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1. INTRODUCTION

Let g be a finite-dimensional complex simple Lie algebra and let ¢ € C* be a parameter which
is not a root of unity. Let I be the Dynkin vertex set and let Y ,, for i € I and a € C*, be
formal variables. A dominant monomial is a product m =1J; , Y;Z“ with nonnegative integer
exponents, only finitely many of which are nonzero. The category € of finite-dimensional type 1
representations of the untwisted quantum loop algebra U, (Lg) has a commutative Grothendieck
ring. The g-character homomorphism of Frenkel-Reshetikhin embeds this ring into a Laurent
polynomial ring and records the generalized eigenvalues of the Drinfeld Cartan currents [12]. Its
image admits a noncommutative deformation &y, called the quantum Grothendieck ring. This
deformation has a standard basis { E;(m)} and a bar-invariant canonical basis {L;(m)}, both
indexed by dominant monomials [20, 14].

Let L(m) be the finite-dimensional simple type 1 module with highest {-weight m. Hernandez’s
quantum Kazhdan—Lusztig conjecture identifies the specialization of L;(m) at t = 1 with the
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g-character of the simple module with highest monomial m [20, Conjecture 7.3]. We prove this
identification.

Theorem 1.1. Let g be a finite-dimensional complex simple Lie algebra, let ¢ € C* be not a

root of unity, and let m = [[;cs 4ecx Ylua” be any dominant monomial with finite support. Then

Li(m)|,_, = XqL(m). (1)

The convention for the bar and for the ordered standard character is given in Section 2. In
the notation of the original formulation [20, Conjecture 7.3], equation (1) is w4 (L¢(m)) = L(m),
after identifying the Grothendieck ring with its g-character image.

1.1. The character problem. Chari—Pressley classified the finite-dimensional simple type 1
representations by their Drinfeld polynomials [3]. Factoring these polynomials gives the dominant
monomial m which labels L(m). This classification separates the parametrization of simple
modules from the calculation of their characters and of tensor-product multiplicities. The latter
questions depend on the spectral parameters: tensor products can become reducible when ratios
of parameters take particular powers of q.

In 1999, Frenkel-Reshetikhin introduced the g-character to retain the spectral information lost
by the ordinary weight character [12]. Its monomials encode the joint generalized eigenvalues of
the commuting Drinfeld Cartan currents. Injectivity of the g-character map makes identities of
these Laurent polynomials identities in the Grothendieck ring. Frenkel-Mukhin described its
image by rank-one conditions and established the downward root-monomial structure of simple
characters [11, Theorems 4.1 and 5.1].

The analogy with Kazhdan—Lusztig theory concerns the transition from standard objects to
simple objects. In their 1979 paper, Kazhdan and Lusztig constructed the bar-invariant basis of
a Hecke algebra and its transition polynomials and proposed the corresponding character formula
[27]. For quantum loop algebras, ordered tensor products of fundamental representations play
the role of standard objects. Their ordinary characters are products of fundamental g-characters.
The quantum Grothendieck ring refines this product by a parameter ¢, and the transition from
its standard basis to its canonical basis supplies the corresponding Kazhdan—Lusztig polynomials.
More precisely, write

Ef(m) =Y Pum(t)Li(n),  Pum(t)=1.

n<m
If M(m) denotes the ordered tensor product of fundamental modules with highest monomial m,
the conjecture gives

[M(m) : L(n)] = Pom(1).
Thus the canonical transition determines ordinary tensor-product composition multiplicities, as
in Hernandez’s original formulation [20, §7.2].

1.2. Geometric and algebraic t-characters. For simply-laced g, Nakajima realized finite-
dimensional representations through quiver varieties and related standard-to-simple multiplicities
to intersection cohomology [29]. Varagnolo—Vasserot constructed quantum Grothendieck rings
using perverse sheaves on quiver varieties [35]. Nakajima’s subsequent theory of t-analogues
of g-characters established the canonical specialization formula in types A, D, and E [30,
Theorem 8.1(2)]. The grading in this construction records the cohomological information
governing the transition between the two bases.

Hernandez’s algebraic construction extended ¢, t-characters and canonical bases to arbitrary
finite type [20]. His Conjecture 7.3, formulated in the 2002 preprint and published in 2004,
asks that these canonical elements specialize to the characters of the corresponding simple
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representations. The construction already establishes the specialization of standard characters
[20, Theorem 6.2]; the conjecture identifies the resulting canonical labels with the ordinary
simple labels. Hernandez further studied monomials in the non-simply-laced case [21]. The
fundamental character calculations in that work and the Hernandez—Schedler tables [26] provide
the exceptional fundamental input used in Section 18. His proof of the Kirillov—Reshetikhin
conjecture and the associated T-systems supplies another family of ordinary character formulas
[22].

1.3. Progress on the conjecture. Hernandez—Leclerc introduced, in simply-laced type,
monoidal subcategories whose Grothendieck rings can be studied by cluster algebras [24].
Hernandez—Oya then constructed quantum Grothendieck-ring isomorphisms between distin-
guished categories of types B, and As, 1 and proved the specialization formula in the cor-
responding type-B categories [25]. Fujita—Hernandez—Oh—Oya extended these comparisons
to all non-simply-laced types, proved positivity of the transition polynomials and structure
constants, and established the specialization conjecture for all simple modules of type B [14,
Corollary 11.4(2)].

One consequence of the same work is a uniform statement in every finite type. For integral
spectral parameters Y; ;x with k € [a, b] N Z, the specialization formula holds when

b—a<r'hY,
where rV is the lacing number and 1" is the dual Coxeter number [14, Corollary 9.8(2)]; see
[17, Theorem 2.11 and Remark 2.12] for this interval formulation. Further quantum cluster
comparisons prove the formula for reachable simple modules and positivity of the monomial
coefficients of simple (g, t)-characters [15, Corollaries 6.10 and 6.12]. Here reachability refers to the
simple modules represented by cluster monomials in the corresponding monoidal categorification.

Fujita—Qin introduced freezing operators compatible with ordinary and deformed characters
[17]. For classical types, they embed a fixed Dynkin diagram into diagrams of larger rank,
apply the spectral-width result there, and freeze back to the original diagram. This proves the
conjecture in all classical types and, in particular, settles type C' [17, Theorem 2.13]. Together
with Nakajima’s theorem, these results cover every finite Dynkin type except G2 and Fy. The
argument below proves the specialization formula for every dominant monomial in these two
types.

There are also geometric and filtration constructions relevant to this problem. Varagnolo—
Vasserot constructed actions of non-symmetric quantum loop groups in critical K-theory [36]
and related shifted quantum affine representations to Coulomb branches and weighted-flag
algebras [37]. Negut described quantum loop representations by shuffle quotients and quiver
moduli [31, 32]. Fujita-Hernandez constructed monoidal Jantzen filtrations from R-matrices and
identified the resulting deformation with the quantum Grothendieck ring in simply-laced type
[13]. In the shifted setting, Geiss—Hernandez—Leclerc extended cluster structures to non-simply-
laced types and expressed cluster monomials as limits of cluster expansions in classes of positive
prefundamental representations [18]. For a broader account of quantum affine representation
theory and its connections with cluster algebras, see Hernandez’s survey [23].

1.4. The geometric filtration. The central construction is attached to an actual simple module.
Write its highest Cartan rational function as a quotient whose pole and zero multiplicities are m
and I, and put p = m — [. At a fixed spectral dimension vector v, a shuffle realization identifies
the module with a quotient of critical cohomology by the kernel of a negative-framing Euler
operator. The vectors m, I, v are indexed by spectral vertices. For finite dimension vectors put
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v =7,y and E(u,v) = >, ., loVw, With the arrows of Section 4. The center is
dp(v)=p-v+ E(v,v)—v-v. (2)

A polynomial of degree r has centered degree 2r — d,(v). This gives a finite filtration on the
actual module and a Laurent polynomial S;(m) which specializes, by construction, to x,L(m).

Several comparisons are needed to extract representation-theoretic information from this
filtration. First, we prove the shuffle-kernel statement directly at the numerical parameter
q- A normal-order calculation for high current modes and finite-jet interpolation identify the
annihilator of the highest vector with a common residue kernel. The generic shuffle theorem is
transferred to numerical parameters by a local ideal argument, retaining the factors at orthogonal
colors.

Second, ordinary flag towers determine the cohomological residue kernel. A supported nearby-
cycle comparison, a resolution of the graph of stable restriction, and dimensional reduction
identify the critical image. Keeping the framing parameters equivariant gives a finite free source
quotient of the Euler map. Its deformed residue tests identify the generic highest-vector kernel,
and the integral quotient supplies the standard module at coincident parameters.

Third, we use the Coulomb-branch realization of Varagnolo—Vasserot [37]. Explicit fundamen-
tal modules give the ordinary quantum loop action, including its constants and determinant
branches. An integral generation argument identifies the geometric standard lattice with the
ordered tensor-product lattice. This compares the standard and intrinsic filtrations in one ordi-
nary flag algebra. Each current is a minuscule correspondence multiplied by a Riemann—Roch
unit. An exact inverse using source Chern classes recovers the homogeneous correspondence and
its Ext degree. Finite spectral projectors give the ordinary current map onto a common finite
graded quotient.

The resulting finite quotient of the ordinary flag algebra has a nonnegative basic grading
with semisimple degree zero. Its normalized simple characters are bar-invariant. Hyperbolic
restriction computes the graded standard character as Ej(m), whereas homogeneous generation
places every non-head composition factor in strictly positive external degree. We obtain

Ey(m) = Si(m) + > pma(t)Se(n), Pmon(t) € tN[t]. (3)

n<m

A finite-height induction first proves S;(m) € KC;. Applying bar to (3) then gives the triangularity
required for canonical basis uniqueness. This proves S;(m) = L;(m) before any specialization is
taken.

1.5. Organization and conventions. Section 2 fixes the algebraic conventions. Section 3
proves the numerical shuffle and residue results. The subsequent geometric and Coulomb
constructions are followed by the comparison of intrinsic and standard filtrations. We then
normalize the simple characters, establish the exceptional fundamental input, calculate the
standard characters, and prove Theorem 1.1. An appendix records a finite certificate for the
only nonthin fundamental coefficients used in the proof.

We use N = {0,1,2,...}. All vector spaces and cohomology groups are over C, unless a
rational model is explicitly specified. Polynomial degree is half cohomological degree. Critical
cohomology uses the monodromic vanishing-cycle convention with the suspension normalization
stated below. Completions are taken at specified finite spectral supports; statements about
completed actions are used only on finite continuous modules. All dimension vectors have finite
support, including dimension vectors on infinite spectral quivers.
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2. QUANTUM CHARACTERS AND CANONICAL BASES

2.1. Highest monomials. Let I be the vertex set of the finite Dynkin diagram, let C' = (¢;;)
be its Cartan matrix, and choose the minimal positive symmetrizer (d;). Thus b;; = d;c;; = djcj;
and ¢; = ¢%. Set

V=2V 'ii€l, acC*], My= (Y :i€l, acC”).

Elements of M are called dominant monomials. Products here and below have finite support.
The monomial m =[] Ylu;“ represents the rational highest /-weight

iy a1 ag /2"
Vit (2) = g¢; 1;[ (M%/z> : (4)

The finite-dimensional simple objects of € are the L(m) with m € M. A module is of type 1 if
each Cartan generator k; acts diagonally with eigenvalues in ¢Z. The coefficient of m in XqL(m)
is one.
The root monomials are
—ess
Ai,a = Y;ﬂq;lY;,aqi H H };;;—Cji+1—2s' (5)
j#i s=1

a

For monomials n, m, write n < m if n =m]] A; ;}’ with v; o € N. These root factorizations are
unique for finite support. For example, uniqueness follows by the invertibility of the quantum
Cartan matrix as a formal Laurent series, or by successively removing the smallest spectral
degree on the finite support in each gZ-orbit. All monomials in x,L(m) satisfy n < m. Let
w; and «; denote the fundamental weights and simple roots. We put wt(Y;,) = w;, so that
Wt(Ai’a) = 4.

2.2. The quantum torus. Choose one representative for each ¢%-orbit of parameters. In one

such orbit write Y; x = Y] ;,x. Define the quantum Cartan matrix by

Cii(z) = 2% + 274, Ci(2) = (i # 4).

Write C (z);j1 = > ,e7Cij(r)2", using its expansion at zero. The skew form on the monomial
lattice is determined by

Y(Yig, Yia) = Cj(k — 1 — di) — ¢ij(k — 1 + d;)
—Cij(l —k—di) + (1 — k + dy). (6)
The form between distinct parameter orbits is zero. This convention is independent of the

chosen representatives. The based quantum torus Y; is the free Z[t*'/2]-module on the ordinary
monomials, with product

z—z 1

mxn = 70 2mp, (7)

The bar is the antilinear anti-involution fixing every based monomial and sending /2 to t~1/2.
In particular Ty = 7 *T. The quantum Cartan identity gives

Y(Aik, Yji) = 2045 (0x—1,a; — Ok—1,—d;)5 (8)
Y(Aiks Aji) = 2(0k—1,6;; — Ok—1,—b;;)- 9)
For completeness, put D(z) = diag(z% — 2=%). The identities
C(2)"D(2) = D(2)C(2),  (D(2)C(2))ij = 2”7 — 27"
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show that D(z)C(z)! is symmetric. Its coefficient of 2" in position (4, 7) is ¢;;(r —d;) — ¢;j(r +d;).
The exponent array of A; . is the kth translate of the ith column of C(z). Since C(z) = C(271),
pairing this array with (6) amounts to multiplying on the left by C(z)T. The resulting matrix
is D(z). Subtracting its coefficients at k — [ and [ — k gives (8). Pairing with the second root
array gives D(z)C(z) and hence (9). These identities fix the grading normalization below.

2.3. The quantum Grothendieck ring. For each i, let K;; be the subalgebra generated by
the elements Y]ik1 for j # i and the rank-one characters Y; (1 + A;,i 4 di)’ in the based-monomial
convention, and take the corresponding generators in every parameter orbit. Then

,Ct == ﬂ ,Ci,t-

el

This is a bar-stable subalgebra of );. The algebraic character theory [20, 21, 17] gives a
distinguished element Fi(m) € K; for each dominant m, with unique dominant monomial m and
coefficient one. All its remaining monomials are below m. These properties determine it.

Write m = Y7 --- Yy, ordering each orbit by decreasing spectral index. The corresponding
fundamental characters at equal spectral index commute [17, §2.7], and factors from different
orbits can be placed in any order. Define

Ey(m) =t 2 2 YOV B (v ) -k Fy(Y0). (10)

The Ei(m) form a basis of K. The canonical element L;(m) is characterized by

Lt(m) = Lt(m), Lt(m) — Et(m) S Z t_1Z[t_1]Et(n). (11)

n<m

Each expansion has finite support. Existence and uniqueness are the canonical-basis theorem of
[20]; the precise convention above is [17, Proposition 2.6]. For a single fundamental variable,

Ft(Y;,a) = Et(Y;,a) == Lt(Y;,a)- (12)

Their specialization to the fundamental g-characters, and the specialization of every E;(m) to
the corresponding product, are known independently of Theorem 1.1 [20, Theorem 6.2].

2.4. Finite support and height. Let p¥ be half the sum of the positive coroots. For a
dominant monomial set

h(m) = (wt(m),2p"). (13)

It is a nonnegative integer, and if n = mHA;:i’“ < m is dominant, then
h(m) — h(n) =2 viq > 0. (14)
%,a

Thus induction over dominant monomials will always mean induction on h(m). Every individual
module, filtration, or character used below has finite support.

If m involves finitely many parameter orbits, a dominant n < m involves no new orbit. Indeed,
on an orbit absent from m, its weight would have the form — 3, v;a; with all v; > 0. Pairing
with 2pY gives a nonpositive number, whereas dominance gives a nonnegative number, with
equality only for the trivial monomial. Hence all v; on that orbit vanish. This observation will
permit the final induction to handle arbitrary complex spectral parameters.
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3. NUMERICAL SHUFFLE IDEALS AND HIGHEST-VECTOR KERNELS

Throughout this section g is of type G2 or Fy and ¢ is a fixed non-root-of-unity complex
number. We work directly with ordinary Drinfeld generators e;,, fi,, r € Z, and currents

= ez, fiz) = firz ™, ef(z) = Z%i,rﬁr’ 90?,[0 =k

reZ reZ r>0

Set ¢; = q; —q; ! Define the logarithmic Cartan modes pjr, T # 0, by

The Drinfeld relations then give
[pj,rv fi,S] = _<qrbij - qirbij)fi,s-‘ﬂ‘a r 7& 07 ERS Zv (16)

see [31, (2.12), (3.12)).

3.1. Two shuflle conventions. Put

—b;.
Z2—q "4
Gt (2) = -1 (17)
For a negative word W = f;, s, - -+ fiy,sy its rational shuffle representative is
rat Syrncolors H o H Czrfzi Zb/za . (18>

a<b

Here Sym is a sum over color-preserving permutations. The binary shuffle product includes the
factors ([]n;! [[ni!) 1, so iterating degree-one factors gives exactly (18). Its direction is that of
the negative current algebra.

Fix an order on I, and for a dimension vector n put

n; My
Dn =TI TIC1 = 2ia/2j0)-
i<j a=1b=1
The polynomial representative is FP°! = D,, F™t, Tts kernel is

b

q_ — Z, ? < jv

1 b . .
Gr(z) =3 —2)/(1-2), i=j (19)

1—qbisz™l, i>j.

For every color order one has the exact identity

Fpol rrat
- (20)
Ha<b ibia (zb/za Ha<b Z::La (Zb/za)

Thus the change of convention is valid even at a zero of D,,. The image of the word map in the
polynomial convention is denoted Sp(q).

The quadratic and Serre relations give a homomorphism from the ordinary negative current
algebra to this image. These checks are rational identities in the variables and ¢, hence remain
valid at our fixed parameter.
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3.2. High-index highest rows. Let v be an actual highest vector, with highest rational
function 1. Write 1;(2) = 3>_,5¢ ;27" for its expansion at infinity. For a word of total weight
zero, let HCy, denote its coefficient on v. The operator CT extracts the coefficient of FAREE Z?v

in the nested expansion 1 < |z1] < -+ < |2n].

Lemma 3.1. Suppose W = f;, s, -+ fix,sny With every sq > 0, and E = ej, 4, -+ €jy.dy With

every d, > 0 and matching root content. Label the variables in the order ji,...,jn. Then
N N d
Frat V. aqly.
HCy(EW) = (H cj—;) CT l W (2) [lacs 0" Vi (Za) | (21)
a=1 o<t G (2/7a)

The same formula holds in the polynomial convention.

bij the Cartan-current relation reads

oi (W) fi(z) = fi(x)p] (W) Rij(x/y),  Rij(u)
Write Rjj(u) = 37,50 pij(r)u”. Explicitly,

PO =a,  py(r) = (@~ D" (r>0).

Comparison of coefficients gives the finite identity

Proof. For a = q~

a—1u

1w

k
hfis =Y pig(r) fissr® (22)
r=0

In particular, this operation only raises the indices of the negative letters.
Commute the rightmost positive letter e;, 4, through W. The terminal term kills v. A
contribution occurs at every position k with i = jn. Since dy + si > 0, its commutator is

cj_l\}gajm dy s, there is no negative Cartan coefficient. Moving it through the suffix by (22) gives

—1
Cin Z H Pijn (71) dij’dN"'sk_Zbk r Wi rv. (23)
>0 (I>k) >k
D oion T1<dN sk

Here W, deletes the kth letter and replaces each suffix index s; by s; 4+ r;. Its remaining
negative indices are still positive.

Expand the symmetrization in (18) as the sum over bijections from word positions to variables
of the same color. Partition these bijections according to the position k sent to zy. The pair
factor with a position before k cancels the corresponding denominator in (21). For a position
after k, the remaining factor is

er]t;\[ (ZO'(Z)/ZN)

rat

=R iv(zo)/2N)-
jNil(ZN/Za(l)) UN( (l)/ v)

Taking the zy constant term therefore gives exactly (23), apart from the displayed c]_]\} The
remaining assignments give the shuffle representative of Wy ,. This proves the formula by
induction on N. Repeated colors cause no extra factor: the n;,! bijections split into n;, disjoint
sets of size (n;, —1)!.

At every step the inequality in (23) bounds the summation. The formula uses finitely many
coefficients of 1 and only the scalar denominators ¢;. It is consequently an identity at the given
numerical parameter. Finally (20) proves the polynomial version. U
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3.3. Invertible simultaneous mode shifts. Let L = L(m) be a finite-dimensional simple
ordinary module with highest vector v,,. The span W; = span{f;,|r : r € Z} is a finite-
dimensional subspace of End L. By (16), the operators

ad(pi) —1 _ ad(pi—1)
2 -2 Tz ) —2
q; — 4q; q; — 4q;
send f;, to f; 41 and f;,_1, respectively. Their denominator is nonzero, and their compositions
fix every spanning generator of W;. Thus they are well-defined inverse linear maps on W;.

Fix 8 = ) ; n;a;. Form the finite direct sum V3 of ordered tensor products W;, ® --- @ W;,,
with this root content. Evaluation on a highest vector gives a surjection

T =~

ev : Vg — Lwt(m)fﬁ'

Let A;, be the sum of the rth powers of the slot shifts of color 7. Let p;f’rp be the scalar by which
pjr acts on vp,. The logarithmic Cartan relations give

(PSP —pjr)ev=evy (¢ — g ") Ay, (24)
7

Lemma 3.2. For g of type Go or Fy, simultaneous increase of all indices in a negative word of
root content 3 is realized after evaluation by an invertible operator Pz on Ly(m)—ga-

Proof. Put = ¢" and B, = (x% — 27%). Up to reversing the numbering of the Dynkin
diagram, direct determinants are

det BY? = 27 8(2 — 1)%(z 4 1)2®3(z) g () Doy (),

det B = o2 (a — 1)} (2 + 1) (1) 2B (). (25)
Here ®; is the sth cyclotomic polynomial. The symmetric matrices used are respectively
4 -2 0 O
6 -3 -2 4 -2 0
-3 2 )’ 0o -2 2 -1
o 0 -1 2

To compute the determinants, write s; = 2/ — 277, In type Go the determinant is sgsg — s3. In
type Fjy, expansion of successive tridiagonal minors gives

2 2
Al = 54, AQ = 54 — 82,

Ag = S2A2 - S%Al, A4 = 82A3 - S%AQ.

Factoring these Laurent polynomials, using ®o4(z) = 2® — 2% + 1 and ®36(z) = 2'? — 2 + 1,
gives (25). Thus B, is invertible for every r > 0. Solving (24) realizes the slot power sums
A;,» as actual Cartan operators after evaluation. Newton identities, using 1 < r < n;, realize
the product of the slot shifts of each color, and hence their total product T', by an operator
Pg with Pgev = evT. The kernel of ev is T-stable. Since T is invertible and the space is
finite-dimensional, this kernel is actually T-invariant. Its quotient operator Pjg is invertible, as
claimed. O

3.4. The common residue kernel. For a fixed color order ¢ = (i1,...,iy) set
Frat(z) N
ra Vi, (Za)- 26
[Ta<s ibita (2b/2a) al;[l (2) (26)

Starting with the smallest nested contour, shrink successive contours and retain every residue at
a nonzero constant point. Such points include the poles of ¢;, and the points obtained from

Hi(F) =
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earlier residues by the shifts prescribed by a remaining denominator. An ordered constant-point
test is one of the resulting iterated residue functionals applied to GH;(F)[], dza/%q, where G
is an arbitrary polynomial in the labeled variables. At a repeated pole we take the residue of
the complete rational function at that value, including all coincident denominator factors. Let
©(1))yn be their common kernel, taking all color orders and all such G.

Theorem 3.3. Let L(m) be an actual finite-dimensional simple module in type Go or Fy,
with highest vector v, and highest rational function 1. Evaluation on v, factors through the
numerical shuffle word map. The induced map on its image has kernel Sp(q) N O(Y)n, and gives
an isomorphism

L(m) = @ Sa(9) / (Sa(a) N O()n). (27)

The statement is an equality of annihilator kernels and is valid at coincident spectral parameters
and repeated poles.

Proof. We first show that the numerical shuffle kernel acts trivially. Let u be in this kernel with
root content (3. Increase all indices in all its words by the same sufficiently large integer M, so
the new indices are positive. Denote the resulting element by u[M]. Then

Lemma 3.1 shows that every positive word of matching root content with nonnegative indices
kills the highest coefficient of u[M]uvy,.

These rows detect every vector in the relevant weight space. Indeed, if w # 0, simplicity
gives an element taking w to the highest line. In its triangular decomposition, a term with a
further negative part of positive root content would first have to raise w to a weight strictly
above the highest weight. Such a term is zero. Thus a positive-current word suffices. On the
finite-dimensional span of positive-current operators, the same normalized adjoint argument gives
an invertible mode shift. Every positive mode is therefore a linear combination of arbitrarily
high modes of its color. Replacing every factor in the detecting word proves the assertion for
nonnegative indices. We obtain u[M]v,, = 0 and then wv,, = 0 by Lemma 3.2. Applying the
same argument to uw for every negative word w proves that the shuffle kernel kills the whole
module.

It remains to compare the kernel on the small shuffle image with the residue tests. For fixed n
the denominator in (26) has bounded order, independent of the numerator. The unshifted cross-
color denominators cancel against the inverse shuffle denominator. The remaining intervariable

poles are ordered:
2y =q Yiaivz, (a <b).
Consequently the first, smallest contour can meet only fixed poles of 1);, and possibly zero. Poles
expressed in terms of later independent variables lie outside that contour. After substitution at
a nonzero constant, only finitely many new shifted constants occur at the next step. Induction
gives finitely many ordered tuples. Each residue is supported on a finite jet at its tuple. Resonant
diagonals increase the finite jet order by at most the order of their fixed denominator and do
not produce an infinite-order functional.

