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Abstract. We study scalar quantum electrodynamics in three dimensions (QED3) in its Higgs
phase: the three-dimensional lattice abelian Higgs model in unitary gauge, with the Villain
action, on lattices whose spacing tends to zero with canonically scaled couplings. At each spacing
we construct infinite-volume states, as limit points of the periodic states and as limits of states
in finite boxes; they carry the lattice symmetries, reflection positivity and bounds uniform in
the volume. For the smeared curvature and bounded functions of the density, the generating
functionals converge along a subsequence of spacings to a translation-invariant limit functional
with the continuity required for the Osterwalder–Schrader reconstruction. For the limits built
on the box states, and on the periodic states along dyadic sequences of sides, the limit curvature
field satisfies the axioms OS0–OS3, with invariance under the full Euclidean group. The cluster
axiom OS4 is proved in a weak form, on almost every ergodic component. The tools are Gaussian
domination of the Villain curvature, Ginibre inequalities and reflection positivity.
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1. Introduction

1.1. The model and the problem. The abelian Higgs model, scalar quantum electrodynamics,
is the Euclidean field theory of a real vector field Aµ and a complex scalar field ϕ on R3 with

∗This work and its companion are machine generated and have been contributed by M. Goldstein and A. Guevara,
based on the results described in https://github.com/marikgoldstein/scalar-qed-existence on October 10th,
2026.

1

h
e
x
a
g
o
n
:
2
6
1
1
.
0
0
3
2
1
v
1

https://github.com/marikgoldstein/scalar-qed-existence
https://github.com/marikgoldstein/scalar-qed-existence
https://hexagonmath.org/abs/2611.00321v1


2 github.com/marikgoldstein/scalar-qed-existence

formal action

(1.1) S(A,ϕ) =

∫
R3

[
1
4FµνFµν + 1

2

∣∣(∂µ + ieAµ)ϕ
∣∣2 + λ

(
|ϕ|2 − ρ20

)2]
dx, Fµν = ∂µAν − ∂νAµ,

with the charge e > 0, the quartic coupling λ > 0 and ρ20 = m2
H/(8λ), mH > 0. In three

dimensions e2 and λ have the dimension of a mass, and the only ultraviolet counterterm is a
mass counterterm for the scalar field. The potential is minimal on the circle |ϕ| = ρ0. Writing
ϕ = ρeiχ with ρ = |ϕ| and absorbing the phase χ into the vector field by a gauge transformation
(the unitary gauge), one obtains the integrand

1
4FµνFµν + 1

2(∂µρ)2 + 1
2e

2ρ2AµAµ + λ
(
ρ2 − ρ20

)2
,

in which, to second order about ρ = ρ0, the modulus ρ has the mass mH and the vector field the
mass eρ0. It is the simplest gauge theory in which the gauge field becomes massive through its
coupling to a charged scalar field with a non-zero vacuum value [1, 12, 22]. In three Euclidean
dimensions its action is the free-energy functional of Ginzburg and Landau for a superconductor
[18]: the scalar field is the order parameter of the condensate, the gauge field is the vector
potential of the magnetic field, and the functional integral is the partition function of the two
with their thermal fluctuations [21]. The model has two phases. In the Coulomb phase the
scalar field has no vacuum value and the gauge field is massless; this is the normal state, which
a magnetic field penetrates. In the Higgs phase the scalar field has a non-zero vacuum value
and the gauge field is massive; this is the superconducting state, in which the magnetic field is
expelled (the Meissner effect). The two phases require different constructions, and we treat them
in two papers: the present paper is devoted to the Higgs phase, and the companion paper [34]
to the Coulomb phase. One-loop perturbation theory predicts a fluctuation-induced first-order
transition at very small quartic coupling [9, 21]; no claim about the phase diagram is made here.

The gauge field is non-compact. The lattice gauge action is of Villain’s form [33] with a closed
integer 2-form, that is, the compact Villain model with every monopole removed. On a finite
lattice with free boundary conditions a closed integer 2-form is exact, and for observables of
integer charge this is the model with a real-valued gauge field on the bonds and a quadratic gauge
action [5]; on a torus the sum over the closed forms includes the flux classes. The distinction
matters in three dimensions: in the compact pure gauge theory monopoles produce a mass gap
and confinement at every coupling [20], while the non-compact pure gauge theory is the free field.

In three dimensions the model is superrenormalisable, and its lattice approximations are among
the basic examples of a gauge theory with matter [6, 7, 8, 2, 3, 4, 24, 25, 31]. The problem
treated here is due to King [24, 25]: with the renormalisation-group method of Ba laban [2, 3, 4]
he constructed the continuum limit of the three-dimensional model in finite volume and then its
infinite-volume limit, established its translation invariance and reflection positivity, and addressed
its rotation invariance through a comparison of two rotated lattices. The Osterwalder–Schrader
axioms for his state, rotation invariance included, are established in the companion paper [34]
by a different route; the present paper treats the Higgs phase. The framework of the present
paper is that of Brydges, Fröhlich and Seiler [6, 7, 8] for the lattice abelian Higgs model: the
gauge-invariant fields, and the axioms obtained through lattice approximations; these authors
completed the two-dimensional case. The method is reflection positivity and Gaussian domination
[14, 13], together with Ginibre’s inequalities [17]. We consider the model on the cubic lattices
εNZ3 of spacing εN = a05

−N , N = N0, N0 + 1, . . . (the levels; a0 > 0 is a fixed length and
N0 ≥ 0 a fixed integer), in unitary gauge and with the Villain form of the gauge action [33].
The variables are the radial part ρx = ρ0,0 + ρ̃x ≥ 0 of the scalar field at the sites, written
about a vacuum value ρ0,0 > 0, a gauge field Bb on the bonds, and a closed 2-form vp on the
plaquettes with values in (2π/γN )Z. The gauge-invariant fields are the scalar density and the
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Villain curvature fp = (dB)p + vp. The Boltzmann weight is a product of a site factor, which
contains a quartic potential and a bare mass counterterm δmB, of a hopping factor on the bonds,

and of the Gaussian factor e−f2p/2 on the plaquettes; it is written out in Section 2. The couplings

are scaled with the spacing according to their canonical dimensions: the charge is γN = ε
1/2
N e,

the quartic coupling is λ0 = εNλ, and ρ20,0 = εNm
2
H/(8λ), with fixed e, λ,mH > 0. Every result

of this paper holds for arbitrary positive values of these lattice couplings at each level N and
for every real δmB (for the coefficient of the hopping factor see Section 2 and Lemma 2.7); the
scaling above is the case of interest.

The problem is to construct limits of the gauge-invariant fields as N → ∞ and to verify for
them the axioms of Osterwalder and Schrader [28, 29]: regularity (OS0), Euclidean invariance
(OS1), reflection positivity (OS2), symmetry (OS3) and clustering (OS4). The observables are
the smeared fields

ΦN (σ) = ε
3/2
N

∑
p

fµν(p)(xp) fp + ε3N
∑
z

h(z) gd(ρ̃z), σ = (f, h),

where f is a real C∞
c 2-form on R3, h ∈ C∞

c (R3;R) and gd is a bounded Borel function

(Definition 2.5), and the objects of study are the generating functionals ZN (σ) = ωN (eiΦN (σ)) in
an infinite-volume state ωN of level N . Translation invariance and reflection positivity about the
coordinate planes are present on the lattice and pass to the limit. Invariance under rotations is
not a symmetry of any of the lattice theories and has to be recovered in the limit. The two main
points of the paper are the construction of the infinite-volume states at fixed spacing without
an expansion, and the Gaussian domination of the Villain curvature, which holds for all values
of the couplings and gives the bounds, uniform in the volume and in the spacing, on which the
continuum limit and its regularity rest.

1.2. Main results. Two families of infinite-volume states occur: limit points ωN of the states of
the periodic lattices (tori), and the limits ωbox

N of the states of finite boxes outside of which the

matter field is set to zero (the killed-box states, Definition 11.9). We write S and Sbox for limit
functionals built on them.

(1) Infinite-volume states. For every level N , along a subsequence of any prescribed sequence
of sides, the torus states converge to a state ωN given by a Borel probability measure on the
configurations of the gauge-invariant variables. The state ωN is invariant under the lattice
translations, the reflections in the lattice planes {xj = c} and the cubic group; it is reflection
positive about these planes; and it satisfies the bounds of the torus states that are uniform in
the volume (Theorem 11.5). The killed-box states converge along every exhausting sequence of
boxes, without the passage to a subsequence, to a state ωbox

N with the same properties, which
lies below every ωN on a cone of observables (Theorem 11.11, Lemma 12.20). We do not know
whether the two families coincide in general.

(2) Gaussian domination and correlation inequalities. On every torus the Villain curvature
is dominated by the Gaussian field with the identity covariance, ⟨exp

∑
p apfp⟩fineL ≤ exp

(
1
2

∑
p a

2
p

)
,

with the constant one for all values of the couplings (Theorem 3.1). The torus states and the
killed-box states satisfy Ginibre’s inequalities on a cone of observables, with the monotonicity in
the couplings and in the box that follows from them (Theorem 10.8).

(3) The limit functional. There are a sequence N1 < N2 < · · · and a linear functional S
on the algebra A generated by the symbols eσ such that ZNm(σ) → S(eσ) for every test pair
σ. The functional S is invariant under the translations of R3 and under the cubic group, and
t 7→ S(Θa · τtb) is continuous on [0,∞) for a, b supported in the upper half space {x3 > 0}, where
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Θ is the reflection in the plane {x3 = 0} and τt the translation by te3 (Theorem 7.1). The same
holds for the killed-box family (Lemma 12.20).

(4) The axioms OS0–OS3 without the rotations. For every limit functional, the generating
functional of the curvature extends continuously to the Schwartz 2-forms and is the characteristic
functional of a unique Borel probability measure µ on a space of distributions (Theorem 9.13).
Its moments, the Schwinger functions Sn, are tempered distributions with |Sn(f1, . . . , fn)| ≤
en(n!)1/2

∏
iR(fi) for real fi, R being the seminorm of Definition 4.1; this gives the growth

condition of [29] (Theorem 9.4). The functional S is invariant under all translations, under the
reflections in the coordinate planes and under the cubic group about every point (Proposition 9.6),
it is reflection positive about every coordinate plane (Proposition 9.9), and the Schwinger functions
are symmetric (Proposition 9.12).

(5) Rotation invariance. Let Sbox be a limit functional built on the killed-box states. For
the curvature, Sbox is invariant under the orthogonal group O(3), hence under the Euclidean
group; its measure is invariant under the Euclidean group; and the axioms OS0–OS3 hold in full
(Theorem 12.2). For a bounded density function gd, the joint functional of the curvature and the
density is invariant under the Euclidean group, coincident points included (Theorem 12.3). The
same statements hold for every limit functional S built on torus limit points ωN whose sides run
along a dyadic sequence Ln = 2nL∗ (Definition 14.1, Theorem 12.4). No rotation statement is
made for torus limit points along other sequences of sides.

(6) Clustering. The measure µ of the limit curvature has an ergodic decomposition in which
almost every component is invariant and ergodic under the translations of R3, is reflection positive
about the coordinate planes, clusters in the mean, and has a unique vacuum in the reconstruction
along each coordinate direction: the weak form of OS4 (Theorem 9.15).

1.3. Methods. Uniform bounds and the limit. The Gaussian domination of Theorem 3.1 bounds

the smeared curvature uniformly in the volume and in the level, in the normalisation ε
3/2
N in

which the plaquette action is a Riemann sum of the Maxwell action; the density term is bounded
because gd is. This gives an estimate of ZN (σ) − ZN (σ′) by a seminorm of σ − σ′ that does
not depend on N (Section 4), and a diagonal argument with the lattice symmetries gives the
limit functional (Sections 5–7). The exponential moments make the generating functional of the
curvature entire, which gives the Schwinger functions and their bounds; the measure is obtained
from the Bochner–Minlos theorem [19] and the measure theory of Appendix A.

Infinite volume at fixed spacing. The torus states are reflection positive about the coordinate
planes (Theorem 9.7). From this we derive bounds on the local moments of the scalar density
that are uniform in the volume (Lemma 11.2); with the Gaussian domination they give tightness,
and every limit point inherits the symmetries and the reflection positivity (Section 11). For the
killed boxes, Ginibre’s inequalities (Section 10) make the expectations of a cone of observables
monotone in the box, and the values on the cone determine the state; this gives the convergence
of the box states.

Rotations. Reflection positivity about sufficiently many planes forces rotation covariance:
this is the content of Theorem 15.1, whose proof (Section 15) proceeds through an analytic
continuation in the angle of a planar rotation, the positivity of the continued reflection pairing, a
convexity argument and an arithmetic lemma. In proving the rotation invariance we implement
the original strategy of [35]; in a subsequent manuscript we shall provide a different strategy,
adapting the proof from the companion paper [34] (Remark 12.1). On a cubic torus only
the coordinate reflections have all their walls pointwise fixed, and no torus carries the nine
families with pointwise-fixed walls (Lemma 12.13). A cubic box has nine symmetry planes, three
coordinate and six diagonal ones, and its killed-box state is reflection positive about each of them
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(Theorem 12.16); the box limit is then reflection positive about every lattice plane of the nine
families (Lemma 12.19), and the limit theory built on it satisfies the hypotheses of Theorem 15.1.
This gives the covariance away from coincident points; the coincident points are covered by the
closedness of the limit curvature and a theorem on bounded multilinear forms (Theorems 12.26
and 12.34; Section 12). For the torus limit points the reflection positivity about the diagonal
planes is proved in Section 14: the proof runs through an adapted torus with a family of diagonal
reflection walls, a perturbed law on it that is reflection positive across every wall, a convexity
inequality for the perturbed free energy, a surface bound that removes the perturbation in the
limit, and the rigidity theorem of Section 13, applied to a comparison state. The dyadic sides
enter here.

What is not addressed. We do not address the non-degeneracy of the limit (that S is not the
state of a constant field) or its non-triviality; the non-triviality will be the subject of a subsequent
manuscript. We do not prove the uniqueness of the infinite-volume state at fixed spacing, that
is, the existence of the limit (2.2); for continuous observables it is equivalent to the agreement
of all torus limit points (Corollary 11.13). We do not address the exponential clustering of the
limit, nor unbounded density functions beyond the cases of Section 8. No renormalisation-group
analysis is used in this paper.

1.4. Related work. The axioms are those of [28, 29]; the Bochner–Minlos theorem is used in
the form of [19]. Reflection positivity on the lattice, Gaussian domination and the estimates
derived from them go back to [14, 13]; the correlation inequalities of Section 10 are inequalities
of Ginibre’s type [17] for the present model. The lattice abelian Higgs model and its continuum
limit in two dimensions were studied in [6, 7, 8]; in three dimensions the ultraviolet problem
was treated by renormalisation-group methods in [2, 3, 4, 24, 25]. Gibbs measures and their
symmetries are treated in [16].

The companion paper [34] establishes the Osterwalder–Schrader axioms for the same model
in the Coulomb phase. Its proof of rotation invariance is of a different kind and is original to
that paper: the continuum limit is built on two lattices in rotated position and the two are
compared on periodic tori carrying a wall in the scalar mass; the walled-torus families are shown
to have a common continuum limit, and the infinite-volume state of King’s construction [24, 25]
is identified as their lower envelope by a closing estimate resting on heavy-shell bounds, the shell
mass being carried inside the covariance. The invariance is proved for the curvature sector on all
of King’s coupling range, and for Wick-square sources on a tube below a threshold.

Added note. For further information on the efforts leading to the production of this
manuscript we refer to the GitHub repository https://github.com/marikgoldstein/

scalar-qed-existence.

1.5. Organisation. Sections 2–7 construct the limit functional; Section 8 extends it to unbounded
density functions and other normalisations, in the cases verified there. Section 9 proves the
axioms without the rotations and the statements on clustering. Sections 10 and 11 contain the
correlation inequalities and the infinite-volume states, which the preceding sections use through
Definition 2.3. Sections 12–15 prove the rotation invariance. Appendix A contains the measure
theory.

2. Setting and the scheme

Throughout, a0 > 0 is a fixed length, N0 ≥ 0 is a fixed integer, and the levels are the integers
N ≥ N0. The lattice εNZ3 of spacing εN = a05

−N is called the fine lattice of level N ; the
model defined on it and on its tori is the fine model, and its states are the fine states. The
Villain fine model at level N lives on periodic lattices T̃L = (εNZ/LZ)3 of spacing εN = a05

−N ,

https://github.com/marikgoldstein/scalar-qed-existence
https://github.com/marikgoldstein/scalar-qed-existence
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L/2 ∈ εNZ, with the variables ρ̃x ∈ [−ρ0,0,∞) (sites), Bb ∈ (−π/γN , π/γN ] (bonds, B−b = −Bb),
vp ∈ (2π/γN )Z (plaquettes, v−p = −vp) and the weight

W =
∏
x

gct(ρ̃x) ·
∏
b

h(ρ̃b− , ρ̃b+ , Bb) ·
∏
p

w
(
(dB)p + vp

)
, w(f) = e−f

2/2,

where gct(ρ̃) := g(ρ̃) e−
1
2
δmB(ρ0,0+ρ̃)2 is the site factor (its second factor is the bare mass countert-

erm, explained below), with g(ρ̃) = (ρ0,0 + ρ̃)e−V (ρ̃), V (ρ̃) = λ0(ρ2 − ρ20,0)2 and ρ = ρ0,0 + ρ̃; the
hopping factor is

h(r, r′, ϑ) = exp
(
− 1

2κN |e
iγNϑ(ρ0,0 + r′) − (ρ0,0 + r)|2

)
,

and the sum over the Villain variables runs over all closed v (dv = 0 on every cube), every flux
class included. Here (dB)p :=

∑
b∈∂pBb and (dv)c :=

∑
p∈∂c vp with the signs of the boundaries.

Here γN := ε
1/2
N e is the phase constant of the hopping factor, λ0 := εNλ the quartic coupling

and ρ0,0 > 0 the vacuum value, ρ20,0 := εNρ
2
0 = εNm

2
H/(8λ), with κN = 1. The parameters

e, λ,mH > 0 are fixed. In angle units θb = γNBb the plaquette weight reads e−((dθ)p+γNvp)
2/(2γ2N ),

i.e. the Villain weight with the inverse coupling 1/γ2N . The spacing εN and the phase constant
γN are different quantities (γ2N/εN = e2); the Riemann normalisations below use εN only.

The factor e−
1
2
δmBρ

2
x of gct, ρx := ρ0,0 + ρ̃x, is the bare mass counterterm, with δmB ∈ R

one real parameter of either sign, which may depend on N (all constants below that involve
the site factor are at fixed N , Remark 2.1); every statement below is proved for every real
δmB. The site integral and all its Gaussian moments stay finite because the quartic dominates:
λ0(ρ

2 − ρ20,0)
2 ≥ 1

2λ0ρ
4 − λ0ρ

4
0,0, so

(2.1) g(ρ̃) e−
1
2
δmBρ

2
eqρ

2 ≤ ρ eλ0ρ
4
0,0 e−

1
2
λ0ρ4+(q+ 1

2
|δmB |)ρ2 (ρ = ρ0,0 + ρ̃ ≥ 0, q ≥ 0),

and the right side is integrable over ρ̃ ∈ [−ρ0,0,∞) (Remark 2.2).

We write ⟨·⟩fineL for the normalised expectation with respect to the weight W , the Lebesgue
measure on the variables ρ̃x and Bb and the sum over the closed v (the fine torus state), and
fp = (dB)p + vp for the Villain curvature. One would like to define the infinite-volume state of
level N as the limit of the torus states,

(2.2) ωN (F ) = lim
L→∞

⟨F ⟩fineL for every bounded local gauge-invariant F

(N ≥ N0). We do not assume that this limit exists. The fine infinite-volume state is defined
instead as a weak limit point of the torus states (Definition 2.3), which exists for all positive
couplings by Theorem 11.5 of Section 11; when the limit (2.2) exists, ωN is that limit. We have
set κN = 1; everything below holds for every κN ≥ 0, λ0 > 0, ρ0,0 > 0, every real δmB, every
γN > 0 and every εN : the estimates use no property of the couplings, and the symmetry and
compactness arguments use only the properties of the limit point listed in Theorem 11.5. The
one exception concerns κN : Sections 13 and 14 are written for κN = 1. By Lemma 2.7 their
main results (Theorems 13.1 and 14.3 and Corollary 14.35) hold for every κN > 0, and so do
the statements that rest on them, namely the rotation statements for the torus limit points
along dyadic sequences of sides (Theorem 12.4, and Corollary 12.38(b) for the limits of its first
sentence); for all these statements the value κN = 0 is excluded.

Remark 2.1 (the coefficients). With the exception stated just before this remark (for which see
Lemma 2.7), every statement of this paper holds for arbitrary positive values of the coefficients γN ,
λ0, ρ0,0, for every κN ≥ 0 and for every real δmB (Remark 2.2): the coefficients enter the proofs
as parameters only, and a constant depends on them only where this is stated (the constants
of Lemma 11.2 and the finiteness majorants inside the proofs of Theorem 3.1, Lemma 9.2 and



OSTERWALDER–SCHRADER AXIOMS FOR SCALAR QED3 IN THE HIGGS PHASE 7

Theorem 9.7, all at fixed N). In particular the constant of Theorem 3.1, which is uniform in
N , is exactly 1 in the lattice normalisation used there (the curvature fp = (dB)p + vp with the

plaquette weight e−f2p/2), for every value of the coefficients.

Remark 2.2 (the bare mass counterterm). For every real δmB the site factor gct(ρ̃x) =

g(ρ̃x)e−
1
2
δmBρ

2
x has three properties: it is a positive function of the one site variable, the

same at every site; its integral against eqρ
2

is finite for every q ≥ 0, by (2.1); and on ρ̃ ∈ [0, 1] it

is bounded below by ρ0,0e
−λ0(2ρ0,0+1)2e−

1
2
|δmB |(ρ0,0+1)2 > 0. Every argument of this paper that

involves the site factor uses of it only these three properties. This includes the majorant (
∫
g)|X |

of Lemma 9.2.
In the proof of Theorem 7.1 the site factor enters as follows. The proof of Theorem 3.1

integrates it into Ω(m) and uses, in Step 4, only Ω(m) ≥ 0 and Ω(m) <∞; Steps 1–3 concern the
plaquette sum and the gauge integral, in which no site factor appears. Lemma 5.1 uses that the
site factor is the same at every site. Proposition 4.2 uses Theorem 3.1 and a pointwise bound, and
not the site factor, and (2.4) concerns ιN alone. The existence of the limit point and its properties
(a)–(e) (Theorem 11.5) rest on Theorem 3.1; on the lattice symmetries, which use that the site
factor is the same at every site; on the reflection positivity of the torus states (Theorem 9.7),
whose proof uses the positivity of the site factor, its invariance under the reflections and its
integrability; and on the uniform density moments of Lemma 11.2, whose proof uses the finiteness
of the site integrals and a positive lower bound of the site factor on ρ̃ ∈ [0, 1]. The site integrals
Gct
q and the positive lower bound cctg of the full site factor gct on ρ̃ ∈ [0, 1] are the constants

of Lemma 11.2 (Section 11; see also Remark 11.4), and Lemma 11.2 and all its consequences
hold with these constants. The counterterm therefore changes no statement: every statement
holds for every real δmB, and the counterterm enters only the constants that depend on the
coefficients (Remark 2.1).

The later sections use the site factor gct in the same sense. It enters the measure µ◦ :=

gct e
−3κNρ

2
dρ and the weight WΛ of Sections 10 and 11 (Definition 10.2); the weight restated in

Subsection 12.2; the function g̃ := gct e
−3κNρ

2
and the site integral Gct

0 :=
∫
gct of Section 12;

and the proof of Theorem 9.7, which uses that gct is integrable. Each of those arguments uses
only the positivity, the position independence (which gives the reflection invariance) and the
exponential moments of the site measure, which gct has by (2.1).

Definition 2.3 (the fine infinite-volume state: a limit point of the torus states). Let ΩN :=
RPN ×[−ρ0,0,∞)XN be the configuration space of the gauge-invariant variables (fp)p∈PN

, (ρ̃x)x∈XN

of the infinite lattice εNZ3 (PN its plaquettes, one orientation chosen for each, XN its sites;
Subsection 11.1), with the product topology and its Borel σ-algebra. A function on ΩN is local
if it depends on the variables of finitely many cells; the bounded Borel local functions are the
bounded local gauge-invariant functions of (2.2). For each N ≥ N0 fix a sequence of sides

Ln = L
(N)
n → ∞ with Ln/2 ∈ εNZ and a Borel probability measure µN on ΩN such that the

finite-dimensional laws of the gauge-invariant variables under the torus states ⟨·⟩fineLn
converge

weakly to those of µN , and put

(2.3)
ωN (F ) :=

∫
F dµN for every bounded Borel local F ;

then ωN (F ) = lim
n→∞

⟨F ⟩fineLn
for every bounded continuous local F.

Such a pair ((Ln), µN ) exists for every N , every choice of positive couplings and any real
δmB, along a subsequence of any prescribed sequence of sides (Theorem 11.5, whose proof uses
Theorem 3.1, the reflection positivity of the torus states and a bound on the local moments of
the density). The sides Ln are taken along a dyadic sequence (Definition 14.1); by Theorem 11.5
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a limit point exists along a subsequence of it, and every statement below holds for each such
limit point (Remark 2.4). Throughout, ωN is the state (2.3) of such a limit point, and “L→ ∞”
for expectations at level N means n→ ∞ along (Ln).

The properties of ωN used below are those of Theorem 11.5: (a) the limit relation (2.3) for
bounded continuous local F , for bounded Borel local F with µN -null discontinuity set, and for

continuous local F dominated by Ce
∑

x qxρ
2
x (ρx = ρ0,0 + ρ̃x); (b) ωN is a state on the bounded

Borel local functions (ωN (1) = 1, positive, |ωN (F )| ≤ ∥F∥∞), with the Gaussian domination
(3.1) and the uniform density moment bounds of the torus states; (c) µN is invariant under the
translations by εNZ3, the reflections in the planes {xj = c}, c ∈ 1

2εNZ, the cubic group about
every site and the charge conjugation (f, ρ̃) 7→ (−f, ρ̃); (d) ωN is reflection positive about every
such plane, on the bounded Borel functions of cells in the closed half space and on their L2(µN )
closure; (e) inequalities between torus expectations of bounded continuous local functions pass
to ωN , and

∫
F dµN ≤ lim infn⟨F ⟩fineLn

for continuous local F ≥ 0.
If the limit (2.2) exists for every bounded continuous local F , over all sides or over a cofinal

class of sides, then all limit points along sides of that class coincide and ωN , with (Ln) taken
in the class, is that limit (Corollary 11.13, whose limits may be taken over any cofinal class of
sides). Limit points in a wider sense, subnet limits of the torus states on all bounded Borel local
functions, are treated in Proposition 7.2 and Remark 7.3. The fine infinite-volume state is used
on nothing more than the functions of the curvature and the density.

Remark 2.4 (the dyadic sides). The sides of Definition 2.3 are taken along a dyadic sequence
(Definition 14.1) because the reflection positivity of ωN at the six diagonal site planes through
0 (Theorem 14.3), on which the rotation statements of Section 12 rest, is proved for the limit
points along such sequences. Theorem 11.5 provides a limit point along a subsequence of every
prescribed sequence of sides, in particular of every dyadic sequence. The choice of dyadic sides
is not a hypothesis, but it is a restriction of the result: the rotation statements of Section 12
for the torus states are stated for the limit points along such sequences only, and no rotation
statement is made in this paper for torus limit points along other sequences of sides.

Test pairs and the algebra. A test pair is σ = (f, h) with f a real C∞
c 2-form on R3 and

h ∈ C∞
c (R3;R); T is their real vector space, τt the translation by te3, θ the time reflection: θσ is

the push-forward of σ = (f, h) under x 7→ (x1, x2,−x3), the 2-form transforming as a 2-form (its
components with one index 3 change sign). The algebra A = C[T ] is the group algebra with
basis eσ, eσeσ′ = eσ+σ′ , e∗σ = e−σ, Θeσ = e−θσ (Θ antilinear), τteσ = eτtσ, and A+ the span of
the eσ supported in {x3 > 0}.

Definition 2.5 (the scheme). The scheme realises eσ on the fine lattice as ιN (eσ) = eiΦN (σ),
extended linearly to A, where

ΦN (σ) = cN
∑
p

fµν(p)(xp) fp + c′N
∑
z

h(z)wz, wz = gd(ρ̃z),

with real numbers cN , c′N (the lattice normalisations) and a real Borel function gd of the scalar
density (the density function). We fix them as follows, and every statement below refers to this
choice, the pinned scheme, except in Section 8, which treats general normalisations and density
functions:

cN = ε
3/2
N , c′N = ε3N , gd a fixed bounded real Borel function on R, ∥gd∥∞ <∞.

Here xp is the centre of the plaquette p and fµν(p) the component of f along the orientation of p;
the sums run over the plaquettes and sites of the fine lattice (finitely many terms, since σ has
compact support), so ΦN (σ) is a real local function of finitely many gauge-invariant variables,
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additive in σ, unbounded in the curvature part and bounded in the density part. We write
ZN (σ) := ωN (eiΦN (σ)) and M(

∑
j cjeσj ) :=

∑
j |cj |; since the exponentials are unimodular,

(2.4) |ιN (a)| ≤M(a) pointwise, for every a ∈ A and N.

Remark 2.6. (i) Definition 2.5 makes sense for every real Borel gd and all real cN , c′N ; outside

Section 8 only the pinned scheme is used. (ii) cN = ε
3/2
N is the Riemann normalisation of

the curvature: the plaquette weight e−f2p/2 corresponds to the continuum Maxwell term when

fp = ε
3/2
N Fµν(xp)(1 +O(εN )), so that ΦN (f, 0) →

∫
fµνFµν . (iii) The choice of a bounded gd is

discussed in Remark 7.5: it makes the density part of the estimate trivial.

Lemma 2.7 (rescaling the hopping coefficient). Fix a level N and coefficients κN > 0, λ0 > 0,
ρ0,0 > 0, γN > 0 and δmB ∈ R, and put

(2.5) λ⋆0 := κ−2
N λ0, ρ⋆0,0 := κ

1/2
N ρ0,0, δm⋆

B := κ−1
N δmB.

The given model is the model of this section at level N with the coefficients (κN , λ0, ρ0,0, δmB, γN );
the rescaled model is the same model with the coefficients (1, λ⋆0, ρ

⋆
0,0, δm

⋆
B, γN ), so that its hopping

coefficient is 1. We mark the objects of the rescaled model with a star: its site variables are
ρ̃⋆x ∈ [−ρ⋆0,0,∞), with ρ⋆x := ρ⋆0,0 + ρ̃⋆x, its site factor is g⋆ct and its hopping factor is h⋆. Let r be

the map that multiplies every site variable by κ
−1/2
N and leaves the other variables unchanged,

r(ρ̃⋆, B, v) := (κ
−1/2
N ρ̃⋆, B, v) on the lattice variables,

r(f, ρ̃⋆) := (f, κ
−1/2
N ρ̃⋆) on the gauge-invariant variables.

Since κ
−1/2
N ρ⋆0,0 = ρ0,0, it is a homeomorphism of the configuration space of the rescaled model

onto that of the given model, on every torus, in every box and on εNZ3; and ρ̃x ◦ r = κ
−1/2
N ρ̃⋆x,

ρx ◦ r = κ
−1/2
N ρ⋆x, while Bb, vp and fp = (dB)p + vp are unchanged. Then:

(a) (The weight.) For all s, s′ ∈ [−ρ⋆0,0,∞) and every real ϑ,

gct(κ
−1/2
N s) = κ

−1/2
N g⋆ct(s), h(κ

−1/2
N s, κ

−1/2
N s′, ϑ) = h⋆(s, s′, ϑ),

and (κNρ
2
x) ◦ r = (ρ⋆x)2, (κNρb−ρb+) ◦ r = ρ⋆b−ρ

⋆
b+
. The plaquette weight, the ranges of Bb

and vp and the constraint dv = 0 are the same in the two models.
(b) (Finite volume.) Let ⟨·⟩⋆L and ⟨·⟩⋆Λ be the torus states and the killed-box states (Defini-

tion 11.9) of the rescaled model. For every torus T̃L, every box Λ and every bounded
Borel function F of the lattice variables,

⟨F ⟩fineL = ⟨F ◦ r⟩⋆L, ⟨F ⟩Λ = ⟨F ◦ r⟩⋆Λ.

(c) (Limit points.) A pair ((Ln), µ⋆N ) is a limit point of the torus states of the rescaled model
in the sense of Definition 2.3 if and only if ((Ln), r∗µ

⋆
N ) is one for the given model. Thus

the fine infinite-volume states of the given model are the states

ωN (F ) = ω⋆N (F ◦ r) (F bounded Borel local),

with ω⋆N a fine infinite-volume state of the rescaled model along the same sides; in
particular ωN is a limit point along a dyadic sequence (Definition 14.1) if and only if
ω⋆N is. In the same way the measures of the killed-box limits of Theorem 11.11 satisfy

µboxN = r∗µ
⋆,box
N .



10 github.com/marikgoldstein/scalar-qed-existence

(d) (Symmetries and reflections.) The map r commutes with the action of every element of
the group GN of lattice symmetries and with the charge conjugation (Subsection 11.1).
For every set of cells, F 7→ F ◦ r maps the bounded Borel functions of the gauge-invariant
variables of these cells in the given model onto those in the rescaled model, and for
µN = r∗µ

⋆
N it is an isometry of L2(µN ) onto L2(µ⋆N ). Consequently, for ωN and ω⋆N as

in (c), for every reflection θ ∈ GN and each closed half space bounded by its plane, each
of the following four statements holds for ω = ωN if and only if it holds for ω = ω⋆N :

ω(F ◦ θ · F ) ≥ 0 for every bounded Borel function F of finitely many cells in the half
space; (F,G) 7→ ω(F ◦ θ ·G) is a positive semidefinite Hermitian form on these functions;

ω(F ◦ θ) = ω(F ) for these functions; the first three statements extend to the L2 closure
of these functions.

(e) (The scheme.) Let cN , c
′
N be real numbers and gd a real Borel function (Definition 2.5,

Remark 2.6(i)), and put

g⋆d(t) := gd(κ
−1/2
N t) (t ∈ R),

a real Borel function with ∥g⋆d∥∞ = ∥gd∥∞. Let Φ⋆
N (σ) be the function of Definition 2.5

in the rescaled model, with the same cN , c
′
N and with the density function g⋆d. Then

ΦN (σ) ◦ r = Φ⋆
N (σ) for every test pair σ, the curvature part being unchanged, and for

ωN , ω
⋆
N as in (c)

ZN (σ) = ωN
(
eiΦN (σ)

)
= ω⋆N

(
eiΦ

⋆
N (σ)

)
=: Z⋆N (σ) for every test pair σ.

The function g⋆d depends on the level through κN . If κN is the same at every level, then
g⋆d is one density function for all levels, and every limit functional of the given models
(Theorem 7.1) is a limit functional of the rescaled models with the density function g⋆d,
along the same levels and with the states ω⋆N of (c).

(f) (Gibbs measures.) A probability measure ν⋆ on the configurations (ρ̃⋆, B, v) of εNZ3

is a Gibbs measure of the rescaled model, for the specification of Subsection 13.1 (the
weight (13.1) read with the hopping coefficient of the model), if and only if r∗ν

⋆ is a Gibbs
measure of the given model. The two measures are invariant under the same translations
of εNZ3, and r∗ν

⋆ satisfies the conditions (I1)–(I3) of Theorem 13.1 if and only if ν⋆

does.
(g) (The results proved at κN = 1.) Theorem 13.1, Theorem 14.3 and Corollary 14.35, which

Sections 13 and 14 prove for κN = 1 and arbitrary λ0 > 0, ρ0,0 > 0, γN > 0 and real
δmB, hold as stated for every κN > 0.

Proof. (a) Let s ∈ [−ρ⋆0,0,∞) and ρ⋆ := ρ⋆0,0 + s. By (2.5), ρ := ρ0,0 + κ
−1/2
N s = κ

−1/2
N ρ⋆ and

λ0(ρ
2 − ρ20,0)

2 = λ0κ
−2
N

(
(ρ⋆)2 − (ρ⋆0,0)

2
)2

= λ⋆0
(
(ρ⋆)2 − (ρ⋆0,0)

2
)2
, 1

2δmBρ
2 = 1

2δm
⋆
B(ρ⋆)2.

Since gct(ρ̃) = ρ e−λ0(ρ
2−ρ20,0)2e−

1
2
δmBρ

2
with ρ = ρ0,0 + ρ̃, and the prefactor is ρ = κ

−1/2
N ρ⋆, the

first identity follows. For the second,

κN
∣∣eiγNϑ(ρ0,0 + κ

−1/2
N s′) − (ρ0,0 + κ

−1/2
N s)

∣∣2 =
∣∣eiγNϑ(ρ⋆0,0 + s′) − (ρ⋆0,0 + s)

∣∣2,
and −1

2 times the right side is the exponent of h⋆, whose hopping coefficient is 1. The two

remaining identities follow from ρx ◦ r = κ
−1/2
N ρ⋆x. The plaquette weight w, the intervals

(−π/γN , π/γN ], the lattices (2π/γN )Z and the constraint dv = 0 involve no site variable and no
coefficient other than γN , which is the same in the two models.

(b) Let n be the number of sites of T̃L and W ⋆ the weight of the rescaled model. By (a),

W ◦ r = κ
−n/2
N W ⋆: each site factor contributes κ

−1/2
N , and the hopping and plaquette factors
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contribute no constant. The substitution ρ̃x = κ
−1/2
N ρ̃⋆x at every site maps [−ρ⋆0,0,∞) onto

[−ρ0,0,∞), with dρ̃x = κ
−1/2
N dρ̃⋆x; the variables Bb, vp and their reference measures are untouched.

Hence, for every bounded Borel F ,∑
v

∫
F W

∏
x

dρ̃x
∏
b

dBb = κ−nN

∑
v

∫
(F ◦ r)W ⋆

∏
x

dρ̃⋆x
∏
b

dBb,

the sums running over the closed v. Dividing by the same identity for F = 1 gives the first equality
of (b): the constant κ−nN cancels. For a box Λ with n sites the weight WΛ of Definition 11.9

satisfies WΛ ◦ r = κ
−n/2
N W ⋆

Λ by (a), applied to the site factors gct, to the factors e−3κNρ
2
x and to

the factors eκNρb−ρb+ cos(γNBb) in turn, and the same computation gives the second equality.
(c) Let S be a finite set of plaquettes and sites, and let rS be the map that multiplies the site

variables of S by κ
−1/2
N and leaves its curvature variables unchanged; it is a homeomorphism of

the space of the gauge-invariant variables of S in the rescaled model onto that space in the given
model, and the variables of S at the configuration r(·) are rS of the variables of S. By (b) the law
of the variables of S under ⟨·⟩fineL is the image under rS of their law under ⟨·⟩⋆L. Weak convergence
is preserved by rS and by its inverse, and the marginal of r∗µ

⋆
N on the variables of S is the image

under rS of the marginal of µ⋆N . This proves the equivalence. Given a limit point ((Ln), µN )
of the given model we take µ⋆N := (r−1)∗µN , and then ωN (F ) =

∫
F d(r∗µ

⋆
N ) = ω⋆N (F ◦ r).

Definition 14.1 is a condition on the sides alone, and the two lengths that it fixes are taken the
same for the two models. For the killed boxes the same argument applies to the laws under ⟨·⟩Λ
along an exhausting sequence of boxes, with Theorem 11.11(b).

(d) An element of GN acts on a configuration by permuting the cells, with a change of sign of
the curvature variables whose orientation it reverses, and the charge conjugation changes the sign
of the curvature variables; r multiplies every site variable by one and the same number and leaves
the curvature variables unchanged. These actions commute. The maps r and r−1 are Borel and
act on the variables of each cell separately, which gives the statement on the functions of a set
of cells, and

∫
|F ◦ r|2dµ⋆N =

∫
|F |2dµN . For a reflection θ ∈ GN we have F ◦ θ ◦ r = (F ◦ r) ◦ θ,

hence by (c)

ωN
(
F ◦ θ ·G

)
= ω⋆N

(
(F ◦ r) ◦ θ · (G ◦ r)

)
, ωN

(
F ◦ θ

)
= ω⋆N

(
(F ◦ r) ◦ θ

)
,

and since F 7→ F ◦ r is onto, is isometric in L2 and preserves the set of cells on which a function
depends, the four statements for ωN are the four statements for ω⋆N .

(e) We have fp ◦ r = fp and gd(ρ̃z) ◦ r = gd(κ
−1/2
N ρ̃⋆z) = g⋆d(ρ̃⋆z), and the numbers cN , c′N and the

test pair do not involve the coefficients; so ΦN (σ) ◦ r = Φ⋆
N (σ). The function eiΦN (σ) is bounded

Borel local, and (c) gives ZN (σ) = Z⋆N (σ). The supremum norms agree because t 7→ κ
−1/2
N t is a

bijection of R. If κN does not depend on N and S is a limit functional of the given models along
N1 < N2 < · · · , then Z⋆Nm

(σ) = ZNm(σ) → S(eσ), which is (a) of Theorem 7.1 for the rescaled
models with the one density function g⋆d; (b) and (c) of that theorem are properties of S alone.

(f) For a finite Λ the kernel γΛ(· | ω) is the normalised integral of the weight (13.1) over the
variables carried by V (Λ) at a fixed exterior configuration ω; only the factors that contain such a
variable matter. We apply (a) to each of these factors (in the hopping factor of a bond with one
end outside Λ the exterior site variable is rescaled as well, and the second identity of (a) holds
for all values of its arguments) and make the substitution of (b) at the sites of Λ. This gives

γΛ(F | rω⋆) = γ⋆Λ(F ◦ r | ω⋆)

for every bounded Borel F and every configuration ω⋆ of the rescaled model, the constant κ
−|Λ|
N

cancelling in the normalisation. With ν := r∗ν
⋆ we obtain ν(γΛF ) = ν⋆(γ⋆Λ(F ◦ r)), while
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ν(F ) = ν⋆(F ◦ r); as F ◦ r runs over all bounded Borel functions, νγΛ = ν for every finite Λ if
and only if ν⋆γ⋆Λ = ν⋆ for every finite Λ. The map r commutes with the translations. Condition

(I2) concerns the curvature alone, and ν(ρ2x) = κ−1
N ν⋆((ρ⋆x)2), ν(eqρ

2
x) = ν⋆(e(q/κN )(ρ⋆x)

2
), where

q/κN runs over (0,∞) with q; so (I1) and (I3) hold for ν if and only if they hold for ν⋆.
(g) Sections 13 and 14 prove the three statements for the hopping coefficient 1 and arbitrary

values of the other coefficients, hence for the rescaled model. Let ν be a Gibbs measure of the
given model as in Theorem 13.1. By (f), ν⋆ := (r−1)∗ν is a Gibbs measure of the rescaled model,
invariant under the same sublattice and satisfying (I1)–(I3); by Theorem 13.1 at κN = 1 it is
invariant under the translations by 2εNej , j = 1, 2, 3, and by (f) so is ν. Let ω be a limit point
of the given model along a dyadic sequence. By (c), ω = ω⋆( · ◦ r) with ω⋆ a limit point of the
rescaled model along the same dyadic sequence, for which Theorem 14.3 and Corollary 14.35
hold; the reflections in the diagonal site planes belong to GN , and (d) gives the statements of
that theorem and of that corollary for ω. □

3. Gaussian domination of the Villain curvature

Theorem 3.1 (Gaussian domination, identity covariance). On every fine torus T̃L, for every
level N , every choice of positive couplings and any real δmB, and every real plaquette function
a = (ap),

(3.1)
〈

exp
(∑

p

apfp

)〉fine

L
≤ exp

(
1
2

∑
p

a2p

)
.

Consequently, with X =
∑

p apfp: ⟨X⟩fineL = 0, ⟨X2⟩fineL ≤
∑

p a
2
p, and ⟨X2n⟩fineL ≤

(2n)! (e
∑

p a
2
p/2n)n for n ≥ 1.

Proof. Write ∥a∥2 =
∑

p a
2
p and Z(a) =

∫
dρ̃

∫
dB

∑
v closedW e

∑
p apfp , so that the left side of

(3.1) is Z(a)/Z(0); Z(a) ∈ (0,∞) for every real a by the bounds in Step 4 below.

Step 1: the plaquette sum. For x, s, a ∈ R put cu := (γN/
√

2π) e−γ
2
Nu

2/2 > 0 (u ∈ R).
Completing the square, −1

2(x+ v)2 + a(x+ v) = 1
2a

2 − 1
2(x− a+ v)2, and Poisson summation

applied to n 7→ e−(y+2πn/γN )2/2e2πisn (y = x− a, v = 2πn/γN ) gives

(3.2)
∑

v∈(2π/γN )Z

e−(x+v)2/2+a(x+v) eiγNsv = ea
2/2

∑
m∈Z

cm−s e
iγN (m−s)(x−a).

The Fourier coefficient is∫
e−(y+2πu/γN )2/2e2πi(s−m)udu = (γN/2π)

∫
e−w

2/2eiγN (s−m)(w−y)dw = cm−se
iγN (m−s)y.

All coefficients cm−s are positive, for every real s.
Step 2: the closed-v constraint. For a cube c, (dv)c =

∑
p∈∂c±vp ∈ (2π/γN )Z, so 1[(dv)c =

0] =
∫ 1
0 e

iγN tc(dv)c dtc. Hence, with t = (tc) ∈ [0, 1]C and s := d∗t the real plaquette function

(d∗t)p =
∑

c∋p±tc (the signs of ∂),
∑

v closedG(v) =
∫
[0,1]C dt

∑
all v G(v) eiγN

∑
p spvp for every

absolutely summable G. Applying (3.2) plaquette by plaquette with x = (dB)p,∑
v closed

∏
p

w(fp)e
apfp = e∥a∥

2/2

∫
dt

∑
m∈ZP

∏
p

cmp−sp e
iγN

∑
p(mp−sp)(dB)p e−iγN

∑
p(mp−sp)ap .

Now
∑

p(mp−sp)(dB)p =
∑

b

(
d∗(m−s)

)
b
Bb =

∑
b(d

∗m)bBb, because d∗s = d∗d∗t = 0 (dd = 0);

and (d∗m)b ∈ Z.
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Step 3: the gauge integral. The hopping factor depends on Bb only through cos(γNBb):

h(r, r′, ϑ) = e−
1
2
κN (ρ2+ρ′2)eκNρρ

′ cos(γNϑ)

with ρ = ρ0,0 + r ≥ 0, ρ′ = ρ0,0 + r′ ≥ 0 (the variables are ≥ −ρ0,0). By ez cosφ =
∑

q∈Z Iq(z)eiqφ

with modified Bessel functions Iq(z) = I−q(z) ≥ 0 for z ≥ 0, and
∑

q Iq(z) = ez <∞,∫ ∏
b

dBb e
iγN

∑
b(d

∗m)bBb
∏
b

h(ρ̃b− , ρ̃b+ , Bb) =
∏
b

2π

γN
e
− 1

2
κN (ρ2b−

+ρ2b+
)
I(d∗m)b

(
κNρb−ρb+

)
≥ 0,

the integral over (−π/γN , π/γN ] picking the Fourier mode q = −(d∗m)b (an integer).
Step 4: assembly. Define

Ω(m) :=

∫
dρ̃

∏
x

g(ρ̃x)e−
1
2
δmBρ

2
x

∏
b

2π

γN
e
− 1

2
κN (ρ2b−

+ρ2b+
)
I(d∗m)b(κNρb−ρb+) ≥ 0,

which does not depend on a or t. Then

(3.3) Z(a) = e∥a∥
2/2

∫
[0,1]C

dt
∑
m∈ZP

(∏
p

cmp−(d∗t)p

)
Ω(m) e−iγN (m−d∗t)·a.

The interchanges of the sums and integrals are justified by absolute convergence:
∑

m

∏
p cmp−sp =∏

p

∑
m cm−sp , and

∑
m cm−s =

∑
n e

−(2πn/γN )2/2e2πisn (Poisson again) is bounded by KγN :=∑
n e

−(2πn/γN )2/2 <∞ uniformly in s. Moreover,

0 ≤ Ω(m) ≤
∫
dρ̃

∏
x

g(ρ̃x)e−
1
2
δmBρ

2
x

∏
b

2π

γN
e−

1
2
κN (ρb−−ρb+ )2

≤ (2π/γN )|B|
( ∫ ∞

−ρ0,0
g(r)e−

1
2
δmB(ρ0,0+r)2dr

)|X |
<∞

since Iq(z) ≤ ez and by (2.1) at q = 0; the lattice is finite. Since Z(a) is the integral of a positive
weight it is real and positive, so it equals the real part of (3.3):

Z(a) = e∥a∥
2/2

∫
dt

∑
m

(∏
p

cmp−(d∗t)p

)
Ω(m) cos

(
γN (m− d∗t) · a

)
≤ e∥a∥

2/2

∫
dt

∑
m

(∏
p

cmp−(d∗t)p

)
Ω(m) = e∥a∥

2/2Z(0),

the last equality being (3.3) at a = 0. This is (3.1).

Step 5: moments. Apply (3.1) to sa, s ∈ R: φ(s) := ⟨esX⟩fineL ≤ es
2∥a∥2/2. Then ⟨e|sX|⟩fineL ≤

2es
2∥a∥2/2 < ∞, so all moments of X are finite and φ is smooth with φ′(0) = ⟨X⟩fineL , φ′′(0) =

⟨X2⟩fineL (dominated convergence). The function s 7→ es
2∥a∥2/2−φ(s) is ≥ 0 with a zero at s = 0, so

its first derivative vanishes there and its second derivative is ≥ 0: ⟨X⟩fineL = 0 and ⟨X2⟩fineL ≤ ∥a∥2.

For the higher moments, ⟨X2n⟩fineL ≤ (2n)! s−2n⟨cosh(sX)⟩fineL ≤ (2n)! s−2nes
2∥a∥2/2 for every

s > 0; the choice s2 = 2n/∥a∥2 gives the stated bound. □

Remark 3.2. No property of the couplings enters: κN ≥ 0, λ0 > 0, ρ0,0 > 0, δmB ∈ R, γN > 0,
εN , L are arbitrary; the site factor enters only through Ω(m) ≥ 0 and Ω(m) <∞ in Step 4. The
two structural facts used are that the plaquette weight is Gaussian in the curvature (the Villain
form) and that in unitary gauge the gauge field enters the matter weight only through cos(γNBb)
with a non-negative coefficient, so that all Fourier coefficients are non-negative (the positivity
structure used by Brydges, Fröhlich and Seiler [6] for the non-compact field).
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4. The estimate

Definition 4.1 (seminorms). For a real C∞
c 2-form f and h ∈ C∞

c (R3;R) put

R(f) := sup
N≥N0

(
ε3N

∑
p

fµν(p)(xp)
2
)1/2

, E(h) := sup
N≥N0

ε3N
∑
z

|h(z)|,

∥σ∥ := R(f) + ∥gd∥∞E(h),

the sums over the plaquettes and sites of the fine lattice at level N (Riemann sums of f2 and
|h| at spacing εN ). A seminorm ∥ · ∥′ on T is admissible if σn → σ in C∞

c (supports in a fixed
compact set, all derivatives uniformly) implies ∥σn − σ∥′ → 0.

For an admissible seminorm ∥ · ∥′ also ∥τtσ − σ∥′ → 0 as t → 0. If K is a compact set
containing the supports and K+a0 its a0-neighbourhood, then R(f)2 ≤ 3 |K+a0 | ∥f∥2∞ and
E(h) ≤ |K+a0 | ∥h∥∞ (the open cubes of side εN centred at the sites of the lattice that lie in K
are pairwise disjoint and lie in K+

√
3εN/2

⊂ K+a0 , as εN ≤ a0, so that at most |K+a0 |/ε3N sites

lie in K; the centres xp of the plaquettes of one orientation form a translate of the lattice, so
that at most three times as many plaquettes have their centres in K). Hence both are finite
seminorms, and σn → σ in C∞

c (supports in a fixed compact set, uniform convergence of all
derivatives; uniform convergence alone suffices) implies ∥σn − σ∥ → 0: the seminorm ∥ · ∥ is
admissible. (The Riemann sums converge to

∑
µ<ν ∥fµν∥2L2 and ∥h∥L1 as N → ∞; only finiteness

and continuity are used.)

Proposition 4.2 (the estimate). For every test pair σ = (f, h), every level N ≥ N0 and every

torus side L large enough for the support of σ to embed in T̃L,

(4.1)
(
⟨ΦN (σ)2⟩fineL

)1/2 ≤ ∥σ∥, and hence ωN
(
|ΦN (σ)| ∧ 2

)
≤ ∥σ∥.

Proof. Write ΦN (σ) = X+Y (notation local to this proof) with X =
∑

p apfp, ap = ε
3/2
N fµν(p)(xp),

and Y = ε3N
∑

z h(z)gd(ρ̃z). By Theorem 3.1, ⟨X2⟩fineL ≤
∑

p a
2
p = ε3N

∑
p fµν(p)(xp)

2 ≤ R(f)2.

Pointwise, |Y | ≤ ∥gd∥∞ε3N
∑

z |h(z)| ≤ ∥gd∥∞E(h). By Minkowski’s inequality in L2(⟨·⟩fineL ),(
⟨(X + Y )2⟩fineL

)1/2 ≤ R(f) + ∥gd∥∞E(h) = ∥σ∥. Finally, by the Schwarz inequality in L2(µN )
and Minkowski’s inequality there,

ωN (|ΦN (σ)| ∧ 2) ≤
( ∫

ΦN (σ)2dµN
)1/2 ≤ ( ∫

X2dµN
)1/2

+ ∥gd∥∞E(h),

the pointwise bound on Y holding on ΩN as on the torus (Y is a bounded Borel local function;
gd need not be continuous). X2 is a continuous local function ≥ 0 with ⟨X2⟩fineL ≤ R(f)2 for all

large L, so
∫
X2dµN ≤ lim infn⟨X2⟩fineLn

≤ R(f)2 by Theorem 11.5(e). Hence ωN (|ΦN (σ)| ∧ 2) ≤
R(f) + ∥gd∥∞E(h) = ∥σ∥. □

5. Symmetries of the fine state

Lemma 5.1 (lattice symmetries of the fine state). ωN is invariant under the translations by
εNZ3, under the lattice reflections in the site planes and under the cubic group about every site:
ωN (F ◦ g) = ωN (F ) for every bounded local gauge-invariant F and every such g. In particular
ωN (ιN (τta)) = ωN (ιN (a)) for all a ∈ A and t ∈ εNZ.

Proof. The weight of the fine torus of side L (Section 2) is a product of position-independent

factors (the site factor g(ρ̃x)e−
1
2
δmBρ

2
x included) over the sites, bonds and plaquettes of the

periodic lattice (εNZ/LZ)3, and the sum over the Villain variables runs over all closed v. Every
lattice translation, reflection and cubic rotation g of the torus permutes the sites, bonds and
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plaquettes, maps closed v to closed v and preserves dB up to the orientation signs absorbed

in B−b = −Bb, v−p = −vp; the plaquette weight w(f) = e−f
2/2 is even and the hopping factor

is symmetric under bond reversal, h(r, r′, ϑ) = h(r′, r,−ϑ), so the reversed orientations that g
produces do not change the weight. (We write F ◦ g for the observable F evaluated on the
transformed configuration; the convention is immaterial since the symmetries form groups.)
Hence ⟨F ◦ g⟩fineL = ⟨F ⟩fineL for every L with L/2 ∈ εNZ and every g of the torus; for a fixed local
F and a fixed g of εNZ3 (or a fixed reflection in a site plane, or a fixed cubic rotation about a
site) this holds for all large L, in particular along the sides (Ln) of Definition 2.3.

For bounded continuous local F , (2.3) applied to F and to F ◦ g (bounded continuous local as
well) gives ωN (F ◦ g) = ωN (F ); so g∗µN and µN have the same integrals of bounded continuous
local functions, hence the same finite-dimensional marginals (a Borel probability measure on a
Polish space is determined by the integrals of the bounded continuous functions), and g∗µN = µN
(the cylinder sets form a π-system generating the Borel σ-algebra). Therefore ωN (F ◦ g) = ωN (F )
for every bounded Borel local F ; this is Theorem 11.5(c), whose proof is the argument just given.

The last sentence is the case g = translation by te3, t ∈ εNZ: ιN (τta) is ιN (a) evaluated on
the translated configuration, because ΦN (τtσ) = ΦN (σ) ◦ g−1 for a lattice translation (substitute
p 7→ p− te3 in the plaquette sum and z 7→ z− te3 in the site sum; τtσ has its centres at xp + te3).
The same intertwining holds for the lattice reflections and for the cubic group about a site,
with the action on test pairs defined as the push-forward of (f, h) (the 2-form transforming as a
2-form), by the same substitution. □

6. The passage from the estimate to the limit functional

Proposition 6.1 (the passage to the limit). Assume that each ωN , N ≥ N0, is a state on
the bounded Borel local functions (linear, positive, ωN (1) = 1, hence |ωN (F )| ≤ ∥F∥∞), and
assume the unimodularity bound (2.4), the conclusions of Lemma 5.1 and the estimate (4.1) with
an admissible seminorm (Definition 4.1). Then there are N0 ≤ N1 < N2 < · · · and a linear
S : A → C such that

(a) limm ωNm(ιNm(a)) = S(a) for every a ∈ A;
(b) S(τta) = S(a) for all t ∈ R and a ∈ A;
(c) for a, b ∈ A+ the function t 7→ S(Θa · τtb) is continuous on [0,∞).

Moreover S is invariant under all space translations and under the cubic group about every point
of

⋃
m εNmZ3, and |S(a)| ≤M(a).

The state (2.3) of Definition 2.3 is a state on the bounded Borel local functions by Theo-
rem 11.5(b). For unbounded density functions and other normalisations see Section 8 (Proposi-
tion 8.4, Theorem 8.5).

Proof. Step 1: equicontinuity. For σ, σ′ ∈ T and every N , by additivity of ΦN , |eix − eiy| =

|ei(x−y) − 1| ≤ |x− y| ∧ 2, the positivity of the state ωN and (4.1),

(6.1) |ZN (σ) − ZN (σ′)| ≤ ωN
(
|ΦN (σ − σ′)| ∧ 2

)
≤ C∥σ − σ′∥.

Here C denotes the constant with which the estimate (4.1) holds for the seminorm; in the form
stated in Proposition 4.2, C = 1.

Step 2: a countable dense set. Let K1 ⊂ K2 ⊂ · · · be compact cubes exhausting R3. For each
n the space TKn of test pairs supported in Kn is a separable Fréchet space (a closed subspace of
a finite product of spaces C∞

Kn
(R3), each separable), so it has a countable dense subset Dn; let

D =
⋃
nDn. Every σ lies in some TKn and is a C∞

c -limit, with supports in Kn, of elements of
Dn; by admissibility, for every σ and δ > 0 there is σ′ ∈ D with ∥σ − σ′∥ < δ.
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Step 3: the subsequence. |ZN (σ)| ≤ 1 for all N, σ by (2.4). A diagonal extraction gives
N1 < N2 < · · · such that ZNm(σ′) converges for every σ′ ∈ D. For arbitrary σ and δ > 0 pick
σ′ ∈ D with ∥σ−σ′∥ < δ; by (6.1), lim supm,m′ |ZNm(σ)−ZNm′ (σ)| ≤ 2Cδ, so ZNm(σ) is Cauchy
and converges, to a limit Z(σ). Define S(eσ) := Z(σ) and extend linearly to A; this is well
defined because the eσ form a basis of A = C[T ] (the group algebra of the additive group T ).
For a =

∑
j cjeσj , ωNm(ιNm(a)) =

∑
j cjZNm(σj) → S(a): this is (a), and |S(a)| ≤M(a).

Step 4: continuity in the translation parameter. For σ ∈ T and t, t′ ∈ R, by (6.1) in the limit,

|Z(τtσ) − Z(τt′σ)| ≤ C∥τtσ − τt′σ∥,
and τtσ − τt′σ → 0 in C∞

c as t′ → t (the supports stay in a fixed compact set and all derivatives
converge uniformly), so the right side tends to 0 by admissibility. Hence t 7→ Z(τtσ) is continuous
on R, and so is t 7→ S(τta) for every a ∈ A (finite sums).

Step 5: (b). Fix a ∈ A and m. For t ∈ εNmZ Lemma 5.1 gives ωNm′ (ιNm′ (τta)) = ωNm′ (ιNm′ (a))

for every m′ ≥ m, because εNm′Z ⊃ εNmZ for m′ ≥ m (εN = a05
−N and Nm′ ≥ Nm). Letting

m′ → ∞, S(τta) = S(a) for t ∈ εNmZ, for every m; the union
⋃
m εNmZ is dense in R, and

t 7→ S(τta) is continuous (Step 4): so S(τta) = S(a) for all real t. The same argument with
the space translations gives their invariance; for the cubic group about a site of εNmZ3 no
density is needed: Lemma 5.1 and the intertwining of ιNm′ with the push-forward action (the
same substitution as in Lemma 5.1, a signed permutation of the plaquettes and sites) give the
invariance for every m′ ≥ m, hence in the limit.

Step 6: (c). Let a, b ∈ A+ and t, t′ ≥ 0. Since Θa · τtb is a finite sum of basis elements and S
is linear, it suffices to treat a = eσ1 , b = eσ2 : then Θa · τtb = e−θσ1+τtσ2 and

|S(Θa · τtb) − S(Θa · τt′b)| = |Z(−θσ1 + τtσ2) − Z(−θσ1 + τt′σ2)| ≤ C∥τtσ2 − τt′σ2∥
by (6.1) in the limit, which tends to 0 as t′ → t by Step 4 (two-sided in t′, so right-continuity at
t = 0 is included). For a general a =

∑
j cjeσj the bound carries the factor M(a): the exponentials

ιN (Θeσj ) are unimodular, so the estimate (6.1) applies to the second factor alone. □

Remark 6.2. (i) Only the truncated first-moment form (4.1) is used, through (6.1). (ii) Nothing
is assumed about the uniqueness of the limit; different subsequences may give different S, each of
which satisfies (a)–(c). (iii) The continuity in (c) is uniform on compact t-sets, with the modulus
C∥τtσ − τt′σ∥. (iv) The cubic invariance of S comes from Lemma 5.1 and the intertwining of ιN
with the cubic action on test pairs; for a finite group no density argument is needed.

7. Existence and continuity of the limit functional

Theorem 7.1 (the limit functional). Consider the Villain fine model of Section 2 with any
positive couplings and any real δmB, let the fine infinite-volume states ωN , N ≥ N0, be limit
points of the torus states in the sense of Definition 2.3, and let the scheme be the one of
Definition 2.5. Then there are N0 ≤ N1 < N2 < · · · and a linear S : A → C with

(a) limm→∞ ωNm(ιNm(a)) = S(a) for every a ∈ A, i.e. ZNm(σ) = ωNm(eiΦNm (σ)) → Z(σ) =
S(eσ) for every test pair σ;

(b) S(τta) = S(a) for all t ∈ R, a ∈ A;
(c) t 7→ S(Θa · τtb) is continuous on [0,∞) for all a, b ∈ A+.

Moreover S is invariant under all space translations and under the cubic group about every point
of

⋃
m εNmZ3, and |S(a)| ≤M(a).

Proof. The hypotheses of Proposition 6.1 hold: each ωN is a state on the bounded Borel local
functions by Theorem 11.5(b); the bound (2.4) holds for ιN ; Lemma 5.1 gives the lattice symme-
tries; and Proposition 4.2 is the estimate (4.1) with the admissible seminorm of Definition 4.1.
Proposition 6.1 therefore gives (a)–(c), the invariances and the bound |S(a)| ≤M(a). □
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The states ωN exist for every choice of positive couplings and any real δmB by Theorem 11.5;
when the limit (2.2) exists, ωN is that limit. A functional S as in Theorem 7.1 is called a limit
functional.

Proposition 7.2 (the limit functional for limit points along subnets). For each N ≥ N0 let (Lk)
be a sequence of sides with Lk → ∞ and Lk/2 ∈ εNZ, and let (Lα) be a subnet of it along which
the limit

ωN (F ) := lim
α
⟨F ⟩fineLα

exists for every bounded Borel local F (a Tychonoff cluster point of the torus states). Then ωN is
a positive normalised linear functional on the bounded Borel local functions, and Theorem 7.1, its
last clause included, holds with these ωN in place of the limit points of Definition 2.3. The same
is true for every pointwise limit point of the torus states on the bounded Borel local functions
along any subnet of sides L→ ∞, L/2 ∈ εNZ, or along any cofinal class of them.

Proof. The proof of Theorem 7.1 uses of ωN only the hypotheses of Proposition 6.1, that is, the
following three properties.

(i) The state property. It enters at (6.1), in Step 3 and in Step 6 of the proof of Proposition 6.1.
In Step 3 it gives |ZN (σ)| ≤ 1, together with (2.4), which is a pointwise bound on ιN in
which no state enters; in Step 6 it enters as the positivity, with the unimodular prefactor.

(ii) The invariances of Lemma 5.1, which enter in Step 5.
(iii) The bound ωN (|ΦN (σ)| ∧ 2) ≤ ∥σ∥ of (4.1), which enters in Step 1.

Every torus state has the properties (i)–(iii) exactly, at every side L large enough for the supports.
We show that each of them passes to a pointwise limit on the bounded Borel local functions.

Property (i). Linearity, positivity and ⟨1⟩fineL = 1 are equalities and inequalities between the
values of the state on fixed functions, and such relations pass to the limit.

Property (ii). Let F be a bounded Borel local function and let g be a translation, a site-plane
reflection or a cubic rotation. By the torus argument in the proof of Lemma 5.1, ⟨F ◦g⟩fineL = ⟨F ⟩fineL
for all large L. Since Lα → ∞, it follows that ωN (F ◦ g) = ωN (F ).

Property (iii). The function |ΦN (σ)| ∧2 is bounded Borel local, and for all large L the Schwarz
inequality and the torus half of (4.1) give

⟨|ΦN (σ)| ∧ 2⟩fineL ≤ (⟨ΦN (σ)2⟩fineL )1/2 ≤ ∥σ∥,

whence ωN (|ΦN (σ)| ∧ 2) ≤ ∥σ∥. In the proof of Proposition 4.2 the measure µN is used only in
the passage through L2(µN ) and in the step

∫
X2dµN ≤ lim infn⟨X2⟩fineLn

from Theorem 11.5(e);
the bound at every L replaces both.

With (i)–(iii), Steps 1–6 of the proof of Proposition 6.1 and the proof of Theorem 7.1 go
through with (i) in place of Theorem 11.5(b) and (iii) in place of Proposition 4.2. This gives
(a)–(c), the invariance of S and |S(a)| ≤M(a) for the functionals ωN of the statement. The same
proof applies to every pointwise limit point named in the last sentence of the statement. □

Remark 7.3 (limit points along subnets). Proposition 7.2 extends Theorem 7.1 to limit points
of the torus states in a wider sense than Definition 2.3. The functional ωN of the proposition
is finitely additive and not necessarily unique. It agrees with a state of Definition 2.3 on the
continuous functions. Indeed, along (Lα) the finite-dimensional laws converge weakly (they are
tight by Theorem 3.1 and Lemma 11.2) to those of a Borel probability measure µN . The limit
laws form a cluster point of the laws along (Lk) in the metrisable countable product of the spaces
of laws of the finitely many site and plaquette variables of a finite set Λ of cells, hence they are
the limit of the laws along a subsequence (Ln) of (Lk). For this pair ((Ln), µN ) of Definition 2.3,
ωN (F ) =

∫
F dµN for every bounded continuous local F , so the two functionals give the same
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ZN (σ) when gd is continuous. For a discontinuous bounded Borel gd the two values may differ,
and the subnet functional is covered by the direct proof of Proposition 7.2.

The scheme for which Theorem 7.1 is proved is that of Definition 2.5: cN = ε
3/2
N , c′N = ε3N

and wz = gd(ρ̃z) with gd bounded Borel. The Riemann scaling cN = ε
3/2
N enters the proof of

Proposition 4.2 essentially, and gd = id is not covered (Remark 7.5(ii),(iv)). Section 8 treats
unbounded density functions and other normalisations in the cases verified there (Theorem 8.5,
Proposition 8.10).

Remark 7.4 (regularity of the limit curvature). For real f1, . . . , fk and s ∈ Rk, Theorem 3.1 with

ap = ε
3/2
N

∑
j sjfj(xp) gives the uniform exponential moment bound〈

exp
(∑

j

sjΦN (fj , 0)
)〉fine

L
≤ exp

(
1
2R

(∑
j

sjfj

)2)
for all N,L.

This bound has the following standard consequences. The laws of (ΦN (fj , 0))j≤k under the
torus states are tight with uniformly Gaussian tails, so along the subsequence of Theorem 7.1
the characteristic function s 7→ Z(

∑
j sjfj , 0) is that of a probability law µf on Rk (Lévy’s

continuity theorem),
∫
es·xdµf (x) ≤ exp(12R(

∑
j sjfj)

2), the moments of the torus laws converge

to those of µf (uniform integrability from the exponential moments), and the even moments of
µf obey the bounds of Theorem 3.1. The odd moments vanish: the weight is invariant under
(B, v) 7→ (−B,−v) (the hopping factor depends on B through cos(γNBb), w is even, closed v
go to closed v), which maps f 7→ −f. These are finite-family moment bounds for the curvature
sector; the full regularity axiom is Theorem 9.4.

Remark 7.5 (the density component). We collect five observations on the density component of
the scheme.

(i) With a bounded gd and c′N = ε3N the density part of the estimate is pointwise and trivial.

(ii) A genuine scalar sector, the centred density ε
5/2
N

∑
z h(z)(ρ̃z − ωN (ρ̃0)), is not covered.

Section 8 treats unbounded density functions and other normalisations in the cases
verified there (Theorem 8.5, Proposition 8.10).

(iii) Any other bounded Borel function of finitely many fine gauge-invariant variables can be
added to the scheme in the same way.

(iv) Since (4.1) is used in first-moment form only, the boundedness of gd can be weakened
to supN ωN (|gd(ρ̃0)|) < ∞, by translation invariance and the inequality (

∑
z uz) ∧ 2 ≤∑

z(uz ∧ 2) for uz ≥ 0. For gd = id at c′N = ε3N this condition is the level-uniform first-
moment bound supN ωN (|ρ̃0|) <∞. The weakening is proved in Section 8 (Theorem 8.5,
Remark 8.7).

(v) We do not prove that the limit is non-degenerate, that is, that S is not the state of a
constant field.

8. Unbounded density functions and general normalisations

Theorem 7.1 is stated for the scheme of Definition 2.5, that is, for a bounded real Borel density

function gd and the pinned normalisations cN = ε
3/2
N , c′N = ε3N . Definition 2.5 makes sense

for every real Borel density function gd and all real normalisations cN , c′N . Boundedness and
the pinned normalisations therefore enter only through the proof of the properties (a)–(c) of
Theorem 7.1. This section proves these three properties without the two restrictions for every
scheme that satisfies the conditions (N) and (Y) of Definition 8.1 (Theorem 8.5). Condition (Y)
is verified in the cases (V1)–(V4) of Proposition 8.10, and (N) is a condition on the curvature
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normalisation alone, which holds for cN = ε
3/2
N : in each of these cases, for every cN that satisfies

(N), all conclusions of Theorem 8.5 hold.
The proof of Theorem 7.1 uses the boundedness of gd and the pinned normalisations at one

place only, the estimate of Proposition 4.2 with the seminorm of Definition 4.1. They enter
there four times: through the factor ∥gd∥∞ in the seminorm; through the pointwise bound of
the density sum by ∥gd∥∞ ε3N

∑
z |h(z)| (on the tori and under the fine state); through the factor

ε3N of the density sum, which makes that bound a Riemann sum; and through the weights

ap = ε
3/2
N fµν(p)(xp) of the curvature sum, which make the bound of Theorem 3.1 a Riemann sum.

The symmetry lemma (Lemma 5.1) and the abstract passage to the limit (Proposition 6.1) do
not involve the density function or the normalisations.

We replace the estimate by one in first-moment form (Lemma 8.3) under two conditions,
stated in Definition 8.1: (N), a bound on the ratio of the curvature normalisation to its pinned
value, and (Y), a level-independent bound for the truncated first moment of the density term. A
level-uniform first moment of the normalised density variable, (Y1), suffices for (Y). Theorem 8.5
then gives clauses (a)–(c), the invariances and the bound |S(a)| ≤M(a) for every real Borel gd
and all real normalisations satisfying (N) and (Y). No convergence of the normalisation ratios is
needed, and the pinned scheme is the case of equality (Corollary 8.9).

Two restrictions remain. The first is the pair (N), (Y) itself. For an unbounded gd at the
Riemann normalisation c′N = ε3N , clause (Y1) is a level-uniform first-moment bound for gd(ρ̃0);
this paper proves no such bound that holds for every value of the counterterm δmB(N) (the
moment bounds that it proves for every value of the counterterm are uniform in the volume
at a fixed level only, Subsection 8.5), and none can be derived without information on the
level dependence of the counterterm (Remark 8.13). The cases in which (Y1) is verified are
listed in Proposition 8.10. The second concerns the other results of this paper: those listed
in Remark 8.15(A) extend to the wider class, while the statements on exponential or second
moments of the joint field keep the bounded class (Remark 8.15(C)).

8.1. The extended scheme and the conditions. Throughout this section gd is an arbitrary
real Borel function on R (finite at every point), and cN , c′N , N ≥ N0, are arbitrary real numbers.

The functions ΦN (σ), the realisation ιN and ZN (σ) = ωN (eiΦN (σ)) are defined by the formulas
of Definition 2.5, with these gd, cN , c′N in place of those of the pinned scheme. We write

ζN := cN ε
−3/2
N , kN := c′N ε

−3
N (N ≥ N0)

for the ratios of the two normalisations to their pinned values. They are signed real numbers,
and the pinned scheme is the case ζN = kN = 1. We split

ΦN (σ) = XN (f) + YN (h),

XN (f) := cN
∑
p

fµν(p)(xp) fp, YN (h) := c′N
∑
z

h(z) gd(ρ̃z),

and we use the Riemann sum of Definition 4.1,

EN (h) := ε3N
∑
z

|h(z)| ≤ E(h).

If K is a compact set containing the support of h, then E(h) ≤ |K+a0 | ∥h∥∞, for the reason given
after Definition 4.1: every site of εNZ3 owns a cell of volume ε3N , the cells of the sites in K are
disjoint and lie in K+εN ⊂ K+a0 . The same bound holds for every translate and every reflection
of h, since the volume of the neighbourhood does not change. Hence E is a finite seminorm on
C∞
c (R3;R), free of N .
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The scheme is well posed for every real Borel gd. The sums defining ΦN (σ) are finite, so

ΦN (σ) is a finite real Borel local function on ΩN , additive in σ, and eiΦN (σ) is a bounded
Borel local function of modulus one. Therefore ZN (σ) is defined with no integrability condition
on gd, and the unimodularity bound (2.4) holds. For a Borel local function F ≥ 0 we write
ωN (F ) :=

∫
F dµN ∈ [0,∞]. Since the measure µN is invariant under the translations by εNZ3

(Theorem 11.5(c)),

(8.1) ωN
(
|gd(ρ̃z)|

)
= ωN

(
|gd(ρ̃0)|

)
∈ [0,∞] for every site z of the fine lattice.

Definition 8.1 (the extended scheme; conditions (N), (Y), (Y1)). The extended scheme is
the scheme of Definition 2.5 with an arbitrary real Borel function gd on R and arbitrary real
normalisations cN , c′N , N ≥ N0. For it we consider the following conditions. All suprema run
over the levels N ≥ N0, the same set of levels for which the conditions are imposed and the
conclusions drawn (raising N0 is allowed).

ζ := sup
N≥N0

|ζN | = sup
N≥N0

|cN | ε−3/2
N <∞;(N)

there is a seminorm p on C∞
c (R3;R), free of N and admissible, such that

ωN
(
|YN (h)| ∧ 2

)
≤ p(h) for all h ∈ C∞

c (R3;R) and all N ≥ N0;(Y)

A1 := sup
N≥N0

|kN |ωN
(
|gd(ρ̃0)|

)
<∞.(Y1)

In (Y1) and below, 0 · ∞ := 0: at a level with c′N = 0 the density term vanishes. In (Y),
admissible is the notion of Definition 4.1, read for h alone: hn → h in C∞

c (R3;R) (supports in a
fixed compact set, all derivatives uniformly) implies p(hn − h) → 0; equivalently, the seminorm
(f, h) 7→ p(h) on T is admissible.

Condition (N) is the bounded curvature ratio; (Y) is the abstract density clause; and (Y1) is
the first-moment clause. For the pinned normalisations, (N) holds with ζ = 1, and for bounded
gd clause (Y1) holds with A1 ≤ ∥gd∥∞: the scheme of Definition 2.5 is covered.

Lemma 8.2 (the density clauses). (1) (Y1) implies (Y) with p = A1E. (2) Clause (Y) is
equivalent to the L1 bound ωN (|YN (h)|) ≤ p(h) for all h and all N ≥ N0, with the same
seminorm. In particular (Y) forces ωN (|gd(ρ̃0)|) <∞ at every level N ≥ N0 with c′N ̸= 0.

Proof. (1) Pointwise, |YN (h)| ≤ |c′N |
∑

z |h(z)| |gd(ρ̃z)|, a finite sum of Borel functions ≥ 0.
Integrating term by term and using (8.1),

ωN
(
|YN (h)|

)
≤ |c′N |

∑
z

|h(z)|ωN
(
|gd(ρ̃0)|

)
= |kN |ωN

(
|gd(ρ̃0)|

)
EN (h) ≤ A1E(h).

The seminorm E is admissible, by the bound E(h) ≤ |K+a0 | ∥h∥∞.
(2) An L1 bound implies (Y) trivially. Conversely, apply (Y) to sh, s > 0: since p is a seminorm

and YN is linear in h, ωN (|YN (h)| ∧ (2/s)) ≤ p(h); let s ↓ 0 and use monotone convergence. For
the last assertion fix N with c′N ̸= 0 and choose h ∈ C∞

c with h(0) = 1 and support in the
open ball of radius εN about the origin: the origin is the only site of εNZ3 in the support, so
YN (h) = c′Ngd(ρ̃0) and ωN (|gd(ρ̃0)|) ≤ p(h)/|c′N | <∞. □

8.2. The estimate in first-moment form and the theorem.

Lemma 8.3 (the estimate in first-moment form). Assume (N) and (Y). Then for every test
pair σ = (f, h) and every level N ≥ N0,

(8.2) ωN
(
|ΦN (σ)| ∧ 2

)
≤ ζ R(f) + p(h) =: ∥σ∥x,
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and ∥ · ∥x is an admissible seminorm on T , free of N . Consequently, for all σ, σ′ ∈ T and
N ≥ N0,

(8.3) |ZN (σ) − ZN (σ′)| ≤ ωN
(
|ΦN (σ − σ′)| ∧ 2

)
≤ ∥σ − σ′∥x.

Under (N) and (Y1) this holds with ∥σ∥x = ζR(f) +A1E(h).

Proof. Write X = XN (f), Y = YN (h). Pointwise on ΩN , |X+Y | ∧2 ≤ |X|+ (|Y | ∧2): if |Y | ≥ 2
the right side is at least 2, and otherwise |X + Y | ≤ |X| + |Y |. Curvature part. X =

∑
p apfp

with the real plaquette function ap = cNfµν(p)(xp) of finite support, and X2 is a continuous local
function ≥ 0. Theorem 3.1, which holds for every real plaquette function, gives for every large
side L

⟨X2⟩fineL ≤
∑
p

a2p = ζ2N ε
3
N

∑
p

fµν(p)(xp)
2 ≤ ζ2R(f)2,

hence
∫
X2dµN ≤ lim infn⟨X2⟩fineLn

≤ ζ2R(f)2 by Theorem 11.5(e), exactly as in the proof of
Proposition 4.2, and ωN (|X|) ≤ ζR(f) by the Schwarz inequality. Density part. ωN (|Y |∧2) ≤ p(h)
is (Y). Adding the two parts gives (8.2). The seminorm R is admissible (the paragraph after
Definition 4.1) and p is admissible by (Y), so ∥ · ∥x is. For (8.3) use the additivity of ΦN , the
inequality |eix−eiy| ≤ |x−y|∧2 and the positivity of ωN . The last sentence is Lemma 8.2(1). □

Proposition 6.1 has the estimate (4.1) among its hypotheses. The first half of (4.1) is an L2

bound on the tori; it fails as soon as gd(ρ̃0) is not square integrable under the torus states, which
(Y) does not exclude. The proof of Proposition 6.1 does not use that half, and we restate the
proposition with the inequality it uses as its hypothesis.

Proposition 8.4 (the passage to the limit, with (6.1) as hypothesis). Let ΦN (σ), N ≥ N0, be

real Borel local functions on ΩN , additive in σ ∈ T , and ιN (eσ) = eiΦN (σ), ZN (σ) = ωN (eiΦN (σ)).
Assume:

(h1) each ωN , N ≥ N0, is a state on the bounded Borel local functions;
(h2) the unimodularity bound (2.4);
(h3) the conclusions of Lemma 5.1 for these ωN and ιN , including the intertwining of ιN with

the lattice translations and the cubic group stated in its proof;
(h4) there is an admissible seminorm ∥ · ∥′ on T , free of N , with ωN (|ΦN (σ)| ∧ 2) ≤ ∥σ∥′ for

all σ ∈ T and N ≥ N0.

Then all conclusions of Proposition 6.1 hold: there are N0 ≤ N1 < N2 < · · · and a linear
S : A → C with clauses (a), (b), (c) there; S is invariant under all space translations and under
the cubic group about every point of

⋃
m εNmZ3; |S(a)| ≤M(a); and |Z(σ) − Z(σ′)| ≤ ∥σ − σ′∥′

for Z(σ) = S(eσ).

Proof. We follow the proof of Proposition 6.1. That proof uses the estimate (4.1) in its Step 1
only, and there only the second half, to obtain (6.1) (see also part (i) of the remark that
follows that proof). Under (h4), the argument of Step 1 (the additivity of ΦN , the inequality
|eix− eiy| ≤ |x−y| ∧2 and the positivity of ωN ) gives (6.1) with ∥ · ∥′ in place of C∥ · ∥. Steps 2–6
use only (6.1), the admissibility of the seminorm, (2.4) and Lemma 5.1. Indeed, Step 2 uses
separability and admissibility, and the diagonal extraction of Step 3 uses |ZN | ≤ 1 and (6.1).
Step 4 uses (6.1) in the limit, and Step 5 uses Lemma 5.1 on the nested lattices εNmZ together
with Step 4. Step 6 uses (6.1) in the limit, applied to the second factor. None of these steps
involves a density function, a normalisation or the tori, so they apply without change. The last
inequality of the statement is (6.1) in the limit. □

Theorem 8.5 (the limit functional for the extended scheme). Let the fine model and the fine
infinite-volume states ωN , N ≥ N0, be as in Theorem 7.1 (any positive couplings, any real δmB,
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which may depend on N ; limit points of the torus states in the sense of Definition 2.3), and let
the scheme be the extended scheme of Definition 8.1, with a real Borel density function gd and
real normalisations cN , c

′
N that satisfy (N) and (Y); in particular, that satisfy (N) and (Y1).

Then there are N0 ≤ N1 < N2 < · · · and a linear S : A → C with

(a) limm→∞ ωNm(ιNm(a)) = S(a) for every a ∈ A, i.e. ZNm(σ) → Z(σ) = S(eσ) for every
test pair σ;

(b) S(τta) = S(a) for all t ∈ R, a ∈ A;
(c) t 7→ S(Θa · τtb) is continuous on [0,∞) for all a, b ∈ A+.

Moreover S is invariant under all space translations and under the cubic group about every point
of

⋃
m εNmZ3, |S(a)| ≤M(a), and

(8.4) |Z(σ) − Z(σ′)| ≤ ζ R(f − f ′) + p(h− h′) for all test pairs σ = (f, h), σ′ = (f ′, h′).

The ratios ζN , kN may have either sign, need not converge and need not be bounded away
from zero. Condition (Y) is verified in the cases (V1)–(V4) of Proposition 8.10.

Proof. We verify the hypotheses of Proposition 8.4. (h1) is Theorem 11.5(b); it does not involve
the scheme. (h2) holds because ΦN (σ) is real (Subsection 8.1). (h3): the first assertion of
Lemma 5.1, the invariance of ωN on bounded Borel local functions under the lattice translations,
the reflections and the cubic rotations, is a statement about µN alone. Its second assertion, the
intertwining of ιN with these maps, is a relabelling of the plaquettes and sites in the two sums
that define ΦN (σ); it uses only that the same function gd sits at every site and that cN , c′N do

not depend on the position, and eiΦN (σ) is a bounded Borel local function for every real Borel gd.
So Lemma 5.1 holds verbatim for the extended scheme. (h4) is Lemma 8.3 with ∥ · ∥′ = ∥ · ∥x.
Proposition 8.4 gives the assertions, and (8.4) is its last inequality. □

8.3. Uniform integrability, and what survives without integrability. The proof of
Theorem 8.5 uses a first moment, not uniform integrability and not a second moment: the
smallness needed for (b) and (c) comes from the test function, through the admissibility of
the seminorm, and not from the tails of gd. Uniform integrability adds one statement, the
approximation of the limit by limits of bounded-density schemes.

Lemma 8.6 (uniform integrability and truncation). Assume (N) and

(UI) η(ℓ) := sup
N≥N0

ωN

(
|kNgd(ρ̃0)|1{|kNgd(ρ̃0)| > ℓ}

)
−→ 0 (ℓ→ ∞).

For ℓ ∈ {1, 2, . . . } let gN,ℓ := gd1{|kNgd| ≤ ℓ}, a Borel function with |kNgN,ℓ| ≤ ℓ (bounded

if kN ̸= 0), which depends on the level N unless kN is constant, and let Φ
(ℓ)
N (σ) := XN (f) +

c′N
∑

z h(z)gN,ℓ(ρ̃z), Z
(ℓ)
N (σ) := ωN (eiΦ

(ℓ)
N (σ)) be the truncated scheme at height ℓ. Then:

(i) (Y1) holds, with A1 ≤ ℓ+ η(ℓ) for every ℓ; so Theorem 8.5 applies.

(ii) |Z(ℓ)
N (σ) − ZN (σ)| ≤ E(h) η(ℓ) for all N ≥ N0, all σ = (f, h) and all ℓ.

(iii) There are levels N0 ≤ N1 < N2 < · · · and linear functionals S, Sℓ (ℓ = 1, 2, . . . ) on A
such that, along (Nm), ZNm(σ) → S(eσ) and Z

(ℓ)
Nm

(σ) → Sℓ(eσ) for every σ and ℓ; S and
every Sℓ have all the properties stated in Theorem 8.5; and

|S(eσ) − Sℓ(eσ)| ≤ E(h) η(ℓ),

sup
t≥0

∣∣S(Θa · τtb) − Sℓ(Θa · τtb)
∣∣ ≤ (

|K1,+a0 | ∥h1∥∞ + |K2,+a0 | ∥h2∥∞
)
η(ℓ)

for a = eσ1, b = eσ2, σi = (fi, hi) and compact sets Ki ⊃ supphi.
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Thus S = limℓ→∞ Sℓ pointwise on A, with the explicit rate E(h)η(ℓ) on the basis, along one and
the same sequence of levels. For the pinned normalisations the truncated density function is the
fixed function gd1{|gd| ≤ ℓ}, and Sℓ is a limit functional of Theorem 7.1 as stated.

Proof. (i) |kNgd| ≤ ℓ+ |kNgd|1{|kNgd| > ℓ}; integrate, and choose ℓ with η(ℓ) <∞.
(ii) By |eix − eiy| ≤ |x − y| ∧ 2, the positivity of ωN , the translation invariance of µN and

|c′N | = |kN |ε3N ,

|Z(ℓ)
N (σ) − ZN (σ)| ≤ |c′N |

∑
z

|h(z)|ωN
(
|gd(ρ̃z)|1{|kNgd(ρ̃z)| > ℓ}

)
= EN (h)ωN

(
|kNgd(ρ̃0)|1{|kNgd(ρ̃0)| > ℓ}

)
≤ E(h) η(ℓ).

(iii) The truncated scheme at height ℓ has a bounded density term: |c′N
∑

z h(z)gN,ℓ(ρ̃z)| ≤
ℓEN (h) ≤ ℓE(h) pointwise (if kN = 0 the term vanishes). As in Lemma 8.3, ωN (|Φ(ℓ)

N (σ)| ∧ 2) ≤
ζR(f) + ℓE(h), an admissible seminorm free of N . Neither Lemma 5.1 nor the proof of
Proposition 8.4 uses that the density function is the same at different levels; they use only
that it is the same at all sites of one level. Hence hypotheses (h1)–(h4) hold for each truncated
scheme, and for the untruncated one by (i). In Step 3 of the proof of Proposition 6.1 the diagonal
extraction can be made for countably many schemes at once: there is one sequence (Nm) along

which ZNm(σ′) and all Z
(ℓ)
Nm

(σ′), ℓ = 1, 2, . . . , converge for every σ′ in the countable dense set
D. Steps 3–6 then apply to each scheme along this sequence and give S and Sℓ with the stated
properties. The first bound is (ii) in the limit. For the second, Θa · τtb = e−θσ1+τtσ2 has density
component −θh1 + τth2, and

E(−θh1 + τth2) ≤ E(θh1) + E(τth2) ≤ |K1,+a0 |∥h1∥∞ + |K2,+a0 |∥h2∥∞

for every t, because reflections and translations do not change the volume of the neighbourhood.
□

Remark 8.7 (sufficient conditions). (UI) holds, with η(ℓ) ≤ Cℓ−δ, if supN≥N0
ωN (|kNgd(ρ̃0)|1+δ) ≤

C for some δ > 0; (UI) holds with η(ℓ) = 0 for ℓ ≥ supN |kN | ∥gd∥∞ if gd is bounded and
supN |kN | <∞. Every property of the Sℓ that is stable under pointwise limits on A passes to S.
For clauses (a)–(c) Lemma 8.6 is contained in Theorem 8.5; what (UI) adds is the approximation
statement (iii). Remark 7.5(iv) states the first-moment weakening for the pinned normalisations;
Lemmas 8.2, 8.3 and Theorem 8.5 are its proof, in the general normalisation.

Remark 8.8 (no integrability at all). Let gd be any real Borel function and cN , c′N any real
numbers, with no condition. (1) Since |ZN (σ)| ≤ 1, the family (ZN )N≥N0 lies in the product of
closed unit discs indexed by T , which is compact. Hence a subnet (Nα) has ZNα(σ) → Z(σ) for
every σ, and S(eσ) := Z(σ) extends to a linear functional on A with ωNα(ιNα(a)) → S(a) and
|S(a)| ≤M(a). This is not clause (a), which asks for a sequence of levels; T is uncountable, and
this argument produces no subsequence. (2) For every prescribed countable set D of test pairs,
a diagonal extraction gives a subsequence along which ZN (σ) converges for all σ ∈ D; Step 3
of the proof of Proposition 6.1 uses only |ZN | ≤ 1 for this. (3) For the limits of (1) and of (2),
Lemma 5.1 gives Z(τtσ) = Z(σ) for the times t ∈ a0Z[1/5] =

⋃
N εNZ (in (2), for σ ∈ D and D

invariant under these translations): for such t the invariance is exact at every large level, and no
estimate is used. (4) The remaining steps are the passage from D to all test pairs, the continuity
of t 7→ S(τta), hence clause (b) for all real t, and clause (c). In the proof of Proposition 6.1 each
of them uses (6.1) and nothing else, and what gives (6.1) here is (Y). Without (Y) this argument
does not give these steps; we do not know whether they can fail for some gd.
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8.4. General normalisations: the pinned scheme as the case of equality. Theorem 8.5 is
stated for all real cN , c′N with (N) and (Y). The Riemann scaling of the curvature normalisation,
which enters the proof of Proposition 4.2 (Remark 7.3), can thus be weakened to the bound
(N); the equality ζN = 1 is not required. We do not know whether (N) is necessary. The next
statement describes the limit. Its degenerate cases (1) and (3) require ζNm → 0 for the ratio

ζN = cNε
−3/2
N , a condition on the normalisation of the curvature; they do not occur for the

pinned normalisations, where ζN = kN = 1. Case (2) is a condition on the density term, that is,
on the ratio kN = c′Nε

−3
N and the density function together.

Corollary 8.9 (the limit for general normalisations). Assume (N) and (Y), and let (Nm), S be
as in Theorem 8.5.

(1) If ζNm → 0, then S(e(f,h)) = S(e(0,h)) for all test pairs: the curvature drops out, and S is
the limit of the density sector alone.

(2) If ωNm(|YNm(h)| ∧ 2) → 0 for every h, for instance if kNmωNm(|gd(ρ̃0)|) → 0, then
S(e(f,h)) = S(e(f,0)) for all test pairs: the density drops out, and S is the limit of the
curvature sector at the normalisation cN .

(3) If both hold, then S(eσ) = 1 for every σ, that is, S(
∑

j cjeσj ) =
∑

j cj. Clauses (a)–(c)

hold, S(Θa · b) = S(Θa)S(b), and the Hilbert space reconstructed from S (Section 9) is
one-dimensional.

(4) Assume in addition supN |kN | < ∞ and Apin
1 := supN≥N0

ωN (|gd(ρ̃0)|) < ∞, and let

Φpin
N , Zpin

N belong to the scheme with the same gd and the pinned normalisations. Then

ΦN (f, h) = Φpin
N (ζNf, kNh) exactly. If ζNm → ζ∞ and kNm → k∞, which holds along a

subsequence of every sequence of levels, then

S(e(f,h)) = Spin
(
e(ζ∞f, k∞h)

)
for all test pairs (f, h),

where Spin is a limit of the pinned scheme, given by Theorem 8.5, along (Nm) if ζ∞k∞ ̸= 0
and along a subsequence of (Nm) otherwise. The dilation D(f, h) = (ζ∞f, k∞h) of
test pairs commutes with θ and τt and preserves supports, so it induces an algebra
homomorphism of A which commutes with Θ and τt and maps A+ into A+, and S =
Spin ◦D. The pinned normalisations are the case of equality ζN = kN = 1, D = id.

The properties (a)–(c) of Theorem 7.1 do not exclude case (3); the non-degeneracy of the limit is
a separate question. The additional assumptions of part (4) hold in case (V1) of Proposition 8.10.

Proof. (1) By (8.3) and the curvature part of the proof of Lemma 8.3, |ZN (f, h) − ZN (0, h)| ≤
ωN (|XN (f)| ∧ 2) ≤ |ζN |R(f); let N = Nm → ∞. (2) Likewise |ZN (f, h) − ZN (f, 0)| ≤
ωN (|YN (h)| ∧ 2), and ωN (|YN (h)|) ≤ |kN |ωN (|gd(ρ̃0)|)E(h) by the proof of Lemma 8.2(1). (3) By
(1) and (2), S(e(f,h)) = S(e(0,h)) = S(e(0,0)) = 1. Then S is the character

∑
j cjeσj 7→

∑
j cj of

the group algebra, which is multiplicative; the sesquilinear form (a, b) 7→ S(Θa · b) = S(Θa)S(b)

has rank one. (4) The identity holds because ΦN is linear in the test pair and cN = ζNε
3/2
N ,

c′N = kNε
3
N . The pinned scheme satisfies (N) with ζ = 1 and (Y1) with A1 = Apin

1 , so by (8.3)
for it, ∣∣Zpin

N (ζNf, kNh) − Zpin
N (ζ∞f, k∞h)

∣∣ ≤ |ζN − ζ∞|R(f) + |kN − k∞|Apin
1 E(h) −→ 0

along (Nm). Hence Zpin
Nm

(ζ∞f, k∞h) → S(e(f,h)) for all (f, h). If ζ∞k∞ ̸= 0 the dilation D is

onto T , so Zpin
Nm

converges on all of T , and its limit Spin has the properties of Theorem 8.5 by
Steps 3–6 of the proof of Proposition 6.1 along (Nm). Otherwise pass to a subsequence of (Nm)
along which the pinned scheme converges (Theorem 8.5, whose proof starts from any infinite
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set of levels). The properties of D are read off its definition; bounded ratios have convergent
subsequences. □

8.5. What the available bounds give. We write ρx = ρ0,0 + ρ̃x ≥ 0 for the site field, as in
Section 2, and ρ0,0(N) when the level of the vacuum value must be explicit: ρ0,0(N)2 = εNρ

2
0

decreases with N . (The constant ρ0 is the continuum vacuum value; to avoid a clash, the site
field is always written at a generic site x. All states below are translation invariant, so one-site
moments do not depend on x.)

This paper proves no moment bound for the site field that is uniform in the level and holds for
every δmB: the one constant uniform in N is that of Theorem 3.1 (Remark 2.1). Lemma 11.2

and Theorem 11.5(b) give ⟨eqρ2x⟩fineL ≤ CN (q) and
∫
eqρ

2
xdµN ≤ CN (q), uniformly in the volume

at a fixed level, and the constant diverges with the level:

(8.5) CN (q) ≥ π24 exp
(
192/(εNe

2)
)

for every q ≥ 0 and every N.

Indeed, in the notation of Lemma 11.2, CN (q) = (Gct
q /G

ct
0 )C8

1 with Gct
q ≥ Gct

0 and

C1 ≥ Gct
0 (2π/γN )3K ′3

γN
/c0 = (Gct

0 /c
ct
g )(π/ch)3K ′3

γN
e24/γ

2
N ≥ π3e24/γ

2
N ,

because Gct
0 ≥

∫ 1
0 gct(r) dr ≥ cctg , ch ≤ 1 and K ′

γN
≥ 1; and γ2N = εNe

2. The divergence

is not only an effect of the factor C8
1 : at δmB = 0 the site ratio itself satisfies Gct

q /G
ct
0 ≥

π−1/2 exp
(
q2/(4εNλ) − 1

)
for every q > 0. Indeed, with u = ρ2, Gct

q = 1
2

∫∞
0 e−λ0(u−ρ

2
0,0)

2+qudu;

the exponent is at least q2/(4λ0) − 1 on the interval of length λ
−1/2
0 to the right of its maximum

point u = ρ20,0 + q/(2λ0), so Gct
q ≥ 1

2λ
−1/2
0 eq

2/(4λ0)−1, while Gct
0 ≤ 1

2(π/λ0)
1/2.

Proposition 8.10 (pairs (gd, c
′
N ) that satisfy the density clause). Let cN satisfy (N). In each

of the cases (V1)–(V3) condition (UI) holds; hence (Y1), Theorem 8.5 and Lemma 8.6 apply. In
case (V4), (Y1) holds and Theorem 8.5 applies.

(V1) Bounded on the relevant half line. gd is bounded on [−ρsup,∞), where ρsup :=
supN≥N0

ρ0,0(N) (on R if ρsup = ∞; ρsup = ρ0,0(N0) for the scaling of Section 2),

in particular if it is bounded, and supN |kN | <∞; the Riemann normalisation c′N = ε3N
is included. Then η(ℓ) = 0 for ℓ ≥ supN |kN | supr≥−ρsup |gd(r)|. Examples, for ρsup <∞:

e−r, the negative part of r, min(r, 1).
(V2) Polynomial growth, from an exponential bound. |gd(r)| ≤ Cg(1 + |r|)2m with an integer

m ≥ 1. For each N ≥ N0 let tN > 0 and BN := CN (tN ), the constant of Lemma 11.2,

so that ⟨etNρ2x⟩fineL ≤ BN for all sides L ≥ 4εN . Put MN := 1 + ρ2m0,0 +m! t−mN BN and let

|c′N | ≤ C ε3N/MN . Then

ωN
(
|kNgd(ρ̃0)|2

)
≤ C2C2

g 28m−2
(
2m
m

)
(N ≥ N0), η(ℓ) ≤ C2C2

g 28m−2
(
2m
m

)
ℓ−1.

(V3) Polynomial growth, from Lemma 8.12 below. |gd(r)| ≤ Cg(1 + |r|)p with a real p ≥ 0,

and |c′N | ≤ C ε3N (1 + ρ0,0 + b
1/2
N )−p, with the scale bN of Lemma 8.12. Then, with

p′ := max(1, ⌈p⌉) and the constants cj of that lemma, ωN (|kNgd(ρ̃0)|2) ≤ C2C2
g c

p/p′

p′ for

N ≥ N0, and η(ℓ) ≤ C2C2
g c

p/p′

p′ ℓ−1.

(V4) Some normalisation always works at the first-moment level. If aN := ωN (|gd(ρ̃0)|) <∞
for every N ≥ N0, which holds whenever |gd(r)| ≤ Cge

qr2, then (Y1) holds for every c′N
with |c′N | ≤ Cε3N/max(1, aN ). Clause (Y1) holds at the Riemann normalisation c′N = ε3N
if and only if supN aN <∞.
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Proof. (V1) ρ̃0 ≥ −ρ0,0(N) ≥ −ρsup on ΩN , by the definition of ρsup, so |kNgd(ρ̃0)| ≤
supN |kN | supr≥−ρsup |gd(r)| pointwise.

(V2) BN ≥ 1 because etρ
2 ≥ 1. By convexity, (1+ |r|)4m ≤ 24m−1(1+ |r|4m) and |ρ̃0|4m ≤ (ρx+

ρ0,0)4m ≤ 24m−1(ρ4mx + ρ4m0,0 ) at the site x = 0. From ρ4m ≤ (2m)! t−2metρ
2

and Theorem 11.5(e),∫
ρ4mx dµN ≤ lim infn⟨ρ4mx ⟩fineLn

≤ (2m)! t−2m
N BN . Hence

ωN
(
(1 + |ρ̃0|)4m

)
≤ 28m−2

(
1 + ρ4m0,0 + (2m)! t−2m

N BN
)
,

M2
N ≥ 1 + ρ4m0,0 + (m!)2t−2m

N B2
N ≥ 1 + ρ4m0,0 + (m!)2t−2m

N BN ,

and the quotient of the two right sides is at most 28m−2(2m)!/(m!)2. With |kN | ≤ C/MN this is
the L2 bound; a family bounded in L2 by Q has η(ℓ) ≤ Q2/ℓ.

(V3) For p = 0 the function is bounded and |kN | ≤ C. Let p > 0. On the probability space

(ΩN , µN ), first by Lyapunov’s inequality (2p ≤ 2p′) and then by Minkowski’s inequality in L2p′

(2p′ ≥ 2), with |ρ̃0| ≤ ρx + ρ0,0 and Lemma 8.12,∥∥(1 + |ρ̃0|)p
∥∥
L2 =

∥∥1 + |ρ̃0|
∥∥ p
L2p ≤

∥∥1 + |ρ̃0|
∥∥ p
L2p′

≤
(
1 + ρ0,0 + c

1/(2p′)
p′ b

1/2
N

)p ≤ c
p/(2p′)
p′

(
1 + ρ0,0 + b

1/2
N

)p
,

since cp′ ≥ 1. Multiply by |kN |Cg ≤ CCg(1 + ρ0,0 + b
1/2
N )−p.

(V4) |kN |aN ≤ C. If |gd(r)| ≤ Cge
qr2 , then |gd(ρ̃0)| ≤ Cge

2qρ20,0e2qρ
2
x and aN ≤

Cge
2qρ20,0CN (2q) < ∞ by Theorem 11.5(b). The last sentence is the definition of (Y1) at

kN = 1. □

Remark 8.11 (the scope of the cases). Proposition 8.10 covers the following density functions
and normalisations, and nothing is asserted outside them. Case (V1): density functions bounded
on [−ρsup,∞), at every normalisation with supN |kN | <∞, the Riemann normalisation c′N = ε3N
included. Cases (V2) and (V3): polynomial growth, at the normalisations stated there, which
compare with the Riemann normalisation as follows. In (V2), by (8.5), the normalisation is
smaller than the Riemann one by at least the factor (tmN/m!)π−24 exp(−192/(εNe

2)). In (V3),

bN ≥ (2εNλ)−1/2, so that it is smaller by at least the factor (2εNλ)p/4; under the additional

condition supN (δmB)−λ
−1/2
0 <∞ on the counterterm, bN ≤ C ′ε

−1/2
N and c′N = ε

3+p/4
N is allowed

in (V3). Case (V4): density functions with aN <∞ at every level, in particular those of growth

at most Cge
qr2 , at the normalisations |c′N | ≤ Cε3N/max(1, aN ). For a density function that is

unbounded on [−ρsup,∞) the cases do not give the Riemann normalisation for every value of the
counterterm δmB(N) (Remark 8.13): for gd = id or a polynomial of degree p, clause (Y1) at the
Riemann normalisation is the level-uniform moment bound supN ωN (|ρ̃0|p) <∞. In the cases
(V2) and (V3) Theorem 8.5 holds, but Proposition 8.10 does not assert that the density term
survives in the limit; this question is treated in Remark 8.14.

Lemma 8.12 (all moments of the site field at the scale bN ). For every level N , every torus side
L, every real δmB, every κN ≥ 0, every site x and every integer j ≥ 1,

⟨ρ2jx ⟩fineL ≤ cj b
j
N , bN := ρ20,0 +

(δmB)−
4λ0

+
1

(2λ0)1/2
,

c1 = c2 = 1, cj = cj−1 + (j − 1)cj−2 (j ≥ 3),

where (δmB)− := max(0,−δmB); and
∫
ρ2jx dµN ≤ cjb

j
N . In particular c3 = 3, c4 = 6, and

cj ≥ 1.
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Proof. Fix N , L and x, write ⟨·⟩ = ⟨·⟩fineL and mi := ⟨ρix⟩, which is finite for every i ≥ 0

(Definition 10.1: every function dominated by Ce
∑

y qyρ
2
y is integrable) and does not depend on x.

As a function of ρx ∈ [0,∞), with all other variables fixed, the weight is

W = ρx e
−U(ρx)

∏
b∋x

exp
(
− 1

2κN
(
ρ2x + ρ2y(b) − 2ρxρy(b) cosϑb

))
× (a factor free of ρx),

U(ρ) := λ0(ρ
2 − ρ20,0)

2 + 1
2δmBρ

2,

the product over the six bonds b at x, with y(b) the other end of b and ϑb = γNBb; the Villain
sum and the integrals over the bond variables do not involve ρx. Let k ≥ 1. The function ρkxW

vanishes at ρx = 0 and decays at infinity like e−λ0ρ
4
x times a polynomial, so

∫∞
0 ∂ρx [ρkxW ] dρx = 0,

and

∂ρx
[
ρkxW

]
=

(
(k + 1)ρk−1

x − ρkxU
′(ρx) − κN

∑
b∋x

(
ρk+1
x − ρkxρy(b) cosϑb

))
W.

Each term on the right is a polynomial in the site fields times a bounded function times W ,
hence integrable over all variables (Definition 10.1 and the inequality (2.1)); by Fubini’s theorem
we may integrate over the other variables and divide by the mass of W :

(8.6)
〈
ρkxU

′(ρx)
〉

= (k + 1)mk−1 − κN
∑
b∋x

〈
ρk+1
x − ρkxρy(b) cosϑb

〉
.

The hopping sum is non-negative. Since ρ ≥ 0 and | cos | ≤ 1, Hölder’s inequality with the
exponents (k + 1)/k and k + 1 and the translation invariance of the torus state give

⟨ρkxρy cosϑb⟩ ≤ ⟨ρk+1
x ⟩k/(k+1)⟨ρk+1

y ⟩1/(k+1) = ⟨ρk+1
x ⟩.

The recursion. U ′(ρ) = 4λ0ρ(ρ2 − ρ20,0) + δmBρ, so

⟨ρkxU ′(ρx)⟩ = 4λ0mk+3 − (4λ0ρ
2
0,0 − δmB)mk+1 ≥ 4λ0mk+3 − βmk+1

with β := 4λ0ρ
2
0,0 + (δmB)−. With (8.6) and κN ≥ 0,

(8.7) 4λ0mk+3 ≤ (k + 1)mk−1 + β mk+1 (k ≥ 1).

j = 1, 2. For k = 1, with m0 = 1 and m2 ≤ m
1/2
4 =: s, (8.7) reads 4λ0s

2 − βs− 2 ≤ 0, hence

s ≤ β + (β2 + 32λ0)
1/2

8λ0
≤ β

4λ0
+

(32λ0)
1/2

8λ0
= ρ20,0 +

(δmB)−
4λ0

+
1

(2λ0)1/2
= bN ,

that is, m4 ≤ b2N and m2 ≤ bN .
j ≥ 3. Take k = 2j − 3 in (8.7) and use induction:

m2j ≤
j − 1

2λ0
m2(j−2) +

β

4λ0
m2(j−1) ≤

j − 1

2λ0
cj−2b

j−2
N +

β

4λ0
cj−1b

j−1
N

≤
(
(j − 1)cj−2 + cj−1

)
b jN ,

because 1/(2λ0) ≤ b2N and β/(4λ0) ≤ bN .

The limit state. ρ2jx is a continuous local function ≥ 0, so
∫
ρ2jx dµN ≤ lim infn⟨ρ2jx ⟩fineLn

≤ cjb
j
N

by Theorem 11.5(e). □

The scale bN is polynomially bounded in ε−1
N when (δmB)− stays bounded, against the

exponential of (8.5), but it is not uniform in the level: bN ≥ (2εNλ)−1/2. The bound uses the
hopping term only through its sign.
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Remark 8.13 (a level-uniform moment bound requires information on the counterterm). The-
orems 7.1, 11.5 and 8.5 hold for every real δmB, with any dependence on N . For some such
choices the level-uniform moments fail; so they cannot follow from statements that hold for every
δmB. Let δmB(N) = −c for all N , with a fixed c > 0, and κN = 1. Then, uniformly in the side
L,

⟨ρ2x⟩fineL ≥ 3c

16λ εN
− 6

c
log

1

εNλ
− C ′,(8.8)

⟨ρx⟩fineL ≥
(
⟨ρ2x⟩fineL

)3/2
bN

≥ 3
√

3

16

( c

λ εN

)1/2(
1 − o(1)

)
(N → ∞),(8.9)

with C ′ depending on c, λ, e, ρ0, a0 only and 3
√

3/16 > 0.32. By Theorem 11.5(a) (both functions

are continuous, local and dominated by eρ
2
x) the same bounds hold for ωN (ρ2x) and ωN (ρx). Hence

the second and the first moment of the site variable diverge, ωN (|ρ̃0|) ≥ ωN (ρx)− ρ0,0 → ∞, and
(Y1) fails for gd = id at the Riemann normalisation c′N = ε3N : there it is a genuine condition.

Moreover, since ⟨ρ2x⟩fineL is non-increasing in δmB (below), (8.8) holds whenever δmB(N) ≤ −c;
so a level-uniform second moment forces (δmB)−(N) → 0.

Proof of (8.8) and (8.9). Fix N and L; the torus has n := (L/εN )3 sites, 3n bonds and 3n
plaquettes. For d ∈ R let ZL(d) be the mass of the weight W with δmB = d, ⟨·⟩L,d its state, and
F (d) := n−1 logZL(d).

Convexity. By the quartic domination (2.1) one may differentiate under the integral: F ′(d) =
−1

2⟨ρ
2
x⟩L,d (translation invariance) and F ′′(d) = (4n)−1 VarL,d

(∑
y ρ

2
y

)
≥ 0, the variance being

taken under ⟨·⟩L,d. So d 7→ ⟨ρ2x⟩L,d is non-increasing, and

F (−c) − F (−c/2) = 1
2

∫ −c/2

−c
⟨ρ2x⟩L,s ds ≤ c

4 ⟨ρ
2
x⟩L,−c.

Upper bound for F (−c/2). As in Step 1 of the proof of Lemma 11.2: the hopping factors are at
most 1; the sum over the closed v is at most the sum over all v, which is at most K ′ 3n

γN
; each

bond variable ranges over an interval of length 2π/γN ; and, with u = ρ2 and a completed square,
the site integral at d = −c/2 is∫ ∞

0
ρ e−λ0(ρ

2−ρ20,0)2+
c
4
ρ2dρ = 1

2e
c
4
ρ20,0+

c2

64λ0

∫ ∞

0
e
−λ0(u−ρ20,0−

c
8λ0

)2
du

≤ 1
2

( π
λ0

)1/2
e

c
4
ρ20,0+

c2

64λ0 .

Hence

F (−c/2) ≤ c2

64λ0
+
c

4
ρ20,0 +

1

2
log

π

4λ0
+ 3 log

2π

γN
+ 3 logK ′

γN
.

Lower bound for F (−c). All terms of the sum over v are ≥ 0; keep v = 0 and restrict the
integral to ρy ∈ [R,R + 1] for all sites, R2 := ρ20,0 + c/(4λ0), and |Bb| ≤ 1/(γN (R + 1)) for all

bonds (a subset of the domain). On this set the site factor at d = −c is

ρ e−λ0(ρ
2−ρ20,0)2+

c
2
ρ2 = ρ e

−λ0(ρ2−R2)2+ c2

16λ0
+ c

2
ρ20,0 ≥ Re

c2

16λ0
−8λ0ρ20,0−2c−2λ0 ,

because 0 ≤ ρ2 − R2 ≤ 2R + 1 and λ0(2R + 1)2 ≤ λ0(8R
2 + 2); the hopping factor is at least

e−κN = e−1, because |eiγNBρ′ − ρ|2 = (ρ′ − ρ)2 + 2ρρ′(1 − cos γNB) ≤ 1 + (R + 1)2γ2NB
2 ≤ 2;

and the plaquette factor is at least e−8/(γN (R+1))2 , because |(dB)p| ≤ 4/(γN (R + 1)). The set
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has volume 1 per site and 2/(γN (R+ 1)) per bond. Hence

F (−c) ≥ c2

16λ0
+ logR− 8λ0ρ

2
0,0 − 2c− 2λ0 − 3 + 3 log

2

γN (R+ 1)
− 24

γ2N (R+ 1)2
.

The difference. The powers of γN cancel, 3 log 2
γN (R+1) − 3 log 2π

γN
= −3 log(π(R + 1)), and

γ2NR
2 ≥ γ2Nc/(4λ0) = e2c/(4λ). Therefore

F (−c) − F (−c/2) ≥ 3c2

64λ0
−
[
3 log(π(R+ 1)) − logR+ 1

2 log
π

4λ0
+
(
c
4 + 8λ0

)
ρ20,0

+ 2c+ 2λ0 + 3 + 3 logK ′
γN

+
96λ

e2c

]
.

In the bracket,

3 log(R+ 1) − logR = log(ρ20,0 +
c

4λ0
) + 3 log(1 +

1

R
) = log

1

λ0
+ log(

c

4
+ λ0ρ

2
0,0) + 3 log(1 +

1

R
),

and λ0 ≤ a0λ, ρ20,0 ≤ a0ρ
2
0, 1/R ≤ (4a0λ/c)

1/2, while K ′
γN

is bounded uniformly in N by the

bound given in Lemma 11.2, which increases with γN ≤ a
1/2
0 e. So the bracket is at most

3
2 log 1

λ0
+ C ′′ with C ′′ = C ′′(c, λ, e, ρ0, a0), and with the convexity step,

⟨ρ2x⟩L,−c ≥
4

c

( 3c2

64λ0
− 3

2
log

1

λ0
− C ′′

)
=

3c

16λ0
− 6

c
log

1

λ0
− 4C ′′

c
,

which is (8.8) (λ0 = εNλ).

The first moment. By Hölder’s inequality with the exponents 3/2 and 3, ⟨ρ2x⟩ ≤ ⟨ρx⟩2/3⟨ρ4x⟩1/3,

so ⟨ρx⟩ ≥ ⟨ρ2x⟩3/2⟨ρ4x⟩−1/2 ≥ ⟨ρ2x⟩3/2/bN by Lemma 8.12. At δmB = −c, bN = c
4λ0

(1 + o(1)) and

⟨ρ2x⟩L,−c ≥ 3c
16λ0

(1− o(1)), which gives ( 3c
16λ0

)3/2 4λ0c (1− o(1)) = 3
√
3

16 (c/λ0)1/2(1− o(1)), uniformly
in L. □

Remark 8.14 (in the reduced normalisations the density can drop out). Let gd, m, tN , BN , MN

and c′N be as in Proposition 8.10(V2). By the convexity inequalities of its proof and Lemma 8.12,
ωN (|gd(ρ̃0)|) ≤ Cg2

4m−2(1 + ρ2m0,0 + cmb
m
N ). By (8.5), |kN | ≤ CtmNπ

−24 exp(−192/(εNe
2))/m!. So,

as soon as tmN (1 + bmN ) exp(−192/(εNe
2)) → 0, Corollary 8.9(2) applies: S(e(f,h)) = S(e(f,0)), and

the density drops out of S.

In (V3) the situation is different: for gd(r) = r2, c′N = ε3N (1+ρ0,0 +b
1/2
N )−2 and δmB(N) = −c,

the normalised mean satisfies lim infN kNωN (ρ̃20) ≥ 3
4 by (8.8) and bN = c

4λ0
(1 + o(1)), so the

sufficient condition kNωN (|gd(ρ̃0)|) → 0 of Corollary 8.9(2) fails, and so does its hypothesis: for
h ≥ 0, h ̸= 0, the variable YN (h) ≥ 0 has mean at least (34 − o(1))EN (h) and L2(µN ) norm at
most E(h) (Minkowski’s inequality and Lemma 8.12), so ωN (YN (h) ∧ 2) stays bounded below
by the Paley–Zygmund inequality. We do not know whether the limit density is more than a
constant field in this case.

8.6. Results that hold for the extended class.

Remark 8.15 (results that extend). The extended class is the extended scheme of Definition 8.1
with (N) and (Y). The following three lists sort results of this paper according to their relation
to this class: list (A) contains results that hold for the extended class, list (B) results in which
the density function does not enter, and list (C) results that are stated for bounded density
functions only.

(A) Results that extend. The following results hold for the extended class, in the form indicated.
They use of the scheme only clauses (a)–(c) or the inequality (6.1), the unimodularity (2.4), and
the fact that the density function and the normalisations do not depend on the position.
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(A1) Theorem 7.1 holds in the form of Theorem 8.5, Proposition 6.1 in the form of Proposi-
tion 8.4, and Lemma 5.1 verbatim.

(A2) Corollary 11.7(i), which restates the chain from the estimate to Theorem 7.1 for the limit
points, extends by way of Theorem 8.5.

(A3) Part (i) of Theorem 9.4, the continuity of Z, holds with the seminorm of (8.4).
(A4) The first assertion of Proposition 9.12(b), the evenness Z(−f, h) = Z(f, h) under charge

conjugation, extends: in its proof the invariance of µN is applied to the function eiΦN (σ),
which is bounded and Borel for every real Borel gd.

(A5) The inheritance of reflection positivity by S (Proposition 9.9) extends. It follows from
clause (a) and the reflection positivity of ωN on the bounded Borel functions of the closed
half space (Theorem 11.5(d)), because for a test pair supported in {x3 > 0} the sites and
plaquettes that enter ΦN (σ) lie in the closed half space, whatever gd is. For the other
coordinate planes the proof of Proposition 9.9 uses Proposition 9.6, which extends as
well: its proof uses of the scheme only the invariances of S stated in Theorem 8.5.

(B) Results that do not involve the density function. The following results concern the
curvature sector Z(f, 0) or the fine state alone: Theorem 3.1; parts (ii), (iii) of Theorem 9.4;
Theorem 9.13; Theorem 9.15; Sections 10, 11, 13 and 14; Theorem 12.2, which is stated for
gd = 0; Theorem 12.26; and Theorem 15.1, which is an abstract statement. Those that involve
the scheme are stated at the pinned value of cN . For a general cN with (N) one has

ΦN (f, 0) = Φpin
N (ζNf, 0) and |Zpin

N (ζNf, 0) − Zpin
N (ζ∞f, 0)| ≤ |ζN − ζ∞|R(f),

with no condition on the density. Hence, along a sequence of levels with ζNm → ζ∞, the curvature
sector of the limit is that of the pinned scheme composed with f 7→ ζ∞f , and these results apply
to it in that form.

