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Centroid-body fixed points
and boundary reciprocity
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Abstract

We prove that, in every dimension, a convex body equal to a dilate of its classical volume-
normalized centroid body is a centered ellipsoid. We place the argument in a general framework
of affine spectra and boundary reciprocity. For every regular convex body and every positive
moment exponent, a natural boundary Markov chain is reversible if and only if the body is a
centered ellipsoid. Independently, an exact quadratic identity measures the failure of reciprocity
of the map u — h(u)Vh(u); it yields a sharp estimate for approximation of the squared support
function by an ellipsoidal quadratic form. Affine covariance supplies universal eigenspaces for all
L, centroid fixed-point equations, and quadratic orthogonality converts kernel approximation
into a symmetry certificate. These structural results are proved without assuming the fixed-point
classification. The classification itself still uses a signed moment gap in dimensions two through
twenty-five and symmetry, curvature, and regression estimates in higher dimensions. All constants
and finite certificates are included. No unproved reversibility assertion is used in that proof.
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1 Introduction and main theorem

For a convex body K C R"™ with nonempty interior, define

hri(u) = ulﬂ/K\(u, x)| dx. (1.1)

Here I' is the ordinary centroid operator: no polar or projection operator is composed with it.
Throughout, centered means centered at the origin. Write x; = | B3|, with o = 1, and set
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“ ot e

Thus I'BY = a, BY. We also write TK = a,, '’ K. We study the equation
I'K = cK, c>0. (1.2)

It implies that K is origin symmetric.

Theorem 1.1. Let n > 1. A convexr body K C R™ satisfies (1.2) if and only if it is a centered
ellipsoid. In that case c = ay,.

The higher-dimensional fixed-point question is stated as Problem 1 in Reuter [13], who proves
classification in a Banach—Mazur neighborhood of the ellipsoids. The planar case is classical; see
Petty [11] and the discussion in [13]. Section 5 includes an independent proof of that case.

Related fixed-point theorems for intersection bodies and polar centroid compositions are proved
by Milman—Shabelman—Yehudayoff [10]. Their equations involve different operators. Our equation
is for the volume-normalized ordinary centroid operator (1.1) itself.



The structural results are independent of this classification. Theorem 3.2 characterizes ellipsoids
by reversibility of a boundary moment chain, for every exponent s > 0. Theorem 3.4 gives an exact
identity for the reciprocity defect and the sharp estimate

R(L).

n
1h% — B, 17200 < W+ 3
The approximating quadratic form is positive definite, so E, is an actual ellipsoid. Theorem 4.1 and
Corollary 4.2 explain why affine deformations, moment cancellation, and quadratic regression govern
the fixed-point problem. A direct passage from the fixed-point equation to reciprocity would shorten
the proof, but that passage is not established independently here; the estimates below remain part
of the classification argument.

Here is the organization of the classification proof, following the structural results in Sections 3
and 4.

1. In dimensions 2 < n < 25, a signed cosine-transform energy estimate forces the radial function
to be constant in inertia position.

2. In dimensions n > 26, affine eigenfunctions of a boundary integral operator and their quadratic
orthogonality force a large automorphism group. Compact-group dimension estimates and
reflection rigidity yield a canonical independent rotation subspace of dimension

p > [2n/3], p>19 ifn=27.
The extra restriction at n = 27 uses a nine-dimensional representation argument.

3. An explicit curvature bound for squared centroid support norms, a regression estimate with
constant 1/14, and a weighted radial moment bound give a necessary inequality for every
proper invariant rotation subspace. It contradicts the preceding dimension bound. A uniform
comparison treats n > 32; six rational comparisons treat 26 < n < 31.

The analytic constants are

4/3 2
v = % > % inf B(g(2) — A\Z)? < %EZ2,
where the second assertion holds for increasing concave L-Lipschitz g with ¢(0) = 0 and positive Z
with log-concave survival. The precise hypotheses and proofs appear below.

The external inputs are stated at their points of use: the Busemann—Petty centroid inequality,
Berwald’s inequality, log-concavity of marginals, Ball’s convexity theorem, the normalized Mellin
moment theorem, the classical maximal-subgroup classification, and the positive compact-operator
theorem. The spherical and cone measures are normalized separately; throughout, spherical
integration is with probability measure. For standard convex-geometric notation we refer to [14].

2 Normalization and one-dimensional moment bounds

Change of variables gives
I'AK) = ATK (A€ GL(n,R)). (2.1)

We may therefore put a fixed body in inertia position. If U is uniform in K, this means

Cov(U) = 71d, T > 0. (2.2)



Every linear automorphism is then orthogonal. We write
G =Aut(K) :={A € GL(n,R) : AK = K}, d =dim G, V =|K|.

Thus G is a closed compact group, including all its components; G° denotes its identity component.
The Busemann—Petty centroid inequality [12, 4] gives

TK| > an|K|, hence ¢ > ay,. (2.3)
Lemma 2.1. For a uniformly distributed point X in a symmetric convex body,
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u, X2, .
S 1) (B, X)%)12 (2.4

(Eu, X)*)'/? < E|(u, X)| <

Consequently a fixed body in inertia position has radial ratio at most

3(n+1)
=4 —0—=. 2.5
©n 2(n +2) (2:5)
Proof. On K. = K N {{u,z) > 0}, apply Berwald’s inequality [2, 9] to the nonnegative affine
function x — (u, z) at exponents one and two. Symmetry yields

(Wm,m?) " < e DBl 01

For the upper bound, the density of Y = (u, X) is even and nonincreasing on the positive half-line
by Brunn’s section concavity theorem. Layer cake expresses it as a probability mixture of uniform
laws on [—S, S]. Hence E|Y| = ES/2 and EY? = ES?/3 > (ES)?/3. For a fixed body, (2.4) bounds
its support function between /7(n + 2)/(2(n + 1))/c and v/37/(2¢). The minimum and maximum
of the support function are the inradius and circumradius, respectively, as are the corresponding
radial extrema. Their quotient gives (2.5). O

3 Boundary reciprocity and ellipsoids

This section does not assume the fixed-point equation. Let n > 2 and let L be a convex body
containing the origin in its interior, with C? support function hz, and positive tangential Hessian.
Extend hj one-homogeneously away from the origin, and write o for spherical probability measure.

Put
_ ha(u)
n|L|
In particular, uy, is a probability measure with continuous positive density. It is useful to allow
nonsymmetric L here. Fixed bodies in the main theorem satisfy this regularity, as proved in
Section 6.

zr(u) = Vhr(u), pr(du) Sr(du).

3.1 The boundary moment chain

For s > 0 define
mio() = [ I an (@) u(dv)
M, Prof(u) = /pL7S(u,v)f(v)uL(dv). (3.1)

pL,S(“?’U) = mL ('LL)
,S



This is a Markov operator. If Uy, is uniform in L, radial integration gives the normalization

n—+s
n

mis(w) = “E| (u, UL) . (3.2)

For s =1 and I'L = cL, this is exactly the operator () used in the classification argument below.

Lemma 3.1. The kernel of Pf}s is continuous and strictly positive on S*™1 x S*71. Consequently
Py, s has a unique stationary probability wr, s = wr, spir,, where wy, 5 s continuous and strictly positive.

Proof. All the kernels and denominators in (3.1) are continuous, and the denominators are positive.
For fixed u,v, the two functions w — |(u, zp(w))| and w — |(w, z1(v))| have zero sets with empty
interior. For the first this follows from strict convexity: an open boundary patch cannot lie in a
hyperplane; for the second it is immediate. Their positive sets are open and dense. Their intersection
therefore contains an open set of positive py, measure, proving strict positivity of the two-step kernel.
Compactness gives a lower bound & > 0 for that kernel.

A continuous Markov kernel on a compact space has a stationary probability: take a weak limit
of the Cesaro averages of the laws of a chain starting at any point. The two-step minorization
Pi s(u,-) > épr, makes its action on differences of probabilities a strict contraction in total variation,
unless 6 = 1, when it is already constant. Hence the stationary probability is unique. Applying the
continuous two-step kernel to this probability gives a continuous density, bounded below by §. [

Reversibility means detailed balance with respect to the stationary probability, rather than
merely the existence of that probability.

Theorem 3.2 (Reciprocity characterizes ellipsoids). For L as above, the following conditions are
equivalent.

1. L is a centered ellipsoid.
2. For some s > 0, Pr_¢ is reversible with respect to a probability measure.
3. For every s >0, Pr s is self-adjoint on L*(ur).

4. For every u,v,w € S"~!, the boundary incidence factors satisfy
[(u, 22 (0))] [0, 2L (w))] [(w, 2L (w)] = [(v, 2 (W) Kw, 2L ()| [(u, zL(w))].  (3.3)

In the reversible case, the stationary probability is py. These characterizations are invariant under
GL(n,R).

The elementary rigidity mechanism is local linear algebra, not a classification of compact
transformation groups.

Lemma 3.3 (Local reciprocity). Suppose a continuous positive function b on a connected open
spherical patch Q0 satisfies

b(u){u, zp(v)) = b(v)(v,z(u)) (u,v € Q).

Then xp(u) = b(u)Au on Q, for a symmetric matriz A. Locally, hy(u)? is the restriction of a
quadratic form.



