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EXPLICIT BOUNDS FOR ODD PERFECT AND QUASIPERFECT
NUMBERS

FRANK VEGA

ABSTRACT. Let N be an odd perfect number or a quasiperfect number, and let B(N) =
[I,~(1+1/p). We prove that 2 < N/¢(N) < 2.17372 and that 105 { N, and we obtain
explicit two-sided bounds for B(N) according to the value of gcd(15, N). For an odd perfect
number N, they give B(N) > 1.90281, 1.70584, 1.83233 and 1.67856 when gcd(15, N) = 1,
3, 5 and 15, respectively, and B(N) < 1.84348, 1.93549 and 1.84125 when ged(15, N) = 3,
5 and 15. These follow from general bounds for B(n) in terms of n/p(n), of the abundancy
index I(n) = o(n)/n, and of - 1/p. We also bound the abundancy indices of N rad(V) and

N/rad(N) and the functions 6%, ¢t and ¢* of Séndor and Atanassov at N, give an explicit
lower bound for the number of distinct prime factors of N in terms of its least prime factor,
and show that the sum of the reciprocals of the prime factors of a quasiperfect number N is less
than log I(N). Finally, for the shifted abundancy indices I (n) = 1+ 2djn, a>1 1/(d+1) and

I"(n) =143, 411/(d—1), we determine the optimal constants in the comparisons of It,

I and I~ on the odd integers and on the odd integers with at most one odd exponent, and we
deduce 1.8471 < IT(N) < 2 < I"(N) < 2.2722 and I~ (N) — I'*(N) < 0.42493 for every odd
perfect number N.

1. INTRODUCTION

A positive integer n is called perfect if it equals the sum of its proper positive divisors.
Equivalently, o(n) = 2n, where o(n) is the sum-of-divisors function. The first examples are
6 =1+2+3and 28 = 1+2+4+4+4 7+ 14. Euclid proved that, if 27 — 1 is prime, then
2P=1(27 — 1) is a perfect number, and Euler proved that every even perfect number has this
form [4]. Whether an odd perfect number exists is an open problem. Many necessary conditions
are known; for example, an odd perfect number has at least ten distinct prime divisors [18] and
exceeds 101500 [21].

A positive integer N is called quasiperfect if o(N) = 2N + 1. No quasiperfect number is
known, and whether one exists is also an open problem. A quasiperfect number is an odd square
greater than 10%® with at least seven distinct prime divisors [7].

This paper studies, for such numbers, the multiplicative quantity

B(n) = H(1+;), (1.1)

pln

together with the abundancy index I(n) = o(n)/n and the quotient n/¢(n), where ¢ is Euler’s
totient function. Section 2 records notation and known facts. Section 3 proves two lower bounds
for B(n) in terms of n/p(n) and one upper bound for B(n) in terms of I(n), valid for general
integers n. Section 4 bounds n/¢(n) from above when n is odd and 2 < I(n) < 2+ 1073%,
Section 5 combines these results for odd perfect and quasiperfect numbers. Section 6 bounds
the abundancy index of N rad(N). Section 7 treats the functions o™, =, " and ™ of Sdndor
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and Atanassov. Section 8 relates the least prime factor of N to the number of its distinct prime
factors. Section 9 bounds the sum of the reciprocals of the prime divisors of a quasiperfect
number. Sections 10-20 treat the shifted abundancy indices I+ and 1.

The values of I have been studied by Laatsch [14], Weiner [27], Ryan [24], Holdener [11], and
Stanton and Holdener [26]; see also [8]. The abundancy indices of the divisors of an odd perfect
number have been studied by Dris [6] and by Chen and Chen [2]. For odd perfect numbers,
the statement 105 f N is due to Kiihnel [13], and upper bounds for N/¢o(N) and two-sided
bounds for Zp| ~ 1/p according to the value of ged(15, N) are quoted in [28]. Accordingly, for
odd perfect numbers, part (b) of Theorem 5.1 is Kiihnel’s theorem, and the upper bound in part
(a) is weaker than the bounds for N/¢(N) quoted in [28], the largest of which is 2.165439; these
two statements are proved here by one argument that also covers quasiperfect numbers.

2. BACKGROUND

Throughout, p denotes a prime, and v,(n) denotes the largest nonnegative integer a such that
p* [ n.

Proposition 2.1. Let n > 1. Then o(n) =[], (L4+p+ -+ p»™) [15].
Definition 2.2. The abundancy indez of a positive integer n is I(n) := o(n)/n.

Proposition 2.3. Let n = Hle pit, where pyi,...,py are distinct primes and ay,...,a) are
positive integers. Then

k k
oy - 1_1(1+;+...+p;) - (2 ) (T (- ) e

I ticular, I(n) < 5, 10].
n particular, I1(n) Hzl _1 go(n)[’ ]
Proof. The identities follow from Proposition 2.1 after dividing by n and evaluating the finite
geometric sums. The strict inequality follows because 0 < 1 — p; ~@tl) 1 for every 7, and the
final identity is the product formula for n/¢(n). O

We write

S § - (- ) .y s
o) = s = [0 A = H(l ) ) = I1 s (22)
pln pln pln

Lemma 2.4. For every integer n > 1,
I(n) = A(n) ®(n), ®(n) = B(n)C(n), I(n) = A(n)B(n)C(n), (2.3)

and 0 < A(n) <1< C(n).

p _p+tl p?

p—1 p p*—1
p, and the third from the first two. Every factor of A(n) lies strictly between 0 and 1, and every
factor of C(n) exceeds 1. O

Proof. The first identity is (2.1). The second follows from

for every prime

Proposition 2.5. A positive integer n is perfect if and only if I(n) = 2, and quasiperfect if and
only if I(n) =2+ 1/n.

Proposition 2.6. If N is an odd perfect number, then N = ¢°s*> with q prime, ¢ = e = 1
(mod 4) and ged(q,s) =1 [4], and N has at least ten distinct prime divisors [18].
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Proposition 2.7. If N is a quasiperfect number, then N is an odd square greater than 103 and
has at least seven distinct prime divisors [7].

Proposition 2.8. We have Hp(l - *2) = ((2) = 7?/6, Hp(l —p?) 7t =((3), Hp(l -
p~H 7 = (¢(4) = 7*/90 and Hp(l —p~ %)™t = ((6) = 79/945, the products being taken over all
primes [1].

3. BOUNDS FOR B(n)
3.1. A lower bound with an exponent.
Lemma 3.1. For every real x > 1, the quantity

B log(a:/(a: — 1))
r(z) = ———— =
log((:p + 1)/:6)
is well defined, exceeds 1, and is strictly decreasing.

(3.1)

Proof. Both log(z/(z — 1)) and log((z + 1)/z) are positive for « > 1, and the first exceeds the
second because z/(x — 1) > (z + 1)/z is equivalent to 22 > x? — 1; this gives r(x) > 1. For
monotonicity, write 1(t) = tlogt, so that ¢"(t) = 1/t > 0 on (0,00) and ¢ is strictly convex
there. Strict convexity gives ¥(x — 1) + ¢(z + 1) > 2¢(x), that is,

1
($+1)log$+

> (z—1)log - ’ (3.2)

-1
Put u(z) = log(z/(z — 1)) and v(z) = log((z + 1)/z), so that r = u/v, v/(z) = —1/(z(z — 1))
and v'(z) = —1/(z(z + 1)). Then

/ B oy (= Du(x) = (@ +Do(z)
which is negative by (3.2). Since 7’ = (u'v — uv') /v?, we obtain 7/(z) < 0. O
1\r(®
Lemma 3.2. For every prime p, (1 + 7) . L.
p p—1
Proof. By the definition of r(p), (1 + 1/p)r(p) = exp(r(p) log p+1) = exp(log 1%) =5 O

Theorem 3.3. Let n be an integer with at least two distinct prime factors, let py be the least
prime factor of n, and let r be the function of Lemma 3.1, so that r(py) = log(po/(po —

1))/ log((po +1)/po). Then

B(n) > &(n)'/rwo), (3.4)
If n = p® is a prime power, then B(n) = ®(n)Y/7®),
Proof. Write n = H,’f:lp?i with po = p1 < -+ < pr and k£ > 2. By (2.2) and Lemma 3.2,
®(n) = Hle (1+ 1/pi)r(pi). Lemma 3.1 gives r(p;) < r(pp), with equality if and only if ¢ = 1;

since 1 + 1/p; > 1, it follows that (1 + l/pz-)T(pi) < (1 + 1/pi)r(p0), with strict inequality for
1 = k. Multiplying,

H(1+ ) ) ﬁ( ) — B(n)"®). (3.5)

k
1= 1

—_

1=
Since 7(po) > 0, taklng r(po)-th roots gives (3.4). For n = p° Lemma 3.2 gives ®(n) =
p/(p—1) = (1+1/p)"® = B(n)"®). 0



4 FRANK VEGA

Corollary 3.4. Let n be an odd integer with at least two distinct prime factors, and let m =
r(3) =log(3/2)/log(4/3). Then

B(n) > ®(n)"/™ > I(n)*/™. (3.6)
In particular, if I(n) > 2, then B(n) > 2Y/™ = 1.635250087 .. ..

Proof. The least prime factor py of n satisfies pg > 3, so r(pg) < m by Lemma 3.1. Since ®(n) >
1, Theorem 3.3 gives B(n) > ®(n)Y/7®) > &(n)/™, and ®(n) > I(n) by Proposition 2.3. [

3.2. A linear lower bound. For a prime pg, write
P 1
Zo) = [I 5 = <@ 1 (1-). (3.7)
P=P0 p P<po p

the second equality holding by Proposition 2.8. Thus Z(2) = n%/6, Z(3) = n%/8 and Z(5) =
72 /9.

Theorem 3.5. Let n > 1 be an integer with least prime factor py. Then C(n) < Z(pg) and
®(n)
Z(po)

B(n) > (3.8)

8

In particular, B(n) > — ®(n) for every odd n > 1.
T

Proof. The prime divisors of n form a finite subset of the primes p > pg, and every factor
p?/(p? — 1) exceeds 1. Hence C(n) < Z(po), the inequality being strict because infinitely many
factors are omitted. By Lemma 2.4, B(n) = ®(n)/C(n) > ®(n)/Z(po). If n is odd, then pg > 3
and Z(po) < Z(3) = n%/8. O

8
Proposition 3.6. Let m = r(3) and let ® > 1 be real. Then ®Y/™ > — @ if and only if
T

2\ m/(m—1)
® < (%) = 2.060569542. ... (3.9)
Proof. Since m > 1 by Lemma 3.1, the inequality ®/™ > (8/x%)® is equivalent to ®!~/™ <
772/8, that is, to ¢ < (772/8)m/(m—1)' :

3.3. An upper bound.

Lemma 3.7. For every integer n > 1,

1 -1
B(n) < I(n) (g;[lﬁ(uw) . (3.10)

Proof. For a prime p and an integer a > 1 we have I(p®) > 1+ 1/p. If a > 2, then
1 1 1 1
1(p" 21+—+—:<1+7>(1+7>. 3.11
") p P p pp+1) S0

Multiplying over the prime divisors of n and using the multiplicativity of I gives I(n) >
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3.4. Bounds in terms of the sum of the reciprocals of the prime divisors. For a positive
integer n write ©(n) =>_ 1/p, and for a prime p write

pln
1 1
e(p) = ——1o (1—1—*), 3.12
(p) = 2 —log(1+ (3.12)
so that e(p) > 0, because log(1 + z) < = for x > 0. Let v denote Euler’s constant and let

1 1
M= ~+ Z(log(l - 7> + 7) = 0.2614972128. .. (3.13)

p p

P

denote the Mertens constant [23].
Lemma 3.8. We have

> e(p) = log¢(2) —v+ M = 0.1819818504. .., (3.14)
p

the sum being taken over all primes, and
1 3
5= Y elp) =log((2)—v+ M- 5 tlogs = 0.0874469585.... (3.15)
p odd prime
Consequently, for every odd integer n > 1,
0 < Zs(p) <4 and P < B(n) < 2. (3.16)
pln

Proof. For every prime p we have log(1 + 1/p) = log(1 — 1/p?) — log(1 — 1/p), hence
1 1 1
_ (1 Iy o _ 1) 1
e(p) (p + log(l p>> log(l p2) (3.17)

Both series Zp(l/p +log(1 — 1/p)) and >plog(l — 1/p?) converge absolutely; the first equals
M — ~ by (3.13) and the second equals —log ((2) by Proposition 2.8. This gives (3.14), and
(3.15) follows on removing the term £(2) = 3 —log 3. If n > 1 is odd, its prime divisors form a
finite nonempty set of odd primes and every (p) is positive, which gives the first part of (3.16).
Finally,

1
log B(n) = Zlog(l + ]3) = 0(n) - c(p). (3.18)
pln p|n
which gives the second part of (3.16). O

4. AN UPPER BOUND FOR n/p(n)

Write ) <
P; = (1——) = —— = 0.950751282949. . ., 4.1
’ 11 P 7¢(3) (4.1)

the evaluation following from Proposition 2.8 upon removing the factor (1—273)"! =8/7 at p =
2. The numerical bounds of this section use only the inequality ¢(3) < 1.2020569032, which gives
Py > 0.9507512829, (2 + 10~3%) /Py < 2.1035995807 and 31(2 + 10-39) /(30P) < 2.1737195667.