(C) Results that keep the bounded class. The following results use ∥gd∥∞ through exponential
or second moments of the density component of the joint field.

(C1) The bounds (12.4) of Lemma 12.10 (Subsection 12.2) and Remark 12.9 belong to this list.
(C2) In Section 12, on the killed-box family, the list contains Lemma 12.22; hypothesis (i) for

the joint field in the proof of Proposition 12.36, whereas the proposition itself concerns
the curvature Schwinger functions and belongs to list (B); Theorem 12.3, with the
joint Schwinger functions and the measure constructed in its proof; and the part of
Theorem 12.4 that rests on it.

For the results of list (C) the natural substitute for boundedness is a level-uniform exponential
moment of kNgd(ρ̃0): by Jensen’s inequality with the weights ε3N |h(z)|/EN (h) and the translation
invariance of µN ,

ωN
(
et|YN (h)|) ≤ ωN

(
etE(h) |kNgd(ρ̃0)|

)
(t ≥ 0).

We do not pursue this, and none of the results of list (C) is asserted for unbounded gd.

9. The remaining Osterwalder–Schrader axioms for the limit state

Throughout this section S is a limit functional of Theorem 7.1 along its sequence (Nm),
Z(σ) = S(eσ) for test pairs σ = (f, h), and Z(f) := Z(f, 0) is the curvature sector (f a real

C∞
c 2-form); ΦN (f) := ΦN (f, 0) = ε

3/2
N

∑
p fµν(p)(xp)fp, extended complex-linearly to complex

f . The fine state ωN at level N is the state (2.3) of the limit point of Definition 2.3, with its

sequence of sides (Ln) = (L
(N)
n ) and its measure µN on ΩN , and with the properties (a)–(e) of

Theorem 11.5; every limit “L→ ∞” of torus expectations at level N below is the limit n→ ∞
along (Ln), and every bound stated “for all large L” is used along (Ln) only. The rotation group
is not treated in this section. Invariance under SO(3) is proved in Sections 12–15: for the limits
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built on the killed-box states by Theorems 12.2 and 12.3, and for the limits built on the torus
limit points along dyadic sequences (Definition 14.1) by Theorem 12.4. Once that invariance is in
hand, the measure µ of Theorem 9.13 is invariant under the full orthogonal group and reflection
positive about every plane, and its reconstruction in any direction is unitarily equivalent to the
one in a coordinate direction (Remark 9.16).

We write ∥f∥w := supx(1+|x|2)2 maxµ<ν |fµν(x)| for a 2-form and ∥h∥w := supx(1+|x|2)2|h(x)|
for a function. These are continuous seminorms on the Schwartz spaces S(R3; Λ2) and S(R3),
dominated with constant 1 by the weighted C4 norm |q|4 = supx, |γ|≤4(1 + |x|2)2|Dγq(x)| of

Osterwalder and Schrader [29] (Definition A.1(a)), which we use throughout: ∥ · ∥w is its

derivative-free term. For a 2-form u we write |u|4 := (
∑

µ<ν |uµν |24)1/2, as in that definition.

9.1. Regularity (OS0).

Lemma 9.1 (the seminorms on Schwartz space). For every f ∈ S(R3; Λ2), h ∈ S(R3) and
N ≥ N0,

ε3N
∑
p

fµν(p)(xp)
2 ≤ 3ca0∥f∥2w, ε3N

∑
z

|h(z)| ≤ ca0∥h∥w, ca0 := π2
(
2 + 3

2a
2
0

)2
.

Hence R and E of Definition 4.1, defined by the same formulas, are finite seminorms on the
Schwartz spaces with R(f) ≤ (3ca0)1/2∥f∥w, E(h) ≤ ca0∥h∥w, and ∥ · ∥ is continuous for the
Schwartz topology.

Proof. The centres of the plaquettes of one orientation form a translate of εNZ3; let Qp be the cube

of side εN centred at xp (disjoint for distinct p of one orientation). For y ∈ Qp, |y| ≤ |xp|+
√
3
2 εN ,

so 1 + |y|2 ≤ (1 + |xp|2)(2 + 3
2a

2
0) and ε3N (1 + |xp|2)−2 ≤ (2 + 3

2a
2
0)2

∫
Qp

(1 + |y|2)−2dy. Summing

over one orientation and using
∫
R3(1 + |y|2)−2dy = π2 gives, with fµν(x)2 ≤ ∥f∥2w(1 + |x|2)−4 ≤

∥f∥2w(1 + |x|2)−2, ε3N
∑

p fµν(p)(xp)
2 ≤ ∥f∥2w

∑
µ<ν

∑
p ε

3
N (1 + |xp|2)−2 ≤ 3ca0∥f∥2w. The site sum

is estimated in the same way, with one lattice in place of the three orientations. □

Lemma 9.2 (the dual representation at complex sources). The identity (3.3) holds for every
complex plaquette function a, with ∥a∥2 :=

∑
p a

2
p (no conjugation). In particular, for every real

plaquette function b,〈
exp

(
i
∑
p

bpfp

)〉fine

L
=
e−∥b∥2/2

Z(0)

∫
[0,1]C

dt
∑
m∈ZP

(∏
p

cmp−(d∗t)p

)
Ω(m) eγN (m−d∗t)·b ∈ [0, 1].

Proof. Both sides of (3.3) are entire functions of a ∈ CP : the left side because |e
∑
apfp | =

e
∑

(ℜap)fp is integrable against W locally uniformly in a (the bounds of Step 4 of the proof of

Theorem 3.1), the right side because |e−iγN (m−s)·a| = eγN (m−s)·ℑa is controlled by the completed

square cm−se
γN (m−s)y = γN√

2π
ey

2/2e−(γN (m−s)−y)2/2 and
∑

m∈Z e
−(γNm−x)2/2 ≤ 1 +

√
2π/γN (x ∈

R), which give
∑

m∈Z cm−se
γN |m−s| |y| ≤ 2ey

2/2(1+γN/
√

2π) for every real s and locally uniformly
in y (here s = d∗t, |sp| ≤ 2); so the m-series converges absolutely and locally uniformly in a, while

0 ≤ Ω(m) ≤ (2π/γN )|B|(
∫
gct)

|X | and the t-integral runs over a compact cube. No uniformity in
L is needed, since the lemma is a statement at fixed N and L. The two sides agree for real a
(Theorem 3.1), hence everywhere. At a = ib every factor of the right side is non-negative, and
the left side has modulus at most Z(0). □

Lemma 9.3 (analytic generating functions and their limits). Let f = (f1, . . . , fk) be real C∞
c

2-forms, N ≥ N0, L large enough for their supports to embed in T̃L, and for z ∈ Ck put
ΨN,L(z) := ⟨exp(

∑
j zjΦN (fj))⟩fineL and ρ(z) := R(

∑
j(ℜzj)fj) ≤

∑
j |ℜzj |R(fj).
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(a) ΨN,L is entire, |ΨN,L(z)| ≤ ΨN,L(ℜz) ≤ eρ(z)
2/2, ΨN,L(−z) = ΨN,L(z), ΨN,L(x) ≥ 1 for

real x, and 0 ≤ ΨN,L(it) ≤ 1 for real t.

(b) As n → ∞, ΨN,Ln → ΨN locally uniformly on Ck; ΨN is entire, satisfies the bounds
and symmetries of (a), and ΨN (it) = ZN (

∑
j tjfj , 0) for real t. The laws µN,Ln of

(ΦN (fj))j≤k under the torus states converge weakly to the law µ
(f)
N of (ΦN (fj))j≤k under

µN , a law on Rk with
∫
ez·xdµ

(f)
N (x) = ΨN (z) for all z ∈ Ck.

(c) As m→ ∞, ΨNm → Ψf locally uniformly on Ck; Ψf is entire, satisfies the bounds and

symmetries of (a), Ψf (it) = Z(
∑

j tjfj), and µ
(f)
Nm

→ µf weakly, where µf is a symmetric

law on Rk with
∫
ez·xdµf = Ψf (z).

(d) If f ′ is a subfamily of f , Ψf ′ is the restriction of Ψf to the coordinates of f ′ (the other
coefficients set to 0); if f1 = g+g′, then Ψ(f1,f2,... )(z1, z2, . . . ) = Ψ(g,g′,f2,... )(z1, z1, z2, . . . ).

Proof. (a) For s ∈ [0,∞)k,

⟨e
∑

j sj |ΦN (fj)|⟩fineL ≤
∑

ϵ∈{±1}k
⟨eΦN (

∑
j ϵjsjfj)⟩fineL ≤ 2k max

ϵ
eR(

∑
j ϵjsjfj)

2/2 <∞

by additivity of ΦN and (3.1) with ap = ε
3/2
N

∑
j ϵjsjfj(xp); so ΨN,L is a finite-dimensional

integral, together with a countable absolutely convergent v-sum, of an entire integrand with a
locally uniform integrable majorant, hence entire. For the bound, |e

∑
zjΦN (fj)| = eΦN (g) with

g =
∑

j(ℜzj)fj , and (3.1) gives ⟨eΦN (g)⟩fineL ≤ eε
3
N

∑
p g(xp)

2/2 ≤ eR(g)2/2. For the evenness, the

map (B, v) 7→ (−B,−v) preserves the reference measure (up to the null set on which some Bb
sits at the endpoint π/γN of (−π/γN , π/γN ]) and the weight (the hopping factor depends on Bb
only through cos(γNBb), w is even, closed v go to closed v) and maps every fp to −fp. Jensen’s

inequality and ⟨ΦN (g)⟩fineL = 0 (Theorem 3.1) give ΨN,L(x) = ⟨eΦN (g)⟩fineL ≥ 1. The last clause is

Lemma 9.2 with bp = ε
3/2
N

∑
j tjfj(xp).

(b) The family (ΨN,Ln)n is locally uniformly bounded on Ck by (a). By Montel’s theorem every
subsequence of (Ln) has a further subsequence along which ΨN,Ln converges locally uniformly to

an entire function; on iRk every such limit equals t 7→ ωN (ei
∑

j tjΦN (fj)) =
∫
ei

∑
j tjΦN (fj)dµN ,

by (2.3) (Theorem 11.5(a)) applied to the bounded continuous local function ei
∑

j tjΦN (fj) (a
continuous function of the finitely many fp in the supports). An entire function F on Ck vanishing

on iRk vanishes identically (its Taylor coefficients at 0 are, up to powers of i, the derivatives of
the real-analytic function t 7→ F (it) at 0), so all subsequential limits agree, and ΨN,Ln → ΨN

locally uniformly; the bounds and symmetries of (a) pass to the limit. The characteristic function

of µ
(f)
N is t 7→

∫
eit·ΦN (f)dµN = ΨN (it), and the characteristic functions t 7→ ΨN,Ln(it) of µN,Ln

converge to it, so µN,Ln → µ
(f)
N weakly by Lévy’s continuity theorem (alternatively, µN,Ln is the

image of the law of the variables in the supports under the continuous linear map ΦN (f), and
Theorem 11.5(a) gives the weak convergence of that law). For z ∈ Ck the continuous functions ez·x

are uniformly integrable for (µN,Ln)n, because supn
∫
e2(ℜz)·xdµN,Ln = supn ΨN,Ln(2ℜz) ≤ e2ρ(z)

2
;

hence
∫
ez·xdµ

(f)
N = limn ΨN,Ln(z) = ΨN (z).

(c) The same argument applies: (ΨNm)m is locally uniformly bounded, and on iRk, ΨNm(it) =
ZNm(

∑
j tjfj , 0) → Z(

∑
j tjfj , 0) by Theorem 7.1(a). The limit law µf has the even characteristic

function Ψf (i ·), so it is symmetric.
(d) On the torus both identities are the additivity of ΦN ; they pass to the limits. □

Theorem 9.4 (OS0: regularity of the limit curvature). (i) (Continuity.) |Z(σ) − Z(σ′)| ≤
∥σ− σ′∥ for all test pairs; in particular |Z(f)−Z(f ′)| ≤ R(f − f ′) ≤ (3ca0)1/2∥f − f ′∥w,
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so Z extends uniquely to a continuous function on S(R3; Λ2), with the same bound;
0 ≤ Z(f) ≤ 1 for every real f , and Z(0) = 1.

(ii) (Entire extension.) For real C∞
c 2-forms f1, . . . , fk the function Ψf of Lemma 9.3 is

entire on Ck with Ψf (it) = Z(
∑

j tjfj) and

|Ψf (z)| ≤ Ψf (ℜz) ≤ exp
(
1
2

(∑
j

|ℜzj |R(fj)
)2)

;

for k = 1 the generating functional ζ 7→ Z(ζf) := Ψ(f)(iζ) =
∫
eiζxdµf (x) is entire with

|Z(ζf)| ≤ e|ζ|
2R(f)2/2.

(iii) (Schwinger functions.) Sn(f1, . . . , fn) := ∂z1 · · · ∂znΨf (0) =
∫
x1 · · ·xn dµf (x) is well

defined (independent of the family containing f1, . . . , fn), symmetric and multilinear, real
for real fi, and

|Sn(f1, . . . , fn)| ≤ en(n!)1/2
n∏
i=1

R(fi) ≤
(
e
√

3ca0
)n

(n!)1/2
n∏
i=1

∥fi∥w (fi real).

Sn extends to a continuous symmetric multilinear form on S(R3; Λ2
C)n, with the factor

2n in the bound for complex test functions, and is a tempered distribution. In the product
form |Sn(f1, . . . , fn)| ≤ σn

∏
i |fi|s on product test functions this is the growth condition

(E0′) of Osterwalder and Schrader with s = 4 (for the three component fields, mixed

entries included) and σn = (2e
√

3ca0)n(n!)1/2 ≤ αβ(n!)β for every β > 1
2 , with the norm

| · |4 of Definition A.1(a) (the norm of [29] with p = 4; the growth condition is that of
[29] with s = 4). S1 = 0, and S2(f, f) ≤ R(f)2.

(iv) (The lattice moments converge.) The torus Schwinger functions ⟨
∏
i ΦN (fi)⟩fineL =

∂z1 · · · ∂znΨN,L(0) obey the bound of (iii) with (ε3N
∑

p fi(xp)
2)1/2 in place of R(fi), and

converge to Sn(f1, . . . , fn) as L→ ∞ along (Ln) and then m→ ∞ along Nm.

Proof. (i) The continuity bound is (6.1) in the limit, with C = 1 by Proposition 4.2. The
extension to S follows by uniform continuity and the density of C∞

c , with Lemma 9.1, and
Z(f) = Ψ(f)(i) ∈ [0, 1] by Lemma 9.3(a),(c). (ii) is Lemma 9.3(c), with ℜ(iζ) = −ℑζ for the last
bound.

(iii) By Lemma 9.3(d) the derivative does not depend on the family, and multilinearity in
each entry follows from the second identity of (d) (and from Ψ(cf)(z) = Ψ(f)(cz)); symmetry is

the symmetry of mixed partial derivatives; reality follows from Ψf being real on Rk (a limit of
real numbers), so that its Taylor coefficients at 0 are real. For the bound let first R(fi) > 0 for
all i and normalise R(fi) = 1 by multilinearity; on the polydisc |zi| ≤ r,

∑
j |ℜzj |R(fj) ≤ nr,

so |Ψf | ≤ en
2r2/2 there, and Cauchy’s estimate for the mixed first derivative gives |Sn| ≤

r−nen
2r2/2 = (en)n/2 at r = n−1/2; nn ≤ enn! gives en(n!)1/2. If R(fi) = 0 then ΦN (fi) = 0 for

every N , Ψf does not depend on zi and Sn = 0. The second bound is Lemma 9.1.
The form is continuous for the seminorm ∥ · ∥w in each entry, so it extends from C∞

c to S; for
complex fi = f ′i + if ′′i multilinearity gives 2n terms, each bounded with ∥f ′i∥w, ∥f ′′i ∥w ≤ ∥fi∥w;
the nuclear theorem ([15, Chapter I], [30, Chapter V]) turns a continuous multilinear form on
Sn into a tempered distribution on R3n (one for each choice of components). On scalar test
functions ∥ · ∥w ≤ | · |4 with constant 1, since ∥ · ∥w is the derivative-free term of the weighted
C4 norm recalled at the start of the section. (For another weighted-C4 convention a constant
C enters, which multiplies σn by Cn and leaves the class β > 1

2 unchanged.) This gives (E0′)

in product form with s = 4 and the stated σn; (e′)n(n!)1/2 ≤ αβ(n!)β for a constant e′ exactly

when β > 1
2 . S1 = 0 and S2(f, f) ≤ R(f)2 are the first two moments of Theorem 3.1, passed to

µf by the convergence of moments (uniform integrability from the exponential moments).
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(iv) The torus bound is the Cauchy estimate above with the torus bound of Lemma 9.3(a),
and the derivatives at 0 converge under the locally uniform convergences of Lemma 9.3(b),(c),
by the Weierstrass convergence theorem. □

Remark 9.5. The constants are absolute or depend on a0 alone: only Theorem 3.1 (identity covari-
ance), the Riemann-sum count of Lemma 9.1 and the subsequence convergence of Theorem 7.1(a)
enter; no property of the couplings is used. The joint field with the density component and its
mixed Schwinger functions are treated in Section 12: for the killed-box family in Lemma 12.22
and Theorem 12.3, and for the torus limit points along dyadic sequences in Theorem 12.4.

9.2. Euclidean invariance without rotations (OS1). A Euclidean motion γx = Ox+ y with
O ∈ Oh (the cubic group, the 48 signed permutation matrices) acts on test pairs by push-forward,
(γσ) = (γ∗f, h ◦ γ−1) with the 2-form transforming as a 2-form, and on A by γeσ := eγσ; the
time reflection θ of Section 2 (the paragraph before Definition 2.5) is the case O = diag(1, 1,−1),
and τte3 the case O = 1, y = te3.

Proposition 9.6 (OS1, rotations excepted). S(γa) = S(a) for every a ∈ A and every Euclidean
motion γ whose linear part lies in Oh: all translations of R3, the reflections in all coordinate planes
{xj = c} (j = 1, 2, 3, c ∈ R) and the cubic group about every point. Equivalently Z(γσ) = Z(σ)
for every test pair.

Proof. Translations. Theorem 7.1 states the invariance under all space and time translations;
we write the argument for a direction ej . For σ ∈ T and t, t′ ∈ R, (6.1) in the limit gives
|Z(τtejσ) − Z(τt′ejσ)| ≤ ∥τtejσ − τt′ejσ∥, and τt′ejσ → τtejσ in C∞

c as t′ → t, so t 7→ Z(τtejσ) is
continuous by the admissibility of ∥ · ∥ (Definition 4.1). For t ∈ εNmZ and m′ ≥ m, Lemma 5.1
(the translation by tej is a lattice translation at level Nm′ , and ΦN (τtejσ) = ΦN (σ) ◦ g−1

by the substitution of its proof) gives ωNm′ (ιNm′ (τteja)) = ωNm′ (ιNm′ (a)); letting m′ → ∞,
S(τteja) = S(a) on the dense set

⋃
m εNmZ, hence for all t by continuity. Composing the three

directions gives all translations of R3.
The cubic group. Theorem 7.1 gives the invariance under the cubic group about every point

x0 ∈
⋃
m εNmZ3 (Step 5 of the proof of Proposition 6.1, which rests on Lemma 5.1 and on the

intertwining of ιN with the push-forward, a signed permutation of the plaquettes and sites). The
cubic group about an arbitrary point x is τx−x0Gx0τx0−x, where Gx0 is the cubic group about
x0, and S is translation invariant. The reflection in {xj = c} is the element O = 1 − 2eje

T
j of the

cubic group about any point of that plane. Finally, every motion with linear part in Oh is τy ◦O
with O in the cubic group about 0 ∈ εNmZ3, and γeσ = eγσ is a group action (the push-forward
is covariant), so the invariances proved give S(γa) = S(a) for the whole group. □

Invariance under SO(3) is the subject of Sections 12–15 (Theorems 12.2, 12.3 and 12.4).

9.3. Reflection positivity (OS2). Reflections of the torus. Fix N and L (L/2 ∈ εNZ) and

c ∈ 1
2εNZ. The map Rc : x 7→ (x1, x2, 2c− x3) is an involutive symmetry of T̃L fixing pointwise

the two planes Pc = {x3 = c} and Pc+L/2; it permutes the sites, the oriented bonds, the oriented
plaquettes and the cubes, commuting with the boundary operator. It acts on configurations by
(Rcξ)κ := ξRcκ for every cell κ, with the orientation conventions B−b = −Bb, v−p = −vp; then
ρ̃x ◦Rc = ρ̃Rcx, fp ◦Rc = fRcp, closed v go to closed v, and the weight and the reference measure
are invariant (as in the proof of Lemma 5.1, since w is even and h(r, r′, ϑ) = h(r′, r,−ϑ)), so

⟨F ◦Rc⟩fineL = ⟨F ⟩fineL . Let Λ+
c := {x ∈ T̃L : x3 ∈ [c, c+L/2]} (coordinates taken in a fundamental

interval) and Λ−
c := RcΛ

+
c ; a cell lies in Λ±

c if all its vertices do. A+
L (c) is the algebra of bounded

measurable functions of the variables (ρ̃x, Bb, vp) of the cells lying in Λ+
c , and ΘcF := F ◦Rc.

When the support of F is small compared with L, its cells lie in Λ+
c exactly when they lie in

{x3 ≥ c}.
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Theorem 9.7 (reflection positivity of the fine torus state). For every N , every L ≥ 4εN with
L/2 ∈ εNZ, every c ∈ 1

2εNZ and all F,G ∈ A+
L (c),

⟨ΘcF ·G⟩fineL = ⟨ΘcG · F ⟩fineL , ⟨ΘcF · F ⟩fineL ≥ 0.

Both statements extend to all Λ+
c -measurable F,G with ⟨|F |2⟩fineL , ⟨|G|2⟩fineL < ∞. By the cubic

symmetry the same holds for the reflections in the planes {xj = c}, j = 1, 2, with the slabs taken
in the j-th coordinate.

Proof. The Hermitian property is the Rc-invariance of the state: ⟨F ◦RcG⟩fineL = ⟨F (G ◦
Rc)⟩fineL = ⟨G ◦Rc F ⟩fineL . For the positivity we treat c = 0 and c = εN/2; the other c follow
by the lattice translations, which are symmetries of the torus state and conjugate Rc to one of
these. We write the sum over the Villain variables as an integral against the counting measure on
((2π/γN )Z)P with the closedness constraint

∏
cubes 1[(dv)c = 0] as a factor of the weight; so the

weight is a product of one factor per site, bond, plaquette and cube, and the constraint is local.
Site plane, c = 0. Call a cell a plane cell if all its vertices lie in P0 ∪ PL/2. Every other cell lies

in exactly one of Λ±
0 (a cell has x3-extent at most εN and 0, L/2 ∈ εNZ), and every cube, with

its six faces, lies in one of them. R0 fixes every plane cell pointwise and maps the non-plane cells
of Λ+

0 bijectively onto those of Λ−
0 . Write ξ = (ξ0, ξ+, ξ−) for the variables of the plane cells, of

the other cells of Λ+
0 , of the other cells of Λ−

0 ; the reference measure is the product dξ0 dξ+ dξ−,
and R0 carries dξ− to dξ+. Let W+(ξ0, ξ+) be the product of the factors of the non-plane cells
and the cubes of Λ+

0 , W−(ξ0, ξ−) the same for Λ−
0 , and W0(ξ0) the product of the factors of

the plane cells. Then W = W0W+W− and W−(ξ) = W+(R0ξ), because R0 maps the cells and
cubes of Λ−

0 onto those of Λ+
0 and preserves every factor. For F ∈ A+

L (0), F (ξ) = F (ξ0, ξ+) and
(F ◦R0)(ξ) = F (ξ0, η) with η := (R0ξ)+, a measure-preserving bijective function of ξ−. Hence,
by Fubini’s theorem (the integrand is dominated by W∥F∥2∞),

⟨Θ0F · F ⟩fineL =
1

Z

∫
dξ0W0(ξ0)

∫
dξ+W+(ξ0, ξ+)F (ξ0, ξ+)

∫
dξ−W−(ξ0, ξ−)F (ξ0, (R0ξ)+)

=
1

Z

∫
dξ0W0(ξ0)

∣∣GF (ξ0)
∣∣2 ≥ 0,

with GF (ξ0) :=
∫
dξ+W+(ξ0, ξ+)F (ξ0, ξ+): after the substitution η = (R0ξ)+ and W−(ξ0, ξ−) =

W+(ξ0, η), the last integral is GF (ξ0).
Bond mid-plane, c = εN/2. Now no site lies on the fixed planes, and the sites are partitioned

between Λ+ := {x3 ∈ [εN , L/2]} and Λ− := RΛ+, R := RεN/2 (these are the slabs Λ±
εN/2

of

the general notation; we drop the subscript in this case). The crossing cells, those lying in
neither slab, are the time-like bonds (x, x+ εNe3) with x3 ∈ {0, L/2}, the time-like plaquettes
with vertices at x3 ∈ {0, εN} or {L/2, L/2 + εN}, and the cubes between these slices; R maps
every crossing cell to itself with reversed orientation, so on them Bb 7→ −Bb, vp 7→ −vp, and
it maps the cells and cubes of Λ+ bijectively onto those of Λ−. Write ξ = (ξ+, ξ−, ξ×) with
ξ× = (Bb, vp)crossing, and W = W+(ξ+)W−(ξ−)W×, where W± collect the factors of the cells and
cubes of Λ± (the faces of a cube of Λ± lie in Λ±), W− = W+ ◦R, and

W× :=
∏
b×
h(ρ̃b− , ρ̃b+ , Bb)

∏
p×

w(fp)
∏
c×

1[(dv)c = 0], K(ξ−, ξ+) :=

∫ ∏
b×
dBb

∑
(vp)p×

W×,

the products over the crossing bonds, plaquettes and cubes; K depends on ξ± only through the
two boundary slices.
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As in the first case, with η := (Rξ)+ and K̃(η, ξ+) := K(Rη, ξ+) (Rη the Λ−-configuration
obtained from η by reflection),

⟨ΘF · F ⟩fineL =
1

Z

∫
dη dξ+W+(η)W+(ξ+) K̃(η, ξ+)F (η)F (ξ+),

and it suffices to show that K̃ is a kernel of positive type, K̃(η, ξ) =
∫
dν(k)Ak(η)Ak(ξ) with

a positive measure ν and
∫
dν(k)|Ak(η)||Ak(ξ)| bounded uniformly in (η, ξ): then the double

integral equals
∫
dν(k)|

∫
dξW+(ξ)Ak(ξ)F (ξ)|2 ≥ 0 by Fubini’s theorem. Here F is bounded

and W+ is integrable, since gct is integrable, h ≤ 1, each Bb ranges over a bounded interval, the
indicators are at most 1, and each Villain sum

∑
vp
w(fp) is at most KγN by (3.2) at a = 0 and

Step 4 of the proof of Theorem 3.1.
Each crossing cell has one end in each of the two slabs; these ends are the two endpoints of a

crossing bond, the two spatial edges of a crossing plaquette, and the top and bottom faces of
a crossing cube. We write ↑ for the end of a crossing cell in Λ+ and ↓ for its end in Λ−; for a
crossing bond b the two ends are written b+ and b− accordingly (at the slices L/2, L/2 + εN this
interchanges b±). Thus the spatial edges of a crossing plaquette p with vertices at x3 ∈ {0, εN}
are p↑ (at x3 = εN ) and p↓ (at x3 = 0), and the top and bottom faces of a crossing cube c
between these slices are c↑ and c↓; at the slices L/2, L/2 + εN the Λ+ edge or face, which carries
the label ↑, is the lower one (at x3 = L/2). The ↑ variables belong to ξ+, the ↓ variables to ξ−.

We expand K by the computation of Theorem 3.1 restricted to the crossing cells. Write

1[(dv)c = 0] =
∫ 1
0 dtc e

iγN tc(dv)c for the crossing cubes, put tc := 0 for the others and sp :=
(d∗t)p. The two cubes containing a crossing plaquette are crossing, and (3.2) at a = 0 gives∑

vp
w(fp)e

iγNspvp =
∑

mp∈Z cmp−spe
iγN (mp−sp)(dB)p with cu > 0. The four plaquettes containing a

crossing bond b are crossing, and
∑

p∋b±(mp−sp) = (d∗m)b−(d∗d∗t)b = (d∗m)b =: qb ∈ Z, so the

integral over Bb gives (2π/γN )e
− 1

2
κN (ρ2b−

+ρ2b+
)
Iqb(κNρb−ρb+) (Step 3 of the proof of Theorem 3.1).

What remains of the phases involves the spatial edges of the crossing plaquettes and the top and
bottom faces of the crossing cubes: for every crossing plaquette p and every crossing cube c,

(dB)p = ±(Bp↑ −Bp↓) + (crossing bonds), (dv)c = ±(vc↑ − vc↓) + (crossing plaquettes).

Hence

K(ξ−, ξ+) =

∫
dt

∑
m

(∏
p×

cmp−sp

)∏
b×

2π

γN
e
− 1

2
κN (ρ2b−

+ρ2b+
)
Iqb(m)(κNρb−ρb+)

∏
p×

e
±iγN (mp−sp)(Bp↑−Bp↓ )

∏
c×
e±iγN tc(vc↑−vc↓ ).

The reflection R maps p↓ to p↑, c↓ to c↑ and b− to b+, with the spatial orientations preserved;

so in K̃(η, ξ) = K(Rη, ξ) every ↓ variable of Rη is the corresponding ↑ variable of η. Each

factor is then of positive type in (η, ξ): the phases are a(η)a(ξ) with a = e
±iγN (mp−sp)Bp↑ or

a = e±iγN tcvc↑ ; the factor e−
1
2
κN (ρ2+ρ′2) splits; and

Iq(κρρ
′) =

∑
k≥0

(κ/2)2k+|q|

k! (k + |q|)!
ρ2k+|q|ρ′2k+|q|

is a series with positive coefficients of products φ(ρb+(η))φ(ρb+(ξ)) of one real function.
Products, non-negative combinations and integrals over t of kernels of this form are of this

form (for products, by the Schur product theorem), which gives K̃ =
∫
dν(k)Ak ⊗ Ak with
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k = (t,m, (kb)) and

dν = dt
∏
p

cmp−sp
∏
b

2π

γN

(κN/2)2kb+|qb|

kb!(kb + |qb|)!
;

ν is a finite measure, of mass at most (2πeκN /γN )|b×|K
|p×|
γN , since

∑
k≥0

(κ/2)2k+|q|

k!(k+|q|)! = I|q|(κ) ≤ eκ.

The absolute series is the same expansion with the phases replaced by 1, i.e.∫
dt

∑
m

∏
p

cmp−sp
∏
b

2π

γN
e−

1
2
κN (ρ2+ρ′2)Iqb(κNρρ

′) ≤ (2π/γN )|b×|K |p×|
γN

,

by e−
1
2
κ(ρ2+ρ′2)Iq(κρρ

′) ≤ e−
1
2
κ(ρ−ρ′)2 ≤ 1 and

∑
m cm−s ≤ KγN (Step 4 of the proof of Theo-

rem 3.1). This is the required bound.
The L2 extension. Bounded Λ+

c -measurable functions are dense in the Λ+
c -measurable part of

L2(⟨·⟩fineL ), and |⟨ΘcF ·F ⟩fineL −⟨ΘcG ·G⟩fineL | ≤ ∥F −G∥2(∥F∥2 +∥G∥2) by the Schwarz inequality
and the Rc-invariance of the state; both sides of the Hermitian identity are ∥ · ∥2-continuous in
(F,G) as well. □

Corollary 9.8 (reflection positivity of the fine state at the lattice planes). For N ≥ N0 and
c ∈ 1

2εNZ let A+
N (c) be the bounded Borel local functions of the gauge-invariant variables (fp, ρ̃x)

of the cells lying in {x3 ≥ c}, and ΘcF := F ◦Rc. Then ωN (ΘcF · G) = ωN (ΘcG · F ) and
ωN (ΘcF ·F ) ≥ 0 for F,G ∈ A+

N (c); ωN ◦Rc = ωN ; and ωN is invariant under τ2a0 , indeed under
εNZ3 (Lemma 5.1). In particular the fine state is reflection positive about the site planes t = 0
and t = a0 (a0 = 5NεN ∈ εNZ) and invariant under R0, Ra0 = τ2a0R0.

Proof. For n large the cells of F and G lie in Λ+
c of T̃Ln , and their set S together with RcS

lies in a cube of side < Ln, so that the torus expectations are those of the fixed functions
(Subsection 11.1); on these cells the torus reflection Rc agrees with the reflection of the infinite
lattice; ΘcF ·G, ΘcF · F and F ◦Rc are bounded local functions of the gauge-invariant variables
(fp◦Rc = fRcp, ρ̃x◦Rc = ρ̃Rcx), the same functions of the same finitely many cells for all large n. If
F and G are continuous, so are these functions, and (2.3) (Theorem 11.5(a)), applied to their real
and imaginary parts, passes the identities of Theorem 9.7 and the invariance ⟨F ◦Rc⟩fineLn

= ⟨F ⟩fineLn

to ωN ; positive semidefiniteness on finite families follows by applying the inequality to linear
combinations.

Let now F,G be bounded Borel functions of the cells of a finite set S. The bounded continuous
functions of the variables of S are dense in L2 of the S-marginal of µN (a finite Borel measure

on a Polish space is Radon), a bounded Borel F is the L2(µN )-limit of continuous F (i) with

∥F (i)∥∞ ≤ ∥F∥∞ (by truncation), and both sides of each identity are continuous in the L2(µN )-
norms of F and G, by the Schwarz inequality and ∥F ◦Rc∥L2(µN ) = ∥F∥L2(µN ) (the Rc-invariance
of µN , Theorem 11.5(c)). The invariance ωN ◦ Rc = ωN on the bounded Borel class and the
invariance under εNZ3 are Theorem 11.5(c) (Lemma 5.1). The corollary is Theorem 11.5(c),(d)
for j = 3, whose proof is the argument just given. □

Proposition 9.9 (OS2 for S: inheritance). For j ∈ {1, 2, 3} and c ∈ R let Θj,c be the reflection

in {xj = c} on A (Θj,ceσ := e−γσ, γ the reflection) and A(j,c)
+ the span of the eσ with suppσ ⊂

{xj > c}; Θ3,0 = Θ, A(3,0)
+ = A+. Then ⟨a, b⟩ := S(Θj,ca · b) is a positive semidefinite Hermitian

sesquilinear form on A(j,c)
+ , and S(Θj,ca) = S(a) on A.

Proof. For a =
∑

i γieσi , b =
∑

j δjeσ′
j

in A+ and N = Nm with εN smaller than the distance

of the supports from the plane, ιN (a) and ιN (b) are functions of the cells in {x3 ≥ 0}, and
ΦN (σ) ◦R0 = ΦN (θσ): R0 permutes the plaquettes with the orientation sign, fp ◦R0 = fR0p, and
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the push-forward of a 2-form carries exactly this sign (−1 on the components with one index 3,
whose plaquettes R0 reverses), while ρ̃z ◦R0 = ρ̃R0z. Hence ιN (Θa · b) = Θ0ιN (a) · ιN (b), and by
Theorem 7.1(a), S(Θa · b) = limm ωNm(Θ0ιNm(a) ιNm(b)). Each term is a positive semidefinite
Hermitian form in (a, b) by Corollary 9.8, and these properties of the Gram matrices (⟨ai, aj⟩) are

closed under pointwise limits. Likewise S(Θa) = limωNm(Θ0ιNm(a)) = limωNm(ιNm(a)) = S(a)
by the reflection invariance of ωN . For (j, c) arbitrary choose a Euclidean motion γ with linear part

in Oh mapping {x3 > 0} onto {xj > c}; then A(j,c)
+ = γA+, Θj,c = γΘγ−1, and Proposition 9.6

gives S(Θj,ca · b) = S(Θ(γ−1a) · γ−1b). □

Theorem 9.10 (OS2 in matrix form, complex coefficients). Let j ∈ {1, 2, 3} and c ∈ R,
let f1, . . . , fk be real C∞

c 2-forms supported in {xj > c}, γ the reflection in {xj = c},
F := (γ∗f1, . . . , γ∗fk, f1, . . . , fk) and ΨF its entire function on C2k (Lemma 9.3). Then for

all z(1), . . . , z(n) ∈ Ck and λ ∈ Cn,
n∑

i,l=1

λ̄iλl ΨF

(
z(i), z(l)

)
≥ 0.

At purely imaginary z(i) = it(i) this is
∑

i,l λ̄iλlZ(σl− γσi) ≥ 0, σi := (
∑

r t
(i)
r fr, 0), the positivity

of Proposition 9.9 on the exponentials.

Proof. It suffices to take (j, c) = (3, 0). Indeed, let γ1 be a Euclidean motion with linear
part in Oh carrying {x3 > 0} onto {xj > c} (as in the proof of Proposition 9.9), so that

γ−1
1 γγ1 = θ, put gr := (γ−1

1 )∗fr, supported in {x3 > 0}, and F ′ := (θ∗g1, . . . , θ∗gk, g1, . . . , gk) =

((γ−1
1 )∗F1, . . . , (γ

−1
1 )∗F2k). Then ΨF ′ = ΨF on C2k: both are entire (Lemma 9.3(c)) and agree

on iR2k, where ΨF ′(it) = Z((γ−1
1 )∗

∑
r trFr) = Z(

∑
r trFr) = ΨF (it) by Proposition 9.6, hence

on C2k (identity theorem, as in the proof of Lemma 9.3(b)); so the inequality for F is the
inequality for F ′ at (3, 0). On the torus, for εN smaller than the distance of the supports

from the plane and L large, Ai := exp(
∑

r z
(i)
r ΦN (fr)) is Λ+

0 -measurable with ⟨|Ai|2⟩fineL < ∞
(Lemma 9.3(a)), and Θ0Ai = exp(

∑
r z

(i)
r ΦN (γ∗fr)) because ΦN (f) ◦R0 = ΦN (γ∗f) is real. So

⟨Θ0Ai · Al⟩fineL = ΨF
N,L(z(i), z(l)), where ΨF

N,L denotes the function ΨN,L of Lemma 9.3 for the

family F , and the L2 form of Theorem 9.7 applied to A :=
∑

l λlAl gives the inequality at level
(N,L). It passes to the limit L → ∞ along (Ln) and then to m → ∞ by the locally uniform

convergences of Lemma 9.3(b),(c) at the finitely many points (z(i), z(l)). □

Proposition 9.11 (OS2 in polynomial form). Let P =
∑

α cα
∏
i≤nα

Φ(fαi) be a formal poly-

nomial in the smeared curvature with real C∞
c sources supported in {xj > c}, γ the reflection

in {xj = c}, θP :=
∑

α c̄α
∏
i Φ(γ∗fαi), and let S assign to a monomial its Schwinger function

(Theorem 9.4(iii)). Then

S(θ(P )P ) =
∑
α,β

c̄αcβ Snα+nβ
(γ∗fα1, . . . , γ∗fαnα , fβ1, . . . , fβnβ

) ≥ 0.

Proof. Again it suffices to take (j, c) = (3, 0): with γ1 as in the previous proof, differentiating at
0 the identity ΨF ′ = ΨF (for the family F of all sources and their reflections named below) gives
Sn((γ−1

1 )∗u1, . . . , (γ
−1
1 )∗un) = Sn(u1, . . . , un) for all u1, . . . , un in F (Theorem 9.4(iii)), which

carries the sum of the statement to the one for the sources (γ−1
1 )∗fαi, supported in {x3 > 0}, and

the reflection θ. On the torus, with εN and L as in the previous proof, PN :=
∑

α cα
∏
i ΦN (fαi)

is Λ+
0 -measurable and square integrable (all moments are finite by Theorem 3.1), and Θ0PN =∑

α c̄α
∏
i ΦN (γ∗fαi); Theorem 9.7 gives ⟨Θ0PN · PN ⟩fineL ≥ 0. This expectation is

∑
α,β c̄αcβ

times the mixed moment of the family F of all sources and their reflections, a mixed derivative
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at 0 of ΨF
N,L (differentiation under the integral, justified by the exponential moments), and these

derivatives converge to those of ΨF at 0, the Schwinger functions, by Theorem 9.4(iv). □

9.4. Symmetry (OS3).

Proposition 9.12 (OS3: symmetry). (a) Each Sn is symmetric and multilinear, and

Sn(f̄1, . . . , f̄n) = Sn(f1, . . . , fn); Sn is real on real test functions. (b) Z(−f, h) = Z(f, h) for
every test pair; Ψf (−z) = Ψf (z); and Sn = 0 for odd n.

Proof. (a) is Theorem 9.4(iii), which states the symmetry, the multilinearity and the reality on

real test functions; the conjugation identity Sn(f̄1, . . . , f̄n) = Sn(f1, . . . , fn) follows from the
complex-multilinear extension (the 2n-term expansion in the proof of (iii)) and that reality.

(b) The symmetry used is the charge conjugation C : (ρ̃, B, v) 7→ (ρ̃,−B,−v) of the fine torus
measure, a bijection of the torus configuration space with three properties: (1) it preserves
the reference measure (up to the null set on which some Bb sits at the endpoint π/γN of
(−π/γN , π/γN ]); (2) it preserves the weight, because the site factor gct does not see B, the
hopping factor of the model of Section 2, h(r, r′, ϑ) = exp(−1

2κN (ρ2 + ρ′2 − 2ρρ′ cos(γNϑ))), is
even in ϑ and so depends on Bb only through cos(γNBb), the plaquette weight w is even, and d is
linear, so closed v go to closed v (the sum runs over all closed v); (3) it maps fp to −fp and fixes

ρ̃, hence ΦN (f, h) ◦ C = ΦN (−f, h). So C preserves the fine torus measure, ⟨F ◦ C⟩fineL = ⟨F ⟩fineL

for every bounded Borel F , in particular ⟨eiΦN (f,h)⟩fineL = ⟨eiΦN (−f,h)⟩fineL for all N , L.
On ΩN the charge conjugation is C : (f, ρ̃) 7→ (−f, ρ̃), ΦN (f, h) ◦ C = ΦN (−f, h), and µN is

C-invariant by Theorem 11.5(c). The proof of that theorem for C passes the torus invariance just
proved to the limit point through (2.3), and Lemma 11.1 takes the torus step from the present
proof, so that the argument is not circular. Hence

ZN (−f, h) =

∫
eiΦN (−f,h)dµN =

∫
eiΦN (f,h)d(C∗µN ) = ZN (f, h)

for every N and every bounded Borel gd, and Theorem 7.1(a) gives Z(−f, h) = Z(f, h). The
evenness of Ψf is Lemma 9.3(a),(c), and the odd derivatives of an even entire function vanish
at 0. (The density component carries no such sign: the argument gives no relation between
Z(f,−h) and Z(f, h).) □

9.5. The measure. We use the field space X := H−r
loc (R3; Λ2) (throughout this section X

denotes this space) and the Hermite–Sobolev space H−r(R3; Λ2) (the dual of the completion of
S under ∥u∥2r =

∑
α,c λ

r
α⟨hα,c, u⟩2, hα,c the Hermite basis, λα = 2|α| + 4), with the push-forward

actions of the Euclidean motions, (γΦ)(u) = Φ(γ−1 · u), the local σ-algebras Σ(U) generated by
Φ 7→ Φ(u), u ∈ C∞

c (U ; Λ2) real, and the restriction map ι : H−r → X, exactly as in Appendix A
(probability measures on spaces of distributions; Definition A.3). Of its abstract results we use
in particular Lemma A.8 (the Hermite carrier), Proposition A.9 (uniqueness), Proposition A.10
(the verification of (H1)–(H3)) and Lemma A.11 (transfer); they are proved there and do not
involve the lattice.

Theorem 9.13 (the measure of the limit curvature). Let r ≥ 14 be even.

(a) There is exactly one Borel probability measure µH on H−r(R3; Λ2) whose mixed moments
on real C∞

c 2-forms are the Schwinger functions Sn. Its characteristic functional on
C∞
c , indeed on S, is Z:

∫
eiΨ(u)dµH(Ψ) = Z(u); its moments on S are the continuous

extensions of the Sn and obey the bounds of Theorem 9.4(iii); the law of (Ψ(f1), . . . ,Ψ(fk))
under µH is the law µf of Lemma 9.3.
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(b) µ := ι∗µ
H is the unique Borel probability measure on X with characteristic functional

Z on C∞
c , and also the unique one whose mixed moments on C∞

c are the Sn; µ
H is the

unique measure on H−r with image µ.
(c) µ and µH are invariant under all translations, all coordinate reflections and the cubic

group about every point.

Proof. The proof applies the results of Appendix A; we verify their hypotheses in turn.
Positive definiteness. For real u1, . . . , un ∈ C∞

c and c ∈ Cn,
∑

l,l′ c̄lcl′Z(ul′ − ul) =

limm ωNm(|
∑

l cle
iΦNm (ul)|2) ≥ 0 by additivity of ΦN and Theorem 7.1(a); Z(0) = 1.

Continuity. |Z(u) −Z(u′)| ≤ (3ca0)1/2∥u− u′∥w (Theorem 9.4(i)), and ∥ · ∥w is a continuous
seminorm on S; so Z extends to a continuous positive definite function on S(R3; Λ2) (positive
definiteness is closed under pointwise limits). By the Bochner–Minlos theorem [19], in the form
stated after Definition A.3 (S is nuclear) there is exactly one probability measure µ′ on S ′(R3; Λ2)

with its cylinder σ-algebra and
∫
eiΦ(u)dµ′ = Z(u) for real u ∈ S.

Moments. For u1, . . . , un ∈ C∞
c the law of (Φ(ul))l under µ′ has the characteristic function

t 7→ Z(
∑

l tlul) = Ψu(it), so it is the law µu of Lemma 9.3(c), whose mixed moments are the
Sn(u1, . . . , un) and whose exponential moments are finite (Theorem 9.4(iii)). For ul ∈ S take
cut-offs χR = χ(·/R), χ ∈ C∞

c , χ = 1 on the unit ball, 0 ≤ χ ≤ 1. Then Φ(χRul) → Φ(ul) for
every Φ ∈ S ′, and∫ ∏

l

Φ(χRul)
2dµ′ = S2n(χRu1, χRu1, . . . ) ≤ σ2n

∏
l

∥χRul∥2w ≤ σ2n
∏
l

∥ul∥2w

uniformly in R ≥ 1 (the seminorm ∥ · ∥w carries no derivative), so the products are uniformly
integrable and

∫ ∏
l Φ(ul)dµ

′ = limR Sn(χRu1, . . . ) = Sn(u1, . . . , un) by the continuity of Sn on
Sn.

The two-point bound and the carrier.
∫

Φ(u)2dµ′ = S2(u, u) ≤ R(u)2 ≤ 3ca0∥u∥2w ≤
3ca0C

2∥u∥210 on S, where ∥u∥w ≤ |u|4 (its derivative-free term) and |u|4 ≤ C∥u∥10 (Lemma A.4(b),
with the norm |u|4 of a 2-form as in Definition A.1(a)). The Hermite carrier, Lemma A.8,
whose hypothesis (r ≥ 14 even, µ′ a probability measure on S ′ with its cylinder σ-algebra,∫

Φ(u)2dµ′ ≤ C2∥u∥210 for every real u ∈ S) holds with C2 = 3ca0C
2, gives µH , the image of µ′

under the map Π of that lemma: a Borel probability measure on H−r with the same characteristic
functional and the same mixed moments on S as µ′.

The factorial moment bound and uniqueness. Proposition A.9 gives uniqueness (a) by the
characteristic functional on real C∞

c , on X or on H−r, and (b) by the mixed moments on C∞
c ,

when these exist and |
∫

Φ(u)ndµ1| ≤ c(n+ 1)Knn! for all n ≥ 0 and every real u ∈ C∞
c , with

c,K ≥ 0 depending on u. It applies with c = 1 and K = eR(u), since

|
∫

Φ(u)ndµH | = |Sn(u, . . . , u)| ≤ en(n!)1/2R(u)n ≤ (n+ 1)Knn!.

This gives the uniqueness in (a); for (b), µ := ι∗µ
H has characteristic functional Z and moments

Sn on C∞
c (the restriction map is the identity on C∞

c ), both uniqueness clauses hold on X by
the same proposition, and Lemma A.11(a) (µH is the only Borel probability measure on H−r

whose image under ι is ι∗µ
H) gives the last clause.

(c) The invariance of µ follows from Proposition A.10(a) (if γ is a Euclidean motion and
Z(γ · u) = Z(u) for all real u, then γ∗µ = µ) and Proposition 9.6, and that of µH from
Lemma A.11(b). The law of (Ψ(fj))j is µf as in the moment step. □

9.6. Clustering in the mean and the vacuum: the weak form of OS4. Reconstruction
from S. By Proposition 9.9 the form ⟨a, b⟩ := S(Θa · b) is positive semidefinite and Hermitian on
A+. Let H∞ be the completion of A+ modulo the null space of this form, [a] ∈ H∞ the class of
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a, and Ω := [1]. For t ≥ 0 the translation τt maps A+ into itself, and by Theorem 7.1(b),(c),
|S(a)| ≤ M(a) and the argument of Remark 9.14 the map [a] 7→ [τta] is a strongly continuous
self-adjoint contraction semigroup on H∞; we write it e−tH , with H ≥ 0 self-adjoint and
e−tHΩ = Ω.

Reconstruction from µ. For j ∈ {1, 2, 3} let L2
j,+ := L2(Σ({xj > 0}), µ), U(a)G := G ◦ τ−a,

ΘjG := G ◦ θj (θj the coordinate reflection on X), and ⟨F,G⟩j := Eµ[ΘjF G] on L2
j,+. By

Theorem 9.15, µ satisfies (H1)–(H3) of Subsection A.1, so the reconstruction in a coordinate
direction applies (Proposition A.23; see Remark 9.14): Hj is the completion of L2

j,+ modulo the

null space of ⟨·, ·⟩j , Ωj = [1], [U(tej)G] = e−tHj [G] (t ≥ 0) with Hj ≥ 0 self-adjoint, [U(y)G] =

Vj(y)[G] with Vj(y) unitary for y ⊥ ej , and Eµ[FG] = ⟨[ΘjF ], [G]⟩j for F ∈ L2(Σ({xj < 0}), µ),

G ∈ L2
j,+. For j = 3, H3 is the curvature sector of H∞: the map [e(f,0)] 7→ [eiΦ(f)], supp f ⊂

{x3 > 0}, preserves the forms (S(Θe(f,0)e(f ′,0)) = Z(f ′ − θf) = Eµ[eiΦ(f) ◦ θ3eiΦ(f ′)]) and has

dense range (the exponential algebra is dense in L2
3,+, by Lemma A.7), so it extends to a unitary

of the closed e−tH -invariant subspace Hcurv
∞ ∋ Ω generated by the curvature exponentials onto

H3, carrying Ω to Ω3 and e−tH to e−tH3 .

Remark 9.14 (the reconstruction). The two statements used in the preceding paragraph, the
reconstruction proposition (Proposition A.23) and the density lemma (Lemma A.7), are el-
ementary consequences of (H1)–(H3) of Subsection A.1. They are proved in Appendix A;
we recall the reasons. The relation ΘjU(a) = U(ρja)Θj and the invariance of µ give
⟨U(tej)F,U(tej)G⟩j = ⟨F,U(2tej)G⟩j and ⟨F,U(tej)G⟩j = ⟨U(tej)F,G⟩j on L2

j,+ for t ≥ 0

(U(tej)L
2
j,+ ⊂ L2

j,+ by (H2)). With ∥[G]∥2j = Eµ[ΘjGG] ≤ ∥G∥2L2(µ) (the Schwarz inequality

and the θj-invariance of µ) and the usual iteration of ∥[U(tej)G]∥2j = ⟨G,U(2tej)G⟩j , the map

[G] 7→ [U(tej)G] is a self-adjoint positive contraction semigroup on Hj , strongly continuous
because U is strongly continuous on L2(µ) (bounded continuous functions are dense, X being
Polish, and dominated convergence applies); this is e−tHj with Hj ≥ 0. For y ⊥ ej , U(y) maps
L2
j,+ onto itself by (H2), since {xj > 0} + y = {xj > 0}.

The transverse translations. For y ⊥ ej , Θj commutes with U(y) by (A.3), so

⟨U(y)F,U(y)G⟩j = E[U(y)ΘjF U(y)G] = ⟨F,G⟩j by invariance of µ. Thus Vj(y) preserves
the null space of ⟨·, ·⟩j , is isometric on the quotient and has the isometric inverse Vj(−y); it
extends to a unitary operator, and y 7→ Vj(y) is a representation, strongly continuous by the
same estimate as for e−tHj . The operators e−tHj and Vj(y) commute because the U(a) do, and
e−tHjΩj = [U(tej)1] = [1] = Ωj , Vj(y)Ωj = Ωj .

The identity Eµ[FG] = ⟨[ΘjF ], [G]⟩j is the definition of the form, Θj being an involution

commuting with conjugation and ΘjF ∈ L2
j,+ by (H2). The span of the eiΦ(u), u ∈ C∞

c ({xj >
0}; Λ2) real, is a unital ∗-algebra of bounded functions generating Σ({xj > 0}), so the functional
monotone class theorem puts every bounded Σ({xj > 0})-measurable function in its L2(µ)-closure;
this is the density lemma.

Theorem 9.15 (the weak form of OS4). µ on X (and µH on H−r) satisfies the hypotheses
(H1)–(H3) of Subsection A.1:

(H1) X is Polish, the translations act jointly continuously, the coordinate reflections θj are
involutive homeomorphisms with θjτa = τρjaθj, and µ is invariant under every τa and
every θj;

(H2) the local σ-algebras Σ(U) have the monotonicity, exhaustion, countable generation and
covariance properties stated in (H2) of Subsection A.1;

(H3) Eµ[F ◦ θj,c F ] ≥ 0 for every j, c ∈ R and F ∈ L2(Σ({xj > c}), µ), θj,c = τcejθjτ−cej ;
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and µ is invariant under the cubic group about every point. Consequently the results of Sub-
section A.6 apply to µ: the ergodic decomposition µ =

∫
µξ dν(ξ) (Theorem A.18) with ν-a.e.

component translation invariant and ergodic for R3 (the weak form of OS4), invariant under
θ1, θ2, θ3, reflection positive about every coordinate plane and satisfying (H2); clustering in the
mean and under diagonal separation on ν-almost every component (Theorems A.26 and A.28,
Corollary A.29(ii)); the reconstruction in each coordinate direction from ν-almost every com-
ponent, with a unique joint vacuum (Proposition A.24(iii), Corollary A.29(iii)); the regrouping
of the components into cubic-invariant ones (Theorem A.20); and the growth bound for the
Schwartz moments of the components of µH (Theorem A.21), whose moment hypothesis (A.6)
(
∫

Ψ(hα,c)
2ndµH ≤ cS(2n)!(C0∥hα,c∥10)2n) holds with cS = 1, C0 = eC

√
3ca0 (C the constant of

Lemma A.4(b)) by Theorem 9.4(iii).

Proof. In (H1) the properties of X and of the actions are structural for the push-forward actions
(Lemma A.5(a) and Lemma A.6(a)), and the invariance of µ is Theorem 9.13(c). (H2) is
structural (Lemma A.6(b), which rests on Lemma A.5(b),(c)). (H3) holds by Proposition A.10(c),
whose two hypotheses (µ is θj,c-invariant;

∑
k,l≤n ākalZ(ul − ρj,c · uk) ≥ 0 for all n, all real

u1, . . . , un ∈ C∞
c ({xj > c}; Λ2) and all a ∈ Cn) are Theorem 9.13(c) and Theorem 9.10 at purely

imaginary coefficients (i.e. Proposition 9.9 on the exponentials e(u,0)). The invariance of µ under
the cubic group about every point is Theorem 9.13(c), and the structural hypotheses on the cubic
action of the regrouping result (the standing assumption stated before Theorem A.20, namely
that the cubic group acts by homeomorphisms with ρj = θj , gτag

−1 = τga and Σ(U) 7→ Σ(gU))
are identities for the push-forward action (Definition A.3, Lemma A.6).

The conclusions are the theorems of Subsection A.6, which assume nothing but (H1)–(H3) (and
the cubic invariance for the regrouping, the moment bound for the growth clause). Between X
and H−r the hypotheses are carried by Lemma A.11(c), and the conclusions by Proposition A.19
(the decomposition of an image law) and Corollary A.22, ι being a Borel isomorphism onto a
Borel set of full measure that intertwines the actions and the local σ-algebras (Lemma A.5(d),
Lemma A.11(a), Remark A.12). □

Remark 9.16 (consequences of rotation invariance). Suppose that S is invariant under SO(3),
hence, together with Proposition 9.6, under the whole Euclidean group. Then µ is O(3)-invariant
(Proposition A.10(a) again) and reflection positive about every plane: the half-space algebra and
reflection of a tilted plane are the rotated ones. Moreover the reconstruction in any direction n
is unitarily equivalent to the one in direction e3, with the same Hamiltonian spectrum. Of the
rotation invariance, both statements use only the invariance of µ under the Euclidean group; we
give the argument. Let g be a Euclidean motion, acting on X by (gΦ)(u) = Φ(g−1 · u). By the
invariance of µ, G 7→ G ◦ g−1 is a unitary of L2(µ), and it maps L2(Σ(V ), µ) onto L2(Σ(gV ), µ)
for every open set V , because Σ(V ) is generated by the functions Φ 7→ Φ(u), u ∈ C∞

c (V ; Λ2) real.
(i) Reflection positivity about a plane Π. Choose g such that VΠ := g{x3 > 0} is one of the

two open half spaces of Π; then θΠ := gθ3g
−1 is the reflection in Π. For F ∈ L2(Σ(VΠ), µ)

put F ′ := F ◦ g, a function in L2(Σ({x3 > 0}), µ). By the invariance of µ and by (H3) of
Theorem 9.15, Eµ[F ◦ θΠ F ] = Eµ[F ′ ◦ θ3 F ′] ≥ 0.

(ii) The reconstruction in a direction n. For a unit vector n let g be a rotation with ge3 = n.
The unitary G 7→ G ◦ g−1 carries L2

3,+ onto L2(Σ({x · n > 0}), µ), the reflection Θ3 to the

reflection in the plane {x · n = 0} and the translations U(te3) to U(tn), by gτag
−1 = τga. Hence

it carries the reconstruction of µ in the direction e3 (the paragraph before Remark 9.14) to the
reconstruction of µ in the direction n, which is defined in the same way from the half space
{x · n > 0}, and the Hamiltonian H3 to its Hamiltonian: the two reconstructions are unitarily
equivalent, with the same spectrum.
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Without rotations, what is missing from the full axiom OS1 is exactly the rotation invariance,
and from OS2 the reflection positivity about non-coordinate planes; OS0, OS3, the measure and
the weak form of OS4 (Theorem 9.15) do not depend on it. The rotation invariance is proved
in Sections 12–15: for the killed-box states by Theorems 12.2 and 12.3, and for the torus limit
points along dyadic sequences (Definition 14.1) by Theorem 12.4, whose proof uses the reflection
positivity at the six diagonal site planes through 0 (Theorem 14.3).

10. Correlation inequalities for the Villain fine model

This section proves the four correlation inequalities (K1)–(K4) that Section 11 uses: the first
and second inequalities of Ginibre [17] (for abelian Higgs models see also [6], [10]) on a cone of
observables, the monotonicity of the cone expectations in every coupling, and the monotonicity in
the volume for the killed boxes together with the comparison of a killed box with the torus. The
proofs use the duplicate-variable argument, adapted to the Villain form of the plaquette weight
by a duplication identity of that weight (Lemma 10.4). Throughout, N is fixed, ε := εN is the
spacing and γN the phase constant; the couplings κN ≥ 0, λ0 > 0, ρ0,0 > 0 and the bare mass
counterterm δmB ∈ R of Section 2 (of either sign) are arbitrary. We write ρx := ρ0,0 + ρ̃x ∈ [0,∞)
for the modulus, θb := γNBb ∈ (−π, π] for the angle of a bond and np := γNvp/2π ∈ Z for the
Villain integer of a plaquette, so that the curvature is

fp = (dB)p + vp = γ−1
N

(
(dθ)p + 2πnp

)
.

The coboundaries are the standard ones: for a bond b = (x, x+εei) and a plaquette p = (x; ij), i <
j, with the four bonds (x, i), (x+εei, j), (x+εej , i), (x, j), (da)x;ij = ax,i+ax+εei,j−ax+εej ,i−ax,j ;
for a cube c = (x; 123), (dn)x;123 =

∑
(ijk) cyclic

(
nx+εei;jk − nx;jk

)
with nx;kj := −nx;jk; dd = 0.

A cochain is closed if its coboundary vanishes on every cube (or plaquette) of the lattice in
question; v closed means n closed.

10.1. The class of weights, the states, the cone.

Definition 10.1 (finite lattices; the class of weights). A finite lattice G is a finite disjoint union

G = G1⊔ · · ·⊔Gr (r ≥ 1) of components, each of which is either a fine torus T̃L or a box Λ ⊂ εZ3,
a product of three finite intervals of sites; the components are distinct copies, and the case
r = 1, a single torus or box, is the case of interest. The cells of a component Gi are: the sites
X (Gi); the bonds B(Gi) (for a box, the bonds with both ends in Λ); the plaquettes P(Gi) (for a
box, those with all four bonds in B(Λ)); the cubes C(Gi) (for a box, those with all six faces in
P(Λ)). The cells of G are the disjoint unions X (G) :=

⊔
iX (Gi), B(G), P(G), C(G) of those of

its components; every cell of G lies in exactly one component, and every face of a cube of G lies
in the component of that cube.

The variables are ρx ∈ [0,∞) (x ∈ X (G)), Bb ∈ (−π/γN , π/γN ] (b ∈ B(G)) and v ∈
(2π/γN )ZP(G) closed on C(G), i.e. with (dv)c = 0 for every cube c ∈ C(G); since every cube lies
in one component, v is closed on C(G) exactly when each restriction v|P(Gi) is closed on C(Gi),
and the closed cochains of G are the products of the closed cochains of its components.

Given finite positive Borel measures µx on [0,∞) with

(10.1)

∫ ∞

0
eαρ

2
µx(dρ) <∞ for every α ∈ R,

coefficients κb ≥ 0 (b ∈ B(G)) and βp > 0 (p ∈ P(G)), the weight W = WG(µ, κ, β) is the
measure ∏

x∈X (G)

µx(dρx)
∏

b∈B(G)

eκbρb−ρb+ cos θb dBb
∑

v closed

∏
p∈P(G)

e−βpf
2
p/2
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and ⟨F ⟩ :=
∫
F W/

∫
W is its state. For r ≥ 2 every factor of W is indexed by a cell of one

component and the sum over the closed v factorises over the components, so W = WG1⊗· · ·⊗WGr

is the product of the weights of the components (each with the restriction of µ, κ, β to its cells),
and the state of G is the product state: functions of the variables of different components are
independent under ⟨·⟩.

The mass Z :=
∫
W is finite and positive: for each p,

∑
n∈Z e

−βp(y+2πn)2/(2γ2N ) ≤ Kp :=∑
m∈Z e

−βp(πm)2/(2γ2N ) for every real y (the term with y + 2πn ∈ (−π, π] is at most 1, and the
m-th term on either side of it has |y + 2πn| ≥ 2π|m| − π ≥ π|m|), so the v-sum is at most∏
pKp uniformly in B; and eκbρρ

′ ≤ eκb(ρ
2+ρ′2)/2 with (10.1) bounds the ρ-integral. Every F

with |F | ≤ C e
∑

x qxρ
2
x is W -integrable, by the same two bounds.

Let µ◦(dρ) := gct(ρ− ρ0,0) e
−3κNρ

2
dρ on [0,∞), where gct(ρ̃) := g(ρ̃) e−

1
2
δmB(ρ0,0+ρ̃)2 , g(ρ̃) =

(ρ0,0 + ρ̃)e−λ0(ρ
2−ρ20,0)2 , is the site factor of Section 2 with its bare mass counterterm, δmB ∈ R of

either sign. The measure µ◦ is finite and positive and satisfies (10.1) for every α ∈ R and every

real δmB, because the quartic dominates ((2.1) at q = |α|, times e−3κNρ
2 ≤ 1): for ρ ≥ 0,

gct(ρ− ρ0,0) e
−3κNρ

2
eαρ

2 ≤ ρ eλ0ρ
4
0,0 e−

1
2
λ0ρ4+(|α|+ 1

2
|δmB |)ρ2 ,

by λ0(ρ2−ρ20,0)2 ≥ 1
2λ0ρ

4−λ0ρ40,0 and eαρ
2
e−

1
2
δmBρ

2 ≤ e(|α|+
1
2
|δmB |)ρ2 ; the right side is integrable

over [0,∞) since λ0 > 0.

Definition 10.2 (torus states and killed-box states). (a) The torus state ⟨·⟩fineL of Section 2
is the state of WT̃L

(µ◦, κN , 1): every site of the torus is an end of six bonds, and the

hopping factor h of each bond contributes the diagonal factor e−κNρ
2/2 to each of its

ends, so
∏
x gct

∏
b h =

∏
x gct(ρ̃x)e−3κNρ

2
x
∏
b e
κNρb−ρb+ cos θb .

(b) For a box Λ the killed-box state ⟨·⟩Λ is the state of WΛ(µ◦, κN , 1): the weight

WΛ =
∏
x∈Λ

gct(ρ̃x)e−3κNρ
2
x

∏
b∈B(Λ)

eκNρb−ρb+ cos(γNBb)
∏

p∈P(Λ)

e−f2p/2

in the variables ρ̃x (x ∈ Λ), Bb (b ∈ B(Λ)), vp (p ∈ P(Λ)), the sum over the v closed on
the cubes of Λ. It is the weight of Section 2 with the matter killed outside Λ (ρy = 0 for
y /∈ Λ, which turns the hopping factor of every bond leaving Λ into the diagonal factor

e−κNρ
2
x/2 of its inner end, so that every site of Λ carries the diagonal halves of all six of

its bonds) and with no gauge or Villain variables outside B(Λ), P(Λ).
A function is supported in Λ if it depends only on fp (p ∈ P(Λ)), Bb (b ∈ B(Λ)) and ρx (x ∈ Λ).

Definition 10.3 (the cone KN and the enlarged cone K+
N ). For a real finitely supported plaquette

function a = (ap), an integer finitely supported bond function k = (kb), a polynomial P in finitely
many ρx with non-negative coefficients and a finitely supported q = (qx) with qx ≥ 0, put

Θa,k,P,q := cos
(∑

p

apfp +
∑
b

kbθb

)
P (ρ) e

∑
x qxρ

2
x , Θa,P,q := Θa,0,P,q.

The cone KN is the set of finite non-negative linear combinations of the Θa,P,q, and the enlarged

cone K+
N that of the Θa,k,P,q; KN ⊂ K+

N . The generators of KN are the Θa,1,q (this is the sense
of Section 11; the polynomial factors are in the cone but are not needed to generate the state).
Both cones are closed under products (cosu cos v = 1

2 [cos(u + v) + cos(u − v)], and products
of polynomials with non-negative coefficients and of the exponentials stay in the class). In
particular, for every site x, bond b and plaquette p and every q ≥ 0,

ρ2x ∈ KN , eqρ
2
x ∈ KN , ρ2xe

qρ2x ∈ KN , cos
(∑

p

apfp

)
∈ KN , ρb−ρb+ cos θb ∈ K+

N
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(a = 0, P = ρ2x or P = 1; the last with a = 0, k = δb, P = ρb−ρb+).

Every element of K+
N is continuous, is local, and satisfies |Θ| ≤ Ce

∑
x q

′
xρ

2
x for some C < ∞

and finitely supported q′ ≥ 0; hence it is integrable for every weight of Definition 10.1. On a
finite lattice G the cone KN and the enlarged cone K+

N of G are defined by the same formulas
with a, k, P , q indexed by the plaquettes, bonds and sites of G (cells of different components
may occur in one element: the functions are evaluated on the cells of G, and only elements whose
plaquettes, bonds and sites are cells of G are considered). The energy densities f2p are not in K+

N ;
their covariances with the cone have a sign of their own, (K3) of Theorem 10.8.

10.2. The duplication identity and three lemmas. Fix a finite lattice G and write B = B(G),
P = P(G), C = C(G) (G may have several components; every statement of this subsection is
about the cells of G, with closedness imposed cube by cube, and holds component by component).
Two independent copies (ρ, θ, n) and (ρ′, θ′, n′) of the variables are called the duplicate variables ;
F ′ denotes the function F evaluated in the primed copy. The new variables are

(10.2) ux := 1
2(ρx + ρ′x), vx := 1

2(ρ′x − ρx), αb := 1
2(θb + θ′b), ηb := 1

2(θb − θ′b),

so that ρ = u− v, ρ′ = u+ v with ux ≥ |vx|, and θ = α+ η, θ′ = α− η.

Lemma 10.4 (duplication identity of the Villain weight). Let σ range over {0, 1}P and, for each
σ, let Kσ := {k ∈ ZP : 2dk + dσ = 0 on C} (possibly empty). If G has the components Gi, write

K
(i)
σ for the set defined by the same condition for σ|P(Gi) on the cubes of Gi; then k ∈ Kσ exactly

when each restriction k|P(Gi) lies in K
(i)
σ , because the condition is imposed cube by cube and every

cube lies in one component: Kσ =
∏
i K

(i)
σ . The map (k, l, σ) 7→ (n, n′) := (k + l + σ, k − l) is a

bijection from {(k, l, σ) : k, l ∈ Kσ} onto the pairs of closed integer cochains (n, n′), with inverse
σp = (np + n′p) mod 2, k = 1

2(n+ n′ − σ), l = 1
2(n− n′ − σ). Under it, with

(10.3)
Xp := (dα)p + πσp + 2πkp, Yp := (dη)p + πσp + 2πlp,

ξp := Xp/γN , υp := Yp/γN ,

one has (dθ)p + 2πnp = Xp +Yp and (dθ′)p + 2πn′p = Xp−Yp, i.e. fp = ξp + υp, f
′
p = ξp− υp, and

(10.4)

∑
n,n′ closed

∏
p∈P

e−βp(f
2
p+f′2p )/2 =

∑
σ

∑
k∈Kσ

∑
l∈Kσ

Vσ(α, k)Vσ(η, l),

Vσ(α, k) :=
∏
p∈P

e−βpX
2
p/γ

2
N ≥ 0,

where Vσ(η, l) is the same function evaluated at (η, l). Moreover
∑

k∈ZP Vσ(α, k) ≤
∏
pKp and∑

k∈ZP |Xp|jVσ(α, k) ≤ Cj <∞ uniformly in α and σ, for every j ≥ 0 and p.

Proof. Given closed n, n′, the integers np + n′p and np − n′p have the same parity, so σp :=

(np + n′p) mod 2 ∈ {0, 1} makes k := 1
2(n + n′ − σ) and l := 1

2(n − n′ − σ) integer cochains;
2dk = dn + dn′ − dσ = −dσ and 2dl = −dσ on C, so k, l ∈ Kσ, and k + l + σ = n, k − l = n′.
Conversely, for k, l ∈ Kσ the cochains n := k + l + σ and n′ := k − l are integer and closed:
dn = dk + dl + dσ = −1

2dσ − 1
2dσ + dσ = 0 and dn′ = dk − dl = 0; and the two maps

are inverse to each other ((n + n′) mod 2 = (2k + σ) mod 2 = σ). Then (dθ)p + 2πnp =
(dα)p+(dη)p+2π(kp+lp+σp) = Xp+Yp and (dθ′)p+2πn′p = (dα)p−(dη)p+2π(kp−lp) = Xp−Yp.
Since (X + Y )2 + (X − Y )2 = 2X2 + 2Y 2, e−βp[(Xp+Yp)2+(Xp−Yp)2]/(2γ2N ) = e−βpX

2
p/γ

2
N e−βpY

2
p /γ

2
N ,

which is (10.4) after the reindexing of the double sum.
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For the uniform bounds, observe that for all real yp∑
k∈ZP

∏
p

e−βp(yp+2πkp)2/γ2N =
∏
p

∑
k∈Z

e−βp(yp+2πk)2/γ2N ≤
∏
p

Kp,

because each summand is at most the summand e−βp(yp+2πk)2/(2γ2N ) of Definition 10.1, whose sum
over k is at most Kp (here Kp is the constant of the halved stiffness). With a factor |yp + 2πkp|j

in one plaquette, the one-dimensional sum
∑

k |y+ 2πk|je−βp(y+2πk)2/γ2N is bounded uniformly in

y by the same comparison with π|m|, since the function s 7→ sje−βps
2/γ2N is bounded on [0,∞)

and summable along s = πm. The identity (10.4) is a product over the plaquettes of G of
per-plaquette factors and the bijection is defined plaquette by plaquette, with closedness imposed
cube by cube; so for a lattice with several components it is the product of the identities of the
components, with Kσ the product set above. □

Lemma 10.5 (the angle domain). Let F be an integrable function on (−π, π]B × (−π, π]B which
is 2π-periodic in each of its 2|B| arguments. Then∫∫

(−π,π]2B
F (θ, θ′) dθ dθ′ =

∫∫
(−π,π]2B

F (α+ η, α− η) dα dη.

Proof. Regard F as a function on the compact group T := (R/2πZ)2B (here B may be any finite
set). The map Ψ(α, η) := (α+ η, α− η) is a continuous homomorphism T → T, and it is onto:
(θ, θ′) = Ψ(12(θ + θ′), 12(θ − θ′)). The image under Ψ of the Haar measure m of T is translation

invariant: for y = Ψ(x) and Borel A, Ψ∗m(A+ y) = m(Ψ−1(A) + x) = m(Ψ−1(A)) = Ψ∗m(A),
using Ψ−1(A+ Ψ(x)) = Ψ−1(A) + x. By the uniqueness of the Haar measure Ψ∗m is a multiple
of m, and the multiple is 1 because both have total mass m(T). Hence

∫
F ◦ Ψ dm =

∫
F dm,

which is the claim in the coordinates (−π, π]2B of T. □

Lemma 10.6 (closed cochains on a box are exact; extension). Let Λ be a box and n ∈ ZP(Λ)

closed on C(Λ). Then there is a ∈ ZB(Λ) with da = n on P(Λ). Consequently, if G is any

finite lattice whose cells contain those of Λ (for instance a box Λ′ ⊃ Λ, or a torus T̃L in which
the sites, bonds, plaquettes and cubes of Λ are cells, i.e. Λ a translate of a sub-box of the
fundamental box ΛL of (K4) of Theorem 10.8), then every n closed on C(Λ) is the restriction to
P(Λ) of a cochain closed on C(G), and two such extensions differ by an element of the group

K(G,Λ) := {k ∈ ZP(G) : k closed on C(G), k = 0 on P(Λ)}.

Proof. Let Λ =
∏3
i=1{mi,mi+ε, . . . ,Mi}. Put ax,1 := 0 for every bond in direction 1. On the face

x1 = m1 put ax,3 := 0 and ax,2 := −
∑

m3≤y3<x3 n(m1,x2,y3);23, so that (da)x;23 = ax,2−ax+εe3,2 =

nx;23 there. For x1 > m1 put ax,j := a(m1,x2,x3),j +
∑

m1≤y1<x1 n(y1,x2,x3);1j for j = 2, 3. Then

(da)x;1j = ax+εe1,j − ax,j = nx;1j for j = 2, 3 on every plaquette of P(Λ). For the 23-plaquettes
let Dx := (da)x;23 − nx;23; then Dx = 0 at x1 = m1, and

Dx+εe1 −Dx = nx;12 + nx+εe2;13 − nx+εe3;12 − nx;13 −
(
nx+εe1;23 − nx;23

)
= −(dn)x;123 = 0

by the formulas for da and dn (the four differences of a are the 12- and 13-increments just
computed); so D ≡ 0. For the extension, extend a by zero to B(G) and put ñ := da on P(G):
it is closed (dd = 0), and on a plaquette of P(Λ), whose four bonds lie in B(Λ), it equals n. If
ñ1, ñ2 are two closed extensions, ñ1 − ñ2 is closed and vanishes on P(Λ). □

Lemma 10.7 (the endpoint of the interpolation). Let Λ be a box and G any finite lattice whose

cells contain those of Λ (for instance a box Λ′ ⊃ Λ, or a torus T̃L in which the sites, bonds,
plaquettes and cubes of Λ are cells, as in Lemma 10.6), and let µx (x ∈ X (G)), κb ≥ 0 (b ∈ B(G)),
βp > 0 (p ∈ P(G)) be as in Definition 10.1. For t ∈ (0, 1] let ⟨·⟩t be the state of the weight
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WG(µ, κ(t), β(t)) with κ
(t)
b = κb for b ∈ B(Λ), κ

(t)
b = tκb for b /∈ B(Λ), β

(t)
p = βp for p ∈ P(Λ),

β
(t)
p = tβp for p /∈ P(Λ), and let ⟨·⟩Λ be the state of WΛ(µ, κ, β) (the restrictions of µ, κ, β to the

cells of Λ). Then for every Θ supported in Λ with |Θ| ≤ Ce
∑

x qxρ
2
x,

lim
t↓0

⟨Θ⟩t = ⟨Θ⟩Λ.

Proof. Write Pnew := P(G) \ P(Λ), Bnew, Xnew likewise, and K := K(G,Λ), a subgroup of
ZPnew , free of some rank r ≥ 0. For each n◦ closed on C(Λ) fix one extension E(n◦) closed on
C(G) (Lemma 10.6); by that lemma the cochains closed on C(G) are exactly the E(n◦) + k,
k ∈ K, each once. On RPnew use the inner product ⟨z, w⟩β :=

∑
p∈Pnew

βpzpwp/γ
2
N and the

norm Q(z) := ⟨z, z⟩β; let V be the real span of K (dimV = r) and z = zV + z⊥ the orthogonal

decomposition. For y ∈ RPnew put

St(y) :=
∑
k∈K

∏
p∈Pnew

e−tβp(yp+2πkp)2/(2γ2N ) =
∑
k∈K

e−tQ(y+2πk)/2 = e−tQ(y⊥)/2
∑
k∈K

e−tQ(yV +2πk)/2,

since 2πk ∈ V .
Poisson summation on the lattice 2πK of the Euclidean space (V, ⟨·, ·⟩β) (the r-dimensional

form of the identity behind (3.2); for r = 0 the sum is the single term 1) gives∑
k∈K

e−tQ(yV +2πk)/2 =
(2π/t)r/2

vol(V/2πK)

∑
λ∈(2πK)∗

e−Q(λ)/(2t)ei⟨λ,yV ⟩β =: cK t
−r/2(1 + εt(yV )

)
,

with (2πK)∗ := {λ ∈ V : ⟨λ, 2πk⟩β ∈ 2πZ for all k ∈ K} the dual lattice (the convention that

goes with the characters ei⟨λ,·⟩β in the identity) and cK := (2π)r/2/vol(V/2πK) ∈ (0,∞), whose
value cancels in the quotient at the end of the proof. With δ2 := min{Q(λ) : λ ∈ (2πK)∗\{0}} > 0

and t ≤ 1, |εt(yV )| ≤
∑

λ̸=0 e
−Q(λ)/2e−δ

2(1/t−1)/2 =: ε̄t, which is finite and tends to 0 as t ↓ 0,
uniformly in y.

Now fix the old variables ρx (x ∈ Λ), Bb (b ∈ B(Λ)), n◦ closed on C(Λ) and the new variables
ρx (x ∈ Xnew), Bb (b ∈ Bnew), and put yp := (dθ)p+2πE(n◦)p for p ∈ Pnew. Every closed cochain

of G is E(n◦) + k with k = 0 on P(Λ), so on P(Λ) the curvature is fp = γ−1
N ((dθ)p + 2πn◦p),

independent of k; hence Θ (supported in Λ) and the plaquette factors of P(Λ) do not depend on
k, and the sum over k of the new plaquette factors is St(y). Therefore, with

W ◦ :=
∏
x∈Λ

µx(dρx)
∏

b∈B(Λ)

eκbρb−ρb+ cos θbdBb
∏

p∈P(Λ)

e−βpf
2
p/2

(the weight of ⟨·⟩Λ at the given n◦),

tr/2

cK

∫
ΘWG(µ, κ(t), β(t)) =

∫ ∏
x∈Xnew

µx(dρx)
∏

b∈Bnew

dBb

∑
n◦

∫
ΘW ◦

∏
b∈Bnew

etκbρb−ρb+ cos θb e−tQ(y⊥)/2
(
1 + εt(yV )

)
.

The last three factors tend to 1 as t ↓ 0, for every fixed value of the variables (y does

not depend on t), and their product is bounded by (1 + ε̄1)
∏
b∈Bnew

e
κb(ρ

2
b−

+ρ2b+
)/2

. The
remaining integrand, |Θ|W ◦ times this bound times the new site measures, is integrable:

the new Bb range over a bounded set,
∑

n◦
∏
p∈P(Λ) e

−βpf2p/2 ≤
∏
pKp, and the ρ-integral

is finite by (10.1) and |Θ| ≤ Ce
∑
qxρ2x . By dominated convergence the right side tends to

(2π/γN )|Bnew|∏
x∈Xnew

µx([0,∞))
∫

ΘWΛ(µ, κ, β). The same holds with Θ replaced by 1; the
common factor is in (0,∞), and the quotient of the two limits is ⟨Θ⟩Λ. □
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10.3. The inequalities.

Theorem 10.8 (Ginibre’s inequalities for the Villain fine model). Let ⟨·⟩ be the state of a weight
WG(µ, κ, β) of Definition 10.1 on a finite lattice G, a finite disjoint union of fine tori and boxes
with the product weight (for instance the disjoint union of two copies of one torus carrying the
same weight, whose state is the product of two independent copies of one state of a torus weight);
in particular a torus state ⟨·⟩fineL or a killed-box state ⟨·⟩Λ of Definition 10.2, for every γN > 0,
every κN ≥ 0, λ0 > 0, ρ0,0 > 0, every real δmB and every side L. For Θ,Θ′ ∈ K+

N whose cells
are cells of G (in particular for Θ,Θ′ ∈ KN ):

(K1) ⟨Θ⟩ ≥ 0;
(K2) ⟨Θ; Θ′⟩ := ⟨ΘΘ′⟩ − ⟨Θ⟩⟨Θ′⟩ ≥ 0;
(K3) ⟨Θ⟩ is a continuously differentiable function of each κb ∈ [0,∞), of each βp ∈ (0,∞) and

of q ∈ [0,∞) under µx 7→ eqρ
2
µx (one site x), the other parameters held fixed, and its

partial derivatives are continuous functions of all the parameters (κb)b, (βp)p, q jointly
(so that ⟨Θ⟩ is continuously differentiable along every continuously differentiable path of
parameters), with

(10.5) ∂κb⟨Θ⟩ = ⟨Θ; ρb−ρb+ cos θb⟩ ≥ 0, ∂βp⟨Θ⟩ = −1
2⟨Θ; f2p⟩ ≥ 0, ∂q⟨Θ⟩ = ⟨Θ; ρ2x⟩ ≥ 0;

hence ⟨Θ⟩ is non-decreasing in each of them. For the torus states and the killed-box states
this means that the expectation of Θ is non-decreasing in each hopping coefficient κb ≥ 0
(the coefficient of ρb−ρb+ cos(γNBb), bond by bond, the diagonal factors held fixed), in

each plaquette stiffness βp > 0 (wp(f) = e−βpf
2/2) and in q ≥ 0 under the change of the

site weight gct(ρ̃x) 7→ gct(ρ̃x)eqρ
2
x.

(K4) For boxes Λ ⊂ Λ′ and Θ supported in Λ: ⟨Θ⟩Λ ≤ ⟨Θ⟩Λ′ . Identify the sites of T̃L with the box
ΛL := {0, ε, . . . , L−ε}3, its bonds and plaquettes with the pairs (site, direction) and triples

(site, two directions) based at those sites, so that B(ΛL) ⊂ B(T̃L) and P(ΛL) ⊂ P(T̃L).
Then for every box Λ ⊂ ΛL and Θ supported in Λ: ⟨Θ⟩Λ ≤ ⟨Θ⟩ΛL

≤ ⟨Θ⟩fineL . In particular,
if Λ lies in a cube of side less than L (a fortiori if Λ together with its nearest-neighbour
sites does), a translation of the torus (which leaves ⟨·⟩fineL invariant) brings Λ into ΛL,

and ⟨Θ⟩Λ ≤ ⟨Θ⟩fineL .

The proof occupies the rest of this subsection. We derive (K1) from the positivity of the
Fourier coefficients of the weight, as in the proof of Theorem 3.1, then (K2) and the three signs
of (K3) from the duplication identity, and finally (K4) from (K3) and Lemma 10.7. By linearity
it suffices to treat Θ = Θa,k,P,q and Θ′ = Θa′,k′,P ′,q′ . Every step of the proofs of (K1)–(K3)
is cell by cell: the site, bond and plaquette factors are indexed by the cells of G, the closure
constraint is imposed cube by cube, the duplication identity is a product over the plaquettes
and the angle domain a product over the bonds; so the proofs apply without change when G
has several components, and (K1)–(K3) hold on every finite lattice of Definition 10.1. (K4) is a
statement about boxes and the torus, and the lattice G of Lemma 10.7 in its proof is a single
box or a single torus.

Proof of (K1). Let Θ = Θa,k,P,q and Φ :=
∑

p apfp +
∑

b kbθb. Put Z(Θ) :=
∫
P (ρ)e

∑
x qxρ

2
xeiΦW ,

so that ⟨Θ⟩ = ReZ(Θ)/Z; we show Z(Θ) ≥ 0.

The plaquette sum. For β > 0, real x, s, a and cβu := (γN/
√

2πβ) e−γ
2
Nu

2/(2β) > 0,

(10.6)
∑

v∈(2π/γN )Z

e−β(x+v)
2/2eia(x+v)eiγNsv = e−a

2/(2β)
∑
m∈Z

cβm−s e
iγN (m−s)x eγN (m−s)a/β.
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This is Poisson summation for n 7→ e−β(x+2πn/γN )2/2eia(x+2πn/γN )e2πisn (a Schwartz function of
n ∈ R), whose Fourier coefficient at m is, after the substitution w = x+ 2πu/γN ,

γN
2π
eiγN (m−s)x

∫
e−βw

2/2ei(a+γN (s−m))wdw =
γN√
2πβ

eiγN (m−s)xe−(a+γN (s−m))2/(2β),

and (a + γN (s − m))2 = a2 − 2aγN (m − s) + γ2N (m − s)2. (For β = 1 this is (3.2) with a
replaced by ia.) The closure constraint is resolved as in the proof of Theorem 3.1: 1[(dv)c =

0] =
∫ 1
0 e

iγN tc(dv)cdtc for every cube c ∈ C, so with t ∈ [0, 1]C and s := d∗t, (d∗t)p =
∑

c∋p±tc (at

most two cubes, |sp| ≤ 2),∑
v closed

∏
p

e−βpf
2
p/2eiapfp = e−

∑
p a

2
p/(2βp)

∫
[0,1]C

dt
∑
m∈ZP

∏
p

c
βp
mp−spe

γN (mp−sp)ap/βp ei
∑

b(d
∗m)bθb ,

by (10.6) plaquette by plaquette with x = (dB)p and γN
∑

p(mp−sp)(dB)p =
∑

b(d
∗(m−s))bθb =∑

b(d
∗m)bθb, because d∗s = d∗d∗t = 0; here (d∗m)b ∈ Z.

The gauge integral. By ez cosφ =
∑

j∈Z Ij(z)e
ijφ with Ij(z) = I−j(z) ≥ 0 for z ≥ 0 and∑

j Ij(z) = ez, for every bond b and integer jb := (d∗m)b + kb,∫
(−π/γN ,π/γN ]

dBb e
ijbθb eκbρb−ρb+ cos θb =

2π

γN
Ijb

(
κbρb−ρb+

)
≥ 0.

Assembly. Hence, with

Ωk,P,q(m) :=

∫ ∏
x

µx(dρx)P (ρ)e
∑

x qxρ
2
x

∏
b

2π

γN
I(d∗m)b+kb(κbρb−ρb+) ≥ 0,

Z(Θ) = e−
∑

p a
2
p/(2βp)

∫
[0,1]C

dt
∑
m∈ZP

(∏
p

c
βp
mp−spe

γN (mp−sp)ap/βp
)

Ωk,P,q(m) ≥ 0.(10.7)

The interchanges are justified by absolute convergence:∑
m

∏
p

c
βp
mp−spe

γN (mp−sp)|ap|/βp =
∏
p

∑
m∈Z

c
βp
m−spe

γN (m−sp)|ap|/βp

is bounded uniformly in |sp| ≤ 2 (a Gaussian sum against an exponential), and

0 ≤ Ωk,P,q(m) ≤
∫ ∏

x

µx(dρx)P (ρ)e
∑
qxρ2x

∏
b

2π

γN
e
κb(ρ

2
b−

+ρ2b+
)/2

<∞

by Ij(z) ≤ ez and (10.1); the lattice is finite. So Z(Θ) is real and non-negative, and ⟨Θ⟩ =
Z(Θ)/Z ≥ 0. □

Proof of (K2) and of the signs in (K3). Write Θ1 := Θ = F (ρ) cos Φ1 and Θ2 := Θ′ =

G(ρ) cos Φ2 with F (ρ) := P (ρ)e
∑

x qxρ
2
x , G(ρ) := P ′(ρ)e

∑
x q

′
xρ

2
x , Φ1 :=

∑
p apfp +

∑
b kbθb, Φ2

likewise with (a′, k′); from now on a prime denotes the duplicate copy of Section 10.2. For
integrable F1, F2,

(10.8) Z2⟨F1;F2⟩ = 1
2

∫∫
(F1 − F ′

1)(F2 − F ′
2)W W ′,

since the right side is 1
2

(
2Z

∫
F1F2W − 2

∫
F1W

∫
F2W

)
.

The integrand in the new variables. Expand F (ρ) =
∑

m cmρ
m (multi-indices m, cm ≥ 0,

convergent everywhere; P has non-negative coefficients and eqρ
2

an entire series with non-negative

coefficients). In the variables (10.2), F (u+ v) =
∑

m cm
∏
x

∑
jx≤mx

(
mx

jx

)
umx−jx
x vjxx ; let Fe(u, v)

be the sum of the terms with
∑

x jx even and Fo(u, v) that of the terms with
∑

x jx odd. Both
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are power series in (u, v) with non-negative coefficients, absolutely convergent and dominated by
F (u+ |v|), and

F (ρ′) = F (u+ v) = Fe + Fo, F (ρ) = F (u− v) = Fe − Fo,

because v 7→ −v changes the sign of exactly the odd terms. Likewise G = Ge ∓Go.
In the parametrisation of Lemma 10.4, Φ1 = Ξ1 +H1 and Φ′

1 = Ξ1 −H1 with

Ξ1 :=
∑
p

apξp +
∑
b

kbαb (a function of (α, k, σ)),

H1 :=
∑
p

apυp +
∑
b

kbηb (the same function of (η, l, σ)),

by f = ξ + υ, f′ = ξ − υ, θ = α + η, θ′ = α − η; and Ξ2, H2 likewise. Hence, by the addition
formulas,

(10.9)
Θ1 + Θ′

1 = 2Fe cos Ξ1 cosH1 + 2Fo sin Ξ1 sinH1,

Θ1 − Θ′
1 = −2Fo cos Ξ1 cosH1 − 2Fe sin Ξ1 sinH1,

and the same for Θ2.
For a bond b = (x, y),

ρxρy cos θb + ρ′xρ
′
y cos θ′b = 2(uxuy + vxvy) cosαb cos ηb + 2(uxvy + vxuy) sinαb sin ηb,

so the pair of hopping factors is

eκb(ρxρy cos θb+ρ
′
xρ

′
y cos θ′b) =

∑
m,m′≥0

(2κb)
m+m′

m!m′!
(uxuy + vxvy)

m(uxvy + vxuy)
m′

(
cosm αb sinm

′
αb

)(
cosm ηb sinm

′
ηb
)
,

a series each term of which is the product of a non-negative coefficient, a polynomial in u, v with
non-negative coefficients and a factor T (αb)T (ηb) with the same trigonometric monomial T in both

copies; the absolute values of the terms sum to at most e2κb(ux+|vx|)(uy+|vy |) ≤ eκb(ρ
2
x+ρ

′2
x +ρ2y+ρ

′2
y ).

The pair of Villain weights is (10.4), and the site measures
∏
x µx(dρx)µx(dρ′x) are invariant

under ρx ↔ ρ′x, i.e. under vx 7→ −vx with u fixed, for each x separately.
The positive structure. By (10.9),

(Θ1 −Θ′
1)(Θ2 −Θ′

2) = 4
[
Fo cos Ξ1 cosH1 +Fe sin Ξ1 sinH1

][
Go cos Ξ2 cosH2 +Ge sin Ξ2 sinH2

]
,

which consists of four terms, each the product of a series in u, v with non-negative coefficients and
a factor τ(α, k, σ) τ(η, l, σ), where τ is a product of two of the functions cos Ξi, sin Ξi, the same
function in both copies. Multiplying out with the hopping series and (10.4), the full integrand of
(10.8) becomes

(10.10)
∑
ι

cιMι(u, v)
∑
σ

∑
k,l∈Kσ

τι(α, k, σ)Vσ(α, k) τι(η, l, σ)Vσ(η, l),

with cι ≥ 0, Mι a monomial
∏
x u

ax
x v

bx
x and τι a product of cosines and sines of the αb, Ξ1,

Ξ2. The series converges absolutely, uniformly on the angle domain, and is integrable, because
|τι| ≤ 1, ∑

ι

cι|Mι| ≤ 4F (u+ |v|)G(u+ |v|)
∏
b

e
κb(ρ

2
b−

+ρ′2b−
+ρ2b+

+ρ′2b+
)

with F (u+ |v|) = F (max(ρ, ρ′)) ≤ P (ρ+ ρ′)e
∑

x qx(ρ
2
x+ρ

′2
x ) (the maximum taken site by site; P

has non-negative coefficients),
∑

σ

∑
k,l∈ZP Vσ(α, k)Vσ(η, l) ≤ 2|P|(

∏
pKp)

2 by Lemma 10.4, and

the site measures satisfy (10.1).
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The integral. The function of (θ, θ′) obtained from the integrand of (10.8) at fixed (ρ, ρ′)
by the sums over n, n′ is 2π-periodic in every θb and θ′b: the shift θb 7→ θb + 2π together with

n 7→ n−dδb (a bijection of the closed cochains, dd = 0) leaves f, cos θb and eik·θ, hence Θi and W ,
unchanged. By Lemma 10.5 (with dBb = dθb/γN ) and Fubini, 2Z2⟨Θ1; Θ2⟩ equals the integral of

(10.10) over
∏
x µx(dρx)µx(dρ′x) γ

−2|B|
N dα dη on [0,∞)2X × (−π, π]2B, and term by term (absolute

convergence) this is

2Z2⟨Θ1; Θ2⟩ = γ
−2|B|
N

∑
ι

cι

(∫
Mι(u, v)

∏
x

µx(dρx)µx(dρ′x)
)

∑
σ

( ∑
k∈Kσ

∫
(−π,π]B

τι(α, k, σ)Vσ(α, k) dα
)2
.

The angular factor is a square. The radial factor is
∏
x

∫∫
uaxx v

bx
x µx(dρx)µx(dρ′x): it vanishes if

some bx is odd (the symmetry vx 7→ −vx) and is ≥ 0 otherwise (ux ≥ 0, vbxx ≥ 0). Every term is
≥ 0; this is (K2).

The signs of (K3). The functions ρb−ρb+ cos θb and ρ2x are in K+
N (Definition 10.3), so

⟨Θ; ρb−ρb+ cos θb⟩ ≥ 0 and ⟨Θ; ρ2x⟩ ≥ 0 are instances of (K2). For the plaquette energy, f2p − f′2p =

(ξp + υp)
2 − (ξp − υp)

2 = 4ξpυp, so by (10.9)

(Θ − Θ′)(f2p − f′2p ) = −8
[
Fo cos Ξ1 cosH1 + Fe sin Ξ1 sinH1

]
ξp υp,

which has the structure of (10.10) with τι(α, k, σ) replaced by τι(α, k, σ) ξp (again the same
function of (α, k, σ) and of (η, l, σ)) and an overall sign −; the absolute convergence holds with

the second bound of Lemma 10.4 (j = 1). The same computation expresses Z2⟨Θ; f2p⟩ as −4γ
−2|B|
N

times a sum over ι of products of cι ≥ 0, a non-negative radial factor and a sum over σ of squares;
hence ⟨Θ; f2p⟩ ≤ 0. □

Proof of the derivative formulas of (K3). Let λ be one of the parameters κb, βp, q (the last

for µx 7→ eqρ
2
xµx at one site x), and let Wλ be the weight; then ∂λWλ = EλWλ with Eκb =

ρb−ρb+ cos θb, Eβp = −1
2 f

2
p, Eq = ρ2x. On a compact interval of parameters (κb ∈ [0, κ̄], βp ∈ [β0, β̄]

with β0 > 0, q ∈ [0, q̄]) the functions |Θ|Wλ and |ΘEλ|Wλ are dominated by one integrable

function: eκbρρ
′ cos θb ≤ eκ̄ρρ

′
and ρρ′eκ̄ρρ

′
is integrable by (10.1);

∑
np∈Z(1+ f2p)e

−βpf2p/2 ≤
∑

np
(1+

f2p)e
−β0f2p/2 is bounded uniformly in (dB)p (Lemma 10.4, second bound); (1+ρ2x)eqρ

2
x ≤ (1+ρ2x)eq̄ρ

2
x

is µx-integrable.
So λ 7→

∫
ΘWλ and λ 7→ Zλ are continuously differentiable with derivatives

∫
ΘEλWλ and∫

EλWλ (differentiation under the integral, dominated convergence), the partial derivatives being
continuous in all parameters jointly (the same domination over a compact box of parameters),
and the quotient rule gives ∂λ⟨Θ⟩ = ⟨ΘEλ⟩ − ⟨Θ⟩⟨Eλ⟩ = ⟨Θ;Eλ⟩. This is (10.5); the signs were
proved above, and a continuously differentiable function with non-negative derivative on an
interval is non-decreasing. Every intermediate weight belongs to the class of Definition 10.1,
and for the torus states and the killed-box states the three parameters are exactly the hopping
coefficient of a bond with its diagonal factors fixed, the stiffness of a plaquette and the site factor

eqρ
2
x . □

Proof of (K4). Let Λ ⊂ Λ′ be boxes and Θ ∈ K+
N supported in Λ. Take G = Λ′ with the

parameters of the model (µx = µ◦, κb = κN , βp = 1) and let ⟨·⟩t, t ∈ (0, 1], be the interpolated
states of Lemma 10.7: the hopping coefficients of the bonds of B(Λ′) \ B(Λ) at tκN and the
stiffnesses of the plaquettes of P(Λ′) \ P(Λ) at t, everything else fixed; ⟨·⟩1 = ⟨·⟩Λ′ . By (K3) the
function φ(t) := ⟨Θ⟩t is continuously differentiable on (0, 1] (the parameters depend linearly on t,
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and the partial derivatives are jointly continuous by (K3)) with

φ′(t) =
∑

b∈B(Λ′)\B(Λ)

κN ⟨Θ; ρb−ρb+ cos θb⟩t −
1

2

∑
p∈P(Λ′)\P(Λ)

⟨Θ; f2p⟩t ≥ 0.

Hence φ is non-decreasing on (0, 1], and ⟨Θ⟩Λ′ = φ(1) ≥ limt↓0 φ(t) = ⟨Θ⟩Λ by Lemma 10.7

(whose conditions are met: Λ′ ⊃ Λ as in Lemma 10.6, |Θ| ≤ Ce
∑
q′xρ

2
x , and the parameters on

the cells of Λ are those of ⟨·⟩Λ).
For the torus, the identification of the statement makes the sites, bonds and plaquettes of ΛL

cells of T̃L (the bonds (x, i) with xi ≤ L − 2ε and the plaquettes (x; ij) with xi, xj ≤ L − 2ε),
the cubes of ΛL cubes of the torus, and ΛL is a box; so Lemma 10.6 and Lemma 10.7 apply
to G = T̃L ⊃ ΛL. The torus state is the state of WT̃L

(µ◦, κN , 1) and the killed-box state of ΛL

that of WΛL
(µ◦, κN , 1) (Definition 10.2: the same site measure, since in both every site carries

the diagonal halves of six bonds). The argument of the first paragraph, with the bonds of

B(T̃L) \ B(ΛL) and the plaquettes of P(T̃L) \ P(ΛL) interpolated, gives ⟨Θ⟩ΛL
≤ ⟨Θ⟩fineL for every

Θ supported in ΛL; combined with the first clause for Λ ⊂ ΛL this is ⟨Θ⟩Λ ≤ ⟨Θ⟩ΛL
≤ ⟨Θ⟩fineL .

Finally, if Λ lies in a cube of side s < L (s ∈ εZ; the nearest-neighbour sites of Λ play no
role), then s ≤ L − ε and the cube has at most L/ε sites along each axis, so some translate

y + Λ (y ∈ εZ3) lies in ΛL; the torus weight is invariant under the translations of T̃L and the
killed-box weight is carried along by them, so ⟨Θ⟩fineL = ⟨Θy⟩fineL and ⟨Θ⟩Λ = ⟨Θy⟩y+Λ for the

translate Θy ∈ K+
N of Θ, supported in y + Λ. The argument of the first paragraph uses only

(K3) and Lemma 10.7, which hold for every weight of Definition 10.1; it therefore gives the same
comparison for any such weight on a finite lattice G whose cells contain those of Λ and whose
parameters on the cells of Λ are those of the Λ-weight. □

Remark 10.9 (the hypotheses used by each clause). (i) (K1) uses only the positivity of the Fourier

coefficients of the weight: the coefficients cβu > 0 of the Villain plaquette weight (its Gaussian
form, through Poisson summation) and the Bessel coefficients Ij ≥ 0 of the hopping factor, which
depends on the gauge field only through cos(γNBb) with the non-negative coefficient κb; the site

measures, the polynomial P and the factor e
∑
qxρ2x enter as non-negative weights, and the closure

constraint only through the phases eiγN tc(dv)c . It holds for every γN > 0 and gives the first
inequality alone: positivity of the Fourier coefficients does not imply (K2) (the weight 1+cos t cos 2t
on the circle has non-negative Fourier coefficients, and ⟨cos t; cos 3t⟩ = 0 − 1

4 · 1
4 = − 1

16).
(ii) (K2)–(K4) rest on the duplication identity (10.4), which uses that the Villain integers are

summed over all closed cochains: the closed integer cochains form a group, so that n+ n′ and
n− n′ are closed again and the parametrisation of Lemma 10.4 exists; a sum restricted to one
nonzero flux class of the torus (a coset, not a group) does not have this property. The sum over
all v without the closure constraint has it as well. The phases of the enlarged cone carry integer
bond coefficients kb so that the integrand is a function on the angle torus (Lemma 10.5), and the
frequencies ap of the curvature are arbitrary real numbers because fp is a real variable.

(iii) The argument of (K2) applied to Θ + Θ′ in (10.9) gives (K1) a second time.
(iv) Nothing in (K1)–(K3) uses the form of the site measure beyond (10.1); the killed-box

convention (every site with all six diagonal halves) is what makes the site measure the same in
every volume, which (K4) needs.

(v) For the torus states and the killed-box states every statement holds for every γN > 0,
κN ≥ 0, λ0 > 0, ρ0,0 > 0, δmB ∈ R and every L. These are statements at a fixed level N , which
suffices for Section 11, where the limit L→ ∞ is taken at fixed N .

(vi) Definition 10.1 admits lattices with several components, and Theorem 10.8 covers them
because the proofs of (K1)–(K3) are cell by cell.
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Remark 10.10 (the bare mass counterterm). The site measure µ◦ = gct(ρ − ρ0,0)e
−3κNρ

2
dρ,

gct = g e−
1
2
δmBρ

2
(Definition 10.2), carries the bare mass counterterm of Section 2, δmB ∈ R of

either sign. Every statement of this section holds for every real δmB: Definition 10.1, Lemma 10.7
and the proofs of (K1)–(K3) use of the site measures only that they are finite positive measures
on [0,∞) with (10.1) (item (iv) of Remark 10.9), which µ◦ has by (2.1). The proof of (K4)
uses in addition only that µ◦ is the same measure at every site of every box and of the torus
(the counterterm is a per-site factor, and the killed-box convention keeps it at every site); no
monotonicity, no identity and no sign of a derivative of g is used.

11. The existence of the fine infinite-volume state

The relation (2.2) would define the fine infinite-volume state ωN as the limit of the torus
states; in this paper ωN is a limit point of the torus states (Definition 2.3), and the existence
of the limit is not assumed. The results of this section are the following. First, limit points of
the torus states exist along subsequences of sides, and every limit point carries all the lattice
symmetries, the reflection positivity and the uniform bounds of the torus states (Theorem 11.5);
the only new estimate is a bound on the local moments of the scalar density, uniform in the
volume, which we derive from the reflection positivity of the torus states (Lemma 11.2). Second,
no statement of this paper requires the existence of the limit (2.2): the chain from the estimate
to the limit functional and the statements of Section 9 are proved for limit points of this kind
(Corollary 11.7).

Third, on the cone of observables for which Ginibre’s inequalities hold, the killed-box states
converge, every torus limit point dominates the box limit, and the values on the cone determine
the state (Theorem 11.11, Lemma 11.12); hence (2.2), in its continuous form (ii) of Corollary 11.13,
is equivalent to the agreement of the torus limit points on the cone generators (the form (i)
implies it).

Throughout, N ≥ N0 is fixed, ε := εN is the spacing, γN the phase constant, and the couplings
κN ≥ 0, λ0 > 0, ρ0,0 > 0 and the bare mass counterterm δmB ∈ R (Remark 2.2) are arbitrary:
nothing in this section depends on their values. All constants may depend on N through
(ε, γN , κN , λ0, ρ0,0, δmB); this is sufficient, since the limit L→ ∞ is taken at fixed N .

11.1. Configuration space, local functions, the symmetries of the torus states. Let PN
be the set of plaquettes of εZ3, one orientation chosen for each (the opposite orientation carries
f−p = −fp), and XN its set of sites. The configuration space of the gauge-invariant variables is

ΩN := RPN × [−ρ0,0,∞)XN , ξ =
(
(fp)p∈PN

, (ρ̃x)x∈XN

)
, ρx := ρ0,0 + ρ̃x ≥ 0,

with the product topology and its Borel σ-algebra; ΩN is a countable product of Polish spaces,
hence Polish, and its Borel σ-algebra is the product σ-algebra, generated by the cylinder sets.
For a finite set S of plaquettes and sites put ES := RPS × [−ρ0,0,∞)XS and let πS : ΩN → ES be
the projection. A function F on ΩN is local with support S if F = FS ◦ πS ; it is bounded Borel
local, bounded continuous local, etc., according to FS . The bounded Borel local functions are
the “bounded local gauge-invariant functions” of (2.2).

If S lies in a cube of side less than L, the quotient map εZ3 → T̃L is injective on the cells of
S, and the gauge-invariant variables of T̃L at the image cells define a measurable map from the
torus configurations to ES ; its law under ⟨·⟩fineL is a Borel probability measure νSL on ES , and for

F local with support S we write ⟨F ⟩fineL :=
∫
FS dν

S
L . This is the meaning of ⟨F ⟩fineL for local F

throughout; by the translation invariance of the torus state it does not depend on the translate
of S used. Let GN be the group generated by the translations by εZ3, the reflections Rj,c in the
planes {xj = c}, j ∈ {1, 2, 3}, c ∈ 1

2εZ, and the cubic group about every site, acting on cells and
on ΩN by (gξ)κ := ξgκ with the orientation conventions (f changes sign on the plaquettes whose
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orientation g reverses: this is the time-like sign on the curvature); and let C : (f, ρ̃) 7→ (−f, ρ̃) be
the charge conjugation.

Lemma 11.1 (symmetries of the torus states). For every g ∈ GN ∪{C} and every bounded Borel
local F , ⟨F ◦ g⟩fineL = ⟨F ⟩fineL for all L with L/2 ∈ εZ so large that S and gS lie in a cube of side
less than L.

Proof. For the translations and the cubic group this is the proof of Lemma 5.1; for the reflections
Rj,c it is the paragraph before Theorem 9.7 (every Rj,c with c ∈ 1

2εZ is an involutive symmetry

of T̃L for L/2 ∈ εZ, and the weight and the reference measure are invariant); for C it is the proof
of Proposition 9.12(b). □

11.2. Tightness: the uniform local moments. For the curvature the uniform bound is

Theorem 3.1: ⟨esfp⟩fineL ≤ es
2/2 for all real s, hence ⟨es|fp|⟩fineL ≤ 2es

2/2. For the density we use the
reflection positivity of the torus states about the bond mid-planes.

Lemma 11.2 (uniform local moments of the density). Let gct(ρ̃) := g(ρ̃) e−
1
2
δmB(ρ0,0+ρ̃)2 be the

full site factor of the model of Section 2, the bare mass counterterm included (δmB ∈ R of either
sign; Remark 2.2). Put, for q ≥ 0,

Gct
q :=

∫ ∞

−ρ0,0
gct(r) e

q(ρ0,0+r)2 dr <∞,

K ′
γN

:= sup
x∈R

∑
v∈(2π/γN )Z

e−(x+v)2/2 ≤ 1 + 2
∑
n≥1

e−2π2(n− 1
2
)2/γ2N ,

cg := ρ0,0e
−λ0(2ρ0,0+1)2 , cctg := cg e

− 1
2
|δmB |(ρ0,0+1)2 , ch := e−κN (1+(ρ0,0+1)2)/2,

c0 := cctg (2ch/γN )3e−24/γ2N , C1 := max
{

1,
Gct

0 (2π/γN )3K ′3
γN

c0

}
.

(K ′
γN

is a constant distinct from the KγN of the proof of Theorem 3.1.) Then for every q ≥ 0,
every site x and every L ≥ 4ε with L/2 ∈ εZ,

(11.1) ⟨eqρ2x⟩fineL ≤ CN (q) :=
Gct
q

Gct
0

C 8
1 .

Proof. Write XL,BL,PL for the sites, bonds and plaquettes of T̃L, so that |BL| = |PL| = 3|XL|,
and M := L/ε (an even integer ≥ 4). The integral Gct

q is finite for every q ≥ 0 and every real

δmB by the inequality (2.1): λ0(ρ
2 − ρ20,0)

2 ≥ 1
2λ0ρ

4 − λ0ρ
4
0,0 and e−

1
2
δmBρ

2 ≤ e
1
2
|δmB |ρ2 give

gct(r) e
qρ2 ≤ ρ eλ0ρ

4
0,0 e−

1
2
λ0ρ4+(q+ 1

2
|δmB |)ρ2 , ρ = ρ0,0+r ≥ 0, which is integrable over r ∈ [−ρ0,0,∞)

since λ0 > 0.
Step 1: crude bounds on partition functions. For a set A ⊂ XL and q ≥ 0 let Z(A, q) :=∫
dρ̃

∫
dB

∑
v closedW

∏
y∈A e

qρ2y , so that Z = Z(∅, 0) and ⟨
∏
y∈A e

qρ2y⟩fineL = Z(A, q)/Z. All terms

are non-negative (gct ≥ 0). Since h ≤ 1, since the sum over closed v is at most the sum over all
v, and

∑
vp
w((dB)p + vp) ≤ K ′

γN
for every value of (dB)p,

Z(A, q) ≤
(∫

dρ̃
∏
x

gct(ρ̃x)
∏
y∈A

eqρ
2
y

)( 2π

γN

)|BL|
K ′ |PL|
γN

= (Gct
q )|A|(Gct

0 )|XL|−|A|
( 2π

γN

)3|XL|
K ′ 3|XL|
γN

.

For a lower bound on Z keep only the term v ≡ 0 (which is closed) and restrict the integration to
ρ̃x ∈ [0, 1] for all x and Bb ∈ [−1/γN , 1/γN ] ⊂ (−π/γN , π/γN ] for all b. There gct(ρ̃x) ≥ cctg (the

exponent (ρ0,0 + r)2 − ρ20,0 lies in [0, 2ρ0,0 + 1] for r ∈ [0, 1], so g(r) ≥ cg, and 1
2δmB(ρ0,0 + r)2 ≤
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1
2 |δmB|(ρ0,0 + 1)2), |(dB)p| ≤ 4/γN so w((dB)p) ≥ e−8/γ2N , and, with ρ, ρ′ ∈ [ρ0,0, ρ0,0 + 1] and
|γNBb| ≤ 1,

|eiγNBbρ′ − ρ|2 = (ρ− ρ′)2 + 2ρρ′(1 − cos γNBb) ≤ 1 + ρρ′γ2NB
2
b ≤ 1 + (ρ0,0 + 1)2,

so h ≥ ch. Hence Z ≥ (cctg )|XL|(2ch/γN )|BL|e−8|PL|/γ2N = c
|XL|
0 .

Step 2: doubling by reflection. Fix x and q, put F := eqρ
2
x , and for n = (n1, n2, n3) with

nj = 2kj ≤M let B(n) := {x+ ε(m1,m2,m3) : 0 ≤ mj < nj} (a box of |B(n)| = n1n2n3 distinct

sites of T̃L) and Πn :=
∏
y∈B(n) e

qρ2y . We claim
(
⟨F ⟩fineL

)|B(n)| ≤ ⟨Πn⟩fineL . For n = (1, 1, 1) this is

an identity.
Let it hold for n with nj ≤M/2 for some j, and let n′ be n with nj doubled. Take the bond

mid-plane {xj = c}, c := xj − ε/2, and the slab Λ+
c of Theorem 9.7 in the j-th coordinate, whose

sites have x′j ∈ [xj , xj − ε/2 + L/2]; B(n) ⊂ Λ+
c because (nj − 1)ε ≤ L/2 − ε/2. The reflection

Rj,c maps the sites of B(n) onto the adjacent box {x′j ∈ {xj − ε, . . . , xj − njε}}, disjoint from

B(n), and B(n) ∪ Rj,cB(n) is a translate of B(n′). The function Πn is Λ+
c -measurable with

⟨Π2
n⟩fineL = Z(B(n), 2q)/Z < ∞ by Step 1, so the L2 clause of Theorem 9.7 applies: the form

(A,A′) 7→ ⟨ΘcA ·A′⟩fineL is positive semidefinite and Hermitian, and the Schwarz inequality for it,
with A = Πn and A′ = 1, gives(

⟨ΘcΠn⟩fineL

)2 ≤ ⟨ΘcΠn · Πn⟩fineL ⟨Θc1 · 1⟩fineL = ⟨(Πn ◦Rj,c) Πn⟩fineL = ⟨Πn′⟩fineL ,

by the reflection and translation invariance of the torus state (Lemma 11.1; Πn ◦ Rj,c =∏
y∈Rj,cB(n) e

qρ2y is real). Also ⟨ΘcΠn⟩fineL = ⟨Πn ◦ Rj,c⟩fineL = ⟨Πn⟩fineL . Hence
(
⟨F ⟩fineL

)|B(n′)|
=((

⟨F ⟩fineL

)|B(n)|)2 ≤ (
⟨Πn⟩fineL

)2 ≤ ⟨Πn′⟩fineL , which is the claim for n′.
Now take k1 = k2 = k3 = k := ⌊log2M⌋: every doubling on the way starts from a box with

nj ≤ 2k−1 ≤M/2, the final box has nj = 2k ∈ (M/2,M ] and |B(n)| = 23k > M3/8 = |XL|/8.
Step 3: assembly. By Steps 1 and 2, with n the final box,

⟨Πn⟩fineL =
Z(B(n), q)

Z
≤

(Gct
q

Gct
0

)|B(n)|(Gct
0 (2π/γN )3K ′3

γN

c0

)|XL|
≤

(Gct
q

Gct
0

)|B(n)|
C

|XL|
1 ,

so
⟨F ⟩fineL ≤

(
⟨Πn⟩fineL

)1/|B(n)| ≤ (Gct
q /G

ct
0 )C

|XL|/|B(n)|
1 ≤ (Gct

q /G
ct
0 )C 8

1 ,

since C1 ≥ 1. □

Remark 11.3. (i) The bound is a multiple-reflection bound of the chessboard kind [13], in a weak
form that suffices here: it has the exponent 8 in place of 1 and concerns one observable only, so
that no limiting argument on the number of reflections is needed; the ingredients are the reflection
positivity about the bond mid-planes in the three directions (Theorem 9.7) and the per-cell bounds

of Step 1. (ii) The same bound gives ⟨
∏
y∈A e

qρ2y⟩fineL ≤
∏
y∈A

(
⟨e|A|qρ2y⟩fineL

)1/|A| ≤ CN (|A|q) for

every finite set A of sites by Hölder’s inequality, and the bound ⟨e
∑

x qxρ
2
x⟩fineL ≤ maxxCN (|X|qx)

for finitely many sites X by the convexity of the exponential, e
∑

x∈X qxρ2x ≤ |X|−1
∑

x∈X e
|X|qxρ2x .

(iii) The constants depend on N ; this is sufficient, because the limit L→ ∞ is taken at fixed N .

Remark 11.4 (the bare mass counterterm in this section). The site factor of the model is

gct = g e−
1
2
δmBρ

2
, δmB ∈ R of either sign (Remark 2.2). Every statement of this section holds for

every real δmB, with the constants Gct
q , cctg (hence c0, C1, CN (q)), at fixed N . Indeed, the proofs

use only three properties of the site factor. The first is that gct ≥ 0, Gct
q < ∞ for every q ≥ 0

and gct ≥ cctg on ρ̃ ∈ [0, 1]; it is used in Step 1 of the proof of Lemma 11.2. The second is that gct
is one positive function of the one site variable, the same at every site and independent of f . It
is used in Lemma 11.1, hence in Theorem 11.5(c); in Step 2 of the proof of Lemma 11.2 and in
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Theorem 11.5(d), through Theorem 9.7, whose proof uses the positivity, the reflection invariance
and the integrability of the site factor; and in Theorem 3.1, which uses only that the site integral
is non-negative and finite (Remark 2.2). The third, for Definition 11.9 and Theorem 11.10, is

that gct(ρ − ρ0,0)e
−3κNρ

2
dρ is a finite positive measure on [0,∞) with

∫
eαρ

2
< ∞ for every

α ∈ R (by (2.1)), which is the condition (10.1) that Section 10 imposes on the site measure. No
monotonicity of g, no moment identity and no sign of a derivative of g is used.

11.3. Limit points of the torus states.

Theorem 11.5 (limit points, with every symmetry). Fix N and a sequence of sides L′
n → ∞

with L′
n/2 ∈ εZ. There are a subsequence (Ln) and a Borel probability measure µN on ΩN with

the following properties.

(a) (Convergence.) For every finite S, νSLn
→ (πS)∗µN weakly. Equivalently, with

ωN (F ) :=

∫
F dµN for every bounded Borel local F,

one has ωN (F ) = limn⟨F ⟩fineLn
for every bounded continuous local F . The same limit

relation holds for every bounded Borel local F whose set of discontinuities is µN -null, and

for every continuous local F with |F | ≤ Ce
∑

x∈X qxρ2x for some finite X, C <∞, q ≥ 0.
(b) (State; uniform bounds.) ωN is linear and positive on the bounded Borel local functions,

ωN (1) = 1, |ωN (F )| ≤ ∥F∥∞; and for every real finitely supported a and every q ≥ 0, x,∫
e
∑

p apfp dµN ≤ e
1
2

∑
p a

2
p ,

∫
eqρ

2
x dµN ≤ CN (q).

(c) (Symmetries.) g∗µN = µN for every g ∈ GN ∪ {C}; hence ωN (F ◦ g) = ωN (F ) for every
bounded Borel local F . In particular the conclusion of Lemma 5.1 holds for ωN .

(d) (Reflection positivity.) For j ∈ {1, 2, 3} and c ∈ 1
2εZ let A+

N (j, c) be the bounded Borel
functions of the variables of finitely many cells lying in {xj ≥ c} (all vertices in the

closed half space) and Θj,cF := F ◦Rj,c. Then (F,G) 7→ ωN (Θj,cF · G) is a positive

semidefinite Hermitian form on A+
N (j, c), and ωN (Θj,cF ) = ωN (F ). Both statements

extend to functions of those cells in L2(µN ).
(e) ( Inequalities pass.) If F,G are bounded continuous local functions with ⟨F ⟩fineL ≤ ⟨G⟩fineL

for all large L, then ωN (F ) ≤ ωN (G); and
∫
F dµN ≤ lim infn⟨F ⟩fineLn

for every continuous
local F ≥ 0.

Moreover (a)–(e) hold for every pair ((Ln), µN ), Ln → ∞ with Ln/2 ∈ εZ, for which the weak
convergence of (a) holds.

Proof. Tightness. Let S be finite and KR := [−R,R]PS × [−ρ0,0, R]XS , a compact subset of

ES . By Theorem 3.1 and Markov’s inequality, νSL(|fp| > R) ≤ e−R⟨e|fp|⟩fineL ≤ 2e1/2−R; by

Lemma 11.2, νSL(ρ̃x > R) ≤ e−(ρ0,0+R)2⟨eρ2x⟩fineL ≤ CN (1)e−R
2
. Hence supL ν

S
L(ES \ KR) ≤

2|PS |e1/2−R + |XS |CN (1)e−R
2 → 0 as R→ ∞: the family (νSL)L is tight on the Polish space ES ,

hence relatively compact for the weak topology (Prokhorov).
Diagonal extraction and consistency. Let Sk be the set of cells of εZ3 lying in the cube

[−ka0, ka0]3, k ≥ 1; every finite S is contained in some Sk. A diagonal argument gives a

subsequence (Ln) of (L′
n) along which νSk

Ln
→ νSk∞ weakly for every k. For k ≤ k′ the Sk-marginal

of ν
Sk′
Ln

is νSk
Ln

, and the image of a weakly convergent sequence under the continuous projection

ESk′ → ESk
converges weakly to the image of the limit; so the Sk-marginal of ν

Sk′∞ is νSk∞ : the

family (νSk∞ )k is consistent. By Kolmogorov’s extension theorem (a countable product of Polish
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spaces) there is a unique Borel probability measure µN on ΩN with (πSk
)∗µN = νSk∞ for all k,

hence (πS)∗µN = limn ν
S
Ln

weakly for every finite S.

(a). For F bounded continuous local with support S, ⟨F ⟩fineLn
=

∫
FS dν

S
Ln

→
∫
FS d(πS)∗µN =

ωN (F ) by the definition of weak convergence. For bounded Borel FS with a (πS)∗µN -null

discontinuity set this is the portmanteau theorem. For continuous FS with |FS | ≤ Ce
∑

x∈X qxρ2x :

by Remark 11.3(ii), supL
∫
e2

∑
x qxρ

2
xdνSL < ∞, so (FS) is uniformly integrable for (νSLn

)n, and
weak convergence together with uniform integrability gives the convergence of the integrals.

(b). Linearity, positivity, normalisation and the bound are those of the integral against a

probability measure. The function e
∑

p apfp is continuous and non-negative, so by the port-
manteau theorem for lower semicontinuous functions bounded below (apply weak convergence

to min(e
∑
apfp ,m) and let m → ∞)

∫
e
∑
apfpdµN ≤ lim infn⟨e

∑
p apfp⟩fineLn

≤ e
1
2

∑
a2p by (3.1);

likewise
∫
eqρ

2
xdµN ≤ lim infn⟨eqρ

2
x⟩fineLn

≤ CN (q) by (11.1). This also proves the second clause of
(e); the first clause of (e) is (a) applied to F and G.

(c). Let g ∈ GN ∪ {C} and F bounded continuous local. Then F ◦ g is bounded continuous
local, and by Lemma 11.1 ⟨F ◦ g⟩fineLn

= ⟨F ⟩fineLn
for all large n; by (a),

∫
F ◦ g dµN =

∫
F dµN , i.e.∫

F d(g∗µN ) =
∫
F dµN for every bounded continuous local F . A Borel probability measure on

the Polish space ES is determined by the integrals of the bounded continuous functions, so g∗µN
and µN have the same finite-dimensional marginals; the cylinder sets form a π-system generating
the Borel σ-algebra of ΩN , so g∗µN = µN . The conclusion of Lemma 5.1 for ωN follows, since
εZ3, the reflections in the site planes and the cubic group about every site lie in GN .

(d). Let first F,G be bounded continuous functions of the variables of finitely many cells

lying in {xj ≥ c}. For n large these cells lie in the slab Λ+
c of T̃Ln (in the j-th coordinate), so

Theorem 9.7 (with the cubic symmetry for j ∈ {1, 2}) gives ⟨Θj,cF ·G⟩fineLn
= ⟨Θj,cG · F ⟩fineLn

and

⟨Θj,cF · F ⟩fineLn
≥ 0; the functions Θj,cF ·G, Θj,cF · F and F ◦Rj,c are bounded continuous local,

so by (a) the identities hold for ωN , and ωN (Θj,cF ) = ωN (F ) by (c). Positive semidefiniteness of
the form on finite families follows by applying the inequality to linear combinations. For the
extension let S be a finite set of cells lying in {xj ≥ c}. The bounded continuous functions on
ES are dense in L2(ES , (πS)∗µN ) (a finite Borel measure on a Polish space is Radon), and a

bounded Borel FS can be approximated by continuous F
(i)
S with ∥F (i)

S ∥∞ ≤ ∥FS∥∞ (truncate).
Both sides of the identities are continuous in the L2(µN )-norms of F and G, by the Schwarz
inequality and ∥F ◦Rj,c∥L2(µN ) = ∥F∥L2(µN ) (the Rj,c-invariance of µN , (c)). This gives (d) for

bounded Borel F,G and for F,G in L2(µN ) measurable with respect to the cells of S.
The last clause. The proofs of (b)–(e) above use only (a) and the torus statements along

(Ln). □

Remark 11.6 (uniqueness and the choice of sides). (i) Different sequences of sides may give
different limit points; the theorem claims no uniqueness, and (2.2) in its continuous form (ii)
of Corollary 11.13 is exactly the statement that all limit points coincide, the form (i) implying
it. (ii) Any cofinal class of sides may be prescribed. (iii) The proof of Theorem 11.5 uses only
Theorem 3.1, Theorem 9.7, Lemma 11.1 and Lemma 11.2, which hold for arbitrary positive
couplings and every real δmB.

11.4. Limit points along arbitrary sequences of sides.

Corollary 11.7 (the results hold for every limit point). For each N ≥ N0 let ωN be the

state of a limit point as in Theorem 11.5, along any sequence of sides (L
(N)
n )n, and write

ZN (σ) := ωN (eiΦN (σ)) =
∫
eiΦN (σ)dµN .
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(i) Proposition 4.2, Lemma 5.1, Proposition 6.1 and Theorem 7.1 hold for these ωN ; the
density function gd of Definition 2.5 may be any bounded Borel function.

(ii) Every statement of Section 9 holds for these ωN , with “L→ ∞” read as “n→ ∞ along

L
(N)
n ”: Lemma 9.3, Theorem 9.4, Proposition 9.6, Corollary 9.8, Propositions 9.9, 9.11

and 9.12, Theorems 9.10, 9.13 and 9.15.

Proof. (i) Proposition 4.2. The only steps of its proof that use ωN are the final ones (from
“Finally” on), and they rest on Theorem 11.5(e). Indeed, write ΦN (σ) = X + Y as in that proof,
where X is the curvature part, a continuous function of finitely many fp, and Y is the density
part, a bounded Borel function with |Y | ≤ ∥gd∥∞E(h) pointwise. The Schwarz inequality in
L2(µN ) and Minkowski’s inequality give

ωN (|ΦN (σ)| ∧ 2) ≤
(∫

ΦN (σ)2dµN

)1/2
≤

(∫
X2dµN

)1/2
+ ∥gd∥∞E(h),

and, since X2 is continuous and non-negative, Theorem 11.5(e) and Theorem 3.1 give∫
X2dµN ≤ lim inf

n
⟨X2⟩fineLn

≤ R(f)2.

So (4.1) holds. The continuity of gd is not needed, since ωN is the integral against µN .
Lemma 5.1 is Theorem 11.5(c). Proposition 6.1 uses of ωN only that it is a state, which gives

|ZN (σ)| ≤ 1 and the positivity in Step 1, Lemma 5.1 and (4.1). Theorem 7.1 follows from these
statements.

(ii) Lemma 9.3(b). The family (ΨN,Ln)n is locally uniformly bounded by part (a) of that lemma.
By Montel’s theorem it has locally uniformly convergent subsequences, and every subsequential
limit agrees on iRk with

t 7→
∫
ei

∑
j tjΦN (fj)dµN = lim

n
⟨ei

∑
j tjΦN (fj)⟩fineLn

,

by Theorem 11.5(a) applied to a bounded continuous function of finitely many fp. Two en-

tire functions that agree on iRk coincide, so ΨN,Ln → ΨN locally uniformly with ΨN (it) :=∫
eit·ΦN (f)dµN , and the law µ

(f)
N of (ΦN (fj))j under µN is the weak limit of the torus laws, with∫

ez·xdµ
(f)
N = ΨN (z) by the same uniform integrability as in the proof of that lemma. Every

later use of the lemma (Theorem 9.4(ii)–(iv), Theorem 9.10, Proposition 9.11) takes the limit
along (Ln).

Proposition 9.6 uses of ωN only Lemma 5.1, Proposition 6.1 and Theorem 7.1, which hold
for these ωN by (i). In Corollary 9.8, the identities for bounded Borel F,G of cells in {x3 ≥ c}
and the invariances are Theorem 11.5(d),(c), and the extension to the bounded Borel class
comes from the L2 clause of (d). Proposition 9.9 uses Theorem 7.1(a) and Corollary 9.8. For
Proposition 9.12(b), ΦN (f, h) ◦ C = ΦN (−f, h), so ZN (−f, h) = ZN (f, h) by the C-invariance
of µN , for every bounded Borel gd; the rest of its proof is unchanged. Theorem 9.13 and
Theorem 9.15 use only the statements already covered. □

Remark 11.8 (the existence statement that is used). The statements of this paper use the
following existence statement and no more: for each N there are a sequence of sides Ln → ∞,
Ln/2 ∈ εZ, and a probability measure µN on ΩN such that the finite-dimensional laws of the
gauge-invariant variables under the torus states of sides Ln converge weakly to those of µN ; ωN is
then the integral against µN . The symmetries, the reflection positivity and the uniform bounds
come with it (Theorem 11.5). No averaging over the symmetry group is needed, because every
lattice symmetry is a symmetry of every torus state. The existence of the limit (2.2), and a
fortiori its form for bounded Borel F (a setwise convergence), is not used in any statement of
this paper; it is needed only to speak of the fine state.



OSTERWALDER–SCHRADER AXIOMS FOR SCALAR QED3 IN THE HIGGS PHASE 59

11.5. The cone class: the box limit, the floor, and the reduction of the limit (2.2) to
the cone.

Definition 11.9 (the cone; the killed boxes). For a real finitely supported a = (ap)p∈PN
,

a polynomial P in finitely many ρx with non-negative coefficients and a finitely supported
q = (qx)x∈XN

with qx ≥ 0 put

Θa,P,q := cos
(∑

p

apfp

)
P (ρ) e

∑
x qxρ

2
x ,

and let KN be the set of finite non-negative linear combinations of such functions. The generators
are the Θa,1,q.

For a finite box Λ ⊂ εZ3 (a product of three intervals of sites) let B(Λ) be the bonds with
both ends in Λ and P(Λ) the plaquettes with all four bonds in B(Λ). The killed-box state ⟨·⟩Λ is
the normalised expectation of the weight

WΛ :=
∏
x∈Λ

gct(ρ̃x)e−3κNρ
2
x

∏
b∈B(Λ)

eκNρb−ρb+ cos(γNBb)
∏

p∈P(Λ)

w
(
(dB)p + vp

)
in the variables ρ̃x (x ∈ Λ), Bb (b ∈ B(Λ)), vp (p ∈ P(Λ)), the sum over the v with dv = 0 on
every cube of Λ. It is the weight of the model of Section 2 with the matter killed outside Λ
(ρy = 0 for y /∈ Λ, which turns the hopping factor of every bond leaving Λ into the diagonal

factor e−κNρ
2
x/2 of its inner end, so that every site of Λ carries the diagonal halves of all six of its

bonds) and with no gauge or Villain variables outside B(Λ), P(Λ). A function is supported in Λ
if it depends only on fp, p ∈ P(Λ), and ρx, x ∈ Λ. A sequence of boxes (Λn)n is exhausting if
every finite subset of εZ3 lies in Λn for all large n.

The cone KN is closed under products (cosu cos v = 1
2 [cos(u+ v) + cos(u− v)]), consists of

continuous local functions, and each element satisfies |Θ| ≤ Ce
∑

x q
′
xρ

2
x for some C < ∞ and

finitely supported q′ ≥ 0; so Theorem 11.5(a) gives ωN (Θ) = limn⟨Θ⟩fineLn
for every limit point

and every Θ ∈ KN . Gaussian domination holds for the box states by Lemma 12.10.

Theorem 11.10 (Ginibre’s inequalities for the Villain fine model). For the torus states and for
the killed-box states, and for Θ,Θ′ ∈ KN :

(K1) ⟨Θ⟩ ≥ 0; (K2) ⟨Θ; Θ′⟩ := ⟨ΘΘ′⟩ − ⟨Θ⟩⟨Θ′⟩ ≥ 0;
(K3) ⟨Θ⟩ is non-decreasing in each hopping coefficient κb ≥ 0 (the coefficient of

ρb−ρb+ cos(γNBb), bond by bond, the diagonal factors held fixed), in each plaque-

tte stiffness βp > 0 (wp(f) = e−βpf
2/2) and in q ≥ 0 under the change of the site

weight gct(ρ̃x) 7→ gct(ρ̃x)eqρ
2
x; explicitly ∂κb⟨Θ⟩ = ⟨Θ; ρb−ρb+ cos(γNBb)⟩ ≥ 0 and

∂βp⟨Θ⟩ = −1
2⟨Θ; f2p ⟩ ≥ 0;

(K4) for boxes Λ ⊂ Λ′ and Θ supported in Λ: ⟨Θ⟩Λ ≤ ⟨Θ⟩Λ′; and if Λ together with its
nearest-neighbour sites lies in a cube of side less than L: ⟨Θ⟩Λ ≤ ⟨Θ⟩fineL .

These statements are proved, by the duplicate-variable argument of Ginibre [17] adapted to
the Villain form of the plaquette weight, in Section 10 (Theorem 10.8); we restate them here
and do not repeat the proofs. For (K4) the proof interpolates the couplings of the cells of Λ′

(or of T̃L) outside Λ from their values to 0 and uses (K3), the endpoint being the box state.
The classical input is positivity of the Fourier coefficients of the weight, which gives (K1) alone;
(K2)–(K4) need the duplication identity of the Villain weight.

Theorem 11.11 (the box limit on the cone). (a) For Θ ∈ KN the net Λ 7→ ⟨Θ⟩Λ, over the
boxes containing the support of Θ ordered by inclusion, is non-decreasing and bounded;



60 github.com/marikgoldstein/scalar-qed-existence

hence
ωbox
N (Θ) := lim

Λ↑εZ3
⟨Θ⟩Λ = sup

Λ
⟨Θ⟩Λ

exists, along every exhausting sequence of boxes, and ωbox
N (Θ) ≤ ωN (Θ) for every limit

point ωN of Theorem 11.5 (along any sequence of sides).
(b) The box states converge: for every finite S the laws νSΛ of the variables of S under ⟨·⟩Λ

converge weakly, along every exhausting sequence of boxes, to the marginal of one Borel
probability measure µboxN on ΩN ; ω

box
N (F ) :=

∫
F dµboxN extends ωbox

N from KN to all

bounded Borel local F and all F as in Theorem 11.5(a) (with µboxN -null in place of µN -null

discontinuity sets); µboxN is invariant under GN and C, and
∫
e
∑
apfpdµboxN ≤ e

1
2

∑
a2p,∫

eqρ
2
xdµboxN ≤ CN (q).

Proof. (a) Monotonicity is (K4). Boundedness: for Θ = Θa,P,q and a box Λ containing its

support, |Θ| ≤ Ce
∑

x q
′
xρ

2
x with q′ > q on the sites of P and q′ = q elsewhere, and e

∑
x q

′
xρ

2
x ∈ KN

is supported in Λ, so by (K4) with a torus of side larger than Λ and its neighbours, and

Remark 11.3(ii), ⟨|Θ|⟩Λ ≤ C⟨e
∑

x q
′
xρ

2
x⟩fineL ≤ C maxxCN (|X|q′x) =: C(Θ), uniformly in Λ; the

same bound holds for non-negative combinations. A bounded non-decreasing net of reals converges
to its supremum, and the values along any exhausting sequence of boxes converge to the same
supremum (every box lies in all late members of the sequence, so by monotonicity the limit
inferior along the sequence is at least the supremum over all boxes). For the comparison with a
limit point: given a box Λ containing the support of Θ, (K4) gives ⟨Θ⟩Λ ≤ ⟨Θ⟩fineLn

for all large n,
and the right side converges to ωN (Θ) (Theorem 11.5(a)); so ⟨Θ⟩Λ ≤ ωN (Θ) for every Λ, and
ωbox
N (Θ) ≤ ωN (Θ).

(b) Tightness of (νSΛ)Λ: by (K4), ⟨eρ2x⟩Λ ≤ supL⟨eρ
2
x⟩fineL ≤ CN (1), and ⟨esfp⟩Λ ≤ es

2/2 by
Theorem 3.1 for the box states (Lemma 12.10). The argument of the proof of Theorem 11.5
applies and gives, along every exhausting sequence, a subsequence and a limit measure µ with the
properties (a), (b) of that theorem (with “box” for “torus”), and µ is C-invariant because every
box state is. By (a) of the present theorem and the uniform integrability of Theorem 11.5(a),∫

Θ dµ = lim⟨Θ⟩Λ = ωbox
N (Θ) along the subsequence, for every Θ ∈ KN . By Lemma 11.12 below,

any two such limit measures coincide; hence the whole net converges, to one measure µboxN , and
the extension statement follows.

For the invariance under a translation τ , note that τ maps an exhausting sequence of boxes to
an exhausting sequence of boxes and ⟨F ◦τ⟩Λ = ⟨F ⟩τ−1Λ, so the limits agree. Under a reflection or
a cubic rotation g about a site the same holds: g maps boxes to boxes and exhausting sequences
of boxes to exhausting sequences of boxes, and the box weights are covariant, the weight of gΛ
being the image of WΛ under g. Indeed every factor of WΛ is indexed by a cell of Λ, is the same
function at every cell, and is even in Bb and in fp; a cell map commutes with the coboundaries

up to the orientation signs, so the closedness of v is preserved; the diagonal factor e−3κNρ
2
x is the

same at every site. In each case
∫
F ◦ g dµboxN =

∫
F dµboxN for every bounded continuous local F ,

and g∗µ
box
N = µboxN follows as in the proof of Theorem 11.5(c). The bounds are Theorem 11.5(e)

for the box sequence. □

Lemma 11.12 (the cone determines the state). Let µ, µ′ be Borel probability measures on ΩN ,

both C-invariant, with
∫
e
∑

x qxρ
2
xdµ < ∞ and

∫
e
∑

x qxρ
2
xdµ′ < ∞ for every finitely supported

q ≥ 0, and suppose
∫

Θa,1,q dµ =
∫

Θa,1,q dµ
′ for all generators. Then µ = µ′.

Proof. Fix finite sets P ⊂ PN , X ⊂ XN , and for a ∈ RP , z ∈ CX put G(a, z) :=∫
ei

∑
p∈P apfpe

∑
x∈X zxρ2xdµ and G′ likewise for µ′. For z in a compact subset of CX the in-

tegrand is dominated by e
∑

x qxρ
2
x with qx := max{0,maxℜzx}, the maximum over the compact
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set, which is integrable; so G(a, ·) is entire on CX (differentiation under the integral), and so

is G′(a, ·). By C-invariance the imaginary part
∫

sin(a · f)ez·ρ
2
dµ vanishes for real z, so for

z = q ∈ [0,∞)X the hypothesis gives G(a, q) =
∫

Θa,1,qdµ =
∫

Θa,1,qdµ
′ = G′(a, q). Two entire

functions on CX that agree on the set [0,∞)X , which has non-empty interior in RX , coincide
(identity theorem, one variable at a time). At z = it, t ∈ RX , G(a, it) is the characteristic
function of the random vector

(
(fp)p∈P , (ρ

2
x)x∈X

)
under µ; so the joint law of this vector is the

same under µ and µ′. Since ρx ≥ 0, ρ̃x =
√
ρ2x − ρ0,0 is a measurable function of ρ2x, and the

joint law of
(
(fp)p∈P , (ρ̃x)x∈X

)
is the same under µ and µ′. This holds for all finite P,X, so all

finite-dimensional marginals agree, and µ = µ′ (π-λ theorem on the cylinder sets). □

Corollary 11.13 (equivalent forms of the existence of the limit). Fix N . The following are
equivalent, the limits being over all L with L/2 ∈ εZ (or over any cofinal class of such sides):

(ii) limL→∞⟨F ⟩fineL exists for every bounded continuous local F ;

(iii) limL→∞⟨Θa,1,q⟩fineL exists for every generator;
(iv) all limit points of Theorem 11.5, along all sequences of sides, are one measure µN .

Each is implied by (2.2) as stated (the limit for every bounded Borel local F ), which we call (i).
When they hold, ωN (F ) = limL⟨F ⟩fineL for every bounded continuous local F , for every F as in
Theorem 11.5(a), and for every bounded Borel local F whose discontinuity set is µN -null; and
ωbox
N ≤ ωN on KN .

Proof. (i)⇒(ii) is trivial. (ii)⇒(iii): under (ii) the laws νSL converge weakly as L → ∞ (a
tight family whose integrals of bounded continuous functions converge), and the generators are
uniformly integrable by Lemma 11.2, so their expectations converge. (iii)⇒(iv): two limit points
µN , µ

′
N satisfy

∫
Θa,1,qdµN = limL⟨Θa,1,q⟩fineL =

∫
Θa,1,qdµ

′
N (Theorem 11.5(a)), are C-invariant

and have all exponential moments (Theorem 11.5(b),(c)); Lemma 11.12 gives µN = µ′N . (iv)⇒(ii):

if the bounded continuous local F had ⟨F ⟩fineL ̸→
∫
FdµN , a subsequence of sides would keep

|⟨F ⟩fineL −
∫
FdµN | ≥ δ; Theorem 11.5 applied to it gives a limit point, equal to µN by (iv),

along a further subsequence of which ⟨F ⟩fineL →
∫
FdµN , a contradiction. The last sentence is

Theorem 11.5(a) and Theorem 11.11(a). □

Remark 11.14 (a floor). On the cone the monotonicity (K3), (K4) runs one way: enlarging the

volume, raising a hopping coefficient, a plaquette stiffness or a site factor eqρ
2

raises every cone
expectation. The killed box is therefore minimal among the finite-volume states compared in
(K4), and its limit is a floor under every torus limit point (Theorem 11.11(a)).

Remark 11.15 (summary of the section). Limit points of the torus states exist, with every lattice
symmetry, reflection positivity about all coordinate planes through sites and bond midpoints, the
Gaussian domination of the curvature and uniform local moments of the density (Theorem 11.5).
They suffice for Theorem 7.1 and for the statements of Section 9 listed in Corollary 11.7. The
killed-box states converge to a state ωbox

N with the same symmetries, which lies below every
torus limit point on the cone KN (Theorem 11.11); and (2.2), in its continuous form (ii) of
Corollary 11.13, is equivalent to the agreement of the torus limit points on the generators of the
cone, the form (i) implying it.

12. Rotation invariance

Section 9 left one piece of the Euclidean invariance open: the invariance of the limit theory
under the rotations of R3. For the limit theory built on the killed-box states of Definition 11.9
we prove it here. The corresponding statement for the limits built on the torus limit points of
Definition 2.3 is Theorem 12.4. Section 12.1 states the theorems and gives a guide to the proof;
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Section 12.2 collects the preliminaries; Sections 12.3–12.11 prove the ingredients and Section 12.12
assembles them. The rigidity theorem, the diagonal reflection positivity of the torus limit points
and the general theorem on random fields are the subjects of Sections 13, 14 and 15.

Remark 12.1. In proving the rotation invariance, in this section and in Sections 13, 14 and 15, we
implement the original strategy of [35]. In a subsequent manuscript we shall provide a different
strategy, adapting the proof from the companion paper [34].

12.1. Setting and the theorems. Test pairs are σ = (f, h) as in Section 2; the transport
O · σ of a test pair by O ∈ O(3), the automorphism γO of A, the Euclidean group E(3) and its
action γ · σ are those of Definition 12.7 and Proposition 12.11 below (the 2-form transported
as a 2-form, h as a scalar). ωbox

N is the killed-box limit of Theorem 11.11 (it exists along every

exhausting sequence of boxes), µboxN its measure on ΩN . By Lemma 12.20 below, Theorem 7.1

and the statements of Section 9 hold with ωbox
N in place of ωN , in the form given in that lemma;

we call Sbox any limit of Theorem 7.1 so obtained along a sequence N1 < N2 < · · · , write
Zbox(σ) := Sbox(eσ), Zbox(f) := Zbox(f, 0), Sbox

n for its Schwinger functions (Theorem 9.4(iii))
and µbox for its measure (Theorem 9.13, Lemma 12.12).

Theorem 12.2 (rotation invariance for the killed-box states). Let the couplings be any κN ≥ 0,
λ0 > 0, ρ0,0 > 0, γN > 0 and any real δmB (notation of Remark 2.1), and take gd ≡ 0 in

Definition 2.5 (the curvature scheme, Remark 12.9). Let Sbox be a limit along N1 < N2 < · · · .
Then

Zbox(R · f) = Zbox(f) for every R ∈ O(3) and every real C∞
c 2-form f,

i.e. Sbox ◦ γR = Sbox;

hence (with Theorem 7.1) Sbox(eγ·σ) = Sbox(eσ) for all γ ∈ E(3); γ∗µ
box = µbox for all γ ∈ E(3)

(Proposition 12.11); µbox is reflection positive across every affine plane of R3, on L2 of either open
side, and the reconstruction in any direction is unitarily the one in direction e3 (Remark 9.16).
With OS0 (Theorem 9.4), OS3 (Proposition 9.12) and the measure (Theorem 9.13), Sbox satisfies
OS0–OS3 in full.

Theorem 12.3 (bounded functions of the density). Let gd be any bounded Borel function (the
joint scheme (f, h) of Definition 2.5). Then the curvature marginal of Sbox is as in Theorem 12.2,
and every mixed Schwinger function Sn(σ1, . . . , σn) of the joint field (the moments

∫ ∏
i Φ(σi)dµ

of the measure µ of Lemma 12.22) satisfies

Sn(R · σ1, . . . , R · σn) = Sn(σ1, . . . , σn) for all R ∈ O(3)

whenever the supports of σ1, . . . , σn are pairwise disjoint (the Osterwalder–Schrader form of
Euclidean covariance, away from coincident points). The coincident points are covered as well
(Lemma 12.37, Corollary 12.38(a)): the mixed Schwinger functions extend to bounded multilinear
forms, on L2(R3; Λ2

C) in the curvature entries and on L1(R3;C) in the density entries, the
displayed identity holds for all such entries with no condition on the supports, and

Zbox(R · σ) = Zbox(σ) for every R ∈ O(3) and every test pair σ = (f, h),

i.e. Sbox ◦ γR = Sbox on A;

hence (Theorem 7.1, Proposition 12.11) Sbox(eγ·σ) = Sbox(eσ) for all γ ∈ E(3) and all test pairs,
and the joint measure of Lemma 12.22 is invariant under E(3).

Theorem 12.4 (rotation invariance for the torus limit points). Let ωN be a cubic-torus limit
point (Definition 2.3, whose sides run along a dyadic sequence, Definition 14.1) and S a limit
functional of Theorem 7.1. Then Theorems 12.2 and 12.3 hold for S for κN > 0 at every level
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(by Lemma 2.7; the value κN = 0 is excluded), with the other couplings and the conclusions as
stated there.

Remark 12.5. The reflection positivity of ωN at the six diagonal site planes {xi±xj = 0} through
0, in the sense of Theorem 11.5(d), is Corollary 14.35 at c = 0 (Theorem 14.3 with the Hermitian
form, the conjugation identity and the L2 extension) for the limit points along dyadic sequences;
it is proved (for κN ̸= 1 with Lemma 2.7) through Theorem 13.1 and Lemma 14.14. Every other
step of the proof below holds for the torus limit points as it stands.

Guide to the proof. The mechanism is the one of Remark 9.16 read backwards: reflection
positivity in enough planes forces rotation covariance. On the cubic torus the reflection argument
of Theorem 9.7 applies at the coordinate planes only (the second wall of the torus at a diagonal
plane is a glide, not a mirror; no period lattice carries both a coordinate and a diagonal family
of pointwise-fixed walls with the same coordinate j, that is {xj = c} and {xj ± xk = c},
Lemma 12.13), whereas the killed box is reflection positive at a symmetry plane of each of the
nine families of lattice planes {xj = c}, {xj ± xk = c} (Theorem 12.16). The box limit ωbox

N
of Theorem 11.11 inherits the reflection positivity, at every lattice plane of the nine families
(Lemma 12.19), the continuum passage of Sections 2–7 and 9 runs on the box family verbatim,
and a general theorem on random fields with the Gaussian bound, translation invariance and
reflection positivity in the nine planes (Theorem 12.31, proved for all n in Section 15, its case
n ≤ 2 also in Section 12.10) gives the rotation covariance of the Schwinger functions away from
coincident points. The closedness of the limit curvature (Theorem 12.26) and an elementary
theorem on bounded multilinear forms (Theorem 12.34) remove the coincident part.

For a bounded density function the coincident points of the density entries are treated in
Lemma 12.37 and Corollary 12.38. For the limits built on the torus limit points the assembly is
the same (Theorem 12.4): the reflection positivity at the six diagonal planes through the origin,
which the reflection argument on the cubic torus does not supply, is the subject of Section 14
and rests on the rigidity theorem of Section 13.

Structure of the proof. Theorem 12.31 applied to the measure µ of Lemma 12.22 (of which
µbox, read on S ′, is the curvature marginal), whose hypotheses are supplied by Lemma 12.22 (the
Gaussian bound), Proposition 9.6 for the box family together with Lemma 12.12 (translations)
and Lemma 12.21 (reflection positivity in the nine plane families), gives the covariance away
from coincidences (Theorem 12.3). Theorem 12.34 with Lemma 12.22 (moments bounded on L2)
and Theorem 12.26 (closed field) removes the coincident-point part (Proposition 12.36). The
uniqueness from moments of Theorem 9.13 gives the invariance of Zbox; Proposition 12.11 and
Remark 9.16 give the rest.

Notation for the planes. We write ε = εN . The nine families of lattice planes are {ϕ = c}
with ϕ(x) = xj (j ∈ {1, 2, 3}, c ∈ 1

2εZ: site planes for c ∈ εZ, bond mid-planes otherwise) and
ϕ(x) = xi + θxj (i < j, θ ∈ {±1}, c ∈ εZ: the diagonal site planes). For such a plane P , RP
is the orthogonal reflection (RPx = x− 2(xj − c)ej , resp. RPx = x− (xi + θxj − c)(ei + θej));
it maps εZ3 onto itself and lies in the group GN of Section 11.1 (a signed permutation of the
coordinates about a site composed with a lattice translation). The closed side is P+ := {ϕ ≥ c};
a cell (site, bond, plaquette, cube) lies in P+ if all its vertices do. Through the origin the
nine planes are {xj = 0} and {xj ± xk = 0}, and the corresponding reflections are the signed

permutation matrices 1 − 2eje
T
j and the matrices exchanging ej and ∓ek. A box is a product of

three intervals of sites of εZ3 (Definition 11.9); a cube of a box Λ is a unit cube of εZ3 with all
eight vertices in Λ (then its twelve bonds lie in B(Λ) and its six faces in P(Λ)), and the closedness
constraint of Definition 11.9 is imposed on these cubes. A plane P is a symmetry plane of Λ
if RPΛ = Λ; for the cube of sites Λ = α+ ε{0, . . . ,M}3, α ∈ εZ3, the symmetry planes among
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the nine families are the three coordinate planes {xj = αj +Mε/2} and the six diagonal planes
{xi − xj = αi − αj}, {xi + xj = αi + αj +Mε}, i < j.

12.2. Preliminaries: lattices on tori, the transport of test pairs, Gaussian domination,
Euclidean invariance. This section collects what the proofs below take from the lattice models
and from the limit functional: the Villain model of a lattice on a torus and the transport of test
pairs (Definitions 12.6, 12.7, Lemma 12.8); the choice gd ≡ 0 (Remark 12.9); Gaussian domination
on every lattice, torus and killed box (Lemma 12.10); Euclidean invariance from invariance under
O(3), for the functional and for its measure (Proposition 12.11, Lemma 12.12). They are proved
from the statements of Sections 2–11 alone; Proposition 12.11 carries the invariance of S under
O(3) as its hypothesis. Notation: for every level N , ΛN := εNZ3 is the fine lattice, and σν is the
reflection xν 7→ −xν (ν = 1, 2, 3).

Definition 12.6 (lattices, tori and the model). For O ∈ O(3) the lattice Λ := OΛN carries the
frame fα := Oeα, α = 1, 2, 3. Its cells are the sites x ∈ Λ; the bonds (x;α) from x to x+ εNfα,
with the reversed bond −(x;α) from x + εNfα to x; the plaquettes p = (x;α, β), α < β, the
squares with corners x, x+ εNfα, x+ εNfβ , x+ εN (fα + fβ), with centre c(p) := x+ εN

2 (fα + fβ),
oriented boundary ∂p = (x;α) + (x+ εNfα;β) − (x+ εNfβ;α) − (x;β) and reversed plaquette
−p; and the cubes x+ εN [0, 1]3 in the frame, with the usual oriented boundary (six plaquettes
with signs), so that ∂∂ = 0. A period lattice for Λ is a lattice P ⊂ Λ of rank 3 whose non-zero
vectors have length at least 5εN ; P ⊂ Λ is the same as Λ + p = Λ for p ∈ P , and translation
by P permutes the cells of Λ, preserving the frame indices, the orientations and the boundary
operators. The quotient Λ/P is a finite cubical complex (two cells of one cube are never identified:
a translate of a cell by q ∈ P \ {0} lies at distance |q| ≥ 5εN >

√
3εN from it), and T := R3/P is

its torus.
The Villain model of Λ on T is the model of Section 2 (notation of Remark 2.1) on the cell

complex Λ/P : the variables ρ̃x ∈ [−ρ0,0,∞) at the sites, Bb ∈ (−π/γN , π/γN ] on the bonds with
B−b = −Bb, and vp ∈ (2π/γN )Z on the plaquettes with v−p = −vp, of Λ/P ; (dB)p :=

∑
b∈∂pBb

and (dv)c :=
∑

p∈∂c vp with the signs of the boundaries; v is closed if (dv)c = 0 for every cube.
The weight is

W =
∏
x

gct(ρ̃x) ·
∏
b

h(ρ̃b− , ρ̃b+ , Bb) ·
∏
p

w
(
(dB)p + vp

)
with the same factors gct, h, w and coefficients γN , λ0, ρ0,0, κN , δmB as in Section 2, the products
over the sites, the unoriented bonds and the unoriented plaquettes of Λ/P , and the sum over the
Villain variables runs over all closed v. Only the cell complex differs from Section 2. ⟨·⟩Λ,T denotes
the normalised expectation and fp := (dB)p + vp the curvature. For Λ = ΛN and P = LZ3,

L ∈ εNZ, this is the fine torus state ⟨·⟩fineL of the model of Section 2 (on T̃L = ΛN/LZ3).

The weight is well defined on unoriented cells: h(r, r′, ϑ) = h(r′, r,−ϑ), so the factor of a bond
does not depend on its orientation; w is even, so neither does the factor of a plaquette; and the
closedness of v does not depend on the orientations of the plaquettes and cubes. Consequently
the model depends only on the point set Λ and on P , not on the frame: replacing (fα) by
(±fπ(α)), π a permutation, relabels the cells and reverses some orientations, which changes the
signs of the variables on the reversed bonds and plaquettes and nothing else.

Definition 12.7 (sampling of a test pair on a lattice; transport). For a test pair σ = (f, h)
let ρ(σ) be the smallest ρ ≥ 0 with supp f ∪ supph ⊂ B̄ρ, the closed Euclidean ball of radius
ρ about 0. Let Λ = OΛN with frame (fα) and let P be a period lattice for Λ whose non-zero
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vectors have length > 2ρ(σ). The sampling of σ on Λ, read on T = R3/P , is

(12.1) ΦΛ,T
N (σ) := ε

3/2
N

∑
p=(x;α,β)

fc(p)(fα, fβ) fp̄ + ε3N
∑
z∈Λ

h(z) gd(ρ̃z̄),

where fc(u, v) is the 2-form f at the point c evaluated on the vectors u, v, the first sum runs
over the plaquettes of Λ in R3 with α < β, the second over the sites of Λ, and p̄, z̄ are the images
in Λ/P ; finitely many terms are non-zero. For the fine lattice ΛN itself, fc(p)(eµ, eν) = fµν(c(p))

and (12.1) is ΦN (σ) of Definition 2.5 with xp = c(p). For a rotated lattice R−1ΛN , R ∈ O(3),
the 2-form is sampled as

fc(p)
(
R−1eα, R

−1eβ
)

at the centres c(p) = R−1
(
y + εN

2 (eα + eβ)
)
, y ∈ ΛN ,

of its own plaquettes, and the density at its own sites R−1y.
The transport of a test pair by O ∈ O(3) is the push-forward

(O · f)x(u, v) := fO−1x(O−1u,O−1v), (O · h)(x) := h(O−1x), O · σ := (O · f,O · h);

(O, σ) 7→ O · σ is an action of O(3) by linear maps of T , with supp(O · σ) = O suppσ and
ρ(O · σ) = ρ(σ); for O = σ3 it is the time reflection θ of Section 2, and for O in the cubic group
about 0 it is the push-forward action of Lemma 5.1. For O ∈ O(3) let γO be the ∗-automorphism
of A with γOeσ := eO·σ (well defined because O· is additive on T ).

The sampling (12.1) has three properties. (i) It does not depend on the frame: for the square
with corner x spanned by u = fα, v = fβ, the term fc(u, v) f(x;u,v) is unchanged if the same
square is described as (x; v, u) (both factors change sign, f being alternating and f odd under
reversal) or as (x+ εNu;−u, v) (again both change sign, the boundary being reversed); so (12.1)
is a function of the point set Λ, of the 2-form and of the plaquette variables alone. (ii) Since the
non-zero vectors of P are longer than 2ρ(σ) and the sampled cells have their centres in B̄ρ(σ),
distinct sampled cells have distinct images in Λ/P (two cells differing by q ∈ P \ {0} have centres

at distance |q| > 2ρ(σ)): eiΦ
Λ,T
N (σ) is the bounded local gauge-invariant observable eiΦ

Λ
N (σ) of the

infinite lattice Λ, read on the torus. (iii) It is real and additive in σ, so (2.4) holds for every
lattice and torus.

Lemma 12.8 (passive covariance). Let O ∈ O(3), let Λ = O′ΛN be a lattice with frame (fα), P
a period lattice for Λ and T = R3/P . Then OΛ is the lattice with frame (Ofα), OP is a period
lattice for it, and O induces an isomorphism of cubical complexes Λ/P → OΛ/OP . The induced
bijection of configurations,

ρ̃′Ox := ρ̃x, B′
Ob := Bb, v′Op := vp,

maps closed v onto closed v′, preserves the weight W , and carries the Villain model of Λ on T
onto the Villain model of OΛ on OT := R3/OP : for every bounded Borel function F of finitely
many cell variables of Λ/P , writing FO for the same function of the corresponding variables of
OΛ/OP (that is, FO(ρ̃′, B′, v′) = F (ρ̃, B, v)),

(12.2) ⟨FO⟩OΛ,OT = ⟨F ⟩Λ,T .

For test pairs σ1, . . . , σk with 2ρ(σj) smaller than the non-zero vectors of P , the sampled fields

correspond, ΦOΛ,OT
N (O · σj)(ρ̃′, B′, v′) = ΦΛ,T

N (σj)(ρ̃, B, v), so that for every bounded Borel G on

Rk

(12.3)
〈
G
(
ΦOΛ,OT
N (O · σ1), . . . ,ΦOΛ,OT

N (O · σk)
)〉

OΛ,OT
=

〈
G
(
ΦΛ,T
N (σ1), . . . ,Φ

Λ,T
N (σk)

)〉
Λ,T

.
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Proof. O is an isometry of R3 with OΛ = OO′ΛN , O(x + εNfα) = Ox + εNOfα and O
(
x +

εN
2 (fα + fβ)

)
= Ox + εN

2 (Ofα + Ofβ): it maps the site x, the bond (x;α), the plaquette
(x;α, β) and the cube at x of Λ to the cells with the same labels of OΛ in the frame (Ofα), and
c(Op) = Oc(p). The boundary operators are defined by the labels, so O commutes with ∂, signs
included. OP ⊂ OΛ is a lattice of rank 3 whose non-zero vectors have the same lengths as those
of P , and O(x+ p) = Ox+Op, so O descends to a bijection of the cells of Λ/P onto those of
OΛ/OP commuting with ∂. Hence the map of configurations is a bijection which preserves the
product Lebesgue measure in (ρ̃, B) and the counting measure in v, satisfies (dB′)Op = (dB)p and
(dv′)Oc = (dv)c, so maps closed v onto closed v′, and satisfies W (ρ̃′, B′, v′) = W (ρ̃, B, v), because
W is the product of the same position-independent factors over corresponding cells. Therefore
the normalisations agree and (12.2) holds. For the sources, f′Op = fp, (O · f)c(Op)(Ofα, Ofβ) =

fO−1Oc(p)(fα, fβ) = fc(p)(fα, fβ) and (O · h)(Oz) = h(z); summing over the plaquettes and sites
of OΛ, which are the images of those of Λ, gives the correspondence of the sampled fields, and

(12.3) is (12.2) for F = G(ΦΛ,T
N (σ1), . . . ). The support condition is the same on both sides since

ρ(O · σj) = ρ(σj). □

Remark 12.9 (the density source and the choice gd ≡ 0). Definition 2.5 allows every bounded

Borel gd, in particular gd ≡ 0. With that choice ΦN (σ) = ε
3/2
N

∑
p fµν(p)(xp)fp depends on f

alone: the density terms disappear from (12.1) and from the seminorms (∥σ∥ = R(f)); the limit
theory is that of the smeared curvature, and Theorem 7.1 applies to this scheme as to any other.

Lemma 12.10 (Gaussian domination on every lattice and torus). Let Λ = OΛN be a lattice, P
a period lattice for it and T = R3/P . For every real function a = (ap) on the plaquettes of Λ/P ,〈

exp
(∑

p

apfp

)〉
Λ,T

≤ exp
(
1
2

∑
p

a2p

)
.

The same inequality holds for the killed-box states ⟨·⟩Λ′ of Definition 11.9, Λ′ a finite box
of ΛN , for every real a on the plaquettes of the box, and more generally for the normalised
expectation of every weight that is a product of the factors gct, h (or, for a bond with one

end outside, the diagonal half e−κNρ
2/2 at its inner end) and w over the sites, bonds and

plaquettes of a finite cubical complex with ∂∂ = 0, the sum over the v closed on its cubes. Let
σ be a test pair with 2ρ(σ) smaller than the non-zero vectors of P , and define the seminorms
of Λ by RΛ(f)2 := supN ′≥N0

ε3N ′
∑

p fc(p)(fα, fβ)2 (over the plaquettes of the lattice OΛN ′),

EΛ(h) := supN ′≥N0
ε3N ′

∑
z∈OΛN′ |h(z)|, ∥σ∥Λ := RΛ(f) + ∥gd∥∞EΛ(h). Consequently, for all

real s and all N ,

(12.4)
〈
esΦ

Λ,T
N (σ)

〉
Λ,T

≤ e|s| ∥gd∥∞EΛ(h) es
2RΛ(f)

2/2,
〈
ΦΛ,T
N (σ)2

〉1/2
Λ,T

≤ ∥σ∥Λ,

and |⟨eiΦ
Λ,T
N (σ)⟩Λ,T − ⟨eiΦ

Λ,T
N (σ′)⟩Λ,T | ≤ ∥σ− σ′∥Λ. The seminorms obey RΛ(f) ≤

√
3|K+a0 | ∥f∥∞

and EΛ(h) ≤ |K+a0 | ∥h∥∞ for a compact K containing the supports; here ∥f∥∞ is the supremum

over R3 of the Euclidean norm (
∑

µ<ν f
2
µν)1/2, so that |fc(u, v)| ≤ ∥f∥∞ for orthonormal u, v.

Proof. Steps 1–4 of the proof of Theorem 3.1 use only that the weight is a product over the
sites, bonds and plaquettes of a finite cubical complex with ∂∂ = 0 (whence d∗d∗ = 0 in Step 2),
the Fourier expansion of the hopping factor bond by bond (Step 3) and the sum over closed v;
nothing refers to the frame or to the period lattice. They apply word for word to the complex
Λ/P and give the first inequality. They apply equally to the killed boxes of Definition 11.9 and

to the general weights described in the statement: the diagonal halves e−κNρ
2
x/2 attached to the

sites do not depend on the gauge variables, so the Fourier expansion of Step 3 is applied bond
by bond to the remaining hopping factors, and Steps 1, 2 and 4 use only the complex and the
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plaquette weight w. The cells of a box Λ′ form such a complex: every cube of C(Λ′) has its six
faces in P(Λ′) and every plaquette of P(Λ′) its four bonds in B(Λ′), Definition 10.1; and every
bond of B(Λ′) carries the hopping factor with both matter variables.

The exponential moment bound follows as in the proof of Proposition 4.2: ΦΛ,T
N (σ) = X + Y

with X =
∑

p apfp, ap = ε
3/2
N fc(p)(fα, fβ), |Y | ≤ ∥gd∥∞EΛ(h) and

∑
p a

2
p ≤ RΛ(f)2; the second-

moment bound is Step 5 of the proof of Theorem 3.1 with Minkowski’s inequality, and the
Lipschitz bound is (6.1) with the Schwarz inequality, |eix − eiy| ≤ |x− y|. The bounds on the
seminorms are those following Definition 4.1: the open cubes of side εN ′ centred at the sites
of the lattice that lie in K are pairwise disjoint and lie in K+

√
3εN′/2

⊂ K+a0 (as εN ′ ≤ a0), so

there are at most |K+a0 |/ε3N ′ such sites; the centres of the plaquettes of one orientation form a
translate of the lattice, so at most three times as many plaquettes have their centres in K. □

Proposition 12.11 (Euclidean invariance from invariance under O(3); invariance of the measure).
Let S be a limit of Theorem 7.1 (for the torus family, or for any family of fine states satisfying
its hypotheses), with Z(σ) = S(eσ), and assume that S is invariant under the orthogonal group,
S ◦ γR = S for all R ∈ O(3).

(a) Let E(3) = R3 ⋊ O(3) be the Euclidean group, γ = (b, R) acting on R3 by γx = Rx+ b
and on test pairs by the push-forward γ · σ := τb(R · σ), τb the translation by b. Then
S(eγ·σ) = S(eσ) for every γ ∈ E(3) and every test pair σ.

(b) Let X be a set of real linear functionals Φ on T , stable under (γΦ)(σ) := Φ(γ−1 · σ)
for γ ∈ E(3), with the σ-algebra generated by the evaluations Φ 7→ Φ(σ), and let µ be a

probability measure on X with S(eσ) =
∫
X e

iΦ(σ) dµ(Φ) for every σ. Then γ∗µ = µ for
every γ ∈ E(3); in particular µ is O(3)-invariant.

Proof. (a) R · (τb′σ) = τRb′(R · σ) (substitute R−1x − b′ = R−1(x − Rb′)), so γ · (γ′ · σ) =
τbτRb′((RR

′) · σ) = (γγ′) · σ with γγ′ = (b + Rb′, RR′): this is an action of E(3), and E(3) is
generated by the translations and O(3). S is invariant under all translations by Theorem 7.1
(the time translations by its clause (b), the space translations by its last clause), and under O(3)
by hypothesis; so it is invariant under E(3). (b) Φ 7→ γΦ is measurable, since (γΦ)(σ) is the
evaluation at γ−1 · σ. For σ1, . . . , σk ∈ T and s ∈ Rk, by the linearity of Φ and (a),∫

X
ei

∑
j sj(γΦ)(σj) dµ(Φ) =

∫
X
eiΦ(γ−1·

∑
j sjσj) dµ(Φ)

= S
(
eγ−1·

∑
j sjσj

)
= S

(
e∑

j sjσj

)
=

∫
X
ei

∑
j sjΦ(σj) dµ(Φ).

So the laws of (Φ(σj))j≤k under γ∗µ and under µ have the same Fourier transform on Rk and
coincide; the cylinder sets {Φ : (Φ(σj))j≤k ∈ B} form a π-system generating the σ-algebra, on
which the two probability measures agree; hence γ∗µ = µ. □

Every limit Sbox of the killed-box family is invariant under the orthogonal group, by Theo-
rems 12.2 and 12.3, and so is every limit S built on the torus limit points of Definition 2.3 along
dyadic sequences of sides, by Theorem 12.4.

Nothing above needs µ to exist; it does, by the following lemma.

Lemma 12.12 (existence of the measure). Let S be a limit of Theorem 7.1 (for the torus family,
or for any family of fine states satisfying its hypotheses), with Z(σ) = S(eσ). There is a unique
probability measure on the dual D′(R3; Λ2R3⊕R), with the cylinder σ-algebra, whose characteristic
functional is Z; E(3) acts on that dual by the transposed action, and Proposition 12.11(b) applies
to this measure when S is invariant under O(3). Moreover, a probability measure on any
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such space of linear functionals, with the cylinder σ-algebra, is determined by its characteristic
functional.

Proof. Z is the pointwise limit of the characteristic functionals σ 7→ ZNm(σ) = ωNm(eiΦNm (σ))
of the real random variables ΦNm(σ), which are additive in σ, so Z is positive definite on the
additive group T with Z(0) = 1; and Z is continuous on each Fréchet space TK of test pairs
supported in a compact K, by (6.1) and the admissibility of the seminorm. The Bochner–Minlos
theorem, in Minlos’ form on D′ ([27], [15, Chapter IV]), then gives the measure and its uniqueness.
The argument of Proposition 12.11(b) shows that a probability measure on any such space of
linear functionals, with the cylinder σ-algebra, is determined by its characteristic functional. □

12.3. No torus carries the nine families.

Lemma 12.13 (reflection walls of a torus). Let Γ ⊂ R3 be a lattice of rank 3, n a unit vector,
θnx := x− 2(n · x)n and πnx := (n · x)n.

(a) If θnΓ = Γ, the θn-invariant walls of R3/Γ are the images of the planes {n · x = c} with
2c ∈ n · Γ; such a wall is pointwise fixed iff 2cn ∈ Γ; all of them are pointwise fixed iff
πn(Γ) ⊂ Γ, i.e. iff πn(Γ) = Γ ∩ Rn (and this inclusion implies θnΓ = Γ).

(b) No lattice satisfies πej (Γ) ⊂ Γ and πn(Γ) ⊂ Γ with n = (ej ± ek)/
√

2, k ̸= j.

Hence no torus R3/Γ carries a coordinate family and a diagonal family with the same coordinate
j (the families {xj = c} and {xj ± xk = c}, k ≠ j) with pointwise-fixed walls, a fortiori
none carries the nine families. (The cubic lattice Z3 passes the coordinate test only, the lattice
Z(e1 − e2) + Z(e1 + e2) + Ze3 the test for (e1 − e2)/

√
2 but not the one for e1.)

Proof. (a) The image of {n · x = c} in R3/Γ is the set {x : n · x ∈ c + n · Γ}; θn maps it
to {n · x ∈ −c + n · Γ}, which is the same set iff 2c ∈ n · Γ. A point x of it is fixed iff
θnx − x = −2(n · x)n ∈ Γ. Write n · x = c + n · γ with γ ∈ Γ; since 2(n · γ)n = γ − θnγ ∈ Γ
(here θnΓ = Γ enters), x is fixed iff 2cn ∈ Γ, independently of x on the wall. If πn(Γ) ⊂ Γ and
2c = n · γ, then 2cn = πnγ ∈ Γ; conversely every γ ∈ Γ gives the admissible c = 1

2n · γ with
πnγ = 2cn, so if all walls are fixed then πn(Γ) ⊂ Γ. Always Γ ∩ Rn ⊂ πn(Γ), so πn(Γ) ⊂ Γ is the
same as πn(Γ) = Γ ∩ Rn; and then θnγ = γ − 2πnγ ∈ Γ.

(b) Take j = 1 and n = (e1 − e2)/
√

2; the other cases follow by a signed permutation of
the coordinates. Since Γ has rank 3, πe1(Γ) ̸= 0 and πn(Γ) ̸= 0, so under the two hypotheses
Γ ∩ Re1 = pZe1 and Γ ∩ Rn = sZ(e1 − e2) with p, s > 0, and the hypotheses read: γ1 ∈ pZ
and 1

2(γ1 − γ2) ∈ sZ for every γ ∈ Γ. For γ = s(e1 − e2) the first gives s ∈ pZ, s = kp; for
γ = pe1 the second gives p ∈ 2sZ, p = 2ls. Then p = 2klp, i.e. 2kl = 1 with integers k, l ≥ 1:
impossible. The families {x1 = c} and {x1 − x2 = c} are among the nine, which proves the
last sentence; the two examples are checked by the same computation (Z3: πe1Z3 = Ze1 ⊂ Z3,
but πn(e1) = 1

2(e1 − e2) /∈ Z3; the second lattice: πn of its generators lies in Z(e1 − e2), but
πe1(e1 − e2) = e1 is not in it). □

12.4. Reflection positivity of the killed-box state at its nine symmetry planes. Setting.
Fix N , ε := εN (the spacing), γN the phase constant, κN the hopping coefficient (the unindexed
symbol κ denotes a cell below), and a cube of sites Λ = α+ ε{0, . . . ,M}3, α ∈ εZ3, M ≥ 1; B(Λ),
P(Λ) are as in Definition 11.9 and C(Λ) is the set of cubes of Λ. Cells are oriented, with incidence
numbers [κ : σ] ∈ {0,±1}, ∂κ =

∑
σ[κ : σ]σ, ∂∂ = 0; the variables ξ = (ρ̃x, Bb, vp) obey u−σ =

−uσ, (dB)p =
∑

b[p : b]Bb, (dv)c =
∑

p[c : p]vp, fp = (dB)p + vp. With g̃(r) := gct(r)e
−3κNρ

2

(ρ = ρ0,0 + r) and h̃(ρ, ρ′, B) := eκNρρ
′ cos(γNB), the weight of Definition 11.9 is

WΛ =
∏
x∈Λ

g̃(ρ̃x)
∏

b∈B(Λ)

h̃(ρb− , ρb+ , Bb)
∏

p∈P(Λ)

w(fp)
∏

c∈C(Λ)

1[(dv)c = 0],
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against the reference measure mΛ =
∏
x dρ̃x

∏
b dBb

∏
p(counting measure on (2π/γN )Z), Bb ∈

(−π/γN , π/γN ]; ZΛ :=
∫
WΛ dmΛ ∈ (0,∞) (Step 4 below) and ⟨F ⟩Λ := Z−1

Λ

∫
FWΛ dmΛ.

Let Π be a symmetry plane of Λ, φ the affine function xj − αj −Mε/2, resp. xi ∓ xj − c∓ij
with c−ij = αi − αj , c

+
ij = αi + αj +Mε (we write Π−

ij , Π+
ij for these two diagonal planes), so that

Π = {φ = 0}; n := ∇φ, R = RΠ : x 7→ x− 2φ(x)n/|n|2 the reflection, H± := {±φ ≥ 0}. R maps
εZ3 onto itself (2φ/|n|2 ∈ εZ on sites, as c±ij ∈ εZ), maps Λ onto Λ (αj + εm 7→ αj + ε(M −m);

(αi + εmi, αj + εmj) 7→ (αi + εmj , αj + εmi), resp. (αi + ε(M −mj), αj + ε(M −mi))), hence
maps B(Λ), P(Λ), C(Λ) onto themselves, and commutes with ∂: [Rκ : Rσ] = [κ : σ]. It acts on
configurations by (Rξ)κ := ξRκ, so that (dB)p ◦R = (dB)Rp, fp ◦R = fRp, (dv)c ◦R = (dv)Rc; it

maps the configuration space (−π/γN , π/γN ]B(Λ) onto itself up to the mΛ-null set where some
Bb = π/γN , so F ◦R is defined almost everywhere, which suffices.

A cell κ with vertex set V (κ) is a plane cell if V (κ) ⊂ Π, a (+)-cell if V (κ) ⊂ H+ and it is not
plane, a (−)-cell likewise, and crossing otherwise. Write ξ0, ξ+, ξ−, ξ× for the variables of the
four classes and B×,P×, C× for the crossing bonds, plaquettes, cubes (no site crosses). A+

Λ(Π) is
the algebra of bounded Borel functions of (ξ0, ξ+), i.e. of the variables of the cells lying in H+,
and ΘΠF := F ◦RΠ.

Lemma 12.14 (cells at a symmetry plane). (a) R fixes every plane cell (orientation included),
maps the (+)-cells bijectively onto the (−)-cells, and maps every crossing cell κ onto itself with
reversed orientation, Rκ = −κ. (b) No face of a crossing cell is a plane cell; every cell having
a crossing face is crossing; the faces of a plane or (+)-cell are plane or (+)-cells. (c) At a
coordinate site plane (M even) there are no crossing cells. At a coordinate bond mid-plane (M
odd) there are no plane cells; the crossing cells are the ej-bonds, the ejek-plaquettes and the cubes
with vertices on both slices φ = ±ε/2. At a diagonal plane Π the plane cells are the sites of Π
and the ek-bonds (k ̸= i, j) in Π; no bond crosses; the crossing cells are the eiej-plaquettes whose
vertices carry the φ-values {−ε, 0, 0, ε} (bisected by Π along a diagonal) and the cubes having
such a face; a crossing plaquette has two bonds in H+ and two in H−; a crossing cube has two
crossing faces and two side faces in each of H±; no plaquette is a plane cell.

Proof. (c) On the sites φ takes values in εZ (site and diagonal planes) or in εZ+ ε/2 (mid-plane),
and |φ(x+ εel)−φ(x)| ∈ {0, ε}, so the φ-range of a cell is ε times the number of its directions el
with nl ̸= 0. A cell crosses iff φ takes both signs on V (κ). At a coordinate plane the range is at
most ε; with values in εZ no cell crosses; with values in εZ + ε/2 a cell crosses iff it has vertices
on both slices, and no cell is plane. At a diagonal plane crossing needs the values ε and −ε,
hence range 2ε, hence both directions ei, ej ; for the eiej-plaquette with corner a the values are
φ(a), φ(a) + ε, φ(a) − ε, φ(a) (Π−), resp. φ(a), φ(a) + ε, φ(a) + ε, φ(a) + 2ε (Π+), and it crosses
iff they are {−ε, 0, 0, ε}; a cube crosses iff its eiej-faces do. The bonds of a crossing plaquette
and the eiek-, ejek-faces of a crossing cube take the values {0, ε} or {0,−ε}, two of each kind; a
plane cell lies in Π, which contains no square and no bond of direction ei or ej .

(a) R fixes Π pointwise, hence every vertex of a plane cell and the oriented cell. A (±)-cell has a
vertex in the open side {±φ > 0}, which R carries to the other open side, and R(H±) = H∓; with
R2 = 1 the bijection follows. Let κ cross. At a mid-plane, V (κ) = V ′ × {c∓ ε/2} and R swaps
the two slices, fixing the other coordinates. At a diagonal plane the two vertices off Π are a+ εei,
a + εej (Π−, φ(a) = 0), resp. a, a + εei + εej (Π+, φ(a) = −ε), and R(x) = x − φ(x)(ei ∓ ej)
exchanges them; for cubes add {0, ε}ek, fixed by R. So V (κ) is R-invariant and Rκ = ±κ. R
restricted to the affine span E of κ fixes E ∩ Π pointwise, a hyperplane of E (E ̸⊂ Π, and
E ∩ Π ̸= ∅ since κ meets both sides), and moves a vertex: it is the reflection of E in that
hyperplane and reverses the orientation, Rκ = −κ.
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(b) If a face σ of a crossing κ were a plane cell, then Rσ = σ and [κ : σ] = [Rκ : Rσ] = [−κ :
σ] = −[κ : σ], so [κ : σ] = 0. A cell with a face having vertices on both open sides has such
vertices itself. The vertices of a face are vertices of the cell, which gives the last clause. □

Lemma 12.15 (splitting of the coboundaries at a symmetry plane). Let κ ∈ P× ∪ C× and let u
be the variables of its faces (B for a plaquette, v for a cube). Put U×(κ) :=

∑
σ crossing[κ : σ]uσ,

U+(κ) :=
∑

σ (+)[κ : σ]uσ, U−(κ) := −
∑

σ (−)[κ : σ]uσ. Then (du)κ = U×(κ) + U+(κ) − U−(κ),

and U+(κ) ◦ R = U−(κ), U−(κ) ◦ R = U+(κ). For t ∈ RC×, sp :=
∑

c∈C× [c : p]tc (p ∈ P×) and

every crossing bond b:
∑

p∈P×
[p : b]sp = 0. We write B×(p), B±(p) for U×(p), U±(p) when

u = B, and V±(c) for U±(c) when u = v.

Proof. The first identity is Lemma 12.14(b): no face is plane, so the faces are crossing, (+) or
(−). R maps the (+)-faces of κ bijectively onto its (−)-faces (Lemma 12.14(a); −κ has the faces
of κ), and [κ : Rσ] = −[Rκ : Rσ] = −[κ : σ]; so

U+(κ)(Rξ) =
∑
σ(+)

[κ : σ]ξRσ = −
∑
σ(+)

[κ : Rσ]uRσ(ξ) = −
∑
σ′(−)

[κ : σ′]uσ′(ξ) = U−(κ)(ξ);

apply R once more for the other identity. Finally
∑

p∈P×
[p : b]sp =

∑
c tc

∑
p[c : p][p : b] = 0:

every plaquette of Λ containing the crossing bond b is crossing (Lemma 12.14(b)), every face of a
cube of Λ is a plaquette of Λ, and ∂∂ = 0. □

Theorem 12.16 (reflection positivity of the killed-box state at the nine planes). Let Π be a
symmetry plane of the cube Λ (a coordinate plane or a diagonal plane). For all F,G ∈ A+

Λ(Π),

⟨F ◦RΠ⟩Λ = ⟨F ⟩Λ, ⟨ΘΠF ·G⟩Λ = ⟨ΘΠG · F ⟩Λ, ⟨ΘΠF · F ⟩Λ ≥ 0,

and the Hermitian identity and the positivity extend to all (ξ0, ξ+)-measurable F,G with
⟨|F |2⟩Λ, ⟨|G|2⟩Λ <∞.

Proof. Step 0 (invariance). We have WΛ ◦ R = WΛ, because R permutes Λ, B(Λ), P(Λ),

C(Λ); g̃ is one function of the site variable; h̃ is symmetric in (ρ, ρ′) and even in B; w is even
and fp ◦ R = fRp; 1[(dv)c ◦ R = 0] = 1[(dv)Rc = 0]. The reference measure is invariant (a
permutation of the coordinates with sign changes of some Bb, vp; dB on (−π/γN , π/γN ] is
invariant under B 7→ −B up to a null set, the counting measure exactly). Hence ⟨F ◦R⟩Λ = ⟨F ⟩Λ
and ⟨F ◦RG⟩Λ = ⟨F (G ◦R)⟩Λ = ⟨G ◦RF ⟩Λ.

Step 1 (factorisation). Grouping the factors of WΛ by the class of their cell, WΛ =
W0(ξ0)W+(ξ0, ξ+)W−(ξ0, ξ−)W×(ξ+, ξ−, ξ×): the faces of a plane or (+)-cell are plane or (+),

and, by Lemma 12.14(b), no variable of W× :=
∏
b∈B×

h̃
∏
p∈P×

w(fp)
∏
c∈C× 1[(dv)c = 0] is a

plane variable. By Step 0 and Lemma 12.14(a), W−(ξ0, ξ−) = W+(ξ0, (Rξ)+), where η := (Rξ)+,
ηκ = ξRκ (κ a (+)-cell), is a measure-preserving bijection of the (−)-variables onto the (+)-
variables, and (Rξ)0 = ξ0. For F ∈ A+

Λ(Π): F (Rξ) = F (ξ0, η).
Step 2 (the kernel). Let K(ξ−, ξ+) :=

∫ ∏
b∈B×

dBb
∑

(vp)p∈P×
W×. Write 1[(dv)c = 0] =∫ 1

0 dtc e
iγN tc(dv)c for c ∈ C× (as (dv)c ∈ (2π/γN )Z; Step 2 of the proof of Theorem 3.1);

by Lemma 12.15 for v,
∑

c tc(dv)c =
∑

p∈P×
spvp +

∑
c tc(V+(c) − V−(c)). Fubini’s theorem

(
∑

v

∏
pw ≤ K

′|P×|
γN , K ′

γN
of Lemma 11.2; t ranges over a probability space) and (3.2) at a = 0,

x = (dB)p, s = sp (absolutely convergent,
∑

m cm−s ≤ KγN uniformly in s, Step 4 of the proof
of Theorem 3.1) give∑

(vp)p×

∏
p×

w(fp)
∏
c×

1[(dv)c = 0] =

∫
dt

∑
m

∏
p×

cmp−spe
iγN (mp−sp)(dB)p

∏
c×
eiγN tc(V+(c)−V−(c)).
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By Lemma 12.15 for B, (dB)p = B×(p)+B+(p)−B−(p) and
∑

p×(mp−sp)B×(p) =
∑

b∈B×
qbBb

with qb :=
∑

p[p : b]mp ∈ Z (the s-part drops by the last clause of that lemma). With

ez cosϕ =
∑

q∈Z Iq(z)eiqϕ (Iq ≥ 0,
∑

q Iq(z) = ez; Step 3 of the proof of Theorem 3.1),∫ π/γN

−π/γN
dBb h̃(ρb− , ρb+ , Bb)e

iγN qbBb = (2π/γN )Iqb(κNρb−ρb+).

Hence

K =

∫
dt

∑
m

∏
p×

cmp−sp
∏
b×

2π
γN
Iqb(m)(κNρb−ρb+)

∏
p×

eiγN (mp−sp)(B+(p)−B−(p))
∏
c×
eiγN tc(V+(c)−V−(c)).

At a diagonal plane B× = ∅ (Lemma 12.14(c)) and no Bessel function enters; at a coordinate site
plane K ≡ 1.

Step 3 (positive type). With Iq(z) =
∑

k≥0 ak,qz
2k+|q|, ak,q = 2−2k−|q|/(k! (k + |q|)!) ≥ 0, put,

for k = (t,m, (kb)b×),

Ak(ξ+) :=
∏
p×

eiγN (mp−sp)B+(p)
∏
c×
eiγN tcV+(c)

∏
b×
ρ
2kb+|qb|
b+

,

dν(k) := dt
∏
p×

cmp−sp
∏
b×

2π
γN

akb,qb(m) κ
2kb+|qb|
N ,

a positive measure. By Lemma 12.15 and Lemma 12.14(a) (Rb = −b swaps the ends b± of a
crossing bond): B−(p) = B+(p) ◦R, V−(c) = V+(c) ◦R, ρb− = ρb+ ◦R, functions of η = (Rξ)+

alone. Therefore K(ξ−, ξ+) = K̃(η, ξ+) :=
∫
dν(k)Ak(η)Ak(ξ+), and∫

dν(k) |Ak(η)||Ak(ξ)| =

∫
dt

∑
m

∏
p×

cmp−sp
∏
b×

2π
γN
Iqb

(
κNρb+(η)ρb+(ξ)

)
≤ K |P×|

γN

(
2π
γN

)|B×|∏
b×
e

κN
2

(ρb+ (η)2+ρb+ (ξ)2)

by Iq(z) ≤ ez and 2ρρ′ ≤ ρ2 + ρ′2.
Step 4 (positivity). Summing ξ× first (Tonelli on WΛ ≥ 0, then |F | ≤ ∥F∥∞) and substituting

η = (Rξ)+ (Step 1),

ZΛ⟨ΘΠF · F ⟩Λ =

∫
dξ0W0

∫∫
dη dξ+W+(ξ0, η)W+(ξ0, ξ+)∫

dν(k)Ak(η)F (ξ0, η)Ak(ξ+)F (ξ0, ξ+).

By Step 3 the absolute integrand is at most ∥F∥2∞K
|P×|
γN (2π/γN )|B×| times

W0W+(ξ0, η)W+(ξ0, ξ+)e
κN
2

∑
b×(ρb+ (η)2+ρb+ (ξ+)2), whose integral is, undoing the substitu-

tion,
∫
W0W+W−e

κN
2

∑
b×(ρ2b−

+ρ2b+
)

over the non-crossing variables. Bounding h̃ ≤ e
κN
2

(ρ2+ρ′2)

on every non-crossing bond, all bond factors together are at most
∏
x∈Λ e

κN
2

deg(x)ρ2x ≤
∏
x e

3κNρ
2
x

(deg(x) ≤ 6 bonds of B(Λ) at x), which cancels the site factors e−3κNρ
2
x ; the indicators are ≤ 1,

each dBb integrates to 2π/γN , and
∑

vp
w(fp) ≤ K ′

γN
per plaquette. So the integral is at most

(Gct
0 )|Λ|(2π/γN )|B(Λ)\B×|K

′ |P(Λ)\P×|
γN < ∞, Gct

0 :=
∫
gct (Lemma 11.2, Remark 11.4); the same
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bound with all cells gives ZΛ <∞, and ZΛ > 0 since WΛ > 0 on {v ≡ 0}. Fubini’s theorem now
yields

ZΛ⟨ΘΠF · F ⟩Λ =

∫
dξ0W0(ξ0)

∫
dν(k)

∣∣∣ ∫ dξ+W+(ξ0, ξ+)Ak(ξ+)F (ξ0, ξ+)
∣∣∣2 ≥ 0.

Step 5 (L2). Bounded (ξ0, ξ+)-measurable functions are dense in the (ξ0, ξ+)-measurable part
of L2(⟨·⟩Λ), and |⟨ΘF · F ⟩Λ − ⟨ΘG ·G⟩Λ| ≤ ∥F −G∥2(∥F∥2 + ∥G∥2) by the Schwarz inequality
and ∥F ◦R∥2 = ∥F∥2 (Step 0); the Hermitian identity is ∥ · ∥2-continuous likewise. □

Remark 12.17 (the crossing kernel). At a diagonal plane the crossing kernel K̃ of Step 3 of the
proof of Theorem 12.16 is of positive type by the Poisson step alone:

K̃(η, ξ) =

∫
[0,1]C×

dt
∑

m∈ZP×

∏
p∈P×

cmp−sp At,m(η)At,m(ξ),

At,m :=
∏
p∈P×

eiγN (mp−sp)B+(p)
∏
c∈C×

eiγN tcV+(c),

with cu = (γN/
√

2π)e−γ
2
Nu

2/2 > 0 (equation (3.2)) and |At,m| = 1. At a coordinate mid-plane the
factors (2π/γN )Iqb(κNρb−ρb+) of the crossing bonds are added (the Bessel step of Theorem 3.1).

Corollary 12.18 (matrix and exponential forms, complex coefficients). For (ξ0, ξ+)-measurable
A1, . . . , An with ⟨|Ai|2⟩Λ < ∞ and λ ∈ Cn:

∑
i,l λ̄iλl⟨ΘΠAi · Al⟩Λ = ⟨ΘΠA · A⟩Λ ≥ 0 with

A :=
∑

l λlAl (ΘΠ is antilinear); the Gram matrix (⟨ΘΠAi · Al⟩Λ)i,l is Hermitian positive

semidefinite. In particular, for real plaquette functions a(1), . . . , a(k) supported on the plaquettes

of P(Λ) lying in H+, Xr :=
∑

p a
(r)
p fp, X

R
r := Xr ◦RΠ =

∑
p a

(r)
p fRΠp (the reflected source, with

the 2-form sign), and z(1), . . . , z(n) ∈ Ck,
n∑

i,l=1

λ̄iλl

〈
exp

(∑
r

z
(i)
r XR

r +
∑
r

z(l)r Xr

)〉
Λ

≥ 0.

Proof. Ai := exp(
∑

r z
(i)
r Xr) is (ξ0, ξ+)-measurable (the bonds of a plaquette in H+ lie

in H+), ΘΠAi = exp(
∑

r z
(i)
r XR

r ) because Xr is real, and ⟨|Ai|2⟩Λ = ⟨e2
∑

r(Re z
(i)
r )Xr⟩Λ ≤

exp(2∥
∑

r(Re z
(i)
r )a(r)∥2) < ∞ by Theorem 3.1 for the box states (Lemma 12.10: its proof

uses only ∂∂ = 0 on the complex and the Fourier positivity of the bond and plaquette factors).

Apply the theorem to A =
∑

l λlAl. With a
(r)
p = ε3/2f

(r)
µν(p)(xp) for real C∞

c 2-forms supported in

the open side at distance > ε from Π and inside the cube, this is the box version of Theorem 9.10
at level (N,Λ), which Lemma 12.21 uses; the plaquettes carrying such a(r) lie in H+ because the
crossing plaquettes have their centres on Π. □

12.5. Reflection positivity of the box limit at every lattice plane of the nine families.

Lemma 12.19 (reflection positivity of the box limit at the lattice planes of the nine families).
Fix N and a lattice plane P = {ϕ = c} of one of the nine families (notation of Section 12.1:
c ∈ 1

2εZ for ϕ = xj, c ∈ εZ for ϕ = xi ± xj); write R := RP . Let A+
N (P ) be the bounded

Borel functions of the gauge-invariant variables (fp, ρ̃x) of finitely many cells of εZ3 lying in

P+ = {ϕ ≥ c}, ΣN (P+) the σ-algebra generated by all such variables, and ΘPF := F ◦R. Then:

(i) ⟨F ◦R⟩Λ = ⟨F ⟩Λ for every cube Λ with RΛ = Λ and every bounded Borel F supported in
Λ;
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(ii) for F,G ∈ A+
N (P ): ωbox

N (ΘPF · G) = ωbox
N (ΘPG · F ), ωbox

N (ΘPF · F ) ≥ 0 and

ωbox
N (ΘPF ) = ωbox

N (F ); the form (F,G) 7→ ωbox
N (ΘPF ·G) is positive semidefinite Her-

mitian;
(iii) (ii) holds for all F,G ∈ L2(ΣN (P+), µboxN ).

The statements do not depend on any exhaustion.

Proof. (i) is Step 0 of the proof of Theorem 12.16 (R is a symmetry of Λ in the sense there;
for a lattice plane of the nine families with RΛ = Λ it is one of the symmetry planes listed in
Section 12.1).

(ii) Symmetric exhaustion. Let Ik := {−kε, . . . , kε} and Jk := {−(k − 1)ε, . . . , kε}. For
P = {xj = c} with c ∈ εZ let Λk be the cube with side Ik in the directions ̸= j and c+ Ik in the
direction j; for c ∈ εZ+ ε

2 take Jk and c− ε
2 +Jk; for {xi−xj = c} take Ik in the directions j, l and

c+ Ik in the direction i; for {xi + xj = c} take Ik in the directions j, l and c− Ik = c+ Ik in the
direction i. In each case RΛk = Λk (for {xi−xj = c}: (Rx)i = xj+c ∈ c+Ik, (Rx)j = xi−c ∈ Ik;
for {xi + xj = c}: (Rx)i = c− xj ∈ c+ Ik, (Rx)j = c− xi ∈ Ik; for the mid-planes c− ε

2 + Jk is

symmetric about c), Λk ⊂ Λk+1 and
⋃
k Λk = εZ3: an exhausting sequence of cubes, each having

P as a symmetry plane.
Continuous F . Let F be a bounded continuous function of the gauge-invariant variables

of a finite set S of cells in P+. For k large, S ∪ RS ⊂ Λk (all cells of S ∪ RS are cells of
Λk), so F , F ◦ R and ΘPF · F are functions of the box variables, F ∈ A+

Λk
(P ) (a function of

(fp, ρ̃x) = ((dB)p + vp, ρ̃x) for cells in P+ is a function of the variables of cells in P+), and
Theorem 12.16 gives ⟨ΘPF · F ⟩Λk

≥ 0. By Theorem 11.11(b) the laws of the variables of S ∪RS
under ⟨·⟩Λk

converge weakly to the marginal of µboxN , and ΘPF · F is bounded continuous, so

ωbox
N (ΘPF · F ) = limk⟨ΘPF · F ⟩Λk

≥ 0. The Hermitian identity and ωbox
N (ΘPF ) = ωbox

N (F ) hold

for all bounded Borel F,G of finitely many cells: µboxN is R-invariant (R ∈ GN , Theorem 11.11(b)),

and (F · (G ◦R)) ◦R = F ◦R ·G. Positive semidefiniteness on finite families follows by applying
the inequality to

∑
i ciFi.

Bounded Borel functions and L2. As in the proof of Theorem 11.5(d): for a finite set S of cells
in P+ the bounded continuous functions on ES are dense in L2(ES , (πS)∗µ

box
N ) (a finite Borel

measure on a Polish space is Radon), a bounded Borel F of the cells of S is the L2(µboxN )-limit of

continuous F (i) with ∥F (i)∥∞ ≤ ∥F∥∞ (truncate), and both sides of each identity are continuous
in ∥F∥L2 , ∥G∥L2 by the Schwarz inequality and ∥F ◦ R∥L2(µboxN ) = ∥F∥L2(µboxN ). This gives (ii),

and (iii) for functions of finitely many cells. For (iii) in general, the bounded ΣN (P+)-measurable
functions that are L2(µboxN )-limits of bounded functions of finitely many cells of P+ form a vector
space containing the constants, closed under bounded monotone limits (dominated convergence),
and containing the multiplicative class of the bounded functions of finitely many cells, which
generates ΣN (P+); by the functional monotone class theorem it contains every bounded ΣN (P+)-
measurable function, and these are dense in L2(ΣN (P+), µboxN ) (truncation); the continuity of
both sides concludes the proof of (iii). The statements do not depend on the exhaustion, because
µboxN is one measure (Theorem 11.11(b)). □

12.6. The continuum passage for the box family.

Lemma 12.20 (the continuum passage for the box family). Let (Λk) be any exhausting sequence
of boxes. The pair ((Λk), µ

box
N ) has the properties (a), (b), (c), (d), (e) of Theorem 11.5, with

“box” for “torus” and “k → ∞” for “L → ∞”, and in addition the reflection positivity (d) at
every lattice plane of the nine families (Lemma 12.19). Consequently Proposition 4.2, Lemma 5.1,
Proposition 6.1 and Theorem 7.1 hold for ωbox

N with any bounded Borel gd; and every statement of
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Section 9 holds for the box family, with Theorem 9.7 replaced by Theorem 12.16 and Corollary 9.8
by Lemma 12.19. Sbox, Zbox, Ψbox

f , Sbox
n , µbox denote the objects so obtained along (Nm).

Proof. The properties (a)–(e). (a) The weak convergence of all finite-dimensional laws is Theo-
rem 11.11(b), and the Borel clause follows from the portmanteau theorem. For a continuous F

with |F | ≤ Ce
∑

x∈X qxρ2x the uniform integrability needed is

sup
Λ

⟨e2
∑

x qxρ
2
x⟩Λ ≤ max

x
CN (2|X|qx).

This is (K4) of Theorem 11.10, where e
∑

x qxρ
2
x ∈ KN and the comparison is with a torus of

side larger than Λ and its neighbours, together with Remark 11.3(ii), exactly as in the proof of
Theorem 11.11(a).

(b) The functional ωbox
N is the integral against a probability measure, and the Gaussian and

density bounds are in Theorem 11.11(b).
(c) The invariance under GN and C is Theorem 11.11(b), and the conclusion of Lemma 5.1

follows as in the proof of Theorem 11.5(c).
(d) For the planes {xj = c}, c ∈ 1

2εZ, this is Lemma 12.19, and the additional clause is
Lemma 12.19 for the diagonal planes.

(e) The first clause follows from (a); the second is the portmanteau theorem for continuous
F ≥ 0, as in the proof of Theorem 11.5(b).

The statements of Sections 4–7. For Proposition 4.2, Theorem 3.1 for the box states

(Lemma 12.10) and Minkowski’s inequality give ⟨ΦN (σ)2⟩1/2Λ ≤ ∥σ∥. The bound ωbox
N (|ΦN (σ)| ∧

2) ≤ ∥σ∥ follows from the Schwarz and Minkowski inequalities, from
∫
X2dµboxN ≤ R(f)2, which

holds by (e) or by Step 5 of the proof of Theorem 3.1 applied to the bound of (b), and from the
pointwise bound |Y | ≤ ∥gd∥∞E(h). Lemma 5.1 is (c). Proposition 6.1 uses of the state only the
state property, (2.4), Lemma 5.1 and (4.1). Theorem 7.1 follows from these statements, including
the invariance under the space translations and under the cubic group about

⋃
m εNmZ3 and the

bound |S(a)| ≤M(a).
The statements of Section 9. Lemma 9.1 is a statement of lattice counting. For Lemma 9.2,

the identity (3.3) holds on every finite cubical complex, the killed box included, by the proof of
Lemma 12.10, with the same entire continuation.

Part (a) of Lemma 9.3 holds for the box states for the following reasons. The bound follows
from Lemma 12.10 on the box. The evenness follows from the substitution (B, v) 7→ (−B,−v),
since WΛ depends on B through cos(γNBb), w is even and closed v go to closed v. The inequality
Ψ ≥ 1 on Rk follows from Jensen’s inequality and ⟨ΦN ⟩Λ = 0 (Step 5 of the proof of Theorem 3.1),
and 0 ≤ Ψ(it) ≤ 1 follows from the dual representation on the box. Part (b) of Lemma 9.3
follows from Montel’s theorem and its part (a) for the box states; the limit is identified on iRk
by the property (a) of the present lemma, and the uniform integrability is obtained as in the
torus case. Parts (c) and (d) of Lemma 9.3 hold without change.

Theorem 9.4 follows from (6.1) with Proposition 4.2 and Lemma 9.3. Proposition 9.6 follows
from Theorem 7.1 and (c). Proposition 9.9 follows from Theorem 7.1(a) and Lemma 12.19; the
argument is written out in Lemma 12.21(i) below.

For Theorem 9.10 and Proposition 9.11, the functions Ai = exp(
∑

r z
(i)
r ΦN (fr)) and the

polynomial PN on ΩN lie in L2(ΣN (P+), µboxN ) by (b). The intertwining ΦN (f) ◦RP = ΦN (γ∗f)
of the proof of Proposition 9.9 gives

ΘPAi = exp(
∑
r

z
(i)
r ΦN (γ∗fr)), ΘPPN =

∑
α

c̄α
∏
i

ΦN (γ∗fαi).
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Lemma 12.19(iii) gives the positivity at level N , Lemma 9.3(b) identifies
∫

ΘPAi · Al dµboxN =

ΨF
N (z(i), z(l)) and the moments as derivatives of ΨF

N , and Lemma 9.3(c), with Weierstrass’ theorem
for the derivatives, gives the passage m→ ∞.

Proposition 9.12 follows from (c), applied to C. Theorem 9.13 uses only Theorem 9.4, The-
orem 7.1(a) and Proposition 9.6, together with the abstract measure-theoretic statements of
Appendix A and the Bochner–Minlos theorem, which do not depend on the family. Theo-
rem 9.15 uses only Theorem 9.13(c), Theorem 9.10 and, for the growth bound of its last clause,
Theorem 9.4(iii). □

12.7. Reflection positivity of the limit theory at the nine plane families.

Lemma 12.21 (reflection positivity of the limit theory at the nine plane families). Let Sbox

be a limit along (Nm), let P0 be one of the nine planes through 0, n a unit normal, c ∈ R,
Pc := P0 + cn, γ the reflection RPc acting on test pairs by push-forward (γσ = (γ∗f, h ◦ γ), the
2-form transported as a 2-form), Θ the antilinear map of A with Θeσ = e−γσ, and A+ the span
of the eσ with suppσ in the open side {n · x > c}.

(i) ⟨a, b⟩ := Sbox(Θa · b) is a positive semidefinite Hermitian sesquilinear form on A+, and

Sbox(Θa) = Sbox(a) on A.
(ii) For real C∞

c 2-forms f1, . . . , fk supported in the open side, F :=

(γ∗f1, . . . , γ∗fk, f1, . . . , fk), z
(1), . . . , z(n) ∈ Ck and λ ∈ Cn:

∑
i,l λ̄iλlΨ

box
F (z(i), z(l)) ≥ 0.

(iii) For real Schwartz pairs σ1, . . . , σn supported in the closed side {n · x ≥ c} and λ ∈ Cn:∑
i,l λ̄iλlZ

box(σl − γσi) ≥ 0, Zbox(−γσ) = Zbox(σ) and Zbox(γσ) = Zbox(σ), Zbox being

the continuous extension of Theorem 9.4(i) to Schwartz pairs.

Here (ii) is the complex-coefficient form for C∞
c sources in the open side; (iii) is the characteristic-

function form, with complex coefficients in front of the exponentials, for Schwartz pairs in the
closed side; the hypothesis (iii) of Theorem 12.31 is (iii) restricted to the open side.

Proof. Reduction to c = 0. Pc = τyP0 with y = cn, γc = τyγ0τ−y, A+(Pc) = τyA+(P0),

Θc = τyΘ0τ
−1
y , and Sbox ◦ τy = Sbox for every y ∈ R3 (Proposition 9.6 for the box family,

Lemma 12.20); so (i) for Pc is (i) for P0 at τ−ya, τ−yb. For (ii), Ψbox
τyF

= Ψbox
F : both are entire on

C2k and agree on iR2k (Lemma 9.3(c) and the identity theorem). For (iii), Zbox ◦ τy = Zbox on
Schwartz pairs by continuity.

(i), c = 0. R := RP0 is a signed permutation matrix, so RεNZ3 = εNZ3 and P0 is a lattice
plane of its family for every N . For σ supported in {n · x ≥ δ} and εN < δ, every cell carrying a
term of ΦN (σ) lies in {n · x > 0} (the vertices of a plaquette are within εN/

√
2 of its centre, so

n · x ≥ δ − εN/
√

2 > 0 on them), and ΦN (σ) ◦R = ΦN (γσ): R permutes the oriented plaquettes
and the sites, the push-forward of the 2-form carries exactly the orientation sign, and ρ̃z ◦R = ρ̃Rz
(Definition 12.7 and the properties following it, Lemma 12.8 with OΛ = Λ; this is the intertwining
of the proof of Proposition 9.9 for the diagonal reflections as well).

Hence ιN (Θa · b) = ΘP ιN (a) · ιN (b) for a, b ∈ A+, with ιN (a) a bounded Borel function of
the gauge-invariant variables of cells in P+

0 (bounded continuous when gd is continuous; for a
bounded Borel gd only bounded Borel, which Lemma 12.19(ii) covers). (Lemma 12.19 is stated
for the side {ϕ ≥ c}; the other side follows from the R-invariance of µboxN : ωbox

N (ΘPF · G) =

ωbox
N (ΘP (F ◦R) · (G ◦R)).) By Lemma 12.19(ii) the Gram matrices (ωbox

Nm
(ΘP ιNm(ai) ιNm(aj)))ij

are Hermitian positive semidefinite; they converge entrywise to (Sbox(Θai·aj))ij by Theorem 7.1(a)

for the box family (Lemma 12.20), and both properties are closed under limits. Sbox(Θa) =

limm ωbox
Nm

(ιNm(a)) = Sbox(a) by Lemma 12.19(ii).
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(ii), c = 0. This is the step for Theorem 9.10 in the proof of Lemma 12.20, with γ the diagonal or
coordinate reflection: the Gram matrices at level N are positive semidefinite by Lemma 12.19(iii)

(Corollary 12.18 at the level of the boxes), equal to (ΨF
N (z(i), z(l)))il by Lemma 9.3(b), and

converge to (Ψbox
F (z(i), z(l)))il by Lemma 9.3(c).

(iii), c = 0. For a Schwartz pair σ = (f, h) supported in P+
0 put σ(ν) := χ(·/ν) τn/νσ with

χ ∈ C∞
c , χ = 1 on the unit ball and 0 ≤ χ ≤ 1: σ(ν) ∈ C∞

c is supported in {n · x ≥ 1/ν}, and

∥σ(ν) − σ∥w ≤ sup
|x|≥ν

(1 + |x|2)2|σ(x)| + ν−1 9 sup
y

(1 + |y|2)2|∇σ(y)| → 0

(mean value theorem; 1 + |x|2 ≤ 3(1 + |y|2) for |x− y| ≤ 1; 0 ≤ χ ≤ 1 for the first term). Here
∥ · ∥w is the derivative-free seminorm of Section 9 applied to each component of the pair. γ

is a linear isometry acting on the components by a signed permutation, so ∥γσ(ν) − γσ∥w =

∥σ(ν) − σ∥w. By Theorem 9.4(i) and Lemma 9.1 (its pair version: |Z(σ) − Z(σ′)| ≤ ∥σ − σ′∥ ≤
(3ca0)1/2∥f −f ′∥w +∥gd∥∞ca0∥h−h′∥w, which extends Zbox continuously to real Schwartz pairs),

Zbox(σ
(ν)
l −γσ(ν)i ) → Zbox(σl−γσi), while each

∑
i,l λ̄iλlZ

box(σ
(ν)
l −γσ(ν)i ) = Sbox(Θaν ·aν) ≥ 0

with aν :=
∑

l λleσ(ν)
l

∈ A+, by (i). The two identities pass from C∞
c pairs (by (i), and by

Proposition 9.6 together with the cubic invariance of Theorem 7.1, γ lying in the cubic group Oh
about a point of P0) to Schwartz pairs by the same continuity. □

12.8. The Gaussian bound in continuum norms.

Lemma 12.22 (the Gaussian bound in continuum norms). Zbox, extended to real Schwartz pairs
by Theorem 9.4(i) and Lemma 9.1 (pair version, as in the proof of Lemma 12.21(iii)), is positive
definite and continuous on S(R3; Λ2⊕R); let µ be the probability measure on S ′(R3; Λ2⊕R), with

its cylinder σ-algebra, such that
∫
eiΦ(σ)dµ = Zbox(σ) for all real Schwartz pairs (Bochner–Minlos,

as in the proof of Theorem 9.13 and in Lemma 12.12; its curvature marginal is the measure of
Theorem 9.13 read on S ′). Then for every real Schwartz pair σ = (f, h),∫

eΦ(f,h) dµ ≤ exp
(
1
2∥f∥

2
L2 + ∥gd∥∞∥h∥L1

)
, ∥f∥2L2 :=

∑
µ<ν

∥fµν∥2L2 .

Consequently the curvature Schwinger functions Sn(f1, . . . , fn) =
∫ ∏

i Φ(fi, 0) dµ (Theo-

rem 9.4(iii), Theorem 9.13(a)) satisfy |Sn(f1, . . . , fn)| ≤ en(n!)1/2
∏
i ∥fi∥L2 for real fi ∈

S(R3; Λ2), and Sn extends uniquely to a bounded n-linear form on L2(R3; Λ2
C), with the same

bound on real entries and 2n/2 times it on complex ones.

Proof. Positive definiteness. We have∑
l,l′

c̄lcl′Z
box(σl′ − σl) = lim

m
ωbox
Nm

(|
∑
l

cle
iΦNm (σl)|2) ≥ 0

by the additivity of ΦN and Theorem 7.1(a); positive definiteness is preserved under the continuous
extension. Continuity on S is the pair version of Theorem 9.4(i) just mentioned, and S(R3; Λ2⊕R)
is nuclear, so the Bochner–Minlos theorem gives µ.

Level N . ΦN (σ) = X + Y with X =
∑

p apfp, ap = ε
3/2
N fµν(p)(xp), and |Y | ≤ ∥gd∥∞EN (h) on

ΩN , EN (h) := ε3N
∑

z |h(z)|. By Theorem 11.11(b),
∫
eXdµboxN ≤ e

1
2

∑
p a

2
p , so

∫
eΦN (σ)dµboxN ≤

exp(12RN (f)2 + ∥gd∥∞EN (h)) with RN (f)2 := ε3N
∑

p fµν(p)(xp)
2.

The limit, σ ∈ C∞
c . The law νm of ΦNm(σ) under µboxNm

has the characteristic function

t 7→ ZNm(tσ) → Zbox(tσ) =
∫
eitΦ(σ)dµ (Theorem 7.1(a)), which is continuous at 0 by |Zbox(tσ)−

1| ≤ |t| ∥σ∥; by Lévy’s continuity theorem νm → ν weakly, ν the law of Φ(σ) under µ. For the
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continuous function ex ≥ 0,
∫
exdν = limM

∫
(ex ∧M)dν ≤ lim infm

∫
exdνm. The centres of the

plaquettes of one orientation form a translate of εNZ3, so RN (f)2 → ∥f∥2L2 and EN (h) → ∥h∥L1

(Riemann sums of continuous compactly supported functions). The bound follows.
Schwartz σ. Take σν := χ(·/ν)σ ∈ C∞

c (χ as in the proof of Lemma 12.21); σν → σ in S, so
Φ(σν) → Φ(σ) for every Φ ∈ S ′, and ∥fν∥L2 → ∥f∥L2 , ∥hν∥L1 → ∥h∥L1 ; Fatou’s lemma gives∫

eΦ(σ)dµ ≤ lim inf
ν

∫
eΦ(σν)dµ ≤ exp(

1

2
∥f∥2L2 + ∥gd∥∞∥h∥L1).

Moments. For real f1, . . . , fn ∈ S and z ∈ Cn put Ψ(z) :=
∫
e
∑

j zjΦ(fj ,0)dµ. Since∫
es|Φ(f,0)|dµ ≤ 2es

2∥f∥2
L2/2 for all real s, the integrand has a locally uniform integrable majorant,

so Ψ is entire with ∂z1 · · · ∂znΨ(0) =
∫ ∏

j Φ(fj , 0) dµ = Sn(f1, . . . , fn) (the law of (Φ(fj , 0))j
under µ is µf , as in the moment step of the proof of Theorem 9.13), and

|Ψ(z)| ≤ Ψ(Re z) ≤ exp(
1

2
∥
∑
j

(Re zj)fj∥2L2) ≤ exp(
1

2
(
∑
j

|Re zj | ∥fj∥L2)2).

If some ∥fj∥L2 = 0 then fj = 0 and Sn = 0; otherwise normalise ∥fj∥L2 = 1: on the polydisc

|zj | ≤ r, |Ψ| ≤ en
2r2/2, and Cauchy’s estimate gives |Sn| ≤ r−nen

2r2/2 = (en)n/2 ≤ en(n!)1/2 at

r = n−1/2, by nn ≤ enn!. Real S is dense in real L2, so the n-linear Sn extends uniquely by
continuity with the same bound; the complex n-linear extension splits each entry into real and
imaginary parts, and ∥u∥ + ∥v∥ ≤

√
2∥u+ iv∥. □

12.9. Closedness of the limit curvature. Conventions. We write ε = εN . The plaquettes
are p = (x;µ, ν), µ < ν, with centre xp and ∂p = (x;µ) + (x + εeµ; ν) − (x + εeν ;µ) − (x; ν)
(Definition 12.6); fµν(p) = fµν . The cubes are c(y) = y + ε[0, 1]3 with centre xc = y + ε

2(1, 1, 1)
and oriented boundary

∂c(y) =
3∑

λ=1

ϵλµν
[
(y + εeλ;µ, ν) − (y;µ, ν)

]
, {µ < ν} = {1, 2, 3} \ {λ},

the usual oriented boundary, with ∂∂ = 0. [κ : κ′] ∈ {0,±1} is the coefficient of the cell κ in
∂κ′ (the smaller cell is written first here; Section 12.4 writes the larger cell first: there [κ : σ] is
the coefficient of σ in ∂κ). A finite cubical complex K is a torus (εZ/LZ)3 or a killed box Λ of
Definition 11.9, whose cubes are the cubes of Λ in the sense of Section 12.1 (all eight vertices in
Λ; all six faces then lie in P(Λ)). For functions B on bonds, v, f on plaquettes and a on cubes
we put (dB)p =

∑
b[b : p]Bb, (df)c =

∑
p[p : c]fp, (d∗a)p :=

∑
c∈K[p : c]ac (the operator of Step 2

of the proof of Theorem 3.1). The Hodge star is (∗du)µν = ϵλµν∂λu for µ < ν, λ the third index,
so that

∫ ∑
µ<ν Fµν(∗du)µν = −

∫
u (dF )123 for smooth F . K+t is the closed t-neighbourhood of

a compact set K, and ∥u∥C3 := max|γ|≤3 ∥Dγu∥∞.

Lemma 12.23 (lattice Bianchi identity). Let K be a finite cubical complex, B real on its bonds,
v on its plaquettes with (dv)c = 0 for every cube c of K, and f := dB + v. Then for every real a
on the cubes of K, ∑

p∈P(K)

(d∗a)p fp =
∑

c∈C(K)

ac (df)c = 0.

Proof. All sums are finite and every face of a cube of K is a plaquette of K, so
∑

p

∑
c[p : c]acfp =∑

c ac
∑

p[p : c]fp =
∑

c ac(df)c. Further (df)c = (ddB)c + (dv)c, (dv)c = 0 by hypothesis, and

(ddB)c =
∑

p[p : c]
∑

b[b : p]Bb =
∑

bBb
∑

p[p : c][b : p] = 0, since
∑

p[p : c][b : p] is the coefficient
of b in ∂∂c = 0. □
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Lemma 12.24 (sampling of ∗du). Let u ∈ C∞
c (R3), K := suppu, and ac := ε1/2u(xc) on all

cubes of εZ3. For p = (x;µ, ν) with third index λ,

(d∗a)p = ϵλµνε
1/2

[
u(xp− ε

2eλ)−u(xp+ ε
2eλ)

]
= −ε3/2(∗du)µν(xp)+rp, |rp| ≤ 1

24ε
7/2∥∂3λu∥∞,

rp = 0 unless xp ∈ K+ε/2, and
∑

p r
2
p ≤ 1

192 |K+2a0 | ε4∥u∥2C3.

Proof. p is the face (x;µ, ν) of c(x), with [p : c(x)] = −ϵλµν , and the face (x;µ, ν) = (y+εeλ;µ, ν)
of c(y), y = x − εeλ, with [p : c(y)] = +ϵλµν ; no other cube contains p. The centres are
xc(x) = xp + ε

2eλ and xc(y) = xp − ε
2eλ. This gives the first equality. With g(t) := u(xp + teλ)

and h = ε/2, Taylor’s formula gives g(h) − g(−h) − 2hg′(0) = h3

6 (g′′′(ξ+) + g′′′(ξ−)), hence

|u(xp +
ε

2
eλ) − u(xp −

ε

2
eλ) − ε∂λu(xp)| ≤

ε3

24
∥∂3λu∥∞;

multiplying by ε1/2 and using (∗du)µν = ϵλµν∂λu gives the second equality and the bound
on rp. If xp /∈ K+ε/2, the three points xp, xp ± ε

2eλ lie outside K, so rp = 0. The centres

of the plaquettes of one orientation form a translate of εZ3; the open cubes Qp of side ε
centred at xp are pairwise disjoint, and xp ∈ K+ε/2 implies Qp ⊂ K+ε/2+

√
3ε/2 ⊂ K+2ε ⊂ K+2a0

(εN ≤ a0). So at most |K+2a0 |/ε3 plaquettes of each of the three orientations have rp ̸= 0, and∑
p r

2
p ≤ 3

|K+2a0 |
ε3

ε7

576∥u∥
2
C3 . □

Proposition 12.25 (closedness at every level). Fix N , u ∈ C∞
c (R3), s ∈ R, and let µ be either

µboxN (Theorem 11.11(b)) or the measure µN of a torus limit point (Definition 2.3, Theorem 11.5);

ZN (f) :=
∫
eiΦN (f,0)dµ with ΦN (f, 0) = ε3/2

∑
p fµν(p)(xp)fp (Definition 2.5). With a, r as in

Lemma 12.24, X0 :=
∑

p(d
∗a)pfp, Xr :=

∑
p rpfp and σ2 :=

∑
p r

2
p:

X0 = 0 µ-a.s.,

∫
ΦN (∗du, 0)2 dµ ≤ σ2,

|ZN (s ∗du) − 1| ≤ |s|σ ≤ |s|
( |K+2a0 |

192

)1/2
ε2N ∥u∥C3 .

The same bounds hold for the killed-box states ⟨·⟩Λ with Λ containing every site within distance ε
of K, and for the torus states ⟨·⟩fineL with L large.

Proof. Finite volume. If ac ̸= 0 then xc ∈ K and the vertices of c lie within
√
3
2 ε < ε of xc, so c

is a cube of Λ; every p with (d∗a)p ≠ 0 is a face of such a cube, hence lies in P(Λ), and X0 is
supported in Λ in the sense of Definition 11.9; so are ΦN (∗du, 0) (its plaquettes have centres in
K, so their vertices are within ε/

√
2 of K) and Xr = X0 + ΦN (∗du, 0). The box sum runs over v

with dv = 0 on every cube of Λ (Definition 11.9), so Lemma 12.23 with K = Λ gives X0 = 0 on
every configuration, and ⟨eisX0⟩Λ = 1. On a torus whose side exceeds the diameter of the finite
set of cells {c : ac ̸= 0} and their faces, these cells embed injectively; Lemma 12.23 with K the
torus and a transported (zero elsewhere) gives X0 = 0 pointwise, so ⟨eisX0⟩fineL = 1 for all large L.

Passage. eisX0 is a bounded continuous function of finitely many fp; by Theorem 11.11(b)
(weak convergence of the box laws along every exhausting sequence) and Theorem 11.5(a),∫
eisX0dµ = 1 for every real s. The law of X0 under µ has characteristic function 1, so it is δ0:

X0 = 0 µ-a.s.

Remainder. By Theorem 11.11(b), resp. Theorem 11.5(b), φ(t) :=
∫
etXrdµ ≤ et

2σ2/2 for all

real t (tr is a real finitely supported plaquette function). Since |Xr|ketXr ≤ k! (e2Xr + e−2Xr) for
|t| ≤ 1, dominated convergence makes φ ∈ C2(−1, 1) with φ′(0) =

∫
Xrdµ and φ′′(0) =

∫
X2
r dµ.

The function ψ(t) := et
2σ2/2−φ(t) is ≥ 0 with ψ(0) = 0, so ψ′(0) = 0 and ψ′′(0) ≥ 0:

∫
X2
r dµ ≤ σ2

(the argument of Step 5 of the proof of Theorem 3.1). By Lemma 12.24 and Definition 2.5,
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ΦN (∗du, 0) =
∑

p ε
3/2(∗du)µν(p)(xp)fp = −X0 + Xr, whence

∫
ΦN (∗du, 0)2dµ =

∫
X2
r dµ ≤ σ2.

Finally |eis(−X0+Xr) − e−isX0 | ≤ |s||Xr| and
∫
e−isX0dµ = 1, so by the Schwarz inequality

|ZN (s ∗du) − 1| ≤ |s|
∫
|Xr|dµ ≤ |s|σ; Lemma 12.24 bounds σ. In finite volume the same steps

run with Theorem 3.1 (valid for the box states, Lemma 12.10) in place of (b). □

Theorem 12.26 (closedness of the limit curvature). Let Sbox be a limit of Theorem 7.1 along
N1 < N2 < · · · with ωbox

N in place of ωN (Lemma 12.20), and let S be a limit of Theorem 7.1
for the torus limit points, Z(f) = Z(f, 0). Then for every u ∈ C∞

c (R3) and s ∈ R,

Zbox(s ∗du) = 1, Z(s ∗du) = 1,

lim
m→∞

∫
ΦNm(∗du, 0)2 dµboxNm

= lim
m→∞

∫
ΦNm(∗du, 0)2 dµNm = 0.

Proof. s ∗du is a real C∞
c 2-form, so (s ∗du, 0) is a test pair. By Theorem 7.1(a) (for the box

family, the relation defining Sbox), Zbox(s ∗du) = limm Z
box
Nm

(s ∗du), and Proposition 12.25 gives

|Zbox
Nm

(s ∗du) − 1| ≤ |s|(|K+2a0 |/192)1/2ε2Nm
∥u∥C3 → 0, since εN = a05

−N . The same argument
applies to Z and to the second moments. The density component of (s ∗du, 0) is zero, so gd plays
no role: the statement holds for the joint scheme with any bounded Borel gd. □

Corollary 12.27. (a) Let µ be a probability measure on a set X of linear functionals Φ on the real

C∞
c 2-forms, with the cylinder σ-algebra and

∫
eiΦ(f)dµ = Zbox(f) for all f (Theorem 9.13(a),(b),

Lemma 12.12, Proposition 12.11(b)). Then Φ(∗du) = 0 µ-a.s. for every u ∈ C∞
c (R3); if

X ⊂ D′(R3; Λ2), then µ-a.e. Φ satisfies Φ(∗du) = 0 for all u simultaneously, i.e. dΦ = 0
in the sense of distributions (∗Φ is divergence-free). (b) The Schwinger functions of Sbox

(Theorem 9.4(iii)) satisfy Sn(f1, . . . , fn) = 0 whenever some fi = ∗du, u ∈ C∞
c (R3); likewise for

S. (c) (a), (b) and Zbox(s ∗du) = 1 hold for u ∈ S(R3).

Proof. (a) The characteristic function of the real random variable Φ(∗du) is s 7→ Zbox(s ∗du) = 1,
that of δ0. Let K1 ⊂ K2 ⊂ · · · be compact cubes exhausting R3; each C∞

Kn
is a separable Fréchet

space, so there is a countable D ⊂ C∞
c such that every u is a limit in some C∞

Kn
of elements

of D. The union N of the null sets {Φ(∗du) ̸= 0}, u ∈ D, is null; for Φ /∈ N and uk → u in
C∞
Kn

, ∗duk → ∗du in C∞
Kn

(Λ2) and Φ(∗duk) → Φ(∗du) by the continuity of Φ on test forms,
so Φ(∗du) = 0. For distributions ⟨Φ, ∗du⟩ = −⟨(dΦ)123, u⟩ by definition, so dΦ = 0. (b) By
Lemma 9.3(c) and Theorem 9.4(iii), Sn(f1, . . . , fn) =

∫
x1 · · ·xn dµf (x) with µf the law on Rn

with characteristic function t 7→ Zbox(
∑

j tjfj) (all exponential moments finite). If f1 = ∗du,

the first marginal has characteristic function t1 7→ Zbox(t1∗du) = 1, so x1 = 0 µf -a.s. and

Sn = 0. (c) By Theorem 9.4(i), Zbox extends continuously to S(R3; Λ2); for cut-offs χR = χ(·/R),
∗d(χRu) → ∗du in S, so Zbox(s ∗du) = limR Z

box(s ∗d(χRu)) = 1; (a) and (b) follow as before,
Sn being continuous on Sn (Theorem 9.4(iii)). □

Remark 12.28. (i) With the opposite orientation of the cubes, (d∗a)p = +ε3/2(∗du)µν(xp) − rp;
nothing else changes. (ii) No property of the couplings, of L or of Λ enters: Lemma 12.23 is
exact, Lemma 12.24 is calculus, and the only probabilistic input is the Gaussian domination of
Theorem 3.1 as carried by Theorems 11.11(b) and 11.5(b).

12.10. The two-point function: rotation covariance from reflection positivity in
nine planes. Setting. Let T = Λ2R3 ⊕ R or T = Λ2R3, with its orthogonal O(3)-action π
(π(R) = Λ2R (⊕1)); we write R∗χ := π(R)−1 χ◦R for the pull-back of χ : R3 → TC, τaχ := χ(·−a),
and ∥χ∥ := ∥χ∥L1 + ∥χ∥L2 . For a unit vector u put θux := x − 2(u · x)u, Θu := θ∗u (so
Θuχ = π(θu)χ ◦ θu), Ω+

u := {u · x > 0}. N := {ej , (ej ± ek)/
√

2 : j ̸= k} is the set of the
nine unit normals (up to sign). Let µ be a probability measure on S ′(R3;T ) with the σ-algebra
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generated by the evaluations Φ 7→ Φ(χ), χ ∈ S(R3;T ) real; Φ(χ) for complex χ is defined by
linearity. We consider the following hypotheses:

(i)
∫
eΦ(χ)dµ ≤ eC(∥χ∥1+∥χ∥22) for all real χ ∈ S(R3;T );

(ii) τa∗µ = µ for all a ∈ R3, where (τaΦ)(χ) := Φ(τ−aχ);

(iii)
∑

a,b z̄azb
∫
eiΦ(χa−Θuχb)dµ ≥ 0 for every u ∈ N , every finite family of real χa ∈

C∞
c (Ω+

u ;T ) and all za ∈ C.

We write Sn(χ1, . . . , χn) :=
∫ ∏

i Φ(χi) dµ (complex-multilinear) and Z(χ) :=
∫
eiΦ(χ)dµ. Note

that (R1R2)
∗ = R∗

2R
∗
1.

Theorem 12.29 (rotation covariance of the two-point function). Under (i)–(iii):

(a)
∫
|Φ(χ)|2dµ ≤ c0∥χ∥2 for real χ, c0 := 3C2 + 15C; all Sn exist and are continuous for

∥ · ∥ in each entry.
(b) µ is invariant under all translations and under the hyperoctahedral group B3 of signed

permutation matrices, acting by Φ 7→ Φ ◦ g∗; in particular Sn(g∗χ1, . . . , g
∗χn) =

Sn(χ1, . . . , χn) for g ∈ B3 and all χi.
(c) For u ∈ N the reconstruction (Hu, Hu ≥ 0, Vu, Eu) from L2(Σ(Ω+

u ), µ) exists, and
Eu({(ω, p) : ω < |p ·m|}) = 0 whenever m ⊥ u is a unit vector with (u + m)/

√
2 ∈ N ;

for u = ej this is ω ≥ |p|∞.
(d) S1(R

∗χ) = S1(χ) and S2(R
∗χ1, R

∗χ2) = S2(χ1, χ2) for every R ∈ O(3) and all χ1, χ2 ∈
S(R3;TC) with disjoint supports.

Proof. Step 1 (moments). Put X = Φ(χ) for real χ, a = C∥χ∥1, b = C∥χ∥22. By (i) at ±λχ
and Markov’s inequality, µ(|X| > t) ≤ 2e−λt+aλ+bλ

2 ≤ 2e−(t−a)2/4b for t > a (λ = (t− a)/2b), so∫
X2dµ ≤ a2+4

∫∞
0 (s+a)e−s

2/4bds = a2+8b+4a
√
πb ≤ 3a2+15b. Hence ∥Φ(χ)−Φ(χ′)∥L2(µ) ≤√

c0∥χ− χ′∥ for real χ, χ′, and ∥Φ(χ)∥L2(µ) ≤ 2
√
c0∥χ∥ for complex χ; all exponential moments

are finite by (i), so all Sn exist (Hölder), and they, as well as Z, are ∥ · ∥-continuous; this proves
(a). Consequently Φ extends by continuity to (L1 ∩ L2)(R3;TC) with values in L2(µ), and Sn to
(L1 ∩ L2)n.

Step 2 (reflections). For ψ1, ψ2 ∈ C∞
c (Ω+

u ;T ) real the 2×2 matrix (Z(ψa−Θuψb))ab is positive
semidefinite by (iii), hence Hermitian:

Z(ψ2 − Θuψ1) = Z(ψ1 − Θuψ2) = Z(Θuψ2 − ψ1) = Z(Θu(ψ2 − Θuψ1)),

using Z(χ) = Z(−χ) and Θ2
u = 1. Every real χ ∈ C∞

c vanishing in a neighbourhood of the plane
{u · x = 0} is of the form ψ2 − Θuψ1, so Z ◦ Θu = Z on such χ; for real χ ∈ S, the cut-offs
χϑ(u · x/δ) (ϑ ∈ C∞(R), ϑ = 0 on [−1, 1], ϑ = 1 off [−2, 2], 0 ≤ ϑ ≤ 1) converge to χ in ∥ · ∥
as δ ↓ 0 (dominated convergence), and Θu is an isometry for ∥ · ∥, so Z ◦ Θu = Z on S by
(a). Two probability measures on S ′ with equal characteristic functionals coincide (the laws of
(Φ(χj))j≤k have the same Fourier transforms, and the cylinder sets form a π-system generating
the σ-algebra; the argument of Proposition 12.11(b)), so θu∗µ = µ, where (θuΦ)(χ) := Φ(Θuχ).
The nine reflections generate B3, and (ii) gives the translations; this proves the invariance in (b),
and the moment identity follows by the change of variables.

Step 3 (reconstruction). Fix u ∈ N . Let Σ(Ω+
u ) be the σ-algebra generated by the Φ(χ),

χ ∈ C∞
c (Ω+

u ;T ) real, L2
u,+ := L2(Σ(Ω+

u ), µ), ΘuA := A ◦ θu (unitary on L2(µ) by Step 2) and

⟨A,B⟩u :=
∫

ΘuAB dµ on L2
u,+. On A =

∑
a zae

iΦ(χa) the form is ⟨A,A⟩u =
∑

a,b z̄azbZ(χb −
Θuχa) ≥ 0 by (iii); such A form a unital ∗-algebra of bounded functions generating Σ(Ω+

u ),
hence dense in L2

u,+ by the functional monotone class theorem (Remark 9.14), and the form is

L2-continuous (|⟨A,B⟩u| ≤ ∥A∥L2(µ)∥B∥L2(µ)), so it is positive semidefinite on L2
u,+. Let Hu be

the completion of L2
u,+ modulo the null space, [A] the class of A; the class map is a contraction.
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With U(a)A := A ◦ τ−a (so that U(a)Φ(χ) = Φ(τaχ)), U is a strongly continuous unitary
group on L2(µ) by (ii) and (a) (strong continuity on the dense exponentials by |eix − eiy| ≤
|x − y|), ΘuU(a) = U(θua)Θu, and U(tu)L2

u,+ ⊂ L2
u,+ for t ≥ 0. Hence ⟨U(tu)A,U(tu)B⟩u =

⟨A,U(2tu)B⟩u = ⟨U(2tu)A,B⟩u for t ≥ 0 and ⟨U(a)A,U(a)B⟩u = ⟨A,B⟩u for a ⊥ u. As in
Remark 9.14 (∥[U(tu)A]∥2 = ⟨A,U(2tu)A⟩u ≤ ∥[A]∥ ∥[U(2tu)A]∥, iterated), [A] 7→ [U(tu)A]
defines a strongly continuous self-adjoint contraction semigroup e−tHu on Hu with Hu ≥ 0, and
[A] 7→ [U(a)A], a ⊥ u, a strongly continuous unitary group Vu(a) commuting with it; let Eu
be their joint spectral measure on [0,∞) × u⊥, so that e−tHuVu(a) =

∫
e−tω+ip·adEu(ω, p). For

f, f ′ ∈ C∞
c (Ω+

u ;TC), t ≥ 0, a ⊥ u, since ΘuΦ(f) = Φ(Θuf),

(12.5) S2
(
Θuf, τtu+af

′) = ⟨[Φ(f)], e−tHuVu(a)[Φ(f ′)]⟩u =

∫
e−tω+ip·a d⟨[Φ(f)], Eu[Φ(f ′)]⟩u.

Step 4 (the cone). Let u ∈ N and m ⊥ u a unit vector with u′ := (u + m)/
√

2 ∈ N (for
u = ej : m = ±ei, i ̸= j; for u = (ej + ei)/

√
2: m = ±(ej − ei)/

√
2, u′ = ej or ei); put

u′′ := (u − m)/
√

2 ⊥ u′. Fix d > 0 and let A be a bounded Σ(Qd)-measurable function,
Qd := {x : 0 < u · x < d, |x − (u · x)u| < d}; such classes [A] are dense in Hu: the σ-algebras
Σ(Qd) increase to Σ(Ω+

u ) as d → ∞, since every χ ∈ C∞
c (Ω+

u ;T ) is supported in some Qd; by
the martingale convergence theorem the bounded Σ(Qd)-measurable functions are dense in the
bounded Σ(Ω+

u )-measurable ones for L2(µ), which are dense in L2
u,+, and the class map is a

contraction. For a, c ≥ 0 put b(a, c) := 2du+
√

2 a u′ +
√

2 c u′′ = (2d+ a+ c)u+ (a− c)m and
G(a, c) := ⟨[A], U(b(a, c))[A]⟩u =

∫
ΘuA U(b(a, c))Adµ.

First representation: U(b(a, c)) = U((2d + a + c)u)U((a − c)m) on L2
u,+, so G(a, c) =∫

e−(2d+a+c)ω+i(a−c)p·mdµA(ω, p) with µA := ⟨[A], Eu(·)[A]⟩u, a finite positive measure. With

z := ω − ip ·m this is
∫
e−az−cz̄e−2dωdµA.

Second representation: put y0 := d
2 (u+m), A(1) := Θu′U(−y0)ΘuA and A(2) := U(2du− y0)A.

A point x ∈ Qd has 0 < u·x < d and |m·x| < d; the point θux−y0 has u-component in (−3
2d,−

1
2d)

and m-component in (−3
2d,

1
2d), hence lies in {u′ · x < 0}, which θu′ maps onto {u′ · x > 0};

the point x+ 2du− y0 has u-component in (32d,
5
2d) and m-component in (−3

2d,
1
2d), hence lies

in {u′ · x > 0}; and
√

2au′ +
√

2cu′′ has non-negative u′-component. So A(1), A(2) ∈ L2
u′,+, and

U(
√

2au′ +
√

2cu′′)A(2) ∈ L2
u′,+. By (ii) (translating both factors by −y0) and Θ2

u′ = 1,

G(a, c) =

∫
U(−y0)ΘuA U(b(a, c) − y0)Adµ =

∫
Θu′A(1) U(

√
2au′ +

√
2cu′′)A(2) dµ

= ⟨[A(1)], e−
√
2aHu′Vu′(

√
2cu′′)[A(2)]⟩u′ ,

which is
∫
e−

√
2aω′+i

√
2c p′·u′′dϱ12(ω

′, p′) with ϱ12 := ⟨[A(1)], Eu′(·)[A(2)]⟩u′ , a complex measure

of total variation at most ∥[A(1)]∥u′∥[A(2)]∥u′ ≤ ∥A∥2L2(µ). Let ϱ be the image of e−2dωµA

under (ω, p) 7→ (ω, p · m) and ϱ′ the image of ϱ12 under (ω′, p′) 7→ (
√

2ω′,
√

2 p′ · u′′). Then∫
e−az−cz̄dϱ =

∫
e−aω

′+icp′dϱ′ for all a, c ≥ 0, and Lemma 12.30 below gives ϱ({ω < |q|}) = 0,

i.e. µA({ω < |p ·m|}) = 0 (e−2dω > 0). By density and the boundedness of Eu({ω < |p ·m|}),
Eu({ω < |p ·m|}) = 0, which is (c). For u = ej the admissible m are ±ei, i ̸= j, which gives
ω ≥ |p|∞.

Step 5 (planar kernels). Fix a permutation (j, i, l) of (1, 2, 3) and write x = (y, z) with
y = (xj , xi) ∈ R2 (coordinates in the basis êj , êi of the plane) and z = xl. Let û range over the

eight planar unit vectors ±êj , ±êi, ±n̂, ±m̂, n̂ := (êj + êi)/
√

2, m̂ := (êj − êi)/
√

2, let u ∈ R3

be the corresponding vector (so ±u ∈ N , Θ−u = Θu) and û⊥, u⊥ the rotation of û, u by +π/2
in the plane. In each case (u + u⊥)/

√
2 ∈ ±N , so Step 4 (with m = u⊥; hypothesis (iii) for
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−u follows from (iii) for u by the invariance of Z under Θu, Step 2) gives: Eu is carried by
{ω ≥ |p · u⊥|}. For ϕ ∈ C∞

c (R2;C) and w ∈ W := C∞
c (R;TC) put (ϕ⊗ w)(x) := ϕ(y)w(z), and

Juw := π(θu)w̄, an antilinear involution of W (π(θu) is a real orthogonal involution). Since θu

fixes z, Θu(ϕ⊗ w) = (ϕ ◦ θ̂u) ⊗ π(θu)w and Θu(ϕ⊗ w) = ϕ ◦ θ̂u ⊗ Juw, θ̂u the planar reflection.
(5a) The spectral measures and a Laplace bound. Fix w ∈ W. Let ψk ∈ C∞

c (R2), ψk ≥ 0,∫
ψk = 1, suppψk ⊂ B(skû, sk/2), sk ↓ 0, and fk := ψk ⊗ w ∈ C∞

c (Ω+
u ;TC). Let νk be the image

of the finite positive measure ⟨[Φ(fk)], Eu(·)[Φ(fk)]⟩u under (ω, p) 7→ (ω, q := p · u⊥); it is carried

by the cone C := {ω ≥ |q|}. For ϕ ∈ C∞
c ({û · y > 0}) put Lϕ(ω, q) :=

∫
ϕ(y)e−(û·y)ω+i(û⊥·y)qdy.

Identify y ∈ R2 with the vector (û · y)u + (û⊥ · y)u⊥ ∈ R3 and write (Lϕ)(Hu, P · u⊥) :=∫
Lϕ(ω, p · u⊥) dEu(ω, p). For û · y ≥ 0,

[Φ(τyfk)] = [U(y)Φ(fk)] = e−(û·y)HuVu((û⊥ · y)u⊥)[Φ(fk)],

and
∫
ϕ(y)τyfk dy = (ϕ ∗ ψk) ⊗ w as a Bochner integral in L1 ∩ L2, so by Step 1, the continuity

of the class map and the spectral calculus,

[Φ((ϕ ∗ ψk) ⊗ w)] =

∫
ϕ(y)[Φ(τyfk)]dy = (Lϕ)(Hu, P · u⊥)[Φ(fk)]

and ∫
|Lϕ|2 dνk = ∥[Φ((ϕ ∗ ψk) ⊗ w)]∥2u ≤ 4c0∥(ϕ ∗ ψk) ⊗ w∥2 ≤ Kw

(
∥ϕ∥21 + ∥ϕ∥22

)
,

Kw := 8c0 max(∥w∥21, ∥w∥22),

by Young’s inequality (∥ψk∥1 = 1), uniformly in k.
Claim: every positive measure ν on C with

∫
|Lϕ|2dν ≤ K(∥ϕ∥21 + ∥ϕ∥22) for all such ϕ satisfies∫

e−τωdν ≤ C∗K(1 + τ−2) for all τ > 0, with C∗ an absolute constant. Indeed, fix ϕ0 ∈ C∞
c (R2),

ϕ0 ≥ 0,
∫
ϕ0 = 1, suppϕ0 ⊂ B(û, 18), put A := 8π/3, κ0 := 9

4 and ϕσ := σ−2ϕ0(·/σ) (σ > 0),

so that ∥ϕσ∥1 = 1, ∥ϕσ∥22 = σ−2∥ϕ0∥22, and û · y ∈ [78σ,
9
8σ], |û⊥ · y| ≤ σ

8 on suppϕσ. On

{σω ≤ A} ∩ C the phase satisfies |(û⊥ · y)q| ≤ σ
8ω ≤ A

8 = π
3 , so ReLϕσ ≥ 1

2e
−κ0σω/2 there and∫

{σω≤A} e
−κ0σωdν ≤ 4K(1 + σ−2∥ϕ0∥22). For τ > 0 put σm := τ/(κ02

m), m ≥ 0, and split C

into S0 := {τω ≤ κ0A} and Sm := {2m−1κ0A < τω ≤ 2mκ0A}, m ≥ 1. On Sm, σmω ≤ A and

e−τω = e−κ0σmωe−(2m−1)κ0σmω ≤ e−κ0σmωe−2m−2κ0A for m ≥ 1. Summing,∫
e−τωdν ≤ 4K

∑
m≥0

e−2m−2κ0A1m≥1(1 + κ204
mτ−2∥ϕ0∥22) ≤ C∗K(1 + τ−2),

the series converging since κ0A = 6π. Hence
∫
e−τωdνk ≤ C∗Kw(1 + τ−2) for all k and τ > 0.

(5b) The limit measure. Fix l ≥ 1. The measures e−ω/lνk have total mass at most C∗Kw(1+l2),
satisfy

(e−ω/lνk)({ω > R}) ≤ e−R/2l
∫
e−ω/2ldνk ≤ e−R/2lC∗Kw(1 + 4l2),

and on {ω ≤ R} they are carried by the compact set C∩{ω ≤ R}: they are tight. By Prokhorov’s

theorem and a diagonal argument there is a subsequence along which e−ω/lνk → µl weakly for
every l, µl a finite measure on C. For l′ < l the function e−ω(1/l

′−1/l) is bounded and continuous
on C, so µl′ = e−ω(1/l

′−1/l)µl and νw := eω/lµl does not depend on l: a positive measure on C
with

∫
e−τωdνw ≤ C∗Kw(1 + τ−2) for every τ > 0 (apply the weak convergence to the bounded

continuous function e−(τ−1/l)ω, l > 1/τ).
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For v ∈ R2 with û · v > 0, along the subsequence,

gk(v) := S2
(
Θufk, τvfk

)
=

∫
e−(û·v)ω+i(û⊥·v)q dνk(ω, q)

−→ Ŵw(v) :=

∫
e−(û·v)ω+i(û⊥·v)q dνw(ω, q),

the first equality by (12.5), the limit by the weak convergence against the bounded continuous

function eω/le−(û·v)ω+i(û⊥·v)q on C for l > 1/(û · v). Ŵw is continuous on {û · v > 0} (indeed
holomorphic in ζ ∈ C2 on {Re(û · ζ) > | Im(û⊥ · ζ)|}, where the integral converges absolutely and

locally uniformly, since |e−(û·ζ)ω+i(û⊥·ζ)q| ≤ e−(Re(û·ζ)−| Im(û⊥·ζ)|)ω on C), and |gk(v)|, |Ŵw(v)| ≤
C∗Kw(1 + δ−2) on {û · v ≥ δ}.

(5c) Identification. Let ϕ, ϕ′ ∈ C∞
c (R2;C) with suppϕ′− suppϕ ⊂ {û ·v > 0}; by compactness

suppϕ′ − suppϕ ⊂ {û · v ≥ δ} for some δ > 0. By (ii), gk(y
′ − y) = S2(τyΘufk, τy′fk), and∫

ϕ(y)τy(ψk ◦ θ̂u) dy =
(
(ϕ ◦ θ̂u) ∗ ψk

)
◦ θ̂u, so, the integrals being Bochner integrals in L1 ∩ L2

and S2 continuous bilinear,∫∫
ϕ(y)ϕ′(y′)gk(y

′ − y) dy dy′ = S2

([
((ϕ ◦ θ̂u) ∗ ψk) ◦ θ̂u

]
⊗ Juw, (ϕ′ ∗ ψk) ⊗ w

)
−→ S2

(
ϕ⊗ Juw, ϕ

′ ⊗ w
)
,

while the left side tends to
∫∫

ϕ(y)ϕ′(y′)Ŵw(y′ − y) dy dy′ by dominated convergence (the bound
of (5b) on {û · v ≥ δ}). Hence

(12.6)

∫∫
ϕ(y)ϕ′(y′) Ŵw(y′−y) dy dy′ = S2

(
ϕ⊗Juw, ϕ′⊗w

)
(suppϕ′−suppϕ ⊂ {û·v > 0}).

A continuous function on {û · v > 0} is determined by these integrals (approximate identities

concentrating ϕ at y0 and ϕ′ at y0 + v0), so Ŵw does not depend on the subsequence.
(5d) Polarisation. The map (w1, w2) 7→ S2(ϕ ⊗ Juw1, ϕ

′ ⊗ w2) is sesquilinear on W (an-
tilinear in w1), and (12.6) gives its diagonal. By the polarisation identity s(w1, w2) =
1
4

∑3
k=0 i

ks(w2 + ikw1, w2 + ikw1), the complex measure νw1,w2 := 1
4

∑
k i
kνw2+ikw1

on C and

its transform Ŵw1,w2(v) :=
∫
e−(û·v)ω+i(û⊥·v)qdνw1,w2 on {û · v > 0} satisfy

∫
e−τωd|νw1,w2 | ≤

C(1 + τ−2) and
∫∫

ϕϕ′Ŵw1,w2(y′ − y) = S2(ϕ ⊗ Juw1, ϕ
′ ⊗ w2) for the pairs of (12.6). For

α, β ∈ TC and η, η′ ∈ C∞
c (R;C) put W u

ηα,η′β := ŴJu(ηα),η′β (so Juw1 = ηα). Then, for

suppϕ′ − suppϕ ⊂ {û · v > 0},

(12.7)

∫∫
ϕ(y)ϕ′(y′)W u

ηα,η′β(y′ − y) dy dy′ = S2
(
(ϕ⊗ η)α, (ϕ′ ⊗ η′)β

)
,

W u
ηα,η′β is complex-bilinear in (ηα, η′β) ∈ W×W (the right side is, and the kernel is unique), it is

the transform of a complex measure νuηα,η′β on C with
∫
e−τωd|νu| ≤ C(1 + τ−2), and νuηα,η′β ≥ 0

whenever ηα = Ju(η′β), in particular whenever η′ = η is real and α = π(θu)β̄.
(5e) One kernel on R2 \ {0}. The four open half-planes {û · v > 0}, û ∈ {±êj ,±êi}, cover

R2 \ {0}; on an overlap the two kernels agree, since both satisfy (12.7) for the pairs with
suppϕ′ − suppϕ in the overlap, which determine a continuous function there. So there is one
continuous Wηα,η′β on R2 \ {0}, bilinear in (ηα, η′β), with (12.7) in every frame, including the
diagonal frames ±n̂,±m̂ (same argument). It satisfies (12.7) for all ϕ, ϕ′ with disjoint supports:
with D := dist(suppϕ, suppϕ′) > 0, δ < D/4 and a smooth partition of unity (ϱa) of R2 with
diam supp ϱa < δ, write ϕ =

∑
a ϱaϕ, ϕ′ =

∑
b ϱbϕ

′. For a pair (a, b) of non-zero pieces pick

ya ∈ supp ϱaϕ, y′b ∈ supp ϱbϕ
′; v0 := y′b − ya has |v0| ≥ D, so |û · v0| ≥ D/

√
2 > 2δ for û = êj or
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êi, and supp ϱbϕ
′ − supp ϱaϕ ⊂ B(v0, 2δ) ⊂ {±û · v > 0}. Apply (12.7) in that frame to each pair

and sum (both sides are bilinear).
Three consequences, each by the uniqueness of the kernel on open sets: (1) symmetry :

S2(f, f
′) = S2(f

′, f) gives Wηα,η′β(v) = Wη′β,ηα(−v); (2) conjugation: S2(f̄ , f̄
′) = S2(f, f ′) (µ

is a measure on real fields) gives Wη̄ᾱ,η̄′β̄ = Wηα,η′β; (3) dihedral covariance: for g ∈ B3 fixing

el, acting on the plane by ĝ, (b) and g∗((ϕ ⊗ η)α) = ((ϕ ◦ ĝ) ⊗ η)π(g)−1α give Wηα,η′β(ĝv) =
Wηπ(g)−1α, η′π(g)−1β(v) for all v ̸= 0.

Step 6 (the angle). Let Rt be the rotation by t in the (j, i)-plane (Rtej = cos t ej + sin t ei,

Rtei = − sin t ej + cos t ei, Rtel = el), R̂t its planar action, and nt := (cos t, sin t). TC splits
into weight vectors π(Rt)ϵ = eiwtϵ: ej ∧ ei and the scalar component with w = 0, and ϵ± :=

(ej ∧ el∓ iei ∧ el)/
√

2 with w = ±1 (indeed Λ2Rt rotates the pair (ej ∧ el, ei ∧ el)). One computes

ϵ̄± = ϵ∓, π(θj)ϵ± = −ϵ∓, and, for n := (ej + ei)/
√

2 (θnej = −ei, θnei = −ej), π(θn)ϵ+ = iϵ−,
π(θn)ϵ− = −iϵ+.

Fix η, η′ and weight vectors a, b with weights wa, wb, w := wa + wb ∈ {0,±1,±2}, and write

Wab := Wηa,η′b. By (5e)(3) with g = Rπ/2 ∈ B3: Wab(R̂π/2v) = e−iwπ/2Wab(v). Fix r > 0.

By (12.7) in the frame êj , F0(ζ) :=
∫
e−r cos ζ ω+ir sin ζ q dν

ej
ηa,η′b(ω, q) is holomorphic on the strip

|Re ζ| < π/2 and F0(t) = Wab(rnt) for real t there: on C, with ζ = t + iβ, Re(−r cos ζ ω +

ir sin ζ q) = −r cos t (ω coshβ + q sinhβ) ≤ −r cos t e−|β|ω, so the integral converges absolutely

and locally uniformly, and |F0(t+ iβ)| ≤ C(1 + (r cos t)−2e2|β|) by the Laplace bound of (5d).

The functions ζ 7→ e−iwkπ/2F0(ζ − kπ/2), k ∈ Z, defined on the strips |Re ζ − kπ/2| < π/2,
agree with Wab(rnt) on the real points of their strips by the quarter-turn covariance, hence
agree on the overlaps of consecutive strips by the identity theorem, and define an entire function
h with h(t) = Wab(rnt) for real t, h(ζ + π/2) = e−iwπ/2h(ζ) and M(β) := supt |h(t + iβ)| ≤
C(1+2r−2e2|β|) (the bound on |t| ≤ π/4 and the periodicity). Thus eiwζh(ζ) is entire with period

π/2, so h(ζ) =
∑

k∈Z cke
i(4k−w)ζ with |ck| ≤ M(β)e(4k−w)β for every real β; letting β → ∓∞

shows ck = 0 unless |4k −w| ≤ 2. For w ∈ {0,±1} only k = 0 survives: Wab(R̂tv) = e−iwtWab(v)
for all t and v ≠ 0. For w = 2 (a = b = ϵ+) the survivors are k ∈ {0, 1}: h(ζ) = c0e

−2iζ + c1e
2iζ ,

and for w = −2 symmetrically h = c0e
2iζ + c−1e

−2iζ .
The sign step, w = 2, first for η′ = η real. By (5d), ν

ej
ηα,ηϵ+ ≥ 0 for α = π(θj)ϵ̄+ = π(θj)ϵ− =

−ϵ+, i.e. −νej++ ≥ 0, so −h(iβ) = −F0(iβ) =
∫
e−r(ω coshβ+q sinhβ)d(−νej++) ≥ 0 for all real β; as

−h(iβ) = −c0e2β−c1e−2β , this forces c0, c1 real and ≤ 0. In the frame n̂, (5d) gives νnηα,ηϵ+ ≥ 0 for

α = π(θn)ϵ− = −iϵ+, i.e. −iνn++ ≥ 0. Since nt = cos(t− π
4 )n̂+sin(t− π

4 )n̂⊥, (12.7) in the frame n̂

gives −ih(t) = Fn(t) for t ∈ (−π
4 ,

3π
4 ), where Fn(ζ) :=

∫
e−r cos(ζ−π/4)ω+ir sin(ζ−π/4)qd(−iνn++) is

holomorphic on |Re ζ− π
4 | <

π
2 ; by the identity theorem −ih = Fn on that strip, and at ζ = π

4 +iβ,

Fn(π4 + iβ) =
∫
e−r(ω coshβ+q sinhβ)d(−iνn++) ≥ 0, while −ih(π4 + iβ) = −c0e2β + c1e

−2β . Letting

β → −∞ gives c1 ≥ 0, hence c1 = 0: h(ζ) = c0e
−2iζ , which is the covariance W++(R̂tv) =

e−2itW++(v) for η′ = η real.

General η, η′. The coefficient c1 = cηη
′

1 is bilinear in (η, η′) (the kernel is, and the Fourier

coefficient is a linear functional of h). By (5e)(1), hηη
′
(t) = Wηϵ+,η′ϵ+(rnt) = Wη′ϵ+,ηϵ+(−rnt) =

hη
′η(t + π), and ei(4k−2)π = 1, so cηη

′

1 = cη
′η

1 . For real η, η′: 0 = cη+η
′,η+η′

1 = cηη1 + 2cηη
′

1 +

cη
′η′

1 = 2cηη
′

1 ; complex η, η′ follow by bilinearity. The channel w = −2 follows from (5e)(2)

(Wη̄ϵ−,η̄′ϵ− = Wηϵ+,η′ϵ+), or by the same argument. Hence, for all α, β ∈ TC, all η, η′, all t ∈ R
and v ̸= 0 (expanding α, β in weight vectors),

(12.8) Wηα,η′β(R̂tv) = Wηπ(Rt)−1α, η′π(Rt)−1β(v).
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Step 7 (assembly). (7a) Planar-disjoint tests. For f = (ϕ ⊗ η)α, f ′ = (ϕ′ ⊗ η′)β with

suppϕ ∩ suppϕ′ = ∅: R∗
t f = ((ϕ ◦ R̂t) ⊗ η)π(Rt)

−1α (Rt fixes z), the planar supports of ϕ ◦ R̂t,
ϕ′ ◦ R̂t are disjoint, and (12.7) (for all disjoint planar supports, (5e)), then the substitution

y 7→ R̂−1
t y, y′ 7→ R̂−1

t y′ and (12.8) for −t at v = y′ − y, give

S2(R
∗
t f,R

∗
t f

′) =

∫∫
ϕ(R̂ty)ϕ′(R̂ty

′)Wηπ(Rt)−1α,η′π(Rt)−1β(y′ − y) dy dy′

=

∫∫
ϕ(y)ϕ′(y′)Wηα,η′β(y′ − y) dy dy′ = S2(f, f

′).

For disjoint open U,U ′ ⊂ R2 the finite sums of such products with ϕ ∈ C∞
c (U), resp. ϕ′ ∈ C∞

c (U ′),
are dense in C∞

c (U × R;TC), resp. C∞
c (U ′ × R;TC), for the C∞

c topology, hence for ∥ · ∥; R∗
t is a

∥ · ∥-isometry and S2 is ∥ · ∥-continuous (Step 1). Hence, for each of the three coordinate planes:
(P) S2(R

∗
tχ1, R

∗
tχ2) = S2(χ1, χ2) for all t ∈ R and all χ1, χ2 ∈ C∞

c (R3;TC) whose supports have
disjoint orthogonal projections onto that plane.

(7b) Small supports. Let χ1, χ2 ∈ C∞
c (R3;TC) be supported in the closed balls B̄(x1, δ), B̄(x2, δ)

with |x2 − x1| > 3δ, and put F (R) := S2(R
∗χ1, R

∗χ2) − S2(χ1, χ2) for R ∈ SO(3). F is C∞ on
SO(3): in a local chart ϑ 7→ R(ϑ) the function (ϑ, x) 7→ (R(ϑ)∗χ)(x) = π(R(ϑ))−1χ(R(ϑ)x) is
C∞ with x-support in a fixed compact set for ϑ in a compact neighbourhood, so ϑ 7→ R(ϑ)∗χ is
C∞ into L1 ∩ L2 (its difference quotients converge uniformly, with uniformly bounded supports),
and S2 is a continuous bilinear form on (L1 ∩ L2)2 (Step 1).

For a ∈ {1, 2, 3} let R
(a)
s = exp(sLa) be the rotation by s about ea, (La)bc = −ϵabc, and Xa

the left-invariant vector field (XaG)(R) := d
dsG(RR

(a)
s )|s=0; then [Xa, Xb] = X[La,Lb] = ±Xc

for {a, b, c} = {1, 2, 3}, and X1, X2, X3 span the tangent space at every point. Let P⊥
a be the

orthogonal projection onto e⊥a and Ua := {R ∈ SO(3) : |P⊥
a R

−1(x2−x1)| > 2δ}, an open set. For
R ∈ Ua the pair (R∗χ1, R

∗χ2) is supported in B̄(R−1x1, δ), B̄(R−1x2, δ), whose projections along

ea are disjoint, so (P) for the plane e⊥a gives S2(R
(a)∗
s R∗χ1, R

(a)∗
s R∗χ2) = S2(R∗χ1, R

∗χ2) for all

s, i.e. F (RR
(a)
s ) = F (R) since (RR

(a)
s )∗ = R

(a)∗
s R∗; hence XaF = 0 on Ua. Every R ∈ SO(3) lies

in at least two of U1, U2, U3: with w := R−1(x2 − x1),
∑

a |P⊥
a w|2 = 2|w|2 > 18δ2, and if two of

the three terms were ≤ 4δ2 we would get 2|w|2 ≤ 8δ2 + |w|2, i.e. |w|2 ≤ 8δ2 < 9δ2. On the open
set Ua ∩ Ub, XaF = XbF = 0, hence XcF = ±(Xa(XbF ) −Xb(XaF )) = 0 (F ∈ C2); so dF = 0
on Ua ∩ Ub, and every point of SO(3) lies in such a set. Thus dF ≡ 0 on the connected manifold
SO(3), and F ≡ F (1) = 0.

(7c) Conclusion. Let χ1, χ2 ∈ C∞
c (R3;TC) have disjoint supports, D :=

dist(suppχ1, suppχ2) > 0, δ := D/6, and let (ϱa) be a smooth partition of unity of R3

with supp ϱa ⊂ B̄(ya, δ). Then χ1 =
∑

a ϱaχ1, χ2 =
∑

b ϱbχ2 are finite sums, every pair
(ϱaχ1, ϱbχ2) of non-zero pieces has |ya − yb| ≥ D− 2δ = 4δ > 3δ, and (7b) with the bilinearity of
S2 and of R∗ gives S2(R

∗χ1, R
∗χ2) = S2(χ1, χ2) for R ∈ SO(3). For R ∈ O(3) \ SO(3) write

R = θ3R
′ with R′ ∈ SO(3); then R∗ = R′∗Θ3, the supports of Θ3χ1,Θ3χ2 are disjoint, and

(b) gives S2(R
∗χ1, R

∗χ2) = S2(Θ3χ1,Θ3χ2) = S2(χ1, χ2). For Schwartz χ1, χ2 with disjoint
supports the cut-offs ϑ(·/ν)χi (ϑ ∈ C∞

c , ϑ = 1 on the unit ball) converge to χi in ∥ · ∥ with
supports inside the original ones, and R∗ is a ∥ · ∥-isometry; Step 1 concludes.

Finally S1: for real χ ∈ C∞
c and ρ ∈ C∞

c , ρ ≥ 0,
∫
ρ = 1, ρR := R−3ρ(·/R), (ii) and the

Bochner integral give S1(χ ∗ ρR) = S1(χ), while

∥χ ∗ ρR − (
∫
χ)ρR∥ ≤

∫
|χ(y)| ∥τyρR − ρR∥ dy ≤ R−1(∥∇ρ∥1 + ∥∇ρ∥2)

∫
|y||χ(y)|dy → 0;

applied to χ = ρR1er (er a basis vector of T ) this shows that mr := S1(ρRer) does not depend
on R, and then S1(χ) = m(

∫
χ) with m :=

∑
rmre

∗
r ∈ T ∗. By (b), m ◦ π(g)−1 = m for g ∈ B3;

the sign flip g = 1 − 2eje
T
j acts by −1 on ej ∧ ek, so m vanishes on Λ2R3 and lives on the scalar
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component, on which π is trivial; hence S1(R
∗χ) = m(π(R)−1

∫
χ) = S1(χ) for all R ∈ O(3)

(and S1 = 0 for T = Λ2R3). This proves (d). □

The lemma used in Step 4 is the following statement of complex analysis; its proof is independent
of everything above. For h ∈ L1(0,∞) put h̃(z) :=

∫∞
0 h(a)e−azda for Re z ≥ 0 (continuous,

bounded by ∥h∥L1 , holomorphic for Re z > 0); powers are principal, zν := exp(ν Log z) for
z /∈ (−∞, 0] with arg z ∈ (−π, π).

Lemma 12.30 (two representations of one correlation). Let ϱ be a finite positive Borel measure
on [0,∞)×R and ϱ′ a complex Borel measure on [0,∞)×R of finite total variation ∥ϱ′∥. Suppose
that, with z := ω − iq,∫

e−az−cz̄ dϱ(ω, q) =

∫
e−aω

′+icq′ dϱ′(ω′, q′) for all a, c ≥ 0.

Then ϱ({(ω, q) : ω < |q|}) = 0.

Proof. An inequality. Let h ∈ L1(0,∞). Multiply the hypothesis by h(a)h(c) and integrate over

a, c ≥ 0; on the left |e−az−cz̄| = e−(a+c)ω ≤ 1 and ϱ is finite, on the right the integrand has modulus

at most 1 and ∥ϱ′∥ <∞, so Fubini’s theorem applies on both sides. Since
∫∞
0 h(c)e−cz̄dc = h̃(z)

and
∫∞
0 h(c)eicq

′
dc = h̃(iq′),

(12.9)

∫
|h̃(z)|2 dϱ =

∫
h̃(ω′) h̃(iq′) dϱ′ ≤ ∥ϱ′∥ sup

t≥0
|h̃(t)| sup

s∈R
|h̃(is)|.

The test functions. Fix ϵ ∈ {1,−1} and an integer N ≥ 1, and put ν := 1 − 4iϵN/π (Re ν = 1,

ν /∈ {0, 1, 2, . . . }). We construct hN ∈ L1(0,∞) with h̃N (z) = e−Nzν(1+z)−3 for Re z ≥ 0, z ≠ 0,

and h̃N (0) = 0. The binomial coefficients bk :=
(
ν
k

)
satisfy bk = (−1)kΓ(k − ν)/(Γ(−ν)Γ(k + 1))

and |Γ(k − ν)/Γ(k + 1)| ∼ k−Re ν−1 = k−2 (Stirling), so
∑

k |bk| <∞ and
∑

k bk(−u)k converges
absolutely and uniformly on the closed unit disc. Its sum is (1 − u)ν for |u| < 1 (Taylor series
of the holomorphic function u 7→ (1 − u)ν , Re(1 − u) > 0 there), hence also for |u| ≤ 1, u ≠ 1,
by continuity of w 7→ wν on the closed right half-plane minus 0; and as u → 1 in the disc,
|(1 − u)ν | = |1 − u|e− Im ν arg(1−u) ≤ |1 − u|e2N → 0, so the sum is 0 at u = 1.

For k ≥ 1 let γk(a) := ak−1e−a/(k−1)!, so γk ≥ 0,
∫∞
0 γk = 1,

∫∞
0 γk(a)e−azda = (1 + z)−k for

Re z ≥ 0, and let m := δ0 +
∑

k≥1(−1)kbkγk(a) da, a complex measure on [0,∞) of total variation

at most 1+
∑

k |bk|. For Re z ≥ 0 put u := (1+z)−1; then |u| ≤ 1 (as |1+z|2 = 1+2 Re z+|z|2 ≥ 1)

and u = 1 only for z = 0, so
∫
e−azdm(a) =

∑
k bk(−1)k(1 + z)−k = (z/(1 + z))ν for z ≠ 0 and∫

dm = 0.
Next let q(a) := a2−νe−a/Γ(3 − ν), a > 0; since Re(2 − ν) = 1, |q(a)| = ae−a/|Γ(3 − ν)|,

so q ∈ L1(0,∞), and
∫∞
0 q(a)e−azda = (1 + z)ν−3 (for real z > −1 by the Gamma integral,

then for Re z > −1 by analytic continuation). Put hN := e−Nm ∗ q, i.e. hN (a) = e−N (q(a) +∑
k≥1(−1)kbk

∫ a
0 γk(a − b)q(b)db); then hN ∈ L1(0,∞) and, by Fubini’s theorem, h̃N (z) =

e−N (z/(1 + z))ν(1 + z)ν−3 for Re z ≥ 0, z ̸= 0, and h̃N (0) = 0. For Re z ≥ 0, z ̸= 0, the
arguments of z and 1 + z lie in [−π/2, π/2] and have the same sign (Im z = Im(1 + z)), so
Log z − Log(1 + z) is the principal logarithm of z/(1 + z), and (z/(1 + z))ν(1 + z)ν−3 =
exp(ν Log z − 3 Log(1 + z)) = zν(1 + z)−3.

Bounds. For Re z ≥ 0, z ≠ 0: |zν | = |z| exp(− Im ν arg z) with − Im ν = 4ϵN/π, so |h̃N (z)| =
e−N |z| |1 + z|−3 exp(4ϵN arg z/π). Since |1 + z| ≥ max(1, |z|) on the closed right half-plane,

|z||1 + z|−3 ≤ 1 there. On (0,∞), arg z = 0, so supt≥0 |h̃N (t)| ≤ e−N ; on iR \ {0}, arg z = ±π/2,

so sups |h̃N (is)| ≤ e−Ne2N = eN ; the product of the two suprema is at most 1. On the sector
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Σϵ,δ := {z ≠ 0 : Re z ≥ 0, ϵ arg z ≥ π/4 + δ}, δ > 0: |h̃N (z)|2 ≥ e−2Ne8N(π/4+δ)/π|z|2|1 + z|−6 =

e8δN/π|z|2|1 + z|−6.

Conclusion. By (12.9) with h = hN and the bounds,
∫
Σϵ,δ

|z|2|1 + z|−6dϱ ≤ e−8δN/π∥ϱ′∥ for

all N ≥ 1, Σϵ,δ read as a set of points (ω, q) through z = ω − iq. Letting N → ∞, and since
the weight is strictly positive on Σϵ,δ, ϱ(Σϵ,δ) = 0. The union of the sets Σ±1,1/k, k ≥ 1, is
{z ≠ 0 : Re z ≥ 0, | arg z| > π/4}, and for z = ω − iq with ω ≥ 0 the condition | arg z| > π/4 is
|q| > ω (for ω > 0, | arg z| = arctan(|q|/ω); for ω = 0, z ̸= 0 means q ̸= 0). □

Theorem 12.31 (rotation covariance of all moments away from coincident points). Let T = Λ2R3

or Λ2R3 ⊕ R with its orthogonal O(3)-action and let µ be a probability measure on S ′(R3;T ),
with the σ-algebra generated by the evaluations, with the properties (i), (ii), (iii) of Section 12.10.
Then

Sn(R∗χ1, . . . , R
∗χn) = Sn(χ1, . . . , χn)

for all n ≥ 1, R ∈ O(3) and χ1, . . . , χn ∈ S(R3;TC) with pairwise disjoint supports.

Proof. Theorem 12.31 is Theorem 15.1 of Section 15, proved for all n from (i)–(iii) alone; for n ≤ 2
it is also Theorem 12.29(d). Two conventions of Section 15 differ from those of Section 12.10.
Hypothesis (iii) is asked there of finite families of real Schwartz tests supported in one open side
of the plane; (iii) above, with C∞

c tests, implies it: for real Schwartz χa supported in Ω+
u the

cut-offs χaϑ(·/q) (ϑ ∈ C∞
c (R3), ϑ = 1 on B(0, 1)) lie in C∞

c (Ω+
u ;T ) and converge to χa in ∥ · ∥ as

q → ∞, and |Z(χ) − Z(χ′)| ≤
∫
|Φ(χ− χ′)| dµ ≤ c

1/2
0 ∥χ− χ′∥ for real χ, χ′ (Theorem 12.29(a)),

so each finite Gram sum of (iii) passes to the limit. The measure there is a Borel probability
measure on S ′; the proofs of Section 15 use µ only through the random variables Φ(χ), χ ∈ S
real, and the σ-algebras they generate (Remark 15.3), so they apply to every probability measure
on the cylinder σ-algebra, in particular to the measure of Lemma 12.22, with the reading given
in that remark. The conclusion there is stated, as above, for Schwartz tests with pairwise disjoint
supports (complex ones by multilinearity, the real and imaginary parts keeping the supports). □

12.11. Bounded multilinear forms vanishing off the diagonal and on gradients. Notation.
Let U ⊂ R3 be open and H(U) := L2(U ;C3) (elements extended by 0 to R3); |E| denotes the
Lebesgue measure and 1E the multiplication by the indicator; “b vanishes on E” means almost
everywhere; an n-linear form D on H(U) (C-linear in each entry) is bounded if |D(b1, . . . , bn)| ≤
C
∏
i ∥bi∥L2 . We consider two hypotheses on D:

(H1U ) D(b1, . . . , bn) = 0 whenever b1, . . . , bn ∈ C∞
c (U ;C3) have pairwise disjoint supports (for

n = 1: for all b1);
(H2U ) D(b1, . . . , bn) = 0 whenever one entry is ∇u, u ∈ C∞

c (U ;C), the others arbitrary in
H(U).

For U = R3 we write (H1) and (H2) for (H1U ) and (H2U ).

Lemma 12.32 (locality gives a multiplier). Let β be a bounded bilinear form on H(U) with
constant C and β(b1, b2) = 0 whenever b1, b2 ∈ C∞

c (U ;C3) have disjoint supports. Then there
is a unique M ∈ L∞(U ;M3(C)) with β(b1, b2) =

∫
U b

T
1Mb2 dx for all b1, b2 ∈ H(U), and

|M(x)v| ≤
√

3C|v| almost everywhere.

Proof. (i) (b1, b2) 7→ β(b̄1, b2) is bounded sesquilinear, so β(b̄1, b2) = ⟨b1, T b2⟩ for a unique
bounded operator T on H(U), ∥T∥ ≤ C; ⟨b1, T b2⟩ = 0 for b1, b2 ∈ C∞

c (U) with disjoint supports
(b̄1 has the support of b1), and likewise for T ∗.

(ii) Claim: if V ⊂ U is open and b ∈ H(U) vanishes on V , then Tb vanishes on V . Let
K ⊂ V be compact. If U \ V = ∅ then b = 0. Otherwise δ := dist(K,U \ V ) > 0 (a sequence
of U \ V approaching K would accumulate at a point of K ⊂ V , while U \ V is closed in



88 github.com/marikgoldstein/scalar-qed-existence

U). Put W := {x ∈ U : dist(x,K) < δ/3} and V ′ := {x ∈ U : dist(x, U \ V ) < δ/3}: open,

disjoint, K ⊂W , b ∈ H(V ′). Take b(k) ∈ C∞
c (V ′;C3) with b(k) → b in L2. For b1 ∈ C∞

c (W ;C3),

⟨b1, T b(k)⟩ = 0, hence ⟨b1, T b⟩ = 0; C∞
c (W ) is dense in H(W ), so Tb = 0 on W ⊃ K; V is a

countable union of compact sets.
(iii) By (ii), 1V T (1 − 1V ) = 0; by (ii) for T ∗, (1 − 1V )T1V = 0; so T1V = 1V T for every open

V ⊂ U . The class of Borel E ⊂ U with T1E = 1ET contains the open sets, is closed under
complements (1U\E = 1 − 1E) and under countable disjoint unions (

∑
k≤m 1Ek

b → 1Eb in L2,

T bounded); by Dynkin’s theorem it is the Borel σ-algebra. By linearity and ∥Mϕ∥ ≤ ∥ϕ∥∞,
TMϕ = MϕT for every bounded Borel ϕ.

(iv) Let Uk := U∩{|x| < k} and m
(k)
j := T (1Uk

ej). For k ≤ k′, 1Uk
m

(k′)
j = T (1Uk

ej) = m
(k)
j and

(1 − 1Uk
)m

(k)
j = 0, so m

(k)
j = 1Uk

mj for one measurable mj , and T (1Eej) = 1ET (1Uk
ej) = 1Emj

for Borel E ⊂ Uk. Hence
∫
E |mj |2 = ∥T (1Eej)∥2 ≤ ∥T∥2|E| for every bounded Borel E ⊂ U , so

|mj | ≤ ∥T∥ a.e. (otherwise integrate over a bounded subset of positive measure of {|mj | > ∥T∥}).

With M := (m1|m2|m3), |Mv| ≤
∑

j |vj ||mj | ≤
√

3∥T∥|v|, and Tb = Mb on the dense set of

finite sums
∑
cij1Eijej (bounded Borel Eij); T and the multiplication by M are bounded, so

T = M , i.e. β(b1, b2) = ⟨b̄1,Mb2⟩ =
∫
U b

T
1Mb2. Uniqueness:

∫
bT1Mb2 = 0 for all b1, b2 gives

M1Uk
ej = 0 a.e. for all j, k. □

Lemma 12.33 (gradients kill the multiplier). If in addition β(b1,∇u) = 0 for all b1 ∈ H(U)
and u ∈ C∞

c (U), then M = 0 and β = 0.

Proof. b1 = M∇u ∈ H(U) gives
∫
U |M∇u|2 = 0, so M∇u = 0 a.e. For a ball B with B̄ ⊂ U

take χ ∈ C∞
c (U), χ = 1 near B̄, and u = χxk: Mek = 0 a.e. on B, k = 1, 2, 3. U is a countable

union of such balls. □

Theorem 12.34 (bounded multilinear forms vanishing off the diagonal and on gradients). For
every n ≥ 1 and every open U ⊂ R3, a bounded n-linear form on H(U) satisfying (H1U) and
(H2U ) is zero.

Proof. We argue by strong induction on n, for all open sets at once. For n = 1, D = 0 on the
dense set C∞

c (U ;C3). For n = 2 apply Lemma 12.32 with (H1U ), then Lemma 12.33 with (H2U ).
Let n ≥ 3, assume the theorem for all m < n and all open sets, and let D be bounded n-linear
on H(U), with constant C, satisfying (H1U ), (H2U ).

Step 1 (one confined group). Let ∅ ̸= J ⊊ {1, . . . , n}, F its complement, K ⊂ U compact,
bi ∈ H(U) vanishing outside K for i ∈ J and on K for i ∈ F . Then D(b1, . . . , bn) = 0. Indeed, let
U ′ := U \K and let E be the |F |-linear form on H(U ′) obtained from D by fixing the entries J at
the bi; E is bounded, 1 ≤ |F | ≤ n− 1, and (H2U ′) is inherited. For (H1U ′), let cj ∈ C∞

c (U ′;C3),
j ∈ F , have pairwise disjoint supports, fix j0 ∈ F with cj0 ̸= 0, T := supp cj0 ⊂ U ′, and let G be
the (n− 1)-linear form on H(U \ T ) obtained from D by fixing entry j0 at cj0 . G is bounded,
(H2U\T ) is inherited, and (H1U\T ) holds because its n − 1 arguments together with cj0 are n

elements of C∞
c (U ;C3) with pairwise disjoint supports (H1U ). By the theorem for n− 1, G = 0.

The cj , j ∈ F \ {j0}, and the bi, i ∈ J , vanish on T (T is disjoint from K and from the other

supports), so E((cj)j∈F ) = G(. . . ) = 0. By the theorem for |F | on U ′, E = 0 on H(U ′)|F |, and

(bj)j∈F ∈ H(U ′)|F |.
Step 2 (one confined entry). For i ≠ j: D(b1, . . . , bn) = 0 whenever bi vanishes outside a

compact S ⊂ U and bj vanishes on S, the other entries arbitrary. Expand bl = 1Sbl + 1U\Sbl for

l /∈ {i, j}: each of the 2n−2 terms is of the form of Step 1 with K = S, J = {i}∪{l : 1Sbl chosen},
j /∈ J . The statement extends to Borel S ⊂ U : choose compacts Km ↑ in S with |S \

⋃
mKm| = 0;

then 1Kmbi → bi in L2 and D is bounded.
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Step 3 (the diagonal). Fix b3, . . . , bn ∈ H(U). β(b1, b2) := D(b1, . . . , bn) is bounded with
constant C

∏
i≥3 ∥bi∥ and vanishes for b1, b2 ∈ C∞

c (U) with disjoint supports (Step 2 with

(i, j) = (1, 2), S = supp b1). By Lemma 12.32, β(b1, b2) =
∫
U b

T
1M [b3, . . . , bn] b2 with M [·]

multilinear (uniqueness) and ∥M [b3, . . . , bn]∥L∞ ≤
√

3C
∏
i≥3 ∥bi∥. If b3 vanishes outside a Borel

E ⊂ U , Step 2 with (i, j) = (3, 1) gives β(b1, b2) = 0 for all b1 ∈ H(U \ E), b2 ∈ H(U),
hence M [b3, . . . ] = 0 on U \ E. Given η > 0 choose δ > 0 with

∫
E |b3|2 ≤ η2 whenever

|E| ≤ δ3 (absolute continuity of the integral) and let (Eα) be the countable partition of U
by half-open cubes of side δ. Then b3 =

∑
α 1Eαb3 in L2, so M [b3, . . . ] =

∑
αM [1Eαb3, . . . ]

in L∞; the summands vanish outside the disjoint sets Eα and each has L∞ norm at most√
3Cη

∏
i≥4 ∥bi∥, so ∥M [b3, . . . , bn]∥L∞ ≤

√
3Cη

∏
i≥4 ∥bi∥. Letting η ↓ 0, M [b3, . . . , bn] = 0, i.e.

D(b1, . . . , bn) = 0. □

Remark 12.35. For n ≥ 3 the hypothesis (H1) alone does not confine D to the full diagonal:
D(b1, b2, b3) = ⟨b1, b2⟩ℓ(b3), ℓ a bounded linear functional on H(R3), is bounded, vanishes on
pairwise disjoint supports and is carried by {x1 = x2}; (H2) excludes it, and is needed in every
entry (n = 1 is the case D(b) =

∫
b · w, excluded by the n = 1 case of (H1)). (H2) enters the

induction only through the bilinear case, inside Step 1.

The Hodge map and the transport. For f ∈ L2(R3; Λ2
C) put ♭f := (f23, f31, f12), so that

fx(u, v) = ⟨♭f(x), u× v⟩ (bilinear pairing), ∥♭f∥2L2 =
∑

µ<ν ∥fµν∥2L2 (the norm of Lemma 12.22)

and ♭(∗du) = ∇u. With the transport (R · f)x(u, v) = fR−1x(R−1u,R−1v) of Definition 12.7 and
(R−1u) × (R−1v) = detR R−1(u× v),

♭(R · f)(x) = detR R ♭f(R−1x) =: (ρ(R)♭f)(x), ρ(R)∇u = detR∇(u ◦R−1),

ρ(R) an isometry of H(R3) preserving C∞
c ; thus R·(∗du) = detR ∗d(u◦R−1), and R·f = (R−1)∗f

is the pull-back by R−1 with the tensor action (notation of Section 12.10).

Proposition 12.36 (the coincident part vanishes). Let Sn be the curvature Schwinger functions
of a limit Sbox of Theorem 7.1 for the box family (Lemma 12.20), with any bounded Borel gd,
extended to L2(R3; Λ2

C) (Lemma 12.22). For all n ≥ 1, R ∈ O(3) and f1, . . . , fn ∈ L2(R3; Λ2
C):

Sn(R · f1, . . . , R · fn) = Sn(f1, . . . , fn). Consequently Zbox(R · f) = Zbox(f) for every real C∞
c

2-form f .

Proof. Put

DR(b1, . . . , bn) := Sn(♭−1ρ(R)b1, . . . , ♭
−1ρ(R)bn) − Sn(♭−1b1, . . . , ♭

−1bn)

on H(R3); since ♭−1ρ(R)b = R · ♭−1b, DR = Sn(R · ·)−Sn(·) read on vector fields. DR is bounded

by Lemma 12.22 (|Sn| ≤ en(n!)1/2
∏

∥fi∥L2 , with the factor 2n/2 for complex entries) and the
isometries.

Verification of (H1). If bi ∈ C∞
c (R3;C3) have pairwise disjoint supports, the fi = ♭−1bi

are Schwartz 2-forms with pairwise disjoint supports and R · f = (R−1)∗f . The measure µ of
Lemma 12.22 satisfies (i) (with C = max(12 , ∥gd∥∞), as ∥h∥L1 ≤ ∥χ∥L1 and ∥f∥L2 ≤ ∥χ∥L2 for
χ = (f, h)), (ii) (Proposition 9.6 for the box family on Schwartz pairs by continuity, and the
uniqueness of a measure with given characteristic functional, Lemma 12.12, the hypothesis-free
form of the argument of Proposition 12.11(b)) and (iii) (Lemma 12.21(iii) on the open side; the
push-forward by a reflection is its pull-back), and its moments on (f, 0) are the Sn (Lemma 12.22).
So Theorem 12.31 with R−1 gives DR = 0 on such bi (real fi first, complex by multilinearity, the
real and imaginary parts keeping the supports).

Verification of (H2). For bi = ∇u, ♭−1bi = ∗du and ♭−1ρ(R)bi = detR ∗d(u ◦ R−1).
By Theorem 12.26, Zbox(s ∗dw) = 1 for all real s and real w ∈ C∞

c ; for the measure

µ of Theorem 9.13 (box family by Lemma 12.20),
∫
eisΦ(∗dw)dµ = Zbox(s ∗dw) = 1, so
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Φ(∗dw) = 0 µ-a.s.; the moments of µ on real C∞
c 2-forms are the Sn (Theorem 9.13(a)),

hence Sn(g1, . . . , ∗dw, . . . , gn) =
∫

Φ(g1) · · ·Φ(∗dw) · · · dµ = 0 for real C∞
c gj , then for complex

gj ∈ L2 (multilinearity, boundedness, density) and complex w (linearity). Both terms of DR

vanish. Theorem 12.34 with U = R3 gives DR = 0.
For the last claim, ζ 7→ Zbox(ζf) = Ψ(f)(iζ) is entire (Theorem 9.4(ii)); Ψ(f,...,f)(z1, . . . , zn) =

Ψ(f)(z1 + · · · + zn) (at level N the exponent is (
∑

j zj)ΦN (f), and the limits are those of

Lemma 9.3(b),(c); compare (d)), so Ψ
(n)
(f)(0) = Sn(f, . . . , f) (Theorem 9.4(iii)) and Zbox(f) =∑

n≥0
in

n!Sn(f, . . . , f), the same for R · f , with equal coefficients. (Equivalently: the image of

µ under Φ 7→ Φ(R−1 · ·) has the same moments on C∞
c as µ, with the factorial bound of

Theorem 9.4(iii), so it equals µ by the uniqueness from moments in Theorem 9.13(b), and the
characteristic functionals agree.) □

The density component at coincident points. In Lemma 12.37, Corollary 12.38 and their
proofs, X := S ′(R3; Λ2 ⊕R) with its cylinder σ-algebra, Φ(σ) is the evaluation at a real Schwartz
pair σ = (f, h) (f a 2-form, h a function), and A(f) := Φ(f, 0), D(h) := Φ(0, h), so that
Φ(f, h) = A(f) + D(h). The symbols A, D, M , MR, ∆R, E, B, B0, Cm are local to these
statements and proofs (the generic form called D in the notation of this section does not occur
below). The transport R · f , R · h, R · σ of Definition 12.7 is given by the same formulas on
L2 2-forms and on L1 functions: ∥R · f∥L2 = ∥f∥L2 (ρ(R) is an isometry), ∥R · h∥L1 = ∥h∥L1

(| detR| = 1); it preserves the real Schwartz pairs and C∞
c , and supp(R · σ) = R suppσ. Here

∥f∥2L2 :=
∑

µ<ν ∥fµν∥2L2 , as in Lemma 12.22.

Lemma 12.37 (an L1-bounded entry has no coincident-point part). Let c ≥ 0 and let µ be a
probability measure on X with:

(P1)
∫
eΦ(f,h) dµ ≤ exp

(
1
2∥f∥

2
L2 + c ∥h∥L1

)
for every real Schwartz pair (f, h);

(P2) for all m, k ≥ 0 with m + k ≥ 1, every R ∈ O(3), and all real C∞
c 2-forms f1, . . . , fm

and real C∞
c functions h1, . . . , hk whose m+ k supports are pairwise disjoint:

∫ ∏
iA(R ·

fi)
∏
j D(R · hj) dµ =

∫ ∏
iA(fi)

∏
j D(hj) dµ;

(P3)
∫
eisA(∗du) dµ = 1 for every real s and every real u ∈ C∞

c (R3).

Then
∫
eiΦ(R·σ) dµ =

∫
eiΦ(σ) dµ for every R ∈ O(3) and every real Schwartz pair σ. Moreover

every mixed moment M(f1, . . . , fm;h1, . . . , hk) :=
∫ ∏

iA(fi)
∏
j D(hj) dµ extends to a bounded

multilinear form on L2(R3; Λ2
C)m × L1(R3;C)k, and M(R · f1, . . . , R · fm;R · h1, . . . , R · hk) =

M(f1, . . . , fm;h1, . . . , hk) for all such entries, with no condition on the supports.

Corollary 12.38 (bounded functions of the density, coincident points included). Let gd be any
bounded Borel function (the joint scheme of Definition 2.5), with the couplings as in Theorem 12.2.

(a) (The box family.) Every limit Sbox of Theorem 7.1 for the box family satisfies Sbox(eR·σ) =
Sbox(eσ) for every R ∈ O(3) and every test pair σ = (f, h), that is Sbox ◦ γR = Sbox on
A; the mixed Schwinger functions of the joint field extend to bounded multilinear forms,
on L2(R3; Λ2

C) in the curvature entries and on L1(R3;C) in the density entries, and the
identity of Theorem 12.3 holds for all such entries, with no condition on the supports.

(b) (The torus family.) Let S be a limit of Theorem 7.1 built on cubic-torus limit points ωN
whose sides run along dyadic sequences (Definition 14.1), and Z(σ) = S(eσ). Then Z,
extended to the real Schwartz pairs as in Lemma 12.22, is the characteristic functional of
a probability measure µ on S ′(R3; Λ2 ⊕ R) with its cylinder σ-algebra, and for every real
Schwartz pair (f, h)∫

eΦ(f,h) dµ ≤ exp
(
1
2∥f∥

2
L2 + ∥gd∥∞∥h∥L1

)
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(the display of Lemma 12.22, for the torus family). The statements of (a), with S in place
of Sbox, hold for every limit S on torus limit points that satisfies the covariance identity
of Theorem 12.3 on pairwise disjoint supports; for the limits S of the first sentence this
identity is proved, for κN > 0, in the proof of Theorem 12.4 (Section 12.12), before the
present statement is used there.

In both cases Proposition 12.11 then gives the invariance of the limit functional under E(3) on
all test pairs, and the invariance under E(3) of the joint measure (the measure of Lemma 12.22
in (a), the measure µ in (b)).

Proof of Corollary 12.38, given Lemma 12.37. (a) Let µ be the measure of Lemma 12.22:∫
eiΦ(σ)dµ = Zbox(σ) for all real Schwartz pairs, and Zbox(σ) = Sbox(eσ) for test pairs (The-

orem 7.1(a)). (P1) with c = ∥gd∥∞ is the display of Lemma 12.22. (P2) is the identity of
Theorem 12.3 on pairwise disjoint supports (proved there from Theorem 12.31, independently of
its sentence on the coincident points), for the pairs σi = (fi, 0), σm+j = (0, hj): these are real
C∞
c pairs with pairwise disjoint supports, R ·σi = (R · fi, 0), R ·σm+j = (0, R ·hj), and the mixed

Schwinger functions of the joint field are the moments
∫ ∏

i Φ(σi) dµ of this measure (proof of

Theorem 12.3). (P3) is Theorem 12.26:
∫
eisA(∗du)dµ = Zbox(s ∗du, 0) = 1. By Lemma 12.37, for

a test pair σ (then R · σ is a test pair), Sbox(eR·σ) =
∫
eiΦ(R·σ)dµ =

∫
eiΦ(σ)dµ = Sbox(eσ), and

by linearity on the basis (eσ) of A, Sbox ◦ γR = Sbox. The statement on the mixed Schwinger
functions is the last sentence of the lemma. Proposition 12.11 applies, its hypothesis being
Sbox ◦ γR = Sbox for all R ∈ O(3).

(b) The proof of Lemma 12.22 applies to the torus family with Theorem 11.5(b) in place of
Theorem 11.11(b): the two theorems state the same Gaussian bound, and the continuity on
pairs (Theorem 9.4(i)) and the convergence (Theorem 7.1(a)) are stated for the torus family.

This gives the measure µ, with
∫
eiΦ(σ)dµ = Z(σ) on the real Schwartz pairs (Bochner–Minlos),

and the display; so (P1) holds with c = ∥gd∥∞. (P3) is Theorem 12.26 for Z(f) = Z(f, 0):∫
eisA(∗du)dµ = Z(s ∗du, 0) = 1. Now let S be a limit on a torus limit point that satisfies the

covariance identity of Theorem 12.3 on pairwise disjoint supports. The mixed Schwinger functions
in the conclusion of Theorem 12.3 for S are the moments of this same measure µ (their definition
in the proof of Theorem 12.3, carried over by the proof of Theorem 12.4); so (P2) holds, and (P1),
(P2), (P3) are properties of one measure. Lemma 12.37 applies, and the rest is as in (a). □

Proof of Lemma 12.37. Throughout, µ satisfies (P1)–(P3), “a.s.” means µ-almost surely, and

Cm := 2e1/2m! for m ≥ 1, C0 := 1.
Step 1: the joint L2 × L1 bound. (1a) For every real Schwartz h, |D(h)| ≤ c∥h∥L1 a.s. By

(P1) for the pair (0, sh), s real,
∫
esD(h)dµ ≤ ec|s|∥h∥L1 . For η > 0 and s > 0, by the Chebyshev

inequality, µ
(
D(h) ≥ c∥h∥L1 + η

)
≤ e−s(c∥h∥L1+η)

∫
esD(h)dµ ≤ e−sη, which tends to 0 as s→ ∞.

So D(h) < c∥h∥L1 + η a.s. for every η = 1/n, hence D(h) ≤ c∥h∥L1 a.s.; the same for −h, D
being linear.

(1b) For every real Schwartz 2-form f and every integer p ≥ 1,
∫
|A(f)|pdµ ≤ Cp∥f∥pL2 . If f = 0

then A(f) = 0. Otherwise, for t > 0 and real x, |x|p ≤ p! t−pet|x| ≤ p! t−p(etx+e−tx), and (P1) for

the pairs (tf, 0) and (−tf, 0) gives
∫
e±tA(f)dµ ≤ et

2∥f∥2
L2/2; so

∫
|A(f)|pdµ ≤ 2 p! t−pet

2∥f∥2
L2/2,

and t := 1/∥f∥L2 gives 2e1/2p! ∥f∥p
L2 .

(1c) For real Schwartz f1, . . . , fm, h1, . . . , hk the product
∏
iA(fi)

∏
j D(hj) is µ-integrable,

and |M(f1, . . . , fm;h1, . . . , hk)| ≤ Cm
∏
i ∥fi∥L2

∏
j

(
c∥hj∥L1

)
. By (1a), outside a null set (a finite

union), |
∏
j D(hj)| ≤

∏
j c∥hj∥L1 . By the Hölder inequality with m exponents equal to m and

(1b) with p = m,
∫ ∏

i |A(fi)| dµ ≤
∏
i

( ∫
|A(fi)|mdµ

)1/m ≤ Cm
∏
i ∥fi∥L2 (for m = 0 there is no

curvature factor, and the constant is C0 = 1).
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(1d) Extension. M is real-multilinear on real Schwartz entries, every Φ ∈ X being linear.
Extend it C-multilinearly to complex Schwartz entries (A(f) := A(Re f) + iA(Im f), likewise
D): expanding into 2m+k real terms, |M | ≤ B0

∏
i ∥fi∥L2

∏
j ∥hj∥L1 with B0 := 2m+kCmc

k. The

complex Schwartz functions are dense in L2(R3; Λ2
C) and in L1(R3;C), so M extends uniquely to

a C-multilinear form on L2(R3; Λ2
C)m × L1(R3;C)k with the same bound. This is the first half of

the last sentence of the lemma.
(1e) MR(f ;h) := M(R · f1, . . . , R · fm;R · h1, . . . , R · hk) is C-multilinear with the same

bound (R· is linear, isometric on L2 and on L1, and commutes with real and imaginary parts),
and on real Schwartz entries it is

∫ ∏
iA(R · fi)

∏
j D(R · hj) dµ. Put ∆R := MR −M ; then

|∆R(f ;h)| ≤ B
∏
i ∥fi∥L2

∏
j ∥hj∥L1 with B := 2B0 = 2m+k+1Cmc

k.

Step 2: closedness in every curvature entry. Let m ≥ 1, 1 ≤ i ≤ m and w ∈ C∞
c (R3;C). If

fi = ∗dw, then M and MR, hence ∆R, vanish at (f1, . . . , fm;h1, . . . , hk), for all fl ∈ L2(R3; Λ2
C)

(l ̸= i), all hj ∈ L1(R3;C) and all R ∈ O(3). Real w first. By (P3) the law of the real random

variable A(∗dw) has the characteristic function s 7→
∫
eisA(∗dw)dµ = 1, so it is the unit mass

at 0: A(∗dw) = 0 a.s. For real Schwartz fl and hj the integrand of M contains the factor
A(∗dw), is integrable by (1c) and vanishes a.s.; so M = 0 on real Schwartz other entries, then
on complex Schwartz ones (multilinearity), then on all of L2 and L1 (density and the bound of
(1d)). For complex w = w1 + iw2: ∗dw = ∗dw1 + i ∗dw2 and linearity in the entry i. For MR:
R · (∗dw) = detR ∗d(w ◦R−1) and w ◦R−1 ∈ C∞

c (R3;C), so

MR(. . . , ∗dw, . . . ; . . . ) = detR ·M(R · f1, . . . , ∗d(w ◦R−1), . . . , R · fm;R · h1, . . . , R · hk) = 0

by the first part.
Step 3: entries carried by pairwise disjoint Borel sets. Let E1, . . . , Em, G1, . . . , Gk be pairwise

disjoint Borel subsets of R3, fi ∈ L2(R3; Λ2
C) with fi = 0 a.e. outside Ei, and hj ∈ L1(R3;C) with

hj = 0 a.e. outside Gj. Then ∆R(f1, . . . , fm;h1, . . . , hk) = 0 for every R ∈ O(3). (1) Smooth
entries. For real C∞

c entries with pairwise disjoint supports, ∆R = 0 is (P2). For complex C∞
c

entries with pairwise disjoint supports, expand in real and imaginary parts: each of them has its
support inside the support of the entry, so every term vanishes.

(2) Compact carriers. Suppose in addition that the Ei and Gj are compact. Pairwise disjoint
compact sets have pairwise positive distances; let d > 0 be the smallest (if fewer than two of the
sets are non-empty there is no such distance: then any r > 0 serves below). Let ηr, 0 < r < d/3,
be a standard mollifier supported in the ball of radius r. Then fi ∗ ηr (componentwise) and
hj ∗ ηr are C∞

c , supported in the closed r-neighbourhoods of Ei and Gj , which are pairwise
disjoint (distances ≥ d− 2r > 0), and fi ∗ ηr → fi in L2, hj ∗ ηr → hj in L1 as r → 0. By (1),
∆R vanishes on the mollified entries, and ∆R is continuous for these norms (1e); so ∆R(f ;h) = 0.

(3) Borel carriers. The finite Borel measures |fi|2dx and |hj | dx on R3 are inner regular:
for every ϵ > 0 there are compact Ki ⊂ Ei and K ′

j ⊂ Gj with ∥fi − fi1Ki∥L2 < ϵ and

∥hj − hj1K′
j
∥L1 < ϵ. The entries fi1Ki , hj1K′

j
are carried by the pairwise disjoint compact sets

Ki, K
′
j , so ∆R vanishes on them by (2); letting ϵ→ 0 and using (1e) again, ∆R(f ;h) = 0. This

step requires neither a positive distance between the carriers nor a smooth partition of unity; it
rests on the joint bound alone.

Step 4: the curvature entries, the density entries being spectators. Let K ⊂ R3 be compact,
G1, . . . , Gk pairwise disjoint Borel subsets of K, and hj ∈ L1(R3;C) with hj = 0 a.e. outside Gj
(k ≥ 0; for k = 0 any compact K, the empty set included). Then ∆R(f1, . . . , fm;h1, . . . , hk) = 0
for every R ∈ O(3) and all f1, . . . , fm ∈ L2(R3; Λ2

C) that vanish a.e. on K. The case m = 0 is
Step 3. Let m ≥ 1, fix R and the hj , and put U := R3 \K, an open set. With the Hodge map ♭
(an isometry of L2(R3; Λ2

C) onto L2(R3;C3), ♭(∗du) = ∇u) define on H(U), its elements extended
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by 0 to R3,

E(b1, . . . , bm) := ∆R

(
♭−1b1, . . . , ♭

−1bm;h1, . . . , hk
)
,

the difference of M
(
R ·♭−1b1, . . . , R ·♭−1bm;R ·h1, . . . , R ·hk

)
and M

(
♭−1b1, . . . , ♭

−1bm;h1, . . . , hk
)
.

E is an m-linear form on H(U), C-linear in each entry, and bounded: |E(b1, . . . , bm)| ≤(
B
∏
j ∥hj∥L1

)∏
i ∥bi∥L2 by (1e).

Verification of (H1U ) for E. Let b1, . . . , bm ∈ C∞
c (U ;C3) have pairwise disjoint supports. The

sets supp bi are compact subsets of U , so they are disjoint from K, hence from every Gj ; the
m+ k sets supp b1, . . . , supp bm, G1, . . . , Gk are pairwise disjoint Borel sets carrying the entries
♭−1bi and hj , and Step 3 gives E(b1, . . . , bm) = 0 (for m = 1: E(b1) = 0 for all b1 ∈ C∞

c (U ;C3)).
Verification of (H2U ) for E. Let one entry be bi = ∇u, u ∈ C∞

c (U ;C), the others arbitrary in
H(U). Then ♭−1bi = ∗du with u ∈ C∞

c (R3;C), and Step 2 gives ∆R(. . . , ∗du, . . . ;h1, . . . , hk) = 0
(both terms vanish separately).

By Theorem 12.34 with n = m and this U , E = 0 on H(U)m. If fi vanishes a.e. on K,
then bi := (♭fi)|U is in H(U), its extension by 0 is ♭fi, and ∆R(f ;h) = E(b1, . . . , bm) = 0.
(Theorem 12.34 is applied once, on U = R3 \K, to the difference E of two forms of the unrotated
arguments; (H2U ) holds for each of the two terms, (H1U ) for the difference only. The density
entries are fixed inside the definition of E.)

Step 5: no mass on coincidences of an L1-bounded entry. ∆R(f1, . . . , fm;h1, . . . , hk) = 0 for
every R ∈ O(3), all m, k ≥ 0 with m + k ≥ 1, all fi ∈ L2(R3; Λ2

C) and all hj ∈ L1(R3;C) (the
second half of the last sentence of the lemma). For h ∈ L1 and f ∈ L2 put ω1

h(t) := sup{∥h1E∥L1 :
E Borel, |E| ≤ t} and ω2

f (t) := sup{∥f1E∥L2 : E Borel, |E| ≤ t}; both tend to 0 as t → 0

(absolute continuity of the integrals of |h| and of |f |2). If k = 0, the claim is Step 4 with K = ∅.
Let k ≥ 1. Fix δ > 0 and let Qδ be the partition of R3 into the half-open cubes δ(z + [0, 1)3),
z ∈ Z3. For h ∈ L1, h =

∑
Q h1Q with

∑
Q ∥h1Q∥L1 = ∥h∥L1 , so the series converges in L1. ∆R

is linear and continuous in each density entry (1e); expanding the entries one after the other,

(12.10) ∆R(f ;h1, . . . , hk) =
∑

(Q1,...,Qk)∈Qk
δ

∆R

(
f ;h11Q1 , . . . , hk1Qk

)
,

and the series converges absolutely (so in any order): the sum of the moduli of its terms is at
most

B
∏
i

∥fi∥L2

∑
(Q1,...,Qk)

∏
j

∥hj1Qj∥L1 = B
∏
i

∥fi∥L2

∏
j

∥hj∥L1 .

(a) Tuples with a repeated cube (only if k ≥ 2). For a pair i < j the tuples with Qi = Qj
contribute at most

B
∏
l

∥fl∥L2

(∑
Q

∥hi1Q∥L1∥hj1Q∥L1

) ∏
l /∈{i,j}

∥hl∥L1 ≤ B
∏
l

∥fl∥L2 ω1
hi

(δ3)
∏
l ̸=i

∥hl∥L1 ,

since ∥hi1Q∥L1 ≤ ω1
hi

(δ3) for every cube and
∑

Q ∥hj1Q∥L1 = ∥hj∥L1 . Hence the sum over the

tuples with a repeated cube is at most a(δ) := B
∏
l ∥fl∥L2

∑
i<j ω

1
hi

(δ3)
∏
l ̸=i ∥hl∥L1 in modulus.

(b) Tuples of pairwise distinct cubes. Fix such a tuple and let K be the union of the closures of
Q1, . . . , Qk: K is compact, |K| = kδ3, and the Qj are pairwise disjoint Borel subsets of K. Write
fi = fi1K + fi1R3\K in every curvature entry and expand the term of (12.10) into 2m terms. The
term in which every entry carries fi1R3\K vanishes by Step 4 (with Gj := Qj). Each of the other
2m − 1 terms carries fi1K in at least one entry i and entries of norm ≤ ∥fl∥L2 in the others, so
by (1e) it is at most B ω2

fi
(kδ3)

∏
l ̸=i ∥fl∥L2

∏
j ∥hj1Qj∥L1 in modulus. Hence the term of (12.10)

is at most (2m − 1)BW (δ)
∏
j ∥hj1Qj∥L1 in modulus, where W (δ) := maxi ω

2
fi

(kδ3)
∏
l ̸=i ∥fl∥L2

does not depend on the tuple. Summing over the tuples of distinct cubes, the sum is at most
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b(δ) := (2m − 1)BW (δ)
∏
j ∥hj∥L1 in modulus. (For m = 0 every such term vanishes by Step 3,

and b = 0.)
So |∆R(f ;h)| ≤ a(δ)+b(δ) for every δ > 0; the left side does not depend on δ, and a(δ)+b(δ) →

0 as δ → 0. Hence ∆R(f ;h) = 0.
Step 6: from the moments to the characteristic functional. Let σ = (f, h) be a real Schwartz

pair and R ∈ O(3); R · σ = (R · f,R · h) is a real Schwartz pair. By (P1) for σ and for −σ,∫
e|Φ(σ)|dµ ≤

∫ (
eΦ(σ) + e−Φ(σ)

)
dµ ≤ 2 exp

(
1
2∥f∥

2
L2 + c∥h∥L1

)
<∞,

and the same holds for R · σ, with the same right side. For real x,
∣∣∑

n≤N (ix)n/n!
∣∣ ≤ e|x|;

so by dominated convergence
∫
eiΦ(σ)dµ =

∑
n≥0

in

n!

∫
Φ(σ)ndµ, an absolutely convergent series

(
∑

n
1
n!

∫
|Φ(σ)|ndµ =

∫
e|Φ(σ)|dµ), and the same for R·σ. Since Φ(σ) = A(f)+D(h),

∫
Φ(σ)ndµ =∑n

j=0

(
n
j

)
M(f, . . . , f ;h, . . . , h) with j entries f and n − j entries h, every term being finite by

(1c); likewise
∫

Φ(R · σ)ndµ =
∑n

j=0

(
n
j

)
MR(f, . . . , f ;h, . . . , h). By Step 5 (∆R = 0, with the

entries f and h repeated: coincident supports in every entry) the two sums are equal for every

n ≥ 1; for n = 0 both are 1. Hence
∫
eiΦ(R·σ)dµ =

∫
eiΦ(σ)dµ. This argument uses no uniqueness

theorem for a moment problem: the two characteristic functionals are compared coefficient by
coefficient under one measure, the series converging by the exponential bound (P1). □

12.12. Proofs of the theorems.

Proof of Theorem 12.2. By Lemma 12.20 the box family satisfies the hypotheses of Theorem 7.1
and of every statement of Section 9 for the couplings of the theorem and any bounded Borel
gd, so Sbox, its Schwinger functions Sn and its measure µbox exist, and Lemmas 12.21, 12.22
and Theorem 12.26 hold for them. Proposition 12.36, whose inputs are these three together
with Theorem 12.31 and Theorem 12.34, gives Zbox(R · f) = Zbox(f) for every R ∈ O(3) and
every real C∞

c 2-form f . With the choice gd ≡ 0, ΦN (σ) depends on f alone (Remark 12.9), so
Zbox(f, h) = Zbox(f, 0) for every test pair, and Zbox(R · σ) = Zbox(σ) for every test pair σ; by
linearity on the basis (eσ) of A, Sbox ◦ γR = Sbox for all R ∈ O(3).

Proposition 12.11, whose hypothesis is the invariance of S under all translations (Theorem 7.1,
here for the box family) and under O(3) (just proved), applies to Sbox. Its part (a) gives
Sbox(eγ·σ) = Sbox(eσ) for all γ ∈ E(3), and its part (b) gives γ∗µ

box = µbox for every γ ∈ E(3)

and every measure representing Zbox on a set of linear functionals with the cylinder σ-algebra.
This holds in particular for the measure of Theorem 9.13, either through Proposition A.10(a) or
directly through (b) applied to µ on X, whose Borel σ-algebra is generated by the evaluations
(Lemma A.5(c)), and Lemma A.11(b); it holds also for the Minlos measure of Lemma 12.12.

Remark 9.16 now applies to Sbox: µbox is reflection positive across every affine plane, on L2

of either open side (the half-space algebra and the reflection of a tilted plane are the rotated
ones, and µbox is E(3)-invariant), and the reconstruction in any direction is unitarily the one in
direction e3. OS0 is Theorem 9.4, OS1 is Proposition 9.6 together with the O(3)-invariance just
proved, OS2 is Proposition 9.9 and Theorem 9.10 together with the reflection positivity across
every plane, OS3 is Proposition 9.12, and the measure is Theorem 9.13, all for the box family by
Lemma 12.20. □

Proof of Theorem 12.3. Let gd be bounded Borel. The curvature marginal. Lemmas 12.20,
12.21, 12.22, Theorem 12.26 and Proposition 12.36 hold for any bounded Borel gd (the density
component of (f, 0) and of (s ∗du, 0) is zero), so Zbox(R · f) = Zbox(f) for all R ∈ O(3) and all
real C∞

c 2-forms f , i.e. the curvature functional f 7→ Zbox(f, 0) and its measure (the curvature
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marginal of µ of Lemma 12.22, which is the measure of Theorem 9.13) have all the properties of
Theorem 12.2, by the proof just given.

The joint field. Let µ be the measure of Lemma 12.22 on S ′(R3; Λ2 ⊕ R), with
∫
eiΦ(σ)dµ =

Zbox(σ) for real Schwartz pairs. It satisfies (i) of Section 12.10 with C = max(12 , ∥gd∥∞)
(Lemma 12.22: ∥h∥L1 ≤ ∥χ∥L1 and ∥f∥L2 ≤ ∥χ∥L2 for χ = (f, h)); (ii) by Proposition 9.6 for
the box family (translation invariance of Zbox on test pairs, extended to Schwartz pairs by the
continuity of Theorem 9.4(i) in its pair version) and the uniqueness of a probability measure on
S ′ with a given characteristic functional (Lemma 12.12, the hypothesis-free form of the argument
of Proposition 12.11(b)); (iii) by Lemma 12.21(iii) for the planes through 0 and tests in the
open side (for a reflection the push-forward of a test pair is its pull-back with the tensor action,
Θu = θ∗u).

Its moments
∫ ∏

i Φ(σi)dµ are the mixed Schwinger functions Sn(σ1, . . . , σn) of the joint
field: for real Schwartz pairs the law of (Φ(σi))i under µ has the characteristic function
t 7→ Zbox(

∑
i tiσi), which is the limit of the characteristic functions of (ΦNm(σi))i under µboxNm

(Theorem 7.1(a)), and the moments pass to the limit by the uniform exponential bounds of
Lemma 12.22 at level N (the density part is bounded by ∥gd∥∞EN (h), the curvature part by
Theorem 11.11(b)). The Schwinger functions of the joint field are defined as these moments,
which for hi ≡ 0 are the Sn of Theorem 9.4(iii). Theorem 12.31 with T = Λ2R3 ⊕ R and R−1

(R · σ = (R−1)∗σ) gives Sn(R · σ1, . . . , R · σn) = Sn(σ1, . . . , σn) for all R ∈ O(3) whenever the
supports of the σi are pairwise disjoint. The density entries carry no closedness identity, so
Theorem 12.34 does not apply to them; their coincident-point parts are removed by the L1 bound
of Lemma 12.22 instead (Lemma 12.37, Corollary 12.38(a)). □

Proof of Theorem 12.4. We run the proofs of Theorems 12.2 and 12.3 for the torus limit points
ωN themselves, and go through their ingredients in turn. Theorem 7.1 and Section 9 hold for the
torus limit points as stated.

Lemma 12.21 needs of the level-N states only the reflection positivity of Theorem 11.5(d) at
the lattice planes of the nine families through 0: its part (i) uses it through Lemma 12.19(ii),
and its part (ii) uses it, in the L2 form, through Lemma 12.19(iii). At the coordinate planes
this reflection positivity is Theorem 11.5(d) itself. At the six diagonal site planes through 0 it is
Corollary 14.35 at c = 0, the Hermitian form and the L2 closure included, and Theorem 14.3
for the bounded Borel functions. Here the sides of Definition 2.3 run along a dyadic sequence
(Definition 14.1), as that corollary requires. Section 14 proves these statements for κN = 1; for
κN > 0 they are Lemma 2.7(g). Explicitly, at each level N the state ωN is F 7→ ω⋆N (F ◦ r),
where r multiplies the site variables by κ

−1/2
N and ω⋆N is a limit point, along the same dyadic

sequence, of the torus states of the model with hopping coefficient 1 and the coefficients (2.5)
(Lemma 2.7(c)); the statements hold for ω⋆N , and they pass to ωN because r commutes with
the lattice reflections and preserves the functions of the cells of a half space and the L2 norms
(Lemma 2.7(d)). This is the only step of the proof in which the value of κN enters, and it is
taken level by level: the limit functional S, the scheme and the density function gd are those of
the given models, and every other step holds for every κN ≥ 0. For a diagonal reflection R the
intertwining ΦN (σ) ◦R = ΦN (γσ) and the R-invariance of µN hold by Theorem 11.5(c), since
R ∈ GN .

Lemma 12.22 uses only Theorem 11.5(b), in place of Theorem 11.11(b). Theorem 12.26 is
proved for both families. Theorems 12.31 and 12.34 are statements about the limit law and
about multilinear forms, and Proposition 12.36 and the assembly of these ingredients in the two
proofs use nothing else.

Finally, Corollary 12.38(b) uses, besides Lemma 12.37, only the display of Lemma 12.22 in its
torus form, which is stated in that corollary, Theorem 12.26, Theorem 12.34 and the covariance
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on pairwise disjoint supports, which the paragraph on the joint field in the proof of Theorem 12.3
has just given for the torus limit points. Hence the conclusions of Theorems 12.2 and 12.3 hold
for S. □

13. Rigidity of the Villain–Higgs Gibbs measures on εNZ3

This section proves a rigidity theorem (Theorem 13.1): a Gibbs measure of the fine Villain–
Higgs specification on εNZ3 (the model of Section 2, in unitary gauge) which is invariant under
some finite-index sublattice of εNZ3 and has the three regularity properties (I1)–(I3) below is
invariant under the translations by 2εNej , j = 1, 2, 3. The main ingredient is the statement that
two consecutive layers determine the Gibbs measure (Theorem 13.30, Subsection 13.9), proved
on εNZ3. Two elementary steps, a conjugation of reflections by coordinate transpositions and a
composition of two parallel reflections, are proved in Subsection 13.10 (Proposition 13.39); the
relative-entropy estimate on which the argument rests is the tangent inequality of Lemma 13.9.
Throughout, N is fixed, ε := εN , and all constants may depend on N , ε, the couplings and the
finite sets involved.

13.1. Statement.
The model on εNZ3. Sites x ∈ εZ3 carry the radial field ρ̃x ∈ [−ρ0,0,∞), ρx := ρ0,0 + ρ̃x;
links b carry Bb ∈ FD := (−π/γN , π/γN ], B−b = −Bb; plaquettes p carry the Villain 2-form
vp ∈ (2π/γN )Z, v−p = −vp, closed (dv = 0 on every cube). Here γN > 0 is the phase constant of
Section 2, a general coefficient (Remark 2.1), and κN = 1 is the value of the hopping coefficient
for which this section and the next are written (Lemma 2.7(g) extends Theorem 13.1 to every
κN > 0); the local weight is that of Section 2:

(13.1)

W =
∏
x

gct(ρ̃x)
∏
b

h(ρ̃b− , ρ̃b+ , Bb)
∏
p

w
(
(dB)p + vp

)
,

w(f) = e−f
2/2, h(r, r′, ϑ) = exp

(
− 1

2κN |e
iγNϑ(ρ0,0 + r′) − (ρ0,0 + r)|2

)
,

h(r, r′, ·) being 2π/γN -periodic and gcte
qρ2 integrable on [−ρ0,0,∞) for every q ≥ 0 by (2.1). The

curvature is fp := (dB)p + vp; a plaquette is temporal if it contains a time link (x3 is the time
coordinate, e3 the time direction), spatial otherwise. We write c := 2π/γN for the Villain period
and T := R/cZ.

For a finite Λ ⊂ εZ3 let V (Λ) be the set of sites in Λ together with the bonds and plaquettes
meeting Λ. The specification γΛ(· | ω) is the normalised integral of (13.1) over the variables
carried by V (Λ) (the vp summed over the closed integer 2-forms with the exterior v fixed), the
exterior configuration ω held fixed. The specification {γΛ} is consistent on the cofinal family
{V (Λ)}, and a probability measure ν on the configurations (ρ̃, B, v) of εZ3 is a Gibbs measure
if νγΛ = ν for every finite Λ (equivalently for the full specification, by consistency); this is the
Dobrushin–Lanford–Ruelle (DLR) equation, see [11, 26] and [16, Chapters 1 and 2]. For a ∈ εZ3,
τa is the translation of configurations; ν is Γ-invariant, Γ ⊂ εZ3 a sublattice, if ν ◦ τg = ν for
all g ∈ Γ. For µ ∈ {1, 2, 3} and c ∈ ε(Z + 1

2), θµ,c is the reflection in the mid-plane {xµ = c}
(half-way between two adjacent layers of sites), acting on configurations by transport of the forms.
In this section, for a lattice isometry g ∈ εZ3 ⋊ B3 or a mid-plane reflection g = θµ,c, we also
write ĝ for the map of configurations induced by g by transport of the forms, and ν ◦ ĝ for the
measure f 7→ ν(f ◦ ĝ); thus θ̂µ,c and θµ,c denote the same map of configurations.

Theorem 13.1 (rigidity). Let N be fixed and let ν be a Gibbs measure of the fine Villain–Higgs
specification on εZ3, ε = εN , which is invariant under a sublattice Γ ⊂ εZ3 of finite index
containing a time translation, and which satisfies

(I1) ν(f2p ) <∞ and ν(ρ2x) <∞ for every plaquette p and site x (finite local second moments);
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(I2) joint Gaussian domination of the curvature over all plaquette orientations: there is
C < ∞ with ν

(
exp

∑
p spfp

)
≤ C exp(|s|2/2) for every finitely supported real s on the

plaquettes of εZ3, temporal and spatial alike;
(I3) supx ν

(
exp(qρ2x)

)
<∞ for every q > 0.

Then ν is invariant under the translations τ2εej , j = 1, 2, 3.

In Theorem 13.1 the clause “containing a time translation” is redundant: Γ ⊃ kεZ3 with
k = [εZ3 : Γ] (Subsection 13.10, Step 2 of the proof of the theorem).

Remark 13.2 (where (I1)–(I3) hold). (I1)–(I3) hold for every cubic-torus limit point ωN of
Theorem 11.5: (I2) is Theorem 3.1 (constant 1, all plaquettes jointly), (I1) and (I3) are Lemma 11.2.
They also hold for the comparison states of Section 14 (Lemma 14.20, Proposition 14.22).

13.2. Phase restoration and the bijection of Gibbs measures. Let Ωu be the unitary-

gauge configuration space {(ρ̃, B, v)} of Subsection 13.1 and Ω̃ := Ωu × Tsites, with Higgs phases
ψx ∈ T and normalised Haar measure on each ψx as reference measure. The phase-restored
weight keeps gct, w((dB)p + vp) and the closure constraint, and replaces the hopping factor by
h(ρ̃b− , ρ̃b+ , Bb + ψb+ − ψb−); it is well defined on T because h(r, r′, ·) is c-periodic.

Lemma 13.3 (phase-restored specification). Let G := Tsites. For λ ∈ G with real lift λ̃ ∈ FDsites

put

(13.2)
λ.(ρ̃, ψ,B, v) :=

(
ρ̃, ψ − λ, [B + dλ̃]FD, v + c dn

)
,

nb :=
(
Bb + (dλ̃)b − [Bb + (dλ̃)b]FD

)
/c ∈ Z,

where [·]FD is the representative in FD modulo c. Then:

(a) (13.2) is independent of the lift, is a group action of G on Ω̃, keeps v closed (d dn = 0),
leaves the phase-restored weight invariant factor by factor and preserves the reference
measure.

(b) The gauge fixing Φ(ω̃) := ψ.ω̃, read in Ωu, and the Haar randomisation Ψ(ω, ψ) :=
(−ψ).(ρ̃, 0, B, v) satisfy Φ(λ.ω̃) = Φ(ω̃), ω̃ = (−ψ).Φ(ω̃), Φ ◦ Ψ = id and λ.Ψ(ω, ψ) =

Ψ(ω, ψ − λ); the G-orbits are the fibres of Φ, and the G-invariant functions on Ω̃ are
exactly the functions f ◦ Φ.

(c) Let γΛ be the unitary-gauge specification of Subsection 13.1 and γ̃Λ the phase-restored
one (Haar integral over ψΛ, phase-restored hopping), both on the cofinal family {V (Λ)}.
Φ is local outside V (Λ), and for every bounded F on Ω̃

(13.3) γ̃Λ(F | ω̃) =

∫
Haar(dψΛ)

∫
γΛ

(
dωint | Φ(ω̃)

)
F
(
Ψ(ωint ∪ Φ(ω̃)ext, ψΛ ∪ ψext)

)
;

in particular γ̃Λ(f ◦ Φ | ω̃) = γΛ(f | Φ(ω̃)).
(d) If µ̃ is a Gibbs measure for γ̃ then Φ∗µ̃ is a Gibbs measure for γ; if µ is a Gibbs measure

for γ then µ̃ := Ψ∗(µ×Haarsites) is a G-invariant Gibbs measure for γ̃ with Φ∗µ̃ = µ; and
Φ∗, Ψ∗(· × Haar) are mutually inverse bijections between the G-invariant Gibbs measures
of γ̃ and the Gibbs measures of γ.

(e) Φ ◦ τa = τa ◦ Φ and Ψ ◦ (τa × τa) = τa ◦ Ψ for every a ∈ εZ3; hence µ is τa-invariant if
and only if µ̃ is. The same holds for the lattice reflections θµ,c, up to the Lebesgue-null
endpoint of FD, and, without exception, for the transpositions g of two coordinates; for
such a g, moreover, Ψ∗

(
(µ ◦ ĝ) × Haarsites

)
= µ̃ ◦ ĝ.

Proof. (a) Two lifts differ by cm, m integer, which changes dλ̃ by c dm and n by +dm, leaving

[B + dλ̃]FD and v + c dn unchanged; the composition rule follows from the same bookkeeping,
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and d dn = 0 keeps v closed. The hopping factor is invariant since B + dψ is unchanged modulo

c; the plaquette factor since d[B + dλ̃]FD + v + c dn = dB + v; gct does not see λ. The reference

measure is preserved: Bb 7→ [Bb + (dλ̃)b]FD is a rotation of FD, ψ 7→ ψ − λ a Haar shift, and at
fixed B, v 7→ v + c dn is a bijection of the closed integer 2-forms.

(b) is read off from (13.2): Φ(ω̃) has ψ = 0 and is constant on orbits, (−ψ).Φ(ω̃) restores ψ.
(c) Locality: Φ changes only variables carried by the bonds and plaquettes at the sites

where ψ ≠ 0 enters, and ψΛ is integrated out. For (13.3) make the interior change of variables
(B, v)int 7→ (ψ.(·))int: it is bijective and measure preserving by (a), maps the closure constraint
onto itself, turns the phase-restored weight into the unitary-gauge weight W u

Λ at boundary
condition Φ(ω̃), and leaves the normalisation free of ψ. The special case is F = f ◦ Φ with
Φ ◦ Ψ = id.

(d) The first claim is the special case of (c) integrated against µ̃; the second is (13.3) with
Fubini and µγΛ = µ, the G-invariance from λ.Ψ(ω, ψ) = Ψ(ω, ψ − λ) and the shift invariance of
Haar; the third from µ̃ = Ψ∗(Φ∗µ̃× Haar) for G-invariant µ̃.

(e) Φ and Ψ are given by the same local formula at every site, and Haarsites is shift invariant.
For a reflection, [−x]FD = −[x]FD except at x = π/γN , and Bb has a Lebesgue density under
every Gibbs measure because every γΛ(· | ω) has one. A transposition g of two coordinates
maps every bond from x to x + εeα to a bond of the same form, so that no Bb changes sign;
the formula (13.2), which is built from d and from the bond-wise representative [·]FD, therefore
commutes with ĝ without exception; a plaquette whose orientation g reverses (every plaquette
of the plane of the two swapped coordinates is one) carries −v and −dn after the transport,
because the Villain form is transported as a 2-cochain and d commutes with the transport, and
no representative [·]FD is taken on the plaquettes, whose variables range over the symmetric set
cZ. The last identity follows from Ψ ◦ (ĝ × ĝ) = ĝ ◦ Ψ and from the invariance of Haarsites under
the relabelling of the sites. □

By Lemma 13.3(d)–(e), Theorem 13.1 for the unitary-gauge specification is equivalent to the
same statement for the G-invariant Gibbs measures of the phase-restored specification. The
hypotheses (I1)–(I3) concern ρ̃ and f = dB+v only, which Φ and Ψ leave unchanged (ρ̃ untouched,
f gauge invariant by (a)), so ν satisfies (I1)–(I3) if and only if ν̃ := Ψ∗(ν × Haar) does. From
here on ν denotes ν̃.

13.3. Slab, temporal gauge, compact twist and the slab kernel. Fix two adjacent time
layers n and n+ 1 and the slab between them. The lower layer carries c = (ρ̃, ψ,B, v) (its sites,
spatial bonds and spatial plaquettes), the upper layer c′ = (ρ̃′, ψ′, B′, v′); the temporal links carry
Bt(x) ∈ FD (Lebesgue measure on FD, which is Haar) and the temporal plaquettes carry the
Villain integers vtb ∈ cZ (b a spatial bond) with the closure relation dsv

t = v − v′ (ds the spatial
exterior derivative). The slab weight is

(13.4)
∏
x

h
(
ρx, ρ

′
x, Bt(x) + ψ′

x − ψx
)∏

b

w
(
Bb −B′

b + (dsBt)b + vtb
)
,

where here and below h(ρ, ρ′, ϑ) abbreviates h(ρ̃, ρ̃′, ϑ) with ρ = ρ0,0 + ρ̃.

Lemma 13.4 (temporal gauge, slab kernel, compact twist). (a) (Temporal gauge.) The
gauge transformation (13.2) with λ = 0 on layer n and λ = −Bt on layer n + 1 sends

Bt 7→ 0, ψ′ 7→ ψ̃′ := ψ′ +Bt, B
′ 7→ u := [B′ − dsBt]FD, v

′ 7→ ṽ′ := v′ + c dsn
′, vt 7→ ṽt :=

vt − c n′, where n′ are the wrap integers of u; one has B − u+ ṽt = B −B′ + dsBt + vt

and dsṽ
t = v − ṽ′. Write c̃′ := (−Bt).c′ and Θσ(ω) := (c, c̃′, ṽt): the two temporal-gauge

layers together with the temporal Villain integers.
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(b) (Slab kernel.) Under every finite-volume slab integral the slab data (c, c̃′, ṽt) have the law

W (c)W (c̃′)
∏
x

h(ρx, ρ̃
′
x, ψ̃

′
x − ψx)

∏
b

w(Bb − ub + ṽtb)1[dsṽ
t = v − ṽ′]

with ψ′ an independent uniform spectator, W (c) being the one-layer weight, that is, the
product of the factors of the phase-restored weight that belong to the sites, spatial bonds and
spatial plaquettes of the layer; summing out ṽt gives the two-layer law W (c)W (c̃′)K(c, c̃′)
with

(13.5) K(c, c̃′) :=
∏
x

h
(
ρx, ρ̃

′
x, ψ̃

′
x − ψx

) ∑
ṽt: dsṽt=v−ṽ′

∏
b

w
(
Bb − ub + ṽtb

)
.

K is symmetric, K(c, c̃′) = K(c̃′, c), and invariant under the diagonal layer gauge action,
K(λ.c, λ.c̃′) = K(c, c̃′). The gauge-invariant slab functions are the functions of (c, c̃′, ṽt)
invariant under the diagonal action.

(c) (Compact twist.) Let θ be the reflection in the mid-plane of the slab and let sw swap the
two layers and reverse the sign of ṽt. Then Θσ(θω) = Bt.

(
sw Θσ(ω)

)
, the twist being

the diagonal action of the compact element g = Bt ∈ Tsites. Consequently, for every
diagonal-gauge-invariant F , F (Θσθω) = F (sw Θσω).

Proof. (a) is the computation of (13.2) at the two layers; dλ̃ on a temporal link is −Bt, which

kills Bt, and on a spatial bond of the upper layer it is −(dsBt)b. (b) The map (ψ′, Bt) 7→ (ψ′, ψ̃′)
preserves Haar on T× T, and at fixed phases (B′, v′, vt) 7→ (u, ṽ′, ṽt) is the measure-preserving
bijection of Lemma 13.3(a), which preserves the closure set; the weight (13.4) is then ψ′-free
and reads as stated. Symmetry of K: h(r, r′, ϑ) = h(r′, r,−ϑ), w is even, and ṽt 7→ −ṽt maps
the coset {dsṽt = v − ṽ′} onto {dsṽt = ṽ′ − v}. Diagonal gauge invariance: the diagonal action
moves ṽt by the wrap difference of the two layers and maps the coset onto the new one, while
each factor is invariant by Lemma 13.3(a). (c) The mid-plane reflection swaps the layers and
reverses Bt and vt; its temporal gauge needs λ = +Bt on the new upper layer, which gives
Θσ(θω) = (c′, Bt.c,−ṽt) = Bt.(sw Θσ(ω)). The last claim follows since F is invariant under the
diagonal action of Bt. □

Remark 13.5 (the Villain coset sum). The sum in (13.5) runs over the coset of closed integer
1-forms fixed by v − ṽ′; it is bounded above by the free periodised Gaussian

∏
bwper(Bb − ub)

but is not bounded below uniformly in (v, ṽ′): it decays like exp(− dist(coset,FDS − FDS)2/2).
This is why the insertion calculus of Subsections 13.4–13.5 works with Z-periodic (frame-blind)
insertions and why the Villain sector is treated separately in Subsection 13.7.

13.4. Averaging identity, integer residual frame, Zak feature map. Let S be a finite
spatial bond set and K the slab kernel (13.5); in Lemma 13.7(c) and its proof one layer of
the periodic measure is a finite spatial torus, and S is there the set of all spatial bonds of the

layer. The pair coordinates of the slab over S are Bb ∈ FD and ub := B̃′
b − ṽtb ∈ R, b ∈ S;

(B̃′, ṽt) ↔ u is a bijection (B̃′ = [u]FD, ṽt = [u]FD − u) and f := B − u = B − B̃′ + ṽt is the

temporal plaquette curvature of Lemma 13.4(a). Put hx(ξ) := (2/π)|S|/4e−|ξ−x|2 on RS , so that∏
b∈S w(Bb − B̃′

b + ṽtb) = e−|B−u|2/2 = ⟨hB, hu⟩L2(RS): the slab bond factor factorises through

the Gaussian dressing, the closure constraint restricting only the integer parts [u]FD − u. For a
bounded operator X on L2(RS) the dressed insertion and its ratio are

(13.6) kX(B, u) := ⟨hB, Xhu⟩, rX := kX/k1, k1(B, u) = e−|B−u|2/2.

X is Z-periodic if Xτa = τaX for all a ∈ cZS (τa the translation of L2(RS), (τag)(ξ) = g(ξ + a)),
and Xa := τaXτ

∗
a .
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Lemma 13.6 (frame, periodic insertions, gauge covariance). (a) (Residual frame.) After

the compact twist of Lemma 13.4(c) the reflection acts on (B, B̃′, ṽt) as (B̃′, B,−ṽt), i.e.
on the pair as R(B, u) = Ta sw(B, u) with the diagonal shift Ta by a := [u]FD − u = ṽt ∈
cZS. R is an involution of FDS ×RS, k1 ◦R = k1 and kX ◦R = k(Xa)∗ . The shift a = ṽt

(the temporal Villain flux) is called the frame; it is part of the configuration, and no
averaging over a is available.

(b) For Z-periodic X, Xa = X and kX ◦R = kX∗: the reflection acts on dressed Z-periodic
insertions with no frame.

(c) Under the diagonal layer gauge action with λ ∈ Tsites the pair moves by the diagonal

translation (B, u) 7→ (B+dλ̃−cn, u+dλ̃−cn); for Z-periodic X the wrap n drops, λ 7→ Xdλ̃

is an action of the compact group Tsites, and the gauge average X̄ :=
∫
Tsites dλX

dλ̃ satisfies

∥X̄∥ ≤ ∥X∥.

Proof. (a) With (B̃′, B,−ṽt) the new pair is ([u]FD, B + [u]FD − u) = Ta(u,B). Applying R
twice: the new frame is [B + a]FD − (B + a) = −a (as B ∈ FD), so R2 = id. k1 ◦R = k1 since
|u+ a− (B + a)| = |B − u|. For kX :

kX(R(B, u)) = ⟨hu+a, XhB+a⟩ = ⟨τ∗ahu, Xτ∗ahB⟩ = ⟨hu, XahB⟩ = ⟨hB, (Xa)∗hu⟩.

(b) is (a) with Xa = X. (c) The diagonal action of Lemma 13.3(a) shifts both B and B̃′ by

dλ̃ modulo the wrap, and ṽt by the wrap difference, which is the stated diagonal translation of
(B, u); kX transforms into k

Xdλ̃−cn = k
Xdλ̃ for Z-periodic X; the average of a strongly continuous

unitary conjugation over a compact group has norm at most ∥X∥. □

Lemma 13.7 (Zak feature map; averaging identity). Let (Zh)(θ, ξ) :=
∑

k e
−2πiθ·kh(ξ+ck), with

ξ ∈ FDbonds and θ ∈ [0, 1)bonds, be the Zak transform, extended to all θ ∈ Rbonds by periodicity

and defined at every θ when h is regular in the sense of (b), and let d̃ be the adjoint of ds.

(a) The closure constraint has the integral representation 1[dsṽ
t = v − ṽ′] =∫

[0,1)plaq dα e
−2πiα·(dsṽt−v+ṽ′)/c. Put θ := d̃α. The Zak transform turns the inte-

ger frame into a phase, Zhx−cn(θ) = e2πiθ·nZhx(θ), and the Villain part of (13.5) is a
positive kernel in the data (B, v) of the two layers:

(13.7)
KVill(c, c′) = ⟨Φ(c),Φ(c′)⟩H, H :=

∫ ⊕

[0,1)plaq
L2(FDbonds) dα,

Φ(c)(α) := e−2πiα·v/c (ZhB)(d̃α).

The hopping factor enters the kernel as a further tensor factor, through the Bessel

factorisation h(r, r′, ϑ) = e−κN (ρ2+ρ′2)/2
∑

n∈Z In(κNρρ
′)einγNϑ.

(b) (Fibred operators.) For y ∈ RS let k(y) := (y − [y]FD)/c ∈ ZS be the cell index of y, and
for a, θ ∈ RS let τa(θ) be the unitary operator on L2(FDS)

(τa(θ)F )(ξ) := e2πiθ·k(ξ+a)F ([ξ + a]FD).

A function g ∈ L2(RS) is regular if
∑

k∈ZS ∥g(· + ck)∥L2(FDS) <∞; then the series that

defines (Zg)(θ, ·) converges in L2(FDS) uniformly in θ, and θ 7→ (Zg)(θ, ·) is norm-
continuous. A bounded operator X on L2(RS) is fibred if there are bounded operators
X(θ) on L2(FDS), θ ∈ RS, its fibres, with supθ ∥X(θ)∥ < ∞ and X(θ + j) = X(θ) for
j ∈ ZS, such that θ 7→ ⟨F,X(θ)G⟩ is continuous for all F,G ∈ L2(FDS) and

(13.8) ⟨g1, Xg2⟩ =

∫
[0,1)S

〈
(Zg1)(θ, ·), X(θ)(Zg2)(θ, ·)

〉
L2(FDS)

dθ for all g1, g2 ∈ L2(RS).
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A fibred X satisfies the summability condition if
∑

a∈cZS |kX(B, u − a)| < ∞ for all

B, u ∈ RS (Remark 13.8). The following hold.
(b1) The fibres of a fibred X are determined by X, ∥X(θ)∥ ≤ ∥X∥ for every θ, and X

is Z-periodic. The fibred operators form a linear space, closed under adjoints, with
X∗(θ) = X(θ)∗, and under limits in the operator norm.

(b2) Every translation τa, a ∈ RS, is fibred with the fibres τa(θ); these are norm-continuous
in θ, they satisfy τa(θ)τb(θ) = τa+b(θ), and (a, θ) 7→ τa(θ)F is continuous for every
F . Every operator

∑
a∈cZS caτa with

∑
a |ca| < ∞ is fibred, with the scalar fibres∑

a cae
2πiθ·a/c. Every operator

∑
a∈cZS τ∗aX0τa with X0 bounded and X0 = PKX0PK

for some K < ∞, where PK is the multiplication by 1[−K,K]S , is bounded and

fibred. If X is fibred, then so are: the operator Xa = τaXτ
∗
a for a ∈ RS, with

the fibres τa(θ)X(θ)τa(θ)
∗; the gauge average X̄ of Lemma 13.6(c), with the fibres∫

dλ τ
dλ̃

(θ)X(θ)τ
dλ̃

(θ)∗ (weak integrals; here and below, in Xdλ̃ and in these fibres,

dλ̃ stands for its restriction (dλ̃)S to the bonds of S); the operator M−1
σ XMσ for

σ ∈ RS, where Mσ is the multiplication by e2πiσ·k(y), with the fibres X(θ + σ); and
the complex conjugate X♯ := CXC, where C is the complex conjugation, with the
fibres CX(−θ)C. If S′ is a finite bond set disjoint from S and X ′ is fibred on L2(RS′

),

then X ⊗X ′ is fibred on L2(RS∪S′
), with the fibres X(θS) ⊗X ′(θS′).

(b3) For a fibred X there is exactly one bounded operator X̂ on H with

⟨G, X̂F ⟩ =

∫
[0,1)plaq

〈
G(α),

(
X((d̃α)S) ⊗ 1

)
F (α)

〉
dα for all F,G ∈ H,

where the factor 1 acts on the bonds outside S and on the Higgs factor of Lemma 13.21;

we say that X̂ has the fibres X((d̃α)S) ⊗ 1. The map X 7→ X̂ is linear, (X∗)∧ =

(X̂)∗, ∥X̂∥ ≤ ∥X∥, and ⟨G, ̂̄XF ⟩ =
∫
dλ ⟨G, (Xdλ̃)∧F ⟩ for all F,G ∈ H. Moreover

(X̂F )(α) =
(
X((d̃α)S) ⊗ 1

)
F (α) for almost every α, for every F ∈ H; consequently,

for fibred operators Xi on pairwise disjoint bond sets Si,
∏
i X̂i = (

⊗
iXi)

∧, in any
order.

(b4) Let X be fibred and let g1, g2 be regular, with
∑

m∈ZS |⟨g1, Xτcmg2⟩| <∞. Then, for

every θ ∈ RS,〈
(Zg1)(θ, ·), X(θ)(Zg2)(θ, ·)

〉
=

∑
m∈ZS

e−2πiθ·m⟨g1, Xτcmg2⟩.

For a fibred X put KX(c, c′) := ⟨Φ(c), X̂Φ(c′)⟩; if X satisfies the summability
condition, KX is the kernel with the insertion (13.6).

(b5) The gauge action on the feature map is Φ(λ.c) = R(λ)Φ(c), where (R(λ)F )(α) :=

τ−dλ̃(d̃α)F (α), with the operators τa(θ) on L2(FDbonds) of all the bonds of the layer;

the operator R(λ) is unitary and independent of the configuration, and R(λ)∗X̂R(λ) =

(Xdλ̃)∧ for every fibred X.
(c) (Averaging identity.) Let L := L2(dc) be the layer space, Q the multiplication by the

one-layer weight W (c), T := Q1/2KQ1/2 the transfer operator on L, and B : L→ H the

dressing (Bψ) :=
∫
W (c)1/2Φ(c)ψ(c) dc, so that B∗B = T . Here, and in the proof, the

feature map Φ and the space H include the Higgs tensor factor that reproduces the hopping
factor of (13.5) (see (a); it is written out in Lemma 13.21), so that ⟨Φ(c),Φ(c′)⟩ =

K(c, c′); every X̂ acts as the identity on that factor, and R(λ) includes the rotation
U(λ) of that lemma. Let RL(λ)ψ := ψ((−λ).c) be the gauge representation on L and
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PG :=
∫
dGRL(G) the projection onto the gauge-invariant layer subspace LG. Let

X1, . . . , Xk be fibred insertions at distinct heights that satisfy the summability condition
of (b), and let ZM (X1, . . . , Xk) be the partition function of the periodic measure with M
layers and with these insertions, that is, the integral of the weight of this measure in which,
for each s, the slab bond factor k1(B, u) of the slab at the height of Xs, written in the
pair coordinates (B, u) of that slab, is replaced by kXs(B, u); in this integral the sum over
the temporal Villain variables ṽt of each slab is taken first, where it converges absolutely
by the summability condition and gives the kernel KXs of (b4), and the remaining integral

over the layers converges absolutely by the bound |KXs(c, c′)| ≤ ∥Xs∥
√
K(c, c)K(c′, c′) of

the proof. Then

(13.9) ZM (X1, . . . , Xk) = TrLG

(∏
s

B∗ ̂̄XsB
)
.

Proof. (a) The form dsṽ
t−v+ṽ′ takes its values in cZplaq, so the indicator of the closure constraint

is equal to
∫
[0,1)plaq e

−2πiα·(dsṽt−v+ṽ′)/cdα. The indicator is real, so the sign of the exponent is a

convention; the sign chosen is the one consistent with (13.7). Write ṽt = cm with m ∈ ZS , and

note that α · dsm = (d̃α) ·m = θ ·m. The sum over m is then free of constraints and factorises
over the bonds. For one bond, with x, y ∈ FD,∑
m∈Z

e−2πiθmw(x− y + cm) =
∑
m∈Z

e−2πiθm⟨hx, hy−cm⟩L2(R) =
〈
(Zhx)(θ, ·), (Zhy)(θ, ·)

〉
L2(FD)

,

by the definition of Z, the rearrangement
∑

k,k′ =
∑

k

∑
m=k′−k and the decomposition

⋃
k(FD +

ck) = R. The remaining phase splits as e2πiα·(v−ṽ
′)/c = e−2πiα·v/c e−2πiα·ṽ′/c, and (13.7) follows.

The frame identity is the relation hx−cn(ξ) = hx(ξ + cn), after a shift of the summation index in
the sum that defines Z. The Bessel factorisation is the generating function ez cosφ =

∑
n In(z)einφ

applied to |eiγNϑρ′ − ρ|2 = ρ2 + ρ′2 − 2ρρ′ cos(γNϑ); it exhibits the hopping factor as a positive-
definite kernel in the data (ρ, ψ) of the two layers, which enters the kernel as a tensor factor.

(b) Preliminaries. For almost every ξ the function θ 7→ (Zg)(θ, ξ) is the Fourier series of
the square-summable sequence (g(ξ + ck))k. By Parseval’s identity, which makes the Fourier
series an isometric isomorphism of ℓ2(ZS) onto L2([0, 1)S), and by

⋃
k(FDS + ck) = RS , the map

Z is unitary from L2(RS) onto L2([0, 1)S × FDS); moreover Zτckg = e2πiθ·kZg, and (Zg)(θ, ·)
is periodic in θ with the period lattice ZS . For a regular g the tail of the series is bounded
in L2(FDS) by

∑
|k|>n ∥g(· + ck)∥L2(FDS), uniformly in θ, which gives the uniform convergence

and the norm-continuity. Measurability. Let A(θ) be operators on a separable Hilbert space K,
bounded uniformly in θ, with θ 7→ ⟨F,A(θ)G⟩ continuous for all F,G ∈ K, and let G1, G2 be
square-integrable K-valued functions. The finite sums

∑
j φj(θ)Fj are dense in the L2 space of

such functions, and a sequence that converges there has a subsequence that converges in K for
almost every θ. For finite sums the function θ 7→ ⟨G1(θ), A(θ)G2(θ)⟩ is a finite sum of products
of measurable functions and continuous functions, and the uniform bound on A carries the
convergence almost everywhere over to these functions. So θ 7→ ⟨G1(θ), A(θ)G2(θ)⟩ is measurable,
of modulus at most supθ ∥A(θ)∥ ∥G1(θ)∥ ∥G2(θ)∥. In particular the right side of (13.8) is a
sesquilinear form in (g1, g2) bounded by supθ ∥X(θ)∥ ∥g1∥ ∥g2∥.

(b1) Let F,G ∈ L2(FDS) and φ ∈ L2([0, 1)S), and insert g1 := Z∗(φ⊗F ) and g2 := Z∗(φ⊗G)
in (13.8):

∫
|φ(θ)|2⟨F,X(θ)G⟩ dθ = ⟨g1, Xg2⟩, which has modulus at most ∥X∥ ∥φ∥2∥F∥ ∥G∥.

Let |φ|2 run through the normalised indicator functions of the intersections of [0, 1)S with
balls that shrink to a point θ0 of the closed cube: the continuity of θ 7→ ⟨F,X(θ)G⟩ gives
|⟨F,X(θ0)G⟩| ≤ ∥X∥ ∥F∥ ∥G∥, and by periodicity this holds for every θ0 ∈ RS . If two families of
fibres belong to the same X, their difference D(θ) satisfies

∫
|φ|2⟨F,D(θ)G⟩ dθ = 0 for all φ, so
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the continuous periodic function ⟨F,D(θ)G⟩ vanishes. By (13.8) and Zτckg = e2πiθ·kZg one has
⟨g1, Xτckg2⟩ = ⟨τ∗ckg1, Xg2⟩, so X is Z-periodic. Linear combinations and adjoints satisfy (13.8)
with the same combinations and the adjoints of the fibres. If fibred operators Xn converge to
X in norm, the bound, applied to Xn −Xm, gives ∥Xn(θ) −Xm(θ)∥ ≤ ∥Xn −Xm∥ for every
θ; the fibres converge in norm, uniformly in θ, their limits are bounded, periodic and weakly
continuous, and (13.8) passes to the limit.

(b2) Translations. For g of compact support the sums are finite, and with ξ + a = [ξ + a]FD +
c k(ξ + a) a shift of the summation index gives

(Zτag)(θ, ξ) = e2πiθ·k(ξ+a)(Zg)(θ, [ξ + a]FD) =
(
τa(θ)(Zg)(θ, ·)

)
(ξ).

The map ξ 7→ [ξ+a]FD is a measure-preserving bijection of FDS , so τa(θ) is unitary and both sides
are isometric in g; the identity therefore holds for all g ∈ L2(RS) as an identity in L2([0, 1)S×FDS),
and (13.8) for τa follows from the unitarity of Z. The fibres are periodic because k is integer valued.

On FDS one has |k(ξ+a)| ≤ |a|/c+
√
|S|, hence ∥τa(θ)− τa(θ0)∥ ≤ 2π|θ−θ0| (|a|/c+

√
|S|). For

fixed θ the function τa(θ)F is the restriction to FDS of the translate by a of the locally square-

integrable function EθF (y) := e2πiθ·k(y)F ([y]FD), y ∈ RS , and translations act continuously on
L2 of bounded sets; the two facts give the continuity of (a, θ) 7→ τa(θ)F . Since τ∗a = τ−a, the
uniqueness in (b1) gives τa(θ)

∗ = τ−a(θ). The group law follows from k(y − cj) = k(y) − j and
[y− cj]FD = [y]FD for j ∈ ZS , applied to y = ξ + a+ b and j = k(ξ + a). For a = cj, j ∈ ZS , one

has k(ξ + a) = j and [ξ + a]FD = ξ on FDS , so τa(θ) = e2πiθ·a/c; the series
∑

a caτa converges in
norm, and (b1) gives the claim on these series.

Localised sums. Let X =
∑

a∈cZS τ∗aX0τa with X0 = PKX0PK , and let N be a number,

depending only on K, c and |S|, such that every translate of [−K,K]S or of FDS meets at
most N of the sets [−K,K]S + a and at most N of the cells FDS + a, a ∈ cZS . The function
τ∗aX0τag is supported in [−K,K]S +a and equals τ∗aX0PKτag, so ∥Xg∥2 ≤ N

∑
a ∥X0PKτag∥2 ≤

N2∥X0∥2∥g∥2: the operator X is bounded, and a shift of the summation index shows that it
commutes with the τck. Put

X(θ)F :=
∑
a∈cZS

(
τ∗aX0PKτaEθF

)∣∣
FDS , F ∈ L2(FDS),

a sum with at most N non-zero terms. The map F 7→ PKτaEθF has norm at most N1/2 and is
norm-continuous in θ, as for the translations, because k is bounded on [−K,K]S + a. So the
operators X(θ) are bounded uniformly in θ and norm-continuous in θ, and they are periodic
because Eθ+j = Eθ. For g of compact support one has Eθ

(
(Zg)(θ, ·)

)
=

∑
k e

−2πiθ·kτckg on RS ,
a locally finite sum, and Xg has compact support; therefore, all sums being finite,

X(θ)(Zg)(θ, ·) =
∑
k

e−2πiθ·k(Xτckg)∣∣FDS =
∑
k

e−2πiθ·k(τckXg)∣∣FDS = (ZXg)(θ, ·)

for every θ. With the unitarity of Z this is (13.8) for g2 of compact support and all g1; both
sides of (13.8) are bounded sesquilinear forms, so (13.8) holds for all g2.

Stability. For Xa: the identity for Zτa, applied to τ∗a = τ−a, and τ−a(θ) = τa(θ)
∗ turn (13.8)

into ⟨g1, Xag2⟩ = ⟨τ∗ag1, Xτ∗ag2⟩ =
∫
⟨τa(θ)∗(Zg1)(θ, ·), X(θ)τa(θ)

∗(Zg2)(θ, ·)⟩ dθ. The family
τa(θ)X(θ)τa(θ)

∗ is bounded and periodic, and ⟨F, τa(θ)X(θ)τa(θ)
∗G⟩ = ⟨τa(θ)∗F,X(θ)τa(θ)

∗G⟩
is continuous in (a, θ), because the vectors τa(θ)

∗F = τ−a(θ)F and τa(θ)
∗G are norm-continuous

in (a, θ) and X(θ) is bounded and weakly continuous. For X̄ =
∫
dλXdλ̃: the lift λ 7→ λ̃ is

Borel, so (λ, θ) 7→ ⟨F,Xdλ̃(θ)G⟩ is Borel and bounded; the weak integrals over λ define bounded
periodic operators, weakly continuous in θ by dominated convergence; and (13.8) for X̄ follows

from (13.8) for the operators Xdλ̃ by Fubini’s theorem, the integrand being measurable in (λ, θ)
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by the argument of the preliminaries. For Mσ: for g of compact support, k(ξ + ck) = k on FDS

gives (ZMσg)(θ, ·) = (Zg)(θ − σ, ·), both sides are isometric in g, and Mσ is unitary; inserting
this in (13.8) for ⟨Mσg1, XMσg2⟩ and shifting the integration variable, which the periodicity
allows, gives (13.8) for M−1

σ XMσ with the fibres X(θ + σ). For X♯: (ZCg)(θ, ·) = C(Zg)(−θ, ·)
and ⟨g1,CXCg2⟩ = ⟨Cg1, XCg2⟩ give (13.8) with the fibres CX(−θ)C, after the substitution
θ 7→ −θ. For X ⊗ X ′: the family X(θS) ⊗ X ′(θS′) is bounded and periodic; the function
⟨Ψ1, (X(θS) ⊗X ′(θS′))Ψ2⟩ is continuous for finite sums Ψ1,Ψ2 of product vectors and hence, by
density and the uniform bound, for all vectors; and (13.8) holds for products gi = gi,S ⊗ gi,S′ ,
the Zak transform of a product being the product of the Zak transforms, hence for finite sums of
products, and for all gi because both sides are bounded sesquilinear forms.

(b3) The family A(α) := X((d̃α)S) ⊗ 1 is bounded by supθ ∥X(θ)∥ ≤ ∥X∥ and weakly

continuous in α, by the argument just given for tensor products, α 7→ (d̃α)S being continuous.
By the preliminaries the right side of the formula in (b3) is a sesquilinear form on H bounded

by ∥X∥ ∥G∥ ∥F∥, and a bounded sesquilinear form on a Hilbert space is ⟨G, X̂F ⟩ for exactly

one bounded operator X̂, whose norm is at most the bound of the form (Riesz). Linearity and
the formula for the adjoint are read off from the form. Testing the form with G(α) = φ(α)Gj ,
where φ is square-integrable and Gj runs through a countable dense set of vectors, gives

⟨Gj , (X̂F )(α) −A(α)F (α)⟩ = 0 for almost every α and every j, which is the pointwise formula.

Applied to two operators on disjoint bond sets it gives (X̂1X̂2F )(α) = A1(α)A2(α)F (α) almost
everywhere, and A1(α)A2(α) is the fibre of (X1 ⊗X2)

∧ by (b2); the product formula follows

by induction on the number of factors. The identity for ̂̄X is Fubini’s theorem for the function

(λ, α) 7→ ⟨G(α), (Xdλ̃((d̃α)S) ⊗ 1)F (α)⟩, which is measurable by the continuity in (a, θ) shown in
(b2), the Borel lift and the argument of the preliminaries, and is bounded by ∥X∥ ∥G(α)∥ ∥F (α)∥.

(b4) The function u(θ) := ⟨(Zg1)(θ, ·), X(θ)(Zg2)(θ, ·)⟩ is periodic, and it is continuous because
the vectors (Zgi)(θ, ·) are norm-continuous and X(θ) is bounded and weakly continuous. By
Zτcmg2 = e2πiθ·mZg2 and (13.8),

∫
[0,1)S e

2πiθ·mu(θ) dθ = ⟨g1, Xτcmg2⟩. These Fourier coefficients

are absolutely summable by assumption, so the series on the right of the claim converges uniformly
to a continuous periodic function with the same Fourier coefficients as u. A continuous periodic
function is determined by its Fourier coefficients (Fejér’s theorem); this proves the claim for every
θ. For the kernel, the functions hx are regular, and ⟨hB, Xτcmhu⟩ = kX(B, u − cm) because

τah
u = hu−a. By the definition of X̂,

⟨Φ(c), X̂Φ(c′)⟩ =

∫
dα e2πiα·(v−ṽ

′)/c
〈
(ZhB)(θ, ·),

(
X(θS) ⊗ 1

)
(ZhB̃

′
)(θ, ·)

〉
, θ = d̃α.

The scalar product is the product of its factor over the bonds of S, to which the claim applies, of
the factors of the other bonds, which are given by (a), and of the factor of the Higgs variables,
which does not depend on α. Under the summability condition the resulting series over m ∈ Zbonds

converges absolutely, uniformly in α, and is integrated term by term. Since θ ·m = α · dsm, the
integral over α selects the terms with c dsm = v − ṽ′, that is, ṽt := cm with dsṽ

t = v − ṽ′:

⟨Φ(c), X̂Φ(c′)⟩ =
∑

ṽt: dsṽt=v−ṽ′
kX(B, B̃′ − ṽt),

which is the kernel with the insertion (13.6).

(b5) For the gauge action, the configuration λ.c has B 7→ B + dλ̃− cn and v 7→ v + c dn. By
the frame identity of (a),

Φ(λ.c)(α) = e−2πiα·v/ce−2πiα·dne2πiθ·n(ZhB+dλ̃)(θ),
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and α ·dn = θ ·n, so the two wrap phases cancel; this is where Z-periodicity enters. Since hB+a =
τ−ah

B, and since the identity for Zτa of (b2) holds pointwise for the functions hB, whose series

converge absolutely, (ZhB+dλ̃)(θ, ·) = τ−dλ̃(θ)(ZhB)(θ, ·) for every θ. Hence Φ(λ.c) = R(λ)Φ(c).

On functions of (α, ξ) the operator R(λ) is (R(λ)F )(α, ξ) = e2πi(d̃α)·k(ξ−dλ̃)F (α, [ξ − dλ̃]FD); it
maps measurable functions to measurable functions, is unitary and does not depend on the
configuration. The operator τ−a(θ) of all the bonds is the tensor product of the operator τ−aS (θS)

of the bonds of S with that of the other bonds, and τ−aS (θS)∗ = τaS (θS). So, with a = dλ̃

and θ = d̃α, the form of (b3) gives ⟨G,R(λ)∗X̂R(λ)F ⟩ =
∫
⟨G(α), (τaS (θS)X(θS)τaS (θS)∗ ⊗

1)F (α)⟩ dα = ⟨G, (Xdλ̃)∧F ⟩, by the fibres of Xa in (b2).
(c) Here the sans-serif letter B denotes the dressing operator, while B remains the link field.

The proof has three steps.
The trace structure. The kernel K = ⟨Φ,Φ⟩ is positive, so T = Q1/2KQ1/2 = B∗B ≥ 0 with the

dressing B of the statement. The operator B is Hilbert–Schmidt, with ∥B∥22 =
∫
W (c)K(c, c) dc =

Z1 <∞, because

K(c, c) =
∏
x

h(ρx, ρx, 0)
∑

closed ṽt

∏
b

w(ṽtb) ≤ (
∑
m∈Z

e−c
2m2/2)|S|

and
∫
W dc < ∞; the latter follows from (2.1) for the radial integrals, from the convergence

of the Gaussian Villain sums and from the compactness of the ranges of B and ψ. Hence T
and every operator B∗Y B, with Y bounded on H, are trace class. The bound |KY (c, c′)| ≤
∥Y ∥

√
K(c, c)K(c′, c′) makes the layer integrals absolutely convergent, and a cyclic integral of

M ≥ 2 such kernels is the trace of the product of the corresponding operators.
The intertwining relations. One has BRL(λ) = R(λ)B, by the change of variables c = λ.c′

and the invariance of W . Both RL and R are strongly continuous unitary representations of the
compact abelian group Tsites; the operator R(λ) does not depend on the lift, because two lifts

of dλ̃ differ by cdsk, whose Zak phase is e−2πiα·dsdsk = 1. Consequently
∫
dGRL(G) = PG and

PGB
∗ = B∗PH

G , where PH
G :=

∫
dGR(G) is the projection onto the R-invariant vectors of H.

The change of variables. Let µM be the periodic measure with M layers c(1), . . . , c(M) and

temporal links B
(s)
t between the layers s and s + 1, where M + 1 ≡ 1. Put G1 := 0, Gs+1 :=

Gs −B
(s)
t and W (s) := Gs.c

(s). The map (B
(s)
t )s 7→ (Gs+1)s is a triangular bijection of (Tsites)M

that preserves the Haar measure, and the map c(s) 7→W (s) preserves W (c) dc (Lemma 13.3(a)).

