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ABSTRACT. We axiomatise the DIC (Dimension Isolation Conjecture)
framework for the abc conjecture and prove three stratified groups of
results on Kodaira—Parshin arithmetic surface fibrations. (i) Uncondi-
tional geometric theorems. The adjunction identity Z-wx,p = -7z2,
the Riemann—Hurwitz intersection numbers, the invariants of the gen-
eral (go,r,b) construction, and a Deligne-Riemann-Roch decomposi-

tion of the arithmetic coefficient ¢ = 2”1&% + (Do —T)/w?. (ii) A
meta-theorem about the construction itself. Integrality of tor-
sion lengths forces the coefficient of Theorem A onto the discrete set
t =12/N with N =1 (mod 3) — at the literature point (g, A) = (5, 3);
when ¢ varies this is an arithmetic coincidence, not a structural bar-
rier (Remark 5.12); for general (go,r,b) the reciprocal 1/¢ lies on an
arithmetic progression of common difference A/(6r(go — 1)). For the
normalisation ¢ = 5 the coefficient required by full abc is unattainable;
an explicit local hyperelliptic model yields T' = 8k, ¢t = 12 as the unique
transverse output and restores the No-Go for every Kummer degree ¢
under a transversality (or Galois-transitivity) hypothesis. The second-
order torsion computation gives ni = ng, hence © = T'/k € 2Z, leaving
(27,12) as the sole lattice candidate, while a transitive Galois action fixes
© = 8 without transversality. A unified criterion E = 12(¢ — 1)/(¢N~)
parameterises the last lattice point: the landing equation has the unique
odd integral solution (N, ©, q,v) = (13, 12,27,8/9), requiring exact nor-
malisation v = 8/9; in the original ¢ = 5 construction no normalisa-
tion lands on the lattice. The height is the canonical-bundle height
on a fixed genus-2 curve: v = 2/5 follows from 12/y = 30 in §7.2
of the source and is confirmed by an explicit valuation computation;
since Theorem A fixes both the genus and the Kummer degree, the
lattice point (12,27) requires genus 13 and lies outside the theorem’s
hypotheses — the last cell is empty. (iii) Controlled weak abc. All
unconditional bounds for abc currently known are of exponential type
(loge < NY3(log N)3, [33, 34]; [20, §1.1]); the exponent below is of
polynomial type, and its existence is what Theorem A supplies. Taking
Soulé’s Theorem A as the sole external input, we derive the Kummer
discriminant estimate n(q) = (¢ — 1)/q, unify the weak abc exponent
as F = tn/v, and obtain the explicit exponent Fmax = 12% (22%2]
via a Riemann—Roch lower bound for v. A discriminant stratification
sharpens this to the pointwise bound ¢ < A.(N/M5)**"¢, and we prove
that bootstrapping this discount to exponent 1 is impossible (inf § = 0),
that the discriminant-to-degree ratio is monotone in towers of number
fields, and that % is an Artin conductor identity rather than an estimate
constant. A verbatim check of the source (Appendix J) confirms twelve
items, including the statement and scope of Theorem A; Appendix I
derives the O(d’) form of (32) independently; Appendices K and L add
two structural No-Go reasons; a distributional analysis (Appendix M)
shows the discount and the multiplicity excess vanish in density 1 —o(1)
with explicit large-deviation rates, independently of the truth of Theo-
rem A; the constant 12 decomposes completely as % . pimmc and Route 1
is closed: archimedean/successive-minima refinements cannot move it
(Appendix F). No Diophantine conjecture enters the derivations. We
neither prove nor disprove abc; all conclusions are internal to the con-
struction under its listed hypotheses.
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1. INTRODUCTION

1.1. Background. Let a,b, c be pairwise coprime positive integers with a+
b= cand put N = rad(abc) =[], p- The Masser-Oesterlé abc conjecture
asserts that for every € > 0 there is K. with

(1.1) ¢ < K. Nt equivalently logc < (14 ¢)lograd(abc) + O:(1).

Through the Frey—Hellegouarch curve and the Szpiro conjecture, (1.1) is
tied to discriminant—conductor inequalities on arithmetic surfaces; Vojta’s
value-distribution dictionary places it in a general framework of heights
and proximity functions [10, 12, 13]. The route via Arakelov theory, the
Parshin construction and Moret-Bailly’s formule clef reduces the Diophan-
tine question to cohomological and metric estimates on arithmetic surfaces
[15, 14, 6, 1]; determinant cohomology and arithmetic Riemann—Roch are
surveyed in [7, 8, 9, 19], successive minima and (semi-)stable extensions in
[3, 5, 4], and the function-field analogue in [16].

The DIC framework that we axiomatise here attempts to build an arith-
metic surface fibration 7 : X — B with hp < logc and mg(Dp,b) =<
log ¢ — log rad(abc), from which (1.1) would follow through a family of pos-
itivity axioms (ND1, ND2') and height-control inequalities (A1, A2, A3).
In its original form the framework contains category errors and incompati-
ble hypotheses: a stratification mismatch of the monodromy representation,
mutually exclusive positivity and lower-bound requirements on one and the
same section, and a genuine logical circle in which a statement equivalent
to (1.1) is imported as a lemma.

1.2. Aim and results. We do not prove the abc conjecture. Our aim is
to extract, from this route, everything that can be stated and proved as a
self-contained theorem, and to make the dependence structure completely
explicit. The results fall into three strata; their logical dependencies are
collected in §11.

(1) Unconditional geometric layer (§3-§4). We recompute the fifteen
invariants of the Kodaira—Parshin genus-6 fibration, extend the con-
struction to arbitrary initial genus gg, branch number r and divisor
coefficient b, prove that p(b) = (b — 1)(b+ 3)/3 is independent of all
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covering data, and use Deligne-Riemann—Roch to write the arithmetic
coefficient as a quadratic GRR term minus a torsion term, reproducing
the value —11k verbatim.

(2) Meta-theorem: discrete obstruction (§5-§6). The torsion module
decomposes as A/7" @ A/n"? with ¢t = 2 verified independently of the
source’s counting convention; integrality gives 7' = kL, L € Z>g, hence
t(L) = 12/(3L — 23) with denominator = 1 (mod 3). The coefficient
required by full abe (t* = 1/2 or 5/4, according to the normalisation of
the bridge) is therefore unattainable at ¢ = 5. An explicit hyperelliptic
local model computes the Kodaira—Spencer class xj; and the ranks of
the two connecting maps, yielding T' = 8k exactly under transversality;
second-order torsion sharpens L = © to even integers, cuts the candidate
set to {8,10, 12,14}, excludes (9, 13), and leaves (0, q) = (12,27) as the
unique remaining candidate, which §8 then shows to be excluded by the
hypotheses of Theorem A.

(3) Controlled weak abc (§7). The source states that §7.2 of [1] is “known
to follow from Theorem A, albeit with a wrong exponent”. We supply
the complete derivation: the Kummer discriminant estimate n(q) =
(¢ —1)/q is proved, the exponent is unified as E = tn/~, and Riemann—
Roch gives v > 1/n, hence an explicit finite Epax. In §9 we sharpen
the discriminant estimate to a pointwise stratification, prove the impos-
sibility of bootstrapping the resulting discount, and prove tower mono-
tonicity of the discriminant-to-degree ratio.

1.3. Convention on hypotheses. Every theorem below carries an explicit
dependence tag: U = unconditional (geometry, algebra, and results already
proved in the cited literature); A5.2, A6.1 = the counting convention and
the local model assumption; Th.A = conditional on [1, Theorem A]. Un-
conditional results in this paper are of two kinds: exponential-type (Theo-
rems 7.5 and 7.5a) and No-Go type (§5-§10, Appendices E-M), the latter
internal to the construction and independent of the truth of Theorem A
(Proposition H.5). The statements that genuinely use Theorem A are tagged
Th.A throughout (Table 1) and are confined to the weak-abc outputs (The-
orems 7.7 and 9.2); the internal adelic metric layer has been re-derived in
part (Appendix G), and the remaining conditional items and the complete
hypothesis ledger are in Appendices H and A. We emphasise once more: the
abc conjecture itself is neither proved nor disproved here.

1.4. Notation. w := wy/p is the relative dualising sheaf and w its adelically
metrised version; 6(F) := log |Ap| and d := [F : Q]; (-) denotes geometric
intersection and (-)o, Arakelov intersection, and the two are never mixed.
All O(1), O<(1) are uniform constants; O(d) is bounded by a constant mul-
tiple of d. We write k = deg(Y — Y1), r for the branch number, b for the
coefficient of L = w —bS. The Kummer degree is denoted ¢ from §7 onward
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(in §3 the symbol m denotes deg Lr). We keep the source’s abbreviations
hB7 mg, €.

2. AXIOMATIC SETUP AND STRATIFICATION OF THE CYCLE

Definition 2.1 (Fibration and heights). 7 : X — B is an arithmetic surface
fibration over a smooth projective curve B, the general fibre has genus gy >
2, and Z C X is a section. For an adelically metrised line bundle L the Weil
height is h; (P) = [K : Q]_ld/eTg(s}E); hp is induced by an ample divisor,
hrel by w, and hyert is a distance-type height to Z. The proximity function
is mg(D,P) =3 cgApw(P).

Assumption 2.2 (Alignment A0). Take B = P!, Dg = [0] + [1] + [o9],
b=a/cand S D S U{p:p]|abc}. Then

hp(b) =logc+ O(1), mg(Dp,b) =log c — lograd(abc) + O(1).

Lemma 2.3. Under Assumption 2.2, (1.1) is equivalent to: for everye > 0,
mg(Dp,b) < ehp(b) + O(1).

Proof. We start from the two alignment identities hp = loge + O(1) and
mg = log ¢ — lograd(abc) + O(1) of Assumption 2.2.

Step 1 (eliminate log c). Rearranging the second identity,
lograd(abc) =logc —mg + O(1) = hg —mg + O(1).

Step 2 (substitute into the Masser—Oesterlé form). The correct direction
of abe is log e < (1 4 ¢) lograd(abe) + O(1). Substituting Step 1,

hg < (1+¢)(hg —mg)+ O(1) =hp+ehp — (1+e)ms+ O (1).

Step 3 (rearrange). Cancelling hp on both sides of Step 2 gives 0 < ehp —
(1+e)ms+0:(1), ie. (1+e)ms < ehp+0Oc(1), hence mg < 15-hp+0:(1).
Since € > 0 is arbitrary, 1%% is arbitrarily small, so mg < e’hp+O./(1) holds

for every &/ > 0. Each step is reversible, so the two statements are equivalent.

Direction note. The reverse inequality rad(abc) < K.c'* is trivially true
(rad(abe) < abe < 3, take K = 1, ¢ = 2) and is not the abc conjecture; the
framework only uses the direction in which log ¢ is controlled by lograd. [

Remark 2.4 (Excluded axioms). Al (pointwise approximation control), A3
(transfer inequality) and DIC-S in the original DIC framework are renamed
versions of Vojta’s Main Conjecture and of (1.1); importing them as axioms
is a genuine circle of type L1 and all three are deleted. On an elliptic
surface Al is in fact refuted: wg/p = f*L is a pullback from the base, so
hyel(P) = xhp(m(P))+0(1) depends only on the base point; taking P, = nP
on a fibre of positive rank gives h(nP) = n2h(P) — oo while the right-hand
side of Al stays bounded.
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Proposition 2.5 (Stratification of the cycle). The proof chain splits into
three layers:

(L1) Using A1/A3/DIC-S as axioms = one directly assumes (1.1): a genuine
circle.

(L2) Proposition 2 — Corollary 1 — Minkowski — Deligne—Riemann—Roch
— Theorem A of [1]: all unconditional [1, Prop. 2, §1.7].

(L3) The coefficient gap 12 — 5/4 is a quantitative chasm, not a logical circle.

After deleting L1 the chain contains no Diophantine conjecture.

Proof. L1 (genuine circle). DIC-S asserts mg(D, P) < C:hp(mw(P))+ O:(1)
with C. — 0; under Assumption 2.2 and via Lemma 2.3 this is exactly
(1.1). Hence taking DIC-S or A3 as an axiom is assuming the conclusion.
Disposal: delete both axioms.

—-
—

L2 (pseudo-circle, unconditional line by line). (1) [1, Prop. 2|
degy (y) < 0 then, by pullback invariance of adelic metrics, deg” (u*y)
dow deg!(u*y), and the metric comparison constants satisfy >, logCy <
O(d) with d = [F : Q]; hence deg” (u*y) < O(d) with a constant inde-
pendent of F', P, u. The proof uses only the product formula and metric
comparison; no conjecture enters. (2) Corollary 1: for degg(z) = 0,
apply Prop. 2 to #+ = +& — eM (both of negative K-degree) to get
|deg? (u*)| < edegf (u*M) + O.(d). (3) Minkowski successive minima,
arithmetic GRR and the derivation (28)—(34) of Theorem A are proved
theorems of [1]. Thus the whole L2 chain carries no conditional tag.

Al

L3 (not a circle). The passage 12 — 5/4 is a geometric constant (Appen-
dix B.5: 36 =6/(5/3 — 6/4)); no Diophantine hypothesis is involved.

Conclusion. After deleting L1 the chain is cycle-free and outputs the
weak abc inequality with exponent 24. The general Vojta Main Conjecture
remains open, but [1] works in the special case “genus-2 curve plus dis-
criminant term”, which is proved unconditionally, so the chain cannot be
dismissed on the grounds that “Vojta is open”. ([

Remark 2.6 (Status of the external inputs). Four levels must be kept apart.
(1) Exponential-type bounds are unconditional: Theorems 7.5" and 7.5a
rest on [33, 34, 35] — see [20, §1.1] for the chronology. (2) The bridge
from Theorem A to a polynomial-type weak abc is a literature fact (Theo-
rem H.2): §7 of [36] specialises to the present curve, and our contribution is
only the computation of n and v. (3) Theorem A itself remains conditional;
its internal adelic metric layer is partly re-derived in Appendix G, and the
remaining gaps are (1a)—(1c) of §11. (4) The No-Go statements (§5-§10, Ap-
pendices E-M) do not depend on the truth of Theorem A (Proposition H.5).
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3. GEOMETRIC LAYER: EXACT IDENTITIES

Theorem 3.1 (Adjunction identity). For every section Z = B,
Z-w

(3.1) 7 -w=—7% figeom(Z) 1= —— = —1 (Z? #0).
For the Arakelov pairing one has (K, Z)ar = —(Z, Z)ar + Goo(Z) + O(1);
the identity kar = —1 needs an archimedean normalisation and is not used

in the sequel.

Proof. Geometric intersection. A section Z is isomorphic to B (7|7 = id),
so arithmetic adjunction reads Z - (Z + Kx) = 29(Z) — 2 = 2gp — 2, i.e.
(3.2) 7Z-Ky =295 —2— 7%

The projection formula gives Z - 7*Kp = deg(r|z) deg Kp = 2gp — 2. Sub-
tracting and using Ky,p = Kx — 7" Kp,

(3.3) Z-w=02g9p—2— 2% — (295 — 2) = —Z°.

Dividing by Z? # 0 yields Kgeom = —1;if Z 2 = 0 the ratio Kgeom is undefined
and only Z - w = 0 is retained.

Arithmetic components. The full Arakelov intersection (-, -)ar = (-, )in +
(-,)oo contains the Green-function term, so after subtraction there remains
G(Z2) = fX((C) 9i(Z,-) c1(w), ie. (K,Z)ar = —(Z,Z)ar + Goo(Z) + O(1).

In the main text Kgeom = —1 is used only in geometric intersection, or under
the additional co-normalisation G, = 0; Appendix B gives the complete
expansion. O

Proposition 3.2 (Two identities and the VR coefficient). For a fibre F':
F-Ky,p = 2gr—2; for a section S: deg(wl|s) = —S2; for a multisection D of
degree d with ramification divisor R: D-Ky/p = deg R— D?. Consequently,
taking L = w®" gives hy, = nhye +O(1), 1y = n(w-S), hence hyert < ahype) +
O(1) with a = 1/(w - S) independent of n; by (3.1), a >0 < S? < 0.

Proof. Fibre. F? = 0 (distinct fibres are disjoint) and 7*Kp|r is trivial,
so I'-m*Kp = 0. The fibre version of adjunction gives F'- Ky = 2g; —
2 —F? = 295 — 2; subtracting F'- 7*Kp = 0 yields F' - w = 2g; — 2. Since
deg(w|r) = 295 —2 > 0 (gf > 2), the relative canonical sheaf is relatively
ample.

Section. deg(w|s) = S -w = —8? by (3.1); dividing by the base scale
deg Lp gives ra2(S) = —S%/deg L. For a K3 elliptic surface x = 2, so
S§%? = —x = —2 and x = 2 (Appendix B).

Multisection. If D — B has degree d and ramification R, Riemann-—
Hurwitz gives 2gp — 2 = d(2gp — 2) + deg R; adjunction gives D - Ky =
29p — 2 — D? = d(2gp — 2) + deg R — D?, and the projection formula gives
D - 7n*Kp = d(2gp — 2). Subtracting, D - w = deg R — D?; dividing by
ddeg Lp gives kao(D).
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Quantifier note. ka2 is the intersection slope of a single (multi)section,
not a uniform lower bound on heights for all P; inferring A2 from “there
exists S with ka2(S) > 2” is a quantifier swap, cf. §1. O

Proposition 3.3 (Kodaira—Parshin general chain). Let Y7 — C be an étale
double cover of a curve of genus go (so g1 = 290 — 1), let X, — Y1 be a
double cover branched at r Weierstrass points, and let ¢ : Y — Y7 be a
finite étale cover of degree k. Write S =3 . | B; and L =w — bS. Then

(34)  gr=4g0—3+ 3, w=Y_ Bi+ (g0 — )}
=1
(3.5)
B} = —(2g0 — 2)k, w? = 6rk(go — 1),
—I? (b—1)(b+3
(3.6) L2 = —2rk(go— 1)(b—1)(b+3), pi= ot = ( >3< ).
(3.7)
p:=deg Lp = 8(go — 1) +r — br, hD(LF):4go—3+§—br,

where W is a theta characteristic on C with degW = go — 1 + 5 in the
branched model, W - B; = k, and B? is pinned by (3.1) via B; 2 Y.

Proof. Step 1 (fibre genera). The first cover is étale: 2g; —2 = 2(2go —2), so
g1 = 2gg — 1. The second cover is branched at r points: Riemann—Hurwitz
gives

(3.8)

29 —2=2(291 —2)+7r =2(490 —4) +r =8go — 8+, g5 =490 — 3+ 3.
At the literature point (go,r) = (2,2): g1 =3, 29y —2 =842 =10, gy =6,
as stated.

Step 2 (relative dualising sheaf). The ramification formula for a dou-
ble cover gives wx/y = ¢"(wy/y;) ® O3 B;); pulling back the theta-
characteristic term and using M? = O(A; + Ay) yields (3.4) with degW =
go — 1+ 5 (at the literature point deg W = 2).

Step 3 (pinning B? by adjunction). By (3.1), w - B; = —B?. Intersecting
(3.4) with B; and using B; - B; =0 (i # j) and ¢]W - B; = k gives

—B? = B? + (490 — 4)k, hence B? = —(2g0 — 2)k,
which is —2k at the literature point, and simultaneously w - B; = (2g9 — 2)k.

Step 4 (w?). Squaring (3.4) and using that the square of a pullback from
the base vanishes,

w? =" BI42(4g0—4) Y ¢1W-B; = —r(290—2)k+2(4g0—4)rk = 6rk(go—1)k.

At the literature point w? = 12k. The full term-by-term expansion is in
Appendix B.
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Step 5 (L? and p). With S = >_!_, B; one has w- S = r(2gy — 2)k and
S% = —r(2go — 2)k; hence

L =w® —2bw- S+ b*5% = 6rk(go — 1) — 4brk(go — 1) — 2b*rk(go — 1)
= —2rk(go — 1)(b = 1) (b + 3),

and p = —L?/w? = (b—1)(b+3)/3.

Step 6 (fibre degrees). degwp = 29y — 2 = 8(go — 1) + r; the branch
divisor B = b, B, restricts to degree br on F' (each B; meets F' in b points
in the model). Hence y = deg Ly = 8(go — 1) + r — br; at the literature
point this is 10 —4 = 6. Finally x(Lr) = p— gy +1=4(g90 — 1) + 5 — br,
and the pushforward decomposition of Lemma 6.2 forces h!(Lr) = 1 (the
wy; M™% summand), so h®(Lp) = 490 — 3 + 5 — br; at the literature point
h? = 2, so Minkowski theory acts on a rank-2 Euclidean lattice by geometric
necessity. ([

Corollary 3.4 (Fifteen-point check). At (go,7,b) = (2,2,2): g5 =6, B? =
—2k, w? =12k, w-B; =2k, w-S =4k, w- B = 8k, S? = —4k, B?> = —16k,
L? =20k, L-w=12k, p=5/3, u=deg Ly =6, h°(Lr) =2, x(Ox) = k,
w-F =10, and cgrr = 11/12. These agree item by item with [1, Prop. 8,
Prop. 9].

Proof. Substituting (go,r, b, k) = (2, 2,2, k) into Proposition 3.3 and Appen-
dix B:

Step 1. gy =4-2—3+4+1=6; B} = —(2-2—2)k = —2k; w- B; = 2k;
W - B =k; w?=6-2-(2— 1)k = 12k.

Step 2. With B = 2By + 2By: w - B = 2(2k + 2k) = 8k and B? =
4(B? + B32) = 4(—4k) = —16k.

Step 3. L? = (w— B)? = w? — 2w - B + B? = 12k — 16k — 16k = —20k;
p=—L?/w? =20/12 =5/3; L - w = w? —w- B = 12k — 8k = 4k (the
tabulated L -w = 12k in the source’s fifteen-point list is the value of w?; the
intersection L - w itself equals 4k).

Step 4. w=degLp = degwp —deg Bp =10—4 =6; x(Lp) =6—6+1 =
1; since deg Lp = 6 < 2gy — 2 = 10, Riemann-Roch on the fibre leaves
h'(Lr) = 1; the rank-2 pushforward ¢.L (Lemma 6.2) forces h°(Lp) = 2,
h'(Lr) = 1, in agreement with [1, Prop. 9]. Minkowski’s theorem therefore
acts on a rank-2 lattice by geometric necessity.

Step 5. x(Ox) = deg L = w?/12 = k; T > deg(R'¢.(B)[r]) = 4k -2 = 8k.
All fifteen items match [1]; see Appendix B for the checklist. O

Proposition 3.5 (Rigidity of p and the rank-2 locus). p(b) = (b—1)(b+3)/3
is independent of go,r, k. Moreover h°(Lp) > 2 <= br < 4gg — 5 + 57
when v = 2 the locus where the rank is exactly 2 is b = 2gg — 2.
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Proof. Step 1 (division kills the covering data). From w? = 6r(go — 1)k and
L2(b) = —2rk(go — 1)(b— 1)(b + 3) ((3.6)), valid for general (go,r,b),

() = —L*  2rk(go—1)(b—1)(b+3) (b—1)(b+3)

PO =" = 6r(go — 1)k B 3 ’

with the common factor r(go — 1)k cancelling completely; under the normal-
isation of [1] (W = ¢{W meeting each B; in k) the ratio is independent of
g0, T, k.

Step 2 (literature point). p(2) =1-5/3 =5/3.

Step 3 (h°). h°(Lp) = 4go — 3+ 5 — br > 2 is equivalent to br <
4go — 5+ 5. For r = 2 this reads 2b < 4gp — 4, i.e. b < 2go — 2; the positive-
margin condition p — pc > 0 forces b > 2 in the rank-2 range, and the
integral solutions with equality b = 2gyo — 2 form the rank-exactly-2 locus; at
go = 2 this is b = 2, the literature point. See Appendix B.5 for the margin
polynomial. O

4. ARITHMETIC LAYER: THE COEFFICIENT CHAIN

Proposition 4.1 (The 36 coefficient chain). At the literature point
(g0,7,b) = (2,2,2) one has p=5/3, m = 6, —deg ¢«(L) < w?/4 = 3k, and
SUCCESSIVE Minima give

(41) 2w <EEGP4+65(F)+0(d) = w0 < (36 +¢)5(F') +O(d),

i.e. C=6/(5/3—6/4) = 36, the Theorem A coefficient t = C'/3 = 12, and
the Theorem B exponent 24. Full abc would require t = 5/4 (since 2-3 = 1),
a 12/(5/4) = 48/5 = 9.6-fold improvement.

Proof. Step 1 (three inputs). p = 5/3 (Proposition 3.5); m := degLp = 6
(Corollary 3.4); — deg (¢, L") < 3k = w?/4 ([1, Prop. 9(vi)], equivalent to
¢ =1/4, see Corollary 4.4).

Step 2 (adelicisation). The naive arithmetic BMV transfer is known to
fail; successive minima replace the geometric —% by (—% + ¢)w? 4+ O(d)),
where O(d’) has the three sources recorded in Appendix B.5. Inequality
(30) of [1] reads 3w? < 2Hew? + 65(F’)

Step 3 (solving for the coefficient). 3 % 1029 = 150 tw? < 66(F), .
w? < (36 +¢)0(F") + O(d’) Here 36 = 1/—6 and 12 = 36/3 is the coefHClent
of Theorem A; with v = 2 (Theorem 8.7), E = tn/y = 12 - ;‘—?g = 24, the

Theorem B exponent. (Note 30 x % = 24; the merged form 30 — 5 x 30
equals 6 and is a common mis—transcription.)

Step 4 (threshold). Full abc requires Z = =1, i.e. lowering 36 to 4 ; the
improvement factor is 12/ 1= %8 =96. T he constant g’ is not a Minkowski
constant: 3 =6-1=m-c with m = deg Ly = 6 and ¢ = § (Theorem 4.3).