Proof. Set y(u) = xr(u)/b(u). Choose linearly independent uy,...,u, € Q, and let U,Y be the
matrices with columns w;, y(u;), respectively. The reciprocity equations say that U'Y is symmetric.
Thus A = YU ! is symmetric. For every v € Q the same equations give U y(v) = Y Tv = UT Av,
proving y(v) = Av. Since hz(u) = b(u)u" Au > 0 on the patch,

Au 1 T
Vgn-1loghr(u) = A U= Vsn-1 (5 log(u Au)) .
Hence h% is a positive constant times u" Au on each connected patch under consideration. ]

Proof of Theorem 3.2. If hy(u) = VuT Hu with H > 0, then z,(u) = Hu/hy(u). Write
s = [ lws0)* do(o).
Sn—1
The cone measure of the ellipsoid is the image of spherical probability under 6 — H'/20 followed by

the normal map. It follows that mp, s(u) = d,, shr(u)®, and therefore

|uT Hol®
S bl = . 34
pL, (’LL U) dn,ShL(U)ShL(U)S ( )

This is symmetric, proving the third condition. That condition implies the second.

Suppose the second holds. Detailed balance implies stationarity; Lemma 3.1 gives a continuous
positive density w relative to uy. Detailed balance, initially almost everywhere, holds everywhere
by continuity and full support. Taking positive sth roots gives

w(u) 1/s
b(u)|[(u, zr(v))| = b(v) (v, zL(w)],  blu) = <mL’5(u)> > 0.

Around every point there is a connected patch on which both incidence factors are positive for every
pair of points. Remove the absolute values there and apply Lemma 3.3. It shows that h% is locally
a quadratic form. The forms agree on overlapping patches, since a quadratic polynomial vanishing
on an open subset of the sphere vanishes identically. The sphere is connected for n > 2, so there is
a single symmetric H with hz(u)? = u' Hu everywhere. Positivity of Az makes H positive definite.
Thus the first condition holds.

Symmetric kernels satisfy the three-cycle identity, and their row normalizations cancel from it.
Taking sth roots proves the fourth condition from the third. Conversely, suppose (3.3). Choose a
small connected patch Q with all incidence factors positive, fix ug € €2, and put

b(u) _ <u07$L(u)>.

(u, 21 (uo))
The cycle identity gives the hypothesis of Lemma 3.3 on 2. Its quadratic forms patch together as
before, so L is an ellipsoid. Uniqueness in Lemma 3.1 identifies the stationary probability in that

case as pif,.

For affine invariance, let A € GL(n,R) and Tqu = A~ Tu/|A~Tu|. Cone measure pushes forward
under Ty, while z 47, (Tau) = Azp(u). Both the numerator and denominator in (3.1) acquire the
same factor |A~Twu|™*. Thus the chains are conjugate, proving the claimed invariance. O

For example, this gives a nonnegative affine invariant which vanishes exactly on centered ellipsoids.
With js(u,v) = wr, s(u)pr s(u, v), set

3.(0) = 5 ([ (st ) = Jis(o,w) s depus (o). (3.5)
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The two edge densities have total mass one, so 0 < J5(L) < 1. Theorem 3.2 shows that Js(L) = 0 if
and only if L is a centered ellipsoid. The unique stationary law in this construction exists for every
regular L; its existence alone does not imply reversibility.

3.2 A sharp quadratic identity

There is a second, entirely explicit form of the same geometric rigidity. Here suppose L = —L, and
use spherical probability o. Let P, denote projection onto degree-£ spherical harmonics. Put

F(u) = 3hp(u)?, Y(u) =VF(u) = hr(u)zr(u),

Hp = - D2F(u) do(u), gr(u) = hL(u)2 _ uTHLu, (3.6)

R(E) = [[ (Y @) = 0. @) dofu) dov)

Derivatives of homogeneous functions in this subsection are ambient derivatives unless a spherical
subscript is present.

Theorem 3.4 (Exact reciprocity identity). The matriz Hy, is positive definite, and u' Hpu =
(P + Pz)h% is the orthogonal projection of h% onto the restrictions of quadratic forms. Hence Ef,
below is the unique best ellipsoid for this squared-support L? approximation. Moreover,

R(L) = % / Y (u) — Hyul? do(u)

1
= o [(Vsrgul +493) do (3.7)
1
=5 > (U+n—2)+ 4P|
">
¢ meven

Consequently

n /

The constant is sharp in every dimension n > 2. In particular, R(L) = 0 if and only if L is a
centered ellipsoid.

Proof. Since hy, > 0 and its tangential Hessian is positive,
D?*F = VhiVh] +hyD?hy, = 0.

This proves Hy, > 0. Homogeneity and the divergence theorem on the Euclidean unit ball give
Hy,=n / Y (w)u" do(u). (3.9)

Indeed the Hessian is homogeneous of degree zero, so its ball average equals its spherical average.

One may apply divergence on annuli and let the inner radius tend to zero, avoiding differentiability

at the origin. In particular the matrix on the right is symmetric. For any square-integrable vector
field Y, expansion of the double integral in (3.6) gives

ER(L):Z/|Y|2da—2tr<</Yqu0)2>.
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Using (3.9) yields the first equality in (3.7); it is also the least-squares identity for approximation of
Y by a linear vector field.

For completeness write f = h2, f = [ fdo, and My = [ f(u)uu" do(u). Spherical integration
by parts gives [ u;(Vgn-1f)jdo =n(My)i; — 6;f. Since Y = fu + Vgu-1f/2, (3.9) becomes

n(n +2)

Hp = 5

My — g fld. (3.10)
The spherical fourth-moment formula identifies v’ Hyu = (Po+ P)f. Thus gz has no components
of degree zero or two. Also

Y —-Hru=gru+ %VSn—lgL,

whose two terms are pointwise orthogonal. This gives the second equality in (3.7). The eigenvalues
of the spherical Laplacian give the last one. Evenness excludes odd degrees. The first remaining
eigenvalue is 4(n 4 2), and hence

%(L) > M

2
gLz,
which is (3.8). For sharpness take hr,(u) = \/1 + €Z4(u), where Z, is a nonzero degree-four spherical
harmonic and € # 0 is sufficiently small. This is the support function of a regular symmetric convex
body, by C? closeness to the ball. Its defect g;, = €Z, attains equality. O

Thus squared support functions turn the ellipsoid family into the positive cone in the linear space
of quadratic forms. The exact identity is global, rather than a linearization at the ball; its constant
has no exceptional dimensions. The spherical defect itself depends on the Euclidean coordinates.
1/QL, where ¥, = Cov(UL). Indeed
AL = OL for an orthogonal O. The ellipsoid assignment L +— ZlL/ QEZ is therefore affine equivariant
and returns L whenever L is an ellipsoid.

An affine invariant version is obtained by applying it to L= X

4 Affine covariance as a spectral principle

The eigenvalue and orthogonality used below are consequences of affine covariance and homogeneity.
They hold for all centroid moments. For s > 1 define the volume-normalized L, centroid body by

hr,p(w)® = E[(u, Ur)|.
Suppose a regular L satisfies I'sL = cL, and set F4(u) = (u, Azp(u))/hr(u).

Theorem 4.1 (Affine and moment identities). For every real matriz A,

tr A

sF4+trA
Ai, /FA dur = - (4.1)

PL,sFA: n+s

The kernel of A — Fy is the Lie algebra of Aut(L). For every continuously differentiable polynomial
T,

1
/ Fa(u)T (e (w)pin(du) = ~E[(bx AJT(U1) + DT(UL)[AV]]. (4.2)
In inertia position, the rotational functions Fa, AT = —A, are orthogonal to constants and all

boundary quadratic functions, and span an invariant subspace of dimension n(n —1)/2 —dim Aut(L)
on which P, s acts by s/(n + s).



Proof. The divergence theorem applied to Az |(u,z)|® gives
/aL |{(u, 2)|*(Az,v(x)) dS(z) = (tr A)c®|L|hr(u)® + scle\hL(u)s_l(u,AmL(u)>.

Here differentiation of the fixed-point equation was used for the second term; for s = 1 differentiation
is justified by dominated convergence. Divide by n|L|m, s(u) and use (3.2). This proves the first
identity in (4.1). Applying divergence to Az, or to Az T (x), proves the second and (4.2). Finally
F4 = 0 says that the derivative of h; along ety vanishes, equivalently e!AL = L. In inertia
position these automorphisms are orthogonal. Taking T(x) = 2z in (4.2) gives

1
/ Fazax"dpp = —((tr )X + ASp + X A7),

n
which vanishes for skew A and scalar ¥;. Rank—nullity proves the dimension assertion. ]

Corollary 4.2 (A spectral certificate for symmetry). Let I be orthogonal projection in L?(ur) onto
constants and boundary quadratic functions. Put By, s = Pr, (I —1II) and s = s/(n+ s). In inertia
position,

—1
(M — i At (1)) X2 < 1Bl (4.9
If |Brsllp2—s12 < As, then L is a ball in this position, and hence an ellipsoid before normalization.