The constant 1073% in the next lemma comes from Proposition 2.7: a quasiperfect number N
satisfies N > 103°, so that [(N) =2+ 1/N < 2+ 1073,

Lemma 4.1. Let n be odd with 2 < I(n) <2+ 1073,
(i) If vp(n) > 2 for every prime p | n, then A(n) > P3 and ®(n) < (2+1073%)/P3 < 2.10360.

p odd prime
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(ii) If vg(n) = 1 for exactly one prime q | n, where ¢ > 5, and vy(n) > 2 for every other
prime p | n, then
30
A(n) > 51 Py = 0.920081886...,  @(n) < 217372 (4.2)

In both cases 2 < ®(n) < 2.17372.
Proof. In case (i), 1 —p~ @™+ > 1 — =3 for every p | n, so
Am) = [Ta-»7%) > ] (-»7) = B, (4.3)
p|n p odd prime

the second inequality holding because the prime divisors of n form a finite set of odd primes
and every omitted factor lies strictly between 0 and 1. By (2.3), ®(n) = I(n)/A(n) < (2 +
1073%)/P3 = 2.1035995 . .. < 2.10360.

In case (ii), the factor of A(n) at ¢ equals 1 —¢ 2, and the remaining prime divisors of n form
a finite set of odd primes different from ¢. As in case (i),

B . 1—q2 1
A(n) > (1-¢72 1-p3) = Py = (1—7)13. 4.4
(n) ( q ) H ( p ) 1_q—3 3 q2+q+1 3 ( )
p odd prime
p7#q

The factor 1—1/(g?>+q+1) is increasing in ¢, so for ¢ > 5 it is at least 30/31. Hence A(n) > %)P;;,
and by (2.3), ®(n) = I(n)/A(n) < 31(2+ 1073%)/(30P3) = 2.1737195... < 2.17372.
Finally, in either case, A(n) < 1 and I(n) > 2 give ®(n) = I(n)/A(n) > 2. O

Lemma 4.2. Let N be an odd perfect number or a quasiperfect number. Then N is odd,
2 < I(N)<2+41073%, and N satisfies the hypothesis of case (i) or of case (i) of Lemma 4.1.
Moreover, if 3| N, then v3(N) > 2.

Proof. If N is quasiperfect, then by Proposition 2.7 it is an odd square, so every exponent in
its factorization is even and case (i) applies; moreover I(N) = 2 4+ 1/N by Proposition 2.5 and
1/N < 1073 because N > 10% by Proposition 2.7.

If N is an odd perfect number, then I(N) = 2 by Proposition 2.5, and N = ¢°s® as in
Proposition 2.6. Every prime factor of s occurs in N to an even exponent, and ¢ > 5 because
g =1 (mod 4). If e = 1, case (ii) applies; if e > 5, case (i) applies. Since ¢ # 3, the exponent
v3(N) is even. O

5. ODD PERFECT AND QUASIPERFECT NUMBERS

Theorem 5.1. Let N be an odd perfect number or a quasiperfect number. Then:

(a) 2 < N/p(N) < 2.17372.
(b) 1051 N.
(c) If 3| N, then

49 49 N 12
1.654912666... = -— — ——— B(N — I(N). 1
654912666 3.2 < 672" () < B(N) < 13 (N) (5.1)
(d) If 31 N, then
18 9 N
1.823781305... = — —  — B(N I(N). 5.2
T2 < 2 (,D(N) < ( )< ( ) ( )

Proof. (a) This is Lemma 4.1, which applies by Lemma 4.2.
(b) If 105 = 3 - 5- 7 divided N, then ®(N) > 3.3 . T = 2.1875, contradicting (a).
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(c) By (b), there is a prime ¢t € {5, 7} with ¢t { N. The prime divisors of N form a finite set of
odd primes different from ¢, so, by (3.7),

2 2 2 2
P s 1 T 48 6
C(N :—(1——)<—-—:—. 5.3
(W) < H 2-1 8 t2) — 8 49 49 (53)
p odd prime
p#t

By Lemma 2.4 and (a), B(N) = ®(N)/C(N) > %@(N) > %. For the upper bound, v3(N) >
2 by Lemma 4.2. By Propositions 2.6 and 2.7 and Lemma 4.2, N has a prime divisor p # 3 with
vp(N) > 2. Lemma 3.7 then gives

1 -1 12
m) < 1), (5.4)
(d) The least prime factor of N is at least 5, so Theorem 3.5 and (a) give B(IN) > ®(N)/Z(5) =
%@(N) > %. As in (c¢), N has a prime divisor p with 1,(N) > 2, and Lemma 3.7 gives
B(N) < I(N)(1+1/(p(p+1))) " < I(N). O

49
Corollary 5.2. If N is an odd perfect number with 3 | N, then 1.654912666... = 32 <
T

24 1
B(N) < 3= 1.846153846 . ... If N is an odd perfect number with 31 N, then —i < B(N) < 2.
T

B(N) < I(N) (1 n %)_1 (1 +

Proof. This is Theorem 5.1 with I(N) = 2. O

Corollary 5.3. Let N be an odd perfect number or a quasiperfect number. If 3 | N, then

1 2
13 < C(N)A(N) < 64%

= — 1.208522987 . . .. (5.5)

7.(.2

9
Proof. By Lemma 2.4, C(N)A(N) = I(N)/B(N), so the lower bounds follow from the upper

bounds for B(N) in Theorem 5.1. For the upper bounds, A(N) < 1, and the proof of Theorem 5.1
gives C(N) < 672/49 when 3 | N and C(N) < Z(5) = 72/9 when 31 N. O

If 34N, then 1 < C(N)A(N) < — = 1.096622711 ... ..

Bounds according to ged(15, N). Recall that ©(n) = >_,,1/p. The following bounds, due
to Cohen, Hagis and Suryanarayana, are quoted in [28].

Proposition 5.4. Let N be an odd perfect number. Then 0.667450 < ©(N) < 0.693148 if
ged(15,N) =1, 0.603831 < ©(N) < 0.657304 if ged(15, N) = 3, 0.647387 < ©(N) < 0.678036
if ged(15, N) = 5, and 0.596063 < O(N) < 0.673770 if ged(15, N) = 15 [28].

Theorem 5.5. Let N be an odd perfect number or a quasiperfect number, and let g = ged (15, N).
(a) We have

N 75 25 9 49
B(N Ag —— 2A here \{ = —=, M =—=, As= — =
(N) > 9 5(N) > 2Ag, where AL = o5 3= 3.2 5= o 15= 63
and 2 1 = 1.899772193..., 2A3 = 1.688686394 ..., 2A5 = 1.823781305..., 215 =
1.654912666 . . ..
(b) If N is an odd perfect number, then

3exp(0.657304 — §) < 1.84348 if g =3,

B(N) < { Sexp(0.678036 — 1) < 1.93549 if g =5, (5.7)

8exp(0.673770 — &) < 1.84125 if g = 15.

(5.6)
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(c) If N is an odd perfect number, then, with 6 and € as in Lemma 3.8,

exp(0.667450 — 0 +£(3) +¢(5)) > 1.90281 ifg=1,
exp(0.603831 — § +£(5)) > 1.70584 if g =3,
B(N) > p( ) /9 (5.8)
exp(0.647387 — 0 +£(3)) > 1.83233 if g =5,
exp(0.596063 — 0 + (7)) > 1.67856 if g =15.

Proof. (a) By Lemma 2.4 and Theorem 5.1(a), B(N) = ®(N)/C(N) and ®(N) > 2, so it suffices
to show that C(IV) < 1/A,. If g = 1, the least prime factor of N is at least 7, and Theorem 3.5
gives C(N) < Z(7) =¢((2)- 3 - & - gé = 872/75. If g = 3, the prime divisors of N form a finite
set of odd primes different from 5, so C(N) < %2(1 — 2—15) = 372/25. If g = 5, the least prime
factor of N is at least 5, so C'(N) < Z(5) = 72/9. If g = 15, then 7{ N by Theorem 5.1(b), so
C(N) < T (1 — &) = 672/49.

(b) Since log(1+z) < x for x > 0, every term of the sum ZP|N(1/p—log(1+1/p)) is positive,
and therefore

log B(N) = O(N) — Z(; —log(1+ ]13)) < O(N) - Z(; —log(1+ ]13)) (5.9)

p|N plg

The bounds follow from Proposition 5.4, the last sum being % — log% for g = 3, % — logg for
g = 5, and the sum of these two for g = 15.

(¢) The prime divisors of N form a finite set of odd primes that contains neither 3nor 5if g = 1,
does not contain 5 if g = 3, does not contain 3 if g = 5, and does not contain 7 if g = 15, the last
by Theorem 5.1(b). Since every e(p) is positive, (3.15) gives 3, v e(p) < 6—¢(3) —£(5), 6 —£(5),
d—¢(3) and § —(7) in the four cases, respectively. The bounds follow from (3.18) and the lower
bounds of Proposition 5.4; numerically, 6 —&(3) —e(5) = 0.0241172..., § —&(5) = 0.0697685.. . .,

§ — £(3) = 0.0417956 ... and § — £(7) = 0.0781212. . . O
Corollary 5.6. Let N be an odd perfect number and let g = ged(15, N). Then
logC(N) +1log A(N) = 10g2—®(N)+Zs(p), (5.10)
pIN
and
1 < C(N)A(N) < 1.05108 ifg=1,
1.08490 < C(N)A(N) < 1.17245 ifg =3, o
1.03333 < C(N)A(N) < 1.09151 ifg =5, (5.11)
1.08621 < C(N)A(N) < 1.19150 if g = 15.
Proof. By Lemma 2.4, log C(N)+1log A(N) = log I(N) —log B(N), and I(N) = 2. Substituting

(3.18) gives (5.10). The numerical bounds follow from C'(N)A(N) = 2/B(N) and the bounds
for B(N) in Theorems 5.1 and 5.5. O

The numerical values in Theorem 5.5 and Corollary 5.6 were evaluated with mpmath at 40
decimal digits; see Experiment J in Section 20. Table 1 collects the bounds of Proposition 5.4
and of Theorems 5.1 and 5.5.

6. THE ABUNDANCY INDEX OF nrad(n)

For a positive integer n, let rad(n) = Hp|n p denote the product of the distinct prime divisors
of n.
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TABLE 1. Bounds according to g = ged(15, N): the bounds for ©(N) quoted
in [28] for an odd perfect number N, and the bounds for B(N) of Theorems 5.1

and 5.5.
g O(N), N odd perfect B(N), N odd perfect B(N), N quasiperfect
1 0.667450 < ©(N) < 0.693148 1.90281 < B(N) < 2 1.899772 < B(N) < I(N)
3 0.603831 < ©(N) < 0.657304 1.70584 < B(N) < 1.84348 1.688686 < B(N) < %I(N)
5 0.647387 < ©(N) < 0.678036 1.83233 < B(N) < 1.93549  1.823781 < B(N) < I(N)
15 0.596063 < O(N) < 0.673770 1.67856 < B(N) < 1.84125 1.654912 < B(N) < 21(N)

Theorem 6.1. For every integer n > 1,

I(nrad(n)) = I(n)H(l—k#) < J(n)H(H#), (6.1)

o po(er™) nt Pt
with equality if and only if n is squarefree. Moreover, I(n rad(n)) <n/e(n).

