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A PROOF THAT Z IS DIOPHANTINE IN Q THROUGH
CONGRUENT-NUMBER TWISTS

MANVIR JASWAL

ABSTRACT. We give a proof of Glazer and collaborators’ theorem that Z is Diophantine
in Q, which builds on OpenAl’s proof that Hilbert’s tenth problem over @ has a negative
answer. Integers are represented by multiples of a point on an elliptic curve of rank one over
Q(+/2). An existential condition on two congruent-number twists forbids poles of odd order
at odd primes. A height bound at six rational points, from a quaternionic Shimura curve
and Serre’s conjecture (a theorem of Khare-Wintenberger and Kisin), and a prime pattern
from the Green—Tao—Ziegler theorem turn congruences at chosen primes into identities
between multiples, and the growth of a Lucas sequence forces integrality. Our contribution
is the existence of the rational points that the condition on twists requires: for coprime
squarefree integers 8 > 1 and 0 > 1 with 5 =60 =1 (mod 8), each a square modulo the
primes of the other, there is an integer e such that y? = 23 — e?x and y? = 2> — €26z both
have rank one and a rational point with abscissa in SQ*2. Where Glazer and collaborators
use a restricted 2-converse theorem, this rests on published theorems: the genus criterion
of Tian, Yuan and Zhang, with Gross—Zagier.
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1. INTRODUCTION

The theorem is Glazer and collaborators’ [14],! and its proof builds on OpenAI’s proof
[37].
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Theorem 1.1. There are an integer N > 1 and a polynomial D € Z[X,Y1,...,YnN] such
that, for every x € Q,

r€Z <= thereisyc QY with D(zx,y) = 0.

Robinson defined Z in Q by a first-order formula [48], Poonen by a V3-formula [44],
and Koenigsmann by a universal one [28]. An existential definition contradicts Mazur’s
conjecture that the closure of the rational points of a variety over QQ in its real points has
finitely many connected components [31], [32, Conjecture 3 and p. 166], so Theorem 1.1
shows that this conjecture is false, as recorded in [14, Corollary 13.1]. Koenigsmann states,
in the arXiv versions of his paper, that a strong variant of the Bombieri-Lang conjecture, for
varieties over Q with Zariski-dense rational points, would imply that no infinite subset of Z
is Diophantine in Q [27, §4, Corollary 23]; granting that implication, Theorem 1.1 shows that
the variant is false. Denef suggested elliptic curves of rank one in place of Pell’s equation [8];
they were used for rings of integers by Poonen [43] and by Cornelissen, Pheidas and Zahidi
[5], and over Q an approach through rank-one curves and local divisibility conditions is due
to Pheidas [42]. On that strategy OpenAl proved that Hilbert’s tenth problem over Q has
a negative answer [37, Theorem 1.1], by compactness from finite tests that do not define
Z, and Glazer and collaborators turned that proof into a definition. With Matiyasevich’s
theorem [30], Theorem 1.1 recovers the negative answer to Hilbert’s tenth problem over Q.

How the formula works. Let F = Q(v/2) and E : y? = 2% — c3x with ¢y = 3 — /2. The
group E(F') has rank one; fix a torsion-free subgroup G = ZP of finite index, and call n
the index of nP. Points of E(F) are tuples of rational numbers, so addition of indices is a
polynomial condition over QQ; multiplication is not. The formula therefore attaches to each
point a rational number, which we call its proxy, and writes ring equations between proxies.
The work is to make such an equation pass to the indices, and to force a given rational
number to be an index. This takes five ideas.

(1) A test for odd denominators. An existential condition ®(b) on two congruent-number
twists forbids odd poles of b at odd primes and holds at b = ¢z? for primes ¢ = 1
(mod 8) with v,(z) > 0. Asking for ® at r and at w?/r?=! then forces v,(w) > L at
every odd prime where r has odd valuation, so the formula never names a prime.

(2) Reading an index at a prime. If AP and vP reduce to O above ¢, the formal logarithm
recovers A/y modulo a power of ¢ from their coordinates, but not A itself; reading an
index from coordinates through the formal group follows Poonen [43, Lemmas 9 and 11].
A second reduction at the same place, on the conjugate E° of F under the nontrivial
automorphism o of F, ties v to 1 and A to the index modulo ¢?*. Imposed through (1),
this makes a proxy agree with its index modulo ¢%*; the field F is there so that a split
prime gives two reductions at one place, whose orders can be made coprime up to 4.

(3) A height bound. For six fixed rational numbers ¢, the height of t € Q is at most a
constant times the 24th power of the product of the primes where some ¢t — ¢ has
positive odd valuation. The exponent 24 comes out of the proof of this bound, and the
same number is then the precision in (2). Write the coordinates of a point as sums of
three fractions and apply (2) at these primes. If a polynomial equation holds between
proxies but not indices, its value at the indices is divisible by ¢?* at each such prime,
so it bounds the height of the point, which grows like the square of the index. Once P
is replaced by a large enough multiple, quadratic equations therefore pass from proxies
to indices.
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(4) Primes to test at. For the formula to hold when proxies equal indices, every integer
must be a sum of three fractions u;/v with each u; — cv a bounded multiple of a prime
g =1 (mod 8) at which the reductions of E and its conjugate have orders with greatest
common divisor 4. These come from Green—Tao—Ziegler and a sieve.

(5) Integrality. Let X be the rational number tested. Exact quadratic equations between
indices, among them s and ¢, encode a Pell equation whose solutions have log |t| >
|s| log |s|, while a separate test bounds the height of X2 + 2 linearly in |s|. By (3) this
forces X2 + 2 to be an index, so X € Z.

What this paper adds. The proof of Theorem 1.1 given here uses only published theorems
as outside input, with the authors’ erratum [17] to one of them. One result here is ours:
Theorem 1.2 below, with its use in (1). Glazer and collaborators obtain the corresponding
step, their pole completeness theorem [14, Theorem 5.2], from a restricted 2-converse for
y? = z(x — £)(z + 3¢), proved along the lines of OpenAl’s [38] with Kato’s Euler system at 2;
on congruent-number twists the genus criterion of Tian, Yuan and Zhang [57] replaces that
converse. The same change of curves, from y? = x(x — £)(x + 3¢) to y* = z(x — £)(x + £),
is made in J. McCarthy’s Lean development and accompanying notes [33], with a different
Selmer class and genus sum (Remark 6.3).

The rest is Glazer and collaborators’ development of OpenATI’s proof (its local comparison,
the contact framework of its height bound, its curve and its prime-pattern strategy [37, §§2,
4-6]), and is reproved here. The deduction of Theorem 1.1 from Theorems 1.2, 1.3 and 1.4
follows a note in their repository [36], which has no named author and defines Z without
compactness. The note takes a geometric hypothesis, at five contacts with one at infinity,
and derives its height bound from it by a preprint of von Kénel and Kret [59, (7.19) and
Theorem 7.1(ii)]; Theorem 1.3, at six finite contacts, stands in place of both. Theorems 1.4
and 1.2 stand in place of its hypotheses on prime patterns and on rational points, and two
further differences are named in Section 5.

The predicate @ is a simplification of [37, (3.2)]: the curves are congruent-number twists,
and the multiplier lists are dropped, since, as in [36], completeness is needed only at ¢gz2 with
g =1 (mod 8). Theorem 1.3 is [14, Theorem 4.1] in existence form, with modularity from
Serre’s conjecture at large primes of good reduction [24, 25, 26] in place of their route through
Pan’s theorem [39]. Theorem 1.4 follows [14, Proposition 6.2] and its proof, restricted to the
eighteen forms the formula uses. The polynomial D is not explicit: P is not computed, and
the constant of Theorem 1.3 is only shown to exist; explicit polynomials of degree four, the
least possible [14, Theorem 18.1], are constructed there.

The three theorems. The proof rests on three theorems, which supply the points for (1),
the bound of (3) and the primes of (4). Write E; : y? = 23 — 2z for £ € Q*, and let h be
the absolute logarithmic height.

The pole predicate. For b € Q% and t € Q with 1 4 bt? # 0 put
1 — bt?
1+ bt
The pole predicate ®(b) is the condition that either b = 0, or there are t, e € Q with 14bt% # 0
and €O # 0 such that each of E, and E.e has a rational point with abscissa in bQ*2. If ®(b)
holds and p is an odd prime, a count of valuations shows that v,(b) is not both negative
and odd, since at such a pole (1 — bt?)/(1 + bt?) is a p-adic unit, so v,(U) = v,(b) and
v,(0) = 3v,(b). For the converse at b = ¢z?, with ¢ =1 (mod 8) prime and v,(z) > 0, take

U=b 0 =b(b—U?). (1.1)
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t close to a root of bt = 1 in R and in Qy; then every prime of odd valuation in © has
b locally a square, so ¢ and the squarefree part 6 of © satisfy the hypotheses of the next
theorem, and the integer e it provides is a witness.

Theorem 1.2. Let 5> 1 and 6 > 1 be coprime squarefree integers with =60 =1 (mod 8),
such that 0 is a square modulo every prime dividing 8 and B is a square modulo every prime
dividing 6 (we call such a pair admissible). Then there is a positive squarefree integer e such
that E. and E.9 both have analytic rank one and Mordell-Weil rank one, and each has a
rational point of infinite order with abscissa in BQ*2.

The integer e is built by prescribing quadratic symbols, so that both twists have a
2-Selmer group of dimension three containing a prescribed class. Since the prescribed
class makes a bordered Monsky determinant equal to 1 (Lemma 6.6), Smith’s identity [55,
Theorem 2.2, Table 2, row 5(a)], reproved here from Rédei’s theorem [46], makes the first
genus sum of [57, Theorem 1.4] odd, which gives analytic rank one, and Gross—Zagier [19]
with Bump-Friedberg—Hoffstein [2] gives the point.

Siz contacts. Let C = {0,—15,—20, —24, —30, —60}; these six numbers are the branch points
of the cover used in Section 7, an orbit of a dihedral group of order 12 acting on P!, and
their differences have only the prime factors 2, 3 and 5. For a finite set S of primes and
t € Q\C, the contact primes of t are the primes p ¢ S with v,(t — ¢) positive and odd for
some ¢ € C, and Mg(t) is their product.

Theorem 1.3. There is a finite set Sy of primes such that for every finite set S O Sy there
is a constant H(S) > 1 with

h(t) < H(S) Mg(t)* for every t € Q\ C.

If S 2{2,3,5} and t € Q\ C, then Mg(t) is the product of the primes outside S dividing
the squarefree integer d with #(t + 15)(t + 20)(¢t + 24)(t + 30)(¢t + 60) € dQ*?; so, with
S = SpU{2,3,5}, every rational point (¢,y) with y # 0 on dy? = t(t + 15)(t + 20) (¢ + 24)(t +
30)(t + 60), for a squarefree integer d, has h(t) < H(S)|d|**.

A cover of P! branched with index two exactly above C carries a family of abelian surfaces
with multiplication by the quaternion algebra of discriminant 6. The fiber over ¢ is defined
over a field of bounded degree unramified outside S and the contact primes of ¢, and it has
good reduction at places not above S; Mg(t) enters through the ramification of that field.
Fibers with complex multiplication have bounded Faltings height. For any other fiber, a twist
descends the two-dimensional piece of its ¢-adic Tate module to an odd representation of Gg
with prime-to-¢ conductor Og(Mg(t)?), uniformly in £. At each large good ¢ its reduction
has weight 2 and comes from a newform of that level by Serre’s conjecture [24, 25, 26]. There
are finitely many such newforms, so one serves infinitely many ¢, and Faltings’s theorem then
makes the fiber an isogeny factor of J; (V) with N of that size. The bounds of Javanpeykar
[23] and of Gaudron and Rémond [13] give Og(Mg(t)?*) for its Faltings height, and Pazuki’s
comparison [41] turns this into the bound on h(t). Bounding the Faltings height in this way
is von Kénel’s method for abelian schemes of GLa-type [58, Theorem A].

The prime pattern. As in Koymans and Pagano’s work on rings of integers [29], additive
combinatorics supplies the primes.
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Theorem 1.4. There is a finite set KC of positive integers with the following property. For
every A € Z and every real By there are integers uy, us, us, v with v # 0 and uy +us+us = Av
such that each of the eighteen numbers u; —cv (1 < j <3, ¢ € C) equals ekq with € = %1,
k € K and ¢ > By a prime such that ¢ =1 (mod 8), E and E° have good reduction above g,
and their reductions at a place above q have orders dy,ds with ged(dy,ds) =4 and q 1 dids.