Proof. For an orthonormal basis e; of the rotational subspace, Ile; = 0 and By, se; = Ase;. The
Hilbert—Schmidt norm bounds the sum of the squared norms of these images, proving (4.3). The
strict operator-norm bound forces every rotational function to vanish. Thus every one-parameter
rotation preserves L, and SO(n) invariance makes L a ball. This argument uses neither reversibility
nor stationarity of the reference cone measure. O

4.1 Relation to the fixed-point classification

For the ordinary centroid equation, Theorem 4.1 explains the universal eigenvalue 1/(n + 1) and
the role of quadratic regression. Corollary 4.2 is the abstract form of the symmetry estimates in
the classification proof. Theorem 3.2 and Theorem 3.4 identify their geometric target: a reciprocal
boundary map, equivalently a quadratic squared support function.

A shorter proof of the fixed-point theorem would follow from a direct implication

I'L=cL = Pp, is reversible, or directly (L) =0. (4.4)

No direct proof of this implication is supplied here. The detailed classification argument below is
still needed; after that argument, (4.4) follows as a corollary. Thus the reciprocity theorems are
independent structural characterizations, and are not being used as an unproved replacement for
the difficult step.

There is a precise warning against confusing an affine identity with detailed balance. At a fixed
body, any stationary probability 7 for Py, ¢ satisfies, by (4.1),

tr A rp(u)u’ 1
/FA dm — ) 7(du) - d

Cone measure satisfies the same moment identities. Equality of these finitely many moments is not
by itself an identification of the two measures or a proof of detailed balance.



5 A signed spherical moment gap and low dimensions

Proposition 5.1. If 2 <n < 25 and K satisfies (1.2), then K is a centered ellipsoid and ¢ = ay,.

Let o denote spherical probability measure and define

b= [ Mwo)ldo@) =220 i =bt [ oo o). (5.)
Thus C1 =1 and a,, = nb,/(n + 1). For r = pg, polar integration gives
hri = Cf(::;:) (5.2)
Inertia position implies the exact identity
Py(r"t?) =0, (5.3)

where P, denotes orthogonal projection onto degree-£ spherical harmonics: integrate any homoge-
neous harmonic quadratic over K in polar coordinates to obtain (5.3).

Lemma 5.2. The even cosine-transform multipliers are

;10U = 2T+ 1)/2)

=1, = (—1 - ) > 1). 5.4
In particular,
1 - 1 B 3 perz  L—1
=0T M7 T s Dmr3) T e Dm e 3)(nts) me | f4n+l

for even £ > 2. Thus uy < ug for every even £ > 4.

Proof. For n > 3, formula (5.4) follows from Funk-Hecke; see also [13, Section 3] with normalization
(5.1). For n = 2, the Fourier series of |cost| gives poj = (—1)771/(45% — 1), which is the same
formula. The recurrence follows by the Gamma identity. Its ratio has absolute value less than one,
and the signs alternate after degree two. O

In this section K is a fixed body in inertia position. Write r = px and
A; :/ " de (j=0,1,2), f=r"T A= AgAy — A3 (5.5)
S§n—1

Cauchy—Schwarz gives A > 0, with equality exactly when r is constant.

Lemma 5.3. Under (5.3),

n+ 2

1P2f1l3 < A. (5.6)

Proof. Put dv =r"*2do /Ay and g = 1/r. Then E,vv" =Id/n and Var, g = A/A3. The trace-free
symmetric matrix

S =E,[(g - E,g)vv']
satisfies, for every trace-free symmetric U,

Var,(g)

n

|tr(US) > < Var, (9)E, (v Uv)? < tr(U?).

10



The second inequality uses (v'Uv)? < vTU?v. Taking U = S gives tr(S?) < A/(nA2). The
trace-free moment matrix of f is My = [ f(v)(vvT —1Id/n)do = AsS. The spherical fourth-moment
identity yields

n(n + 2) n(n +2)

Pof(u) = =——uTMpu, | Paflly = = tr(M}).
Substitution proves (5.6). O
Lemma 5.4. If maxr/minr < g, then
. 2
Varo(f) < An(@),  An(q) =q" (Z% qj) : (5.7)
j=

Here Ay (1) = (n+1)2.

Proof. For positive s,t with s/t € [¢7',q],

2
Sn+1 _ n+1)\2 n )
T (Z@/t)ﬂ"ﬂ) < Mnla).

=0

The expression is invariant under s/t — t/s and is increasing for s/t > 1: opposite powers pair into
increasing hyperbolic cosines. Integrate the undivided inequality and use

Var, f % / / (F(u) — f0)2do(w)do(v), A= % / / ()" (0)" (1) — 7(0))2 do(w) do (v).
0

Proposition 5.5. A fized body is an ellipsoid if its inertia-position radial ratio is at most q and
6A,(q) < p(n), p(n) =n®+ 8n* + 18n + 6. (5.8)

Proof. Since hi > r, (5.2) and ¢ > ay, imply
an _
Ay < /fhK do = A (£,CH) 120y < Ag H{F-CH) 120

Thus A < (f,Cf) — A2. Since f is even, retaining the signs of the multipliers in Lemma 5.2, and
then using Lemmas 5.3 and 5.4, gives

A < (u2 — pe) || Pof |5 + 16 Vary f

n-+ 2
S[ 5 (p2 — pe) + peAn(q)| A.

The bracket equals
(n+2)%(n+6) 4+ 6A,(q)
2(n+1)(n+3)(n+5)
Since 2(n + 1)(n + 3)(n +5) — (n + 2)%(n + 6) = p(n), (5.8) says O,(¢) < 1. Consequently A = 0,
and r is constant. O

On(q) =

Lemma 5.6. For g, = 601/500, inequality (5.8) holds for every integer 3 < n < 25.

11



Proof. Let t = %log g« > 0 and, for real = > 3, put

6 sinh?((x + 1)t)

F(z) =1
() = log p(z) sinh? ¢

For integer n, ef'(™ = 6A,(¢.)/p(n). Using sinhy > y and differentiating twice gives

P G e

W(z) = 2% + 62° — 52 — 602> + 202% 4 276 + 156.

Indeed, the numerator is (x + 1)2(p'(z)? — p”(z)p(z)) — 2p(z)?. The polynomial x3 + 622 — 5z — 60
is increasing and equals 6 at x = 3. Writing W = 23(2® + 622 — 52 — 60) + 2022 + 2762 + 156 proves
F” > 0. Hence the maximum of F on [3,25] is at an endpoint. At n = 3, monotonicity in ¢ gives

136161
8000

6A3(q:) < 6A5(5/4) =6 - < 159 = p(3).

At n = 25, the integer inequality 601'3 < 11 - 500" gives

300500 < 120) 2

4 13 —13y2
A x) = & — _—

(g«

The desired comparison with p(25) = 21081 is precisely 25963200000 < 26020721001. Both endpoint
values are negative, so F' < 0 on the whole interval. O

Proof of Proposition 5.1. Put K in inertia position. For n = 2, Lemma 2.1 gives Q2 = 1/9/8 < 5/4,

and the exact comparison

11163

—— < 82=p(2
500 p(2)

allows us to apply Proposition 5.5. Now suppose 3 < n < 25. Lemma 2.1 yields

6A5(5/4) =

(maxr/min7r)? < Q% < Q35 = 13/9 < (601/500)%;

the last comparison is 3250000 < 3250809. Proposition 5.5 and Lemma 5.6 show that K is a ball in
this position. Undoing the linear map gives an ellipsoid; (2.1) then gives ¢ = a,,.
O

6 The boundary operator and quadratic orthogonality

Work in inertia position (2.2). Write h = hg and z(u) = Vh(u), with h extended one-homogeneously

to R™\ {0}.
The regularity needed here follows directly from slicing. For unit v and v L u,
2
D?hrg(u)v,v] = — (v, )2 dH"H(z) >0 (v#0). (6.1)
|4 Knut

The section integral is continuous in u,v: polar integration in the section expresses it as an integral
of the continuous radial function of K to the power n + 1. Thus hrg is C? away from zero with
positive tangential Hessian. By (1.2), the same is true for h. In particular z(u) parametrizes the
boundary by its outer normal, and its cone probability measure is

h(u)

p(du) = WSK(du). (6.2)
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This measure has a continuous positive density and full support.

For a real matrix A, define
(u, Az (u))

F = 6.3
a(w) = 28 (63)
Let @ have kernel, relative to p,
n - [{u,z(v))|
= . 6.4
)= 0 e ) (6.4)
It is a compact integral operator on L2 ().
Lemma 6.1 (Affine regression). One has Q1 =1 and, for every real matriz A,
Fp+trA tr A
Fy=——— Fydpy=——. 6.5
QFa=—""7— / adp=— (6.5)

The kernel of A Fy is the Lie algebra gi of Aut(K). In inertia position g C so(n).

