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ON THE STRUCTURE OF COUNTABLE HYPERSPACES OF REGULAR
SUBCONTINUA

LUCAS ALVES DE ALMEIDA

ABSTRACT. Let X be a metric continuum and let D(X) be its hyperspace of regular subcontinua,
that is, of the subcontinua of X which are the closure of their interior. We prove that if D(X)
is countable, then the interiors of its minimal elements are dense in X, and every regular
subcontinuum is determined by the minimal elements it contains. We further establish that
D(X) is a G5 subset of the hyperspace C'(X) of subcontinua whenever X admits a family of
regular subcontinua whose interiors have dense union and which satisfies an absorption property.
Consequently, every countable D(X) is completely metrizable and scattered. In particular, D(X)
is never homeomorphic to the rational numbers, which answers a question of Ramirez Angarita
and of Camargo, Ordonez and Ramirez. The theorems of the paper are formalized in Lean 4.

1. INTRODUCTION

1.1. The problem. A continuum is a nonempty compact connected metric space. For a
continuum X, the hyperspace C(X) of all subcontinua of X, with the Hausdorff metric, is
a classical object [6]. In 2018 Ordonez [9] introduced a subspace of C'(X) which records the
subcontinua that are “thick everywhere”: a subcontinuum A of X is regular if A = clint A, and

D(X)={AeC(X): A=clint A}

is the hyperspace of reqular subcontinua of X. Always X € D(X).

The space D(X) behaves very differently from C(X). It need not be compact or connected,
and its size is sensitive to the fine structure of X. If X is locally connected, D(X) is dense in
C(X), arcwise connected and contractible [9, Theorem 3.6]. A continuum is indecomposable if it
is not the union of two proper subcontinua; equivalently, every proper subcontinuum has empty
interior. If X is indecomposable, then D(X) = {X}. Between these extremes, D(X) is compact
if and only if it is finite [9, Corollary 4.13]. This led to the problem of deciding which spaces arise
as D(X) [3, Problem 3.22]. Further properties of D(X), and its interplay with the hyperspace of
subcontinua with empty interior, are studied in [10, 3].

Several cases are known. Camargo, Ordonez and Ramirez showed that |D(X)| ¢ {2,4,5,8,9} [3,
Proposition 3.18] and that D(X) is never homeomorphic to the discrete space N [3, Theorem 3.25];
the finite cardinalities that do occur are determined in [1]. Ramirez Angarita gave a continuum
with D(X) homeomorphic to the ordinal space w? [11, Ejemplo 3.2.1], and showed that D(X)
is always a II3 subset of C(X) [11, Teorema 2.0.2]. The following question appears in [11,
Pregunta 3.2.14] and in [3, Question 3.26].

Question 1.1 (Ramirez Angarita; Camargo, Ordonez and Ramirez). Does there exist a contin-
uum X such that D(X) is homeomorphic to either the rationals Q or the irrationals?
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The irrational half was answered positively in [2], where a continuum X C ¢? with D(X)
homeomorphic to the Baire space NV is constructed; that paper leaves the rational half open.
By Sierpinski’s theorem [7, Exercise 7.12], a space is homeomorphic to Q exactly when it is
nonempty, countable, metrizable and has no isolated points. So the rational half asks for a
continuum whose family of regular subcontinua is countably infinite and has no isolated point in
the Hausdorff metric.

1.2. Why the rational case is different. The examples above are built from indecomposable
continua glued along small sets. In such a continuum each indecomposable piece acts as an
indivisible unit, and a regular subcontinuum is determined by the pieces it contains. Two
mechanisms are then available, and each fails for Q in a different way. If small pieces are attached
independently to a fixed regular subcontinuum, every subfamily of them can be added, so there
are continuum many regular subcontinua. If they are attached in a nested way, as in the example
with D(X) = w?, the hyperspace stays countable but finite configurations are isolated points.
There is also a descriptive obstruction: a space homeomorphic to QQ is not completely metrizable,
so D(X) would have to fail to be a G5 subset of the compact space C(X), whereas the coding
used in [2] always produces a G set.

These observations do not exclude a continuum of a completely different nature, in which
regular subcontinua are not assembled from indivisible pieces at all. The difficulty of the rational
case is to control every metric continuum with a countable hyperspace of regular subcontinua.
The content of this paper is that countability alone forces the piecewise structure.

1.3. Results. The first result is the answer to the rational half of Question 1.1. Recall that a
space is scattered if each of its nonempty subspaces has an isolated point.

Theorem 1.2 (Main Theorem). Let X be a metric continuum such that D(X) is countable.
Then D(X) is a G subset of C(X). Consequently D(X) is completely metrizable and scattered,
and its isolated points form a dense subset. In particular there is no metric continuum X such
that D(X) is homeomorphic to Q.

Since D(X) is a Borel subset of C'(X) [11, Teorema 2.0.2], it is either countable or of cardinality
¢ [7, Theorem 13.6]. Theorem 1.2 therefore says that D(X) is either of cardinality ¢ or a scattered,
completely metrizable countable space.

Remark 1.3. “Completely metrizable” means that some complete metric induces the topology of
D(X). It does not mean that the Hausdorff metric is complete on D(X), and in the infinite case
it never is: a subspace on which the Hausdorfl metric is complete is closed in the compact space
C(X), hence compact, whereas D(X) is compact only if it is finite [9, Corollary 4.13]. So there
is no conflict between Theorem 1.2 and that result. In Example 7.2 the regular subcontinua K,
converge in C'(X) to the singleton {p}, which is not in D(X).

The Main Theorem is a consequence of two results of independent interest. An element N of
D(X) is minimal if no element of D(X) is properly contained in N.

Theorem 1.4 (Structure Theorem). Let X be a metric continuum such that D(X) is countable,
and let M be the set of minimal elements of D(X).
(1) (Absorption) If A € D(X) and N € M, then either N C A or N Nint A = (.
(2) Distinct elements of M have disjoint interiors.
(3) (Density) The union of the interiors of the elements of M is dense in X.
(4) Every A € D(X) is the closure of the union of the elements of M contained in A; in
particular A contains a minimal element.
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Part (1) extends [3, Proposition 3.15], which is the same statement under the stronger
hypothesis that D(X) is discrete (a discrete subspace of the separable metric space C(X)
is countable). Parts (2)—(4) extend to countable D(X) the description of finite D(X) in [3,
Theorem 3.16], where X is a finite union of minimal elements with pairwise disjoint interiors.
Countability cannot be dropped: the arc has no minimal regular subcontinuum, and Example 7.3
gives a continuum with a minimal regular subcontinuum for which absorption fails.

We call a continuum D-atomic if it has a family of regular subcontinua with the absorption
property whose interiors have dense union (Definition 6.1). Theorem 1.4 says that a continuum
with countable D(X) is D-atomic. The second ingredient needs no cardinality assumption.

Theorem 1.5. If X is a D-atomic continuum, then D(X) is a Gs subset of C(X).

1.4. The proof strategy. Countability of D(X) is used through three different mechanisms,
and it is worth separating them.

The first concerns additions (Lemma 3.2): if infinitely many regular subcontinua C),, meet a
fixed regular subcontinuum A, and each C,, has a point which is not approximated by A and the
other Cp,, then © — cl(AUU, e Cr) is an injection of the power set of N into D(X'). A countable
D(X) admits no such independent family. The second concerns deletions (Theorem 3.4): if
infinitely many pairwise disjoint open sets can be removed from a regular subcontinuum in every
finite combination, leaving a regular subcontinuum each time, then suitable infinite combinations
can be removed as well, and again |D(X)| = ¢. The third is a direct use of an enumeration of
D(X): it produces a tree of finite covers of X, countability bounds the number of branches of
this tree, and the Baire category theorem then applies to the resulting countable closed cover.

No one of these mechanisms does the work of the others. The arc has no independent family
and no infinite family of removable open sets, and yet it has continuum many regular subcontinua
and no minimal one (Remark 3.3). The proof proceeds in five steps.

(i) Complements. For A, B € D(X) the regularised difference B & A = cl(int B \ A) has
finitely many components, each a regular subcontinuum (Lemma 4.1). Infinitely many
components would give an independent family over A; this is the only step that uses the
first mechanism. It yields absorption at once: if N is minimal and N € A, a component
of N © A is a regular subcontinuum inside NV, hence equals N, and N & A misses int A.

(ii) An algebra. It follows that the finite unions of regular subcontinua are closed under the
Boolean operations of the algebra of regular closed sets (Proposition 4.3). Any regular
subcontinuum can then be cut along any other into finitely many regular subcontinua.

(iii) Decreasing intersections. The intersection of a decreasing sequence of regular subcontinua
need not be regular. We show that, when D(X) is countable, it is regular wherever it
has interior: the closure of the interior of the intersection is a finite union of regular
subcontinua (Lemma 4.6). Here the counting is done by the second mechanism: if the
complement of the intersection had infinitely many components, one could construct
infinitely many removable open sets (“blisters”).

(iv) Density. This is the third mechanism. Enumerate D(X) = {D;, Do,...} and cut X
successively along D1, Ds,.... This gives a tree of finite covers by regular subcontinua.
Ordering each cover so that its initial unions are connected shows that the tree has only
countably many branches. The intersections along the branches form a countable closed
cover of X, and a branch intersection with nonempty interior is a minimal element of
D(X). The Baire category theorem gives density (Theorem 5.1).

(v) Complexity. For a D-atomic continuum, membership of a subcontinuum in D(X) is ex-
pressed by countably many open conditions inside a closed subset of C'(X) (Theorem 1.5).
A countable completely metrizable space is scattered by the Baire category theorem.
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1.5. Organisation. Section 2 collects the facts on regular closed sets, components and hyper-
spaces that we use, with proofs where a precise reference is not at hand. Section 3 contains the
two counting results. Section 4 proves the complement lemma, absorption, and the lemma on
decreasing intersections. Section 5 proves density. Section 6 treats D-atomic continua and proves
Theorems 1.2, 1.4 and 1.5. Section 7 gives examples showing that the hypotheses are needed,
and Section 8 states some questions.

1.6. What is new. To the best of the author’s knowledge, based on the literature search
described in the declaration at the end of the paper, Theorems 1.2, 1.4 and 1.5, Theorem 3.4,
Lemmas 4.1 and 4.6, Proposition 4.3 and Theorem 5.1 are new. Lemma 3.2 formalises an
observation already made in [2, Section 6]. The term “D-atomic” is introduced here; it is
unrelated to atomic maps and to terminal subcontinua. The results of Section 2 are standard.

2. PRELIMINARIES

Throughout, X is a continuum with metric d. Closures, interiors and boundaries, written cl,
int and bd, are taken in X unless a subscript indicates otherwise. For S C X and £ > 0 we write
N.(S)={zx € X :d(x,5) < e}, and B(x,e) = N.({z}). The cardinality of the continuum is c.

2.1. Regular closed sets. A subset F' of X is reqular closed if F' = clint F'. The closure of an
open set is regular closed. Regular closed sets form a Boolean algebra under suitable operations;
we need only the two operations below and a few identities, which we prove for completeness.

Definition 2.1. For regular closed sets F,G C X put
FoG=cl(int F\ G), F AG = cl(int F Nint G).
We call F'© G the regularised difference of F' and G.

The set F'\ G is in general not closed, and F'N G is closed but need not be regular closed: it
may have “thin” parts where F' and G only touch. The two operations repair this. F' & G keeps
the open part of F' lying outside G and takes its closure; F' A G keeps the open set on which F
and G overlap and takes its closure. Contact between F' and G along a set without interior is
discarded by A and does not affect ©. For instance, for the intervals F' = [0,2] and G = [1, 3] in
R we get FO G =[0,1] and FAG = [1,2], while for G = [2,3] we get F&6G=F and FAG =10
although FFNG = {2}.

Lemma 2.2. Let F,G, Fy, Fo, G1,Go be regular closed subsets of X.

(a) The closure of the union of any family of reqular closed sets is reqular closed.

(b) If U is open and UNF # 0, then U Nint F # 0. In particular a nonempty regqular closed
set has nonempty interior.

(c) If V is a relatively clopen subset of F', then V is reqular closed in X.

(d) FoG and F NG are regular closed, F\GC FoGC FNc(X\G), FAGCFNQG,
and (F& G)NintG = 0.

(e) F=(FAG)U(FoG), andint(FAG)Nint(F & G) = (.

(f) (F1UF)0G = (F16G)U(F,0G6), (FeG1)eGe = FO(G1UG,), and FAG = FO(FOG).

Proof. (a) Let £ = cl{J; F;. Then int F; C int F, so F; = clint F; C clint F for every 4, and
hence EF C clint E C E.

(b) A point of U N F' is a limit of points of int F', and U is a neighbourhood of it.

(c) Write V.= FNW with W open in X. The set V is closed in X. If z € V| then z is a limit
of points of int F', which eventually lie in W; and int £'N W is an open subset of X contained in
V.Sox eclintV.
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(d) Both sets are closures of open sets. If x € F'\ G, then z is a limit of points of int F', which
eventually lie outside the closed set G; so x € F'& G. The remaining inclusions are immediate,
and the open set int G misses int '\ G, hence its closure.

(e) The set bdG = G \ intG is closed and has empty interior, because an open subset
of G lies in int G. Hence int F' \ bd G is dense in int F, and so in F. Since int F' \ bdG =
(int F Nint G) U (int F' \ G), the first assertion follows. If an open set W were contained in both
FAGand Fo G, then WnNint FNintG and W Nint F'\ G would be disjoint open sets, each
dense in W; so W = ().

(f) First identity. The inclusion D is clear. Let x € int(F} U F3) \ G and let U be an open
neighbourhood of z with U C F; U F; and U NG = (). Since F} U Fy = cl(int F} Uint Fy), the
set (int F; Uint F5) N U is dense in U and misses G. So x € (F} © G) U (F, © G), and this set is
closed.

Second identity. The open set int '\ (G1 UG2) is contained in int(F © G1) \ Gg, which gives D.
Conversely let x € int(F & G1) \ G2 and let U be an open neighbourhood of = with U C F © G
and U N Gy = 0. Then (int F\ G1) NU is dense in U and misses G, so x € F & (G1 U Ga).

Third identity. A point x € int F' lies outside F' © G if and only if it has a neighbourhood
U Cint F with U N (int £\ G) = 0, that is, with U C G; equivalently, € int F' N int G. Hence
int FF\ (F & @G) =int FNint G, and taking closures gives the identity. O

A subcontinuum is regular exactly when it is a regular closed set. By Lemma 2.2(a), if
A CD(X) and |JA is connected, then cl|J.A € D(X); this applies in particular to finite families
with connected union, to families all of whose members meet a fixed member, and to chains. By
Lemma 2.2(b), if A € D(X) and U is an open set meeting A, then U Nint A # (). We use these
facts without further mention.