The lower bound for such patterns is Green and Tao’s theorem on linear equations in
primes [18], with [15, 16], and a Selberg sieve removes the primes with a larger common
factor.

Plan. Sections 2, 3, 4 and 5 prove Theorem 1.1 from Theorems 1.2, 1.3 and 1.4. Sections 6,
7 and 8 prove those three theorems and depend on each other only through the notation of
Section 2. What was computed, and with which software, is in Appendix A.

2. THE CURVE AND THE ORDER OF CHOICES

2.1. Notation. Throughout, F' = Q(v/2) and ¢ is its nontrivial automorphism. We write
co=3—-+2, E:y?=2%—cr, and E° : y? = 2° — (cf)%x; a point Q of E(F) has a
conjugate Q° € E°(F). The discriminant of E is 64c5 and ¢ has norm 7, so E and E° have
good reduction at every place of F' above a prime other than 2 and 7. For a point @ # O
with zy # 0 on F or E? put

1 z(Q)

=@ Y7 e

Then @w(Q7) = w(Q)? and 2(Q%) = z(Q)?. Let logy, € F[Z] be the truncation to degree at

most 24 of the formal logarithm of E in the parameter z; its coefficients are b;_;/j with
bj—1 € Z[V?2] [54, IV.5.5].

The height h is the absolute logarithmic height. We use h(ab) < h(a) + h(b), h(a +
b) < h(a) 4+ h(b) +log2, h(a + b+ c) < h(a) + h(b) + h(c) + log3, h(v2) = log2, and
h(u/v) = logmax(|ul, [v|) for coprime integers u,v. Let h be the canonical height of E [54,
VIILI.3): A(nQ) = n2h(Q), h(Q) > 0 for Q of infinite order, and there is a constant Cg > 0

with |h(z(Q)) — 2h(Q)| < Cg for all Q # O in E(F).
2.2. Rank one.

and w(0)=z(0) =0.

Proposition 2.1. The group E(F') has rank one.

Proof. The ring Z[v/2] is principal, its units are +(14+/2)%, and the units —1 and 1++/2 have
real signs (—, —) and (4, —), so a totally positive unit is a square. The element ¢y is totally
positive of norm 7, so it generates a prime with residue field F7. Let E' : y? = 23 + 42z, and
let a: E(F) — FX/F*? and o : E'(F) — F*/F*? be the descent maps of the 2-isogeny,
given by the abscissa away from O and (0,0), with «(0,0) = —c3, /(0,0) = 4¢3 [54, X.4.8,
X.4.9]. Since E[2] C E(F), the isogeny carries E[2] onto the kernel of its dual, and the exact
sequence of [54, X.4.7] gives 22K E(F)+2 — | im o - | im o/|.

On E, a prime p # (cg) cannot have vy(x) odd: the right side of the equation would
have valuation 3vy(z) if vp(z) < 0 and vy(x) if vy(x) > 0. So im « lies in the group of order
8 generated by —1, 1 4+ v/2 and ¢g. It contains the classes 1, —1, ¢y, —co of the 2-torsion,
which have equal signs at the two real places. Since (1 + \/5)3 — cg(l + \/5) = &, the point
(14 +/2,2/2) lies on E, and its abscissa has signs (+, —). So |ima| = 8.

On E', write the equation as y? = x(22 + 4c2). A nonzero abscissa is totally positive,
since 22 + 4c§ > 0 at each real place. Suppose vp(x) is odd. If p f 2¢¢ the valuation of the
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right side is odd as before. If p = (v/2), where vy(4c3) = 4, it is 3vy(z) or 4 + vy(z), again
odd. If p = (cp), where vp(4cd) = 2, it is odd unless vy(z) = 1; in that case z = cow with w

a unit at p, and y? = cgw(w? + 4) forces w? = —4 (mod cp), which is impossible because
—4 = 3 is not a square in F7. So z is a totally positive unit times a square, hence a square,
and im ' is trivial. Therefore 27k E(F)+2 — g, ([l

2.3. The order of choices. The following objects are fixed once, in this order. None
depends on a variable of the formula.

(1) The set Sy of Theorem 1.3 and the set K of Theorem 1.4. Then S = SoU{p < 31}U{p:
p | k for some k € K}, a finite set of primes. Every prime ¢ ¢ S is at least 37; for such
g and a place q | ¢ of F', the place is unramified and E, E? have good reduction at q.

(2) The constant H = H(S) > 1 of Theorem 1.3.

(3) An even integer mg > 1 killing the torsion of E(F’), and a generator Py of the infinite
cyclic group moE(F) (Proposition 2.1, and the Mordell-Weil theorem [54, VIIIL.6.7]).

(4) An integer my > 1 such that

3
_ C’E+9H+3Alog3—|—210g2 - 1 (2.1)
2mih(Py) 4
Then P = my Py, m = mgmq, and G = mE(F) = ZP. The group G is torsion-free,
every point of G \ {O} has zy # 0, and P € 2E(F') because my is even. Moreover
h(P) = m2h(Py).
(5) An integer my > 9 with log(ma — 1) > 8H.

Only P, m, ma, K and C occur in the formula; S and H enter only through the sizes of m;
and mo, and no coordinate of P needs to be known.

Since finite conjunctions and disjunctions, inequations and graphs of rational functions
over Q reduce to one polynomial equation in more variables, the formula may quantify over
points of E(F), given by their coordinates in the basis 1,v/2 of F, and use the group law; in
particular @ € G is AR € E(F) [m|R = Q, and Q € [m2]G is AR € E(F) [mms]R = Q.

C:

3. THE POLE PREDICATE

We prove the two properties of the predicate ® of (1.1) and combine them into a test at
a place of F'.

Lemma 3.1. Let p be an odd prime, b € Q* with v,(b) odd, and t € Q with 1 + bt* # 0.
Then vy (U) = vy(b).

Proof. If t # 0 then v, (bt?) is odd, hence nonzero, so (1 — bt?)/(1 + bt?) is a p-adic unit. If
t =0 then U =0. O

Lemma 3.2. (a) If ®(b) holds and p is an odd prime with v,(b) < 0, then vy(b) is even.
(b) If g=1 (mod 8) is prime and z € Q* has vy(z) > 0, then ®(qz%) holds.

Proof. (a) Suppose k = v,(b) < 0 is odd, and let ¢, e be witnesses. By Lemma 3.1, v,(U?) =
2k < k, so vy(©) = 3k is odd. Hence exactly one of e and e© has even valuation. Scaling that
parameter by a power of p?, which keeps the square class of the abscissa, we get a point (X,Y)
on E. with €’ a p-adic unit and X € bQ*?, so v,(X) is odd. Then Y? = X (X —¢')(X +¢') has
valuation 3v,(X) if v,(X) < 0 and vy(X) if v,(X) > 0, which is odd. This is a contradiction.

(b) Put b = qz%, s0 b > 0, k = v,(b) > 1 is odd, and b is a square in Q2. By weak
approximation choose t € Q close to a root of bt?> = 1 in R and in Q. Then U is close to 0
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at both places, so © = b?(1 — U?/b) is positive and lies in Q%. Write © = ¢} with § > 1 a
squarefree integer and ¢; € Q*. We check that (g, ) is admissible.

Since 6 is a square in Qy, it is odd and # = 1 (mod 8). By Lemma 3.1, vy(U) = k, so
vg(U?/b) = k > 0 and © € Q?; thus ¢ {0 and 0 is a square modulo ¢. Let p | 6, so that p is
odd and p # g. Then v,(b) = 2v,(2) is even and v,(0) is odd, so v,(b — U?) is odd. This
forces U # 0, v,(b) = v,(U?), and b/U? € 1 + pZ,. So b, and hence g = b/22, is a square in
Qp, and q is a square modulo p.

Theorem 1.2 gives a positive squarefree integer e and rational points with abscissa in
qQ*? = bQ*? on E, and on E.9. The map (z,y) — (c?x, c}y) carries E.g to F.o and keeps
the square class of the abscissa. Since 1+ bt? > 0 and e© # 0, the pair ¢, e is a witness for
o (b). O

For L > 1,7 € Q* and w € Q, write ®(r,w) for ®(r) A ®(w?/r2-1).

Lemma 3.3. If ®1(r,w) holds and q is an odd prime with vy(r) odd, then vy(r) > 0 and
vg(w) > L. Conversely, if ¢ =1 (mod 8) is prime and vy(w) > L, then ®1(q, w) holds.

Proof. Lemma 3.2(a) applied to r gives vy(r) > 0. If w # 0, the number 2v,(w)—(2L—1)vy(r)
is odd, so it is positive by the same lemma, and v,(w) > L because v,(r) > 1. Conversely, ®(q)
is Lemma 3.2(b) with z = 1, and if w # 0 then w?/¢*~! = q(w/q")? with vy(w/q") > 0. O
The next device makes all tests at a prime ¢ happen at one place above it. For D =
A+ BV2 € F with A,B € Q, and p € Q, write
) (r; D) : ®p(r, (p* —2)B) A®L(r, A+ Bp).
Lemma 3.4. Let Dy,...,D; € F and Ly,...,L; > 1.
(a) If ®1(r, p* — 2) and all @} (r; Di) hold and q is an odd prime with vy(r) odd, then g
splits in F and, at the place q | q with \/2 = p, one has vq(D;i) > L; for all i.
(b) If ¢ =1 (mod 8) is prime and q | q is a place with vq(D;) > L; for all i, then there is
p € Q such that ®1(q, p*> — 2) and all @7 (g; D;) hold.

Proof. (a) By Lemma 3.3, v,(p?—2) > 1. So 2 is a square modulo g, and p is a g-adic unit. Let
n € Zgy be the root of n? = 2 with n = p (mod q). Since 7+ p is a unit, vy(n—p) = vy(p? —2).
At the place v/2 +— 0, write D; = A; + B;\/2; then A; + Bin = (A; + Bip) + B;(n — p), and
both summands have valuation at least L; by Lemma 3.3.

(b) Let n € Z, be the image of v/2 at q, and choose p € Q with v,(p —n) > max({1} U
{L; — vy(B;) : B; # 0}). Then vy(p*> — 2) = vy(p —n) > 1, the numbers (p? — 2)B; have
valuation at least L;, and so does A; + B;p = D;(q) + Bi(p —n). Lemma 3.3 gives the
assertions. g

4. READING AN INDEX AT A PRIME

This section defines the local condition and proves its two properties (Proposition 4.4).
Throughout, ¢ ¢ S is a prime, q | ¢ a place of F', and v = vq with v(¢) = 1. By Section 2.3,
q > 37, the place is unramified, and E, E° have good reduction at q.

Lemma 4.1. Let (£,W) be (E,P) or (E?,P?). Let U = uW and V = uwyW with u,uy € Z,
ug # 0, reduce to the origin at q. Then:

(a) v(2(U)/2(V)) = vq(u/uo)-
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(b) If € = E and vg(u/ug) > 0, then logy,(2(V)) # 0 and

v(logyy (2(U))/ logas(2(V)) — u/ug) > 24.

Proof. Let log be the formal logarithm of £ at q. Its coefficient of Z7 has valuation at least
—vg(7) [54, IV.5.5], and it is a homomorphism on the kernel of reduction, which z identifies
with the formal group [54, IV.6.3, IV.6.4, VIL.2.2]. Since ¢ is odd, j — 1 > v,(j) for j > 2,
so v(log Z) = v(Z) when v(Z) > 1. From ugU = uV we get uglog z(U) = ulog z(V'), which
proves (a) when u # 0; if w = 0 then U = O and both sides are infinite. For (b), a prime
g > 37 has j — 1 —vy(j) > 24 for every j > 24. So the tail Roq = log —log,, satisfies
v(R24(Z)) > v(Z) + 24 when v(Z) > 1, while v(logy,(Z)) = v(Z). With a = u/uy,

logyy 2(U) — alogyy 2(V)) = aRaa(2(V)) — Raa(2(UV)).

The right side has valuation at least v(z(V'))+24: the first term because v(a) > 0, the second
because v(z(U)) > v(z(V)). Divide by logy, z(V'), which has valuation exactly v(z(V)). O

Lemma 4.2. Let ¢ = 1 (mod 8) be a prime outside S, with a place q | q¢ at which the
reductions of E and E° have orders dy,ds with ged(dy,d2) = 4 and q 1 dida. There are
integers v > 1 and j # 0 such that vP reduces to the origin on E at q, jP? and (y — 1)P?
reduce to the origin on E° at q, ¢** | v —1, and q1 j.