Proof. This is the case s = 1 of Theorem 4.1, since (3.2) identifies Q = Pg 1. The regularity needed
there was established in (6.1). O

Lemma 6.2 (Quadratic orthogonality). For every skew-symmetric matriz A,

/ Fady =0, / Fa(u)z(u)z(w) " u( du) = 0. (6.6)

Consequently the invariant subspace

1
R:{FA .Aeﬁo(n)}, Q|’R— mld,

is orthogonal to constants and to all functions u + x(u)" Bx(u). Its dimension is

(n—-1)

m = dimR = _ — —d (6.7)

Proof. The moment identity (4.2), with T'(x) = xz T, gives, for ¥ = Cov(U),

1

oV ok zx" (Az,v(z))dS(z)

[ Eatwaw(w)u(dw =
1
= —((trA)L + AT + 247).
n
For skew A this vanishes by (2.2). The other assertions follow from Lemma 6.1 and rank—nullity. [
Theorem 6.3 (Quadratic symmetry bound). For a fized body in dimension n > 26,

_ 13n? —49n — 12
B 50 '

nn—1) 6 (n+1)?

d> D(n) := 5 ~ 5

(6.8)
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7 A scalar quadratic approximation

Lemma 7.1 (Exponential comparison). Let Y > 0 have a log-concave density and EY =1, and let
& have the exponential density e Y on [0,00). For every convex function H for which the expectations
exist,

EH(Y) <EH(). (7.1)

Proof. Write S ( ) = P(Y > t). Log-concavity of the density implies that S is log-concave. For
example, S(t = [o° f(t+s)/f(t)ds is nonincreasing on the positive support, so the hazard
rate is nondecreasmg Slnce S(0) = 1, the concave function log S(t) + t shows that S(t) — et
changes sign at most once, from positive to negative. Its integral is zero because EY = E£{ = 1. It
follows that

E(Y —a), — /aoo S(H)dt< e —E(E—a)y  (a>0).

Together with equality of means, this proves (7.1) by the representation of a convex function as
an affine function plus a positive integral of hinges. Approximation gives the asserted integrable

generality. O
Put )
2y
Ry)=y-3-7%, P =R P) =Py +yPQy) (7.2)
Lemma 7.2 (Uniform scalar bound). For Y as in Lemma 7.1 and 0 <t < 1/26,
6
EP,(Y) < 275(1 +1)2. (7.3)

Proof. Set z = 11/6. For n € {0,1/26} let L, be the tangent line to P, at z, and put H, =
max(P,, Ly). Direct factorization gives

(y—2)?
300

Puao) — L) = 2 3y~ 2169 4 151) (7.5)

In each case the quadratic factor has two roots r_ < z < r,. The function H, equals P, outside
[r—,r4+] and L, inside. It is convex. Indeed, outside this interval the quadratic factor, the product
of its derivative with y — z, and (y — 2)? times its second derivative are all nonnegative. Hence
Py > 0 there. At the two joining points the derivative jumps upwards, since (P, — L;)" is negative
at r_ and positive at .

Appendix A proves the exact bounds

Po(y) — Lo(y) = (12y° — 76y + 61), (7.4)

6 129
EH — EH —. 7.6
0(§) < 55" 1/26(§) < 500 (7.6)
For 0 <t < 1/26, the convex function
Hy = (1 — 26t)Ho + 26tH, o
majorizes P, because Py = (1 — 26t) Py + 26tP) 6. Lemma 7.1 therefore gives
~ ~ 6 117 6
ER(Y) <EH;(Y) <EH — + —t 1+4+¢
H(Y) SEH(Y) < t(f)<25+250_25(+)
The last inequality follows from 117/250 < 12/25. O
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8 Proof of the symmetry bound

For a homogeneous function F' of degree j > 0, polar integration, or divergence applied to xF(x),
gives
n-+j
/ Fla(w)u(dv) = “HER@). (8.1)

n

Fix u € S* !, put s, = E|(u, U)| = ch(u), and define

v — \(u’UH’ Yo (v) =

Su Su

The variable Y has a log-concave density on [0,00) and mean one. Here the one-dimensional
marginal of the symmetric uniform measure on K is log-concave by [5], and taking its absolute
value restricts that even density to the positive half-line. By (8.1), applied to the monomials in P,

[ PEL)A(a) =E[PY) + P ()] = Py (v). (8:2)

Since ¢(u,v) = nY,(v)/(n + 1), Lemma 7.2 yields

n 02\ 1?
/ q(u,v) <2+ ) )] pu(dv) < E (8.3)

S n+1\3 5
Proof of Theorem 6.3. Choose an orthonormal basis e1, ..., e, of R. Lemma 6.2 makes each e;
orthogonal to the quadratic function subtracted in (8.3). Bessel’s inequality and Qe; =e;/(n+1)
give, pointwise in wu,

1 m m
(n+1)2 2 i) = ;

J=1
n 0)2\1°
S/[Q(u’v)_n—i—l <§+YU(5) )] u(dv)<%.

Integrating over u proves m < (6/25)(n + 1)2. Now use (6.7). This argument uses neither self-
adjointness of () nor stationarity of p. O

2

[ atw,v)e;wn(av)

9 Compact-group facts

Put g(t) = t?/4—3t/4. We use the maximal-subgroup classification in [8, Theorem 2.2, Lemma 2.8(iv),
and Appendix]. Specifically, for N > 10, a maximal proper connected subgroup of SO(N) of
dimension at least g(N) is symmetric. The possibilities are SO(a) x SO(N — a) and U(N/2).
For SU(m), a maximal proper connected subgroup of dimension at least m?/2 — m is symmetric;
the possibilities are SO(m), Sp(m/2), and S(U(a) x U(m — a)). These are subgroup dimension
statements and do not require a hyperpolar action.

Lemma 9.1. Let N > 10, and let H C SO(N) be closed, connected, and real irreducible. If
dim H > g(N), then either H = SO(N) or N = 2m and SU(m) C H C U(m) after orthogonal
conjugation. In either case H is transitive on the unit sphere.
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Proof. If H # SO(N), a maximal proper connected subgroup M containing it is irreducible. The
preceding classification forces M = U(m), where N = 2m and m > 5. The representation of H on
C™ is complex irreducible, since a complex invariant subspace would also be a real one. Schur’s
lemma makes the Lie algebra center scalar, of dimension at most one. Thus S = [H, H| C SU(m) is
complex irreducible and
dimS >dimH -1 >m2—%m—1.

For m > 5 this is larger than both m?/2 — m and m(m + 1)/2. If S were proper, place it in a
maximal proper connected subgroup of SU(m). The subgroup must be symmetric. Irreducibility
excludes the block-unitary case, while the other two cases have dimension at most m(m + 1)/2, a
contradiction. Hence S = SU(m). O

Lemma 9.2. For every m > 5, a proper closed connected subgroup of SO(m) has dimension at
most (m — 1)(m — 2)/2.

Proof. For m > 10, the maximal-subgroup statement above proves the claim: below its threshold
the bound is immediate; above it the largest orthogonal block has dimension (m — 1)(m — 2)/2,
and dim U(m/2) = m?/4 is no larger. For m = 5,6,7,8,9, the respective maximal dimensions of
proper connected subgroups are 6,10, 15,21, 28, by the same maximal-subgroup classification and
the low-degree representations in its Appendix. At m = 8 this includes the nonstandard Spin(7)
embedding. O

Here and subsequently group names in representation lists denote their images, so finite central
kernels do not affect the statements.

Lemma 9.3 (Small irreducible images). Let 5 < p < 9 and let L C SO(p) be closed, connected,
and real irreducible. Under the indicated dimension assumption, the possible images are as follows:

p dimension assumption  possible images

5 dimL >4 SO(5)

6 dimL > 7 SU(3), U(3), SO(6)

7 dimL >9 Ga, SO(T)

8 dim L > 10 Sp(2), Sp(2)U(1), Sp(2)Sp(1), SU(4), U(4), Spin(7), SO(8)
9 dim L > 10 SO(9)

Every image in the table is sphere-transitive.

Proof. We use the maximal-subgroup and low-degree highest-weight lists of [8, Theorem 2.2 and
Appendix]. For clarity, the small nontransitive simple representations excluded by the dimension
assumptions are the five-dimensional representation of SO(3) and the eight-dimensional adjoint
representation of SU(3). The nine-dimensional tensor representation of SO(3) x SO(3) has group
dimension six. In the eight-dimensional row, the dimensions of the displayed images are respectively
10,11,13,15,16,21,28. Thus the irreducible eight-dimensional images of dimension greater than
sixteen are precisely Spin(7) and SO(8). The standard SU(3), standard Ga, and spin Spin(7)
actions have no nontrivial real representations of dimension smaller than 6,7, 7, respectively. These
facts also follow directly from the low-degree highest-weight tables in [8, Appendix|. The orthogonal,
unitary, and quaternionic standard actions are sphere-transitive. The exceptional standard actions
have the familiar homogeneous-space descriptions Go/SU(3) = S and Spin(7)/Gs = S".

