y € g be homogeneous. We let &y be a real
parameter if Y is even, and we work to first order in it. We let ¢y be an auxiliary odd
generator if Y is odd, in the sense of Section 3.3. Then #yY is an even supermatrix and
82 = 0.

Lemma 5.4. (a) For every homogeneous Y € g, there exists a unique derivation Y of the algebra
of superfunctions on My, of the parity of Y, such that

YQ = [8yY,Ql. (5.6)

(b) For g’ € Go, let (Lyf)(g;0) = f(g''g:©). Then Lg/?Lgf,l = gﬁgtl. If'Y is even, then
YQ is the matrix [Y, Q|, and if moreover Y lies in the Lie algebra of Gy, then (Y f)(g; ®) =
dfeYg @) ats=0.

(c) Let g € Goand s > 0, and let f be a superfunction whose coefficients of degree less than s in
the xo vanish on a neighborhood of g. If Y =Y, y,e, € my, then the terms of degree at most

s of
(8V51f)(3;0) - Zyuﬁ—;@;@)

vanish. If Y € ¥y, then the terms of degree at most s of (gY/g\—l £)(g; ©) vanish.
(d) For homogeneous Y,Y' € g, we have

7,7 =~ ()M, Y,
where [D,D'] = DD’ — (—1)IPIIP'ID'D for operators D and D' of parities |D| and |D'|.

Here and below, YQ denotes the matrix obtained by applying Y to each entry of Q.
A derivation of parity one is an odd derivation, which means that Y(ff') = (Yf)f' +
(—=1)/1fY f" for homogeneous f of parity |f|. By the uniqueness in (a), Y depends linearly
on Y, and we extend the definition to all Y € g by linearity. In words, (c) says that, at a

—

given point, the odd fields gY¢—! with Y € m; act to leading order as the derivatives in
the odd coordinates, while those with Y € ¢ raise the degree.

Proof. We first construct Y. Fix (¢;0), write ¢ = 0¥y, and adjoin ¢ to the coefficient
algebra, working modulo 8% when it is even. Set Z = ¢~ ® (8¢~ 1Y¢)e®, which is an even
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supermatrix. We look for A € mp, ©®; € my, and C € ¢, with coefficients in the original
algebra /\42, such that

1 — e 2de

e 9(8A)e® + (00@;) +9C = Z, (5.7)

ad@
where adg(Y’') = ©Y' — Y'O, and the fraction is defined by its power series, which
terminates since © is nilpotent. We solve for the variations U = ¢A, V = 90, and
K = 9C, all of which are even supermatrices. On the decomposition g = my @ m; O ¢
with coefficients in the extended algebra, the left side is the identity plus a linear map
that raises the degree in the original generators )x,. Its inverse is a finite Neumann series.
It preserves the ideal generated by ¢, and gives a unique solution (U, V, K) linear in 9.
Extracting ¢ on the left defines A, ®;, and C uniquely in the original algebra. Their
coefficients in the x, are linear functions of ¢~'Yg, with operator norms bounded in
terms of k and the fixed basis. The parameter stays inside the matrix products in (5.7);
for odd Y, this accounts for e~ €9 = 9¢°.
By the formula for the differential of the exponential map, (5.7) says that

%Y ge® = ¢(Id + 9A)e® 01 (1d + 0C)
to first order in 9. We define Y f by
f(3(1d+8A);0 +96:1) = f(5;0) + 8(Yf)(3;0), (5.8)

where the left side is defined by Taylor expansion in the direction of the left-invariant
vector field A on Gy (Definition 3.3). Here A has coefficients in my ® Ay, and my is not
contained in the Lie algebra of Gy. Since gy is the complexification of the Lie algebra
of Gy, the left-invariant derivative % f( geSA), defined for A in this Lie algebra, extends
complex-linearly to A € go, and the infinitesimal form of the equivariance under Ky
extends in the same way to £p; this is the meaning of the Taylor expansion here and of
the equivariance used below. The first-order substitution is multiplicative, so extracting ¢
on the left gives the graded Leibniz rule for Y, a derivation of the parity of Y. It maps
superfunctions to superfunctions, since replacing (g, ®) by (gk, k~!®k) conjugates the
variations (U, V,K) by k~!, by uniqueness of the decomposition, and hence conjugates
(A, ©1,C) in the same way. Since Id + ¢C commutes with A to first order, we have

Q(g(Id + 8A); ® 4 80,) = Y Q(g; )%,

which is (5.6).

For even Y, let Ay + Cp be the decomposition of ¢ 1Yg € go with Ay € mgand Cy € ¥.
To first order in s, we have (Id + sCy)e® = e©+5[COl(Id + sCy). The solution of (5.7) is
therefore A = Ag, ©1 = [Cp, ®], and C = Cp, and the equivariance of f under Ky implies
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that Yf(g;0) = Lf(¢Yg;@) at s = 0. The identity Lg/l?Lg,l = g?g’\—l follows from
eﬁyyg/_1g _ g/—leﬂyg’Yg”lg.

It remains to prove uniqueness. It suffices to show that a derivation D with DQ =0
vanishes. By Remark 5.3, every superfunction f is locally a smooth function of the entries
of Q, and the chain rule of Lemma 3.4(b) implies that Df = 0.

We now prove (c). By (b), we have (3§g\—1f)(g,®) = (?L;U‘)(Id;@), and Ly f =
f(g-;-) has the same vanishing coefficients near Id. It suffices to consider g = Id. We
solve (5.7) degree by degree in the y,, retaining ¢ in every matrix product. Since ¢A
and 90, are even and ¢ is odd, the coefficients of A are odd and those of ®; are even.
The equation in degree zero is ﬂ(@go) + C0)) = Y, hence @go) +CO =y, where the
superscript denotes the part of degree zero in the original generators. For Y € m;, we
obtain @; = Y 4+ O(x?), and for Y € ¢;, we obtain ®; = O(x?), where O(x/) denotes
terms of degree at least j. In both cases A = O(x).

By (5.8), (Yf)(Id; ®) is the sum of the left-invariant derivative of f in the direction
A and of the derivative }_,(©1),9f/9dx, in the odd direction ®1 = }_,(01)qe,. The first
term, and the part O(x?) of ®;, contribute only terms of degree at least s + 1, and
the part Y of ®; contributes ), y,0f/9dx,. This proves (c). The supplementary script
polar/check_regular_action.py verifies the factorization, its action on Q, the changes
of section, and these degree bounds at rank one for all sixteen matrix units.

Finally, we prove (d). Let ¢ = ¢y and ¢’ = ¢y be independent parameters, and set
D = Y and D' = ¢'Y'. These are even derivations with DQ = [0Y,Q] and D'Q =
[¢'Y’, Q], and they commute with multiplication by constants. We obtain

(DD' — D'D)Q = [9'Y', [9Y, Q)] — [8Y, [¢'Y', Q]| = — [[#Y,9'Y’], Q] = —[99']Y,Y"],Q],

where we used the Jacobi identity for commutators of the even supermatrices 9Y, ¢'Y’,
and Q, and the identity

Y'Y —9'Y'8Y = 89 (YY' — (-1)"IVIy’y).

The derivation DD’ — D'D + 8¢’ [T,Y\’] therefore vanishes on Q, and the uniqueness in
(a) shows that

o ——

DD'—D'D = 99’ [Y,Y'].
On the other hand, moving the parameters to the left, we find
DD' —D'D = (-1)"Ige¢' [Y, 7).
Comparing the coefficients of 8¢’ proves (d). ]

We call a superfunction f invariant under a subspace h C g if Yf =0 for all homoge-
neous Y € h. The function

d(Q) = 3 STr(AQ) (5.9)
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is invariant under . Indeed, for Y € ¢, the cyclicity of the supertrace gives
Oy Ydy = 1STr(A[8yY, Q) = 1 STr([A, 0yY]Q) = 0.

We have (dy)p = 3 Tr(ApQPP) — 1 Tr(ArQFF) on M. By Lemma 5.1(a), it is nonnegative
and vanishes only at Q = A, and

U—l—kg(dk)@§0—1+k. (5.10)

The following lemma shows that a superfunction that is invariant under g is constant.
We use it in the uniqueness of the invariant integral below.

Lemma 5.5. Let f be a superfunction on M that is invariant under g. Then f is constant. This
also holds for a superfunction f over a connected open set O C MY, that is, for a smooth map
from the preimage of O in G to /\ye2 with the equivariance of Definition 5.2.

Proof. Let O C Gy be the preimage of O, where O = MY in the first statement. It is
connected, since O and Ky are connected. For Y in the Lie algebra of Gy, Lemma 5.4(b)
implies that % (e°Y¢;®) = 0 whenever ¢¥ ¢ € O. The vectors Yg span the tangent space
of Gy at g, and therefore f(-;®) is constant on O. Let f, denote the part of f of degree
n in the x,. Suppose that f has a nonzero part of positive degree, and let n > 1 be the
smallest such degree. The superfunction f — f is invariant under g, since fj is constant,
and its coefficients of degree less than #n vanish.

Fix go € O and Y = Y, yse, € my. Since goYg, Y(f — fo) = 0, Lemma 5.4(c), applied
to f — fo at go with s = n, shows that the terms of degree at most n of }_,y,9(f —
f0)/0x4(80; ®) vanish. Its terms of degree n — 1 give

Z ya go, =0 forally € ¥,

An element of A2 of degree n > 1 whose derivatives in all the x, vanish is zero, and
therefore f,,(go; ) = 0. Since f, does not depend on g, this contradicts the choice of n. [

The invariant integral and the Casimir operator

This subsection defines the invariant Berezin integral and the Casimir operator Ci of the
sigma model. In Lemma 16.5, Part IV identifies Ci, up to a constant factor, with the heat
generator of the chain restricted to the saddle manifold.

By Lemma 5.4, the action of Gy only moves the body point in regular coordinates. A
Berezin integral on M that is invariant under Gy therefore has the form

/ f= /Mo / p(® dX) dvol(gAg™"), (5.11)
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where [ -dy is the Berezin integral of Definition 3.5 in the generators x,, and p € Ay
is even and invariant under the automorphisms ay. The inner integral is a function of
gAg~!, by Lemma 3.6(c), since &y is induced by a linear map of m; of determinant one.
(Conjugation by k = diag(kgrp, kap|krr, kar) acts on the four blocks of m; with determi-
nants det(kgg )" det(kar) %, det(kgg ) det(kap) ¥, and their inverses.) As in Definition 3.5,
a superfunction f is called integrable if |f|;; € L!(dvol), where |f|11 denotes the ¢!
norm of the coefficients of f, one of the coefficient norms of Section 5.2. For such f, the
integral (5.11) converges absolutely.

Definition 5.6. We define the invariant Berezin integral f — [ f to be the functional (5.11)
with the even element p chosen such that [ Yf = 0 for all homogeneous Y € g and all
compactly supported superfunctions f, and such that

/ e % =1. (5.12)

We define the Berezin pairing By (f, f') = [ ff’ for superfunctions f and f’ such that ff’
is integrable.

There exists an even element p with nonzero constant body such that [ Y f =0 for
all homogeneous Y and all compactly supported f. In the terminology of [2], this says
that the homogeneous superspace Mj is unimodular. It follows from [2, Corollary 4.12
and Theorem 4.13], which together show that such an element exists if and only if the
Berezinian of (g/€)* is a trivial module of the stabilizer; see also [139] for the Riemannian
symmetric superspaces of random matrix theory. For the invariant integral, this means
that the stabilizer of A, which acts on the Berezin densities on the tangent space g/ = m
(the elements of the Berezinian of (g/)*) through the Berezinian of its action on m, leaves
these densities unchanged, so that a density at A is transported consistently by the action
of U(k, k|2k) and defines an invariant integral of the form (5.11). Since the stabilizer of A
is connected, this criterion reduces to the condition that, for every Y € ¢, the linear map
Y — [Y,Y’] of m has supertrace zero, where the supertrace of a parity-preserving linear
map of m is its trace on mp minus its trace on m;. For a diagonal Y € £, with diagonal
entries y;, this map multiplies the entry Yi/j of Y € m by y; —yj, and its supertrace

is Xi’]-(—l)mﬂf (y; — y;), summed over the pairs of indices in different retarded and
advanced sectors. This sum vanishes, since each sector has k even and k odd indices.
The off-diagonal entries of Y € £ do not contribute to the trace, and for odd Y the map
exchanges my and m; and has supertrace zero.

The element p is unique up to a constant factor. Indeed, if p’ is a second one, let
o = p'p~!, regarded as a superfunction that is constant in g. For compactly supported f,
the invariance of both integrals gives

/(?a)f: /?(af) —/a?f: 0,
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where [ oYf is the integral of Y f with the density p’. Hence Yo =0 forall Y, and o is
constant by Lemma 5.5. The normalization (5.12) is possible, since ¢ — f e~ is constant
on (0,00) and tends to a nonzero multiple of the body of p as ¢ — o0; we prove the two
statements in Section 5.4. We emphasize that By is bilinear, not sesquilinear, and has no
positivity property. The Welghted L? norms below are Hilbert norms, unrelated to B;.
Since Y is a derivation and J Y(ff') = 0, we have the integration by parts formula

J@nf == [ s 513)

for homogeneous Y and f and smooth f’, provided at least one of f and f’ has compact
support.

We now define the Casimir operator. For i,j in the index set of Section 5.2, we let
E;j € g denote the supermatrix with entry one at (i,j) and zero elsewhere, which is
homogeneous of parity |i| + |j|.

Definition 5.7. We define the Casimir operator to be

Ce=—= (—1)‘]| Eji Ei]‘. (5.14)

The definition comes from the quadratic Casimir element of gl(2k|2k), and we now
explain the connection. By Lemma 5.4(d), the operators ¢(Y) = —Y for even Y and
$(Y) =1iY for odd Y satisfy

[p(Y), p(Y")] = p([Y,Y]) (5.15)

for homogeneous Y and Y’, which one checks separately in the three cases of two even,
one even and one odd, and two odd elements. In other words, ¢ is a representation of
the Lie superalgebra g by operators on superfunctions. For the bilinear form STr(YY’),
the basis ((—1)“‘151-,-) is dual to (E;;), and the quadratic Casimir element of gl(2k|2k) is
defined as the sum ZZ ]( )HE Eij [8]. Tts image under ¢ is a multiple of Ci. Indeed,
¢(E;i)¢(E;j) equals E],EZJ if E;; is even and EﬂE,] if E;; is odd, while (— DIl = (=1)ll in
the first case and (—1)l!l = —(—1)l/l in the second, and therefore
Y (=)o (Ep)¢p(Ey) = Y (~D)VE;E;j = —2C;. (5.16)
i,j i,j
We will need the following properties of Cy.
Lemma 5.8. (a) For all homogeneous Y € g, we have Ckl? = ?Ck, and Ly Cy = CyLys for all

<" € Go. Moreover, C,1 = 0.
(b) For all smooth superfunctions f and f', at least one of which has compact support, we have

(G = | fGf"
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(c) Let s be a section over a coordinate patch O C M. In the coordinates (x, x) given by s, the
operator Cy. is a second-order differential operator of the form

Co=—App+ Y oy, 0y, + ) by, +, (5.17)
HY H

where each n*" is the multiplication by a smooth superfunction whose coefficients have degree
at least two in the x,, and b¥ and c are linear maps of \\ye (they may contain x, and dy,)
with smooth coefficients in x. Moreover, Cy is a finite sum of products of two vector fields
in the coordinates (x, x). In particular, it is a finite sum of products of at most two of the
derivatives dx, and dy,, with smooth superfunctions as coefficients on the left.

Proof. We begin with (a). Its first assertion is the statement that the Casimir element is
central [8]; for Lie superalgebras in general, see also [132]. We give the short direct proof.
We write c;j = ¢(E;;), we recall that E;; has the parity |E;j| = |i| + |j| modulo two, and we
set

Q= Z(_l)‘i‘cﬁcz’jz
i

so that (3 = —2Cy by (5.16). The brackets of the E;;, and (5.15), give

ijs
[Emnr Eji] = 5njEmi - (_1)|Emn“Eﬁ|5imE]’n/

[Cmnz Cjz'] = (Snjcmi - (_1)‘Emn”Eﬁ‘5iijn-

Using [c,c'c"] = [c,c]¢” + (=)€€'l [¢, ¢”"] and |Eji| = |Ej;|, we find

[emn Q) = Y (=DM (lemn el e+ (=1)FrellEalcy fepn, i)

L]
i j
+ Z(_1)|7’l‘+‘Emn||Ejn‘cjncm]. _ Z(_l)‘i‘cmicin-
] 1
The first and the last sums cancel. In the two middle sums, the difference of the exponents
is (|n] —|m|)(1 4 |Emn|), which is even since |E;,| = 1 whenever |n| # |m|, and these
sums cancel as well. Therefore () supercommutes with every c;;,,. Since () is even and ¢,
is a nonzero multiple of E;;;;, we obtain C;Y = YC; for all homogeneous Y. The second

assertion follows from Lg/f/L;,l = g?g’\—l and the invariance of the form STr(YY”’) under

conjugation by ¢/, which maps dual bases to dual bases. The identity C;1 = 0 holds since
Y1=o0.