The three-dimensional closure dv = 0 holds if and only if every slab satisfies dsṽ
t,(s) = v(s)− ṽ(s+1),

so the Villain sum factorises into the sum over the layer 2-forms times the independent slab coset

sums carried by the kernels. The operator X−dG̃s
s is fibred by (b2) and satisfies the summability

condition together with Xs, because kXa(B, u) = kX(B + a, u+ a) for every a ∈ RS . By (b), the
slab s < M with the insertion Xs contributes

KX−dG̃s
s (W (s),W (s+1)) = ⟨Φ(W (s)), (X−dG̃s

s )∧Φ(W (s+1))⟩,

and the closing slab carries the holonomy G := GM+1: its kernel is that of B∗X̂MBRL(G).
Integrating out the layers gives

ZM (X1, . . . , Xk) =

∫
dG2 · · · dGM+1 Tr

(∏
s

B∗(X−dG̃s
s )∧B ·RL(G)

)
,

with the insertion 1 at the heights that carry no Xs.
Conjugating the integrand by RL(g) shifts every Gs by g and leaves the trace unchanged; after

a renaming of the variables, by the invariance of the Haar measure, there is one independent Haar

variable for each insertion. For each of them
∫
dg (X−dg̃)∧ = ̂̄X, by (b) and Lemma 13.6(c); the
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integral over g is exchanged with the trace by dominated convergence for trace-class operators.

Finally
∫
dGRL(G) = PG, and PG commutes with every B∗ ̂̄XB, because X̄ is gauge invariant.

This proves (13.9). For Xs = 1 the identity reads ZM = TrLG
(TM ) = Tr(PGT

M ) ≤ Tr(TM ). □

Remark 13.8 (absolute convergence). The Zak form of Lemma 13.7(b) needs
∑

ṽt |kX(B, B̃′ −
ṽt)| < ∞; it holds for the bounded class C of Subsection 13.6 (by Lemma 13.11, |kX(B, u)| ≤
CXe

cX |f |−|f |2/2 with f = B − u, and the sum over ṽt moves f through the lattice cZS) and for
the corrector Z of Lemma 13.12 (

∑
a αa <∞).

13.5. The Schatten–Hölder bound, the corrector and the bond pair. Translations

of L2(RS) are written (τag)(ξ) := g(ξ + a), so that τah
u = hu−a, kτa(B, u) = e−|f+a|2/2 and

rτa = e−a·f−|a|2/2, f = B − u. We first prove the relative-entropy estimate of this subsection, the
tangent inequality of Lemma 13.9, which is used in Lemmas 13.14 and 13.25: it compares a Gibbs
measure that is invariant under a sublattice of finite index with the periodic measures of cubic
tori whose three sides grow together. Because the closure constraint ties the Villain variables
across the boundary of a box (on the torus it holds also on the cubes that straddle the seam),
the law of a whole fundamental box under the Gibbs measure need not be absolutely continuous
with respect to its law under the torus measure; the comparison is therefore made on the closed
cell complex of an inner box, on which both laws are carried by the same configurations, and the
shell around that complex is summed out on both sides.

Lemma 13.9 (tangent inequality). Let ν be a Gibbs measure of the phase-restored specification,
invariant under a sublattice Γ′ ⊂ εZ3 of finite index, which satisfies (I1) and (I2) of Theorem 13.1.
Let v be a local Borel function (a Borel function of the variables of finitely many cells), bounded
below, and let ℓv be the sup-norm diameter, in units of ε, of its cell support. For an integer
ℓ ≥ max{8, ℓv + 2} with ℓεZ3 ⊂ Γ′ let εZ3

ℓ := εZ3/ℓεZ3 be the cubic torus of side ℓ (ℓ time layers,
each a layer torus of side ℓ) and let µℓ be its periodic measure in the phase-restored variables:
the probability measure on the configurations of εZ3

ℓ (ρ̃x ∈ [−ρ0,0,∞) and ψx ∈ T at the sites,
Bb ∈ FD on the bonds, vp ∈ cZ on the plaquettes) given by the normalised phase-restored weight
of Subsection 13.2 on the cells of εZ3

ℓ , with Lebesgue measure on each ρ̃x and each Bb and
normalised Haar measure on each ψx, the sum over the Villain variables running over all closed
(vp) (closed on every cube of εZ3

ℓ), every flux class included. Let Vℓ :=
∑

g v ◦ τg be the sum over

the nℓ = ℓ3/[εZ3 : Γ′] distinct Γ′-translates of v on εZ3
ℓ (g running over Γ′/ℓεZ3). Then

ν(v) ≤ lim inf
ℓ→∞

n−1
ℓ log µℓ

(
eVℓ

)
,

the lower limit being taken along the integers ℓ with ℓεZ3 ⊂ Γ′, and both sides having values
in (−∞,+∞]. More precisely, let v ≥ −cv with a constant cv ≥ 0. There are a constant Cv,
depending only on ℓv and on the index [εZ3 : Γ′], integers n−ℓ ≤ nℓ with nℓ − n−ℓ ≤ Cvℓ

2, and a
constant CTV, depending only on N , the couplings, the constant C of (I2) and mν := supx ν(ρ2x),
such that for every ℓ as above

(13.10) n−ℓ ν(v) ≤ logµℓ
(
eVℓ

)
+ cvCv ℓ

2 + CTV ℓ
2(1 + log2 ℓ)

2.

Here mν <∞ by (I1) and the Γ′-invariance of ν (the sites fall into finitely many classes modulo
Γ′). Hypothesis (I2) enters in its joint form, with one constant C for all finitely supported s:
it bounds the second moments of the fluxes through the boundary spheres of boxes whose size
grows with ℓ (Claim 3 in the proof).

Proof. Conventions. Lengths and coordinates are in units of ε, so that Γ′ ⊂ Z3 in coordinates.
The symbol v without an index is the local function of the statement; the Villain variable of a
plaquette p is always written with its index, vp, or vp(ζ) for a configuration ζ. A cell is a site, a
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bond, a plaquette or a cube. Every bond b and every plaquette p has a reference orientation, in
which Bb, vp and fp = (dB)p + vp are read, and [p : b] ∈ {0,±1} is the incidence number of b in
the boundary of p: (dB)p =

∑
b[p : b]Bb, and likewise (da)p :=

∑
b[p : b]ab for a function a on the

bonds. Fix ℓ as in the statement and put ℓ− := ℓ− 3 ≥ 5 and ℓ+ := ℓ+ 1.
Step 0 (geometry). Let

Λ− := {0, . . . , ℓ−}3 ⊂ Λ := {−1, . . . , ℓ− 2}3 ⊂ Λ+ := {−2, . . . , ℓ− 1}3.
Λ has ℓ3 sites and is a fundamental domain of sites of εZ3

ℓ . The closed complex of a box consists
of its sites and of the bonds, plaquettes and cubes all of whose vertices lie in the box; C− and C+

are the closed complexes of Λ− and of Λ+. The boundary sphere Σ of C− consists of the cells of
C− contained in the boundary of the solid cube [0, ℓ−]3; it has 6ℓ2− plaquettes, 12ℓ2− bonds and
6ℓ2− + 2 sites. Σ+ is the boundary sphere of C+, of side ℓ+. With V (Λ) as in Subsection 13.1,
the shells are A := V (Λ) \ C− and, on the torus, the set Aℓ of the sites, bonds and plaquettes of
εZ3

ℓ that are not in C− (see (G3)).

(G1) The cubes having a face in V (Λ) are the cubes of C+: a cube with a vertex in Λ lies
in Λ+, and a cube {y1, y1 + 1} × {y2, y2 + 1} × {y3, y3 + 1} in Λ+ has a vertex in Λ
(in each coordinate take yi + 1 if yi = −2 and yi otherwise). The faces of these cubes
that are not in V (Λ) are the plaquettes of Σ+. Indeed, a plaquette of C+ in a plane
{xi = −2} or {xi = ℓ−1} has no vertex in Λ; and a plaquette of C+ with normal direction
i whose coordinate xi lies in [−1, ℓ − 2] has a vertex in Λ: if it had none, and (yj , yk),
(yj + 1, yk + 1) are its extreme corners in the two tangential coordinates, then yj = −2
and yk = ℓ − 2, or the same with j and k exchanged, and the corner with tangential
coordinates (yj + 1, yk) = (−1, ℓ− 2) would lie in Λ.

(G2) Every cell of A has a vertex in Λ \ Λ−: a bond or plaquette of A meets Λ and not all its
vertices lie in Λ−, so if it had no vertex in Λ \ Λ− it would have a vertex in Λ− and a
vertex outside Λ, and these are at sup-distance at least 2. Λ \ Λ− has ℓ3 − (ℓ− 2)3 ≤ 6ℓ2

sites, each of which lies in 6 bonds and 12 plaquettes, so |A| ≤ 114 ℓ2. The same count
gives |Aℓ| ≤ 114 ℓ2.

(G3) In εZ3
ℓ two layers of sites separate opposite faces of Λ− (the layers xi = ℓ − 2 and

xi = ℓ− 1 ≡ −1), so no bond, plaquette or cube of the torus joins Λ− to itself around the
torus: the cells of εZ3

ℓ with all vertices in Λ− are the cells of C−, and C− is embedded in
εZ3

ℓ .
(G4) A face of a cube not in C− which belongs to C− lies in Σ (the cube has a vertex outside

Λ− in the direction normal to that face). This holds in εZ3 and in εZ3
ℓ .

(G5) A plaquette not in C− contains at most one bond of C−, and such a bond lies in Σ (two
bonds of one plaquette with all ends in the product set Λ− force its four corners into
Λ−; and the plaquette leaves Λ− in a direction normal to the bond). A bond of Σ lies in
exactly one plaquette not in C− if it is interior to a face of the cube (of the four plaquettes
around it two lie in the face and one in the interior of C−), and in exactly two if it lies
on an edge of the cube. Likewise a bond of Σ+ lies in exactly one plaquette of C+ that
is not in Σ+ if it is interior to a face, and in none if it lies on an edge. No plaquette
contains a bond of Σ and a bond of Σ+ (their sites are at sup-distance at least 2).

The surface coboundary. For a plaquette p of Σ let op = ±1 be its orientation relative to the
outward normal of the cube. Every bond b of Σ lies in exactly two plaquettes p, p′ of Σ, and, Σ
being a closed oriented surface,

(13.11) op[p : b] = −op′ [p′ : b].

For a real function r on the bonds of Σ put (dΣr)p := op
∑

b[p : b]rb, a function on the plaquettes
of Σ. By (13.11) every dΣr has zero sum, and LΣ := dΣd

∗
Σ is the graph Laplacian of the dual
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graph of Σ, whose vertices are the 6ℓ2− plaquettes of Σ, two of them adjacent when they share a
bond (the graph is 4-regular and connected). Hence the range of dΣ is the space of the functions
of zero sum, and L−1

Σ denotes the inverse of LΣ on that space, extended by 0 to the constants.
| · | and ⟨·, ·⟩ are the Euclidean norm and scalar product of real functions on the bonds, or on the
plaquettes, of Σ. The same notation is used on Σ+, with ℓ+ in place of ℓ−.

Step 1 (reduction to an entropy bound on the interior complex). Let xv be a vertex of the cell
support of v and k′ := [εZ3 : Γ′], so that k′εZ3 ⊂ Γ′ and nℓ = ℓ3/k′. The Γ′-translates of v on
εZ3 are indexed by the position z ∈ xv + Γ′ of the translate of xv. If z ∈ {ℓv, . . . , ℓ− − ℓv}3, the
cell support of the translate lies in C−. These translates are pairwise incongruent modulo ℓZ3

(the differences of their positions have coordinates of modulus < ℓ), so by (G3) they are distinct
terms of Vℓ; let n−ℓ be their number and V − their sum, a function of the variables of C−. Every

cube of k′3 sites contains k′2 points of each coset of Γ′, so n−ℓ ≥ (ℓ− 2ℓv − 2 − k′)3/k′ whenever
ℓ ≥ 2ℓv + 2 + k′, and in every case

nℓ − n−ℓ ≤ Cv ℓ
2, Cv := 3(2ℓv + 2 + k′)/k′.

On εZ3
ℓ , Vℓ−V − is the sum of the other nℓ−n−ℓ translates, so Vℓ ≥ V −−cv(nℓ−n−ℓ ) ≥ V −−cvCvℓ2.

By the Γ′-invariance of ν, ν(V −) = n−ℓ ν(v), both sides in (−∞,+∞].
Let Ω− be the space of the configurations ζ of the variables of C−: ρ̃y and ψy at its sites, Bb

on its bonds and vp on its plaquettes, the Villain variables being closed on the cubes of C− and
subject to no other constraint. Let ν− and µ−ℓ be the laws of these variables under ν and under
µℓ (through the embedding (G3)), and write Ent(· | ·) for the relative entropy of probability
measures on Ω−. If ν− ≪ µ−ℓ , the entropy inequality

ν−(F ) ≤ log µ−ℓ
(
eF

)
+ Ent(ν− | µ−ℓ )

holds for every bounded measurable F on Ω−, and it extends to F bounded below by monotone

convergence on min(F, j), j → ∞. For F = V −, since µ−ℓ (eV
−

) = µℓ(e
V −

) ≤ ecvCvℓ2µℓ(e
Vℓ),

(13.12) n−ℓ ν(v) = ν−(V −) ≤ logµ−ℓ
(
eV

−)
+Ent(ν− | µ−ℓ ) ≤ logµℓ

(
eVℓ

)
+cvCv ℓ

2+Ent(ν− | µ−ℓ ).

So (13.10) follows from the entropy bound

(13.13) ν− ≪ µ−ℓ and Ent(ν− | µ−ℓ ) ≤ CTV ℓ
2(1 + log2 ℓ)

2,

which is proved in Steps 2–8. The statement on the lower limit follows from (13.10). Indeed
n−1
ℓ log µℓ(e

Vℓ) ≥ −cv, because Vℓ ≥ −cvnℓ. If the lower limit is +∞ there is nothing to prove.

Otherwise choose a sequence of sides along which n−1
ℓ log µℓ(e

Vℓ) converges to the lower limit,

divide (13.10) by n−ℓ , and use that nℓ/n
−
ℓ → 1 and ℓ2(1 + log2 ℓ)

2/n−ℓ → 0.

No closure is asked of a configuration across the seam of the torus: ν− and µ−ℓ live on the
same space Ω−, whose Villain variables are closed on the cubes of C− only; the cubes at the
seam and the translates of v that wrap around the torus belong to the shell, where they have
been summed out (in µ−ℓ ) or bounded below by −cv (in Vℓ − V −).

Step 2 (densities on Ω−; decomposition of the entropy). Let dζ be the reference measure on
Ω−: Lebesgue measure on [−ρ0,0,∞) and normalised Haar measure on T at every site, Lebesgue
measure on FD on every bond, and counting measure on the cZ-valued Villain variables that are
closed on the cubes of C−. Each factor of the phase-restored weight belongs to one cell and depends
on the variables of that cell and of its faces: gct(ρ̃y) to the site y, h(ρ̃b− , ρ̃b+ , Bb + ψb+ − ψb−) to
the bond b, w((dB)p + vp) to the plaquette p; and each closure constraint belongs to one cube.
Let W−(ζ) be the product of the factors of the sites, bonds and plaquettes of C−.

Shell factors. For ζ ∈ Ω− and a configuration ω̃ of εZ3, of which only the variables outside
V (Λ) enter, let Zsh(ζ, ω̃) be the integral over the variables of the shell A (ρ̃ and ψ at the sites
of Λ \ Λ−, B on the bonds of A, and the Villain variables on the plaquettes of A, summed over
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the values for which every cube of C+ not in C− is closed, its faces in Σ carrying the values of ζ
and its faces in Σ+ those of ω̃) of the product of the factors of the cells of A, the variables on
C− being those of ζ and the variables outside V (Λ) those of ω̃. Let Zsh

ℓ (ζ) be the same on the
torus: the integral over the variables of Aℓ, the Villain variables being summed over the values
for which every cube of εZ3

ℓ not in C− is closed, of the product of the factors of the cells of Aℓ.
By (G1), (G3) and (G4), the weight of the kernel γ̃Λ(· | ω̃) of the phase-restored specification

(Lemma 13.3(c)) and the weight of µℓ are W−(ζ) times the factors of the shell cells, and the
closure constraints split into those of the cubes of C−, which are carried by dζ, and those of the
other cubes, which are in the shell factors. Hence the laws of the variables of C− under γ̃Λ(· | ω̃)
and under µℓ are

(13.14) γ̃−Λ (dζ | ω̃) =
W−(ζ)Zsh(ζ, ω̃)

ZΛ(ω̃)
dζ, µ−ℓ (dζ) =

W−(ζ)Zsh
ℓ (ζ)

Zℓ
dζ,

with ZΛ(ω̃) :=
∫
W−(ζ)Zsh(ζ, ω̃) dζ and Zℓ :=

∫
W−(ζ)Zsh

ℓ (ζ) dζ. By the Gibbs property
of ν for the box Λ, that is, the equation νγ̃Λ = ν of the definition of a Gibbs measure in
Subsection 13.1, read for the phase-restored specification,

ν− =

∫
ν(dω̃) γ̃−Λ (· | ω̃).

Both laws in (13.14) have densities with respect to W−(ζ) dζ, and by Step 4 the shell factors
are strictly positive: Zsh

ℓ (ζ) > 0 for every ζ ∈ Ω−, and Zsh(ζ, ω̃) > 0 for every ζ and ν-almost

every ω̃. So γ̃−Λ (· | ω̃), ν− and µ−ℓ are mutually absolutely continuous; what is used is ν− ≪ µ−ℓ .
The relative entropy being convex,

Ent(ν− | µ−ℓ ) ≤
∫
ν(dω̃) Ent

(
γ̃−Λ (· | ω̃) | µ−ℓ

)
,

and by (13.14) the logarithm of the density of γ̃−Λ (· | ω̃) with respect to µ−ℓ is logZsh(ζ, ω̃) −
logZsh

ℓ (ζ) + logZℓ − logZΛ(ω̃) (the factor W− cancels). Therefore

(13.15)

Ent(ν− | µ−ℓ ) ≤
∫
ν(dω̃)

∫
γ̃−Λ (dζ | ω̃)

[
logZsh(ζ, ω̃) − logZsh

ℓ (ζ)
]

+

∫
ν(dω̃)

[
logZℓ − logZΛ(ω̃)

]
.

Since ZΛ(ω̃)/Zℓ =
∫
µ−ℓ (dζ ′)Zsh(ζ ′, ω̃)/Zsh

ℓ (ζ ′) by (13.14), Jensen’s inequality for the logarithm
gives

(13.16) logZℓ − logZΛ(ω̃) ≤
∫
µ−ℓ (dζ ′)

[
logZsh

ℓ (ζ ′) − logZsh(ζ ′, ω̃)
]
.

It remains to bound the shell factors from above (Step 3) and from below (Step 4) and to
bound the means of the lower bounds under ν and under µℓ (Steps 5–7); the splitting of the
integrals in (13.15) and (13.16) is justified in Step 8.

Step 3 (upper bounds for the shell factors). Dropping the closure constraints enlarges the
sum over the Villain variables of the shell to the free sum. Then, the Villain sums being
done first, at fixed B, the integrals over the Bb next and the site integrals last, each shell
plaquette contributes

∑
vp∈cZw((dB)p + vp) ≤ K ′

γN
, whatever the value of (dB)p; each shell

bond contributes
∫
FD h dBb ≤ 2π/γN , as h ≤ 1; and each shell site contributes

∫
gct = Gct

0 ,

the Haar measure having mass 1. Here K ′
γN

and Gct
0 are the constants of Lemma 11.2. With

Csh := max{1, Gct
0 , 2π/γN ,K

′
γN

},

(13.17) Zsh(ζ, ω̃) ≤ C
|A|
sh , Zsh

ℓ (ζ) ≤ C
|Aℓ|
sh for all ζ and ω̃.
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Step 4 (one closed extension; lower bounds for the shell factors). For ζ ∈ Ω− put

m(ζ)p := op vp(ζ)/c for the plaquettes p of Σ,

an integer function on the plaquettes of Σ. It has zero sum:
∑

p∈Σ opvp(ζ) is the sum, over the

cubes of C−, of the coboundary of the Villain variables of ζ (the interior faces cancel), and every
term of that sum vanishes. Likewise, for a configuration ω̃ of εZ3 with closed Villain variables
(as they are ν-almost surely) put m+(ω̃)p := op vp(ω̃)/c for the plaquettes p of Σ+; it has zero
sum, by the closure on the cubes of C+.

Claim 1 (closed extension). Let a be an integer-valued function on the bonds which vanishes
off the bonds of Σ and satisfies dΣa = m(ζ). Then the Villain variables equal to vp(ζ) on the
plaquettes p of C− and to c (da)p on the plaquettes p not in C− are closed on every cube, in εZ3

and in εZ3
ℓ . Outside C− they equal ±c ab on the one or two plaquettes that contain the bond b

of Σ, see (G5), and 0 elsewhere. Two-sided form: if moreover a+ is an integer-valued function on
the bonds which vanishes off the bonds of Σ+ and satisfies dΣ+a+ = m+(ω̃), then the Villain
variables equal to vp(ζ) on the plaquettes of C−, to vp(ω̃) on the plaquettes outside V (Λ) and to
c (d(a + a+))p on the plaquettes of A are closed on every cube of εZ3. On A they equal ±c ab
on the plaquettes at the bonds b of Σ, ±c a+b on the plaquette at a bond b interior to a face of
Σ+, and 0 elsewhere, with one exception, the plaquettes of A that contain two bonds of Σ+. A
plaquette p of A has a vertex y ∈ Λ, and its two bonds at y are not in Σ+, whose sites lie outside
Λ; so p contains at most two bonds of Σ+, its bonds b, b′ at the vertex z opposite to y. Both
are in Σ+ if and only if z lies on an edge of the cube [−2, ℓ− 1]3: two bonds of p in a common
face would force y into that face, and if z lies on an edge, y differs from z in the two coordinates
that are extremal at z, so that each of b, b′ keeps one of them and lies in one of the two faces
that meet at the edge. There are 12ℓ such plaquettes, ℓ at each edge, and each of them carries
c ([p : b] a+b + [p : b′] a+b′ ).

Proof of Claim 1. For a plaquette p of Σ, all of whose bonds are bonds of Σ, c (da)p = c
∑

b[p :
b]ab = c op(dΣa)p = c opm(ζ)p = vp(ζ). A cube not in C− has its faces either outside C− or in
Σ, by (G4); so the variables equal c da on all its faces, and their coboundary on the cube is
c d da = 0. The cubes of C− are closed because ζ ∈ Ω−. The values outside C− are read off from
(G5). Two-sided form: da+ vanishes on the plaquettes of Σ and da on those of Σ+, by (G5), and
c (da+)p = vp(ω̃) on the plaquettes of Σ+ as before. So on every face of a cube of C+ not in C−

the variables equal c d(a + a+), and such a cube is closed; by (G1) these are all the cubes that
have a face in A, and every other cube outside C− has all its faces outside V (Λ) and is closed
because the Villain variables of ω̃ are. This proves Claim 1.

Flux classes. An a as in Claim 1 exists for every ζ ∈ Ω−: by Step 5 the only condition is that
m(ζ) has zero sum, that is, that the total flux of the Villain variables of ζ through the sphere
Σ vanishes, and this holds by the closure on the cubes of C−. On the torus the extension of
Claim 1 vanishes on every plaquette lying in one of the three planes {xi = ℓ − 2}, i = 1, 2, 3,
which contain no bond of Σ and no cell of C−; so its fluxes through these three planes vanish,
and it lies in the class of zero flux. In any case the Villain sum of µℓ runs over all closed Villain
variables, every flux class included: the extension is one of its terms, and no condition on the
flux class arises.

Lower bounds. Let

EΣ(m) := min{|a|2 : a integer valued on the bonds of Σ, dΣa = m}

for an integer function m of zero sum on the plaquettes of Σ (it is finite by Step 5), and EΣ+

likewise on Σ+. Restrict the integral defining a shell factor to the one value of the Villain
variables of the shell given by Claim 1, with minimising a (and a+), and to ρ̃ ∈ [0, 1] at the shell
sites; ψ and B are not restricted.
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A shell site then contributes
∫ 1
0 gct ≥ cctg , because gct ≥ cctg on [0, 1] (proof of Lemma 11.2, Step

1). A shell bond contributes at least (2π/γN ) e−κN (ρ2+ρ′2), where ρ, ρ′ are the values of ρ at its two

ends, because h ≥ e−κN (ρ2+ρ′2) for every value of its third argument (as |eiγNϑρ′−ρ|2 ≤ 2ρ2+2ρ′2);
here ρ ≤ ρ0,0 + 1 at an end which is a shell site, a site y of Σ lies on at most 3 shell bonds,
and a site y of Σ+ lies on at most one: only the 6ℓ2 sites interior to the faces of Σ+ lie on a
shell bond, and the sums over y ∈ Σ+ below run over these. A shell plaquette p contributes
w
(
(dB)p + c(d(a + a+))p

)
≥ exp

(
− c2(d(a + a+))2p − 4c2

)
, because |(dB)p| ≤ 4π/γN = 2c; and

the sum over the shell plaquettes of c2(d(a + a+))2p is at most 2c2|a|2 + 2c2|a+|2, by the values in

Claim 1: a bond of Σ lies in at most two shell plaquettes and a bond of Σ+ in at most one, by
(G5), and (α+ β)2 ≤ 2α2 + 2β2 on the plaquettes that contain two bonds of Σ+ (on the torus
a+ is absent). With csh := | log cctg | + | log(2π/γN )| + 2κN (ρ0,0 + 1)2 + 4c2 this gives, for every

ζ ∈ Ω− and every ω̃ with closed Villain variables,

− logZsh
ℓ (ζ) ≤ csh|Aℓ| + 3κN

∑
y∈Σ

ρy(ζ)2 + 2c2 EΣ(m(ζ)),

(13.18)

− logZsh(ζ, ω̃) ≤ csh|A| + 3κN
∑
y∈Σ

ρy(ζ)2 + κN
∑
y∈Σ+

ρy(ω̃)2 + 2c2 EΣ(m(ζ)) + 2c2 EΣ+(m+(ω̃)).

(13.19)

In particular Zsh
ℓ (ζ) > 0 for every ζ and Zsh(ζ, ω̃) > 0 for every ζ and ν-almost every ω̃, as used

in Step 2.
Step 5 (integer functions on the bonds of the sphere with prescribed coboundary).
Claim 2 (rounding). Let r be a real function on the bonds of Σ with dΣr integer valued. Then

there is an integer-valued function a on the bonds of Σ with dΣa = dΣr and ⌊rb⌋ ≤ ab ≤ ⌈rb⌉ for
every bond b; hence |a|2 ≤ 2|r|2 + 24 ℓ2−.

Proof of Claim 2. Let Fr be the set of the bonds whose value is not an integer. At every
plaquette the signed sum of its four values is an integer, so no plaquette has exactly one bond
in Fr: in the dual graph the edge set Fr has no vertex of degree 1 and, if it is not empty, it
contains a cycle p0, b1, p1, . . . , bm, pm = p0, where bi is the bond shared by pi−1 and pi and the bi
are distinct. Add t opi [pi : bi] to the value on bi, i = 1, . . . ,m. This does not change dΣ: at pi the
bonds bi and bi+1 contribute

t (opi [pi : bi])
2 + t opi [pi : bi+1] opi+1 [pi+1 : bi+1] = t− t = 0,

by (13.11) (indices modulo m). Increase t from 0 until the first bond of the cycle reaches an
integer: no value has crossed an integer, and Fr has lost a bond. Bonds outside Fr are never
changed again. After at most 12 ℓ2− rounds Fr is empty. Each final value lies between the floor
and the ceiling of the original one, so |ab| ≤ |rb| + 1 on each of the 12 ℓ2− bonds. This proves
Claim 2.

Minimal real energy. For an integer function m of zero sum on the plaquettes of Σ, the function
r := d∗ΣL

−1
Σ m satisfies dΣr = LΣL−1

Σ m = m and |r|2 = ⟨m,L−1
Σ m⟩. By Claim 2,

(13.20) EΣ(m) ≤ 2 ⟨m,L−1
Σ m⟩ + 24 ℓ2− <∞.

For m = m(ζ) let fΣp := opfp for the plaquettes p of Σ, with fp = (dB)p + vp the curvature

of ζ, and let BΣ be the restriction of B to the bonds of Σ. Then op(dB)p = (dΣB
Σ)p, so

that cm(ζ) = fΣ − dΣB
Σ; in particular fΣ has zero sum. Since d∗ΣL

−1
Σ dΣ is the orthogonal

projection of the functions on the bonds of Σ onto the range of d∗Σ, the identity c d∗ΣL
−1
Σ m(ζ) =
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d∗ΣL
−1
Σ fΣ − d∗ΣL

−1
Σ dΣB

Σ and |Bb| ≤ π/γN = c/2 on the 12 ℓ2− bonds of Σ give

(13.21) c2 ⟨m(ζ),L−1
Σ m(ζ)⟩ ≤ 2 ⟨fΣ,L−1

Σ fΣ⟩ + 2 |BΣ|2 ≤ 2 ⟨fΣ,L−1
Σ fΣ⟩ + 6 c2ℓ2−.

Together,

(13.22) EΣ(m(ζ)) ≤ 4

c2
⟨fΣ,L−1

Σ fΣ⟩ + 36 ℓ2−.

The same holds on Σ+ for m+(ω̃), with ℓ+ in place of ℓ− and with the curvature fΣ
+

p := opfp
and the link variables of ω̃ on Σ+.

Step 6 (the mean of the surface energy, where the joint form of (I2) enters; the trace bound).
Claim 3 (mean of the surface energy). Let P be a probability measure on the configurations of

εZ3, or of εZ3
ℓ , with closed Villain variables, and suppose that with a constant CP

(13.23) P
((∑

p

spfp

)2)
≤ CP |s|2 for every real function s on the plaquettes of Σ.

Then P
(
⟨fΣ,L−1

Σ fΣ⟩
)
≤ CP TrL−1

Σ .
Proof of Claim 3. Let (ϕi) be an orthonormal basis of eigenfunctions of LΣ on the functions

of zero sum, with eigenvalues κi > 0. Then ⟨fΣ,L−1
Σ fΣ⟩ =

∑
i κ

−1
i ⟨ϕi, fΣ⟩2, and ⟨ϕi, fΣ⟩ =∑

p(ϕi)popfp is a sum as in (13.23) with a coefficient function of norm 1. Hence the mean is at

most CP
∑

i κ
−1
i = CP TrL−1

Σ . This proves Claim 3.
The hypothesis (13.23) holds in the two cases that are needed.

(a) For P = ν, with CP = 2Ce1/2, C being the constant of (I2). Indeed, for |s| = 1 the
inequality cosh y ≥ 1 + y2/2 and (I2), applied to s and to −s (extended by 0 to the other
plaquettes of εZ3), give

1 + 1
2 ν

((∑
p

spfp

)2)
≤ 1

2 ν
(
e
∑

p spfp
)

+ 1
2 ν

(
e−

∑
p spfp

)
≤ Ce1/2,

so that ν((
∑

p spfp)
2) ≤ 2(Ce1/2 − 1); the general case follows by scaling s. The same holds on

Σ+. Hypothesis (I2) is used here in its joint form: the spheres Σ and Σ+ grow with ℓ, so that
one constant C valid for all finitely supported s is required.

(b) For P = µℓ, with CP = 1. Let µuℓ be the unitary-gauge periodic measure of εZ3
ℓ : the

normalised weight (13.1) on the cells of the torus, the sum over the Villain variables running over
all closed (vp), every flux class included. As ℓ ≥ 8, the lattice ℓεZ3 is a period lattice for εZ3 in
the sense of Definition 12.6 (its non-zero vectors have length at least 8ε), and µuℓ is the Villain
model of εZ3 on the torus R3/ℓεZ3 of that definition. By Lemma 12.10, whose proof (Steps 1–4
of the proof of Theorem 3.1) is made for exactly this sum over all closed Villain variables, every
flux class included,

µuℓ
(
e
∑

p apfp
)
≤ e|a|

2/2 for every real function a on the plaquettes of εZ3
ℓ .

Applying this to a = ±ts, t > 0, and using cosh y ≥ 1+y2/2 gives t2

2 µ
u
ℓ ((

∑
p spfp)

2) ≤ et
2|s|2/2−1,

whence µuℓ ((
∑

p spfp)
2) ≤ |s|2 as t ↓ 0.

Finally, (ρ̃, f) has the same law under µℓ and under µuℓ , by the change of variables of
Lemma 13.3(a), which is given by the cell-local formula (13.2) and applies on the torus. In detail:

at fixed phases ψ with lift ψ̃ ∈ FDsites put

B′
b := [Bb + (dψ̃)b]FD, nb :=

(
Bb + (dψ̃)b −B′

b

)
/c ∈ Z, v′p := vp + c (dn)p.

Then (dB′)p+v′p =
(
(dB)p− c(dn)p

)
+
(
vp+ c(dn)p

)
= fp; (v′p) is closed if and only if (vp) is, and

in the same flux class, c dn being exact; h(·, ·, Bb + ψb+ − ψb−) = h(·, ·, B′
b) by the c-periodicity
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of h; the map B 7→ B′ is a rotation of each FD and preserves Lebesgue measure; and, at fixed B,
(vp) 7→ (v′p) is a bijection of the closed Villain variables. So, conditionally on ψ, the variables ρ̃,
B′ and (v′p) have the law µuℓ . Hence (ρ̃, f) has the same law under µℓ and under µuℓ , and the two
partition functions coincide.

Claim 4 (trace bound). TrL−1
Σ ≤ 144 ℓ2−(1 + log2 ℓ−)2.

Proof of Claim 4. TrL−1
Σ =

∑
p L

−1
Σ (p, p), the sum over the plaquettes of Σ. For a set A of

plaquettes of Σ write 1̄A := |A|−11A, and 1p for the indicator of the plaquette p. Since L−1
Σ

annihilates the constants,

L−1
Σ (p, p) =

〈
1p − 1̄Σ,L−1

Σ (1p − 1̄Σ)
〉

= min
{
|r|2 : r real on the bonds of Σ, dΣr = 1p − 1̄Σ

}
,

the minimiser being d∗ΣL
−1
Σ (1p − 1̄Σ). So it suffices to exhibit, for every plaquette p of Σ, a real r

with dΣr = 1p − 1̄Σ and |r| ≤ (2
√

2 + 2)(1 + log2 ℓ−).
(SF) Strip flows. Let Π be a set of plaquettes of Σ arranged in q rows, each row a chain of m

plaquettes in which consecutive ones share a bond (inside one face of the cube, or continuing
across edges of the cube in an unfolded strip of faces). Let t be a real function on Π whose sum
over every row is 0 and whose partial sums along every row have modulus at most t∗. Then the
function r which, on the bond between two consecutive plaquettes of a row, equals the partial
sum of t up to the first of them, with the sign op[p : b] of that bond b in that plaquette p, and
which vanishes on all other bonds, satisfies dΣr = t (by (13.11)) and |r|2 ≤ q(m − 1)(t∗)2. In
particular, if Π′ and Π′′ are subsets of Π each consisting of full columns of Π (the i-th plaquettes
of the rows forming the i-th column), then t = 1̄Π′ − 1̄Π′′ has row sums 0 and partial sums in
[−1/q, 1/q], so that |r|2 ≤ m/q.

Inside the face. Let Σ1 be the face of the cube that contains p, an ℓ− × ℓ− array of plaquettes.
Put ℓj := min(2j , ℓ−) and j∗ := ⌈log2 ℓ−⌉, and choose rectangles Π0 = {p} ⊂ Π1 ⊂ · · · ⊂ Π2j∗ =
Σ1, where Π2j−1 has ℓj columns and ℓj−1 rows and Π2j has ℓj columns and ℓj rows (intervals
of columns and of rows containing the previous ones). For the step from Π2j−2 to Π2j−1, (SF)
on Π2j−1 with its q = ℓj−1 rows of length m = ℓj gives r with dΣr = 1̄Π2j−2 − 1̄Π2j−1 and

|r|2 ≤ ℓj/ℓj−1 ≤ 2. For the step from Π2j−1 to Π2j , (SF) with the q = ℓj columns of Π2j as
chains of length m = ℓj gives dΣr = 1̄Π2j−1 − 1̄Π2j and |r|2 ≤ 1. These are 2j∗ steps, each of

norm at most
√

2.
From the face to the sphere. Let Σ2, . . . ,Σ5 be the faces adjacent to Σ1 and Σ6 the opposite face.

For each i = 2, . . . , 6 we give r with dΣr = (1̄Σ1−1̄Σi)/6. For i ≤ 5: (SF) on the unfolded ℓ−×2ℓ−
strip Σ1 ∪Σi with its ℓ− rows across the common edge; the partial sums are at most ℓ−/(6ℓ

2
−), so

|r|2 ≤ ℓ−(2ℓ−)(6ℓ−)−2 = 1/18. For i = 6: the ℓ−×3ℓ− strip Σ1∪Σ2∪Σ6 through the adjacent face

Σ2; |r|2 ≤ ℓ−(3ℓ−)(6ℓ−)−2 = 1/12. The sum of the five has dΣ = 5
6 1̄Σ1 − 1

6

∑6
i=2 1̄Σi = 1̄Σ1 − 1̄Σ

and norm at most 4/
√

18 + 1/
√

12 < 2.
Adding all these functions gives r with

dΣr = (1p − 1̄Π1) + · · · + (1̄Π2j∗−1 − 1̄Σ1) + (1̄Σ1 − 1̄Σ) = 1p − 1̄Σ

and |r| ≤ 2
√

2 j∗ + 2 ≤ (2
√

2 + 2)(1 + log2 ℓ−). So L−1
Σ (p, p) ≤ 24 (1 + log2 ℓ−)2, and Σ has 6ℓ2−

plaquettes. This proves Claim 4. The same bound holds on Σ+ with ℓ+ in place of ℓ−.
Step 7 (the means of the lower bounds). By (13.22), Claim 3 and Claim 4, for P = ν (with

CP = 2Ce1/2) and for P = µℓ (with CP = 1), m being the function m(ζ) of the variables of C−,

(13.24) P
(
EΣ(m)

)
≤ 4

c2
CP TrL−1

Σ + 36 ℓ2− ≤ 576CP c
−2 ℓ2−(1 + log2 ℓ−)2 + 36 ℓ2−,

and for P = ν the same bound holds for EΣ+(m+) with ℓ+ in place of ℓ−.



114 github.com/marikgoldstein/scalar-qed-existence

For the density,

(13.25) ν(ρ2y) ≤ mν , µℓ(ρ
2
y) ≤ Cρ := log max

{
1,
Gct

1 (2π/γN )3K ′ 3
γN

c0

}
for every site y, with the constants of Lemma 11.2. The first bound is the definition of mν . For
the second, ρ has the same law under µℓ and under µuℓ (Step 6(b)), and µuℓ is invariant under
the translations of the torus, which act by automorphisms of the cell complex preserving the
cell-local weight and the reference measure. So, by Jensen’s inequality,

µuℓ (ρ2y) = ℓ−3 µuℓ

(∑
x

ρ2x

)
≤ ℓ−3 logµuℓ

(
e
∑

x ρ
2
x
)

= ℓ−3 log
Z(1)
ℓ

Z(0)
ℓ

,

where Z(q)
ℓ , q = 0, 1, is the integral of the unitary-gauge weight of the torus with gct(ρ̃x) replaced

by gct(ρ̃x)eqρ
2
x at every site, the sum running over all closed Villain variables. The crude bounds

of Step 1 of the proof of Lemma 11.2 hold on εZ3
ℓ , which has three bonds and three plaquettes

per site: Z(1)
ℓ ≤

(
Gct

1 (2π/γN )3K ′ 3
γN

)ℓ3
, because h ≤ 1, the sum over the closed Villain variables

is at most the free sum and
∑

vp
w((dB)p + vp) ≤ K ′

γN
; and Z(0)

ℓ ≥ c ℓ
3

0 , from the term with all

Villain variables equal to 0, which is closed, and the integration restricted to ρ̃x ∈ [0, 1] and
|γNBb| ≤ 1. Reflection positivity is not used in these bounds.

Step 8 (assembly). In the first term of (13.15), ζ and the variables of ω̃ outside V (Λ), the only
ones on which the integrand depends, have by the Gibbs property their joint law under ν; in
particular ζ has the law ν−. Insert (13.17) for Zsh and (13.18). In the second term insert (13.16),
then (13.17) for Zsh

ℓ and (13.19), ζ ′ having the law µ−ℓ . This gives

(13.26) Ent(ν− | µ−ℓ ) ≤ (|A| + |Aℓ|)(logCsh + csh) + 3κN
∑
y∈Σ

[
ν(ρ2y) + µℓ(ρ

2
y)
]

+ κN
∑
y∈Σ+

ν(ρ2y)

+ 2c2
[
ν
(
EΣ(m)

)
+ µℓ

(
EΣ(m)

)]
+ 2c2 ν

(
EΣ+(m+)

)
.

By (G2), (13.24) and (13.25), with at most 7ℓ2 sites of Σ and 6ℓ2 sites of Σ+ on shell bonds,
ℓ− ≤ ℓ and ℓ+ ≤ 2ℓ,

Ent(ν− | µ−ℓ ) ≤ CTV ℓ
2(1 + log2 ℓ)

2, CTV := 228 (logCsh + csh) + 7κN (4mν + 3Cρ) + Cfl,

Cfl := 39168Ce1/2 + 1152 + 432 c2.

Here Cfl collects the terms with E : by (13.24),

2c2[ν(EΣ(m)) + µℓ(EΣ(m))] ≤ (2304Ce1/2 + 1152) ℓ2−(1 + log2 ℓ−)2 + 144 c2ℓ2−

and 2c2ν(EΣ+(m+)) ≤ 2304Ce1/2ℓ2+(1 + log2 ℓ+)2 + 72 c2ℓ2+, with ℓ2+ ≤ 4ℓ2 and (1 + log2 ℓ+)2 ≤
4(1 + log2 ℓ)

2. All the terms being finite, the splittings of the integrals in (13.15) and (13.16) are
legitimate: logZsh and logZsh

ℓ are bounded above by (13.17) and below by integrable functions,

and ZΛ(ω̃) ≤ C
|A|
sh

∫
W−(ζ) dζ <∞. This is the entropy bound (13.13); by Step 1 it gives (13.10)

and the lemma. □

Lemma 13.10 (Schatten–Hölder bound). For fibred insertions X1, . . . , Xk at distinct heights
that satisfy the summability condition of Lemma 13.7(b) (insertions at the same height on disjoint
bond sets tensor, ∥X ⊗X ′∥ = ∥X∥∥X ′∥, the dressing being a product over bonds), the periodic
partition function with M layers satisfies

|ZM (X1, . . . , Xk)| = |TrLG
(
∏
s

B∗ ̂̄XsB)| ≤
∏
s

∥X̄s∥ · TrLG
(TM ) ≤

∏
s

∥Xs∥ZM ,

uniformly in the number of insertions.
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The only input of Lemma 13.10 is ZM = Tr(PGT
M ) ≤ Tr(TM ) <∞, the finite torus partition

function at fixed N ((2.1) and the Gaussian Villain sums).

Proof. The equality is (13.9). With D := BB∗ ≥ 0 on H, TrDM = TrTM , D commutes with PH
G ,

cyclicity moves the trace to Tr(
∏
s
̂̄XsDPH

G ), and Hölder’s inequality for Schatten norms [32] with
exponents ps = M gives the bound

∏
s ∥X̄s∥ Tr(PH

GD
M ) =

∏
s ∥X̄s∥ZM ; finally ∥X̄s∥ ≤ ∥Xs∥

(Lemma 13.6(c)). □

Lemma 13.11 (growth of rY ). Let Y =
∑

a∈cZS τ∗aY0τa with Y0 bounded and Y0 = PKY0PK ,
PK := 1[−K,K]S (ξ). Then Y is bounded, fibred (Lemma 13.7(b2)), Z-periodic, and |rY (B, u)| ≤
CY e

cY |f | with cY = 2K
√
|S|, f = B − u.

Proof. |kτ∗aY0τa(B, u)| = |⟨PKhB−a, Y0PKh
u−a⟩| ≤ ∥Y0∥ ∥PKhB−a∥ ∥PKhu−a∥ ≤ C∥Y0∥e−d

2
1−d22

with di the distances of B − a, u − a to QK := [−K,K]S . Since |f | ≤ d1 + d2 + 2K
√
|S|,

d21 + d22 ≥ 1
2(d1 + d2)

2 ≥ 1
2 |f |

2 − 2K
√
|S| |f |, and the sum over a of the remaining Gaussian

factors is bounded uniformly; dividing by k1 = e−|f |2/2 gives the claim. Boundedness of Y and
Z-periodicity are clear from the form of Y (the translates τ∗aPK are pairwise orthogonal for |a|
large, and finitely many overlap). □

Lemma 13.12 (corrector). Put D := c
√
|S|/2 (half-diameter of a cell of cZS), β := 2cY +D+ 1

and Z := δ +
∑

a∈cZS αaτa with αa := CZe
β|a|−|a|2/2, δ > 0. Then Z is bounded (

∑
a αa <

∞), fibred (Lemma 13.7(b2)), Z-periodic and real self-adjoint (αa = α−a), rZ(B, u) = δ +∑
a αae

−a·f−|a|2/2, and for CZ ≥ C2
Y e

βD+D2
/4

(13.27) δ + 1
4r

2
Y ≤ rZ ≤ δ + Ce|f |

2/4+(β/2)|f |.

Hence Xt := 1 + tY + t2Z has rXt = 1 + trY + t2rZ ≥ (1 + trY /2)2 + δt2 > 0 for every real t,
and ∥Xt∥ ≤ 1 + t2(∥Z∥ + ∥Y ∥2/2) +O(t3) for real skew-adjoint Y .

Proof. Lower bound: let a∗ be the lattice point nearest to −f , |a∗ + f | ≤ D. With a∗ = −f + e,
|e| ≤ D: β|a∗| ≥ β|f | − βD and −|a∗|2 − a∗ · f = −a∗ · e ≥ −D|f | −D2, so the a∗-term alone
gives

rZ ≥ δ + CZe
(β−D)|f |−βD−D2

= δ + CZe
(2cY +1)|f |−βD−D2 ≥ δ + 1

4C
2
Y e

2cY |f | ≥ δ + 1
4r

2
Y

(Lemma 13.11). Upper bound: −|a|2−a ·f = 1
4 |f |

2−|a+f/2|2 and β|a| ≤ β|a+f/2|+ 1
2β|f |, and∑

a e
β|a+f/2|−|a+f/2|2 is bounded uniformly in f . The bound on ∥Xt∥ follows from ∥1 + tY ∥2 =

∥1 − t2Y 2∥ ≤ 1 + t2∥Y ∥2 for real skew-adjoint Y . □

Lemma 13.13 (moments from (I2)). Let ν satisfy (I2) and let f = (fp)p∈P be the curvature on

a finite plaquette set P . Then ν(es|fp|) ≤ 2Ces
2/2 for all s ≥ 0, and ν(ea|f |

2/2) ≤ C(1 − a)−|P |/2

for every a ∈ (0, 1): Gaussian moments at every rate a/2 < 1/2, jointly over P .

Proof. The first claim follows from (I2) and es|fp| ≤ esfp + e−sfp . For the second claim

(Hubbard–Stratonovich) ea|f |
2/2 = (2π)−|P |/2 ∫ e√a s·f−|s|2/2ds, and (I2) under the s-integral

gives ν(ea|f |
2/2) ≤ C(2π)−|P |/2 ∫ e(a−1)|s|2/2ds = C(1 − a)−|P |/2. □

For a fibred X that satisfies the summability condition of Lemma 13.7(b), the insertion of
X at one slab multiplies the slab weight by rX ◦ Θσ (the slab data (B, u) have density k1(B, u)
per bond set, Lemma 13.4(b), and the inserted kernel of Lemma 13.7(b) has kX in its place), so
that for insertions Xs at distinct heights, the sum over the variables ṽt being taken first in the
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expectation on the left (for non-negative ratios rXs , as for the operators Xt of Lemmas 13.14
and 13.25, the expectation is then an ordinary integral, by Tonelli’s theorem),

(13.28) µM

(∏
s

rXs ◦ Θ(s)
σ

)
= ZM (X1, . . . , Xk)/ZM .

Lemma 13.14 (ν(rY ) = 0 for the bond pair). Let ν be as in Theorem 13.1 (after Lemma 13.3),
Y real skew-adjoint of the class of Lemma 13.11, Z the corrector of Lemma 13.12 and vt :=
log(1 + trY + t2rZ) ◦ Θσ, a local slab function. Then vt ≥ log(δt2), vt ≤ |t| |rY | + t2rZ ≤
C(1 + |t|ecY |f |) + t2Ce|f |

2/4+(β/2)|f |, ν(vt) = O(t2), and ν(rY ) = 0, i.e. ν
(
kY ◦ Θσ/k1 ◦ Θσ

)
= 0.

Proof. The two bounds on vt are (13.27) and log(1 + x) ≤ x.
Upper bound. Choose a sublattice Γ′ ⊂ Γ (still of finite index, containing a time translation, ν

being Γ′-invariant) such that the translates of the window S at equal height are pairwise disjoint;
then same-height insertions tensor and Lemma 13.10 applies: the insertion Xt = 1 + tY + t2Z
is fibred by Lemma 13.7(b1)–(b2), Y being a localised sum and Z a summable series of lattice
translations, and it satisfies the summability condition by Remark 13.8 (the condition holds
for 1 and is stable under sums); so do its tensor products over disjoint bond sets, which are
fibred by (b2) and for which the sum factorises. Lemma 13.9 applies to vt (bounded below;
(I1), (I2) and the Γ′-invariance of ν give its hypotheses). The lemma is applied on its cubic
tori εZ3

ℓ , ℓεZ3 ⊂ Γ′: the measure µℓ is the periodic measure µM with M = ℓ layers over
the layer torus of side ℓ (so that µM = µℓ, VM = Vℓ and nM = nℓ below), and on εZ3

ℓ the
translates of the window S at equal height stay pairwise disjoint, because they are the images
of distinct Γ′-translates of S in εZ3 and ℓεZ3 ⊂ Γ′. By (13.28) and Lemma 13.10 on these tori,
µM (eVM ) = ZM (Xt, . . . , Xt)/ZM ≤ ∥Xt∥nM , so ν(vt) ≤ log ∥Xt∥ ≤ t2(∥Z∥ + ∥Y ∥2/2) +O(t3) by
Lemma 13.12.

Lower bound. On At := {|t| |rY | ≤ 1
2}, rZ ≥ 0 gives vt ≥ log(1 + trY ) ≥ trY − t2r2Y ; off At,

vt ≥ log(δt2). Hence, for |t| small,

t ν(rY ) ≤ ν(vt) + t2ν(r2Y ) + |t| ν(|rY |1Ac
t
) + log

(
1/(δt2)

)
ν(Act).

Here ν(r2Y ) < ∞ by Lemma 13.11 and the exponential moments of Lemma 13.13; Act forces

|f | ≥ c−1
Y log(1/(2CY |t|)), so by the Gaussian moments of Lemma 13.13 ν(Act) = O(e−a

′ log2(1/|t|))

is o(tk) for every k, and |t|ν(|rY |1Ac
t
) ≤ |t|ν(r2Y )1/2ν(Act)

1/2 = o(tk). The right side is O(t2) for
both signs of t, so ν(rY ) = 0. The argument uses no moment of rZ . □

Remark 13.15 (what Subsection 13.5 uses). Hypotheses (I1) and (I2) are used in Lemma 13.9,
the latter in its joint form, with one constant for all finitely supported s. Hypothesis (I2) is used
once more in the proof of Lemma 13.14, for ν(r2Y ) < ∞ and for the tail of At. The growth of
rZ at the rate 1/4 in (13.27) is used only in Lemma 13.25 (for the set At of its proof), together
with the Gaussian moments at rates > 3/8 of Lemma 13.13.

13.6. Bond-sector separation.

Lemma 13.16 (bond pair law). Let

C := {
∑
a∈cZS

τ∗aX0τa : X0 bounded on L2(RS), X0 = PKX0PK for some K}.

C is closed under adjoints, complex conjugation and real-linear combinations; every X ∈ C is fibred
(Lemma 13.7(b2)), hence Z-periodic and bounded, with rX exponential-linear (Lemma 13.11). Let

λ be the law of the pair (BS , uS) = (BS , B̃
′
S − ṽtS) under ν (after Θσ) and m := k−1

1 λ, a σ-finite

measure on FDS × RS. Then m(|kX |) = λ(|rX |) <∞ for X ∈ C, and (R∗m)(kX) = m(kX) for
every X ∈ C, R the twisted reflection of Lemma 13.6(a).
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Proof. Decompose X = A+Y + iA′ + iY ′ with A,A′ real self-adjoint and Y, Y ′ real skew-adjoint,
all in C. By Lemma 13.6(b), kA ◦ R = kA, kiA′ ◦ R = kiA′ , kY ◦ R = −kY , kiY ′ ◦ R = −kiY ′ .
Lemma 13.14 gives m(kY ) = ν(rY ) = 0 for the real skew-adjoint elements, hence m(kX ◦R) =
m(kX). Finiteness is Lemma 13.11 with the exponential moments of Lemma 13.13. □

Lemma 13.17 (separation on the bond pair). Let X0 = |g1⟩⟨g2| with gi ∈ L2(RS) supported in

[−K,K]S, let X =
∑

a τ
∗
aX0τa ∈ C, and put Gi := e−|·|2 ∗ gi. Let m̂ :=

∑
a∈cZS (Ta)∗m be the

unfolding of m to RS × RS, where Ta is the diagonal shift; the set FDS × RS is a fundamental
domain, so m↔ m̂ is a bijection. Then the following hold.

(i) Up to the normalisation of h, kX(B, u) =
∑

a∈cZS G1(B − a)G2(u− a), so that m(kX) =

m̂(G1 ⊗G2).

(ii) m̂(e−δ(|B|2+|u|2)) ≤ Cλ(e(1−δ)|f |
2/2) <∞ for every δ ∈ (0, 1).

(iii) The measure m̂ is determined by the numbers m̂(G1 ⊗G2).
(iv) R∗m = m and λ ◦R = λ.

Proof. (i) The formula for kX is the sum over a of the terms ⟨hB−a, g1⟩⟨g2, hu−a⟩, and the identity
m(kX) = m̂(G1 ⊗G2) follows from it by the definition of m̂.

(ii) The identity |B + a|2 + |u+ a|2 = 2|a+ (B + u)/2|2 + 1
2 |f |

2 gives
∑

a e
−δ(|B+a|2+|u+a|2) ≤

Cδe
−δ|f |2/2 uniformly in (B, u). Since m = k−1

1 λ and k1 = e−|f |2/2, it follows that

m̂(e−δ(|B|2+|u|2)) =

∫
λ(dB du) e|f |

2/2
∑
a

e−δ(|B+a|2+|u+a|2) ≤ Cδλ(e(1−δ)|f |
2/2),

and the right-hand side is finite by Lemma 13.13 at the rate (1 − δ)/2 < 1/2.

(iii) Let (m̂ ∗ Gauss)(ξ, η) :=
∫
e−|ξ−B|2−|η−u|2m̂(dB du) be the Gaussian smoothing of m̂; by

(ii) it is finite, continuous and bounded on compact sets. By Fubini’s theorem, m̂(G1 ⊗G2) =∫
g1(ξ)g2(η) (m̂∗Gauss)(ξ, η) dξ dη. The linear span of the products g1⊗g2 is dense in L2 of every

compact subset of RS ×RS , so the numbers m̂(G1⊗G2) determine the Gaussian smoothing. The

smoothing in turn determines the measure. Indeed, m̂ ∗ Gauss is e−|ξ|2−|η|2 times the two-sided

Laplace transform of the finite measure e−|B|2−|u|2m̂(dB du); here the weight with δ = 1 is
reached from the weight with δ = 1

2 of (ii) by a Gaussian factor. This Laplace transform is finite
everywhere and entire, and its restriction to imaginary arguments is the Fourier transform of the
measure. Hence two measures with the same Gaussian smoothing coincide.

(iv) By Lemma 13.16, the measures (R∗m)∧ and m̂ give the same numbers. The measure
R∗m satisfies the same growth bound as m, because k1 ◦R = k1 and R maps f to −f . Hence
(R∗m)∧ = m̂ by (iii), and therefore R∗m = m and λ ◦R = λ. □

The conclusion of this subsection is the law of the bond pair only: for every finite S the law
under ν of the frame-reduced pair (BS , uS) is invariant under the twisted reflection R. The
insertions of C act as X ⊗ 1 on the Higgs tensor factor of Lemma 13.7(a), so the joint law of

(ρ̃, ρ̃′, ψ̃′ − ψ,B, u) is not separated by Lemma 13.17; the full statement is Theorem 13.28.

13.7. Higgs and Villain sectors.
(A) Higgs sector. Let V := V (S) be the finite site set of the slab window, that is, the set of the
end points of the bonds of S; plaq(S) denotes the set of the spatial plaquettes of the layer all
four bonds of which lie in S, and S is closed under the bonds of its plaquettes if every spatial
plaquette of the layer whose four corners lie in V (S) belongs to plaq(S) (as for the set of the
links of a rectangle).

Lemma 13.18 (Gaussian hopping kernel, no frame). With Φx := ρxe
iγNψx and Φ̃′

x := ρ̃′xe
iγN ψ̃

′
x

one has |eiγN (ψ̃′
x−ψx)ρ̃′x − ρx| = |Φ̃′

x − Φx|, so the slab Higgs factor is
∏
x h =

∏
x e

−|Φ̃′
x−Φx|2/2 =
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cV ⟨hΦ, hΦ̃
′⟩L2(CV ) with hΦ(Ξ) := e−|Ξ−Φ|2, and the layer reference measure

∏
x gct(ρ̃x) dρ̃x dψx

is
∏
x γ

−1
N e−V (ρ̃x)−δmBρ

2
x/2 d2Φx (polar Lebesgue measure; the factor ρ of g(ρ̃) = ρe−V is the

Jacobian). Here Φ ranges over all of CV .

Proof. |eiγNϑρ′ − ρ| is invariant under the common rotation by eiγNψ, and d2Φ = γNρ dρ dψ
on [0,∞) × T. The Gaussian identity is that of Subsection 13.4 with cV the normalisation
constant. □

Lemma 13.19 (Higgs class and ratio). Let CH := {XH bounded on L2(CV ) = L2(R2V ) :

XH = PKXHPK} with PK := 1{|Ξx|≤K ∀x}, kXH
(Φ, Φ̃′) := ⟨hΦ, XHh

Φ̃′⟩, kH1 = cV e
−|fH |2/2

with fH := Φ̃′ − Φ, and rXH
:= kXH

/kH1 . Then |rXH
| ≤ CK∥XH∥ecY |fH | with cY = 4

√
V K:

exponential-linear in fH .

Proof. As in Lemma 13.11 with the ball {|Ξx| ≤ K ∀x} in place of QK : its Euclidean half-

diameter is
√
V K (attained at Φ1 = · · · = ΦV = K), so the same computation gives the bound

with 2
√
V K in place of cY , and a fortiori with the constant cY = 4

√
V K of the statement. □

Lemma 13.20 (Higgs corrector). For a ∈ Z2V , rτa(fH) = ea·fH−|a|2/2. Let ZH := δ +∑
a∈Z2V αaτa, αa := CZe

β|a|−|a|2/2, DH :=
√

2V /2, β ≥ 2cY + 3DH and CZ ≥ 1
4C

2
Y e

βDH+D2
H .

Then ZH is bounded and real self-adjoint, rZH
≥ δ+CZe

(β−3DH)|fH |−βDH−D2
H ≥ δ+ 1

4r
2
Y whenever

|rY | ≤ CY e
cY |fH |, so 1 + trY + t2rZH

≥ (1 + trY /2)2 + δt2 > 0, and rZH
≤ Ce|fH |2/4+β|fH |/2 (rate

1/4).

Proof. The proof of Lemma 13.12 applies word for word on the lattice Z2V (cell half-diameter
DH ; the nearest lattice point a∗ to −fH has |a∗ + fH | ≤ DH). □

Lemma 13.21 (full feature map and averaging identity). Let Hfull := H ⊗ L2(CV ) and

Φfull(c) := Φ(c) ⊗ hΦ(c). Then K(c, c̃′) = ⟨Φfull(c),Φfull(c̃
′)⟩ is the slab kernel (13.5) (the

Gaussian factorisation of Lemma 13.18 replacing the Bessel one; the same positive kernel,
so T = B∗B and ZM = Tr(PGT

M ) are unchanged). The diagonal gauge action rotates
Φx 7→ eiγNλxΦx; with (U(λ)g)(Ξ) := g(e−iγNλΞ), unitary and configuration independent,
Φfull(λ.c) = (R(λ) ⊗ U(λ))Φfull(c), and Lemma 13.7(c) holds for every bounded X on Hfull

with X̄ :=
∫
dλ (R⊗U)(λ)∗X(R⊗U)(λ), where for such insertions ZM (X1, . . . , Xk) denotes the

partition function of the periodic measure in which the slab kernel K(c, c̃′) at the height of Xs is
replaced by ⟨Φfull(c), XsΦfull(c̃

′)⟩; no summability condition enters, and the layer integrals converge

absolutely because this kernel is bounded by ∥Xs∥
√
K(c, c)K(c̃′, c̃′). So does Lemma 13.10. For

X ⊗XH : k = kXkXH
and r = rXrXH

.

Proof. The kernel identity is Lemma 13.7(a) with the hopping factor written by Lemma 13.18;

the covariance of hΦ under rotations is he
iγNλΦ = U(λ)hΦ; the proof of Lemma 13.7(c) used only

the covariance Φ(λ.c) = R(λ)Φ(c) and the measure preservation of Lemma 13.3(a). □

What the Higgs sector uses. (I3) gives, by |fH,x|2 ≤ 2ρ2x + 2ρ̃′2x and Hölder over the 2V factors,

ν(ea
∑

x∈V |fH,x|2) <∞ for every a (every rate, in particular the rate 1/4 of Lemma 13.20), and
ν(ρ2x) <∞ for Lemma 13.9.
(B) Villain sector: the layer integers v individually. In the Zak form (13.7) the kernel of every
α-decomposable insertion, that is, of every Z-periodic X ∈ C and of every multiplication by
a function m(α), depends on the Villain integers of the two layers only through ṽ′ − v. The
translations in α of the next lemma carry, in addition, a character of v itself.



OSTERWALDER–SCHRADER AXIOMS FOR SCALAR QED3 IN THE HIGGS PHASE 119

Lemma 13.22 (α-translations carry the character of the lower layer’s v). For s ∈ [0, 1)plaq(S) let

(TsF )(α) := F (α− s), a unitary operator on H, and put σ := d̃s. Let k(y) := (y− [y]FD)/c ∈ ZS

be the cell index of y, and let u = B̃′ − ṽt be the pair coordinate. Then

(13.29)
kTs(c, c̃

′) = es(v) ⟨hB,Msh
u⟩L2(RS),

es(v) := e+2πis·v/c, Ms := multiplication by χs(y) := e+2πiσ·k(y),

and, for fibred X (Lemma 13.7(b)) such that
∑

a∈cZS |⟨hB,MsXh
u−a⟩| < ∞ for all B, u ∈ RS,

in particular for X ∈ C, kTsX(c, c̃′) = es(v)⟨hB,MsXh
u⟩. Moreover |rTs | ≤ 1 and, for X ∈ C,

|rTsX | ≤ CecY |f | as in Lemma 13.11. Thus the kernel of TsX is the character es(v) of the closed
cZ-valued Villain 2-form of the lower layer times a pair-space insertion with the same growth
bound. The operator Ts is bounded, so Lemmas 13.10 and 13.21 apply to it. In pair coordinates,
χs(u) = e−2πiσ·ṽt/c.

Proof. By the definitions of Φ and of Ts,

⟨Φ(c), TsΦ(c̃′)⟩ =

∫
dα e2πiα·v/ce−2πi(α−s)·ṽ′/c⟨ZhB(θ), ZhB̃

′
(θ − σ)⟩L2(FDS).

The computation of Lemma 13.7(a), with the extra phase, gives

⟨ZhB(θ), ZhB̃
′
(θ − σ)⟩ =

∑
m

e−2πi(θ−σ)·m⟨hB,Msh
B̃′−cm⟩,

because a point η ∈ FDS + ck has the cell index k(η) = k and e2πiσ·(k+m) = e2πiσ·mχs(η). Since
θ ·m = α · dsm and σ ·m = s · dsm, the integral over α selects cm = ṽt with dsṽ

t = v − ṽ′,
and the remaining phase is e2πis·(ṽ

′+dsṽt)/c = es(v). This is (13.29). For fibred X as in the

statement the same computation applies. Since T ∗
s = T−s, the form that defines X̂ gives

⟨Φ(c), TsX̂Φ(c̃′)⟩ =
∫
dα ⟨Φ(c)(α), (X(θ − σ) ⊗ 1)Φ(c̃′)(α − s)⟩ with θ = d̃α. Lemma 13.7(b4),

applied at the point θ−σ to g1 := M−1
s hB , which is regular with (Zg1)(θ−σ, ·) = (ZhB)(θ, ·), and

to g2 := hB̃
′
, gives ⟨(ZhB)(θ, ·), X(θ − σ)(ZhB̃

′
)(θ − σ, ·)⟩ =

∑
m e

−2πi(θ−σ)·m⟨hB,MsXh
B̃′−cm⟩

for every θ; the assumption makes this series absolutely convergent, so that it may be exchanged
with the integral over α. For X ∈ C the assumption follows from the growth bound proved next,

because
∑

a∈cZS ecY |f+a|−|f+a|2/2 <∞.
Since |χs| = 1 and h ≥ 0, one has |rTs | ≤ 1. For the growth bound of rTsX , each localised piece

⟨τahB, (τaMsτ
∗
a )X0τah

u⟩ has |τaMsτ
∗
a | = 1, and Ms commutes with PK , both being multiplica-

tions; the proof of Lemma 13.11 therefore applies. The character es and the multiplier χs carry
the same sign in the exponent; both signs may be reversed together with the sign convention
of (13.7). □

Lemma 13.23 (quasi-periodicity). For a ∈ cZS one has χs(y+a) = e2πiσ·a/cχs(y). Consequently,
for X0 = |g1⟩⟨g2| and X =

∑
a τ

∗
aX0τa,

(13.30)

kTsX(c, c̃′) = es(v)
∑
a∈cZS

e2πis·(dsa)/cGs1(B − a)G2(u− a),

Gs1 := e−|·|2 ∗ (χsg1), G2 := e−|·|2 ∗ g2.

The map g1 7→ χsg1 is a bijection of the compactly supported L2 functions, so that, for fixed s,
the functions Gs1 range over the same set as the functions G1 of Lemma 13.17.

Proof. The cell index satisfies k(y + a) = k(y) + a/c, which gives the first claim. Hence τaMsτ
∗
a

is the multiplication by χs(· + a) = e2πiσ·a/cχs, and

⟨hB,Msτ
∗
aX0τah

u⟩ = e2πiσ·a/c⟨hB−a, χsg1⟩⟨hu−a, g2⟩.
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Summation over a and Lemma 13.22 give (13.30), since σ · a = s · dsa by adjointness. □

13.8. Joint separation and the exchange theorem.

Lemma 13.24 (full class; Hermitian relation). Let Cfull be the complex span of {Ts(X ⊗XH) :

s ∈ [0, 1)plaq(S), X ∈ C, XH ∈ CH} on Hfull. The class Cfull is closed under adjoints; indeed
T ∗
s = T−s and

(Ts(X ⊗XH))∗ = (X∗ ⊗X∗
H)T−s = T−s

(
TsX̂

∗T−s ⊗X∗
H

)
,

with T−sX̂Ts = (M−1
s XMs)

∧ ∈ C and TsX̂T−s = (MsXM
−1
s )∧ ∈ C. It is also closed under

J := Jα ⊗ JH , where (JαF )(α) := F (−α) and JH is the complex conjugation on L2(CV ). One
has JΦfull(c) = Φfull(c), and therefore kJXJ = kX and kX ◦ sw = kX∗ for every bounded X on

Hfull. The ratios satisfy |rX | ≤ CecY (|f |+|fH |) for X ∈ Cfull. Finally, Cfull contains, with each of
its elements X, the operators (X + JXJ)/2 and (X − JXJ)/(2i), and, with each of its elements
W , the operators (W +W ∗)/2 and (W −W ∗)/2; these are the J-real and the J-imaginary part
of X and the self-adjoint and the skew-adjoint part of W .

Proof. By Lemma 13.22, in the form Z(MsXg)(θ) = X(θ − σ)Zg(θ − σ), the operator T−sX̂Ts
corresponds under the Zak transform to M−1

s XMs: by Lemma 13.7(b2) the operator M−1
s XMs

is fibred with the fibres X(θ + σ), and these are the fibres of T−sX̂Ts, because T ∗
−s = Ts shifts α

by s in the form that defines X̂. The function χs commutes with PK , both being multiplications,
so M−1

s X0Ms is again bounded and PK-localised, and M−1
s XMs ∈ C; the same holds with −s

in place of s. This gives the closure under adjoints. The class is also closed under J . Indeed,

JαTsJα = T−s and JαX̂Jα = X̂♯, where X♯ ∈ C is the complex conjugate of X (Lemma 13.16;

the Zak transform turns the complex conjugation of L2(RS) into the map F (θ) 7→ F (−θ), and
the fibres of X♯ are the complex conjugates of the operators X(−θ), by Lemma 13.7(b2)), and
JHXHJH ∈ CH because PK is a real multiplication. Hence J Ts(X⊗XH) J = T−s(X

♯⊗JHXHJH),
and the complex span is preserved because J is antilinear. The identity JΦfull = Φfull holds

because h is real and ZhB(−θ) = ZhB(θ). It gives

kJXJ(c, c̃′) = ⟨JΦfull(c), XJΦfull(c̃′)⟩ = ⟨Φfull(c), XΦfull(c̃′)⟩
and

kX(sw(c, c̃′)) = ⟨Φfull(c̃
′), XΦfull(c)⟩ = kX∗(c, c̃′).

No frame appears in the second identity, because the feature map of a layer depends on the data
of that layer only. The bound on the ratios follows from Lemmas 13.11, 13.19 and 13.22. The
last assertion follows from the closure of Cfull under adjoints, under J and under complex linear
combinations. □

Lemma 13.25 (ν(rY ) = 0 for Cfull). Let ν be as in Theorem 13.1 (after Lemma 13.3), let the
bond set S be closed under the bonds of its plaquettes, and let Y ∈ Cfull be real skew-adjoint, with
|rY | ≤ CY e

cY (|f |+|fH |). Then λ(rY ) = ν(rY ◦ Θσ) = 0.

Proof. Let Z := δ + Zb ⊗ ZH , where Zb is the corrector of Lemma 13.12 and ZH that of
Lemma 13.20. The operator Z is bounded and real self-adjoint, and rZ = δ + rZb

(f) rZH
(fH) ≥

δ + 1
4r

2
Y ; the product of the two correctors is taken here because it dominates e2cY (|f |+|fH |),

which a sum would not do. Consequently 1 + trY + t2rZ ≥ (1 + trY /2)2 + δt2 > 0. Moreover

rZ ≤ Ce(|f |
2+|fH |2)/4+c(|f |+|fH |) ≤ Ce3Q/8 with Q := |f |2 + |fH |2, because ec(|f |+|fH |) ≤ eQ/8+4c2 .

Put Xt := 1 + tY + t2Z, so that ∥Xt∥ ≤ 1 +O(t2), and vt := log(1 + trY + t2rZ) ◦ Θσ, so that
|vt| ≤ | log(δt2)| + C(1 +Q).

Upper bound. We apply Lemma 13.9, whose hypotheses follow from (I1) and (I2), with the
periodised sum over a coarser sublattice Γ′ ⊂ Γ, which exists because S and its site set V (S)
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are finite, for which the translates of S and of V (S) at equal height are pairwise disjoint, and
then (13.28) with Lemmas 13.21 and 13.10; the sums over ṽt in the kernels of Y and of Z converge
absolutely, by Lemma 13.22 for the terms Ts(X ⊗ XH) of Y and by Remark 13.8 for Zb; for
the products over the pairwise disjoint translates of the window at one height the kernel is the
product of the kernels of the windows and the sum factorises (Lemma 14.27(b),(c), whose proof
does not use the present lemma; its hypotheses hold because the translates of S are closed under
the bonds of their plaquettes, as S is, and are pairwise disjoint in bonds and in sites). This gives
ν(vt) ≤ log ∥Xt∥ = O(t2). As in the proof of Lemma 13.14, Lemma 13.9 is applied on its cubic
tori εZ3

ℓ with ℓεZ3 ⊂ Γ′, where µℓ is the periodic measure with M = ℓ layers over the layer torus
of side ℓ; on these tori the translates of S and of V (S) at equal height stay pairwise disjoint,
because ℓεZ3 ⊂ Γ′.

Lower bound. The lower bound uses no moment of rZ . On the set At := {|t| |rY | ≤ 1
2 , t

2rZ ≤ 1
2}

the inequality rZ ≥ 0 gives vt ≥ log(1 + trY ) ≥ trY − t2r2Y , and off At one has vt ≥ log(δt2). The
complement of At satisfies

Act ⊂ {|f | + |fH | ≥ c−1
Y log(1/(2CY |t|))} ∪ {Q ≥ 16

3 log(1/|t|) − C}.

The first set has a super-polynomially small ν-measure, by the Gaussian moments. For the second
set we use that ν(eaQ) <∞ for every a < 1

2 : the bond factor is controlled by Lemma 13.13 at

a rate a′ < 1
2 , the Higgs factor by (I3) at every rate, and the two are combined by Hölder’s

inequality with an exponent p ↓ 1 on the bond factor. Hence ν(Act) ≤ C|t|16a/3. For a ∈ (38 ,
1
2)

this gives ν(Act) log(1/(δt2)) = o(t2) and |t|ν(|rY |1Ac
t
) ≤ |t|ν(r2Y )1/2ν(Act)

1/2 = o(t2). As in the

proof of Lemma 13.14, it follows that tν(rY ) ≤ O(t2) for both signs of t, so λ(rY ) = 0.
The second set calls for a rate > 3

8 , which the constant 1
2 in the exponent of (I2) gives. The

condition t2rZ ≤ 1
2 in At is not needed for the lower bound (compare the proof of Lemma 13.14),

so this requirement is a feature of the present proof. □

Lemma 13.26 (Hermitian property). Let S be closed under the bonds of its plaquettes, and let
m := K−1λ on the S-local slab data, where K−1 denotes the division by the single-term unfolded

kernel w(B − u)e−|fH |2/2 > 0. The S-local slab data are B ∈ FDS, u ∈ RS, the closed form

v ∈ (cZ)plaq(S) and Φ, Φ̃′ ∈ CV ; the form ṽ′ = v − ds([u]FD − u) is determined by them. Then
m(|kX |) = λ(|rX |) <∞ and m(kX ◦ sw) = m(kX) for every X ∈ Cfull.

Proof. The finiteness follows from Lemma 13.24, Lemma 13.13 and (I3). For the identity, write
X = Xr + iXi with Xr := (X + JXJ)/2 and Xi := (X − JXJ)/(2i), which both commute with
J , and write a J-real operator W as W = A+ Y , where A := (W +W ∗)/2 is real self-adjoint
and Y := (W −W ∗)/2 is real skew-adjoint. All these operators belong to Cfull (Lemma 13.24).
For a J-real W the kernel kW is real, since kJWJ = kW , and

kW ◦ sw = kW ∗ = kW ∗ = kA − kY ,

so that m(kW ◦ sw) = m(kW ) − 2λ(rY ) = m(kW ) by Lemma 13.25. Applying this to Xr and to
Xi gives the claim. □

Lemma 13.27 (separation, the layer integers v included). The measure m of Lemma 13.26
satisfies sw∗m = m on the full S-local slab data.

Proof. Fix s ∈ [0, 1)plaq(S). For X0 = |g1⟩⟨g2|, XH = |gH1 ⟩⟨gH2 | and X = Ts(
∑

a τ
∗
aX0τa ⊗XH),

Lemmas 13.23 and 13.19 give

kX = es(v)
[ ∑
a∈cZS

e2πis·(dsa)/cGs1(B − a)G2(u− a)
]
GH1 (Φ)GH2 (Φ̃′).
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The swapped kernel is kX ◦ sw = es(ṽ
′)e2πiσ·a0/c⟨hu,MsXh

B⟩ · · · , where a0 := [u]FD − u is the
frame and the dots stand for the Higgs factors. Since ṽ′ = v − dsa0, the quasi-periodicity phase
of Ms (Lemma 13.23) converts es(ṽ

′) into es(v). Thus both sides of the Hermitian identity carry
the same character.

Define the twisted unfolding m̂s :=
∑

a∈cZS e2πis·(dsa)/c(Ta)∗
(
es(v)m

)
, where Ta is the diagonal

shift of (B, u), which fixes v,Φ, Φ̃′. It is a complex measure on RS × RS × CV × CV with
|m̂s| ≤ m̂ :=

∑
a(Ta)∗m. The measure m̂ satisfies the following growth bound for every δ ∈ [34 , 1);

such a weight dominates the Gaussian smoothing at rate 1:

m̂
(
e−δ(|B|2+|u|2+|Φ|2+|Φ̃′|2)) ≤ Cδλ

(
e|f |

2/4
)1/2

λ
(
e|fH |2/4)1/2 <∞,

by Lemma 13.13 at the joint rate 1/4, used in the Cauchy–Schwarz form, and by (I3). A joint
rate 1/8 would suffice with this weight.

The identities of Lemma 13.26, written for the unfolded pair kernels, state that the integral∫
Gs1⊗G2⊗GH1 ⊗GH2 dm̂s is equal to the same integral with respect to (sw∗m)∧s , for all compactly

supported g1, g2, gH1 , gH2 . The linear span of the products is dense in L2 of every compact set of

(B, u,Φ, Φ̃′), so, as in the proof of Lemma 13.17(iii), the Gaussian smoothings of the weighted
measures agree. The argument of Lemma 13.17 applies: the measures are finite complex measures
after multiplication by the Gaussian weight, their two-sided Laplace transforms are entire, and
the restriction to imaginary arguments is the Fourier transform. It gives m̂s = (sw∗m)∧s as
complex measures, for every s.

Now restrict this identity to B ∈ FDS . The sets FDS + a are disjoint, and sw∗m is supported
on B ∈ FDS as m is, so the term a = 0 is selected on both sides:∫

es(v)m(·, dv) =

∫
es(v) (sw∗m)(·, dv)

on FDS×RS×CV ×CV , for every s. The characters es separate (cZ)plaq(S), and Fourier inversion
in s on bounded sets of the slab data, where both measures are finite, recovers the v-marginal.
Hence sw∗m = m. □

Theorem 13.28 (exchange theorem, S-local form). Let ν be as in Theorem 13.1, passed to the
phase-restored specification by Lemma 13.3, and let S be a finite spatial bond set closed under
the bonds of its plaquettes. Then ν and ν ◦ θ̂, θ the mid-plane reflection of the slab, agree on all
bounded gauge-invariant S-local slab functions (Higgs, Villain and bond sectors jointly, temporal
plaquettes included).

Proof. K ◦ sw = K and sw∗m = m (Lemma 13.27) give sw∗λ = λ on the S-local temporal-gauge
slab data Θσ|S = (c|S , c̃′|S , ṽt|S). For a diagonal-gauge-invariant S-local F , Lemma 13.4(c)
gives F (Θσθω) = F (sw Θσω), hence ν(F ◦ Θσ ◦ θ) = λ(F ◦ sw) = λ(F ) = ν(F ◦ Θσ). The
gauge-invariant S-local slab functions are exactly the F ◦ Θσ with F diagonal-invariant and
S-local (Lemma 13.4(b)). □

Remark 13.29. Theorem 13.28 is stated for S-local functions, for every finite S closed under the
bonds of its plaquettes; the passage to the laws of the full two-layer data over a box happens
inside the proof of Theorem 13.30 (Lemma 13.37), not here. It applies to Gibbs measures of the
unperturbed specification (the comparison states, by Proposition 14.22), and not to the limit
points νt, t ̸= 0, of the perturbed laws of Section 14 (Lemma 14.21).

13.9. Two consecutive layers determine the Gibbs measure. Throughout this subsection
γ̃ is the phase-restored specification of Subsection 13.2 on εZ3 = (time εZ) × (space εZ2), layer
k is the set of sites at time kε, and Zg := cZ. Convention. Every Gibbs measure of γ̃ is carried
by configurations satisfying all cube constraints (dv = 0 on every cube), so the flux identities of
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Lemma 13.32 below hold almost surely; on the infinite layer there is no total flux class, and the
proofs below use none. The DLR kernels of finite sub-sets ∆ of V (Λ) are the Fubini conditionals
of γ̃Λ (Lemma 13.3(c)). The statement holds for all Gibbs measures of γ̃: it requires neither
temperedness nor moment bounds nor G-invariance, and it does not depend on (I1)–(I3).

Theorem 13.30 (two consecutive layers determine the Gibbs measure). Let ν, ν ′ be Gibbs
measures of γ̃ on εZ3 and n0 ∈ Z. Suppose that for every finite spatial set S (equivalently every
rectangle B) ν and ν ′ agree on every bounded function of the variables of the slab [n0, n0 + 1] over
S, namely the Higgs fields (ρ̃, ψ) of layers n0, n0 + 1 at the sites of S, the spatial links of both
layers inside S and the spatial Villain integers of both layers over the set P (S) of the plaquettes
with all four corners in S, the temporal links at the sites of S, and the temporal plaquettes with
their Villain integers over the links of S, that is invariant under the gauge transformations
supported in S × {n0, n0 + 1} (equivalently, under all gauge transformations). Then ν = ν ′.

Lemma 13.31 (Gaussian convolution is injective on positive measures). Let d ≥ 1, Ω ⊂ Rd

nonempty open, andM,M ′ positive Borel measures on Rd with (WM)(x) :=
∫
e−|x−y|2/2M(dy) =

(WM ′)(x) <∞ for Lebesgue-a.e. x ∈ Ω. Then M = M ′.

Proof. Put g := e−|y|2/2M , g′ := e−|y|2/2M ′, so that WM(x) = e−|x|2/2Lg(x) with Lg(x) :=∫
ex·yg(dy). (i) By Hölder, C := {Lg < ∞} is convex and contains a.e. point of Ω; a point

x0 ∈ Ω \ C would give, by separation, a nonempty open subset of Ω disjoint from C, so Ω ⊂ C,
likewise Ω ⊂ C ′, andO := int(C∩C ′) is open, convex and contains Ω. (ii) F (z) :=

∫
ez·y(g−g′)(dy)

is holomorphic on the tube {Re z ∈ O} (domination of eRe z·y by the vertex exponentials of a
small cube, Morera, Hartogs). (iii) Lg = Lg′ a.e. on Ω and both are continuous on O, hence equal
on Ω; all real partial derivatives of F vanish at a point of Ω, so F = 0 on the connected tube. Fix
x0 ∈ O: ξ 7→ F (x0 + iξ) is the Fourier transform of the finite signed measure ex0·y(g− g′)(dy) on
Rd, which therefore vanishes; so g = g′ and M = M ′. (The restriction to x0 + iRd with x0 ∈ O
is the general form; in every use below 0 ∈ O.) □

Lemma 13.31 assumes no moment bound beyond the finiteness almost everywhere; the case of
any other Gaussian rate follows by scaling, and a positive factor f(x)f(y) in the kernel can be
absorbed.
Rectangles and straddling plaquettes. A rectangle is a set of sites Λ = {a1, . . . , a1 + L1} ×
{a2, . . . , a2 + L2} in εZ2 (in units of ε; Li ≥ 1). We write Bo(Λ) for the set of links with both
ends in Λ, P (Λ) for the set of plaquettes with all four corners in Λ, ∂Bo(Λ) for the set of the
2(L1 + L2) boundary links of the rectangle, and Bo◦(Λ) := Bo(Λ) \ ∂Bo(Λ). A plaquette that
is not in P (Λ) and has a link in Bo(Λ) is called straddling. A straddling plaquette has exactly
one link in Bo(Λ), and this link is a boundary link; conversely, every boundary link lies in
exactly one straddling plaquette (the corner plaquettes have no link in Bo(Λ)). The straddling
plaquettes are thus in bijection p′ ↔ b(p′) with ∂Bo(Λ); we write p′(b) for the straddling plaquette
that contains the boundary link b, and we put P+(Λ) := P (Λ) ∪ {straddling plaquettes}. The
three other links of a straddling plaquette are its collar links. They belong to Bo(Λ+), where
Λ+ := {sites at sup-distance ≤ ε from Λ} is again a rectangle.

For w ∈ ZBo(Λ)
g the Stokes identity reads∑

p∈P (Λ)

(dsw)p = circ(w) :=
∑

b∈∂Bo(Λ)

ϵbwb,

where ϵb = ±1 is the boundary orientation. A boundary link has a fixed orientation in its
straddling plaquette, so the straddling cube constraints and the flux invariant defined below
carry fixed signs ±1, one for each boundary link. In the lemmas below these signs only relabel
Zg-valued coordinates, and we suppress them from here on.
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Transported slab data. Let ν and ν ′ be Gibbs measures of γ̃. For the slab [m,n] put λ
(k)
x :=

−(B
(m)
t + · · · + B

(k−1)
t )x for m ≤ k ≤ n, let c̃k := λ(k).ck be the transported configuration of

layer k, and let ṽt,(k) be the correspondingly shifted temporal integers; the temporal links of the
slab then become 0. Here ck is the configuration of layer k in the notation of Subsection 13.3,

and we write Φ̃(k), B̃(k) and ṽ(k) for the Higgs field of c̃k (in the complex form of Lemma 13.18),

its spatial links and its spatial Villain integers. Layer m, on which λ(m) = 0, is called the base
layer of these data; the data with another base layer k ∈ [m,n] are defined in the same way, with
the gauge transformation that vanishes on layer k and removes the temporal links of the slab.
For a rectangle B let

Θm,n,B :=
(
Φ̃(k)|B, B̃(k)|Bo(B), ṽ

(k)|P (B), m ≤ k ≤ n; ṽt,(k)|Bo(B), m ≤ k ≤ n− 1
)
,

and let H(m,n) be the statement that the laws of Θm,n,B under ν and ν ′ coincide for every
rectangle B. Every finite spatial set lies in a rectangle, so by Lemma 13.37 below the hypothesis
of Theorem 13.30 is H(n0, n0 + 1).
The DLR equation of a rectangle and the patch kernel. Fix m ≤ n − 1 and a rectangle Λ.
Let ∆ be the following set of variables: on layer n, the Higgs variables {ρ̃x, ψx : x ∈ Λ}, the
links {Bb : b ∈ Bo(Λ)} and the Villain integers {vp : p ∈ P+(Λ)}; and the temporal integers

{vt,(n−1)
b , v

t,(n)
b : b ∈ Bo(Λ)} of both adjacent slabs over Bo(Λ), boundary links included. The

temporal links do not belong to ∆; they stay exterior.
We collect the transported coordinates in three groups, which are denoted by v, Y and u until

the end of this subsection. The first group consists of the layer-n coordinates over Λ,

v := (Φ̃(n)|Λ, B̃(n)|Bo(Λ), ṽ
(n)|P+(Λ)).

The second group, Y , consists of all coordinates of Θm,n,Λ+ other than those of v and other than

ṽt,(n−1)|Bo(Λ). The third group is

u := (Φ̃(n+1)|Λ, B̃(n+1)|Bo(Λ), ṽ
(n+1)|P+(Λ), ṽ

t,(n)|collar links).

Every coordinate of Y and of u is a function of exterior variables, that is, of variables that do
not belong to ∆. Indeed, the coordinates of the layers m, . . . , n− 1 and of the slabs m, . . . , n− 2

over Λ+ involve only Bt and layer-k data with k < n. The layer-n coordinates outside Λ are Φ̃ at

the sites of Λ+ \ Λ, B̃b for b /∈ Bo(Λ) and ṽp for p /∈ P+(Λ), whose FD-shifts involve only links
not in Bo(Λ). The slab-(n− 1) integers in Y are those on links not in Bo(Λ). Finally, u involves
layer n+ 1 and the collar links only. This is the reason for including the straddling plaquettes in
∆. Since (Y, v) is a sub-family of Θm,n,Λ+ , the statement H(m,n), applied to the rectangle Λ+,
implies that the law of (Y, v) is the same under ν and ν ′.

The factors of the weight W that contain a variable of ∆ are the following: the factors gct(ρ̃x),
x ∈ Λ; the spatial factors h on Bo(Λ) and on the links with one end in Λ; the spatial factors
w on P (Λ) and on the straddling plaquettes; the temporal factors h at the sites x ∈ Λ and the
temporal factors w on Bo(Λ), for both slabs; and the cube constraints on P+(Λ), for both slabs.
The integrand of γ̃∆ is gauge invariant, and for a fixed exterior configuration the gauge action is
a measure-preserving bijection of the space of the variables of ∆ (Lemma 13.3(a)). We apply

the gauge transformation λ = (λ(k))k and transport the variables (cn|Λ, vt|Bo(Λ)). For bounded
functions A, a, f this gives

(13.31)
γ̃∆

(
A(Y )a(v)f(u)

)
(ω) = A(Y )f(u)Z(Y, u)−1

∫
a(v′) c(v′;Y )KΛ(v′, u)λΛ(dv′),

λΛ := Leb(CΛ) × Haar(TBo(Λ)) × counting(ZP
+(Λ)

g ),
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with G(z) := e−|z|2/2, c(v′;Y ) := WΛ(v′;Y )K low
Λ (Y, v′) and

K low
Λ (Y, v′) :=

∏
x∈Λ

G(Φ′
x − Φ̃(n−1)

x )
∑

vt: lower cube constraints on P+(Λ)

∏
b∈Bo(Λ)

w(B′
b − B̃

(n−1)
b + vtb),

KΛ(v′, u) :=
∏
x∈Λ

G(Φ̃(n+1)
x − Φ′

x)
∑

vt: upper cube constraints on P+(Λ)

∏
b∈Bo(Λ)

w(B̃
(n+1)
b −B′

b + vtb),

where the integration variable is written v′ = (Φ′, B′, (v′p)p∈P+(Λ)) and Z(Y, u) denotes the

integral on the right side of (13.31) with a = 1. The function WΛ(v′;Y ) is the product of the
factors gct on Λ and of the spatial factors h and w that contain a variable of ∆, written in
transported variables. The exterior layer-n data that enter the factors at the boundary links and
plaquettes are coordinates of Y , and the site Jacobian

∏
x(γNρ

′
x)−1 of Lemma 13.18 is absorbed

into WΛ. We call KΛ the patch kernel.
The upper cube constraints, over which the sum in KΛ runs, read as follows. On p ∈ P (Λ)

the constraint is (dsv
t)p = ṽ

(n+1)
p − v′p. On a straddling plaquette p′ with boundary link b = b(p′)

it is vtb = γp′(u) − v′p′ , where

γp′(u) := ṽ
(n+1)
p′ − (signed sum of the three collar integers ṽt,(n) of u at p′)

is defined by this exterior expression in u. Hence KΛ depends on u only through

ū := (Φ̃(n+1)|Λ, B̃(n+1)|Bo(Λ), ṽ
(n+1)|P (Λ), γ) ∈ UΛ := CΛ × TBo(Λ) × ZP (Λ)

g × Z∂Bo(Λ)
g ,

and so does Z. We write KΛ(v′, ū) and Z(Y, ū) accordingly.
Since ν and ν ′ are Gibbs measures, integrating (13.31) against ρ ∈ {ν, ν ′} gives

(13.32)

ρ
(
A(Y )a(v)f(ū)

)
=

∫
A(Y )f(ū)Ψa(Y, ū)Qρ(dY dū),

Ψa := Z−1

∫
a(v′)c(v′;Y )KΛ(v′, ū)λΛ(dv′),

where Qρ is the law of (Y, ū) under ρ; under H(m,n) we write QY for the common law of Y under
ν and ν ′. The function Z is finite everywhere: one has h,w,G ≤ 1, each coset sum is bounded
by a product of periodised Gaussians, the sum over v′P+ of the spatial w-factors converges, and∫
gctGd

2Φ <∞ by (2.1). Moreover Z lies in (0,∞) ρ-almost surely. The condition m ≤ n− 1
ensures that c̃n−1|Λ belongs to Y .

Lemma 13.32 (relative flux on a rectangle). Let β ∈ Z∂Bo(Λ)
g and f ∈ ZP (Λ)

g . The set ΓΛ(f ;β) :=

{w ∈ ZBo(Λ)
g : w|∂Bo = β, dsw = f on P (Λ)} is nonempty if and only if

∑
p∈P (Λ) fp = circ(β),

and then it is a coset of the countable subgroup ΓΛ(0; 0).

Proof. Necessity follows from the Stokes identity
∑

p∈P (Λ)(dsw)p = circ(w). Sufficiency: let

w0 := β on ∂Bo, 0 on Bo◦, and g := f − dsw0, so
∑

p gp = 0. List P (Λ) along a boustrophedon
path p1, . . . , pM ; consecutive plaquettes share an interior link bj lying in no other plaquette of
P (Λ) and entering (dsw)pj , (dsw)pj+1 with opposite signs. Choose w on b1 so that (dsw)p1 = gp1 ,
which changes the requirement at p2 to gp2 + gp1 ; continue; at pM the requirement is

∑
p gp = 0,

met with the remaining interior links 0. Then w0 + w ∈ ΓΛ(f ;β). The coset statement follows
from the linearity of the two conditions. □
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Flux invariant. Let V + := ZP
+(Λ)

g be the space of the integer components (v′p)p∈P+(Λ) of the

layer-n variable v′; we write v′ also for these components. For v′ ∈ V + put

F (v′) :=
∑

p∈P (Λ)

v′p − circ
(
(v′p′(b))b∈∂Bo

)
,

where the integers of the straddling plaquettes are read as boundary data, and for ū put

F (ū) :=
∑

p∈P (Λ)

ṽ(n+1)
p − circ(γ).

We call F the flux invariant. The sum over the upper cube constraints in KΛ(v′, ū) runs over a
set of the form considered in Lemma 13.32, whose boundary values are γp′ − v′p′ and whose f is

ṽ(n+1) − v′ on P (Λ); we call it the upper coset. By Lemma 13.32 the upper coset is nonempty if
and only if F (ū) = F (v′). In the same way the lower coset, over which the sum in K low

Λ (Y, v′)
runs, is nonempty if and only if F (v′) = F (Y ), where F (Y ) is the analogous expression in
the layer-(n − 1) and slab-(n − 1) integers; it is a function of Y . Every Gibbs measure of γ̃
is carried by the configurations that satisfy all cube constraints (the convention stated at the
beginning of this subsection), so under a Gibbs measure both constraints hold almost surely, and
F (v) = F (ū) = F (Y ) almost surely. Finally, c(v′;Y ) > 0 if and only if F (v′) = F (Y ) and ρ′x > 0
for all x, where the second condition holds λΛ-almost everywhere; indeed all factors h,w, gct are
> 0 there.

For the bond variables let

BΛ := TBo(Λ) × ZP (Λ)
g × Z∂Bo(Λ)

g ,

with elements (B̃, ṽ, γ) and with the measure λB := Haar×counting, and for (B′, v′) ∈ TBo(Λ)×V +

put

Kbond,Λ

(
(B′, v′), (B̃, ṽ, γ)

)
:=

∑
w∈ΓΛ(ṽ−v′|P (Λ); γ−v′|∂Bo)

∏
b∈Bo(Λ)

e−(B̃b−B′
b+wb)

2/2

where the link variables are taken as their FD representatives. Then KΛ(v′, ū) = G(Φ̃−Φ′)Kbond,Λ.

Lemma 13.33 (the bond sector of the patch kernel). Fix F0 ∈ Zg and let µ, µ′ be positive Borel
measures on BΛ carried by the class C(F0) := {F (ū) = F0}. Suppose that for one v′ ∈ V + with

F (v′) = F0 and for Haar-almost every B′ ∈ TBo(Λ),

(Kbond,Λµ)(B′, v′) = (Kbond,Λµ
′)(B′, v′) <∞.

Then µ = µ′.

Proof. Let v′ be as in the statement and put

D := {(B̃, ṽ, γ, w) : w ∈ ΓΛ(ṽ − v′; γ − v′∂Bo)}.

We first show that the map T (B̃, ṽ, γ, w) := B̃ + w ∈ RBo(Λ) is injective on D. Indeed, if

U = T (B̃, ṽ, γ, w), then B̃ = [U ]FD and w = U − [U ]FD on all of Bo(Λ); the boundary values of
w then give γp′(b) = wb + v′p′(b), and ṽ = v′ + dsw on P (Λ). So U determines the point of D.

Next let M := T∗(µ ⊗ countingD), where µ ⊗ countingD is the measure on D obtained by
integrating against µ the counting measures of the cosets, and define M ′ from µ′ in the same
way. By Tonelli’s theorem,

(Kbond,Λµ)(B′, v′) =

∫ ∏
b

e−(Ub−B′
b)

2/2M(dU) = (WM)(B′)
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on the open box int(FD)Bo(Λ), in the notation of Lemma 13.31, and the same holds for µ′ and
M ′. By the hypothesis, WM = WM ′ <∞ almost everywhere on this open box, so Lemma 13.31
gives M = M ′.

It remains to recover µ from M . The pairs (ṽ, γ) that occur in C(F0) form a countable set, and
for each of them the coset ΓΛ(ṽ− v′; γ− v′∂Bo) is nonempty by Lemma 13.32, because F (v′) = F0;
we choose an element gam(ṽ, γ) of it. For a Borel set A ⊂ C(F0) put

Agam := {(B̃, ṽ, γ, gam(ṽ, γ)) : (B̃, ṽ, γ) ∈ A}.
Then (µ⊗ counting)(Agam) = µ(A). The set T (Agam) is Borel, because T |D is a Borel injection
between Polish spaces (the Lusin–Souslin theorem [23]), and T−1(T (Agam)) = Agam. Therefore

µ(A) = M(T (Agam)) = M ′(T (Agam)) = µ′(A).

Since µ and µ′ are carried by C(F0), this gives µ = µ′. One v′ suffices in the hypothesis because
the carrier of µ and µ′ is a single class. □

Lemma 13.34 (local gauge invariance). For a gauge transformation ΛG supported on a finite
set of sites, ν(F ◦ ΛG) = ν(F ) for every Gibbs measure ν of γ̃ and bounded F .

Proof. ΛG moves only the variables of the finite set V (supp) (Higgs phases at the sites, adjacent
links, Villain integers of adjacent plaquettes), where it acts as a measure-preserving bijection at
fixed exterior with invariant weight and preserved closure (Lemma 13.3(a)); so γ̃V (supp)(F ◦ΛG) =
γ̃V (supp)(F ) pointwise, and one integrates against ν. □

Lemma 13.35 (injectivity of the patch kernel on positive measures). Let F0 ∈ Zg and let
m,m′ be positive Borel measures on UΛ = CΛ ×BΛ carried by {F (ū) = F0} with (KΛm)(v′) =
(KΛm

′)(v′) <∞ for λΛ-a.e. v
′ ∈ {F (v′) = F0}. Then m = m′.

Proof. (i) Higgs sector. For b′ = (B′, v′) put mb′(dΦ̃) :=
∫
Kbond,Λ(b′, b̃)m(dΦ̃ db̃), so that

(KΛm)(Φ′, b′) = (G ∗mb′)(Φ
′) (Tonelli). By Fubini on λΛ restricted to {F (v′) = F0}, for λB-a.e.

such b′ (outside a null set N1) the hypothesis holds for Lebesgue-a.e. Φ′; Lemma 13.31 with

Ω = R2|Λ| gives mb′ = m′
b′ , and G ∗mb′ is finite everywhere because Ω is the whole space (for

a general open Ω Lemma 13.31 gives finiteness only on the convex hull O), so mb′ is finite on
bounded sets.

(ii) Bond sector. For bounded Borel E ⊂ CΛ let µE(db̃) := m(E × db̃), carried by C(F0), with
(Kbond,ΛµE)(b′) = mb′(E) = m′

b′(E) <∞ for b′ /∈ N1. Pick v′0 ∈ V + with F (v′0) = F0 (e.g. F0 on
one plaquette of P (Λ), 0 elsewhere); N1 is λB-null, so for Haar-a.e. B′ the pair (B′, v′0) is outside
N1, and Lemma 13.33 gives µE = µ′E .

(iii) σ-finiteness and π-system. The pairs (ṽ, γ) that occur in C(F0) form a countable set;
let (ṽj , γj)j be an enumeration of it. For each j the coset ΓΛ(ṽj − v′0; γj − v′0,∂Bo) is nonempty

(Lemma 13.32), so Kbond,Λ((B′, v′0), (B̃, ṽj , γj)) is a positive continuous function of (B′, B̃) on

the compact FD
Bo(Λ) × FD

Bo(Λ)
(continuity on the closed box of FD-representatives, where the

Gaussian sum converges uniformly; not on the torus, where the representative jumps), bounded

below by cj > 0. Hence µE(TBo(Λ) × {(ṽj , γj)}) ≤ (Kbond,ΛµE)(B′, v′0)/cj <∞ for a B′ outside

N1. The sets ball(0, k) × TBo(Λ) × {(ṽj , γj) : j ≤ k} exhaust the carrier with finite m-mass, and
m,m′ agree on the π-system of products E × F ; the π-λ theorem gives m = m′. □

Lemma 13.36 (upward step). H(m,n) implies H(m,n+ 1) for every m ≤ n− 1.

Proof. Assume H(m,n). Fix a rectangle Λ and use the notation of (13.31)–(13.32). We show
that the laws of Θm,n+1,Λ under ν and ν ′ coincide.

Step 1: disintegration. The space UΛ and the space of Y are Polish. Let qρ(Y, dū) be a regular
conditional law of ū given Y under Qρ, and put mY

ρ := Z(Y, ·)−1qρ(Y, ·). For QY -almost every Y
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this is a positive σ-finite measure carried by {F (ū) = F (Y )}. Indeed, Z <∞ everywhere, and
by Lemma 13.32 one has Z > 0 if and only if F (ū) = F (Y ), an equality that holds almost surely.

Step 2: the conditional laws of ū given Y coincide. Taking f = 1 in (13.32) and using Tonelli’s
theorem, we obtain

ρ(A(Y )a(v)) =

∫
QY (dY )A(Y )

∫
a(v′)c(v′;Y )(KΛm

Y
ρ )(v′)λΛ(dv′),

and
∫
c (KΛm

Y
ρ ) dλΛ =

∫
ZZ−1qρ(Y, dū) = 1. So πYρ := c(·;Y )(KΛm

Y
ρ )λΛ is a probability

measure on the space of v′, which is locally compact and second countable. The left side of
the display depends only on the law of (Y, v). This law is common to ν and ν ′ by H(m,n) on
Λ+, the coordinates of Y and u being functions of exterior variables. Applying the display to
a countable dense set of functions a in Cc and using the Riesz representation theorem, we get
πYν = πYν′ for Y outside a QY -null set. Fix such a Y . Then

c(v′;Y )(KΛm
Y
ν )(v′) = c(v′;Y )(KΛm

Y
ν′)(v

′) <∞
for λΛ-almost every v′. On the set where c > 0, that is, where F (v′) = F (Y ) and ρ′ > 0, this
is the hypothesis of Lemma 13.35 with F0 = F (Y ); both measures mY

ν and mY
ν′ are carried by

{F = F (Y )}. On the set where F (v′) ̸= F (Y ) the coset is empty, so that KΛ(v′, ū) = 0 for
every ū in the carrier, and there is nothing to verify. Lemma 13.35 gives mY

ν = mY
ν′ . Hence

qν(Y, ·) = qν′(Y, ·) for QY -almost every Y , and therefore Qν = Qν′ .
Step 3: the joint law of (Y, v, ū). By (13.32) and Qν = Qν′ , the number ρ(A(Y )a(v)f(ū)) is

the same for ρ = ν and ρ = ν ′, for all bounded Borel A, a, f . Since the product sets form a
π-system, the laws of (Y, v, ū) under ν and ν ′ coincide.

Step 4: the temporal integers over Bo(Λ). For b ∈ ∂Bo(Λ) with straddling plaquette p′(b) the

upper cube constraint reads ṽ
t,(n)
b = γp′(b) − ṽ

(n)
p′(b), which is a function of (v, ū).

Let ∆2 := {vt,(n−1)
b , v

t,(n)
b : b ∈ Bo(Λ)}. The factors of the weight that contain a variable of

∆2 are the temporal factors w on Bo(Λ) of the two slabs and the cube constraints on P+(Λ) of
the two slabs. Every other variable is exterior to ∆2, and in particular so is all of (Y, v, ū): the
layer-n links are now exterior, so that the transported straddling integers of layer n are functions
of exterior variables, and γ is the exterior expression fixed above. After the gauge transport,
which is a bijection of the integer sets, we have for bounded g

γ̃∆2(g)(ω) = N−1
∑

w1∈ΓΛ(ṽ(n)−ṽ(n−1); ṽ
(n)

p′ −ṽ(n−1)

p′ −collar(n−1))

∑
w2∈ΓΛ(ṽ(n+1)−ṽ(n); γ−ṽ(n)

p′ )

g(w1, w2)
∏
b

w(B̃
(n)
b − B̃

(n−1)
b + w1,b)w(B̃

(n+1)
b − B̃

(n)
b + w2,b) =: G♯[g](Y, v, ū),

with N ∈ (0,∞) almost surely, because the cosets are nonempty by Lemma 13.32 and the
convention stated at the beginning of this subsection, and the sums are bounded by periodised
Gaussians. Here collar(n−1) stands for the signed sum of the three collar integers ṽt,(n−1) at p′.

Writing ∆̃2 := (ṽt,(n−1)|Bo(Λ), ṽ
t,(n)|Bo(Λ)) for the transported variables of ∆2, the DLR equation

gives

ρ(A(Y, v, ū)g(∆̃2)) = ρ(A(Y, v, ū)G♯[g](Y, v, ū)),

and by Step 3 the right side is the same for ν and ν ′. Hence the laws of
(Y, v, ū, ṽt,(n−1)|Bo(Λ), ṽ

t,(n)|Bo(Λ)) under ν and ν ′ coincide.
Step 5: conclusion. The family Θm,n+1,Λ is a sub-family of these coordinates. The layers

m, . . . , n on Λ come from (Y, v), because P (Λ) ⊂ P+(Λ) and Λ ⊂ Λ+. The slabs m, . . . , n− 2 on

Bo(Λ) come from Y , and the slab n− 1 on Bo(Λ) comes from Step 4. The layer n+ 1, that is, Φ̃
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on Λ, B̃ on Bo(Λ) and ṽ on P (Λ), comes from ū, and the slab n on Bo(Λ) comes from Step 4. So
the laws of Θm,n+1,Λ under ν and ν ′ coincide. Since Λ was arbitrary, this proves H(m,n+ 1). □

Lemma 13.37 (transported slab data and gauge-invariant slab functions). Let ν, ν ′ be Gibbs
measures of γ̃, let B be a rectangle and let m < n. The following are equivalent:

(i) the laws of Θm,n,B (base layer m) under ν and ν ′ coincide;
(ii) ν = ν ′ on every bounded function of the slab-[m,n] variables over B (sites of B, links

of Bo(B), plaquettes of P (B), temporal links at the sites of B and temporal plaquettes
over Bo(B) between layers m and n) that is invariant under all gauge transformations
supported in B × [m,n];

(iii) the statement (i) with any other base layer k ∈ [m,n].

Moreover, if ν = ν ′ on all bounded gauge-invariant local functions, then ν = ν ′.

Proof. We first determine how the slab data transform. Under any gauge transformation G, the

rule B
(k)
t 7→ B

(k)
t +G(k+1)−G(k) gives λ(k) 7→ λ(k)−G(k) +G(m), so that c̃k 7→ G(m).c̃k for every

k. Thus Θ = Θm,n,B transforms by the diagonal action of G(m)|B; here we use that T is abelian,
and the integers shift consistently.

(ii) implies (i). For a bounded Borel function H let

H̄(ω) :=

∫
TB

H(g.Θ(ω)) Haar(dg).

By the invariance of the Haar measure, H̄ is a function of the slab variables over B that is
invariant under every gauge transformation. For g ∈ TB let Gg be the gauge transformation
that equals g on layer m over B and 0 elsewhere. It is finitely supported and acts on Θ as the
diagonal action of g, so Lemma 13.34 gives ν(H(Θ)) = ν(H(g.Θ)) for every g, and the same for
ν ′. Integrating over g and using (ii) for H̄, we obtain

ν(H(Θ)) = ν(H̄) = ν ′(H̄) = ν ′(H(Θ)).

(i) implies (ii). Let F be as in (ii). For λ = (λ
(k)
x )x∈B,m≤k≤n let Gλ be the gauge transformation

that equals λ on the slab over B and 0 elsewhere. For each fixed value of λ it is finitely supported
and F is invariant under it; therefore F (ω) = F (Gλ(ω).ω) pointwise. The configuration Gλ(ω).ω

has temporal links 0 on the slab over B and slab data Θ(ω). So F = F ♯(Θm,n,B) with

F ♯(θ) := F (the configuration with slab data θ and temporal links 0).

Hence (i) gives ν(F ) = ν ′(F ).
(i) and (iii) are equivalent. Condition (ii) does not mention the base layer, and the two

implications just proved hold, with the same proof, for every base layer k ∈ [m,n].
The last assertion. Let F be a bounded local function, and let F̄ be its Haar average over the

finitely many sites whose links and plaquettes F depends on. Then F̄ is local and gauge invariant,
and ν(F ) = ν(F̄ ) by Lemma 13.34. So if ν and ν ′ agree on the bounded gauge-invariant local
functions, then they agree on all bounded local functions, and hence ν = ν ′. □

Lemma 13.38 (downward step). H(m,n) implies H(m− 1, n) for every m ≤ n− 1.

Proof. Let θ : (x, k) 7→ (x,−k − 1) be the time reflection in a mid-plane; it is a lattice automor-
phism of εZ3. The weight is invariant under θ factor by factor: the factors gct and the spatial
factors h, w are relabelled; the temporal factor h satisfies h(r, r′, ϑ) = h(r′, r,−ϑ); the temporal
factor w is even; and the maps Bt 7→ −Bt, vt 7→ −vt preserve Leb × Haar × counting and the
closure constraint. Consequently γ̃∆(F ◦ θ) = (γ̃θ∆F ) ◦ θ for every finite ∆, the measure θ∗ν is a
Gibbs measure, and θ conjugates finitely supported gauge transformations to finitely supported
gauge transformations.
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The reflection θ maps the slab [m,n] over B onto the slab [−n − 1,−m − 1] over B and
preserves the class of functions in Lemma 13.37(ii). Since condition (ii) of that lemma does not
involve the base layer, the equivalence of (i) and (ii) shows that H(m,n) for (ν, ν ′) is equivalent
to H(−n−1,−m−1) for (θ∗ν, θ∗ν

′). Since −n−1 ≤ (−m−1)−1, Lemma 13.36 for the reflected
pair gives H(−n− 1,−m), and reflecting back gives H(m− 1, n). □

Proof of Theorem 13.30. A function of the slab-[m,n] variables over a rectangle B sees a gauge
transformation G only through G at the sites of B× [m,n], so for such functions invariance under
the gauge transformations supported in B × [m,n] is invariance under all gauge transformations;
Lemma 13.37 (ii)⇒(i) turns the hypothesis into H(n0, n0 + 1). Lemma 13.36 gives H(n0, n)
for all n > n0 and Lemma 13.38 gives H(m,n) for all m ≤ n0 < n. Every bounded local F
depends on finitely many variables, all contained in the slab [m,n] over some rectangle B; if F is
gauge invariant, Lemma 13.37 (i)⇒(ii) with H(m,n) gives ν(F ) = ν ′(F ); by the last claim of
Lemma 13.37, ν = ν ′. □

13.10. Conclusion: proof of Theorem 13.1. The proof uses the following elementary state-
ment.

Proposition 13.39 (covariance; conjugation and composition of reflections). (i)
(Covariance.) The fine Villain–Higgs specification, in unitary gauge and phase-
restored alike, is covariant under the lattice isometries g ∈ εZ3 ⋊B3 and the mid-plane
reflections θµ,c, c ∈ ε(Z + 1

2): γg−1∆(f ◦ ĝ) = (γ∆f) ◦ ĝ. Hence ν ◦ ĝ is Gibbs whenever ν
is, and Γ-invariance of ν becomes gΓ-invariance of ν ◦ ĝ.

(ii) (Conjugation.) Let ν be a Gibbs measure such that ν and ν◦ĝ, for g ∈ B3 the transpositions
of the coordinates µ and 3 (µ = 1, 2), are each invariant under every θ3,c, c ∈ ε(Z + 1

2).
Then ν is invariant under every θµ,c, µ = 1, 2, 3.

(iii) (Composition.) θµ,c ◦ θµ,c′ maps xµ to xµ + 2(c− c′) and fixes the other coordinates; with
c− c′ = ε it is τ2εeµ . Hence a measure invariant under all θµ,c is invariant under τ±2εeµ ,

µ = 1, 2, 3, i.e. under 2εZ3.

Proof. (i) h(r, r′, ϑ) is symmetric in (r, r′) and even in ϑ, so with B−b = −Bb the hopping factor
is a function of the unoriented bond; w is even and v−p = −vp, so the plaquette factor is a
function of the unoriented plaquette; gct is a site function; the constraint dv = 0 is mapped to
itself by any lattice isometry (cubes to cubes, orientation signs cancel); the reference measures are
invariant under the relabelling-with-sign bijection. Hence Zg−1∆(ĝξ) = Z∆(ξ) and the covariance.
The mid-plane reflections map sites to sites (no site on the plane) and bonds to bonds. For the
phase-restored specification the phase field is a site field and h is even in ϑ. (ii) gθµ,cg = θ3,c.

The θ3,c-invariance of ν ◦ ĝ reads ν(f ◦ θ̂3,c ◦ ĝ) = ν(f ◦ ĝ) for all bounded f ; replacing f by f ◦ ĝ
and using ĝθ̂3,cĝ = θ̂µ,c gives ν(f ◦ θ̂µ,c) = ν(f). (iii) is the computation xµ 7→ 2c − (2c′ − xµ)
and ĝ1g2 = ĝ1ĝ2. □

Proof of Theorem 13.1. Step 0. Let ν be as in the statement. By Lemma 13.3(d), ν̃ := Ψ∗(ν ×
Haarsites) is a G-invariant Gibbs measure of γ̃ with the same law of (ρ̃, f) as ν, so (I1)–(I3) hold
for ν̃; by Lemma 13.3(e) ν̃ is Γ-invariant, and ν is τa-invariant if and only if ν̃ is. We work with
ν̃, called ν.

Step 1 (time reflections). Let c ∈ ε(Z + 1
2), θ := θ3,c and ν ′ := ν ◦ θ̂, a Gibbs measure of

γ̃ by Proposition 13.39(i). Let n0 be the layer below the plane, so that θ is the mid-plane
reflection of the slab [n0, n0 + 1]. Let B be a rectangle and S := Bo(B) the set of its links
(a bond set closed under the bonds of its plaquettes P (B)), and let f be a bounded function
of the slab-[n0, n0 + 1] variables over B invariant under the gauge transformations supported
in B × {n0, n0 + 1}, equivalently under all gauge transformations. Such an f is a bounded
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gauge-invariant S-local slab function in the sense of Lemma 13.4(b) (f = F ◦ Θσ|S with F
diagonal-invariant, ṽt included), so Theorem 13.28 (which uses (I1)–(I3) and the Γ-invariance of

ν, including a time translation, through Lemma 13.9) gives ν(f ◦ θ̂) = ν(f), i.e. ν ′(f) = ν(f),
for every rectangle B. This is the hypothesis of Theorem 13.30, in its form for rectangles (the
passage from S-local agreement to the laws of Θn0,n0+1,B is made in the proof of that theorem,
by Lemma 13.37). Theorem 13.30 gives ν ′ = ν: ν is θ3,c-invariant for every c.

Step 2 (the other directions). Let µ ∈ {1, 2} and g ∈ B3 the transposition of the coordinates µ
and 3. By Proposition 13.39(i), ν ◦ ĝ is a Gibbs measure invariant under gΓ, which contains a
time translation because a finite-index sublattice Γ of εZ3 contains kεZ3, k = [εZ3 : Γ], hence
translations along every axis; (I1) and (I3) are invariant under relabelling, and (I2) is stated for
all plaquettes, so it holds for ν ◦ ĝ (whose temporal plaquettes are ν’s plaquettes that contain a
link in the direction eµ). By Lemma 13.3(e), ν ◦ ĝ is the phase restoration of the unitary-gauge
measure (Φ∗ν) ◦ ĝ, which is a Gibbs measure by Proposition 13.39(i), is invariant under gΓ and
satisfies (I1)–(I3) for the same reasons. So Step 1 applies to ν ◦ ĝ and gives its θ3,c-invariance,
and Proposition 13.39(ii) gives the invariance of ν under every θµ,c, µ = 1, 2, 3.

Step 3 (translations). By Proposition 13.39(iii), ν is invariant under τ2εeµ , µ = 1, 2, 3. (The
argument uses only reflections in mid-planes of links, so it does not give the invariance under the
translations by ε.)

Step 4. By Step 0 and Lemma 13.3(e) the unitary-gauge measure ν is τ2εej -invariant, j =
1, 2, 3. □

Remark 13.40 (where each hypothesis enters). The hypotheses of Theorem 13.1 enter its proof as
follows. The Gibbs property is used in Theorem 13.28, by way of Lemma 13.9 and the averaging
identity through the torus states, and in Theorem 13.30, by way of the DLR equation (13.31)
(Lemma 13.36) and Lemma 13.34; in both it is used for ν and for ν ◦ ĝ. The invariance under a
sublattice of finite index is used only in Lemma 13.9, which is applied in Lemmas 13.14 and 13.25
and compares the measure with the Γ′-periodic torus states; it is used for ν and for ν ◦ ĝ.

Hypothesis (I1), through supx ν(ρ2x), and hypothesis (I2) in its joint form enter the entropy
bound of Lemma 13.9; the joint form provides one constant for all finitely supported s, and this
bounds the second moments of the fluxes through spheres of growing size. Hypothesis (I2), jointly
over all plaquettes, also gives the exponential moments of f , which are used in Lemma 13.16
and for ν(r2Y ) in Lemmas 13.14 and 13.25, and its Gaussian moments at every rate < 1

2 . The

latter are used at the rate 1
4 for the growth of m̂ in Lemma 13.17 and of m̂s in Lemma 13.27,

and for the tail bound ν(Act) ≤ C|t|16a/3, a ∈ (38 ,
1
2), in Lemma 13.25. The proof of Lemma 13.25

requires a rate > 3
8 , which the constant 1

2 in the exponent of (I2) provides; this requirement is a
feature of that proof, as explained at its end. Hypothesis (I3) gives the Gaussian moments of fH
at every rate, which are used in Lemma 13.20, for the tails in Lemma 13.25 and for the growth
in Lemma 13.27; it also gives ν(ρ2x) for Lemma 13.9.

Theorem 13.30 and Subsection 13.2 use none of (I1)–(I3). The proof of Theorem 13.1
uses nothing beyond (I1)–(I3), the Gibbs property and the Γ-invariance; in particular, it uses
no temperedness, uniqueness or clustering. The theorem applies to Gibbs measures of the
unperturbed specification: in this paper it is applied to the comparison states of Section 14
(Lemma 14.20, Proposition 14.22; compare Remark 13.2). It does not apply to the limit points
νt, t ̸= 0, of the perturbed laws (Lemma 14.21).

14. Diagonal reflection positivity of the torus limit points

This section proves the reflection positivity at the diagonal planes for the limit states ω of
Definition 2.3, taken along the dyadic sequences of sides introduced in Definition 14.1. The proof
runs through an adapted torus with a family of reflection walls, a perturbed twisted law on it
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which is reflection positive across every wall, a fold identity and a convexity inequality for the
perturbed free energy, a surface bound which removes the perturbation in the limit, and the
rigidity theorem of the preceding section, Theorem 13.1, applied to a sourceless comparison state;
as in that section, κN = 1 (Lemma 2.7(g) extends Theorem 14.3 and Corollary 14.35 to every
κN > 0).

14.1. Dyadic sequences of sides.

Definition 14.1 (dyadic sequences of sides). For each level N fix two lengths LIV > 0 and
Lmin > 0 with LIV/a0 rational, and call a side L admissible if L ∈ 4LIVN, L/2 ∈ a0Z and
L ≥ Lmin. Fix an admissible side L∗. The dyadic sequence generated by L∗ is the sequence of
sides

Ln := 2nL∗, n ≥ 0,

and the associated wall spacings are

hj := 2j
L∗
2
, j ≥ 0, so that hj divides Ln

2 for every n ≥ j.

A dyadic limit point is a weak-∗ limit point of the torus states (⟨·⟩fineLn
)n≥0 of Definition 2.3 along

a dyadic sequence.

Remark 14.2. Admissible sides exist: writing LIV/a0 = p/q with integers p, q ≥ 1, the side
L = 4qkLIV = 4pka0 is admissible for every integer k ≥ Lmin/(4pa0). Every Ln is admissible
(4LIVN is closed under multiplication by 2, Ln/2 = 2n−1L∗ ∈ a0Z for n ≥ 1, while L0/2 =
L∗/2 ∈ a0Z by assumption, and Ln ≥ L∗ ≥ Lmin). Definition 2.3 fixes a sequence of sides with
Ln/2 ∈ εNZ and a limit law along a subsequence of it, any cofinal prescription of sides being
allowed (Theorem 11.5, Remark 11.6(ii)); here that prescribed sequence is chosen to be a dyadic
sequence, which is a choice and not a hypothesis. The divisibility hj | Ln/2 (n ≥ j) survives the
passage to any subsequence, so every dyadic limit point keeps it; and (a)–(e) of Theorem 11.5
hold for it along that subsequence (its “Moreover” clause).

Theorem 14.3 (diagonal reflection positivity through the origin). Let ω be a dyadic limit point.
Let P be one of the six diagonal site planes through 0,

P = P σij := {x ∈ R3 : xi = σxj}, 1 ≤ i < j ≤ 3, σ ∈ {+1,−1},

let θP be the reflection in P and HP one of the two closed half spaces bounded by P . Then for
every bounded Borel function F of the gauge-invariant variables (fp, ρ̃x) of finitely many cells

(plaquettes, sites) all of whose vertices lie in HP ,

ω
(
F ◦ θP · F

)
≥ 0,

θP acting on cells and fields as Rj,c does in Theorem 11.5(d) (so F ◦ θP is the antilinear reflection
ΘPF of that theorem, now at a diagonal plane).

Theorem 14.3 is proved in Subsection 14.7.

Remark 14.4 (the planes and the observables). The proof of Theorem 12.4 uses, at c = 0
(Remark 14.36), the reflection positivity of ωN at the six diagonal site-plane families {xi±xj = c},
c ∈ εNZ, in the sense of Theorem 11.5(d). Theorem 14.3 is the case c = 0 with bounded Borel
observables, real or complex, of finitely many cells; Corollary 14.35 in Subsection 14.7 extends it
to all c ∈ εNZ (by translation invariance of the limit points), to the Hermitian form and to the
L2 closure, which is the form Theorem 11.5(d) uses. Remark 14.36 states the consequence for
Theorems 12.2, 12.3 and 12.4. Throughout, θP acts on a configuration by pulling back the fields
along the reflection in P (a site plane, so that the cells of P are mapped to themselves), and on
a function F of the configuration by composition, θPF := F ◦ θP .
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14.2. The adapted torus and its reflection walls. Notation. Throughout N is fixed, εN
is the spacing of the fine lattice εNZ3, the cells are its sites x, bonds b and plaquettes p, the
fields are (ρ̃x, Bb, vp) of Section 2 with ρx = ρ0,0 + ρ̃x and fp = (dB)p + vp, and the weight is
the local weight W of Section 2 (v closed on every cube). We use the coordinates u := x1 − x2,
v := x1 + x2 (the symbol v for this coordinate is always written with its argument, v(x), where
confusion with the Villain variable is possible) and x3. For a plane Π, θΠ is the reflection of
cells and fields in Π (the action of Theorem 11.5(d)); a function “of cells in a closed half space”
depends on the variables of finitely many cells all of whose vertices lie in it; A+(Π) denotes the
bounded continuous such functions for the closed half space on the + side of Π. The cubic torus
T cub
L := εNZ3/LZ3 is the fine torus T̃L of Section 2; we write ⟨·⟩cubL for its state ⟨·⟩fineL and Zcub

L
for its partition function.

Definition 14.5 (the adapted torus). For L with L/2 ∈ εNZ let Γ(L) := L
2 (e1 − e2)Z + L(e1 +

e2)Z + Le3Z ⊂ εNZ3 and T tw
L := εNZ3/Γ(L). Since | det Γ(L)| = L3, T tw

L has (L/εN )3 sites and
three times as many bonds and plaquettes. Its state ⟨·⟩twL is the probability law with weight W
on the cells of T tw

L (sum over closed v), with partition function Ztw
L ; µtwL denotes this law.

Lemma 14.6 (symmetries and walls of the adapted torus). For c ∈ εNZ put rc(x) := (x2+c, x1−
c, x3) and sc(x) := (c− x2, c− x1, x3), and for c ∈ 1

2εNZ put qc(x) := (x1, x2, 2c− x3). Each

maps εNZ3 onto itself, its linear part fixes Γ(L), and it descends to an involutive automorphism
of the cell complex T tw

L with W ◦R = W cell by cell and an invariant reference measure. The
pointwise fixed walls are: {u = c} and {u = c+ L/2} for rc; {v(x) = c} and {v(x) = c+ L} for
sc; {x3 = c} and {x3 = c+ L/2} for qc. On T tw

L the coordinates u, v(x), x3 are defined modulo
L, 2L, L, and rc+L/2 = rc. The translations by εNZ3 act on T tw

L and preserve W . Moreover
rcrc′, scsc′, qcqc′ are the translations by (c− c′)(e1 − e2), (c− c′)(e1 + e2), 2(c− c′)e3.

Proof. The linear part of rc is the coordinate swap (1 2), which sends L
2 (e1 − e2) to its negative

and fixes e1 + e2, e3; that of sc is −(1 2), which fixes e1 − e2 and negates e1 + e2; that of qc is
diag(1, 1,−1). So each fixes Γ(L) and descends to the quotient complex. For the fixed points,
rcx − x = (c − u)(e1 − e2) vanishes for u = c and equals −L

2 (e1 − e2) ∈ Γ(L) for u = c + L/2;
scx − x = (c − v(x))(e1 + e2) is 0 for v(x) = c and −L(e1 + e2) ∈ Γ(L) for v(x) = c + L;
qcx − x = 2(c − x3)e3 is 0 for x3 = c and −Le3 ∈ Γ(L) for x3 = c + L/2. The products are
rcrc′x = x + (c − c′)(e1 − e2), scsc′x = x + (c − c′)(e1 + e2), qcqc′x = x + 2(c − c′)e3; with
c′ = c+L/2 the first is the translation by −L

2 (e1−e2) ∈ Γ(L), the identity of T tw
L , so rc+L/2 = rc.

Invariance of W is Step 0 of the proof of Theorem 12.16, which uses only that gct is one function
of the site variable, h is symmetric in (ρ, ρ′) and even in B, w is even, fp ◦ R = fRp and the
closedness constraint is R-invariant; the reference measure is invariant, because R acts on the
variables by a permutation of the coordinates with sign changes of some Bb, vp. That both walls
of each reflection are pointwise fixed is Lemma 12.13(a) for the lattice Γ(L). □

Lemma 14.7 (reflection positivity of the adapted torus at its walls). Let L ≥ 6εN , L/2 ∈ εNZ,
and let R be one of rc (c ∈ εNZ), sc (c ∈ εNZ), qc (c ∈ 1

2εNZ), with its two walls Π, Π′ of
Lemma 14.6 and the two closed halves of T tw

L they bound ({c ≤ u ≤ c+ L/2} and {c+ L/2 ≤
u ≤ c + L} for rc; likewise in v(x) with L in place of L/2, and in x3). Then for all bounded
Borel F,G of cells in one closed half,

⟨F ◦R⟩twL = ⟨F ⟩twL , ⟨F ◦R ·G⟩twL = ⟨G ◦R · F ⟩twL , ⟨F ◦R · F ⟩twL ≥ 0.

Proof. For L ≥ 6εN no cell meets both walls of R: the u-, v(x)- and x3-ranges of a cell are at
most 2εN , 2εN , εN , while the walls are L/2, L, L/2 apart. The proof of Theorem 12.16 uses of its
box only: (i) that R is an automorphism of the complex fixing its wall(s) pointwise, exchanging
the two open halves, with W ◦R = W cell by cell and an invariant reference measure (Step 0;
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here Lemma 14.6); (ii) the local classification of Lemma 12.14 of the cells by the sign pattern of
φ = u− c, v(x) − c or x3 − c on their vertices (|φ| ≤ 2εN on a cell), which is local and holds at
every wall of Lemma 14.6; (iii) the splitting Lemma 12.15 and the Poisson and Bessel identities
of Steps 1–4 of the proof of Theorem 3.1, again local. With “the two closed halves” as in the
statement, Steps 0–4 of the proof of Theorem 12.16 run on T tw

L unchanged and give the three
relations. At the diagonal walls {u = c}, {v(x) = c} no bond crosses and the crossing kernel is of
positive type by the Poisson step alone; at {x3 = c} with c ∈ εNZ + εN/2 the Bessel factors of
the crossing bonds are added, as in Remark 12.17. □

Remark 14.8 (two walls, two crossing kernels). On the torus each reflection R has two walls,
Π and Π′, hence two families of crossing cells. Steps 2–3 of the proof of Theorem 12.16 give
one kernel of positive type per family, K0(η, ξ) =

∫
dν(k)Ak(η)Ak(ξ) at Π and K ′(η′, ξ′) =∫

dν ′(k′)A′
k′(η

′)A′
k′(ξ

′) at Π′ (|Ak| = |A′
k′ | = 1 at the diagonal walls), and the full crossing weight

is their product, of positive type as the explicit integral
∫
dν dν ′ (AkA

′
k′)(AkA

′
k′) (the Schur

product of two kernels of positive type). This is the form in which the fold of Proposition 14.13
writes the weight.

Lemma 14.9 (uniform moments and limit points of the adapted torus states). (a) Theorem 3.1

holds on T tw
L for every L ≥ 8εN with L/2 ∈ εNZ: ⟨e

∑
p apfp⟩twL ≤ e

1
2

∑
p a

2
p for every real plaquette

function a. (b) With the constants Gct
q , C1 of Lemma 11.2, for every q ≥ 0, every site x and

every L ≥ 6εN with L/2 ∈ εNZ,

⟨eqρ2x⟩twL ≤ C ′
N (q) := (Gct

q /G
ct
0 )C 16

1 .

(c) The family (⟨·⟩twL )L has weak limit points ωtw on ΩN and on the full configuration space
E := [−ρ0,0,∞)XN × (−π/γN , π/γN ]BN × ((2π/γN )Z)PN of εNZ3; every limit point is invariant
under the reflections of Lemma 14.6 and reflection positive at every plane {u = c}, {v(x) = c}
(c ∈ εNZ) and {x3 = c} (c ∈ 1

2εNZ), in the sense of Theorem 11.5(d).

Proof. (a) is Lemma 12.10, since T tw
L is a finite cubical complex with ∂∂ = 0 carrying the weight

W , the product of the local factors of Section 2 over its cells with v closed on its cubes.
(b) Step 1 of the proof of Lemma 11.2 does not depend on the cell complex. With Z(A, q) :=∫
dρ̃

∫
dB

∑
v closedW

∏
y∈A e

qρ2y on T tw
L and |B| = |P| = 3|X | (Definition 14.5), the same crude

bounds give

Z(A, q) ≤ (Gct
q )|A|(Gct

0 )|X |−|A|(2π/γN )3|X |K ′ 3|X |
γN

and Z ≥ c
|X |
0 ,

hence Z(A, q)/Z ≤ (Gct
q /G

ct
0 )|A|C

|X |
1 .

Doubling. Fix x and q, F := eqρ
2
x . For n = (n1, n2, n3), ni = 2ki , let B(n) := {x+ εNm1(e1 −

e2) + εNm2(e1 + e2) + εNm3e3 : 0 ≤ mi < ni} (sites with u, v(x), x3 in arithmetic progressions

of spacings 2εN , 2εN , εN ) and Πn :=
∏
y∈B(n) e

qρ2y . We claim (⟨F ⟩twL )|B(n)| ≤ ⟨Πn⟩twL whenever

the extents 2εN (n1 − 1), 2εN (n2 − 1), εN (n3 − 1) are less than L, 2L, L (so that B(n) consists
of distinct sites of T tw

L ). For n = (1, 1, 1) it is an identity. Suppose it holds for n and double n1:
the wall {u = u(x) − εN} of ru(x)−εN passes through no site of B(n), and B(n) lies in the closed
half {u(x) − εN ≤ u ≤ u(x) − εN + L/2} as soon as 2εNn1 ≤ L/2 (the condition under which
we double n1); its reflection is the adjacent set with u ∈ u(x) − 2εN{1, . . . , n1}, disjoint from
B(n), and the union is a translate (by −εNn1(e1 − e2) ∈ εNZ3) of B(n′), n′ the doubled triple.
Lemma 14.7 applied to the bounded Πn ∧M gives

(⟨Πn ∧M⟩twL )2 ≤ ⟨(Πn ∧M) ◦R · (Πn ∧M)⟩twL ≤ ⟨(Πn ◦R) Πn⟩twL = ⟨Πn′⟩twL
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by the Schwarz inequality for the form of Lemma 14.7 with G = 1, the reflection invariance and
then the translation invariance of Lemma 14.6; then let M → ∞, by monotone convergence.

Doubling n2 across the wall of sv(x)−εN (the plane where the coordinate v equals v(x) − εN ;
closed half of v-length L, condition 2εNn2 ≤ L) and n3 across the wall of qx3(x)−εN/2 (closed half
of length L/2, condition εNn3 ≤ L/2) is the same. Doubling each ni as long as its condition holds
ends with n1 > L/(4εN ), n2 > L/(2εN ), n3 > L/(2εN ), and the extents are still below the periods
(n1 ≤ L/(2εN ), n2 ≤ L/εN , n3 ≤ L/εN ), so the final A := B(n) has |A| > L3/(16ε3N ) = |X |/16
distinct sites. Then

⟨F ⟩twL ≤ (Z(A, q)/Z)1/|A| ≤ (Gct
q /G

ct
0 )C

|X |/|A|
1 ≤ C ′

N (q).

(c) With (a) and (b) in place of Theorem 3.1 and Lemma 11.2, the tightness, diagonal extraction
and Kolmogorov steps of the proof of Theorem 11.5 apply verbatim to the laws of the variables
of finite sets of cells under ⟨·⟩twL , on ΩN and on E. For the laws on E, the variable Bb ranges
over a bounded interval and vp = fp − (dB)p is tight because fp is; the limits are taken with Bb
in the closed interval [−π/γN , π/γN ]. Under every limit point the end point −π/γN has measure
zero, by the identity of Lemma 14.21(i) for a ∆ containing b, whose kernel integrates Bb against
Lebesgue measure. It suffices to have that identity for bounded continuous local functions on the
closed space, and for these the first step of the proof of that lemma, which at t = 0 involves no
datum and applies along every sequence of sides, gives it without using that the limit points are
carried by E, because the factors of the kernel are continuous functions of the bond variables on
the closed interval. Hence the limit points are carried by E, and the convergence holds for the
bounded functions that are continuous off this null set.

Each reflection R of Lemma 14.6 satisfies ⟨F ◦ R⟩twL = ⟨F ⟩twL for bounded continuous local
F and all large L (Lemma 14.7); both sides pass to the limit, so ωtw is R-invariant. For
bounded continuous F of cells in the closed half space, F ◦R · F is bounded continuous local,
so ωtw(F ◦R · F ) = lim⟨F ◦R · F ⟩twL ≥ 0; such F are dense in L2 of the bounded Borel
functions of those cells (Lusin, the marginal being a finite Borel measure on a Polish product),
and F 7→ ωtw(F ◦R · F ) is L2-continuous because F 7→ F ◦ R is an isometry of L2(ωtw) by
R-invariance. This is reflection positivity in the sense of Theorem 11.5(d). □

14.3. The perturbed twisted law: invariance, reflection positivity, fold and convexity.

Definition 14.10 (datum, wall group, perturbed law). Let L/2 ∈ εNZ, L ≥ 6εN . A datum is
D = (c0, c+, c3;h;O) with c0, c+ ∈ εNZ, c3 ∈ 1

2εNZ, h ∈ εNZ with h | L/2, and O a real bounded
continuous function of the variables of finitely many cells (sites, bonds, plaquettes) all of whose
vertices lie in the open cell C0 := {c0 < u < c0 + h, c+ < v(x) < c+ + h, c3 < x3 < c3 + h}.
The walls of D are the planes {u = c0 + jh}, {v(x) = c+ + jh}, {x3 = c3 + jh}, j ∈ Z; since
h | L and h | 2L they close up on T tw

L . W is the group generated by the reflections rc0+jh,
sc++jh, qc3+jh of Lemma 14.6, a finite group of automorphisms of T tw

L . The W-cells are the
components of the complement of the walls, open boxes of side h in (u, v(x), x3); there are
nc := (L/h)(2L/h)(L/h) = 2L3/h3 of them, and C0 is one. Put Oc := O ◦ w−1

c for a W-cell c,
where wc ∈ W is the element with wcC0 = c, and Od :=

∑
cOc. For real t let

Zt := ⟨etOd⟩twL ∈
[
e−|t|nc∥O∥∞ , e|t|nc∥O∥∞]

, µtL := Z−1
t etOdµtwL , ωtL(F ) := µtL(F ).

Lemma 14.11 (the wall group acts simply transitively on the cells). W permutes the walls of D
and the W-cells, and acts simply transitively on the W-cells; so wc is well defined, |Od| ≤ nc∥O∥∞,
and Od ◦ w = Od for every w ∈ W.

Proof. By Lemma 14.6 the products rcrc′ , scsc′ , qcqc′ of two generators of one family are the
translations by (c−c′)(e1−e2), (c−c′)(e1+e2), 2(c−c′)e3, which shift u, v(x), x3 by 2(c−c′) ∈ 2hZ
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and fix the other two coordinates; each generator maps the wall family it belongs to onto itself
and fixes the walls of the other two families setwise. So W permutes the walls, hence the cells.
In each coordinate the action is that of the dihedral group generated by the reflections in the
points of hZ on the circle of length L (resp. 2L, L), with L/h (resp. 2L/h, L/h) even because
h | L/2: its translations are the shifts by 2hZ and its reflections have their fixed points in hZ, so
no element other than the identity maps an open cell of length h onto itself, and the action on the
cells of that circle is simply transitive. The product action on the W-cells is then simply transitive
too. Finally Owc = O ◦ w−1

wc = O ◦ (wwc)
−1 = Oc ◦ w−1 gives Od ◦ w−1 =

∑
cOwc = Od. □

Lemma 14.12 (W-invariance and reflection positivity of the perturbed law, every real t). Let
D be a datum and t ∈ R. (i) µtL(F ◦ w) = µtL(F ) for every w ∈ W and bounded Borel F ; in
particular ωtL(Oc) = ωtL(O) for every W-cell c. (ii) Let Π be a wall of D, θΠ ∈ W the reflection
in it, and Π′ its second wall (Lemma 14.6), also a wall of D since h | L/2. For every bounded
Borel G of cells in one of the two closed halves of T tw

L bounded by Π and Π′,

µtL
(
G ◦ θΠ ·G

)
≥ 0, µtL(G ◦ θΠ) = µtL(G).

Proof. (i) We have

Zt µ
t
L(F ◦ w) = µtwL

(
(F ◦ w)etOd

)
= µtwL

(
(FetOd) ◦ w

)
= µtwL (FetOd) = Zt µ

t
L(F ),

by Od ◦ w = Od (Lemma 14.11) and the W-invariance of µtwL (Lemmas 14.6 and 14.7; W is
generated by the reflections). Then ωtL(Oc) = µtL(O ◦ w−1

c ) = ωtL(O). (ii) θΠ exchanges the two
open halves bounded by Π and Π′ and maps the W-cells of one onto those of the other (a W-cell
meets no wall, so it lies in one open half). Hence Od = OΠ

+ + OΠ
+ ◦ θΠ with OΠ

+ :=
∑

c⊂H+
Oc,

the sum over the W-cells of the open half H+ containing the cells of G: a real bounded function

of cells inside H+. Therefore etOd = etO
Π
+ ·

(
etO

Π
+ ◦ θΠ

)
and, with G′ := GetO

Π
+ , a bounded Borel

function of cells in the closed half,

µtL
(
G ◦ θΠ ·G

)
= Z−1

t µtwL
(
G′ ◦ θΠ ·G′) ≥ 0

by Lemma 14.7. The invariance is (i). □

Proposition 14.13 (the fold: comparison of the two tori of the same side). Let D be a datum
with c0 = 0 and L ≥ 6εN , h | L/2. Define Od on the cubic torus T cub

L by the same formula
Od := O+ +O+ ◦ r0, O+ :=

∑
c⊂{0<u<L/2}Oc (both tori contain the strip 0 ≤ u ≤ L/2 with its

W-cells and r0 as a symmetry). Then for every real t

⟨etOd⟩cubL ≤ eϕL Zt, ϕL := log
Ztw
L

Zcub
L

≥ 0.

Proof. Two quotients of one cylinder. Let Γ∥ := L(e1 + e2)Z + Le3Z = Γ(L) ∩ {u = 0} =

LZ3∩{u = 0} (a vector (a, a, b) lies in LZ3 if and only if a, b ∈ LZ) and C := εNZ3/Γ∥, a cylinder

on which u ∈ εNZ is a global coordinate. Then T tw
L = C/⟨τ2⟩ with τ2 the translation by L

2 (e1−e2),

and T cub
L = C/⟨τ1⟩ with τ1 the translation by Le1; both shift u by L. On C one checks rL/2τ2 = r0

and rL/2τ1 = Y r0, where Y is the translation by L
2 (e1 + e2): indeed rL/2(x1 + L, x2, x3) =

(x2 + L/2, x1 + L/2, x3) = Y (x2, x1, x3); Y
2 is the translation by L(e1 + e2) ∈ Γ∥, so Y is

an involution of C preserving u, the strip S+ := {0 ≤ u ≤ L/2}, both walls Π0 = {u = 0},
ΠL/2 = {u = L/2} and the wall structure of D (it shifts v(x) by L ∈ hZ and fixes x3).

Fold variables. On C let ξ0, ξ
′ be the variables of the cells lying in the walls Π0, ΠL/2 (sites

and e3-bonds in the wall, Lemma 12.14), ξ+ those of the cells with all vertices in S+ and not all
in a wall, ξ− the same for S− := {−L/2 ≤ u ≤ 0}; the remaining cells are the crossing cells at Π0

and at the seam ΠL/2 ≡ Π−L/2: the e1e2-plaquettes bisected by the wall and the cubes having
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them as faces; no bond is a crossing cell, and the factors of the crossing cells contain no wall
variable. Torus i (i = 2: T tw

L ; i = 1: T cub
L ) is the strip {−L/2 ≤ u ≤ L/2} of C with Π−L/2 glued

to ΠL/2 by τi; on Π−L/2, τ2 = r0 and τ1 = Y r0 (by the identities rL/2τ2 = r0, rL/2τ1 = Y r0 and
rL/2 = id on ΠL/2). Its weight is

W0(ξ0)W
′
0(ξ

′)W+(ξ0, ξ
′, ξ+)W−(ξ0, τ

∗
i ξ

′, ξ−)K0K
′
i,

where W0,W
′
0 collect the factors of the wall cells, W± those of the (±)-cells (which see the wall

variables of the walls they touch, the (−)-cells seeing ΠL/2 through τi), and K0, K
′
i are the

products of the factors of the crossing cells at Π0 and at the seam.
Reflection and kernels. Put η := r∗0ξ−, the (+)-configuration obtained by reflecting ξ− in Π0.

By W ◦R = W cell by cell (Lemma 14.6), W−(ξ0, τ
∗
2 ξ

′, ξ−) = W+(ξ0, ξ
′, η) and W−(ξ0, τ

∗
1 ξ

′, ξ−) =
W+(ξ0, Y

∗ξ′, η). Steps 2–3 of the proof of Theorem 12.16 (Poisson resummation at a diagonal

wall, Remark 14.8) write K0 =
∫
dν(k)Ak(η)Ak(ξ+) and K ′

2 =
∫
dν ′(k′)A′

k′(η)A′
k′(ξ+), with

positive measures ν, ν ′ on auxiliary variables and |Ak| = |A′
k′ | = 1, Ak depending on the (+)-cells

at Π0 and A′
k′ on those at ΠL/2; for the cubic torus the seam is glued through τ−1

1 rL/2 = r0Y
−1

instead of r0, so K ′
1 =

∫
dν ′(k′)A′

k′(Y
∗η)A′

k′(ξ+).

The two scalar products. Let H := L2
(
dξ0W0 dξ′W ′

0 dν(k) dν ′(k′)
)

and, for a bounded
F = F (ξ+),

ΞF (ξ0, ξ
′, k, k′) :=

∫
dξ+W+(ξ0, ξ

′, ξ+)Ak(ξ+)A′
k′(ξ+)F (ξ+),

(Y Ξ)(ξ0, ξ
′, k, k′) := Ξ(ξ0, Y

∗ξ′, k, Y k′),

where Y permutes the wall cells of ΠL/2 and the seam’s crossing cells, W ′
0, the reference measure

and ν ′ are Y -invariant and A′
Y k′(η) = A′

k′(Y
∗η); so Y is a unitary involution of H. Take

F := etO+ , a real bounded function of ξ+. On both tori Od = O+ + O+ ◦ r0 (the W-cells of
{−L/2 < u < 0} are the r0-images of those of the strip and Or0c = Oc ◦ r0, Lemma 14.11; on
T cub
L this is the definition), and O+ ◦ r0, as a function of ξ−, is O+(η). Since O+ ◦ Y = O+

(Y = sc++L/2 sc+ ∈ W), the substitution ξ− 7→ η (measure preserving) and the integration over
ξ+ and η give

Ztw
L ⟨etOd⟩twL = ⟨ΞF ,ΞF ⟩H, Zcub

L ⟨etOd⟩cubL = ⟨Y ΞF ,ΞF ⟩H.
By the Cauchy–Schwarz inequality and ∥Y ∥ = 1, Zcub

L ⟨etOd⟩cubL ≤ Ztw
L Zt, which is the claim;

t = 0 gives Zcub
L ≤ Ztw

L , i.e. ϕL ≥ 0. □

Lemma 14.14 (surface bound for the adapted torus). Fix the level N and the couplings of the
fine Villain–Higgs model. Let L > 0 with L/2 ∈ εNZ and L ≥ 8εN , and write M := L/εN ∈ 2Z,
M ≥ 8. Let Zcub

L be the partition function of the model on the cubic torus T cub
L = εNZ3/LZ3,

the fine torus T̃L of Section 2, and let Ztw
L be the partition function of the same model (same N ,

same couplings, same local weights) on the adapted torus T tw
L = εNZ3/Γ(L) of the same side L.

Then

ϕL := log
Ztw
L

Zcub
L

satisfies 0 ≤ ϕL ≤
( L

εN

)2(
5 log

L

εN
+AN

)
,

where AN <∞ depends only on N and the couplings (not on L). In particular ϕL = o(L3) as
L→ ∞ at fixed N .

Proof. The lower bound ϕL ≥ 0 is Proposition 14.13 at t = 0; here we prove the upper bound.
Throughout, N and the couplings are fixed, γN is the phase constant, κN the hopping coefficient,
gct the site factor and ρx := ρ0,0 + ρ̃x, so that the weight on either torus is

W =
∏
x

gct(ρ̃x)
∏
b

h(ρ̃b− , ρ̃b+ , Bb)
∏
p

w((dB)p + vp).
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Here w(f) = e−f
2/2, Bb ∈ (−π/γN , π/γN ], vp ∈ (2π/γN )Z, the sum runs over the closed v

(dv = 0 on every cube), and

e−κN (ρ2+ρ′2) ≤ h(ρ̃, ρ̃′, ϑ) = exp
(
− 1

2κN |e
iγNϑρ′ − ρ|2

)
≤ 1

(|eiγNϑρ′ − ρ|2 ≤ (ρ+ ρ′)2 ≤ 2(ρ2 + ρ′2)).

For q ∈ R put Gq :=
∫∞
−ρ0,0 gct(r) e

q(ρ0,0+r)2 dr, finite for every real q because the quartic dominates

((2.1); for q ≥ 0 this is the Gct
q of Lemma 11.2); let K ′

γN
and c0 be the constants of Lemma 11.2

(
∑

v∈(2π/γN )Zw(f + v) ≤ K ′
γN

for every real f , and Z ≥ c
|X|
0 on any torus with site set X). The

proof has nine steps.

Step 0: seam geometry. Write u := x1 − x2, v := x1 + x2 and let Γ′
∥ := L(e1 − e2)Z + L(e1 +

e2)Z + Le3Z (index 2 in LZ3 and in Γ(L) = L
2 (e1 − e2)Z + L(e1 + e2)Z + Le3Z). On the

finite cylinder C ′ := εNZ3/Γ′
∥ (the quotient of the cylinder C of Proposition 14.13 by the

translation L(e1 − e2): Γ′
∥ = Γ∥ + L(e1 − e2)Z) the coordinate u is defined mod 2L and v

mod 2L. Both tori are quotients of C ′ by a single translation: T tw := εNZ3/Γ(L) = C ′/τtw
with τtw = L

2 (e1 − e2) : (u, v, x3) 7→ (u + L, v, x3), and T cub := εNZ3/LZ3 = C ′/τcub with
τcub = Le1 : (u, v, x3) 7→ (u + L, v + L, x3). On both tori u is defined mod L, and the layer
{u ≡ c} has exactly M2 sites, labelled by (v, x3) with v ∈ εNZ/2LZ, v ≡ c (mod 2εN ), and
x3 ∈ εNZ/LZ.

An e1-bond raises u by εN , an e2-bond lowers it by εN , an e3-bond keeps it; so the vertices of
any cell (bond, plaquette, cube) occupy at most three consecutive layers. Call a cell seam if it has
a vertex in the layer u ≡ 0 and interior if all its vertices lie in the layers u ∈ {εN , . . . , L− εN};
every cell is one or the other. The quotient maps C ′ → T tw, C ′ → T cub are injective on the
strip εN ≤ u ≤ L − εN (its τ -image lies in L + εN ≤ u ≤ 2L − εN ), so the interior cells, their
incidences and their labels are the same for both tori; the two tori differ only in how the cells
touching u ≡ 0 are glued to the strip.

Counts. The plane u ≡ 0 has M2 sites. The seam bonds are 4M2 bonds of type e1, e2 (four at
each plane site, each with exactly one plane vertex) and M2 plane e3-bonds, 5M2 in all. The
seam plaquettes are, in terms of the u-coordinate ux of the base corner x, the e1e2-plaquettes
with ux ∈ {−εN , 0, εN}, the e1e3-plaquettes with ux ∈ {−εN , 0} and the e2e3-plaquettes with
ux ∈ {0, εN}, 7M2 in all. The seam cubes are the cubes with ux ∈ {−εN , 0, εN}, called Σ−,Σ0,Σ+

respectively (middle layer u ≡ −εN , 0, εN ), 3M2 in all. The six faces of the cube with base corner
x meet its middle layer: the two e1e2-faces (base ux), the e1e3-face at x (u ∈ {ux, ux + εN}),
the e1e3-face at x + εNe2 (u ∈ {ux − εN , ux}), the e2e3-face at x (u ∈ {ux − εN , ux}) and the
e2e3-face at x+ εNe1 (u ∈ {ux, ux + εN}). Hence a Σ+-cube has exactly two interior faces (e1e3
at x, e2e3 at x + εNe1, both with u ∈ {εN , 2εN}), a Σ−-cube exactly two (e1e3 at x + εNe2,
e2e3 at x, u ∈ {L − 2εN , L − εN}) and a Σ0-cube none. We call these 4M2 interior faces of
seam cubes the data faces ; each data face lies in exactly one seam cube (its other cube has base
u ∈ {2εN , L− 2εN} and is interior since M ≥ 4), and we write cp for that seam cube and c′p for
the interior one. Every seam plaquette lies in exactly two seam cubes (for an e1e2-plaquette the
cubes at x and x− εNe3, for an e1e3-plaquette those at x and x− εNe2, for an e2e3-plaquette
those at x and x − εNe1), with opposite incidence signs [c : p] = −[c′ : p] (two cubes induce
opposite orientations on a common face). Every interior plaquette lies in at least one interior
cube (again M ≥ 4).

The seam-cube graph. Let Gi (i ∈ {cub, tw}) be the multigraph with vertex set the 3M2 seam
cubes of T i and edge set the 7M2 seam plaquettes, each joining the two seam cubes containing
it. Label the Σs-cubes by the (v, x3) of their base corner, lifting Σ− to base u = L− εN in C ′.
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The e1e2-faces give the column edges (v, x3) ∼ (v, x3 + εN ) in each of the three layers; the e1e3-
and e2e3-faces give Σ+(v, x3) ∼ Σ0(v ± εN , x3) in both tori, and Σ−(v, x3) ∼ Σ0(v ± εN − δi, x3)
with δtw = 0, δcub = L, because the far faces of the lifted Σ−-cubes have vertices at u = L and
are glued to the plane u = 0 by τ−1

i . Since L ∈ 2εNZ preserves the parity class of v, the map

Σ−(v, x3) 7→ Σ−(v − L, x3), identity on Σ0 ∪ Σ+, is a graph isomorphism Gcub ∼= Gtw; both
graphs are connected: the column edges join all values of x3, and the paths (v, 0) ∼ (v+εN ,+) ∼
(v + 2εN , 0) join all values of v.

Step 1: seam decomposition. Write ξint for the interior variables (ρ̃x at the sites of the layers
u ∈ {εN , . . . , L− εN}, Bb on the interior bonds, vp on the interior plaquettes) and

Wint(ξint) :=
∏
x int

gct(ρ̃x)
∏
b int

h
∏
p int

w
(
(dB)p + vp

) ∏
c int

1[(dv)c = 0],

the same function of the same variables for both tori (Step 0). The seam variables are ρ̃x at the
M2 plane sites, Bb on the 5M2 seam bonds and vp on the 7M2 seam plaquettes. For a seam
cube c of T i every face is a seam plaquette or a data face, so

(dv)c = divGi vseam(c) − q(c), divG v(c) :=
∑

seam p⊂c
[c :p] vp, q(c) := −

∑
data p⊂c

[c :p] vp,

where q depends on ξint only (data faces are interior), q = 0 on Σ0, and divG is the signed
incidence (divergence) operator of the graph G with the edge p oriented from the cube with
[c :p] = −1 to the cube with [c :p] = +1. Thus v is closed on T i if and only if it is closed on the
interior cubes and divGi vseam = q.

For i ∈ {cub, tw} define the seam factor

Σi(ξint) :=

∫ ∏
u(x)=0

gct(ρ̃x) dρ̃x

∫ ∏
seam b

dBb
∏

seam b

h
∑

vseam: divGi vseam=q

∏
seam p

w
(
(dB)p + vp

)
.

Every cell weight of T i appears exactly once in WintΣ
i and all terms are non-negative, so by

Tonelli Zi =
∫
dξintWint Σi(ξint). (The seam weights depend on ξint: a seam plaquette may

contain an interior bond, and a seam bond of type e1, e2 has one end in the layer u = ±εN ; this
dependence is the only place, besides the constraint graph Gi, where the two tori differ, through
the gluing δi of Step 0.)

The data charges sum to zero. If v is closed on the interior cubes, then

0 =
∑
c′ int

(dv)c′ =
∑
c′ int

∑
p⊂c′

[c′ :p]vp.

An interior plaquette lying in two interior cubes contributes 0 (opposite signs); one lying in
exactly one interior cube is a data face p with interior cube c′p (its other cube is the seam cube
cp); seam plaquettes lie in no interior cube. Hence

0 =
∑

data p

[c′p :p]vp = −
∑

data p

[cp :p]vp =
∑
c

q(c).

The same computation with f := dB + v (closed on interior cubes, as d dB = 0) and with dB
alone gives

∑
cQ(c) = 0 for Q(c) := −

∑
data p⊂c[c :p]fp and

∑
c

∑
data p⊂c[c :p](dB)p = 0.

Step 2: Jensen. Let µ(dξint) := WintΣ
twdξint/Z

tw
L , the law of the interior variables under ⟨·⟩twL ,

and R := Σcub/Σtw. By Step 1, Zcub
L /Ztw

L =
∫
Rdµ. For every ξint with Wint > 0 (the others

form a µ-null set) both seam factors lie in (0,∞): finiteness is Step 3 and positivity is Step 5
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(each applies to either torus, since Gcub ∼= Gtw and the cell counts agree). By the concavity of
log (Jensen),

ϕL = − log

∫
Rdµ ≤ −

∫
logRdµ =

〈
log Σtw − log Σcub

〉tw
L
,

where logR is µ-integrable: by Steps 3 and 5,

| log Σi| ≤ const ·M2 + ⟨Q,∆+
GiQ⟩ + 2κN

∑
u(x)=±εN

ρ2x for both i,

and the right side has finite µ-mean by Step 6 (with Tr ∆+
Gcub = Tr ∆+

Gtw by the isomorphism of
Step 0).

Step 3: upper bound on the seam factor. In Σi use h ≤ 1, drop the constraint divGi vseam = q and
sum each vp separately (

∑
vp
w((dB)p + vp) ≤ K ′

γN
); each of the 5M2 seam bonds contributes∫

dBb = 2π/γN and each of the M2 plane sites
∫
gct = G0. Hence

log Σi ≤ 5M2 log
2π

γN
+M2 logG0 + 7M2 logK ′

γN
(i ∈ {cub, tw}),

uniformly in ξint.

Step 4: a rounding lemma. Let (V,E) be a finite multigraph without loops (parallel edges allowed),
each edge oriented, D : RE → RV its signed incidence (divergence) operator, and j ∈ RE with
Dj ∈ ZV . Then there is n ∈ ZE with Dn = Dj and |ne − je| ≤ 1 for every e ∈ E. Indeed,
ϕ := j − ⌊j⌋ ∈ [0, 1)E has Dϕ = Dj −D⌊j⌋ ∈ ZV . The set {ϕ′ ∈ [0, 1]E : Dϕ′ = Dϕ} contains
ϕ; choose in it a ϕ′ with the fewest non-integer coordinates and let F := {e : ϕ′e /∈ {0, 1}}.
Suppose F ≠ ∅. At a vertex x, (Dϕ′)x is an integer and the integer-valued edges contribute an
integer, so the signed sum of the values ϕ′e ∈ (0, 1) over the F -edges at x is an integer; a vertex
with exactly one F -edge is therefore impossible. Thus every vertex has F -degree 0 or ≥ 2, and
F contains a cycle (a closed trail without repeated edges; two parallel edges form one). Let
γ ∈ {0,±1}E be its circulation (the sign of each cycle edge according to its orientation along
a traversal, 0 off the cycle), so Dγ = 0. For real t the vector ϕ′ + tγ has the same divergence;
take |t| minimal such that some cycle edge reaches 0 or 1 (every cycle edge starts in the open
interval (0, 1)). Then ϕ′ + tγ ∈ [0, 1]E and it has fewer non-integer coordinates than ϕ′: a
contradiction. Hence ϕ′ ∈ {0, 1}E , and n := ⌊j⌋ + ϕ′ ∈ ZE satisfies Dn = D⌊j⌋ +Dϕ = Dj and
ne − je = ϕ′e − ϕe ∈ [−1, 1].

Step 5: lower bound on the seam factor by one closed extension. Fix ξint with Wint > 0 (so v
is closed on the interior cubes) and fix Bseam. Put f := dB + v on the interior plaquettes and
Q(c) := −

∑
data p⊂c[c :p]fp for the seam cubes c; Q depends on ξint only (a data face is interior,

and so are its four bonds), and
∑

cQ(c) = 0 by Step 1. Let G := Gcub with the edge orientation

of Step 1, D its divergence, ∇ = DT the gradient, ∆ := DDT its graph Laplacian and ∆+ the
pseudo-inverse. G is connected, so ker ∆ is the constants and ∆∆+Q = Q. Put ψ := ∆+Q and
j∗ := ∇ψ; then div j∗ = ∆ψ = Q and |j∗|2 = ⟨ψ,∆ψ⟩ = ⟨Q,∆+Q⟩. Since (d dB)c = 0 at every
seam cube, div

(
(dB)|seam

)
(c) = −

∑
data p⊂c[c :p](dB)p, hence j′ := j∗ − (dB)|seam has

div j′(c) = Q(c) +
∑

data p⊂c
[c :p](dB)p = −

∑
data p⊂c

[c :p] vp = q(c) ∈ 2π

γN
Z.

Step 4, applied to (γN/2π)j′, gives v† ∈ ((2π/γN )Z)seam with divGcub v† = q and |v†p − j′p| ≤
2π/γN for every seam plaquette p. By Step 1, (vint, v

†) is closed on T cub, and f † := dB + v†
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on the seam plaquettes obeys f † − j∗ = v† − j′, so |f † − j∗|∞ ≤ 2π/γN and, on the 7M2 seam
plaquettes,

|f †|2 ≤ 2|j∗|2 + 2 · 7M2(2π/γN )2 = 2⟨Q,∆+Q⟩ + 56π2M2/γ2N ,

uniformly in Bseam. Keep in Σcub only the term vseam = v†:∏
seam p

w(f †p) = e−|f†|2/2 ≥ exp
(
− ⟨Q,∆+Q⟩ − 28π2M2/γ2N

)
.

Bound each seam-bond factor by h ≥ e−κN (ρ2+ρ′2): a plane site lies in six seam bonds
(±e1,±e2,±e3) and a site of the layers u = ±εN in exactly two (−e1,+e2 at u = εN ; +e1,−e2
at u = −εN ), so ∏

seam b

h ≥
∏

u(x)=0

e−6κNρ
2
x

∏
u(x)=±εN

e−2κNρ
2
x .

Integrating over the plane sites (
∫
gcte

−6κNρ
2

= G−6κN > 0) and the seam bonds (
∫
dBb =

2π/γN ), we obtain

log Σcub ≥ −⟨Q,∆+
GcubQ⟩ − 28π2M2

γ2N
+ 5M2 log

2π

γN
+M2 logG−6κN − 2κN

∑
u(x)=±εN

ρ2x.

The same argument with Gtw bounds Σtw from below, which gives Σtw > 0 in Step 2. In
particular both constraint sets are non-empty for every interior datum: the only condition for
the existence of a closed extension is

∑
c q(c) = 0.

Step 6: moments under the twisted state. Write ⟨·⟩twL for the normalised state of weight W on
T tw; the interior variables have law µ under it (Step 2).

(a) Gaussian domination. By the first clause of Lemma 12.10, for every real function b on the
plaquettes of εNZ3/P , P a period lattice for εNZ3 (a rank-3 sublattice of εNZ3 whose non-zero

vectors have length ≥ 5εN ), ⟨e
∑

p bpfp⟩ ≤ e|b|
2/2, with fp = (dB)p + vp (the fp of Section 2). The

lattice Γ(L) ⊂ εNZ3 (as L/2 ∈ εNZ) has rank 3 and is a period lattice for L ≥ 8εN : its non-zero
vectors aL2 (e1 − e2) + bL(e1 + e2) + cLe3 have squared length L2(a2/2 + 2b2 + c2) ≥ L2/2, and

L/
√

2 ≥ 5εN holds for L ≥ 8εN (as L ∈ 2εNZ, L ≥ 5
√

2 εN means L ≥ 8εN ). Applying the bound

to ±sb and using cosh y ≥ 1 + y2/2 gives s2

2 ⟨(
∑

p bpfp)
2⟩twL ≤ es

2|b|2/2 − 1 for every s > 0, whence

⟨(
∑

p bpfp)
2⟩twL ≤ |b|2 (s ↓ 0). Let Scc′ := ⟨Q(c)Q(c′)⟩twL be the second-moment matrix of the

data charges. For a ∈ RV (V the seam cubes),
∑

c acQ(c) =
∑

data p bpfp with bp := −acp [cp :p]

(cp the unique seam cube of the data face p), so ⟨a, Sa⟩ ≤ |b|2 =
∑

data p a
2
cp ≤ 2|a|2, since a seam

cube has at most two data faces. Thus S ≤ 2 Id as quadratic forms, and, ∆+ being positive
semi-definite, 〈

⟨Q,∆+Q⟩
〉tw
L

= Tr(∆+S) = Tr
(
(∆+)1/2S(∆+)1/2

)
≤ 2 Tr ∆+.

(b) Density moments. The translations by εNZ3 act transitively on the sites of T tw by
automorphisms of the cell complex which preserve the cell-local weights and the product reference
measure, so ⟨·⟩twL is translation invariant and ⟨ρ2x⟩twL does not depend on x. Let X be the
site set (|X| = M3). By Jensen’s inequality (⟨Y ⟩ ≤ log⟨eY ⟩), in the notation Z(A, q) :=∫
dρ̃

∫
dB

∑
v closedW

∏
y∈A e

qρ2y of Step 1 of the proof of Lemma 11.2,

⟨ρ2x⟩twL = M−3
〈 ∑
y∈X

ρ2y

〉tw

L
≤M−3 log

Z(X, 1)

Ztw
L

≤ log
G1(2π/γN )3K ′ 3

γN

c0
≤ C

(2)
N := log max

{
1,
G1(2π/γN )3K ′ 3

γN

c0

}
.
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Here the crude bounds Z(A, q) ≤ G
|A|
q G

|X|−|A|
0 (2π/γN )3|X|K

′ 3|X|
γN and Z ≥ c

|X|
0 of that Step 1 are

used on T tw. Their proof uses only gct ≥ 0, h ≤ 1, the sum over closed v being at most the free
sum,

∑
vp
w((dB)p + vp) ≤ K ′

γN
, the term v ≡ 0 (closed on every complex) with the integration

restricted to ρ̃x ∈ [0, 1], |γNBb| ≤ 1, and the counts |B| = |P| = 3|X|, which hold on T tw (three
bonds and three plaquettes per site on any quotient of εNZ3 by a rank-3 lattice). Consequently

2κN
∑

u(x)=±εN

⟨ρ2x⟩twL ≤ 2κN · 2M2 · C(2)
N = 4κNM

2C
(2)
N .

Step 7: the trace bound. By the isomorphism of Step 0, Tr ∆+
Gcub = Tr ∆+

Gtw , so we bound the

latter. Relabel the Σ±-cubes of G := Gtw by w := v − εN (so that w ≡ 0 (mod 2εN ), like the
v of the Σ0-cubes). With δtw = 0 the graph of Step 0 has the vertex set V = Z2

M × {−, 0,+}
(w ∈ 2εNZ/2LZ ∼= ZM , x3 ∈ εNZ/LZ ∼= ZM ), the column edges (w, x3, s) ∼ (w, x3 + εN , s)
in each layer s, and the edges (w, x3,±) ∼ (w, x3, 0), (w, x3,±) ∼ (w + 2εN , x3, 0); it has
3M2 + 4M2 = 7M2 edges. Let H := TM □P3 be the Cartesian product of the M ×M torus grid
TM (vertex set Z2

M , nearest-neighbour edges in both directions) with the path P3 on {−, 0,+}
(edges −∼0, 0∼+), a graph on the same vertex set V . Its column edges and its vertical edges
(w, x3,±) ∼ (w, x3, 0) are edges of G. Its in-layer w-edges are not, but the two ends of each are
joined by a path of two G-edges (x3 suppressed): (w, 0)−(w,+)−(w+ 2εN , 0) in the layer 0, and
(w,±)−(w + 2εN , 0)−(w + 2εN ,±) in the layers ±; every non-column G-edge is used by at most
two of these paths. With the Dirichlet forms EG(ψ) :=

∑
{a,b}∈E(G)(ψa − ψb)

2 = ⟨ψ,∆Gψ⟩ and

the inequality (ψa − ψb)
2 ≤ 2(ψa − ψc)

2 + 2(ψc − ψb)
2 on each w-edge,

EH(ψ) ≤ EG(ψ) + 2 · 2
∑

non-column {a,b}∈E(G)

(ψa − ψb)
2 ≤ 5 EG(ψ) (ψ ∈ RV ),

i.e. ∆H ≤ 5∆G.

Both graphs are connected, so both Laplacians have kernel the constants; on its orthog-
onal complement 0 < ∆H ≤ 5∆G gives ∆+

G ≤ 5∆+
H (monotonicity of the inverse), hence

Tr ∆+
G ≤ 5 Tr ∆+

H . The spectrum of ∆H is {λT (k) + µj : k ∈ Z2
M , j = 1, 2, 3} with

λT (k) = 4 sin2(πk1/M) + 4 sin2(πk2/M) and µj ∈ {0, 1, 3} the eigenvalues of the Laplacian

of P3. Writing k̃i ∈ (−M/2,M/2] for the representative of ki and using sinπt ≥ 2t on [0, 12 ],

λT (k) ≥ 16|k̃|2/M2. At most 8r points k have |k̃|∞ = r (1 ≤ r ≤M/2), and |k̃|2 ≥ r2 there; the
terms with µj ∈ {1, 3} are at most M2(1 + 1

3). Hence

Tr ∆+
H =

∑
(k,j): λT (k)+µj>0

1

λT (k) + µj
≤ M2

16

M/2∑
r=1

8r

r2
+

4

3
M2 ≤ M2

2

(
1 + log

M

2

)
+

4

3
M2,

and therefore, since 5 − 5 log 2 + 40
3 = 14.87 . . . ≤ 15,

2 Tr ∆+
Gcub = 2 Tr ∆+

G ≤ 10 Tr ∆+
H ≤ 5M2 logM+

(
5−5 log 2+

40

3

)
M2 ≤ 5M2 logM+15M2.

Step 8: assembly. Insert in Step 2 the bound of Step 3 for log Σtw and the bound of Step 5 for
log Σcub, and take the ⟨·⟩twL -mean; the terms 5M2 log(2π/γN ) cancel, and Steps 6 and 7 bound
the two non-constant terms:

ϕL ≤
〈
⟨Q,∆+

GcubQ⟩
〉tw
L

+ 2κN
∑

u(x)=±εN

⟨ρ2x⟩twL +M2
[28π2

γ2N
+ 7 logK ′

γN
+ log

G0

G−6κN

]
≤ 5M2 logM +M2

[
15 + 4κNC

(2)
N +

28π2

γ2N
+ 7 logK ′

γN
+ log

G0

G−6κN

]
= M2

(
5 logM +AN

)
,
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with

AN := 15 + 4κNC
(2)
N +

28π2

γ2N
+ 7 logK ′

γN
+ log

G0

G−6κN

,

which depends on N and the couplings only (through γN , κN , K ′
γN

, c0 and the site moments Gq),

not on L. Since M = L/εN and N is fixed, M2(5 logM +AN ) = O(L2 logL) = o(L3). Together
with ϕL ≥ 0 (Proposition 14.13 at t = 0) this proves the lemma. □

Remark 14.15 (the logarithm in the surface bound). The bound of Lemma 14.14 is O(L2 logL).
The logarithm comes from the energy ⟨Q,∆+Q⟩ of the single extension of Step 5: its mean under
⟨·⟩twL is at most 2 Tr ∆+ by the covariance bound S ≤ 2 Id of Step 6(a), and Tr ∆+ is at most of
order M2 logM (Step 7). Of this bound the argument of this section uses only ϕL = o(L3).

Proposition 14.16 (Jensen and convexity: the comparison inequality at finite volume). Let
D = (c0, c+, c3;h;O) be a datum on T tw

L , L ≥ 6εN , h | L/2. Then for every real t

t nc ⟨O⟩cubL ≤ ϕL + t nc ω
t
L(O), hence for t > 0 : ⟨O⟩cubL ≤ ωtL(O) +

h3 ϕL
2 t L3

.

Proof. Reduction to c0 = 0. The translation τ by −c0e1 lies in εNZ3, acts on both tori and
preserves both states (Lemma 14.6; Lemma 11.1); it maps D to the datum (0, c+−c0, c3;h;O◦τ−1),
carries µtL to the perturbed law of that datum, and leaves ⟨O⟩cubL , Zt, ϕL and ωtL(O) unchanged.

So let c0 = 0 and define Od on T cub
L as in Proposition 14.13.

Jensen on the cubic torus. Each of the nc summands of Od on T cub
L is O ◦ w−1 with w a

composition of the maps rc, sc, qc and r0, each an automorphism of T cub
L preserving W and the

reference measure (a signed coordinate permutation about a site composed with a translation of
εNZ3, Lemma 11.1); hence ⟨O ◦ w−1⟩cubL = ⟨O⟩cubL and ⟨Od⟩cubL = nc⟨O⟩cubL . Jensen’s inequality
and Proposition 14.13 give

t nc⟨O⟩cubL = t⟨Od⟩cubL ≤ log⟨etOd⟩cubL ≤ ϕL + logZt.

Convexity on the adapted torus. p(s) := logZs is finite (|Od| ≤ nc∥O∥∞) and convex in
s (Hölder), p(0) = 0, and p′(s) = Z−1

s µtwL (Ode
sOd) = µsL(Od) = nc ω

s
L(O) by Lemma 14.12(i)

(differentiation under the integral sign, Od bounded). Convexity gives p(t) ≤ p(0) + t p′(t) =
t nc ω

t
L(O). Combining, t nc⟨O⟩cubL ≤ ϕL + t ncω

t
L(O); for t > 0 divide by t nc = 2tL3/h3. □

Remark 14.17 (use along the sides). To pass Proposition 14.16 to ωN the fold must run on
the adapted torus of the same side Ln as the cubic torus of Definition 2.3, with h | Ln/2, and
the error h3ϕLn/(2tL

3
n) must vanish. Under the choice of dyadic sides of Definition 14.1, for a

datum with h = hj one has hj | Ln/2 for all n ≥ j, so the fold runs for all large n along (Ln)
and along every subsequence of it, in particular along the one defining a dyadic limit point;
and Lemma 14.14 gives h3ϕLn/(2tL

3
n) → 0 at fixed h and t > 0. No other consequence of

Lemma 14.14 is used below.

14.4. Limits: the comparison states and the hypotheses of the rigidity theorem. Fix
a dyadic sequence (Ln), a datum D = (c0, c+, c3;h;O) with h = hj one of its wall spacings, and
n ≥ j, so that h | Ln/2 and D is a datum on every T tw

Ln
. For a finite set of cells of εNZ3 and Ln

larger than its diameter, the cells embed in T tw
Ln

and µtLn
induces a law of their variables; in this

sense (µtLn
)n is a sequence of laws on the full configuration space E of Lemma 14.9(c). We write

⟨·⟩t for µtLn
, L = Ln.

Lemma 14.18 (block doubling under the perturbed law). Let Q be a block of 2k1 × 2k2 × 2k3

consecutive W-cells (the walls between them included), with 2k1h ≤ L/2, 2k2h ≤ L, 2k3h ≤ L/2,
and let G′ ≥ 0 be a bounded Borel function of cells inside the open block Q. Then there is a finite
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A ⊂ W with the blocks w(Q), w ∈ A, pairwise disjoint and |A| |Q| > nc/8 (|Q| = 2k1+k2+k3 the
number of cells of Q), such that

⟨G′⟩t ≤
〈 ∏
w∈A

G′ ◦ w−1
〉1/|A|

t
≤

(
e2|t|nc∥O∥∞

〈 ∏
w∈A

G′ ◦ w−1
〉tw

L

)1/|A|
.

The same holds for unbounded Borel G′ ≥ 0.

Proof. Let Π be one of the two bounding walls of Q in the u-direction, a wall of D; by the
hypothesis on the u-extent, Q lies in one of the two closed halves bounded by Π and its second
wall. By Lemma 14.12(ii) the form (G, G̃) 7→ ⟨G ◦ θΠ G̃⟩t is positive semidefinite and Hermitian
on the bounded Borel functions of cells in that closed half (Hermitian by the θΠ-invariance), so

the Schwarz inequality with G̃ = 1 gives ⟨G′⟩2t ≤ ⟨(G′ ◦ θΠ)G′⟩t, and (G′ ◦ θΠ)G′ is a function
of cells inside the doubled open block Q ∪ Π ∪ θΠ(Q), a wall-bounded block of twice the cells,
whose cells are distinct modulo the torus since its u-extent is at most L. We iterate this doubling,
first in u while the current u-extent is at most L/2, then in v(x) (period 2L, halves of length L)
while the v-extent is at most L, then in x3 while the x3-extent is at most L/2. The final block
has extents greater than L/2, L, L/2, so it covers more than (L/2) · L · (L/2) = L3/4 of the
volume 2L3 of the torus in the coordinates (u, v(x), x3): with A the set of the 2m elements of W
(products of the reflections used) carrying Q onto the 2m constituent blocks, |A| |Q| > nc/8 and
⟨G′⟩2mt ≤ ⟨

∏
w∈AG

′ ◦ w−1⟩t. The second inequality is the removal of the source: for H ≥ 0,

⟨H⟩t = Z−1
t µtwL (etOdH) ≤ e2|t|nc∥O∥∞⟨H⟩twL

by the bounds on Zt and etOd in Definition 14.10. For unbounded G′ ≥ 0 apply the two
inequalities to G′ ∧M and let M → ∞ (monotone convergence). □

Lemma 14.19 (uniform bounds and tightness of the perturbed laws). For a site x let Qx be the
smallest wall-bounded block of W-cells containing x in its interior (|Qx| ∈ {1, 2, 4, 8}, one cell if
x lies on no wall of D, doubled in each coordinate direction in which x lies on a wall). Then for
every q ≥ 0, every real t and all large n,

⟨eqρ2x⟩t ≤ e16|t| |Qx| ∥O∥∞ Gct
q

Gct
0

C
4|Qx|(h/εN )3

1 ≤ e128|t| ∥O∥∞ Gct
q

Gct
0

C
32(h/εN )3

1 =: C ′′
N (q, t, h),

uniformly in x and n. For a finite set P of plaquettes and s ∈ RP , with QP a block as in
Lemma 14.18 whose six bounding walls have every vertex of every p ∈ P strictly between them (it
exists for all large n),

⟨e
∑

p∈P spfp⟩t ≤ e16|t| |QP | ∥O∥∞e|s|
2/2.

Consequently (µtLn
)n is tight on E and has weak limit points νt (along subsequences of (Ln)).

Proof. Sites. Apply Lemma 14.18 to Q = Qx and G′ = eqρ
2
x . The sites wx, w ∈ A, are pairwise

distinct (x is interior to Qx and the blocks w(Qx) are disjoint), so
∏
w∈AG

′ ◦w−1 =
∏
y∈A·x e

qρ2y

with |A · x| = |A|, and Step 1 of the proof of Lemma 11.2 on T tw
L (proof of Lemma 14.9(b)) gives

⟨
∏
y∈A·x

eqρ
2
y⟩twL ≤ (Gct

q /G
ct
0 )|A|C

|X |
1 with |X | = (L/εN )3.

Since |A| > nc/(8|Qx|) and nc = 2L3/h3, we have |X |/|A| < 8|Qx|(L/εN )3h3/(2L3) =
4|Qx|(h/εN )3 and 2|t|nc∥O∥∞/|A| < 16|t| |Qx| ∥O∥∞.

Plaquettes. Apply Lemma 14.18 to Q = QP and G′ = e
∑

p∈P spfp , a continuous function

≥ 0 of cells inside QP (fp depends on p and its bonds). G′ ◦ w−1 = e
∑

p′ s
′
p′ fp′ , where the

sum runs over the plaquettes p′ = wp of w(QP ) and s′ = ±s (the reflections may reverse
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orientations), so that |s′| = |s|; the p′ are distinct over w ∈ A (disjoint blocks). By Lemma 14.9(a),

⟨
∏
w∈AG

′ ◦ w−1⟩twL ≤ e|A| |s|
2/2, so

⟨G′⟩t ≤
(
e2|t|nc∥O∥∞e|A||s|

2/2
)1/|A| ≤ e16|t| |QP | ∥O∥∞e|s|

2/2.

Tightness. The bounds for eρ
2
x and e±fp give, by Markov’s inequality, uniform tail bounds

for ρ̃x and fp. The variable Bb ranges over a bounded interval and vp = fp − (dB)p is tight
because fp is; the limits are taken with Bb in the closed interval [−π/γN , π/γN ]. Under every
limit point νt each of the two end points ±π/γN has measure zero. To prove this, let ∆ = {b}
and let γ∆, γt∆, I∆ and S∆ be as in the paragraph on the fine specification that precedes
Lemma 14.21. For a bounded continuous local function f ≥ 0 on the closed space (the space
E with the closed intervals [−π/γN , π/γN ] for the bond variables) and all large n, integrating

the variable Bb first gives ⟨f⟩t = ⟨γt∆f⟩t ≤ e2|t|S∆⟨γ∆f⟩t, where the inequality holds because

e−|t|S∆ ≤ e
t
∑

c∈I∆
Oc ≤ e|t|S∆ . The function γ∆f is bounded and continuous on the closed space,

because the factors of W are continuous functions of the bond variables on the closed interval, and
therefore νt(f) ≤ e2|t|S∆νt(γ∆f). For fk := max{0, 1 − k(π/γN − |Bb|)} the functions γ∆fk ≤ 1
tend to 0 pointwise as k → ∞, since γ∆ integrates Bb against a density with respect to Lebesgue
measure, so that νt(|Bb| = π/γN ) ≤ νt(fk) ≤ e2|t|S∆νt(γ∆fk) → 0 by dominated convergence.
Hence the limit points are carried by E, and the convergence holds for the bounded functions
that are continuous off this null set. The finite-dimensional laws are tight on the Polish factors
of E, and Prokhorov’s theorem with the diagonal argument of the proof of Theorem 11.5 gives
weak limit points on E. □

Lemma 14.20 (joint Gaussian domination of the comparison states). Let νt be a weak limit
point of (µtLn

)n. For every finite set P of plaquettes of εNZ3 and every s ∈ RP ,

νt
(
e
∑

p∈P spfp
)
≤ e16|t| |QP | ∥O∥∞e|s|

2/2.

If ν0 is a weak limit point of (ν1/k)k, then ν0
(
e
∑

p∈P spfp
)
≤ e|s|

2/2 for every finite P and s ∈ RP ;
this is hypothesis (I2) of Theorem 13.1 with C = 1.

Proof. G := e
∑

p spfp is continuous and ≥ 0 on E, so along the subsequence with µtLn
→ νt

the Portmanteau theorem (lower semicontinuity for non-negative continuous functions) gives

νt(G) ≤ lim infn⟨G⟩t ≤ e16|t||QP |∥O∥∞e|s|
2/2 by Lemma 14.19, and then ν0(G) ≤ lim infk ν1/k(G) ≤

e|s|
2/2. □

The fine specification. For a finite set ∆ of cells of εNZ3 the kernel γ∆ integrates the variables
of ∆ against the product of those local factors of W (site, bond and plaquette factors and the
closedness indicators of the cubes) that involve a cell of ∆, normalised by Z∆(ξout), the outside
variables held fixed; this is the specification of Theorem 13.1 (unitary gauge). The walls, W-cells
and functions Oc are defined on εNZ3 as in Definition 14.10 (the reflections of Lemma 14.6 act
on εNZ3; the group they generate is again simply transitive on the W-cells, by the dihedral

argument of Lemma 14.11 on the line), and γt∆ is the kernel with the extra factor e
t
∑

c∈I∆
Oc , I∆

the finite set of W-cells c for which Oc depends on a variable of ∆; S∆ := |I∆| ∥O∥∞.

Lemma 14.21 (the comparison states: Gibbs, W-invariant, reflection positive). Let νt be a
weak limit point of (µtLn

)n and ν0 a weak limit point of (ν1/k)k (which exists: the bounds of

Lemma 14.19 are uniform in |t| ≤ 1). (i) νt is carried by closed v, and νt(f) = νt(γ
t
∆f) for

every finite ∆ and bounded Borel f on E. (ii) νt is invariant under the reflections generating W
and reflection positive at every wall of D in the sense of Theorem 11.5(d) (positive semidefinite
Hermitian form, conjugation identity, L2(νt) extension). (iii) ν0 is a Gibbs measure of the fine
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specification (ν0(f) = ν0(γ∆f) for all finite ∆, bounded Borel f), carried by closed v, invariant

under the reflections generating W, reflection positive at every wall of D, and satisfies ν0(eqρ
2
x) ≤

(Gct
q /G

ct
0 )C

32(h/εN )3

1 for every site x and q ≥ 0, and the Gaussian bound of Lemma 14.20.

Proof. (i) For L = Ln larger than the diameter of ∆ and of the cells of the Oc, c ∈ I∆, integrating
the ∆-variables first under µtL gives µtL(f) = µtL(γt∆f) for bounded continuous local f : the torus

weight times etOd is the product of the factors involving ∆ (those of γt∆, including e
t
∑

c∈I∆
Oc)

and factors independent of the ∆-variables. The kernel is Feller: the factors are continuous in the
outside variables, Z∆(ξout) ∈ (0,∞) on the outside configurations that are restrictions of closed
configurations (the closed configuration itself provides an admissible term; finiteness by (2.1)),
and dominated convergence applies; so γt∆f is bounded continuous, both sides pass to the limit,
and νt(f) = νt(γ

t
∆f) for bounded continuous local f . For each cube c the set {(dv)c = 0} is

clopen in E (finitely many discrete variables), so νt((dv)c = 0) = limn µ
t
Ln

((dv)c = 0) = 1: νt is

carried by closed v, where the kernel is defined. Now f 7→ νt(γ
t
∆f) is a Borel probability measure

on E (γt∆ is a Markov kernel) agreeing with νt on the bounded continuous local functions; these
determine every finite-dimensional marginal (bounded continuous functions determine a finite
Borel measure on a metric space), and the cylinder sets form a π-system generating the Borel
σ-algebra of the Polish product E, so the two measures coincide: the identity holds for every
bounded Borel f .

(ii) For a generating reflection R and bounded continuous local F , ⟨F ◦R⟩t = ⟨F ⟩t for all large
n (Lemma 14.12(i)); both sides converge, so νt is R-invariant. For F bounded continuous of
cells in a closed half space bounded by a wall Π of D, the cells lie in one closed half of T tw

Ln
for

all large n, F ◦ θΠ · F is bounded continuous local, and νt(F ◦ θΠF ) = limn⟨F ◦ θΠF ⟩t ≥ 0 by

Lemma 14.12(ii). The Hermitian form, the identity νt(F ◦ θΠ) = νt(F ) and the L2 extension follow
as in the proof of Lemma 14.9(c) (polarisation; θΠ-invariance; Lusin density and L2-continuity).

(iii) The source bound e−|t|S∆ ≤ e
t
∑

c∈I∆
Oc ≤ e|t|S∆ gives ∥γt∆f − γ∆f∥∞ ≤ 2∥f∥∞(e2|t|S∆ − 1)

(write γt∆f − γ∆f = γt∆(f − γ∆f) and compare the two normalised weights). Hence for bounded
continuous local f :

ν0(f) = lim
k
ν1/k(f) = lim

k
ν1/k(γ

1/k
∆ f) = lim

k
ν1/k(γ∆f) = ν0(γ∆f)

(γ∆f bounded continuous by the Feller property), and the extension to bounded Borel f is the
determining-class argument of (i). Closedness of v, R-invariance and reflection positivity are
closed conditions on bounded continuous local functions and pass from ν1/k to ν0 as in (ii). For

the per-site bound, ν1/k(e
qρ2x) ≤ lim infn⟨eqρ

2
x⟩1/k ≤ C ′′

N (q, 1/k, h) (Portmanteau, Lemma 14.19),

and ν0(e
qρ2x) ≤ lim infk ν1/k(e

qρ2x) ≤ limk C
′′
N (q, 1/k, h) = (Gct

q /G
ct
0 )C

32(h/εN )3

1 . □

Proposition 14.22 (the comparison states satisfy the hypotheses of Theorem 13.1). Let
ν0 = ν0(D) be as in Lemma 14.21(iii). Then ν0 is a Gibbs measure of the fine specification on
εNZ3, invariant under the sublattice Λ′ := h(e1 − e2)Z + h(e1 + e2)Z + 2he3Z of εNZ3, which
has finite index (it contains 2hZ3) and contains the time translation 2he3, and satisfies (I1), (I2)
and (I3) of Theorem 13.1. Consequently ν0 is invariant under the translations τ2εNej , j = 1, 2, 3.

Proof. The Gibbs property is Lemma 14.21(iii). For the periodicity, by Lemma 14.6 the products
rcrc′ , scsc′ , qcqc′ of generating reflections (c − c′ ∈ hZ) are the translations by hZ(e1 − e2),
hZ(e1+e2), 2hZe3, under which ν0 is invariant by Lemma 14.21(iii); 2he1 = h(e1−e2)+h(e1+e2)
and 2he2 = h(e1 + e2) − h(e1 − e2) show 2hZ3 ⊂ Λ′. Hypothesis (I2) is Lemma 14.20 with
C = 1. Hypothesis (I3) is the per-site bound of Lemma 14.21(iii), uniform in x, for every q > 0.

For (I1), with s = ±1 on the single plaquette p, (I2) gives ν0(f
2
p) ≤ 2ν0(cosh fp) ≤ 2e1/2 (as
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f2 ≤ 2 cosh f), and ν0(ρ2x) ≤ ν0(eρ
2
x) <∞ by (I3). Theorem 13.1 then gives the invariance under

τ2εNej , j = 1, 2, 3. □

Proposition 14.23 (the comparison inequality). Let ω be a dyadic limit point, formed along the
subsequence (Lnk

)k of the dyadic sequence (Ln), let D be a datum with h ∈ {hj} whose observable
O is a function of the gauge-invariant variables (fp, ρ̃x) of its cells (evaluated under a law on E
through fp = (dB)p + vp), and let νt, ν0 be weak limit points as in Lemma 14.21 formed along
subsequences of (Lnk

)k. Then
ω(O) ≤ ν0(O).

Proof. Fix t > 0. For all large k, h | Lnk
/2 (Remark 14.17) and Proposition 14.16 gives

⟨O⟩cubLnk
≤ ωtLnk

(O) + h3ϕLnk
/(2tL3

nk
).

Along the subsequence with µtLnk
→ νt the left side tends to ω(O) (Definition 2.3, O bounded

continuous local), ωtLnk
(O) → νt(O), and the error tends to 0 by Lemma 14.14. So ω(O) ≤ νt(O)

for every t > 0, and ν1/k(O) → ν0(O) along the subsequence defining ν0. □

Lemma 14.24 (reflection positivity from one-sided domination). Let Π be a plane, θ := θΠ, and
let ν be a law on ΩN or on E such that for every real bounded continuous local O there is a law
νO, θ-invariant and reflection positive at Π on A+(Π), with ν(O) ≤ νO(O). Then ν is θ-invariant
on the bounded continuous local functions and ν(F ◦ θ · F ) ≥ 0 for every real F ∈ A+(Π).

Proof. For real F ∈ A+(Π) take O := −(F ◦ θ)F , which is real, bounded, continuous and
local; then ν(−(F ◦ θ)F ) ≤ νO(−(F ◦ θ)F ) ≤ 0. For a real bounded continuous local G take
O := ±(G ◦ θ −G); then ±ν(G ◦ θ −G) ≤ ±νO(G ◦ θ −G) = 0, so ν(G ◦ θ) = ν(G). □

14.5. A second proof of the tangent inequality for the comparison states. This subsection
gives a direct proof, for the comparison states, of the inequality which the proofs of Lemmas 13.14
and 13.25 take from the tangent inequality, Lemma 13.9; the result is Proposition 14.31. The proof
does not use Lemma 13.9 and uses no relative entropy: the comparison states are limits of laws
on tori, and on a torus the inequality follows from Jensen’s inequality and the transfer calculus
of Section 13. Its main ingredients are Lemmas 13.3, 13.7, 13.10 and 13.21 (with Lemmas 13.22,
13.24 and Remark 13.8 for the full class), the insertion identity (13.28), the covariance of the
weight under the permutations of the axes (the first part of the proof of Proposition 13.39(i)),
the fold at zero source (Proposition 14.13), the lower bound of the partition function in the proof
of Lemma 11.2, and Lemmas 14.6, 14.12 and 14.21. Neither Theorem 13.1 nor the upper bound
of Lemma 14.14 enters the proof, and no other part of this paper depends on this subsection
(Remark 14.32).

Notation. In this subsection t is the parameter of the operators Xt of Lemmas 13.14 and 13.25,
as in Section 13; the source strength of Subsection 14.4 is always written 1/k. The symbol T
without an index is the transfer operator of Lemma 13.7(c), and tori carry an index. The symbol
L is a side length; the layer space of Lemma 13.7(c) is not given a symbol, and RL, PG denote,
as there, its gauge representation and its gauge projection.

Tori and partition functions. For a sublattice Γ ⊂ εNZ3 of finite index all of whose non-zero
elements have length at least 4εN let TΓ := εNZ3/Γ, let µΓ be the probability law with weight
W on the cells of TΓ (sum over closed v) and

Z(Γ) :=

∫
dρ̃

∫
dB

∑
v closed

W

its partition function (Lebesgue measure on the ρ̃x and on the Bb ∈ (−π/γN , π/γN ], counting
measure on the closed v: the convention of Step 1 of the proof of Lemma 11.2). Thus Zcub

L =
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Z(LZ3), Ztw
L = Z(Γ(L)) and µtwL = µΓ(L). For a permutation g of the coordinate axes the

relabelling ĝ maps the cell complex, the weight, the closure constraint and the reference measure
of TΓ onto those of TgΓ (first part of the proof of Proposition 13.39(i)), so that

(14.1) Z(gΓ) = Z(Γ), µgΓ = µΓ ◦ ĝ.
For a1, a2, a3 ∈ εNN, each at least 4εN , we write Z(a1, a2, a3) := Z(a1e1Z + a2e2Z + a3e3Z)
for the partition function of the product torus with sides a1, a2, a3, which has a1a2a3/ε

3
N sites;

Zcub
L = Z(L,L, L).
Tori with a twist. With e3 as time direction, as in Section 13, let Γs ⊂ εN (Ze1 + Ze2) be

a sublattice of finite index, εN (Ze1 + Ze2)/Γs the layer torus, nlay := [εN (Ze1 + Ze2) : Γs] its
number of sites, M ≥ 2 an integer and ζ ∈ εN (Ze1 + Ze2) (the twist), and put

Γ(Γs,M, ζ) := Γs + Z (MεNe3 + ζ).

We assume, as above, that all non-zero elements of Γ(Γs,M, ζ) have length at least 4εN . The
torus TΓ(Γs,M,ζ) consists of M layers, each a copy of the layer torus, and its layer M + 1 is the

layer 1 translated by ζ: in terms of the layer configurations c(s) of Subsection 13.4, c(M+1) = τζc
(1)

with (τζc)(y) := c(y − ζ). The ζ-twisted periodic measure µζM is the probability law with the
phase-restored weight of Subsection 13.2 on the phase-restored configurations of TΓ(Γs,M,ζ). For
ζ = 0 it is the periodic measure µM with M layers of the proof of Lemma 13.7(c), for the layer
torus at hand: the statements and proofs of Lemmas 13.7(c), 13.10, 13.21 and of (13.28) use the
layer only as a finite complex (its sites, spatial bonds and spatial plaquettes, the gauge group
Tsites and the one-layer weight, of finite integral) and hold for every layer torus. For general ζ

the only change is that the closing slab joins c(M) to τζc
(1) instead of c(1).

For insertions Xs at the heights s ∈ {1, . . . ,M} (Xs := 1 where there is none; fibred in the

sense of Lemma 13.7(b), or bounded on Hfull as in Lemma 13.21), ZζM (X1, . . . , XM ) denotes

the partition function of µζM with the slab kernel K replaced by KXs (Lemma 13.7(b)), or by
⟨Φfull(c), XsΦfull(c̃

′)⟩ for an insertion on Hfull (Lemma 13.21), at the slab s, in the normalisation

of Lemma 13.7(c), and ZζM := ZζM (1, . . . , 1); for ζ = 0, and for insertions that satisfy the
summability condition of Lemma 13.7(b) or act on Hfull, these are the quantities ZM (·) and ZM
of (13.9).

Lemma 14.25 (phase restoration on a finite torus). Let TΓ be a torus as above and let µ̃Γ
be the probability law with the phase-restored weight of Subsection 13.2 on the phase-restored

configurations of TΓ (normalised Haar measure on each phase), with partition function Z̃(Γ).
The formulas of Lemma 13.3 are local and define the gauge action and the Haar randomisation
Ψ on the configurations of TΓ. Then

(a) Z̃(Γ) = Z(Γ) and µ̃Γ = Ψ∗(µΓ × Haarsites);
(b) Ψ ◦ (τa × τa) = τa ◦ Ψ for a ∈ εNZ3; so for every law µ on the configurations of TΓ the

law Ψ∗(µ× Haarsites) is invariant under every translation which leaves µ invariant;

(c) if Γ = Γ(Γs,M, ζ), then µ̃Γ = µζM and Z(Γ) = κ nlayMZζM , where the constant κ ∈ (0,∞)
depends only on the normalisation of the reference measure of the temporal links (in Z(Γ)
each of the nlayM temporal links carries the Lebesgue measure of FD, of mass c; in (13.9)
it carries the normalised Haar measure) and not on Γs, M , ζ. (κ is not the hopping
constant κN .)

Proof. (a) Let F be a bounded Borel function of the phase-restored configurations (ω, ψ) of TΓ
and fix ψ. By (13.2), Ψ(ω, ψ) = (−ψ).(ω, 0) has the phases ψ, and by Lemma 13.3(a) the map
ω 7→ ωψ, the unitary-gauge part of Ψ(ω, ψ), is a bijection of the configurations with closed v
which preserves the reference measure (its inverse is the unitary-gauge part of ψ.( · , ψ)), and the
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phase-restored weight is invariant: its value at Ψ(ω, ψ) is its value at (ω, 0), which is W (ω) (at
zero phases the phase-restored hopping factor is the unitary-gauge one). Hence, with dω the

reference measure of the unitary-gauge variables and W̃ the phase-restored weight,∫
dωW (ω)F

(
Ψ(ω, ψ)

)
=

∫
dω′ W̃ (ω′, ψ)F (ω′, ψ) for every ψ.

Integrating over ψ against the normalised Haar measure gives Z(Γ) Ψ∗(µΓ × Haarsites)(F ) =

Z̃(Γ) µ̃Γ(F ); F = 1 gives Z̃(Γ) = Z(Γ), and then the two laws agree.
(b) The identity is Lemma 13.3(e), a statement about the local formulas; it gives Ψ∗(µ ×

Haarsites) ◦ τa = Ψ∗((µ ◦ τa) × Haarsites), the Haar measure being translation invariant.

(c) µ̃Γ and µζM are both the normalised phase-restored weight on the same torus, written in

the layers c(1), . . . , c(M), the temporal links and the temporal Villain integers; the two partition
functions differ only by the normalisation of the reference measure of the temporal links, one

factor κ for each of the nlayM temporal links, and Z̃(Γ) = Z(Γ) by (a). □

Lemma 14.26 (twisted averaging identity and twisted Schatten–Hölder bound). Let Γs, M ≥ 2,
ζ be as above, let T = B∗B, RL, PG be the transfer operator, the gauge representation and the gauge
projection of Lemma 13.7(c) for the layer torus εN (Ze1+Ze2)/Γs, and let (Sζψ)(c) := ψ(τ−1

ζ c) on

the layer space. Let Xs, 1 ≤ s ≤M , be insertions at the M heights, each fibred (Lemma 13.7(b))

or bounded on Hfull (Xs = 1 where there is none); for an insertion on Hfull the symbol ̂̄Xs stands
for its gauge average X̄s of Lemma 13.21, which satisfies ∥X̄s∥ ≤ ∥Xs∥. Then

(i) (trace identity) Sζ is unitary and commutes with T and with PG, and

(14.2) ZζM (X1, . . . , XM ) = Tr
( M∏
s=1

B∗ ̂̄XsB · PGSζ
)
, in particular ZζM = Tr

(
PGT

MSζ
)
;

(ii) (Hölder bound) |ZζM (X1, . . . , XM )| ≤
∏
s ∥Xs∥ ·Tr(PGT

M ) =
∏
s ∥Xs∥ ·Z0

M , where Z0
M =

ZM is the partition function of the untwisted torus with the same layer torus and the

same number of layers; in particular ZζM ≤ Z0
M ;

(iii) (insertions) if every fibred Xs satisfies the summability condition of Lemma 13.7(b), and
every Xs on Hfull is one of the full operators of Lemma 14.27(b) to which Lemma 14.27(c)

applies, then, the sum over the variables ṽt being taken first as in (13.28), µζM
(∏

s rXs ◦
Θ

(s)
σ

)
= ZζM (X1, . . . , XM )/ZζM , hence

∣∣µζM(∏
s rXs ◦ Θ

(s)
σ

)∣∣ ≤ ∏
s ∥Xs∥ · Z0

M/Z
ζ
M .

Proof. The shift. The one-layer weight W (c), the layer reference measure, the slab kernel K
and the gauge action are given by the same local formulas at every cell of the layer torus, so
W (τζc) = W (c), the reference measure is τζ-invariant, K(τζc, τζc

′) = K(c, c′) and τζ(λ.c) =
(τζλ).(τζc), where τζλ is the translated gauge function. Hence Sζ is unitary on the layer space

L2(W (c) dc), commutes with Q and with T = Q1/2KQ1/2, and SζRL(λ)S−1
ζ = RL(τζλ); since

λ 7→ τζλ is an automorphism of the compact group Tsites, it preserves the Haar measure, and

SζPGS
−1
ζ =

∫
dGRL(τζG) = PG.

Change of variables. We repeat the proof of Lemma 13.7(c) up to the closing slab. Put

G1 := 0, Gs+1 := Gs − B
(s)
t and W (s) := Gs.c

(s) for 1 ≤ s ≤ M . In temporal gauge the

slab s has the layers c(s) = (−Gs).W (s) and (−B(s)
t ).c(s+1). For s < M , (−B(s)

t ).c(s+1) =

(−B(s)
t − Gs+1).W

(s+1) = (−Gs).W (s+1), and by Lemma 13.7(b) the slab contributes, as in

that proof, ⟨Φ(W (s)), (X−dG̃s
s )∧Φ(W (s+1))⟩. For the closing slab, c(M+1) = τζc

(1) = τζW
(1)

(as G1 = 0), so its upper layer is (−B(M)
t ).τζW

(1) = (−GM ).
(
G.τζW

(1)
)

with the holonomy
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G := GM+1 = GM −B
(M)
t , and it contributes〈

Φ(W (M)), (X−dG̃M
M )∧Φ

(
G.τζW

(1)
)〉
.

For a bounded operator X̂ on H, the kernel (c, c′′) 7→W (c)1/2⟨Φ(c), X̂Φ(G.τζc
′′)⟩W (c′′)1/2 is the

integral kernel of B∗X̂BRL(G)Sζ : the substitution c′ = G.τζc
′′ preserves W (c) dc and turns ψ(c′′)

into ψ(τ−1
ζ ((−G).c′)) = (RL(G)Sζψ)(c′). Integrating out the layers (the trace-class structure and

the absolute convergence are those of that proof; RL(G)Sζ is unitary) gives

ZζM (X1, . . . , XM ) =

∫
dG2 · · · dGM+1 Tr

( M∏
s=1

B∗(X−dG̃s
s )∧B ·RL(GM+1)Sζ

)
.

Averaging. Conjugate the operator under the trace by RL(λ), λ ∈ Tsites; the trace is unchanged.

By BRL(λ) = R(λ)B and R(λ)∗X̂R(λ) = (Xdλ̃)∧ the factor s becomes B∗(X
−d(G̃s−λ̃)
s )∧B (for

s = 1: B∗(Xdλ̃
1 )∧B), and

RL(λ)−1RL(GM+1)SζRL(λ) = RL(GM+1 − λ+ τζλ)Sζ .

Integrate over λ against the Haar measure and, at fixed λ, substitute G′
s := Gs − λ (2 ≤ s ≤M)

and G′ := GM+1 − λ+ τζλ, a Haar-preserving bijection: λ,G′
2, . . . , G

′
M , G

′ are then independent
Haar variables, one for each height and one for the holonomy. The integrand is multilinear in the
insertions and linear in RL(G′); exchanging the integrals with the trace (dominated convergence

for trace-class operators, as in the proof of Lemma 13.7(c)) and using
∫
dλ (X±dλ̃)∧ = ̂̄X

(Lemma 13.7(b), Lemma 13.6(c)) and
∫
dG′RL(G′) = PG gives (14.2). With Xs = 1 for all s it

reads ZζM = Tr(TMPGSζ) = Tr(PGT
MSζ). For insertions on Hfull the same computation and

the Hölder step below apply with R⊗ U in place of R and with PH
G =

∫
dG (R⊗ U)(G), since

they use of Lemma 13.21 only the covariance of the feature map and the measure preservation.

Hölder. ∥̂̄Xs∥ ≤ ∥X̄s∥ ≤ ∥Xs∥ (Lemma 13.7(b), Lemma 13.6(c)). X̄s is gauge invariant, so ̂̄Xs

commutes with every R(λ) and with the orthogonal projection PH
G =

∫
dGR(G); PG commutes

with every B∗ ̂̄XsB, and PGB
∗ = B∗PH

G (proof of Lemma 13.7(c)). Hence, with PG = PMG ,

M∏
s=1

B∗ ̂̄XsB · PG =
M∏
s=1

As, As := PGB
∗ ̂̄XsB = (PH

G B)∗ ̂̄Xs (PH
G B).

By Hölder’s inequality for Schatten norms [32] (exponent M on each As, the operator norm on

the unitary Sζ), |Tr(A1 · · ·AMSζ)| ≤
∏
s ∥As∥M , and ∥As∥M ≤ ∥̂̄Xs∥ ∥PH

G B∥22M with

∥PH
G B∥2M2M = Tr

(
(B∗PH

G B)M
)

= Tr
(
(PGT )M

)
= Tr(PGT

M ).

So |ZζM (X1, . . . , XM )| ≤
∏
s ∥Xs∥ · Tr(PGT

M ), and Tr(PGT
M ) = ZM = Z0

M by (13.9) with all

insertions equal to 1. This is (ii); without insertions it gives ZζM = |ZζM | ≤ Z0
M .

Insertions. The identity (13.28) rests on the statement preceding it, that the insertion of X
at one slab multiplies the weight of that slab by rX ◦ Θσ; this concerns one slab at a time and

holds for every slab of µζM , the closing one included (its slab data are those of the pair c(M),

τζc
(1)). For a full operator X of Lemma 14.27(b),(c) the same statement holds: by (13.29) and

Lemma 13.21 its kernel ⟨Φfull(c), XΦfull(c̃
′)⟩ is the sum over ṽt of the pair kernel kX , absolutely

convergent by Lemma 14.27(c), whose proof does not use the present lemma. This gives the
identity in (iii), and the bound follows from (ii). □

Lemma 14.27 (several windows at one height; the full class). Let S1, . . . , Sℓ be pairwise disjoint
finite spatial bond sets at one slab, and S := S1 ∪ · · · ∪ Sℓ.
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(a) (Bond class.) For each i let X(i) be a fibred operator on L2(RSi) (Lemma 13.7(b)). Then

X :=
⊗

iX
(i) on L2(RS) =

⊗
i L

2(RSi) is fibred (Lemma 13.7(b2)), hence bounded and

Z-periodic, ∥X∥ =
∏
i ∥X(i)∥, and

kX(B, u) =
∏
i

kX(i)(BSi , uSi), rX =
∏
i

rX(i) ;

if every X(i) has the absolute convergence required in Remark 13.8, so has X.
(b) (Full class.) Assume moreover that every Si is closed under the bonds of its plaquettes

and that the site sets V (Si) are pairwise disjoint. Let V be a finite set of sites of
the layer containing

⋃
i V (Si) (on a layer torus: all its sites), and let Hfull, Φfull be

defined as in Lemma 13.21 with this V ; that lemma is stated for the site set of one
window, and its statement and proof hold for every finite V . For each i let X(i) be a
finite linear combination of operators Ts(X

′ ⊗X ′
H) with s ∈ [0, 1)plaq(Si), X ′ fibred on

L2(RSi) (Lemma 13.7(b)) with
∑

a∈cZSi |⟨hB,MsX
′hu−a⟩| <∞ for all B, u ∈ RSi, as in

Lemma 13.22, and X ′
H bounded on L2(CV (Si)), acting on Hfull as the identity on the

bonds outside Si and on the sites outside V (Si). Then the X(i) commute, the full operator

X :=
∏
iX

(i) satisfies ∥X∥ ≤
∏
i ∥X(i)∥, and

kX =
∏
i

kX(i) , rX =
∏
i

rX(i) ,

where kX , rX are taken over the union of the windows (the pair coordinates over S, the
Villain integers over the plaquettes of the Si and the Higgs coordinates over

⋃
i V (Si))

and kX(i), rX(i) over the window Si.
(c) (Absolute convergence in the full class.) The operators Xt = 1+ tY + t2Z of Lemma 13.25,

with Y ∈ Cfull and Z = δ + Zb ⊗ ZH , are of the form in (b), and the sum over ṽt of
Remark 13.8 converges absolutely for them and for the full operators built from them in
(b).

Proof. (a) The Gaussian hx(ξ) = (2/π)|S|/4e−|ξ−x|2 is a product over the bonds, hx =
⊗

i h
xSi ,

so ⟨hB, Xhu⟩ =
∏
i⟨h

BSi , X(i)huSi ⟩; for X(i) = 1 this is the factorisation of k1, and the one of
rX = kX/k1 follows. The translations by cZS are tensor products of translations, which gives
the Z-periodicity; the norm of a tensor product is the product of the norms; and the sum over

ṽt ∈ cZS of |kX(B, B̃′ − ṽt)| is the product of the sums over the windows. (This is the tensoring
used in Lemma 13.10.)

(b) Consider first one term Ξi = Tsi(Xi⊗XH,i) for each window. One has TsTs′ = Ts+s′ . For i′ ̸=
i, Tsi′ commutes with the decomposable operator X̂i: its fibres are Xi((d̃α)Si) (Lemma 13.7(b)),

and Tsi′ shifts α by si′ , hence d̃α by d̃si′ , which vanishes on Si, because si′ is supported on
plaq(Si′), the plaquettes of plaq(Si′) have all their bonds in Si′ , and Si′ ∩ Si = ∅. The Higgs

factors XH,i act on different tensor factors of L2(CV ) and commute with all the Ts and X̂i′ .

Hence
∏
i Ξi = Ts

(
(
⊗

iXi) ⊗ (
⊗

iXH,i)
)

with s :=
∑

i si, in any order; in particular the X(i)

commute. By (13.29) and Lemma 13.21,

kTs(X′⊗X′
H)(c, c̃

′) = es(v) ⟨hB,MsX
′hu⟩ kX′

H
(Φ, Φ̃′).

For s =
∑

i si: es(v) =
∏
i esi(v), the i-th factor depending on v over plaq(Si) only; χs =

∏
i χsi ,

where χsi depends on the coordinates of the bonds of Si only (d̃si is supported on Si), so

Ms =
⊗

iMsi ; h
B and hu factorise over the disjoint bond sets as in (a), and hΦ, hΦ̃

′
over

the disjoint site sets. Therefore k∏
i Ξi

=
∏
i kΞi . Both sides are multilinear in the X(i), so
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kX =
∏
i kX(i) ; with X(i) = 1 this is the factorisation of k1, and rX =

∏
i rX(i) follows. The norm

bound is the submultiplicativity of the operator norm.
(c) Y ∈ Cfull is a finite linear combination of operators Ts(X

′ ⊗X ′
H) with X ′ ∈ C, X ′

H ∈ CH
(Lemma 13.24), and Zb ⊗ ZH = T0(Zb ⊗ ZH), 1 = T0(1 ⊗ 1); so Xt is of the form in (b). For one

term, |kTs(X′⊗X′
H)| = |⟨hB,MsX

′hu⟩| |kX′
H

(Φ, Φ̃′)|: the Higgs factor does not depend on ṽt, the

character es(v) is unimodular, and Ms is the multiplication by a unimodular function, which
commutes with the localisations τ∗aPKτa in the proof of Lemma 13.11 and preserves norms, so the
Gaussian bound of that proof, which gives the absolute convergence for the class C (Remark 13.8),
holds for ⟨hB,MsX

′hu⟩ as for ⟨hB, X ′hu⟩. For the term Zb ⊗ ZH the sum over ṽt is that of the
bond corrector Zb, which converges by Remark 13.8, and for the term 1 it is a Gaussian sum.
For the full operators of (b) the sum over ṽt ∈ cZS factorises over the windows. □

Lemma 14.28 (free energy of the product tori: halving a side). Let a1, a2, a3 ∈ εNN, each at
least 4εN .

(i) (Symmetry.) Z(a1, a2, a3) is symmetric under the permutations of (a1, a2, a3).
(ii) (Halving.) Z(a1, a2, 2a3) ≤ Z(a1, a2, a3)

2, and likewise in the first and in the second
argument.

(iii) (Cubic tori.) Let p(L) := (εN/L)3 logZcub
L be the free energy per site of the cubic torus of

side L ∈ εNN, L ≥ 4εN . Then p(2L) ≤ p(L), and p(L) ≥ log c0 with the constant c0 > 0
of Lemma 11.2 if moreover L/2 ∈ εNZ. Consequently, along a dyadic sequence (Ln), the
sequence p(Ln), n ≥ 2, is non-increasing and bounded below, and

ηn := p(Ln−1) − p(Ln) ≥ 0 (n ≥ 3) tends to 0 as n→ ∞.

(iv) (With the volumes.) For L with L/2 ∈ εNN, L/2 ≥ 4εN ,

logZ
(
L
2 , 2L,L

)
≤ 8 logZcub

L/2,

so that logZ
(
L
2 , 2L,L

)
− logZcub

L ≤
( L

εN

)3(
p(L/2) − p(L)

)
.

Proof. (i) is (14.1) for the permutations of the coordinate axes.
(ii) By (i) it suffices to treat the third argument. Let Γs := a1e1Z+a2e2Z and M := a3/εN ≥ 4.

The positivity used is that of the transfer operator, as it is given in Lemma 13.7(c) and its
proof, for the layer torus εN (Ze1 + Ze2)/Γs: T = B∗B ≥ 0 is trace class; PG is an orthogonal
projection (the average of a unitary representation of a compact group) which commutes with

T (it commutes with every B∗ ̂̄XB, in particular for X = 1); and ZM ′ = Tr(PGT
M ′

) for every
number M ′ ≥ 2 of layers. Hence TG := PGT = PGTPG is self-adjoint, non-negative and trace
class, Tr(PGT

M ′
) = Tr(TM

′
G ) =

∑
i λ

M ′
i with λi ≥ 0 the eigenvalues of TG, and

Tr(T 2M
G ) =

∑
i

λ2Mi ≤
(∑

i

λMi

)2
=

(
Tr(TMG )

)2
.

By Lemma 14.25(c) with ζ = 0, Z(a1, a2,M
′εN ) = κ nlayM

′
Tr(TM

′
G ) for M ′ ≥ 4; the two sides of

the claim carry the same power of κ, so

Z(a1, a2, 2a3) = κ 2nlayM Tr(T 2M
G ) ≤ κ 2nlayM Tr(TMG )2 = Z(a1, a2, a3)

2.

(iii) Three applications of (ii) give Z(2L, 2L, 2L) ≤ Z(2L, 2L,L)2 ≤ Z(2L,L,L)4 ≤ Z(L,L,L)8.
The torus of side 2L has 8(L/εN )3 sites, so

p(2L) = 1
8(εN/L)3 logZcub

2L ≤ (εN/L)3 logZcub
L = p(L).

The lower bound is the last line of Step 1 of the proof of Lemma 11.2: Zcub
L ≥ c

(L/εN )3

0 for
L ≥ 4εN with L/2 ∈ εNZ (keep the term v ≡ 0 and restrict the integrations). Along a dyadic
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sequence Ln = 2Ln−1, and Ln ≥ 4εN , Ln/2 ∈ εNZ for n ≥ 2 (as L∗ ∈ εNN); so p(Ln),
n ≥ 2, is non-increasing and bounded below by log c0, hence convergent, and ηn → 0 (indeed∑

n≥3 ηn ≤ p(L2) − log c0).

(iv) By (ii) in the second argument, twice, and then in the third:

Z(L2 , 2L,L) ≤ Z(L2 , L, L)2 ≤ Z(L2 ,
L
2 , L)4 ≤ Z(L2 ,

L
2 ,

L
2 )8 = (Zcub

L/2)
8.

The cubic torus of side L/2 has 1
8(L/εN )3 sites, so 8 logZcub

L/2 = (L/εN )3p(L/2), while logZcub
L =

(L/εN )3p(L). □

Lemma 14.29 (the adapted torus in the three coordinate directions; the twist costs o(L3)). Let
g3 := id and, for j = 1, 2, let gj ∈ B3 be the transposition of the coordinates j and 3. Let L with
L/2 ∈ εNN, L/2 ≥ 4εN .

(i) (Geometry.) gjΓ(L) = Γ(Γs,j ,Mj , ζj) for j = 1, 2, 3, with

j = 3 : Γs,3 = L
2 (e1 − e2)Z + L(e1 + e2)Z, M3 = L/εN , ζ3 = 0;

j = 1 : Γs,1 = Le1Z + 2Le2Z, M1 = L/(2εN ), ζ1 = −L
2 e2;

j = 2 : Γs,2 = 2Le1Z + Le2Z, M2 = L/(2εN ), ζ2 = −L
2 e1.

For j = 1, 2 the untwisted torus with the same layer torus and the same number of
layers, TΓ(Γs,j ,Mj ,0), is the product torus with sides (L, 2L, L2 ), resp. (2L,L, L2 ); we write

Zrect
L := Z(L2 , 2L,L) for its partition function (Lemma 14.28(i)).

(ii) (Twist comparison.) For j = 1, 2, in the notation of Lemma 14.26 for (Γs,j ,Mj , ζj),

1 ≤
Z0
Mj

Z
ζj
Mj

=
Zrect
L

Ztw
L

≤ exp
[( L

εN

)3(
p(L/2) − p(L)

)]
.

(iii) (The surface term of the fold.) With ϕL = log(Ztw
L /Zcub

L ) as in Proposition 14.13,

0 ≤ ϕL ≤
( L

εN

)3(
p(L/2) − p(L)

)
.

Along a dyadic sequence, for all large n: 0 ≤ logZrect
Ln

− logZtw
Ln

≤ (Ln/εN )3ηn and 0 ≤ ϕLn ≤
(Ln/εN )3ηn, with ηn → 0 (Lemma 14.28(iii)).

Proof. (i) Γ(L) = L
2 (e1 − e2)Z + L(e1 + e2)Z + Le3Z (Definition 14.5), which is the case j = 3.

The transposition g1 gives g1Γ(L) = L
2 (e3 − e2)Z + L(e3 + e2)Z + Le1Z, and L(e3 + e2) =

2 · L2 (e3 − e2) + 2Le2, so g1Γ(L) = Le1Z + 2Le2Z + Z
(
L
2 e3 −

L
2 e2

)
. The transposition g2 gives

g2Γ(L) = L
2 (e1 − e3)Z + L(e1 + e3)Z + Le2Z, and L(e1 + e3) = 2Le1 − 2 · L2 (e1 − e3), so

g2Γ(L) = 2Le1Z + Le2Z + Z
(
L
2 e3 −

L
2 e1

)
. The untwisted tori are εNZ3/(Le1Z + 2Le2Z + L

2 e3Z)

and εNZ3/(2Le1Z + Le2Z + L
2 e3Z); all these tori have (L/εN )3 sites.

(ii) By Lemma 14.25(c), (14.1) and (i), κ(L/εN )3Z
ζj
Mj

= Z(gjΓ(L)) = Z(Γ(L)) = Ztw
L and

κ(L/εN )3Z0
Mj

= Zrect
L , which is the equality. The lower bound is Lemma 14.26(ii) without

insertions: Ztw
L ≤ Zrect

L . For the upper bound, Proposition 14.13 gives Zcub
L ≤ Ztw

L (its statement

contains ϕL ≥ 0; it applies, as L ≥ 8εN , to the datum (0, 0, 0; L2 ; 0) with zero source), and

Lemma 14.28(iv) gives logZrect
L − logZcub

L ≤ (L/εN )3(p(L/2) − p(L)).
(iii) ϕL ≥ 0 is part of Proposition 14.13, and by (ii) and Lemma 14.28(iv),

ϕL = logZtw
L − logZcub

L ≤ logZrect
L − logZcub

L ≤ (L/εN )3(p(L/2) − p(L)).

Along a dyadic sequence Ln/2 = Ln−1, so p(Ln/2) − p(Ln) = ηn, and the hypotheses on
L = Ln hold for all large n. □
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Lemma 14.30 (bounded Borel local functions converge along the limits). In the setting of

Subsection 14.4, for k ∈ N let ν1/k be the weak limit of (µ
1/k
Ln

)n along a subsequence of (Ln) (which
may depend on k), and let ν0 be the weak limit of (ν1/k)k along a subsequence (Lemma 14.21). Let

f be a bounded Borel function on E of the variables of finitely many cells. Then µ
1/k
Ln

(f) → ν1/k(f)
along the subsequence defining ν1/k, for every k, and ν1/k(f) → ν0(f) along the subsequence
defining ν0.

Proof. Let ∆ be a finite set of cells containing the cells of f , so that f is a function of the

∆-variables only, and write γ
1/k
∆ for the kernel of Subsection 14.4 with the source strength 1/k.

For L = Ln larger than the diameter of ∆ and of the cells of the Oc, c ∈ I∆, integrating the

∆-variables first under µ
1/k
L gives µ

1/k
L (f) = µ

1/k
L (γ

1/k
∆ f): this is the first step of the proof of

Lemma 14.21(i), an application of Fubini’s theorem which uses of f only that it is bounded and

Borel. The function γ
1/k
∆ f depends on the outside variables of finitely many cells only, and it

is bounded and continuous: this is the Feller argument of the same proof (the factors of the
kernel are continuous in the outside variables, Z∆(ξout) ∈ (0,∞), dominated convergence), in
which f enters only as a bounded Borel function of the integration variables. Hence, by the weak
convergence and by Lemma 14.21(i) for the bounded Borel f , along the subsequence defining
ν1/k,

µ
1/k
Ln

(f) = µ
1/k
Ln

(γ
1/k
∆ f) −→ ν1/k(γ

1/k
∆ f) = ν1/k(f).

For the second limit, ν1/k(f) = ν1/k(γ
1/k
∆ f) by Lemma 14.21(i), ∥γ1/k∆ f − γ∆f∥∞ ≤

2∥f∥∞(e2S∆/k − 1) by the comparison of the two normalised weights in the proof of
Lemma 14.21(iii) (valid for bounded Borel f), and γ∆f is bounded and continuous (the Feller
argument without source). So, along the subsequence defining ν0, ν1/k(f) − ν1/k(γ∆f) → 0 and
ν1/k(γ∆f) → ν0(γ∆f) = ν0(f), the last equality by Lemma 14.21(iii). □

Proposition 14.31 (the tangent inequality of the comparison states, without relative entropy).
Let ν0 = ν0(D) be a comparison state as in Lemma 14.21(iii), formed along a dyadic sequence
(Ln) with a datum D = (c0, c+, c3;h;O). For j ∈ {1, 2, 3} let gj be as in Lemma 14.29 and let

ν(j) := Ψ∗
(
(ν0 ◦ ĝj) × Haarsites

)
be the phase restoration (Lemma 13.3(d)) of the Gibbs measure ν0 ◦ ĝj (Proposition 13.39(i)):
for j = 3 the phase restoration of ν0 itself; for j = 1, 2 its time slabs are the slabs of ν0 between
adjacent layers orthogonal to ej. Let ν = ν(j) for some j ∈ {1, 2, 3}, let [n0, n0 + 1] be a slab
between two adjacent time layers and t ̸= 0 real. Then:

(a) for every finite spatial bond set S, every real skew-adjoint Y of the class of Lemma 13.11
and the corrector Z of Lemma 13.12, the slab function vt = log(1 + trY + t2rZ) ◦ Θσ of
Lemma 13.14 satisfies

(14.3) ν(vt) ≤ log ∥Xt∥, Xt = 1 + tY + t2Z;

(b) for every finite spatial bond set S closed under the bonds of its plaquettes, every real
skew-adjoint Y ∈ Cfull and the corrector Z = δ + Zb ⊗ ZH of the proof of Lemma 13.25,
the slab function vt of that proof satisfies (14.3).

The inequality (14.3) is the upper bound which the proof of Lemma 13.14 obtains from
Lemma 13.9, (13.28) and Lemma 13.10, and which the proof of Lemma 13.25 obtains from these
and Lemma 13.21; here it is obtained in each direction ej from the construction of ν0.

Proof. Fix j and put g := gj ; fix the case (a) or (b), S, the slab, Y , Z and t ̸= 0, and write
X := Xt and v := vt = log rX ◦ Θσ. By Lemma 13.12, resp. the proof of Lemma 13.25,
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rX ≥ δt2 > 0, so v ≥ log(δt2). The function v depends on the phase-restored variables of a finite
set ∆S of cells of the slab (the sites, bonds and plaquettes of the window in the two layers, the
temporal links and the temporal plaquettes between them), and it is Borel (rX is continuous in
the pair and Higgs coordinates of the slab for each value of the integer variables, and Θσ is a
Borel map). Let h = hj0 be the wall spacing of D.

Step 1 (reduction to bounded Borel functions on E). For m ∈ N let v ∧m := min(v,m) and

fm(ω) :=

∫
Haar(dψ) (v ∧m)

(
Ψ(ĝω, ψ)

)
,

the integral being over the finitely many phases on which the integrand depends. Since Ψ
and ĝ are local, fm is a bounded Borel function on E of the variables of finitely many cells,
and by the definition of ν = ν(j) and Fubini’s theorem ν(v ∧m) = ν0(fm). As v ∧m ↑ v and
v ∧m ≥ min(log(δt2), 1), monotone convergence gives

(14.4) ν(v) = sup
m
ν0(fm) ∈ (−∞,+∞].

It therefore suffices to prove ν0(fm) ≤ log ∥X∥ for every m.
Step 2 (the torus laws). Let k ∈ N, n ≥ j0 and L = Ln, so large that the cells of fm embed in

T tw
L and Lemma 14.29 applies. Let µ′ := µ

1/k
L ◦ ĝ, a law on the configurations of the torus TgΓ(L),

and µ̃′ := Ψ∗(µ
′ × Haarsites). The computation of Step 1, on the torus, gives

(14.5) µ
1/k
L (fm) = µ̃′(v ∧m) ≤ µ̃′(v).

We bound µ̃′(v).
Step 3 (a sublattice of periods; the periodised sum). Let Λ′ := h(e1−e2)Z+h(e1+e2)Z+2he3Z.

By Lemma 14.6 the products of the reflections in two adjacent parallel walls of D are the

translations by h(e1 − e2), h(e1 + e2) and 2he3; they belong to W , so µ
1/k
L is invariant under the

translations by Λ′ (Lemma 14.12(i)). Every non-zero element of Λ′ has length at least h. Let dS
be the diameter of ∆S , choose an integer q ≥ 0 with 2qh > dS + 2εN , and put

Γ′ := 2q gΛ′, I ′ := [εNZ3 : Γ′] = 4 · 8q (h/εN )3.

Γ(L) ⊂ 2qΛ′ holds if and only if 2qh divides L/2, that is, for L = Ln with n ≥ j0 + q
(Ln/2 = 2n−j0h); we assume this from now on. Then gΓ(L) ⊂ Γ′, nL := [Γ′ : gΓ(L)] = (L/εN )3/I ′,
and µ′ is invariant under the translations by gΛ′ ⊃ Γ′ (τga ◦ ĝ = ĝ ◦ τa); so is µ̃′ (Lemma 14.25(b)).

For γ ∈ Γ′ the function v ◦ τγ on the phase-restored configurations of TgΓ(L) depends only on

the class of γ modulo gΓ(L). It is the slab function log rXγ ◦Θ
(s)
σ of the translated slab, of height

s = s(γ) ∈ {1, . . . ,Mj}, and of the translated window Sγ , where Xγ is the copy of X on Sγ , an
operator of the same class and the same norm. Let

VL :=
∑

γ∈Γ′/gΓ(L)

v ◦ τγ ,

a sum of nL terms, bounded below. The cell sets ∆S + γ of distinct classes are at distance at
least 2εN from each other on TgΓ(L): if ∆S + γ and ∆S + γ′ + γ′′, γ′′ ∈ gΓ(L), are at distance

less than 2εN in εNZ3, then the element γ′ + γ′′ − γ of Γ′ has length less than dS + 2εN < 2qh,
hence is zero. In particular the windows Sγ at one height are pairwise disjoint, and so are their
site sets. By the invariance of µ̃′ (applied to the truncations of v, then monotone convergence),

(14.6) µ̃′(v) = n−1
L µ̃′(VL),

both sides in (−∞,+∞].
Step 4 (Jensen’s inequality; removal of the source). For a probability measure, the integral

of a function bounded below is at most the logarithm of the integral of its exponential, both
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sides in (−∞,+∞] (Jensen’s inequality for the truncations of the function from above, then

monotone convergence on the left). Thus µ̃′(VL) ≤ log µ̃′(eVL). The density of µ
1/k
L with respect

to µtwL is Z−1
1/ke

Od/k ≤ e2nc∥O∥∞/k (Definition 14.10; this is the removal of the source in the

proof of Lemma 14.18), and µtwL ◦ ĝ = µgΓ(L) by (14.1). Hence, for every Borel F ≥ 0 on the
phase-restored configurations of TgΓ(L),

µ̃′(F ) =

∫
µ
1/k
L (dω)

∫
Haar(dψ)F

(
Ψ(ĝω, ψ)

)
≤ e2nc∥O∥∞/k µ̃gΓ(L)(F ) = e2nc∥O∥∞/k µ

ζj
Mj

(F ),

by Lemma 14.25(a),(c) and Lemma 14.29(i). With (14.6),

(14.7) µ̃′(v) ≤ n−1
L

[2nc∥O∥∞
k

+ log µ
ζj
Mj

(
eVL

)]
,

nc
nL

=
2L3

h3
·
I ′ε3N
L3

= 8q+1.

Step 5 (insertions on the twisted torus). For each height s ∈ {1, . . . ,Mj} let X [s] be the full
operator of the copies Xγ with s(γ) = s: their tensor product in the case (a) (Lemma 14.27(a)),
their product in the case (b) (Lemma 14.27(b); the windows Sγ are closed under the bonds of

their plaquettes, as S is, and by Step 3 they are pairwise disjoint in bonds and in sites); X [s] := 1
if there is no such γ. In the case (b) the feature map is that of Lemma 14.27(b) with V the set
of all sites of the layer torus, the same at all heights. By Lemma 14.27, rX[s] is the product of

the rXγ with s(γ) = s, ∥X [s]∥ is at most the product of their norms, and X [s] has the absolute
convergence on which (13.28) rests (Remark 13.8 in the case (a), Lemma 14.27(c) in the case
(b)). Hence

eVL =
∏

γ∈Γ′/gΓ(L)

rXγ ◦ Θ(s(γ))
σ =

Mj∏
s=1

rX[s] ◦ Θ(s)
σ ,

Mj∏
s=1

∥X [s]∥ ≤ ∥X∥nL ,

and Lemma 14.26(iii) gives

µ
ζj
Mj

(
eVL

)
=
Z
ζj
Mj

(X [1], . . . , X [Mj ])

Z
ζj
Mj

≤ ∥X∥nL
Z0
Mj

Z
ζj
Mj

.

For j = 3 the twist ζ3 vanishes and the last ratio is 1 (this is Lemma 13.10 with (13.28)).
For j = 1, 2 it is at most exp[(L/εN )3ηn] by Lemma 14.29(ii), L = Ln. Since (L/εN )3/nL = I ′,
(14.7) becomes

(14.8) µ̃′(v) ≤ log ∥X∥ +
2 · 8q+1∥O∥∞

k
+ I ′ ηn,

where q and I ′ depend on the window, the slab function and h, but not on n, k or m (for j = 3
the last term is absent).

Step 6 (the limits: first n → ∞ at fixed k, then k → ∞). By (14.5) and (14.8), µ
1/k
Ln

(fm) ≤
log ∥X∥ + 2 · 8q+1∥O∥∞/k + I ′ηn for all large n. Let n → ∞ along the subsequence defining
ν1/k: by Lemma 14.30 the left side tends to ν1/k(fm), and ηn → 0 along the whole sequence

(Lemma 14.28(iii)), so ν1/k(fm) ≤ log ∥X∥ + 2 · 8q+1∥O∥∞/k for every k. Let k → ∞ along the
subsequence defining ν0: by Lemma 14.30, ν0(fm) ≤ log ∥X∥. This holds for every m, and (14.4)
gives ν(v) ≤ log ∥X∥, which is (14.3). □

Remark 14.32 (a second proof). (i) A second proof of the invariance used in Proposition 14.33.
For the comparison states, Proposition 14.31 gives a proof of Lemmas 13.14 and 13.25, of
Theorem 13.28 and of the conclusion of Theorem 13.1 which does not use the tangent inequality,
Lemma 13.9. Indeed, let ν0 be a comparison state. In the proof of Theorem 13.1 for ν0
(Subsection 13.10), Lemma 13.9 is applied only to the three measures ν(j) of Proposition 14.31
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(in Step 1 to the phase restoration of ν0, in Step 2 to those of ν0 ◦ ĝ1 and ν0 ◦ ĝ2), and only
through the upper bounds (14.3) in the proofs of Lemmas 13.14 and 13.25 (Remark 13.40); and
Proposition 14.31 gives these bounds directly. This applies in particular to the invariance of νO′

under τ2εNe1 in step (3) of the proof of Proposition 14.33. For that invariance the case j = 1 of
Proposition 14.31 suffices: Step 1 of the proof of Theorem 13.1 for ν0 ◦ ĝ1 gives its invariance
under the time reflections, the computation in the proof of Proposition 13.39(ii) turns it into the
invariance of ν0 under the reflections θ1,c, and Proposition 13.39(iii) gives the invariance under
τ2εNe1 .

(ii) The surface term. The convergence which the argument of this section takes from the surface
bound, Lemma 14.14, also follows from Lemma 14.29(iii). By that lemma, 0 ≤ ϕLn ≤ (Ln/εN )3ηn
with ηn → 0 along a dyadic sequence, hence ϕLn/L

3
n → 0. In the notation of Remark 14.17,

where t is the source strength, this is the statement h3ϕLn/(2tL
3
n) → 0 at fixed h and t > 0 of

that remark, which is the only consequence of Lemma 14.14 that the argument of this section
uses (Remark 14.17, the proof of Proposition 14.23, Remark 14.15). Here it follows from ϕL ≥ 0
(Proposition 14.13), the Hölder bound of Lemma 14.26 without insertions and the halvings of
Lemma 14.28, with no analysis of the seam. The bound of Lemma 14.14 itself, of the order
L2 logL, is not obtained in this way, since Lemma 14.29(iii) gives no rate for ηn.

(iii) Restriction to the comparison states. Proposition 14.31 is a statement about the comparison

states only: its proof uses their construction as limits of the torus laws µ
1/k
Ln

and gives nothing
for other Gibbs measures. Section 13 does not depend on it; there the tangent inequality is
Lemma 13.9.

14.6. Straddling: the rigidity step.

Proposition 14.33 (reflection positivity of the dyadic limit points at the planes {u = c0}). Let
ω be a dyadic limit point, c0 ∈ εNZ, Π := {u = c0} and θ := θΠ = rc0 . Then ω

(
(F ◦θ)F

)
≥ 0 for

every real bounded continuous function F of the variables of finitely many cells with all vertices
in {u ≥ c0} (a function on ΩN , in the sense of Theorem 11.5(d)), and ω(G ◦ θ) = ω(G) for every
bounded continuous local G.

For Theorem 14.3 only c0 = 0 is needed.

Proof. The invariance is Theorem 11.5(c), since rc0 is a signed coordinate permutation about a site
composed with a translation of εNZ3, an element of GN . Let F be as stated and O := −(F ◦ θ)F .
This function is real, bounded, continuous and local, a function of the gauge-invariant variables
(fp, ρ̃x), but of cells on both sides of Π (those of F and their reflections), so no datum with the
wall Π admits it.

Translate. Let umin be the least value of u over the vertices of the cells of O and pick
a ∈ εNZ with umin + 2a ∈ {c0 + εN , c0 + 2εN} (one of two consecutive multiples of εN lies
in 2εNZ); let τ be the translation by 2ae1 ∈ εNZ3 (it raises u and v(x) by 2a and fixes x3)
and O′ := O ◦ τ−1, a real bounded continuous function of the gauge-invariant variables of
cells with all vertices in {u ≥ c0 + εN}. Choose h ∈ {hj} (unbounded, Definition 14.1) larger
than each of the u-, v(x)- and x3-ranges of the vertices of the cells of O′ plus 2εN , and put
c+ := min v(x) − εN ∈ εNZ, c3 := minx3 − εN/2 ∈ 1

2εNZ over those vertices. Then the cells of
O′ lie inside the open cell C0 = {c0 < u < c0 + h, c+ < v(x) < c+ + h, c3 < x3 < c3 + h} of the
datum DO′ := (c0, c+, c3;h;O′), whose wall set contains Π. Let νO′ := ν0(DO′) be a comparison
state of Lemma 14.21(iii), formed along subsequences of the subsequence defining ω.

The chain of relations. The following four relations hold.

(1) ω(O) = ω(O′), because the law µN of ω (Definition 2.3) is invariant under the translations
by εNZ3 (Theorem 11.5(c)) and 2ae1 ∈ εNZ3.
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(2) ω(O′) ≤ νO′(O′), by Proposition 14.23 (O′ is a bounded continuous function of the gauge-
invariant variables of cells inside C0; under νO′ it is evaluated through fp = (dB)p + vp).

(3) νO′(O′) = νO′(O). Indeed, by Proposition 14.22 (the sourceless νO′ is Gibbs, Λ′-periodic
with the time translation 2he3, and satisfies (I1)–(I3)), Theorem 13.1 makes νO′ invariant
under τ2εNe1 , hence under τ = τ2ae1 (a ∈ εNZ). A second proof of this invariance, which
does not use Lemma 13.9, is obtained with Proposition 14.31 in the place of Lemma 13.9;
see Remark 14.32(i).

(4) νO′(O) = −νO′
(
(F ◦ θ)F

)
≤ 0, by the reflection positivity of νO′ at its wall Π

(Lemma 14.21(iii)), F being a real bounded continuous function of cells in the closed
half space {u ≥ c0} (as a function on E through fp = (dB)p + vp; the reflection acts on
(ρ̃, B, v) and induces on f the action used on ΩN ).

Hence ω
(
(F ◦ θ)F

)
= −ω(O) ≥ 0. (Equivalently: νO′ is the dominating state of Lemma 14.24

for this O, after the translation τ has been undone by the rigidity theorem.) □

14.7. Conclusion: the six planes through 0 and all their translates.

Lemma 14.34 (complex form, Hermitian form, Borel functions and the L2 closure). Let ω
be a dyadic limit point, c0 ∈ εNZ, R := rc0 and ΘF := F ◦R for functions F of cells in

{u ≥ c0}. (a) For complex bounded continuous such F,G: ω(ΘF · F ) ≥ 0, ω(ΘF ) = ω(F ), and
(F,G) 7→ ω(ΘF ·G) is a positive semidefinite Hermitian form. (b) The same holds for bounded
Borel F,G of finitely many cells in {u ≥ c0} and for their L2(µN )-closure.