Here is more detail on the exhaustion behind this small table. Split a compact Lie algebra into
its center and simple ideals, and use the real, complex, and quaternionic types of its irreducible
module. The simple low-degree possibilities, besides realifications of the classical standard modules,
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are the odd-dimensional SO(3) modules, the eight-dimensional real quaternionic SU(2) module,
the adjoint SU(3) module of real dimension eight, the standard G5 module of dimension seven,
and the spin Spin(7) module of dimension eight. The SO(3) and SU(2) images have Lie algebra
dimension three, and the adjoint SU(3) image has Lie algebra dimension eight. They are below the
relevant dimension thresholds in the table. Here the quaternionic SU(2) module has complex degree
four and real dimension eight; complex degree is not substituted for real dimension in this check.
For nonsimple images, the low-dimensional real tensor possibilities 2 ® 3, 2 ® 4, and 3 ® 3 have
dimensions of their acting groups at most 4,7, 6, respectively. The quaternionic tensor case above
these thresholds is Sp(2)Sp(1) on H?; Sp(2) already acts transitively on its unit sphere. The possible
scalar central factors give exactly the unitary and Sp(2)U (1) extensions listed above. The Spin(7)
and (GG actions are the standard exceptional transitive sphere actions. Thus the dimension bounds
in the table exclude all nontransitive cases; mere containment in a transitive maximal subgroup is
not being used to assert transitivity of an arbitrary subgroup. ]

For use in lifting group factors, we also need the following elementary estimate.

Lemma 9.4 (A small real representation bound). For m > 5, every nontrivial real representation
of su(m) has dimension at least 2m.

Proof. The Weyl dimension formula implies that every nontrivial complex irreducible representation
other than the standard representation and its dual has dimension at least (ZL) > 2m. Here is the
elementary highest-weight check. Dimension is nondecreasing in each fundamental weight coefficient.
An interior fundamental weight has dimension (T) > (%), while the remaining nonstandard
possibilities dominate 2wy, 2wp,—1, Or w1 + wWpm—1, of dimensions m(m + 1)/2, m(m + 1)/2, and
m? — 1, respectively. In the complexification of a real representation, the standard representation
and its distinct conjugate dual occur with equal multiplicity. Their joint real dimension is at least

2m. O

D(n) — g(n) = "= 2;%5" D0 (> 9.1)

10 Reflection symmetries and planar rotations

The following argument applies to reflections in the full automorphism group, including reflections
outside its identity component.

Lemma 10.1. Let T be a compact integral operator with nonnegative bounded kernel on L? of a
finite measure space. Suppose the kernel of T? is strictly positive almost everywhere. Two strictly
positive eigenfunctions of T with the same positive eigenvalue are proportional.

Proof. The assertion is immediate if the L? space is one dimensional. Otherwise put S = T2. Strict
positivity of its kernel makes S positivity improving: Sf > 0 almost everywhere whenever 0 # f > 0.
In particular S is irreducible as a positive operator on the Banach lattice L?: no proper nonzero
closed ideal, represented by functions supported on a proper measurable subset, can be invariant.
The operator S is compact. The Jentzsch—Krein—Rutman theorem therefore applies in exactly
this setting; see [3, Section 6, Theorem 16]. It says that the only eigenvalue admitting a positive
eigenfunction is the positive spectral radius, and its eigenspace is one dimensional. If T'f = Af with
A >0 and f > 0 almost everywhere, then Sf = A?f. The two eigenfunctions in the assertion must
consequently belong to the same one-dimensional eigenspace of S. O
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Lemma 10.2 (Two orthogonal reflections). If a fized body in inertia position is invariant under the
hyperplane reflections with two orthogonal normals, it is invariant under all rotations in the plane
of those normals.

Proof. Choose orthonormal coordinates in which the two normals are e;, e, and let R;, R; be their
reflections. Put D = {u € S""! : w;,u; > 0} and pup = 4p|p. The doubly odd restriction of @ has
kernel

k(u’ U) = i(Q(uv U) - Q(uv Riv) - Q(u7 ij) + Q(u’ RiRjU))

relative to pp. Inertia-position strict convexity and reflection symmetry imply z;(v),z;(v) > 0 on
D. With a = u;zi(v) >0, b = ujzj(v) > 0, and z = 37,4, ; uewe(v), this kernel is a positive factor
times

lz+a+b—|z—a+bl—|z+a—bl+|z—a—1|

The expression is nonnegative, and is positive when |z| < a+b: it equals the integral of 20¢(z + s+ t)
over [—a,al x [—b,].

For vy = (e; +¢€;)/+/2, the automorphism —R; R; fixes vy and negates its orthogonal complement
outside the (7, j) plane. Equivariance of the gradient therefore gives x¢(vg) = 0 for ¢ # i, j. Thus
k(u,vo) > 0 and k(vg,w) > 0 for all u,w € D. Continuity and full support imply strict positivity of
the kernel of T2, where T is this restricted operator. The two functions

_uizj(u) - W)

Fg.. = =
BT R T h(w)

are positive on D and have eigenvalue 1/(n + 1). Lemma 10.1 makes them proportional, with
positive ratio a. Odd extension yields Fg,;—qg;, = 0 on the whole sphere. Lemma 6.1 makes this
matrix an infinitesimal automorphism, and skew-symmetry forces a = 1. We obtain all rotations in
the (i,7) plane. O

Corollary 10.3 (Unconditional fixed bodies). A fized body in inertia position invariant under all
coordinate hyperplane reflections is a ball.

Proof. Lemma 10.2 gives every coordinate-plane rotation; these generate SO(n). O

11 The canonical rotation subspace

Proposition 11.1 (An independent large rotation block). Suppose n > 26 and K satisfies (1.2),
in inertia position. Then K is a ball, or there is a subspace V of dimension p > n/2 such that

O(V) x {Idy.} C Aut(K).

Proof. Write G = Aut(K), G° = H, d = dim H, and g(t) = t*/4 — 3t/4. Theorem 6.3 and (9.1) give
d > g(n). Decompose the orthogonal H-representation into real irreducible subspaces of dimensions
P1, - -.,Pps. Faithfulness gives

i< Zpi(pz-z— 1).

Suppose first that p = maxp; > n/2, and put ¢ = n — p. The image L of H on this subspace V is
connected and irreducible, and

(¢—1)

dimL>d— 2 Calg=1)

2

gpy =2 =a=1) o

>g(),  gn) 1 >
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Here p > 14, so Lemma 9.1 gives either L = SO(p) or p = 2m and SU(m) C L C U(m). In the
first case the simple Lie algebra so(p) lifts to a simple ideal of h; in the second case the same is
true of su(m). To see the lifting assertion, split a compact Lie algebra into its center and simple
ideals; a simple ideal in a quotient is the isomorphic image of one of these simple ideals. In the
orthogonal case its action on V- must be zero, since a nonzero homomorphism would be injective
but dimso(p) > dimso(g). In the unitary case its action on V1 is zero by Lemma 9.4, because
m > 7 and ¢ < p = 2m. Thus a group transitive on the sphere in V acts independently of V.
Its vector orbits are the O(V')-orbits, so membership in K is invariant under independent O(V')
rotations.

It remains to treat p; < n/2 for every i. The convex function a — a(a — 1)/2 maximizes the
displayed sum by making the allowed integer parts as unequal as possible. If n = 2m + 1, the
maximum is m(m—1) < g(n). If n = 2m and all p; < m—1, the maximum is (m—1)(m—2)+1 < g(n).
If one part equals m and its complement is reducible, the maximum is (m — 1)? < g(2m). These
inequalities hold for m > 13. Hence the only remaining possibility is n = 2m, m > 13, with
two irreducible m-dimensional subspaces. If either projection of H C SO(m) x SO(m) is proper,
Lemma 9.2 gives d < (m — 1)? < g(2m). If both projections are onto, simplicity and the Lie-algebra
form of Goursat’s lemma give either a graph of an automorphism of so(m), or the full direct sum.
The graph has dimension m(m — 1)/2 < g(2m) and is impossible. The full direct sum yields two
independent rotation blocks, hence all coordinate reflections in an adapted basis. Lemma 10.3 makes
K a ball. O

Theorem 11.2 (Canonical rotation normal form). Let n > 26 and suppose K is a nonball fixed
body in inertia position. Let W be the span of the normals of all hyperplane reflections preserving
K, and let H, = WL, Then

p:=dimW > n/2, k:=dmH,=n—p>2, G =0(W) x Gy, (11.1)

where G = Aut(K), G« C O(H,) contains —Idy, and contains no hyperplane reflection. In
particular W is G-invariant. There are an origin-symmetric conver body D C H, and an even
concave function r : D — [0,00), positive on its interior, such that

K={(y,2)) e W@ H,:z€ D, |y <r(2)}. (11.2)
The function r is continuous on D and vanishes on dD.

Proof. Proposition 11.1 supplies an independent rotation subspace E of dimension greater than n/2.
We show that any additional reflection normal v ¢ E enlarges it. Choose a unit vector e € E Nv™;
this is possible since dim £ > 2. The reflections with normals e and v preserve K. Lemma 10.2
gives the plane rotation generator e A v. Subtracting the generator e A Pgv already in so(FE) gives
e A Pgiv. Brackets with so(E) generate so(E @ RPpiv). The existing reflection with normal e then
supplies the full independent orthogonal group of this enlarged subspace. Iterating over a finite
spanning set of reflection normals proves O(W) x {Id} C G.

Conjugation carries a preserving reflection to a preserving reflection, so G preserves W and
H,. Cancelling the O(W') component of each g € G proves the direct-product assertion. Central
symmetry gives —Idg, € G.. A reflection in G, would have a normal both in H, and in W, which
is impossible. If k = 1, then —Idp, is just such a reflection. If £ = 0, invariance under O(n) makes
K a ball. Thus k > 2.