Proof. Let p be a prime and a > 1 an integer. Since o(p**!) = po(p®) +1,

a+1 a+1
) o™) _q L (6.2)
I(p?) po(p?) po(p?)
We have v, (nrad(n)) = vp(n)+1 for every prime p | n, and nrad(n) has the same prime divisors
as n, so the multiplicativity of I gives the identity in (6.1). Since o(p®) > p+ 1, with equality if
and only if a = 1, the inequality in (6.1) follows, with equality if and only if 1,(n) = 1 for every
p | n. Finally, Proposition 2.3 applied to nrad(n) gives I (nrad(n)) < ®(nrad(n)) = ®(n). O

Theorem 6.2. Let

1 84¢(3
= 11 (1+- ) = B _ 1 036584766 ... (6.3)
p odd prime p(p TPt 1) g

(a) If N is a quasiperfect number, then I(Nrad(N)) < xI(N) < 2.07317.
1
(b) If N is an odd perfect number, then I(N rad(N)) < 2—0 kI(N) < 2.14228.

Proof. For every prime p,

1 I(p? 1—-p
pP*+p+1)  I(p?) 1-p7°
. » 16 96 L
By Proposition 2.8, [T, 4ad prime(1 =P7") = o) b and by (4.1), TT} oaa prime(1 =P 7%) =
8
P3; = ——. Dividing gives the evaluation in (6.3).
e (09

(a) By Proposition 2.7, N is odd and v,(IN) > 2 for every prime p | N, so a(p”P(N)) > p?+p+1.
By Theorem 6.1,

I(Nrad(N)) < 1(V) [T (1+

p|N

m) < kI(N), (6.5)

the second inequality holding because the prime divisors of N form a finite set of odd primes
and every factor exceeds 1. Since I(N) =2+ 1/N < 2+ 10725, we obtain x I(N) < 2.07317.
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(b) By Lemma 4.2, either v,(N) > 2 for every prime p | N, in which case the argument of (a)
gives I(Nrad(N)) < kI(N), or there is exactly one prime ¢ | N with v4(N) = 1, where ¢ > 5,
and v,(N) > 2 for every other prime p | N. In the second case, Theorem 6.1 gives

1 1 31
I(N rad(N §1N<1+7) (1+—) < ZRIN), (6.6
( () ) alg+1) }_JIV p(p* +p+1) 30" 1Y) (66)
p#q
since 1+1/(g(q + 1)) < 31/30 for ¢ > 5. In both cases I(N) = 2 and 35r -2 = 2.1422751... <
2.14228. ]

7. THE FUNCTIONS &, ot AND ot
y P

Séndor and Atanassov [25] introduced, for a multiplicative function f, the functions obtained
by shifting each local factor of f by one unit; the functions ¢™ and o™ were studied further by
Mandal [16]. Let 1(n) = n]],,(1 + 1/p) = nB(n) denote the Dedekind function. For n > 1

and f € {o,p, ¥} put
o = TICE™) +1). o) = TI(e™) 1), (7.1)

pln pln

and fT(1) = f~(1) = 1. These functions are different from the shifted abundancy indices I
and I~ of Section 10, in which every divisor, and not every local factor, is shifted.

Proposition 7.1. Let n > 1 and write ap = vp(n). Then

o (n) = rad(n)a(%), that is, a‘én) = I(rac?(n))’ (7.2)
and

of(n) 1 o(n) _ 1

o~ L0 oga) e = I ogam)

v rp(y, L S r(y. 72

Y(n) g( T i 1)>’ p(n) H( +pa?‘1(p—1)>'

Proof. For a prime p and an integer a > 1 we have o(p®) —1 = p+ --- + p* = po(p®!).

Multiplying over the prime divisors of n gives ¢~ (n) = rad(n) o(n/rad(n)), and dividing by n
gives (7.2). The identities (7.3) follow from (7.1) and the multiplicativity of o, ¢ and ¢, using

o) —1=po(p® '), v(p*) =p* *(p+1) and (p*) =p* ' (p—1). O
Theorem 7.2. Let
1 72 1
p= II (1+ = = 1.172942380. . ., o= [ (1+ =
p odd prime( p(p + 1)) 7C(3) p odd prime( p(p N 1))
(7.4)

(a) Let n > 1 be an odd integer with v,(n) > 2 for every prime p | n; in particular, let n be
a quasiperfect number. Then

o(n)

—= <o (n) <oan) <of(n) <pon), Pn) <YPT(n) <pdn), en) < etn) < den).

p
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(b) Let N be an odd perfect number. Then

7 7
6, 7)< 0T(N) < o(N) < oF(N) < Lo(N), wF(N) < CUN), gHN) < e
(7.6)
where 5/(6p) = 0.710463998 ..., 7p/6 = 1.368432777 ... and 50/4 = 1.619663697 . . ..
Proof. F i have 1+ —— L=p by (11) and (3.7), p= Py Z(3)
roof. For every prime p we have = , SO, .1) an ), p= =
2 y prime p p(p+31) = 6 y p=D"Ds
8 w2 . 1 1+p- 1—p~ .
——— . —. Likewise 1 + = = , 80, by Proposition 2.8, the
7€3) 8 plp—1) 1-p2 (1-p?)(1-p?)

product over all primes equals ¢(2)¢(3)/¢(6) = 315¢(3)/(27*); removing the factor 3/2 at p = 2
gives the value of 6.

(a) Let p | n and a = vp(n) > 2. Then o(p?) > p*> +p+ 1> p(p+ 1), pa(p®!) > p(p + 1),
p» Yp+1)>p(p+1) and p> t(p—1) > p(p—1). Hence each factor of the first three products
in (7.3) is greater than 1 and at most 1+ 1/(p(p + 1)), and each factor of the fourth is greater
than 1 and at most 14+ 1/(p(p —1)). The prime divisors of n form a finite nonempty set of odd
primes, so the first three products lie strictly between 1 and p and the fourth strictly between
1 and 6, which is (7.5). A quasiperfect number is an odd square by Proposition 2.7.

(b) By Lemma 4.2, either v,(NN) > 2 for every p | N, in which case (a) applies and gives (7.6),
or there is exactly one prime ¢ | N with v,(N) = 1, where ¢ > 5. In the second case the factors
of the four products in (7.3) at gare 1 +1/(¢+1) <7/6, 1+1/¢ <6/5,1+1/(¢+1) <7/6
and 1+ 1/(q—1) < 5/4, respectively, and the products of the remaining factors are bounded as
in (a). All factors exceed 1, which gives the inequalities 0~ (N) < o(N) < o™ (). O

Corollary 7.3. If N is a quasiperfect number, then

14¢(3) _ I(N)
1.705113595... = I I(N I(Nrad(N I(N).
o < < (rad(N))< (N) < I(Nrad(N)) < rI(N)
(7.7)
If N is an odd perfect number, then
1.420927996... = - < I(L) <2 < I(Nrad(N)) < “1n. (7.8)
3p rad(N) 15

Proof. By (7.2), I(N/rad(N)) = o~ (N)/N, so the bounds for I(N/rad(N)) follow from Theo-
rem 7.2 and o(N)/N = I(N), with I(N) > 2 in the quasiperfect case and I(N) = 2 in the odd
perfect case. The bounds for I(Nrad(N)) are Theorems 6.1 and 6.2. O

8. THE LEAST PRIME FACTOR AND THE NUMBER OF PRIME FACTORS

In this section 7(x) denotes the number of primes not exceeding x, and - denotes Euler’s
constant. Lower bounds for the number of distinct prime factors of an odd perfect number in
terms of its least prime factor, based on estimates for the distribution of primes, go back to
Norton [20]. We use the following explicit estimates of Rosser and Schoenfeld.

Proposition 8.1. For every real x > 1,

1
) < E}L < 67(log:r)(1+10g2$). (8.1)

T (p——
¢’ (logz) 2log? z

Moreover, w(x) > x/logx for x > 17 and w(z) < 1.25506 2/ log x for x > 1 [23].

50
4

(N),
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Theorem 8.2. Let n be an odd integer with I(n) > 2, with exactly k distinct prime factors and
with least prime factor py. Let y be the k-th term of the increasing sequence of all primes not
less than p1, and let L =log(py — 1). Then

2
y > X, where X = (p; —1)? exp(—z>, (8.2)
and
k> nX)—7n(p1—1)+1 (8.3)
If p1 > 11, then
1) (8.4)
log X log(py — 1)

Proof. Let p1 < --- < pg be the prime factors of n and let g1 < g2 < --- be the primes not less
than pp, so that g1 = p; and g = y. Then p; > g; for every ¢, and since x/(x — 1) is decreasing
for x > 1, Proposition 2.3 gives

k k
i e ll<yp/(0—1)
2 < I(n) < gpi_l < | e Rl (8.5)

Since p; — 1 > 2, both bounds of (8.1) apply, the lower one at z = p; — 1 and the upper one at
x =y. Writing ¢t = logy, we obtain

1 P P 1
267(L—E) <2 I < Hﬁ < e”(t+¥>, (8.6)
p<p1—1 Py

that is, t + 1/t > 2L — 1/L. Since y > p;1 > p1 — 1, we have t > L > 0 and hence 1/t < 1/L.
Therefore t > 2L — 2/L, which is (8.2).

The primes not exceeding y are the primes not exceeding p; — 1 together with ¢1, ..., qs, so
m(y) =7m(p1 — 1) + k. Since X < y and y is prime, 7(X) < w(y) — 1, which gives (8.3).

Finally, X is increasing in p1, and for p; = 11 we have X = 100 exp(—2/log10) = 41.954... >
17. Hence, for p; > 11, Proposition 8.1 gives (X ) > X/log X and 7(p; — 1) < 1.25506 (p1 —
1)/log(p1 — 1), and (8.4) follows from (8.3). O

Corollary 8.3. Let N be an odd perfect number or a quasiperfect number with exactly k distinct
prime factors and least prime factor pi. Then (8.2) and (8.3) hold for N, and (8.4) holds if
p1 > 11. For example, if p1 = 101, then X = 6477.21..., and (8.4) gives k > 712, while (8.3)
gives k > w(6477) — w(100) + 1 = 816.

Proof. By Propositions 2.5 and 2.7, N is odd and I(N) > 2, so Theorem 8.2 applies. For
p1 = 101 we have L = log 100 and X = 10%exp(—2/log 100) = 6477.21...; the right-hand side
of (8.4) equals 711.80.. ., and 7(6477) = 840, 7(100) = 25. O

For p; = 3,5,7,11,13,17,19,23, the right-hand side of (8.3) equals 0,1, 3,10, 14, 25, 31, 47,
respectively. An odd perfect number has at least ten distinct prime factors [18], and at least
twelve if it is not divisible by 3 [19]; hence, for odd perfect numbers, among these values of p1,
(8.3) exceeds these bounds exactly for p; € {13,17,19, 23}.

9. THE RECIPROCALS OF THE PRIME DIVISORS OF A QUASIPERFECT NUMBER

If N is an odd perfect number, then >\ 1/p < log2 [3]; see also [28]. We prove the
corresponding statement for quasiperfect numbers.

Lemma 9.1. For every real x with 0 < x < 1, log(1 4+ = + 2?) > x.
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Proof. Let g(x) = log(1 + z + 2?) — z for = € [0,1). Then g(0) = 0 and

142z z(1—1x)
/
= '™ = =
g () 1+x+ 22 1+z+ 22’
which is positive for x € (0,1). Hence g(x) > 0 for every = € (0,1). O

Theorem 9.2. If N is a quasiperfect number, then

log B(N) < Z; < logI(N) = log(2+%>. (9.1)
pIN

In particular, Y-, 1/p > log(49/(37%)) = 0.503748237 ... if 3 | N, and 3, 1/p > log(18/7°) =
0.600911986. .. if 31 N.