Proof. (a) Write F = F1 + iF2 with F1, F2 real. Then

ω(ΘF · F ) = ω((F1 ◦R)F1) + ω((F2 ◦R)F2) + i
[
ω((F1 ◦R)F2) − ω((F2 ◦R)F1)

]
,

and the bracket vanishes by the R-invariance of µN (Theorem 11.5(c), R ∈ GN ): ω((F2 ◦
R)F1) = ω

(
((F2 ◦ R)F1) ◦ R

)
= ω(F2 (F1 ◦ R)). So ω(ΘF · F ) ≥ 0 by Proposition 14.33, and

ω(ΘF ) = ω(F ◦R) = ω(F ). The Hermitian symmetry is the identity

ω(ΘF ·G) = ω(F ◦RG) = ω(F (G ◦R)) = ω(G ◦RF ) = ω(ΘG · F ),

again by R-invariance; a sesquilinear form with Hermitian symmetry and non-negative diagonal
is positive semidefinite (polarisation). (b) Bounded Borel functions of finitely many cells are
L2(µN )-limits of bounded continuous functions of the same cells (the marginal is a finite Borel
measure on a Polish product; Lusin’s theorem), and (F,G) 7→ ω(ΘF ·G) is L2-continuous because
F 7→ F ◦R is an isometry of L2(µN ) by R-invariance, so Θ is an antiunitary involution of L2(µN ).
The three statements pass to the limits, and then to the L2(µN )-closure. □

Proof of Theorem 14.3. Let P = P σij = {xi = σxj}, 1 ≤ i < j ≤ 3, σ ∈ {±1}, and k the third

index. Let R′ be the signed coordinate permutation with R′e1 = ei, R
′e2 = σej , R

′e3 = ek: for
y = R′x one has yi − σyj = x1 − σ2x2 = u(x), so R′ maps {u = 0} onto P and {u ≥ 0} onto
the closed half space {xi − σxj ≥ 0}. For the other closed half space use R′ ◦ (1 2), which maps
{u = 0} onto P and {u ≥ 0} onto {xi − σxj ≤ 0}. Call the chosen map g; it fixes 0, so g ∈ GN
(Theorem 11.5(c)), and θP = g θ0 g

−1 with θ0 := r0 the reflection in {u = 0} (both sides are the
involutive isometry of εNZ3 fixing P pointwise). For F bounded Borel of cells in HP = g{u ≥ 0},
F ◦ g is bounded Borel of cells in {u ≥ 0}, and by g-invariance of µN and Lemma 14.34(b) at
c0 = 0,

ω
(
F ◦ θP · F

)
= ω

(
(F ◦ θP · F ) ◦ g

)
= ω

(
(F ◦ g) ◦ θ0 · (F ◦ g)

)
≥ 0,

using θP ◦ g = g ◦ θ0. As (i < j, σ) vary, all six diagonal site planes through 0 are reached. □
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Corollary 14.35 (all diagonal site planes; Hermitian form; L2 closure). Let ω be a dyadic limit
point. For every c ∈ εNZ and every plane Π = {xi − σxj = c} (1 ≤ i < j ≤ 3, σ ∈ {±1}),
with θΠ the reflection in Π and ΘΠF := F ◦ θΠ: ω(ΘΠF · F ) ≥ 0 for every bounded Borel F of
finitely many cells in either closed half space bounded by Π; (F,G) 7→ ω(ΘΠF ·G) is a positive

semidefinite Hermitian form on these functions; ω(ΘΠF ) = ω(F ); and all three statements extend
to the L2(µN )-closure.

Proof. With g as in the proof of Theorem 14.3 put gc(x) := gx+ cei; since cei ∈ εNZ3, gc ∈ GN
(Theorem 11.5(c)), gc{u = 0} = Π (y = gx + cei has yi − σyj = u(x) + c), gc{u ≥ 0} is the
chosen closed half space and θΠ = gcθ0g

−1
c . The computation of that proof, with gc in place of g,

transports the three statements of Lemma 14.34(b) at c0 = 0 to Π (for the Hermitian form and
the conjugation identity: ω(ΘΠF ·G) = ω(Θ0(F ◦ gc) · (G ◦ gc)) and ω(ΘΠF ) = ω(Θ0(F ◦ gc)) by
gc-invariance), and F 7→ F ◦ gc is an isometry of L2(µN ), so the L2-closure statement transports
too. Beyond Theorem 14.3, the proof uses only the εNZ3-translation invariance of µN . □

14.8. Consequence for the rotation theorems.

Remark 14.36 (consequence for the rotation theorems). Let ωN be a dyadic limit point and S
a limit functional of Theorem 7.1 built on it. Then Theorems 12.2 and 12.3 hold for S; this is
Theorem 12.4. Indeed, apart from the reflection positivity of ωN at the six diagonal site-plane
families, every step of the proofs of Theorems 12.2 and 12.3 holds for the torus limit points as it
stands, with Theorem 11.5(a)–(d) in place of the corresponding statements for the box states:
the Gaussian bound of Lemma 12.22 follows from Theorem 11.5(b), the translation invariance
and the coordinate reflections are given by Theorem 11.5(c),(d), and the continuum passage is
given by Theorem 7.1 and Section 9, which are stated for ωN . Lemma 12.21 requires reflection
positivity only at the nine planes through 0, and the Hermitian identities which it uses follow
from Theorem 11.5(c). Theorem 14.3 therefore suffices for the proof, while Corollary 14.35
gives the reflection positivity at all diagonal site planes. Theorem 14.3 rests in turn on the
rigidity theorem (Theorem 13.1) and on the surface bound (Lemma 14.14). One and the same
dyadic limit point ωN must be used throughout, in Definition 2.3 and in the sequence (Nm) of
Theorem 7.1.

15. Rotation covariance of the moments from reflection positivity

Throughout this section T is Λ2R3 or Λ2R3 ⊕ R with its orthogonal O(3)-action π (on the
2-form summand π(g) = det(g) g under Λ2R3 ∼= R3, on the scalar summand the identity), TC
its complexification with the Hermitian extension of the inner product, and S = S(R3;T ) the
real Schwartz space; S ′(R3;T ) carries its Borel σ-algebra. For a Borel probability measure
µ on S ′(R3;T ) put F (χ)(ϕ) := ϕ(χ) and Sn(χ1, . . . , χn) :=

∫ ∏n
j=1 F (χj) dµ whenever the

integral converges absolutely. For g ∈ O(3) the pull-back is (g∗χ)(x) := π(g)−1χ(gx), and
for a ∈ R3, (τaχ)(x) := χ(x − a). For a reflection Θ in an affine plane, Θ∗χ is the pull-back
(Θ∗χ)(x) = π(Θ0)χ(Θx), Θ0 the linear part. The constants of this section depend only on the
constant C of hypothesis (i) below (and on the number of fields where this is stated), never on µ
otherwise. The symbols W , N , N and µ of this section are local to it (elsewhere in this paper N
is the level and N the set of the nine normals).

Theorem 15.1 (rotation covariance of the moments away from coincident points). Let µ be a
Borel probability measure on S ′(R3;T ) such that

(i)
∫
eF (χ) dµ ≤ eC(∥χ∥L1+∥χ∥2

L2 ) for all real χ ∈ S(R3;T ), with one constant C <∞;
(ii) µ is invariant under all translations of R3;
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(iii)
∑

a,b z̄azb
∫
eiF (χa−Θ∗χb) dµ ≥ 0 for every reflection Θ in one of the nine planes {xj = 0},

{xj ± xk = 0} (1 ≤ j < k ≤ 3), all finite families χa ∈ S supported in one open side of
the plane and all za ∈ C.

Then Sn(R∗χ1, . . . , R
∗χn) = Sn(χ1, . . . , χn) for all n ≥ 1, all R ∈ O(3) and all χ1, . . . , χn ∈

S(R3;T ) with pairwise disjoint supports.

For the two representations of the theorem the planar rotation weights are 0,±1 (the 2-forms)
and 0 (the scalar), and the proof below is written for weights in {−2, . . . , 2} wherever the weights
enter (Proposition 15.21). The proof occupies the rest of the section: Subsection 15.1 fixes the
notation, Subsections 15.2–15.14 prove the intermediate statements in order, and Subsection 15.15
assembles them.

Remark 15.2 (the tests in (iii)). Hypothesis (iii) with real C∞
c tests supported in one open

side implies (iii) as stated, with Schwartz tests supported in that open side: for such χa the
cut-offs χaϑ(·/q) (ϑ ∈ C∞

c (R3), ϑ = 1 on B(0, 1)) are compactly supported in the open side and
converge to χa in the norm N of Subsection 15.1 as q → ∞, and the characteristic functional Z
is N -continuous (Lemma 15.6(b)), so each finite Gram sum of (iii) passes to the limit. Conversely
the stated form contains the compactly supported one. Only the compactly supported form is
ever used below.

Remark 15.3 (the σ-algebra). The proofs of this section use µ only through the random variables
F (χ), χ ∈ S real, and the σ-algebras they generate (the Σ(K) and Σ{u ·v > 0} of Subsection 15.1,
and in Lemma 15.6(e) the uniqueness of a probability measure with a given characteristic
functional on the σ-algebra generated by the evaluations). They apply therefore to a probability
measure on S ′(R3;T ) carrying the cylinder σ-algebra generated by the evaluations, which is the
form in which the measures of Sections 9 and 12 are given: “Borel” is then read as “on that
σ-algebra”, and the image measures used in the proofs (under translations, reflections and the
rotation by π/4 of a coordinate plane) are again of this form, because every evaluation of the
image of ϕ is an evaluation of ϕ.

15.1. Setting and notation. Fields. For χ ∈ (L1 ∩ L2)(R3;TC) we put N(χ) := ∥χ∥1 + ∥χ∥2,
the norms being taken with the Hermitian norm on TC; we note that ∥Reχ∥p ≤ ∥χ∥p. By
Lemma 15.6 below, F extends to (L1 ∩ L2)(R3;TC), complex-linearly, with F (χ) ∈

⋂
p<∞ Lp(µ),

F (χ) = F (χ̄), and Sn is defined on (L1∩L2)nC . Z(χ) :=
∫
eiF (χ) dµ is the characteristic functional.

Coordinates. A coordinate pair is an ordered pair (t, x) = (xj , xk) of distinct coordinates,
y = xl the third; et, ex, ey are the unit vectors, and a point of R3 is written (t, x, y) or (z, y) with
z = (t, x) ∈ R2 the planar part. θ◦(t, x, y) := (−t, x, y) is the reflection in {t = 0}, θc(t, x, y) :=
(2c− t, x, y) the reflection in {t = c}, n := (et + ex)/

√
2, n′ := (et− ex)/

√
2, and θn the reflection

in {t+ x = 0} (so θnn = −n, θnn
′ = n′, θ◦n = −n′). On tests we put (θ∗cχ)(v) := π(θ◦)χ(θcv)

and (θ∗nχ)(v) := π(θn)χ(θnv). Since π(θ◦) and π(θn) are real orthogonal involutions, each θ∗ is
an involutive isometry of L1 and of L2, Re θ∗ck = θ∗c Re k, and θ∗cτaθ

∗
c = τθ◦a for a ∈ R3. We put

Jcχ := θ∗cχ and J := J0, and for a transverse profile f ∈ (L1 ∩ L2)(R;TC) we put Jf := π(θ◦)f̄ ,

so that J(αf) = α̃ Jf , where (αf)(t, x, y) := α(t, x)f(y) and α̃(t, x) := α(−t, x).
Observables. The translations and the reflections act on S ′ by (τaϕ)(χ) := ϕ(τ−aχ) and

(θϕ)(χ) := ϕ(θ∗χ) for θ ∈ {θc, θn}, and on functions G of ϕ by U(a)G := G ◦ τ−a, ΘcG := G ◦ θc,
Θ◦ := Θ0 and ΘnG := G ◦ θn. Hence U(a)F (χ) = F (τaχ), ΘcF (χ) = F (θ∗cχ), ΘnF (χ) = F (θ∗nχ),
U(a)(GG′) = U(a)GU(a)G′, U(a)U(b) = U(a+ b), and, from the affine identities θcθ0 = τ2cet ,
θcτcet = τcetθ0, θ0τ−cet = τ−cetθc, θτa = τθ0aθ (θ0 the linear part),

(15.1)
ΘcΘ◦ = U(2cet), ΘcU(cet) = U(cet)Θ◦, Θ◦U(−cet) = U(−cet)Θc,

ΘcU(a) = U(θ◦a)Θc, ΘnU(a) = U(θna)Θn.
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These identities hold on the generators F (χ) by the point-map identities, and the F (χ) separate
the points of S ′. Σ(O) denotes the σ-algebra generated by the F (χ), χ ∈ S real with suppχ ⊂ O
(O open); it coincides with the one generated by the F (χ), χ ∈ C∞

c (O;T ), since χφ(·/j) → χ in
S for a cut-off φ. We put L2

c := L2(Σ{t > c}, µ), L2
◦,+ := L2

0 and L2
n,+ := L2(Σ{n · v > 0}, µ).

The OS space. We define the forms ⟨G,G′⟩c := Eµ[ΘcGG
′] on L2

c , ⟨·, ·⟩◦ := ⟨·, ·⟩0, and

⟨G,G′⟩n := Eµ[ΘnGG
′] on L2

n,+. The space H◦ is the completion of L2
◦,+ modulo the null

space N of ⟨·, ·⟩◦ (Lemma 15.5); we write [G] or [G]◦ for the class of G, and Ω := [1], so that
⟨Ω, [G]⟩◦ = Eµ[G]. The space Hn and the classes [G]n are defined likewise for the plane {t+x = 0}.
The operators H ≥ 0 and P are the self-adjoint generators with [U(tet +xex)G]◦ = e−tHeixP [G]◦
for t ≥ 0, x ∈ R, and Π is their joint spectral measure on [0,∞) × R (Lemma 15.5); Hn, Pn,Πn

are the same objects for {t+ x = 0}, with n as time and n′ as space.
Complex translations. For z = (t, x) ∈ C2 we put q(z) := Re t − | Imx|, W := {q > 0},

C+ := {(t, x) ∈ R2 : t > |x|}, Θ◦z := (−t, x) and z̄ := (t̄, x̄). The function q is superadditive,
q(z + z′) ≥ q(z) + q(z′), and q(−Θ◦z̄) = q(z). For q(z) ≥ 0 we put V (z) :=

∫
e−tω+ixp dΠ(ω, p)

(Lemma 15.12). We write R(θ) for the rotation of the (t, x)-plane by θ, acting on R3 with y
fixed, and ϱ(θ) := π(R(θ)) for its tensor action, so that (R(θ)∗χ)(z, y) = ϱ(−θ)χ(R(θ)z, y); both
extend to complex θ as entire functions (polynomials in e±iθ).

Narrow and admissible configurations. A finite planar configuration (z1, . . . , zN ) ∈ (R2)N is
narrow if for some ordering σ and some unit vector u ∈ R2 all differences zσ(j+1) − zσ(j) lie in the
open cone of half-angle π/4 about u. An ordered tuple of tests χj = αjfj with compact planar
supports Kj = suppαj is admissible if K1 ⊂ C+ and Kj+1 −Kj ⊂ C+ for all j. The symbols K1,
K6, K7 and K8 also denote the constants of this section listed in Remark 15.40: as a numerical
factor in an estimate Kn is that constant, and in an inclusion or under a map it is the support
suppαn.

Remark 15.4 (the four planes of a coordinate pair). Every statement of Subsections 15.2–15.13
is proved for one coordinate pair (t, x) from (i), (ii) and hypothesis (iii) restricted to the four
planes {t = 0}, {x = 0}, {t + x = 0}, {t − x = 0} of that pair; where a proof uses fewer
planes this is said. Hypothesis (iii) of Theorem 15.1 supplies this four-plane hypothesis for every
coordinate pair, since for (t, x) = (xj , xk) the four planes are {xj = 0}, {xk = 0}, {xj + xk = 0},
{xj−xk = 0}, all among the nine. The four-plane form is what Proposition 15.33 needs: it applies
Subsections 15.2–15.12 to the law µ̃ obtained from µ by the rotation by π/4 in the (t, x)-plane,
which has (iii) at the four planes of the pair but not at the other five. Proposition 15.37 uses
Theorem 15.8 for the six ordered coordinate pairs, that is (iii) at the three coordinate planes
and at the three planes {xj + xk = 0}, j < k (Theorem 15.8 for the ordered pair (t, x) uses the
planes {t = 0} and {t+ x = 0} only, and the two orderings of a pair share the second); the three
planes {xj −xk = 0} enter through Proposition 15.33 (the plane P3 of each pair) and through the
B3-invariance of Lemma 15.7 used in step (4) of the assembly. The hypothesis of Theorem 15.1
supplies all of them.

Lemma 15.5 (reconstruction). Let θ be the reflection in a plane {u · v = 0} through 0, with
θ∗µ = µ, µ translation invariant, and (iii) for θ. Put L2

u,+ := L2(Σ{u · v > 0}, µ), ΘuG := G ◦ θ
and ⟨G,G′⟩u := Eµ[ΘuGG

′]. Then ⟨·, ·⟩u is a positive semidefinite Hermitian form on L2
u,+;

on the Hilbert space Hu (completion modulo the null space) ∥[G]u∥ ≤ ∥G∥L2(µ); the classes of

bounded functions in L2(Σ(K), µ), K ⊂ {u · v > 0} bounded open, are dense in Hu; and there
are a self-adjoint Hu ≥ 0 and, for each unit m ⊥ u, a self-adjoint Pu,m, all strongly commuting,
with joint spectral measure Πu on [0,∞) × R for each (Hu, Pu,m), such that [U(su+ s′m)G]u =∫
e−sω+is

′p dΠu(ω, p) [G]u for s ≥ 0, s′ ∈ R, G ∈ L2
u,+.
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Proof. Positivity: for G =
∑

b zbe
iF (χb) with real χb ∈ S supported in {u · v > 0}, Θue

iF (χ) =

eiF (θ∗χ), so Eµ[ΘuGG] =
∑

a,b z̄azbZ(χb − θ∗χa), which is
∑

a,b z̄azbMba with the matrix Mab =

Z(χa − θ∗χb) of (iii); M is positive semidefinite, hence so is MT = M̄ , and the expectation is
≥ 0. These G form a unital ∗-algebra Au of bounded functions generating Σ{u · v > 0}; by the
functional monotone class theorem the L2(µ)-closure of Au (closed under bounded pointwise
sequential limits by dominated convergence) contains every bounded Σ{u · v > 0}-measurable
function, and bounded functions are dense in L2

u,+. The form is L2×L2-continuous (|E[ΘuGG
′]| ≤

∥G∥2∥G′∥2, Θu being an isometry of L2(µ) by θ∗µ = µ), so it is positive semidefinite on L2
u,+;

a positive semidefinite sesquilinear form is Hermitian and obeys the Schwarz inequality, and
|⟨G,G⟩u| ≤ ∥ΘuG∥2∥G∥2 = ∥G∥22.

For s ≥ 0, U(su)L2
u,+ ⊂ L2

u,+ and, by ΘuU(su) = U(−su)Θu and (ii), ⟨U(su)G,G′⟩u =

E[U(−su)ΘuGG
′] = E[ΘuGU(su)G′] = ⟨G,U(su)G′⟩u; hence ∥[U(su)G]∥2 = ⟨G,U(2su)G⟩u ≤

∥[G]∥ ∥[U(2su)G]∥ and, iterating, ∥[U(su)G]∥ ≤ ∥[G]∥1−2−m∥G∥2−m

L2 → ∥[G]∥. So [G] 7→
[U(su)G] is a well-defined symmetric contraction semigroup on Hu; it is strongly contin-

uous because U is strongly continuous on L2(µ) (for G = eiF (χ), U(a)G = eiF (τaχ) → G
pointwise and boundedly as a → 0, ϕ being continuous on S; such G span a dense set; the
U(a) are unitary); thus it is e−sHu with Hu ≥ 0 self-adjoint (the spectral theorem [30]). For
m ⊥ u, ΘuU(s′m) = U(s′m)Θu gives ⟨U(s′m)G,U(s′m)G′⟩u = ⟨G,G′⟩u; the induced operators
form a strongly continuous unitary group commuting with e−sHu (both compositions equal

[U(su+ s′m)G]u), and eis
′Pu,m is that group (Stone’s theorem [30]). A unitary commuting with

the bounded self-adjoint e−Hu commutes with its spectral projections, which are those of Hu; so
Hu and Pu,m strongly commute, and the joint spectral measure exists, carried by [0,∞) × R.

Density of the localised bounded classes: the Σ(K) are countably generated and Σ{u · v >
0} =

∨
K Σ(K) over bounded open K ⊂ {u · v > 0}, so by martingale convergence and truncation

such functions are dense in L2
u,+, and the class map is a contraction with dense range. □

For u = et the objects of Lemma 15.5 are H◦, H, P := Pet,ex and Π; for u = n they are Hn, Hn,
Pn := Pn,n′ and Πn. The invariances θ◦∗µ = µ, θn∗µ = µ required are supplied by Lemma 15.7

from (i), (ii) and (iii) at the respective plane. The identification [U(tet +xex)G]◦ = e−tHeixP [G]◦
(t ≥ 0) is the last formula of Lemma 15.5 with u = et, m = ex.

15.2. Fields and moments.

Lemma 15.6 (moments). Assume (i), and put K1 := 17(1 + C). Then:

(a) ∥F (χ)∥Lp(µ) ≤ K1(∥χ∥1 +
√
p ∥χ∥2) for all real χ ∈ S and 1 ≤ p <∞;

(b) F extends uniquely to a map (L1∩L2)(R3;TC) →
⋂
p<∞ Lp(µ), complex-linear, continuous

for N in each Lp, with (a) for real arguments, ∥F (χ)∥p ≤ 2K1(∥χ∥1+
√
p∥χ∥2) for complex

ones, F (χ) = F (χ̄), and (i) holds for all real χ ∈ L1 ∩ L2;
(c) |Sn(χ1, . . . , χn)| ≤ (2K1

√
n)n

∏n
j=1N(χj) for χj ∈ (L1 ∩ L2)C; Sn is a symmetric n-

linear form, continuous in each entry for N , and its restriction to Sn is a tempered
distribution on R3n;

(d) Eµe|F (χ)| < ∞ for real χ ∈ L1 ∩ L2, and Z(χ) =
∑

n≥0 i
nSn(χ, . . . , χ)/n!, the series

converging absolutely;
(e) for an affine isometry g of R3 with linear part in O(3) (acting on tests by the pull-back

with the tensor action), g∗µ = µ on the σ-algebra generated by the evaluations ϕ 7→ ϕ(χ),
χ ∈ S (the sense in which the invariance of a measure under g is used in this section;
Remark 15.3), if and only if Z ◦ g∗ = Z on S, if and only if Sn(g∗χ1, . . . , g

∗χn) =
Sn(χ1, . . . , χn) for all n and all χj ∈ S.
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Proof. (a) Let χ ̸= 0, X := F (χ), a := C∥χ∥1, b := C∥χ∥22 > 0. Hypothesis (i) at ±λχ
(λ > 0) and the Chebyshev inequality give µ(|X| > s) ≤ 2e−λs+aλ+bλ

2
; for s > a the choice

λ = (s− a)/(2b) yields µ(|X| > s) ≤ 2e−(s−a)2/(4b). Hence

E|X|p = p

∫ ∞

0
sp−1µ(|X| > s) ds ≤ ap + 2p

∫ ∞

0
(a+ r)p−1e−r

2/(4b) dr

≤ ap + 2pp ap−1
√
πb+ 2p−1p (4b)p/2Γ(p/2),

using (a + r)p−1 ≤ 2p−1(ap−1 + rp−1),
∫∞
0 e−r

2/4bdr =
√
πb and

∫∞
0 rp−1e−r

2/4bdr =
1
2(4b)p/2Γ(p/2). Taking p-th roots, with (u+ v + w)1/p ≤ u1/p + v1/p + w1/p, p1/p ≤ e1/e < 1.45,

π1/(2p) ≤
√
π < 1.78, a(p−1)/pb1/(2p) ≤ a +

√
b (Young’s inequality) and Γ(p/2)1/p ≤ 2

√
p (for

p ≥ 2 from Γ(x) ≤ xx−1, x ≥ 1; for 1 ≤ p ≤ 2 from Γ(p/2) ≤
√
π):

∥X∥p ≤ a+ 5.2 (a+
√
b) + 2 · 1.45 · 2

√
p · 2

√
b ≤ 6.2 a+ 16.8

√
p
√
b ≤ 7C∥χ∥1 + 17

√
C
√
p ∥χ∥2,

which is (a) since 7C ≤ K1 and 17
√
C ≤ K1.

(b) F is linear on S (ϕ is linear), so (a) gives ∥F (χ) − F (χ′)∥p ≤ K1(1 +
√
p)N(χ− χ′); S is

dense in L1 ∩ L2 for N , and the extension by uniform continuity is unique; put F (χ1 + iχ2) :=
F (χ1) + iF (χ2) for real χ1, χ2. The conjugation identity is clear. For real χ ∈ L1 ∩ L2 and
Schwartz χj → χ in N , a subsequence of F (χj) converges a.e., and Fatou’s lemma gives

EeF (χ) ≤ lim infj e
C(∥χj∥1+∥χj∥22) = eC(∥χ∥1+∥χ∥22).

(c) The bound follows from Hölder’s inequality with exponents n, . . . , n and (b) at p = n.
Symmetry and multilinearity are clear; continuity in each entry follows from (b); on S the norm
N is dominated by finitely many Schwartz seminorms, so Sn is a separately continuous n-linear
form on the Fréchet space S, hence jointly continuous, hence a tempered distribution on R3n by
the kernel theorem [15, Chapter I], [30, Chapter V].

(d) The first assertion follows from e|X| ≤ eX + e−X and (b). By (c),
∑

n |Sn(χ, . . . , χ)|/n! ≤∑
n(2K1

√
nN(χ))n/n! <∞ (nn/2/n! ≤ en/2/

√
n!), and dominated convergence (the partial sums

of eiX are bounded by e|X|) gives the expansion.
(e) The cylinder sets {ϕ : (ϕ(χ1), . . . , ϕ(χN )) ∈ B}, χj ∈ S, B ⊂ RN Borel, form a π-

system generating the σ-algebra generated by the evaluations ϕ 7→ ϕ(χ), χ ∈ S, and by the
linearity of ϕ the characteristic functional determines the characteristic function s 7→ Z(

∑
j sjχj)

of each vector (ϕ(χ1), . . . , ϕ(χN )), hence its law; so two probability measures with the same
characteristic functional on S coincide on that σ-algebra (Dynkin’s π–λ theorem, as in the proof

of Proposition A.9(a)), which is the one through which µ is used (Remark 15.3);
∫
eiF (χ)d(g∗µ) =

Z(g∗χ) (with the pull-back convention, (gϕ)(χ) = ϕ(g∗χ) up to the orientation of the action,
which does not affect the equivalence since g−1 is again such an isometry). This gives the
first equivalence. If Z ◦ g∗ = Z on S then, by (d) applied to

∑
j sjχj and the identification of

the coefficient of s1 · · · sn (polarisation), Sn(g∗χ1, . . . , g
∗χn) = Sn(χ1, . . . , χn); conversely the

invariance of all Sn gives that of Z through (d). □

15.3. The discrete symmetries.

Lemma 15.7 (reflections and the one-point function). Assume (i), (ii), and (iii) for one reflection
θ in a plane through 0. Then θ∗µ = µ. Consequently, under (iii) for the nine planes, µ is
invariant under the group B3 of signed permutations of the coordinates, and S1(χ) = ⟨m,

∫
χ⟩ with

a vector m ∈ T fixed by π(B3); m has no 2-form component, so π(R)m = m and S1(R∗χ) = S1(χ)
for all R ∈ O(3). Under (iii) for the four planes of a coordinate pair only, µ is invariant under
the four reflections and the dihedral group D4 they generate (the rotations by multiples of π/2 of
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that plane among them), S1(χ) = ⟨m,
∫
χ⟩ with m fixed by π(D4), and S1(R(θ)∗χ) = S1(χ) for

every rotation R(θ) of that plane.

Proof. Let ψ1, ψ2 ∈ S be real, supported in the open positive side of the plane. The matrix (Z(ψa−
θ∗ψb))a,b=1,2 is positive semidefinite by (iii), hence Hermitian: Z(ψ2 − θ∗ψ1) = Z(ψ1 − θ∗ψ2) =

Z(θ∗ψ2−ψ1) = Z(θ∗(ψ2−θ∗ψ1)), using Z(χ) = Z(−χ) and (θ∗)2 = 1. Every real χ ∈ S vanishing
on a neighbourhood of the plane is of the form ψ2 − θ∗ψ1 (its restrictions to the two open sides),
so Z ◦ θ∗ = Z on such tests. For general real χ ∈ S let χδ := χ · (1 − φ(u · v/δ)), φ ∈ C∞

c (R)
equal to 1 near 0, u the unit normal; χδ ∈ S vanishes near the plane and N(χ − χδ) → 0 as
δ → 0 by dominated convergence; Z is N -continuous (Lemma 15.6(b)) and θ∗ is an N -isometry,
so Z ◦ θ∗ = Z on S, and Lemma 15.6(e) gives θ∗µ = µ. The nine reflections generate B3, the
four reflections of a pair the dihedral group of order 8 in that plane, and invariance passes to
products.
S1 is a translation-invariant tempered distribution (Lemma 15.6(c) and (ii)), so its first

derivatives vanish and S1(χ) =
∫
⟨m,χ(v)⟩dv for a vector m ∈ T . For each of the nine reflections,

S1(θ∗χ) = S1(χ) gives ⟨m,π(θ)
∫
χ⟩ = ⟨m,

∫
χ⟩ for all χ, i.e. π(θ)m = m (π(θ) symmetric), hence

π(g)m = m for g ∈ B3. On the 2-form summand π(g) = det(g)g; for g = diag(−1, 1, 1), π(g) =
diag(1,−1,−1), which fixes only the first axis, and the three coordinate sign changes together fix
only 0: the 2-form component of m vanishes. The scalar summand carries the trivial action, so
π(R)m = m for all R ∈ O(3), and S1(R

∗χ) = ⟨m,π(R)−1
∫
χ(Rv) dv⟩ = ⟨π(R)m,

∫
χ⟩ = S1(χ).

Under the four planes of one pair only, the same argument gives π(g)m = m for g ∈ D4, in
particular for the rotation by π/2 of the plane, whose tensor action is ϱ(π/2) =

∑
a i
waPa in the

weight decomposition ϱ(θ) =
∑

a e
iwaθPa of the conventions of Subsection 15.9 (wa ∈ {−2, . . . , 2});

since iw = 1 with |w| ≤ 2 only for w = 0, m lies in the weight-0 subspace, so ϱ(θ)m = m for all θ
and S1(R(θ)∗χ) = ⟨ϱ(θ)m,

∫
χ⟩ = S1(χ). □

15.4. The spectral cone.

Theorem 15.8 (spectral cone). Assume (i), (ii) and (iii) for the two planes {t = 0} and
{t+ x = 0} of a coordinate pair. Then the joint spectral measure Π of (H,P ) on H◦ satisfies

Π
(
{(ω, p) : ω < |p|}

)
= 0, hence D(H) ⊂ D(P ), ⟨ψ,Hψ⟩ ≥ ⟨ψ, |P |ψ⟩ (ψ ∈ D(H)).

Only the invariances θ◦∗µ = θn∗µ = µ (Lemma 15.7 for these two planes), (ii), (iii) at
the two planes, and Lemma 15.5 enter; (i) enters only through Lemma 15.7, that is through
the N -continuity of Z (Lemma 15.6(b)). Throughout the proof z(ω, p) := (ω − ip)/

√
2, so

Re z = ω/
√

2 ≥ 0 and Im z = −p/
√

2 on the carrier of Π.

Lemma 15.9 (one pairing, two quantisations). Let K ⊂ {t > 0} be bounded open, A ∈
L2(Σ(K), µ), G(b) := Eµ[Θ◦AU(b)A] for b ∈ R3, α := infK n · v, α′ := infK n

′ · v, s0 := −α−α′,
and νA := ⟨[A]◦,Π(·)[A]◦⟩◦ (a positive measure of mass ≤ ∥A∥2L2(µ)).

(a) For s, s′ ≥ 0: ⟨[U(s′n)A]◦, [U(sn)A]◦⟩◦ = G(sn + s′n′) and [U(sn)A]◦ =∫
e−s z(ω,p) dΠ(ω, p) [A]◦.

(b) There is a complex Borel measure ρ on [0,∞) × R with |ρ|([0,∞) × R) ≤ ∥A∥2L2(µ) such

that G(sn+ s′n′) =
∫
e−(s−s0)ω′+is′p′ dρ(ω′, p′) for all s ≥ s0, s

′ ∈ R.

Proof. (a) U(sn)A ∈ L2(Σ(K+sn)) ⊂ L2
◦,+ for s ≥ 0, and [U(sn)A]◦ = e−(s/

√
2)Hei(s/

√
2)P [A]◦ =∫

e−s(ω−ip)/
√
2dΠ [A]◦ by Lemma 15.5. Since Θ◦U(s′n) = U(−s′n′)Θ◦ by (15.1) (θ◦n = −n′), (ii)

gives ⟨U(s′n)A,U(sn)A⟩◦ = E[U(−s′n′)Θ◦AU(sn)A] = E[Θ◦AU(sn+ s′n′)A].
(b) For v ∈ K, n · (θ◦v + α′n) = −n′ · v + α′ ≤ 0, so the open set θ◦K + α′n lies in the open

half-space {n ·v < 0}; likewise K−αn ⊂ {n ·v > 0}. Put A1 := ΘnU(α′n)Θ◦A ∈ L2(Σ(θn(θ◦K+
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α′n))) ⊂ L2
n,+ and A2 := U(−αn)A ∈ L2

n,+; ∥Ai∥L2(µ) = ∥A∥L2(µ). For b = sn + s′n′ and

c := α′n, b+ c = (s− s0)n+ s′n′ − αn, so by (ii) and ΘnA1 = U(c)Θ◦A,

G(b) = E[U(c)Θ◦AU(b+c)A] = E[ΘnA1 U((s−s0)n+s′n′)A2] = ⟨[A1]n, e
−(s−s0)Hneis

′Pn [A2]n⟩n

for s ≥ s0 (Lemma 15.5 with u = n, m = n′). Set ρ(∆) := ⟨[A1]n,Πn(∆)[A2]n⟩n; the Schwarz
inequality over finite partitions gives |ρ| ≤ ∥[A1]n∥ ∥[A2]n∥ ≤ ∥A∥2L2(µ). □

Lemma 15.10 (test inequality). In the setting of Lemma 15.9 let s1 := max(s0, 0), h ∈ L1(R)

vanishing on (−∞, s1), and h̃(w) :=
∫
h(s)e−swds for Rew ≥ 0. Then∫

|h̃(z(ω, p))|2 dνA(ω, p) ≤ ∥A∥2L2(µ) sup
ω′≥0

es0ω
′ |h̃(ω′)| sup

p′∈R
|h̃(ip′)|.

Proof. Let ψh :=
∫
h(s)[U(sn)A]◦ ds (Bochner integral; the integrand is continuous and bounded

by ∥[A]◦∥). By Lemma 15.9(a) and Fubini against ⟨φ,Π(·)[A]◦⟩ (|h(s)e−sz| ≤ |h(s)|), ψh =

h̃(z(H,P ))[A]◦, so ∥ψh∥2 =
∫
|h̃(z)|2dνA. Also ∥ψh∥2 =

∫∫
h(s′)h(s)G(sn+ s′n′) ds′ds, and for

s, s′ ≥ s1 ≥ s0 Lemma 15.9(b) applies with |e−(s−s0)ω′ | ≤ 1, so the integrals interchange: ∥ψh∥2 =∫
es0ω

′
h̃(ω′) h̃(ip′) dρ(ω′, p′). Bound by |ρ|; the first supremum is finite since |es0ω′

h̃(ω′)| ≤
e(s0−s1)ω

′∥h∥1 ≤ ∥h∥1. □

Lemma 15.11 (the Laplace test). For κ ∈ R \ {0}, ε > 0 let h(s) := (s− s1)
−iκe−ε(s−s1) for

s > s1 and h(s) := 0 otherwise. Then ∥h∥1 = 1/ε and, for Rew ≥ 0 (principal branch),

h̃(w) = e−s1w Γ(1 − iκ) (w + ε)−1+iκ, |h̃(w)| = e−s1 Rew |Γ(1 − iκ)| |w + ε|−1e−κArg(w+ε).

Proof. Substitute σ = s− s1 and use
∫∞
0 σa−1e−υσdσ = Γ(a)υ−a for Re a > 0, Re υ > 0 (analytic

continuation from real υ), with a = 1 − iκ, υ = w + ε. □

Proof of Theorem 15.8. Fix K, A as in Lemma 15.9. Insert Lemma 15.11 into Lemma 15.10:
es0ω

′ |h̃(ω′)| ≤ |Γ(1 − iκ)|/ε (as s1 ≥ s0 and Arg(ω′ + ε) = 0) and |h̃(ip′)| ≤ |Γ(1 − iκ)|ε−1e|κ|π/2

(as |Arg(ε+ ip′)| < π/2); dividing by |Γ(1 − iκ)|2 = πκ/ sinh(πκ) > 0,

(15.2)

∫
e−

√
2s1ω |z + ε|−2 e−2κArg(z+ε) dνA(ω, p) ≤ ∥A∥2L2(µ) ε

−2e|κ|π/2, z = z(ω, p).

For δ ∈ (0, π/4) and r > 0 put S±
δ,r := {(ω, p) : |z| ≥ r, ±Arg z ≥ π/4 + δ}. For Re z ≥ 0,

|∂ε Arg(z + ε)| = | Im z|/|z + ε|2 ≤ 1/|z|, so |Arg(z + ε) − Arg z| ≤ ε/r on {|z| ≥ r}. Choose
ε := rδ/2 (independent of κ). On S−

δ,r, Arg(z + ε) ≤ −π/4 − δ/2, so for κ > 0 the integrand of

(15.2) is at least e−
√
2s1ω|z + ε|−2eκ(π/2+δ) there, and∫

S−
δ,r

e−
√
2s1ω |z + ε|−2 dνA ≤ 4 ∥A∥2L2(µ) (rδ)−2e−κδ −−−→

κ→∞
0.

The weight is strictly positive, hence νA(S−
δ,r) = 0; letting κ → −∞ gives νA(S+

δ,r) = 0. Since

Re z = ω/
√

2 and Im z = −p/
√

2, {ω < p} = {Arg z < −π/4} =
⋃
m≥2 S

−
1/m,1/m and {ω <

−p} =
⋃
m≥2 S

+
1/m,1/m, so νA(∆) = 0 for ∆ := {ω < |p|}, i.e. Π(∆)[A]◦ = 0. The classes of

such A are dense in H◦ (Lemma 15.5) and Π(∆) is bounded, so Π(∆) = 0. For ψ ∈ D(H),∫
p2 dΠψ ≤

∫
ω2 dΠψ <∞ and

∫
|p| dΠψ ≤

∫
ω dΠψ. □
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15.5. Complex translations.

Lemma 15.12 (complex translations). Under the hypotheses of Theorem 15.8, V (z) :=∫
e−tω+ixp dΠ(ω, p), z = (t, x) ∈ C2 with q(z) ≥ 0, is a contraction on H◦, strongly contin-

uous on {q ≥ 0}, operator-norm holomorphic on W, with V (z)V (z′) = V (z + z′), V (0) = 1,
V (z)∗ = V (−Θ◦z̄) = V (t̄,−x̄), V (z)Ω = V (z)∗Ω = Ω, V (t, x)[G]◦ = [U(tet + xex)G]◦ for real
t ≥ 0, x ∈ R, and

(15.3)
∥∥∂at ∂bxV (z)

∥∥ ≤ sup
ω≥0

ωa+be−q(z)ω =
( a+ b

e q(z)

)a+b
(z ∈ W, a+ b ≥ 1).

Proof. On the carrier {ω ≥ |p|} of Π, |e−tω+ixp| = e−(Re t)ω−(Imx)p ≤ e−q(z)ω ≤ 1, so V (z) is a
contraction; the semigroup law and the adjoint formula are those of the symbols; the real case is
Lemma 15.5; V (z)Ω = Ω since Π has the atom {(0, 0)} at Ω (e−tHΩ = Ω because U(tet)1 = 1,
and eixPΩ = Ω likewise), and V (z)∗Ω = Ω by the adjoint formula. Strong continuity on {q ≥ 0}:
the symbols are bounded by 1 and converge pointwise, so dominated convergence in the spectral
integral applies. Holomorphy: for q(z) > 0 and |h| < q(z)/2, |e−hω − 1 + hω| ≤ |h|2ω2e|h|ω/2

and supω ω
2e−(q(z)−|h|)ω <∞, so the difference quotients of the symbol in t converge uniformly

on the carrier to −ωe−tω+ixp; the same for x with |p| ≤ ω; thus V is norm-holomorphic in
each variable separately, hence jointly (Hartogs’ theorem for Banach-space-valued functions,
or directly from the uniform convergence of the two-variable Taylor remainder of the symbol),
with ∂at ∂

b
xV (z) =

∫
(−ω)a(ip)be−tω+ixpdΠ; (15.3) follows from |p| ≤ ω and the elementary

maximum. □

15.6. The slab-source bound and the bounded slab insertion. By Lemma 15.7, hypotheses
(i), (ii) and (iii) at {t = 0} give θ◦∗µ = µ; hence, with (ii), every Θc is an isometry of L2(µ)
exchanging L2(Σ{t < c}) and L2

c . The following two facts, which hold under (i), (ii) and (iii) at
{t = 0} alone, are used throughout this subsection:

(F1) ⟨G,G⟩0 ≥ 0 on L2
◦,+ (Lemma 15.5); for G ∈ L2

c , G
′ := U(−cet)G ∈ L2

◦,+ and ΘcGG =

U(cet)(Θ◦G′G′) by (15.1), so ⟨G,G⟩c ≥ 0 by (ii). Hence ⟨·, ·⟩c is Hermitian and obeys
the Schwarz inequality. For F− ∈ L2(Σ{t < c}) and G+ ∈ L2

c , E[F−G+] = ⟨ΘcF−, G+⟩c,
whence

(15.4) |E[F−G+]|2 ≤ E[F− ΘcF−] E[ΘcG+G+], both factors ≥ 0.

(F2) For real a ≥ 0, b ∈ R and G ∈ L2
◦,+: V (a, b)[G]◦ = [U(aet + bex)G]◦ (Lemma 15.5).

Lemma 15.13 (localisation). Let k ∈ (L1∩L2)(R3;TC) vanish a.e. outside {t ≤ c} (resp. {t ≥ c}).
Then F (k) ∈ L2(Σ{t < c}) (resp. L2

c), |eF (k)| = eF (Re k), and E epF (Re k) ≤ eC(p∥Re k∥1+p2∥Re k∥22)

for p > 0.

Proof. The function kj := ψ1/2j ∗
(
1{|v|≤j}τ−et/jk

)
, with ψε a mollifier supported in the ε-ball,

lies in C∞
c ({t < c};TC) and kj → k in L1 ∩ L2; by Lemma 15.6(b), F (kj) → F (k) in L2(µ), and

L2(Σ{t < c}) is closed. F (k) = F (Re k) + iF (Im k) with real summands gives the modulus; the
bound is (i) for pRe k (Lemma 15.6(b)). □

Theorem 15.14 (slab-source bound). Assume (i), (ii) and (iii) at {t = 0}. Let l > 0,
h ∈ (L1 ∩ L2)(R3;TC) vanish a.e. outside {0 ≤ t ≤ l}, and A ∈ L∞(Σ{t > 0}, µ). Then

eF (h)U(let)A ∈ L2
◦,+ and∥∥[eF (h)U(let)A]◦

∥∥ ≤ exp
(
C(∥Reh∥1 + ∥Reh∥22)

)
∥[A]◦∥,

with the constant C of (i).
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Proof. Fix a version with |A| ≤ ∥A∥∞ everywhere; A′ := U(let)A ∈ L∞(Σ{t > l}), Θ◦A
′ ∈

L∞(Σ{t < −l}), |Θ◦A
′| ≤ ∥A∥∞; G := eF (h)A′ ∈ L2

◦,+ by Lemma 15.13. Put κ := ∥Reh∥1 +

∥Reh∥22.
Step 1 (dyadic sources). Put cn := (2n+1−1)l, k0 := h+Jh, kn+1 := kn+Jcnkn. By induction

kn vanishes a.e. outside {−l ≤ t ≤ cn}: θcn maps [−l, cn] onto [cn, 2cn + l] = [cn, cn+1]. The two
summands of kn+1 (and of k0: slabs [0, l] and [−l, 0]) have a.e. disjoint supports, and θ∗c preserves
∥Re ·∥1 and ∥Re ·∥2; hence ∥Re kn∥1 = 2n+1∥Reh∥1 and ∥Re kn∥22 = 2n+1∥Reh∥22.

Step 2. Put En := E
[
eF (kn) Θ◦A′ U(cnet)A

]
, which is finite by Lemma 15.13. Since Θ◦eF (h) =

eF (θ∗0h) = eF (Jh), Θ◦GG = eF (h+Jh) Θ◦A′A′, i.e. E0 = ∥[G]◦∥2.
Step 3 (one reflection). Claim: En+1 ≥ 0 and |En| ≤ ∥[A]◦∥E1/2

n+1. Let c = cn, F− :=

eF (kn)Θ◦A′ ∈ L2(Σ{t < c}) (Lemma 15.13; −l < c), G+ := U(cet)A ∈ L∞(Σ{t > c}), so En =
E[F−G+] and (15.4) applies. Second factor: ΘcU(cet) = U(cet)Θ◦ and (ii) give E[ΘcG+G+] =

E[U(cet)(Θ◦AA)] = ∥[A]◦∥2. First factor: ΘcF− = eF (Jckn) ΘcΘ◦A
′ = eF (Jckn) U((2c + l)et)A

with 2cn + l = cn+1, so E[F−ΘcF−] = En+1, and this is ⟨ΘcF−,ΘcF−⟩c ≥ 0.

Step 4 (terminal bound). |En| ≤ ∥A∥2∞ E eF (Re kn) ≤ ∥A∥2∞ exp(2n+1Cκ) by Lemma 15.13 and
Step 1.

Step 5. Iterating Step 3, E0 ≤ ∥[A]◦∥2−21−n
E2−n

n (induction: 2− 21−n + 2−n = 2− 2−n), hence

∥[G]◦∥2 = E0 ≤ ∥[A]◦∥2−21−n ∥A∥21−n

∞ e2Cκ (n ≥ 1).

If ∥[A]◦∥ = 0 the right side is 0; if A = 0 a.e. everything vanishes; otherwise let n→ ∞. Thus
∥[G]◦∥ ≤ eCκ∥[A]◦∥. □

Theorem 15.15 (bounded slab insertion). Assume (i), (ii) and (iii) at {t = 0}. Let δ > 0,
χ ∈ (L1 ∩ L2)(R3;TC) vanish a.e. outside {|t| ≤ δ}, h := τδetχ, and K6 := e2C .

(a) For A ∈ L∞(Σ{t > 0}): F (h)U(2δet)A ∈ L2
◦,+ and ∥[F (h)U(2δet)A]◦∥ ≤ K6N(χ) ∥[A]◦∥.

The map [A]◦ 7→ [F (h)U(2δet)A]◦ is well defined on the dense subspace D := {[A]◦ : A ∈
L∞(Σ{t > 0})} and extends uniquely to Bδ(χ) ∈ B(H◦) with ∥Bδ(χ)∥ ≤ K6(∥χ∥1+∥χ∥2),
complex-linear in χ.

(b) Bδ(χ)∗ = Bδ(Jχ).
(c) V (r + t, x)Bδ(χ)V (r − t,−x) = Bδ+r(τ(t,x,0)χ) for real r ≥ |t|, x ∈ R.
(d) For A ∈ L4(Σ{t > 0}, µ): F (h)U(2δet)A ∈ L2

◦,+ and Bδ(χ)[A]◦ = [F (h)U(2δet)A]◦.
Consequently, for χj vanishing outside {|t| ≤ δj}, j = 1, . . . ,m, with sj := δj + 2

∑
i<j δi,

Bδ1(χ1) · · ·Bδm(χm)Ω =
[ m∏
j=1

F (τsjetχj)
]
◦
,

⟨Ω, Bδ1(χ1) · · ·Bδm(χm)Ω⟩◦ = Sm(τs1etχ1, . . . , τsmetχm).

Proof. (a) Let A′ := U(2δet)A, Gm := F (h)mA′/m!. By Lemma 15.6(b), ∥Gm∥L2 ≤
∥A∥∞∥F (h)∥m2m/m! ≤ ∥A∥∞(2

√
2K1N(h))mmm/2/m!, and mm/2/m! ≤ (e/

√
m)m, so g(s) :=∑

m s
mGm converges absolutely in L2

◦,+ for every s ∈ C and equals esF (h)A′ = eF (sh)A′ a.e. By
(F1), f(s) := [g(s)]◦ =

∑
m s

m[Gm]◦ is an absolutely convergent power series in H◦; termwise

integration gives [G1]◦ = 1
2πi

∮
|s|=r f(s)s−2ds, hence ∥[F (h)A′]◦∥ ≤ r−1 max|s|=r ∥f(s)∥. The

source sh vanishes outside {0 ≤ t ≤ 2δ} and |Re(sh)| ≤ |s||h| pointwise, so Theorem 15.14
(l = 2δ) gives ∥f(s)∥ ≤ exp(C(r∥h∥1 + r2∥h∥22))∥[A]◦∥ for |s| = r. If N(h) = 0 there is nothing
to prove; otherwise r := 1/N(h) yields ∥[F (h)A′]◦∥ ≤ e2CN(h)∥[A]◦∥, and N(h) = N(χ). If
[A]◦ = [A2]◦ then ∥[F (h)U(2δet)(A−A2)]◦∥ ≤ K6N(χ)∥[A−A2]◦∥ = 0. Density: for G ∈ L2

◦,+,

GM := G1{|G|≤M} satisfies ∥[G−GM ]◦∥ ≤ ∥G−GM∥L2 → 0, and L2
◦,+/N is dense in H◦. Extend

by uniform continuity; linearity in χ is that of F .
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(b) For A,A′ ∈ L∞(Σ{t > 0}): ⟨[A′]◦, Bδ(χ)[A]◦⟩◦ = E[Θ◦A′ F (τδetχ)U(2δet)A], while

⟨Bδ(Jχ)[A′]◦, [A]◦⟩◦ = E
[
Θ◦

(
F (τδetJχ)U(2δet)A′

)
A
]

= E
[
F (JτδetJχ)U(−2δet)Θ◦A′A

]
,

using Θ◦F (k) = F (Jk) and Θ◦U(2δet) = U(−2δet)Θ◦. Here JτδetJχ = θ∗0τδetθ
∗
0χ = τ−δetχ, and

(ii) applied with U(2δet) turns the last expectation into the first. Both operators are bounded
and D is dense.

(c) For A ∈ L∞(Σ{t > 0}), (F2) (r ∓ t ≥ 0) gives V (r − t,−x)[A]◦ = [A1]◦, A1 := U((r −
t)et − xex)A ∈ L∞(Σ{t > 0}), so Bδ(χ)[A1]◦ = [F (τδetχ)U(2δet)A1]◦ and, by (F2) applied to
this element of L2

◦,+, U(a)(GG′) = U(a)GU(a)G′ and U(a)F (k) = F (τak),

V (r + t, x)Bδ(χ)V (r − t,−x)[A]◦ =
[
F (τ(δ+r+t,x,0)χ)U(2(δ + r)et)A

]
◦ = Bδ+r(τ(t,x,0)χ)[A]◦,

because τ(t,x,0)χ vanishes outside {|t′| ≤ δ + |t|} ⊂ {|t′| ≤ δ + r} and τ(δ+r)etτ(t,x,0) = τ(δ+r+t,x,0).
Conclude by density.

(d) ∥F (h)U(2δet)A∥L2 ≤ ∥F (h)∥4∥A∥4 (Hölder and (ii)), and measurability follows from
Lemma 15.13. With AM := A1{|A|≤M}: AM → A in L4 and L2, so Bδ(χ)[AM ]◦ →
Bδ(χ)[A]◦, while ∥[F (h)U(2δet)(A − AM )]◦∥ ≤ ∥F (h)∥4∥A − AM∥4 → 0; since Bδ(χ)[AM ]◦ =
[F (h)U(2δet)AM ]◦, the identity follows. The iterated formula follows by induction from the
right: the vector at each stage is the class of a product of fields whose tests vanish outside
{t ≥ 0} (the shifts s′j − δj = 2

∑
2≤i<j δi ≥ 0 at the inner stage, and s′j + 2δ1 = sj after the

outer insertion), which lies in L4(Σ{t > 0}) by Lemma 15.6(b), Hölder and Lemma 15.13; finally
⟨Ω, [G]◦⟩◦ = E[G]. □

15.7. The planar point insertion. In this subsection et = (1, 0) also denotes the planar unit
vector; τz translates planar functions by z ∈ R2 and tests by (z, 0).

Theorem 15.16 (planar point insertion). Assume the hypotheses of Theorem 15.8, and let K6

be the constant of Theorem 15.15. Let f ∈ (L1 ∩ L2)(R;TC), (ξ, η) ∈ W2, q∗ := min(q(ξ), q(η)).
Then there is a unique Af (ξ, η) ∈ B(H◦) with

V (ξ − δnet)Bδn(αnf)V (η − δnet) −→ Af (ξ, η) in operator norm

for every sequence αn ∈ L2(R2) with
∫
αn = 1, supn ∥αn∥1 <∞, suppαn ⊂ {|z| ≤ sn}, sn → 0,

and every choice δn ∈ [sn, q∗] (for the n with sn ≤ q∗). Moreover, with K7 := 14K6:

(a) f 7→ Af (ξ, η) is linear and ∥Af (ξ, η)∥ ≤ K7(∥f∥1 + ∥f∥2/q∗);
(b) (ξ, η) 7→ Af (ξ, η) is operator-norm holomorphic on W2;
(c) V (κ)Af (ξ, η)V (κ′) = Af (κ+ ξ, η + κ′) for q(κ), q(κ′) ≥ 0;
(d) Af (ξ, η)∗ = AJf (−Θ◦η̄,−Θ◦ξ̄);
(e) Af (ξ, a)Ag(b, η) = Af (ξ, a′)Ag(b

′, η) whenever a, b, a′, b′ ∈ W and a+ b = a′ + b′;
(f) for α ∈ L2(R2) with compact support in {|t| < q∗} and every δ ∈ [supsuppα |t|, q∗],

V (ξ − δet)Bδ(αf)V (η − δet) =
∫
α(z)Af (ξ + z, η − z) dz (norm-convergent Bochner

integral); in particular Bδ(αf) =
∫
α(z)Af (δet + z, δet − z) dz for α compactly supported

in {|t| < δ}.

Proof. Step 0 (calculus of V ). By Lemma 15.12, ∥V (w)∥ ≤ 1 for q(w) ≥ 0, V (w)V (w′) =
V (w + w′), V (w)∗ = V (−Θ◦w̄), and V is norm-holomorphic on W with (15.3).

Step 1 (smeared insertions). For β ∈ L2(R2) with compact support let tβ := sup{|t| :
(t, x) ∈ suppβ}; for q∗ > tβ and δ ∈ (0, q∗] with δ ≥ tβ (“admissible”) put Tβ(ξ, η) := V (ξ −
δet)Bδ(βf)V (η − δet). (1.i) Independence of δ: for admissible δ < δ′, Theorem 15.15(c) with
(t, x) = 0 gives Bδ′(βf) = V ((δ′ − δ)et)Bδ(βf)V ((δ′ − δ)et); the semigroup law finishes. (1.ii)
∥Tβ(ξ, η)∥ ≤ K6(∥β∥1∥f∥1 + ∥β∥2∥f∥2) since ∥βf∥p = ∥β∥p∥f∥p; Tβ is linear in β and in f .
(1.iii) Tβ is norm-holomorphic on {(ξ, η) : q∗ > tβ}: near a point with q∗ > δ it is a product
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of norm-holomorphic factors in independent variables, and near a point with tβ < q∗ ≤ δ one
first passes by (1.i) to an admissible δ′′ < q∗. Also V (κ)Tβ(ξ, η)V (κ′) = Tβ(κ + ξ, η + κ′) for
q(κ), q(κ′) ≥ 0 (semigroup law; q is superadditive). (1.iv) By Theorem 15.15(b), Step 0 and

−Θ◦(η − δet) = −Θ◦η̄ − δet: T
f
β (ξ, η)∗ = T Jf

β̃
(−Θ◦η̄,−Θ◦ξ̄), where q(−Θ◦η̄) = q(η) and tβ̃ = tβ .

(1.v) Convolution identity. Let γ ∈ L1(R2) with compact support and supsupp γ |t| ≤ s < r,
δ ≥ tβ, δ + r ≤ q∗, and Λ(z) := V (r + t, x)Bδ(βf)V (r − t,−x) for real z = (t, x) with |t| ≤ r.
By Theorem 15.15(c), Λ(z) = Bδ+r(τz(βf)), norm-continuous in z (τz is strongly continuous on
L1 ∩ L2 and Bδ+r is bounded linear). The Bochner integral

∫
γ(z)τz(βf)dz equals (γ ∗ β)f in

L1 ∩L2 (pair with bounded compactly supported functions and use Fubini), and Bδ+r commutes
with Bochner integrals, so

∫
γΛ = Bδ+r((γ ∗β)f); as tγ∗β ≤ tβ+s < δ+r ≤ q∗, δ+r is admissible

for γ ∗ β, and

(15.5) Tγ∗β(ξ, η) = V (ξ − (δ + r)et)
[ ∫

γ(z)Λ(z) dz
]
V (η − (δ + r)et).

Since V (ξ − (δ + r)et)V (r + t, x) = V (ξ + z − δet) (both factors have q ≥ 0) and likewise on
the right, V (ξ − (δ + r)et)Λ(z)V (η − (δ + r)et) = Tβ(ξ + z, η − z) for real z with |t| ≤ s (here
q(ξ + z) = q(ξ) + t ≥ δ + r − s > tβ), whence

(15.6) Tγ∗β(ξ, η) =

∫
γ(z)Tβ(ξ + z, η − z) dz.

(1.vi) Taylor bounds. Let now supp γ ⊂ {|z| ≤ s}. Λ is norm-C2 on {|t| < r}; by the Leibniz
rule and (15.3) (the arguments of the two V ’s have q = r ± t ≥ r − |z|) every first derivative
is bounded by 2∥B∥/(e(r − |z|)) and every second derivative by (4 + 2 + 4)∥B∥/(e2(r − |z|)2),
B := Bδ(βf). The mean value inequality and Taylor’s formula with integral remainder give, for
|z| ≤ s < r,

(15.7) ∥Λ(z) − Λ(0)∥ ≤ 2
√

2 |z| ∥B∥
e(r − s)

, ∥Λ(z) − Λ(0) −DΛ(0)z∥ ≤ 10 |z|2∥B∥
e2(r − s)2

.

Hence, if
∫
γ = 0 and

∫
γ(z)zi dz = 0 (i = 1, 2), then ∥

∫
γΛ∥ ≤ 10s2∥γ∥1∥B∥/(e2(r − s)2).

Step 2 (existence, bound, holomorphy, (c)–(e)). Let ρε := (πε2)−11{|z|≤ε}, βε := ρε ∗ ρε; then

βε is even,
∫
βε = 1, its support lies in {|z| ≤ 2ε}, and ∥βε∥2 ≤ ∥ρε∥2 = (πε2)−1/2. Fix (ξ, η),

0 < q ≤ q∗, ε ≤ q/4. Then βε − βε/2 = γ ∗ β′ with γ := ρε − ρε/2 (even,
∫
γ = 0, ∥γ∥1 ≤ 2) and

β′ := ρε + ρε/2 (∥β′∥1 = 2, ∥β′∥2 ≤ 3π−1/2ε−1), both supported in {|z| ≤ ε}. Apply (15.5) and
(1.vi) with δ = ε, r = q − ε, s = ε (r − s ≥ q/2), ∥V ∥ ≤ 1 and Theorem 15.15(a):

(15.8) ∥Tβε − Tβε/2∥ ≤ 80ε2

e2q2
K6

(
2∥f∥1 +

3∥f∥2√
π ε

)
=

160K6

e2
ε2

q2
∥f∥1 +

240K6

e2
√
π

ε

q2
∥f∥2.

Let εk := 2−k and k0 be least with 2−k0 ≤ q∗/4, so εk0 > q∗/8;
∑

k≥k0 ε
2
k ≤ q2∗/12 and∑

k≥k0 εk ≤ q∗/2. By (15.8) (q = q∗), (Tβεk (ξ, η))k≥k0 is norm-Cauchy; set Af (ξ, η) :=

limk Tβεk (ξ, η). With (1.ii), ∥Tβεk0 ∥ ≤ K6(∥f∥1 + 8π−1/2∥f∥2/q∗), so

∥Af (ξ, η)∥ ≤ K6

[(
1 + 40

3e2

)
∥f∥1 + 8+120/e2√

π
∥f∥2
q∗

]
≤ K6

(
2.81 ∥f∥1 + 13.68 ∥f∥2/q∗

)
,

which is (a); linearity in f from (1.ii).
On {(ξ, η) : q∗ ≥ q} the tail of (15.8) is uniform, and each Tβεk is norm-holomorphic there for

2εk < q (1.iii); a locally uniform limit of norm-holomorphic functions is norm-holomorphic: (b).

(c) follows from (1.iii) in the limit. (d): β̃ε = βε (ρε real and even), ∥Jf∥p = ∥f∥p, so (1.iv) passes
to the limit, the adjoint being norm-continuous. (e): for 2ε below q(ξ), q(η), q(a), q(b), q(a′), q(b′),
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the semigroup law gives T fβε(ξ, a)T gβε(b, η) = V (ξ−2εet)B2ε(βεf)V (a+b−4εet)B2ε(βεg)V (η−2εet),

the same expression for (a′, b′); products of norm-convergent sequences converge.
Step 3 ((f) and uniqueness). Let α be as in (f), tα := supsuppα |t| < q∗ (tα > 0 unless α = 0, in

which case both sides vanish), δ = tα, r = q∗− tα, 0 < ε < r/4. (i) By (15.5) with (γ, β) = (βε, α)
(here supp γ ⊂ {|z| ≤ 2ε}, s = 2ε < r) and

∫
βε = 1, Tα(ξ, η) = V (ξ − q∗et)Λ(0)V (η − q∗et) and

(15.7) with s = 2ε: ∥Tβε∗α(ξ, η) − Tα(ξ, η)∥ ≤ 4
√

2 ε∥Bδ(αf)∥/(e(r − 2ε)) → 0. (ii) By (15.6)
with (γ, β) = (α, βε), δ

′ = 2ε, r′ = q∗ − 2ε (so that supsuppα |t| = tα < r′ and δ′ + r′ = q∗):

Tα∗βε(ξ, η) =
∫
α(z)Tβε(ξ+z, η−z)dz; here min(q(ξ+z), q(η−z)) ≥ q∗− tα = r on suppα, so by

Step 2 with q = r the integrand converges to Af (ξ + z, η − z) uniformly on suppα along ε = εk;
the limit is norm-continuous in z by (b), and ∥α∥1 <∞. Since α ∗ βε = βε ∗ α, (i) and (ii) give
Tα(ξ, η) =

∫
α(z)Af (ξ + z, η − z)dz, i.e. (f); for ξ = η = δet, q∗ = δ and Tα(δet, δet) = Bδ(αf)

by (1.i).
Uniqueness: for (αn) as in the statement and n so large that sn < q∗, (f) and

∫
αn =

1 give Tαn(ξ, η) − Af (ξ, η) =
∫
αn(z)[Af (ξ + z, η − z) − Af (ξ, η)]dz, of norm at most

supn ∥αn∥1 sup|z|≤sn ∥Af (ξ + z, η − z) − Af (ξ, η)∥ → 0 by (b); with (1.i) the limit depends
neither on the approximate identity nor on δn. □

15.8. The ordered holomorphic kernel and the one kernel. Here Theorems 15.15 and 15.16
are used for the coordinate pair (t, x) and for the pair (x, t) (same transverse coordinate y); the
second requires (iii) at {x = 0} and {x+ t = 0}, so this subsection uses the four planes of the
pair. K7 is the constant of Theorem 15.16, the same for both pairs, and K8 := 2K7.

Lemma 15.17 (end entries). For a profile f , a, b ∈ W and ψ ∈ H◦: ξ 7→ ⟨Ω, Af (ξ, a)ψ⟩ and
η 7→ Af (b, η)Ω are constant on W.

Proof. Theorem 15.16(c) with κ′ = 0 gives Af (ξ + κ, a) = V (κ)Af (ξ, a) for q(κ) ≥ 0, so
g(ξ+κ) := ⟨Ω, Af (ξ+κ, a)ψ⟩ = ⟨V (κ)∗Ω, Af (ξ, a)ψ⟩ = g(ξ). For ξ, ξ′ ∈ W , g(ξ) = g(ξ+ξ′) = g(ξ′)
(W is a convex cone). Likewise Af (b, η + κ′)Ω = Af (b, η)V (κ′)Ω = Af (b, η)Ω. □

Lemma 15.18 (unbounded vectors). If χ ∈ (L1 ∩ L2)C vanishes outside {t ≥ 0} then
F (χ) ∈ L2

◦,+ ∩
⋂
p<∞ Lp(µ). If χ vanishes outside {|t| ≤ δ} and A ∈ L2

◦,+ ∩ L4(µ), then

F (τδetχ)U(2δet)A ∈ L2
◦,+ and Bδ(χ)[A]◦ = [F (τδetχ)U(2δet)A]◦.

Proof. This follows from Lemma 15.13 and Theorem 15.15(d) (with U(2δet)L
2
◦,+ ⊂ L2

◦,+). □

Proposition 15.19 (ordered holomorphic kernel). Let N ≥ 2, f1, . . . , fN ∈ (L1 ∩ L2)(R;TC),
ZN := {Z = (z1, . . . , zN ) ∈ (C2)N : ∆j := zj+1 − zj ∈ W, 1 ≤ j < N}. For Z ∈ ZN and κ ∈ W
put

SN (Z; f) :=
〈
Ω, Af1(κ, ∆1

2 )Af2(∆1
2 ,

∆2
2 ) · · ·AfN−1

(
∆N−2

2 ,
∆N−1

2 )AfN (
∆N−1

2 , κ) Ω
〉
◦

(ordered product). Then: (a) SN (Z; f) does not depend on κ; (b) it is holomorphic on the open
set ZN and SN (Z + (c, . . . , c); f) = SN (Z; f) for c ∈ C2; (c) it is N-linear in (f1, . . . , fN ); (d)
|SN (Z; f)| ≤ KN

8

∏
j(∥fj∥1 + q−1

∗ ∥fj∥2) with q∗ := minj q(∆j); (e) if χj = αj(t, x)fj(y) with

αj ∈ L2(R2) of compact support Kj and maxKj t < minKj+1 t (1 ≤ j < N), then

SN (χ1, . . . , χN ) =

∫
(R2)N

∏
j

αj(zj)SN (Z; f) dZ (absolutely convergent).

Proof. (a) follows from Lemma 15.17, applied first to the last entry and then to the first entry
with ψ = Af2(·) · · ·AfN (·, κ)Ω. (b) Z 7→ ∆j/2 is linear, each factor is operator-norm holomorphic
by Theorem 15.16(b), products in B(H◦) and ⟨Ω, ·Ω⟩ preserve holomorphy; only differences
enter. (c) follows from Theorem 15.16(a). (d) Take κ = ∆1/2; q(∆j/2) = q(∆j)/2 ≥ q∗/2, so
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Theorem 15.16(a) gives ∥Afj (·, ·)∥ ≤ K7(∥fj∥1 + 2q−1
∗ ∥fj∥2) ≤ 2K7(∥fj∥1 + q−1

∗ ∥fj∥2) for every
factor, and ∥Ω∥ = 1.

(e) Slabs. Choose a0 < a1 < · · · < aN with Kj ⊂ {aj−1 < t < aj}, put δj := (aj − aj−1)/2
and sj := (aj−1 + aj)/2 − a0 = 2

∑
i<j δi + δj . Both sides are invariant under the common

shift χj 7→ τ−a0etχj (left: (ii) and Lemma 15.6; right: substitution and (b)), so let a0 = 0. Put
α0
j := τ−sjetαj and χ0

j := α0
jfj : compact support in {|t| < δj}, χj = τsjetχ

0
j , ∥χ0

j∥1 = ∥αj∥1∥fj∥1,

∥χ0
j∥2 = ∥αj∥2∥fj∥2.
Iteration. Put GN := F (τδNetχ

0
N ), Gj := F (τδjetχ

0
j )U(2δjet)Gj+1. Each Gj is a product

of fields with tests vanishing outside {t ≥ 0}, hence in L2
◦,+ ∩

⋂
p L

p (Lemma 15.18, Hölder),

so BδN (χ0
N )Ω = [GN ]◦ and Bδj (χ

0
j )[Gj+1]◦ = [Gj ]◦. Multiplicativity of U and U(a)F (χ) =

F (τaχ) give G1 =
∏
j F (τsjetχ

0
j ) =

∏
j F (χj); thus ⟨Ω, Bδ1(χ0

1) · · ·BδN (χ0
N )Ω⟩◦ =

∫
G1 dµ =

SN (χ1, . . . , χN ).
Insertion. Let Aj(z) := Afj (δjet + z, δjet − z), norm-continuous for |t| < δj and bounded

by K7(∥fj∥1 + ∥fj∥2/(δj − |t|)), hence bounded on suppα0
j . By Theorem 15.16(f), Bδj (χ

0
j ) =∫

α0
j (z)Aj(z) dz. For fixed bounded Y and ψ ∈ H◦, X 7→ ⟨Y ∗Ω, Xψ⟩ is a bounded functional on

B(H◦) and passes through Bochner integrals; applied N times from the left,

⟨Ω,
∏
j Bδj (χ

0
j )Ω⟩◦ =

∫
α0
1(z1) · · ·

∫
α0
N (zN ) ⟨Ω, A1(z1) · · ·AN (zN )Ω⟩◦ dzN · · · dz1.

The inner function is continuous in Z on
∏
j{|tj | < δj} and bounded on the compact set∏

j suppα0
j , and α0

j ∈ L1; Fubini turns the iterated integral into one over (R2)N .

Identification. Fix real Z with |tj | < δj , wj := zj + sjet, W := (wj)j . Then aj := δjet− zj and
bj := δjet + zj lie in W, and aj + bj+1 = (δj + δj+1)et + zj+1 − zj = wj+1 − wj =: ∆j ∈ W (as
sj+1−sj = δj +δj+1), so W ∈ ZN . In A1(z1) · · ·AN (zN ) = Af1(b1, a1)Af2(b2, a2) · · ·AfN (bN , aN )
apply Theorem 15.16(e) to the adjacent pairs (aj , bj+1) 7→ (∆j/2,∆j/2), j = 1, . . . , N − 1
in turn (each step touches only those two entries), then Lemma 15.17 to b1 and aN :
⟨Ω, A1(z1) · · ·AN (zN )Ω⟩◦ = SN (W ; f). Substituting wj = zj + sjet,

∫ ∏
j α

0
j (zj)SN (Z +

(sjet)j ; f) dZ =
∫ ∏

j αj(wj)SN (W ; f) dW . □

Charts. For σ ∈ SN we put Zσ := (zσ(1), . . . , zσ(N)), and fσ likewise. We put sw(t, x) := (x, t),

Dt
σ := {Z : Zσ ∈ ZN} = {Re(tσ(j+1) − tσ(j)) > | Im(xσ(j+1) − xσ(j))| ∀j}, Dx

σ := {Z : (swZ)σ ∈
ZN} and DN :=

⋃
σ(Dt

σ∪Dx
σ). We write S′

N for the kernel of Proposition 15.19 for the coordinate

pair (x, t), and we put D♯
R := {Z ∈ (R2)N : the tj pairwise distinct and the xj pairwise distinct}.

Note, with rev ∈ SN the order reversal rev(j) := N + 1− j, that Dt
σ◦rev = {Z : −Zσ ∈ ZN} (the

chart with time −t) and likewise for x, so the charts with the four time directions ±et,±ex are
all among the Dt

σ, Dx
σ.

Proposition 15.20 (one kernel). (a) Dt
σ ∩ Dt

σ′ = ∅ = Dx
σ ∩ Dx

σ′ for σ ≠ σ′; all Dt
σ, D

x
σ,

Dt
σ ∩Dx

σ′ are convex, open and nonempty; DN is connected and DN ∩ (R2)N = {all tj distinct}∪
{all xj distinct}. (b) SN (Z; f) := SN (Zσ; fσ) on Dt

σ and := S′
N ((swZ)σ; fσ) on Dx

σ is consistent
and defines a holomorphic function on DN , N-linear in f , with |SN (Z; f)| ≤ KN

8

∏
j(∥fj∥1 +

q−1
∗ ∥fj∥2) on each chart (q∗ the minimum of q over the successive differences of that chart,

computed in its coordinates), such that for product tests χj = αjfj, αj ∈ L2(R2) with compact
planar supports pairwise strictly ordered in t or pairwise strictly ordered in x (in any order),
SN (χ1, . . . , χN ) =

∫ ∏
j αj(zj)SN (Z; f) dZ. (c) SN (Zπ; fπ) = SN (Z; f) for all π ∈ SN , Z ∈ DN .

(d) R(θ)DN = DN and SN (R(θ)Z; ϱ(θ)f) = SN (Z; f) for θ ∈ π
2Z (with ϱ(θ) = π(R(θ)) acting

pointwise on the profiles); in particular SN (R(−π/2)Z; ϱ(−π/2)f) = SN (Z; f).
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Proof. (a) On Dt
σ, Re tσ(1) < · · · < Re tσ(N), which determines σ; the same for x. Convexity: W

is convex and the defining maps are linear. Oσσ′ := {Z real : t ordered by σ, x ordered by σ′}
is nonempty, open in R2N and lies in Dt

σ ∩Dx
σ′ (for real ∆, q(∆) is the t-component). Every

t-chart meets every x-chart, so DN is connected; the real points are as stated.
(b) By (a) consistency concerns only Dt

σ ∩Dx
σ′ . Product tests: if the supports are ordered in t

along σ, Proposition 15.19(e) for (χσ(1), . . . , χσ(N)), the symmetry of SN and the substitution W =

Zσ give SN (χ1, . . . , χN ) =
∫ ∏

j αj(zj)SN (Zσ; fσ)dZ (the support lies inDt
σ); for supports ordered

in x, the same functions read (αj ◦ sw)(x, t)fj(y) in the chart (x, t), and Proposition 15.19(e)
there, with the substitution Z 7→ swZ, gives the formula with S′

N ((swZ)σ′ ; fσ′). Let Z0 ∈ Oσσ′ ,
ϕ ∈ C∞

c (R2), ϕ ≥ 0,
∫
ϕ = 1, support in the unit disc, αj := ϵ−2ϕ((· − z0,j)/ϵ). For small ϵ

both orderings hold, so
∫ ∏

j αj(zj) [SN (Zσ; fσ) − S′
N ((swZ)σ′ ; fσ′)] dZ = 0; both functions are

continuous at Z0, so ϵ→ 0 gives equality at Z0. Two holomorphic functions agreeing on the open
subset Oσσ′ of R2N have equal complex Taylor coefficients at its points (real derivatives of the
difference vanish), hence agree on the connected open set Dt

σ ∩Dx
σ′ . Holomorphy, multilinearity

and the bound are chartwise (Proposition 15.19(b)–(d)).
(c) (Zπ)ρ = Zπρ, so Z ∈ Dt

σ ⇐⇒ Zπ ∈ Dt
π−1σ and SN (Zπ; fπ) = SN ((Zπ)π−1σ; (fπ)π−1σ) =

SN (Zσ; fσ); the same on x-charts.
(d) R(π/2)(t, x) = (−x, t) gives R(π/2)Dt

σ = Dx
σ and R(π/2)Dx

σ = Dt
σ◦rev, so R(θ)DN = DN

and R(θ)D♯
R = D♯

R. Gθ(Z) := SN (R(θ)Z; ϱ(θ)f) is holomorphic on DN . Let Z0 ∈ D♯
R, αj as in

(b), χj := αjfj . Substituting Z ′ = R(θ)Z and using (b) (the supports of αj ◦ R(−θ) are the

ϵ-discs about the points of R(θ)Z0 ∈ D♯
R, strictly t-ordered for small ϵ):∫ ∏

j

αj(zj)Gθ(Z) dZ =

∫ ∏
j

(αj ◦R(−θ))(z′j)SN (Z ′; ϱ(θ)f) dZ ′

= SN (R(−θ)∗χ1, . . . , R(−θ)∗χN ),

since (R(−θ)∗χj)(z, y) = π(R(θ))αj(R(−θ)z)fj(y). The map (z, y) 7→ (R(−θ)z, y), θ ∈ π
2Z,

is a product of two of the four reflections {t = 0}, {x = 0}, {t ± x = 0}, so Lemma 15.7
(four-plane form) with Lemma 15.6(e) gives SN (R(−θ)∗χ) = SN (χ) for Schwartz tests, and then
for L1 ∩L2 tests by the continuity of SN and the isometry of the pull-back; so the left side equals∫ ∏

j αj(zj)SN (Z; f)dZ. Letting ϵ → 0, Gθ = SN on D♯
R, which meets every convex chart in a

nonempty open subset of R2N ; the identity theorem chart by chart gives Gθ = SN on DN . □

15.9. The entire angular continuation. Conventions. The map ϱ(θ) = π(R(θ)) is a continuous
unitary one-parameter group on TC with ϱ(2π) = 1, so ϱ(θ) =

∑
a e

iwaθPa with integers wa
and mutually orthogonal projections Pa,

∑
a Pa = 1. We put wmax := maxa |wa|, which is 1

for the representations of Theorem 15.1; the proof is written for wmax ≤ 2. For ζ ∈ C we

put ϱ(ζ) :=
∑

a e
iwaζPa and R(ζ) := cos ζ I + sin ζ J◦ on C2, where J◦ :=

(
0 −1
1 0

)
, so that

R(ζ)R(ζ ′) = R(ζ+ ζ ′). We write z ·w for the bilinear pairing on C2 and put E := {±et,±ex}; for
e ∈ E we put qe(z) := Re(z · e) − | Im(z · J◦e)| and We := {qe > 0} (so Wet = W, W−e = −We,
Wex = J◦W). We put P := (L1 ∩ L2)(R;TC), and A is the class of bounded measurable planar
factors with compact support. For N ≥ 2, e ∈ E and σ ∈ SN we put

De,σ
N := {Z ∈ (C2)N : zσ(j+1) − zσ(j) ∈ We, 1 ≤ j < N}, qe,σ∗ (Z) := min

j<N
qe(zσ(j+1) − zσ(j)).

These are the charts of Proposition 15.20: Det,σ
N = Dt

σ, D−et,σ
N = Dt

σ◦rev, Dex,σ
N = Dx

σ, D−ex,σ
N =

Dx
σ◦rev. The facts used from Subsections 15.2–15.8 are:
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(K1) the kernel SN of Proposition 15.20 on DN =
⋃
e,σ D

e,σ
N , holomorphic in Z, N -linear in

f ∈ PN , invariant under simultaneous permutations of (Z, f);
(K2) |SN (Z; f)| ≤ KN

8

∏
j(∥fj∥1 + qe,σ∗ (Z)−1∥fj∥2) for Z ∈ De,σ

N ;

(K3) if χj = αjfj with αj ∈ A, fj ∈ P, and supsuppασ(j)
z · e < infsuppασ(j+1)

z · e for j < N ,

then SN (χ1, . . . , χN ) =
∫
(R2)N

∏
j αj(zj)SN (Z; f) dZ (Proposition 15.20(b), the orderings

along −et, −ex being the reversed orderings along et, ex);

(K4) SN (R(π/2)∗χ) = SN (χ) and |SN (χ)| ≤ (2K1

√
N)N

∏
j N(χj) for all χ ∈ ((L1 ∩

L2)(R3;TC))N (Lemma 15.7 for the four planes of the pair, since R(π/2) is the product
of two of the four reflections, with Lemma 15.6(c),(e)).

Narrow configurations with data. A configuration X = (x1, . . . , xN ) ∈ (R2)N is narrow with
data (u, γ) if, after relabelling, dj := xj+1 − xj satisfies ∠(dj , u) ≤ γ < π/4 for all j (u a unit
vector); this is the notion of Subsection 15.1. Put δ := minj |dj | > 0, c := cos(γ + π/4) > 0,
r0 := δc/2.

Proposition 15.21 (entire angular continuation). Let N ≥ 2, X narrow with data (u, γ),
0 < r < r0, m := δc − 2r > 0, Kj := B̄(xj , r), K :=

∏
jKj. Let χj = αjfj with αj ∈ A,

suppαj ⊂ Kj, fj ∈ P, and DN [χ](θ) := SN (R(θ)∗χ) − SN (χ) for θ ∈ R.
(a) DN [χ] is the restriction to R of a unique entire function, again written DN [χ], which is

π/2-periodic (hence 2π-periodic) and satisfies

|DN [χ](θ + iβ)| ≤ Cχ e
(1+wmax)N |β|, Cχ := 2KN

8

∏
j

∥αj∥1
∏
j

(
∥fj∥1 +m−1∥fj∥2

)
,

with Cχ independent of θ and β.

(b) cℓ[χ] := 1
2π

∫ 2π
0 DN [χ](θ)e−iℓθdθ vanishes unless ℓ ∈ 4Z and |ℓ| ≤ (1 + wmax)N , and

DN [χ](ζ) =
∑

ℓ∈4Z, 0<|ℓ|≤(1+wmax)N

cℓ[χ] (eiℓζ − 1) (ζ ∈ C).

(c) (b) holds, with the same index set and N -linear cℓ, for all χj ∈ (L1∩L2)(R3;TC) vanishing
outside Kj × R.

For wmax ≤ 2 the exponent is 3N ; for the weights 0,±1 of Theorem 15.1 it is 2N .

Proof. Claim A. For d ∈ R2, a unit vector e ∈ R2 and ζ = θ+iβ: Re(R(ζ)d ·e) = coshβ (R(θ)d ·e)
and Im(R(ζ)d ·J◦e) = sinhβ (R(θ)d · e); hence qe(R(ζ)d) = e−|β|R(θ)d · e whenever R(θ)d · e ≥ 0.
Indeed cos(iβ) = coshβ, sin(iβ) = i sinhβ, so R(iβ) = coshβ I + i sinhβ J◦ and R(ζ) =
R(iβ)R(θ); with d′ := R(θ)d ∈ R2, R(ζ)d = coshβ d′ + i sinhβ J◦d

′, and J◦d
′ · J◦e = d′ · e. So

qe(R(ζ)d) = coshβ d′ · e− | sinhβ| |d′ · e| = (coshβ − | sinhβ|) d′ · e = e−|β|d′ · e.
Claim B. For every ϕ ∈ R there is e(ϕ) ∈ E with ∠(R(ϕ)u, e(ϕ)) ≤ π/4, and for all Z ∈ K,

j < N : R(ϕ)(zj+1 − zj) · e(ϕ) ≥ m. Consequently, for ζ = ϕ + iβ, R(ζ)Z ∈ De(ϕ),id
N ⊂ DN

with q
e(ϕ),id
∗ (R(ζ)Z) ≥ e−|β|m, and the sets R(ϕ)K1, . . . , R(ϕ)KN are strictly increasing in the

e(ϕ)-coordinate with gaps ≥ m. Indeed, the four directions of E are π/2 apart, so one of them is
within π/4 of R(ϕ)u; by the triangle inequality for angles, ∠(R(ϕ)dj , e(ϕ)) ≤ ∠(dj , u) + π/4 ≤
γ + π/4 < π/2, so R(ϕ)dj · e(ϕ) ≥ |dj | c ≥ δc. For Z ∈ K write zj = xj + ϵj , |ϵj | ≤ r:
R(ϕ)(zj+1 − zj) · e(ϕ) ≥ δc − 2r = m. Claim A with d = zj+1 − zj , θ = ϕ, e = e(ϕ) gives

qe(ϕ)(R(ζ)(zj+1 − zj)) = e−|β|R(ϕ)(zj+1 − zj) · e(ϕ) ≥ e−|β|m > 0. The ordering statement is the
case β = 0 with zj ∈ Kj , zj+1 ∈ Kj+1 arbitrary.

Step 1 (the entire function along the orbit). For Z ∈ K let gZ(ζ) := SN (R(ζ)Z; ϱ(ζ)f), where
ϱ(ζ)f := (ϱ(ζ)f1, . . . , ϱ(ζ)fN ), ϱ(ζ) acting pointwise in y. By Claim B, R(ζ)Z ∈ DN for every
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ζ ∈ C. By N -linearity,

gZ(ζ) =
∑

a1,...,aN

ei(wa1+···+waN
)ζ SN

(
R(ζ)Z;Pa1f1, . . . , PaN fN

)
,

a finite sum; each term is an exponential times the composition of the entire map ζ 7→ R(ζ)Z ∈
DN with a holomorphic function (K1). Hence gZ is entire, (ζ, Z) 7→ gZ(ζ) is continuous
on C × K, and gZ(ζ + 2π) = gZ(ζ) (the weights are integers, R(ζ + 2π) = R(ζ)). Bound:

∥ϱ(ζ)v∥2 =
∑

a e
−2waβ∥Pav∥2 ≤ e2wmax|β|∥v∥2, so ∥ϱ(ζ)fj∥p ≤ ewmax|β|∥fj∥p; (K2) on De(ϕ),id

N

with q∗ ≥ e−|β|m gives

|gZ(ζ)| ≤ KN
8

∏
j

(
ewmax|β|∥fj∥1 + e(1+wmax)|β|m−1∥fj∥2

)
≤ Ge(1+wmax)N |β|,

G := KN
8

∏
j

(
∥fj∥1 +m−1∥fj∥2

)
.

Step 2 (smearing at every real angle). For real θ, (R(θ)∗χj)(z, y) = ϱ(θ)−1αj(R(θ)z)fj(y), i.e.
R(θ)∗χj = (αj ◦ R(θ)) ϱ(−θ)fj , a product test with αj ◦ R(θ) ∈ A supported in R(−θ)Kj . By
Claim B with ϕ = −θ these supports are strictly increasing in the e(−θ)-coordinate, so (K3) with
e = e(−θ), σ = id gives SN (R(θ)∗χ) =

∫ ∏
j αj(R(θ)zj)SN (Z; ϱ(−θ)f) dZ. The substitution

Z = R(−θ)Z ′ (orthogonal on (R2)N ) yields

SN (R(θ)∗χ) =

∫
K

∏
j

αj(z
′
j) gZ′(−θ) dZ ′, SN (χ) =

∫
K

∏
j

αj(zj) gZ(0) dZ (θ = 0).

Hence DN [χ](θ) = E(θ) for all real θ, where E(ζ) :=
∫
K

∏
j αj(zj) [gZ(−ζ) − gZ(0)] dZ.

Step 3 (E is entire, bounded, periodic). The integrand is jointly continuous and bounded

by |
∏
j αj(zj)| 2Ge(1+wmax)N |β|, so E is continuous (dominated convergence) and

∮
∂∆ E dζ = 0

for every triangle ∆ (Fubini and Cauchy); by Morera’s theorem E is entire, and |E(θ + iβ)| ≤∏
j ∥αj∥1 (Ge(1+wmax)N |β|+G) ≤ Cχe

(1+wmax)N |β|. E(ζ+2π) = E(ζ) by Step 1. Since R(θ+π/2) =

R(θ)R(π/2) and (R1R2)
∗ = R∗

2R
∗
1, (K4) gives SN (R(θ + π/2)∗χ) = SN (R(π/2)∗R(θ)∗χ) =

SN (R(θ)∗χ), so E(θ + π/2) = E(θ) on R, hence on C by the identity theorem, which also gives
the uniqueness of the entire extension. This is (a).

Step 4 (Fourier coefficients). As E is entire and 2π-periodic, F(w) := E(ζ) for w = eiζ is well
defined and holomorphic on C \ {0} (local inverses of ζ 7→ eiζ differ by multiples of 2π), with
Laurent expansion F(w) =

∑
ℓ∈Z cℓw

ℓ, where for every β ∈ R

cℓ =
1

2πi

∮
|w|=e−β

F(w)w−ℓ−1dw =
1

2π

∫ 2π

0
E(θ + iβ)e−iℓ(θ+iβ)dθ;

at β = 0 this is cℓ[χ], and E(ζ) =
∑

ℓ cℓe
iℓζ absolutely. Thus |cℓ| ≤ Cχe

(1+wmax)N |β|+ℓβ for all
β: β → −∞ gives cℓ = 0 for ℓ > (1 + wmax)N , β → +∞ gives cℓ = 0 for ℓ < −(1 + wmax)N .

The π/2-periodicity gives cℓ(e
iℓπ/2 − 1) = 0, so cℓ = 0 for ℓ /∈ 4Z. E(0) = 0 gives c0 = −

∑
ℓ̸=0 cℓ,

whence (b).
Step 5 (all tests with the same planar supports). Let X :=

∏
j(L

1 ∩ L2)(Kj × R;TC) with the

norm N in each factor. R(θ)∗ preserves ∥ · ∥1 and ∥ · ∥2 (orthogonal change of variables, unitary
ϱ(−θ)), so (K4) and telescoping give, uniformly in θ ∈ R,

|DN [χ](θ) −DN [χ′](θ)| ≤ 2(2K1

√
N)N

∑
j

N(χj − χ′
j)
∏
i̸=j

max(N(χi), N(χ′
i)).
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Finite sums of product tests αf , α ∈ A supported in Kj , are dense in (L1 ∩ L2)(Kj × R;TC):
truncate to |y| ≤ M (convergence in N), and on the bounded set Kj × [−M,M ] the L2 norm
dominates the L1 norm while simple tensors with bounded factors are L2-dense. By (b) and

N -linearity, DN [χ(n)] is, for approximants χ(n) in these spans, a trigonometric polynomial with
frequencies in Λ := {ℓ ∈ 4Z : 0 < |ℓ| ≤ (1 + wmax)N} ∪ {0} vanishing at 0; DN [χ] is its
uniform limit, hence of the same form (the space of such polynomials is finite-dimensional), and

cℓ[χ] = limn cℓ[χ
(n)], which is N -linear in χ. This is (c). □

For N = 1, D1 ≡ 0 by Lemma 15.7. The threshold is explicit: r < 1
2 minj |dj | cos(γ + π/4),

and Cχ depends on the neighbourhood only through m = δc− 2r. The extension of (a)–(c) from
small product neighbourhoods to arbitrary compact supports with successive differences in one
open π/4-cone (“narrow tuples”) is Lemma 15.28 below.

15.10. Continuation of positivity.

Lemma 15.22 (derivative positivity). Let I ⊂ R be open, k ∈ C∞(I×I) with
∑

j,l λ̄jλlk(xj , xl) ≥
0 for all finite families xj ∈ I, λj ∈ C. Then

∑
a,b≤M λ̄aλb ∂

a
1∂

b
2k(x0, x0) ≥ 0 for x0 ∈ I, M ∈ N,

λ ∈ CM+1.

Proof. For ϕ ∈ Cc(I), Q(ϕ) :=
∫∫

ϕ(x)ϕ(x′)k(x, x′) dx dx′ ≥ 0: the Riemann sums

h2
∑

j,l ϕ(xj)ϕ(xl)k(xj , xl) over grids of mesh h are of the assumed form and converge

to Q(ϕ) (continuous integrand on a compact square). Take η ∈ C∞
c (R;R),

∫
η =

1, ηε := ε−1η((· − x0)/ε), ϕε :=
∑

a≤M λa(−1)aη
(a)
ε . Integrating by parts, Q(ϕε) =∑

a,b λ̄aλb
∫∫

ηε(x)ηε(x
′) ∂a1∂

b
2k(x, x′) dx dx′ →

∑
a,b λ̄aλb ∂

a
1∂

b
2k(x0, x0) as ε → 0, and Q(ϕε) ≥

0. □

Lemma 15.23 (disc propagation of kernel positivity). Let O ⊂ C be open with O = {z̄ : z ∈ O},
Φ holomorphic on O ×O, z1 ∈ O, B(z1, r) ⊂ O, and suppose that K(z, w̄) := Φ(z, w̄) is positive
semidefinite on a segment z1 + (−ε, ε), meaning

∑
j,l λ̄jλlΦ(zj , z̄l) ≥ 0 for all finite families zj in

the segment. Then K is positive semidefinite on B(z1, r).

Proof. k(x, x′) := Φ(z1 + x, z̄1 + x′) = K(z1 + x, z1 + x′) is a smooth positive semidefinite kernel
on (−ε, ε). Real-direction derivatives of a holomorphic function are its complex derivatives, so
Lemma 15.22 gives that cab := 1

a!b!∂
a
ζ ∂

b
ξΦ(z1, z̄1) satisfies

∑
a,b≤M µ̄aµbcab ≥ 0 for all M,µ. Since

{w̄ : w ∈ B(z1, r)} = B(z̄1, r) ⊂ O, Φ is holomorphic on the polydisc B(z1, r) ×B(z̄1, r), hence

Φ(ζ, ξ) =
∑

a,b cab(ζ − z1)
a(ξ − z̄1)

b, absolutely convergent there. For z(1), . . . , z(m) ∈ B(z1, r),

λ ∈ Cm, with vb :=
∑

l λl(z
(l) − z1)

b
,∑

j,l

λ̄jλl Φ
(
z(j), z(l)

)
=

∑
a,b

cab va vb = lim
M→∞

∑
a,b≤M

cabvavb ≥ 0,

the double series being absolutely convergent and each square partial sum nonnegative. □

Proposition 15.24 (continuation of positivity). Let X be a complex vector space, O ⊂ C open
and connected with O = {z̄ : z ∈ O} and 0 ∈ O, and (ζ, ξ) 7→ ⟨A,B⟩ζ,ξ holomorphic on O × O
for all A,B ∈ X , sesquilinear in (A,B) (antilinear in A). Assume that every A ∈ X has a map
[0, δA) ∋ s 7→ A(s) ∈ L2

◦,+ with ⟨A,B⟩r,s = ⟨A(r), B(s)⟩◦ for 0 < r < δA, 0 < s < δB. Then
⟨A,A⟩z,z̄ ≥ 0 for all z ∈ O, A ∈ X .

Proof. Fix A; Φ(ζ, ξ) := ⟨A,A⟩ζ,ξ is holomorphic on O×O. As 0 ∈ O is interior, O ⊃ (0, δ′) with
0 < δ′ ≤ δA, and for r, s ∈ (0, δ′), Φ(r, s̄) = Φ(r, s) = ⟨A(r), A(s)⟩◦; thus

∑
j,l λ̄jλlΦ(rj , r̄l) =〈∑

j λjA(rj),
∑

l λlA(rl)
〉
◦ ≥ 0 by the positivity of the form ⟨·, ·⟩◦ on L2

◦,+ (Lemma 15.5), i.e. K is
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positive semidefinite on (0, δ′). Let G := {z ∈ O : K is positive semidefinite on some open Nz ∋
z, Nz ⊂ O}. G is open; G ̸= ∅ by Lemma 15.23 at r1 ∈ (0, δ′) with r = dist(r1,C \ O); G is
closed in O: if z∗ ∈ O, B(z∗, 2ρ) ⊂ O and z1 ∈ G ∩ B(z∗, ρ), Lemma 15.23 (a segment inside
Nz1 , the disc B(z1, ρ) ⊂ O) makes K positive semidefinite on B(z1, ρ) ∋ z∗. Connectedness gives
G = O, and the one-point case at z ∈ Nz gives Φ(z, z̄) = ⟨A,A⟩z,z̄ ≥ 0. □

15.11. Positivity of the continued reflection pairing. Conventions. We use R(ζ) =(
cos ζ − sin ζ
sin ζ cos ζ

)
on C2 and ϱ(ζ) =

∑
w e

iwζPw as in Subsection 15.9, together with

(R(θ)∗χ)(t, x, y) = ϱ(−θ)χ(R(θ)(t, x), y) and Jχ = π(θ◦)(χ̄ ◦ θ◦), so that Θ◦F (χ) = F (Jχ).
In this subsection and the next two a product test is χ = αf with α ∈ C∞

c (R2;R) and
f ∈ C∞

c (R;T ) real, with planar support K = suppα; then R(θ)∗(αf) = (α ◦ R(θ)) ϱ(−θ)f
has planar support R(−θ)K and J(αf) = (α ◦ θ◦)π(θ◦)f has planar support θ◦K. We put
Σπ/4 := {ζ ∈ C : |Re ζ| < π/4}. For Φ holomorphic on M × M̄ , “K(z, w̄) := Φ(z, w̄) is positive

semidefinite on M” means
∑

j,l λ̄jλlΦ(zj , z̄l) ≥ 0 for all finite families zj ∈ M , λj ∈ C. For

a tuple χ = (χ1, . . . , χa) we put Jχ := (Jχa, . . . , Jχ1) (reflected, conjugated, reversed), and
DN [χ](ζ) is the entire function of Proposition 15.21 where it is defined.

Proposition 15.25 (the continued reflection pairing is positive). Let A be the set of admissible
tuples χ = (χ1, . . . , χa), a ≥ 0, of real product tests (planar supports Kj ⊂ C+, Kj+1 −Kj ⊂ C+),
and X the free complex vector space on A (the empty tuple is the basis vector Ω). For χ, η ∈ A
of lengths a, b and N := a+ b:

(a) there is Ψχ,η holomorphic on Σπ/4 × Σπ/4 with Ψχ,η(θ1, θ2) = SN (R(θ1)∗Jχ,R(θ2)∗η) for
real |θi| < π/4, and Ψχ,η(ζ, ζ) = SN (Jχ, η) +DN [Jχ, η](ζ) on Σπ/4;

(b) the sesquilinear extension of ⟨χ, η⟩ζ,ξ := Ψχ,η(−ζ, ξ) is jointly holomorphic on Σ2
π/4

and equals ⟨A(r), B(s)⟩◦ at (r, s) ∈ (0, π/4)2, where A(s) :=
∑

i ci
∏
j F (R(s)∗χ

(i)
j ) for

A =
∑

i ciχ
(i);

(c) for every β ∈ R the sesquilinear form ⟨χ, η⟩β := SN (Jχ, η) + DN [Jχ, η](iβ) is positive
semidefinite on X ; more generally ⟨A,A⟩z,z̄ ≥ 0 for all z ∈ Σπ/4.

The proof uses, besides (i), (ii) and Lemma 15.7 for S1, only the plane {t = 0} (through
Lemma 15.5) and Propositions 15.19 and 15.21. Write χtot := (Jχa, . . . , Jχ1, η1, . . . , ηb) =
(αmfm)m≤N with planar supports Ktot

m , block index ι(m) = 1 for m ≤ a and 2 for m > a, and
for Z ′ ∈

∏
mK

tot
m put Z(ζ1, ζ2;Z

′) := (R(−ζι(m))z
′
m)m.

Lemma 15.26 (geometry of complex rotations). (i) Ktot
m+1 −Ktot

m ⊂ C+ for all m (the tuple
(Jχ, η) is narrow with unit vector et). (ii) For real v ∈ C+ and ζ = θ + iβ with |θ| < π/4:

(R(−θ)v)t > 0 and q(R(−ζ)v) = e−|β|(R(−θ)v)t > 0. (iii) For (ζ1, ζ2) ∈ Σ2
π/4 and Z ′ ∈

∏
Ktot
m

all successive differences of Z(ζ1, ζ2;Z
′) lie in W; for real |θi| < π/4 the sets R(−θι(m))K

tot
m are

compact, strictly ordered in t, in {t < 0} for m ≤ a and in {t > 0} for m > a.

Proof. (i) θ◦C+ = −C+; for m < a, Ktot
m+1 − Ktot

m = −θ◦(Ka−m+1 − Ka−m) ⊂ C+; for m = a,
K ′

1 − θ◦K1 ⊂ C+ + C+ = C+ (K ′
1 the first support of η); for m > a by admissibility. (ii)

v = |v|(cosϕ, sinϕ) with |ϕ| < π/4, so |ϕ − θ| < π/2. With w := R(−θ)v real, R(−iβ)w =

(coshβ wt + i sinhβ wx, −i sinhβ wt + coshβ wx), hence q = wt(coshβ − | sinhβ|) = e−|β|wt.
(iii) Within a block, ∆m = R(−ζι)(z′m+1 − z′m) with z′m+1 − z′m ∈ C+, so (ii) applies. At the
junction, ∆a = R(−ζ2)z′a+1 + R(−ζ1)(−z′a) with z′a+1 ∈ K ′

1 ⊂ C+ and −z′a ∈ −θ◦K1 ⊂ C+, so
the claim follows from (ii) and the superadditivity of q. Real angles: the t-components of all
rotated differences are positive and continuous on compact sets, so their minimum is positive;
R(−θ)C+ ⊂ {t > 0} by (ii). □
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Lemma 15.27 (the two-angle pairing). For N ≥ 2 put Ψχ,η(ζ1, ζ2) :=∫∏
Ktot

m

∏
m αm(z′m)SN

(
Z(ζ1, ζ2;Z

′); (ϱ(−ζι(m))fm)m
)
dZ ′ with the kernel of Proposition 15.19;

for N = 1, Ψ := S1(χ
tot
1 ); for N = 0, Ψ := 1. Then (a) of Proposition 15.25 holds, except the

last identity.

Proof. By multilinearity, SN (Z; (ϱ(−ζι(m))fm)m) =
∑

w1,...,wN
e−i

∑
m wmζι(m)SN (Z; (Pwmfm)m),

a finite sum; Z(·;Z ′) is entire with values in ZN on Σ2
π/4 (Lemma 15.26(iii)), where SN (·; f)

is holomorphic. So the integrand is holomorphic in (ζ1, ζ2) ∈ Σ2
π/4 for each Z ′ and continuous

on Σ2
π/4 ×

∏
Ktot
m . Hence Ψ is continuous,

∮
γ Ψ dζi =

∫ ∮
γ(. . . )dζi dZ

′ = 0 for closed triangles

γ ⊂ Σπ/4 (Fubini, Cauchy), so Ψ is separately holomorphic (Morera) and jointly holomorphic

(Osgood). For real |θi| < π/4, χ̃m := R(θι(m))
∗χtot

m = (αm ◦ R(θι(m))) ϱ(−θι(m))fm are product
tests with compact planar supports strictly ordered in t (Lemma 15.26(iii)); Proposition 15.19(e)
gives SN (χ̃) =

∫ ∏
m αm(R(θι(m))zm)SN (Z; (ϱ(−θι(m))fm)m) dZ, and the substitution zm =

R(−θι(m))z
′
m (Jacobian 1) yields Ψ(θ1, θ2); SN (χ̃) = SN (R(θ1)∗Jχ,R(θ2)∗η) by the symmetry of

SN . For N = 1, S1(R(θ)∗ψ) = S1(ψ) by Lemma 15.7. □

Lemma 15.28 (narrow tuples). Let ψ = (ψ1, . . . , ψN ), N ≥ 2, be a tuple of tests ψm ∈
(L1∩L2)(R3;TC) vanishing outside Lm×R, with compact planar sets Lm such that, for some unit
vector u and some ordering, all differences Lm+1−Lm lie in the open cone of half-angle π/4 about
u (a narrow tuple). Then DN [ψ] extends to an entire π/2-periodic function with |DN [ψ](θ+iβ)| ≤
Cψe

(1+wmax)N |β| and the finite Fourier form of Proposition 15.21(b), with N -linear coefficients
cℓ[ψ]. In particular this holds for χtot = (Jχ, η), and Ψχ,η(ζ, ζ) = SN (χtot) + DN [χtot](ζ) for
ζ ∈ Σπ/4.

Proof. On the compact sets Lm+1−Lm inside the open cone, ∠(d, u) ≤ γ0 < π/4 and |d| ≥ δ0 > 0
uniformly, so every configuration X ∈

∏
m Lm is narrow with data (u, γ0) and r0(X) ≥ r∗ :=

1
2δ0 cos(γ0 + π/4). Take a smooth partition of unity {ϕν} of R2 with diam suppϕν < r∗ and
expand DN [ψ] =

∑
ν1,...,νN

DN [(ϕνmψm)m] (a finite sum, by N -linearity, the Lm being compact);

each term has planar supports in balls of radius < r∗ about a configuration of
∏
Lm, so

Proposition 15.21(a)–(c) applies to it (with (c) for non-product tests); sums of finitely many
entire π/2-periodic functions with the growth bound and the finite Fourier form are of the same
kind, and the coefficients add. For χtot the hypothesis is Lemma 15.26(i) with u = et. Both sides
of the last identity are holomorphic on the connected set Σπ/4 and agree for real ζ ∈ (−π/4, π/4)
by Lemma 15.27 with θ1 = θ2 (for N ≤ 1, DN ≡ 0). □

Lemma 15.29 (curves in the OS space). For χ ∈ A and 0 ≤ s < π/4: Aχ(s) :=
∏
j F (R(s)∗χj) ∈

L2
◦,+, and ⟨Aχ(r), Aη(s)⟩◦ = Ψχ,η(−r, s) for r, s ∈ [0, π/4).

Proof. R(s)∗χj is a real test supported in R(−s)Kj × R ⊂ {t > 0} (Lemma 15.26(ii)),
so Aχ(s) is Σ({t > 0})-measurable and in L2 by Lemma 15.6(b) and Hölder. Since
θ◦R(r) = R(−r)θ◦ and π(θ◦)ϱ(−r) = ϱ(r)π(θ◦), J(R(r)∗ψ) = R(−r)∗(Jψ) for real tests

and real r. Θ◦ is multiplicative, so Θ◦Aχ(r) =
∏
j F (R(−r)∗Jχj) and ⟨Aχ(r), Aη(s)⟩◦ =

Eµ
[∏

j F (R(−r)∗Jχj)
∏
k F (R(s)∗ηk)

]
= SN (R(−r)∗Jχ,R(s)∗η) = Ψχ,η(−r, s) by Lemma 15.27.

□

Proof of Proposition 15.25. (a) is Lemmas 15.27 and 15.28. (b): ⟨χ, η⟩ζ,ξ = Ψχ,η(−ζ, ξ) is
holomorphic on Σ2

π/4 (−Σπ/4 = Σπ/4); finite sums preserve this; both sides of the identity in (b)

are sesquilinear in (A,B) and agree on basis pairs by Lemma 15.29. (c): Σπ/4 is open, connected,
conjugation-symmetric, 0 ∈ Σπ/4, so Proposition 15.24 with O = Σπ/4, δA = π/4 gives ⟨A,A⟩z,z̄ ≥
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0 for z ∈ Σπ/4; at z = −iβ, ⟨χ, η⟩−iβ,iβ = Ψχ,η(iβ, iβ) = SN (Jχ, η) +DN [Jχ, η](iβ) = ⟨χ, η⟩β by
Lemma 15.28, for every β ∈ R. □

15.12. Testing and convexity. Conventions. For a unit vector u ∈ R2 let Γ(u) := {p ∈ R2 :
p · u > |p|/

√
2}, the open cone of half-angle π/4 about u; Γ(et) = C+, C− := −C+ = θ◦C+,

C± + C± ⊂ C±, RΓ(u) = Γ(Ru) for planar rotations R. A tuple is χ = (χ1, . . . , χN ), N ≥ 0,
of real product tests χj = αjfj with compact planar supports Kj := suppαj ; S0 := 1. R∗,
τvχ = χ(· − v) and χσ := (χσ(1), . . . , χσ(N)) act entrywise. Jχj = π(θ◦)(χ̄j ◦ θ◦) with π(θ◦) a real

orthogonal involution, so J maps real product tests to real product tests, J2 = 1, the planar
support of Jχj is θ◦Kj , and Jχ = (Jχa, . . . , Jχ1) for a tuple of length a. A tuple χ is narrow
if there are a permutation σ and a unit vector u with Kσ(j+1) −Kσ(j) ⊂ Γ(u) for 1 ≤ j < N
(every tuple of length ≤ 1 is narrow); this is the hypothesis of Lemma 15.28. Every configuration
(Xj) with Xj ∈ Kj is then narrow; conversely, for a narrow configuration X with data (σ, u) and
0 < δ < 1

2 minj dist(Xσ(j+1) −Xσ(j), ∂Γ(u)), every tuple with Kj ⊂ B(Xj , δ) is narrow with the
same data. For admissible χ (length a) and η (length b), (Jχ, η) is narrow with u = et, σ = id
(Lemma 15.26(i)).

Regular tuples and their coefficients. A tuple χ of length N is regular if DN [χ](θ) =
SN (R(θ)∗χ) − SN (χ), θ ∈ R, is the restriction of an entire function DN [χ](ζ) with

supθ∈R |DN [χ](θ + iβ)| ≤ C0e
3N |β| for all β ∈ R and some C0 < ∞. The extension is unique

(identity theorem) and 2π-periodic, since DN [χ](ζ + 2π) −DN [χ](ζ) is entire and vanishes on R
(R(2π) = 1 = ϱ(2π)). Hence DN [χ](ζ) =

∑
ℓ∈Z dℓe

iℓζ (Laurent series in eiζ , absolutely convergent)

with dℓ = 1
2π

∫ 2π
0 DN [χ](θ + iβ)e−iℓ(θ+iβ) dθ for every β; so |dℓ| ≤ C0e

3N |β|+ℓβ and (β → ∓∞)
dℓ = 0 for |ℓ| > 3N . Put cℓ[χ] := dℓ (ℓ ̸= 0); DN [χ](0) = 0 gives

(15.9) DN [χ](ζ) =
∑

0<|ℓ|≤3N

cℓ[χ] (eiℓζ − 1).

For ℓ ̸= 0, cℓ[χ] = 1
2π

∫ 2π
0 DN [χ](θ)e−iℓθdθ is intrinsic. The facts used below are:

(A) every narrow tuple is regular, and cℓ[χ] = 0 for ℓ /∈ 4Z (Lemma 15.31 below);
(B) for admissible χ, η of lengths a, b and β ∈ R, ⟨χ, η⟩β := Sa+b(Jχ, η) + Da+b[Jχ, η](iβ)

(the empty tuple ∅ allowed, ⟨∅, ∅⟩β = S0 = 1) satisfies
∑

i,k z̄izk⟨χ(i), χ(k)⟩β ≥ 0 for all

finite families of admissible tuples and all z ∈ Cn (Proposition 15.25(c));
(C) SN (τvχ) = SN (χ) for all v ∈ R3 (Lemma 15.6(e) and (ii)); SN is symmetric.

Lemma 15.30 (testing). Assume (C).

(a) If χ is regular, so are χσ, τvχ (v ∈ R3) and R(ϕ)∗χ (ϕ ∈ R), and cℓ[χσ] = cℓ[χ],
cℓ[τvχ] = cℓ[χ], cℓ[R(ϕ)∗χ] = eiℓϕcℓ[χ]. These operations map narrow tuples to narrow
tuples.

(b) Let χ be narrow of length N with data (σ, u), u = R(ϕ)et, and a+ b = N . Then there
are admissible χ′, η′ of lengths a, b with (Jχ′, η′) = τvR(ϕ)∗χσ for some v ∈ R3; if χ is
regular, so is (Jχ′, η′), with cℓ[Jχ

′, η′] = eiℓϕcℓ[χ]. In particular, if ℓ ̸= 0 and cℓ[χ] ̸= 0
for a narrow regular χ of length N , then for every a+ b = N there are admissible χ′, η′

of lengths a, b with cℓ[Jχ
′, η′] ̸= 0.

Proof. (a) Permutations:
∏
j F (χj) is a commutative product and R(θ)∗ acts entrywise, so

DN [χσ] = DN [χ] on R; the entire extensions and their coefficients coincide. Translations:
(R∗τvχ)(x) = π(R)−1χ(Rx−v) = (R∗χ)(x−R−1v), i.e. R∗τv = τR−1vR

∗; by (C), SN (R(θ)∗τvχ) =
SN (R(θ)∗χ) and SN (τvχ) = SN (χ), so DN [τvχ] = DN [χ] on R. Rotations: π is a representation
and planar rotations commute, so R(θ)∗R(ϕ)∗ = (R(ϕ)R(θ))∗ = R(θ + ϕ)∗ and

DN [R(ϕ)∗χ](θ) =
(
SN (R(θ + ϕ)∗χ) − SN (χ)

)
−
(
SN (R(ϕ)∗χ) − SN (χ)

)
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= DN [χ](θ + ϕ) −DN [χ](ϕ).

The right side is the restriction of the entire function ζ 7→ DN [χ](ζ + ϕ)−DN [χ](ϕ), bounded by

(C0 + |DN [χ](ϕ)|)e3N |β|; so R(ϕ)∗χ is regular with DN [R(ϕ)∗χ](ζ) =
∑

ℓ cℓ[χ](eiℓ(ζ+ϕ) − eiℓϕ) =∑
ℓ cℓ[χ]eiℓϕ(eiℓζ − 1), and uniqueness of Laurent coefficients gives cℓ[R(ϕ)∗χ] = eiℓϕcℓ[χ]. Finally

R(ϕ)∗(αf) = (α ◦R(ϕ)) ϱ(ϕ)−1f is a real product test (ϱ(ϕ) real orthogonal) with planar support
R(ϕ)−1K, so the cone condition is transported to R(ϕ)−1Γ(u) = Γ(R(ϕ)−1u); τv shifts all Kj

by the planar part of v, leaving differences unchanged; χσ permutes the Kj , and the ordering
composes.

(b) Step 1. ψ := R(ϕ)∗(χσ) has supports Mj := R(ϕ)−1Kσ(j) with Mj+1−Mj ⊂ R(ϕ)−1Γ(u) =
Γ(et) = C+.

Step 2 (splitting). With λ±(t, x) := t± x, C+ = {λ+ > 0, λ− > 0}. If 1 ≤ a < N : λ±(p′) >
λ±(p) for p ∈ Ma, p

′ ∈ Ma+1, so by compactness m± := maxMa λ± < minMa+1 λ± =: m′±. Let

w ∈ R2 have λ±(w) = 1
2(m± +m′±) (if a = 0: λ±(w) = m′± − 1; if a = N : λ±(w) = m± + 1).

Then Ma − w ⊂ C− and Ma+1 − w ⊂ C+; since Mj −Mj+1 ⊂ C− and C± + C± ⊂ C±, induction
downward and upward gives Mj − w ⊂ C− (j ≤ a) and Mj − w ⊂ C+ (j > a).

Step 3. Let v := (−w, 0) ∈ R3 and ψ′ := τvψ, so that ψ′
j has planar support Mj − w.

Define χ′
i := Jψ′

a+1−i (1 ≤ i ≤ a), η′k := ψ′
a+k (1 ≤ k ≤ b): tuples of real product tests

with Jχ′ = (J2ψ′
1, . . . , J

2ψ′
a) = (ψ′

1, . . . , ψ
′
a), hence (Jχ′, η′) = ψ′ = τvR(ϕ)∗χσ. Admissibility:

suppχ′
i = θ◦(Ma+1−i−w) ⊂ θ◦C− = C+; suppχ′

i+1− suppχ′
i = θ◦(−(Ma+1−i−Ma−i)) ⊂ θ◦C− =

C+; supp η′k = Ma+k −w ⊂ C+ and supp η′k+1 − supp η′k = Ma+k+1 −Ma+k ⊂ C+. If χ is regular,

(a) gives the regularity of ψ′ and cℓ[Jχ
′, η′] = cℓ[ψ

′] = eiℓϕcℓ[χ]. □

Lemma 15.31 (narrow tuples are regular). Every narrow tuple χ is regular, with cℓ[χ] = 0 for

ℓ /∈ 4Z, and |DN [χ](θ + iβ)| ≤ C0e
(1+wmax)N |β|. Moreover, if cℓ[χ] ̸= 0 for a narrow tuple χ of

length N , then cℓ[χ
♭] ̸= 0 for some tuple χ♭ of length N with planar supports in balls B̄(xj , r),

r < r0, about a narrow configuration X as in Proposition 15.21; and conversely every such tuple
is narrow.

Proof. Let χ be narrow with data (σ, u), u = R(ϕ)et. Lemma 15.30(b), Steps 1–3, uses only
the support geometry and produces admissible χ′, η′ with (Jχ′, η′) = ψ′ = τvR(ϕ)∗χσ. By
Lemma 15.28, ψ′ is regular, with the growth bound and cℓ[ψ

′] = 0 for ℓ /∈ 4Z. The proof
of Lemma 15.30(a) uses only regularity, so χσ = R(−ϕ)∗τ−vψ

′ and hence χ are regular with
cℓ[χ] = e−iℓϕcℓ[ψ

′], which vanishes off 4Z (and the growth bound transports with a larger constant).
Alternatively, and for the second claim: by compactness of

∏
j(Kσ(j+1)−Kσ(j)) ⊂ Γ(u)N−1 there

are δ∗ > 0 and γ∗ < π/4 bounding all drawn configurations, so r0 ≥ r∗ := 1
2δ∗ cos(γ∗ + π/4)

uniformly; a smooth planar partition of unity with pieces in balls of radius < r∗ centred in the Kj

and the N -linearity of DN express DN [χ] as a finite sum of DN [χ♭] with χ♭ as in Proposition 15.21,

the coefficients adding, so some piece has cℓ[χ
♭] ̸= 0. Conversely, for d ∈ Γ(u) at angle α ≤ γ

from u, dist(d, ∂Γ(u)) = |d| sin(π/4 − α) = |d| cos(π/4 + α) ≥ 2r0 > 2r, so B̄(dj , 2r) ⊂ Γ(u) and
tuples supported in the balls B̄(xj , r) are narrow. □

Consequently, for each ℓ ̸= 0 and each N , cℓ[χ] ̸= 0 for some narrow tuple χ of length N if
and only if cℓ[χ] ̸= 0 for some tuple χ of length N supported in the balls of Proposition 15.21; in
particular the maximum MN of Proposition 15.32 is the same for both classes of tuples.

Proposition 15.32 (convexity). Let

MN := max{|ℓ| : cℓ[χ] ̸= 0 for some narrow tuple χ of length N},
and MN := 0 if there is none. Then M0 = 0, MN ∈ 4Z, 0 ≤MN ≤ 3N (indeed ≤ (1 +wmax)N),
and 2Ma+b ≤M2a +M2b for all a, b ≥ 0.
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Proof. Bounds. By (15.9) and Lemma 15.31, cℓ[χ] = 0 for |ℓ| > (1 + wmax)N , so MN ≤ 3N and
M0 = 0; by (A) only ℓ ∈ 4Z occur, so MN ∈ 4Z (0 included).

Convexity. Let N = a+ b, m := MN ; if m = 0 there is nothing to prove. Otherwise pick ℓ0
with |ℓ0| = m and cℓ0 [χ] ̸= 0 for a narrow tuple χ of length N ; Lemma 15.30(b) gives admissible
χ′, η′ of lengths a, b with γ := cℓ0 [Jχ′, η′] ̸= 0. The tuples (Jχ′, η′), (Jχ′, χ′), (Jη′, η′) are narrow,
of lengths N, 2a, 2b; hence their coefficients cℓ, c

A
ℓ , cBℓ vanish for |ℓ| > m, |ℓ| > M2a, |ℓ| > M2b

respectively, by the definition of M . At ζ = iβ,

⟨χ′, η′⟩β = SN (Jχ′, η′) +
∑

0<|ℓ|≤m

cℓ (e−ℓβ − 1),

⟨χ′, χ′⟩β = S2a(Jχ
′, χ′) +

∑
0<|ℓ|≤M2a

cAℓ (e−ℓβ − 1),

and likewise for η′ (for a = 0: ⟨∅, ∅⟩β = 1). With CA := |S2a(Jχ′, χ′)|+ 2
∑

0<|ℓ|≤M2a
|cAℓ | and CB

likewise, |e−ℓβ − 1| ≤ 2e|ℓ||β| gives |⟨χ′, χ′⟩β| ≤ CAe
M2a|β| and |⟨η′, η′⟩β| ≤ CBe

M2b|β| for β ∈ R.

Lower bound: let s := − sgn ℓ0, β = sτ , τ > 0. Then e−ℓ0β = emτ , eℓ0β = e−mτ ≤ 1, and
every other ℓ with 0 < |ℓ| ≤ m has |ℓ| ≤ m − 4 (all frequencies lie in 4Z, and m ≥ 4). With
C ′ := |SN (Jχ′, η′)| + 2

∑
0<|ℓ|≤m |cℓ|,

|⟨χ′, η′⟩sτ | ≥ |γ|emτ − C ′e(m−4)τ ≥ 1
2 |γ|e

mτ for τ ≥ τ0 := max{0, 14 log(2C ′/|γ|)}.