We now prove (b). By linearity, we may assume that f is homogeneous. Let a = |i| 4 |j|.
Differentiation does not enlarge support, so the compactly supported factor remains
compactly supported in each of the two applications of (5.13). We find

JEENS = (100 [(E ) Eif = (-1 [ FEEs
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We multiply by (—1)l/l, sum over i and j, and exchange the names of i and j. Since
(=1)l+2 = (=1)l1, we obtain (b).

It remains to prove (c). We split the sum (5.14) into the terms with E;; even and

those with E;; odd. Let Y be in the Lie algebra of Gop. In the coordinates of s, we have
e*Y's(x) = s(xs)ks with xg = e*Yxe™*Y and ks € Ko. By Lemma 5.4(b) and the equivariance

of superfunctions, Y is therefore the sum of the vector field Vy of the action of ¥

./\/l0 and of the infinitesimal rotation of the odd coordinates by ks, which has the form

Yy cab( x)Xady, and contains no derivative in x. By complex linearity, the same holds for

all Y € go, with Vy complex linear in Y.

We now compute the part of the even terms of second order in x. It is the same in
all charts obtained from one chart at A by the action of an element of Gy, which we call
translated charts in Section 5.2, by (a). It therefore suffices to compute it at the point
A. Let mg denote the real subspace of my described in Section 5.2, on which the form
STr(YY’) is real and positive definite, and let Yi,. .., Y2 be an orthonormal basis of mg
for this form. Let Z;,...,Z, be a basis of £, and let Z!,...,Z™ be its dual basis for
STr(YY’). The decomposition gy = mg & €y is orthogonal for this form, by the cyclicity
of the supertrace and AY = —YA for Y € my. The element 2(—1)|i|Eji ® E;jj of go ® go,
summed over the even Ej;, is the element dual to the form STr(YY’) on go. It can be
computed with any basis of gy and its dual basis, and therefore

> (-)VE;E; —ZYuYﬁZZVZV
i,j: [t =]l
The part of second order in x of a product of two of the operators Y at A is the
symmetrized product of the two tangent vectors Vy(A). For Z € ¢, the vector Vz(A)
vanishes, since ¢ commutes with A. For Y € mg, we have Vy(A) = [Y, A], and

—1STr ([Y,A][Y,A]) =2STe(YY'),  Y,Y €mpg,

so that the vectors 21/ 2VYV (A) form an orthonormal basis of Ty .M} for the metric (5.2).
The second-order part at A of the right side of the last display is therefore twice that of
A MY and the even terms of (5.14), which are —% times this display, have the second-order
part of —A M- This is the classical fact that the Casimir operator acts on a Riemannian
symmetric space as a multiple of the Laplace-Beltrami operator (compare [66]). The
remaining parts of the even terms have order at most one in x.

For odd Y, the construction of Lemma 5.4 shows that Y is the sum of the left-invariant
vector field in the direction A and of a vector field in the odd coordinates. Here A has
coefficients of odd degree, since ¢y A is even. A product of two such fields contains
second derivatives in x only with coefficients of degree at least two, which completes the
proof of (5.17).

It remains to prove the last assertion of (c). We showed above that, in the coordinates
of s, every Y is a vector field in (x, x) with smooth superfunctions as coefficients. For
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even Y, the field is the sum of Vy and a rotation of the odd coordinates. For odd Y,
it is the sum of the left-invariant field in the direction A and a vector field in the odd
coordinates, and the left-invariant field is the sum of a vector field in x and a rotation of
the odd coordinates, by the argument for even Y with right translation by ¢ in place of
left translation by ¢°Y. Hence Cy is a finite sum of products of two such vector fields. For
vector fields V and V' in the coordinates z = (x, x), the Leibniz rule gives

VV/ = ZZ*:UIU/IaZIaz] + Zvl(azlvlj)az]/ V= ZUIaZ[/ V/ = ZUI]BZ]/
L] L] I J

which is of the stated form. In particular, the coefficient of axya x, in Cy is the multiplication
by a superfunction. Together with the previous paragraph, this proves the assertion on
ntv. O

Remark 5.9. At rank one, we show in Lemma 6.8 that on superfunctions invariant under
¢, which are functions of (B, F) in polar coordinates, C; acts as —dApd~!. The term
—WT‘%B + 2(%#)81: of dApd~!, which is absent from the Laplace—Beltrami operator
of the underlying manifold, comes from the odd directions. (This term is the reason
why the singlet diffusion of Remark 1.5 differs from the diffusion with generator XAp of

Definition 1.4.)

Remark 5.10. The normalization of Cj is fixed by its body part —A MO (Lemma 5.8(c)), and
in this sense Cy is minus the invariant Laplace operator of M. This also holds with the
odd directions included. We show in Lemma 16.5, where Part IV uses it, that C; is minus
the Laplace-Beltrami operator of the invariant supermetric —% STr(dQ dQ) (compare
[139]), in the weak sense in which the quadratic form of C; for the invariant Berezin
integral is given by the inverse of this supermetric. The chain of Section 4 produces C
with this normalization: one link of the chain acts on the tangent variables as the heat
semigroup of —Cy at time (4s2W?)~!, as explained in Section 5.1, and Lemma 18.8 proves
this.

We will need two computations with C;, which determine its radial part at rank one
in Lemma 6.8. For even superfunctions u and v, we set

Qc, (u,v) = C(uv) — (Cu)v — u Go.
Lemma 5.11. (a) For even superfunctions u and v, we have

Qc, (u,0) = — Z(—l)‘j| (E;u) (I/S?jv), (5.18)

i,j

and Qc, (u,v)p = —2Vug - Vog for the metric (5.2).
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(b) We have C;.Q = 0 entrywise, and
Cdp =0,  CSTr ((AQ)?) = —84d2. (5.19)

Proof. We begin with (a). Applying the Leibniz rule twice to (5.14), and exchanging
i and j in one of the two mixed sums, which is possible since (—1)|i|+|E"J'| = (=),
we obtain (5.18). For odd E;;, both factors in (5.18) are odd and their product has no
body. For even Ej;, the field EAZJ is the sum of the vector field VEi]- on /\/lg and a rotation

of the odd coordinates, as shown in the proof of Lemma 5.8(c), so the body of EAZ-]-u
is Vg up. The computation of the second-order part in that proof then shows that
Qck(u, 7))@ = —2Vu@ : VU@.

We now prove (b). Fix i and j, let ¢ and ¢’ be auxiliary parameters of the parity
a = |Ej|, and set D = 19EA1-]- and D' = ¢ E; These are even derivations, which commute
with multiplication by ¢ and ¢, and by (5.6), we have DQ = [P, Q] and D'Q = [P, Q]
with the even supermatrices P = 0E;; and P’ = ¢'E;;. Since D'D = (—1)"¢'¢ ]/S;E; and
(—1D)lil+e = (=1)l1, the definition (5.14) becomes

~2Gif = Y (-1)"1[D'Dflgs,
L)

where [ -]y 4 denotes the coefficient of ¢'9.
We have D'DQ = [P, [P, Q]], and multiplying out with PP’ = ¢¢'E;, PQP’ =
ﬁﬂ/ijEii/ PIQP = ﬂ/ﬁQiiE]']', and P'P = 19/1.9E]], we find
[D'DQlys = (—=1)"(EiQ — QjjEii) — QiiEjj + QEjj.

We sum over i and j with the sign (—1)ll. Each of the four terms is then a multiple of
Y (=)l = 0 or of STrQ = 0, by (5.5), so that C,Q = 0 entrywise. Since dy is a linear
combination of entries of Q, this implies the first identity in (5.19).

For the second identity, the Leibniz rule gives

D'DSTr(AQAQ) = 2STr (A(D'DQ)AQ) +2STr (A[P, QJA[P',Q]),

where we used the cyclicity of the supertrace for even supermatrices. After the signed
sum, the first term gives —4 STr(A(CxQ)AQ) = 0. For even supermatrices M and N, a
direct computation gives STr(MPNP') = (—1)ll¢'0 M;;Njj. Expanding the commutators
and using cyclicity, we obtain, with A = diag(Aq, ..., Agk),

[STr (AP, QIAIP', Q1)] yp = (~DV (20340 Q)5 — A(QAQ)j5 — 4(QAQ): )

The signed sum of the first term is 2(STr AQ)? = 842, and those of the other two terms
are multiples of STr A = 0. Therefore —2C; STr((AQ)?) = 2 - 842, which is the second
identity in (5.19). O]
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Coefficient norms and weighted spaces

We now define the norms in which we measure the coefficients of superfunctions, here
and in Part IV, and the weighted spaces on which the semigroup of Proposition 5.15
acts. Part III does not use these norms, except through the spaces L% and the multipliers
defined below, and its reader may skip Definition 5.12 and Lemma 5.13. The norms are
defined for the Grassmann algebra /\, of Definition 3.1 with any number r of generators
¢1,...,Cr, and they measure the odd coordinates on a scale that may differ from one. Let
w = (wy,...,w,) € (0,00)" be a weight vector, and set w! = [T, wa.

Definition 5.12. For f € A,, we define

o= Tl o= (T «I5f)
IClr

IC[r]

We write |f|; and |f|» when w, =1 for all 4, and |f|1,, and | f|2,, with a number w > 0
when w, = w for all a. For a matrix M = Y_; M;& with entries in A,, where the M; are
complex matrices, we define | M||1,, = ¥y w!||M||op, where || - ||op is the operator norm.
For superfunctions on a superdomain (Definition 3.2), these norms are taken pointwise.

Equivalently, |f]1., and |f|s, are the ¢! and ¢ norms of the coefficients of f in the
normalized monomials w™!¢L. If we write & = w,é,, then |f|,, is the norm | - |; in the
monomials & In Part IV, the weight is the number w =h = W12 and we call h~!1lg!
the h-scaled monomials. A coefficient of degree s then carries the factor /°, and a derivative
in an odd coordinate costs a factor 11, as the following lemma makes precise.

Lemma 5.13. Let w € (0,00)", let f, f' € \,, and let M and M’ be matrices with entries in )\,
such that MM’ is defined.

(@) We have [ff'l0 < |fliolf' e Iff'l2e < [fluolflow and (MM <
HMHl;wHM/”l;w

(b) Forall I C [r], multiplication by w~'¢" is a partial isometry for | - |, that is, it is isometric
on the span of the monomials & with ] N I = @, and it annihilates the other monomials.

(c) Foralla € [r] and i € {1,2}, we have |0¢, f|iw < Wy t|fisw-

(d) Suppose that w, < ws < 1 for all a, and that f; = 0 for all I with |I| < s. Then

Flie < wIfls for i € {1,2}.

(e) Let a € A, be even with soul n, and let g be holomorphic in a neighborhood of ag. Then

j

Lw’

lr/2] 1 ,(j)
s@he < ¥ 870

=

and in particular ||, < eRe @t |,
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(f) Let B € C™*" be invertible, let {;, = Y., ByyCp, and let |f|] denote the norm | - |y in the
monomials of ¢1,...,C,. Then |f|1 < max(1, ||Blle)"|f]}, where ||Bllcc = max, Y |Bgp|-

Proof. We begin with (b). For disjoint I and ], we have &/¢/ = +¢V and w!V = w!w/,
while ¢/¢/ = 0 otherwise. These relations imply (b) and the bound [&!f'|;.., < W!|f']iw
for i € {1,2}. Expanding f = ¥; f;¢! and using the triangle inequality, we find

‘ff/‘i;w < ZI:|fI| ":If/|i;w < ‘f‘l;w|f/|i;wr S {1,2},

and the bound for matrices follows in the same way from || M M;jl[op < [[Mj][op || M]|lop-
This proves (a).
Next, for a € | we have

o, ¢l = £el\ay wMal — w W,

while dg, &l =0fora ¢ ], and (c) follows. Statement (d) follows from w! < a)LI‘ < wj for
|I| > s. By (3.6) and (a), we have

/2] 16 () (4 , /2]
%
FOIPESY Mhﬂl;w < gU (' o)l nll.,
= =
which is (e), and |g\) (agp)| = eRe% for g = exp.
It remains to prove (f). We write f = ¥; f/¢'L. By (a), we have
I
€' < TTIeh < 1Bl
acl
and the claim follows from the triangle inequality. O

We measure superfunctions on My in these norms with a scalar weight w € (0, 1],
which will be chosen in the proof of Proposition 5.15. Recall from Section 5.2 that two
sections differ by a unitary change of odd coordinates. The norm |f |, is therefore the
same in all sections and defines a function on MY. In the norm | - |5, a coefficient of
odd degree j carries the factor w/. We call | - |2, the degree metric with parameter w; Part
IV also uses it, with the parameters w and s. For a superfunction f and p € R, we set

I£15= [, IF B dvol, (5.20)

k

and we let L% denote the Hilbert space completion of the compactly supported superfunc-
tions in this norm. Its elements are measurable maps f: Gop — A2 with the equivariance
of Definition 5.2 and || f||, < co. The norms for different w € (0, 1] are equivalent, with
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constants depending on w and k. For g4 > p, we have Lz' C L%,, since v > 1. Writing
f=Y;fix'and f' =¥ fix! in the coordinates of a section, we let

(o=

o?? Y w1 f1 f1 dvol

M T

denote the inner product of L2, in which the complex conjugate is taken coefficientwise.
A change of section acts on the coefficients of each degree by a unitary matrix, so that
this inner product is the same in all sections. It is unrelated to Bj.

Derivatives of superfunctions are taken in charts adapted to the action of Go. Let
mRr = mg N Lie(Gyp), with the inner product 2STr(XX’) induced by the metric (5.2) under
X — [X,A]. We choose a sufficiently small ball about zero in mp, let Op be its image
under X — eXAe X, and use the coordinates of X in an orthonormal basis as normal
coordinates. The ball and Oy are Ky-invariant, and we fix the exponential section

so(eXAe™X) = eX.

For ¢’ € Go, we call the map x — g'xg’~! on Oy, together with the section sy(y) =
¢'s0(¢'"tyg') over ¢'Opg’ ™1, a translated chart. In a translated chart, a superfunction f
becomes fo/(X, x) = f(g'eX;©), and we let |V/f|y,,(g'Ag’~") denote the norm | - |5, of
the collection of j-th partial derivatives in X of its coefficients, at X = 0. The exponential
section satisfies so(kxk 1) = ksp(x)k~! for k € Ky, so equivariance gives

fg’k(X/X) = “k(fg’(Adk X/X))-

Thus two translated charts centered at the same point differ by an orthogonal linear
change of normal coordinates and a constant unitary change of odd coordinates. Deriva-
tives of order j transform only among derivatives of that order, and their norms differ by
at most a factor depending on j and k. We say that a superfunction m is a multiplier of
degree s > 0 if, for every integer j > 0, there exists C; such that |V/m|; < Cjv°® on M.
By Lemma 5.13(a), multiplication by a multiplier of degree s maps L% to L%,S boundedly,
for all p.

The operators of the sigma model look the same in all translated charts. By
Lemma 5.8(a), the expression (5.17) of Cy in the chart of ¢’ is the same for all g/, and
the invariant integral (5.11) has the same density p in all of them. In this sense, M has
bounded geometry: all coefficients of C; and of the integral, and all their derivatives, are
bounded uniformly over the translated charts.

Lemma 5.14. (a) The entries of QPP are multipliers of degree one, the entries of QBF and QB
are multipliers of degree %, and the entries of QY are multipliers of degree zero.
(b) The soul of dy. has coefficients of degree at least two in the x,, and |dy — (di)o|1.0 < Cw?v
forall w € (0,1].
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Proof. By the polar decomposition of U(k, k), we may represent the point gAg~! with
¢ = diag(gp|gr) and gp positive definite. The proof of Lemma 5.1(a) then yields

Igsllsp = llgs 'l < Tr(gegs) =2(v—1),

and g is unitary. The entries of Ae 2 are polynomials in the x, with bounded coef-
ficients, and Q = gAe ?P¢~1. The blocks QPB, QPF, and QFP, and QfF are therefore
bounded by C||g ||(2)p, C|lgBllop, and C, respectively, and the same bounds for the deriva-
tives follow from the argument of Lemma 5.1(b). For (b), we write

dy = 1 STr(AgAe 2Pg™1).