Zero coordinates can be eliminated uniformly for a given numerator. For every nonempty set
S of coordinates tending to zero, the rational integrand has a finite lower bound on its total
degree in those coordinates. Factors internal to S have fixed homogeneous degree and the factors
joining S to a nonzero coordinate have nonnegative power series expansions. Multiplication
by PP where P = [], 24, increases the bound by D|S|. For large D all residues with a zero
coordinate vanish.
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On the finite jet algebra at any nonzero tuple, P is a unit. The Chinese remainder theorem
on the labeled polynomial ring separates all distinct ordered tuples and prescribes arbitrary
jets there. It follows that all constant-point tests vanish if and only if all nested constant terms
with sufficiently high nonnegative powers zfl e zifN vanish. The finite-jet assertion also handles
repeated coordinates in their single local jet algebra.

Choose a negative preimage u of F' and shift its modes as above. Multiplication by PM is
invertible on the nonzero jet algebras, so the residue tests vanish for F;, if and only if they vanish
for Fypr). By Lemma 3.1 and positive-tail detection, the latter condition is u[M]v,, = 0. By

Lemma 3.2 it is equivalent to uv,, = 0. This proves the kernel equality and the isomorphism. []

The kernel argument also applies over a characteristic-zero coefficient field when the spectral
poles split and the highest-weight module is absolutely simple. Indeed, all normal-order identities
and invertible mode shifts are finite linear-algebra calculations. The contour calculation is
equivalently the formal iterated-residue expansion in the specified order, and Chinese remainders
apply to its finite jet algebras. One may extend to an algebraic closure to detect the highest
rows and then descend the equality of kernels by faithful scalar extension. We will use this
version over C((a)).

3.5. Wheel ideals at every numerical parameter. In the polynomial convention, the

multiplicative Serre-wheel condition for i # j is

F i +2(r—1)d; - 0 (28)

Zi7T:Zj71qblj v 1§T‘S17Ci]'

All choices of distinct labeled variables of these colors are included. For ¢;; = 0 this is the
condition at z;1 = z; 1, which is essential in the augmented polynomial convention.

Fix a spectral tuple . Write its entries as z, = bc(a)qka, where the b, represent distinct
¢%-orbits. The associated spectral vertices are v = (i, b.g"). There is an arrow

(i, bcqs) — (]7 bcqt) — s=1+ bij- (29)
Let E(v,w) be the number of such arrows and let v, be the multiplicity of v in the tuple.

Set R, = C[yv7a]nv Svv Every multiplicative wheel through  becomes a diagonal where
the corresponding y-variables are equal after writing z, = z,(1 + y,). Let Ir, C R, be the
intersection of the ideals of these diagonals. Equivalently its elements vanish on all such lifted
Serre wheels. This is a homogeneous ideal, including the diagonals of orthogonal-color pairs.

Theorem 3.4. At every numerical non-root-of-unity parameter, the completion of Sp(q) at the
colored unordered multiset represented by x identifies, in the coordinates zq = x4(1 + yq), with
the completion of Ir, at the origin. Moreover, It , is spanned by the homogeneous additive
words

Symvertices G(y) H (yb - ya)E(vmvb)i&va’vb ’ Ge C[yla cee 7yN]7 (30)
a<b
over all vertex orders with multiplicity vector v. The same assertion holds over Q for the
combinatorial spectral quiver.

Proof. Let A = C[z:!] be the labeled Laurent ring and R = AL For a fixed color order,
the word map G — Sym(GK) is R-linear. The apparent equal-color denominators cancel by
antisymmetrizing over the corresponding Vandermonde. The image therefore lies in R. Since A
is finite over R, each word image is a finite R-module. There are finitely many color orders, so
their sum Sp,(g) is a finite ideal of R. In particular images commute with flat completion and
are closed in the adic topology.
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Complete the labeled finite extension over the orbit of . It splits as the product of the comple-
tions at its labeled points. In a chosen component full symmetrization becomes symmetrization
by the stabilizer [], &,,. In the coordinates z, = z,(1 + y,) every resonant numerator is
UYp — Yo times a unit; every nonresonant factor is a unit; and the same-vertex denominator is the
Vandermonde factor. Thus each completed word map is

G — Sym(GkUy,), (31)

where K, is the product in (30) and U, is a formal unit. Multiplication by U, is an automorphism
of the arbitrary labeled input ring. Removing it from the input proves that the completed
word ideal depends only on the resonance pattern. If one realizes this argument by polynomial
interpolation, one first prescribes the labeled jets to an order larger by the finite Vandermonde
division order.

The local wheel ideal has the same property: a wheel component not passing through x
disappears on completion, and a component passing through it becomes exactly its linear
diagonal. The completed wheel ideal is therefore the completion of the homogeneous ideal It ,,.

Now replace the fixed ¢ by an indeterminate ¢’ and replace the orbit representatives by
algebraically independent b),. The tuple ¥/, (a)(q’ )k has exactly the same resonance pattern.
Indeed, within one orbit all relevant equations are equalities of integer exponents, since the
original ¢ is not a root of unity; between different orbits no relevant equality holds. Over Q(¢’, b.),
the generic shuffle theorem [33, Theorem 1.7 and Definition 5.2] identifies the small shuffle ideal
with the wheel ideal. Its completion, followed by (31), identifies the completed additive word
ideal with the completed diagonal ideal.

Both additive ideals are homogeneous and finitely generated over the invariant polynomial ring
defined over Q. Extend this polynomial ring to Q(¢’,b.), localize at its homogeneous maximal
ideal, and complete. Completion is faithfully flat over this local ring. The two graded quotients
of the sum of these ideals by either one therefore have zero localization there. A nonzero
finitely generated graded module over a nonnegatively graded polynomial ring cannot have
this property: graded Nakayama, or its lowest nonzero degree, detects it at the homogeneous
maximal ideal. Thus both quotients vanish globally after field extension, and faithful flatness
of the field extension proves equality over QQ, hence over C. Applying the first two paragraphs
again at the original numerical tuple proves the completion statement. All scalar extensions in
this argument precede local completion. ]

Theorem 3.4 and the finite-jet description of Theorem 3.3 reduce every intrinsic local sector to
a homogeneous additive quotient. We next identify this quotient and its grading geometrically.

4. THE SPECTRAL QUIVER AND CYCLIC MODULI

We give the geometric realization of the local residue quotient. All cohomology groups in this
section have rational coefficients; extending scalars to C will be understood when we compare
them with quantum-loop modules. Polynomial degree is half the ordinary cohomological degree.
The constructions are made in each finite dimension vector, and therefore do not require a bound
on the spectral support.

Let C = (cij)i jer be the Cartan matrix, let (d;) be its minimal positive symmetrizer, and put
bi; = d;c;j = djcj;. For one q%-orbit of spectral parameters define the quiver I' by

lo=1x12, (t,k) — (4, k —bij) (i,5 €1). (32)
Different spectral orbits give disjoint copies of this quiver. An arrow with i = j will be denoted

by € x; it goes from (i, k) to (i,k — 2d;). In particular there is no loop at a spectral vertex. If
c¢ij = 0, we retain both arrows between (i, k) and (j, k). These arrows are part of the polynomial
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shuffle convention of [32, §3.2], and their quadratic contribution to the potential will be retained
throughout.

Here is the potential, including its grading. In the ungraded quiver write a;; : ¢ — j and
€; = a;;, and use right-to-left composition. The potential is the cyclic expression

W = Z ajiegcijaij. (33)
17

Its graded lift Wt is the sum, over ¢ # j and k € Z, of the following closed paths:

(G k) 2255 (i k — big) s (i b + bij) —195 (5 k). (34)
The middle path consists of —c;; consecutive €;-arrows. It has the stated endpoint because
—2d;(—cij) = 2b;;. An exponent zero means the constant path. Thus the two ordered terms
for an orthogonal pair are the same cyclic quadratic monomial and have sum 2aj;a;;. Formula
(34) is precisely the graded lift of [32, (91)]. On a finitely supported representation only finitely
many of its terms are nonzero.

Fix finitely supported vectors v = (1,,) and m = (m,) with nonnegative integer entries, and
vector spaces V,, = C*» and W,, = C™v. Put

Rep,(I') = € Hom(V,,V,),

h:v—w

Rep, . (I') = Rep, (I') & €D Hom(W,,, V,,), (35)

G, = [[GL(W).

A framed representation is cyclic if the images of the framing maps generate it under all paths in
I". Its gauge stabilizer is trivial: an automorphism fixing the framing fixes every path-generated
vector. The cyclic locus is open, and its geometric quotient

Xl/,m = Repu,m (F)Cyc/GV

is smooth. The trace f, = Tr Wt is gauge invariant and pulls back to the framed space and
descends to X, ,,. We write f when the dimension vector is understood.
For finitely supported vectors set

E(w,p)= Y W, dp)=p-v+EWv)-v-v. (36)
h:v—w

The complex dimension of X, p, is dp (V). Let V, be its tautological bundle. For another
nonnegative vector | = (I,,), define

p=m-1, =PV L=l-v, D=e&U-. (37)

v

There is no positivity requirement on p. In Chern roots, e(&) = A =[], , yf}ja, so D has
cohomological degree 2L. Then

dp(v) =dm(v) — L. (38)

We use dp(v) to center the local graded character.
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5. ORDINARY COHOMOLOGY AND ORDERED RESIDUE TESTS

We first prove the ordinary kernel theorem for a finite quiver ). This statement permits
oriented cycles and loops. It consequently applies to every finite part of (32). Write ey, =
#{v — w} and

R, = Q[yv,a :1<a< Vv}H” S,,v’ degyv,a =1.

Let N =3, vp. For an order a = (vy,...,vy) with content v, relabel the roots as yi,...,yn,
and define

N

—My — — _

Ka,m(y) = H Yy b H(yb - ya)évavb evavbv )\a,m(P) = [yl Lo 'le] PKoc,m~ (39)
b=1 a<b

Every inverse factor is expanded in y,/y, for a < b. Equivalently these are constant-point

residues, with y; taken first. All multipliers below are polynomials in the labeled variables; no

symmetry is imposed on a multiplier. Set

Im ={F € Ry, : \am(FG) =0 for every a and every G € Q[y1,...,yn]}. (40)
The same formula defines J, when some entries of p are negative.
Theorem 5.1. The tautological evaluation map induces a graded ring isomorphism
Ry/Jm = H*(Xypm, Q).
The cohomology is finite dimensional and has no odd part.

Proof. We construct smooth projective varieties on which the functionals in (39) are actual
integrations. Fix «. At the bth stage add a last kernel line L; of color j = vp; the old object
V' is the cyclic framed quotient by that line. All arrows strictly raise the flag index. On the
preceding flag space consider

d,

0—)5]‘ —)Wj®0@ @ V{‘L)VJI — 0, dj(w,(xh)) :Ij(w)JrZAh(xh). (41)
hii—j h

The last map is surjective. Indeed each path-generated vector at j is either a framing vector or

is obtained by applying the last incoming arrow of its path. Cyclicity says that these vectors

span V}’ . Consequently &; is a vector bundle of rank

/ /
Ty =My + Zeij’/z‘ —Vj.
i

To identify the extensions, choose a splitting V; = Vj/ @ Lp. The additional framing row and
the incoming-arrow rows give a map W; © @y,.;_,; V/ — Lp. Changing the splitting adds ud;
for some u : V] — L. The quotient of the row data is therefore Hom(Ej, L;). The extension is
cyclic precisely when this class is nonzero: otherwise the old framed representation splits off,
whereas a noncyclic extension has a generated subrepresentation mapping isomorphically to V’
and hence provides such a splitting. Dividing by scalar changes of L; gives

F, =Pg, (&), Fy = pt, (42)

where projectivization parametrizes one-dimensional quotients. The universal quotient is the
actual kernel line Ly. If r, = 0, this stage is empty. Every nonempty final space Fy, is a smooth
projective iterated projective bundle, and its cohomology is generated by the labeled classes

yp = c1(Lp).



16 QIYUE TANG

For a quotient projective bundle 7 : P(€) — B and t = ¢1(O(1)), the projective-bundle
formula reads

P(t)
q(f)’

with expansion at infinity. The sign is fixed by 7. (t"~!) = 1. Applying (41) gives

. P(t) = [t (€)=t — (€ 4+ (~1)er (£),

1
= tim]‘ (t -y )6Uaj7€’uaj .
a(&)) al;[b ¢
Successive integrations consequently yield
P(y) = Aam(P). (43)

Fa

For precision, geometric integration removes yy first, expanding at infinity relative to the
preceding variables. All stages use the single chamber |y;| < --- < |yn|. Constant-point
residues in the reverse order extract the same Laurent coefficient in that chamber. For a
polynomial numerator only finitely many expansion terms can contribute: starting with y;, the
desired exponent bounds all powers introduced by factors involving ¥, and induction does the
same for the remaining variables. Thus no exchange of an uncontrolled infinite sum is involved.
At a rank-zero stage the projective pushforward is the coefficient of ¢! in a polynomial and
vanishes, which also settles the empty-tower case. If the tower is nonempty, its dimension is

do =m - v+ Z Coguy — Z Svquy, — N. (44)
a<b a<b

The kernel in (39) has degree —d, — N, so the functional sees only the degree-d, part of its
numerator.

We next show that the flag pullbacks jointly detect cohomology. The cyclic GIT quotient is
projective over Y = Rep,,(Q)//Gy; incoming framing introduces no additional affine invariants.
Scaling every arrow with weight one and leaving the framing unchanged contracts Y to its origin.
Properness gives a limit as the scaling parameter tends to zero for every point of X = X, ,,,. The
fixed locus is contained in the projective central fiber, so X is smooth semiprojective. Its core is
exactly C = X xy {0}: a limit at infinity can exist only over the origin, and projectivity of the
central fiber gives that limit for every point over the origin. The core theorem [19, Theorem
1.3.1] gives the actual restriction isomorphism

H*(X,Q) = H*(C,Q). (45)

Every nullcone representation admits a complete flag with zero-arrow vertex-simple factors. One
can obtain it from a Hilbert—Mumford one-parameter subgroup taking the arrow representation
to zero and then refine its weight filtration by vertex lines. Thus forgetting flags gives a proper
surjection [[, F, — C.

Deligne’s proper-surjection theorem [6, Propositions 8.2.5 and 8.2.7] says that the kernel of
pullback from a proper variety to a smooth proper variety surjecting onto it has weights at most
k—1 in degree k. This statement also applies to a finite disjoint union of smooth proper varieties.
Here H*(C) has weights at most k by properness, and at least k by (45) and smoothness of X.
The kernel is therefore zero. Equivalently, proper cohomological descent shows that all positive
simplicial degrees in a smooth proper hypercover have weights strictly smaller than the total
degree, which is precisely the assertion used here. We have proved

H*(X,Q) = P H (Fa, Q). (46)
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If ev(F) = 0, equation (43) gives every vanishing in (40). Conversely, if F' € Jp,, all its
pairings on every F, vanish. Labeled line classes generate the cohomology of a tower, so the
allowed multipliers exhaust all classes against which Poincare duality tests the pullback of F.
The pullback is zero on every tower, and (46) gives ev(F') = 0. This proves equality of kernels.
Tautological generation, finite dimensionality, and evenness for cyclic moduli of arbitrary finite
quivers follow from [10, Theorems 2.21 and 5.5, (59)—(63)]. They complete the proof. O

Lemma 5.2. The completed kernel of all multiplicative local ordered residue tests is carried to
the completed extension of Jp by z, = x.€Y%, where z, is the prescribed nonzero spectral center.
The assertion holds with all framing weights in a common formal parameter as well.

Proof. A resonant difference becomes a linear difference times a unit: e¥* — e¥% = (y, — yo)Uap
and e¥s — 1 = y,U,, with Uyy(0) = U,(0) = 1. The residue Jacobian is another unit. For a
fixed labeled order their product can be nonsymmetric. Multiplication by it is nevertheless an
automorphism of the space of labeled Taylor jets before taking a residue. The finite-jet bound in
(44), or the finite principal-part recursion for a prescribed multiplicative tuple, allows its inverse
to be replaced by a polynomial to the necessary order. For signed p, choose m > p with m > 0;
the additional numerator factor is the polynomial A,,_,, so the same finite principal-part bound
applies. Hence the intersections of kernels coincide. Over Q[[a]] the same argument is applied
modulo successive powers of (a,y) and then passed to the inverse limit. All nonunit cross-color
factors of the polynomial shuffle convention remain in place; the argument removes only the
displayed units. O

Proposition 5.3. Let A = G, act on each framing space with integral weights c,,, and put
a = c1(Cy). In completed equivariant cohomology the evaluation kernel is the deformed version
of (40), obtained by replacing yb_mvb with H:I:”ll’ (Yo — cv,ra)~ L. No difference of framing weights
is inverted.

Proof. The exact sequence (41) and every tower are A-equivariant. Their equivariant integrations
give the stated functionals. Evenness of ordinary cohomology implies that H’ (X) ®q[q Q[[a]] is
finite free over Q[[a]]. Choose finitely many ordinary labeled flag tests separating H*(X) using
Theorem 5.1, and lift them equivariantly. Their pairing matrix has a square minor nonzero
modulo a, hence invertible over Q[[a]]. The lifted tests therefore detect every equivariant class.
Tautological generators lift and remain surjective by graded Nakayama. This proves both
inclusions of kernels, including when several framing factors have the same reduction. ([l

6. SPECIALIZATION OF A POTENTIAL WITH SEVERAL POSITIVE WEIGHTS

We specify the specialization maps before using them. For a regular function f on a smooth
complex variety M, use normalized vanishing cycles

O(F) = Rr{RefZO}F‘f_l(o), ;= id.

A complex on the zero fiber is extended by zero when regarded as a complex on M. If
m = dimc M and wyr = Qpr[2m], put

H({,grit(Ma f) = HkRF(Mv q)fQM)v Hicrit’BM(Mv f) = H_ZRF(M7 (I)fwM) = HCZI?:%_Z(Ma f)
(47)
All constructions below admit commuting reductive coefficient groups; they are made at finite
free Borel approximations and then stabilized in each degree.
Assume that M is smooth and projective over an affine variety B, with an equivariant
G,,-action A for which every point of B has a limit at zero. We also allow M = B to be a
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representation with nonnegative point weights. Suppose

F=Yfa FaAw) = ulfle). (48)
d>0
The sum is finite. Properness implies that every point of M has a limit at zero: apply the
valuative criterion to its orbit and its limit in B. Define

N =M x A}, W(z,t) = thfd(x), w- (z,t) = (A(u)x, u't).
d>0
This action preserves W. Its full attracting set is C = M x {0}, and its fixed locus is
M* x {0} € W™L(0). Indeed a point with ¢ # 0 has no limit under v — 0, whereas a
point with ¢ = 0 has the required limit by properness. The parameter ¢ is the deformation
parameter. Nearby cycles in the following proof are taken for the potential map W : N — Ai;
the two parameters have different roles.

Proposition 6.1. Let V. =W=Y(0), let s : V < N, and let ¢ : C < V. The canonical Milnor
map induces a quasi-isomorphism of global complexes

nar - RO(C,we) = RL(C, ¢ ®yywy). (49)

This map s natural for pullback between smooth ambient varieties respecting the data and for
proper trace. It is compatible with the coefficient-group equivariance.

Proof. Use the dual normalized Milnor triangle
wy = séwN m} (I)WWN — ‘IJWwN +—1> . (50)

Here U includes the nearby-cycle shift determined by this triangle. The map in (49) is its first
arrow after applying RT(C,c¢'—); its cone is RT'(C, ¢’ ¥yywy). Thus the comparison is specified
independently of any chosen stratification.

The attracting decomposition of M is filtrable in the present projective-over-affine situation.
To obtain the needed finite closed filtration, choose an equivariant relatively ample bundle and
an embedding into P(Vj) x B by finitely many homogeneous sections. Ordering the projective-
coordinate weights gives closed unions of attracting strata; components with the same weight
may be grouped. The same construction works if the affine base has weight-zero directions. Write
Aj C C for a stratum, F} for its limit locus, r; : A; — F} for the limit map, and a; : A; =V
for its inclusion. Hyperbolic localization for the inverse action has component (rj)*a;-.

Apply the nearby-cycle compatibility of hyperbolic localization [34, Theorem 3.3] to W : N —
Al. More precisely, base change to the strict henselization of the s-line at zero. The torus
action is locally linearizable: the smooth quasi-projective ambient variety admits invariant affine
neighborhoods, and this property is retained after that base change. The action on the s-line is
trivial; the generic-fiber dualizing complex is equivariant and hence monodromic. Formation of
the fixed locus and attracting diagram commutes with base change in s. Every nonzero s-fiber
has empty fixed locus, since the full fixed locus of N lies in V. The theorem therefore gives

(rj)*a;\IowN =0, RI'(Aj, a!j\IJWwN) =0.

The localization triangles for cohomology with support in the finite closed filtration of C' show
that the entire global cone of s vanishes.

For the coefficient passage, the cited hyperbolic-localization theorem is formulated for etale
torsion coefficients. First use Z/¢™ at a finite Borel approximation. The comparison theorem
for nearby cycles over a smooth complex curve [7, Expose XIV, Theorem 2.8 applies to
the separated finite-type map VW and constructible coefficients. Together with constructible
comparison for support and direct image, it identifies the resulting vanishing with its Betti
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counterpart. The canonical maps above are defined integrally and commute with derived
reduction of coefficients. Their cohomology is finitely generated at each finite approximation. A
nonzero rational cohomology group of the cone would contain a free integral summand, detected
modulo ¢, contradicting the torsion-coefficient vanishing. The rational statement and then its
complex scalar extension follow.

We give the naturality argument since the map needed later is an arbitrary map between
smooth ambient spaces. Let b : M’ — M respect the scaling and potentials, put B’ = b x id,
and write d = dim M’ — dim M. The central support square is Cartesian, and both central
divisors have the same trivial normal parameter line, with the identity map on that line.
Local-cohomology exchange gives

b*(I)f — (I)fobb*.
This transformation is defined for every b; its being an isomorphism is needed only for smooth
pullback. With dualizing normalization it has BM degree 2d. Apply the same support exchange
to the inclusions {W = 0} C {ReW > 0}. The Milnor canonical map is compatible with these
inverse-image support maps, and the purity identification for the central parameter divisor is
preserved. Writing N’, C’, ¢/, W' for the corresponding data over M’, the induced square is

HPM(M) 2 H(C, dBpy)

b!l l(bxid)’
HEY, (M') = HZ224(C Oy,

The left arrow is the refined l.c.i. pullback between smooth ambient varieties; the right arrow is

its supported critical counterpart, with the normalization of [1, §2.2.3(i)]. Equivalently one can

factor b into its graph embedding followed by a smooth projection; the graph of b x id meets the

central parameter divisor transversely, so the refined pullback has an excess bundle of rank zero.
If b is proper, use instead proper compatibility of vanishing cycles and Verdier trace:

Rb*q)fowa/ ~ <13be*le — <I>fwM.

Proper base change for restriction with support on the central fiber identifies the ambient trace
with the trace on that fiber. Naturality of (50) in its coefficient complex gives the commuting
square with 7 for proper pushforward. These are squares of the specified canonical maps, so the
inverse of 7 after global sections is natural too. The attracting filtration establishes invertibility
of the canonically defined map 7.

For equivariance, let the auxiliary scaling act trivially on a finite free approximation to the
coefficient-group classifying space. The fixed loci, attracting diagrams, and closed filtrations
descend locally to the associated bundles, and their full attracting set is still the central
associated bundle. The preceding argument applies there and is compatible with approximation
transitions. g

Over t # 0 the isomorphism
an(z,t) = At V), t) (51)
satisfies a}, W = f. Let a € HPM(C*) have boundary 1 at zero, and let €, be exterior product
with its suspension normalization: the constant-family boundary satisfies Oen(y) = . In a
raw chain convention in which the boundary is (—1)%y on a class of BM degree i, this means
€a(7) = (=1)%y x a. Define

spar = Maf Oans)sea : HBM (M, £) — HPM(M). (52)

In cohomological indexing this is a degree-zero map. The boundary is that of the localization
triangle for the central support of ®yywpy. The normalization fixes its sign in every degree.
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Corollary 6.2. The map sp commutes with smooth-ambient pullback and proper trace for
scaling-equivariant maps. It is linear over the cohomology of a commuting coefficient group. For
the zero potential, spy = id.

Proof. The first assertions follow from Proposition 6.1 and the corresponding morphisms of
localization triangles. The BM pullback shifts have even degree, so the suspension convention
introduces no additional sign. To check the final assertion it is enough to prove (ans)«(y X o) =
~v X « for ordinary BM homology. Represent o by the properly embedded positive real ray in
C*. On its product with M, the maps

Hg(x,t) = (At %)z, 1), 0<s<1,

form a proper homotopy from the identity to aps. Indeed the joint map (x,t,s) — (Hs(z,1), )
is a homeomorphism, and the parameter interval is compact. Proper homotopy invariance and
pushforward from the ray prove the required identity. It is an identity on the product with «,
which is exactly what the boundary construction uses. The suspension normalization then gives
spy = id. O

7. A SECTION OF CRITICAL STABLE RESTRICTION

Let R be a linear representation of a reductive group G, let U C R be a nonempty invariant
open on which G acts freely, and suppose X = U/G is smooth and projective over ¥ =
Spec C[R]¢. A commuting reductive flavor group T is allowed. Let f € C[R]“ be T-invariant.
For specialization assume in addition that R has nonnegative scaling weights, that the scaling
preserves U, and that f satisfies (48). These hypotheses hold for (35), with weight one on all
arrows and zero on the framing.