Proof. The residue field is F,. Each reduced curve has full rational 2-torsion, so doubling has
image of index 4 in its group of points. Since P € 2E(F'), the orders e1, eo of the reductions
of P and P? divide d;/4 and d2/4. So ged(er,ea) =1 and ¢t ejea. Take v > 1 with y =0
(mod e;) and vy = 1 (mod e2¢?*), and j = es. O
Definition 4.3. Let £ > 1, Q = (Q1,..., Q) with Q; € G\ {0}, a € Q¥ and r € Q*. Put
Qo = P. The local condition Loc(r; Q;a) is the existence of Vy, J € G\ {0}, Vi,...,Vx € G
and p € Q such that, with ¥; =V, — @Q; (0 < i < k), the number logy,(z(Vp)) is nonzero,
®1(r, p> — 2) holds, and the following hold:

Y (r;w(Vi)), f(r;w(Yi)7), @bhy(r;2(Y)7/2(1)7) (0<i<k),

O (ryw(J)7),  Phy(rilogys(2(Vi))/logas(2(Vo)) —ai) (1 <i<k).
Here Vj and V; are multiples vP and \;P of P. The tests on w(V;) make them reduce to
the origin on E at one place above each prime ¢ with v,(r) odd, and the last test compares

a; with \;/ through the logarithm. The tests on Y,” and J?, on E7 at the same place, give
i = n; and v = 1 modulo ¢%*, where Q; = n; P.
Proposition 4.4. Write Q; = n; P.
(a) If Loc(r; Qs a) holds and g ¢ S is a prime with vy(r) odd, then for every i the number
a; is g-integral and vqy(a; — n;) > 24.
(b) If ¢ ¢ S is a prime as in Lemma 4.2 and a € Q¥ has v,(a; — n;) > 24 for all i, then
Loc(q; Q; a) holds.

Proof. A point V' # O reduces to the origin at q exactly when v(w(V)) > 1.

(a) By Lemma 3.4(a), ¢ splits in F' and there is one place q | ¢ at which all the quantities
in Definition 4.3 have the prescribed valuations. Write Vo =~P, J = jP, V; = \; P, with
Ao = v and ng = 1. The points J? and Y;” reduce to the origin on E?, so Lemma 4.1(a)
gives vg((A; —ny;)/j) > 24, and since j is an integer, vg(A; —n;) > 24 for 0 < i < k. In
particular v = 1 (mod ¢?*), so 7 is a unit and

Ai o (i) —ni(y — 1)
v

7
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has valuation at least 24. The points V; and Vj reduce to the origin on E, so Lemma 4.1(b)
applies with U = V;, V' = V{). With the last test of Definition 4.3 this gives vg(a; —A;/v) > 24,
hence vy(a; —n;) > 24. As n; € Z, the number q; is g-integral.

(b) Choose q and v, j as in Lemma 4.2, and put Vy = vP, J = jP, V; = yn;P. Then
Yo=(y—1)P and Y; = (7 — 1)n; P. Every V; reduces to the origin on F, and J? and every
Y7 on E7, at q. By Lemma 4.1, logyy(2(Vo)) # 0, v(logyy(2(V5))/ logas(2(Vo)) — ni) = 24,
and v(2(Y;7)/2(J%)) = vg((y—1)n;/j) > 24. Since v(a; —n;) > 24, the ultrametric inequality
gives v(logyy(2(V;))/logas(2(Vo)) — a;) > 24. Lemma 3.4(b) produces p. O

5. THE FORMULA

We define the height and scalar conditions, prove their properties, and show that the
formula (5.1) holds exactly at the integers. The set C, the contact primes and Mg(t) are
those of the Introduction.

Lemma 5.1. Let u,v € Q withv # 0 and t = u/v ¢ C. If a prime q ¢ S divides Mg(t),
then vy(u — c'v) is odd for some ¢’ € C.

Proof. Let ¢ € C with a = vg(t —¢) > 0 odd, so vg(u — cv) = a+v4(v). If v4(v) is even, take
d = c. If vg(v) is odd, take any ¢ € C\ {c}: the difference ¢ — ¢ has only the prime factors
2,3,5, so it is a g-adic unit, vy(t — ) = 0, and vy(u — dv) = vg(v). O

Definition 5.2. Let £ > 1, Q € (G \ {O})¥, a € QF. The height condition Ht(Q;a) is
the existence of § € Q* and b;,b; € Q with §2(Q;) = b; + blv/2 (1 < i < k) such that
the following holds. Let (A,)o<,<2r be the list 0, b1, ..., bg, b}, ..., b,.. For each ¢ there are
U1, W2, W3, v, € Q with v, # 0 and u,1 + w2 + u,3 = A,v,, and for each ¢, j € {1,2,3} and
c € C there are r,jc € Q%, ¢ € {£1} and sk € K with u,; — cv, = ekr e and Loc(r5¢; Q; a),
with its own witnesses for each (¢, 7, ¢).

The choice of €, x is a finite disjunction. The numbers u,; — cv, are nonzero, so each slope
u,j/v, lies outside C. Three fractions are used, and not two, so that X does not depend on
the number written (Remark 8.1).

Proposition 5.3. Let Q; = n; P, B = max |n;|, and let C be as in (2.1).
(a) If Ht(Q; a) holds with witnesses u,;,v,, and Dy is a nonzero integer divisible by ¢** for
every prime q ¢ S at which some u,; — cv, has odd valuation, then B? < C|Dy.
(b) If Ht(Q; a) holds and R € Z[Ty,...,Tx] has R(a) = 0 # R(n), then B> < C|R(n)|. If
a; # n;, then B < C|Dyg| for the reduced numerator Dy of a; — n;.
(¢) If a; = n; for all i, then Ht(Q;a) holds.

Proof. (a) Fix a slope t = w,;/v,. If ¢ ¢ S divides Mg(t), then by Lemma 5.1 some u,; — c'v,
has odd valuation at ¢, so ¢** | Dg. As Mg(t) is squarefree, Mg(t)?* divides Dy, and
Theorem 1.3 gives h(t) < H|Dy|. Each A, is a sum of three slopes, so h(A,) < 3H|Dg|+1log 3.
Since x(Q;) = (b; + bi\/2)/4,

hx(Qs)) < h(b;) + h(b;) + h(8) + h(v/2) +log 2 < 9H|Dy| + 3log 3 + 2 log 2.

Using 2h(Q;) < h(z(Q;)) + Cp and |Dg| > 1, we get 2n?h(P) < |Do|(Cr + 9H + 3log3 +
3 log2), which is n? < C|Dy| by (2.1).

(b) Let g ¢ S be a prime where a number u,; — cv, = €75, has odd valuation. Since & is
a g-adic unit, v,y(r,j.) is odd, and Proposition 4.4(a) makes every a; ¢-integral with a; = n;
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(mod ¢**). Hence R(n) = R(a) = 0 (mod ¢**), and ¢?* divides the reduced numerator of
a; —n;. Apply (a).

(c) Take ¢ a positive integer clearing the denominators of the coefficients of every z(Q;),
so that all A, are integers. Apply Theorem 1.4 to each A, with By > max S. For a number
ekq of the pattern put r = ¢; then ¢ ¢ S, and Loc(¢; @Q; a) holds by Proposition 4.4(b). O

Definition 5.4. For § € Q and Qs € G\ {O}, the scalar condition Sc(8, Q) is the existence
of uy, ug, us, v € Q with v # 0, uy + us + us = v, and, for each j € {1,2,3} and ¢ € C, of
rjic € Q*, e € {£1} and k € K with u; — cv = ekrj. and Loc(rjc; (Qs); 0).

Lemma 5.5. If Sc(8, sP) holds then h(B) < 3H|s| 4+ log3. For every B € Z and every
integer m’ > 1, Sc(B, sP) holds for infinitely many positive multiples s of m'.

Proof. Let q ¢ S with vg(rj.) odd. Proposition 4.4(a) with Q = (sP) and a = (0) gives
¢** | s. By Lemma 5.1 and the fact that r is a g-adic unit, every prime of Mg(u;/v) is such
a prime. So Mg(uj/v)** < |s|, h(uj/v) < H|s| by Theorem 1.3, and h(8) < 3H|s| + log 3.
For the second assertion, apply Theorem 1.4 with A = 8 and By > max S, with 7. = gj.
the primes obtained; they depend on § only. Let s be any positive common multiple of
m/ and all qu-é‘. Each gj. is a prime outside S as in Lemma 4.2, so Proposition 4.4(b) with
Q = (sP) and a = (0) gives Loc(gj¢; (sP);0). O

The equation in (a) below is Matiyasevich’s form of the Pell equation [30, Lemma 18],
and reading a divisibility of j from the congruence f; = j (mod o — 2) is his device [30,
Lemma 22].

Lemma 5.6. Let a > 7 be an integer and define fo =0, fi =1, fj4+1 = af; — fj—1. Then:

(a) Every integer solution (t,y) of t? — aty +y*> = 1 with y # 0 has |y| = fx and
lt] € {fr—1, fe+1} for some k > 1.

(b) If 5,t,w are integers with |s| = a, w # 0, and t* — s(s — 2)tw + (s — 2)?w? = 1, then
it > (o — 1)1,

(¢c) For s = « there are positive integers t,w satisfying the equation of (b).

Proof. By induction, fji+1 > (a—1)fj, so fj > (a— 1)~ for j > 1. Modulo o — 2 the
recurrence gives f; = j, and modulo a+2 it gives f; = (—1)7714. Also fj2+1 —afjt1f; —|—fj2 =
fj2 — fj—1fj+1 for j > 1, and this equals the same expression with j — 1 in place of j, so its
value is 1.

(a) If t = 0 then y?> = 1 and k = 1. Otherwise aty = t> + y> — 1 > 0, so we may take
t,y > 0; and t # y since t2(2 — ) # 1. By symmetry it suffices to show that a solution with
t >y >01is (fxr1, fr) for some k > 1. Argue by induction on y. If y = 1 then t = a = f5.
If y > 2, then t' = ay — t = (y? — 1)/t satisfies 0 < t' < y, so by induction (y,t) = (frr1, fx)
and t = afiy1 — fr = frero-

(b) Let y = sgn(s)(s — 2)w # 0. Then ay = s(s — 2)w, and the equation is that of (a), so
lyl = fr and [t| > fr—1. If s > 0 then (o —2) | fx, so (o —2) | k; if s < 0 then (a+2) | fi,
so (a+2) | k. Either way k > a — 2 and [t| > fr_1 > (o — 1)*"%

(c) Take k = a — 2, w = fi/(a — 2), and t = fr41. O

With ms as in Section 2.3, let Int(X) be the condition that, with 8 = X2 + 2, there are
points Qn, Qs, Qt, Qu, Qq, Qy € G\ {O} with Qs € [m2]G and &, 7,w, v, u € Q such that
v= (- 2w, uw=Ev, -+ =1,

5.1
Ht((QTL?QS)Qt)Q’W?QQ?QQI);(/37§7va71/? M))» SC(BaQs)' ( )
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Two further points differ from [36]: Sc uses the local condition with proxy 0 in place of a
separate test on auxiliary points, and the guard Qs € [m2]G replaces a finite list of excluded
multiples of P.

Theorem 5.7. For X € Q, Int(X) holds if and only if X € Z.

Proof. Suppose Int(X). Write the six points as nP, sP,tP,wP, gP, g’ P and let B > 1 be the
largest absolute value of the six indices. Since Qs € [m2]G \ {O}, we have o := |s| > mg > 9.
The polynomials

Ry =T5 — (Ty — 2)Ty, Ry =Ts — TrT5, Ry=TF - TeT3+ T2 — 1

vanish at the proxies and are at most 452 in absolute value at the indices. If one of them were
nonzero at the indices, Proposition 5.3(b) would give B? < 4CB? < B2. Hence g = (s —2)w,
g = sgand t? — ¢g't + g*> = 1, so t, s, w satisfy the equation of Lemma 5.6(b), with w # 0.
Therefore, using a — 4 > «/2 and the choice of my,

logB > (o —4)log(aw—1) > 4Ha. (5.2)

Suppose 5 # n, and let Dy be the reduced numerator of 8—n. Writing 8 in lowest terms gives
|Do| < (1 + B)eM®) < 2BeMP). By Proposition 5.3(b), B? < 2CBe?). With Lemma 5.5
and C' < % this gives

log B < log(2C) + h(B) < 3Ha + log 3. (5.3)
Since Ha > 9, the inequalities (5.2) and (5.3) contradict each other. So X2 +2 =n € Z,
and X € Z because X is rational.