Positivity: by (B) for the family {χ′, η′}, the 2 × 2 matrix Gβ := (⟨·, ·⟩β) satisfies z∗Gβz ≥ 0
for all z ∈ C2; thus z∗(Gβ −G∗

β)z = 0 for all z, so by polarisation Gβ is Hermitian, positive semi-

definite, and detGβ ≥ 0: |⟨χ′, η′⟩β|2 ≤ ⟨χ′, χ′⟩β ⟨η′, η′⟩β. Hence 1
4 |γ|

2e2mτ ≤ CACB e
(M2a+M2b)τ

for all τ ≥ τ0; letting τ → ∞ forces 2m ≤M2a +M2b. □

Only two-element families (and the empty tuple when a = 0 or b = 0, giving 2Mb ≤ M2b)
of (B) are used. This subsection uses, beyond (i), (ii) and the four planes of the pair through
Propositions 15.21 and 15.25, nothing else.

15.13. Divisibility by eight and the arithmetic lemma. Notation. Recall that (g∗χ)(x) =
π(g)−1χ(gx), so that (gh)∗ = h∗g∗, g∗ preserves reality, ∥·∥1 and ∥·∥2, and supp g∗χ = g−1 suppχ.
We put (τ∗aχ)(x) := χ(x + a) = (τ−aχ)(x), hence g∗τ∗a = τ∗g−1ag

∗. We put R⋄ := R(π/4) and

P0 := {t = 0}, P1 := {t+ x = 0}, P2 := {x = 0}, P3 := {t− x = 0}, and we write ΘPk
for the

reflection in Pk. Then R⋄Pk = Pk+1 (indices mod 4), R⋄{y = 0} = {y = 0}, and ΘgP = gΘP g
−1

for every plane P through 0. We put µ̃ := T∗µ with T : S ′ → S ′, (Tω)(χ) := ω(R∗
⋄χ) (T is the

transpose of the continuous linear bijection R∗
⋄ of S, hence continuous, so µ̃ is a Borel probability

measure); thus Z̃(χ) = Z(R∗
⋄χ) and S̃N (χ1, . . . , χN ) = SN (R∗

⋄χ1, . . . , R
∗
⋄χN ). Objects attached

to µ̃ carry a tilde. For a regular tuple ψ put c0[ψ] := SN (ψ)−
∑

ℓ̸=0 cℓ[ψ], so that SN (R(θ)∗ψ) =∑
ℓ cℓ[ψ]eiℓθ for real θ. Aa denotes the admissible tuples of length a; by Lemma 15.31 every pair

(Jχ, η), χ ∈ Aa, η ∈ Ab, is regular with frequencies in 4Z and |ℓ| ≤Ma+b.

Proposition 15.33 (divisibility by eight). Let µ satisfy (i), (ii) and (iii) for the four planes
P0, . . . , P3 of the coordinate pair (t, x), and let µ̃ be as above.

(1) µ̃ satisfies (i) with the same constant C, (ii), and (iii) for the reflections in P0, P1, P2, P3

(and in {y = 0} if µ has (iii) there); the four reflections, hence the dihedral group they
generate, which contains R(π/2), preserve µ̃.

(2) For every regular tuple ψ (for µ) and all ζ ∈ C: ψ is regular for µ̃, D̃N [ψ](ζ) =

DN [ψ](ζ + π/4)−DN [ψ](π/4), entire and 2π-periodic, |D̃N [ψ](θ+ iβ)| ≤ 2C0e
3N |β|, and

c̃ℓ[ψ] = eiℓπ/4cℓ[ψ] = (−1)ℓ/4cℓ[ψ] for ℓ ∈ 4Z \ {0}.
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(3) c±M2a [Jχ, χ] ≥ 0 for all χ ∈ Aa, and if M := M2a > 0 there is χ ∈ Aa with c−M [Jχ, χ] =
cM [Jχ, χ] > 0.

(4) M2a ∈ 8Z for all a ≥ 0.

Proof. (1) (i): for real Schwartz χ,
∫
eF (χ)dµ̃ =

∫
eF (R∗

⋄χ)dµ ≤ eC(∥R∗
⋄χ∥1+∥R∗

⋄χ∥22) = eC(∥χ∥1+∥χ∥22),
because R∗

⋄χ is real Schwartz and |(R∗
⋄χ)(x)|T = |χ(R⋄x)|T with R⋄ measure preserving. (ii):

S̃N (τ∗aχ1, . . . ) = SN (τ∗
R−1

⋄ a
R∗

⋄χ1, . . . ) = SN (R∗
⋄χ1, . . . ) = S̃N (χ1, . . . ) by the translation invari-

ance of the SN (Lemma 15.6(e) for µ); since µ̃ satisfies (i), Lemma 15.6(e) applied to µ̃ gives
τa∗µ̃ = µ̃. (iii): let P ∈ {P0, . . . , P3}, P ′ := R−1

⋄ P ∈ {P0, . . . , P3}, χa real Schwartz supported in
one open side P+ of P , za ∈ C. From ΘP = R⋄ΘP ′R−1

⋄ , R∗
⋄Θ∗

P = (ΘPR⋄)∗ = (R⋄ΘP ′)∗ = Θ∗
P ′R∗

⋄,

so
∑

a,b z̄azb
∫
eiF (χa−Θ∗

Pχb)dµ̃ =
∑

a,b z̄azb
∫
eiF (χ′

a−Θ∗
P ′χ

′
b)dµ ≥ 0, with χ′

a := R∗
⋄χa supported

in R−1
⋄ P+, one open side of P ′, by (iii) for µ at P ′. The same with P = P ′ = {y = 0}.

Invariance under the four reflections follows from Lemma 15.7 applied to µ̃ (or directly:

S̃N (Θ∗
Pk
χ1, . . . ) = SN (Θ∗

Pk−1
R∗

⋄χ1, . . . ) = SN (R∗
⋄χ1, . . . )). ΘP1ΘP0 = R(π/2).

(2) R∗
⋄R(θ)∗ = (R(θ)R⋄)

∗ = R(θ + π/4)∗, hence S̃N (R(θ)∗ψ) = SN (R(θ + π/4)∗ψ) and,

for real θ, D̃N [ψ](θ) = [SN (ψ) + DN [ψ](θ + π/4)] − [SN (ψ) + DN [ψ](π/4)]. The right side
is entire in θ, so it is the continuation, with the stated period and bound. Inserting (15.9),

D̃N [ψ](ζ) =
∑

ℓ̸=0 cℓ[ψ](eiℓ(ζ+π/4) − eiℓπ/4) =
∑

ℓ̸=0 e
iℓπ/4cℓ[ψ](eiℓζ − 1); uniqueness of Fourier

coefficients gives c̃ℓ = eiℓπ/4cℓ, and eiℓπ/4 = (eiπ)ℓ/4 = (−1)ℓ/4 for ℓ ∈ 4Z.
(3) Step 1 (reality). For a real tuple ψ and real θ the tuple R(θ)∗ψ is real (π(R(θ)) is

a real matrix), so SN (R(θ)∗ψ) =
∫ ∏

j F (R(θ)∗ψj) dµ ∈ R (F is real on real tests). A real

trigonometric polynomial has c−ℓ = cℓ. For real χ, Jχ is real (π(θ◦) is real), so this applies

to (Jχ, η). Step 2 (leading Gram matrix). Let N = 2a, M = MN , χ(1), . . . , χ(m) ∈ Aa and

G(β)jk := SN (Jχ(j), χ(k)) + DN [Jχ(j), χ(k)](iβ). By Proposition 15.25(c), G(β) ≥ 0 for every

real β. By (15.9) at ζ = iβ and the frequency bound, G(β)jk =
∑

ℓ∈4Z, |ℓ|≤M cℓ[Jχ
(j), χ(k)]e−ℓβ.

Hence e−MβG(β) → G−M := (c−M [Jχ(j), χ(k)])jk as β → +∞ and eMβG(β) → GM as β → −∞;
the cone of positive semidefinite matrices is closed, so G±M ≥ 0. With m = 1: c±M [Jχ, χ] ≥ 0.
Step 3. Let M > 0. By the definition of MN some ℓ ∈ {M,−M} has cℓ[ψ] ̸= 0 for a narrow tuple
ψ of length N ; by Step 1 then ℓ = −M does. Lemma 15.30(b) with (a, b) = (a, a) gives χ, η ∈ Aa
with c−M [Jχ, η] ̸= 0. Step 2 for (χ(1), χ(2)) = (χ, η): the 2 × 2 matrix G−M ≥ 0 has a nonzero
off-diagonal entry, so 0 < |c−M [Jχ, η]|2 ≤ c−M [Jχ, χ] c−M [Jη, η], whence c−M [Jχ, χ] > 0, and

cM [Jχ, χ] = c−M [Jχ, χ] = c−M [Jχ, χ] by Step 1.
(4) Let M = M2a > 0 (otherwise there is nothing to prove) and χ as in (3). By (1), µ̃

satisfies the hypotheses of Subsections 15.2–15.11 for the coordinate pair (t, x) (Remark 15.4 and

Lemma 15.34 below), so Proposition 15.25(c) holds for µ̃: S̃N (Jχ, χ) + D̃N [Jχ, χ](iβ) ≥ 0 for all
β ∈ R (χ is admissible for µ̃ as well, admissibility being a property of the supports). By (2) this

reads SN (Jχ, χ) +DN [Jχ, χ](π/4 + iβ) = c0[Jχ, χ] +
∑

ℓ̸=0(−1)ℓ/4cℓ[Jχ, χ]e−ℓβ ≥ 0 for all real

β. Multiplying by e−Mβ and letting β → +∞ gives (−1)M/4c−M [Jχ, χ] ≥ 0. As c−M [Jχ, χ] > 0,

(−1)M/4 = 1, i.e. M/4 is even: M ∈ 8Z. □

Lemma 15.34 (the four planes of a pair suffice). Let ν be a Borel probability measure on
S ′(R3;T ) satisfying (i), (ii) and (iii) for the four planes P0, . . . , P3 of the coordinate pair (t, x)
only. Then every statement of Subsections 15.2–15.12 holds for ν and this pair, with the same
proofs; in particular Proposition 15.25(c) holds for ν.

Proof. We go through the statements in question and determine the planes and symmetries
that their proofs use. Lemma 15.6 uses (i) only. In Lemma 15.7 the first assertion needs (i),
(ii) and (iii) for the one plane in question, and it gives for ν the invariance under ΘP0 , . . . ,ΘP3
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and under the dihedral group D4 they generate. The four-plane clause of that lemma gives
S1(R(θ)∗χ) = S1(χ) for all θ, which is the only property of S1 used later, namely in Lemmas 15.27
and 15.28 and in the paragraph after the proof of Proposition 15.21. Lemma 15.5 uses (ii),
(iii) and the invariance at the one plane u in question, where u ∈ {et, n} or, for the pair (x, t),
u ∈ {ex, (ex + et)/

√
2}; these planes are all among P0, . . . , P3.

Theorem 15.8 uses P0 and P1 for the pair (t, x), and P2 and P1 for the pair (x, t). Lemma 15.12
uses Theorem 15.8 only. Theorems 15.14 and 15.15 use P0 and its translates {t = c} for the pair
(t, x), and P2 and its translates for the pair (x, t), together with (i) and (ii). Theorem 15.16 uses
Theorem 15.8, Lemma 15.12 and Theorem 15.15. Propositions 15.19 and 15.20 use Theorems 15.15
and 15.16 for the pairs (t, x) and (x, t), and they use Lemma 15.7 only through R(θ) with θ ∈ π

2Z,
which is an element of D4. Proposition 15.21 uses (K1)–(K3), which come from Proposition 15.20,
and (K4), which is the invariance under R(π/2) ∈ D4. Proposition 15.24 is abstract, apart
from the positivity of the form at P0. Proposition 15.25 and its lemmas use the form at P0,
Propositions 15.19 and 15.21, and the identity S1(R(θ)∗χ) = S1(χ). Lemmas 15.30 and 15.31
and Proposition 15.32 use (ii) and Propositions 15.21 and 15.25. Thus no proof uses a plane
outside {P0, P1, P2, P3} or a symmetry outside D4 and the translations. □

Lemma 15.35 (arithmetic). Let (Mn)n≥0 be non-negative integers with M0 = 0, Mn ≤ 3n,
2Ma+b ≤M2a +M2b for all a, b ≥ 0, and M2n ∈ 8Z for all n. Then Mn = 0 for all n.

Proof. Put g(n) := M2n; then g(0) = 0, 0 ≤ g(n) ≤ 6n, g(n) ∈ 8Z. For c ≥ 1 the hypothesis with
(a, b) = (c− 1, c+ 1) gives 2g(c) ≤ g(c− 1) + g(c+ 1), so the increments dc := g(c)− g(c− 1) ∈ 8Z
satisfy dc+1 ≥ dc. Suppose g(k) > 0 for some k. Then

∑k
c=1 dc > 0, so some dj > 0, hence dj ≥ 8,

hence dc ≥ 8 for all c ≥ j and g(n) = g(j − 1) +
∑n

c=j dc ≥ 8(n− j + 1) for n ≥ j. At n = 4j:

g(4j) ≥ 24j + 8 > 24j ≥ g(4j), a contradiction. Thus M2n = 0 for all n, and the hypothesis with
b = 0 gives 2Ma ≤M2a +M0 = 0, so Ma = 0. □

Corollary 15.36. Under (i), (ii) and (iii) for the four planes of a coordinate pair, MN = 0 for
all N ; hence cℓ[χ] = 0 for all ℓ ≠ 0 and every narrow tuple χ, and DN [χ] ≡ 0 on C for every
narrow tuple and for every tuple of tests in (L1 ∩ L2)(R3;TC) vanishing outside Kj × R with Kj

the balls of Proposition 15.21.

Proof. Proposition 15.32, Proposition 15.33(4) and Lemma 15.35 give MN = 0. Then (15.9)
gives DN [χ] ≡ 0 for narrow tuples (Lemma 15.31), and Proposition 15.21(c) (with Lemma 15.31:
the tuples supported in the balls are narrow, so their coefficients vanish) for the non-product
tests: by Step 5 of the proof of Proposition 15.21 the coefficients cℓ[χ] are N -linear in χ and
are limits of the coefficients of finite complex-linear combinations of real smooth product tests
supported in the same balls, which vanish, so cℓ[χ] = 0 for ℓ ̸= 0 and DN [χ] ≡ 0 on X . □

15.14. From narrow configurations to all distinct points. Throughout this subsection
(t, x) = (xj , xk) is a coordinate pair and y = xl is the third coordinate. We write P (x) := (xj , xk)
for the planar projection and R(θ) for the rotation about el; for R = R(θ) we have suppR∗χ =
R−1 suppχ and R∗τa = τR−1aR

∗. We put SN := S(R3;TC)N and Br(X) :=
∏
mB(xm, r) for

X = (xm)m ∈ (R3)N , and we say that a tuple χ is supported in
∏
Om if suppχm ⊂ Om for every

m.
A move from X is a pair (H, a) consisting of an affine coordinate hyperplane H = {x · n = c},

n ∈ {±e1,±e2,±e3}, with margin dH(X) := minm |xm · n− c| > 0, and of a vector a = s1n+ v1
(v1 ⊥ n). Its forward group is F := {m : xm · n > c}, and the move takes X to the configuration

Xa := (xm+a1F (m))m. For a tuple χ, s ∈ R and v ⊥ n we put χ(s,v) := T ∗
−sn−vχ := (τ

1F (m)
sn+v χm)m;

this operation translates only the tests of the forward group. Finally, V (X; r, δ) denotes the
statement that DN [χ](θ) = 0 for all |θ| < δ and all χ ∈ SN supported in Br(X).
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The proofs of this subsection use Theorem 15.8 for the pairs (xj , xk) and (xj , xl), for every j,
and hence hypothesis (iii) at the three coordinate planes and at the three planes {xj + xk = 0},
j < k (Remark 15.4).

Proposition 15.37 (from narrow configurations to all distinct points). Assume (i), (ii) and
(iii) for the nine planes, N ≥ 1.

(a) Let X0 ∈ (R3)N , H = {x · n = c}, d := dH(X0) > 0, O := Bd/2(X
0), ε := d/4. For

χ ∈ SN supported in O, (s, v) 7→ SN (T ∗
−sn−vχ) is real-analytic on (−ε,∞) × n⊥, the

restriction of a bounded holomorphic function on {(s, v) ∈ C× n⊥C : Re s+ ε > | Im v|1}.
(b) Let X have pairwise distinct planar projections P (xm), N ≥ 2. There are k ≤ N(N+1)/2

moves X = X0 → X1 → · · · → Xk with P (Xk) narrow, radii ri > 0 and a δ > 0 such
that for |θ| < δ and χ supported in Bri(X

i−1) both (s, v) 7→ SN (χ(s,v)) and (s, v) 7→
SN (R(θ)∗χ(s,v)) are real-analytic on a connected open set Ωi,θ containing (0, 0) and
(si, vi) (the i-th move).

(c) If for every φ ∈ R there are rφ, δφ > 0 with V (R(φ)X; rφ, δφ), then V (X; r∗,∞) for some
r∗ > 0.

(d) If V (X; rX ,∞) holds at every X with pairwise distinct planar projections, it holds at
every X /∈ ∆ := {X : ∃m ̸= m′, xm = xm′}.

Proof of (a). By (ii) and Lemma 15.6(e), SN is translation invariant; by Lemma 15.7 it is
θ∗j -invariant for the coordinate reflections, and θ∗j τa = τθjaθ

∗
j . Applying τ−cn and, if n = −ej ,

θj (which maps the forward group to the forward group), assume H = {xj = 0}, n = ej . Let
B := {m : x0m ·ej < 0} and F := {m : x0m ·ej > 0}; for χ supported in O, suppχm ⊂ {xj < −d/2}
for m ∈ B and ⊂ {xj > d/2} for m ∈ F . Put A :=

∏
m∈B F (χm) and G :=

∏
m∈F F (τ−εejχm);

by Lemma 15.6(b), Hölder and Lemma 15.13, A ∈ L2(Σ({xj < 0}), µ) and G ∈ L2
j,+ :=

L2(Σ{xj > 0}, µ). Lemma 15.5 at the plane {xj = 0} (u = ej) gives Hj , the contraction
G′ 7→ [G′]j , e

−sHj with Hj ≥ 0, the strongly continuous two-parameter unitary group Vj(v),

v ⊥ ej , with [U(sej + v)G′]j = e−sHjVj(v)[G′]j (s ≥ 0) and Eµ[A′G′] = ⟨[ΘjA′]j , [G
′]j⟩j for

A′ ∈ L2(Σ{xj < 0}), G′ ∈ L2
j,+ (the definition of the form, ΘjA′ ∈ L2

j,+). For s > −ε,
U((s+ ε)ej + v)G =

∏
m∈F F (τsej+vχm) ∈ L2

j,+, hence

SN (χ(s,v)) = Eµ[AU((s+ ε)ej + v)G] = ⟨ψ, e−(s+ε)HjVj(v)ϕ⟩j , ψ := [ΘjA]j , ϕ := [G]j .

e−sHj and Vj(v) commute (translations commute on L2
j,+), so Hj and the Stone generators

Pk, Pl of Vj have a joint spectral measure Πj on R3 (the spectral theorem and Stone’s theorem
[30]) whose (ω, pk)- and (ω, pl)-marginals are the joint spectral measures of (Hj , Pk) and (Hj , Pl).
By Theorem 15.8 for the coordinate pairs (xj , xk) and (xj , xl), Πj is carried by Γ := {ω ≥
|pk|} ∩ {ω ≥ |pl|} = {ω ≥ |p|∞}. With ρ := ⟨ψ,Πj(·)ϕ⟩j , |ρ|(R3) ≤ ∥A∥L2(µ)∥G∥L2(µ) and

SN (χ(s,v)) =
∫
Γ e

−(s+ε)ω+ip·vdρ. For complex (s, v) with Re s + ε > | Im v|1 and (ω, p) ∈ Γ:

|e−(s+ε)ω+ip·v| ≤ e−(Re s+ε−| Im v|1)ω ≤ 1; the integral is continuous (dominated convergence),
holomorphic in each variable (Morera and Fubini), hence holomorphic (Osgood), bounded by
∥A∥2∥G∥2; its real restriction is real-analytic. □

Lemma 15.38 (propagation). Let (H, a) be a move from X, r0 > 0, δ ∈ (0,∞], and for
each |θ| < δ let Ωθ ⊂ R × n⊥ be connected and open, containing (0, 0) and (s1, v1), such that
(s, v) 7→ SN (χ(s,v)) and (s, v) 7→ SN (R(θ)∗χ(s,v)) are real-analytic on Ωθ for all χ supported in
Br0(X). If V (Xa; r′, δ′) then V (X; min(r0, r

′/2),min(δ, δ′)).

Proof. Let χ be supported in Br(X), r := min(r0, r
′/2), and |θ| < min(δ, δ′). χ(s,v) is supported

in Br(X
(s,v)), and maxm |x(s,v)m − xam| = |(s, v) − (s1, v1)| < r′/2 gives Br(X

(s,v)) ⊂ Br′(X
a),
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so DN [χ(s,v)](θ) = 0 on a nonempty open subset of Ωθ; the real-analytic function (s, v) 7→
DN [χ(s,v)](θ) vanishes on Ωθ (identity theorem), in particular at (0, 0). (If F = ∅ then Xa = X
and there is nothing to prove.) □

Lemma 15.39 (two classes of moves). Under the hypotheses of Proposition 15.37, let (H, a) be
a move from X, and put d = dH(X).

(M1) If n = ±el and a = v1 is planar, then the hypotheses of Lemma 15.38 hold with r0 = d/2,
δ = ∞ and Ωθ = (−d/4,∞) × n⊥.

(M2) If n ∈ {±ej ,±ek}, a = wel with w ∈ R, and ϱX := maxm |P (xm)| > 0, then the
hypotheses of Lemma 15.38 hold with r0 = d/4 and δ := d/(2ϱX).

Proof. Let F be the forward group of the move and B its complement. Since R∗τa = τR−1aR
∗, we

have R(θ)∗χ(s,v) = (R(θ)∗χ)(s′,v′) with R(−θ)(sn+ v) = s′n+ v′, provided H separates R(−θ)X
into the same groups F,B; and R(θ)∗χ is supported in Br(R(−θ)X) if χ is supported in Br(X).

(M1) The rotation R(θ) fixes xl, so R(−θ)X has margin d and forward group F , and s′ = s,
v′ = R(−θ)v. By Proposition 15.37(a), applied to X and to R(−θ)X, the hypotheses of
Lemma 15.38 hold with the stated r0, δ and Ωθ.

(M2) For |θ| < δ we have |R(−θ)xm − xm| ≤ |θ|ϱX < d/2, so H misses R(−θ)X with margin
d′ > d/2 and forward group F . With n′ a planar unit vector perpendicular to n,

R(−θ)(sn+ vxn
′ + vyel) = (s cos θ ∓ vx sin θ)n+ (±s sin θ + vx cos θ)n′ + vyel.

By Proposition 15.37(a) for R(−θ)X (with O′ ⊃ Bd/4(R(−θ)X) and ε′ > d/8) and the linear
substitution, (s, v) 7→ SN (R(θ)∗χ(s,v)) is real-analytic on the half-space {s cos θ∓vx sin θ > −d/8}
for χ supported in Bd/4(X). By Proposition 15.37(a) for X, the map (s, v) 7→ SN (χ(s,v)) is
real-analytic on {s > −d/4}. The intersection Ωθ of these two half-spaces is convex and contains
(0, 0) and (0, wel), so the hypotheses of Lemma 15.38 hold with r0 = d/4 and this δ. □

Proof of (b). Step 1. For each pair m < m′ choose nmm′ ∈ {ej , ek} with xm · nmm′ ̸= xm′ · nmm′ ,
which is possible as P (xm) ̸= P (xm′), and choose cmm′ strictly between these two values and
outside {xi ·nmm′}i. The hyperplane Hmm′ := {x·nmm′ = cmm′} misses X; let dmm′ be its margin
and Fmm′ its forward group, which contains exactly one of m,m′. Perform, in any order, the moves
(Hmm′ , wmm′el) of type (M2), with coefficients wmm′ to be chosen. These moves do not change the
planar projections, so every Hmm′ keeps its margin and its forward group, and by Lemma 15.39
each of these moves satisfies the hypotheses of Lemma 15.38 for |θ| < δ := minm<m′ dmm′/(2ϱX).
The third coordinates after these moves are y′i = yi +

∑
m<m′ wmm′1Fmm′ (i). For i ≠ i′ the set

{w : y′i = y′i′} is a proper affine hyperplane of RN(N−1)/2, because the coefficient of wii′ is ±1.

We choose w outside the finite union of these hyperplanes; the resulting configuration X(1) then
has pairwise distinct third coordinates.

Step 2. Order the third coordinates of X(1) as y′σ(1) < · · · < y′σ(N), and put am := (y′σ(m−1) +

y′σ(m))/2, H ′
m := {xl = am} and zm := P (xσ(m)); the hyperplane H ′

m has margin > 0 and

forward group {σ(m), . . . , σ(N)}. Perform for m = 2, . . . , N the moves (H ′
m, vm) of type (M1),

where vm := ej − (zm − zm−1). These moves do not change the third coordinates, so each H ′
m

keeps its margin and its forward group. The final projection of the point with index σ(m) is
zm +

∑m
i=2 vi = z1 + (m− 1)ej . Hence all successive differences equal ej , and P (Xk) is narrow

(with u = ej and angle 0 < π/4). By Lemma 15.39 all the moves satisfy the hypotheses of
Lemma 15.38 for |θ| < δ, and their number is k ≤ N(N − 1)/2 +N − 1. □

Proof of (c). If V (R(φ0)X; r0, δ0) and maxm |R(φ)xm−R(φ0)xm| < r0/2, then Br0/2(R(φ)X) ⊂
Br0(R(φ0)X), so V (R(φ)X; r0/2, δ0) on an open interval around φ0. Compactness of [0, 2π]
and 2π-periodicity give r∗, δ∗ > 0 with V (R(φ)X; r∗, δ∗) for all φ. Let χ be supported in
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Br∗(X), Φ(φ) := DN [χ](φ). Planar rotations commute, so R(φ + θ)∗ = R(θ)∗R(φ)∗ and
Φ(φ + θ) = DN [R(φ)∗χ](θ) + Φ(φ). R(φ)∗χ is supported in Br∗(R(−φ)X), so the first term
vanishes for |θ| < δ∗: Φ(φ+ θ) = Φ(φ) for all φ, |θ| < δ∗; Φ is constant, Φ ≡ Φ(0) = 0. □

Proof of (d). Let X /∈ ∆, and let y(1) < · · · < y(q) be the distinct values of the third coordinates
ym of its points. If q = 1 the planar projections are distinct. Otherwise let Hi := {xl =

(y(i) + y(i+1))/2}, with forward group Fi := {m : ym > y(i)}, and perform the moves (Hi, wiej),
i < q, of type (M1); they leave the third coordinates unchanged. The final planar projections
are z′m = P (xm) + (

∑
iwi1Fi(m))ej . If ym = ym′ , then z′m − z′m′ = P (xm) − P (xm′) ̸= 0. If

ym = y(α) < ym′ , then

{w : z′m = z′m′} ⊂ {(P (xm) − P (xm′)) · ej +
∑
i

wi(1Fi(m) − 1Fi(m
′)) = 0},

and the set on the right is a proper affine hyperplane, because the coefficient of wα is −1. Choose
w outside the finite union of these hyperplanes. The resulting configuration X ′ has distinct planar
projections, so V (X ′; rX′ ,∞) holds. Applying Lemma 15.38 to the q − 1 moves in reverse order,
for all θ since the moves of type (M1) have δ = ∞ (Lemma 15.39), we obtain V (X; r,∞). □

15.15. Assembly.

Proof of Theorem 15.1. The case N = 0 is trivial and N = 1 is Lemma 15.7. Let N ≥ 2; fix the
coordinate pair (x1, x2), l = 3, and write R(θ) for the rotations about e3.

(1) By Corollary 15.36, DN [χ](θ) = 0 for all real θ and all χ ∈ SN with suppχm ⊂ Um × R,
Um the planar balls of Proposition 15.21 about any narrow configuration Z. Hence V (X; r,∞)
whenever P (X) is narrow and r is small (take r below the radius of the balls).

(2) Let X have distinct planar projections. By Proposition 15.37(b) and (1), V (Xk; rk,∞);
Lemma 15.38 applied k times gives V (X; r, δ) for some r, δ > 0. Every R(φ)X has distinct planar
projections, so Proposition 15.37(c) gives V (X; r∗,∞); Proposition 15.37(d) gives V (X; rX ,∞)
for all X /∈ ∆.

(3) Let χm ∈ C∞
c (R3;TC) have pairwise disjoint supports Km. K :=

∏
mKm ⊂ (R3)N \ ∆

is compact, covered by finitely many Br
X(i)/2(X

(i)); with r := mini rX(i)/2, each Y ∈ K

has Br(Y ) ⊂ Br
X(i)

(X(i)) for some i. Smooth partitions of unity on Km with sup-

ports in balls B(y
(α)
m , r), y

(α)
m ∈ Km, give χm =

∑
α χ

(α)
m ; by multilinearity DN [χ](θ) =∑

DN [(χ
(α1)
1 , . . . , χ

(αN )
N )](θ), each tuple supported in some Br(Y ), Y ∈ K, hence each term

vanishes: SN (R(θ)∗χ) = SN (χ) for all rotations about e3 and all θ.
(4) Other axes: for a cyclic permutation matrix Q ∈ B3, QRe3(θ)Q−1 = RQe3(θ), (QRQ−1)∗ =

(Q−1)∗R∗Q∗, Q∗ preserves pairwise disjointness of supports, and SN (Q∗ψ) = SN (ψ) (Lem-
mas 15.7, 15.6(e)): SN ((QRQ−1)∗χ) = SN (R∗Q∗χ) = SN (Q∗χ) = SN (χ). So (3) holds for the
rotations about e1 and e2 as well.

(5) Euler angles: every R ∈ SO(3) is Re3(α)Re1(β)Re3(γ), so R∗ = Re3(γ)∗Re1(β)∗Re3(α)∗,
each factor preserving pairwise disjointness: SN (R∗χ) = SN (χ) on SO(3). Since O(3) =
SO(3) ∪ θ1SO(3) and (θ1R)∗ = R∗θ∗1, Lemma 15.7 extends the identity to O(3).

(6) Schwartz tests: for χm ∈ S with pairwise disjoint supports, χ
(q)
m := ϑ(·/q)χm (ϑ ∈ C∞

c , ϑ = 1

on B(0, 1)) have compact pairwise disjoint supports, and χ
(q)
m → χm, R∗χ

(q)
m → R∗χm in L1 ∩L2;

the continuity of Lemma 15.6(c) gives SN (R∗χ) = limq SN (R∗χ(q)) = limq SN (χ(q)) = SN (χ).
This is the theorem; the extension from real to complex Schwartz tests is by multilinearity. □

Remark 15.40 (constants and the planes used). The constants of the proof are explicit in
terms of the constant C of (i): K1 = 17(1 + C) (Lemma 15.6), K6 = e2C (Theorem 15.15),



186 github.com/marikgoldstein/scalar-qed-existence

K7 = 14K6 (Theorem 15.16), K8 = 2K7 (Proposition 15.19), and the geometric thresholds
r0 = 1

2 minj |dj | cos(γ+π/4) (Proposition 15.21), ε = d/4, δ = d/(2ϱX) (Proposition 15.37). Sub-
sections 15.2–15.13 use, for one coordinate pair, only the four planes of that pair (Lemma 15.34);
Subsection 15.14 uses Theorem 15.8 for the six ordered coordinate pairs, i.e. the three coordinate
planes and the three diagonal planes {xj +xk = 0}; the three planes {xj −xk = 0} enter through
Proposition 15.33 (the plane P3 of each pair) and through the B3-invariance of Lemma 15.7 used
in step (4) of the assembly (a 3-cycle is a product of two transposition reflections); step (5) of
the assembly uses in addition the reflection θ1. No property of µ beyond (i)–(iii) enters.

Remark 15.41. The statement of Theorem 15.1 is Theorem A of [35]; in proving it we implement
the original strategy of that work (Remark 12.1).

Appendix A. Probability measures on spaces of distributions

This appendix contains the measure theory used in Theorems 9.13 and 9.15: the setting
(H1)–(H3) in which reflection positivity of the law of a field is formulated; the field spaces and
the action of the Euclidean group on them; Hermite–Sobolev norms; the Borel structure of the
field spaces; the density of generating algebras; the passage from a measure on S ′ to a measure
on a Hermite–Sobolev space; the uniqueness of a measure with a given characteristic functional
or with given moments; and the verification of (H1)–(H3) from properties of the characteristic
functional. Nothing in it uses the lattice. Remark A.12 states where its hypotheses are met in
the main text.

The Bochner–Minlos theorem is used in the form stated after Definition A.3. Definition A.1
fixes two conventions. Subsection A.6 contains the results on the ergodic decomposition and on
clustering that are used in Theorem 9.15.

Definition A.1 (conventions: the weighted C4 norm and the transport of test functions). (a) The
weighted C4 norm. For a function q and a 2-form g on R3: |q|4 := supx,|γ|≤4(1 + |x|2)2|Dγq(x)|
and |g|4 := (

∑
α<β|gαβ|24)1/2; on scalar functions this is the norm |q|p of [29] with p = 4. For

a pair u = (g, q) of a 2-form and a function, |u|4 := (|g|24 + |q|24)1/2. (b) The transport of test
functions. For a function h and a 2-form f on R3 and for O ∈ O(3) put (O · h)(x) := h(O−1x)
and (O · f)x(u, v) := fO−1x(O−1u,O−1v); for b ∈ R3 put τbh := h(· − b) and (τbf)x := fx−b. For
ν ∈ {1, 2, 3} and c ∈ R let ρ = ρν,c be the map x 7→ x − 2(xν − c)eν , and put θh := h ◦ ρ and
θf := ρ∗f , where (ρ∗f)x(u, v) := fρx(ρu, ρv) (the components fµν , µ ̸= ν, change sign).

A.1. The abstract setting. Notation. The standard basis of R3 is e1, e2, e3. For j ∈ {1, 2, 3}
and c ∈ R put H±

j,c := {x ∈ R3 : ±(xj−c) > 0} and ρjx := x−2xjej , and let ρj,c be the reflection

in the plane {xj = c}. A bounded open subset of R3 is denoted K; K ⋐ U means that K ⊂ U .

(H1) (Space, actions, measure.) X is a Polish space with a jointly continuous action (a, x) 7→ τax
of R3 and three involutive homeomorphisms θ1, θ2, θ3 of X with θjτa = τρjaθj . µ is a
Borel probability measure on X invariant under every τa and every θj .

(H2) (Local structure.) To every open U ⊂ R3 is assigned a sub-σ-algebra Σ(U) of the Borel σ-
algebra B of X, such that: Σ(U) ⊂ Σ(U ′) if U ⊂ U ′; Σ(U) =

∨
K⋐U Σ(K);

∨
K Σ(K) = B;

each Σ(U) is generated by a countable family of bounded continuous functions on X;
and, with

(A.1) U(a)G := G ◦ τ−a, ΘjG := G ◦ θj ,

U(a) maps Σ(U)-measurable functions to Σ(U + a)-measurable ones and Θj maps Σ(U)-
measurable functions to Σ(ρjU)-measurable ones.
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(H3) (Coordinate reflection positivity.) For every j, every c ∈ R and every F ∈ L2(Σ(H+
j,c), µ),

(A.2) Eµ
[
F ◦ θj,c F

]
≥ 0, θj,c := τcejθjτ−cej .

By (H1), a 7→ U(a) is a unitary representation of R3 on L2(µ), Θj is a unitary involution, and
(A.3)

ΘjU(a) = U(ρja)Θj ; in particular ΘjU(tej) = U(−tej)Θj , ΘjU(y) = U(y)Θj (y ⊥ ej).

By translation invariance, (A.2) for c = 0 implies it for every c: if F ∈ L2(Σ(H+
j,c), µ), then

F0 := U(−cej)F = F ◦ τcej is Σ(H+
j,0)-measurable, F ◦ θj,c F = (F0 ◦ θj F0) ◦ τ−cej , and τ−cej

preserves µ, so Eµ[F ◦ θj,c F ] = Eµ[F0 ◦ θj F0].

Remark A.2 (conventions). On a space of distributions we use (τaΦ)(u) := Φ(τ−au) with
τbu = u(· − b) as in Definition A.1(b): this is the push-forward of Φ by x 7→ x + a. Then
U(a)[Φ(u)] = Φ(τau), whose test function is supported in suppu+ a, as (H2) requires.

A.2. Field spaces, the Euclidean action and Hermite norms. Fibre and transport. V is
Λ2 := Λ2R3 with its Euclidean fibre norm, or Λ2 ⊕ R; (ec)c≤dimV is an orthonormal basis of V,
and ⟨u, v⟩ :=

∫
R3 u(x) · v(x) dx is the L2 pairing of V-valued functions. All test functions are real.

A Euclidean motion γ ∈ R3 ⋊O(3), γx = Ox+ b, acts on V-valued functions by γ · u := τb(O · u),
with the transport O· of Definition A.1(b) on each summand. Thus (γ · u)(x) = π(O)u(γ−1x),
where π(O)ω = ω(O−1·, O−1·) on Λ2 and π(O) = 1 on R; π is an orthogonal representation of
O(3) on V , because the fibre norm of a 2-form is the Frobenius norm of an antisymmetric matrix,
up to a factor. Hence γ 7→ γ· is an action of R3 ⋊O(3), supp(γ · u) = γ suppu, and γ· preserves
C∞
c , S, the L2 pairing and the Sobolev norms ∥u∥2Hs :=

∫
(1 + |ξ|2)s|û(ξ)|2 dξ, s ∈ N0; and

γ 7→ γ · u is continuous into L2 for u ∈ C∞
c (uniform continuity of u). The coordinate reflection

σj · u is the case γ = ρj , and the reflected source ρj,c∗u is ρj,c · u, which is θu of Definition A.1(b)
for ρ = ρj,c.

Hermite norms. A := −∆ + |x|2 + 1 acts componentwise. The Hermite functions hα, α ∈ N3
0,

form an orthonormal basis of L2(R3), and Ahα = λαhα with λα = 2|α| + 4; put hα,c := hαec.
For k ∈ 2N0 and u ∈ S(R3;V),

∥u∥k := ∥Ak/2u∥L2 =
(∑
α,c

λkα⟨hα,c, u⟩2
)1/2

,

since A is symmetric on S. Hk is the completion of S(R3;V) under ∥·∥k, and H−k is its dual, a

separable Hilbert space with ∥Ψ∥2−k =
∑

α,c λ
−k
α Ψ(hα,c)

2, because (λ
−k/2
α hα,c) is an orthonormal

basis of Hk (Lemma A.4(c)). These are the spaces used in Theorem 9.13.

Definition A.3 (the field spaces). Fix an even integer r ≥ 2 (in the applications r ≥ 14).
X := H−r

loc (R3;V) is the space of real linear functionals Φ on C∞
c (R3;V) such that, for every

χ ∈ C∞
c (R3), u 7→ Φ(χu) is bounded for ∥·∥Hr , that is, χΦ ∈ H−r(R3;V), the dual of Hr(R3;V).

Fix χn ∈ C∞
c (R3) with 0 ≤ χn ≤ 1, χn = 1 on the ball Bn and suppχn ⊂ Bn+1, and give X the

seminorms pn(Φ) := ∥χnΦ∥H−r . Since χnu = u when suppu ⊂ Bn,

(A.4) |Φ(u)| ≤ pn(Φ)∥u∥Hr (u ∈ C∞
c (Bn;V)).

For γ ∈ R3 ⋊ O(3) put (γΦ)(u) := Φ(γ−1 · u) on X and (γΨ)(u) := Ψ(γ−1 · u), u ∈ Hr, on
H−r (with γ−1· extended to Hr by Lemma A.4(e)). In particular τa is γ = (x 7→ x + a), so
(τaΦ)(u) = Φ(τ−au); θj := ρj , so (θjΦ)(u) = Φ(σj · u); θj,c = τcejθjτ−cej is ρj,c; and Oh ⊂ O(3)

acts as a subgroup. Since γ 7→ γ· is an action, so is γ 7→ γ on X and on H−r; the relations
θ2j = 1, θjτa = τρjaθj and OτaO

−1 = τOa (O ∈ O(3)) are relations in R3 ⋊O(3).
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The local σ-algebras are Σ(U) := σ(Φ 7→ Φ(u) : u ∈ C∞
c (U ;V)) on X and ΣH(U) := σ(Ψ 7→

Ψ(u) : u ∈ C∞
c (U ;V)) on H−r, for open U ⊂ R3. The restriction map is ι : H−r → X,

ιΨ := Ψ|C∞
c

. On S ′(R3;V) the cylinder σ-algebra is generated by Φ 7→ Φ(u), u ∈ S(R3;V).

We recall the Bochner–Minlos theorem [27], [15, Chapter IV], [19] in the form used in the
proof of Theorem 9.13. Let Z : S(R3;V) → C be continuous for the Schwartz topology, positive
definite (

∑
k,l≤N ākalZ(ul − uk) ≥ 0 for all N , all u1, . . . , uN ∈ S(R3;V) and all a ∈ CN ) and

normalised (Z(0) = 1). Then there is exactly one probability measure µ′ on S ′(R3;V) with its

cylinder σ-algebra such that
∫
eiΦ(u) dµ′(Φ) = Z(u) for all u ∈ S(R3;V).

Lemma A.4 (Hermite norms). Let k ∈ 2N.
(a) For |δ| + |γ| ≤ k and u ∈ S(R3;V), ∥xδ∂γu∥L2 ≤ kk/2∥u∥k. Conversely ∥u∥k ≤

Ck
∑

|δ|+|γ|≤k∥xδ∂γu∥L2.

(b) |u|4 ≤ C∥u∥10 for u ∈ S, |·|4 the weighted C4 norm of Definition A.1(a), taken compo-
nentwise.

(c) For u ∈ S the Hermite expansion
∑

α,c⟨hα,c, u⟩hα,c converges to u in S. C∞
c is dense in

Hk, and (λ
−k/2
α hα,c) is an orthonormal basis of Hk.

(d) ∥u∥k ≤ Ck,n∥u∥Hk for u ∈ C∞
c (Bn;V), and ∥χu∥k ≤ Ck,χ∥u∥Hk for χ ∈ C∞

c (R3), u ∈ S.
(e) For γx = Ox + b and u ∈ S, ∥γ · u∥k ≤ Ck(1 + |b|)k∥u∥k, with equality and Ck = 1

when b = 0. So γ· extends to a bounded operator on Hk, and γ acts on H−k with norm
≤ Ck(1 + |b|)k, unitarily if b = 0.

Proof. (a) In each coordinate, xj = (aj + a∗j )/
√

2 and ∂j = (aj − a∗j )/
√

2 on S, where ajhα =
√
αj hα−ej , a

∗
jhα =

√
αj + 1hα+ej , and aj , a

∗
j are adjoint to each other on S. So xδ∂γ is a sum

of 2ℓ words of length ℓ := |δ| + |γ| in the a#j , each with coefficient ±2−ℓ/2. A word w maps hα

to cw(α)hα+vw (or to 0) for a fixed shift vw, with |cw(α)| ≤ (|α| + ℓ)ℓ/2 ≤ (ℓλα/2)ℓ/2, since each
factor multiplies by at most the square root of 1 plus the current |α|, and |α| + ℓ ≤ ℓ(|α| + 2).
Computing the Hermite coefficients of wu by duality on S, wu =

∑
α,c cw(α)⟨hα,c, u⟩hα+vw,c,

distinct α going to distinct basis vectors. Hence ∥wu∥2 ≤ (ℓ/2)ℓ
∑
λℓα⟨hα,c, u⟩2 ≤ (ℓ/2)ℓ∥u∥2k for

ℓ ≤ k, since λα ≥ 1, and

∥xδ∂γu∥ ≤ 2ℓ2−ℓ/2(ℓ/2)ℓ/2∥u∥k = ℓℓ/2∥u∥k ≤ kk/2∥u∥k.
Conversely, Ak/2 is a differential operator with polynomial coefficients; moving derivatives to the
right with ∂jxj = xj∂j + 1 writes it as a finite sum of terms c xδ∂γ with |δ| + |γ| ≤ k.

(b) Let |γ| ≤ 4 and w := (1 + |x|2)2Dγuc for a component uc. The Sobolev embedding

H2(R3) ⊂ L∞ gives ∥w∥∞ ≤ C
∑

|β|≤2∥∂βw∥L2 , and each ∂βw is a finite sum of terms xδ∂γ
′
uc

with |δ| ≤ 4, |γ′| ≤ 6. Apply (a) with k = 10.
(c) For u ∈ S and m ∈ N, Amu ∈ S and ⟨hα,c,Amu⟩ = λmα ⟨hα,c, u⟩, so

∑
λ2mα ⟨hα,c, u⟩2 =

∥Amu∥2 < ∞. Let PNu be the sum over |α| ≤ N . Then u − PNu ∈ S and ∥u − PNu∥2k =∑
|α|>N λ

k
α⟨hα,c, u⟩2 → 0 for every k; by (a), xδ∂γ(u − PNu) → 0 in L2 for all δ, γ, and by the

Sobolev embedding as in (b), sup |xδ∂γ(u− PNu)| → 0: this is convergence in S. C∞
c is dense in

S, whose topology is finer than that of ∥·∥k by the converse in (a), and S is dense in Hk. The

family (λ
−k/2
α hα,c) is orthonormal for ∥·∥k, and its span is dense in S, hence in Hk.

(d) By the converse in (a),

∥u∥k ≤ Ck
∑

∥xδ∂γu∥L2 ≤ Ck
∑

n|δ|∥∂γu∥L2 ≤ Ck,n∥u∥Hk

if suppu ⊂ Bn. For χu, Leibniz writes xδ∂γ(χu) as a sum of terms (xδ∂γ−γ
′
χ) ∂γ

′
u with bounded

first factors.



OSTERWALDER–SCHRADER AXIOMS FOR SCALAR QED3 IN THE HIGGS PHASE 189

(e) If b = 0, γ· is unitary on L2 and commutes with A (∆ and |x|2 are O(3)-invariant and
π(O) acts on the fibre), so ∥O · u∥k = ∥u∥k. For a translation, xδ∂γ(τbu) = τb

(
(y + b)δ∂γu

)
, and

expanding (y + b)δ gives

∥xδ∂γτbu∥L2 ≤ 2|δ|(1 + |b|)|δ| max
δ′≤δ

∥yδ′∂γu∥L2 ;

the two halves of (a) give the bound. The last statements follow by density and duality. □

A.3. Borel structure and the Euclidean action.

Lemma A.5 (Borel structure of the field spaces). Let r ≥ 2 be even, and X, H−r, Σ, ΣH , ι as
in Definition A.3.

(a) X is a separable Fréchet space, hence Polish; H−r is a separable Hilbert space.
(b) For every open U ⊂ R3 there is a countable set DU ⊂ C∞

c (U ;V) such that every
u ∈ C∞

c (U ;V) is the limit in Hr of a sequence (uk) in DU with supports in a fixed
compact subset of U . For any such sequence, Φ(uk) → Φ(u) for every Φ ∈ X and
Ψ(uk) → Ψ(u) for every Ψ ∈ H−r. Hence Σ(U), respectively ΣH(U), is generated by
the countably many bounded continuous functions arctan Φ(u), respectively arctan Ψ(u),
u ∈ DU .

(c) There are countable sets DX , DH ⊂ C∞
c (R3;V) such that the Borel σ-algebra of X is

generated by Φ 7→ Φ(u), u ∈ DX , and that of H−r by Ψ 7→ Ψ(u), u ∈ DH . In particular
both Borel σ-algebras equal Σ(R3) =

∨
K Σ(K), respectively ΣH(R3) =

∨
K ΣH(K).

(d) ι is continuous, linear and injective; ιH−r is a Borel subset of X, and ι is a Borel
isomorphism of H−r onto it. Moreover ιγ = γι for γ ∈ R3⋊O(3), and ΣH(U) = ι−1Σ(U).

Proof. (a) X is a locally convex space with the countable family of seminorms pn, which separates
points by (A.4), so it is metrizable, with the metric d(Φ,Φ′) :=

∑
n 2−n min(1, pn(Φ − Φ′)). It is

complete: if (Φk) is Cauchy, then χnΦk → Ξn in H−r for every n; put Φ(u) := Ξn(u) for suppu ⊂
Bn, which is consistent because (χnΦk)(u) = Φk(u) for such u; then |Φ(χu)| ≤ ∥Ξn∥H−r∥χu∥Hr

for suppχ ⊂ Bn, so Φ ∈ X, and pn(Φk − Φ) = sup∥g∥Hr≤1 |(χn+1Φk − Ξn+1)(χng)| → 0. It is

separable, because Φ 7→ (χnΦ)n is a homeomorphism of X onto a subspace of the separable
metrizable space

∏
nH

−r(R3;V). H−r has the countable orthonormal basis dual to that of
Lemma A.4(c).

(b) Choose compact sets K1 ⊂ K2 ⊂ . . . with Km ⊂ intKm+1 and
⋃
m intKm = U , and a

countable subset Dm of C∞
c (intKm;V) dense in it for ∥·∥Hr (a subset of a separable metric

space is separable). Put DU :=
⋃
mDm. A u ∈ C∞

c (U ;V) has support in some intKm, and is
the Hr-limit of a sequence in Dm, with supports in Km. If Km ⊂ Bn, then |Φ(uk) − Φ(u)| ≤
pn(Φ)∥uk − u∥Hr by (A.4), and |Ψ(uk) − Ψ(u)| ≤ ∥Ψ∥−rCr,n∥uk − u∥Hr by Lemma A.4(d). So
every generator Φ 7→ Φ(u) of Σ(U) is a pointwise limit of the functions Φ 7→ Φ(uk), uk ∈ DU ,
and Σ(U) = σ(Φ(u) : u ∈ DU ) = σ(arctan Φ(u) : u ∈ DU ); the same holds for ΣH(U). The
functions are continuous by (A.4), respectively by |Ψ(u)| ≤ ∥Ψ∥−r∥u∥r.

(c) Let D ⊂ C∞
c (R3;V) be countable and dense in the unit ball of Hr(R3;V) (C∞

c is dense in Hr,
which is separable). For Ξ ∈ X, χnΞ ∈ H−r is continuous on Hr, so pn(Ξ) = supg∈D |Ξ(χng)|.
Put DX := {χng : n ∈ N, g ∈ D}. For fixed Φ0, Φ 7→ d(Φ,Φ0) is then measurable for
σ(Φ(u) : u ∈ DX). As X is separable, every open set is a countable union of d-balls with centres
in a countable dense set, so the Borel σ-algebra is contained in σ(Φ(u) : u ∈ DX) ⊂ Σ(R3), and
the evaluations are continuous. For H−r, let DH ⊂ C∞

c be countable and dense in the unit ball
of Hr (Lemma A.4(c)); then ∥Ψ − Ψ0∥−r = supg∈DH

|Ψ(g) − Ψ0(g)|, and the same argument

applies. Finally, every u ∈ C∞
c is supported in a bounded open K, so Σ(R3) =

∨
K Σ(K).

(d) For χ ∈ C∞
c (R3) and u ∈ C∞

c , |Ψ(χu)| ≤ ∥Ψ∥−r∥χu∥r ≤ Cr,χ∥Ψ∥−r∥u∥Hr by
Lemma A.4(d); so ιΨ ∈ X and pn(ιΨ) ≤ Cr,χn∥Ψ∥−r: ι is continuous and linear. It is
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injective because C∞
c is dense in Hr. Let D∗ :=

⋃
nDBn \ {0}, with DBn from (b), and

N(Φ) := supg∈D∗ |Φ(g)|/∥g∥r, a measurable function on X. If Φ = ιΨ, then N(Φ) ≤ ∥Ψ∥−r.
If N(Φ) < ∞ and u ∈ C∞

c (Bn;V), choose uk ∈ DBn as in (b); then Φ(uk) → Φ(u) and
∥uk∥r → ∥u∥r by Lemma A.4(d), so |Φ(u)| ≤ N(Φ)∥u∥r; as C∞

c is dense in Hr, Φ extends to
some Ψ ∈ H−r with ιΨ = Φ. So ιH−r = {N < ∞} is Borel. The class of Borel sets B ⊂ H−r

with ιB Borel is a σ-algebra (ι is injective and ιH−r is Borel), and it contains the generators
{Ψ : Ψ(g) ∈ A}, g ∈ DH , of (c), whose images are {Φ ∈ ιH−r : Φ(g) ∈ A}. So ι−1 is Borel
on ιH−r. For u ∈ C∞

c , (ιγΨ)(u) = Ψ(γ−1 · u) = (γιΨ)(u), because γ−1 · u ∈ C∞
c . Since

(ιΨ)(u) = Ψ(u), the preimages under ι of the generators of Σ(U) are the generators of ΣH(U),
so ΣH(U) = ι−1Σ(U). □

Lemma A.6 (the Euclidean action and (H2)). Let r ≥ 2 be even.

(a) For every γ ∈ R3⋊O(3), Φ 7→ γΦ is a linear homeomorphism of X, and R3⋊O(3)×X →
X, (γ,Φ) 7→ γΦ, is jointly continuous. The same holds on H−r. In particular X and
H−r, with τ and the involutions θj, have the structural properties required in (H1), and
every θj,c is an involutive homeomorphism.

(b) (X,Σ) and (H−r,ΣH) satisfy (H2). Moreover, for every γ ∈ R3 ⋊ O(3) and open U ,
G 7→ G ◦ γ−1 maps Σ(U)-measurable functions to Σ(γU)-measurable ones, and likewise
for ΣH .

Proof. (a) Equicontinuity on X. Let γx = Ox + b with |b| ≤ β, and let cn be the norm
of multiplication by χn on Hr. For g ∈ C∞

c with ∥g∥Hr ≤ 1, γ−1 · (χng) is supported in
γ−1Bn+1 ⊂ Bm, m := n+1+⌈β⌉, and has Hr-norm ∥χng∥Hr ≤ cn; by (A.4), pn(γΦ) ≤ cnpm(Φ).
The same estimate with any χ ∈ C∞

c in place of χn shows γΦ ∈ X. So each γ is a continuous
linear map of X with continuous inverse γ−1, and {γ : |b| ≤ β} is equicontinuous.

Strong continuity on X. Fix Φ, n and ϵ > 0, and let |b| ≤ 1. For g as above, w :=
γ−1 · (χng) − χng is supported in Bn+2 with ∥w∥Hr ≤ 2cn, and (γΦ − Φ)(χng) = Φ(w) = Ξ(w),
Ξ := χn+2Φ ∈ H−r. Choose ψ ∈ C∞

c (R3;V) with ∥Ξ − ⟨ψ, ·⟩∥H−r ≤ ϵ (C∞
c is dense in H−r,

through the L2 pairing). Since γ· preserves the L2 pairing, ⟨ψ,w⟩ = ⟨γ · ψ − ψ, χng⟩, so
|Φ(w)| ≤ 2cnϵ + cn∥γ · ψ − ψ∥L2 uniformly in g, and lim supγ→id pn(γΦ − Φ) ≤ 2cnϵ. Joint

continuity. γ′Φ′ − γΦ = γ′(Φ′ − Φ) + γ
(
(γ−1γ′)Φ − Φ

)
; the first term is small by equicontinuity,

the second by strong continuity and the continuity of γ.
On H−r. By Lemma A.4(e) each γ is bounded with norm ≤ Cr(1 + |b|)r, with inverse

γ−1. The functionals ⟨ψ, ·⟩, ψ ∈ C∞
c , are dense in H−r: for Ψ ∈ H−r the pairing with ψN :=∑

|α|≤N Ψ(hα,c)hα,c ∈ S differs from Ψ by
(∑

|α|>N λ
−r
α Ψ(hα,c)

2
)1/2

, and ∥⟨ϕ, ·⟩∥−r ≤ ∥ϕ∥L2

because ∥u∥L2 ≤ ∥u∥r. On these, γ⟨ψ, ·⟩ = ⟨γ ·ψ, ·⟩ and ∥γ⟨ψ, ·⟩ − ⟨ψ, ·⟩∥−r ≤ ∥γ ·ψ−ψ∥L2 → 0.
Local boundedness and an ϵ/3 argument give strong continuity, and joint continuity follows as
on X.

(b) Monotonicity is clear. Σ(U) =
∨
K⋐U Σ(K) because every u ∈ C∞

c (U) is supported in some
bounded open K ⋐ U .

∨
K Σ(K) is the Borel σ-algebra by Lemma A.5(c), and the countable

generation by bounded continuous functions is Lemma A.5(b). For a generator G(Φ) = Φ(u) of
Σ(U), (G ◦ γ−1)(Φ) = Φ(γ · u) with γ · u ∈ C∞

c (γU); so γ−1 is measurable from (X,Σ(γU)) to
(X,Σ(U)), and G◦γ−1 is Σ(γU)-measurable for every Σ(U)-measurable G. With γ = τa this gives
U(a)G = G ◦ τ−1

a , Σ(U + a)-measurable; with γ = θj = θ−1
j it gives ΘjG, Σ(ρjU)-measurable.

The same argument applies to ΣH . □

A.4. Density, the Hermite carrier and uniqueness.

Lemma A.7 (density of generating algebras). Let m be a probability measure on a measurable
space (Ω,F), and A an algebra of bounded complex F-measurable functions, closed under complex
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conjugation and containing the constants. Then A is dense in L2(Ω, σ(A),m). The same holds
for a countable algebra AQ over Q[i], closed under conjugation and containing 1, whose complex
span is such an algebra.

Proof. Let L be the closure of A in L2(Ω, σ(A),m), a closed complex subspace, and AR the set
of real elements of A. Since A is closed under conjugation, Re a, Im a ∈ AR for a ∈ A; AR is a
real algebra containing the constants, and σ(AR) = σ(A). (i) Let a1, . . . , aN ∈ AR, |ai| ≤M , and
φ1, . . . , φN continuous on [−M,M ]. By Weierstrass’ theorem there are polynomials pi,k → φi
uniformly on [−M,M ]; then

∏
i pi,k(ai) ∈ A converges uniformly to

∏
i φi(ai), which therefore

lies in L. (ii) For ti ∈ R the continuous functions φi,k(s) := min(1, k(s − ti)
+) increase to

1{s>ti}; by dominated convergence
∏
i φi,k(ai) →

∏
i 1{ai>ti} in L2, so 1P ∈ L for every P in

P := {
⋂
i≤N{ai > ti} : N ≥ 0, ai ∈ AR, ti ∈ R}.

(iii) P is a π-system generating σ(AR). The class of B ∈ σ(A) with 1B ∈ L contains Ω,
is closed under complements (1Bc = 1 − 1B), under proper differences (1B\A = 1B − 1A for
A ⊂ B, as L is linear) and under increasing countable unions (dominated convergence; L is
closed). By Dynkin’s π–λ theorem it is all of σ(A). So L contains the simple σ(A)-measurable
functions, which are dense. For AQ: if a =

∑
k ckak with ck ∈ C, ak ∈ AQ, and qk ∈ Q[i], then

∥a −
∑

k qkak∥∞ ≤
∑

k |ck − qk|∥ak∥∞; so AQ is dense in its complex span, to which the first
part applies. □

Lemma A.8 (the Hermite carrier). Let r ≥ 14 be even, and let µ′ be a probability measure on
S ′(R3;V) with its cylinder σ-algebra such that

∫
Φ(u)2 dµ′ ≤ C2∥u∥210 for every real u ∈ S(R3;V).

Put M(Φ) :=
∑

α,c λ
−r
α Φ(hα,c)

2. Then
∫
M dµ′ ≤ C2 dimV

∑
α λ

10−r
α <∞. On {M <∞}, Φ|S

extends uniquely to an element Π(Φ) of H−r, with ∥Π(Φ)∥2−r = M(Φ). The map Π (put Π := 0 on

{M = ∞}) is measurable into the Borel σ-algebra of H−r, and µH := Π∗µ
′ is a Borel probability

measure on H−r under which, for all real u1, . . . , uN ∈ S, the vector (Ψ(ul))l≤N has the law of
(Φ(ul))l≤N under µ′. In particular µH and µ′ have the same characteristic functional and the
same mixed moments on S.
Proof. ∥hα,c∥210 = λ10α , so

∫
M dµ′ ≤ C2

∑
α,c λ

10−r
α , and

∑
α λ

10−r
α =

∑
n≥0

(n+1)(n+2)
2 (2n +

4)10−r < ∞ because r − 10 > 3. Hence µ′(M < ∞) = 1. For Φ ∈ S ′ and u ∈ S the Hermite
expansion of u converges in S (Lemma A.4(c)), so Φ(u) =

∑
α,c⟨hα,c, u⟩Φ(hα,c), and by the

Cauchy–Schwarz inequality |Φ(u)| ≤M(Φ)1/2∥u∥r. As S is dense in Hr, Φ|S extends uniquely
to Π(Φ) ∈ H−r when M(Φ) < ∞, and ∥Π(Φ)∥2−r =

∑
λ−rα Π(Φ)(hα,c)

2 = M(Φ). The Borel
σ-algebra of the separable Hilbert space H−r is generated by the coordinates Ψ 7→ Ψ(hα,c), since
∥Ψ − Ψ0∥−r is a measurable function of them; and Π(Φ)(hα,c) = 1{M<∞}Φ(hα,c) is measurable.
Finally Π(Φ)(u) = Φ(u) for u ∈ S on the set {M <∞} of full measure. □

Proposition A.9 (uniqueness by the characteristic functional and by the moments). Let r ≥ 2
be even, let Y be X or H−r, write Φ for its elements, and let µ1, µ2 be Borel probability measures
on Y .

(a) If
∫
eiΦ(u) dµ1 =

∫
eiΦ(u) dµ2 for every real u ∈ C∞

c (R3;V), then µ1 = µ2.
(b) Suppose that for all real u1, . . . , uN ∈ C∞

c (R3;V) the mixed moments
∫ ∏

l≤N Φ(ul) dµi
exist and are equal for i = 1, 2, and that for every real u ∈ C∞

c there are constants
c,K ≥ 0, depending on u, with |

∫
Φ(u)n dµ1| ≤ c (n + 1)Knn! for all n ≥ 0. Then

µ1 = µ2.

Proof. (a) Let DY = {u1, u2, . . . } be the countable set of Lemma A.5(c). The sets {Φ :
(Φ(u1), . . . ,Φ(uN )) ∈ B}, N ∈ N, B ⊂ RN Borel, form a π-system generating the Borel σ-

algebra of Y . Under µi the characteristic function of (Φ(u1), . . . ,Φ(uN )) is t 7→
∫
eiΦ(

∑
k tkuk) dµi,

by linearity of Φ; so the two laws on RN agree, and µ1 = µ2 by Dynkin’s π–λ theorem.
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(b) Fix u and let Z := Φ(u), mn :=
∫
Zn dµ1 =

∫
Zn dµ2; we may take K > 0. Even moments

are absolute moments, and the Cauchy–Schwarz inequality gives E|Z|2n+1 ≤ (m2nm2n+2)
1/2 ≤

cK2n+1(2n+1)!
(
(2n+3)(2n+2)

)1/2
, using (2n)! (2n+2)! = ((2n+1)!)2 2n+2

2n+1 . Hence E|Z|n ≤ c (n+

2)Knn! for all n, under both measures. Let φi(s) :=
∫
eisZ dµi. Then φ

(k)
i (s) =

∫
(iZ)keisZ dµi,

and from |eiy −
∑

k<n(iy)k/k!| ≤ |y|n/n!,∣∣∣φi(s+ v) −
∑
k<n

φ
(k)
i (s)

vk

k!

∣∣∣ ≤ |v|n E|Z|n

n!
≤ c (n+ 2)(K|v|)n → 0 (|v| < 1/K).

So each φi is the sum of its Taylor series on (s− 1/K, s+ 1/K), for every s. The set of s near

which φ1 = φ2 is open; it contains 0, because φ
(k)
i (0) = ikmk; and it is closed, because at a point

s′ of it within 1/(2K) of a limit point s all derivatives agree and the two Taylor series at s′ agree

on a neighbourhood of s. So φ1 = φ2 on R; at s = 1 this is
∫
eiΦ(u) dµ1 =

∫
eiΦ(u) dµ2, and (a)

applies. □

A.5. (H1)–(H3) from the characteristic functional.

Proposition A.10 ((H1)–(H3) on the field space). Let r ≥ 2 be even, µ a Borel probability

measure on X = H−r
loc (R3;V), and Z(u) :=

∫
eiΦ(u) dµ(Φ) for real u ∈ C∞

c (R3;V).

(a) If γ ∈ R3 ⋊O(3) and Z(γ · u) = Z(u) for all real u, then γ∗µ = µ.

(b) For real uk, ul ∈ C∞
c and Ek := eiΦ(uk), Ek ◦ θj,cEl = eiΦ(ul−ρj,c·uk), so Eµ[Ek ◦ θj,cEl] =

Z(ul − ρj,c · uk).
(c) Let j ∈ {1, 2, 3} and c ∈ R. If µ is θj,c-invariant and

∑
k,l≤N ākal Z(ul − ρj,c · uk) ≥ 0

for all N , all real u1, . . . , uN ∈ C∞
c (H+

j,c;V) and all a ∈ CN , then Eµ[F ◦ θj,c F ] ≥ 0 for

every F ∈ L2(Σ(H+
j,c), µ).

(d) Consequently, if Z is invariant under the translations and the coordinate reflections ρj,
and the condition of (c) holds for every j and every c (or for every j and c = 0), then
(X, τ, θ, µ,Σ) satisfies (H1)–(H3). If moreover Z is invariant under τbgτ−b for g ∈ Oh
and b ∈ R3, then µ is invariant under Oh about every point.

Proof. (a) The characteristic functional of γ∗µ is u 7→
∫
ei(γΦ)(u) dµ = Z(γ−1 · u) = Z(u); apply

Proposition A.9(a). (b) θj,c is the action of the involution ρj,c, so Ek(θj,cΦ) = eiΦ(ρj,c·uk), and Φ

is linear. (c) For F =
∑

l alEl with ul ∈ C∞
c (H+

j,c;V), (b) gives Eµ[F ◦ θj,c F ] =
∑

k,l ākalZ(ul −
ρj,c · uk) ≥ 0. These F form an algebra A of bounded continuous functions (products of

exponentials are exponentials of sums), closed under conjugation (El = eiΦ(−ul)) and containing

1; it generates Σ(H+
j,c), since Φ(u) = limt→0 t

−1 Im eitΦ(u). By Lemma A.7, A is dense in

L2(Σ(H+
j,c), µ). If Fn → F in L2 with Fn ∈ A, then Fn ◦ θj,c → F ◦ θj,c in L2, as θj,c preserves µ,

so Fn ◦ θj,cFn → F ◦ θj,cF in L1(µ), and the inequality passes to the limit. (d) The structural parts
of (H1) and all of (H2) are Lemma A.6; the invariances follow from (a), every θj,c = τcejθjτ−cej
then preserving µ; (H3) is (c), and the case c = 0 suffices by the sentence after (A.3). □

Lemma A.11 (transfer to the Hermite–Sobolev space). Let r ≥ 2 be even, µH a Borel probability
measure on H−r, and µ := ι∗µ

H .

(a) µ(ιH−r) = 1; µH is the only Borel probability measure on H−r whose image under ι is µ;
and µ, µH have the same characteristic functional and the same mixed moments on C∞

c .
(b) For γ ∈ R3 ⋊O(3): γ∗µ = µ if and only if γ∗µ

H = µH .
(c) (X, τ, θ, µ,Σ) satisfies (H1)–(H3) if and only if (H−r, τ, θ, µH ,ΣH) does.

Proof. (a) By Lemma A.5(d), ιB is Borel for every Borel B, so any ν with ι∗ν = µ satisfies
ν(B) = ν(ι−1ιB) = µ(ιB); with B = H−r, µ(ιH−r) = 1. The functionals agree because
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(ιΨ)(u) = Ψ(u) for u ∈ C∞
c . (b) ιγ = γι gives γ∗µ = ι∗(γ∗µ

H); if γ∗µ
H = µH this is µ, and

if γ∗µ = µ then γ∗µ
H = µH by the uniqueness in (a). (c) The structural parts of (H1) and

(H2) hold on both spaces (Lemma A.6), and the invariances correspond by (b). For (H3):
ΣH(U) = ι−1Σ(U) (Lemma A.5(d)), so the ΣH(H+

j,c)-measurable functions are exactly the F ′ ◦ ι
with F ′ Σ(H+

j,c)-measurable (factorisation through ι). For such F = F ′◦ι,
∫
|F |2dµH =

∫
|F ′|2dµ,

F ◦ θj,c = F ′ ◦ θj,c ◦ ι, and EµH [F ◦ θj,cF ] = Eµ[F ′ ◦ θj,cF ′]. □

Remark A.12 (where the hypotheses are met). For the curvature field, V = Λ2, the hypotheses of
Lemma A.4(b), Lemma A.8, Proposition A.9, Proposition A.10(a) and Lemma A.11 are verified
in the proof of Theorem 9.13, and those of Proposition A.10(c),(d) are verified in the proof of
Theorem 9.15.

Lemma A.11 carries (H1)–(H3) and the invariances between X and H−r. Every statement
proved for a measure satisfying (H1)–(H3) therefore applies to µ on X and to µH on H−r alike,
and the conclusions correspond under ι, which is a Borel isomorphism of H−r onto a Borel set of
full µ-measure that intertwines the actions of R3 ⋊O(3) and the local σ-algebras.

A.6. Ergodic decomposition and clustering. This subsection proves the results on the
ergodic decomposition, on the reconstruction in a coordinate direction and on clustering that
are used in Section 9: in the reconstruction before Remark 9.14 and in Theorem 9.15. The
hypotheses (H1)–(H3) are those of Subsection A.1, and U(a), Θj are the operators of (A.1).

Notation. A Borel probability measure m on X invariant under every τa is ergodic (for the
action of R3) if m(B) ∈ {0, 1} for every Borel set B with τaB = B for all a ∈ R3. For a sub-σ-
algebra F ⊂ B, L2(F ,m) denotes the closed subspace of L2(m) of classes with an F -measurable
representative. For J ⊂ {1, 2, 3} put VJ := span{ej : j ∈ J}, with V∅ = {0}. For a ∈ R3 and j
we write a = ajej + a⊥ with a⊥ ⊥ ej . For a measure m and an m-integrable function G we write
m(G) :=

∫
Gdm.

Remark A.13 (countable determining algebras). Let d ≤ 1 be a complete metric on a Polish space
X, (xn) a dense sequence, and D the countable Q[i]-algebra generated by 1 and the functions
x 7→ d(x, xn). Its elements are bounded and continuous, and σ(D) = B, because the balls
{d(·, xn) < q}, q ∈ Q, generate the open sets of the separable space X. By Lemma A.7, D is
dense in L2(m) for every Borel probability measure m on X; consequently two Borel probability
measures m,m′ with m(G) = m′(G) for all G ∈ D are equal (for bounded Borel F and G ∈ D,
|m(F ) −m′(F )| ≤ 2∥F −G∥L2((m+m′)/2)). We call D a countable determining algebra of X.

A.6.1. Translations and the mean-ergodic projections. Throughout Subsections A.6.1 and A.6.2,
µ is a measure satisfying (H1)–(H3).

Lemma A.14. a 7→ U(a) is strongly continuous on L2(µ).

Proof. For a bounded continuous G, G(τ−ax) → G(x) for every x as a→ 0, by the continuity of
the action, and dominated convergence gives U(a)G→ G in L2(µ). Bounded continuous functions
are dense in L2(µ) (the countable determining algebra of Remark A.13), and ∥U(a)∥ = 1; an ϵ/3
argument gives U(a)G → G for every G ∈ L2(µ), and the group law gives continuity at every
point. □

For J ⊂ {1, 2, 3} let PJ be the orthogonal projection of L2(µ) onto {G : U(a)G = G ∀a ∈ VJ},
with P∅ = 1 and Pj := P{j}; let IJ be the σ-algebra of VJ -invariant Borel sets completed by

µ-null sets, and I := I{1,2,3}. Put ΛJT := [−T, T ]3 ∩ VJ and ΛT := [−T, T ]3.

Lemma A.15. (i) For ΛJT := [−T, T ]3 ∩ VJ and every G ∈ L2(µ), |ΛJT |−1
∫
ΛJ
T
U(a)Gda→ PJG

in L2(µ) as T → ∞, with |ΛJ
T | the Lebesgue measure of ΛJ

T in VJ . The same holds for the

one-sided means T−1
∫ T
0 U(tej)Gdt, J = {j}.
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(ii) PJ commutes with every U(a) and every Θj; PJPJ ′ = PJ∪J ′; and PJ = E[ · | IJ ]. In
particular P{1,2,3} = E[ · | I].

Proof. (i) For one coordinate j, t 7→ U(tej) is strongly continuous by Lemma A.14, and Stone’s

theorem [30] gives U(tej) = eitAj with Aj self-adjoint, and (2T )−1
∫ T
−T e

itAj dt = ϕT (Aj) with

ϕT (λ) = sin(Tλ)/(Tλ), ϕT (0) = 1. Since |ϕT | ≤ 1 and ϕT → 1{0} pointwise, the functional
calculus of the spectral theorem [30] and dominated convergence give strong convergence to the
spectral projection of {0}, which is the projection onto KerAj = {G : U(tej)G = G ∀t}. For

the one-sided means use ϕT (λ) = (eiTλ − 1)/(iTλ). The mean over ΛJ
T is the product of the

commuting one-dimensional means over the coordinates in J . Products of uniformly bounded,
strongly convergent families converge strongly to the product of the limits, and a product of
commuting orthogonal projections is the orthogonal projection onto the intersection of their
ranges, which here is the VJ -fixed space.

(ii) The means commute with every U(a), and with Θj by (A.3) and ρjVJ = VJ ; strong limits of
operators commuting with a fixed operator commute with it. PJPJ ′ = PJ∪J ′ by the intersection
statement in (i). It remains to show that the range of PJ is L2(IJ , µ); the orthogonal projection
onto L2 of a sub-σ-algebra is the conditional expectation.

Let G ∈ L2(µ) satisfy U(a)G = G for all a ∈ VJ , and fix a Borel version of G. The map
(a, x) 7→ G(τ−ax) is Borel on VJ ×X. For each a ∈ VJ the set {x : G(τ−ax) ̸= G(x)} is µ-null,
so by Fubini’s theorem the set X0 := {x : G(τ−ax) = G(x) for a.e. a ∈ VJ} is Borel and of full
measure. Let X1 be the set of x for which a 7→ G(τ−ax) is a.e. constant on VJ , that is,∫

ΛJ
n

∫
ΛJ
n

min
(
1, |G(τ−ax) −G(τ−bx)|

)
da db = 0 for all n ∈ N.

By Tonelli’s theorem X1 is Borel; X0 ⊂ X1; and X1 is VJ -invariant, because G(τ−aτcx) =
G(τ−(a−c)x) and a.e. constancy on VJ is preserved under shifts of the variable. For x ∈ X1

let G̃(x) be the a.e. value of a 7→ G(τ−ax), that is G̃(x) = limN→∞|ΛJ
1 |−1

∫
ΛJ
1
tN

(
G(τ−ax)

)
da,

where tN truncates real and imaginary parts at level N (for J = ∅ put G̃ := G); put G̃ := 0 off

X1. Then G̃ is Borel, G̃ ◦ τc = G̃ everywhere for c ∈ VJ , and G̃ = G on X0, hence µ-a.e. Thus G
is IJ -measurable. Conversely, an IJ -measurable function is a.e. equal to a function measurable
for the σ-algebra of VJ -invariant Borel sets; such a function is VJ -invariant, hence fixed by every
U(a), a ∈ VJ . □

The next lemma is the only place where reflection positivity enters the decomposition: functions
invariant under the translations in a direction live at infinity in that direction and are fixed by
the corresponding reflection.

Lemma A.16 (localisation of invariant functions). Let j ∈ J ⊂ {1, 2, 3} and W ∈ L2(µ) with
U(a)W = W for all a ∈ VJ . Then: (i) W ∈ L2(Σ(H+

j,c), µ) ∩ L2(Σ(H−
j,c), µ) for every c ∈ R; (ii)

ΘjW = W ; (iii) if G ∈ L2(Σ(K), µ), then PJG ∈ L2(Σ(K + VJ), µ).

Proof. (i) Let Bn be the open ball of radius n about 0. Every bounded open K lies in some
Bn, so by (H2) the σ-algebras Σ(Bn) increase and their join is B. The family of Borel sets B
for which 1B lies in the closure of

⋃
n L

2(Σ(Bn), µ) is closed under complements and countable
disjoint unions and contains the algebra

⋃
n Σ(Bn); by Dynkin’s π–λ theorem it is B, and

so
⋃
n L

2(Σ(Bn), µ) is dense in L2(µ). Given ϵ > 0, there are therefore a bounded K and
G ∈ L2(Σ(K)) with ∥W − G∥2 < ϵ. For every t, ∥W − U(tej)G∥2 = ∥U(tej)(W − G)∥2 < ϵ,
and U(tej)G ∈ L2(Σ(K + tej)) ⊂ L2(Σ(H+

j,c)) for t large, by (H2). That space is closed, so it
contains W . Letting t→ −∞ gives the other half space.



OSTERWALDER–SCHRADER AXIOMS FOR SCALAR QED3 IN THE HIGGS PHASE 195

(ii) ΘjW is VJ -invariant by (A.3) and ρjVJ = VJ , so by (i) both W and ΘjW lie in L2(Σ(H+
j,0)).

Put F := W − ΘjW . Then ΘjF = −F , and (A.2) gives 0 ≤ E[ΘjF F ] = −E|F |2, so F = 0.
(iii) The means of Lemma A.15(i) applied to G lie in the closed subspace L2(Σ(K +VJ)), since

U(a)G ∈ L2(Σ(K + a)) and K + a ⊂ K + VJ for a ∈ VJ ; so does their limit PJG. □

A.6.2. The ergodic decomposition and inheritance.

Lemma A.17 (conditional probabilities). Let X be Polish, m a Borel probability measure on
X and F0 ⊂ B a σ-algebra. (i) There are Borel probability measures mξ, ξ ∈ X, such that
ξ 7→ mξ(B) is F0-measurable and

∫
C mξ(B) dm(ξ) = m(B ∩ C) for all B ∈ B and C ∈ F0. (ii)

If (m′
ξ) is a second family with these properties, then m′

ξ = mξ for m-a.e. ξ.

Proof. (i) Let d ≤ 1 be a complete metric on X and (xn) a dense sequence. Then ȷ(x) :=
(d(x, xn))n is a continuous injection of X into the compact metrisable space Q := [0, 1]N; by
the Lusin–Souslin theorem [23] the image under ȷ of every Borel subset of X is Borel, so ȷ is a
Borel isomorphism onto the Borel set ȷX. Let C0 be a countable Q-linear subspace of the real
space C(Q), dense for the supremum norm and containing 1, and choose F0-measurable real
versions Lξ(G) of Em[G ◦ ȷ | F0], G ∈ C0. Off a set N0 ∈ F0 with m(N0) = 0 the countably many
relations of Q-linearity, positivity (Lξ(G) ≥ 0 for G ≥ 0) and Lξ(1) = 1 hold. For ξ /∈ N0 and
G ∈ C0, applying positivity to q ±G, q ∈ Q, q ≥ ∥G∥∞, gives |Lξ(G)| ≤ ∥G∥∞; so Lξ extends
to a positive linear functional on C(Q) with Lξ(1) = 1, given by a Borel probability measure
κξ on Q (Riesz representation theorem). On N0 put κξ := ȷ∗m. For G ∈ C(Q), κξ(G) is an
F0-measurable version of Em[G ◦ ȷ | F0], by uniform approximation from C0.

Let L be the family of Borel sets A ⊂ Q for which ξ 7→ κξ(A) is an F0-measurable version
of Em[1A ◦ ȷ | F0]. It is closed under complements and countable disjoint unions (monotone
convergence, for the measures and for conditional expectations), and it contains every closed set
A, since 1A is the decreasing limit of the continuous functions max(0, 1 − n dist(·, A)). Closed
sets form a π-system generating the Borel sets, so by Dynkin’s π–λ theorem L contains every
Borel set. In particular κξ(ȷX) = 1 off a set N1 ∈ F0 with m(N1) = 0. Put mξ := (ȷ−1)∗κξ off
N0 ∪N1 and mξ := m on it. For Borel B ⊂ X, mξ(B) = κξ(ȷB) off N0 ∪N1, an F0-measurable
version of Em[1B | F0]; this is the claim.

(ii) Let D be a countable determining algebra of X (Remark A.13). For G ∈ D, mξ(G) and
m′
ξ(G) are F0-measurable versions of Em[G | F0], so they agree off an m-null set; off the union

of these countably many null sets mξ and m′
ξ agree on D, hence are equal. □

Theorem A.18 (ergodic decomposition with inheritance). Let µ satisfy (H1)–(H3). Let I0 ⊂ B
be the σ-algebra of Borel sets B with τaB = B for all a ∈ R3 (its µ-completion is I), let µξ,
ξ ∈ X, be measures as in Lemma A.17 for m = µ and F0 = I0, a regular conditional probability
of µ given I, and put (Ξ, ν) := (X,µ). Then ξ 7→ µξ(B) is I0-measurable for every Borel set B,
and:

(a) µ =
∫
X µξ dµ(ξ); for G ∈ L1(µ) one has G ∈ L1(µξ) and E[G | I](ξ) = Eµξ [G] for µ-a.e.

ξ; in particular Eµ[WG] =
∫
W (ξ)Eµξ [G] dµ(ξ) for bounded I-measurable W ;

(b) for ν-a.e. ξ, µξ is invariant under every τa and ergodic for the action of R3;
(c) for ν-a.e. ξ, µξ is invariant under θ1, θ2, θ3;
(d) for ν-a.e. ξ, µξ satisfies (H3);
(e) every µξ satisfies (H2) with the same Σ(U), and every G ∈ L2(µ) lies in L2(µξ) for ν-a.e.

ξ.

In particular ν-almost every µξ satisfies (H1)–(H3) and is ergodic. By Lemma A.17(ii) the family
(µξ) is determined up to a ν-null set of ξ.
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Proof. (a) By Lemma A.17, Eµξ [G] is an I0-measurable version of E[G | I] for bounded Borel G

(uniform approximation by simple functions), and for G ≥ 0 in L1(µ) by monotone convergence
applied to min(G,n), which also gives

∫
Eµξ [G] dµ = EµG <∞; complex G are treated by real and

imaginary parts. Two Borel versions of G differ on a Borel null set N , and
∫
µξ(N) dµ = µ(N) = 0,

so the statement does not depend on the version. Let D be a countable determining algebra of
X.

(b) Invariance. For B ∈ I0 and bounded Borel G, Eµ[1B G ◦ τa] = Eµ[(1BG) ◦ τa] = Eµ[1BG].
Hence µξ(G ◦ τa) and µξ(G) are both versions of E[G | I], and there is a null set off which
µξ(G◦τa) = µξ(G) for all G ∈ D and a ∈ Q3. Since a 7→ µξ(G◦τa) is continuous (joint continuity
of the action and dominated convergence), this holds for all a, so µξ is τ -invariant.

Ergodicity. For G ∈ D let qG(ξ) := µξ(G), a bounded I0-measurable version of Eµ[G | I]. For
a bounded I0-measurable h, µξ(h) is an I0-measurable version of E[h | I] = h, so µξ(h) = h(ξ)
for a.e. ξ. Applied to h = qG and h = |qG|2 this gives µξ(|qG−qG(ξ)|2) = 0: for a.e. ξ, qG is µξ-a.s.
the constant µξ(G). Let ΛT := [−T, T ]3 and ATG(x) := |ΛT |−1

∫
ΛT
G(τ−ax) da. By Fubini’s

theorem, ATG is a version of the mean |ΛT |−1
∫
ΛT
U(a)Gda of Lemma A.15, in L2 of µ and of

every τ -invariant Borel probability measure (both have the same integrals against bounded Borel
functions). So, by (a) and Lemma A.15,

∫
µξ(|ATG− qG|2) dµ(ξ) = Eµ|ATG− qG|2 → 0. Choose

Tk → ∞ such that this is at most 2−k for the first k elements of an enumeration of D. Then
for a.e. ξ, ATkG → µξ(G) in L2(µξ) for every G ∈ D. The proof of Lemmas A.14 and A.15(i)
uses only the invariance of the measure and the continuity of the action, so for τ -invariant µξ
the means ATkG also tend in L2(µξ) to the projection of G onto the τ -fixed vectors of L2(µξ).
Both this projection and G 7→ µξ(G)1 are continuous on L2(µξ) and agree on the dense set D,
so the projection is G 7→ µξ(G)1. If B ∈ I0, then 1B is a fixed vector, hence a.s. constant, so
µξ(B) ∈ {0, 1}.

(e) (H2) is a condition on X and Σ alone and does not involve the measure, so it holds for
every µξ. Also

∫
Eµξ |G|2 dν = Eµ|G|2 <∞ by (a).

(c) Let W ≥ 0 be bounded and I-measurable and G bounded Borel. By Lemma A.16(ii) with
J = {1, 2, 3}, ΘjW = W , so Eµ[W ΘjG] = Eµ[Θj(WG)] = Eµ[WG] by the θj-invariance of µ.
By (a),

∫
W (ξ)

(
Eµξ [ΘjG] − Eµξ [G]

)
dν = 0 for all such W , hence Eµξ [ΘjG] = Eµξ [G] for ν-a.e.

ξ. Taking G ∈ D makes the exceptional set independent of G and gives the θj-invariance of µξ
for a.e. ξ.

(d) By the translation invariance of µξ it suffices to take c = 0. Let W ≥ 0 be bounded and

I-measurable and F ∈ L2(Σ(H+
j,0), µ). By Lemma A.16(i)–(ii),

√
W has a Σ(H+

j,0)-measurable

version and Θj

√
W =

√
W . Hence

√
WF ∈ L2(Σ(H+

j,0), µ) and

Eµ
[
W F ◦ θj F

]
= Eµ

[
(
√
WF ) ◦ θj (

√
WF )

]
≥ 0.

With (a), Eµξ [F ◦ θj F ] ≥ 0 for ν-a.e. ξ. Let L be the countable Q[i]-algebra, closed under
conjugation, generated by 1 and a countable family of bounded continuous functions generating
Σ(H+

j,0) (H2). The exceptional set can be taken uniform over F ∈ L. By Lemma A.7, L is

dense in L2(Σ(H+
j,0),m) for every Borel probability measure m, and (A.2) extends from L to

L2(Σ(H+
j,0), µξ) by the bound |E[F ◦ θj G]| ≤ ∥F∥2∥G∥2, valid because µξ is θj-invariant by (c).

As for the final assertions, (H1) for µξ is (b) and (c), the space and the actions being those of
µ. □

Proposition A.19 (the decomposition of an image law). Let X and X ′ be Polish spaces with
jointly continuous actions τ , τ ′ of R3, and ι : X ′ → X a continuous injection with ι ◦ τ ′a = τa ◦ ι
for all a. Let µ′ be a τ ′-invariant Borel probability measure on X ′ and µ := ι∗µ

′. Let (µ′y)y∈X′
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and (µx)x∈X be families as in Lemma A.17 for (µ′, I0(X ′)) and (µ, I0(X)), where I0(·) is the
σ-algebra of translation-invariant Borel sets. Then ιX ′ is a translation-invariant Borel set with
µ(ιX ′) = 1, and µιy = ι∗µ

′
y for µ′-a.e. y. In particular, if µ′ and µ satisfy (H1)–(H3), the

components of µ in Theorem A.18 are, for µ-a.e. x, the images under ι of the components of µ′,
and they are carried by ιX ′.

Proof. By the Lusin–Souslin theorem [23], ι maps Borel sets to Borel sets, so ιX ′ is Borel,
and it is invariant because τaιX

′ = ιτ ′aX
′ = ιX ′; µ(ιX ′) = µ′(X ′) = 1. If B′ ∈ I0(X ′), then

ιB′ is Borel and τaιB
′ = ιτ ′aB

′ = ιB′, so ιB′ ∈ I0(X); and ι−1C ∈ I0(X ′) for C ∈ I0(X).
Define mx := ι∗µ

′
ι−1x for x ∈ ιX ′ and mx := µx otherwise. For bounded Borel G on X,

φ(y) := µ′y(G ◦ ι) is I0(X ′)-measurable, so for a Borel set A ⊂ C the set {x : mx(G) ∈ A} =

ι
(
φ−1(A)

)
∪
(
(X \ ιX ′) ∩ {x : µx(G) ∈ A}

)
lies in I0(X). For C ∈ I0(X),∫

C
mx(G) dµ(x) =

∫
ι−1C

µ′y(G ◦ ι) dµ′(y) = Eµ′
[
(G ◦ ι)1ι−1C

]
= Eµ[G1C ].

So (mx) is a family as in Lemma A.17(i) for (µ, I0(X)), and by Lemma A.17(ii) mx = µx for
µ-a.e. x; since µ = ι∗µ

′, this is µιy = ι∗µ
′
y for µ′-a.e. y. □

A.6.3. The decomposition with cubic symmetry. Assume, in addition to (H1)–(H3), that the cubic
group Oh acts on X by homeomorphisms x 7→ gx, with ρjx = θjx for the coordinate reflections
ρj ∈ Oh, g τa g

−1 = τga, µ invariant under every g, and G 7→ G ◦ g−1 mapping Σ(U)-measurable
functions to Σ(gU)-measurable ones. Let G := R3 ⋊Oh, let N ∼= (Z/2)3 be the subgroup of Oh
generated by ρ1, ρ2, ρ3, so that Oh/N ∼= S3, and let IG ⊂ I be the σ-algebra of G-invariant Borel
sets, completed by µ-null sets.

Theorem A.20 (decomposition with cubic symmetry). There are Borel probability measures µ′x
on X, x ∈ X, with x 7→ µ′x(B) IG-measurable for every Borel B and µ =

∫
µ′x dµ(x), such that

for µ-almost every x:

(a) µ′x is invariant under G and ergodic for its action (every G-invariant Borel set has
µ′x-measure 0 or 1), and satisfies (H1)–(H3);

(b) there are an integer k = k(x) ∈ {1, 2, 3, 6} and pairwise distinct measures m1, . . . ,mk,
each invariant under the translations and the coordinate reflections, ergodic for R3

and satisfying (H1)–(H3), such that Oh permutes {m1, . . . ,mk} transitively and µ′x =

k−1
∑k

i=1mi; the mi are components µgx, g ∈ Oh, of the decomposition of Theorem A.18.

Moreover k(x) = 1 for µ-almost every x if and only if almost every component of Theorem A.18
is Oh-invariant.

Proof. Step 1: N acts trivially on I, and Oh preserves I. A bounded I-measurable W is invariant
along every coordinate axis, so W ◦θj = W a.s. for j = 1, 2, 3 by Lemma A.16(ii); hence W ◦n = W
a.s. for n ∈ N . For g ∈ Oh and a translation-invariant Borel set B, τa(gB) = g τg−1aB = gB; and
g maps µ-null sets to µ-null sets. So g maps I onto itself, and h ◦ g is I-measurable whenever h
is.

Step 2: conditional expectations. Let µx be the components of Theorem A.18, and let µ′x be a
regular conditional probability of µ given IG : the measures of Lemma A.17 for the σ-algebra of
G-invariant Borel sets, whose µ-completion is IG . For bounded Borel F , g ∈ Oh and bounded
I-measurable W , Step 1 and the g-invariance of µ give E

[
W · (E[F | I] ◦ g)

]
= E

[
(W ◦ g−1)E[F |

I]
]

= E
[
(W ◦ g−1)F

]
= E[W · (F ◦ g)], so E[F ◦ g | I] = E[F | I] ◦ g a.s. Applied to F in a

countable determining algebra of X, and then as measures,

(A.5) µgx = g∗µx for µ-a.e. x and every g ∈ Oh.
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By Step 1 and (A.5) with g ∈ N , n∗µx = µnx = µx for n ∈ N and a.e. x, so S3 = Oh/N acts on
the components by σ · µx := g∗µx, g ∈ σ.

For bounded I-measurable h put h̄ := |Oh|−1
∑

g∈Oh
h ◦ g. It is a.e. equal to a translation-

invariant and Oh-invariant Borel function, hence IG-measurable, and for bounded IG-measurable
W , which satisfies W ◦ g = W a.s., E[Wh̄] = |Oh|−1

∑
g E[(W ◦ g)(h ◦ g)] = E[Wh]. So

E[h | IG ] = h̄. Applied to h = E[F | I], with E[F | IG ] = E
[
E[F | I] | IG

]
and (A.5),

µ′x =
1

48

∑
g∈Oh

µgx =
1

48

∑
g∈Oh

g∗µx =
1

6

∑
σ∈S3

σ · µx for µ-a.e. x,

first evaluated on a countable determining algebra and then as measures. Grouping equal terms,

µ′x = k−1
∑k

i=1mi, where {m1, . . . ,mk} is the S3-orbit of µx, so k = 6/|Stab(µx)| ∈ {1, 2, 3, 6},
the orders of the subgroups of S3 being 1, 2, 3, 6. Let E be the set of full measure of those
x for which µx has the properties (b)–(e) of Theorem A.18; since every g ∈ Oh preserves µ,⋂
g∈Oh

g−1E also has full measure, and for x in it every µgx has these properties. This gives

(b): each mi is translation invariant, ergodic, θj-invariant and satisfies (H2) and (H3), hence
(H1)–(H3). Since k = 1 exactly when µx is fixed by S3, that is Oh-invariant, the last assertion
follows.

Step 3: (a). µ′x is invariant under the translations and under Oh, as the average over an
Oh-orbit of translation-invariant measures (τag = gτg−1a). If B is a G-invariant Borel set, then

mi(B) ∈ {0, 1} by ergodicity, and (g∗mi)(B) = mi(g
−1B) = mi(B), so all mi(B) are equal by

transitivity and µ′x(B) ∈ {0, 1}. Each mi satisfies (H3), and (H3) is preserved under convex
combinations: an F ∈ L2(Σ(H+

j,c), µ
′
x) lies in every L2(mi), since mi ≤ kµ′x. (H2) holds as in

Theorem A.18(e), and the θj = ρj-invariance is part of the Oh-invariance. □

A.6.4. The growth of the moments of the components. Let V be a real Euclidean space of
dimension d with orthonormal basis (ec)c≤d. Let hα, α ∈ (N ∪ {0})3, be the Hermite functions
on R3, hα,c := hαec, and λα := 2|α| + 4 the eigenvalues of −∆ + |x|2 + 1. For even s ≥ 0 put
∥f∥2s :=

∑
α,c λ

s
α|⟨hα,c, f⟩|2, let Hs be the completion of S(R3;V) in this norm and H−s its dual,

a separable Hilbert space with ∥Ψ∥2−s =
∑

α,c λ
−s
α Ψ(hα,c)

2 and |Ψ(f)| ≤ ∥Ψ∥−s∥f∥s. Note that

∥hα,c∥10 = λ5α, and ∥f∥s ≤ ∥f∥s′ for s ≤ s′ since λα ≥ 1. There are (n+ 1)(n+ 2)/2 multi-indices
with |α| = n, so

wr := d
∑
α

λ10−rα <∞ for every even r ≥ 14.

Theorem A.21 (growth of the moments of the components). Let r ≥ 14 be even, µH a Borel
probability measure on H−r = H−r(R3;V), and suppose that there are constants cS ≥ 1 and
C0 > 0 with

(A.6)

∫
Ψ(hα,c)

2n dµH(Ψ) ≤ cS C
2n
0 (2n)! ∥hα,c∥2n10 for all α, c ≤ d, n ∈ N.

Let (Ξ, ν) be a probability space and µξ, ξ ∈ Ξ, Borel probability measures on H−r with ξ 7→ µξ(B)

measurable for every Borel B and µH =
∫
µξ dν(ξ); for instance the components of Theorem A.18

or of Theorem A.20, when µH satisfies the hypotheses there. Put C1 := wrC
2
0 . Then for ν-a.e.

ξ, for every N ∈ N and all f1, . . . , fN ∈ S(R3;V), the product
∏
i Ψ(fi) is µξ-integrable, and its

integral SξN (f1, . . . , fN ) := Eµξ
∏
i Ψ(fi) satisfies

|SξN (f1, . . . , fN )| ≤ σξN

N∏
i=1

∥fi∥r, σξN :=
(
Eµξ∥Ψ∥2N−r

)1/2
<∞.
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There is n0(ξ) with σξN ≤ N c
1/2
S (4C1)

N/2N ! for N ≥ n0(ξ), and consequently σξN ≤ αβ(ξ)(N !)β

for all N , for every β > 1, with αβ(ξ) := supN σ
ξ
N (N !)−β <∞.

Proof. Put M(Ψ) := ∥Ψ∥2−r =
∑

α,c λ
−r
α Ψ(hα,c)

2, a continuous function on H−r. With the

probability weights pα,c := λ10−rα /wr,

M =
∑
α,c

pα,cwrλ
−10
α Ψ(hα,c)

2, so Mn ≤ wnr
∑
α,c

pα,c λ
−10n
α Ψ(hα,c)

2n

by Jensen’s inequality for the convex function t 7→ tn on [0,∞) (applied to the finite partial
sums, renormalised, and passed to the limit). By (A.6) and ∥hα,c∥2n10 = λ10nα ,

EµHMn ≤ wnr sup
α,c

λ−10n
α EµHΨ(hα,c)

2n ≤ cS C
n
1 (2n)!.

Put Mn(ξ) := EµξMn ∈ [0,∞], a measurable function of ξ (monotone limit of µξ(min(Mn, k))).

Since
∫
Mn dν = EµHMn < ∞, Mn(ξ) < ∞ for all n and ν-a.e. ξ. By Markov’s inequality,

ν{Mn > n2cSC
n
1 (2n)!} ≤ n−2, which is summable, so by the Borel–Cantelli lemma there is, for

ν-a.e. ξ, an n0(ξ) with Mn(ξ) ≤ n2cSC
n
1 (2n)! for n ≥ n0(ξ). Fix such a ξ. For fi ∈ S ⊂ Hr,

|Ψ(fi)| ≤M1/2∥fi∥r, so

Eµξ
N∏
i=1

|Ψ(fi)| ≤ Eµξ
[
MN/2

]∏
i

∥fi∥r ≤MN (ξ)1/2
∏
i

∥fi∥r

by the Cauchy–Schwarz inequality, and σξN = MN (ξ)1/2 < ∞. For N ≥ n0(ξ), σ
ξ
N ≤

N c
1/2
S C

N/2
1 ((2N)!)1/2 ≤ N c

1/2
S (4C1)

N/2N !, because (2N)! ≤ 4N (N !)2. For β > 1,

N(4C1)
N/2(N !)1−β → 0, so αβ(ξ) <∞. □

Corollary A.22 (the components of a law on a space of local distributions). In the setting
of Theorem A.21, let X be a Polish space with a jointly continuous action of R3, let R3 act on
H−r jointly continuously and leave µH invariant, and let ι : H−r → X be a continuous injection
with ι ◦ τHa = τa ◦ ι. Put µ := ι∗µ

H , and let µx and µHy be the components of µ and of µH

given by Lemma A.17 for the σ-algebras of translation-invariant Borel sets. Then for µ-a.e. x
the component µx is carried by ιH−r, and with Φ(f) := Ψ(f) for Φ = ιΨ and f ∈ S(R3;V) its
moments SxN (f1, . . . , fN ) := Eµx

∏
i Φ(fi) satisfy the conclusions of Theorem A.21.

Proof. By Proposition A.19, µιy = ι∗µ
H
y for µH -a.e. y, and Theorem A.21 applies to (µHy ) with

(Ξ, ν) = (H−r, µH). Let Y be the Borel set of full µH -measure of the y for which both statements
hold. Then ιY is Borel (Lusin–Souslin [23]) with µ(ιY ) = 1, and for x = ιy ∈ ιY the moments
of µx in the variables Φ(f) are those of µHy in the variables Ψ(f). □

A.6.5. Reconstruction in a coordinate direction. Conventions. In Subsections A.6.5 and A.6.6, X,
the translations τa, the coordinate reflections θj , the local σ-algebras Σ(U) and the measure µ
satisfy (H1)–(H3) of Subsection A.1, with U(a)G := G◦τ−a, ΘjG := G◦θj and θj,c := τcejθjτ−cej .

So a 7→ U(a) is a unitary representation of R3 on L2(µ), Θj is a unitary involution, and
ΘjU(a) = U(ρja)Θj (A.3); in particular ΘjU(tej) = U(−tej)Θj and ΘjU(y) = U(y)Θj for
y ⊥ ej . Both U(a) and Θj are multiplicative and commute with complex conjugation. The
expectation Eµ[G′G] is taken without conjugation throughout. The union over n ∈ N of the
spaces L2(Σ(Bn), µ), Bn the open ball of radius n, is dense in L2(µ): every bounded K lies
in some Bn, so

∨
n Σ(Bn) = B by (H2), and E[G | Σ(Bn)] → G in L2(µ) by the martingale

convergence theorem. We call G ∈ L2(Σ(K), µ) with K bounded localised.
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Fix µ satisfying (H1)–(H3) and a direction j. Write L2
j,+ := L2(Σ(H+

j,0), µ), a closed subspace

of L2(µ), and define

(A.7) ⟨F,G⟩j := Eµ
[
ΘjF G

]
, F,G ∈ L2

j,+.

The form is positive semidefinite by (H3) with c = 0. It is Hermitian: ⟨F,G⟩j = Eµ[ΘjF G] =

Eµ[Θj(F ΘjG)] = Eµ[ΘjGF ] = ⟨G,F ⟩j , since Θj is a multiplicative involution and µ is θj-
invariant. It is bounded, |⟨F,G⟩j | ≤ ∥F∥2∥G∥2, since Θj is unitary.

Proposition A.23 (reconstruction in direction j). Let Nj := {F ∈ L2
j,+ : ⟨F, F ⟩j = 0}, Hj the

completion of L2
j,+/Nj for the form (A.7), [ · ] : L2

j,+ → Hj the quotient map, and Ωj := [1].

(i) For t ≥ 0 and y ⊥ ej, Tj(t)[G] := [U(tej)G] and Vj(y)[G] := [U(y)G] are well defined.
Tj is a strongly continuous semigroup of self-adjoint contractions, so Tj(t) = e−tHj with

Hj ≥ 0 self-adjoint. Vj is a strongly continuous unitary representation of e⊥j
∼= R2. All

these operators commute, and Tj(t)Ωj = Vj(y)Ωj = Ωj; in particular HjΩj = 0, and Ωj

is a unit vector.
(ii) For G ∈ L2

j,+ and a = ajej + a⊥ with aj ≥ 0: U(a)G ∈ L2
j,+ and [U(a)G] =

Tj(aj)Vj(a⊥)[G].

(iii) For F ∈ L2(Σ(H−
j,0), µ) and G ∈ L2

j,+: ΘjF ∈ L2
j,+ and Eµ[FG] = ⟨[ΘjF ], [G]⟩Hj .

Proof. This is the Osterwalder–Schrader construction [28], [19, Chapter 6]; we give the argument
in the present setting. Two inequalities are used repeatedly: the Schwarz inequality for the
positive semidefinite form (A.7), and ∥[F ]∥2Hj

= ⟨F, F ⟩j ≤ ∥F∥22.
Invariance of L2

j,+. For G ∈ L2
j,+ and a with aj ≥ 0, U(a)G is Σ(H+

j,0 + a)-measurable by

(H2), and H+
j,0 + a = H+

j,aj
⊂ H+

j,0; so U(a)G ∈ L2
j,+. This gives the first claim of (ii).

The semigroup Tj. For F,G ∈ L2
j,+ and t ≥ 0, by (A.3) and the invariance of µ,

⟨U(tej)F,G⟩j = E
[
U(−tej)ΘjF G

]
= E

[
ΘjF U(tej)G

]
= ⟨F,U(tej)G⟩j ;

in particular ⟨U(tej)G,U(tej)G⟩j = ⟨G,U(2tej)G⟩j . So U(tej) is symmetric for the form, and by

the Schwarz inequality for the form, ⟨U(tej)G,U(tej)G⟩j ≤ ⟨G,G⟩1/2j ⟨U(2tej)G,U(2tej)G⟩1/2j .

Applying this successively at t, 2t, . . . , 2n−1t and using ⟨U(sej)G,U(sej)G⟩j ≤ ∥U(sej)G∥22 =
∥G∥22 at the last step gives

⟨U(tej)G,U(tej)G⟩j ≤ ⟨G,G⟩1−2−n

j ∥G∥21−n

2 ,

and n→ ∞ gives ⟨U(tej)G,U(tej)G⟩j ≤ ⟨G,G⟩j . Hence U(tej) maps Nj into Nj , Tj(t) is well
defined on the quotient and is a contraction there, and it is symmetric by the identity above;
it extends to a self-adjoint contraction on Hj . The semigroup law Tj(t)Tj(s) = Tj(t + s) is
inherited from U , and Tj(t) = Tj(t/2)2 ≥ 0. For the strong continuity, ∥Tj(t)[G] − [G]∥Hj ≤
∥U(tej)G−G∥2 → 0 as t ↓ 0 by Lemma A.14, on the dense set [L2

j,+], and the Tj(t) are uniformly

bounded. A strongly continuous semigroup of positive self-adjoint contractions with Tj(0) = 1 is
e−tHj with Hj ≥ 0 self-adjoint (by the spectral theorem, as in [19, Chapter 6]).

The transverse translations. For y ⊥ ej , Θj commutes with U(y) by (A.3), so

⟨U(y)F,U(y)G⟩j = E[U(y)ΘjF U(y)G] = ⟨F,G⟩j by invariance of µ. Thus Vj(y) preserves
Nj , is isometric on the quotient and has the isometric inverse Vj(−y); it extends to a unitary
operator, and y 7→ Vj(y) is a representation, strongly continuous by the same estimate as for Tj .
The operators Tj(t) and Vj(y) commute because the U(a) do, and Tj(t)Ωj = [U(tej)1] = [1] = Ωj ,

Vj(y)Ωj = Ωj . Hence HjΩj = 0, and ∥Ωj∥2 = E[Θj1 1] = 1. This proves (i); the identity in (ii) is
the definition, [U(a)G] = [U(ajej)U(a⊥)G] = Tj(aj)Vj(a⊥)[G].
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(iii) F is Σ(H−
j,0)-measurable, so ΘjF and ΘjF are Σ(ρjH

−
j,0) = Σ(H+

j,0)-measurable by (H2).

Since Θj is an involution commuting with conjugation, ΘjΘjF = F , and ⟨ΘjF ,G⟩j = E[FG]. □

Proposition A.24 (zero-energy vectors, invariant functions and the joint vacuum). In the
setting of Proposition A.23, let Qj be the orthogonal projection of Hj onto the joint fixed space
of {Tj(t)}t≥0 ∪ {Vj(y)}y⊥ej , and PkerHj

that onto kerHj. For every G ∈ L2
j,+:

(i) PjG ∈ L2
j,+, PkerHj

[G] = [PjG], and ∥[PjG]∥2Hj
= Eµ|PjG|2;

(ii) E[G | I] ∈ L2
j,+ and Qj [G] = [E[G | I]];

(iii) if µ is ergodic for the R3-action, the joint fixed space is CΩj;
(iv) conversely, if the joint fixed space is CΩj, then µ is ergodic for the R3-action.

So the joint vacuum is unique, that is, the joint fixed space is CΩj, if and only if µ is ergodic for
the R3-action.

Proof. (i) PjG is ej-invariant, so PjG ∈ L2
j,+ by Lemma A.16(i) with J = {j}. The quotient map

is bounded and linear on L2
j,+, and t 7→ U(tej)G is continuous into L2

j,+ by Lemma A.14; so the
quotient map commutes with the Bochner integrals,

1

T

∫ T

0
Tj(t)[G] dt =

[ 1

T

∫ T

0
U(tej)Gdt

]
.

As T → ∞ the left side tends to PkerHj
[G] by the spectral theorem, since T−1

∫ T
0 e−tλdt→ 1{λ=0}

boundedly on [0,∞); the right side tends to [PjG] by the one-sided means of Lemma A.15(i) and
the continuity of the quotient map. Finally ΘjPjG = PjG by Lemma A.16(ii), so ∥[PjG]∥2 =

E[ΘjPjGPjG] = E|PjG|2.
(ii) E[G | I] = P{1,2,3}G by Lemma A.15(ii); it is invariant under all translations, so it

lies in L2
j,+ by Lemma A.16(i). Let k, k′ be the two indices other than j, and put W (a) :=

Tj(aj)Vj(akek + ak′ek′) for aj ≥ 0. The means of W (a) over a ∈ [0, T ] × [−T, T ]2 (coordinates
ordered as (aj , ak, ak′)) are the product of three commuting means: the one-sided mean of
Tj , which tends strongly to PkerHj

as in (i), and the two-sided means of the unitary groups
s 7→ Vj(sek) and s 7→ Vj(sek′), which tend strongly to the projections onto their fixed spaces (by
the spectral theorem, as in Lemma A.15(i)). These three projections commute, and a product of
commuting, uniformly bounded, strongly convergent families converges strongly to the product
of the limits, which is the projection onto the intersection of the three fixed spaces, that is Qj .
On the other hand W (a)[G] = [U(a)G] by Proposition A.23(ii), and the means of U(a)G over

the same set are the product of the commuting means T−1
∫ T
0 U(tej) dt, (2T )−1

∫ T
−T U(sek) ds

and (2T )−1
∫ T
−T U(sek′) ds, applied to G; by Lemma A.15(i) these converge strongly to Pj , Pk

and Pk′ , so their product converges strongly to PjPkPk′ = P{1,2,3} (Lemma A.15(ii)). The means

of U(a)G lie in L2
j,+ and are mapped by the quotient map to the means of W (a)[G] (the quotient

map commutes with Bochner integrals, as in (i)); by continuity of the quotient map the limit is
[P{1,2,3}G] = [E[G | I]].

(iii) If µ is ergodic, I is trivial and E[G | I] = EµG a.s., so by (ii) Qj [G] = Eµ[G] Ωj =

⟨Ωj , [G]⟩HjΩj , because ⟨[1], [G]⟩Hj = E[Θj1G] = EµG. Since [L2
j,+] is dense in Hj , Qj is the

projection onto CΩj .
(iv) Suppose µ is not ergodic: there is a translation-invariant Borel set B with 0 < µ(B) < 1.

Put W := 1B − µ(B). It is invariant under all translations, so W ∈ L2
j,+ and ΘjW = W by

Lemma A.16(i)–(ii). The vector [W ] is fixed by every Tj(t) and Vj(y), since [U(a)W ] = [W ];

it is orthogonal to Ωj , since ⟨Ωj , [W ]⟩Hj = EµW = 0; and ∥[W ]∥2Hj
= E[ΘjW W ] = E|W |2 =

µ(B)(1 − µ(B)) > 0. So the joint fixed space is larger than CΩj . □
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A.6.6. Clustering.

Definition A.25 (forms of clustering). Let µ satisfy (H1). We say that µ satisfies (CL1),
clustering in the mean, if the Cesàro averages of Eµ[G′ U(a)G] over the cubes ΛT converge to
Eµ[G′]Eµ[G] as T → ∞, and (CL2), clustering under diagonal separation, if Eµ[G′ U(a)G] →
Eµ[G′]Eµ[G] as minj |aj | → ∞, in each case for all G,G′ ∈ L2(µ).

A measure satisfies OS4 in the weak form if it is ergodic for the action of the translation group
R3.

Throughout Subsection A.6.6, µ satisfies (H1)–(H3), and µ =
∫
µξ dν(ξ) is the decomposition

of Theorem A.18. We say that a statement holds on almost every ergodic component if it holds
for µξ for ν-a.e. ξ.

Theorem A.26 (clustering in the mean). For all G,G′ ∈ L2(µ),

lim
T→∞

1

|ΛT |

∫
ΛT

Eµ
[
G′ U(a)G

]
da = Eµ

[
E[G′ | I]E[G | I]

]
=

∫
Ξ
Eµξ [G′]Eµξ [G] dν(ξ).

If µ is ergodic for the R3-action, the right side is Eµ[G′]Eµ[G]; in particular (CL1) holds on
almost every ergodic component. For ∅ ≠ J ⊂ {1, 2, 3} the first equality holds with ΛT replaced
by ΛJT and I by IJ .

Proof. The map H 7→ Eµ[G′H] is a continuous linear functional on L2(µ), and a 7→ U(a)G is
continuous by Lemma A.14; so the mean of Eµ[G′ U(a)G] over ΛJ

T equals Eµ[G′AJTG], where
AJTG := |ΛJ

T |−1
∫
ΛJ
T
U(a)Gda. By Lemma A.15(i)–(ii), AJTG → PJG = E[G | IJ ] in L2(µ),

so the mean tends to Eµ[G′ E[G | IJ ]] = Eµ[E[G′ | IJ ]E[G | IJ ]], the last because E[G | IJ ]
is square-integrable and IJ -measurable. For J = {1, 2, 3}, the function H := E[G′ | I]E[G |
I] is integrable and, by Theorem A.18(a), H(ξ) = Eµξ [G′]Eµξ [G] for ν-a.e. ξ; since ν = µ,

EµH =
∫
Eµξ [G′]Eµξ [G] dν(ξ). If µ is ergodic, I is trivial and E[G | I] = EµG. Almost every

ergodic component satisfies (H1)–(H3) (Theorem A.18), so the statement applies to it with
G,G′ ∈ L2(µξ). □

The next lemma is the step in which reflection positivity enters the clustering: through the
reconstruction, the part of a localised function orthogonal to the eℓ-invariant functions decays
under the semigroup e−tHℓ .

Lemma A.27 (decay of the non-invariant part along one axis). Let ℓ ∈ {1, 2, 3}, R > 0,

G′ ∈ L2(Σ(H−
ℓ,0), µ), and G̃ ∈ L2(Σ(D), µ) for an open set D ⊂ H+

ℓ,−R. Then

Eµ
[
G′ U(a)(1 − Pℓ)G̃

]
→ 0 as aℓ → +∞, uniformly in a⊥.

Proof. Put s := 2R and Y := U(seℓ)G̃. By (H2), Y is Σ(D + seℓ)-measurable, and D + seℓ ⊂
H+
ℓ,R ⊂ H+

ℓ,0; so Y ∈ L2
ℓ,+. Also PℓY ∈ L2

ℓ,+ by Lemma A.16(i). Since Pℓ commutes with the

translations (Lemma A.15(ii)), for aℓ ≥ s,

U(a)(1 − Pℓ)G̃ = U
(
(aℓ − s)eℓ + a⊥

)
(1 − Pℓ)Y,

and the right side lies in L2
ℓ,+ by Proposition A.23(ii). By Proposition A.23(ii)–(iii), with

F := ΘℓG′ ∈ L2
ℓ,+, and by Proposition A.24(i), which gives [(1 − Pℓ)Y ] = (1 − PkerHℓ

)[Y ],

Eµ
[
G′ U(a)(1 − Pℓ)G̃

]
=

〈
[F ], Vℓ(a⊥) e−(aℓ−s)Hℓ (1 − PkerHℓ

)[Y ]
〉
Hℓ

.

Since Vℓ(a⊥) is unitary, the modulus is at most ∥[F ]∥ ∥e−(aℓ−s)Hℓ(1 − PkerHℓ
)[Y ]∥, which does

not depend on a⊥ and tends to 0 as aℓ → ∞ by the spectral theorem and dominated convergence
(e−tλ1{λ>0} → 0 pointwise and boundedly on [0,∞)). □
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Theorem A.28 (clustering under diagonal separation). For all G,G′ ∈ L2(µ),

lim
minj |aj |→∞

Eµ
[
G′ U(a)G

]
= Eµ

[
E[G′ | I]E[G | I]

]
.

If µ is ergodic for the R3-action, the limit is Eµ[G′]Eµ[G]; in particular (CL2) holds on almost
every ergodic component.

Proof. Step 1 (reductions). Since

|E[G′U(a)G] − E[G′
nU(a)Gn]| ≤ ∥G′ −G′

n∥2∥G∥2 + ∥G′
n∥2∥G−Gn∥2

uniformly in a, and the right side of the claim is continuous in (G,G′) in the same way, it suffices
to take G ∈ L2(Σ(K)) and G′ ∈ L2(Σ(K ′)) with K,K ′ bounded (Subsection A.6.5). A sequence

a(n) with minj |a(n)j | → ∞ splits into finitely many subsequences on each of which the signs

σj = sgn a
(n)
j are fixed, and it suffices to prove the claim along each. On such a subsequence,

replace (G′, G, a) by (ΘjG
′,ΘjG, ρja) for each j with σj = −1. This leaves the left side unchanged,

since E[ΘjG
′ U(ρja)ΘjG] = E[Θj(G

′ U(a)G)] = E[G′ U(a)G] by (A.3) and the θj-invariance of
µ; it leaves the right side unchanged, since E[ΘjG | I] = ΘjE[G | I] by Lemma A.15(ii); and it
replaces K,K ′ by the bounded sets ρjK, ρjK

′ (H2). So we may assume aj → +∞ for every j.
By translation invariance and multiplicativity, E[G′ U(a)G] = E[(U(b)G′)U(a)(U(b)G)] for every
b ∈ R3. If K ∪K ′ ⊂ (−r, r)3, the choice b = −(r+ 1)(e1 + e2 + e3) makes U(b)G′ measurable for
Σ(K ′ + b) with K ′ + b in the open negative octant

⋂
j H

−
j,0, and U(b)G measurable for Σ(K + b)

with K + b ⊂ {x : |xj | < R ∀j}, R := 2r + 1. Renaming, we may assume K ′ ⊂
⋂
j H

−
j,0 and

K ⊂ {|xj | < R ∀j}.
Step 2 (decomposition). By Lemma A.15(ii), P1P2P3 = P{1,2,3}, so

1 = P{1,2,3} + (1 − P1) + P1(1 − P2) + P1P2(1 − P3).

The first term contributes E[G′ U(a)E[G | I]] = E[G′ E[G | I]] = E[E[G′ | I]E[G | I]] for every
a, since E[G | I] is translation invariant. It remains to show that each of the other three terms
tends to 0 as aℓ → +∞, uniformly in the other coordinates of a, where ℓ is the index of the
factor (1 − Pℓ).

Step 3 (one term). Fix ℓ, let J := {1, . . . , ℓ− 1} and G̃ := PJG (G̃ = G for ℓ = 1). Since PJ
and Pℓ commute, the term is E[G′ U(a)(1−Pℓ)G̃]. By Lemma A.16(iii), G̃ ∈ L2(Σ(K+VJ)), and
K + VJ ⊂ H+

ℓ,−R because eℓ /∈ VJ and K ⊂ {|xℓ| < R}. Since G′ ∈ L2(Σ(H−
ℓ,0)), Lemma A.27

with D = K + VJ gives the claim.
Finally, if µ is ergodic, E[G | I] = EµG; and almost every ergodic component satisfies (H1)–(H3)

(Theorem A.18), so the statement applies to it with G,G′ ∈ L2(µξ). □

Corollary A.29 (the ergodic components). For ν-a.e. ξ:

(i) µξ is translation invariant and ergodic for the R3-action, invariant under θ1, θ2, θ3,
reflection positive about every coordinate plane in the sense of (H3), and satisfies (H2);
so it satisfies (H1)–(H3), and OS4 in the weak form;

(ii) (CL1) and (CL2) hold for µξ: the Cesàro means over ΛT of Eµξ [G′ U(a)G], and

Eµξ [G′ U(a)G] itself as minj |aj | → ∞, converge to Eµξ [G′]Eµξ [G], for all G,G′ ∈ L2(µξ);
(iii) in each coordinate direction j, the reconstruction of Proposition A.23 from µξ has a

unique joint vacuum: the joint fixed space of the e−tHj , t ≥ 0, and of the transverse
translations Vj(y), y ⊥ ej, is CΩj.

Proof. (i) is Theorem A.18(b)–(e). (ii) is Theorems A.26 and A.28 for the ergodic measure µξ,
and (iii) is Proposition A.24(iii) for it. □
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[6] D. C. Brydges, J. Fröhlich, E. Seiler, On the construction of quantized gauge fields. I. General results, Ann.

Physics 121 (1979), 227–284.
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