Proof. By Proposition 2.7, N is an odd square, so v,(N) > 2 and p > 3 for every prime p | N.
Since I(p“) is increasing in a, Lemma 9.1 with = 1/p gives
1

logI(p”P(N)) > log(1+;+p12> > .

Summing over the prime divisors of N and using the multiplicativity of I gives log I(N) >
>_pv 1/p, and I(N) = 2+ 1/N by Proposition 2.5. For the lower bound, log(1 + z) < z for
z > 0 gives log B(N) = >_, ylog(l+ 1/p) < >, 5 1/p. The numerical bounds follow from
Theorem 5.1. t

10. SHIFTED ABUNDANCY INDICES

We now study the two natural perturbations of I obtained by shifting each divisor by one
unit in the denominator.

Definition 10.1. For a positive integer n, the upward and downward shifted abundancy indices
of n are

1 . 1
)y =1+3 - =1+ - (10.1)
din d|n
dLl dLl

In both definitions the divisor d = 1 is deliberately left unshifted. This is not a cosmetic
convention: it normalizes both functions so that I*T(1) = I(1) = I~ (1) = 1, it keeps [~ finite,
and, as Remark 13.6 explains, it supplies the single positive term that makes the entire theory
possible. Since 1/(d+1) <1/d < 1/(d — 1) for every d > 1, we have the elementary chain

It(n) < I(n) < I (n) (n>1), (10.2)

and the object of the remaining sections is to determine exactly how far apart these quantities
can be when n is odd.

Unlike I, neither shift is multiplicative: for instance I*(15) = 71/48 while I (3) I (5) =
(5/4)(7/6) = 35/24 = 70/48, and I~ (15) = 51/28 while I~ (3) I~ (5) = (3/2)(5/4) = 15/8. This
failure of multiplicativity is exactly what makes the comparison of the shifts with I a genuinely
extremal problem rather than a local computation at prime powers, and it is the reason why
the classical Euler-product machinery is unavailable here.
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Motivation. There are three reasons for studying these two functions in connection with odd
perfect numbers. Write o_(n) = >y, d=F = op(n)/n* for k > 1, so that o_; = I.

First, I~ and I" collect all the higher abundancy indices o_;(n) into single quantities, of
which [ is the leading term.

Proposition 10.2. For every positive integer n,

I"(n) = 14 (o-k(n)=1),  IT(n) = 14 (1) (0_(n) - 1), (10.3)

k>1 k>1

both series converging absolutely. Consequently

I"(n)=1I(n) = Y (o_k(n)—1), I (n)=I*(n) =2 (0-9(n (10.4)

k>2 §>1

Proof. For every integer d > 2 the geometric series give 1/(d —1) =3, d * and 1/(d + 1) =
> o1 (=1)F1d=* both absolutely convergent. Summing over the ﬁnitefy many divisors d > 1
of n and using o_(n) — 1 = > din, d>1 d=* gives (10.3). The first identity of (10.4) follows on
removing the term k£ = 1, and the second on subtracting the two series of (10.3). O

For a perfect number the defining equation fixes the first term, o_1(N) = 2, and says nothing
directly about the others. By (10.4), the bounds for I~ (N) and for I~ (N) — I () are bounds
for the totals of the remaining terms: for an odd perfect number N, Corollaries 10.12 and 10.5
below give

> (o-k(N)—1) < 28:—2 = % = 02721..., > (0-;(N)—1) < 0.2124620116.
E>2 j>1
(10.5)

Second, the two shifts place 2 strictly inside an interval attached to N: by (10.2), every
perfect number satisfies IT(N) < 2 < I~ (N). The sharp constants determined below turn this
into explicit necessary conditions that can be tested on any odd integer of Euler form without
knowing whether it is perfect (Corollary 10.12).

Third, the quantities I(n), n/p(n), B(n) and C(n) studied in the first part of this paper
are multiplicative, so each is determined by the prime powers dividing n taken one at a time,
and any relation among them splits into independent local relations. The shifted indices are
not multiplicative: by Lemma 12.2 below, I~ (n) — I't(n) = 2 djn, d>1 2/(d? — 1) is a sum over
all divisors of n, composite ones included, measured against the total > ;=5 4 oqq 2/ (d> —1) =
1/2 taken over all odd integers. They therefore record how the divisors of n are distributed
among the odd integers, which is information that the multiplicative quantities do not carry,
and Proposition 12.3 relates the two kinds of information. Whether constraints of this non-
multiplicative kind can be combined with the known arithmetic conditions on an odd perfect
number to exclude its existence is an open question, and it is the question that motivates the
determination of the sharp constants in the following sections.

For every integer n > 1 we have

I~ (n) > IT(n), (10.6)
by Proposition 12.1 below. The first result bounds the size of this separation on the class of

integers singled out by Euler’s structure theorem and Nielsen’s bound.

Theorem 10.3. Let n be an odd integer having at least ten distinct prime divisors, exactly
one prime power in its factorization carrying an odd exponent and all the others carrying even
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exponents. Then, writing tg = log,(836970/680449),

. 1 I (n) 836970
0 <1 —I" - 1 ole —
< m)=-It) <3, S ) S 630449

(10.7)

and both constants in (10.7) are optimal for the class in question, being approached but not
attained.

Remark 10.4. We say at once, so that the reader is not misled about the strength of (10.6),
that the hypotheses play no role in it: the strict inequality I~ (n) > I*(n) holds for every
integer n > 1 whatsoever, odd or even, with any number of prime divisors and any exponent
pattern, and its proof is a one-line termwise comparison, since 1/(d — 1) > 1/(d + 1) for every
divisor d > 1. What the hypotheses do control is the second half of Theorem 10.3, that is, how
large the gap can be. Even there the accounting is uneven: the additive constant 1/2 needs
oddness but nothing else, being sharp already for all odd n, whereas the multiplicative constant
836970/680449 genuinely uses the exponent structure, being strictly smaller than the constant
612/497 valid for all odd integers. Determining constants of this kind is the substance of these
sections, and Corollary 10.5 records what they give in the case of principal interest.

Corollary 10.5. Let n be an odd perfect number, so that in particular n satisfies the hypotheses
of Theorem 10.5. Then IT(n) <2 < I~ (n) and

2
0 < I"(n)—I"(n) < 25¢ — 55— =0.4249240231041 .., (10.8)
&

in the notation of (10.16) and (10.18) below, which improves the universal bound 1/2 of (10.7)
by just over fifteen percent.

Theorem 10.3 and Corollary 10.5 are proved in Section 12. The elementary half of Theorem
10.3 depends only on Section 11; the sharp constants it quotes are established in Section 18,
and Corollary 10.5 uses in addition Corollary 10.12. We now describe those sharp comparison
constants, which occupy the following sections.

Theorem 10.6. Put
_I(315) 3254203392
~ It(315) 3001892677

and ¢ = log, R* = 0.1164320252014595917677 . ... Then for every odd positive integer n,

I(n) n I(n)

o = T = 5
Both constants are optimal. The left-hand inequality is an equality if and only if n = 1, and
no constant ¢ > 0 is admissible there. The right-hand inequality is an equality if and only if
n=2315=232.5-7, and no constant smaller than ¢ is admissible.

R* = 1.084050544822325771642. . ., (10.9)

(10.10)

The hypothesis that n be odd is essential and cannot be weakened: for n = 12 one computes
I(12)/I1(12) = 1.164853250434 ... > R*, so the right-hand inequality of Theorem 10.6 already
fails at n = 12 (see Remark 15.2).

The downward shift behaves analogously, but with a noticeably larger optimal constant and
a different, smaller extremal integer.

Theorem 10.7. Put

I=(15 255
(15) — = 1.138392857142857142857 . . ., (10.11)

5= Ts) T o
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and ¢’ = log, S* = 0.1869985148012538301362 . ... Then for every odd positive integer n,
2 I(n) < I~ (n) < 29I(n). (10.12)

Both constants are optimal. The left-hand inequality is an equality if and only if n = 1, and
no constant ¢ > 0 is admissible there. The right-hand inequality is an equality if and only if
n =15=3-5, and no constant smaller than ¢’ is admissible.

Combining Theorems 10.6 and 10.7 with (10.2) gives, for every odd n > 1, the sharp chain
27“I(n) < I't(n) < I(n) < I (n) < 2°I(n), (10.13)

in which the outer constants cannot be improved. One might expect the resulting comparison of
the two shifts with each other, namely I~ (n) < 2¢+¢"I*(n), to be sharp as well. It is not, and
the loss is genuine rather than a rounding artifact: the two outer extremal problems are solved
at different integers, 315 and 15, so no single n can be extremal for both. The correct constant
is smaller and is again attained.
Theorem 10.8. Put
I—(15) 612
= = — = 1.231388329979879275654 . . . 10.14
I+(15) 497 ’ ( )
and t = logy T* = 0.3002858011303656023128 . ... Then I~ (n) < 2! I (n) for every odd n, with
equality if and only if n = 15, and t is optimal. Moreover

t =0.3002858011... < ¢ + " =0.3034305400. .., (10.15)

T*

so the sharp spread constant is strictly smaller than the sum of the two sharp one-sided constants.

Our motivation comes from the theory of odd perfect numbers. Euler proved that an odd
perfect number must have exactly one prime power with an odd exponent (Proposition 11.3
below), and Nielsen [18] proved that such a number has at least ten distinct prime divisors,
improving his own earlier bound of nine [19]; Ochem and Rao showed that any odd perfect
number exceeds 10" [21] and gave complementary bounds involving the total number of prime
factors counted with multiplicity [22]. These conditions single out a distinguished class of odd
integers, and on that class all three extremal constants improve.

Definition 10.9. An odd positive integer n is said to be of Fuler form if at most one prime
power in the canonical factorization of n carries an odd exponent; equivalently, if n = p®m?
with p prime, p{ m and « odd, or n is a perfect square. We write £ for the set of odd integers of
Euler form, and &;¢ for the subset of those n € £ with exactly one odd exponent and w(n) > 10,
where w counts distinct prime divisors.

Theorem 10.10. Put
B 1(2205) ~29332068105860657280
a 1+(2205) ~27090788267918857153

and c’g = logy Re = 0.1146764216408366729078 . ... Then for every n € &,
I(n) > I+(n) > 1(77)

20 9Ce

and both constants are optimal on £. The right-hand inequality is an equality if and only if

n = 2205 = 32.5.72. On the smaller class E1o the same two constants are optimal, but there
the right-hand inequality is strict for every n, the value cg being approached and not attained.

Re = 1.082732175076497971588 . . ., (10.16)

, (10.17)
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Theorem 10.11. Put
I—(45) 18195
I(45) 16016

[7(45) 836970

S — —
£ It(45) ~ 630449

= 1.230026056324573921 . ..

(10.18)
and ¢t = logy Sg = 0.1840281718930352745525 . . ., te = logy Te = 0.2986888772979174328 . . ..
Then for everyn € &,

XI(n) < I~(n) < 2%I(n), I (n) < 2% I*(n), (10.19)

= 1.136051448551448551449 . . ., Te =

and all three constants are optimal on £. Both right-hand inequalities are equalities if and only
if n =45 =32.5. On &g the same constants are optimal but neither is attained.

It is worth emphasizing how little the extra structural hypotheses buy: passing from all
odd integers to the Fuler class moves each optimal exponent only in the third decimal place,
and imposing w(n) > 10 on top of the Euler form does not move it at all. This is a genuine
phenomenon rather than a defect of the method, and Sections 16 and 18 identify exactly why:
each supremum on &1 is approached along integers whose auxiliary primes tend to infinity and
therefore contribute nothing in the limit.

Finally, the two-sided information about I™ and I~ at an odd perfect number, which feeds
Corollary 10.5, is the following.

