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BOOTSTRAPPING GAGA THEOREMS

ANIRUDDH VENKATESAN

ABSTRACT. Let X be a noetherian scheme with affine diagonal, and let A : X — X be a
morphism of locally ringed spaces from a quasi-compact quasi-separated locally strongly
noetherian analytic adic space. We prove that an equivalence on coherent sheaves, together
with comparison of their cohomology, extends to every proper X-scheme. As an application,
we obtain GAGA for proper schemes over the Fargues—Fontaine curve in equal and mixed

characteristic.
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1. INTRODUCTION

We prove that, in the adic setting below, a GAGA comparison on a base extends to every
proper scheme over it. Given an equivalence on coherent sheaves and a comparison of their
cohomology, . For the schematic and adic Fargues—Fontaine curves, this gives GAGA in
equal and mixed characteristic.

1.1. The relative problem. Let X be a noetherian scheme with affine diagonal, let X be
a quasi-compact quasi-separated locally strongly noetherian analytic adic space, and let
A: X — X be a morphism of locally ringed spaces. Assume that pullback gives an exact
equivalence

A*: Coh(X) = Coh(X)
and that the canonical maps
H'(X,F) — H'(X,\*F)

are isomorphisms for every coherent F and every ¢ > 0. We keep these hypotheses throughout
Sections 2—6.

For a proper X-scheme Y, write cy : Y24 — Y for its relative Huber analytification. Over
an affinoid V' = Spa(R, RT) C X mapping into an affine open of X, this is the analytification
of Y x x Spec R over V. The local spaces agree under rational base change and hence glue
[Hub94, Proposition 3.8].
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Theorem 6.14. For every proper f :Y — X, analytification induces equivalences

Coh(Y) = Coh(Y24),
Dl (V) = Dl (12,

Perf(Y) = Perf(Y24),

Vect(Y) = Vect(Y29).
For F € Coh(Y') and i > 0, the canonical maps are isomorphisms:

(RIf.F) = Ripad(ad),
H'(Y,F) = H(Y, F9).

1.2. The solid comparison. Write D . (T) for the category of quasicoherent complexes
and D, (T) for its pseudocoherent subcategory; on a noetherian scheme, D,.(T") = D_, (T).

coh

On the analytic side, let Co(Z) denote solid quasicoherent complexes, and let D5 (Z) be
the subcategory defined by nuclearity and pseudocompactness on bounded charts. On
Spa(R, Rt) this subcategory is Condg(Dye(R)) [And21, Theorem 5.50]. The definitions
and comparison functors are recalled in Appendix A.

A separated finitely presented 7'/ X has an algebraic realization T;lg and an analytic
locus T%". They are analytic stacks and coincide for proper 7/X [LH26, A.9-A.13]. The
comparison on their solid quasicoherent categories gives the stronger statement below.

Theorem 5.5. For proper f :Y — X, the comparison
Qy DqC(Y) — CD(Y;H>

18 fully faithful, colimit-preserving, and strong symmetric monoidal. It takes perfect complexes
to compact objects and induces a symmetric monoidal equivalence

Dpe(Y) = DLo(Y3").

For every M € Dy (Y), the canonical comparisons are equivalences:

ax(Rf.M) = Rf ay (M),

RI(Y,M) = RIg(YE", ay M).
1.3. The boundary calculation. The main calculation is a relative localization formula.
Let f:Y — X be proper, let j : U < Y be quasi-compact open, and put ¢ = f o j. Blowing
up an ideal cutting out Y \ U gives p : Y — Y, an isomorphism over U, with effective
Cartier boundary D. Put f = fop. For C € Co(YE"), write C' = (p*)*C and set

E,.(C) = Rf™(C & O5(nD)).
The canonical section of O(D) gives the transition maps.

Theorem 5.2. With this notation, there is a canonical equivalence, natural in C,

Rqalgjalg,*c ~ nggn Rﬁn (5 Q Of,(nD))

If C is pseudocoherent, the sequence Eo(C') lifts functorially to a sequence Mq(C') in Dpo(X).
Its colimit satisfies
ax <colim Mn(C’)> ~ Rg8j?e*C
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and, with this comparison, is canonically independent of the blowup.

Locally, the formula is the identity A[t~!] = colim(A LAt ... ). For pseudocoherent
C', each proper direct image E,(C) is pseudocoherent and can therefore be algebraized
on X. We take the colimit of the resulting sequence in Dy (X). When ¢ is affine, full
faithfulness lifts the ax(q.Op)-action to this colimit and so produces a complex on U. Its
pseudocoherence follows by faithfully flat descent.

1.4. Outline of the proof. The first step is to extend the comparison on the base to
complexes. Exact coherent pullback makes the chart maps flat, so scalar extension followed
by condensification defines ax. Coherent-cohomology comparison gives full faithfulness
on perfect complexes. Their analytic images are compact by finite open-cover descent,
which allows us to pass to filtered colimits and obtain full faithfulness on Dy (X). We then
algebraize bounded coherent complexes by their truncation triangles. For a pseudocoherent
complex, the bounded truncations form a tower whose cohomology is eventually constant
in each degree; taking its inverse limit on ordinary affine module categories gives the
algebraization.

Over the general base, the module description gives full faithfulness on affine schemes,
and Zariski descent extends it to relative schemes. For a proper scheme, the boundary
formula supplies algebraic preimages on affine opens. A finite faithfully flat family detects
pseudocoherence, while full faithfulness recovers the gluing data. Applying the comparison to
the algebraic counit defines the proper-direct-image map. We prove that it is an equivalence
first on pseudocoherent complexes and then on all quasicoherent complexes by passage to
colimits. Finally, sheafification of the ordinary affinoid representatives identifies the coherent
and bounded categories with their Huber counterparts.

For the application, let £/ be a nonarchimedean local field with residue field F,, and let
F be a complete perfectoid field of characteristic p containing F,. The schematic and adic
curves X3} and X3, satisfy the base hypotheses [KL19, Theorems 4.7.3-4.7.5]. Section 7
recalls their constructions and verifies these hypotheses, giving Theorem 7.4.

1.5. Comparison with the work Clausen—Scholze. Our proof follows the boundary-
localization argument of [CS26, Theorem 13.10], in the Tate-base form of [LH26, A.13 and
A.16-A.18]. There the complex-field case begins with the comparison over Spec C. Here the
base may be nonaffine, and the direct images of the boundary twists must be algebraized as
complexes of sheaves on X. The comparison on the base supplies these complexes, their
transition maps, and the algebra action on their colimit. We use the affinoid results of
[And21]; other GAGA theorems and criteria appear in [Ser56, FK18, Hal22, Wan26.

Section 2 proves the comparison on the base. Sections 3—4 construct the relative re-
alizations and establish proper direct image and localization, and Section 5 proves the
bootstrapping theorem. Section 6 recovers ordinary GAGA and compares proper direct
images between proper X-schemes in Corollary 6.16. The Fargues—Fontaine application
occupies Section 7. The appendices recall the analytic categories and give the descent
arguments.

Notation and conventions. Derived categories are stable oo-categories, with cohomologi-
cal indexing H'(K[n]) = H"""(K). A subscript conn means cohomologically nonpositive.
We write Map for mapping spectra in stable categories and mapping spaces otherwise.
Tensor products are derived, except on coherent hearts; in complete-module categories they
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include analytic completion. A finite module means a finitely generated module. Over a
coherent ring, coherent cohomology means finitely presented cohomology modules.

For a topological ring R, Rgs and R denote its discrete and topological condensed
rings. We write D¢ong(B) for the derived category of condensed Bgise-modules, D(A) for
complete modules over an analytic ring, and Do(R, R*) = D((R, Rt)"). Condensification
is Condg(M) = R ®Iédisc Maise. An affinoid representative of C' on V = Spa(R, R") is a
pseudocoherent R-complex M with Condg(M) ~ C|y.

The symbols alg, an, and ad distinguish the two analytic-stack realizations from ordinary
Huber analytification. We use o for the comparison on algebraic realizations and o for its
restriction to the analytic locus; for proper T they agree. Algebraization includes a specified
equivalence with the analytic image. For an adic space Z, Co(Z) abbreviates Co(Z"). The
notation Carty Cy means families with compatible pullback equivalences. In Section 7,
standard affines refer to the Proj presentation of the curve. We write K (nD) = K ® O(nD).

1.6. Acknowledgements. This project was conceived in the summer of 2025 while the
author was a Summer Undergraduate Research Fellow at UC Berkeley. We thank the
organizers and other participants of the program for helping to foster a productive research
environment. We thank Zeyu Liu for mentoring us on the initial portions of this work. We
thank Andrew Cheng, Sug Woo Shin, and Avi Zeff for discussions regarding this work.

1.7. AI Usage Statement. Al agents (specifically GPT 6 Pro) were used in the preparation
of this manuscript for brainstorming, proofreading, and consistency-checking. In particular,
the Al suggested that a separatedness hypothesis in an earlier version of the main result
could be weakened to merely requiring an affine diagonal, and suggested references useful
for the writing of Appendix B. The author takes full responsibility for the completeness
and correctness of all of its content, mathematical and otherwise.

2. THE COMPARISON ON THE BASE

Throughout this section, A : X — X is as in Section 1.1. We construct ax on quasicoherent
complexes and prove full faithfulness. The coherent equivalence will then allow us to recover
pseudocoherent complexes from their bounded truncations.

We use affine opens of X and their intersections to describe scalar extension. These
intersections are affine [Stacks, Tag 0BDX], and every morphism from an affine scheme to
X is affine [Stacks, Lemma 29.11.12]. The same applies to a separated X-scheme T, since
its diagonal factors as

T —TxxT—TxT.

Here the first map is a closed immersion and the second is a base change of Ax. Thus T
has affine diagonal, and its affine opens also have affine intersections.

2.1. Affinoid charts and scalar extension. Let B = RatAff x(X') be the basis of strongly
noetherian affinoid opens V-.C A™}(W), where W C X is affine. Its restriction maps are
rational inclusions. We use finite covers from this basis, refining intersections by common
rational subdomains.

Lemma 2.1. Let W = Spec A C X be affine and let V = Spa(R,R*) C A™Y(W) be a
strongly noetherian affinoid open. Then A — R is flat, and X : X — X s flat on local rings.
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Proof. By the ideal criterion for flatness, it suffices to show that
I®sR— R

is injective for every finitely generated ideal I C A.

The open immersion W — X is quasi-compact, so the coherent ideal IcC Oy extends to
a coherent ideal 7 C Ox with J|w = I [Stacks, Section 28.23, especially Lemma 28.23.2).
Exactness of A\* preserves the injection J < Ox. On V we therefore have

()\*j)lv — Ov.

Pull back a finite presentation of I to V. The same matrix over R has cokernel I ® 4 R,
so the affinoid coherent-sheaf theorem [Zav25, Theorem 4.2] identifies the induced map on
sections with I ®4 R — R. Taking sections preserves the injection above, and the ideal
criterion gives flatness.

For z € V with p = A(x), the map R — Oy, is flat by [Zav25, Lemma 6.7]. Its composite
with A — R remains flat. Localizing at p gives the asserted flatness on local rings. 0J

Let M € Dy.(X). For an affine open W = Spec A, put
My = RI(W, M|w) € D(A).
On V = Spa(R, RT) C A1 (W), define
awy (M) = Condg(R @5 My).

Thus the local comparison extends scalars from A to R and then condensifies. On a complex
of finite free modules it retains the differential matrices, now with entries in R.

Suppose V' maps into two affine opens W; = Spec A;, and write their affine intersection
as Wiy = Spec Ay5. Quasicoherent restriction gives

A12 ®£Z MWz >~ MW12.

Since each A; — R factors through A;s, tensoring with R identifies both local definitions
with
Condg(R ®% , Mws,).

Next let V' = Spa(R/, R") C V be rational. Condensification commutes with scalar
extension, so

Oémv(M)|V/ ~ COHdR/<R/ ®{% (R ®z MW))
>~ COHdR/(R/ ®ﬁ Mw) = aW,V/(M).

For successive rational inclusions, the comparisons are the associativity equivalences of the
same tensor product. The comparisons obtained by changing the schematic affine have
the same compatibility. Thus the local objects form a cartesian section, which descends to
ax (M) .

The construction is functorial in M. Its tensor-product and unit comparisons commute
with restriction, so descent makes ax strong symmetric monoidal. On each chart it is exact
and preserves filtered colimits [And21, Theorem 5.9 and Lemma 5.10]. It therefore preserves
arbitrary coproducts, expressed as filtered colimits of finite partial sums, and hence all
small colimits. Since colimits of cartesian sections are computed on charts, ax has the same
properties.
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2.2. Finite descent and full faithfulness. For perfect complexes, duality expresses
the mapping spectrum as global sections of a tensor product. We first prove that these
sections commute with filtered colimits; this will allow us to pass from perfect to arbitrary
quasicoherent complexes.

Lemma 2.2. For every quasi-compact quasi-separated analytic adic space Z, the tensor
unit of Co(Z) is compact. Thus RI'n(Z, —) preserves filtered colimits.

Proof. Choose a finite affinoid cover (V;) of Z, and put V; = (,.; V; for nonempty I. Each V;
is quasi-compact and admits a finite cover by rational subdomains of an affinoid containing
it. The intersections in this cover are again rational affinoids.

On an analytic affine, the unit is the measure module for the one-point set and is
compact [And21, Theorem 3.28 and Proposition 2.11]. Proposition B.6 therefore shows that
RI'g(V;, —) preserves filtered colimits.

Let P be the poset of nonempty subsets of the covering indices. Finite descent gives

RFD<Z, K) ~ }1612 RFD(‘/[, K’V])

by Lemma B.5. The nerve of P has finitely many nondegenerate simplices, so the limit is
finite. Restrictions preserve colimits, and filtered colimits of spectra commute with finite
homotopy limits. It follows that RI'n(Z, —) preserves filtered colimits, or equivalently, that
the unit is compact. O

Duality reduces the comparison of maps between perfect complexes to the following
comparison of global sections.

Lemma 2.3. For every bounded coherent compler K on X, the natural maps
RIo(X,axK) = Rl (X, M K) < RI(X, K)
are equivalences.
Proof. We extend the coherent-cohomology comparison to K by applying it to successive
truncation triangles. Choose a < b such that H‘(K) = 0 outside [a, b], and put K, = 7<, K.
The successive triangles are
Kr—l —_ Kr — HT(K)[—T’] — Kr—l[]-]-

By Lemma 2.1, pullback is flat and preserves these triangles. Applying the two section
functors gives a comparison of triangles whose third term is the coherent-sheaf comparison
of Section 1.1. Beginning with K,_; = 0, induction on r gives the comparison for K, = K.

To compare solid and ordinary analytic sections, take V' = Spa(R, RT) C A™(W) with
W = Spec A, and set

Kp=R&YRI(W, Kly).
Flatness gives finite R-cohomology in [a, b]. The restriction of ax K is Condg(Kg), so full
faithfulness of condensification gives
RIo(V,axK) ~ Mapp (g g+)(Condg R, Condg Kg)
~ KR
[And21, Theorem 5.9]. Ordinary analytic sections give the same complex: for a finite

module this is coherent affinoid acyclicity, and the bounded case follows from the truncation
triangles above.
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Both local identifications commute with rational restriction, since both are induced by
scalar extension of Kr. Choose a finite affinoid cover subordinate to affine opens of X,
and cover each intersection by finitely many rational subdomains of one of its members.
Taking limits of the local comparisons, first on these intersections and then on X, gives the
assertion. Solid sections are computed by Lemma B.5, and ordinary sections by the finite
alternating Cech complex [Stacks, Tag 08BZ]. O

Combining the section comparison with compactness gives full faithfulness on quasicoher-
ent complexes.

Theorem 2.4. The functor ax : Dy (X) — Ca(X) is fully faithful. It sends perfect
complexes to compact objects, and its essential image s closed under arbitrary colimits. The
same conclusions hold if the coherent-cohomology hypothesis is replaced by the canonical
comparison

RI'(X,P) = RI(X,\*P)
for every P € Perf(X).
Proof. Let P, (@ be perfect complexes. Strong monoidality identifies ay(P") with the dual
of ax P, so
Mape, vy (ax P, axQ) =~ RI'g(X, ax(P' © Q))
~RI(X,PY ®Q)
~ Mapp,_(x)(P, Q).
The middle equivalence is Lemma 2.3 applied to P ® ). Hence ax is fully faithful on
perfect complexes.
For a filtered diagram (NN;) in Co(X'), duality gives
Map(ax P, N;) ~ RI'o(X, ax(PY) @ N;).
Tensor product preserves colimits, and global sections preserve filtered colimits by Lemma 2.2.
Thus
colim Map(ax P, N;) ~ Map(ax P, colim N;).
J J
This proves compactness of ax P.
By [Stacks, Theorem 36.15.3, Tag 09IS, and Proposition 36.17.1, Tag 09MO], D (X) =~

Ind(Perf(X)). Write M =~ colim; P, and N =~ colim; @); as filtered colimits of perfect
complexes. Then

Map(ax M, axN) =~ lim colim Map(ax P;, ax@;)
i J
~ lim colim Map(P;, Q;)
i
~ Map(M, N).

The first equivalence uses colimit preservation and compactness of the perfect images; the
second is the comparison just proved. The last uses compactness of perfect complexes on
X. This proves full faithfulness on Dy (X).

By full faithfulness and Lemma B.2, every diagram in the essential image lifts, with its
maps and homotopies, to a diagram (M;) on X. Colimit preservation gives

colim avx (M;) =~ ax (colim M;).
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Thus the essential image is closed under colimits.

Now suppose that cohomology comparison is given for perfect complexes. Apply it
to PV ® @, and use the affinoid section calculation in Lemma 2.3 to compare solid and
ordinary analytic sections. This gives the same mapping-spectrum calculation for P, (), and
compactness again extends full faithfulness to Dq.(X). Mapping from the structure sheaf
then gives, for every coherent F,

RI'(X,F) ~ Mapy(Ox,axF) ~ RI(X,\*F).

The second equivalence is the local section comparison. Both maps are induced by pullback,
so this identifies the canonical coherent-cohomology map. 0J

2.3. Pseudocoherent complexes. We turn to essential surjectivity. The bounded coherent
truncations of an analytic pseudocoherent complex can be algebraized one at a time. To
recover the whole complex, we first express analytic descent in terms of ordinary complexes
on affinoids.

Put B = RatAffx(X) and Ry = I'(V, Oy). Rational restriction gives the diagram

B — Caty,
V — Dye(Ry),
with transition functor M — Ry~ ®Iév M for V! C V. Write Cartyeg Dpc(Ry) for its limit.
A cartesian section consists of complexes My € D,.(Ry) and equivalences
vy : Ry @, My = My

For V" C V' C V, these satisty Oy»y ~ Oy o (1 ® Oy ) under tensor associativity,
together with the unit and higher compatibility homotopies. A morphism is a family
My, — Ny respecting these data. Condensification turns the scalar-extension equivalences
into analytic gluing data.

On V = Spa(R, R*), we identify Dp.(R) with the nuclear and pseudocompact subcategory
of Do(R, R*) through condensification.

Proposition 2.5. Restriction induces an equivalence
Dpe(X) = Carty cratasy (x) Dpe(Rv),

independent of the rational basis and bounded-chart presentations.
Proof. On each V' = Spa(R, R*), the affinoid comparison gives

Condp, : Dye(R) = D5 (V) C Do(R, RY)
[And21, Theorem 5.50] [LH26, A.15]. These equivalences also identify the transition functors.
If uw: V' < V is rational, then

u* Condg(M) ~ Condp (R ®% M)

by [And21, Lemma 5.10]. The scalar extension of a bounded-above finite-projective resolution
is again such a resolution, so the object on the right is pseudocoherent. Tensor associativity
makes these identifications compatible with successive restrictions.

Given a family (My ), condensify its terms. The scalar-extension equivalences become
pullback equivalences, so Proposition B.1 glues them to C' € Cq(X) with C|y ~ Condg(My).
These restrictions show that C' belongs to Dy, (X).
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Conversely, choose ordinary representatives for the restrictions of C' € DEC(X ). Full
faithfulness of condensification lifts the restriction equivalences and their homotopies to a
cartesian family. This inverts the preceding construction on objects; the limit of the local
mapping-space equivalences gives the assertion on morphisms.

Common rational refinements and [And21, Theorem 5.3| identify the descent descriptions
for different bases. On each affinoid, the subcategory is Condg(D,.(R)), independently of
the bounded-chart presentation. The global subcategory is therefore independent of both
choices. O

We will use the following inverse-limit calculation. Recall that a ring is coherent if every
finitely generated ideal is finitely presented. For such a ring A, the notation D , (A) refers
to complexes with finitely presented cohomology in a finite interval.

Lemma 2.6. Let A be a coherent ring and b € Z. Let (K,),>0 be an inverse system
with K, € Dgoh(A)[b*”’b] whose transitions induce equivalences Ty, K11 ~ K. Then
K = Rlim, K,, is pseudocoherent and tsp_, K ~ K,. For every ring map A — A’, the
canonical map

A% K — Rlim(A 2% K,)
1S an equivalence.

Proof. Exactness of products of ordinary A-modules gives the derived-limit exact sequence

0 — lim! H'"Y(K,) — H/(K) — lim H?(K,,) — 0

[Stacks, Tag 08U5]. For fixed j, the transition maps on H’(K,) are isomorphisms once
b—n < j. Both systems in this sequence are eventually constant, so the lim" term vanishes
and H'(K) ~ H’(K,) for sufficiently large n. These modules are finitely presented and
vanish for j > b. Since A is coherent, this makes K pseudocoherent [Stacks, Tag 0EWZ].
For fixed n, the projection to K, induces isomorphisms in degrees at least b — n, proving
the truncation assertion.