Conversely let X € Z and n = X2+ 2. By Lemma 5.5, choose a positive multiple s of ms
with Sc(n, sP); then s > 9. Choose positive ¢, w by Lemma 5.6(c), and put g = (s — 2)w,
g’ = sg. These six integers are positive, the proxies (3,&,7,w,v, u) = (n, s,t,w, g, g’) satisfy
the three equations of (5.1), and Ht holds by Proposition 5.3(c). O

Proof of Theorem 1.1. By Section 2.3, Int(X) is a finite positive existential formula over Q
in the single free variable X, so it is equivalent to 3y € Qv D(X,y) = 0 for a polynomial D
over Z. Apply Theorem 5.7. ]

6. TWO TWISTS WITH A PRESCRIBED POINT

By Proposition 6.2, Theorem 1.2 follows once each of £ = e and ¢ = e, both =5 (mod 8),
satisfies three conditions: a class (/3,d) with d =5 (mod 8) lies in the 2-Selmer group of Ey,
that group has dimension three, and the first genus sum is odd. The Selmer group is the
solution space of a linear system over Fo whose coefficients are quadratic symbols at the
primes of ¢ (Lemma 6.4), so the first condition is met by prescribing symbols. The class then
gives a vector k in the kernel of a symmetric matrix M whose corank is the dimension of the
Selmer group less two (Lemmas 6.5 and 6.6). So the second condition says that & spans the
kernel, and this holds exactly when the matrix M (©) which is M with the row and column
of a coordinate ¢ with k. = 1 deleted, is invertible (Lemma 6.13). The third condition then
follows from the first two: the genus sum is, modulo 2, the determinant of M bordered by a
fixed vector b (Theorem 6.12), and b- k = 1 for this class, so that determinant is 1 when k
spans the kernel (Lemma 6.6). It remains to make M () invertible for e and for ef at once.
For e, auxiliary primes merge the primes of § into one index (Lemma 6.14), which leaves a
configuration on five indices where the system is solved by hand (Lemma 6.15). For ef, the
symbols between one prime of e and the primes of § are not constrained by the class, and
det M(© is a multilinear function of them whose top coefficient is the determinant for e; so
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some choice of these symbols keeps it nonzero (Lemma 6.16). Section 6.1 sets up the system
and M, Section 6.2 proves the identity with the genus sum, and Section 6.3 builds e.

For a positive squarefree integer ¢ the curve £y? = 2% — x of [57] is isomorphic over Q to
Ey, by (z,y) = (bx,%y). The 2-torsion of Ey is rational, and 2-descent is the injection [54,
X.1.4]

0: By(Q)/2B,(Q) — (Q*/Q**)?%,  d(zy) = (z,x —€) (z#0,0),
with 9(0,0) = (=1,—¢), 9(£,0) = (¢,2), 9(—¢,0) = (—¢,—2¢) and 9(O) trivial. We write
Sel(¢) for the 2-Selmer group of Ey in these coordinates. For a positive squarefree d let
g(d) = #2CI(Q(v/—d)), as in [57, p. 722]. For £ = 5 (mod 8) the first genus sum of [57,
Theorem 1.4] is

k
i)=Y I,

t=dody --dj, =0
over unordered factorizations with all d; > 1 and d; = 1 (mod 8) for i > 0, with £k = 0
allowed. Theorem 1.2 follows from the next two statements, applied to £ = e and £ = €.

Theorem 6.1. Let (8,60) be admissible. There are a positive squarefree integer e = Sm with
m prime to 206, and a divisor d = 5 (mod 8) of m, such that for { = e and for { = ef:
¢ =5 (mod 8), dimp, Sel(¢) =3, (8,d) € Sel({), and X1(¢) is odd.

Proposition 6.2. Let ¢ be positive and squarefree with £ = 5 (mod 8) and ¥1(¢) odd.
Suppose that dimp, Sel(¢) = 3 and that Sel(¢) contains a class (B,d). Then E; has analytic
rank one and Mordell-Weil rank one, and the class is O(Q) for a point Q of infinite order.
In particular ©(Q) € BQ*2.

Proof. Tian, Yuan and Zhang attach to fy?> = 23 — 2 a number L(f), defined up to sign,
which vanishes if the order of vanishing at s = 1 exceeds one [57, p. 722]. Their Theorem 1.4
[57, pp. 723-724] states that L(¢) is an integer and, for £ =5 (mod 8), that ¥;(¢) is even
whenever 27O L(¢) is, where p(£) > 0 is the integer defined in [57, p. 723]: for such £ the
first of the two sums printed there is 31(¢). So ¥1(¢) odd gives L(¢) # 0 and order at most
one, and the root number is —1 [57, p. 722], so the order is exactly one.

The curve E; has complex multiplication by Z[i], so it is modular [52, p. 200], and Gross
and Zagier’s theorem [19, Ch. I, (7.3)(1), p. 231], that a modular elliptic curve E over Q with
L(E,1) =0and L'(E, 1) # 0 has a rational point of infinite order, gives r = rank E;(Q) > 1;
the imaginary quadratic field that its proof takes from Waldspurger’s theorem [19, Ch. V,
§2, p. 312] is also supplied by [2, Theorem (ii), p. 544].

Since Ey[2] is rational, dim Fy(Q)/2E;(Q) = 2 + r, and 0 embeds this group in Sel(¢), of
dimension 3. Hence r = 1 and 0 is onto. So the class is 9(Q) for some Q; if @ has finite
order, replace it by @ + 2Q" with @’ of infinite order. Then x(Q) ¢ {0,+¢}, so the first
coordinate of 9(Q) is the class of z(Q). O

Remark 6.3. In McCarthy’s notes [33] the 2-Selmer class has first coordinate of absolute
value = 7 (mod 8) and the criterion is the part of Tian—Yuan—Zhang’s second genus sum
with factors dyp = 7, dy = 3 (mod 8), which is Ls;, in [55, Table 2], whereas here the class is
(8,d) with =1, d=5 (mod 8) and the criterion is their first sum ¥.

6.1. The Selmer group as a linear system. Let £ = p; -- - p, be odd and squarefree. For

an odd prime p and a p-adic unit a, let [%] € Fy be 0 exactly when a is a square modulo p.
Put y; = [;—_1], 2 = []%], and a;; = [%] for i # j. Thus p; = 1,3,5,7 (mod 8) according as
(vi,2i) = (0,0),(1,1),(0,1),(1,0), and reciprocity reads a;; + a;; = y;y;. The Rédei matriz A
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has entries A;; = a;; for ¢ # j and A;; = Z#i a;j, so A1 = 0. We write D,, for the diagonal
matrix of a vector v. Any data (y, z, (a;j)) on a finite index set I with a;; + a;; = y;y; will
be called a configuration on I; apart from Lemma 6.4 and Proposition 6.7, everything below
is linear algebra over IFy valid for all configurations. For T C I put Yr = > 1 vi, Zr = > 7 2i,
and say that T" has type 1,5,3,7 when (Y7, Z7) = (0,0),(0,1),(1,1),(1,0), which for primes
is [I7 pi modulo 8. The j-th column sum of A is y;(Y7 + 1), so if Y7 =0,

A+AT =y +D,, A1=0, A'1=y. (6.1)
Lemma 6.4. Let { =5 (mod 8). Then Sel(¢) consists of the classes
(0 ITp, (=22 TP
for the solutions (g,u,w) € Fy x F5 x FY of the system
(S1) Au+ Dyw = ey, (S2) (A+ Dy)w + Du+ (2 - u)z = ey, (S3)y-w=1y-u.

Proof. We compute the local images, using |E¢(Qp)/2E,(Q,)| = 4[2], . At oo, the image is
generated by 9(0,0): the two coordinates have the same sign. At odd pt ¢ it is the group
of unramified classes. At p;, the classes 9(0,0) and 9(¢,0) have valuation vectors (0, 1)
and (1,0), so they span the image. At 2, since £/5 € Q2X2 we may take £ = 5; the classes
9(0,0) = (—1,-5), 9(5,0) = (5,2) and 9(—4,6) = (—1,—9) are independent, so they span
the image, of order 8. Writing a = 2Ya’ € Q) with @’ a unit, s(a) = [’ = 3 mod 4] and
t(a) = [’ = £3 mod 8], this image is {v(d1) = 0, v(da) = t(d1), s(d2) = s(d1)}.

A Selmer class is supported on —1,2,p1,...,p.. The real condition equates the signs, and
the condition at 2 gives no 2 in the first coordinate, the exponent z - u in the second, and
(S3). At p; the valuations (u;, w;) force the local class to be 9(0,0)":9(¢,0)", and comparing
unit parts of the two coordinates modulo squares gives row i of (S1) and of (S2). O

Let M be the 2r x 2r symmetric matrix on coordinates (U, W) € F§ x F§,

(A+AT AT (M b _(y+=z
= (U b we= G a) 0= (00)

For £ =5 (mod 8), M and Mj5 appear in [55, Table 2|, whose notation y, z, A, D,, we use,
and the next lemma is Monsky’s matrix description [20, pp. 366-367] in these coordinates.
Smith notes that M has corank one exactly when some bordered determinant of this shape
is nonzero [55, p. 3|; Lemma 6.6 proves the direction used here for the border b and the class

(8, d).

Lemma 6.5. For a configuration of type 5, the map E(u,w) = (u+w—+(14+y-u)l, u+1) is a
bijection from the solutions of (S1)—(S3) withe =0 and z-u = 1 onto ker M. The space of all
solutions of (S1)—(S3) has dimension 2+ corank M ; in particular dim Sel(¢) = 2+ corank M
for £ =5 (mod 8).

Proof. Put c=1+y-u,U=u+w+cl, W =u+ 1. Using (6.1), (S1) and (S2) with ¢ =0
and z-u =1,

AU + D, W = Au+ Aw+ D,u+ z = Dyw+ (Dyw + D,u+ z) + D,u + 2z = 0,
and, with ATw = y(y - w) + Dyw + Aw,
A+ ANYU+A"W=yly-w+c+1)=yy (u+w)) =0
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by (S3). Conversely, for (U, W) € ker M, summing the two block equations gives y-U =0
and z- W =0;thenu=W + 1, w=U+u+ (1+y-W)1 solves (S1)~(S3) with z-u =1,
and the two maps are inverse. The solutions with ¢ = 0 have index two, since (1,0,1),
the class 9(0,0), has e = 1. The condition z - u = 1 cuts out the nontrivial coset of an
index-two subgroup, since (0, 1,0), the class 9(¢,0), has z-1 = 1. So the number of solutions
is 4| ker M. O

Lemma 6.6. Let { =5 (mod 8), f| £ with § =1 (mod 8) and prime set B, and d | ¢ with
d =5 (mod 8) and indicator vector w. If (8,d) € Sel({), then k = (1 + w,1p) € ker M
and b -k = 1. If moreover dim Sel(¢) = 3, then det M5 = 1.

Proof. The class is the solution (0,1p,w); adding (0,1,0) gives u = 1p+ 1 with z-u =1
and y-u=0,and Eofitisk. Thenb-k=(y+2)-1p+(y+2)-w=1,asYp =25 =0,
y-w=y-1p=0Dby (S3), and z-w = 1. If corank M = 1 then ker M = (k); if Mz +tb=0
and b-x =0, then 0 = k" (Mx +tb) =t,s0 x € (k) and bz = 0 force z = 0. O

6.2. The genus sum as a determinant. Smith [55, Theorem 2.2, Table 2| proves that
the sums of Tian, Yuan and Zhang are determinants of such matrices. We prove the case
we need following his recursion, so that this section depends only on Rédei’s theorem; the
spanning forests of Lemma 6.9 and the parity lemma, Lemma 6.11, replace his induction on
monomials.

For T C I let Ap be the Rédei matrix of the restricted configuration, and

G(T) = det(Ap with one column replaced by z7),

which does not depend on the column because Ar1 = 0. Put

L)y =) I 6@, =)= ] &1,
T T'erw n! T'en!
where 7 runs over the partitions of T into blocks of type 1 (L(#) = 1), and 7" over the
partitions of I with exactly one block of type 5 and all others of type 1.

Proposition 6.7. Let d > 1 be squarefree with d = 1 (mod 4) and prime set T. Then
g(d) is odd if and only if G(T) = 1. Consequently, for ¢ =5 (mod 8) with prime set I,
¥1(0) =321(1) (mod 2).

Proof. This is Rédei’s criterion [46]; here is the form we need. Let k = Q(v/—d) with
conjugation 7; its discriminant is —4d. The number g(d) is odd if and only if Cl(k)[2] N
2Cl(k) = 1. Since 7 acts on Cl(k) by inversion, Cl(k)[2] is the group of 7-invariant classes.
If a” = aa then N(a) =1, so a = 6/07 by Hilbert’s Theorem 90, and aé is a 7-stable ideal
in the class of a. So Cl(k)[2] consists of the classes of the ideals a,,, products of ramified
primes of norm m | 2d, and, since k has only the units +1, such an ideal is principal only
for m € {1,d}.

