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Abstract
How many electrons can a nucleus bind? In the non-relativistic Coulomb model, Lieb

proved in 1984 that a nucleus of charge Z binds fewer than 2Z+ 1 electrons. While this bound
has been improved, the sharp upper bound has remained unknown for any nucleus other than
hydrogen. We solve this problem for Z = 2 and Z = 3 by proving that helium binds two or
fewer electrons and lithium binds four or fewer. Both bounds are sharp. Our main tool is
an adaptation of Lieb’s argument with a quadratic weight, which reduces the nonbinding of
doubly negative ions to finitely many inequalities that we verify in a computer-assisted proof.
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1 Introduction
The atomic ionization problem asks for the maximum number Nc(Z) of electrons that a nucleus
of charge Z can bind [1, 2]. Experimentally, no isolated atom is known to bind more than one
additional electron in a stable state [3]. The ionization conjecture asks for a bound Nc(Z) ≤ Z+C
with C independent of Z.

Lieb’s bound Nc(Z) < 2Z + 1 [4] is sharp for hydrogen [5, 6], but permits four electrons
for helium and six for lithium. Later work established asymptotic neutrality, Nc(Z)/Z → 1 as
Z →∞ [7, 8, 9], and improved explicit general bounds [10, 11], without reducing these helium
and lithium limits. Shelley and Tartakovsky recently excluded the helium dianion, lowering the
helium upper bound to three electrons [12]. We prove that helium binds no additional electron in
its ground state and lithium binds exactly one.

We consider nonrelativistic electrons of spin 1/2 and an infinitely heavy point nucleus, in
Hartree atomic units. For an integer N ≥ 1 and Z > 0, let xi ∈ R3 be the position of electron i
relative to the nucleus. On the fermionic space HN =

∧N L2(R3;C2), set

HN (Z) = −1
2

N∑
i=1

∆xi − Z
N∑

i=1

1
|xi|

+
∑
i<j

1
|xi − xj |

,

EN (Z) = inf σ(HN (Z)), E0(Z) = 0, Nc(Z) = sup{N ≥ 1 : EN (Z) < EN−1(Z)}.

The strict inequality defines binding. By the HVZ theorem (Theorem 3.1), EN−1(Z) is the
detachment threshold, the bottom of the essential spectrum for N ≥ 2.

Theorem 1.1. The maximum electron counts are

Nc(2) = 2, Nc(3) = 4.

For Z = 2 and N ≥ 3, and for Z = 3 and N ≥ 5, the ground energy EN (Z) is not an eigenvalue
of HN (Z).

Equality of successive ground energies can still admit a square-integrable threshold eigen-
function [13]. The theorem excludes this possibility beyond the stated counts, so the counts also
apply when binding means existence of a ground state.

Lithium’s positive electron affinity is established experimentally and supported by accurate
variational calculations [14, 15]. Lower-bound calculations for neutral lithium also have a
substantial history [16, 17]. Our proof compares a variational upper bound for the anion with a
certified lower bound for the neutral atom, controlling the spectral hypotheses, symmetry sectors
and numerical errors. Section 6 gives the resulting positive lower bound for the affinity.

Nonbinding requires an operator lower bound at the exact detachment threshold. For the
dianions, we develop Lieb’s and Nam’s weighted removal identities, using the square of an
electron’s distance from the nucleus as the weight. We retain the weighted kinetic energy and use
the Pauli principle; geometric bounds on the repulsion and one-electron spectral bounds then
establish positivity of the required quadratic forms on the fermionic space. This builds on the
earlier helium analysis [12]. Analytic estimates exclude the higher electron counts allowed by
Lieb’s bound.

The helium monoanion requires comparison with the exact neutral energy. We match estimates
in a bounded region with estimates for an escaping electron to establish nonbinding and exclude
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a threshold ground state. This three-electron estimate also supplies a starting point for the lower
bound on neutral lithium used in the binding proof.

Sections 2–3 give the setting and common estimates; Sections 4–7 treat the individual ions,
and Section 8 completes the proof of Theorem 1.1. The appendices contain the computational
certificates, including error bounds and case coverage, and the deferred analytic proofs.

2 Setting and conventions
This section fixes the model and the notation, and it states the assumptions under which the
computer-assisted statements hold.

Set-up 2.1. We use Hartree atomic units, an infinitely heavy point nucleus, and electrons of
spin 1/2. Write N = {1, 2, . . .}. For an integer N ≥ 1, let

HN =
N∧
L2(R3;C2).

For Z > 0, the operator HN (Z) is associated with the closed Coulomb form

qN,Z [u] = 1
2

N∑
i=1

∫
|∇iu|2 − Z

N∑
i=1

∫ |u|2
|xi|

+
∑
i<j

∫ |u|2

|xi − xj |

on H1((R3)N ; (C2)⊗N )∩HN . All integrals include the sum over spin components. Antisymmetry
exchanges positions and spins simultaneously. Write

EN (Z) = inf σ(HN (Z)), E0(Z) = 0, Nc(Z) = sup{N ∈ N : EN (Z) < EN−1(Z)}.

We say that N electrons are strictly bound if EN (Z) < EN−1(Z). The absence of eigenfunctions
at the threshold EN−1(Z) is a separate assertion. No restriction on total spin, angular momentum,
parity or magnetic quantum number is imposed unless explicitly stated. For configurations we
write ri = |xi|, dij = |xi − xj |, and q1 ≤ · · · ≤ qN for the ordered radii. All displayed terminating
decimal bounds denote exact rational numbers. We write s+ = max{s, 0} for s ∈ R and I for the
identity on the Hilbert space under consideration. For a semibounded quadratic form q, n−(q) is
the supremum of the dimensions of subspaces on which q is strictly negative away from zero.

Set-up 2.2. The computer-assisted statements use the fixed inputs and executable algorithms
specified in the mathematical appendices and accompanying code/data release. Exact arithmetic,
decoding, file operations and recorded executions are assumed faithful. Where binary floating-point
arithmetic is used, the specified source, operation order, precision, rounding, underflow, dispatch,
thread and interface conditions are part of the execution assumptions. The appendices state
those conditions for each affected calculation and prove the numerical error bounds. Accuracy,
complete coverage and physical normalization are conclusions of the checks and proofs, not
runtime assumptions.

3 Weighted removal and spectral bounds
This section collects the tools shared by the later sections. We first record two standard spectral
results. We then state a lower bound for the Coulomb form on regions where the electrons are
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separated radially (Lemma 3.3). Finally we prove the criterion for nonbinding that Sections 4
and 7 apply to the two dianions (Proposition 3.4).

The first spectral result is the HVZ theorem. In the present normalization, its fermionic form
is stated in [10].

Theorem 3.1 (HVZ). For the operators in Set-up 2.1, every integer N ≥ 2 and every Z > 0
satisfy

σess(HN (Z)) = [EN−1(Z),∞).

The second spectral result is the spectrum of the hydrogenic operator. The formula below
uses the Hartree kinetic coefficient 1/2.

Theorem 3.2 (Hydrogenic spectrum). For Q > 0, let hQ = −∆/2−Q/|x| be the scalar Coulomb
operator on L2(R3). Its negative eigenvalues are −Q2/(2n2), n ∈ N, with spatial multiplicity n2,
and its remaining spectrum is [0,∞). If Pm projects onto the shells 1 ≤ n ≤ m, where m ≥ 1 is
an integer, then

hQ

∣∣
(1−Pm)L2 ≥ −

Q2

2(m+ 1)2 .

This is [18, Theorem 10.9], with its operator −∆− γ/|x| taken at γ = 2Q and divided by two.
After including spin, the first m hydrogenic shells have dimension 2

∑m
n=1 n

2.
Both dianion proofs need lower bounds for the Coulomb form on regions where some electrons

are confined to a ball and the others are kept outside a larger ball. We call the confined electrons
core electrons and the others outer electrons. The following lemma collects these bounds. It uses
no symmetry of the test function.

Lemma 3.3 (Regional lower bound). Let 2 ≤ N ≤ 9, Z > 0, and let h denote the Coulomb
integral of Set-up 2.1 with N electrons and charge Z on the full space H1((R3)N ; (C2)⊗N ), without
symmetry restriction. For −1 ≤ z < 1 put c(z) = min{1, [2(1 − z)]−1/2} and c(1) = 1, and let
D0, . . . , DN be rational numbers with D0 = D1 = 0 and

Dh ≤
(
h

2

)√
h− 1

2h (2 ≤ h ≤ N);

the values used in this paper are

(D0, D1, D2, D3, D4, D5) =
(

0, 0, 1
2 ,

433
250 ,

1837
500 ,

1581
250

)
,

whose squares for h = 3, 4, 5 are below the exact values 3, 27/2, 40. Fix R, b, λ > 0, σ ≥ 1, an
integer 0 ≤ j ≤ N − 1, and set

κ = λσ2, C = λ2

2 + λ(σ − 1)2

R
, Aj = Z − κ− jR

R+ b
,

Mj(R, b, λ, σ) = jZ2

2 + (N − j)C + 1
R

max
0≤h≤N−j

(
Ajh−Dh

)
.

If a spinor v ∈ H1 is supported where j specified electrons have radii below b and the other N − j
have radii above R, then

h[v] ≥ −Mj(R, b, λ, σ) ∥v∥2.

For j = 0 the parameter b is immaterial.
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Idea of the proof. The repulsion among the outer electrons is bounded below in terms of their
directions. Each outer electron then satisfies a one-dimensional radial inequality, and each core
electron is bounded by its hydrogenic ground energy. The full proof is in Appendix E.1.

The increments Dh+1 − Dh of the listed values are 0, 1
2 ,

308
250 ,

971
500 ,

53
20 . Hence the maximum

defining Mj is attained at h = 2 whenever 1
2 ≤ Aj ≤ 308

250 , which is the case for every parameter
choice below.

We now state the criterion for nonbinding. Its proof follows Lieb’s argument for the bound
N < 2Z + 1 [4]. Lieb tests the eigenvalue equation against the eigenfunction multiplied by the
radius of one electron, and bounds the energy of the other N − 1 electrons from below by the
threshold. We use the quadratic weight r2

i + β in place of the linear one. We also add correction
terms Bj . They use the hypothesis that every state with at most j− 1 electrons within the radius
bj has energy at least dj above U . We call dj an exterior gap.

Proposition 3.4. Let N ≥ 2, Z > 0, β > 0, U ≥ EN−1(Z), and let J ⊂ {1, . . . , N} be finite.
For j ∈ J let bj , dj > 0 and λj ≥ 0. Assume

qN,Z [v]− U∥v∥2 ≥ dj∥v∥2

in the quadratic-form sense for every fermionic form-domain vector v vanishing almost everywhere
on {qj ≤ bj}. For s ≥ 0 define

Bj(s) = (s− bj)2
+ −

min{s/bj , 1}
2dj

.

For compactly supported fermionic u ∈ H1 define

Mβ,U [u] = 1
2
∑

i

∫
(r2

i + β)|∇iu|2

+
∫ ∑

i<j

r2
i + r2

j + β

dij
− Z

∑
i

(
ri + β

ri

)
− 3N

2 − βU

 |u|2.
If some ε > 0 satisfies

Mβ,U [u] +
∑
j∈J

λj

∫
Bj(qj)|u|2 ≥ ε∥u∥2

for every such u, then EN (Z) = EN−1(Z) and HN (Z) has no nonzero L2 eigenfunction at any
energy at or below EN−1(Z).

Proof. Put T = EN−1(Z) and suppose that HN (Z)Ψ = EΨ, with E ≤ T ≤ U and ∥Ψ∥ = 1.
Write X = (x1, . . . , xN ) and let ∇ denote the full gradient in X.

Ordered-radius moments. Fix j ∈ J . Outside the null set of tied or zero radii, the function qj

agrees locally with one of the ri. Hence qj is symmetric and Lipschitz, with |∇qj | = 1 almost
everywhere. For L > 0 set gL = min{(qj − bj)+, L}. Both gLΨ and g2

LΨ belong to the fermionic
form domain. Testing the eigenvalue equation with g2

LΨ and expanding the gradient gives

qN,Z [gLΨ]− E∥gLΨ∥2 = 1
2

∫
|∇gL|2|Ψ|2.

5



Since gLΨ vanishes on {qj ≤ bj} and E ≤ U , the assumption of the proposition bounds the left
side below by dj∥gLΨ∥2. On the right side, |∇gL|2 = 1{bj<qj<bj+L} ≤ min{qj/bj , 1}. Monotone
convergence as L→∞ therefore gives∫

(qj − bj)2
+|Ψ|2 ≤

1
2dj

∫
min{qj/bj , 1}|Ψ|2. (3.1)

In particular,
∫
|Bj(qj)||Ψ|2 <∞ and

∫
Bj(qj)|Ψ|2 ≤ 0.

The weighted identity with a cutoff. Choose a real smooth function χ : [0,∞)→ [0, 1] equal to
one on [0, 1] and zero on [2,∞), and put Cχ = ∥χ′∥∞. For R ≥ 1 set

ρ = |X|, χR(X) = χ(ρ/R), uR = χRΨ, AR = {R ≤ ρ ≤ 2R}.

Then uR is a compactly supported fermionic H1 vector and ∥uR∥ → 1. The gradient ∇χR is
supported in AR and satisfies |∇χR| ≤ Cχ/R. All multipliers used to test the equation for Ψ
below are bounded with bounded first derivatives. The weak equation extends to nonfermionic
tests by antisymmetrization and permutation invariance.

Test that equation with r2
i χ

2
RΨ. Expanding the gradients, integrating by parts with ∆ir

2
i = 6,

and bounding the form of the remaining N − 1 electrons below by T gives

1
2

∫
r2

i |∇iuR|2 +
∫ −Zri +

∑
k ̸=i

r2
i

dik
− 3

2

 |uR|2

≤ (E − T )
∫
r2

i |uR|2 + 1
2

∫ (
r2

i |∇χR|2 + χR∇(r2
i ) · ∇χR

)
|Ψ|2.

The bound by T applies to each slice in the other labels, where riuR is antisymmetric. All terms
are finite on the compact support. The integration by parts is justified by H1 approximation and
the Coulomb form bounds. The unweighted test χ2

RΨ gives

qN,Z [uR]− E∥uR∥2 = 1
2

∫
|∇χR|2|Ψ|2.

Sum the weighted inequalities and add β(qN,Z [uR]−U∥uR∥2). Since E ≤ T ≤ U and
∑

i∇(r2
i ) =

2X, this yields

Mβ,U [uR] ≤ 1
2

∫ (
(ρ2 + β)|∇χR|2 + 2χRX · ∇χR

)
|Ψ|2

≤
(

2C2
χ + 2Cχ +

βC2
χ

2R2

)∫
AR

|Ψ|2 −→ 0.
(3.2)

The argument never takes the limit of a quadratic-weight energy without the cutoff.
By (3.1), dominated convergence gives

∫
Bj(qj)|uR|2 →

∫
Bj(qj)|Ψ|2 ≤ 0 for each j ∈ J . Thus

(3.2) controls the term Mβ,U , and the moment bounds control every correction with λj ≥ 0:

lim sup
R→∞

Mβ,U [uR] +
∑
j∈J

λj

∫
Bj(qj)|uR|2

 ≤ 0.

By the assumption of the proposition, the same expression is at least ε∥uR∥2 → ε > 0, a
contradiction. Hence no eigenvalue at or below T exists. The HVZ theorem (Theorem 3.1)
gives EN (Z) ≤ T and makes any spectral infimum below T an eigenvalue. It follows that
EN (Z) = T .
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4 The helium dianion
We prove that a helium nucleus does not bind four electrons. The proof applies Proposition 3.4
with the weight r2. Section 7 applies the same proposition to the lithium dianion. The proposition
requires four inputs. The first is an upper bound U0 for the neutral helium energy (Lemma 4.1).
The second is a pair of exterior gaps (Lemma 4.2). The third is a pointwise lower bound for the
weighted electron repulsion by a sum of one-electron potentials (Lemma D.2). The fourth is a
pair of bounds on the number of negative eigenvalues of a one-electron operator (Lemma D.4).
The last two inputs are computer-assisted and are proved in Appendix D.

Lemma 4.1. The neutral helium energy satisfies

E2(2) ≤ −1406349
484600 < −29

10 .

Proof. Let α = 9/5, s = r1 + r2, t = r1 − r2, and ρ = d12, and let χ ∈ C2 ⊗ C2 be a normalized
antisymmetric spin vector. Set

P (s, t, ρ) = 1 + αρ

6 + α2t2

24 , Ψ(x1, x2) = e−αsP (s, t, ρ)χ.

The spatial factor is symmetric. The distance functions are locally Lipschitz with bounded
gradients, and the exponential controls the polynomial and its derivatives at infinity. Thus Ψ
belongs to the fermionic form domain.

After angular integration, the volume element is π2(s2 − t2)ρ ds dt dρ on

D = {(s, t, ρ) : s ≥ 0, 0 ≤ ρ ≤ s, −ρ ≤ t ≤ ρ}.

For nonnegative integers i, j, k, successive integration in t, ρ, s gives∫
D
e−2αssitjρk ds dt dρ = 2(i+ j + k + 2)!

(j + 1)(j + k + 2)(2α)i+j+k+3 (j even);

the integral vanishes for odd j. Expanding P and differentiating Ψ, this identity yields

∥Ψ∥2 = π2α−6 2423
1152 ,

q2,2[Ψ] = π2α−6
(709

384α
2 − 20627

3072 α
)
.

The variational principle therefore gives

E2(2) ≤ q2,2[Ψ]
∥Ψ∥2 = 2127α2 − (61881/8)α

2423 = −1406349
484600 = −29

10 −
1009

484600 .

Throughout this section

U0 = −1406349
484600 , (b1, δ1) =

(
2, 1629

1000
)
, (b2, δ2) =

(
4, 3

8
)
. (4.1)

By HVZ (Theorem 3.1) and Lemma 4.1, E3(2) ≤ E2(2) ≤ U0. Hence the choice U = U0 is
admissible in Proposition 3.4 with N = 4, Z = 2. Nothing from Section 5 is used.
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Lemma 4.2 (Exterior gaps). Let a ∈ {1, 2} and let u belong to the fermionic form domain of
H4(2). If u vanishes almost everywhere on {qa ≤ ba}, then

q4,2[u]− U0∥u∥2 ≥ δa∥u∥2.

Proof. Let h be the Coulomb integral of Set-up 2.1 with N = 4, Z = 2 on the full space
H1((R3)4;C16). It agrees with q4,2 on fermionic vectors. We apply Lemma 3.3 with N = 4, Z = 2,
so that a core electron contributes −2 and Aj = 2− κ− jR/(R+ b). The three parameter choices
used are

M0
(
2, 2, 21

50 ,
37
20
)

= 5089
4000 (κ = 28749

20000 , C = 9597
40000 , A0 = 11251

20000),

M0
(4

5 , 4,
3
5 ,

31
20
)

= 19190
8000 (κ = 2883

2000 , C = 651
1600 , A0 = 1117

2000),

M1
(
4, 4, 1

4 , 2
)

= 77
32 (κ = 1, C = 3

32 , A1 = 1
2).

(4.2)

In each case 1
2 ≤ Aj ≤ 308

250 , so the maximum in Mj is attained at h = 2 (in the third case also at
h = 1), and the values follow by rational arithmetic.

The first gap. If u = 0 on {q1 ≤ 2}, then all four radii exceed 2 on the support of u, and the
first value gives

q4,2[u]− U0∥u∥2 ≥
(1406349

484600 −
5089
4000

)
∥u∥2 = 15796333

9692000 ∥u∥
2 >

1629
1000∥u∥

2.

The second gap. Suppose u = 0 on {q2 ≤ 4}. Let θ(r) be zero for r ≤ 4/5, affine from zero
to π/2 on [4/5, 4], and π/2 for r ≥ 4. For S ⊂ {1, . . . , 4} let χS =

∏
i∈S cos θ(ri)

∏
i/∈S sin θ(ri).

Then
∑

S χ
2
S = 1 and h[u] =

∑
S h[χSu] − 1

2
∫ ∑

i |θ′(ri)|2|u|2. On the support of u at most
one radius lies below 4. Hence χSu = 0 for |S| ≥ 2, and the localization error is at most
1
2 |θ

′|2 = π2/(8 · (16/5)2) = π2/81.92 < 987
8192 , using π2 < 9.87. The term with S = ∅ has all radii

above 4/5 and is bounded by the second value in (4.2). A term with S = {i} has ri < 4 and the
other three radii above 4, and is bounded by the third value. The localized spinors are global
H1 functions. Their vanishing conditions, sliced in the other variables, give the Dirichlet traces
required by Lemma 3.3. No symmetry is needed. Since 19190

8000 < 77
32 ,

q4,2[u]−U0∥u∥2 ≥
(1406349

484600 −
77
32 −

987
8192

)
∥u∥2 >

(
2.90208− 2.40625− 0.12049

)
∥u∥2 > 3

8∥u∥
2.

The displayed decimals are outward roundings of the three rationals. The exact difference is
0.37534 . . . > 0.375. All arithmetic in this proof is rational and is replayed by certify_gaps.py
with the cap U0 as its argument.

We next compare the weighted form Mβ,U of Proposition 3.4 with a sum of one-electron
operators. Let g be the piecewise affine function of Definition D.1, which we call the screen. Let
h be the scalar spatial operator with closed form

qh[v] = 1
2

∫
R3

(2 + |x|2)|∇v|2 dx+
∫
R3

(
− 4
|x|
− 3

2 + g(|x|)
)
|v|2 dx (4.3)

on {v ∈ H1(R3) :
∫
|x|2|∇v|2 <∞}. Let hi act as h⊗ IC2 on electron i.

Lemma 4.3 (Occupation). Suppose t0 < t1 satisfy n−(h − t0) = 0 and n−(h − t1) ≤ 1,
spin excluded. Then every compactly supported fermionic u ∈ H1 satisfies

∑4
i=1⟨u, hiu⟩ ≥

(2t0 + 2t1)∥u∥2.
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Proof. Let Π = 1(−∞,t1)(h), of rank at most one. The index hypotheses give h ≥ t1I − (t1 − t0)Π
in the form sense, and Π⊗ IC2 has rank at most two. In an orthonormal wedge basis adapted
to its range, each spin orbital occurs at most once, so the occupation of that range is at most
min{4, 2} = 2 for every fermionic state. Hence

∑
i⟨u, hiu⟩ ≥ [4t1 − 2(t1 − t0)]∥u∥2.

Theorem 4.4. Under Set-ups 2.1 and 2.2, E4(2) = E3(2), and H4(2) has no nonzero L2

eigenfunction at any energy at or below E3(2).

Proof. We verify the hypotheses of Proposition 3.4 with N = 4, Z = 2, β = 2, U = U0, J = {1, 2},
da = δa and

λ1 = 22
25 , λ2 = 19

100 .

The inequality U0 ≥ E3(2) was noted after (4.1), and Lemma 4.2 supplies the exterior hypotheses.
Let Ba and M2,U0 be the moment functions and the weighted form of Proposition 3.4 for these
constants. With f(r) = 2r + g(r) they are precisely the functions in Definition D.1.

Lower bound for the repulsion. Lemma D.2 gives, almost everywhere on (R3)4,

∑
i<j

r2
i + r2

j + 2
dij

≥
4∑

i=1
f(ri)− λ1B1(q1)− λ2B2(q2)− 1.

Inserting this into M2,U0 and using −2(ri + 2/ri) + f(ri) = −4/ri + g(ri) and 3N/2 = 6 = 4 · 3
2 ,

M2,U0 [u] +
2∑

a=1
λa

∫
Ba(qa)|u|2 ≥

4∑
i=1
⟨u, hiu⟩ − ∥u∥2 − 2U0∥u∥2

for every compactly supported fermionic u ∈ H1.
Lower bound for the one-electron operators. Lemma D.4 gives n−(h+ 197

100) = 0 and n−(h+ 3
25) ≤

1, spin excluded. Lemma 4.3 with t0 = −197
100 , t1 = − 3

25 gives
∑

i⟨u, hiu⟩ ≥ −209
50 ∥u∥

2.
Conclusion. Consequently

M2,U0 [u] +
2∑

a=1
λa

∫
Ba(qa)|u|2 ≥

(
−209

50 − 1 + 1406349
242300

)
∥u∥2 = 151235

242300∥u∥
2 >

624
1000∥u∥

2.

All hypotheses of Proposition 3.4 hold with ε = 624
1000 . Its conclusion gives the energy equality and

excludes every nonzero L2 eigenfunction at or below E3(2), including the threshold.

Remark 4.5 (Comparison with the lithium dianion). Theorems 4.4 and 7.2 are two instances
of Proposition 3.4 with the same weight r2, the same constant β = 2 and two ordered-radius
moments. The helium instance is simpler. It does not reserve part of the angular kinetic energy,
and it needs no fixed radial fields such as those of Definition A.1. A single screen g with five
knots suffices, and the geometric certificate covers the four ordered radii directly. The margin
0.624 hartree is large compared with the 10−5 margin of the lithium instance. A distant electron
sees the net charge N − 1− Z = 1 in both cases. The difference is the size of the core loss, which
grows with Z.
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5 The helium monoanion
We prove that a helium nucleus does not bind three electrons (Theorem 5.6). The lower bound
must equal the neutral helium energy E = E2(2) exactly, so a numerical approximation of E does
not suffice.

The proof splits the configuration space into two regions. In the interior region K7, all three
electrons lie within distance 7 of the nucleus. In the exterior region Ω7, at least one electron
lies farther away. On Ω7, a localization argument bounds the Coulomb form below by E plus a
positive boundary term (Lemma 5.5). On K7, finite matrix computations bound the form below,
up to the same boundary term, in the two symmetry sectors of lowest energy (Lemma B.1 in
Appendix B). The boundary terms cancel when the two bounds are added. The other symmetry
sectors are treated separately (Lemma 5.4). All of these steps use bounds on the ground state of
neutral helium (Lemma 5.3).

We use two standard results. The first is Temple’s inequality for an isolated ground level [18,
Theorem 4.13].

Theorem 5.1 (Temple’s inequality). Let A be self-adjoint and bounded below, let E = inf σ(A) < b,
and suppose σ(A) \ {E} ⊂ [b,∞). For v ∈ D(A) with ∥v∥ = 1 put µ = ⟨v,Av⟩. If µ < b, then

µ− ∥(A− µ)v∥2

b− µ
≤ E ≤ µ.

The second is the local regularity result needed at the threshold, namely the analyticity
away from collisions stated in [19, p. 3, equations (1.5)–(1.7) and the following paragraph]. The
dilation yi = 2xi, followed by division of the equation by two, converts our Hamiltonian into that
reference’s normalization.

Theorem 5.2 (Off-collision analyticity). Let N ≥ 1 be an integer, Ω ⊂ (R3)N be open, Z > 0,
and λ ∈ R. Define the collision set

Σ =
⋃
i

{xi = 0} ∪
⋃
i<j

{xi = xj}.

Every distributional solution on Ω of−1
2
∑

i

∆i − Z
∑

i

|xi|−1 +
∑
i<j

|xi − xj |−1 − λ

 v = 0

is real analytic on Ω \ Σ.

Three sets of data used below are supplied in the accompanying code/data release of Set-up 2.2.
They are the coefficients of a trial function for neutral helium, a table of rational bounds on its
radial tails, and a table of rational numbers used in the exterior estimate. The interior matrix
estimates are proved in Appendix B.

Lemma 5.3 (Neutral spectral and spatial bounds). Assume Set-ups 2.1 and 2.2 for the degree-
fourteen neutral-helium calculation. Let E = E2(2) and let (Pj)128

j=8 be the fixed rational neutral
tail table in the accompanying code/data release. Define

p0(t) =


1, 0 ≤ t < 1,
P⌊8t⌋, 1 ≤ t < 16,
P128, t ≥ 16,

(M1,M2,M3,M4) = (1094533, 2003681, 5206311, 17861539)
106 .
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Then E is a simple eigenvalue with a normalized rotationally invariant spin-singlet eigenfunction
Φ, and

−2.903724674 < E < −2.903724372, H2(2)
∣∣
Φ⊥ ≥

(
E + 67039

100000

)
I.

For i = 1, 2, k = 1, 2, 3, 4, and t ≥ 0,

∥rk
i Φ∥ ≤Mk, ∥1{ri≥t}Φ∥2 ≤ p0(t).

The function p0 is nonnegative, bounded by one, and nonincreasing.

Idea of the proof. We evaluate the energy and the residual of an explicit trial function in exact
arithmetic. Temple’s inequality then encloses E, and a comparison with hydrogenic operators
gives the spectral gap. The trial function is close to Φ in norm, which transfers its moment and
tail bounds to Φ. The full proof is in Appendix E.2.

Lemma 5.4 (Complementary sectors). Assume Set-ups 2.1 and 2.2 for the neutral calculation
and the two rational pair-matrix checks. Put E = E2(2) and ρ2 = r2

1 + r2
2 + r2

3. Then the following
inequalities hold on the fermionic H1 form domain.

1. Every vector u in a total-spin-3/2 sector, or in a total-spin-1/2 sector of orbital angular
momentum L and parity different from (−1)L, satisfies

q3,2[u] ≥ −49
18∥u∥

2 > E∥u∥2 if u ̸= 0.

2. Every vector u in the closed sum of sectors of total orbital angular momentum L ≥ 2 satisfies

q3,2[u]− E∥u∥2 ≥ 1
80

∫
ρ−2|u|2.

Idea of the proof. The sectors in the first assertion contain no configuration with a doubly
occupied 1s shell. A hydrogenic comparison, corrected by the electron repulsion, bounds all other
configurations. For the second assertion, we bound the two-electron operator of each pair from
below, localize in the ratios ri/ρ, and use Hardy inequalities and the angular kinetic energy. The
full proof is in Appendix E.3.

Lemma 5.5 (Exterior trace at the neutral threshold). Assume Set-ups 2.1 and 2.2 for the fixed
neutral and exterior calculations. Let E = E2(2), B7 = {x ∈ R3 : |x| < 7}, K7 = (B7)3, and
Ω7 = {(x1, x2, x3) : maxi ri > 7}. For antisymmetric u ∈ H1(Ω7;C8) let q>[u] be the Coulomb
volume form of Set-up 2.1, restricted to Ω7, with no boundary term. Then

q>[u]− E∥u∥2L2(Ω7) ≥
1
16

∫
∂K7
|Tru|2 dS.

The measure dS is Euclidean surface measure on the three exposed faces, and the trace is
unrestricted. The inequality holds in every spin, orbital-angular-momentum, and parity sector.

Idea of the proof. We localize according to which electrons have radii comparable to the
largest radius. When exactly one electron has this property, the spectral gap of neutral helium
from Lemma 5.3 controls its coupling to the other two electrons. Completing a square in its radial
variable then absorbs the localization error and leaves the boundary term. In the other cases the
form exceeds E by a positive amount. The full proof is in Appendix E.4.
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Theorem 5.6. Under Set-ups 2.1 and 2.2,

E3(2) = E2(2), H3(2) ≥ −2.903724674 I.

For every real λ ≤ E2(2), ker(H3(2)− λI) = {0}.

Proof. The proof has three steps. We first add the interior and exterior bounds, whose boundary
terms cancel. We then combine the bounds for all symmetry sectors. Finally we show that a
threshold eigenfunction vanishes on K7, and we extend this vanishing to the whole space by
analyticity.

Matching at the exact threshold. Put E = E2(2). Let K7,Ω7, q> be as in Lemma 5.5. Let the
full sectors S, P , the form q<, and the constants z, ηS , ηP be as in Lemma B.1 in Appendix B.
The execution hypothesis of that lemma is Set-up 2.2. Its volume form has the same Hartree
normalization and spin summation as q>. For J ∈ {S, P} and a fermionic H1 vector u in the
full sector J , restriction preserves antisymmetry and sector membership, and the two restrictions
have the same trace. Adding Lemmas B.1 and 5.5 therefore gives

q3,2[u]− E∥u∥2 ≥ (z + ηJ − E)∥u∥2L2(K7). (5.1)

The two boundary coefficients are both 1/16 with the same Euclidean surface measure. Lemma 5.3
gives E < z, so both coefficients on the right are strictly positive. The numerical bounds and the
completeness of the interior spaces, including every magnetic component, are precisely those of
Lemma B.1. No boundary condition is imposed on the restrictions of u.

Exhaustion and equality of energies. Spatial rotations, spin rotations, and inversion reduce
the Coulomb operator. Three spin-1/2 particles have total spin 1/2 or 3/2. Their orbital angular
momenta are the integers L ≥ 0 and their parities are ±1. Lemma 5.4 covers the quartets, the
doublets with parity different from (−1)L, and every L ≥ 2. The remaining sectors are exactly
S and P , controlled by (5.1). Orthogonal summation yields H3(2) ≥ EI on the unrestricted
fermionic space. Theorem 3.1 places E in its essential spectrum, so E3(2) ≤ E as well. This
proves equality. The lower neutral endpoint in Lemma 5.3 gives the stated numerical operator
bound.

Exclusion at threshold. Suppose Ψ ∈ D(H3(2)) and H3(2)Ψ = EΨ. Every symmetry projection
satisfies the same eigen-equation. The first bound in Lemma 5.4 annihilates the quartet and the
indicated parity projections. Its second bound annihilates every remaining projection with L ≥ 2,
since ρ−2 > 0 almost everywhere. Equation (5.1) makes the S and P projections vanish on K7.
Thus the entire eight-component spinor Ψ vanishes almost everywhere on K7.

To apply Theorem 5.2 componentwise, let A be the orthogonal antisymmetrizer on the full
spin space and q̃ the polarized Coulomb form on its full H1 domain. Permutation invariance
implies q̃(Ψ, φ) = q̃(Ψ,Aφ) and ⟨Ψ, φ⟩ = ⟨Ψ,Aφ⟩. The fermionic eigen-equation consequently
holds against every smooth compactly supported spinor test. Each scalar spin component solves
the Coulomb equation distributionally and is real analytic on R9 \ Σ, with Σ as in Theorem 5.2.

This open set is connected. In fact its excluded sets are six linear subspaces Vj of dimension
six. For two points a, b outside them choose c outside the finite union of Vj + span{a} and
Vj + span{b}. These spaces have dimension at most seven, and the two segments from a to c to b
avoid every Vj . The nonempty open set K7 \ Σ contains, for example, ((1, 0, 0), (2, 0, 0), (3, 0, 0)).
Almost-everywhere vanishing there implies pointwise vanishing of each analytic representative
by continuity. The identity theorem for real analytic functions gives vanishing throughout the
connected collision-free set. Finally Σ has measure zero, so Ψ = 0 in the Hilbert space. The lower
form bound already excludes every λ < E, completing the assertion at and below threshold.
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6 Binding of the lithium anion
We prove that the lithium anion is strictly bound. To do so, we bound the anion energy E4(3)
from above (Proposition 6.1) and the neutral energy E3(3) from below (Proposition 6.2).

The upper bound is variational. Its trial function is an antisymmetrized sum of 150 explicitly
correlated Gaussians with integer parameters, so all matrix elements can be enclosed using exact
arithmetic.