Lowering % to about 1—15 means lowering ¢ to %, ie. raising T/k from 8 to
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11-12- % = % ~ 10.87 — exactly the upper endpoint of the consistency
window of Appendix B.5. The Minkowski constant enters only via 1+ A d’ in
(30) and is absorbed into (¢); successive-minima refinements cannot move

%. Appendix B.5 records the full chain. O

Proposition 4.2 (¢ and O(d') do not change 36). [1, Corollary 1] asserts:
for an adelic class & with degy (z) = 0, |deg? (u*#)| < e deg! (u* M)+0.(d);
its proof applies [1, Prop. 2] to # —eM and —& — eM (both of negative K -
degree) and uses no additional conjecture. Consequently C(e) =6/(5 —e—

76(115)) =36/(1 —15e) — 36, and O(d')/d' = O(1) is absorbed into (g).

Proof. Step 1 (proof of Prop. 2). If degy (y) < 0, pullback invariance gives
deg® (u*y) = 3,c Mp deg!’(u*y); at each place a comparison constant C,
satisfies | deg! (u*y)| < logC, and 3 logC, < A[F : Q] = O(d). Hence
deg? (u*y) < O(d) with an absolute constant A independent of F, P,u. No
conjecture is used.

Step 2 (Corollary 1). For degp(x) = 0, the classes & = & —eM and
Z_ = —& — eM both have degy = —edegy (M) < 0. Applying Prop. 2 to
each and subtracting, | deg” (u*%)| < e deg! (u* M) + O.(d).

Step 8 (role of €). € > 0 is arbitrary and the hidden constant in O.(d)
depends on ¢; it is the avatar of K. in the abc statement, not metric loss.
The value 1/4 is independent of e: it comes from the exact intersection
—degp (¢LL') <w?/4; and 6 = deg Ly, not a Minkowski constant.

Step 4 (three sources of O(d") and absorption). (29): the sup-norm-to-
global-height comparison contributes d’ - O(1); (30): Minkowski contributes
an absolute Ad'; Corollary 1 contributes O.(d'). Dividing §7.1 by d’ turns
O(d')/d into O(1), which together with the covering error C' is absorbed

into B(¢). The exact recomputation C(¢) = 25— — 36 (Appendix B.5)
shows that ¢ — 0T leaves the coefficient unchanged. ]

Theorem 4.3 (DRR decomposition). Let Dy := deg ¢.(bS) > 0 and T :=
deg(R ¢4 (bS)tor) > 0. Then
2

42 deg det R, (bS) = — = (262 +2b — 1),
12

—deg (L) 20>+2b—1 Dyg—T

(4.3) o= Zdegd(L) 20+ ey

w? 12 w?

Proof. Step 1 (pushforward vs. determinant). ¢.(L) is the H’-bundle (rank
2), not det R¢.. The proof of [1, Prop. 9(vi)] gives

deg ¢«(L) = deg (Rp+(B)) — degy ¢«(B) + degy (R ¢u(B)sor)-
Step 2 (Deligne—Riemann—Roch). For a curve fibration,
c1(det Ro.E) = 6, (B2 — JE - w + 5u?).
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Step 3 (E = bS). Using S? = —2(2go — 2)k, w-S = 2(2g0 — 2)k, w? = Wk
(Appendix B),

2
deg det Rg. (bS) = == (25 +2b - 1),

At b=2: % = %, SO —% - 12k = —11k, reproducing [1, Prop. 9(vi)]
verbatim.

Step 4 (isolating the torsion term). Set cgrr(b) = %ﬁﬁ*(bs) =
2421 Dy = deg ¢ (bS) > 0 and T := deg(R'¢«(bS)ior) > 0; then
C = CGRR + DOMET, which is (4.3).

- : _ _ 2 _ : _ 1 8k __
Step 5 (literature point). Do = 0, T = 8k, w* = 12k give c = 15 — 15; =
% — % = %. Thus 1/4 is not an intersection ratio but the remainder of %

after the torsion term removes % O

Corollary 4.4. At the literature point cgrr = 11/12, Dy = 0, T = 8k,
w? = 12k, hence ¢ = 15 — % = 1: the value 1/4 is what remains of 11/12
after the torsion term cuts away 2/3.

Proof. Step 1. b=2in (4.3): cGrr = % = %

Step 2. [1, Prop. 9(vi)] gives —deg ¢y (L) = 3k = 4 (w? = 12k), i.e.
1
CcC = Z

Step 3 (back-solving the torsion). ¢ = c¢cGrRR — % gives % = % — i =

=3 — 2 50 T = 8k, consistent with |¥| = 4k exceptional points of torsion
length 2 each.
Step 4 (consistency). T = 8k > 0 is necessary (Corollary 4.5); substitut-

ing, A=p—mc= g —6- % = % > 0 closes the coefficient chain. O

Corollary 4.5 (T > 0 is necessary). If T = Dy = 0, then under the rank
constraint br < 4go — 5+ 5 one has p—mcgrr < 0, and no upper bound for
@?% can be derived.

Proof. Step 1 (setting T = 0). From (4.3), ¢ > cGrr = %Qﬁ# (since
Do > 0).

Step 2 (margin). The margin is A = p — pcgrr with p = and
w=deg Lr = 8(go — 1) +r — br. At the literature point A = g —6- % =
—2 <.

Step 3 (integer scan and algebra). For b = 2 and gy = 2 the value is
—23/6 < 0; for b > 3 with r > 2 the rank constraint h®(Lp) = 4gg —
3+ 5 —br > 2 forces 490 > 1+ br — 5 + 3, under which the margin stays
negative: a scan over the 367 admissible integer points (go,7,b), go < 14,
gives A < 0 everywhere, and the algebraic estimate for real gy > 2 covers
the rest (Appendix B.5).

(b—1)(b+3)
3
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Step 4. Hence T > 0 (with (T — Dg)/w? ~ b?/6, see Appendix B.5)
is a mecessary condition for the whole coefficient chain to function; the 8k
torsion term in [1] is not a technicality. O

5. TORSION LENGTHS AND THE DISCRETE OBSTRUCTION

Lemma 5.1 (Torsion decomposition). Let A = Oyy (parameter w) and
R=R'¢.(B)y = A" ® A/m™ @® A/7"™ with n; € Z>1. Then the number of

torsion summands is t = 2, and

(51) Eg = length(Tg) =ni+ng € Z, EQ > 2, EQ =2 TF'TQ =0.

Proof. Step 1 (dimy R[r] = t). By Grauert’s base-change theorem, R[r] =
ker(m: R® k - R® k), and

dimy, R[7] = dimy, H°(X1, B1) — rank(H°(Xa, Bo) — H(X1, By)).

Step 2 (literature value). [1, Prop. 9(vi), (24)] gives t = 2.

Step 3 (independent check). ¢ has relative dimension 1, and the top base-
change map is an isomorphism R'¢,(B)®k ~ H'(X1, B1); on a general fibre
h%(B,) = 1 and on an exceptional fibre h’ = 3 (Appendix C), so constancy
of x gives hl-jump = h%-jump = 2, i.e. t = 2. This does not use the counting
convention (24) of [1].

Step 4 (interpretation). m.B = M? @® M ((6.1)) shows that the “jump
by 27 is two independent rank-1 degenerations (M becoming effective, M?
degenerating to the hyperelliptic g1), not a single rank-2 degeneration. [J

Assumption 5.2 (Counting convention). v : Y — Y] is finite étale, so the
k preimages of one Yi-exceptional point are locally isomorphic with the same
torsion length; and degy; is identified with card(¥) = 4k as conventioned in
the source.

Proposition 5.3 (The discrete lattice of T'). Under Assumption 5.2,

4
(5.2) T=k-L  L:=)» (;E€Z L>8.
j=1

Proof. Step 1 (number of exceptional points). [1, Prop. 5(iii)]: Y7 has 4
exceptional points; 9 is étale of degree k, so U = ¢~ !({exceptional points})
has 4k points.

Step 2 (local isomorphism). étaleness of 1) implies that the k preimages

over one Yi-exceptional point are locally isomorphic, so their torsion lengths
coincide (Assumption 5.2).

Step 3 (summation). If each preimage has length {3 € Z>9, then T =
Sgeuls =kY 1 tj = kL with L € Z>s. Thus T = kL and © := L = T/k
is an integer.
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Step 4 (substitution into (4.3)). With w? = 12k,

11 kL 11— L 5 6(11-L) 3L-—23
L - T = A = — = - — =
(L) =13~ 1ok 12 p—me=g3 12 6
12
)= ———
t( ) 3L —23°
so the attainable coefficients form a discrete set. O

Remark 5.4 (Notation). We write © := L = T'/k for the integer of Proposi-
tion 5.3; t(L) = 12/(3L — 23) of Theorem 5.7 is the same function as ¢(©)
below. The subscript L is otherwise reserved for the line bundle L = w —bS
and its fibre restriction Lp; the two uses never mix.

Corollary 5.5 (Symmetry of the torsion orders and divisibility of ©). With
Rytor = A/ ®A/1"™ (Lemma 5.1), the pushforward decomposition m,B =
M? ® M of Lemma 6.2 shows that the two H-jumps are controlled by the
degenerations of M? and M respectively. Writing M = My ® L with L, =
1+ 7" (mod 7"*Y) (€ #0), one has

(5.3) L2 =1427"¢ (mod 7", 2¢ # 0 (char0),
so the two summands deform with the same leading order, i.e.
(5.4) ny = ng =: ng.
Consequently
4
(5.5) ly=2n5 €2Z, ©=2) n;€2Z,  O>8,
j=1

(5.6) dimy, R[7%] = 2min(2, ny) = {2’ ng =1 (transverse),

4, ng > 2 (degenerate).
Proof. Step 1 (binomial expansion). If Lr =1+ 7"& (n > 1, £ € AX), then
L2 =1+ 27" + 727¢2; since 2n > n + 1 and chark = 0 (so 2 # 0), the
leading term 27"¢ does not cancel: £2 = 1+ 27"¢ (mod 77 +1).

Step 2 (equal orders of the two summands). In R=A"® A/n™ @ A/x"2,
the square-root relation forces the degeneration of M? and of M to have
the same leading order: n; = ng =: ng; otherwise the two jump loci of
B = M? @ M would occur at different deformation orders, contradicting

the simultaneous base-change behaviour of a single module R over the DVR
A.

Step 3 (conclusion). © = % = 22?:1 n; € 27Z and dimy R[r?] =
7, min(2,n;) € {2,4}.
Step 4 (rank equality). Combined with (6.3) this gives rank 9; = rank 0,

always (both 1 transversely, both 0 degenerately), explaining why Theo-
rem 6.4 computes both ranks as 1. ([l
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Corollary 5.6 (The two connecting maps have equal rank). Combining
(5.6) with the top base-change formula of §6, Gy = 4 — rank 0y — rank O,
gives: if ny = 1 then rank 01 = rankdy = 1; if ny > 2 both ranks are 0.
Hence rank 01 = rank 0y holds identically, and transversality is equivalent to
the single condition rank O = 1; the two Kodaira—Spencer connecting maps
need not be verified separately.

Proof. Step 1. From dimy R[n/] = 2?21 min(j,n;) with 7 = 2 and n; =
ng = n: dimy, R[7?] = 2min(2,n) € {2,4}.

Step 2. Equality with Gy = 4 —rank 0; —rank 0: if G = 2 then rank d; +
rank dp = 2; if G = 4 both ranks vanish.

Step 3 (single condition). Hence rank 9 = rank dp and transversality
compresses to rank do = 1; when it holds, ny =ngs =1, {3 =2, T =8k. [

Theorem 5.7 (Discretisation of the coefficient). At the literature point, the
coefficient of Theorem A can only take the values

12 12
T 3L-23 N’
L = 8 reproduces ¢ = 1/4, C = 36, t = 12.

(5.7) (L)

N:=3L—-23=1 (mod3), N>1.

Proof. Step 1. By Theorem 4.3, ¢ = cqrr —1'/w? with Dy = 0; with T = kL

and w? = 12k, c(L):%—lL—Q:%.

Step 2 (margin).

5 6(11—-L 5 11—-L 10-3(11—-1L 3L — 23

A(L)=p—mc=—-— ( ):f— = ( ) = .
3 12 3 2 6 6

Step 3 (coefficient). C(L) = '} = (3L_623)/6 = 3L3f23; the Theorem A

coefficient is t = % = zi%e = 2 with N =3L—-23=1 (mod 3). L =38
gives N =1, t = 12, reproducing the literature value.

Step 4 (discrete set). L € Z>g gives t € {12,3,12/7,6/5,12/13,3/4,...};
the targets required by full abe, t* = 1/2 (chain I) or 5/4 (chain II), would
need N = 24 or N = 48/5, of which the first is = 0 (mod 3) and the second
is not an integer: neither lies in the attainable set. O

Corollary 5.8 (Reciprocal arithmetic progression in the general construc-
tion). Extend the literature point to arbitrary admissible (go,r,b) (g0 > 2, r
even, b>2). Write G := go—1, W := 6rG (w?> = kW), pu:= 8G+r(1—-b) =
deg Ly > 0, Ag := p — ucgrr, B := WAy, and assume Dy = 0. Let \ be
the normalisation constant of Theorem A (t = C/X\; X = 3 at the liter-
ature point), and integerise the torsion term as T = kO, © € Zsg
Omin = |—B/u] + 1 (forced by A >0). Then
1 A AB

min’
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i.e. the reciprocals of the attainable coefficients form an arithmetic progres-
sion with common difference \/W = X/(6r(go — 1)). At (G,r,b,\) =
(1,2,2,3): W =12, p = 6, B = —46, + = 2 — 2 reproducing (5.7),
and Omnin = 8 reproduces L > 8.

Proof. Step 1 (general parameters). From (4.3) with Dy = 0, T = kO,
w? = kW: ¢ = corr — & with cqrp = 22421,

Step 2 (margin). With = deg Lp = 8G +r(1 —b),

1O B+ 1O
A — — — — _— = = — .
p = HC=p — HCGRR + 77 W B=Wlp—pcerr)
Step 8 (reciprocal). Since C = m/A = p/A and t = C/ A,
7 uW 1 A AB

L L - 1o Ag 20
M T ANBp®) oW T aw

Step 4 (literature point). W = 12, p = 6, B = —46, A = 3 give % =
9 23 = 3023 yeproducing t = 12/(30 — 23); and Oyin = |-B/u) +1 =
46/6] +1 = 8. O

Corollary 5.9 (Main No-Go at fixed Kummer degree ¢ = 5). With the
Kummer degree fixed to ¢ = 5, full abc is unattainable within this construc-
tion. By §7 the exponent is E = tn/~, so full abc requires the coefficient
t*(q) = 7v/n; the two normalisations give t*(q) = Z%?; (canonical-bundle con-
vention) and t*(q) = q% (m*O(1)-convention). At ¢ =5 these are t* =1/2
(requiring N = 24 = 0 (mod 3), L* = 47/3 ¢ Z) and t* = 5/4 (requiring
N =48/5 ¢ Z, L* = 163/15 ¢ Z), neither in the attainable set of (5.7).
With the parity L = © € 27 of Corollary 5.5, the optimal attainable expo-
nents are By = 24/19 (L = 14) and Ey; = 48/35 (L = 10), both strictly above
1. (Without parity the formal chain-I value 12/11 at L = 15 is excluded,
since 15 is odd.)

Proof. Step 1 (necessary condition). At ¢ = 5, landing on the lattice requires
12 € 7>y with =1 (mod 3), by (5.7).

Step 2 (two targets). Chain I: t* = 1/2 gives 12/t* = 24 = 0 (mod 3)
and L = 47/3 ¢ Z. Chain II: t* = 5/4 gives 12/t* = 48/5 ¢ Z and
L =163/15 ¢ Z.

Step 8 (monotonicity). L — 12/(3L — 23) is decreasing; by optimality of
exponent 1 (E #£ 1) one needs L < 15 (chain I) or L < 10 (chain IT). Within
the attainable range t € {12,12/7, ...} never meets t*.

Step 4 (optimal exponents). Chain I: the largest even L < 14 gives t =
12/19 and E = tn/y = 12 .25 — 24 ~ 1963, Chain II: L = 10 gives

025 = 19~
t=12/7 and E = % : % = g—g ~ 1.371. Erratum to earlier drafts: the value

12/11 at L = 15 is impossible because L = O is even. g
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Remark 5.10. At fixed ¢ = 5 the refutation uses neither Vojta/Roth hy-
potheses, nor the exact value of T, nor archimedean metric comparisons,
nor the choice of €; only torsion-length integrality, étale local isomorphism,
the coefficient-chain algebra and optimality of exponent 1. The obstruction
is the mod-3 arithmetic of the denominator; when ¢ varies it migrates to the
rigidity © = 8 under transversality (below).

Corollary 5.11 (Unattainability for all ¢ under transversality). Assume
the four exceptional fibres are all transverse (Assumption 6.1). Then Theo-
rem 6.4 gives © = 8, t = 12 exactly. For every odd q > 5, t*(q) = g:—? <1
and t*(q) = q% < %, neither equal to 12. Hence full abc is unattainable
for all Kummer degrees. This uses no mod-3 argument, but depends on
Assumption 6.1.
Proof. Step 1. For odd ¢ > 5: Z%‘?:l—q%l<landq%’1:1+q%1§%
Step 2. The coeflicients required by full abc on the two chains are therefore
< 1 or < 5/4 respectively.

Step 3. Theorem 6.4 (transverse) or Corollary 6.6 (Galois-transitive) gives
© = 8 exactly, and (5.7) gives t = 12.

Step 4. 12 ¢ (—o0,1)U(0,5/4], so equality never occurs for odd ¢ > 5. O

Remark 5.12 (Necessary conditions can be met when ¢ varies). Without
fixing ¢, the target t*(¢) sweeps an interval. Matching ¢(©) = 12/(30 — 23)
with the canonical-bundle target gives

24
(5.9) 30 —23 =12+ — hence ¢ — 3 | 24.
q J—

Among odd ¢ > 5 the integral solutions are (¢,0) = (9,13) and (27,12);
both lie in the range © € [8,15] allowed by Corollary 6.5, so optimality
of exponent 1 does not exclude them. But Corollary 5.5 gives © € 27,
so (9,13) is excluded by Corollary 5.13. The 7*O(1) convention gives q |
12, which has no odd solution. Thus “the denominator mod 3” is not a
structural obstruction but an arithmetic coincidence of the literature point
g = 5, \ = 3; the true question is the actual torsion length © (Remark 6.7).
Note also that (5.9) records only a necessary condition: T is determined by
torsion geometry, not a free parameter, so these solutions do not constitute
a proof of full abc.

Corollary 5.13 (Exact value set of © and the unique remaining candidate).
By Corollary 5.5 (© € 2ZZ) and the optimality bounds of Corollary 6.5 (t >
1/2 = © < 15 for chain I; t > 5/4 = © < 10 for chain II),

(5.10) 0 € {8,10,12,14} (),  © € {8,10} (II).

The corresponding t = 12/(30 — 23) are {12, 12/7, 12/13, 12/19}. Conse-
quently:

(i) © = 13 is impossible and (q,©) = (9,13) is excluded;
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(ii) intersecting with the discrete target set {1/2,2/3,3/4,4/5,6/7,12/13}
of chain A leaves the unique candidate (0, q) = (12,27);

(11i) chain B requires q | 12 with odd ¢ > 5: the empty set, so chain B is
unattainable for all odd ¢ > 5, with no need for Assumption 6.1.

By (5.5), © = 12 «— Z?:l n; = 6; the partitions are (1,1,1,3) and

(1,1,2,2) up to order, i.e. at least one exceptional point has dimy, R[n?] = 4

with excess Y (n; —1) =2 — a finite, pointwise decidable local condition.

Proof. Step 1. From t(0) = 3@1323 and the bridge F = tn/y > 1 (optimality
of exponent 1), the upper bound on © follows; with © € 2Z (Corollary 5.5)
and © > 8 (T > 8k) one gets © € {8,10,12,14} on chain I.

Step 2 (discrete target set). By (5.9) (¢ — 3 | 24 on chain I) and the
two target functions t*(q) = g:—l or qiil, the candidate set is (¢,©) =
(9,13), (27, 12).

Step 3 (excluding (9,13)). 13 is odd, contradicting © € 27Z.

Step 4 (unique remainder). (27,12). On chain II, t*(¢) > 1 for all odd
g > 5 never meets the attainable set ¢ < 12/7: chain II is sealed. O

Proposition 5.14 (Range and transversality). 8k < T < 15k (chain I)
or < 10k (chain II); the higher torsion H =T — % dimy R[r?] satisfies
H < 7k or H < 2k; on chain II at least 2 of the 4 exceptional fibres have
dimy, R[7?] = 2.

Proof. Step 1. From dimy R[r7] = Z?:l min(j,n;), dimg R[r?] =
min(2,n1) + min(2,ng) > 2 (each n; > 1).

Step 2. With Gy = 4 — rank0; — rankdy < 4 ((6.3)) and ny = no,
G € {2,4},s0 T € [8k,00).

Step 3 (optimality bound). E = tn/y > 1 with ¢t = ﬁ and © = T/k
gives 8k < T < 15k (chain I) and < 10k (chain II).

Step 4 (higher torsion). T = G + H with H the m3-and-higher part, so
H < 7k (I) or 2k (II). On chain II at least 2 of the 4 exceptional fibres must
be m2-transverse (0 surjective, n; = ng = 1). O

6. THE HYPERELLIPTIC LOCAL MODEL AND THE EXACT VALUE OF 1T’

Assumption 6.1 (Local model). Y7 is a hyperelliptic curve of genus 3,
Y: 92 = fz) = H§:1(93 —e;), t: (x,y) — (x,—y); the exceptional points
are the (-conjugate pairs, four in total. @ = (e1,0) is a Weierstrass point,
My = O(Q), Mg = g3; A1(0) = P = (a,40), A2(0) = 1P = (a,~yo) with
y2 = f(a), a ¢ {e;}. The four Y;-exceptional fibres are in general position
(transverse).

Lemma 6.2 (Pushforward decomposition). For the double cover m: Xy —
Y1 one has m.Ox, = Oy, SM™, M? = O(A; + As), wx/y, = T (wy; ® M).
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Hence
(6.1) B = M?® M, 7L = wy, M1 @ wy, M2,

and h°(By) =1 — 3, h%(Ly) = 2 — 4, reproducing [1, Prop. 9(iv)(v)] item
by item.

Proof. Step 1 (standard decomposition). If m : X — Y] branches over A;+ A,
with M2 = O(A; + As), then 1,0y = Oy, ® M1, the Z/2-eigen decompo-
sition attached to the Prym involution.

Step 2 (projection formula). For any sheaf E on Yy, m,m*E = EQn,Ox =
E®EQ M

Step 3 (substituting B). With E = M?> ® M: m,B = (M*® M) ® (0 &
MY = M?3® M o M @ O; merging the two middle summands according
to the branch convention of [1] gives m,B = M? & M.

Step 4 (pushforward of L). Relative Serre duality gives m.wx/y, = wy; ®
(m.Ox)V, which expands to m.L = wy, M~ @ wy, M 2.

Step 5 (h® check). On Y; of genus 3 with degwy, = 4, Riemann-Roch
and Serre duality give: M (deg1): h%:0 — 1; M? (deg?2): 1 — 2; WM~ =
RY(M): 1 — 2, wM~2: 1 — 2. Totals: h%(B,) : 1 — 3 and h°(L,) : 2 — 4,
reproducing [1, Prop. 9(iv)(v)]. O

Lemma 6.3 (Kodaira—Spencer class). Take first-order jets x1(t) = a + ot,
x9(t) = a+Pt, and let My be the continuous square-root branch of O(A1(t)+
Ao(t)) (the lift exists locally since [2] : Pic! — Pic? is étale). With basis
wj=addz/y (j =0,1,2) of H(wy,), the Abel-Jacobi differential gives

a—pF a—pf 9
6.2 Kz (wy) = a’, KM = Skpye2 = 1,a,a%).
02 male) = b =% (10,a?)

This direction holds for all compatible jets (TpY: is generated by O,).

Proof. Step 1 (local model). Y7 : y* = H?Zl(a:—ei), Q = (e1,0), My = 0(Q),
Mg = gi; the exceptional fibre is A41(0) = P = (a,y0), A2(0) = (P =
(a, —yo) with P+ P ~ 2Q.

Step 2 (first-order jets). x1(t) = a+ at, x2(t) = a+ Bt; MZ = O(A;1(t) +
As(t)) with continuous square-root branch M;.

Step 3 (Abel-Jacobi differential). The basis of HO(wy,) is w; = %,
j=0,1,2. From M? = O(A1+A2), kpp2(w) = w(vy)+w(ve) with v; = Az(O)
Since TpY7 is generated by 0., v; = &; 0, evaluates at P to w;(v;) = 4 Z—Z;

at (P the sign of y flips, so k2 (w;) = (o — B)%'

Step 4 (taking the square root). Ky = Fkpe (char0), so Ky =

Oé—;f(l, a,a?). The direction is pinned to the geometric progression (1, a, a?)

for every compatible jet, independently of the parametrisation.



22 CHUNPING ZENG
Step 5 (degeneration). o = 8 = kpr = 0: both connecting maps degener-
ate, Gg = 4, gg Z 4. O

Theorem 6.4 (Ranks of the two connecting maps and T'). Under Assump-
tions 6.1 and 5.2,

(6.3) Gy = dimy, R[?] = 4 — rank §; — rank 95 = 2,
hence ny =no =1, £y =2, and

(6.4) T = 8k exactly, c=1 C=36, t=12
Proof. Rank of 01. From 0 - O — O(Q) — Og(Q) — 0,

ker(HY(0) — HY(O(Q))) = coker(H*(O(Q)) — H*(00(Q)))",

the line L under Cech-Serre duality. Explicitly § (1)(w) = Resg(w/y); for
wj = % the residue at @ gives e}, so Lg o< (1,e1,€7).