A class [a] is a square if and only if Na is the norm of an element of k: if a = b%(y)
then b? = (Nb)b/b” gives Na = N(yNb); conversely if Na = N(a), then aa~! has norm
(1), so it equals ¢/c¢” = ¢2/(N¢). By Hasse-Minkowski [49, Ch. TV, §3.2], m > 0 is a norm
if and only if (m,—d), = 1 at every place. This is automatic at co and at odd p 1 d, and
at 2 it follows from the others by the product formula [49, Ch. III, §2.1]. At p; € T, with
m = 2¢ [Ljer p;?j, the formula for the Hilbert symbol [49, Ch. III, §1.2, Theorem 1] gives,
additively, (Apz); + €'z;.

So m > [a,,] identifies C1(k)[2] N 2 Cl(k) with ker[Ar | z7]/((1,0)). This is trivial if and
only if [Ar | zr| has rank |T'|, which, as A71 =0, is G(T") = 1. For the consequence: every
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d; in 31(¢) is = 1 (mod 4), and a factorization is a partition of I with one block of type
D. O

Lemma 6.8. For a symmetric matric N over Fo, det N =}, HL(x):x Nyo H{%x,} Ny, the
sum over the involutions v of the index set and the second product over the 2-cycles of t.

Proof. In the permutation expansion pair each ¢ with ¢! when ¢? # 1; the two products
agree by symmetry. O

The next lemma is the case of Fy of the all-minors matrix-tree theorem of Chaiken [4].

Lemma 6.9. Let A be the Rédei matriz of a configuration on I, and R, P C I with |R| = |P|.
Then det A[I\ R, I\ P] (rows I\ R, columns I\ P) is the sum, weighted by [];¢ g aip(), over
the maps ¢ : I\ R — I with ¢(i) # i whose functional graph is a forest with root set R in
which each tree contains exactly one element of P.

Proof. Expand over bijections ¢ : I \ R — I \ P, and expand each diagonal entry A;; =
> ;i @ij- The terms correspond to pairs (¢, Z) with Z = {i : ¢(i) # i}, ¢ = ¢ on Z, for
which ¢z (equal to ¢ on Z and the identity off Z) is a bijection onto I \ P. Fix ¢. If ¢ has
a cycle, a valid Z contains all of it or none of it; adding or removing the cycle through the
least vertex lying on a cycle is then an involution on the valid Z without fixed points, so
these terms cancel in pairs. If ¢ is a forest with root set R, then ¢z maps each tree T into
itself, so it maps 7" minus its root bijectively onto T'\ P, which forces |T'N P| = 1; and if
T N P = {p}, the only valid choice of Z NT is the path from p up to, but excluding, the
root. U

Two consequences. Expanding along the replaced column, G(T") = Yo7 zkck(T"), where
ck(T) is the weighted number of spanning trees of T' oriented to the root k. And if
Y7 = 1, then also 1T A7 = 0, so all cofactors of Ap are equal, cx(T) = ¢(T) for all k, and
G(T') = ¢(T') Zr; in particular G(T') = 0 for T of type 7.

Lemma 6.10. Let I be a configuration and 1 € I. Let MUY denote M with the row and
column of Uy deleted. Let E(V') be the sum, over partitions of V into blocks of type 3, of
[I1G(T). Then:
(1) det M(I) =E(I) if YT =0, and det M(I) =0 if Y7 = 1. In particular det M (I) =0 if
I has type 5.
(2) If Y1 = Z; =0, then det MW(I) = Y cper 1 of type 1 G(T) det M(I\T).
(3) If I has type 5, then det M5(I) = X>rcr, 1 of type 5 G(T) det M(I\T).

Proof. The entries of M are My,u, = viy; (i # j), My,u; = 0, My,w,; = Aji, Mw,w; = 0
(1 #7), Mw,w, = z. In Lemma 6.8, an involution pairs each U; with some U; or W, and
fixes or pairs each W;. Let P be the set of 7 with U; paired to a U, and R the set of j with
W; fixed. The U-W pairs form a bijection I \ R — I \ P contributing det A[I \ R, I\ P],
and the perfect matchings of P are odd in number, each of weight [[py;. So

det M= > yPzRdetA[I\ R, I\ Pl
|P|=|R| even
Similarly det M(U1) = > 1eP, |P|=|R| odd yP\ 2R det A]. . .], and, the border vertex pairing with
some Uj, i € P, with weight b; = y; + 2, det M5 = 35 p_|r| oda (Zicp biyP\) 2R det AL ...
By Lemma 6.9, each is a sum over spanning forests in which every tree carries the weight
Zroot || @e and one marked vertex. Summing over the marks, an ordinary tree contributes
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Y7, the tree marked by the border contributes Y7 + Z7, and the tree containing 1 in M (1)

contributes 1; the number of trees is even for M and odd for the other two. Group the forests
by their vertex partitions and use the two consequences above. In (1) every tree has Yy =1,
hence type 3, and the number of trees is = Y7. In (2) and (3) the other trees have type 3
and are even in number, so the special tree has Yr =Y; =0, and E(/\T) =det M(I \ T)
by (1). In (2), T of type 5 would leave I \ T of type 5, where E = 0. In (3) the weight
Yr + Zp = Zp forces type 5. O

Lemma 6.11. IfY; = Z; = 0, then corank M (I) is even, and det MU (I) = det M(I) for
every t.

Proof. Let N = M(I) and let § = (0, z) be its diagonal. With ¢ = (1,1), (6.1) gives Nc = 0.
For the form b(z,2') = " N2’ we have b(z,z) = § - = b(c,z) and b(c,c) = Z; = 0.
If § = 0 then b is alternating and has even rank. Otherwise H = {x : b(c,z) = 0} is a
hyperplane containing ¢ and ker N, b is alternating on H, and its radical there is ker N + (c);
so dimker N is even. Now det N®) = adj(N),,. If corank N > 2 the adjugate vanishes. If
N is invertible then diag(N~1') = N716 = ¢, so adj(N)y,p, = 1 = det N. O
Theorem 6.12 (Smith). If T' has type 1 then det M(T) = L(T"). If I has type 5 then
det M5(1) = X1(I). Hence X1(¢) = det M5(¢) (mod 2) for £ =5 (mod 8).

Proof. For type 1 use induction on |T'|: by Lemmas 6.11 and 6.10(2), det M(T) =
det MU(T) = Yy v G(T')L(T \ T') = L(T), sorting partitions by the block containing 1.
The second assertion is Lemma 6.10(3) with the first; the last is Proposition 6.7. O

6.3. The construction. By Lemmas 6.5 and 6.6 and Theorem 6.12, Theorem 6.1 asks for
e such that on both supports the class (3, d) satisfies (S1)-(S3) and corank M = 1. The
primes of IT in Lemma 6.14 and the free bits of Lemma 6.16 adapt devices in [14, §5] and
[37, Lemma 3.6].

Lemma 6.13. Let N be symmetric over Fo with Nk =0 and k. = 1. Then corank N =1
if and only if N© (row and column ¢ deleted) is invertible.

Conversely, if N(©z’ = 0, extend 2’ by z. = 0; then (Nz); = 0 for i # ¢, and (Nz),

Proof. If N9 is invertible and Nz = 0, then z — 2.k € ker N vanishes at ¢, so = € (k).
Yizcki(Nx); =0 as ETN =0. So z € (k) with 2. = 0, that is, z = 0. O

For 8 prime the set Il below is empty and the next lemma is trivial; the formula uses
only primes.
Lemma 6.14. Let a configuration on I = BUIIU R satisfy Yp = Zp =0, |[II| = |B| — 1,

and for m € II: ypr = 2z = 0; apr = azp = Chpr for b € B, where the columns of C form a
basis of the even-weight vectors in F8; and ary = azx = 0 for every other x. Let I' be the

configuration on {B} U R with Yyp=23=0a,5=a5, == > veB Gz for © € R, and the
same data on R. Then det M(I)(®) = det M(I')®) for every coordinate ¢ of R.
Proof. Use the basis consisting of L = (15,0), L' = (0,1p), the vectors (h,0), (0,h) for h in
a basis of a complement H of (1g) in FZ, and the coordinate vectors of IT and of R. The row
of Ur in M is ), Cyreyw, and that of Wi is >, Cyrey,. So II pairs only with the H-part,
through C' |y, which is invertible because ker CT = (1g). The Gram matrix has the shape
Gin Gz 0
Ga1 Gaa Y

0 YT 0
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with Y invertible, so its determinant is det(Y)? det G11, also after deleting a coordinate of R.
Finally G11 is M(I/): b(L, L) = YBg + YB = 0, b(L/, L/) = ZB = 0, b(L, L/) = Zb’bleB Ab’b =
> wecr Sz b(L,Uy) =y, Yp =0, b(L, Wy) = 3> aap = Sz, b(L',Uy) = &5, b(L', W) = 0, and
the diagonal entry A, for x € R receives ¢, from B and 0 from II. O

Lemma 6.15. Let I' = {,6’,1”1,7“2,7’3,7“4} with (y,z) = (0,0) at B, (1,1) at r1,re,73, and
(1,0) at r4; aryr; =0 fori < j, so ap;y, = 1; and ag, = a,5 = 0,0,1,1 forr =ry,...,ry4.
Then the solutions of (S1)—(S3) on I’ are u = (ug,a,a,a,a), w = (¢,¢,e,e+ug+a,e+ug+a)
with €,up,a € Fy. So corank M(I') =1, and (u,w) = (eB,er3 +e,,) is a solution.

Proof. The Rédei matrix has rows (0,0,0,1,1), (0,0,0,0,0), (0,1,1,0,0), (1,1,1,1,0),
(1,1,1,1,0) in the order B, r1,...,74. Number the coordinates 0,...,4 in this order. Row
by row, (S1) gives ug = uq, w1 = €, we = € + uj + Uz, W3 = wy = € + ug + U1 + ug + us; (S2)
gives w3 = wy, ug = uz, U1 = uz, wo = €; and (S3) then holds. The count and Lemma 6.5
give the corank. O

Lemma 6.16. Let Iy be a configuration of type 5, qo € Iy, and J a set of new indices
with Yy = Zj = 0 such that 3y azj = 3 jcyaje =0 for every x € I \ {qo}. Let the bits
tj = ajq (j € J) be free, all other data fived. Let ¢ be a coordinate of Io \ {qo}. If M(Io)(
is invertible, then M(Io U J)(©) is invertible for some t € Fy.

Proof. Changing t; changes ajq, and ay,;, so it adds bjbjT to A with b; = e4, + e;, and adds
the corresponding off-diagonal block to M. Let T be the change of basis e, — e, + 1
on both blocks. Then TTb; = ej, soin M’ =TT M (I U J)T the bit ¢; enters only the two
entries (U, W;) and (W}, U;), additively. With f = e, +1, the entries of M’ between f and
the coordinates of I are those of M (ly) plus the sums Y ;y, Y72, > 5 Gzj, 2 Qjz, Which
vanish by hypothesis; the diagonal entry at f equals Ay q,(Lo), up to y4 Yy = 0; and the
other entries on Iy are unchanged. So M’ restricted to Iy is M (Iy). By Lemma 6.8, det M’ ()
is, as a function on F§, multilinear in ¢, and the coefficient of [1;¢; is det M(Ip)© =1. A
nonzero multilinear polynomial over Fo has a nonzero value. Since T fixes the hyperplane

ze =0, det M'(©) = det M (1o U J)©. O

Proof of Theorem 6.1. Let B be the set of primes of 8 and by the least; let J be the primes
of 0; and let Cp; = [b € {b1,bi11}] for 1 <i < |B|—1, ¢y = 3; Chy, 2 = [3]. For t € FJ,
chosen below, we ask for primes, in this order, all different from the primes of 36:
o m,...,mMp-1 = 1 (mod 8) with [§] = Cy; (b€ B), [F] =0(¢€J), [7:] =0
(h <i);
e ri,r2,r3 = 3 and r4 = 7 (mod 8) with [§] = X, (b), where X, (b) = ¢ + 2,
Xpy(b) = 0, Xpg(b) = [b=b1], Xpy (b) = 2+ [b= D15 [£] = 0; [2] =0 fori <j;
[g] =0 for r € {rg,r3,r4} and ¢ € J; and [%1] =ty for g e J.
Each condition is a residue class modulo 8 together with prescribed quadratic characters
modulo earlier primes, so the Chinese remainder theorem and Dirichlet’s theorem give such
primes. Put e = fBmy - mp_1r1rorsrs and d = r3ry = 5 (mod 8). These conditions fix
every symbol between primes of ef), so the configuration of ef is determined by t € Fy; we
choose t below from the configuration alone, and then choose the primes.
The sets B, J and each {m;} have type 1, and {ry,...,r4} has type 5, so e = e =5
(mod 8).
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The class. It ise =0, u = 1, w = e,, +e,,, with z-u = Zp = 0. By reciprocity
Zb[g] =Y X-(b) =0,0,1,1 for r =r1,...,74. Row z of (S1) reads (A1), +y,w, = 0: for
x € B, (Alp)y = X y¢p|2] = cat(cat2:)+0+[z = bi]+ (22 +[z = b1]) = 0, plus [2] =0on
the support of ef; for x = m; it is a column sum of C; for x = r it is [g} =0,0,1,1 = y,w,;
for v € J it is [g] = 0. Row z of (S2) reads (Aw); + yzwy + 2zz[x € B] = 0: for
z & {rs,rs}, (Aw), = [2], which is X,,(b) + X;,(b) = 2, at b € B and 0 elsewhere; for
x=r3, (Aw),, = [£] + [2] + (2] + 5[] =141+ 1+ 0=y, (on the support of ef

T3 T3
add Y, [L] =Y, = 0), and likewise at r4. Finally (S3) is yr, +yr, = 0 = Yp. None of
this involves £.