Proposition 7.1. Stable restriction on critical cohomology has a degree-zero, H.(pt)-linear
section
Wy Hp it (X, f) — Howr it (R, f)-
With the above scaling,
spir/c) Vr = Yospx - (53)

In particular, injectivity of specialization on [R/G] implies injectivity on X .

Proof. Take the closure of the graph of U — X in X xy R. It is projective over R, and above
U it is precisely the smooth open graph. A projective equivariant resolution, isomorphic above
this open graph, gives a smooth variety Z and maps

X&Ez45 R dimZ=dimR, ¢ Y U)~U.

Characteristic-zero functorial resolution supplies equivariance for the gauge, flavor, and scaling
actions simultaneously. The map ¢ is proper birational. Each invariant polynomial, and in
particular each fy, has equal pullbacks by p and ¢, since they agree on the dense open graph.
Thus the total mixed families also agree on Z. Every point of Z has a scaling limit by properness
over R; every point of X has one by properness over Y.

Give X the trivial G-action. Define

\Ilf = q*p*(l ® _) : H%,crit(Xv f) — HéxT,crit(X7 f) — HE‘XT,crit(Z7 q*f) — HéXT,crit(R7 f)

(54)
The pullback is the exchange transformation of the preceding section, and the pushforward is
proper trace. Restriction to U, proper base change, and qil(U ) >~ U identify the composition
with pullback along the principal bundle U — X. Smooth descent for vanishing cycles then
identifies this restriction with the identity on H7 . (X, f).



THE QUANTUM KAZHDAN-LUSZTIG CONJECTURE 21

Here is the equivariant degree check. If Vi is a free open approximation to EG of dimension
un, then (Z x Vy)/G and (R x Vi)/G have equal dimension r 4+ vy — g, where r = dim R
and g = dim G. The BM pullback to the first space adds 2vy to a class of BM degree i on X.
Converting back to cohomological degree gives 2(r + vy — g) — (i + 2vy) = 2dim X — 4. Thus
the section has cohomological degree zero. Flavor approximations add the same dimensions on
both sides.

Corollary 6.2 applies to p and ¢q. The gauge-unit arrow is also compatible: it is pullback
along the product with a gauge classifying-space approximation, on which scaling is trivial. This
proves (53). If spy(z) = 0 and ambient specialization is injective, the equation gives ¥¢(x) = 0,
and stable restriction gives x = 0. (|

8. DIMENSIONAL REDUCTION AND INJECTIVE SPECIALIZATION

The next identity fixes which dimensional-reduction map is used. Let 7 : £ — B be a vector
bundle on a smooth variety, let s € T'(B, V), and put

f(b,v) = (v,s(b)), Z =Z(s), S=¢&|z.

Write k : S < & = f1(0) and i : & — &. The coefficient group is assumed to preserve the
bundle and section. No smoothness or expected-dimension condition is imposed on Z.

Proposition 8.1. Dimensional reduction gives the specified isomorphism
§; = cangk, : HPM(S) = HEPM (g p). (55)
If the ambient space € has a scaling satisfying the hypotheses of Section 6, then
Spe cany = iy, spe 0f = (ik)s. (56)
The zero scheme Z, and hence S, need not be invariant under this auxiliary scaling.

Proof. The compactly supported dimensional-reduction theorem [4, Theorem A.1 and Appendix
A 2] concerns the natural transformation

¢ Qe — Qgy — kiQs.

It becomes an isomorphism after m. Its naturality under vector bundle coordinate changes
gives the statement for bundles, and its equivariant form follows at finite free approximations [4,
Corollary A.9]. Taking compactly supported cohomology and Verdier duality identifies the dual
of the second arrow with k, on BM homology and the dual of the first with the Milnor map
cany. This proves (55) as an equality of maps. There is no BM degree shift when the source is
S; replacing it by Z would introduce the vector-bundle shift 2rk £.

For the specialization identity use the entire family

v={Ytlfs=0} c&xal.
d>0

Its central fiber is all of £ and its open part is identified with & x C* by (51). The inclusion of
this family in the constant ambient family is proper. Its ordinary BM localization boundary
therefore commutes with that of £ x A}. On the open parts the map is the original inclusion i
under the same family trivialization, and on the central fiber it is the identity of £. The ambient
specialization is the identity by Corollary 6.2. Thus the ordinary zero-fiber specialization is the
actual pushforward i.,.

The Milnor canonical morphism gives a map from this ordinary localization triangle to the
critical localization triangle for the total potential. On the central support it is exactly n¢
of (49), and on the open part it is can; after the trivialization. Applying ;' therefore gives
spe cany = i,. Composition with k, proves the second equality. This argument used the whole
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potential-zero family, so it requires neither flatness of that family nor scaling invariance of the
particular cut-zero scheme. ]

We apply the proposition to the spectral potential. For each unordered pair of distinct original
colors choose one of the two directions and put all its graded arrows in a cut. Each term of
(34) contains precisely one cut arrow. Thus f,, is fiberwise linear on the bundle of cut-arrow
variables over the space of all remaining variables. The latter space consists of the e-variables
and the opposite cross-color arrows. The cut equations are linear in those opposite arrows once
the e-variables are fixed. This remains true for an orthogonal pair: its equation is 2a = 0 on the
non-cut arrow.

Proposition 8.2. The specialization
SPy - Héu,crit(Repu(F)a fl/) — RV
is injective. Its source has no odd cohomology.

Proof. Only finitely many e-arrows occur for a fixed v. For each original color their components
are finite equioriented quivers of type A. Their representations are direct sums of interval
representations, so there are finitely many orbits. The stabilizer H of one such representation
is connected, with unipotent radical and reductive quotient a product of general linear groups
on its interval multiplicity spaces. One sees this directly by writing its automorphism group
as the units in the finite-dimensional endomorphism algebra: modulo its Jacobson radical that
algebra is a product of matrix algebras, and the kernel of the map on units is a unipotent
group. Consequently H*(BH, Q) is an even polynomial ring and restriction to a maximal torus
is injective.

Let O = G, /H be an e-orbit. Over O, write 7 for the vector bundle of non-cut cross-color
arrows. The cut equations form an equivariant linear map on this bundle; its rank is constant
on the orbit, so its kernel Ko is a vector subbundle. The source S of dimensional reduction over
this orbit is Ko times the unrestricted cut-arrow bundle, whereas the full representation space
over the orbit is @7 times that same bundle. The normal bundle is therefore <75 /Ko.

Every weight of this normal bundle is a difference of characters from distinct original colors.
Indeed all its variables are cross-color arrows, and the scalar centers for different original colors act
independently while preserving the e-representation. Hence no normal weight is zero. Restriction
to a maximal torus expresses the Euler class as a product of nonzero linear forms. It is nonzero
in the domain H*(BH, Q).

Include the cut-arrow rank in both ranks and write k for the source rank and a for the target
rank over O, with o = dim O. Equivariant Thom isomorphisms identify the stratum map with

e(“o/Ko)
e

H2(o+k)—i(BH) H2(o+a)—i(BH) )

It is injective and both stratum BM groups vanish in odd degrees. Order the finitely many
e-orbits so that initial unions are closed, and pull the resulting filtration back to source and
target. Their BM localization sequences are short exact in even degree, by induction from the
even stratum groups. In a commuting diagram of these sequences, a class in the middle source
that maps to zero must restrict to zero on the last stratum, hence come from the preceding
filtered source, where induction kills it. Thus the entire map HC*"®M () — HEBM(Rep,,(I))
is injective, with even source. The same argument at finite Borel approximations applies in
every stabilized degree.
Finally (56) identifies this map with sp, d;. Dimensional reduction is an isomorphism, so
specialization is injective and the critical groups are even.
O
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9. THE EXACT WHEEL IMAGE AND THE EULER QUOTIENT

Let Ir, C R, be the homogeneous wheel ideal of Theorem 3.4. Thus for each labeled lift of a
Serre wheel through the chosen spectral assignment, one imposes the ideal identifying all its local
root coordinates, and intersects these ideals before taking invariants. Orthogonal two-variable
wheels are included. When no wheel is possible the ideal is R,. We recall the ordinary Hall
word formula in the convention compatible with (39):

ka(y) = [T — o) =0 5m, G Sympy g, (Gra). (57)
a<b
Although the displayed kernel can have diagonal denominators, its symmetrization is polynomial.
After clearing the equal-vertex Vandermonde, the numerator is alternating in every equal-vertex
block and hence divisible by that Vandermonde. The equality with the wheel ideal proved in
Theorem 3.4 is the exact equality

I, = Zim (G — Sym(Gky)). (58)

Theorem 9.1. Specialization identifies unframed critical cohomology, in every dimension vector,
with the wheel ideal:

HE, exit(Repy (D), f) = Irp © Ry (59)
1t intertwines Hall multiplication. On the cyclic framed moduli it is injective and has exact image
chr*it(XV,ma f) %) (IF,V + Jm)/Jm - RV/Jm- (60)

In particular framed critical cohomology is finite dimensional and even.

Proof. Fix a complete vertex flag of type a. The space of representations strictly lowering this
flag is a vector bundle over the flag variety. Every cyclic word has trace zero on that space,
so its potential is identically zero. Projection to the product of its one-dimensional diagonal
representations is smooth, and the map forgetting the flag is proper. The critical push-pull class
decorated by a labeled polynomial G is the corresponding Hall word. Indeed the successive
invariant-subspace correspondences compose to this complete-flag correspondence; smooth base
change and proper composition identify their iterated push-pull maps. All their one-dimensional
diagonal potentials are zero.

Specialization on the flag space is the identity. Corollary 6.2 therefore sends this critical
Hall word to its ordinary push-pull class Sym(Gkq). In this formula the arrow blocks give the
numerator Euler factors and the flag tangent bundle gives the denominator. Equation (58)
proves Ir, C imsp.

For the reverse inclusion, (56) places the specialization image in the image of ordinary
cohomology with support on f~1(0). Fix a labeled wheel. Choose its indicated one-dimensional
lines in the vertex spaces, put nonzero maps on the cycle (34), and put all other arrow blocks
zero. The value of f is nonzero: for a nonorthogonal wheel the selected cyclic term is nonzero
and all the other terms vanish; for an orthogonal pair its value is twice the product of its two
nonzero arrows. A diagonal torus stabilizing this representation equates the characters on the
wheel lines and leaves all complementary line characters independent. Pullback from R, to
this torus is therefore precisely the wheel substitution. Every supported image class restricts
to zero, since the representation lies outside f~!(0). Its kernel is the intersection with R, of
the corresponding labeled wheel-diagonal ideal. Intersecting over all wheels proves imsp C It ,.
Proposition 8.2 proves injectivity.

These equalities also prove that the critical algebra is generated by the vertex polynomial
classes. To check multiplication, first multiply an arbitrary critical class by one such vertex class.
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The vertex potential is zero. The Thom—Sebastiani map with this factor is exterior product
with its constant complex, equivalently smooth pullback followed by the Chern decoration. The
invariant-line correspondence has a smooth bundle projection and a proper flag-forgetting map,
so the same naturality proves compatibility with this multiplication, on either side. Expressing
a general class as a sum of vertex words and applying associativity extends the compatibility to
every Hall product.

Adding the incoming framing is a vector bundle with pulled-back potential, so its critical
cohomology agrees with the unframed group in unshifted cohomological indexing. The section
in Proposition 7.1 makes critical stable restriction surjective, and (53) transfers injectivity to
the stable quotient. The commutative square with ordinary stable restriction and Theorem 5.1
gives exactly (60). Its target is finite dimensional and even, which proves the last assertion. [J

Theorem 9.2. With p=m —1 as in (37), there is a natural graded isomorphism
Quyp = HE (Xym, )/ ker D =~ Ip,/(Ir, N Jp). (61)

The source quotient is assigned its source grading. Multiplication by D identifies it with its literal
image after the polynomial degree shift L =1-v. Its centered grading is

degee, © = 2deg,, T — dp(v). (62)

Together with the actual simple-kernel identification of Theorem 3.3, (61) realizes the local
L-weight space of the corresponding simple module.

Proof. The definition of the ordered kernels immediately gives K, 5 = AjKq,m and hence
Ip = (Jm : Ay). (63)

This is an equality of all labeled test kernels, so it remains valid without a genericity assumption
on the roots. Under (60), D is multiplication by A;. Its kernel on the image of Ir, consists
precisely of the classes represented by I, N Jp. This proves (61), and multiplication by A;
has polynomial degree L. Lemma 5.2 identifies the additive kernels with the multiplicative
local kernels on the same labeled tests. Theorem 3.3 identifies those tests with the actual
highest-vector annihilator. The resulting isomorphism sends each shuffle word to its evaluation
on the highest vector. Finally (38) gives the stated center. O

10. PROPER CRITICAL SUPPORT AND THE WEIGHT-ONE ACTION

We record the support statement needed for duality and for the fundamental-module calcula-
tion. It concerns the entire critical locus of the one-sided framed model used here.

Proposition 10.1. For every finite dimension vector, the reduced critical locus
Zym = Crit(f : Xom — C)red

is contained in the projective zero fiber of the cyclic GIT morphism and is projective. Scaling
the chosen cut arrows with weight one and all other arrows and framing maps with weight zero
induces an algebraic G,-action on X, y, for which f has weight one.

Proof. We first match the present potential and stability with the simply framed graded Wy
model of [36, §§3.1.5, 3.1.7]. For an orthogonal pair the potential on its two arrow spaces
is 2Tr(AB). The trace pairing between the rectangular matrix spaces is perfect, so its two
derivatives force A = B = 0 at every critical point. These equations do not involve any other
variable. Removing those zero arrow maps leaves the cyclicity condition unchanged. Thus the
entire reduced critical locus of the augmented model is identified with the critical locus after
removing these pairs. The extra variables remain part of its smooth ambient space and of the
dimension d,, in (36).
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On a genuine Dynkin edge {7, j} put r;; = —¢;; > 0. The two terms of our potential have plus
signs. Choose nonzero constants ); so that ;" / )\;j * = —1 on every edge. Such constants exist:
root each connected Dynkin tree, choose the constant at its root, and solve for the constant
at each new adjacent vertex by taking a nonzero complex root. Replace every graded copy
of ¢; by A;e;, and then rescale one cross-color arrow on each edge to normalize the common
coefficient. The resulting two coefficients are +1 and —1, according to the chosen orientation.
These diagonal linear changes preserve the gauge action, the spectral grading, and stability. The
potential has become the signed W5 potential.

Here is an explicit framing and grading dictionary. Take the vector space dual of every arrow
map and every framing map, keeping the vertex index k on the dual vector space:

o~

Vi e Vv
Vike =Viks Wi k—d; = Wik

(2

An arrow from (7, k) to (j,k — b;;) becomes an arrow from (j, k — b;;) to (i, k), of grade b;;. An
e;-arrow becomes one of grade 2d;, and the framing becomes an outgoing map of grade —d;.
These are the grades of [36, (3.3)]. Transposition reverses each cyclic word; cyclically moving
its factors gives the same signed Ws expression. An incoming cyclic representation becomes an
outgoing stable one: a subrepresentation of the dual annihilated by the outgoing framing has
annihilator containing the entire framing-generated original representation, and is therefore zero.
The converse follows by annihilators in the same way. This is an isomorphism of the relevant
smooth moduli after the changes just described. In particular the comparison involves the single
outgoing framing of Wj.

Proposition 5.8 of [36] places the entire graded W critical locus in its projective nilpotent
fiber. The nilpotence behind this statement is useful here. In its Jacobian algebra the cross-color
arrow ideal is nilpotent in finite Dynkin type, and the homogeneous central element ), el;f/ di
has degree 2t > 0, where t = max; d;. On a finitely supported graded module this element, and
hence each ¢;, is nilpotent. These facts make the whole augmentation ideal act nilpotently; see
[36, §3.2]. Thus all nonconstant cycle invariants vanish. The graded critical representation maps
to the origin of the affine quotient. Reversing the dictionary and restoring the zero orthogonal
arrows proves the same assertion for X, ,,. Its reduced critical locus is closed in a projective
fiber, which proves projectivity.

Finally each term of (34) contains exactly one cut arrow, including each quadratic orthogonal
term. The cut action therefore gives f(u-z) = uf(x). For u # 0, multiplying an arrow by a
nonzero scalar leaves invariant-subspace conditions unchanged. It preserves cyclicity, commutes
with the gauge action, and descends to the smooth quotient. This proves the stated algebraic
action. ([l

Corollary 10.2. Put d = dy,(v). The whole critical cohomology of X, m is pure and satisfies
hard Lefschetz about cohomological degree d. More precisely, for the first Chern class h of an
ample line bundle restricted to Zy m,

A HE(Xym, ) = HE (X m, f) (r > 0),

crit crit

after the corresponding Tate twist. Forgetting Tate twists, Verdier dualily gives a perfect pairing
d—k
Hst(Xvm: ) © HE " (Xym, f) — Q. (64)

Proof. The variety is smooth quasi-projective, and the potential has positive weight one under
the cut action. Euler’s identity gives f = 0 on its critical locus. Proposition 10.1 shows that this
entire locus is projective, so it is a projective union of complete critical components. These are
the hypotheses of [5, Corollary 3.2]; weight one removes the nonunipotent monodromy summand.
The result gives purity of the global critical cohomology and hard Lefschetz. In our convention
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®(Qx|d]) is perverse, so the center is d, the dimension of the smooth ambient quotient. This
also retains the contributions of the orthogonal quadratic arrow pairs.

Normalized vanishing cycles commute with Verdier duality. Since X is smooth of dimension
d, D(®;Qx) = ®;Qx[2d] after forgetting Tate twists. The support is proper, so ordinary and
compactly supported hypercohomology agree. Verdier duality consequently yields (64). ([l

11. FLAVOR PARAMETERS AND HOMOGENEOUS GENERATION

We retain an external torus A = G,, acting on the framing spaces and trivially on the
unframed arrow representation. Choose also A-representations U, of dimensions I,, and replace
the Euler bundle by

4= @ Hom(U,, Vy).

If the weights of U, are ¢, ., its equivariant Euler class is

ly
Apa= H H(yv,a — ¢, ,0), dega = degyy,, = 1. (65)
v,a r=1
Let
HA:H.%Tcrit(XV,m7f)7 Dy=ApaU—, Qa = Ha/ker Dy.

These definitions retain all flavor factors, including factors which coincide at a = 0.

Theorem 11.1. For every finitely supported dimension vector there is a homogeneous surjection
of Qla]-modules

Ir yla] — Hgy. (66)
The modules Hy and Q4 are finite free over Qla]. The unframed critical Hall algebra is generated
by its homogeneous vertex classes. Its framed module, and the quotient by the Euler kernel, are
generated by their dimension-zero vacuum. These statements hold with the source grading on

Q4.

Proof. Since A acts trivially on the unframed representation space, Theorem 9.1 identifies its
equivariant critical cohomology with I, ® Q[a]. Adding the incoming framing is an equivariant
vector bundle with pulled-back potential. Unshifted critical cohomology is invariant under that
pullback. Proposition 7.1, with flavor group A, makes stable restriction surjective. Every map
has cohomological degree zero and is Q[a]-linear, so this is precisely the homogeneous surjection
(66).

The ordinary critical group is finite dimensional and even by Theorem 9.1. The equivariant
spectral sequence therefore degenerates: both the base H*(BA) and the fiber critical cohomology
are even. Homogeneous lifts of a basis of the fiber give a free basis over Q[a] by the same
degree induction as in the Leray—Hirsch argument. There are no local-system twists since A
is connected. Thus Hy is finite free. Multiplication by (65) is homogeneous, and Q4 ~ im D4
as ungraded Q[a]-modules. Its image is a submodule of the free module H 4, so is torsion free;
finite torsion-free modules over the polynomial ring in one variable are free. The grading gives a
homogeneous basis, obtained for example by homogeneous lifts of a basis modulo a and degree
induction.

For generation, (58) states that every polynomial wheel class is a sum of Hall words in vertex
polynomials. Each vertex polynomial has its critical lift, and injectivity in Theorem 9.1 shows
that these words are the critical classes themselves. Tensoring with Q[a] gives the equivariant
assertion.

The Hall action on cyclic framed moduli uses an unframed invariant kernel and an old cyclic
framed quotient. At old dimension zero the flag is unique. The correspondence then consists
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exactly of adding an incoming framing to the unframed representation and restricting to the
cyclic open. Its action on the vacuum is therefore the map (66); there is no further framing
Euler factor. Surjectivity proves framed vacuum generation.

Finally, on a Hall correspondence with unframed kernel & and old framed quotient V', the
tautological exact sequence 0 —U — V — V' — 0 gives

e(&,4(V)) = e(EaUh))e(E,a(V)).

Let b be an unframed Hall class of dimension vector u, and write Fj, for its convolution action.
The projection formula gives

DytuaFy(z) = Fye(g ) (Du,AT). (67)
If D, ax = 0, the right side vanishes, so the Euler kernel is Hall stable. Passing to the quotient
preserves homogeneous vacuum generation. O

Corollary 11.2. Let R = Q[[a]] and Qr = QA ®q|q) R, with the completed total-degree filtration
F?. Every class in FQp has a wheel representative of total degree at least d. Moreover

FiQprNaQpr = aF¥ 1Qp. (68)
These statements concern the source quotient grading. The natural map
Qa/aQa — HZ (X, f)/ ker Dy

crit

is a homogeneous surjection; it need not be an isomorphism.

Proof. Choose a homogeneous free basis ey, ...,es of Q4 with degrees d;. Homogeneity and
surjectivity of (66), followed by the quotient map, provide homogeneous lifts f; € It ,[a] of the
same degrees. Every element of F¢Qp has a unique expression

Zamax(o’d_dﬂ')uj(a)ej, uj(a) € R.
J
Replacing e; by f; gives the required representative. The same expression shows that divisibility
by a lowers the total filtration index by exactly one, which proves (68). Reduction of the source
quotient maps onto the quotient by the reduced Euler kernel, since an element of ker D 4 reduces
to an element of ker Dy. O

12. COULOMB REALIZATIONS OF ORDINARY MODULES

In this section g has type G2 or Fy, and g € C* is not a root of unity. We construct an action
of a fixed Coulomb algebra on every ordinary tensor product of fundamental modules, including
tensor products with coincident spectral parameters. We shall subsequently use the same action
on their simple subquotients.

We number the vertices with the long vertices first. Thus

2 -1
C=(% 3) @)=,
2 -1 0 0
Cr, = , (di,da,d3,dy) = (2,2,1,1). (69)

Put ¢; = ¢% and bij = dicij = djcj;. A framing zero at a € C* will mean a factor 1 —a/u of a
framing polynomial. This convention distinguishes a framing zero from the underlying flavor
coordinate, which differs from it by ¢? at vertex i.
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12.1. The ordinary current map over the flavor ring. Let a = (a;) be the gauge ranks,
l = (1;) the framing ranks, and assume that

li = Z cjiaj. (70)
J

Let S be a complex algebra carrying invertible framing coordinates z;;, 1 <t <;. We write €y
for the base change to S of the equivariant K-theoretic Coulomb algebra with symmetrizers
and with these ranks. More precisely, it is the convolution algebra of the classical BFN space,
using the determinant covers of the gauge groups and fixing the loop-rotation parameter to be q.
The BFN space parametrizes a gauge lattice together with a matter section regular in both the
original and the new lattice. Its convolution is defined by composing lattice modifications and
pulling back the common matter section. We use the construction of [37, §§3.1-3.2], including its
finite-dimensional approximations. All the specializations used below are taken in this algebra
before considering its modules.

The gauge coefficient ring is

t i€l
The symmetric groups fix the D;. Set
a; lz‘
Wi(u) = H(l — wjt/u), Zi(u) = H(l — quiyt/u).
t=1 t=1

The Cartan current in the geometric map is the rational function

—Cji

ITIT Witg; ")

DY | z yizir= . 72
- (1 Wil ) 2)

An empty product is 1. Tts expansions at infinity and zero are the positive and negative Cartan
series. Equality of these two expansions as rational functions follows either from this formula
or from the geometric positive and negative A-polynomials: their additional power of u is
li — >, ¢jiaj, which is zero by (70).

The minuscule classes give the root currents. In the conventions of [9, Theorem 7.1 and §7(i)]
and [37, (4.2.8), Lemmas 5.1.1-5.1.2], the ordinary root generators before imposing the central
relation are

-1 -1
eir =B (g —a;),  fir=FR (Gi—a ), rEL
The flavor coordinate in the first convention is ¢; times the coordinate z; ; used here. We use
the extended simply connected current presentation, in which the leading positive and negative

Cartan coefficients are independent units, and impose the ordinary relation after the following
calculation.

Lemma 12.1. In %5 one has

=[Ipf", w0 =K][D;",  Ki=qg" Hq"”c“sz- (73)
j j t=1

J#i

Suppose k; € S* satisfy k?2K; = 1. Multiplying \If;t and every e;, by K;, while leaving every f; ,
unchanged, gives an ordinary quantum loop algebra homomorphism

dg : Uq(Lg) Rc S — Cs. (74)
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Proof. The value at infinity is immediate. At zero the two denominator factors at vertex i
contribute quizai before including the leading determinant. For a neighboring vertex j, the sum
of the shifts in its numerator factors is

i

Z (Cji + 27") = —Cji.

r=1
The powers of the gauge determinants therefore give the inverse of the determinant at infinity.
The remaining scalar is the stated K;. The sign is (—1)11‘72#1' 1% — (~1)2% = 1. Thus the
product of the leading positive and negative coefficients is K; in the whole coefficient ring.