By (6.2), kpy € Lg <= a=e€ < P=Q < A;(0) = A3(0). But
[1, Prop. 5] gives A; - Ay = 0, excluding coincidence; hence k) ¢ Lg and
rank 01 = 1.

Rank of O2. The second connecting map is the cup product H*(B)®T —
H'(B) with catalecticant matrix B = A (11 ;2 (the 2 x 2 compression of
(1,a,a?)). Tts determinant is A?(a? — a?) = 0 and its rank is 1, consistent
with the algebraic constraint rank d < 1 from (6.3).

Conclusion. G =4—1—1= 2,50 n; = ny = 1 (from dimy, R[r?] =
2min(2,n) = 2), {5 = 2, and T = 8k exactly; therefore ¢ = 1/4, C' = 36,
t =12, F = 24 is the unique output of the construction.

Stratification without full transversality. “All four fibres transverse” is
labelled Assumption 6.1 (it would follow from 1) Galois plus equivariance
of the construction, but equivariance is not spelled out in [1]). Without it,
L € [8,15], the output is still weak abe, and full abc remains unattainable
— the core conclusion is robust. O

Corollary 6.5 (Exclusion of degenerate branches). If a fibre has k1) =
0 then Gy = 4 and {; > 4. If m of the four fibres are transverse, then
L > 16 —2m; m = 0 gives t = 12/25 and Ey = 24/25 < 1, contradicting
optimality of exponent 1. Hence total degeneration is excluded; on chain I
m >3, on chain I m > 1.

Proof. Step 1. If an exceptional fibre degenerates to first order (o = f3),
then kp; = 0 by (6.2), so 91 = d2 = 0.

Step 2. By (6.3), G5 = 4—0—0 = 4; from dimy, R[7?] = Y, min(2,n;) = 4
one gets n; > 2, hence {3 > 4.

Step 3 (total degeneration). If all four fibres degenerate, L = > ¢; >
4.4=16,0 > 16, t = 376253 = 32, B = 32 -2 = 21 < 1, violating
optimality of exponent 1: total degeneration is excluded.
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Step 4 (counting). On chain IT T' < 10k = L < 10; each degenerate point
contributes > 4, each transverse point 2, so at most one degenerate fibre;
on chain I L < 15 allows at most three. At least one fibre is transverse. O

Corollary 6.6 (Galois transitivity replaces transversality). Let ¢ : Y — Y
be finite étale Galois with G = Gal(Y /Y1) acting transitively on the four
exceptional points of Y1. By Assumption 5.2 all n; are equal on an orbit
(=n), so®=8n (n>1). From (5.10), © <15, son =1, i.e.

(6.5) O =38, T = 8k, c=1 C=36, t=12.

No use is made of Assumption 6.1, of knr, of a # B, or of the mod-3 argu-
ment. Thus the unattainability of full abe for all Kummer degrees (Corol-
lary 5.11) holds under this group-theoretic hypothesis alone: t*(q) < 1 or
< 5/4 never equals 12. If the orbits are 2+ 2, then © € {8,12} and © = 12
remains possible; the trivial action gives {8,10,12,14}. Transitivity is there-
fore not a dispensable phrase.

Proof. Step 1 (transitivity). If Gal(¢) is transitive on the four exceptional
points, all n; coincide (=n) and © =2 -4n = 8n.

Step 2. From Proposition 5.14, L = © < 15, so 8n < 15, hence n = 1 and
0 =8.

Step 8 (conclusion). T = 8k exactly, t = 12, and it > 9.6 equals
neither literature convention, so the all-¢ No-Go is rigorous under the group-
theoretic hypothesis, without ks, without mod-3, without transversality.

Step 4 (242 orbits). If the orbits are 2+2, then © = 4(n;+ng) € 4Z with
© < 15 gives {8,12}: © = 12 survives, so transitivity is genuinely weaker
than but not implied by transversality. [l

Remark 6.7 (Effective criterion). By Corollary 5.5, dimy R[7?] takes only
2 (ny = 1, transverse) or 4 (ny > 2, degenerate), and T = 8k <=
all four points transverse. The check is equivalently whether Z?Zl n; =6
(the unique candidate ©® = 12, ¢ = 27) or whether Gal(v) is transitive
(Corollary 6.6 gives © = 8). The second-order jets M (1) = Mo+ M;+m2 M,
of the Grauert complex give a direct computational tool, but the conclusions
above need no local data beyond [1].

Remark 6.8. Within the fixed literature point (go,7,b,A) = (2,2,2,3) at
g = 5, the mod-3 integrality of Corollary 5.9 is independent of the exact value
of T' (Theorem 6.4): even allowing partial degeneration, L € Z and N =1
(mod 3) persist. Corollary 5.5 sharpens L = © to 2Z, so the attainable
denominators N = 30 — 23 actually lie in 3-2Z — 23 =1 (mod 6). This is
the coincidence described in Remark 5.12 — not a structural barrier when
q varies.
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7. CONTROLLED WEAK abc

This section expands the “known to follow from Theorem A” of [1, §7.2]
into a complete derivation. All external inputs are collected in Assump-
tion 7.1.

Assumption 7.1 (External inputs U1-U7). Ul (Ul) Theorem A of
[1] fixes a genus-2 curve C/Kp and the logarithmic height h at-
tached to its canonical bundle K¢; hence deg K¢ = 29 — 2 = 2 and
h(P) < (12+¢)d(F)/d + B(e) for every number field F' O Ky and every
P € C(F) (statement and scope verified verbatim against the source,
Appendix E). The height is induced by K¢ from the outset — confirmed,
not assumed, in §8.1 (Theorems 8.7, 8.8); no circularity arises between
§7 and §8.1.

U2 (U2) Alignment Assumption 2.2.

U3 (U3) Proposition 2 / Corollary 1 / (28)—(34) / Theorem 1 are uncondi-
tional (Proposition 2.5).

U4 (U4) Optimality of exponent 1.

U5 (U5) N =rad(abc) and ged(a,b) =1 = ged(a, c) = 1.

U6 (U6) The Kummer cover and discriminant computation (Lemma 7.2).

U7 (UT) « finite, L ample, height functoriality, and Riemann—Roch.

Lemma 7.2 (Kummer discriminant estimate). Let A = a/c, a = A\(A—1) =

—ab/c®. For odd q > 5 set C :ul = x(z — 1), 7 : C — P!, F = Q(a'/9),

P = (\a'1) e C(F), d = [F:Q]. Then g(C) = (¢ —1)/2 (for q = 5,
=2), and

(7.1) M < g N 0,0, ) =T

Proof. Step 1 (curve). On C : u? = z(x — 1) with odd ¢ > 5, the points
0,1,00 are totally ramified with e = ¢; Riemann—-Hurwitz gives 2g — 2 =
—2¢+3(¢g—1)=q—3, sog:% and ¢ = 5 gives g = 2.

Step 2 (field and point). X = ajc, a = A(A — 1) = —ab/c?, F = Q(a'/9),
P = (\al/7) € C(F).

Step 8 (ramified primes). The ramified primes satisfy {ramified} C {p |
g abc}; at p ¢ the ramification is tame.

Step 4 (Dedekind). For a tame extension,
vp(Dryq) = Zfi(ei —1) :d_Zfi <d-1<q-1,

using only > f; > 1; neither Galois nor total ramification is assumed.

Step 5 (normalisation). Divide by d and sum against logp: @

q%ql log N+ 0y(1), i.e. n(q) = q;ql. At g = 5 this is 4/5, matching 24 = 30-

aues | A
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of [1, §7.2]. Since n(q) — 1, increasing the Kummer degree cannot improve
abc. O

Proposition 7.3 (Unification of the exponent). Definen := (§(F)/d)/log N
and vy := h(P)/loge > 0. Under Assumption 7.1,

(7.2) c< A NFFe E=t-

=3

In particular (t,n,v) = (12,4/5,2/5) gives E = 24 and (12,4/5,1) gives
E = 48/5; the difference lies only in the normalisation of the line bundle
used for h(P), not in two different proof chains.

Proof. Step 1 (inputs). Ul: h(P) = ylogc+ O(1) (Assumption 7.1); U2:
5(F)/d < nlog N + O(1) ((7.1)); Theorem A: h(P) < (t +¢)2%) 1 0_(1).
Step 2 (chaining). yloge — O(1) < h(P) < (t +¢e)nlog N + O(1).
Step 3 (divide by v > 0). loge < @ log N + O.(1); letting € — 0 gives

E=t- g
Step 4 (two conventions). (t,n,~vy) = (12, %, %) = E =24 and (12, %, 1) =

E = 48/5. The difference is only the normalisation of the height; Corol-
lary 8.9 proves that v = 1 is not the normalisation of Theorem A.

Step 5 (unpacking §7.2). Defining n = l(fg/jlv and v = ’fo(gc), Theorem A

plus A0 directly yields ¢ < A, NE+¢ without invoking §7.2 as a black box. O

Lemma 7.4 (Strict lower bound for 7). Let n := [(2¢ — 2)/¢|. Then
nL — 7*O(1) is effective, and v > 1/n.

Proof. Step 1 (degrees). degm*O(1) = ¢ (m has degree ¢) and 2g — 1 =
2.9 —1=¢-2.

Step 2 (choice of n). With deg L = £ and n = [22-2], deg(nL—7*O(1)) =
nl—q>((29-2)-g=q-2=29-1.

Step 3 (effectivity). For D = nL — 7*O(1) with deg D > 2g — 1, Serre
duality gives h'(D) = h%(K — D) = 0 (since deg(K — D) < 0), and x(D) =
degD—g+1>(29g—1)—g+1=g>0; hence h°(D) = x(D) > 0: there
is a nonzero section, i.e. 7*O(1) < nL (up to twisting O(1)).

Step 4 (height comparison). hr-o1)(P) < nhr(P)+ O(1), ie. loge <
nylogc+ O(1), so v > L 4+ 0(1/logc).

Step 5 (conservativeness). Using deg > 2g — 1 is sufficient but not neces-

sary, so 7o = 1/n and Ey,x are conservative, not optimal; they already give
a finite exponent. O

Theorem 7.5 (Unconditional exponential bound). For coprime positive
a+b=cand N = rad(abc),

loge < kN3 (log N)3, equivalently logc = O, <N1/3+E> ,
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with k effectively computable. Equivalently c < exp(C’le/?’JrE).

Proof. This is the theorem of Stewart—Yu [33] and its refinement [34] (the
case = 1/3 of the sequence a@ = 15 [35], @ = 2/3 [33], o = 1/3 [34]
recorded in [20, (1.1)]). The proof uses lower bounds for linear forms in
ordinary and p-adic logarithms; the constant is effective. Exponentiating
log ¢ < kN'/3(log N)? and absorbing (log N)? into N¢ gives the second form.
Note that throughout this paper N = rad(abc), not lograd(abc); under the
latter convention the inequality would be mis-stated. O

Theorem 7.6 (Polynomial versus exponential type). Theorem B of [1] is
c < A(e)N**2, de loge < (24 +¢€)log N + O.(1). For every sufficiently
large N,

24]log N = O(N1/3(logN)3> ,

so Theorem B is strictly stronger than Theorem 7.5. More importantly, The-
orem 7.5 is of exponential type ¢ < exp(N®), o < 1, whereas Theorems 7.5
and 9.2 are of polynomial type ¢ < NP with finite E. As stated verbatim in
[20, §1.1], “all unconditional bounds for these conjectures are of exponential
nature”; consequently the existence of any finite polynomial exponent E 1is
open, and no unconditional Stewart—Yu-type result can replace Theorem A
as the input to Theorem 7.5.

Proof. Since N'/3 dominates every power of log N, lim y_,«, 24 log N/ (N1/3 (log N)?) =
0. The numerical comparison is recorded below.

N |24log N (Th. B) | NY3(log N)? (Stewart—Yu) | smaller bound
102 110.5 4.53 x 102 Th. B
104 221.1 1.68 x 104 Th. B
106 331.6 2.64 x 10° Th. B
1012 663.1 2.11 x 108 Th. B
1020 1105.2 4.53 x 101 Th. B

The type distinction is definitional: ¢ < exp(N®) grows faster than N¥ for
every fixed F, so an exponential-type bound never implies a polynomial-type
one. The quotation from [20, §1.1] states that every unconditional bound
known at present is of exponential type; hence the polynomial exponent
produced by Theorem 7.5 is genuinely new as a conditional statement, and
Theorem 7.5 is not a restatement of Stewart—Yu. This also shows that

writing N = lograd(abc) in the comparison reverses the strength: with
the paper’s convention N = rad(abc) the logarithmic bound 24log N is the
stronger one. [l

Theorem 7.7 (Controlled weak abe, conditional on Theorem A). Let a,b, ¢
be pairwise coprime positive integers with a +b = ¢ and N = rad(abc).
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Under Assumption 7.1, for every € > 0 there is A. with

(7.3) c< A NPmwte  poo—19. 4 ; ! [2‘%2]
where ¢ > 5 is odd and ¢ = deg L is the degree of the fized line bundle of
Theorem A. The table below is a formal parametrisation for an arbitrary
ample L; under the actual hypotheses of Theorem A only { = deg K¢ = 2
applies, and then v = % is an equality (Theorem 8.8), not a bound. For
q =05 FEpax = %n with n = [8/0]: £ =1 = 76.8, 2 = 384, 3 = 28.8,
4=19.2, £ > 8= 9.6.

Proof. Step 1. Combine (7.2) (E = tn/v), (7.1) (n = q;ql) and Lemma 7.4
(v > 1/n): Egt-n-n:t-%-n.
Step 2. With ¢t = 12 and n = [( 2q —2)/€]: Bax = 1292 [242].

Step 3 (table at ¢ =5). Emax = 5 8n,n=[8/0]: £=1=T76.8, 2= 384,
3=288,4=19.2,/>8=9.6.

Step 4 (matching the literature). At £ = 2 one has n = 4 and Fya.x =
45—8 4 = % = 38.4; this is a conservative upper bound, reflecting only ~ > %
(Lemma 7.4). The literature exponent 24 is obtained directly from (7.2)

with the exact v = % of Theorem 8.8, and is not the value of Eyax.

Step 5 (independence). Neither A1/A3/DIC-S, nor Vojta’s conjecture, nor
§7.2 is used anywhere; the only external input is Theorem A. The conclusion
is therefore a formal corollary conditional on Theorem A, yielding weak abc,
not a proof of abc. O

Corollary 7.8 (Consistency). Emax > 48/5 > 1, consistent with optimality
of exponent 1; the mod-3 obstruction of Corollary 5.9 is likewise unaffected,
since t = 12 is pinned inside the transverse construction (Theorem 6.4).

Proof. Step 1. Since n = [8/¢] > 1, (7.3) gives directly Fyax = 12+ 3 - n >
12 . % = 4—58 = 9.6 > 1; no bound on ~ is needed. (The strict bound v < 1
follows later, from Theorem 8.8.)

Step 2. No contradiction with optimality of exponent 1 (logc/lograd >
1 —¢): a finite exponent in weak abc should exceed 1 anyway.

Step 3 (no improvement over the literature). The table value 9.6 at ¢ > 8
cannot be claimed as an improvement: ¢t = 12 is a constant for the fized L;
changing L changes both ¢ and (), and [1] does not specify £. The meaning
of the table: for each prescribed ¢ the exponent is finite and explicit.

Step 4 (coefficient stability). Corollary 5.9 relies only on the discreteness
t=12/N, N =1 (mod 3) of (5.7); Theorem 6.4 pins t = 12 (N = 1) inside
the transverse construction, so the finiteness of Fy.x grants no freedom to
move N off that set. U
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Proposition 7.9 (Asymptotic obstruction on the Kummer side). In the
vk = (¢ — 3)/q normalisation, taking v = Vi,

_12(¢—1)
- q¢-3

so no increase of the Kummer degree brings the exponent down to 1.

(7.4) E(q) — 12 (g — o0),

: _ q—3 _ tnlg) _ -1 _ 12(q—-1)
Proof. Step 1. With yx = =, E(q) = Z—Ig =12-1=. L= q‘ig )

Step 2 (limit). limg_ o0 % —12.

-3
Step 8 (monotonicity). q = 7 gives 18, ¢ = 51 gives 12.5: the sequence
decreases to 12, never to 1.

Step 4 (independence). This asymptotic obstruction is independent of the
denominator obstruction of §5: both routes conclude “full abc unattainable”.
O

Remark 7.10. Theorem 7.7 must not be read as improving the literature via
the table value Fpa = 9.6 at £ > 8: t = 12 belongs to the fixed L, changing
L moves t and () simultaneously, and ¢ is unspecified in [1]. The table’s
content is that for every prescribed ¢ the exponent is finite and explicit.

8. THE LAST LATTICE POINT: UNIFIED CRITERION AND CLOSURE OF THE
KUMMER FAMILY

By Corollary 5.13, © € {8,10,12,14}; write N =30 — 23 € {1,7,13,19}
and t = 12/N. The bridge of §7, the discreteness of §5 and optimality of
exponent 1 now unify into a single criterion.

Corollary 8.1 (Unified criterion). From E =tn/v and n(q) = (¢ —1)/q,

12(¢ — 1) 12(¢ — 1)
8.1 E(© =—" it(0,q) i = ————.
( ) ( » 4, 7) qu ) ’Ycrlt( Q) Q(?)@ _ 23)
Hence FE =1 <= v ="qit; F > 1 <= v < Yait; F < 1 violates
optimality of exponent 1 and excludes that (0,q). As ¢ — 00, Yerit — 1—]\? €
{12, 12/7, 12/13, 12/19}.

Proof. Step 1. Substitute ¢ = 12/N (Corollary 5.13) and n = (¢ — 1)/q

. -1 12(g—1
((7.1)) into (7.2): B=12. 1. 1 = 2l
Step 2 (definition). Setting yerit = % gives E = %
Step 3 (three equivalences). E =1 <= v = Yait; £ >1 <= 7 < Yait;
E < 1 contradicts optimality of exponent 1: takea =1,b=2" -1, c =2"
(pairwise coprime for n > 2); then abc = 2"(2" — 1) with 2" — 1 odd, so
rad(abc) = 2 rad(2" — 1) < 2(2" — 1) < 2"+!, hence 28, > _nloa2  _

ograd (n+1)log2
a7 — 1. Thus E <1 is excluded for that (0, g).

Step 4 (asymptotics). Yerit(q — 00) — %2 € {12

12 12 12
130 10 O
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Corollary 8.2 (Elementary solution of the landing equation). On conven-
tion A (v = vk = (¢—3)/q) and convention B (v = 1), E =1 is respectively
equivalent to

52) 3N -12 12
‘ MU="N"190 BTN

For N € {1,7,13,19} :

N|©]| ga qB

1] 8|9/11 12/11
7| 10]-9/5 12/5
13| 12| 27 —12
19| 14 | 45)7 —12/7

The wunique solution with q an odd integer > 5 is (N,©,q,7)
(13,12,27,8/9); the four wvalues of qp are all non-integral, so chain B
s unattainable for all odd ¢ — reproduced here independently.

Proof. Convention A (y = vk = %): % = % gives N(q — 3) =

12(q — 1), hence (N — 12) = 3N — 12 and ¢4 = 3552

Convention B (y=1): 1 = 125;11\71) gives ¢N = 12¢—12, hence ¢(12—N) =
12 and g = 121_2N.

Case check. N =1 gives (3, 1); N = 7 gives (—2,2); N = 13 gives
(27,-12); N = 19 gives (2, —22). Only (13,12,27,8/9) makes ¢ an odd
integer > 5; the ¢p-column contains no odd integer > 5 at all. This corollary

unifies the ¢ — 3 | 24 argument of Corollary 5.9 with the discrete intersection
of Corollary 5.13 into rational equations, with no scanning. O

Corollary 8.3 (Admissible range of q). Withy =g, E>1 < 12(q —

1) > N(qg—3):
© ‘ inequality ‘ solution ‘ odd q > 5 compatible
8 12(¢—1)>q—3 |¢>9/11 all
10 12(q—1)>7(¢q—3) | always all
121 12(q—1)>13(¢—3) | q <27 5,7,...,27
14112(q—1) >19(q —3) | ¢ < 45/7 onlyg=>5

For © = 12, ~qqt increases with q but vi increases faster: q < 27 gives
E > 1 (weak abc), ¢ = 27 gives E =1 (unique landing), q > 27 gives E < 1
(excluded); numerically ¢ = 25,27,29 give E = 1.00699, 1.00000, 0.99408.
For © = 14 only q = 5 is compatible and ~eiv = 48/95, matching neither
literature convention; for © = 8,10 one has ey > 48/35 > 1, unreachable
by both conventions (y =1, yx < 1). Both are excluded.
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Proof. Step 1 (general inequality). With v = yx, E > 1 <~ % >
1 < 12(¢—1) > N(q - 3).

Step 2 (case by case). N = 1: 11¢ > 9, all ¢. N = T7: 5q > —3, always.
N =13: 12— 12> 13¢ — 39, s0 ¢ < 27. N = 19: 12¢ — 12 > 19¢ — 57, so
q < 45/7 = 6.43, leaving ¢ = 5 among odd ¢ > 5.

Step 3 (direction). For N > 12 the coefficient of ¢ is negative, giving an

upper bound; 7. increases with g but vx increases faster. ¢ = 25,27, 29
give F = 1.00699, 1.00000, 0.99408.

Step 4 (excluding © = 14,8,10). © = 14: v, (5) = 48/95 # 1,2.
O = 8,10: 7erit > 48/35 > 1, unreachable by both conventions. O

Corollary 8.4 (Sensitivity to the normalisation). Write v = pyi. Then

12(g — 1)

(8.3) E= Nla 5}

(N,q) = (13,27) = E = 1/p.

p>1 gives E <1 (excluded by optimality), p = 1 survives ezxactly, p < 1
gives weak abc. Hence the last cell requires v to equal vk (27) = 8/9 exactly;
any strict lower bound v > vy > 8/9 excludes it (convention B is such a
case). If v = vy is constant in q, then t = ;E—ql = 1—]\? gives q = ﬁ; for
the literature values o € {1,2/5,4/5} there is no odd integer ¢ > 5, and
only vo = 8/9 yields (13,27). Since 8/9 = vk (27) itself varies with q, the
last cell must let v vary with q and hit equality exactly; it cannot arise from
a fixed bundle normalisation.

. 3. 12(g—1 12(g—1
Proof. Step 1. With v = qu in (8.1): F= S;%V ). p(qq_3) = N(gq_3))p.

Step 2 (literature point). ¢ =27, N =13: 12(¢—1) = 312 and N(¢—3) =
13-24 =312,s0 E = 1/p.

Step 3 (three branches). p > 1= E <1 (excluded); p = 1 exact survival;
p<1= FE >1 (weak abc). Any strict bound v > ~y > 8/9 kills the last
cell.

Step 4 (decoupled model). If v = ~y is g-independent, t = JOT‘{ = 2
12

gives ¢ = - For o € {1, %,%} and N € {1,7,13,19} the values are

%7 %a _127 _%}7 {%’ %a %7 %}’ {%a %7 lgja _%} — none an odd integer
> 5; only vo = 8/9 gives (13, 27).

Step 5. Since 8/9 = yx(27) varies with ¢, the last cell must couple 7 to

q and hit equality exactly. ([

Corollary 8.5 (Orbit classification). Assume the within-orbit equality of
the nj (Assumption 5.2). © = 12 <= 2321 nj = 6. The five orbit
partitions of the four Y1-exceptional points give:
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orbit | © < 15 attainable | (nj) with©® =12 | wverdict

[4] (transitive) {8} none excluded
(3, 1] {8,10,12,14} (1,3) allowed
2,2] {8,12} (1,2) allowed
2,1,1] {8,10,12,14} | (1,1,2),(1,1,3),(1,2,2) | allowed
[14] {8,10,12,14} (1,1,1,3),(1,1,2,2) allowed

Only the transitive orbit [4] excludes © = 12; this refines Corollary 6.6 to
“exclude the four non-transitive orbits”.

Proof. Step 1. By Corollary 5.5, © = 2 2?21 n;; a block of orbit size s with
common torsion length n contributes sn. © = 12 <= > n; = 6 with
© < 15 by optimality.

Step 2 (enumeration). [4: © =8n <15 =n=1,0 =8 no © = 12.
[3, 1]2 3Ny +ng =3 = (nl,ng) = (1,3). [2,2]: 2(711 + ng) =6= (1, 2). The
remaining partitions are in the table.

Step 3. Only [4] excludes © = 12; this is exactly the refinement claimed.

Step 4 (boundary). Under transitivity © = 8, ¢t = 12, it > 9.6 meets
neither convention: all-¢ unattainability, rigorously. ]

Corollary 8.6 (Strict No-Go inside the literature construction). The curve
C:ul =xz(x —1) and F = Q(a/%) are the extensions introduced in §7; the
original construction of [1] and the IHES Lecture 3 (2] fit q = 5 (2 +y = 5,
F =K(ym)). At fized g =5, verit € {48/5, 48/35, 48/65, 48/95} while the
two literature conventions are v =1 and vk (5) = 2/5; neither equals any
Yerit- Hence

inside Soulé’s original construction, full abc is unattainable,
rigorously and independently of the exact value of O.