The terms of odd degree in ® vanish, since g is block diagonal in the gradings and odd
powers of © have vanishing diagonal blocks, and by Lemma 5.13(d) the terms of degree
at least two are bounded by Cw?v in | - |1,4. O

The entries of QfF, including their souls, are bounded because Qff = gr(Ae=29)FF SE 1

by (5.4), which involves the compact factor gr only. This is why the fermionic sources in
the next section are bounded perturbations of the generator.

Finally, we fix cutoffs adapted to the weight v. Let ¥ € C°(R) be equal to one on
[—1,1] and to zero outside [—2,2], and set

yr = p(R"logo), R>1. (5.21)

Let rg denote the distance from Ag to QPP in H. By the proof of Lemma 5.1(c), we have
v > cosh(rg/Vk). Thus yr has compact support: its support has bounded rg, and Sy is
compact. Moreover, |Vir| + | V2P| < CR™! by Lemma 5.1(b).

5.3 The partition function

We now define the partition function. The heuristic origin of its generator in the chain of
Section 4 is explained in Section 5.1. Throughout this section, X > 0 and ¢ > 0. Recall
from Section 4 the source supermatrix I' = diag(eAp|I's), with

FF = d1ag(b1 — iul, .. -/bk — iuk, —b1 — il/ll,. ey _bk — iuk).
In this section we allow I'r to be an arbitrary complex diagonal matrix. Using
27edi (Q) = me Tr(ApQP®) — e Tr(ApQ™F),

we find
7t STr(QT) = 2medi(Q) — 7 Tr (Q™F (T — eAp)). (5.22)
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The first term is the damping. The second term carries the sources, and it vanishes at
the base point (u,b) = (0,e1), where I' = I'y = eA. We define the generator to be the
differential operator

Gxr = XCr + TZTSTI'(QF), (5.23)

acting on superfunctions, where the second term acts by multiplication. For z > 0, we
also set Gx, = XCy + zdy, so that Gxr, = Gxpre. When the parameters are fixed, we
write G = Gyr. With the semigroup written as e ‘¢, the body part —A MY of Cx is a
nonnegative operator on the underlying manifold, and the damping term 27ed) has
nonnegative body.

The following proposition constructs the semigroup e~

© on the weighted spaces L%,
of Section 5.2. The constant function 1 belongs to L z for large g but not to L2, and this
is why we need all the weights at once. Recall that q; is the exponent of Lemma 5.1(c).
We call a superfunction f rapidly decreasing if it is smooth and || V/f |p <coforallj>0
and p € R, where || V/f||, is defined by (5.20) with |V/f|5,, in place of |f]2;,.

Proposition 5.15. Let X > 0, & > 0, Rp > 0, and I' = diag(eAp|I'r) with ||I'g|lop < Rp.
There exists wy > 0, depending on k, X, €, and Ry, such that the following statements hold for
the norms of (5.20) with w € (0, wy).

(a) Realization. For every p € IR, the operator G, defined on the compactly supported smooth
superfunctions, is closable in L%,. Its closure Gy is the operator associated by Kato’s first
representation theorem with a closed sectorial form, shifted by a constant, whose domain is

Vo ={f € L3 : IV fllp + 0" 2fllp < oo}

In particular —G ) generates a holomorphic semigroup e C0 on L%, and the compactly
supported smooth superfunctions are a core for G,).
(b) Consistency and smoothing. For g > p and f € L2, we have e "¢ f = ¢~ *%0) f for all

t > 0; we therefore write e tG. For all p € R, all integers m > 0, and all T > 0, there exists
C such that

—tG —-m/2
< <
le™*ll 2, SCE™2 0<t<T.

Fort>0and f € L%, the superfunction e~'®f is rapidly decreasing.

(c) Transpose symmetry. For all p € R, the pairing By is bounded on Ly x L2, and
Br(e '°f, f) = Be(f, e '°f'),  fely, flel?, t>0.

(d) The split pairing. We have 1 € Lz_q for all g > g1/2, and e~*C1 is rapidly decreasing for
allt > 0. For0<a < T,

Bi(e7%¢1,e~(T7967) = /e‘TGl.

In particular, the left side does not depend on a.
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(e) Small damping. Let zg > 0. For 0 < z < zg, the semigroup e~"®X= is the one of (a) with
I' = (z/2m)A. For z = 0, the operator XCy, defined on the compactly supported smooth
superfunctions, is closable in L%, and its closure is the operator associated with a closed
sectorial form, shifted by a constant, whose domain is

Hy={f €Ly [Vfly <o}

we write e~*°x0 for the semigroup that it generates. For every p € R, there exists wg > 0
such that, for each fixed w € (0, wy], there is a constant C,,, depending also on k, X, p, and
z0, with
~tGx; Cut
Ile X’HL%%Lgée , 0<z<zy t>0.

Moreover, let my, ..., my be multipliers and T > 0. Then the coefficients of the superfunction
e~ 5nCxzmy, - - - e18Xz2mq 1, and all their derivatives, are bounded on compact subsets of MY,
uniformly in 0 < z < zgand sy,...,s, € [0, T].
The thresholds wq can be chosen uniformly for (X, e) in compact subsets of (0,00). With an
admissible w > 0 fixed, the constants in (b) and (e) can likewise be chosen uniformly on these
compact sets; in (e) the bounds remain uniform for z € [0,zg|. These constants may grow as w |, 0.
The realizations do not depend on w € (0, wy], since the norms for different w are equivalent.

The statement allows complex fermionic sources, which are needed in Section 8. We
prove the proposition in Appendix C, and we now define the partition function.

Definition 5.16. Let X > 0, ¢ > 0, u € R* with Zj uj =0, and b € (0,oo)k, and let I be
the source supermatrix of (u,b). We define the partition function of the sigma model by

2P (u,b) = By (e7"xr1, e~ (1706xr1), 0 <a <1, (5.24)
where the semigroup is the one of Proposition 5.15.

By Proposition 5.15(d), the right side of (5.24) is independent of 4, and

2P b) = / e 6xr1,

The split form (5.24) is the one that the chain produces in Part IV, where the two ends
of the chain are treated separately (see Section 19). By Corollary 5.20 below, we have
z1(0,61) = 1.

We now record two further facts about the semigroup, which we use from Section 5.4
on. The proof of Proposition 5.15 also identifies the domains of the realizations. For all
p € R, we have

D(G(,) ={f € V,:Gf € L3}, (5.25)
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where Gf is taken in the sense of distributions, and G(,)f = Gf for f in this domain.
For an integer j > 1 and p € R, we let D(G](p)) denote the set of f € L7 such that

f,Gf,...,G1f e D(G(p)), and we set D(G(()p)) = L%.
Let X > 0,z9 > 0, and T > 0. We call a superfunction of the form

f=e5nC%Xap, ... em10xap 1, (5.26)

where mjy, ..., my, are multipliers, 0 < z < zp, and s1,...,s, € [0, T}, a semigroup product.
For z > 0, Proposition 5.15(b) implies that e~ is rapidly decreasing for t > 0, but the
bounds degenerate as ¢ | 0. Part III evaluates semigroup products, and their components
in the polar coordinates of Section 6, for s, close to zero (Section 10.7), and the proofs
in Sections 6.2 and 6.3 need the regularity of e~°f up to t = 0. The following lemma
provides these bounds, including at z = 0. We prove it in Appendix C.6, with the domains
of powers of the generator and interior elliptic estimates.

Lemma 5.17. Let X > 0, z9 > 0, and T > 0, and fix multipliers my,...,my,. Let G = Gx ,
with 0 < z < zg, and let f be the semigroup product (5.26). In (a) and (b), the constants do not
depend on z € [0,z¢] or on s1,...,s, € [0, T].

(a) For every integer j > 0, there exist p € R and C such that f € D(G]@) and
I 2
2 NG Ay + 2 IVflly < € (5.27)
1=0 i=0

(b) For every compact set K C MY and every j > 0, the coefficients of f and their derivatives of
order at most j, in the translated charts, are bounded on K by a constant.

(c) Fix z and the times s1,. .. ,s,. Then the coefficients of e*Cf, in the coordinates of a section,
are smooth functions of t € [0, 00) and of the body point, with derivatives continuous up to
t =0, and u(t) = e *Cf solves d;u = —Gu. For every j > 0, there exist p € R and C such
that || Vie 'Cf||, < Cforall t € [0,T] and i < j.

(d) Statement (c) holds for every rapidly decreasing superfunction f in place of the semigroup
product, and then the last bound holds for every p € R, with C depending on p.

(e) Let Ax, = —XA M0+ z(dy) @, acting on complex functions on M9, and use the norms
(5.20) with |f| in place of |f|2,w. For z > 0, the realization and smoothing statements of
Proposition 5.15(a) and (b) hold for Ax ., with the form domain V), and the positive-time
weight gain stated there. At z = 0, use the closure of —XA MO with form domain H}, as in
Proposition 5.15(e). The small-damping statement (e) and statements (a)—(d) above hold for

Ax  throughout 0 < z < zg, with multipliers that are smooth functions m on MY such that
|Vim| < Cjv® for all j.
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In particular, part (b) is the last assertion of Proposition 5.15(e), with last time s, €
[0, T]. The proof of Proposition 5.15 in Appendix C deduces that assertion from the
lemma, whose proof uses only the other parts of the proposition.

5.4 Localization and normalization

We now prove the supersymmetric localization identity on Mj. The mechanism is that
of Proposition 3.19. An odd vector field q with zero divergence, and a g-exact and g-
closed function whose body has a unique nondegenerate minimum, allow one to insert
a Gaussian factor into the integral of a g-closed function, and then to concentrate the
integral at the minimum. Historically, this is the localization principle of Parisi and
Sourlas [103], and a general form on compact supermanifolds is due to Schwarz and
Zaboronsky [113]. Since Mj is not compact, their theorem does not apply directly. For the
noncompact superspace H2?, the corresponding identity is proved in [28, Appendix C],
and for flat superspace in [7, Theorem 11.4.5]; see also Lemma 3.18. We follow these
proofs, with the same three steps as in Proposition 3.19, and we control the contributions
from infinity by the growth bounds of Section 5.2.

Let ga € ¥ denote the odd supermatrix with the blocks (g4)8, = (ga)%5, = Idy and
with all other entries zero, and define gr in the same way with the retarded flavors. We
set ga = ga and qr = gR, and we call them the advanced and retarded supercharges. We
also define the odd superfunctions

= -5 Z ‘ ‘ (9a) ij Qjis OR = %Z(_l)i(qR)ij Qji- (5.28)
L]

For an auxiliary odd generator &, we have dop = —% STr(9gaQ), where 944 is an even
supermatrix.

Lemma 5.18. We have g5 = Ida and [ga, A] = 0, and

gadx =0, qaoa = dy.

The same holds with R in place of A. Moreover, let tx = {Y € €:Y = IdaYIda} denote the
advanced subalgebra, and €g the retarded one. Then a superfunction that is invariant under €a
satisfies qa f = 0, and the entries of Qgrr are invariant under €.

Proof. The first two identities are immediate from the definition of 5. Let ¢ and ¢’ be
auxiliary odd generators. Using (5.6) and [ga, A] = 0, we have

Bqady = 2 STr([A, 994]Q) = 0.
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Using also the cyclicity of the supertrace for the even supermatrices 9g, and ¢'qa, we
find

8aa(0n) = — STr (#9418, QI) = — 5 STr (189, 044]Q) = —8'9 STH(R3Q),
where we used #'ga8ga = ¢'9q% and 9ga%' g4 = —9¢'9g%. Since qu is odd, we have
99a(¢'0a) = —08'qa0n = ¢'0qa0a,
and comparing with the previous display, we obtain
qaoa = —STr(IdaQ) = — STr Qaa.
By (5.5), we have STr Qrr + STr Qaa = STr Q = 0, and hence
di = 1(STrQrr — STrQaa) = — STrQaa = STr Ogr.

This proves the second identity, and the retarded case is the same. Finally, g4 € £, and
for Y € t5 the commutator [Y, Q] has vanishing flavor block RR. O

We say that a superfunction f has polynomially integrable coefficients if [ v¥|f|1.1 dvol <
oo for all K > 0. By the Cauchy-Schwarz inequality and 1 € L2 g every rapidly decreasing
superfunction has this property.

Lemma 5.19. Let A be a smooth superfunction on M with polynomially integrable coefficients,
and suppose that gaA = 0 or qA = 0. Then

/ A= Agp(A).
The same holds entrywise for matrices of superfunctions whose entries satisfy these hypotheses.

Proof. We treat ¢ = qa and o = o,4; the retarded case is identical. For ¢ > 0, we set

I(c) = /Ae_Cdk.

We will show that I is constant, that I(c) — [ A as ¢ | 0, and that I(c) — Ap(A) as
¢ — oo. The polynomial integrability of A is used only in the second step; the first and
the third use only that A is integrable, because of the factor e,

We first record two bounds. Recall from Lemma 5.14 that the entries of Q are multipli-
ers of degree one and that the soul of dj is bounded by Cv. Using also (dy)p > v—1—k,
from (5.10), we obtain

< C(1+ cv)Feclv=1-k), (5.29)
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where we used that a product of more than 2k? souls of even elements vanishes. Moreover,
in the translated charts, the coefficients of q are bounded by Cv'/2, by the construction
in the proof of Lemma 5.4, since ||g~qagllop < Cv!/? for the choice of g in the proof of
Lemma 5.14.

Step 1. We show that I is constant. Let g be the compactly supported cutoff (5.21),
and set w = oAe . By Lemma 5.18, Lemma 3.4(b), and qA = 0, we have qe_Cdk =0
and quw = dyAe~“%, as in the proof of Lemma 3.18. The invariance of the integral and the
Leibniz rule give

/lPR diAe M = /¢R qu = —/(qlPR)W

The cutoff g depends only on the body point. Using Lemma 5.1(b), we find that
lqyr|11 < CoR~! and that qy is supported where v > eR. The superfunctions vw and
dyAe=% are integrable, locally uniformly in ¢ > 0, by (5.29) and |o|1,; < Co. Dominated
convergence shows that I is differentiable, and letting R — oo in the last identity, we
obtain

I/(C) = — /dkAe_Cdk = — I%I—I};o Pr dkAe_Cdk =0.

Step 2. We consider the limit ¢ | 0. For 0 < ¢ < 1, the bound (5.29) implies that
e~k |1 < Cv?¥, and the coefficients of e~ converge to those of 1 as ¢ | 0. Since A has
polynomially integrable coefficients, dominated convergence yields

161%1 I(c) = / A.
Step 3. We consider the limit ¢ — co. We use the exponential chart at A. Let O be a
small neighborhood of zero in m, and write Y = Yy + ®" € O, with Y} in the real subspace
of my described in Section 5.2 and @ € m; with coefficients in the odd generators. The
superfunctions
Q=¢e"Ae Y = Ae %Y

define coordinates on a neighborhood of A, by Lemma 3.14, since at Y = 0 this change of
coordinates agrees with the regular coordinates to first order. In these coordinates,

221171

1
dp = =STr(e7?Y) =
2 ( ) T; (2n)!

since odd powers of Y € m have vanishing flavor blocks RR and AA, and therefore
vanishing supertrace. By Berezin’s formula (Theorem 3.15), the invariant integral has a
density po(Y) in these coordinates, and its body at Y = 0 is a nonzero constant pp(0),
since p has nonzero body.

STr(Y?"),
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Since (di)p = STr(YZ) + O(|Yo|*), where |Yo|? = STr(YZ), we may choose O so small
that (dy)p > a|Yp|> on O for some a > 0. Let ¢ be a smooth function on the underlying
manifold with compact support in O and equal to one near zero, and split

- / pAe—c / (1— ¢)Ae~ch.

On the support of 1 — ¢, the body of dy is at least max(é,v — 1 — k) for some ¢ > 0, and
(6.29) and dominated convergence show that the second integral tends to zero.

In the first integral, we change variables by Y = ¢~1/2Y” in all even and odd coor-
dinates. Since m has as many even as odd dimensions, this change of variables has
Berezinian one (Lemma 3.6(c)), and

/(PAe—cdk _ / ((PPOA)(C—UZY/)e—STr(Y’Z)—rC(Y’) ay’,

p 2

)= L i

As ¢ — oo, every coefficient of the integrand converges to the corresponding coefficient

of Ap(A)pp(0)e ST’ *). Indeed, the terms of positive degree in the odd coordinates

of A, pp, and ¢ come with positive powers of ¢ -1/ 2 and the bodies converge to their

values at zero. On the support of ¢(c~1/2 ), the body of the exponent STr(Y"?) +r.(Y’) =

cd(c™1/2Y’) is at least a|Y§|?, and the souls of this exponent and of (¢ppA)(c~1/2Y")

are bounded uniformly in ¢ > 1. We obtain the integrable majorant Ce=1%l* for the
coefficients, and dominated convergence yields

2n—1

T STr (Y™,

lim 1(e) = Ao(A) 7%, 7= po(0) [ e T dy"
c—00 m
The Gaussian integral is nonzero, by Proposition 3.8, since STr(Y"?) = 2STr(Yj, Yag) is
nondegenerate in the odd coordinates.

