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ABSTRACT. We study scalar quantum electrodynamics in three dimensions (QEDs3) in its Higgs
phase: the three-dimensional lattice abelian Higgs model in unitary gauge, with the Villain
action, on lattices whose spacing tends to zero with canonically scaled couplings. At each spacing
we construct infinite-volume states, as limit points of the periodic states and as limits of states
in finite boxes; they carry the lattice symmetries, reflection positivity and bounds uniform in
the volume. For the smeared curvature and bounded functions of the density, the generating
functionals converge along a subsequence of spacings to a translation-invariant limit functional
with the continuity required for the Osterwalder—Schrader reconstruction. For the limits built
on the box states, and on the periodic states along dyadic sequences of sides, the limit curvature
field satisfies the axioms OS0-0OS3, with invariance under the full Euclidean group. The cluster
axiom OS4 is proved in a weak form, on almost every ergodic component. The tools are Gaussian
domination of the Villain curvature, Ginibre inequalities and reflection positivity.
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1. INTRODUCTION

1.1. The model and the problem. The abelian Higgs model, scalar quantum electrodynamics,
is the Euclidean field theory of a real vector field A, and a complex scalar field ¢ on R? with

*This work and its companion are machine generated and have been contributed by M. Goldstein and A. Guevara,
based on the results described in https://github.com/marikgoldstein/scalar-qed-existence on October 10th,
2026.
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R

with the charge e > 0, the quartic coupling A > 0 and p3 = m%/(8)\), myg > 0. In three
dimensions e? and A\ have the dimension of a mass, and the only ultraviolet counterterm is a
mass counterterm for the scalar field. The potential is minimal on the circle |¢| = pp. Writing
¢ = peX with p = |$| and absorbing the phase x into the vector field by a gauge transformation
(the unitary gauge), one obtains the integrand

2
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in which, to second order about p = pg, the modulus p has the mass myg and the vector field the
mass epg. It is the simplest gauge theory in which the gauge field becomes massive through its
coupling to a charged scalar field with a non-zero vacuum value [1, 12, 22]. In three Euclidean
dimensions its action is the free-energy functional of Ginzburg and Landau for a superconductor
[18]: the scalar field is the order parameter of the condensate, the gauge field is the vector
potential of the magnetic field, and the functional integral is the partition function of the two
with their thermal fluctuations [21]. The model has two phases. In the Coulomb phase the
scalar field has no vacuum value and the gauge field is massless; this is the normal state, which
a magnetic field penetrates. In the Higgs phase the scalar field has a non-zero vacuum value
and the gauge field is massive; this is the superconducting state, in which the magnetic field is
expelled (the Meissner effect). The two phases require different constructions, and we treat them
in two papers: the present paper is devoted to the Higgs phase, and the companion paper [34]
to the Coulomb phase. One-loop perturbation theory predicts a fluctuation-induced first-order
transition at very small quartic coupling [9, 21]; no claim about the phase diagram is made here.

The gauge field is non-compact. The lattice gauge action is of Villain’s form [33] with a closed
integer 2-form, that is, the compact Villain model with every monopole removed. On a finite
lattice with free boundary conditions a closed integer 2-form is exact, and for observables of
integer charge this is the model with a real-valued gauge field on the bonds and a quadratic gauge
action [5]; on a torus the sum over the closed forms includes the flux classes. The distinction
matters in three dimensions: in the compact pure gauge theory monopoles produce a mass gap
and confinement at every coupling [20], while the non-compact pure gauge theory is the free field.

In three dimensions the model is superrenormalisable, and its lattice approximations are among
the basic examples of a gauge theory with matter [6, 7, 8, 2, 3, 4, 24, 25, 31]. The problem
treated here is due to King [24, 25]: with the renormalisation-group method of Balaban [2, 3, 4]
he constructed the continuum limit of the three-dimensional model in finite volume and then its
infinite-volume limit, established its translation invariance and reflection positivity, and addressed
its rotation invariance through a comparison of two rotated lattices. The Osterwalder—Schrader
axioms for his state, rotation invariance included, are established in the companion paper [34]
by a different route; the present paper treats the Higgs phase. The framework of the present
paper is that of Brydges, Frohlich and Seiler [6, 7, 8] for the lattice abelian Higgs model: the
gauge-invariant fields, and the axioms obtained through lattice approximations; these authors
completed the two-dimensional case. The method is reflection positivity and Gaussian domination
[14, 13], together with Ginibre’s inequalities [17]. We consider the model on the cubic lattices
enZ? of spacing ey = agh™™, N = Ng, Ng + 1,... (the levels; ag > 0 is a fixed length and
Ny > 0 a fixed integer), in unitary gauge and with the Villain form of the gauge action [33].
The variables are the radial part p, = poo + p» > 0 of the scalar field at the sites, written
about a vacuum value pgo > 0, a gauge field B;, on the bonds, and a closed 2-form v, on the
plaquettes with values in (27 /yn)Z. The gauge-invariant fields are the scalar density and the
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Villain curvature f, = (dB)p + vp. The Boltzmann weight is a product of a site factor, which
contains a quartic potential and a bare mass counterterm dmp, of a hopping factor on the bonds,
and of the Gaussian factor e /2 on the plaquettes; it is written out in Section 2. The couplings
are scaled with the spacing according to their canonical dimensions: the charge is vy = 5]1\{26,
the quartic coupling is \g = enx A, and Pg,o = ENm%{/(S)\), with fixed e, \, mg > 0. Every result
of this paper holds for arbitrary positive values of these lattice couplings at each level N and
for every real 0mp (for the coefficient of the hopping factor see Section 2 and Lemma 2.7); the
scaling above is the case of interest.

The problem is to construct limits of the gauge-invariant fields as N — oo and to verify for
them the axioms of Osterwalder and Schrader [28, 29]: regularity (OS0), Euclidean invariance
(OS1), reflection positivity (0S2), symmetry (OS3) and clustering (OS4). The observables are
the smeared fields

—e%szw (ap) fp+eNZh 2 ga(ps), o =(f.h),

where f is a real C° 2-form on R3, h € C®(R%*R) and gq is a bounded Borel function
(Definition 2.5), and the objects of study are the generating functionals Zy (o) = wy(e’®V(?)) in
an infinite-volume state wy of level V. Translation invariance and reflection positivity about the
coordinate planes are present on the lattice and pass to the limit. Invariance under rotations is
not a symmetry of any of the lattice theories and has to be recovered in the limit. The two main
points of the paper are the construction of the infinite-volume states at fixed spacing without
an expansion, and the Gaussian domination of the Villain curvature, which holds for all values
of the couplings and gives the bounds, uniform in the volume and in the spacing, on which the
continuum limit and its regularity rest.

1.2. Main results. Two families of infinite-volume states occur: limit points wy of the states of
the periodic lattices (tori), and the limits wbox of the states of finite boxes outside of which the
matter field is set to zero (the killed-box states, Definition 11.9). We write S and SP°* for limit
functionals built on them.

(1) Infinite-volume states. For every level N, along a subsequence of any prescribed sequence
of sides, the torus states converge to a state wy given by a Borel probability measure on the
configurations of the gauge-invariant variables. The state wy is invariant under the lattice
translations, the reflections in the lattice planes {x; = ¢} and the cubic group; it is reflection
positive about these planes; and it satisfies the bounds of the torus states that are uniform in
the volume (Theorem 11.5). The killed-box states converge along every exhausting sequence of
boxes, without the passage to a subsequence, to a state w']'@vox with the same properties, which
lies below every wy on a cone of observables (Theorem 11.11, Lemma 12.20). We do not know

whether the two families coincide in general.

(2) Gaussian domination and correlation inequalities. On every torus the Villain curvature
is dominated by the Gaussian field with the identity covariance, (exp Zp apfp>%ne < exp (5 Zp 072)),
with the constant one for all values of the couplings (Theorem 3.1). The torus states and the
killed-box states satisfy Ginibre’s inequalities on a cone of observables, with the monotonicity in

the couplings and in the box that follows from them (Theorem 10.8).

(3) The limit functional. There are a sequence N; < Ny < --- and a linear functional S
on the algebra A generated by the symbols e, such that Zy,, (0) — S(es) for every test pair
o. The functional S is invariant under the translations of R® and under the cubic group, and
t — S(O©a-7b) is continuous on [0, 00) for a, b supported in the upper half space {x3 > 0}, where
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© is the reflection in the plane {z3 = 0} and 7; the translation by tes (Theorem 7.1). The same
holds for the killed-box family (Lemma 12.20).

(4) The axioms OS0-0OS3 without the rotations. For every limit functional, the generating
functional of the curvature extends continuously to the Schwartz 2-forms and is the characteristic
functional of a unique Borel probability measure p on a space of distributions (Theorem 9.13).
Its moments, the Schwinger functions S, are tempered distributions with |S,(f1,..., fa)] <
e"(n))Y2 T, R(f;) for real f;, R being the seminorm of Definition 4.1; this gives the growth
condition of [29] (Theorem 9.4). The functional S is invariant under all translations, under the
reflections in the coordinate planes and under the cubic group about every point (Proposition 9.6),
it is reflection positive about every coordinate plane (Proposition 9.9), and the Schwinger functions
are symmetric (Proposition 9.12).

(5) Rotation invariance. Let SP°* be a limit functional built on the killed-box states. For
the curvature, SP°* is invariant under the orthogonal group O(3), hence under the Euclidean
group; its measure is invariant under the Euclidean group; and the axioms OS0-OS3 hold in full
(Theorem 12.2). For a bounded density function g4, the joint functional of the curvature and the
density is invariant under the Euclidean group, coincident points included (Theorem 12.3). The
same statements hold for every limit functional S built on torus limit points wy whose sides run
along a dyadic sequence L, = 2" L, (Definition 14.1, Theorem 12.4). No rotation statement is
made for torus limit points along other sequences of sides.

(6) Clustering. The measure p of the limit curvature has an ergodic decomposition in which
almost every component is invariant and ergodic under the translations of R3, is reflection positive
about the coordinate planes, clusters in the mean, and has a unique vacuum in the reconstruction
along each coordinate direction: the weak form of OS4 (Theorem 9.15).

1.3. Methods. Uniform bounds and the limit. The Gaussian domination of Theorem 3.1 bounds
the smeared curvature uniformly in the volume and in the level, in the normalisation 5%2 in
which the plaquette action is a Riemann sum of the Maxwell action; the density term is bounded
because gq is. This gives an estimate of Zy(0) — Zn(0’) by a seminorm of o — ¢’ that does
not depend on N (Section 4), and a diagonal argument with the lattice symmetries gives the
limit functional (Sections 5-7). The exponential moments make the generating functional of the
curvature entire, which gives the Schwinger functions and their bounds; the measure is obtained
from the Bochner—-Minlos theorem [19] and the measure theory of Appendix A.

Infinite volume at fized spacing. The torus states are reflection positive about the coordinate
planes (Theorem 9.7). From this we derive bounds on the local moments of the scalar density
that are uniform in the volume (Lemma 11.2); with the Gaussian domination they give tightness,
and every limit point inherits the symmetries and the reflection positivity (Section 11). For the
killed boxes, Ginibre’s inequalities (Section 10) make the expectations of a cone of observables
monotone in the box, and the values on the cone determine the state; this gives the convergence
of the box states.

Rotations. Reflection positivity about sufficiently many planes forces rotation covariance:
this is the content of Theorem 15.1, whose proof (Section 15) proceeds through an analytic
continuation in the angle of a planar rotation, the positivity of the continued reflection pairing, a
convexity argument and an arithmetic lemma. In proving the rotation invariance we implement
the original strategy of [35]; in a subsequent manuscript we shall provide a different strategy,
adapting the proof from the companion paper [34] (Remark 12.1). On a cubic torus only
the coordinate reflections have all their walls pointwise fixed, and no torus carries the nine
families with pointwise-fixed walls (Lemma 12.13). A cubic box has nine symmetry planes, three
coordinate and six diagonal ones, and its killed-box state is reflection positive about each of them
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(Theorem 12.16); the box limit is then reflection positive about every lattice plane of the nine
families (Lemma 12.19), and the limit theory built on it satisfies the hypotheses of Theorem 15.1.
This gives the covariance away from coincident points; the coincident points are covered by the
closedness of the limit curvature and a theorem on bounded multilinear forms (Theorems 12.26
and 12.34; Section 12). For the torus limit points the reflection positivity about the diagonal
planes is proved in Section 14: the proof runs through an adapted torus with a family of diagonal
reflection walls, a perturbed law on it that is reflection positive across every wall, a convexity
inequality for the perturbed free energy, a surface bound that removes the perturbation in the
limit, and the rigidity theorem of Section 13, applied to a comparison state. The dyadic sides
enter here.

What is not addressed. We do not address the non-degeneracy of the limit (that S is not the
state of a constant field) or its non-triviality; the non-triviality will be the subject of a subsequent
manuscript. We do not prove the uniqueness of the infinite-volume state at fixed spacing, that
is, the existence of the limit (2.2); for continuous observables it is equivalent to the agreement
of all torus limit points (Corollary 11.13). We do not address the exponential clustering of the
limit, nor unbounded density functions beyond the cases of Section 8. No renormalisation-group
analysis is used in this paper.

1.4. Related work. The axioms are those of [28, 29]; the Bochner-Minlos theorem is used in
the form of [19]. Reflection positivity on the lattice, Gaussian domination and the estimates
derived from them go back to [14, 13]; the correlation inequalities of Section 10 are inequalities
of Ginibre’s type [17] for the present model. The lattice abelian Higgs model and its continuum
limit in two dimensions were studied in [6, 7, 8]; in three dimensions the ultraviolet problem
was treated by renormalisation-group methods in [2, 3, 4, 24, 25]. Gibbs measures and their
symmetries are treated in [16].

The companion paper [34] establishes the Osterwalder—Schrader axioms for the same model
in the Coulomb phase. Its proof of rotation invariance is of a different kind and is original to
that paper: the continuum limit is built on two lattices in rotated position and the two are
compared on periodic tori carrying a wall in the scalar mass; the walled-torus families are shown
to have a common continuum limit, and the infinite-volume state of King’s construction [24, 25]
is identified as their lower envelope by a closing estimate resting on heavy-shell bounds, the shell
mass being carried inside the covariance. The invariance is proved for the curvature sector on all
of King’s coupling range, and for Wick-square sources on a tube below a threshold.

Added note. For further information on the efforts leading to the production of this
manuscript we refer to the GitHub repository https://github.com/marikgoldstein/
scalar-qged-existence.

1.5. Organisation. Sections 2-7 construct the limit functional; Section 8 extends it to unbounded
density functions and other normalisations, in the cases verified there. Section 9 proves the
axioms without the rotations and the statements on clustering. Sections 10 and 11 contain the
correlation inequalities and the infinite-volume states, which the preceding sections use through
Definition 2.3. Sections 12-15 prove the rotation invariance. Appendix A contains the measure
theory.

2. SETTING AND THE SCHEME

Throughout, ag > 0 is a fixed length, Ny > 0 is a fixed integer, and the levels are the integers
N > Np. The lattice enyZ3 of spacing ey = apb~ "V is called the fine lattice of level N; the
model defined on it and on its tori is the fine model, and its states are the fine states. The
Villain fine model at level N lives on periodic lattices 17, = (exZ/LZ)? of spacing ex = aogb™ ",
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L/2 € eNZ, with the variables p, € [—po o, 00) (sites), By € (—m/vn,7/yn] (bonds, B_y = —By),
vp € (2m/yn)Z (plaquettes, v_, = —vp) and the weight

W= TLoe(po) - [[ 0o Bo) - TLw(@B)y +vy), () =e P2
z b

p

where gct(p) := g(p) e~ 20mB(Po.0h) i5 the site factor (its second factor is the bare mass countert-
erm, explained below), with g(5) = (po.o + p)e" ), V(5) = Xo(p? — pg0)? and p = poo + p; the
hopping factor is

h(r,r’,9) = exp ( — %HN|6i7Nﬁ(p0,g +7') — (poo + 1”)|2)7

and the sum over the Villain variables runs over all closed v (dv = 0 on every cube), every flux
class included. Here (dB)y := 3¢y, By and (dv)e 1= 5. vp With the signs of the boundaries.

Here vy := 5%26 is the phase constant of the hopping factor, A\g := enx A the quartic coupling

and poo > 0 the vacuum value, pj, := enpg = enmi;/(8)), with ky = 1. The parameters

e, \,mg > 0 are fixed. In angle units 6, = vy B} the plaquette weight reads e*((dg)PJr'YN”P)z/(QVJQW,
i.e. the Villain weight with the inverse coupling 1/ 7]2\,. The spacing ey and the phase constant
v are different quantities (73;/en = €2); the Riemann normalisations below use ey only.

The factor e~ 29mBr: of Jet, Pz = P0,0 + Pz, is the bare mass counterterm, with émp € R
one real parameter of either sign, which may depend on N (all constants below that involve
the site factor are at fixed N, Remark 2.1); every statement below is proved for every real
omp. The site integral and all its Gaussian moments stay finite because the quartic dominates:

Xo(p? = p30)? = 5A0p™ — Xopf g, SO
(21)  g(p)em20mart e’ < petorbo e hor R ImaDet (p = po o4 5> 0, ¢ > 0),

and the right side is integrable over p € [—pgo,00) (Remark 2.2).

We write <->fLine for the normalised expectation with respect to the weight W, the Lebesgue
measure on the variables p, and B, and the sum over the closed v (the fine torus state), and
fp = (dB)p + vy, for the Villain curvature. One would like to define the infinite-volume state of
level N as the limit of the torus states,

(2.2) wn(F) = Llim (F)fine for every bounded local gauge-invariant F'
—00

(N > Np). We do not assume that this limit exists. The fine infinite-volume state is defined
instead as a weak limit point of the torus states (Definition 2.3), which exists for all positive
couplings by Theorem 11.5 of Section 11; when the limit (2.2) exists, wy is that limit. We have
set Ky = 1; everything below holds for every xy > 0, A\g > 0, poo > 0, every real dmp, every
vn > 0 and every en: the estimates use no property of the couplings, and the symmetry and
compactness arguments use only the properties of the limit point listed in Theorem 11.5. The
one exception concerns ky: Sections 13 and 14 are written for ky = 1. By Lemma 2.7 their
main results (Theorems 13.1 and 14.3 and Corollary 14.35) hold for every xx > 0, and so do
the statements that rest on them, namely the rotation statements for the torus limit points
along dyadic sequences of sides (Theorem 12.4, and Corollary 12.38(b) for the limits of its first
sentence); for all these statements the value ky = 0 is excluded.

Remark 2.1 (the coefficients). With the exception stated just before this remark (for which see
Lemma 2.7), every statement of this paper holds for arbitrary positive values of the coefficients 7y,
Ao, poo, for every Ky > 0 and for every real dmp (Remark 2.2): the coefficients enter the proofs
as parameters only, and a constant depends on them only where this is stated (the constants
of Lemma 11.2 and the finiteness majorants inside the proofs of Theorem 3.1, Lemma 9.2 and
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Theorem 9.7, all at fixed N). In particular the constant of Theorem 3.1, which is uniform in
N, is exactly 1 in the lattice normalisation used there (the curvature §, = (dB), + v, with the

plaquette weight e 1o/ 2), for every value of the coefficients.

Remark 2.2 (the bare mass counterterm). For every real dmp the site factor get(pz) =
g(ﬁx)efé‘smffpi has three properties: it is a positive function of the one site variable, the
same at every site; its integral against 9" is finite for every ¢ > 0, by (2.1); and on p € [0,1] it
is bounded below by poyge_)‘o(Qf’ovOJFI)Z@*%|‘5771B|(p0,o+1)2 > 0. Every argument of this paper that
involves the site factor uses of it only these three properties. This includes the majorant ( [ g)'X |
of Lemma 9.2.

In the proof of Theorem 7.1 the site factor enters as follows. The proof of Theorem 3.1
integrates it into 2(m) and uses, in Step 4, only Q(m) > 0 and Q(m) < oco; Steps 1-3 concern the
plaquette sum and the gauge integral, in which no site factor appears. Lemma 5.1 uses that the
site factor is the same at every site. Proposition 4.2 uses Theorem 3.1 and a pointwise bound, and
not the site factor, and (2.4) concerns ¢y alone. The existence of the limit point and its properties
(a)—(e) (Theorem 11.5) rest on Theorem 3.1; on the lattice symmetries, which use that the site
factor is the same at every site; on the reflection positivity of the torus states (Theorem 9.7),
whose proof uses the positivity of the site factor, its invariance under the reflections and its
integrability; and on the uniform density moments of Lemma 11.2, whose proof uses the finiteness
of the site integrals and a positive lower bound of the site factor on p € [0, 1]. The site integrals
th and the positive lower bound c;t of the full site factor g, on p € [0,1] are the constants
of Lemma 11.2 (Section 11; see also Remark 11.4), and Lemma 11.2 and all its consequences
hold with these constants. The counterterm therefore changes no statement: every statement
holds for every real dmp, and the counterterm enters only the constants that depend on the
coefficients (Remark 2.1).

The later sections use the site factor gt in the same sense. It enters the measure p° :=
Jet e~ 3R P’ dp and the weight Wy of Sections 10 and 11 (Definition 10.2); the weight restated in
Subsection 12.2; the function g := gt e=3%8P” and the site integral G§' := [ gt of Section 12;
and the proof of Theorem 9.7, which uses that g.; is integrable. Each of those arguments uses
only the positivity, the position independence (which gives the reflection invariance) and the
exponential moments of the site measure, which g¢; has by (2.1).

Definition 2.3 (the fine infinite-volume state: a limit point of the torus states). Let Qy :=
RPN x [—pp.0,00)*N be the configuration space of the gauge-invariant variables (f,)pepy s (fz)zexy
of the infinite lattice enyZ3 (Py its plaquettes, one orientation chosen for each, Xy its sites;
Subsection 11.1), with the product topology and its Borel o-algebra. A function on Qy is local
if it depends on the variables of finitely many cells; the bounded Borel local functions are the
bounded local gauge-invariant functions of (2.2). For each N > Ny fix a sequence of sides

L, = L%N) — oo with L, /2 € eyZ and a Borel probability measure py on Qy such that the
finite-dimensional laws of the gauge-invariant variables under the torus states <>%I:5 converge

weakly to those of uy, and put

wn(F):= /quN for every bounded Borel local F;
(2.3)

then wy(F) = nh_}rg(} <F>%I:Le for every bounded continuous local F.

Such a pair ((Ly,), un) exists for every N, every choice of positive couplings and any real
dmp, along a subsequence of any prescribed sequence of sides (Theorem 11.5, whose proof uses
Theorem 3.1, the reflection positivity of the torus states and a bound on the local moments of
the density). The sides L,, are taken along a dyadic sequence (Definition 14.1); by Theorem 11.5
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a limit point exists along a subsequence of it, and every statement below holds for each such
limit point (Remark 2.4). Throughout, wy is the state (2.3) of such a limit point, and “L — 00”
for expectations at level N means n — oo along (Ly,).

The properties of wy used below are those of Theorem 11.5: (a) the limit relation (2.3) for
bounded continuous local F', for bounded Borel local F' with pn-null discontinuity set, and for
continuous local F' dominated by CeX« 42ps (pz = po,0 + pz); (b) wn is a state on the bounded
Borel local functions (wn(1) = 1, positive, |wy(F)| < ||F/«), with the Gaussian domination
(3.1) and the uniform density moment bounds of the torus states; (c¢) py is invariant under the
translations by eyZ3, the reflections in the planes {z;j=¢}, ce %5 NZ, the cubic group about
every site and the charge conjugation (f, p) — (—f,p); (d) wn is reflection positive about every
such plane, on the bounded Borel functions of cells in the closed half space and on their L?(uy)
closure; (e) inequalities between torus expectations of bounded continuous local functions pass
to wy, and [ Fduy < lim infn(F)%I:f for continuous local F' > 0.

If the limit (2.2) exists for every bounded continuous local F', over all sides or over a cofinal
class of sides, then all limit points along sides of that class coincide and wy, with (L,,) taken
in the class, is that limit (Corollary 11.13, whose limits may be taken over any cofinal class of
sides). Limit points in a wider sense, subnet limits of the torus states on all bounded Borel local
functions, are treated in Proposition 7.2 and Remark 7.3. The fine infinite-volume state is used
on nothing more than the functions of the curvature and the density.

Remark 2.4 (the dyadic sides). The sides of Definition 2.3 are taken along a dyadic sequence
(Definition 14.1) because the reflection positivity of wy at the six diagonal site planes through
0 (Theorem 14.3), on which the rotation statements of Section 12 rest, is proved for the limit
points along such sequences. Theorem 11.5 provides a limit point along a subsequence of every
prescribed sequence of sides, in particular of every dyadic sequence. The choice of dyadic sides
is not a hypothesis, but it is a restriction of the result: the rotation statements of Section 12
for the torus states are stated for the limit points along such sequences only, and no rotation
statement is made in this paper for torus limit points along other sequences of sides.

Test pairs and the algebra. A test pair is o = (f,h) with f a real C° 2-form on R? and
h € C°(R3;R); T is their real vector space, 7; the translation by tes, 6 the time reflection: fo is
the push-forward of o = (f, h) under x — (21,22, —23), the 2-form transforming as a 2-form (its
components with one index 3 change sign). The algebra A = C[T] is the group algebra with
basis ey, €x€5r = €41y, €5 = €_s, O, = e_g, (O antilinear), Te, = e+, and A, the span of
the e, supported in {x3 > 0}.

Definition 2.5 (the scheme). The scheme realises e, on the fine lattice as ty(es) = e/®N(),
extended linearly to A, where

Py(o) = CNZf,uu(p)(xp) fp_f_C;VZh(Z) 02, . = ga(pz),
p z

with real numbers ¢y, ¢y (the lattice normalisations) and a real Borel function g4 of the scalar
density (the density function). We fix them as follows, and every statement below refers to this
choice, the pinned scheme, except in Section 8, which treats general normalisations and density
functions:

cN = 5%2, dy =ex, gq a fixed bounded real Borel function on R, [|g4llcc < 0.

Here z;, is the centre of the plaquette p and f,,(,) the component of f along the orientation of p;
the sums run over the plaquettes and sites of the fine lattice (finitely many terms, since o has
compact support), so (o) is a real local function of finitely many gauge-invariant variables,
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additive in o, unbounded in the curvature part and bounded in the density part. We write
Zn(0) == wn(e®N¥(9)) and M(3_; cjeq;) == 3 ; |¢;l; since the exponentials are unimodular,

(2.4) ltv(a)] < M(a) pointwise, for every a € A and N.

Remark 2.6. (i) Definition 2.5 makes sense for every real Borel g4 and all real cy, cjy; outside

3/2

Section 8 only the pinned scheme is used. (ii) ey = €}~ is the Riemann normalisation of

the curvature: the plaquette weight e Tn/2 corresponds to the continuum Maxwell term when
fp= 5%2Fuy(a;p)(1 + O(en)), so that @n(f,0) = [ fuFuv. (iii) The choice of a bounded g4 is

discussed in Remark 7.5: it makes the density part of the estimate trivial.

Lemma 2.7 (rescaling the hopping coefficient). Fiz a level N and coefficients ky > 0, Ao > 0,
po0 >0, ynv > 0 and émp € R, and put

- 1/2 _
(2.5) = Ko, Poo = KJ]\; £0,0 om’y = Ky omp.

The given model is the model of this section at level N with the coefficients (kn, Ao, po,o0, dmp, YN);
the rescaled model is the same model with the coefficients (1, \§, P0,0- 0™, YN ), so that its hopping
coefficient is 1. We mark the objects of the rescaled model with a star: its site variables are
Py € [=p5,0,00), with py := pg o + Py, its site factor is g% and its hopping factor is h*. Let r be
1/2

the map that multiplies every site variable by k'~ and leaves the other variables unchanged,

r(p*, B,v) = (/ij_\,l/2ﬁ*,B, v)  on the lattice variables,
r(f, p*) == (f, Ii;,l/2ﬁ*) on the gauge-invariant variables.
/

2p670 = po,0, 1t is a homeomorphism of the configuration space of the rescaled model

onto that of the given model, on every torus, in every box and on eNZ>; and pyor = /ﬁ]_vl/Qﬁ;,

/

. -1
Since Ky

Py OT = /ﬁ};Vl %p%, while By, vp and §p = (dB)p + v, are unchanged. Then:

(a) (The weight.) For all s,s" € [~p§ o, 00) and every real ¥,
garliy %) = wy P gli(s). by sy 0) = (s, o 0),

and (kyp2)or = (p%)?%, (knps_ pyy)or = py p’g+. The plaquette weight, the ranges of By
and v, and the constraint dv = 0 are the same in the two models.

(b) (Finite volume.) Let (-)} and (-)} be the torus states and the killed-boz states (Defini-
tion 11.9) of the rescaled model. For every torus Tr, every box A and every bounded
Borel function F of the lattice variables,

(P =(For)i, (F)a=(Forj.

(c) (Limit points.) A pair (L), i) s a limit point of the torus states of the rescaled model
in the sense of Definition 2.3 if and only if ((Ly), r«pyy) is one for the given model. Thus
the fine infinite-volume states of the given model are the states

wy(F)=wy(For) (F bounded Borel local),

with wy a fine infinite-volume state of the rescaled model along the same sides; in
particular wy is a limit point along a dyadic sequence (Definition 14.1) if and only if

wy 5. In the same way the measures of the killed-box limits of Theorem 11.11 satisfy

box __ *,box
AT = Taflyr -



10 github.com/marikgoldstein/scalar-qed-existence

(d) (Symmetries and reflections.) The map r commutes with the action of every element of
the group Gy of lattice symmetries and with the charge conjugation (Subsection 11.1).
For every set of cells, F'— F or maps the bounded Borel functions of the gauge-invariant
variables of these cells in the given model onto those in the rescaled model, and for
BN = Ty it is an isometry of L2(un) onto L*(pk). Consequently, for wy and wh as
in (c), for every reflection 0 € Gn and each closed half space bounded by its plane, each
of the following four statements holds for w = wy if and only if it holds for w = wy:
w(Fof-F) >0 for every bounded Borel function F of finitely many cells in the half
space; (F,G) +— w(F o0-G) is a positive semidefinite Hermitian form on these functions;
w(F 0 0) = w(F) for these functions; the first three statements extend to the L* closure
of these functions.

(e) (The scheme.) Let ¢, ¢y be real numbers and gq a real Borel function (Definition 2.5,
Remark 2.6(1)), and put

i) = ga(ky'?t)  (teR),

a real Borel function with ||g3|lcc = ||gd||ec- Let @3 (o) be the function of Definition 2.5
in the rescaled model, with the same cn, ¢y and with the density function gj. Then
Oy (o) or = Oy (0) for every test pair o, the curvature part being unchanged, and for
WN, Wy as in (c)

Zn(0) = wn (eiq)N(")) = wy (eiq);f(")) =: Zn(0) for every test pair o.

The function g} depends on the level through k. If kN is the same at every level, then
g} s one density function for all levels, and every limit functional of the given models
(Theorem 7.1) is a limit functional of the rescaled models with the density function gJ,
along the same levels and with the states wy, of (c).

(f) (Gibbs measures.) A probability measure v* on the configurations (p*, B,v) of enZ3
is a Gibbs measure of the rescaled model, for the specification of Subsection 13.1 (the
weight (13.1) read with the hopping coefficient of the model), if and only if r«v* is a Gibbs
measure of the given model. The two measures are invariant under the same translations
of enZ?, and r.v* satisfies the conditions (I1)-(13) of Theorem 15.1 if and only if v*
does.

(g) (The results proved at Ky = 1.) Theorem 13.1, Theorem 14.3 and Corollary 14.35, which
Sections 13 and 14 prove for ky = 1 and arbitrary Ao > 0, poo > 0, yn > 0 and real
omp, hold as stated for every xy > 0.

Proof. (a) Let s € [—pg o, 00) and p* 1= pg o + s. By (2.5), p = poo + Ii;,l %5 = /s;\,lmp* and

— * * 2 *
Xo(p* = p50)* = Mok ((P%)2 = (05.0)°)" = A5 ((0%)* = (05,0)°)"s  30mpp* = Somy(p*)>.

Since get(p) = pe_/\o(pQ_paOPe*%‘;me with p = poo + p, and the prefactor is p = m&l/Zp*, the
first identity follows. For the second,

2

; —1/2 —1/2 2 ; 2
A (ono + A T28) — (oo + iy 29| = |V (g + ) — (s + )2

and —% times the right side is the exponent of h*, whose hopping coefficient is 1. The two

remaining identities follow from p, o r = f-s;,l/ 2p§. The plaquette weight w, the intervals

(—m /N, m/vN], the lattices (27 /vyn)Z and the constraint dv = 0 involve no site variable and no
coefficient other than -y, which is the same in the two models.

(b) Let n be the number of sites of Ty, and W* the weight of the rescaled model. By (a),

1/2

Wor= /{]_Vn/ *IW*: each site factor contributes ky ', and the hopping and plaquette factors
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/

contribute no constant. The substitution p, = /4]:,1 Qﬁ; at every site maps [—pg g, 00) onto

[—po0.,0,00), with dp, = /i]_vl/ 2alﬁ;; the variables By, v, and their reference measures are untouched.
Hence, for every bounded Borel F,

Z/FWHdﬁszBb:nN"Z/(For)W*Hdﬁchde,
v T b v T b

the sums running over the closed v. Dividing by the same identity for F' = 1 gives the first equality
of (b): the constant k" cancels. For a box A with n sites the weight W} of Definition 11.9

satisfies W or = /i]_\,n/ZWK by (a), applied to the site factors g, to the factors e3:NP: and to

the factors ™VP- o+ “SONBs) ity and the same computation gives the second equality.

(c) Let S be a finite set of plaquettes and sites, and let rg be the map that multiplies the site

variables of S by H&l/ % and leaves its curvature variables unchanged; it is a homeomorphism of
the space of the gauge-invariant variables of S in the rescaled model onto that space in the given
model, and the variables of S at the configuration r(-) are rg of the variables of S. By (b) the law
of the variables of S under (-)i2¢ is the image under rg of their law under (-)¥. Weak convergence
is preserved by rg and by its inverse, and the marginal of r, ;3 on the variables of S is the image
under rg of the marginal of p3;. This proves the equivalence. Given a limit point ((Ly,), 1n)
of the given model we take p = (r~1).un, and then wy(F) = [ Fd(riuyy) = wi(For).
Definition 14.1 is a condition on the sides alone, and the two lengths that it fixes are taken the
same for the two models. For the killed boxes the same argument applies to the laws under ()5
along an exhausting sequence of boxes, with Theorem 11.11(b).

(d) An element of Gy acts on a configuration by permuting the cells, with a change of sign of
the curvature variables whose orientation it reverses, and the charge conjugation changes the sign
of the curvature variables; » multiplies every site variable by one and the same number and leaves
the curvature variables unchanged. These actions commute. The maps r and 7~! are Borel and
act on the variables of each cell separately, which gives the statement on the functions of a set
of cells, and [ |F or|?du’ = [ |F|*duy. For a reflection 6 € Gy we have Fofor = (For)o,
hence by (c)

wy(Fof-G)=wy((For)of-(Gor)), wy(Fof) =wy((For)ob),

and since F' — F or is onto, is isometric in L? and preserves the set of cells on which a function
depends, the four statements for wy are the four statements for wy.

(e) We have f,or = f, and gq(p;)or = gd(/i;vlmﬁ:) = g5(p%), and the numbers ¢y, ¢y and the
test pair do not involve the coefficients; so ® () o 7 = ®%,(¢). The function ¢/®~(?) is bounded

Borel local, and (c) gives Zn (o) = Z§ /(o). The supremum norms agree because t — K}]_Vl/ ’tisa
bijection of R. If kn does not depend on N and S is a limit functional of the given models along
N1y < Ny < -+, then Zy (0) = Zn,,(0) — S(es), which is (a) of Theorem 7.1 for the rescaled
models with the one density function g}; (b) and (c) of that theorem are properties of S alone.

(f) For a finite A the kernel (- | w) is the normalised integral of the weight (13.1) over the
variables carried by V' (A) at a fixed exterior configuration w; only the factors that contain such a
variable matter. We apply (a) to each of these factors (in the hopping factor of a bond with one
end outside A the exterior site variable is rescaled as well, and the second identity of (a) holds
for all values of its arguments) and make the substitution of (b) at the sites of A. This gives

W | rw’) =) (For|w”)

for every bounded Borel F' and every configuration w* of the rescaled model, the constant K,]_VJA'
cancelling in the normalisation. With v := r,v* we obtain v(yaF) = v*(y3(F o r)), while
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v(F) =v*(F or); as F or runs over all bounded Borel functions, vy, = v for every finite A if
and only if v*y} = v* for every finite A. The map r commutes with the translations. Condition

(12) concerns the curvature alone, and v(p2) = k' v*((p%)?), v(etPr) = v* (/)P where
q/kn runs over (0,00) with ¢; so (I1) and (I3) hold for v if and only if they hold for v*.

(g) Sections 13 and 14 prove the three statements for the hopping coefficient 1 and arbitrary
values of the other coefficients, hence for the rescaled model. Let v be a Gibbs measure of the
given model as in Theorem 13.1. By (f), v* := (r~!),v is a Gibbs measure of the rescaled model,
invariant under the same sublattice and satisfying (I1)—(I3); by Theorem 13.1 at ky = 1 it is
invariant under the translations by 2ene;, j = 1,2,3, and by (f) so is v. Let w be a limit point
of the given model along a dyadic sequence. By (c), w = w*(-or) with w* a limit point of the
rescaled model along the same dyadic sequence, for which Theorem 14.3 and Corollary 14.35
hold; the reflections in the diagonal site planes belong to Gy, and (d) gives the statements of
that theorem and of that corollary for w. O

3. GAUSSIAN DOMINATION OF THE VILLAIN CURVATURE

Theorem 3.1 (Gaussian domination, identity covariance). On every fine torus Tr, for every
level N, every choice of positive couplings and any real dmp, and every real plaquette function

a = (ap),
(3.1) <exp (Zapfp>>L < exp (%Zai).

Consequently, with X = 3 apfp: (X)line = 0, (X2%)line < pa?), and (X?m)fine <
(2n)! (e, aZ/2n)" forn > 1.

Proof. Write ||a||* = Y a7 and Z(a) = [dp [dB), cdosed W €22 %1 5o that the left side of
(3.1) is Z(a)/Z(0); Z(a ) (0 00) for every real a by the bounds in Step 4 below.

Step 1: the plaquette sum. For x,s,a € R put ¢, := (yn/V27) eI 5 0 (u € R).

Completing the square, —1(z +v)? + a(z +v) = 3a® — 1(z — a + v)?, and Poisson summation

applied to n s e~ W2/ IN)?/22misn (y — 0 gy = 27n/yy) gives
(32) Z e—(z+v)2/2+a(x+v) NSV ea2/2 Z Com—s ei’YN(m—S)(x—a)'
vE2T/YN)Z meZ
The Fourier coefficient is
/ e~ (W2 ) 2 2mils—m)u gy, (o) / e~ 2 (s=m)(w=y) gy — I (m=s)y
All coefficients ¢, are positive, for every real s.
Step 2: the closed-v constraint. For a cube ¢, (dv)c = 5. Fvp € (27/VN)Z, so 1[(dv). =

fl ante(dv)e gt . Hence, with t = (t.) € [0,1]¢ and s := d*t the real plaquette function

(d* )P - EcSp +te (the signs of 8)7 Zv closed G(U) = f[O 1j¢ dt Zall v G(’U) ehN 2prvr for every
absolutely summable G. Applying (3.2) plaquette by plaquette with z = (dB),,

Z Hw(fp)eapfp = el|a2/2/dt Z Hcm s ei'YNZp(mp_sp)(dB)p e_i'YNZp(mp_sp)aP.
p—Sp

v closed p meZP D

Now >~ (mp—sp)(dB)p = 32, (d*(m— S))bBb = > ,(d*m)yBy, because d*s = d*d*t = 0 (dd = 0);
and (d*m), € Z.
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Step 3: the gauge integral. The hopping factor depends on By only through cos(vyn Bp):
h(r, v’ 9) = e~ 3EN (PP +p"?) prnpp’ cos(Yn D)

with p = poo+7 >0, p' = poo + 1’ > 0 (the variables are > —pg). By e*°*¥ =3 _,
with modified Bessel functions I,(2) = I_4(2) > 0 for 2 > 0, and ) I,(2) = e* < oo,

, . 2r -1 2 452
/H dBy, "N 2l B T h(py_, po, , By) = ,T:[ RS Laemy, (KNpo_po,) >0,
b b b

Iq(z)eiqip

the integral over (—m/yn,7/yn] picking the Fourier mode ¢ = —(d*m); (an integer).
Step 4: assembly. Define

_ Sy 1 2 2r 1 2 42
:/deg(pg;)e 26mBPzH77Ne zhN (pf_ Pb+)](d*m)b(/£]vpb7pb+)20,
T b

which does not depend on a or t. Then

meZP P
The interchanges of the sums and integrals are justified by absolute convergence: Cr—s, =
J y g m 1lp p—Sp
) .
[, > em—s,s and >, em—s =3, e~ (2m/IN)"/2¢2misn (Poisson again) is bounded by K., :=

S, e~ i )*/2 < o0 uniformly in s. Moreover,

0<Q(m / deg o) 3ot ] i;e—;mpb o, )?
b

< (277/’7N)|B|(/ g(r)e*%‘;mB(Po,oJrr)er)\X‘ < o0

—p0,0

since I,(z) < e® and by (2.1) at ¢ = 0; the lattice is finite. Since Z(a) is the integral of a positive
weight it is real and positive, so it equals the real part of (3.3):

Z(a) = ea”2/2/dtz (H —(d*t), >Q(m) cos (yn(m — d*t) - a)
< ellal/2 / dtz (H (arn, ) 2m) = elI*/22(0).

the last equality being (3.3) at a = 0. This is (3.1).

Step 5: moments. Apply (3.1) to sa, s € R: ¢(s) := (esX)line < es*lal*/2 . Then <e|SX|)ﬁne <
2¢5°191°/2 < 50, so all moments of X are finite and ¢ is smooth with ¢/(0) = (X)fine " 5"(0) =
(X?)line (dominated convergence). The function s — es*1al*/2_ 5 (s) is > 0 with a zero at s = 0, so
its first derivative vanishes there and its second derivative is > 0: (X)in¢ = 0 and (X?2)fine < ||a||2.
For the higher moments, (X27)ine < (2n)! 5727 (cosh(sX))fine < (2n)! s—2nes?lall*/2 for every
s > 0; the choice s = 2n/||a|? gives the stated bound. O

Remark 3.2. No property of the couplings enters: Ky > 0, A\g > 0, poo > 0, dmp € R, vy > 0,
en, L are arbitrary; the site factor enters only through Q(m) > 0 and Q(m) < oo in Step 4. The
two structural facts used are that the plaquette weight is Gaussian in the curvature (the Villain
form) and that in unitary gauge the gauge field enters the matter weight only through cos(yy Bs)
with a non-negative coefficient, so that all Fourier coefficients are non-negative (the positivity
structure used by Brydges, Frohlich and Seiler [6] for the non-compact field).



14 github.com/marikgoldstein/scalar-qed-existence

4. THE ESTIMATE

Definition 4.1 (seminorms). For a real C2° 2-form f and h € C°(R3;R) put

R(f) := sup (e?vz:fﬂy(p)(mp)g) 1/27 E(h) := sup 5?’\,2 |h(2)],

N2>Np
lofl == R(f) + llgallc E(h),

the sums over the plaquettes and sites of the fine lattice at level N (Riemann sums of f2 and
|h| at spacing ex). A seminorm || - || on T is admissible if o,, — o in C2° (supports in a fixed
compact set, all derivatives uniformly) implies ||o,, — o]’ — 0.

For an admissible seminorm || - ||" also |0 — o]’ — 0 as t — 0. If K is a compact set
containing the supports and K, its ag-neighbourhood, then R(f)? < 3|K.y4 || fl% and
E(h) < |Kiq|||h]lso (the open cubes of side ey centred at the sites of the lattice that lie in K
are pairwise disjoint and lie in K+\/§EN/2 C K44, as en < ag, so that at most |K+a0\/5§’v sites
lie in K; the centres x, of the plaquettes of one orientation form a translate of the lattice, so
that at most three times as many plaquettes have their centres in K). Hence both are finite
seminorms, and o, — o in C2° (supports in a fixed compact set, uniform convergence of all
derivatives; uniform convergence alone suffices) implies |0, — o|| — 0: the seminorm || - || is
admissible. (The Riemann sums converge to >, ., | fuv |72 and [|h|[1 as N — co; only finiteness
and continuity are used.)

p<v

Proposition 4.2 (the estimate). For every test pair o = (f, h), every level N > Ny and every
torus side L large enough for the support of o to embed in Ty,

(4.1) (Bn ()2 2 <o, and hence  wn(|Bn(0)| A2) < [o].

Proof. Write @y (o) = X+Y (notation local to this proof) with X = 3 apfy, ap = E%wa(p) (xp),
and Y = &%, >, h(2)ga(p.). By Theorem 3.1, (X?)tine < > al = ey > Fuv) (2p)* < R(f)?.
Pointwise, Y| < ||gallocg .. [(2)] < |lgallcE(R). By Minkowski’s inequality in L2((-)ne),
(((X + Y)?2)fne) V2 < R(f) + |lgalloo E(h) = ||o||. Finally, by the Schwarz inequality in L?(puy)
and Minkowski’s inequality there,

wn(|®x ()| A 2) < ( / (o) 2dun) " < ( / X2dun) "% + galloE(h).

the pointwise bound on Y holding on Qy as on the torus (Y is a bounded Borel local function;
ga need not be continuous). X2 is a continuous local function > 0 with (X?2)ine < R(f)? for all
large L, so [ X?duy < liminfn<X2>%2e < R(f)? by Theorem 11.5(e). Hence wy (|®n ()| A2) <
R(f) + llgallcE(h) =[] 0

5. SYMMETRIES OF THE FINE STATE

Lemma 5.1 (lattice symmetries of the fine state). wy is invariant under the translations by
enZ3, under the lattice reflections in the site planes and under the cubic group about every site:
wn(F og) =wn(F) for every bounded local gauge-invariant F and every such g. In particular
wn(tn(ma)) = wn(en(a)) for alla € A and t € enZ.

Proof. The weight of the fine torus of side L (Section 2) is a product of position-independent

factors (the site factor g([)x)e_%‘smeﬂ% included) over the sites, bonds and plaquettes of the
periodic lattice (enyZ/LZ)3, and the sum over the Villain variables runs over all closed v. Every
lattice translation, reflection and cubic rotation g of the torus permutes the sites, bonds and
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plaquettes, maps closed v to closed v and preserves dB up to the orientation signs absorbed
in B_y = — By, v_, = —p; the plaquette weight w(f) = e=?/2 is even and the hopping factor
is symmetric under bond reversal, h(r,r’,9) = h(r',r,—1), so the reversed orientations that g
produces do not change the weight. (We write F' o g for the observable F' evaluated on the
transformed configuration; the convention is immaterial since the symmetries form groups.)
Hence (F o g)fine = (F)fine for every L with L/2 € enZ and every g of the torus; for a fixed local
F and a fixed g of eyZ3 (or a fixed reflection in a site plane, or a fixed cubic rotation about a
site) this holds for all large L, in particular along the sides (L,,) of Definition 2.3.