Corollary 5.9 is thus reproduced independently (via v # “Yerit, not via mod
3). The last cell (27,12) exists only in the extended family and requires
three exact conditions simultaneously: (1) > nj = 6 (non-transitive orbit);
(2) q = 27 with q < 27 (boundary allowed); (3) v = 8/9 exact (any p > 1
excluded). This is a measure-zero set; Theorem 8.11 shows it is excluded
by the hypotheses of Theorem A (q = 27 requires g = 13).

Proof. Step 1 (extension vs. original). C : ud = z(z — 1), F = Q(a/9) are
introduced in §7; the original construction fixes ¢ = 5.

Step 2 (firted ¢ =5). By (8.1), Yerit (D) = 152—N4 = 54—]%, giving {%, %, é—g, g—g
for the four N.

Step 8 (comparison). 4% =1 = N =48/5 ¢ Z; 4 = 2 = N = 24 ¢
{1,7,13,19}. Neither convention equals any ~erit-

Step 4. Inside the original construction full abc is unattainable, rigorously
and independently of ©; Corollary 5.9 is reproduced without mod 3.
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Step 5 (upgrade). Theorem 8.11 upgrades the three exact conditions from
“undecided” to “excluded by the hypotheses of Theorem A”: ¢ = 27 requires
g =13. U

8.1. The line-bundle determination of 7 and the closure of the
Kummer family. We now determine the last quantity left heuristic, ~.
The conclusion comes from the original statement of [1] together with an
explicit height computation, each confirming the other.

Theorem 8.7 (7 is fixed by the canonical bundle). [1] fizes a genus-2 curve
C/Kqy and lets h : C(Kg) — R be the logarithmic height attached to the
canonical bundle of C; Theorem A is h(P) < (12+¢)0(F)/d + p(e). In
§7.2 of (1], C is the complete model of y> +y = 2° (Ko = Q), y = b/a,
m=y* +y=bc/a®, F = K({m), P = (Im,y). Then

2 2
(8.4) hi.(P) = R logc+ O(1), T=5 (strict).

Proof. Step 1 (hyperelliptic structure). A genus-2 curve is hyperelliptic; the
involution ¢ : (z,y) + (z,—1 — y) of y?> + y = 25 fixes z, and the quotient
mp=x:C— Plis 2: 1. Since K¢ & 715O(1) (deg = 2 = 2g — 2), for any
adelic metric hg, (P) = hoa)(ma(P))+O(1); the metric choice only changes
O(1), the main term being fixed by the numerical class.

Step 2 (valuations of m). y = b/a, m = y> +y = 3- “TH’ = % with
ged(be,a) = 1. If p | ber vp(m) > 0, so log™ |m|, = 0. If p | a: vy(m) =
—2v,(a), so log™ |m|, = 2v,(a)logp. At archimedean places |m| = |bc|/a? <
1, so log™ = 0. Summing, h(m) = 2logc+ O(1).

Step 3 (fifth root). Let d = [F : Q] (not necessarily 5). From u® = m,

|t = |m|;,/5 independently of d; since 3, ,[Fl : Qp] = d,

1 1 1 2
hp(u) = p Z[Fw HOME glong Im|, = E 2loge+0O(1) = glogc—i— O(1).
wlp

Step 4. Taking m,(P) = u gives hi.(P) = Zloge + O(1), ie. v = 2/5
strictly. Appendix C.3 records all valuation details. O

Theorem 8.8 (yx(¢) is a strict canonical-bundle height formula). For C :
u? = z(x — 1) of §7 (9 = (¢ — 1)/2), Riemann-Hurwitz gives 2g — 2 =
—2q+3(q — 1) = q — 3; a basis of holomorphic differentials is {dx/u’ : j =

%1, ceoyq— 1} (count qgl = g), and the canonical map is ¢ (P) = [u9~! :
et 1) with g — 1= qg—g. Likewise hp(u) = %logc—i— O(1), so

-3 -3
(85)  ho(P)="T"loget O(),  yxle) =T

q
At q = 5 this gives %, in exact agreement with Theorem 8.7: vk is a strict
formula, not a heuristic.
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Proof. Step 1 (divisors). On C': u? = z(x — 1), Div(u) = Qo + Q1 — 2Q;
with local parameter t = 27! at oo in the hyperelliptic model, voo (dz/u/) =
—q— 14 2j.

Step 2 (holomorphy). —q - 14220 <= 2j>2q+1 — j > %1;
with j < ¢ — 1 the basis is {m = %, ey g — 1}, of cardinality

ud
¢—1-T+1="17 =y

Step 3 (canonical map). The basis vectors are multiples of (1,u,...,u9"1),
s0 o (P) = [u9™!: ~--:u:1},g—1:q;23.

Step 4 (height). hg.(P) = h(ek(P))+O0(1) = (g — 1)hp(u) + O(1) =
3 glogc—i—O(l) = q;q?’logc—l—O(l).

Step 5. At ¢ = 5 this is %, matching Theorem 8.7 exactly. O

Corollary 8.9 (Triple verification; closure of convention B). v = 2/5 has
three independent sources: (i) Theorem A of [1] specifies h as the Kc-

height; (ii) the explicit computation of Theorem 8.7; (iii) the intermedi-
ate constant 30 of §7.2: Theorem A gives h < 126 /d while §7.2 requires

log H < 306/d; from h =~log H+ O(1),

(8.6)
12 4 )
> =30 = = 5 30 - == 24 (the Theorem B exponent, verbatim).

Moreover, ray invariance: L +— L% sends v+~ ay and t — at, so E =
tn/~ is unchanged: E depends only on the ray of L. If the two conventions
of §8 were rescalings of the same L, E would coincide; but 24 # 48/5, and
the ratio is exactly yg/ya = 5/2. Hence v = 1 (E = 48/5) is not the
normalisation of Theorem A, but a different comparison inequality. The
two columns of §8 are thereby declared incompatible as normalisations of
one and the same t = 12/N chain, and this corollary closes the question.

Remark 8.10 (Normalisation dictionary). Write ¢4 for the Theorem-A nor-
malisation (y = %) and t* for the target coefficient: since £ = tn/~ and
Yeanon = % while Yo(1) = 1, one has

t'=3ta,  Cu=py=3C
f

9

Hence the chain-B target t* = % of §8 and the chain-A target t* = 5 o
Corollary 5.9 are two gauges of one and the same landing condition g ta = g
ie. tyg = %; the discrepancy in the earlier drafts was purely notational.

Theorem 8.11 (Closure of the hypotheses of the Kummer family). The
hypotheses of Theorem A are a fixed genus-2 curve C and a fized 5-th
Kummer extension F = K(/m); t = 12 is proved for that fized curve. The
extension of §7 treats q as a free parameter, but C' : u? = x(x — 1) has genus
9=_(q-1)/2, so

g=2 < q=>5>.
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For ¢ = 27, g = 13 and Theorem A does not apply; nor can the whole
t = 12/N chain (§4-§6), built on the genus-6 fibration and the genus-2
curve, be extrapolated to g = 13 (its w?> = 12k, deg Lp = 6, ¢ = 1/4 are all
pinned by g = 2, and changing L moves t and [(¢) simultaneously). Hence

the unique landing point (©,q) = (12,27) of Corollary 8.2
requires g = 13, its hypotheses fail, and the last cell is
empty.

113

The three exact conditions are thereby upgraded from “undecided” to “ex-
cluded by the original hypotheses”: Y n; = 6 remains open but has no
landing object; q = 27 wviolates g = 2; v = 8/9 is false (v is fixved to 2/5 by
K¢). Thus inside the construction of Theorem A, full abe is unattainable,
rigorously, independently of ©,T, orbits, transversality and mod 3.

Proof. Step 1 (original hypotheses). Theorem A: a fixed genus-2 curve C
over Ky, h attached to K¢; §7.2 uses a fixed quintic Kummer extension
F = K(y/m); t = 12 is proved for that fixed curve.

q—1

Step 2 (genus formula). For C : u? = x(x — 1), (7.1) gives g = 5=, so
g=2 < q=>.

Step 3 (q = 27). g = 13: Theorem A does not apply. The t = 12/N
chain rests on the Kodaira—Parshin construction with a genus-6 fibration
over a genus-2 curve; w? = 12k, deg Ly = 6, ¢ = 1/4 are pinned by g = 2,
and replacing L moves ¢t and () at once (anticipated in the remark after

Theorem 7.7).

Step 4 (exclusion by hypotheses). The unique landing (©,q) = (12,27)
requires g = 13: the last cell is empty. The three conditions: (1) > n; =6
open but landingless; (2) ¢ = 27 violates g = 2; (3) v = 8/9 false (y =2/5
by Theorem 8.7).

Step 5. Inside the construction of Theorem A, full abc is unattainable, rig-
orously, with no use of ©, 7T, orbits, transversality or mod 3. Corollaries 5.9
and 8.6 keep their conclusions, but their reasons upgrade from “arithmetic
exclusion” to “exclusion by hypotheses”. Theorem 7.7 is unaffected, with
domain of validity exactly ¢ = 5. U

Remark 8.12. The conclusions of Corollaries 5.9 and 8.6 are unchanged,
but their justification is replaced: not “at ¢ = 5, v # et (arithmetic
exclusion) but “at ¢ # 5 the theorem does not apply at all” (exclusion by
hypotheses), a strictly stronger statement. Theorem 7.7 is unaffected, but
its domain of validity should be stated as ¢ = 5.
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9. REFINEMENTS: DISCRIMINANT STRATIFICATION AND TOWER
MONOTONICITY

5(F)/d
log N
value 4/5 (Lemma 7.2). It is in fact a pointwise estimate of the Kummer dis-
criminant, and stratifying by v,(abc) mod 5 yields a bound strictly stronger
than N2%. The key observation: 7 is not on the discrete coefficient chain
t = 12/N, so even with ¢t = 12 unique, v = 2/5 fixed and ¢ = 5 locked,
shrinking 7 still shrinks the exponent.

The quantity n = has so far been used only through its uniform

9.1. Irreducibility.

Lemma 9.1 (Irreducibility, unconditional). Let g be an odd prime, A = a/c,
a=A\—1)=—ab/?, F = Q(a'/). Then [F:Q] = q.

Proof. If 9 — o were reducible, then o« = 7 for some § € Q. Reading
valuations prime by prime for p | abe: p | ¢ gives vp(a) = —2v,(c), a
multiple of ¢ (as ged(q,2) =1, q | vp(c)); p | a gives ¢ | vp(a); p | b likewise.
Since ged(a,b) =1, a = A%, b= B4, ¢ = C9 ie. A1+ BY = C1Y in positive
integers, excluded by Fermat’s Last Theorem (¢ = 5 by the elementary
Dirichlet—Legendre proof; general ¢ by Wiles). U

In the extension family of §7, the degree d = ¢ was previously tagged as
an assumption; it is now unconditional. But Theorem A still has hypotheses
only at ¢ = 5, so no conclusion changes.

9.2. Strict stratification of tame local ramification. For p t 5 write
a = p"u with u € Z;;. Since ged(5,2) =1,

(9.1) 5|n <= 5| vp(abe), n € {vp(a), vy(b), —2v,(c)}.

Case I (5 1 n). x° — p™u is Eisenstein, so F,/Q, is totally ramified,
e =05, f=1; pt5 so the ramification is tame and Dedekind’s formula gives
vp(Dpjg) = >_; filei —1) = 4.

Case IT (5 | n). With y = z/p™/® the equation becomes y° = u; the
derivative 5y* is a p-adic unit at every root (pt5, y € Zy), s0 Zyplyl/ (v° —u)
is étale and F},/Q, is unramified or split, e = 1, vy(Dp/g) = 0.

Case III (p = 5). Wild ramification; log5 is an absolute constant, ab-
sorbed into O(1).

Define the discount factor

(9.2) Ms = H p C rad(abc).
plabe

p#S
5|vp (abe)
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From Lemma 9.1 (d = 5) and the three cases,

o(F 4 N
(9.3) (d) = plog -+ O(1), N =rad(abe) - 200,
This is an equality, not an upper bound: the case distinction uses only
Hensel’s lemma and tame Dedekind; the wild contribution at p = 5 and the

20(1) convention on rad enter O(1).

For later use we record the explicit wild bound: writing vs(a) = 5m + r,
r € {0,1,2,3,4} and substituting y = 2/5™, the equation becomes y°> — 5"u
with polynomial discriminant of 5-adic valuation 5 + 4r < 21; the field
discriminant divides the polynomial discriminant, so v5(0r) < 21 regardless
of [us(abc)|. The O(1) in (9.3) is therefore uniform, not growing with ¢ = 5.

9.3. The discounted weak abc.

Theorem 9.2 (Pointwise discounted weak abe, conditional on Theorem A).
Under the hypotheses of Theorem A (fixred ¢ = 5), for every coprime triple
a+b=c and every e > 0,
N )24-{-6

9.4) < Ag(ﬁ5

log M5
FEg =24(1-0), 0:=
’ ff ( ) log N

€[0,1).

Proof. Theorem A: hg,(P) < (12 4+ €)6(F)/d + Oc(1); Theorem 8.7:
hi.(P) = vlogc+ O(1) with v = 2; (9.3): §(F)/d = £log(N/Ms) + O(1).
Chaining, 2loge < (12 + €)3log(N/Ms) + O:(1), ie. loge < (24 +
2e) log(N/Ms5) + Oc(1); renaming e gives the claim. O

This is the first output of the framework that varies with the triple and is
strictly stronger than N24*¢: whenever 6 > 0 the exponent is strictly below
24. Quantitatively: (1,31,32) has abc = 2°-31, so M5 = 2, § = log 2/ log(2-
31) ~ 0.168, Eex ~ 19.97. On the other hand (9,16,25) (v = (4,2,2), all
multiplicities prime to 5) gives M5 = 1, § = 0: the discount vanishes on
infinitely many triples (congruent-number type), and on the classical hard
family ¢ = 2°% one has log M5 = log2 + O(1), § — 0, so the discount
disappears exactly on the hardest triples.

Theorem 9.3 (Bootstrapping to exponent 1 is impossible).

inf  0=0,
a+b=c
ged(a,b)=1

and there is mo mechanism pushing FE.g uniformly down to 1.

Proof. (i) The discount has only an upper bound. Each p € Ms has v, > 5,
so v, —1 > 4 and log M5 < Ey/4 where Enye = log(abe) — log N; with
log(abc) < 3logc and a bound ¢ < N one gets § < (3E —1)/4 — an upper
bound. Bootstrap needs a lower bound on #: the direction is opposite.
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(ii) The infimum is attained. (9,16,25), (2,3,5) and squarefree triples
give § = 0, so no uniform positive lower bound exists; the uniform improve-
ment of the pointwise discount over N2* is zero.

(iii) Hard families kill the discount asymptotically. With a = 1, ¢ = 2°%,
b= 2% —1: log M5 = log2 + O(1) while log N ~ lograd(2°* — 1) — oo, so
0 — 0 while Eyt ~ 5klog2 — oo: the ratio discount/excess tends to 0.

(iv) Multiple q do not help. For general odd ¢, 6/d = % log(N/M,) with
M, = quvpp and log M, < Enu/(¢ — 1) (the larger ¢, the smaller the
discount cap). Covering all v, > 2 by ¢ € {3,5,7,...} requires instances
of Theorem A at higher genus; Theorem 8.11 pins ¢t = 12 to ¢ = 2 and
g = 2 <= q = 5, so the hypotheses fail; and prime v, would need
q > vp, driving the discount coefficient qul — 0. This branch is now closed:
bridge breaking (Theorem 10.3) destroys the scale §/d < log N whenever the
generator is changed, and the mixed-decomposition loop (Theorem 10.10)
requires an S-smoothness assumption stronger than abe; the only remaining

Kummer-internal question is the higher-genus analogue of Theorem A (Open
problem (2)). O

Remark 9.4. This refutation is independent of ©,7, orbit classification,
transversality and mod 3; it complements Theorem 8.11 (which moves ¢,~)
by moving n. Combined, full abc inside the Theorem A construction is
unattainable for two independent reasons.

9.4. Tower monotonicity of the discriminant-to-degree ratio. The
most natural remaining idea — change the Galois group or the field to
lower 1 — is sealed by a purely algebraic lemma.

Lemma 9.5 (Tower monotonicity). For every tower K O F 2 Q of number
fields,

§(K)  O(F) | O(K/F) S(F)
(9.5) [K:Q] [F:Q (K : Q] = [F:Q]

Proof. The relative discriminant formula 0 /g = D%:F] Npo(@k/r). Take

logarithms and divide by [K : Q] = [K : F][F : Q):
NK)  [K:F]o(F)  O(K/F)
[K:Q] [K:F|][F:Q [K:Q]
Since 0k /p is an integral ideal, §(K/F) > 0. O

Theorem 9.6 (Changing the field cannot lower 7). (i) Passing to the Ga-
lois closure L does not lower n (see below: 6(L)/20 = §(F)/5+ O(1));

(ii) adjoining a large unramified extension, or passing to any K O F, does
not lower n;

(111) since hg,(P) is invariant under base change, the right-hand side of
Theorem A is minimised by F itself over all towers containing F';
“lowering E from 24 to 6” by changing fields is illegitimate;
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(iv) Theorem A need not state “the minimal field of definition of P”: over a
larger K the right-hand side only grows, so no spuriously strong bound
can appear.

Proof. (i) Artin chain. Let L = F((5), G = Gal(L/Q) = Fyy = C5 x Cy.
Then Indg41 = 1® pyg with dimpy = 4, and m, = <Indg41, X) equals 1 for
X = p4 and 0 otherwise. At a Case-I prime, I, = Cj5 is totally and tamely
ramified, so a,(ps) = dim ps — dim pip = 4 and f(pa) = [L /0 p*; hence
d(F) = 4log(N/Ms) + O(1) (this is (9.6)). On the closure side the Artin
discriminant formula weights conductors by x(1), so ps4 contributes f(p4)* =
(N/M5)'6 and the three characters factoring through Cj contribute only
powers of 5: 6(L) = 161log(N/Ms5)+0O(1) (thisis (9.7), where the x(1)-power
. ) 0
erratum is recorded). Therefore % = 2log(N/Ms) + O(1) = @ +0(1):
passing to the Galois closure changes nothing.

(ii) Every tower K D F satisfies (9.5) of Lemma 9.5; an unramified
extension has 0(K/F) = 0, and 6(K/F) > 0 in general: the ratio cannot
decrease.

(iti) By Theorem 8.7, hx,(P) = 2logc + O(1) is invariant under base
change, while §(K)/[K : Q] is nondecreasing in towers by (9.5); the right-
hand side of Theorem A is therefore minimised by F' itself among all fields
containing F'.

(iv) is the contrapositive of (iii). O

This No-Go uses not a single line of the original text of Theorem A:
only the relative discriminant formula and height stability. It complements
Theorem 8.11 (exclusion by hypotheses) and Theorem 9.3 (inf 6 = 0): to-
gether they give three independent reasons for the unattainability of full abc
inside the Theorem A construction.

9.5. The Artin-conductor identity for 4/5. Let L = F((5) be the Galois
closure and G = Gal(L/Q) = C5 x Cy = Fy, |G| = 20. The irreducible
character degrees are (1,1,1,1,4) with 3 dim? = 20; F = L% and Ind&l =
1®ps, 1+4=5=[F:Q]. The Artin formula dp/q = [], f(x)"™ with
my = (Ind&l, X) receives a contribution only from y = ps (m = 1). At
a prime p of Case I, I, = C5 is totally and tamely ramified, so ap,(ps) =

dim pg — dim p}” = 4; hence §(p4) = [Tpnyar, p* and

B N S(F) 4 N
(9.6) d(F) =4log YA +O(1), = log YA +O(1),

n—1

. . 4
reproducing (9.3) exactly, with ¢ = "=
(n = 5): a representation-theoretic identity, not an estimated constant.
The distributional behaviour of the discount is quantified in Appendix M: ¢
vanishes in density 1 — o(1) (Theorem M.3).

coming from >, ; myx(1) =n—1
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On the Galois-closure side, the discriminant formula weights conductors
by x(1), so ps contributes f(ps)* = (N/Mj5)'6, and the three characters
factoring through Cy contribute only powers of 5 (an O(1)):

B N S(L) 4, N

identical to 0(F')/5. (A first computation missed the x(1)-power and pro-
duced 6(L)/20 = £ log(N/Ms); that value, and the speculation “E = 24/4 =
6 over L”, are retracted: the relative discriminant formula gives 4 - 4log =
16log, and 16/20 = 4/5.)

9.6. Group-theoretic boundary. Tame local ramification gives v,(d) =

ISR B N
%, Cs — %. Case I for Fy has I, = Cs (total), so % is pinned by the inertia
group; lowering 1 below % requires changing the Galois group, i.e. leaving the
quintic Kummer construction — echoing G = PSLy(FF7) of §2 (irreducible
degrees (1,3,3,6,7,8), > dim? = 168). Two hard constraints remain: tower
monotonicity (Lemma 9.5) says enlarging the group alone does not lower #;
and one would need to rebuild P € C(F') with h(P) =< logc, while v = 2/5
is the product of K¢ and the fifth root (Theorem 8.11, g =2 <= ¢ =5).
This direction is closed in §10: bridge breaking (Theorem 10.3) shows that
changing the generator destroys the scale 6/d =< log N, and the mixed-
type loop (Theorem 10.10) requires an S-smoothness assumption stronger
than abc. Route 1 (improving the constant 12 itself) is likewise closed in
Appendix F.4.

|I,| — 1 with I, cyclic, hence local coefficients

[p|—1
[p
assumes that inertia acts transitively on the primes above p (automatic
for Galois extensions). For non-Galois F//Q there is no single inertia group,

and the correct general tame formula is f, = n—r, withr, = >, f; € [1,n]:

Remark 9.7 (Correction: the transitivity proviso). The list above

the local coefficient % ranges over the finer lattice {0, %, cee ";1} This
refinement — missed in earlier rounds and worked out in §10 — genuinely
opens one new degree of freedom, which is then sealed there by discriminant-

support constraints.

Remark 9.8 (Meta-observation). Across the twenty-two audit rounds, ev-
ery attempt to move a coefficient hits the scalar-layer invariance of Weil
heights and discriminants under tower extensions. The bottleneck of the
DIC framework is not an unproved lemma: it reads only scalar-layer invari-
ants. Any representation-layer freedom (decomposition type, Galois group,
monodromy) produces no new inequality as long as the scalar layer is un-
changed.
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10. CHANGING THE FIELD AND THE GROUP: BRIDGE BREAKING AND THE
NON-GALOIS LATTICE

This section records the sixteenth and seventeenth audit rounds; the eigh-
teenth and nineteenth are recorded in Appendices E and F. Their subject
is the only named direction left open by §9: leave the quintic Kummer field,
or enlarge/replace the Galois group, in order to lower 1 below % — echo-
ing the PSLy(F7) monodromy of §2. The outcome is a refinement, not a
breakthrough: the non-Galois decomposition types do yield a finer coeffi-
cient lattice that earlier rounds missed, but every mixed type is sealed by
discriminant-support constraints; and the audit produces one genuinely new

positive result — an ideal-theoretic upgrade of the Mason dictionary.

10.1. The loophole not covered by tower monotonicity. Lemma 9.5
only seals towers K D F5 = Q(a'/®) containing the Kummer field. Theo-
rem A, however, is an inequality hg,(P) < (12 + 6)@ + O.(1) stated for
arbitrary number fields F' and arbitrary P € C(F') (applicability read as in
the source; text verification, tag C). One may therefore choose a field F' con-
taining no F5: the premise of Lemma 9.5 fails, and 7 could in principle drop
to % We adopt this more permissive reading, which is the most favourable
to a breakthrough; if the original text only allows Kummer-type F, the
direction is excluded from the outset and the conclusions only strengthen.

An unexpected bonus appears: v can be raised from % to 1. Every genus-
2 curve is hyperelliptic (Theorem 8.7), so 7, : C — P! exists with K¢ =

7;0(1), and for every P € C(Q),
(10.1) hi.(P) = h(m(P)) + O(1).

The thirteenth round took 7 (P) = m!/®, giving h = %log c; taking instead
mh(P) = A=a/c € Q gives h(\) =logc+ O(1), i.e.

(10.2) v =1.

The bridge denominator changes from g to 1 — apparently good news: if

n simultaneously dropped to %, then £ = 12 - 1—{2 = 6, four times stronger
than 24. Both sides seem to loosen at once. The next lemma shows why
this cannot be cashed.

Lemma 10.1 (Discriminant-support jump). Let C : 4% +y = 2° (genus
2, hyperelliptic; y*> = f(x) with deg f = 5 after completing the square) and
let P € C(F) with mp(P) = u/v = a/c, ged(u,v) = 1. Write Fp(u,v) =
v° f(u/v) for the homogenisation. Then

F
2= R =y e F

Vo
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Hence F 2 Q(VA) with A = sqfree(v Fy(u,v)), and by tower monotonicity
(Lemma 9.5),

(10.3)
6(5) > 5(@(2\/5)) > %lograd(A) > %(lograd(Fh(a,c))—logN>,

because the prime divisors of v = ¢ already lie in S = {p | abc} and N =
rad(abe) - 200, For y? +y = 2° one has Fj(a,c) = ¢ + 4a® =< .

Proof. Only the last inequality needs a word: rad(A) = rad(vFj(u,v)), and
rad (vF},(u,v)) > rad(Fj(u,v))/rad(v) with rad(v) | N; taking logarithms
gives (10.3). O

Remark 10.2 (Reverse-engineering). The support jump is the point: the
prime divisors of Fj,(a,c) generically do not lie in S. The original quintic
Kummer construction keeps ¢/d < log N controllable precisely because the
ramification of z° — « is determined by v,(a) = vy, (abc); replacing the gen-
erator moves the ramification to new integers. This explains in hindsight
why the source uses a'/: it is the natural construction with supp(dr) C S.
The DIC framework had this inclusion as silent background; it is the third

lock (L3), identified here for the first time.

Theorem 10.3 (Bridge breaking). With the choice of Lemma 10.1, Theo-
rem A yields

(10.4)
6(F)

5(F) 1
loge < 127—1—05(1), - > i(lograd(Fh(a,c))—logN>,

and the right-hand side already exceeds logc at its minimum: since
lograd Fp,(a,c) ~ 5logc on test triples (lograd Fy(a,c)/logc € [4.8,6.2])
and log N < 3logc, one has 6(lograth — logN) > 12logc > loge. The
output is a tautology and produces no abc-type conclusion.

Proof. Step 1. For y? +y = x5 completion of the square gives (2y + 1)? =
42° + 1, so Fj,(a,c) = c® + 4a’® < .

Step 2. By Lemma 10.1, F O Q(v/A) and tower monotonicity
(Lemma 9.5) yields @ > 1 (lograd Fy(a,c) —log N).

Step 3.  Theorem A with v = 1 ((10.1), (10.2)) gives logc <
12 @ + O-(1); at the minimum of the right-hand side this reads
log ¢ < 6lograd Fy(a,c) + O(1).

Step 4 (triviality and scale change). On the test triples of the table be-
low, lograd Fj(a,c) ~ 5loge, so the minimal right-hand side of Step 3 is
~ 30logc > logc: the inequality is tautological and has no abc-type con-
tent. The point is a change of scale: formally n has dropped to %, but the
logarithmic scale of the right-hand side is now lograd F}, decoupled from
log N = log rad(abc) — this is the bridge breaking. Numerically the effective
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exponent relative to log NV is 12 nyin with nymin = lograd Fj—log N [1.19,3.07],

2log N
S0 12 Mpin =~ 30 > 1. O
1 d F 1 d F
(a,b,c) rad(F(a,c)), Fj = ¢® + 4a® O?cfgaN "6 OngZc h
(1,31,32) 232796203 4.03 28.8
(9,16,25) 10001821 (prime) 4.74 30.0
(1,8,9) 59053 (prime) 6.13 30.0
(2,3,5) 3253 (prime) 2.38 30.2
(1,1023,1024) 92.193 - 65537 - 22253377 4.46 29.4
(1,32767,32768) | 22 -3 - 1753 - 1795918038741070627 4.63 29.6

The mechanism is a scale change: the exponent of abc was defined relative
to the logarithmic scale log N = lograd(abc). After changing F', the natural
scale becomes lograd Fj,(a,c), decoupled from rad(abc). Formally n drops
to % and ~ rises to 1, but the derivation’s premise §/d =< log N has failed —
bridge breaking, more fundamental than any coefficient No-Go.

Theorem 10.4 (Reduction to S-smooth values, the converse being strictly
stronger). To recover an abc-type output one needs simultaneously 6(F)/d <
1o log N and the return of the right-hand side to the scale log N; by (10.3)
this forces

(10.5) rad(F(a,c)) < NPT

Forng = % (the original construction) this needs rad Fy, < N13/5: for Ny = %

(the target with inertia Cy ) it needs rad(c®+4a®) < rad(abe)?. But Fy(a,c) =<
® > abc < ¢3, so (10.5) is strictly stronger than the abc conjecture
(abc only asks rad(abc) 2 c'=¢ and constrains nothing about the factors of
¢ +4a®). The lower ng, the stronger the required S-smoothness:

lowering n <= assuming an S-smoothness statement stronger than abc.

This is not “one estimate short” but a circle: deriving abc from a hypothesis
stronger than abc. Tagged X.

Proof. Combine (10.3) with §/d < nplog N: the lower bound must not
exceed the upper bound, giving 2nplog N > lograd F}, — log N, i.e. (10.5).
For the strength comparison take the hard family ¢ = 2%, a = 1: generically
lograd(c® + 4) ~ 5logc > 6logc > 2log N, violating (10.5) for 7y = %; and
no abe-type hypothesis forbids this, since ¢® + 4 is not part of the triple’s
radical. (]

Function-field comparison. In Q[t] the roots of the homogeneous form
Fp,(u,v) are controlled by degree, deg Fj, = 5 max(degu,degv), and “new
prime factors” do not exist — this is why Mason holds. On the integer side
rad (Fh(a, c)) is uncontrolled: integers live at the constant-degenerate point
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where Mason fails, and the visible face of that degeneracy is the uncontrol-
lability of the prime support.

Theorem 10.5 (Closure of the PSLy(7) direction). The direction “change
the Galois group, abandon the quintic Kummer construction, echoing
PSLy(F7)” is sealed by three facts independent of the size and solvability of
the group:

(i) g = 2 = C hyperelliptic (Theorem 8.7): m, and K¢ = w;O(1) exist for
every genus-2 curve; changing C does not remove the Fy, of Lemma 10.1;
(it) P € C(F) = F 2 Q(\/vFy(u,v)): an algebraic requirement on the
point’s coordinates, indifferent to whether Gal(F/Q) is Fyy, Ss, S5 or
PSLy(F7);
(#4i) supp(dr) contains the prime divisors of Fy; enlarging the Galois group
only enlarges 0/d (Lemma 9.5) and cannot erase the new primes.

Hence the local improvement % — % promised by inertia Co cannot be cashed:
it always accompanies a support jump from S to SU{p | F},}, with net effect
Nmin > 1 (Theorem 10.3). The direction is tagged X in the sense: “without
importing an S-smoothness assumption stronger than abc”.

Proof. (i) restates the hyperelliptic structure; (ii) is Lemma 10.1; (iii) com-
bines supp(dp) 2 supp(DQ( \/Z)) with Lemma 9.5. The numerical net effect
is the table after Theorem 10.3. O

This also answers, at the finish line, the category error ND1 of the first
round: the framework opens by trying to extract positivity from the non-
solvable monodromy of PSLs(7), and closes here by trying to lower n by
changing the Galois group. Both move the representation layer, while the
inequalities read only the scalar layer plus the support layer; without chang-
ing the latter two, representation freedom yields no new inequality.

10.2. The non-Galois decomposition lattice. We first correct a state-

'ffl';, with the list Cy — 1, C3 — 2,

Cy — %, Cy; — %, is valid only when inertia acts transitively on the
primes above p (in particular for Galois extensions): then all ¢; = e and
rpi=y_ . fi=nje, giving f=n—r, = n% and coefficient % For non-
Galois extensions there is no single inertia group acting on all primes above
p: each p; has its own (e;, f;) with >, e;f; = n, and the tame discriminant
exponent, is

ment of §9. The tame local coefficient

(10.6)
fo=> filei=1)=> eifi=Y fi=n—ry,  mpi=> fic[ln]
. . n—r . 1 -1 i
with local coefficient =2, ranging over {0, -, ..., "=} — strictly finer than

the Galois lattice. The “change the Galois group” direction therefore con-
tains a genuine refinement that earlier rounds missed.
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Theorem 10.6 (Non-Galois decomposition lattice). Let F'/Q have degree
n, not necessarily Galois, with p{n tame. Then v,(0F) =n —1p, and

(10.7) 5(5) - 2(1 - %’) logp + O(1).

For n =5 the complete list of decomposition types is:

decomposition type (e;) ‘ p ‘ fp ‘ local coefficient

(1,1,1,1,1) 500 0
(2,1,1,1) 41 1/5
(2,2,1) /(3,1,1) |3 ]2 2/5
(3,2) / (4,1) 2|3 3/5
(5) 14 4/5

At ramified primes the Galois-transitive case realises only %; the mized non-

Galois types supply the three smaller coefficients %, %, % If one could keep
the bridge E = 12n/~v with n = % and v =1, one would get £ =12 % =24
— apparently a real breakthrough. The next result shows the pure Kummer

construction never reaches the mixed types.

Proof. (10.6) is the definition of the tame discriminant exponent together
with Y. e;fi = n. The table enumerates the partitions 5 = >, e; f; (exact
enumeration, no omission): the (e;, f;) are read off the factorisation of the
defining polynomial modulo p, and ), e; f; = 5 forces the five rows displayed.

O

Theorem 10.7 (Pure Kummer realises only the two ends). Let F = Q(a'/™)
with pt n. The decomposition type at p is either (n) (total ramification) or
(1™) (étale), i.e.

-1
rp € {1,n}, local coefficient € {nT,O}.

Proof. Write v = p®u. If n { k, then 2™ — p*u is Eisenstein, so e = n, f =1,
rp = 1. If n | k, the substitution y = x/pF/™ gives y" = u, étale at p (the
derivative ny"~! is a unit), so e; = 1 for all i: whether completely split (type
(1)) or a single unramified factor of degree n, one has ), f; = n. There
are no intermediate types. ([l

Corollary 10.8. The discount of §9 (Ms, §/d = 3 log(N/Ms)+0O(1)) is ev-
erything the decomposition type of the pure Kummer construction can give:
the drop from % to 0 is pointwise two-valued, not continuously adjustable.
Reaching %, %,% requires abandoning the pure Kummer generator. The re-

quired S-smoothness has exact slope 2/(n — 1) (Theorem L.6).
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10.3. Positive result: the index-ideal absorption theorem.

Theorem 10.9 (Ideal-theoretic Mason dictionary). Let f € Z[x] be monic
irreducible of degree n, 0 a root, F = Q(0). Dedekind’s theorem gives

(10.8) disc(f) = [OF : Z[A])* - op.
For f =a" —a witha=A/B, ptn, k=vp(a):
(10.9)
) B _Jn—1, n{k (total ramification),
vp(disc f) = (n—1)k+nvp(n), vp(dp) = {0’ 0|k (étale).
hence
(0= (=) 4o

(10.10) v, ([0p : Z[B))) = 2 ’ ’

F (n— 1)]1{:\24- nvp(n)’ (¢tale).

Exact check atn =5 k=1=0,k=2=2 k=3=4,k=5=10
(étale), k = 25 = 50.

Proof. (10.8) is Dedekind’s theorem. For f = 2" — «, disc(f) =

(—1)(3)71"04”_1, giving the first line of (10.9); the field-discriminant values
are the tame computation of (10.6) (Eisenstein resp. étale). Subtracting
and halving gives (10.10). O

This is the arithmetic origin of “rad vs. index”: the polynomial discrimi-
nant carries the full multiplicity (n—1)|k|, while the field discriminant keeps
only the tame constant n— 1; the difference is absorbed entirely by the index
ideal. The correspondence with the Mason dictionary is verbatim:
(10.11)
degged(F, F') = deg F—degrad(F) <—  wvp(disc f)—v,(0r) = v, ([OF : Z[0]]?).

The multiplicity excess log(abc) — lograd(abc), previously an integer-level
quantity, is hereby lifted to the p-adic valuation of the index ideal in a
number field. The difference between integer and function-field Mason is, at
the ideal level, precisely the question whether the index ideal can absorb all
of the multiplicity. This absorption is quantified in Appendix L.

10.4. Mixed types require S-smooth values.

Theorem 10.10 (S-smoothness loop). To obtain coefficients +,2,2 one
must use a non-pure-Kummer defining polynomial f with x = m,(P) = 6
and hg,(P) = vlogc+ O(1). Three constraints must hold simultaneously:

(i) Height: h(0) = log M(f) + O(1) with M(f) the Mahler measure, so
v =<1 forces the coefficient size f < 00(1)},

(i) Support tightness: supp(0r) C S forces disc(f) to be S-smooth (up to
square factors), and disc(f) =< W)
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(111) Mixed type: 1 < r, < n requires p | disc(f) with vy(disc f) in the
narrow band determined by the p-adic Newton polygon of f — exactly
rp trreducible factors of f mod p.

Now disc(f) is a homogeneous polynomial of degree 2n — 2 in the coeffi-
cients of f, so (i)-(iii) demand an S-smooth value of a polynomial, of size
= 22 qat coefficient arqguments of size < ®1). Since 2n — 2 > 8 for
n > 5 while abc < 3, the magnitude argument of Theorem 10.4 applies
a fortiori: the required S-smoothness is strictly stronger than the abc con-
jecture. Tagged X. No unproved S-smooth-value conjecture is used — only
the size comparison c**~2 vs. 3. The loop has exact slope 2/(n — 1): by
Theorem L.6, S-smoothness with 3 < NOW) forces ¢ < N20MW/(n=1) = 4p

abc-grade condition.

Example 10.11 (Bring-Jerrard). fi(z) = 2° — 5z + t, disc(f;) = 5°(t —
4)(t +4)(t? +16) = 5°(t* — 256): the minimal model that is simultaneously
non-pure-Kummer, non-Galois, with non-solvable closure group (for ¢ = 2
the classical S5 example; standard literature — the galois_group module
was unavailable in our sandbox, so this attribution is tagged C). Taking
t=c:

t = ¢ | new prime factors of t* — 256 (outside {2,3,5,31})

32 7,13

25 | 7,29,641
9 |13,97

5 |41

1024 | 17,257,65537

The hard family ¢ = 2* stably produces Fermat-type large prime factors
(257, 65537). Thus even with a non-solvable group S5 and mixed decom-
position types allowed, supp(dp) still jumps to new integers: the bridge
breaking of Theorem 10.3 is reproduced pointwise on non-Kummer models.

Theorem 10.12 (Height—support—decomposition duality: the four locks).
Let C be hyperelliptic of genus 2, P € C(F), supp(d0r) C S, t = 12. Then
v, n, supp and the decomposition type couple through the coefficients of the
generator of F':

(i) x = m(P) € Q: v =1 ((10.2)), but y*> = fu(x) forces VA € F
(Lemma 10.1) — support jump;
(i) © ¢ Q and F = Q(a'/?) pure Kummer: v = %, support tight, n € {%,O}
(Theorem 10.7) — the discounted output E = 24(1 — 0);
(i) x ¢ Q, non-pure-Kummer: support tightness requires S-smoothness
(Theorem 10.10) — circular.

No route simultaneously delivers v < 1, smalln, and support tightness. The
locks:
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lock | content status after this sec-
tion

L1 | coefficient discrete: t = 12/N, | unchanged
N =1 (mod 3); t = 12 unique in
the construction

L2 | normalisation fixed: v = % from | unchanged
K¢ and the 5-th root; g = 2 <—
q=>5

L3 | support tightness: §/d < log N re- | refined to L3’: two-
quires supp(0p) C S ended  decomposition

+ index absorption at
rate v, > 1 — Up(”T_S(l:f)
with exact slope
2/(n — 1) (Appen-
diz  L);  distribu-
tional:  E[logd] >
2log X — O(1) (Ap-
pendixz M)

L4 | decomposition type new: the non-Galois
lattice is finer, but
mized types need S-
smoothness

Loosening any single lock is repaired by the others. The ledger of in-
dependent reasons for the unattainability of full abc now has nine entries:
exclusion by hypotheses (Theorem 8.11), infd = 0 (Theorem 9.3), tower
monotonicity (Lemma 9.5), bridge breaking (Theorem 10.3), the mixed-
decomposition loop (Theorem 10.10), the double exclusion T/k = 47/3
(Appendix F), the go = 13 collapse (Corollary K.5), and the absorption
decoupling (Corollary L.7), and the distributional vanishing of the discount
(Corollary M.10). The weak output (N/Ms)?**¢ is unchanged.

Remark 10.13 (Honesty boundaries). Base verification (eighteenth round,
Appendix E): the statement and scope of Theorem A — arbitrary F, ar-
bitrary P € C(F), fixed genus-2 curve, canonical-bundle height — are con-
firmed verbatim against the source (tag U at the level of the text); what
remains unverified is the internal adelic metric proof (Appendix A). A ver-
batim check of [1] (Appendix J) confirms twelve items; the remaining un-
verified item is only the strict equality in (32), whose O(d’) form is derived
unconditionally in Appendix I. Two further structural reasons are added
in Appendices K and L (Corollaries K.5 and L.7), bringing the ledger to
eight. If only Kummer-type F were allowed, this section’s direction would
be excluded from the outset and every conclusion would strengthen. The
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Ss-attribution in Example 10.11 is standard literature but could not be re-
computed in the sandbox (tag C). Theorems 10.4 and 10.10 use only the

size comparison ¢?*~2 vs. ¢, no unproved smoothness conjecture.

Remark 10.14 (Meta-conclusion of the twenty-two rounds). The non-Galois
group genuinely supplies a finer coefficient lattice — the true breakthrough
point of this round — and incidentally lifts “rad vs. index” from the integer
level to the p-adic valuation of an index ideal. But refining the coefficient
forces the generator off the pure Kummer type, and off-type the support
immediately jumps to new integers, with a required S-smoothness stronger
than abc. The ceiling of the DIC framework is neither the solvability of
the group nor the representation layer: it is the four mutually constraining
scalar invariants ¢, ~y, supp, disc.

11. LOGICAL DEPENDENCIES, CONCLUSIONS, OPEN PROBLEMS

* Conditional on Theorem A of [1] (Appendix H). T Here U means independence of the
truth of Theorem Aj; it does not assert an unconditional proof that abc fails. All No-Go
statements are internal to the construction of [1]; see Proposition H.5 (Appendix H). * 0™:
see the footnote of the U/C/O table, Appendix G.

Conclusions. The geometric layer (§3-§4) yields unconditional identities and the GRR
decomposition. The construction layer (§5—§6) shows that integrality of torsion lengths
pins the coefficient of Theorem A to the discrete set t = 12/N, N =1 (mod 3) (for general
parameters, 1/t lies on an arithmetic progression); at ¢ = 5 the coefficient required by
full abc is not in the set; in the explicit local model T' = 8k exactly and ¢ = 12 is the
unique output, restoring the No-Go for every ¢ under transversality. The second-order
torsion computation gives © € 27, {8,10,12,14}, excludes (9,13), compresses chain A
to the unique candidate (27,12), seals chain B for all odd ¢, and upgrades © = 8 to
a rigorous statement under Galois transitivity. The unified criterion of §8 decodes this
cell into three exact conditions (Y n; = 6; ¢ < 27 with equality; v = 8/9 exact), and
shows that inside the original ¢ = 5 construction full abc is unattainable independently
of the exact ©. §8.1 determines «: the original text pins A to the canonical bundle of a
fixed genus-2 curve, v = 2/5 is confirmed by an explicit height computation and by the
constant 30 = 12/+; the genus and Kummer degree are fixed, so (12,27) requires g = 13,
its hypotheses fail, and the last cell is empty. The arithmetic layer (§7) takes Theorem A
as its sole external input and derives an explicit finite weak abc exponent; §9 sharpens it to
a pointwise discounted bound, proves that bootstrapping is impossible, and proves tower
monotonicity of the discriminant-to-degree ratio, with % upgraded to an Artin conductor
identity.

We neither prove nor disprove abc. The No-Go statements are internal to the con-
struction; their obstructions are arithmetic structure (the mod-3 denominator at ¢ = 5;
n(g) — 1; the divisibility © € 2Z from second-order torsion; normalisations required to
land on the countable nowhere-dense set |Jy I'n; and the fixed genus/fixed Kummer-
degree hypotheses of Theorem A), not the coarseness of estimates. The sixteenth through
twenty-second rounds (§10, Appendices E, F, K, L and M) add the third and fourth
locks and a fifth independent reason: bridge breaking shows that changing the field or
the Galois group destroys the scale §/d < log N (Theorem 10.3); the finer non-Galois
decomposition lattice requires S-smoothness stronger than abc for its mixed types (The-
orems 10.6 and 10.10); and the Mason dictionary is upgraded to the p-adic valuation of
the index ideal (Theorem 10.9). A sixth reason closes the constant side: E = 1 would
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TABLE 1. Logical dependencies. ‘U’ = unconditional; ‘A’ =

49

requires an assumption; ‘Th.A’ = conditional on [1, Theo-
rem A].

Statement dependence

Adjunction identity, two identities, VR co- U

efficient

Kodaira—Parshin general (g, 7, b) invariants U

p rigidity, rank-2 locus U

DRR decomposition, —11k reproduction, U

T > 0 necessary

Lemma 1 / Prop. 2 / Cor. 1 / (29)
(2)/(30) Minkowski (BV Th. 3, Borek Th. 2)
(33) w?/4, Prop. 9(vi)

O(F")/d', hi,(P") (Neukirch, height stability)
(32) up to O(d') (Th. 1.4)

Prop. 3 Green inequalities (Zhang [24])
(32) strict equality as written in [1]

“model metric = admissible metric” joint as-
sertion

admissible-metric existence ([41, Prop. 2.6])

Normalisation dictionary (n, weights, pull-
back)

Torsion decomposition t =2, T = kL

t = 12/N; full abc unattainable at ¢ = 5
Reciprocal arithmetic progression (step
A/W)

Unattainability for all ¢ under transversality
ny = ng, © € 2Z, dimy, R[] € {2,4}

rank 91 = rank 0, identically

O € {8,10,12,14}; (9,13) excluded; only
(27,12)

Chain B unattainable for all odd g, strictly
Galois transitivity = © = 8

Unified criterion E = 12(¢ — 1)/(¢N7), Yerit
Landing  equations  q4,¢p; unique
(13,12,27,8/9)
O=12=¢g<27;0=14=q=5

E = 1/p; v must hit equality exactly

Orbit classification: only [4] excludes © =
12

No-Go in original ¢ = 5 construction (no ©
needed)

v = 2/5 fixed by K¢; i (q) = 42
12/ = 30, 24 = 30 - ; convention B not
Th.A’s

d=92 «— a=2=5 (12 27) needs 0 — 13

U (Appendix G)

U (Prop. Ada, App. H)
U (Prop. A4c, App. H)
U (Prop. A4b, App. H)
U
C

O*
C

U (existence)
U

U + A5.2
U+ A5.2
U+ A5.2

U + A6.1
U+ A5.2
U + A5.2
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force T'/k = % (Appendix F), excluded both by © € 2Z and by T' < 15k. An indepen-
dent re-derivation of the adelic layer confirms that the metric estimates contribute only
O(d’) and B(g); the coefficient 12 is entirely determined by p,m,c and the deg, (z) = 0
normalisation, in agreement with Appendix F. The U + A5.2 tags attached to the No-Go
statements record independence of the truth of Theorem A; they are not a claim that abc

fails unconditionally (Proposition H.5).

Open problems.

(1) Theorem A — remaining gaps: its statement, scope, and the layers
Lemma 1/Prop. 2/Cor. 1/(29)/coeflicient chain are independently re-derived
(Appendix G); four items remain: (1a) supply the place-by-place norm comparison
through « (one sentence; affects only the strict equality in (32), not the coefficients —
Theorem 1.4); (1b’) record the conversion between the two normalisation conventions
of [1, §1.3.1/81.3.3] (Appendix J); (1c-i) admissible-metric existence: [41, Prop. 2.6];
(1c-ii) Green-function data of Proposition 3: Zhang [24, Th. 1.1] and [39, §§2-3].
The blanket item “independently verify the adelic metric estimates” is resolved at
the level of Lemma 1/Prop. 2/Cor. 1; it is not resolved for (32) and Proposition 3.
The No-Go conclusions of §5-§10 are independent of the truth of Theorem A
(Proposition H.5, Appendix H).

(2) Higher-genus versions of Theorem A — closed: even under the most favourable
extrapolation of the coefficient chain to go = 13, the chain cannot start (p — uc < 0
for every admissible ©); see Appendix K, Corollary K.5.

(3) Decide Z?Zl n; = 6 (only the transitive orbit [4] excludes it, Corollary 8.5). No
landing object remains after Theorem 8.11, so it no longer affects the No-Go.

(4) Closed: ¢ and v are determined (¢ = deg K¢ = 2, v = 2, Theorems 8.7-8.8). The
remaining question is whether the formal /-parametrisation of §7 is worth keeping.

(5) Rewritten: with F(c) = =22 (Theorem F.1) and the general reciprocal progression

5—18c
(Corollary 5.8) in place, the question becomes: can ¢ be negative (T > 11k)?

(6) Extend the Kummer discriminant estimate beyond the tame range or to small g,
testing whether n(q) < 1 has exceptions.

(7) For general (go,r,b, ), decide whether integral solutions of (5.9) can satisfy 2r | ©;
the round-10 scan of 300 admissible triples gives partial numerics.

(8) Change the engine: Route 1 is closed (Theorem F.3); the remaining routes are the
exceptional-set/average language and producing S-smooth values (§10). The difficulty
is abc-grade, not technical: “all unconditional bounds for these conjectures are of
exponential nature” ([20, §1.1]); any engine that yields a polynomial-type bound must
supply, at minimum, the S-smooth value required by the mixed-decomposition loop
(Theorem 10.10), which is itself stronger than abc.

(9) Closed — resolved distributionally: the discount 6 vanishes in density 1 — o(1) with
an explicit large-deviation rate, and E[Y — 1] = O(1/loglog X) (Appendix M, Theo-
rems M.3 and M.4).

(10) Prepare the present manuscript as an independent referee report on arXiv:2611.05217v1
(immediately executable).

(11) Decide whether a non-pure-Kummer generator with J < NOW exists: by
Theorem L.6 this is an abc-grade question, with exact slope 2/(n — 1).

(12) Decide whether a non-discount engine can give an average exponent im-
provement: Theorem M.6 shows every discount-type engine averages to 24 — o(1);
a non-discount mechanism would have to bypass the distributional vanishing of Ap-
pendix M.
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APPENDIX A. HYPOTHESIS LEDGER AND LITERATURE DEPENDENCE

Alignment AO (Assumption 2.2): the choice of model and finite prime set gives
he =logc+ O(1) and mg = log ¢ — lograd +O(1); a convention, not a theorem.
Counting convention (Assumption 5.2): 1 étale makes the k preimages over an
exceptional point locally isomorphic of equal torsion length; deg, is identified with
card U = 4k as in [1]. Non-K-rational exceptional points require Galois-orbit weight-
ing, but L € Z, L > 8 persist.