We now conclude. Applying Steps 1 and 3 to A = 1, which is possible since they
use only the integrability of e~ and dye~*%, we find that [ e~ = 9y for all ¢ > 0. In
particular, the normalization (5.12) is possible, since v # 0, and it implies that 7, =1,
so that

/ e =1, >0, (5.30)

For general A, the three steps give

/A—hmI c) = lim I(c) = Ap(A).

cl0 ¢—00

The statement for matrices follows by applying the scalar statement to each entry. O
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We now prove that the partition function is one at the base point, and that the
semigroup preserves the symmetries of the constant function. The point is that the
generator commutes with the vector fields of the stabilizer €.

Corollary 5.20. Let X > 0and z > 0. Then
By (e7%%x+1, e~ (T=0)Cx1) = / e Tox:1=1, 0<a<T.

In particular, z)((’ﬁ(o, 1) = 1 for all ¢ > 0. Moreover, e~*®x=1 is invariant under ¢ for all t > 0.
Proof. Write G = Gx,, and let Y € £ be homogeneous. Since dj is invariant under ¢,
Lemma 5.8(a) implies that YGf = GY f for all smooth f. Fix ¢ > 0. The superfunctions
G"e~, n > 0, are rapidly decreasing, by (5.29) and the same bound for the derivatives.

Applying (5.25) inductively, we find that e =% ¢ D(G?p)) for all p and n. Let

O(t) = e Ce %, () = YO(t).

We first show that ®; = 0. The construction of Lemma 5.4 shows that the operator Y
is of first order, with coefficients bounded by Cuv in the translated charts. In particular,
||17f\|p,1 < C|/fllv,- The norm [|f[|v, is bounded by the graph norm of G(,), by (C.4).
Since ®(0) € D(G%p)), the map t — ®(t) is continuously differentiable on [0, c0) into
D(G,

12 !
p—1

)), with derivative —G®(t). It follows that ®; is continuously differentiable into
and

D) (1) = —=YGD(t) = —GDy (1),

where we used that ®(f) is smooth.

The superfunction ®(t) is rapidly decreasing for ¢ > 0, by Proposition 5.15(b), hence
so is ®1(t), and ®1(t) € D(G(,_1)) by (5.25). Moreover ®1(0) = Ye % = 0, since dj is
invariant under ¢. Thus ®; is a strong solution of ®} = —G(p_l)CIDl with zero initial value,
and for 0 <s < t,

%e_(t_S)GCI)l(S) = e~ =98 (GDy (s) + D) (s)) = 0. (5.31)

Integrating over s € (0,t), we obtain ®1(t) = 0.
Next, we show that [ ®(t) is independent of t. Since ®(t) is rapidly decreasing and
—G®(t) is its derivative in every L2, we have

%/cb(t) = —x [ o)~z [ 4o

The first integral on the right vanishes. Indeed, Lemma 5.8(b) gives

/(qu’(t))’PR = /‘D(f) Cer,  |Crprl11 < CR7Y,
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where the bound holds since the coefficients of C; are bounded in translated charts and
the derivatives of g of order one and two are bounded by CR™!. The right side tends
to zero as R — oo. For the second integral, we note that d;®(t) is qa-closed, by the first
step with Y = g4 and Lemma 5.18, and that it has polynomially integrable coefficients.
Since (dy)p(A) = 0, Lemma 5.19 gives

/ dD(t) = (A (t)),(A) = 0.

Together with (5.30), we conclude that

/CD(t):/e_Cdk: ,  t>0.

Finally, we let ¢ | 0. Let g4 > g1/2. Using (5.29) and dominated convergence, we
find that e % — 1in L2 g Using Proposition 5.15(d), (c), and the boundedness of Bj on
L% x L2 g We obtain

B (e7%¢1,e~T=61) = Bi(e T¢1,1) = hfél Bi(e7TC1,e~c%) = hfél e TGl — 1,
[ C

The case z = 27te, T = 1 is the identity Zg{i(O, el) =1, since Gxr, = Gx,27e-

For the last assertion, let t > 0. As ¢ | 0, the superfunctions e tGe—cdk —
e~ 16/2 (e‘tG/ze_Cdk) converge to e ®1 in the graph norm of G(_g), since e~t6/2 maps
Lz_q boundedly into D(G(_y)). Since Ye 1Ge~cd = () and |D?f||_q_1 < C||fllv_,, we obtain
Ye~ 161 = 0 in the limit. The case t = 0 is trivial. O

We will also use localization for matrices of superfunctions. For a matrix F = (F;;)
of superfunctions indexed by the retarded indices, we say that F is retarded-covariant if
8yYF = [0y Ygg, F] for all homogeneous Y € ¢, where Y acts entrywise and Ygg is the
retarded flavor block of Y, and advanced-invariant if YF=0forallY € ¢ A. For instance,
Qgr is retarded-covariant and advanced-invariant, by (5.6), and so is fIdgr for every
superfunction f invariant under £. Advanced-covariant and retarded-invariant matrices
are defined in the same way, with the roles of the flavors exchanged.

Corollary 5.21. Let F be a retarded-covariant and advanced-invariant matrix of smooth super-
functions. Then there exists cx € C such that Fp(A) = cpldr. If moreover f is a smooth
superfunction invariant under € such that fF has polynomially integrable coefficients, then

[ FF = folt) eald

The same holds with the roles of the retarded and advanced flavors exchanged.
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Proof. The entries of fF are invariant under €5, hence qa-closed by Lemma 5.18, and
Lemma 5.19 implies that

/fF = fo(A)Fp(A).

It remains to identify Fp(A).

Let Y € £ be supported on the retarded flavors. Since A is fixed by e°¥, the body of YF
vanishes at A, and covariance implies that [Yrgr, F»(A)] = 0 for all such Y. In other words,
Fp(A) commutes with all block diagonal matrices of the retarded flavors. Its off-diagonal
blocks have odd entries and vanishing body. It follows that F»(A) = diag(cpldy|cpldy)
for some cg,cp € C. Now let Y € £ be the supermatrix with a single entry one in the
block YEE. At ¢ = Id, the matrices A and © in the construction of Lemma 5.4 have
degree at least one in the x,;, and the body of YF vanishes at A as well. Taking the
body at A of the BF block of the covariance relation, we find 8y (cp — cp) YRE = 0, and we
conclude that cg = cg. H



SECTION 6

The sigma model of rank one

In this section, we treat the sigma model of rank one, in which the objects of Section 5
can be computed explicitly. We show that the semigroup acts on invariant superfunctions
as the semigroup of the singlet diffusion, so that its value on the constant function is
the singlet state ‘I’f{’z, and we prove the properties of the kernels Ky, Kx, and Ix that
Definition 1.4 uses. We then develop the calculus of rank-one pairings, which evaluates
the pairings of singlet states with entries of Q inserted, and we show how Kx and Ix arise
from the derivatives of the partition function in its source, and Kx from an insertion at a
single site. Part III uses these results throughout, and Part IV does not use them. From
Section 5, we use its definitions at k = 1, the symmetries and the Casimir operator of M
through Lemmas 5.4, 5.8 and 5.11, the bounds of Lemmas 5.1 and 5.14, the semigroups
of Proposition 5.15 with the regularity of semigroup products in Lemma 5.17, and the
localization identity Lemma 5.19, together with the supercharges of Lemma 5.18 and its
consequences in Corollaries 5.20 and 5.21. Lemma 6.14, by which the partition function
extends to an entire function of the sources, holds at every rank, and Section 8.4 uses it
in this generality.

Throughout this section, k = 1, and we order the indices as (RB, RF, AB, AF). Recall
that the underlying manifold of M, is the product H; x S; of the hyperbolic plane and
the sphere, and that M has four odd coordinates. We introduce polar coordinates on
My, in which the invariant integral and the generator Gy , reduce to explicit expressions
in the radial coordinates (B,F) € D. The polar coordinates are singular at the point
A, which corresponds to the corner (1,1) of D, and the corresponding corner term, a
boundary term of the kind described in Section 3.6, is computed by localization.

We write p = (B, F) for points of D, as in Definition 1.4. We set d = B — F, and
D° = (1,00) x (—=1,1). As in Section 1.2, we call (1,1) the corner of D. We recall from
Definition 1.4 the operator Ap and the diffusion (B,g, Ft) with generator XAp, which we

call the radial diffusion, and the semigroup €'(X2p=2%) and we define the singlet operator
2(B* -1 2(1-F?
h=dApd ' =Ap— ( 7 )aB+ ( y )ap (6.1)

on D minus the corner. The second form follows from ADd_1 = 0, which one checks
directly using dgd = 1, 9rd = —1, and (B%> — 1) + (1 — F?) = d(B + F). We will use the
identity A}, (dh) = d Aph repeatedly.

136
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6.1 Polar coordinates

For p € D and 03,0 € R/211Z, we let Qy = Qo(B, F, 0p,0r) denote the block diagonal
supermatrix with blocks

QFF — B VB2 —1¢i% OFF — F iv/1 — F2 ¢l
0 7\ VB2 —1¢ % —B ’ 0 7\ —iv1— FZe it —F ’

which is the point of /\/l(l) with coordinates (B, 6g, F,0g) of Section 5.2. Let &q,...,¢4 be
odd generators, and let ©; denote the odd supermatrix in ¢ with entries ¢; at (RB, RF),
¢ at (RF,RB), &3 at (AB, AF), and &4 at (AF, AB). We define the polar coordinates by

Q = e 9 Qu(B, F, 05, 0) %, 6.2)

and we set ng = 16> and na = ¢3¢4. These are the coordinates of Efetov [39], written as
in [95, Section 2.4], up to a linear change of the odd variables.

Lemma 6.1. (a) The map (6.2) identifies the superfunctions on My, restricted to the open
set of body points with B > 1 and |F| < 1, with the superfunctions of (B, F,0p,0p) in
D° x (R/27Z)? and of &, . .., &4. The same holds near the edges {B = 1} and {F = +1}
of D minus the corner, after the polar coordinates (B, 0g), respectively (F,0g), are replaced
by Cartesian coordinates of the plane, respectively of the sphere.

(b) In polar coordinates, we have Q2 = 1Id and

QRR=B+dng,  Qmr=F+dng,  QRr=4d&,  Qrx=—-dG,
AA=—B—dns,  Qiy=-F—dnsy, QRy=-d Qua=4di
In particular, d; = 3 STr(AQ) = d and } STr((AQ)?) = B> — F2, with no odd terms.

(c) Let [fliop denote the coefficient of §15283C4 in f, and (f )iop its average over O and 6g with

respect to ‘21?13 Czlff Then

[Q QAA]top - [QRRQAA]top - dzl
(QRAQAR)top = (QARQRA)top = — (B — F?).

Proof. We begin with (b). The flavor blocks of @ are (@g)rr = ( {?z %) and (Oz)aa =
(2 %), and since (£182)2 =0,

Gs O
o9 _ (1 + 3818 +¢1 )
‘RR +&  1-1a86)7

and similarly for AA. Since ¢ is block diagonal in the flavors, we have

ORrr = 31;1?; diag(B, F) er?rir
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and multiplying out gives the first line; the second line is the same computation with
diag(—B, —F). For the supertraces, we use STr(AQ) = STr Qrr — STr Qaa, the identity

STr((AQ)?) = 2STr(Qig) +2STr(Qi,) — 2STr(1d),

which follows from Q? = Id, and STr(Q%g) = STr(diag(B, F)?), which follows from
cyclicity. Part (c) is obtained by multiplying out the products in the Grassmann algebra
with four generators; for the first identity, only the product of the terms d ng and —dnp
contributes. (We have also checked all these identities by computer algebra.)

We now prove (a). The body map is the product of the polar coordinates of the
plane and of the sphere, which is a diffeomorphism of D° x (R/27Z)? onto the set
O° of body points with B > 1 and |F| < 1. Let s be a section over an open set V C
O°, with coordinates (x,x). By (6.2), the regular coordinates are superfunctions of
the polar coordinates over the preimage of V, namely x = y(B,F,0p,0g;¢) and x =
(B, F,08,05; ), with y even and 1 odd. We apply Lemma 3.14 with m = r = 4, with
(B,F,0g,0g;C1,...,C4) as the old coordinates, and with (y,#) as the new ones. The body
map yg is a diffeomorphism, and it remains to show that the body of the matrix (d¢,77) is
invertible, or equivalently that the linear map from (¢, ..., ¢4) to the terms of degree one
of the regular odd coordinates @ is injective. Lemma 3.14 then shows that f — f(y,7)
identifies the superfunctions over V with the superfunctions of the polar coordinates,
which is (a).

Recall from Remark 5.3 that the part of degree one of the odd entries of Q is the matrix
—2¢A@g~!, which is linear in ®. Suppose that the terms of degree one of ® vanish. Then
so do those of QI%:{ =ddy, QE% = —dé, Qg& = —d¢3, and Qf& = d¢y, and d > 0 forces
¢ = 0. The same argument applies near the edges with Cartesian coordinates, since d > 0
there except at the corner. O

We first identify the invariant integral away from the corner. Let O denote the set
of body points with d > 0, that is, /\/l(l) minus the point A, which is connected, and let
O° C O denote the set of body points with B > 1 and |F| < 1, on which the polar
coordinates are defined. The following lemma says that, away from the corner, the
invariant integral has the density d~2 in polar coordinates, up to a constant factor.

Lemma 6.2. There exists a constant cq1 such that

/ f=q /D <f3;°1° dBdF (6.3)

for all smooth superfunctions f on My whose coefficients have compact support in O.

Proof. For f as in the statement, we set

— U]top dfp dOk o <f >top
J(f) = /Dm/znz)z 2 ABdF5 o= /D 2

dB dF,
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where [f]iop is computed in polar coordinates. Near the edges of D, we use the Cartesian
coordinates of Lemma 6.1(a). Since dBdfg = B~! d?w with w = /B2 — 1¢1%, and the
analogous factor for the sphere is smooth, | is a Berezin integral with a smooth and
nonvanishing density in each of these coordinate systems over O.

By Lemma 6.1(a) and Theorem 3.15, the same holds for the invariant integral, and
hence there is an even superfunction ¢ on O with nonvanishing body such that

[£=10p)

for all f with compact support in O. We show that ¢ is constant.

We first show that | is invariant under ¢, that is, J(Yf) = 0 for all homogeneous
Y € ¢ and all f with compact support in O°. By the uniqueness in Lemma 5.4(a), the
even derivation 9yY maps f to f(e®¥YQe %Y) — £(Q), to first order in 9y, since both
derivations map Q to [dyY, Q]. At rank one, Ky consists of diagonal unitary matrices.
Conjugation by an element of Ky commutes with A, shifts the phases g and 0 by
constants, and multiplies each &, by a phase, with inverse phases for ¢; and ¢, and for &3
and §4. It therefore preserves dfig dfr and the coefficient of {1¢>83¢4, and | is invariant
under Kj. Differentiating, we obtain ](1? f) =0 for Y in the Lie algebra of K, and for all
Y € £y by complex linearity. For the odd generator Y = Ergrr of £ and ¢ = ¢y, a direct

. . . +0 .
computation with the matrices egp, © of the proof of Lemma 6.1 gives

%O — o O ((1 — 16¢)1dg + IdA)/ ¢’ =(61—9,62,85,04),

to first order in ¥. Conjugation by the last factor multiplies the flavor block RA of Qg by
1-— %1962 and the block AR by its inverse, which is the shift of both phases by 18¢,. In
polar coordinates, we conclude that

9Y = 09, + 1082 (9g, + g, )-

Neither coefficient depends on the variable that it differentiates, so | (8Y f) =0, by
Berezin integration by parts in ¢; (Lemma 3.6(a)) and by periodicity in the phases. The
other three generators Ergrp, EaB,ar, and Ear ap of £ are treated in the same way, with
¢n, C3, or ¢y shifted.

Next, we show that ¢ is a function of (B, F). Since ¢ is even, the invariance of both
integrals gives, for Y € £ and f with compact support in O°,

I(Yo)f) = J(¥V(ef) - Vf) =0 [ Tf =0,

and therefore Yo = 0 for all Y € &. Write O = Y, 8aY, with Y, € 1. By (5.6) and the
chain rule, we have S0 (e5%Qpe®¢) = — Y, &(Ya0) (e 5% Qpe’®?) = 0. Hence o has no
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odd terms in polar coordinates, and by the invariance under Kj, it does not depend on
the phases. Thus o = (B, F) on O°.