For bounded continuous local F', (2.3) applied to F' and to F o g (bounded continuous local as
well) gives wy(F o g) = wy(F); so g«un and py have the same integrals of bounded continuous
local functions, hence the same finite-dimensional marginals (a Borel probability measure on a
Polish space is determined by the integrals of the bounded continuous functions), and g.un = py
(the cylinder sets form a m-system generating the Borel o-algebra). Therefore wy(F o g) = wn(F)
for every bounded Borel local F’; this is Theorem 11.5(c), whose proof is the argument just given.

The last sentence is the case g = translation by tes, t € enZ: ty(7pa) is ty(a) evaluated on
the translated configuration, because ®y(7;0) = ®n(0) o g~ ! for a lattice translation (substitute
p — p — tes in the plaquette sum and z — z — te3 in the site sum; 7.0 has its centres at =, + tes).
The same intertwining holds for the lattice reflections and for the cubic group about a site,
with the action on test pairs defined as the push-forward of (f, k) (the 2-form transforming as a
2-form), by the same substitution. O

6. THE PASSAGE FROM THE ESTIMATE TO THE LIMIT FUNCTIONAL

Proposition 6.1 (the passage to the limit). Assume that each wy, N > Ny, is a state on
the bounded Borel local functions (linear, positive, wy(1) = 1, hence |wn(F)| < [|F|ls), and
assume the unimodularity bound (2.4), the conclusions of Lemma 5.1 and the estimate (4.1) with
an admissible seminorm (Definition 4.1). Then there are Ny < N3 < Ny < --- and a linear
S: A — C such that

(a) lim,, wn,, (tN,,(a)) = S(a) for every a € A;
(b) S(mia) = S(a) for allt € R and a € A;
(c) for a,b e Ay the function t — S(Oa - 1b) is continuous on [0, 00).
Moreover S is invariant under all space translations and under the cubic group about every point

of U,,en,, Z2, and |S(a)| < M(a).

The state (2.3) of Definition 2.3 is a state on the bounded Borel local functions by Theo-
rem 11.5(b). For unbounded density functions and other normalisations see Section 8 (Proposi-
tion 8.4, Theorem 8.5).

Proof. Step 1: equicontinuity. For 0,0’ € T and every N, by additivity of ®y, |e® — e¥| =
le@=¥) — 1| < |z — y| A 2, the positivity of the state wy and (4.1),

(6.1) 1Zn(0) — Zn(0")| Swn (|®n(o—0')|A2) < Cllo— o]

Here C denotes the constant with which the estimate (4.1) holds for the seminorm; in the form
stated in Proposition 4.2, C' = 1.

Step 2: a countable dense set. Let K; C Ko C --- be compact cubes exhausting R3. For each
n the space Tk, of test pairs supported in K, is a separable Fréchet space (a closed subspace of
a finite product of spaces Cg (R3), each separable), so it has a countable dense subset D,,; let
D = J,, Dy. Every o lies in some Tk, and is a CZ°-limit, with supports in K,,, of elements of
D.,; by admissibility, for every o and § > 0 there is ¢/ € D with |lo — o’|| < 4.
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Step 3: the subsequence. |Zn(o)| < 1 for all N,o by (2.4). A diagonal extraction gives
N1 < Ny < --- such that Zy,, (¢) converges for every ¢’ € D. For arbitrary o and 6 > 0 pick
o' € D with |0 —o’|| < ¢; by (6.1), limsup,, v |Zn,,(0) = Zn, ,(0)] < 2096, so Zy,, (o) is Cauchy
and converges, to a limit Z (o). Define S(e,) := Z(o) and extend linearly to A; this is well
defined because the e, form a basis of A = C[T] (the group algebra of the additive group 7).
Fora =3}, cjeq;, wn,, (tn,, (@) =D, ¢ ZN,,(0j) = S(a): thisis (a), and [S(a)| < M(a).

Step 4: continuity in the translation parameter. For o € T and t,t' € R, by (6.1) in the limit,

|Z(Ty0) — Z(1po)| < Cllmo — w0,

and 7.0 — w0 — 0in C° as t' — t (the supports stay in a fixed compact set and all derivatives
converge uniformly), so the right side tends to 0 by admissibility. Hence t — Z(7.0) is continuous
on R, and so is t = S(rza) for every a € A (finite sums).

Step 5: (b). Fixa € Aand m. Fort € ey, Z Lemma 5.1 gives wy _, (vn, ,(Tia)) = wn, ,(tN, ,(a))
for every m’ > m, because N, L D en,, L form' >m (ey = aob N and N, > Np,). Letting
m' — oo, S(ra) = S(a) for t € en,,Z, for every m; the union (J,,en,,Z is dense in R, and
t — S(1pa) is continuous (Step 4): so S(ra) = S(a) for all real t. The same argument with
the space translations gives their invariance; for the cubic group about a site of ey, Z> no
density is needed: Lemma 5.1 and the intertwining of ¢y _, with the push-forward action (the
same substitution as in Lemma 5.1, a signed permutation of the plaquettes and sites) give the
invariance for every m’ > m, hence in the limit.

Step 6: (c). Let a,b € Ay and t,t' > 0. Since Oa - ;b is a finite sum of basis elements and S
is linear, it suffices to treat a = e5,, b = €4,: then Oa - b = e_gs, 11,0, and

|S(©a - b)) — S(Oa - )| = |Z(—001 + Tro2) — Z(—001 + T 02)| < C||me02 — T 02|

by (6.1) in the limit, which tends to 0 as ¢’ — ¢ by Step 4 (two-sided in ¢, so right-continuity at
t = Oisincluded). For a general a =}, cje,; the bound carries the factor M(a): the exponentials
N (©Oe,;) are unimodular, so the estimate (6.1) applies to the second factor alone. O

Remark 6.2. (i) Only the truncated first-moment form (4.1) is used, through (6.1). (ii) Nothing
is assumed about the uniqueness of the limit; different subsequences may give different .S, each of
which satisfies (a)—(c). (iii) The continuity in (c) is uniform on compact ¢-sets, with the modulus
C||mto — tpo||. (iv) The cubic invariance of S comes from Lemma 5.1 and the intertwining of ¢
with the cubic action on test pairs; for a finite group no density argument is needed.

7. EXISTENCE AND CONTINUITY OF THE LIMIT FUNCTIONAL

Theorem 7.1 (the limit functional). Consider the Villain fine model of Section 2 with any
positive couplings and any real dmp, let the fine infinite-volume states wy, N > Ny, be limit
points of the torus states in the sense of Definition 2.3, and let the scheme be the one of
Definition 2.5. Then there are Ng < N1 < Ny < --- and a linear S : A — C with

() limy, 00 Wi, (L, (a)) = S(a) for every a € A, i.e. Zy,, (o) = wn,, (P¥m(?)) = Z(o) =

S(ey) for every test pair o;

(b) S(ma) = S(a) for allt € R, a € A;

(c) t— S(Ba - 1b) is continuous on [0,00) for all a,b € Ay.
Moreover S is invariant under all space translations and under the cubic group about every point
of U,,en,,Z3, and |S(a)| < M(a).

Proof. The hypotheses of Proposition 6.1 hold: each wy is a state on the bounded Borel local
functions by Theorem 11.5(b); the bound (2.4) holds for ¢y; Lemma 5.1 gives the lattice symme-
tries; and Proposition 4.2 is the estimate (4.1) with the admissible seminorm of Definition 4.1.
Proposition 6.1 therefore gives (a)—(c), the invariances and the bound |S(a)| < M (a). O
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The states wy exist for every choice of positive couplings and any real émp by Theorem 11.5;
when the limit (2.2) exists, wy is that limit. A functional S as in Theorem 7.1 is called a limit
functional.

Proposition 7.2 (the limit functional for limit points along subnets). For each N > Ny let (Ly)
be a sequence of sides with Ly — oo and Ly /2 € eNZ, and let (Ly) be a subnet of it along which
the limit

wy (F) = lim(F)°

exists for every bounded Borel local F' (a Tychonoff cluster point of the torus states). Then wy is
a positive normalised linear functional on the bounded Borel local functions, and Theorem 7.1, its
last clause included, holds with these wy in place of the limit points of Definition 2.3. The same
1s true for every pointwise limit point of the torus states on the bounded Borel local functions
along any subnet of sides L — oo, L/2 € eNZ, or along any cofinal class of them.

Proof. The proof of Theorem 7.1 uses of wy only the hypotheses of Proposition 6.1, that is, the
following three properties.

(i) The state property. It enters at (6.1), in Step 3 and in Step 6 of the proof of Proposition 6.1.
In Step 3 it gives |Zn(0)| < 1, together with (2.4), which is a pointwise bound on ¢y in
which no state enters; in Step 6 it enters as the positivity, with the unimodular prefactor.

(ii) The invariances of Lemma 5.1, which enter in Step 5.

(iii) The bound wy(|Pn(0)| A2) < ||o|| of (4.1), which enters in Step 1.

Every torus state has the properties (i)—(iii) exactly, at every side L large enough for the supports.
We show that each of them passes to a pointwise limit on the bounded Borel local functions.

Property (i). Linearity, positivity and (1>%“e = 1 are equalities and inequalities between the
values of the state on fixed functions, and such relations pass to the limit.

Property (ii). Let F be a bounded Borel local function and let g be a translation, a site-plane
reflection or a cubic rotation. By the torus argument in the proof of Lemma 5.1, (Fog)fine = (f)fine
for all large L. Since L, — oo, it follows that wy(F o g) = wy(F).

Property (iii). The function |®x(0)| A2 is bounded Borel local, and for all large L the Schwarz
inequality and the torus half of (4.1) give

(1@n (o) A 2] < (B () )2 < ol

whence wy (|Pn(0)| A2) < |lo]|. In the proof of Proposition 4.2 the measure py is used only in
the passage through L?(uy) and in the step [ X2duy < lim infn<X2)fLiIT1Le from Theorem 11.5(e);
the bound at every L replaces both.

With (i)—(iii), Steps 1-6 of the proof of Proposition 6.1 and the proof of Theorem 7.1 go
through with (i) in place of Theorem 11.5(b) and (iii) in place of Proposition 4.2. This gives
(a)—(c), the invariance of S and |S(a)| < M(a) for the functionals wy of the statement. The same
proof applies to every pointwise limit point named in the last sentence of the statement. O

Remark 7.3 (limit points along subnets). Proposition 7.2 extends Theorem 7.1 to limit points
of the torus states in a wider sense than Definition 2.3. The functional wy of the proposition
is finitely additive and not necessarily unique. It agrees with a state of Definition 2.3 on the
continuous functions. Indeed, along (L, ) the finite-dimensional laws converge weakly (they are
tight by Theorem 3.1 and Lemma 11.2) to those of a Borel probability measure py. The limit
laws form a cluster point of the laws along (Lg) in the metrisable countable product of the spaces
of laws of the finitely many site and plaquette variables of a finite set A of cells, hence they are
the limit of the laws along a subsequence (L) of (Ly). For this pair ((Ly,), un) of Definition 2.3,
wn(F) = [ Fdun for every bounded continuous local F, so the two functionals give the same
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Zn (o) when gq is continuous. For a discontinuous bounded Borel gq the two values may differ,
and the subnet functional is covered by the direct proof of Proposition 7.2.

The scheme for which Theorem 7.1 is proved is that of Definition 2.5: ¢y = 6%2, dy =%

and 1, = gq(p.) with gq bounded Borel. The Riemann scaling cy = 5%2 enters the proof of
Proposition 4.2 essentially, and gq = id is not covered (Remark 7.5(ii),(iv)). Section 8 treats
unbounded density functions and other normalisations in the cases verified there (Theorem 8.5,

Proposition 8.10).

Remark 7.4 (regularity of the limit curvature). For real fi,..., fx and s € R¥, Theorem 3.1 with

ap, = 6%2 ; 8fj(xp) gives the uniform exponential moment bound

< exp < Z s;Pn(f5, 0)) >fLine < exp (%R( Z sjfj>2) for all N, L.
J

This bound has the following standard consequences. The laws of (®x(f;,0))j<x under the
torus states are tight with uniformly Gaussian tails, so along the subsequence of Theorem 7.1
the characteristic function s — Z(3_;s;f;,0) is that of a probability law s on R* (Lévy’s
continuity theorem), [ e**duy(z) < exp(%R(Zj s;f;)?), the moments of the torus laws converge
to those of p1y (uniform integrability from the exponential moments), and the even moments of
oy obey the bounds of Theorem 3.1. The odd moments vanish: the weight is invariant under
(B,v) — (=B, —v) (the hopping factor depends on B through cos(yyByp), w is even, closed v
go to closed v), which maps f +— —f. These are finite-family moment bounds for the curvature
sector; the full regularity axiom is Theorem 9.4.

Remark 7.5 (the density component). We collect five observations on the density component of
the scheme.

(i) With a bounded gq and ¢y = 8?\[ the density part of the estimate is pointwise and trivial.

(ii) A genuine scalar sector, the centred density 5%2 >, h(2)(p. —wn(po)), is not covered.
Section 8 treats unbounded density functions and other normalisations in the cases
verified there (Theorem 8.5, Proposition 8.10).

(iii) Any other bounded Borel function of finitely many fine gauge-invariant variables can be
added to the scheme in the same way.

(iv) Since (4.1) is used in first-moment form only, the boundedness of gq can be weakened
to supy wn(|ga(po)|) < oo, by translation invariance and the inequality (>, u,) A2 <
> (uy A 2) for u, > 0. For g4 = id at ¢y = &3, this condition is the level-uniform first-
moment bound supy wn(|po|) < co. The weakening is proved in Section 8 (Theorem 8.5,
Remark 8.7).

(v) We do not prove that the limit is non-degenerate, that is, that S is not the state of a
constant field.

8. UNBOUNDED DENSITY FUNCTIONS AND GENERAL NORMALISATIONS

Theorem 7.1 is stated for the scheme of Definition 2.5, that is, for a bounded real Borel density
function gq and the pinned normalisations cy = 5%2, dy = 5%,. Definition 2.5 makes sense
for every real Borel density function g4 and all real normalisations ¢y, ¢. Boundedness and
the pinned normalisations therefore enter only through the proof of the properties (a)—(c) of
Theorem 7.1. This section proves these three properties without the two restrictions for every
scheme that satisfies the conditions (N) and (Y) of Definition 8.1 (Theorem 8.5). Condition (Y)

is verified in the cases (V1)—(V4) of Proposition 8.10, and (N) is a condition on the curvature
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normalisation alone, which holds for cy = 5%2: in each of these cases, for every cy that satisfies
(N), all conclusions of Theorem 8.5 hold.

The proof of Theorem 7.1 uses the boundedness of gq and the pinned normalisations at one
place only, the estimate of Proposition 4.2 with the seminorm of Definition 4.1. They enter
there four times: through the factor ||gq||co in the seminorm; through the pointwise bound of
the density sum by | gallec €3 D, |R(2)| (on the tori and under the fine state); through the factor
g3, of the density sum, which makes that bound a Riemann sum; and through the weights

ap = 5%2 Juv(p)(zp) of the curvature sum, which make the bound of Theorem 3.1 a Riemann sum.
The symmetry lemma (Lemma 5.1) and the abstract passage to the limit (Proposition 6.1) do
not involve the density function or the normalisations.

We replace the estimate by one in first-moment form (Lemma 8.3) under two conditions,
stated in Definition 8.1: (N), a bound on the ratio of the curvature normalisation to its pinned
value, and (Y), a level-independent bound for the truncated first moment of the density term. A
level-uniform first moment of the normalised density variable, (Y1), suffices for (Y). Theorem 8.5
then gives clauses (a)—(c), the invariances and the bound |S(a)| < M (a) for every real Borel gq
and all real normalisations satisfying (N) and (Y). No convergence of the normalisation ratios is
needed, and the pinned scheme is the case of equality (Corollary 8.9).

Two restrictions remain. The first is the pair (N), (Y) itself. For an unbounded gq at the
Riemann normalisation ¢ = £3;, clause (Y1) is a level-uniform first-moment bound for gq(po);
this paper proves no such bound that holds for every value of the counterterm dmp(N) (the
moment bounds that it proves for every value of the counterterm are uniform in the volume
at a fixed level only, Subsection 8.5), and none can be derived without information on the
level dependence of the counterterm (Remark 8.13). The cases in which (Y1) is verified are
listed in Proposition 8.10. The second concerns the other results of this paper: those listed
in Remark 8.15(A) extend to the wider class, while the statements on exponential or second
moments of the joint field keep the bounded class (Remark 8.15(C)).

8.1. The extended scheme and the conditions. Throughout this section g4 is an arbitrary
real Borel function on R (finite at every point), and ¢y, ¢, N > Ny, are arbitrary real numbers.
The functions ® (o), the realisation ¢y and Zy (o) = wy (e'®~(?)) are defined by the formulas
of Definition 2.5, with these gq, cn, ¢y in place of those of the pinned scheme. We write

(N i=cn 5]_\[3/2, kn :=Ccy 517\,3 (N > Np)

for the ratios of the two normalisations to their pinned values. They are signed real numbers,
and the pinned scheme is the case (y = ky = 1. We split

Py(o) = Xn(f) +YN(h)
_CNpr,l/ :Ep fp’ _CNZh gd pz

and we use the Riemann sum of Definition 4.1,

_5NZ|h )| < E(h).

If K is a compact set containing the support of h, then E(h) < |Ki4,]| ||||co, for the reason given
after Definition 4.1: every site of e yZ3 owns a cell of volume 5?’\,, the cells of the sites in K are
disjoint and lie in K., C K44,. The same bound holds for every translate and every reflection
of h, since the volume of the neighbourhood does not change. Hence F is a finite seminorm on
C(R3; R), free of N.
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The scheme is well posed for every real Borel gq. The sums defining ® (o) are finite, so
®x (o) is a finite real Borel local function on Qy, additive in o, and e'®~¥ @) is a bounded
Borel local function of modulus one. Therefore Zy (o) is defined with no integrability condition
on gq, and the unimodularity bound (2.4) holds. For a Borel local function F' > 0 we write
wn(F) = [ Fduy € [0,00]. Since the measure yy is invariant under the translations by eyZ3
(Theorem 11.5(c)),

(8.1) wn (|9a(p2)|) = wn (lga(po)|) € [0, 00] for every site z of the fine lattice.

Definition 8.1 (the extended scheme; conditions (N), (Y), (Y1)). The extended scheme is
the scheme of Definition 2.5 with an arbitrary real Borel function g4 on R and arbitrary real
normalisations ¢y, ¢y, N > Ny. For it we consider the following conditions. All suprema run
over the levels N > Ny, the same set of levels for which the conditions are imposed and the
conclusions drawn (raising Ny is allowed).

(N) ¢:= sup |Cv] = sup Jen|ey’’? < oo;
N> N>Ng

>No

there is a seminorm p on CS°(R?; R), free of N and admissible, such that

(Y) wn (|Yn (h)| A2) < p(h) for all h € C2°(R?;R) and all N > Np;
(Y1) Ar = sup |kn]wn (lga(po)]) < oo.
N>No

In (Y1) and below, 000 := 0: at a level with ¢y = 0 the density term vanishes. In (Y),
admissible is the notion of Definition 4.1, read for h alone: h,, — h in C>°(R3;R) (supports in a

fixed compact set, all derivatives uniformly) implies p(h,, — h) — 0; equivalently, the seminorm
(f,h) — p(h) on T is admissible.

Condition (N) is the bounded curvature ratio; (Y) is the abstract density clause; and (Y1) is
the first-moment clause. For the pinned normalisations, (N) holds with ¢ = 1, and for bounded
gq clause (Y1) holds with A; < ||gq|co: the scheme of Definition 2.5 is covered.

Lemma 8.2 (the density clauses). (1) (Y1) implies (Y) with p = A1E. (2) Clause (Y) is
equivalent to the L' bound wy(|Yn(h)|) < p(h) for all h and all N > Ny, with the same
seminorm. In particular (Y) forces wn(|ga(po)|) < oo at every level N > Ny with ¢y # 0.

0)
Proof. (1) Pointwise, [Yn(h)| < |dy|>0, |h(2)||ga(p=)|, a finite sum of Borel functions > 0.
Integrating term by term and using (8.1),

wn ([Yn(h)]) < |CN!Z |h(2)|wn (19a(Po)l) = [kn|wn (lga(po)]) En(h) < A1E(h).

The seminorm E is admissible, by the bound E(h) < |K 4] |||co-

(2) An L' bound implies (Y) trivially. Conversely, apply (Y) to sh, s > 0: since p is a seminorm
and Yy is linear in h, wn(|Yn(R)| A (2/s)) < p(h); let s | 0 and use monotone convergence. For
the last assertion fix N with ¢y # 0 and choose h € C2° with h(0) = 1 and support in the
open ball of radius ey about the origin: the origin is the only site of exZ3 in the support, so

Yn(h) = cyga(po) and wn (|ga(po)]) < p(h)/[cy] < oo. O
8.2. The estimate in first-moment form and the theorem.

Lemma 8.3 (the estimate in first-moment form). Assume (N) and (Y). Then for every test
pair o = (f,h) and every level N > Ny,

(8.2) wy (2N (o) A2) < CR(f) +p(h) = [|o]x,
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and || - ||x is an admissible seminorm on T, free of N. Consequently, for all 0,0’ € T and
N > N07
(8.3) |Zn (o) — ZN(O'/)| < wN(|<I>N(0 — O'/)| A 2) <o — 0/||X.

Under (N) and (Y1) this holds with ||o||x = CR(f) + A1E(h).

Proof. Write X = Xn(f), Y = Yn(h). Pointwise on Qu, | X +Y[A2 < | X|+(|]Y|A2): if |Y] > 2
the right side is at least 2, and otherwise |X + Y| < [X| + [Y|. Curvature part. X =3 ayfp
with the real plaquette function a, = cn fLu(p) (xp) of finite support, and X 2 is a continuous local
function > 0. Theorem 3.1, which holds for every real plaquette function, gives for every large

side L
<X2>f£ne < Z a?y = C]QV 8?\7 Zf,uzz(p) (pr)2 < CZR(f)Qa
p p

hence [ X?duy < liminf, (X?)im¢ < (?R(f)? by Theorem 11.5(c), exactly as in the proof of
Proposition 4.2, and wy (| X|) < (R(f) by the Schwarz inequality. Density part. wn(|Y|A2) < p(h)
is (Y). Adding the two parts gives (8.2). The seminorm R is admissible (the paragraph after
Definition 4.1) and p is admissible by (Y), so || - ||x is. For (8.3) use the additivity of ®y, the
inequality |e®® —e¥| < |z —y| A2 and the positivity of wy. The last sentence is Lemma 8.2(1). O

Proposition 6.1 has the estimate (4.1) among its hypotheses. The first half of (4.1) is an L?
bound on the tori; it fails as soon as gq(po) is not square integrable under the torus states, which
(Y) does not exclude. The proof of Proposition 6.1 does not use that half, and we restate the
proposition with the inequality it uses as its hypothesis.

Proposition 8.4 (the passage to the limit, with (6.1) as hypothesis). Let ®n(c), N > Ny, be
real Borel local functions on Qx, additive in o € T, and iy (ey) = €'®N () Zn(0) = wy (€PN (),
Assume:
(hl) each wy, N > Ny, is a state on the bounded Borel local functions;
(h2) the unimodularity bound (2.4);
(h3) the conclusions of Lemma 5.1 for these wy and iy, including the intertwining of vn with
the lattice translations and the cubic group stated in its proof;
(h4) there is an admissible seminorm || - || on T, free of N, with wn(|®Pn ()| A2) < |o| for
allc € T and N > Ny.
Then all conclusions of Proposition 6.1 hold: there are Ny < N1 < Ng < --- and a linear
S : A — C with clauses (a), (b), (c) there; S is invariant under all space translations and under
the cubic group about every point of |J,, en,,Z3; |S(a)| < M(a); and |Z (o) — Z(o")| < |lo — o'|
for Z(c) = S(es).

Proof. We follow the proof of Proposition 6.1. That proof uses the estimate (4.1) in its Step 1
only, and there only the second half, to obtain (6.1) (see also part (i) of the remark that
follows that proof). Under (h4), the argument of Step 1 (the additivity of ®y, the inequality
e —e®| < |z —y| A2 and the positivity of wy) gives (6.1) with ||-||" in place of C|| -||. Steps 2-6
use only (6.1), the admissibility of the seminorm, (2.4) and Lemma 5.1. Indeed, Step 2 uses
separability and admissibility, and the diagonal extraction of Step 3 uses |Zy| < 1 and (6.1).
Step 4 uses (6.1) in the limit, and Step 5 uses Lemma 5.1 on the nested lattices ey, Z together
with Step 4. Step 6 uses (6.1) in the limit, applied to the second factor. None of these steps
involves a density function, a normalisation or the tori, so they apply without change. The last
inequality of the statement is (6.1) in the limit. O

Theorem 8.5 (the limit functional for the extended scheme). Let the fine model and the fine
infinite-volume states wy, N > Ny, be as in Theorem 7.1 (any positive couplings, any real dmp,
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which may depend on N; limit points of the torus states in the sense of Definition 2.3), and let
the scheme be the extended scheme of Definition 8.1, with a real Borel density function gq and
real normalisations ¢y, ¢y that satisfy (N) and (Y); in particular, that satisfy (N) and (Y1).
Then there are No < N1 < Ny < -+ and a linear S : A — C with

(a) limy—o0 wh,, (LN, (a)) = S(a) for every a € A, i.e. Zn, (0) = Z(o) = S(es) for every
test pair o;
(b) S(rta) = S(a) for allt € R, a € A;
(c) t — S(Oa - 7b) is continuous on [0,00) for all a,b € A,.
Moreover S is invariant under all space translations and under the cubic group about every point

of U, en,,Z3, |S(a)] < M(a), and
(8.4) |Z(o)—Z(d)| <CR(f—f)+ph—1) for all test pairs o = (f,h), o = (f',1).

The ratios (y, ky may have either sign, need not converge and need not be bounded away
from zero. Condition (Y) is verified in the cases (V1)-(V4) of Proposition 8.10.

Proof. We verify the hypotheses of Proposition 8.4. (hl) is Theorem 11.5(b); it does not involve
the scheme. (h2) holds because ®y (o) is real (Subsection 8.1). (h3): the first assertion of
Lemma 5.1, the invariance of wy on bounded Borel local functions under the lattice translations,
the reflections and the cubic rotations, is a statement about uy alone. Its second assertion, the
intertwining of ¢y with these maps, is a relabelling of the plaquettes and sites in the two sums
that define ®x(0); it uses only that the same function gq sits at every site and that ¢y, ¢y do
not depend on the position, and *®¥(@) is a bounded Borel local function for every real Borel g4.
So Lemma 5.1 holds verbatim for the extended scheme. (h4) is Lemma 8.3 with | - || = || - ||x-

Proposition 8.4 gives the assertions, and (8.4) is its last inequality.

8.3. Uniform integrability, and what survives without integrability. The proof of
Theorem 8.5 uses a first moment, not uniform integrability and not a second moment: the
smallness needed for (b) and (c) comes from the test function, through the admissibility of
the seminorm, and not from the tails of gq. Uniform integrability adds one statement, the
approximation of the limit by limits of bounded-density schemes.

Lemma 8.6 (uniform integrability and truncation). Assume (N) and

(UI) n(l) == Sup wN(fk’Ngd(ﬁo)\ {|knga(po)| > ﬂ) — 0 (£ —00).

For ¢ € {1,2,...} let gne = gal{lknga| < £}, a Borel function with |kngne| < £ (bounded
if kn # 0), which depends on the level N wunless ky is constant, and let (I)%)(O') = Xn(f) +
Ay >, h(2)gne(p2), Zj(\f) (0) := wN(eiCI’%)(“)) be the truncated scheme at height (. Then:

(i) (Y1) holds, with Ay < €+ n(€) for every £; so Theorem 8.5 applies.

)
(i) 129 (o) — Zxn(0)| < E(h)n(L) for all N > Ny, all o = (f,h) and all L.
(iii) There are levels Ng < N1 < No < --- and linear functionals S, Sy (¢ =1,2,...) on A

such that, along (Np,), Zn,,(0) = S(es) and Z](\fzn(a) — Sy(ey) for every o and £; S and
every Sy have all the properties stated in Theorem 8.5; and
1S(e5) = Seleq)| < E(h)n(f),

sup |S(©a - 7ib) — Se(Oa - 7d)| < (| K1 4a| [171lloc + 1Ko 4ao] [[h2loc) n(£)

fora=-eys, b= ey, 0 = (fi,h;) and compact sets K; D supp h;.
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Thus S = limy_,~ Sy pointwise on A, with the explicit rate E(h)n(£) on the basis, along one and
the same sequence of levels. For the pinned normalisations the truncated density function is the
fized function gq1{|gqa| < £}, and Sy is a limit functional of Theorem 7.1 as stated.

Proof. (i) [knga| < £+ [knga|1{|knga| > £}; integrate, and choose ¢ with n(f) < co.
(ii) By [e" — e"| < |z — y| A 2, the positivity of wy, the translation invariance of py and
|l = kN leR,

123 (0) = Zn(0)] < ley| Y In()] wn (190 (5) | 1{ kv ga (7)) > £})

= En(h) wn ([knga(po)|1{|knga(po)| > €}) < E(h)n(L).

(iii) The truncated scheme at height ¢ has a bounded density term: |cy >, h(2)gn(p2)] <
(En(h) < {E(h) pointwise (if kx = 0 the term vanishes). As in Lemma 8.3, wN(\CD%) (o) N2) <
CR(f) + ¢E(h), an admissible seminorm free of N. Neither Lemma 5.1 nor the proof of
Proposition 8.4 uses that the density function is the same at different levels; they use only
that it is the same at all sites of one level. Hence hypotheses (h1)—(h4) hold for each truncated
scheme, and for the untruncated one by (i). In Step 3 of the proof of Proposition 6.1 the diagonal
extraction can be made for countably many schemes at once: there is one sequence (N,,) along

which Zy, (0’) and all Z}é}n(a’ ), £=1,2,..., converge for every ¢’ in the countable dense set
D. Steps 3-6 then apply to each scheme along this sequence and give .S and Sy with the stated
properties. The first bound is (ii) in the limit. For the second, ©a - 7:b = €_gy, +1,0, has density
component —6hi + 1phse, and

E(=0h1 + 1the) < E(0h1) + E(1itha) < [Ki taolllP1lleo + K2, 4a0l P2l

for every t, because reflections and translations do not change the volume of the neighbourhood.
O

Remark 8.7 (sufficient conditions). (UI) holds, with 7(¢) < C¢=°, if sup x> n, wn (|knga(po)[*T0) <
C for some § > 0; (UI) holds with n(¢) = 0 for £ > supy |kn|||gdlls if ga is bounded and
supy |kn| < oo. Every property of the Sy that is stable under pointwise limits on A passes to S.
For clauses (a)-(c) Lemma 8.6 is contained in Theorem 8.5; what (UI) adds is the approximation
statement (iii). Remark 7.5(iv) states the first-moment weakening for the pinned normalisations;
Lemmas 8.2, 8.3 and Theorem 8.5 are its proof, in the general normalisation.

Remark 8.8 (no integrability at all). Let gq be any real Borel function and ¢y, ¢y any real
numbers, with no condition. (1) Since |Zy(0)| < 1, the family (Znx)n>n, lies in the product of
closed unit discs indexed by 7, which is compact. Hence a subnet (N,) has Zy, (0) — Z(o) for
every o, and S(e,) := Z(0) extends to a linear functional on A with wy, (¢n, (a)) — S(a) and
|S(a)] < M(a). This is not clause (a), which asks for a sequence of levels; 7 is uncountable, and
this argument produces no subsequence. (2) For every prescribed countable set D of test pairs,
a diagonal extraction gives a subsequence along which Zy (o) converges for all o € D; Step 3
of the proof of Proposition 6.1 uses only |Zx| < 1 for this. (3) For the limits of (1) and of (2),
Lemma 5.1 gives Z(my0) = Z(0) for the times t € agZ[1/5] = Uy enZ (in (2), for 0 € D and D
invariant under these translations): for such ¢ the invariance is exact at every large level, and no
estimate is used. (4) The remaining steps are the passage from D to all test pairs, the continuity
of t — S(ma), hence clause (b) for all real ¢, and clause (¢). In the proof of Proposition 6.1 each
of them uses (6.1) and nothing else, and what gives (6.1) here is (Y). Without (Y) this argument
does not give these steps; we do not know whether they can fail for some gq.
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8.4. General normalisations: the pinned scheme as the case of equality. Theorem 8.5 is
stated for all real ¢y, ¢y with (N) and (Y). The Riemann scaling of the curvature normalisation,
which enters the proof of Proposition 4.2 (Remark 7.3), can thus be weakened to the bound
(N); the equality ¢ = 1 is not required. We do not know whether (N) is necessary. The next
statement describes the limit. Its degenerate cases (1) and (3) require (y,, — 0 for the ratio
(N = chjvgm, a condition on the normalisation of the curvature; they do not occur for the
pinned normalisations, where {(y = ky = 1. Case (2) is a condition on the density term, that is,

on the ratio ky = cﬁvegf?’ and the density function together.

Corollary 8.9 (the limit for general normalisations). Assume (N) and (Y), and let (Ny,), S be
as in Theorem 8.5.

(1) If ¢, — 0, then S(e(sn)) = S(eo,n)) for all test pairs: the curvature drops out, and S is
the limit of the density sector alone.

(2) If wn,,(|YN,,(R)| A2) — O for every h, for instance if kn, wn,,(|ga(po)|) — 0, then
S(ecr,n)) = Sles0)) for all test pairs: the density drops out, and S is the limit of the
curvature sector at the normalisation cy.

(3) If both hold, then S(es) =1 for every o, that is, S(}_; cjes;) = >_; ¢j. Clauses (a)-(c)
hold, S(©a -b) = S(©a)S(b), and the Hilbert space reconstructed from S (Section 9) is
one-dimensional. .

(4) Assume in addition supy kx| < oo and AY™ := supysn, wn(lga(po)]) < oo, and let
OR", ZN" belong to the scheme with the same gq and the pinned normalisations. Then
DN (f, h) =N (CN S, knh) exactly. If (n,, — (oo and kn,, — koo, which holds along a
subsequence of every sequence of levels, then

S(e(f,h)) = gpin (e(coof, kooh)) for all test pairs (f,h),

where SP™ is a limit of the pinned scheme, given by Theorem 8.5, along (Nym) if Cookoo 7 0
and along a subsequence of (Np,) otherwise. The dilation D(f,h) = ((oof,koch) of
test pairs commutes with 0 and 7 and preserves supports, so it induces an algebra
homomorphism of A which commutes with © and 7, and maps A4 into Ay, and S =
SPiN o D The pinned normalisations are the case of equality (n = ky =1, D = id.

The properties (a)—(c) of Theorem 7.1 do not exclude case (3); the non-degeneracy of the limit is
a separate question. The additional assumptions of part (4) hold in case (V1) of Proposition 8.10.
Proof. (1) By (8.3) and the curvature part of the proof of Lemma 8.3, |Zn(f,h) — Zn(0,h)| <
wn(Xn(H A 2) < CrIR(); let N = Ny — oo, (2) Likewise |Zy(f,h) — Zx(/,0)] <
wn (YN (R)|A2), and wn (|Yn(R)]) < |kn|wn(|ga(po)|)E(R) by the proof of Lemma 8.2(1). (3) By
(1) and (2), S(e(rn)) = Slen)) = S(e,0)) = 1. Then S is the character 3, cjeq; — >, ¢; of
the group algebra, which is multiplicative; the sesquilinear form (a, b) — S(Oa - b) = S(Ba)S(b)
has rank one. (4) The identity holds because @y is linear in the test pair and cy = ¢ Na?\,Q,

dy = kned,. The pinned scheme satisfies (N) with ¢ =1 and (Y1) with 4; = Alfm, so by (8.3)
for it,

| ZR(Cn fohwh) = ZR™(Coof ooh)| < 10 = Cool R(F) + [k = kool AP E(R) — 0

along (Np,). Hence Z%i((oof, kooh) — S(e(sn)) for all (f,h). If (ke # 0 the dilation D is

onto T, so Z]Ii,i:l converges on all of 7, and its limit SP™™ has the properties of Theorem 8.5 by
Steps 3-6 of the proof of Proposition 6.1 along (N,,). Otherwise pass to a subsequence of (V)
along which the pinned scheme converges (Theorem 8.5, whose proof starts from any infinite
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set of levels). The properties of D are read off its definition; bounded ratios have convergent
subsequences. ]

8.5. What the available bounds give. We write p, = poo + p, > 0 for the site field, as in
Section 2, and pgo(NN) when the level of the vacuum value must be explicit: poo(N)? = enp?
decreases with N. (The constant pg is the continuum vacuum value; to avoid a clash, the site
field is always written at a generic site x. All states below are translation invariant, so one-site
moments do not depend on z.)

This paper proves no moment bound for the site field that is uniform in the level and holds for
every 0mp: the one constant uniform in N is that of Theorem 3.1 (Remark 2.1). Lemma 11.2
and Theorem 11.5(b) give <eq’)§'>f£ne < Cn(q) and feqpidu]v < Cn(gq), uniformly in the volume
at a fixed level, and the constant diverges with the level:

(8.5) Cn(q) > 7t exp (192/(5N62)) for every ¢ > 0 and every N.

Indeed, in the notation of Lemma 11.2, Cn(q) = (G¢'/G§')CY with G5 > G§' and

C1 > G (2w /)’ K2 Jeo = (G8t/c;jt)(w/ch)?’[(@ve?‘l/%?v e

because G&' > fol get(r) dr > cgt, c, < 1 and Kﬁ/N > 1; and 7]2\, = eye?. The divergence

is not only an effect of the factor Cf: at dmp = 0 the site ratio itself satisfies GS'/G§ >
712 exp (q2/(45N)\) — 1) for every ¢ > 0. Indeed, with u = p?, th = % OOO e—Ao(u—p§,0)2+qudu;
the exponent is at least g2/(4\g) — 1 on the interval of length A\, 12 46 the right of its maximum
point u = p(Q)’O + q/(2)g), so th > %)\51/26‘12/(4)‘0)*1, while G§' < %(7‘(/)\0)1/2.

Proposition 8.10 (pairs (gq, ) that satisfy the density clause). Let ¢y satisfy (N). In each
of the cases (V1)—(V3) condition (UI) holds; hence (Y1), Theorem 8.5 and Lemma 8.6 apply. In
case (V4), (Y1) holds and Theorem 8.5 applies.

(V1) Bounded on the relevant half line. g¢q is bounded on [—psup,00), where psyp =
supy>n, £0,0(N) (on R if psup = 00; psup = po,o(No) for the scaling of Section 2),

in particular if it is bounded, and supy |kn| < co; the Riemann normalisation ¢ = 5?\7

is included. Then n(€) =0 for £ > supy |kn|sup,>_,, . [ga(7)|. Ezamples, for psup < oo:
e~ ", the negative part of r, min(r,1).

(V2) Polynomial growth, from an exponential bound. |gq(r)| < Cy(1 + |r[)?>™ with an integer
m > 1. For each N > Ny let ty > 0 and By := Cn(tn), the constant of Lemma 11.2,
so that <6th§>%ne < By for all sides L > 4en. Put My =1+ pgfg +m!ty" By and let
|| < Ce%/Mn. Then

wN(]kNgd(ﬁo)P) < CQCg 98m—2 (2;:) (N > N()), 77(5) < 0203 98m—2 (2;:) L.

(V3) Polynomial growth, from Lemma 8.12 below. |gq(r)| < Cy(1 + |r])P with a real p > 0,
and |cy| < Ce% (1 + poo + b}f)_p, with the scale by of Lemma 8.12. Then, with
p':=max(1, [p]) and the constants c; of that lemma, wy (|knga(po)|?) < 0203 cg,/pl for
N > Ny, and n(f) < C*C?} cg,/plﬁfl.

(V4) Some normalisation always works at the first-moment level. If ay := wn(|ga(po)|) < o0
for every N > Ny, which holds whenever |gq(r)| < Cgeq"Q, then (Y1) holds for every ¢y

with || < Ce%;/max(1,an). Clause (Y1) holds at the Riemann normalisation ¢y = €3

if and only if supy any < 00.
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Proof. (V1) po > —poo(N) > —psup on Qn, by the definition of psyp, so |knga(po)| <
supy |kn| SUP,>_pn |ga(r)| pointwise.

(V2) By > 1 because et?” > 1. By convexity, (1+|r|)™ < 24m=1(1+|r[*™) and |5o|*™ < (p. +
poo)tm < 24m=1(pim 4 pgfg) at the site z = 0. From p*™ < (Zm)!t_QmetP2 and Theorem 11.5(e),
[ pimdun < lim infn<pim>th:Le < (2m)!t,*™ By. Hence

wy ((1+[po)*™) < 25" 2(1 + pgg + (2m)! t3*™ By),
MR > 1+ poly + (m)*67" B > 1+ polg + (m!)*t3"" By,

and the quotient of the two right sides is at most 25™~2(2m)!/(m!)2. With |ky| < C/My this is
the L? bound; a family bounded in L? by Q has n(¢) < Q?//.

(V3) For p = 0 the function is bounded and |ky| < C. Let p > 0. On the probability space
(Qn, iy ), first by Lyapunov’s inequality (2p < 2p') and then by Minkowski’s inequality in L2
(2p' > 2), with |po| < py + po,o and Lemma 8.12,

1L+ 15012 2 = 11+ 180l || F2p < 11+ 10l 720
< (1+ poo + c;,/(Qp/)b%Q)p < 05,/(2”,)(1 + poo + b}f)p,

since ¢,y > 1. Multiply by [kn|Cy < CCy(1 + poo + b%2)_p.
V4) |kylay < C. If |ga(r)| < C.e?. then |ga(o)| < C,e2900e200% and ay <
9 g ga(p 9

Cgegquyoc’N(Qq) < o0 by Theorem 11.5(b). The last sentence is the definition of (Y1) at
kn = 1. (Il

Remark 8.11 (the scope of the cases). Proposition 8.10 covers the following density functions
and normalisations, and nothing is asserted outside them. Case (V1): density functions bounded
on [—psup, ), at every normalisation with supy |kx| < oo, the Riemann normalisation cjy, = &%
included. Cases (V2) and (V3): polynomial growth, at the normalisations stated there, which
compare with the Riemann normalisation as follows. In (V2), by (8.5), the normalisation is
smaller than the Riemann one by at least the factor (#%/m!) =24 exp(—192/(ene?)). In (V3),

by > (2enyA)"Y/2, so that it is smaller by at least the factor (2ex\)P/4; under the additional

condition Sup]\;(CSTrLB),)\al/2 < 0o on the counterterm, by < 0’5;,1/2 and ¢y = €?V+p/4 is allowed

in (V3). Case (V4): density functions with ay < oo at every level, in particular those of growth
at most C’geqTQ, at the normalisations || < Ce%;/ max(1,ay). For a density function that is
unbounded on [—pgyp, 00) the cases do not give the Riemann normalisation for every value of the
counterterm dmp(N) (Remark 8.13): for g4 = id or a polynomial of degree p, clause (Y1) at the
Riemann normalisation is the level-uniform moment bound supy wn(|po?) < co. In the cases
(V2) and (V3) Theorem 8.5 holds, but Proposition 8.10 does not assert that the density term
survives in the limit; this question is treated in Remark 8.14.

Lemma 8.12 (all moments of the site field at the scale by). For every level N, every torus side
L, every real dmp, every Ky > 0, every site x and every integer j > 1,

; ; dmp)_ 1
2j\fine . 77 2 ( B
()L < eibyy bV = pho + R F i

c=cp =1, ci=cj1+ (J—1)cj—2 (j>3),

where (0mp)- = max(0,—dmp); and f,oijd,u]v < Cjb]{[. In particular c3 = 3, ¢4 = 6, and
Cj 2 1.
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Proof. Fix N, L and z, write {-) = (-)i%¢ and m; := (p%), which is finite for every i > 0
(Definition 10.1: every function dominated by CleXv Py is integrable) and does not depend on .
As a function of p, € [0,00), with all other variables fixed, the weight is

W = p, e~ Ulpe) H exp ( — %KJN (pi + pi(b) — 2p2.py(p) COS 19;,)) x (a factor free of p,),
box

U(p) = Ao(p® = p§o)° + $0mpp’,
the product over the six bonds b at x, with y(b) the other end of b and ¥, = N Bp; the Villain

sum and the integrals over the bond variables do not involve p,. Let k > 1. The function pfW
vanishes at p, = 0 and decays at infinity like e —X0P% times a polynomial, so fo e [p"W]dp, =0,
and
Op, [p W] = ((k +1)pkt = "(px) — kN Z A p$py p) COS 791,)>W
bsx

Each term on the right is a polynomial in the site fields times a bounded function times W,
hence integrable over all variables (Definition 10.1 and the inequality (2.1)); by Fubini’s theorem
we may integrate over the other variables and divide by the mass of W:

(8.6) <p§U'(pz)> =(k+1)mg_1— kN Z <p§+1 - p:]zpy(b) costy).
box

The hopping sum is non-negative. Since p > 0 and |cos| < 1, Holder’s inequality with the
exponents (k + 1)/k and k + 1 and the translation invariance of the torus state give

< k+l>k/(k+1) <pl;+l>l/(k+l)

ok k+l>_

(papy cosy) < = (o}

The recursion. U'(p) = 4 op(p? — po’o) + dmpp, so
(PEU" (pz)) = AXomiprs — (4Moph o — OmpB)mes1 > dAomiss — Bmis

with 8 := 4X\opg o + (6mp)—. With (8.6) and ky > 0,

(8.7) AXo mgy3 < (k + 1) myg—1 + B8 Mpy1 (k > 1).
j=1,2. For k =1, with mg =1 and my < m}l/g =: 3, (8.7) reads 4)\gs? — Bs — 2 < 0, hence
2 1 32))1/2 2X0)1/2 Smp)— 1
§5+(5 +32)0) §£+(3 0) :p30+(m3) n — by
8o 4\ 8o ’ 4\ (2A0)1/2

that is, my < b%] and my < by.
j > 3. Take k = 2j — 3 in (8.7) and use induction:

J—1 B J—1 2, B —1
Mz < T mag-n) + o Magon S - emeby o+ - by
< ((] — 1)Cj_2 + cj—l)bN7

because 1/(2Xg) < b?\, and 8/(4X9) < by.
The limit state. px is a continuous local function > 0, so fpx duy < liminf, (px )ﬁne < c]b]
by Theorem 11.5(e). O

The scale by is polynomially bounded in 61_\71 when (0mp)_ stays bounded, against the
exponential of (8.5), but it is not uniform in the level: by > (2exA)~'/2. The bound uses the
hopping term only through its sign.
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Remark 8.13 (a level-uniform moment bound requires information on the counterterm). The-
orems 7.1, 11.5 and 8.5 hold for every real dmp, with any dependence on N. For some such
choices the level-uniform moments fail; so they cannot follow from statements that hold for every
dmp. Let dmp(N) = —c for all N, with a fixed ¢ > 0, and kxy = 1. Then, uniformly in the side
L

)

1
(8.8) Ry > 3¢ O

g ¢
16 ey cOgeN)\ ’

(. Wi e
bn — 16 \Xepny

1/2
(8.9) (pr) e ) (o) (N ),

Y

with €’ depending on ¢, A, e, pg, ag only and 3v/3/16 > 0.32. By Theorem 11.5(a) (both functions
are continuous, local and dominated by ) the same bounds hold for wy (p2) and wy (ps). Hence
the second and the first moment of the site variable diverge, wn(|po|) > wn(pz) — po,o — 00, and
(Y1) fails for gq = id at the Riemann normalisation ¢y, = €% there it is a genuine condition.
Moreover, since (p2)i¢ is non-increasing in émp (below), (8.8) holds whenever dmp(N) < —c¢;

so a level-uniform second moment forces (dmp)_(N) — 0.

Proof of (8.8) and (8.9). Fix N and L; the torus has n := (L/ey)? sites, 3n bonds and 3n
plaquettes. For d € R let Z,(d) be the mass of the weight W with dmp = d, ()14 its state, and
F(d) :==n"tlog Z1(d).

Convezity. By the quartic domination (2.1) one may differentiate under the integral: F'(d) =
—3(p%) L4 (translation invariance) and F”(d) = (4n)~! Vary, 4( >y pz) > 0, the variance being
taken under (-)r, 4. So d + (p2) 1 4 is non-increasing, and

—c/2
F(—¢) —~ F(~c/2) = } / (PR Leds < € (P20

—C
Upper bound for F(—c/2). As in Step 1 of the proof of Lemma 11.2: the hopping factors are at
most 1; the sum over the closed v is at most the sum over all v, which is at most K,'Y?V", each

bond variable ranges over an interval of length 27 /vx; and, with u = p? and a completed square,
the site integral at d = —c/2 is

o0 _ 2 2 3\2,c,2
/ pe Ao(p Po,o) +4P dp —
0

2 o0
c 2 c —\ 2 __c )2
e4p0,0+64)\0/ e 0(u=P5,0~85g) du
0

N[

< 1(%)1/263/33,0%;1).
= 3 AO
Hence
Flee/2) < S 12 4 Liog ™ 4 310g 2T 4 3log K
—c — 4= —log — og — o
= 6ang | 400 T 908N &N & Bn

Lower bound for F(—c). All terms of the sum over v are > 0; keep v = 0 and restrict the
integral to p, € [R, R+ 1] for all sites, R? := p§ 5 + ¢/(4)\0), and |By| < 1/(yn(R + 1)) for all
bonds (a subset of the domain). On this set the site factor at d = —c is

5 _ NP s
because 0 < p? — R? < 2R + 1 and \o(2R + 1)2 < X\o(8R? + 2); the hopping factor is at least
e "N = ¢! because [eWBp — p|2 = (p' — p)? + 2pp'(1 — cosynB) < 1+ (R+ 1)*4%B% < 2;
and the plaquette factor is at least =8/ (R+1)* because |(dB)p| < 4/(yn(R+1)). The set

Y
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has volume 1 per site and 2/(yn(R + 1)) per bond. Hence

2 2 24
+1log R —8\gp2g—2c—20 —3+31o — )
& 0A0,0 0 ENE+D)  Z(R+1)

— 3log 3—;\; = —3log(mr(R+ 1)), and

—c) >
F( C) — 16X

The difference. The powers of vy cancel, 3log
3 R? > v%c/(4)0) = €?c/(4)). Therefore

02
F(=0) = Fl=¢/2) > ¢

2
YN (R+1)

[3 log(m(R+ 1)) —log R + 3 log % +

96A}

(¢ + 8>\0)P(2),0

+2c+2X +3+3log K, + ——
In the bracket,

1 1 1
3log(R+1) —log R = log(pg o + T )+3log(1+ R) log)\—+log( +)\0p3,0)+310g(1+ﬁ),
and Ao < ag), pgo < aoph, 1/R < (4agh/c)'/?, while K! . is bounded uniformly in N by the

1/2

bound given in Lemma 11.2, which increases with vy < ay "e. So the bracket is at most
%log )\io + C" with C" = C" (e, A\, e, po, ap), and with the convexity step,

32 3 3¢ 6 1 4c"
2 log — — ") = ~ 2og — —
(64/\0 W )\ ) 160 ¢ Bxg ¢

<P§>L,

which is (8.8) (/\0 = z’;‘N)\).
The first moment. By Holder’s inequality with the exponents 3/2 and 3, (p2) < <pw>2/3<p§>1/3,
s0 (pg) > (p2)32(p2)~12 > (p2)3/2 /by by Lemma 8.12. At dmp = —c, by = oo (1 +0o(1)) and

(P2)1,—c > 125 (1~ o(1)), which gives (125-)3/2%20(1 — o(1)) = 2¥3(c/Ag)/?(1 — o(1)), uniformly

c

in L. O

Remark 8.14 (in the reduced normalisations the density can drop out). Let g4, m, tn, By, My
and ¢y be as in Proposition 8.10(V2). By the convexity inequalities of its proof and Lemma 8.12,
wn (lga(po)]) < Cy24m=2(1 +p(2)778 +emb™). By (8.5), |kn| < Ctn— exp(—192/(ene?))/m!. So,
as soon as 17} (1+bJ) exp(—192/(ene?)) — 0, Corollary 8.9(2) applies: S(e(rn)) = S(e(s0)), and
the density drops out of S.

In (V3) the situation is different: for gq(r) = r? cN =e3 (1 +po,o+b%2)_2 and dmp(N) = —¢,
the normalised mean satisfies liminf k:NwN(pO) >3 b (8.8) and by = 5-(1 4 o(1)), so the
sufficient condition knywn (|ga(po)]) — 0 of Corollary 8 9(2) fails, and so does its hypothesis: for
h >0, h # 0, the variable Yy (h) > 0 has mean at least (2 — o(1))En(h) and L?(uy) norm at
most E(h) (Minkowski’s inequality and Lemma 8.12), so wy(Yn(h) A 2) stays bounded below
by the Paley—Zygmund inequality. We do not know whether the limit density is more than a
constant field in this case.

8.6. Results that hold for the extended class.

Remark 8.15 (results that extend). The extended class is the extended scheme of Definition 8.1
with (N) and (Y). The following three lists sort results of this paper according to their relation
to this class: list (A) contains results that hold for the extended class, list (B) results in which
the density function does not enter, and list (C) results that are stated for bounded density
functions only.

(A) Results that extend. The following results hold for the extended class, in the form indicated.
They use of the scheme only clauses (a)—(c) or the inequality (6.1), the unimodularity (2.4), and
the fact that the density function and the normalisations do not depend on the position.
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(A1) Theorem 7.1 holds in the form of Theorem 8.5, Proposition 6.1 in the form of Proposi-
tion 8.4, and Lemma 5.1 verbatim.

(A2) Corollary 11.7(i), which restates the chain from the estimate to Theorem 7.1 for the limit
points, extends by way of Theorem 8.5.

(A3) Part (i) of Theorem 9.4, the continuity of Z, holds with the seminorm of (8.4).

(A4) The first assertion of Proposition 9.12(b), the evenness Z(—f,h) = Z(f,h) under charge
conjugation, extends: in its proof the invariance of py is applied to the function e®~ (@),
which is bounded and Borel for every real Borel g4.

(A5) The inheritance of reflection positivity by S (Proposition 9.9) extends. It follows from
clause (a) and the reflection positivity of wy on the bounded Borel functions of the closed
half space (Theorem 11.5(d)), because for a test pair supported in {z3 > 0} the sites and
plaquettes that enter ®x (o) lie in the closed half space, whatever gq is. For the other
coordinate planes the proof of Proposition 9.9 uses Proposition 9.6, which extends as
well: its proof uses of the scheme only the invariances of S stated in Theorem 8.5.

(B) Results that do not involve the density function. The following results concern the
curvature sector Z(f,0) or the fine state alone: Theorem 3.1; parts (ii), (iii) of Theorem 9.4;
Theorem 9.13; Theorem 9.15; Sections 10, 11, 13 and 14; Theorem 12.2, which is stated for
gq = 0; Theorem 12.26; and Theorem 15.1, which is an abstract statement. Those that involve
the scheme are stated at the pinned value of cy. For a general cy with (N) one has

On(f,0) = ONM((nf,0)  and  |ZRM(CNS,0) — ZRM(Coo S5 0)] < |Cn — Cool R(F),

with no condition on the density. Hence, along a sequence of levels with (x,, — (s, the curvature
sector of the limit is that of the pinned scheme composed with f — (. f, and these results apply
to it in that form.

(C) Results that keep the bounded class. The following results use ||g4||co through exponential
or second moments of the density component of the joint field.

(C1) The bounds (12.4) of Lemma 12.10 (Subsection 12.2) and Remark 12.9 belong to this list.

(C2) In Section 12, on the killed-box family, the list contains Lemma 12.22; hypothesis (i) for
the joint field in the proof of Proposition 12.36, whereas the proposition itself concerns
the curvature Schwinger functions and belongs to list (B); Theorem 12.3, with the
joint Schwinger functions and the measure constructed in its proof; and the part of
Theorem 12.4 that rests on it.

For the results of list (C) the natural substitute for boundedness is a level-uniform exponential
moment of kxga(po): by Jensen’s inequality with the weights e%;|h(z)|/En(h) and the translation
invariance of py,

WN (et\YN(h)\) < wy (etE(h) |kNgd(ﬁo)\) (t>0).

We do not pursue this, and none of the results of list (C) is asserted for unbounded gq.

9. THE REMAINING OSTERWALDER—SCHRADER AXIOMS FOR THE LIMIT STATE

Throughout this section S is a limit functional of Theorem 7.1 along its sequence (Ny,),

Z(o) = S(ey) for test pairs o = (f,h), and Z(f) := Z(f,0) is the curvature sector (f a real

C° 2-form); @n(f) := ®n(f,0) = 5%2 >p Fuv(p)(p)fp, extended complex-linearly to complex

f. The fine state wy at level N is the state (2.3) of the limit point of Definition 2.3, with its

sequence of sides (L) = (Lq(QN)) and its measure puy on Qy, and with the properties (a)—(e) of
Theorem 11.5; every limit “L — 00” of torus expectations at level N below is the limit n — oo
along (L), and every bound stated “for all large L” is used along (L,,) only. The rotation group
is not treated in this section. Invariance under SO(3) is proved in Sections 12-15: for the limits
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built on the killed-box states by Theorems 12.2 and 12.3, and for the limits built on the torus
limit points along dyadic sequences (Definition 14.1) by Theorem 12.4. Once that invariance is in
hand, the measure p of Theorem 9.13 is invariant under the full orthogonal group and reflection
positive about every plane, and its reconstruction in any direction is unitarily equivalent to the
one in a coordinate direction (Remark 9.16).

We write || || = sup, (1+|z|*)? max,<, | fu ()| for a 2-form and ||A],, := sup, (1+]z|?)?|h(z)]
for a function. These are continuous seminorms on the Schwartz spaces S(R?; A?) and S(R3),
dominated with constant 1 by the weighted C* norm |q|s = SUpPg |yj<a(l + |z|?)2|DYq(x)| of
Osterwalder and Schrader [29] (Definition A.1(a)), which we use throughout: | - |, is its

derivative-free term. For a 2-form u we write |uls := (3, ., luuw|3)1/2, as in that definition.

9.1. Regularity (OSO0).

Lemma 9.1 (the seminorms on Schwartz space). For every f € S(R3;A?%), h € S(R3) and
N> N,

2
X e < Bl e I S clblln = (24 o)
z

Hence R and E of Definition 4.1, defined by the same formulas, are finite seminorms on the
Schwartz spaces with R(f) < (3¢ag) || f|lws E(h) < cagllbllw, and || - || is continuous for the
Schwartz topology.

Proof. The centres of the plaquettes of one orientation form a translate of e xyZ3; let Qp be the cube
of side ey centred at z, (disjoint for distinct p of one orientation) For Y € Qp, |yl < |zp| + @5 N,
so 1+ [y[2 < (1+|zp[?) (2 + 2ad) and &%(1 + [z,[?) 72 < fQ 1+ |y[*)~2dy. Summing
over one orientation and using [ps(1 + |y|?)"2dy = 7w gives, w1th Fu(@)? < I F1% (1 + |22~

A1 L+ 122) 72, ef 20, fuwvo) (@) < NI 2 pcr 2op EN (L + [2p[*) 72 < Bego |1 £l The site sum
is estimated in the same way, with one lattice in place of the three orientations. O

Lemma 9.2 (the dual representation at complex sources). The identity (3.3) holds for every
complex plaquette function a, with ||a? := > a2 (no conjugation). In particular, for every real
plaquette function b,

o lIbl12/2

<exp< prfp)>ﬁne - Z(/[(J1]C dt Z <Hcmp d*t)p)g(m) e m=d'0b ¢ g ]

Proof. Both sides of (3.3) are entire functions of a € CP: the left side because |e2%fr| =
e2(Rap)ip ig integrable against W locally uniformly in a (the bounds of Step 4 of the proof of
Theorem 3.1), the right side because |e=*/N(m—s)a| = ¢In(m=9)Sa 5 controlled by the completed
square c,_ge’N(Mm=s)y — \'}—;V?eyg/ze_(“”\’(m_s) /2 and > ez € Nm D12 <142 )N (z €

R), which give Y, Cm—se™ M5l 4l < 2ev*/2(1 4~ /7/27) for every real s and locally uniformly
in y (here s = d*t, |s,| < 2); so the m-series converges absolutely and locally uniformly in a, while
0 < Q(m) < (21/vn5)BI([ ger)!*! and the t-integral runs over a compact cube. No uniformity in
L is needed, since the lemma is a statement at fixed N and L. The two sides agree for real a
(Theorem 3.1), hence everywhere. At a = ib every factor of the right side is non-negative, and
the left side has modulus at most Z(0). O

Lemma 9.3 (analytic generating functions and their limits). Let f = (fi,..., fx) be real C®
2-forms, N > Ny, L large enough for their supports to embed in Ty, and for z € CF put

Un.1(2) = (exp(L; 2 Pn (f)))EC and p(z) = R(Z;(Rz)) f5) < 35 1Rz |R(f)-
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(a) Wy, r is entire, Wy (2)] < ¥y (Rz) < 69(2)2/2, Uni(—2) =¥N1(2), Unr(x)>1 for
real x, and 0 < Wy p(it) <1 for real t.

(b) Asn — oo, ¥, = Un locally uniformly on CFk; Wy is entire, satisfies the bounds
and symmetries of (a), and Wn(it) = Zn(3_;1;f;,0) for real t The laws pn, 1, of

(®n(fj))j<k under the torus states converge weakly to the law ,u, of (On(f5))j<k under

pN, a law on R* with [ e* md,U,SV)( ) = Un(z) for all z € CF.

(c) Asm — oo, Uy, — Wy locally uniformly on Ck; Vs is entire, satisfies the bounds and
symmetries of (a), V(it) = (Z tjfj), and MN) — py weakly, where piy is a symmetric
law on R¥ with [ e*%duy = U (2 )

(d) If f" is a subfamily of f, W is the restriction of Uy to the coordinates of f' (the other
coefficients set to 0); if fr = g+g', then Wr 5 (21,22, .. ) = V(g g 5. (21, 21, 22, ... ).

Proof. (a) For s € [0,00),
< > 53|<I>N(f3)| ﬁne < Z <I:'N 5 €JSJfJ)>ﬁne < 2% max e R, €js;if5)%/2 < 00

ee{£1}k

by additivity of ®n and (3.1) with a, = 5%2 > €8ifi(xp); so Wy, p is a finite-dimensional
integral, together with a countable absolutely convergent v-sum, of an entire integrand with a
locally uniform integrable majorant, hence entire. For the bound, \ez % PN (fj )| = ¢®~¥(9) with
g =>_;(Rz;)fj, and (3.1) gives (e®n(9)yfine < N 2p9(#0)*/2 < ¢R(9/2 For the evenness, the
map (B,v) — (—B, —v) preserves the reference measure (up to the null set on which some By,
sits at the endpoint 7/yn of (—7/vyn,7/vn]) and the weight (the hopping factor depends on By
only through cos(ynBy), w is even, closed v go to closed v) and maps every f, to —f,. Jensen’s
inequality and (®xn(g ))ﬁne = 0 (Theorem 3.1) give Wy 1(x) = (e®N@)fne > 1. The last clause is

Lemma 9.2 with b, = EN Z tifi(xp).

(b) The family (¥, )y, is locally uniformly bounded on C* by (a). By Montel’s theorem every
subsequence of (L) has a further subsequence along which ¥y 1, converges locally uniformly to
an entire function; on iR¥ every such limit equals ¢ — wy (e 23 4EN i)y = [e 2N U gy
by (2.3) (Theorem 11.5(a)) applied to the bounded continuous local function e’ 2= ®N i) (4
continuous function of the finitely many f, in the supports). An entire function F' on C* vanishing
on iR* vanishes identically (its Taylor coefficients at 0 are, up to powers of i, the derivatives of
the real-analytic function t — F'(it) at 0), so all subsequential limits agree, and ¥y 1, — ¥n
locally uniformly; the bounds and symmetries of (a) pass to the limit. The characteristic function

of /‘Ev) is t — [e®®vdyy = Wy(it), and the characteristic functions ¢ — ¥y 1, (it) of un.1,

converge to it, so un,, — u%) weakly by Lévy’s continuity theorem (alternatively, py 1, is the

image of the law of the variables in the supports under the continuous linear map ®n(f), and
Theorem 11.5(a) gives the weak convergence of that law). For z € C* the continuous functions e**
are uniformly integrable for (u 1, )n, because sup,, [ €2®)Tduy 1 = sup, Uy 1, (2R2) < e2r()%,
hence [ e* "’Cd,u(f) lim, Uy 1, (2) = ¥n(2).

(c) The same argument applies: (¥, )., is locally uniformly bounded, and on iR¥, U (it) =
Zn,, (32t f5,0) = Z(3_;t;f5,0) by Theorem 7.1(a). The limit law ¢ has the even characteristic
function W¢(i-), so it is symmetric.

(d) On the torus both identities are the additivity of ®; they pass to the limits. U

Theorem 9.4 (OS0: regularity of the limit curvature). (i) (Continuity.) |Z (o) — Z(o")| <
o —o’|| for all test pairs; in particular |Z(f) — Z(f)| < R(f — f) < (3¢ag) 2|l f = f'llw»
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so Z extends uniquely to a continuous function on S(R3;A?), with the same bound;
0 < Z(f) <1 for every real f, and Z(0) = 1.

(ii) (Entire extension.) For real C° 2-forms fi,..., fi the function Wy of Lemma 9.3 is
entire on CF with W (it) = Z(>_;tifj) and

2
Ws(2)] < Wp(R2) < exp (3 IR5IR() )
for k =1 the generating functional ¢ — Z((f) := V(5 (i¢) = fei@d,uf(x) is entire with
|Z(Cf)| < elSPRW?/2,
(iii) (Schwinger functions.) Sp(fi,...,fn) = 0z -+ 0., 9f(0) = [a1---zpdps(z) is well
defined (independent of the family containing f1,..., fn), symmetric and multilinear, real
for real f;, and

[Su(fis- s f)l < @) TR < (ev/Beao)" )2 T fillw — (fi real).
i=1 =1

S, extends to a continuous symmetric multilinear form on S(R?’;A%)", with the factor
2™ in the bound for complex test functions, and is a tempered distribution. In the product
form |Sy(f1,..., fu)l < onll; | fils on product test functions this is the growth condition
(E0') of Osterwalder and Schrader with s = 4 (for the three component fields, mized
entries included) and o, = (2ey/3¢qy)"(n))1/2 < ag(n!)? for every 8 > 3, with the norm
| - |4 of Definition A.1(a) (the norm of [29] with p = 4; the growth condition is that of
[29] with s =4). S1 =0, and So(f, f) < R(f)>.

(iv) (The lattice moments converge.) The torus Schwinger functions ([, ®n(f;))ire =
02y +++ 02, U N 1(0) obey the bound of (iii) with (€3 > filxp)2)Y2 in place of R(f;), and
converge to Sy (f1,..., fn) as L — oo along (L) and then m — oo along Np,.

Proof. (i) The continuity bound is (6.1) in the limit, with C = 1 by Proposition 4.2. The
extension to § follows by uniform continuity and the density of C2°, with Lemma 9.1, and
Z(f) =¥y (i) € [0,1] by Lemma 9.3(a),(c). (ii) is Lemma 9.3(c), with R(i¢) = —3I( for the last
bound.

(iii) By Lemma 9.3(d) the derivative does not depend on the family, and multilinearity in
each entry follows from the second identity of (d) (and from W(.5)(2) = ¥(y)(cz)); symmetry is
the symmetry of mixed partial derivatives; reality follows from ¥ being real on R* (a limit of
real numbers), so that its Taylor coefficients at 0 are real. For the bound let first R(f;) > 0 for
all i and normalise R(f;) = 1 by multilinearity; on the polydisc |z;| < r, >, [Rz;|R(f;) < nr,
so [Wy| < e"’r*/2 there, and Cauchy’s estimate for the mixed first derivative gives |S,| <
e’ /2 = (en)™/? at r = n~Y/2; n™ < e'nl gives e"(n!)Y/2. If R(f;) = 0 then ®x(f;) = 0 for
every N, ¥; does not depend on z; and S, = 0. The second bound is Lemma 9.1.

The form is continuous for the seminorm || - ||, in each entry, so it extends from C2° to S; for
complex f; = f/ +if/ multilinearity gives 2" terms, each bounded with || f/{|w, || f{ lw < || fillw;
the nuclear theorem ([15, Chapter I], [30, Chapter V]) turns a continuous multilinear form on
S™ into a tempered distribution on R3" (one for each choice of components). On scalar test
functions || - ||, < |- |4 with constant 1, since || - ||, is the derivative-free term of the weighted
C* norm recalled at the start of the section. (For another weighted-C* convention a constant
C enters, which multiplies o, by C™ and leaves the class 8 > 1 unchanged.) This gives (E0')
in product form with s = 4 and the stated o,,; (¢/)™(n!)"/? < ag(n!)? for a constant ¢’ exactly
when 3 > % S1 =0 and S3(f, f) < R(f)? are the first two moments of Theorem 3.1, passed to
i by the convergence of moments (uniform integrability from the exponential moments).
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(iv) The torus bound is the Cauchy estimate above with the torus bound of Lemma 9.3(a),
and the derivatives at 0 converge under the locally uniform convergences of Lemma 9.3(b),(c),
by the Weierstrass convergence theorem. O

Remark 9.5. The constants are absolute or depend on ag alone: only Theorem 3.1 (identity covari-
ance), the Riemann-sum count of Lemma 9.1 and the subsequence convergence of Theorem 7.1(a)
enter; no property of the couplings is used. The joint field with the density component and its
mixed Schwinger functions are treated in Section 12: for the killed-box family in Lemma 12.22
and Theorem 12.3, and for the torus limit points along dyadic sequences in Theorem 12.4.

9.2. Euclidean invariance without rotations (OS1). A Euclidean motion vz = Oz +y with
O € Oy, (the cubic group, the 48 signed permutation matrices) acts on test pairs by push-forward,
(y0) = (uf, h oy~ 1) with the 2-form transforming as a 2-form, and on A by ve, := e,,; the
time reflection 6 of Section 2 (the paragraph before Definition 2.5) is the case O = diag(1,1, —1),
and Ty, the case O =1, y = tes.

Proposition 9.6 (OS1, rotations excepted). S(ya) = S(a) for every a € A and every Euclidean
motion v whose linear part lies in Oy all translations of R3, the reflections in all coordinate planes
{zj=c} (1 =1,2,3, c € R) and the cubic group about every point. Equivalently Z(vyo) = Z(o)
for every test pair.

Proof. Translations. Theorem 7.1 states the invariance under all space and time translations;
we write the argument for a direction e;. For o € T and ¢,t' € R, (6.1) in the limit gives
|Z(Tte;0) — Z(Tpe;0)| < ||Tte;0 — Tore; 0|, and 7,0 — Tie,0 in C° as t' — ¢, s0 t > Z(7ye;0) is
continuous by the admissibility of || - || (Definition 4.1). For ¢ € ey, Z and m’ > m, Lemma 5.1
(the translation by te; is a lattice translation at level Ny, and ®n(7e;0) = Pn(0) © g !
by the substitution of its proof) gives wy ,(tn, ,(Tie;a)) = wn_,(¢n,,(a)); letting m' — oo,
S(7te;a) = S(a) on the dense set |J,, en,,Z, hence for all ¢ by continuity. Composing the three
directions gives all translations of R3.

The cubic group. Theorem 7.1 gives the invariance under the cubic group about every point
zo € U, en,,Z3 (Step 5 of the proof of Proposition 6.1, which rests on Lemma 5.1 and on the
intertwining of ¢y with the push-forward, a signed permutation of the plaquettes and sites). The
cubic group about an arbitrary point x is Ty, Gy Tag—2, Where Gy, is the cubic group about
xg, and S is translation invariant. The reflection in {x; = c} is the element O =1 — ere]T of the
cubic group about any point of that plane. Finally, every motion with linear part in Oy, is 7, 0 O
with O in the cubic group about 0 € ey, Z3, and e, = eyo 1s a group action (the push-forward
is covariant), so the invariances proved give S(va) = S(a) for the whole group. O

Invariance under SO(3) is the subject of Sections 12-15 (Theorems 12.2, 12.3 and 12.4).

9.3. Reflection positivity (OS2). Refilections of the torus. Fix N and L (L/2 € enyZ) and
ce %ENZ. The map R, : x — (21, x2,2c — x3) is an involutive symmetry of TL fixing pointwise
the two planes P, = {3 = ¢} and P, |, /2; it permutes the sites, the oriented bonds, the oriented
plaquettes and the cubes, commuting with the boundary operator. It acts on configurations by
(Re&)r := ER.i for every cell k, with the orientation conventions B_, = —Bjy, v, = —vp; then
Pz © Re = pR.a, Tp © Re = fR.p, closed v go to closed v, and the weight and the reference measure
are invariant (as in the proof of Lemma 5.1, since w is even and h(r,7’,9) = h(r',r,—9)), so
(FoR.)ire = (F)fine Let AY := {x € Ty : 3 € [¢,c+ L/2]} (coordinates taken in a fundamental
interval) and A, := R.AJ; a cell lies in AF if all its vertices do. 2 (c) is the algebra of bounded
measurable functions of the variables (g, By, vp) of the cells lying in AT, and ©.F := F o R,.
When the support of F' is small compared with L, its cells lie in Al exactly when they lie in

{z3 > c}.
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Theorem 9.7 (reflection positivity of the fine torus state). For every N, every L > 4en with
L/2 € eNZ, every c € %sNZ and oll F,G € le(c),

(0.F - G)liire = (0.G - F)line, (O,F - F)fine > ¢,

Both statements extend to all AT -measurable F,G with (|[F|?)ire (|G|?)ir¢ < o0o. By the cubic
symmetry the same holds for the reflections in the planes {xz; = c}, j = 1,2, with the slabs taken
i the j-th coordinate.

Proof. The Hermitian property is the Re-invariance of the state: (F o R.G)i = (F (G o

R.))fine — (Go R, F)fine. For the positivity we treat ¢ = 0 and ¢ = ey/2; the other ¢ follow
by the lattice translations, which are symmetries of the torus state and conjugate R. to one of
these. We write the sum over the Villain variables as an integral against the counting measure on
((2m/vNn)Z)7 with the closedness constraint [, .. 1[(dv). = 0] as a factor of the weight; so the
weight is a product of one factor per site, bond, plaquette and cube, and the constraint is local.

Site plane, ¢ = 0. Call a cell a plane cell if all its vertices lie in Py U Pr, /5. Every other cell lies
in exactly one of AT (a cell has z3-extent at most ey and 0, L/2 € eyZ), and every cube, with
its six faces, lies in one of them. Ry fixes every plane cell pointwise and maps the non-plane cells
of AJ bijectively onto those of Ay . Write & = (o, &4, &) for the variables of the plane cells, of
the other cells of Aa' , of the other cells of Ay; the reference measure is the product d¢p d&, d_,
and Ry carries d¢_ to d&;. Let W (&, &+) be the product of the factors of the non-plane cells
and the cubes of A, W_(&,&_) the same for Ay, and Wy(&) the product of the factors of
the plane cells. Then W = WyW,W_ and W_(§) = W4 (Ro€), because Ry maps the cells and
cubes of Ay onto those of AJ and preserves every factor. For F € A} (0), F(£) = F(&,&+) and
(FoRp)(&) = F(&,n) with n:= (Ro&)+, a measure-preserving bijective function of {_. Hence,
by Fubini’s theorem (the integrand is dominated by W || F||%.),

(OgF - F)line — ;/dfo WO(&O)/d§+W+(£O)§+)F(€O7§+)/dé—W—(§07€—)F(£O7(R0€)+)

_ ! / dgo Wo (&) |Gr(0)] = 0,

" Z
with Gr(&o) := [ d€4 W4 (S0, &4) F (€0, &+ ): after the substitution 7 = (Ro&)+ and W_(§,€-) =
W4 (€o,m), the last integral is Gr(&p).

Bond mid-plane, ¢ = en /2. Now no site lies on the fixed planes, and the sites are partitioned

between AT := {z3 € [en,L/2]} and A~ := RA", R := R, > (these are the slabs A;EN/Q of

the general notation; we drop the subscript in this case). The crossing cells, those lying in
neither slab, are the time-like bonds (x,z + eyes) with x3 € {0, L/2}, the time-like plaquettes
with vertices at x5 € {0,en} or {L/2,L/2 + en}, and the cubes between these slices; R maps
every crossing cell to itself with reversed orientation, so on them By — —By, v, — —v,, and
it maps the cells and cubes of AT bijectively onto those of A~. Write & = (£4,&_,&x) with
Ex = (Bp, Vp)crossing, and W = Wi (4 )W_({-)W,, where W collect the factors of the cells and
cubes of AT (the faces of a cube of A* lie in A*), W_ = W, o R, and

Wi :=yh<ﬁb,ﬁm,Bb)Hw(fp)Hl[(dv)c=0], K(E-, &) = / bHde(Z Wi,

Up)px

the products over the crossing bonds, plaquettes and cubes; K depends on &4 only through the
two boundary slices.
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As in the first case, with n := (R¢)4 and K(n,&4) := K(Rn,£.) (Rn the A~-configuration
obtained from 7 by reflection),

(OF - F)j™ = ;/dﬁd@ Wi (Wi (60) K (n,64) F(n) F (&),

and it suffices to show that K is a kernel of positive type, K (n,&) = [dv(k Ap(n)Ar(€) with
a positive measure v and [ dv(k)|Ax(n)||Ax(§)| bounded uniformly in (n, {) then the double
integral equals [ dv(k)| [ dE W, (§)Ak(€)F(€)|> > 0 by Fubini’s theorem. Here F is bounded
and W, is integrable, since g is integrable, h < 1, each By ranges over a bounded interval, the
indicators are at most 1, and each Villain sum Evp w(fp) is at most K, by (3.2) at a =0 and
Step 4 of the proof of Theorem 3.1.

Each crossing cell has one end in each of the two slabs; these ends are the two endpoints of a
crossing bond, the two spatial edges of a crossing plaquette, and the top and bottom faces of
a crossing cube. We write 1 for the end of a crossing cell in AT and | for its end in A™; for a
crossing bond b the two ends are written by and b_ accordingly (at the slices L/2, L/2 + e this
interchanges by ). Thus the spatial edges of a crossing plaquette p with vertices at z3 € {0,en}
are p! (at x3 = ey) and p* (at 23 = 0), and the top and bottom faces of a crossing cube c
between these slices are ¢! and ¢; at the slices L /2, L/2+en the AT edge or face, which carries
the label 1, is the lower one (at z3 = L/2). The 1 variables belong to £, the | variables to {_.

We expand K by the computation of Theorem 3.1 restricted to the crossing cells. Write
1[(dv). = 0] = fol dt. ete(dv)e for the crossing cubes, put t. := 0 for the others and sp =
(d*t)p. The two cubes containing a crossing plaquette are crossing, and (3.2) at a = 0 gives
va w(f,)eNorve = Empez cmp_spe”N(mP*SP)(dB)P with ¢, > 0. The four plaquettes containing a
crossing bond b are crossing, and > o, £(mp —sp,) = (d*m)p —(d*d*t), = (d*m), =: g € Z, so the

1
integral over By, gives (27/vn)e 25N(p” +pb+)Iqb(/£pr7 py, ) (Step 3 of the proof of Theorem 3.1).
What remains of the phases involves the spatial edges of the crossing plaquettes and the top and
bottom faces of the crossing cubes: for every crossing plaquette p and every crossing cube c,

(dB)p = £(Byt — By.) + (crossing bonds), (dv)e = £(vr — v ) + (crossing plaquettes).

Hence

SEEE / dtZ(HCmﬁp)HEe_éw(pg*+pg*)fqb(m>('wﬂbfpb+)
b

< N
H eEIN(mp—sp)(B 1 —B,|) H eENINte(v v y)

The reflection R maps p* to p', ¢t to ¢ and b_ to b, with the spatial orientations preserved;
so in K(n,§) = K(Rn,§) every | variable of Rn is the corresponding 1 variable of . Each

factor is then of positive type in (1,£): the phases are a(n)a(§) with a = TN (mp=sp) By

. 1 2., 12 .
a = eFINLVr: the factor e~ 27N (P HP7) gplits: and

("6/2)%“‘1' 2k+|q| 12k+|q|

k>0

is a series with positive coefficients of products ¢ (py, (7))@ (pp.. (§)) of one real function.
Products, non-negative combinations and integrals over ¢ of kernels of this form are of this
form (for products, by the Schur product theorem), which gives K = [ dv(k)A, ® Ay with
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k= (t,m, (kpy)) and

o (ki /2) 2ot
dv = dt [ [ emy—s, [[ =t
. I;IC Y pl;I’YN Kol (ko + |ap|)!

. . . 2)2k+lql
v is a finite measure, of mass at most (2776"N/'yN)|bX|Kl,I;VX|, since Y ;< (”:'/(k)w

The absolute series is the same expansion with the phases replaced by 1, i.e.

2m 1 2., /2
/dtZHcmp—sp v 2N (kv pp') < (2 /yn) P KR,
m p b

= jq(k) < e€”.

by e_%“(p2+pl2)Iq(/<;pp’) < e 27=P)* < 1 and Yo Cm—s < Ky, (Step 4 of the proof of Theo-
rem 3.1). This is the required bound.

The L? extension. Bounded A}-measurable functions are dense in the Af-measurable part of
L2(()§59), and [(©,F - F)f® — (0,G-G)*| < |[F— Glla(|Flla+ | G]2) by the Schwarz inequality
and the R.-invariance of the state; both sides of the Hermitian identity are || - [|2-continuous in
(F,G) as well. O

Corollary 9.8 (reflection positivity of the fine state at the lattice planes). For N > Ny and
cE %ENZ let A% (c) be the bounded Borel local functions of the gauge-invariant variables (fp, px)
of the cells lying in {x3 > ¢}, and OF := FoR.. Then wy(O.F -G) = wy(0.G - F) and
WN(OF - F) >0 for F,G € Ql;\r,(c); wy o R, = wy; and wy is invariant under Toq,, indeed under
enZ?® (Lemma 5.1). In particular the fine state is reflection positive about the site planes t =0
and t = ag (ag = 5Nen € eNZ) and invariant under Ry, Ra, = T2a,Ro-

Proof. For n large the cells of F' and G lie in A} of T L., and their set S together with R.S
lies in a cube of side < L,, so that the torus expectations are those of the fixed functions
(Subsection 11.1); on these cells the torus reflection R. agrees with the reflection of the infinite
lattice; ©.F - G, ©.F - F and F o R, are bounded local functions of the gauge-invariant variables
(fpoRe = fR.ps Po©Re = PR.2), the same functions of the same finitely many cells for all large n. If
F and G are continuous, so are these functions, and (2.3) (Theorem 11.5(a)), applied to their real
and imaginary parts, passes the identities of Theorem 9.7 and the invariance (F' o Rc>%ﬁe = <F>%I:Le
to wy; positive semidefiniteness on finite families follows by applying the inequality to linear
combinations.

Let now F, G be bounded Borel functions of the cells of a finite set S. The bounded continuous
functions of the variables of S are dense in L? of the S-marginal of uy (a finite Borel measure
on a Polish space is Radon), a bounded Borel F' is the L?(py)-limit of continuous F®) with
|FD oo < ||F]|oo (by truncation), and both sides of each identity are continuous in the L?(puy)-
norms of F' and G, by the Schwarz inequality and ||F o Re||z2(,y) = [[F']|22(uy) (the Re-invariance
of un, Theorem 11.5(c)). The invariance wy o R. = wy on the bounded Borel class and the
invariance under e yZ3 are Theorem 11.5(c) (Lemma 5.1). The corollary is Theorem 11.5(c),(d)
for 7 = 3, whose proof is the argument just given. O

Proposition 9.9 (OS2 for S: inheritance). For j € {1,2,3} and c € R let ©; . be the reflection
in{x; =c} on A (©jce5 :=e_s, 7 the reflection) and .ASF’C) the span of the e, with suppo C
{x; > c}; O30 =0, AE?’O) = Ay. Then (a,b) := S(0Ojca-b) is a positive semidefinite Hermitian
sesquilinear form on AS{’C), and S(Oj.a) = S(a) on A.

Proof. For a =}, vi€s;, b= 3_; (5]'609 in Ay and N = N,,, with ey smaller than the distance

of the supports from the plane, ¢y(a) and ¢ (b) are functions of the cells in {x3 > 0}, and
Py (o) o Ry = ®n(0o): Ry permutes the plaquettes with the orientation sign, f, o Ry = fr,p, and
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the push-forward of a 2-form carries exactly this sign (—1 on the components with one index 3,
whose plaquettes Ry reverses), while p, o Ry = pg,.. Hence tn(Oa - b) = Ogun(a) - en(b), and by
Theorem 7.1(a), S(©a - b) = lim,, wy,, (Ootn,, (a) tw,, (b)). Each term is a positive semidefinite
Hermitian form in (a, b) by Corollary 9.8, and these properties of the Gram matrices ({(a;, a;)) are

closed under pointwise limits. Likewise S(Oa) = limwy,, (Ootn,, (a)) = limwy;,, (¢n,,(a)) = S(a)
by the reflection invariance of wy. For (j, ¢) arbitrary choose a Euclidean motion « with linear part

in Op, mapping {x3 > 0} onto {x; > c}; then Ag’c) =vAy, ;. =071, and Proposition 9.6

gives S(0;.a-b) = S(O(y1a) -y 1b). O

Theorem 9.10 (OS2 in matrix form, complex coefficients). Let j € {1,2,3} and ¢ € R,
let fi,...,fr be real CX 2-forms supported in {x; > c}, v the reflection in {z; = c},
F o= (Yeft, s Yefr f1,-- oy fx) and Ui its entire function on C* (Lemma 9.3). Then for
all 20, ... 2 e CF and X e C",

n
Z i\ \PF(z(i),z(l)) > 0.
il=1
At purely imaginary 29 = it® this is > NN Z (o] —~03) >0, 05 = (Y, tg)fr, 0), the positivity
of Proposition 9.9 on the exponentials.

Proof. Tt suffices to take (j,¢) = (3,0). Indeed, let 41 be a Euclidean motion with linear
part in Op, carrying {z3 > 0} onto {z; > c} (as in the proof of Proposition 9.9), so that
'yfl'y'yl =0, put g, := (’yfl)*fr, supported in {z3 > 0}, and F’ := (6.91,...,00k,91,---,9k) =
(\yHeF1, -, (7 ) «Fag). Then U = U on C%: both are entire (Lemma 9.3(c)) and agree
on iR?, where Wy (it) = Z((vy )u 3o, t-Fy) = Z(3, t-F,) = Vg (it) by Proposition 9.6, hence
on C?! (identity theorem, as in the proof of Lemma 9.3(b)); so the inequality for F is the
inequality for F’ at (3,0). On the torus, for ey smaller than the distance of the supports

from the plane and L large, A; := exp(D_, zﬁi)q)N(fr)) is AJ-measurable with (|4;?)ire < oo
(Lemma 9.3(a)), and ©gA; = exp(}_, zr(,i)q)]v(*y*fr)) because @ (f) o Ry = Py (7«f) is real. So
(OpA; - Ap)fine = \IIQL(Z(Z'), 2, where \IJQL denotes the function ¥y ;, of Lemma 9.3 for the

family F', and the L? form of Theorem 9.7 applied to A := >, \;4; gives the inequality at level
(N, L). It passes to the limit L — oo along (L;) and then to m — oo by the locally uniform

convergences of Lemma 9.3(b),(c) at the finitely many points (2(®), z(). O

Proposition 9.11 (OS2 in polynomial form). Let P = }_  ca[];<,. ®(fai) be a formal poly-
nomial in the smeared curvature with real C° sources supported in {x; > c}, v the reflection
in{x;=c}, 0P =) call; P(Vfai), and let S assign to a monomial its Schwinger function
(Theorem 9.4 (iii)). Then

S(P)P) = Zéacﬁ Sna—l-ng('Y*faly--w’Y*fanaaf,Bla---:fﬁnB) > 0.
a76

Proof. Again it suffices to take (j,¢) = (3,0): with 1 as in the previous proof, differentiating at
0 the identity W = Wp (for the family F' of all sources and their reflections named below) gives
Su((V 7wty oy (7 sttn) = Sp(ua, ..., up) for all ug,...,u, in F (Theorem 9.4(iii)), which
carries the sum of the statement to the one for the sources (7{1)*fm, supported in {z3 > 0}, and
the reflection 6. On the torus, with ey and L as in the previous proof, Py := ) co [[; PN (fai)
is Aj-measurable and square integrable (all moments are finite by Theorem 3.1), and O¢Py =
>0 Ca [1; ®N (7 fai); Theorem 9.7 gives (QgPy - Py)fi"® > 0. This expectation is > a5 Cals
times the mixed moment of the family F' of all sources and their reflections, a mixed derivative
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at 0 of \Ilﬁ ; (differentiation under the integral, justified by the exponential moments), and these
derivatives converge to those of Ur at 0, the Schwinger functions, by Theorem 9.4(iv). O

9.4. Symmetry (0S3).

Proposition 9.12 (OS3: symmetry). (a) Each S, is symmetric and multilinear, and
Sn(fiy- s fn) = Sn(fis..os fn); Sn is real on real test functions. (b) Z(—f,h) = Z(f,h) for
every test pair; Wi(—z) = V¢(2); and S, =0 for odd n.

Proof. (a) is Theorem 9.4(iii), which states the symmetry, the multilinearity and the reality on
real test functions; the conjugation identity S, (f1,...,fn) = Sn(f1,..., fn) follows from the
complex-multilinear extension (the 2"-term expansion in the proof of (iii)) and that reality.

(b) The symmetry used is the charge conjugation C': (p, B,v) — (p, —B, —v) of the fine torus
measure, a bijection of the torus configuration space with three properties: (1) it preserves
the reference measure (up to the null set on which some B sits at the endpoint 7/yy of
(=7 /yn,7/yN]); (2) it preserves the weight, because the site factor gt does not see B, the
hopping factor of the model of Section 2, h(r,r’,9) = exp(—3rn(p? + p* — 2pp’ cos(yn))), is
even in ¥ and so depends on By only through cos(ynBy), the plaquette weight w is even, and d is
linear, so closed v go to closed v (the sum runs over all closed v); (3) it maps f, to —f, and fixes
p, hence @y (f,h) o C = ®n(—f,h). So C preserves the fine torus measure, (F o C)fine = (f)fine
for every bounded Borel F, in particular (e!®N(f:h)yfine — (oi®n(=fh)yfine £, a]] N L.

On Qu the charge conjugation is C: (f,p) — (—f,p), Pn(f,h) o C = ®n(—f,h), and py is
C-invariant by Theorem 11.5(c). The proof of that theorem for C' passes the torus invariance just
proved to the limit point through (2.3), and Lemma 11.1 takes the torus step from the present
proof, so that the argument is not circular. Hence

Zn(=f.h) = / NI dpy = / UM A(Copn) = Zn(f,h)

for every N and every bounded Borel g4, and Theorem 7.1(a) gives Z(—f,h) = Z(f,h). The
evenness of Uy is Lemma 9.3(a),(c), and the odd derivatives of an even entire function vanish
at 0. (The density component carries no such sign: the argument gives no relation between
Z(f,—h) and Z(f,h).) O

9.5. The measure. We use the field space X := H_"(R* A?) (throughout this section X
denotes this space) and the Hermite-Sobolev space H~"(R?; A2) (the dual of the completion of
S under ||ul|? = >ae Aalhac u)?, hq e the Hermite basis, Ay = 2|a| +4), with the push-forward
actions of the Euclidean motions, (y®)(u) = ®(y~! - u), the local o-algebras ¥(U) generated by
P > ®(u), u € C°(U; A?) real, and the restriction map ¢ : ™" — X, exactly as in Appendix A
(probability measures on spaces of distributions; Definition A.3). Of its abstract results we use
in particular Lemma A.8 (the Hermite carrier), Proposition A.9 (uniqueness), Proposition A.10
(the verification of (H1)-(H3)) and Lemma A.11 (transfer); they are proved there and do not
involve the lattice.

Theorem 9.13 (the measure of the limit curvature). Let r > 14 be even.

(a) There is exactly one Borel probability measure it on H™"(R3; A%) whose mized moments
on real C° 2-forms are the Schwinger functions S,. Its characteristic functional on
O, indeed on S, is Z: [V Wdut (V) = Z(u); its moments on S are the continuous

extensions of the Sy, and obey the bounds of Theorem 9.4 (iii); the law of (¥(f1),..., VU (fx))
under pt is the law py of Lemma 9.5.
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(b) p:= tupu™ is the unique Borel probability measure on X with characteristic functional
Z on C, and also the unique one whose mized moments on CZ° are the Sy; uH is the
unique measure on H~" with image L.

(c) p and pf are invariant under all translations, all coordinate reflections and the cubic

group about every point.

Proof. The proof applies the results of Appendix A; we verify their hypotheses in turn.
Positive definiteness. For real uy,...,u, € C and ¢ € C", Zl’l, aepZ(upy — wy) =
lim,, wh,, (| 32 ¢e?®vm ()|2) > 0 by additivity of ®x and Theorem 7.1(a); Z(0) = 1.

Continuity. |Z(u) — Z(u")| < (3¢ay)/?||u — '] (Theorem 9.4(i)), and || - ||, is a continuous
seminorm on S; so Z extends to a continuous positive definite function on S(R3; A?) (positive
definiteness is closed under pointwise limits). By the Bochner-Minlos theorem [19], in the form
stated after Definition A.3 (S is nuclear) there is exactly one probability measure 1/ on S'(R3; A%)
with its cylinder o-algebra and [ e®dy’ = Z(u) for real u € S.

Moments. For uy,...,u, € C the law of (®(u;)); under p’ has the characteristic function
t— Z(>,tiy) = W,(it), so it is the law p,, of Lemma 9.3(c), whose mixed moments are the
Sp(u1,...,u,) and whose exponential moments are finite (Theorem 9.4(iii)). For u; € S take
cut-offs xgr = x(-/R), x € C°, x =1 on the unit ball, 0 < xy < 1. Then ®(xru;) — ®(u;) for
every ® € &', and

/H(I)(XRUZ)2dH/ = Son(xrU1, XRUL, - - ) < 090 | [ Ixmull} < oon [ ] il
l l l

uniformly in R > 1 (the seminorm || - ||, carries no derivative), so the products are uniformly
integrable and [ [], ®(w)dy' = limp Sy (XRrU1,...) = Sp(ui,...,uy,) by the continuity of S,, on
S™.

The two-point bound and the carrier. [ ®(u)?dy’ = Sa(u,u) < R(u)? < 3cgllull?, <
3caC?||u||?y on S, where ||ul|, < |ul4 (its derivative-free term) and |u|y < C||ul|19 (Lemma A.4(b),
with the norm |u|4 of a 2-form as in Definition A.1(a)). The Hermite carrier, Lemma A.8,
whose hypothesis (r > 14 even, p’ a probability measure on &’ with its cylinder o-algebra,
[ ®(u)?dp’ < Ca|lul3, for every real u € S) holds with Cy = 3¢4,C?, gives uff, the image of p/
under the map II of that lemma: a Borel probability measure on H~" with the same characteristic
functional and the same mixed moments on S as p’.

The factorial moment bound and uniqueness. Proposition A.9 gives uniqueness (a) by the
characteristic functional on real C2°, on X or on H~", and (b) by the mixed moments on C2°,
when these exist and | [ ®(u)"dp1| < e(n + 1)K™n! for all n > 0 and every real u € CS°, with
¢, K > 0 depending on u. It applies with ¢ = 1 and K = eR(u), since

|/¢>(u)"dqu 1Sty )| < (2R < (n + K",

This gives the uniqueness in (a); for (b), u := t,uf has characteristic functional Z and moments
Sp on C° (the restriction map is the identity on C2°), both uniqueness clauses hold on X by
the same proposition, and Lemma A.11(a) (u* is the only Borel probability measure on H ™"
whose image under ¢ is t,uf’) gives the last clause.

(c) The invariance of p follows from Proposition A.10(a) (if v is a Euclidean motion and
Z(y-u) = Z(u) for all real u, then v, = u) and Proposition 9.6, and that of u* from
Lemma A.11(b). The law of (V(f;)); is 1 as in the moment step. O

9.6. Clustering in the mean and the vacuum: the weak form of OS4. Reconstruction
from S. By Proposition 9.9 the form (a,b) := S(©a - b) is positive semidefinite and Hermitian on
A, Let Ho be the completion of A modulo the null space of this form, [a] € H the class of
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a, and Q := [1]. For ¢ > 0 the translation 7 maps Ay into itself, and by Theorem 7.1(b),(c),
|S(a)| < M(a) and the argument of Remark 9.14 the map [a] — [rza] is a strongly continuous
Self;ladjoint contraction semigroup on Heo; we write it e, with H > 0 self-adjoint and
e tHQ = Q.

Reconstruction from p. For j € {1,2,3} let Lj%+ = LA (X({x; > 0}), ), U(a)G = GorTy,
0;G := G o 0; (6; the coordinate reflection on X), and (F,G); := E,[0;F G] on L?,-i-' By
Theorem 9.15, p satisfies (H1)—(H3) of Subsection A.1, so the reconstruction in a coordinate
direction applies (Proposition A.23; see Remark 9.14): #; is the completion of Li 4 modulo the
null space of (-,-);, Q; = [1], [U(te;)G] = e 1 [G] (t > 0) with H; > 0 self-adjoint, [U(y)G] =
V;(y)[G] with V;(y) unitary for y L e;, and E,[FG] = ([0,F],[G]); for F € LQ(Z({xj < 0}),p),
G e L]2-7+. For j = 3, H3 is the curvature sector of Hoo: the map [e(s0)] — [€®], supp f C
{3 > 0}, preserves the forms (S(Oe(s e 0)) = Z(f —0f) = Eu[e’®F) o 03¢'*(F)]) and has
dense range (the exponential algebra is dense in L§7 +, by Lemma A.7), so it extends to a unitary
of the closed e~*-invariant subspace HS™V > € generated by the curvature exponentials onto
H3, carrying Q to Q3 and et to e7tH3,

Remark 9.14 (the reconstruction). The two statements used in the preceding paragraph, the
reconstruction proposition (Proposition A.23) and the density lemma (Lemma A.7), are el-
ementary consequences of (H1)—-(H3) of Subsection A.1. They are proved in Appendix A;
we recall the reasons. The relation ©;U(a) = U(pja)©; and the invariance of u give
(U(tej)F,U(te;)G); = (F,U(2tej)G); and (F,U(te;)G); = (Ul(tej)F,G); on L?,-F fort > 0
(U(tej)LiJr C Lj%+ by (H2)). With H[G]H]2 =E,[0,GG] < ||G||%2(M) (the Schwarz inequality
and the 6j-invariance of 1) and the usual iteration of ||[U(te;)G] H? = (G,U(2te;)G);, the map
[G] — [U(te;)G] is a self-adjoint positive contraction semigroup on #;, strongly continuous
because U is strongly continuous on L?(u) (bounded continuous functions are dense, X being
Polish, and dominated convergence applies); this is e i with H ; >0. Fory 1 ej, U(y) maps
LJZ’_|r onto itself by (H2), since {z; > 0} +y = {z; > 0}.

The transverse translations. For y L e;, ©; commutes with U(y) by (A.3), so

(U(y)F,U(y)G); = E[U(y)0,;FU(y)G] = (F,G); by invariance of p. Thus Vj(y) preserves
the null space of (-,-);, is isometric on the quotient and has the isometric inverse V;(—y); it
extends to a unitary operator, and y — V;(y) is a representation, strongly continuous by the
same estimate as for e *Hi. The operators e~*#7 and V;(y) commute because the U(a) do, and
e Q= [U(te;)1] = 1] = Q, V()25 = Q.

The identity E,[FG] = ([©;F],[G]); is the definition of the form, ©; being an involution
commuting with conjugation and ©,F € Lj2',+ by (H2). The span of the ¢’®® v € OX({x; >
0}; A?) real, is a unital *-algebra of bounded functions generating X ({z; > 0}), so the functional
monotone class theorem puts every bounded X ({z; > 0})-measurable function in its L?(u)-closure;
this is the density lemma.

Theorem 9.15 (the weak form of OS4). p on X (and pf! on H™") satisfies the hypotheses
(H1)—(H3) of Subsection A.1:

(H1) X is Polish, the translations act jointly continuously, the coordinate reflections 0; are
involutive homeomorphisms with 0;7, = ijaej, and 1 is invariant under every T, and
every 0;;

(H2) the local o-algebras X(U) have the monotonicity, exhaustion, countable generation and
covariance properties stated in (H2) of Subsection A.1;

(H3) Eu[F 00, F] >0 for every j, c € R and F € L*(S({z; > ¢}), 1), Oj.c = Tee;05T—ce; ;
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and p is invariant under the cubic group about every point. Consequently the results of Sub-
section A.6 apply to p: the ergodic decomposition p = [ pedv(§) (Theorem A.18) with v-a.e.
component translation invariant and ergodic for R (the weak form of 0S4), invariant under
01, 02,05, reflection positive about every coordinate plane and satisfying (H2); clustering in the
mean and under diagonal separation on v-almost every component (Theorems A.26 and A.28,
Corollary A.29(ii)); the reconstruction in each coordinate direction from v-almost every com-
ponent, with a unique joint vacuum (Proposition A.24(iii), Corollary A.29(iii)); the regrouping
of the components into cubic-invariant ones (Theorem A.20); and the growth bound for the
Schwartz moments of the components of u*' (Theorem A.21), whose moment hypothesis (A.6)
([ ¥(ha,e)?du < cs(2n)/(Collhacll10)?™) holds with cs = 1, Cy = eC\/3cq, (C the constant of
Lemma A.4(b)) by Theorem 9.4 (iii).

Proof. In (H1) the properties of X and of the actions are structural for the push-forward actions
(Lemma A.5(a) and Lemma A.6(a)), and the invariance of p is Theorem 9.13(c). (H2) is
structural (Lemma A.6(b), which rests on Lemma A.5(b),(c)). (H3) holds by Proposition A.10(c),
whose two hypotheses (u is 6; -invariant; Zkan ara Z(u — pjc - ux) > 0 for all n, all real
Uty ... up € C°({z; > c};A?) and all a € C") are Theorem 9.13(c) and Theorem 9.10 at purely
imaginary coefficients (i.e. Proposition 9.9 on the exponentials €(u,0))- The invariance of y under
the cubic group about every point is Theorem 9.13(c), and the structural hypotheses on the cubic
action of the regrouping result (the standing assumption stated before Theorem A.20, namely
that the cubic group acts by homeomorphisms with p; = 6, g7ag~ " = 744 and Z(U) — S(gU))
are identities for the push-forward action (Definition A.3, Lemma A.6).

The conclusions are the theorems of Subsection A.6, which assume nothing but (H1)-(H3) (and
the cubic invariance for the regrouping, the moment bound for the growth clause). Between X
and H~" the hypotheses are carried by Lemma A.11(c), and the conclusions by Proposition A.19
(the decomposition of an image law) and Corollary A.22, ¢ being a Borel isomorphism onto a
Borel set of full measure that intertwines the actions and the local o-algebras (Lemma A.5(d),
Lemma A.11(a), Remark A.12). O

Remark 9.16 (consequences of rotation invariance). Suppose that S is invariant under SO(3),
hence, together with Proposition 9.6, under the whole Euclidean group. Then p is O(3)-invariant
(Proposition A.10(a) again) and reflection positive about every plane: the half-space algebra and
reflection of a tilted plane are the rotated ones. Moreover the reconstruction in any direction n
is unitarily equivalent to the one in direction ez, with the same Hamiltonian spectrum. Of the
rotation invariance, both statements use only the invariance of p under the Euclidean group; we
give the argument. Let g be a Euclidean motion, acting on X by (¢g®)(u) = ®(¢~! - u). By the
invariance of u, G+~ G o g~! is a unitary of L?(y), and it maps L?(%(V), u) onto L?(X(gV'), i)
for every open set V, because X(V) is generated by the functions ® +— ®(u), u € C°(V; A?) real.

(i) Reflection positivity about a plane II. Choose g such that Vi := g{x3 > 0} is one of the
two open half spaces of IT; then 6y := gf3g~ ' is the reflection in II. For F € L*(X(Vi), p)
put F' := F o g, a function in L*(3({z3 > 0}),u). By the invariance of u and by (H3) of
Theorem 9.15, E,[F o 0 F| = E,[F" 0 63 F'] > 0.

(ii) The reconstruction in a direction n. For a unit vector n let g be a rotation with ges = n.
The unitary G — G o g~ ! carries L3 | onto L*(3({ - n > 0}), u), the reflection O3 to the
reflection in the plane {z - n = 0} and the translations U(tes) to U(tn), by grag~ ' = 74,. Hence
it carries the reconstruction of u in the direction e3 (the paragraph before Remark 9.14) to the
reconstruction of g in the direction n, which is defined in the same way from the half space
{z -n > 0}, and the Hamiltonian Hjs to its Hamiltonian: the two reconstructions are unitarily
equivalent, with the same spectrum.
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Without rotations, what is missing from the full axiom OS] is exactly the rotation invariance,
and from OS2 the reflection positivity about non-coordinate planes; OS0, OS3, the measure and
the weak form of OS4 (Theorem 9.15) do not depend on it. The rotation invariance is proved
in Sections 12—-15: for the killed-box states by Theorems 12.2 and 12.3, and for the torus limit
points along dyadic sequences (Definition 14.1) by Theorem 12.4, whose proof uses the reflection
positivity at the six diagonal site planes through 0 (Theorem 14.3).

10. CORRELATION INEQUALITIES FOR THE VILLAIN FINE MODEL

This section proves the four correlation inequalities (K1)—(K4) that Section 11 uses: the first
and second inequalities of Ginibre [17] (for abelian Higgs models see also [6], [10]) on a cone of
observables, the monotonicity of the cone expectations in every coupling, and the monotonicity in
the volume for the killed boxes together with the comparison of a killed box with the torus. The
proofs use the duplicate-variable argument, adapted to the Villain form of the plaquette weight
by a duplication identity of that weight (Lemma 10.4). Throughout, N is fixed, € := e is the
spacing and 7y the phase constant; the couplings Ky > 0, A\g > 0, po,0 > 0 and the bare mass
counterterm émp € R of Section 2 (of either sign) are arbitrary. We write p, := po o+ pz € [0, 00)
for the modulus, 0y, := yn By, € (—m, 7] for the angle of a bond and n,, := yyv,/27 € Z for the
Villain integer of a plaquette, so that the curvature is

fp = (dB)p + v, = 75" ((d0), + 271,).

The coboundaries are the standard ones: for a bond b = (z, x+¢ce¢;) and a plaquette p = (z;14j), i <
7 with the four bonds (ZE, i)? ($+56i7j)a (x+5€jv i)v (:L’,j), (da)z;ij = Qg+ Aztee;,j —Qg+teej,i — Q.53
for a cube ¢ = (2;123), (dn)g123 = Z(ijk) eyclic (nHEei;jk — nm;jk) with ng.pj = —ngr; dd = 0.
A cochain is closed if its coboundary vanishes on every cube (or plaquette) of the lattice in
question; v closed means n closed.

10.1. The class of weights, the states, the cone.

Definition 10.1 (finite lattices; the class of weights). A finite lattice G is a finite disjoint union
G=G1U---UG, (r > 1) of components, each of which is either a fine torus Ty, or a box A C eZ3,
a product of three finite intervals of sites; the components are distinct copies, and the case
r =1, a single torus or box, is the case of interest. The cells of a component G; are: the sites
X (G; ) the bonds B(G;) (for a box, the bonds with both ends in A); the plaquettes P(G;) (for a
box, those with all four bonds in B(A)); the cubes C(G;) (for a box, those with all six faces in
P(A)). The cells of G are the disjoint unions X (G) := | |, X(G;), B(G), P(G), C(G) of those of
its components; every cell of G lies in exactly one component, and every face of a cube of G lies
in the component of that cube.

The variables are p, € [0,00) (z € X(G)), By € (—n/yn,7/yn] (b € B(G)) and v €
(27 /yN)ZP(E) closed on C(G), i.e. with (dv). = 0 for every cube ¢ € C(G); since every cube lies
in one component, v is closed on C(G) exactly when each restriction v|p(g,) is closed on C(G;),
and the closed cochains of G are the products of the closed cochains of its components.

Given finite positive Borel measures p, on [0, 00) with

(10.1) / eo")Q,ux(dp) < 0 for every a € R,
0

coefficients k;, > 0 (b € B(G)) and B, > 0 (p € P(G)), the weight W = Wg(u, k, 5) is the

measure
H [y dpx H e bPb_ Pb+c059de Z H e —Bpi2/2

zeX(G) beB(G v closed peP(G)
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and (F) := [FW/ [W is its state. For r > 2 every factor of W is indexed by a cell of one
component and the sum over the closed v factorises over the components, so W = Wg, ®---@Wg,
is the product of the weights of the components (each with the restriction of p, x, 5 to its cells),
and the state of G is the product state: functions of the variables of different components are
independent under (-).

The mass Z := [ W is finite and positive: for each p, ¥, ., e Prlut2mn)®/(27R) < K, =
Y mez e Br(mm)*/(27%) for every real y (the term with y + 27n € (—m, ] is at most 1, and the
m-th term on either side of it has |y + 27n| > 27|m| — 7 > 7|m|), so the v-sum is at most
[I, Kp uniformly in B; and emrr’ < ern(0*+0®)/2 with (10.1) bounds the p-integral. Every F
with |F| < C eXe 4hi ig W -integrable, by the same two bounds.

Let 41°(dp) := get(p — po.o) e ¥N?* dp on [0,00), where gt (7) := g(p) e~ 2°mBP0042)” g(5) =
(po,o + ﬁ)e_/\o(pQ_pgyo)Q, is the site factor of Section 2 with its bare mass counterterm, dmp € R of
either sign. The measure p° is finite and positive and satisfies (10.1) for every o € R and every
real dmp, because the quartic dominates ((2.1) at ¢ = |/, times e 3%¥¢* < 1): for p > 0,

_ 2 2 4 _1 4 1 2
ger(p — poo) € 3rNp® pap” < pekopw e~ z220p  +(lal+310mB|)p 7

by Ao(p? _P%,O)Q > %)\op4 — )\gpéo and e’ e~ 3meP’ < e(‘O‘H%"smBDpQ; the right side is integrable
over [0,00) since A\g > 0.

Definition 10.2 (torus states and killed-box states). (a) The torus state (-)ine of Section 2
is the state of Wi, (u°, kN, 1): every site of the torus is an end of six bonds, and the

hopping factor h of each bond contributes the diagonal factor e™*~ P*/2 4o each of its

ends, so Hx et Hb h = ch gct(ﬁz)e—:awpg Hb efiNPb_pby oSOy
(b) For a box A the killed-box state (-), is the state of Wy (u®, s, 1): the weight

Wy = cht(f,x)e—%wﬂi H efiNPy_ Py, cos(yn By) H e Tp/2
z€A bEB(A) peP(A)

in the variables p, (x € A), By (b€ B(A)), v, (p € P(A)), the sum over the v closed on
the cubes of A. It is the weight of Section 2 with the matter killed outside A (p, = 0 for
y ¢ A, which turns the hopping factor of every bond leaving A into the diagonal factor
e~"NP3/2 of its inner end, so that every site of A carries the diagonal halves of all six of
its bonds) and with no gauge or Villain variables outside B(A), P(A).

A function is supported in A if it depends only on f, (p € P(A)), By (b € B(A)) and p, (x € A).

Definition 10.3 (the cone Ky and the enlarged cone ICJJ(,) For a real finitely supported plaquette
function a = (a,), an integer finitely supported bond function k£ = (kj), a polynomial P in finitely
many p, with non-negative coefficients and a finitely supported ¢ = (¢,) with ¢, > 0, put

@a,k,P,q = COS (Z apfp + Z kb@b) P(p) ezgc qu%’ @a,P,q = @a,O,P,q'
p b

The cone Ky is the set of finite non-negative linear combinations of the ©, p,, and the enlarged
cone IC;(, that of the ©, 1 pq; Kn C IC]'C. The generators of Ky are the ©, 1, (this is the sense
of Section 11; the polynomial factors are in the cone but are not needed to generate the state).
Both cones are closed under products (cosucosv = 3[cos(u + v) + cos(u — v)], and products
of polynomials with non-negative coefficients and of the exponentials stay in the class). In

particular, for every site x, bond b and plaquette p and every ¢ > 0,

2 2
p?c € Ky, ez ¢ Ky, p:%equ € Ky, cos <Zapfp) € Ky, Pb_ Py, cos by € IC]J(,
p
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(a=0, P=p?or P=1; the last with a =0, k = &, P = Pb_Pbs)-

Every element of K} is continuous, is local, and satisfies |0 < CeXa%Fs for some C < 0o
and finitely supported ¢’ > 0; hence it is integrable for every weight of Definition 10.1. On a
finite lattice G the cone Ky and the enlarged cone IC]J(, of G are defined by the same formulas
with a, k, P, q indexed by the plaquettes, bonds and sites of G (cells of different components
may occur in one element: the functions are evaluated on the cells of G, and only elements whose
plaquettes, bonds and sites are cells of G are considered). The energy densities fg are not in IC]J(,;
their covariances with the cone have a sign of their own, (K3) of Theorem 10.8.

10.2. The duplication identity and three lemmas. Fix a finite lattice G and write B = B(G),
P =P(G), C =C(G) (G may have several components; every statement of this subsection is
about the cells of G, with closedness imposed cube by cube, and holds component by component).
Two independent copies (p,0,n) and (p', 6, n’) of the variables are called the duplicate variables;
F' denotes the function F' evaluated in the primed copy. The new variables are

(10.2) Up = 5(pa+Pp), Ve i=5(0h —pe)y  ani= 50+ 0,), mi= 5(0 —0),
so that p=u —v, p) =u+v with uy > |vz|, and 0 =a+n, 0/ =a —n.

Lemma 10.4 (duplication identity of the Villain weight). Let o range over {0,1}” and, for each
o, let K, :={kcZP: 2dk+do =0 on C} (possibly empty). If G has the components G;, write

Kg) for the set defined by the same condition for olp,) on the cubes of G;; then k € K, evactly
)

when each restriction k|pq,) lies in K((,i

i

, because the condition is imposed cube by cube and every

cube lies in one component: K, =[], K. The map (k,l,0)— (n,n'):=(k+1l+0, k—1)isa
bijection from {(k,l,0) : k,l € Ky} onto the pairs of closed integer cochains (n,n’), with inverse
op = (np +ny,) mod 2, k = t(n+n —0),l=3(n—n'—0). Under i, with

X, = (da), + wop + 27ky, Y, := (dn), + wop, + 27,
(10.3)
& = Xp/IN, vp :=Yp/YN,

one has (df), +2mn, = X, + Y, and (d0'), +2mn, = Xp =Yy, i.e. fp = &+ vy, f, = § —vp, and

Z H e Pr(3+10)/2 — Z Z Z Vi (a, k) Vy (n, 1),

n,n’ closed peP o keKy leKy

Vo(a, k) = H e X5/ > 0,
peEP

(10.4)

where V5 (n,1) is the same function evaluated at (n,1). Moreover »y yp Vo(a, k) <[], Kp and
> hezP | X,/ V(o k) < Cj < 0o uniformly in o and o, for every j > 0 and p.

Proof. Given closed n,n’, the integers n, + n;, and n, — n;, have the same parity, so o, :=
(np +ny) mod 2 € {0,1} makes k := t(n+n' —0)and | := (n —n' — o) integer cochains;
2dk = dn + dn' — do = —do and 2dl = —do on C, so k,l € Ky, and k+1+oc=n, k—1=n'.
Conversely, for k,l € K, the cochains n := k+ 1+ o and n’ := k — [ are integer and closed:
dn = dk + dl 4+ do = —%da — %da+ do = 0 and dn/ = dk — dl = 0; and the two maps
are inverse to each other ((n + n') mod2 = (2k + o) mod 2 = o). Then (df), + 2mn, =
(da)p+(dn)p+2m (kp+1p+0p) = Xp+Y, and (d6'),+2mn;, = (do)p — (dn)p+27 (kp —1p) = Xp =Y.
Since (X +Y)2 + (X — V)2 = 2X2 + 2Y2, e Bol(Xot i)+ (5101 2R) = =B X3 /7R =Yy IR
which is (10.4) after the reindexing of the double sum.
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For the uniform bounds, observe that for all real y,

Z H o~ BoUpt+2mky)® /7R — H Z o B (yp+21k)% /7%, < H Ky,

keZP p P k€EZ p

because each summand is at most the summand e~ ¥r+278)*/(27%) of Definition 10.1, whose sum
over k is at most K, (here K, is the constant of the halved stiffness). With a factor |y, + 2mk,|’
in one plaquette, the one-dimensional sum ", |y + 27k|/ e~ Pr(+27k)* /7% is hounded uniformly in
y by the same comparison with 7|m|, since the function s +— sie=P»s*/ 7% is bounded on [0, 00)
and summable along s = mm. The identity (10.4) is a product over the plaquettes of G of
per-plaquette factors and the bijection is defined plaquette by plaquette, with closedness imposed
cube by cube; so for a lattice with several components it is the product of the identities of the
components, with K, the product set above. O

Lemma 10.5 (the angle domain). Let F' be an integrable function on (—m, 7% x (—m, n|® which
is 2m-periodic in each of its 2|B| arguments. Then

// F(0,0')dodo’ = // F(a+ 1,0 — 1) dadn.
(771.771.}28 (771-’71—}28

Proof. Regard F as a function on the compact group T := (R/27Z)?5 (here B may be any finite
set). The map ¥(«,n) := (o +n,a — n) is a continuous homomorphism T — T, and it is onto:
(0,0') =¥ (3(0+6),1(0—0¢')). The image under ¥ of the Haar measure m of T is translation
invariant: for y = ¥(z) and Borel A, U.m(A +y) = m(V~1(A) +z) = m(T1(A)) = T,m(A),
using U~1(A + ¥(x)) = U1(A) + z. By the uniqueness of the Haar measure ¥,m is a multiple
of m, and the multiple is 1 because both have total mass m(T). Hence [ FoWdm = [ Fdm,
which is the claim in the coordinates (—, 7]?8 of T. O

Lemma 10.6 (closed cochains on a box are exact; extension). Let A be a box and n € ZF™)
closed on C(A). Then there is a € ZBWM with da = n on P(A). Consequently, if G is any
finite lattice whose cells contain those of A (for instance a box A" D A, or a torus Ty, in which
the sites, bonds, plaquettes and cubes of A are cells, i.e. A a translate of a sub-box of the
fundamental box Aj, of (K4) of Theorem 10.8), then every n closed on C(A) is the restriction to
P(A) of a cochain closed on C(G), and two such extensions differ by an element of the group
K(G,A) :== {k € ZP©) : k closed on C(G), k=0 on P(A)}.

Proof. Let A = Hg’:l{mi, mi+e, ..., M;}. Put ag ;1 := 0 for every bond in direction 1. On the face
x1 =my put ay3 :=0and a2 ;= — Zm3§y3<x3 (i, za,ys):23> SO that (da)g:23 = g2 — Qptees2 =
Na;23 there. For x1 > my put azj := Q(imy wg.25).5 + Doy <yr<ay Mynaanes);1y f0r j = 2,3. Then
(da)g:1j = Gpyee,,j — Gazj = N1 for j = 2,3 on every plaquette of P(A). For the 23-plaquettes
let Dy := (da)gz.23 — ng;23; then Dy = 0 at x1 = my, and

Dm—l—sel - D; = Ng;12 + Natees;13 — Natees;12 — Ng;13 — (nm+eel;23 - nz;23) = _(dn)m;123 =0

by the formulas for da and dn (the four differences of a are the 12- and 13-increments just
computed); so D = 0. For the extension, extend a by zero to B(G) and put 7 := da on P(G):
it is closed (dd = 0), and on a plaquette of P(A), whose four bonds lie in B(A), it equals n. If
n1, N9 are two closed extensions, 1 — 7y is closed and vanishes on P(A). O

Lemma 10.7 (the endpoint of the interpolation). Let A be a box and G any finite lattice whose
cells contain those of A (for instance a box A" D A, or a torus Ty, in which the sites, bonds,
plaquettes and cubes of A are cells, as in Lemma 10.6), and let p, (x € X(G)), ky > 0 (b € B(G)),
Bp >0 (p € P(G)) be as in Definition 10.1. For t € (0,1] let (-); be the state of the weight
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We (i, k0, D) with K‘,l()t) = Ky for b € B(A), K,I()t) = tky for b ¢ B(A), ]E,t) = By for p € P(A),
b _ tB, for p ¢ P(A), and let (-)p be the state of Wa(u, K, B) (the restrictions of p, k, 5 to the
cells of A). Then for every © supported in A with |©] < Ce2x 9Py

lim(©); = (O)a.

Proof. Write Ppew = P(G) \ P(A), Bpew, Xnew likewise, and K := K(G, A), a subgroup of
ZPrew  free of some rank r > 0. For each n° closed on C(A) fix one extension E(n°) closed on
C(G) (Lemma 10.6); by that lemma the cochains closed on C(G) are exactly the E(n°) + k,
k € K, each once. On R use the inner product (z,w)z := Epepnew Bpzpwp /73 and the
norm Q(z) := (z,2)g; let V be the real span of K (dimV = r) and z = zy + 2, the orthogonal
decomposition. For y € RPrew put

— Z H e~ tBp(up+2mhkp)? /(27%) _ Z e tRW+2Tk) /2 _ —tQ(y1)/2 Z e~ tQUuv+2mk) /2
keK pEPnew keK keK
since 2wk € V.
Poisson summation on the lattice 2K of the Euclidean space (V. (-,-)s) (the r-dimensional
form of the identity behind (3.2); for » = 0 the sum is the single term 1) gives

Qv 2nkyz _ (2Tt —QN/(28) i Nv)s . o t—7/2(1

Ze 7W Z e e =:cK ( —i—st(yv)),

keK AE(27K)*
with (27K)* := {XA € V' : (A, 27k)g € 2nZ for all k € K} the dual lattice (the convention that
goes with the characters ¢/}74 in the identity) and cx := (27T>T/2/V01(V/27TK) € (0,00), whose
value cancels in the quotient at the end of the proof. With §2 := min{Q(\) : A € (27K)*\{0}} >0
and t < 1, |eg(yy)] < EA#) e~ QW/2e=62(1/t=1)/2 . &, which is finite and tends to 0 as ¢ | 0,
uniformly in y.

Now fix the old variables p, (z € A), By, (b € B(A)), n° closed on C(A) and the new variables
Pa (T € Xpew), By (b € Bnew), and put y, := (df), + 21 E(n°), for p € Phew. Every closed cochain
of G is BE(n°) + k with k = 0 on P(A), so on P(A) the curvature is f, = v5'((df), + 2mny),
independent of k; hence © (supported in A) and the plaquette factors of P(A) do not depend on
k, and the sum over k of the new plaquette factors is Sy(y). Therefore, with

H Ha dpz H e oPb— Py COSOde H e ﬁpfp/Q
zeA beB(A pEP(A)

(the weight of (-)A at the given n°),

[ oWotun®. 59 = [ T malann) T] ams

TE€Xnew beBnew

Z / @ Wo tﬁbﬂb,/’b+ cos Gb e_tQ(yL)/2 (1 + 5t(yV)) :
bEBnew

tr/2

The last three factors tend to 1 as ¢t | 0, for every fixed value of the variables (y does

2 2
not depend on t), and their product is bounded by (1 + &1)[]ycp,... P T2y
remaining integrand, |©|W*° times this bound times the new site measures, is integrable:
the new By, range over a bounded sth, > one pera) e P2 < [, Kp, and the p-integral
is finite by (10.1) and |©| < CeX %Pz, By dominated convergence the right side tends to

(27 [y ) [Brew | [Locx,., #a([0,00)) J ©Wa(p, 5, 8). The same holds with © replaced by 1; the
common factor is in (0,00), and the quotient of the two limits is (©)x. O
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10.3. The inequalities.

Theorem 10.8 (Ginibre’s inequalities for the Villain fine model). Let (-) be the state of a weight
Wea(u, k, B) of Definition 10.1 on a finite lattice G, a finite disjoint union of fine tori and bozes
with the product weight (for instance the disjoint union of two copies of one torus carrying the
same weight, whose state is the product of two independent copies of one state of a torus weight);
in particular a torus state (-)i" or a killed-boz state (-)5 of Definition 10.2, for every vy > 0,
every Ky > 0, Ao > 0, poo > 0, every real dmp and every side L. For ©,0' € IC]J{[ whose cells
are cells of G (in particular for ©,0" € Ky ):

(K1) (0) > 0;

(K2) (0;0') := (00') — (0)(6') > 0;

(K3) (©) is a continuously differentiable function of each ky € [0,00), of each B, € (0,00) and
of ¢ € [0,00) under p, — eququ (one site x), the other parameters held fized, and its
partial derivatives are continuous functions of all the parameters (kp)p, (Bp)p, q jointly
(so that (©) is continuously differentiable along every continuously differentiable path of
parameters), with

(10.5) 0, (©) = (O pp_pv, cosh) >0, 95,(0) = —5(O:f}) 20, 9,(0) = (©;p5) > 0;

hence (©) is non-decreasing in each of them. For the torus states and the killed-box states
this means that the expectation of © is non-decreasing in each hopping coefficient kp > 0
(the coefficient of py_py, cos(ynBy), bond by bond, the diagonal factors held fized), in
each plaquette stiffness Bp >0 (wy(f) = e*fBPfZ/Q) and in q > 0 under the change of the
site weight geu(z) = get(pr)e?? )

(K4) For bozes A C A" and © supported in A: () < (O)ps. Identify the sites of Ty, with the box
Ap :=1{0,¢,...,L—e}3, its bonds and plaquettes with the pairs (site, direction) and triples
(site, two directions) based at those sites, so that B(Ar) C B(Ty) and P(Ar) C P(T}).
Then for every box A C Az, and © supported in A: (B)x < (©)a, < (©)ine. In particular,
if A lies in a cube of side less than L (a fortiori if A together with its nearest-neighbour
sites does), a translation of the torus (which leaves ()i invariant) brings A into Ay,

and (©), < (©)fne,

The proof occupies the rest of this subsection. We derive (K1) from the positivity of the
Fourier coefficients of the weight, as in the proof of Theorem 3.1, then (K2) and the three signs
of (K3) from the duplication identity, and finally (K4) from (K3) and Lemma 10.7. By linearity
it suffices to treat © = O, pq and O = Oy i pr . Every step of the proofs of (K1)-(K3)
is cell by cell: the site, bond and plaquette factors are indexed by the cells of GG, the closure
constraint is imposed cube by cube, the duplication identity is a product over the plaquettes
and the angle domain a product over the bonds; so the proofs apply without change when G
has several components, and (K1)-(K3) hold on every finite lattice of Definition 10.1. (K4) is a
statement about boxes and the torus, and the lattice G of Lemma 10.7 in its proof is a single
box or a single torus.

Proof of (K1). Let © = O, pq and ® := 3" apfp+ >y k. Put Z(O) := [ P(p)ex= 403 12 VY
so that (©) = Re Z(0)/Z; we show Z(0) > 0.

The plaquette sum. For $ > 0, real x,s,a and A= (YN //275) e~ VAu*/(28) > 0,
(106) Z e—ﬁ(x+v)2/2€ia(50+v)ei’YNSU _ e—a2/(2,3) Z Crﬁnfs €7L’y1\1(m—s):z: e’yN(m—s)a/,B'

vE(2m /YN )Z meZ
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This is Poisson summation for n — e~ #@+2m/1n5)?/2gia(z+2mn/yy) g2misn (a Schwartz function of
n € R), whose Fourier coefficient at m is, after the substitution w = z + 27u /vy,

%em(mf@x / B2 /2 iatyn (s—m))w gy, — 7217\;661'“/1\7(m*é‘)ﬂ?e*(aJrVN(S*m))Q/(%’)7

and (a + yn(s —m))? = a® — 2ayn(m — s) + ¥4 (m — s)2. (For 8 = 1 this is (3.2) with a
replaced by ia.) The closure constraint is resolved as in the proof of Theorem 3.1: 1[(dv). =
0] = 01 eteld)edt  for every cube ¢ € C, so with ¢ € [0,1]€ and s := d*t, (d*t), = > esp Tte (at
most two cubes, |s,| < 2),

S° [ e et = o= 2 /0 / at S T[ &, e mo—snlan/by ¢i Dol miuts,

v closed P [0,1]¢ mezZP p
by (10.6) plaquette by plaquette with z = (dB), and yn >, (mp—sp)(dB)p = > (d"(m—s))pbh =
Y p(d*m)pby, because d*s = d*d*t = 0; here (d*m); € Z.
The gauge integral. By e*®®% =3 ., I;(z)e"? with I;(z) = I_j(z) > 0 for z > 0 and
>_;1j(z) = €2, for every bond b and integer ji, := (d*m), + kb,

g )
/ dBy €30 gfivrv_ppy costy _ “T L, (kopy_pv,) > 0.
(=7/vN7/N] IN

Assembly. Hence, with

2
QkPq /l_I’MQc dpw Z e H ,yiNI(d*m)b+kb(’€be_Pb+) > 07
b
Il Zp (TL e,y ) @y m) =01
meZ p

The interchanges are justified by absolute convergence:
ZHcmp o e’YN mp—sp)lap|/Bp — H Z cm s e'YN m—sp)lap|/Bp
P mEZ
is bounded uniformly in |s,| < 2 (a Gaussian sum against an exponential), and

. 2T w0} +0%,)/2
0<QkPq /H:u$dpx ZQPzHﬁyiNeb b_ TP, < 00

by I;j(z) < e* and (10.1); the lattice is finite. So Z(©) is real and non-negative, and (©)
Z(0)/Z > 0.

Proof of (K2) and of the signs in (K3). Write ©1 := © = F(p)cos®; and Oy := O =
G(p) cos @y with F(p) 1= P(p)eXctrs, G(p) 1= P'(p)eXe®rs, &y 1= 3 apfy + 3 ko, P2
likewise with (a’,k’); from now on a prime denotes the duphcate copy of Section 10.2. For
integrable Fi, Fb,

(10.8) Z2(F; Fy) = // —EYWW,

since the right side is %(2ZfF1F2W — 2fF1WfF2W).
The integrand in the new variables. Expand F(p) = >  cpmp™ (multi-indices m, ¢,, > 0,

O

convergent everywhere; P has non-negative coefficients and €9 an entire series with non- negative
coefficients). In the variables (10.2), F'(u+v) = > ¢ [[. 20 <. ( P g vl let Fy(u,v)
be the sum of the terms with ) j, even and Fi(u,v) that of the terms with ) _ j, odd. Both
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are power series in (u,v) with non-negative coefficients, absolutely convergent and dominated by
F(u+ |v|), and
F(p)=F(u+v)=F,+ F,, F(p) =F(u—v)=F,—F,,
because v — —v changes the sign of exactly the odd terms. Likewise G = G, F G,.
In the parametrisation of Lemma 10.4, ®; = =21 + H; and ®} = =; — H; with

Bl = Z apép + Z kyap,  (a function of («, k, o)),
H, := Z apvp + Z kymy  (the same function of (n,[,0)),

by f=¢+v, ff =& — v, 9 =a+7, 0’ = a —n; and 2y, Hy likewise. Hence, by the addition
formulas,

©1 + 0 = 2F, cos = cos Hy + 2F, sin = sin Hy,

(10.9) , _ L
01— 07 = —-2F,cos=1cos H — 2FsinE; sin Hy,

and the same for ©,.
For a bond b = (z,y),

Pa Py cOS Oy + p;cp; cos 0 = 2(ugzty + vy0y) €S ap cos My + 2(UgVy + Vi) Sin ayp Sin g,
so the pair of hopping factors is
/ 2K mm/ ’
wv{popy cosbitrlupy costt) = Z ( Trl:l)m/l (uzuy + vay)m(uxvy + Uxuy)m
m,m’>0 ’ ’
( cos™ a sin™ ab) ( cos™ mp sin™ 77b) ,
a series each term of which is the product of a non-negative coefficient, a polynomial in u, v with
non-negative coefficients and a factor T'(ay,) T (1) with the same trigonometric monomial 7" in both
copies; the absolute values of the terms sum to at most e2rb(uetlve)(uy+lvyl) < ero(Pa o +ry o)
The pair of Villain weights is (10.4), and the site measures [ [, pz(dpz)ps(dp),) are invariant

under p, > pl, i.e. under v, — —v, with u fixed, for each x separately.
The positive structure. By (10.9),

(01 —0))(0,-0)) =4 [Fo cos 21 cos Hy + F, sin = sin Hl] [GO cos 2o cos Hy + G sin 2o sin HQ] ,

which consists of four terms, each the product of a series in u, v with non-negative coefficients and
a factor 7(a, k,0) 7(n,l,0), where T is a product of two of the functions cos =;, sin Z;, the same
function in both copies. Multiplying out with the hopping series and (10.4), the full integrand of
(10.8) becomes

(10.10) Zq (u,v Z Z T.(a, k,0)Vy(a, k) 17,(n,1,0)Vs(n,),

o kleKs

with ¢, > 0, M, a monomial ], ualfubm and 7, a product of cosines and sines of the «ay, =1,
Z9. The series converges absolutely, unlformly on the angle domain, and is integrable, because
| <1,
2 /2 2 /2
S "M, < AF (u + o)) Glu + o) T 5= 7= 707
L b

with F(u + |[v|) = F(max(p, p')) < P(p+ p/)e>= @Fetr%) (the maximum taken site by site; P
has non-negative coefficients), >, > jczr Vo(a, k)Vo(n, 1) < 2‘73‘(]_[]7 K,)? by Lemma 10.4, and
the site measures satisfy (10.1).
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The integral. The function of (#,6’) obtained from the integrand of (10.8) at fixed (p, p)
by the sums over n,n’ is 2m-periodic in every 6, and 6;: the shift 6, — 6, + 27 together with
n — n — ddy (a bijection of the closed cochains, dd = 0) leaves f, cos @), and e***? hence ©; and W,
unchanged. By Lemma 10.5 (with dBy = df/vn) and Fubini, 222(01; ©5) equals the integral of
(10.10) over [, pta(dpz)pz(dply) 7&2‘B‘da dn on [0,00)%* x (=, 7)?8, and term by term (absolute
convergence) this is

222(01;02) = 7" > / 8,1, 0) [ oo ()
Z < Z /(_7r s T.(a, k,0)Vy(ay k) da)2_

a keKs

The angular factor is a square. The radial factor is [, [[ u% v u, (dps)pz(dpl): it vanishes if
some b, is odd (the symmetry v, — —v,) and is > 0 otherwise (u, > 0, v% > 0). Every term is
> 0; this is (K2).

The signs of (K3). The functions p,_pp, cosy and p2 are in Kf (Definition 10.3), so
(©; pp_pp, cosby) >0 and (O; p2) > 0 are instances of (K2). For the plaquette energy, f?) - ;,2 =

(& +vp)? — (& — vp)? = 4&,vp, so by (10.9)
(0 — 9/)(f1% — ;2) = —8[F0 cos 21 cos Hy + F,sin = sin Hl] Ep Ups

which has the structure of (10.10) with 7,(c, k, o) replaced by 7,(c, k,0) &, (again the same
function of (a, k,0) and of (n,1,0)) and an overall sign —; the absolute convergence holds with
the second bound of Lemma 10.4 (j = 1). The same computation expresses Z*(0; f2) as —47;,2“3'

times a sum over ¢ of products of ¢, > 0, a non-negative radial factor and a sum over o of squares;
hence (0;f2) < 0. O

Proof of the derivative formulas of (K3). Let A be one of the parameters xp, (B, ¢ (the last
for p, — eq’%%,ux at one site x), and let W) be the weight; then 0\W, = E\W, with E,, =
Po_ Py, cosly, Eg = —%fg, E, = p2. On a compact interval of parameters (r; € [0, %], B, € [Bo, 8]
with By > 0, ¢ € [0,q]) the functions |©|W, and |©FE)|W) are dominated by one integrable
function: efvPr’ €% < efrr and pp'efPP is integrable by (10.1); anez(l+f§)efﬁpf§/2 <>, 01+

f]%)e_ﬁofz%/2 is bounded uniformly in (dB), (Lemma 10.4, second bound); (l—l—pg)equ < (l—I—p:%)equ
is ug-integrable.

So A+ [OW), and X — Z, are continuously differentiable with derivatives [ ©E\W) and
[ E\W, (differentiation under the integral, dominated convergence), the partial derivatives being
continuous in all parameters jointly (the same domination over a compact box of parameters),
and the quotient rule gives 0)(©) = (OE)) — (©)(Ey) = (O; E). This is (10.5); the signs were
proved above, and a continuously differentiable function with non-negative derivative on an
interval is non-decreasing. Every intermediate weight belongs to the class of Definition 10.1,
and for the torus states and the killed-box states the three parameters are exactly the hopping
cerfﬁcient of a bond with its diagonal factors fixed, the stiffness of a plaquette and the site factor
ez, O

Proof of (K4). Let A C A’ be boxes and © € K} supported in A. Take G = A’ with the
parameters of the model (p, = pu°, kp = kN, Bp = 1) and let ()¢, t € (0, 1], be the interpolated
states of Lemma 10.7: the hopping coefficients of the bonds of B(A’) \ B(A) at tky and the
stiffnesses of the plaquettes of P(A’) \ P(A) at ¢, everything else fixed; (-); = (-)5s. By (K3) the
function ¢(t) := (O); is continuously differentiable on (0, 1] (the parameters depend linearly on ¢,
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and the partial derivatives are jointly continuous by (K3)) with

Ct)=" > EN(O;p_py, cosby) — % > (G >0
beB(A\B(A) pEP(A)\P(A)
Hence ¢ is non-decreasing on (0,1], and (©)x = ¢(1) > limyjo¢(t) = (O)s by Lemma 10.7
(whose conditions are met: A’ O A as in Lemma 10.6, |©| < CeX%P% and the parameters on
the cells of A are those of (-)5).

For the torus, the identification of the statement makes the sites, bonds and plaquettes of Ay,
cells of Ty, (the bonds () with z; < L — 2¢ and the plaquettes (x;ij) with z;, x; < L — 2¢),
the cubes of A cubes of the torus, and Ay, is a box; so Lemma 10.6 and Lemma 10.7 apply
to G =Ty, D Ar. The torus state is the state of WTL(MO, kn, 1) and the killed-box state of Ap,
that of Wi, (u°, kn,1) (Definition 10.2: the same site measure, since in both every site carries
the diagonal halves of six bonds). The argument of the first paragraph, with the bonds of
B(Tr) \ B(Ar) and the plaquettes of P(T7) \ P(Az) interpolated, gives (©)5, < (@) for every
O supported in A; combined with the first clause for A C Ay, this is (B)4 < (©)5, < (©)fne,
Finally, if A lies in a cube of side s < L (s € €Z; the nearest-neighbour sites of A play no
role), then s < L — ¢ and the cube has at most L/¢ sites along each axis, so some translate
y+ A (y € Z3) lies in Ap; the torus weight is invariant under the translations of Ty, and the
killed-box weight is carried along by them, so (©)ir¢ = (9,)n¢ and (@), = (6,),4a for the
translate ©, € ICX, of ©, supported in y + A. The argument of the first paragraph uses only
(K3) and Lemma 10.7, which hold for every weight of Definition 10.1; it therefore gives the same
comparison for any such weight on a finite lattice G whose cells contain those of A and whose
parameters on the cells of A are those of the A-weight. O

Remark 10.9 (the hypotheses used by each clause). (i) (K1) uses only the positivity of the Fourier
coefficients of the weight: the coefficients 2 > 0 of the Villain plaquette weight (its Gaussian
form, through Poisson summation) and the Bessel coefficients I; > 0 of the hopping factor, which
depends on the gauge field only through cos(yxBp) with the non-negative coefficient xp; the site
measures, the polynomial P and the factor e2- 9% enter as non-negative weights, and the closure
constraint only through the phases e"Wte(d)e Tt holds for every vn > 0 and gives the first
inequality alone: positivity of the Fourier coefficients does not imply (K2) (the weight 1+cos t cos 2t
on the circle has non-negative Fourier coefficients, and (cost;cos3t) =0— 1 -+ = —).

(ii) (K2)—(K4) rest on the duplication identity (10.4), which uses that the Villain integers are
summed over all closed cochains: the closed integer cochains form a group, so that n +n’ and
n —n’ are closed again and the parametrisation of Lemma 10.4 exists; a sum restricted to one
nonzero flux class of the torus (a coset, not a group) does not have this property. The sum over
all v without the closure constraint has it as well. The phases of the enlarged cone carry integer
bond coefficients kj so that the integrand is a function on the angle torus (Lemma 10.5), and the
frequencies a, of the curvature are arbitrary real numbers because f, is a real variable.

(iii) The argument of (K2) applied to © + ©' in (10.9) gives (K1) a second time.

(iv) Nothing in (K1)-(K3) uses the form of the site measure beyond (10.1); the killed-box
convention (every site with all six diagonal halves) is what makes the site measure the same in
every volume, which (K4) needs.

(v) For the torus states and the killed-box states every statement holds for every vy > 0,
kN >0, Ao >0, po,o >0, dmp € R and every L. These are statements at a fixed level N, which
suffices for Section 11, where the limit L — oo is taken at fixed N.

(vi) Definition 10.1 admits lattices with several components, and Theorem 10.8 covers them

because the proofs of (K1)—(K3) are cell by cell.
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Remark 10.10 (the bare mass counterterm). The site measure u° = get(p — p070)e*3”Np2dp,

gt = ¢ e~ 30mpp’ (Definition 10.2), carries the bare mass counterterm of Section 2, dmp € R of
either sign. Every statement of this section holds for every real dmp: Definition 10.1, Lemma 10.7
and the proofs of (K1)—(K3) use of the site measures only that they are finite positive measures
on [0,00) with (10.1) (item (iv) of Remark 10.9), which px° has by (2.1). The proof of (K4)
uses in addition only that u° is the same measure at every site of every box and of the torus
(the counterterm is a per-site factor, and the killed-box convention keeps it at every site); no
monotonicity, no identity and no sign of a derivative of g is used.

11. THE EXISTENCE OF THE FINE INFINITE-VOLUME STATE

The relation (2.2) would define the fine infinite-volume state wy as the limit of the torus
states; in this paper wy is a limit point of the torus states (Definition 2.3), and the existence
of the limit is not assumed. The results of this section are the following. First, limit points of
the torus states exist along subsequences of sides, and every limit point carries all the lattice
symmetries, the reflection positivity and the uniform bounds of the torus states (Theorem 11.5);
the only new estimate is a bound on the local moments of the scalar density, uniform in the
volume, which we derive from the reflection positivity of the torus states (Lemma 11.2). Second,
no statement of this paper requires the existence of the limit (2.2): the chain from the estimate
to the limit functional and the statements of Section 9 are proved for limit points of this kind
(Corollary 11.7).

Third, on the cone of observables for which Ginibre’s inequalities hold, the killed-box states
converge, every torus limit point dominates the box limit, and the values on the cone determine
the state (Theorem 11.11, Lemma 11.12); hence (2.2), in its continuous form (ii) of Corollary 11.13,
is equivalent to the agreement of the torus limit points on the cone generators (the form (i)
implies it).

Throughout, N > Ny is fixed, € := ey is the spacing, v the phase constant, and the couplings
kn >0, Ao > 0, poo > 0 and the bare mass counterterm émp € R (Remark 2.2) are arbitrary:
nothing in this section depends on their values. All constants may depend on N through
(e,Nn, KN, Ao, po,o, dmp); this is sufficient, since the limit L — oo is taken at fixed N.

11.1. Configuration space, local functions, the symmetries of the torus states. Let Py
be the set of plaquettes of £Z3, one orientation chosen for each (the opposite orientation carries
f_p = —fp), and X its set of sites. The configuration space of the gauge-invariant variables is

Qn = RPN x [—P070, OO)XNa §= ((fp)pEPNa (ﬁx)xeXN)ﬂ Pz = P00 + pz 2 0,

with the product topology and its Borel o-algebra; {2y is a countable product of Polish spaces,
hence Polish, and its Borel o-algebra is the product o-algebra, generated by the cylinder sets.
For a finite set S of plaquettes and sites put Eg := RPS x [— 0,0, 00)¥s and let 7g: Qn — Eg be
the projection. A function £ on Qp is local with support S if F = Fg o wg; it is bounded Borel
local, bounded continuous local, etc., according to Fg. The bounded Borel local functions are
the “bounded local gauge-invariant functions” of (2.2).

If S lies in a cube of side less than L, the quotient map eZ3 — T, is injective on the cells of
S, and the gauge-invariant variables of Ty, at the image cells define a measurable map from the
torus configurations to Fg; its law under <->%ne is a Borel probability measure Vf on Fg, and for
F local with support S we write (F)%ne = [ Fg duf. This is the meaning of (F)%ne for local F
throughout; by the translation invariance of the torus state it does not depend on the translate
of S used. Let Gy be the group generated by the translations by €Z3, the reflections Rj . in the
planes {z; = c}, j € {1,2,3}, c € %sZ, and the cubic group about every site, acting on cells and
on Qn by (g€)x := &gk With the orientation conventions (f changes sign on the plaquettes whose
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orientation g reverses: this is the time-like sign on the curvature); and let C': (f, p) — (—f,p) be
the charge conjugation.

Lemma 11.1 (symmetries of the torus states). For every g € Gy U{C} and every bounded Borel
local F, (F o g)fine = (F)ine for qoll I with L/2 € €Z so large that S and gS lie in a cube of side
less than L.

Proof. For the translations and the cubic group this is the proof of Lemma 5.1; for the reflections
R; . it is the paragraph before Theorem 9.7 (every R;. with ¢ € %EZ is an involutive symmetry

of Ty, for L /2 € €Z, and the weight and the reference measure are invariant); for C' it is the proof
of Proposition 9.12(b). O

11.2. Tightness: the uniform local moments. For the curvature the uniform bound is
Theorem 3.1: (e*fr)fine < e5*/2 for all real s, hence (esliplyfine < 2¢5°/2. For the density we use the
reflection positivity of the torus states about the bond mid-planes.

Lemma 11.2 (uniform local moments of the density). Let g.t(p) := g(p) e~ 20mB(Po.0th) pe the
full site factor of the model of Section 2, the bare mass counterterm included (dmp € R of either
sign; Remark 2.2). Put, for ¢ >0,

o
2
th = / et (r) €10P0.0F)7 g < 0,
~p0,0

K = sup e~ @2 < | 4 9N 212k
s Y >

ve(2m /YN )Z n>1
— 2 _1 2 _ 2
¢y = pooe Ao(2p0,0+1) , cgt =cge zl6me|(po,0+1) . chi=e wn (1+(po,0+1) )/2,
ct 3113
—24/~2 Go (2m/N) K.
co = c;t (2en/yn)3e™ 2N O = max{l, . 1 }
0

(K,’YN is a constant distinct from the K. of the proof of Theorem 3.1.) Then for every q > 0,
every site x and every L > 4e with L/2 € €7,

Gct
(11.1) (emiyine < Cy(q) i= =

8
~ —Gigtol

Proof. Write X7, By, Py, for the sites, bonds and plaquettes of 17, so that |Br| = |Pr| = 3|XLl,
and M := L/e (an even integer > 4). The integral th is finite for every g > 0 and every real
dmp by the inequality (2.1): \o(p? — p370)2 > $hopt — )‘093,0 and e~25mBP” < o3lomslp® give

get (1) et < pekopé,o e*%)‘of’4+(q+%|5m3|)ﬁ2, p = po,o+r > 0, which is integrable over r € [—pg o, 00)
since A\g > 0.
Step 1: crude bounds on partition functions. For a set A C X, and ¢ > 0 let Z(A,q) =

Jdp [dBY, qosed W Ilyea €95, so that Z = Z(,0) and (Il ca eti)ine — 7(A q)/Z. All terms
are non-negative (get > 0). Since h < 1, since the sum over closed v is at most the sum over all
v, and 3, w((dB)p +vp) < K for every value of (dB)p,

= (for Lo TL ) (2)
T yeA

For a lower bound on Z keep only the term v = 0 (which is closed) and restrict the integration to
Pz € [0,1] for all z and By € [~1/vn,1/yn] C (=7/vn,7/yn] for all b. There gei(pz) > c§' (the
exponent (po,0 +1)? — pj ¢ lies in [0,2p0,0 + 1] for r € [0,1], so g(r) > ¢4, and $6mp(poo +1)? <

Br| . o _jal (2w 3l¥Ll
KIPrl = (Gehyl (Gt xel =14l <TN> K73,
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31omsl(poo + 1)2), [(dB),| < 4/7y so w((dB),) > e™®%, and, with p, o’ € [po,0, poo + 1] and
‘FYNBb’ < 17

e B g — p? = (p— p')? +2pp'(1 — cosynBy) < 1+ pp'7aBi < 1+ (poo + 1),

so h > cp. Hence Z > (c;t)|XL|(2ch/ny)|BL|e*8|7’L\/712v = c‘OXL‘.

Step 2: doubling by reflection. Fix z and ¢, put F := eqp?v, and for n = (n1,ng,n3) with
n; =2k < M let B(n) := {x +&(mq,ma,m3) : 0 < mj < n;} (a box of |B(n)| = ninang distinct
sites of Tp) and II,, := [] (n) €%y, We claim (<F>%ne)‘B(n)‘ < (M), For n = (1,1,1) this is
an identity.

Let it hold for n with n; < M/2 for some j, and let n’ be n with n; doubled. Take the bond
mid-plane {z; = ¢}, ¢ := z; —¢/2, and the slab A} of Theorem 9.7 in the j-th coordinate, whose
sites have «; € [z, 2j — /24 L/2]; B(n) C Al because (nj — 1) < L/2 — /2. The reflection
Rj. maps the sites of B(n) onto the adjacent box {z € {z; —¢,...,2; —n;e}}, disjoint from
B(n), and B(n) U R;.B(n) is a translate of B(n'). The function II, is AJ-measurable with
(T12)fne — 7(B(n),2q)/Z < oo by Step 1, so the L? clause of Theorem 9.7 applies: the form
(A, A') — (A - A"Yine ig positive semidefinite and Hermitian, and the Schwarz inequality for it,
with A =1I,, and A’ = 1, gives

2
((OcIln) %)™ < (O IL,, - T1,) 77 (O - 1] = ((TL, 0 Rjo) Ty) ' = (L) 7™,
by the reflection and translation invariance of the torus state (Lemma 11.1; II, o R;, =
[yer, e €% s real). Also (I, = (I, o R )" = (IL,)§*. Hence (1)) =

((<F>%ne)|B(n)|)2 < ((Hn>fLi“e)2 < (I,/)me which is the claim for n’.
Now take k1 = ko = k3 = k := |logy M |: every doubling on the way starts from a box with
n; < 2k=1 < M/2, the final box has n; = 2% € (M/2, M] and |B(n)| = 23% > M3/8 = |X,|/8.
Step 3: assembly. By Steps 1 and 2, with n the final box,
Z(B(n),q) _ (G?f)Bw(Gs%%/w)%%)'%' < (Gét)'“")'cm
zZ TG co TA\GE o

yeB

() =

SO
<F>%ne < ((Hn>{£ne)1/\3(n)‘ < (th/th) C\1XL|/|B(”)| < (th/th) 018’
since Cy > 1. O

Remark 11.3. (i) The bound is a multiple-reflection bound of the chessboard kind [13], in a weak
form that suffices here: it has the exponent 8 in place of 1 and concerns one observable only, so
that no limiting argument on the number of reflections is needed; the ingredients are the reflection
positivity about the bond mid-planes in the three directions (Theorem 9.7) and the per-cell bounds

of Step L. (ii) The same bound gives ([, 4 €% < [T, 4 ((el419h)ine) V14T < (| Alg) for
every finite set A of sites by Holder’s inequality, and the bound (e« qui>%ne < max,; Cn(|X|q)

for finitely many sites X by the convexity of the exponential, e2-wex 4y < | X! Y orex el Xlazpi
(iii) The constants depend on N; this is sufficient, because the limit L — oo is taken at fixed N.

Remark 11.4 (the bare mass counterterm in this section). The site factor of the model is

gt = ¢ 67%‘5’”3"’2, dmp € R of either sign (Remark 2.2). Every statement of this section holds for
every real dmp, with the constants th, czt (hence ¢g, C1, Cn(q)), at fixed N. Indeed, the proofs
use only three properties of the site factor. The first is that gt > 0, th < oo for every ¢ > 0
and get > cgt on p € [0,1]; it is used in Step 1 of the proof of Lemma 11.2. The second is that gt
is one positive function of the one site variable, the same at every site and independent of f. It

is used in Lemma 11.1, hence in Theorem 11.5(c); in Step 2 of the proof of Lemma 11.2 and in
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Theorem 11.5(d), through Theorem 9.7, whose proof uses the positivity, the reflection invariance
and the integrability of the site factor; and in Theorem 3.1, which uses only that the site integral
is non-negative and finite (Remark 2.2). The third, for Definition 11.9 and Theorem 11.10, is
that get(p — p070)e*3”N"’2dp is a finite positive measure on [0,00) with feo‘pz < oo for every
a € R (by (2.1)), which is the condition (10.1) that Section 10 imposes on the site measure. No
monotonicity of g, no moment identity and no sign of a derivative of g is used.

11.3. Limit points of the torus states.

Theorem 11.5 (limit points, with every symmetry). Fiz N and a sequence of sides L], — oo
with L], /2 € €Z. There are a subsequence (Ly,) and a Borel probability measure un on Qn with
the following properties.

(a) (Convergence.) For every finite S, an — (mg)«pin weakly. Equivalently, with
wy(F) = /Fd,uN for every bounded Borel local F,

one has wy(F) = limn(F)%r:Le for every bounded continuous local F. The same limit
relation holds for every bounded Borel local F whose set of discontinuities is pun-null, and
for every continuous local F with |F| < CeXvex 1Pi for some finite X, C' < o0, ¢ > 0.
(b) (State; uniform bounds.) wy is linear and positive on the bounded Borel local functions,
wn(1l) =1, |wn(F)| < ||Flloo; and for every real finitely supported a and every ¢ > 0, x,

/ezp Wle duy < 3 Lo “12’7 /eqp?” dun < Cn(q).

(c) (Symmetries.) g«pun = pun for every g € Gy U{C}; hence wy(F o g) = wn(F) for every
bounded Borel local F'. In particular the conclusion of Lemma 5.1 holds for wy.

(d) (Reflection positivity.) For j € {1,2,3} and ¢ € 3¢Z let A}, (j, c) be the bounded Borel
functions of the variables of finitely many cells lying in {x; > c} (all vertices in the
closed half space) and O F := FoRj.. Then (F,G) — wn(0;.F - G) is a positive
semidefinite Hermitian form on A% (j,c), and wy(©;.F) = wn(F). Both statements
extend to functions of those cells in L?(uy).

(e) (Inequalities pass.) If F,G are bounded continuous local functions with (F)ine < (G)fne
for all large L, then wn(F) < wn(G); and [ Fdun < lim infn<F>%‘jle for every continuous
local ' > 0.

Moreover (a)-(e) hold for every pair ((Ly), pn), Ln — 0o with Ly, /2 € €Z, for which the weak
convergence of (a) holds.

Proof. Tightness. Let S be finite and Kg = [~R, R|"S x [—poo, R]*S, a compact subset of
Es. By Theorem 3.1 and Markov’s inequality, v7(|f,| > R) < e f(elfel)fine < 2¢1/2-R; 1y
Lemma 11.2, v5(p, > R) < e_(pO’0+R)2<ep3>%ne < On(De®. Hence supy, vy (Es \ Kg) <
2[Pgle!/2~F 4 | Xs|Cn(1)e B — 0 as R — oo: the family (vF);, is tight on the Polish space Eg,
hence relatively compact for the weak topology (Prokhorov).

Diagonal extraction and consistency. Let Si be the set of cells of ¢Z3 lying in the cube
[—kao, kag]®, k > 1; every finite S is contained in some Si. A diagonal argument gives a
subsequence (L,,) of (L}) along which foL — vk weakly for every k. For k < k’ the Sj-marginal

Sy . . . —
of VL:' is Vgi , and the image of a weakly convergent sequence under the continuous projection

Es,, — Eg, converges weakly to the image of the limit; so the Si-marginal of yfé“/ is yfg: the
family (yfg) k is consistent. By Kolmogorov’s extension theorem (a countable product of Polish
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spaces) there is a unique Borel probability measure px on Qy with (s, ).y = v3¢ for all k,
hence (7g).pun = limy, an weakly for every finite S.

(a). For F bounded continuous local with support S, <F>%r:’ = [Fs dl/fn — [Fsd(mg)ipun =
wn(F) by the definition of weak convergence. For bounded Borel Fg with a (mg).uy-null
discontinuity set this is the portmanteau theorem. For continuous Fg with |Fg| < CeXwex 4%
by Remark 11.3(ii), sup;, [ €?2= qu?vdl/f < 00, so (Fs) is uniformly integrable for (v} ), and
weak convergence together with uniform integrability gives the convergence of the integrals.

(b). Linearity, positivity, normalisation and the bound are those of the integral against a
probability measure. The function eXr%fr i continuous and non-negative, so by the port-
manteau theorem for lower semicontinuous functions bounded below (apply weak convergence
to min(e2 %% m) and let m — oo) [e=%feduy < liminfn<ezpapf”>fite < e2 X% by (3.1);
likewise [ 9P dpy < lim infn<e‘1'°3:)122e < Cn(q) by (11.1). This also proves the second clause of
(e); the first clause of (e) is (a) applied to F' and G.

(c). Let g € Gy U{C} and F bounded continuous local. Then F o g is bounded continuous
local, and by Lemma 11.1 (F o g>fLi’:e = <F>fLi‘T1Le for all large n; by (a), [ Fogduy = [ Fdun, ie.
[ Fd(gipun) = [ F duy for every bounded continuous local F. A Borel probability measure on
the Polish space Fg is determined by the integrals of the bounded continuous functions, o g. iy
and py have the same finite-dimensional marginals; the cylinder sets form a m-system generating
the Borel g-algebra of Qy, so g.uny = pn. The conclusion of Lemma 5.1 for wy follows, since
€73, the reflections in the site planes and the cubic group about every site lie in Gy .

(d). Let first F,G be bounded continuous functions of the variables of finitely many cells
lying in {z; > ¢}. For n large these cells lie in the slab AT of 11, (in the j-th coordinate), so
Theorem 9.7 (with the cubic symmetry for j € {1,2}) gives (©; F - G}fLi‘:Le =(0;.G- F>%‘:Le and
(©jF - F)%r:f > 0; the functions ©;.F - G, ©; .F - F and F o R; . are bounded continuous local,
so by (a) the identities hold for wy, and wn (0 F) = wn(F) by (c). Positive semidefiniteness of
the form on finite families follows by applying the inequality to linear combinations. For the
extension let S be a finite set of cells lying in {x; > ¢}. The bounded continuous functions on
Egs are dense in L?(Eg, (7s)«un) (a finite Borel measure on a Polish space is Radon), and a

bounded Borel Fg can be approximated by continuous Fg) with ||Fg)|]OO < ||Fs||o (truncate).
Both sides of the identities are continuous in the L?(uy)-norms of F and G, by the Schwarz
inequality and [|[F' o Rjc|l12(uy) = [[Fl|L2(uy) (the Rj-invariance of un, (c)). This gives (d) for
bounded Borel F,G and for F,G in L?(uy) measurable with respect to the cells of S.

The last clause. The proofs of (b)—(e) above use only (a) and the torus statements along
(Lo). 0

Remark 11.6 (uniqueness and the choice of sides). (i) Different sequences of sides may give
different limit points; the theorem claims no uniqueness, and (2.2) in its continuous form (ii)
of Corollary 11.13 is exactly the statement that all limit points coincide, the form (i) implying
it. (ii) Any cofinal class of sides may be prescribed. (iii) The proof of Theorem 11.5 uses only
Theorem 3.1, Theorem 9.7, Lemma 11.1 and Lemma 11.2, which hold for arbitrary positive
couplings and every real dmp.

11.4. Limit points along arbitrary sequences of sides.

Corollary 11.7 (the results hold for every limit point). For each N > Ny let wy be the

state of a limit point as in Theorem 11.5, along any sequence of sides (L%N))n, and write
Zn(0) = wy (V@) = [ei®n() gy .
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(i) Proposition 4.2, Lemma 5.1, Proposition 6.1 and Theorem 7.1 hold for these wy; the
density function gq of Definition 2.5 may be any bounded Borel function.
(ii) Every statement of Section 9 holds for these wy, with “L — co” read as “n — oo along

L%N) ?: Lemma 9.3, Theorem 9.4, Proposition 9.6, Corollary 9.8, Propositions 9.9, 9.11
and 9.12, Theorems 9.10, 9.13 and 9.15.

Proof. (i) Proposition 4.2. The only steps of its proof that use wy are the final ones (from
“Finally” on), and they rest on Theorem 11.5(e). Indeed, write ®n(0) = X + Y as in that proof,
where X is the curvature part, a continuous function of finitely many f,, and Y is the density
part, a bounded Borel function with |Y| < ||gq||ccE(h) pointwise. The Schwarz inequality in
L?(uyn) and Minkowski’s inequality give

on(@n(@)| n2) < ([ ontoPans) ™ < ([ Xdun)" + loalB ),

and, since X? is continuous and non-negative, Theorem 11.5(e) and Theorem 3.1 give
/ X?duy < liminf(X?)i0e < R(f)2.
n

So (4.1) holds. The continuity of gq is not needed, since wy is the integral against .

Lemma 5.1 is Theorem 11.5(c). Proposition 6.1 uses of wy only that it is a state, which gives
|Zn(0)| <1 and the positivity in Step 1, Lemma 5.1 and (4.1). Theorem 7.1 follows from these
statements.

(ii) Lemma 9.3(b). The family (VU 1, )r is locally uniformly bounded by part (a) of that lemma.
By Montel’s theorem it has locally uniformly convergent subsequences, and every subsequential
limit agrees on iR* with

VN /eizj LONUD) gy = lirl;rl<6i2j tj(I’N(fj)>%I71Le’
by Theorem 11.5(a) applied to a bounded continuous function of finitely many f,. Two en-
tire functions that agree on iR* coincide, so ¥ N.L, — Un locally uniformly with Wy (it) :=

[ et dpuy, and the law u%) of (Pn(fj)); under puy is the weak limit of the torus laws, with

fez‘zdu%) = Ux(z) by the same uniform integrability as in the proof of that lemma. Every
later use of the lemma (Theorem 9.4(ii)—(iv), Theorem 9.10, Proposition 9.11) takes the limit
along (Ly,).

Proposition 9.6 uses of wy only Lemma 5.1, Proposition 6.1 and Theorem 7.1, which hold
for these wy by (i). In Corollary 9.8, the identities for bounded Borel F, G of cells in {z3 > ¢}
and the invariances are Theorem 11.5(d),(c), and the extension to the bounded Borel class
comes from the L? clause of (d). Proposition 9.9 uses Theorem 7.1(a) and Corollary 9.8. For
Proposition 9.12(b), ®n(f,h) o C = ®n(—f,h), so Zn(—f,h) = Zn(f, h) by the C-invariance
of upn, for every bounded Borel gq; the rest of its proof is unchanged. Theorem 9.13 and
Theorem 9.15 use only the statements already covered. O

Remark 11.8 (the existence statement that is used). The statements of this paper use the
following existence statement and no more: for each N there are a sequence of sides Ly — oo,
L, /2 € €Z, and a probability measure un on Qn such that the finite-dimensional laws of the
gauge-invariant variables under the torus states of sides Ly, converge weakly to those of un; wy is
then the integral against pn. The symmetries, the reflection positivity and the uniform bounds
come with it (Theorem 11.5). No averaging over the symmetry group is needed, because every
lattice symmetry is a symmetry of every torus state. The existence of the limit (2.2), and a
fortiori its form for bounded Borel F' (a setwise convergence), is not used in any statement of
this paper; it is needed only to speak of the fine state.
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11.5. The cone class: the box limit, the floor, and the reduction of the limit (2.2) to
the cone.

Definition 11.9 (the cone; the killed boxes). For a real finitely supported a = (ap)pepy,
a polynomial P in finitely many p, with non-negative coefficients and a finitely supported
q= (Q:v)xEXN with g, > 0 put

Og,pq = COS <Z apfp> P(p) eXe qui,
P

and let K be the set of finite non-negative linear combinations of such functions. The generators
are the Og 1 4.

For a finite box A C £Z? (a product of three intervals of sites) let B(A) be the bonds with
both ends in A and P(A) the plaquettes with all four bonds in B(A). The killed-box state (-)a is
the normalised expectation of the weight

Wy = H gct(ﬁx)e—%z\fp% H N Pb_pb., cos(YN By) H w((dB)p +Up)
z€eA beB(A) pEP(A)

in the variables p, (z € A), By (b € B(A)), vp (p € P(A)), the sum over the v with dv = 0 on
every cube of A. It is the weight of the model of Section 2 with the matter killed outside A
(py = 0 for y ¢ A, which turns the hopping factor of every bond leaving A into the diagonal
factor e~"NP2/2 of its inner end, so that every site of A carries the diagonal halves of all six of its
bonds) and with no gauge or Villain variables outside B(A), P(A). A function is supported in A
if it depends only on f,, p € P(A), and p,, € A. A sequence of boxes (Ay,)y is ezhausting if
every finite subset of €Z3 lies in A,, for all large n.

The cone Ky is closed under products (cosucosv = 3[cos(u + v) + cos(u — v)]), consists of
continuous local functions, and each element satisfies |@] < CeX« %P for some C' < oo and
finitely supported ¢’ > 0; so Theorem 11.5(a) gives wy(©) = limn<®>%‘;e for every limit point
and every © € Kp. Gaussian domination holds for the box states by Lemma 12.10.

Theorem 11.10 (Ginibre’s inequalities for the Villain fine model). For the torus states and for
the killed-box states, and for ©,0" € Ky :

(K1) (6) = 0; (K2) (6;0) :=(06) — (6)(6') = 0;

(K3) (©) is non-decreasing in each hopping coefficient k, > 0 (the coefficient of
Pb_Pb, cos(ynBy), bond by bond, the diagonal factors held fixed), in each plaque-
tte stiffness B > 0 (wp(f) = e*ﬁpfz/Q) and in q > 0 under the change of the site
weight get(Pa) — Gev(p)e®s; eaplicitly 0,,(0) = (©;p,_py, cos(yBy)) > 0 and
9p,(0) = —3(0; ) > 0;

(K4) for bozes A C A’ and © supported in A: (©)p < (O)ar; and if A together with its
nearest-neighbour sites lies in a cube of side less than L: (©), < (©)fne,

These statements are proved, by the duplicate-variable argument of Ginibre [17] adapted to
the Villain form of the plaquette weight, in Section 10 (Theorem 10.8); we restate them here
and do not repeat the proofs. For (K4) the proof interpolates the couplings of the cells of A’
(or of Tp,) outside A from their values to 0 and uses (K3), the endpoint being the box state.
The classical input is positivity of the Fourier coefficients of the weight, which gives (K1) alone;
(K2)—(K4) need the duplication identity of the Villain weight.

Theorem 11.11 (the box limit on the cone). (a) For © € Ky the net A — (O),, over the
boxes containing the support of © ordered by inclusion, is non-decreasing and bounded;
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hence
box :
W (O) := lim (), = sup(©
§(6) 1= lim, (©)y = sup(©),
exists, along every exhausting sequence of bozes, and wkP*(0) < wn(O) for every limit
point wy of Theorem 11.5 (along any sequence of sides).

(b) The box states converge: for every finite S the laws V¥ of the variables of S under (-)
converge weakly, along every exhausting sequence of boxes, to the marginal of one Borel
probability measure ,u}f\}’x on Qn; w%OX(F) = deuR,OX extends w]b\,ox from Ky to all
bounded Borel local F and all F as in Theorem 11.5(a) (with puX%*-null in place of py-null
discontinuity sets); u'j{?x is tnvariant under Gy and C, and fezapfpdut]’\}’x < e%Z“IQ’,

J e dye* < On(a).

Proof. (a) Monotonicity is (K4). Boundedness: for © = ©, p, and a box A containing its
support, |©] < CeXx9:Ps with ¢’ > q on the sites of P and ¢ = ¢ elsewhere, and e2== %Ps € Kn
is supported in A, so by (K4) with a torus of side larger than A and its neighbours, and
Remark 11.3(ii), (|©])a < CleXe q;pgﬁne < Cmax, Cn(|X|¢,) =: C(O), uniformly in A; the
same bound holds for non-negative combinations. A bounded non-decreasing net of reals converges
to its supremum, and the values along any exhausting sequence of boxes converge to the same
supremum (every box lies in all late members of the sequence, so by monotonicity the limit
inferior along the sequence is at least the supremum over all boxes). For the comparison with a
limit point: given a box A containing the support of ©, (K4) gives (©)5 < <@>%r:f for all large n,
and the right side converges to wy(0) (Theorem 11.5(a)); so (O)y < wy(O) for every A, and
WX (©) < wn(O).

(b) Tightness of (v3)a: by (K4), (ePi)y < supL<ep§>fLine < On(1), and (esfo)y < e5°/2 by
Theorem 3.1 for the box states (Lemma 12.10). The argument of the proof of Theorem 11.5
applies and gives, along every exhausting sequence, a subsequence and a limit measure p with the
properties (a), (b) of that theorem (with “box” for “torus”), and p is C-invariant because every
box state is. By (a) of the present theorem and the uniform integrability of Theorem 11.5(a),
[Odp=1m(O), = wR,OX(@) along the subsequence, for every © € K. By Lemma 11.12 below,
any two such limit measures coincide; hence the whole net converges, to one measure /LR})X, and
the extension statement follows.

For the invariance under a translation 7, note that 7 maps an exhausting sequence of boxes to
an exhausting sequence of boxes and (For)y = (F'),-1,, so the limits agree. Under a reflection or
a cubic rotation g about a site the same holds: ¢ maps boxes to boxes and exhausting sequences
of boxes to exhausting sequences of boxes, and the box weights are covariant, the weight of gA
being the image of W) under g. Indeed every factor of W) is indexed by a cell of A, is the same
function at every cell, and is even in By and in f,; a cell map commutes with the coboundaries
up to the orientation signs, so the closedness of v is preserved; the diagonal factor e 3N P% is the
same at every site. In each case [ F o gd,uk]’\?x =[F d,u})\?x for every bounded continuous local F,

and g, uR% = pR* follows as in the proof of Theorem 11.5(c). The bounds are Theorem 11.5(e)
for the box sequence. ]

Lemma 11.12 (the cone determines the state). Let u, 1/ be Borel probability measures on Qy,
both C-invariant, with fezz quidu < o0 and fezx q””pidu' < oo for every finitely supported
q >0, and suppose [Og14dp = [Og14dy for all generators. Then p = 1.

Proof. Fix finite sets P C Py, X C Xy, and for a € RP, z € CX put G(a,z) :=
[e€ 2pep WhreSaex Z“pidu and G’ likewise for p/. For z in a compact subset of CX the in-

tegrand is dominated by eX« 4Py with ¢z := max{0, max Rz, }, the maximum over the compact
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set, which is integrable; so G(a, ) is entire on C* (differentiation under the integral), and so
is G'(a,-). By C-invariance the imaginary part [ sin(a - f)ez'deu vanishes for real z, so for
z=q € [0,00)% the hypothesis gives G(a,q) = [ Ou14dp = [On1,4dy’ = G'(a,q). Two entire
functions on CX that agree on the set [0, 00)*, which has non-empty interior in R, coincide
(identity theorem, one variable at a time). At z = it, t € RX, G(a,it) is the characteristic
function of the random vector (( fo)peprs (P2)ze X) under p; so the joint law of this vector is the

same under g and /. Since p; > 0, pp = \/p2 — po,o is a measurable function of p2, and the
joint law of (( Ip)peprs (Pz)ac X) is the same under p and p’. This holds for all finite P, X, so all
finite-dimensional marginals agree, and p = u' (- theorem on the cylinder sets). O

Corollary 11.13 (equivalent forms of the existence of the limit). Fiz N. The following are
equivalent, the limits being over all L with L/2 € €Z (or over any cofinal class of such sides):

(ii) lirr1,;_>o<><F>fLi“e exists for every bounded continuous local F';

(i) Hm_yo0(Oa 1) exists for every generator;

(iv) all limit points of Theorem 11.5, along all sequences of sides, are one measure jiy .
Each is implied by (2.2) as stated (the limit for every bounded Borel local F'), which we call (i).
When they hold, wy(F) = limy (F)in¢ for every bounded continuous local F, for every F as in
Theorem 11.5(a), and for every bounded Borel local F whose discontinuity set is pn-null; and
w]bvox < WN on ]CN.

Proof. (i)=>(ii) is trivial. (ii)=(iii): under (ii) the laws v} converge weakly as L — oo (a

tight family whose integrals of bounded continuous functions converge), and the generators are
uniformly integrable by Lemma 11.2, so their expectations converge. (iii)=-(iv): two limit points
LN, ty satisfy [ ©g1 4dpy = limp(O4 1 4)i0¢ = [ O, 4dpy (Theorem 11.5(a)), are C-invariant
and have all exponential moments (Theorem 11.5(b),(c)); Lemma 11.12 gives pun = py. (iv)=-(ii):
if the bounded continuous local F had (F)fne 4 [ Fduy, a subsequence of sides would keep
\(F)%ne — [ Fduy| > 0; Theorem 11.5 applied to it gives a limit point, equal to pux by (iv),
along a further subsequence of which (F >%ne — [ Fduy, a contradiction. The last sentence is
Theorem 11.5(a) and Theorem 11.11(a). O

Remark 11.14 (a floor). On the cone the monotonicity (K3), (K4) runs one way: enlarging the
volume, raising a hopping coefficient, a plaquette stiffness or a site factor 9" raises every cone
expectation. The killed box is therefore minimal among the finite-volume states compared in
(K4), and its limit is a floor under every torus limit point (Theorem 11.11(a)).

Remark 11.15 (summary of the section). Limit points of the torus states exist, with every lattice
symmetry, reflection positivity about all coordinate planes through sites and bond midpoints, the
Gaussian domination of the curvature and uniform local moments of the density (Theorem 11.5).
They suffice for Theorem 7.1 and for the statements of Section 9 listed in Corollary 11.7. The
killed-box states converge to a state w'f\,"x with the same symmetries, which lies below every
torus limit point on the cone K (Theorem 11.11); and (2.2), in its continuous form (ii) of
Corollary 11.13, is equivalent to the agreement of the torus limit points on the generators of the
cone, the form (i) implying it.

12. ROTATION INVARIANCE

Section 9 left one piece of the Euclidean invariance open: the invariance of the limit theory
under the rotations of R3. For the limit theory built on the killed-box states of Definition 11.9
we prove it here. The corresponding statement for the limits built on the torus limit points of
Definition 2.3 is Theorem 12.4. Section 12.1 states the theorems and gives a guide to the proof;



62 github.com/marikgoldstein/scalar-qed-existence

Section 12.2 collects the preliminaries; Sections 12.3—-12.11 prove the ingredients and Section 12.12
assembles them. The rigidity theorem, the diagonal reflection positivity of the torus limit points
and the general theorem on random fields are the subjects of Sections 13, 14 and 15.

Remark 12.1. In proving the rotation invariance, in this section and in Sections 13, 14 and 15, we
implement the original strategy of [35]. In a subsequent manuscript we shall provide a different
strategy, adapting the proof from the companion paper [34].

12.1. Setting and the theorems. Test pairs are 0 = (f,h) as in Section 2; the transport
O - o of a test pair by O € O(3), the automorphism v of A, the Euclidean group E(3) and its
action v - o are those of Definition 12.7 and Proposition 12.11 below (the 2-form transported
as a 2-form, h as a scalar). wR,OX is the killed-box limit of Theorem 11.11 (it exists along every
exhausting sequence of boxes), ,uR?X its measure on . By Lemma 12.20 below, Theorem 7.1
and the statements of Section 9 hold with w'fvox in place of wy, in the form given in that lemma;
we call SP°* any limit of Theorem 7.1 so obtained along a sequence N; < Ny < ---, write
ZP%(g) 1= SPX(e,), ZPOX(f) := ZP%(f,0), SEo* for its Schwinger functions (Theorem 9.4(iii))
and pP* for its measure (Theorem 9.13, Lemma 12.12).

Theorem 12.2 (rotation invariance for the killed-box states). Let the couplings be any kn > 0,
Ao > 0, poo > 0, yv > 0 and any real dmp (notation of Remark 2.1), and take gqa = 0 in
Definition 2.5 (the curvature scheme, Remark 12.9). Let SP°* be a limit along Ny < Ny < ---.
Then

ZPX(R - f) = ZPX(f) for every R € O(3) and every real C° 2-form f,

ie. Sbox ovR = Sbox;

hence (with Theorem 7.1) SP*(e,.5) = SP(ey) for all v € E(3); 7.uP** = uP** for all v € E(3)
(Proposition 12.11); uP°* is reflection positive across every affine plane of R3, on L? of either open
side, and the reconstruction in any direction is unitarily the one in direction e3 (Remark 9.16).
With OS0 (Theorem 9.4), OS3 (Proposition 9.12) and the measure (Theorem 9.13), SP°* satisfies
050-0853 in full.

Theorem 12.3 (bounded functions of the density). Let gq be any bounded Borel function (the
joint scheme (f,h) of Definition 2.5). Then the curvature marginal of SP% is as in Theorem 12.2,
and every mized Schwinger function Sp(o1,...,0,) of the joint field (the moments [ ], ®(oi)dp
of the measure p of Lemma 12.22) satisfies

Sp(R-01,...,R-0,) = Sp(01,...,00) for all R € O(3)

whenever the supports of o1,...,0, are pairwise disjoint (the Osterwalder—Schrader form of
Euclidean covariance, away from coincident points). The coincident points are covered as well
(Lemma 12.537, Corollary 12.38(a)): the mized Schwinger functions extend to bounded multilinear
forms, on L*(R3;A%) in the curvature entries and on L'(R3;C) in the density entries, the
displayed identity holds for all such entries with no condition on the supports, and

ZPX(R-0) = Z"*(0) for every R € O(3) and every test pair o = (f,h),
i.e. S§box YR = SPon A:

hence (Theorem 7.1, Proposition 12.11) S***(e..,) = SP*(e,) for all v € E(3) and all test pairs,
and the joint measure of Lemma 12.22 is invariant under E(3).

Theorem 12.4 (rotation invariance for the torus limit points). Let wy be a cubic-torus limit
point (Definition 2.3, whose sides run along a dyadic sequence, Definition 14.1) and S a limit
functional of Theorem 7.1. Then Theorems 12.2 and 12.8 hold for S for kny > 0 at every level
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(by Lemma 2.7; the value ky = 0 is excluded), with the other couplings and the conclusions as
stated there.

Remark 12.5. The reflection positivity of wy at the six diagonal site planes {x; £; = 0} through
0, in the sense of Theorem 11.5(d), is Corollary 14.35 at ¢ = 0 (Theorem 14.3 with the Hermitian
form, the conjugation identity and the L? extension) for the limit points along dyadic sequences;
it is proved (for K # 1 with Lemma 2.7) through Theorem 13.1 and Lemma 14.14. Every other
step of the proof below holds for the torus limit points as it stands.

Guide to the proof. The mechanism is the one of Remark 9.16 read backwards: reflection
positivity in enough planes forces rotation covariance. On the cubic torus the reflection argument
of Theorem 9.7 applies at the coordinate planes only (the second wall of the torus at a diagonal
plane is a glide, not a mirror; no period lattice carries both a coordinate and a diagonal family
of pointwise-fixed walls with the same coordinate j, that is {z; = ¢} and {z; £ 2, = ¢},
Lemma 12.13), whereas the killed box is reflection positive at a symmetry plane of each of the
nine families of lattice planes {z; = c}, {z; £ 2 = ¢} (Theorem 12.16). The box limit w}
of Theorem 11.11 inherits the reflection positivity, at every lattice plane of the nine families
(Lemma 12.19), the continuum passage of Sections 2-7 and 9 runs on the box family verbatim,
and a general theorem on random fields with the Gaussian bound, translation invariance and
reflection positivity in the nine planes (Theorem 12.31, proved for all n in Section 15, its case
n < 2 also in Section 12.10) gives the rotation covariance of the Schwinger functions away from
coincident points. The closedness of the limit curvature (Theorem 12.26) and an elementary
theorem on bounded multilinear forms (Theorem 12.34) remove the coincident part.

For a bounded density function the coincident points of the density entries are treated in
Lemma 12.37 and Corollary 12.38. For the limits built on the torus limit points the assembly is
the same (Theorem 12.4): the reflection positivity at the six diagonal planes through the origin,
which the reflection argument on the cubic torus does not supply, is the subject of Section 14
and rests on the rigidity theorem of Section 13.

Structure of the proof. Theorem 12.31 applied to the measure p of Lemma 12.22 (of which
uPo*, read on &', is the curvature marginal), whose hypotheses are supplied by Lemma 12.22 (the
Gaussian bound), Proposition 9.6 for the box family together with Lemma 12.12 (translations)
and Lemma 12.21 (reflection positivity in the nine plane families), gives the covariance away
from coincidences (Theorem 12.3). Theorem 12.34 with Lemma 12.22 (moments bounded on L?)
and Theorem 12.26 (closed field) removes the coincident-point part (Proposition 12.36). The
uniqueness from moments of Theorem 9.13 gives the invariance of ZP%%; Proposition 12.11 and
Remark 9.16 give the rest.

Notation for the planes. We write ¢ = ey. The nine families of lattice planes are {¢ = c}
with ¢(z) = z; (j € {1,2,3}, ¢ € 3eZ: site planes for ¢ € £Z, bond mid-planes otherwise) and
d(x) = +0x; (1 < j, 0 € {£1}, ¢ € €Z: the diagonal site planes). For such a plane P, Rp
is the orthogonal reflection (Rpx = = — 2(z; — ¢)e;, resp. Rpx = = — (x; + 0x; — c)(e; + Oej));
it maps £Z? onto itself and lies in the group Gy of Section 11.1 (a signed permutation of the
coordinates about a site composed with a lattice translation). The closed side is PT := {¢ > c};
a cell (site, bond, plaquette, cube) lies in P if all its vertices do. Through the origin the
nine planes are {x; = 0} and {z; & 23 = 0}, and the corresponding reflections are the signed
permutation matrices 1 — 2eje;!— and the matrices exchanging e; and Fe;. A box is a product of
three intervals of sites of €Z3 (Definition 11.9); a cube of a box A is a unit cube of £Z3 with all
eight vertices in A (then its twelve bonds lie in B(A) and its six faces in P(A)), and the closedness
constraint of Definition 11.9 is imposed on these cubes. A plane P is a symmetry plane of A
if RpA = A; for the cube of sites A = a4+ £{0, ..., M}3, a € £Z3, the symmetry planes among
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the nine families are the three coordinate planes {z; = a; + Me/2} and the six diagonal planes
{i —zj =0 —aj}, {zi + 05 = s +aj + Me}, i < 5.

12.2. Preliminaries: lattices on tori, the transport of test pairs, Gaussian domination,
Euclidean invariance. This section collects what the proofs below take from the lattice models
and from the limit functional: the Villain model of a lattice on a torus and the transport of test
pairs (Definitions 12.6, 12.7, Lemma 12.8); the choice gq = 0 (Remark 12.9); Gaussian domination
on every lattice, torus and killed box (Lemma 12.10); Euclidean invariance from invariance under
0O(3), for the functional and for its measure (Proposition 12.11, Lemma 12.12). They are proved
from the statements of Sections 2—11 alone; Proposition 12.11 carries the invariance of S under
O(3) as its hypothesis. Notation: for every level N, Ay := enZ3 is the fine lattice, and o, is the
reflection z, — —z, (v =1,2,3).

Definition 12.6 (lattices, tori and the model). For O € O(3) the lattice A := OApy carries the
frame fo = Oeq, a = 1,2,3. Its cells are the sites z € A; the bonds (z; ) from z to = + ey fa,
with the reversed bond —(z;«) from x + ey f, to z; the plaquettes p = (z;, ), a < 3, the
squares with corners z, x +en fo, © +en f3, T +en(fa + f3), With centre ¢(p) := x + L (fo + f3),
oriented boundary 0p = (z;a) + (z + en fo; B) — (x + en fz; ) — (x; ) and reversed plaquette
—p; and the cubes z + ex[0, 1]3 in the frame, with the usual oriented boundary (six plaquettes
with signs), so that 00 = 0. A period lattice for A is a lattice P C A of rank 3 whose non-zero
vectors have length at least bey; P C A is the same as A + p = A for p € P, and translation
by P permutes the cells of A, preserving the frame indices, the orientations and the boundary
operators. The quotient A/P is a finite cubical complex (two cells of one cube are never identified:
a translate of a cell by ¢ € P\ {0} lies at distance |g| > 5en > V/3en from it), and 7 := R3/P is
its torus.

The Villain model of A on T is the model of Section 2 (notation of Remark 2.1) on the cell
complex A/P: the variables p, € [—po,0,00) at the sites, By € (—m/vyn,7/vn] on the bonds with
B_y = =By, and vy, € (27/yn)Z on the plaquettes with v_), = —vp, of A/P; (dB)p := 3 s, Bo
and (dv)c 1= }_,cy. vp With the signs of the boundaries; v is closed if (dv). = 0 for every cube.
The weight is

W =T 9et(p) - [] 1o, vy, By) - [[ w((dB)y + vp)
x b

p

with the same factors get, h, w and coefficients v, Mo, po,0, N, 0mp as in Section 2, the products
over the sites, the unoriented bonds and the unoriented plaquettes of A/P, and the sum over the
Villain variables runs over all closed v. Only the cell complex differs from Section 2. (-)a 7 denotes
the normalised expectation and f, := (dB), + v, the curvature. For A = Ay and P = LZ?,
L € enZ, this is the fine torus state (-)i"® of the model of Section 2 (on Ty, = Ay /LZ?).

The weight is well defined on unoriented cells: h(r,r’,9) = h(r',r, —1), so the factor of a bond
does not depend on its orientation; w is even, so neither does the factor of a plaquette; and the
closedness of v does not depend on the orientations of the plaquettes and cubes. Consequently
the model depends only on the point set A and on P, not on the frame: replacing (f,) by
(£fr(a)), ™ a permutation, relabels the cells and reverses some orientations, which changes the
signs of the variables on the reversed bonds and plaquettes and nothing else.

Definition 12.7 (sampling of a test pair on a lattice; transport). For a test pair o = (f,h)
let p(o) be the smallest p > 0 with supp f Usupph C B, the closed Euclidean ball of radius
p about 0. Let A = OAy with frame (f,) and let P be a period lattice for A whose non-zero
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vectors have length > 2p(c). The sampling of ¢ on A, read on T = R3/P, is
(12.1) N (o) =X D fup(fa fa) o T eX D hl2) galpz),

p=(z;0,3) zeA

where f.(u,v) is the 2-form f at the point ¢ evaluated on the vectors u, v, the first sum runs
over the plaquettes of A in R? with o < 3, the second over the sites of A, and p, Z are the images
in A/P; finitely many terms are non-zero. For the fine lattice Ay itself, fop) (e, ev) = fu(c(p))
and (12.1) is (o) of Definition 2.5 with x, = ¢(p). For a rotated lattice R~'Ay, R € O(3),
the 2-form is sampled as

few) (R 'ea, R 'ep) at the centres c(p) = R (y + %X (ea +€5)), y € An,

of its own plaquettes, and the density at its own sites R~ 1y.
The transport of a test pair by O € O(3) is the push-forward

(O - a(u,v) := fo-1,(0" u,071v), (O - h)(z) == (O '), O-0:=(0-f,0-h);

(O,0) — O -0 is an action of O(3) by linear maps of 7, with supp(O - 0) = Osuppo and
p(O - o) = p(o); for O = o3 it is the time reflection 0 of Section 2, and for O in the cubic group
about 0 it is the push-forward action of Lemma 5.1. For O € O(3) let 7o be the *-automorphism
of A with ype, := ep.o (well defined because O- is additive on 7).

The sampling (12.1) has three properties. (i) It does not depend on the frame: for the square
with corner z spanned by u = fa, v = fg, the term fc(u, ) f(zu,) is unchanged if the same
square is described as (x;v,u) (both factors change sign, f being alternating and f odd under
reversal) or as (x + eyu; —u,v) (again both change sign, the boundary being reversed); so (12.1)
is a function of the point set A, of the 2-form and of the plaquette variables alone. (ii) Since the
non-zero vectors of P are longer than 2p(c) and the sampled cells have their centres in Bp(o),
distinct sampled cells have distinct images in A/P (two cells differing by ¢ € P\ {0} have centres
at distance |q| > 2p(0)): ¢®y" (@) is the bounded local gauge-invariant observable e!®¥(©) of the

infinite lattice A, read on the torus. (iii) It is real and additive in o, so (2.4) holds for every
lattice and torus.

Lemma 12.8 (passive covariance). Let O € O(3), let A = O'Ay be a lattice with frame (fa), P
a period lattice for A and T = R3/P. Then OA is the lattice with frame (Ofs), OP is a period
lattice for it, and O induces an isomorphism of cubical complezes A/P — OA/OP. The induced
bijection of configurations,

~/ = /L / -
POz = Pzs  Bop:= DBy,  vop = Up,

maps closed v onto closed v', preserves the weight W, and carries the Villain model of A on T
onto the Villain model of OA on OT :=R3/OP: for every bounded Borel function F of finitely
many cell variables of A/ P, writing F© for the same function of the corresponding variables of
OA/JOP (that is, FO(§/,B',v") = F(p, B,v)),

(12.2) (FOYoror = (F)a .

For test pairs o1, ...,0k with 2p(0;) smaller than the non-zero vectors of P, the sampled fields
correspond, @%A’OT(O ~oj)(p,B',v) = <I>N’T(Jj)(;3, B,v), so that for every bounded Borel G on
Rk

(123) (G0 o). 80 0)) = (G (). B 00)),
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Proof. O is an isometry of R* with OA = OO'An, O(z + enfa) = Oz + enOf, and O(z +
(fa+ f3)) = Oz + X(Ofa + Ofs): it maps the site z, the bond (z;«), the plaquette
(z; a, B) and the cube at = of A to the cells with the same labels of OA in the frame (Of,), and
¢(Op) = Oc(p). The boundary operators are defined by the labels, so O commutes with 9, signs
included. OP C OA is a lattice of rank 3 whose non-zero vectors have the same lengths as those
of P, and O(x + p) = Ox + Op, so O descends to a bijection of the cells of A/P onto those of
OA/OP commuting with 9. Hence the map of configurations is a bijection which preserves the
product Lebesgue measure in (p, B) and the counting measure in v, satisfies (dB’)o, = (dB), and
(dv")oe = (dv)e, so maps closed v onto closed v, and satisfies W (7', B',v") = W(p, B,v), because
W is the product of the same position-independent factors over corresponding cells. Therefore
the normalisations agree and (12.2) holds. For the sources, 5, = fp, (O - f)c(op)(Ofa; Ofp) =
fo-10¢(p)(fas f8) = fe)(far f5) and (O - h)(Oz) = h(z); summing over the plaquettes and sites
of OA, which are the images of those of A, gives the correspondence of the sampled fields, and
(12.3) is (12.2) for F' = G(@?,’T(al), ...). The support condition is the same on both sides since

p(O - 0;) = p(a;). O
Remark 12.9 (the density source and the choice g4 = 0). Definition 2.5 allows every bounded
Borel g4, in particular g4 = 0. With that choice ®x (o) = 5%2 >p fuv(p) (Tp)fp depends on f

alone: the density terms disappear from (12.1) and from the seminorms (||o|| = R(f)); the limit
theory is that of the smeared curvature, and Theorem 7.1 applies to this scheme as to any other.

Lemma 12.10 (Gaussian domination on every lattice and torus). Let A = OAy be a lattice, P
a period lattice for it and T = R3/P. For every real function a = (a,) on the plaquettes of A/P,

<exp (;apfp)>A,T S exp (;;ﬁ,).

The same inequality holds for the killed-box states (-)pr of Definition 11.9, N a finite box
of Ay, for every real a on the plaquettes of the box, and more generally for the normalised
expectation of every weight that is a product of the factors g, h (or, for a bond with one
end outside, the diagonal half e "NP /2 gt its inner end) and w over the sites, bonds and
plaquettes of a finite cubical complex with 00 = 0, the sum over the v closed on its cubes. Let
o be a test pair with 2p(c) smaller than the non-zero vectors of P, and define the seminorms
of A by RA(f)? := supyrisn, Ea > fc(p)(fa,fg)Q (over the plaquettes of the lattice OAp),
Ep(h) = supyisn, Exr > zcony, M) llolla == Ra(f) + llgallecEa(h). Consequently, for all
real s and all N,

(12.4) <68¢[z\v’T(a)>AT < elsllgalloEa(h) os*Ra(S)?/2 <‘I’1/:fT(U)2>11x/; < |lola,

and |<ei<b/1§f7T(U))A7T — <eiq’xT("/)>A7T\ < |lo—=d'||a. The seminorms obey Ra(f) < /3| Ktao! |l flloo
and Ep(h) < |Kiq ||P|loc for a compact K containing the supports; here || f|oo is the supremum

over R? of the Euclidean norm (X <w 31,)1/2, so that | fe(u,v)| < ||fllco for orthonormal u,v.

Proof. Steps 1-4 of the proof of Theorem 3.1 use only that the weight is a product over the
sites, bonds and plaquettes of a finite cubical complex with 99 = 0 (whence d*d* = 0 in Step 2),
the Fourier expansion of the hopping factor bond by bond (Step 3) and the sum over closed v;
nothing refers to the frame or to the period lattice. They apply word for word to the complex
A/P and give the first inequality. They apply equally to the killed boxes of Definition 11.9 and
to the general weights described in the statement: the diagonal halves e™ "V P2/2 attached to the
sites do not depend on the gauge variables, so the Fourier expansion of Step 3 is applied bond
by bond to the remaining hopping factors, and Steps 1, 2 and 4 use only the complex and the
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plaquette weight w. The cells of a box A’ form such a complex: every cube of C(A’) has its six
faces in P(A’) and every plaquette of P(A’) its four bonds in B(A’), Definition 10.1; and every
bond of B(A’) carries the hopping factor with both matter variables.

The exponential moment bound follows as in the proof of Proposition 4.2: @%’T(U) =X+Y

with X = Zp apfpa ap = S%ch(p)(faa fﬁ)? |Y| < HgdHooEA(h) and Zp 0727 < RA(f)2; the second-
moment bound is Step 5 of the proof of Theorem 3.1 with Minkowski’s inequality, and the
Lipschitz bound is (6.1) with the Schwarz inequality, |e* — €!¥| < |z — y|. The bounds on the
seminorms are those following Definition 4.1: the open cubes of side €5/ centred at the sites
of the lattice that lie in K are pairwise disjoint and lie in K+\/§5N//2 C Kiq (as enr < agp), so

there are at most |Kyq,|/e% such sites; the centres of the plaquettes of one orientation form a
translate of the lattice, so at most three times as many plaquettes have their centres in K. [J

Proposition 12.11 (Euclidean invariance from invariance under O(3); invariance of the measure).
Let S be a limit of Theorem 7.1 (for the torus family, or for any family of fine states satisfying
its hypotheses), with Z (o) = S(ey), and assume that S is invariant under the orthogonal group,
Soyr =S for all R € O(3).

(a) Let E(3) = R3 x O(3) be the Euclidean group, v = (b, R) acting on R? by yxr = Rx +b
and on test pairs by the push-forward v - o := 7(R - 0), 7 the translation by b. Then
S(ey.o) = S(eq) for every v € E(3) and every test pair o.

(b) Let X be a set of real linear functionals ® on T, stable under (Y®)(c) := ®(y~ 1 - 0)
for v € E(3), with the o-algebra generated by the evaluations ® — ® (o), and let p be a
probability measure on X with S(e;) = [y 12(@) du(®) for every o. Then vopu = p for
every v € E(3); in particular p is O(3)-invariant.

Proof. (a) R - (1yo) = Try(R - o) (substitute R~z — ¢ = R~Y(z — RV)), so v- (7 - o) =
TRy ((RR') - 0) = (7y') - 0 with v/ = (b+ RV, RR'): this is an action of F(3), and E(3) is
generated by the translations and O(3). S is invariant under all translations by Theorem 7.1
(the time translations by its clause (b), the space translations by its last clause), and under O(3)
by hypothesis; so it is invariant under E(3). (b) ® — ~® is measurable, since (y®)(o) is the
evaluation at y~! - o. For 01,...,04 € T and s € R¥, by the linearity of ® and (a),

/eizjsj('yfb)(aj)du(q)):/ ELCEDIDTARMES
X X

= S(e’y_l'zj Sja'j) - S(er SjO'j) = /X ¢! 223 () dp(®).

So the laws of (®(0;)) <k under v.u and under p have the same Fourier transform on R* and
coincide; the cylinder sets {® : (®(0;))j<r € B} form a m-system generating the o-algebra, on
which the two probability measures agree; hence v, = p. O

Every limit S of the killed-box family is invariant under the orthogonal group, by Theo-
rems 12.2 and 12.3, and so is every limit S built on the torus limit points of Definition 2.3 along
dyadic sequences of sides, by Theorem 12.4.

Nothing above needs p to exist; it does, by the following lemma.

Lemma 12.12 (existence of the measure). Let S be a limit of Theorem 7.1 (for the torus family,
or for any family of fine states satisfying its hypotheses), with Z (o) = S(e,). There is a unique
probability measure on the dual D' (R3; A2R3®R), with the cylinder o-algebra, whose characteristic
functional is Z; E(3) acts on that dual by the transposed action, and Proposition 12.11(b) applies
to this measure when S is invariant under O(3). Moreover, a probability measure on any
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such space of linear functionals, with the cylinder o-algebra, is determined by its characteristic
functional.

Proof. Z is the pointwise limit of the characteristic functionals o — Zy, (¢) = wy;,, (e!®¥m(9))
of the real random variables ®y, (¢), which are additive in o, so Z is positive definite on the
additive group 7 with Z(0) = 1; and Z is continuous on each Fréchet space Tk of test pairs
supported in a compact K, by (6.1) and the admissibility of the seminorm. The Bochner—Minlos
theorem, in Minlos’ form on D’ ([27], [15, Chapter IV]), then gives the measure and its uniqueness.
The argument of Proposition 12.11(b) shows that a probability measure on any such space of
linear functionals, with the cylinder o-algebra, is determined by its characteristic functional. [J

12.3. No torus carries the nine families.

Lemma 12.13 (reflection walls of a torus). Let I' C R? be a lattice of rank 3, n a unit vector,
Opx =z —2(n-x)n and Tz == (n - x)n.
(a) If 0, =T, the O, -invariant walls of R3/T" are the images of the planes {n - x = ¢} with
2c € n-I'; such a wall is pointwise fixed iff 2cn € T'; all of them are pointwise fized iff
(L) C T, e iff m,(I') =T NRn (and this inclusion implies 6,1 =T).
(b) No lattice satisfies me;(I') CT' and m,(I') C T with n = (e; £ ex)/V2, k# j.

Hence no torus R3/T' carries a coordinate family and a diagonal family with the same coordinate
J (the families {x; = c} and {x; £z, = c}, k # j) with pointwise-fized walls, a fortiori
none carries the nine families. (The cubic lattice Z3 passes the coordinate test only, the lattice
Z(e1 — e9) + Z(ey + e2) + Zes the test for (ey — e2)/V/2 but not the one for e;.)

Proof. (a) The image of {n-x = ¢} in R3/T is the set {x : n-x € ¢ +n-T'}; 6, maps it
to {n-x € —c+ n-T}, which is the same set iff 2c € n-I'. A point z of it is fixed iff
Opr —x=—-2(n-xz)n € I'. Writen-x =c+n-v with v €T’ since 2(n-y)n =v—0,7v €T
(here 6,I' =T enters), z is fixed iff 2cn € I', independently of x on the wall. If 7, (I') C I and
2c = n -7, then 2cn = m,v € T'; conversely every v € I' gives the admissible ¢ = %n -y with
Ty = 2cn, so if all walls are fixed then m,(I') C . Always ' " Rn C m,(T'), so m,(I") C T is the
same as 7, (I') = ' N Rn; and then 0,y = v — 21,y € T

(b) Take j = 1 and n = (e; — e2)/V/2; the other cases follow by a signed permutation of
the coordinates. Since I' has rank 3, 7., (I') # 0 and 7, (") # 0, so under the two hypotheses
I' N"Rey = pZey and T' N Rn = sZ(e; — eg) with p,s > 0, and the hypotheses read: v € pZ
and %(*yl — v9) € sZ for every v € I'. For v = s(e; — e2) the first gives s € pZ, s = kp; for
~v = pe; the second gives p € 2sZ, p = 2ls. Then p = 2klp, i.e. 2kl = 1 with integers k,[ > 1:
impossible. The families {z; = ¢} and {z; — 92 = ¢} are among the nine, which proves the
last sentence; the two examples are checked by the same computation (Z3: 7., Z3 = Zey C 73,
but m,(e1) = 3(e1 — e2) & Z3; the second lattice: m, of its generators lies in Z(ey — e3), but
Te, (€1 — €2) = €1 is not in it). O
12.4. Reflection positivity of the killed-box state at its nine symmetry planes. Setting.
Fix N, € := ey (the spacing), vn the phase constant, xy the hopping coefficient (the unindexed
symbol x denotes a cell below), and a cube of sites A = a+¢{0,..., M}?, a € eZ3, M > 1; B(A),
P(A) are as in Definition 11.9 and C(A) is the set of cubes of A. Cells are oriented, with incidence
numbers [k : o] € {0,£1}, Ok = > [k : 0]o, 00 = 0; the variables £ = (py, By, vp) obey u_, =
—Ug, (dB)y = 3 4[p : b]By, (dv)e = 3, [c : plup, fp = (dB)p + vp. With g(r) := et (1) e 3FNP’
(p = poo+r) and hip, p, B) := efner'cos(ivB) | the weight of Definition 11.9 is

Wa =113 I Moo B) T w(o) T] i(dv)e =0],
)

€A beB(A) peEP(A) ceC(A
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against the reference measure ma = [[, dps [[, dBy [, (counting measure on (27/vn)Z), By €
(=7 /N, T/ N]; Za i= [ W dma € (0,00) (Step 4 below) and (F)x := Z, ' [ FWa dma.

Let IT be a symmetry plane of A, ¢ the affine function x; — o;j — Me/2, resp. x; F = — c;?;
with C;j = Qi — c:; = a; + o + Me (we write H;j, H;; for these two diagonal planes), so that
H={p=0};n:=Ve, R=Ry:x— x—2p(x)n/|n|? the reflection, Hy := {+¢ > 0}. R maps
€73 onto itself (2¢/|n|? € £Z on sites, as ciij € €Z), maps A onto A (a; +em — aj + (M —m);
(o +emy, aj + emy) — (oy + emj, aj + em;), resp. (a; +e(M —mj), a; + (M —m;))), hence
maps B(A), P(A), C(A) onto themselves, and commutes with 0: [Rk : Ro] = [k : ¢]. It acts on
configurations by (R§)x := &Rx, so that (dB), o R = (dB)gp, fp © R = frp, (dv)c 0 R = (dv)pe; it
maps the configuration space (—7/vn,7/vn]2?) onto itself up to the mp-null set where some
By = w/vn, so F o R is defined almost everywhere, which suffices.

A cell k with vertex set V' (k) is a plane cell if V (k) C I, a (+)-cell if V(k) C H4 and it is not
plane, a (—)-cell likewise, and crossing otherwise. Write &y, &y,&—,&x for the variables of the
four classes and By, Px,Cx for the crossing bonds, plaquettes, cubes (no site crosses). 2} (II) is
the algebra of bounded Borel functions of (§p, &+ ), i.e. of the variables of the cells lying in H,
and @HF =Fo RH.

Lemma 12.14 (cells at a symmetry plane). (a) R fizes every plane cell (orientation included),
maps the (+)-cells bijectively onto the (—)-cells, and maps every crossing cell k onto itself with
reversed orientation, Rk = —k. (b) No face of a crossing cell is a plane cell; every cell having
a crossing face is crossing; the faces of a plane or (4)-cell are plane or (+)-cells. (c) At a
coordinate site plane (M even) there are no crossing cells. At a coordinate bond mid-plane (M
odd) there are no plane cells; the crossing cells are the e;j-bonds, the ejey-plaquettes and the cubes
with vertices on both slices ¢ = +e/2. At a diagonal plane 11 the plane cells are the sites of 11
and the ey-bonds (k # i, j) in II; no bond crosses; the crossing cells are the e;e;-plaquettes whose
vertices carry the g-values {—¢,0,0,e} (bisected by 11 along a diagonal) and the cubes having
such a face; a crossing plaquette has two bonds in Hy and two in H_; a crossing cube has two
crossing faces and two side faces in each of Hi; no plaquette is a plane cell.

Proof. (c) On the sites ¢ takes values in €¢Z (site and diagonal planes) or in €Z + ¢/2 (mid-plane),
and |p(z +ce;) — p(x)] € {0,e}, so the gp-range of a cell is € times the number of its directions ¢;
with n; # 0. A cell crosses iff ¢ takes both signs on V (k). At a coordinate plane the range is at
most €; with values in €Z no cell crosses; with values in €Z + £/2 a cell crosses iff it has vertices
on both slices, and no cell is plane. At a diagonal plane crossing needs the values ¢ and —e¢,
hence range 2¢, hence both directions e;, e;; for the e;ej-plaquette with corner a the values are
p(a), p(a) + &, 0(a) —e,0(a) (II7), resp. p(a), p(a) + &, p(a) + &, ¢(a) + 2¢ (IIT), and it crosses
iff they are {—¢,0,0,¢e}; a cube crosses iff its e;ej-faces do. The bonds of a crossing plaquette
and the e;ei-, ejei-faces of a crossing cube take the values {0, e} or {0, —¢}, two of each kind; a
plane cell lies in II, which contains no square and no bond of direction e; or e;.

(a) R fixes II pointwise, hence every vertex of a plane cell and the oriented cell. A (£)-cell has a
vertex in the open side {£¢ > 0}, which R carries to the other open side, and R(H4) = H+; with
R? = 1 the bijection follows. Let s cross. At a mid-plane, V (k) = V' x {¢ F£/2} and R swaps
the two slices, fixing the other coordinates. At a diagonal plane the two vertices off II are a + €e;,
a+ee; (II7, p(a) = 0), resp. a, a+ ce; +ee; (IIT, p(a) = —¢), and R(z) = = — p(z)(e; F e;)
exchanges them; for cubes add {0, e}ey, fixed by R. So V (k) is R-invariant and Rk = £k. R
restricted to the affine span E of k fixes E N II pointwise, a hyperplane of F (E ¢ II, and
ENTI # ( since k meets both sides), and moves a vertex: it is the reflection of E in that
hyperplane and reverses the orientation, Rk = —k.
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(b) If a face o of a crossing k were a plane cell, then Ro = o and [k : 0] = [Rk : Ro] = [k :
ol = —[k:0],s0 [k:0] =0. A cell with a face having vertices on both open sides has such
vertices itself. The vertices of a face are vertices of the cell, which gives the last clause. O

Lemma 12.15 (splitting of the coboundaries at a symmetry plane). Let k € Px UCx and let u
be the variables of its faces (B for a plaquette, v for a cube). Put Ux(K) =3 , crossinglt : lUo,
U (k) =20 (ki olue, U-(K) = =32, (L)[k : o]ue. Then (du)x = Ux(r) + Uy (k) — U-(k),
and Uy (k) o R =U_(k), U_(k) o R = Uy (k). Fort € R’x, s, := >cee, lciplte (p € Px) and
every crossing bond b: Y p [p: bls, = 0. We write Bx(p), B+(p) for Ux(p), Us(p) when
u= B, and Vi (c) for Ux(c) when u =v.

Proof. The first identity is Lemma 12.14(b): no face is plane, so the faces are crossing, (+) or
(—). R maps the (+)-faces of x bijectively onto its (—)-faces (Lemma 12.14(a); —x has the faces
of k), and [k : Ro| = —[Rk : Ro] = —[k : g]; so

Ur(k)(RE) = Y [k :0lére = = Y [k : Rolure(€) = = D [r: 'Jugr(€) = U-(%)(€);
o(+) o(+) o’'(=)
apply R once more for the other identity. Finally > .p [p:0lsp = > .t > [c:pllp:b] =0
every plaquette of A containing the crossing bond b is crossing (Lemma 12.14(b)), every face of a
cube of A is a plaquette of A, and 09 = 0. O

Theorem 12.16 (reflection positivity of the killed-box state at the nine planes). Let IT be a
symmetry plane of the cube A (a coordinate plane or a diagonal plane). For all F,G € A} (II),

(FoRmA = (F)a, (OnF - G)a = (OnG - F),, (OnF - F)p >0,

and the Hermitian identity and the positivity extend to all (&y,&+)-measurable F,G with
(F*)a, (IG]?)a < o0.

Proof. Step 0 (invariance). We have Wy o R = W)y, because R permutes A, B(A), P(A),
C(A); g is one function of the site variable; R is symmetric in (p,p') and even in B; w is even
and f, o R = fpp; 1[(dv). o R = 0] = 1[(dv)r. = 0]. The reference measure is invariant (a
permutation of the coordinates with sign changes of some By, v,; dB on (—7/yn,m/yn] is
invariant under B — —B up to a null set, the counting measure exactly). Hence (F'o R)p = (F)a
and (Fo RG)pA = (F(GoR))p = (Go RF),.

Step 1 (factorisation). Grouping the factors of Wy by the class of their cell, Wy =
Wo(€0) Wit (€0, €4 )W (€0 €)W (€456, £x): the faces of a plane or (+)-cell are plane or (+),
and, by Lemma 12.14(b), no variable of Wy := [[cp, ﬁHpEPX w(fp) [lec, 1(dv)e = 0] is a
plane variable. By Step 0 and Lemma 12.14(a), W_ (&, &-) = W4 (&o, (RE)+), where 1 := (R)+,
N = Erwk (K a (4)-cell), is a measure-preserving bijection of the (—)-variables onto the (+4)-
variables, and (R¢)o = &. For F € A3 (II): F(RE) = F(&,n).

Step 2 (the kernel). Let K(§-,&1) == [Ilyen, dBs Z(vp)pe'/?x Wi Write 1[(dv). = 0] =

fol dte. el e for ¢ € Cy (as (dv). € (2m/vn)Z; Step 2 of the proof of Theorem 3.1);
by Lemma 12.15 for v, > te(dv)e = > ep, Spvp + Do te(Vi(c) — Vo(c)). Fubini’s theorem

O, Iw< Kﬂﬁxl, K of Lemma 11.2; ¢ ranges over a probability space) and (3.2) at a = 0,
x = (dB)p, s = sp (absolutely convergent, > ¢n—s < K, uniformly in s, Step 4 of the proof
of Theorem 3.1) give

S [T w) [T tdv)e = 0] = / 0t 3" T emysy e (o =50)aBYy T e telVe@)=V=(0),

(vp)px PX 20 m  pX cX
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By Lemma 12.15 for B, (dB), = Bx(p)+ B+(p) — B_(p) and pr (mp—8p)Bx(P) = X pe, B
with ¢ = Zp[p : bjm, € Z (the s-part drops by the last clause of that lemma). With
o8t = > gez I,(2)e" (I, > 0, >4 1q(2) = €*; Step 3 of the proof of Theorem 3.1),

7r/’YN - .
/ dBy (s, poy» By) e WBs = (2 /) Loy (R P, ).

—7T/YN

Hence

K = /dtZHcmp o LT 2= Tgy ) (v p5,)

m  pX bx
T e me=se)Bo(G)=B- ) T gimteVa(@-V-(),
pX cX

At a diagonal plane By = () (Lemma 12.14(c)) and no Bessel function enters; at a coordinate site
plane K = 1.
Step 3 (positive type). With I(2) = 3 4 ag o2 2F A ay, = 2726 ld /(B (k4 |g])!) > 0, put,

for k = (t, m, (kb)bX)a
) = H ei’YN(mp_Sp)B+(p) H ei’YNtcV+(C) H pl?fb+|qb|’

_ ka+|%|
=dt H Cmp—sp H kb#]b(m) En

bx

a positive measure. By Lemma 12.15 and Lemma 12.14(a) (Rb = —b swaps the ends by of a
crossing bond): B_(p) = By (p ) oR,V_(c) = V+( ) o R py_ = po, © R, functions of n = (RE) 4

alone. Therefore K (¢_,&4) = K(n,&y) == [ dv(k) 1) Ak(&4), and
[ vt 1 amliaco) = [ dtzncmp o TT 220 (o, ()1, )
m  pX bx

< K'v?vx‘(w Ilfxll_[e (oo (M) +pv (€)°)
bx

by I,(z) < e and 2pp’ < p? + p%.
Step 4 (positivity). Summing £« first (Tonelli on W > 0, then |F| < ||F||«) and substituting
n = (RE)+ (Step 1),

Zn(OnF - F)y = / doWo / / dn e W (€0, W (€0, 1)
/d’/(k) Ar(n)F(&o,m) Ar(&4)F (€0, &4)-

By Step 3 the absolute integrand is at most |]F||gOKJY7JDVX‘(27r/'yN)|BX| times
WoW. (&, )W+(§0 §+)e 2" T (o (1) +pp, (64)° ), whose integral is, undoing the substitu—
tion, [WoW,W_e 3 Do 40 over the non-crossing variables. Boundlng h<e S+
on every non-crossing bond, all bond factors together are at most [[, . ¢ 3" deg(@)pi <1, e~ =

(deg(z) < 6 bonds of B(A) at x), which cancels the site factors e 3#¥%; the indicators are < 1,
each dBy, integrates to 27 /vy, and Z w(fp) < K7, per plaquette. So the integral is at most

(GO (27 Jyn ) B )\BX|K;L7])( WPl < oo, G§' = fgct (Lemma 11.2, Remark 11.4); the same
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bound with all cells gives Zy < oo, and Z5 > 0 since W) > 0 on {v = 0}. Fubini’s theorem now
yields

Zn@nr - Fia = [ dgoWalco) [ dv(b)] [ des Weto, €00 A€ P&, 60| 20

Step 5 (L?). Bounded (&, £ )-measurable functions are dense in the (£, £y )-measurable part
of L2((-)p), and |[(OF - F)5 — (OG- G)a| < ||F — G|l2(||F|l2 + ||G|l2) by the Schwarz inequality
and ||F' o R||2 = ||F||l2 (Step 0); the Hermitian identity is || - [|2-continuous likewise. O

Remark 12.17 (the crossing kernel). At a diagonal plane the crossing kernel K of Step 3 of the
proof of Theorem 12.16 is of positive type by the Poisson step alone:

fN{(%f) = / dt Z H Cmp Sp Atm )Atm(g)
EZPX pE'PX
Apm H YN (mp—sp) B+ (p H NtV (c)

pG'PX CECX

with ¢, = (yn/V2m)e 7%%*/2 > 0 (equation (3.2)) and |A¢m| = 1. At a coordinate mid-plane the
factors (2m/yn)1g, (KN py_po, ) of the crossing bonds are added (the Bessel step of Theorem 3.1).

Corollary 12.18 (matrix and exponential forms, complex coefficients). For (&g, &4 )-measurable
Aq, ..., A, with <|Al|2>A < oo and A € C": Zi,l 5\1/\l<@HAz . AZ>A = <@1‘[A . A>A > 0 with

= > NA; (©n is antilinear); the Gram matriz ((Ond; - Aj)a)iy is Hermitian positive
semidefinite. In particular, for real plaquette functions a®, ..., a® supported on the plaquettes
of P(A) lying in Hy, Xy =3, ag)fp, X=X, 0oRy = > ag,r)fRnp (the reflected source, with
the 2-form sign), and 20 20 e Ck,

l; j\i/\1<exp (Z:zﬁi)Xﬁ+zr:Z§l)Xr>>A > 0.

Proof. A; = exp(}_, z,(f)X,,) is (&, &4 )-measurable (the bonds of a plaquette in Hy lie
in Hy), Op4; = exp(Er z,(«i)XfL) because X, is real, and (|4;]*)x = (e? Zr(Rezﬁi))XﬁA <
exp(2]| >, (Re 2 ) )||?) < oo by Theorem 3.1 for the box states (Lemma 12.10: its proof
uses only 00 = 0 on the complex and the Fourier positivity of the bond and plaquette factors).
Apply the theorem to A =), \}4;. With ag) = 53/2f5;)(p) (xp) for real C2° 2-forms supported in
the open side at distance > ¢ from II and inside the cube, this is the box version of Theorem 9.10

at level (N, A), which Lemma 12.21 uses; the plaquettes carrying such a') lie in H, because the
crossing plaquettes have their centres on II. O

12.5. Reflection positivity of the box limit at every lattice plane of the nine families.

Lemma 12.19 (reflection positivity of the box limit at the lattice planes of the nine families).
Fiz N and a lattice plane P = {¢ = c} of one of the nine families (notation of Section 12.1:
¢ € LeZ for ¢ = wj, ¢ € €Z for ¢ = m; £ x;); write R := Rp. Let AL(P) be the bounded
Borel functions of the gauge-invariant variables (fy, py) of finitely many cells of €Z? lying in
Pt ={¢ > c}, Tn(PT) the o-algebra generated by all such variables, and OpF := F o R. Then:

(i) (FoR)A = (F)a for every cube A with RA = A and every bounded Borel F' supported in
A;
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(i) for F,G € AL(P): wRk™(OpF - G) = W¥¥(OpG-F), WX*(OpF - F) > 0 and
wWRX(OpF) = wRX(F); the form (F,G) — WX (OpF - G) is positive semidefinite Her-
matian;

(iii) (ii) holds for all F,G € L*(Sn(PY), uk®¥).

The statements do not depend on any erhaustion.

Proof. (i) is Step 0 of the proof of Theorem 12.16 (R is a symmetry of A in the sense there;
for a lattice plane of the nine families with RA = A it is one of the symmetry planes listed in
Section 12.1).

(ii) Symmetric exhaustion. Let Iy, := {—ke,... ke} and Jy := {—(k — 1)e,...,ke}. For
P = {x; = c} with ¢ € €Z let A}, be the cube with side I in the directions # j and ¢ + I, in the
direction j; for ¢ € eZ+ 5 take J;, and c— 5+ Jy; for {x; —x; = c} take I}, in the directions j, ! and
¢ + Iy, in the direction i; for {z; + x; = ¢} take I in the directions j,1 and ¢ — I, = ¢ + I}, in the
direction i. In each case RA, = Ay, (for {z;—x; = c}: (Rx); = xj+c € c+1y, (Rr); = x;—c € I;
for {z; + z; = c}: (Rx); = c— x5 € c+ I, (Rx); = ¢ — x; € I; for the mid-planes ¢ — § + Jj is
symmetric about ¢), Ay C Agy1 and |J, Ag = €Z3: an exhausting sequence of cubes, each having
P as a symmetry plane.

Continuous F. Let F be a bounded continuous function of the gauge-invariant variables
of a finite set S of cells in PT. For k large, S U RS C Ay (all cells of S U RS are cells of
Ag), so F, Fo R and OpF - F are functions of the box variables, F' € QIXk(P) (a function of
(fps Pz) = ((dB)p + vp, pg) for cells in Pt is a function of the variables of cells in P'), and
Theorem 12.16 gives (OpF - F')5, > 0. By Theorem 11.11(b) the laws of the variables of SU RS

under (-)5, converge weakly to the marginal of u8%%, and ©pF - F is bounded continuous, so

wR*(OpF - F) = limg(OpF - F)s, > 0. The Hermitian identity and wi®(©pF) = wR(F) hold
for all bounded Borel F, G of finitely many cells: p2 is R-invariant (R € Gy, Theorem 11.11(b)),
and (F-(GoR))oR=FoR-G. Positive semidefiniteness on finite families follows by applying
the inequality to >, ¢; F;.

Bounded Borel functions and L?. As in the proof of Theorem 11.5(d): for a finite set S of cells
in P the bounded continuous functions on Eg are dense in L?(Eg, (75).u3%) (a finite Borel
measure on a Polish space is Radon), a bounded Borel F of the cells of S is the L?(uR%)-limit of
continuous F') with |[|[F®|| o < || F|le (truncate), and both sides of each identity are continuous
in |F||z2, |G|l r2 by the Schwarz inequality and ||F o R||L2(M1;\?x) = HFHLQW;VOX). This gives (ii),
and (iii) for functions of finitely many cells. For (iii) in general, the bounded X (P )-measurable
functions that are L2(,u})\})x)-limits of bounded functions of finitely many cells of P+ form a vector
space containing the constants, closed under bounded monotone limits (dominated convergence),
and containing the multiplicative class of the bounded functions of finitely many cells, which
generates ¥y (PT); by the functional monotone class theorem it contains every bounded Xy (P)-
measurable function, and these are dense in L2(Xy(PY), u8%%) (truncation); the continuity of
both sides concludes the proof of (iii). The statements do not depend on the exhaustion, because

box

pRP* is one measure (Theorem 11.11(b)). O

12.6. The continuum passage for the box family.

Lemma 12.20 (the continuum passage for the box family). Let (Ax) be any exhausting sequence
of bozes. The pair ((Ay), uR%*) has the properties (a), (b), (c), (d), (e) of Theorem 11.5, with
“box” for “torus” and “k — oo” for “L — oo”, and in addition the reflection positivity (d) at
every lattice plane of the nine families (Lemma 12.19). Consequently Proposition 4.2, Lemma 5.1,
Proposition 6.1 and Theorem 7.1 hold for wR,OX with any bounded Borel gq; and every statement of
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Section 9 holds for the box family, with Theorem 9.7 replaced by Theorem 12.16 and Corollary 9.8
by Lemma 12.19. SPox, Zbox, \IISZOX, Shox - box denote the objects so obtained along (Ny,).

Proof. The properties (a)—(e). (a) The weak convergence of all finite-dimensional laws is Theo-
rem 11.11(b), and the Borel clause follows from the portmanteau theorem. For a continuous F

with |F| < Cewex 4:F% the uniform integrability needed is

sip(eQZac qﬂ”"’%)/\ < max Cn(2|1X|¢z)-

This is (K4) of Theorem 11.10, where e %% € Ky and the comparison is with a torus of
side larger than A and its neighbours, together with Remark 11.3(ii), exactly as in the proof of
Theorem 11.11(a).

(b) The functional w]bvox is the integral against a probability measure, and the Gaussian and
density bounds are in Theorem 11.11(b).

(c) The invariance under Gy and C' is Theorem 11.11(b), and the conclusion of Lemma 5.1
follows as in the proof of Theorem 11.5(c).

(d) For the planes {z; = c}, ¢ € 1¢Z, this is Lemma 12.19, and the additional clause is
Lemma 12.19 for the diagonal planes.

(e) The first clause follows from (a); the second is the portmanteau theorem for continuous
F >0, as in the proof of Theorem 11.5(b).

The statements of Sections 4—7. For Proposition 4.2, Theorem 3.1 for the box states
(Lemma 12.10) and Minkowski’s inequality give (@N(U)Zﬁxﬂ < ||o||. The bound Wi (|® ()| A
2) < ||o|| follows from the Schwarz and Minkowski inequalities, from [ X2duR®* < R(f)?, which
holds by (e) or by Step 5 of the proof of Theorem 3.1 applied to the bound of (b), and from the
pointwise bound |Y| < [|gd|lcc E(h). Lemma 5.1 is (c). Proposition 6.1 uses of the state only the
state property, (2.4), Lemma 5.1 and (4.1). Theorem 7.1 follows from these statements, including
the invariance under the space translations and under the cubic group about (J,, € NmZ3 and the
bound |S(a)| < M(a).

The statements of Section 9. Lemma 9.1 is a statement of lattice counting. For Lemma 9.2,
the identity (3.3) holds on every finite cubical complex, the killed box included, by the proof of
Lemma 12.10, with the same entire continuation.

Part (a) of Lemma 9.3 holds for the box states for the following reasons. The bound follows
from Lemma 12.10 on the box. The evenness follows from the substitution (B,v) — (—B, —v),
since Wy depends on B through cos(ynByp), w is even and closed v go to closed v. The inequality
¥ > 1 on RF follows from Jensen’s inequality and (®x)s = 0 (Step 5 of the proof of Theorem 3.1),
and 0 < ¥(it) < 1 follows from the dual representation on the box. Part (b) of Lemma 9.3
follows from Montel’s theorem and its part (a) for the box states; the limit is identified on iR*
by the property (a) of the present lemma, and the uniform integrability is obtained as in the
torus case. Parts (c) and (d) of Lemma 9.3 hold without change.

Theorem 9.4 follows from (6.1) with Proposition 4.2 and Lemma 9.3. Proposition 9.6 follows
from Theorem 7.1 and (c). Proposition 9.9 follows from Theorem 7.1(a) and Lemma 12.19; the
argument is written out in Lemma 12.21(i) below.

For Theorem 9.10 and Proposition 9.11, the functions A; = exp(}_, zy(«i)CI)N(fT)) and the
polynomial Py on Qy lie in L3Sy (P1), u?%) by (b). The intertwining ®x(f) o Rp = ®n (7. f)
of the proof of Proposition 9.9 gives

OpAi = exp() 2)0n(1fr)).  OpPy = > o [ On (s fai)-
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Lemma 12.19(iii) gives the positivity at level N, Lemma 9.3(b) identifies [ ©pA; - A; dul®* =
UL (2, 2(0) and the moments as derivatives of U4, and Lemma 9.3(c), with Weierstrass’ theorem
for the derivatives, gives the passage m — oc.

Proposition 9.12 follows from (c), applied to C. Theorem 9.13 uses only Theorem 9.4, The-
orem 7.1(a) and Proposition 9.6, together with the abstract measure-theoretic statements of
Appendix A and the Bochner—Minlos theorem, which do not depend on the family. Theo-
rem 9.15 uses only Theorem 9.13(c), Theorem 9.10 and, for the growth bound of its last clause,
Theorem 9.4(iii). O

12.7. Reflection positivity of the limit theory at the nine plane families.

Lemma 12.21 (reflection positivity of the limit theory at the nine plane families). Let SPo*
be a limit along (Np,), let Py be one of the nine planes through 0, n a unit normal, ¢ € R,
P.:= Py + cn, v the reflection Rp, acting on test pairs by push-forward (yo = (y«f,ho~), the
2-form transported as a 2-form), © the antilinear map of A with Oe, = e_,o, and A4 the span
of the e, with supp o in the open side {n -x > c}.

(i) (a,b) := SP¥(Oa - b) is a positive semidefinite Hermitian sesquilinear form on Ay, and
Sbox(@a) = SPox(a) on A.
(ii) For real C° 2-forms fi,...,fr supported in the open side, F =

Vet ol 1y fi), 20, 2 € CF and A € C: S0, AN IR (20, 20) > 0,
(iii) For real Schwartz pairs o1,...,0, supported in the closed side {n-x > c} and A € C":

>l MNNZP% (o) — yoy) > 0, ZP%(—y0) = ZP%(a) and ZP%%(yo) = ZP%%(0), ZP% being
the continuous extension of Theorem 9.4 (i) to Schwartz pairs.

Here (ii) is the complex-coefficient form for C2° sources in the open side; (iii) is the characteristic-
function form, with complex coefficients in front of the exponentials, for Schwartz pairs in the
closed side; the hypothesis (iii) of Theorem 12.31 is (iii) restricted to the open side.

Proof. Reduction to ¢ = 0. P, = 1,P) with y = cn, 7. = 17—y, A4 (FPe) = 7y A+(F),
O, = Ty@oTy_l, and SP¥ o Ty = SPox for every y € R? (Proposition 9.6 for the box family,
Lemma 12.20); so (i) for P, is (i) for Py at 7_ya, 7_,b. For (ii), \IJEyO}% = WP hoth are entire on
C?* and agree on iR?* (Lemma 9.3(c) and the identity theorem). For (iii), Z"** o 7, = Zb°* on
Schwartz pairs by continuity.

(i), ¢ = 0. R := Rp, is a signed permutation matrix, so ReyZ3 = enZ3 and P, is a lattice
plane of its family for every N. For o supported in {n -z > 0} and ey < d, every cell carrying a
term of ®x (o) lies in {n -z > 0} (the vertices of a plaquette are within ey /v/2 of its centre, so
n-x>6—en/vV2>0on them), and ®x(0) o R = ®x(yo): R permutes the oriented plaquettes
and the sites, the push-forward of the 2-form carries exactly the orientation sign, and p,o R = pg,
(Definition 12.7 and the properties following it, Lemma 12.8 with OA = A; this is the intertwining
of the proof of Proposition 9.9 for the diagonal reflections as well).

Hence tn(Oa - b) = Opuy(a) - ty(b) for a,b € Ay, with ty(a) a bounded Borel function of
the gauge-invariant variables of cells in PJ (bounded continuous when gq is continuous; for a
bounded Borel g4 only bounded Borel, which Lemma 12.19(ii) covers). (Lemma 12.19 is stated
for the side {¢ > c}; the other side follows from the R-invariance of pX**: wR*(©pF - G) =
wR(Op(FoR)-(GoR)).) By Lemma 12.19(ii) the Gram matrices (wi(Open,, (ai) in,, (a5)))i
are Hermitian positive semidefinite; they converge entrywise to (S**(0a;-a;));; by Theorem 7.1(a)
for the box family (Lemma 12.20), and both properties are closed under limits. SP°%(Qa) =

limy, W (en,, (@) = SP°%(a) by Lemma 12.19(i).
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(i1), ¢ = 0. This is the step for Theorem 9.10 in the proof of Lemma 12.20, with  the diagonal or
coordinate reflection: the Gram matrices at level N are positive semidefinite by Lemma 12.19(iii)

(Corollary 12.18 at the level of the boxes), equal to (W (2(), 2())); by Lemma 9.3(b), and
converge to (Whox(2(), 2(0));; by Lemma 9.3(c).
(iii), ¢ = 0. For a Schwartz pair o = (f, h) supported in Py put o) = x(-/v) Ty /0 With
€ C>®, x = 1 on the unit ball and 0 < x < 1: ¢) € C is supported in {n -z >1/v}, and

lo) = ol < sup (1 + |2*)?|o(2)] + v~ 9sup(1 + [y*)*|Vo (y)] = 0
|z|>v Y
(mean value theorem; 1 + |x|*> < 3(1 + |y|?) for |z — y| < 1; 0 < x < 1 for the first term). Here
|| - lw is the derivative-free seminorm of Section 9 applied to each component of the pair. ~y
is a linear isometry acting on the components by a signed permutation, so ||[yo") — vo |, =
|6®) — o||w. By Theorem 9.4(i) and Lemma 9.1 (its pair version: |Z(0) — Z(o')| < |jo — o'|| <
(3¢ag) || f = f'llw + |9dllsoCao |2 — ||, Which extends Z* continuously to real Schwartz pairs),
ZP%(a, ®) ’ya( )) — ZP(0; —y0;), while each Y, , AN ZP% (o, ®) 'ya( )) = SP*(Qa, -a,) >0
with ay == >, Ne_w) € Ay, by (i). The two 1dent1tles pass from C° pairs (by (i), and by
l
Proposition 9.6 together with the cubic invariance of Theorem 7.1, v lying in the cubic group Oy,
about a point of Py) to Schwartz pairs by the same continuity. ]

12.8. The Gaussian bound in continuum norms.

Lemma 12.22 (the Gaussian bound in continuum norms). Z°%, extended to real Schwartz pairs
by Theorem 9.4(i) and Lemma 9.1 (pair version, as in the proof of Lemma 12.21(iii)), is positive
definite and continuous on S(R3; A2 EBR) let i be the probability measure on S'(R3; A2 ®R), with
its cylinder o-algebra, such that f e @)y = ZP%(g) for all real Schwartz pairs (Bochner—Minlos,
as in the proof of Theorem 9.13 and in Lemma 12.12; its curvature marginal is the measure of
Theorem 9.13 read on S'). Then for every real Schwartz pair o = (f,h),

/ W < exp (1S3 + lgalloollbllzr ) 1122 = D I fun2e:
u<v
Consequently the curvature Schwinger functions Sy(f1,..., fn) JTI, ®(fi,0)dp (Theo-

rem 9.4 (i), Theorem 9.13(a)) satisfy |Sn(fi,...,fn)] < e"(n!)l/2 [L I fillpz for real fi €
S(R3;A?), and S,, extends uniquely to a bounded n-linear form on L*(R3; A%), with the same

bound on real entries and 22 times it on complex ones.

Proof. Positive deﬁmteness. We have
g cep 2P (oy —op) = hmwbOX (| E cle@Nm(Ul
Ll

by the additivity of ® 5 and Theorem 7.1(a); positive definiteness is preserved under the continuous
extension. Continuity on S is the pair version of Theorem 9.4(i) just mentioned, and S(R3; A2@R)
is nuclear, so the Bochner—Minlos theorem gives pu.

Level N. ®n(0) = X +Y with X =37 apfp, ap = 5%2fw(p)(:vp), and |Y] < [|gd||co En(h) on
Qn, En(h) := &% Y., |h(2)|. By Theorem 11.11(b), [eXduk?* < e? Zpa?’, so [e®N(@)qRox <
exp(3 RN ()? + llgalloo En () with Ry (f)? —€NE Fuw(w) ().

The limit, o € C°. The law vy, of @y, (o) under u}]’\g’: has the characteristic function

t > Zn,, (to) = Z°%(to) = [ €*®(@)dy (Theorem 7.1(a)), which is continuous at 0 by | ZP%%(to) —
1] < |t|||o||; by Lévy’s contlnulty theorem v, — v weakly, v the law of ®(o) under u. For the
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continuous function e* > 0, [e*dv = limy [(e® A M)dv < liminf,, [ e*dv,,. The centres of the
plaquettes of one orientation form a translate of enZ?, so Ry(f)* = | f||3. and En(h) — ||| 11
(Riemann sums of continuous compactly supported functions). The bound follows.

Schwartz 0. Take 0, := x(-/v)o € C (x as in the proof of Lemma 12.21); 0, — ¢ in S, so
®(0,) — ®(0) for every ® € &', and || fullr2 = [ fllz2s [|hollzr = ||R]|z1; Fatou’s lemma gives

o o 1
[ e <timint [ e < exp( 713 + lgallc 1)

Moments. For real fi,...,f, € S and z € C" put ¥(z) := fe 52U O)d,u,. Since
i eS|l gy, < 2e5M172/2 for all real s, the mtegrand has a locally uniform integrable majorant,
so W is entire with 0, ---0,, V(0 f]_[ O(f5,0)dp = Sp(fi,..., fn) (the law of (®(f;,0));

under p is pir, as in the moment step of the proof of Theorem 9.13) and
[W(2)] < ¥(Rez) < exp *HZ Re 2j) fjl172) < exp(5 Z!Reza\ 1£51122)?)-

If some || fj]|,2 = O then f; = 0 and Sn = 0; otherwise normalise ||f]\|L2 = 1: on the polydisc
|zj| <r, |¥] < e"**/2 and Cauchy’s estimate gives |S,| < 77e"*™*/2 = (en)™/2 < e"(n))Y/? at
r=mn 1/2, by n < e™nl. Real S is dense in real L?, so the n-linear S, extends uniquely by
continuity with the same bound; the complex n-linear extension splits each entry into real and

imaginary parts, and |jul| + [[v]| < V2| u + iv]|. O

12.9. Closedness of the limit curvature. Conventions. We write € = ey. The plaquettes
are p = (z;p,v), p < v, with centre z, and dp = (x; u) + (z + cey;v) — (x + ceys 1) — (z;v)
(Definition 12.6); f,u.(p) = fur- The cubes are c(y) = y +£[0,1]* with centre z. =y + 5(1,1,1)
and oriented boundary

3

8C<y) = Z Expv [(y +eexi V) - (y; My V)]v {:u < V} = {17 2, 3} \ {A}a
A=1

the usual oriented boundary, with 99 = 0. [k : k'] € {0, %1} is the coefficient of the cell x in
Ok’ (the smaller cell is written first here; Section 12.4 writes the larger cell first: there [k : o] is
the coefficient of o in dk). A finite cubical complex K is a torus (¢Z/LZ)? or a killed box A of
Definition 11.9, whose cubes are the cubes of A in the sense of Section 12.1 (all eight vertices in
A; all six faces then lie in P(A)). For functions B on bonds, v, f on plaquettes and a on cubes
we put (dB)p =3 4[b: p] By, (df)e = > ,[p: | fps (d*a)p =3 .cxc[p : clac (the operator of Step 2
of the proof of Theorem 3.1). The Hodge star is (*du)u, = exwOxu for g < v, X the third index,
so that [ > pew Fp (kdu) = — J u(dF)123 for smooth F. K, is the closed t-neighbourhood of
a compact set K, and [lu|¢s := max)y|<3 || DV ul| o

Lemma 12.23 (lattice Bianchi identity). Let K be a finite cubical complex, B real on its bonds,
v on its plaquettes with (dv). = 0 for every cube ¢ of K, and f := dB +v. Then for every real a

on the cubes of K,
S (@@apfy= Y ac(df)e=0.

peP(K) ceC(K)

Proof. All sums are finite and every face of a cube of K is a plaquette of K, so Zp Yoelpicact, =
docted ylp i cfy =2 . ac(df)c. Further (df). = (ddB). + (dv)e, (dv). = 0 by hypothesis, and

(ddB)c =3 _,lp:c]d>[b:p|By =3 By>_,[p:cllb:p] =0, since 3 [p:c|[b: p] is the coefficient
of bin 00c = 0. i
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Lemma 12.24 (sampling of *du). Let u € C®(R?), K := suppu, and a. := "/ ?u(x.) on all
cubes of eZ3. For p = (z; u,v) with third index X,

(d*a)p = GA/WEUQ [u(a:p— %e)\) —u(xp—i-%e)\)} = —53/2(*du)w,(xp)+rp, ‘Tp‘ < ﬁ57/2H8§U”oo’
rp =0 unless vy € K jp, and ), 7“12) < 55| Ky 2q | etl|ullZs.

Proof. p is the face (x; u,v) of c(x), with [p : ¢(x)] = —€xuw, and the face (z; pu,v) = (y+cex; 1, v)
of c(y), y = x — eey, with [p : ¢(y)] = +e€xuws; no other cube contains p. The centres are
Tep) = Tp + 5ex and x.y) = 7, — Sex. This gives the first equality. With g(t) := u(z, + tey)
and h = ¢/2, Taylor’s formula gives g(h) — g(—h) — 2hg'(0) = %ﬁ(g’”(é}) + ¢"(£-)), hence

e3

€ € 3
lu(zp + §e>\) —u(wp — §e>\) — edhu(zp)| < ﬂ”a)\uuod
multiplying by €'/2 and using (xdu),, = exwOru gives the second equality and the bound
onry If z, ¢ K. /3, the three points z,, x;, £ Sey lie outside K, so r, = 0. The centres
of the plaquettes of one orientation form a translate of €Z3; the open cubes Qp of side ¢
centred at z,, are pairwise disjoint, and z;, € K/, implies @}, C K+E/2+\/§E/2 C Kio: C K9,
(en < ap). So at most |K24,|/2® plaquettes of each of the three orientations have r, # 0, and

K 7
> r2 < 3 ezl ey 2 O

Proposition 12.25 (closedness at every level). Fiz N, u € C°(R3), s € R, and let u be either
pRe% (Theorem 11.11(b)) or the measure uy of a torus limit point (Definition 2.3, Theorem 11.5);
Zn(f) = [Ny with @y (f,0) = 32 >p fuvp) (@p)Fp (Definition 2.5). With a, r as in
Lemma 12.24, Xo =3 (d"a)pfp, Xy 1=, 1pfp and o= > rg:

Xo=0 p-a.s., /@N(*du, 0)%du < o,

K 1/2
2t wa) 1] < sl < Js] (o2l ) 2

The same bounds hold for the killed-box states (-)p with A containing every site within distance &
of K, and for the torus states <->fLine with L large.

Proof. Finite volume. If a. # 0 then x, € K and the vertices of ¢ lie within §6 <eof x. s0c

is a cube of A; every p with (d*a), # 0 is a face of such a cube, hence lies in P(A), and Xj is
supported in A in the sense of Definition 11.9; so are @ (xdu,0) (its plaquettes have centres in
K, so their vertices are within £/v/2 of K) and X, = Xg + ®y(*du,0). The box sum runs over v
with dv = 0 on every cube of A (Definition 11.9), so Lemma 12.23 with L = A gives X¢ = 0 on
every configuration, and (e?*X0), = 1. On a torus whose side exceeds the diameter of the finite
set of cells {c¢: a. # 0} and their faces, these cells embed injectively; Lemma 12.23 with K the
torus and a transported (zero elsewhere) gives Xo = 0 pointwise, so (e**X0)ine = 1 for all large L.

Passage. €% is a bounded continuous function of finitely many fp; by Theorem 11.11(b)
(weak convergence of the box laws along every exhausting sequence) and Theorem 11.5(a),
i e*Xody = 1 for every real s. The law of Xy under u has characteristic function 1, so it is do:
Xo =0 p-a.s.

Remainder. By Theorem 11.11(b), resp. Theorem 11.5(b), ¢(t) := [ eXrdu < et*7*/2 for all
real ¢ (tr is a real finitely supported plaquette function). Since | X,|Fe!Xr < k! (e2Xr + 72%) for
|t| <1, dominated convergence makes ¢ € C*(—1,1) with ¢’(0) = [ X,du and ¢"(0) = [ X2dp.
The function ¥ (t) 1= e!*7*/2—(t) is > 0 with )(0) = 0, so ¢/ (0) = 0 and 2"'(0) > 0: [ X2dp < o?
(the argument of Step 5 of the proof of Theorem 3.1). By Lemma 12.24 and Definition 2.5,
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P (du,0) = 3, e3/2(xdu) () (Tp)fp = —Xo + X, whence [ @y (xdu,0)%dy = [ X2du < o
Finally |et(—Xo+Xr) _ ¢=isXo| < |5||X,| and [e™*Xody = 1, so by the Schwarz inequality
|Zn (s *du) — 1| < |s| [ |X,|dp < |s|o; Lemma 12.24 bounds o. In finite volume the same steps
run with Theorem 3.1 (valid for the box states, Lemma 12.10) in place of (b). O

Theorem 12.26 (closedness of the limit curvature). Let SP°% be a limit of Theorem 7.1 along
N1 < Ny < - with wbox in place of wy (Lemma 12.20), and let S be a limit of Theorem 7.1
for the torus limit points, Z(f) = Z(f,0). Then for every u € C°(R3) and s € R,

ZP% (s xdu) = 1, Z(s*du) =1,

lim [ @y, (xdu,0)?dpi™ = lim / ®y,, (xdu,0)? duy,, = 0.
m—00 m—0o0

Proof. s+*du is a real C2° 2-form, so (s#du,0) is a test pair. By Theorem 7.1(a) (for the box
family, the relation defining S*°%), ZP*(s «du) = lim, ZR? (s *du), and Proposition 12.25 gives
| ZRP% (s xdu) — 1| < |s (| K 20, |/192) /263, Nulles — 0, since ey = ap5~". The same argument
applies to Z and to the second moments. The density component of (sx*du,0) is zero, so gq plays
no role: the statement holds for the joint scheme with any bounded Borel gq. O

Corollary 12.27. (a) Let p1 be a probability measure on a set X of linear functionals ® on the real
O 2-forms, with the cylinder o-algebra and [ e'®Hdyu = ZP%(f) for all f (Theorem 9.13(a),(b),
Lemma 12.12, Proposition 12.11(b)). Then ®(xdu) = 0 p-a.s. for every u € C(R3); if
X c D'(R3 A2), then p-a.e. ® satisfies ®(xdu) = 0 for all u simultaneously, i.e. d® = 0
in the sense of distributions (x® is divergence-free). (b) The Schwinger functions of SP*
(Theorem 9.4 (iii)) satisfy Sn(f1,. .., fn) = 0 whenever some f; = xdu, u € C°(R?); likewise for
S. (c) (a), (b) and Z (s xdu) = 1 hold for u € S(R3).

Proof. (a) The characteristic function of the real random variable ®(xdu) is s — ZP%(s xdu) = 1,
that of 8. Let K1 C Ky C --- be compact cubes exhausting R3; each C'[O(O is a separable Fréchet
space, so there is a countable D C Cg° such that every u is a limit in some CF of elements
of D. The union N of the null sets {®(xdu) # 0}, u € D, is null; for ® ¢ N and uj, — u in
Cx. s *du, — *du in CKn(AQ) and ®(xdug) — P(xdu) by the continuity of ® on test forms,
so ®(xdu) = 0. For distributions (®, xdu) = —((d®)123,u) by definition, so d® = 0. (b) By
Lemma 9.3(c) and Theorem 9.4(iii), Sy (f1,..., fn) = [ 21+ 2y dug(x) with gy the law on R™
with characteristic function t > ZP°%(} ;tif;) (all exponential moments finite). If fi = *du,

the first marginal has characteristic function ¢, + ZP*(t;xdu) = 1, so 1 = 0 pp-a.s. and
S, = 0. (c) By Theorem 9.4(i), ZP°% extends continuously to S(R?; A?); for cut-offs xg = x(-/R),
*d(xru) — *du in S, so ZP%(sxdu) = limp Z°°*(s*d(xru)) = 1; (a) and (b) follow as before,
Sy, being continuous on 8™ (Theorem 9.4(iii)). O

Remark 12.28. (i) With the opposite orientation of the cubes, (d*a), = +&%2(xdu) ., (v,) — p;
nothing else changes. (ii) No property of the couplings, of L or of A enters: Lemma 12.23 is
exact, Lemma 12.24 is calculus, and the only probabilistic input is the Gaussian domination of
Theorem 3.1 as carried by Theorems 11.11(b) and 11.5(b).

12.10. The two-point function: rotation covariance from reflection positivity in
nine planes. Setting. Let T = A’R3> @ R or T' = A%R3, with its orthogonal O(3)-action 7
(m(R) = A’R (@1)); we write R*y := m(R)~! xoR for the pull-back of x: R? — T¢, 7,x := x(-—a),
and || x| = |Ixllzr + ||X||L2 For a unit vector u put O,z = = — 2(u - x)u, O, = 6 (so
Oux = () x 0 0u), UF = {u-2 > 0}. N :={ej, (ej £er)/V2: j# k} is the set of the
nine unit normals (up to 51gn) Let 1 be a probability measure on &’(R?;T) with the o-algebra
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generated by the evaluations ® +— ®(x), x € S(R;T) real; ®(x) for complex y is defined by
linearity. We consider the following hypotheses:

(i) [e®Wdpu < eCUNIHIXIZ) for all real y € S(R3; T);
(ii) Taspr = p for all a € R3, where (7,®)(x) := ®(7_aX);
(iii) Z%b Zazbfeicb(X“_equ)d,u > 0 for every u € N, every finite family of real x, €
C(QF;T) and all 2, € C.
We write Sy, (x1, .-+, Xn) = [ [[; ®(xi) duu (complex-multilinear) and Z(x) := [ €’ ®*™du. Note
that (R]_RQ)* = R;RT

Theorem 12.29 (rotation covariance of the two-point function). Under (i)—(iii):
(a) [1®(x)|*dp < collx||* for real x, co := 3C? + 15C; all S, exist and are continuous for
| - || in each entry.
(b) p is invariant under all translations and under the hyperoctahedral group Bs of signed
permutation matrices, acting by ® — ® o g*; in particular Sp(g*x1,---,9 xXn) =

Sn(X1s---5Xn) for g € Bs and all x;.

(c) For u € N the reconstruction (Hy, Hy, > 0,Vy, E,) from L*(S(Q)), 1) exists, and
E.({(w,p) : w < |p-ml|}) = 0 whenever m L u is a unit vector with (u+m)/v/2 € N;
for uw=ej this is w > |plec.

(d) Si(R*x) = Si(x) and Sa(R*x1, R*x2) = S2(x1, Xx2) for every R € O(3) and all x1,x2 €
S(R3; Tc) with disjoint supports.

Proof. Step 1 (moments). Put X = ®(x) for real x, a = C||x|l1, b = C||x|3. By (i) at £Ax
and Markov’s inequality, (| X| > t) < 2e~MFaAA < 96=(t=a)*/4b fo1 ¢ > g (X = (t — a)/2b), s0
[ X2dp < a®+4 fOOO(S—I—a)e*SQ/‘lbds = a® 4 8b+4av/mb < 3a®+15b. Hence [2(x) = PO 220y <
Veollx — x| for real x, x/; and [[®(x)||z2(x) < 2y/collx|| for complex x; all exponential moments

are finite by (i), so all S,, exist (Holder), and they, as well as Z, are || - ||-continuous; this proves
(a). Consequently ® extends by continuity to (L' N L?)(R3; T¢) with values in L?(u), and S, to
(L' nL?)".

Step 2 (reflections). For iy, € C(F; T) real the 2 x 2 matrix (Z (g — ©Outhp))ap is positive
semidefinite by (iii), hence Hermitian:

Z(h2 — OuP1) = Z(P1 — Outh2) = Z(Ouha — 1) = Z(Ou(12 — Outh1)),

using Z(x) = Z(—x) and ©2 = 1. Every real Y € C2° vanishing in a neighbourhood of the plane
{u -z = 0} is of the form 1y — ©u11, so Z 0 ©, = Z on such x; for real x € S, the cut-offs
X u-2/0) (9 € C®°(R), ¥y =0o0n [-1,1], 9 =1 off [-2,2], 0 < I < 1) converge to y in || - ||
as 0 | 0 (dominated convergence), and O, is an isometry for || - ||, so Zo0©, = Z on S by
(a). Two probability measures on 8" with equal characteristic functionals coincide (the laws of
(®(xj))j<k have the same Fourier transforms, and the cylinder sets form a m-system generating
the o-algebra; the argument of Proposition 12.11(b)), so Oy.p = p, where (6,P)(x) := ®(O,X).
The nine reflections generate Bs, and (ii) gives the translations; this proves the invariance in (b),
and the moment identity follows by the change of variables.

Step 3 (reconstruction). Fix u € N. Let X(2) be the o-algebra generated by the ®(y),
X € CR(Q5T) real, L, = L*(2()), 1), ©yA := Aoy, (unitary on L?(u) by Step 2) and
(A,B)y == [©,ABdpon L% . On A=3", 2,¢"®(Xe) the form is (A, A), = > ap Za?bZ (Xb —
OuXa) > 0 by (iii); such A form a unital *-algebra of bounded functions generating :(}),
hence dense in Li + by the functional monotone class theorem (Remark 9.14), and the form is
L2-continuous (|(A, B),| < I Al 2y |1 Bl £2())s so it is positive semidefinite on L2 .. Let H, be
the completion of Li + modulo the null space, [A] the class of A; the class map is a contraction.
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With U(a)A := Ao 71—, (so that U(a)®(x) = ®(7.X)), U is a strongly continuous unitary
group on L?(p) by (ii) and (a) (strong continuity on the dense exponentials by |e®* — | <
|z —yl), ©.U(a) = U(0ya)O., and U(tu)Ly , C L2 | for t > 0. Hence (U(tu)A,U(tu)B), =
(A,U(2tu)B), = (U(2tu)A, B),, for t > 0 and (U(a)A,U(a)B), = (A, B), for a L u. Asin
Remark 9.14 (||[U(tu)A]||? = (A, U2tu)A)y, < ||[A]|l |[U(2tw)A]|, iterated), [A] — [U(tu)A]
defines a strongly continuous self-adjoint contraction semigroup e *#* on H, with H, > 0, and
[A] — [U(a)A], a L u, a strongly continuous unitary group V,(a) commuting with it; let F,
be their joint spectral measure on [0,00) x ut, so that e 1V, (a) = [ e~ *PGE,(w,p). For
F [ eCR(Qf;Te), t >0, a L u, since ©,0(f) = ®(0,f),

(12.5)  S2(Ouf, utaf’) = (RN, e Va(a@)[@(F)])u = /6t“”p'“d<[<1>(f)]7Eu[‘P(f')Du-

Step 4 (the cone). Let uw € N and m L u a unit vector with v’ := (u +m)/v2 € N (for
u=ej m= ke, i # j; for u= (e +e)/V2 m = £(ej —€)/V2, u' = ej or e;); put
u" = (u—m)/v2 L u/. Fix d > 0 and let A be a bounded ¥(Qq)-measurable function,
Qi={z:0<u-z<d, |x— (u-x)u] <d}; such classes [A] are dense in H,: the o-algebras
¥ (Qq) increase to () as d — oo, since every y € C°(Q;;T) is supported in some Qg; by
the martingale convergence theorem the bounded ¥(Q4)-measurable functions are dense in the
bounded ¥(€2;})-measurable ones for L?(u), which are dense in L2 |, and the class map is a
contraction. For a,c > 0 put b(a,c) := 2du+ v2au' 4+ v2cu” = (2d + a + ¢)u + (a — ¢)m and
G(a,c) :== ([A,U(b(a,c)[A])y = [ ©O,A U(b(a,c))Adp.

First representation: U(b(a,c)) = U((2d + a + c)u)U((a — ¢)m) on L7 ,, so G(a,c) =
[ e~ Qdtatewtila=clpmagy, \ (w, p) with pa := ([A], E,(-)[A])y, a finite positive measure. With
z:=w—ip-m thisis [e 3 Fe 2dWqy ,.

Second representation: put yo := %(u+m), AV := 0, U(~yp)OuA and A® := U(2du — yo) A.
A point z € Q4 has 0 < u-x < d and |m-z| < d; the point 8,z —yo has u-component in (—%d, —%d)
and m-component in (—3d, 3d), hence lies in {«’ -z < 0}, which 6,y maps onto {v' -z > 0};
the point x + 2du — 1y has u-component in (%d, %d) and m-component in (—%d, %d), hence lies
in {«/ -z > 0}; and v/2au’ + v/2cu” has non-negative u/-component. So A1, A®) ¢ L?

U(V2au + v2cu")A®?) ¢ Li,’_s_. By (ii) (translating both factors by —yo) and ©2, =1,

/4, and

Gla,c) = / U(—50)0ud U(b(a, c) — yo) A dpt = / Ow AW U(v2au' + voeu")A® dy
= ([AD], e=V20H v, (2eu") [AP)]) o,

which is fe*ﬁa‘*’/”ﬂw/'“"dmg(w/,p’) with o012 := ([AW], B (-)[A®P]), a complex measure
of total variation at most |[[AM]||./|[[AP]|l. < HAH%Q(#). Let o be the image of e2%
under (w,p) — (w,p-m) and ¢ the image of o1 under («',p') — (V2u',v/2p' - u”). Then
[e 9= dp = [ =o'+ qo for all a,c > 0, and Lemma 12.30 below gives o({w < |¢|}) = 0,
ie. pa({w < [p-ml}) =0 (e72% > 0). By density and the boundedness of E,({w < [p-m|}),
E,({w < |p-m|}) = 0, which is (c). For u = e; the admissible m are +e;, i # j, which gives
w > [ploc-

Step 5 (planar kernels). Fix a permutation (7,4,1) of (1,2,3) and write z = (y,2) with
y = (z,7;) € R? (coordinates in the basis é;,é; of the plane) and z = z;. Let @ range over the
eight planar unit vectors £é;, ¢;, £, +1m, 1= (& + &)/V2, h = (é; — &;)/V/2, let u € R3
be the corresponding vector (so +u € N, ©_, = 0,) and 4+, u' the rotation of @, u by 4/2
in the plane. In each case (u + ut)/v/2 € £, so Step 4 (with m = ut; hypothesis (iii) for



82 github.com/marikgoldstein/scalar-qed-existence

—u follows from (iii) for w by the invariance of Z under O, Step 2) gives: E,, is carried by
{w>|p-ut|}. For ¢ € CX(R?;C) and w € W := C(R; Tc) put (¢ @ w)(x) := é(y)w(z), and
Jyw := m(0,)w, an antilinear involution of W (7 (6,,) is a real orthogonal involution). Since 6,
fixes z, Oy (¢ @ w) = (¢ 00,) @ 7(fy)w and Oy (¢ @ w) = ¢ 0 O, ® Jyw, 6, the planar reflection.

(5a) The spectral measures and a Laplace bound. Fix w € W. Let 1y, € C°(R?), ¢ > 0,
[k =1, supp ¥y, C B(skt, s,/2), sk L0, and fi == ¢y @ w € C(Q;Tc). Let Vk be the image
of the finite positive measure ([®(fx)], Eu(-)[®(fx)])w under (w,p) ( ,q = p ut); it is carried
by the cone C := {w > |q|}. For ¢ € C>*({i-y > 0}) put Lo(w,q) := [ ¢(y)e@v)wtitas y)qdy.
Identify y € R? with the vector (i - y)u + (a+ - y)ut € R? and write (L£L¢)(Hy, P - ut) :=
fﬁgi)(w,p . uj-) dEy(w,p). For 4 -y >0,

[@(7y.f0)] = U ) @(fi)] = e~ "V (@t - y)u)[@(fr))],

and [ ¢(y)7yfr dy = (¢ * ¥x) ® w as a Bochner integral in L' N L?, so by Step 1, the continuity
of the class map and the spectral calculus,

26+ ) © w)] = [ S)R(rfiNldy = (£6)(Hu, P u)[B()
and
/\£¢>\2 dvg = [[[2((¢ % 1by,) @ w)][[7 < 4eoll(¢ i) @ wl* < Ku(lI9]F + [[0113),
K., = Seqmax(uw]?, ]},

by Young’s inequality (||1k||1 = 1), uniformly in k.

Claim: every positive measure v on C with [ |Lé|?dv < K(||¢]|? +|¢||3) for all such ¢ satisfies
[e™dv < C.K(1+ 772) for all 7 > 0, with C, an absolute constant. Indeed, fix ¢pg € C°(R?),
¢0 >0, [¢o =1, suppgo C B(@, 3), put A := 87/3, ko := § and ¢, := 0 2¢(-/0) (o > 0),
so that [[¢ol1 = 1, l¢sll3 = o=2(l¢0ll3, and @ -y € [go,5o], [a* - y| < § on supp¢,. On
{ow < A} N C the phase satisfies |(4F - y)q| < Jw < g = %, 50 Re Lo > %6_”0"‘“/2 there and
f{gng} e r0o%dy < 4K (1 + 07 2||¢o||3). For 7 > 0 put o,y := 7/(ko2™), m > 0, and split C
into Sy := {7w < kpA} and S, 1= {2™ kA < Tw < 2MKeA}, m > 1. On Sy, opmw < A and

TW —/ioomwe—(Qm—l)noamw < e—moomwe—meznoA

e =¢ for m > 1. Summing,

[ <ar 3 A (1 a2l < CLK (147,

m>0

the series converging since koA = 6m. Hence [ e ™dy, < Co K, (1 + 772) for all k and 7 > 0.
(5b) The limit measure. Fix I > 1. The measures e~“/!1, have total mass at most C K, (1412),
satisfy

() (o> RY) < e [ el < IO (1 4,

and on {w < R} they are carried by the compact set CN{w < R}: they are tight. By Prokhorov’s
theorem and a diagonal argument there is a subsequence along which e=%/!v;, — 1 weakly for
every I, y; a finite measure on C. For I < [ the function e(1/ "=1/1) is bounded and continuous
on C, so uy = e_“’(l/l/_l/l)m and v, := e“’/lul does not depend on [: a positive measure on C
with [ e ™dvy, < CoKy(1 + 772) for every 7 > 0 (apply the weak convergence to the bounded
continuous function e~ (T=/0v [ > 1/7).
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For v € R? with @ - v > 0, along the subsequence,

gk(v) = 5o (@ufkyvak) = /e—(ﬁ-v)w—ki(ﬁi.v)q dl/k(w,q)
= Wale) = [ ),

the first equality by (12.5), the limit by the weak convergence against the bounded continuous
function ew/le=(@v)w+i(@v)a on C for | > 1/(d - v). Wi, is continuous on {@ - v > 0} (indeed
holomorphic in ¢ € C? on {Re(%-¢) > |Im(a+ - ¢)|}, where the integral converges absolutely and
locally uniformly, since |¢=(#Qwti(a=-0a| < o=(Re(@O)~|Im(@-Ow on C), and |gg(v)], |We(v)]| <
CiKy(1+672)on {@-v > 6}

(5¢) Identification. Let ¢, ¢ € C°(R?;C) with supp ¢’ —supp ¢ C {@-v > 0}; by compactness
suppgé’ — suppgb C {t-v > §} for some § > 0. By (ii), gx(v' — y) = So(7yOufi, 7y fr), and
[ o(y)y(Yp © 6 W) dy = ((¢ o éu) * wk) 0 0y, so, the integrals being Bochner integrals in L' N L?
and Sy continuous bilinear,

[ owe ot ~ v avay =s:([(@0 0 <) o8] © Juw, (&) w)
— SQ(¢®Juw7 ¢,®w)7

while the left side tends to [ ¢(y)¢' (v YWau(y — ) dydy' by dominated convergence (the bound
of (5b) on {u-v > ¢}). Hence

(12.6) // oy W (v —y) dy dy’ = Ss (¢®Juw 10) ®w) (supp ¢’ —supp ¢ C {@-v > 0}).

A continuous function on {@ - v > 0} is determined by these integrals (approximate identities
concentrating ¢ at yo and ¢’ at yo + vp), so W,, does not depend on the subsequence.

(5d) Polarisation. The map (w1, w2) — S2(¢ @ Jywi, ¢ ® ws) is sesquilinear on W (an-
tilinear in wp), and (12.6) gives its diagonal. By the polarisation identity s(wi,ws) =
%Zi:o i*s(wy + iFwy,we + *wy), the complex measure vy, w, = 5 35 i¥1/, ke, on C and
its transform Wy, u, (v) := [ e~ @veti@vagy, o on {4 . v > 0} satisfy [ e ™d|vp, | <
C(1+772) and [[ ¢/ Wap o (¥ — y) = Sa(¢ ® Jywy, ¢’ @ ws) for the pairs of (12.6). For

a,f € Tc and n,n" € CZ(R;C) put Wy, 5 = Wju(m)mxﬁ (so Jywi = na). Then, for
supp ¢’ —supp ¢ C {@-v > 0},
(12.7) [ o8 Wiyl — ) vy = Sa((6 5 mas (¢ @)5),

Wi, s is complex-bilinear in (na,n'8) € W x W (the right side is, and the kernel is unique), it is
the transform of a complex measure vy, 5 on C with [e ™dv < C(1+772), and Vnaas = 0
whenever na = J,(n'3), in particular Whenever n' =7 is real and a = 7(6,)2.

(5¢) One kernel on R? \ {0}. The four open half-planes {a -v > 0}, @ € {£é;, +¢é;}, cover
R? \ {0}; on an overlap the two kernels agree, since both satisfy (12.7) for the pairs with
supp ¢’ — supp ¢ in the overlap, which determine a continuous function there. So there is one
continuous W, v on R? \ {0}, bilinear in (na,n’B), with (12.7) in every frame, including the
diagonal frames £n, £7 (same argument). It satisfies (12.7) for all ¢, ¢’ with disjoint supports:
with D := dist(supp ¢,supp ¢’) > 0, § < D/4 and a smooth partition of unity (o,) of R? with
diam supp 0, < 9, write ¢ = D>, 040, ¢' = >, 0p¢’. For a pair (a,b) of non-zero pieces pick

Ya € SUDD 0a®, ¥ € SUPP 0¢'; Vo := Y} — Ya has |vg| > D, so |i - vo| > D /2 > 26 for i = é; or
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éi, and supp gp¢’ — supp 0a¢ C B(vp,2d) C {+d-v > 0}. Apply (12.7) in that frame to each pair
and sum (both sides are bilinear).
Three consequences, each by the uniqueness of the kernel on open sets: (1) symmetry:

So(f, ') = Sa(f', f) gives Wyamws(v) = Wy pa(—v); (2) conjugation: Sa(f, f') = Sa(f, f') (u
is a measure on real fields) gives Wis 75 = Wi yp; (3) dihedral covariance: for g € Bs fixing
e;, acting on the plane by g, (b) and g*((¢ @ n)a) = ((¢ 0 §) ® n)7(g9) ta give Wy ns(gv) =
Wnﬂ(g)fla’n/ﬂ(g)flﬁ(v) for all v # 0.

Step 6 (the angle). Let R; be the rotation by ¢ in the (j,4)-plane (Rie; = coste; + sinte;,
Rie; = —sinte; + coste;, Riep = ¢), R, its planar action, and n; := (cost,sint). Tg splits
into weight vectors m(Ry)e = etWte: ej A e; and the scalar component with w = 0, and €4 :=
(ej NepFie; A e1)/V/2 with w = £1 (indeed A?R; rotates the pair (ej ANer,e; Aep)). One computes
€x = ex, m(0;)ex = —ex, and, for n := (e + €;)/V2 (Opej = —e;, Ope; = —e;), 7(On)es = de_,
m(On)e— = —ieg.

Fix n,n' and weight vectors a,b with weights wg, wp, w := w, + wp € {0,+1,+2}, and write
Wab == Wyams. By (5e)(3) with g = R, /g € By: Wap(Ryjov) = e ™/2Wyy(v). Fix r > 0.
By (12.7) in the frame é;, Fp(¢) := [ e rcoscwhirsingg d”;fz,n’b(w’ q) is holomorphic on the strip
|Re(|] < m/2 and Fy(t) = Wyp(rng) for real ¢ there: on C, with ¢ = ¢t + 8, Re(—rcosCw +
irsin( q) = —rcost (wcosh § 4 ¢sinh ) < —rcoste Plw, so the integral converges absolutely
and locally uniformly, and |Fo(t +i8)| < C(1 4 (rcost)~2e2#l) by the Laplace bound of (5d).

The functions ¢ — e "F/2Fy(¢ — kn/2), k € Z, defined on the strips |Re ¢ — kr/2| < 7/2,
agree with Wy, (rn;) on the real points of their strips by the quarter-turn covariance, hence
agree on the overlaps of consecutive strips by the identity theorem, and define an entire function
h with h(t) = Wyy(rny) for real t, h(¢C + 7/2) = e~ ™7/2h(¢) and M(B) := sup, |h(t + iB8)| <
C(1+2r~2€2#l) (the bound on |t| < 7/4 and the periodicity). Thus e"Ch(() is entire with period
/2, 50 h(C) = > ez e’ with o] < M(B)e* )8 for every real B; letting 8 — Foo
shows ¢ = 0 unless |4k — w| < 2. For w € {0, %1} only k = 0 survives: Wy(Rsv) = e Wy (v)
for all t and v # 0. For w =2 (a = b = ¢;) the survivors are k € {0,1}: h(¢) = coe™ 2 + ¢1e%€,
and for w = —2 symmetrically h = cpe?< + c_je~ 2.

The sign step, w = 2, first for ' =n real. By (5d), uf,é,n6+ >0 for a =n(0))é; = m(0)e- =
—€4, ie. —vY, >0, 50 —h(iB) = —Fy(if) = [ e rwooshBrasinhf) g5 ) > 0 for all real §; as

—h(iB) = —coe?’ —c1e728, this forces cg, ¢1 real and < 0. In the frame 7, (5d) gives Vhame, = 0 for
a=m(0,)e_ = —ieq,ie. —iv}, > 0. Since ny = cos(t — §)n+sin(t — %)ﬁ%,.(m.?) in the frame 7
gives —ih(t) = F™(t) for t € (=%, 3T), where F"(() := [ e 7 cos(—n/Huwtirsin(C=n/Dag(_jpn ) is

holomorphic on |Re (—7%| < §; by the identity theorem —ih = F™ on that strip, and at ¢ = 7 +i3,
FMT +if) = [ e rweoshftasinhB)g(_jm ) >0, Whilg —ih(T +iB) = —coe? + 128, I:etting
B — —oo gives ¢1 > 0, hence ¢; = 0: h(() = coe~%¢, which is the covariance W, (Ryv) =
e 2tW, ., (v) for n’ = n real.

General n,n'. The coefficient ¢; = ¢]" is bilinear in (n,7') (the kernel is, and the Fourier
coefficient is a linear functional of k). By (5¢)(1), ™' (t) = Wher e (1g) = Wipe, pe, (—rnyg) =

Rt + 1), and e#F=2DT = 1 50 071777/ = c’f/". For real n,n: 0 = c717+77/’77+77/ ="+ 2671777/ +
C?lnl = 2671777/; complex n,n" follow by bilinearity. The channel w = —2 follows from (5e)(2)

(Wie_ie- = Whe, e, ), or by the same argument. Hence, for all a, 8 € Tc, all n,7', all t € R
and v # 0 (expanding «, 8 in weight vectors),

(12.8) Wna,n’ﬁ(RtU) = er(Rt)*la, U/W(Rt)—lﬁ('l)).



OSTERWALDER-SCHRADER AXIOMS FOR SCALAR QED3 IN THE HIGGS PHASE 85

Step 7 (assembly). (7a) Planar-disjoint tests. For f = (¢ @ n)a, f' = (¢ @ 1) with
supp ¢ Nsupp ¢’ =0: Rff = ((¢o Rt) ®@n)m(Ry) ta (R fixes 2), the planar supports of ¢ o Ry,
¢’ o R; are disjoint, and (12.7) (for all disjoint planar supports, (5¢)), then the substitution
y— Ry, o — Ry and (12.8) for —t at v =y — y, give

SQ(R;tkfa R;fkf/) = // ¢(Rty)¢’(Rty’)Wm(Rt)flam/ﬂ(Rt)qﬁ(y' — y) dy dy/

= / / o) Y)Y Waams(y' —y) dydy = Sa(f, f).

For disjoint open U, U’ C R? the finite sums of such products with ¢ € C°(U), resp. ¢ € C(U'),
are dense in C°(U x R; T¢), resp. C° (U’ x R; Tg), for the CS° topology, hence for || - ||; R} is a
|| - ||-isometry and Ss is || - ||-continuous (Step 1). Hence, for each of the three coordinate planes:
(P) So(R;x1, Rfx2) = Sa(x1, x2) for all t € R and all x1, x2 € C>°(R3; Ti) whose supports have
disjoint orthogonal projections onto that plane.

(7b) Small supports. Let x1, x2 € C2°(R3; T¢) be supported in the closed balls B(z1,d), B(z2,)
with |zg — z1] > 39, and put F(R) := Sa(R*x1, R*x2) — S2(x1, x2) for R € SO(3). F is C*° on
SO(3): in a local chart ¥ — R() the function (J,z) — (R(9)*x)(z) = 7(R(Y)) " x(R(¥)z) is
C* with xz-support in a fixed compact set for 9 in a compact neighbourhood, so ¥ — R(9)*x is
C™ into L' N L? (its difference quotients converge uniformly, with uniformly bounded supports),
and S is a continuous bilinear form on (L' N L?)? (Step 1).

For a € {1,2,3} let R&“) = exp(sL,) be the rotation by s about eq, (Lg)pe = —€ape, and X,
the left-invariant vector field (X,G)(R) := d%G(RRga))]s:o; then [X,, Xp] = Xz, 1,] = TXc
for {a,b,c} = {1,2,3}, and X1, Xo, X3 span the tangent space at every point. Let P;- be the
orthogonal projection onto e; and U, := {R € SO(3) : |[P;- R~ (z2 — 21)| > 20}, an open set. For
R € U, the pair (R*x1, R*x2) is supported in B(R™'x1,6), B(R 'x9,5), whose projections along
eq are disjoint, so (P) for the plane el gives Sof §“)*R*X1, Rga)*R*Xg) = So(R*x1, R*x2) for all
s, ie. F(RR\™) = F(R) since (RR{)* = R\ R*; hence X,F = 0 on U,. Every R € SO(3) lies
in at least two of Uy, Us, Us: with w = R (29 — 21), 3, |Pi-w|? = 2|w|? > 1862, and if two of
the three terms were < 462 we would get 2|w|? < 852 + |wl|?, i.e. |w|? < 852 < 952. On the open
set U, N Uy, XoF = XpF = 0, hence X.F = £(Xo(XpF) — Xp(XoF)) = 0 (F € C2); s0 dF = 0
on U, N Uy, and every point of SO(3) lies in such a set. Thus dF = 0 on the connected manifold
SO(3), and F = F(1) = 0.

(7c) Conclusion. Let x1,x2 € COX(R3Tc) have disjoint supports, D :=
dist(supp x1,suppx2) > 0, 6 := D/6, and let (o,) be a smooth partition of unity of R3
with supp o, C B(ya, d). Then x1 = >, 0aX1, X2 = D, 0pX2 are finite sums, every pair
(0aX1, 0bX2) of non-zero pieces has |y, — yp| > D — 26 = 40 > 30, and (7b) with the bilinearity of
Sy and of R* gives Sa(R*x1, R*x2) = Sa2(x1,x2) for R € SO(3). For R € O(3) \ SO(3) write
R = 03R’ with R’ € SO(3); then R* = R"*Oj3, the supports of O3x1,O3x2 are disjoint, and
(b) gives So(R*x1, R*x2) = S2(O3x1,0O3x2) = S2(x1,x2). For Schwartz x1,x2 with disjoint
supports the cut-offs J(-/v)x; (9 € C°, ¥ = 1 on the unit ball) converge to x; in || - || with
supports inside the original ones, and R* is a || - [-isometry; Step 1 concludes.

Finally S;: for real y € C® and p € C°, p > 0, [p =1, pr := R3p(-/R), (ii) and the
Bochner integral give S1(x * pr) = S1(x), while

Ix *pr — ([ X)erll < [ IxW)|lI7yer — prlldy < R Vol + IVell2) [ |ylIx(y)|dy — 0;

applied to x = pg, e, (e, a basis vector of T") this shows that m, := Si(pre,) does not depend
on R, and then S1(x) = m([ x) with m := 3" m,ef € T*. By (b), mon(g)~! =m for g € Bs;
the sign flip g =1 — ereJT acts by —1 on e; A e, so m vanishes on A?R3 and lives on the scalar
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component, on which 7 is trivial; hence S1(R*x) = m(m(R)™! [ x) = Si(x) for all R € O(3)
(and S = 0 for T = A%R?). This proves (d). O

The lemma used in Step 4 is the following statement of complex analysis; its proof is independent
of everything above. For h € L'(0,00) put h(z) := Iy~ h(a)e **da for Rez > 0 (continuous,
bounded by ||A||z1, holomorphic for Rez > 0); powers are principal, 2z := exp(v Logz) for
z ¢ (—o0,0] with argz € (—m, 7).

Lemma 12.30 (two representations of one correlation). Let ¢ be a finite positive Borel measure
on [0,00) xR and o' a complex Borel measure on [0,00) X R of finite total variation ||¢'||. Suppose
that, with z := w — iq,

/e—az—cé dQ(w, Q) _ /e—aw’+icq/ dg'(w',q') for all a,c > 0.

Then o({(w,q) : w < |q|}) = 0.

Proof. An inequality. Let h € L'(0,00). Multiply the hypothesis by h(a)h(c) and integrate over
a,c > 0; on the left |4~ ¢%| = e~ (09w < 1 and p is finite, on the right the integrand has modulus
at most 1 and [|¢'|] < co, so Fubini’s theorem applies on both sides. Since [} h(c)e™%dc = h(z)

and [ h(c)e de = h(iq'),

(12.9) / h(2)]? do = / /) hlia') def < '] sup [A(8)] sup (i)

The test functions. Fix e € {1, —1} and an integer N > 1, and put v := 1 — 4ieN/7m (Rev =1,
v ¢{0,1,2,...}). We construct hy € L'(0,00) with hy(z) = e Nz (142)73 for Rez > 0, z # 0,
and Ay (0) = 0. The binomial coefficients by, := (7) satisfy by = (—1)*T'(k — v)/(D(—v)T(k + 1))
and |['(k —v)/T(k +1)| ~ k= Rev=1 = k=2 (Stirling), so >_,. |bx| < 0o and 3, bx(—u)¥ converges
absolutely and uniformly on the closed unit disc. Its sum is (1 —u)” for |u| < 1 (Taylor series
of the holomorphic function u +— (1 — u)”, Re(1 — u) > 0 there), hence also for |u| <1, u # 1,
by continuity of w — w" on the closed right half-plane minus 0; and as v — 1 in the disc,
(1 —w)?| = |1 —ule~rarell=w) < |1 —yle?N — 0, so the sum is 0 at u = 1.

For k > 1let vx(a) == a* e /(k=1),s0 v > 0, ["ve =1, [~ w(a)e"**da = (1+2)7" for
Rez > 0, and let m = 8o+ > 151 (—1)*bxyx(a) da, a complex measure on [0, 00) of total variation
at most 1+, |bg|. For Rez > 0 put u := (14+2)~'; then [u| <1 (as [1+2]*> = 1+2Rez+|z|> > 1)
and u =1 only for z =0, so [e~%dm(a) = > bp(=1)*(1 + 2) 7% = (2/(1 + 2))" for z # 0 and
[dm = 0.

Next let g(a) := a*> Ve %/T(3 — v), a > 0; since Re(2 —v) = 1, |¢(a)| = ae™%/|['(3 — v)],
so q € L'(0,00), and [;° g(a)e”**da = (14 z)”~3 (for real z > —1 by the Gamma integral,
then for Rez > —1 by analytic continuation). Put hy := e ¥m* ¢, i.e. hy(a) = e N(q(a) +
Ek>1(—1)kbk foa ve(a — b)q(b)db); then hy € L'(0,00) and, by Fubini’s theorem, BN(Z) =
e N(z/(1 4+ 2))"(1 + 2)"~3 for Rez > 0, z # 0, and hy(0) = 0. For Rez > 0, z # 0, the
arguments of z and 1+ z lie in [—7/2,7/2] and have the same sign (Imz = Im(1 + 2)), so
Logz — Log(1 + z) is the principal logarithm of z/(1 + z), and (z/(1 + 2))*(1 + 2)*=3 =
exp(vLogz — 3Log(1 + 2)) = 2”(1 + 2)73.

Bounds. For Rez >0, z # 0: |2”| = |z| exp(—Im v arg z) with —Imv = 4eN /7, so |hy(2)] =
e N|z| |1 4 z| 2 exp(4eN arg z/m). Since |1 + z| > max(1,|z|) on the closed right half-plane,
|2[|1+ 2|7® < 1 there. On (0,00), argz = 0, s0 sup;g lhn ()] < e N; on iR\ {0}, arg z = +7/2,

2N

so sup, |hn(is)| < e Ne2N = eV; the product of the two suprema is at most 1. On the sector
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Yes:={2#0:Rez >0, cargz > /4 + 6}, 5 > 0: |hn(2)]? > e 2NSNE/AH0)/T| 51211 4 2|6 =
685N/7r|z‘2|1 _’_Z|—6.

Conclusion. By (12.9) with h = hx and the bounds, fEe ] 1221 + 2| Sdo < e~ 8N/7||o/|| for
all N > 1, ¥ read as a set of points (w,q) through z = W — 1q. Letting N — oo, and since
the weight is strictly positive on X5, o(¥s5) = 0. The union of the sets X4y, k > 1, is
{z#0:Rez >0, |argz| > n/4}, and for z = w — iq with w > 0 the condition |arg z| > 7/4 is
lg| > w (for w > 0, |arg z| = arctan(|¢|/w); for w = 0, z # 0 means g # 0). O

Theorem 12.31 (rotation covariance of all moments away from coincident points). Let T = A?R3
or A’2R3 @ R with its orthogonal O(3)-action and let ju be a probability measure on S'(R3;T),
with the o-algebra generated by the evaluations, with the properties (i), (i), (iii) of Section 12.10.
Then

Sn(RX1, -+ B Xn) = Sn(X15- -+ Xn)
forallm >1, R€ O(3) and x1,...,xn € SR Tc) with pairwise disjoint supports.

Proof. Theorem 12.31 is Theorem 15.1 of Section 15, proved for all n from (i)—(iii) alone; for n < 2
it is also Theorem 12.29(d). Two conventions of Section 15 differ from those of Section 12.10.
Hypothesis (iii) is asked there of finite families of real Schwartz tests supported in one open side
of the plane; (iii) above, with C2° tests, implies it: for real Schwartz y, supported in Q} the
cut-offs x,9(:/q) (¥ € CX(R3), ¥ =1 on B(0,1)) lie in C(Q};T) and converge to x, in || - | as
g — o0, and |Z(x) — Z(x')| < [1®(x — X) du < c/*|x — ¥/l for real x,x’ (Theorem 12.29(a)),
so each finite Gram sum of (iii) passes to the limit. The measure there is a Borel probability
measure on S’; the proofs of Section 15 use p only through the random variables ®(x), x € S
real, and the o-algebras they generate (Remark 15.3), so they apply to every probability measure
on the cylinder o-algebra, in particular to the measure of Lemma 12.22, with the reading given
in that remark. The conclusion there is stated, as above, for Schwartz tests with pairwise disjoint
supports (complex ones by multilinearity, the real and imaginary parts keeping the supports). O

12.11. Bounded multilinear forms vanishing off the diagonal and on gradients. Notation.

Let U C R? be open and H(U) := L?(U;C?) (elements extended by 0 to R3); |E| denotes the

Lebesgue measure and 1 the multiplication by the indicator; “b vanishes on £’ means almost

everywhere; an n-linear form D on H(U) (C-linear in each entry) is bounded if |D(by, ..., by)| <

CTI bl 2. We consider two hypotheses on D:

(H1y) D(by,...,b,) = 0 whenever by,...,b, € C(U;C3) have pairwise disjoint supports (for
n = 1: for all by);

(H2y7) D(by,...,b,) = 0 whenever one entry is Vu, u € C°(U;C), the others arbitrary in
H(U).

For U = R3? we write (H1) and (H2) for (H1y) and (H2y).

Lemma 12.32 (locality gives a multiplier). Let 8 be a bounded bilinear form on H(U) with
constant C' and [(b1,ba) = 0 whenever by, by € C2°(U;C?) have disjoint supports. Then there
is a unique M € L*®(U;M3(C)) with B(b1,by) = [;b] Mbydx for all by,by € H(U), and
|M (z)v] < V3C|v| almost everywhere.

Proof. (i) (b1,b2) + B(b1,by) is bounded sesquilinear, so B(by,bz) = (b1, Ths) for a unique
bounded operator T on H(U), ||T|| < C; (b1,Tbs) = 0 for by, b € C°(U) with disjoint supports
(b1 has the support of by), and likewise for 7.

(ii) Claim: if V. C U is open and b € H(U) wvanishes on V', then Tb vanishes on V. Let
K C V be compact. If U\ V = () then b = 0. Otherwise ¢ := dist(K,U \ V) > 0 (a sequence
of U \ V approaching K would accumulate at a point of K C V, while U \ V is closed in
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U). Put W= {z € U : dist(z,K) < §/3} and V' := {z € U : dist(z,U \ V) < §/3}: open,
disjoint, K ¢ W, b€ H(V'). Take b*) € C2°(V';C3) with b¥) — b in L2. For by € C°(W;C?),
(b1, THR)) = 0, hence (by,Th) = 0; C®(W) is dense in H(W), so Tb=0on W D K; V is a
countable union of compact sets.

(iii) By (ii), 1yT(1 — 1y) = 0; by (ii) for T, (1 — 1y)T'1ly = 0; so T'1ly = 1y T for every open
V C U. The class of Borel F C U with T1lg = 1T contains the open sets, is closed under
complements (1\p = 1 — 1) and under countable disjoint unions (3, ., 1g,b = 1gb in L?,
T bounded); by Dynkin’s theorem it is the Borel o-algebra. By linearity and ||My|| < [|¢]|c0s
TMy = MyT for every bounded Borel ¢.

(iv) Let Uy := UN{|z| < k} and m§-k) =T (1y,e;). Fork <K/, 1Ukm§-k/) =T(1y,ej) = mg.k) and
(1-— 1Uk)m§-k) =0, so mg-k) = 1y, m; for one measurable m;, and T'(1ge;) = 1gT(1y,e5) = 1gm;
for Borel E C Uy. Hence [, |m;|> = || T(1ge;)||* < ||T||?|E| for every bounded Borel E C U, so
|m;j| < ||T|| a.e. (otherwise integrate over a bounded subset of positive measure of {|m;| > ||T||}).
With M := (mi|ma|ms), [Mv| < > |v;||m;] < V3||T|||v], and Tb = Mb on the dense set of
finite sums ) ¢;;1,,e; (bounded Borel Ej;); T and the multiplication by M are bounded, so
T =M, ie. B(b1,b2) = (br, Mby) = [, bl Mbs. Uniqueness: [ b] Mby = 0 for all by, by gives
M1y, e; =0 a.e. for all j, k. O

Lemma 12.33 (gradients kill the multiplier). If in addition 5(b1, Vu) =0 for all by € H(U)
and u € C°(U), then M =0 and B = 0.

Proof. by = MVu € H(U) gives [; [MVul> =0, so MVu = 0 a.e. For a ball B with B C U
take x € C°(U), x = 1 near B, and u = yzy: Mey =0 a.e. on B, k =1,2,3. U is a countable
union of such balls. O

Theorem 12.34 (bounded multilinear forms vanishing off the diagonal and on gradients). For
every n > 1 and every open U C R, a bounded n-linear form on H(U) satisfying (Hly) and
(H2y ) is zero.

Proof. We argue by strong induction on n, for all open sets at once. For n =1, D = 0 on the
dense set C°(U; C3). For n = 2 apply Lemma 12.32 with (H1), then Lemma 12.33 with (H2).
Let n > 3, assume the theorem for all m < n and all open sets, and let D be bounded n-linear
on H(U), with constant C, satisfying (H1y), (H2y).

Step 1 (one confined group). Let O # J C {1,...,n}, F its complement, K C U compact,
b; € H(U) vanishing outside K for i € J and on K for i € F. Then D(by,...,b,) = 0. Indeed, let
U’ := U\ K and let E be the |F|-linear form on H(U’) obtained from D by fixing the entries J at
the b;; E is bounded, 1 < |F| <n — 1, and (H2¢) is inherited. For (H1y), let ¢; € C°(U'; C3),
Jj € F, have pairwise disjoint supports, fix jo € F with ¢j, # 0, T := supp¢;j, C U’, and let G be
the (n — 1)-linear form on H(U \ T') obtained from D by fixing entry jo at c;,. G is bounded,
(H2¢n\7) is inherited, and (H1yn7) holds because its n — 1 arguments together with c;, are n
elements of C°(U;C3) with pairwise disjoint supports (H1y). By the theorem for n — 1, G = 0.
The ¢j, j € F'\ {jo}, and the b;, i € J, vanish on T' (T is disjoint from K and from the other
supports), so E((¢j)jer) = G(...) = 0. By the theorem for |F| on U’, E =0 on H(U")IFl, and
(bj)jer € HU)FL.

Step 2 (one confined entry). For i # j: D(by,...,b,) = 0 whenever b; vanishes outside a
compact S C U and b; vanishes on S, the other entries arbitrary. Expand b; = 1gb; + 11 gy for
I ¢ {i,7}: each of the 2"~2 terms is of the form of Step 1 with K = S, J = {i}U{l : 1gb; chosen},
J ¢ J. The statement extends to Borel S C U: choose compacts K, 1 in S with |S\J,,, Km| = 0;
then 1x, b; — b; in L? and D is bounded.
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Step 3 (the diagonal). Fix bs,...,b, € H(U). B(b1,b2) := D(b1,...,b,) is bounded with
constant C'[[;~4|/bi]| and vanishes for by,by € C°(U) with disjoint supports (Step 2 with
(i,7) = (1,2), S = suppbi). By Lemma 12.32, B(b1,by) = [, b M[bs, ..., bn] by with M[]
multilinear (uniqueness) and ||M[bs, ..., by]|l e < V3C [[;~5|bi]l. If by vanishes outside a Borel
E C U, Step 2 with (i,5) = (3,1) gives B(b1,bz) = 0 for all by € H{U \ E), by € H(U),
hence M([bs,...] = 0 on U\ E. Given n > 0 choose § > 0 with [}, [bs|* < n? whenever
|E| < 83 (absolute continuity of the integral) and let (FE,) be the countable partition of U
by half-open cubes of side §. Then by = > 1g,bs in L?, so M[bs,...] = >, M[lg,bs,...]
in L*°; the summands vanish outside the disjoint sets E, and each has L°° norm at most
V3Cn [Tisq 0]l s0 |M[bs, ..., bn]llLee < VBN [Tisy Ibill Letting n | 0, M[bs,...,b,] =0, i.e.
D(by,....by) =0. 0

Remark 12.35. For n > 3 the hypothesis (H1) alone does not confine D to the full diagonal:
D(by,b2,b3) = (by,b2)¢(b3), £ a bounded linear functional on H(R?), is bounded, vanishes on
pairwise disjoint supports and is carried by {z1 = x2}; (H2) excludes it, and is needed in every
entry (n =1 is the case D(b) = [b- w, excluded by the n = 1 case of (H1)). (H2) enters the
induction only through the bilinear case, inside Step 1.

The Hodge map and the transport. For f € L*(R3AZ%) put bf := (fos, f31, f12), so that
fo(u,v) = (f (2),u x v) (bilinear pairing), |[0f[17. = >, | ful72 (the norm of Lemma 12.22)
and b(xdu) = Vu. With the transport (R - f);(u,v) = fr-1,(R™1u, R~1v) of Definition 12.7 and
(R~'u) x (R"'w) =det R R~ (u x v),

b(R- f)(z) =det R Rbf(R 'z) =: (p(R)f)(z),  p(R)Vu=detRV(uoR™1),

p(R) an isometry of H(R3) preserving C2°; thus R-(xdu) = det R+d(uoR™!), and R-f = (R™1)*f
is the pull-back by R~! with the tensor action (notation of Section 12.10).

Proposition 12.36 (the coincident part vanishes). Let S,, be the curvature Schwinger functions
of a limit S°°* of Theorem 7.1 for the box family (Lemma 12.20), with any bounded Borel gq,
extended to L*(R3; AZ) (Lemma 12.22). For alln > 1, R € O(3) and fi,..., fn € L*(R% A2):
Sp(R-f1,..., R~ fn) = Su(fi,- .., fn). Consequently ZP*(R - f) = ZP**(f) for every real C°
2-form f.

Proof. Put
Dgr(by,...,by) :== Su(b 1 p(R)by,...,b tp(R)by) — Sp(b Moy, ... .07 0,)

on H(R3); since b~ 1p(R)b = R-b=1b, Dg = Sp(R- ) — Sy (-) read on vector fields. Dg is bounded
by Lemma 12.22 (|S,| < e*(n)Y2[] || fil 12, with the factor 2%/2 for complex entries) and the
isometries.

Verification of (H1). If b; € C°(R3;C3) have pairwise disjoint supports, the f; = b~1b;
are Schwartz 2-forms with pairwise disjoint supports and R - f = (R~!)*f. The measure u of
Lemma 12.22 satisfies (i) (with C' = max(3, [|galle), as [|k]|z1 < |Ix|lz1 and [|f|[z2 < |[x]|2 for
x = (f,h)), (ii) (Proposition 9.6 for the box family on Schwartz pairs by continuity, and the
uniqueness of a measure with given characteristic functional, Lemma 12.12, the hypothesis-free
form of the argument of Proposition 12.11(b)) and (iii) (Lemma 12.21(iii) on the open side; the
push-forward by a reflection is its pull-back), and its moments on (f,0) are the S,, (Lemma 12.22).
So Theorem 12.31 with R~! gives Dr = 0 on such b; (real f; first, complex by multilinearity, the
real and imaginary parts keeping the supports).

Verification of (H2). For b; = Vu, b~'b; = *du and b~ 'p(R)b; = det Rxd(u o R™1).
By Theorem 12.26, Z"**(s*dw) = 1 for all real s and real w € C2°; for the measure

c

 of Theorem 9.13 (box family by Lemma 12.20), [e®®Cdwq, = ZP*(sxdw) = 1, so
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®(xdw) = 0 p-a.s.; the moments of p on real C2° 2-forms are the S, (Theorem 9.13(a)),
hence Sy, (g1, ..., *dw,...,g,) = [ ®(g1) -+ P(xdw)---dp = 0 for real C2° g;, then for complex
g; € L? (multilinearity, boundedness, density) and complex w (linearity). Both terms of D
vanish. Theorem 12.34 with U = R? gives Dy = 0.

For the last claim, ¢ = ZP%((f) = W (5)(iC) is entire (Theorem 9.4(ii)); W (s (215, 20) =
Up)(z1 + -+ + 2n) (at level N the exponent is (3;z;)®n(f), and the limits are those of

Lemma 9.3(b),(c); compare (d)), so \I!E’}g(O) = Su(f,...,f) (Theorem 9.4(iii)) and ZP°%(f) =

> >0 %Sn(f, ..., f), the same for R - f, with equal coefficients. (Equivalently: the image of
p under ® + ®(R™!. .) has the same moments on C° as u, with the factorial bound of
Theorem 9.4(iii), so it equals p by the uniqueness from moments in Theorem 9.13(b), and the
characteristic functionals agree.) O

The density component at coincident points. In Lemma 12.37, Corollary 12.38 and their
proofs, X := S§'(R%; A2 @ R) with its cylinder o-algebra, ®(o) is the evaluation at a real Schwartz
pair 0 = (f,h) (f a 2-form, h a function), and A(f) := ®(f,0), D(h) := ®(0,h), so that
®(f,h) = A(f) + D(h). The symbols A, D, M, Mg, Ar, E, B, By, Cy, are local to these
statements and proofs (the generic form called D in the notation of this section does not occur
below). The transport R - f, R-h, R- o of Definition 12.7 is given by the same formulas on
L? 2-forms and on L! functions: |R: f|z2 = || fllz2 (p(R) is an isometry), ||R - hl|z1 = ||k 11
(|det R| = 1); it preserves the real Schwartz pairs and C2°, and supp(R - o) = Rsuppo. Here
1172 =2y | fuvllF2, as in Lemma 12.22.

Lemma 12.37 (an L'-bounded entry has no coincident-point part). Let ¢ > 0 and let y be a
probability measure on X with:
(P1) [e®FM dp < exp (| f]12 + c||hllr) for every real Schwartz pair (f, h);
(P2) for all m,k > 0 with m+k > 1, every R € O(3), and all real C* 2-forms fi,..., fm
and real CS° functions ha, ..., hy whose m + k supports are pairwise disjoint: [ []; A(R -
f)Il; D(R - hy) dp = [ T1; A(fi) I1; D(hy) dp;
(P3) [eAtdw) gy =1 for every real s and every real u € C2°(R?).

Then fei‘b(R"’) dp = [ e®@) dy for every R € O(3) and every real Schwartz pair o. Moreover
every mized moment M (f1,..., fm;ha,..., hi) == [TL A(f:) [I; D(h;) dp extends to a bounded
multilinear form on L2(R3;A%)m x LY(R3;C)*, and M(R- f1,...,R- fm; R-h1,...,R-hy) =
M(f1,..., fm;h1,..., hg) for all such entries, with no condition on the supports.

Corollary 12.38 (bounded functions of the density, coincident points included). Let gq be any
bounded Borel function (the joint scheme of Definition 2.5), with the couplings as in Theorem 12.2.

(a) (The box family.) Every limit S°°% of Theorem 7.1 for the box family satisfies SP**(eR.4) =
SboX(e.) for every R € O(3) and every test pair o = (f, h), that is SP* o yg = SP* on
A; the mized Schwinger functions of the joint field extend to bounded multilinear forms,
on L*(R3 A%) in the curvature entries and on L'(R3;C) in the density entries, and the
identity of Theorem 12.3 holds for all such entries, with no condition on the supports.

(b) (The torus family.) Let S be a limit of Theorem 7.1 built on cubic-torus limit points wy
whose sides run along dyadic sequences (Definition 14.1), and Z(o) = S(e,). Then Z,
extended to the real Schwartz pairs as in Lemma 12.22, is the characteristic functional of
a probability measure p on S'(R3; A% @ R) with its cylinder o-algebra, and for every real
Schwartz pair (f,h)

e dn < exp (417132 + laall bl
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(the display of Lemma 12.22, for the torus family). The statements of (a), with S in place
of SP°% . hold for every limit S on torus limit points that satisfies the covariance identity
of Theorem 12.3 on pairwise disjoint supports; for the limits S of the first sentence this
identity is proved, for ky > 0, in the proof of Theorem 12.4 (Section 12.12), before the
present statement is used there.

In both cases Proposition 12.11 then gives the invariance of the limit functional under E(3) on
all test pairs, and the invariance under E(3) of the joint measure (the measure of Lemma 12.22
in (a), the measure p in (b)).

Proof of Corollary 12.538, given Lemma 12.37. (a) Let u be the measure of Lemma 12.22:
[e®@dy = Z%(g) for all real Schwartz pairs, and ZP% (o) = SP**(e,) for test pairs (The-
orem 7.1(a)). (P1) with ¢ = ||g4||cc is the display of Lemma 12.22. (P2) is the identity of
Theorem 12.3 on pairwise disjoint supports (proved there from Theorem 12.31, independently of
its sentence on the coincident points), for the pairs o; = (f;,0), om+; = (0, h;): these are real
C2° pairs with pairwise disjoint supports, R-o; = (R- f;,0), R-0pm4j = (0, R- hj), and the mixed
Schwinger functions of the joint field are the moments [ [], ®(o;) dp of this measure (proof of
Theorem 12.3). (P3) is Theorem 12.26: [ **AtdW) gy = ZY%(s xdu,0) = 1. By Lemma 12.37, for
a test pair o (then R - ¢ is a test pair), S*(ep.y) = [ ®H)dy = [ (@) dy = §P%(e, ), and
by linearity on the basis (ey) of A, SP* o yg = SP°%. The statement on the mixed Schwinger
functions is the last sentence of the lemma. Proposition 12.11 applies, its hypothesis being
SPox o yp = SPX for all R € O(3).

(b) The proof of Lemma 12.22 applies to the torus family with Theorem 11.5(b) in place of
Theorem 11.11(b): the two theorems state the same Gaussian bound, and the continuity on
pairs (Theorem 9.4(i)) and the convergence (Theorem 7.1(a)) are stated for the torus family.
This gives the measure y, with [ €'®(@)dy = Z(o) on the real Schwartz pairs (Bochner-Minlos),
and the display; so (P1) holds with ¢ = ||g4l|co. (P3) is Theorem 12.26 for Z(f) = Z(f,0):
[eisAtd gy = Z(sxdu,0) = 1. Now let S be a limit on a torus limit point that satisfies the
covariance identity of Theorem 12.3 on pairwise disjoint supports. The mixed Schwinger functions
in the conclusion of Theorem 12.3 for S are the moments of this same measure g (their definition
in the proof of Theorem 12.3, carried over by the proof of Theorem 12.4); so (P2) holds, and (P1),
(P2), (P3) are properties of one measure. Lemma 12.37 applies, and the rest is as in (a). O

Proof of Lemma 12.37. Throughout, u satisfies (P1)—(P3), “a.s.” means p-almost surely, and
Cyp = 2eY2m! for m > 1, Cp = 1.

Step 1: the joint L? x L' bound. (1a) For every real Schwartz h, |D(h)| < ¢||h||;1 a.s. By
(P1) for the pair (0, sh), s real, [ePMdy < edsllfllr. For > 0 and s > 0, by the Chebyshev
inequality, y1(D(h) > ||| +n) < e sClblliitn [esPh) g < e=51 which tends to 0 as s — oo.
So D(h) < c||h||;r + 1 a.s. for every n = 1/n, hence D(h) < ¢||h| ;1 a.s.; the same for —h, D
being linear.

(1b) For every real Schwartz 2-form f and every integer p > 1, [|A(f)IPdp < Cypl|fl[}2. I f =0
then A(f) = 0. Otherwise, for t > 0 and real z, |z[P < p!tPell®l < plt=P(et* 47t and (P1) for
the pairs (tf,0) and (—tf,0) gives [e**AWdy < e MIE2/2, 5o JTA(N)[Pdp < 2p! tpet I172/2,
and t:= 1/] fl| 2 gives 2¢1/2p1 | |2

(1c) For real Schwartz fi,..., fm, h1,..., hy the product [[; A(fi) [1; D(h;) is p-integrable,
and [M(f1, ..., fmiha, .o )| < Co T 1 fill 22 T (c[lhj]|z1). By (1a), outside a null set (a finite
union), | [I; D(h;)| < [T;cllhjllz1. By the Holder inequality with m exponents equal to m and

(1b) with p = m, [ T, [AG) dpe < TT, (S 1A du) /™ < Con T, 1 fillz2 (for m = 0 there s no
curvature factor, and the constant is Cp = 1).
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(1d) Extension. M is real-multilinear on real Schwartz entries, every ® € X being linear.
Extend it C-multilinearly to complex Schwartz entries (A(f) := A(Re f) + ¢A(Im f), likewise
D): expanding into 2* real terms, [M| < Bo [T, || fill 12 TT; 1hj]l o1 with Bg := 2% Cpc¥. The
complex Schwartz functions are dense in L?(R3; A%) and in L'(R3;C), so M extends uniquely to
a C-multilinear form on L?(R?; AZ)™ x L!(R3; C)* with the same bound. This is the first half of
the last sentence of the lemma.

(le) Mr(f;h) == M(R- fi,...,R- fp; R - h1,...,R - hy) is C-multilinear with the same
bound (R- is linear, isometric on L? and on L', and commutes with real and imaginary parts),
and on real Schwartz entries it is [ [[; A(R - f;) [I; D(R - hj)dp. Put Ag := Mg — M; then
|AR(f; )| < BT 1 fill g2 TL; 1]l 1 with B := 2By = 25+ G, ek

Step 2: closedness in every curvature entry. Letm > 1,1 <i<m and w € C®(R3;C). If
fi = *dw, then M and Mg, hence Ag, vanish at (fi,..., fm;h1,...,hg), for all fi € L*(R3; A%)
(1 #1i), all h;j € LY(R3 C) and all R € O(3). Real w first. By (P3) the law of the real random
variable A(xdw) has the characteristic function s — [ e AGdW) g — 1, s0 it is the unit mass
at 0: A(xdw) = 0 a.s. For real Schwartz f; and h; the integrand of M contains the factor
A(*dw), is integrable by (1c) and vanishes a.s.; so M = 0 on real Schwartz other entries, then
on complex Schwartz ones (multilinearity), then on all of L? and L' (density and the bound of
(1d)). For complex w = wy + fwg: *dw = *dw; + i *dws and linearity in the entry i. For Mpg:
R (xdw) = det R+d(w o R™!) and wo R™! € C°(R3; C), so

Mpg(...,%dw,...;...) =det R- M(R- f1,...,#d(wo R™Y),...,R- fy;R-h1,...,R-hy) =0

by the first part.

Step 3: entries carried by pairwise disjoint Borel sets. Let E1, ..., Eny, Gy, ...,Gy be pairwise
disjoint Borel subsets of R, f; € L*(R3; AZ) with f; = 0 a.e. outside E;, and hj € L'(R3;C) with
hj =0 a.e. outside Gj. Then Agr(fi,..., fmihi,...,hx) =0 for every R € O(3). (1) Smooth
entries. For real C2° entries with pairwise disjoint supports, Ar = 0 is (P2). For complex C°
entries with pairwise disjoint supports, expand in real and imaginary parts: each of them has its
support inside the support of the entry, so every term vanishes.

(2) Compact carriers. Suppose in addition that the E; and G; are compact. Pairwise disjoint
compact sets have pairwise positive distances; let d > 0 be the smallest (if fewer than two of the
sets are non-empty there is no such distance: then any r > 0 serves below). Let n,, 0 < r < d/3,
be a standard mollifier supported in the ball of radius r. Then f; * 1, (componentwise) and
hj * n, are CZ°, supported in the closed r-neighbourhoods of E; and G, which are pairwise
disjoint (distances > d — 2r > 0), and f; xn, — f; in L%, hj*n, — h; in L' as r — 0. By (1),
Ap vanishes on the mollified entries, and Ap is continuous for these norms (le); so Ar(f;h) = 0.

(3) Borel carriers. The finite Borel measures |fi|?dz and |h;|dz on R? are inner regular:
for every € > 0 there are compact K; C E; and KJ’ C Gj with ||fi — filk,|lr2 < € and
|\hj — hjl K |1 < e. The entries f;lg,, hjl K/ are carried by the pairwise disjoint compact sets
K, K}, so Ag vanishes on them by (2); letting ¢ — 0 and using (le) again, Ar(f;h) = 0. This
step requires neither a positive distance between the carriers nor a smooth partition of unity; it
rests on the joint bound alone.

Step 4: the curvature entries, the density entries being spectators. Let K C R® be compact,
G1,..., Gy, pairwise disjoint Borel subsets of K, and h; € L' (R3; C) with hj =0 a.e. outside G;
(k> 0; for k=0 any compact K, the empty set included). Then Ag(f1,..., fm;h1,...,hg) =0
for every R € O(3) and all f1,..., fm € L?(R3; A(%) that vanish a.e. on K. The case m =0 is
Step 3. Let m > 1, fix R and the h;, and put U := R?\ K, an open set. With the Hodge map b
(an isometry of L?(R3; AZ) onto L?(R3;C3), b(xdu) = Vu) define on H(U), its elements extended
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by 0 to R3,

E(b,...,by) == Ag(b7 b1, ... b7 by b, b)),
the difference ofM(R~b_1b1, .., RO by R-Pa, .., R-hk) and M(b_lbl, oo b b, hk).
E is an m-linear form on H(U), C-linear in each entry, and bounded: |[E(by,...,bn)| <

(BII; 1Al ce) T 1il 22 by (1e).

Verification of (Hly) for E. Let by, ..., by, € C(U;C3) have pairwise disjoint supports. The
sets supp b; are compact subsets of U, so they are disjoint from K, hence from every Gj; the
m + k sets supp by, . ..,supp bm, G1, ..., Gy are pairwise disjoint Borel sets carrying the entries
b=1b; and h;, and Step 3 gives E(by,...,by) =0 (for m = 1: E(b;) =0 for all b € C°(U;C3)).

Verification of (H2y) for E. Let one entry be b; = Vu, u € C°(U; C), the others arbitrary in
H(U). Then b=tb; = xdu with u € C°(R?; C), and Step 2 gives Ag(...,*du,...;hy,... hy) =0
(both terms vanish separately).

By Theorem 12.34 with n = m and this U, E = 0 on H(U)™. If f; vanishes a.e. on K,
then b; := (bfi)|v is in H(U), its extension by 0 is bf;, and Agr(f;h) = E(b1,...,by) = 0.
(Theorem 12.34 is applied once, on U = R3\ K, to the difference F of two forms of the unrotated
arguments; (H2y7) holds for each of the two terms, (H1y) for the difference only. The density
entries are fixed inside the definition of E.)

Step 5: no mass on coincidences of an L'-bounded entry. Ag(fi,..., fm;h1,...,hi) =0 for
every R € O(3), all m,k >0 with m+k > 1, all f; € L*(R% A%) and all h; € L'(R3;C) (the
second half of the last sentence of the lemma). For h € L' and f € L? put wj (¢) := sup{||hlg|: :
E Borel, |E| <t} and wj%(t) = sup{||flgl||z2 : E Borel, |E| < t}; both tend to 0 as ¢t — 0
(absolute continuity of the integrals of |h| and of |f|?). If k = 0, the claim is Step 4 with K = ().
Let k > 1. Fix § > 0 and let Qs be the partition of R? into the half-open cubes §(z + [0, 1)3),
2€Z3 Forhe L', h= >0 Mg with >4 [[hlgllr = [[hllL1, so the series converges in L'. Agr
is linear and continuous in each density entry (le); expanding the entries one after the other,

(12.10) Ar(fihy,.. )= > Ag(fihlg,...,lg,),
(Q1,.-,.Qr)€Q}

and the series converges absolutely (so in any order): the sum of the moduli of its terms is at

most
BITIfille D> TIlkiteslie = BT Ifillee T 1l
i (Q1,-,.Qr) J i J

(a) Tuples with a repeated cube (only if k > 2). For a pair i < j the tuples with Q; = Q;
contribute at most

BIT 1Al (X Inatglo gl ) TT il < BITIAlle wh 6% T e
: @ ¢ {i.g} ! i

since ||hilg|lpr < w}”(é?’) for every cube and g, [|h;1ql[zr = [|hy]/z1. Hence the sum over the
tuples with a repeated cube is at most a(8) := B[, || fillzz >_i; w}” (6%) [T, [[ful[zr in modulus.

(b) Tuples of pairwise distinct cubes. Fix such a tuple and let K be the union of the closures of
Q1,...,Qk: K is compact, |[K| = k§3, and the (; are pairwise disjoint Borel subsets of K. Write
fi = filk + filgs\ i in every curvature entry and expand the term of (12.10) into 2™ terms. The
term in which every entry carries filgs\ g vanishes by Step 4 (with G := Q). Each of the other
2™ — 1 terms carries f;1x in at least one entry ¢ and entries of norm < || fi||z2 in the others, so
by (le) it is at most Bwj%i(ké‘%) [Tz 1 fillz2 TL; 1Rj1g, Ml 21 in modulus. Hence the term of (12.10)
is at most (2™ — 1) BW(0) ], [|hj1lq, |2+ in modulus, where W () := max; wj%i(kég) [Tz 12l 2
does not depend on the tuple. Summing over the tuples of distinct cubes, the sum is at most
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b(8) :== (2™ — 1) BW(S) [I; [l 1 in modulus. (For m = 0 every such term vanishes by Step 3,
and b= 0.)

So |Ar(f;h)| < a(d)+b(9) for every § > 0; the left side does not depend on 6, and a(6)+b(d) —
0 as § — 0. Hence Ag(f;h)=0.

Step 6: from the moments to the characteristic functional. Let o = (f, h) be a real Schwartz
pair and R € O(3); R-o0 = (R- f,R- h) is a real Schwartz pair. By (P1) for ¢ and for —o,

[ ¥ < [ (204 2O d < 2exp (B3 + elhlls) < o

and the same holds for R - o, with the same right side. For real =z,

Zn<N(ix)n/n!} < 6|$‘3
so by dominated convergence [ ) dy, = Y >0 %n, [ ®(0)™du, an absolutely convergent series
S, & [1@(o)du = | el®@ldy), and the same for R-o. Since ®(c) = A(f)+D(h), [ ®(c)"dp =
Z?:o (?)M(f, .oy fyh, ..., h) with j entries f and n — j entries h, every term being finite by
(Lc); likewise [@(R - o)"dp = 377, (?)MR(f, .oy fih,... h). By Step 5 (Agr = 0, with the
entries f and h repeated: coincident supports in every entry) the two sums are equal for every
n > 1; for n = 0 both are 1. Hence [e!®#9)dy = [¢®(@)dy. This argument uses no uniqueness
theorem for a moment problem: the two characteristic functionals are compared coefficient by
coefficient under one measure, the series converging by the exponential bound (P1). O

12.12. Proofs of the theorems.

Proof of Theorem 12.2. By Lemma 12.20 the box family satisfies the hypotheses of Theorem 7.1
and of every statement of Section 9 for the couplings of the theorem and any bounded Borel
gd, so SP* its Schwinger functions S, and its measure ;P exist, and Lemmas 12.21, 12.22
and Theorem 12.26 hold for them. Proposition 12.36, whose inputs are these three together
with Theorem 12.31 and Theorem 12.34, gives ZPX(R - f) = ZP°%(f) for every R € O(3) and
every real C° 2-form f. With the choice gg = 0, ®n (o) depends on f alone (Remark 12.9), so
ZPoX(f h) = ZPX(f,0) for every test pair, and ZP(R - o) = ZP%(0) for every test pair o; by
linearity on the basis (e,) of A, SP% oy = SP* for all R € O(3).

Proposition 12.11, whose hypothesis is the invariance of S under all translations (Theorem 7.1,
here for the box family) and under O(3) (just proved), applies to SP°%. Tts part (a) gives
Sbox(e,.,) = SP%(e,) for all v € E(3), and its part (b) gives 7,uP% = uP for every v € E(3)
and every measure representing Z°* on a set of linear functionals with the cylinder o-algebra.
This holds in particular for the measure of Theorem 9.13, either through Proposition A.10(a) or
directly through (b) applied to x on X, whose Borel o-algebra is generated by the evaluations
(Lemma A.5(c)), and Lemma A.11(b); it holds also for the Minlos measure of Lemma 12.12.

Remark 9.16 now applies to SP%%: ;PX is reflection positive across every affine plane, on L2
of either open side (the half-space algebra and the reflection of a tilted plane are the rotated
ones, and P is F(3)-invariant), and the reconstruction in any direction is unitarily the one in
direction eg. OS0 is Theorem 9.4, OS1 is Proposition 9.6 together with the O(3)-invariance just
proved, OS2 is Proposition 9.9 and Theorem 9.10 together with the reflection positivity across
every plane, OS3 is Proposition 9.12, and the measure is Theorem 9.13, all for the box family by
Lemma 12.20. (]

Proof of Theorem 12.3. Let gq be bounded Borel. The curvature marginal. Lemmas 12.20,
12.21, 12.22, Theorem 12.26 and Proposition 12.36 hold for any bounded Borel gq (the density
component of (f,0) and of (s *du,0) is zero), so ZP*(R - f) = Z"*(f) for all R € O(3) and all
real C>®° 2-forms f, i.e. the curvature functional f — ZP°%(f,0) and its measure (the curvature
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marginal of u of Lemma 12.22, which is the measure of Theorem 9.13) have all the properties of
Theorem 12.2, by the proof just given.

The joint field. Let p be the measure of Lemma 12.22 on &'(R3; A% & R), with [ e ®@)dy =
Z"%(g) for real Schwartz pairs. It satisfies (i) of Section 12.10 with C' = max(3,/gallcc)
(Lemma 12.22: [|A||z1 < |Ix|lzr and ||fllz2 < |Ix|lz2 for x = (f,h)); (ii) by Proposition 9.6 for
the box family (translation invariance of ZP%% on test pairs, extended to Schwartz pairs by the
continuity of Theorem 9.4(i) in its pair version) and the uniqueness of a probability measure on
S’ with a given characteristic functional (Lemma 12.12, the hypothesis-free form of the argument
of Proposition 12.11(b)); (iii) by Lemma 12.21(iii) for the planes through 0 and tests in the
open side (for a reflection the push-forward of a test pair is its pull-back with the tensor action,
©,=067).

Its moments [ [, ®(o;)du are the mixed Schwinger functions S, (o1,...,0,) of the joint
field: for real Schwartz pairs the law of (®(c0;)); under p has the characteristic function
t = Z"°(}, ti04), which is the limit of the characteristic functions of (@, (07)); under p5™
(Theorem 7.1(a)), and the moments pass to the limit by the uniform exponential bounds of
Lemma 12.22 at level N (the density part is bounded by ||g4l|cc En(h), the curvature part by
Theorem 11.11(b)). The Schwinger functions of the joint field are defined as these moments,
which for h; = 0 are the S,, of Theorem 9.4(iii). Theorem 12.31 with "= A?2R3* ® R and R~!
(R -0 = (R 1Y)*0) gives Sp(R-01,...,R-0,) = Sp(o1,...,0,) for all R € O(3) whenever the
supports of the o; are pairwise disjoint. The density entries carry no closedness identity, so
Theorem 12.34 does not apply to them; their coincident-point parts are removed by the L' bound
of Lemma 12.22 instead (Lemma 12.37, Corollary 12.38(a)). O

Proof of Theorem 12.4. We run the proofs of Theorems 12.2 and 12.3 for the torus limit points
wpy themselves, and go through their ingredients in turn. Theorem 7.1 and Section 9 hold for the
torus limit points as stated.

Lemma 12.21 needs of the level-V states only the reflection positivity of Theorem 11.5(d) at
the lattice planes of the nine families through 0: its part (i) uses it through Lemma 12.19(ii),
and its part (ii) uses it, in the L? form, through Lemma 12.19(iii). At the coordinate planes
this reflection positivity is Theorem 11.5(d) itself. At the six diagonal site planes through 0 it is
Corollary 14.35 at ¢ = 0, the Hermitian form and the L? closure included, and Theorem 14.3
for the bounded Borel functions. Here the sides of Definition 2.3 run along a dyadic sequence
(Definition 14.1), as that corollary requires. Section 14 proves these statements for ky = 1; for
kn > 0 they are Lemma 2.7(g). Explicitly, at each level N the state wy is F' — wi(F or),
where r multiplies the site variables by K&l/ % and wy is a limit point, along the same dyadic
sequence, of the torus states of the model with hopping coefficient 1 and the coefficients (2.5)
(Lemma 2.7(c)); the statements hold for wy;, and they pass to wy because r commutes with
the lattice reflections and preserves the functions of the cells of a half space and the L? norms
(Lemma 2.7(d)). This is the only step of the proof in which the value of kx enters, and it is
taken level by level: the limit functional S, the scheme and the density function gq are those of
the given models, and every other step holds for every xy > 0. For a diagonal reflection R the
intertwining ® (o) o R = &y (7o) and the R-invariance of pxy hold by Theorem 11.5(c), since
R e QN.

Lemma 12.22 uses only Theorem 11.5(b), in place of Theorem 11.11(b). Theorem 12.26 is
proved for both families. Theorems 12.31 and 12.34 are statements about the limit law and
about multilinear forms, and Proposition 12.36 and the assembly of these ingredients in the two
proofs use nothing else.

Finally, Corollary 12.38(b) uses, besides Lemma 12.37, only the display of Lemma 12.22 in its
torus form, which is stated in that corollary, Theorem 12.26, Theorem 12.34 and the covariance
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on pairwise disjoint supports, which the paragraph on the joint field in the proof of Theorem 12.3
has just given for the torus limit points. Hence the conclusions of Theorems 12.2 and 12.3 hold
for S. ([l

13. RIGIDITY OF THE VILLAIN-HIGGS GIBBS MEASURES ON &nZ3

This section proves a rigidity theorem (Theorem 13.1): a Gibbs measure of the fine Villain—
Higgs specification on exZ? (the model of Section 2, in unitary gauge) which is invariant under
some finite-index sublattice of e xZ? and has the three regularity properties (I11)—(I3) below is
invariant under the translations by 2eye;, j = 1,2,3. The main ingredient is the statement that
two consecutive layers determine the Gibbs measure (Theorem 13.30, Subsection 13.9), proved
on enZ3. Two elementary steps, a conjugation of reflections by coordinate transpositions and a
composition of two parallel reflections, are proved in Subsection 13.10 (Proposition 13.39); the
relative-entropy estimate on which the argument rests is the tangent inequality of Lemma 13.9.
Throughout, N is fixed, ¢ := ey, and all constants may depend on N, &, the couplings and the
finite sets involved.

13.1. Statement.

The model on eyZ3. Sites € €Z? carry the radial field Pz € [—p0,0,0), Pz = P00 + Pz;
links b carry By, € FD := (—n/yn,7/vn]|, B_y = —DBy; plaquettes p carry the Villain 2-form
vp € (27 /yN)Z, v—)p = —vp, closed (dv = 0 on every cube). Here yx > 0 is the phase constant of
Section 2, a general coefficient (Remark 2.1), and ky = 1 is the value of the hopping coefficient
for which this section and the next are written (Lemma 2.7(g) extends Theorem 13.1 to every
kN > 0); the local weight is that of Section 2:

W= cht(ﬁz) H h(pv_, po, , By) H w((dB)p +vp),
(13.1) @ b P

w(f) = 67f2/27 h(T7 rla 19) = €xp ( - %ﬁNyei’YNﬂ(pO,O + T/) - (p0,0 + T)‘2)7

h(r, 7', -) being 27 /yn-periodic and gee?” integrable on [—po,0,00) for every ¢ > 0 by (2.1). The
curvature is f,, := (dB), + vp; a plaquette is temporal if it contains a time link (x3 is the time
coordinate, eg the time direction), spatial otherwise. We write ¢ := 27 /yy for the Villain period
and T := R/cZ.

For a finite A C €Z3 let V/(A) be the set of sites in A together with the bonds and plaquettes
meeting A. The specification 5 (- | w) is the normalised integral of (13.1) over the variables
carried by V(A) (the v, summed over the closed integer 2-forms with the exterior v fixed), the
exterior configuration w held fixed. The specification {75} is consistent on the cofinal family
{V(A)}, and a probability measure v on the configurations (p, B,v) of eZ3 is a Gibbs measure
if vy, = v for every finite A (equivalently for the full specification, by consistency); this is the
Dobrushin-Lanford-Ruelle (DLR) equation, see [11, 26] and [16, Chapters 1 and 2]. For a € £Z3,
T, is the translation of configurations; v is I'-invariant, I' C €Z3 a sublattice, if v o T4 = v for
all g € T. For p € {1,2,3} and ¢ € e(Z + 3), 0, is the reflection in the mid-plane {z, = ¢}
(half-way between two adjacent layers of sites), acting on configurations by transport of the forms.
In this section, for a lattice isometry g € eZ> x B3 or a mid-plane reflection g = O,,c, we also
write g for the map of configurations induced by g by transport of the forms, and v o g for the
measure f — v(f o g); thus QA#,C and 0, . denote the same map of configurations.

Theorem 13.1 (rigidity). Let N be fized and let v be a Gibbs measure of the fine Villain—Higgs
specification on €72, ¢ = ey, which is invariant under a sublattice T C €Z> of finite index
containing a time translation, and which satisfies

(11) V(fg) < o0 and v(p2) < oo for every plaquette p and site x (finite local second moments);
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(I2) joint Gaussian domination of the curvature over all plaquette orientations: there is
C < oo with l/(exp Zp spfp) < Cexp(|s|?/2) for every finitely supported real s on the
plaquettes of €73, temporal and spatial alike;

(I3) sup, v(exp(gp?)) < oo for every q > 0.

Then v is invariant under the translations Toce;, J = 1,2,3.

In Theorem 13.1 the clause “containing a time translation” is redundant: I' D keZ? with
k = [eZ3 : T] (Subsection 13.10, Step 2 of the proof of the theorem).

Remark 13.2 (where (I1)—(I3) hold). (I1)—(I3) hold for every cubic-torus limit point wy of
Theorem 11.5: (I2) is Theorem 3.1 (constant 1, all plaquettes jointly), (I1) and (I3) are Lemma 11.2.
They also hold for the comparison states of Section 14 (Lemma 14.20, Proposition 14.22).

13.2. Phase restoration and the bijection of Gibbs measures. Let Q" be the unitary-
gauge configuration space {(p, B,v)} of Subsection 13.1 and  := Q" x T"*s_ with Higgs phases
1, € T and normalised Haar measure on each 1, as reference measure. The phase-restored
weight keeps get, w((dB)p + vp) and the closure constraint, and replaces the hopping factor by
h(po_, vy, By + ¥p, — 9p_); it is well defined on T because h(r,r’,-) is c-periodic.

Lemma 13.3 (phase-restored specification). Let G := T®%S. For A € G with real lift X € FDsites
put

X(p, ¥, B,v) = (p, ¥ — A, [B+d\p, v+ cdn),
ny i= (B + (dN)y = [By + (dN)slrp) /c € Z,
where [-|pp is the representative in FD modulo c. Then:

(a) (13.2) is independent of the lift, is a group action of G on Q, keeps v closed (ddn =0),
leaves the phase-restored weight invariant factor by factor and preserves the reference
measure.

(b) The gauge firing (@) := Y.w, read in Q*, and the Haar randomisation ¥(w, 1) :=
(—).(p,0, B,v) satisfy P(A\.w) = ®(©), © = (—¢).®(@), Po V¥ =id and \.¥(w,)) =
U(w, — \); the G-orbits are the fibres of ®, and the G-invariant functions on Q are
exactly the functions f o ®@.

(c) Let vy be the unitary-gauge specification of Subsection 13.1 and 75 the phase-restored
one (Haar integral over 1, phase-restored hopping), both on the cofinal family {V(A)}.
@ is local outside V(A), and for every bounded F on €

(13.3)  Fa(F|&) = / Haar(diiy) / i (dnat | B(@)) F (¥ (@i U (@)exts U o))

in particular Yo (f o @ | @) = ya(f | P(w)).

(d) If i is a Gibbs measure for 7 then ®.pu is a Gibbs measure for ~; if p is a Gibbs measure
for v then i := U, (u x Haars"*®) is a G-invariant Gibbs measure for 7 with ®,ji = p; and
O, U, (- x Haar) are mutually inverse bijections between the G-invariant Gibbs measures
of ¥ and the Gibbs measures of .

() PoTy=740® and Vo (1, X 74) = T4 0 ¥ for every a € €Z3; hence i is To-invariant if
and only if [t is. The same holds for the lattice reflections 0,, ., up to the Lebesgue-null
endpoint of FD, and, without exception, for the transpositions g of two coordinates; for
such a g, moreover, U, ((M 0g) X HaarSiteS) =pog.

(13.2)

Proof. ga) Two lifts differ by ¢m, m integer, which changes d\ by cdm and n by +dm, leaving
[B + dA\]pp and v + cdn unchanged; the composition rule follows from the same bookkeeping,
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and ddn = 0 keeps v closed. The hopping factor is invariant since B + di is unchanged modulo
¢; the plaquette factor since d[B + d\|gp + v + cdn = dB + v; gct does not see A. The reference
measure is preserved: By — [By + (dX)b]FD is a rotation of FD, ¢ — ¢ — A a Haar shift, and at
fixed B, v — v + cdn is a bijection of the closed integer 2-forms.

(b) is read off from (13.2): ®(w) has ¢ = 0 and is constant on orbits, (—).®(w) restores .

(c) Locality: @ changes only variables carried by the bonds and plaquettes at the sites
where 1 # 0 enters, and 1, is integrated out. For (13.3) make the interior change of variables
(B, 0)int — (¥.(+))int: it is bijective and measure preserving by (a), maps the closure constraint
onto itself, turns the phase-restored weight into the unitary-gauge weight Wj at boundary
condition ®(w), and leaves the normalisation free of 1. The special case is F' = f o ® with
do VU =id.

(d) The first claim is the special case of (c) integrated against g; the second is (13.3) with
Fubini and pyp = p, the G-invariance from A\.¥(w, ) = ¥U(w, 1) — A) and the shift invariance of
Haar; the third from g = V. (P, x Haar) for G-invariant .

(e) ® and ¥ are given by the same local formula at every site, and Haar is shift invariant.
For a reflection, [—z]pp = —[x]pp except at © = m/yy, and By has a Lebesgue density under
every Gibbs measure because every y5(- | w) has one. A transposition g of two coordinates
maps every bond from z to z + ee,, to a bond of the same form, so that no By changes sign;
the formula (13.2), which is built from d and from the bond-wise representative [-]pp, therefore
commutes with ¢ without exception; a plaquette whose orientation g reverses (every plaquette
of the plane of the two swapped coordinates is one) carries —v and —dn after the transport,
because the Villain form is transported as a 2-cochain and d commutes with the transport, and
no representative [-]pp is taken on the plaquettes, whose variables range over the symmetric set
c¢Z. The last identity follows from ¥ o (§ x §) = g o ¥ and from the invariance of Haar**®> under
the relabelling of the sites. O

sites

By Lemma 13.3(d)—(e), Theorem 13.1 for the unitary-gauge specification is equivalent to the
same statement for the G-invariant Gibbs measures of the phase-restored specification. The
hypotheses (I1)—(I3) concern p and f = dB+wv only, which ® and ¥ leave unchanged (p untouched,
f gauge invariant by (a)), so v satisfies (I1)—(I3) if and only if 7 := W, (v x Haar) does. From
here on v denotes v.

13.3. Slab, temporal gauge, compact twist and the slab kernel. Fix two adjacent time
layers n and n + 1 and the slab between them. The lower layer carries ¢ = (p, v, B,v) (its sites,
spatial bonds and spatial plaquettes), the upper layer ¢ = (p',¢’, B’,v'); the temporal links carry
Bi(x) € FD (Lebesgue measure on FD, which is Haar) and the temporal plaquettes carry the
Villain integers v, € ¢Z (b a spatial bond) with the closure relation dsv* = v — v’ (ds the spatial
exterior derivative). The slab weight is

(13.4) 110w £ Bel) + 4, — ) [[w(By — By + (dsBe)s + v}),
T b

where here and below h(p, p’, 1) abbreviates h(p, o/, 9) with p = poo + p.

Lemma 13.4 (temporal gauge, slab kernel, compact twist). (a) (Temporal gauge.) The
gauge transformation (13.2) with A = 0 on layer n and A\ = —By; on layer n + 1 sends
By — 0, ¢ 1;’ ==+ By, B+ u:=[B' —dsB]pp, v/ = U =0 +cdgn/, vt 0t =
vt —en!, where n' are the wrap integers of u; one has B —u+ vt = B — B’ +d,B; + o'
and dsvt = v — 0. Write @ := (—By).c’ and O, (w) := (¢, ,0t): the two temporal-gauge
layers together with the temporal Villain integers.
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(b) (Slab kernel.) Under every finite-volume slab integral the slab data (c,c, ") have the law
W (AW @) [T hlpes oy — ) [T w0(By — up +4) 1[dsd" = v =]
T b

with 1" an independent uniform spectator, W (c) being the one-layer weight, that is, the
product of the factors of the phase-restored weight that belong to the sites, spatial bonds and
spatial plaquettes of the layer; summing out v' gives the two-layer law W (c)W (¢)K (¢, )
with

(13.5) K(e,@) =[] h(pe: Pt —a) D> J[w(Bs—u+74).
T vt dsvt=v—70' b
K is symmetric, K(c,d) = K(7,c¢), and invariant under the diagonal layer gauge action,
K(A\.e,\.d) = K(c,@). The gauge-invariant slab functions are the functions of (c,c,v")
mwvariant under the diagonal action.

(¢) (Compact twist.) Let 6 be the reflection in the mid-plane of the slab and let sw swap the
two layers and reverse the sign of v'. Then ©,(0w) = Bt.(sw @U(w)), the twist being
the diagonal action of the compact element g = By € TS, Consequently, for every
diagonal-gauge-invariant F', F(O,0w) = F(sw O,w).

Proof. (a) is the computation of (13.2) at the two layers; d\ on a temporal link is — By, which
kills By, and on a spatial bond of the upper layer it is —(dsBy),. (b) The map (¢, B;) — (¢/, 1)
preserves Haar on T x T, and at fixed phases (B’,v’,v") — (u,?’,0") is the measure-preserving
bijection of Lemma 13.3(a), which preserves the closure set; the weight (13.4) is then ