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AN EFFECTIVE ANDRE-OORT THEOREM FOR SHIMURA
VARIETIES

MANVIR JASWAL

ABSTRACT. We give effective bounds for the special subvarieties V' that are maximal in
a subvariety Z of a Shimura variety, in terms of the degree of Z: for the degree of V,
with no hypothesis; and for the discriminant of a number field Ly attached to V' and the
Klingler—Yafaev invariant ay of the level, if for some § > 0 the Dedekind zeta function
of Ly has no zero with real part greater than 1 — §. Here Z is geometrically irreducible
and defined over a number field, the level is neat and of product form, and the bounds
are explicit in the degree of Z and, for Ly and av, also in the degree of the field and
6, with constants that are effectively computable from the Shimura datum, the level and
representatives of the connected components of the adjoint Shimura variety. A preprint
of Cureton and Thorner, whose proof has been formalized in Lean, establishes such a
half-plane with 6 = 1/32 for every number field; granting it, all these bounds hold with no
further hypothesis. For abelian type, an algorithm lists these subvarieties from the bounds,
given a finite étale cover by a Shimura variety of Hodge type inside one of Mumford’s
moduli spaces and equations for the preimage of Z.
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Let S be a Shimura variety and Z C S a closed subvariety. A special subvariety V C Z
is maximal in Z if no special subvariety V' with V' C V' C Z exists. The André-Oort
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conjecture says that Z contains only finitely many maximal special subvarieties. By the
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o-minimal strategy of Pila and Zannier [66], Tsimerman proved it for A, [82], and Pila,
Shankar and Tsimerman for every Shimura variety, by bounding the heights of special points
[64, Thm. 1.2], to which Binyamini, Schmidt and Yafaev had reduced it [13, Thms. 1 and 2].
Earlier, Klingler and Yafaev [48] and Ullmo and Yafaev [84] proved it under the generalized
Riemann hypothesis (GRH) for CM fields, along a route through Hecke correspondences and
Galois orbits that goes back to Edixhoven [26], Edixhoven and Yafaev [27] and Yafaev [87].

Neither proof bounds the maximal special subvarieties of Z effectively in terms of Z.
Given the theorem, Scanlon’s automatic uniformity shows that their number and their
degrees are bounded in terms of the degree of Z [74, Thms. 2.4 and 4.2], without a way to
compute the bounds. In the o-minimal proofs the counting theorem of Pila and Wilkie [65]
for sets definable in Ray exp is not effective in general [8, §1.4], and the lower bounds for
Galois orbits of special points rest on the Brauer—Siegel theorem [13, Prop. 6], [82, Cor. 3.2],
whose constants are ineffective unless Siegel zeros are excluded [32, p. 2]. In the proof under
GRH the hypothesis is used to find small primes that split completely in the splitting field
of a torus; the last step is carried out for sets of special subvarieties up to modification [48,
Prop. 10.2.3], and the other half of the proof is equidistribution, through Ratner’s theorem
[16], [84, Thm. 3.8], so it gives no bound. We give such bounds along the route through
Hecke correspondences: for the degrees with no hypothesis, and for the discriminants and
level invariants that Klingler and Yafaev attach to a special subvariety, with GRH replaced
by a zero-free half-plane for one Dedekind zeta function.

1.1. Results. Let (G, X) be a Shimura datum and K = ][, K, C G(Ay) a neat compact

open subgroup, and fix a faithful representation p: G — GL,, with p(K) C GL,, (Z)
Degrees on Shy (G, X)) are taken for the Baily—Borel bundle L, the extension of the bundle
of top-degree holomorphic forms to the Baily—Borel compactification (Section 2). A special
subvariety V has a generic Mumford-Tate group Hy; let Ty, be the connected centre of its
image in the adjoint group G4, let Ly be the splitting field of Ty, and dy,, its absolute
discriminant, and let ayy > 1 be the invariant of Klingler and Yafaev that measures how far
the level is from maximal on 7y (Definition 2.2); in Theorems 1.1 and 1.3 it is taken on the
adjoint Shimura variety, with the constant B of Table 1 for (p*9, A) of Lemma 9.2(ii), also
when G is adjoint (Theorem 9.12). For § € (0,1/2] and a number field L we write

QRH(0;L):  (r(s) #0 for Res>1—4.

Theorem 1.1. Let (G,X), K and p be as above, and let § € (0,1/2]. For all integers
D.,d > 1 there are numbers cp(D) and c(6,D,d), defined in Section 9 and effectively
computable from (G, X, K, p), D, d, § and fized representatives of the connected components
of the adjoint Shimura variety (Theorem 9.12 at z = dim Shi (G, X)), with the following
property. Let F O E(G,X) be a number field with [F : Q] = d, let Z C Shg(G,X) be a
closed subvariety that is geometrically irreducible, defined over F' and of degree at most D,
and let V' be a special subvariety mazimal in Z. Then

(i) degV < cp(D);
(it) if QRH(d; Ly) holds, then dr,, < ¢(6,D,d) and ay < ¢(6, D, d).

By the André-Oort theorem [64] the set of special subvarieties maximal in Z is finite.
Finiteness alone gives no procedure that finds its members; with bounds as in Theorem 1.1,
Theorem 1.4 gives an algorithm that lists them in Mumford’s moduli spaces, and Theo-
rem 10.21(c) for abelian type, given a finite étale cover by a Shimura variety of Hodge

type.



EFFECTIVE ANDRE-OORT FOR SHIMURA VARIETIES 3

The only analytic hypothesis is the zero-free half-plane for the one Dedekind zeta function
Cr, of the subvariety in question. It is used to produce primes that split completely in Ly;
no lower bound for class numbers and no zero-free region for any other L-function enters.
Since (r,,, /Ck is entire for every subfield k C Ly (Aramata—Brauer), QRH(d; Ly) already
excludes a Siegel zero of every quadratic subfield, so the Landau—Siegel problem does not
arise as a separate question. In a preprint, Cureton and Thorner prove QRH(1/32; L) for
every number field L [18, Theorem 1.1], building on OpenAT’s zero-free half-planes [62, 61];
their proof has been formalized in Lean [5].

Corollary 1.2 (with [18, Theorem 1.1]). In the setting of Theorem 1.1, degV < c¢p(D),
dr, <c(1/32,D,d) and ay < ¢(1/32,D,d) for every special subvariety V- mazimal in Z.

Hu [44] gives a formal proof, accepted by Lean’s kernel with the standard axioms, that the
L-functions of unitary Hecke characters of every number field have no zero with Re s > 7/8;
for the trivial character this is QRH(1/8; L) for every L, and with it Corollary 1.2 holds
with ¢(1/8, D,d) in place of ¢(1/32, D, d).

For V = {x} a special point and G adjoint, dr,,, is the dy, in the discriminant disc(z) =
[K} : K] dp, of Binyamini, Schmidt and Yafaev [13, Def. 1], the quantity in [64, Thm. 1.2],
and oy < [K7' : K|, with the index bounded explicitly in terms of ay and dj, (each local
index is at most a constant times its factor in Definition 2.2, and the primes that occur are
bounded, ramified in Ly, or counted in step (2) of the proof of Proposition 6.6); so for =
maximal in Z, Theorem 1.1(ii) bounds disc(x).

For the Siegel modular varieties the constants simplify.

Theorem 1.3. Let g > 1, N > 3, and let Ay i) be the Shimura variety of (GSpQQ,’H;t)
at the principal congruence level K(N).

(i) Theorem 1.1 and Corollary 1.2 hold for Ay k), with Ly the splitting field of the
connected centre of Hy itself, ay computed at the image of K(N) in PGSpgy(Ay), and
with constants given in Theorem 9.13(a); there the factor hx of Theorem 9.12 is at
most ¢(N)/2, no extension of F' is needed, and there is no level factor.

(i) The same holds for Ag1 = Spy,(Z)\Hg, whose level is not neat, with degrees defined

through the cover Ay i3y (Lemma 9.14), ay computed at the image of GSpQg(z) in
PGSpy,(Ay), and constants given in Theorem 9.13(b).

The bounds are explicit functions of D, d and ¢; the constants of (G, X, K, p) in them
are effectively computable (Table 1, Section 7.1, Corollary 9.10), given a fixed set of
representatives of the connected components of the adjoint Shimura variety (Section 9);
for A4 none is needed (Theorem 9.13). For adjoint G the constants of Theorem 8.1 are at
most exp(O(dlog(d + 1))) DPW, so for fixed d polynomial in D. In general the constant
¢ of Theorem 1.1, through the recursion of Theorem 9.12, is exponential in a power of D
(Remark 8.2). Call the smallest special subvariety containing Z its special closure. In the
setting of Theorem 8.1, a special subvariety V' maximal in Z that is not strongly special in
the special closure of Z (Section 8) satisfies, under QRH(J; Ly ) and with z := dim Z,

cgdD)*
anle < (BC’*)

where ay is taken with Definition 2.2 for p, and c¢p, C\, p and the implied constants depend
only on (G, X, K, p) and ¢ (Lemma 5.2, Section 3.2, Table 1). So, for fixed d, ay < D% +o(1)
and dr,, < D¥/#Ho() as D — oo,

exp(O(dlog(d +1) + dloglog(D + 2))),
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Turning these bounds into a list needs, in addition, an explicit model of the Shimura
variety with a universal family of abelian varieties. No explicit model is known in general. Let
g > 2, let dy be a positive multiple of 8 and Y := (dv,...,dy), with g entries. Mumford’s
moduli space M~y of principally polarized abelian varieties with an Y-marking is open in a
closed subscheme of a projective space given by explicit equations over Q, and My ® C is a
connected Shimura variety for GSpy,, at a level Ky (Section 10.2). Let A: GSpy, — PGSpy,
be the map to the adjoint group.

Theorem 1.4. Let g > 2, 8 | dy, and Z C My ® Q closed, geometrically irreducible and
defined over a number field. Given numbers that bound, for every special subvariety V
mazimal in Z, the degree of V' for the Baily—Borel bundle L., at the level Ky of Mv, the
discriminant dr,,,, and avy at the level \(Ky), and given a number in (0, B], where B is the
constant B of Table 1 for PGSpy, with which v is formed (Section 10.1), Algorithm 10.20
terminates, and its output is exactly the set of special subvarieties mazximal in Z.

Algorithm 10.20 is built on Urbanik’s algorithm [86, Cor. 6.3] (Section 1.2). The bounds
that Theorem 1.4 needs are given by Theorem 1.3(i) at the level K (2dy), which lies in the
level of My (Lemmas 10.2 and 10.3), and the positive number by the constant B of the
adjoint datum itself, which enters the constants of Theorem 1.3(i) and is computable from
g as they are (Section 10.9); so with Corollary 1.2 the listing uses no hypothesis beyond
Cureton and Thorner’s preprint [18] and its formal proof [5]. For a Shimura variety of
abelian type at a neat level, every connected component receives a finite étale map from
a connected Shimura variety of Hodge type that is a closed subvariety of some My ® C
(Proposition 10.19); given this map, the algorithm, run on each component of the preimage
and followed by its last step on the union of the outputs, lists the special subvarieties maximal
in a closed irreducible subvariety from equations for its preimage (Theorem 10.21(c)).

Most effective results concern products of modular curves. Kiihne [50] and Bilu, Masser
and Zannier [7] treated curves in C2, and Fowler bounded the heights and discriminants
of the special points on a non-special curve in C?> whose two coordinate functions have
different degrees, linearly and almost quadratically in the height of the curve [30, Thm. 1.1].
Binyamini [8] bounded the degrees and discriminants of the maximal special subvarieties of
any subvariety of Y'(1)" defined over a number field effectively, except for coordinates whose
CM field is a single possible exceptional imaginary quadratic field; as he notes [8, §1.2], the
exception disappears if no such field exists, and Cureton and Thorner’s preprint removes
it: the exceptional field comes only from the Siegel-Tatuzawa theorem [8, §2.2], and the
L-function of a quadratic character, a factor of the Dedekind zeta function of its quadratic
field, has no zero with Re s > 31/32, so Landau—Siegel zeros are excluded effectively. In [9,
Thm. 7] he bounds, for fixed n, the degrees of all maximal special subvarieties of a subvariety
Z C C™, and the discriminants of their special coordinates, by a polynomial in the degree
and logarithmic height of Z and the degree of its field of definition, with an algorithm that
computes them in polynomially many steps; the one constant there that is not effective
comes from Siegel’s lower bound for class numbers of imaginary quadratic fields, which the
same zero-free half-plane makes effective. For adjoint G the constants of Theorem 8.1 are at
most a power of D times a factor exponential in dlogd, and the height of Z does not enter
them. Binyamini and Masser treated non-compact curves in Hilbert modular varieties with
G-functions [12], Binyamini, Jones, Schmidt and Thomas bounded effectively the complexity
of the maximal special subvarieties of a subvariety of a fibre power of the Legendre family,
through an effective Pila—Wilkie theorem for Pfaffian sets [11, Thms. 1.1 and 1.3], Papas
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treated certain curves in Y (1)" [63], and Fowler gave uniform effective bounds for linear
relations among powers of singular moduli [31, 32].

Daw [20] bounded the degrees of strongly special subvarieties from below; Daw, Javan-
peykar and Kiithne extended this bound to all special subvarieties of positive dimension [21,
Thm. 6.1] (its proof is completed by Lemmas 7.1 and 7.5) and bounded, with no arithmetic
hypothesis, the degrees of maximal special subvarieties that are not of facteur type [21,
Thm. 1.3], a class defined by Ullmo [83]. Binyamini and Daw bounded the degree of every
weakly optimal subvariety of Z, hence of every special subvariety of positive dimension
maximal in Z, by a polynomial in the degree of Z; the polynomial depends on equations for
a Baily-Borel embedding and for the canonical connection [10, Thm. 5 and p. 2157].

1.2. The method. We follow the route of Edixhoven, Klingler, Ullmo and Yafaev. For a
special subvariety V maximal in Z that is not strongly special, their Hecke step says that Z
contains a larger special subvariety once a prime [ as in [48, Thm. 9.2.1, (9.1)] exists. For a
suitable prime [ that splits completely in Ly and a Hecke correspondence T, at [, the Galois
orbit of V' lies in ZNT,,Z; if Z ¢ T,,,Z, an upper bound for the degree of this intersection
contradicts a lower bound for the Galois orbit, and if Z C T,,Z, then Z contains a larger
special subvariety [48, Thm. 7.2.1]. Two inputs make this work: a lower bound for the Galois
orbit of V of the form C(N)ay (logdr, )" [84, Thm. 2.19], and the existence of a split prime
[ smaller than a fixed power of ay logdy, [48, Prop. 10.2.3]. GRH enters only here, both
times to find primes that split completely in Ly [48, Prop. 10.1.2], [84, Prop. 2.13]. We
make each step explicit and replace GRH by QRH(4; Ly).

Split primes. Under QRH(d; L) an explicit formula with a smoothing that removes the
constants at s = 0 and s = —1 gives primes that split completely in L in every interval
(x/4,z] with z a fixed power of log dy, the power being 1/ instead of the 2 + o(1) of GRH
(Lemmas 3.1 and 3.2). Frei, Sofos and Widmer obtain, under the same hypothesis, primes of
every Frobenius class in (2/2,z] for z > ¢(6)(logdr)"/%(loglog dy)?/?, with a constant ¢(J)
that is not made explicit [33, Cor. 1.2]; we need only the completely split case, but with
explicit constants. For the Galois bound we rerun the argument of Ullmo and Yafaev for
the torus Ty [85, §6], with the split primes taken up to a fixed power of the discriminant,
as Tsimerman does under GRH for CM points of A, [81, §7.3, Thm. 7.6]; so any § > 0
suffices and the exponent y in the bound > O‘VdZV does not depend on § (Proposition 3.3
)N .

)

and Corollary 3.4). Klingler and Yafaev use this bound in the weaker form > ay (logdy,,
we use the power of dy,,, itself. Then the prime [ of the Hecke step, of size a power of logdy,,
and log ay, is set against an orbit of size Oévdz‘/, so any 0 > 0 works there too, and for
adjoint G and fixed [F' : Q] the bounds for ay and dy,,, are at most a power of the degree of
Z (Lemma 6.8 and Remark 8.2).

Uniformity in the level. The Hecke step works at an Iwahori level I; that varies with
the prime [. Every constant must therefore be uniform in the level, including the constant
in Bézout’s inequality. We show that the complete linear system of E?e is base-point free
and separates points for every e > e*(n), at every neat level J of every Shimura datum of
dimension at most n (Theorem 1.5). So Bézout’s inequality holds at every neat level with
the constant e*(n)?" (Lemma 5.2), and the Hecke step runs as in [48], with intrinsic degrees
and the exponent 2".

Theorem 1.5. Let (G, X) be a Shimura datum, K neat, and n := dim Shx (G, X). Put
e*(n) := |71 k 2k + 2. For every integer e > e*(n) the complete linear system |L5|
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on the Baily—Borel compactification is base-point free and separates points. Moreover
e(n) < [n(n+3)/2] +2.

The proof applies Fujino’s Angehrn—Siu theorem for log canonical pairs [34] to the Baily—
Borel compactification, which is log canonical with log canonical bundle Lx by Mumford’s
description of the canonical extension [60, Prop. 3.4]. For ball quotients, G. Di Cerbo and
L. F. Di Cerbo show that on a smooth toroidal compactification Y of dimension n > 2 with
boundary Y the divisor m(Ky + (917) is base-point free for m > (3) 4+ 1 and separates the

points of Y Y for m > (g) +2 [25, Cor. 3.3 and 3.4], by Kollar’s effective results for pairs
[49, Thm. 5.8 and 5.9].

Degrees. Daw, Javanpeykar and Kiithne bound the degree of a maximal special subvariety
that is not of facteur type by an iteration of Hecke correspondences [21, §10], which builds on
the one Daw ran for strongly special subvarieties [20, Thm. 9.3] after [48, Thm. 9.2.1], and
Binyamini and Daw bound every positive-dimensional one by a different method [10, Thm. 5].
For adjoint G, the iteration of [21], with the uniform Bézout step and a fibre-saturation
lemma, also bounds every positive-dimensional one by an explicit function of D that is
D2 ?+0(1) 45 D 5 o0 and whose constants depend only on (G, X, K, p).

Theorem 1.6. Let (G, X) be a Shimura datum with G adjoint and K a neat product level,
let Z C Shi (G, X) be closed and irreducible, of degree D, and let V' be a special subvariety
mazimal in Z with dimV > 1. Put r:=dim Z —dimV and n := dim Shi (G, X). Then, for
every prime p > Ng outside the finite set Xy of Section 7.1,

degV < dg(da CBpkﬁzfQ)QulDzr, cg = e*(n)*",

where dg, ka, fa and Nk, which depend only on (G, X, K, p), are the mazima over the
connected components of the constants of Section 7.1 at the levels gZ-Kgi_1 with the lattices
p(gi)znp, and Xy is that of the translate of V' (Section 2.2). Consequently degV is at most
the mazimum over the connected components of Shy (G, X)c of the constants c(dim Z, D)
of Theorem 7.4 (Section 2.2), a function of (G,X,K,p), dimZ and D alone, effectively
computable given the representatives g; of Section 2.2, and at most D2 4o1) 45 D - .
No arithmetic hypothesis is used.

Assembly. Maximal special subvarieties fall into three classes: strongly special ones, which
Theorem 1.6 bounds; those that are not strongly special in the special closure of Z, which
the Hecke step bounds; and those whose torus is the centre of the generic Mumford—Tate
group of Z, which are strongly special in the special closure but not in §. The last class
needs a separate argument (Lemmas 8.5 and 8.8). For a general Shimura datum, the map to
the adjoint Shimura variety need not be injective on connected components, and maximality
can be lost under it; a recursion on dimension at the fixed level handles this (Section 9).

Listing. For A, in Mumford’s model, the bounds determine finitely many PEL data, each
with an explicit locus of abelian varieties with the given endomorphisms (Lemma 10.1).
Every special subvariety V is rigid in the normalization of one of these loci (Lemma 10.10),
so it lies in the finite set of weakly special subvarieties of bounded degree, containing the
rigid ones, that Urbanik’s algorithm computes on the normalization [86, Cor. 6.3]; a test
on the algebraic monodromy at one point, computed on a certified curve (Lemmas 10.13
and 10.14 and Proposition 10.15), decides which outputs are rigid, and rigid ones are special.

1.3. Comparison with the proof of Klingler and Yafaev. At a few points we argue
differently from [48]. One concerns a constant: the proof of [48, Thm. 9.2.1] bounds the degree
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of the intersection Z N Ty, Z at the Iwahori level [48, (9.5), p. 47], and of the intersection in
the proof of [48, Sublemma 9.2.5], by Bézout’s inequality with constant 1 for the Baily—Borel
bundle, which holds for very ample bundles but can fail for ample ones (Example 5.1);
with the constant of Lemma 5.2 in its place the argument of [48] goes through (proof of
Theorem 6.1). The others concern the choice of a prime, of an element, of a subgroup or
of a component, and one reduction step, and are dealt with where they arise: the count of
primes in [48, Lemma 10.2.5] (proof of Proposition 6.6); the torus condition of [48, Thm. 8.1],
which [48, p. 55] draws from the converse in the proof of [84, Lemma 3.17] (Remark 6.2); the
element ¢ and the group I' in the proof of [48, Lemma 7.2.8], and the reduction to adjoint
groups in [48, Lemma 7.2.2] (Step 3 of the proof of Theorem 6.1, and Steps 1-2 of the proof
of Lemma 7.2); the Iwahori subgroups of [48, §8.3.2], where the proof of [48, Lemma 8.1.6]
takes the point fixed by a maximal compact subgroup to lie in a given apartment and the
group to have hyperspecial subgroups (Lemma 6.3); and the component Yy of [48, p. 49]
in the descent (Lemma 6.5). None of this affects the main theorem of [48]: the constant
cp of Lemma 5.2 enters the left side of [48, (9.1)] to the power 2", with r as there, which
the choice of [ in [48, §10.2] absorbs; the primes can be taken larger than the constants
in question; the element, the subgroup, the Iwahori subgroups and the component can be
chosen as here, and the reduction to adjoint groups argued as here.

1.4. Plan. Section 2 fixes notation and the complexity. Section 3 proves the split-prime
bounds and the Galois bound under QRH(d; Ly). Section 4 proves Theorem 1.5. Section 5
proves Bézout’s inequality at every neat level, and Section 6 the Hecke step built on it.
Section 7 proves Theorem 1.6. Section 8 proves Theorem 8.1, the case of adjoint groups
at levels with a neat factor (Proposition 8.9), and Section 9 proves Theorem 1.1 for every
Shimura datum, with A, in Section 9.6. Section 10 proves Theorem 1.4. Sections 3 and 4
are independent of each other; Section 6 uses both.

2. SETTING, NOTATION AND THE COMPLEXITY

2.1. Shimura varieties and degrees. A Shimura datum (G, X) satisfies Deligne’s axioms;
E(G,X) is its reflex field and X a connected component of X. For a compact open
subgroup K C G(Ay),
Shi (G, X)c = GQ\X x G(Ay)/K,

with its canonical model over E(G, X). We say that K is a product level if K = ][, K,
with K, C G(Qp), and neat in the sense of Pink [67, 0.6]. We write G(Q)+ = G(Q) N
A~HGA(R)T), where A\: G — G is the adjoint map and G®4(R)T the identity component,
and G*(Q) 4 := G*(Q)NG*(R)T. For neat K every connected component of Shy (G, X)¢
is a quotient I\ X, with T C G24(Q) the image of G(Q)4NgK g~ " for some g € G(Ay) [48,
§4.1], which is neat [67, 0.5] and arithmetic (Lemma 2.1). We fix a faithful representation
p: G — GL,, with p(K) C GLnﬂ(Z), and write n := dim Shx (G, X).

Arithmetic subgroups are those commensurable with a congruence subgroup [67, 0.5]. We
use the following form of the statement that images of arithmetic groups are arithmetic [54,
Prop. 3.2].

Lemma 2.1. Let G be a connected reductive Q-group, K C G(Ay) and U C G*(Ay)
compact open subgroups with A(K) C U, h € G(Af), I := G(Q)x N hKh™! and T' :=
G*(Q) N AU R) ™Y, with G(Q)+ and G*(Q)4 as above. Then A\(I') C T, the index
IV : X(I)] is finite, and A\(T') and T are arithmetic.
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Proof. The inclusion is clear. As G*(R)* has finite index in G*(R) [54, p. 54], T" has
finite index in the congruence subgroup G*(Q) N A(h)UA(h)™!, so it is arithmetic. Likewise
A~HG*(R)T) is open, hence of finite index, in G(R), so I has finite index in the congruence
subgroup G(Q) N hKh~! and is arithmetic. So A(T') is arithmetic [54, Prop. 3.2]. Two
arithmetic subgroups are commensurable, so A(I') C I gives [IV : A\(T')] < oo. O

Let Shi(G,X) be the Baily-Borel compactification. For neat K the line bundle of
holomorphic forms of top degree on Shy (G, X)c extends to an ample line bundle Lx on
Shk (G, X), given at the generic points of the boundary divisors by forms with logarithmic
poles and defined over E(G, X); for neat Ko C gK1g~! the morphism Shy, — Shg, induced
by ¢ extends to the compactifications and pulls Lx, back to Lg, [48, Prop. 5.3.2]. For a
closed subvariety Y C Shg (G, X)c we put

degV = Z deg, . Y',
Y/
the sum over the irreducible components Y/ of Y of the degrees of their closures [48, §5.1
and Def. 5.3.3]. We use the projection formula in the form degs., Y = (deg f) deg, f(Y)
for f generically finite and proper [48, §5.1].

2.2. Special subvarieties. A special subvariety of Shx (G, X)c is an irreducible component
of the image of Shg,, (H, Xyg)c — Shi (G, X)c, [z, h] — [z, hg], for a Shimura subdatum
(H,Xg) C (G,X), an element g € G(Ay) and Ky := H(Ay) N gKg~'. We may and do
take H to be the generic Mumford—Tate group on Xy, and write Hy for it. Irreducible
components of preimages and images of special subvarieties under the morphisms of Shimura
varieties used below are special [48, p. 14]. An irreducible subvariety is Hodge generic if it is
not contained in a special subvariety of smaller dimension than the connected component
containing it, and a subvariety defined and irreducible over a number field is Hodge generic
if its geometric components are [48, Def. 7.1.1, Lemma 7.1.2]. Reflex fields decrease under
inclusion: E(G,X) C E(H,Xpg) [54, Remark 12.3(c)], and a morphism of Shimura varieties
induced by (H, Xp) — (G, X) is defined over E(H, Xy) [54, Remark 13.8].

Let V be special with generic Mumford—Tate group Hy . In Sections 2 to 8 the group G is
adjoint wherever Ty appears, and we write Ty, for the connected centre of Hy; in Section 9
we pass to the adjoint group first, so that Ty is always the torus of the introduction. Let
Ly be the splitting field of Ty, dr,,, := |disc Ly|, and

BV = log dLV~
The subvariety V is strongly special if Ty = 1 [48, Def. 2.1.5]. More generally, a special
subvariety of Shg (P, Xp)c for a Shimura datum (P, Xp) is strongly special there if the
connected centre of the image of its generic Mumford-Tate group in P is trivial [48,
Def. 2.1.5]. If Ty, # 1, then Ty (R) is compact and Ty is not split over Q [48, Lemma 2.4.3],
so Ly # Q and By > log 3 by Minkowski’s theorem.

Let K¢, be the maximal compact open subgroup of Ty (Af) and, for V' given by (Hy, Xn,, )
and g as above, Kry, := Ty (Af) NgKg~!. Replacing (Hy, Xn,,9) by (¢Hvq *,q¢Xm,,qgk)
with ¢ € G(Q) and k € K conjugates K7; and K, by g, and replacing g by hg with
h € Hy(Ay) changes neither, as Ty is central in Hy; so the indices |Kf, /Kty p| depend
only on V' (compare [48, Remark 2.4.2]).



EFFECTIVE ANDRE-OORT FOR SHIMURA VARIETIES 9

Definition 2.2 ([48, Def. 2.5.1]). For V special with Ty # 1,

oy = H max (1, B|K7,, ,/ K1y pl),

p: K;"nv,piKTVvP

with the constant B of Table 1. If Ty, = 1, we put ay := 1 and d,,, := 1. The complexity of
Vis
A(V) := max(degV, dr,, av).

Right translation [z,a] — [z,ag™!] is an isomorphism Shg(G,X) — Shyr,1(G, X),
defined over E(G, X) [54, Thm. 13.6] and pulling £yf,-1 back to Lx (Section 2.1), so it
preserves degrees and fields of definition containing E(G, X); it maps special subvarieties
to special subvarieties with the same Ty, Ly and indices, and the image of X x {g} onto
Shyy-1(G, X )¢, the image of X T x {1}. The level gKg~! is again a neat product level,
and if K satisfies (Lv) of Section 2.3, or (Lv’) of Section 8.6, so does gKg~! for the lattice
p(9)Z". So in Sections 6 to 8 we assume, as [48, p. 14] and [21, §9.1] do, that Z lies in
Shy (G, XT)c. A special subvariety V of Shy (G, X *)c is then the image of X7 x {1} with
X;}V C X [84, Lemma 2.1], so that K7y, = Ty (Af) N K; the same convention is used for a

Shimura subdatum (P, Xp) with X5, C Xt in place of (G, X), and for an F-irreducible Z
(Section 6) it applies to a geometric component of Z containing V'; when a proof chooses a
component of a preimage in Sh;(P, Xp)c, for J C K N P(Ay) compact open, it is chosen
in the image of X} x {1}. For Z in the image of X x {g;}, with ¢; in a fixed finite set of
representatives of G(Q)+\G(Ay)/K, Theorems 7.4 and 8.1 hold with the constants of the
level g;Kg; L and the lattice p(gi)Z”P in place of those of K and Z". The symbols ¢3(z, D)
and ¢4(6, z, D, d) below are the constants of the level K; Section 9 uses their maxima over
the representatives. These maxima are effectively computable from (G, X, K, p) and the
chosen representatives; the finiteness of the double coset sets [54, Lemma 5.12] makes them
well defined, a finite subset of G(Af) (resp. G®(A})) meeting every double coset may be
used in place of a set of representatives, and we do not discuss how to compute one in
general (for A, none is needed, proof of Theorem 9.13).

2.3. The constants of the datum. Klingler and Yafaev work under the following normal-
ization of the level [48, Situation 9.1]:

(Lv) K is a neat product level, and K3 lies in the principal congruence subgroup of level 3
of Gan (Zg)

Lemma 9.1 removes it at an explicit cost. The constants in Table 1 depend only on
(G, X, K,p) and, except p and f, are the ones in [48, 84, 27]; each except Cj is given by
an explicit formula or a finite enumeration in its source or below, Cj is any integer larger
than every prime [ at which the schematic closure of p(G) in GL,, 7z is not reductive over
Z; or K; # G(Z;), and none involves an analytic input. ¢y = 1/(2Cs), where Cp bounds
the orders of the component groups of the stabilizers in [27, Lemma 4.4.1], in this form: for
every special V', with T := Ty and the field Fr D Ly and surjection rp: ReSFT/QGm — T
of [84, p. 42], every d > 1 and every vector of the d-th exterior power of Q"”, the torsion of
X*(Resp, /gGm)/N has order at most Cg, where N is generated by the differences x — z’ of
the weights z, 2’ of Resp,. /0Gm, acting through p o rr, in the support of that vector. These
come from the finitely many characters allowed by [84, Lemmas 2.5-2.6], so Cg, and with it
cu, is computable from (G, p).
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TABLE 1. Constants attached to (G, X, K, p), for G adjoint.

Constant Meaning Source

nr a bound for [Ly : Q] over all special V [84, proof of Lemma 2.5]

Ra a bound for the degree of the Galois closure [84, Lemma 2.5], [48, Def. 2.5.1]
of E(Hy, Xg, ) over all special V

Co every prime | > Cp has K; = G(Z;) hyper- [48, p. 53]
special

a, A, 7y a a bound for the indices [K}} : K}{”/] and [84, pp. 20-22, 29]
[Kp : Kj] of the auxiliary levels of [84,
pp. 21-22], for instance a = |GL,,(F3)[; A
the integer of [84, Prop. 2.9]; ry a bound,
over all special V' and primes p, for the num-
ber of cyclic factors of K7¢ /Kry p

B B=1/(A" (al)"V) [84, p. 31]
cu \K7, o/ K1y pl > cup for p > Co unramified [84, Prop. 3.15], [27, §4.4],
in Ly with K7y # Ky, p Remark 6.2

ki, f ki = 2An3B, with B, the bound B of [27, [27, Prop. 7.4.3], [48, (8.6)]
Prop. 7.4.3] for p|r,, uniform in V by [84,
Lemma 2.6] as in [48, §8.3.1] ([87, Prop. 2.6]
for special points); f := (dim G + 1)2, which
bounds the Iwahori indices of [48, (8.8)] as
< 1/ (Lemma 6.3)
tp, Sp sp, < n, bounds the number of characters of [84, proof of Lemma 2.6]
the representation of Hy / H{}er induced by
t— p(t)™ (m the degree of Ty — Hy /HIr);
t, bounds their Hodge weights
i p=1/(16t,s,nr(ny — 1)) Proposition 3.3

We write B’ := Bcy. The bound nr and the field degrees R are bounds over all special
subvarieties at once, through the finitely many conjugacy classes of finite subgroups of
GL,(Z), r <rank G [84, proof of Lemma 2.5].