The substitution

+ +
©; > Kig; €ir > Ki€ir, fir— fir (rez)

preserves every relation of the extended current presentation. Indeed, the Cartan—root and Serre
relations are homogeneous under it, and both sides of each e; ., f; s commutator are multiplied
by ;. The leading central product in the image becomes x2K; = 1. Consequently the map
factors through the ordinary presentation. ([l

We shall need surjectivity before specializing a deformation of the framing parameters. The
following argument also gives precise control of the gauge coefficients at a numerical value of q.

Proposition 12.2. For the paired framings constructed below, the map (74) is surjective over
their Laurent parameter rings, and after every base change of those rings. Its image contains
the whole ring Bg.

Proof. Both Cartan matrices in (69) have determinant 1. The leading Cartan coefficients and
their inverses therefore recover all Diil by the integral inverse of C'T, with the known scalar
units #; removed. To recover the remaining gauge coefficients, put s;, = >, w}, for n > 0, and
let h; . be the coefficient of ©™" in
Wi(u)
n10g<‘11i(oo)Zi(u)> .

The logarithm is expanded at infinity. Each of its coefficients is a finite polynomial in the current
coeflicients already obtained. Put h,, = (h;y)icr and s, = (sjn)jer. Formula (72) gives

hn = B(¢")sn,  Bi(z)=1+2%%  B(z)=— _Z pdi(eait2) (£ j). (75)
r=1
In the present numbering the matrices and their determinants are
Bg, () = (1_2”56 - L 1’) . detBgy(z) =a® — ' +1=do(z).  (76)
1+ 54 —:c24 o 0
e I A S -
0 0 - 1+ 2?2

det Bp, (z) = 2'? — 25 + 1 = ®34(x).
Here ®,, denotes the nth cyclotomic polynomial. These determinants at g™ are nonzero complex
numbers. Inverting them and using Newton identities recovers every coefficient of Wj(u). The
inverse of its last coefficient is already supplied by Dj_2. This proves that Bg is in the image
without inverting any flavor function.



30 QIYUE TANG

Retain the flavor ring in the generation argument of [37, §4.2.2]. Its magnetic filtration is
indexed by dominant magnetic charges v = (v;,). Each graded piece is the Laurent coefficient
ring invariant under the stabilizer of v, multiplied by the structure-sheaf class of the corresponding
magnetic stratum. In the abelian algebra, one removes a positive coordinate of a nonzero charge
by a positive unit step. The framing factor in this product is 1: the two steps have the same
sign in that coordinate and the intermediate lattice does not cross the framing hyperplane. If
there is no positive coordinate, one removes a negative coordinate by a negative unit step; the
same statement holds. This is also obtained directly by comparing the three intersections of
matter lattices in [37, (3.2.21), (3.2.25)].

The coefficients in these one-step products are consequently Laurent polynomials in gauge
variables and in ¢, with no flavor factor. The no-common-zero argument of [37, Lemma 4.2.4], at
a fixed non-root-of-unity ¢, supplies a Bezout identity in the gauge Laurent ring. More explicitly,
for the set of positive coordinates I' = {(i,7) : 75, > 0} the coefficients involve only the variables
indexed by I'. Every factor has the form 1 — qewwwjjsl. For the finite-type orientations in [37,
§2.2.1], all the exponents e have the same weak sign, and exponent zero can occur at only one
vertex. At a putative common zero, choose a vanishing factor at every coordinate. Following
the resulting arrows in the finite set I' produces a cycle. Since the graph has no loops and zero
exponents occur at only one vertex, that cycle has a nonzero sum of exponents of the same
sign. Multiplying its equalities would give ¢¢ = 1 for a nonzero integer e, a contradiction. The
sign-reversed argument handles all-negative charges. The Laurent Nullstellensatz now supplies
the Bezout identity in the gauge ring. This identity is unchanged after tensoring with the flavor
ring. Induction on the magnetic charge generates the abelian magnetic classes. The nil-Hecke
operators and the full spherical idempotent used in [37, Lemmas 4.2.3 and 4.2.5] are flavor
equivariant, so the same induction generates the spherical algebra over that ring. This proves
that Bg and the dressed minuscule classes generate €5 before flavor specialization.

For a minuscule charge at vertex 4, the partial invariant ring is generated over the full invariant
ring by the one selected root w. It satisfies the total characteristic polynomial [],(7"—w; ). Since
the constant coefficient of this polynomial is a unit, w™? is also a polynomial in w with coefficients
in Bg. All its powers occur among the integer current modes, up to invertible determinant and
numerical factors. They therefore supply all minuscule dressings. The determinant cover only
base changes this assertion. Hence the ordinary current image contains every generator of €y,
which proves surjectivity. Each step was an identity over the flavor ring, so it remains valid after
base change. O

Lemma 12.3. The geometric difference-operator realization of €s is injective at every numerical
non-root-of-unity q used here. In particular, polynomial bimodule identities established in that
realization hold in the specialized Coulomb algebra.

Proof. The magnetic filtration and its associated graded description [37, (3.2.17)] are obtained
by the equivariant affine-cell filtration. They commute with the present specializations: each
piece is an invariant Laurent coefficient ring times one magnetic class. At fixed ¢ these pieces are
free over the external flavor coefficient ring and torsion-free with respect to the gauge Laurent
Euler factors used in torus localization. Such a denominator preserves the nonzero leading
magnetic term of a nonzero element. Gauge localization is therefore injective. Torus localization
identifies the resulting algebra with its difference-operator image, as in [37, §3.2.4 and §5.1].
This proves the assertion directly at the specialized parameter. O

12.2. Six fundamental cup modules. We next specify all finite data needed to construct the
fundamental modules. The unfolded diagrams are D4 and Eg. Number their vertices by the
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following ordered lists of pairs, and define their edges by the displayed sets:

unfolded vertices 1,2, . ‘ edges
Dy (1¢2)a(1>4) (1 6)»(2a ) {{174}7{274}7{374}} (78)
Eg (172)7(1>4)a(2>2)>(274)7(3a ) (4> 1) {{174}7{273}7{375}7{475}7{5>6}}'

Write C for the simply laced Cartan matrix determined by this graph, and w, for its fundamental
weights. If an original gauge root has color i and value ¢*, its unfolded color is (i, k mod 2d;),
with residues represented by 1,...,2d;. Its weighted-flag height is

h =k + o;, o=(0,-2)in G2, o =1(0,0,0,0) in Fy. (79)

The short-vertex shift in G is the change of grading in [37, (3.1.72)]. A framing zero ¢ at
vertex ¢ gives a red strand of color (i, K — 2d; mod 2d;) at height K — 2d; + 0.
Set H = 12 in type G2 and H = 18 in type Fy. For the fundamental of color a we use framing

Zeros

g, gFTdetH (80)

both at color a. Table 1 gives s, the red heights, and their unfolded colors. In its last two
columns are the folded and unfolded gauge ranks. The red weights are A\, = @w., and Ar = @,

Type,a s (cp,cr) {4 {r a a

Gosl 1 (2,2) -8 10 (4,2) (1,2,1,2)
Go2 0 (4,4) -5 9 (6,4) (2,2,2,4)
F,l 0 (L,2) -6 16 (4,6,4,2) (2,2,3,3,4,2)
F,2 0 (3.4 -6 16 (6,12,8,4) (3,3,6,6,8,4)
Fu3 1 (55 -2 18 (8,16,12,6) (4,4,8,8,12,6)
Fn,d 0 (6,6) -3 17 (4,8,6,4)  (2,2,4,4,6,4)

TABLE 1. The red pairs and gauge ranks.

We give a complete rule for the highest loading. Read the admissible blocks in decreasing
height. A color ¢ = (i,7) occurs at height h if h — o; = r (mod 2d;). The allowed interval is

0, < h < lg (81)

The right endpoint is included because a black strand at a red height precedes the red in the
weighted convention. At a common height read in decreasing order of (e}, i,r), where

= (1,0) for Gs, ¢ =(0,1,0,1) for Fy.
Initialize the Dynkin-label vector v to the unit vector at cg. At each allowed block ¢ set
Ap e = max(0, v.), Vj — v — Ah7CC~'jc for all j. (82)

A zero power is an actual step of this rule and is retained.

Tables 2 and 3 give every allowed power. A dash means that the height lies outside (81). For
Dy there is one allowed color at each height, printed in its own column. For Fjg, at even heights
the entries are triples in the color order (4,5,2) if h =0 (mod 4) and (3,5,1) if h =2 (mod 4);
at odd heights the single color is 6.

Let e, denote the standard basis vector at a vertex ¢, and let wy be the longest Weyl group
element of the unfolded root system. All entries and their endpoints can be checked using only
subtraction of columns of the graph matrix (78). The endpoint in each column is —e.,. The
number n; 3 of gauge roots at ¢" is, by definition, the entry Akto, (i mod 2d;)- Thus the two



QIYUE TANG

32

a=1 a=2

color

h
10

-2
-3

S o oo

— <t N <
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tables specify the gauge multisets completely, including repeated roots. Summing their entries
by original or unfolded color gives Table 1, and direct multiplication gives

CTa = 2e,, Ca = €c, T €cp- (83)

In particular A\ = —wgAR, as is also read directly from the D4 and Eg diagrams.

Here is a further check of the rational highest weight, stated in a form that makes its verification
finite. Work in the free abelian group on symbols [i, k]. Start with [a,s — d,] + [a, s + dq + H].
For each of the n;j roots subtract [j, k] + [j, k + 2d;] and add

—Cji

Z Z [i, k+ djcji + 2dj’l“]. (84)

i:cj; <0 r=1

For each of the six columns the result is [a,s — d,] — [a, s + d,]. This follows by inserting the
full lists in the two tables and canceling equal symbols. Formula (84) is exactly the divisor of
(72). Hence on the prescribed loading

Yi(u) _ {(1—qs_d“/u)/(l—qs+d“/u)a i =a,

85
U, (00) 1, i # a. (85)
The leading determinant and normalizing exponents are listed in Table 4. If S; = >, knj i, they
are respectively t; = %Zj ¢;iS; and 7; = d;0;q — t;. In particular x; = ¢ gives the ordinary
highest constant qf o Evaluating (85) at zero gives x;¥;(0) = ¢, %a on this loading. Since K;
is independent of the loading by Lemma 12.1, this also verifies k?K; = 1 for the displayed
normalizers.

Type, a (ti)i (75)i
G, 1 (1,4) (2, —4)
G2 (—12,12) (12, -11)

Fy, 1 (9,-4,3,0) (=7,4,-3,0)
F472 (0a13670) (0,1,—670)
Fy,3  (0,-12,18,0) (0,12, —17,0)
Fy,4  (0,-6,4,9)  (0,6,—4,—8)
TABLE 4. Leading Cartan constants and ordinary normalization.

Proposition 12.4. For each row of Table 1, the algebra ¢ with the indicated gauge ranks and
paired framing has a finite-dimensional simple module whose pullback by ®¢c is the ordinary
fundamental module L(Y, 45).

Proof. We first construct the actual module of the unfolded flag algebra. Mirror the horizontal
strand convention of [37, §2.1] to the convention of [38, §7.1]. The ordered red pair is then
(M A*) = (AR, AL). Put B = A+ \* in the positive root lattice and take the weight-zero tensor-
product algebra T' = TO)‘ A" Let J be generated by the idempotents with a black strand beyond
the second red strand in this convention. The first-red violating relation already excludes black
strands on the other outside region. Black diagrams between the red strands give a surjection

RMNB) —» T/ J. (86)

To check surjectivity, cut a diagram at a height where a black strand crosses a red. The diagram
factors through an excluded idempotent and is zero in the quotient. Every surviving diagram
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is therefore a black cyclotomic diagram between the red strands. Its first-red relation is the
defining cyclotomic relation, proving the claim.

The cyclotomic algebra in (86) is the lowest-weight block of V). It has one simple isomorphism
class because that weight space is one dimensional. The extremal divided-power construction
of [38, Proposition 7.2] gives a simple projective in this block. A finite-dimensional algebra
with one simple class whose simple is projective is a matrix algebra. On the other hand, [38,
Lemma 7.3] supplies a nonzero cup simple annihilated by every idempotent generating .J. Thus
T/J # 0, and the surjection from the matrix algebra is an isomorphism. This identifies the
actual between-red restriction of the cup.

Read this lowest-weight cyclotomic module from the right red in the original convention. At
an extremal weight v, the maximal nonzero lowering divided power of color ¢ is max(0, (v, @))).
If the pairing is negative the extremal vector is already at the bottom of that string; if it is
zero both directions vanish. A maximal nonzero step gives the next extremal simple projective.
The rule (82) is exactly this construction, and the displayed endpoint is the lowest weight. The
corresponding loading is therefore supported and nonzero. Any lexicographically larger loading
has a first block where it takes more than the maximal nonzero power following the same prefix.
That prefix is zero, so the whole loading is zero. This proves that the displayed loading is the
unique greatest supported loading. The inclusion of every zero block in the tables makes this
comparison over all admissible loadings.

We now pass from complete words to weighted flags. A block of multiplicity A uses F4 in the
complete-word description and FC(A) in the extremal construction. The complete-to-weighted flag
map has fiber Flag(C#4); for several blocks these fibers multiply. The flag inside a common-height
block is unrestricted: the strict lowering condition and the prescribed even-before-odd order
force a same-height arrow to be zero before choosing these additional flags. The matrix factor in
[37, (2.1.35)—(2.1.42)] consequently has size [] A!, equal to the dimension of the cohomology of
these fibers. The multiplicity of the divided-power extremal projective is one, so the greatest
weighted idempotent space is one dimensional.

It remains to check that the positive currents annihilate this space. Let I'; C Spec B¢ x Spec Bc
be the finite closed correspondence replacing one root of color i by ¢? times that root, with the
compatible change of determinant. It is the symmetric quotient of the finite union of the labeled
shift graphs. In the difference realization, a positive current is a sum of terms ft(w)D; tl. Every
element of the ideal of I';, acting by the two coefficient-ring actions, annihilates these terms. By
Lemma 12.3, it annihilates the current in the actual algebra. If two generalized gauge characters
are outside I';, one element of that ideal has a nonzero value there. On their finite generalized
block it is an invertible scalar plus a nilpotent. The corresponding current block is therefore
zero. This proves the support assertion also when roots within a block coincide.

The relation D; tlw@t =q; Qwi,tD; tl shows that a positive current takes a source root to qi2
times that root. It strictly raises its height and hence the loading. It thus kills the greatest
loading. There are only finitely many allowed heights and a fixed total number of black strands.
The cup restriction has finite complete-word spaces, so its nonzero weighted even corner is
finite dimensional and simple. The completed equivalence of [37, Theorem 4.3.1] gives an actual
finite-dimensional ¥c-module from this corner.

Finally, the ordinary map is surjective by Proposition 12.2. Its pullback is therefore simple,
and the greatest line is an ordinary highest ¢-weight line. Equations (85) and (73), with Table 4,
identify that f-weight with Y, 4s. Since the simple module is generated by this line, the ordinary
Cartan-root relations make its leading Cartan operators semisimple with type-1 eigenvalues.
The classification by highest ¢-weight proves the assertion. U
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Every gauge rank in Table 1 is even. If all gauge roots and framing coordinates of one row
are multiplied by b € C*, the chosen determinant is multiplied by b%/2, and

K;(b) = b¥iaK;(1),  ri(b) = b % k,(1). (87)

These are Laurent functions of b. We thus obtain the ordinary fundamental L(Y, pqs) for every
b, with a Laurent-algebraic ordinary current map. Products of paired framings have the product
normalization, since the constants K; multiply.

12.3. Separated parameters and completed convolution. Fix finitely many of the preceding
fundamental factors, indexed by r, with spectral scalars b,, and first suppose that

be/bs € 4" (1 # s). (83)

Use the sums of their gauge ranks and the unions of their framing multisets to define the total
Coulomb algebra. Let €2, be the collection of all integral loadings with the ranks and residue
refinements of the rth factor. Let €2 be their product, regarded as loadings of the total multiset.
Completions below are two-sided completions at these gauge characters, retaining every source
and target idempotent.

Lemma 12.5. At these completed loadings, the determinant cover of the total gauge group
admits a compatible branch on which D; =[], D;,. The branch is compatible with every current
correspondence between the loadings in 2.

Proof. The total monic characteristic polynomial factors uniquely into its prescribed spectral
clusters in the completed coefficient ring. This is Hensel factorization: the resultants between
distinct cluster polynomials have nonzero constant terms by (88). Each cluster determinant is a
unit. A square root of a unit in this complete local complex algebra is uniquely determined by
its nonzero constant term, since the derivative of X? — d at either root is nonzero.

At a loading ~y, prescribe the constant term

Dir(y) = by qs 2o, (89)

The even ranks make the power of b, integral. Fix the half-character convention for the powers
of ¢ once and for all. A current replacing k by k + 2d;, or by k — 2d;, multiplies this value by
gi, or by q; L respectively. These are the determinant commutation factors of the minuscule
correspondence. A closed path returning to the same multiset returns to the same sum of
exponents, so these choices are consistent on every path. Uniqueness of the formal square roots
extends the consistency to the completed rings on both sides of a correspondence. Prescribing
the global constant as their product gives D; =[], D; .. O

Proposition 12.6. With the branch of Lemma 12.5, there is an isomorphism of completed
convolution algebras

%o ~ R G, (90)

It respects every source and target idempotent and multiplies the Cartan rational functions of
the factors.

Proof. We give the fixed-point and multiplication argument, including its dependence on the
spectral scalars. At any finite lattice bound, a coefficient of a gauge, matter, or framing map
from cluster s to cluster r can be fixed by the defining semisimple operator only if

(br/bs)g" =1
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for an integer n. The symmetrizers change the integer n and do not change the scalar ratio; this
follows directly from the ramified loop characters in [37, (3.1.60), (3.1.64)]. Thus there are no
fixed maps between different clusters.

The splitting of fixed lattices holds as a statement of schemes. Between two lattice bounds,
the loop quotient is finite dimensional. The semisimple operator has disjoint eigenvalue sets
for distinct clusters. Polynomial spectral projectors decompose every invariant submodule
functorially, over any test algebra, into its cluster summands. Consequently the fixed lattice
functor is the product of the factor functors. The decompositions commute with increasing the
lattice bounds. The fixed gauge centralizer, matter bundles, framing bundles, and classical BFN
correspondences are therefore products. In particular for every pair v,n € €,

Zyn = HZ'yr,nr' (91)
T

The threefold correspondence and all projections defining convolution split in the same way.

Within one cluster the scalar b, cancels from every fixed equation, leaving its integral weighted-
flag model. Simultaneous scalar multiplication of the gauge and framing spaces acts trivially
on the internal Hom spaces and flags. Translating that scalar character from b, to 1 in the
completed equivariant coefficient ring changes only the scalar parameter. Formula (89) supplies
its lift to the determinant cover. Thus the reduction to the integral model is compatible with
equivariant K-theory, in addition to the underlying fixed varieties.

Apply semisimple equivariant localization to each finite approximation. Cross-cluster normal
characters give Euler factors 1 — (b,/bs)q", whose constant terms are nonzero, hence units
in the chosen completion. Localization only requires the given semisimple element and its
diagonalizable Zariski closure. It places no restriction on the absolute value of ¢ and requires no
integral cocharacter containing every b,..

To check multiplication, write the restriction as rq = o*1; !, as in [37, §4.3.2]. If o is torus
localization of the original correspondence and r; is torus localization of its fixed correspondence,
the Cartesian base-change diagram for the threefold correspondence gives

T2 =T1TQ.

The two torus localizations are algebra homomorphisms, and r; is injective. The last assertion
follows on every pair of blocks from the product of the factor embeddings. It follows that rq is
multiplicative. The moving cross-cluster normal factors have already entered ¢, ! in this identity.
Thus their Euler factors are part of the multiplication comparison.

Finally apply the modified equivariant Riemann—Roch map and Borel-Moore Kunneth to
(91). This gives (90) on each pair of source and target blocks, compatibly with convolution.
The determinant comparison holds on the branch already chosen. Equivalently, the product
of the factor determinant covers maps to the restricted total cover by a finite central isogeny
acting trivially on the varieties; on the chosen branch it gives the same rational equivariant
cohomology. The Hensel factorization of the characteristic polynomial is unique at the unordered
total multiset, so it introduces no permutation factor. Total W;, D;, and Z; are the products of
their factor counterparts. Formula (72) proves the asserted compatibility of Cartan currents. [J

12.4. Descent through collisions.

Theorem 12.7. Let m = [[, Yo, a4, be any dominant monomial in type Ga or Fy, with
arbitrary A, € C*. Associate to its rth factor the spectral translate of Table 1 with b, = A,q *".
For the total gauge ranks and paired framing obtained by their sums and unions, respectively,
there is a surjective ordinary map

D, : Uy(Lg) — G-
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Every ordered ordinary tensor product @, L(Y,, a,) factors through this map. Its simple subquo-
tients factor through the same map. These assertions also hold over the Laurent deformation
family separating the factors and over its completion at any prescribed collision.

Proof. First assume (88). The external tensor product of the finite cup modules is a finite-
dimensional smooth module of the right side of (90). It has finite idempotent support. Trans-
porting it by that isomorphism and restricting to the uncompleted algebra gives an actual
%m-module N. This restriction is well defined: a word of finitely many minuscule generators has
finitely many root-shift possibilities from any fixed source block. The finite support therefore
uses only finite sums.

The Cartan compatibility in Proposition 12.6 gives

XqN - HXqL<Yar7A'r)' (92)

The leading normalized Cartan operators are tensor products of the leading operators of the
factors. They are semisimple with type-1 eigenvalues. Fundamental modules are special, and all
variables of their characters lie in their spectral g-orbit [22, Theorem 2.11 and Corollary 2.13].
Distinct factors in the present situation have disjoint such orbits. Hence the right side of (92) has
just one dominant monomial, namely m, with coefficient 1: a negative power in any factor cannot
be canceled by another factor. Every finite-dimensional simple composition factor contributes
its dominant highest monomial with positive multiplicity. Thus both N and the ordinary tensor
product have a single composition factor, of multiplicity one. They are isomorphic to the
ordinary simple of highest monomial m. The actual ordinary tensor therefore factors through
®,, at separated parameters.
For arbitrary initial parameters, put

S = Clu,u™ 1], by(u) = by (1)u,

where the integers ¢, are pairwise distinct. The spectral automorphism on each fundamental
representation and the ordinary coproduct give an S-free tensor module Mg whose action
matrices are Laurent polynomials in u. The framing coordinates and the normalization units
(87) are likewise Laurent monomials. Proposition 12.2 gives a surjection ®g : Uy(Lg) ® S — €5
over this same ring.

For each pair r # s, the failure of separation at a complex point up means ug “ €
bs(1)b,.(1)"¢%. The union of the excluded sets is countable. Its complement is infinite and
Zariski dense in C*. If z € ker ®g, its specialization annihilates M,,, at every point of this
complement by the separated construction. Every entry of its action matrix on Mg is a Laurent
polynomial, and vanishes at all these points. It is identically zero. We have proved

(ker ®g) Mg = 0.

Surjectivity now gives an action of s on the actual tensor family. Specializing at u = 1 proves
the assertion at the prescribed collision, in any order of the factors. Completing at u = 1, or
making the formal substitution u = exp(a), gives the corresponding action over Cl[al].

More generally, if a surjective algebra map Ur — Apr acts on an R-torsion-free lattice whose
generic action factors through Ar ®pg Frac(R), its kernel kills the lattice. This proves the same
assertion for every ordinary stable lattice in the tensor family used later. Right exactness under
specialization ensures that the special fiber is an Ar/mAg-module. Finally, a U-stable subspace
of a module factoring through a surjection U — A is A-stable. The assertion for all simple
subquotients follows. O

The generalized gauge support of a subquotient is contained in that of the tensor module.
Indeed, the finite gauge spectral projectors are polynomials in the coefficient ring, obtained by
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Chinese remainders; their functors are exact. Moreover the highest gauge multiset is determined
by the ordinary Cartan series and the fixed framing: the logarithmic inversion (75) recovers all
its power sums and hence its characteristic polynomials. Thus the highest ordinary line and its
gauge loading agree in every construction above.

13. THE WEIGHTED-FLAG ALGEBRA AND GEOMETRIC CURRENTS

We record the precise comparison needed for the filtrations in the subsequent sections. In
particular, the comparison keeps the ordinary quantum loop action just constructed.

13.1. The fixed weighted-flag model. Fix a gauge loading and a framing semisimple character.
For a single spectral component, the unfolded vector space is graded by the colors in (78). Orient
each edge from parity 0 to parity 1, using the lifted parities € specified before (82). A weighted
flag is an increasing sequence F=" of unfolded-graded subspaces, equal to 0 for h < 0 and to the
whole gauge space for h > 0. A flag of type v has graded block dimensions prescribed by its
root multiplicities, at the heights (79). Let Flag, be its partial flag variety. Write the unfolded
representation space as

N = @Hom(WC, 170) <) @ Hom(f@, Vd),
c c—d

and denote a point by (A, B). Give the framing space its red-height grading. Then set
Xy ={(A,B,F): Fe Flagv,B(FSh) c F<h, A(Wh) C F=" for every h}.