Corollary 10.12. If n is an odd perfect number, then
18195

2

1.84TIT88T3098728783 < —— < I"(n) < 2 < I"(n) < 28 = 0 = 22721028071
E

(10.20)

Consequently, an odd integer n of Euler form with IT(n) < 2/Rg, or with I~ (n) > 18195/8008,
cannot be perfect.

11. PRELIMINARIES

Throughout, p and ¢ denote primes, v,(n) is the exponent of p in n, w(n) is the number of
distinct prime divisors of n, 7(n) is the number of divisors of n, m(z) is the number of primes
not exceeding z, and o(n) = > 4, d. Since d — n/d permutes the divisors of n, we have

I(n) = o(n)/n, and I is multiplicative with I(p®) =1+p~ L+ - +p~ 2
Definition 11.1. For n > 1 we write

_ I(n) B B
BO= Ty 50 = T ~ )

for the three comparison ratios. By (10.2) all three exceed 1 for n > 1.

T(n) = R(n)S(n) (11.1)

Proposition 11.2. For everyn > 1 we have I (n) < I(n) < I~ (n), with equality throughout if
and only if n = 1. Moreover

inf{R(n) : n odd} = inf{S(n) : n odd} = inf{T(n):n odd} =1, (11.2)
and none of the three infima is attained by any odd n > 1.

Proof. Comparing the defining sums term by term, the contributions of d = 1 agree and every
divisor d > 1 contributes 1/(d+1) < 1/d < 1/(d —1). Hence

I(n) — I't(n) = dz|: d(d1+1) >0, I (n)—1I(n)= dz d(dl—l) >0, (11.3)

d>1 d>1
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and each quantity vanishes exactly when n has no divisor exceeding 1, that is, when n = 1.
For the infima, take n = p an odd prime; then R(p) = (1 4+ 1/p)/(1 +1/(p + 1)), S(p) =
(1+1/(p—1))/(1+1/p) and T(p) = 1+ 1/(p —1))/(1 +1/(p + 1)), each of which tends to 1
as p — oo while remaining strictly greater than 1. g

Proposition 11.2 already settles every left-hand constant appearing in Theorems 10.6, 10.7,
10.10 and 10.11: for instance I(n)/2¢ > I'"(n) holds for all odd n if and only if 2¢ < inf R(n) = 1,
that is, if and only if ¢ < 0, and identically for S and T. So ¢ = 0 is optimal on the full odd
class and on every subclass considered here, since the family of primes used in the proof can be
replaced by p- ¢} -- q% with all primes tending to infinity in order to stay inside £1g. All the
remaining work concerns the upper constants, that is, the determination of sup R(n), sup S(n)
and sup T'(n).

We now record Euler’s classical parity restriction, which explains Definition 10.9; for its history
see Dickson [4, Ch. I].

Proposition 11.3 (Euler). Let n be an odd perfect number. Then exactly one prime power in
the canonical factorization of n carries an odd exponent, and all the remaining exponents are
even. Consequently n € £, and by [18] in fact n € &1p.

Proof. Write n = Hle p;* with distinct odd primes p;. Perfection means o(n) = 2n, and since
n is odd we have 2n = 2 (mod 4), so va(c(n)) = 1. On the other hand o is multiplicative, so
o(n) = Hle o(p;*). For an odd prime p we have o(p*) = 1+p+---+p* =a+1 (mod 2),
because each of the a+ 1 summands is odd. Hence o(p;*) is even precisely when a; is odd. Since
v of a product is the sum of the vy of its factors and vo(o(n)) = 1, exactly one factor o(p;*)
can be even, and that factor satisfies vo = 1. Therefore exactly one exponent a; is odd. The last
assertion follows from Nielsen’s theorem [18] that w(n) > 10 for every odd perfect number. [

Note that Definition 10.9 allows n to be a perfect square, that is, to have no odd exponent at
all; this slightly larger class is the natural one for our extremal problem, since it is closed under
the truncation operations used in Section 14, whereas the class of integers with exactly one odd
exponent is not. The distinction matters, and we shall be careful with it: a perfect square lies
in £ but never in £ig.

12. SEPARATION OF THE TWO SHIFTS

The separation itself is elementary, and we isolate it first in the generality in which it actually
holds.

Proposition 12.1. For every integer n > 1 we have I~ (n) > It (n), and I~ (1) = I't(1) = 1.

For odd n this is the outer pair of the chain (10.2), but the statement needs neither oddness nor
that chain, so we prove it directly.

Proof. Both quantities are 1 plus a sum indexed by the divisors d > 1 of n, the summands being
1/(d — 1) and 1/(d + 1) respectively. For every such d we have d +1 > d—1>1 > 0, hence
1/(d—=1) > 1/(d + 1). Summing over the divisors d > 1 of n, of which there is at least one
because n > 1, gives I~ (n) — I (n) = 3 y,, 41 (1/(d—1) =1/(d+1)) > 0. For n =1 the index
set is empty and both sums vanish. O

The size of the gap is governed by a telescoping estimate, which is where oddness enters.
Lemma 12.2. For everyn > 1,
2
- +(n) —
I=(n) — It (n) _Zﬁ. (12.1)

dln
d>1
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If n is odd then I~ (n) — I (n) < 1/2, and if in addition n is divisible by every odd integer in
[3, k] for some odd k > 3, then

1 1 1

- < I (n)-TI* = 12.2
- S T - < (129
For general n the corresponding bound is I~ (n)—I1"(n) < 3/2, and both 1/2 and 3/2 are optimal,
being approached along my and along lem(1, ..., k) respectively as k — oo, where my denotes

the odd part of lem(1, ..., k).

Proof. For every integer d > 1 we have 1/(d —1) —1/(d+1) =2/((d—1)(d+ 1)) =2/(d* — 1),
which gives (12.1). If n is odd then its divisors d > 1 are distinct odd integers at least 3, so
(12.1) is a subsum of

2 1 1 1
S =% (<7 . 7) - (12.3)
P10 H\z 222
d odd

the series (12.3) telescoping because consecutive odd integers d = 2j+ 1 produce the consecutive
even reciprocals 1/(27) and 1/(2j + 2). The subsum is proper, because no integer is divisible by
every odd integer exceeding 1, so the inequality is strict. If every odd d € [3, k| divides n, the
same telescoping gives the partial sum

2 1 1
S 12.4
2 E 1T Een (124)
3<d<k
d odd
which is a lower bound for (12.1), proving (12.2). For general n the divisors d > 1 are distinct

integers at least 2, and substituting j = d — 1 gives
2 1 1 1
R L
d22(1 1 s i j+2 2

the telescoping now proceeding in steps of two so that the first two terms survive; the same
properness argument gives strict inequality. For the optimality of the two constants, every odd
d < k divides my, and every d < k divides lem(1,...,k), so the corresponding partial sums of
(12.3) and (12.5) are attained, and they converge to 1/2 and 3/2. O

3
= 12.5
27 ( )

Proposition 12.3. For every integer n > 1,
+
I~(n)—1 > zz|:p — Z|: s > logC(n), (12.6)
pln pln

where C(n) = [, p 2/(p* — 1) as in (2.2). Consequently I~ (n) — I (n) > 2logC(n) and

B(n) > — I_(”)_ﬁ(”)) (12.7)

p(n) 2
Proof. The prime divisors of n are among the divisors d > 1 of n, and every term of (12.1) is

positive, which gives the first inequality; the second holds because the sum is positive. Since
log(1+ z) < z for x > 0,

log C(n Zlog( 1) < 21)21_1, (12.8)
pln p|n

which gives the third inequality and I~ (n) — I't(n) > 2logC(n). By Lemma 2.4, C(n)
®(n)/B(n) with ®(n) =n/p(n), and (12.7) follows.

oo



20 FRANK VEGA

Lemma 12.4. The constant 1/2 in (12.2) is optimal even for the class E1g: there exist n € &1
with I~ (n) — I (n) arbitrarily close to 1/2.

Proof. Let k > 29 be odd, let my denote the odd part of lem(1,2,...,k), so that every odd
d < k divides my and w(my) = 7(k) — 1, and let ¢ be any prime exceeding k, necessarily odd
since ¢ > k > 29. Put

ng = maq. (12.9)

Both my and ¢ are odd, so ng is odd. Every exponent of mi is even and ¢ 1 my, since every
prime factor of my is at most k < ¢, so ni has exactly one prime power with an odd exponent,
namely ¢'; and w(ng) = w(my) + 1 = 7(k) > 7(29) = 10. Hence ny, € £19. Since my | ng, every
odd d € [3, k] divides ng, so (12.2) gives 1/2 —1/(k+1) < I~ (ng) — I (ng) < 1/2, and letting
k — oo through odd values completes the proof. ]

Remark 12.5. The auxiliary prime ¢ in Lemma 12.4 is not a convenience but a necessity. The
integer m% alone is a perfect square, hence has no prime power with an odd exponent; it therefore
lies in £ but not in &9, and cannot be used to test optimality on the class of Theorem 10.3.
Multiplying by a single new prime restores the required parity without disturbing any of the
divisors already present, since my | mzq.

Proof of Theorem 10.3. Let n satisfy the hypotheses. Having at least ten distinct prime divisors,
n exceeds 1, so (10.6) is Proposition 12.1, and the two left-hand strict inequalities in (10.7) follow
as well.

The additive upper bound I~ (n)—1"(n) < 1/2 is Lemma 12.2, n being odd, and its optimality
on the class in question is Lemma 12.4, whose construction is not negotiable for the reason given
in Remark 12.5.

For the multiplicative bound, the hypotheses place n in &9 C &, so Theorem 10.11 gives
I=(n) < 2t [*(n) with 2% = Te = 836970/680449, the inequality being strict on £jp because
equality on £ occurs only at n = 45, which has w(45) = 2 < 10. The same theorem shows that
Te is approached along 45 - g3 - - - 2 with the primes ¢; tending to infinity, all of which lie in &9,
so no smaller constant is admissible. g

Remark 12.6. The proof shows exactly where each hypothesis is used. Oddness and the size of
w(n) are irrelevant to (10.6), which needs only n > 1; the additive bound 1/2 needs oddness
but nothing else, since for even n the sharp constant is 3/2 by Lemma 12.2; and only the
multiplicative bound uses the Euler form, and even there the hypothesis w(n) > 10 affects
nothing but attainment. This is the honest accounting behind Remark 10.4.

Proof of Corollary 10.5. Let n be an odd perfect number. By Proposition 11.3 and Nielsen’s
theorem [18], n satisfies the hypotheses of Theorem 10.3, so I~ (n) — I (n) > 0. By Corollary
10.12 we have 2/Re < I't(n) < 2 < I~ (n) < 2S¢, and subtracting the extreme bounds gives

2 18195  27090788267918857153  43623651349277204129

I~ (n)—It(n) < 2S¢ — — = - =
(n) () €7 Re 8008  14666034052930328640  102662238370512300480’

(12.10)
whose decimal expansion begins 0.4249240231041 .. ., smaller than 1/2 by just over fifteen per-
cent. g

13. A DIVISOR-LOCAL DECOMPOSITION

The whole analysis of the sharp constants rests on the observation that the quantity whose
sign we must control is itself a divisor sum, with a weight depending only on the divisor and on
the constant being tested.
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Definition 13.1. For a real number ¢ > 1 define g. : Z>; — R by

c _1ogsn, (13.1)

gc(l) =c—1, gc(d) = ﬁ d

and for n > 1 set Ge(n) = 34, 9e(d).
Lemma 13.2. For every ¢ > 1 and every n > 1 we have
Ge(n) =cIt(n) — I(n). (13.2)

In particular I't(n) > I(n)/c holds if and only if G.(n) > 0; equivalently, G.(n) > 0 if and only
if c> R(n).

Proof. By the definitions,

cI+(n)—I(n):c<1+ Zldil)—(u Yy $>:(c—1)—|— 3 <dj1—;), (13.3)

d|n,d> dln,d>1 dln,d>1

which is exactly G¢(n). Since I (n) > 0, dividing by I (n) gives the stated equivalences. [

Lemma 13.3. Let ¢ > 1 and let d > 1 be an integer. Then g.(d) > 0 if and only if d > 1/(c—1).
In particular, if ¢ > 14/13 then g.(d) > 0 for every integer d > 13.