2.2. Components. We need three standard facts on components of compact metric spaces.

Lemma 2.3. Let K be a compact metric space.

(a) If C is a component of K and E C K is a closed set disjoint from C, then there is a
clopen subset V of K with C CV and VNE = 0.

(b) If K has infinitely many components, then K contains infinitely many pairwise disjoint
nonempty clopen subsets.

(¢) If K has finitely many components, each of them is clopen in K.

Proof. (a) In a compact Hausdorff space every component is the intersection of the clopen sets
containing it [5, Theorem 6.1.23]. So the clopen sets containing C, intersected with E, form a
family of closed subsets of E¥ with empty intersection. By compactness finitely many of them
have empty intersection with F, and a finite intersection of clopen sets is clopen.

(b) Put Ky = K. Suppose K, is a clopen subset of K with infinitely many components.
Choose two distinct components C, C” of K, and, by (a), a clopen subset W of K,, with C C W
and WNC" = . Each of W and K,, \ W is a nonempty clopen subset of K and a union of
components of K, so one of them has infinitely many components. Call that one K, 11 and the
other V1. The sets Vi, Va,... are as required.

(c¢) The complement of a component is a finite union of closed sets. O

The next lemma is a form of the boundary bumping theorem [8, Theorems 5.4 and 5.6]. We
include the short proof of the version we need.

Lemma 2.4 (Boundary bumping). Let Z be a continuum, K a nonempty proper closed subset
of Z, and H a component of Z\ K. Then cly HNK # ().
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Proof. Suppose cly HN K = (). Then clz H is a connected subset of Z \ K containing H, so
H = clz H is compact. Choose an open set W of Z with H C W and cl; W N K = (). Since
cly W C Z\ K, the set H is a component of the compact space cly W, and it is disjoint from
the closed set clz W \ W. By Lemma 2.3(a) there is a relatively clopen subset V of clz W
with H CV C W. Then V is closed in Z. It is also open in Z: it is relatively open in cly W
and contained in the open set W. As V is nonempty and misses K # (), this contradicts the
connectedness of Z. g

Lemma 2.5 ([8, Theorem 1.8]). The intersection of a decreasing sequence of continua is a
continuum.

2.3. The hyperspace. The Hausdorff distance between nonempty closed sets A, B C X is
dp(A,B) =inf{e > 0: A C N.(B), B C N-(A)}. With this metric C(X) is a compact metric
space [6]. We use three elementary properties.

Lemma 2.6. Let P C X be closed and U C X open.
(a) {Ae C(X): PC A} is closed in C(X).
(b) {AeC(X): ANU # 0} is open in C(X).
(¢c) {AeC(X): ACU} is open in C(X).

Proof. (a) If Ay — A and P C Ay for all k, then every p € P satisfies d(p, A) < dg(Ag, A) — 0,
sope A. (b)Ifae€ ANU and B(a,e) C U, then every A’ with dy(A, A’) < € meets B(a,¢). (c)
If A C U, compactness gives € > 0 with N.(A) C U, and dy(A, A’) < e implies A’ C N.(A). O

2.4. Limit sets and thinning. For a sequence (Sy,)nen of subsets of X and I C N, let Ls,er Sy,
be the set of points x € X every neighbourhood of which meets S,, for infinitely many n € I.
This set is closed. The next lemma says that a sequence of sets can be thinned out, discarding
infinitely many terms, without losing any of its limit points. It is the device that turns “finitely
many deletions” into “continuum many deletions” in Section 3.

Lemma 2.7 (Thinning). Let (Sy)nen be a sequence of subsets of X. There is a set In C N with
infinite complement such that

Lsnen Sn C el | Sn.

nely
Proof. Let A = Lspen Sp. If A = 0 take Iy = (). Otherwise let {y,, : m € N} be a countable
dense subset of A, and list the pairs (m,r) € N x N as (my,r1), (ma,r2),.... Choose inductively

integers n; < ng < --- with ng1 > ny + 2 such that S, meets B(ypm,,1/r:); this is possible
because y,,, € A, so infinitely many indices qualify. Put Iy = {n; : ¢t € N}. Its complement
contains every n; + 1 and is infinite. Each y, lies in clU,,¢/, Sn, and so does A. O

3. TWO COUNTING PRINCIPLES

This section contains the two results that convert a geometric configuration into continuum
many regular subcontinua. Neither assumes that D(X) is countable; they are used to derive
contradictions from that assumption.

3.1. Independent families.

Definition 3.1. Let A € D(X). A sequence (Cy,)nen in D(X) is independent over A if each C,
meets A and

Cn < cl(A U U Cm) for every n € N.
m#n
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One should think of infinitely many blades attached to a common core A, each blade having a
private part that the core and the other blades do not approach. A null sequence of indecomposable
continua meeting at one point is the basic example. The definition isolates the property of such
configurations that makes D(X) large.

Lemma 3.2 (Independent families). If some A € D(X) admits a sequence independent over A,
then |D(X)| = ¢.

Proof. Let (Cy) be independent over A and choose z,, € Cy, \ cl(AU U,,2, Cpn). For © C N
put Bg = cl(AUU,co Cn). The set AU, cq Cr is connected, because each C,, is connected
and meets the connected set A; so Bg € D(X). If n € © then z, € Bg, and if n ¢ © then
Be C cl(A U Uz, ) does not contain z,. So © — Bg is injective and [D(X)[ > ¢. The
reverse inequality holds because C(X) is a separable metric space. O

The hypothesis that every C,, meets A is what makes the unions connected. In the continuum
with D(X) = w? (Example 7.2) the links of the chain are pairwise “private” but meet only their
neighbours, and no independent family exists.

Remark 3.3 (The absence of independent families is not enough). The converse of Lemma 3.2
fails. Let X = [0, 1], so that D(X) is the set of nondegenerate closed subintervals and |D(X)| = c.
Let A € D(X) and let Cy,Co, ... be subintervals meeting A. Then each AU (), is an interval,
and a point of C, outside cl(AUU,,, Cr) lies to the left of A and of all the other Cy,, or to
the right of all of them. At most one C), can reach strictly furthest to the left and at most one
strictly furthest to the right; so at most two of the C,, have such a point, and no sequence is
independent over A. Similarly the arc has no infinite family of sets as in Theorem 3.4 below: if
A =la,b] and O C A is a nonempty set such that A\ O is a subinterval of A, then O contains
a or b; so a family of pairwise disjoint sets of this kind has at most two members. So the two
counting principles of this section do not by themselves separate the arc from the continua with
countable D(X); the third use of countability, in Section 5, is needed.

3.2. The blister theorem. The second principle concerns deletions instead of additions. Sup-
pose one tries to realise a countable dense-in-itself hyperspace by coding regular subcontinua as
“X minus finitely many small pieces”. The following theorem shows that if the pieces are pairwise
disjoint open sets and every finite deletion is allowed, then many infinite deletions are allowed
too. We call the sets O,, blisters.

Theorem 3.4 (Blister theorem). Let A € D(X), and let O1, O, ... be pairwise disjoint nonempty
open subsets of X contained in A. Suppose that for every finite set F' C N the set

Ap=A\ | O,
ner
is a regular subcontinuum of X. Then |D(X)| = c.