2.4. The analytic hypothesis. For a number field L and § € (0,1/2], QRH(4; L) is the
statement that (r(s) # 0 for Res > 1 — 4. If L/Q is Galois and k C L, then L/k is Galois
and (1, /( is entire by the Aramata—Brauer theorem, so QRH(J; L) implies QRH(J; k). We

put
2—90 1 _

3. SPLIT PRIMES AND GALOIS ORBITS UNDER A ZERO-FREE HALF-PLANE

This section proves the two analytic inputs of the Hecke step for one Galois field L under
QRH(0; L): a count of primes that split completely in L from x a power of logdy, on, and
the lower bound of Ullmo and Yafaev for Galois orbits with an explicit constant. The first
is an explicit formula; the second reruns [85, §6] with it.
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3.1. Split primes. Let L/Q be Galois of degree ny, and signature (r1,r2), dr, := |disc L],
and put
Ap = % + %logdL, I (x) = Z log p.
xz/4<p<z
p splits completely in L
Lemma 3.1. Let § € (0,1/2] and assume QRH(d; L). For every x > 8,

dr(z) > 3733( — Bw(s)r(5)AL x_5> —1.4262v/z — e (z) lograd(dr) — 0.694 — %
8ny, x

where er,(x) = 1 if some prime dividing dy, lies in (z/4,x] and er(z) = 0 otherwise.

Proof. Write —(7/Cr(s) = X, a(n)n™, with a(n) = Y npr_,log Np. As L is Galois,
a(p) = nrlogp if p splits completely, a(p) = 0 if p is unramified and does not split
completely, and a(p*) < nr logp for every prime p and every k > 1 (indeed, with ep and fp
the ramification index and the residue degree of p in L, a(p*) = (nr/ey)logp if f, | k and 0
otherwise). In particular a(n) < ny logp when n = p is a ramified prime and when n = PP
with & > 2, and a(n) = 0 when n is not a prime power. By the functional equation every
nontrivial zero g of (;, satisfies ) < Rep <1 —46.
Step 1 (a smoothed explicit formula). Let F(z):=Y, -, a(n)(x —n). Then

1 C/ strl
Fla) = 2m’/(2)< CL( )> s(s+1) ds

Let © > 2. The kernel decays like |s|~2, so the contour may be moved to the left and F(z)
is the absolutely convergent sum of the residues; the side integrals tend to 0 by the bounds
of Lagarias and Odlyzko for (; /¢z [51, Lemmas 5.4, 5.6 and 6.2], and the computation is
carried out in the proof of [19, Prop. 6], with decay exponent 1; the left sides Res = —j — %

avoid the additional pole of our kernel at s = —1. Let og := 71 + ro — 1 and 071 := r9 be the
orders of vanishing of {5, at s =0 and s = —1, and o, € {ra,r1 + ro} its order at s = —m
for m > 2. The residues are #2/2 at s = 1; —22*1/(p(0 + 1)) at each nontrivial zero o,
with multiplicity; —opz(logx — 1) + cox at s = 0 and o;(logx + 1) — ¢1 at s = —1, for some
constants cg, ¢; (both poles have order at most 2); and —o,z'"™/(m(m — 1)) at s = —m,
m > 2.

Step 2 (removing ¢y and c¢1). As x > 8, Step 1 applies to x, /2 and z/4. Let G(z) :=
F(z)-3F(x/2)+2F (x/4) = Y, a(n)by(n), where by(n) = (z—n)+—3(z/2—n)++2(z/4—n)+.
Then b,(n) =0 for n < z/4, by(n) =2n — /2 on (z/4,x/2] and by(n) = —n on (z/2, ],
so 0 < b, < /2. In the combination the terms cpx and ¢; cancel, z(logz — 1) becomes
(rlog2)/2, logz + 1 becomes — log 2, a zero g acquires the factor (1 —27¢71)(1 —279), and

the trivial zero at —m the factor (27! — 1)(2™ — 1). Hence
322 zetl(1—27271)(1-27¢)  oglog?2
Gla) = 2= =3 - —olog2 — R

with R(z) = 3,59 0m (2" — 1)(2m — Dat=™/(m(m — 1)) > 0. For z > 8, R(x) <
2nL Y 1277/ (k(k + 1)) = 2n,(1 — log2) < 0.614ny.

Step 3 (the zeros). For each g, |2¢T1(1 — 2727 1)(1 — 279)| < w(8)2*~?. By the Cauchy—
Schwarz inequality |o|lo + 1] > Reo(1 + Rep) + (Img)?, and so, with u := Repo and
v := (Imo)?,

202 __ @-uPrv _
C—wldlle 1] = @ wu(ltu)+o)
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because (2 — u)/(u(1 + u)) decreases on [4,1] and 1/(2 —u) < 1/(1 4+ §) < k(J). Hence
olole+ 1|7 < K(8) X, Re(2 - o).
Step 4 (Hadamard’s product at s = 2). Stark’s identity [76, Lemma 1, (5)], applied to
€1(s) = s(s — 1)d}/*Tr(s)" Tc(s)72CL(s), gives
3 1 logm  T'(1)

1 _ _ @)y L g
%:Re2_92+210gdL+n( : +2F(1))+r2( log 27 + ())+CL()§AL7

since the coefficients of r; and r9 are —0.86097 ... and —1.41509. .. and ¢} /{(2) < 0. With
Steps 2 and 3, and oy < np, 01 < np/2,

2
G(z) > 31% —w(8)k(0)Apz®° — 0.347npx — 0.961 ny.

Step 5 (counting). Since 0 < b, < /2 and b, vanishes on [1,z/4],
Gla) < 5 nu(V1(x) + (¥(x) = 9(2)) + er(2) og rad(dr)),

where 1 and ¥ are Chebyshev’s functions, and ¥ (z) — ¥(z) < 1.42620/z for = > 0 [73,
Thm. 13, (3.36)]. Dividing the two bounds for G(z) by znr /2 gives the lemma. O

Lemma 3.2. Let ¢ € (0,1/2] and assume QRH(d; L). Put
21(L,8) == max((332w(5)/@(5)AL)1/6, (48n1)2, (logdr +1)?).

For every x > x1(L, ) we have Or(z) > x/(8nr), so at least x/(8nr logx) primes in (z/4, ]
split completely in L. If B :=logdy > 1, the condition x > x1(L,0) holds as soon as

20 > 64k(6)B, x> (48ng)?, V> [+ 1.

Proof. As x > 8, Lemma 3.1 applies, and z2° > %’UJF&A 1, makes the bracket at least 1/2, so
the main term is at least 3x/(16n). Bound er, lograd(dy) < logdy, and 0.694+1.922/x < 1.
As /x> 48np, x/(16nL) > 3y/x, and as \/z > logdr + 1, 3y/z > 1.4262\/z +logdr + 1. So
Ir(z) > 3z/(16ng) —x/(16nL) = x/(8ny), and each prime counted contributes at most log x.
For the last assertion, w(5) < 3 and Ay, < 28 when 8 > 1, so 2w(0)x(6) AL < 64k(5)3. O

3.2. The Galois bound. Let (G, X) be a Shimura datum with G adjoint, (H, Xg) C (G, X)
a Shimura subdatum with H the generic Mumford-Tate group on Xp, and H®? := H/H",
which is isogenous to the connected centre T' of H [84, Remark 2.20]; assume 7" # 1. Fix
r € Xy, let (H*®,{z}) be the induced Shimura datum of CM type, E := E(H*, {z}), L
the splitting field of H® (that of T'), and rz := r o Np/g: RespgGm — H?* where r is
the reciprocity morphism, which is surjective [84, proof of Prop. 2.14]. Let K}, be the

maximal compact open subgroup of H2P(A) and
Imy, := the image of 71 ((A; ® L)*) in H**(Q)\H*(As)/K .

Let x1,x2, ... be the characters, at most s, in number, of the representation of H ab induced
by t — p(t)™, with m the degree of the isogeny T — H?®" (which kills its kernel) [84,
proof of Lemma 2.6]; they span X*(H?®P) ® Q, and their coordinates in the canonical basis
(Xo)occai(z/q) of X*(Resy/gGm) are Hodge weights, of absolute value at most ¢, [84, proof
of Lemma 2.6]. Put 0 := 2t,s,np(ny — 1), 6 := 1/(409) = 24, and

128x(0 96\ 1/2
Bo(6) = max( 0252 ), (ﬁ) , 3nrlognpy + 1,

64np )

J ¢x(8) := exp(—pfo(9))-
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Proposition 3.3. If QRH(0; L) holds, then |Imp| > c.(8)d}. The exponent pu =
1/(16t,s,n7(ny — 1)) does not depend on .

This is the bound to which Ullmo and Yafaev reduce their theorem [85, Thm. 6.1 and
p. 33|, which assumes GRH, with the split primes supplied by Lemma 3.2; their argument
goes back to Amoroso and Dvornicich [2] and Yafaev [87, Thm. 2.15]. We write the proof
out, with the primes taken up to a power of the discriminant, x = daL, as in [81, proof of
Thm. 7.6], because that is why any ¢ > 0 is enough.

Proof. Let p1,...,p¢ < x be distinct primes that split completely in L. Fix places v; | p;
and let P; € (A ® L)* be p; at v; and 1 elsewhere.

(1) Suppose a € Z¢ ~ {0} and rL(I1; P;j) = 7k with 7 € H**(Q) and k € KJ,,. Write
Xi ©TL = Yo CigXo With |¢;o| < t,. Since x, acts on (Ay ® L)* through 1 ® o and the
decomposition group at v; is trivial, m; := x;(m) € L™ has valuation of absolute value at
most ty|a;| at the places above p; and valuation 0 at every other finite place.

(2) As G is adjoint, H**(R) is compact, complex conjugation acts by —1 on X*(H?P) and
L is CM, so |o(m;)| = 1 for every embedding o. With @ :=]]; p‘jaj‘, the numbers 7} := Qe m;
are algebraic integers with |o(7})| = Q'°.

(3) The m; generate L [87, Lemma 2.16]: if 0 € Gal(L/Q) fixes every m;, comparing
valuations at the places above some p; with a; # 0 shows that o fixes each x; o ry, in the
regular module X*(Resy oGm); as rp, is surjective, o acts trivially on X*(H*) ® Q, so
o=1.

(4) The monomials []; Wgei with 0 < e; < ngp — 1 span L over Q; a basis by,...,b,, among
them satisfies |o(b)] < Q%* (7= and Hadamard’s inequality gives |det(Trbyby)| <
nSTnT/ZQD. This is a multiple of d,, so logdy, < %nT lognr +03°; |aj|log .

(5) If £ > |Imy,|, two of the classes of the r1,(P;) coincide or one is trivial, which gives a as
in (1) with 0 < 3 |aj| < 2. So if logdy, — 3nylogny > 20logz, then £ < |Imp| [85, p. 33].

(6) Let B := logdy > o(0) and = := d}. Then 2° = %% > (0583)2/2 > 64r(5)3;
0p > 64ny > 2log(48nr); and /x = eP/2 > (08/2)3/6 > 28 > B+ 1. By Lemma 3.2 there
are at least 2/(8nrlog x) such primes in (z/4,z]. Also 8 — 3nrlogny > 3/2 = 20logz. By
(5), [Imp| > x/(8nrlogz) = €2Y/(16n7y) with y := 03/2 > 32ny, and e¥ > y2/2 > 16n7y,
so [Imy| > e¥ =df. If B < By(d), then [Imy| > 1 > ¢, (0)d]. O

For a special V' with Ty, # 1 let Fy, be the Galois closure of E(Hy, Xp,, ); it contains Ly
[84, proof of Prop. 2.14] and [Fy : Q] < Rg. Put

c e =)

Rga(al)v
Corollary 3.4. Let G be adjoint and K satisfy (Lv). Let (H,Xy) C (G,X) be a Shimura
subdatum with H the generic Mumford—Tate group on Xg and T := Z(H)° # 1, Ky :=
KNH(Ay), Vg a geometric component of Shi,, (H, Xm)c and V its image in Shi (G, X)c,
sothat Ty =T. Let F D E(H, Xpg) be a number field whose Galois closure F¢ has degree at
most Rg (for instance F' = E(H', Xg) for a subdatum (H', X)) C (H, Xg), or its Galois
closure); F° contains the Galois closure of E(H, Xp), hence Ly [84, proof of Prop. 2.14].
Assume QRH(6; Ly). Then:

(i) degr, (Gal(Q/F) - Vir) > Qy, and hence deg(Gal(Q/F) - V) > Qy in Shi (G, X);

(ii) if Y C Vi is closed, geometrically irreducible and defined over Q, K} := KF'Kpy,
n: Shi, (H,Xyg) — ShK;{n(H, Xp) is the natural map, © 4 C K} /Kr is the image of

Qy :=Ciay d’zv.
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x> x4, with A the integer of [84, Prop. 2.9] (Table 1), and ©4-Y C Gal(Q/F)-Y N
7 in(Y), then degp, (Gal(Q/F)-Y) > Qy.

The same bounds hold for the orbits under any Galois group containing Gal(Q/F).

Proof. We first take F' = Fy, the Galois closure of E(H, Xf). The first bound of (i) is then
[84, Thm. 2.19, (6)] (which is [48, Thm. 2.4.4]) with GRH replaced by QRH(4; Ly), and
with d‘iv in place of (logdr, )". In its proof GRH is used only in [84, Prop. 2.13] (see [84,
pp. 30 and 33]), which bounds |Imy,| from below for L = Ly; this bound enters the proof of
[84, Thm. 2.19] only as a factor, the number of Galois conjugates in [84, Prop. 2.14]. We
replace it by Proposition 3.3. The image of r(gav 7)((Ay ® Fv)*) = 10(Np, /L ((Af ® Fv)*))
has index at most [Fy : L] < Rg in Imz, because 77, maps L into H*P(Q) and the unit
ideles into K.y, so factors through an idele class group of L, where the norm from Fy has
image of index at most [Fy : L] by class field theory. So the number of conjugates in [84,
Prop. 2.14] is at least c.(d)d} /Rg. By [84, Remark 2.20] the constant of [84, Thm. 2.19)
is that of Prop. 2.14 divided by a (a!)"V, and the factor aryy comes from [84, Lemmas 2.15—
2.18], which use no GRH. This gives (6) of [84, Thm. 2.19], which is the first bound of (i);
the second follows from the first by [84, Lemma 2.2] and [48, Cor. 5.3.10], as Z(H)(R) is
compact. Form (7) of [84, Thm. 2.19] is proved in the same way for Y in place of Vi [84,
pp. 29-31], at the auxiliary levels K}, C K%' of [84, pp. 21-22], for components V’ and Y’
over Vi and Y and the map 7’: Shy (H, Xp) — ShK}?/ (H,Xp) [84, Lemma 2.11]. By [84,

Lemma 2.12] the degree of the Galois orbit of Y’ is at least the degree of its part in the
fibre 7'~17/(Y') times the number of Galois conjugates of 7/(Y”). GRH enters only in this
number, through [84, Prop. 2.14], whose assertion for Y’ follows from that for V' because the
Galois conjugates of 7/(V') are disjoint. For general F' we run this argument over F itself:
84, (5) and Lemmas 2.12, 2.16-2.18] use only that the map Shy, (H, Xpg) — Shr, (H, Xp),
m and 7' are defined over F', and the hypothesis on ©4 is used with F'; the remaining
factor, the number of Gal(Q/F)-conjugates of ©/(Y”), is at least the number of Gal(Q/F*¢)-
conjugates, which the argument above bounds with F¢ O Ly in place of Fy and index
at most [F°: Ly] < Rg. This is (ii). For (i), Gal(Q/F) - Vg D Gal(Q/F€) - Vi, and the
argument above applies verbatim to F*°. ]

This is the form of [85, Thm. 6.1]. Klingler and Yafaev use the weaker form
C(N)ay(logdr, )Y, which follows from it since d%v > (plogdr, )V /N!; the Hecke
step below uses 1y itself, which is what makes the bounds of Theorem 8.1 at most a power
of D for fixed d (Remark 8.2).

4. POINT SEPARATION BY THE BAILY-BOREL BUNDLE

The Bézout inequality of Lemma 5.2 needs one exponent e for which the complete linear
system of E?}e on the Baily—Borel compactification is base-point free and separates points;
very ampleness is not needed. This section gives such an exponent for every Shimura variety,
depending only on the dimension.

Proof of Theorem 1.5. Reduction to one component. Shy (G, X) is the disjoint union of the
Baily-Borel compactifications of its connected components I';\ X 7, with I'; neat arithmetic
(Section 2.1). Sections over a disjoint union are tuples of sections, so it suffices to prove
base-point freeness and separation of points on one component Y := I'\ X+, with interior
Y° =T\X": two points on different components are then separated by a section vanishing
on one component and not at the given point of the other.
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Y is a log canonical pair with log canonical bundle Lk |y. Let m: Y — Y be a smooth
toroidal compactification of Y° with reduced normal crossings boundary dY , which exists
as I is neat [4]; 7 is an isomorphism over Y°. That Y with its boundary is log canonical
is known [1, Thm. 3.2 and Cor. 3.3|; we recall the argument, which also identifies the
bundle. By Mumford’s description of the canonical extensions [60, Prop. 3.4(a), (b)], the
extension of the cotangent bundle is Q%/(log dY) and the extension of the canonical bundle
is the pull-back of an ample bundle Oy (1) on Y, whose high powers give the Baily—Borel
embedding; taking top exterior powers,

Ky +0Y = 7Oy (1).

The bundles Oy (1) and L]y agree on Y° and at the generic point of each boundary divisor
of Y (both are given there by forms with logarithmic poles [48, Prop. 5.3.2(1)]), so they
are isomorphic on the normal variety Y. Let A := 77*8}7, the reduced sum of the boundary
divisors of Y (A = 0 if the boundary has codimension at least 2). Then Ky +A = m, (K +9Y)
is linearly equivalent to Lx|y, hence Cartier, and Ky + oYy — 7*(Ky + A) is a principal
divisor with zero push-forward, hence zero, since a rational function with trivial divisor on
the normal Y is a unit. So Ky + Y = n*(Ky 4+ A). The pair (Y,8Y) is log canonical [49,
Cor. 3.12], and therefore so is (Y, A) [49, Lemma 3.10].

Angehrn-Siu. Let e > e*(n) and o(n) := Sp_; k27 Then LGy = Ky + A + N with
N := (e — 1)Lk|y ample. For every irreducible W C Y of dimension k > 1, (N* . W) =
(e—1)*degs, W > (e—1)* > o(n)*, as deg,, W is a positive integer and e —1 > |o(n)]| +1.
With the constant choice ¢(k) := o(n) we have <, 2/*k/c(k) = 1 and Yy, k/c(k) < 1.
Fujino’s theorems [34, Thms. 1.1 and 1.2] now give, for every point of Y, a section of
L%¢|y not vanishing there, and, for every two points, sections separating them. Finally
k 2k <k +1 because (1 4+ 1/k)F > 2, s0 o(n) < n(n + 3)/2. O

The values are e*(1) = 4, e*(2) = 6, ¢*(3) = 10. The bound depends only on n, and in
particular not on the level, which is what the uniform Bézout step needs. In the compact
case A = 0 and Ly is the canonical bundle, and Theorem 1.5 is an Angehrn—Siu bound for
it. Fujino’s theorem gives separation of points, not of tangent vectors, and Lemma 5.2 shows
that this is all we need.

5. BEZOUT’S INEQUALITY UNIFORMLY IN THE LEVEL

In this section (G, X) is a Shimura datum and K C G(Ay) a neat compact open subgroup.
The Hecke step works on Shimura varieties of subdata at levels that vary with a prime.

5.1. Why constant one fails.

Example 5.1. Let C be a hyperelliptic curve of genus g > 2 with hyperelliptic involution ¢,
let p € C, and let £ := O(p) X O(p) on C x C, an ample line bundle. The diagonal Ax and
the graph I', of ¢ both have L-degree 2, but Ac NT', consists of the 2g + 2 fixed points of ¢.
So deg(VNW) < degV -deg W fails for an ample bundle; [35, Example 8.4.6], cited for this
inequality in [48, (9.5)], is a statement about subvarieties of projective space, that is, for a
very ample bundle.
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5.2. The inequality at every neat level.

Lemma 5.2. (a) Let A,B C ]P’g be closed; the degree of a closed set is the sum of the
degrees of its irreducible components, and Irr denotes the set of irreducible components,
of all dimensions. Then } cerpanp) deg C < deg A - deg B.
(b) Let (H,Xp) be a Shimura datum, J C H(Ay) a neat compact open subgroup, ny :=
dimShy(H, Xyg) and e > e*(ny) an integer. For closed A,B C Shy(H,Xpy), of
dimensions a and b (mazxima over components),

Z deg, C < ea+bdegEJA-degEJ B.
Celrr(ANB)
The same holds for closed A, B C Shy(H, Xm)c, with degrees of closures and C' running
over Irr(AN B).
(¢) In particular, if (H, Xp) is a Shimura subdatum of (G,X) and n := dim Shg (G, X),
then (b) holds with e := e*(n) at every neat J C H(Ay), so with the constant cp :=
e*(n)*", which does not depend on (H,Xp) or J.

Proof. (a) is [36, Cor. 2, pp. 98-99] for irreducible A, B; in general each component of AN B
is a component of some A; N Bj, and we sum over pairs of components.

(b) By Theorem 1.5 for (H, Xy) and J, the complete linear system |L'S§e\ is base-point
free and separates points of Shy. It defines ¢: Shy — PV with ¢*O(1) = E?e; © is finite,
since L ; is ample and so ¢ contracts no curve, and injective. A finite injective morphism is a
homeomorphism onto its closed image, so ¢ maps Irr(ANDB) bijectively onto Irr(p(A)Ne(B)),
and p(AN B) = ¢(A) N(B). In characteristic 0, ¢ restricted to an irreducible closed Y is
birational onto ¢(Y"), so the projection formula gives deg p(Y) = deg£§e Y = edimY deg, Y.

By (a),
Z deg, C< Z edimC deg, C = Z deg p(C)
C C C

< degp(A) - degp(B) < e**’deg,, A - deg,, B,

using e > 1 and, for reducible A, B, the sum over pairs of components. For A, B in the
open part, the components of A N B that meet Sh; are the closures of the components of
AN B, and the others only add to the left side.
(c) A neat J C H(Ay) gives ny <n, so e*(n) > e*(ny), and a,b < n; < n. O
Lemma 5.3. (a) Let (H, Xg) be a Shimura datum, I C H(Ay) neat compact open, m €
H(Q), Ly, ;== INmIm™', and T}, == ma 0 Wfl on Shy(H, Xg), with w1 natural and o
induced by m. Then 7Ly = Ly, = 75L1, and deg,, T, Y < [I: Iy]deg, Y for every
closed Y.
(b) If (H,Xg) C (G,X), Ky :==KNH(Af) andt € Z(H)(Ay), then 0;: [z, h] — [z, ht]
satisfies 0, L1, = L, -
Proof. [48, Prop. 5.3.2(1)] (Section 2.1) for the morphisms induced by 1, by m and by ¢;
then the projection formula, 7 being finite étale of degree at most [I : I,,,]. O

6. THE HECKE STEP WITH CONSTANTS UNIFORM IN THE LEVEL

Under QRH(d; Ly ), a special subvariety V' C Z that is not strongly special lies in a larger
special subvariety of Z once {2y exceeds an explicit bound in terms of deg Z, the degree of
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the field of definition of Z, logdr,, and logay (Theorem 6.7); for maximal V' the inequality
fails, which bounds ayd;  (Lemma 6.8). The argument is that of [48, §9], with constants
uniform in the level of the Hecke correspondence and with Galois groups over the field of
definition of Z: a criterion (Theorem 6.1), then a prime that meets it (Proposition 6.6).

In this section G is adjoint and K satisfies (Lv), and we put n := dim Shg (G, X) and
cg = €*(n)?" (Lemma 5.2(c)). Let (P,Xp) C (G,X) be a Shimura subdatum, Kp :=
KN P(Ay), F > E(P,Xp) a number field and d > 1 an integer. For a special subvariety
V put Ey := E(Hy,Xp,); a special subvariety V' of Shg, (P, Xp)c and its image in
Shx (G, X)c, which is special, have the same ay, Sy and reflex field Ey [48, Remark 9.1.1].
All degrees on Sh;(P, Xp) are taken for its own Baily-Borel bundle £;. Put kp := kid + f
and, for D’ > 1 and a prime [,

U(D):=cpD'? WD) =12 9D = cglFrt2/ D2
6.1. The criterion.

Theorem 6.1. Let G be adjoint and K satisfy (Lv), and let (P, Xp) and F be as above.
Let Z C Shi, (P, Xp)c be Hodge generic and F-irreducible, Dz = degEKP Z,andV C Z
special with v := dimZ — dimV > 0. Let d > [FEy : Ey] be an integer and assume
QRH(6; Ly ). Suppose that
(1) V is not strongly special in Shg (P, Xp)c, and
(2) there is a prime | > Cy that splits completely in Ly, with | > 1/cy and Kt | = K7
(then the Zariski closure of Ty in GLy, z, is a torus, by [27, Lemma 3.3.1 and §4.4]

applied to the split torus model of Ty, and the lattice Z?’”, so (Tv ), is a torus, as
[48, Thm. 8.1] requires), such that

(CB lkF+2f CiDz)T < Qy. (6.1)

Then Z contains a special subvariety V' with V. C V', in a geometric component of Z
containing V.

Remark 6.2. The condition | > 1/cy in (2) is needed for the torus: a split torus whose level
is maximal need not have a torus as its closure. Let Gy, act on Q3 by t + diag(1,#2,¢) with
the lattice Ag := Z(e1 + e2) + 3Zey + Zes. In the basis e; + ea, 3ea, e3 of Ag, t sends e; + ey
to (e1 + e2) + tQT*l 3ea, 80 Gm(Q3) N GL(Ag ® Z3) = Z3 is maximal, while the closure is
Spec Z3[tT!, (2 — 1)/3], whose special fibre is Z/2 x G,. So the converse stated in the proof
of [84, Lemma 3.17] (p. 43: if K, = K", is hyperspecial, then Az, is a torus) holds once
p—1 > Cs, by the argument of [27, §4.4], but not for all p: here the analogue of Cp is
2 and p = 3, and 1/cy = 4 > 3. The statement of [84, Lemma 3.17] holds, with a~'Z,"
taken to be a lattice fixed by the torus over Z, with generic fibre T, [27, Lemma 3.3.1
and its proof]. The proofs of [84, Lemma 3.17 and Prop. 3.15] assume p unramified in
the field Frr O Lp of [84, p. 42], and that of [84, Prop. 3.15] uses the torus Resp, ,oGm
over Zp, while [84, Prop. 3.15] assumes only p unramified in Ly; we use it at every p > Cj
unramified in Ly, and there it follows from [27, §4.4] directly, with our ¢y. Indeed, with
T =Ty, as p is unramified in Ly, Tg, is the generic fibre of a torus T over Z, [27, §3.3],
and T (Zp) = K7*,, as a compact subgroup of T'(Qp) lies in 7(Ok) N T(Qp) = T (Zp) for an
unramified splitting field k, and if K, = G(Qp) N GLy,(Z,) then Kt is the stabilizer of
W = Zp" in T(Zy), so | K3y Krp| = |T(Zy)-W|, and T does not fix W if Krj, # K7*,. The
argument of [27, §4.4] gives |T(Z,) - W| > (p — 1)/|®|, where ® is the group of components



18 MANVIR JASWAL

of the stabilizer in TE, of a subspace; if the subspace has dimension d, the stabilizer is

Nker(z — ') over the weights z, 2" in the support of one vector of its d-th exterior power,
which are weights of T" under X*(fip) = X*(T@p) [27, proof of Lemma 4.4.1]; so |®| is
at most the order of the torsion of X*(T)/N, with N the subgroup generated by these
differences. As the map r7: X*(T) — X*(Resp,/gGm) dual to the surjection rr of [84,
p. 42| is injective, X*(7T")/N embeds in X*(Resp, oGm)/r7N, whose torsion has order at
most Cp. So |K7,/Krp| > (p—1)/Ce > cyp. The CM elliptic curve with endomorphism
ring Z[\/—7] gives the same phenomenon at [ = 2 inside (GLg, H¥).

Compared with [48, (9.1)], which reads {#*+2)2" (deg Z)?" < C(N)ay B, the base gains
the factor ¢cpd and has kp in place of k and the f of Table 1 in place of theirs, the
exponent stays 2", and the right side is the power form Qy of Corollary 3.4. As ¥;"(z) =
(cplFF+2/)2"=122" 1 (6.1) implies

Qv > U (dDy), (6.2)
the form the proof uses; also d ¥;(D’) < ¥;(dD’) and ¥;(x) > x for 2 > 1. The proof follows
that of [48, Thm. 9.2.1], except that the Galois groups are those over F', which need not
lie in Ey, at the cost of the factor d (Step 1, Lemma 6.4); the Galois lower bound is that
of Corollary 3.4; Bézout’s inequality, at [48, (9.5)] and in [48, Sublemma 9.2.5], has the
constant of Lemma 5.2; in Step 3, as P need not be adjoint, the proof of [48, Thm. 7.2.1] is
run on the image of Z in Sh aa (P24 X80 and Yy is chosen so as to be Hodge generic of
dimension dimY (Lemma 6.5).

Step 1 of the proof of Theorem 6.1 follows [48, §8.3.2], which rests on [48, Lemma 8.1.6].
The proof of (a) there takes the point fixed by a maximal compact subgroup to lie in the
apartment of a maximal split torus chosen in advance; this can fail for small [ [80, 2.1 and
3.6.1] (for SLg over Q3 and the diagonal torus T', T'(Zs3) fixes every vertex adjacent to the
apartment of T'). The proof of (b) reduces to a hyperspecial subgroup [80, 3.8.2], which
P(Q;) need not have, as (2) does not make P unramified at {. The following lemma gives
what Step 1 uses. For a connected reductive Q;-group H we write B(H) for its extended
Bruhat-Tits building [80, 1.2 and 2.1] and H(Q;)* for the fixer of Q C B(H) in H(Q;); as
in [48, §8.1.1 and Remark 8.1.1], the fixers of chambers are called Iwahori subgroups.

Lemma 6.3. Let | be a prime and H a connected reductive Q;-group, and put d :== dim H.

(a) LetT C H be a split torus such that no nonzero weight of T on Lie H lies in (I—1)X*(T),
and let © C T(Qy) be the subgroup of elements of order dividing | — 1. Then every point
of B(H) fized by © lies in the apartment of a maximal split torus S O T of H, and the
mazimal compact subgroup of S(Q) fizes that apartment pointwise.

(b) If a point y € B(H) lies in the closure of a chamber C, then [H(Q;)Y : H(Q)¢] <
jd(d+1)/2

(¢) Let (P,Xp), V andl be as in Theorem 6.1, with (2), and Kp; := K; N P(Q;). Every
mazximal compact subgroup K}' > Kp; of P(Qy) is P(Qq)Y for a point y of the apartment
of a mazimal split torus S O Tv,g, of Pg,. Let C' be a chamber of this apartment with
y in its closure, xo a special vertex in the closure of C', and C? a chamber of the
apartment with o in its closure. Then I} := P(QZ)C1 C K} and I} := P(Ql)c2 are in
good position with respect to S, Ij := Il1 N Il2 N Kpy is in good position with respect to
Ty, and [Kp; : I}] < 17 with f = (dim G + 1)
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Proof. For a maximal split torus S of H, the group Zy(S)(Q;) acts on the apartment A(S) by
translations through the homomorphism v of [80, 1.2], which vanishes on bounded elements;
so the maximal compact subgroup of S(Q;) fixes A(S) pointwise. Also hA(S) = A(hSh™1)
for h € H(Q;) [80, 2.1], and fixers of points are compact open [80, 3.2 and 3.4.1].

(a) Let y be fixed by ©. Choose a maximal split torus S O T and A € X, (T) with (5, A) # 0
for every nonzero weight 3 of T' on Lie H. By [17, Thm. 4.1.7], Pg(\) = Zg(\) x U (A),
where U := Up()) is unipotent, LieU is the sum of the weight spaces (Lie H)z with
(B,A) > 0, and A(t)uA(t)™! = 1ast — 0 for u € U(Qy); and Zy(\) = Zy(T) =: L, as
Zg(T) € Zg(A) and both are connected with Lie algebra (Lie H)p, by the choice of A.
Let D C X.(S) ® R be a vector chamber whose closure contains A, and Up the group
generated by the root groups U,(Q;) with a positive on D [80, 3.3]; A has weights > 0
on their Lie algebras, so Up C Py(\)(Q;) = U(Q;)L(Q;). The Iwasawa decomposition
H(Q;) = Up Nu(9)(Qq) Py, for x € A(S) and P, its stabilizer [14, Cor. 7.3.2(i)], which
applies to H(Q;) by [15, Thm. 5.1.20], gives B(H) = Up-A(S); so y = uug-x with u € U(Qy),
ug € L(Q;) and z € A(S). The point z := uy - z lies in A(uzSuy ') and usSus ' O T, s0 ©
fixes z; it remains to show u - z = z.

The group U, := U(Q;) N H(Q;)? is compact open in U(Q;) and normalized by ©. For
n large, A(1)"uA(l)™™ € U, so u lies in the compact subgroup I' := A(I)7"U,A({)", which
O normalizes, as it commutes with A(l). Compact subgroups of U(Q;) are pro-l, as U
has a composition series with quotients G,. For § € © put ¢y := v 'Oud~' € T; as
ubd='-2=0-y=y=1u- 2z cg lies in the pro-l group A :=T'NU., and § — ¢4 is a 1-cocycle
of © in A. As |0O] is prime to [, it is a coboundary (by the Schur-Zassenhaus theorem
on the finite quotients of A by its open normal ©-stable subgroups, and compactness):
co = u'~10u'0~! for some v/ € A and all § € ©. Then v := uv/~! € U(Q;) commutes with
©. The torus T is split, so © = Hom(X*(T), y—1), and © acts on each (Lie H)g C LieU
through fle # 1, as B ¢ (I — 1)X*(T); so (LieU)® = 0, and since log: U — LieU is a
T-equivariant isomorphism, v = 1. Hence u =v' € U,,and y=u-z=2 € A(UQSU;l).