Proof. For d > 1 we have g.(d) = (cd — (d+ 1)) /(d(d + 1)), whose denominator is positive; the
numerator equals d(c — 1) — 1, which is positive, zero or negative according as d is greater than,
equal to or less than 1/(c—1). If ¢ > 14/13 then 1/(c—1) < 13, so every integer d > 13 satisfies
d>1/(c—1). O

We record the two companion decompositions now, since they are proved by the identical
computation and will be used in Sections 17 and 18.

Definition 13.4. For a real number ¢ > 1 define h, k. : Z>1 — R by
c 1 c 1

F R R Al S R
and set He(n) = > g, he(d) and Ke(n) =35, ke(d).

Lemma 13.5. For every ¢ > 1 and every n > 1 we have Hy(n) = cI(n) — I~ (n) and K.(n) =
cIt(n) — I~ (n). Consequently H.(n) > 0 if and only if ¢ > S(n), and K.(n) > 0 if and only if
c¢>T(n). Moreover, for d > 1,

he(l) = ke(1) =c—1,  he(d) = d>1), (13.4)

C
hc(d)>0<:>d>c_—1, k:c(d)>0<:>d>c_1

In particular, if ¢ > 9/8 then h.(d) > 0 for every integer d > 9, and if ¢ > 6/5 then k.(d) > 0
for every integer d > 11.

(13.5)

Proof. The two identities follow exactly as in Lemma 13.2, the d = 1 terms of I, I™ and I~
all being equal to 1. For the sign conditions, h.(d) = (c(d — 1) — d)/(d(d — 1)) = (d(c — 1) —
¢)/(d(d — 1)) has positive denominator for d > 1, so its sign is that of d(c — 1) — ¢; similarly
ke(d) = (c(d—1) — (d+1))/((d+1)(d — 1)) has the sign of d(c — 1) — (¢ + 1). Finally ¢ > 9/8
gives ¢/(c—1) <9 and ¢ > 6/5 gives (c+1)/(c —1) < 11. O

The three thresholds 14/13, 9/8 and 6/5 govern the three problems, and they are what make
the deficit sets finite: for admissible ¢ only the odd divisors d € {3,5,7,9,11}, respectively
de {3,5,7} and d € {3,5,7,9}, can contribute negatively.
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Remark 13.6. Leaving d = 1 unshifted is essential. If one were to define I(n) =3 ,,1/(d+1),
shifting every divisor including d = 1, then the surplus term ¢ — 1 would disappear from G, no
positive contribution would remain to offset the deficits at d € {3,5,7,9,11}, and no constant
¢ of the sort considered here would exist; indeed I(n)/I(n) — 2 as n runs through the primes.
For the downward shift the point is even more basic: shifting d = 1 as well would make the term

1/(d — 1) undefined.

14. REDUCTION AND TRUNCATION

All three extremal problems are governed by a weight function that is positive beyond an
explicit threshold, so we prove the reduction machinery once, in that generality, and then spe-
cialize. Throughout this section D denotes an integer with D > 3, and w : Z>; — R is any
function satisfying

w(d) >0 for every integer d > D. (14.1)

We write W(n) = >_, w(d), and we let IIp denote the set of odd primes below D. By Lemma
13.3 the weight g. of Definition 13.1 satisfies (14.1) with D = 13 whenever ¢ > 14/13, and by
Lemma 13.5 the weights h. and k. satisfy it with D = 9 whenever ¢ > 9/8, respectively D = 11
whenever ¢ > 6/5.

Lemma 14.1 (Reduction). Let w and D be as above, let n be odd, and set m = [[ ¢y, prr(m),
Then W(n) > W(m), with equality if and only if n = m. Moreover m has the same exponent
parities as n at every prime below D, and no other prime divides m.

Proof. By construction m | n, so every divisor of m is a divisor of n and W(n) — W(m) =
> djn, dim W(d). Let d | n with d { m. Since m contains the full p-part of n for every odd prime
p < D, the divisor d must be divisible by some prime ¢ | n with ¢ ¢ IIp. As n is odd, ¢ is odd,
so ¢ is an odd prime that is not smaller than D, whence d > ¢ > D. By (14.1) each such term is
positive. The displayed sum is therefore positive unless it is empty, and it is empty exactly when
every divisor of n divides m, that is, when n = m. The remaining assertions are immediate from
the definition of m. O

Lemma 14.2 (Truncation). Let w and D be as above and let m be odd.
(i) If p is a prime with a = vp(m) > 1 and p® > D, then W(m) > W(m/p).
(ii) If p is a prime with a = vy(m) > 2 and p*~! > D, then W (m) > W (m/p?), and m/p?
has the same exponent parities as m at every prime.

Proof. For (i), the divisors of m that do not divide m/p are exactly those d | m with v,(d) = a;
each such d is divisible by p® and hence satisfies d > p®* > D, so w(d) > 0 by (14.1). There is
at least one such divisor, namely d = p*, so W(m) — W(m/p) =3, 4)—,w(d) > 0. For (ii),
the divisors of m that do not divide m/p? are those with v,(d) € {a — 1,a}, each of which is at
least p®~! > D; the same argument applies, and dividing by p? changes no exponent parity. 0O

Corollary 14.3. Let w and D be as above. For a prime p put o, = max{a > 0: p* < D} and
Bp =1+ ayp. Then

inf{W(n) : n odd} = min{W(m) :m = [Ten, p7, 0<ep < ap}, (14.2)
inf{W(n):neé}= min{W(m) tm = [],en, P, 0<ep < By, #{p:ep odd} < 1}, (14.3)

and in both cases the minimum is attained on the indicated finite list.
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TABLE 2. The eight largest values of R = I/I" on the reduction list L.

m factorization R(m)
315 32.5.7 1.084050544822326
106 3-5-7 1.084026385793879

45 32.5 1.082720380219532

1155 3-5-7-11 1.081754648556323

15 3-5 1.081690140845070

3465 32-5-7-11 1.081427810553709
495 3%.5.11 1.080798472639735
165 3-5-11 1.080246381305724

Proof. Given an odd n, Lemma 14.1 replaces n by m supported on IIp without increasing W. For
the first identity apply Lemma 14.2(i) repeatedly: whenever some e, = v,(m) satisfies p® > D,
that is, whenever e, > «,,, divide by p. Each step strictly decreases W and strictly decreases
m, so the process terminates at a member of the first list. For the second identity note that
m € & whenever n € &£, by the parity clause of Lemma 14.1, and apply Lemma 14.2(ii), which
preserves all exponent parities and hence membership in £: whenever e, > 2 and pr~1 > D,
that is, whenever e, > 3,, divide by p?. Since the lists consist of odd integers, and of members
of £ in the second case, the reverse inequalities are trivial, and the lists are finite so the minima
are attained. ([l

We now specialize. For D = 13 we have IIp = {3,5,7,11} with ag = 2 and a5 = a7 = a1 = 1.
For D =9 we have IIp = {3,5,7} with a3 = a5 = ay = 1. For D = 11 we have IIp = {3,5,7}
with a3 = 2 and a5 = a7 = 1. In each case 8, = o, + 1.

Corollary 14.4. Let ¢ > 14/13. Then inf{G.(n) : n odd} = min{G.(m) : m € L} and
inf{G.(n) : n € £} = min{G.(m) : m € Lg}, where

L£={3%5"7°117 : 0 € {0,1,2}, b,e, f € {0,1}}, (14.4)
Le ={3%5"7°117 : a < 3, be, f < 2, #{odd entries among a,b,e, f} < 1}, (14.5)
of cardinalities 24 and 56 respectively.

The counting is immediate. For £ there are 3-2-2-2 = 24 tuples. For L¢ there are 2* = 16
tuples with all four entries even, and 16 + 8 + 8 + 8 = 40 tuples with exactly one odd entry,
according as the odd entry sits at 3 (two odd choices a € {1,3} and 23 even choices elsewhere)
or at one of 5, 7, 11 (one odd choice and 2% even choices elsewhere), for a total of 56.

15. THE SHARP CONSTANT FOR ODD INTEGERS

Theorem 15.1. We have max{R(m) : m € L} = R(315) = 3254203392/3001892677 = R*,
attained only at m = 315 =3%.5.7. Moreover R* > 14/13.

Proof. The evaluation of R at each of the 24 elements of £ is a finite exact rational computation;

the eight largest values are listed in Table 2. The largest is R(315) = (208/105) /(5574943543 /3050815680) =
3254203392/3001892677, and the second largest is R(105) = 5372928 /4956455 = 1.0840263857 . . .,

which is strictly smaller. The final assertion is the integer inequality 13-3254203392 = 42304644096 >
42026497478 = 14 - 3001892677. O
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Proof of Theorem 10.6. The left-hand inequality, its case of equality and the optimality of ¢ =0
are Proposition 11.2.

For the right-hand inequality, let ¢ be any real constant and suppose I (n) > I(n)/c for all
odd n. Taking n = 315 and using Lemma 13.2 gives ¢ > R(315) = R*. Conversely suppose
¢ > R*. Since R* > 14/13 by Theorem 15.1, we have ¢ > 14/13, so Corollary 14.4 applies and
yields, for every odd n,

Ge(n) > min G¢(m) = min I (m)(c — R(m)) > 0, (15.1)
meL meL
the last step because I (m) > 0 and ¢ > R* = max,,cz R(m) by Theorem 15.1. By Lemma
13.2 this is exactly I (n) > I(n)/c. Hence the set of admissible constants is precisely [R*, o),
so the least admissible exponent is ¢ = log, R*.

It remains to identify the case of equality when ¢ = R*. Equality means G+(n) = 0. Let m
be the integer produced from n by Lemma 14.1 followed by the truncations of Lemma 14.2(i), so
that m € £ and Gr+(n) > Gg+(m), with equality if and only if no reduction step was actually
performed, that is, if and only if n = m. Since Gr+(m) = I't(m)(R* — R(m)) > 0 with equality
if and only if R(m) = R*, and since by Theorem 15.1 the only element of £ with R(m) = R* is
m = 315, we conclude that Gg«(n) = 0 forces n = m = 315. Conversely Gg+(315) = 0 by the
definition of R*. O

Remark 15.2. Oddness cannot be dropped. For n = 12 the divisors are 1,2, 3,4, 6,12, so I(12) =
7/3 and I+(12) = 1+1/3+1/4+1/5+1/7+1/13 = 10937/5460, whence R(12) = 12740/10937 =
1.164853250434 . . ., which exceeds R*. The mechanism is transparent in the language of Section
13: an even integer admits the divisor d = 2, whose deficit g.(2) = ¢/3 —1/2 is much larger than
any of the deficits at d € {3,5,7,9,11}, and it admits further even divisors 4, 6, 8,10 as well. An
exhaustive search over even n < 2-10° gives max R(n) = R(12).

16. THE SHARP CONSTANT FOR INTEGERS OF EULER FORM

Theorem 16.1. We have max{R(m) : m € Lg} = R(2205) = 29332068105860657280/27090788267918857153 =
Re, attained only at m = 2205 = 3% -5 - 72. Moreover Rg > 14/13.

Proof. Again this is a finite exact rational computation over the 56 elements of L¢; the ten
largest values appear in Table 3. The largest is R(2205) = Rg and the second largest is R(45) =
9568,/8837 = 1.0827203802.... The two are extremely close, differing by less than 1.2 - 1075,
so the comparison is performed in exact rational arithmetic: Rg — R(45) = 1.1794856978. .. x
10~® > 0. The final assertion is the integer inequality 13-29332068105860657280 = 381316885376188544640 >
379271035750864000142 = 14 - 27090788267918857153. O

Proof of Theorem 10.10. The argument is identical to that of Theorem 10.6, with Corollary
14.4 and Theorem 16.1 in place of their counterparts, and with 2205 in place of 315; note that
2205 € & since only the exponent of 5 is odd. This gives that the set of admissible constants on
€ is exactly [Rg,00), with equality at ¢ = Rg precisely at n = 2205. The left-hand constant is
again ¢ = 0 by Proposition 11.2.