Proof. Let A = A\ U,eny On and, for ¥ C N, let
Yy =A\ |J On=AU | On.

ng¢¥ new
Each Yy is closed, and O,, C Yy if and only if n € ¥, so distinct sets ¥ give distinct sets Yy. It
suffices to find continuum many ¥ with Yy € D(X).
Connectedness. If N\ W is finite, Yy = Ay g is a continuum by hypothesis. Otherwise list
N\ W as ky < kg <---; then Yy =(; Alk,y,...k;} 18 a continuum by Lemma 2.5.
A covering of A. Let Ao = AN Lspen On,. We claim that

A Cclint AU A. (1)
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Let y € A\ Aw. There are a ball U centred at y and a finite set ' C N such that UN O, =
foralln ¢ F. Then ApNU = ANU. Since y € Ap = clint Ap, every ball U’ C U centred at y
contains a nonempty open set W C Ap NU = ANU; thus W Cint A and y € clint A.

Thinning. By Lemma 2.7 there is Wy C N with infinite complement such that Ls,cny Oy, C
clUnew, On-

Regularity. Let ¥ O Wy. The interior of Yy contains int A and every O,, with n € ¥. Hence
clint Yy contains clint A, contains Ay, by the choice of ¥y, and contains O,, for n € ¥. By (1)
these sets cover Yy. So Yy is a regular closed continuum, that is, Yy € D(X).

Since N\ ¥y is infinite, there are continuum many sets W 2O Wy. ]

Remark 3.5. The hypothesis that every finite deletion is a regular subcontinuum is essential. In
the chain of Example 7.2 the interiors of the links are pairwise disjoint open sets, deleting one
inner link disconnects the chain, and D(X) is countable.

4. COMPLEMENTS, ABSORPTION AND DECREASING INTERSECTIONS

From now on we study a continuum X with D(X) countable. We state this hypothesis in each
result. In this section all uses of it go through Lemma 3.2 or Theorem 3.4.

4.1. The complement lemma. Let A, B € D(X). The part of B outside A is captured by
the regularised difference B © A = cl(int B \ A). In general this set can have infinitely many
components, none of them regular (a Cantor set of arcs, for instance). The next lemma shows
that this does not happen when D(X) is countable; see Figure 1.

A o part of B inside A
ANB [] BOA=R UR;URs
a rest of A

FIGURE 1. Schematic picture of Lemma 4.1. The regular subcontinuum B is
the union of the three hatched regions and of the dark region inside A, which
joins them; so B is connected. When D(X) is countable, B © A has finitely many
components Ry, ..., Ry; each is a regular subcontinuum and meets A.

Lemma 4.1 (Complement lemma). Let D(X) be countable, and let A, B € D(X) with ANB # ()
and BZ A. Put R=B & A. Then:

(1) R is a nonempty reqular closed set, RC B, RNint A=0, and AUB = AUR;
(2) every component of R meets A;
(3) R has finitely many components, and each of them is an element of D(X).

Proof. (1) If int B C A then B = clint B C A; so int B\ A # () and R # (). The other assertions
are in Lemma 2.2(d); note that B\ A C R C B gives AUB = AUR.

(2) Suppose a component C' of R misses A. By Lemma 2.3(a), applied in the compact space
R to the closed set AN R, there is a relatively clopen subset V of R with C CV and VN A = (.
Let Y = AUB = AUR. The set V is closed, and Y\ V = AU (R\ V) is closed. Both are
nonempty, so Y is disconnected. But Y is the union of two continua with a common point.

(3) Suppose R has infinitely many components. By Lemma 2.3(b) there are pairwise disjoint
nonempty relatively clopen subsets Vi, Vs, ... of R. Each V; is regular closed in X by Lemma 2.2(c).
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The components of V; are components of R, so by (2) each of them meets A; hence AU V; is
connected, and C; = AUV; € D(X). Since int B \ A is dense in R and V; is relatively open in R,
we can pick x; € V; N (int B\ A). Then x; ¢ A, and z; does not belong to the closed set R\ V;,
which contains Vj for all j # 4. Therefore z; ¢ cl(AUU,; C;). The sequence (C;) is independent
over A, and Lemma 3.2 contradicts the countability of D(X).

So R has finitely many components. Each is relatively clopen in R by Lemma 2.3(c), hence a
nonempty regular closed set by Lemma 2.2(c), and it is connected and compact. O

4.2. An algebra of regular closed sets.

Definition 4.2. Let .#(X) be the family consisting of the empty set and of all finite unions of
elements of D(X).

The members of .% (X)) are the regular closed sets that can be described by finitely many regular
subcontinua. The complement lemma implies that this family is closed under the operations of
Definition 2.1, which is what allows us to refine covers in Section 5.

Proposition 4.3. Let D(X) be countable and F,G € F(X).

(1) FUG, Fo G and F A G belong to .7 (X).
(2) If F # 0, then F has finitely many components and each of them belongs to D(X).

Proof. (2) A finite union of continua has finitely many components. Each is relatively clopen in
the regular closed set F' (Lemmas 2.2(a) and 2.3(c)), hence regular closed by Lemma 2.2(c).
(1) The case of unions is trivial. Let A,Be D(X). f ANB=0then BOA=B;if BC A
then B& A = (); otherwise B& A € .Z(X) by Lemma 4.1. The first two identities of Lemma 2.2(f)
extend this to all of .Z(X): by the first, F© A € #(X) for F € #(X) and A € D(X); by
the second, removing a finite union Ay U --- U A amounts to removing Ay, ..., A successively.
Finally F A G = F © (F & G) by the third identity. O

4.3. Absorption. We can now answer the question whether minimal regular subcontinua behave
as indivisible pieces.

Theorem 4.4 (Absorption). Let D(X) be countable and let N be a minimal element of D(X).
For every A € D(X), either N C A or NNint A = 0. In particular, if int ANint N # (), then
N C A.

Proof. Suppose N € A. If AN N = () there is nothing to prove. Otherwise Lemma 4.1 applies
with B = N: the set R = N & A is nonempty, and a component R; of R is an element of
D(X) with Ry € R C N. By minimality Ry = N, so N C R. Since RNint A = ), we get
NnNint A = 0. O

Corollary 4.5. Let D(X) be countable. If N # N’ are minimal elements of D(X), then
N Nint N' = 0. In particular int N Nint N’ = (.

Proof. By Theorem 4.4 with A = N’, either N C N’, which gives N = N’ by minimality of N’,
or N Nint N/ = {). O

The proof of [3, Proposition 3.15] uses a maximal proper element of D(A U N) containing A,
which exists when D(X) is discrete but need not exist when D(X) is merely countable. The
complement lemma replaces that step. Example 7.3 shows that Theorem 4.4 fails without a
restriction on the size of D(X).
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4.4. Decreasing intersections. If A; C Ay C ... are regular subcontinua, then cllJ, A,
is again one. Decreasing sequences are different: the intersection K of regular subcontinua
Ay D Ay D --- is a continuum, but it may have empty interior, and when it has interior there is

no general reason for it to contain a regular subcontinuum. The next lemma is the main technical
step of the paper. It shows that, when D(X) is countable, the “thick part” clint K of K is as
good as possible.

Lemma 4.6 (Decreasing intersections). Let D(X) be countable, let Ay O Ag D --- be elements
of D(X), and let K =, An. Then cl(X \ K) and clint K belong to .Z(X). In particular, if
int K # 0, then K contains an element of D(X).

The proof is by contradiction, and its idea is the following. If cl(X \ K) had infinitely many
components, it would contain infinitely many pairwise disjoint relatively clopen pieces V;. A
whole piece V; cannot be deleted from X without damage, because it reaches K. But V; is
not contained in K, so some A, already misses part of it, and the part O; = V; \ A,, can be
deleted: what remains of V; lies in the regular subcontinuum A,,, which keeps it thick and keeps
it attached to K. The sets O; are then blisters in the sense of Theorem 3.4. The two verifications
in the proof, connectedness and regularity of X minus finitely many O;, make this precise.

Proof. The set K is a continuum by Lemma 2.5. Let R = cl(X \ K), a regular closed set. We
show that R has finitely many components. This suffices: each component is then relatively
clopen in R, hence regular closed, so R € .Z#(X); and clint K = cl(X \ R) = X © R € .Z(X) by
Proposition 4.3. The last assertion then follows from Proposition 4.3(2).

Suppose R has infinitely many components. By Lemma 2.3(b) there are pairwise disjoint
nonempty relatively clopen subsets Vi, Vo, ... of R. Write V; = RNW,; with W; open in X. Since
X \ K is dense in R, we can pick z; € V; \ K, and then n; with x; ¢ A,,. Put

Because X \ 4,, C X \ K C R, we have O; = W; \ A,,,, which is open in X. The sets O, are
nonempty, pairwise disjoint, and disjoint from K. For a finite set F' C N let

Ve =X\ O
i€F
We shall prove that Yr € D(X) for every finite F'. Theorem 3.4, applied with A = X, then gives
|D(X)| = ¢, a contradiction.
Fix a finite set F'. We use the following observation.
() For each i, the set V; \ K is relatively clopen in X \ K. Hence a connected subset of
X \ K is either contained in V; or disjoint from V;.

Indeed X \ K C R and V; is relatively clopen in R.

Yr is connected. We have K C Yp. It suffices to show that every y € Yz \ K lies in a connected
subset of Yy which meets K.

Case 1: y € V; for some i € F. Since y ¢ O;, we have y € A,,,. Let H be the component of y
in Ap, \ K. By Lemma 2.4, applied in the continuum A,,, the set cl H meets K. By (x), H C V;,
so clH C V; N A,,. This set misses O; and misses O; C Vj for j #i. So clH C Yp.

Case 2: y ¢ V; for alli € F. Let H be the component of y in X \ K. By (%), H misses V;,
hence O;, for every i € F. As the sets O; are open, cl H misses them too, so cl H C Yr; and cl H
meets K by Lemma 2.4.

Yr is regular closed. 1t is closed. If F' = () then Yp = X. Otherwise let n = max{n; : i € F'}.
Then A, C A,,, misses O; for i € I, so A, C Yr and

K CA, =clint A, CclintYp.
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Now let y € Yp \ K. If y € V; for some i € F', then U = W; \ K is an open neighbourhood of y
with U C V;, and

YFﬁUIU\OZ‘ZUﬁAn“
because U misses V; O O; for j # i and O; = W; \ A,,. Since y € A, = clint A,,,, the point y is
a limit of points of the open set UNint A,, C Yp. If y ¢ V; for all i € F, then (X \ K)\ Ujer Vi
is an open neighbourhood of y contained in Yr. In all cases y € clint Y. O

5. DENSITY OF THE MINIMAL ELEMENTS

We now prove that, when D(X) is countable, minimal elements of D(X) are found near every
point of X.

Theorem 5.1 (Density). Let D(X) be countable. Then the union of the interiors of the minimal
elements of D(X) is dense in X.

The idea is to cut X along every element of D(X) in turn. After the nth cut, X is covered by
finitely many regular subcontinua (“cells”), each of which lies on one side of D,,: inside D,, or
inside cl(X \ Dy). One may think of the nth cut as deciding, for each cell, a yes-or-no question
about D, ; a decreasing sequence of cells records a consistent list of answers for all elements of
D(X). Following a decreasing sequence of cells leads to a continuum K which lies on one side of
every element of D(X); if K has interior, Lemma 4.6 provides a regular subcontinuum inside
K, and K is forced to coincide with it and to be minimal. Baire category then gives density,
provided there are only countably many decreasing sequences of cells. This is not automatic for a
finitely branching tree. It follows from a linear ordering of the cells with connected initial unions:
to each branch one can attach the regular subcontinuum lying “to its left”, and at most two
branches share the same one. See Figure 2.

level 0 | X |
~
level 1 ‘ Ci ‘ | ci | Cs ‘
1
eel2 | a2 | g [ a |[ a ] & | C? |

FIGURE 2. The tree of ordered covers in the proof of Theorem 5.1 (schematic).
The cells of each level are listed from left to right, and every initial union is
connected. Cells of the same level have disjoint interiors but may meet along
their boundaries; the rectangles represent only their order. A branch b is drawn
in bold; the shaded cells are those placed before the cells of b, and the closure of
their union is the set Ly.

Proof of Theorem 5.1. Enumerate D(X) = {Dy, D2, ... }, with repetitions if D(X) is finite.
Step 1: ordered covers. We construct, for each n > 0, a finite list

ct, ¢y, ..., Cp
of elements of D(X), the cells of level n, with the following properties.

(P1) The cells of level n cover X and have pairwise disjoint interiors.
(P2) For every j < k;, the initial union P/* = CT U---UC? is connected.
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(P3) Every cell of level n + 1 is contained in a cell of level n, assigned to it as its parent. The
children of a cell cover it and occupy consecutive positions in the list, and if a cell C' is
placed before a cell C” at level n, then every child of C' is placed before every child of C”.

(P4) For n > 1, every cell of level n is contained in D,, or in cl(X \ Dy,).

Level 0 consists of the single cell X. Suppose level n — 1 has been constructed, and let C' be
one of its cells. By Proposition 4.3, the sets C' A D,, and C © D,, belong to .#(X), and their
components are finitely many elements of D(X); these are the subcells of C. By Lemma 2.2(d)
and (e), the subcells cover C, have pairwise disjoint interiors, and each is contained in D,, or
in cl(X \ D,,). The cells of level n are the subcells of the cells of level n — 1; they satisfy (P1)
and (P4), and it remains to order them.

Since the subcells of C' form a finite cover of the connected set C' by closed sets, their intersection
graph is connected: otherwise C' would be the union of two disjoint nonempty closed sets. We
process the cells of level n — 1 in their order. If C' = Cf_l, list the subcells of C' so that each one
meets the union of the preceding ones; this is possible in a connected graph. If C' = C’;‘_1 with

j>11let P= Pf__ll. Both P and PUC = P]n_1 are closed and connected by (P2), so PNC # ()
and some subcell of C meets P. List first such a subcell, and then the remaining subcells of C' so
that each one meets the union of P and of the subcells of C already listed. The list of level n is
the concatenation of these lists. Property (P3) holds by construction. An initial union at level n
is the union of some Pj"__l1 (empty if 7 = 1) and of an initial part of the list of subcells of C’;L_l,
each member of which meets the union of what precedes it; so it is connected, and (P2) holds.

Step 2: branches. A branch is a sequence b = (by,)n>0 in which b, is a cell of level n and by, 41
is a child of b,,. For a branch b let
Ky = m bna
n>0
a continuum by Lemma 2.5. Every point x € X lies in some Kj: choose by = X and, inductively,
a child b,41 of b, containing x, which exists by (P3). Hence

X =K. (2)
b

Step 3: there are countably many branches. By (P3), if two branches b, ¢ satisfy b,, # ¢,
and b, is placed before ¢, then b, is placed before ¢, for all m > n. So we may define b < c if
by, is placed before ¢, for some (equivalently, for every) n with b,, # c,; this is a linear order on
the set of branches.