These are linear equations in the representation coordinates at each flag. Thus X, is a vector
bundle over Flag,. Its proper projection to N is denoted by 7. The unfolded gauge group is

G =I1.GL(V.).
The weighted-flag convolution algebra is
" = @ Exty ((my).Cx, [dim X,], (m,).Cx, [dim X,]) . (93)
v:m

Its product is convolution on X, x y X;,. The indicated shifts are the selfdual normalization and
fix its grading. We use the locally unital algebra, with idempotents e, for all loadings. Source
coeflicient classes act on the right of a correspondence, and target coefficient classes act on the
left.

Proposition 13.1. The semisimple completion of the Coulomb algebra acting in Theorem 12.7
is identified with the completion of (93) by localization and the modified Riemann—Roch map.
Write this isomorphism as ©. It preserves source and target idempotents and the completed
gauge coefficient rings. For arbitrary finitely many multiplicative spectral components the fixed
spaces are products of these unfolded models, and their convolution algebra is the corresponding
completed tensor product.

Proof. For the selected integral component this is the construction of [37, Theorem 4.3.1 and
Lemmas 4.3.2-4.3.5]. The fixed loop stabilizer is identified, by evaluation at 1, with the parabolic
preserving the weighted flag. Its action on a graded quotient factors through the corresponding
Levi factor. The fixed matter equations give exactly the vector bundles X, and their common-flag
correspondences. The modified Chern character of [37, Lemma 2.1.2] is multiplicative for their
convolution.

We check the component extension. The parity vectors for gauge roots are (0,1) in type Go
and (0,0,0,1) in type Fy. Components can be represented by roots bg* with these parities,
with b taken modulo ¢?%. A one-step spectral translate gives the other parity class. Same-color
gauge shifts are 2d;; on an edge the parity of the fixed matter shift is the difference of the
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displayed parities. Consequently gauge, matter, and framing fixed equations do not connect
distinct components. Their lattice functors and all their twofold and threefold correspondences
split, by the spectral-projector argument of Proposition 12.6. Inside a component the common
scalar cancels from the equations. The moving normal Euler factors between components have
nonzero constants and are units in its semisimple completion. The same ry = r1rq argument
proves multiplicativity, followed by modified Riemann—Roch and Borel-Moore Kunneth. The
determinant branches are selected by Lemma 12.5. This proves the asserted extension, including
the two parity classes inside one ¢%-orbit. ]

13.2. The minuscule current object. Consider a negative current that takes one color-i root
from ¢* to ¢!, where | = k — 2d;. A scalar spectral translate does not change the following
calculation. Denote this transition by v. If the source block dimensions at k,[ are «, 3, the
target dimensions are o — 1, 5 4 1. Since the same unfolded color has heights congruent modulo
2d;, there is no intermediate step of that color between them. The common flag refinement S, is
the projective bundle of lines in the source block of dimension «. The moved line determines
the target flag uniquely. Equivalently S, is the projective bundle of one-dimensional quotients
of the target block of dimension 5 + 1.

Let Z, consist of the common-refinement flags together with the representation maps satisfying
both weighted flag conditions. It is a constant-rank vector bundle over S,. To see the constant
rank, the unfolded group is transitive on the common-refinement flag base, and the two flag
conditions are equivariant linear equations in the representation coordinates. Thus Z, is smooth.
It has a closed incidence embedding

Ji Zy s Xy xn Xs.

Write L for the moved line and = ¢1(L) in the logarithmic line convention for the current.
The source and target of this embedding are labeled s and t throughout.

The geometric negative and positive current objects are the tautological line sheaves on the
classical minuscule spaces:

2i = (Vio/L')® Or,, | Si=(L'/Vio) ® Or,,

Here V; 0 = Vi[[z]], L' is the gauge lattice, and Ry, ,, is the classical BFN stratum for the
positive or negative first minuscule coweight at i. Integer current modes are powers of these
line sheaves, with fixed determinant and numerical factors. This description determines the
localization of the actual current class.

(94)

_1°

Lemma 13.2. On a finite approximation, let B be the minuscule Grassmannian, Tp its ambient
matter vector bundle, and EE C Ty the classical minuscule BFN subbundle. For a fized component
By C B, write

TB|By = To ® T, E|p, = Eo ® Ep,

for fixed and moving parts. The localized class is
)‘—1(<Tm/Em>*)‘
3 (N5, 1)

The quotient in this formula is a regular unit at the selected semisimple completion.

[08] = [Og,] (95)

Proof. The minuscule Grassmannian B is a projective space. The classical minuscule space is
the constant-rank subbundle E; = No N gNop, as in [37, (3.1.23)—(3.1.26)]. Proper naturality of
localization allows the current class, supported on this minuscule piece, to be localized on B.
The inclusion By — B is a regular immersion of smooth varieties. Since F is flat over B, this
first restriction gives Op By and inverting fixed pushforward contributes exactly )‘—l(NEO / B~
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Put Q = TB|B,/FE|B,- Its fixed and moving parts are Qo = To/Ep and Q. = Tpp/ Epy. Resolve
Op, as a sheaf on the ambient bundle, by the Koszul complex of Q* and pull it back to Ty. The
fixed equations @) remain a regular sequence and resolve Og,. The moving equations become
zero and contribute the exterior class A_1(Q;,). This is also the derived pullback in the BFN
construction: associativity of derived tensor products gives

Of ®ém (Om ®(%TB OT0> ~ Og ®éTB Or,.

Here fR is the derived BFN space, and the original class is the classical sheaf (94). Combining
the base and ambient restrictions proves (95). Every Euler factor in the displayed quotient is
moving, hence has the form 1 — £ exp(n) with £ # 1. In the integral component £ = ¢°, b # 0;
between different components its constant is likewise nontrivial. It is therefore a unit. Both
normal quotients are finite dimensional. Enlarging the finite approximation adds common free
directions, which cancel from the formula. O

Proposition 13.3. Let F, , denote the local negative current tested against the rth power of the
logarithm of its spectral variable, centered at the source root, for r > 0. Under © one has

O(Foy) = ju([Zo)2"U,), U, € Hy(Z,)". (96)

The unit U, has nonzero constant term and is independent of r. The analogous statement holds
for the reversed positive correspondence with its own unit.

Proof. The fixed classical subbundle Ey in Lemma 13.2, induced from its flag parabolic to
G, is exactly the common-refinement incidence Z,. A line in the source block is the entire
minuscule datum, so there is no additional component or covering degree in this identification.
Its representation equations are the two flag conditions defining Z,,.

Use the symmetric modified Riemann—Roch convention. Let y, denote the product of the
restricted line and determinant characters. The image of the localized current is the incidence
fundamental class times

— v e 21T/ En)7) Td(TZ,)
b h( A-1(Ng,/p) )x/p;‘Td(TXs)p?Td(TXt)' (97)

Here ps : Z, — X5 and p; : Z, — X; are the source and target projections, and ch is the
completed equivariant Chern character; the fixed mode-independent powers of the tautological
line are included in the first factor. This convention sends the diagonal structure sheaf to the
diagonal fundamental class and preserves convolution. Every Todd series has constant term 1,
the line and determinant characters have nonzero constant terms, and the middle factor is a
unit by Lemma 13.2.

An integer current mode differs from the next by multiplication by the character of the single
tautological line. At a fixed spectral center, change from its Laurent character to its logarithm.
Center the line character first, including the g7 shift between the displayed current variable and
that character. The local test of order r is then precisely 2”. All remaining factors in (97) are
independent of r. Riemann—Roch for the closed incidence embedding proves (96). U

13.3. Source coefficients and the exact inverse.

Lemma 13.4. The equivariant cohomology of Z, is generated by the Chern classes of the source
flag blocks and the moved-line class x. Every homogeneous class has a polynomial lift in these
generators of the same nonnegative degree.



THE QUANTUM KAZHDAN-LUSZTIG CONJECTURE 41

Proof. The map Z, — S, is a vector bundle, and S, — Flag, is the projective bundle of lines in
the source block of rank «. Hence

HE(Zo) = HE(Su) = Hg(Flag,)[2]/ (2% — c12®™" + -+ (=1)%a), (98)

with the chosen line convention. The flag coefficient ring is the polynomial ring in the Chern
classes of its graded blocks. The target block classes add no generators: removing L from the
source block divides its total Chern polynomial by 1 + x, and adding L to the lower block
multiplies that block polynomial by 1+ 2. The relation in (98) is homogeneous. This proves the
lifting assertion degree by degree. (|

These source coeflicients are actual completed gauge Cartan elements. The characteristic
polynomial of W; has a unique Hensel factorization by distinct spectral centers; its denominators
are differences of distinct constants. This separates blocks, including blocks of repeated roots,
without separating the individual roots of a repeated block. Writing the roots of a block as
q¢* exp(zp) identifies their symmetric logarithmic polynomials with its Chern classes. This is the
coefficient-ring part of ©.

The polynomial W;(u) satisfies the following identity in the Coulomb algebra:
1- qi2z/u>5ij

(99)

Wiw)F5() = Fy(:)Wi(u) ( I z/u

Indeed, a negative minuscule shift acts on one root, and its delta function is evaluated after that
shift. The relation D; jw;; = qizwi,tDLt together with that delta function gives the displayed
ratio. Other colors commute. Lemma 12.3 transfers the identity from difference operators to s
itself.

Iterating (99) through a negative word gives, for the logarithmic power sum of order > 0 in
the block (i, k), the operator

t

P + > vp — > i (100)
lowering variables at (i,k+2d;) lowering variables at (i,k)

This is an identity on words and survives every module quotient. At the undeformed highest

line Plt’zz = 0. In a formal spectral deformation ¢* exp(cpa) its value is 3, (cpa)”. Thus every

expression in (100) has polynomial degree r when dega = degy, = 1. Newton identities give

the actual degree-r action of the block Chern class ¢,. This calculation includes the nilpotent

Cartan part of the action.

Corollary 13.5. Write, degree by degree in the incidence coefficient ring,
Uv_l = Z CCapa)
a>0

where p, are completed source Cartan classes, using Lemma 13.4. Then the homogeneous
decorated minuscule class satisfies the exact identity

j*([ZU]xT) = Z @(Fv,r—i-a)pa- (101)
a>0
The source coefficients occur on the right. On every finite-dimensional smooth module the identity
s a finite operator identity.

Proof. The projection formula for j identifies right multiplication by p, with pullback from the
source. Multiplying (96) by these coefficients and summing cancels U,, giving (101). Every
homogeneous term of U, ! has a polynomial lift of nonnegative degree by (98). The local Cartan
maximal ideals act nilpotently on a finite-dimensional smooth module. Its current action also
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depends on finitely many jets at finitely many reduced spectral centers. Chinese remainders
realize each needed logarithmic jet by a finite linear combination of Laurent current modes.
Consequently both the coefficient expansions and the local mode expansions truncate on the
module. The same argument for the reversed correspondence uses its own source ring. g

13.4. The geometric degree. Let nj(h) be the number of current gauge roots at q" of color j,
and let w;(h) be the multiplicity of the underlying flavor coordinate ¢". Thus a framing zero at
¢ contributes to w;(K — 2d;). For the move at (i, k) define
—eji
Pigk = ni(k) + ni(k — 2d;) —wi(k —2d;) — > > mj(k — bs; — 2d;b). (102)

j:Cji<0 b=1

It is the pole order at this center of the current Cartan rational function (72); cancellation of
numerator and denominator zeros is included in this signed order.

Proposition 13.6. In the selfdual Ext grading of (93),
deg ji([Zy]z") =2r +1 — p;k (103)
The reversed minuscule correspondence has the same degree.

Proof. The degree of its undecorated fundamental class is
dim X + dim X; — 2dim Z,,.

The source-to-target change in flag dimension is a — 8 — 1, while the common-refinement flag
has dimension dim Flag, 4+« — 1. The flag contribution to the displayed difference is therefore
l—a-—p.

We compute the remaining contribution from the linear matter conditions. In a basis
compatible with the common refinement, each coordinate of a representation map is independently
allowed or required to be zero. The contribution of a coordinate to rk X, 4+ rk X; — 2rk Z,,, after
removing the flag dimensions, is 1 precisely when it is allowed in exactly one flag condition. It is
zero when it is allowed in both or forbidden in both. A framing coordinate changes its condition
exactly at height k — 2d;, giving w;(k — 2d;). A coordinate between color j and the moved line
changes its condition precisely when its source root has exponent

k— bij - 2djb, 1 < b < —Cjj-

These are the —c;; ramified matter shifts in (72). Summing the changed coordinates therefore
gives

—cji
wi(k — Qdi) + Z Z nj(k - bij — deb).
j:Cji<0 b=1

Explicitly, the changed neighboring exponents are as follows, in the numbering of Section 12:

Type Moved color ¢ Neighbor j and exponents

G 1 j=2:k+1, k-1, k-3

Go 2 j=1: k-3

Fy 1 j=2: k-2

Fy 2 j=1:k-2; 7=3:k k-2
Fy 3 j=2:k-2; j=4: k-1
Fy 4 j=3: k-1
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For example, at the long G2 node the three values are k — (—3) — 2b for b = 1,2, 3. The height
correction o9 = —2 converts the unfolded flag inequalities to these original root exponents. The
other rows follow by the same substitution in k& — b;; — 2d,b.

Adding the flag contribution, with o = n;(k) and 5 = n;(k — 2d;), gives 1 — pgk A power z”
has cohomological degree 2r. This proves (103). Upon reversing the step the two multiplicities
become o — 1, 8 4 1; their sum is unchanged, as are the framing and neighboring terms. The
same formula therefore applies to the reverse correspondence. ]

The remaining input for a filtered action is the lower degree bound for the local negative
insertion and positive removal operators. Together with (100), those bounds will imply that
every decorated minuscule class acts with its geometric degree.

14. EULER QUOTIENTS AND INTEGRAL STANDARD MODULES

In this section and through Section 20, we treat the types G2 and Fy. We use the polynomial
realization of the negative shuffle algebra. In particular, the arrows between orthogonal colours
that occur in this realization are retained in the bilinear form E. Their quadratic contribution
cancels from the centered grading, as explained at the end of Section 19. All completions in this
section are completions of a specified finite module over a specified Noetherian coefficient ring.

14.1. The intrinsic quotient. Fix a dominant monomial n, and write its highest Cartan
functions as ¥ = (¥i(2))icr- At each spectral vertex v, let m, and [, be the pole and zero
multiplicities in the framing presentation of 1p. We retain a pole and a zero separately if they
have the same centre. Thus

Dy = My — Ly, dy(v)=p-v+E(v,v)—v- v

Here E(v, 1) =Yy Voltw, and v-p = >, Uyt We abbreviate E(v, e,) and E(e,, v) to E(v,v)
and F(v,v), respectively. The polynomial degree of a logarithmic Chern root is one. The
corresponding cohomological degree is two.

Let H, be the critical cohomology group of the framed stable space in dimension v, with the
unshifted convention of the preceding geometric construction. Multiplication by the numerator
Fuler class is the homogeneous map

D, =][1lwvw  Luo=degD,=1-v. (104)
v b=1
Set
N(n), =H,/kerD,,  N(n) =P N(n),. (105)

We give the quotient the grading of the source of D,. The map to im D,, with its inherited
grading, raises polynomial degree by L,. The decreasing normalized filtration is

F'Nm),= @ N(n).ld. (106)
2d—dp(v)>h

The bracket [d] denotes polynomial degree d, not a shift of a complex. For a finite filtered
module V' = P, V,, whose filtration respects its generalized {-weight spaces, we use

chygrp V=" dim(F"V,/F"V,)t"p. (107)
w,h

Here g is the monomial of the corresponding ¢-weight.
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Proposition 14.1. Evaluation on an ordinary highest vector induces an isomorphism
N(n) — L(n), [F] — Fuy,.

In particular, (106) is a finite, exhaustive, separated filtration on the actual ordinary simple
module. It respects the generalized £-weight decomposition, and its highest line has degree zero.

Proof. The homogeneous evaluation in Theorem 11.1 maps the additive wheel ideal onto H, .
Theorem 9.2 identifies its Euler source quotient with the quotient by all local ordered residue
tests. The local completion assertion of Theorem 3.4 identifies this map with the completed
numerical small-shuffle evaluation. The elementwise assertion of Theorem 3.3 says precisely
that a negative shuffle element annihilates v, if and only if its evaluation is killed by D,. It
therefore identifies the two quotients, with the displayed map on every word. Surjectivity is also
immediate from highest generation. The quotient map transports the ordinary action.

The simple L(n) is finite dimensional. Each homogeneous quotient in (105) is finite dimensional,
and only finitely many are nonzero by the preceding identification. Its grading is bounded on
both sides. The direct sum filtration is therefore finite. The sector v = 0 is C, its Euler class is
one, and dp(0) = 0. The spectral decomposition used in evaluation is the generalized Cartan
decomposition, which proves the remaining assertions. ]

14.2. A framing deformation and its source quotient. Write

N
m = H )/:L'mbr'
r=1

Choose pairwise distinct integers ¢, and move the two framing parameters belonging to factor r
together by b, — b, exp(cra). Let

Ry =Cla],  R=C[[d], K =C((a))

The framing torus A = G,,, acts on both framing lines of factor r with weight ¢,, and «a is its
equivariant parameter. Although the multiplicative parameters are formal, their logarithmic
framing weights are the homogeneous linear functions c¢,.a. The homogeneous equivariant groups
of Theorem 11.1 will be denoted Hg,. They are finite graded free Ro-modules. Define

Do, =[] 11 (yop — cra),  Qop = How/ker Dy, . (108)

v,b r
>” numerator frame of r at v

The degree of Dy, is again L, =l -v. Put Hg, = Ho, ®r, R, Qr,, = Qo ®r, R, and
Dgr, = Dy, ®g, R. We write

Ho = P How, Qo =P o, Hgr =@ Hr,, D =@ Dg,y.
v v v 12

Lemma 14.2. The module Qq, is finite graded free over Ry. Formation of its source quotient
commutes with completion:

QR,V = HR,V/ker DR,V ~im DR,V;

where the last isomorphism has polynomial degree L,. If e1,..., es is a homogeneous Ry-basis of
Qo of degrees dy, ..., ds, then its polynomial filtration after completion is
S
FliQry = @ a4 %) Re;. (109)
j=1

In particular,
F;C)iolQR,l/ N aQR,V = aFgo_llQR,V- (110)



THE QUANTUM KAZHDAN-LUSZTIG CONJECTURE 45

Proof. The image of the homogeneous map Dy, is a finite torsion-free module over the principal
ideal domain Cla]. It is therefore free. The source quotient is isomorphic to this image, with
the indicated degree shift. Since its kernel is homogeneous, a homogeneous basis can be chosen.
Flatness of completion preserves the kernel, image, and quotient of the finite-module map.
Expanding a vector in the homogeneous basis proves (109). Intersecting each summand with
aRe; gives

amax(l,d—dj)Rej _ aamax(O,d—l—dj)Rej’

which proves (110). O

Proposition 14.3. The direct sum Qr = @, Qr,, is a finite free R-module. It carries the
actual ordinary Up = R ®@c Uy(Lg) action with highest Cartan function ¥ (a), and is generated
by its highest vector.

Proof. First fix the ordinary root degree. Only finitely many spectral dimension vectors occur
in the framed stable space of this degree. Indeed, a cyclic representation of total dimension d is
generated by framing paths of length at most d — 1: the spans of paths of length at most j form
an increasing sequence, and equality at one stage implies equality thereafter. Before stabilization
their dimensions strictly increase. There are finitely many framing grades and arrow shifts, so
this bounds the set of grades that can occur.

For this finite set of sectors, the homogeneous wheel evaluation and the local numerical
completion theorem give simultaneous surjectivity of negative-word evaluation modulo a. To
see that this is a simultaneous assertion, take the invariant Laurent coordinate ring of the fixed
ordinary root degree. Distinct reduced coloured multisets give comaximal maximal ideals. The
Chinese remainder theorem prescribes the required finite local jets at all of them. Each resulting
small-shuffle element is a finite linear combination of negative words. Choose finitely many such
words whose evaluated images span the special fibre. Their determinant on a chosen basis has
nonzero reduction, so their images generate the completed finite free module over R. The same
conclusion applies to its source quotient Qg.

Let Vr(%(a)) be the ordinary highest /-weight induced module, with its distinguished highest
vector. Negative evaluation defines a surjection

fr:Vr(¥(a)) — Qr.

At this stage the map is a map for the negative algebra and the Cartan algebra. Put Nz = ker fg.
We identify its generic kernel through the equivariant residue presentation. For a fixed sector let

BR:V = Hgl*(XV,m) ®(C[a] R,

and let I, g be the (a,y)-adic completion of It , ®c Cla]. Write Jp,(, for the kernel of ordinary
completed evaluation into Bg,. Proposition 5.3 identifies this kernel with the ordered tests
retaining all factors y — c¢,a. The unframed critical image is I, g, since A acts trivially on
the unframed arrow space. The equivariant section of Proposition 7.1 makes critical stable
restriction surjective and transfers injectivity of specialization to the stable quotient. Thus its
specialization image is precisely evg(l, gr) C Bry.

Specialization commutes with Chern multiplication. If A denotes the product in (108),
the ordered kernels give

Jp(a) = (Jm(a) : Al((z))’ ker(IZ/,R — QR,V) =1yrN Jp(a)'

Indeed, a representative F' maps to zero exactly when A, ev r(F) =0in Bg,. This proves
the deformed kernel identity for the same word evaluation that defines fg.

The ordinary modules Bg, for the finitely many sectors are finite free over R. Their labeled
flag integrations span a finite R-submodule of the dual of their direct sum. Choose finitely many
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tests generating that submodule and apply them after multiplication by Ay,. Flat localization
R — K commutes with their common kernel. Over K, the parameters b, exp(c,a) belong to
distinct gZ-orbits: an equality of two such parameters up to a power of ¢ would first identify
their constant terms and then force ¢, = ¢;. Chinese remainders separate the finitely many
resulting pole centers and prescribe their finite jets, with repeated poles at one center kept in a
single local algebra. On these jets the change z = x exp(y) of Lemma 5.2 identifies the deformed
additive tests with the multiplicative tests for ¥ (a). All localization here is performed on finite
modules; the local jet calculations use only finitely many inverses in K.

The generic ordinary tensor product is absolutely simple. To see this algebraically, first use
the Laurent family with parameters b,u®". Choose a complex value of u for which their ¢%-orbits
are disjoint. At this value the product of the fundamental characters has a unique dominant
monomial, of coefficient one, so the tensor product is simple. Burnside’s theorem supplies finitely
many ordinary algebra words whose matrices form a basis of its full endomorphism algebra. The
determinant of these word matrices is a nonzero Laurent polynomial in u. It remains nonzero
under the embedding C(u) — K, u +— exp(a), and after extension to an algebraic closure of K.
The generic word matrices therefore generate the full matrix algebra there.

The characteristic-zero version of Theorem 3.3 now identifies the generic deformed residue
kernel with the highest-vector annihilator of this tensor product. Equality descends from the
algebraic closure to K by faithful scalar extension. Hence Nr ®r K is stable under the full
ordinary algebra.

If h € Ng and u € Upg, then fr(uh) vanishes after extension to K. The target is torsion-free,
so fr(uh) = 0 already over R. Thus Ny is Ug-stable, and the full ordinary action descends to
Qpgr- This construction proves all ordinary current relations on the quotient at once.

The generic tensor product is finite dimensional. Outside its finitely many ordinary root
degrees the torsion-free source quotients become zero over K, and hence are zero over R. Together
with the finiteness in each root degree proved above, this shows that Qg is finite free. The
construction makes it generated by its highest vector. ([l

The choice of a logarithmic Euler representative in (108) does not change this construction.
An actual multiplicative Euler factor equals its linear factor times a formal unit. The product
of the numerator units is an invertible multiplication operator on the target cohomology. It
has the same kernel as the linear Euler product. Units in labelled shuffle kernels are instead
absorbed into arbitrary labelled test functions before symmetrization. These are two different
operations, each valid in its stated module.

Theorem 14.4. Order the fundamental factors in decreasing spectral order within each ¢*-orbit,
and let Mr(m) be their ordinary ordered tensor product with the above framing deformation.
There is a highest-vector-preserving Ugr-isomorphism

Qr — Mg(m). (111)
Consequently the actual ordinary standard module is
Q(m) := Qr/aQr = Hg/(ker Dr + aHp) ~ M(m). (112)

Its polynomial filtration is the grading of Qo/aQo, and its normalized sector degree is 2d — d,(v).

Proof. For a = 0, the decreasingly ordered tensor product of fundamental modules is highest
¢-weight; the ordering criterion of [2, Section 6.3] permits equal spectral exponents. Factors in
distinct gZ-orbits can be placed in any order. Hence a finite set of negative words applied to its
highest vector spans its special fibre. The tensor product is finite free over R, so Nakayama’s
lemma gives

MR(m) = URUtop-
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Proposition 14.3 gives the identical equality for Qr. Over K both modules are the same simple
highest ¢-weight module. Normalize its isomorphism by sending highest vector to highest vector.
In that common K-module both lattices are literally Urviop. They are therefore equal. The
highest-sector Euler class is one, which fixes this normalization.

Reduction of this integral isomorphism proves (112). Lemma 14.2 proves the assertion about
the quotient filtration. O

Remark 14.5. The fibre in (112) retains classes that appear in positive powers of the deformation
parameter in the Euler image. It need not be im Dy. For example, multiplication by a on R has
source quotient R, and its special fibre has dimension one; the image of its specialization is zero.
The isomorphism Qg ~ im Dpg, including its sectorwise Euler degree shift, is the appropriate
comparison throughout.

15. CURRENT OPERATORS AND LOCAL FILTRATIONS

15.1. The positive formula in all integer modes. We first work in the rational shuffle

realization. Put
—b;;
Cat(y) = 29

blj'
& z—1

_ -1 o
) c]_q]_q] ’ Q5 = ¢

The hypothesis on ¢ implies ¢; # 0. If v is an ordinary highest vector, its Cartan series are the
expansions at infinity and zero of the same rational function ;(2):

—h — _h
Vil = D 0™ (@)l =D w2
h>0 h>0
Both expansions are regular at their indicated endpoints. For a Laurent polynomial g(z) =
Ya9az, write €;lg] = 34 gaej,a-
Proposition 15.1. On an actual highest-generated module obtained by the evaluation above,
the positive action is

2)F(z,2)¥;(2) dz y

1 9(
gl (Fv) = E Res,— 113
€j [g]( U) ¢ D e €Sz=p b ]r?bt(z/zb) > ( )
p#0

The sum is over all finite nonzero poles over the rational function field of the remaining variables.
In particular it includes moving poles. The formula holds for all integer modes and includes the
contraction (gp}fo — 60;,0)/03' at mode zero. Its complete value is a finite small-shuffle expression.

Proof. The ordinary Cartan—negative commutation factor is

24(2) ajj — 2
Rij(2) = =L —- = : (114)
J ) 1 —ayz

Its two expansions have coefficients
h—
pE0) = aij,  pii(h) = (@ — 1)alt (b >0),

- - - - —(h—1
pi(0) = a;t, pn(h) = (a2 — Da,; "™ (b >0).
Taking a fixed coefficient gives finite identities
k
@kai,s = Z pz—‘;(h)fi,s+h90;:k_ha (115)
h=0

k
Winfis =D i (W) fis—n®ip - (116)
h=0
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These are the ordinary double relations, in the conventions of [31, Equations (2.6)—(2.11), (3.7),
(3.10), and (3.13)].

Consider a word W = f;, s -+ - fiy,sn» With all s, € Z, and a positive mode ¢; 4, with d € Z.
Contract the occurrence k with ik = 7, and set hy = d + sk For h; > 0 its contribution
is ¢ cpj ns for by < 0t is —c; goj _ps for by =0t is ¢ (‘Pjo ¢;0)- Move this Cartan
coefﬁment through the suffix b > k, using (115) or (116). For hi, > 0, the resulting contribution
is

1
D DR I | WHTCZON KPS e (117)
T ou>0 (b>k) \b>k

bk WSk

where W,j 4 is obtained by deleting the k-th letter and replacing s, by s, + up in its suffix. For

hi < 0 use a minus sign, p—, ¥, and the replacements s — up. For hy = 0, the deleted word is
multiplied by

, ( H @ipj — V50 H %,]) . (118)

b>k b>k

Every sum in this calculation is finite.
The shuffle representative of W is

Fy = Sym_, [Hz H ff‘ztb zc/zb)] ,

b<c

where symmetrization is a sum. Distinguish a variable z of colour j. Partition the assignments
in this symmetrization according to the occurrence sent to z. Pair factors from earlier letters
cancel against the denominator below, and factors from later letters give (114). This proves

Fy(z,2) .
HT(Z/Z) = Z Symremaining 2%k H ng H anztb Zc/Zb) H Ribj(Zb/Z) . (119)
b Sjip b k=7 btk bb;ck b>k
,C

Multiply by z%);(z). The constant coefficient at infinity of the k-th term is (117), before the
factor c}l; it is zero if hy < 0. Its constant coefficient at zero is the analogous negative sum and
is zero if hy, > 0. If hy, = 0, the difference of the two constant coefficients is exactly (118). Thus

ZdFW(Z»Z)%ZJj(Z)] .
[T, G2t (2/2p)

The residue theorem on the projective line over the field of the remaining variables turns this
into (113). The endpoint calculation is already a finite word calculation; hence the full residue
sum belongs to the small shuffle image. Repeated colours give no extra factor: the assignments
of n; variables split into n; groups with (n; — 1)! assignments, exactly the sum over contracted
occurrences. Finally, linearity gives every Laurent polynomial test. ([l

1
ej.d(Fwv) = ;(CTOO — CTy) [
j

For the polynomial realization, use the augmentation FP°! = D,, F* and the kernel (19). For
a distinguished colour-j variable,

Dn-l—ej(zvz) _ oy — /) = Jpl(;l(z/zb)
B e e N )

ip>] 1p<J b I
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Multiplying (113) by the target augmentation therefore gives the exact identity

ol
FpOl R (Z)Fp (Z Z)wﬂ(z)% 120
1) ﬁz LG ) 2 20
p#0

At coincident orthogonal colours the augmentation is a nonunit. Its factor remains in the
denominator and contributes to the augmented-arrow pole count.

15.2. An integral formula for a whole pole cluster.

Lemma 15.2. Let B = Cl[a,y1,...,¥s]], J = (a,y), and let s1,...,sg € J be homogeneous
linear forms, with repetitions allowed. For H > 0, set D(x) = [[L (x — s3). If P(z) =
S k>0 Prua® € Bl[z]], then the whole-cluster residue is the convergent integral expression

RD(P): Z thk7H+1(317-~-73H)7 (121)
k>H—-1

where h;j is the complete homogeneous symmetric polynomial. It agrees with the sum of residues
of P(x)dx/D(x) at all roots whenever this sum is computed after splitting the roots. If P has
total degree at least d, its residue has total degree at least d — H + 1. Thus an input error of
order N loses at most H — 1 orders. For H = 0 a regular cluster has zero residue.

Proof. The formal expansion
1

H
=g H —sp/r) =2 (s)x™7

320

shows that (121) is its coefficient of ™! after multiplication by P. A monomial zFa®y”
contributes a homogeneous term of degree

E+ta+|p—H+1

or contributes zero. Only finitely many monomials can affect any fixed bounded output degree.
This proves convergence and the degree bound. For distinct roots the coefficient formula is the
residue theorem, and for repeated roots it follows either by the same theorem with multiplicities
or by polynomial specialization. All coefficients of the displayed formula are polynomial in the
sp- No difference s;, — sp,, has been inverted. ]

For example, for a polynomial P,
P(ca) — P(y)
ca—y

R(xfca)(zfy) (P) =

The right side is a polynomial divided difference. It is defined when ca — y is not a unit, including
at ca =y, by (121).

For the transition from lowering sector v + e, to v, write v = (j, s), z = bq® exp(z) within its
q%-orbit. The remaining variables at vertex w are Zw b = buwq®” exp(Yw,p). The notation b, here
denotes the orbit representative. In a fixed cluster all framing poles are x = ¢,a and all moving
poles are & = y,, ;. Factoring (120) gives, up to a nonzero scalar,

2" F(z,y,a) N(z,y,a)
D(z,y,a)
where U is a regular formal unit and

deg D = m, + E(v,v), deg N =1, + 1. (123)
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The same-vertex reciprocal Vandermonde contributes the v, numerator factors. The incoming-
arrow denominator includes the orthogonal-colour factors from the augmentation. A coinciding
numerator and denominator framing remains in N/D; neither is moved to U. Every other
exponential difference is its linear difference times a unit. Since dz/z = dz, there is no additional
Jacobian degree. Lemma 15.2 consequently gives the polynomial lower degree

Af(rv) =r—py— E(v,v) + 1 + 1. (124)

For fixed source and target, the loss in a Taylor approximation is bounded by max(m, + E(v,v)—
1,0). In particular, this bound does not depend on the modes or lengths of word representatives.

15.3. Homogeneous lifts and simultaneous approximation. The next lemma is the
strictness needed to apply this estimate to a quotient class.

Lemma 15.3. Every class of polynomial filtration at least d in Qr, has a lift in the completed
additive wheel ideal with no monomial of total degree below d. At a = 0 the same assertion holds
for N(n),.

Proof. The geometric evaluation is a homogeneous surjection
Il",u[a] — HO,V — QO,V

by Theorem 11.1. Every homogeneous class therefore has a homogeneous polynomial lift of the
same degree: take that degree component of any lift. Choose homogeneous lifts f; of the basis
e; in Lemma 14.2. A vector in (109) has an expansion

z:amax(O,d*dj)uj((],)6]‘7 uj(a) € R
J

The expression with f; in place of e; is the required lift. It has no total degree below d. The
same component argument proves the assertion on the finite fixed fibre. ]

Lemma 15.4. Fiz an ordinary root degree. Let T be a finite set of reduced coloured multisets.
At every v € T prescribe a completed additive wheel element. For every N these elements can be
matched, modulo order N in their joint (a,y)-adic expansions, by one numerical small-shuffle
element over R. It is a finite R-linear combination of actual negative words.

For a fized finite set of target sectors, T can be chosen to contain every possible source multiset
contributing to a positive-current residue, whether or not that source is in the support of the
module. This choice is independent of the mode indices of the approximating words.

Proof. Let
A=l

and let S C A be the numerical polynomial small-shuffle image. It is an A-ideal: multiplication
by an invariant Laurent polynomial can be performed on the unrestricted labelled input of
every symmetrization. Same-colour alternating divisibility shows that these maps land in
A. In particular S is a finite module over the Noetherian ring A. Set Arp = R ®c A and
Sk = R®c S. For the maximal ideal m, = (a, invariant coordinates at ), let I'y be the spectral
quiver of the multiset v, let It be its wheel ideal in the corresponding dimension vector, and
let P, =1[, 6,,(,) be the stabilizer of a labeled representative. Theorem 3.4 gives

Sk (AR)m, = Ir,Clla, y]]™. (125)

The completion on the left is taken after adjoining R; it is the joint completion. Flatness of this
completion applies because Sg is finite.
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The kernel comparison in (125) can be read on the labelled finite cover. It splits over the
finite orbit of labelings of 7v. On one component every word map has the form

G — Symp (GroUs),

where k., is the homogeneous additive word kernel and U, is a regular unit. Multiplication by
U, is an automorphism of the labelled input, regardless of whether that unit is invariant. Hence
the completed image equals the completed additive word image. The latter is the wheel ideal by
Theorem 3.4. This argument retains every nonunit linear factor in &, .

The ideals for distinct v have distinct reductions modulo a, and so their powers are pairwise
comaximal. The Chinese remainder theorem for the finite module Sg, together with (125), gives
the required simultaneous approximation. If it is carried out using labelled polynomials directly,
choose the labelled jets to order N 4+ V', where V is the total same-vertex Vandermonde degree.
Alternating division then leaves order at least V. The integer V is fixed by the root degree.
This is the only additional loss in that explicit construction.

For the second assertion, examine (120). Given a target multiset, every finite nonzero pole
centre comes either from a pole of a highest Cartan function or from a fixed g-shift of one of
its remaining roots. There are finitely many such possibilities. Adjoin each of them to that
target, for every possible contracted colour. The resulting finite list contains all source multisets
of any positive residue. The input is a Laurent polynomial and hence introduces no further
finite nonzero pole; arbitrary integer mode indices introduce poles only at zero or infinity. Thus
neither this list nor its maximal pole order changes with the approximating words. U

Proposition 15.5. The local logarithmic positive current with test ", r > 0, acts on Qg
with polynomial lower degree (124). It is the already constructed ordinary action on Qr. After
specialization the corresponding finite current jet acts on Q(m) and on every intrinsic simple
N(n) with the same bound.

Proof. Take a class in FgolQ R,u+e,- Lemma 15.3 gives a wheel lift F' of total degree at least d. In
Lemma 15.4, include every occupied source sector of this ordinary root degree and every possible
source multiset for the retained target sectors. Prescribe F' at its selected source multiset and
zero at every other multiset in this finite list. Let Fiy be the resulting finite word approximants.

Their evaluations converge to the given class in the a-adic topology. Indeed, on a finite free
equivariant module the degree topology and the a-adic topology are equivalent: the positive
Chern ideal is nilpotent modulo a, so for some M its M-th power sends the module into a times
the module; conversely multiplication by a has positive degree. Every fixed ordinary current is
R-linear on a finite free module, and is therefore continuous.

For a Laurent test g, its action on Fy is precisely (120), by Proposition 15.1. At a retained
target, each possible source cluster belongs to the chosen finite list. The uniform loss in
Lemma 15.2 shows that the local residue values converge to the cluster residue of the prescribed
lift. Thus this limiting residue is the actual ordinary action, by continuity. This first proves the
completed-class formula for ordinary Laurent tests.

Now approximate the logarithmic test =" in its selected cluster, and zero in the other clusters,
by Laurent polynomials. The Chinese remainder theorem is used only between distinct reduced
nonzero centres. Roots with the same reduction remain together in one cluster. Applying the
preceding uniform estimate to homogeneous lifts of a finite R-basis gives convergence of these
operators in Endz(Qpr). Their limit still belongs to the actual ordinary operator image: that
image is an R-submodule of the finite free module Endg(Qr), hence is finite and a-adically
closed. Formula (122) and Lemma 15.2 give the required lower degree. The filtration steps are
closed by (109), so the estimate passes to the limit.
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Two different lifts give the same value, since both limiting constructions recover the action
defined in Proposition 14.3. On a fixed finite fibre, positive local Chern coordinates are nilpotent.
A sufficiently high finite jet of the test is then exact. The same proof, without a, applies to
Proposition 14.1. ]

16. THE FIXED CONVOLUTION GRADING

16.1. Normalized current degrees. The local negative current is particularly explicit. For
v = (i,s) and w = (j,t), put

Kow(z,y) = (g e ™)

when the vertices belong to the same orbit; for different orbits include the quotient of their orbit
representatives in the argument. Every factor has a unique decomposition

Kow(,y) = cou(y — ) PO =000y, (2, y), Cow 7 0, Upw(0,0) = 1. (126)

Here E(v,w) is the number of arrows from v to w. This is read directly from (19). If i = j and
s = t, its order is —1; if the corresponding arrow is resonant, its order is 1; every other factor
has order zero. Distinct orbits give only the last case. No ¢, vanishes at the fixed numerical
non-root-of-unity parameter.

For a local polynomial F' in sector v, the insertion with test x" is

vy+1
ForF = Z x:),aF(x\xv,a) H Kopw(@y,a, T p)- (127)
a=1 (w,b) old

In each summand the old variables at v are all the variables other than z, ,. The permutations
of these old variables cancel the shuffle normalization, giving exactly this sum and no additional
factorial. After a common Vandermonde denominator is introduced, the numerator is alternating
in the variables of each repeated vertex. Its divisibility by the Vandermonde holds in each
homogeneous degree. Thus the displayed operator is a polynomial formal series, and (126) gives
its lower polynomial degree

Ay (r,v) =r+ E(v,v) — 1. (128)

The same finite-jet argument as in Lemma 15.4, with a fixed Vandermonde loss, shows that this
is the actual local ordinary negative operator on every quotient under consideration.

Proposition 16.1. For either sign, the normalized filtration degree of the local current with
logarithmic test " is bounded below by

0(v,r)=2r+1-p,,  p,=ps+E@v)—E(@,v), (129)

where pl, is the signed pole order of the current ordinary Cartan function. The formula applies
to the transition v <> v + e, and to both its directions.

Proof. There is no loop at a spectral vertex. Consequently
dy(v +ey) —dp(v) =py + E(v,v) + E(v,v) — 21, — 1. (130)

Twice (128) minus (130) equals 2r + 1 —p, — E(v,v) + E(v,v). Twice (124) plus (130) gives the
same number. The Cartan commutation factor (114) gives exactly the indicated change of the
signed pole divisor after lowering by v. Since E(v,v) = 0, that divisor is unchanged by reversing
this single v-step. O
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16.2. Intrinsic sectors in a larger framing. Fix a standard M (m) and its actual action of
the Coulomb algebra %, from Theorem 12.7. An ordinary simple constituent L(n) inherits this
same action: the ordinary current map is surjective by Proposition 12.2. We transport it to the
intrinsic quotient N (n) using Proposition 14.1.

Let W;(u) be its gauge-root polynomial, normalized by its nonzero constant roots, and let
7,5 be the multiplicity of the roots bg* on the highest line of L(n). We suppress the orbit index
where it does not affect a formula. The actual Cartan root-movement identity is

5i;
1—q %z/u)™
1—z/u '

The branch of the determinant cover is the one in the ordinary current map of Theorem 12.7.

Wilw)Ej(=) = Fj(z)Wi(u) ( (131)

Lemma 16.2. The intrinsic lowering sector v corresponds to the inherited gauge-root multiplic-
ities

@ik (V) = Nig + Vik+2d; — Vik- (132)
This correspondence is injective on finite-support dimension vectors. Hence the intrinsic filtration
respects the actual degree-zero idempotents of the larger weighted convolution algebra.

Proof. Tterate (131) through a negative word. Each lowering at z = bg* removes a gauge root at
bg* and adds one at bgF~2%  giving (132). If two finite-support arrays give the same multiplicities,
their difference h satisfies h; p424, = hi k- A nonzero such periodic array has infinite support.
Thus h = 0. Every occupied block of L(n) is reached by a negative word, since this module
is highest generated. Its intrinsic sectors and inherited occupied idempotents consequently
coincide. 0

Lemma 16.3. On the intrinsic quotient with its inherited larger action, every source block
Chern class of polynomial degree v has filtration degree at least 2r. The same assertion holds on
the standard family before specialization when dega = 1. On the fixed fibres the ordinary Cartan
zero modes remain semisimple of type one on the associated graded.

Proof. Separate the distinct reduced gauge-root centres by Hensel factorization of W;(u). The
relevant resultants are units; roots within one repeated block are not separated. For r > 0,
logarithmic power sums in the block at bg* give from (131) the operator identity

Pigy = Pln + > D DR ¥ (133)
lowerings at (i,k+2d;) lowerings at (%,k)
This is first an identity on negative words and therefore on their actual quotient. On an intrinsic
fixed fibre the top logarithmic roots are zero, so Pit’(;fr = 0. In the deformed standard family
they are the corresponding sums of (cpa)”. In either case the right side has polynomial degree 7.
Newton identities express all block Chern classes as polynomials of the asserted degree in these
power sums. This proves an operator statement, including the nilpotent Chern parts.
For the last assertion, sum (133) over all vertices and all finitely many occupied orbits. The
lowering terms telescope. At a = 0 the total positive logarithmic power sums therefore vanish.
If N; ="} Vi, the nonzero constant part of the gauge determinant, computed from (132), is

det Vil, = (det Vi) opg; 2N, (134)

Its logarithmic nilpotent part is zero. On the prescribed square root branch, D; = (det Vi)l/ 2

consequently acts as DEOPq; Ni  The ordinary current normalization expresses k; as a fixed
framing constant times []; D]Cﬂ. Symmetrizability then gives

>, ciiN;

kil, = kP q; (135)



54 QIYUE TANG

The vanishing logarithmic relations used above are homogeneous Chern relations and pass to
the associated graded. Thus (135), with no nilpotent part, holds there as well. [l
For a dimension vector T, write A™ =[], ; Azil;;k, taking the product over all parameter orbits.
If n=mA™", then
pg :pvm + E(T7U) - E(UaT)a
and direct expansion gives
iy (7 4 1) — e (7) — iy (1) = 2( B, 7) — o - 7). (136)
The compatible degree in (129) instead uses the pole order of the actual current Cartan function.

That function is the same in the inherited action and in the intrinsic realization.

16.3. Homogeneous operators. For an ordinary constituent L(n) of M(m), let
On : N(n) = L(n), [F] — Fup,

be the word-evaluation isomorphism of Proposition 14.1. The surjection in Theorem 12.7 gives
its inherited %,-action. Explicitly, for ¢ € €, choose u € U,(Lg) mapping to ¢ and set

c-v =01 (ub,(v)).

The kernel of U,(Lg) — %, kills L(n), so this formula is independent of the chosen preimage.
Hence completed algebra identities act on the same ordinary module used in the intrinsic
filtration.

Use the fixed completed comparison

0 :Gm = o/t
of Proposition 13.1. For either sign, Proposition 13.3 identifies a local actual current with
O(Toyr) = ju([Z0]2"Uy),  Uu(0) # 0. (137)

The unit is independent of r. The homogeneous fundamental class [Z,] has actual Ext degree
1 — pl,, by Proposition 13.6.

Proposition 16.4. Every homogeneous minuscule class j.([Zy]x"), of either sign, acts on the
above finite fibres with its Ext-degree filtration bound. The statement applies simultaneously to
the standard and to the intrinsic filtrations of all its actual simple constituents.

Proof. The source-cohomology description of Lemma 13.4 expresses the incidence ring using the
source block Chern classes and the moved-line class x, with a homogeneous monic projective-
bundle relation. Every homogeneous part of U, ! therefore has a polynomial lift in those classes.

Write, degree by degree,
UU_1 = Z J}hph.

h>0
The projection formula, with the source coefficient on the right, gives the exact identity of
Corollary 13.5:
]*([Zv]xr) = Z @(Tv,r-i-h)ph- (138)
h>0

For the reversed positive incidence, its own source ring is used in the same calculation.

If a homogeneous part of p, has polynomial degree b, Lemma 16.3 and Proposition 16.1 give
the bound

d(v,r+h)+2b=0(v,r)+2(h+b) >0d(v,r).

This is exactly the degree of j.([Z,]z"). The series acts by a finite sum on a finite continuous
module: the positive central ideal acts nilpotently, and the moved-line powers reduce by the
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monic projective-bundle relation. Equivalently, a summand with h 4 b sufficiently large has
lower degree bound §(v,r) + 2(h + b) beyond the finite filtration range and acts by zero. Thus
passage from the completed identity to this operator bound is valid on the stated finite fibres.
The extra top gauge roots of a lower simple have zero logarithm, and (133) already includes
their ranks. Finally, its intrinsic p) is the same ordinary Cartan divisor as in (137), by (136)
and the preceding discussion. ([l

Theorem 16.5. There is one finite-dimensional Z-graded quotient <Zs of the known weighted-flag
convolution algebra on which the standard Q(m), all its ordinary simple constituents, and their
associated graded modules are defined. For every homogeneous a € (2s)q,

aF"y c Fhtdy (139)

for the standard filtration and every intrinsic simple filtration. The degree-zero idempotents
retain their ordinary generalized ¢-weight sectors.

Proof. Let S be the finite union of the gauge-root supports of @Q(m) and its finitely many
ordinary simple constituents. By Lemma 16.2, it is also the union of their intrinsic supports. In
the locally unital graded algebra <7fl, first kill the homogeneous trace ideal

Jout = »_ ey
V¢S

Then take the corner with eg = > cgey. Each of the stated modules factors through this
quotient, since every e, outside S acts by zero. Taking the trace quotient first also kills paths
that leave the retained support and return to it.

For fixed v, 7, the diagonal unfolded gauge group has finitely many orbits on Flag, x Flag,,
indexed by relative positions. Above each orbit, the two flag conditions on matter maps define a
constant-rank vector bundle. Its stabilizer is an intersection of two parabolic subgroups. The
unipotent radical does not change equivariant cohomology, and its Levi factor is a product of
general linear groups. The corresponding Weyl-invariant polynomial ring is finite over H¢ (pt).
The finite stratum filtration and Noetherianity therefore show that N

H*Q’BM(XW XN Xp)
is finite over this central ring. The geometric dimension bound bounds the selfdual Ext degrees
below; equivariant parameters have positive degree.

There are finitely many retained pairs, so their corner is bounded below and finite over the

positively graded central equivariant ring. The trace quotient preserves both properties. Choose
a common power of the positive central ideal annihilating the finitely many continuous modules
under consideration, and take that homogeneous quotient. It is the required finite-dimensional
graded algebra /5.
The ordinary current map on the finite quotient. Let %, be the specialized Coulomb algebra
associated with M (m), let B be its gauge coefficient ring, and let m, C B be the maximal ideal
of a gauge loading ~, including the chosen determinant branch. Its semisimple completion has
the two-sided blocks [37, (4.2.18)—(4.2.20)]

G (v,1) = i G, /(mEC, + Grumf).
k

The algebra %, acts on their direct sum by multipliers. Indeed, coefficient elements are diagonal,
and a minuscule generator has only finitely many possible target loadings from a fixed source,
and finitely many possible source loadings for a fixed target. The same is true of every finite
word. Proposition 12.2 therefore makes the matrix of every ¢ € %, row and column finite, with
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its (v,n) entry equal to the image of ¢ in the displayed two-sided completion. Multiplication of
these matrices is the multiplication defining the completed algebra.

Each flag coefficient ring is finite over the central equivariant ring. Modulo the positive central
ideal it is finite dimensional and graded, so a power of its positive augmentation ideal lies in that
central ideal. These two adic topologies are consequently cofinal. The homogeneous quotient
map from the flag algebra to 275 extends to each completed block, because its kernel contains
the chosen power of the positive central ideal. Denote this map, after transport by ©, by 7. For
¢ € Gm, define

ps(c) = Z (cyn) € Fs.
v,mES
This is a finite sum. It is a unital algebra homomorphism: in the block formula for a product, a
term with an intermediate loading outside S belongs to the completed trace ideal generated
by that idempotent and has zero image. The remaining terms give precisely pg(c)ps(c’). The
completed trace ideal is killed because 7 is continuous and kills its algebraic generators.

We prove surjectivity on the algebra itself. On the block 7, © carries m, to power series with
zero constant term in the positive-degree Chern classes of its source flag blocks. Since 7 is
finite dimensional and graded, there is one integer M such that these Mth powers act by zero on
both sides of every retained block of @g. For example, if all nonzero degrees of o/ lie between
d_ and dy, it suffices to take 2M > d; — d_. Thus one common order of coefficient jets suffices
on the quotient algebra. R

Consequently the image of an element of %,,(7,n) depends only on its class modulo mg/[ Gm +
‘Kmm% . By the definition of that completed block, this class is represented by some ¢ € €.
Distinct retained loadings give distinct maximal ideals of B: their colored multisets of gauge
roots differ, or their determinant branches differ. The fixed spectral representatives and the
non-root-of-unity condition ensure that the weighted-flag label is determined by this multiset.
Chinese remainders therefore give elements p, € B such that

py =05 (mod m)!) (6€89).