The dimension. Let k = (1p+w, 1p), in ker M on both supports for every ¢ by Lemma 6.6,
and let ¢ = U,,, where k. = 1. By Lemmas 6.5 and 6.13, on either support dim Sel = 3 if
and only if M (9 is invertible. For e: by Lemma 6.14 with R = {r1,...,74} and ¢, = 0,0,1,1,
det M(e)(©) = det M (I")(© for the configuration I’ of Lemma 6.15. There corank M (I') = 1,
and the solution (ey, e,; +e;,) gives, as in Lemma 6.6, the kernel vector (e;+ey, +er,, e5) of

M (I"), whose U,,-entry is 1; so det M (I')(®) = 1 by Lemma 6.13. For ef: apply Lemma 6.16
with Iy the support of e, gy = r1 and the same c. Its hypotheses hold: Y; = Z; = 0 as
0 =1 (mod 8); for b € B, Y- ,[%] = [%] = 0 and quJ[g] = [%] + Yy = 0; for 7; all
symbols with J vanish; for r € {ry, 73,74}, Zq[g] =0and ), [%] = yY; = 0. So some ¢
makes M (e6)(©) invertible.

The genus sum. By Lemma 6.6, det M5 = 1 on both supports, and by Theorem 6.12,
Y1 (e) and X (ef) are odd. O

7. HEIGHTS AT SIX CONTACTS

Theorem 1.3 is [14, Theorem 4.1] in existence form, in the contact and odd-support
framework of [37, §4]. The geometry of the family, the two-dimensional representations and
the conductor bound follow the proof of Glazer and collaborators. Bounding a Faltings
height through J;(V), Serre’s conjecture, isogeny estimates and Javanpeykar’s bound is
von Kénel’s method for abelian schemes of GLa-type [58, Theorem A and §1.2], and Pasten
bounds the height of elliptic curves through Shimura curves [40]. For the fibers without
complex multiplication the bound on the Faltings height also follows from a preprint of von
Kénel and Kret [59, Proposition 7.13], as explained in Remark 7.5. Throughout, u is the
variable ¢ of Theorem 1.3, hp is the stable Faltings height, and Gg = Gal(Q/Q). Constants
written C'(S) depend only on S and may change from line to line.

7.1. A family over a Shimura curve. Let B = (2, -3)g, with basis 1,i,j, ij, iZ = 2,
j? = —3; it is ramified exactly at 2 and 3. The ring O = Z[i, (1 +j)/2] is a maximal order, of
reduced discriminant 6, and t = 2j +ij € O has t? = —6.

A false elliptic curve over a Z[1/6]-scheme is an abelian surface A with an embedding
O < End(A); it carries a unique principal polarization whose Rosati involution is x ~ t~1Zt
3, §1]. Let Vi(5) C (O ® Z)* be the preimage of the matrices (2?) modulo 5. By [3,
Theorem 2.1, Lemma 2.2, Corollary 2.3, Proposition 2.4] the moduli problem of false elliptic
curves with level V;(5) has a fine moduli scheme whose generic fiber Y is a smooth projective
geometrically connected curve over Q, with a universal family A — Y and O acting on it.
Let X be the coarse curve of level one, and W = (Z/2)? the Atkin-Lehner group acting on
X over Q, sending (A,1i) to (A/A[a],d) for a two-sided ideal a of O. Put X* = X/W.
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Over C, Y =T'y\$ and X = O'\§, with Ty C O torsion-free [3, Lemma 2.2]. The curve
X* is the quotient of ) by the triangle group of signature (2,4,6) [11, §3.1, (32)], so it has
genus 0 and three branch points, of indices 2,4, 6. Each is rational, being the only one of its
index; so X* = P(l@, and we choose the coordinate j on it with values 0,00, —16/27 at the
points of indices 4, 6, 2.

Let mj : Y — PJ-1 be the composite. As 'y acts freely, every point of Y above a branch
point of index e has ramification index exactly e, and 7; is unramified elsewhere. Two
points of Y with the same image in X* have geometrically isogenous fibers, by an isogeny
compatible with B up to an automorphism of B. The moduli map from Y to the moduli
space of principally polarized abelian surfaces is nonconstant.

The map 7 is now pulled back along a map A : P. — PJ-1 that has index 2, 6, 2 at
every point above 0, oo, —16/27: this removes the ramification above oo and —16/27 and
leaves index 2 above 0. For A we take the quotient of P} by the dihedral group of order 12
generated by u — —60(u+60)/(7u+ 240), of order 6, and the involution u — —12u/(u+ 12).
Its orbits with fewer than twelve points are the orbit of 0 (the set C of six rational points),
the two fixed points of the first map, and one more orbit of six points; the coordinate on the
quotient is chosen so that they lie above 0, co and —16/27. Explicitly, let

(u) = u(u+ 15)(u + 20) (u + 24)(u + 30)(u + 60),
A(u) = Tu? + 300u + 3600,
U(u) = (u? — 60u — 1800)(13u” + 480u + 3600)(11u” + 600u + 7200),

and A\ = —57600112/A%. An exact computation shows A8 —9720011? = U2 and that II, A, ¥
are squarefree and pairwise coprime. So \ has degree 12, A + 16/27 = 16¥?2/(27AS), and
A has index 2 at the six zeros of II above 0, index 6 at the two zeros of A above oo, and
index 2 at the six zeros of U above —16/27. By Riemann-Hurwitz (22 = 6 4+ 10 + 6) it is
unramified elsewhere. Also A(co) = —57600/7% differs from 0 and —16/27. The zeros of 11
are C.

Let Y’ be the normalization of Y xp1 PL, a smooth projective curve over Q, possibly
J

geometrically disconnected, and 7 : Y’ — PL the projection, with A pulled back.
Lemma 7.1. The map 7 is ramified exactly at the points above C, with index 2.

Proof. By Abhyankar’s lemma, the index of 7 at a point is e/ ged(e, a), with e, a the indices
of mj and of A. It equals 4/2 = 2 above C, and 6/6 = 1 and 2/2 = 1 above the zeros of A
and U. g

Every fiber of A has B in its endomorphism algebra, and fibers above the same point of
Pl are geometrically isogenous.

Let D be the degree bound of Lemma 7.2; it depends only on deg . Choose a finite set
Sy of primes containing 2,3,5 and all primes up to D, such that over Z[1/Sp]: Y’ has a
smooth proper model, A extends to an abelian scheme, 7 extends to a finite map, the six
sections u = ¢ (c € C) and the section u = oo are pairwise disjoint, 7 is étale away from the

six sections, and 7*(¢) = 2D, with D, étale.

7.2. Fibers and their fields. Let S O Sy, u € Q\C, M = Mg(u), T=SU{p:p| M}, ¢
a point of Y/ above u, and A = A,/. Let K be the splitting field of the fiber 77 1(u), let Res
be the restriction of scalars of A from K to QQ, and let L be K together with the field cut
out by the action of Gg on the lattice End(Resg).
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Lemma 7.2. (a) The field K is normal over Q, of degree at most (degm)!, and unramified
outside T', and A has good reduction at every place of K not above S.

(b) The field L is normal over Q, of degree at most D with D depending only on degm,
and unramified outside T'; every conjugate of A is geometrically isogenous to A, and
all homomorphisms between conjugates of A are defined over L.

Proof. (a) At p ¢ T: if u meets a section ¢ at p, then v,(u — ¢) = 2k is even, and near D,
we have 7*(u — ¢) = z%w with z a local equation of D, and w a unit, so a point above u has
z = pPy with y?w = (u — ¢)/p**, a p-adic unit; as p is odd, y lies in an unramified extension
by Hensel’s lemma, and so does the point; otherwise the fiber is étale at p, including when
vp(u) < 0, since oo is off the six sections. By properness, A has good reduction at every
place of K not above S.

(b) Every Galois conjugate of A is a fiber above u, so it is geometrically isogenous to A.
The group Gg acts on the lattice End(ReS@) through a finite group whose order is bounded
in terms of the rank of the lattice, and inertia at p ¢ T acts trivially on the Tate module of
Res for ¢ # p. O

The first homology of a fiber is free of rank one over B, and the complex structure is right
multiplication by an element J € B ® R with J? = —1. So the centralizer of B in EndO(A@)
consists of the right multiplications by elements of B commuting with J, which is Q or an

imaginary quadratic field k. Thus
End’(A4g) =B or End’(Ag) = B@k = My(k).

Proposition 7.3. If EndO(A@) = Ms(k), then hp(A) is bounded in terms of D. If
EndO(A@) = B, then hp(A) < C(S)M*.

Proof in the case M (k). Matrix units give an elliptic curve Ey/L with complex multiplica-
tion by an order of discriminant Ag, and an L-isogeny E2 — A. The class number of A is
[Q(j(Ep)) : Q] < D. By Heilbronn [21] and the formula h(f2do) > h(do)e(f)/3 there are
finitely many such Ay, so finitely many Ey over Q, and hr(FEp) is bounded in terms of D.
By [13, Theorem 1.4] over L there is an isogeny E2 — A of degree bounded in terms of D,
so hp(A) is bounded in terms of D by the variation of the Faltings height under isogeny [12,
Lemma 5]. O

7.3. The two-dimensional representations. Suppose EndO(A@) = B. We follow Ribet’s
descent for elliptic curves isogenous to their conjugates [47, §6], and make explicit Tate’s
vanishing of H?(Gg, Q") for the trivial action [47, (6.3)], to bound the conductor of the
splitting character. For each ¢ € Gal(L/Q) choose an isogeny p. : A — A over L commuting
with B, by composing an isogeny from the previous subsection with an element of B* (Skolem-—
Noether), with g1 = 1. Then ¢(s,7) = ¢ *pir pZ* lies in End’(A) and commutes with B, so
it is in Q*. Put b, = (deg uc)~'/* > 0. Taking degrees shows that e(s,7) = c(s, 7)bcbr /ber
is £1, a 2-cocycle inflated from Gal(L/Q).

The class of € lies in Br(Q)[2], and its invariant at p ¢ T vanishes, because it is inflated
from the unramified quotient, of cohomological dimension one. For a Dirichlet character
X let oy € Br(Q)[2] be the image under the connecting map of 1 — £1 — oy — fm — 1.
A character of Q) is a square if and only if it is trivial on £1, so dx has invariant % at v
exactly when x,(—1) = —1. Choose x with x,(—1) = —1 exactly at the finite primes p
where [€] is nonzero, using a character modulo p at odd p and modulo 4 at p = 2. Then
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Xoo(—1) is also correct, by the product formula, and dx = [¢] by the local-global principle for
Br(Q) [35, Theorem (8.1.17)]. The order m of x divides 2] ,cp ,20(p — 1), so m < C(S)M.

Hence there is a continuous 7 : Gg — pam with n? = x and 7(s)n(7)/n(s7) = €(s, 7). At
p ¢ T, n|r, is a quadratic character. Multiplying 1 by the quadratic Dirichlet character that
removes these finitely many ramifications (at odd p, the group I, has a unique nontrivial
quadratic character, and 2 € T'), we may assume 7|, = 1 for p ¢ T. On G, the map n
is a homomorphism, normalized by Gg. Let L’ be its kernel field. Then L'/Q is normal,
[L':Q] < C(S)M, and L'/Q is unramified outside 7.