The lower bound has three steps. First, a scaling argument and the helium bound of
Theorem 5.6 compare H3(3) with a sum of hydrogenic operators. This comparison gives the
required bound in every symmetry sector except two. Second, in each of the two remaining
sectors we add a rank-one projection onto a hydrogenic configuration, which makes the shifted
Hamiltonian positive. Third, we show that the rank-one term is strictly smaller than the resulting
operator, in the manner of the Birman–Schwinger principle. The third step uses certified inner
products from Appendix C.

Proposition 6.1. Under Set-ups 2.1 and 2.2,

E4(3) < −7.497020240.

Idea of the proof. The norm and the energy of the trial function are sums of 45300 closed-form
Gaussian integrals. We enclose each term between integers in exact arithmetic and obtain an
upper bound for the Rayleigh quotient. The full proof is in Appendix E.5.

Proposition 6.2. Under Set-ups 2.1 and 2.2,

E3(3) > −7.493955380.

Proof. We follow the three steps described at the beginning of this section. All operator compar-
isons below are comparisons of quadratic forms.

The comparison operator and the remaining sectors. Set

t = 5
8 , a = 1− t = 3

8 , Q = 1
a

= 8
3 , C = −2.903724674, z = −7.494, κ = 5

72a = 5
27 .

Write T = −1
2
∑3

i=1 ∆i, V =
∑

i<j d
−1
ij and A =

∑
i r

−1
i . The unitary dilation Dsf(X) =

s9/2f(sX), s > 0, satisfies

D∗
1/t(tT − 2A+ V)D1/t = t−1H3(2).

Theorem 5.6 consequently gives

H3(3) ≥ C

t
+Ga, Ga =

3∑
i=1

(
−a2∆i −

1
ri

)
. (6.1)

By the hydrogenic spectrum theorem (Theorem 3.2; [18, Theorem 10.9]), the one-electron levels in
Ga are ϵn = −1/(2an2). Let N1 count occupation of its spatial 1s orbital, including spin. There
are two 1s spin orbitals, so N1 has values 0, 1, 2. On the subspace N1 ≤ 1,

Ga ≥ 3ϵ2 + (ϵ1 − ϵ2)N1 ≥ ϵ1 + 2ϵ2 = − 3
4a. (6.2)
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On N1 = 2, the core has orbital angular momentum zero, even parity and spin zero. The valence
orbital therefore determines total orbital angular momentum L and parity (−1)L. If L ≥ 2, its
principal index is at least three, and Theorem 3.2 bounds the entire valence space below by ϵ3.
In every sector except L = 0 with even parity and L = 1 with odd parity, either this bound or
(6.2) applies. Thus these other sectors obey

H3(3) ≥ βI, β = C

t
− 19

18a. (6.3)

This includes opposite-parity sectors, in which a filled 1s core is impossible. The spectral
complement bounds in Theorem 3.2 include the continuous subspace.

It suffices to examine orbital magnetic number zero and spin magnetic number 1/2. Orbital and
spin rotations commute with the Hamiltonian and its form: every integer-L orbital representation
contains magnetic number zero, and each of the three-electron spin representations 1/2, 3/2
contains spin magnetic number 1/2. Bounds on these components therefore hold on their full
magnetic multiplets. For T ∈ {S, P} put ℓS = 0, ℓP = 1, and let BT denote the sector with
L = ℓT , parity (−1)ℓT and those two magnetic numbers, without restricting total spin. Write
HT = H3(3)|BT

.
The hydrogenic configurations and an inverse bound. Use the trial functions uT and the

vectors pT,n of Definition C.1. We call the vectors pT,n sources. By (6.4) below, they are the
antisymmetrized hydrogenic configurations with a filled 1s shell and the third electron in the
level n. The spatial representation of the trial functions and sources is antisymmetric under the
exchange P13 of the positions 1 and 3. Extending its ↑↓↑ component, divided by

√
3, to the other

two spin strings by signed permutations is well-defined and isometric: the stabilizer is generated
by (13) and the three component norms are equal. This identifies the spatial and physical scalar
products, without a further spin factor.

To fix the source phases, let ϕ100(x) = (Q3/π)1/2e−Q|x|, and choose the real, normalized
charge-Q orbitals ϕnL0 with angular factors Y00 = 1/

√
4π and Y10(x̂) =

√
3/(4π)x3/|x|, and

positive leading radial coefficient at the origin. The Laguerre polynomials and positive constants
in Definition C.1 give, with these phases,

pT,n = 1− P13√
2

[ϕ100(x1)ϕ100(x2)ϕnℓT 0(x3)]. (6.4)

For S this identity uses L(1)
n−1(y) =

∑n−1
j=0 (−1)j

( n
n−1−j

)
yj/j!; for P the valence radial polynomials

are 1 and 1−Qr/6. Orthogonality of the valence orbitals to the core and to each other makes these
sources orthonormal. They span the indicated discrete levels of the filled-core space. Lemma C.14
places both trials and sources in D(H3(3)). Their stated symmetries and the reducing character
of BT therefore place them in D(HT ).

Set mS = 6, mP = 3, and let PT,n = |pT,n⟩⟨pT,n| for 2 ≤ n ≤ mT . For every integer n ≥ 2
define

gn = C

t
− 1 + 1/(2 max(3, n)2)

a
− z = 170037989

937500000 −
4

3 max(3, n)2 .

Then g2 = g3 = β − z > 0.0332257, and gn is nondecreasing. Put KT = HT − zI + κPT,2. Since
κ = ϵ3 − ϵ2, the rank-one term κPT,2 raises the comparison level of the source with n = 2 to the
level n = 3. On the orthogonal complement of pT,2, . . . , pT,mT

, Theorem 3.2 gives the lower bound
2ϵ1 + ϵmT +1 on the part with N1 = 2, and (6.2) is stronger on the part with N1 ≤ 1. Hence

KT ≥ gmT +1I +
mT∑
n=2

(gn − gmT +1)PT,n ≥ g2I > 0. (6.5)
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The variational identity

⟨f,K−1
T f⟩ = sup

v∈D(K1/2
T )
{2 Re⟨f, v⟩ − ∥K1/2

T v∥2}

then yields

K−1
T ≤ 1

gmT +1
I +

mT∑
n=2

( 1
gn
− 1
gmT +1

)
PT,n. (6.6)

This argument does not assume that HT commutes with the projections PT,n.
Bound on the rank-one term. Set cS = 1.026, cP = 1.007, wT = cTuT , and define

ηT = (HT − zI)wT , bT = ⟨pT,2, wT ⟩, eT = ⟨wT , ηT ⟩, dT = ∥ηT ∥2,
vT,n = ⟨pT,n, ηT ⟩, jT = 1− κbT , ρT = pT,2 −KTwT = jT pT,2 − ηT .

All these scalar products are real, and wT ∈ D(KT ) by the domain assertion above. Expanding
the residual gives the exact identity

⟨pT,2,K
−1
T pT,2⟩ = 2bT − eT − κb2

T + ⟨ρT ,K
−1
T ρT ⟩.

Using (6.6), define the upper bound

ST = κ

[
2bT − eT − κb2

T + j2
T − 2jT vT,2 + dT

gmT +1

+
mT∑
n=2

( 1
gn
− 1
gmT +1

)
(jT 1n=2 − vT,n)2

]
.

(6.7)

Thus κ⟨pT,2,K
−1
T pT,2⟩ ≤ ST . If ST ≤ sT < 1, Cauchy–Schwarz applied to K−1/2

T pT,2 and K
1/2
T f

gives κ|⟨pT,2, f⟩|2 ≤ sT ⟨f,KT f⟩ for every form-domain vector f . Subtraction of the rank-one
term and (6.5) imply

HT ≥
[
z + (1− sT )g2

]
I. (6.8)

Evaluation from the certified intervals. Lemma C.14 encloses in rational intervals the inner
products among the trial functions, the sources and the images of the trial functions under the
Hamiltonian. We call these inner products moments. The lemma uses hT = (H3(3) + 15/2)uT .
Consequently, at z = −7.494,

ηT = cT (hT − δuT ), δ = 0.006.

Denote the moments that enter by

AT = ⟨uT , hT ⟩, DT = ∥hT ∥2, NT = ∥uT ∥2, BT,n = ⟨pT,n, uT ⟩, VT,n = ⟨pT,n, hT ⟩.

They enter through the exact identities

bT = cTBT,2, eT = c2
T (AT − δNT ),

dT = c2
T (DT − 2δAT + δ2NT ), vT,n = cT (VT,n − δBT,n).

(6.9)

No normalization of uT is introduced.

15



We now bound SS and SP using only the rational endpoints of these intervals. Temporarily
suppress T , and let subscripts − and + on A,D,N,Bn, Vn denote the endpoints printed in
Lemma C.14. Set

b± = cB2,±, e− = c2(A− − δN+),
d+ = c2(D+ − 2δA− + δ2N+), vn,± = c(Vn,± − δBn,∓),
j− = 1− κb+, j+ = 1− κb−.

These formulas give outward bounds by their coefficient signs. The specified endpoints satisfy
b− > 0, j− > 0, v2,− > 0 and j− − v2,+ > 0. Define

FT = 2b+ − e− − κb2
−, RT = j2

+ − 2j−v2,− + d+,

aT,2 = j+ − v2,−, aT,n = max(|vn,−|, |vn,+|) (3 ≤ n ≤ mT ).

Positivity of the coefficients in (6.7) gives

ST ≤ κ
[
FT + RT

gmT +1
+

mT∑
n=2

( 1
gn
− 1
gmT +1

)
a2

T,n

]
.

Table 1 gives integer upper bounds for 1015 times each term in these brackets. Each comparison
uses just the rational endpoints above and the displayed formula for gn. Equivalently, it is verified
by multiplying by the positive denominators.

Table 1: Integer upper bounds for 1015 times the terms in the bound for ST . The row indexed by
n bounds (g−1

n − g−1
mT +1)a2

T,n.
Term S P

FT 4740317261675618 2838404429685468
RT /gmT +1 567896606970620 1791632727708472
n = 2 20913699346983 123610754064044
n = 3 62462513402733 139024913705375
n = 4 1036687051373 –
n = 5 105796401819 –
n = 6 14991159233 –
Sum 5392747556008379 4892672825163359

The final strict comparisons are the integer identities

27 · 998656955 · 106 − 5 · 5392747556008379 = 4958105 > 0,
27 · 906050524 · 106 − 5 · 4892672825163359 = 22183205 > 0.

Hence SS < 0.998656955 and SP < 0.906050524. This endpoint calculation covers every com-
bination of values in the certified intervals. It requires no assumption on correlations between
them.

Take s∗ = 0.998656955, the larger of the two bounds. Equation (6.8) controls both remaining
sectors, and (6.3) controls all other orbital and parity sectors. The rotation argument includes
every spin and magnetic sector. Since z + (1− s∗)g2 < z + g2 = β, they give on the full fermionic
space

H3(3) ≥
[
z + (1− s∗)g2

]
I.
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Finally,

(1− s∗)g2 > 0.001343045 · 0.0332257 = 0.0000446236102565 > 0.000044620,

so E3(3) > −7.493955380, as asserted.

7 The lithium dianion
We prove that a lithium nucleus does not bind five electrons. As for the helium dianion, the proof
applies Proposition 3.4. The upper bound on the threshold E4(3) comes from Proposition 6.1. The
lemma below supplies the exterior gaps. Positivity of the weighted form is the computer-assisted
Lemma A.3 of Appendix A.

Lemma 7.1 (Exterior gaps). Set

U0 = −37431243
5000000 , (b1, δ1) =

(26
25 ,

129
40

)
, (b2, δ2) =

(103
50 ,

3469
5000

)
.

Let a ∈ {1, 2} and let u belong to the fermionic form domain of H5(3). If u vanishes almost
everywhere on {qa ≤ ba}, then

q5,3[u]− U0∥u∥2 ≥ δa∥u∥2.

Proof. Let h denote the Coulomb integral of Set-up 2.1 with N = 5 and Z = 3 on the full space
H1((R3)5;C32) without a symmetry restriction. It agrees with q5,3 on fermionic vectors. We apply
Lemma 3.3 with N = 5, Z = 3, so that a core electron contributes−9/2 and Aj = 3−κ−jR/(R+b).
The three parameter choices used are

M0(26/25, 26/25, 25/39, 5/3) = 25925
6084 ,

M0(3/5, 103/50, 125/128, 8/5) = 604295
98304 ,

M1(103/50, 103/50, 50/103, 2) = 131831
21218 .

(7.1)

Indeed the corresponding Aj are 428/351, 1/2 and 115/206, so the maximum in Mj is attained
at h = 2 in each case, and the values follow by rational arithmetic.

The first exterior gap. If u = 0 on {q1 ≤ 26/25}, then all five radii exceed 26/25 on the
support of u. The first value in (7.1) gives

q5,3[u]− U0∥u∥2 ≥
(129

40 + 545603
7605000000

)
∥u∥2.

The second exterior gap. Suppose u = 0 on {q2 ≤ b2}. Let θ(r) be zero for r ≤ 3/5, affine
from zero to π/2 on [3/5, b2], and equal to π/2 for r ≥ b2. For S ⊂ {1, . . . , 5} put

χS =
∏
i∈S

cos θ(ri)
∏
i/∈S

sin θ(ri).

Then
∑

S χ
2
S = 1, and the quadratic-form localization identity is

h[u] =
∑
S

h[χSu]− 1
2

∫ ∑
i

|θ′(ri)|2|u|2.
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At most one radius lies below b2 on the support of u. Hence the localization error is at most
π2∥u∥2/[8(b2 − 3/5)2], and χSu = 0 when |S| ≥ 2. The term with S = ∅ has all five radii
above 3/5. For S = {i}, the radius ri is below b2 and the other four are above b2. The localized
spinors are global H1 functions. Their vanishing conditions, sliced in the other variables, give the
Dirichlet traces required by Lemma 3.3. No symmetry of the localized spinors is required. The
last two bounds in (7.1), together with

604295
98304 <

123
20 <

31
5 <

131831
21218 ,

therefore give

q5,3[u] ≥ −
(

131831
21218 + π2

8(b2 − 3/5)2

)
∥u∥2.

Using π < 22/7, the remaining comparisons are

131831
21218 <

310659
50000 ,

π2

8(b2 − 3/5)2 <
151250
261121 <

14481
25000 ,

and
−U0 −

310659
50000 −

14481
25000 = 3469143

5000000 >
3469
5000 .

This proves the second gap and completes the two cases.

Theorem 7.2. Under Set-ups 2.1 and 2.2, E5(3) = E4(3), and H5(3) has no nonzero L2

eigenfunction at any energy at or below E4(3).

Proof. Use U0, ba, δa from Lemma 7.1, and set

β = 2, J = {1, 2}, λ1 = 83
250 , λ2 = 527

1000 .

Proposition 6.1 supplies the required upper bound on the threshold:

E4(3) < −7.497020240 < U0.

With N = 5, Z = 3, U = U0 and da = δa, let Ba and M2,U0 be the moment functions and
weighted form defined in Proposition 3.4. Its exterior hypotheses hold by Lemma 7.1. Lemma A.3
in Appendix A uses precisely these constants and moment functions, and gives

M2,U0 [u] +
2∑

a=1
λa

∫
Ba(qa)|u|2 ≥ 1

100000∥u∥
2

for every compactly supported fermionic u ∈ H1. Thus all hypotheses of Proposition 3.4 hold
with ε = 1/100000. Its conclusion gives both the energy equality and the exclusion of every L2

eigenfunction at or below E4(3).
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8 Electron counts
This section completes the proof of Theorem 1.1. We first treat every electron count above the
dianions (Proposition 8.2). Lieb’s bound covers all of these cases except lithium with six electrons,
which needs a separate argument. We then combine the results of Sections 4–7 (Theorem 1.1).

We use Lieb’s bound [4] in the following form, which includes a possible eigenvalue at the
removal threshold. See [10, Section 2.1, equations (3)–(6)].

Theorem 8.1 (Lieb’s ionization bound). Let N ≥ 2 be an integer and Z > 0. If EN (Z) is an
eigenvalue of HN (Z), then N < 2Z + 1.

Proposition 8.2. Let N ≥ 2 be an integer and Z > 0. Suppose either Z = 2 and N ≥ 5, or
Z = 3 and N ≥ 6. Then EN (Z) = EN−1(Z) and this energy is not an L2 eigenvalue of HN (Z).

Proof. Lieb’s bound treats all cases except (N,Z) = (6, 3). For that case we combine three
ingredients. The first is a pointwise inequality for the weighted electron repulsion. The second is
Lieb’s argument with a quadratic weight, as in the proof of Proposition 3.4, which bounds the
mean radius of an eigenfunction. The third is an upper bound on the repulsion energy from the
virial theorem and the Pauli principle.

By Theorem 3.1, EN (Z) ≤ EN−1(Z), and a strict inequality makes EN (Z) a discrete eigenvalue.
Consequently, absence of a ground eigenvalue implies both conclusions. Theorem 8.1 gives this
absence for Z = 2, N ≥ 5, and for Z = 3, N ≥ 7.

The six-particle geometric inequality. For X = (x1, . . . , x6) ∈ (R3)6, put

R(X) =
6∑

i=1
ri, v(X) =

∑
i<j

r2
i + r2

j

dij
.

We claim that, almost everywhere,

v(X) ≥ 2657
800 R(X). (8.1)

Work away from the collision and zero-radius sets. For each pair i < j,

r2
i + r2

j

dij
≥ 1223

1600(ri + rj) + 153
100

xi · xj

ri + rj
+ 189

200
3(xi · xj)2 − r2

i r
2
j

(ri + rj)3 . (8.2)

To verify this, set s = ri + rj , θ = dij/s, z = 1− θ2 and t = 4rirj/s
2. The triangle inequalities

give 0 < θ ≤ 1 and z ≤ t ≤ 1. The difference between the two sides of (8.2), divided by s, is

F (t) = 1− t/2
θ

− 1223
1600 −

153
100

(
z

2 −
t

4

)
− 189

200

(
3z2

4 −
3zt
4 + t2

8

)
.

This is concave in t, and its endpoint values satisfy

800θF (1) = (1− θ)(3θ − 2)2(63θ2 + 147θ + 100),

1600θF (z) = 800
(
θ − 239

400

)2
+ 23837

600 + 801
(
θ − 2

3

)2 (
θ + 4

3

)
+ 189θ3(1− θ2).

Both are nonnegative, proving (8.2).
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Write I3 for the 3 × 3 identity matrix and ∥ · ∥HS for the Hilbert–Schmidt norm. Set
Qi =

√
3xix

T
i − r2

i I3/
√

3. Then tr(QiQj) = 3(xi · xj)2 − r2
i r

2
j and ∥Qi∥2HS = 2r4

i . Expanding the
squares in the following Laplace integrals gives

0 ≤
∫ ∞

0

∣∣∣∣∣
6∑

i=1
e−urixi

∣∣∣∣∣
2

du = R

2 + 2
∑
i<j

xi · xj

ri + rj
,

0 ≤
∫ ∞

0

u2

2

∥∥∥∥∥
6∑

i=1
e−uriQi

∥∥∥∥∥
2

HS
du = R

4 + 2
∑
i<j

3(xi · xj)2 − r2
i r

2
j

(ri + rj)3 .

Summing (8.2) therefore gives

v ≥
(

51223
1600 −

153
400 −

189
1600

)
R = 2657

800 R,

as asserted.
A radius bound valid at threshold. Suppose that a normalized Ψ ∈ H6 satisfies H6(3)Ψ = EΨ,

where E = E6(3). It belongs to the Coulomb form domain. Write ρ = |X| = (
∑

i r
2
i )1/2, and

choose a smooth nonincreasing χ : [0,∞)→ [0, 1] equal to one on [0, 1] and zero on [2,∞). For
L > 0, set χL(X) = χ(ρ/L), fL = χLΨ and K = ∥χ′∥∞. These cutoffs preserve antisymmetry.

For each label i, rifL is antisymmetric in the other five labels. Since E ≤ E5(3), the quadratic
form of the five-electron Hamiltonian in these labels minus E is nonnegative. The omitted
coordinate and its spin are integrated as parameters. Test the weak eigenvalue equation with
ρ2χ2

LΨ and split off these six nonnegative forms. Using ∆ρ2 = 36 gives

1
2

6∑
i=1

∫
r2

i |∇ifL|2 − 9∥fL∥2 +
∫

(v − 3R)|fL|2

≤ 1
2

∫ (
ρ2|∇χL|2 + 2χLX · ∇χL

)
|Ψ|2 ≤ 2K2

∫
ρ≥L
|Ψ|2.

The last inequality uses X · ∇χL ≤ 0 and ρ2|∇χL|2 ≤ 4K2 on the cutoff annulus. All multipliers
in the weak equation are bounded with bounded derivatives and compact support, so the identity
uses no moment assumption on Ψ. Integration by parts, first for smooth functions and then by
H1 approximation on compact support, gives for each label i and such a function f∫

r2
i |∇if |2 ≥ ∥xi · ∇if∥2 =

∥∥∥∥xi · ∇if + 3
2f
∥∥∥∥2

+ 9
4∥f∥

2.

Together with (8.1), this yields

257
800

∫
R|fL|2 ≤

9
4∥fL∥2 + 2K2

∫
ρ≥L
|Ψ|2.

Fatou’s lemma and fL → Ψ in L2 now give

0 < S :=
∫
R|Ψ|2 ≤ 1800

257 . (8.3)

Incompatible repulsion bounds. Define the finite expectations

T = 1
2

6∑
i=1

∫
|∇iΨ|2, U =

∫ 6∑
i=1

|Ψ|2

ri
, W =

∫ ∑
i<j

|Ψ|2

dij
.
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Their finiteness follows from the Coulomb form domain and Hardy’s inequality. The fifteen pairs
satisfy ∑

i<j

1
dij
≥
∑
i<j

1
ri + rj

≥ 152

5R = 45
R
.

Cauchy–Schwarz against the probability density |Ψ|2, followed by (8.3), gives

W ≥ 45
∫
R−1|Ψ|2 ≥ 45

S
≥ 257

40 . (8.4)

An elementary two-electron trial function bounds T from below. For α > 0 and x ∈ R3,
set ϕα(x) = (α3/π)1/2e−α|x|. The normalized determinant formed by pairing ϕα with the two
orthonormal spin states has energy at Z = 3 equal to α2−6α+ 5α/8. Indeed, the angular average
of |x− y|−1 at fixed radii ξ, η > 0 is 1/max{ξ, η}, and hence its repulsion integral is

32α6
∫ ∞

0
ξe−2αξ

(∫ ξ

0
η2e−2αη dη

)
dξ = 5α

8 .

Choosing α = 43/16 and using Theorem 3.1 successively gives

E ≤ E2(3) ≤ −1849
256 < −25

4 .

The normalized dilations Ψa(X) = a9Ψ(aX), a > 0, have energy a2T + a(−3U +W ), minimized
at a = 1. Thus 2T − 3U +W = 0, E = −T , and T > 25/4.

By antisymmetry, each normalized spin orbital has occupation at most one. Hence the
one-particle density operator of Ψ has trace six and lies between zero and the identity. For each
ζ > 0, Theorem 3.2 therefore gives

T − ζU ≥ 2
(
−ζ

2

2

)
+ 4

(
−ζ

2

8

)
= −3

2ζ
2.

Optimizing in ζ yields U ≤
√

6T . Put τ =
√
T > 5/2. Since 3

√
3/2 < 15/4,

W = 3U − 2T ≤ 2τ
(

3
√

3
2 − τ

)
< 2τ

(15
4 − τ

)
<

25
4 ;

the last quadratic is decreasing for τ ≥ 5/2 and equals 25/4 at τ = 5/2. This contradicts (8.4).
Thus the six-electron ground energy is not an eigenvalue, and HVZ gives the remaining equality
E6(3) = E5(3).

Proof of Theorem 1.1: Theorems 5.6 and 4.4 give E3(2) = E4(2) = E2(2) and exclude
eigenfunctions at or below this energy for three and four electrons. Proposition 8.2 gives
EN (2) = EN−1(2) for every N ≥ 5 and excludes an eigenfunction at that energy. Induction
proves EN (2) = E2(2) for all N ≥ 3. Theorem 7.2 similarly starts the lithium induction at
E5(3) = E4(3), including threshold exclusion, and Proposition 8.2 supplies every N ≥ 6. Hence
EN (3) = E4(3) for all N ≥ 5, with no eigenfunction at that energy. Since no eigenvalue can lie
below the spectral infimum, these statements give both asserted kernel exclusions.

Strict binding and the counts. Theorem 3.2 and Lemma 4.1 give

E2(2) < −29
10 < −2 = E1(2) < E0(2) = 0.
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The preceding equalities exclude every N ≥ 3 from the helium strict-binding set. That set is
exactly {1, 2}, so Nc(2) = 2. Propositions 6.2 and 6.1 give

E3(3)− E4(3) > (−7.493955380)− (−7.497020240) = 0.003064860.

Thus four belongs to the lithium strict-binding set, whereas the energy equalities exclude every
N ≥ 5. Its supremum is therefore four, irrespective of which smaller electron counts belong to
that set.

A Geometric and radial certificates
This appendix proves Lemma A.3, the positivity of the weighted form that Section 7 uses for
the lithium dianion. We first fix the conventions for the computer-assisted checks. As in the
introduction, a certificate is finite data from which a program verifies a stated inequality. We
also call such data a witness. An exact reader is a program that checks a certificate in exact
arithmetic.

The finite witnesses, polynomial coefficient lists, exact readers and completed execution records
used below are retained in the accompanying code/data release. We identify each dataset by
its mathematical contents. The checks use exact integers and rationals, including signed floor
division. A finite binary64 input denotes its exact dyadic value. Either signed zero denotes zero,
and nonfinite inputs are rejected. Write rn64 for nearest binary64 rounding with even ties, followed
by this exact interpretation. Integer power comparisons certify all radical enclosures. Locally,
Set-up 2.2 means faithful Python integer and rational operations, binary decoding, decompression,
file operations and execution records, with assertions enabled and identical input bytes throughout
each composed execution. Hashes identify artifacts. They are not substitutes for byte preservation
or successful evaluation. The numerical accuracy of the witness-generating program is not used.

A.1 The five-electron weighted form

Several radial estimates below use the following square identity. For 0 ≤ l < u ≤ ∞, a real
function b that is locally Lipschitz on (l, u), a real potential V , and z ∈ H1

loc on (l, u) for which
the boundary terms exist,∫ u

l

(
|z′|2

2 + V |z|2
)

= 1
2

∫ u

l
|z′ − bz|2 +

∫ u

l

(
V − b′ + b2

2

)
|z|2 + 1

2[b|z|2]ul . (A.1)

It follows by expanding the square and integrating its real cross term, so it also holds for complex
z.

Definition A.1. Let hs, hp interpolate affinely the triples in Table 2, with constant continuation
at both ends. The entries of that table are integers and specify (1000r, 1000hs(r), 1000hp(r))
exactly. Put p(r) = r2 + 2 and θ = 27/100. For ℓ = 0, 1, . . ., let Kℓ be the operator of the closed
form

kℓ[z] = 1
2

∫ ∞

0
p|z′|2 +

∫ ∞

0

[
−1

8 −
6
r

+ 73ℓ(ℓ+ 1)p
200r2

]
|z|2

on {z ∈ H1
0 (0,∞) :

∫
r2|z′|2 < ∞}. The trace at zero is zero, and the radial space has no spin

factor.
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Table 2: Exact lithium radial fields. Read each group of three columns from top to bottom, then
pass to the next group.

1000r 1000hs 1000hp 1000r 1000hs 1000hp 1000r 1000hs 1000hp

25 0 0 1800 5791 5742 7200 7280 7120
88 175 180 2000 6059 5984 8100 7240 7099

150 356 347 2200 6264 6195 9000 7175 7029
285 733 753 2400 6452 6341 10500 7036 6913
420 1278 1255 2700 6667 6514 12000 6870 6748
570 1956 1933 3000 6807 6647 15000 6480 6374
720 2650 2655 3350 6919 6797 18000 6045 5966
860 3281 3287 3700 6976 6953 22000 5429 5376

1000 3851 3857 4200 7099 6959 26000 4828 4800
1125 4287 4310 4700 7182 7030 43000 2330 2318
1250 4676 4666 5250 7239 7086 60000 -433 -593
1425 5086 5092 5800 7271 7110 130000 -11484 -11390
1600 5451 5429 6500 7289 7129 200000 -23058 5000

Lemma A.2. For the operators and fields of Definition A.1,

K0 − hs ≥ −10.624, n−(K0 − hs + 7.793) ≤ 1, n−(K0 − hs + 6.995) ≤ 2,

and, for every integer ℓ ≥ 1,

Kℓ − hp ≥ −7.119, Kℓ − hs ≥ −7.280.

Proof. We give the differential certificates for the first, second and angular-one levels, and an
explicit two-zero comparison for the third level. For a field h ∈ {hs, hp} and a level e, multiplication
by √p on the compact smooth radial core gives the potential

We,ℓ,h = −1/8− h− e− 6/r
p

+ 1
p2 + 73ℓ(ℓ+ 1)

200r2 . (A.2)

The resulting form is
∫

(|y′|2/2 +We,ℓ,h|y|2) on H1
0 . Both forms have the compact smooth core,

by Hardy’s inequality and cutoff at zero and infinity. The multiplication is a bijection on that
core. Approximation of negative finite-dimensional subspaces as in the preceding proof shows
equality of their negative indices. No bounded similarity on the full L2 spaces is asserted.

Endpoint and polynomial data. Set r∗ = 1/40 and R∗ = 200. On (0, r∗) both fields vanish, and
We,ℓ,h > −3/r + 73ℓ(ℓ+ 1)/(200r2) at the levels used below. The positive function rµ(1− 3r/µ)
with µ = 1 for ℓ = 0 and µ = 9/5 for ℓ = 1 gives the respective origin trace coefficients 680/37
and 808/23 through (A.1). On r ≥ 200 the s tests satisfy r2W > 28, and the p test at e = −7.119
satisfies r2W > 63/25. These follow by inserting the constant end values hs = −23.058, hp = 5
in (A.2) and using r2/p > 999/1000, 6r/p ≤ 3/100. The tail functions r−7 and r−9/5 give trace
coefficients 7/400 and 9/2000, respectively.

Here is the finite algebraic test for the lithium radial datasets. On a cell [l, u] set δ = u− l,
t = (r − l)/δ, J = r2p2 and H = 2JWe,ℓ,h. Each cell contains no interior field knot. There are
two types of barrier:

b = P (t)/r : RQ = H − p2[(r/δ)P ′ − P + P 2], W − 1
2(b′ + b2) = RQ/(2J),

b = F ′(t)/(δF (t)) : RF = HF − JF ′′/δ2, W − 1
2(b′ + b2) = RF /(2JF ).
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The fixed polynomial coefficients are in 10−18Z and their cell endpoints are in 10−6Z. The
accompanying complete coefficient lists prove positivity of RQ, or of both F,RF , using identities
of the form

DT (t) = c+
∑

ak≥0
akt

k +
∑

ak<0
(−ak)(1− tk), D, c > 0. (A.3)

All quantities are integers after clearing denominators. Coefficient convolution and differentiation
check the identity. Each summand on its right is nonnegative on [0, 1]. This gives a positive
residual on the whole cell, without a rounding error or a sampled sign test.

The fixed lists have the coverage in Table 3 and the junction properties described below. The

Table 3: Polynomial cells for the lithium radial bounds.
field ℓ level and interval type cells
hs 0 −10.624, [1/40, 200] Q 63
hs 0 −7.793, [1/40, 97/100] F 17
hs 0 −7.793, [98/100, 200] F 44
hp 1 −7.119, [1/40, 200] Q 69

Q rows match the endpoint values of rb, and hence of b. For the F rows the complete rational
junction list gives b(l−) − b(l+) ≥ 0. Such downward jumps contribute nonnegative traces in
(A.1). At the right endpoint the values of 200b(200) are, in the order ground s, right-hand second
s, and p,

1056766439842756911
125000000000000000 ,

655514571348203063000000000
81169011805581996247117017 ,

4352114208735658733
1018 .

All are positive and attach to the positive tail traces. For the p rows the initial value is
r∗b(r∗) = 1756521739130434782/1018 ≤ 202/115 = 2r∗(808/23). For the left-hand second s rows
the initial value is at most 34/37 = 2r∗(680/37).

The ground s certificate also contains a degree-10 origin polynomial g with g(0) = 0, g′(0) = 1,
g′′(0) = −6. Its two identities (A.3) certify positivity of g(r∗t)/(r∗t) and of

N(r∗t)g(r∗t)−D0(r∗t)g′′(r∗t)
t2

, N(r) = 2rp(r)(10499/1000)− 12p(r) + 2r, D0(r) = rp(r)2.

The numerator is divisible by t2. Since N = 2D0W−10.624,0,hs , these identities give the re-
quired origin differential inequality. The listed rational endpoint comparison is r∗g

′(r∗)/g(r∗) >
925444130490188736/1018, the initial core value. It is a downward junction, so the origin attaches
without a negative trace.

For the second s level put rc = 97/100 and impose y(rc) = 0. The right-side seed is a degree-10
polynomial gc(x), x = r − rc, on 0 ≤ x ≤ 1/100, with gc(0) = 0, g′

c(0) = 1. Its two retained
positive identities concern gc(t/100)/(t/100) and

H(97/100 + t/100)gc(t/100)− J(97/100 + t/100)g′′
c (t/100)

t
.

They prove a positive function and a nonnegative differential residual, and the first right-side
junction is downward. At the cut there is no boundary debit: for y(rc) = 0, |y(rc + x)|2/x ≤∫ rc+x

rc
|y′|2 → 0, while g′

c/gc = 1/x+O(1). Hardy’s inequality also controls the square term. Thus
the two sides give nonnegativity on this single trace kernel.
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These identities, all coefficients of the two seeds, and every junction comparison are the fixed
lithium radial certificate data in the code/data release. The checks just described involve the
complete lists, of lengths 63, 17, 44, 69, and their seed identities. Summation of (A.1) proves the
ground s and p floors and the second s index bound. The latter follows because a two-dimensional
negative space would meet the one-trace kernel nontrivially.

The third s level. Define

V∗(r) = r − 27
r(r + 3)2 , g∗(r) = r(10r2 − 45r + 27)

(r + 3)4 , E∗(r) = 47
8 + 27r − 29

(r + 3)2 + 1
r2 + 2 .