Local model (Assumption 6.1): the hyperelliptic model is compatible with the ex-
plicit statements of [1] (g(Y1) = 3, hyperelliptic involution, 4 exceptional points,
Ay - Ay = 0, A? = —4k; the last independently reproduced from B = —(2go — 2)k).
“All four fibres transverse” would follow from ? Galois plus equivariance plus ex-
clusion of total degeneration, but equivariance is not stated in [1], so it remains an
assumption. Jets are not unique, but ks o (1, a,a?) holds for every compatible jet.
External theorems: Theorem A of [1] is “on a fixed genus-2 curve C/Kj, the
height attached to K¢ satisfies h(P) < (12 + €)6(F)/d + B(e)”, and Theorem B is
c < A(e)N?**=; §7.2 uses y> +y = 2°, F = K(&/m), P = ({/m,y) and the inter-
mediate constant 30. Proposition 2, Corollary 1, Prop. 8/9, (18)(22)(24), |¥| = 4k,
T > 8k, §(F")/d < §(F)/d+ C are taken from [1]. (a) The statement and scope of
Theorems A and B are verified verbatim against the source (Appendix E). (b) Inde-
pendent re-derivation (Appendices G and H). We have re-derived from the standard
framework: the normalisation of d/e\g via the product formula, the pullback weight
identity, Lemma 1, Proposition 2 (uniform constant), Corollary 1, (29), the coefficient
chain (31)—(36), §7.1 and §7.2. In addition, four further items are standard and are
upgraded from conditional to U:

e the rank-2 Minkowski bound (2)/(30): direct consequence of Bombieri—Vaaler [25,
Th. 3] and Borek [26, Th. 2]; §(K) = log |Ak| carries no 1/2 (Appendix H.4);

e §(F")/d < &(F)/d+O(1) and hr(P') = h(P)+0O(1): relative discriminant formula
(Neukirch [38, Chap. 11, §2, Th. 2.11]) and Weil-height stability over finite covers
[37, §2.3] (Appendix H.4);

e (33)’s @?/4 and Prop. 9(vi)’s —3k: pure geometric intersection numbers (Appen-
dix H.4).

What remains conditional: the Green-function inequalities of Proposition 3 (structure:
Zhang [24, Th. 1.1]; the joint “model metric equals admissible metric” assertion is
not stated), and the strict equality in (32). The admissible-metric existence has the
reference [41, Prop. 2.6]; dim H = 2 and Prop. 9 are recomputed in Appendices B—C.
We do not claim an independent verification of the proof of Theorem A. The step
t — E left implicit in §7.2 of [1] is supplied in §7.

Normalisation: A =3, p =5/3, m = 6 follow [1].  is strict by Theorem 8.7 (= 2/5,
K¢ fixed), and vx (q) = (¢—3)/q is strict by Theorem 8.8; but the genus and Kummer
degree of Theorem A are fixed, so ¢ = 5 is the unique applicable value. The two bridge
chains E = 2t and E = 3t (IHES lecture [2]) were kept side by side; Corollary 8.9
shows the v = 1 convention is not the normalisation of Theorem A. See Remark 8.10
for the normalisation dictionary (t* = 2t4): the chain-B target 2 and the chain-A
target % are one condition in two gauges.

Conservativeness: Lemma 7.4 uses deg D > 2g — 1 to force h° > 0 (sufficient, not
necessary), so 7o = 1/n and Enax are conservative; yx = (¢ — 3)/q is a strict equality
by Theorem 8.8.

Scope: C : u? = z(x—1) and F = Q(a'/9) are constructed here (compatible with the
genus-2 curve and quintic root cover of the literature). If [1] uses a different curve,
the formula E = tn/v is unchanged and only 7, need recalibration.
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A8 Audits 18-19: Appendices E-F record the eighteenth through twenty-second rounds:
base verification of the statement and scope of Theorem A, the quality plane (6 < %,
Eeg > 12 under Y < 3), the closed formula E(c) = 2, the double exclusion
T/k= 43—7, and the closure of Route 1; the external references [20, 21, 22, 23] are cited
there.

APPENDIX B. COMPUTATIONS FOR THE GEOMETRIC LAYER

B.1. Adjunction and the two identities. Equation (3.1) is proved in Theorem 3.1; the
fibre, section and multisection identities of Proposition 3.2 follow by the same projection-
formula subtractions. For the Frey—Szpiro side: on the Hellegouarch-Frey curve F, :
y® = z(z — a)(z + b) one has A = 16(abc)?, c4 = 16(a* + ab + b*), and we/p = f*L with
deg £ = x(Og), so every section satisfies Z - w = deg £ = x, i.e. Z2 = —x (Theorem 3.1);
a K3 elliptic surface has x = 2, Z2 = —2, the true source of ka2 = 2. This is also
the rigorous refutation of Al on elliptic surfaces: hye1(P) = xhp(n(P)) + O(1), while
hvert( ) = h(nP) = NQiZ(P) — OQ.

B.2. The tower of double covers. The first double cover Y1 — C' is étale: 2g;1 — 2 =
2(2g0 — 2), g1 = 290 — 1. The second, X, — Y7, branches at r points: 2g; — 2
2(2g1 —2) +r =8go — 8+ r. At (go,7) = (2,2): g1 =3, g5 = 6.

For the ramification divisor write M? = O(A; + Az) and let W be the associated theta
characteristic with degW = go — 1 4+ §. The relative dualising sheaf is w = > 7_; B; +
(4go — 4)¢31W. Intersecting with B; and applying (3.1): —B? = B? + (490 — 4)k, so
B? = —(2g0 — 2)k and w - B; = (290 — 2)k. Squaring:

w? = ZB + 2(4g0 — Z¢1W B; = —1(2g0 — 2)k + 2(4g0 — 4)rk = 6rk(go — 1),
using (¢;W)? = 0 (pullback from the base). At (go,r) = (2,2): w? = —4k + 16k = 12k.
With S =3"7_, Bit w- S =r(2g0 — 2)k, S* = —r(2go — 2)k, so for L = w — bS,
L? = 6rk(go — 1) — 2br(2g0 — 2)k — b°r(2g0 — 2)k = —2rk(go — 1)(b — 1)(b+ 3),
and p=(b—1)(b+3)/3.
B.3. The PSLy(F7) cover and the Parshin cubic. For G = PSLy(F7), |G| = 168,
branch type (2,3,7,7):
2gx 2= 2168+ 168(1 + 2+ £+ §) = —336+4-121 = 148,  gx =T5.
This is conditional on the existence of a generating tuple of type (2,3,7,7) with product
1; Riemann-Hurwitz alone does not prove existence. For a cubic cover Y — X with r3
totally ramified points: 2gy — 2 = 3 - 148 + 2r3, gy = 223 + r3; the value gy = 224

corresponds to r3 = 1, which the relation [];[a;,b;]v1 = 1 in m(X) with 71 € As does
not contradict, but remains a Parshin configuration to be exhibited.

B.4. Term-by-term check of the fifteen invariants. At (go,7,b,k) = (2,2,2,k):
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quantity value
g1 =g(1) 3

9gs 6

B? —2k
w Bi 2k
P1W - B; k

w? 12k
w~S(S=Bl+Bz) 4k
w- B (B =2S) 8k
52 —4k
B? —16k
L? =w® - 2w- B+ B? —20k
p=—L%/u? 5/3
L-w=w-—w-B 4k
deg Lr 6
x(Lr)=degLr — g5 +1 1
h°(LF) (rank-2 pushforward) | 2

x = deg £ = w?/12 k

T > deg(R'¢.(B)[n]) 8k

5 1

B.5. The margin computation. The three hard constants are p = 3, m =6, ¢ = ,
givingA=p-—mec=2-5%=1andC=7 = 1/% = 36. Sensitivity: reaching 12 would
require ¢ = 91—0 (a 22.5-fold change); the formal limit ¢ — 0 gives C — 15—8 = 3.6 < 3.75,

signalling a structural lower bound ¢ > %.

For L = w — bS in general:

L2(b) = —2rk(go — 1)(b = 1)(b+3), p(b) = C=HEE p(b) =8(go — 1) + 7 —br.
The margin A(b) = p(b) — p(b)carr(b) with carr(b) = %4 The positivity window
C > 14—5 together with A > 0 gives ¢ € [ﬁ — %, 5)7 while cogrr ~ % grows quadratically,

T—Dg b2

. 3 . . .. 8
—50 ~ %, le. T ~ 4kgy with relative precision 5 — 0.

forcing

Independence-window computation (ezact). From ¢ = 1 — ;I (Theorem 4.3 at the

1
literature point):
T=8k=c= %, C = 36, Theorem A = 12.

The consistency window C > % isT € (%, %} ~ (7.667k, 10.867k]; full abc would

need T = %, an increase of % ~ 35.8% over the literature lower bound 8k.

APPENDIX C. COMPUTATIONS FOR THE TORSION AND LOCAL LAYERS

C.1. h° jumps on Y;. On Y; of genus 3 with degwy, = 4:
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sheaf ‘ general h° ‘ exceptional h° criterion

M (deg1) 0 1 M becomes effective
M? = g3 (deg?2) 1 2 hyperelliptic g3 degenerates
wy, M1 RY(M) =1 2 duality

wy, M~ rr(M*) =1 2 duality
B=n"(M*& M) 1 3 [1, Prop. 9(iv)]

L =wx/v, 4 [1, Prop. 9(v)]

The jump h' = h® = 2 gives the second independent proof of ¢ = dimy R[] = 2 (the first
being the count (24) of [1]).

C.2. Base change over A/7?> and Gj. For X; = X x4 A/m?, computing
2
dimy H°(X2, B2) on both sides of 0 = B == B — By — 0 gives

Gy = dimy, R[7‘r2] =4 — rank 01 — rank O,

with 0; the Kodaira—Spencer connecting maps. Hence T' = 8k <= every exceptional
fibre has Gy = 2 <= rank0; = rank0d; = 1. Writing 7' = G + H with H the m3-and-
higher part separates the higher torsion.

C.3. Height computations. For a = —ab/c*> with ged(ab,c) = 1: p | ab gives
log™ |al, = 0; p | ¢ gives log™ |a|, = 2v,(c) log p; archimedean places give logt = 0 since
lo] < 1. Hence -, log™ |al, = 2loge. For u? = a and d = [F : Q]: |u|w = |af;/? and

Zw|p[Fw : Qp] = d give

1 1 2
hir(u) = 5 D [Fu s Q] log" fal, = - loge+O(1).

wlp

The canonical map @ (P) = [u?"' : --- : w : 1] then yields hx,(P) = $logc—|— o(1)
(Theorem 8.8). The three line bundles:

bundle ‘ height ‘ 0%
T O(1) h(X) =logc 1
Ke (9 = Dhr(u) | 2% =x(q)

q

general, deg L = ¢ glogcho(l) £/q+ o(1)

At ¢ = 5, vk = 2/5 = yy=2: the two rules are indistinguishable at the literature point,
which is why ~ remained conditional for so long.
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APPENDIX D. TABLES OF CONSTANTS AND EXACT RECOMPUTATIONS

D.1. Exact rational recomputation. All decisive values recompute exactly:

p(2) =3, L%(2)=—20k, w?=12k, degdetR¢.(bS)|,_, = —11k,

k
c=h =1 A=2-S5=1 0=36 t=12, 24=12-2

12k 47 67
Cle) == 15 — 36,
HO) = z2=, © € {8,10,12, 14}, N € {1,7,13,19},

3N—-12

_ _ 9 12 /12 12 12
4A = N12 = (117 27 4B = 15N = (ﬁ7?7_12’_7)7

)
unique odd ¢ > 5: (N 0,q,7) = (13,12,27, §),
70r1t(5):(%7%7%7%)7§1% %:30:>’}/:%, 30%:24,
g=%1 g=2 < q=5,¢=27=g=13,
Emax(q=15) = 2[%] = (76.8,38.4,28.8,19.2,9.6),

E(q) = 12<q 1) 12, min E = 2 (0 = 14), £ (0 = 10).

’ 35

D.2. The 7uis table. vt = 12(qg — 1)/(¢N):

IN=1 7 13 19 | yx(q)

5 9.600 1.371 0.7385 0.5053 | 0.400
9 |10.667 1.524 0.8205 0.5614 | 0.667
15 | 11.200 1.600 0.8615 0.5895 | 0.800
27 | 11.556 1.651 0.8889 0.6082 | 0.8889
51 | 11.765 1.681 0.9050 0.6192 | 0.941
101 | 11.881 1.697 0.9139 0.6253 | 0.970

At ¢ = 27, N = 13 is the unique equality point of yx and ~veris. For © = 12: ¢ < 27
gives E > 1 (weak abc), ¢ = 27 gives E = 1, ¢ > 27 gives E < 1 (excluded). The ¢ = 2
branch (y = 2/q) gives E = 6(¢ — 1)/N with E =1 < 6(¢—1) = N € {1,7,13,19},
all non-integral, sealing that branch for all g.

APPENDIX E. BASE VERIFICATION AND THE QUALITY PLANE

E.1. Statement and scope of Theorem A (base verification). The following is
confirmed verbatim against the source text (arXiv:2611.05217v1): (a) Theorem A fixes a
genus-2 curve C/ Ky and the logarithmic height attached to its canonical bundle; it applies
to every number field F O Ky and every P € C(F), with h(P) < (12 +e)d ( )/d+ B(e);
Theorem B is ¢ < A(e )N24+5 (b) The constants 36,12, 30,24,y = g,n = 5, g, ‘;’, é each
have an explicit location in [1, §6.3 (28)—(35), §7.1-§7.2, Prop. 2, Cor. 1]; Proposition 2 and
Corollary 1 are unconditional there. Tag: (a) is U at text level. The internal adelic metric
layer is now tiered: U (normalisation, pullback weights, Lemma 1, Prop. 2, Cor. 1, (29),
coefficient chain — Appendices G and H); C (Prop. 3 Green-function inequalities); O ((32)
strict isometry, admissible-metric data). The blanket phrase “independently unverified”
is thereby retired.

E.2. The quality plane. Define X = llcf’gglf, (threshold 1), YV = loli(giagc) (value 3), and

A=Y/X € [2,3] (the quality plane of [22]).

Theorem E.1 (Discount in quality coordinates). 6 = lffg%5 < %, hence
Begr = 24(1 — 0) > 24(1 - %) =6(5-Y).
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Under the abc/Szpiro thresholds Y < 3 one gets 0 < % and
Eeg > 12.

The triple (1,31, 32) attains 0 = % = 0.168 ezactly.

Proof. Ewmut = log(abc) —log N = (Y — 1)log N; each p € M5 contributes v, — 1 >
so log Ms < Emus/4 (Theorem 9.3(i)). Substitution gives the claim. For (1,31,3

abc=2°-31 and only p =2 has 5 | v, so 6 = 1205622 while Y — 1 = ?;;%22: equality.

4,
2):
(]

This gives a second, independent route to the barrier 12 — the first being F(q) =
% — 12 (Proposition 7.9) — now with a threshold-level interpretation.

E.3. Comparison with Pasten 2026. On the Frey—Hellegouarch family, the exponent-
24 output of Theorem B strengthens the 2026 bounds of Pasten [20, 21]

Theorem E.2 (Theorem B versus Pasten 2026). On the Frey—Hellegouarch family at-
tached to a coprime triple a + b = ¢ with N = rad(abc), Theorem B of [1] gives

loge < (24 +¢)log N + O:(1),
whereas Pasten [21] gives, unconditionally for all elliptic curves over Q,
logA <« Ngloglog Ng,

and log A < Ng in the semistable case. On the Frey family Ng < N; since N > log N,
Theorem B is the stronger bound on this family, but it is conditional on Theorem A while
[21] is unconditional. The two are of different logical status and different analytic shape
(logarithmic versus linear in the conductor).

Proof. Step 1 (Frey curve data). For E : y*> = z(z — a)(z + b) one has A = 16(abc)? and
conductor Ng = 20 leabc‘pﬁ p, s0 Ng =< N up to a power of 2 absorbed in the implicit
constant (Frey [13]). Step 2 (translate Pasten). Substituting Ng < N into log A <
Ngloglog Ng and using log A = 2log(abc)+0O(1) > 2log c+O(1) gives log e < N loglog N
on this family. Step 8 (compare). Theorem B gives logc < (24 + £)log N 4+ O.(1). For
N — o0, log N = o(N loglog N), so Theorem B is stronger. Step 4 (status). Theorem B
of [1] is derived from Theorem A, whose proof is not independently verified here; [21] is
an unconditional theorem. Hence neither result supersedes the other: one is stronger but
conditional, the other weaker but unconditional. This replaces the earlier “stated here,
not re-proved” parenthetical of Appendix E.3. O

APPENDIX F. COMPLETE DECOMPOSITION OF THE CONSTANT; CLOSURE OF ROUTE 1

F.1. Five locked factors.
6

12:l. m _l.
3 p—mc 3

wlo
NN

The five factors — p = 2 (Proposition 3.5), m = 6 (Corollary 3.4), ¢ = ; (Theorem 4.3),
% (from degy (z) = 0, degy, (M) = 2), and A (appearing only in O(d')) — each have a
unique source and are geometrically locked; none is an estimate margin (Corollary 8.9
and Remark 8.10 fix the normalisation).
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F.2. Closed formula for the exponent.

Theorem F.1. With c = % - % as the free parameter,

5 18 6 12
Mo =g-be  CO=5Tig, W@O=g- FO=5g:

For ¢ >0 (i.e. T < 11k) one has E(c) > 2 = 2.4. The old thresholds reappear ezactly:

— 1 4 — 15 -5 -5
c= 45 gwes C =P, ta= 3, E=3.

Proof. A=p—mc; C=m/A;ta=C/3; E=ta-n/y with n/y = 25 = 2. Substituting

2/5
c:%:5—1802%,givingC:%:%,m:%:%,E:%:g. Od
F.3. Sixth No-Go reason: the double exclusion T'/k = 47/3.

Theorem F.2. E =1 is equivalent to ¢ = —1—78, hence to T/k =11 — 12¢ = %, which is

excluded both because ' ¢ 27 (Corollary 5.5) and because T'/k < 15 (Proposition 5.14).
This converges with the value © = % of §5 (chain-A target N = 24, 30 — 23 = 24),
obtained there by an independent route.

Proof. E(c) =1 < 5—18c=12 <= c= —75;then T/k =11 —12c = 11+ & =
47
& > 15. 0

F.4. Route 1 is closed.

Theorem F.3. Archimedean and successive-minima refinements cannot move the con-
~asy

stant 12. The Ballay toolkit — Chen’s conjecture and the equality criterion (ess = fionay,

concave-transform constants with Zhang equality, and absolute transference [23] — acts
on the (-isomorphism comparison and on the O(d') layer; it does not modify §, ¢, p, m,
or % = m-c. By Theorem F.1 the exponent is E(c) = E_Ifgc ; these refinements leave c

fized, hence E is fived: Route 1 is closed.

APPENDIX G. INDEPENDENT RE-DERIVATION OF THE ADELIC LAYER

This appendix records the tiered verification of the internal adelic metric estimates
of [1]. Method: verbatim reading of the source, cross-checking against the standard lit-
erature, and exact rational-number recomputation. We do not claim an independent
verification of the whole proof of Theorem A.

Theorem G.1 (Normalisation self-consistency). The definition d/c%K(f/) =—>log|sl
is well-defined only if the weights n,(K) = [Ky : Qu)/[K : Q] are built into log || f|l. =
ny(K)log |f|v; then the product formula gives independence of s. Hence two conventions
must be kept apart. In [1, §1.3.1] one has |my|w = 1/N(v) and I], |z|v = 1; in §1.3.3,
d/(%K(E) = — >, log||sllv with no factor 1/[K : Q], the local weight being absorbed in
Il - lo. The factor 1/[K : Q] appears only in the Weil height h = [K : Q]fld/eEK. With
|flo denoting the Qp-normalised absolute value one has log||f|l = [Kv : Qpllog|flv;
equivalently, in the ny(K) = [Ky @ Qu]/[K : Q] convention, 3_,,, nw(F) = ny(K) and
d/eEF(u*E) = [F: K}d/e\gK(E). The product formula, pullback invariance and §(K) =
log |Ak| (no 1/2) are unchanged.

Theorem G.2 (Pullback weight identity). >°,, nw(F) = nu(K) for w | v in F/K; veri-
fied at ramified, split and inert places. Consequently, in the n, convention, d/%F (u*L)/[F :
Q] = d/e%K(E)/[K : QJ; in the unnormalised convention of [1, §1.3.3], &%F(u*i) =[F:
K]d/e\gK (L): pullback invariance, the dimension source of d = [F : Q] in Lemma 1.
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Theorem G.3 (Uniformity of the O(d) constant). Lemma I provides comparison con-
stants C, > 1 equal to 1 on a common model open set, with A(Y,Z) := 3" logC, finite
and depending only on the two fized metrics. Pullback scales this by [F : K], giving
d/%F(u*é‘:) < [F: K]degy(z) + [F : K|A with A independent of F', P, u: Proposition 2’s
uniformity follows structurally, without the author’s metric data.

Theorem G.4 (Corollary 1 and (29)). Corollary 1 (two e-perturbations &+ = +3 —eM,
both of negative degree) and (29), ha(s:) < h(ss) +O(d’) via ||s|la,w < Cow)||8|lw summed
against Theorem G.2, re-derive without further input.

Theorem G.5 (Coefficient chain (31)—(36)). Every entry of the chain recomputes ezactly:
3k = w?/4 (hence ¢ = %), degg(L)/w® = %, 3 = m - c withm = 6 (not a Minkowski
constant), A = p—mec = é, C=36,ta=12, E=tan/y=12- % =24, and 30 - % =24

(note 30 — 2 x 30 = 6 is a mis-transcription,).

Remark G.6 (The gap in (32)). The most substantial finding: (32) asserts that o : H*"P —
¢, (L')*"P “is an isometry” because dim H = 2 “by Grauert’s theorem”. Grauert’s base-
change gives a linear isomorphism (dim H = 2 forces surjectivity); isometry requires a
place-by-place norm comparison ||s||gsup,w = [|a(s)|¢: (£/)sup,w, Which the source does not
supply. This is a gap of one or two sentences, not an error. Proposition 1 of [1] is proved
in its §§1.6.2-1.6.3, and §6.3.5 of the source already gives H*"P? a model on the whole of
Spec(OF/) (Appendix J). What (32) still needs is the place-by-place comparison of the two
model norms through the Grauert morphism « on the relative pushforward; Theorem 1.4
supplies the sufficient O(d’) form independently, and Proposition 1.6 shows the strict
equality is not automatic for arbitrary models but is expected under the normalisation
used in [1].

layer ‘ status

Normalisation, pullback weights, Lemma 1, Prop. 2 | U
(uniform), Cor. 1, (29), coefficient chain, (2)/(30)
Minkowski (Bombieri-Vaaler, Borek), (33) w?/4,
§(F')/d’, height stability, (32) up to O(d’) (Th. 1.4),
admissible-metric existence ([41, Prop. 2.6])

“model metric = admissible metric” joint assertion; | C
Prop. 3 Green-function data (structure Zhang [24])

(32) strict equality as written in [1] o~

* The models are fixed on the whole of Spec(O) in [1, §§6.3.4-6.3.5]; Proposition 1.6
excludes only the unconditional reading. One sentence of place-by-place comparison is
missing — the statement is not false.

Closure with Appendiz F. The metric layer contributes only O(d’) and f(¢):

(29) ha < h+O(d) + (30) Ad' +(33) 0.(d') L5 01) = Be) -
—_——— — — —_—
metric comparison Minkowski Cor. 1 error terms only

The main chain 12 = % . p_mmc is determined by p = %, m =26, c= i, degKO(M) =2

alone — internal confirmation, independent of Appendix F’s external layer analysis, that
Route 1 is closed.

G.1. Reconciliation with the multi-source cross-verification. An independent
multi-source report cross-checked the normalisation conventions of [1] against the
standard literature (Zhang [27], Yuan—Zhang [28], Moriwaki [29], Gaudron [30], Ballay
[23], Bombieri—Vaaler [25], Borek [26], Gillet—Soulé [9], Gillet—Rdssler—Soulé [31], Faltings
[32]). Its verdicts, insofar as they overlap with this appendix, are settled as follows.
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(i) Two over-suspicions refuted. The report’s “normalisation conflict” (its §2.4, §6.1,
§7.3) is answered by Theorem G.1: well-definedness of d/e\g plus the product formula forces
the weights n, (K) into log || f||» = nv(K)log | f|v, so the source’s notation is the normalised
degree in shorthand, not an unnormalised conflict. Its “uniform O(d) not independently
confirmable” (its §3.2) is answered by Theorem G.3: the constant’s independence of F, P,u
follows from Lemma 1’s structure (the constant’s numerical value is author data, but
uniformity is not). Its remaining conditional layer — the standard status of the rank-2
Minkowski skeleton, the Green-function inequalities, and the (32) isometry — is recorded
without change in the U/C/O table above; the (32) isometry is the priority item.

(i) Adopted recommendation. The report’s principal recommendation — an explicit
normalisation dictionary — is answered by Theorems G.1-G.2 of this appendix, which give
one self-consistent convention (|| f|l. = |f|ﬁ“(K), 2wl M (F) = no(K), 6(K) = log |Ax]|
with no 1/2); its conversion to the unnormalised notation of [1, §§1.3.1/1.3.3] is recorded
in Proposition J.2(2) (the 1/2 in GRR is the Todd-class coefficient, not an Arakelov-degree

normalisation).

(@) Its 80-item author-data checklist (metrics at each place, explicit C;, bounds, Green-
function data, ®’ finiteness, Prop. 9 full proofs, admissible-metric existence) is condensed
into the O-layer of the table; we concur that the structure is standard while the constants
are author data.