Independent O(W) invariance makes every fiber a centered ball. Convexity of K gives concavity
of its radius r, and central symmetry gives evenness. Interior continuity follows from concavity. At
a boundary point of D the fiber lies in a supporting face of K; strict convexity of K forces its radius
to vanish. Compactness of K then gives continuity at those boundary points as well. O
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Corollary 11.3. For n > 26, if the full automorphism group of a fixed body is irreducible, the body
is an ellipsoid.

Proof. In inertia position, Theorem 11.2 would otherwise give a proper, nonzero invariant subspace
w. O

12 The complementary action and the two-thirds bound

We say that a compact connected group H C SO(k) has an independent sphere-transitive subspace
if there is an orthogonal decomposition R¥ = E @ E+, with dim E > 2, and a subgroup of H fixing
E* pointwise and transitive on the unit sphere of E.

Lemma 12.1. Suppose H C SO(k) is closed and connected and has no independent sphere-transitive
subspace. If k > 10, then dim H < g(k). If k =9, then dim H < 9.

Proof. First suppose k > 10 and, for a contradiction, dy := dim H > g(k). Decompose its real
representation into irreducible summands of dimensions p;, and put p = max p;. Faithfulness gives
dg <32 pi(pi —1)/2.

If every p; < k/2, the elementary partition estimate used in Proposition 11.1 leaves only k = 2m
and two m-dimensional summands. This estimate holds already for m > 5: for odd k = 2m + 1 the
maximum is m(m — 1) < g(k); for even k = 2m, partitions without two irreducible halves have sum
at most max{(m — 1)%, (m — 1)(m — 2) + 1} < g(k). If either projection of H C SO(m) x SO(m)
is proper, Lemma 9.2 gives dy < (m — 1)? < g(2m). If both are onto, simplicity of so(m) and
Goursat’s lemma give a graph or the full direct sum. The graph is too small; the direct sum supplies
an independent sphere-transitive subspace.

We may therefore assume p > k/2, and put ¢ = k — p < p. The image L on this irreducible

summand satisfies
q(q—1) q2p—q—1)

2 4

If p > 10, Lemma 9.1 gives SO(p) or a group containing SU (p/2). Lift the corresponding simple ideal
to h. In the orthogonal case its action on the g-dimensional complement is zero by the dimension
comparison with so(g). In the unitary case it is zero by Lemma 9.4. This gives an independent
sphere-transitive action, a contradiction.

The remaining possibilities have 6 < p < 9. For p = 6, (12.1) and Lemma 9.3 give SO(6) or
a group containing SU (3); the corresponding simple factor has no nontrivial representation on a
complement of dimension ¢ < 6. For p = 7, the alternatives are SO(7) and G3, and the same
argument applies since their smallest nontrivial real representations have dimension seven. For
p =9, Lemma 9.3 forces L = SO(9). For p = 8, we have ¢ > 2 because k > 10. If ¢ =2 or 3, (12.1)
gives dim L > 16 or dim L > 19, respectively; hence L = Spin(7) or SO(8). Their relevant simple
ideals act trivially on the complement. If ¢ > 4, the same bound gives dim L > 21, so L = SO(8).
Every case again gives the forbidden independent action. This proves the assertion for & > 10.

Now let & = 9 and suppose dy > 10. If the action is irreducible, Lemma 9.3 gives SO(9).
Otherwise let p be the largest irreducible dimension. For p = 8, the complement is one dimensional,
and the image has dimension at least ten; every group in the corresponding row of Lemma 9.3 is
sphere-transitive, acting independently of that complement. For p = 7, the image has dimension at
least nine, and its Gy or SO(7) simple factor acts trivially on the two-dimensional complement. For
p = 6, the image has dimension at least seven, and its SU(3) or SO(6) simple factor acts trivially on
the three-dimensional complement. For p = 5, the image has dimension at least four, and must be
SO(5); it cannot act nontrivially on a four-dimensional complement. All these cases are impossible.

dim L > dy — > g(p) + (12.1)
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Finally suppose every irreducible summand has dimension at most four. The only partitions
whose ambient block algebra has dimension at least ten are 4 +4 + 1 and 4 + 3 + 2. For 4 4 3 4 2,
dimension at least ten forces the full block algebra, giving an independent action. For 4 + 4 + 1, if
one projection to s0(4) is proper, its dimension is at most four. Dimension at least ten therefore
forces a full product of a four-dimensional projection and the other so(4). If both projections are
onto, use s0(4) = su(2) @ su(2). Its quotients have dimensions 0, 3,6, so a subdirect product of
two copies has dimension 12,9, or 6. Dimension at least ten forces dimension twelve and the full
product. Again an independent sphere-transitive action is present. This proves dim H < 9. 0

Proposition 12.2. For a nonball fixred body in inertia position with n > 26, the canonical rotation
subspace in Theorem 11.2 has

p>[2n/3], p>19 when n = 27. (12.2)

Proof. Set H = G% C SO(k). It has no independent sphere-transitive subspace. Indeed, such a
subgroup has exactly the same point orbits as the independent orthogonal group on that subspace;
invariance of the profile body under it would give a hyperplane reflection in Gy, contrary to
Theorem 11.2.

If k<8 thenp=n—k>n—8>2n/3. If k> 9, Lemma 12.1 gives dim G, < g(k), including
k =9 since 9 < ¢g(9). Consequently

a- ) <"V 4 gn—p)— D)

75p? — 50np — n? + 25p + 23n + 24
100 ‘

(12.3)

The last polynomial is increasing in p for p > n/2. At p = (2n—1)/3 its value is —(n—24)(n+1)/100 <
0. Since Theorem 6.3 gives d > D(n), we have p > (2n — 1)/3. Integrality gives p > [2n/3]. If
n =27 and p =18, then k =9 and d < 18 - 17/2 4+ 9 = 162, whereas D(27) = 4071/25 > 162. Thus
p > 19 in that dimension. ]

13 Dimension-free curvature of a centroid support norm

For an even random vector X with a full-dimensional log-concave density and covariance X, write

Nx(u) = E|[{u, X)|.

Lemma 13.1 (The planar uniform case). If C' is a symmetric planar convez body and X is uniform

on C, then

1 77
U — §Nx(u)2 — @UTEU is convez.

Equivalently, D*(N%/2) = (77/200)% away from zero.

Proof. The assertion is affine invariant, so take ¥ = 7Id. At a unit vector v and an orthogonal unit
vector v, put h = Nx(u), a = DNx (u)[v], b = pc(v), and Vi = |C|. Slicing gives

4hb?

q = hD*Nx (u)[v,v] = 7S

Berwald’s inequality [2] on the half-body C N {(u,z) > 0}, in dimension two with exponents one
and two, gives 3h > /67, so h? > 27/3. Every even unimodal one-dimensional law is a mixture of
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uniform laws on centered intervals. Consequently, for such a law of variance 7 its mean absolute
value is at most v/37/2. Applying this to all marginals of C' gives

h? 4 a? = [VNx(u)|? < 37/4.

Indeed |Nx(w)| < v/37/2 on the unit circle, and every gradient is a point of the corresponding
support body. The same uniform-mixture representation, for a marginal supported on [—H, H], gives
7 < H?/3. Hence every support value of C is at least v/37, and b*> > 37. The density of (u, X) is
maximal at zero, where it equals 2b/V. Thus the density of |(u, X)| is at most 4b/V. A nonnegative
variable with density at most M has mean at least 1/(2M), by integrating P(Y > t) > (1 — Mt)4.
It follows that h > Viz/(8b), and therefore ¢ > b?/6 > 7/2.

In the basis (u,v), the Hessian of N% /2 is

h? ha
ha a®+q)°
Subtract ¢71d, with ¢ = 77/200. Its first principal minor is positive since h? > 27/3. Writing its

determinant as
(h? — t1)q — tT(h? + a®) + t*72,

and using ¢ > 7/2 and h? 4 a? < 37/4, bounds it below by

1 5 3772
2 2
s —-t+t7) = 0.