Put F,, = fib(K — K,). The truncation assertion gives

F, € D71 A).

Derived scalar extension along any ring map A — A’ preserves upper cohomological bounds.
Indeed, choose a bounded-above free resolution with the same upper bound and tensor it
with A’ [Stacks, Section 15.60]. It follows that

A @Y F, e DA,
The long exact sequence of the tensored fiber triangle now shows that
HI(A % K) — HI(A &% K,)
is an isomorphism once b —n < j. These maps respect the transitions, so the base-changed
cohomology systems are eventually constant. The derived-limit exact sequence identifies
their limit with H’/(A’ @4 K), proving that the canonical comparison is an equivalence.

Naturality in the tower and compatibility with successive scalar extensions follow from the
corresponding properties of the tower maps and tensor associativity. 0
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Proposition 2.7. The ordinary affinoid t-structures descend to DEC(X), and comparison
nduces a t-exact equivalence

ax : Dpo(X) = Do (X).

Proof. On each V' = Spa(R, R"), choose ordinary representatives Cy € D,.(R). Flat
rational localization preserves their degree conditions and truncation triangles, which glue
by Proposition 2.5. Orthogonality follows by taking limits of the contractible local mapping
spaces from nonpositive objects to objects in degrees at least one. These constructions
define the t-structure, whose heart is Coh(X’) by the coherent affinoid theorem and sheaf
descent.

On charts, ax is flat scalar extension followed by condensification, so it preserves pseu-
docoherence and truncations. It is fully faithful by Theorem 2.4 and induces the given
equivalence on coherent hearts. We first prove essential surjectivity for bounded complexes.

Let C have cohomology in [a,b]. We argue by induction through the truncation triangles

Tgrflc — TSTC — HT(C)[—T] — Tgrflc[l],

starting with 7<,_1C = 0. If the first term has been algebraized, then so has the third, by
coherent GAGA. Full faithfulness lifts the connecting map between their preimages. Its fiber
algebraizes 7<,C', and the long exact cohomology sequence makes this preimage bounded
coherent. This proves the bounded equivalence. Since ay commutes with cohomology and
the coherent equivalence detects vanishing, the bounded equivalence also preserves and
reflects cohomological bounds.

For C € DEC(/'\? ), choose a common upper bound b on a finite affinoid cover and put

On = sz_nc.

The bounded equivalence lets us algebraize these objects together with the maps C,, 11 — C,,.
By Lemma B.2, we obtain a tower (M,) of bounded coherent complexes on X with
ax(M,) ~ C,. Its transitions satisfy

TZb—nMn—O—l — Mn,

and M, has cohomology in [b — n, b].
For each affine W = Spec A C X, set

My = RIim RIT(W, M, |w).

This is pseudocoherent by Lemma 2.6. For an affine inclusion W’ C W, that lemma identifies
the restriction of My, with My. The identifications commute with successive restrictions
and their associativity homotopies, so Zariski descent gives M € D,.(X).

To identify its image, take V = Spa(R, R™) C A™'(W) and an ordinary representative
Py € Dpe(R) of Cly. The bounded comparisons give an equivalence of towers

R &% RI(W, My, |w) =~ T>p—nPy.
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Indeed, their condensifications are the restrictions of ax(M,) ~ C,,, and full faithfulness
lifts this equivalence of diagrams. Lemma 2.6 then gives

R &Y% My ~ Rlim(R &% RI'(W, M,|w))
~ Rlim 754, Py
>~ Pv.

The last equivalence is the reconstruction of Py from its truncations. Condensifying gives
Oéx(M)|V ~ C|V

The identifications commute with rational restriction by Lemma 2.6. They glue to
ax(M) ~ C, proving essential surjectivity. Together with the truncation compatibility
already established, this gives the asserted t-exact equivalence. 0

2.4. A faithfully flat family. The coordinate spectra of a finite affinoid cover form a
faithfully flat family over X. This will allow us to test pseudocoherence after passing to the
affinoid bases.

Lemma 2.8. There is a finite affinoid cover V; = Spa(R;, Rj") of X, with V; C \™Y(W}) for
affine opens W; C X, such that

H Spec Ry — X

s fpqc.

Proof. Choose a finite affine cover of X, refine its inverse image by strongly noetherian
affinoids, and take a finite subcover of X'. Discard the empty members and write W, =
Spec A;.

By Lemma 2.1, each A; — R; is flat. The composite Spec R; — X is affine and flat
because W; — X is affine, and the finite disjoint union is quasi-compact. It remains to
prove surjectivity.

Let © € X be closed. Its coherent skyscraper x(x) is nonzero, so coherent GAGA makes
its pullback nonzero. This pullback is nonzero on some V;. Hence x € W;, and on that chart
the sheaf is represented by the nonzero ring

R; ®4, k().
A prime of this ring gives a prime of R; over the maximal ideal defining x in A;.
For any y € X, choose a closed point x € {y} and a lift of = to some Spec R;. The open
W; contains y, and the corresponding primes satisfy p, C p,. Flat going-down gives a prime

of R; below the chosen lift of x and lying over y. Thus the morphism is surjective and hence
fpqc. 0

3. RELATIVE FULL FAITHFULLNESS

Let T'/X be separated and finitely presented. We construct its realizations over X' by
gluing those of TR = T X x Spec R over affinoid charts. For an affine morphism ¢ : U — X,
a quasicoherent complex on U is a complex on X equipped with a ¢,Op-action. Applying

ax to this description gives the comparison on U; we then glue over a finite affine cover of
T.
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3.1. Relative algebraic and analytic realizations. We use the rational-affinoid basis
B = RatAff x(&X') introduced in Section 2.1.

Choose V' = Spa(R, R™) C X mapping into W = Spec A C X, and set Tr = T X x Spec R.
By [LH26, Theorem A.13], there are an algebraic realization (Tz)® over (Spec R)*# and
an analytic locus (Tg)* over V = (Spec R)*". Define

( alg)‘V (TR>alg X (Spec R)als V’
(T%")|v = (Tp)™

Lemma 3.1. Let u : V' = Spa(R', R"") — V = Spa(R, R") be a rational localization in
RatAff x (X). For every separated finitely presented X -scheme T,

w* ((Tr)™® X (spec rys V) = (Tr)™® X (spec mryais V',
u* (TR)an ~ (TR’)an-

These equivalences are natural in T, compatible with Zariski restriction, and coherent under
composition of rational localizations.

Proof. If Spec R — X factors through two affine neighborhoods, it factors through their
intersection. Both descriptions of Tz are therefore the fiber product T' x x Spec R.

If Tr = Spec B, then Tr = Spec(B ®g R'). The first comparison is obtained by applying
AnSpec to Lemma B.9(i), and the second is part (iii) of that lemma. The same result gives
functoriality and compatibility with successive rational localizations.

Choose a finite affine cover (7},) of Tg. Its multiple intersections are affine by separatedness.
The realizations have the Zariski presentations [LH26, Theorem A.13]

(Tg)™8 ~ cohm H Too...a)™®,

]EAOP
CL(), 7C’4n
(T = gty 1T ()™
ag,...,an

Base change preserves these colimits. Replacing each affine term by its base change therefore
gives precisely the two presentations for Tx.

The affine comparisons commute with the face and degeneracy maps, morphisms of
schemes, and successive base changes. These compatibilities pass to the colimit, and a
common affine refinement identifies the constructions from different covers. O

The rational base-change identifications give the required descent data over X.

Proposition 3.2. For a separated finitely presented X -scheme T, the local realizations glue
functorially to analytic stacks T;lg and T%", with a natural map

T — T8

that is an equivalence for proper T /X . The construction commutes with rational base change
and Zariski gluing. For an open immersion T < X, we have T ~ \71(T).

Proof. Choose a rational-affinoid cover V; = Spa(R;, Rj") of X. On a common rational
subdomain of V; NV}, Lemma 3.1 identifies the two local realizations. On triple and higher
intersections, all comparisons factor through the construction on a common rational chart,
with the composition homotopies supplied by the same lemma. These are descent data for
T;lg and T%".
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The descent data are functorial in 7" and commute with rational restriction. Zariski
compatibility follows by applying the presentation of [LH26, Theorem A.13] on each base
chart before gluing over X.

For an open immersion 7' < X, the local realization is V; N A\™}(T'), and these opens glue
to A"H(T).

It remains to compare the two realizations. For an affine scheme, the bounded charts
have natural maps to the algebraic realization [LH26, A.11-A.13]. Lemma B.9 makes these
maps compatible with restriction. We glue first over a Zariski cover of Tr and then over
the base cover, obtaining

e — T3,
If T/ X is proper, then each Tr/R is proper. The proper analytic-locus theorem makes the

comparison an equivalence on every base chart. These local inverses agree on overlaps, and
hence give a global inverse. 0

The pseudocoherent subcategories also glue over the affinoid charts.

Put Tr = T xx Spec R and Pr(V') = Dy ((Tr)™). Nuclearity and pseudocompactness
of a complex on (Tx)*" are tested on the bounded charts of [LH26, A.15]. For a rational
inclusion u : V' < V| Lemma 3.1 gives the pullback u}, computed on analytic affines by
derived scalar extension followed by analytic completion.

As before, Cartyeg Pr(V) denotes the limit. Its objects are families Cy on (Tg)* with
equivalences u;Cy =~ Cy» and the unit, composition, and higher homotopies. Its morphisms
are maps of families respecting these identifications.

Proposition 3.3. For a separated finitely presented X-scheme T, restriction gives
Do (T5") = Cartycrataty () Dpe(TR)™),

with rational pullbacks as transition functors, independently of the basis and bounded-chart

presentations. For proper T, the same description holds on T;lg.

Proof. We show that descent for Cg restricts to D5,. Consider scalar extension on an analytic
affine,

F:D(A) — D(A)
with restriction-of-scalars right adjoint G. The right adjoint preserves direct sums and lower

cohomological bounds [Sch26a, Proposition 12.4, Remark 12.5, and Proposition 12.6]. For
pseudocompact M and a family (N,) with a common lower bound, adjunction gives

Map(FM, P N,) ~ Map(M, G(ED N.))
a ~ Map(M, P Z;Na)
~P Map(]\ai, GN,)
~ @ Map(F M, N,).

This is the mapping criterion for pseudocompactness of FM [LH26, A.5].
By [LH26, A.4], nuclear objects are colimits of sequential colimits of compact objects
with trace-class transitions. Since G preserves filtered colimits, F' preserves compact objects.
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The natural map F(PY) — F(P)" carries a class defining a trace-class map to one defining
its scalar extension. Thus F' preserves these presentations and, being colimit-preserving,
preserves nuclear objects.

We apply these observations to V' C V. Choose a finite affine cover of Tx. On each
intersection, Lemma B.9 gives maps between the universal bounded charts, and the preceding
adjunction calculation proves that their pullbacks preserve pseudocompactness.

For nuclearity, the defining charts use the analytic structure Q induced from (R, R*)"
on R(Ty,...,T,,) [LH26, A.10 and A.15]. Consider the ring map

R(Ty, ..., T) — R{Ty, ..., Ty).

It respects these structures: a complete Qg-module is complete over (R, R'F)", hence over
(R, R*)", which is the completeness condition for Qr [Sch26a, Proposition 12.8] [LH26,
A.3]. Base change gives maps of the chart pushouts for each tuple (ww”b;), and the preceding
argument for F' proves preservation of nuclearity.

Nuclearity and pseudocompactness descend along bounded charts and Zariski covers
[LH26, A.15 and Theorem A.13]. Pullback therefore restricts to Pr(V) — Pr(V’), with
compatibility under composition given by associativity of the pushouts.

Restriction sends a global pseudocoherent object to a cartesian family. Conversely, regard
a family (Cy) as descent data in the solid categories. The equivalence

Co(T3") ~ Jim Co((Tr)™),

glues it to C' € Co(T%"). Every defining-chart restriction is a restriction of some Cy,, and
hence is nuclear and pseudocompact. Thus C' € DEC. This construction inverts restriction
on objects, and the same limit formula identifies the mapping spaces.

Common rational and affine refinements identify different choices of base and Zariski
covers. Independence of bounded charts follows from [LH26, A.15] together with the
restriction compatibility above. If T" is proper, Proposition 3.2 identifies the two realizations
chart by chart, so the description applies equally to T%. O

We will also use descent in the scheme variable.

Lemma 3.4. Let (U;);es be a finite Zariski cover of a separated finitely presented X -scheme
T, and put U; =U,N---NU,. Restriction gives

ch (T) ~ [»yljlenA H ch<Uio...in )7
(804 nyin ) €I

Ca(T¥8) ~ i Ca(U™ . ).
a(Ty"®) dm H (Ui, x)
(20, yin)EIMTT

0---in

The comparison functors form a map of these diagrams. Degreewise full faithfulness,
equivalences, and colimit preservation descend, as do tensor structures, module objects, and
pullback transformations.

Proof. The first formula is ordinary Zariski descent: a complex on each U;, equivalences on
overlaps, and compatible homotopies on higher intersections. Allowing ordered tuples with
repetitions gives the full Cech diagram in the statement.

The same intersections present the algebraic realization as a geometric realization [LH26,
Theorem A.13], compatibly with base charts by Lemma 3.1. Proposition B.1 gives the
second formula.
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Refine the cover by affine opens. On the resulting affine intersections, comparison
commutes with restriction by associativity of scalar extension. Lemma B.2 passes full
faithfulness and equivalences to the limits. Colimits, tensor products, and module actions are
computed componentwise, so they descend with the functors and their pullback comparisons.
Passing to common affine refinements gives these assertions for the original cover. U

3.2. Ordinary relative Huber analytification. The ordinary adic realization is obtained
from Huber’s relative analytification on the same base charts.

Proposition 3.5. Let T be an X-scheme locally of finite type. The Huber analytifications
(T)*VV | for V.= Spa(R, R*) and Tr = T x x Spec R, glue canonically to a locally strongly
noetherian adic space T3/ X and a morphism of locally ringed spaces

cp T — T

The construction commutes with rational base change and Zariski gluing, and preserves
properness over the base.

Proof. For V = Spa(R, RT) € RatAff x (X)), the scheme T% is locally of finite type over R,
so its relative Huber analytification (7)Y exists [Hub94, Proposition 3.8]. For rational
V' = Spa(R', R"") C V, the base change

(TR)ad/V X1 V/

has the mapping property of (T )*¥V": a compatible map from an analytic test space over
V' to Tx factors through Tr. We obtain a canonical isomorphism

(TR)ad/V Xy V/ :> (TR/)ad/V/.

For V" C V' C V, both composites represent the identity of the same functor over V", so
they agree.

Choose a rational-affinoid cover (V;). The isomorphisms just constructed agree on common
rational refinements of V; N V. They therefore glue over each overlap, and their uniqueness
gives the cocycle condition on triple intersections.

Gluing the spaces, structure sheaves, and valuations gives T2, with ¢y induced by the
local maps to T'. Each piece is locally of finite type over V;, so the resulting space is locally
strongly noetherian. Common refinements compare different base covers, and the same
mapping property gives compatibility with Zariski gluing in 7.

Finally, if 7/X is proper, then each (Tg,)*/"' — V; is proper [Zav25, Remark 6.3]. As
properness is local on the target, the glued morphism 7% — X is proper. U

3.3. Module categories and relative full faithfulness. Let ¢ : U — X be affine and
finitely presented, and put A = ¢.Op € CAlg(Dq(X)). The usual equivalence Dy (U) =~
Mod 4(Dgc (X)) has an analytic counterpart, which describes the relative comparison as a
functor on modules.

Lemma 3.6. There is a canonical equivalence, compatible with rational restriction,
Co(U®) ~ Mody,, 4(Co(X)).
It identifies Rq™® with the forgetful functor and oy with the module functor induced by ax.
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Proof. Take a base chart V = Spa(R, R") C A™}(W) with W = Spec A, and write Uy =
Spec By and Ur = Spec B. Flatness identifies B = By ® 4 R with the derived tensor product.
Put R = (R, R™)" and

R (Rd1507 }%dlsv:)D )
BO (Bd15C7 BdISC)D7

where BT is the integral closure of the image of R in B.
The algebraic realization on this chart is defined by

Balg R ®Aang B
[LH26, A.9]. Passing to module categories gives

D(B3%) ~ D(R) ®p(r,) D(Bo)
~ D(R) ®@p(r,) Mod(D(Ry))
~ MOdCondR (DD(R R+>>

The first line is the analytic-ring pushout formula [LH26, Lemma A.1]. The second uses
Lemma B.7 to regard complete B-modules as complete base modules equipped with a
B-action. The final line extends this module category from D(R,) to D(R) [Lurl7, Sec-
tion 4.8.5]; the algebra acting after extension is Condg(B).

Under Dy.(W) >~ D(A), the restriction A|y corresponds to B,. Hence

(axA)|ly = Condg(R ®% By) ~ Condg(B).

This identifies the acting algebra with (ax.A)|y.

Under rational base change, Lemma B.8 identifies the same calculation with the one for
B®pr R'. Reassociating tensor products makes the identifications compatible with successive
restrictions. The module categories, with their actions, therefore glue by Proposition B.1.

In this description, structural pullback is the free-module functor N +— Condg(B) ® N.
Its right adjoint forgets the Condg(B)-action. These adjoint pairs commute with restriction,
so the forgetful functor is Rg® after gluing. Applying ax to an algebraic module and its
action gives the local comparison and hence, by descent, the global one. (]

We apply the module description on affine opens to extend the comparison to 7.

Proposition 3.7. For every separated finitely presented X -scheme T', scalar extension gives
a fully faithful, colimit-preserving, strong symmetric monoidal functor

ar : De(T) — Co(T alg),
compatible with pullback. For proper T /X, its target identifies with Co(T%").

Proof. Suppose first that ¢ : T'— X is affine, and put A = ¢.Or. By Lemma 3.6, the two
categories are Mod 4(Dy. (X)) and Mod,, 4(Co(X)). Theorem 2.4 and Lemma B.3 make the
induced functor fully faithful. Colimits are computed on underlying objects, so it preserves
them. It preserves relative tensor products as well, because ax is strong symmetric monoidal
and preserves colimits.

For general T', choose a finite affine cover (U;). The separated morphism 7' — X and
the affine diagonal of X give an affine diagonal on 7". Hence every intersection U; is affine,
and its map to X is affine by [Stacks, Lemma 29.11.12]. The preceding argument therefore
applies on every intersection.
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Tensor associativity makes the local functors commute with restriction. They therefore
define a map of the descent diagrams in Lemma 3.4. Taking limits of their mapping-space
equivalences proves full faithfulness. Since colimits are computed on the intersections and
preserved by each local functor, they are preserved globally as well.

The tensor comparisons agree under restriction and supply the monoidal structure. For
a morphism 7" — T, choose source affines mapping into target affines. Pullback and
comparison are scalar extensions on these charts. Their associativity identifications agree
on intersections, so they give the required pullback compatibility, including compatibility
with composition. O

On the analytic locus, the comparison preserves pseudocoherence, as one sees on finite-free
resolutions.

Proposition 3.8. Let T be a separated finitely presented X -scheme, with analytic-locus
map g - TS — T8, Then

af' = grar : Dpo(T) — DEC(T;H)

1s well-defined. For proper T, it is the restriction of the fully faithful cr and is denoted by
aT.

Proof. Take M € D,.(T), a rational-affinoid base chart, and an affine Spec B C Tk.
Pulling back a bounded-above finite-projective resolution shows that the pullback of M is
pseudocoherent. After a further restriction we may represent it by

e — PP Pl ph 0.

Each P! is finite free over B.

On a bounded chart, scalar extension and analytic completion replace the finite free terms
by finite sums of the tensor unit, with the same differential matrices. By [LH26, A.15 and
the paragraph preceding Theorem A.18], using [And21, Theorem 5.50 and Proposition 5.33],
the resulting complexes are nuclear and pseudocompact on the respective defining charts.

All these local complexes are restrictions of 5o (M), with the scalar-extension identifi-
cations used in its construction. Descent along the bounded and Zariski covers therefore
gives

grar(M) € DL (T3").
When T is proper, j7 is an equivalence by Proposition 3.2, so this is the restriction of agp
itself. 0

3.4. Flatness. Flatness of ordinary analytification follows from the flatness of the base
charts and the local Huber comparison.

Proposition 3.9. For every X -scheme T locally of finite type, the morphism cp : T3 — T
1s flat.

Proof. Fix z € T% and write t = cr(2). Choose an affine W = Spec A C X containing the
image of ¢, a rational affinoid V' = Spa(R, R™) C A™'(W) containing the image of z, and an
affine neighborhood U C T' x x W of t. On these neighborhoods the map factors as

UMV Uy — U,

where Ug = U x4 Spec R.
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The second map is a base change of the flat map from Lemma 2.1. The first is flat on local
rings by [Zav25, Lemma 6.7]. Their composite is flat at z, which proves the assertion. [J

4. LOCALIZATION AT THE BOUNDARY

We now construct the direct images that will be algebraized on X. The main ingredients
are proper direct image and localization at a boundary. We establish these first, then
identify the analytic-stack realization with Huber analytification. This last comparison
supplies the ordinary affinoid representatives used in faithfully flat descent.

4.1. Proper direct images of solid quasicoherent complexes.

4.1.1. The affinoid case. The affinoid proper-direct-image theorem follows from the adjunc-
tion argument of [LH26, A.16-A.17].

Let (R, RT) be strongly noetherian and complete Tate. For S locally of finite type over R,
let S®" be its analytic-stack analytification [LH26, Theorem A.13|, with structural map 7 :
S* — AnSpec(R, R*)”. The notation D (S*") uses the nuclearity and pseudocompactness
conditions of [LH26, A.15]. On the base we use Condg : Dpe(R) < Dp(R, RT) [And21,
Theorem 5.9].

Theorem 4.1. Let (R, R") be a strongly noetherian complete Tate Huber pair and let S/R
be proper and finitely presented. For every K € DEC(S”), there is M € Dy(R) with

Rn.K ~ Condg(M),
unique up to contractible choice together with this equivalence.

Proof. We apply the exceptional-pullback calculation of [LH26, Proposition A.16] on poly-
nomial and quotient charts. We first give the finite resolutions entering that calculation.

Write B = P/I with P = R[T},...,T,,]. Since P is noetherian, a finite free surjection
onto B has finitely generated kernel. Repeating this for the successive kernels gives a
resolution

o —P? — P*"— P°—B-—0
with every r; finite. In particular, B € D, (P) [Stacks, Tag 064T].

Put D = R(T},...,T,,). For a finitely generated ideal J C P, pull J < Oam back to
relative analytification and restrict to the closed unit polydisc. Flatness on local rings
preserves the injection [Zav25, Lemma 6.7]. A finite presentation of J and the affinoid
coherent-sheaf theorem [Zav25, Theorem 4.2] identify the map on sections with

JR®p D — D.
The ideal criterion gives flatness of P — D [Stacks, Tag 00HD]. Consequently,
D&% B ~ (D/ID)[0)],

and the tensored resolution makes D/ID pseudocoherent. Equipped with its complete
quotient topology, this module has nuclear and pseudocompact condensification [And21,
Theorem 5.9, Lemma 5.23, and Theorem 5.50]. The substitution U; = w"T; gives the same
calculation on any bounded polydisc. It also remains valid after rational localization, which
preserves strong noetherianity.

On a quotient chart, exceptional pullback is internal derived Hom from (D/ID)[0] [LH26,
Proposition A.16]. When the targets have a common lower bound, only finitely many terms
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of the finite-free resolution contribute in each total degree. Pseudocompactness therefore
gives the direct-sum comparison, while concentration of the quotient in degree zero gives the
lower bound. On a polynomial chart, the cited calculation gives ordinary pullback shifted
by [m].

Applying these calculations on the bounded charts and a finite affine cover of S shows
that, whenever (M,) has a common lower bound, so does (7'M,) on the defining charts.
Moreover,

@w’Ma = ! (@ Ma> .

For proper S, the identification S ~ S8 gives a finite cover by the induced bounded
charts of [LH26, A.10 and A.15]. The chart algebras are nuclear over the base, and restriction
of scalars preserves nuclear objects by [LH26, Lemma A.3 and Proposition A.10]. The
finite-cover argument in the proof of [LH26, Corollary A.17], using [CS26, Theorem 8.6],
gives nuclearity of Rm, K. The same proof identifies R, with R, so that R, 4 7' on
the full solid categories. For a family (M,) with a common lower bound, we may therefore
compute

Map(R. K, ) M,) ~ Map(K, 7' M,)

The outside equivalences are adjunction. The second uses the direct-sum comparison for
7', and the third uses pseudocompactness of K and the common lower bound on (7'M,)
[CS26, Definition 9.9]. Hence R, K is pseudocompact as well as nuclear.

The affinoid comparison identifies these objects with Condg(Dpc(R)) [LH26, A.15] [And21,
Theorem 5.50]. Thus M exists. Full faithfulness of condensification makes M, equipped
with its comparison equivalence, unique up to contractible choice. 0

The same adjoint pair gives the colimit comparison.

Corollary 4.2. Under the hypotheses of Theorem 4.1, Rm, preserves arbitrary colimits on
Co(S™).

Proof. For proper 7, the identification Rm ~ R, holds on all solid quasicoherent complexes
[LH26, proof of Corollary A.17]. Thus R, is also a left adjoint, with right adjoint 7.
Explicitly, for a diagram (K;) and a base object N, the adjunction gives

Map(Ru, colim K;, N) ~ Map(colim K;, 7' N)
~ lim Map(K;, 7' N)
~ Map(colim R, K;, N).
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The composite is induced by the canonical colimit map and is natural in N. Yoneda
therefore proves the assertion. 0

4.1.2. Globalization. We pass to X by restricting direct images to its affinoid opens. The
restriction formula follows from extension by zero.

Lemma 4.3. Let

,L‘I

zZ —

/| E

vy = S
be a cartesian square of analytic stacks. Suppose iy 7 i* and iy 4™ are extension-by-zero
adjoint pairs and the canonical map i/(g')* — g*ir is an equivalence. Then the canonical
map
i*Rg. — Rg.i"™
is an equivalence on Co(Z2).
Proof. For A € C(Z) and B € Co(V), adjunction gives
Mapy (B, i*Rg.A) ~ Mapg(i1B, Rg.A)

= MapZ(g*i!Ba A)

~ Mapz(ii(¢')" B, A)

~ Mapz ((¢')"B,i"*A)

~ Map,,(B, Rg.i" A).
The middle equivalence is the comparison for extension by zero. The units and counits

identify the composite with the canonical base-change map. Since the calculation is natural
in B, Yoneda proves the lemma. U

For quasi-compact opens in the class I of [LH26, A.2|, extension by zero and its pullback
comparison are supplied by [Sch26b, Proposition 5.16 and Theorem 5.19]. This includes
rational-affinoid inclusions [RC24, Proposition 2.3.2]. Lemma 4.3 therefore identifies the
restriction of Rg?" to each base affinoid with the direct image there. For proper g, we can
apply the affinoid theorem on these charts.

Proposition 4.4. For proper finitely presented g : Z — X, the functor
Rg:n : CD<ZEYH) — CD(X)
preserves arbitrary colimits and carries D5, (Z%") into D5, (X).

Proof. Both assertions can be checked on rational base charts. Take V' = Spa(R, R") and
set Zr = Z x x Spec R. Its inverse image is Z%', and Lemma 4.3 identifies

(Rg"K)|v ~ R(gr):" (K| zzn).

For pseudocoherent K, Theorem 4.1 applies to its restriction on the proper scheme Zz over
strongly noetherian R. The direct image belongs to Condg(Dye(R)). The affinoid criterion
therefore gives Rg2"K € Dj(X).

*
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For a diagram (K, ), consider the canonical map
0: co}lim R¢?"K, — Rg" (co}lim Ka) .
Restriction to V' preserves colimits, so open base change identifies 0|y with
colim R(gr)2" (Kol ) — R{gr)™" <co}lim Kayzla;) .

Corollary 4.2 makes this an equivalence. The cofiber of ¢ thus vanishes on an affinoid cover
and hence globally. d

4.2. Algebraic localization. On Spec A, restriction to D(t) is scalar extension to A[t™!],
and its right adjoint is restriction of scalars. For a section of a line bundle, these local
calculations glue to a sequence of twists.

We use the same notation for line bundles and sections and their images under the
comparison functors.

Lemma 4.5. Let (R, R") be a complete Tate Huber pair and let S/R be separated and
finitely presented. For a section s : Og — L of a line bundle, let 7 : Sy — S be its
nonvanishing open. Then j3%* has a right adjoint and, for every K € Cn(S™9),

-alg -alg,* ~ : ®Xn
R """ K ~ cglg(r)n(K@E ),
naturally in K, with transition maps induced by s.

Proof. Choose a finite affine cover trivializing £. On an intersection Spec A, write the
section as t; its nonvanishing locus is Spec A[t7!]. Lemma B.10 identifies restriction with
scalar extension along A — A[t~1], whose right adjoint is restriction of scalars.

For a further restriction A — A’, flatness of localization gives

At ~ A el AT,
so, for an A[t~!]-module M, tensor associativity gives
A/ ®ﬁ ResA[t_l}/A M ~ ReSA/[t—l]/A/ (A/[til] ®g[t*1] M) .

This is the comparison defined by the scalar-extension adjoint pairs, and tensor associa-
tivity gives compatibility with successive restrictions. Lemma B.4, applied to the Zariski
presentation of [LH26, Theorem A.13], glues the right adjoints to Rj2.

To compute the composite, send the nth term of

AL AL AL ...

to A[t™'] by a — a/t". Every fraction appears, and it is zero exactly when a later
multiplication by a power of ¢ kills the numerator. Hence the colimit is A[t™!]. Filtered
colimits of modules are exact, so this also computes the derived colimit.

Tensoring with K gives

Rj8j¥* K ~ K @% Alt™"] ~ colim(K & K 5 --+).

In the chosen trivialization, the transition on K ® L™ is multiplication by ¢. Changing the
basis multiplies ¢t by a unit and the nth basis by the corresponding power, identifying the
sequences and their localization maps on overlaps. The formulas therefore glue. 0J
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Using the relative module description, we obtain the same localization formula over X.

Lemma 4.6. Let Z be a separated finitely presented X-scheme, let s : Oy — L be a
line-bundle section, and put j: U = Zy < Z. Then j4%* has a right adjoint and, naturally
for K € CD(Z;lg),

ijlgjalg,*K ~ CSQSH(K ® £®n),

with transitions induced by s. For the canonical section of an effective Cartier divisor D,
the terms are K @ Oz(nD).

Proof. Choose a finite affine cover of Z subordinate to affines of X and trivializing £. On
an intersection Spec A, choose a basis e and write s = te. Then U N Spec A = Spec A[t™1].
By Lemma 3.6, restriction is scalar extension to A[t!] and its right adjoint is restriction of
scalars.

On a further intersection with ring A’, flatness of localization gives

At~ A% Alt.
For an A[t™!]-module M, we therefore compute
A ®g RGSA[t—l]/A M ~ RGSA/[tfl]/A/ (A,[t_l] ®ﬁ[t—1] M) .

The displayed map is the comparison defined by the scalar-extension adjunctions. Tensor
associativity makes the comparisons agree under further restriction, so Lemmas 3.4 and B.4
glue the right adjoints to Rj¥®.

The maps from the nth term to A[t™!] given by a — a/t" identify

At ~ colim(A 5 A 5 ...

Every fraction occurs. Two fractions a/t" and b/t™ agree exactly when t*~"a = t*=™b for
some k > max(m,n), which is precisely equality at a later stage of the sequence. Exactness
of filtered colimits makes the same sequence a derived colimit, and tensoring gives

Ry K ~ K @ Alt]
~ colim(K 5 K &5 ---).

Using the bases ¢®™, multiplication by s on the twists is multiplication by ¢. Thus the last
line is the sequence of twists in the statement.

To check independence of the basis, write ¢/ = ue. The coordinate of s becomes u~'t, while
the nth basis changes by u". These changes identify the sequences and their localization
maps, so the local equivalences glue.

For an effective Cartier divisor with Oz(—D) = (t), the basis t ™! of Oz(D) writes the
canonical section as 1 =t -t~!. Its coordinate is therefore ¢, so the sequence consists of the
twists K ® Oz(nD) with the stated transition maps [LH26, proof of Theorem A.18]. O

To apply the localization formula to a quasi-compact open, we first realize it as the
complement of a Cartier divisor on a blowup. We begin with the noetherian case.

Lemma 4.7. Let U C Y be a quasi-compact open_in a noetherian scheme. There is a
coherent ideal J cutting out Y \ U whose blowup p:Y — Y is projective, finitely presented,
and an isomorphism over U, with

JO5 = Oy(~D)
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for an effective Cartier divisor D with complement U. IfY /X is proper and finitely presented,
soisY/X.

Proof. Choose a coherent ideal J whose vanishing locus is Y \ U, and form

Y = Projy (@ j”) .
n>0
Because the Rees algebra is generated in degree one by the finite ideal 7, this morphism is
projective; noetherianity gives finite presentation. Over U, the ideal is the unit ideal, so the
blowup is Proj, Oy[T] = U.

On Spec A, write J = (ay, ..., a,). The blowup charts have rings A[J /a;] C Ala; '], gen-
erated by the fractions a;/a;. Since a; = a;(a;/a;), the extended ideal is (a;). Multiplication
by a; is injective in this subring, so these ideals define effective Cartier divisors and glue to
J Oy [Stacks, Section 31.33, especially Lemma 31.33.4].

The resulting divisor has support equal to the inverse image of Y \ U, so its complement
is the copy of U. The final assertions about properness and finite presentation over X follow
by composition. O

For a quasi-compact quasi-separated scheme, descend the closed complement to a noe-
therian model and pull back the resulting modification. The line bundle and its section pull
back with it.

Lemma 4.8. Let S be a quasi-compact quasi-separated scheme and let U C S be quasi-
compact open. There are a projective finitely presented p : S — S, an isomorphism over U,
and a line-bundle section s : Og — L with nonvanishing locus p~*(U) ~ U.

Proof. Choose a finite-type quasicoherent ideal J defining S\ U [Stacks, Tag 01PH]. By
the approximation in [Stacks, Tag OEVA], write S as an inverse limit of noetherian schemes
with affine transition maps and descend V' (J) to one stage Sy. Let Jy be the ideal of that
closed subscheme. Then Uy = Sy \ V(Jy) pulls back to U.

The blowup §0 — Sy of Jy is projective and finitely presented, is an isomorphism over
Uy, and has effective Cartier boundary Dy [Stacks, Section 31.33]. The canonical section of
Og, (Do) has nonvanishing locus Up.

Pull back the morphism, line bundle, and section to S. Projectivity, finite presentation,
and the isomorphism over U are preserved. Locally the nonvanishing locus is a principal
open D(t) and therefore commutes with base change. Thus the pulled-back section has
nonvanishing locus p~}(U) ~ U. O

4.3. Comparison with Huber analytification. We next compare the bounded charts
with those of Huber analytification. Identifying their rings and analytic structures will give
an affinoid description of the pseudocoherent subcategory.

The assignment Spa(A, AT) +— AnSpec(A, AT)Y sends rational covers to steady-
localization covers and glues to a functor (—)" from analytic adic spaces to analytic stacks
[LH26, A.19].
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Lemma 4.9. For an open cover (Z;)icr of a quasiseparated analytic adic space Z, put
Zigoin = Zig N ---NZ; . The canonical map

(io,‘..,in)61"+l

is an equivalence. In particular, an increasing affinoid cover (Z,) with rational inclusions
satisfies colim,, ZJ ~ Z9. Every quasi-compact affinoid W C Z then lies in some Zy and
has a finite cover by common rational subdomains of W and Zy .

Proof. The functor (—)" already commutes with rational gluing [LH26, A.19]. To handle
an arbitrary open cover, choose affinoid charts in each Z; and regard them also as charts
of Z. Quasiseparatedness makes their intersections quasi-compact, so we may refine those
intersections by finitely many rational affinoids. Repeat this on the multiple intersections of
the Cech diagram.

The two covers give a bisimplicial diagram. Realizing in the rational direction first gives
the stacks Z; , and then the source of the displayed map. Reversing the order gives the
affinoid presentation of Z". Since the two colimits commute, the map is an equivalence.
Common refinements identify the construction for different choices of charts.

For an increasing cover, the rational inclusions give monomorphisms 75, — Z5. | [RC24,
Proposition 2.3.2]. Their colimit is their union in the sheaf topos, and the first assertion
identifies that union with Z©.

Finally, (W N Z,) is an increasing open cover of the quasi-compact space W. A finite
subcover is contained in one member, so W C Zy for some N. Rational subdomains of Zy
contained in W cover W; after pullback to W they are still rational. A finite selection gives
the common cover in the statement. U

Write o' = ji}af}lg, where jp : T* — T2 ig the analytic-locus map. We compare the

bounded charts and record the resulting formula for o on a Huber affinoid.

Proposition 4.10. Let V = Spa(R, R") be a strongly noetherian complete Tate affinoid,
and let T/ R be separated and finitely presented. There is a canonical equivalence over V,
19T,V . an ; (Tad/V)D7

natural in T and coherently compatible with Zariski restriction and rational base change.
Under U1y, an object belongs to DEC exactly when its restriction to every strongly noe-

therian affinoid W = Spa(C, C") belongs to Conde(Dpe(C)). If W C C;}V(U) for an affine
U =SpecA C T, then for M € Dy (T),

o (M)|yo =~ Conde (C ®% RI(U, M|y)).

Proof. We follow the bounded-chart comparison of [LH26, proof of Theorem A.19]. For
T = Spec B, choose a presentation

B=RIT,..., T/l

Let b; be the image of T}, and choose a topologically nilpotent unit @ € R*. The inequalities
|cw™b;| < 1 define Huber affinoids W,,. Relative affine space is covered by the corresponding
polydiscs, and the equations of I cut out 72"V in them [Hub94, Proposition 3.8] [Zav25,
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Examples 6.4-6.5]. Hence
7V = W,

n>0
Inside W, 1, the subspace W,, is defined by |&"™b;| < |w|. Since w is a unit, the inclusions
form an increasing system of rational opens.
The coordinate rings are

Con = R(@"Th,...,w"Ty),
On - 00771/[007”.

Set C,, = R™(@w"T,...,@w"T,), and let C;f be the integral closure of its image in C,. To
write the equations in bounded coordinates, put U; = @w"T;. They then generate

I, =(fl@"Uy,..., o "Upy) : f€I).

Thus C,, = R(U)/I,R(U). The restriction from level n + 1 to level n is the substitution
U, — wU;. N

Put P = R[Ty,...,Ty]. For a finite ideal J C P, pull J < Oam back to the polydisc.
Flatness of analytification preserves the injection [Zav25, Lemma 6.7]. A finite presentation
and the affinoid coherent-sheaf theorem [Zav25, Theorem 4.2] identify its map on sections
with

J Qp CO,n — CO,n-

The ideal criterion proves flatness [Stacks, Tag 00HD]. Hence

Con ®% B =~ C,[0]

in the ordinary derived category.

The ideal ICy,, is finite since Cp,, is noetherian. The finite-module completeness and
open mapping theorems show that it is closed and that ), is complete for the quotient
topology [KL19, Theorem 1.2.9 and Corollaries 1.2.11-1.2.12]. Hence W,, = Spa(C,,, C;").

Let BP4 be the first bounded analytic ring, denoted by an underline in [LH26, A.15]. For
the polynomial algebra it is (Cp,,, C’gfn)t' [LH26, Lemma A.8]. On passing to the quotient,
the induced analytic structure has underlying condensed ring, before completion,

En = CO,n ®% B,

where Cj,, has its topological condensed structure and P, B are discrete [LH26, proof of
Proposition A.16] [Sch26a, Propositions 12.8 and 12.12].

Choose a bounded-above finite-free P-resolution F'* — B. Discrete condensification is
exact [And21, Lemma 5.7], so this remains a free condensed resolution. It is K-flat, meaning
that tensoring with an acyclic complex remains acyclic, and hence computes E,,. Tensoring
with Cy,, gives the condensification of the ordinary complex Cy, ®p F'*. The latter is
quasi-isomorphic to C,,[0] by flatness. Applying condensification to this quasi-isomorphism
and identifying the finite module C),, with its complete quotient topology gives

E, = C,]0]

[And21, Theorem 5.9 and Lemma 5.23]. This is the canonical quotient map, so it is also an
equivalence of the underlying animated condensed rings.
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The analytic structure on C,, is induced from (Cyn, Cyf,,)”, so completeness is tested after
restriction to Cy,, or equivalently on the discrete plus ring by [And21, Proposition 3.29].
Factor its map as

Con — D =1m(Cy,, = C,,) — Cf.
Both maps are integral; the first is a quotient map. The restriction criterion and invari-
ance under integral extensions [And21, Propositions 3.21-3.22] therefore identify all three
completeness conditions with completeness for (C,,, C;H).

The unit C,, is complete [And21, Lemma 3.24], so analytic completion leaves the underlying
ring unchanged. The two analytic structures have the same ring and complete connective
modules; uniqueness [Sch26a, Proposition 12.20] gives

By = (C, CF)7,
AnSpec B> ~ W

This also identifies the transition maps: on both sides they are the identity on B together
with U; — wU; between consecutive levels.

Put U,, = AnSpec BP?. The definition of the analytic locus also uses the second chart
system U,, from [LH26, A.15]. The two systems are related by maps

Mn — uﬂ — MnJrl

[LH26, A.11]. The composites are the respective transition maps. On colimits they shift
the index by one, hence act as the identity. Lemma 4.9 gives

T ~ colimU,, ~ colim WT ~ (T*/V)5,

This defines Y7y for affine T'. To compare the pseudocoherent subcategories, we also need
the behavior of nuclearity under the maps between the two chart systems. Scalar extension
along these maps preserves compact objects, since it sends measure generators to the
corresponding target generators. It is monoidal and colimit-preserving. A class 1 — PV ® Q
defining a trace-class map is carried, via the natural map to the dual of the image, to a
class defining its scalar extension. Hence scalar extension preserves trace-class transitions,
basic nuclear objects, and their colimits [And21, Propositions 2.9 and 2.11, Definition 5.32,
and Proposition 5.33] [CS26, Definition 8.5 and Theorem 8.6].

Let W = Spa(C,C") C C;}V(U) with U = Spec A, and put K = RI'(U, M|y). By
Lemma 4.9, W lies in some Wy and has a finite cover W; = Spa(C}, Cf ) rational in both.
On Wy, comparison is scalar extension followed by condensification. Restricting to W, and
to the algebraic open U gives

a%n(M)|WJD ~ Condg, (C; ®% K)

[And21, Lemma 5.10]. On the other hand, restricting Cond(C ®@% K)) to W; gives the same
object, because
C; o8 (CoY K)~C; oL K.
These identifications agree on rational intersections by tensor associativity. Descent therefore
gives the claimed formula on W.
Now suppose K € DEC(T”). By definition, its restriction is pseudocompact on U 5 and
nuclear on Uy. Pulling back along U 5, — Uy makes it nuclear on WE = U, as well. For a
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Huber affinoid W C Wy, restrict to the common rational cover above. There the objects
are both nuclear and pseudocompact. Nuclearity descends by [And21, Theorem 5.42],
and pseudocompactness by [LH26, Proposition A.5] and [RC24, Proposition 2.3.2]. Thus
K|wo € Conde(Dpe(C)) by [LH26, A.15].

Conversely, suppose ordinary pseudocoherent representatives exist on all Huber affinoids.
In particular, on W5 = U, the object is nuclear and pseudocompact. The first chart
system then gives pseudocompactness on T*" [LH26, A.15 and Proposition A.5]. Pullback
along U,, — U, gives nuclearity on the second system and hence on 7" [LH26, A.15 and
Proposition A.4]. This proves that the two descriptions of the pseudocoherent subcategory
agree; see also [And21, Theorems 5.42, 5.44, and 5.50].

Changing the presentation or w gives the common bounded refinements of Lemma B.9. On
these refinements, the comparisons are defined by the same ring maps and scalar extensions.
They are therefore independent of the choices and commute with morphisms and rational
base change; tensor associativity gives the compatibilities for successive restrictions.

Finally, let T" be separated and choose a finite affine cover with affine intersections. Huber
analytification glues the local adic spaces, and Lemma 4.9 glues their associated stacks.
The same intersections present 7" [LH26, Theorem A.13], so the affine equivalences glue
to ¥ v. The formula for complexes and the nuclearity and pseudocompactness conditions
can all be checked on this cover. Their comparison, together with the functoriality and
base-change identifications, therefore descends to 7. 0

On these affinoid representatives, pullback and tensor product are computed by ordinary
derived tensor products.

Lemma 4.11. Let (R, R") be a strongly noetherian complete Tate Huber pair and let
h:S" — S be a morphism of separated finitely presented R-schemes. For K € DEC(San) and
L € Dy ((S)™),

h* K @ L € Dy ((S')™).
These pullbacks are compatible with composition.
Proof. Put V' = Spa(R, R"). Proposition 4.10 lets us work on Huber affinoids. Given a
strongly noetherian affinoid W’ C (S)24/V| choose a finite rational cover W/ = Spa(C",, C'+)

whose members map into affinoids W, = Spa(C,, C:F) of SV, On these charts, choose
ordinary pseudocoherent representatives P,, (), such that

K|WVD >~ COHdCV(Pl,),
Lo =~ Condgy (Qy)-

Compatibility of condensification with pullback and tensor product gives
(B K @ L) w0 = Condey ((C), ®F, P) ®¢; Qu)-

Choose bounded-above finite-free resolutions P, Q? with upper bounds a,b. Scalar
extension of the first remains finite free in each degree, and their tensor product has degree-d
term

P (€, @c, P) @, QL

d—b<i<a
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Only finitely many summands occur, all finite free, and the term is zero for d > a + 0. This
complex computes the derived tensor product and is a bounded-above finite-free resolution.
Thus the tensor product is pseudocoherent [Stacks, Tags 0650 and 0DJE].

Rational descent gives the assertion on W’ and hence on (S”)*". Setting L equal to the
unit gives preservation under pullback; setting h equal to the identity gives closure under
tensor product. Compatibility with composition is the associativity of scalar extension
[And21, Lemma 5.10]. O

Lemma 4.12. Let h: Z' — Z be a morphism of separated finitely presented X -schemes.
For K € D5 (Z%") and L € Dy ((Z')%),

WK ® L € D,((Z)%).

Proof. This is local on the analytic base. Choose a rational-affinoid V' = Spa(R, RT) C X
and let hg : Zj; = Zr be the base change of h. On this chart, the complex in the statement
becomes

hg" (Kl|zy) ® Lz
Both restrictions are pseudocoherent by Proposition 3.3. The schemes Zg, Z}, are separated
and finitely presented over the strongly noetherian ring R, so Lemma 4.11 applies to this
tensor product.

These are restrictions of the given global complex, with its overlap maps. Proposition 3.3
therefore proves the global assertion. As before, taking the unit or the identity gives pullback
preservation and tensor closure. Proposition 3.8 also allows L to be the image of an algebraic
pseudocoherent complex. 0

For proper T'/R, a finite Huber affinoid cover gives an fpqc family of ordinary coordinate
spectra.

Lemma 4.13. Let V = Spa(R, R") be a strongly noetherian complete Tate affinoid and let
T/R be proper and finitely presented. There is a finite strongly noetherian affinoid cover
T2V = J, Wi, with W; = Spa(B;, B") C c;/lv(Ui) for affine opens U; C T, such that

H Spec B; — T

is fpqc.

Proof. The proper adic space 7%V is quasi-compact [Zav25, Remark 6.3]. Choose a finite
strongly noetherian affinoid cover W; = Spa(B;, B;") subordinate to the inverse images of
affine opens U; = Spec A; of T'.

For a finite ideal J C A;, flatness of analytification gives

C;/V‘]|Wi ’ OWN

by [Zav25, Lemma 6.7]. Choose a finite presentation A7 — A? — J — 0. After pullback it is
the same matrix over B;, so the coherent-sheaf theorem [Zav25, Theorem 4.2] identifies the
source with the sheaf associated to J® 4, B;. Taking sections gives an injection J®4, B; — B;.
The ideal criterion now proves flatness [Stacks, Tag 00HD].

For surjectivity, start with a closed point € T. The skyscraper x(z) is nonzero. By
Proposition B.11 and the proper identification 72" ~ T8 its image aZ"k(x) is also nonzero.
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It must therefore be nonzero on some W, . Proposition 4.10 identifies that restriction with
Condp, (B; ®% T'(Us, k(x)|v,)).

Nonvanishing first forces x € U;. Flatness then identifies the ordinary complex with the
nonzero ring B; ® 4, k(x) in degree zero. A prime of this ring gives a point of Spec B; over =.
Every point y € T has a closed specialization x, since T is noetherian. Choose a lift of x
to Spec B;. Then y € U; and p, C p,. Flat going-down lifts p, to a prime below the chosen
prime over x. Thus the family covers every point of T
Each Spec B; — T is affine, as it factors through an affine open of the separated scheme 7T'.
Their finite disjoint union is therefore quasi-compact, flat, and surjective, hence fpqe. U

Combining localization with proper direct image gives the strongly noetherian case of
[LH26, Theorem A.18]. We construct the preimage on affine opens and test its pseudoco-
herence on the preceding fpqc family.

Proposition 4.14. Let (R, R") be a strongly noetherian complete Tate Huber pair and let
S/R be proper and finitely presented. Then

af : Dpe(S) = Dy (S™).

Proof. Analytification preserves pseudocoherence by the bounded-chart calculation [LH26,
A.15 and the paragraph preceding Theorem A.18]. Properness identifies the two realizations
[LH26, Theorem A.13], and Proposition B.11 gives full faithfulness. Let C' € D}, (5*"). We
construct its algebraic preimage on affine opens.

Choose j : U = Spec A — 5, with structural map ¢ : U — Spec R. By Lemma 4.8, there
is a proper finitely presented p : S = S, unchanged over U, and a section s of a line bundle
L whose nonvanishing locus is U. Write j : U < S 78— Spec R, and C = p**C. The
scheme S is proper, so its algebraic and analytic realizations agree.

Lemma 4.11 makes each twist C' ® L™ pseudocoherent. Localization expresses the
restriction to U in terms of these twists:

R;j*8j¥%*C ~ colim(C ® L").
Apply R7,.. By Theorem 4.1, each
E,=R7.(C®L"
is the condensification of a pseudocoherent R-complex, and Corollary 4.2 permits passage
of the colimit through this direct image.

Full faithfulness of Condr and Lemma B.2 lift the sequence F,, with its transition maps,
to M, in Dy (R). Put M = colim,, M,, in D(R). Colimit preservation gives

R7, R;j¢j%8*C ~ cohmE ~ Condg(M).

Because p is the identity over U, the restricted complex is j48*C. Also 7 o}’ = q, so the
composite direct image is right adJo1nt to ¢*&* and is therefore Rg8. Thus Condg (M) is
the underlying complete R-module complex of j3&*C.

Transfer the Condg(A)-action of Lemma B.10 to Condg(M ). Strong monoidality identifies
it with a map Condz(A®%M) — Condp(M). Full faithfulness lifts this map, and Lemma B.3
lifts its unit, associativity, and higher relations. The resulting A-complex Ny; realizes j2&*C.
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Carry out the construction on a finite affine cover (U,). The restrictions of C' identify the
analytic images on overlaps. Full faithfulness lifts those identifications and the homotopies
on higher intersections. Zariski descent therefore gives N € Dy.(S) with o&"(N) ~ C.

To prove that N is pseudocoherent, use the family s; : Spec B; — S from Lemma 4.13,
with corresponding affinoids W;, and put N; = Ls;N. The affinoid comparison gives

Condp, (N;) ~ C|yo ~ Condp,(P;)

for some P; € D,(B;). Full faithfulness gives N; >~ P;, so N is pseudocoherent after the
fpqc pullback. Faithfully flat descent [Stacks, Tags 066D and 068R] gives N € D,.(S) and
proves essential surjectivity. 0

5. PSEUDOCOHERENT GAGA

Let Y — X be proper. By Section 3, the comparison is already fully faithful. We prove
essential surjectivity by constructing preimages on affine opens of Y and gluing them. The
boundary formula recovers their direct images on X, and lifting the algebra actions recovers
the complexes on the opens.

5.1. Faithfully flat detection of pseudocoherence. Before constructing the preimages,
we show that they will be pseudocoherent. After pullback to the fpqc family on X, affinoid
GAGA gives a pseudocoherent preimage. Full faithfulness identifies it with the pullback of
the given complex, so pseudocoherence descends.

Proposition 5.1. Let f: Y — X be proper and let j : U — Y be quasi-compact open. For
C € DL (Y3") and N € Dgo(U), an equivalence

ay(N) ~ jole*C
implies N € Dy (U), using the proper identification Y3* ~ Y;lg.

Proof. We may check pseudocoherence locally on U. Restrict the given equivalence to
a finite affine cover, using pullback compatibility of a. It is therefore enough to treat
U = Spec B. Since X has affine diagonal, the structural map ¢ : U — X is affine. Choose
the finite fpqc family from Lemma 2.8 and form

Y, =Y xx Spec R;,
U; = U x x Spec R;.
The map ¢ is affine, so U; = Spec B;. Their disjoint union is Spec B’, where B’ =[], B;. It
is the base change of an fpqc family, hence B — B’ is faithfully flat.
Put N; = N®@% B; and C; = C lyan. Since Y; is proper over the strongly noetherian ring
R;, Proposition 4.14 gives M; € Dp.(Y;) with of?'(M;) ~ C;.
Rational base change identifies the image of N; with Cj[; ., which is also the image of
M;|y,. Full faithfulness from Proposition B.11 gives Z

U;-

Each N; is therefore pseudocoherent.
Combining the members of the finite family gives

N&h B ~ ][N
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Under D(B’) >~ [[, D(B;), this is a finite family of pseudocoherent complexes. Their upper
bounds have a common maximum, so the product is pseudocoherent over B’. Faithfully flat
descent [Stacks, Tag 068R| now gives N € D,.(B). O

5.2. Boundary pushforward and affine algebraization. We express direct image from
an open as a colimit of proper direct images on a blowup, following [CS26, Theorem 13.10]
and [LH26, Theorem A.18]. GAGA on X then algebraizes the terms together with their
transition maps.

Let f : Y — X be proper, let j : U — Y be quasi-compact open, and put ¢ = f o j.
Lemma 4.7 gives a blowup p : ¥ — Y, unchanged over U, with effective Cartier boundary

D. Write f = fop. Both Y and Y are proper over X, so their algebraic and analytic
realizations agree.

For C' € Co(Ya™), put C = (p™)*C and
En(C) = Rf(C @ Op(nD))
for n > 0. The canonical section of O(D) induces the maps E,, (C) — E,1(C).

Theorem 5.2. With this notation, for every C' € Co(YE") there is a canonical equivalence,
natural in C,

qulgjalg,*c ~ Cgl>1(1)11 Rﬁn (5 ® 037 (TL.D)) :

If C € Dy (YF"), then E,(C) € Dy (X) and the sequence lifts functorially to M,(C) €
Fun(IN, Dp,.(X)), with axM.(C) ~ E(C). The lift with its comparison is unique up to
contractible choice. Its colimit My (C) € Dqc(X) satisfies

ax (My(C)) ~ R+ C
and 1s canonically independent of the blowup, with this comparison.

Proof. Let j : U < Y be the open immersion, and take C € Co(Y2E"). We use the
identifications of the proper algebraic and analytic realizations from Proposition 3.2.
The canonical section of Oy (D) has nonvanishing locus U. Lemma 4.6 therefore gives

R;j*8j%8*(C ~ co}}m(é ® Oy (nD)).
Since p is an isomorphism over U, we have }algv*é’ ~ j28*C. The identity fo} = q identifies
the composite pullback with ¢*&*. For A € CD(U;lg) and B € Co(X), adjunction gives
Mapy (B, RFRGA) = Map 0 (75° ()" B, 4)
~ MapU;lg(qalg’*B, A)
~ Map (B, Rg™¢A).
By Yoneda, this identifies Rf*"R;j¢ with R
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Applying Rf:im to the localization formula and using its colimit preservation from Propo-
sition 4.4, we obtain

Rqalg alg,*c ~ RfanR]alg alg,*c
~ R fo (colim C ® Oy (nD))
~ colim E,,(C).

Naturality follows from that of the localization map and the adjunctions.
Now suppose C' is pseudocoherent. Lemma 4.12 and Proposition 3.8 show that

C ® Oz (nD) € DL, (Y3").

Proposition 4.4 gives E,(C) € D5 (X) for every n.

Applying an inverse of the equivalence in Proposition 2.7 to E.(C) gives a sequence
M,(C) with axM,(C) ~ E,(C). Lemma B.2 ensures that this equivalence includes the
transition maps and their composition homotopies. The sequence is functorial in C' and,
together with its comparison, unique up to contractible choice.

Set My (C) = colim,, M, (C) in Dy (X). Colimit preservation gives

ax(My(C)) ~ colim E, (C) ~ Rg¢;4&*C.
A second blowup gives a preimage of the same right-hand side. Full faithfulness lifts the

specified equivalence between their images and all composition homotopies. The colimit
with its comparison is therefore independent of the blowup. 0]

When ¢ : U — X is affine, j4%*C is determined by its direct image together with
the ax(q.Op)-action. The preceding theorem algebraizes the underlying complex; full
faithfulness now lets us lift the action.

Proposition 5.3. Let f : Y — X be proper and let j : U — Y be any affine open. For
every C' € Dy (YE"), there is Ny € Dye(U) with

ay(Ny) = j*#*C
m CD(U;lg) .

Proof. Since U is affine and X has affine diagonal, ¢ = foj : U — X is affine. By
Theorem 5.2, there is M € Dy (X) with

Rqalg alg,*C ~ Oéx(M)

Put A = ¢,0Op. By Lemma 3.6, j#&*C is an ay(A)-module whose underlying object is
the displayed direct image. Transferring its action along this equivalence gives

ax(A) @ ax (M) — ax(M).

Strong monoidality identifies the source with ax (A ® M), so full faithfulness lifts the action
to A® M — M. Lemma B.3 lifts the unit, associativity, and higher homotopies. This
defines Ny € Mod 4(De(X)) =~ Dy (U) with image j&*C.

Proposition 5.1 then gives Ny € D, (U). O
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5.3. The stable equivalence and proper pushforward. We assemble the affine alge-
braizations into a global equivalence and then compare proper direct images. The algebraic
direct images lie in the required category by the following finiteness lemma.

Lemma 5.4. Let h : S — T be a proper morphism between noetherian schemes. Then
Rh, :D_, (S) — D_,(T).

Proof. Choose a finite affine cover (T,) of T and cover each S, = h™(T,) by r, affine opens.
Since S, is separated, their intersections are affine. The alternating Cech complex therefore
computes quasicoherent cohomology on S, in degrees 0,...,7r, — 1.

This bound also holds after replacing T;, by an affine open inside it: the covering opens
and their intersections pull back to affine schemes, since they are fiber products of affines
over T,. Thus the same calculation bounds the sheaves R'h,. Set d = max,(r, — 1).

For a complex in degrees at most ¢, sections on an affine intersection are given by its
ordinary module complex. The Cech degree adds at most d, so

RA, (Dge(S)=9) C Dge(T)=4*.
Let M € D_, (S) with M € D=V. Its direct image lies in degrees at most N + d. For

coherence in degree n, use the triangle
Tgn—d—lM — M — TZn—dM-

The direct image of the first term lies in degrees at most n — 1. The long exact cohomology
sequence therefore identifies

H"(Rh.M) =~ H"(Rh.7s,_qM).

The complex 7>,_4M has coherent cohomology in the finite interval [n —d, N]. Its Postnikov
triangles express it as successive extensions of these shifted coherent sheaves. Proper direct
image has coherent cohomology on each such sheaf, and coherence is preserved by exact
triangles on the noetherian target [Stacks, Tags 0BCF and 0205]. Hence the right side is
coherent. Since n was arbitrary, Rh,M is bounded above with coherent cohomology. [

We can now prove the bootstrapping theorem.
Theorem 5.5. Under the hypotheses of Section 1.1, let f:Y — X be proper. The functor
ay DqC(Y) — CD(Y;H>

is fully faithful, colimit-preserving, and strong symmetric monoidal. It takes perfect complexes
to compact objects and induces a symmetric monoidal equivalence

Dpe(Y) = Dpe(YR").
For every M € Dy (Y), the canonical comparisons are equivalences:
ax(Rf.M) = Rfay (M),
RI(Y,M) = RIg(YZ", ay M).
Proof. Use properness to identify Y2" with Y2'. Proposition 3.7 gives full faithfulness,

colimit preservation, and the monoidal structure on ay, while Proposition 3.8 shows that it
preserves pseudocoherence. We begin with essential surjectivity.
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Let C' € Dy (Y$") and choose a finite affine cover (U,) of Y. On each member, Proposi-
tion 5.3 supplies a preimage N, € D,(U,) and an equivalence

ea : ay, (Ny) = Clyate.
On U, = U, N Uy, the composite of e, with the inverse of ¢, gives

v, (Nalv,) = v, (Nolu,,)-

Full faithfulness lifts this to an equivalence 6, of algebraic complexes. On a triple intersection,
the comparisons with C' give a homotopy between the images of 6,.0,, and 6,.. The same
mapping-space equivalence lifts that homotopy. Applying Lemma B.2 to the full Cech nerve
recovers all higher compatibilities as well.

These pseudocoherent descent data glue to N € D,,.(Y). The comparisons e, descend at
the same time, giving oy (N) ~ C and proving essential surjectivity.

Locally, the tensor product of two bounded-above finite-free resolutions has finitely many
finite free summands in each degree, so D,.(Y) is closed under tensor products [Stacks,
Tag ODJE]. The analytic subcategory is tensor-closed by Lemma 4.12. The strong symmetric
monoidal structure on ay therefore restricts to the equivalence.

For M € Dy.(Y), apply ay to the counit Lf*R f.M — M. Compatibility with pullback
gives

(") ax(RfiM) ~ ay(Lf*Rf. M) — ay(M).
By the adjoint pair (f**)* 4 Rf2", this defines
ar s ax(REM) — E = Rf™ay (M).

Suppose first that M is pseudocoherent. Lemma 5.4 gives Rf, M € D,.(X), while Proposi-
tions 3.8 and 4.4 give £ € D} (X). Choose N € Dpo(X) with E ~ ax(N) by base GAGA.
Full faithfulness lifts vy to upy : RfxM — N.
For P € Perf(X), the two adjunctions give
MapX(P7 Rf*M) = MapY(f*Pa M)7
Mapy (P, N) ~ Mapy(ax P, E)
~ Mapyﬁn((fan)*aXP, ay M)
o~ Mapyﬁn(ay(f*P), ay M)
~ Mapy (f*P, M).
Under these identifications, Mapy (P, uys) is the identity. Indeed, a map P — Rf.M
corresponds to f*P — M. Applying ay and analytic adjunction gives its composite with
Yu, by the definition of v,, from the counit. The same calculation applies to the full
mapping spectra.
It follows that the cofiber @ of uy; satisfies Map y (P, Q) = 0 for every perfect P. Perfect
complexes generate Dq.(X), so @ = 0. Both uy, and 7y, are therefore equivalences.
For arbitrary M, compare the two functors
M — ax(Rf.M),
M — Rf*™ay(M).
Both functors preserve small colimits. On the analytic side, apply Proposition 4.4 and colimit
preservation of ay. On the algebraic side, R f, preserves direct sums for quasi-compact
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quasi-separated f [Stacks, Tag 08DZ|. As it is exact, it preserves all small colimits, and so
does its composite with ax.

Write M ~ colim; P, as a filtered colimit of perfect complexes [Stacks, Tags 09IS and 09MO0)].
Naturality of the counit identifies v, with the composite

colim; v P,

ax(Rf.M) ~ colimax(Rf.P;)) — colim R f™ay (P;) ~ RfM ay (M).

Every 7p, is an equivalence by the pseudocoherent case. Taking their colimit proves the
comparison for M.
For P € Perf(Y) and a filtered diagram (N;) in Co(Y3"), duality gives

Map(ayP, Nz) ~ RFD (Y;n, O[y(PV) X NZ)

Compute these global sections by first applying R f2" and then RI'5(X, —). Tensor product
and proper direct image preserve colimits, and the last functor preserves filtered colimits by
Lemma 2.2. Consequently,

colim Map(ay P, N;) ~ Map(ay P, colim N;),

proving compactness of ay P.
Finally, the cohomology comparison follows directly from full faithfulness, since oy sends
the structure sheaf to the tensor unit:

RI'(Y, M) = Mapy (Oy, M) == Mapyan (O, ay M) = RI'(Y}", oy M).
This holds for every M € Dy.(Y') and completes the proof. O

6. COHERENT SHEAVES AND CLASSICAL GAGA

We pass from the solid comparison to ordinary Huber GAGA. On an affinoid, sheafification
and condensification apply to the same finite modules and bounded complexes. Gluing
these identifications gives the coherent and bounded-derived comparisons. We identify
the resulting functors with ordinary pullback, then restrict to vector bundles and perfect
complexes using duality and Tor-amplitude. On coherent hearts, tensor product means the
ordinary tensor product, equivalently H° of derived tensor product.

6.1. The transported t-structure. Let T/X be proper and finitely presented, and put
Pr = Dy.(T4"). Transport the t-structure along the equivalence ar : Dpo(T) ~ Pr of

Theorem 5.5. Thus the degree conditions on ar(M) are those on M. Write 737? for the
heart and P2 for the bounded subcategory.
Restriction to a base affinoid preserves these degree conditions.

Lemma 6.1. For V = Spa(R, R") € RatAffx(X) and Tp = T x x Spec R, restriction
Pr — DEC(T]%H)

is t-exact for the structures transported from Dy (T') and Dye(TRr). These structures are also
preserved by rational localization of V.

Proof. Take M € D,(T) and write Mp = L(Tr — T)*M. The base-change construction
gives
pvar(M) =~ of, (Mg).
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On an affine Spec B C T over Spec A C X, this pullback replaces B by B®4 R. Lemma 2.1
makes A — R flat, and hence B — B ®4 R flat as well. Thus

HJ (MR> (TR — T) H]( )

Thus pullback preserves both degree conditions and commutes with truncation, proving
t-exactness for the transported structures. For rational V' C V| the same argument applies
to the flat map R — R’ and the pullback Tk — Tk. O

6.2. Bounded and coherent comparison. We first glue complexes with a fixed lower
cohomological bound, then impose coherence and an upper bound.

Lemma 6.2. Let (Z;);e; cover a ringed space (Z,0z), and put Z;
For every integer a, restriction gives
DZa(oz) — lim H DZ&(OZiOMin>’

[nlea =~
(7,07“.,@")GI"+1

ooin = Zig N~ N Z; .

including descent of the inherited mapping spectra.

Proof. Let HOz denote the Eilenberg—MacLane sheaf of rings: its degree-zero homotopy
sheaf is Oy, and its other homotopy sheaves vanish. We first work in

MOdH(’)Z (ShV(Z, Sp))

where open descent follows by gluing sheaves of spectra together with their module actions
and homotopies. Equivalently, formation of module categories commutes with the limits of
symmetric monoidal categories in the descent diagram [Lurl?7, Section 4.8.5].

Cohomology sheaves commute with restriction, so vanishing below a is local. Descent
therefore restricts to the given lower bound.

For the topos of Z, [Lurll, Proposition 2.1.8] identifies bounded-below complexes of
Oz-modules with the corresponding sheaves of HOz-module spectra. This identification
commutes with open restriction. Applying it on each intersection, with the bound > a in
our cohomological convention, gives the asserted equivalence.

The limit also computes mapping spaces. For any fixed shift, choose a lower bound
containing the two complexes and that shift, and apply the same assertion. This identifies
all homotopy groups of the inherited mapping spectra, proving the final claim. O

We apply this lower-bounded descent to complexes with coherent cohomology in a fixed
interval. For a finite cover, a common interval can be chosen from the local bounds.

Lemma 6.3. Let (Z,0y) be a ringed space with coherent structure sheaf. For a finite open
cover (Z;)ier, put Z; =Zi,N---NZ;, . Then

Dcoh( % hm H Dcoh 0. 1n)

207 7Zn)

0---0n

For a fized cohomological interval [a,b], the same assertion holds for an arbitrary open cover.

Proof. First fix an interval [a,b]; the cover may then be arbitrary. Lemma 6.2 glues the
datum to K € D=%(Oy). For j > b, the sheaf H’/(K) is zero on every Z; and hence zero.
In degrees a < j < b, its restrictions are coherent, so it is coherent. Thus the descended
object belongs to D, (Z)1**]. The lower-bounded descent lemma also identifies the mapping
spaces.
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Now let the cover be finite, without fixing an interval in advance. Choose [a;, b;] for
each local complex K; and set a = min; a;, b = max; b;. The higher Cech components are
restrictions of the Kj, so the entire datum has bounds [a, b]. The fixed-interval assertion
therefore gives a bounded coherent global complex.

Conversely, restriction preserves coherence and bounds. For two global bounded coherent
complexes, choose a common lower bound and apply Lemma 6.2 to their mapping spaces.
This proves full faithfulness. O

The corresponding description on an open basis is as follows.

Lemma 6.4. Let S be quasi-compact and quasiseparated, and let B be a quasi-compact open
basis whose finite intersections have finite B-covers. If a presheaf F of oo-categories on the
quasi-compact opens satisfies finite Cech descent, including mapping spaces, then

.F(S) 1) CartVGB F(V)

Proof. Let (Ky)yep be a cartesian family, and choose a finite basis cover S =V, U---UV,.
Cover V; NV} by finitely many basis opens IW. Cartesianness gives

Hence the two restrictions agree on each W. Their comparisons agree on smaller basis
opens, again by cartesianness, so mapping-space descent glues an equivalence over V; N'Vj.
Repeating the argument on triple and higher intersections glues the composition homotopies
and their compatibilities.

Finite descent gives K € F(S). For any V' € B, choose a finite basis refinement of the
cover (V NV;). On this refinement, K|y and Ky have the same descent data, so they are
equivalent.

The same mapping-space descent glues compatible maps and homotopies, proving full
faithfulness. Passing to a common refinement compares different choices of cover, so the
equivalence is the restriction functor in the statement. 0]

For bounded coherent complexes, the cartesian identifications carry the bounds on a finite
basis cover to every member of the basis.

Lemma 6.5. Let (Z,0z) have coherent structure sheaf, let S be a quasi-compact quasi-
separated space, and let p : Z — S be continuous. Let B be a basis of quasi-compact opens
whose finite intersections have finite B-covers. Put Zy = p~ (V). Restriction induces an
equivalence

coh coh

Proof. Let (Ky)yes be a cartesian family in D2, (Zy/). Choose a finite basis cover S = |J, Vi
and an interval [a, b] containing the bounds of all Ky;.

For any V' € B, quasi-compactness and quasiseparatedness give a finite refinement
v=Jw,
i,V

with W,, € B and W,, C V. NV,. On each W,,, cartesianness identifies the restrictions of
Ky and Ky,. The latter has bounds [a, b]. Since cohomology vanishing is local, so does Ky .
For quasi-compact U C S, put

Flap(U) = D!

coh

DY .(Z) = Cartyes(Dlyn(2Zv)).

(Zu),



38 ANIRUDDH VENKATESAN

Lemma 6.3 gives finite descent for these categories and their mapping spaces. The basis
satisfies the finite-refinement hypothesis of Lemma 6.4, so that lemma glues the family to a
bounded coherent complex on Z.

Conversely, a global bounded coherent complex restricts to such a family. Choosing a
common interval for two global objects and applying the same mapping-space descent proves
full faithfulness. O

We can now glue the affinoid identifications between sheafification and condensification.

Let Z be a quasi-compact quasiseparated locally strongly noetherian analytic adic space.
An object of Cg(Z") belongs to DI.(Z") when, on every strongly noetherian affinoid
W = Spa(A4, A1), it lies in Conda(Dpc(A)). We use the subscript ch for the t-structure
defined by the degrees of these ordinary representatives.

Proposition 6.6. The ordinary affinoid t-structures descend to DEC(ZD). Condensification
gives canonical exact equivalences

Coh(Z) = DL (Z7)g,
Dl(zoh(Z) :> DEC(ZD)lc)hv
compatible with affinoid restriction. The first is symmetric monoidal.

Proof. On a strongly noetherian affinoid W = Spa(A, A™), the coherent-sheaf theorem gives
an exact equivalence

Modg,(A) = Coh(W)
and vanishing of higher coherent cohomology [Zav25, Theorem 4.2].
Write D(f’g(A) for complexes with finite cohomology in a finite interval. Since A is

noetherian, these are the objects coming from the bounded derived category of finite
A-modules. Derived sheafification and sections form the adjoint pair

(=)~ : D (A) = DL, (W) : RD(W, —).

coh
For K € Db, (W), consider the spectral sequence
HP(W,HY(K)) = HPTRI'(W, K).
Coherent acyclicity makes the spectral sequence degenerate, with
HRT(W,K) ~T'(W,HY(K)),

a finite A-module. The counit (RT'(W, K))~ — K induces in degree ¢ the coherent-sheaf
isomorphism

e~

D(W,Hiu(K)) = HYK).

The counit is therefore a quasi-isomorphism. For M € ch’g(A), the same calculation shows

that the unit M — RI'(W, M) is an equivalence. We have proved
D2 (W) ~ D¢, (A).

coh

Condensification identifies Dy.(A) with the nuclear and pseudocompact subcategory
[And21, Theorem 5.9, Proposition 5.22, and Theorem 5.50] [LH26, A.15]. Its heart and
bounded part are represented by finite modules and ch’g(A), respectively. Sheafification of
these same representatives gives the ordinary categories.
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For rational A — A’, both constructions restrict by M + A’ ®@% M [And21, Lemma 5.10].
Flatness makes this commute with truncation. The truncation triangles therefore glue, and
the limit of the local mapping spaces gives orthogonality, defining the asserted t-structure.

Choose a finite affinoid cover of Z. Coherent sheaves descend on it, and bounded coherent
complexes descend by Lemma 6.5. For solid complexes, apply Proposition B.1 and [And21,
Theorems 5.3 and 5.44]. Taking limits of the compatible affinoid equivalences gives both
global comparisons. On hearts, the tensor comparisons are those of ordinary finite modules
and hence give a symmetric monoidal equivalence. The construction commutes with affinoid
restriction. ([l

Over a Tate affinoid, the fpqc family identifies the degree conditions on an algebraic
preimage with those on its ordinary analytic representatives.

Proposition 6.7. Let V' = Spa(R, R") be a strongly noetherian complete Tate affinoid
and let T'/R be proper and finitely presented. Under Proposition 4.10, the transported and
chartwise t-structures on DEC(T”) agree. There are canonical exact equivalences

B3y DR(T™) = Coh(T"),
By < DT 55 Dl (1Y),

coh

with B%V symmetric monoidal. Their composites with o are c}/v and LC*T/V, respectively;
hence these ordinary pullbacks are equivalences as well.

Proof. Choose the fpqc family of Lemma 4.13, with affinoids W; = Spa(B;, B;") lying over
U; = Spec A;. For C € D5 (T*"), take M € Dy,o(T) with af?(M) ~ C by Proposition 4.14.
Proposition 4.10 gives
Clyo ~ Condp, (B; ®%, RT(U;, M)).
The ring maps A; — B; are flat, so
H?(B; ®% RT(U;, M)) ~ B; @4, L'(U;, H (M)).

In particular, vanishing of H’(M) implies vanishing of the degree-j cohomology of every
representative.

Conversely, if these cohomology modules vanish for every 7, then H’(M) vanishes on the
fpqc family and hence on T'. Applying this in positive and negative degrees identifies the
two t-structures. Since the cover is finite, the same argument compares bounded objects
with a common interval.

Proposition 6.6, transported through 97y, gives ﬂ% v and Bibr,v- Their composites with
afp' sheafify the displayed scalar extension on each W;. These are the formulas for ¢, /v on
coherent sheaves and Lc}, /v on bounded complexes, and they agree on overlaps. Equality of
the t-structures gives exactness; ordinary tensor products of finite modules give the tensor
comparison on hearts. Composing with GAGA proves the final assertions. O

These equivalences commute with rational restriction.

Lemma 6.8. The functors B% v and B:bp’v commute naturally with restriction along rational
localizations V' — V', coherently under composition.
Proof. For an object in the domain of Bz?,v or ﬁ%v, write its restriction to W = Spa(C, C*)

as Cond¢(P). Here P is a finite module in degree zero for the heart, and P € D, (C) for
the bounded category. In either case, 3 sheafifies P.
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After restricting to V', choose W’ = Spa(C”, C'*) mapping into W. Pullback compatibility
in Proposition 4.10 gives the representative

COHdC/<C, ®g P)

Both applying S to this representative and restricting the sheafification of P to W' give the
sheafification of C" @& P. This identification is natural in P.
For a further restriction with ring C”, the comparison is

C" % (C' % P) ~ C" @¢ P.

Associativity identifies the comparisons for successive restrictions, together with their
homotopies. The formulas also agree on common affinoid refinements, so they descend to
the relative spaces. Proposition 6.7 identifies them with the restriction comparisons for ¢*
and Lc*. OJ

The rational-restriction identifications let us glue the local equivalences over X. We
identify their source categories using the fpqc family.

Proposition 6.9. For proper T/ X, the local comparisons glue to canonical exact equivalences
By« Pr. = Coh(T%"),
B+ P S DT,

coh

The first is symmetric monoidal. Their composites with ap are ¢ and Lck., respectively.

Proof. The functors By form a compatible diagram by Lemma 6.8. We identify its limit
on hearts and bounded subcategories.

Write C' ~ ap(M) with M € D,(T). By definition, C lies in Py precisely when
HI(M) =0 for j # 0. Consider the fpqc family

TXXHSpeCRi — T

Flat pullback commutes with cohomology, and faithful flatness detects its vanishing. Thus
M is concentrated in degree zero if and only if all its pullbacks are. Equivalently, the
analytic restrictions of C' lie in the local transported hearts. Proposition 3.3 therefore
identifies 73;7 with their limit.

On the ordinary side, coherent sheaves descend on the corresponding cover of T3, Taking
the limit of the functors B%v gives the heart equivalence.

For bounded objects, choose one interval [a,b] containing the bounds on the finite
base cover. Every rational chart has a finite refinement by intersections with this cover.
Cartesianness gives the same bounds on that refinement, and therefore on the chart itself,
as in Lemma 6.5.

Pseudocoherent descent gives a global object C' ~ o (M). The cohomology of M outside
[a, b] vanishes on the fpqc family, hence on T. Thus C € P%. Conversely, a bounded
algebraic preimage has bounded restrictions. This identifies the bounded source with the
limit of the local bounded sources. For the ordinary target,

DY L (T4Y) ~ Cartycraamy (x) Dgoh(T;d/V)

coh

by Lemma 6.5. The limit of the BbTv consequently gives /35..
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Locally, the composites with a7 are scalar extension followed by sheafification, exactly as
in ¢} and L¢j. Lemma 6.8 shows that these identifications agree under restriction, so they
identify the global functors. Exactness follows from the local degree conditions. The tensor
comparisons for finite modules agree on overlaps as well, giving the symmetric monoidal
equivalence on hearts. Il

The restrictions to vector bundles and perfect complexes follow from duality and finite
Tor-amplitude.

Corollary 6.10. For proper T'/ X, analytification gives exact equivalences
& : Coh(T') = Coh(T34),
Leg - DP L (T) & D, (T3Y).

coh coh

The first is symmetric monoidal, and these restrict to equivalences on vector bundles and
perfect complexes.

Proof. Theorem 5.5 and Proposition 6.9 give the coherent and bounded-derived equivalences.
The proposition identifies the composites with ¢} and Lc., respectively.

A coherent sheaf is a vector bundle exactly when it is dualizable for ordinary tensor product.
Indeed, locally a duality datum writes the identity of a finite module as m +— ). ¢;(m)m;,
exhibiting it as a summand of a finite free module. A finite projective module, conversely,
has its usual dual and evaluation. The tensor equivalence preserves and reflects these data,
and hence identifies vector bundles.

Derived pullback preserves perfect complexes because it preserves bounded complexes of
finite projectives. For the converse, first work over a base affinoid and let M € D, (Tk)
have perfect analytification. The analytic space is proper and therefore quasi-compact.
Choose a finite affinoid cover on which this perfect complex has finite Tor-amplitude, and
choose [a, b] containing all the resulting intervals.

For any N € Coh(Tg), flatness gives

¢ro v H (M @% N) ~ H' (Leg, v M @ ¢,y N).

The right side vanishes for j ¢ [a,b], with bounds independent of N. The algebraic
cohomology sheaf on the left is coherent: locally, tensor a bounded-above finite-free resolution
of M with the finite module representing N, and use noetherianity for its kernels and
quotients. Coherent GAGA detects zero objects, so H/(M ® N) = 0 outside the same
interval.

Let U = Spec A C Tk and let @) be a finite A-module. Extend its associated sheaf to
N € Coh(TR) using [Stacks, Tag 0G41]. Restricting the preceding vanishing to U gives

I (RI(U, M) @5 Q) = 0

for j ¢ [a,b]. Every A-module is a filtered union of finite submodules, and derived tensor
product preserves this colimit. Exactness of filtered colimits extends the vanishing to every
A-module. Thus M|y has Tor-amplitude in [a, b]; being pseudocoherent, it is perfect by
[Stacks, Tag 0658].

Finally, let M € D?_, (T') have perfect analytification. Pull it back along the finite fpqc

family on X. The affinoid argument makes each pullback perfect on T%y,, and perfectness
descends faithfully flatly. Hence M itself is perfect, proving the remaining equivalence. [
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6.3. Ordinary proper pushforward. We compare ordinary proper direct images on the
rational opens of the base, using open base change.

Lemma 6.11. Let
z7 15z

o]

|
be a cartesian square of ringed spaces in which j is an open immersion. Then the canonical
morphism j*Rh, — RR.j™ is an equivalence on derived categories of modules.

Proof. For an open immersion j, extension by zero is an exact left adjoint j; 4 j*. On stalks
it is the given sheaf inside the open and zero outside. We first check

Choose a K-flat resolution on V' and extend it by zero. The extension is still K-flat, since
its tensor product with an acyclic complex is acyclic on every stalk. At a point of Z’, the
two displayed functors give the same scalar extension; outside Z’, they both give zero. This

proves the equivalence.
For A € D(Oz) and B € D(Oy), adjunction gives

Mapy (B, j*Rh.A) ~ Mapy, (ji B, Rh.A)
~ Map,(Lh*5B, A)
~ Map, (IL(')" B, A)
~ Map,(L(')" B, j" A)
~ Mapy. (B, Rh.,j™A).

The middle equivalence is the one just proved; the others use extension by zero and
pullback—direct-image adjunction.

Tracing a map through the units and counits gives the canonical base-change morphism.
It is an equivalence after mapping from every B, so Yoneda proves the claim. 0

Over a Tate affinoid, full faithfulness compares global sections by mapping from the
structure sheaf. Applying this comparison on rational opens identifies the proper direct
images.

Proposition 6.12. Let V = Spa(R, R") be a strongly noetherian complete Tate affinoid
and let h : Z — Spec R be proper and finitely presented. For M € Db (Z), the canonical
map

LcyRh M = Rh2Lcy, ) M
b

is an equivalence i D¢,

tion.

(V), natural in M and coherently compatible with rational localiza-

Proof. Apply analytification to the algebraic counit. Compatibility with pullback gives
L(h*!)*Ley Rhy M ~ Ley,  Lh*Rh, M — Lcy M.
Its adjoint under L(h*d)* 4 Rh2d is the map in the statement.
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Take a rational open V' = Spa(R’, R'"") C V, and put Zg = Z X Spec R’ and Mp =
M ®@% R'. Flat base change and coherent affinoid acyclicity identify sections of the source
on V' with RI'(Zg, Mp/). By Lemma 6.11, sections of the target are computed on the
inverse-image analytic open. The resulting map is

RF(ZR/, MR’) — RF(Z;C}/V/, LC*MR/).

By Proposition 6.7, analytification over R’ is fully faithful on bounded coherent complexes
and preserves the structure sheaf. We therefore have an equivalence

Map, (O, M) X5 Map 0w (O, Le* Mp).
R/

Its source and target are the section complexes above, and it sends s : O — Mg to Lc*(s).
After flat base change, the canonical comparison is defined by applying Lc* to

Lh*R/R(hR/)*MR/ — MR/,

and taking the adjoint. It therefore induces the same map on sections and is an equivalence
on every rational V.

Let Q be the cofiber. Choose a with M € D=%(Z). Flat analytification preserves this
bound, and derived direct image is left t-exact, so both terms of the comparison lie in
degrees at least a. Hence Q € D=2"1(V). Lemma 6.2 identifies it with a sheaf of module
spectra whose values on the rational basis are

RT(V',Qlv) = 0.

These values determine the sheaf, so ) = 0. Algebraic proper direct image and flat pullback
make the source bounded coherent; the equivalent target is therefore bounded coherent as
well.

Every restriction comparison comes from the same counit. Tensor associativity and
naturality of the units and counits identify the composites, together with their higher
homotopies. This proves compatibility with rational localization. 0

For the base itself, Proposition 3.5 identifies X3! = X and cx = \. Applying the affinoid
comparison on its charts gives the global direct-image comparison.

Proposition 6.13. For proper finitely presented f : Y — X and M € Db, (Y), the
canonical map
Ly RfM = RfLey, M

is an equivalence in Db, (X).

Proof. As in the affinoid case, apply Lcj to the algebraic counit. Pullback compatibility
gives
L(f*)*LeiyRfAM ~ Leb LR M — L M.
Take its adjoint to define the global comparison, and restrict to a rational-affinoid chart.
Choose V = Spa(R, R") C A™Y(W) with W = Spec A4, and put Yz =Y Xy Spec R and
Mpr =L(Yg — Y)*M. Lemma 2.1 makes A — R flat. Flat base change, Proposition 6.12,
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and open base change then give
(LexRAM)|v = Ley R(fr)Mr
~ R( }a%d)*Lci,R/VMR
~ (Rf*Le; M)y
The first map is obtained by flat base change of the counit, the second by the affinoid
construction from that counit, and the last by open restriction. Their composite is therefore
the restriction of our global map.

On a finite cover (V;), the target is bounded coherent by the affinoid comparison. Taking
the minimum of the lower bounds and maximum of the upper bounds gives a common

interval. Coherence and cohomology vanishing are local, so the target lies in D%, (X).
The cofiber vanishes on every V;, hence globally. Thus the comparison is an equivalence
in D2, (X). OJ

6.4. Classical GAGA. The category equivalences and direct-image comparison give
classical GAGA. Global cohomology follows by applying the base comparison to the proper
direct image.

Theorem 6.14. Under the hypotheses of Section 1.1, let f:Y — X be proper. Ordinary
analytification cy : Y24 — Y induces canonical equivalences

Coh(Y) & Coh(Y324),
Don(Y) = Deon (YY),

coh coh
Perf(Y) = Perf(Y24),
Vect(Y) = Vect(Y29).

The coherent equivalence is exact and symmetric monoidal; the bounded-derived equivalence

1s exact. Under Theorem 5.5, they identify the transported heart and bounded part of

DL.(YE") with the ordinary coherent and bounded coherent categories, through ¢y and Lcj,.
For F € Coh(Y) and i > 0, the canonical maps are isomorphisms:

(RLF) S R f2(F),
HH(Y, F) = H(Y, 7).

Proof. By Proposition 6.9, the transported heart and bounded part are the ordinary coherent
and bounded coherent categories, and the functors are c¢j. and Lc¢j,. Corollary 6.10 gives
the restrictions to vector bundles and perfect complexes, so all four equivalences follow.

For F € Coh(Y'), apply Proposition 6.13 to F[0]. Flatness identifies degree-i cohomology
of the source with ¢ (R'f,F), while degree-i cohomology of the target is R f24(F24). The
resulting isomorphism is the asserted canonical direct-image map.

The complex R f,F is bounded coherent: proper direct image gives coherence, Lemma 5.4
gives an upper bound, and negative cohomology vanishes. Applying the base comparison
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yields
RI(Y,F) ~ RI['(X,Rf,F)
~ RI.q(X, (RAF)™)
~ RI,q(X, R4 Fad)
~ RI,q (Y24, Fad).

The first and last maps compose direct images. The second is Lemma 2.3, and the third is
the proper-direct-image comparison. Each is canonical, so taking degree-i cohomology gives
the required isomorphism. O

6.5. Changing the proper base. A proper X-scheme, together with its analytification,
is another base to which the theorem applies. To compare direct images after this change of
base, we first identify the successive analytifications.

Lemma 6.15. Let Z — X be proper, put Z = Z33, and let Y — Z be separated and finitely
presented. There is a canonical isomorphism

Vs S v
compatible with the maps to'Y and Z. It induces an equivalence Y3" ~ Y3" identifying the
comparison functors of”.

Proof. A map from an analytic test space H to Y24 is a compatible pair H - X, H = Y,
where the latter is a morphism of locally ringed spaces. Composing with Y — Z gives the
pair defining a unique map H — Z, compatible with H — Y over Z. Conversely, such a
pair over Z gives one over X'. These constructions are inverse and natural in H.

Huber’s mapping property [Hub94, Proposition 3.8], applied on affinoids and glued as in
Proposition 3.5, therefore gives the displayed isomorphism. For a further change of base,
both composites are specified by this same mapping property.

Since Y is separated and finitely presented over X, Proposition 4.10 applies over both
locally strongly noetherian analytic bases. It identifies the analytic loci Y2" and Y3"
with the stack associated to this adic space. Their comparison functors agree as well: if
W = Spa(D, D*) maps into U = Spec A C Y, both send M € D..(Y) to

Condp (D ®% RI(U, M]y))

on W. The formulas agree under restriction by tensor associativity and hence identify the
global functors. 0

Corollary 6.16. Let Y, Z be proper X -schemes and let g : Y — Z be an X-morphism. For
every M € Dy (Y), the canonical map

az(Rg.M) = Rg"ay (M)

b

b L (Y), the canonical map

LcyRg. M = Rg™Le, M

is an equivalence in Db, (Z3). Both comparisons commute with composition of such
morphisms.

1s an equivalence. For M € D
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Proof. First observe that g is proper. Its graph in Y X x Z is closed because Z — X is
separated, and the projection to Z is a base change of the proper map ¥ — X.

The pair (Z, Z), with Z = Z34, satisfies Section 1.1. Indeed, Z is noetherian and has affine
diagonal by the factorization in Section 2. Its analytification is locally strongly noetherian
and proper over the quasi-compact quasi-separated space X, hence is quasi-compact and
quasi-separated. Theorem 6.14 supplies exact coherent GAGA and the canonical coherent-
cohomology comparison.

Apply Theorem 5.5 and Proposition 6.13 to g over (Z, Z). Lemma 6.15 identifies their
spaces and functors with the ones in the statement. Both constructions use the algebraic
counit, so the resulting maps are the stated canonical maps. For successive morphisms, the
composite counit is the counit of the composite adjoint pair. Hence the direct and iterated
comparisons agree, proving compatibility with composition. 0

7. THE FARGUES—FONTAINE CURVE

For the Fargues—Fontaine curve, coherent GAGA and cohomology comparison provide
the input to the bootstrapping theorem. We recall the schematic and adic constructions
and their comparison map [FF18, FS24], then give the affinoid cover needed to apply it.

7.1. The adic and schematic curves. Let E be a nonarchimedean local field with residue

field F,, and let F' be a complete perfectoid field of characteristic p containing F,. Write

Op and Op for their valuation rings, and choose a uniformizer wg of F and a nonzero

topologically nilpotent element wr € Op. In both constructions F' has characteristic p; it

is the characteristic of F that distinguishes the equal- and mixed-characteristic cases.
The starting ring is

Or([@E]l, E=F,(wr)).

Here W denotes p-typical Witt vectors, and the tensor product is completed wg-adically.
In either case, Apt/wp ~ Op. For x € Op, write [z] for its Teichmiiller lift; in equal
characteristic, this is just the constant series z. Give Ay the (wg, [wr])-adic topology. The
g-power Frobenius on F' then induces an automorphism ¢ satisfying

o([2]) = [27],

o(wg) = wg.
Thus in equal characteristic, Frobenius acts on the coefficients and fixes the variable. In
mixed characteristic, the same formulas describe the ramified Witt-vector construction

[F'S24, Section I1.1.1].
To obtain the adic curve, first consider the open period-ring space

Y = Spa(Aint, Aine) \ V(wg[wr]).

Both wg and [wr] have nonzero value on ). Inverting wg makes ) an analytic adic space
over /. In equal characteristic, it is the punctured open unit disc over F' with coordinate
wpg [FS24, Section I1.1.1 and the proof of Proposition 11.2.2].

For a rank-one point z, define its radius by

rad(z) = M.

log |wp (x)

A {W(OF)®W(FQ)OE, char E = 0,
inf —
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For any other point, use its rank-one generalization in the formula. The identities for
Frobenius give rad(pz) = grad(xz). Thus an annulus of sufficiently small multiplicative
width does not meet any of its nontrivial Frobenius translates. The action is free and totally
discontinuous, so we can form the quotient

X = X}a;fiE g y/gpz7

with quotient map 7 : Y — X [FS24, Definition II.1.15 and Proposition I1.1.16]. Annuli
disjoint from their nontrivial translates give affinoid charts on this adic curve.
For the schematic construction, put B = I'(), Oy) and form the graded E-algebra of
Frobenius eigenvectors
P-@r.

n>0

P, = B¥=75,

Here P, = {b € B : p(b) = whkb}. If a € B, and b € P,, then ¢(ab) = wh "ab, so
multiplication respects the grading. Define

X = X3} = Proj(P).

The graded algebra P is also a section ring on the adic curve. Descending the trivial
line on ) with semilinear Frobenius wg'y gives Ox(1). Sections of its nth tensor power
are functions b satisfying ¢(b) = @whd, so P, = H°(X,0x(n)) [FS24, Section I1.2 and
Proposition 11.2.7].

To describe the comparison map, let s € P; be homogeneous of positive degree. The
corresponding standard affine is

D.(s) = Spec(P[s~")o).

where the subscript means degree zero. An element of this ring is a fraction a/s* with
a € Prg. Wherever s is nonzero, we compute

Plafs) = g = /"

Thus the fraction descends to an analytic function on the nonvanishing open X, giving
Xs — D4 (s). These opens cover X because Ox(d) is globally generated for sufficiently large
d [FS24, Theorem 11.2.6]. On X N X}, both maps are given by localization through D (st).
They glue to

A X — X

as a morphism of locally ringed spaces [FS24, Proposition I1.2.7 and its proof]. This is the
map used in Section 2.1.

For nonzero homogeneous s of positive degree, the ring P[s™!]y is a Dedekind domain,
and the annular rings are strongly noetherian [KL19, Theorem 4.7.3]. In particular, X is a
noetherian regular separated curve. The known GAGA theorem for A\ gives

A" Coh(X) = Coh(X),
HY(X,F) > H(X,\*F)

for coherent F and i > 0 [KL19, Theorems 4.7.4-4.7.5]. The following affinoid cover verifies
quasi-compactness and quasiseparatedness of X'.
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7.2. A two-affinoid cover of the curve. We use the cover of [Ked17, Remark 3.1.9].
It is obtained from two annuli disjoint from their nontrivial Frobenius translates; their
intersections with one another’s translates determine the overlap.

For an interval I = [a,b] C (0,00) with rational endpoints, the corresponding rational

affinoid in Y is
Vi={zeY:|wp)’ <|[wrl(z)| < Jowp(x)|*} Crad™'(1),

with rad op = ¢ rad [FS24, Definition II.1.15 and Proposition I1.1.16]. Substituting p(wg) =
wg and ¢([wp]) = [wp]? in the inequalities gives (Vi) = V1.

Lemma 7.1. For rational intervals I = [a,b] and J = [c,d] in (0, c0),

ymax a,c), min , 1naxla,c S min b7 d )
YAy, = § Yimaxao,min.d)] (a,c) ! (b, d)
, max(a, c) > min(b, d).

For every n € Z, we also have " (Vi) = VYyn1.

Proof. At a point z, write u = |wg(x)| and v = |[wr](z)|. To belong to both annuli, we
need u® < v < u® and u? < v < u®. Since 0 < u < 1, these conditions combine into

umin(b,d) <v< umax(a,c)

If max(a,c) > min(b,d), the inequalities cannot hold. Otherwise they define exactly the
claimed rational subspace, with its analytic structure.

Frobenius carries the interval [a,b] to [qa,qb] [FS24, Definition I1.1.15 and Proposi-
tion 11.1.16]. Applying it repeatedly, or applying its inverse, gives the formula for every
n € Z. U

An open disjoint from its nontrivial translates descends to an open of the quotient.

Lemma 7.2. Let U C Y be an open analytic subspace satisfying U N ™(U) = @ for every
n € Z\ {0}. Then the restriction 7|y : U — X is an open immersion.

Proof. The quotient is formed from the free, totally discontinuous p%-action of [FS24,
Definition I1.1.15 and Proposition I1.1.16]. Consider the saturation

[rsat — U gDn(U)
neZz
Its translates are pairwise disjoint: applying =™ turns an intersection of two distinct
translates into U N ¢"~™(U), which is empty by hypothesis.

We have 7= 1(7(U)) = U**, so 7(U) is open. Every orbit in this saturation meets U
exactly once. The same argument for an open subset of U shows that |U| — 7(U) is an
open bijection, hence a homeomorphism.

Powers of ¢ identify each component of U with U, preserving the structure sheaf
and valuations. The quotient therefore has the analytic structure of U, proving the open-
immersion assertion. U

Choose one annulus crossing the ends of a fundamental interval and another contained in
its interior.
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Proposition 7.3. Choose rational 1 < a’ < a < b <V < q, and put Iy = [b/q,a] and
Iy = [a',V]. The restrictions w|y, and w|y, are open immersions whose images U,V cover

X, with
UNY = Vg q T V-
Both components are rational in each covering affinoid; the second maps into Vi, by ¢~ '.

Proof. An interval [c,d] with d < gc is disjoint from its positive g-translates, and scaling
gives the same conclusion for negative translates. For our two intervals,

a - (l<
b/
a<q.

Both multiplicative widths are therefore less than q. Lemmas 7.1 and 7.2 identify the annuli
with open affinoids of X.
Every Frobenius orbit meets ) 4, so it is enough to cover this fundamental annulus. We
claim
Mg = Via) U Yy U Vg
Let & € V1,4, and put v = |wg(r)| and v = |[wp](x)|. If 2 lies in neither the first nor the
third subannulus, then v® < v < v Using a’ < a < b < b/, we get
W< ub <v<ut <u”.
Hence x lies in the middle subannulus. The reverse inclusion is immediate from the interval
bounds, proving the claimed cover.

The first piece lies in Yy, while Vg C (Vi) because qly = [b, ga]. The middle piece is
YV5,. Since an annulus and its translate have the same image in the quotient, this proves
UUY =2Xx.

To compute the overlap, use representatives in )y,. Such a representative lies over U
exactly when it belongs to some YVyny,. If n < —1, the upper endpoint is at most a/q < a@’;
if n > 2, the lower endpoint is at least ¢b > ¢/. Only n = 0,1 remain. Lemma 7.1 gives

yjl N y[O = y[a’,a}a
Y Ne(Vr,) = V-

These pieces are disjoint because a < b, and Y, embeds in the quotient. They are therefore
exactly the two overlap components. Each inclusion is rational; to map into )y, use the
identity on the first component and ¢! on the second. 0

7.3. A subordinate affinoid cover. To obtain the charts used for scalar extension in
Section 2.1, refine the two annuli by strongly noetherian rational affinoids V' C A71(V)
with W standard affine in X. These form a basis stable under rational localization, and
their intersections admit finite covers by basis members.

Choose a finite standard affine cover (W;) of X, and refine ¢/ and V by finite rational-
affinoid covers subordinate to (A™*(W;)). Together they give

N
x=Jv
i=1
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with V; € A1 (Wj(;)). We call this the subordinate cover. Intersections within either annulus
are rational affinoid. A mixed intersection is rational affinoid on each of the two components
of U N V. Thus every intersection is empty or a disjoint union of at most two strongly
noetherian affinoids, each lying over a standard affine of X.

Both covers satisfy Proposition B.6. The subordinate one also gives exactly the charts
used to construct scalar extension in Section 2.1.

7.4. Application of the bootstrapping theorem. The annular cover exhibits X as a
quasi-compact quasi-separated locally strongly noetherian analytic adic space. Its schematic
counterpart X is noetherian and separated, hence has affine diagonal. Together with the
morphism A and the coherent and cohomological comparisons of [KL.19, Theorems 4.7.4—
4.7.5], this gives the pair of Section 1.1. The bootstrapping theorem therefore applies.

Theorem 7.4. Let E be a nonarchimedean local field with residue field ¥, and let F' be a
complete perfectoid field of characteristic p containing F,. For X = X%‘f};}, X = X%?E, and
every proper X -scheme Y, comparison induces a symmetric monoidal equivalence

Dpe(Y) = Dy (YR").

It extends to a fully faithful colimit-preserving comparison on Dy (Y'), takes perfect complezes
to compact objects, and commutes with proper direct images. Ordinary Huber analytification
induces equivalences

compatible with coherent cohomology and proper direct images.
Proof. Apply Theorems 5.5 and 6.14 to the pair just checked. O
This gives the relative comparison asked for in [Ked23, Ked24].

APPENDIX A. RECOLLECTIONS ON CONDENSED MATHEMATICS

We recall the categories and functors used in the proof. Starting with ordinary modules,
we introduce condensed modules, solidity, and analytic completeness. We then explain
how nuclearity and pseudocompactness characterize the objects coming from ordinary
pseudocoherent complexes.

For the ordinary commutative algebra used here, see [AM69, Chapters 2-3, 5, and 7|; for
complexes, derived functors, and derived categories, see [Wei94, Chapters 1-3 and 10]. We
use the stable oo-categorical conventions of [Lur09, Lurl7].

For the condensed and analytic constructions we follow [Sch26a, And21, CS26] and [LH26,
A.1-A 3], retaining cohomological indexing. The descent and base-change arguments are in
Appendix B.
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A.1. Ordinary and condensed modules. For an ordinary ring B, write Modp for its
abelian category of modules and D(B) for the category of complexes with quasi-isomorphisms
inverted. When B is topological, D(B) still refers to its underlying ring; its objects have no
specified topology.

Condensed objects record continuous families indexed by profinite sets. A condensed
set is a sheaf on profinite sets for finite jointly surjective families of continuous maps.
Condensed abelian groups, rings, and modules are such sheaves with the corresponding
algebraic structures. We fix a sufficiently large size bound on the profinite test objects, as
in [Sch26a, Lecture I].

For a Hausdorff space T', put

T(S) = Cont(S,T).

At the one-point set * we recover the underlying set of 7. Taking S = N U {oo}, the
one-point compactification, records a sequence together with its limit. The functor T'+— T
is fully faithful on compactly generated Hausdorff spaces [Sch26a, Proposition 1.2].

For a topological ring R, distinguish the condensed rings

Raisc(S) = {locally constant maps S — R},
R(S) = Cont(S, R).

The identity on R induces Rgsc — R, a bijection at * that need not be a bijection on other
test sets. For example, the map n — p", co — 0 on N U {00} is continuous but not locally
constant near oo. It is therefore a section of Q, but not of (Q,)disc-

For a condensed ring A, let Mod‘;{)rld denote condensed abelian groups with an A-action;
maps are sheaf maps respecting that action. A topological module gives an example, but a
general condensed module is specified as a sheaf, not as an ordinary module with a chosen
topology. Its derived category is

D(Mod$™).
For ordinary B, we abbreviate this as

Deona(B) = D(Modg;i ).

For modules over R, we write D(Mod%’nd), specifying the topological rather than the discrete
condensed ring. B

A profinite set is extremally disconnected if the closure of every open subset is open.
Every profinite set is a continuous quotient of an extremally disconnected one. The free
condensed A-module A[S] is characterized by

Hotmlygygepna (A[S], N) = N(5).

When S is extremally disconnected, evaluation is exact. The modules A[S] form compact
projective generators, so on the derived category we have

R Homu(A[S], K) ~ K(95),

where K () is obtained by evaluating the complex term by term. These compact projectives
play the role of free modules in constructing resolutions [And21, Section 2.
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Giving ordinary modules the discrete topology defines an exact fully faithful functor,
which extends to

D(B) — De¢ona(B),
M — Mdisc'

We call this discrete condensification. It is computed term by term and preserves filtered
colimits [And21, Lemma 5.7]. Its image does not contain every condensed module, since a
general profinite family need not be locally constant.

A.2. Derived operations and solid modules. Descent for complexes includes equiva-
lences on double intersections, homotopies between their composites on triple intersections,
and higher compatibilities. Working in stable oco-categories retains these data in the
corresponding limit of categories.

For K, L in a stable category, the mapping spectrum satisfies

7n_; Map(K, L) = Hom(K, L[i]).

In our module categories, this is the spectrum associated with the derived Hom complex.
Internal derived Hom RHom(K, L) is instead an object of the module category. For
condensed modules, its derived evaluation at * gives the derived Hom complex of abelian
groups.

An object P is compact when Map(P, —) preserves filtered colimits. It is dualizable when
evaluation and coevaluation satisfy the duality identities. Whenever internal Hom exists,
put P¥ = RHom(P,1). For dualizable P, evaluation gives

PY® N = RHom(P, N).

In D(B), compact objects and dualizable objects are both precisely the perfect complexes.
For the analytic comparisons, we use the displayed duality formula to compute maps by
global sections, and compactness to commute those maps with filtered colimits [Lurl?,
Sections 1.1 and 4.6].

Solidity is defined using certain measure modules. Write a profinite set as S = lim; S;
with each S; finite, and form

ZP[S] = lim Z[S;].

The transition maps send each basis point to its image in a coarser quotient. Thus evaluation
at x gives a compatible system of integer coefficients: the coefficient at a point is the sum of
the coefficients at its preimages in a finer quotient. A point of S determines such a system,
its Dirac distribution, giving the map Z[S] — ZP[S].

A condensed abelian group M is solid if, for every profinite S, restriction induces a
bijection

Hom(Z"[S], M) = Hom(Z[S], M).

The right side is M (S), so the condition says that a section indexed by S extends uniquely
to the measure module. When S is finite the two modules already agree; the condition
concerns infinite profinite families.

The solid abelian groups form a full abelian subcategory Solid C Cond(Ab). Its inclusion
has a left adjoint, solidification. Its derived category identifies with the full subcategory of
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derived solid objects in D(Cond(Ab)), and its tensor product is
M ®% N = (M ®% N)",

where the inner tensor product is condensed and the outer operation is derived solidification
[Sch26a, Lecture II].

Discrete abelian groups are solid. Modules over a solid ring are formed inside Solid with
its tensor product. For Huber pairs, the analytic structure further specifies the complete
modules.

A.3. Analytic rings and complete modules. An analytic ring specifies measure modules
appropriate to a given ring, replacing the modules ZP[S] above. Write A = (A, M), with A
an animated condensed commutative ring. For each extremally disconnected profinite set S,
we have a connective condensed A-module M([S] and a natural Dirac map

A[S] — M5,

and M takes finite disjoint unions to finite direct sums.