APPENDIX H. DE-CONDITIONING THE EXTERNAL DEPENDENCE

The main text tags Theorems 7.5 and 9.2, and the final No-Go line of Table 1, as Th.A
(conditional on Theorem A of [1]). This appendix re-derives the external-literature chain
and shows that this tag is too coarse: most of the conditionality can be removed, but not
all of it, and the removable part is not the part that matters.

H.1. Normalisation and the strength comparison. Throughout N = rad(abc), as in
§1.1 (not log N).

Theorem H.1 (Unconditional exponential bound). For coprime positive a + b = ¢ and
N = rad(abc),

logc < k N'/?(log N)?, equivalently logc = O-(N'/3+e),

with K effective (Stewart-Yu [33, 34]; the improvement chain o = 15 — 2/3 — 1/3 is
recorded in [20, (1.1)] after Stewart-Tijdeman [35]). Equivalently ¢ < exp(CeN/3+¢).

Proof. This is Theorem 1 of [33] and its refinement in [34] (the « = 1/3 case), obtained
from lower bounds for linear forms in ordinary and p-adic logarithms; the constant is ef-
fective. The equivalence of the two forms follows by exponentiating log ¢ < kN/ 3(log N)?
and absorbing (log N)? into N®. O

Theorem H.2 (Polynomial versus exponential type). Theorem B of [1] is ¢ < A(e)N**T2,

t.e. loge < (24 +¢)log N + O(1). For every sufficiently large N,
24log N = O(Nl/s(log N)3) ,

so Theorem B is strictly stronger than Theorem H.1. More importantly, Theorem H.1 is
of exponential type, whereas Theorems 7.5 and 9.2 are of polynomial type (¢ < NE). As
recorded verbatim in [20, §1.1]: “all unconditional bounds for these conjectures are of ex-
ponential nature”. Hence no unconditional Stewart—Yu-type result can replace Theorem A
as input to Theorem 7.5.
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24 log N
N1/3(log N)3

the inequality 24 log N < Nl/s(log N)? holds for all N > 100: at N = 10? the two sides are
110.5 and 4.53 x 10%; at N = 102, 663 and 2.11 x 10%. The type distinction is definitional:
¢ < exp(N®) versus ¢ < NZ, O

Proof. limn_ 00 = 0 since N/% dominates any power of log N. Numerically

Remark H.3 (Correction to an earlier reading). A preliminary audit wrote N =
lograd(abc) and concluded that Stewart-Yu is stronger than N2*. Under the paper’s
actual convention N = rad(abc) the comparison is reversed; the preliminary conclusion,
and the claim that “the existence of weak abc removes the conditionality of Theorem 7.5”,
are withdrawn.

H.2. The Theorem A = abc bridge is a literature fact. Reference [16] of [1] is
L. Moret-Bailly, Hauteurs et classes de Chern sur les surfaces arithmétiques, Astérisque
183 (1990), 37-58. Its introduction states, verbatim: “au §7, on déduit de ME une version
de la “conjecture abc” en appliquant ME & un revétement ramifié convenable de P'”; §6
derives Szpiro from ME. The paper proves the implications (BM)<(PP), (BM)=(ME),
(ME)=-Szpiro, (ME)=-abc. Theorem A of [1] is a proved instance of the (ME)-pattern
on a fixed genus-2 curve. Therefore the bridge is unconditional in the literature; the
conditionality of our results rests solely on Theorem A itself, not on the abc reduction.

H.3. The isometry gap does not move the main coefficient. Equation (32) of [1]
asserts degp (H*™?) = degp (u*(#.(L')*"P)), justified by dim H = 2 and Grauert base
change. Grauert plus equal dimension gives a linear isomorphism; no standard theorem
asserts that the sup-norm on H°(¢.L) coincides with the pushed-forward adelic metric
(Zhang [24, Th. 1.1], [39]; Gillet—Soulé [9]; Bombieri—Vaaler [25] do not supply this). We
record, however, that this gap is harmless for the coefficient chain.

Theorem H.4 ((32) contributes only O(d’)). Let o : H — u"*(¢,(L)*P) be the linear
isomorphism of (32), and suppose the two adelic norms are related by comparison con-
stants Cyy > 1 equal to 1 outside a common model open set (the Lemma 1 mechanism of
Appendiz G). Then

|deg o, (H*") — deg o (u” (¢ (L')™*"))| <Y log Cow = [F': K'Y log C, = O(d').
Consequently (31) becomes —L'* < —6&%F/ (u* (@4 (L')*"P)) + 65(F') + 70(d'), and the

chain (84)-(86), §7.1 and §7.2 are unchanged: 3;5, gf% = %, C=36,ta =12, E =24.
Dividing by d' sends O(d') into B(e).

Proof. By Theorem G.2 (Appendix G), 3=, 7w(F’) = nu(K’); hence the pullback of
the fixed metric comparison is [F’ : K']-fold the comparison on K’ and is O(d’) with a
constant independent of F’, P’ u’. Substituting into (31) only enlarges its existing O(d')
term to 7O(d'). Since (33) and Corollary 1 give —deg . (u* (¢, (L')*"P)) < =g +O(d)
and 6 - 2= = 312 equation (34) is unchanged; solving (2 — 2)o* < 66 + O(d’) gives
@® < 366 + O(d'); §7.1 multiplies by % and divides by d’; §7.2 multiplies by % after
the factor 2. No step involves the comparison constant Cy, other than inside O(d'). A
deviation of order O(d’ - ©@*) or O(6(F")) would be required to move 36; such a deviation

cannot arise from a fixed pair of adelic metrics. O

Corollary H.5. The conditionality attached to (32) can be removed at the level of the
main coefficient 12. By Theorem I.4 the O(d') form of (32) is unconditional; the com-
parison constants and the absolute bound A are derived from a finite Cech complez, the
ultrametric identity at good places and explicit lattice constants at bad places. What re-
mains open is only the strict equality, i.e. one sentence comparing the two model norms
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place by place through « (Proposition 1.6). Theorem H.4 confirms from inside the proof
the conclusion of Appendiz F: the metric layer contributes only O(d') and B(e).

H.4. The C-tier can largely be upgraded to U.

item in [1] standard source new tag
(2)/(30) rank-2 | Bombieri—Vaaler [25, Th. 3] + | U
Minkowski Borek [26, Th. 2]

Prop. 3, Deligne-pairing
metric formula
two  integral
bounds in Prop. 3
“model metric = admis-
sible metric” on L’
admissible  integrable
metric existence

(33) @?/4, Prop. 9(vi)

lower

-3k, w? =12k
S(F)/d < 8(F)/d +
0o(1)

hi(P') = h(P) + O(1)

(32) strict isometry

Zhang [24, Th. 1.1]; [39, §§2-3]

Zhang  [39];
—dlog ||s]lsup,v
not supplied; existence by [41,
Prop. 2.6], cf. [28]

[41, Prop. 2.6], cf. [28]

need g >

Riemann—Hurwitz, Noether,
Deligne pairing

Neukirch, ANT, II1.§2 Th. 2.11

Weil-height stability (Bombieri—
Gubler §2.3)

no standard theorem; needs lo-
cal norms

U (structure)

U (structure)

C

U  (existence,
[41, Prop. 2.6])
U

U

U

(0]

In the adelic normalisation || f|l, = \f|§”(K) one has §(K) = log |Ax| without a factor %;

29

the 1 or 1/[K : Q] appearing in Zhang-Gaudron-Ballaj belongs to a different normali-
sation and is not a contradiction. The absolute constant A of (2) is absolute precisely in

Soulé’s normalisation.

H.5. The nine No-Go reasons do not depend on the truth of Theorem A.

# | reason uses Th.A truth? tag

1 | hypothesis exclusion (Th. 8.10): g = | no (statement form) | U + A5.2
2. gq=5vsg=13

2 |inf6 = 0 (Th. 9.3): (9,16,25), no U
(1’ 25k _ 17 25Ic)

3 | tower monotonicity (L. 9.5) no U

4 | bridge breaking (Th. 10.3): support no (scale form) U + A5.2
jump to ¢® + 4a®

5 | mixed-decomposition loop no U
(Th. 10.10): S-smoothness

6 | 47/3 double exclusion (App. F) no U

7 | go = 13 collapse (App. K, Cor. K.5) no U

8 | absorption decoupling (App. L, no U
Cor. L.7)

9 | distributional vanishing of the dis- no U
count (App. M, Th. M.3)

Reason 2 needs no “attainability in the construction” caveat: 6 = log Ms/log N is defined
on the triple, and Theorem 9.2 holds for all coprime triples because Theorem A holds for

every P € C(F).

Proposition H.6 (H.5 — the nine No-Go reasons do not use the truth of Theo-
rem A). Each of the nine reasons listed in Table 1 and Remark 10.18 is either purely



62 CHUNPING ZENG

algebraic/elementary or uses only the stated hypotheses of Theorem A. None requires
Theorem A to be true. Consequently the Table 1 row “Full abc unattainable in the
construction” should be tagged U + A5.2, not Th.A.

Corollary H.7 (Table 1 correction). The line “Full abc unattainable in the construction
| Th.A” is over-tagged and should read U + A5.2 (counting convention). This U means
“independent of the truth of Theorem A”; it does not assert an unconditional proof that
abe fails. All No-Go statements remain internal to the construction of [1].

H.6. Revised statements.

Theorem H.8 (7.5, to be inserted before Theorem 7.5). By Stewart—Yu [33, 34], logc <
kN/3(log N)® with N = rad(abe) and k effective. This is an exponential-type bound and
is weaker, for N > 100, than the polynomial-type Theorem B. All unconditional bounds
currently known for abc are of exponential nature [20, §1.1]; the existence of a finite
polynomial exponent E is open. The purpose of Theorem 7.5 is to produce such an E
explicitly, conditional on Theorem A.

Proof. The first sentence is Theorem H.1. The comparison with Theorem B is Theo-
rem H.2. The assertion that all known unconditional bounds are exponential is verbatim
in [20, §1.1]; since ¢ < exp(N®) grows faster than any N no exponential-type result
implies a finite polynomial exponent. The final sentence records the logical role of Theo-
rem 7.5 and is not an existence claim. ]

Theorem 7.5 should be renamed “Conditional explicit polynomial bound” with the ad-
dendum: “the dependence on Theorem A enters only via h(P) < (12 + ¢)d(F)/d + B(e);
the coefficient arithmetic and, by Theorems H.4 and 1.4, the metric-layer estimates are
unconditional.” Theorem 9.2 receives the same tag Th.Ax*.

Remark 2.6 should distinguish four levels: (i) exponential weak abc is unconditional
(Stewart—Yu); (ii) the Theorem A= abc bridge is a literature fact (Moret-Bailly [16], §7);
(iii) the conditionality resides in Theorem A itself; (iv) the No-Go results do not depend on
the truth of Theorem A. Open problem (1) should be split into (1a) the place-by-place
norm comparison through « (one sentence; strict equality in (32) only, not the coefficients
— Theorem I.4); (1b") the conversion between the two normalisation conventions of [1,
§1.3.1/81.3.3] (Appendix J); (lc-i) admissible-metric existence: [41, Prop. 2.6]; (lc-ii)
Green-function data of Proposition 3: Zhang [24, Th. 1.1] and [39, §§2-3].

Open problem (8) remains of abc-level difficulty: it asks for a sequence of pairs (P, F;)
with fixed supp(dr,) C S and S-smooth values with N; — oo; by [20, §1.1] all known
unconditional bounds are exponential, so this cannot be obtained by replacing a reference.

H.7. Bibliographic additions and key mapping. The numeric keys used above refer
to the bibliography of the main file, extended by items [33]-[43] supplied in the accompany-
ing bibliography-additions file: [33] Stewart—Yu (Math. Ann.), [34] Stewart—Yu II (Duke),
[35] Stewart—Tijdeman, [36] Moret-Bailly (Astérisque 183 = ref. [16] of [1]), [37] Bombieri-
Gubler, [38] Neukirch, [39] Zhang (JAMS 8), [40] van Frankenhuysen, [41] X. Yuan, Arith-
metic bigness and a uniform Bogomolov-type result, Annals of Mathematics 203 (2026),
15-119. Existing items [20], [21], [24], [25], [26], [28] are Pasten, Zhang Admissible pairing,
Bombieri—Vaaler, Borek and Yuan—Zhang respectively. Section H.7 of the audit draft used
mnemonic keys (e.g. SYO1, BV83); they are replaced here by the numeric keys.

Scope. This appendix is a text-, literature- and algebra-level re-derivation. It does not
constitute an independent verification of the proof of Theorem A of [1]. Theorems 7.5
and 9.2 remain conditional on Theorem A; the existence of a polynomial-type weak abc
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bound is open; abc itself remains open. All previous conclusions of the paper (the dis-
counted weak bound, the nine No-Go reasons, E(c) = 12/(5 — 18c), the 47/3 exclusion,
and the closure of Route 1) are unchanged.

APPENDIX I. INDEPENDENT DERIVATION OF THE COMPARISON CONSTANTS IN (32)

We derive, without invoking any functoriality theorem for adelic metrics or Grauert’s
base-change theorem, the form of (32) that is actually used in the coefficient chain (31)-
(36). We emphasize that Proposition 1 of [1] (Gabber) is proved in the source itself, in
§§1.6.2-1.6.3 by a two-sided inequality (valuative criterion of properness for <, surjectivity
of the specialisation map for >), and §6.3.5 states that it renders H*"P adelic “with a model
on the whole of Spec(Op/)”. What Proposition 1 does not cover is the compatibility of the
Grauert morphism o : u'*(¢,(L")) — H with the sup-norms on the relative pushforward,;

the Cech construction below supplies precisely that layer.

Setup. Let K be a number field, f : X — ) a smooth proper morphism, L an adelically
metrised line bundle, and V = f,L, locally free of rank n on the open set U C ) where
h° is constant. Choose a finite-type Ox-model (f X =Y, i) and put V = f*ﬂ For a
point u : Spec(F) — U with F D K we write dp = [F: Q).

Lemma 1.1 (Model construction from a finite Cech complex). On an affine open W =

0
Spec R C U there is a finite free complex 0 — C°(R) 2@, o (R) — --- withkerd®(R) =
HO(f~Y(W), L), and at every point § € W where rank(d® ® k(g)) equals the generic rank
one has

ker (d° ® k(7)) = (kerd’(R)) ® k().

Proof. Take a finite affine cover i of fﬁl(W); its Cech complex has finite free terms and
computes H° by the definition of sheaf cohomology on an affine cover. Over the PID (or
localisation) R the matrix d”(R) admits a Smith normal form diag(w®,...,w"",0,...)
after invertible row and column operations. The rank of d° ® k(y) equals the number of
nonzero diagonal entries whose a; vanish at ¢; constancy of h° forces this rank to equal the
generic rank r, hence a1 = --- = a, = 0 and the reduced matrix is diag(1,...,1,0,...).
Its kernel is visibly the reduction of kerd®(R). Thus V ® k() = H®(Xy, Ly) with both
sides the same submodule of the same free module; no unspecified linear isomorphism is
involved. O

Lemma 1.2 (Exact isometry at good finite places). After replacing L by a high power so
that it is relatively very ample and V defines a closed immersion X — P(V"), one has for
every good finite place v and every s = (a1,...,an) € HO(IP’Z;I, O(1))

. AT
5lmodo = max jay = sup L= %%l
i zekn\0 MaxX; | |v

= lIsllsup.5-

Proof. The first equality is the definition of the norm induced by the O,-lattice
Oy (Lemma I.1). For the second, the ultrametric inequality gives |}, aixil, <
max; |a;|v|zi|o < (max;|a;|v)(max; |2;|v), so the supremum is at most max; |a;|v; taking
x = e;, with |a;,|v = max; |a:|, attains it. Hence equality holds pointwise, with no O(1)
loss. In particular good places contribute exactly 0 to >, log C. O

Lemma 1.3 (Explicit comparison constants and absolute bound). Let Spaa be the finite
set of places consisting of the non-flat places of the model, the ramified places, the places
where h® jumps, the archimedean places, and the finitely many v with char k, | nl. Then for
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every v € Skaa there is an explicit C,, > 1, depending only on (f L, L), with | log ||s||1,0 —
log Hs||27v’ <logCy for all s # 0, and

Z logC, < Adpr, A:;_ Z Ny (K) log Cs.

weEMp VESbad

Proof. Finite bad places. Both norms come from two O,-lattices A1, A2 in V®K,. Torsion-
free finite generation over a DVR gives an integer m, > 0 with w;"* A1 C Ay C w, ™" A4,
so log Cyy = my log ||y ! works and is explicit; no compactness argument is needed. The
set Spaq is finite because the ho-jump locus is closed and Spec Ok is one-dimensional.

Archimedean places. Let Hi, Ha be the two positive Hermitian matrices and \; the
eigenvalues of H; 'Hy; then log Cos = % max; |log A;| is finite and explicit.

Weights. For w | v write ey, fw for the ramification index and residue degree of F,, /K,
SO D7 pw €wfw = [F': K]. Since nu (F) = ew fuw[Kv : Qu]/[F : Q],

K, v K, :Qy
wz‘;nw _[F g]][F:K}:%:nU(K).

By Lemma 1.2 the good places contribute 0; hence }° log Cwy = [F': K| 37 g no(K)logCy =
Adp with A as displayed. The constant A depends only on the fixed model and on K,
not on F', u or P. O

Theorem 1.4 ((32) in the sufficient form). For every u : Spec(F) — U,

degp (V) — deg(H® (X, Lu)™™)| < Adp,

with A of Lemma I.3. Consequently (31) acquires the additional error (14 ) (d),
is absorbed into B(e) by §7.1 after division by d'. The chain p—mc =3 —3 =1, C = 36,
ta =12, E =24 and E(c) = 12/(5 — 18c¢) are unchanged.

Proof. Lemmas 1.1-1.3 give the displayed bound. Substituting into (31) and using (33)
with Corollary 1 gives 2w° < 22w”+66(F')+(1+A)O(d'); dividing by d’ in §7.1 sends the
last term into S(g). Solvmg (2-2w® = Lw® <60(F')+0(d) yields w* < 365(F')+O(d'),
then t4 = 36/3 =12 and E =12-(4/5 )/(2/5) = 24. Finally E(c) = 12/(5 — 18c) follows
from ¢ =11/12—T/(12k) and A(c) = 2 —6¢ as in Appendix F; at ¢ = 1/4 it gives 24 and
at ¢ =1/90 it gives 5/2. O

Corollary 1.5 (Upgrade of Appendix H, Theorem H.4). Theorem H.4 was conditional on
the existence of Lemma-1-type comparison constants. Theorem I.J supplies that hypoth-
esis unconditionally; the H.8-H.4 discussion becomes unconditional, and the row “(32)
isometry — O(d') only” in Table 1 must be tagged U.

The strict isometry is not automatic. We record that the sentence “a is compatible with
sup-norms. Therefore « is an isometry” of §6.3.6 of [1] cannot hold without a normalisation
of the model.

Proposition 1.6 (Counterexample to strict isometry). Let K, = Qs, V = Q2, Ay =
Over @ Ovez and Ay = Oy (wer) ® Ovea. The two lattices define the same generic normed
space. Fiz the fiberwise-sup metric to be the one induced by A1. Then for s = e,

Isllay =1, llsllag =@ '[o=5,  logCy=1log5#0.

Hence C, = 1 is not forced by the linear isomorphism a; it is equivalent to the nor-
malisation that the model of V is ezactly the lattice induced by f L, together with the
Fubini—Study-type normalisation of the archimedean metric.
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Proof. Both A; are O,-lattices in the same two-dimensional K,-vector space, so they give
two admissible adelic norms on one generic space; a change of integral model of V replaces
A1 by any commensurable lattice, e.g. A2. With the sup metric fixed by Ai, the lattice
norm of e; in Ag is inf{|a|;" : ae1 € A2} = |w|;' = 5. Thus « is an isometry up to
O(d’) but not strictly; the finite-place obstruction is a w-twist of the model, and the
archimedean obstruction is a rescaling of the Hermitian form. O

Corollary 1.7 (Ledger correction). Appendiz G’s O-layer must be split into two rows:

item tag
(32) isometry up to O(d’) (Th. I.4) | U
(32) strict equality as written in [1] | 0%

Here 0% means the following. Proposition 1.6 shows that the strict isometry is not auto-
matic for arbitrary models. In [1], however, §6.5./ fizes the model of L' on the whole
of Spec(Ok) and §6.3.5 (via Proposition 1) fizes the model of H*'P on the whole of
Spec(OFr), while o is the natural base-change morphism of the cartesian square; under
this normalisation the strict equality is expected to hold. What is missing is one sentence
comparing the two model norms place by place through o« — the counterezample excludes
the unconditional reading, not this construction. This returns to the original verdict “a
gap of one or two sentences, not an error”. FEither tag leaves every coefficient, every No-
Go conclusion and the weak abc output unchanged. Open problem (1a) should therefore
be rewritten as “supply the place-by-place comparison through o” rather than “locate a
functoriality proposition in the literature”.

APPENDIX J. VERBATIM CHECK OF [1]

We record the result of reading arXiv:2611.05217v1 (39 pages) verbatim. This is a
text-level verification, not an independent verification of the proof of Theorem A.

Theorem J.1 (Twelve verbatim agreements). The following twelve items of the source
agree, line by line, with the statements used in this paper:

(1) Theorem A/B: N is “the product of the prime numbers dividing abc”, i.e. N =
rad(abc), not lograd; h is the canonical-bundle height of a fixed genus-2 curve.

(2) “known to follow from Theorem A, albeit with a wrong exponent”: the Theorem A
— abc bridge is a literature fact (Theorem H.2).

(3) §1.3.3: d/e%K(f,) =—> log|ls|lv, “independent of the choice of s” by the product
formula.

(4) §1.5 Lemma 1: C, > 1, Cy, = 1 for almost all v, proof via compactness of X5
plus coherence.

(5) §1.6: adelic vector spaces are induced by a projective module Vi at almost all
places, with ||s]lv =1 almost everywhere.

(6) §6.3.4: “C, > 1, independent of F,P,F’ and P’', C, = 1 for almost all v’ =
(29).

(7) §1.9 (2): h(s1) + h(s2) < —deg (M) + 6(K) + dx A, with §(K) = log |Ax| and
no factor 1/2; “(see [4] Th. 8 and [5] Th. 2)” = Bombieri—Vaaler + Borek.

(8) §2 Proposition 3: —Li - Ly < dah(s1) + dih(s2), proved by (3)-(6); finite-place
metric from [27] p.177, archimedean from [7] (6.3.2) and [26] (4.1.1).

(9) §6.3.6-6.3.8: (33) < H=w? + O(d'); (34) 3+ 6)% +60 +O0(d); (85) L =
—20K" = —3w'"?; (36) Sw® < 2w+ 65+ O(d'), giving 36, 12, 24; @’ is a finite
set.

(10) §7.12: & = L — $(w,w), w° = 6deg(Y/Y0), degy(L) = 2deg(Y/Yo) =
degy (xz) =0 = (40) with the factor 1/3, hence 12 = 36/3.
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(11) §7.3.2: “since degy (£)/2 x 12 =30" (deg L =5) = (49); (51) 6(F)/[F': Q] <
2log N 4+ 6(K)/[K : Q] +1ogh, “Sincen=1or5” = n=4/5 and v = 2/5.

(12) The first sentence of the proof of Theorem 5 reads “Theorem 6 follows from the
uniform abc conjecture”; the paper has only five theorems (harmless misprint).

Proposition J.2 (Three corrections to the audit). (1) Proposition 1 (Gabber) is
proved inside [1]. §§1.6.2-1.6.3 give a two-sided inequality: the valuative criterion
of properness for || - |lsup,v < ||+ |lm,v, and surjectivity of the specialisation map
(after multiplying by " so that the section does not vanish on the special fibre)
for the reverse inequality. Moreover §6.3.5 states that Proposition 1 makes H"P
adelic “with a model on the whole of Spec(OF+)”. Consequently the gap in (32)
is not the adelicity of the single-fibre sup morm; it is the compatibility of the
Grauert morphism « with the sup norm on the relative pushforward ¢, (L').

(2) Normalisation. §1.3.1 uses |my|lw = 1/N(v) and [], |z|o = 1, i.e. unnormalised
absolute wvalues |flv = |Nk,q,(f)lp; §1.3.3 defines Ee\gK without dividing by
[K : Q). The factor 1/[K : Q] occurs only in the Weil height. Theorems G.1-G.2
remain valid once the two conventions are explicitly related.

(3) Admissible metric existence. §2.1.2 of [1] reads “It is shown in [25], Prop. 2.6,
that any line bundle on X has an admissible metric”; [25] of [1] is X. Yuan,
Arithmetic bigness and a uniform Bogomolov-type result, Annals of Mathematics
203 (2026), 15-119 (= our [{1]), not Zhang [24] (= [27] of [1], the finite-place
Green formula on p.177) and not [39].

Corollary J.3 (Bibliographic key mapping). The keys of [1] and of this paper differ.
[9] of [1] is R. Hartshorne, Algebraic Geometry, GTM 52 (our [42]); §6.3.6 cites III,
Remark 9.3.1 and III, Cor. 12.9 for Grauert base change, not EGA. [23] of [1] is Serre,
THES 54 (1981), 323401 (our [48]); it is used for (51). [26] of [1] is Yuan-Zhang, Adelic
line bundles over quasi-projective varieties, Annals of Mathematics Studies, Princeton
University Press, 2026 (our [28]). [28] of [1] is Zhang, Small points and adelic metrics,
JAG 4 (1995), 281-300 (our [27]).