Fix a prime ¢ and an embedding Q < Q,. On V,(4) ® Q, put

pe(s) = ()b g o 6.

The cocycle relation makes this a representation of Gg. It commutes with B ®Qp = My (Qy),
S0 pp = 1y @ e with dimry = 2, and on Gy it is the Tate action.

Proposition 7.4. Suppose EndO(A@) =B, and let n, L' and ry be as above, so that L'/Q
is normal, of degree at most C(S)M, and unramified outside T

(a) For every {, the restriction ry|q,, is irreducible.
(b) For every £, ry is odd: for a complex conjugation c, r¢(c) has eigenvalues 1, —1.

(c) For every prime p & T there is an algebraic number a, such that trre(Frob,) = a, for
every £ # p, under the chosen embedding.

(d) For £ ¢ T, the prime-to-€ Artin conductor of ry is divisible only by primes of T and is
at most C(S)M?, with C(S) independent of {.

Proof. Irreducibility. By Faltings [12, Satz 3 and Satz 4] the commutant of V;(A) on G/ is
B ® Q, = M3(Q,) and V;(A) is semisimple, so 7¢|G,, is irreducible.

Oddness. Fix a complex embedding of L’ and let ¢ be complex conjugation. Then py(c)
comes from an operator R on Hi(A(C),Q) of square 1, commuting with B, which is a
scalar multiple of the composite of an antiholomorphic map and a holomorphic isogeny. So
on Hi(A(C),C) the operator R exchanges the two Hodge summands. Each summand is
B-stable of dimension two, so each corresponds to a line in the two-dimensional space on
which R acts through . An involution exchanging two complementary lines has eigenvalues
1, —1.

Traces. Let p ¢ T, £ # p, and let ¢ be a Frobenius at a place of L' above p at which
A reduces to A. Then pu. o< acts on Vy(A) = V,(A) as the endomorphism fi. o Frob of A,
with Frob : A — A®) the p-power Frobenius onto the reduction of S4, so its trace is a
rational number independent of £. Hence a,, := %77(§)*1bg Tr(iicFrob) is an algebraic number
independent of ¢, with trry(Frob,) = a, under the chosen embedding.

Conductor. Let £ ¢ T. For p # £ let n,, be the exponent at p of the Artin conductor of ry.

o If p ¢ T then n, =0, since I, C G, and A has good reduction above p.

e Ifp| M,p¢.S, then A has good reduction above p, the ramification of L/Q at p is
tame because p > D, and 7 is tame at p because 1 = x is tame and p is odd. So
wild inertia acts trivially and n, < 2.

e Let p € S. Fix a prime £y ¢ S. Over F = L,(A[{y]), of degree over @, bounded in
terms of S, A has semistable reduction by Raynaud’s criterion [53, Theorem 3.5], so
the wild inertia of I acts trivially on V;(A). Since x|7, has conductor dividing p or 4,
the character 7 is tame on Iy at odd p and has order at most 4 on Iy at p = 2. So there
is a finite Galois extension F’ of Q)" of degree ¢/ bounded in terms of S, whose wild
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inertia acts trivially on r,. By the different formula, ;5o (|Gi| —1) < €' —1+€v,(€)
for the lower ramification groups G; of F', so the Swan conductor of r, is at most
4(1 4 wvp(e)) [50, Ch. 111, §6; Ch. IV, §1; Ch. VI, §2]. Hence n, < 6 + 4v,(€’), which
is bounded in terms of S.

Therefore the prime-to-¢ Artin conductor of 7y is at most C(S)M?, with C(S) independent
of ¢. O

7.4. Modularity at large primes.

Proof of Proposition 7.3 in the case B. Let L be the set of primes £ > 5 with £ ¢ T, ¢ 1
6 deg p for every ¢, and £ > £, the constant of the paragraph on irreducibility below. The
set L is infinite. It depends on the fiber, which is fixed.

The reduction. The ring O4 := End/(A) is an order of B containing O, which acts on
A, 30 04 =0, and Oy ® Zy = My(Zy) for £ € L, as £16. Let ey be an idempotent of rank
one, and Oy the ring of integers of a finite extension of QQ; containing the b, and the values
of n. Each pc is an isomorphism on 7y and b, is an f-adic unit, so py preserves Ty(A) ® Oy,
and A = e¢(Ty(A) ® Oy) is a lattice for ry. Let 7, be its reduction. On G it is egA[¢] with
coefficients extended.

Irreducibility. By Faltings and Zarhin, as stated in [1, Theorem 3.2] for the finitely
generated field L: there is ¢ such that for £ > ¢; the Fy[G/]-module A[¢] is semisimple
with endomorphism ring Endy/(A) @ Fy. Here this ring is Ma(FFy), so A[¢{] =W & W with W
simple of dimension two and End(W) = IF,. Hence W is absolutely irreducible, and 7¢|q , is
absolutely irreducible. Since ry(c) has eigenvalues 1, —1 and ¢ is odd, 7 is odd.

The weight. Let v | £ be the place of L' induced by the embedding, K, = L/ and R,
its ring of integers. As ¢ ¢ T, K, /Qy is unramified, so Iy C G/ and 7|7, is W/|;, with
coefficients extended; and A has good reduction at v, with O 4 acting on the Néron model N.
Thus F = e, N[{] is a finite flat R,-group scheme of order ¢? with generic fiber W. Let ¢, ¢’
be the two characters of tame inertia on the semisimplification of 7¢|c,, [51, §2.1]. By [45,
Corollaire 3.4.4], each is a product of distinct fundamental characters, so ¢, ¢ € {1, x¢, ¥, ¢'},
with 1,1’ the fundamental characters of level 2 and y, the cyclotomic character modulo /.
If one has level 2 then {¢,¢'} = {¥,¢'} [51, §2.1, Proposition 1]. The Weil pairing gives
det A[f] = x? on G/, and A[f] = W2, so (¢¢')? = X7 on inertia. Since ¢ > 5 this excludes
{1,1} and {xe, xe}, 50 {6, @'} s {6, 9/} or {1, xe}.

If {¢,¢'} = {4, ¢}, then 7|7, has type (2.8.1) of [51], and k(7¢) = 2 by [51, Proposition 3].
Suppose {¢, ¢’} = {1, x¢}. The two characters are distinct and Frobenius-invariant, so by
Clifford theory W\GK” is reducible, and the closure of a stable line gives an exact sequence
of finite flat R,-group schemes of order £. A finite flat prolongation over R, is unique, as the
absolute ramification is 1 < £ — 1 [45, Proposition 3.3.2], so the factor with trivial inertia
action is étale and the other is of multiplicative type. Over a finite étale extension R’ of
R, the sequence is 0 - Z/¢ - F — pug — 0or 0 — py — F — Z/¢ — 0. In the first case
the connected component splits the sequence, so wild inertia acts trivially. In the second
the class of the extension is a unit of R’ modulo ¢-th powers, so the wild extension is peu
ramifié in the sense of [51, §2.4]. Either way 7/|;, has type (2.8.2), and again k() = 2 [51,
Proposition 3|. The argument is that of the proof of [51, Proposition 4], given there over Z,.

The level. Let N(7p) be the prime-to-¢ Artin conductor of 7,. For p # ¢ its exponent
at p is at most that of the conductor of r,: the wild image is a finite p-group, on which
reduction is injective and semisimple, so the Swan conductors agree, and the invariants of
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inertia can only grow under reduction, since A’» is saturated. Hence, by Proposition 7 A(d),
N (7)) < C(S)M?, and N(7) is divisible only by primes of 7.

Serre’s conjecture. The representation 7, is continuous, absolutely irreducible, two-
dimensional and odd, so by [24, Theorem 9.1], whose lifting theorems are proved in [25] and
whose hypothesis (H) is proved in [26], it arises from a newform of some weight and level. If
that weight is one, multiplying by the Eisenstein series Fy_1, a lift of the Hasse invariant,
gives a form of weight ¢ with the same reduction, and the lifting lemma [7, Lemme 6.11]
gives an eigenform in characteristic zero. So 7y arises from a form of weight at least 2. By
the refinement of Edixhoven [10, Theorem 4.5] for the weight and Diamond [9, Theorems 1.1,
5.1] for the level, recorded in [61, Theorem 2.1] and in weight two in [6, Theorem 3.15], 7
arises from a newform g, of weight k(7y) = 2 and level N(7;) on I'1(N(7y)), with respect
to the chosen embedding. For 7, of dihedral projective image this is [24, Lemma 6.2(i)].
The normalization is that of [51, (3.1.7)—(3.1.9)]: arithmetic Frobenius has trace the Hecke
eigenvalue.

Finiteness. There are finitely many newforms of weight 2 and level at most C(S)M?, so
one newform f equals g, for infinitely many ¢ € £. Let Ny < C(S)M? be its level. For
p ¢ T and such ¢ # p, the reductions of a, and of the Hecke eigenvalue a,(f) at ¢ agree,
50 ap — ap(f) lies in a prime above ¢ for infinitely many ¢, whence a, = a,(f). This is the
argument of the proof of [24, Theorem 10.1], using only the traces outside T'.

The transfer. Let J = J1(Ny), of dimension g < NJ%. There is a quotient Ay of J over
Q on whose Tate module the representation ps, of f occurs, with arithmetic Frobenius of
trace a,(f) [6, Definition 1.44, Lemma 1.48, Theorem 3.1(a)]. So ps, is a constituent of
Vi(J). Fix ¢ € £ with g = f. By Chebotarev and Brauer—Nesbitt, r, = ps,. So V;(A) and
Vi(J) have a common constituent over L', and by Faltings [12, Satz 3 and Satz 4] there is a
nonzero L'-homomorphism A — J. As A is absolutely simple, Poincaré reducibility gives an
L’-isogeny A x Z — J with Z/L' an abelian variety.

The height. The curve X(Ny) has a Belyi map of degree at most N]%, so [23, Theorem 1.1.1]
gives hp(J) <13-109g Nj° <13-10° Nj* < C(S)M**. By [13, Theorem 1.4] over L there
is an isogeny J — A x Z of degree at most

ks = ((14g)*¢ (L' : Q) max(hp(J), log[L' : Q], 1)?)
With the variation under isogeny [12, Lemma 5|, additivity, and Bost’s lower bound hp(Z) >
—2dim Z [13, §9],

1024g3

hr(A) < hp(J) + 3logky + 3 dim Z < C(S)M*,
because g <g M*, [L' : Q] <g M, and so log k; <g M?"log(2M). g

Remark 7.5. The bound of Proposition 7.3 in the case B also follows from [59, Propo-
sition 7.13], applied to A over the ring of S-integers of L, with ¢ = 2, Q(i) C B as its
quadratic field and the isogenies pc: since L/Q is normal of degree at most D and unramified
outside 7', and all homomorphisms between conjugates of A are defined over L, it gives

hi(4) < (8D)**P (M [Tesp)™"
7.5. From the Faltings height to the height of the base point. There is a constant

C’ with h(u) < C'(1+max(0, hp(Ay))) for every u € Q\C and y' € Y'(Q) above u. Indeed,
over a finite cover Y of Y’ choose a symmetric theta structure of level r2 = 4 (r = 2 in
Pazuki’s notation) on each component, giving the map ¥ : Y” — P'® of theta constants. It
is nonconstant on each component, since the moduli map is nonconstant and theta constants

determine the principally polarized surface up to finite ambiguity [41, §2.3.3]. So 9*O(1)
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is ample, and h(7"(z)) < a h(9(z)) + O(1) for the composite 7 : Y — Pl by the height
machine on a curve. On a nonempty open subset, h(9(z)) agrees up to a bounded term with
the theta height hg of the fiber [41, Definition 2.6]; on the finite complement h o 7" takes
finitely many values. Finally [41, Corollary 1.3(2)] bounds max(hg, 1) by a constant times
max(hp,1).