For a branch b and n > 0 let U,,(b) be the union of the cells of level n placed before b,,. This
is an initial union, so it is empty or an element of D(X) by (P2). By (P3) the children of the
cells placed before b,, are placed before b,41 and cover those cells; hence U, (b) C U,+1(b). Let

Ly =cl | Un(b).
n>0

Then Ly is empty or the closure of an increasing union of regular subcontinua, so L, € D(X)U{0}.

We claim that L, # Lg whenever b < ¢ < d are three branches. Choose n such that by, ¢, d,
are pairwise distinct, say b, = C}', cn, = C}', dp = C}; then i < j < k. First, U (b) C P for
every m. For m < n this holds because U,,(b) C U,(b). For m > n, a cell of level m placed
before by, has an ancestor of level n which, by (P3), is b, or is placed before b,,. As P is closed,
Ly C P'. Second, C C Uy(d) € Lq. Third, int C} is disjoint from P/*: by (P1) it is disjoint
from the interior of every other cell of level n, hence from every other cell of level n, since those
are regular closed. As intC}' # (), we conclude Ly € Ly,.
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Thus the map b — L; from the set of branches to the countable set D(X) U {0} takes each
value at most twice. So the set of branches is countable.

Step 4: a branch intersection with interior is a minimal element. Let b be a branch
with int K, # (). By Lemma 4.6, applied to the decreasing sequence (b,,), there is B € D(X) with
B C K. Let B’ be any element of D(X) with B’ C K, and choose m > 1 with B’ = D,,. By (P4),
b C B’ or by, C cl(X \ B’). The second alternative would give B’ C K, C b, C cl(X \ B'),
which is impossible because the nonempty open set int B’ is disjoint from cl(X \ B’). Hence

B' C K, Cby, CB,

that is, B’ = K. Applying this to B’ = B shows K}, € D(X), and applying it to an arbitrary B’
shows that Kj is a minimal element of D(X).

Step 5: Baire category. Let U be a nonempty open subset of X. By (2) and Step 3, U
is the union of the countably many relatively closed sets U N K. Since U is a Baire space [7,
Theorem 8.4], some U N K}, has nonempty interior in U, hence in X. By Step 4 this Kj is a
minimal element of D(X), and U meets its interior. O

Remark 5.2. Step 3 is the only place where the order of the cells is used. Unlike the results
of Section 4, this proof uses the countability of D(X) directly and not through the counting
principles of Section 3: in the enumeration on which the whole construction is based (Steps 1
and 4), in the bound on the number of branches (Step 3), and in the Baire category argument
(Step 5).

6. D-ATOMIC CONTINUA AND THE PROOF OF THE MAIN THEOREMS

6.1. Atomic families. The following definition isolates the conclusion of Theorems 4.4 and 5.1.

Definition 6.1. Let X be a continuum. A family P C D(X) is an atomic family for X if

(A1) (absorption) for all A € D(X) and P € P, if int ANint P # () then P C A;
(A2) (density) the union of the interiors of the elements of P is dense in X.

The continuum X is D-atomic if it has an atomic family. The elements of P are called atoms.

For A € D(X) we write P(A) ={P P :P C A}.

Intuitively, a D-atomic continuum is tiled, up to a nowhere dense remainder, by regular
subcontinua that no regular subcontinuum can split. The chain of indecomposable continua in
Example 7.2 is a typical case: there the atoms are the links. The definition places no restriction
on how atoms meet or accumulate, and the remainder X \ Jpcp int P may contain nondegenerate
continua. Atoms are indivisible only relative to D(X): by Lemma 6.2 below an atom contains no
proper regular subcontinuum of X, but it may contain many proper subcontinua with empty
interior in X, as every nondegenerate indecomposable continuum does. We use the prefix D to
avoid confusion with atomic maps and with other uses of the word “atom” in continuum theory.
The arc is not D-atomic (Example 7.1).

The next lemma shows that an atomic family is unique and that the pairwise disjointness of
the interiors of the atoms need not be postulated.

Lemma 6.2. Let P be an atomic family for X.

(a) Distinct atoms have disjoint interiors; in particular P is countable.
(b) For every A € D(X), the family P(A) is nonempty and A = cl|JP(A).
(c) P is exactly the set of minimal elements of D(X).
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Proof. (a) If P,@Q € P and int P Nint Q # (), then (A1) gives P C @Q and Q C P. A separable
metric space has no uncountable family of pairwise disjoint nonempty open sets.

(b) Let W be a nonempty open subset of int A. By (A2) it meets int P for some P € P; then
int ANint P # (), so P € P(A) by (A1), and W N P # (. Thus [JP(A) is dense in int A, hence
in A.

(c) Let P € P and B € D(X) with B C P. By (b) there is @ € P with Q@ C B C P. The
nonempty open set int @) is contained in P = clint P, so it meets int P, and @) = P by (a). Hence
B = P, and P is minimal. Conversely a minimal element N contains an atom by (b), and equals
it by minimality. O

The next proposition makes precise in what sense a D-atomic continuum is determined, as far
as D(X) is concerned, by its atoms.

Proposition 6.3. Let P be an atomic family for X.

(a) The map A — P(A) is a bijection from D(X) onto the family of all nonempty sets S C P
such that clJ S is connected. Its inverse is S +— cllJS.

(b) For P € P, the set {A€D(X): ANint P#0} ={A e D(X): P C A} is open in D(X)
and contains no atom other than P. In particular P is a discrete subspace of D(X).

Proof. We first note that if P,Q € P are distinct, then Q Nint P = (): otherwise the open set
int P would meet @ = clint @, hence int @), contradicting Lemma 6.2(a).

(a) By Lemma 6.2(b), for A € D(X) the set P(A) is nonempty and cl|JP(A) = A is connected,;
so the map takes values in the stated family and is injective. Conversely let S C P be nonempty
with A = cl{J S connected. Then A is a regular closed continuum by Lemma 2.2(a), so A € D(X),
and S CP(A). If P € P\ S, every element of S is contained in the closed set X \ int P, hence
sois A, and P Z A. Thus P(A) = S.

(b) The two sets are equal by (A1), the first is open by Lemma 2.6(b), and an atom @ # P
misses int P. (|

Remark 6.4. Proposition 6.3(b) does not say that an atom P is an isolated point of D(X): the
open set in (b) contains every regular subcontinuum that contains P. An atom can fail to be
isolated only by being a limit of strictly larger regular subcontinua. In Example 7.2 every atom
is isolated; whether some atom must be isolated whenever D(X) is countable is Question 8.2.

6.2. Proof of Theorem 1.5. Let P be an atomic family for X. By Lemma 6.2(b), a regular
subcontinuum has two features: it treats every atom in an all-or-nothing way, and it has no part
lying away from the atoms it contains. We express the first feature by a closed condition and the
second by countably many open conditions.

Let H be the set of all A € C'(X) which contain each atom entirely or avoid its interior; that
is, such that, for every P € P,

PCA or ANint P = 0.

By Lemma 2.6(a) and (b), both conditions define closed subsets of C'(X); so H is closed in C'(X).
If Ae D(X) and ANint P # (), then int ANint P # () and P C A by (Al); so D(X) C H.