(b) Let S be a maximal split torus whose apartment contains C, hence y; put B :=
H(Q)¢ c H(Q)Y, and let W be the group of affine transformations of .A(S) induced
by Nu(S)(Q) [80, 1.2], and ¢, := |BwB/B| for w € W [0, 3.3.1]. By the Bruhat
decomposition [80, 3.3.1], H(Q;)¥ is the disjoint union of the BwB with w in the stabilizer
Wy of yin W (as B € H(Q;)¥, and n € Ny (S)(Q,) fixes y if and only if its image in W does),
so [H(@Q)Y: B]= ZweVT/y Gw- An element of Wy with trivial image in the finite Weyl group

Wo := Nu(S)(Q1)/Zu(S)(Q;) is a translation fixing y, hence trivial; so |Wy| < [Wo| < 2V,
where N is the number of reflections of Wy (a Weyl chamber is determined by its signs on
the N reflecting hyperplanes), and 2N < d, as Lie H contains the nonzero root spaces of 2INV
distinct roots +a, one pair for each reflecting hyperplane. For w € Wy write w =171+ TjWw
with wC = C and ry - - - r; reduced, as in [80, 3.3.1], so that g, = (4D ++d(v;) and j is the
number of walls separating C' from wC'. Each of these walls contains y, which lies in the
closures of C' and of wC, and distinct walls through y have distinct directions, which are
kernels of roots; so j < N. Each d(v;) is the dimension of a homogeneous variety of the
special fibre of a smooth model of H [80, 3.5.4 and the paragraph after it], so d(v;) < d.
Hence [H(Q;)Y : B] < 2NNd < [N(@+1) < jd(d+1)/2,

(c) By [80, 3.2], K} = P(Q;)Y for a point y. A nonzero weight of T} on Lie P C gl,,, is
X — X’ for weights x, x’ of Ty in p, and does not lie in (I — 1) X*(7Ty): otherwise the group of
components of ker(x —x’), which is the stabilizer in Ty of the line through v, + v,/ for weight



20 MANVIR JASWAL

vectors vy, vy [27, proof of Lemma 4.4.1], would have order divisible by [ —1, over Q as over Fy,
whereas these orders are at most Cgp (Section 2.3 and Remark 6.2) and [ —1 > 2Cy —1 > Co
by (2), as ¢y = 1/(2Cs) and Cp > 1. The torus Ty g, is split, as [ splits completely in Ly,
and its elements of order dividing [ — 1 lie in Ky = Krnyp = Ty(Q)NK; C Kp; C Kll,
by (2) and Section 2.2; so they fix y, and (a), with H = Py, and T' = Ty g,, gives S. The
maximal compact subgroup of S(Q;) fixes the apartment of S, so it lies in I} and I?; it
contains that of Ty (Q;), which also lies in Kp;. As y and x¢ lie in the closure of C', and xg
in that of C2, we have I C K} and I}, I? C P(Q;)™; so (b), applied to (y, C') and (zg, C?)
with d = dim P < dim G, gives

[Kpy: I < [K} I 0 I7) < [K) ] [P(Q)™ : I7) < 149D <) O

Lemma 6.4 (Lower bound at every level). Let (P, Xp) C (G, X) be a Shimura subdatum,
Kp:=KnP(Ay), JC Kp compact open, V C Shi, (P, Xp)c special with Ty, # 1, defined
by (Hy,Xn,) C (P,Xp), and V a component of the preimage of V in Shy(P,Xp)c. If
QRH(0; Ly) holds, then, with Qv as in Corollary 3./,

deg,, (Gal(Q/Ey) - V) > degg, (Gal@/Ev)-V) = Qv,
and deg.  (Gal(Q/FEv) - V) > Qy/d when d > [FEy : By].

Proof. The first inequality is the projection formula for the finite étale 7: Sh; — Shg,,
defined over E(P, Xp) C Ey, with 7"Lg, = L; [48, Prop. 5.3.2(1)]: each component C' of
the orbit has deg, , C' = deg(7|c) degg, 7(C), and 7 maps the orbit of V onto that of V. For
the second, let Vi be a geometric component of ShKHV (Hy,XHu,), Kn, = KpNHy(Ay) =
K N Hy(Ay), mapping onto V. The natural map ¢ is defined over Ey, injective on the
Hodge generic locus [84, Lemma 2.2], and the components of ShKHV (Hv, Xg, ) are Hodge

generic, so distinct conjugates of Vi have distinct images and [48, Cor. 5.3.10] (Z(Hy)(R)
is compact) gives degﬁKP (Gal(Q/Ey) - V) > degl:KH (Gal(Q/Ey) - Vi), which is > Qy by
14

Corollary 3.4(i) with F' = Ey. For the last assertion, £; and Sh;(P, Xp) are defined over
E(P,Xp) C Ey, so Gal(Q/FEy )-conjugate subvarieties of Sh;(P, Xp)c have equal degrees;
and Gal(Q/FEy) has index [FEy : Ey] < d in Gal(Q/Ey), so the Gal(Q/Ey )-orbit of V
is the union of at most d conjugates of Gal(Q/FEy) - V. O

Descent. Let Z, V and d be as in Theorem 6.1, with (1) and QRH(J; Ly), and let J C Kp
be compact open, 7: Sh;(P, Xp) — Shg, (P, Xp) the natural map, V a component of 7! (V)
in the image of X} x {1}, and Y C Shy(P,Xp)c closed and F-irreducible with V C Y,

(Y) C Zandry :==dimY —dimV > 0. Let YV be a geometric component of Y containing
V, and Sy the smallest special subvariety of Sh (P, Xp)c containing Y. 1t is the i image of
X x {1} for a Shimura subdatum (H, Xg) C (P, Xp) with H the generic Mumford-Tate
group on Xy and X+ C X+ (84, Lemma 2.1]. Put Ky := KpNH(Ay), Jg :==JNH(Ay)
and Fpg := F(H, XH) then Fp C Ey, because a Hodge generic point of V lifts to X3,
so that (H, Xp) contains a P(Q)-conjugate of (Hy, Xg, ). Let ¢ denote the natural maps
Shy, (H,Xyg) — Sh;(P,Xp) and Shg,(H,Xg) — Shg,(P,Xp), and 7 also the map
Shy, (H, Xg) — Shg,, (H Xp); these maps are finite and defined over Fyy, and q7 = 7¢q. Let
Su be the image of X;7 x {1} in Shy, (H, Xg)c, so that ¢(Sg) = Sy. As ¢ is finite, some
component C; of ¢ 1(Y( )) N Sy maps onto YN, and some component Vi of g 1(‘7) N Ch
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maps onto f/; so dimC; = dimY and dim Vy = dim V. Let 17@ be the union of the
Gal(Q/F F)-conjugates of Cy, and put Vi := 7(Vy) and Yy := 7(Yy) C Shg,, (H, Xu)c.

Lemma 6.5. In this situation Yy is F Fg-irreducible and Hodge generic, (Vi) =V and
Vi has torus Ty, and dim Yy — dim Vi = ry [48, pp. 48-49]. Moreover:

(a) degEKH Yy < deg,, Y;
(b) if oY (JdegﬁK Yi) < Qy, then Vi is not strongly special in Shy, (H, Xg)c;

(¢c) if Y contains a special Vi; 2 Vi, then Z contains a special V! 2V in a geometric
component of Z containing V .

Proof. A special subvariety S’ C Sy containing C7 would give the special subvariety ¢(S’) D
Y, of dimension less than dim Sy; so C; is Hodge generic in Shy, (H, Xpg)c. Galois
conjugates of special subvarieties are special [48, proof of Lemma 7.1.2], so every component

o(C1) of Yy is Hodge generic, of dimension dimY, and Yy is closed and F Fy-irreducible.
Hence Yy is closed, F'Fy-irreducible and Hodge generic. As 7 and g are finite, dim Yy —
dim Vg = dimY —dimV = ry. The irreducible closed set VH has the dimension of q 1(‘7),
so it is a component of it, hence special, and so is Vir; and q(Vi) = 7(¢(Vig)) = (V) = V.
As Vi lies in the image of X7; x {1}, it is the image of X}, x {1} for a subdatum
(H",Xpyn) C (H,Xpg) with H” the generic Mumford-Tate group on Xp» and X7, C X5
[84, Lemma 2.1], and then so is V = ¢(Vy) in Shg, (P, Xp)c. So X}_’},, = 'yX;{'V for some
v € P(Q)4+ N Kp, and we may take (H”, Xp) for (Hy, Xp,,) (Section 2.2): Vi and V have
the same torus Ty and the same K7y, = Ty (Ay) N K, hence the same Ly, Ey, oy and Qy
(compare [48, Remark 9.1.1]).

(a) Each geometric component of Yy is 7(C) for a component C of Y, and deg, 5, O =

deg(7|c) degLKH 7(C) by the projection formula, so degLKH Y < degEJH Yy. For a compo-

nent C' = o(C4) of Yy, ¢(C) = (YD) is a geometric component of Y, because ¢ is defined
over Fiy and Y over F. Distinct C give distinct components, as ¢ is injective on the Hodge
generic locus [84, Lemma 2.2], and dege, C < deg,, q(C) [48, Cor. 5.3.10], as Z(H)(R) is
compact. So degL Yy < deg,, Y

(c) V' = q(VIQ) is special; it lies in ¢(Yg) = 7(¢(Yx)) € 7(Y) C Z and contains
q(Vg) =V;and dim V' = dim V}; > dim Vy = dim V, as ¢ is finite. Being irreducible, V'
lies in a geometric component of Z, which contains V.

(b) Suppose Vg is strongly special in Shg,, (H, Xy)c, that is, Ty C Z(H). Then Ty =
Z(H)° [48, Lemma 6.2]. Put K} := Kji Ky and let w: Shg,, (H, X)) — Shyp (H, Xp) be
the natural map. The group K7 /K1y, acts on Shy, (H, Xp) by the maps 0; of Lemma 5.3(b),
which are defined over Fy and so commute with Gal(Q/Ey ), and its orbits are the fibres of
7. Let ©4 C K7! /K1y, be the group of Corollary 3.4(ii). Then ©4 - Vi C Gal(Q/Ey) - Vg
[48, Sublemma 9.2.4]. Write deg for degﬁKH and Y := Gal(Q/Ey) - Y for geometrically
irreducible Y; degf) = deg) by Lemma 5.3(b), and Gal(Q/Ey )-conjugate subvarieties
have equal degrees, as L, is defined over Fg C Ey. Let Y7 be a geometric component of
Yy containing V. As Yy is defined over FFy C FEy, it contains Gal(Q/FEy) - Y1, and
)1 is the union of at most d conjugates of this set; so deg Y < D; := ddeg Yy.

Suppose Y; is geometrically irreducible, Vi C Yj, dimY; > dim Vi and degY; < D; =
\Ifo(j_l)(Dl). If©4-Y; C Y, stop. Otherwise choose 6§ € © 4 with 8Y; ¢ V;. The sets ); and
0Y; are of pure dimension dimYj;, and they have no common component: the components
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of 0Y; are the 00Y;, and 00Y; = U’Yj would give 0Y; C V;. Also Vg C Y;N0Y;: as ©4 is a

group, 071V = oV C oY; for some o € Gal(Q/Ey). Let Y;4+1 be a geometric component

of Y; N #Y; containing V. This set is Gal(Q/Ey)-stable, so the conjugates of Yj;; are

among its components; dim Y;; < dimYj; and Lemma 5.2(c) at the neat level Kg gives
deg Vji1 < CBDJQ' =Dji1.

The dimension drops at each step, so j < ry throughout, and D; < Dj; < ¥ (Dy) <
Qu, as ¥(z) > . If Y41 = Vi, then deg(Gal(Q/Ey) - Vi) < Dj11 < Qy, contradicting
Lemma 6.4 for Vy at the level K. Otherwise we continue. So the process stops at some
Y’ with ©4 - Y’ C Gal(Q/Ey) - Y’ and deg(Gal(Q/Ey) - Y') < Qy. As the orbits of © 4
lie in the fibres of 7, also ©4 - Y’ C 77 (Y’), and Y” lies in the geometric component of
Shy,, (H, Xg)c containing Vir; so Corollary 3.4(ii), applied to this component, whose image
has torus Z(H)° = Ty and hence the same Ly, oy and Qy, with F' = Ey D E(H, Xp) and
Y =Y/, gives deg(Gal(Q/Ey) - Y') > Qy: a contradiction. O

Proof of Theorem 6.1. We prove the theorem with (6.2) in place of (6.1), by induction on 7,
for all subdata (P, Xp), fields F, and Z, V, d and [ at once. Recall that V is the image of
X3, x {1} with X7 C X} (Section 2.2).

Step 1 (the level I, the element m and o). Put Kp; := K;NP(Q;). Asl > Cy, K; = G(Z)
is hyperspecial; [ splits Ty; and (Ty ), is a torus by (2). So (P, Xp), V and [ are as in
[48, Thm. 8.1], whose proof [48, §8.3] we follow. By (1) the image of Ty in P*? is not
tr1v1al and [27, Prop. 7.4.3] glves mo € T V(@l) whose image in P24(Q;) lies in no compact
subgroup, with [Kp; : Kp; N mo Kplmo ] < I®J for every integer j > 1: for j = 1 this is
[48, (8.5), (8.6)], and in the proof of [27, Prop. 7.4.3] the element does not depend on e and
the exponent is linear in e. There is a compact open subgroup I; C Kp;, the intersection
of Kp; with two Iwahori subgroups, one chosen with respect to mg [48, Def. 8.3.1], such
that [Kpy : [;] <1/ [48, (8.8)] and, for every j > 1 and all uy,us € I, the image of U]_mOAjUQ
in P24(Q;) generates an unbounded subgroup [48, (8.7), Prop. 8.1.4 and §8.3.3]. Here
[48, §8.3.2] is applied with the torus S, the chambers C!, C? and the groups Ill, Il2, I; of
Lemma 6.3(c), with K] := P(Q;)® and C? the chamber that [48, §8.3.2] then chooses with
respect to my; this also gives [48, (8.8)], whether or not P(Q;) has hyperspecial subgroups.
Put [ := KL}, with K} = [1,4(Kp, N P(Qp)), and let 7: Shy(P, Xp) — Shg, (P, Xp) be
the natural map, which is finite étale of degree at most [Kp; : I}] < ¥ and defined over
E(P,Xp) C F. Let V be the image of X;}V x {1} in Sh;(P, Xp)c, a component of 7—1(V).

The reciprocity map 7z, Xu,) is a homomorphism from Gal(Q/Ey ) to an abelian quotient
of Hy(A) [84, §2.1], and by [84, Prop. 2.9] the class of m{ there is T(Hy Xny, y(00) for some

0o € Gal(Q/Ey). The image of Gal(Q/FEy) has index j < [FEy : Fy] < d in that of
Gal(Q/Ey), so the class of m = mé is r(HV7XHV)( o) for some o € Gal(Q/FEy). Then
o(V) is the image of XEV x {m} [48, proof of Prop. 8.2.1], so o(V) C T},V, with T}, the
correspondence of Lemma 5.3(a) on Shy(P, Xp). As in [48, (8.9)],

[Il LN mIlmfl] < [KPJ : Kp,l N prJmfl] . [KPJ : Il] < [fritf < [k

So [48, Thm. 8.1] holds with o € Gal(@/FEV) and kp in place of k1 + f.

Step 2 (the intersection Z N'T,,Z ). Let Z be the union of the Gal(Q/F)- conjugates of a
geometric component of 771(Z) containing V. Then Z is F-irreducible and T(Z )= Z; it is
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Hodge generic, as Z is; and the projection formula and Lemma 5.3(a) give, as in [48, (9.4)],
deg,, Z < lfDZ, degp, Tm 7 < (L : I ﬂm[lm_l]degl: 7Z < 1Frtip,.

The set T},Z is closed and defined over F. By Step 1, oV C TV C TZ, and o fixes
F, so V C T)nZ. Hence V.C ZNT, Z and as this set is defined over F, it contains
Gal(Q/FEy) - V. The level I is neat, as I C Kp, so Lemma 5.2(c) applies on Sh;(P, Xp):

> degp, C < cpg-UDy-1I"T Dy = WUy(Dy). (6.3)
CEIrr(gﬁng)

Step 3 (the case Z C Ty, Z). We obtain the conclusion of [48, Thm. 7.2.1] for (P, Xp)
at the level I, with pg = 3, by its proof run as described below: the factor K3 N P(Qs3)
of I is neat by (Lv), and [ # 3, as the hyperspecial K is not neat. Like V, V is defined
by (Hy,Xm, ) and is not strongly special, and the unboundedness condition is that of
Step 1. Three points of the proof of [48, Thm. 7.2.1] need care here, as P need not be
adjoint and 7 is only F-irreducible. In the proof of [48, Lemma 7.2.8], in its notation, the
element ¢ and every element of the group I' = K1 N G1(Q)+ must lie in the level group
at every prime other than [ and have [-component in Uj, so that [yz,1] = [z, 1] lies in
the image of V - U, for all v € I'y; ¢ is found by strong approximation and I' is replaced
by its subgroup of finite index {7 : y; € U}, as in Step 2 of the proof of Lemma 7.2. The
reduction to the adjoint group in [48, Lemma 7.2.2] gives V’ only in 5~(5(Z)), for the map
7 below, and [48, Lemmas 7.2.3-7.2.4] cannot be run on P itself, since the closure of the
monodromy is not open in Kp; when Z (P)° # 1. Let ZM be a geometric component of
Z containing V, and 7: Shy(P, Xp) — Shyaa(P?d, X21) the finite morphism of the proof
of [48, Lemma 7.2.2] with pp = 3, where, for the adjoint map A\: P — P4 [3d = X\(I3),

1# = X\(I;) and I ad js 3 maximal compact subgroup containing >\( ) for p # 3,1; 1* is neat

by (Lv), J(Z) is F irreducible and Hodge generic, 3(Z) C T Am)I(Z 7), and the unboundedness
condition holds for A(I;) [48, pp. 32-33]. We therefore run [48, Lemmas 7.2.3-7.2.6] on
9(Z) C Shyaa (P, X3), where the monodromy of 3(Z()), a geometric component of j(Z)
containing ](YN/) is Zariski dense by the argument of Step 1 of the proof of Lemma 7.2, and
then the argument of Step 2 of that proof, with U; := (K], (u1A\(m)ug)*) of [48, Cor. 7.2.5]
in place of the group of Step 0, on X ad,+ X;.?, which shows that the preimage Ac Xp 5 of
9(ZW) is X;F-saturated for a factor P; with m;(Ty/) # 1. Let Z' be an irreducible component
of the preimage of Z() containing X ;:IV; as both preimages have pure dimension dim Z(1), Z'
is an irreducible component of A. A connected complex submanifold contained in a locally
finite union of irreducible analytic sets lies in one of them (Baire and the identity theorem);
applied to XZ-+ x {x4;} at the points = of 7' on no other component of ﬁ, and by closedness
at all points of Z’, this shows that Z’ is X F-saturated. So Z contains the image V' of
X x pr#(X ), which is special, being the image of X}, x {1} for the Shimura subdatum
defined by the 1dent1ty component M’ of the preimage in P of P; x pr_;(A(Hy)), and contains
V properly [48, Lemma 7.2.9]. Then V' := 7(V’) is special, V. C V' C 7(Z) = Z, and
dim V' = dim V' > dim V; being irreducible, V" lies in a geometric component of Z, which
contains V.
Step 4 (the case Z ¢ TynZ). As T,,Z is defined over F and Gal(Q/F) permutes the

geometric components of Z transitively, no geometric component of Z lies in T;,,Z; so every
component of ZNT,,Z has dimension less than dim Z. Suppose V is one of them, as it must
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be if r = 1. Then so are its Gal(Q/F Ey )-conjugates, by Step 2, and Lemma 6.4 at J = I
and (6.3) give Qv /d < deg,, (Gal(Q/FEy) - V) < ¥;(Dyz), against d U;(Dz) < ¥;(dDz) <
U9 (dDz) < Q. So this case does not occur for 7 = 1, and for r > 2 a geometric component
YW of ZNT,nZ contains V properly. Let Y be the union of the Gal(Q/F)-conjugates
of }7(1), which are components of ZnN TmZ . It is closed and F-irreducible, T(}N/) C Z,
deg,, Y < Uy(Dy) by (6.3), and 0 < ry := dimY — dimV < r.

Step & (descent and induction). Apply Lemma 6.5 with J = I, and let (H, Xy), Fy,
Yy and Vi be as there. By Lemma 6.5(a), degEKH Yy < Uy (Dg), so, as ¥ < ¥, U is

increasing and d ¥;(Dz) < ¥;(dDy),
U (ddege, Yi) < U (ddegg, Yr) < v (AD,) < WT(dDy) < Q.

So the subdatum (H, Xg), the field FFy D E(H,Xp), and Vg C Yy in Shg, (H, XH)c
satisfy the hypotheses of the theorem with ry < r in place of r: Yy is Hodge generic and
F Fyg-irreducible; (1) holds by Lemma 6.5(b); and (6.2) holds by the display for the same
! and the same d, since the conditions on [ concern only K and Ty, and Fy C Ey gives
FFyEy = FEy. By induction Yy contains a special V}; 2 Vp, and Lemma 6.5(c) gives
V. O

The uniformity comes from two places: Lemma 5.2 has a constant that depends only on n,
by Theorem 1.5 at every neat level; and the varying level enters only through [Kp; : Ij] < 1
and [[; : [ nmIym™] < IFF,

6.2. The prime. The criterion (6.1) reads I* A,.(Dz) < Qy, where, for » > 0 and D' > 1,
b= (kp+2£)2",  AD'):=(cgd D).
For a special subvariety V' with Ty # 1 put
Ty = max<(64fi(5)ﬁv)1/6, (Bv +1)%, (48n7)?, 4Cy, 64nk(max(e?/B'logay) + 2)2).

Proposition 6.6. Let V be special with Ty, # 1, and assume QRH(d; Ly). Then there is a
prime | with xy /4 <1 < zy and | > Cy that splits completely in Ly and has K, | = Kr_,"%hl.
Moreover 1 > xy /4> 1/cy.

Proof. (1) As Ty # 1, By > log3 > 1 (Section 2.2), and [Ly : Q] < np; so the first
three terms of zy give the three conditions of Lemma 3.2 at x = xy for L = Ly. Hence
at least xy/(8nrlogay) > (/xy/(8nr) primes in (xy/4,xy] split completely in Ly, as
x/logx > \/x for x > 1. By the last term of 2y there are at least max(e?/B’,log ay) + 2 of
them, and by the fourth they exceed Cj.

(2) Let iy be the number of primes p > Cy, unramified in Ly, with K7¢  # K7y, . For
these K}, = G(Z,) = G(Qp) N GL,,(Zy) by the choice of Cp, which is the hypothesis of [84,
Prop. 3.15], so |Kf, /K1y p| > cup (by [27, §4.4] as in Remark 6.2, as the printed proof
of [84, Prop. 3.15] assumes p unramified in its field Fp, which may be taken to be Fy [84,
pp. 11-12]). As iy distinct primes have product at least iy!, ay > B'™Viy! > (Bliy /e)V,
which exceeds €'V if iy > e?/B’. Hence iy < max(e?/B’,logay). (In [48, Lemma 10.2.5]
the count runs over all primes unramified in Ly with K7y, # Kt p, including those where
K, # G(Zp), which are outside the hypothesis of [84, Prop. 3.15]; we only need primes
[ > Co)

(3) The primes of (1) are unramified in Ly and exceed Cp, and there are more than iy of
them; so one of them has Kr,, ; = K7, .-
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(4) I > zy /4 > 1/cy, since zy /4 > 16n%(e? /B’ +2)? > 16e*/c}, > 1/cy, as B' = Bey <
Cy < 1/2. ]

Under GRH split primes exist from z ~ (log dLV)2+°(1), and [48, Prop. 10.2.3] takes [ of
size about of, 37" with m > 6, balanced against the factor B§ of the Galois bound. With
the power form {2y no balancing is needed: the prime of Proposition 6.6 is at most a power
of logdy, and of logay, while Qy grows like avdﬁv. So any § > 0 works, and ¢ enters the
choice of [ only through the first term of xy .

6.3. The Hecke step.

Theorem 6.7. Let G be adjoint and K satisfy (Lv), let (P, Xp) C (G,X) be a Shimura
subdatum and F D E(P,Xp) a number field. Let Z C Shi,(P,Xp)c be Hodge generic and
F-irreducible, of degree Dz as in Theorem 6.1, and let V C Z be special and not strongly
special in Shi, (P, Xp)c, with r :=dim Z — dimV > 0. Let d > [FEy : Ey] be an integer
and assume QRH(J; Ly). If

Qv > A(Dg) i,

then Z contains a special subvariety V' 2V in a geometric component of Z containing V.

Proof. The prime [ of Proposition 6.6 satisfies 1’ A,.(Dyz) < a:f{}AT(DZ) < Qy, which is (6.1);
so Theorem 6.1 gives V. O

For maximal V the inequality of Theorem 6.7 fails, and the following lemma turns that
into bounds for ay and dr,,. Put

(64%(5) +1

¢ := max + 8nr, 1+48nT+4Co+8nT(62/B/+2)>,

and for A>1and b>1
2b 2¢b

W(A,b) :=2log A+ 1+ 5 log =5 B(A,b) := A (s (W(A,b) + 1))

Lemma 6.8. Let A > 1 and b > 1, and let V' be special with Ty, # 1. If avd’zv < Aaz‘b/,
then avdy < B(A,b). The function B is non-decreasing in A and in b.

b/s

Proof. Put w :=log(ayd] ) =logay + pfy >0 and S := (64x(0) + 1)By + 8nrlogay +
1+ 48n7 + 4Cy + 8nr(e? /B’ +2). Since S > 1 and 1/6 > 2, each of the five terms of xy is
at most S0, as 64x(8)By, By + 1, 48nr, 4Cy and 8ny(max(e?/B’,log ay) + 2) are at most
S. As By <w/p and log ay < w, we have S < ¢(w + 1). So the hypothesis gives

b
w < logA+ 5 log(s(w +1)).

With logy < y/s+logs —1 for y =w+ 1 and s = 2b/J, this gives w < W(A,b); putting
this back into the right side gives w < log B(A,b). Both W and B are non-decreasing in A,
and in b because 2¢b/(ed) > 1. O

7. DEGREES OF MAXIMAL SPECIAL SUBVARIETIES

In this section G is adjoint, K is a neat product level, n := dim Shx (G, X) and cp :=
e*(n)® (Lemma 5.2(c)); (Lv) is not assumed and no analytic input is used. Daw, Javanpeykar
and Kiithne bound the degree of a maximal special subvariety that is not of facteur type [21,
Thm. 1.3]. Their iteration cuts Z by a Hecke translate at an Iwahori level and bounds the
intersection by Bézout’s inequality with constant 1 at that level [21, proof of Prop. 10.1,
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p. 24]. Their Theorem 1.3 is unaffected, since it asserts that an effectively computable
bound exists: with the constant cg of Lemma 5.2 in this one step, their Proposition 10.1
gives degY < cpp?/2t*2(deg Z)2, with ko, fo as in (DJK3) below, and the rest of their proof
runs unchanged once their Theorem 7.1 is taken at primes p > Ny, with the proofs of their
Theorems 6.1 and 7.1 completed by Lemmas 7.1 and 7.5 and the proof of (DJK3) below.
We run the iteration with Lemma 5.2 at the level of the Hecke translate instead, and treat
the facteur case, which they exclude [21, p. 2] and Binyamini and Daw treat by a different
method [10, Thm. 5], with a saturation lemma.

7.1. Inputs. Let Gz, be the Zariski closure of p(G) in GLy, z,, and let N > 2Dg, + 1 be
an integer such that K, = Gz, (Z,) is hyperspecial for every prime p > Nk, where Dy, > 1
is an integer for which [21, Lemma 7.5] holds. For a reductive Q-group H and a product
level Ky C H(Ay), let ¥(H, Kg) be the set of primes p at which Hg, is not quasi-split,
or does not split over an unramified extension, or Ky ), is not hyperspecial, and II(H, Kg)
the product of these primes (1 if there are none) [21, §2.5]. For a Shimura subdatum
(P, Xp) C (G, X) write K(P) := KN P(Ay) (the Kp of Sections 6 and 8), and for a special
subvariety V of Shx (G, X*)c, the image of X7; x {1}, put Sy = S(H¥, K(H")) and
[y := II(H%, K(H%")); these depend only on V' [21, Def. 3.5, and are the same for V/
in Shg(py(P, Xp) and for its image in Shx (G, X), since K(P) N HI(Ay) = K N HYE(Ay).
We use the following results of [21], all with effectively computable constants depending only
on (G, X, K, p).

(DJK1) [21, Thm. 6.1] There are ¢;,71 > 0 such that deg V' > ¢II{} for every special subvariety
V of Shx (G, XT)c of positive dimension.

(DJK2) [21, Lemmas 4.1 and 4.2] There is an integer dg > 1 such that for every Shimura
subdatum (P, Xp) with a component X/, C X, every closed irreducible Yp C
Shgpy(P, X{)c and its image Y in Shg (G, X)c, we have degY < dg dege ., Yp
(in the display after “By definition” in the proof of [21, Lemma 4.2], p. 9, the factor d on
the left should be d™Y? for the integer d of that proof; the proof then gives degy <
ddimYp degLK(m Yp, and we take dg = d4™Shx(GX)): and degﬁK(P) Yp < degY for
every Hodge generic closed irreducible Yp C Shg(py(P, Xp)c.

(DJK3) [21, Thm. 7.1], for primes p > Ng. There are integers ko, fo > 1 with the follow-
ing property. Let (P, Xp) be a Shimura subdatum with a component X; cXT,
P* = P x ... x P, the decomposition into Q-simple factors with projections 7,
V' C Shg(p) (P, X;)C a special subvariety of positive dimension, the image of XE x {1}
for (H,Xy) C (P,Xp) and a component X;; C X, Z the set of i with m;(Hr) #£ 1,
and p > Nk a prime with p ¢ Xy. Then there are a compact open J, C K(P), :=
Kp N P(Qp) and « € P(Qp) such that, with J := K(P)PJp: (i) [K(P)p : Jp] < p'2;
(ii) [Jp : Jp Nadpa™t] < p*2; (iii) the image V of Xj; x {1} in Sh;(P, Xp)c satisfies
V C T, V; (iv) m;(ujaug) generates an unbounded subgroup of P;(Q,) for all i € Z and

ut, u2 € Jp.
The proofs of [21, Lemmas 6.10 and 6.11], on which that of (DJK1) rests, take from that of
[20, Lemma 6.6], besides the passage from the simply connected cover of H der to Hder only
the bound of Lemma 7.1; with it the proofs of [21, Lemmas 6.10 and 6.11] are unchanged,
with c3 := max{4, B,po} and ¢ := (3¢B**+2)~1 in [21, Lemma 6.10], where B and b are
the constants of [21, Lemmas 6.4 and 6.5], ¢ is that of [21, p. 19] (as in Lemma 7.1) and po
is the largest prime with K, # Gz,(Z,), as in the proof of [21, Lemma 6.10]. Lemma 7.5
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(Section 7.4), in whose notation we now write, replaces [21, Lemma 6.7]; its proof does not

use [21, Lemma 6.8]. Its bound carries []; wil / 2, where [, w; is the discriminant factor of
Prasad’s formula [72, Thm. 3.7], from which [21, p. 16] draw the lower bound for the volume
of ['(H)™\H(R); in that bound the remaining factor [J, wz-l /? suffices. Prasad’s theorem
applies to each H/, with S the set of archimedean places of K;, because H/(K; ® R) is
not compact: as H is the generic Mumford—Tate group on Xy, the projection of h € Xp
to each Q-simple factor of H2d is non-trivial, so that factor has non-compact real points
[54, Lemma 4.7]. As dim H] > 3, and s; > 5 when ¢; # K, we have wil/2 > (DKiNi)l/z,
which pays the primes of X(H, K (H)™) (in the notation of [21, pp. 14 and 16]) that divide
some D, N;. At every other prime p of that set, some H] at some place v | p of K; is not
quasi-split, or splits over the maximal unramified extension of K;, while K (ﬁ )™ is not
hyperspecial at v (otherwise, as K; and ¢; are unramified above p, ﬁ[@p would be quasi-split

and split over an unramified extension, and K(H);" would be hyperspecial). Then the factor

of Prasad’s Euler product at v is at least ¢"**!/(q, + 1) > ¢2/(q» + 1), where g, is the order
of the residue field and 7, > 1 the rank of H] over the maximal unramified extension of Kj ,

[72, §2.5 and Prop. 2.10(iv)]; this is at least \/p for p > 3 and %ﬂ for p =2, and all the
factors are greater than 1 [72, Rem. 3.10]. So []; wz-l /? times the Euler product is at least
2—\3/5 II(H, K (H)™)"/?; dividing by the bound of Lemma 7.5 as on [21, pp. 14-16], the factors

IL wil/Q cancel, and [21, (7)] holds with C' := B3¢ and ¢y := 3¢5/(2v/2). The rest of the
proof of [21, Thm. 6.1] is unchanged.

Lemma 7.1. Let V be a special subvariety of Shx(G,XT)c, the image of X7; x {1}, let
p =5 be a prime with K, = Gz, (Zy), let H be a reductive model over Z, of H&ir, and let
K' be the stabilizer of Zp" in H(Zy,). Then K' = H(Zy) or [H(Z,) : K'| > (p — 1) /¢, with c
the constant of [21, p. 19].