Direct differentiation gives −g′′
∗/2 + V∗g∗ = 0. Its only positive zeros are (45± 3

√
105)/20. The

square identity on the three intervals between these zeros proves nonnegativity on the kernel
of the two traces, hence index at most two. Moreover p(W−7,0,hs − V∗) = E∗ − hs. The exact
bounds in Table 4, obtained from the field knots, prove E∗ − hs ≥ 1/200 on the entire half-line.
For the lower bounds, discard 1/p and use ((27r − 29)/(r + 3)2)′ = (139 − 27r)/(r + 3)3. Its

Table 4: Bounds for the third lithium s level.
interval upper bound for hs lower bound for E∗

[0, 57/100] 489/250 191/72
[57/100, 5/4] 1169/250 191/40

[5/4, 2] 6059/1000 49/8
[2, 3] 6807/1000 55/8
[3, 9] 7289/1000 527/72
[9, 12] 287/40 2587/360
[12, 18] 687/100 55/8
[18, 22] 1209/200 51/8
[22,∞) 5429/1000 47/8

minimum on a finite interval is at an endpoint. For the first and last rows use respectively
(27r − 29)/(r + 3)2 ≥ −29/9 and ≥ 0. Therefore W−6.995,0,hs ≥ V∗, which proves the stated index
bound. Finally the knotwise maximum of hs − hp is .161, so K1 − hs ≥ −7.119− .161 = −7.280.
Increasing ℓ ≥ 1 adds a nonnegative centrifugal term and proves the remaining assertions.

Lemma A.3 (Five-electron weighted form). Assume Set-up 2.2 for the specified Li5 certificate
executions. Set U0 = −37431243/5000000 and

(ω1, b1, δ1) = (83/250, 26/25, 129/40), (ω2, b2, δ2) = (527/1000, 103/50, 3469/5000).

Write s+ = max(s, 0) for real s. For t ≥ 0 and a ∈ {1, 2} put Ba(t) = (t−ba)2
+−min(t/ba, 1)/(2δa).

For x = (x1, . . . , x5) set ri = |xi|, dij = |xi − xj |, let q1 ≤ · · · ≤ q5 be the ordered radii, and put
V (q) = ω1B1(q1) + ω2B2(q2). Then every compactly supported antisymmetric u ∈ H1((R3)5;C32)
satisfies

1
2

5∑
i=1

∫
(r2

i + 2)|∇iu|2 +
∫ ∑

i<j

r2
i + r2

j + 2
dij

− 3
5∑

i=1

(
ri + 2

ri

) |u|2
+
∫ [
−15

2 − 2U0 + V (q)
]
|u|2 ≥ 1

100000∥u∥
2.

All integrals are over (R3)5 and sum spin components; antisymmetry exchanges positions and
spins simultaneously.
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Proof. We prove the angular supports and their exact finite verification, close the unbounded
radius regions, and combine the resulting scalar inequalities with Lemma A.2. Use the fields, p
and θ of Definition A.1. At positive ordered radii define the full angular form

A(q) = θ

2

5∑
i=1

(1 + 2/q2
i )L2

i +
∑
i<j

2 + q2
i + q2

j

|qini − qjnj |
− 3

∑
i

qi, L2
i = −∆S2,i. (A.4)

Here ni ∈ S2 and, in the following angular calculations, write yi = qini and d∗
ij = |yi − yj |. Its

domain is the angular H1 space with arbitrary spin components and finite nonnegative Coulomb
integral. No symmetry restriction is imposed at this stage. Put

e = −43.953, es = −43.834, c∗ = e− 2U0 − 15/8, ε∗ = 1/100000.

Scalar geometry. We first establish the two inexpensive supports used in the finite check. For
ordered radii let V5 =

∑
i<j(q2

i + q2
j )/d∗

ij and W5 =
∑

i<j(d∗
ij)−1. Then

V5 − 3
∑

i

qi ≥
∑

i

a∗
i qi, W5 ≥

5∑
i=2

t∗i /qi, (A.5)

where

a∗ = (−231/100,−231/100, 7/50, 7/50, 7/50), t∗ = (0, 1/2, 154/125, 971/500, 53/20).

Here is an algebraic proof of the constants. For positive C, λ, d,

C

d
− 3

2λC
2/3 + 1

2λ
3d2 = λ3(d− C1/3/λ)2(d+ 2C1/3/λ)

2d ≥ 0. (A.6)

Choose weights ξi = 829/1000 for the first two radii and 767/1000 for the other three. For a pair
put ζ = ξiξj , z = (qj − qi)/(qi + qj), and λ3 = 4ζ3/(qi + qj). The pair bound is

(qi + qj){3ζ/2− ζ3 + Fζ(z)}+
4ξ3

i ξ
3
j

qi + qj
yi · yj , Fζ(z) = 3

2ζ[(1 + z2)2/3 − 1]− ζ3z2.

The kernel square
∫∞

0 |
∑

i ξ
3
i e

−tqiyi|2dt ≥ 0 bounds the summed second term below by −
∑

i ξ
6
i qi.

Also
F ′′

ζ (z) = 2ζ[(1 + z2/3)(1 + z2)−4/3 − ζ2] ≥ 0,

because ζ2 < 1/2 < 4/(3 24/3). Use its tangent at 0 within a weight group and at 31/40
between groups. With A∗ = .687241, B∗ = .588289, ζ∗ = .635843 and R∗ = (2561/1600)1/3, the
cross-group coefficients are

L− = − 1121ζ∗
3200R∗

+ 1841
1600ζ

3
∗ , L+ = 8799ζ∗

3200R∗
− 3119

1600ζ
3
∗ .

The rational cube brackets 1.169 < R∗ < 1.1699 give .5435 < ζ∗/R∗ < .544. Also .257 < ζ3
∗ <

.2571, A3
∗ < .325, B3

∗ < .2036. Thus L− > .105140625 and L+ > .99327084375. The inner
coefficients of V5 exceed 3A∗/2 − 2A3

∗ + 3L− > .696283375, and the outer coefficients exceed
3B∗ − 3B3

∗ + 2L+ > 3.1406086875. This proves the first bound in (A.5).
For the second, put c(z) = min{1, [2(1− z)]−1/2} on [−1, 1) and c(1) = 1. The maximum of

1 + t2 − 2tz on 0 ≤ t ≤ 1 is max(1, 2(1− z)), so (d∗
ij)−1 ≥ min(q−1

i , q−1
j )c(ni · nj). For 2 ≤ ν ≤ 5,
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the tangent to [2(1− z)]−1/2 at z = −1/(ν − 1) lies below c: its maximum is 3
2
√

(ν − 1)/(2ν) ≤ 1.
For ν unit vectors,

∑
i<j ni ·nj ≥ −ν/2. Summing this tangent yields

(ν
2
)√

(ν − 1)/(2ν). Rational
lower bounds for these four values are 1/2, 433/250, 1837/500, 1581/250. Squaring verifies them.
Integrating over the sets {i : q−1

i > t} gives their successive increments divided by q2, q3, q4, q5,
which are exactly t∗i .

On a box Q =
∏

i[li, hi], 0 ≤ li < hi, let x∗
i = (li + hi)/2 and ki = θ(1 + 2/h2

i ). The two cheap
supports for (A.4) are consequently

∑
i

a∗
i qi + 2

5∑
i=2

t∗i /hi,
∑

i

a∗
i qi + 2

5∑
i=2

t∗i (2/x∗
i − qi/(x∗

i )2). (A.7)

The reciprocal tangent is valid because its error is (qi − x∗
i )2/(qi(x∗

i )2) ≥ 0.
Angular recovery inequalities. We record the form estimates that justify the remaining supports.

For a positive diagonal matrix D = diag(di) and symmetric A, write

TD = 1
2
∑

i

diL
2
i , UA = 1

2
∑
i,j

Aijni · nj .

For any real matrix B, tangent vector fields Xi = d−1
i (I3 − nin

T
i )
∑

j Bijnj give

A− B− BT − BT D−1B ≥ 0 =⇒ TD + UA ≥ tr B. (A.8)

For a smooth angular spinor χ, expand 1
2
∑

i di
∫
|∇iχ + Xiχ|2. Integration by parts gives∑

i di divi Xi = 2 tr B−
∑

ij(B + BT )ijni · nj , and the tangent projections have norm at most one.
The remaining matrix contraction is nonnegative by applying its positive semidefiniteness to each
Cartesian component of the ni. Density gives the inequality for the entire angular form domain.

Two refinements will also be used. If A ≥ 0, t > 0 and Λ ≥ λmax(D−1/2AD−1/2), the symmetric
choice B = tA, retaining the normal-component squares, gives

TD + UA ≥ t tr A− tr D
8t2 (2t+ t2Λ− 1)2

+. (A.9)

To verify the penalty, write U = UA ≥ 0. The square expansion is bounded below by t tr A + (1−
2t− t2Λ)U + 2t2U2/ tr D. Here AD−1A ≤ ΛA and weighted Cauchy–Schwarz bounds the retained
normal squares. Minimizing this quadratic for U ≥ 0 proves (A.9).

For ρi ≥ 0,
∑

i ρi ≤ 1, and 0 ≤ t2i ≤ di/2, one has

TD + UA ≥
∑

i

(2ti
√
ρiAii/2− t2i ), ti ≥ 0. (A.10)

For a normalized slice in the ith angular variable let mi = |⟨ni⟩| < 1. Conditional averaging of
a positive Gram form gives ⟨UA⟩ ≥ Aii(1 −m2

i )/2. Integration by parts against a coordinate
on S2, followed by Cauchy–Schwarz, gives

∫
|∇iχ|2 ≥ m2

i /(1−m2
i ) on the normalized slice. Set

v = 1−m2
i . The contribution with weight ρi is at least (ρiAii/2)v+(di/2)(v−1−1). For 0 < v ≤ 1

its minimum is y if y ≤ k, and 2
√
ky − k if y ≥ k, where y = ρiAii/2, k = di/2. Both expressions

are at least 2ti
√
y− t2i when t2i ≤ k. The weights spend at most all of UA, proving the claim after

integrating the slices. Zero conditional mass contributes zero.
Quadratic supports on a radius box. Choose rational λij > 0 and a symmetric rational M ≥ 0

with Mij = λ3
ij off the diagonal. Put ηi = (Mii +

∑
j ̸=iMij)/2, uij = (2 + (x∗

i )2 + (x∗
j )2)1/3, and

choose rational
0 ≤ ηij ≤

λij

3(2 + h2
i + h2

j )1/3 .
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The common part of the support is

P0(q) =
∑
i<j

{
3
2λiju

2
ij + 2λij

uij
[x∗

i (qi − x∗
i ) + x∗

j (qj − x∗
j )]

+ ηij [(qi − x∗
i )2 + (qj − x∗

j )2]
}
−
∑

i

ηiq
2
i − 3

∑
i

qi. (A.11)

The Hessian of 3
2λ(2 + |z|2)2/3 is at least 2λ

3 (2 + |z|2)−1/3I. Taylor’s formula on the pair rectangle
proves its quadratic lower bound in (A.11). The negative distance squares in (A.6) sum to
URMR −

∑
i ηiq

2
i , where R = diag(qi). The remaining form is therefore a positive Gram potential

with the reserved angular kinetic energy. Add one of the following three recoveries.
The conditional recovery chooses ρi ≥ 0,

∑
i ρi ≤ 1 and ti ≥ 0, t2i ≤ ki/2, and adds∑

i

[2ti
√
ρiMii/2 qi − t2i ].

This is (A.10). It uses all reserved angular kinetic energy and no pair recovery.
For the collective recovery choose 0 < α ≤ 1, t > 0, and a positive vector z∗, all rational. Put

y∗
i = hi/

√
ki and Cij = Mijy

∗
i y

∗
j . Choose a rational Λ bounding either tr C or maxi(Cz∗)i/z

∗
i , and

set v∗ = 2t+ t2Λ/α− 1. If every li > 0, choose

Pen ≥
α
∑

i θ(1 + 2/l2i )
8t2 (v∗)2

+;

if some li = 0, require v∗ ≤ 0 and put Pen = 0. Add t
∑

iMiiq
2
i −Pen. The matrix C is nonnegative

entrywise and positive semidefinite. Its largest eigenvalue is bounded by its trace and by the
displayed positive-vector bound: apply the eigenvector equation at an index maximizing the
absolute component divided by z∗

i . The function r/
√
θ(1 + 2/r2) is increasing, so the same

eigenvalue bound holds at every point of the box. Formula (A.9) with the actual kinetic diagonal
α diag(θ(1 + 2/q2

i )) proves this recovery. When a lower endpoint is zero, the verified inequality
v∗ ≤ 0 removes the penalty without an infinite endpoint estimate.

For the affine recovery choose 0 < α ≤ 1 and any rational matrix F satisfying, with X =
diag(x∗

i ) and D = α diag(ki),
D− F T (D +XMX)F ≥ 0.

Add tr(D(F − I)) +
∑

i(F TXM)iiqi. To prove this, set E = XF and Y = F T D + ETMR. The
constraint implies Y T D−1Y ≤ D + RMR: stack D1/2F,M1/2E and use that a matrix whose
column Gram matrix is at most D becomes a contraction after multiplication by D−1/2. For
B = Y − D this is precisely the hypothesis of (A.8), whose trace is the asserted affine function.
No symmetry of F is used.

Pair recoveries. For the collective and affine recoveries, the fraction 1 − α of the reserved
kinetic energy can be used as follows. An unused pair contributes zero. For a used pair require
α < 1 and li, lj > 0, and choose rational b∗

ij > 0, κij > 0, τij ≥ 0. Choose 0 < d− ≤ d+ enclosing
d∗(q) = (2 + q2

i + q2
j )1/3/λij on the box, set sh = hi + hj , and require

b∗
ij ≤

2λ3
ijl

2
i l

2
j (sh + 2d−)

sh(sh + d+)2 ,

κij ≤ (1− α)(ki + kj)/4, κij(3τij + τ2
ij) ≤ 2b∗

ij .
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Let Iij ⊂ [−1, 1] enclose throughout the box

zij(q) = clip[−1,1]
q2

i + q2
j − d∗(q)2

2qiqj
.

Put p∗
ij = κij(1 − τij)/2 and require b∗

ij + p∗
ij > 0. Define z∗

ij as the minimum of z2 on Iij if
p∗

ij ≥ 0, and its maximum otherwise. The allowed rational pair constant is

0 ≤ gij ≤ max
{

0, κijτij

2 +
b∗

ijp
∗
ijz

∗
ij

b∗
ij + p∗

ij

}
. (A.12)

Indeed the exact remainder in (A.6) can be written

λ3
ij

2
d∗

ij + 2d∗

d∗
ij(d∗

ij + d∗)2 ((d∗
ij)2 − d2

∗)2.

The prefactor decreases as d∗
ij increases. Replacing d∗

ij by qi + qj , and then using the stated
endpoint bounds, puts this remainder above b∗

ij(ni · nj − zij(q))2. Clipping the center decreases
distance from every point of [−1, 1].

Allocate (1 − α)ki/4 of the ith kinetic coefficient to each incident pair, scaling the two
coefficients down together if their sum exceeds κij . Each electron occurs in four pairs, so the
allocations do not exceed the available kinetic form. With ẑ = zij(q), vij = ni · nj and

σij =
(1 + τij)b∗

ij ẑ

b∗
ij + p∗

ij

, Fij(vij) = exp(−τijv
2
ij/2 + σijvij),

the angular square identity bounds the pair form below by

κijτij

2 +
b∗

ijp
∗
ij ẑ

2

b∗
ij + p∗

ij

+
(
b∗

ij −
κij(3τij + τ2

ij)
2

)(
vij −

b∗
ij ẑ

b∗
ij + p∗

ij

)2

.

This follows by differentiating Fij on each sphere and using 1−v2
ij ≤ 1 in the negative square term.

The last coefficient is nonnegative, and the original pair form is also nonnegative. Minimizing
over the center interval proves (A.12), for either sign of p∗

ij .
Integer enclosures and scalar signs. Each support just constructed is separable quadratic.

Lower its constant, linear and quadratic coefficients separately to rational values and write the
result as PQ(q) = cQ +

∑
i(mQiqi + vQiq

2
i ). This remains a lower support because qi, q

2
i ≥ 0. The

exact reader uses the scale S∗ = 2160. An integer interval [L,H] denotes [L/S∗, H/S∗]. Rational
inputs are enclosed by floor and ceiling. Products use the four endpoint products with outward
rounding, and division requires a positive lower denominator. Squares include zero when the
interval does. Square-root endpoints are certified by comparisons with LS∗, HS∗, and cube-root
endpoints by comparisons with LS2

∗ , HS
2
∗ . Thus the radical bounds are integer inequalities. Even

a dyadic input finer than 2−160 is enclosed outward. Induction over the finite expression proves
inclusion with all rounding errors accounted for.

The reader requires positive lower pivots in interval symmetric elimination of M and, for
an affine recovery, of D − F T (D + XMX)F . Each trailing interval contains the exact Schur
complement, since division has a positive pivot. Triangular congruence then proves positivity of
the exact matrices. A zero-containing pivot or an inconclusive domain or sign check rejects the
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record. The curvature ηij is the lower enclosure endpoint of its bound. For collective recovery
the reader takes the smaller of upward bounds for the trace and the positive-vector expression,
and an upward bound for Pen. For pair gains it checks every displayed constraint and takes a
downward bound in (A.12). If its lower distance enclosure is zero, 1/λij is an admissible positive
d−. The implemented bound with zero in the numerator is smaller and remains sufficient. Unused
pairs require zero τij and contribute zero.

For each coordinate and field h ∈ {hs, hp} the reader obtains a rational lower bound µi,h for

min
li≤r≤hi

[
mQir + vQir

2 + h(r) + 1{i=1}ω1B1(r) + 1{i=2}ω2B2(r)
]
.

It splits at every field knot and the moment kinks b1, b2. On each segment the expression is
ar2 + br + c. Both endpoints are evaluated; when a > 0, the vertex value c − b2/(4a) is also
included if −b/(2a) lies in the segment. With interval coefficients the vertex is included whenever
its enclosure intersects the segment. If the enclosure of a straddles zero, natural interval evaluation
on the entire segment is included; if its upper endpoint is nonpositive, endpoints suffice. Taking
the least lower endpoint over all these candidates proves µi,h without missing a minimum. For
each marked index j in the record, the test is

c∗ + cQ + µj,hp +
∑
i̸=j

µi,hs > ε∗. (A.13)

The reader implements it by a signed integer lower numerator strictly greater than ⌈S∗/100000⌉.
The tree and its implementation. The fixed lithium witness starts with the eight bytes

LI5AF001 and the binary64 value 1280. Its root is [0, 1280]5, with all five marks active. A node
starts with N, has at most five acceptance records, and supplies for each a nonempty subset of its
remaining marks. Each subset is removed after its successful scalar tests. If marks remain, a split
at coordinate ι and exact dyadic lι < µ < hι has children

Qleft : hi 7−→ min(hi, µ) (i ≤ ι),
Qright : li 7−→ max(li, µ) (i ≥ ι).

Other endpoints are unchanged. Both children inherit the remaining marks. The parser starts with
nondecreasing lower and upper endpoint vectors. These properties persist, and strict containment
makes every child width positive: li ≤ lι < µ for i ≤ ι and µ < hι ≤ hi for i ≥ ι. A terminal tag
L requires an empty remaining set. Otherwise the tag is S and a split is mandatory.

An ordered point in a parent belongs to the left child if qι ≤ µ and to the right child if qι ≥ µ.
Fixing a point and a mark, either an ancestor discharged the mark or it descends to a child
containing the point. The finite tree ends only with all inherited marks discharged. This proves
coverage of every mark, including split faces. The implementation traverses in preorder with
a stack, pushing the right child first. Emptying that stack, checking the end tag E, its success
byte and the two footer counts, and requiring the byte cursor to equal the stream length prove
complete consumption. Partial and trailing payloads fail. All binary64 values are checked for
finiteness.

For specificity, support kinds 0, 1 encode the two expressions in (A.7), in reverse displayed
order. Kind 2 is conditional recovery, with five nonnegative integer numerators for ρi divided by
100000 and five dyadic ti. Kinds 3 through 12 are collective recovery with successive values

α = 1, .98, .95, .90, .80, .70, .60, .45, .30, .15;
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their six dyadic parameters are t and the five entries of z∗. Kinds 13, 14, 15 are affine recovery
with α = 1, .9, .7 and 25 row-major entries of F . Every node using a Gram support has the
shared 15-entry payload of ten λij and five diagonal entries of M . Collective kinds above 3 and
affine kinds above 13 also carry ten values each of b∗

ij , κij , τij in lexicographic pair order. These
payloads determine the formulas above. No fitted polynomial or stored numerical lower bound is
accepted as a support.

The parser writes each support-bearing node once, with its node number, inherited mask,
reconstructed endpoints and unchanged payload, into shards beginning LI5FS001. The exact
reader reconstructs every support from that payload and writes its node, kind, mask and one
signed integer per marked inequality only after the tests have passed. The aggregator matches
these records against every parser-produced shard, checks all signs, rejects repeated or omitted
shards and extra or missing sign bytes, and requires the seen shard set to equal the manifest’s
entire set. Thus its recordwise checks establish completeness, rather than inferring it from a count
or a minimum.

Completed evaluation. The preserved witness has 161995 nodes and 80998 leaves. The
complete parser execution produced 50 shards containing 98264 support-bearing rows and 114350
supports. Two independent arithmetic executions consumed shard ranges [0, 1) and [1, 50), with
no row limit. The first checked 2000 rows, 2163 supports and 7399 marks. The second checked
96264 rows, 112187 supports and 310180 marks. Both returned normally after their complete
selected shards, and the aggregator consumed the resulting streams in full on the same preserved
parser outputs. The support counts in order of kinds 0 through 15 are

(781, 194, 23528, 4716, 636, 2225, 4095, 195, 392, 0, 0, 0, 0, 23359, 33275, 20954).

All 317579 marked inequalities were evaluated. Their least integer lower numerator, with
denominator S∗, is

14642612913971135831382177054644942892259552 > ⌈2160/100000⌉.

These are results of the complete evaluations whose exact input, reader, and producer-to-consumer
records are retained in the code/data release. The execution assumptions stated at the beginning
of this appendix apply to the actual linked bytes and runs. The enclosure and implementation
arguments above make these evaluations proofs of all finite support and marked-sign predicates.
The witness generator’s floating calculations are not premises.

Scalar closure on all radii. For 0 < q1 ≤ · · · ≤ q5 ≤ 1280, take G(q) to be the maximum
of −3

∑
i qi and all certified supports whose boxes contain q. This finite, measurable maximum

bounds (A.4) below. Because every mark was discharged somewhere on its containing path, it
satisfies

G(q) + c∗ + V (q) + hp(qj) +
∑
i̸=j

hs(qi) ≥ ε∗ (1 ≤ j ≤ 5) (A.14)

on the compact ordered cone.
For the exterior, a global pointwise support is

G∞(q) = −6(q1 + q2) + 3
20(q3 + q4 + q5).

To check it, use the tangent proof of (A.5) with equal pair parameter 3/5 on the three outer
points. The scalar term F3/5 ≥ 0 follows from (1 + z2)2/3 ≥ 1 + z2/2, and the kernel square gives
V3 ≥ (144/125)(q3 + q4 + q5). Each inner-outer pair contributes at least qj − qi by the triangle
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inequality. Adding the six such pairs, discarding the inner pair, and subtracting 3
∑

i qi gives
outer coefficient 19/125 > 3/20. Nonnegative reciprocal and kinetic terms preserve this lower
bound. Enlarge G by its maximum with G∞ on the compact cone and use max(−3

∑
i qi, G∞)

outside it.
The field table gives hs, hp ≥ −24 and hs + 3r/20, hp + 3r/20 ≥ 0. At knots 60, 130, 200 the

respective smallest latter values are 8.407, 8.016, 6.942. All earlier knot values are nonnegative,
and the affine and constant continuations preserve these estimates. Completing the square gives

ωaBa(r)− 6r ≥ −6ba − 9/ωa − ωa/(2δa),

which is greater than −34 for a = 1 and −30 for a = 2. Since c∗ > −31, when q5 ≥ 1280 every
marked scalar expression with G∞ is greater than −31− 58− 54 + (3 · 1280/20− 24) = 25. Thus
(A.14) holds on the entire cone.

For the all-s expression, hp−hs ≤ .094 on [0, 130], by the knot differences. Since es− e = .119,
using mark 1 proves

G(q) + es − 2U0 − 15/8 + V (q) +
∑

i

hs(qi) ≥ ε∗ (A.15)

when q1 ≤ 130. If q1 ≥ 130, both functions ωaBa(r)− 6r increase there, and their values at 130
exceed 41351/10 and 72841/10. The all-s expression is then greater than (41351 + 72841)/10−
120− 31 > 11000. This proves (A.15) everywhere needed.

The fermionic weighted form. Pass to reduced radial measure by

ψ(r, n, σ) =
(∏

i

ri

)
u(r1n1, . . . , r5n5, σ),

where σ ∈ {1, 2}5 indexes the spin components. This is unitary and preserves antisymmetry. For
one coordinate,

1
2

∫
p|∂rψ − ψ/r|2 = 1

2

∫
p|∂rψ|2 +

∫
|ψ|2,

since p′/(2r) = 1. The original constant −15/2 therefore becomes −5/2. Allocating −1/8 to each
of the five radial forms leaves −15/8. Split the angular kinetic energy into shares 1− θ and θ,
and apply the full-angular bound A(q) ≥ G(q) before any angular projection. The left side in the
statement is bounded below by∑

i

⟨ψ,KLiψ⟩+
∫

[G(q)− 2U0 − 15/8 + V (q)]|ψ|2,

where KLi denotes the angular direct sum of the Kℓ in the ith coordinate.
This new form commutes with every labeled angular projection. In a tuple (ℓ1, . . . , ℓ5) having

a nonzero angular momentum, choose one such label m, independently of the radii. Subtract
hp(rm) from its operator and hs from the other four. By Lemma A.2, the marked energy is at
least −7.119. Each unmarked non-s operator is at least −7.793. For an s operator, let Qb be the
spectral projection of K0 − hs onto (−∞,−7.793). Then

K0 − hs ≥ −7.793 + (−10.624 + 7.793)Qb.

The radial rank of Qb is at most one, and its spin-inclusive rank at most two. The true s labels
remain antisymmetric in radial and spin variables, so their total occupation of this subspace is at

32



most two. The four unmarked energies are therefore at least 2(−10.624) + 2(−7.793). Together
with the marked energy they give e. The fixed labeled radius rm is some qj , so the five inequalities
(A.14) restore the fields and give ε∗∥ψ∥2 on this tuple. No field is assigned to a differential
operator according to radial rank.

In the all-s tuple let also Qc project below −7. Its radial rank is at most two by the stronger
bound at −6.995. Spectral calculus gives

K0 − hs ≥ −7 + (−7.793 + 7)Qc + (−10.624 + 7.793)Qb.

The spin-inclusive occupation bounds are four and two. Thus the five one-body energies sum to
at least 2(−10.624) + 2(−7.793)− 7 = es, and (A.15) gives the same final bound.

Finally the angular constant test in A(q) ≥ G(q) gives

−3
∑

i

qi ≤ G(q) ≤
∑
i<j

r2
i + r2

j + 2
max(ri, rj) − 3

∑
i

ri,

because the spherical average of |rini − rjnj |−1 is 1/max(ri, rj). On bounded radius sets these
bounds and the Hardy inequality control the multiplication terms by C(1 +

∑
i 1/ri). They

justify integration of the angular form bound, smooth approximation away from the coordinate
origins, and finite angular truncation. Pair Coulomb terms have the same control in relative
coordinates. Summing all angular tuples, then closing the form on the compactly supported
physical H1 domain, proves the stated inequality for every spin component and every allowed
fermionic vector.

B The helium interior certificate
This appendix proves the interior bound that Section 5 uses for the helium monoanion.

Lemma B.1 (Helium interior gaps). Assume Set-up 2.2 for the specified original S134/P41
computations. Let B7 = {x ∈ R3 : |x| < 7}, K7 = (B7)3, and z = −2903724372/109. For
antisymmetric v ∈ H1(K7;C8) define

q<[v] = 1
2

3∑
i=1

∫
K7
|∇iv|2 +

∫
K7

−2
3∑

i=1

1
|xi|

+
∑
i<j

1
|xi − xj |

 |v|2.
Let S denote the full sector with total orbital angular momentum 0, total spin 1/2 and even parity,
and P the full sector with total orbital angular momentum 1, total spin 1/2 and odd parity. Let dS
be Euclidean surface measure on the three exposed faces of ∂K7; their intersections have measure
zero. All integrals sum spin components. Set ηS = 16131/7000000 and ηP = 95183/14000000.
Then, for each J ∈ {S, P} and every such v in sector J ,

q<[v] + 1
16

∫
∂K7
|Tr v|2 dS ≥ (z + ηJ)∥v∥2L2(K7).

The assertion includes every magnetic component of each sector.

Proof. We first identify the complete reference spectral subspaces and their physical normalization.
We then compare their inverse-repulsion matrices with exact polynomial cubatures, bound the
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errors in the recorded evaluations, and certify the decimal centers by integer residuals. A
quadratic-form comparison converts the resulting matrix ceilings into the asserted gaps.
Fixed inputs and execution assumptions. The accompanying code/data release contains the
original S134 and P41 orbital tables, the two complete integer current tensors, eight Gaussian
mesh tables, the two decimal centers and triangular integer witnesses, and the complete executions
and auxiliary certificates used below. The orbital coefficients have denominator 296. Their energy
midpoints are exact means of the rational endpoints in the tables. Each current tensor has
42 · 3 · 103 = 126000 signed integers. The Gaussian endpoints have denominator 2196. These data
specify the fixed instance. None of their asserted approximation errors is accepted merely from
its input annotation.

The fixed profile parameters are given in Table 5. Here n,m are the state and angular-surface
dimensions, respectively; n1, n2, n3 are the radial orders and na the angular order. The remaining
symbols denote the numerical bounds justified below.

parameter S P
(n,m) (134, 47) (41, 21)

(n1, n2, n3, na) (122, 98, 60, 25) (107, 83, 51, 17)
h0 24 16
M .365 .803
ef 4.44 · 10−6 1.69 · 10−8

ζ 1.9 · 10−14 5.3 · 10−15

eT 9.2 · 10−12 2.27 · 10−12

ρ 6.4 · 10−12 1.7 · 10−15

dD 4 · 10−16 8.5 · 10−17

d 2.1 2
Center error bound .0000204636 .000000224031

Table 5: The original cubature profiles and their error bounds. The first four local caps concern
computed multipliers, multiplier errors, weighted angular pairs and radial cells. Subscripts J are
suppressed in the table and in the assembly estimates.

Here is the execution contract in Set-up 2.2 for this instance. It applies to the original complete
run and the retained auxiliary audits.

(R1) The loaded Julia 1.12.6 and its LinearAlgebra revision 7249e662d66b53da6c933
5ea748eac2750c2924f faithfully implement their pinned sources. The ILP64 Open-
BLAS 0.3.29 library faithfully implements the Cooperlake/SkylakeX binary64 NN and
TN kernels, their ordinary and small variants, the generic compile-time alternatives, and
the GEMV alternatives described below. Dispatch, the ILP64 interface, strides, indexing,
allocation and memory access are correct. This includes the correspondence of the loaded
code with these sources.

(R2) Every participating operating-system thread, including a thread to which a Julia task
migrates, remains in binary64 round-to-nearest, ties-to-even mode, with gradual underflow
and with flush-to-zero and denormals-are-zero disabled. Scalar, vector and fused operations
obey these semantics. Loads, stores, copies and permutations preserve values. Fusion and
reassociation of the specified classical sum graphs are allowed; extra signed terms, reduced
precision, approximate operations and other transformations are excluded.
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(R3) Julia respects lexical loop-local allocation and thread joins. Each BLAS call has one
computational thread; concurrent calls from different Julia tasks are reentrant with disjoint
scratch storage and safe initialization and dispatch. S requests six Julia threads and P four.
Shared inputs remain immutable, diagnostics preserve inputs and floating-point state, and
group reduction follows the join.

(R4) DelimitedFiles revision db79c842f95f55b1f8d8037c0d3363ab21cd3b90 uses the ordinary
deterministic shortest-round-trip printer, without a precision-limiting I/O override. Each
printed finite decimal, interpreted as a rational, rounds back to the binary64 value printed.
Equal numerical entries print equal rationals; signed zeros denote zero. Files and records are
preserved faithfully.

In the local routines, primitive addition, subtraction, multiplication, division and square root
are correctly rounded. A multiply-add either has one fused rounding or has separately rounded
multiplication and addition, as specified below. The compensated integer-power graph is spec-
ified below as well. BigInt and rational arithmetic, integer square-root certification, decoding,
TOML/JSON/text operations and finite file and subprocess operations are faithful. Assertions
and failure propagation are enabled. Decimal integer conversions are total on these inputs.
Rational-to-BigFloat conversions round to nearest at precision at least 192, with the particular
precision changes described below. Repeated calls to the Gaussian-node, cosine and angular-table
routines on identical inputs have the same deterministic implementation and operation graph. In
particular, the same tridiagonal eigensolver input returns the same ordered binary64 nodes and
weights independently of the calling task. Their accuracy is proved by endpoint comparisons,
not assumed. These conditions are assumptions about execution. Version strings, hashes and
separate-process diagnostics do not prove them, and the historical diagnostics did not inspect
every assembly thread’s floating-point control state.
The complete reference spectrum. Let h be the scalar one-electron form operator on B7 with nuclear
charge two and boundary term ∥Trw∥2/16. Let H0 =

∑3
i=1(h ⊗ IC2)(i) on the antisymmetric

space over K7. Put

δS = 5
2 , δP = 1, CJ = z + δJ , DJ = (CJ −H0)1/2

+ .

Spherical separation, with reduced radial measure dr, gives

qℓ[w] =
∫ 7

0

{
|w′|2

2 +
(
ℓ(ℓ+ 1)

2r2 − 2
r

)
|w|2

}
dr − |w(7)|2

112 , w ∈ H1(0, 7), w(0) = 0. (B.1)

Indeed the radial kinetic integration contributes −|w(7)|2/14, and 1/16− 1/14 = −1/112. The
operator boundary condition is w′(7) = w(7)/56. Hardy’s inequality ∥w/r∥2 ≤ 2∥w′∥2 and the
trace inequality show that a shifted form norm controls H1(0, 7). Hence each channel has compact
resolvent.

We give the spectral cutoff argument, since completeness of the finite matrices is essential.
For a positive comparison function φ, integration by parts gives

qℓ[w] = 1
2

∫ 7

0
φ2|(w/φ)′|2 +

∫ 7

0

−φ′′/2 + [ℓ(ℓ+ 1)/(2r2)− 2/r]φ
φ

|w|2

+
(
φ′(7)
2φ(7) −

1
112

)
|w(7)|2.

(B.2)
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It suffices first to use w vanishing near zero and then pass by H1 density and Hardy’s inequality.
The physical radial function e−2r(1 + 15r16/(23 715)) satisfies the physical Robin condition and
has local energy at least

−2− 136
23 715

(119
30

)14
> −2.0004.

This proves h > −2.0004I. The trial e−2r has energy strictly below −2, since its boundary
correction is −15/16 times its positive boundary norm.