This proves the Hessian bound; continuity and homogeneity extend the convexity assertion through
the origin. n

Theorem 13.2 (A universal curvature constant). For every even full-dimensional log-concave
random vector X,

77 64/3 - 87
4800 ~ 500°

1
u— QNX(U)Q _ YT s convez, v = (13.1)

2
Proof. First let g be an even planar log-concave probability density and gy = g(0). Define the Ball
bodies Cj, for j = 2,3, 4, by
y oo
po, (0 == | 5171 g(s0) ds.
9o Jo
Ball’s convexity theorem makes C' = C3 a symmetric convex body; see [1] and the normalization in
[6, Section 2.2]. For completeness the moment comparisons used below can be seen directly on a
ray. Put f(s) = g(s#)/go. It is nonincreasing, log-concave, and takes values in [0, 1] with f(0) = 1.
Writing f by its level sets shows that pc; is the L7(0,1) norm of their lengths. Thus po, > pc,.
Match [s?f(s)ds with [s?e~%ds. Concavity of log f(s) + as, starting from zero, implies that
f — e~% has at most one sign change, from positive to negative. Equality of the second weighted
moments then gives [s3f < [ 379 and hence

24

4 4
pC4 <Mp03, M:W

(13.2)

Polar integration gives

9olCa| =1, a = go|C| > 1, Ny =aNg, Yy 2 aM¥c.
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Lemma 13.1 implies

7 T
DY(N?2/2) = o’ —%c = ——%, = ~%,.
(Ng/2) = " o55%¢ = gaaa7 ™ = 1

These statements can equivalently be read as convexity statements, so they require no additional
smoothness of g. For arbitrary dimension, restrict the proposed convex function to any two-
dimensional linear subspace and use the corresponding log-concave marginal of X [5]. Every affine
line lies in such a subspace, so convexity follows. The one-dimensional case follows either directly
or by adjoining an independent even log-concave coordinate. Finally 6 > (8352/770)3 proves the
displayed strict rational bound. O

Corollary 13.3 (An upper Fisher bound for a fixed body). For a fized body in inertia position, set

—®() q
O(x) = 3llzlk,  ve(dr) = efei_q)x’ Jo =E,, VOV
Then
Jp = E,, D2® —n/““T (du) < ‘1 (13.3)
R TOT El R T ‘

Proof. The convex conjugate of ® is ¥ = h?/2. Since Ny = ch, Theorem 13.2 gives D?>¥ = ¢ 21d.
Convex duality therefore gives D?® < ¢?/(y7)Id. Integration by parts proves the first equality in
(13.3). It is justified by the Gaussian radial tails and the globally Lipschitz gradient of ®; the origin is
a null set. For the middle equality write x = tx(u) in cone coordinates. Then V®(tz(u)) = tu/h(u),
and the radial density is proportional to n—le—t?/ 2 whose second moment is n. ]

14 Regression with log-concave survival

Lemma 14.1 (Clipped linear regression). Let Z > 0 almost surely have an absolutely continuous
distribution, log-concave survival function, and finite second moment. For everyt > 0,

1
i i —\Z)? < —EZ% 14.1
/{rel]%E(mm(Z, t)—AZ)° < 14EZ (14.1)

If g : [0,00) — [0,00) is increasing, concave, L-Lipschitz, and g(0) = 0, then

2

L
inf E(g(Z) — \Z)? < ——EZ2. 14.2
inf B(g(Z) -~ A2)" < 35 (14.2)

Proof. The clipping assertion is immediate for ¢ = 0 or s :=P(Z > t) = 0. Otherwise define

E[(Z —t)? | Z > ] EZ?
5 , r=t/m, x=r/q, v:qst.

m=E[Z—-t|Z>t], q=

m

The residual survival T is log-concave with 7'(0) = 1, hence T'(a +b) < T'(a)T'(b). Integrating proves

E[(Z —t)? | Z > t] <2m?, so 1 < q < 2. Write S(z) = P(Z > z) and let hy = —(log S)', (t) be its

right hazard. Since s > 0, t is before the upper endpoint of the support. One-sided derivatives

suffice; no differentiability of the hazard is assumed. The increasing-hazard property gives m < 1/hy,

and hence hy < 1/m. If hy = 0, the latter inequality holds directly and the reciprocal bound is
interpreted as m < +oo. For 0 < z < t it follows that

S(z) < min{1, se®=2)/m}
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In particular s > e™". Put a = r + log s € [0,7]. The displayed upper survival is that of m(a + §)
up to t, where £ is a mean-one exponential variable. The actual tail contributes sm?(2r 4 ¢) to the
second moment, whereas this shifted exponential contributes sm?(2r + 2). Thus

EZ? <m?{a® +2a+2— (2 —q)s}.

2, —a

Since a + (a? + 2a + 2)e~® has derivative —a?e~%, we obtain

T J—
v< 1+ A=) _ o (14.3)

q

The last step uses that (e?* — 1)/q is increasing in g > 0.
Orthogonal projection onto the span of Z, using D = (Z — t), gives the exact identity

infy E(min(Z,¢) — AZ)? 1 (1+x)?
EZ?2 v v?
If z > 1, its maximum over v > 0 is at most 1/16 < 1/14. If 0 < x < 1, then €?* < 2(1 + )2,

since the ratio e?*/(1 + x)? is increasing and e? < 8. The right side of (14.4) is increasing for
0 < v <2(1+ )% By (14.3) it is therefore at most

(14.4)

1
—2z 2 _—4dx
—(1 —.
e (I+z)e ™ < i
The last strict inequality follows, with y = 2z, from
7
e — 14e¥ + S+ 2)2>0  (y>0). (14.5)

Appendix B gives an exact positive polynomial certificate for this elementary inequality.
Finally represent

g<y>=by+/0°omm<y,t>a<dt>, b>0, €20, b+e((0,00)) < L.

This is the Stieltjes representation of the decreasing derivative of g. Project orthogonally off the
span of Z and apply Minkowski’s inequality to the integral. The linear term vanishes, and (14.1)
gives (14.2). O

Corollary 14.2. If B has an even log-concave density and g is odd, increasing, concave on [0, 00),
and L-Lipschitz, then

L2
inf E(q(B) — AB)? < ——EBZ2.
in (9(B) A)_14

Proof. The survival function of |B] is log-concave, as in Lemma 7.1; apply Lemma 14.1 to |B|. O

15 Weighted concentration of the radius of a rotation block

Suppose an origin-symmetric convex body has the form (11.2), with p > 2, k > 1, and n = p + k.
For U = (Y, Z) uniform on it write Y = R, where 6 is independent and uniform on SP~!.

Lemma 15.1. For B = (b, Z), b # 0, define the tilted expectation E,F = E[B*F]/EB2, and put

R, =FE,R. Then

Var, R _ 5 k+3
<gfi=m —-——. 15.1
RZ — c p(n+4) (15.1)

Also the law of B under the different tilt EoF = E[R?F]/ER? has an even log-concave density.
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Proof. The joint density of (R, Z) is proportional to sp_11{0<8§r(z)}. Set

m(s) = / (b, 2)%dz.
zir(z)>s}

This function is 1/(k + 2)-concave on its support. Indeed lift to the convex sets
ES = {(Z7t17t2) : T(Z) > 8, t1,te 2 0; t1 +1t2 < <b7 Z>}

Central symmetry and the area of the triangular fiber give m(s) = 4|Es|; convexity of the joint
set with coordinate s and Brunn—Minkowski prove the concavity assertion. The normalized Mellin
theorem [7, Proposition 3.2] says that

I s tm(s) ds

a+— Bla.k+3) is log-concave on (0, 00).

At a=p,p+ 1,p+ 2 this yields

2
E,R _B(p+2k+3)Bpk+3) _(p+)n+3)

2
(EwxR)? — B(p+1,k+ 3)2 p(n+4) '

For the second assertion, the R?-tilted joint density is proportional to sP*! on the convex set
{(s,2) : 0 < s <r(z)}. It is log-concave. Integration in s and then projection onto B preserve
log-concavity by Prékopa’s theorem; see [5]. The evenness follows from 7(z) = r(—z). O

16 Cross-block regression and a quantitative rigidity criterion

For p > 2 define

) ) )
Op =Rl = oo 02y A”’p”“_<g+ 1

e it (16.1)

2
1+ 52> 9 k+3
Theorem 16.1 (Necessary condition for a proper rotation block). Suppose K is a fized body in inertia
position, R™ = W @ H, is preserved by its full automorphism group, and O(W) x {Id} C Aut(K).
If p=dimW > 2, k=dim H, > 1, then

Anpr(n+2)83 > 7. (16.2)
In particular, strict failure of this inequality excludes such a proper invariant rotation block.

Proof. For a p-by-k matrix M put

Ay = (_]?ﬂ ‘7‘04> ,  Rx={Fa, : M c RP*F},
Every infinitesimal automorphism preserves W, so Lemma 6.1 makes M — Fjy,, injective. Thus
dim Ry = pk. These functions have eigenvalue 1/(n + 1) and are orthogonal to all boundary
quadratics by Lemma 6.2. They belong to the first spherical harmonic in the W variable: equivariance
makes xyy (u) parallel to uy, and x g, (u) and h(u) depend on uy only through |uy|.

Fix a row u = (an,b) with a = |uyy| and n € SP~1. For a source point x = (Rf, Z) let B = (b, Z)
and define

LZJp(A, B) =Ey [91|A91 + BH
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The first W harmonic of [(u,z)| is fu(z) = pyp(aR, B)(n,0). For A > 0, direct integration in the
first spherical coordinate gives

g2\ P~/
aB¢p(A7 B) = Bp (1 - 142> ) Qz[)p(Av O) = 0.

+

Indeed, the density of 6; is ¢,(1 — t2)P=3)/2 on (—1,1), where ¢, = T'(p/2)/(v/7T'((p — 1)/2)). For
0<B<A,
1

Opy(A, B) =2 / t(1— )32 q =
BYp( ) Cp B/A ( ) p—

Lpl(l — B2/A%)(P—1)/2,

Here 2¢,/(p — 1) = fp; for B > A the derivative is zero. Symmetry gives the formula at negative B
as well. Hence B — v, (A, B) is odd, increasing, concave for B > 0, and 3,-Lipschitz. Also 1, is
one-homogeneous in (A, B). The case a = 0 has vanishing first harmonic and needs no estimate;
the case b = 0 likewise vanishes. Assume both are nonzero.