Proof. The argument for this bound in the proof of [20, Lemma 6.6] (p. 93), which [21, p. 18]
cite, seeks a maximal torus of H whose Z,-points are not in K’ through a density argument,
which gives an element of H(Z,) ~ K’ that is semisimple in the generic fibre but no maximal
torus of ‘H over Z, containing it; it then takes the Zariski closure of a conjugate of the
generic fibre of the torus to be a torus because its Z,-points form the maximal compact
subgroup, which does not suffice (Remark 6.2). We argue as follows. Suppose K’ # H(Z,).
The kernel Hy of H(Z,) — H(F,) is a pro-p group; if H1 ¢ K’, the Hi-orbit of Z,” has
more than one element and a power of p as size, so [H(Z,) : K'] > p. Otherwise K’ is the
preimage of a proper subgroup of H(F,). As p > 5, H(F,) is generated by the groups T(F),)
of its maximal tori T’ defined over [Fy: for Hp, simply connected because every semisimple
element of H(IF,) lies in such a group, so they generate a normal subgroup with quotient a
p-group, and H(F,), a product of groups H;(F,,) with H; absolutely almost simple and simply
connected, is perfect [53, Thm. 24.17], and in general because H(F,) = T(F,) 7(H(F,))
for the simply connected cover m: H — Hr,, by Lang’s theorem. So some T(F,) is not
in the image of K’, and T lifts to a maximal torus 7 of H [17, Thm. 3.2.6], by Hensel’s
lemma, which also makes 7(Z,) — T(F,) onto; so T(Z,) ¢ K'. Then T does not fix Z,"
in the sense of [27, §3.3], and the proof of [27, Prop. 4.3.9] in [27, §4.4], applied to T, to
the largest sublattice W’ of Z,” that T fixes [27, proof of Lemma 3.3.1], and to Z,”, gives
([T (Zy) : T(Zp) N K'] > (p—1)/|m0(S)(Fp)|, where S C Tg, is the stabilizer of the image L’
of pZy* NW' in W' /pW' [27, p. 633]. Over Fp, S is the common kernel of the differences
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x — X’ of the characters lying in one block of the finest partition of the weights of W’ @ FF,,
along Wilich L'® Fp decomposes, and these characters are bounded by [21, Lemma 6.9]; so
[mo(S)(Fp)| < ¢, and [H(Zy) : K| > [T(Zp) : T(Zp) NK'] = (p—1)/c. O

Proof of (DJK3). The proof of [21, Thm. 7.1] follows that of [20, Thm. 7.1], which takes
Jp C P(Qp) from [48, §8.3.2] and bounds its index by [48, Lemma 8.1.6(b)] applied in
P(Qp) [20, p. 98]; [21, p. 22] makes this bound explicit by the proof of [48, Lemma 8.1.6(b)],
with the Weyl group of H&ir. That proof first reduces to a hyperspecial subgroup of the
group containing the Iwahori subgroups, here P(Q)), which need not have one, as p ¢ Xy
constrains only H9"; the proof goes through with Lemma 6.3 in place of [48, Lemma 8.1.6].
Let T be a maximal split torus of H&‘f whose apartment contains the point fixed by the

hyperspecial subgroup K, N H4*(Q,) [80, 3.8.1]; the maximal compact subgroup of T(Q,)
fixes that apartment pointwise (proof of Lemma 6.3), so it lies in K, N H(Q,) C K(P),.
Let © C T'(Qyp) be the subgroup of elements of order dividing p — 1. Two distinct characters
X, X' of T intervening in p have coordinates of absolute value at most D, in the basis
of [21, Lemma 7.5], so x —x' ¢ (p — 1)X*(T), as p — 1 > 2Dg,, and x # x’ on O. As
© C GL,, (Zy) has order prime to p and its characters have values in Z}f, the projectors
onto the weight spaces of T' preserve ZZP ; so the Zariski closure Tz, of T' in GL,, 7, is a
torus [27, Lemma 3.3.1], as [27, Prop. 7.4.3] requires. (The proof of [21, Lemma 7.4], which
is that of [20, Lemma 7.3] (p. 96), infers this from the maximality of T'(Q,) N GLy,,(Zy),
which does not suffice; see Remark 6.2.) A nonzero weight of 7" on Lie P C gl,,, is such a
difference x — X/, so it does not lie in (p — 1) X*(7'); and © C K(P),. So Lemma 6.3(a), with
H = Py,, and Lemma 6.3(b) give the torus, chambers and groups of Lemma 6.3(c) with p,
T and K(P), in place of [, Ty, and Kp;, the chamber C? being chosen with respect to a
as in [48, §8.3.2]; hence (i) with fo := (dim G + 1)?; then (ii) holds with ko := k' + fa, for
the integer &’ of 21, p. 21}, and (iv) follows from [48, Prop. 8.1.4] in each P;q,, i € Z. O

7.2. Saturation. Let (P,Xp) C (G,X) be a Shimura subdatum with P the generic
Mumford-Tate group on Xp, P? = Py x --- x Py as in (DJK3), and ng =X x-x XF
the corresponding decomposition. For A C {1,..., s} write Pg := [[;c4 P, Xj = [Tiea X;"
and A° for the complement. A subset ¥ C X} is X | -saturated if Y = X} x prAc(lA/).

Lemma 7.2. LetY C ShK(p)(P, X;)C be closed, irreducible and Hodge generic, containing
a special point, and let Y C X;Z be its preimage. Let p be a prime, J, C K(P), compact
open, J := K(P)P.J, Y a component of the preimage of Y in Sh;(P,Xp)c, a € P(Qp)
and T C {1,...,s}. Suppose that Y C T,Y, and that m;(ujaus) generates an unbounded
subgroup of P;(Qp) for alli € T and ui,us € Jy. Then Y is X7 -saturated.

Proof. This is the proof of [48, Thm. 7.2.1], applied to Y itself in place of the preimage of a
special subvariety, with the monodromy step of [48, p. 33] argued from a special point of ¥’
(Step 1) and the last step (Step 2) carried out on X; rather than at the adjoint product
level of [48, Lemma 7.2.8].

Step 0. Let Y°° be a component of the preimage of Y in the pro-étale cover of Shy(P, Xp)
with group J, [48, §4.1.3]. As Y is geometrically irreducible, the argument of [48, (7.2)] gives
u1,ug € J, with Yo =Yy>. (ujug); the Galois step of [48, Lemma 7.2.4] is not needed.
Let Y/ be an analytic component of Y.

Step 1 (the monodromy). Let My be the identity component of the Zariski closure of
the monodromy of the variation of Hodge structure over the smooth locus Y™ of Y. Let
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r: Y’ — Y be a resolution of singularities that is an isomorphism over Y*™. The pull-back
to Y’ of the variation on Sh k(P (P X]JE)@ is polarizable; its Mumford—Tate group is P at
the points over the Hodge generic points of Y, and a torus at the points over a special
point of Y. So its connected monodromy group is Pder [3, Prop. 2]; this group is My, as
T (YS™) — 71 (Y”) is onto. So My = P, and the closure K, in P(Q,) of the monodromy
of Y at the lift ¥’ contains an open subgroup of My (Qp) [48, Prop. 4.2.1]. (Without a
special point this fails: for o € Y (1) algebraic and not CM, Y (1) x {¢} C Y (1)? is Hodge
generic with monodromy SLg x 1.)

Step 2. Steps 0 and 1 hold for every choice of Y and Y’ ; translating by some k € K (P),,
which replaces J, and « by k_lka and k~'ak and keeps the hypotheses, we may assume
that Y is the image of Y’ x {1}, and we take for Y the component containing the image
of Y’ x {1}; then K, is the closure of the stabilizer of Y’ in P(Q)4 N J. By Steps 0 and
1, Y is stabilized by U = (K,,uiauz) [48, Cor. 7.2.5], and My = Pder 5o K, contains
an open subgroup of Pder((@ ) and the image U, of U, in P*4(Q,) is open. Fix i € Z. Let
Ph be the Q-simple factor of P over P, w: P, — Ph its simply connected cover, H a

(2
Qp simple factor of P; g, in which the image of ujaus is unbounded, and H the factor of

PlQ over H. By [48, Lemma 7.2. 6] for U, w(H(Qy)) CUp Z(P)(Qyp), so commutators of
elements of w(H(Q,)) lie in U; as H(Q,) is perfect (it is H'(k) for a finite k/Q, and H’ sunply
connected and absolutely almost simple, isotropic because H(Q)) is not compact [71]; s
H'(k) = H'(k)* [68, 69], which is perfect [79, Main Theorem], [37, Fait 4.1]), w(H(Q,)) C U
Let T'; := {y € Pf(@) NP(Q)+ NK(P)P : v, € K}, an arithmetic subgroup of PZ-u with
closure T; C K, in P(Qp) and fix g € H(Q,) lying in no compact subgroup. By strong
approximation for R with respect to the infinite place (P;(R) is not compact), ]51((@) is
dense in P, (Af) [54, Thm. 4.16]. So T; contains w(C ), with C~’p the preimage of K{? in
P;(Q,) (the elements of P;(Q) in C, whose image lies in K (P)? are dense in C,, and their
images lie in I';), and is therefore open in P (Qp); and there is ¢’ € w(P (Q)) that lies in
K(P); for every prime £ # p and has g, € w(g)FZ, so ¢ € P(Q)+ and g, € Up. The closure
of I'; :== (I';,q’) in P(Q)) contains w(g), so I'; has infinite index in I';. The image m;(I'}) is
dense in P;(R)". Indeed, let C be its closure in P;(R) and ¢ the Lie algebra of C. The group
m;(I';) is arithmetic in P; [54, Prop. 3.2], hence a lattice in P;(R) and Zariski dense in P; [54,
Thms. 3.3 and 3.19], and it normalizes C; so ¢ is an ideal of Lie P;(R), and P;(R) = N x N
with N, N’ products of R-simple factors and Lie N = ¢. Suppose N’ # 1. As C is closed with
the identity component of N as its identity component, and N has finitely many components,
the projection of C to N’ is discrete; and P;(Q) — N’ is injective, as P; is Q-simple. So a
sequence in 7;(I"}) that tends to 1 is eventually 1, and m;(I";) is discrete; it then contains
the lattice 7;(I';) with finite index, and [T} : T';] is finite, as Pu — P; has finite kernel. So
N'=1and C D P,(R)*. Each v € T} lies in P(Q)4+ N K(P)?, has Y € Up and moves only
the i-th coordinate of X3; for z € Y/, [yx,1] = [z,7,1] € Y‘X’U Y™ soyreY. AsY is
closed, X;" x {z4} C Y for every = € Y’, hence for every z € Y = (K(P) N P(Q))-Y’,
since P(Q)+ acts factorwise. Applying this for each i € Z in turn gives the lemma. O
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Lemma 7.3. In Lemma 7.2, let V. C Y be a special subvariety defined by (H, Xp), and
suppose that the image of H" in P*d is Pr. Then degﬁK(P) V< degLK(P) Y.

Proof. Let I' ¢ P*4(Q) be the image of K(P)N P(Q),, so that Shi(p) (P, XHe =T\X},
and put I'z := 7z(T") and I'; := 7z (I"). These are arithmetic, as images of an arithmetic
group under surjective homomorphisms [54, Prop. 3.2], and neat [67, 0.5], [48, §4.1.4], so
I" has finite index e in I'z x ', and f: F\X; — 5= FI\X}' X FC\XZ"-'C is finite étale of
degree e. The Baily-Borel compactification of S’ is the product of those of the factors,
and f*(Lz X L.) = Lk (p), where Lz, L. are the extensions of the canonical bundles of the
factors. Since Z(H)(R) fixes the points of Xz and H9" maps onto Pr, Xi; = X x {22},
so f(V) = S5 x {wp} with S; :=T'7\X/. By Lemma 7.2, f(Y) = S x W with W closed
and irreducible, of dimension b.

Every fibre f~1(S% x {w}) is irreducible: for w = Ty it is the image of X; x T'cy, and T
permutes the slices X7 x {yy} transitively, as 7ze(I') = I'.. Every component of f~1(S% x W)
maps onto S7 x W, as f is finite and flat, so it contains the fibre over a general point of W;
hence f~1(S% x W) is irreducible, and Y = f=1(Syx W), V = f~1(S:x {wp}), each of degree
e over its image. With a := dim X; the projection formula gives degLK(P) V =edeg,, S7

and degp, YV = e("1?) deg, S7deg, W > degr,  V, since dege W > 1. O

a

The choice of the groups I'z, ', rather than the projections of K (P) is what makes the
fibres irreducible: with mze(K(P)) N Pre(Q)+ in place of T'. the fibre would have as many
components as the index of I'; in that group.

7.3. The degree bound. For IT > 1 put y(II) := max(6, Nx + logy IT+ 1) and p*(II) :=
2y(II) log y(IT). For integers 0 < z <mnm and D > 1 put
R.p(I) := dg(dg e p* (2122 1 2
let (2, D) := sup{Il > 1 : ¢;II"™ < R, p(II)}, which is finite because R, p grows like a
power of logII (IIp := 1 if the set is empty), and
¢z, D) := R, p(Iy(z, D)).

Theorem 7.4. Let Z C Shg (G, X)c be closed and irreducible, D := deg Z, and V' a special
subvariety mazimal in Z with dim'V > 1. Put r ;== dim Z —dim V. For every prime p > Nk
with p ¢ Yy,

degV < dg(dgepp™ )" !

Consequently deg V < ¢%!(dim Z, D).

D%, cp = e*(n)*". (7.1)

Proof. Fix p. We build closed irreducible Yy := Z D Y; D ..., all containing V', with
dimYjy1 < dimYj and degY; < Dj;, where Dy := D and Dj;q := dgcp pk2+2f2DJ2. Since
Y; C Z, V is maximal in every Y.

If Y; =V, we stop. Otherwise Yj is not special. Let (P, Xp) be the Shimura subdatum,
with P the generic Mumford—Tate group on X p, of the smallest special subvariety containing
Yj, let ¢: Shg(py(P, Xp)c — Shx (G, X)c be the natural map, Yp a component of YH(Y;)
with ¥(Yp) = Y;, which is Hodge generic, and Vp C Yp a component of »~(V) with
Y (Vp) =V [21, proof of Thm. 1.3]. Then Vp is special, of positive dimension and maximal
in Yp, since 9 is finite and maps special subvarieties to special subvarieties, and Xy, = Xy .
By (DJK2), degr,. , Yp < degYj < Dj. Let Jp, v and 7 be as in (DJK3) for Vp and p,

J = K(P)PJy, y: Shy(P,Xp)c — Shi (G, X)c the natural map, V the component of the
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preimage of Vp given by (DJK3)(iii), and Y a component of the preimage of Yp containing
V. By the projection formula and Lemma 5.3(a),

deg,, Y <p"D;,  deg, T.Y <p™+2D;.

Cut case: Y Z T.Y. By (DJK3)(iii), VCcT,VCcT,Y,soV CYNT,Y, a proper closed
subset of the irreducible Y. Let C be a component of Y NT.Y containing V and Y=
1 7(C), closed and irreducible as 1) is finite, containing V', with dimYj;; = dimC' < dimY}.
The level J C K (P) is neat, so Lemma 5.2(c) gives deg,, C' < cp pk2+2f2DJ2-, and by (DJK2)
and the projection formula for Sh; — Shy(p, degYj1 < dgdeg,, C < Dji1.

Stable case: Y C T,Y . The variety Yp contains a special point, as the special subvariety
Vp C Yp does [54, Lemma 13.3]. By (DJK3)(iv) and Lemma 7.2, the preimage of Yp in X}
is X -saturated. The rest of the proof of [21, Thm. 8.1], which is that of [20, Thm. 8.1], a
near copy of the proof of [48, Thm. 7.2.1] [20, p. 99], restricted to the factors in Z [21, p. 22],
shows that either Yp contains a special subvariety strictly containing Vp, or the image of
H in P> is Pr, where (H, Xp) defines Vp. The first is excluded by the maximality of
Vp. In the second case Lemma 7.3 and (DJK2) give

degV < dg dech(m Vp <dg degLK(P) Yp <dgdegY; < dgDj,

and we stop.
Each cut lowers the dimension, so there are at most r cuts. The recursion gives

D; = (dg cpp™*?2)¥ 1 D¥,

which is increasing in j, so every D; that occurs is at most D,.. With the factor dg of the
stable case this is (7.1).

For the last assertion let p be the least prime p > Nk not dividing Iy ; then p ¢ Xy .
At most logy ITy primes divide IIyy. With y := y(Ily) and z := p*(Ily) > 17 we have
x/logx >y, since log(2ylogy) < 2logy, and m(x) > x/logz [73, (3.5)]; so [Nk, x| contains
at least y — Ng + 1 > logy Iy primes, and p < p*(Ily). As the bases in (7.1) are at
least 1 and r < dim Z, (DJK1) and (7.1) give ¢1II{} < degV < Rgim z,p(Ily). Hence
Iy < Ily(dim Z, D), and deg V' < ¢¥!(dim Z, D), as R, p is non-decreasing. O

Theorem 1.6 is Theorem 7.4, applied at the level g;Kg; !, with the lattice p(gi)Z", of
the component containing Z (Section 2.2), with cg = ¢*(n)?" (Lemma 5.2(c)). The bound
holds for facteur and non-facteur V alike. Facteur special subvarieties of bounded degree
come in infinite families [21, p. 2], so a bound for the degree alone leaves infinitely many
candidates; Theorem 8.1 bounds the other two terms dr,, and ay of A(V).

7.4. An index bound. The following lemma replaces [21, Lemma 6.7] in the proof of
(DJK1) (Section 7.1).

Lemma 7.5. Let V be a special subvariety of Shix (G, X )¢ of positive dimension, the
image of Xj; x {1}, and let 7: H — HI" T(H)* and T(H) be as in [21, pp. 13-14]. Write
H = IL ResKi/QHZ( with K; a number field and H] absolutely almost simple and simply
connected over K; [21, §5]. For each i let {; and s; be the field and the integer that [72, §§0.2
and 0.4] attach to the quasi-split inner form of H], and put

N; = Dgi/D[f(i:Ki], W, = D(;(ianz{ﬂNisi/Q’
where Dy, := |dp| is the absolute value of the discriminant of a number field L (Prasad’s

notation). Let rg be the absolute rank of G, and B the constant of 21, Lemma 6.4], which



32 MANVIR JASWAL

by its proof bounds |Z(H)(C)|. There is an effectively computable ¢, depending only on r¢
and B, such that
[D(H)* : w(D(H))] < & (B [T

Proof. Let Z; := ker 7, and let ¥ be the union of 3y and the set of primes dividing |Z,(C)|,
so that |X| < |Xy| + logy B. A class in the first Galois cohomology of a number field is
unramified at a finite place if its restriction to an inertia group there is 0. Step (i) follows
[21, proof of Lemma 6.7, p. 14]; steps (ii) and (iii) take the place of their restriction to a
field that splits Z; and of their Lemma 6.8 [21, p. 15].

(i) As Z, is central, the connecting map 9: H%"(Q) — H'(Q, Z,) is a homomorphism: if
h,h' € H(Q) and ~ := 7(h) and v/ := 7(h/) lie in HY"(Q), then (hh/)~'o(hk') = h~'o(h) -
W=to(W) for o € Gal(Q/Q), since h~'o(h) € Z.(Q) is central. Its kernel is 7(H(Q)), and
['(H) is the full preimage of T'(H)" in H(Q); so @ embeds T'(H)*t /x(T'(H)) in H'(Q, Z).
Let M be the image. For p ¢ X every class in M is unramified at p, since I'(H)* c K (H")
21, §3.4] and the image of K(H"), in H'(Qp, Zx) lies in H*(Gal(Qx"/Q,), Z(Zy")) for a
smooth model Z of Z; g, over Z, [21, p. 14], [20, p. 88].

(i) The centre of H is []; Resg, joA; with A; := Z(H), and it contains Z,. The kernel of
HYQ, Z;) — H(Q, Z(H)) is the image of (Z(H)/Z)(Q), of order at most B. By Shapiro’s
lemma [57, IL1.11], HY(Q, Resg, gA;) = H'(K;, A;), through restriction to Gal(Q/K;)
and evaluation at 1; as the inertia groups of K; are the intersections of those of Q with
Gal(Q/K;), classes unramified at p go to classes unramified at every place of K; above p.
Let M; C HY(K;, A;) be the image of M. Then |M| < BT, |M;|, and the classes in M; are
unramified at every place above a prime p ¢ 3.

(iii) Inner twisting acts trivially on the centre, so A; is isomorphic over K; to the centre of
the quasi-split inner form G; of H/, and Gal(K;/K;) acts on X*(A;), the weight lattice modulo
the root lattice, through its action on the Dynkin diagram of G;. If H/ is not a triality form, G;
splits over ¢; (and ¢; = Kj; for inner forms), so 4; =[]}, fing ,, over £i, with [T, n;p = [A;(C)];
inflation and restriction [57, I1.1.34] map H'(K;, A;) to H' (£, A;) = [T, £ /¢, "* [57, 11.1.22]
with kernel H'(Gal(¢;/K;), A;(£;)), of order at most |A4;(C)| as [¢; : K;] < 2. If H! is a triality
form, of type 3Dy or 5Dy, then X*(A;) = (Z/2)?, and its three non-zero elements, the classes
of the fundamental weights of the three outer vertices, are permuted as these vertices; as ¢; is
the field fixed by the stabilizer in Gal(K;/K;) of one outer vertex, A; = ker(N: Resy, /f, ti2 —

p12), whose character group is (Z,/2)H°mx: (4K modulo the diagonal. Since N(—1) = —1, the
map H'(K;, A;) — H'(K;, Resy, /i, pi2) = £ /€% is injective; here put ¢; := 1 and n; 1 := 2.
In both cases these maps keep classes unramified, and a class in £ /¢ that is unramified
at a finite place w is an m-th power over the maximal unramified extension of ¢; ,,, so its
valuation at w is divisible by m. For a number field L, a set S of finite places of L and
m > 1 put L(S,m) :={a € L*/L*™ : vy(a) = 0 mod m for every finite place w ¢ S}, and
let S; be the set of places of £; above Y. Then

di
M) < 1 A(C)] [T 1S5 mie)]
k=1
The valuations at the places in S map L(S,m) to (Z/m)® with kernel L(),m), and

|L(B,m)| < mn@+r2p; (proof of Proposition 9.6); as |S;| < [ : Q]|Z], we get
10;(Si, m)| < mlt=QAI=HD R,
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(iv) By Corollary 9.10, hy, < max(1, B(1 + log Br)":~!) with B, < (4/7r)”L/2D1/2
hr < ecp(ng) Di/4 with ¢ (n) = (4/m)"/? sup,so(n +y/2)" e~¥/4 which is non-decreasing
in n and at least 1. As Dy, = [e K }NZ, with N; = | Ng, jo(0(4:/K;))| [72, §0.2],

hzz S Ch([gi . Q])ql D;’éz[ez.Kz]/4N?qZ/4 S Ch([zi . Q])qz wi1/27

because 3¢;[¢; : K;] < dim H] for every form, and 3¢; < s; for outer and triality forms (for
inner forms N; = 1). Indeed, ¢; < 1 except for forms of type D, with r even that are not
triality forms, where ¢; = 2, dim H] > 28 and, for outer forms, s; = 2r — 1 > 7; dim H} > 3,
dim H] > 8 if [¢; : K;] = 2, and dim H] = 28 if [¢; : K;] = 3; and s; > 5 for outer and triality
forms [72, §0.4].

(v) Each H! has rank at least 1, and 3;[K; : Q] rank H! = rank H" < rg; so there are at
most rg indices 4, and [¢; : Q] < 3[K; : Q] < 3rg. Also []; nix < []; [4i(C)| < |Z(H)(C)| <
B. By (i)-(iv),

[C(H)* : o(T(H))] = [M| < B2 Be05HD ¢, 3r¢)%e [[ w2,

and || < |Zy| + logy B gives the lemma with ¢ := B*+3ra(+log: B) ¢, (3p-5)2rc, O

8. THE MAIN THEOREM FOR ADJOINT GROUPS

In this section G is adjoint, K satisfies (Lv), n := dim Shg (G, X) and ey := e*(n). Let
F D E(G,X) be a number field, d := [F : Q], and Z C Shg (G, X) a closed subvariety,
geometrically irreducible and defined over F', with D := degZ and z := dimZ. Let
(P, Xp) C (G,X) be the Shimura subdatum, with P the generic Mumford-Tate group on
Xp, that defines the smallest special subvariety containing Z [48, p. 14], the special closure
of Z; put Kp := K N P(Ay), Ep = E(P,Xp), Tz := Z(P)°, and let ¢: Sh, (P, Xp) —
Shx (G, X) be the natural morphism, defined over Ep [54, Remark 13.8].

8.1. Statement. A special subvariety V' maximal in Z belongs to exactly one of three
classes:
(S) Tv = 1;
(N) Ty # L and Ty ¢ Z(P);
(C) Ty # 1 and Ty C Z(P).
Here V is regarded inside the special subvariety defined by (P, Xp) (Lemma 8.3). Class (N)
says that V is not strongly special in Shy, (P, Xp)c, since the image of Ty in P is the
connected centre of the image of Hy; so the Hecke step applies to it. Class (C) consists of
special subvarieties that are strongly special in Shg, (P, Xp)c but not in Shx (G, X)c, and
the Hecke step says nothing about them; the bounds come instead from the Galois orbit of
the component containing the lift Zp of Z (Lemma 8.3), for dr,, (Lemma 8.5), and from
the translates of Zp by the centre, for ay (Lemma 8.8).

With b,, A, of Section 6 and B of Lemma 6.8, computed with d = d, and c%ﬂ of Section 7,
put

en(0, 2, D, d) = B(A,(D)/Cy, b),
*4(5, 2, D,d) 1= max(c\(z, D), ex(6,2, D, d)M/¥, O (Rgd)!/*, a'(al)™ d (e D)*D).
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Theorem 8.1. In this setting let V' be a special subvariety mazximal in Z.
(a) degV < (2, D).
(b) If V is of class (S), then A(V) = degV < (2, D).
(c) If V is of class (N) and QRH(J; Ly) holds, then ay d‘LLV < en(6,2,D,d); hence ay <
en(0,2,D,d) and dr,, < en(8,z, D, d)'/H,
(d) If V is of class (C), then Ty = Tz and ay < a*(a!)™V d(eZD)**+D; if moreover
QRH(; Ly) holds, then dr,, < %) (Rgd)'/*r.

In particular, if QRH(3; Ly) holds, then A(V) < ¢4(8,2,D,d). No hypothesis is used in
(a), (b) and in the bound for cvy in (d).

The constants are non-decreasing in z, D and d: so are by, A,(D) and A,(D)/C, > 1,
and B is non-decreasing in both arguments (Lemma 6.8); and R, p is non-decreasing in z
and D.

Remark 8.2. For adjoint G the constant (4, z, D, d) is at most exp(O(dlog(d + 1))) DOW),
as dloglog(D + 2) < dlogd + log(D + 2). Indeed, with A := A,(D)/Cy = (cgdD)?* /C,
and b := b, = (kid + 3f)2* we have logen = logA + (b/9)log(¢(W + 1)) and W =
O(log A + (b/0)1og(b/0)), so for V of class (N)

(cpdD)?*

*

aydy =< exp(O(dlog(d + 1) + dloglog(D + 2))),

the implied constants depending on (G, X, K, p) and 6. So, for fixed d, ay < D¥*t°(1) and
dr, < D¥/rte) as D — oo, and ¢35(z, D) is at most D> +°(1) as well, as log Iy(z, D) =
O(log D) (Theorem 7.4). With the form C(N)ay (logdr, )" of the Galois bound used in [48]
and a fixed N > b/§, the same argument bounds only ay (logdy, )V %%, so dr, would be
exponential in a power of D, and for N = |b/d§] +2, so that N —b/6 > 1, doubly exponential
in d. For a general Shimura datum, Theorem 9.12 evaluates these constants at (D, d,),
where D,, < (e3"Dy)?" and d,, < do(e%”Do)TLH: the recursion on dimension lets the field
of definition grow, and the constant of Theorem 1.1 is exponential in a power of D. At
§ = 1/32 the factor 1/C, is large: log(1/c.(0)) = uBo(8) = 32k(8)/(ud?), about 2.0 - 10%/u
(the first term of By(d) is the largest, as x(5)/d? > 8 and 1/0 > 8np > 16).

8.2. The lift to the special closure.

Lemma 8.3. (a) Ezactly one irreducible component Zp of =1 (Z) satisfies v(Zp) = Z. It
is Hodge generic, geometrically irreducible and defined over FEp, and ¢|z,: Zp — Z
is finite and birational; so degp, Zp <D by [48, Cor. 5.3.10].

b) If V. C Z is special and maximal in Z, some component Vp of v~ (V)N Zp has

() f p ’ D P f QIZ) P
Y(Vp) = V. It is special in Shi, (P, Xp)c, mazimal among the special subvarieties of
Zp, and has the same Ty, ay, By and reflex field as V.

Proof. (a) Let 29 = [ho, 1] € Z, hg € X}, have Mumford-Tate group P; such points form
the complement in Z of a countable union of proper closed subsets. If [k, g] € 9 71(2), then
h = ghg for some q € G(Q), so the Mumford-Tate group of h is ¢Pg~!; it is contained in
P, as h € Xp, hence equal to P. So every point over 2z is Hodge generic, and 1! (zg) is
one point by the injectivity of ¢ on the Hodge generic locus [84, Lemma 2.2]. As 1) is finite
and Z lies in its image, the smallest special subvariety containing Z being the image of
X3 x {1} (Section 2), some component of 1»~(Z) maps onto Z. Two such components
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C1,C5 both contain the points over the Hodge generic points of Z, which are dense in each
by Baire’s theorem, as 1|¢, is finite onto Z; so C; = C. The group Gal(Q/F Ep) permutes
the components of ¥»~1(Z) that map onto Z, so it fixes Zp. Finally 1|z, is finite and
injective on a dense set, so of degree 1, and degEKP Zp <degZ = D by [48, Cor. 5.3.10], as
Zp is Hodge generic and Z(P)(R) is compact.

(b) Some component of ¥»~*(V) N Zp maps onto V, as 9|z, is finite onto Z; it has
dimension dim V, so it is a component of 1y~ 1(V), hence special [48, p. 14]. A special V’
with Vp C V' C Zp would give the special subvariety (V') C Z of dimension larger than
dim V. Finally Vp and V are defined by the same Shimura datum (H, Xg) C (P, Xp), Vp
being the image of X}; x {1} (Section 2), and Kp NT(Af) = K NT(Ay) for every torus
T CP. ]

Lemma 8.4. IfV is special and mazimal in Z, with Ty # 1 and Ty, C Z(P), then Ty = Ty.
If moreover V' is a point, then Z =V.

Proof. Let v: P — P2 := P/P All h € Xp have the same image h*" := v o h, as Xp
is one P(R)-conjugacy class and P?" is commutative. The Mumford-Tate group of h2P
is the image of that of a Hodge generic h, so it is P?P. For h € X m, the Mumford-Tate
group of h lies in Hy and maps onto that of h*?, so v(Hy) = P*; as Hy = Ty - H‘C}er
with H3 € P u(Ty) = PP, If Ty, € Z(P), then Ty C Z(P)°, and Z(P)° — P2 is an
isogeny, so dim Ty > dim Z(P)° and Ty = Tz. If V is a point h, then Hy = Ty is central
in P,so Xp={h}and Z =V. O

8.3. Class (C): the discriminant.

Lemma 8.5. Suppose Tz # 1 and let L be its splitting field. If QRH(J; L) holds, then
cx(8)d} < Rgd, that is, df, < e™O)(Rgd)'/H.

Proof. Let S; be the connected component of Shx, (P, Xp)c containing Zp. Every o €
Gal(Q/FEp) fixes Zp (Lemma 8.3(a)), hence Si; so the Gal(Q/Ep)-orbit of S} has at
most [F'Ep : Ep|] < d members.

Let C := P* z:= h** Eq := E(C,z) C Ep, K7 the maximal compact open subgroup of
C(Ay) and Clg := C(Q)\C(Ay)/K¢. The map mo(Shk, (P, Xp)c) — Clc, [z,9] = [v(g)],
is well defined, as v(Kp) C K, and it is Gal(Q/Ep)-equivariant when o acts on Clg by
multiplication by 7¢(Ng, /g, (s5)), where s, is a finite idele of Ep with Artin symbol o] fab
and r¢ is the reciprocity morphism of (C, z). This follows from Shimura reciprocity at a
special point x of Xp and vor, =700 Ngy)/p. =70 © Ngp/Ee © NE@)/Ep> @8 in [54, §13,
(64) and footnote 73]; that argument does not use that P is simply connected. Hence the
orbit of S;.F has at least |Imp,| members, where Impg,, is the image of r¢ o Ng, /g in Clc.

The splitting field of C'is L, as C' and Tz are isogenous [84, Remark 2.20], and E¢ C L [54,
Remark 12.3(a)]. Let L' := LEp. Since Ng, /g, © Np//g, = Npjg © Npyp, Impg,, contains
the image of Np//r,((Ay ® L')*) under rp, :=rc o Np/g,,. As in the proof of Corollary 3.4,
this image has index at most [L' : L] < [Ep : Q] < R¢ in Imy,. Proposition 3.3, applied to
(H,Xpu) = (P,Xp), gives [Img| > ¢.(6)d}. So c.(8)d} /Re < d. O

8.4. Class (C): the level.

Lemma 8.6. Let Y C Pg be closed, reduced and of pure dimension, of degree e (the sum
of the degrees of its components). ThenY is the common zero set of the forms of degree e
vanishing on 'Y .
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Proof. Let Y = Y1 U---UY;, with deg; = a; and dimY =: m < N (the case Y = PN
is trivial). Let y ¢ Y7 it suffices to find forms P, of degree at most a; vanishing on Y;
with P;(y) # 0, and to multiply them and a power of a linear form not vanishing at y. If
m = N — 1, take P; an equation of ;. If m < N —2, a general (N —m — 1)-plane II through
y misses Y;, since projection from y maps Y; onto an m-dimensional subvariety of PV =1 Let
A C II be a hyperplane of II not containing y. The projection my : PV . A — P™*! is finite
on Y;, its image is a hypersurface V(F;) of degree at most a;, and the fibre of 75 through y
is IT \* A, which misses Y;; take P; := F; o my. ]

Lemma 8.7. Let Xo C PV be closed and irreducible, of dimension m and degree at most A,

and let (Y;)icr be any family of closed subsets of PV, each of pure dimension and of degree
at most A. Then the irreducible components C of Xo N[, Y; satisfy 3 degC < A™HL,

Proof. By Lemma 8.6, each Y; is the common zero set of forms of degree degV; < A;

multiplying a form of degree A’ < A by xOA_A/, e ,x%_ﬁ does not change the zero set.