APPENDIX K. HIGHER-GENUS RECALIBRATION OF THE COEFFICIENT CHAIN

This appendix closes Open problem (2) by recomputing the general Kodaira—Parshin
coefficient chain at go = 13. We use the invariants of Appendix B.2 throughout:
(K.1)

p— 2 p—
W =w’/k =6r(go—1), p=degLr=8go—8+r(1-b), p= (b=1b+3) = M

3 ,  CGRR 12

Here W > 0. We restrict to the admissible range of Proposition 3.5, h°(Lr) > 2 (the
rank condition for the Minkowski step of the chain), i.e. br < 4g0 — 5 + %; for go = 13
this reads r(2b — 1) < 94 and forces p = 96 — r(b — 1) > 49 > 0. The chain is not of the
construction’s type outside this range. Writing ¢ = carr — ©/W with © = T/k (setting
Do = 0, the most favourable normalisation), one has

1A W

K.2 2= 2 (u®+By), Bo=W(p—pcerr), t=—F"

(K.2) t T W (H 0) 0 (P w GRR) 21O + Bo)

Theorem K.1 (Literature point reproduced). For (go,r,b,\) = (2,2,2,3) one has W =
12

12, u =6, p =5/3, carr = 11/12, By = —46, and (K.2) becomes t(©) = 3693 i.e.

t(8) = 12, ¢(10) = 12/7, t(12) = 12/13, t(14) = 12/19. In particular t < 12/13 requires
© > 12, the unique candidate of §8.
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Proof. Substitute (K.1) into (K.2): W = 72, A(u© + Bo) = 3(60 — 46) = 180 — 138,
hence t = 72/(180—138) = 12/(30©—23). The four values are direct rational substitutions;
12/(30 — 23) < 12/13 with positive denominator is 30 — 23 > 13, i.e. © > 12. O

Theorem K.2 (go = 13: two most favourable readings). Let © € 2Z with 8 < © < 15
(the range imposed by exponent-1 optimality, §5). Then:

(1) Along the rank-2 locus b = 2go — 2 = 24 with (r,\) = (2,3): W = 144, p = 50,
p = 207, carr = 1199/12, By = —689592, and p — puc < 0 for every allowed
O, so t has no positive value. Positivity requires © > % = 13791.84, and
t < 12/13 requires © > 31509 — 13843.84 (smallest even © = 13844).

(2) Keeping the literature value b = 2 (so the rank of Ly grows) with the same (r,\):
W = 144, p = 94, By = —12168; positivity requires © > % = 129.45 and

t < 12/13 requires © > 8528 = 181.45 (smallest even © = 182).

Letting A\ — oo does mot help: the limits are 13791.84 and 129.45 respectively (smallest
even © = 13844 and 130).

Proof. For (1), uW = 7200 and u®© + By = 500 — 689592; at © < 15 this is negative, so
t < 0. The positivity threshold is —Bg/u = 689592/50 = 344796 /25. Solving uW/(A(u©+
By)) < 12/13 gives By (K.2), t < 12/13 is equivalent to u© + By > 13uW/(12)), i.e.
© > 13W/(12)) — Bo/p. For (1), 13W/(12)) = 13-144/36 = 52 and — Bo/pu = 34479625,
so © > 52 4 344796/25 = 346096/25. For (2), W = 144, p = 94, By = —12168,
—Bo/u = 6084/47, and the same formula gives © > 52 + 6084/47 = 8528/47; the in-
termediate constant is 13uW/(12)\) = 13- 144 - 94/36 = 4888, and (4888 + 12168)/94 =
17056/94 = 8528/47, consistent. Both exceed the allowed range. As A — oo the extra
term 13W/(12)\) — 0, leaving the positivity threshold as the limit. |

Theorem K.3 (Uniform lower bound, all admissible (r, b, \)). For go = 13, every admis-

sible (r,b) with v >1, b > 2, br <4go — 5+ 5, and every A > 0,

B 12
(K.3) Omin = — 20 = W(CGRR - B) > 120 i3, > 15,

1% 1% 19
The minimum is attained at (r,b) = (1,2). Hence no admissible © produces a positive t,
and a fortiori none satisfies t < 12/13.

Proof. With the corrected p =96 — r(b — 1) of (K.1) and W = 72r,
20 +2b—1  24r(b—1)(b+3)
12 96 —r(b—1)
The admissibility constraint r(2b — 1) < 94 gives 1 < 7 < Tmax(b) := [94/(2b — 1)] (so
b<47) and 96 — (b —1) > 96 — 2" > 0.

2

F(r,b) := Omin = 721

Endpoint reduction. For fixed b, the second summand of F' is a negative multiple of
192(b — 1)?

h(r) =7r/(96 —r(b — 1)), and h"(r) = m > 0; hence F is concave in 7 and

its minimum over r € [1, Tmax(b)] is attained at an endpoint.

24(b— 1)(b+ 3)

First endpoint. F(1,b) = T2cerr(b) — has derivative

97 —b
24(—b* + 194b + 191)
24b + 12 —
b+ 07 — 1)

The subtracted term is increasing on [2,47] (its derivative has numerator 19200 > 0),
equals 1.53... at b = 2, and is therefore < 69 throughout; since 24b+ 12 > 60, with room
> 15 at b =2 and 84 > 69 for b > 3, the derivative is positive on [2,47]. Thus

24 1230

F(1,b) > F(1,2) =72 1 — 2415 =66—15= "9

L = 64.736....
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Second endpoint. At r = rmax(b), exact rational evaluation for 2 < b < 31 gives

25854 1230
F > F(31,2) = 2232(1 — 55) = g~ 19888 > —o=; for b > 32 one has rmax(b) = 1
and the first endpoint applies.
Combining both endpoints, F(r,b) > %30 > 15 for every admissible (r,b). O

Theorem K.4 (Only go = 2 starts the chain). Along the rank-2 locus b = 2go — 2,
r =2, X = 3, the positivity threshold —Bo/u equals 23/3 ~ 7.67 at go = 2 and exceeds
15 for every go > 3: 306/5 = 61.2 (go = 3), 1473/7 ~ 2104, 4532/9 =~ 503.6, ...,
344796/25 = 13791.84 (go = 13), 473603/27 ~ 17540.9 (g0 = 14).

Proof. Direct substitution of (K.1) into —Bo/u for go = 2,...,14 by exact rational
arithmetic; the values are monotone increasing because cgrr ~ b2/6 ~ O(gg) while
p/it = O(go). The structural reason is that a positive p — uc requires the torsion contri-
bution T/w? to cancel a quadratic GRR, term, whereas T' = kO with © = O(1) in the
first-order degeneration model. O

Corollary K.5 (Seventh No-Go reason; Open problem (2) closed). Even under the most
favourable assumption that the coefficient chain (K.2) extrapolates unchanged to go = 13,
the chain cannot start: p — puc < 0 for every allowed ©, so no positive t exists. This
reason is independent of the six previously recorded ones, of the normalisation v = 2/5, of
the modulus-3 argument, of the transversality hypothesis, and of the truth of Theorem A.
Consequently Open problem (2) is closed: the statement “t = 12 does not extend to g = 13”
is upgraded from a proof-structure remark to a computation.

Proof. Combine Theorems K.2, K.3; none invokes Theorem A. The independence is as in
Proposition H.5. O

Remark K.6 (Honesty boundary). Formula (K.2) is unconditional (Appendix B.2 plus
the DRR decomposition of §4). The assumption that its form persists at go = 13 is the
most favourable extrapolation; because even granting it the chain fails, the conclusion
is robust. The bound © < 15 is inherited from exponent-1 optimality; without it the
required © ~ 1.4 x 10* is incompatible with a first-order degeneration at four exceptional
fibres. All weak-abc outputs remain conditional on Theorem A.

APPENDIX L. QUANTITATIVE INDEX-IDEAL ABSORPTION AND THE
ENGINE-REPLACEMENT CRITERION

L.1. Absorption inequalities. Let f € Z[z] be monic irreducible of degree n > 2, let 6
be a root and F = Q(0), so [F : Q] =n. Put 3 =[O : Z[f]] € Z>1 and 6(F) = log|Ar|.
Dedekind’s theorem (10.8) reads disc(f) = 32 0r; taking logarithms gives the identity

(L.1) log | disc f| = 6(F) + 2logJ.

For a prime p { n let r, be the number of primes of F' above p. The tame discriminant
formula gives

(L.2) vpr) = filei—=1)=n—-ry, 1<m,<n

Theorem L.1 (Local absorption-rate inequality). For every p { n put ¢, =

20, (3) /Jvp(disc f). Then
n—1 n—rp
(- @) ST e

and v, =1 if and only if rp, = n, i.e. p is unramified. Globally,

(L.4) 0 < 4(F) <log|disc f|, 0(F) < (n—1)log N + O,(1).

< 1
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Proof. Subtracting (L.2) from (L.1) place by place gives 2v,(J) = vp(disc f) — (n — 7p).
Since J is a positive integer, 2v,(J) > 0; since r, > 1 we have n — r, < n — 1, which
yields the lower bound in (L.3); the upper bound is n — 7, > 0. The equivalence ¢, =
1< n—rp, =0 is immediate. The first inequality of (L.4) is logJ > 0; the second follows
from v,(0r) = n — 1, < n—1 for p t n together with the fact that the finitely many
wild primes p | n contribute Oy, (1) uniformly, because v,(0r) < nvy(n)+n for tame—wild
decompositions of degree n. No choice of a generator enters. O

Remark L.2. Inequality (L.3) is the quantitative upgrade of the remark following (10.10):
the larger the multiplicity v,(disc f), the closer ¢, is to 1, i.e. the field discriminant is
asymptotically blind to the multiplicity. For n = 5, vp(disc f) = 4k gives 1, = 0, %7 %, 1,1,1
at k=1,2,3,5, 10,25, against the lower bounds 0, %, %, %, 1%, % (verified by exact rational
arithmetic).

L.2. The unified decomposition-type discount.

Zpes(rp —1)logp
(n—1)log N

Theorem L.3 (Unified formula for ). With 6qec := € [0,1] one has

(F) n-1
nlogN ~ n

(L.5) n=

(1 — Hdec) —|—On(1/logN).

This single formula reproduces the non-Galois lattice {0, é, %, %,% of §10.2 at n = 5,

the Ms-discount of §9, the two-valuedness of Corollary 10.8, and the quality-plane bound
0 < (Y —1)/4 of Appendix E.

Proof. Summing (1..2) over p € S, p{n, and dividing by nlog N gives 6(F)/(nlog N) =
n=l m >, (rp —1)logp + On(1/log N), which is (L.5).

n

Forrp, =1,...,n at n = 5 the right-hand side of (L.5) equals %(17 T”;l) = %, %, %, é, 0,
the lattice of Theorem 10.6. In the pure Kummer case rp € {1,n}, so }_ (rp —1)logp =
(n — 1)log M,, with M,, = Hp:n|mp p; hence O4ec = log M,,/log N and (L.5) becomes
§(F)/n = "=Llog(N/M.,), Corollary 10.8 and §9. Situation II of §9.2 has r, = n for both
the split and the unramified-degree-n sub-cases, so n is unchanged, as proved there.

Finally, in the pure Kummer class 7, = n forces n | mp, hence mp, > n and r, — 1 =
n—1<my—1< vy(abc) — 1. Therefore faec < E/((n — 1)logN) = (Y —1)/(n — 1)
with &€ = log(abc) —logN = (Y — 1)log N. At n = 5 thisis § < (Y — 1)/4, and
E =301 = 24(1 — fqec) > 24(1 — (Y — 1)/4), giving Eeg > 12 when Y < 3, the quality-
plane conclusion of Theorem E.1. The constant n — 1 is thus the maximal inertia order
vp(0F) = n —1rp < n—1, not an estimate margin; it is optimal because r, = n occurs
whenever v, (abc) > n. O

Corollary L.4 (Exact numerical check). For (a,b,c) = (1,31,32) one has N =62, Y =
1.6718, Oaee = log Ms/log N = 0.1679 and Eex = 24(1 — 0) = 19.969 = 24(1 — (Y — 1)/4);
for (9,16, 25) and (1,8,9) the discount vanishes and Eegq = 24. These agree with the tables
of §9.3 and Appendiz E.

Proof. Direct substitution into (L.5) with a = —ab/c?: for (1,31,32), a = —31/2', so
mz = 10 with 5 | 10 (étale, r2 = 5) and ma1 = 1 (total, r31 = 1); hence >_ (r, —1)logp =
4log2 and fgec = 4log2/(41log62) = log2/log62 = 0.1679. The other two triples have no
étale prime, so 4ec = 0. Exact rational arithmetic in the accompanying computation file
confirms all six entries of §10.3’s k-table and the five rp-values of Theorem 10.6. O
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L.3. Absorbed mass and the engine-replacement criterion.

Theorem L.5 (Quantitative absorbed mass). Assume the |k|-convention of (10.9)-
(10.10), i.e. wvy(discf) = (n — 1)my + nvp(n) with my = |vp(a)| for a = —ab/c.
Then

(L.6) 2logJ = (n—1)[€ +logc+log My] +On(1), logJ > nT_1(5+logc) —0n(1),

and §(F)/n = 2=t (log N — log M) + On (1) is independent of £.

Proof. Sum (10.10) over p € S, p{ n. For p with n t m,, the contribution is (n—1)(m,—1);
for p with n | my, it is (n—1)m,. Hence 2logT = (n— 1)[2 csMplogp—3_ — ogp] +
On(1). Because ged(a,b) = 1 and ged(ab,c) = 1, 37 _gmplogp = log(ab) + 2loge =
E +log N + logec, while > logp = log N — log M,,. Subtracting gives (L.6). The
stated lower bound uses log M, > 0. Solving (L.1) for 6(F) gives the last formula, in

which £ cancels. O

p:nfmyp

Theorem L.6 (Engine-replacement criterion). Let an “engine replacement” mean a
choice of f for which §(F)/n is controlled by log N while hx.(P) = ylogec + O(1) with
v = 1. A necessary condition is 3 < N°UV . By (L.6) this forces

(L.7) c < N2OW/(n=1) equivalently Y — 1 < O(1),

which is an abe-grade condition with exact slope 2/(n—1). Consequently the S-smoothness
loop of Theorem 10.10 is not merely “stronger than abc”: it is of abc grade at this quan-
titative level. This is a one-directional implication; the converse is not claimed.

Proof. By (L.1) and the homogeneity of disc f of degree 2n — 2 in coefficients of size
®® (Theorem 10.10(i)), 20 4 2loed _ logldisc/l < 2n=2 1500 1 O(1). If logd =
log ¢, the bridge §(F)/n =< logN breaks hence 3 < N9W g necessary. Insert logJ >
2=L(€ +logc) — On(1) from (L.6): “5tloge < O(1)log N 4+ On(1), ie. (L.7). Writing
€ = (Y —1)log N, the same computation gives Y —1 < O(1), so E = 24(1 — O4ec) >
24(1 — O(1)/(n — 1)) cannot approach 1 unless Y — 1, which is ¢ < N'T°M) | the abe
conjecture. Theorem 10.10’s magnitude comparison ¢>"~2 vs. ¢ is thereby supplied with
an exact slope. O

Corollary L.7 (Eighth No-Go reason). The decoupling of n from the multiplicity excess
E holds at the level of the identity (L.1), not at the level of estimates. No engine can make
n decrease with £, because by (L.6) the index ideal absorbs at least “51E to O(1) precision.
This reason is independent of the sixz previously recorded reasons, of the go = 13 collapse
of §11, of the modulus-3 argument and of the transversality hypothesis.

Proof. Combine Theorems L.3, L.5 and Corollary 5.5 / Proposition H.5: the argument
uses only (L.1), (L.2) and J > 1, none of which invokes the truth of Theorem A or the
torsion decomposition. O

Remark L.8 (Honesty boundaries). Theorems L.1, L.3 and Corollary L.7 are uncondi-
tional: they use J > 1 and the tame formula only, with no generator convention. Theo-
rem L.5 and the exact slope 2/(n — 1) use the |k|-convention of (10.9)—(10.10); for p | ¢
the source writes k = vp(a) < 0 in (10.9) but |k| in (10.10), a sign convention left im-
plicit. Without it, (L.4) still gives the direction of (L.7) with an unspecified O(1) slope.
The implication “J < NOM g necessary” is a scale criterion, not a sufficiency claim; the
converse direction is not proved. All weak-abc outputs remain conditional on Theorem A;
the No-Go statements are internal to the construction.
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APPENDIX M. DISTRIBUTIONAL BEHAVIOUR OF THE MULTIPLICITY EXCESS AND THE
DISCOUNT

Throughout this appendix ©(X) denotes the set of coprime triples
(M.1) QUX)={(a,b,c):1<a<b<c< X, a+b=c¢, ged(a,b) =1},

endowed with the uniform probability measure Px, and T(X) = [Q(X)|. Put

E
M2)  N= —1 —log N = - 11 Y=1% 1N
(M.2) rad(abc), & =log(abc) —log ;(el’ )logp, + log N’

with e, = vp(abe), and let

(M.3) Ms= ] »,

p:5lep

0 — log M5
~ logN

be the discount of §9.3. Since gcd(ab, c) = 1, each prime p divides exactly one of ab and

¢; with o = —ab/c?® one therefore has v,(a) = e, or vy(a) = —2e¢,. As ged(2,5) =1,
(M.4) 5| vp(a) <= 5| ep, hence M5 = H .
p:5lep

In particular 5 | e, forces e, > 5, so

1 £
(M.5) log M5 = Z logp < EZ(ep—l)logp: 1
p: 5|€p p
Inequality (M.5) welds the Ms-discount of §9.3 to the quality-plane bound 6 < (Y —1)/4
of Appendix E at the level of prime valuations, with no Arakelov input.

Lemma M.1 (Size of the sample space). T(X) = %Ech olc) + O(X) = 2 X° +
O(Xlog X) =< X2,

Proof. For fixed ¢, the condition ged(a,c —a) =1 is ged(a, ¢) = 1, giving ¢(c) admissible
values of a; the constraint a < b halves them, up to the single case a = b = ¢/2 (which
occurs only for ¢ = 2). The classical estimate Y. _y ¢(c) = 5 X? 4+ O(X log X) finishes
the proof. - O

Theorem M.2 (A radical lower bound from Stewart—Yu). There is an effective absolute
constant C = C(k) such that for every coprime triple with ¢ > 3,

(M.6) log N > 3loglogc — 9logloglogec — C.

Proof. Stewart-Yu [33, 34] gives log ¢ < kN'/3(log N)? with x effective; taking logarithms,
loglog c < logk + % + 3log L where L =log N. Set Lo = 3loglogc—9logloglogec— C. If
L < Ly then, for ¢ large, Lo < 3loglogc and hence log L < log 3 + logloglog ¢, so

L
3 + 3log L + log k < loglog c — 3logloglogc — % + 3log 3 + 3logloglog c + log k

=loglogc — % + 3log 3 + log .

Choosing C' > 3(3log 3 + log k) makes the right-hand side strictly smaller than loglogc,
contradicting Stewart—Yu. Hence L > Ly for all large c; the finitely many remaining c are
absorbed by enlarging C'. This is an unconditional corollary of an effective theorem; no
Diophantine conjecture enters. O

Theorem M.3 (Exponential moment of the multiplicity excess). For every t < 1 there
1s Cy < 00, independent of X, with

(M.7) Ex [e“] <0, Ex[€]=0(1), Px(E>K)<Ce K
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Proof. Multiplicative CRT bound. Fix a finite set S of primes and exponents v, > 2.
Because ged(a, b) = ged(a, ¢) = ged(b, ¢) = 1, each p®? divides exactly one of a, b, ¢; there
are 3!5! such allocations. For a fixed allocation (A1, Az, As) of S put do = Hp€A1 PP,
do =[],ca,P"™, de = [l ca, P""- The conditions are da | a, ds | (¢ — a), dec | c. The three
moduli are pairwise coprime, so the Chinese remainder theorem selects a single residue
class of (a, c) modulo dgdpd.; consequently

(M..8) Px(Vpe S: p’ |abc) < C(‘)Sl Hp_v‘“,

peES
where the absolute constant Cy absorbs the condition ged(a,c¢) = 1 and the boundary
of Q(X). Crucially 35 = [[,cs3 is absorbed into C®! per prime, so the bound is
multiplicative.

Expansion. For each prime, pe»=Y < 1 + Zj>2 1, abe p!UY: if e, = 1 the left
side is 1, while if e, > 2 the sum contains its last term pt(epfl). Expanding the product
e'“ =TI, p!e»~ over all choices of a finite set S and exponents v = (vp)pes with v, > 2,
and applying (M.8), gives

Ex[e] <> (¢ [T ) (TTp V) =TI 1+ Cop*>op "]
S,v

peES peES p v>2

< H [1 + C(l)’t p7<27t)] =: C}.
P

The product converges precisely when 2 —¢ > 1, i.e. ¢ < 1. The first moment bound is
t — 0% (or Jensen plus £ < €€ /t), and Chernoff’s inequality gives the tail bound. |

Remark M.4 (Novelty boundary). Moment estimates for rad and for the number of high-
power prime divisors are standard in the abc literature (Stewart—Tijdeman, S-unit count-
ing). Theorem M.3 is not a new number-theoretic tool; what is new below is its combina-
tion with the index-ideal/discount dictionary of Appendix L to produce statements about
the DIC construction that are independent of the truth of Theorem A.

Theorem M.5 (Zero density of the discount, with a large-deviation rate). For every fized
A>0 and everyt <1, as X — oo,

(M.9) Px(0>X) < Cia(logX)™ " +0((log X)™°) — 0.

Proof. Decompose Q(X) dyadically according to ¢ € (X/2F, X/2¥]. By Lemma M.1 the
k-th layer carries weight =< 47%. Theorem M.2 gives on that layer log N > 3loglog X —
9logloglog X — klog2 — O(1); for k < iloglog X this is > 2(1 4 o(1))loglog X. By
(M.5), 8 > X forces £ > 4Xlog N > 6A(1 + o(1))loglog X. Theorem M.3 with Chernoff
bounds the layer probability by C:(log X)fGM. Layers with k > %log log X have total
weight O((log X)™°), which is absorbed. Summing over k proves (M.9). O

Theorem M.6 (Average quality tends to one).

(M.10) Ex[Y — 1] :o(@), Ex|[0] :o(@).

Proof. Write Y —1 = £/log N. On the k-th dyadic layer, Theorem M.2 and Theorem M.3
give E[E/log N] = O(1/(loglog X — klog2)). For k < 1loglog X the denominator is
> %log log X; summing against the geometric weights 4= yields O(1/loglog X). The
tail k> 1 loglog X is O((log X)) since Y — 1 < 3logc/log N = O(log X). The bound
for 6 follows from 6 < £/(4log N). O
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Theorem M.7 (The absorption is saturated on average). Under the |k|-convention of
(10.9)-(10.10), the index ideal satisfies logT > 2(€ +logc) — O(1), whence

(M.11) Ex [logd] > 2log X — O(1).

Proof. By the absorbed-mass inequality of Appendix L (equivalently (21.4) at n = 5),
logd > 2(€ + logc) — O(1). On the top dyadic layer loge = log X + O(1); that layer
has probability bounded below, and on the remaining layers logc > 0. By Theorem M.3,
E[€] = O(1). Hence E[logJ] > 2log X — O(1). O

Remark M.8 (Layer split). The unconditional weak bound logJ > 2& (pure valuation
argument, no |k|-convention) gives only E[logJ] = O(1). The growth < log X in Theo-
rem M.7 is tagged A, exactly as in Remark L.7. All preceding theorems are unconditional.

Theorem M.9 (The discount does not improve the average exponent). Assume Theo-
rem A of [1]. Then the discounted bound ¢ < Ac(N/M3)?**¢ of Theorem 9.2 has average
effective exponent

1

(M.12) Ex[Eer] = 24(1 - Ex[6]) = 24 - O(W

)—>24,

and Eeg = 24 — o(1) on a set of triples of density 1 — o(1).

Proof. Taking logarithms in Theorem 9.2 gives logc < 24(1 — ) log N + O(1), so Eeg =
24(1—6). Insert Ex[0] = O(1/loglog X) from Theorem M.6; the density statement follows
from Theorem M.5. The conditionality is confined to Theorem A; Theorems M.2-M.7 are
unconditional. O

Corollary M.10 (Ninth No-Go reason, distributional). Let an engine improve the ex-
ponent solely through the decomposition-type discount 0 (equivalently through Ms or £ ).
Its improvement set Gx(X) = {6 > A} obeys Theorem M.5, so the engine produces no
average-type improvement; moreover

(M.13) Px(Y >1+6) < Ci(logX)™**2 — 0

for every fixed § > 0 and t < 1. Hence the average gain of any discount-type engine is
zero, independently of the truth of Theorem A.

Proof. Y > 1+ forces € > dlog N > 30(1 + o(1))loglog X by Theorem M.2; apply
Chernoff in Theorem M.3 with exponent ¢/2 on the top dyadic layer and sum geomet-
rically. The absence of an average gain is Theorem M.9 combined with Theorem M.6.
The argument uses neither Theorem A nor any of the eight previously recorded No-Go
reasons. O

Remark M.11 (What this does and does not say). Theorems M.2-M.6, Corollary M.10
and the weak form of Theorem M.7 are unconditional: they use only Stewart—Yu and
elementary CRT/moment estimates. They do not prove abe, do not produce a polynomial-
type weak abc bound, and do not conflict with the exponential /polynomial type distinction
of Theorem H.2. The constants C'(x) and C; are proved to exist but are not evaluated
numerically. The numerical check reported in the accompanying computation file covers
X < 2000 (608294 triples) and is a consistency check, not an asymptotic proof. All
previous conclusions of the paper are unchanged.
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