We now show that ¢ is constant, with the invariance of the integral under the even
generator Yy = Egp ap of mp. By Lemma 6.1(b), the superfunctions d; and }LSTr((AQ)Z)
equal d and m = B? — F? in polar coordinates, without odd terms. Since d(d, m)/d(B, F) =
2d # 0 and (d,m/d) determines (B, F), the pair (d,m) is a system of coordinates on D°,
whose coordinate vector fields are

3 Fog + Bog 3 op + OF
d:_—d y m — 2d .

In particular, every ¢ € CP(D°) is a smooth function of (d,m). Substituting d; and
%STr((AQ)Z) for d and m, we obtain a superfunction on O° that equals ¢(B, F) in polar
coordinates, with no odd terms, and we denote it also by ¢.

We now compute the action of Yy. By Lemma 5.4(b), we have YpQ = [Yy, Q]. Using
STr(MYy) = Magrp for supermatrices M and the cyclicity of the supertrace, we find

Yodi = QaB R/ Yo1STr ((AQ)?) = 1[Q, AQA]AB,RB,

D BB (6.4)
YoQrp ap = Qh — Qhp, YoQRk =

Next, we compute two phase averages. For a superfunction A on O°, let (A)
denote the average of its coefficients over the phases. Since A commutes with @g,
we have [Q,AQA] = e %[Qp, AQyA]e®:. Multiplying the 2 x 2 blocks, we obtain
[Qo, AQoA]ar = 4diag(B, F)(Qo)ar. We write Qra = €£§C(Q0)RA€§Z and Qar =
e;gé (Qo) AReSﬁ, and we multiply out. The terms with the phases e*(?5—0F)
zero, and we find

{QaBrBQRBAB) = —(B* —1)(1 4+ ng)(1+na) — (1 — F?) ngna,
{[Q, AQA]ABRBQRBAB) = —4B(B? —1)(1 +nr) (1 + na) — 4F(1 — F?) ngna.

average to

(6.5)

In both lines, the first term comes from the product —(B? — 1) of the BB entries of (Qg)ra
and (Qo)ar, and the second from the product 1 — F? of their FF entries, with the sign of
83828184 = —NRNA.

Let ¢ € C¥(D°), and set 1 = ¢ Qrp,ap and £» = ¢ Qrp apQL:. These superfunctions
have compact support in O°, and the invariance of the integral gives J(o Yol) = | Yol; =
0. We compute <Y0€ )top With the chain rule, (6.4), (6.5), and QLY = F+dng and QBB —
QBB = —2B —d(ng +na) from Lemma 6.1(b). We obtain (Yol Jtop = @04 + BiOmP + Vi,
where

ap=—(B*—F?), p1=-2(B(B2-1)+F(1-F), 11=0,
=K -F)—dB-1), fp=-2BF-1)+FP1-F), p=-d
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For /5, the factor F 4 d ng multiplies the top coefficient by F and the coefficient of n by
d, and we used F + d = B.

We now return to the coordinates (B, F). Inserting the coordinate vector fields d; and
9, computed above, we find «;03¢ + Bidm¢p = V) . V¢ with

vl =(1-B%,1-F?), V@& =(B(1-B%,F(1-F?),
and therefore
0= (0 Yol;) = /Dd%(v(i) V¢ +79)dBAF, i€ {1,2).

Finally, we conclude that ¢ is constant. A direct computation with dgd = 1 and
ord = —1 gives V- (d2V)) = 0 and V- (" 2V®) = —1 = d29,. Integrating by
parts, we find [, d~2¢p V() . Vo dBdF = 0 for all ¢, so that V() . Vo = 0 on D° for
i = 1,2. The vectors V(1) and V(%) are linearly independent at every point of D°, since
det(V(D, V@) = (1 — B?)(1 — F2)(F — B) # 0 there. Hence Vo = 0, and ¢ = ¢; for a
constant c; on the connected set O°, and by continuity on O. This proves (6.3). O

At the corner, the odd part of the Jacobian degenerates, since d = 0 there, and
the polar coordinates are singular at A. The following lemma is the corresponding
integration formula. Its corner term is the boundary term of polar coordinates described
in Section 3.6, and its bulk term is the classical form of the invariant measure in Efetov’s
coordinates.

Lemma 6.3. Let f be a rapidly decreasing superfunction on M. Then

/fo@(A) + lim ftop(B, F)

dBdF. 6.6
rl0 J{peD:d>r} d? (6.6)

The bulk density d=>(f)rop is absolutely integrable on D, so the limit is the integral over D.

Proof. By Lemma 6.2, the identity (6.3) holds for all f with compact support in O, with a
constant c¢; that we determine at the end of the proof.

Now let f be general. Let € C®(]|0,0)) be equal to one on [0,1] and to zero on
[2,00), and set i, = (d1/r) for r > 0. In polar coordinates, we have ¢, = ¢(d/r), by
Lemma 6.1(b), and ), is invariant under ¢£. We write f = ¢,f + (1 — ;) f.

The coefficients of the second term are supported where d > r. We justify extending
(6.3) to this term by exhaustion with the cutoffs g of (5.21). On {B > 2}, choose body
representatives Qp = gAg~ ! whose hyperbolic block and its inverse have entries bounded
by CB'/2, and whose spherical block is bounded in each of finitely many spherical charts.
Then

Q=ge 8 0N O g7,
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so the transition from polar coordinates to the translated regular chart centered at Q
has coefficients bounded by powers of B. The even coordinate shifts start at odd degree
two, and there are four odd generators, so the polar top coefficient uses at most two body
derivatives of the regular coefficients. Rapid decrease, the Cauchy-Schwarz inequality,
and the polynomial volume bound of Lemma 5.1(c) therefore give an integrable majorant
at infinity. The same majorant applies after multiplication by g, since its regular coeffi-
cients and their derivatives through order two are uniformly bounded in the translated
charts for R > 1. On the remaining compact set away from the corner, we use Cartesian
coordinates at the polar edges. Dominated convergence now applies on both sides of
(6.3). Since 1 — ¥, has no odd terms in polar coordinates, this gives

/(1 —¢)f = /D(1 —p(d/r)) <JZ;"P dBdF.

We now turn to the first term, which produces the corner term. Since ¢, is invariant and
compactly supported, Lemma 5.19 gives

Jor=9@ =1 [9:f = fo(8)+ [ 0:(F = fo(n)).

We claim that the last integral tends to zero as r | 0. We use the exponential chart
Q = Ae 2 of Step 3 of the proof of Lemma 5.19, in which d; = STr(Y?) + O(Y*), and
we change variables by Y = r1/2Y’, which has Berezinian one. The rescaled integrand
is supported in a fixed compact set of Y}, since the body of STr(Y{?) is positive definite.
Its coefficients converge to zero, since the body of f — fp(A) is evaluated at r'/2Y] and
every term of positive degree in the odd coordinates comes with a positive power of /2.
Dominated convergence proves the claim.

To identify the smooth cutoff limit with the sharp cutoff in (6.6), note that ®; com-
mutes with A, and hence

Q—A=e%(Qo—A)e®%.

Every coefficient on the right is O(v/d) as d | 0, uniformly in the angles. Expressing the
smooth function f in a fixed regular chart at A and using its finite Taylor expansion in the
nilpotent coordinates gives [fiop = O(V/d). In the coordinates 6 = B— F and s = B + F,
we have dBdF = %d&ds and, for0<d <1,2—6 <s<2+56. Thus

2 T 172
/ d \<f>top\dBngc/ sV2ds<Cy,  0<p<l.
{d<n} 0

Together with the bound at infinity, this proves absolute integrability of the bulk density.
Dominated convergence identifies both cutoff limits with its integral over D, and gives
(6.6) with the constant c¢; in front of that integral.

It remains to show that ¢; = 1, and for this we use the invariance of the integral
under an odd generator outside £. Let Y = Egg ar and ¢ € C°([0,00)), and consider the
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odd superfunction ¢ = ¢(d;) Qrp,ar, which has compact support. For an auxiliary odd
generator 9, (5.6) and [A, Y] = 2Y give

9Ydy = 3 STr([A, 8Y]Q) = 8Qakrs,
9YQrp ar = [0Y, QlrpaF = 0(QarAF — QrBRB)-

Since the integral is invariant, the Leibniz rule gives

0= /W = /C,b/(dl)QAF,RBQRB,AF‘*’/‘P(dl)(QEA_ BR)-

The superfunctions ¢(d1)QES and ¢(d1) QL are qa-closed, respectively qr-closed, by
Lemma 5.18, and Lemma 5.19 evaluates the second integral as ¢(0)(—1 — 1) = —2¢(0).
In the first integral, the integrand has vanishing body at A. Using Lemma 6.1(c) and the
formula just proved, we find

B? — F? 244

/(P,(dl)QAF,RBQRB,AF = —C /D(P/(d) d2 dBdF = —C1 /0°° (P/((S) 21—5 ‘2_5| sdsdd
= —2¢; /Ooo @' (6) dd = 2c14(0),

where we used the coordinates d = B — F and s = B + F, in which dBdF = %d& ds and
D={6>0,|2—-6] <s<2+}. Choosing ¢(0) # 0, we conclude that c; = 1. O

Remark 6.4. For a superfunction f = ¢(B, F) without odd terms, the formula (6.6) reduces
to f f = ¢(1,1), and the whole integral is the corner term. Without it, the integral would
be zero, since the integrand has no top coefficient, and the formula [, ¢ d~?dBdF that
one might write instead diverges at the corner when ¢(1,1) # 0. This is the phenomenon
of (3.16), and the identity [ f = ¢(1,1) for invariant superfunctions is the form of the
corner term in the physics literature [95, (2.69)]. The constant ¢; = 1 is also confirmed by
the metallic limit. At X = 0, the formulas of Definition 1.4 give

1—e 22

ZZ

7

Kx(x,v;2)|y_g = /DeZd dBdF =

and Ix at X = 0 is the function Igyg defined before Proposition 1.16.

6.2 The scalar semigroups

We now collect the properties of the semigroups on D that Definition 1.4 uses and that
Part IIl needs. The radial diffusion (B, [;) is the image under Q +— (B, F) of the Brownian
motion on M? = H; x S; with generator XA MO since A MO acts on functions of (B, F) as
Ap and the diffusion is determined by its generator.
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We now construct the singlet diffusion of Remark 1.5, which Part III uses throughout.
We first recall the boundary behavior of the radial diffusion. The coordinate B has the
generator Xdg((B? — 1)dp), with scale density (B> —1)~! and speed density X~!. Its

scale function
B—1

B+1

s(B) = %log

satisfies

s(1+) = —oo, /12 |s(B)| dB < oo, /200 (s(c0) —s(B)) dB = co.

By Feller’s classification of boundary points [70], the first two properties make the point 1
an entrance boundary. The third shows that the point o is not reached in finite time, and
B does not explode. The same computation, with scale density (1 — F?)~!, shows that +1
are entrance boundaries for F. In particular, (Bt, Ft) € D° for all t > 0 when (BO, Fo) € D°.
All starting points below lie in D° (the boundary of D has Lebesgue measure zero, and
this restriction does not affect the kernels of Definition 1.4). We write IP, and E,, for the
law of the radial diffusion started at p and its expectation.
The coordinates B and F have the generators

X(B? —1)0% +2XBdg,  X(1— F?)9% — 2XFOF,

and they stay in the open intervals (1,00) and (—1,1), on which these coefficients are
smooth and the diffusion coefficients are positive. By a standard argument based on the
martingale problem and Lévy’s characterization [108], there exist independent standard
Brownian motions B! and B2, on the probability space of the radial diffusion, such that

1/2 1/2

dB; = 2XB;dt + (2X(Bf — 1)) '"dB;, dFy = —2XF dt + (2X(1 - F?)) " dp?. (6.7)

Since Apd~! = 0 on D°, the function 1/d is positive and harmonic for the radial
diffusion. For a positive function ¢ on D° with Ap¢ = 0, we call the diffusion with
generator ¢ ' XAp(¢-), run until it leaves D°, the Doob transform of the radial diffusion
by ¢ [105, 108]. For ¢ = 1/d, the generator becomes ¢ 1 XAp(¢-) = XdApd—1 = XA3,,
by (6.1). Its drift is

1— F2
B-—F

B2 -1
B—F

1—BF
B—-F

2X<B— >83+2X(—P—|— )apzzx (95 + F).
Since the two components of this drift coincide, the function 4 has no drift under the
Doob transform. This is what makes the corner absorbing. We will use the elementary

identity

(B—F)—-(1-BF)>=(B*~1)(1-F*) >0, sothat |1-BF|<B—F onD.
(6.8)
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For a stopping time T and a process Z, we let Z* denote the process stopped at .

The general theory of Doob transforms constructs the transformed process up to the
time at which it leaves D°, and it provides the formula (6.10) below for its law. What
is specific to the domain D is that the transformed process leaves D° only through the
corner, where we stop it, and that it reaches the corner with positive probability. This
mass is not killed further, and it corresponds to the corner term of Lemma 6.3, as we
explain after Lemma 6.7. The following lemma makes Remark 1.5 precise.

Lemma 6.5. Let X > 0and p € D°.

(a) There exist a filtered probability space carrying a two-dimensional standard Brownian motion
(B, B?), a stopping time . € (0,00, and a continuous adapted process (By, F) with
values in D, with the following properties. We have (By, Fy) = p, (By, Ft) € D° for t < 1,
and (B, ) = (1,1) fort > 1. On [0, 1),

dB; = 2x 2P qp 4 (ax(B2 — 1)) 2 ap,
Bi — ki 6.9)

1- BiF
dF; = 2X 5 dt + (2X(1 - r2))"/*aps?.

t — Lt
Moreover, for all T > 0 and n > 1, there exists C such that E Sup;<r Bj' < CBjj, where
p = (Bo, Fo).

(b) Forall t > 0 and all nonnegative measurable functions ® on the space of continuous paths
[0,t] = D,

B (B, P)on) el = By [@((B,F)s) 53 5 (6.10)

In particular, the law of (B, Fy)>o is determined by p and X. We write IES, for the expectation
with respect to it.

(c) Forall z € CwithRez > Qandall t > 0,
X,z f
¥ (p) = S exp<—z/0 d(Bu, F) du). 6.11)

In particular, [¥3%(p)| < ¥R (p) <1, and 0 < ¥*(p) < 1 for real z > 0.

The process (B, F;) is the singlet diffusion of Remark 1.5, absorbed at the corner (1,1)
at time 7., which we call its corner time. Started at the corner, it stays there. After the
time 7, the integrand in (6.11) vanishes, and the mass that has reached the corner is not
killed any further.

Proof. We begin with the Doob martingale. Let

d(p) F> 0.

" A(B, B
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The function 1/4d is smooth and harmonic for Ap on D°, where the radial diffusion stays,
and Itd’s formula and (6.7) show that M is a positive continuous local martingale with
My = 1. For m > 2, let g, be the hitting time of {d < 1/m} by the radial diffusion.
Since the radial diffusion is continuous and never reaches the corner, g, — oo almost
surely, and the stopped process M9 is a martingale bounded by max{1, md(p)}. Indeed,
if d(p) < 1/m, then g, = 0 and the stopped process equals one; otherwise continuity
gives d(Bing,,, Fing,) > 1/m.

The construction of Doob transforms [105, 108] uses these martingales as Girsanov
densities, and we recall what it gives. There exist a filtered probability space carrying a
two-dimensional standard Brownian motion (8%!, %) and a continuous adapted process
(B¢, Fr) with (By, Fy) = p, defined up to the time ¢ € (0, c0] at which it leaves D°, that
solves (6.9) on [0, (), such that

E[®((B, F)l0,)1o<¢] = Ep[®((B, F)

0,0]) Mo] (6.12)

for every bounded stopping time ¢ of the path, in particular for every fixed time, and all
nonnegative measurable ®. Indeed, Girsanov’s theorem for the density M, A1 adds to
B! and B? the drifts (2X(B% —1))V/2/d and —(2X(1 — F?))1/2/d, up to the time 0, A T,
and the identities

g 2(B>°-1) _2(1-BF) _ oF4 2(1— F?)

d d d
turn (6.7) into (6.9). The coefficients of (6.9) are smooth on D°, so its solution is pathwise
unique up to the exit time from every compact subset of D°, and unique in law. It remains
to prove the properties that are specific to D.
We first show that the process leaves D° only through the corner. For n > 2, let

O, ={(B,F):1+1/n<B<mn, |F|<1-1/n},

and let g3, be the hitting time of {d < 1/m} by (B, F). Fix m and T, and apply (6.12)
with ¢ the minimum of T, of the exit time from O, and of the hitting time of {d < 1/m},
and with ® the indicator of the event that the path leaves O, before the two other times.
On this event, M, < md(p). Under IP,, the probability that the radial diffusion leaves
Oy, before time T tends to zero as n — oo, because it stays in D° and does not explode.
Therefore the probability that (B, F) leaves O, before ¢5, A T tends to zero as well. Since
m, T, and n are arbitrary, (B, F) almost surely does not leave D° before ¢5,, for every m.
Let 7. = im0 05, If Tc < o0, then d(By, F;) takes the values 1/m at times ¢, T 7., and
the path cannot stay in D° at the time 7.. Therefore { = .