So XonN;Y:i = XoNV(fi,...,fs) for finitely many forms fj of degree A. Build a tree
with root Xy: a node X at stage k has the single child X if X C V(fi4+1), and otherwise
the components of X N V(fx4+1), of dimension dim X — 1 and total degree at most A deg X
(Lemma 5.2(a)). Along each path the dimension drops at most m times, so the leaves after
stage s have total degree at most A™ deg Xo < A™*L. They cover Xo NV (f1,..., fs) and
lie in it, so its components are among them. ]

Let a and ry be as in Table 1, and A the integer of [84, Prop. 2.9]. For a torus T' with
Kp := KNT(Ay) and maximal compact open K7* C T'(Ay), let ©4 C Ki'/Kr be the
image of z — z.

Lemma 8.8. If V is a special subvariety maximal in Z of class (C), then
ay < a*(a))™V d (e D)X=,

Proof. Put A :=efD and T :=Tz, so Ty =T by Lemma 8.4. Let H := Hy, Ky := K N
H(Ay), and let Vp be as in Lemma 8.3(b), the image of a component Vi of Shi,, (H, X#)c.

Step 1 (translates stay in Zp). Let Fy be the Galois closure of Ey := E(H, Xg), of
degree at most Rg. By [84, Lemma 2.15], with A from [84, Prop. 2.9], neither of which uses
GRH, ©4 - Vi C Gal(Q/Fy) - V. Translation by 6 € T'(Ay) is defined on Shg, (H, Xp)
and on Shg, (P, Xp), as T is central in H and in P; it commutes with the natural map and
with Gal(Q/Ex). So ©4 permutes the at most [FFy : Fiy] < d orbits of Gal(Q/FFy) on
Gal(Q/Fy) - Vi, and the stabilizer O c ©4 of the orbit of V has index at most d. For
0 € ©F) 9V = oV with 0 € Gal(Q/FFy). As Ep C Ey [54, Remark 12.3(c)], o fixes
FEp,sooZp=Zpand 0Vp =oVp C Zp.

Step 2 (cutting by all translates). Each § € ©F) has Vp € 0-1Zp N Zp, so 6 stabilizes
S%, the component containing Zp. We have S}, = I'\X} with T' the image in P*4(Q)
of P(Q); NgKpg~! for some g, which is arithmetic (Lemma 2.1) and neat [67, 0.6], [48,
§4.1.4]. Translation by 6 extends to the Baily—Borel compactification S}, and preserves
L= Lk, ’§1t’ the extension of the canonical bundle. By Theorem 1.5 for (P, Xp) and

Kp, restricted to the component S5, and as e* is increasing and dim S} < n, |[£L%%|
defines a finite injective ¢: S — PN with ¢*O(1) = L£®%, birational on irreducible
closed subsets, as in the proof of Lemma 5.2(b). Each Yy := p(0~'Zp) is irreducible of
dimension z and degree efdeg, Zp < A, since deg, Zp < D by (DJK2) (Zp is Hodge
generic, Lemma 8.3(a)). As ¢ is injective, p(y01Zp) = Ny Ys, and Lemma 8.7 with
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Xo = Y7 shows that W := Noco® 0~'1Zp has at most A**! components, each of £-degree
at most A*T!. The set W contains Vp and is ©F)-stable. Let W, be a component of WOS;F
containing Vp and O its stabilizer in ©); then [0) : ©,] < A**! and degLKP Wy < AFHL,

Step 3 (a stable subvariety is at least as large as its stabilizer). We use the level change of
[84, pp. 21-22] for P in place of H. Put K%' := KJ'Kp, compact open as T is central; choose
73 € GLy,(Qs) with K}y C 43GLn, (Z3)y5 ', let K = (KP5 N 3K (3)373 ") X [z K7
with K'(3)3 the level-3 congruence subgroup of GL,,(Z3), and K} := KpNK®'. Then K} is
neat, K% is normal in K%, and [K% : K], [Kp : K}»] < a. The map 7': Shye, (P, Xp) —
Sthl/ (P, Xp) is finite étale, and K := K}’}//K}; acts simply transitively on its fibres [84,
Lemma 2.11 and its proof]; f: Shy, (P, Xp) — Shg, (P, Xp) is finite étale of degree at
most a; both pull the Baily-Borel bundle back to the Baily-Borel bundle [48, Prop. 5.3.2].
Let él C K7 be the preimage of ©1 and @)’1 = (:)1 N K}?/, of index at most a. It acts
on Sh K}(P, Xp) by central translations commuting with f, so it permutes the at most a
components of f~1(Wp). The stabilizer & of one of them, W', has index at most a in 0/, so

its image in K7/ Kr has at least |©1|/a® elements, and since K NT(Af) C Kr, so does its
image & in R. As & acts freely on W', deg(n’'|w) > |S|, and the projection formula gives

101]/a® < 6] < deg, W’ < deg 1 wy) < adegg, Wo < aA*TL,
P P

Step 4 (from ©4 to ay ). Steps 1-3 give [©4] < d- A*F1 . a3A*+!, Let K%' and K, be
the levels of [84, pp. 21-22] for H, K = Ky nT(Ay), Ky := Kiy N T(Ay), and @/, the
image of « — 2¢ on K} /K. By [84, Lemma 2.18] with e = a!, ay < (a!)"V|0y ,4|. The
map K%' /KL — K#'/Kr sends ©'; , into © 4, with kernel (K} N K7)/K} of order at
most Ky : K] < a. Hence ay < (a))'V - a- |04 < a’(a!)"vdA>EHD), O

8.5. Proof of Theorem 8.1. (a) If dim V' > 1, Theorem 7.4 applied to Z gives degV <
c%(z, D); points have degree 1 < ¢%l(z, D).

(b) For class (S), ay = dr,,, = 1 by Definition 2.2.

(c) Let Zp and Vp be as in Lemma 8.3. Class (N) says that Vp is not strongly special
in Shg,(P,Xp)c, and then r := 2z —dimV > 1: if V= Z, then P = Hy and Ty = Z(P)°.
Apply Theorem 6.7 to (P, Xp), the field F} := FEp D E(P, Xp), the variety Zp, which is
Hodge generic, geometrically irreducible and defined over F; with Dz < D (Lemma 8.3(a)),
and to Vp. Since Ep C Ey [54, Remark 12.3(c)], [FAEy : Ey] = [FEy : BEy] < d, so
d = d is allowed. If Qy > AT(D)xl"}', then Qy > AT(Dz)xl‘?}', as A, is increasing, and
Theorem 6.7 gives a special V'’ with Vp C V' C Zp, and (V') C Z is special of dimension
larger than dim V', against maximality. So avd} < (A.(D)/Cy) xl"}, and Lemma 6.8 gives
aydy, < B(A(D)/Cyby) < ex(6,2,D,d), as v < 2, Ap(D)/C > 1 and by, A (D) are
non-decreasing in r. As ay > 1 and dr,, > 1, both bounds follow.

(d) Ty = Tz by Lemma 8.4, so Ly is the splitting field of Tz; Lemmas 8.5 and 8.8 give
the bounds.

The last assertion follows from (a)—(d), since the three classes exhaust the maximal V. O

8.6. One neat factor suffices. Klingler and Yafaev’s normalization (Lv) asks for a neat
factor at 3; for A, at the level K (V) the adjoint level A(K(IN)) has one at a prime dividing
N, which need not be 3 (Theorem 9.13(a)). Only a neat factor at some prime is used:

~

(Lv') K is a neat product level, p(K) C GL,,(Z), and Kp, is neat for some prime po.
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Proposition 8.9. Theorem 8.1 holds with (LV) in place of (Lv), with the constants of
Section 2.3 at the level K itself.

Proof. We go through the uses of (Lv) in the proof of Theorem 8.1. (1) The Hecke step
(Theorem 6.1) uses the proof of [48, Thm. 7.2.1] when Z C T),Z, at a prime [ with K;
hyperspecial. That theorem assumes only that K, is neat for some prime pg, and its proof,
like Step 3 of the proof of Theorem 6.1 run with pg in place of 3, uses py only through the
neatness of K, N P(Q,,) for Shimura subdata (P, Xp) [48, p. 21] and of its images under
A: P — P (the factor I;,‘gl of that Step 3) and under the projections to the Q-simple factors
of P*d [48, p. 32 and Lemma 7.2.8], which are neat as images of a subgroup of the neat
group K, [67, 0.6]; and [ # pg, since a hyperspecial subgroup is not neat. (2) The other
results of [48, 84, 27] that we use (the proofs of [48, Thm. 2.4.4] and [84, Thm. 2.19], used
through Corollary 3.4; [84, Prop. 2.9, Lemmas 2.11, 2.15 and 2.18], used in Lemma 8.8; [48,
Cor. 5.3.10, Lemma 6.2, Prop. 8.2.1, Thm. 8.1, Sublemma 9.2.4 and pp. 46-51] and [27,
Prop. 7.4.3]), Lemma 8.3, Theorem 1.5, Lemma 5.2, Theorem 7.4 and Corollary 3.4 need only
that K, or the arithmetic groups of its components, are neat [84, p. 20]. (3) The constant a
and Step 3 of the proof of Lemma 8.8 use the auxiliary level of [84, pp. 21-22|, which is neat
because of its own factor at 3, whatever K3 is. (4) Lemmas 3.1 and 3.2, Propositions 6.6
and 3.3, and Lemmas 8.5 and 8.4 use no condition on the level beyond neatness. O

9. EVERY SHIMURA DATUM

Let (G, X) be any Shimura datum, K = [], K; a neat product level, p: G — GLy,
faithful with p(K) C GLnP(i), A: G — G the adjoint map and (G2, X*) the adjoint
datum. The morphism f: Shx (G, X) — Shyaa (G2, X24) for a level K24 D \(K), maps
special subvarieties to special subvarieties, and a subvariety is special if and only if its
image is [27, Prop. 2.2]. But f need not be injective on connected components, and then a
special subvariety maximal in Z can have an image that is not maximal in f(Z). On each
component f is the quotient by a finite group of automorphisms, and we recurse on the
dimension at the fixed level.

9.1. The level.

Lemma 9.1. Let K}, := K), forp # 3, K} := KzNker(GLy,(Z3) — GLy,(F3)), K’ :=[], K,
and g3 := |GLy,(F3)|. Then K' satisfies (Lv), [K : K'| < g3, and m: Shg/(G,X) —
Shk (G, X) is finite étale of degree at most [K : K'| with 7Ly = L. Let Z C Shg (G, X)
be closed and geometrically irreducible, defined over F' O E(G, X), of degree D, and V' special
and mazximal in Z. Then there are a closed, geometrically irreducible Z' C Shi/ (G, X),
defined over a field of degree at most degm - [F : Q], with degLK, 7' < degm-D, and a special
V' mazimal in Z" with m(V') =V, deg V' < deg, , V' and Ty =Ty .

Proof. K/K' acts transitively on the fibres of 7, and for neat K the stabilizers are the image
of Z(G)(Q) N K, which acts trivially; so 7 is finite étale of degree at most [K : K'], and
7Ly = Ly [48, Prop. 5.3.2(1)]. Choose a component V' of 77(V) and a component Z’ of
771(Z) containing it. The set 771(Z) is defined over F and has at most degm components,
which gives the field of Z’; and deg, , Z’ < deg, , 71(Z) = deg - D by the projection
formula. If V! C V" C Z' with V" special, (V") would be a special subvariety of Z of
dimension larger than dim V. ]
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Since gK'g~'NT(Ay) C gKg~' NT(Ay) for every torus T and every g € G(Ay), each
index |K§ffp /K1 p| can only grow when K is replaced by K’, so a computed at K’ is at least
«a computed at K.

For the rest of this section we replace K by K’, so that K3 lies in the level-3 congruence
subgroup for p.

An integral model. Let G be the schematic closure of p(G) in GLy, 7. For some integer
My it is reductive over Z[1/Mjy]: its non-smooth locus lies over finitely many primes, as
G — SpecZ is of finite presentation with smooth generic fibre [78, Tag 054K], and then [17,
Props. 3.1.9 and 3.1.12] apply. Let S be the finite set of primes consisting of 3, the primes
dividing My, and the p with K, # G(Z,). For p ¢ S put G, := G ® Zyp, let Z, be its centre, a
group of multiplicative type with generic fibre Z(G) [17, Thm. 3.3.4], and g;;d = Gp/Zp, an
adjoint semisimple Z,-group with generic fibre G?d; the sequence 1 — Z, = Gp — di —1
is exact as fppf sheaves [17, Lemma 3.3.1(2), Cor. 3.3.5].

The adjoint level. Put

K= T AK) < [] 62%(2Z,) < G*(Ay).
pES pE¢S
When Z(G) is not connected, A(K) itself need not be open: for V = My(Q) with the
quadratic form det, SO(V) = {(A, B) € GL3 : det A = det B} /Gy, has centre ps and adjoint
group PGL3, and the image of SO(V')(Z,) has index 2 in PGLy(Z,)? for odd p.

Lemma 9.2. (i) K is a compact open subgroup of G*(Ay) containing \(K), and it
normalizes K for the action of G® on G by inner automorphisms.
(ii) Let p*! := Ad: G* — GL(Lie GY") and A := Lie G N End(Z™), via dp. Then
P (K preserves A ® Z, K34 lies in the level-3 congruence subgroup for (p*d, A), and
K2 s neat. So K4 satisfies (Lv) for (p*, A).
(iii) ALK = Z(G)(Af) - K.
(iv) If Z(G) is connected, then K* = \(K).

Proof. (i) Each A\(K,) is compact open, as \ is smooth, and for p ¢ S the factor is G*4(Z,)
for the model G/Z(G) of G* over Z[1/My]; so K¢ is compact open. At p ¢ S, AN(Gp(Z,)) C
G4(Zy). At p € S, Int(A(k)) = Int(k) preserves Kp; at p ¢ S the conjugation action of G,
on itself factors through G4 [17, proof of Cor. 3.3.5], so Ga4(Z,) preserves Gp(Z,) = K.

(ii) At p € S, Ad(A(k)) is conjugation by p(k) € GLy,(Z,), which preserves End(Z,") and
Lie G4 ®Q,. Atp ¢ S, A®Z, is the Lie algebra of the derived group ggef [17, Thm. 5.3.1], a
smooth closed subgroup of GL,,, z,, whose Lie algebra is saturated in End(ZZ’) ); and ggd acts
on gger by (i). For k € K3 write p(k) = 1+3B and p(k)~! = 1+ 3B’ with B, B’ integral; then
p(k)Y p(k)~' =Y = 3(BY + Y B’ +3BY B’) lies in 3End(Z3") N (Lie G4 ® Q3) = 3(A ® Z3).
For neatness: the eigenvalues of Ad(\(k3)) are ratios of eigenvalues of p(k3), which are = 1
modulo 3 in Z3, so every element & of the group they generate satisfies £ = 1 mod 3, and a
root of unity = 1 mod 3 is 1 [67, p. 5]. So every element of K?! is neat in the sense of [67,
0.6], and so is every conjugate of K2 under G*4(Ay).

(iii) “D” is clear, and at p € S the kernel of A on G(Qy) is Z(G)(Qp). Let p ¢ S, x € G(Qp)
with y := A\(z) € ggd(zp). By Lemma 9.3 below, applied over Z, and Q,, the class of y
in H(Z,, Z,) maps to 0 in HY(Q,, Z(G)), as y lifts to z. We show that H'(Z,, Z,) —
HY(Qp, Z(@)) is injective; then y = A(k) with k € G,(Z,), and z € Z(G)(Q,)Kp. Let T C G,

be a maximal torus over Zy; it exists by [17, Thm. 3.2.6], Lang’s theorem and Hensel’s
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lemma, and contains Z, [17, Cor. 3.3.5]. Let Z7 be the maximal subtorus of Z, [17, App. BJ,
Ti:=T/Z; and T* :=T/Z,, so that Al7 = pom with p: T; — 7! an isogeny. Torsors
under a smooth affine Z,-group with connected special fibre are trivial (Lang’s theorem
and Hensel’s lemma), so H(Zy,, T) = H*(Zy, Z7) = 0 and H'(Zy, Z,) = T*Y(Zy,) /NT (Zyp)),
which maps to T°(Q,)/A(T(Q,)) € HY(Qp Z(G)). Let u € T™(Z,) with u = A(t),
t € T(Qp). For every character x of 7; over an unramified splitting field, some multiple my
is a character " of T2, so [x(7(t))|™ = |x'(u)| = 1; hence 7 (t) € Ti(Zy). As H (Zy, Z7) = 0,
7(t) = w(t') with ¢ € T(Z,), so '"1t € Z(G)(Qp) and u = \(t') € MN(T(Z,)). Adelically, if
x = (zpkp)p, then z, € Z(G)(Qp) N Gy(Zy) for almost all p, so (z,) € Z(G)(Ay).

(iv) If Z(G) is connected, Z, is a torus for p ¢ S, HY(Z,, Z,) = 0, and A\(G,(Z,,)) = ggd(Zp)
by Lemma 9.3. O

Lemma 9.3. Let R be a ring and 1 — Z — G — G’ — 1 an ezact sequence of fppf sheaves

of groups over R with Z central. Then G(R) — G'(R) N Hflppf(R, Z) is exact, and 0 is a
homomorphism.

Proof. For y € G'(R) the sheaf P, of local lifts of y is a Z-torsor: Z acts simply transitively,
and P, has sections locally, as G — G’ is an epimorphism. Let d(y) be its class [78, Tag 03AJ];
it vanishes if and only if Py(R) # 0. The map (a,b) — ab identifies P, A P, with P,
which is well defined because Z is central, and the class of a contracted product is the sum
of the classes: the group law on H' is the contracted product, since on a cover trivializing
both torsors the contracted product has the product Cech cocycle. O

9.2. The adjoint map on one component. Let S; = [XT X g;] be a connected component
of Shx (G, X)e, Ty := G(Q)4 N g:Kg; ', so that S; = AT)\X*, and T := G*(Q), N
Agi) K2\ (g;)71, so that the component of Sh (G2, X2d)¢ containing f(S;) is T/\ X T.
Put &; := I/ /A(T),

hi = max &,

and let CI(K) = Z(G)(Q)\Z(G)(A;)/(Z(G)(A;) N K), which is finite.

Proposition 9.4. (a) A(I;) is a normal subgroup of finite index of T, both are neat and
arithmetic, and flg,: S; — T\XT is the quotient by &;, which acts freely. So hy is
finite.

(b) Each element of &; is an automorphism of S; that extends to the Baily—Borel compacti-
fication and preserves Lx . If S; is defined over F D E(G, X), all these automorphisms
are defined over one extension Fg of F of degree at most hi!. Each 5 € T'; N A(G(Q))
acts as right translation by an element of Z(G)(Ay), which is defined over E(G,X); so
Fg =F if T, C M(G(Q)) for every i.

(c) [*Lyaa = Lx on the compactification of S;. Hence, for every closed irreducible Y C S;,
we have degp f(Y) <degY anddegY < hg dege ., fY).

(d) Let Sels(Z(Q)) be the set of c € HY(Q, Z(G)) with cso = 0, ¢, =0 forp € S, and
cp in the image of H (Zy, Z,) for p ¢ S. Then |®;| < |CUK)| - [|Sels(Z(G))|. If
Sels(Z(G)) = 0, which holds if HY(Q, Z(GQ)) = 0 or if Z(G) is split, then T'; C A\(G(Q))
and |&] < |CI(K)|.

Proof. Here G(Q); = G(Q) N A\~H(G*(R)*), as in Section 2.1.
(a) \(T;) C T by Lemma 9.2(i). By Lemma 2.1 with U = K4, A\(T";) and I} are arithmetic
and [[; : \(I';)] is finite. They are neat by Lemma 9.2(ii) and [67, 0.5-0.6]. Let 5 € I';,
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3 = Mgi)wA(gi) ™ with x € K. On G(Ay), Int(¥) preserves g;Kg; ' by Lemma 9.2(i); it
preserves G(Q), and G(Q) because A(Int(7)y') = YA(7y)7~ L. So Int(7)T; = I';, and A(T;)
is normal in I',. As T} is neat, it acts freely on X T, and f|g, is the Galois covering with
group &;.

(b) Each 4 € I'; normalizes A(I';), so it induces an automorphism of S;, which extends
to the compactification and preserves the extension of the canonical bundle. Gal(Q/F)
acts on the finite group &; = Aut(S;/f(S;)) by conjugation, and the kernel of this action
has index at most |Aut &;| < hi!. If ¥ = A(y) with v € G(Q), then v € G(Q)4, and v €
g AN HE ) g = Z(G)(Ay)giKg; ' by Lemma 9.2(iii); writing v = 2k we get [y 'z, g;] =
[r,7g:] = [z,9:2k'] with k' € K, as z is central. So 7 acts as right translation by 27!, a
Hecke translation, defined over E(G, X).

(c) fls, is étale between quotients of X by neat groups, so it pulls top-degree forms
back to top-degree forms; the two extensions agree in codimension one on the normal
compactification, as logarithmic forms pull back to logarithmic forms, and so are isomorphic
(compare [48, Prop. 5.3.2]). The projection formula and deg(f|y) < |®;| give the inequalities.

(d) Let 9: G*4(Q) — H'(Q, Z(G)) be the connecting map of Lemma 9.3, a homomorphism
with kernel A\(G(Q)). For each place v, 0,(y) = 0y(ky), since 9, kills A(G(Qy)) 2 A(giw)-
So 9p(7) = 0 for p € S, as Ky € MNK,); 0,(7) comes from HY(Z,, Z,) for p ¢ S, as
Kp € ggd(Zp); and 0,(y) = 0, as G(R)* — G*(R)* is onto. Hence I'}/(T N A(G(Q)))
embeds in Sels(Z(G)). Next, v = A(zk) — [z], with z,k as in (b), is a well-defined
homomorphism (I'; N AN(G(Q)))/A(T;) — CL(K): ~ is determined up to Z(G)(Q), and then
zup to Z(G)(Ay) N K. It is injective: if z = rw with r € Z(G)(Q) and w € Z(G)(Af) N K,
then r~1y = wk € ;. If Z(G) is split, a product of copies of Gy, and of groups ji,,, then
HYQ,Gp) =0 and HY(Q, i) = Q% /Q*™, and a class a in Sels has v,(a) = 0 mod m for
p ¢ S and is an m-th power in Q, for p € S, so a € £Q*™; for m odd —1 is an m-th power,
and for m even ¢, = 0 excludes —1. So Sels(Z(G)) = 0. O

For example, for SO(V) with V' of signature (2,m), m > 2 even, Z(G) = pg is split, and
hy < 215171 gince —1 ¢ Ks.

9.3. A closed bound for hg. The factor hi enters both bounds of Theorem 9.12; here
we bound it in closed form (Corollary 9.10). Proposition 9.4(d) bounds hg by |Cl(K)]| -
[Sels(Z(G))|. We bound both factors in terms of the centre. Let = := X*(Z(Q)), a finitely
generated abelian group with a continuous action of Gal(Q/Q), rz its rank, Z(G)° the
maximal subtorus of Z(G), with character group Z/Zos, and Iz := Z(G)/Z(G)°, finite of
multiplicative type with character group =ios. Write Siors = ;.1:1 Z/m;Z with all m; > 2,
and myz := |E¢ors| = [[; mi- Let Lo and L be the fields fixed by the kernels of the Galois
actions on Eiops and on Z/Eqrs, Galois over Q, with nr, := [Lo : Q] and ny, := [L1 : Q]. For
a number field L let r1(L), r2(L) be its numbers of real and complex places and hy, its class
number; for a finite group 9 let gen(H) < log, || be its least number of generators; and
for m > 1 put L(D,m) :={a € L*/L*™ : vy(a) = 0 mod m for every finite place w}. For a
torus T over Q let T'(Q,)¢ be the maximal compact subgroup of T'(Q,) and ker} Q,T) =
ker(H(Q,T) — [1, H'(Q,,T)). As in the rest of this section, K satisfies (Lv), and S, Gy,
Z, are as in Lemma 9.2; for p ¢ S let Z) be the maximal subtorus of Z, and P, := Z,/Z,.

We use the following facts for p ¢ S. (M1) Z; has generic fibre Z(G)°, and 1 —
Z, = Zp = Pp — 1 is exact as Ippf sheaves, with P, finite flat of multiplicative type
with generic fibre IIz: after a finite unramified extension Z, becomes diagonalizable [17,
Prop. B.3.4], where this is clear, and everything descends, the maximal subtorus being
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unique and compatible with base change [17, App. B]. (M2) The Galois modules Z, Eo5
and E/Z,s are unramified at p [17, Prop. B.3.4]; so p is unramified in Ly and L, and
Pp @ Oy = [1; ftm, for every place w | p of Lg. (M3) Hflppf(Zp, T) = 0 for every torus T over
Zy, by Lang’s theorem and Hensel’s lemma. (M4) For a finite Zy,-scheme Q, Q(Z,) = Q(Qp);
hence 112(Qy) = Pp(Zy), and Hy, ((Zy, Pp) — H'(Qp,I17) is injective, since a Pp-torsor is
affine [78, Tag 0245] and finite over Z,, so a Q,-point of it is a Z,-point. (M5) For a discrete
valuation ring O with fraction field L, Hflppf((’), pm) = O /O*™, with image O*L*"/L*™
in HY(L, pty,) = L*/L*™ (Kummer theory and Pic(O) = 0). (M6) Z(G)(Qp) N K, = Z,(Zy)
and Z(G)°(Qp)N K, = Z5(Zp) = Z(G)°(Qp)°: a point of G,(Z,) whose generic fibre lies in Z),
factors through this schematic closure, and for a torus split over an unramified extension the
Zy-points are the points on which all characters are units, as in the proof of Lemma 9.2(iii).

Let 0,: 112(Q,) — HY(Q,, Z(G)°) be the connecting maps, and Sels(ITz) the set of
a € HY(Q,Ilz) with a, = 0 for v € SU {co} and a, in the image of Hflppf(Zp,Pp) forpé¢ S.

Proposition 9.5. [Sels(Z(G))| < [Sels(Ily)] - \ker}(Q,Z(G)O)\ pes 10p(T12(Qy))|, and
the last factor is at most m'ésl.

Proof. Let ¢: H'(Q, Z(G)) — HY(Q,1lz) and ¢: H'(Q, Z(G)°) — HY(Q,Z(G)) be the
maps of 1 — Z(G)° — Z(G) — Iz — 1. First, ¢(Sels(Z(G))) C Sels(Ilz): at p ¢ S, ¢
is the restriction of some v € HY(Z,, Z,), and ¢,(c,) is the restriction of the image ¥ of
v in HY(Z,, Pp). Let ¢ € Sels(Z(G)) with ¢(c) =0. For p ¢ S, 7 = 0 by (M4), so v =0
by (M1) and (M3), and ¢, = 0; so ¢, = 0 at every place. Write ¢ = ¢(b). For every v,
Lty(by) =0, s0 b, € 0,(I12(Qy)); for p ¢ S this is 0, since by (M4) every x € IIz(Q,) lies in
Pp(Zy) and dp(x) is the restriction of a class in H'(Zy, Z7) = 0 (Lemma 9.3). The map
b= (bp)pes € [pes Op(l12(Qy)) has kernel in ker}(@, Z(@)°) on the set of such b. Counting
gives the bound, and |IIz(Q,)| < mz. O

Proposition 9.6.

q
‘SGIS(HZ” < |H1(Gal(L()/Q),Hz(L0))‘ ) H ‘L0(®7m1)| < mg;n(Gal(Lo/Q))-i—m(L0)+7"2(L0) h%o‘
=1

Proof. Inflation and restriction [57, I1.1.34] give 0 — HY(Gal(Lo/Q),1lz(Lg)) —
HY(Q,I1z) — H'(Lo,1z), and H'(Lo,1z) = [[; Ly/L5™, as Uz = [, ftm, over Lo
and H(Lo,Gy,) = 0 [57, I1.1.22]. Let a € Sels(Ilz) with restriction (a;). At a place w of
Lo above p € S, a, = 0, so vy,(a;) = 0 mod m;. Above p ¢ S, a, comes from H'(Z,,P,),
and its restriction to Lo, factors through []; H'(Ouy, ftm;) by (M2), whose image consists
of classes of units by (M5); so again v,,(a;) = 0 mod m;. This gives the first inequality. For
the second, 1 — OF /O™ — L(0,m) — CI(L)[m] — 0, where a with (a) = a™ maps to the
class of a; by Dirichlet’s unit theorem |OF /OF™| < m"(LF2(L); and |H (6, A)| < |A[gen®)
for a finite group $ and a finite module A, as a cocycle is determined by its values on
generators, with |IIz(Lo)| < mz. O

For a torus T' over Q split by a Galois field L, put T(Op) := Hom(X*(T), O ), T(Af)° :=
[, 7(Qp)¢ and A(T) := |[T(Q\T'(Ay)/T(Ays)°|.
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Proposition 9.7. Let T be a torus over Q of dimension r, split by a Galois field L with group
$) of order ny,. Then ]ker}(Q,T)] and h(T) are both at most |H*($,T(OL))| - |(X«(T) ®
CL(L))| < nz(logz nL+T1(L)+r2(L))hE.

Proof. As $»-modules T'(L) = X, ® L* with X, := X, (T) 2 Z", and tensoring 1 — O] —
L* — Idp — CI(L) — 0 (Id; the fractional ideals) with X, gives an exact sequence
0—-TOL)—T(L)—1—C—0with [ :=X,®Id and C := X, ® CI(L); let II C I be
the image of T'(L).

ker}c: by Hilbert’s Theorem 90 and inflation-restriction, H'(Q,T) = H'($,T(L)) and
HY(Q,,T) = HY($4,T(Ly)) for w | p, $H, the decomposition group. As $-modules
I =@, I, with I, = Ind? X,, and by Shapiro’s lemma [57, IL1.11] H'(§,1,) = H' (), X.),
through restriction to $),, and the w-coordinate, which on T'(L) is the valuation T'(L,,) — X..
Ifce ker}c (Q, T), its restriction to £, is a coboundary in T'(L,,), so the image of ¢ in H'($), I)
is 0. So the image of ¢ in H'($,1I) lies in ker(H'($, ) — H($, 1)), the image of C; and
the fibres of H'($9,T(L)) — H'($,1I) are cosets of the image of H($,T(Oy)).

h(T): for each p the valuations embed T'(Qp)/T(Qp)¢ in B, X+, since an element
whose image lies in the compact group [[,, X« ® O,5 generates a bounded subgroup. So
I :=T(Af)/T(Af)¢ embeds in I, compatibly with T(Q) C T'(L), and h(T) = |I7/T(Q)|.
The induced map It/T(Q) — C® has kernel embedding in H'($),T(Or)): for a in the kernel
choose p € T'(L) with image a; o0 — o(0)/0 is a cocycle with values in T'(Or), well defined
up to coboundaries, and if it is o(¢) /e, then p/e € T(Q) has image a.

Sizes: with E := T(0p) = (0})", ng, kills H(9, E), so |H (9, E)| < |[H (9, E[nL])| -
\E/n E| < nzgen(ﬁ)nz(rl(L)JrTz(L))’ and |C.FJ| <hr. 0

Theorem 9.8. For every Shimura datum (G,X) and neat product level, with S as in
Lemma 9.2,

logg nr,+7r1(Lo)+r2(Lo)+|S| rz(logo nr, +r1(L1)+r2(L1))
[Sels(Z(@))] <m0 T A R AL
Proof. Propositions 9.5 and 9.6, and Proposition 9.7 for T'= Z(G)°, split by L. O

Lemma 9.9. Let v = [[,e5[Z(G)°(Qp)¢ : Z(G)°(Qp) NKy]; it is finite, since Z(G)°(Qp) N
K, is a compact open subgroup of Z(G)°(Qp), so it lies in the mazimal compact subgroup
Z(G)°(Qp)¢ with finite index. Then
|ICI(K)| < m‘?' g h(Z(G)°) < m?' LK nZZI(IOgQ noytri(la)ra(l) hzzl

Proof. Let U := Z(G)(Af) N K and U° := Z(G)°(Af) N K. The map CI(K) —
IIz(Af)/(im Z(G)(Q) - imU) has kernel the image of Z(G)°(Ayf), which is a quotient of
Z(G)*(Q\Z(G)°(Ay)/U°. Its image lies in im Z(G)(Ay)/im U, and im U D [[,¢s z(Qp):
for p ¢ S, Uy = Z,(Zy,) by (M6), Z,(Zy,) — Py(Zy) is onto as its cokernel lies
in HY(Zy, 29) = 0, and Py(Z,) = 1z(Q,) by (M4). So the image has at most
Mpes Mz(Qp)] < m5' elements. Next, U° C Z(G)°(Ay)° with index tx, by (M6)
at p ¢ S, so |Z(G)°(Q\Z(G)°(Ay)/U°| < vk h(Z(G)°), and Proposition 9.7 bounds
hMZ(G)°). O
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Corollary 9.10. With K as in this section,

10g2nL0+nL0+2|8| q rz(loganp,+nL,), ry 2
hg <m, hi, tx (ng, h7)".

If K is the level made by Lemma 9.1 from a neat product level Ko, then tx < |GLy,(F3)| ik,
with vx, defined with the same set S, since Z(G)°(Q3) N K3 is the kernel of the reduction
map from Z(G)°(Q3) N Koz to GLy,(F3) and K, = Koy for p # 3. For a number field L of
degree nr, hy, < max(1, B (14 log Br)"=~1) with By, := (ng!/n}*)(4/m)72H)|d [V/2.