There is precisely one spatial level below B∗ = −47881/87500 > −11/20. Here are comparison
functions which verify this assertion without a numerical spectral assumption. For ℓ ≥ 1,
apply (B.2) at ℓ = 1 to r2e−r(1 + 41r7/(15 77)) and then use monotonicity in ℓ. Its local
energy is at least −1/2 − 41 255/(3 426) > −21/40 > B∗. In the ℓ = 0 channel impose w(1) =
0, a single linear condition. On (0, 1) use r(1 − r)e−r, of local energy −1/2. On (1, 7) use
r(r− 1)e−r(1 + 17(r− 1)6/(7 66)). Its logarithmic derivative at seven is 1/56, and its local energy
is bounded below by −1/2− 4131/87500 = B∗: with s = r − 1, the negative correction is at most
6[17/(7 66)]s4(9/2− s)+, whose maximum is 4131/87500. The negative spectral subspace below
B∗ thus has dimension at most one. Together with the trial above, this isolates the simple core
shell s = (0, 1) with −2.0004 < es < −2. It has two spin states and can be occupied at most
twice.

Further applications of (B.2) give

h3 ≥ −
1
8 , h4 >

1
100 , h5 >

1
10 , h9 >

4
5 .

For these four comparisons take respectively

r4e−r/2, r5e−2r/5(1− 83r2/7987), r6e−r/3(1− 85r2/6517), r10e−r(1− 23r2/1911).

All are positive on (0, 7]. The last three have logarithmic derivative 1/56 at seven, and the
first leaves boundary coefficient 3/112. For the middle two the local-energy lower bounds
are −2/25 + 747/7987 > 1/100 and −1/18 + 1020/6517 > 1/10. For the last, the bound is
9/14 + 115/637 > 4/5. These inequalities follow by completing the square in, respectively,
1 − 2r/5 + (9/2)(83/7987)r2, 1/2 − r/3 + 6(85/6517)r2, and 3 − r + (15/2)(23/1911)r2. Also
hℓ ≥ h5 + [ℓ(ℓ+ 1)− 30]/98 for ℓ ≥ 5.

Every shell in the S deficit has energy below 18/5, since 18/5−2(2.0004) > CS . No degree ℓ ≥ 9
occurs: with no core its configuration energy exceeds 4/5− 11/10 > CS ; with one core, angular
momentum zero requires the other two degrees to agree, giving energy > −2.0004 + 8/5 > CS ;
with two cores the remaining degree is zero. With no core every shell is below CS + 11/10.
With one core and common nonzero degree ℓ, use the lower bounds just proved for its partner.
The resulting sufficient cutoffs and exact counts are in Table 6. For P, 3B∗ > CP forces a core.
Angular momentum one and odd parity then require adjacent remaining degrees ℓ, ℓ+ 1. The
bounds for h4, h5 exclude ℓ ≥ 4, since −2.0004 + 1/100 + 1/10 > CP . The partner bounds −11/20
and h3 ≥ −1/8 give precisely the P cutoffs in the table.

For precision about the finite spectral checks, the regular solution at energy E is

yℓ,E(r) = (r/7)ℓ+1 ∑
k≥0

ak(r/7)k, a−1 = 0, a0 = 1, ak = −28ak−1 + 98Eak−2
k(k + 2ℓ+ 1) .

The Robin expression is Bℓ(E) = (ℓ+ 7/8)
∑
ak +

∑
kak. The singular independent solution fails

the form condition at zero, so its zeros are precisely the simple channel eigenvalues. At truncation
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ℓ 0 1 2 3 4 5 6 7 8
S cutoff 18/5 43/20 43/20 69/40 8/5 3/2 11/8 5/4 43/40
S count 7 5 4 3 3 2 2 1 1
P cutoff 13/20 21/10 13/20 13/20 9/40 – – – –
P count 4 5 3 2 1 – – – –

Table 6: Complete radial support cutoffs and eigenvalue counts.

260, let T = max(|a259|, |a260|). For all test energies, −3 ≤ E ≤ 41/8, each subsequent pair of
coefficients is bounded by a quarter of its predecessor pair. The series tail is at most T on [0, 1],
and the differentiated tail at one is at most 520T . Thus strict signs are certified by the truncated
values with these explicit allowances.

At a cutoff, evaluate the regular series at k/56, 1 ≤ k ≤ 56. In physical radius the spacing
is 1/8. There is no zero in the first cell and at most one in any later cell. Indeed integration
of the equation between zeros, followed by Cauchy–Schwarz in the first cell or the Dirichlet
inequality in later cells, gives contradictions to 4/8 + (41/8)/64 < 1 and (2(41/8) + 32)/64 < π2,
respectively. Consequently the count of interior zeros is the number of sample sign changes,
starting with the positive sign at zero. The number of eigenvalues below E is this count plus
one when Bℓ(E)/yℓ,E(7) < 0. For an elementary justification of the last rule, impose zero traces
at the interior zeros in (B.2). This bounds the negative index by the number of imposed traces,
with one more trace at seven if the boundary coefficient is negative. For the reverse inequality
use the disjoint nodal pieces of yℓ,E′ for E′ < E sufficiently close to E, including the last piece
exactly when that coefficient is negative. Their span has strictly negative form at E. Simple
zeros persist under this small energy change. This proves the counting rule.

The complete integer sign certificates in the release verify this rule at all fourteen cutoffs and
opposite Robin signs at every noncore bracket in Table 7. Their arithmetic can be checked as
follows. For S use degree 80 and scale 1024, for P degree 60 and scale 1018. Writing a test energy
as p/q, the stored integers obey

−28qck−1 − 98pck−2 = qk(k + 2ℓ+ 1)ck + ρk, 0 ≤ ρk < qk(k + 2ℓ+ 1).

Each sample is evaluated by integer Horner divisions with divisor 56, retaining all remainders.
For S, |ak| ≤ 20k/k!, 2079/79! < 10−12, and propagation of coefficient rounding is bounded by
e20 < 109. The total sample error is < 10−11 and the Robin error < 10−9. The corresponding
stored integers have magnitudes > 1013 and > 8 · 1015, the latter before division by 8 · 1024. For P
use 15k/k!, 1559/59! < 10−10 and e15 < 4 · 106. The errors are < 10−9 and < 10−7. The integers
exceed 109 and 8 ·1011 in magnitude. The finite recurrence, remainder and strict-sign tests involve
every listed cutoff, every bracket endpoint and every sample. They give the counts in Table 6.
The disjoint brackets exhaust those counts, so each contains exactly one eigenvalue.
Physical bases and orbital transport. Write a = (ℓ, k) for a shell, ea for its eigenvalue, fa for a real
normalized radial eigenfunction, and ma for its fixed rational midpoint. Let

f̂a(r) = 2−96∑
k

qa,kTk(2r/7− 1), T0 = 1, T1(x) = x, Tk+1(x) = 2xTk(x)− Tk−1(x).

All 28 rows are used for S, and P uses the common first 4, 5, 3, 2, 1 rows in degrees 0, 1, 2, 3, 4.
The maximal polynomial degrees are 37 for S and 32 for P. The following certified bounds hold
with a common phase on shared rows:

∥fa − f̂a∥2 < 10−15 +
√

7 10−17, |ea −ma| < 41 · 10−18. (B.3)
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ℓ ordered noncore eigenvalue brackets
0 (−.505,−.504), (−.240,−.239), (.206, .207), (.923, .924), (1.865, 1.866), (3.022, 3.023)
1 (−.503,−.502), (−.247,−.246), (.123, .124), (.753, .754), (1.602, 1.603)
2 (−.246,−.245), (.003, .004), (.518, .519), (1.258, 1.259)
3 (−.113,−.112), (.271, .272), (.898, .899)
4 (.023, .024), (.543, .544), (1.283, 1.284)
5 (.177, .178), (.830, .831)
6 (.350, .351), (1.136, 1.137)
7 (.544, .545)
8 (.759, .760)

Table 7: Radial brackets for S; P uses the initial numbers of levels specified by its row of counts,
including the core in degree zero.

Here is the residual certificate underlying these bounds. The release supplies auxiliary denominator-
2120 Chebyshev polynomials pa and rational centers µa. Put x = r/7, expand pa(7x) =∑

k Pkx
k/2120, and set da = min(ℓ+ 1, 2). Define the corrected polynomial by

ga(x) = 2−120

∑
k≥da

Pkx
k − xda

8da − 1
∑

k≥da

(8k − 1)Pk

 .
It has a factor xda , and differentiation gives 8g′

a(1) − ga(1) = 0. Thus the radial function
r 7→ ga(r/7) vanishes at zero and satisfies the Robin condition at seven. Its second derivative
and potential term belong to L2(0, 7): for ℓ = 0 the centrifugal term is absent, and for ℓ ≥ 1 the
factor r2 cancels its singularity. Integration by parts in (B.1) therefore puts this function in the
radial operator domain. Its residual, expressed in x, is

−g′′
a/98 + ℓ(ℓ+ 1)ga/(98x2)− 2ga/(7x)− µaga.

Exact coefficient arithmetic and |Tk| ≤ 1 certify

∥pa − ga(·/7)∥L2(0,7) < 2 · 10−16,

∥(hℓ − µa)ga(·/7)∥L2(0,7) < 2 · 10−17,∣∣∣∥ga(·/7)∥2L2(0,7) − 1
∣∣∣ < 2 · 10−16.

The norm evaluation uses TiTj = (Ti+j + T|i−j|)/2 and
∫ 1

0 T2k(2x − 1) dx = (1 − 4k2)−1, with
odd integrals zero. All other channel eigenvalues are farther than 1/10 from µa, as follows from
the adjacent coarse brackets and cutoffs. Expanding ga(·/7) in the radial eigenbasis therefore
bounds its orthogonal component by ten times the residual. Its target component has magnitude
greater than 1/2. This gives ∥pa − fa∥2 < 10−15 and |ea − µa| < 4 · 10−17. Finally the complete
coefficient comparisons satisfy

2−120∑
k

|224qa,k − pa,k| < 10−17, |ma − µa| < 10−18,

where pa,k are the auxiliary Chebyshev integers. This proves (B.3). It uses no presumed accuracy
of the narrower stored energy endpoints.

For S, order shells by ma and retain lexicographic triples a ≤ b ≤ c with midpoint sum below
CS , even degree sum, the triangle inequalities, and not all three labels equal. Move a repeated
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first pair to the last two positions. For P, order shells by (ℓ, k) and retain {s, a, b} with a = (ℓ, k),
b = (ℓ+ 1, j), 0 ≤ ℓ ≤ 3, and midpoint sum below CP . Addition of the coarse bracket endpoints
exhaustively tests these finite lists: S has 6, 72, 56 fixed-spin states with two, one and zero core
electrons, respectively. P has five repeated-core and eighteen distinct-shell occupations. Included
deficits exceed 13/250 in S and 69/1000 in P. Excluded finite comparisons have margin > 28/1000
and > 29/1000, respectively. The sorted midpoint energies are separated by > 1/2500. Thus the
error in (B.3) and the < 10−13 error in the source’s three-term binary64 selection cannot change
either list.

To specify normalization, let Aℓ1ℓ2ℓ3 denote the real scalar tripolar harmonic in the Condon–
Shortley convention, of norm one for

∏
i dωi/(4π). For S define [abc] = fa(r1)fb(r2)fc(r3)Aℓaℓbℓc .

For P start with [sab] = fs(r1)fa(r2)fb(r3)Vℓ(n2,n3), where Pℓ(1) = 1 is the Legendre polynomial
and

Vℓ(a, b) =
P ′

ℓ+1(a · b)b− P ′
ℓ(a · b)a

√
ℓ+ 1

.

Every assignment permutes the entire radial and angular expression. Put Fabc = ([abc]− [bac])/
√

2.
For distinct shells take

Fabc + Facb√
2

,
Fabc − Facb − 2Fbca√

6
;

for a repeated S occupation take Fabb, and for a repeated P core take Fsbs. Convert a P vector to√
3 times its third component. Divide each resulting reduced scalar by (4π)3/2r1r2r3, calling the

result w, and give the spinor the three nonzero components

w(x1, x2, x3)√
3

, −w(x1, x3, x2)√
3

,
w(x2, x3, x1)√

3

at ↑↑↓, ↑↓↑, ↓↑↑, respectively.
These formulas give isometries FJ onto the entire fixed magnetic subspaces of ranDJ , of

dimensions 134 and 41. For completeness, tensoring degree-i and degree-j angular representations
gives each degree |i−j|, . . . , i+j once: subtract the multiplicities of adjacent weights in the product
to obtain this count. Thus an S angular invariant is unique exactly for a triangle. Its exchange
sign is (−1)i+j+k, as is seen by exchanging the factors of the invariant ∆i+j−k

12 ∆j+k−i
23 ∆k+i−j

31
in the homogeneous-polynomial representation, where ∆ij = uivj − viuj are the determinant
polynomials in the two formal variables of each factor. For distinct shells the three first-two-
antisymmetric assignments are orthonormal. Spin raising annihilates precisely the coefficient
plane orthogonal to (1,−1, 1), with the two orthonormal vectors displayed above. Repeated
shells leave one vector. Three equal S shells leave none. The P vector is the negative gradient of
|y|−ℓ−1Pℓ(a · y/|y|)/

√
ℓ+ 1 on the unit sphere. Its separate degrees are ℓ, ℓ+ 1, and∫

|Vℓ|2 = 1
ℓ+ 1

{
(ℓ+ 1)2

2ℓ+ 1 + ℓ(ℓ+ 1)
2ℓ+ 1

}
= 1.

This gives the unique permitted P angular copy. The spectral cutoff and finite lists above therefore
exhaust the deficit, rather than select a trial subspace. The radial factors cancel the Cartesian
Jacobians, the three spin components preserve inner products, and rotational invariance gives
3
∫
Bα,3Bβ,3 =

∫
Bα ·Bβ , also with an invariant multiplier inserted. These identities account for

every physical measure and magnetic factor.
Let F̂J replace fa by f̂a in these formulas, let WJ be diagonal with entries

√
CJ −

∑
a∈αma,

and put XJ = DJFJ , X̂J = F̂JWJ . At most seven radial functions occur in a channel, so (B.3)
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bounds the one-electron map error by 3·10−15. Telescoping the third tensor power, then restricting
to its antisymmetric subspace, gives error (1+3 ·10−15)3−1 < 9.1 ·10−15. All deficits exceed 1/20.
Hence the error in their exact square roots is < 3.1 · 10−16, using |

√
a−
√
b| = |a− b|/(

√
a+
√
b).

The core capacity and noncore floor give ∥XS∥ < 3, ∥XP ∥ < 2, and therefore

∥F̂J∥ < t0 := 1 + 2 · 10−14, ∥XS − X̂S∥ < 28 · 10−15, ∥XP − X̂P ∥ < 19 · 10−15. (B.4)

Currents and exact cubature. List the 42 even angular triangles with degrees at most four
lexicographically as Λp, 0 ≤ p < 42. The current integers QJ

p,j,a1,a2,a3 , 0 ≤ j < 3, 0 ≤ ai < 10, are
decoded as signed little-endian 64-bit words at zero-based position p+42j+126(a1 +10a2 +100a3).
On sorted radii (7t1, 7t1t2, 7t1t2t3) define

bJj = 2−32 ∑
p,a1,a2,a3

QJ
p,j,a1,a2,a3AΛp

3∏
i=1

Tai(2ti − 1), bJ∗ = 1−
2∑

j=0
bJj .

The three currents correspond, in order, to the sorted pairs 12, 13, 23. Relabel the whole rule on
each ordering chamber and set

UJ = b2
J∗
δJ

+ d12b
2
J0 + d13b

2
J1 + d23b

2
J2, V =

∑
i<j

d−1
ij .

The rule is invariant under permutations, rotations, inversion and spin rotations. Cauchy–Schwarz
applied to 1 = bJ∗ +

∑
j bJj gives

(V + δJ)−1 ≤ UJ . (B.5)

Coincidences and ordering ties are null sets. The complete exact block sums LJ
p,j =∑

a1,a2,a3 |Q
J
p,j,a1,a2,a3 | satisfy LJ

p,j ≤ 253. The normalized-harmonic bound |AΛ| ≤
√∏

i(2Λi + 1)
follows from the spherical-harmonic addition identity and Cauchy–Schwarz. Using rational upper
bounds for these square roots, the same integer sums certify

(|bS0|, |bS1|, |bS2|) < (18/5, 15/4, 61/10), (|bP 0|, |bP 1|, |bP 2|) < (4, 4, 6).

Since dij ≤ 14, substitution gives ∥US∥ < 1000 and ∥UP ∥ ≤ 1177 < 1200. Consequently, writing
Mphys,J = X∗

JUJXJ and KJ = X̂∗
JUJX̂J , (B.4) implies

∥Mphys,S −KS∥ < 10−9, ∥Mphys,P −KP ∥ < 10−10. (B.6)

Indeed the difference is bounded by 1200(2∥XJ∥+ ∥XJ − X̂J∥)∥XJ − X̂J∥.
The remaining integral has an exact finite cubature. For an integer h0 ≥ 0 put

Lh0(t, c) = 1 + t2

3 +
h0∑

ℓ=1
tℓ
(

t2

2ℓ+ 3 −
1

2ℓ− 1

)
Pℓ(c).

The Legendre expansion of
√

1− 2tc+ t2 has exactly these coefficients. To verify them, multiply
the generating function (1− 2tc+ t2)−1/2 =

∑
ℓ≥0 t

ℓPℓ(c) by 1− 2tc+ t2 and use the three-term
Legendre recurrence. The identity at t = 1 follows by dominated convergence in each coefficient
integral. A product of two state factors and two current factors has degree at most h0 = 2ℓ∗ + 8 in
each direction, where ℓ∗ = 8 for S and 4 for P. Orthogonality to higher spherical degrees therefore
permits the exact replacements

d12 7→ 7t1Lh0(t2, c12), d13 7→ 7t1Lh0(t2t3, c13), d23 7→ 7t1t2Lh0(t3, c23).
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Here cij = ni · nj . Write fκν for the resulting projected multiplier at radial node κ and angular
node ν. It need not be positive. The original UJ remains nonnegative.

The reduced Jacobian is 343t21t2. The two-up-spin exchange preserves each bilinear product,
so the six chambers pair. Use the three rank assignments (1, 2, 3), (1, 3, 2), (2, 3, 1), each with
Jacobian 686t21t2. The radial polynomial degrees, including the Jacobian and the projected
distances, are at most (243, 193, 118) for S and (213, 165, 100) for P. The orders in Table 5
therefore integrate them exactly.

For the angular rule use two independent Gaussian rules for x, y in normalized measure
dx/2, and the na azimuths ϕk = (k − 1

2)π/na, each of weight 1/na. Take n1 = (0, 0, 1), n2 =
(
√

1− x2, 0, x) and n3 = (
√

1− y2 cosϕk,
√

1− y2 sinϕk, y). Inversion and rotation invariance
leave cosine modes only. Their degree is at most 2h0, and the midpoint azimuth sum annihilates
every nonconstant mode of degree < 2na. After that sum, the polar expressions are polynomials
of degree at most 2h0 in each variable: an even cosine power removes the square roots, while odd
powers have zero azimuthal mean. Taking na = h0 + 1 proves exactness.

Let Bν be the row of the 47 distinct S angular surfaces, or the 3 by 21 matrix of P vectors.
The latter list consists of the three ni and all six assignments of (ℓ, ℓ + 1) for each ℓ = 1, 2, 3.
Distinct surfaces have different degree triples and are orthogonal. With positive angular weights
wν , exactness gives ∑

ν

wνB
T
ν Bν = Im.

Let Tκ be the m by n matrix of exact polynomial radial and spin coefficients on a sheet and let
jκ = 686t21t2ω1ω2ω3 be its weighted Jacobian. The Gaussian weights ωi here refer to that radial
tuple. Exact polynomial integration and physical normalization give∑

κ

jκ = 343,
∑

κ

jκT
T
κ Tκ = F̂ ∗

J F̂J ,

Aκ =
∑

ν

wνfκνB
T
ν Bν , KJ = WJ

[∑
κ

jκT
T
κ AκTκ

]
WJ .

(B.7)

In particular the stacked matrix with blocks
√
jκTκ has norm less than t0.

Gaussian and angular input certificates. We spell out how the local comparisons establish the
caps used below. For a rule of order N , each mesh row gives rational node endpoints ξ−

i , ξ
+
i and

weight endpoints ω−
i , ω

+
i , all represented with denominator 2196. The exact tests require strictly

separated ordered node intervals inside (0, 1), positive weights, reflected equality of opposite
rows, node widths < 2 · 10−57 and weight widths < 10−48. After reflection to 0 ≤ a ≤ b < 1
in the Legendre variable, opposite signs of PN (a), PN (b) certify a root. A degenerate central
interval is allowed only at zero for odd N . All signs use scale 21024 interval recurrence for
(k + 1)Pk+1 = (2k + 1)xPk − kPk−1, with integer floor and ceiling at each division. At the
midpoint use

P ′
N (x) = N(PN−1(x)− xPN (x))

1− x2 , |P ′′
N | ≤ N4

to enclose the derivative on [a, b] by enlarging its midpoint box by N4(b− a)/2. The derivative
box must avoid zero. If its absolute endpoints are d−, d+ > 0, the weight is enclosed by

1
(1− a2)d2

+
,

1
(1− b2)d2

−
.

Their outward integer bounds must lie inside the supplied weight row. The complete tests cover
all 563 rows of the eight rules.
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There are then N distinct simple roots, so all roots are covered. Rodrigues’ formula gives
orthogonality of PN to lower degrees. For a root zi its cardinal polynomial PN (x)/((x−zi)P ′

N (zi))
has integral 2/((1− z2

i )P ′
N (zi)2), by the telescoping Legendre kernel identity. Polynomial division

by PN proves exactness through degree 2N − 1 and positivity of the weights. Furthermore
|P ′

N | ≤ N(N + 1)/2 gives node distance at least 1/(N(N + 1)) from either endpoint in [0, 1]
and weight at least 4/(N2(N + 1)2). The certified boxes for N ≤ 122 therefore have node lower
endpoints > 2−15 and weight lower endpoints > 2−27.

For each actual radial rule, compare every binary64 node and weight as an exact dyadic
number with both endpoints. Let Ei be the largest absolute node distance, and Ri, Vi the largest
such node and weight distances divided by their positive lower endpoints. The completed exact
comparisons give Ei < 5 · 10−16, Ri, Vi < 1 and actual nodes and weights in (2−35, 1). S uses the
repeated tridiagonal-rule outputs; P converts the exact dyadic interval midpoints at precision
256 before binary64 rounding. The latter conversion adds at most 2−192 + 2−53(1 + 2−192) to
midpoint error, which is within the same absolute node cap.

The independent angular reconstruction uses integer intervals at scale F = 2110. Addition,
four-corner multiplication and positive division round outward by integer floor and ceiling. Square
roots use integer square roots of the scaled endpoints. For every noncentral azimuth proposal aaz

k ,
the integers defined by

S0 = 1, S1 = A, Sj = 2ASj−1 − F 2Sj−2

have opposite nonzero signs at A = aaz
k − 2, aaz

k + 2 for j = na. The central box is zero, and all
boxes are strictly descending and disjoint. Since Sj = F jTj(A/F ), these tests identify all the
exact azimuthal cosines without assuming cosine-library accuracy.

The angular reconstruction evaluates the normalized tripolar polynomial and the two direction
coefficients of Vℓ. For specificity let λ = (ℓ1, ℓ2, ℓ3) and 0 ≤ k ≤ min(ℓ2, ℓ3). Let Iλk be the
integers from max(0, ℓ2 − ℓ3, ℓ1 + k − ℓ3) to min(ℓ1 + ℓ2 − ℓ3, ℓ1, ℓ2 + k). Define the factorial
denominators and coefficients by

Dλkj = j!(ℓ1 + ℓ2 − ℓ3 − j)!(ℓ1 − j)!(ℓ2 + k − j)!
× (ℓ3 − ℓ2 + j)!(ℓ3 − ℓ1 − k + j)!,

pλk = (−1)ℓ1−ℓ2+k
∑

j∈Iλk

(−1)j

Dλkj
,

sλk = (ℓ1 + ℓ2 − ℓ3)!(ℓ1 − ℓ2 + ℓ3)!(−ℓ1 + ℓ2 + ℓ3)!
(ℓ1 + ℓ2 + ℓ3 + 1)! (ℓ1!)2

3∏
i=2

(ℓi + k)!(ℓi − k)!.

With x = c12, y = c13, z
′ = c23, define R0 = 1, R1 = z′ − xy and Rk+1 = 2(z′ − xy)Rk − (1 −

x2)(1− y2)Rk−1. The scalar value is

Aλ =
∑

k

pλk(−1)k(2− 1{k=0})

√√√√sλk

3∏
i=1

(2ℓi + 1)
3∏

i=2

(ℓi − k)!
(ℓi + k)! P

(k)
ℓ2

(x)P (k)
ℓ3

(y)Rk.

For a zero degree this reduces to (−1)ℓ
√

2ℓ+ 1Pℓ of the opposite pair cosine. The exact identity
(2ℓ1 + 1)

∑
k(2 − 1{k=0})p2

λksλk = 1 is checked for every used label. Pairing the positive and
negative magnetic indices in the Condon–Shortley expansion gives the displayed polynomial, so
this reconstruction has the same normalization as the physical basis. Derivatives are evaluated by

P
(k)
k = (2k− 1)!!, P

(k)
k+1 = (2k+ 1)x(2k− 1)!!, (ℓ− k)P (k)

ℓ = (2ℓ− 1)xP (k)
ℓ−1 − (ℓ+ k− 1)P (k)

ℓ−2.
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After directed conversion of interval endpoints to binary64, every product is enclosed by the
predecessor of the smallest rounded corner and the successor of the largest. Sums are treated the
same way. For an exact value in [a, b] and computed value y, the larger of the upward-rounded
differences y − a, b− y bounds the absolute error. Add these nonnegative bounds with an upward
successor after every addition. Apply this to every weighted surface pair and every angular
tuple; for P expand each dot product into all four direction-coefficient products. Denoting the
production weighted pairs by P̂ijν , the resulting complete outward sums give∑

ν

|P̂ijν − wν(BT
ν Bν)ij | < ζJ . (B.8)

There are 15625 tuples and 1128 pairs for S, and 4913 tuples and 231 pairs for P. Their recorded
maximum outward sums are respectively 1.8458901975602706·10−14 and 5.242822235381616·10−15.
The current-angular errors are bounded by 8 · 10−14. All three computed cosines lie in [−1, 1] and
their errors are < 5 · 10−15. The successor comparisons with the exact rational caps establish
the strict values ζJ in the table below. This is an error summed over all tuples, not a pointwise
sample bound.

The audit and production arrays coincide entry by entry in their ordered indices. This
correspondence includes the orbital coefficients, energy means, selected states, surfaces, nodes,
weights, current angular arrays and weighted pairs. The S production and radial audit use
precision 192 for their energy conversion. Current plans can be made at 192 or 256. P production
and radial audit use 256, while its angular audit uses 192. For coefficients of denominator 296 and
absolute sum below two, conversion at either precision is exact before the final binary64 rounding.
For the non-dyadic energies, all 28 midpoint rounding cells have distance > 10−24 from their
rational inputs. The precision-192 conversion error is < 16 · 2−192. For the 109 coefficients in the
42 current plans, the exact factorial tables give either zero or a squared coefficient in (2−32, 212)
with reduced denominator < 232. Its positive square root is farther than 2−180 from any binary64
rounding midpoint in the relevant range: the squared midpoint has denominator between 292 and
2140, so the nonzero difference of squares is > 2−172. The precision-192 coefficient evaluation error
is < 2−183. Thus the 192- and 256-bit computations round identically, including the exact zero.
The 34 P angular node and weight midpoints have certified distance > 2−77 from their binary64
rounding midpoints, whereas their high-precision conversion error is < 2−192. They too give
identical binary inputs. The same ordered constructors and the repeatability assumptions then
identify the actual arrays. Equality of dimensions alone would not establish this correspondence.
Local radial and spectral-diagonal errors. Put ε = 2−53, τ = 2−1074, ϵabs = 10−190, γ(k) =
kε/(1− kε) and rnd(s) = εs+ τ for s ≥ 0. A finite rounded operation admits the representation

RN(x) = x(1 + θ) + e, |θ| ≤ ε, |e| ≤ τ. (B.9)

This follows from half the normal-binade spacing or half the subnormal spacing and also holds for
a fused multiply-add.

Here is the exact radial error ledger, including coefficient conversion. For one orbital write its
unit-interval coefficients as c0, . . . , cdCl , dCl ≤ 37, and their actual dyadic values as ĉk. Initialize
bCl

dCl+1 = bCl
dCl+2 = 0. Descending from k = dCl to 1 compute rational bounds

sCl
k = rnd(|ĉk|+ bCl

k+2), mCl
k = rnd(2bCl

k+1),

aCl
k = rnd(2bCl

k+1 +mCl
k + |ĉk|+ bCl

k+2 + sCl
k ),
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eCl
k = sCl

k +mCl
k + aCl

k , bCl
k =

dCl∑
j=k

(j − k + 1)(|ĉj |+ eCl
j ).

Set
pCl = rnd(bCl

1 ), aCl
0 = rnd(|ĉ0|+ bCl

1 + pCl),

sCl
0 = rnd(|ĉ0|+ bCl

1 + pCl + aCl
0 + bCl

2 ),

ECl =
dCl∑
k=0
|ĉk − ck|+

dCl∑
k=1

eCl
k + pCl + aCl

0 + sCl
0 , DCl =

dCl∑
k=0

k2|ck|.

The implemented Clenshaw step is (B,A) ← (A,muladd(2t, A,RN(ĉk − B))), starting at zero,
with t = RN(2x − 1). Its return is RN(RN(ĉ0 + RN(tA)) − B). Let Uj be the second-kind
Chebyshev polynomials, defined by U0 = 1, U1(t) = 2t and Uj+1 = 2tUj − Uj−1. The bound
|Uj(t)| ≤ j+1 on [−1, 1] shows by descending induction that bCl

k bounds each computed recurrence
value. The final identity tUk−1 − Uk−2 = Tk, with U−1 = 0, gives error ECl at fixed t. Since
|T ′

k| ≤ k2, the radial product arguments give

∆t = 2(E1 +E2 +E3 + 2 rnd(1)) + rnd(1), A∗ = max
a

∑
k

|ca,k|, e∗ = max
a

(ECl,a +DCl,a∆t).

Thus every computed orbital value differs from its exact-node polynomial value by at most e∗
and has magnitude at most A∗ + e∗.

Every cell of Tκ is a sum of at most six terms. Their spin factors belong to{
±1/
√

2, ±1/2, ±1/
√

12, ±2/
√

12
}
.

The source uses the divisions by rounded
√

2 and
√

6. Their relative error is < 5ε. Each term has
three left-associated orbital multiplications and at most six summation rounds. Consequently

CT = 6
{

(A∗ + e∗)3 −A3
∗ + [(1 + 5ε)(1 + ε)9 − 1](A∗ + e∗)3

}
+ 64τ, (B.10)

Cjac =
3∏

i=1
(1 + Vi)(1 +R1)2(1 +R2)(1 + ε)10 − 1 (B.11)

bound, respectively, each entry error |T̂κ − Tκ| and the relative Jacobian error. In (B.10), an
absolute rounding residue in the first orbital multiplication is amplified by at most four, in the
second by two, and in the last by one. With six terms and the summation residues, their total is
< 64τ when A∗ + e∗ ≤ 2. The Jacobian uses six positive factors counting the repeated first node,
all above 2−35, so its nonzero partial products are normal and at most ten relative rounds suffice.
The exact ledger on every coefficient and every node gives A∗ < 1.6, e∗ < 10−12, and the strict
caps CT < eT,J , Cjac < ρJ in Table 5. The sharper P value ρP = 1.7 · 10−15 is retained.

For the computed spectral diagonal ŴJ , compare each entry d′ > 0 with the exact deficit
A > 0 by its rational residual r = |(d′)2 −A|. If 2d′ − r/d′ > 0, then

|d′ −
√
A| = r

d′ +
√
A
≤ r

2d′ − r/d′ .

The tables cover all 90 S occupations, including all three parenthesizations of their three-energy
sums, and all 23 P occupations, repeated with their spin multiplicities. They certify d′ ≥ l/1000,
l ≥ 220, and residual bounds r ≤ v′/1019 for S and r ≤ v′/1020 for P. The integer margins
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4(2l − 1)− v′ and 17(2l − 1)− 2v′ have minima 259 and 339, respectively. Since v′ < 106, the
denominator above exceeds (2l − 1)/1000 ≥ 439/1000. These comparisons prove

∥ŴJ −WJ∥ < dD,J , ∥ŴJ∥, ∥WJ∥ < dJ

with the table’s values. The S rounding traces use the identical midpoint cells described above. P’s
exact deficits and square-root rounding cells have squared margins > 10−20, whereas conversion
and square-root errors at precision 192 or higher change the square by < 32 · 2−192. Its saved
decimal diagonal entries lie in these same cells. Thus both the production diagonal and the
audited one are covered, including the positivity of every residual denominator.
The local multiplier ledger and the complete grid. Put dx = 5 · 10−16, eang = 5 · 10−15 and
eharm = 8 · 10−14. Define Hp = ⌈

√∏
i(2Λp,i + 1)⌉ and βj = 2−32∑

pHpL
J
p,j . The prior integer

bound on LJ
p,j ensures that every absolute value and sum is safe in signed 64-bit arithmetic

and that conversion of every current coefficient to binary64, then scaling by 2−32, is exact. The
following is the complete rational ledger for one profile. Initialize t′0 = t′1 = 0 and compute,
1 ≤ ℓ ≤ 8,

t′ℓ+1 = 2t′ℓ + t′ℓ−1 + γ(4)(3 + 2t′ℓ + t′ℓ−1) + ϵabs, eCh = max
0≤ℓ≤9

t′ℓ + 81(2dx + ε),

eb,j = βj{(1 + eCh)3(1 + eharm)(1 + γ(170))− 1}+ ϵabs.

Initialize a′
0 = a′

1 = 0 and compute, 1 ≤ ℓ < h0,

v′
ℓ =

(2ℓ+ 1)a′
ℓ + ℓa′

ℓ−1
ℓ+ 1 , a′

ℓ+1 = v′
ℓ + γ(8)

(3ℓ+ 1
ℓ+ 1 + v′

ℓ

)
+ ϵabs.

Set

eP,ℓ = a′
ℓ + ℓ(ℓ+ 1)

2 eang, dt = 2dx + 2ε, dr = 7dt + 14ε, Mh0 = 4
3 +

h0∑
ℓ=1

1
2ℓ− 1 ,

cE,ℓ = 2dt + γ(2ℓ+ 16)
( 1

2ℓ− 1 + 1
2ℓ+ 3

)
+ ϵabs, e′

0 = 2dt + 4
3γ(8),

e′
s = e′

0 +
h0∑

ℓ=1

{
eP,ℓ

2ℓ− 1 + cE,ℓ(1 + eP,ℓ)
}
, eQ = e′

s + γ(2h0 + 10)(Mh0 + e′
s) + ϵabs,

ed = 7eQ + dr(Mh0 + eQ) + γ(5)(7 + dr)(Mh0 + eQ) + ϵabs.