It remains to treat £19. Since £19 C &, the inequality holds on £1¢. It is strict there: equality
on & forces n = 2205, and w(2205) = 3 < 10, so 2205 ¢ &1p. To see that no smaller constant
is admissible on &g, choose seven primes g; < --- < g7, all larger than some bound @), and put
ng = 2205 - q% e q%. Then w(ng) = 3+ 7 = 10 and the only odd exponent of ng is that of 5, so
ng € E1p. Every divisor of ng is of the form d - e with d | 2205 and e | @ q%, and every such
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TABLE 3. The ten largest values of R = I/I" on the Eulerian reduction list Lg.

m factorization R(m)
2205 3%2.5.72 1.082732175076498
45 3%2.5 1.082720380219532
1575 32.52.7 1.082130938289801
225 32.52 1.080968708359679
3675 3-5%.72 1.080909058334637
11025 3%2.52.72 1.080842255290577
5445 32.5-112 1.080190790441669
75 3-52 1.080055099454515
675 3252 1.079659587358526

266805 32-5-7%-11% 1.079532752315904

divisor with e > 1 exceeds ). Hence

7
I(ng) = 12205) [[(1+ 47" +4;%) — 1(2205),  I*(ng) — I*(2205) (16.1)

i=1
as Q — oo, the second limit because the divisors with e > 1 number at most 37 and each
contributes less than 1/Q to the defining sum. Therefore R(ng) — Rg, so no constant smaller
than Rg is admissible on &g, the value being approached and never attained. ]

Remark 16.2. The restriction w(n) > 10 contributes nothing to the constant, and this is not an
artifact. The proof exhibits the supremum on &g as a limit along 2205 - ¢ - - -q% with ¢; — oo:
the constraint w(n) > 10 is satisfied by seven auxiliary primes which can be taken so large that
their divisors contribute an arbitrarily small surplus. Any hypothesis of the form w(n) > k with
k fixed is subject to the same construction, so no bound on the number of prime divisors alone
can improve Rg.

17. THE DOWNWARD SHIFT

We now run the same machinery for /. The weight is h. of Definition 13.4, which by Lemma
13.5 is positive beyond D = 9 as soon as ¢ > 9/8. The relevant candidate lists are therefore
supported on {3,5, 7} only, and are correspondingly shorter:

M ={3%5"7¢a,b,e € {0,1}}, Mg ={395°7° : a,b,e < 2, #{odd entries} <1}, (17.1)
of cardinalities 8 and 20.

Theorem 17.1. We have max{S(m) : m € M} = S(15) = 255/224 = S*, attained only at
m = 15, and max{S(m) : m € Mg} = S(45) = 18195/16016 = S¢, attained only at m = 45.
Moreover S* > 9/8 and Sg > 9/8.

Proof. The exact rational values of S on the two lists are given in Tables 4 and 5. On M the
largest is S(15) = (51/28)/(8/5) = 255/224 and the second largest is S(105) = 385597/339456 =
1.1359263056 . . .; on Mg the largest is S(45) = 18195/16016 and the second largest is S(75) =
291625/256928 = 1.1350456158 . ... The threshold assertions are the integer inequalities 8-255 =
2040 > 2016 =9 - 224 and 8 - 18195 = 145560 > 144144 =9 - 16016. O

Proof of Theorem 10.7. Word for word the proof of Theorem 10.6, with H., S, M, §* Lemma
13.5 and the threshold 9/8 in place of G., R, £, R*, Lemma 13.2 and the threshold 14/13, and
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TABLE 4. The values of S = I~ /I on the full reduction list M. Note that
S(3) = 9/8 coincides exactly with the threshold of Lemma 13.5.

m factorization S(m) exact value
15 3-5 1.138392857142857 255/224
106 3-5-7 1.135926305618401 385597/339456
21 3-7 1.126562500000000 721/640
3 3 1.125000000000000 9/8
35 5.7 1.054432189542484 10325/9792
5 5 1.041666666666667 25/24
7T 1.020833333333333 49/48
11 1.000000000000000 1

TABLE 5. The six largest values of S = I~ /I on the Eulerian reduction list Mg.

m factorization S(m)
45 3%2.5 1.136051448551449
75 352 1.135045615892390
225 3%2.52 1.132704887745210
2205 32.5.72 1.130785726329724
3675 3-5%.72 1.130468410836243

1575 32.52.7 1.129514727833856

with 15 in place of 315. The reduction applies because S* > 9/8 by Theorem 17.1, and Corollary
14.3 is invoked with ag = a5 = ay = 1. [l

The extremal integer has moved from 315 to 15, and the reason is visible in Table 4. For
the upward shift the deficits at d = 3,5,7,9 are all comparatively small and it pays to collect
as many of them as possible, which forces 9 | n. For the downward shift the deficit at d = 3,
namely h.(3) = ¢/3—1/2, is by far the dominant one, the deficit at d = 7 is already outweighed
by the surplus of the divisor 21 alone, since at ¢ = S* one has h.(7) = —0.0040391 ... against
he(21) = 40.0042092. .., and d = 9 lies beyond the threshold and contributes a surplus. The
optimum is therefore reached by taking the two smallest odd primes and stopping.

Remark 17.2. Oddness is again essential. For n = 6 the divisors are 1,2,3,6, so I(6) = 2 and
I=(6) =14+1+1/2+1/5 = 27/10, whence S(6) = 27/20 = 1.35, far above S*. Here the
mechanism is even starker than in Remark 15.2: an even integer has the divisor d = 2, for
which 1/(d — 1) =1 is twice 1/d, so a single even divisor already costs a factor close to 2. An
exhaustive search over even n < 2-10° gives max S(n) = S(6) = 27/20.

18. THE SPREAD BETWEEN THE TWO SHIFTS

Finally we compare the two shifts directly. The relevant weight is k. of Definition 13.4,
positive beyond D = 11 once ¢ > 6/5, so the candidate lists are again supported on {3,5,7} but
now allow v3 = 2, since 9 < 11:

N = {375"7¢ 1 a < 2, be < 1}, Ne = {3%5°7¢ 1 a < 3, b,e < 2, #{odd entries} < 1},
(18.1)
of cardinalities 12 and 24.
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TABLE 6. The largest values of T'= I~ /It on the reduction lists N (left) and N¢ (right).

m factorization T(m) m factorization T(m)
15 3-5 1.231388329979879 45 32.5 1.230026056324574
105 3-5-7 1.231374087607709 75 3.52 1.225911805558067
45 3%2.5 1.230026056324574 225 32.52 1.224418539458636
315 32.5.7 1.228089370595555 2205 3%2.5.72 1.224338089014440
63 32.7 1.209439774406335 1575 3%2-5%2.7 1.222282832242999

Theorem 18.1. We have max{T(m) : m € N} = T(15) = 612/497 = T*, attained only at
m = 15, and max{T(m) : m € Ng} = T(45) = 836970/680449 = T¢, attained only at m = 45.
Moreover T* > 6/5 and Te > 6/5.

Proof. The list N has 3-2-2 = 12 elements and Ng has 8 + 8 + 4 + 4 = 24 elements, counted
as in Section 14. The exact evaluations appear in Table 6. The two runners-up are 7'(105) =
1348818306,/1095376555 = 1.2313740876 ... and T'(75) = 5762510/4700591 = 1.2259118055.. .;
the first of these differs from T by only 1.42 - 1075, so the comparison is carried out in exact
rational arithmetic. The threshold assertions are 5-612 = 3060 > 2982 = 6-497 and 5-836970 =
4184850 > 4082694 = 6 - 680449. O

Proofs of Theorems 10.8 and 10.11. Both are word for word the argument given for Theorem
10.6, with K., T, N/, T* and the threshold 6/5 in place of G., R, L, R* and 14/13 for Theorem
10.8, and with the Eulerian lists Mg and Ng furnished by the second half of Corollary 14.3 for
Theorem 10.11. Note that 45 € &, only the exponent of 5 being odd.

For the statement about £19 in Theorem 10.11, argue as in the proof of Theorem 10.10: since
w(45) = 2 < 10, equality on & cannot occur inside &1, so both inequalities are strict there;
and taking eight primes ¢ < --- < ¢g all larger than @ and setting ng = 45 - Q- --qg gives
w(ng) = 10, exactly one odd exponent, and I(ng) — 1(45), IF(ng) — I+(45) as Q — oo,
whence S(ng) — Sg and T'(ng) — Te. So no smaller constant is admissible on &1p.

It remains to verify the strict inequality ¢ < ¢ + ¢’ asserted in Theorem 10.8. Since T'= R- S
pointwise, we have T* = supT < (sup R)(supS) = R*S*, and the inequality is strict be-
cause the two suprema are attained at different integers: R(15) = 384/355 < R* = R(315),
so T* = R(15)S(15) < R*S*. Numerically ¢ = 0.3002858011303656 ... against ¢’ 4+ ¢ =
0.3034305400027134 . . .. O

Proof of Corollary 10.12. Let n be an odd perfect number. By Proposition 11.3 we have n €
o C &, and I(n) = o(n)/n = 2. Theorem 10.10 gives IT(n) > I(n)/Re = 2/Re =
1.847178873998728783486 . . ., and Theorem 10.11 gives I~ (n) < Sg I(n) = 2S¢ = 18195/8008.
The remaining two inequalities [T (n) < 2 < I~ (n) are Proposition 11.2 together with I(n) = 2.
The final assertion is the contrapositive. [l

Corollary 18.2. Ifn is a quasiperfect number, then

2 < ) < It(n) < I(n) < I"(n) < Sel(n), I~(n) < TeIt(n), (18.2)
Re Re

where I(n) =2+ 1/n.

Proof. A quasiperfect number n is an odd perfect square [7], so n € £ by Definition 10.9, and
I(n) =2+ 1/n > 2. Theorems 10.10 and 10.11 give I (n) > I(n)/Rg, I~ (n) < Sgl(n) and
I (n) < Telt(n), with equality only for n = 2205 and n = 45, neither of which is a perfect
square. The inner inequalities are Proposition 11.2. ]
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Remark 18.3. The failure of ¢’ + ¢’ to be sharp is not a small effect of the kind one could
hope to remove by a more careful estimate. It reflects a genuine structural incompatibility: the
upward shift is most costly on integers divisible by 9, since 9 lies below its threshold 13, whereas
the downward shift is most costly on integers with as few small divisors as possible beyond 3
and 5, since 9 lies above its threshold 9 and already yields a surplus. No odd integer can be
simultaneously extremal for both, and the discrepancy ¢ + ¢’ —t = 0.0031447388723478 . ..
measures exactly this tension.

19. WHY CRUDER APPROACHES CANNOT REACH THESE CONSTANTS

It is instructive to see that several natural strategies provably fall short, which explains why
the divisor-local decomposition of Section 13 is needed.

Proposition 19.1. For every odd n,

1 1

I(n)—It(n)=>_ RS log2 — o = 0.1931471805599453 ..., (19.1)
dln
i

_ 1

I~(n)—I(n) = e 1 —log2 = 0.3068528194400547 . . ., (19.2)
dln
g

and both bounds are best possible in the sense that each right-hand side is the supremum of the
corresponding left-hand side over all finite sets of odd integers exceeding 1. The two constants
sum to 1/2, in agreement with the telescoping constant of Lemma 12.2.