Proof. Proposition 9.4(d), Theorem 9.8 and Lemma 9.9, with 71 (L) +r2(L) < [L : Q]. Every
ideal class contains an integral ideal of norm at most By, [56, Thm. 4.3], and the number of
integral ideals of norm at most x is at most 3_,,,«, 7, (m) < (1 + logx)"= !, with 7,,, the
nr-fold divisor function. B O

All the quantities in Corollary 9.10 are read off the character group of Z(G), the rep-
resentation p and the level. If Z(G) is connected, mz = 1 and ¢ = 0; if Z(G) is split,
Sels(Z(G)) = 0 by Proposition 9.4(d); if Z(G) is finite, the torus factors are 1.

9.4. Where maximality is lost.

Lemma 9.11. Let Z C S; be closed and irreducible and V' C Z special and maximal in Z.
If (V) is not mazimal in f(Z), there is 0 € &; with 0Z # Z and V C ZN0OZ.

Proof. Let V¥ be special with f(V) C V¥ C f(Z), and V a component of f~1(V#) containing
V. Tt is special [48, p. 14], of dimension dim V* > dim V as f is finite, and lies in S;, being
connected. By Proposition 9.4(a), V. C f~1(f(Z))NS; = Uses, 07, so V C 0Z for some 6.
If 0Z = Z, V would contradict the maximality of V. O

9.5. The theorem. For a special subvariety V' of Shi (G, X)c, f(V) is special with torus
Ty, the connected centre of A(Hy ), as in the introduction. We put

ay = apy) in Shya (G*, X2 (Definition 2.2), A(V) := max(degV, dr,, av),

with deg V' taken for Lx at the original level. For V' at the original level, where A(K) need
not lie in K24, oy = agyry for a component V' of the preimage of V' in Shy (G, X); as K’
is normal in K, these components are the V'k, k € K, and f(V'k) = f(V')A(k) with A(k)
normalizing K4, so o #(v) does not depend on V'. If G is adjoint and K satisfies (Lv), then
K?! = K and these are the invariants of Section 2 for the representation p*d and the lattice
A; they are those for p formed with the same constant B, as the groups K7, , and K7,
do not depend on the representation; this B is admissible for p as well if a also bounds
the indices of [84, pp. 21-22] for p, as a = |GLgim ¢(F3)| does when n, < dim G. At any
compact open product level containing K24, o F(v) is at most this ay.

Let g1, ..., gm represent G*4(Q);\G*4(Af)/K?, a finite set [54, Lemma 5.12], and from
here on let (3,2, D,d) and ¢(z, D) be the maxima over ¢ of the constants of these
names of Sections 7 and 8 for (G214, X2d) at the level g K2dg; !, with p*! and the lattice
Ad(Gy)(A ® Z) (Section 2), and with n := dim Shg (G, X); put eg := e*(n). The constant B
of Table 1 is the same at all these levels (we take a := |GLgjy, qder (F3)], which bounds the
indices of [84, pp. 21-22] for every lattice Ad(7;)(A ® Z)). Put hg := 1 if I, € A(G(Q)) for
every i, and hg = hi! otherwise, and define

DO = ggD, do = ggd ]’qu, Dj+1 = 63”])2

. 2nn2 g,
o dj+1 = €y Dj dj.
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Theorem 9.12. Let (G, X) be a Shimura datum, K a neat product level and p as above,
F D E(G,X) a number field with [F : Q] = d, Z C Shg(G,X) closed and geometrically
irreducible, defined over F, of degree D and dimension z, and V a special subvariety
mazimal in Z. Let K' be the level of Lemma 9.1, and K*4, hy, he as above, built from K';
Corollary 9.10 bounds hg in closed form, and hg < hg!.
(a) degV < hy (2, D,), and if QRH(S; Ly) holds, then A(V) < hy (8,2, D,,d.).
(b) If \(K) is open in G2 (Ay), for instance if Z(G) is connected, the same holds with
K2 .= \(K) and hg, he computed at the level K itself, with Dy := D, dy := dhg,
and with ¢, caDd the constants for (G2, X*d) at the level that Lemma 9.1 makes from
MK) for (p*4, A), evaluated at (g3¢D., g3%d.), where g§% := |GL i qaer (F3)|. If M(K)
satisfies (L) for (p®4, A), the constants are those at the level \(K) itself, evaluated at
(D,,d) (Proposition 8.9).

If Z(G) is connected, K2 = \(K') € A(K) (Lemma 9.2(iv)), so the bound for ay holds
with oy computed at A(K); for Ay at K(N), N > 3, this is the level of Theorem 1.3(i). If
G is adjoint, K4 = K’ ¢ K, so ay may be computed at K.

Proof. (a) Lemma 9.1 gives Z' C Shy/(G, X), geometrically irreducible over a field F’
of degree at most gsd, with deg, , 2" < g3D, and V' maximal in Z' with =(V') =V,
degV < deg, , V' and Ty = Ty. Let S; be the component containing Z'. Put z0) .= 7/
defined over Fyy := F'Fg, of degree at most dy over Q.

Given Z@) > V' closed and irreducible, defined over F; with [F; : Q] < dj, and of degree
at most D;: V' is maximal in ZU) c Z'. If f(V’) is maximal in f(Z\7)), stop. Otherwise
Lemma 9.11 gives 0 € &; with 0Z0) £ Z0) and V! ¢ Z0 N 020, and we let ZUTD be a
component of this intersection containing V’; dim ZU*Y < dim ZU). Put £ := L K'|§i' As
0 preserves £ (Proposition 9.4(b)), #Z\) has L-degree at most D;, and by Lemma 5.2(b)
at the neat level K, with e = eg, the components of Z@) N 0ZU) have total £-degree at
most 6(2)”]_7]2-. So deg, ZUTD) < Dji1, and ZU) N OZU) has at most eg”Djz components. It is
defined over F}, since 0 is defined over Fg C F}, so Z (41 ig defined over an extension F 41
of F} of degree at most e%”DJZ. The recursion stops after j* < z — dim V < z steps, since
Z@) =V’ once dim ZU) = dim V.

Put W := f(ZU")); then f(V’) is maximal in W. Let g; be the representative for which
W lies in the image of X x {g} in Shyaa (G2, X3d)c. The level K24 satisfies (Lv) for
(p*4, A) (Lemma 9.2(ii)), so K5, ! satisfies it for the lattice Ad(g;)(A ® Z), and we
apply Theorem 8.1 at that level to the translates of W and f(V’) by g; ' (Section 2);
the translation changes no degree, field of definition, Ty, Ly or ay. The variety W
is geometrically irreducible, defined over Fj» D E(G,X) D E(G*, X?d) [24, 2.2.1], of
dimension at most z and degree at most D;- by Proposition 9.4(c). This bounds deg f(V”),
dr, and ay, and degV < deg, , V' < hg deg f(V') by Proposition 9.4(c). The constants
are non-decreasing in z, D and d, and D}, d; increase with j, so the values at j = z bound
all cases.

(b) When A(K) is open, the argument runs at the level K with K := \(K): Propo-
sition 9.4(a)—(d) and Lemma 9.11 hold with the same proofs, A(K) being neat [67, 0.6]
and normalizing K, and A™1(A(K)) = Z(G)(Af)K. Theorem 8.1 is applied at the level
A(K) through Lemma 9.1 for (G#, X284 \(K), p®d), which costs the factor g§% and can only
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increase a. Here too the constants at a level K” are the maxima over the levels g, K" g; !,
with the lattices Ad(g:)(A ® Z), for g; representing G*(Q)\G*I(As)/K". O

Proof of Theorem 1.1. If G* = 1, then G is a torus, Shx (G, X) is finite and V = Z is
a point with Ty = 1, so degV = dr,, = ay = 1, and we put c¢p(D) = ¢(6,D,d) = 1.
Otherwise a special point 2 has A(MT(x)) # 1, so np > 2 (Section 2.2) and s,,t, > 1 for
(G4, x2d pady and Theorem 9.12(a) with z < n and the monotonicity of the constants
give the bounds of Theorem 1.1 with hx ¢(n, D,,) and hg c*4(6,n, Dy, d,,). Let Hy be the
integer part of the right side of Corollary 9.10 for the level K’ of Lemma 9.1, and let d be
d, computed from dg := gsd Hx!. As hx < Hg, he¢ < hi! < Hg! and the constants are
non-decreasing in d, Theorem 1.1 holds with

cp(D) := Hg ¢(n, D,,), ¢(6,D,d) :== Hg *(6,n, D, d?),

and these are effectively computable, Hx being read off the character group of Z(G), p and
the level. Smaller bounds for hx and hg, such as those in Theorem 9.13, may be used in

place of Hig and Hg!. O
Proof of Corollary 1.2. By [18, Theorem 1.1], QRH(1/32; L) holds for every number field L;
apply Theorem 1.1 with § = 1/32. O

9.6. Siegel modular varieties.

Theorem 9.13. Let g > 1, (G, X) = (GSpgg,H;t) with its standard representation, n =
9(g+1)/2, eg = e*(n), and sy := [Spy,(F3)| = 39° 9 (3% —1) [77,p. 70]. Let c*4(6,2,D,d)
and ¢35 (z,D) be the constants of Section 8 for (PGSpy,, X*4) with (Ad,5p2g(2)) at the
level named below. Let ', d, Z, D, z and V be as in Theorem 9.12, and define D;, d; by
Djiq = e%"DJQ-, djqq = e%"DJQ-dj from the initial values given below.
(a) Let N > 3, K = K(N) the principal congruence subgroup of level N, Dy := D and
do:=d. Then h < #{u e (Z/N)* :u?=1}/2, hg =1, and
degV < hy &5\(2,D.),  A(V) < hg *(8,2,D.,d.) if QRH(S; Ly) holds,
with the constants, and vy, at the level A\(K(N)).
(b) Let K(1) := GSpQQ(Z), so that Shg1)(G,X)c = Aga, take degrees on Ag1 as in
Lemma 9.1/, and put Do := (s¢4/2)D and dy := sgd. Then
degV < (2, D), max(deg V,d,,,,av) < ¢*4(8,2,D.,d,) if QRH(S; Ly) holds,
with the constants at the level A\(K(3)) and ay computed at the level \(K(1)).
In both cases dy,,, is also the discriminant of the splitting field of the connected centre of Hy .
For Ay 1 we need a degree. Let 7: Shg(3)(G, X) — Shg(1)(G, X) be the natural map. The
group K(1)/K(3) = GSpy,(IF3) acts on Shy(3)(G, X) by right translations, which preserve
Lk 3), through G := GSpy, (F3)/{*1}, the image of Z(G)(Q)N K (1) = {£1} acting trivially;
7 is the quotient by G, and deg 7 = |G| = s,, since a general point of H, has stabilizer {1}

in Spy,(Z). The two geometric components of Shy(3)(G, X) correspond to F3, and k moves
them by v(k), so the stabilizer of a component has order s, /2.

Lemma 9.14. For Y C Shg1)(G, X)c closed and drreducible and C' an irreducible compo-
nent of 7 1Y) C Shg(3)(G, X)c, both over C, put degy := degr, o C/lk(C) : k(Y)].

(a) This does not depend on C.
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(b) Let Go C G be the stabilizer of C and Ic C G¢ the subgroup fizing C pointwise.
Then [k(C) : k(Y)] = |Gc/Ic| < s¢/2, and degr, ., 7 1Y)/ degm = degY/|Ic|, with
1< |Ic| < s¢/2.

(¢) If M is a Q-line bundle on the Baily-Borel compactification of Ag1 with m* M = L),
then degY = deg Y.

(d) Replacing K (3) by any neat K" normal in K(1) gives the same number.

Proof. (a) G permutes the components of 771(Y) transitively; each o € G preserves £ K(3)s
so deggC = degC, and o: C — oC is an isomorphism over Y. (b) There are |G|/|G¢]
components, all of degree deg, ) C. Take x € C off the proper closed subsets C N oC
(0 ¢ Ge) and C7 (o0 € Go \ I¢); the fibre of C — Y through z is G¢ - x, with |Ge/I¢|
points, and a finite dominant morphism of complex varieties has [x(C) : k(Y)] points in its
general fibre. So degg 7 YY) = (|G|/|Gc]|) |Ge/Ic| deg Y, and we divide by deg m = |G].
Finally G¢ stabilizes a geometric component, so |G¢| < s4/2. (c) The projection formula
for the finite surjective map C — Y, applied to a multiple of M that is a line bundle,
gives deg« vy C = [k(C) : k(Y)]degrs Y. (d) For neat K" C K”, both normal in K(1),
the map Shg» — Shgr is finite étale and pulls L~ back to Lk [48, Prop. 5.3.2]; for a
component C” over C, the projection formula gives deg C"”" = [x(C"") : k(C)] deg C, and
the field degrees multiply. Two such subgroups compare through their intersection. ([l

Proof of Theorem 9.15. (a) K(N) is a neat product level for N > 3. The centre Z(G) = Gy,
is connected and H'(Q,Gy,) = 0, so A\(K) is open and Theorem 9.12(b) applies; I'; C
AMG(Q)), so hg = 1 and dy = d; and Proposition 9.4(d) gives hg < |(@X\Ajf/ke1r(2X —
(ZN)¥)| = |Z* J{£1} ker(Z* — (Z/N)*)| = o(N)/2. More precisely, the class of 3 = A(zk)
in CI(K) is that of z, and v(zk) = 22v(k) € Qo with v(k) € ker(Z* — (Z/N)*), so writing
z = qu with ¢ € Q%, u € Z%, we get u? € ker(Z* — (Z/N)*). Hence hx < #{u €
(Z/N)* : u? = 1}/2. Let po be an odd prime dividing N, or pg = 2 if N is a power of 2, and
v = vp,(N),s0v > 2if pg = 2. Every eigenvalue & of an element of K (N),, C 1+pfMoy(Zy,)
has vp, (£ — 1) > v; the elements with this property form a group; and a root of unity ¢ # 1
has vp,(( —1) < 1/(po — 1) < v. So K(N)p, is neat, hence so is A(K(N)),, [67, 0.6]; and
Ad(N(K(N))) preserves 5p29(2), as in the proof of Lemma 9.2(ii). So A(K(N)) satisfies
(Lv'), and Proposition 8.9 applies at the level A(K(N)) with no factor. For PGSp,, the
representatives g; can be taken in /\(GSpQQ(Z)). Indeed A: GSpy,(Af) — PGSpy,(Ay)
is onto, as H'(Qp,Gw) = H'(Zy,Grn) = 0, and GSpy,(Af) = GSpy, (Q)+ GSpQQ(Z): for
x € GSpy,(Ay) write v(x) = qu with ¢ € Qs and u € Z*, and take v € GSpy,(Q) with
v(y)=qand k € GSpQg(Z) with v(k) = u; then v~ tzk™! € Spy,(Af) = Spy,(Q) szg(Z) by
strong approximation for Spy,, and v > 0 on vy Spy,(Q). The group )\(GSpgg(Z)) normalizes
MK (M)) for every M, and the level that Lemma 9.1 makes from it, and preserves 5p29(2>;
so the maxima of Theorem 9.12 are the constants at the level named.

(b) Choose a component V’ of 771(V) and a component Z’ of 7=1(Z) containing it. As
in Lemma 9.1, V"’ is special and maximal in Z’, with T}, = T}/, and Z’ is defined over a field
of degree at most syd, since 7~ !(Z) has at most |G| = s, components. By Lemma 9.14(b),
degr, o) 7' = [k(Z") : K(Z)] D < (s4/2)D. Part (a) at N = 3, where hg sy = 1, bounds
degr s V' and the torus data at A\(K(3)). Finally degV = degr . o, V' /[k(V') : k(V)] <
degr ) V', and since A(K(3)) C A(K (1)), each index |K7;, /K7y p| of Definition 2.2, and
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hence ay (the constant B does not depend on the level), is at least as large at A(K(3)) as
at A(K(1)).

In both cases the connected centre of Hy contains the central Gy, (the weight) and is
isogenous to Gy, x Ty, so the two splitting fields coincide. O

The bound for hgx in Theorem 9.13(a) is 1 unless (Z/N)* has a square root of 1 other
than +1, for instance for NV = 8, 12 or 15; only then can f fail to be injective on a component,
and only then is Lemma 9.11 needed.

10. LISTING FOR ABELIAN TYPE

The bounds of Theorem 9.13 leave a finite set of candidates for the maximal special
subvarieties of Z, but the set has to be found. The bounds for d,, and ay bound the
index of the order of endomorphisms attached to V' (Section 10.1), which leaves finitely
many PEL data; in Mumford’s model (Section 10.2) the locus of each datum is computable
(Section 10.3), and V is rigid in the normalization of one of its components (Section 10.4),
with degree there bounded in terms of deg V' (Sections 10.5 and 10.6). Urbanik’s algorithm
[86, Cor. 6.3] then computes a finite set of weakly special subvarieties of bounded degree
that contains the rigid ones, a test on the algebraic monodromy selects the rigid ones, which
are special (Section 10.7), Section 10.8 passes to Hodge and abelian type, and Section 10.9
states the algorithm and proves Theorem 10.21.

In this section G = GSp(W, ) with W = Q2%, Wz = Z?9 and 1 perfect on Wz, X = H;t,
and A: G — G?4. For a special subvariety V we write T := T‘(/; for the connected centre of
Hy itself, which contains the scalars, and T := A(T') for the torus of Section 9.

10.1. Bounded torus data give bounded orders. Let K = [, K, be compact open
with K(N) € K C G(Z) for some N > 1, and let V C Shg (G, X)¢ be special, defined by
(H,Xp), the image of Xj; x {7} with v € G(Ay). Put £ := Q[T], the Q-span of T(Q) in
End(W), ng := dimg &, Ay C W the lattice with Ay, = ,Wz,, and R := ENEnd(Ay). For
a prime p let ¢, == [K7", : T(Qp) N YKy, 1, and 7, the same index for T and MKy, b
so ay =]z 51 max(1, Bz,) with B the constant B of the adjoint datum. Let my be the
least common multiple of the dimensions of the irreducible summands of W ® Q under Hy;
so my = 1if V is a point, and my < lem(1,...,2g).

Lemma 10.1. Suppose dr,, < D; and ay < Ay with Ay > 1. Put A} := A; max(1, 1/B)
and Py :=14+ myA].

(a) € =TI, Fi with each F; C Ly a totally real or CM field, |dr,| < D1 and ng < 2g. R is
an order of £ and R = £ NEnd(A,) for the abelian variety A, of the point [x,~], for
every x € Xj; (so Hi(Az,Z) = Av); if V is a point, R is the centre of End(A,).

(b) For every prime p > my + 2 unramified in Ly, either R, = Og, or 1y, > (p —1)/my.

(¢) R, = Ogy, for every prime p > Py with p{ Ndp,, .

(d) Both as written and with ng replaced by 2g,

ns(TLS*l)/Q(

ng(ng—1)/2
(O : B < (24P N2D Ao (NP) 2myng(ng - 1)(ng!)2Dy’?) ez

Proof. For a special point, (d) is a form, with explicit constants, of [81, Lemma 7.2] for
Ay and of [22, Thm. 4.1]; (b) is an explicit form of [22, Prop. 4.11] combined with [84,
Prop. 3.15], and the proof of (d) follows [81, Lemmas 7.4 and 7.5], [22, Props. 4.8 and 4.12].
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Weights and a norm. Let ® be the set of weights of T on W ® Q. As T(Q) is Zariski
dense in T, £ ® Q is the algebra of operators that are scalar on each weight space; so & is
étale of dimension |®|, with embeddings ¢,, x € ®, taking values in Ly. The ¢-adjoint of
t € T(Q) is v(t)t~! € T(Q), so the adjoint preserves £; on & C End®(A,) it is the Rosati
involution, which is positive, so it preserves each factor of £ and is the identity or complex
conjugation on it. As |dFZ.][LV’F’i] divides dr,,,, |dr,| < Dy; and ng < dimW. For a point,
End®(A,) = Endg (W) has centre £. This gives (a).

Let p1. € X,(T)®Q be the preimage, under the isogeny T' — H?", of the Hodge cocharacter
of H* which is the same for all € Xpy. If T acts on an irreducible H@—summand W;
by x, then dety,; is trivial on HYr and equals dim(W;)x on T, so (X, te) = aj/ dim W; €
[0,1] N m‘_/lZ, with a; the multiplicity of the weight 1 of a Hodge generic cocharacter on
Wj. Let Y be the Galois orbit of my .. Then (x,y) € {0,...,my} for y € Y and x € P,
soY C X, (T); and Y spans X,(7T) ® Q, since otherwise the Hodge cocharacter would factor
through a proper subtorus and h, through a proper Q-subgroup of H. For x # x’ in ® some
y€Y has (x —x,y) #0, and |(x — X, y)| <my forally €Y.

(b) Let p > my + 2 be unramified in L := Ly, B | p, f the degree and o the Frobenius of
Ly/Qp, q:= pf, and ¢ a generator of the roots of unity of order ¢ — 1 in Ly. For y € Y the
element ¢ := 37, ¢ oky @ (7" of X.(T)® L% is o-invariant, so t € T(Qp), and ¢t € K as it
has finite order. For x # X’ choose y with by := (x — X/, y) # 0; then (x/x')(t) = ¢(* with
a =P (x = Xs0%y) = by # 0mod p and |a] < my(q—1)/(p—1) < ¢—1, 50 ¢* has
order at least (p — 1)/my. If R, # O¢ p, the image of R, in the étale algebra O¢ ,/p is a
proper subalgebra by Nakayama’s lemma, so two embeddings ¢, # ¢, agree modulo the
maximal ideal on Rp. As T'(Qp) Ny Ky, L c R, every element s of (¢) in this group has
oy (s) = ¢y (5), and both are roots of unity of order prime to p, so they are equal. Hence
p > [(t) +ker(x/X)] = (p—1)/my. )

(c) For every p, 1, < [Z) : Zy N K|ty < prMNg,: the map T(Q,) — T(Q,) is onto by
Hilbert’s Theorem 90, it maps the level subgroup of T" onto that of 7" and K7', into K%p, not
necessarily onto, which is all the inequality needs, and its kernel on K" is Z;. If p > P,
pt Ndr, and R, # Ogp, then p > my + 2 and (b) gives 7, > 1, > (p — 1)/my > A} > 1,
so ay > Bi, > Ay, a contradiction.

(d) Let t := LieT C &, kp := 1 for odd p and k, := 2 for p = 2. For yp € tN O¢
with Ag := disc(yp) # 0, the element u := exp(p*ryo)® lies in (K7,)'" C Ry, since
exp converges on p**Og, and maps p"*Og, N (t ® Q,) into T(Q,) N Og,p = K7, As
vple” — 1) = uy(2) for vy(2) > 1/(p— 1), wp(discu) = ng(ng — 1)(up(tp) + k) + tp(Ao),
s0 Zy[u] C R, gives [Og, @ Ry < preme=Dpltn)+kp)+vp(80))/2 To choose yo, identify
E@L=L% let w:= ({x,mvpuc))y and y, := (id ® Tryq)(wl) € tN O for £ € Or. The
Q-linear map L — t, £ +— yy, is onto: in t® L = X, (T) ® L we have yp = >, 0(£) o(my ),
so by the independence of the embeddings of L the L-span of its image is that of Y, which
is t ® L; so the image, a Q-subspace, is t, and disc is a nonzero polynomial on t, of degree
ne(ng —1). With vy, ..., vp.q) € Oy attaining the successive minima of the house, which are

at most Di/Q by Minkowski’s second theorem, some ¢ = 3" cxvp, with 0 < ¢ < ng(ng — 1)
has Ag = disc(ye) # 0, and |Ag| < (2myne(ne —1)[L : Q2DY?)re(e=1)  with [L : Q] < ng!
since Gal(L/Q) acts faithfully on ®. By (c) the bad primes number at most P; + logy(N Dy),
and for them p?r(#») < ptr(N) A" and [[pkr < 2- 47 ND;. Multiplying gives (d); the bound
increases with ng.
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_ Parts (c) and (d) hold, with the same proofs, when B is replaced in A} by any By € (0, B):
B enters only through A} > A;/B. O

Take € = Q(i) x Q and T = {(t,s) : N(t) = s?}, the torus of {zo} x Y(1) C Aj for the
point xg of Y (1) with complex multiplication by Q(4), with my = 2. At p =5, 13 and 17,
the index that bounds ¢, from below in the proof of Lemma 10.1(b) equals (p — 1)/my.

10.2. Mumford’s model and its level. To list special subvarieties we need A, and its
universal family by explicit equations. Let dy be a positive multiple of 8, T := (dv,...,dy)
with g entries, K(Y) := (Z/dyZ)%, and Vy the Q-vector space of functions on K(T), so
that P(Vy) has coordinates Q(a), a € K(Y). Mumford considers the functor M~y of abelian
schemes with an T-marking: an abelian scheme X over S, a relatively ample, totally
symmetric, normalized invertible sheaf L on X of type T, and a symmetric J-structure
for L [59, pp. 78-79]. An Y-marking embeds X in P(Vy) x S, and the theta-null map
t: My — P(Vy) takes the image of the zero section [59, pp. 82-83]. Mumford writes down
a closed subscheme My C P(Vy), cut out by Riemann’s quartic theta relations and the
relations Q(a) = Q(—a), and a closed subscheme Ay C P(Vy) x M~, cut out by relations of
bidegree (2, 2) in the coordinates of the two factors [59, p. 83], and he proves the following [59,
Theorem, p. 83, and Further Theorem, p. 84]: there is an open subscheme My C M~ such
that ¢ is an isomorphism of M~y with the functor of points of M~, and Ay = Ay X3y M~
is the universal abelian scheme over My, with its zero section, embedded in P(Vy) x My; in
particular the origin of the fibre over s € M~y is the point s itself. We use these schemes
over Q. The open set M~y is not described explicitly, and the algorithm below does not use
equations for it (Lemma 10.4).

Over C, My ® C is a Shimura variety Shg., (G, X): a point is a principally polarized
abelian variety A with a similitude n: W5 — Hi (A, Z), and 1, 1/’ give the same point if and

~

only if n' = ank with a € Aut(A4, ¢g) and k in the subgroup Ky C G(Z) of elements for
which 7 and nk induce the same Y-marking on A. Here (g is the principal polarization, L is
the totally symmetric sheaf with ¢, = dy g, which has type T and is unique [58, p. 307], and
the marking induced by 7 is the symmetric ¥-structure for L that [58, §2, Remark 3, p. 319]
attaches to the symplectic isomorphism H(L®?) = A[2dy] & H(2Y) defined by 7 as in the
proof of Lemma 10.2(i); every T-marking on A arises in this way [58, §2, Remark 4]. Let
el,...,€g, f1,..., fg be a symplectic basis of Wy, with v (e;, e;) =¥ (fi, f;) =0, ¥(es, fi) =1
and v (e;, f;) = 0 for i # j, let v be the similitude character, and for m > 1 put
K'(m) := {k € G(Z) : k = diag(1,, v(k)1,) mod m} > K(m),
and I'(m) := Spy,(Z) N K(m).

Lemma 10.2. (i) K'(2dy) € Ky C K'(dy). In particular K(2dy) C Ky and Ky N
Sp(W)(A7) C K(dr).
(ii) v(Ky) = Z*. Hence S := My ® C is connected, S = Ly \Hy with Ty := Spyy(Z) N K,
and F(2dT) cI'y C F(dy).
(iii) Ky is not neat. But if (H', Xp) is a Shimura subdatum of (G, X), X}, a connected
component of Xg and h € G(Ay), then every subgroup of H'(Q) N hK~xh~! that
preserves XE, is neat. In particular G(Q), N hK~yh™! is neat for every h.

Proof. (i) Mumford defines H(Y) := K(Y) @ K(Y) with K(Y) := Hom(K(Y),C*) [58,
p. 294], so the commutator pairing of the Heisenberg group G(T) takes values in p4, with
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no choice of a root of unity. For L of type T the group H(L) is A[dy], and an T-marking
induces a symplectic isomorphism H (L) = H(Y). On A[dy] the Weil pairing ( , ) satisfies
(nu, nw) = ¢*MYW) with ¢ := exp(27i/dy); the other sign convention replaces ¢ by ¢!
and changes nothing below. The isomorphism attached to n matches a € K(Y) with
>, aine;, and the character a Czi b of K(Y) with the unique P € Y ,(Z/dyZ)nf;
such that (ne;, P) = ¢% for all i, namely P = v(n)~'Y;binf;. So n and nk give the
same isomorphism if and only if ke; = e; and v(k)~'kf; = f; modulo dy for all i, that
is, k € K'(dy). Since the Y-marking determines this isomorphism, Ky C K'(dy). The
same computation for L®2 which has type 2T and H(L®?) = A[2dy], shows that  and nk
induce the same symplectic isomorphism H(L®?) = H(27Y) if and only if k¥ € K'(2dy); and
by [58, §2, Remark 3, p. 319] such an isomorphism determines the symmetric ¥-structure
for L. So K'(2dy) C Ky. For k € K'(dy) write k = (1 + dyM)diag(1,,v(k)1,). By
the formula for P at level 2dy, the isomorphisms H(L®?) = H(2Y) attached to nk and
n differ by diag(14,v(n)1,)(1 + dy M) diag(1,,v(n)~11,), which is 1 + N with N := dyM
modulo 2dy, as v(n) is odd and the entries of NV are 0 or dy; so it depends only on k, and
N(H(2Y)) C H(2Y)[2]. In blocks for K(2T) @ K(2T), 1+ N = (1 + Ng)(1 + N,) with Ny
block-diagonal and N, off-diagonal, both factors symplectic. For 1 + N,, the computation
after [58, §2, Remark 3, p. 319] shows that the marking is replaced by its composite with the
automorphism Fy: (t,y,m) — (o(y, m)t,y,m) of G(T) = C* x K(T) x K(Y) [58, pp. 294
and 318], where A;: K(2T) — K(2Y) and Ay: K(2Y) — K(2Y) are the two blocks of
N,, [ is the image of [ in K(Y), and o((2z,1)) = Ajz(z) - I(Asl) for z € K(2Y) and
le f(\(ZT); this depends only on N,. For 1+ Ny, z — ax, | — o a~!, the automorphism
U: (t,z,1) = (t,az,loa™t) of G(2T) commutes with D_; and satisfies Hy o U = Hy and
U o Ey = E5 [58, p. 316], as o — 1 has values of order 2; so U carries a symmetric lift of the
first isomorphism to one of the second with the same composite with Hs, and by [58, §2,
Remarks 1 and 3] the marking does not change. Hence the markings induced by nk and
n differ by an automorphism of G(T') that depends only on k, so Ky does not depend on
(A,n); and it is a group, since for k, k" € K~ the pair (4, nk) gives that nkk’ induces the
marking of nk, which is that of 1, and likewise nk~! that of nk~'k = 1. Elements of K’'(dy)
with v =1 are = 1 modulo dy. Both K'(dy) and K'(2dy) are product levels with the same
factor at every odd p, so K~ is a product level.

(ii) diag (14, uly) € K'(2dy) for every u € Z*, so v(Ky) = Z*. As Spy, is simply connected,
To(Shi (G, X)c) = Qxo\AF /v(K) = 2" Jv(K) for every compact open K C G(Z) [24, 2.1.3],
which is trivial for K = Ky. An element of G(Q); N Ky has similitude in Qs N Z* = {1},
so it lies in Spy,(Z) N Ky = 'y, and the inclusions follow from (i).

(iii) The element diag(1ly, —14) of G(Z) has similitude —1 and lies in K’ (2dy) C Kv; its
eigenvalues at every p are £1, so it is not neat [67, 0.6]. Let I be a subgroup of H'(Q) N
hK~yh~! that preserves X;{I,. Then I' preserves the component of Hgi that contains X;{I,, SO
v(I") € QsoNv(Ky) = {1}, and I" € G(Q)NA(KxNSp(W)(Af))h~! € G(Q)NhK (dy)h ™!
by (i). As dy > 3, K(dy) is neat, and neatness passes to conjugates and to subgroups [67,
0.6]. O

So K is not a neat level in the sense of Section 2.1, but S is the quotient of H, by the neat
group 'y, and everything below uses only the neatness of the arithmetic groups in (iii). In
particular the bundle of top-degree forms on S extends to the Baily—Borel compactification
as a line bundle Lk [60, Prop. 3.4(b)], whose sections are the modular forms of weight
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g+ 1 for 'y, and degrees on S are taken for it. The bounds of Section 9.6 are proved at
neat product levels, and reach Ky through K(2dy).

Lemma 10.3. Let K' := K(2dy), m: Shi/ (G, X) — S the natural map, and cy = [Kr :
K'] < |GSpy,(Z/2dx7Z)|. Let Z C S be closed and geometrically irreducible, defined over a
number field F with [F : Q] = d, with D := degﬁKT Z, and let V' be special and maximal in

Z. Then there are a geometrically irreducible component Z' of n=(Z), defined over a field
of degree at most cxd, with deg, , Z' < ey D, and a special subvariety V' mazimal in Z' with
m(VY=V, Ty, =Ty, degﬁkT V <deg,, V" and ay < ayr, where ay is computed at the
level \(Kv) and ayr at A(K'). Since the constants of Theorem 9.13(a) are non-decreasing
in (D,d), Theorem 9.13(a) with N = 2d~, evaluated at (cyD,cyd), bounds dechT V, and,
if QRH(6; Ly) holds, dr,, and oy .