For A € H and P € P, the conditions “P C A” and “ANint P # ()” are equivalent, because
int P # (). The first is closed and the second is open. Hence

{Ae€ H:PC A} isclopen in H for every P € P. (3)

A subcontinuum in H may still fail to be regular, for instance by containing an arc that sticks
out of the atoms it contains. The next condition excludes, up to an error 1/m, any part of A
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lying away from the atoms contained in A. For m € N let U,, be the set of all A € H for which
there is a finite nonempty set S C P with

USgAgNl/m(US).

For a fixed S the first condition is clopen in H by (3), and the second is open by Lemma 2.6(c).
So U,, is open in H. We claim that

D(X)= () Un.

meN

This proves the theorem: each U, is the intersection of H with an open subset of C'(X), and the
closed set H is itself a G5 subset of the metric space C(X); so (),, Un is a Gs subset of C(X).
Let A € D(X) and m € N. By Lemma 6.2(b), the open sets Ny /,,(P), P € P(A), cover the
compact set A; a finite subcover gives a finite nonempty S C P(A) witnessing A € Up,.
Conversely let A € N, Un, and let T be the union of all atoms contained in A. For each
m we have A C Nl/m(T), so A CclT; and clT C A because A is closed. Thus A = clT is a
continuum which is the closure of a nonempty union of regular closed sets. By Lemma 2.2(a),
A e D(X). O

6.3. Proof of Theorems 1.4 and 1.2.

Proof of Theorem 1.4. Parts (1), (2) and (3) are Theorem 4.4, Corollary 4.5 and Theorem 5.1.
By (1) and (3), M is an atomic family for X, and (4) is Lemma 6.2(b). O

Proof of Theorem 1.2. By Theorem 1.4, X is D-atomic, so D(X) is a G5 subset of the compact
metric space C'(X) by Theorem 1.5. A G subset of a completely metrizable space is completely
metrizable [7, Theorem 3.11].

Let S be a nonempty subspace of D(X), and let E be the closure of S in D(X). Then E
is a nonempty, countable, completely metrizable space. If E had no isolated point, each of its
singletons would be closed and nowhere dense, and E would be a countable union of nowhere
dense sets, contradicting the Baire category theorem [7, Theorem 8.4]. So E has an isolated
point A. As {A} is open in E and S is dense in E, we have A € S, and A is isolated in S. Thus
D(X) is scattered. If W is a nonempty open subset of D(X), then W has an isolated point,
and this point is isolated in D(X) because W is open; so the isolated points of D(X) are dense.
Finally, a space homeomorphic to Q is countable and has no isolated point, so D(X) is never
homeomorphic to Q. O

Corollary 6.5. For every metric continuum X, exactly one of the following holds: |D(X)| = «,
or D(X) is a countable, scattered, completely metrizable space and X is D-atomic.

Proof. D(X) is a Borel subset of the Polish space C'(X) [11, Teorema 2.0.2], so it is countable or
of cardinality ¢ [7, Theorem 13.6]. Apply Theorems 1.2 and 1.4. O

Remark 6.6. Theorem 1.2 also shows that the descriptive obstruction mentioned in the introduc-
tion is the true one: a hypothetical example for Q would need D(X) to be countable and not
G5 in C(X), and these two requirements are incompatible. For uncountable hyperspaces D(X)
need not be Gj; this is the case for X = [0,1]? [11, p. 23]. By Theorem 1.5, the square is not
D-atomic.
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7. EXAMPLES AND SHARPNESS

Example 7.1 (The arc). For X = [0, 1], D(X) is the set of nondegenerate closed subintervals.
It has no minimal element, so by Lemma 6.2(c) the arc is not D-atomic, and |D(X)| = ¢. Thus
the existence and density of minimal elements in Theorem 1.4 require a hypothesis on D(X).
Note that D(][0, 1]) is open in C([0, 1]); so the converse of Theorem 1.5 fails.

Example 7.2 (A null chain; [11, Ejemplo 3.2.1]). Let K1, Ko,... be nondegenerate indecom-
posable continua in a metric space, converging in the Hausdorff metric to a singleton {p} with
p ¢ U, Kn, such that K,, N K, is a single point ¢, and K, N K,, = 0 for [n —m| > 1. Let
X = {ptul, K. Each K, is a regular subcontinuum of X, since K, \ {g,—1,¢} is open
in X and dense in K. The family {K,} is an atomic family. Indeed, let A € D(X) with
int ANint K,, # 0, and let p: X — K, be the retraction that sends K; U---U K,,_1 to g1
(nothing if n = 1) and {p} U U,;,>p Km t0 gn; it is continuous. If A Z K,,, connectedness of A
forces A to contain each of ¢,—1, ¢, on whose side it has points, so p(A) = AN K,,; in any case
AN K, is a subcontinuum of K,, with nonempty interior in K,, hence equal to K,,, because a
proper subcontinuum of an indecomposable continuum has empty interior. By Lemma 6.2(b)
and connectedness, the elements of D(X) are the finite chains F), ,, = K, U--- U K, (n <m)
and the tails 75, = {p} UUp>,, Kk. So D(X) is countably infinite. Its topology is easy to describe.
For each n the “row” {F,,, : m > n} U {T,} consists of the elements containing K,, but not
K,,_1, so it is clopen in D(X) by (3) below; within it, each F), ,, is isolated and F,, ,,, — T}, as
m — oco. Thus D(X) is a topological sum of countably many convergent sequences with their
limits, which is the ordinal space w?, as shown in [11]. Every finite chain is an isolated point, the
tails are the limit points, and the isolated points are dense, in accordance with Theorem 1.2. As
n — oo both F,, ,, and T}, converge in C(X) to {p} ¢ D(X), which illustrates Remark 1.3.

Example 7.3 (Absorption can fail when D(X) is uncountable). The idea is as follows. Take
an indecomposable continuum K which, in some open set, looks like a Cantor set of parallel
arcs; the buckethandle is such a continuum. Cut a closed strip B out of this family of arcs. By
itself B is far from connected. Now attach a cone over the set E of right-hand endpoints of
the arcs of B. The cone joins the arcs of B to one another, so B together with the cone is a
regular subcontinuum which enters the interior of K without containing K; and since the cone is
attached to K along a nowhere dense set, K remains a minimal regular subcontinuum. Here is
a concrete realisation, with coordinates that make the claims checkable. Let C' C [0, 1] be the
Cantor ternary set and let K C R? x {0} C R? be the Knaster buckethandle continuum: the
union of the upper semicircles centred at (%, 0) with endpoints in C, and of the lower semicircles
centred at (%, 0), n > 1, with endpoints in C' N [3%, 3%1} It is a well-known indecomposable
continuum; see [8]. Let ¢’ = {c— § : ¢ € C, ¢ > 2}, a Cantor set of radii in [§, 3

B={(+t V=20 red, <) B={{+L /- 3.0 :rec).

Thus B C K is a Cantor set of arcs, U = {|t| < £} N B is the intersection of K with the open
half-strip {|z — %\ < %, y > 0}, and E is the set of right-hand endpoints of the arcs of B. Let
v=(1,1,1), let I be the union of the segments from the points of E to v, and let

], and put

X=KuUl, A=BUT.

See Figure 3. The set I' is compact and connected, being the image of F x [0, 1] under the
continuous map (e, s) — (1 — s)e + sv, all of whose segments contain v. Its points other than
those of E have positive third coordinate, so K NI"' = E, and X is a continuum. The set E is
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closed and nowhere dense in K: each of its points is the endpoint of an arc of B, hence a limit of
points of K \ E.