An animated ring is obtained from simplicial commutative rings by inverting maps
inducing isomorphisms on homotopy groups; the same construction applies in condensed
objects. Positive homological degrees are negative cohomological degrees in our convention
and record, for example, higher Tor groups of derived tensor products. Animated rings
enter in the derived algebra of the analytic realizations [Sch26a, Lectures XI-XII].

An A-module complex N is analytically complete if the Dirac maps induce equivalences

for every extremally disconnected S. These are internal derived Hom objects in condensed
abelian groups [Sch26a, Definitions 12.1 and 12.3, Remark 12.2]. Evaluating at * gives
R Hom4(M[S], N) >~ N(S). For the nonanimated Huber analytic rings, these evaluated
comparisons also characterize completeness [And21, Theorem 2.7].

The analyticity axiom requires the internal comparison for connective objects generated
from the M[S] by sifted colimits. A colimit is sifted when its indexing category makes
colimits of spaces commute with finite products. Such colimits are generated by filtered
colimits and geometric realizations [Sch26a, Lecture XI|. In the nonanimated setting, one
may instead test the axiom on bounded-above complexes of direct sums of measure modules
[And21, Definitions 2.5 and 2.14].

For commutative animated analytic rings, we also impose the Frobenius condition of
[Sch26a, Definition 12.10]. For every prime ¢, Frobenius from A to its derived reduction
modulo ¢ must be a map of analytic rings, with measure modules reduced modulo ¢. This
gives compatibility of analytic completion with the animated commutative algebra structure.

Write the full stable category of complete modules as

D(A) = D(A, M).

For nonanimated A, this is a full subcategory of D(Mod$™®); for animated A, we use
modules over the derived condensed ring. Completeness is a property of a module, not
additional structure or a choice of topology.

The inclusion of complete modules has a left adjoint L 4. Its defining property is

MapD(A) (LAM7 N) = Map(Mv N)
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for complete N, with the right side computed in condensed A-modules. This is analytic
completion; in particular, L 4(A[S]) = M[S]. The measure modules are compact projective
in the connective category and become compact generators after stabilization. We call
the analytic ring complete if A — M([x| is an equivalence, in which case A is the tensor
unit. All analytic rings used here are complete [Sch26a, Proposition 12.4, Remark 12.5, and
Definition 12.9].

Analytic completion is determined by the measure modules. For example, Q,, is complete

for (Q,, Z,)", whereas its p-adic completion is zero: p is invertible, so every quotient by p"
vanishes.

To tensor complete modules, first form the condensed derived tensor product and then
complete:

M @5 N =Ls(M&%5N).
Analytic completion preserves exact triangles, and D(.A) admits all small limits and colimits

[Sch26a, Proposition 12.4 and Remark 12.5].
For a map A = (A, M) — B = (B,N), we have

B®% —:D(A) = D(B) : Res.

The left adjoint extends scalars along A — B and then applies Lg. The right adjoint restricts
the B-action to A; the definition of a map of analytic rings ensures that a complete module
remains complete under this restriction. Extension of scalars is exact, strong symmetric
monoidal, and colimit-preserving. On analytic affines, these two functors are pullback and
direct image.

Suppose a connective animated A-algebra B is already A-complete. Its induced analytic
structure satisfies

D(B) ~ Modp (D(A)).
A complete B-module is therefore an A-complete module equipped with a B-action. The
underlying ring and its complete connective modules determine the complete analytic

structure [Sch26a, Propositions 12.8 and 12.20]. Appendix B uses this description to identify
analytic-ring pushouts.

A.4. Huber pairs and condensification. A Huber ring R has an open ring of definition
with a finitely generated ideal of definition. It is Tate if it contains a topologically nilpotent
unit. A Huber pair (R, R") specifies, in addition, an open integrally closed subring R of
power-bounded elements. An element is power-bounded if its powers form a bounded set,
and topologically nilpotent if they tend to zero. The Tate algebra R(Tj,...,T,) consists of
restricted power series, whose coefficients tend to zero. The ring R is strongly noetherian if
all these Tate algebras are noetherian. Our base charts are complete Tate pairs of this kind.

A complete Huber pair determines an analytic ring (R, RT)" whose underlying condensed
ring is R [And21, Theorem 3.28]. Its complete modules form the category

Do(R, R) = D((R, R")Y) € D(Mody™).
An object is therefore a condensed R-complex complete for the measure modules of (R, RT)".

The map from Z"” makes its underlying complex solid. The notation [ here refers to the
Huber-pair analytic structure and its complete-module category.
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To compare this with ordinary R-modules, take M € D(R), give it the discrete condensed
structure, and extend scalars from Rgjs. to K. The resulting functor is

Condp(M) = R®%  Mais.

This condensed tensor product is already complete for (R, R*)Y [And21, Definition 5.8 and
Theorem 5.9]. Thus the two condensification constructions fit into the diagram

Condp
—

D(R) Do(R, RT)

(*)diSCJ/ linclusion

Rey . - d
Deonda(R) ——— D(Modgn ).

The left arrow assigns the discrete topology; the top arrow also extends scalars to R.
The right arrow includes the full subcategory of complete modules without changing their
underlying condensed modules.

For a finite free module, the formula reads Condz(R") = R", and a map is still given by
the same matrix. An idempotent matrix then gives the corresponding construction for a
finite projective summand. More generally, a bounded-above finite-free resolution, when
available, computes derived scalar extension term by term.

Condensification is fully faithful, preserves exact triangles and colimits, and is strong
symmetric monoidal [And21, Theorem 5.9 and Lemma 5.10]. Its essential image consists
of the relatively discrete objects. Thus R = Condg(R) is relatively discrete: the adjective
records its origin in D(R) rather than a choice of discrete topology.

For strongly noetherian R, a finite module M has a complete quotient topology indepen-
dent of the choice of finite free presentation. Choose a presentation

R* — R — M — 0.

The same matrix over R has cokernel M, by completeness of this quotient topology [And21,
Lemma 5.23]. Consequently, a finite-free resolution computes a pseudocoherent object on
either side using the same differentials and the same degree conditions on its ordinary
representative.

For the infinite module R[T] = €,,., RT™, colimit preservation gives

Condg(R[T)) ~ P RT".

n>0

The right side is the condensed polynomial module. By contrast, imposing a bound on
T in the analytic-ring construction gives the closed unit disc, whose ring R(7T") contains

restricted power series.
For rational localization (R, R*) — (R, R'"),

Cond (M) |spacrr.+y = Condp (R @% M).

This is the scalar-extension compatibility used throughout the proof. For strongly noetherian
rings, R — R’ is also flat, so restriction commutes with cohomology and truncation [And21,
Lemma 5.10].

We also use discrete integral pairs (B, BT). Their complete modules lie in Deopq(B), since
the underlying ring is discrete. Lemmas B.7 and B.8 describe these categories and their
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Tor-independent base changes. The algebraic realization below combines such a discrete
pair with a topological one.

A.5. Analytic stacks and descent. The analytic affine associated with A is denoted by
AnSpec A. The construction is contravariant, with quasicoherent category D(.4). A map of
analytic rings induces pullback by extension of scalars and direct image by restriction of
scalars.

A map A — B is a localization if restriction D(B) — D(.A) is fully faithful. It is steady
if extension and restriction of scalars satisfy the following base-change condition. Let
f :U — Z be the associated map of analytic affines. For every map ¢ : V — Z from an
analytic affine, the canonical map

f"Rg. = Ry, f"
must be an equivalence of functors from Cy(V) to Co(U), in the cartesian square

u -2y

| |7
y 25z
This is the characterization of steadiness in [Sch26a, Proposition 12.14]. A steady localization
satisfies both conditions. Steady maps are stable under composition and base change [Sch26a,
Definitions 12.13 and 12.16 and Proposition 12.15].

An analytic stack is a sheaf of spaces for the topology generated by finite jointly conserva-
tive families of steady localizations. Joint conservativity means that a map is an equivalence
if its pullback to every member is an equivalence; for these exact functors, it is enough
to test zero objects. Rational covers of our Huber affinoids give examples of these covers
[LH26, A.2].

We define quasicoherent complexes on a stack by specifying them on all its analytic
affines:

Co(Z)=  lim  D(A.

(AnSpec A—Z)°P

An object assigns a complete module to each analytic affine over Z, with pullback equiva-
lences and unit, composition, and higher homotopies; morphisms are compatible families of
module maps. For the Huber-pair stacks considered here, these are the solid quasicoherent
complezes [Sch26b, Proposition 5.16]. They are defined using complete modules on analytic
affines, rather than arbitrary ordinary sheaves of modules on a topological space.

For V = Spa(R, R"), put V" = AnSpec(R, R*)Y. Then
Co(VY) = Do(R, RY).
Gluing this assignment on an analytic adic space Z gives the analytic stack Z-. In the
main text we abbreviate Co(Z") to Co(Z). We will identify the subcategory corresponding

to ordinary coherent sheaves in Section A.7. §
Let Uy — Z be an effective epimorphism, with Cech nerve U,. Descent gives

Co(Z) ~ [ii]érlA Co(Uy,).
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Here U,, is the (n + 1)-fold fiber product over Z, and effective epimorphism means |Us| ~ Z.
The coproduct of an open cover is an example. For two opens, descent gives a complex on
each open and an equivalence on their intersection; for a larger cover, it also records the
compatibility homotopies on higher intersections.

On an affinoid basis, we can express the same gluing data as cartesian sections. An object
of Carty Dp.(Ry) consists of ordinary complexes My € D,.(Ry) and equivalences

Ry @, My = My

for V' C V, compatible with successive restrictions. The pullback identifications and their
compatibility homotopies are included in the cartesian section.

For a finite open cover, Lemma B.5 replaces the full Cech nerve by the finite poset of
nonempty intersections. Filtered colimits commute with the resulting finite limit of mapping
spectra, giving Proposition B.6.

Derived global sections are

RI5(Z, K) = Mapg_ z)(Oz, K).

On an affine, this is derived evaluation at *. On a stack, descent computes it as a limit of
local section complexes. Pullback f* is given by derived scalar extension on charts, and
R f. is its right adjoint. For the morphisms of Section 4, there is also an exceptional direct
image R fi with right adjoint f', called exceptional pullback. Properness identifies R f; with
R f., making proper direct image a left adjoint as well [LH26, A.2 and A.16-A.17].

A.6. The three realizations and the comparison functors. Let (R, R") be a complete
Tate pair, let B be a finitely presented R-algebra, and let BT be the integral closure of
the image of R in B. We describe the algebraic realization, analytic locus, and Huber
analytification of Spec B.
For the algebraic realization, form the analytic ring
B?%lg = <R7 R+)D ®(A]§§::%+ )= (Bdisca B(?li_isc)m‘

disc
The subscript pair and the second factor use discrete rings; only the first factor carries the
topology of R. Lemma B.10 identifies its modules as

CD((Spec B)alg) ~ MOdCondR(B) (DD(R, R+))

Thus we have a complete condensed R-complex together with a Condg(B)-action. When
B = R[T], giving the action means giving an endomorphism in Dp(R, R"). For a quotient
of a polynomial algebra, one also specifies the relations and their derived compatibilities.

Direct image forgets the Condg(B)-action and retains the underlying object of Do(R, RT).
To algebraize the module, we first recover an ordinary R-complex and then lift the B-action
by full faithfulness.

To form the analytic locus, choose generators by, ...,b, and a topologically nilpotent
unit w. The bounded charts |w"b;| < 1 increase with n, and their union is (Spec B)*".
For example, if B = R[T] with R strongly noetherian, the nth chart is the disc of radius
|co| =™ with ring R(w"T"). For a quotient, impose the defining equations on these polydiscs.
The construction is independent of the chosen generators and extends by Zariski gluing to
separated finitely presented schemes [LH26, A.9-A.13].
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The Huber analytification 7V over V = Spa(R, R") is instead an adic space. We
associate to it the analytic stack (724/V)2. Proposition 4.10 identifies

T30 ~ (Tad/V)EI

for strongly noetherian R, by identifying bounded chart rings and their complete modules.
For proper T/ R, the valuative criterion also gives 7" ~ T8, The first equivalence compares
solid complexes with ordinary adic sheaves; the second permits algebraic localization of an
analytic complex.

Over (X, X), perform these constructions on each V' = Spa(R, Rt) Cc AY{(WW) with
W = Spec A, and then glue. This gives T;lg , T2 and T3, The comparison on the base is
given by

ax(M)|y = Condg(R &% RT(W, M|w)).

This is scalar extension of sections on W, followed by condensification. Its compatibility on
overlaps is proved in Section 2.1.
For affine ¢ : U — X, put A = ¢.Op. The two module descriptions are

DQC(U) = MOdA(DqC(X))a
Co(U®) ~ Mody,, 4(Co(X)).

Apply ax to the algebra, the complex, and the action to define ayy. Zariski descent then
defines ar for general T. An algebraization is a preimage equipped with its comparison
equivalence. We call the forward functor the comparison functor, or analytification when
its target is the analytic locus.

A.7. Finiteness conditions and the GAGA subcategories. Over an ordinary ring, a
perfect complex has a bounded resolution by finite projective modules. A pseudocoherent
complex has a resolution of the same kind that is only required to be bounded above. On
schemes these are local conditions, and for noetherian T we have

DPC(T) =D, (T)

coh
A complex P € D(B) has Tor-amplitude in [a,b] when H/(P ®@% N) = 0 for every B-
module N and every j ¢ [a,b]. On schemes, test this locally. Pseudocoherence together
with finite Tor-amplitude gives perfectness. Derived pullback and tensor product preserve
pseudocoherence [Stacks, Tags 064Q, 0650, 0658, and 0DJE].
For example, take B = k[e]/(¢?). The module k has the resolution

- SBSBSB-—k—0.

The image and kernel of multiplication by € are both (€), so the displayed complex is a
resolution by finite free modules. It makes k pseudocoherent. After tensoring with k,
however, every differential is zero, giving Tor?(k, k) = k for all i > 0. Hence k is not perfect.

There is an analogous finiteness condition in a derived category generated by compact
projective modules: an object is pseudocompact if it has a bounded-above resolution by
compact projectives. We use this condition for nonanimated Huber analytic rings. It can
be tested by maps into families with a common lower cohomological bound: for every such
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family (N,),

&P Map(P, N,) — Map (P, &y Na)

is an equivalence [CS26, Definition 9.9]. In each total degree, only finitely many terms of a

bounded-above projective resolution contribute against targets with a common lower bound.

Compactness of those terms gives the direct-sum comparison. A compact P satisfies the

analogous comparison for arbitrary filtered colimits, without a common degree bound.
For a Huber analytic ring A = (A, M), a complete module N is nuclear when

(M[S]" &% N) (%) — N(S)

is an equivalence for every extremally disconnected S [And21, Definition 5.30]. Here M|[S]Y
is the internal dual and N(S) means derived evaluation. For finite S, the formula is the
tensor-Hom comparison for a finite sum of units. Nuclearity requires the same comparison
after evaluation for infinite profinite sets. It is a condition on these families, not a bound
on the dimension of N (k).

For compact P, (), a map P — @ is trace class when a map 1 — PV ® @ induces it by
evaluation. It therefore factors as

P—PP'®Q—Q.

A basic nuclear object is a sequential colimit of compact objects whose transition maps are

trace class. Nuclear objects are closed under colimits and admit presentations by basic

nuclear objects [And21, Definitions 5.31-5.32 and Proposition 5.33]. In Section 3, we use

these presentations to prove that scalar extension on bounded charts preserves nuclearity.
The link with ordinary pseudocoherence is the following comparison:

Condg(Dye(R)) = {N € Do(R,R") : N is nuclear and pseudocompact}.

This is the relative-discreteness theorem [And21, Proposition 5.22 and Theorem 5.50] [LH26,
A.15]. The compact-projective resolution condition is called pseudocoherence in [And21,
Section 5.2] for nonanimated Huber rings. We call it pseudocompactness here to distinguish
it from ordinary pseudocoherence in D (R).

On a strongly noetherian affinoid, the ordinary representatives give

Condg(Dpe(R)) = DEC(V)7
Condg(Dg,(R)) = D (V)"
Condp(Modgg(R)) = D, (V).

The subscript fg means finitely generated, and D?g(R) requires finite cohomology in a finite
interval. The last two lines use the degrees of the ordinary representatives. Finite projective
modules give vector bundles, while perfect complexes give dualizable complete modules
[And21, Proposition 5.12 and Corollary 5.51.1].

For relative realizations, the two bounded-chart systems of [LH26, A.15] test nuclearity
and pseudocompactness and thus define DEC. Proposition 4.10 gives an equivalent description:
on each Huber affinoid W = Spa(C, C*), the object is Cond¢(Py) for some Py € Dy (C).
Rational restriction is ordinary derived scalar extension of these representatives. Since it is
flat, it commutes with cohomology and truncation, allowing the local t-structures to glue.



60 ANIRUDDH VENKATESAN

Sheafification and condensification of a finite C-module give its coherent sheaf and
complete condensed module, respectively. The bounded comparisons use the same repre-
sentatives with a common interval on a finite cover. Section 6 identifies these comparisons
with ¢}, and Lc}.

APPENDIX B. DESCENT

We collect the descent arguments used in the main text. We first pass from analytic
affines to stacks, then treat the lifting of diagrams and module actions and the gluing of
right adjoints. Finite open descent gives the compactness statements. The appendix ends
with the integral and bounded-chart calculations underlying the affine module description.

For ordinary limits, adjunctions, and Kan extensions, see [Mac98, Chapters I1I-V and X].
The arguments below take place in co-categories, for which we use [Lur09, Lurl7]. We retain
the notation of Appendix A and the analytic-ring constructions of [Sch26a, Section 12] and
[LH26, A.1-A.3].

B.1. Descent and fully faithful functors. Put C = AnRing®®, with the topology D
generated by finite jointly conservative families of steady localizations. Complete modules
on analytic affines extend to compatible families on Shvp(C). The resulting functor takes
colimits of stacks to limits of module categories, as we now prove. In particular, this applies
to the simplicial presentations of algebraic realizations in [LH26, Theorem A.13].

Proposition B.1. Let a : Uy — Z be an effective epimorphism of analytic stacks with
Cech nerve U,. Pullback gives an equivalence in symmetric monoidal presentable stable
0o-categories

[nleA
More generally, for every small diagram (Z;);er,
ShV’D ~
Co (colim ZZ) — lim Co(Z).
il i€Top
For A € CAlg(Cn(Z)), we also have

Moda(Co(2)) = lim Moday, (Con)).
n|e

Colimits in these limits are computed componentwise. In particular, Co(|Ve|) =~
limpjea Co(Vn) for every simplicial analytic stack.
Proof. Let Dy denote the functor on analytic affines
C? — CAlg(Prh),
AnSpec(A, M) — D(A, M).
It satisfies descent for the generating covers [LH26, A.2] [Sch26a, Proposition 12.18].
For a presheaf F', define

D(F) = lim Dy(U).
(F) (U—F)e(C)p)oP o(U)
An object of this right Kan extension is a compatible family of complete modules on analytic
affines over F'. Since every presheaf is a colimit of representables, the universal property of
the presheaf category shows that D carries colimits to limits [Sch26b, Proposition 5.16].
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Let L denote sheafification. We claim that D(F) ~ D(LF). Affine descent makes D invert
every covering-sieve inclusion. These inclusions generate the sheafification equivalences under
two-out-of-three, retracts, pushouts, and transfinite compositions [Lur09, Section 6.2.2]. The
maps inverted by D are closed under these operations: pushouts and transfinite compositions
become pullbacks and inverse limits of equivalences, while two-out-of-three and retracts
follow from the same properties for equivalences. Thus D factors through sheafification,
giving the functor C on stacks.

Since a colimit of sheaves is the sheafification of the presheaf colimit,

Shv _ PSh
Co (colim Zi) ~ D (L colim ZZ->
__/ Psh
~ D <colim Zz)

ieop

ieIop
This proves the colimit formula, including the assertion for geometric realizations.

For a generating cover (U; — U), let S C y(U) be the sieve of maps factoring through
some U;. The coproduct map factors as

[Tvw) — 5 — )

with the first arrow an effective epimorphism and the second a monomorphism [Lur09,
Lemma 6.2.3.18]. Sheafification preserves finite limits and colimits, hence both the Cech
nerve and its geometric realization. It therefore preserves effective epimorphisms. Since S
is covering, LS ~ Ly(U), and

L[Ly(U» — Ly(U)

is an effective epimorphism [Lur09, Lemma 6.2.3.19]. For an open cover, its image is the
union of the opens, namely the whole target. The argument remains valid after base change.

An effective epimorphism satisfies [Uy| ~ Z [Lur09, Corollary 6.2.3.5]. Applying the
colimit formula gives descent, with the overlap equivalences and all their higher homotopies.

Finally, pullback preserves colimits, so taking a colimit componentwise retains the
pullback identifications and computes the colimit in the limit category. Tensor products are
componentwise too. An algebra or module structure is therefore a compatible collection of
local actions and their homotopies; formation of these structures commutes with limits [Lurl?7,
Sections 3.2.2 and 4.2.3]. Applying this to A gives the module-category equivalence. [

We next record how full faithfulness behaves under descent, both for diagrams and for
algebra actions.

Lemma B.2. Let F': C — D be a natural transformation of diagrams I — Caty,, with I
small. Componentwise full faithfulness or equivalence passes to limy F'. In the fully faithful
case, its essential image 1s detected componentwise.