Proof. This is the proof of Lemma 9.1 with Ky D K’ in place of K D K'; that proof uses the
neatness of K only through the arithmetic groups, which are neat here by Lemma 10.2(iii).
Each component of Shg/ (G, X)c is I'(2dy)\Hg, and 7 restricted to it is the covering
I'(2dy)\Hgy — I'v\H4 of quotients by neat groups, so 7 is finite étale of degree at most
cr; top-degree forms pull back to top-degree forms, and the two extensions are given by
modular forms of weight g + 1, so 7*Lx, = Lis. If V is the image of X;{I x {~}, let V'
be the image of X7; x {7} in Shx/(G, X): a component of 7~ (V) with the same datum
(H,Xpy), so Ty = Ty. Let Z' be a component of 771(Z) containing V’. As 7 is defined over
Q (it sends (A, po,nK') to the T-marking induced by 7, which involves no choice of a root
of unity and so commutes with Aut(C/Q)), 7=(Z) is defined over F' and has at most cy
geometric components, Z’ is defined over an extension of degree at most cy; by the projection
formula deg, , 7 1(Z) = degm - D < cyD and degV < deg(n|y/)degV = deg, , V' If
V' C V" C Z' with V" special, then 7(V") C Z is special of dimension larger than dim V/,
against maximality. Finally, with the same y, T(Q,) N MK, ') C T(Qy)N MK pipt),
so each index ¢, can only grow when Kv is replaced by K'; each factor max(1, Blp) is at least
1 and non-decreasing in zp, the set of p with 7, > 1 can only grow, and B does not change.
The constants of Theorem 9.13(a) are non-decreasing in D and d because D, and d, are,
and the constants of Section 8 are non-decreasing in D and d (proof of Theorem 9.12). O

Lemma 10.4. Let Z C My ® Q be closed and irreducible. Put n' := g(g + 1)/2 and
Pr(t) :=d%t9. Let Y := (My @ Q)req, let Y° C Y be the open set of points at which Y
is smooth over Q of local dimension n', X° = Ay X3y Y°, Hy C Y° the set of points y
whose fibre X} C P(Vx)(y) is smooth of pure dimension g with Hilbert polynomial Py, U the
interior of Hy in Y°, Cyz the irreducible component of Y containing Z, and No := U NCy.
(i) X° xyo U — U is smooth.
(i) My ® Q C U. In particular Z C Y°, and Cyz is well defined.
(iii) No = My @ Q.
(iv) No can be computed from Mumford’s equations and equations for Z, as a quasi-projective
variety given by explicit equations and inequations.

Proof. (i) Each y € U has an open neighbourhood W C Hy. As Y° is smooth over Q, each
connected component of W is integral, and over it the fibres of X° have the same Hilbert
polynomial Py, so Ay, is flat over W [43, I11.9.9]. A flat morphism of finite presentation
with smooth fibres is smooth [40, 17.5.1].
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(ii) My ® Q is open in My ® Q and smooth of dimension n’ (it is a fine moduli space, and
S =TI'y\H, with I'r neat by Lemma 10.2), so it is an open subscheme of Y contained in Y™°.
Its fibres are abelian varieties embedded by a sheaf L of type T, which are smooth of pure
dimension g with Hilbert polynomial x(L®*) = t9x (L) = d%t9, because x(L)? = deg ¢, =
|K(L)| = d?rg and x(L) > 0 for ample L [55, Thm. 11.1]. So My ® Q is an open subset of Y °
contained in H~, hence in U. A point of Y° lies on exactly one irreducible component of Y.

(iii) Two distinct components of Y of dimension n’ meet only at points where Y is not
smooth, so the connected components of Y° are the non-empty C; NY°, for the components
C;j of Y of dimension n'; as each U N C; is open in the irreducible Cj, the connected
components of U are the non-empty UNC}. By (ii), Z C UNCz = Ny, and N is connected.
The family Axy Xy Ny is smooth over Ny by (i), and every geometric point of Z is in the
image of M~y under ¢t. Mumford’s Step IV [59, p. 94| says, with T for his d: “Suppose that
N is a connected subscheme of M~y such that if Ay induces a subscheme B over N, then B
is smooth over N. Suppose that some geometric point « of IV is in the image of M~y under
t. Then the N-valued point 1y of N is in the image of M~.” Its proof [59, pp. 94-95] uses
N only as a connected scheme with a morphism to M, so it applies to Ng — M~. Hence
No C My ® Q. Now Nj is open in U, hence open in My ® Q, and closed in U D My ® Q,
hence closed in My ® Q. By Lemma 10.2(ii), My ® Q is connected, so Ny = My @ Q.

(iv) The components of Y are computed by absolute primary decomposition, Y° by the
Jacobian criterion, and Cz by ideal membership. Urbanik’s flattening stratification [86,
Prop. 5.1(i)], applied to X° — Y°, gives locally closed T1, ..., T} covering Y° over which X°
is flat. Over each irreducible component 7" of each T; the fibres have one Hilbert polynomial
[43, II1.9.9], computed at the generic point by a Grobner basis. Let H4 be the set of y € Y°
whose fibre has Hilbert polynomial Py and whose Jacobian matrix has rank dim P(Vxy) — g at
every point of the fibre. The points of X7, at which the Jacobian matrix of the fibre has rank
different from dim P(Vy) — g form a constructible set, and its image in 7" is constructible and
computable [6, Thm. 1.0]. So H% is constructible and computable, and so is its interior U’
in Y°, the complement of the closure of Y° ~\ H%.. Clearly Hy C H%, so U C U’. Conversely,
let y € U'NCx and let W C U’ N Cy be an irreducible open neighbourhood of y in Y°. The
open set My ® Q meets Cz (it contains Z), so W contains the generic point of Cz, over
which the fibre is an abelian variety. As Ay, is flat over the integral W, its associated points
lie over the generic point of W so A7, is integral of dimension n’ + g, and every fibre over W
is of pure dimension g [43, II1.9.6]. On a fibre of pure dimension g, rank dim P(Vy) — g of the
Jacobian matrix at every point is smoothness. So W C H~y,and U'NCz =UNCyz = Ny. 0O

10.3. PEL loci. PEL data. A PEL datum ? = (€, R, 7) consists of a product £ =[], F;
of totally real and CM fields with its positive involution * (the identity on each totally
real factor and complex conjugation on each CM factor), an order R C Og stable under
*, given by generators ey, ..., e, of R as a Z-module, and a type 7: multiplicities m; > 1
with >, m;[F; : Q] = 2g, together with, for each CM factor F; and each place v of its
maximal totally real subfield Ff, an integer 0 < a, < m;, the multiplicity on the tangent
space of a fixed embedding ¢, of F; above v (its conjugate then has multiplicity m; — ay);
a totally real F; carries m;/2 copies of each of its embeddings, m; even. Then 7 gives, for
each r € R, a characteristic polynomial 7(r) of degree g, and we let W’ be the £-module
whose character is 77. The PEL locus €(d) C S is the set of points s for which there is
a ring homomorphism ¢: R — End(Ay) with «(r)" = ¢(r*) for the Rosati involution { of
the polarization, and det(T — «(r) | Lie As) = 7(r) for all r € R; then H;(As,Q) = W' as
E-modules, as Hy(As, C) = Lie As @ Lie As.
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For a special V' with torus algebra £ = Q[T as in Section 10.1 we put oy := (€, R, 7v),
with R = £ NEnd(Ay) and 7/(r) the characteristic polynomial of r on Lie A, = W¢/F? for
T € XE, which does not depend on z, being continuous with values in a countable set.

Endomorphisms by their graphs. Let s € Ny, with abelian variety A, C P(Vy) embedded
by L of type T. A closed subscheme I' C As x Ay such that pry|r is an isomorphism and
(0,0) € T is the graph of the homomorphism f := pry o (pry|r)~?, since a regular map of
abelian varieties is a homomorphism followed by a translation [55, Cor. 1.2]. On I'f = A,
the bundle O(1) ¥ O(1) restricts to L ® f*L, and ¢re - = ¢ o (1+ f1f), so

X((L® f*L)®) = t9d detp,(a, )1+ 1) (10.1)

because x(M)? = deg oy and x(M) > 0 for ample M, x(M®!) = t9x (M), and the degree
of an endomorphism is its determinant on H;(As, Q) [55, Thm. 11.1 and Prop. 10.20]. If
f = t(e) with ¢(e)T = ¢(e*), this is the polynomial P.(t) := t9d% detyy: (1 + e*e)/2, computed
from 0.

Lemma 10.5. Let B be a quasi-projective variety over a number field, X C PM x B a closed
subscheme whose ideal sheaf is generated by explicitly given bihomogeneous Fi,..., F} of
degrees at most m in the coordinates x of PM, and p(t) a Hilbert polynomial with Gotzmann
number ro. Put r := max(rg,m), N(t) := (Mj\jt) and q(t) := N(t) — p(t). Then the relative
Hilbert scheme HilbP(X /B) is the closed subscheme of Hilb?(PM) x B c Gr(q(r), N(r)) x B
defined by z*F;(-;b) € Q for all j and all monomials z* of degree r—deg,, F;, where Q C Q[z],
is the point of the Grassmannian; and its universal family is cut out in PM x Hilb?(X /B)
by 2.

Proof. For the absolute case, by Gotzmann’s regularity theorem the ideal sheaf of a subscheme
Z < PY! with Hilbert polynomial p is r-regular, I(Z)>, is generated by I(Z),, and Z
I(Z), embeds Hilb?(PM) in Gr(q(r), N(r)) as a closed subscheme with explicit equations
[52, Thms. 1.21, 1.24 and 1.25, (1.22), (1.23)]; Lella states these for r = r¢, and they hold
for every r > rg with the same proofs, since an ro-regular sheaf is r-regular. For a T-point
T — B and Z C P¥ flat with Hilbert polynomial p, let Q be the module of sections of Iz(r),
locally a direct summand of rank ¢(r). If F; vanishes on Z, then 2®Fj € Q. Conversely, if
z®Fj € Q for all |a| = r — deg F}, then on D (z;) the function Fj/xfegFj = x:_deg £ Fj/at
is a section of Iz, so F} vanishes on Z. Membership of a given vector in a subbundle of
rank ¢(r) is the vanishing of exterior products, a closed condition compatible with base
change. ([l

Let H be a scheme of finite type over a number field k, A — H an abelian scheme of relative
dimension g embedded in P(Vy) x H, and I' C A x4 A closed, flat and proper over H with
fibres I'; of dimension g; in our application H is one of the relative Hilbert schemes #; ,, in
the proof of Lemma 10.9, A the pull-back of the universal abelian scheme over Ny, and I" the
universal subscheme. Let 7, := pry|r,: I't = Ay and Usgo := {t € H : m; is an isomorphism}.

Lemma 10.6. (a) Fort € H the following are equivalent: m is an isomorphism; m; is
a monomorphism; for every y € A; the fibre w7 ' (y) is empty or k(y)-isomorphic to
Spec k(y).

(b) Usiso is open in H.

(c) Let t € H, k = k(t), and J C k[z,y] a bihomogeneous ideal whose sheaf is the ideal
sheaf of I'y in Py x Py, two copies of P(Vy) with coordinates o, ...,z and yo, ..., Ym;
let J' be the same ideal in variables (x,y’). Then m; is an isomorphism if and only if
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for every (i, 7,1) each minor yay, — Yy, dehomogenized by x; = y; =y, = 1, lies in
the dehomogenization of J + J' C klz,y,y'].

Proof. (a) Let m; be a monomorphism. It is proper, so it is a closed immersion [40, 18.12.6];
its image is closed of dimension ¢ in the integral g-dimensional A;, hence all of A, and
as A; is reduced, m; is an isomorphism. The third condition holds for all y if and only if
7 is a closed immersion [40, 18.12.6], hence by the same argument if and only if it is an
isomorphism. (b) pr;: I' — A is proper. Let Vj be the set of y € A over which the fibre is
empty or x(y)-isomorphic to Spec k(y). By [40, 18.12.7], y € Vp if and only if pr; is a closed
immersion over a neighbourhood of y, so Vj is open; the structure map A — H is proper, so
Uiso, the complement of the image of A \ Vj, is open by (a). (¢) As A; — P, is a closed
immersion, I'y X 4, I'y = I'y Xp, I'y is the closed subscheme of P, x P, x P, with ideal J + J',
and the diagonal is cut out in it by the 2 x 2 minors of the matrix with rows y and 3’. So
the diagonal is an isomorphism if and only if these minors vanish on I'y X 4, I'y, which on the
charts D (z;y;y)) is the stated membership. A morphism is a monomorphism if and only if
its diagonal is an isomorphism [78, Tag 01L3]; conclude by (a). O

On an affine chart C' = V(I¢) N D(h¢e) of Gr(q(r), N(r)) x Ny with coordinates u, the
point €(¢) of Lemma 10.5 has a basis wy(u), . .., wy((u) with coefficients polynomial in u,
and pulling back along the Segre map gives generators ws(t)(x ® y) of the ideal sheaf of I’
in P, x P,, admissible in Lemma 10.6(c) at every t € C, including generic points of closed
subsets.

Algorithm 10.7 (Uis,). (1) For each chart C, compute the minimal primes p of I¢ not
containing h¢, and put each pair (C,p) on a list. (2) Take a pair (C,p) off the list, let
k := Frac(k[u]/p), and run the test of Lemma 10.6(c) at the generic point of V(p) over k,
by Buchberger’s algorithm with cofactors on each of the (M + 1)3 charts. (3) If the answer
is yes, choose h € k[u] \ p that is a common denominator of all coefficients of all cofactors;
record V(p) N D(h) N D(h¢), and put on the list the pairs (C,p’) for the minimal primes p’
of p + (h) not containing hc. (4) If the answer is no, record nothing. (5) Repeat until the
list is empty, and output the union of the recorded sets.

Lemma 10.8. Algorithm 10.7 terminates, and its output is Usso.

Proof. A recorded set lies in Uigo: after multiplying by a power of A the cofactor identities
hold in (k[u]/p)nlz,y,y], hence at every t € V(p)ND(h), and Lemma 10.6(c) applies. A “no”
loses nothing: Usjs, NV (p) is open in the irreducible V(p) N C' by Lemma 10.6(b) and misses
its generic point, so it is empty. Every t € Uiy, is recorded: it lies on a component V (pg)
from step (1), which answered yes; either ¢ is in the recorded set, or ¢ lies on a component of
V(po+ (ho)), of smaller dimension, which again answered yes; and a 0-dimensional component
{t} that answers yes is recorded. Each pair put on the list has smaller dimension than its
parent, so the algorithm terminates. This is the induction of the proof of [86, Prop. 5.1(iii)],
with “reduced fibre” replaced by “m; is an isomorphism”. O

Lemma 10.9. For every PEL datum 9, the set €(d) N Ny is constructible, and it can be
computed from Mumford’s equations, Ny and 0 as a finite union of explicit locally closed
subsets of Ny.

Proof. Let A := Ay X3y Ny, the universal abelian scheme over Ny (Lemma 10.4), and
embed A Xy, A in P(Vy ® V) x Ng by the Segre map, so that O(1) restricts to O(1)KO(1);
its ideal sheaf is generated by the Segre quadrics and by F(z;b)y®, F(y;b)z” (|3] = deg F)
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for Mumford’s equations F' of A. For each generator e; and each n = 1,...,2g9 + 1, let
Hin be the relative Hilbert scheme of Lemma 10.5 for the polynomial P,,, with universal
subscheme I'; ,, and let H be their fibre product over Ny. Impose: (1) pry is an isomorphism
on each I'; ,, (the open set Uiso, computed by Algorithm 10.7), and (0,0) € I'; ,,, i.e. every
element of () vanishes at s ® s, as the origin of A, is the point s; so I';,, is the graph
of a homomorphism f;,. (2) df;, = ndfi1, the Z-linear relations among the e;, and the
expressions of 1 and of each product e;e; as Z-linear combinations of the ey, hold for the
differentials df; 1 at the origin, and det(7" — df; 1 | Lie) = 7(e;); these are closed conditions on
the tangent spaces of the graphs at (0,0). In characteristic 0, f — df is injective on End(Ay),
by complex uniformization; so (2) gives f;, = nfi1, a ring homomorphism ¢: R — End(A;)
with ¢(e;) = fi1, and the type 7, as the traces on Lie A,, additive in 7, agree on the e;,
hence on &, and fix the multiplicity of each embedding. (3) By Equation (10.1), the Hilbert
polynomials give det(1+n?fTf) = dety (1 +n2e*e) for f = fi1, e = ¢; and 2g + 1 values of
n2, so fTf and e*e have the same characteristic polynomial. Hence Tr(ftf) = 3 [£]? over
the eigenvalues § of f, which is the case of equality in Schur’s inequality for the positive
definite Rosati form; so f is normal, and fT = t(ef), as both act by £ on the &-eigenspace of
f. Conversely every s € €(0) N Ny with its ¢ gives such graphs. So €(9) N Ny is the image in
Ny of an explicit finite union of locally closed subsets of H, and the image is constructible
and computable [6, Thm. 1.0], on finitely many affine charts. O

10.4. Containers. We use Urbanik’s algorithm [86], with his definitions. Let S be a smooth
quasi-projective variety carrying a polarizable integral variation of Hodge structure V. The
algebraic monodromy group Hy of an irreducible subvariety Y (not the Mumford—Tate
group of Section 2.2) is the identity component of the Zariski closure of the monodromy
of V on the normalization of Y; Y is weakly special if it is maximal among irreducible
subvarieties with its algebraic monodromy group [86, Defs. 1.3-1.4]; and Y is rigid if there
is no weakly special Y/ with Y C Y’ C S such that Hy is normal in Hy~ [86, Def. 4.28].
Special subvarieties are weakly special. For a projective compactification of S, a very ample
line bundle on it and an integer d’, [86, Thm. 6.1(ii) and Cor. 6.3] give an algorithm that
computes a finite set of weakly special subvarieties of degree at most d' containing the
rigid ones, from equations for S and the data (#, F®,V) of the variation [86, Thm. 2.4].
A maximal special subvariety of Z need not be rigid in S: a special curve {z} x Y (1) in
As, with x a CM point, moves in the family {2’} x Y (1). We make it rigid by passing to
the normalization of a component of the PEL locus defined by the connected centre of its
generic Mumford-Tate group (Lemma 10.10).

Lemma 10.10. Let V C S be special, the image of X?I x {v} for a Shimura subdatum
(H,Xp) with H the generic Mumford—Tate group, let T be the connected centre of H,
E=Q[T], and M := Zq(T) = Za(E).
(a) For x € Xp, hy(S) C Mg and T C Z(M). Let X}, be the component of M(R)h,
containing X7;, and Sy the image of XJ\'Z x {v}. Then Sy is special and V C Sy. If
H' is the generic Mumford—Tate group on X3;, then T C Z(H'), X} = X;;, and Sy
is the image of X7 x {v}.
(b) For every PEL datum 0, €(0) is closed in S, and each of its irreducible components
is a special subvariety of a dimension dimd determined by 0. Sy is an irreducible
component of €dy ).
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(¢c) Let K :=yKyy™ ' N H' (Ay), Sy the image of X x {1} in Shk,, (H', Xy)c, and
v: Sy — Sy the map induced by [x,h] — [z,hy]. Then Sy is smooth and v is the
normalization. The image Wy of X7 x {1} in Sy is special, v(Wy) =V, and v|w,, is
birational onto V. The first two sentences hold, with the same proof, for every special
S’ C S in place of Sy, with its generic Mumford—Tate group and its v' in place of H'
and v; by (b), this covers every irreducible component of every €(0).

(d) Wy is rigid in Sy, for the variation of Hodge structure v*V given by W.

(e) For every very ample line bundle L' on a projective compactification of Sy and every
integer d' > deg, Wy, the point [Wy/] lies in the finite set that [86, Cor. 6.3] computes
for (Sy,v*V,d). If £ = v*O(1) for a projective embedding of Sy, then degp Wy =
dego(l) V.

We call Sy the container of V.

Proof. (a) hz(S) C Hg and T is central in H, so hy(S) C Mg; M is reductive, being the
centralizer of a torus, and T C Z(M). Xj; € M(R)h, is connected, so it lies in one
component X,;, and V C Sy. For y € Xp, (M, M(R)h,) satisfies (2.1.1.1) and (2.1.1.2)
of [24], as Lie M is a sub-Hodge structure of Lie G and (-, hy(4)-) is definite, but (2.1.1.3)
can fail (for A, = AZ with Ay a CM elliptic curve, M ad js compact); so hy projects trivially
to the Q-simple factors of M?! with compact real points [24, 2.1.1] and factors through
M := Z(M)° My, with My, the product of the other Q-simple factors of M. As Z(M)°
and the compact factors centralize h,, X]t[ = M (R)"h, for y € XIJ;, a component of the
Shimura subdatum (Mj, M;(R)h,), which satisfies (2.1.1.3) because a Q-factor of M$ on
which h, projects trivially has compact real points by (2.1.1.2); so Sy is special. By [84,
Lemma 2.1], Sy is the image of X;'I, x {7}, and X}, = X]\'Z, both being connected complex
submanifolds of the same dimension, the first closed in the second. As MT(y) C H’ for
ye Xy, HC H and T C Z(M)NH' C Z(H').

(b) Let s = [2/,7/] € €(0) with ¢ as in the definition. Then ¢ ® Q embeds £ in End(W),
compatibly with v-adjoints, and commutes with h,,. Let M, := Zg(¢(€)), the group of
t(€)-linear symplectic similitudes, which is connected and reductive ([54, Prop. 8.7], on each
factor of €) and contains h,/(S). The image S, s of the component of M,(R)h,s through 2,
times {7}, is special as in (a), contains s, and lies in (), since the lattice and ¢(R) do not
change along it and 7 is locally constant. Its dimension is that of the symmetric space of M, g,
which is determined by 9: the 1-orthogonal decomposition Wr = @, W,, over the places
of the factors of £ gives a Siegel space of dimension 7(r + 1)/2 for a real place of a totally
real factor, with 2r = dimg W, and a unitary symmetric space of dimension a,(m, — a,)
for a place v of F;" with F; CM, with m, := dim¢ W,; call the sum dimd. Now () is
constructible (Lemma 10.9; here Ny = My ® Q by Lemma 10.2(ii) and Lemma 10.4(iii)) and
is the union of the countably many S, s. Let C' be an irreducible component of its Zariski
closure. Then €(0) N C contains a dense open subset of C', which is a countable union of the
closed sets S, s N C; by Baire’s theorem one of them has interior, so C' C S, ; C €(?) and
C = S,5. So €(0) is closed and its components have dimension dimd. Finally Sy = S, »
for the inclusion ty of Ry, so Sy is irreducible of dimension dimdy in E(?y ), and the
component containing it is Sy .

(¢) Sv =T \X}, with Ty := {q € H'(Q) : ¢X;;, = X}, } N yKyvy~!, which is neat by
Lemma 10.2(iii); so Sy is smooth. The map v is finite, and it is injective on the Hodge
generic locus by [84, Lemma 2.2]. That lemma assumes Z(G)(R) compact; its proof uses this



58 MANVIR JASWAL

only to show that Ng(H')/H' has compact real points, from the compactness of the stabilizer
of a point of X in G(R). For G = GSp this stabilizer is compact modulo Z(G)(R) = R*,
and Z(G) C H', so Ng(H')/H' still has compact real points. Ullmo and Yafaev assume
K neat; here we use instead that two Hodge generic points of X}f(, with the same image
in S differ by some ¢ € Ng(H')(Q) N G(Q)y NyKyy~ ! as v(q) € Qso N 7x = {1}, ¢
lies in Ng(H')(Ay) NyK(dy)y™' (Lemma 10.2(i)), a compact neat group, whose image
K" in Q(Ay), Q := Ng(H')/H', is compact and neat [67, 0.6]; so the image of ¢ lies in
Q(Q) N K", which is neat [67, 0.6] and discrete in the compact Q(R), hence finite and
trivial, so ¢ € H'(Q) N vKyy~! preserves X, and the two points agree in Sy. A finite
morphism from a normal variety that has degree 1 onto its image is the normalization. The
same argument for (H, Xp) C (G, X) shows that the image of Xj; x {7} in S is reached
generically injectively; as that map factors through Wy — V, v|w, is birational. Wy is
special in Sy, defined by (H, Xg) C (H', Xr).

(d) Suppose that Y is weakly special in Sy with Wy, C Y and Hy,, normal in Hy. For a
special subvariety defined by (H, Xg) of a quotient I'\ X with I" neat and the variation of a
faithful representation, the algebraic monodromy group is H" (proof of [86, Cor. 6.2]); so
Hy,, = H". Algebraic monodromy groups are semisimple (proof of [86, Lemma 4.29]), so
Hy = HY" H" with H” the product of the other Q-simple factors, which commutes with
H9 As Hy is normal in MT(Y)) € H', H" C Zy:(H"), which also centralizes T C Z(H'),
hence centralizes H = T'- H" and h,(S) for € Xp. Being semisimple, H” C Sp(W,v); it
fixes h;(i), so H"(R) preserves the positive definite form (-, h,(i)-) and is compact. By
[86, Lemma 4.11] an algebraic monodromy group has no Q-simple factor with compact real
points, so H” =1 and Hy = Hy,,. Then Y D Wy has the algebraic monodromy group of
the weakly special Wy, which contradicts the maximality in the definition. So Wy is rigid.

(e) Sy is smooth and *V is a polarizable integral variation, so [86, Thm. 6.1(ii), Cor. 6.3]
apply, and [Wy] is in the output by (d). The projection formula and (c) give deg, - (1) Wy =
dego(l) V. O

A special point Q has Sg = {Q}: h, factors through T' C Z(M), so M(R)h, = {hs}.
For the curve {z} x Y (1) C A3 above, with z a CM point with CM by k, £ = k x Q and
M = H, so Sy = V; the curve is its own container and is rigid there.

10.5. Degrees in Mumford’s coordinates. Urbanik’s degrees are taken for O(1) on the
closure in P(Vy), ours for the Baily—Borel bundle. Theta constants have weight 1/2, so the
first is the smaller.

Lemma 10.11. Let g > 2, ¢: S — P(Vy) the theta-null immersion and L := Lk... For
every closed irreducible Y C S of dimension r, with closure Y in P(Vvy),

degp) Y < deg,Y/(2(g+1))" < deg,Y.

Proof. Let w be the determinant of the Hodge bundle on S and Ny := d%., the rank of the
push-forward p, L of the marking sheaf along the universal family p. Mumford shows that
p«L = Vy @ K for the invertible sheaf K := ©*O(—1) [59, pp. 80-82], so det p, L = KN,
For a relatively ample symmetric line bundle trivialized along the zero section, with p.
of rank Ny, Faltings and Chai prove 8N% det(p.L) = —4N$ w in Pic(S) [28, Thm. 1.5.1],
as stated in [70, Introduction]; Mumford’s L is totally symmetric, relatively ample and
normalized. Hence ¢*O(1)®8Nr = @4Vt Also L|g = w®6+D [45, §I1.1], and as g > 2
the boundary of the Baily-Borel compactification SBB has codimension at least 2, SBP is
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normal and £ is a line bundle on it (Lemma 10.2(iii), [60, Prop. 3.4(b)]), so sections of its
powers over S extend to SBB.

Put e := 4N%. Monomials of degree 2¢(g + 1) in the coordinates of P(Vx) are therefore
sections of £%¢ over SBB, and v o ¢, with v the Veronese map of degree 2e(g + 1), is the
rational map of SBB given by a linear subsystem of |£%¢|. Let Y8 be the closure of Y in
SBB and w: ¥ — YBB a resolution of the base locus, with @w*£®¢ = M’ + F’, M’ base-point
free and F” effective. As w* L€ is nef, (w*L%¢)" = M =3, F'-(w*LE¢)] - M'""177 > 0.
As ¢ is injective, Y — v(Y) is birational, and (2e(g + 1))" degp() Y = dego(Y) = M" <
e deg,Y. 0

10.6. Normalization. Let k& be a number field, V' C ]P’]k\/[ " an integral closed subscheme with
homogeneous prime ideal I C R := k[xg,...,zyv], A:= R'/I, and A the integral closure of
A in its fraction field. The algorithm of Greuel, Laplagne and Seelisch [38, Algorithm 3 and
Remark 4.6] returns dq € R’ ~ I and uy,...,us € R’ with A = d;‘l(ul, ..., us) (images in
A); it does not say that these are homogeneous. The following lemma makes the graded and
Veronese steps explicit.

Lemma 10.12. Fiz z € A; ~ {0} and let B be the integral closure of Az = (Az)o-
(a) A C Blz,z7Y, and A = D.>0 A, is a graded subring, with x of degree 1 and B of
degree 0.
(b) Proj A — N is finite, and Proj A is the normalization N of N
(¢) Let c be a homogeneous component of da with ¢ ¢ I, and a; € R' with daa; = cuj mod I.

Then the homogeneous components a;m of the a; give elements a;m/c € A of degree
m — deg ¢, which with 1 generate A as an A-module.

d) Let by,...,b, be the elements of positive degree among xq, ..., xp and the generators
H _ -
of (¢), of degrees dy,...,d,, and h := plem(dy,...,d,). Then A, = (Ap)" for all
n>1.

(e) With a basis Ti,...,Tapn of Ay and a the kernel of k[T] — A, N = Proj(k[T]/a) C
Pﬁ/[”_l, with explicit equations.

(f) This embedding of N is given by v*Onr(h), v: N = N the normalization.

Proof. (a) Az = Ay, 27 1], and integral closure commutes with localization [78, Tag 0307],
so A, is the integral closure of Az, x~1], which is E[m, 271, as this ring is integral over
it and normal [78, Tags 030A, 00GY]. For A € k* the automorphism z — Az of B[z, 2]
preserves A, hence A; applying it for enough distinct A and inverting a Vandermonde matrix
shows that each homogeneous component of an element of A lies in A. A homogeneous
b € A of negative degree —e’ satisfies b" + 3°;(a;)_jerb" ¢ = 0, the degree —ne’ part of an
integral equation, with (a;)_;e € A_jer = 0; 80 b= 0.

(b) If a homogeneous prime q of A contains Aj, then it contains every homogeneous
element of positive degree, by the degree ne’ part of an integral equation; so the D, (x),
z € Ay ~ {0}, cover Proj A. On D, (z) the ring of sections is (A, )y = B, the normalization
of the chart Spec A(,); these identifications glue, and B is finite over Ay as A is finite
over A.

(c) The conductor {a € A:aA C A} contains d4 and is homogeneous, as A is a graded
subring of E[m, 27 1; so it contains ¢, which gives aj, and cA is a homogeneous ideal of A
containing a;, hence the a;m. As uj/da = aj/c =3, ajm/c, these elements generate.
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(d) A, is spanned by products B[], b* with B € Ag and 3, ayd; = nh. Put £ := lem(d;)
and a; = ¢;¢/d; +r; with 0 <r; < £/d;. The blocks bf/ 4 have degree £, and [, b;* has degree
J¢ with 0 < j < p — 1; there are nu — j blocks. Grouping S]], b;* with p — j blocks, and
the rest in n — 1 groups of p blocks, writes the product as a product of n elements of Ay,.

(e) Ay, is finite-dimensional, and by (d) the subalgebra k[A}] agrees with A in positive
degrees, so Proj k[A] = Proj A®) = Proj A [39, Prop. 2.4.7], and k[A}] = k[T]/a is generated
in degree 1.

(f) On D4 (x) both Op,;4(1) and v*Opr(1) are free with generator z and transition
functions x/x’, so they agree; and O(1) on Proj k[A}] is generated by z" on D, (z"), with
transition functions (z/z')". O

10.7. Rigidity and monodromy. In this subsection S = I\ X is a connected Shimura
variety with I' neat, V the variation of a faithful representation, and Gz the generic Mumford—
Tate group of 5 For Y C S weakly special and = € Y (Q), let by be the Lie algebra of Hy
in End(V,) ® Q, F* the Hodge filtration of V,, F/End(V,) := {¢ : ¢(FP) C FP*J for all p},
and for a subspace n put ¢(n) := dimn — dim(n N FOEnd(V,)).

Lemma 10.13. Let Y C S be weakly special, x a smooth point of Y, and 3 the centralizer
of by in bg. ThenY is rigid if and only if 3 N FlEnd(V,) = 0. IfY is rigid, it is special.

Proof. MT(z) C MT(Y) normalizes Hy and Hg (André and Deligne, as quoted in [86, p. 3]),
s0 3 is a sub-Hodge structure of hz of types (—1,1), (0,0), (1,—1), and 3N F! = 3571 is the
complex conjugate of 3711, If 3711 = 0 and Y’ D Y is weakly special with Hy normal in Hy~,
then Hys = Hy H" with Lie H” C 3, both summands stable under Ad h,, and Y” is the image
of Hy:(R)* - Z [86, Prop. 4.8, Lemma 4.10(ii)], of dimension dim by} = dim h;;""! = dim Y,
a contradiction. If 3751 £ 0, then N’ := ZG,SV(Hy)O is reductive and normalized by MT(Y'),
o0 h, factors through the reductive group MT(Y)N’, which defines a special Y’ O Y whose
tangent space contains h;l’l ®3 bl so Y DY, and Hy is normal in (MT(Y)N')4" S Hy,
so Y is not rigid. Finally, if Y is rigid, let Y*P be the smallest special subvariety containing
Y, the image of MT(Y)(R)* - # for 2 Hodge generic in Y'; Hy is normal in MT(Y)4°" 5 Hy-sp,
soYP =Y. O

The test is linear algebra over Q once by, f)g and F'* are known in one frame at one point;

F1! is algebraic, unlike the Hodge decomposition. The group Hy is computed on a curve,
and the curve is certified by the following test.