K is a minimal element of D(X). The set K\ E = X \T is open in X and, as just noted, dense
in K;s0 K € D(X). If A € D(X) and A’ C K, then int A" is an open subset of K contained in
a proper subcontinuum of the indecomposable continuum K; so int A’ = (), which is impossible.

A € D(X). The set A is closed, and connected because every arc of B meets I', which is
connected. The set U = (X \T)N{(z,y,2): |x — 3| < &5, y >0} and the set T\ E = X \ K are
open in X and contained in A, and clU = B, c](I'\ E) =T. So A = clint A.

Absorption fails. We have int ANint K DU # (), but K ¢ A.

By Theorem 4.4, D(X) must be uncountable. This is also seen directly: for |s| < % the set
{(3+t,Vr2—12,0) € B:t > s} UT is a regular subcontinuum of X. In this example K & A is a
nonempty regular closed proper subset of K; since K is minimal, none of its nonempty relatively
clopen subsets is connected (such a subset would be a regular subcontinuum properly contained
in K), so it has infinitely many components, in contrast with Lemma 4.1.

[

FIGURE 3. Example 7.3 (schematic). Inside a chart of the buckethandle K, drawn
in grey, the Cantor set of arcs B is drawn in bold; the right-hand endpoints of
its arcs are joined to a vertex v outside the plane of K. The set A= BUT is a
regular subcontinuum whose interior meets the interior of the minimal element K
without containing it.

Remark 7.4 (Dense-in-itself hyperspaces). The continuum of [2] has D(X) homeomorphic to the
irrationals. So an uncountable D(X) can be completely metrizable and have no isolated point;
the countability hypothesis in the last part of Theorem 1.2 cannot be dropped.

We end this section with a consequence of the unions principle for the order structure of D(X).
It is not used in the proofs above, but it complements Theorem 1.2: the main theorem says
that a countable D(X) is scattered as a topological space, and the next proposition says that
its chains are scattered as linear orders. The two notions are different, and neither statement
implies the other in an obvious way.

Proposition 7.5. If D(X) is countable, then no subset of D(X) is ordered by inclusion in the
order type of Q.

Proof. Suppose {C, : ¢ € Q} C D(X) with Cy C Cy for ¢ < ¢'. For r € R let S, = clU,, Cy,
the closure of the union of a chain of regular subcontinua; so S, € D(X). If r < r/, choose
rationals r < ¢ < ¢’ <1’; then S, C Cy C Cy C S,r. So r+— S, is injective and |D(X)| =¢c. O

8. (QUESTIONS

Theorem 1.2 restricts the countable spaces that can occur as D(X) to scattered completely
metrizable ones. Which of them do occur is open. The finite case is settled in [3, 1]; w? occurs
(Example 7.2); the countable discrete space does not [3, Theorem 3.25].
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Question 8.1. Let D(X) be countably infinite.

(a) Which countable scattered completely metrizable spaces are homeomorphic to D(X) for
some continuum X7

(b) Is D(X) always locally compact?

(¢) Which countable ordinals a, with the order topology, are homeomorphic to some D(X)?

Regarding (c): an infinite D(X) is not compact [9, Corollary 4.13], so infinite successor
ordinals do not occur; w does not occur and w? does. By Theorem 1.4 and Proposition 6.3, a
countable D(X) is, as a set, the family of nonempty sets S of minimal elements for which cl|J S
is connected. This describes the elements of D(X) combinatorially, but not its topology: by (3)
the correspondence A ++ P(A) is continuous into the Cantor cube 27, and we do not know when
it is a homeomorphism onto its image. The answer depends on how the atoms are placed in X,
for instance on whether their diameters tend to zero.

Question 8.2. Let D(X) be countably infinite. Is some minimal element of D(X) an isolated
point of D(X)?

Theorem 1.2 gives a dense set of isolated points of D(X), and Proposition 6.3(b) shows that the
set M of minimal elements is a discrete subspace of D(X). Neither statement produces a minimal
element that is isolated in D(X). As explained in Remark 6.4, the issue is not accumulation of
other minimal elements but approximation of a minimal element N by strictly larger regular
subcontinua, which by Lemma 6.2(b) are closures of unions of N with other minimal elements
lying close to N. A considerably longer combinatorial argument, obtained during the development
of this work, indicates that this cannot happen at every minimal element, so that the answer is
yes. It is not needed here and has not been checked to the standard of the present paper, so
we state the problem as a question; the argument is recorded in a development report available
from the author.

Question 8.3. Characterise the continua X for which D(X) is a G5 subset of C'(X).

Being D-atomic is sufficient by Theorem 1.5 and not necessary by Example 7.1; the square is
a continuum for which D(X) is not Gs [11, p. 23].

Question 8.4. For which continua do the minimal elements of D(X) have the absorption
property of Theorem 4.47 Is there a natural condition on X, weaker than countability of D(X),
under which regularised differences of regular subcontinua have finitely many components?

Example 7.3 shows that some condition is needed. One sufficient condition is already contained
in the proofs: Lemma 4.1, Proposition 4.3 and Theorem 4.4 use only that X has no independent
family in the sense of Definition 3.1. By Remark 3.3 this condition is strictly weaker than
countability of D(X); in the arc it holds, and absorption holds vacuously. What is open is a
characterisation: we do not know a geometric description of the continua without independent
families, nor whether absorption can hold in the presence of independent families.

FORMALIZATION IN LEAN 4

The theorems of this paper have been formalized in Lean 4 [4] with the library Mathlib [12].
The development is available at
https://github.com/LucasAlves8Sp/
On-the-Structure-of-Countable-Hyperspaces-of-Regular-Subcontinua

and was compiled with Lean v4.35.0-rc2 and the Mathlib release of the same tag.
What is formalized. Theorems 1.2, 1.4 and 1.5, Lemma 3.2, Theorem 3.4, Lemma 4.1,
Proposition 4.3, Theorem 4.4, Corollary 4.5, Lemma 4.6, Theorem 5.1, Lemma 6.2, Proposition 6.3,
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Corollary 6.5 and Proposition 7.5, each with the hypotheses stated here and no additional one. In
particular the file Challenge.lean contains the statement that there is no metric continuum X
with D(X) homeomorphic to Q. The hyperspace C'(X) is modelled as the subspace of connected
members of Mathlib’s hyperspace of nonempty compact sets, whose topology is that of the
Hausdorff metric. Every formal proof is complete, uses no axiom beyond the three standard ones
of Lean with classical logic (propext, Classical.choice, Quot.sound), and was accepted by
the Lean kernel and by the independent proof checkers run through the tool Comparator. The
repository records exactly which checks were run and under which conditions.

What is not formalized. Examples 7.1, 7.2 and 7.3, the remarks, and Lemmas 2.3 and 2.4 in
the form stated here. The correspondence between the formal statements and the statements of
this paper has so far been checked only by the Al system that wrote them.

Relation to the written proofs. The formal proofs establish the statements above, but they do
not follow the written proofs step by step. They do not use boundary bumping (Lemma 2.4):
connectedness is handled through separations by closed sets. Lemma 2.3 is replaced by a single
dichotomy: a closed set is a finite union of connected relatively clopen subsets, or it contains
infinitely many pairwise disjoint nonempty relatively clopen subsets. In Theorem 5.1 the tree of
ordered covers is replaced by a sequence of finite families of pairs P C P’ of nested sets. The
fact that D(X) is a Borel subset of C(X), cited from [11] in the proof of Corollary 6.5, is proved
in the formalization. The formalization also shows that Proposition 4.3(2) does not need the
hypothesis that D(X) is countable.
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