Proof. The two identities are (11.3). Every divisor d > 1 of an odd n is an odd integer at
least 3, and these are distinct, so the first sum is a subsum of Y7, (1/(2k +1) — 1/(2k + 2))

and the second is a subsum of Zk21(1/(2k) — 1/(2k + 1)), all terms being positive. By the
alternating harmonic series log2 = 1 —1/2+1/3 — 1/4 + ---, the first of these series equals

log2—(1—1/2) =log2—1/2 and the second equals (1/2—-1/3)+(1/4—1/5)+--- =1—log2.
Both subsums are proper because no odd n is divisible by every odd integer, giving strict
inequalities. ([l

Corollary 19.2. The estimates of Proposition 19.1 are insufficient to prove either half of Corol-
lary 10.12. For an odd perfect number I(n) = 2, so the conclusion It (n) > 2'=¢ is equivalent
to I(n) — I't(n) <2 —2'"¢, and already for the weaker exponent ¢ = 1/7 the right-hand side
is 2 — 20/T = 0.1885526714721866 ... < log2 — 1/2. Likewise the conclusion I~ (n) < 21+¢" is
equivalent to I~ (n) —I(n) < 2" —2, and for the sharp exponent ¢’ = log,(255/224) the right-
hand side is 2(S* — 1) = 31/112 = 0.2767857142... < 1 —log2. In both cases the crude bound
falls on the wrong side, so no argument resting only on the size of the difference can succeed.

A second natural route is to bound I(n) from below using the hypothesis w(n) > 10 and then
to absorb the difference. This also fails, and for a structural reason.

Proposition 19.3. The hypothesis w(n) > 10, even together with membership in €, implies no
lower bound on I(n) beyond the trivial I(n) > 1. Explicitly, for n =101 - (103 -107 - 109 - 113 -
127-131-137-139-149)2 one has n € 19 and I(n) = 1.0875712439 . .., and letting the ten primes
tend to infinity drives I(n) to 1.

Proof. Multiplicativity gives I(n) = Hpa||n(1 +pl4 -+ p%), and each factor tends to 1

as p — oo uniformly in a, since it is bounded above by (1 — 1/p)~!. Choosing ten primes
larger than any prescribed bound, with one carrying exponent 1 and the others exponent 2,
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produces elements of &9 with I(n) arbitrarily close to 1. The stated numerical value is a direct
evaluation. O

Finally, the naive termwise comparison is far too lossy. Since every divisor d > 1 of an
odd n satisfies d > 3 and hence d + 1 > 4, one gets 1/(d(d + 1)) < 1/(4d) and therefore
I (n) > (3I(n) 4+ 1)/4. This yields IT(n) > I(n)/c only when I(n) < ¢/(4 — 3c), an upper
bound on I(n) rather than a universal statement, and for ¢ = R* it requires I(n) < 1.4495...,
which fails for most of the integers of interest. The reason is that the local ratio 4/3 at d = 3 is
charged to every divisor, whereas in reality it is charged only once.

20. NUMERICAL EXPERIMENTS

All computations were carried out in Python with numpy [9] for the sieves, sympy [17] for
factorization and divisor enumeration, exact Fraction arithmetic for all rational identities, and
mpmath [12] at 60 decimal digits for the high-precision evaluations. The accompanying script
experiments.py reproduces every numerical statement in this paper.

Experiment A: exhaustive divisor sieve. A harmonic-type sieve accumulates I(n), I (n)
and I~ (n) simultaneously for all n < N by adding 1/d, 1/(d+1) and 1/(d— 1) to the arithmetic
progressions d,2d,3d, ... for each d < N, in double precision. With N = 107 this covers
5-10% odd integers. The results are: max R(n) = 1.08405054482233 at n = 315, max S(n) =
1.13839285714286 at n = 15, and maxT'(n) = 1.23138832997988 at n = 15, each agreeing with
R*, S* and T* to fourteen decimals; no odd n < 107 violates any of the three sharp bounds;
and I*t(n) < I(n) < I~ (n) for every odd n with 1 < n < 107, confirming Proposition 11.2.
The runners-up in the first problem are the integers 315 with ¢ a large prime, whose ratios
accumulate at R* from below, exactly as the theory predicts, and similarly 15¢ for the other
two. The sieve also returns max (I~ (n) — I(n)) = 0.28790584906385 and max (I(n) — I (n)) =
0.17517080090658 over odd n < 107, both comfortably below the limiting values 1 — log?2 and
log 2 — 1/2 of Proposition 19.1.

Experiments B and C: the reduction lists. All six reduction lists are evaluated in exact
rational arithmetic: the 24 elements of £ and the 56 of L¢ for the upward shift, the 8 of M
and the 20 of Mg for the downward shift, and the 12 of N and the 24 of N for the spread;
see Tables 2, 3, 4, 5 and 6. The six maxima are the exact fractions of (10.9), (10.11), (10.14),
(10.16) and (10.18). The gaps to the runners-up are small in every case, namely 2.4159 x 1072,
1.1795 x 107°, 2.4666 x 1073, 1.0058 x 1073, 1.4242 x 10~° and 4.1143 x 1072 in the order just
listed; the smallest of these are far too tight for double precision to settle, which is why exact
arithmetic is used throughout.

Experiment D: brute-force cross-check. Independently of the reduction lemmas, a direct
search over all odd n < 2-10%, with exponent parities computed from a smallest-prime-factor
sieve, returns the six extremal integers 315, 2205, 15, 45, 15, 45 for R, Ron £, S, Son &, T, T
on & respectively, with maximal values agreeing to fourteen decimals with Theorems 15.1, 16.1,
17.1 and 18.1. This is a genuine check of the reduction lemmas themselves, since it does not use
them.

Experiment E: Eulerian integers with at least ten prime divisors. Table 7 evaluates I,
I'™, I~ and the three ratios at explicit members of &1, using 60-digit arithmetic and full divisor
enumeration, for divisor counts up to 7(n) = 3906250. All values obey Theorems 10.10 and
10.11. The last two rows show the two extreme regimes side by side: ten large primes drive all
three ratios to 1, while a small Eulerian core with large auxiliary primes drives them towards
the sharp constants.
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TABLE 7. High-precision evaluation on explicit members of &g, with P =
{3,5,7,11,13,17,19,23,29, 31} the ten smallest odd primes.

n 7(n) I It I~ R S T
3-(5-7---31)2 39366 2.871082 2.699378 3.153366 1.063609 1.098320 1.168182
(3---29)%-31 39366 3.107207 2.923302 3.404504 1.062910 1.095680 1.164609
3% (5---31)2 118098 3.225537 3.040003 3.524570 1.061031 1.092708 1.159397
3-(5---31)* 3906250 2.906542 2.734750 3.188915 1.062818 1.097151 1.166072
3-(5---37)2 118098 2.950776 2.778207 3.233966 1.062115 1.095971 1.164048
3-(5---41)2 354294 3.024502 2.851226 3.308429 1.060772 1.093876 1.160353
101 - (103 - - - 149)? 39366 1.087571 1.086865 1.088290 1.000650 1.000661 1.001312

2205 - (101 - - - 131)2 39366 2.146937 1.992203 2.411320 1.077670 1.123144 1.210379

Experiment F': certificates. The six threshold comparisons on which Lemmas 13.3 and 13.5
and hence the whole reduction depend, namely R*, Rg > 14/13, 5*,Sg > 9/8 and T*,T¢ > 6/5,
are verified as exact integer inequalities. No floating-point comparison enters any step of any
proof in Sections 10-19.

Experiment G: Theorem 10.3. The separation I~ (n) > I (n) was confirmed in exact ra-
tional arithmetic for every n with 1 < n < 2-10% odd and even, and by the sieve of Ex-
periment A for every odd n < 107. The identity (12.1) was verified exactly over the same
range. For the additive half of Theorem 10.3, the largest gap I~ (n) — I (n) over odd n < 107
is 0.46307664997043, attained at n = 3828825 = 32 .52 .7 .11 13- 17, still short of the
limit 1/2 and approaching it only along integers divisible by all small odd numbers, exactly
as (12.2) predicts. The witnesses ny = miq of Lemma 12.4 were checked to lie in &9 and
to satisfy (12.2) with equality in the partial sum: for £ = 29, 31 and 101 the guaranteed
lower bounds are 7/15, 15/32 and 25/51 respectively, while w(ng) = 10, 11 and 26 and the
number of odd exponents is 1 in each case. For the multiplicative half, the largest value of
I=(n)/I*(n) over the Eulerian integers up to 2-10% is Tg = 836970/680449 at n = 45, in agree-
ment with Theorem 18.1. Finally the odd perfect bound of Corollary 10.5 was evaluated exactly
as 25¢ — 2/Re = 43623651349277204129/102662238370512300480 = 0.4249240231041..., an
improvement of 15.02 percent over 1/2.

Experiment H: constants for B(n), n/¢(n) and I(nrad(n)). The constants of Sections 3-6
and 9 were evaluated with mpmath at 40 decimal digits: 21/™ and the threshold of Proposition 3.6,
the values Z(2), Z(3), Z(5) and Z(7) of (3.7), the constant P3 of (4.1) together with the three
inequalities that follow from ((3) < 1.2020569032, the bounds 2.10360 and 2.17372 of Lemma
4.1, the constants of Theorem 5.1 and of Corollaries 5.2 and 5.3, and the constant  of (6.3) with
the bounds 2.07317 and 2.14228 of Theorem 6.2. The partial product of 1 + 1/(p(p2 +p+ 1))
over the odd primes below 106 lies below x and within 107!2 of it. The identity (6.1) was verified
in exact rational arithmetic for every n with 2 < n < 3000.

Experiment I: the least prime factor and the number of prime factors. The two
bounds (8.1) were verified at sample points z < 2 - 10°, and the two bounds for m(z) of
Proposition 8.1 at sample points < 10°. The right-hand side of (8.3) was computed for
p1=3,57,11,13,17,19,23, giving 0,1, 3,10, 14,25,31,47. For p; = 101 the computation gives
X = 6477.2149. .., the value 711.8029... for the right-hand side of (8.4), m(6477) = 840 and
m(100) = 25. For every prime p; with 3 < p; < 200, the least integer k such that the product of
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q/(q — 1) over the first k primes ¢ > p; exceeds 2 was computed directly; in every case the k-th
such prime exceeds X and k satisfies (8.3), and for p; > 11 it satisfies (8.4).

Experiment J: the constant § and the bounds according to gcd(15, N). At 40 decimal
digits, log((2) — v+ M = 0.18198185041685527062. .. and 6 = 0.087446958525019652601 . . .,
in agreement with (3.14) and (3.15). The partial sum of £(p) over the primes below 2 - 10
equals 0.181981834241561 ..., which lies below the value (3.14) and within 10~7 of it, and the
corresponding partial sum in (3.13) is within 10~ of M. With the bounds of Proposition 5.4
as input, the three upper bounds of (5.7) evaluate to 1.84347566675 . .., 1.93548425624 ... and
1.84124191162. .., and the four lower bounds of (5.8) to 1.90281191154..., 1.7058482335.. .,
1.83233535283 ... and 1.67856924672. . .; each lower bound exceeds the corresponding value 2},
of (5.6). The bounds of Corollary 5.6 were checked against these values.

Experiment K: general inequalities over odd integers. In the loop of Experiment D, the
following statements were tested for every odd n with 3 < n < 2-10°, using the factorization of
n and the sieved values of I (n) and I~ (n), and no violation was found: the inequality (3.4) of
Theorem 3.3 when n has at least two distinct prime factors; the inequality B(n) > (8/7%)n/p(n)
of Theorem 3.5; the inequality (3.10) of Lemma 3.7; the identity and the two inequalities of
Theorem 6.1; the inequalities (3.16) of Lemma 3.8; and the inequalities (12.6) and (12.7) of
Proposition 12.3.

Experiment L: the functions o*, 1*, ¢ and the series for I*. At 40 decimal digits,
p = 1.1729423808173193221 ... and 6 = 1.2957309578805061367 ..., in agreement with (7.4);
the partial products of 1 + 1/(p(p + 1)) and of 1+ 1/(p(p — 1)) over the odd primes below 10°
lie below p and 6 and within 107% of them. The identity (7.2) and the four product formulas
(7.3) were verified in exact arithmetic for every n with 2 < n < 3000. The inequalities (7.5)
hold for each of the 336 odd integers n < 2-10° with n > 1 all of whose exponents are at least
2, and the inequalities (7.6) hold for each of the 25968 odd integers n < 2 - 10° having exactly
one exponent equal to 1, at a prime ¢ > 5, and all other exponents at least 2. The three series
identities of Proposition 10.2 were verified to 30 decimal digits for every n with 2 < n < 400
and for n = 945, 2205, 3465, 45045.
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