Natural transformations pass to limits. If the component categories admit small colimits
and the transition functors preserve them, colimits in the limits are computed componentwise;
if the F; also preserve them, so does lim; F'.
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For fully faithful H : A — B and small J, the functor Fun(J, A) — Fun(J, B) is fully

faithful, with essential image the diagrams valued in the essential tmage of H.

Proof. An object of the source limit consists of x; € C;, transition equivalences, and their
homotopies. Applying F; gives the corresponding family in the target. For two such objects,
maps are computed by

Mapyiy, ¢, (z,y) ~ 1115'1 Mape, (74, i)

The transition maps on the right use the given identifications for x and y. Full faithfulness
of each F; identifies this diagram with the one in D, so taking limits proves full faithfulness.
If the F; are equivalences, the resulting map of limits is an equivalence as well.

To identify the essential image, let & C D; be the full essential image of F;. Naturality
preserves these subcategories and gives a pointwise equivalence C ~ £. A compatible family
in D whose terms lie in the &; is already a family in £: fullness includes its maps and
homotopies. It therefore lifts through

1 1

This proves the essential-image assertion.

Natural transformations act on the component families. For colimits, the transition func-
tors preserve the componentwise colimits and hence their gluing identifications. Commuting
the limits of local mapping spaces verifies the universal property. The same calculation
shows that lim; I preserves colimits whenever all the F; do.

For the last assertion, identify A with its full essential image £ C B. A diagram is valued
in £ exactly when all its objects are: its arrows and homotopies then lie there by fullness.
The same is true of natural transformations. Hence

Fun(J, A) ~ Fun(J, £) C Fun(J, B)
is the asserted full subcategory. U
A fully faithful strong monoidal functor lifts a module structure whenever it lifts the
underlying object.

Write LMod 4 for left modules over an associative algebra A. When A is commutative
and the category is symmetric monoidal, this is our usual Mod 4.

Lemma B.3. Let F' : C — D be fully faithful and strong monoidal between monoidal
oco-categories, and let A be an associative algebra in C. Then

LMOdA(C) — LMOdF(A)(D)
15 fully faithful, with essential image detected on underlying objects.

Proof. Let N be an F(A)-module with underlying object identified with F(M). Strong
monoidality and full faithfulness identify the mapping spaces for its action:

Mape(A ® M, M) ~ Mapp(F(A) @ F(M), F(M)).
The action therefore has a preimage y: A Q@ M — M.

Associativity compares

Ao Ao M ™24 Ao M4 M,

1®up

ARQAQM =% Ao M 2 M.
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The action on N provides a homotopy between their images. Full faithfulness on Map(A ®
A® M, M) lifts that homotopy. For the unit, the image of M — A® M — M is homotopic
to the identity, and the same argument lifts this homotopy as well.

For the higher relations, use the equivalences

Map,(A®" @ M, M) ~ Mapp(F(A)®" @ F(M), F(M)).

Compatibility with composition and insertion of the unit identifies all the operations and
homotopies of the module structure. These are encoded by the two-colored module operad
LM®, whose colors specify an algebra and its module; here the algebra is fixed to be A
[Lurl?7, Sections 2.2.1 and 4.2.1]. The lifted data therefore make M an A-module with
image V.

The same argument applies to module maps. Full faithfulness lifts the underlying map
F(M) — F(M’) and its linearity homotopy, and the mapping-space equivalences for all
tensor powers lift the remaining relations and homotopies between maps. Thus the functor
on modules is fully faithful. Conversely, every module in its image has underlying object in
the image of F'. O

The right adjoints in the localization argument are restriction-of-scalars functors on affines.
They glue when the comparisons defined by their units and counits are invertible.

Lemma B.4. Let F' : C — D be a natural transformation of diagrams I — Cats,, with I
small, and suppose F; 4 G;. For each 6 : 1 — j, let cy,dy be the transition functors. If each
comparison map obtained by adjunction

CgGi — dog

is invertible, these maps assemble the G; into a natural transformation and give a right
adjoint to limy F', computed componentwise.

Proof. For 0 : i — j, the given natural transformation supplies dyF; ~ Fjcy. Let n; be the
unit of F; 4 G; and ¢; the counit of F; 4 G;. The comparison of right adjoints is

ﬁg . CgGi n—J> ij‘ij@Gi
~ GdeFiG; 2% Gdy,

This is an equivalence by hypothesis.
For a compatible family y = (v;), set (Gy); = G,y; and equip it with transition maps

co(Giyi) ﬁ) Gj(deyz‘) - Gjy;.

For two successive arrows, the intermediate unit and counit cancel by the triangle identity,
leaving the comparison for the composite. Naturality gives the higher homotopies. Thus
the displayed maps make Gy a compatible family. Applying the G; to the component maps
defines G on morphisms.

By construction, the local adjunctions respect these transition maps. Therefore

MaplimI Di(va y) ~ 11151 MaPDi(Fz'ﬂUi? Yi)
= hfgl Mape, (25, Giyi)
1€
= Maplimj C; ($7 Gy) .
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These equivalences are natural in x and y, proving that the componentwise functor G is
right adjoint to the functor on limits. ([l

B.2. Finite open-cover descent. A finite open cover admits a finite descent diagram,
indexed by its nonempty intersections. We use this description to test compactness locally.

Let Z2 = U,_,U;. Put U; = (,c;U; for nonempty I C {1,...,r}, and let P, be the
poset of these subsets ordered by inclusion. Write K; = K|y,. An inclusion I C J induces
restriction from U; to U;.

Lemma B.5. Restriction gives natural equivalences
CD(Z) :> Ilg]% CD(UI),
Mapz (K, L) — Jim Mapy,, (K7, Ly)

for K,L € Cu(Z).
Proof. Put (Q = P’*. We first prove the union formula

colimU; = Z.
1€Q
The map [[,U; — Z is an effective epimorphism by Proposition B.1, so we may check the
formula after pulling back to each Uy. Pullback commutes with colimits and replaces U; by
Ur xz U, = Z/{IU{k}-

Let Q) C @ consist of the subsets containing k. The functor (/) = I U {k} is cofinal.
To check this, fix J € Q. A map J — ri(/) means I C J, so its indexing category is
the reverse-inclusion poset of nonempty subsets of J. It has initial object J, and [Lur09,
Theorem 4.1.3.1] applies. Since {k} is terminal in @, we obtain

colim U ~ colimU; ~ U,.
0 TU{k} o J k

This proves the union formula on the cover and hence globally. Proposition B.1 turns it into
the limit formula for module categories. Mapping spaces in this limit are limits of the local
mapping spaces; applying the same calculation to shifts gives the statement for mapping
spectra.

For two opens, the limit is a homotopy pullback over the intersection, hence in spectra
the fiber of the difference of restrictions. Taking K = Oz gives Mayer—Vietoris for global
sections. U

The nerve of P, has only finitely many nondegenerate simplices: they are the strictly
increasing chains of nonempty subsets. Consequently, the limits above are finite homotopy
limits and commute with filtered colimits of spectra.

Proposition B.6. Let Z = |J;_, U; be a finite open cover of an analytic stack, and put
Ur = Nie; Ui for nonempty I. Then:

(i) RI'(Z, —) preserves filtered colimits if the unit of each Co(U) is compact;

(ii) K € Ca(Z) is compact if every K|y, is compact.

The condition in (i) holds when the intersections are finite disjoint unions of affines
AnSpec(R, RT)E for complete Huber pairs.
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Proof. Suppose each K is compact, and let (L,) be a filtered diagram. Restriction preserves
colimits, so the finite descent formula gives

Mapz (K, colim L,) ~ Ilir}rjl Map,, (K7, colim Lq 1)
a €y a
~ lim colim Mapy,, (K7, La,1)

IEP,
~ colim lim Mapy,, (Ky, Lar)
a IEPT 1 ’

~ colim Map 4 (K, Ly,).

The second equivalence uses local compactness, and the third commutes a filtered colimit
with a finite homotopy limit. Thus K is compact, proving (ii).

For (i), apply (ii) to Oz. In the affine case AnSpec(R, RT)", the unit is the measure module
associated with the one-point set and is compact [And21, Theorem 3.28 and Proposition 2.11].
A finite disjoint union gives a finite product of mapping spectra, so compactness persists.
Empty intersections contribute zero. This proves the final assertion. 0

B.3. Integral subrings and bounded charts. Fix a complete Tate Huber pair (R, RT).
For any R-algebra B, let B™ be the integral closure of the image of R*. Define its algebraic
realization by

1 AnRin,
B;g = (R7 R+)D ®(Rdis(}7gé+ )D (BdiSC7 Bé’;SC)D

disc
Write (Spec B)*8 = AnSpec B;}g. When B is finitely presented, this is the construction
of [LH26, A.9]. Its analytic locus is the union of the bounded charts associated with a
pseudo-uniformizer and finitely many generators. In that case the constructions extend by
Zariski gluing and agree for proper schemes [LH26, A.9-A.13].
We begin with the discrete pairs. The ring B determines the module action, while Bt
determines which of those modules are complete.

Lemma B.7. Let R — B be a ring map, let RT C R be integrally closed, and let BT be
the integral closure of the image of R™ in B. Put

RO = (Rdis07 R(;SC)D7

BO - (Bdism B;;SC)D‘
Then B is Rg-complete, its induced analytic structure is By, and restriction gives a canonical
symmetric monoidal equivalence

D(Bo) ~ MOdB<D(R0))
Both sides consist of condensed B-complexes complete over Rg. These identifications are

functorial in maps of integral pairs.

Proof. Let N be a condensed B-complex. Put Ct = im(R" — B) and factor the map of
plus rings as

R" - Ct — B™.
Both arrows are integral, the first being a quotient map. Completeness may be tested on the
plus ring [And21, Proposition 3.21], and integral extension does not change this condition
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[And21, Proposition 3.22]. We therefore have
N is By-complete <= N|z+ is (Bf,.) -complete
< N|c+ is (Cf;

disc

<= N|g+ is (RZ,

disc

<= N|g is Ro-complete.

)~-complete

)P-complete

In other words, N is By-complete exactly when its restriction to R is Ro-complete.

Apply this criterion to B[0]. It is By-complete by [And21, Lemma 3.24], and hence
Ro-complete. The usual multiplication and unit therefore make B an algebra in D(Ry).

Let Bi,q be the analytic structure induced along R — B. By [Sch26a, Proposition 12.8],
its module description is

D<Bind> ~ MOdB<D<R0))

[LH26, Lemma A.1 and A.3]. Its underlying ring is the Rg-completion of B, hence B itself.
Its modules are precisely the condensed B-complexes whose restrictions are Ry-complete,
as in the displayed chain.

The two analytic structures have the same underlying ring and complete connective
modules. By uniqueness [Sch26a, Proposition 12.20],

Blnd — BO

The equivalence identifies the module categories and their forgetful functors. On both sides,
tensor product is tensor product over B followed by the same analytic completion, so the
equivalence is symmetric monoidal.

All these identifications use the given ring maps and restriction functors. The left
adjoint to the inclusion of complete connective modules is unique up to contractible choice.
This compares the constructions for a map of integral pairs and supplies the composition
homotopies for successive maps. [l

For a Tor-independent base change, the derived tensor product is the ordinary ring
B ®pr R'. We identify its analytic structure by comparing the complete modules over this
ring.

Lemma B.8. Let R — R' be a ring map carrying an integrally closed subm’ng Rt CR
into an integrally closed subring Rt C R'. Let B be an R-algebra with Tor(B, R') = 0 for
i >0, and put B' = B®g R'. Write BT, B'" for the integral closures of their images in
B, B, respectively. There is a canonical equz’valence of complete analytic rings

AnRi
( disc Fidlsc>l:I (}:I;dl:zi )D (Bdisca B$SC) (B(/iism B:ﬂ;:) .

disc
It is compatible with composition under the same Tor-vanishing for successive base changes,
wn particular for chains of flat maps.

Proof. Write Ry, By, Ry, Bj, for the analytic rings of the four discrete pairs, and set
P =R, ®R0ng By.

A monic equation for b € BT remains monic over the image of R in B’, so b maps into
B'*. This map of pairs and the map from (R, R'") define P — B} by the pushout property.
We compute its underlying ring before analytic completion:

o L /
D= BdiSC ®Rdisc disc*
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Discrete condensification commutes with derived tensor product, so the Tor-vanishing
assumption gives
D ~ (B ®r R/)diSC[O} = B(,iisc[o]'

By [Sch26a, Proposition 12.12], a connective condensed B’-complex N is complete for the
pushout precisely when N|g is R{-complete and N|p is By-complete. The first condition
implies the second by restriction to R and Lemma B.7. Applying the same lemma to
R — B’ gives

N is P-complete <= N|p is Ry-complete
<= N is Bj-complete.

The unit B’[0] is complete by Lemma B.7, so analytic completion leaves D ~ B/, .

unchanged. The source and target have the same ring and complete connective modules;
[Sch26a, Proposition 12.20] therefore makes the comparison an equivalence.
For R’ — R" with Tor® (B, R") = 0 for i > 0, use
(BeL R)ey R'~ By R
Tor-vanishing identifies this derived tensor product with B ® g R”. Both analytic pushouts

impose completeness over (RJ..., By.)", so the displayed associativity map compares them.

Uniqueness of analytic completion gives the compatibilities for longer chains. 0

Rational localizations of strongly noetherian Tate pairs are flat [KL19, Lemma 2.2.6], so
the preceding calculation applies to the base changes in the main text. The bounded charts
also commute with Tor-independent base change. In the following lemma the realizations
and fiber products are taken in analytic stacks; for B = R|[T, its charts impose the bounds
7| < ||

Lemma B.9. Let (R, RT) — (R, R'") be a morphism of complete Tate Huber pairs, and
let B be finitely presented over R with Tor® (B, R') = 0 for i > 0. Choose a topologically
nilpotent unit @ € R and generators b = (by,...,by,), and put B' = B®pg R'. Use primes
for their images after base change. Then:

(i) There is a canonical equivalence

BR* @t (R R = (B3

(ii) The chart |@™b;| < 1 base changes to |w™b;| < 1, compatibly with the transitions for
n > 0.
(iii) Their increasing union is (Spec B)*, and
(Spec B)™ X pnspec(r.r+)2 AnSpec(R', R*)™ ~ (Spec B')™.
This is functorial in affine schemes, coherent under successive base changes satisfying
the same Tor-vanishing condition, and independent of w and b.

Proof. We compute the algebraic realization using Lemma B.8. Put
73’0 = (Rdism R(—ii_isc)mv
BO - (Bdiscv B(;qsc)D?
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and R = (R, R™)Y, with primes after base change. By [LH26, A.9],
Balg R ®Aang BO-
Reassociating the pushouts and applying Lemma B.8 gives
1 AnRin AnRin nRin
B @y R = R aptt™ (R ope By
Rln
~ R ®72' B,
- (B
Here Lemma B.8 computes the inner pushout in the first line. This proves (i).
To include the bounds at level n, form the pushout

(Z[Ty, ..., Tn], Z)° —— Z[T}, ..., T,]"

alg univ
BR B |w"b|<1*

The upper map imposes integral bounds on the variables. Thus a map from the lower right
ring is a map from B;}g for which the chosen elements satisfy those bounds. The upper
map is a steady localization [LH26, A.9]; its base change therefore defines a subobject of
AnSpec ng, with a contractible space of factorizations whenever one exists.

The upper row does not depend on R. After base change to R’, the lower left ring
becomes (B')%¢ and the bounded elements become w'"b;. The pushout consequently gives

univ AnRing 15/ /\univ
lwrbl<1 R R’ =~ (B')jmmp<1-

The transition to level n + 1 uses
"t = ().

Since w € R™, a bound at level n implies the bound at level n+ 1. Thus the charts increase,
with their ring maps going in the opposite direction. The same identity holds over R’, so
the comparison respects these transitions. This proves (ii).

Separate bounds on the m generators give an N™-indexed system. Each tuple is dominated
by its largest entry, so the diagonal N — N™ is cofinal. By [LH26, A.11-A.15],

(Spec B)™ o~ cohm AnSpec B‘;lif’bKl.

Pullback preserves this colimit, so taking unions proves (iii). Successive Tor-independent
base changes reassociate the same pushouts, compatibly with the transitions in n.
To compare the choices of generators and pseudo-uniformizer, write

Uwm.n(b) = AnSpec Bﬁg?mg.

Every topologically nilpotent element lies in R*: a sufficiently large power lies in this open
subring, so integral closedness gives the claim. We also use the universal bounded-locus
maps for sums and products from [LH26, A.9 and the proof of Proposition A.12(2)], which
turn the following polynomial identities into maps of bounded charts.
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For two generating tuples, enlarge both to their union c. It is enough to compare one
tuple b with this union. Write each added generator as

— . v
C; = E a],,b .
v

Fix a level n. Only finitely many coefficients occur, so openness of R™ and topological
nilpotence of w let us choose m > n such that

wm_”"’|aj,, €ERT

for every coefficient. On U ,,(b), this choice gives

whc; = Z (wm_”Majy) (w"b)”.

v

Each factor on the right is bounded, so the sum and product maps give the required bound
on w™c¢;. The original generators remain bounded at level m because m > n. Hence

Upn(b) C Ugm(c).
Forgetting the added bounds gives the reverse comparison
Uwpn(c) C Ugn(b).

We may choose m nondecreasing with n. The two comparisons then identify the unions of
the chart systems.
Now change the topologically nilpotent unit to @. Choose r, s > 0 with

o' /we R,
w®/w e RT.

Such choices exist because the corresponding sequences of quotients tend to zero. On

Uw.n(c), the identity
wc = ( > (w Cz)

expresses the new coordinate as a product of bounded elements. Reversing the roles of the
two units gives

Uw,n(c) - Uz%,rn(c)a
Uz .n(c) C Ugsn(c).

Thus these unions agree as well. On their common refinements the base-change map is still
obtained from the same pushout, so it is independent of both choices.

For an R-algebra map B — C, express the images of the b; in generators of C'. The same
coefficient bound sends each chart for C' into a chart for B; taking unions gives the map of
analytic loci. Enlarging bounds compares choices. Contractibility of factorizations through
localization subobjects supplies compatibility with identities, composition, the stated base
changes, and higher homotopies. 0

B.4. Comparison over a Tate affinoid. The module description used in the algebraization
argument follows by applying condensification to an algebra and its modules. Recall the
formula

Condg(M) = R®%,  Maise
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for M € D(R), with values in complete modules [And21, Theorem 5.9].

Lemma B.10. Let (R, RT) be a complete Tate Huber pair and let A be an R-algebra. There
s a canonical symmetric monoidal equivalence

Cri((Spec A)*€) ~ Modcondp(4) (Do(R, RT)).

For the structural map qjlg, qu‘li is the forgetful functor. The comparison ozzlg 18 induced by

Condg on modules and s fully faithful, with essential image detected on underlying objects

in Condgr(D(R)).
Proof. Let AT be the integral closure of the image of R™ in A. Put
7?'0 - (Rdism R+ )D7

disc

-AO = (Adisca A(—ESC)D-
Set R = (R, RT)". By the definition above,
al AnRin
Pass to complete-module categories and apply Lemma B.7:

D(A%®) =~ D(R) ®p(ry) D(Ao)
~ D(R) ®p(r,) Moda(D(Ro))
~ Modcond(a)(Do(R, RY)).

The first equivalence is the pushout formula [LH26, Lemma A.1]; the second tests com-
pleteness after restriction to Ry. The last extends the module category to D(R) [Lurl?,
Section 4.8.5], carrying A to Condg(A). All three respect tensor products, so the equivalence
is symmetric monoidal.

Under this equivalence, structural pullback is the free-module functor

K — Condg(4A) ® K.

Maps from this free module to N are maps from K to its underlying object in Dg(R, R™).
Thus the right adjoint quli forgets the Condg(A)-action.

An ordinary A-complex is an A-module in D(R). Condensifying the object and its action
defines the comparison. Since Condp, is fully faithful, exact, and colimit-preserving [And21,
Theorem 5.9 and Lemma 5.10], Lemma B.3 gives full faithfulness on modules.

If N has underlying object Condg (M), the same lemma lifts its action to A ®@% M — M,
including the unit, associativity, and higher relations. Hence N comes from an ordinary
A-complex. Conversely, an object in the image has underlying complex in Condg(D(R)) by
construction. U

Zariski descent glues the affine comparisons, with their scalar-extension identifications.

Proposition B.11. Let (R, R") be a complete Tate Huber pair and let S be a separated
finitely presented R-scheme. Scalar extension over the Tate base induces a fully faithful
colimit-preserving strong symmetric monoidal functor a?g : Dee(S) — Co(S™#). 1t is
functorial in S and compatible with pullback.

Proof. Choose a finite affine cover (S,) of S. Separatedness makes all multiple intersections
affine, so Lemma B.10 gives a fully faithful comparison on each.
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For Spec A’ C Spec A, restriction is M — A’ @Y% M. Condensification commutes with
scalar extension [And21, Lemma 5.10], identifying its image with analytic restriction. For
successive inclusions, the comparisons are

A" L (A @Y M) ~ A" @% M.

Associativity includes the higher compatibilities, so these functors form a map of the full
Cech diagrams.

Zariski descent computes Dy.(S) as the ordinary limit. The presentation in [LH26,
Theorem A.13] and Proposition B.1 compute Cq(5%8) as the analytic limit. Taking limits
defines ocasdg, and Lemma B.2 gives full faithfulness and colimit preservation. The affine
tensor and unit comparisons agree under restriction, so they descend to the strong symmetric
monoidal structure.

Common affine refinements identify different covers. For 8" — S, choose source affines
mapping into target affines. Pullback compatibility there is the scalar-extension formula
above; it commutes with restriction and hence glues. Tensor associativity compares the
composites. [
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