Lemma 10.14. Let Y C S be weakly special of dimension r, C C Y™ an irreducible curve
and x € C. Then

(a) bo C by, both are stable under Ad h,(S), and t(hco) = dim [](_;1’1, t(hy) = dim f);l’l;

(b) t(bhy) =r;

(¢) t(hc) =r if and only if he = hy.
Proof. (a) Loops in C are loops in Y™, and algebraic monodromy does not change when
Y is replaced by an open subvariety [86, proof of Lemma 4.11], so Ho C Hy. A tensor
that is Hodge at a point outside the Hodge locus of a subvariety is Hodge everywhere on
it, so MT(z) ¢ MT(C) ¢ MT(Y); Hc and Hy are normal in MT(C) and MT(Y') (André
and Deligne, [86, p. 3]), so h;(S) normalizes both, and h¢, hy are sub-Hodge structures of
End(V,) of types (—1,1), (0,0), (1,—1). For such n, nc N F® =n%0 @ nb=1t (b) YV is the
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image of Hy (R)" - Z [86, Prop. 4.8, Lemma 4.10(ii)], whose tangent space at Z is b;l’l (86,
proof of Lemma 4.9]. (c) If t(ho) = r, then bal’l = f);l’l by (a) and (b), and f)lcfl = f);’*l
by conjugation. Let s be a non-compact R-simple ideal of hy r. The connected group h,(S)
fixes each simple ideal, so s¢c = s "' @ s’V @bl put pi=s st Ifp =05
commutes with h,(i) and, as Hy C Sp(W, ), preserves a positive definite form, so it is
compact; hence p # 0. As [p,p] C s%° and [s°Y p] C p, p + [p,p] is a non-zero ideal of s¢
stable under conjugation, so it is sc; and p C hec, so s¢ C he,c. Each Q-simple ideal b; of
the semisimple by has a non-compact R-simple ideal [86, Lemma 4.11], so ho ® Q contains
a Q-simple ideal of h; ® Q, hence all of them, as Gal(Q/Q) permutes them transitively and
preserves hc ® Q. So hy C he. O

Proposition 10.15. Let S be the normalization of an irreducible component S’ of some
€(0), as in Lemma 10.10(c) (for instance Sy ), embedded by Lemma 10.12, and Y C S weakly
special of dimension r > 1 and defined over Q. The following procedure terminates and
returns an irreducible curve C C Y™, a point z € C(Q), and by, bg and F* as subspaces
of End(Hlz (Az)) ® Q in one frame. Ifr = 1, put C := Y. Ifr > 2, enumerate the
(r — 1)-tuples of hyperplanes defined over Q(i) by increasing height; for each, let C' be the
intersection of Y™ with the hyperplanes, and pass to the next tuple unless C' is a non-empty
smooth geometrically irreducible curve; choose x € C(Q) outside the finitely many points
excluded below, compute he at x, and accept C if and only if t(hc) = r. On acceptance
by :==bc.

Proof. Computing ho. The Gauss—Manin connection on H, éR of the pull-back of the universal
family to C' has regular singular points and quasi-unipotent local monodromy [47, Thm. 14.1].
Let u: C — P! be the morphism given by a general linear projection (a non-constant rational
function on the smooth curve C), and /° € A' the complement of a finite set of points,
chosen so that u is étale over /0 and including the images of the points of the closure of C'
that are not in C, so that u is finite over ¢°. Its push-forward is a system Y’ = AY over
Q(t) of rank 2gdegu, for the coordinates of horizontal sections in the frame fixed below,
whose local system on ° is induced from that of C° := u~1(¢Y); the image of 71 (C?), of
finite index, preserves the summand V; of the fibre @ c,-1(¢) Vy, and the kernel of the

permutation action on u~!(c), normal and of finite index, preserves every summand; the
identity component of the Zariski closure lies in the closure of the image of this kernel; so
the projection of the Lie algebra of the identity component of the Zariski closure of the
monodromy to End(V;) is ho. The system is regular singular in Singer’s sense, as a local
coordinate z on the smooth completion of C' at a point over ¢ satisfies t — ¢ = 2¢ - (unit),
and 1/t = z°- (unit) over ¢ = oo, so the differential Galois group is the Zariski closure of the
monodromy [75, Prop. 1.3.27], both taken for one fundamental matrix. Feng’s algorithm
[29, Algorithm 4.1] computes the Galois group for a fundamental matrix F. - h’, where F, is
normalized at a point ¢ chosen in step (g) of the algorithm and b’ € GL,(Q) is computed
[29, §§4.2, 4.4]; we take ¢ := u(x), which excludes finitely many x. The Galois group over
C(t) is the base change of the one over Q(t): C ®g Q((t —¢)) — C((t — ¢)) is injective, so
the ideal of algebraic relations of F, over C(t) is generated by the one over Q(t), and the
stabilizer condition has coefficients in Q. So h¢ is computed in End(HJli (A4;)) ® Q, where
F* is algebraic.

Computing bz. Write S’ =8, s as in the proof of Lemma 10.10(b), M := M,, and X}, for
the component of M, (R)h,s through 2/; X}, = X, for the generic Mumford-Tate group H’
on X, as in the proof of Lemma 10.10(a). S is the normalization of a special subvariety
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with generic Mumford-Tate group H’, and its algebraic monodromy group is H'4" (proof of
[86, Cor. 6.2]), which is the product of the Q-simple factors of M that are non-compact
at R: Adh(i) is a Cartan involution of Mﬁd, trivial on the compact factors, so h projects
trivially to them; and the group generated by the 2/(S), k' € X}, is normal in M(R)" and
non-trivial on each non-compact R-simple factor.

At z, M ® Q is the centralizer in GSp(H}g(Az)) of 15(E), where ¢, is found as follows.
Let C be an irreducible component, dominating S’, of the locally closed subset of H in
the proof of Lemma 10.9, C its closure in H Xy, S’, n the generic point of S’, and Aj the
geometric generic fibre of the universal family over S’. The geometric points of C over 7
are tuples of graphs of endomorphisms f of Az with Tr( fTf) fixed by condition (3) in the
proof of Lemma 10.9, so there are finitely many; hence dimC = dim S’, and the generic
point of C is the only point of C over 1. Every endomorphism ¢ of Aj is defined over
Q(S). Indeed, ¢ is defined over a finite extension of Q(S’), so on a finite étale cover of a
dense open subset of S it is a flat section of End of the local system Hi, which near each
point is an element of End(W') commuting with h, for all y in a non-empty open subset of
X}'},; such a subset contains Hodge generic points, so ¢ commutes with H' and is fixed by
Ty C H'(Q), which is 1 (S(C)), as Ty is torsion-free and lies in Sp(W)(Q), so acts freely
on the contractible X}, and acts on W as the monodromy of S (Lemma 10.10(c)). As
S — §' is birational (Lemma 10.10(c)), Q(S’") = Q(S); the family is an abelian scheme over

all of S, so Gal(Q(5’)/Q(S")) acts on the f-adic Tate module of Ay through 7$%(S), which,
as the base field Q is algebraically closed of characteristic 0, is the profinite completion
of m(S(C)) = T'yr [41, Exp. XII, Cor. 5.2, and Exp. XIII, Prop. 4.6], acting through the
closure of I'gyr in GL(W ® Qy); so it fixes ¢. So the > point of H at the generic point of C is
rational over Q(S' ), C — S is birational, and C x ¢ S has exactly one irreducible component

¢’ dominating S, with function field Q(s ) The endomorphisms f; 1 at the generic point of
C' are therefore _endomorphisms of the generic fibre of the pull-back of the universal family
to the smooth S, and they extend to it 28, Prop. 1.2.7]; by Equation (10.1) the graphs of
the n fZ 1 define a section of H X n;, S — S whose image is closed, irreducible, of dimension
dim S and contains the generic point of C’, so equals C’. Hence C’ has one point over x, the
graphs of ¢,. The extended f; 1 act on the local system H; by flat sections, so on X}f{, they
give a constant embedding ¢/ of £ in End(W), with the datum 9, which commutes with
every hy, y € Xy, hence with H'; so X7;, = H'(R)"h, lies in the component of M, (R)h,
through #/, S” C S, ,, and as both are irreducible of dimension dimd (Lemma 10.10(b)),
S" =S5 So we may take ¢ = ¢/ above; at x it is ¢,.

The action of ¢; on H, le(Am) and the polarization pairing, up to a scalar, are computed
in the frame at x in which ho (conjugated back by Feng’s matrix h’) and F®, from [86,
Thm. 2.4], are written. That frame is a basis of the de Rham bundle of [86, Thm. 2.4] over
an affine open set containing x, made free by [86, Prop. 2.1(iii)]; its elements are classes of
Cech-de Rham cocycles for the affine cover of the family by the complements Uy, . . ., Uy of
relative hyperplane sections [86, Lemmas 2.5 and 2.6], and by base change their restrictions
to A, form a basis of H CllR (A.). On the Cech-de Rham complex of A,, by the standard
formulas, we compute f* on the cover by the sets U; N f~!(Uy), which are affine, being
isomorphic to I'y N (U; x Uy), with f given on charts by its graph; and we compute the
pairing of a and b as the ratio of a UbU c1(O(1))97! to ¢1(O(1))9 in Hg%(Ax), a Non-zero
multiple of the pairing dual to the Riemann form of O(1)|4, (if c1 = >, d; dz; A dy;, it pairs
dx; with dy; to 1/(gd;) and every other pair of these basis vectors to 0); each class is written
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in the frame by a search over cochains of increasing degree, which stops because a solution
exists; and compactness at each real place is read off the integers a, of the datum. So b g is

linear algebra over Q.

Correctness and termination. An accepted C has hco = hy by Lemma 10.14(c). For r > 2,
by the Lefschetz theorem of Hamm and Lé [42, Thm. 1.1.3] there is an open dense set of
hyperplanes L; for which L; N Y*™ is connected and smooth, with m1 (L1 NY"™) — 71 (Y™™)
onto, and so on for the following hyperplanes; hyperplanes defined over Q(i) are dense in
the complex topology, so some tuple over Q(i) gives a smooth connected curve C' with
m1(C) = 71 (Y"™) onto, hence ho = by and t(ho) = r. The enumeration reaches it after
finitely many tuples, each processed by terminating procedures, so the search stops, and
whatever C' it stops at is correct. ]

10.8. Hodge-type covers. In this subsection S = I'y\H, as in Lemma 10.2(ii), and
for a Shimura subdatum (G1,X1) C (G,X) and compact open subgroups K' C G1(Ay)
and K? C G(Ay) with K' ¢ K? we write u(K', K?): Shg1(G1,X1)c — Shg2(G, X)c,
[,a] — [z,a], for the morphism of [23, 1.14]. We show that the image in S of a Shimura
variety of Hodge type is closed and that the special subvarieties of S inside one of its
components come from its own subdata (Lemmas 10.17 and 10.18), and that every connected
component of a Shimura variety of abelian type at a neat level receives a finite étale map
from such a component, for dy divisible enough (Proposition 10.19).

Lemma 10.16. Let (G', X') C (G, X) be a Shimura subdatum. Form > 1 let T, := W™ ®
(W)™ with lattice Ty (Z) := WE™ @ (W))®™, and let 1y, be the bilinear form on Ty,
that is 1 on each factor W and 1" on each factor WY, where ¥V (v(v,-), ¥ (w,-)) := (v, w).
Let s; € Ty, (Z), 1 < i < r, be tensors whose common stabilizer in GL(W) is G', and
Cs 1= max; Y, (8i,5;). If N? > 4dcg, then every o € T(N) with 0 X' N X' # () lies in G'(Q).
In particular, for every subgroup T' C T'(N) and every connected component X'™ of X', the
map (T NG'(Q))\X'T — I'\X is injective.

Such tensors exist: by Chevalley’s theorem, as in the proof of [54, Prop. 2.1], G’ is the
stabilizer in GL(W) of finitely many tensors in spaces W% @ (W")®?; as G’ contains the
scalars, which act there by A7, only a = b occurs, and we scale the tensors to be integral.

Proof. Let GL(W) act on WY by ¢ + ¢ o g l. As ¢ is perfect on Wz, so is 10" on Wy,
and 1, is integral on T,,(Z); it is symmetric, as a product of 2m alternating forms. If
P(gv, gw) = v(g)(v, w), then g - (v, -) = v(g) (g, ), so ¥Y(gb, g9x) = v(9) """ (4, x)
and 1y, is G-invariant. For h € X let J := h(i). The form b;(v, w) := ¥ (v, Jw) is symmetric
and definite on Wg, and since J - ¢(w, ) = ¥(Jw,-), the form (¢, x) — ¥V (d, Jx) is by
transported to Wy, with the same sign. So Bj(a,b) := 1, (a, Jb) is a tensor product of 2m
definite forms of one sign, hence positive definite on T;,, ® R. If s € T,,, is fixed by A(S), then
Js = s and Bj(s,s) = (s, s).

Let 0 € I'(N) and z,y € X’ with hy = chyo~!. Each s; is fixed by h,(S) and by hy(S),
which lie in G%, so 07 1s; is fixed by h.(S). As 0! = 1 modulo N on Wz and on Wy,
t:=o0"1s; —s; = Nu with u € T, (Z), and u is fixed by J := hz (7). S0 P, (u,u) = By(u,u)
is a non-negative integer, zero only if u = 0, and by the triangle inequality for By and the
invariance of v, ,

N2¢mi(u,u) = By(t,t) < (BJ(O'_ISi,U_ISZ')I/Q + BJ(Si,Si)1/2)2 = 4thp, (81, 8i) < N2,

Hence u = 0 for every i, and o fixes every s;: o € G'(Q). If moreover o € I and x, 00 € X'T,
then o maps X'™ onto the component containing oz, so 0 € G'(Q)4 [54, Prop. 5.7(b)]. O
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For g = 2, write W = Wy @ Wy with Wy, := (eg, fr) and let GLg act on each W}, through
the basis ey, fx. The four block units of End(W) = T} for this decomposition (with W;
and Wy identified by e — eg, fi — f2) cut out this G’ = GLg and have ¢, =2, s0 N > 3
suffices; and diag(—idyw,,idw,) € I'(2) fixes X' pointwise without lying in G’, so the bound
is sharp there.

Lemma 10.17. Let (G1,X1) C (G, X) be a Shimura subdatum.

(i) Let X;* C Hy be a connected component of X1 and T'y := G1(Q)4 N Ky. The map
v1: T\ X{ — S induced by X C Hg is finite and unramified, and its image is closed
and irreducible of dimension dim X; .

(ii) Let Xi~ be any connected component of X1 and v € G(Af). The image C-, of X{" x {7}
in S is closed and irreducible of dimension dim X;". The image of ShKTmcl(Af)(Gh X1)
in S is the union of finitely many C,, with v € G1(Ay), and each C, with v € G1(Ay)
is one of its irreducible components.

Proof. (i) Put K? := Ky N K(dy) and K' := K*N G1(Ay). They are neat, as K (dy) is [67,
0.6]. An element of G1(Q)4 preserves X;, hence H,, so it lies in G(Q)4 [54, Prop. 5.7(b)];
and G(Q); N Ky = 'y C T'(dy) (Lemma 10.2(ii) and its proof). So G(Q);y N K? = I'y
and G1(Q)y N K!' =Ty, and by [24, 2.1.2] the connected components of Shy2(G, X)c and
Shg1(Gi, X1)c that contain the images of Hy x {1} and X;~ x {1} are Iy\H, and '\ X; .
The natural morphism from the first of them to S is the identity of I'y\H,; as I'y is torsion
free, the algebraic structure on I'y\’H, is unique and analytic morphisms from reduced
schemes into it are algebraic [24, 2.1.2], so this is an isomorphism. Through it, ¢; is the
restriction of u(K!, K?) to a connected component, with values in a connected component.
As K' and K? are neat, the arithmetic groups of all connected components of Shy1(G1, X1)c
and Shg2 (G, X)c are torsion free and act freely, so the maps from X; x G1(As)/K! and
X x G(Ay)/K? to them are étale, and u(K*', K?) is finite and unramified [23, proof of
Prop. 1.15, p. 132], hence so is ¢1. A finite morphism is closed with finite fibres, and I';\ X 1+
is irreducible of dimension dim X; .

(ii) Let zop € X;". As S is the image of Hy x {1} (Lemma 10.2(ii)), [z0,7] = [yo,1]
with yo € Hy: there are ¢ € G(Q) and k € Ky with yo = gzo and ¢yk = 1. Then
[z,7] = [z,¢7'] = [gz,1] for z € X{. The connected set ¢X; contains yo, so it lies
in H,, and it is a connected component of the Shimura subdatum (¢Gi1¢~!,¢X1); so
(i) applies to it, and C is closed and irreducible of dimension dim X;". By [24, 2.1.2],
Shirney(as)(G1, X1)c is the union of the images of X x {~} with v in a finite set of
representatives of G1(Q)+\G1(Af)/(Kx N Gi(Ay)). So its image is the union of finitely
many closed irreducible sets C, all of dimension dim X f ; none contains another properly,
so each is an irreducible component. ([l

Lemma 10.18. Let (G', X') C (G, X) be a Shimura subdatum, X'™ a connected component
of X', v € G(Ay), and SY C S the image of X'T x {~v}. If a special subvariety V of S lies
in SV, then V is the image of X3, x {7} for a Shimura subdatum (M, Xyr) of (G', X') and
a connected component X]J\} C X" of Xy,

This is [84, Lemma 2.1] with the base point taken in X't x {v}; what Theorem 10.21(c)

uses is that V' is the image of X]\J} x {~} with the same v and with X]J\} inside the given
component, which the statement of [84, Lemma 2.1] does not give.
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Proof. Let V be the image of X;; x {g} (every special subvariety of S is of this form, by
Lemma 10.17(ii)), with (H, Xg) C (G, X) a Shimura subdatum and g € G(Ay). For y € X},
[y, g] € SY means that y = g2’ and g € ¢yK~ for some 2’ € X' and ¢ € G(Q). So X4 is
the union of the sets A, := X;g N gX'" over the countable set of ¢ € G(Q) with g € ¢yK~,
and by Baire’s theorem the closure in X;g of one of them, A,, contains a non-empty open
subset of X;}. The set of y € X;{I for which h, factors through (¢G’q™1)g is the common
zero set of real-analytic functions on X, (polynomials defining (¢G’q~1)(R), evaluated at
hy(z), z € C*); it contains A,, hence a non-empty open set, so it is all of X;, which is
connected.

Put Y := ¢ !X}, a connected component of the Shimura subdatum (Hy, Xp,) =
(¢"'Hq,q ' Xg). Then hy factors through Gg for every y € Y, and Y contains a point
yo of X't as A, # 0. Let M be the smallest algebraic Q-subgroup of GL(W) through
which h, factors for every y € Y. Then M C G’ N Hy, and M is connected, as S is.
For ¢ € H1(Q) N Hi(R)" we have oY = Y and hyy = chyo™!, so cMo™ = M; as
Hi1(Q)NH(R)™ is dense in Hy (R)* [54, Thm. 5.4], the normalizer of M in H; has dimension
dim Hy, so M is normal in Hy, hence reductive. The projection of every h, to the Q-simple
factors of H3 outside the image of M is trivial, so there are no such factors [54, Def. 5.5,
SV3|: Hy = M - Z(Hy), so H" ¢ M, Z(M) C Z(H;) and M® = H?. As Lie M C Lie Hy
and M = H4 the axioms for (Hy, Xp,) give that (M, Xys) with Xy := M(R) - hy, is
a Shimura datum, contained in (G, X’) as M C G’ and yp € X'. Finally Y = H;(R) "y
[54, proof of Prop. 5.7(a)], and Hy(R)* = H{(R)TZ(H;)(R)* with Z(H;)(R) fixing yo;
so Y = M(R)%yg is a connected component X}, of Xps, and Y C G'(R)Fyo = X'*. As
g € gyKv, V is the set of the points [z,¢7] = [¢"'2,], * € X};, which is the image of
X < {0 O

Proposition 10.19. Let (G”, X") be a Shimura datum of abelian type: there are a Shimura
datum (G',X") of Hodge type and a central isogeny f: G'% — G"" that induces an
isomorphism (G4, X'ad) = (Gad xad) (124, 2.3.10] constructs such data when G"* s
Q-simple of type A, B, C, D® or DY and G"9°" is a quotient of the covering of G"*% in
2.8.10(): the universal covering, except for type DY, where it is the covering of 2.5.8).
Let K" C G"(Ay) be a neat compact open subgroup, X"t a connected component of X",
g’ € G"(Ay), and S° the image of X"+ x {¢"} in Shg+(G",X")c, so that S° = I\ X"+
with T" the image of G"(Q)y N g"K"g"~' in G"Y(Q)* [24, 2.1.2]. Then (G',X"), f, an
embedding (G', X') — (G, X) with g > 2, and an integer dy > 3 can be chosen so that f
identifies a connected component X't C Hy of X' with X"+ and, for every dy divisible by
8dp, with I == G'(Q)+ N Kx:
(i) the map v: T \X'" — S is a closed immersion, whose image S is the image of
X't x {1}, an irreducible component of the image of Shxynara (G, X') in S;
(i) the image of T, in G"*4(Q)* is a subgroup of finite index of I'"; so the identity of
X't = X" induces a finite étale morphism 7: S — SO, and X"t — S factors as
Xt — 895 g0
Proof. The datum. Take (G',X') < (GSp(V1,v1), X (¢1)) and f from the definition; if
dim Vi = 2, replace (Vi,41) by (V1 & V1,41 @ 1)1) with G’ acting diagonally. A symplectic
basis identifies (V1,1) with (W, ), g > 2, and after conjugating by diag(14, —1,4) a chosen
component X, of X’ lies in H,. Identify (G"4, X"2d) with (G"4, X""2d) through f; X’ and
X" map injectively onto unions of components of X2 [54, Prop. 5.7(a)]. The elements of
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G"*(R) carrying the component of X34 that contains X" onto the one that contains X"+
form a non-empty union of cosets of G”*4(R)T, so one of them, g, is rational [54, Thm. 5.4].
Replacing f by Int(q) o f, we may take X't := X/t equal to X"* in X34, Let N, \" be
the maps to G”24; then X' = M o f on G'4°'.

The arithmetic groups. Let K| := g"K"g"~'. By [24, 2.0.7] there is a compact open
subgroup K = [[, Ko of G"4"(Ay)N K] with G"4"(Q)N K, € G"4"(R) ™, so X'(G"4"(Q)N
Ks) C I, The preimage K1 := f~!(K3) is a compact open subgroup of G’der(Af): each f)
has finite kernel and open image, so f, 1(K27p) is compact, and for almost all p it is the group
of Z,-points of a smooth model, because f extends to a finite, hence integral, morphism of
models. So X (G"°(Q) N K;) C T”. Let Z' be the neutral component of the centre of G,
choose a compact open Ko C G'(Ay) with Ko NG (Ay) C Ky, and put U := Z'(Q) N Kp.
By [24, 2.0.12] there is a compact open K3 C G'(Ay) with G'(Q) N K3G'" (Af) C G'*r(Q)U.
If o € G'(Q) N KonN K3, then 0 = dz with 2 € U and d = 0z~ ! € G'(Q) N K1, so
N (o) = N(d) € I”. Choose di with K(di) N G'(Ay) C Ko N K3, tensors as in Lemma 10.16,
Ny with N? > 4eg (so Ny > 3), and put dy := Nydj.

Let 8dg | dy. An element of I, preserves X'™ C Hg, so its multiplier lies in QsoNZX = {1},
and by Lemma 10.2(i),(ii) it lies in Spyy(Z) N Ky =Ty C T'(dy). So T, =T+ NG'(Q)+ C
K (d1), and the image of I/, lies in I'; both groups are arithmetic [54, Prop. 3.2], so the
index is finite.

(i). As 'y C I'(dy) and dy > Ny, Lemma 10.16 shows that ¢ is injective on C-points,
and by Lemma 10.17(i) it is finite and unramified. Write Y7 := I, \X'". The diagonal
Y1 — Y1 xg Y] is an open immersion [40, 17.4.2], and a closed one, as ¢ is separated; so
the complement of its image is open and closed in Y; X g Y7, a scheme of finite type over
C. A C-point of that complement would be a pair (z1,z2) of C-points of Y with 1 # x5
and «(z1) = t(z2); there is none, and a non-empty scheme of finite type over C has a
C-point, so the complement is empty and the diagonal is an isomorphism. Hence ¢ is a
monomorphism [78, Tag 01L3], and, being proper, a closed immersion [40, 18.12.6]. Its image
is the image of X' x {1}, an irreducible component of the image of Shiynar(a) (G, X') by
Lemma 10.17(ii).

(it). The image of I'_ has finite index in I'”, and both groups are neat (Lemma 10.2(iii)
and [67, 0.6]), so I" \X"* — I'""\X"* is a finite étale covering, algebraic as in [24, 2.1.2];
composed with the inverse of the isomorphism in (i), it is 7. O

10.9. The algorithm. Let ¢ > 2 and let Z C My ® Q be closed and geometrically
irreducible, given by equations over a number field. Let cqeg, D1, A1 be numbers, with
A; > 1, such that every special subvariety V' maximal in Z has deg, oy V < cgeg, dr,, < D1

and ay < Aj, with ay at the level A(Kvy), and let By € (0, B], where B is the constant B
of Table 1 for the adjoint datum with which ay is formed (Section 10.1). By Lemma 10.3,
Theorem 9.13(a) at N = 2dy supplies such numbers: cqeg With no hypothesis, and Dy, Ay
under the zero-free half-plane that it assumes for the fields Ly, which holds for every number
field by Cureton and Thorner’s preprint [18] and its formal proof [5] (Corollary 1.2). The
same computation gives By: those constants depend on B through B’ = Bey, and one may
take By := B = (Aa!)™"V, with a = |GLg(s411)(F3)| (Section 9), riy = 2g (for a torus T of
dimension ¢ < g, every finite quotient of the maximal compact subgroup of T'(Q,) has at
most 2t generators) and A the integer of [84, Prop. 2.9], which its proof bounds effectively
in terms of g [84, Lemmas 2.4-2.8]; upper bounds for A, ryy and a give a valid By.
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Algorithm 10.20 (Listing). Input: Mumford’s equations for M~ and Avy, equations for Z,
and (Cdega D17 A17 BO)

(0)
(1)

(4)

Base. Compute Ny (Lemma 10.4(iv)).

Data. Enumerate the PEL data @ = (£,R,7) with € = [[; Fi, >;[F : Q] < 2g,
|dr,| < Dy, and [Og¢ : R] < Bp, where Bp is the bound of Lemma 10.1(d) with ng = 2g¢,
N = 2dy, my = lem(1,...,2g), D1 and Ay, with By in place of B in A}. (Fields:
by Minkowski’s second theorem a field F' of degree at most 2¢g has Q-independent
integers vy, of house at most |dp|'/?; as F has at most s(2g) proper subfields, with
5(2g) the number of subgroups of the symmetric group Sqg4, some § = >, cpvy with

0 < ¢ < s(2g) generates F', and the coefficients of its minimal polynomial are at
most (ng)(Qg s(2g)Di/2)j. Orders: an order of index b contains Z + bQOg¢, as Og/R has
exponent dividing b, so the orders of index at most By are among the finitely many
subgroups between Z + bO¢ and Og, b < Bo; keep those that are rings stable under .
Types: finitely many for each £.)

Containers. For each 0, compute €(0) N Ny (Lemma 10.9), which is closed in Ny
(Lemma 10.10(b)), and its irreducible components S’ (primary decomposition).

Rigid members. For each S’ with S’ N Z # 0: compute the normalization v: S’ — S’ of
the closure of S’ in P(Vy) and its embedding by v*O(h) (Lemma 10.12), and restrict
to v~1(5’); pull back the universal family and compute the data of the variation H!
(86, Thm. 2.4]; run [86, Cor. 6.3] on v~ 1(S’) with degree bound d’ := h®™ 5 cyeq; for
each output Y, keep it if v(Y') C Z (ideal membership) and Y is rigid (Lemma 10.13,
with by from Proposition 10.15, and hy = 0 if dimY = 0, with hg and F'* at the point
Y computed as in the proof of Proposition 10.15, which does not use dimY > 1 there),
and put v(Y) on the list.

Mazximality. Delete every member of the list that is strictly contained in another
member.

Theorem 10.21. (a) Algorithm 10.20 terminates, and its output is exactly the set of

special subvarieties of S mazximal among the special subvarieties contained in Z.

(b) Let (G, X') < (GSpy,, Hy) be a Shimura datum of Hodge type, K¢ := Ky N G'(Ay),

and suppose Z lies in the image of ShKG,(G’,X’) in S. Then the output of Algo-
rithm 10.20 is exactly the set of special subvarieties of Shk,,(G', X") (through their
images) mazimal in Z.

(c) Let (G",X") be a Shimura datum of abelian type, in the sense of Proposition 10.19,

and S° a connected component of a Shimura variety attached to it. Suppose that
G = G"4 gnd X't = X" for a connected component X't of X', and that the
quotient map X"t — SO factors as X't — SY = SO with 7 finite, where S C S is
the image of X't x {v} for some v € G'(Af) and the first map is x — [x,7]. Let
Z C S° be closed and irreducible, given by equations for 7= 7~ Y(Z) C S, and suppose
that every special subvariety V. mazimal in a component of Z has deg‘,:KT V < Cdegs
dr, < Dy and oy < Ay, with ay at the level N\(Ky). Then running Algorithm 10.20
with (Cdeg, D1, A1, By) on each component of Z, and step (4) on the union of the outputs,

gives a finite list in SY whose images in S° are exactly the special subvarieties mazimal
in Z.
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Theorem 1.4 is part (a). By Proposition 10.19, the data of (c¢) exist for every connected
component SY of a Shimura variety of abelian type at a neat level, with 7 finite étale. The
map 7 need not be a Galois covering, and (c) does not need it to be. We do not show that
(G', X", SY, m or 71(Z) can be computed from the data defining S°: unless (G’, X') is of
PEL type, S¥ is not cut out by the moduli problems that Algorithm 10.20 uses, and we have
no model of S° itself. This is why (c) takes Z through equations for its preimage. A model
of S° would need the action on Mumford’s model of the elements of G”24(Q)* that do not
lift to the Hodge-type group; these are not Hecke operators of the Hodge-type datum, and
the moduli interpretation does not give them.

Proof. (a) Every member put on the list is special and lies in Z. An output Y of step (3)
is weakly special and rigid, hence special by Lemma 10.13, which applies to v~1(S’) by
Lemma 10.10(c); v is induced by a morphism of Shimura data, so v(Y') is special; and
v(Y') C Z is tested exactly.

Every mazximal V is put on the list. By Lemma 10.1(a),(d), applied with N = 2dy (as
K(2dy) C Kv, Lemma 10.2) and my < lem(1,...,2g), with By in place of B in A} (as at
the end of the proof of Lemma 10.1), the bound being increasing in ng and my, the datum
0y is enumerated in step (1). By Lemma 10.10(b), Sy is a component of €(dy); it meets
Z, and it lies in Ny, which is all of My ® Q by Lemma 10.4(iii) and Lemma 10.2(ii), so it
is found in step (2). By Lemma 10.10(c), the part of the normalization of Sy over Sy is
Sy, and by Lemma 10.10(d) Wy is rigid in it. By Lemma 10.10(e), Lemma 10.12(f) and
Lemma 10.11,

deg,-om Wy = pdimV degpq) V < pdim Sv dege, V < RSV ey,

so [Wy] is among the outputs of [86, Cor. 6.3]. Then v(Wy ) =V C Z, and Wy passes the
rigidity test, because Proposition 10.15 returns the true by, (Lemma 10.14(c)). So V is
put on the list.

Termination. Step (0) is Lemma 10.4(iv); step (1) is finite by Lemma 10.1(d); step (2) is
Lemma 10.9 with primary decomposition; step (3) uses [38, Algorithm 3|, Lemma 10.12, [86,
Thm. 2.4 and Cor. 6.3], whose output is finite, ideal membership, and Lemma 10.13 with
Proposition 10.15, which terminates; step (4) is finite.

Step (4). A listed V' that is maximal in Z is not strictly contained in another member,
since members are special and lie in Z. A member that is not maximal lies in a maximal
V! C Z, which is listed, so it is deleted.

(b) Images of special subvarieties of Shg o (G', X') are special in S. Conversely, if V' C S is
special and lies in the image, its generic Mumford-Tate group is conjugate into G’, since the
Mumford-Tate groups of the points of X’ lie in G’, so V is the image of a special subvariety
of Shk_, (G', X') [84, Lemma 2.1]. So the two notions of maximal special subvariety of Z
agree, and (a) applies.

(c) By Lemma 10.17, SY is closed in S and is an irreducible component of the image
in (b). The special subvarieties of S{ and of S° are the images of the subsets X7, C X"+
attached to Shimura subdata, and these subsets depend only on the adjoint datum. So w
maps special subvarieties onto special subvarieties.

Write SY = D\ X"+ with T' ¢ G"*4(Q)*. If V4 C SY is special, the image of X, then,
as X"t — SY is onto and its composite with 7 is the quotient map, 7=1(7(V4)) is the
union of the images in Sy of the EXE, e € I'. Each € € T" acts on G’ by an automorphism
Int(e) defined over Q, through G'*d = G”24, and is the image of an element of G'(R) [54,
Prop. 5.1]; so (Int(e)H,Int(e) o Xp) is a Shimura subdatum of (G', X'), eX;; C X" is a
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connected component of Int(e) o X7, and its image in SY is special, irreducible, of dimension
dim V1, and closed (Lemma 10.17(ii)). As 7 is finite, 7= 1(7(V1)) is closed of dimension
dim V7, so each of its finitely many irreducible components is one of these images. So every
component of the preimage of a special subvariety of S is special.

By Lemma 10.18, a special subvariety of S contained in SY is a special subvariety of S,
the image of X3, x {7} for a Shimura subdatum (M, Xy) of (G’, X') with X;; € X'+, and
the converse is clear; so the special subvarieties of Z are the same in S and in S9) and (a)
may be applied to the components of Z. Every special subvariety of Z is irreducible, so
lies in a component, and the maximal special subvarieties of 7 are the maximal members
of the union of the lists given by (a) for the components; step (4) on the union uses only
containment in S. N

If V1 is maximal in Z and 7(V1) € V' C Z with V' special, a component of 7~ !(V")
through V; is special, lies in Z and is larger than V;; so (V1) is maximal in Z. Conversely,
if V is maximal in Z, a component V; of 7~ (V) is special and lies in Z, and it is maximal
there, since the image of a larger special subvariety of Z would be a special subvariety of Z
of larger dimension. So the images of the maximal special subvarieties of Z are exactly the
maximal special subvarieties of Z. [l

For a special point @), Sg = {Q}, and step (3) reduces to testing Q € Z.
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