We next identify the limit at .. The drifts of B and F in (6.9) coincide, and d(By, F;) is
a nonnegative continuous local martingale on [0, 7). It converges as t T 7. (a nonnegative
local martingale is a supermartingale), and on the event {7, < oo} its limit is zero, since
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it takes the value 1/m at ¢5,. Asd = (B —1) + (1 — F) with both terms nonnegative, we
conclude that (B¢, Fr) — (1,1). We set (B, Fr) = (1,1) for t > 1.. With { = 1, the identity
(6.12) is (6.10). Together with the absorption at the corner, it determines the law of (B, F),
which proves (b).

For the moment bound, note that (6.8) bounds the drift in (6.9) by 2X, and that the
diffusion coefficient of B is at most (2X)'/?2B. We apply It&’s formula to B", stopped
at 05, A T. The Burkholder-Davis—-Gundy inequality, Gronwall’s inequality, and Fatou’s
lemma then yield

Esup B} < CBy,
t<T
where we used B > 1. This completes the proof of (a).
It remains to prove (c). Fix z with Rez > 0, and set

p(t) = Eyexp ( - z/otd(Bu,Fu) du).

The bound d < 2B on D and the moment bound of part (a) allow us to differentiate under
the expectation, and

¢'(t) = —zE} [d(Bt,Pt) exp ( - z/otd(Bu,Fu) du)]

= —zd(p) Epexp ( —z/otd(Bu,Fu) du) = —zd(p) (¢ X20==)1) (p).

In the second step, we used that d(By, F;) = 0 for t > 1., and we applied (6.10), extended
by linearity to integrable complex functionals, with

t
= d(By, Fr)exp ( — z/o d(Bu, F) du).

The integrability needed here follows from d < 2B and the moment bound of part (a).
The third step is the definition of the semigroup in Definition 1.4. Integrating from
¢(0) = 1 and comparing with (1.5), we find ¢(t) = ¥;**(p), which is (6.11). The bounds
follow from |exp(—za)| = exp(—aRez) for a > 0. O

For X > 0 and z € C, we let [; denote the sesquilinear form
/ —1 dghogh’ + (1—F2)8ph8ph’> dBdF+z/ dhh' dBdF

on the space CZ°(D) of smooth functions on D with compact support in D; the supports
may meet the edges of D. By the theorem of Whitney on smooth even functions [136],
the elements of CZ°(D) are exactly the functions of (B, F) that are smooth and compactly
supported as functions on M?. On D°, the singlet state is given by the Feynman-Kac
formula (6.11) of Lemma 6.5(c), which implies the bounds in part (b) of the next lemma
there, and part (b) extends them to D.
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Lemma 6.6. Let X > 0, let z € C witha = Rez > 0, and set Ax, = XAp — zd, so that etBx,z
is the semigroup of Definition 1.4.

(a) The form |, is closable and sectorial on L?>(D) = L?*(D, dBdF), and the semigroup of
the associated operator agrees, on bounded functions in L*(D), with the Feynman—Kac
semigroup e'®xz of Definition 1.4. For bounded integrable functions f and g on D, we have

foetAx,zg — fD (etAX/Zf) g and |€tAXer| < etAX/a|f|.
(b) For all t > 0, we have |¥;*| < ¥ < 1 on D and ¥;*(1,1) = 1, and ¥ is

nonincreasing in t and in a.
(c) Forall 0 < ty < T and m > 0, there exists C such that, for t € [ty, T] and p € D,

¥ (p) + (1) (p) < C(L4+ B) ™"

(d) The integrals defining Kx(x,v;z), Kx(x;z), and Ix(z) in Definition 1.4 converge absolutely
for 0 < x <y < 1. The kernel Kx is bounded on {0 < x <y < 1}, locally uniformly in z,
and Ky, Kx, and Ix are holomorphic in z in the half-plane Rez > 0.

Proof. We begin with (a) for real z = a, which is standard. The operator XA MO is
essentially self-adjoint on the smooth compactly supported functions of the complete
manifold MY, and its semigroup is the transition semigroup of the Brownian motion,
since MY has bounded geometry, which implies stochastic completeness [64]. Since the
potential ad is nonnegative and continuous, the Trotter product formula gives

HXA MO —ad)

e 1 = lim (e
n—oo

tXAM(l)/nefi’ad/n)n

strongly, and the Feynman-Kac formula follows by dominated convergence in the corre-
sponding Riemann sums [125].

Both semigroups commute with the rotations of H; and Si, and on functions of (B, F)
the space L?>(MY) is L*(D), up to the factor (277)?, and the form of — XAy +ad is g
on CX(D). This proves the first assertion for real z, and the symmetry, the positivity,
and the bound ¢f2x41 < 1 follow. For complex z, the form [, is sectorial, has the same
domain as [;, and depends holomorphically on z. Both sides of the identification and of
the symmetry are holomorphic in z, by [72] on the side of the forms and by dominated
convergence on the side of the Feynman—-Kac formula, and they agree for real z. The
domination follows from |exp(—z [ d)| = exp(—a [ d).

We next prove the bound (c) for the radial semigroup. Since F; € [—1,1], we have
d(B,, F,) > B, — 1. By It0’s formula,

~ S ~ ~
log Bs :logB+/ X(1+ B,?)dv + M,
0
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where M is a continuous martingale with <]\7I)S < 2Xs. The drift is nonnegative, and
Bs; > BeM:. The exponential martingale inequality yields

1P< inf M, < —A) < eM/UXT) -y > (6.13)
s<T

On the event that inf,<T Ms > —1log B, we have B; > /B for s < T, and the killing up
to time t > tg is at least aty(v/B — 1). Splitting the expectation along this event, we obtain

(etAX,al)(p) < e—ato(\/§—1) _|_e—(logB)2/(16XT)’

which decays faster than every power of B.

We now prove (b). On D°, the bounds are those of Lemma 6.5(c), and the monotonicity
follows from (6.11), since d > 0. To extend them to D, we show that (¢, p) — (e!x21)(p)
is continuous on [0,00) x D. Then ‘I’f’z is continuous on D, since [e?**z1| < 1, and
¥X%(1,1) = 1 since d(1,1) = 0.

Let first z = a be real, and let u; = e t4xe1, where Ax, = —XA MO + ad is realized
as in Lemma 5.17(e); at rank one, (d1)p = d. By Lemma 5.17(e), applied with f =1, the
function (¢, Q) — u¢(Q) is smooth on [0,00) x M?. The cutoffs yr of (5.21) are compactly
supported functions of B, and by (a) and the consistency of the realizations, e~z
the Feynman-Kac function etAXrﬂlpR. As R — oo, the first converges to u; in Lz_q for g > %,
and the second converges pointwise to ¢!*x«1, by dominated convergence. Hence the two
functions agree almost everywhere. Since u; is continuous, it follows that |u;| < 1 and
that u; is invariant under the rotations of H; and Sq, and we regard it as a function on D.
For 0 < 6 < t, the Markov property of the radial diffusion gives

5 o= = -~ o~
(etAX’al) (p) — IEp |:€_a f() d(By,Fy) dv ut—5(B‘5’ Fj)] ’

where we replaced e(t=9)8x.a1 by u;_s, which is possible since the law of (Bs, Fs) is
absolutely continuous, the Brownian motion on /\/l(l) having a heat kernel [64]. As é | 0,
the right side tends to u(p), by the continuity of # and dominated convergence. Hence
efAxal = everywhere, and this function is smooth on [0,c0) x D, by the theorem of
Whitney used in Lemma 6.7(a).

For complex z, let (t,, pn) — (t,p) in [0,00) x D. The functions z — (e'"?x21)(py,)
are holomorphic in the half-plane Rez > 0, by dominated convergence in the Feynman-
Kac formula, and bounded by one, and they converge for real z > 0, by the previous
paragraph. By Vitali’s theorem, they converge for every z in the half-plane, and the limit
is the holomorphic function z — (e!4x=1)(p), since the two agree for real z.
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It remains to prove the bound (c) for ‘I’f(’“, and we argue as for the radial diffusion.
By Itd’s formula, we have, before T,

S
log Bs = log B —|—/ ¥(By, Fy) dv + Mg,
0

2
y = X(l + % - %) € [-3X,2X],
where (M'); < 2Xs, and we used d > B — 1, so that (B> —1)/(dB) < (B+1)/B < 2. On
the event that inf;<7 M > —% log B, we have Bs > VBe3XT for s < T. For B > 4e°XT,
the process then does not reach the corner, and the killing up to time ¢t > ¢y is at least

ato(v/Be 3XT —1). This yields

T?(,a(p) < o—ato(VBe 3T -1) _}_ef(logB)2/(16XT), B > 4¢0XT

and ‘I’tx’“ < 1 elsewhere.

Finally, we prove (d). Fix 0 < x <y < 1 and set £ = y — x. Using (a) and (b), we
bound the integrand of Kx by ¥ emxrﬂ‘i’ffy.

One of the three times x, ¢, and 1 — y is at least % If x > %, we bound emXﬂ‘Fi{fy <1

and use (c) for ¥X. For 1 — y > %, we first move the semigroup to the left factor by the
symmetry in (a). For £ > I, we bound the two singlet states by one and use (c) for e/*x41.
In all cases, the integral is bounded by

c/ (14 B)3dBdF < o,
D

with C uniform over the triangle and over Re z in compact subsets of (0, c0). The factor
B/d in KX is integrable near the corner and bounded by two for B > 3, so the absolute
convergence of Kx follows from (c).

We now turn to holomorphy. Dominated convergence in the Feynman-Kac formula
shows that z +— (e!®x:f)(p) is holomorphic for bounded f and each p, and so are
¥X7(p) and (eMX,Z‘I’ffy) (p). The domination above is locally uniform in z, since ¥;**
and ef®xa1 are nonincreasing in a. By Morera’s theorem and Fubini’s theorem, Kx and
Kx are holomorphic, and the holomorphy of Ix follows from the uniform bound on the
triangle. O

The argument for Lemma 6.6(c), in the scaled variables of Section 10.2, gives the tail
envelope of Lemma 10.3, which is uniform in the damping and which Section 10 uses for
the residues at zero damping.

6.3 Invariant superfunctions and the singlet state

We now show that the semigroup e %Xz, acting on superfunctions invariant under ¢, is the
singlet semigroup on D, and that the quotient (¢ — ¢(1,1))/d of a radial representative
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¢ evolves by the radial semigroup. The main input is the radial part of C;, which we
compute in Lemma 6.8 after the proof of the first two parts of the following lemma.

Lemma 6.7. (a) Let f be a smooth superfunction on M that is invariant under €. Then, in
polar coordinates, f = ¢(B, F) has no odd terms and does not depend on the angles, and ¢ is
a smooth function on D with ¢(1,1) = fp(A). We call ¢ the radial representative of f.

(b) Let X > 0and z > 0. Then
(e7'6x21) ,(A) =1, t>0. (6.14)

(c) Let X > 0and z > 0, and let f be a rapidly decreasing superfunction invariant under ¥,
with radial representative ¢, and let ¢ = ¢(1,1). Then (¢ — c)/d is bounded and belongs to
L2(D), and for t > O the radial representative of e~ !X f is

WX 4 g oH(Xap—2) (4%) — E; [(,b(Bt, E)exp (— z/otd(Bv, E,) dv)] (6.15)

The expectation is taken for p € D°; the algebraic expression gives its continuous extension
to D for t > 0, with value c at the corner. Thus e~'®X= acts on invariant superfunctions as
the semigroup of the singlet diffusion, absorbed at the corner and killed at rate zd.

(d) Let X > 0and z > 0. For t > 0, the radial representative of e~'°x=1 is the singlet state
¥ X2 of Definition 1.4.

Proof of Lemma 6.7(a) and (b). We begin with (a). Write Q = e~ ®¢Q¢e® as in (6.2), and let
f(s) = f(e"%Que™®),  se[0,1],

an expression in the Grassmann algebra generated by the ¢,. Since ©; = }_, {,Y, with
Y, € ¢, (5.6) and the chain rule give

% (s) = = Y &a(Yaf) (e "% Qpe™%) = 0.

It follows that f = £(0) = f»(Qp) in polar coordinates. Since the rotations e*¥ with Y € &
act transitively on the angles 6 and 0, the body f»(Qp) does not depend on them. It
is a smooth function on ./\/lfl) that is invariant under the rotations of H; and Sq, hence a
smooth function of (B, F) € D by [136], since B — 1 and 1 — F are smooth functions of the
squared distances to the base points with nonvanishing derivatives. Finally, Qo = A at
(B,F) = (1,1).

We next prove (b). For t > 0, the superfunction e f®X=1 is rapidly decreasing, by
Proposition 5.15(b), and invariant under ¢, by Corollary 5.20. By Lemma 5.18, we have
qae ®xz1 = 0, and Lemma 5.19 and Corollary 5.20 give

(6105 1) g (A) = [ Oxe1 = 1.

The case t = 0 is trivial. O
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The other two parts of Lemma 6.7 rest on the following lemma, which computes the
radial part of Cy, that is, the operator that C; induces on radial representatives. We set
A = diag(B?—1,1 - F?),so that Ap = V- (AV).

Lemma 6.8. Let f be a smooth superfunction on My that is invariant under €, with radial
representative ¢. Then the superfunction Cy f is invariant under €, and its radial representative is
— AL ¢ on D minus the corner. Moreover,

=@V (d2AV) =d?(95(d2(B2 ~ 1)25) +9¢(d2(1- F)2F) ). (616)

Proof. The superfunction C;f is invariant by Lemma 5.8(a). Using Lemma 6.7(a), we
see that C; induces on radial representatives a linear operator L, which is a differential
operator of order at most two in (B, F) on D°, by Lemma 5.8(c), and L1 = 0. We determine
L with Lemma 5.11: its second-order part comes from the body, and its first-order part
from the values of C; on two invariant polynomials in the entries of Q.

We begin with the second-order part. If u and v are even and invariant, then so is
Qc,(u,v), by its definition and Lemma 5.8(a), and its radial representative is its body at
the body points Qp, by Lemma 6.7(a). By Lemma 5.11(a), this body is —2Vug - Vog. On
functions of (B, F), the metric (5.2) has |VB|?> = B> — 1, |[VF|> =1— F?,and VB VF =0,
by Section 5.2. If u and v have the radial representatives ¢, and ¢,, we conclude that
Qc, (u,v) has the radial representative —2AV ¢, - V.

Next, we write f as a function of two invariant superfunctions. By Lemma 6.1(b), the
invariant superfunctions d; and } STr((AQ)?) have no odd terms in polar coordinates,
and their radial representatives are d and m = B> — F2. These are coordinates on D°,
since d(d,m)/d(B,F) = 2d # 0, and we regard ¢ as a smooth function of (d,m) on D°.
Then f = ¢(dy, ; STr((AQ)?)) on the set {B > 1, |F| < 1}, since both sides are invariant
with the radial representative ¢. For a smooth function ¢ of two variables and even
superfunctions u; and uy, the chain rule of Lemma 3.4 and the definition of Q¢, give

1
Cip(ur, uz) =Y 0atp(ur, u2) Cytg + > Y 0a0p (11, 12) Qc, (Ua, up).
a ab

We now reduce L to two values. We apply the last identity with u; = d; and
up = 1 STr((AQ)?). By the computation of the second-order part, the second sum has
the same radial representative as the second-order part of —Ap¢. Since — A}, differs from
—Ap by a first-order operator, by (6.1), it follows that L = —A}, on D° if Ld = —A},d
and Lm = —A},m. Using A}, (dh) = d Aph with h =1 and h = B+ F, we find A})d = 0
and Aj,m = 2d%. By Lemma 5.11(b) with k = 1, we have Ld = 0 and Lm = —24?, and
therefore L = —A$, on D°. Both sides are continuous up to the edges of D minus the
corner, which proves the first assertion.

Finally, (6.16) follows from the second form of A}, in (6.1), as one checks with dgd =

—2d73 and 9pd—2 = 2473. O
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The identity (6.16) is the general formula for the radial part of an invariant Laplace
operator, with the radial density d ~2 of Lemma 6.3 [39], and it shows that A}, is symmetric
for the measure d—2dB dF. We now prove the remaining parts of Lemma 6.7.