They satisfy ps(py) = ey. Thus pycp, represents the required element of the (y,7) block and
has zero image in every other retained block. Summing over the finitely many retained pairs
proves that pg is surjective. Composition with the ordinary current map gives the surjection

Uy(Lg) = G 225 o, (140)

Its action on Q(m) and on each intrinsic N(n) is the action already constructed: their smooth
completed actions factor through the same trace and central-power ideals, and the block maps
above are the extensions of those actions. Hence this is one ordinary current map on the quotient
algebra, available also on every associated graded module subsequently constructed.
Filtration bounds. The retained idempotents preserve each filtration by Lemma 16.2. Source
Chern classes satisfy the required bounds by Lemma 16.3, and decorated minuscule classes
satisfy them by Proposition 16.4.

Let 2 C /s be generated by the retained idempotents, the homogeneous source-block Chern
classes, and all homogeneous decorated minuscule fundamental classes of both signs. For
an ordinary integer current mode, its blockwise image under O is the full incidence class of
Proposition 13.3. Its coefficient is the unit U, times the corresponding Laurent-line character,
expanded in the logarithmic moved-line class. By Lemma 13.4, every homogeneous coefficient
has a polynomial lift in that class and the source Chern classes. The projection formula puts
the latter coefficients on the right. Only finitely many homogeneous terms can survive in 27,
so each ordinary root-current image belongs to . The same argument uses the source of the
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reversed incidence for a positive current. The Cartan coefficients, including their zero modes
and the prescribed determinant branch, are completed coefficient-ring expressions; they likewise
truncate to polynomials in source Chern classes and constants on the retained idempotents.
Their images also belong to 2.

The surjective map U, (Lg) — /s gives ¥ = /5. Since these generators are homogeneous,
a homogeneous element of 275 is a sum of words of its own degree. The filtration bounds add
under composition and are preserved under such sums. This proves (139), and the induced
action on each associated graded follows from that identity. ([l

Corollary 16.6. For every ordinary simple constituent L(n) of the fized standard, gr N(n) is a
graded lift of the same simple for the algebra <fs. Its ordinary highest line has degree zero.

Proof. We use the following elementary fact. If A is a finite-dimensional Z-graded complex
algebra, V is a simple ungraded A-module, and F' is a finite exhaustive separated filtration
satisfying

AthV C Fh—i—dv"
then grp V' is isomorphic to V' as an ungraded A-module.

Indeed, the Jacobson radical of A is homogeneous: scaling degrees gives algebra automorphisms
that preserve the radical. The radical kills V' and therefore also kills grp V. Put B = A/rad(A).
The grading action of C* preserves the finite set of central primitive idempotents of the semisimple
algebra B. Since C* is connected, each of these idempotents is fixed and has degree zero. Choose
degree-zero representatives in A of these central idempotents. The block idempotent acting as
one on V also acts as one on grp V, and every other block idempotent acts as zero on both. If
the selected block is M;(C), then dim V' = d. The associated graded has the same dimension d
and is a module for the same matrix block, so it is that block’s unique simple module. This
proves the fact.

Apply it to A = &g and V = N(n), using Theorem 16.5. The ordinary restriction of N(n) is
L(n), and the same surjective ordinary current map acts on its associated graded. Thus gr N(n)
is a graded lift of that same simple. Its highest line is the one-dimensional degree-zero line of
Proposition 14.1. ]

16.4. Leading Hall operators and the standard highest line. Let H, , denote the homo-
geneous Hall insertion of a line at v decorated by its r-th Chern power. In the conventions used
here its flag is

0—U-—V —V —0, dimU = e,,

where U is unframed and V' is the old framed quotient.

Lemma 16.7. In the transition v — v + e,, the lowest polynomial degree part of F,, is a
nonzero scalar multiple of H, ., namely

H H (xw,b - xv,a)

vy+1 v—=w b old
Cow Y 0o F (3 \ o a) —1 . Cow=]]el #0. (141)
a=1 H(xv,b - wv,a) w
b#a

For the actual homogeneous minuscule class,
8L5(v,r) ]*([Zv]xr) = Uv(o)ilcv,u HU,T"

Proof. Substitute (126) into (127). The degree-zero parts of all Uy, are one, giving exactly
(141). Every other term has strictly larger total degree. Alternating divisibility by the common
Vandermonde holds degree by degree, so taking the lowest degree commutes with its cancellation.
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For the geometric Hall map, preservation of the subrepresentation U imposes the vanishing of
Hom(U,, V}) for each arrow v — w. Its Euler factor is the numerator of (141). The tangent
bundle of the Grassmannian of lines contributes Hom(U,, V,), giving the denominator. The
incoming framing component into U is free, so it gives no Euler numerator. The extension
pullback is smooth and the flag pushforward is proper. Their usual localization formula is
therefore the sum in (141). Critical specialization is injective and compatible with these two
maps by Theorem 11.1; hence the same identity holds on the actual critical Hall module.

Finally apply (138). Its summand of minimal normalized degree is the constant term h = b = 0,
whose coefficient is U, (0)~!. Every other homogeneous summand has degree at least two higher.
Combining this with Proposition 16.1 gives the second assertion. (|

Lemma 16.8. The homogeneous Euler kernel is preserved by Hall insertions. In particular, the
Hall action on Ho descends to Qo and then to Qy/aQy.

Proof. On the Hall flag the tautological exact sequence gives an exact sequence for the numerator
framing bundles. Write & 4(U) for the numerator framing bundle evaluated on the unframed
kernel U, as in (67). Its Euler classes satisfy

Dquev |F1ag = e(gl,A(U)) DV‘Flag-

The projection formula consequently gives, for every decoration b,
Dy e, Hp(h) = Hyee, u ) (Duh). (142)

Thus D,h = 0 implies D, ., Hy(h) = 0. The operators and the Euler kernels are homogeneous
over C[a], so both quotient and specialization preserve the assertion. ]

Theorem 16.9. As a module for the same algebra s of Theorem 16.5, the associated graded
standard gr Q(m) is generated by its degree-zero highest line under the homogeneous negative
minuscule classes. Its semisimple head consists of one copy of the simple with ordinary highest
monomial m, with that highest line in degree zero.

Proof. The equivariant Hall-vacuum generation of Theorem 11.1 generates Hy over Cla] by
homogeneous Hall words. Lemma 16.8 passes this generation to the source quotient Qp.
Equation (110) identifies its specialized grading with the associated graded of the actual standard
Q(m). Hence Hall words generate that graded space from its vacuum.

By Lemma 16.7, each such word is a nonzero scalar multiple of the corresponding word in the
homogeneous negative minuscule classes, after fixing its intermediate sectors with the degree-zero
idempotents. The scalar is the product of the nonzero constants on its successive transitions.
Therefore those known homogeneous classes generate gr Q(m) from the same vacuum, whose
normalized degree is zero.

Every simple quotient must contain the image of this generating m-line. If its ordinary highest
monomial is n, all its f-weights belong to the support of Q(m), so n < m. Since it also contains
the monomial m, highest generation of the simple gives m < n. Thus n = m. The m-space
of the standard has dimension one, so the semisimple head contains only one such copy. The
degree of its highest line fixes the displayed shift. O

17. THE GRADING AND DUALITY OF SIMPLE MODULES

Fix an ordered standard module M (m). We use the finite graded flag algebra of Theorem 16.5
for this standard and its ordinary simple constituents, with their intrinsic filtrations.
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17.1. Ordinary labels of the finite graded algebra. Throughout this section we use the single
finite graded algebra 75 of Theorem 16.5, and the surjective ordinary current homomorphism
(140). For each retained spectral idempotent e, let n, be the ordinary monomial obtained by
substituting its constant gauge roots and the fixed determinant branch in the Cartan rational
functions. These constants occur on the actual standard or one of its ordinary constituents, so
n~ is an ordinary type 1 /-weight.

Lemma 17.1. Every ungraded simple </s-module V restricts, through (140), to a simple
finite-dimensional type 1 quantum loop module. Its ordinary q-character is

XV = Z dim(e, V') ny.
YES

If several idempotents determine the same monomial, their dimensions are added in this formula.

Proof. Surjectivity of (140) implies simplicity of the ordinary restriction. It remains to check its
Cartan action; the same calculation applies to every surviving simple.

Fix ~. In its completed gauge coefficient ring, the maximal ideal at the chosen constant roots is
generated by positive logarithmic Chern coordinates. Their images in e,/se, are homogeneous
of strictly positive degree and commute. Since 275 is finite dimensional and graded, the ideal
they generate in this commutative coefficient subalgebra is nilpotent: a product of sufficiently
many positive-degree coordinates has degree larger than every nonzero graded piece of .
Denote this nilpotent ideal by .J,.

Every coefficient of a Cartan current commutes with e,. The fixed Cartan rational formula,
expanded at zero or infinity, expresses its restriction to this block as its constant value plus an
element of J,. The same nilpotent ideal works for all Cartan coefficients. Consequently e,V is a
simultaneous generalized /-weight space with generalized eigencharacter n., or is contained in
that space when different retained idempotents have the same constant character. In particular
all eigenvalues of each k; are integral powers of g;.

The Cartan zero modes on this simple restriction are semisimple. Write the multiplicative
Jordan decomposition on V as k; = s;u;, with s; semisimple and u; unipotent. The relations

bt = g,
make every root generator an eigenvector of Ad(k;). In the multiplicative Jordan decomposition
of this adjoint operator, its unipotent part Ad(u;) fixes every such eigenvector. It fixes the Cartan
generators as well. Thus u; commutes with the entire ordinary quantum loop action. Schur’s
lemma makes u; scalar; being unipotent, it equals the identity. Hence all k; are semisimple, and
their already determined eigenvalues prove type 1. The displayed ¢-character formula follows
from the simultaneous generalized eigenspaces just identified. ([l

17.2. The positive basic presentation. Write the normalized ordinary flag complexes as

L, = (my).Cx, [dim X,] = PICs[—d] ® VL, (143)
a,d

The sources X, are smooth and the maps 7, are proper. The decomposition theorem gives
the displayed finite decomposition in each finite corner. The IC, are distinct simple perverse
complexes, with their local systems included in the index «. Let G be their direct sum. Perverse
orthogonality and Schur’s lemma give

B=Ext"(G,G), B«=0, By=@Ce.. (144)

The additive categories generated by all shifts of the £, and by all shifts of the IC, agree. Their
Ext algebras are therefore graded Morita equivalent. The spaces VWd’a occur in the projective
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generator of this equivalence. They account for the internal grading of a geometric simple and
must be retained when discussing composition shifts.

Under this equivalence the trace ideal and the central-power ideal defining &7 induce homoge-
neous ideals. They can impose positive-degree relations in addition to deleting basic idempotents.
Quotienting a nonnegative algebra by a homogeneous ideal nevertheless preserves a nonnegative
grading and semisimple degree zero. We obtain a finite basic algebra B’ graded Morita equivalent
to g, with

BLy=0, By=@Cea, radB =B, (145)
a€A
A surviving simple has the same geometric multiplicity spaces in (143); the extra positive
relations can change extensions but do not change those spaces.

17.3. Bar invariance and the highest-line normalization. Verdier duality fixes every £,
since the flag source is smooth and the map is proper. It permutes the simple perverse labels by
a — o and gives

d ~ —d\*
Voo = (V). (146)

Verdier duality fixes each normalized flag complex and hence each geometric idempotent. It
preserves the homogeneous trace ideal in Theorem 16.5. On the equivariant coefficient ring it
preserves degree and the augmentation ideal; a possible sign on a Chern class preserves the same
ideal. It therefore preserves the chosen power of that ideal and descends to /5. Thus the basic
simple at degree zero with label « is dual to the basic simple at degree zero with label a*.

Proposition 17.2. For every dominant monomial n in type Go or Fy, the intrinsic character
St(n) = chygr N(n) (147)

is the character of the degree-zero normalized basic simple. In particular,

St(n) = Si(n),  Si(n)li=1 = xqL(n). (148)
Its highest monomial has coefficient one in degree zero.

Proof. Work in any fixed standard module in which L(n) occurs; one may take M (n). Equa-
tion (146) makes the ungraded geometric-idempotent dimensions of the two normalized basic
simples equal. By the current comparison these dimensions are their ordinary g-characters.
Lemma 17.1 makes both pullbacks simple type 1 modules with these characters. Injectivity of
the g-character map therefore fixes their label. Thus a* = « on the relevant simples, and their
geometric graded characters are palindromic.

The highest ¢-weight space is one-dimensional. If its degree in the normalized basic simple is r,
its coefficient is t". Palindromy forces r = 0. Every graded lift of the same ungraded &/g-simple
is a shift of this lift, because its basic version is a one-dimensional simple concentrated in a single
degree. By Corollary 16.6, gr N(n) is such a lift, and its intrinsic highest line has degree zero.
Hence the shift is zero. This proves bar invariance and the normalization. The specialization
follows from the actual isomorphism N (n) = L(n) and the dimensions of the finite filtration. O

The construction is independent of the larger standard module used to realize L(n). Indeed the
intrinsic filtration is defined using the ordinary highest rational function of n; the comparison with
a larger framing proves compatibility with its inherited action, and the highest-line normalization
removes the possible shift. This normalization applies in every standard module containing
L(n).
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18. EXCEPTIONAL FUNDAMENTAL CHARACTERS

Theorem 18.1. For g of type Gy or Fy, every i € I, and every a € C*, one has
St(}/i,a) = Ft(}/i,a)- (149)

Proof. The ordinary (G2 fundamental characters at the short and long nodes have respectively
7 and 15 distinct monomials, all of multiplicity one [28, Lemma 3.1]. Every nonzero intrinsic
graded coefficient is therefore one-dimensional. Proposition 17.2 forces it to be 1. For the formal
fundamental character, each coefficient lies in N[t*!] by [21, Theorem 7.5], and its value at
t =1 is the corresponding ordinary multiplicity by [20, Theorem 6.2]. A nonnegative Laurent
polynomial with value one at 1 is a single monomial ¢". The bar invariance of (12) forces r = 0.
Coefficients with value zero vanish. This proves the assertion in type Gs.
For type Fj use Hernandez’s numbering

2 -1 0 0
-1 2 =2 0
C= 0 -1 2 -1l (d1,dg,ds,dg) = (1,1,2,2). (150)

0O 0 -1 2

This is the numbering of Section 12 reversed by ¢ — 5 —¢. The known fundamental characters
have the following multiplicities [21, Sections 7-8], [26]:

Node Distinct monomials Ordinary dimension Multiplicity-two monomials

1 26 26 0
2 283 299 16
3 1532 1703 171
4 53 93 0

There are no other multiplicities. The formal coefficient of a thin monomial is 1, and that of
each of the 187 remaining monomials is ¢ + ¢t ~!. The full list of the latter monomials, together
with the calculation needed below, is recorded in Appendix A.

We may translate the spectral parameter and take the highest monomial to be Y; 1 in integer
spectral notation. Write a monomial in this character uniquely as

—Vj,s
n= }/:L71 H Aj78 :
7,8

The signed pole divisor of (4) has a positive entry at (i, 1+ d;) and a negative entry at (i, 1 —d;).
Thus

L=vii—a,  dpV)=Viteq, = Vir-a, + D, VisVht— ) _Vis (151)

(7,8) = (k,t) Jss
For every multiplicity-two monomial, the division and the integer calculation in Appendix A give
L=0, dp(v)=1 (mod 2). (152)

The geometric quotient in this sector is consequently the whole critical cohomology: the
negative-framing Euler operator has rank zero and is the identity. Its total dimension is two
by Theorem 3.3 and the critical quotient theorem. The whole critical support is projective, as
in the projectivity statement for the spectral Wy model [36, Proposition 5.8]. Scaling a cut
direction gives an algebraic C*-action of potential weight one; it preserves cyclic stability. The
critical Hard Lefschetz theorem therefore applies to the whole critical support [5, Corollary 3.2].
With perverse-normalized vanishing cycles its center is the smooth ambient dimension. Since
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L = 0, this is precisely dp(v) in (151). The injective specialization into ordinary cohomology
also shows that the cohomology is even.

These facts determine the two-dimensional graded coefficient completely. Its centered ex-
ponents are odd by (152), and it is palindromic by Proposition 17.2. It has the form ¢" 4+ ¢~"
with r a positive odd integer. If » > 1, the Lefschetz isomorphism from the lower nonzero
degree to the upper one factors through a zero intermediate degree, since cup product raises
cohomological degree by two. This is impossible. Hence r = 1, giving t + ¢t~ . Equivalently, the
two-dimensional Lefschetz representation is the irreducible representation of highest weight one;
two trivial summands have the wrong parity.

For a thin monomial, the graded coefficient is one-dimensional and Proposition 17.2 gives
1. Monomials absent from the ordinary character have zero-dimensional local quotients and
contribute nothing. We have therefore identified every coefficient with that of Fy(Y;1). Spectral
translation proves (149) for every a. t

19. RESTRICTION QUOTIENTS AND THE STANDARD CHARACTER

We now calculate the grading of the actual standard obtained in Theorem 14.4. The calculation
uses ordinary restriction to a closed union of complete attracting strata. The coefficient complex
on that closed locus is the restriction of the ambient critical complex.

19.1. A restriction-quotient theorem. Let A = G, act on a smooth quasiprojective variety
M, preserving a regular function f. Suppose that the relevant critical support C' = crit(f) is
projective and has an A-linearized ample line bundle. Write ® = ®;Q,,, with the unshifted
convention ®oQ = Q used above. For an ambient fixed component F,, C M4, set

Ca:COFa, (I)Oé:(I)ﬂFaQFa'

At a fixed point the derivative of an invariant function vanishes on every nonzero tangent weight,
so Cy = crit(f|F,). Let S, C C be its critical attracting stratum, with inclusion 7, and limit
map pg : Sq — Cy. Denote by rl the rank of the positive tangent weight part of Th|r,. We
assume that H*(Cq, ®,) is even for every a.

Let Z C C be closed, invariant, and a union of whole strata S,. Let i : Z — C and
j:U=C\Z < C. Call a fixed block good if its stratum belongs to Z. Let

Ha=H,(C,®),  Ro=Hj(pt) =Qlal, degyga=1.

Coefficients may subsequently be extended to C. Let D : H4 — H4 be Ry-linear and homoge-
neous of polynomial degree L. Assume that after inverting a, its action on ordinary fixed-point
restriction is invertible on every good block and zero on every bad block.

Theorem 19.1. The restriction map is a homogeneous surjection between finite graded free
Ro-modules, and

ker D = ker(H}(C, ®) — H}(Z,i*®)). (153)
Consequently there are natural graded isomorphisms
Hy/ker D ~ H\(Z,i*®), (imD)[—L] ~ H}(Z,i"®). (154)

Here a polynomial shift [b] raises generator degrees by b. If
ha(u) = dim H*(Cq, ®o)uF,
k
then .
Hilb((Ha/ker D)/a;u) = Z u" ho(u). (155)
« good

These assertions commute with completion at a = 0.



THE QUANTUM KAZHDAN-LUSZTIG CONJECTURE 63

Proof. The hyperbolic localization theorem for vanishing cycles gives the sheaf-level identity
(Pa)i(110)*® 2= Qa[—2r|(—1y). (156)

In the present convention this follows by commuting vanishing cycles with hyperbolic localization
and then applying the smooth constant-sheaf Biatynicki-Birula calculation; compatibility with
the closed critical support gives the displayed formula on C,. These are the complex-level
statements of [8, Lemma 3.15, Proposition 6.2, Equation (6.8), and Theorem 7.1]. If r_ is the
negative tangent rank, then dim M — dim F,, = r} + r,,. Removing the ambient shifts from the
perverse-normalized formula changes its cohomological shift to

(dim F, —dim M) — (r} — 7)) = —2r},

(6%
as in (156). The Tate twist does not affect the cohomological Hilbert polynomial. Since C, is
proper, it gives
HE(Sa, ®|s,) = HE 24 (C, Do) (157)
Thus each stratum has even compactly supported cohomology with these coefficients.

Choose a sufficiently high very ample power of the linearized line bundle. Its sections embed
C' equivariantly into P(V'), where V = @, V) is a finite weight decomposition. The closed sets

CNP (@ VM>
H>A

give a finite filtration by weights. Each successive difference is a union of attracting strata with
one limiting weight. If several fixed components have that weight, their inverse images under the
limit map are open and closed in this difference, and cohomology splits as a direct sum. Intersect
this filtration with Z and with U. The assumption that Z is a union of whole strata ensures that
these differences are still unions of whole good or whole bad strata. Compact-support excision
and (157), by induction on this finite filtration, give

HYY(Z,i®) = H?Y(U, j*®) = 0.
They also give, since Z is proper,
Hilb H*(Z,i*®) = 3 ' ha(u). (158)
a good

Evenness is used here for bad as well as good fixed blocks.
The closed/open triangle

P — & — i D 1L

therefore gives short exact sequences in even cohomological degrees:
0— H;(U,j*®) — H*(C,®) L H*(Z,i*®) — 0. (159)

Compact support in the first term follows from properness of C. In particular, H*(C, ®) is also
even.

Apply the same triangle on finite Borel approximations. For each of its three terms the Borel
spectral sequence has

EP? = HP(BA) ® HY(ordinary term).
Both indices are even. A differential of odd length has target in an odd column, and one of even

length has target in an odd row. All differentials vanish. The base BA is simply connected, so
no nonconstant local system enters this formula. Lifting a homogeneous ordinary basis gives
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a free graded Rp-basis. Taking the stable range of the Borel approximations gives an exact
sequence of finite graded free modules

0— H; 4(U,j"®) — H}(C,®) LA, Hy(Z,i*®) — 0. (160)

Compact support here is in the variety direction of the Borel approximation. Reduction modulo
a recovers (159).

Write k : C4 < C and k, : C, — C for the inclusions. Let Ky = Q(a). Equivariant
localization, naturally applied to p4, uses ordinary restriction of ® to C4:

Hy® Ko~ Hy(CA E*®) ® K.
On a good fixed block, restriction to Z is the identity; on a bad block its target is zero. Therefore
(kerpa) ® Ko = @ HA(Ca, k®) ® Ko = (ker D) ® K.
a bad
Both kernels are saturated submodules of the finite free module H 4. For ker p4 this follows
from the freeness of the quotient in (160). For ker D it follows because its quotient is isomorphic

to im D, a torsion-free submodule of H4. A saturated submodule is the intersection of its
fraction-field span with H4. The equality of those spans therefore proves (153). The map

pA(h) — Dh

is now well defined, bijective, and homogeneous of degree L. This proves (154). Reduction
modulo a, together with (158), proves (155). Flatness of completion preserves each finite-module
exact sequence and the actual graded identifications. O

In the geometric Euler case the map in (154) has a direct construction. If D = e4(F), and Z
is the zero set of an equivariant section of E, that section is nowhere zero on U. Thus D|y = 0,
and the projection formula gives

D ji(a) = ji((Dlv)a) =0.
Multiplication by D factors through p4 integrally. On good fixed blocks its factor is invertible

after localization, so the kernel of the factored map is torsion. Its source is free, hence that
kernel is zero. This gives the same isomorphism for the section under consideration.

19.2. Whole good strata for ordered fundamental factors. We verify the hypotheses
above for the Euler quotient (108). It is convenient to use the cocyclic form of the framed
geometry, obtained by dualizing every vector space and every arrow. Spectral vertex labels are
retained.

Write m, = Y;, pesr in one orbit, with

81 < --- < SN

For several orbits choose any total order extending these individual orders. Terms in different
orbits have disjoint support. The positive and negative framing vertices of factor r are

Uj— = (ir, sr + d;,.), v, = (ir, 8 — d;,.).
Let I;" and I be their graded injective modules in the critical representation category. The
arrow €;, : v, — v, in the cocyclic quiver induces a morphism of injective modules
go,,:I;F — I, K, = ker p,.
Put It =@, I, K = @, K,. The critical support is described by submodules V' C I'" of the
prescribed dimension. The proper equivariant comparison with this injective Grassmannian is

the one in [36, Proposition 5.8]. Its underlying proper bijection suffices for the support and
limiting arguments below.
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Lemma 19.2. The fundamental kernel K, is supported in spectral grades strictly greater than
Sy. In particular,

(KT)v: =0, (Ks)v: =0 (r<s). (161)
Moreover, for every finite-dimensional critical module V',

Hom(V, 1) ~ (V. -)*. (162)

vy

Proof. The graded multiplicities of the fundamental kernel are

, Gi,(w), 0<u<rghY,
)00 = { g

i rg = maxd;.
0, otherwise, i

This follows from [16, Equation (5.1), Lemma 5.3, and Equation (5.3)]. Proposition 4.2(4) of
that work gives zero coefficient at v = 0, proving the strict support assertion. If r < s in the
same orbit, then s, —d;, < ss; if they belong to different orbits, their supports are disjoint. This
proves (161). Finally I~ is the coinduced injective at the indicated vertex, so evaluation of a
morphism on that vertex gives the adjunction (162). O

Choose distinct cocyclic flavour weights

M > > QN

The two framings of factor r have the same weight. An attracting limit of a submodule V' C I'"
is a direct sum @, U,, with U, C I}. Call this allocation good when U, C K, for every r. Let
Z be the locus V C K.