Finally define b∗ = 1 +
∑

j βj , eb =
∑

j eb,j and

F∗ = (b∗ + eb)2/δJ + (7Mh0 + ed)
∑

j

(βj + eb,j)2,

Ef = eb(2b∗ + eb)/δJ

+
∑

j

{7Mh0eb,j(2βj + eb,j) + ed(βj + eb,j)2}+ γ(48)F∗ + ϵabs.

The completed exact rational evaluation of this entire ledger gives Ef < ef,J with the values in
the table.

45



We justify its operation counts and absolute allowances. The first recurrence compares the
computed Chebyshev recurrence at the computed argument; |T ′

ℓ| ≤ ℓ2 transports it to the exact
node. The second does the same for the Legendre recurrence, using |Pℓ| ≤ 1 and |P ′

ℓ| ≤ ℓ(ℓ+ 1)/2.
The current reshapes contract the third, second and first Chebyshev indices, followed by the
42 angular labels. Their inner lengths are 10, 10, 10, 42. After deleting exact zero and unit
operations, the four contractions have at most 144 relative rounds on any coefficient path, within
the ledger’s γ(170). There are fewer than 105 primitive residue occurrences affecting one current,
and subsequent nonunit factors have product < 128. Their total transported absolute error is
< 225τ < ϵabs. This uses the classical contraction graphs, not an assumed relative error for a zero
or subnormal intermediate.

The powers in the distance coefficients use Julia’s compensated positive-integer graph. To
specify the graph, for input t and exponent N start with high-low pairs (x, xl) = (t,−0),
(y, yl) = (1, 0) and counter N . At an odd counter form

e = muladd(y, xl,RN(xyl)), h′ = RN(xy), r′ = FMA(x, y,−h′), (y, yl) = (h′,RN(r′ + e)).

Square the x pair by e = RN((2x)xl), h′ = RN(x2), r′ = FMA(x, x,−h′) and (x, xl) = (h′,RN(r′ +
e)), then halve the counter by integer division. Stop when it is one, form the same cross correction
e, and return muladd(x, y, e). For N = 3 the source instead uses two ordinary multiplications.
All assignments within a pair update use the old values.

For 2−32 ≤ t ≤ 1, N ≤ 24, high parts of exponent k lie between tk(1− ε)k−1 and tk(1 + ε)k−1,
and exceed 2−769. Induction in the displayed pair update gives |low/high| ≤ (k − 1)ε(1 + 500ε).
Indeed if the incoming ratios sum to R, the outgoing ratio is at most (1+10ε)(ε+R). The absolute
underflow terms divided by a high part are < 2−306. The final update therefore has relative error
< (2N − 1)ε(1 + 2000ε) < 2Nε. The special cubic case has the smaller γ(2) bound. This proves
the power bound with possible underflow in low parts. Applying it to tℓ(t2/(2ℓ+ 3)− 1/(2ℓ− 1))
gives error at most

γ(2ℓ+ 7)
( 1

2ℓ− 1 + 1
2ℓ+ 3

)
.

The exact derivative of this coefficient has absolute value at most two. Transport by dt gives
cE,ℓ. The Gaussian endpoint distances imply that the ratios supplied to this graph, including a
rounded product of two nodes, are in [2−32, 1].

The exact projected coefficient has magnitude at most 1/(2ℓ−1). Summing the coefficient and
Legendre errors proves eQ, including their products, and radial scaling proves ed. The difference
of current squares is bounded by eb,j(2βj + eb,j). The residual current contributes eb(2b∗ + eb)/δJ .
Telescoping each distance-times-square gives the remaining displayed terms in Ef . Expanding the
final scalar graph has at most 48 relative rounds on a signed term. Its unsigned sum is bounded
by F∗. The remaining scalar absolute residues, transported through the possible squares and
scales, total < 2128τ < ϵabs. Thus the ledger proves |f̂κν − fκν | < ef .

Finiteness is established independently of the small recorded maxima. Clenshaw’s at most
37 steps give the crude bound 282 on intermediate values and 2256 on local radial products.
The angular integer boxes, their directed conversions and complete error sums are bounded in
magnitude by 2720, using degrees at most eight and factorial arguments at most 25. The current
contractions and final local multiplier graph are bounded by 2270. Denominators are positive,
and square-root domain guards are included in the checks. These bounds exclude overflow and
invalid operations before applying the sharper estimates.

For the production maximum, the loop at second radial index j owns a zero-initialized
maximum, visits all third radial indices, and at each visit evaluates every angular tuple and every
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first radial index. It updates the maximum with the absolute values of all those entries. After
the join the maximum over j is taken. This covers exactly

122 · 98 · 60 · 253 = 11208750000, 107 · 83 · 51 · 173 = 2225250003

entries. Each entry is reused on the three radial sheets. The retained complete execution took
281.6183901310005 seconds and recorded maxima 0.36484005377549 and 0.8022631108050438.
Its strict successor comparisons give |f̂κν | < .365 and < .803 everywhere on the respective grids.
A maximum here is a reduction of the entire finite loop. Together with its completed iteration
ranges, it supplies the uniform M input, rather than a bound inferred from selected nodes. For a
round-trip printed binary bound the successor check is conservative. For a rational ledger value
converted at precision at least 192, the conversion error is less than one quarter of a binary64
spacing at these magnitudes, so its binary successor also lies above the exact rational. This
justifies comparison with the exact rational caps despite decimal output.
The assembly graph and its rounding bounds. For each radial tuple the program forms every
upper angular moment

∑
ν P̂ijν f̂κν and reflects it, giving Âκ. For each second radial index j it

initializes a separate n by n zero matrix Cj . In third-node, first-node, sheet order it performs the
two BLAS calls

U ′
κ = fl(ÂκT̂κ), Cj ← fl(ĵκT̂T

κ U
′
κ + Cj).

The first has α = 1, β = 0, the second α = ĵκ, β = 1. After summing the Cj , the program scales
each entry by its two diagonal factors. S reflects the upper triangle; P adds the transpose and
divides by two. The exact rationals denoted by the printed entries form M0,J .

Here is the source analysis needed to attach an error bound to these calls. Julia dispatches
the contiguous binary64 products to GEMM, or GEMV when a dimension is one. The angular
and first radial calls are NN, and the second radial call is TN. The distinct operands exclude
the symmetric rank-update shortcut. These are not the special square 2 by 2 or 3 by 3 products.
Diagonal scaling is two scalar multiplications per entry, and the group sum is a sequential or
pairwise ordinary addition tree. The original scalar current calls are GEMV N for the first two
contractions and GEMM NN for the last two. The P direction matrix product and its length-three
dot product are also covered.

In OpenBLAS 0.3.29 the Cooperlake binary64 assignments inherit SkylakeX. The ordinary
level-three driver partitions the inner indices into disjoint consecutive panels, packs by copies,
applies β once and passes the same α to each panel. The ordinary binary64 kernel uses row
tiles 16, 8, 4, 2, 1 and column tiles 12, 10, 8, 6, 4, 2, 1. Its two- and four-lane tails reduce disjoint
subsets of inner indices. Small NN kernels use direct outer-product loops or an eight-lane packed
tail. Small TN kernels use eight-lane products with 4, 2, 1 row and column tiles. Masked terms
are zero padding. The generic NN and TN alternatives use the scalar loop followed by α and
β. Dimension-one forwarding uses GEMV N or T: their inner blocks have at most 2048 indices,
with 4, 2, 1 groups and the corresponding two- or four-lane reductions. Early α multiplication
occurs only on new input products. The P length-three dot uses its scalar remainder loop. These
cases include the compile-time Haswell microkernel alternatives. Each input product occurs once,
every new product receives α once, and an old β = 1 accumulator never receives α. The beta-zero
branches overwrite their output without reading uninitialized storage. Packing and shuffles add
no arithmetic. The small-TN permit test rejects both radial TN sizes (1342, 412 > 1200), but the
bound includes that alternative as well.

For a contraction of inner length k, the resulting product tree has at most 2k + 12 relative
rounds on a leaf-to-output path, including panel accumulation and scaling; for α = 1, β = 0 the
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bound 2k suffices. There are at most 20(k + 1) primitive rounding sites affecting one output. For
example ordinary panels use at most 7k + 1 sites, small eight-lane calls at most 2k + 24, and
blocked GEMV T at most 11k + 2. Fusion reduces these bounds. Writing

Na = n3
a, L = 3n1n3, p = (4m+ 40)(L+ 1) + 2n2 + 20,

the angular path bounds are 2Na + 12 = 31262, 9838, the radial bounds are p = 5007324, 2030314,
and twelve rounds suffice for terminal scaling, symmetrization and decimal replacement.

The absolute errors in (B.9) must be transported separately. For one contraction, put
q∗ = max(1, |α|,max |Aij |,max |Bij |). An inserted residue encounters at most one subsequent
nonunit factor, bounded by q∗, and its later relative inflation is < 2. Thus its total output
allowance is 40(k + 1)q∗τ . When α = 1, β = 0, one may take q∗ = 1. The local radial bounds
give |T̂κ| < 64, 0 < ĵκ < 1372, and the exact angular identity and (B.8) give

∑
ν |P̂ijν | ≤ 1 + ζ.

Consequently angular partial sums and entries have magnitude < 2. Their additive error has
matrix norm < 226τ . In the first radial product the output error is < 211τ per entry and every
partial sum is < 214. In the second product new residues total < 225τ , while transported first-
product residues total < 235τ . There are fewer than 222 radial updates and the old accumulator
is never rescaled by the next Jacobian. Its path inflation remains < 2. Hence the final radial
additive error is < 260τ per entry. Terminal scaling and symmetrization add a symmetric matrix
error of norm < 220τ . Each of these three separate bounds is < ϵabs.

These estimates do not assume finite intermediates circularly. Before any hypothetical first
overflow, the same absolute-leaf bounds apply. A radial leaf is bounded by 224, and fewer than 234

such leaves contribute to an entry. Group partial sums are therefore < 260 and terminal values
< 270, contradicting overflow. For underflow, retaining all relative factors and deleting absolute
residues defines a comparison evaluation. Each contraction is affine in its preceding partial sums,
so the transported residue bounds remain valid with correlated roundings. In a round-trip print,
the exact decimal lies in the rounding cell of the binary entry. Its relative displacement is ≤ ε for
a normal entry and absolute displacement ≤ τ for a subnormal entry. This is the last terminal
round and allowance. Reflection in S, and the equal rounded pairwise sums in P, make both the
comparison and the residual symmetric.

Array ownership also matters to the graph. Each outer-loop iteration owns its accumulator
and maximum slot, angular moments, radial matrices, product workspace and writable current
workspace. The node, coefficient, angular and state arrays are read-only. Workspaces allocated
without initialization are overwritten by beta-zero calls before use. The overlap diagnostics use
separate accumulators or fully overwritten temporary arrays and do not feed the certified matrix.
Ownership is by iteration, rather than by a fixed operating-system thread, so task migration does
not change this argument under (R2)–(R3).
Propagation to the decimal center. For a product path of length k, the product of its rounding
factors differs from one by at most γ(k): (1− ε)k ≥ 1− kε and (1 + ε)k ≤ (1− kε)−1. We now
give the full operator-norm budget, so entrywise and operator errors are not interchanged. Write
⌈
√
a⌉ for the least integer whose square is at least a. With the profile values in Table 5, define

a∗ = mM [ζ + γ(2Na + 12)(1 + ζ)] + ϵabs, k∗ = M + a∗,

∆ = ⌈
√

343nm⌉eT , t∗ = t0 + ∆, tc = t0 + ⌈
√

343m⌉eT ,

H∗ = (M + ef )(2t0 + ∆)∆ + (ef + a∗ + ρk∗)t2∗,
B′

∗ = γ(p)(1 + ρ)t2c⌈
√
m⌉k∗ + ϵabs,
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E∗ = k∗(1 + ρ)t2c +B′
∗,

R∗ = d2H∗ + 2d dDt
2
0(M + ef ) + nd2[B′

∗ + γ(12)E∗] + ϵabs.

All these expressions are rational. The angular identity implies, by Cauchy–Schwarz,∑
ν |wν(BT

ν Bν)ij | ≤ 1. It follows that ∥Âκ∥ ≤ k∗ and ∥Âκ −Aκ∥ ≤ a∗ + ef . Equation (B.7) and
the Frobenius bound give stacked radial-map error at most ∆ and individual stacked column
norms at most tc. Telescoping the radial maps, angular matrices and weights therefore costs
at most H∗ before diagonal scaling. Moreover ∥|Âκ|∥ ≤

√
m ∥Âκ∥, where the inner absolute

value is entrywise. The sum of the absolute radial leaves in one matrix entry is therefore
bounded by (1 + ρ)t2c⌈

√
m⌉k∗. The path count gives entrywise radial error at most B′

∗ and
entry magnitude at most E∗. Reflection or transpose averaging preserves entrywise error from
the symmetric exact comparison. An n by n symmetric matrix with entries bounded by e has
norm at most ne, which accounts for the factor n in the last term of R∗. For the exact unscaled
radial matrix G =

∑
κ jκT

T
κ AκTκ, telescoping both diagonal factors in ŴJGŴJ −WJGWJ gives

2d dDt
2
0(M + ef ). Thus

∥KJ −M0,J∥ ≤ R∗. (B.12)

The integer square-root ceilings in this order are (1470, 127, 7) for S and (544, 85, 5) for P.
Evaluating the nonnegative budget with upward rational rounding to 10−24, and enlarging ϵabs to
10−30 for this evaluation only, gives the certified upper values

R∗,S ≤
1278973577592006297

62500000000000000000000 < .0000204636,

R∗,P ≤
22403063932239163

100000000000000000000000 < .000000224031.

The order of upward evaluation is γ(2Na + 12), γ(p), γ(12), a∗, H∗, B
′
∗, E∗, the diagonal term,

then R∗. Each expression is nondecreasing in the earlier upper bounds. The complete integer
numerator/denominator and rounding-remainder tables in the release certify every such rounding.
The strict margins to the displayed caps are respectively 1422407993703/62500000000000000000000
and 36067760837/100000000000000000000000.
Exact center residuals. The complete original execution regenerates both centers from the stated
inputs, with the validated S parameters (7, 5/2, 10, 4; 122, 98, 60, 25) and P’s exact, non-bare
branch (107, 83, 51, 17). The selected angular degrees are at most eight, so S’s degree-100 filter
removes no state. It removes pre-existing working centers before production. The retained new
files and the certificate centers have equal complete bytes and equal entrywise parsed binary64
values in the same basis order. Full orbital-table regeneration is likewise compared with the
original parsed data. The local audits use the same constructors, inputs and index orders as
production, as detailed above. Under the preservation and repeatability assumptions this identifies
the decimal-rational M0,J in (B.12) with the following residual certificate. Hashes serve only to
identify artifacts. Equality of hashes is not used as a mathematical matrix identity.

Parse all center fields as exact decimal rationals, allowing an optional sign, decimal fraction
and decimal exponent. The parser enforces printable ASCII, tabs and LF or CRLF, exactly
n noncomment data rows and exactly n nonempty numeric fields in each row. No columns
are skipped. The integer witness has exactly i + 1 signed integer entries in zero-based row
i, and is zero above the diagonal. Call it YJ . It is an arbitrary integer matrix. Positivity,
invertibility and accuracy of a proposed floating Cholesky factor are unnecessary. Set g = 1012,
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(b′
S , b

′
P ) = (99913, 99440) and

A′
ij = rne(gM0,J,ij), R′

ij = (b′
J − 1)10191{i=j} − gA′

ij −
min(i,j)∑

k=0
YJ,ikYJ,jk,

where rne denotes nearest-integer rounding with even ties. Define r∗ = maxi
∑

j |R′
ij | and

edec = maxij |M0,J,ij−A′
ij/g|. Every entry in both triangles participates in the residual calculation.

An independent upper-triangle accumulation, adding each off-diagonal residual to both rows,
gives the same complete row list and the same exact rational rounding error. The retained exact
evaluations are

J r∗ edec
S 48147215284892 249985617507/500000000000000000000000
P 15565316152274 2497913/5000000000000000000

so all 175 row sums are < 1015. The symmetry proved above means that the checker’s rational
symmetrization leaves the center unchanged. Writing cJ = b′

J/105, the residual identity and
row-sum norm bound imply

cJI −M0,J ≥
(

10−5 − r∗
g2 − nedec

)
I + YJY

T
J

g2 > 0.

The scalar is positive even on replacing r∗ by 1015 and edec by 1/(2g). This is the triangular-
witness simplification: the proof uses integer products and row sums, irrespective of how the
witness was found. In particular,

M0,S < .999130I, M0,P < .994400I.

Combining these ceilings with (B.6) and (B.12) gives

Mphys,S < .9991504646I < .999151I, Mphys,P < .994400224131I < .994401I.

The full-sector form inequalities. The complete fixed magnetic bases transfer these ceilings to
DJUJDJ . The other spin and orbital magnetic components have identical matrices, since DJ and
UJ commute with the corresponding rotations. Entries between distinct magnetic components
vanish. The magnetic multiplicities are two for S and six for P. On the orthogonal complement
of ranDJ this operator is zero. Thus on the full sectors DJUJDJ ≤ bJI, with bS = .999151,
bP = .994401.

Put AJ = V + δJ . It is positive with AJ ≥ (δJ + 3/14)I, because each pair distance
in B7 is at most fourteen. Equation (B.5) yields DJA−1

J DJ ≤ bJI. The bounded operator
A−1/2

J DJ and its adjoint therefore have norm at most
√
bJ . Applying the adjoint to A1/2

J v gives
∥DJv∥2 ≤ bJ∥A1/2

J v∥2. Spectral calculus gives H0 −CJ ≥ −D2
J . Therefore on the Coulomb form

domain,

q<[v] + 1
16∥Tr v∥2L2(∂K7) − z∥v∥

2 ≥ (1− bJ)∥A1/2
J v∥2 ≥ (1− bJ)(δJ + 3/14)∥v∥2.

The Coulomb terms are form bounded on H1(K7), so the inequality extends there by form
continuity. No operator Robin boundary condition is imposed on v. Finally (1− .999151)(5/2 +
3/14) = 16131/7000000 and (1− .994401)(1 + 3/14) = 95183/14000000. The complete spectral
count controls the omitted configurations, the physical transport controls the orbital replacements,
and the local and assembly estimates control the passage from exact cubature to the certified
centers. These give the asserted inequalities for every vector in the stated full sectors.
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C Lithium integral certificates
This appendix defines the trial functions and sources used in Section 6 (Definition C.1). It then
proves the rational enclosures of their moments (Lemma C.14).

Definition C.1 (Fixed lithium trials and sources). For xi ∈ R3, 1 ≤ i ≤ 3, put ri = |xi|,
d = (r1, r2, r3, |x1 − x2|, |x1 − x3|, |x2 − x3|), and let A13 = 1 − P13, where P13 exchanges
positions 1 and 3. For a ∈ (0,∞)3 and ν ∈ Z6

≥0 put Fa,ν = e−
∑

i
airi

∏6
k=1 d

νk
k . Let (ν, cν) be

the 100 exponent/integer pairs in Table 8, and let (bt)140
t=1 be the ordered integers in Table 9.

Write xi,3 for the third Cartesian coordinate of electron i. Define the ordered mode triples
(at, νt, it), 1 ≤ t ≤ 140, as follows. The first 112 modes have it = 3: for each rate triple
(14/5, 14/5, 13/20), (14/5, 14/5, 6/5), (31/10, 12/5, 4/5), (12/5, 31/10, 4/5), in that order, use
the factors 1, d1, . . . , d6, djdk (1 ≤ j ≤ k ≤ 6, lexicographically). The last 28 modes use rates
(14/5, 14/5, 3/4) and (14/5, 14/5, 5/4), in order; for each use it = 1 then 2, each with factors
1, d1, . . . , d6. The multi-index νt is the exponent vector of the indicated factor. Define

uS = 10−14∑
ν

cνA13F(14/5,14/5,17/20),ν , uP = 10−18
140∑
t=1

btA13[xit,3Fat,νt ].

The first sum ranges over the 100 pairs of Table 8, read left to right.
Set Q = 8/3. For 2 ≤ n ≤ 6 put

sn = A13

e−Qr1−Qr2−Qr3/n
n−1∑
j=0

(−2Q/n)j

j!

(
n

n− 1− j

)
rj

3

 , CS,n = Q3

π

(2Q/n)3/2

4n
√
π

.

Put
t2 = A13[x3,3e

−Qr1−Qr2−Qr3/2], t3 = A13[x3,3(1−Qr3/6)e−Qr1−Qr2−Qr3/3],

CP,2 = Q3

π

√
(Q/2)5

2π , CP,3 = Q3

π

√
4(Q/3)5

3π ,

Define pS,n = CS,nsn for 2 ≤ n ≤ 6 and pP,n = CP,ntn for n ∈ {2, 3}. All square roots are positive.
Spatial norms use ordinary Lebesgue measure. Each trial and source f , which satisfies P13f = −f ,
is represented isometrically as a physical spinor with ↑↓↑ component f/

√
3, extended by signed

simultaneous permutations to the other two strings with two up spins, and zero on the remaining
spin strings. Use the same symbols for these spinors. The labels S and P here distinguish the
two trial families: their orbital angular momenta are 0 and 1, respectively, their orbital magnetic
number is zero, their parities are even and odd, respectively, and their spin magnetic number is
1/2. No total-spin restriction is imposed.

Table 8: Lithium S trial: ordered pairs (ν, cν), read left to right. The six digits
of ν give the exponents of d1, . . . , d6. The coefficient of A13F(14/5,14/5,17/20),ν

is 10−14cν .

ν cν ν cν ν cν ν cν

000000 192578507642049 100000 -18637105584193 010000 -4893191508198 001000 -377772895588427
000100 21687913877446 101000 55883362330885 011000 64991563194886 002000 -38457760107399
001100 -97869737076541 000200 -2817165576809 000110 -6574049558047 000011 -21175160412110
210000 128411633891504 201000 -111268970809246 200100 85958547690281 200001 -11135646743619
120000 -33435030557499 111000 99213941867312 102000 22771619995637 101100 -40915170411464
101010 -33137323291035 100110 -15706633630960 100020 13271380434227 100011 8708426264134
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Table 8: Lithium S trial: ordered pairs (ν, cν), read left to right. The six digits
of ν give the exponents of d1, . . . , d6. The coefficient of A13F(14/5,14/5,17/20),ν

is 10−14cν . (continued)

ν cν ν cν ν cν ν cν

021000 -33637679816705 020001 -96379393879640 010101 -35130689066215 010002 5752002624058
002100 -14573043963146 001200 86372395390789 001101 -39908942457146 000300 -41645540686493
000201 36940233903379 000102 7502802960424 000021 3160700248761 300100 -63250958657558
220000 -41890829949681 210100 -114611305957702 201100 33697170918180 201010 -17594454979840
200110 96496437822204 200020 -6023803910370 130000 -49526101674321 121000 109082871822618
120100 -97003483595728 112000 6662575813563 111100 -42994396428613 111010 5261593757741
110200 102382385187551 100210 -61857093841605 100003 -421408036738 030001 16481601753808
022000 -23563953921328 020101 121205576172158 011002 1806540114768 010201 -65251992063050
010003 -1563301644880 002200 14483571075089 001300 -49994233247290 001102 4084328942332
000400 34836644219690 000310 8704218112017 000301 -7540626026929 000220 1416699560466
000040 -144518102488 401000 5004468341455 320000 -26938458762230 311000 -16259637468816
310100 76817730215707 301100 -16853901957893 230000 34638676982410 211010 12384132460967
210110 -35174471648651 202100 5279457589922 200300 4306233837560 200210 -20559937525297
200030 684896568552 131000 -26028992998374 130100 53347598075651 121100 -24773719544820
120200 10934434016173 111200 26102826113440 111110 -11143103209542 110300 -52094422510428
110210 24973988134754 100310 21086139523661 050000 5869589803234 030110 -2399864140321
030101 -24678742221128 023000 718307824117 022100 7839439226000 020201 -17103988441973
013100 -541959493170 010301 22558696338943 002300 -3794756813227 002201 -388502500303
001400 9048105445461 000500 -6805192162237 000410 -4526294280747 000104 -170281908585

Table 9: Lithium P trial: successive integers bt, read left to right in the mode
order of Definition C.1. The coefficient of mode t is 10−18bt.

t bt bt+1 bt+2 bt+3
1 -120015870113720000 -5527719335490280000 -5662662512097800000 186960680244002000
5 8993657481192360000 98711850003572900 194083685119928000 232359157147092000
9 887314913863710000 467761626184719000 196480110615253000 -172039858373383000

13 -12662948266792200 -179329958693696000 169456497556216000 158124641883264000
17 106771804491281000 16061905386670600 -98175363322029100 -545263189686892000
21 13237502766589500 51642919598783700 -627437759755436000 4512159831252850
25 37625439684789800 -32487525562657900 49351572655156400 -49796552667561200
29 -229036377859776000 -1439576674902220000 -8135482863011680000 4503775487779260000
33 7517381434037780000 -14823664189105800 -621137013893765000 310741670530606000
37 2255510321923590000 -825346181192189000 -365230774580283000 708810332821348000
41 -652864814227281000 -24564618439033400 -3057666884818770000 990392680619719000
45 -492573803101796000 956933229999546000 1929900881087360000 2796120011114770000
49 -249434812347310000 -226786886787875000 -1491807709059100000 206995224193631000
53 189556961807521000 -351229476439412000 316334819589271000 -453976751964670000
57 3867279158789010000 1370756521039610000 9641774677603950000 -3418116940985900000
61 -8762790980746690000 355658931719882000 -112416908162737000 -187364998886040000
65 307814858046278000 100137319601905000 -652904699417170000 -38550485008248200
69 -77087997812530800 -1920733570648110000 109637964067611000 1236605291154880000
73 74764536721586000 94990533335603500 524887971724604000 115363373071532000
77 -224987633941586000 -64168674989026800 508559138614380000 -39733921285032700
81 7788471490130710 88814579642896900 -84895271159553000 48270722631235900
85 124474002247613000 6232093768174070000 2375559818539930000 -2510325407821860000
89 -6783982643852250000 371120307392657000 1354444402963760000 -1048106464222570000
93 -477595009973174000 29630064983615600 808180795456249000 -40943101887638200
97 -125834307341012000 -47601453984732800 -120020287293432000 -439909122232083000

101 88065815728008700 59447311705798700 411993905925623000 17219661067493700
105 29577249255805000 -339613999279857000 509378795942874000 10691020494274200
109 -88322402063989500 37903998405299800 -62188273102382800 127034235858460000
113 -351015977798309000 -85738453397099300 -83769320762075600 -103928148905266000
117 79327390110805700 -554173931860421 156401268414680000 42381359401224900
121 13903846915434600 28602294905942200 173299294555551000 48493875456655500
125 -62897580204762500 -113554182280085000 -140903867796034000 313730933322561000
129 470068723557144000 1090711016080320000 -416801262744941000 53182997120479400
133 -836467615918667000 216214282604895000 -38009874696524800 -143874674567923000
137 -709080785460829000 -216177827252217000 195116461020833000 381035505002165000
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C.1 Physical expansion and arithmetic conventions

The complete integer arrays, rational group inputs, returned integral intervals and independent
readers used below are supplied in the lithium part of the accompanying code/data release. We
specify their mathematical contents and the predicates checked by the readers here. In particular,
the trial coefficients in Tables 8 and 9 are interpreted as rationals.

Set-up C.2 (Integral executions). We specialize Set-up 2.2 as follows. The exact computations
use unbounded integers, reduced rational arithmetic, integer factorials, binomial coefficients, floor
division and integer square roots. Parsing, ordered containers, finite iteration, compression, file
operations and preservation of the recorded inputs, sources, outputs and executions are assumed
faithful; assertions are enabled. Caches retain results for the same arguments and arithmetic
environment.

The native radial executions use the specified C++ operation sequence, signed 32-bit C and
interface integers, binary64 doubles, matching argument and return interfaces, and writable result
buffers. Compilation, loading and dispatch are faithful. Elementary binary64 operations and
rational conversions round to nearest with even ties, with gradual underflow and flush-to-zero
and denormals-are-zero disabled. There is no reassociation, fused contraction, disruptive excess
precision or concurrent change of the floating environment. Adjacent-number operations, binary
decomposition and scaling by powers of two have their specified exact meanings.

The double-logarithmic calculation uses the same binary64 semantics for each NumPy compo-
nent operation, with faithful shapes, indices and broadcasting. A reduction of m nonnegative
entries performs at most m− 1 additions, in any order. Any participating threads preserve these
operations and data ownership. The retained environment uses CPython 3.12.3 and GCC 13.3.0;
native compilation uses -O2 -fno-fast-math -ffp-contract=off. The supplement records the
remaining environment and source versions. These are execution assumptions. Integral accuracy,
admissibility of arguments, coverage and normalization are proved below.

For intervals we use endpointwise addition and the four-corner product

[a, b][c, d] = [min{ac, ad, bc, bd},max{ac, ad, bc, bd}].

This convention retains the signs of all coefficients. A rational string denotes its exact rational
value. A numeric token in a saved binary64 interval denotes the exact dyadic value obtained by
nearest-even parsing. It need not equal the rational decimal written in that token.

Definition C.3 (Scalar integral arrays). For positive integers Ri, integers ni, pij and k =
(R1, R2, R3, n1, n2, n3, p12, p13, p23), put

I(k) = (4π)−3
∫

(R3)3
e−
∑

i
Riri/180∏

i

rni
i

∏
i<j

d
pij

ij dX. (C.1)

A coefficient dictionary is a finite rational sum of the scalar primitives Fa,ν in Definition C.1, or
of xi,3Fa,ν . After formal differentiation, we allow integer distance exponents ν ∈ Z6, interpreting
the same primitive formula away from collisions. The denominator of a dictionary is the least
common multiple of its reduced coefficient denominators; the zero dictionary has denominator one.
Let UT be the dictionary of uT and VT the dictionary obtained by applying the formal differential
expression H3(3) + 15/2 to uT . Let Sn, Tn be those of sn, tn. The ordered base pairs are

S : (US , VS), (VS , VS), (S2, US), (S2, VS), (S3, VS), . . . , (S6, VS),
P : (UP , VP ), (VP , VP ), (T2, UP ), (T2, VP ), (T3, VP ).
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The extra pairs are (US , US), (US , S3), . . . , (US , S6) and (UP , UP ), (UP , T3).
For a pair (f, g), multiply its dictionaries, adding rates and powers. In a vector product replace

xi,3xj,3 by (r2
i +r2

j−d2
ij)/6, with dii = 0. Set Dc = den(f) den(g) in S and Dc = 6 den(f) den(g) in

P . Multiply the coefficients by Dc and the rates by 180. Replace each key by the lexicographically
least of its six simultaneous electron permutations, and add its signed integer weights. Delete a
key only when its entire column vector is zero. Denote the resulting base key sets by LT , their
weights by Wc(k), and the extra sets by L+

T . Missing column entries have weight zero. The source
factor Cc is one for a norm or a trial–residual product, and is the positive CT,n of Definition C.1
for a column involving that source.

C.2 Integral formulas and error bounds

Write Pℓ for the Legendre polynomial normalized by Pℓ(1) = 1. For p ≥ −2 and 0 < t < 1 define

A
(p)
ℓ (t) = 1

2

∫ 1

−1
(1 + t2 − 2tx)p/2Pℓ(x) dx, Bℓ(t) = t−ℓA

(−2)
ℓ (t).

For a radial order σ = (h,m, b) the pair ratios are thm = s, tmb = v, thb = sv under rh = R, rm =
Rs, rb = Rsv. Put

κ = 9 +
∑

i

ni +
∑
i<j

pij , Cσ = nb + 2, Dσ = nm + nb + pmb + 5.

These letters denote scalar degrees, not source constants or column denominators. All ordered
integrals below have positive rational rates. The conditions on the clusters that we use are

9 +
∑

i

ni +
∑
i<j

pij > 0, ni + nj + pij > −6 (i < j),
∑
i<j

pij > −6. (C.2)

For j ≥ 0 write hj =
∑j

i=1 1/i, with h0 = 0.

Lemma C.4 (Angular reduction). Suppose Ri > 0 are integers, ni, pij ≥ −2 are integers and
(C.2) holds. Suppose further that there are at most two pair powers −2, and that if there are
two then the remaining pair power is nonnegative and even. The master integral is finite. Its
normalized angular average at distinct radii is∏

i<j

r
pij

large(ij)
∑
ℓ≥0

(2ℓ+ 1)
∏
i<j

A
(pij)
ℓ (tij). (C.3)

If p ≥ −1, A(p)
ℓ is a rational polynomial with no powers below ℓ, and it vanishes for 2ℓ > p when

p is even. For p = 2m− 1, m ≥ 0, it equals
∑m

j=0 cjt
ℓ+2j, where

c0 = (−1)m(2m− 1)!!∏m
j=0(2ℓ+ 1− 2j) , cj+1 = −cj

(m− j)(2ℓ+ 1− 2m+ 2j)
(j + 1)(2ℓ+ 3 + 2j) . (C.4)

Here (−1)!! = 1. For the inverse-square coefficient,

Bℓ(t) =
∑
j≥0

∏ℓ
i=1(2j + 2i)∏ℓ

i=0(2j + 2i+ 1)
t2j , 0 < Bℓ(t) ≤ 1− log(1− t). (C.5)

An even pair power makes (C.3) terminate at the smallest half of an even pair power.
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Proof. Rodrigues’ formula gives∫
S2
Pℓ(ω · u)Pj(ω · v)dω4π = 1ℓ=j

2ℓ+ 1Pℓ(u · v).

For example, the rotation-invariant reproducing kernel of degree ℓ spherical harmonics is (2ℓ+1)Pℓ.
Its trace determines this coefficient. Applying the identity twice gives (C.3). To compute a
coefficient, expand Pℓ(x) =

∑ℓ
j=0 bjx

j and substitute y = 1 + t2 − 2tx. For p ≥ −1 the result is

ℓ∑
j=0

bj

j∑
i=0

(−1)i
(j

i

)
(1 + t2)j−i[(1 + t)p+2i+2 − (1− t)p+2i+2]

2j+1(p+ 2i+ 2)tj+1 . (C.6)

Analyticity at zero cancels negative powers, and Legendre orthogonality cancels powers below
ℓ. Orthogonality also proves termination for even p. The leading coefficient for p = 2m − 1 is
(−1)ℓ4ℓℓ!

∏ℓ−1
j=0(m − 1

2 − j)/(2ℓ + 1)!. It equals c0 in (C.4), including when ℓ < m. Projecting
∆|x− e3|2m−1 = 2m(2m− 1)|x− e3|2m−3 onto degree ℓ shows that the remaining coefficients obey
the displayed recurrence: the radial operator sends tℓ+2j to 2j(2ℓ+ 2j + 1)tℓ+2j−2.

Direct integration gives A(−2)
0 = log((1+t)/(1−t))/(2t) and A(−2)

1 = (1+t2)A(−2)
0 /(2t)−1/(2t).