Proof of Theorem 1.5. Let S O Sp, u € Q\ C, and A a fiber above u. By Proposition 7.3,
hr(A) is bounded in terms of D or hp(A) < C(S)Mg(u)**. The last subsection gives
h(u) < H(S)Mg(u)?*. O

8. THE PRIME PATTERN

Theorem 1.4 is [14, Proposition 6.2] on the eighteen forms the formula uses, with ¢ = 1
(mod 8) from its proof; their curve y? = 3 — (75 — 53v/2)%z is isomorphic to E over F,
since 75 — 53v/2 = co(1 — v/2)*. The strategy is OpenAl’s, on thirteen linear forms [37, §6]:
the congruences p =1 (mod 8), p =3 (mod 7) giving the orders p + 1 F 2a for p = a? + b?
[37, §6.1], and the comparison at a fixed cutoff L of a lower bound with a sieve bound for
common factors above L [37, §§6.3—6.7]. Sun runs the same comparison on the quadratic
patterns u +c;w? [56, §§4 and 6.1]. An odd prime dividing both orders divides p+1, and the
congruences imposed below exclude p = —1 modulo the odd primes up to L; so a common
odd factor exceeds L, and the patterns with one are the bad ones. Here the lower bound
loses (log L)3% and the bad patterns save L, so for a large fixed L some pattern is not bad.
Let Ps =[], <31 p and W = 4PFs; let G be the set of the first eighteen primes above 31 in
each unit residue class modulo W (Dirichlet’s theorem), and

K={mg: m|P} m>0, geg}

Fix A € Z and By € R. Constants with subscript A may depend on A and on the choices
made below before the parameter L, but not on L, X, or a varying prime.

8.1. The forms and the fixed progression. Write T' = (u1, u2,v) and let A, (1 < v < 18)
be the forms u; — cv, ug — cv, —u; —uz + (A — ¢)v for ¢ € C, so that the third is ug — cv
when ug = Av —u; — us. Each has a coefficient 1. Two forms from the same family have a
2 x 2 minor equal to a difference of contacts, and two from different families have a minor
+1 in the first two coordinates. So every pair is linearly independent over Q and over [, for
every prime ¢ > 5, and the relevant minors do not involve A.

Remark 8.1. Three slopes are what makes K independent of A. With two slopes u; /v and
(Av — uq) /v, the forms u; — cv and —u; + (A — ¢)v have only the minor A — ¢ — ¢/, which
vanishes modulo a given prime for some A, and the choice of g, below then fails.

Fix a bounded open box © C R? whose closure avoids the eighteen zero planes and lies in
{v > 0}, and signs &, with £,A, > 0 on Q. There are 0 < ay < /4 with asX <e,A,(T) <
oy X for T € XQ.

At each prime ¢ < 31, the proportion of T' modulo ¢° with A, (T) =0 (mod ¢°) for some
v is at most 18/¢®> < 1. Choose a residue outside this set and lift it modulo ¢5. On this
residue each A, has a fixed valuation e, 4 < 4; put m, = [T4<31 ¢®. The unit ey, /my is
then fixed modulo 8 and modulo each odd g < 31. Choose g, € G, pairwise distinct, such
that ,A,/(mygy) is = 1 (mod 8), = 3 (mod 7), and = 1 (mod g) for the other ¢ < 31;
there are at most eighteen demands in any class. Put x, = m,g, € K.

At g = g, impose A, (T) =0 (mod g). This plane has g? points. For j # v the restriction
of A, is nonconstant, so excluding A, = 0 and e,A, = —k, removes at most 34g < g? points,
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as g > 37. Choose a remaining point. Among its lifts modulo g2, the residue £,A,/(m,g)
modulo g takes every value; choose one different from 0 and —1.

The Chinese remainder theorem gives a residue 79 modulo Wy = [[,<3; ¢TIl, 92 On
ro + WoZ? the functions ¥, = ¢,A, /K, are integer-valued; at every prime dividing W)
they are nonzero, and at every odd such prime they differ from —1. In the coordinates
on this progression every variable coefficient is divisible by every prime dividing Wy. Put
Q. = max(31, max G). Every value p of ¥,, on the progression has p =1 (mod 8) and p =3
(mod 7).

8.2. The lower bound. Take L > max(Q., By, 3). At each prime ¢ < L with ¢ { Wy,

exclude the 36 planes A, = 0 and ¢,A, = —k,; such ¢ are at least 37. Let W =
Woll,<r, awo & and let R, be the resulting set of residues modulo Wy, reducing to rg. Then
IRL| _
W 2 wo T (1 - 7) >ca(logL) ™6, ¢4 >0, (8.1)
q<L
aWo

by log(1 — 36/q) = —36/q + O(q~2) and Mertens’ second theorem [34].

Fix L. For r € Ry apply [18, Main Theorem] to the forms n +— e,A,(r + Wrn)/k,
on the convex set {n : r+ Wrn € XQ}. These are integral affine forms with pairwise
independent linear parts. Taking singleton classes in [18, Definition 1.5] gives complexity at
most 16, and the inputs GI(16) and MN(16) of that theorem are [16, Theorem 1.3], with its
erratum [17], and [15, Theorem 1.1]. Coefficients and moduli are fixed before X — oo. The
Archimedean factor is vol(€2) X3 /W3. At a prime ¢ | W, the local factor is (1 —1/¢)~% > 1.
At g { Wr, the substitution n — r + Wrn is a bijection modulo ¢, so the local factor is
By = (1—1/q)7¥P(A, # 0 for all v), and this probability is at least 1 — 18/q. For ¢ > 37
and x = 1/q,

16222

1—-18z —

So the singular product is at least a positive absolute constant. There are finitely many
r, so one threshold on X makes each error at most half its main term. Sum over r with
(8.1). Proper prime powers contribute O 4(X%/?(log X)'?): a value of one form is fixed in
04(X'/?1og X) ways, each with O4(X?) solutions, each of weight O4((log X)'8). Hence,
for X large in terms of A and L,

log B4 > log(1 — 18z) — 181log(1 — x) > 927 — > —324a°.

X3
(log L)36(log X)18”

#{T € XQNZ?: Tmod W, € R, ¥, (T) all prime} > ay as > 0.

(8.2)

8.3. A Selberg sieve. Let P be a set of primes ¢ > @, and for ¢ € P let Q, C FZ have
p(q) < 17q elements, p(g) > 0. Put 6(q) = p(q)/q°, 6*(q) = 6(q)/(1 = (q)), extended
multiplicatively to squarefree integers supported on P, and &(Z) = Y ;- 90*(d). Note
(1-6(q) ' <qas17/g<1-1/q. B
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Lemma 8.2. The number of integer points in an axis-parallel square of side N > 1 that
avoid Qq for allq € P, q < Z, is < N?/®(Z)+ NZ%+Z8, with an absolute implied constant.

Proof. For squarefree d supported on P, the Chinese remainder theorem gives

#{points in the square lying in Q, for all ¢ | d} = N?5(d) + Ry, |R4| < Nd + d>*.
For d < Z define Selberg’s weights
p(d) :
Ad = 0*(m),
SOl — @) , 2,
(m,d)=1

so A1 = 1 and |A\g| < d. Squaring > Ay majorizes the indicator of the sifted set. With
Yr = >pjaAad(d) and 1/6(m) = 3=,,,, 1/6"(r), one has

SoAAfS(le f1) = Do w6t (), g = u(r)8*(r)/®(2),
e,f r

and the sum equals &(Z)~!. There are at most Z2 pairs (e, f), each with [AcAs| < Z% and
[e, f] < Z2, which gives the remainder. O

To bound &(Z) from below, let z = Z'/190 and §(z) = [l,<: qep(1 +0%(q)). Give
each squarefree divisor d of [[ <, ,ep ¢ the probability 6*(d)/$H(z). The events q | d are
independent with probability 6(¢), so Elogd = 37d(q)logq < 173" . (logq)/q < 34log 2
for large z; here 3 -.(logq)/q = logz + O(1) by Mertens’ first theorem [34]. Markov’s
inequality gives P(d < Z) > 3, so

&(Z) > La(7'/10), (8.3)

We use two cases. If P consists of the primes ¢ > Q. with ¢ = 1 (mod 4), with at
most one prime omitted, and §(¢q) = 2/q — 1/¢?, then Mertens in the progression 1 mod 4
[60, Theorem 1] gives log$(z) = loglogz + Og, (1), uniformly in the omitted prime, so
B(Z) >q. log Z. If P is the set of all primes ¢ > Q. and 17/q—136/¢* < §(q) < 17/q, then
log H(z) = 17loglog z + Og, (1), independently of the sets O, so &(2) >¢, (log Z)'".

8.4. The two reduced curves. Let p be a prime value counted in (8.2), so p =1 (mod 8),
p = 3 (mod 7) and p is large. Then p splits in F, and (7/p) = (p/7) = —1. The two
reductions of c¢g have product 7, so they have opposite quadratic characters. The curves
E and E“ have good reduction at the place p | p, where they are the quadratic twists of
y? = 23 — 2 by these two classes. So their Frobenius traces are opposite.

As p=1 (mod 4), the automorphism (z,y) — (—z,iy) of the reduced curve E is defined
over Fp, so the Frobenius of E lies in Z[i] and is a + bi with a,b € Z. By [54, I11.8.6],

a? + b2 =p, di =p+1-2a, de =p+1+2a,

for the orders of the two reduced groups, and a # 0 since p is not a square. Both orders are
divisible by 4, and d; + d2 = 2(p+ 1) has 2-adic valuation 2, so the 2-part of ged(dy, da) is 4.
By Hasse’s bound [54, V.1.1], 0 < d; < 2p, and d; # p since 4 | d;; so p { didy. If an odd
prime ¢ divides both orders, it divides a and p + 1, and b? = —1 (mod £). The conditions
on the progression give p Z —1 (mod ¢) for every odd ¢ < L. So £ > L; call such a p bad.
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8.5. Counting bad values. Fix v. A bad prime value p of ¥, lies in [as X, o/y X], with £,
absorbed into the constants, and gives (a,b) in a square of side Oa(VX). If L < £ < X/8,
write a = (U and b = by + £V for one of the at most two roots by of b3 = —1 (mod ¢). The
pair (U, V) lies in a square of side N =4 VX /l. For ¢ > Q., ¢ = 1 (mod 4), ¢ # ¢, the
condition a? +b% = 0 (mod ¢) is a union of two lines of 2¢ — 1 points, and the substitution is
bijective modulo ¢. Since p > Z = X190 every pair avoids these points, so Lemma 8.2 and
the first case of (8.3) give <4 X/(£?1log X) pairs. Summing over ¢ gives O4(X/(Llog X)).
If £ > X1/8 then £ | a # 0 leaves O4(v/ X /{) values of a and O (v X/ + 1) values of b in
each class, and £ < 4 v X; summing gives O4(X"/8 + /X log X). Therefore, uniformly in L,

#{bad prime values of ¥, } <4 + X% 1 VX log X. (8.4)

Llog X
For a prime p in this range, with ¢, = €, x,p, consider the integer points of XQ2 on A, = ¢,,.
Solving for a coordinate with coefficient +1 parametrizes them by a square of side O 4(X),
also modulo every prime. For Q, < ¢ < Z = X/190 we have ¢p Z 0 (mod g), and each
of the other seventeen forms restricts to a nonconstant affine form. Their zero lines are
distinct: if two of them coincided, then A; — Ay = po(A, — ¢p) over F, with A # 0, and
comparing constant terms gives po = 0, contradicting independence. So the union has
between 17¢ — 136 and 17¢ points. Every pattern on this plane with all other ¥, prime
avoids it, so Lemma 8.2 and the second case of (8.3) give
2

#{patterns with v, = p} <A W,

(8.5)

uniformly in p and independent of L.

Proof of Theorem 1.4. Multiply (8.4) by (8.5) and sum over v: the patterns in (8.2) with
some bad value number at most
X3 X23/8 X5/2
bpA———=+0
AL(logX)18 + A((logX)17 + (log X)16>7
with b4 independent of L. Choose L so large that ba/L < as/(2(log L)3¢), and then X
large. A pattern survives. It gives integers uq, us, v with v > 0, and with ug = Av — u; — us

each of the eighteen numbers u; — cv is ek, p with p > By prime and x, € K, and p is not
bad. Since K was fixed before A, the theorem follows. O

APPENDIX A. COMPUTATIONS

One computation in the proofs is not done by hand: the identity A® — 9720011 = W2
of Section 7, with the squarefreeness and pairwise coprimality of II, A, W. It is exact, in
Python 3.12 with integer and rational arithmetic. The programs deposited at [22], with their
outputs, also recompute the elementary identities the text states: (1++/2)3 —c3(1++/2) =8
and the signs in the descent (Section 2); the system of Lemma 6.15; the discriminant of
O, from the form Trd(zy) on the basis 1,1, (14 j)/2, (i+1ij)/2, of determinant 36, and the
Hilbert symbols of (2, —3) (Section 7); and the 2 x 2 minors of the eighteen forms that do
not involve A, whose prime factors are 2,3,5 (Section 8).
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