Proposition 19.3. The locus Z is closed and is the union of all whole good critical attracting
strata. Goodness is a condition on an entire fized allocation. For that allocation it is equivalent
to

(vr),- =0 forallr. (163)

Proof. Let F,IT = @,, I]. The filtration of an attracting submodule by V N F,.I" has
associated graded U,. Suppose first that its limit is good. The component map ¢, |y vanishes
on V N F,IT: its projection to I} is U,, which lies in K, and the earlier summands have zero
r-component. Thus it factors through V/(V N F,.IT). At the vertex v, , the dimension of this
quotient is

> dim(Uy),- =0

s>r
by (161). The injective adjunction (162) implies that the factored map is zero. This holds for
every 7, so all components of @, ¢, vanish on V', and V C K.

Conversely, Z is closed and flavour invariant. The attracting limit of any point of Z therefore
remains in Z; its summands lie in their corresponding K,. This proves the equality with the
union of whole good strata. It can be checked on the reduced underlying supports through
the proper equivariant Grassmannian comparison: an equivariant proper bijection carries each
submodule limit to the same critical limit.

Closedness also has an intrinsic algebraic description on the framed moduli space. Let W,
be the one-dimensional framing space, let j,. : Vvi — W, be its outgoing framing, and let
€, : V,-~ — V,+ be the corresponding arrow in the cocyclic convention. Their composition is a

section of HOIITI(VUT— , W), given by
jreir : Vv,? — WT.

On the critical locus it is exactly ¢, |y under coinduction. Its simultaneous zero set has underlying
closed set Z. The vector bundle and its section are therefore defined on the moduli space itself.
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If (v),- = 0, the adjunction shows that every submodule of that dimension in I} is killed by
¢, and hence lies in K. If (1), - > 0, no such submodule can lie in K, by (161). This proves
(163) and proves that goodness does not cut out a proper part of a fixed block. ]

Lemma 19.4. After inverting the equivariant parameter a, the Euler operator is invertible on
every good fixed block and is zero on every bad fized block, acting on the ordinary restriction of
the ambient critical complex.

Proof. At a fixed decomposition V = @, V*, the numerator bundle decomposes into the pieces

Hom(VS_ ,W,.). If r # s, this bundle has nonzero flavour weight ¢2"* — 2. Tts Euler class is a

nonzero power of (2% — ¢9%)q times one plus a nilpotent positive Chern class, and is invertible
after inverting a. Positive ordinary cohomology acts nilpotently on the bounded cohomology of
the proper fixed support, also with the restricted coeflicient complex.

For a self piece r = s, condition (v) o = 0 means that the bundle has rank zero and Euler
class one. If its rank is positive, the canonical section s, is nowhere zero on the whole fixed
support: a zero would give a submodule of K, with a nonzero component at v, , contradicting
Lemma 19.2. This section is equivariant of weight zero. It splits off an equivariantly trivial
line locally, with a vector bundle quotient of rank one less. The top equivariant Chern class is
consequently zero. This assertion applies on the reduced support even if the critical scheme is
singular. In a local trivialization, one component of a nowhere-zero section is invertible, giving
the locally free quotient just used. It follows that the self Euler factor acts by zero on every
coefficient complex restricted to this support. Combining the self and cross factors proves the
result. O

All fixed critical blocks, including the bad blocks, have even critical cohomology. Indeed, the
fixed ambient variety is the product of the one-framing ambient varieties, and the restricted
potential is the sum of their potentials. Thom—Sebastiani and the evenness in Theorem 11.1
prove the assertion. The critical support is projective, and the ambient GIT ample bundle
restricts to an ample linearized bundle on it. Proposition 19.3 and Lemma 19.4 therefore verify
every hypothesis of Theorem 19.1. In particular, in source degree,

Qo ~ H)(Zy,1,®). (164)

This identifies the retained Euler quotient, including its classes that survive only through the
integral family.

19.3. The tangent shift and the quantum-torus exponent. We keep track of the chamber
and the degree centre. Vertexwise duality from the incoming model to the cocyclic model sends

yout _ _yin’ Cout _ _cin‘ (165)

T (s

It reverses arrows but does not replace a spectral label s by —s. Thus the chosen decreasing
cocyclic flavour weights are obtained by choosing the increasing incoming deformation weights
el = —c2 in (108). The integral construction required only their distinctness. The incoming
Fuler factor transforms as

yin _ Cina —_ Couta _ yout

T T ’
which is the Euler factor of Hom(VoU', W), If the variables in both conventions are renamed
to the same symbols instead, their Euler polynomials differ by the scalar (—1)%~. Neither this
scalar nor the coordinate change a — —a changes a polynomial degree or inverts the character
variable t.



THE QUANTUM KAZHDAN-LUSZTIG CONJECTURE 67

Let m("), l(’"), and p") = m(") — 1) be the framing vectors of factor r, and let v =", v, be
a fixed allocation. Define

" —m") .y + By, vs) — vy - vs, (166)
po= B =1, (167)

The form F is still that of the incoming computational quiver. The actual cocyclic quiver is its
opposite.

Lemma 19.5. In the chosen cocyclic chamber the positive and negative ambient tangent ranks
at the fized allocation are

rt=> g, ro=> B (168)

r<s r<s

On a good allocation,
1.y, =0 (r<s), L, = Zl(s) Uy (169)

r<s

Proof. The cocyclic flavour action sends an outgoing framing j to A(t)j. Gauge action sends it
to jg~!. To return a fixed representative to itself one therefore uses the compensating gauge
matrix

g(t) = Pt idy.
T

An arrow variation from V* to V", and a framing variation from V* to W’ have weight 2"t —c2ut.
For r < s it is positive. The framing contribution has dimension m(") - v,. Because the arrows are
reversed in the cocyclic model, their contribution is F(v,,vs). The gauge tangent contribution
to be subtracted is v, - v5. Stability makes the gauge tangent map injective; the quotient tangent
sequence is exact in each weight. Thus the positive block rank is precisely 5. Reversing r, s
gives the negative block. Summing proves (168).

For a good allocation Us C K. The strict support assertion (161), including the case r = s,

gives (vs),- = 0 for » < s. Each 1) is the numerator framing at this vertex. This proves the

first assertion of (169). Expanding L, = > 1) .y, then gives the second. 0

7,8

For a good factor allocation, let C).,, be the critical support of the rth fundamental framed
model and let ®,.,, be the restriction of its unshifted vanishing-cycle complex to that support.
Set

hew, (u) =Y dim H**(Cp,, @rp 0", dr = dpyy (1)
k

Its self numerator Euler bundle has rank zero. Hence this is also the polynomial Hilbert function
of the corresponding intrinsic fundamental quotient, and its centre d, equals dp(r) (vy). Let 8T pol
denote the associated graded for the uncentered polynomial-degree filtration. Equation (110)
identifies gr,, Q(m) with Qp/aQp. Thom-Sebastiani and (155) give

hy(u) = Hilb((grp0 Q(m))uiuw) = S wdar<s B T iy (). (170)
I/ZZT vr r

good allocations

The ambient dimension expands as

dm (V) :ZdrﬂLZ(ﬁerﬁg)a dp(V) = dm (V) — Ly.

r<s
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Using (169), multiplication by the normalizing centre and the substitution u = ¢? yield

t—dp(u)hl/(tQ) _ Z tZNS(stfﬁé’r) H |:t_d7‘ hr,ur (t2)} ) (171)
good allocations T

Every exponent in this formula is determined by the ambient tangent sequence and the source
Euler quotient.

Lemma 19.6. For M, = m,A™"", the quantum-torus form in the conventions of the introduction
satisfies

Y(My, Ms) — y(my,ms) = 2(87 — B5,). (172)

sr
Proof. The root-monomial identities for the torus form are
V(mm AVS) = _2p(r) Vs, V(AVT7 AVS) = Q(E(Vra Vs) - E(VSa Vr))' (173)

They follow by substituting a fundamental monomial and a root monomial into the inverse-
Cartan definition of 7; equivalently they are [17, Section 2.6, Equation (5)] in the present spectral
notation. Bilinearity and skew symmetry give

V(Mrv MS) - V(mra ms) = _V(m’l’a AVS) - V(Ayrams) + V(AVTv Ays)
= Q(p(r) v —p® oy, + E(vy,vs) — E(vs,1y)).

The symmetric terms v, - vg cancel in g2, — 52 proving the formula. O

Theorem 19.7. For every dominant monomial m, the filtered actual standard constructed above
satisfies

chy gr Q(m) = Ey(m). (174)
Proof. By Theorem 18.1, the centered fundamental polynomials
Sty (#2)m AT

vy good
are the fundamental characters Fi(m,). Formula (171), together with (172) and the product
convention M « N = tYMN)/2\ [ N | therefore says that

ch; gr Q(m) = 2 Z1"<sAY(m“mS)Ft(ml) %ok Fy(my).

This is the product in increasing spectral order, normalized so that its highest monomial
has coefficient one. The definition of E;(m) uses decreasing spectral order [17, Section 2.7,
Equation (7)]. The bar is an anti-involution, each Fi(m,) is bar invariant, and the normalized
highest coefficient is preserved. Its bar is consequently the increasing product displayed above,
proving (174).

Equal spectral exponents introduce no choice: the fundamental characters at the same
exponent commute, as in the statement following Equation (7) of [17]. Distinct ¢“-orbits
have no arrows or root-torus pairings between them, so the same formulas factor over their
finitely many components. Thus the computation applies to arbitrary nonzero complex spectral
parameters. ]

The quadratic pairs introduced by the polynomial augmentation give the same centered
formula. Here is the cancellation explicitly. For an orthogonal pair the extra arrow spaces are
T = Hom(V;,V;) and its dual, and their potential is the nondegenerate trace pairing 2 Tr(AB).
If kT = h, its critical equations are A = B = 0; on this locus stability is exactly stability
for the reduced quiver. In a neighborhood of the critical support the added normal directions
are therefore the vector bundle T & T™ with this hyperbolic quadratic function. The relative
quadratic Thom calculation identifies its unnormalized critical complex with the reduced complex
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shifted by [—2h](—h). Thus it multiplies the polynomial Hilbert series by u". The smooth
ambient dimension has increased by 2k, and the numerator Euler bundle has not changed. With
u = t2, the additional factor 2" is cancelled by the additional centering factor t~2". This applies
to each orthogonal pair and to every fixed allocation. Equivalently, their two opposite arrows
change the symmetric part of F but not the antisymmetric form in (173). One may therefore
use the augmented computational quiver consistently throughout the formulas or its reduced
geometric model.

20. CANONICAL TRIANGULARITY AND THE MAIN THEOREM

Proposition 20.1. For every dominant monomial m in type Go or Fy, there are polynomials
Pmn(t) € tN[t], only finitely many nonzero, such that

Ei(m) = Sum) + Y prn(t)Se(n). (175)

n<m

Proof. Let Q(m) be the special fiber of the source-quotient standard lattice. Its ordinary action
is the action on M (m), and its associated graded is a module for the same finite graded algebra
475 as the intrinsic simple subquotients. Each spectral idempotent e, has degree zero, so

dime, gr Q(m) = dime,Q(m).

Lemma 16.3 gives a type 1 ordinary action on gr @(m). The Cartan calculation of Lemma 17.1
then gives x,(gr Q(m)) = x¢M (m). Additivity and injectivity of the g-character imply equality
of their ordinary composition multiplicities. Thus every graded simple composition factor is a
shift of an intrinsic constituent lift, by Corollary 16.6 and Proposition 17.2. The homogeneous
generation theorem 16.9 says that gr Q(m) is generated by its degree-zero highest line and has
the unique simple head L(m). Theorem 19.7 gives

chy gr Q(m) = Ey(m). (176)

Pass to the finite basic algebra B’ of (145). Proposition 17.2 identifies the intrinsic character
of each simple with its normalized basic character; its highest line has degree zero. Thus the
simple head of the basic module corresponding to grQ(m) is the basic simple with label m
at external degree zero. Lift a basis vector of this head homogeneously and apply e,, to the
lift. It defines a graded map from B’e,, to the basic module which is surjective modulo the
radical, hence surjective by graded Nakayama. The degree-zero part of B'e,, is just its head,
and its radical is concentrated in positive degree. Every other graded composition factor of its
quotient consequently occurs in a strictly positive external shift. These shifts give the coefficients
Pman(t) € tN[t].

All composition labels satisfy n < m, because their highest monomials occur in the ordinary
standard character. The coefficient of m in that character is one, already accounted for by
the head, so the remaining labels satisfy n < m. There are finitely many composition factors.
Transferring the character equality back through the graded Morita equivalence retains the
internal spaces Vifa of (143) and proves (175). O

Theorem 20.2. For type Go or Fy and every dominant monomial m, the intrinsic graded
character belongs to the quantum Grothendieck ring and equals its canonical element:

Si(m) = Li(m) € Ky. (177)

Proof. We use induction on the nonnegative integer h(m) in (13). The trivial monomial has
S¢(1) = E(1) = 1. Suppose the assertion has been established at all smaller heights. Every
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lower dominant label in (175) has smaller height by (14). Since K; is bar-stable, that equality
first gives

St(m) = Et(m) — Z pm,n(t)St(n) S ]Ct.

n<m

Now use the bar invariance of Proposition 17.2 and apply bar to (175). We obtain
St(m) = Et(m) - Z pm,n(til)st(n)' (178)

n<m

By induction, every lower S;(n) has an expansion in the standard basis with leading term Ey(n)
and all remaining coefficients in t"1Z[t1]. The coefficient py, ,,(t~!) belongs to this same ideal.
Substituting those finite expansions into (178), and using transitivity of the monomial order,
yields
St(m) — Et(m) € Z t*IZ[tfl}Et(n).
n<m

Together with Si(m) € K; and bar invariance, these are exactly the three properties in (11).
Uniqueness proves (177). O

Proof of Theorem 1.1. In types G2 and Fy, Theorem 20.2 and the actual intrinsic realization
give
Li(m)[i=1 = St(m)|t=1 = xqL(m).

Every numerical step used only that ¢ is not a root of unity. In particular the determinant
inversions (25) and the corresponding Coulomb Cartan inversions have only root-of-unity zeros.
The local wheel-ideal comparison in Theorem 3.4 holds at each such numerical parameter, and
Theorem 14.4 identifies the lattices before collision specialization.

Suppose the spectral support of m meets several ¢Z-orbits. The spectral quiver is the disjoint
union of the corresponding quivers. Local resonance factors between different orbits are units
and the skew form between them is zero. The constructions of the actual action, finite filtrations,
ordinary flag algebra, and standard character therefore apply to their finite union. A lower
dominant label introduces no new orbit, by the argument following (14). The same finite-height
induction proves the equality for arbitrary parameters. This argument applies to the entire
finite union of spectral orbits.

For simply-laced types the statement is the theorem of Nakajima [29, 30]; for the remaining
classical types it is [17, §2.5 and Theorem 2.13]. To spell out the passage from integral spectral
notation, write m = [[, mo over its occupied q%-orbits. The skew form between distinct orbits
vanishes, so Ei(m) = [[p Et(mo). The product [[, Lt(mo) belongs to K; and is bar-invariant.
Multiplying the finite triangular expansions shows that its highest term is Fy(m) and that every
other standard-basis coefficient lies in t~1Z[t~!]. Canonical uniqueness therefore gives

Li(m) = H Li(mo).
(@]

The ordinary spectral decomposition L(m) = Qo L(mo) [17, §2.5] now transfers the one-orbit
specialization to m. These cases and the two exceptional cases exhaust the finite Dynkin types,
proving the theorem. O

Corollary 20.3. In types Go and Fy, the coefficient of a monomial n in Ly(m) is the centered
Hilbert polynomial of the corresponding intrinsic critical-cohomology quotient of the actual module
L(m). In particular it belongs to N[t*'], is invariant under t — t=1, and its value at t =1 is
the dimension of the (-weight space L(m)y,.
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Proof. The intrinsic construction assigns to the local sector with dimension vector v its source-
quotient filtration, centered by dp(v). Its graded dimensions are nonnegative integers and their
sum is dim L(m),,. Proposition 17.2 gives palindromy, and Theorem 20.2 identifies this character
with Ly(m). O

APPENDIX A. A FINITE CERTIFICATE FOR THE NONTHIN Fj; COEFFICIENTS

We give the complete finite input to (152). The numbering is (150), and the highest monomial
is Y; 1. In the tables below j; denotes Y} s, and products are ordinary commutative products.
The row number is the zero-based number of the monomial in the complete fundamental table
[26]; the monomial itself is included so the certificate is independent of those row numbers. Every
displayed monomial has ordinary multiplicity two. There are 16 rows for node 2 and 171 rows
for node 3; nodes 1 and 4 have no such rows. The last column is dp(v). In every row v; 14, = 0.

Here is the full division procedure for verifying the table. Represent a Laurent monomial by
its finite exponent array u;,, and start with

Tjs = 0j,i0s,1 — Uj.s, vj,s = 0.

Take the smallest s with a nonzero entry of 7. For each color j at that index, put a = r;,, set
Vjs+d; < Vjs+d; + @, and subtract a times the exponent array of Aj s q; from r. Repeat until
r = 0. For the four root monomials used here the exponent arrays are explicitly

A =1,11,4127",

Ag s =2, 1251151371,

Ass = Bs23s22, 12004

Ags =45 245193,
The unique lowest-degree factor of A;s.q4; is js; all its other factors have larger spectral degree.
Each step is thus forced, and it verifies uniqueness as well as the factorization. In every listed

case all the extracted a are nonnegative and the remainder is zero after finitely many steps.
Finally evaluate

4
Ui,l-f—di - V’i,l—di - Z VJ%S + Z Z Vj,SUk:,S—dejk' (179)
Jrs k=1

The final sum includes j = k and cj; = 0, exactly as required by the augmented spectral quiver.
For example, the first node-2 row is 1192724 121_1146. Its nonzero root exponents, all equal to
one, are
(1,3),(1,7),(2,2),(2,4),(2,6),(2,8),(2,10), (3,4),(3,6), (3,8), (4,6).
Formula (179) gives 9, and the exponent at (2,0) is zero. This illustrates the same deterministic
calculation used in every row. As checks on the enumeration, the node-2 centers have distribution

92, 112, 132, 154, 172, 19, 212, 23!, 252, 29!
where d” means that the value d occurs r times. Every center in both tables is odd. The
corresponding calculation on the full fundamental support has 1894 terminating divisions, L = 0

in every row, and 1707 thin coefficients. Only the 187 displayed rows and the known ordinary
multiplicities are needed in Theorem 18.1.
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A.1. The fundamental at node 2.
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No. Monomial dp
70 1102729 " 27, 46 9
87 135 2725 " 46 9
89 1102725 "' 217 354y, 11

105 175 27253545 11

109 1102735 13

120 1511025 ' 3835 17

124 13, 27211375 13

142 2727 15

143 1s1y5 25" 2113835 17

151 135 155 2113831, 21

155 1525 ' 273! 3s 19

168 135 275 3s 23

173 18211 273 375 410 21

188 174 29211215 315 410 25

193 15211275 414 25

206 179 20211 275 414 29

A.2. The fundamental at node 3.

No. Monomial dp
64 13192625" 27 45 7
90 1;° 1? 242625 274 45 9
91 353,45 13
93 1317 2625 " 45 7
96 13192625 " 274 374g " 9

117 15117 242625 " 45 9
125 15" 1 2% 26 ?;2;01 374g" 11
126 3537354y 15

> 7—19 9—1 -1

128 13177 2625 " 3745 9
138 1319263, 11
152 15117 242625 " 3745" 11
159 252103535+ 37 17
162 13171925373} 15
165 13177 2621037 11
166 15" 19242637, 13
194 15117 2426 210 313 13
208 151171924251 3737} 17
209 1112527 3534 " 17
220 132627, 13
221 131717 25" 2103731} 15
237 19111235 275 35 19
238 171925"' 25" 3537 37} 23
251 151242627, 15
252 131517 2103737 19

253 1711 1%*11 2% 2512103737} 17

257 131725" 215 37 17

281 174 283535 " 17

289 151151 1,7 24210373, 21

294 17193735 '3, 47 25

296 19 111126 218 210 215 35 47 21

298 1315 '215 37 21

300 15'172425" 275 37 19

303 1713;' 25" 251 210353737 23




THE QUANTUM KAZHDAN-LUSZTIG CONJECTURE

No. Monomial (continued) dp
320 19173 274 35 19
332 1317210275 377 4o 19
351 151512427, 37 23
353 17251251205 3537 25
359 15115 25" 210353737 27
361 1717 2103735 " 37} 47 25
362 1714 35 21
368 1719373747} 29
370 19111126282;01%;;11;11 25
382 131525210275 31 4o 23
384 15" 1724210275 37 4o 21
394 1 1;31262812;0113g147 21
399 131721025 415 23
414 15" 25127, 3537 29
422 151151 2425210275 317 4o 25
428 15117 282103735 1 37} 47 29
431 17};11?10373;1114;11 29
432 17174 262835 47 23
436 1725 210275 3537 4o 27
438 1727, 3734 47 27
461 13}(;1282102;214;31 27
463 15" 1724210275 415 25
469 19173 2628 275 417 25
495 15" 15" 2425210275 475 29
498 1917, 115 26 274 47 25
500 15'2s5275 3735 " 47 31
502 1728210275 35 " 377 47 49 29
505 15'25" 2521020 35377 49 31
512 15117, 28 210 37 37 41 33
514 1;111{*31 26 2814;11 ) 27
526 1725" 21027, 3547, 31
528 17275 3747, 31
564 27, 275 3747 35
575 171913 155 251 274 374 31
577 17*1922121 5515*1?1,91;1 33
9 _813 1_01 12 _91 11_17 9
581 1o 173 135 26 275 3947, 31
583 1;1282;21_?374_;%1 B 35
586 1725210215 3y A7 dyy 33
591 15" 25" 28 210 215 35415 35
622 1728210275 377 4o 471, 33
648 27, 2%—; 31394;11 41
656 2527, 37, 474 37
657 181121—%11—129—12—13 39477 37
719 111 131 81 10 9799 F11
666 17 1lo 1y 1y 3y 47149 33
669 1728210275 477 47 37
672 17—1822120 5151 4 37
9 7515 £01 12 99 7{ 13
694 1917 153 26 212 375 35
696 15" 2321027, 3, 404y} 37
729 1112827y 275 47 4o 39
755 15128210215 47, 415 41
764 2527, 47 dis 41
765 1719177 175 47475 37
T67 28275 3937, 4o 41, 43
768 1719153 155 3037, 4047} 39
770 19177 26 214 37
771 171915 155 25" 21237 313 41

73
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No. Monomial (continued) dp
772 3733 45
815 11128255 275 31147473 45
818 1112527, 215 3040 477 45
822 171917, 25" 27, 37 43
834 1532527, 215 4749 41
840 2210377 315 4o 47
844 2527, 394y, 44 47
845 1719 177" 153! 21021237 315 4o 43
849 171917 1,5 30477 473 43
907 11128215 275 30311 417 415 51
911 1112825 275 214375 47 49
916 25210315 415 51
920 11125255 315 4o 49
928 1;{ 25 21:01 2221 31147 4_;131 47
930 175 25215 275 3049 47; 47
950 1719171 155 210 212 315 415 47
953 1719 173! 210 275" 31, 4o 45
979 111 11528 239 21 214 47 49
981 19111275 215 39375 49 55
998 114 282, 214315 47 51
1001 153 25 275 275 30311 477 475 53
1005 11125275 311375 415 55
1016 1112527, 275 214 39 315 477 55
1017 1719275 274 49 49
1026 175 253,54 4o 51
1044 171917, 21027, 475 49
1058 11111528 279 275 276 39 417 55
1060 19111274 275 39311 315 415 61
1074 111 137 28274 275 47 49
1075 135 11528 214 216 47 51
1076 17173 210 275 274 4o 51
1078 19133 275 39 314 4o 57
1079 11125214375 335 59
1085 133 28311375 475 57
1096 175 25275 21430 315 417 57
1101 171927, 27, 311455 55
1123 13 177 2827, 47 51
1137 151 1,7 28 210 215 274 4o 57
1138 13155 39375 4o 61
1140 1911127y 21439 373 315 65
1146 111 11525 234 375 59
1154 111157 28274 215 30417 55
1155 175 11528 274 216 39417 57
1156 17 1;11 21012;; 274 3%1 4;131 57
L158 1o 113 255 30 311 31y 4y 63
1160 175 25212214315 315 61
1177 1719374 59
1191 19111 115254 274 39315 65
1193 135 15 2827 3047 57
1204 15" 1,7 28210275 214 311445 63
1205 153135 30311355 415 67
1209 19153 275 212214 39 375 315 67
1231 1111, 28355 59
1232 135 11525212274 315 61
1239 1717} 210374 61
1256 15315 25212375 61
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No. Monomial (continued) dp
1263 153 155 212214 39 315 315 71
1276 1727, 311375 67
1277 1152527, 274 65
1278 19134 11? 2;01 212 2;161 39315 67
1284 19111157 274 39313 65
1288 15117 28210374 67
1305 19115275 274" 216 39 71
1310 1737 2527, 65
1311 1, };31 };71 205 212139 3;311 67
1312 170155 115 212 274 39 313 71
1317 15125275 311 374 73
1346 1;11 13 1;11 21? 39315 71
1348 17} 115 27, 214 39 75
1349 274 275 39311 375 81
1356 19177 275 274 3o 71
1360 19 11521227, 274 315 411 75
1387 1M1, 27, 39 75
1392 311335 315 411 85
1394 173! 115 210 212 274 276 375 411 79
1397 19177 21227, 315 411 75
1398 19 }15 2112 274 204 411;; ) 79
1424 17117 210212 27, 315 411 79
1431 311335 45 89
1433 173! 115 210 212 274 276 475 83
1436 1o 17, 21227, 475 79
1452 171 177 210212 27, 475 83
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