The Legendre recurrence then proves the positive series (C.5) by induction. Its coefficient is at
most 1/(2j + 1), which gives its logarithmic majorant. All angular series converge absolutely at
distinct radii.

For ℓ ≥ m, expansion of a beta integral gives

A
(2m−1)
ℓ (t) = c0t

ℓ

∫ 1
0 z

ℓ−m−1/2(1− z)m(1− t2z)m dz∫ 1
0 z

ℓ−m−1/2(1− z)m dz
.

The quotient lies in [0, 1]. This proves the sign (−1)m and the bound |A(2m−1)
ℓ (t)| ≤ |c0|tℓ used in

the tails below. The conditions on the clusters imply Cσ, Dσ ≥ 0. After the scale integral, a finite
angular term is bounded by a constant times sDσvCσ times at most two logarithmic majorants.
For two distinct ratios in {s, v, sv} their product is bounded by (1− log(1− s))(1− log(1− v)).
This is integrable. An infinite angular sum has either three odd powers or one inverse-square
power and two odd powers. In the first case, the beta bounds and the factor 2ℓ + 1 give a
summable O(ℓ−2) envelope after any fixed initial segment. In the second, the two odd coefficients
give O((2ℓ+ 1)−2), and the product of all three ratios to power ℓ is (sv)2ℓ. The remaining sum is
bounded by a constant times 1− log(1− sv). Multiplication by the inverse-square majorant again
gives a bound by a constant times (1− log(1− s))(1− log(1− v)), whichever edge has power −2.
The scale integral contributes a bounded factor, since its denominator is at least the largest-radius
rate. These bounds prove absolute integrability and justify termwise integration.

Lemma C.5 (Ordered radial integrals). Let a, b, c > 0 be rational, and let α, β, γ be integers with
γ ≥ 0, d = β + γ + 1 ≥ 0 and s = α+ β + γ + 3 ≥ 1. Define

J =
∫

0<z<y<x
xαyβzγe−ax−by−cz dz dy dx, λ = a+ b+ c, ξ = b+ c

λ
, η = c

λ
.

Then, with (s)j = s(s+ 1) · · · (s+ j − 1) and (s)0 = 1,

tj = (s)jγ!
(d+ j + 1)!

j∑
i=0

(d+ i)!
(γ + i+ 1)!ξ

j−iηi, fj = (s)jξ
j

j!(d+ 1)(γ + 1) ,
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J ∈ (s− 1)!
λs

 N∑
j=0

tj ,
N∑

j=0
tj + fN+1

1− ρN

 , ρN = ξ(s+N)
N + 1 < 1. (C.7)

If α, β, γ ≥ 0, the exact rational alternative is

J =
α∑

i=0

β+i∑
j=0

α!(β + i)!(γ + j)!
i!j!aα+1−i(a+ b)β+i+1−jλγ+j+1 . (C.8)

For a master with ni ≥ −2, pij ≥ −1 all odd, and (C.2), put mij = (pij + 1)/2, M = maxmij,
h = 2 +

∑
mij and

bL =
∏

i<j(2mij − 1)!!
2(h− 1)(2L+ 1− 2M)h−1 , L ∈ Z, L ≥M.

The absolute error after angular index L is at most bL times the sum over the six radial orders of
J with baseline degrees (nh + 2 +phm +phb, nm + 2 +pmb, nb + 2) and the shift (−2L−2, 0, 2L+ 2),
with the correspondingly ordered rates Ri/180.

Proof. Set x = R, y = Ru, z = Ruv and integrate R. The remaining denominator is

λs[1− ξ(1− u)− ηu(1− v)]s.

Its binomial expansion has nonnegative terms. Integrating the term of degree j by beta integrals
gives tj , and bounding its argument by ξ gives tj ≤ fj . The ratios fj+1/fj = ξ(s + j)/(j + 1)
decrease to ξ < 1. Hence the geometric remainder is (C.7). Repeated integration from x = y and
then y = z gives (C.8).

For the angular tail multiply the three beta-integral bounds in the preceding proof. Cancel one
factor 2ℓ+ 1 and bound the remaining h factors below by 2ℓ+ 1− 2M . Since t12t13t23 = (rb/rh)2,
summing the decreasing coefficient by its integral on [L,∞) gives bL(rb/rh)2L+2. Every resulting
radial integral has nonnegative lowest degree and middle-plus-lowest degree plus one, with total
shape κ. The same is true for the finite angular terms: their polynomial exponents are nonnegative.
This proves integrability and the asserted remainder.

Lemma C.6 (Native radial arithmetic). Assume the native execution model of Set-up C.2. In
Lemma C.5, suppose (a, b, c) = (Rh, Rm, Rb)/180 with 233 ≤ Ri ≤ 1116, 0 ≤ γ, d ≤ 256 and
1 ≤ s ≤ 32. The positive interval recurrence described in the proof returns an enclosure of J
within 4096 iterations. It has no integer overflow, invalid denominator or nonfinite numerical
operand. For masters with −2 ≤ ni ≤ 10, −1 ≤ pij ≤ 10, 1 ≤ κ ≤ 32 and these rate bounds,
the finite angular wrapper and the all-odd wrapper at M + 1 ≤ L ≤ 24 return enclosures. Their
sequential signed contraction remains enclosing and finite for at most 224 terms with rational
coefficients of magnitude at most 2128.

Proof. Outward recurrence. Write RN for nearest-even binary64 rounding and pred, succ for
the adjacent numbers. For nonnegative expressions use max{0, pred(RN(x))} and succ(RN(x))
as lower and upper bounds. Rounding cells lie between their adjacent representable numbers,
including at zero and in the subnormal range. Addition, multiplication and division of positive
intervals therefore enclose their exact operations.

Set χ = c/(b+ c). The native loop maintains intervals for tj , fj of (C.7), its last summand
υj = (s)jγ!ηj/[(d+ j + 1)(γ + j + 1)!], and

∑
i<j ti. Initially t0 = υ0 = f0 = 1/[(d+ 1)(γ + 1)]. At
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iteration j it first adds tj , updates fj+1 = ρjfj , and, if the upper endpoint of ρj is less than one,
bounds the remainder by

succ
(

RN (fj+1)+
pred(RN(1− (ρj)+))

)
.

The denominator is greater than 2−54. The loop returns when this bound is less than the rounded
product of the current lower sum and the binary64 literal 10−15. It then multiplies the enclosing
sum by the interval for (s− 1)!/λs, built by successive factors i/λ. The comparison only chooses
a return time. Enclosure already follows from the remainder formula. Otherwise the updates are

aj = ξ(s+ j)
d+ j + 2 , bj = χ(d+ j + 1)

γ + j + 2 , υj+1 = ajbjυj , tj+1 = ajtj + υj+1.

Cancellation of factorials in the exact series proves these identities, and induction proves the
interval invariant. A failure return is never used as an interval.

Range and termination. All integer expressions, including those formed before the guard, have
magnitude at most 4353 on this box. With µ = 2−1074 an outward scalar operation has absolute
error at most 2−50|x|+ 2µ. The constructed upper ratio satisfies ξ+ < 29/32 since ξ ≤ 2232/2465
and 29 · 2465− 32 · 2232 = 61. An induction with Kj = 4(1 + 2−20)j

(s+j−1
j

)
gives

(υj)+, (fj)+ ≤ Kj , (tj)+ ≤ (j + 1)Kj , Kj < 2406 (0 ≤ j ≤ 4096).

Indeed each recurrence factor incurs a relative multiplier below 1 + 2−40. The larger multiplier
1 + 2−20 absorbs those errors and the additive 2µ terms. The accumulated sum is below 2432, the
scale below 2156, and the returned value below 2640. For termination the sharper envelope bound
is

(fN )+ < 4(29/32)N

(
s+N − 1

N

)
+ 4µN

(
s+N − 1

N

)
.

At N = 4096 use 298 < 239 and
(s+N−1

N

)
< 2403: the envelope is below 2−106. At j = 4095 the

ratio is below 15/16, the remainder below 2−100, and the lower sum remains above 2−18. The
stopping threshold exceeds 2−69, so the return occurs.

Angular and signed arithmetic. The exact angular lists are (C.6) and (C.4). Equal radial
powers are collected before conversion. Signed rational conversion uses both neighbors of its
rounded value. Signed multiplication takes the four rounded corner products and then their
exterior neighbors. Addition widens each rounded endpoint once. These rules enclose through
cancellation. The odd wrapper adds the symmetric tail interval of Lemma C.5, with its upper
endpoint rounded outwards.

Here mij ≤ 5. The largest angular exponent is L+ 2mij ≤ 34, so each native call has lowest
degree at most 80 and combined degree at most 103. A tail call has bounds 62 and 85. The
finite wrapper has smaller bounds. The coefficient absolute sum of an odd edge is at most
9!! 45 < 220; for even edges the Legendre recurrence and binomial expansion give the same bound.
There are fewer than 216 terms in a wrapper and every collected coefficient has magnitude below
280. The preceding outward-error estimate bounds all master endpoints by 2740 and all stated
signed-contraction intermediates by 2900. This also proves finiteness of the outward neighbors
used throughout.
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Lemma C.7 (Finite logarithmic integrals). Let α, β, γ be nonnegative integers and a, b, c > 0 be
rational. On x > y > z > 0 let (r′

0, r
′
1, r

′
2) = (x, y, z) and choose 0 ≤ h < k ≤ 2. The integral∫

xαyβzγe−ax−by−cz log r
′
h + r′

k

r′
h − r′

k

dz dy dx

has the exact finite gamma-mixture evaluation and rational error bounds given in the proof. They
apply also when auxiliary gamma rates coincide.

Proof. Finite reduction. Put g0 = x− y, g1 = y − z, g2 = z. Expand (g0 + g1 + g2)α(g1 + g2)βgγ
2 .

Each monomial is a positive rational multiple of independent gamma densities of integer shapes
and rates (a, a+b, a+b+c). The logarithm is the difference of the logarithms of

∑
i≥h gi +

∑
i≥k gi

and
∑

h≤i<k gi. Thus it suffices to integrate log Y for Y =
∑

i ℓiXi, with integer gamma shapes
and nonnegative rational ℓi, not all zero.

Merge equal positive rates ρi/ℓi into rates v with total shapes Kv. The Laplace transform is∏
v(v/(v + t))Kv . At the pole −v compute the first Kv Taylor coefficients cv,j of

∏
w ̸=v(w/(w −

v + z))Kw . A factor’s coefficients obey

s0 =
(

w

w − v

)Kw

, sj = −sj−1
Kw + j − 1
j(w − v) .

Finite convolution gives all cv,j exactly. Principal-part subtraction gives the partial fractions with
weights wv,j = vjcv,j , and

∑
v,j wv,j = 1 by evaluation at t = 0. Consequently,

E log Y = c +
∑
v,j

wv,j
(
hKv−j−1 − log v

)
, c =

∫ ∞

0
e−t log t dt. (C.9)

This follows by integrating the partial-fraction gamma densities. Integration by parts gives their
log moments. The identity of densities can equivalently be obtained by inverse finite convolution
of exponential polynomials. Their absolute logarithmic moments are finite. The common constant
c cancels in the required difference, so its numerical value is unnecessary. Equal rates were merged
before division. Signed partial-fraction weights are retained.

Error and rounding. For 1 ≤ v ≤ 2 put z = (v − 1)/(v + 1). Then

0 ≤ log v − 2
127∑
j=0

z2j+1

2j + 1 ≤
2z257

257(1− z2) . (C.10)

Integrating the geometric series proves this bound. Reduce any positive rational rate to 2kv
with 1 ≤ v < 2 and use the same formula for log 2. Reverse endpoints if k < 0. Let δ(v) be the
resulting width for that rate. Formula (C.9) then has width at most

∑
v |
∑

j wv,j |δ(v) + 2−119

after outward rounding to multiples of 2−120. Multiply the two log-mean intervals by the exact
positive masses of the gap monomials, subtract with reversed endpoints, and add. This proves
the claimed ordered-log enclosure with an explicit finite error, without a floating logarithm.

Lemma C.8 (Compact inverse-square integrals). Let ℓ,D,C be nonnegative integers and let
ϵ ∈ {(1, 0), (0, 1), (1, 1)}. Define

Jℓ,ϵ(D,C) =
∫ 1

0

∫ 1

0
sDvCBℓ(sϵ1vϵ2) dv ds.
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Then 0 < Jℓ,ϵ(D,C) ≤ 2, and it is a rational linear combination of 1, log 2, 6ζ(2), ζ(3). For
positive integer rate numerators (Rh, Rm, Rb), integer shape m ≥ 1 and integer precision d ≥ 0,
the exact compact algorithm specified in the proof encloses

(m− 1)!
∫ 1

0

∫ 1

0

sDvCBℓ(sϵ1vϵ2)
(a+ bs+ csv)m

dv ds, (a, b, c) = (Rh, Rm, Rb)/180. (C.11)

Its arithmetic uses integers and rationals, with denominator scale U = 2640 and the constant
intervals below.

Proof. We evaluate the compact moments by partial fractions and approximate only the radial
denominator, with its integrated remainder included explicitly.

Compact moments and constants. The coefficient in (C.5) has the partial fractions
∏ℓ

i=1(x+ 2i)∏ℓ
i=0(x+ 2i+ 1)

=
ℓ∑

h=0

aℓh

x+ 2h+ 1 , aℓh =
∏ℓ

i=1(2i− 2h− 1)∏
0≤i≤ℓ, i̸=h(2i− 2h) > 0.

Each active variable contributes a factor (2j + D + 1)−1 or (2j + C + 1)−1 to the integrated
positive series. An inactive one contributes 1/(D + 1) or 1/(C + 1). Thus each term reduces to∑

j≥0

∏
v∈P

(2j + v)−1,

where P is a list of two or three positive integers, with repetitions allowed. Partial fractions
at a repeated pole −v are computed by the Taylor coefficients of

∏
w ̸=v(w − v + z)−mw . Their

recurrence is the one in the preceding proof without its rate numerators. The sum of the simple-
pole coefficients is zero, since the original rational function is O(x−2). Subtract 1/(2j + 1) from
each simple-pole series before summing. Odd and even poles then give respectively finite harmonic
tails and − log 2 minus finite even harmonic tails. The square-pole tails are 6ζ(2)/8 and 6ζ(2)/24
minus their finite initial sums. The cube-pole tails are 7ζ(3)/8 and ζ(3)/8 minus their initial
sums. This proves the linear-combination formula, including triple poles. No divergent series is
subtracted after evaluation.

For two distinct active degrees use

Jℓ,(1,1)(D,C) =
Jℓ,(1,0)(D, 0)− Jℓ,(1,0)(C, 0)

C −D
.

For equal degrees use the repeated-pole formula. Outward integer division implements this
identity and division by the inactive degree plus one. This also proves the correctness of caching
these two reference types. The bound J ≤ 2 follows from Bℓ(t) ≤ 1− log(1− t): the active ratio
is at most one of s, v, and

∫ 1
0 (1− log(1− t)) dt = 2.

Here are exact definitions of the constant inputs. Put h(2)
j =

∑j
i=1 1/i2, and set

E1 =
769∑
j=1

2−j

j
, E2 =

769∑
j=1

2−jhj

j
, E3 =

769∑
j=1

2−j(h2
j + h(2)

j )
2j .

For (γ1, γ2, γ3) = (1, 12, 4/3) use the integer pairs

ai = ⌊UγiEi⌋, bi = ⌈Uγi(Ei + 2−769)⌉. (C.12)
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They enclose U(log 2, 6ζ(2), ζ(3)). Indeed

bs,k = 1
(s− 1)!

∫ 1

0
(1− t)k(− log t)s−1 dt ∈ [0, 1]

and
∑

k≥0 2−k−1bs,k is log 2 for s = 1 and (1− 21−s)ζ(s) for s = 2, 3. The omitted tail is at most
2−769. Differentiating

∫ 1
0 t

a(1− t)k dt = k!/
∏k+1

j=1(a+ j) at a = 0 gives the three displayed finite
sums. Signed substitution of (C.12) and outward rounding therefore returns integers enclosing
UJ .

Denominator and its error. Put c0 = a+(b+c)/2, h = (b+c)/(2c0) < 1 and S0 = (m−1)!/cm
0 .

Expand
(m− 1)!

(a+ bs+ csv)m
= S0

∑
k≥0

(
m+ k − 1

k

)(
h− bs+ csv

c0

)k

.

The argument has absolute value at most h. Write uk = S0
(m+k−1

k

)
hk and ρk = h(m+ k − 1)/k.

Choose the first n ≥ 1 with ρn < 1 and τ = un/(1− ρn) < 10−d. Such n exists. The polynomial
through degree n− 1 has uniform error at most τ . Expand it as

∑
gijs

ivj and set wij = ⌊Ugij⌋.
If there are N△ coefficients, the integrated denominator error is at most

e

U
, e = ⌈2Uτ⌉+ 2N△. (C.13)

This follows by multiplying the uniform Taylor and coefficient-floor errors by a nonnegative weight
whose integral is at most two.

For correspondence with the implemented polynomial shift, let PN (x) =
∑N

j=0
(m+j−1

j

)
xj ,

N = n− 1, and PN (h+ y) =
∑
tiy

i. Horner evaluation gives t0 and

ti+1 = (m+ i)ti − di

(1− h)(i+ 1) , di = (m+N)
(
m+N − 1

N

)(
N

i

)
hN−i.

These identities follow by comparing coefficients in (1− x)P ′
N −mPN = −(m+N)

(m+N−1
N

)
xN .

They give gij = S0ti(−1/(180c0))i
(i

j

)
Ri−j

m Rj
b. The consecutive integer binomial updates are exact

divisions.
If [lij , uij ] encloses UJ (D + i, C + j), form

v− =
∑
i,j

min(wijlij , wijuij), v+ =
∑
i,j

max(wijlij , wijuij).

Then [(v−− eU)/U2, (v+ + eU)/U2] encloses (C.11). This is precisely the integer contraction and
error allowance used in the compact evaluations.

Lemma C.9 (Signed odd-logarithmic tail). Let a master have one pair power −2 and the other
two powers 2m1 − 1, 2m2 − 1, with nonnegative integers mi and µ = m1 + m2 > 0. Assume
ni ≥ −2, positive integer rate numerators and the cluster conditions (C.2). Put M = max(m1,m2)
and λ =

∑
iRi/180. Choose an integer L ≥M such that for every radial order

dσ = Dσ + 2L+ 2− κ ≥ 0, cσ = Cσ + 2L+ 2− κ ≥ 0.

Let IL be the angular expression through ℓ = L, using the compact integrals of Lemma C.8. Set

vσ =
{
cσ, the inverse-square edge is mb,
dσ, otherwise,

Tσ = (2m1 − 1)!!(2m2 − 1)!!(κ− 1)!(1 + hvσ+1)
2µ(2L+ 1− 2M)µλκ(dσ + 1)(cσ + 1) .
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Then
0 ≤ (−1)µ(I − IL) ≤

∑
σ

Tσ. (C.14)

Proof. For ℓ > L, the two odd angular coefficients have signs (−1)m1 , (−1)m2 by the beta-integral
formula, and the inverse-square coefficient is positive. Cancel one factor 2ℓ+1 from their coefficient
bound. The remaining sum is bounded by∑

ℓ>L

(2ℓ+ 1− 2M)−µ−1 ≤ [2µ(2L+ 1− 2M)µ]−1.

The radius-ratio factor is (sv)2L+2. Also a + bs + csv ≥ λsv, and Bℓ(t) ≤ 1 − log(1 − t), with
t = v on edge mb and t ≤ s otherwise. The remaining two monomial integrals are 1/(j + 1) and
(1 + hj+1)/(j + 1). They give Tσ. The bound is integrable, justifying the angular integration and
retaining its common sign. The finite part uses A(−2)

ℓ = tℓBℓ(t) and the two rational polynomials.
Their exponents ensure D,C ≥ 0 in every compact call.

Lemma C.10 (Double-logarithmic quadrature). Let 1 ≤ a, b, c ≤ 7 be positive rational rates, let
1 ≤ m ≤ 16, 0 ≤ X,Y ≤ 16 and 0 ≤ ℓ ≤ 3 be integers with X + Y + 4ℓ ≤ 36, and let t1, t2 be
distinct members of {x, y, xy}. The order-ten tensor Gauss algorithm specified in the proof, with
endpoint cutoff 2−34, encloses

∫ 1

0

∫ 1

0

xXyY A
(−2)
ℓ (t1)A(−2)

ℓ (t2)
(a+ bx+ cxy)m

dx dy (C.15)

under the NumPy execution model of Set-up C.2. Consequently its finite signed angular assembly
encloses every master with pair powers a permutation of (−2,−2, 2k), k ∈ {0, 1, 2, 3}, whose
ordered terms satisfy these bounds and whose nonzero angular coefficients have magnitude below
245.

Proof. We bound the Gauss remainder and omitted strips, then verify the floating allowances for
the angular functions and the positive sums.

Rule and analytic error. The ten nodes are enclosed by rational sign brackets for P10, starting
with width 2 · 10−12 and bisecting 48 times. The brackets must be disjoint, and their derivative
lower bounds positive. Proposals for the brackets have no assumed accuracy. The polynomial is

P10(t) = 46189t10 − 109395t8 + 90090t6 − 30030t4 + 3465t2 − 63
256 .

Its ten sign changes certify all ten roots. Since |P ′′
10| ≤ 1485 < 104 on [−1, 1], a bracket [l, u] gives

|P ′
10(r)| ∈ [|P ′

10((l + u)/2)| − 104(u− l)/2, |P ′
10((l + u)/2)|+ 104(u− l)/2]. Use this interval and

the endpoint bounds for r2 in w(r) = 2/[(1− r2)P ′
10(r)2] to enclose each positive weight. The

exact sign/weight certificate in the supplement gives

|r| < .974, .066671 < w(r) < .295525.

Its rational comparisons use the displayed polynomial and derivative formula. Any successful
final source bracket has width 1/(140737488355328000000000000) < 10−26, and hence lies in
(−.975, .975). The weight bounds change by less than 3 · 10−14. Thus all source brackets lie in
(−.99, .99) and their weight endpoints in (1/16, 1). Orthogonality and division by P10 prove the

61



rule exact through degree 19. The weight formula follows by integrating its Lagrange cardinal
polynomials.

The mesh consists of 0, 1/32, . . . , 1/2, followed by the midpoint and right endpoint of each
[1 − 2−j , 1 − 2−j−1], 1 ≤ j ≤ 33. There are 82 panels and 820 nodes in each direction, hence
N = 672400 tensor nodes. Let δ = 2−34. On a panel of midpoint z0 and half-width h, use the
complex disk |z − z0| ≤ 4h. The positive upper bound on |z| is less than 1 − 2−36, the lower
real-part bound is at least −3/64, and the real part of a+ bx+ cxy is at least 11/32 when one
variable is in its disk and the other in its real panel.

Write Λ(t) = 1 − log(1 − t). The positive series gives |A(−2)
ℓ (z)| ≤ Λ(|z|) for |z| < 1. For

two distinct ratios their product is bounded by Λ(x+)Λ(y+), where x+, y+ are the disk/real
upper moduli. If d− is the denominator lower bound on that disk, an analytic majorant is
xX

+y
Y
+Λ(x+)Λ(y+)/dm

− . Let M be the sum of rectangle areas times these majorants for both
choices of the complex variable, replacing Λ(t) by the integer upper bound 3− e when frexp(1− t)
has exponent e. Cauchy’s coefficient bound gives a Taylor remainder (4/3)4−20 times the
majorant. The integral and positive rule each have mass equal to the panel length. Applying
(Ix −Qx)Iy +Qx(Iy −Qy) on each rectangle therefore gives error (8/3)4−20M.

Define MZ(A,B) = max0≤t≤1 t
Z/(A+Bt)m. For Z = 0 it is A−m. Otherwise the maximizer

is 1 if m ≤ Z or B = 0, and min{1, ZA/((m−Z)B)} in the remaining case. Differentiation proves
this formula, so MZ is evaluated rationally. The two omitted strips have total integral at most

2δ(2 + 34) [MY (a+ b(1− δ), c(1− δ)) +MX(a, b+ c(1− δ))] . (C.16)

Here
∫ 1

0 Λ = 2 and
∫ 1

1−δ Λ = δ(2− log δ) ≤ 36δ. An overlap of the two strips only enlarges the
bound.

Angular evaluation. Put u = 2−53 and γj = ju/(1 − ju). All node-ratio endpoints lie in
(2−27, 1− 2−35). For t < 5/8, evaluate the positive series for A(−2)

ℓ (t) through j = 64 by Horner’s
rule. The lower polynomial has terminal coefficient cℓ,64 and the upper one has cℓ,64 + 2, since
the omitted tail is less than 2tℓ(t2)64. The operation and coefficient-conversion error is at most
γ200 < 3 · 10−14 relatively. Multiplication by 1∓ 2 · 10−12 covers it in the respective directions.

For t ≥ 5/8, put z = (1 + t2)/(2t) and evaluate

Q0 = log(1+ t)− log(1− t), Q1 = zQ0−1, Qj+1 = (2j + 1)zQj − jQj−1
j + 1 , A

(−2)
j = Qj/(2t).

Each logarithm is computed by exact binary argument reduction and 2
∑24

i=0w
2i+1/(2i+ 1), with

w = (v − 1)/(v + 1) and 1 ≤ v < 2. Its omitted tail is bounded by 2/[51 351(1 − 1/9)]. The
binary64 constant for log 2 is 6243314768165359/253. The same finite series at w = 1/3 places
log 2 strictly between this value and this value plus u. Counting the argument, Horner and
final-addition errors gives less than 400u absolute error per logarithm and 900u for Q0. Since
1 ≤ z ≤ 89/80 and 0 < Qj < 25, the first recurrence has local error below 200u and the next two
below 1000u each. Start the error allowance at 2 · 10−12, update it first as 1.2E + 2 · 10−12 and
then as 2.3E + Eprevious + 2 · 10−12. Induction bounds the actual error by half this allowance,
including rounding of the allowance. Subtracting/adding it, dividing by 2t and multiplying by
1∓ 10−14 gives enclosing endpoints. Both branches have lower endpoint greater than tℓ/8 and
upper endpoint less than 32. Clipping at zero changes neither.

Positive reductions and directed assembly. Use lower node, weight, monomial and angular
endpoints for the lower tensor sum and the upper denominator endpoint, and reverse those choices
for the upper sum. Before reduction the relative error in each positive summand is below γ400.
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Including the nonnegative reduction and coefficient multiplication gives γN+512 < 2u(N + 512).
The source multiplier

1∓ 32u(N + 1024) (C.17)

covers this error and the final rounding in the indicated direction. For the disk denominator,
possible cancellation has absolute error at most 21γ5 and relative error below γ1024, using its
lower bound 11/32. Powering and inversion cost less than γ33000. The two disk reductions and
all remaining operations give a combined bound γ60000 < 7 · 10−12 for the error expression. Its
source factor 1 + 10−9 therefore makes the sum of (C.16) and (8/3)4−20M an upper bound after
floating evaluation.

These relative estimates are valid throughout: node coordinates exceed 2−13, ratio coordinates
exceed 2−27, weights exceed 2−41, and the positive denominator lies in [1, 21]. UsingX+Y +4ℓ ≤ 36
bounds every positive tensor intermediate between 2−700 and 2100. Disk and strip intermediates
lie between 2−400 and 2110. Positive angular intermediates also stay normal, and exact zeros in
argument reduction stay zero. Thus no harmful underflow or overflow was assumed in the relative
estimates. Finally subtract/add the error using the adjacent exterior binary64 number, reverse
endpoints for a negative angular coefficient, and add with the same directed rule. At most 60
angular terms occur in a master. These last signed operations remain enclosing even at zero or
subnormal cancellation. This proves the assertion.

Lemma C.11. For the trials and sources of Definition C.1, all functions belong to D(H3(3)), the
sources have norm one, and the spin representation preserves their inner products and Hamiltonian
inner products. Every moment specified by a pair in Definition C.3 equals

(4π)3Cc

∑
k

Wc(k)
Dc

I(k). (C.18)

Every integral in this sum converges absolutely. All its distance powers are at least −2, and an
inverse-square pair power occurs only in a base residual-norm column.

Proof. We identify the Hamiltonian dictionaries, justify their domains, and then check the spin
and scalar normalizations.

Hamiltonian dictionaries. Use the six oriented edges (1, 0), (2, 0), (3, 0), (1, 2), (1, 3), (2, 3),
where x0 = 0. For e = (j, k) write ye = xj−xk, ϵei = 1j=i−1k=i, we =

∑
i ϵ

2
ei, and gef =

∑
i ϵeiϵfi.

Put ae = ai on (i, 0) and zero on the pair edges, and put ve = −3 on nuclear edges and 1 on pair
edges. Direct differentiation of a scalar primitive F = Fa,ν gives

(H3(3) + 15/2)F = F

[15
2 −

1
2
∑

e

wea
2
e +

∑
e

ve + weae(νe + 1)
de

− 1
2
∑

e

weνe(νe + 1)
d2

e

−
∑
e<f

gef

(
νe

d2
e

− ae

de

)(
νf

d2
f

− af

df

)
ye · yf

]
. (C.19)

For a Cartesian primitive one adds the product-rule term

(H3(3) + 15/2)(xj,3F ) = xj,3(H3(3) + 15/2)F − F
∑

e

ϵej

(
νe

d2
e

− ae

de

)
ye,3. (C.20)

The identity 2y(j,k) · y(s,t) = d2
jt + d2

ks − d2
js − d2

kt turns these into finite rational dictionaries. A
power lowered by two has a nonzero coefficient only if its original power is positive. Thus every
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output monomial has powers at least −1 and at most two negative powers. In a product, all
powers are at least −2, at most two can equal −2, and the sum of all six powers is at least −4.
Cartesian averaging increases one power by two. In particular, (C.2) holds term by term. A
product with an undifferentiated trial or source cannot have a pair power −2.

Domains and convergence. The primitives and their first derivatives are bounded by an
exponentially decaying polynomial. Each second derivative is bounded on compact sets by a
constant times 1+

∑
e d

−1
e . These bounds are square integrable: each collision has three transverse

coordinates. Cut off tubes of radius ε around the six collisions. Their volumes on compact sets
are O(ε3), whereas cutoff gradients are O(ε−1). The integration-by-parts boundary errors against
bounded first derivatives are O(ε2). Thus the displayed derivatives are also the distributional
derivatives. The functions are in H2, and their Coulomb potential products are in L2. The
distributional identity therefore gives the defining form identity for D(H3(3)), first against smooth
test functions and then by H1 density. Indeed integration of div(x/|x|2) = |x|−2 and Cauchy–
Schwarz give ∥|x|−1ϕ∥2 ≤ 2∥∇ϕ∥2. Applying this also in relative collision coordinates controls
each Coulomb form term.

For the expanded products, Lemma C.4 gives absolute convergence. To check its remaining
hypothesis, two pair powers −2 require two Hamiltonian monomials each having the same two
pair powers −1. Such a monomial comes from differentiating two pair factors of power one and
retaining the square of the third distance in the polarization identity. The S table has no term
with all three pair powers positive, so the third power in the product is four. A P scalar feature
has degree at most two, so the third power is four or, after Cartesian averaging, six. It is therefore
even. This proves termwise integrability without cancellation of singular monomials.

Spin, sources and measure. Two signed permutations producing the same spin string differ by
the exchange of the two up spins. The identity P13f = −f makes their prescriptions agree. The
three nonzero components have squared norms ∥f∥2/3, so their sum is ∥f∥2. Polarization and
commutation of H3(3) with permutations prove the asserted isometry also for graph products.
No assertion about total spin is used.

The normalized 1s orbital is Q3/2e−Qr/
√
π. The nS orbital is

(2Q/n)3/2
√

2n
√

4π
e−Qr/nL1

n−1(2Qr/n),

where L1
n−1(y) =

∑n−1
j=0 (−1)j

( n
j+1
)
yj/j!. Integration by parts in its Rodrigues formula gives∫∞

0 e−yy2(L1
n−1(y))2 dy = 2n2. The overlap with 1s vanishes for n ≥ 2 by the same finite

polynomial integral. For 2P and 3P , integrate x2
3 as r2/3 and use

∫∞
0 rje−ar dr = j!/aj+1. Their

overlap with 1s is zero by odd parity. Multiplying the three normalized orbitals and applying
A13/

√
2 gives exactly the positive constants CT,n in Definition C.1. It proves unit source norms

and preserves the stated source phases.
Rotational invariance of the scalar factors gives

∫
xi,3xj,3G = 1

3
∫
xi · xjG, which proves the

factor 1/6 in the array definition. A simultaneous electron permutation leaves a scalar integral
unchanged. It introduces neither a sign nor an orbit-size factor. All antisymmetrizer signs are
already in the coefficients. Finally, the three normalized angular measures in (C.1) require exactly
the restoration factor (4π)3. This proves (C.18).

Lemma C.12 (Physical factors). Put A = (4π)3, FT,n = ACT,n and BG = [kG/2128, (kG+1)/2128]
for each factor in Table 10. Then G ∈ BG for all eight factors.
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Table 10: Integer numerators for the physical factor intervals.
G kG

A 675256909963386956951116526350654582672596
FS,2 1251738287056864148917692673584208527429128
FS,3 454240014043670239193980669330780944972364
FS,4 221278157762185462735926447436975349160194
FS,5 126667008689195376140461016289088989981668
FS,6 80299048554137951591401791333167863507093
FP,2 3337968765484971063780513796224556073144343
FP,3 1978055564731834704462526694058996191492944

Proof. Squaring the positive constants gives

F 2
S,n = 238π3

39n5 , F 2
P,2 = 239π3

311 , F 2
P,3 = 247π3

317 .

The rational arithmetic certificate in the supplement bounds π between P∗/2256 and (P∗ + 1)/2256,
where

P∗ = 363771576891766324280234942777729862653393377328392429958772151117938894466185.

Its construction uses

π = 16 arctan(1/5)− 4 arctan(1/239), 0 < arctan(1/v)−
63∑

j=0

(−1)j

(2j + 1)v2j+1 <
1

129v129 .

The first identity follows by multiplying (5 + i)4(239− i) = 114244(1 + i) and fixing the angle
in (0, π/2). The second follows by integrating a finite geometric series. For completeness, the
integer certificate lists the quotients fv,j = ⌊2288/((2j + 1)v2j+1)⌋, their positive remainders and
complementary remainders, and their signed prefixes. If Sv =

∑63
j=0(−1)jfv,j , it verifies

232P∗ < 16(S5 − 32)− 4(S239 + 33), 16(S5 + 33)− 4(S239 − 32) < 232(P∗ + 1).

These are exact integer inequalities and prove the stated π interval. Cubing its endpoints and
testing the squares of kG/2128 and (kG + 1)/2128 proves the seven radical bounds. The bound
for A uses 64π3 directly. The complete positive cross-product remainders are supplied with the
factor table. Positive square roots preserve both inequalities, so no source phase changes in this
operation.

C.3 Complete finite certificates

We now define the family partition used by the computations. With no pair power −2, the P
families are Pol (all three pair powers even), Fin (some but not all even), and Odd (all odd).
Their union is Splain for S. With two pair powers −2 the family is Doublelog. With exactly one,
use Oddlog when the other two powers are odd. In the remaining case use the following exact
predicate.

Write Λ0(t) = log((1 + t)/(1− t)) and expand A
(−2)
ℓ = UℓΛ0 + Vℓ as Laurent polynomials:

U0 = (2t)−1, V0 = 0, U1 = (1 + t2)/(4t2), V1 = −(2t)−1.
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Both sequences obey (ℓ + 1)Zℓ+1 = (2ℓ + 1)(1 + t2)Zℓ/(2t) − ℓZℓ−1. For every radius order,
multiply these lists and the other angular polynomials through the finite even cutoff, include the
radial Jacobian, collect equal monomials and logarithm labels, and remove zero coefficients. Call
the tuple supported if each of the six lists is nonempty and every surviving term has at most one
log label, degrees (α, β, γ) satisfying γ ≥ 0, β+ γ+ 1 ≥ 0, α+β+ γ+ 3 > 0, and all three degrees
nonnegative when a log label is present. The supported part is Log. Its complement is Single.
This predicate is a finite rational calculation, with no integral evaluation. It tests the collected
Laurent expression, not the number of inverse-square factors alone.

Proposition C.13 (Evaluated family certificates). Assume Set-up C.2 for the retained executions
and readers. For the exact arrays of Definition C.3, the family partition is exhaustive and has
the sizes in Table 11. The complete raw interval tables in the accompanying code/data release,
denoted JT,c,E for family E, contain

XT,c,E =
∑

k∈LT ∩E

Wc(k)
Dc

I(k).

For Splain the supplied intervals Rc instead contain the physical quantities (4π)3CcXS,c,Splain. The
seven extra moments have the physical interval certificates described in the proof. All statements
concern the fixed trials simultaneously.

Table 11: Complete base-family coverage and retained evaluation parameters.
Family S keys P keys Evaluation
Splain 61344 — finite or odd, L = 14
Pol — 17277 exact rational
Fin — 108710 17 decimal digits, 96-bit endpoints
Odd — 15165 L = 24, 120-bit endpoints
Log 6983 21318 17 digits for plain terms, 96-bit endpoints
Single 3128 7749 compact, 18 digits; one 15-digit group
Oddlog 2248 3376 L = 8, compact 13 digits, 200-bit endpoints
Doublelog 50 72 Gauss order 10, endpoint power 34
Total 73753 173667

Proof. The proof checks the exact input arrays, applies the integral error bounds to all recorded
calls, and reconstructs every signed contraction. The supplement contains the full arrays and
group/row records used in these comparisons, together with the independent readers. The counts
in Table 11 summarize those full comparisons.

Common compiler and input identity. The compiler implements (C.19)–(C.20) by rational
dictionary addition. Its exchange reverses nuclear slots 1, 3, interchanges pair slots 12, 23, and
also exchanges the Cartesian label in P . In a square, it either enumerates both ordered products
or doubles an off-diagonal group once. Cartesian products include both copies of r2

i when i = j,
giving r2

i /3. Its integer packing is exact tuple addition: the scalar power digits after offset 3 lie in
[1, 25] in base 32. The vector digits after offset 4 and the square increment lie in [2, 24]. Rate
sums are at most 1116 < 2048, the rate-packing base. Thus there is no carry or borrow into
another field. Signed collision addition and removal only of whole zero vectors implement the
array definition exactly.

The independent input reader compared every rational primitive and every mode, both entire
generated and retained base arrays, and each denominator with the least-common-multiple
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definition. Headers have all nine key fields and all eight or five signed weights. Widths are exactly
17 and 14. It checks strictly increasing canonical keys, compares both streams to exhaustion,
and rejects a missing or extra row. For P it also accumulated all 450585 raw rows by signed
canonical addition and obtained the same 173667-key array. For every family, the reader removes
a key from a copy of the full map only after comparing its complete vector and its exact selector.
The remaining map is empty at the end. A repeated key cannot be removed twice. This proves
coverage and disjointness, including zero entries within active vectors.

The corresponding extra arrays have union sizes 6830 and 9878. Their nonzero column sizes
are (4256, 450, 579, 708, 837) and (9055, 823), with denominators

(1028, 81 · 1014, 81 · 1014, 151875 · 1014, 885735 · 1014), (6 · 1036, 54 · 1018).

A separate uncompressed product expansion compares every extra signed coefficient. The reader
also compares the original first-insertion dictionary order used for floating summation, not merely
its sorted map. Source comparisons retain every executable expression. Only locations, unused
docstrings and one diagnostic character-encoding difference are irrelevant. Completed compiler
stages are linked to their actual outputs by their synchronous return and full later comparisons.
One scalar driver failed after completing its compiler stage; that later failure is not represented
as a successful whole run.

The structural power bounds in Lemma C.11 exclude three inverse-square pairs and put
all inverse-square families in residual norms only. Two such pair powers in one Hamiltonian
monomial arise from differentiating two pair factors of power one and retaining the square of
the third distance. The S table has no monomial with three positive pair powers and has total
degree at most five. The P scalar features have degree at most two. Hence the Doublelog powers
are (−2,−2, 4) with nuclear degree at most six in S, and (−2,−2, 4) with nuclear degree two or
(−2,−2, 6) with nuclear degree zero in P . These restrictions also exclude Doublelog from the
supported selector: when the shared endpoint of the inverse-square edges has middle radius, the
coefficient of the two log labels, at s = v = 1/2, is 243/2048 for the remaining power four and
3645/65536 for power six. Both are nonzero. Thus the concrete source selectors give exactly the
partition stated above.

Exact polynomial, finite and Log families. For Pol expand each even distance power by the
multinomial theorem. The angular moment of uj against Pℓ is j!/[(j − ℓ)!!(j + ℓ + 1)!!] when
j ≥ ℓ and j − ℓ is even, and zero otherwise. Rodrigues integration by parts proves this formula.
The angular triple contraction then leaves independent radial gamma integrals. Exact evaluation
of all 17277 selected keys and all five signed columns gives the supplied Pol singletons. The
independent reader checks their full input and rational outputs.

For Fin, the even cutoff and Lemma C.5 give an exact finite angular sum. Nonpolynomial
radial calls stop only when their explicit tail is at most 10−17, before the 10000-iteration cap.
Every recorded call returned. Grouping uses a positive common angular denominator. The
reader reconstructs the same group independently as a rational vector sum and deletes each
observed nonzero radial key only after comparing all five coefficients. All 59 rate groups and
50613 nonzero radial calls were covered. The producer completed these evaluations, output writes
and all endpoint comparisons before a later environment-metadata error. The separate reader
exhaustively checked those completed records. No failed integral return is used.

For Log, the supported predicate gives exactly the hypotheses of Lemma C.7 on log terms
and of Lemma C.5 on plain terms. The plain calls use 17 digits. Logarithmic calls use the fixed
128-term and 120-bit bounds in their lemma. The 12 scalar rate groups give 10025 nonzero
radials (8273 logarithmic and 1752 plain). The 59 vector groups give 48797 (42060 and 6737).
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Empty groups remain in the manifest. The complete independent regrouping and recorded-call
comparisons cover every term. In both Fin and Log each rational radial interval is rounded
outward to multiples of 2−96, multiplied with endpoint reversal by its signed group coefficient,
and divided once by the angular and column denominators. Reconstructing all zero-start group
sums gives exactly the unchanged supplied raw endpoint pairs.

Native Odd, Splain and three extra moments. On the entire native base support, the rates lie
in [233, 1116], the nuclear powers in [−2, 10], the pair powers in [−1, 10], and the shapes in [5, 19].
Each column has fewer than 223 terms and coefficient absolute sum less than 252. The extra native
inputs have nonnegative powers at most ten, shape in [9, 19], fewer than 218 terms and coefficient
absolute sum less than 226. These bounds follow by taking products of the primitive dictionaries,
and are also checked on the complete consumed arrays. Thus all calls are in Lemma C.6. The
cutoffs are 24 for P Odd, 14 for the odd part of Splain, and 12 for the odd parts of the extra
norms. The remaining calls use the finite branch.

The observers call the unchanged native/wrapper function, record its actual returned hexadec-
imal and rational endpoints, and return those same values. Their before/after records identify
the loaded library, interface widths, rounding state and disabled flush modes. Such observations
instantiate, rather than prove, the execution assumptions. The independent readers use integer
arithmetic to decode every endpoint and reconstruct every signed prefix from zero. For P Odd
they check Aj = ⌊2120lj⌋ and Bj = ⌈2120uj⌉, then add min(WcAj ,WcBj) and max(WcAj ,WcBj).
They verify all 15165 rows, all 949 retained prefixes, and equality of the five final pairs with the
supplied raw intervals.

For Splain they check all 61344 distinct selected masters and 121 prefixes, reconstructing
both the exact rational contraction of returned intervals and the original floating accumulation.
Nearest-even decoding is implemented by determining 2e ≤ |x| < 2e+1 and rounding |x| to the
grid 2max(e−52,−1074), with an even quotient at a midpoint. The sign and adjacent bit patterns
then reconstruct each outward operation, including zero and subnormals. This proves the meaning
of the independent rounding reconstruction. Multiplication by the factor intervals of Lemma C.12
puts all eight reconstructed Splain intervals inside their saved physical Rc. Both signed cross-
product margins are positive in every column. In particular the negative Splain residual-norm
contribution is retained. No interval-library normalization claim is needed.

The same method covers the three extra native columns in their original source order: 4256
scalar-norm calls (4027 finite and 229 odd), 9055 vector-norm calls (8890 finite and 165 odd),
and 823 finite P source-3 overlap calls. All 14134 calls and 115 prefixes are checked. The exact
physical scaling gives intervals inside both the saved dyadics and the final printed targets for
these three moments.

Single. Keep the inverse-square angular factor as tℓBℓ(t) and expand the two other factors
through their finite even cutoff. For every chamber term the compact degrees satisfy D,C ≥ 0.
The shape is at least five in S and seven in P . Lemma C.8 applies to every grouped vertex.
The six constant integers used in these executions were compared exactly with (C.12). Each
upper integer equals the lower integer plus one. Thus their guard is an evaluated identity, not an
unevaluated hypothesis.

The full 12 scalar and 59 vector rate groups contain 22825 and 63216 nonzero compact vertices.
There are respectively two and 37 nonempty groups. The other ten and 22 have the exact interval
[0, 0]. Each reader comparison includes the ordered vertex arguments, signed coefficient, rational
return, 96-bit outward group rounding and column denominator. All groups use denominator
precision 18 except the first vector group, identified as P -000 in the supplementary manifest,
whose selected complete evaluation uses precision 15. It has exactly the same input vertices and

68



constants. Only that replacement is included. The original wider precision-18 interval is retained
for provenance and contributes nothing. The compact error proof applies to either precision.
Reconstructing these selected outputs gives intervals strictly inside both unchanged Single targets.
This proves their actual containments.

Oddlog. On every generated Oddlog key, µ ≥ 2 in Lemma C.9. The complete domain checks
give 5 ≤ κ ≤ 17, M ≤ 7 and dσ, cσ ≥ 1 in S; in P they give 7 ≤ κ ≤ 13, M ≤ 5 and dσ, cσ ≥ 5.
These are the conditions at the original cutoff L = 8. Every selected key contributes its six exact
rational tails, with sign (−1)µWc(k), before any finite-part cancellation. The reader independently
recomputes all six terms and every tail prefix.

The finite parts have 54 nonzero scalar groups with 89467 compact rows and 390 vector groups
with 251107 rows. Ordered returns use compact precision 13 and the same exact constant tuple
as Single. A group with denominator ∆ > 0 and signed row coefficient w contributes the integer
endpoints ⌊

2200 min(wl, wu)
∆

⌋
,

⌈
2200 max(wl,wu)

∆

⌉
from a returned interval [l, u]. The retained reference compact moments and complete denominator
triangles reconstruct every ordered return. Where a group spans several invocations, each carried
row is compared with its preceding actual return, the prefix is recomputed from zero, and fresh
calls start at the next row. Induction over those parts proves the completed sum uses each row
once. The complete group manifest, not a list of whichever outputs exist, fixes final coverage.
The finite intervals plus the exact signed tails lie inside precisely the unchanged cutoff-8 Oddlog
targets in both sectors. This establishes both actual family containments.

Doublelog. The complete selected lists have 50 scalar and 72 vector keys. The structural forms
proved above give the ordered quadrature bounds

m X Y X + Y + 4ℓ
S 9–15 0–15 0–12 ≤ 33
P 11 0–11 0–8 ≤ 28

with ℓ ≤ 2 and ℓ ≤ 3, respectively. For example, if the even edge is mb, its polynomial power j
gives X = nm + nb + 5 + 2k, Y = nb + 2 + j. The other two placements give X = nm + nb + 3 + j
and Y = nb + 2 or nb + 2 + j. Expanding (1 + t2 − 2tx)k for k = 2, 3 verifies these bounds
for every angular term. The rates lie in [234, 1116]/180. Thus Lemma C.10 applies to every
recorded order-ten, endpoint-power-34 call. All 122 complete input/return records are compared
independently. Their exact signed rational contractions equal the unchanged two Doublelog
endpoint pairs. All other columns are zero.

Four extra scalar overlaps. Every row of Table 8 has a zero pair power. Multiplication by sn,
3 ≤ n ≤ 6, preserves this property, so its angular cutoff is zero. For a pair with radii R > r, its
average is

⌊(p+1)/2⌋∑
j=0

( p+2
2j+1

)
p+ 2 R

p−2jr2j .

Each edge lowers its larger-radius exponent by at most one. The radial Jacobian starts it at
at least two. All ordered degrees are therefore nonnegative. An independent gap-coordinate
expansion x = g0 + g1 + g2, y = g1 + g2, z = g2 evaluates these integrals as finite gamma products,
independently of the original evaluator. Writing uS = A13f and sn = A13gn gives

⟨pS,n, uS⟩ = 2CS,n

(
⟨gn, f⟩ − ⟨P13gn, f⟩

)
.
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All 4 ·2 ·100 = 800 signed primitive contributions, their 80 block sums and prefixes, and the direct-
minus-exchange totals were evaluated and compared as exact rationals. Applying Lemma C.12,
with reversed endpoints for the negative totals, gives the four printed physical targets. This
argument establishes those targets directly. It does not claim containment in narrower saved
scalar-overlap dyadics.

The common array identity identifies the physical meaning of every sum. The kernel lemmas
prove the enclosures of every used return, and the exhaustive independent signed contractions
prove the stated family and extra-moment containments.

Lemma C.14 (Physical lithium moments). Assume Set-up 2.2 for the specified integral and
endpoint computations. In the fixed-nucleus spin-1/2 Hartree model let H = H3(3) and use the
trials and sources of Definition C.1. Put hT = (H + 15/2)uT for T ∈ {S, P}. Then the trials and
sources belong to D(H), the sources have norm one, and the following twenty intervals contain the
indicated physical moments simultaneously. Every displayed decimal endpoint is an exact rational.

moment for trial T S P
⟨uT , hT ⟩ [.633872331183, .633872821461] [1.058162598846, 1.058162654330]
∥hT ∥2 [.100526504813, .107640835047] [.381799258126, .383836614894]
∥uT ∥2 [25.861096622130, 25.861096625746] [8.460567526663, 8.460567530500]
⟨pT,2, uT ⟩ [4.369279500354, 4.369279500364] [2.498720734985, 2.498720734986]
⟨pT,2, hT ⟩ [.162740889161, .162740939941] [.467043822051, .467043822207]
⟨pT,3, uT ⟩ [−2.519811045442,−2.519811045409] [−1.451977551312,−1.451977551218]
⟨pT,3, hT ⟩ [.035012429476, .035012489149] [.074296072339, .074296072543]
⟨pS,4, uS⟩ [−.351885973731,−.351885973646] −−
⟨pS,4, hS⟩ [−.018396812622,−.018396752955] −−
⟨pS,5, uS⟩ [−.194319038379,−.194319038203] −−
⟨pS,5, hS⟩ [−.009880462815,−.009880405542] −−
⟨pS,6, uS⟩ [−.129253886225,−.129253885908] −−
⟨pS,6, hS⟩ [−.006454330094,−.006454274838] −−

Proof. Lemma C.11 proves the domain, source-norm and spin assertions and identifies the physical
moments with the signed scalar sums. We assemble the thirteen base columns, then use the seven
extra-moment certificates.

Base columns. Use the raw family intervals JT,c,E and physical Splain intervals Rc of
Proposition C.13. Let GT,c = A for the first two base columns and GT,c = FT,n for a column
involving source n. The physical base moments are enclosed by

YP,c = BGP,c
(JP,c,Pol + JP,c,Fin + JP,c,Odd + JP,c,Log + JP,c,Single + JP,c,Oddlog + JP,c,Doublelog),

YS,c = Rc +BGS,c
(JS,c,Log + JS,c,Single + JS,c,Oddlog + JS,c,Doublelog).

Here BG is the factor interval of Lemma C.12, and products use all four corners. Each raw family
already includes its column denominator. The factor (4π)3Cc enters once. In particular, Rc is
added in physical units, with its sign retained.

The independent endpoint reader consumes every column of these complete family tables.
It checks that every inverse-square family is zero outside the residual-norm column, that the
Oddlog cutoff is 8, and that the headers and family sizes agree with the complete arrays. It
decodes numeric endpoints as exact nearest-even dyadics: for a positive rational token x, choose
the integer e with 2e ≤ x < 2e+1 and round x/2max(e−52,−1074) to the nearest integer, taking the
even integer at a tie. Negative tokens are decoded by symmetry. Rational strings remain rational.
Thus no decimal-to-binary uncertainty is omitted.
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The retained exact calculation forms all thirteen YT,c and compares their endpoints by integer
cross multiplication. For a/b ≥ c/d, with b, d > 0, the tested integer is ad− bc. It also reproduces
exactly all thirteen final endpoint pairs of the original collector, using that collector’s rational
factor intervals. The tighter factor intervals used here give the first thirteen outer boxes in Table 12.
Each box is formed as [⌊1014 inf YT,c⌋, ⌈1014 supYT,c⌉]/1014. The complete exact endpoint and
cross-product data are in the accompanying supplement. Every displayed outer box is contained
in its claimed interval.

Table 12: Exact outer numerators for the final endpoint comparisons; both columns are divided
by 1014.

Moment Lower numerator Upper numerator
⟨uS , hS⟩ 63387233118325 63387282146003
∥hS∥2 10052650481383 10764083504630
⟨pS,2, uS⟩ 436927950035475 436927950036339
⟨pS,2, hS⟩ 16274088916118 16274093994007
⟨pS,3, hS⟩ 3501242947645 3501248914850
⟨pS,4, hS⟩ -1839681262135 -1839675295536
⟨pS,5, hS⟩ -988046281448 -988040554218
⟨pS,6, hS⟩ -645433009391 -645427483813
⟨uP , hP ⟩ 105816259884616 105816265432999
∥hP ∥2 38179925812656 38383661489309
⟨pP,2, uP ⟩ 249872073498570 249872073498571
⟨pP,2, hP ⟩ 46704382205165 46704382220679
⟨pP,3, hP ⟩ 7429607233961 7429607254257
∥uS∥2 2586109662213062 2586109662574588
∥uP ∥2 846056752666313 846056753049941
⟨pP,3, uP ⟩ -145197755131125 -145197755121823

Extra columns. The three native extra moments are contained in their saved physical intervals
by Proposition C.13. The endpoint reader encloses those dyadics by the last three rows of
Table 12 and checks their containment in the printed targets by the same cross products. The
four remaining scalar overlaps, with 3 ≤ n ≤ 6, are enclosed directly in their printed targets by
the exact gap-coordinate calculation in that proposition. This uses no stronger claim about the
saved overlap dyadics. The thirteen base enclosures, the three native extra enclosures and the
four exact overlap enclosures therefore give all twenty physical moments of the same fixed trials
and sources.

D Helium quadratic-weight certificates
This appendix proves the two computer-assisted inputs of Section 4. The first is the pointwise
lower bound for the weighted repulsion (Lemma D.2). The second is the pair of eigenvalue counts
for the one-electron operator (Lemma D.4). The conventions are those of Appendix A. Every
accepted inequality is evaluated in exact rational arithmetic. Floating-point arithmetic is used
only to propose auxiliary vectors and knot values. In this appendix, Set-up 2.2 means faithful
Python integer and rational operations, file operations and execution records, with assertions
enabled. The accompanying code/data release contains the saved certificates, their exact readers
and the completed execution records.
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Definition D.1 (Helium quadratic-weight data). Let g be the continuous function on [0,∞) that
is affine between the knots

r 1/10 2/5 3/2 5 20
g(r) 41/10 33/10 1/2 −1/10 3

and constant on [0, 1/10] and on [20,∞), and put f(r) = 2r + g(r). With (ba, δa) from (4.1),
λ1 = 22/25, λ2 = 19/100, and Ba(s) = (s − ba)2

+ − min{s/ba, 1}/(2δa) as in Proposition 3.4,
define for x = (x1, . . . , x4) ∈ (R3)4 with pairwise distinct positions

D(x) =
4∑

i=1
f(ri)−

∑
i<j

r2
i + r2

j + 2
dij

− λ1B1(q1)− λ2B2(q2),

where q1 ≤ q2 are the two smallest radii.

D.1 The four-electron quadratic screen

Lemma D.2 (Four-electron quadratic screen). Assume Set-up 2.2 for the specified He4 quadratic
certificate execution. Then D(x) ≤ 1 for every x ∈ (R3)4 with pairwise distinct positions.

The floating-point supremum of D is about 0.786, attained near the radii (2.70, 5.43, 7.66, 7.66)
with the two largest electrons antipodal. The certification uses the slack 0.21 between this value
and the bound. The constant 1 enters the proof of Theorem 4.4 as the term −∥u∥2.

Proof. D is invariant under permutations of the electrons, so it suffices to consider ordered
radii r1 ≤ r2 ≤ r3 ≤ r4, where qa = ra. The certificate covers the ordered radius space
{0 ≤ r1 ≤ · · · ≤ r4} by boxes

∏
i[xi, yi], with xi ≤ yi nondecreasing in i and yi =∞ permitted,

and proves D ≤ 1 on each box by an explicit upper bound U(box) computed in rational arithmetic.
A box with U > 1 is bisected by a fixed deterministic rule. Normally the box is cut at the
midpoint of the bounded coordinate i maximizing the relative width (yi − xi)/(xi + 3

10). When
every bounded relative width is below 1

20 , its first unbounded coordinate is cut instead, at
max{2xi, xi + 1}. The children are intersected with the ordered cone. This continues until every
leaf is accepted. The root boxes are the 4845 nondecreasing index tuples of the radial partition
0, 1

10 ,
2
5 , 1,

3
2 , 2, 3, 4, 5, 8, 12, 20, 40, 80, 160, 320, 640,∞. Hence no coordinate interval of any box

contains a knot of g or one of b1, b2 in its interior. Consequently f is affine and Ba is quadratic
on each coordinate interval.

Bounded boxes. Four elementary estimates give U .
1. Angle elimination. For b,K > 0 and d > 0, b/d ≥ 3

2b
2/3K1/3 − 1

2Kd
2 (the arithmetic–

geometric mean inequality for b/(2d), b/(2d),Kd2/2). For a positive semidefinite 4 × 4
matrix K with nonnegative entries,

∑
i<j Kijd

2
ij ≤

∑
i r

2
i (K1)i, because the difference equals

−
∑

i,j Kij xi · xj ≤ 0. The certificate uses K = vvT + uuT with v, u ∈ Q4
+ proposed by a

floating-point optimizer and recorded, on a recorded subset S of the bounded coordinates.
The choice affects the tightness of U and not its validity. Hence, on the box and for pairs in
S,

∑
i<j

r2
i + r2

j + 2
dij

≥
∑
i<j

3
2 ψ(ri, rj)K1/3

ij − 1
2
∑

i

r2
i (K1)i, ψ(ri, rj) = (r2

i + r2
j + 2)2/3.
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2. Convexity and roots. The function ψ is jointly convex, because its Hessian is 4
3(2+s)−4/3[(2+

s)I− 2
3 rr

T] ⪰ 0 with s = r2
i + r2

j . Hence on the box ψ is bounded below by its tangent plane
at the box centre. The value and gradient of this plane are enclosed by rational bounds.
Every cube root is replaced by a rational bound of the correct direction, certified by an
integer power comparison.

3. Moments. Ba is convex, so it is bounded below by its tangent at the box centre, and
−λaBa(ra) by an affine function of ra.

4. Vertex maximization. After 1–3, D is bounded on the box by a sum of affine functions of the
ri and the convex term 1

2
∑

i r
2
i (K1)i. The maximum of this bound over the box is attained

at one of the sixteen vertices, where it is evaluated exactly.
Unbounded boxes. For a pair with an unbounded radius the pair term is bounded instead

by the elementary inequalities (r2
i + r2

j )/dij ≥ max{|ri − rj |, (ri + rj)/2}, which follow from
dij ≤ ri + rj and r2

i + r2
j ≥ |r2

i − r2
j |, together with 2/dij ≥ 2/(yi + yj) on bounded pairs and 0

otherwise. These make U an affine function of each unbounded radius. Its slope is nonpositive
in r3 and r4, because each such electron receives at least 3

2ri from its pairs against 2ri from f
only when all four radii are large, and that configuration is where the moment terms act. For r1
and r2 the remaining positive slope is absorbed by the concave quadratic −λa(ra − ba)2, whose
maximum over the ray is explicit. The same elementary bounds are used for bounded pairs not
contained in S, where |rj − ri| is taken when the centre radii satisfy rj ≥ 3ri and (ri + rj)/2
otherwise, together with 2/dij ≥ 2/(yi + yj). The certificate records S for each accepted box.

Coverage and execution. The children of a box are two boxes whose union is the box intersected
with the ordered cone, so the accepted leaves cover the ordered radius space. Since D is symmetric,
they cover (R3)4 minus the collision sets. The execution (certify_screen_dump.py with the
data of Definition D.1 and target 1) terminated after evaluating 69,119 boxes, of which 36,982
were accepted and the rest bisected. The maximal depth was 15 and the smallest accepted slack
was 1 − U = 1.483 · 10−4. The run took 4.0 hours on one core, and no box failed. The log of
evaluated boxes, with the recorded S and (v, u) of each accepted box, is re-read by the exact
reader (replay_screen.py). The reader rebuilds the bisection tree from the root boxes with the
rule above, recomputes every U in rational arithmetic and confirms that every leaf is accepted. It
uses no optimizer.

Remark D.3 (Controls). Two checks were run that are not part of the proof. (a) Asked to certify
the target 7

10 , which lies below the numerical supremum 0.786, the same program fails, reporting
the box (2.8139, 5.7598, 8.8755, 9.0018)±10−4 with U = 0.70007, next to the true maximizer. (b) A
randomized test compared U with angle-optimized sampled values of D on 300 random ordered
boxes and found no violation.

D.2 The helium radial indices

Lemma D.4 (Helium radial indices). Let h be the operator of (4.3). With spin excluded from
the strictly negative form index,

n−
(
h+ 197

100
)

= 0, n−
(
h+ 3

25
)
≤ 1.

(Floating-point values, not used in the proof: the two lowest s-levels of h are −1.948 and −0.095,
and the lowest p-level is 0.451.)
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Proof. Reduction to radial forms. Put a(r) = 2 + r2 and, for a real level τ ,

Vτ (r) = −2
r

+ 2r + g(r)− τ
2 + r2 − r2

2(2 + r2)2 .

For φ in the form domain of h, the function ψ = a1/2φ lies in H1(R3), since |∇a1/2|2 =
r2/(2 + r2) ≤ 1, and integration by parts on compactly supported functions followed by density
gives

qh[φ]− τ∥φ∥2 =
∫
R3

(1
2 |∇ψ|

2 + Vτ |ψ|2
)
dx,

the term −3
2 of h being exactly the term −1

2a
1/2∆a1/2 + 1

2 |∇a
1/2|2 = −3

2 + r2

2(2+r2) produced
by the substitution, up to the displayed last term of Vτ . The map φ 7→ a1/2φ is injective, so
n−(h− τ) ≤ n−(−1

2∆ + Vτ ) =
∑

ℓ≥0(2ℓ+ 1)n−(qℓ,τ ), where

qℓ,τ [u] =
∫ ∞

0

(1
2 |u

′|2 +
(
Vτ + ℓ(ℓ+ 1)

2r2

)
|u|2

)
dr

on H1
0 ((0,∞)). Since qℓ,τ increases with ℓ and with −τ , it suffices to prove

n−(q1,τ1) = 0, n−(q0,τ1) ≤ 1, n−(q0,τ0) = 0, τ0 = −197
100 , τ1 = − 3

25 .

Supersolution criterion. Let W = Vτ + ℓ(ℓ + 1)/(2r2) and let y be locally Lipschitz on an
open interval J ⊂ (0,∞) with

y′ + y2 ≤ 2W on J. (D.1)

For u ∈ C∞
c (J), integrating −Re(ū′u) y = −1

2(|u|2)′y by parts gives∫
J

(1
2 |u

′|2 +W |u|2
)

=
∫

J

1
2 |u

′ − yu|2 +
∫

J

(
W − 1

2(y′ + y2)
)
|u|2 ≥ 0,

and by density qℓ,τ ≥ 0 on all form-domain functions vanishing at the finite endpoints of J . With
J = (0,∞) the index is 0. With J = (0, c) and J = (c,∞) it is at most 1, because one Dirichlet
condition has been imposed.

The certificates. Take

y = ℓ+ 1
r

+ k

r − c
+ z(r), k ∈ {0, 1},

with z piecewise affine with rational knots 0 = r0 < · · · < rN = 40 and z = α/r on [40,∞),
α ∈ Q. The values z(0) = −2/(ℓ + 1) for k = 0, z(0) = 1/c − 2 for k = 1, and z(c) = −1/c
cancel the Coulomb pole at the origin and the pole at the cut identically. The knots of g are
among the rj , so g is affine on each knot interval. The expression y′ + y2 − ℓ(ℓ+ 1)/r2 equals
z′ +2(ℓ+1)z/r+z2 for k = 0 and z′ +z2 +2z/r+2(1+rz)/(r(r−c)) for k = 1, ℓ = 0. Multiplying
(D.1) by r(2 + r2)2|r − c|k therefore turns it, on each knot interval, into a polynomial inequality
Q(r) ≥ 0 of degree at most eight with rational coefficients. Each is certified by nonnegativity of
its Bernstein coefficients after bisection. The same method is used on [40, 400]. On [400,∞) the
inequality is certified by nonnegativity of all Taylor coefficients at 400. The three certificates are:
(A) ℓ = 1, τ = τ1, k = 0, α = 1: 76 pieces; gives n−(qℓ,τ1) = 0 for all ℓ ≥ 1.

(B) ℓ = 0, τ = τ1, k = 1, c = 75450851/50000000, α = 23/100: 502 pieces; gives n−(q0,τ1) ≤ 1.
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(C) ℓ = 0, τ = τ0, k = 0, α = 2: 617 pieces; gives n−(qℓ,τ0) = 0 for all ℓ ≥ 0.
The knot values z(rj) were proposed by a floating-point integration of the regular solution of
h at the raised levels τ + ε (ε = 0.15, 0.012, 0.011), and were rounded to multiples of 10−9.
The Riccati residual 2ε/(2 + r2) of this solution is the slack that the piecewise affine inter-
polation uses. The proposal is not part of the proof. The certificate is the list of knots and
values (levels_super_certificate.json, 1195 polynomial inequalities). It is generated by
certify_levels_super.py and re-checked in exact arithmetic by replay_levels_super.py in
a few seconds. The reader rejects the certificate when a single knot value of (B) is raised by
1/50.

Remark D.5 (Cross-check). The same four index counts (0, 0, 1, 0), for (ℓ, τ) equal to (0, τ0),
(1, τ0), (0, τ1) and (1, τ1), were first obtained by the cell lower-form method of Appendix A
(certify_levels.py). That computation uses 24,005 cells from r0 = 1/256 to 40, cellwise
constant lower bounds on Vτ , the Dirichlet–Poincaré constant 4.9 < π2/2, and exact pivot
counting of the assembled tridiagonal matrix in outward-rounded interval arithmetic. The two
methods agree. The levels τ0, τ1 leave room: the floating-point ground level of h is 0.022 above
τ0, and its first excited s-level is 0.025 above τ1.

E Proofs deferred from the main text
This appendix contains the proofs deferred from Sections 3, 5 and 6. Each proof uses the notation
of the section in which its statement appears.

E.1 The regional lower bound

Proof of Lemma 3.3. Angular repulsion. For positive radii and directions ni, nk ∈ S2, maximizing
1 + τ2 − 2τz over 0 ≤ τ ≤ 1 gives

1
|rini − rknk|

≥ min{r−1
i , r−1

k } c(ni · nk).

Let 2 ≤ h ≤ N be an integer and let n1, . . . , nh be directions. Consider the tangent to the convex
function [2(1− z)]−1/2 at z = −1/(h− 1). By convexity, this tangent lies below the untruncated
function. Its maximum on [−1, 1] is 3

2
√

(h− 1)/(2h), which is at most 1 exactly when h ≤ 9.
Hence the tangent lies below c. Since 0 ≤ |

∑
i ni|2 = h+ 2

∑
i<k ni · nk, summing these tangents

yields ∑
1≤i<k≤h

c(ni · nk) ≥
(
h

2

)√
h− 1

2h ≥ Dh.

For h ≤ 1 the empty sum equals Dh = 0.
Exterior radial bound. For a reduced radial Dirichlet test g ∈ C∞

c ((R,∞)), expanding the
nonnegative integral 1

2
∫∞

R F 2|(g/F )′|2 with F (r) = (r −R)e−λ(r−R) gives∫ ∞

R

(1
2 |g

′|2 − κ

r
|g|2

)
dr ≥

∫ ∞

R

(
−λ

2

2 + λ

r −R
− κ

r

)
|g|2dr ≥ −C∥g∥2.

The second inequality is the identity, for t > 0,

1
t
− σ2

t+R
+ (σ − 1)2

R
= ((σ − 1)t−R)2

Rt(t+R) ≥ 0.
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For a three-dimensional function w vanishing on {|x| ≤ R}, apply this inequality to its reduced
radial slices rw and discard the nonnegative angular kinetic energy. Dirichlet form density
extends the bound to all such H1 functions, componentwise and on almost every slice in the other
variables.

Assembly. Recall that the j electrons with radii below b are the core electrons and the other
N − j are the outer electrons. By Theorem 3.2, the kinetic and nuclear terms of each core electron
contribute at least −Z2/2. We drop the repulsion among core electrons. Each pair of one core
electron and one outer electron satisfies

1
|xi − xcore|

≥ 1
ri + b

≥ R

(R+ b)ri
.

Apply the radial bound with the charge κ to each outer electron. This leaves the potential
−(Z − κ)/ri. Write ti = R/ri ∈ (0, 1] for the inverse scaled radius of the electron. The remaining
potential of the outer electrons is bounded below by

1
R

∑
i<k

c(ni · nk) min(ti, tk)−Aj

∑
i

ti

 ,
where both sums range over the outer electrons. For fixed directions the bracket is concave on
[0, 1]N−j , so its minimum is attained at a vertex. A vertex with h coordinates equal to one
has value at least Dh −Ajh by the angular bound. Collecting the three contributions gives the
assertion.

E.2 The ground state of neutral helium

Proof of Lemma 5.3. The trial function and its error. Put s = r1 + r2, ξ = r1 − r2, d = d12,
α = 13/4, and g = 2α. Let C(s, ξ, d) be the integer polynomial specified by the 372 coefficients
of the fixed neutral trial in the accompanying code/data release. Its degree is fourteen and all
powers of ξ are even. The source polynomial is 10−25C. Set D = d(s2 − ξ2), and let χ be the
normalized spin singlet. On the domain s ≥ 0, 0 ≤ d ≤ s, −d ≤ ξ ≤ d, define

J (B) =
∫
e−gsB(s, ξ, d) ds dξ dd, K(B) =

∫
e−gsB(s, ξ, d)

D
ds dξ dd.

The physical volume element is π2Dds dξ dd. Thus, with N = J (DC2) > 0, the trial function is
ψ = e−αsCχ/(π

√
N ). Its second weak derivatives and its Coulomb potential times ψ are bounded

by a polynomial times e−αs(1 + r−1
1 + r−1

2 + d−1), which is square integrable. Hence ψ belongs to
D(H2(2)). Its spatial factor is symmetric and rotationally invariant.

We now list the integrals and error bounds used in this calculation. For nonnegative integers
p, j, k, put m = p+ j + k. Odd j gives zero. For even j,

J (spξjdk) = 2(m+ 2)!
(j + 1)(j + k + 2)gm+3 , K(spξjdk) = (m− 1)!

gm
2
∫ 1

0

∫ 1

x

xjyk−1

1− x2 dy dx.

The second formula is used only for m > 0. For k > 0, integration in y and finite geometric
sums reduce its angular integral to rational numbers and log 2. For k = 0 that integral is
π2/4 − 2

∑j/2−1
h=0 (2h + 1)−2, with an empty sum when j = 0. For τ = −2903724/106, the

polynomial obtained by clearing the denominator in the residual is

R = D[−Css − Cξξ − Cdd + 2αCs − (α2 + τ)C]− 4sdCs + 4(α− 2)sdC + 4ξdCξ
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− 2(s2 − ξ2)Cd − 2s(d2 − ξ2)Csd + 2αs(d2 − ξ2)Cd − 2ξ(s2 − d2)Cξd + (s2 − ξ2)C.

The Cartesian chain rule gives (H2(2) − τ)(e−αsCχ) = e−αsRχ/D. Put µ = ⟨ψ,H2(2)ψ⟩,
v = ∥(H2(2)− µ)ψ∥2, and mj = ∥rj/2

1 ψ∥2 for 0 ≤ j ≤ 16. Consequently

µ = τ + J (CR)
N

, v = K(R2)
N

− (µ− τ)2, mj = J (DC2((s+ ξ)/2)j)
N

.

All these expressions are finite. Polynomial multiplication and the displayed monomial integrals
were evaluated exactly. To enclose the two constants in v, the calculation used

ℓ = 2
31∑

b=0

1
(2b+ 1)32b+1 , A(x) =

31∑
b=0

(−1)bx2b+1

2b+ 1 ,

ℓ < log 2 < ℓ+ 2
65 365(1− 1/9) , A(x) ≤ arctan x ≤ A(x) + x65

65 , x ∈ {1/5, 1/239},

and π = 16 arctan(1/5) − 4 arctan(1/239). Signed rational substitution gives an upper bound
v̄ ≥ v with the following recorded enclosures:

−29037243720149832
1016 ≤ µ < −29037243720149831

1016 ,

0 ≤ v ≤ v̄ < 12177071684819
1020 ,

−29037246736334271
1016 ≤ µ− v̄

−5/2− µ < −29037246736334270
1016 .

The neutral level and its gap. Write h = −∆/2 − 2/r, including the two spin copies. By
Theorem 3.2, h1 + h2 ≥ −5/2 on the complement of the doubly occupied 1s determinant.
Nonnegative repulsion and the min–max principle therefore leave at most one spectral dimension
of H2(2) below −5/2. The trial function just computed supplies that dimension. Hence E is
simple and the rest of the spectrum lies above −5/2. Theorem 5.1 gives the asserted energy
interval. The spectral projection of ψ onto this level is nonzero. The symmetries of ψ give the
stated choice of Φ.

For the sharper gap, let P00 project onto that 1s2 determinant and P12 onto the configurations
with one 1s and one n = 2 electron. The normalized 1s, 2s, and 2p radial factors are proportional
to e−2r, (1−r)e−r, and re−r. The identity

∫∞
0 rje−br dr = j!/bj+1 gives their mean radii 3/4, 3, 5/2.

Thus P12d12P12 ≤ (15/4)P12. Weighted Cauchy–Schwarz, followed by the supremum over unit
vectors in ranP12, gives d−1

12 ≥ (4/15)P12 on the full space. On P⊥
00 the nuclear energy is −5/2 on

P12 and at least −20/9 on its complement. Thus every form-domain vector ζ ⊥ ranP00 satisfies

q2,2[ζ] ≥ min{−5/2 + 4/15,−20/9}∥ζ∥2 = −67
30∥ζ∥

2.

The rank-one min–max comparison now gives H2(2)|Φ⊥ ≥ −67/30. Since −67/30 − µ >
67039/100000, this proves the required gap.

Moments and tails of the exact state. Put β = −5/2, L0 = µ − v̄/(β − µ), and ϵ =
(µ− L0)/(β − L0). The spectral gap at β gives, after choosing the phase of Φ,

∥ψ − Φ∥2 ≤ 2− 2
√

1− ϵ ≤ d2
∗, d∗ = 86434345026

1014 .

77



The last comparison was made rationally as d2
∗ − d4

∗/4 ≥ ϵ, with d∗ < 1. Let η = −2− µ > 0 and
cj = (1 +

√
1 + ηj2/2)/η for 1 ≤ j ≤ 8. Testing the eigenfunction equation with min(r1, T )2jΦ

gives, for XT = ∥min(r1, T )jΦ∥,

ηX2
T ≤ 2XT ∥rj−1

1 Φ∥+ j2

2 ∥r
j−1
1 Φ∥2.

Here the other electron’s one-body energy is at least −2 and the repulsion is nonnegative.
Induction and monotone convergence give ∥rj

1Φ∥ ≤ cj∥rj−1
1 Φ∥ through j = 8. For 1 ≤ k ≤ 4, set

ak = m2k + d∗
√
m4k, bk = d∗

2k∏
j=k+1

cj .

Cauchy–Schwarz applied to the difference of the two moments gives ∥rk
1Φ∥2 ≤ ak + bk∥rk

1Φ∥. All
radicals were enclosed by

isqrt(⌊1028x⌋)
1014 ≤

√
x <

isqrt(⌊1028x⌋) + 1
1014 (x ≥ 0),

where isqrt(n) = ⌊
√
n⌋ for integers n ≥ 0. Using upper enclosures in ak, bk, the four positive

lower bounds for M2
k − ak − bkMk were, respectively,

50747334
1014 ,

106072203
1014 ,

101118508
1014 ,

2413688788
1014 .

Also Mk > bk/2 in every case, proving the moment bounds.
For completeness, the 121 trial-tail calculations used the same polynomial. Integrating d first

and splitting at r1 = r2 gives its normalized radial density as f(r)e−gr + f̃(r)e−2gr with rational
polynomials f, f̃ . Each tail integral is evaluated termwise using

∫ ∞

t
rje−br dr = j!

bj+1 e
−bt

j∑
h=0

(bt)h

h! .

To enclose e−x, scale x by a power of two into [0, 1], use the alternating Taylor polynomial
of degree 80 with remainder bounded by x81/81!, and square back with outward rounding to
multiples of 10−100. Signed substitution in the two polynomials produced rational upper bounds
Qj for the trial tails at j/8. Every row, 8 ≤ j ≤ 128, satisfies

∥1{r1≥j/8}ψ∥2 ≤ Qj , (
√
Qj + d∗)2 ≤ Pj , 0 ≤ Pj ≤ 1,

and all 120 consecutive comparisons give Pj+1 ≤ Pj . The root comparisons are integer square
comparisons at scale 1014. The full rational polynomials and endpoint tables are included with
the trial function. The triangle inequality transfers these bounds to Φ. Monotonicity of tail
probabilities gives the claimed step function for every t ≥ 0, and exchange symmetry gives the
assertions for electron two.

E.3 The complementary sectors

Proof of Lemma 5.4. We first remove the sectors without a doubly occupied 1s shell. Pair
excitation bounds then control every remaining angular pattern with L ≥ 2.
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An unfilled 1s shell. Let h = −∆/2− 2/r, with both spin copies, and let D2 project onto the
configurations with exactly two 1s electrons. Shell n contains the angular momenta ℓ = 0, . . . , n−1.
Indeed, the radial factors rℓe−2r/nL2ℓ+1

n−ℓ−1(4r/n), with the associated Laguerre polynomials, satisfy
the radial eigen-equation and give

∑n−1
ℓ=0 (2ℓ+ 1) = n2 spatial eigenfunctions. They exhaust the

multiplicity in Theorem 3.2. Within D⊥
2 let F project onto the configurations with one 1s and

two n = 2 electrons. By Theorem 3.2,
∑

i hi = −3 on F and
∑

i hi ≥ −49/18 on D⊥
2 ∩ F⊥. For

V =
∑

i<j d
−1
ij ,

V −1 ≤
∑

i<j dij

9 ≤ 2
9
∑

i

ri, FV −1F ≤ 3
2F.

The last bound uses the mean radii 3/4, 3, 5/2 of the 1s, 2s, 2p orbitals, as computed in Lemma 5.3.
Weighted Cauchy–Schwarz gives V ≥ (2/3)F on the full space, including its off-diagonal couplings.
Thus D2u = 0 implies the lower bound −49/18. The range of D2 consists of a 1s2 spin singlet
with an additional electron. It has total spin 1/2 and parity (−1)L. Hence every sector in the
first assertion is annihilated by D2. Lemma 5.3 gives −49/18 > E.

Pair excitation bounds. For the antisymmetric pair j, k, write Hjk = hj +hk + d−1
jk and denote

its orbital angular momentum by Jjk. On Jjk ̸= 0, only the 1s 2p configurations lie below −20/9
for hj + hk. Their energy is −5/2, and their compressed distance is at most 3/4 + 5/2 = 13/4.
The weighted Cauchy–Schwarz argument used above gives a repulsion contribution 4/13 > 5/18
on this subspace. Therefore

Hjk

∣∣
{Jjk ̸=0} ≥ −20/9.

We also need Hjk|{Jjk=2} ≥ λ2, where λ2 = −2056247529/109. The deficit (λ2 − hj − hk)+ on
this pair sector consists precisely of the 1s nd configurations for n = 3, 4, 5. Indeed their energies
are ϵn = −2(1 + n−2), whereas the next shell has energy −37/18 > λ2.

We now compute the matrix elements of the distance djk in these configurations, including
normalization. At unit charge use the normalized core 2e−rY00 and Rn(r)Y20/

√
Sn, with Y00 =

(4π)−1/2 and Y20(ω) =
√

5/(4π)(3ω2
3 − 1)/2. Write Rn(r) = e−r/n∑

a cnar
a, with

∑
a

c3ar
a = r2,

∑
a

c4ar
a = 6r2 − r3

2 ,
∑

a

c5ar
a = 21r2 − 14r3

5 + 2r4

25 .

The factorial integral gives (S3, S4, S5) = (98415/8, 737280, 123046875/8) for Sn =
∫∞

0 r2Rn(r)2 dr.
Define the charge-two orbitals ϕ1s(x) =

√
8/πe−2|x| and ϕnd,0(x) = 23/2Rn(2|x|)Y20(x/|x|)/

√
Sn.

Their normalization follows from Sn, and substitution gives hϕnd,0 = −2n−2ϕnd,0. This unitary
dilation divides every distance matrix element by two. For σ ∈ {−1, 1} set χσ

n = (ϕ1s ⊗ ϕnd,0 +
σϕnd,0 ⊗ ϕ1s)/

√
2 and put

T σ
nm = δnm

λ2 − ϵn
− ⟨χσ

n, djkχ
σ
m⟩, 3 ≤ n,m ≤ 5.

Both exchange signs are needed, paired respectively with triplet and singlet spin.
The following formulas specify all six entries for each sign. For nonnegative integers A,B and

positive α, β define

IA,B(α, β) =
A∑

h=0

(
A

h

)
h!(A+B − h)!

αh+1(α+ β)A+B−h+1 ,

For k ∈ {2, 4}, whenever the following subscripts are nonnegative, set Mk(A,B;α, β) =
IA+1−k,B+k(α, β) + IB+1−k,A+k(β, α). The first expression is the integral of xAyBe−αx−βy on
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0 < y < x. The second inserts min(x, y)k max(x, y)1−k on the whole quadrant. For q = 1/n+1/m,
set

Jnm =
∑
a,b

cnacmb

[(a+ b+ 3)!
qa+b+4 + (a+ b+ 1)!

qa+b+2

− (a+ b+ 2)!
2(q + 2)a+b+3 −

(a+ b+ 1)!
(q + 2)a+b+2

]
,

Knm = 4
5
∑
a,b

cnacmb

[
−1

3M2(2 + a, 2 + b; 1 + 1/n, 1 + 1/m)

+1
7M4(2 + a, 2 + b; 1 + 1/n, 1 + 1/m)

]
.

Then ⟨χσ
n, djkχ

σ
m⟩ = (Jnm + σKnm)/(2

√
SnSm). To verify the angular factors, put P2(z) =

(3z2 − 1)/2. For t ∈ [0, 1] the two required Legendre integrals are

1
2

∫ 1

−1

√
1− 2tz + t2 dz = 1 + t2

3 ,
1
2

∫ 1

−1

√
1− 2tz + t2P2(z) dz = − t

2

15 + t4

35 .

The direct term after integration of the core radius is r+r−1−e−2r(1/2+r−1). These expressions
and the factorial integral give Jnm,Knm above.

To certify positivity explicitly, put

R = diag(
√

2S3,
√

2S4,
√

2S5), D = diag(1/100, 1/1000, 1/4000), Cσ = DRT σRD.

Exact rational evaluation of the displayed finite sums gives Mσ
ab ≤ 1012Cσ

ab < Mσ
ab + 1 for all

entries, with

M− =

1768956319004 3195429484308 1425938046736
3195429484308 5918065868414 5182703988325
1425938046736 5182703988325 47739795688034

 ,

M+ =

1771465086085 3196795969804 1427082503973
3196795969804 5918811502224 5183328970125
1427082503973 5183328970125 47740319728321

 .
Use

Q =

1000000 −1806393 31477566
0 1000000 −17871894
0 0 1000000

 , B = 10−6Q.

Integer multiplication shows that every diagonal-dominance margin of both QTMσQ exceeds
1020. The smallest is 116876133928111213080. Each absolute column sum of B is less than 51, so
the entrywise enclosure error contributes operator norm less than 3 · 512 10−12. It follows that

BTCσB ≥ (10−4 − 7803 · 10−12)I = 99992197
1012 I > 0.

All congruences are invertible. Thus T+, T− > 0. Rotational invariance makes these distance
matrices identical in all five magnetic components. For A = (λ2 − hj − hk)+ on Jjk = 2,
conjugating by its positive spectral diagonal gives A1/2djkA1/2 ≤ I. Weighted Cauchy–Schwarz
implies d−1

jk ≥ A, proving the desired pair bound with all spin and magnetic components.
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All angular patterns with L ≥ 2. Set U = −2903651/106, g1 = −20/9− U , and g2 = λ2 − U .
Lemma 5.3 gives E < U . If Qi projects the complementary pair onto Jjk = 0, the pair bounds
imply Hjk ≥ E + g1(1−Qi), with gain g2 on a pure Jjk = 2 subspace. Localize by ξi = ri/ρ, so∑

i ξ
2
i = 1. The localization error is ρ−2. The radial Hardy inequalities for the marked electrons

return 3/(8ρ2), and their angular kinetic energy returns
∑

i ℓi(ℓi +1)/(2ρ2) on a block of individual
angular momenta (ℓ1, ℓ2, ℓ3). For wi = ξ2

i , define

d = min{
√

3,
√

8(1− w1),
√

8(1− w2),
√

8(1− w3)}.

The remaining attraction is at worst −d/ρ. Indeed its dimensionless coefficient is 2
∑

i ξi −
ρ−1∑

i<j(r2
i + r2

j )/dij . The pairwise triangle inequality bounds it by
∑

i ξi ≤
√

3. Also (r2
i +

r2
j )/dij ≥ |xi + xj | and

∑
i<j |xi + xj | ≥ 2ri, giving the other three bounds. We apply the pair

inequalities to ξiu before resolving individual angular momenta, so antisymmetry of each residual
pair is retained. The resulting comparison commutes with the individual angular Casimirs and
can then be estimated block by block.

Call i eligible if ℓj = ℓk and ℓi = L. Only eligible labels can have Qi ̸= 0. There are zero, one,
or three eligible labels, because two eligible labels force the third to be eligible. With one eligible
label put b = 1 − wi. With three choose a label of maximal wi and again put b = 1 − wi. In
the three-label case ℓ1 = ℓ2 = ℓ3 = L. The normalized pair-singlet orbital vectors at fixed total
magnetic index m0 ∈ {−L, . . . , L} are

|L,m0⟩i ⊗
1√

2L+ 1

L∑
m=−L

(−1)L−m|L,m⟩j |L,−m⟩k.

Their pairwise absolute overlaps are 1/(2L+ 1) ≤ 1/5. Thus (1−Qi) + (1−Qj) ≥ (4/5)I and,
since wi ≥ b/2,

∑
hwh(1−Qh) ≥ (2/5)bI.

The coefficient of ρ−2 before absorbing −d/ρ is 1
2
∑

i ℓi(ℓi + 1)− 5/8. Completing the square
and using d2 ≤ 3 or d2 ≤ 8b gives the exhaustive bounds in Table 13. In the exceptional pattern

Eligible labels and pattern Coefficient of ρ−2 Exact value
None 11/8− 3/(4g1) 13461449/49062872
One, other patterns 35/8− 2/g1 70650065/49062872
One, permutations of (2, 0, 0) 19/8− 2/g2 100665949/6779227768
Three 67/8− 5/g1 50901553/49062872

Table 13: Lower coefficients after absorbing the remaining attraction, for every angular block
with L ≥ 2.

the other two pairs have pure angular momentum two, which supplies g2b. Every coefficient
exceeds 1/80. For the smallest one, 80 · 100665949 = 8053275920 > 6779227768. The case b = 0
has d = 0 and requires no division by b.

These estimates initially hold away from ρ = 0. The nine-dimensional Hardy inequality∫
ρ−2|u|2 ≤ (4/49)

∫
|∇u|2 justifies removing a cutoff there. Form continuity removes the outer

cutoff and the smoothness restriction. Orthogonal summation proves the second assertion on the
closed sum of all L ≥ 2 sectors.

E.4 The exterior estimate

Proof of Lemma 5.5. We localize according to which electrons have radii comparable to the largest
radius. Call these electrons marked. When exactly one electron is marked, the spectral gap of
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neutral helium controls the coupling between that electron and the other two. Completing a
square in the radial variable of the marked electron then absorbs the localization error and leaves
a boundary term. When two or three electrons are marked, the form exceeds E by a positive
amount.

Localization and its constants. Use Φ, p0,Mk from Lemma 5.3, and put

R = 7, c = 12
25 , a = 99

100 , C = 14629801296936
1012 , K = 1105489614522

1012 .

Let θ be zero on [0, c], equal to π/2 on [a,∞), and affine in arsinh t between c and a. For
s = maxi ri and A ⊂ {1, 2, 3} define

χA =
∏
i∈A

sin θ(ri/s)
∏
i/∈A

cos θ(ri/s).

Then
∑

A χ
2
A = 1, and a maximizing label belongs to every nonzero branch A. In that branch,

ri ≥ cs for i ∈ A and ri ≤ as for i /∈ A. Differentiating the product partition, including the
derivative of s, gives the localization error

W = 1
2
∑
A

|∇χA|2 ≤
C

s2 .

Indeed |∇(ri/s)|2 = (1 + (ri/s)2)/s2 for each nonmaximizing label, and there are at most two
such labels. The finite cutoff calculation uses h = (a− c)/256 and

tj = isqrt(⌈1024(1 + (c+ jh)2)⌉) + 1
1012 , w = h

256∑
j=1

t−1
j .

The right endpoint sum gives arsinh a− arsinh c ≥ w. The exact rational comparisons yield( 11
7w

)2
≤ C,

320∑
ℓ=4

a2ℓ−8

2ℓ+ 1 + a634

643(1− a2) ≤ K.

The first uses π < 22/7. The second bounds all omitted multipoles by a geometric series. The
root inequalities are checked by squaring positive integers, and both sums by clearing positive
denominators. On a singleton branch, with marked position y and r = |y| = s, the sharper bound
is W ≤ C(1{rj≥cr} + 1{rk≥cr})/(2r2). Use the same volume expression for q> on the localized
spinors, which need not be fully antisymmetric. Expanding their gradients gives

q>[u]− E∥u∥2 =
∑
A

(
q>[χAu]− E∥χAu∥2 −

∫
Ω7
W |χAu|2

)
.

The neutral core in a singleton branch. At fixed y and spin, the two unmarked electrons
remain antisymmetric and their radii are at most ar. On their full space define

Vy =
2∑

i=1
1{ri≤ar}(|y − xi|−1 − r−1), Wy = C

2r2

2∑
i=1

1{ri≥cr}.

The radial one-electron marginal of Φ and the spherical mean of |y − x|−1 for |x| < r give
⟨Φ, VyΦ⟩ = 0. Orthogonality of the Legendre polynomials in the convergent multipole expansion,
followed by the moment bounds, gives

r2∥VyΦ∥ ≤ M(r) := 2

√
M2

1
3 + M2

2
5r2 + M2

3
7r4 + KM2

4
r6 .

82



For degrees at least four, use r2ℓ
i ≤ r8

i (ar)2ℓ−8 on the cutoff support. Put

p(r) = min
{
p0(cr),

(
Mj

(cr)j

)2
: 1 ≤ j ≤ 4

}
, g(r) = 67039

100000 −
2a

(1 + a)r −
C

r2 .

Then ⟨Φ,WyΦ⟩ ≤ Cp(r)/r2 and ∥WyΦ∥ ≤ C
√
p(r)/r2. Each summand of Vy is at least −a/((1 +

a)r), so the restriction of H2(2) + Vy −Wy − E to Φ⊥ has lower bound g(r). This is positive for
r ≥ 7, since

g(7) = 39993614855531
174125000000000 >

22968
100000 .

Writing a core vector as αΦ + v, v ⊥ Φ, and completing the square in ∥v∥ proves

H2(2) + Vy −Wy − E ≥ −
D(r)
r2 I, D(r) = Cp(r) + [M(r) + C

√
p(r)]2

g(r)r2 .

Both p and M decrease with r, while g(r)r2 increases. Thus D is nonincreasing on [7,∞).
The radial table and the boundary term. The exterior table in the code/data release has nodes

ϱi = 3584/i, 1 ≤ i ≤ 512. For each node its row selects a rational candidate p̃i from the five
candidates defining p(ϱi), hence p̃i ≥ p(ϱi). It gives rational upper bounds

Ai ≥M(ϱi) + C
√
p̃i, D̃i = Cp̃i + A2

i

g(ϱi)ϱ2
i

≥ D(ϱi).

The two square roots in Ai are rounded upward at scale 1012 by the same integer-square-root
rule as above. All 512 rows of the rational sequence F0, . . . , F512 satisfy

F0 = 0, Fi−1 < Fi < 1,

iFi − (i− 1)Fi−1 − F 2
i − 2D̃i ≥

2863835767937
1024 > 0, F512 = 123555069308

1012 .

These are the results of integer comparisons after clearing the positive denominators, including
g(ϱi). The complete selected candidates, upper roots, and Fi are in the exterior table. They
imply a bound on every radius, as follows.

For 0 ≤ x ≤ 1, interpolate Y (x) = xf(x) linearly through (i/512, iFi/512) and set f(x) =
Y (x)/x for x > 0. On the ith cell, 0 ≤ f(x) ≤ Fi and Y ′(x) = iFi − (i− 1)Fi−1. Since 7/x ≥ ϱi,

Y ′(x)− f(x)2 ≥ 2D(7/x).

The first cell covers the entire tail r ≥ 3584. For the vector field V(y) = (1 − f(7/|y|))y/|y|2,
expansion of a square on Ω = {y : |y| > 7}, with outward unit normal ν, gives for ζ ∈ H1(Ω)

1
2

∫
Ω
|∇ζ|2 ≥ 1

2

∫
Ω

(divV − |V|2)|ζ|2 − 1
2

∫
∂Ω
V · ν |ζ|2.

Apply this to the marked-coordinate slices of the localized spinor. The volume coefficient is
[Y ′(x)− f(x)2]/(2r2), which absorbs the negative term in the lower bound of the preceding step.
At r = 7 the outward normal of the exterior is −y/7. Hence the boundary coefficient is

1− F512
14 = 0.876444930692

14 >
1
16 .
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The vector field is continuous across all cell interfaces, so no internal boundary terms occur.
Two or three marked electrons. For k = |A| ∈ {2, 3} use the marked coordinates X = (xi)i∈A

and T = |X|2. At fixed unmarked coordinates apply the square on {X : maxi∈A ri > R} with
vector field kX/T . Its volume contribution is k(k − 1)/T ≥ (k − 1)/s2. On an exposed face its
boundary contribution is kR/(2T ) ≥ 1/(2R) = 1/14. For k = 2 the unmarked electron contributes
at least −2 by Theorem 3.2. The triangle bound on each pair distance and minimization over the
marked radii give the remaining volume bounds

90372
100000 −

A2
s
− C − 1

s2 ,
290372
100000 −

A3
s
− C − 2

s2 ,

where
A2 = 2 + 2

c
− 1

1 + c
− 1

1 + a
− 1
c+ a

, A3 = 2 + 4
c
− 2

1 + c
− 1

2c .

For example, the two-marked potential is bounded below by s−1[−2− 2/t+ 1/(1 + t) + 1/(1 +
a) + 1/(t + a)], c ≤ t ≤ 1. Its derivative is positive. The three-marked expression increases in
each of its two radius ratios by the same derivative comparison. Both displayed volume bounds
increase with s ≥ 7, and at seven their exact values are

9567964312983109
947065875000000000 > 0, 1027725017005013

679875000000000 > 0.

Every branch therefore has nonnegative volume contribution and boundary coefficient at least
1/16. Fixing the unmarked coordinates introduces no extra boundary: a branch vanishes wherever
an unmarked label attains the maximum, and its nonzero traces lie on the exposed faces of ∂K7.
Summing the localization identity gives the claim because

∑
A χ

2
A = 1 also on those faces. The

argument first applies to smooth restrictions. The exterior is a Lipschitz domain, including its
corners, so extension, smooth approximation, and continuity of the trace give the free-trace H1

assertion. Coulomb forms pass to this limit by the three-dimensional Hardy inequality in each
electron and relative coordinate. No spectral or boundary condition on u is used.

E.5 The upper bound for the lithium anion

Proof of Proposition 6.1. The trial function and its matrix elements. The trial function is specified
by a table of 150 rows of integers in the accompanying code/data release. Its columns are
(cα, aα1, . . . , aα4, bα12, bα13, bα14, bα23, bα24, bα34), with 1 ≤ α ≤ 150. The coefficients cα have no
additional scale. Put D = 105. For x = (x1, . . . , x4), let Xν = (x1ν , . . . , x4ν)T ∈ R4, 1 ≤ ν ≤ 3,
be the column of νth Cartesian coordinates of the electron positions. With ei the coordinate
vectors of R4, set

Aα = diag(aα1, . . . , aα4) +
∑
i<j

bαij(ei − ej)(ei − ej)T , fA(x) = exp
(
−D−1

3∑
ν=1

XT
ν AXν

)
.

Every row has aαi > 0 and bαij ≥ 0, so yTAαy =
∑

i aαiy
2
i +

∑
i<j bαij(yi − yj)2 > 0 for y ≠ 0.

Let Pij denote the exchange of the positions i, j. Then

F =
150∑
α=1

cαfAα , Φ = (1− P12)(1− P34)F
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are Schwartz functions. Assign Φ/
√

6 to the spin component ↑↑↓↓ and extend by signed simultane-
ous permutations to the other five components with two up spins. Set all other components to zero.
Since Φ changes sign under both within-spin transpositions, this defines a fully antisymmetric
spinor Ψ. The extension is isometric and preserves the Coulomb form. Thus Ψ belongs to the
form domain in Set-up 2.1. The argument does not require Ψ to be an eigenfunction of the total
spin.

For 1 ≤ β ≤ α ≤ 150 and σ ∈ {1, (12), (34), (12)(34)}, let B be Aβ with both indices permuted
by σ. The signs of these four permutations are +,−,−,+. For each such triple and v ∈ R4 \ {0},
define

G = Aα +B, g = detG, Γ = adjG, τ = tr(AαΓB), n(v) = vT Γv,

S = D6g−3/2, T = 3τ
Dg

, J(v) = 2
√

g

πDn(v) , ω = cαcβ(2− 1α=β) sgn(σ).

Gaussian integration gives ⟨fAα , fB⟩ = π6S. Under the normalized product density, each column
Xν has covariance (D/2)G−1. Differentiating the two Gaussians therefore gives the kinetic
quotient 3 tr(AαG

−1B)/D = T . Radial integration of the Gaussian vector
∑

i vixi gives the
Coulomb quotient J(v). Thus, with all sums below over these triples,

N =
∑

ωS, H =
∑

ωS

T − 3
∑

i

J(ei) +
∑
i<j

J(ei − ej)


satisfy

∥Ψ∥2 = 4π6N , q4,3[Ψ] = 4π6H. (E.1)
Indeed, A = (1− P12)(1− P34) is self-adjoint, A2 = 4A, and it commutes with the form. The
matrix after summing the four permutations is symmetric, which justifies the factor two for
α > β. There are exactly 4 · 150 · 151/2 = 45300 terms. None is discarded according to its sign or
magnitude.

Exact kernel enclosures. Put M = 2120 and

p0 = 3141592653589793
1015 , p1 = 3141592653589794

1015 .

These enclose π strictly. To verify this in rational arithmetic, put Lk =
∑29

j=0(−1)j/((2j+1)k2j+1)
and ϵk = 1/(61k61) for k = 5, 239. The tangent addition formula and the alternating-series
remainder give

p0 < 16L5 − 4(L239 + ϵ239) < π < 16(L5 + ϵ5)− 4L239 < p1.

The outer inequalities are finite rational comparisons. For each kernel, the positive definite matrix
G gives g > 0 and n(v) > 0 for the four v = ei and six v = ei − ej . Define the integers

sl =
⌊√

M2D12/g3
⌋
, su = sl + 1,

tl = ⌊3τM/(Dg)⌋ , tu = tl + 1,

jl(v) =
⌊√

4M2g/(p1Dn(v))
⌋
, ju(v) =

⌊√
4M2g/(p0Dn(v))

⌋
+ 1,

kl = tl − 3
∑

i

ju(ei) +
∑
i<j

jl(ei − ej), ku = tu − 3
∑

i

jl(ei) +
∑
i<j

ju(ei − ej),

hl = min(slkl, sukl), hu = max(slku, suku).
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For a nonnegative rational a/b, its square-root floor equals the integer square root of ⌊a/b⌋: both
are the unique k ≥ 0 with k2 ≤ a/b < (k + 1)2. It follows that sl ≤ MS < su and that [hl, hu]
encloses M2S(T − 3

∑
i J(ei) +

∑
i<j J(ei − ej)). The two-corner product bounds remain valid

for either sign of the k endpoints because both s endpoints are nonnegative. Accumulate signed
intervals by

N− =
∑

min(ωsl, ωsu), N+ =
∑

max(ωsl, ωsu),

H− =
∑

min(ωhl, ωhu), H+ =
∑

max(ωhl, ωhu).

Then
N−
M
≤ N ≤ N+

M
,

H−
M2 ≤ H ≤

H+
M2 . (E.2)

These are complete rounding bounds, including signed cancellation.
Evaluation and strictness. The completed exact evaluation of the specified 150 rows gives

N− > 0, H+ < 0,⌊
109H−
MN−

⌋
= −7497020241,

⌈
109H+
MN+

⌉
= −7497020240.

(E.3)

The input, executable checker and complete execution record are supplied with the table in the
accompanying code/data release. The checker reads every eleven-integer row, checks the row
signs, and visits every lower-triangular pair and all four permutations. Its cofactor expansion
computes Γ and g exactly. Its kinetic sum is 3

∑
i,j,k(Aα)ijΓjkBki = 3τ . Nuclear and pair cofactor

forms are respectively Γii and Γii + Γjj − 2Γij , so its kernel is precisely the one just proved. The
execution uses Python integers, rational arithmetic, signed floor division and integer square roots,
with assertions enabled. Faithful input reading, execution and output recording have the meaning
of Set-up 2.2. No floating-point accuracy assumption enters this evaluation.

Since N− > 0, some cα ̸= 0. The identity-permutation diagonal term then has positive weight
c2

α and strict overlap upper bound MS < su. Hence N < N+/M , while H ≤ H+/M
2 < 0.

Equations (E.1)–(E.3) therefore give

−7.497020241 ≤ H−
MN−

≤ q4,3[Ψ]
∥Ψ∥2 <

H+
MN+

≤ −7.497020240.

The variational principle proves the proposition.
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Use of generative AI
The supplied helium and lithium arguments and numerical witnesses were drafted with use of
gpt-6-astra and fable-5.2, then audited, simplified, and assembled using Pharos. The project
was configured with the gpt-6-astra model, with ultra reasoning effort for the main agent and
seven proof workers: three at xhigh and four at max. The recorded final lithium verification used
the same model at max.

Human direction specified verification of the supplied results, reuse of sufficient existing
work, a unified concise presentation, and a reproducible code/data supplement. The review
procedure required mathematical arguments, correctness of the concrete checkers, complete
inputs and execution evidence, with explicit exact and floating-point runtime assumptions. This
was automated mathematical review, not proof-assistant verification. The supplied claims and
witnesses are attributed separately from their verification and simplification. The computation
methods and error bounds are given in Appendices A–D. The helium-dianion proof of Section 4
and Appendix D, together with its certificate generators, exact readers, and the accompanying
release module, were prepared with fable-5.2.

Data and code availability
An accompanying reproducibility supplement is available on Zenodo at https://doi.org/10.
5281/zenodo.24130570.
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