Proof of Lemma 6.7(c) and (d). We first identify the stochastic expression in (6.15). Let f,
¢, and ¢ be as in (c), and let f; = e~®x=f. The superfunction f; is invariant under ¢, by
the argument of the last assertion of Corollary 5.20, which applies to rapidly decreasing
superfunctions. By Lemma 5.17(d), the coefficients of f; are smooth functions of t € [0, o)
and of the body point, and for all i, the norms of Vif; in all the weighted spaces of
Section 5.2 are bounded uniformly in ¢ € [0, T]. Let ¢; denote the radial representative
of fi. By (a), (¢, p) — ¢:(p) is smooth on [0,00) x D, and its derivatives are bounded on
compact subsets of D, uniformly in ¢ € [0, T}.

We first compute the corner value. Applying Lemma 5.19 to the qa-closed superfunc-
tion f;, and Proposition 5.15(c) with 1 € L% g We find

(1) = [ fi=Bi(1,e7% ) = Bi(e "%, f) = [(e7Oxe1)y.

By Lemma 5.18, we have qa ((e7'°x21)f) = 0. This superfunction has polynomially
integrable coefficients, and Lemma 5.19 and (6.14) evaluate the right side as ¢(1,1). Thus
¢1(1,1) =c forall t > 0.

We use the singlet diffusion of Lemma 6.5 to identify ¢; directly. First, the uniform
rapid bounds above and Sobolev embedding through order three on the four-dimensional
body Hj X Sy, in its translated charts of bounded geometry, give

Cr:= sup sup |¢pr(p)] < .
0<r<T peD

By Lemma 6.8,
ar(Pr = XASD(PT‘ - Zd(Pr 01’1 DO. (6.17)

Fix T > 0 and p € D°, and write Z; = (Bs, Fs) for the singlet diffusion started at p. For
all sufficiently large n let 0, be its exit time from

O,={(B,F):1+1/n<B<mn, |[F|<1-1/n}.

These are increasing relatively compact open subsets exhausting D°. By Lemma 6.5(a),
the paths do not explode or reach another edge before the corner time, and ¢, 1 7. almost
surely.

Apply Ito’s formula before T A ¢y, to

M, = exp( 2 /O T d(Zo) do) pr-s(Zs).
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Equation (6.17) cancels its drift. On O, the relevant coefficients and derivatives are
bounded, so the stopped stochastic integral is a true martingale. Moreover |M;g,| < Cr
for 0 <s < T, because z > 0. Thus

T/\(Tn d

(PT(p) = IE; |:€_Z 0 (Zv) dU(PT_(T/\O_n) (ZT/\U'n)] .

Let n — co. On {1 < T}, joint continuity and the preserved corner value give the limit
¢ for the last factor, including when 7. = T. After absorption Z; = (1,1) and d(Z;) = 0,
so this is exactly the terminal value ¢(Z7) with the discount continued to time T. On
{T < 1.} the limit is the usual terminal value at T. Bounded convergence therefore gives

T

or(p) = E, [‘P(ZT)QXP<—Z/

[ d(z,) dv)} . (6.18)

We now identify the algebraic expression in (6.15). Let ¢ be a bounded measurable
function on D and p € D°. Paths absorbed by time t contribute zero to the following
expectation, since d vanishes at the corner. Apply (6.10) to the functional

(w) = (dg) (wr) exp - z/otd(wv) o)

of a continuous path w: [0,t] — D, first for nonnegative ¢ and then by linearity for
complex ¢. The moment bound of Lemma 6.5(a), d < 2B, and the boundedness of ¢
justify integrability on the singlet side; on the radial side the factor d cancels and the
integrand is bounded. We obtain

E5 [(dg) (By, F) e = h B d0] — d(p) (1 X002) ) () (6.19)

Set ¢ = (¢ — ¢)/d away from the corner and assign it any finite value there. Smoothness
of ¢ and ¢(1,1) = ¢ give |¢ — c¢| < Cd near the corner. For B > 3, boundedness of ¢ and
d > B —1give |¢| < C/B. Hence g € L®(D) N L?(D). In this application dg = ¢ — c is
itself bounded. Splitting ¢ = c + dg in (6.18), and applying (6.19) and (6.11), yields

pr(p) = ¥ (p) +d(p) (' *20~=e) (p),  peD".

For t > 0, the scalar smoothing assertion Lemma 5.17(e), applied to ¢ € L?(D), makes
the radial semigroup term smooth on the underlying manifold, hence continuous up
to the edges in radial coordinates. At the corner, its product with d tends to zero by
|et(XAp—2d) o| < | ¢]| oo, While ‘I’f(’z is continuous and equals one there by Lemma 6.6(b).
Thus the algebraic identity extends to all of D; at t = 0 it is immediate. This proves (c).
We now prove (d). Let 0 < ty < t. We apply what we have proved to the rapidly
decreasing invariant superfunction e %=1, whose radial representative we denote by
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¢t, and whose corner value is 1, by (6.14). Since e~ /®x=1 = e~ (t=t0)Gx2p—tGx21  the radial
representative of e 16xz21 is

¥, deltideg, g, =0l
We let ty | 0. By Lemma 5.17(c) with f = 1, the body of e~106xz1 and its derivatives of
order at most two converge to those of the constant 1 as ty | 0, uniformly on compact
subsets of MY. Near A, this body minus one is invariant under the rotations about
A, so that its differential vanishes at A, and Taylor’s formula bounds it by its second
derivatives times the squared distance to A, which is at most Cd. Hence g, — 0 uniformly
on compact subsets of D, and |g¢,| < C near the corner, uniformly in fy < t. Away from
the corner, the weighted bound of Lemma 5.17(c) and local Sobolev bounds imply that
gt,| < C(1+ B)X for some C and K and all ty < t.
In the Feynman-Kac formula

(e(t—to)Ax,thO) (r) = E, [8t0(3t7t0,1§t7t0) o2l Od(Bv,Fv)dv] ’

the integrand therefore tends to zero almost surely, by the continuity of the paths, and
it is bounded by C(1 + sup,, B,)X. This bound is integrable, since B, < Be2Xv+Mo with
M as in the proof of Lemma 6.6, and by the exponential martingale inequality applied
to —M. Dominated convergence and the continuity of ¢t — ‘I’f(’z show that the radial
representative of e~f°x=1 is ‘Yf’z, which proves (d). O

Remark 6.9. Two supplementary scripts confirm, by exact computer algebra in the
Grassmann algebra with four generators, the computations written out in Sections 6.1
and 6.3. They use only (5.6), (5.14), and (6.2). In the proof of Lemma 6.2, we showed
that ¢ is constant, so that | is invariant under all of g. In polar coordinates, with
ﬁy? =Y, ,09:+Y, véaagﬂ, where x runs over B, F, 6, and 0, this invariance is the

divergence identity
Y 0, (%) — Y 9, (d7%0") =0, (6.20)
a X

with left derivatives in the &,. This is the classical form d=2dBdF dfgdfrdé of the
invariant measure in Efetov’s coordinates, which [95, (2.67)] states for a parametriza-
tion that differs from ours by a linear change of the odd variables. The script
polar/check_polar_density.py confirms (6.20) for the sixteen generators E;;, and shows
that it fails if d=2 is replaced by d~! or d—3. The script polar/test_singlet.py confirms
Lemma 6.8. It normalizes the auxiliary operator of casimir.py by —% to obtain Cy,
applies it to the invariant superfunctions with radial representatives B, F, B2, BF, F?,
and e® cos F at two rational points of D°, and asserts exact equality with —A$, in every
Grassmann coefficient. The radial part (6.16) is symmetric for -2 dBdF, in agreement
with the density.
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Lemma 10.7 computes the operator C; in the polar chart on all superfunctions on
{B > 1}, not only on invariant ones; Section 10 needs it for the semigroup products with
sources of Definition 10.6, which are not invariant.

Lemma 6.7 explains the two terms of the singlet state. For d > 0, define h; =
(1— ‘PX *)/d; by (1.5), hy = z f s(XAp—2d)1 ds. The radial representative of the supersym-
metric semigroup applied to 1 is ‘I’X , by Lemma 6.7(d), and its corner value is preserved
by (6.14). In probabilistic terms, the singlet diffusion is the radial diffusion conditioned
by the harmonic function 1/d, which blows up at the corner, so it is attracted by the
corner and absorbed there, and the absorbed mass is not killed further since d = 0 at the
corner. The mass that it carries to the corner is the probabilistic counterpart of the corner
term in Lemma 6.3. It is the reason why ‘I’tX’Z(l, 1) = 1 although the radial semigroup
decays at every point. Figure 6.1 illustrates the two diffusions.

The function 1/d also has a meaning on MY which the following lemma records; we
do not use it in the sequel. The lemma says that 1/d is 87> times the Green function of
—A MO with pole at A, so that the singlet diffusion is the Brownian motion of MY, seen
through the coordinates (B, F), conditioned to converge to the point A in the sense of
Doob [105].

Lemma 6.10. The function 1/d is locally integrable on M9, and
1
/MO ~ A 0 dvol = —87%¢(A) 6.21)

for all smooth compactly supported functions ¢ on MY. Moreover, 1/d = 87*G, where G is the
minimal positive Green function of —A MO with pole at A.

Proof. The rotations of H; and S; about their base points fix A, preserve d and dvol,
and commute with A M- On functions of (B, F), the measure dvol is (271)>dBdF, as
in the proof of Lemma 6.6. In the coordinates 6 = B — F and s = B + F of the proof of
Lemma 6.3, we have f{d<1} d~1dBdF = fo 6716ds =1, and 1/d is bounded on {d > 1},
so 1/d is locally integrable.

We now prove (6.21). By the invariance under the rotations, we may replace ¢ by its
average over them, which is a function of (B, F). The left side of (6.21) is then (277)? times
the limit as r | 0 of f (d>r) d‘lADcp dB dF. Recall the matrix A, defined before Lemma 6.8,
with Ap = V- (AV), and let v be the unit normal of {d > r} that points toward the
corner. Since Apd~! = 0, Green’s formula gives

AD(P / 1 B+ F
= Av AVZ) -vds, AV-.v=-1-,
/{d>r} d d=r} $-9 ) e d v \/Ed

where the edges of D contribute nothmg, since Av vanishes there. The segment {d = r}
has length v/27, and AV¢ = O(r) on it, so the right side tends to —2¢(1,1). This proves
(6.21), which says that —A M (1/d) = 8725, in the sense of distributions.
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Next, let G, be the Dirichlet Green function of —A MO with pole at Ain ), = {B < n}.
The minimal positive Green function G is the increasing limit of the G, [64]. By (6.21)
and Weyl’s lemma, the function 1/d — 872G, is harmonic in Q,,. Its boundary values
1/d on {B = n} lie in [(n +1)~1, (n — 1)}, and by the maximum principle, we have
0<1/d—-8m%G, < (n— 1)’l on (). Letting n — oo, we obtain 1/d = 872G. l

F
1,1
1Icorner (1,1)

radial

- singlet

1 2 3 4 5

Figure 6.1. The domain D = [1,00) x [—1,1]. The dashed lines are level lines of d = B — F,
which vanishes only at the corner. The radial diffusion, with generator XAp, does not reach the
boundary of D at positive times (the edges are entrance boundaries), and it is killed at rate zd.
The singlet diffusion, its Doob transform by 1/d, is drawn toward the corner and is absorbed

there without further killing. The singlet state ¥ is the expectation of the survival factor of the
singlet diffusion.

6.4 The rank-one calculus

We now develop the calculus of pairings at rank one that Part III uses. It evaluates the
mixed pairings of singlet states with covariant matrix insertions (Corollary 5.21) using the
corner value and one radial coefficient of each matrix. For insertions of the form Qgrrg
or Qaag with invariant g, the semigroup preserves the corner value and evolves the
radial coefficient by the radial semigroup. The full matrix decomposition also contains
an independent scalar function multiplying the identity, as in Lemma 6.12. Throughout
this section, X > 0,z > 0, and 6 € (0,1/2) are fixed. We write Gx, = XC; +2zd1(Q),
with d1(Q) = %STr(AQ), and U; = e~ 6x:z for t > 0, realized as in Proposition 5.15. The
pairing B3; is the invariant bilinear Berezin pairing of Definition 5.6, and [ A = B;(1, A).

Recall from (5.1) that the elements Y of ¢ are block diagonal in the flavors, with the
flavor blocks Ygrr and Yaa, and recall the advanced and retarded subalgebras £, and
tr of Lemma 5.18, which consist of the elements with Ygrr = 0, respectively Yaa = 0.
Recall the derivations Y of Lemma 5.4 and the auxiliary parameters ¢y used there. We
call a superfunction invariant if it is invariant under £ in the sense of Section 5.2. Recall
from the paragraph before Corollary 5.21 the advanced-invariant (retarded-invariant)
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superfunctions, which are invariant under £ (under £r), and the retarded-covariant and
advanced-covariant matrices of superfunctions. At rank one, these matrices are (1|1)
supermatrices of superfunctions, which we write in bold. A retarded-covariant matrix is
advanced-invariant entrywise, since Yrg = 0 for Y € £5. By (5.6), the retarded block Qgrr
of Q is retarded-covariant, and Qa, is advanced-covariant.

We use the following facts from the preceding sections.

(i) Localization. If A is an advanced-invariant or retarded-invariant smooth superfunc-
tion with polynomially integrable coefficients, then [ A = Ay(A), by Lemmas 5.18
and 5.19, as in the proof of Corollary 5.21. The same holds entrywise for matrices of
superfunctions.

(ii) Polar coordinates. We use the entries of Q in polar coordinates of Lemma 6.1(b), the
radial representatives of Lemma 6.7(a), and the top coefficients [Aliop and (A)iop of
Lemma 6.1(c).

(iii) Radial reduction. The semigroup U; preserves invariant superfunctions and acts on
them as in Lemma 6.7(c). The radial representative of U;1 is ‘I’f(’z, by Lemma 6.7(d),
and its value at the corner is one, by (6.14).

(iv) Doob transform. We use the identity (6.19), which the proof of Lemma 6.7 derives
from Lemma 6.5.

All superfunctions on M below, and all entries of matrices of superfunctions below,
are built from finitely many polynomials in the entries of Q and semigroup factors
U; applied to 1, in which the outermost semigroup factors have times at least 6. By
Proposition 5.15(b),(d) and Lemma 5.14, such superfunctions are smooth and rapidly
decreasing, and by the Cauchy-Schwarz inequality their products have polynomially
integrable coefficients in the sense of Lemma 5.19. We use this without further mention.

Let M be a retarded-covariant matrix of superfunctions as above. Its entries are
advanced-invariant, and the case k = 1 of Corollary 5.21, with F = M, shows that
Mg (A) = cpld for a scalar ¢y and that Bi(f,M) = fg(A)cpld for every invariant
superfunction f as above. The same holds with the roles of the flavors exchanged. The
following corollary adds that the semigroup preserves the covariance and the value at A.

Corollary 6.11. Let M be a retarded-covariant matrix of superfunctions as above, and let c be
the scalar with Mg (A) = cpId. Then, for all t > 0, the matrix UM is retarded-covariant, and

(UM)p(A) = cpld. (6.22)
The same holds with the roles of the retarded and the advanced flavor exchanged.
Proof. We first show that U;M is retarded-covariant. Let Y € £ be homogeneous, and set

@1 (1) = Oy YUM — [0y Yy, UM,
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The derivation Y commutes with Gy ., by Lemma 5.8 and the invariance of d;, and the
commutator with the constant matrix 9y Ygr commutes with Gx , entrywise. Since M
is rapidly decreasing, (5.25) shows that the entries of M lie in D(G%T)) for all weights
r € R. Recall from the first step of the proof of Corollary 5.20 that, for such initial data,
t— YU;M is continuously differentiable, so that ®; is a strong solution of ¥} = —Gx ,P;
with ®;(0) = 0, and that such a solution vanishes, by (5.31). Hence ®; = 0.

We now prove (6.22). Let g = Usl. By fact (iii), g is invariant, and U;g = U, 41
has the value one at A. Since U;M is retarded-covariant, Corollary 5.21 implies that
(UM)(A) = ca(t)Id for a scalar c(t). We apply Corollary 5.21 twice, together with
the symmetry of B; under U; of Proposition 5.15(c), and we obtain

ca(D)Id = go(A) ca(t)ld = B (g, UM) = By (Urg, M) = (Urg)o(A) cald = cpld.
The advanced case is the same. O]

Localization evaluates every pairing whose integrand is invariant under the stabilizer
of one flavor, and this covers most of the pairings that we need. The cross pairings, which
have a retarded and an advanced insertion, mix the two flavors, and so does the contact
multiplier, whose pairing Lemma 11.2 evaluates in Section 11. They require the polar
chart near the corner, where it degenerates, and the corner term of the radial integration
formula Lemma 6.3 is the boundary term that they produce. The main step of this section
is the evaluation of these mixed pairings. Such terms are an instance of the boundary
terms of Berezin integration on noncompact supermanifolds, first described by Rothstein
[110], which are known in physics as Efetov—-Wegner terms; see [139, Section II.A] and
[76].