Use R, from Lemma 15.1 and write 02 = Var,(R)/R? < &% Homogeneity and Lipschitz
continuity give

R

—. 16.3
R R (16.3)
Apply Corollary 14.2 to g(B) = ¥,(aR., B) under the R? tilt; its density is even and log-concave by
Lemma 15.1. Choose a scalar £ attaining the best linear regression of g(B) under that R2-tilted law.
Then

Yp(aR, B) — Rz/,p(aR*,B)‘ < B,|B| ’1 _

R 2 2
E l(R*(g(B) - fB)) < 14231E[R2B2]
_ B+
= —CEB

In the last equality we used the different, B%-tilted law to write E[R2B?]/R? = (1 + 0>)EB2. Also
(16.3) gives

E [<¢p(aR, B) - ]I;g(B)>2 < §20°EB?.

Minkowski’s inequality, with the trial coefficient A = ¢/R,., now gives

1+ 02
14

2
inf [(zpp(aR, B) — ARB)Q} < B’EB? (a + ) < B27b2 A i (16.4)

Angular integration multiplies this error by p, since Eg(n,0)®> = 1/p. Thus the homogeneous
degree-one function f, has a quadratic approximant proportional to P,(z) = (n,Y)(b, Z), with
uniform-interior squared error at most pﬁzT|b|2An,p7k.

We transfer the optimal regression to the boundary carefully. For any degree-one f and degree-two
P, put aj = (n+ j)/n. Formula (8.1) gives

a3 2
ilif/(f(m(v)) — AP(z(v)))? du(v) = asBf(U)* — CZW

< as ir/%fE(f(U) —AP(U))?,
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because a3/as — az = 1/[n(n + 4)] > 0. The cone measure is invariant under independent O(W)
rotations. Moreover zy (v) is a positive multiple of vy whenever vy, # 0: equivariance gives
parallelism, and strict convexity and reflection symmetry give the sign. Thus the W directions of
the boundary point and its normal coincide outside a null set. Conditional on the rotation-invariant
coordinates, this direction is uniform. Consequently the first-harmonic projection is orthogonal on
L?(p) as well as for the interior law. All other W harmonics in a row of ) are orthogonal to R.

Let e1, ..., ey be an orthonormal basis of Ry. Subtract the optimal boundary quadratic above
from the first-harmonic part of each row of ). Bessel’s inequality, the kernel normalization (6.4),
and (16.4) yield

1 Zej(u)z < n(n+ 2)pBirAn pk |uH*|2

(n+1)2 I (n+1)2¢? h(u)?

Integrate in u and use the exact identity

um, [* 1
/ h(u)2 ,u( du) = ﬁtr(PH*Jq)PH*).

Then apply (13.3):

P]‘C (n + 2)p6§7-Anp k
— tr(Py,. Js P,
1S mrige  vPnJeb)
(n + 2)pB§kAn,p,k
R

Cancelling the positive factors proves (16.2). No self-adjointness or invariant-probability assertion
for @ is used. O

17 Excluding every proper rotation subspace

Proposition 17.1. For every n > 26 and every integer p satisfying (12.2), with k =n —p > 2,

87

Proof. Both B, and €2 = (n—p+3)/(p(n+4)) decrease with p. For 3,, couple the spherical vectors
by normalizing the same independent standard Gaussian coordinates: the absolute first coordinate
decreases when an extra coordinate is included in the normalizing Euclidean norm.

First suppose n > 32. By p > 2n/3,

., n+9 41 267 1+e2 27
e < < , £ < —r0, < .
2n(n+4) — 2304 2000 14 100

The first rational function is decreasing for n > 0. Log-convexity of the Gamma function gives
[(p/2)? <T((p—1)/2)L((p+1)/2), hence 37 < 2/[r(p—1)]. Since (n+2)/(2n/3 —1) is decreasing,

2(n+2) 204 16

NF2 < —— < T <
n+2)8 < o B—1) S6ir - 15
the last comparison follows already from 7= > 157/50. Consequently

807 >2 16 217083 87

A, )52 < (V)16 21708s - 87
pr(n+2)f, < (2000 15~ 1250000 ~ 500
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For 26 < n < 31, monotonicity reduces the comparison to the six pairs in the table. Write
e = €2. The fourth column is 10%, where a? > e(1 + €)/14. The last column gives a strict rational
upper bound U for A, , x(n + 2) ﬁz. Every terminating decimal in this table is exact.

n o p e 10%« U

26 18 11/540 38531363 0.173413
27 19 11/589 36863168 0.164766
28 19 3/152 37915682 0.173793
29 20 1/55 36363637 0.165557
30 20 13/680 37304856 0.173910
31 21 13/735 35856767 0.166064

All entries are certified by rational inequalities. Here are complete instructions for checking every
entry. For p = 2m + 1 use the exact value 3, = (i;n) /4™. For p = 2m use

3 4"™m!l(m — 1)! - 314159
= s
P 7(2m)! 100000’

to obtain a rational strict upper bound B, for B;Z' For odd p, set B, = B;Z' Squaring the indicated
rational « verifies its claimed bound. Substitution then gives, in each row,
1+4+e

87
2)B — +2 —.
(n+2) p(6+ 14 + a><U<5()O

This proves all six comparisons. O

Proof of Theorem 1.1. For n = 1, the fixed body is a centered interval and ¢ = 1/2 = a;. For
2 < n < 25, apply Proposition 5.1. Now let n > 26 and put K in inertia position. If it were not
a ball, Theorem 11.2 would supply its proper canonical rotation subspace. Proposition 12.2 then
gives (12.2). The necessary condition of Theorem 16.1 contradicts Proposition 17.1. Thus K is a
ball in inertia position and a centered ellipsoid in its original position. In every dimension, (2.1)
gives ¢ = ay. Conversely, I'BY = a,, By and affine equivariance show that every centered ellipsoid
satisfies the equation. O

A Exact scalar certificates

The two tangent lines used above are

178 2581 599 5791

Lo(y) = oy — 222 [ _ 0 200
o) = G75Y ~ T0800° 1/26(%) = 53169 ~ 33080

The corresponding joining points are

19 £ /178 18 £ /173
To,iZ?v 7’1/26,:!::T'
Define
46 2693 481
CO - ﬁ7 So(y) - 1350 - T%y7
128 2149 151
01/26 = 585’ 51/26(9) = 1170 g?f
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Polynomial integration against e™¥ dy gives the exact formula
EH,(&) = Cy + Sy(ry—)e ™= = Sy(ry4)e” ™. (A.1)

For example, integrate L, — P, between its outer roots; an antiderivative is —e™¥ Z?:o(Ln —P,)9(y).
At a joining point, reduction modulo the quadratic factor in (7.4) or (7.5) gives .S, above.

Here is a rational certificate for the needed inequalities. Every terminating decimal in the table
denotes an exact rational number. The root enclosures follow by substituting their endpoints into
the two quadratic factors.

7 interval for r, _ interval for r, 4 upper bound for EH, (£)
0 [0.9430559893, 0.9430559894]  [5.3902773440, 5.3902773441] 0.239634
1/26 [0.8078422603,0.8078422604] [5.1921577396,5.1921577397] 0.257855

To verify the last column entirely with rational arithmetic, put

k .
Ti(z) = Z (_1")].
Jj=0 7

J
For 0 < z < 6, the alternating tail gives Tg1(x) < e™ < Tgo(x). If the root intervals in one row are
[a,b] and [c, d], then Sy (a), Sy(c) < 0, and (A.1) is bounded above by
Uy := Cyp + Sy(a)Ts1(b) — Sy(d)Tso(c). (A.2)
Substitution of the displayed rational endpoints gives, respectively,

230634 _ 6 o 257855 129
106 25’ 1/26 106 5007

These prove (7.6) without a floating-point assumption or an unchecked numerical extremum.

Uy <

B A polynomial certificate for the regression bound

The power series of the left side of (14.5) has positive coefficients from degree four onward. It is
therefore bounded below on [0, c0) by
43y 5y 1997 12148

3 Yy
P(y)=1+2y— > P+ + = 4+ =L .
sW) =142y =0y — v + 5+ 50 o0+ 30t 20160

We give a rational positivity certificate for this polynomial. If Ps(y) = S5 iy’ and y = a+ (b—a)z,
let
8 AN ¢ (‘i)
QJZ(b—a)jZCi()aZ_]’ Be=) a7
= \J =0 (J)

Then Ps(a + (b—a)z) = Y5y By (?)zé(l — 2)8f. The minima of these nine coefficients on the
indicated intervals are

[a, b] ming Bg

[0,1] 5587/6720

[1,5/4]  1144539/4194304
[5/4,3/2]  343997/4587520
[3/2,7/4]  81569/573440

[7/4,2]  6081595/4194304
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They are all positive, proving positivity on [0,2]. For y = 2 + z, the coefficients of P3(2 + z) in
increasing degree are

631 8908 4421 201 677 1003 127 299 121
1057 3157 90 ° 5 7 367 180 120 25207 20160

Their positivity proves the assertion for y > 2, and hence (14.5) for every y > 0.

Declaration on the use of generative Al

ChatGPT (OpenAl) was used in mathematical exploration and formulation of arguments, preparation
and revision of the manuscript, exact arithmetic checks, and English-language editing. The
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