We now describe the evolution of advanced-covariant matrices. The following lemma
decomposes such a matrix as ald + bQaa and evaluates the mixed pairings below using
only its corner value and b. For a matrix Qaag with invariant g, U; preserves the corner
value and evolves b by the radial diffusion. For the infinite wire, the corresponding
structure in the physics literature is the flat bilinear form of [71, (16)—(17)].

Lemma 6.12. Let M be an advanced-covariant matrix of superfunctions as above. Then there
exist functions a and b of (B, F) on D \ {(1,1)} such that, in the polar chart,

STrM

M = ald 4+ b Qap, b=— R

(6.23)

Let g be an invariant superfunction as above, and let M = Qaag, so that b = g. Then for all
t > 0, the coefficient b; in the decomposition (6.23) of UM and the value of the body of UM at
A are

by = X80~ g (UM)g(A) = —go(A)Id. (6.24)
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Moreover, for every invariant superfunction f as above,

Bi(f, QR (UM)FF) = — f5(A) g0 (A) — /D fetXao==) ¢ dBdF, (6.25)

The same statements hold with the roles of the two flavors exchanged, for M = Qrrg, with
b=STrM/d and (UtM)@(A) = g@(A)Id

Proof. We first prove (6.23). By (6.2), a point with d > 0 has the form Q = e 9:Qpe%%,
where Qo has the same body and vanishing odd coordinates, and ®¢ is a linear combi-
nation of the &, with coefficients in the odd part of £. The entries of M(Qy) are ordinary
functions, so the odd entries vanish, and M(Qp) = diag(f®, fF). The phases are rotated
by even elements of ¢ that act on M(Qp) by conjugation with diagonal unitary matrices,
so the integrated form of covariance below shows that f® and fF are functions of (B, F).
Since Qaa(Qop) = diag(—B, —F) and d > 0, we have M(Qp) = ald + b Qaa(Qo) with

B__ ¢F
b:—f—df, a= f°+bB.

Let kA (r) be the advanced block of e 7%, and set
M(r) = ka(r)? M(e_@é‘Qoer@?) ka(r), re0,1].

Since ©g is a combination of odd elements of £, the chain rule and covariance imply that
o:M(r) = 0, as in the proof of Lemma 6.7(a). Therefore

M(Q) = ka(1)M(Qo)ka(1)™" = ald + b Qaa(Q).

Taking supertraces and using STr Qaa = —d, which follows from Lemma 6.1(b), we find
STrM = —bd.

Next, let M = Qaag, so that STrM = —dg. The supertrace is a linear combination
of entries, and U; acts on matrices of superfunctions entrywise, so STr UM = U; STr M.
The superfunction STr M is invariant, and g is bounded. By (iii) and (6.19) with ¢ = g,
we obtain

ut(dg) — det(XAD—Zd)g

on D°, and the first identity in (6.24) follows from (6.23) for U;M. Further, Mp(A) =
—9p(A)Id, since (Qaa)p(A) = —Id, and Corollary 6.11, with the flavors exchanged,
implies the second identity in (6.24).

We now prove (6.25), and we apply Lemma 6.3 to A = fQFE(UM)FE.  Since
(QFE)2(A) =1, we have Ag(A) = —fp(A) go(A). By Lemma 6.1(b) and (6.23),

A=f(F+dng)(as —bF —bdny),  [Alwp = —d*fbr.
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In particular, d—2 [Altop = —fb; is independent of the phases, so that (A)ip = [Aliop.
It is integrable on D, since |f| < C(1+ B)~3 by Lemma 6.6(c) (the outermost times
are at least 4, and |¥;*| < ¥ R¢%), and |b;| < sup|g|. Applying Lemma 6.3, we
conclude that (6.25) holds. With the flavors exchanged, we have STr(Qgrrg) = dg. Again
[QEE, (ar + b:QRY)]top = —d?by, and the body of this product at A is —gg(A). O

For an advanced-covariant matrix M of superfunctions as above, we call the matrix
Mg (A) = cpld of Corollary 5.21 its corner channel, and the coefficient b of Qaa in (6.23)
its radial channel; for retarded-covariant matrices, the coefficient of Qrr plays the role of b.
By Lemma 6.12, the semigroup U; preserves the corner channel —gx(A)Id of Qaag and
acts on its radial channel g by the radial semigroup. In the pairing (6.25), which mixes
the two flavors, the corner channel contributes through the corner term of Lemma 6.3,
and the radial channel through the bulk term.

We now evaluate the pairings of two singlet states with one or two diagonal entries
of Q inserted. In Part III, these are the limits that Theorem 7.6(b) identifies for the
multipliers of single resolvent entries (Sections 8.6 and 11.2).

Lemma 6.13. Let 6 < x <y < 1—6,and sett = y—x. Then, with ¥, = ‘F,)f’z and
Xz
Y, = ‘I’lfy,
By (Txr QF{IE{thi}jAlylfy) =B (TX/ Q},Egutg%;lflfy) =-1- KX(XI y;Z), (6'26)
and

Bi(Yx, Ui¥1-y) =1,  Bi(¥r QrUi¥1iy) =1,  Bi(¥a, UiQaa¥1-y) = —1.
(6.27)
Further, for c,c’ € {BB,FF},
By (Yy, QrrUi¥1-y) = B1 (Yo, UiQrr¥1-y) =1, Bi(¥r, iQan¥1-y) = —1,
By (¥x, QirUiQir¥1-y) = Bi(¥x, QualliQiaY1—y) = 1.

These identities include t = 0, where Uy = 1d. Here J enters only through the outermost times x
and 1 —y, so the lemma applies to all 0 < x <y < 1 with § = min(x,1 —y).

(6.28)

Proof. By (iii), ¥x = U1 and ‘I’l_y = Ul_yl are invariant superfunctions with the value
one at A. The first identity in (6.26) is (6.25) with f = ¥, and ¢ = ¥;_, together with
the definition (1.6) of Kx. The second is the version of (6.25) with the flavors exchanged.

In (6.27), the first integrand is invariant, and the second is advanced-invariant, since
Ui¥1-, = Y1, is invariant and QEII:{ is an entry of Qrr. Using (i), we evaluate these
pairings at A, where the bodies of the integrands take the values 1 and (QR%)p(A) = 1.
The third integrand is ¥, times an entry of the retarded-invariant matrix U;(Q AA‘Fl_y),
whose body at A is —Id by Lemma 6.12. The identities (6.28) follow in the same way.
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The superfunctions Qg are entries of Qrgr, and Ut(QRR‘I’l_y) is retarded-covariant and
advanced-invariant with body Id at A, by Corollary 6.11. Every integrand in (6.28) with
retarded insertions is therefore advanced-invariant, and by (i) its integral is the value of
its body at A, which is one. With the flavors exchanged, U;(Qaa¥1-,) has the body —Id
at A, and (Q4A)o(A) = —1, and the remaining values follow. O

6.5 How the kernels arise

We now compute the first two derivatives of the partition function of rank one in its
source. This is where the singlet state and the kernels of Definition 1.4 meet the partition
function. The outer semigroup factors become singlet states, the pairings with one
retarded and one advanced insertion produce Kx, and the integral over the two positions
along the wire produces Ix.

We ftirst expand the semigroup in the sources by a Dyson series and show that the
partition function is entire in the sources. In the following lemma only, the rank k > 1 is
arbitrary. Section 8.4 uses it at every rank, and the proof of Lemma 6.15 below at rank
one.

Lemma 6.14. Letk > 1, X > 0, and ¢ > 0, let z = 27e, and let Uy = e 5Cxz for s > 0. Let
q > q1/2 with 4q € Z, where q; is the exponent of Lemma 5.1(c). For n > 0, let

A, = {s € [0,1]*”rl : isi = 1},

i=0

with the Lebesgue measure ds = dsg - - - ds,,_1, of total mass 1/n!.

(a) There exists C > 1 such that

”usHLftﬁLftq <C 0=s<1, ||us||L’£ﬁL§ <CsM, 0<s<1.  (629)

(b) Let V be an operator that is bounded on Lg and on L% g and let || V|| g denote the larger of
its two operator norms. Then, for alln > 0 and s € A,

|Us, VU, V - - - VU,

2o < C"M(n+1)M| V|1, (6.30)

(c) For a complex diagonal 2k x 2k matrix I'g, let T = diag(eAp|T), and set

(ee]

Vr=—nTr (Q (T —eAf)), Sr= Z(—1)”/ Us, Vi Us, V- - - Vr U, ds.
n=0 An
(6.31)
The series converges in L(L2 g L%), locally uniformly in the diagonal entries of I'y, and St =

e~ GXI on Lz_q, with the semigroup of Proposition 5.15. The function T — [ e ®xr1 =
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Bi(1,S8r1) is entire in the diagonal entries of I'v. In particular, the partition function
Z)((k Z(u,b) of Definition 5.16, as a function of the diagonal entries of Iy, is the restriction of
an entire function on C2*,

Proof. We begin with (a). By Proposition 5.15(e), the semigroup U is the one of Proposi-
tion 5.15 with I' = eA. Applying Proposition 5.15(b) on inq with m = 0, and from L? q
with m = 44, we obtain (a), since Uy = Id.

For (b), let s € A,. Some s; is at least 1/(n + 1). We bound the factor Us, from L2 q
to L% by (6.29), which gives the factor C(n + 1), the factors to its right on L2 g and the
factors to its left on Lé. This proves (6.30).

We now prove (c). By Lemma 5.14(a), the entries of Q'f are multipliers of degree
zero. Hence there exists C; such that || Vr||+; < C4||Tr — eAg||op for all I'r. By (6.30) with
V = Vr, and since A, has the mass 1/#n!, the nth term of the series in (6.31) has norm at

most
C"l(n+41)%

n!

(CylITF — eAF|lop)”
in L(L% ¢ L;). The nth term is a homogeneous polynomial of degree 7 in the diagonal
entries of I'r — eAg, with values in L(L2
uniformly, and I'r — Sr is entire.

Next, we identify Sr with the semigroup. By (5.22), we have Gxr = Gx; + Vr on the
compactly supported smooth superfunctions. Since Vr is bounded, the closure of Gx r
in L2 4 of Proposition 5.15(a) is the closure of Gx ., plus Vr, with the same domain; here

¢ Lg). Therefore the series converges locally

we use one norm on L2 4 for both realizations, which is possible since the realizations
do not depend on w and the norms for different w are equivalent. The semigroup of a
bounded perturbation of a generator is given by the Dyson series [72, Chapter IX], which
converges in L(L% q) and is the series in (6.31). Since L%i embeds continuously in L g We
obtain e~®xr = Sp on L% g

Finally, 1 € Lz_q by Proposition 5.15(d), and By is bounded on L2 g % L% by Proposi-
tion 5.15(c). Hence [e~®xr1 = By(1,e~xr1) = By(1,Srl) is entire in the diagonal entries
of T'r. For the sources (u,b) of Definition 5.16, this is Z)(gki(u, b), by Definition 5.16 and
Proposition 5.15(d), and the map from (u, b) to the diagonal entries of I'r is injective. [

The following lemma is the computation in the sigma model that the proof of Theo-
rem 1.6(c) in Section 8.6 uses.

Lemma 6.15. Let X > 0 and e > 0, let z = 27te and Us = e=*®x= for s > 0, and let

Z(t) = Z200e+t), t>—e  mp=Te(AQ™) = QRk — Qi
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Then Z is smooth on (—e, 00), and

1
Z2(0) = 7 [ Bu(1,Usmslly 1) ds,
0 (6.32)

2/(0) = 272 / By (1, Ugmglly_empll;_,1) dxdy.
0<x<y<1

For 0 < x <y <1, we have
Bl (1, Uxmpul_xl) = 2, Bl (1, umeuy,meul_yl) =4+ ZK)((X, Yy, Z). (633)

In particular,
Z'0)=2r,  Z"(0) =47 (1+ Ix(27e)). (6.34)

Proof. We begin with the generator. At rank one, u1 = 0 and b; = e+ ¢, so that 'y =
(e 4+ t)Ap and T'r — eAp = tAg. Inserting this into (5.22), we obtain

Gx,r(o,s+t) = Gx,, — 7t mg. (6.35)

We now expand the semigroup in t. We apply Lemma 6.14 with k = 1 and I'r = (e +t)Ap,
for which Vr = —mt mp, by (6.35), and we let g, C, and A, be as there. The series (6.31)
becomes

e XTI+ = Z(nt)"/ Us,mpUs, mg - - - mpUs, ds, (6.36)
n=0 An

with convergence in L(L% ” Ls), and Lemma 6.14(c) gives

Z(t) = /e_GX,F(O,s+t)1 = By (1,e_GX,F(O,s+t)1)_

By Lemma 5.14(a), the entries of QFF are multipliers of degree zero, so that multiplication
by mg is bounded on L% and on L% ¢ and we let C; bound both norms. Inserting (6.36),
and using Lemma 6.14(b) with V = mp and the boundedness of B; on 12 g % L% of
Proposition 5.15(c), we find that, for all t > —e¢,

o0

Z(t) = Z (7tt)"cn, Cn = / B (1, Us,mpUs, - - - mFUSnl) ds,
=0 & (6.37)
C/cn—l—l(n + 1)2ch
’Cn’ S 7’1' 7

where C’' depends only on 4. The power series converges for all t, so that Z is smooth on
(—e,00), with 2/(0) = 7rc; and Z”(0) = 27t%c,. In the coordinates x = sg and y = sq + 51,
the simplex A, becomes {0 < x <y < 1}, with ds = dx dy, and we obtain (6.32).
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We now evaluate the pairings in (6.32) with the rank-one calculus of Section 6.4,
applied with the present z. Let 0 < x <y < 1, and write ¥s = ‘I’f’z . By fact (iii) of Sec-
tion 6.4, the superfunctions U1 and U; 1 are invariant, with the radial representatives
Yy and Y1, and we denote them by the same letters. Their values at A are one, by (6.14).
The transpose symmetry of Proposition 5.15(c) implies that B1(1, Uxf) = B1(¥x, f). The
pairings in (6.32) are therefore those of Lemma 6.13, with § = min(x,1 — y) and with the
time y — x in place of the t of that lemma.

For the first pairing, we expand my and use the second and the third identities in
(6.27) with y = x. We obtain

By (1, Uxmgly 1) = By (¥x, QRr¥1-2) — B1(¥x, Qaa¥12) =1—(-1) =2.

For the second pairing, we expand both factors mp, and we obtain four pairings. The
two with insertions of one flavor equal one, by (6.28) with ¢ = ¢’ = FF, and the two with
insertions of both flavors equal —1 — Kx(x,y;z), by (6.26). In the last two, the corner
channel —Id of the advanced-covariant matrix Uy +(Q AA‘Fl_y), which the semigroup
preserves, contributes the corner term —1 of the radial integration formula of Lemma 6.3.
Its radial channel e(v~*)(XAp _Zd)‘I’l_y, which evolves by the radial semigroup, contributes
the bulk term —Kx(x,y;z), by Lemma 6.12. Since mglU, _,mp contains the two pairings
of one flavor with the sign 4 and the two others with the sign —, we conclude that

Bl (1, Uxmpuy_xmpul_yl) =141+ 2(1 + Kx(x,y;z)) =4+ 2KX(x,y;z),

which completes the proof of (6.33).

It remains to integrate. The integral of Kx over {0 < x < y < 1} converges absolutely,
by Lemma 6.6(d), and the definition (1.8) shows that it equals Ix(z). Inserting (6.33) into
(6.32), we find

1
Z'(0) = 71/ 2ds =27,
0

2(0) = 272 / (4 +2Kx(x,y;2)) dxdy = 272 (2 + 2Ix(2)),
0<x<y<1
which is (6.34), since z = 27te. O

The first identity in (6.34) expresses the unit intensity of the limiting point process, and
the second determines its pair correlation through Remark 8.9; they are the two limits in
(1.10). The contact kernel Kx arises in the same way from the product QEEQR% + QE%Q%%
of entries of Q at a single site. By Lemma 6.1(c), we have

(QRRQAA + QRAQAR ) o = —d" —d(B+F) = ~2Bd,

and after multiplication by the density d~2 of Lemma 6.3, it produces the weight B/d of
(1.7). The corresponding pairing is evaluated in Lemma 11.2.
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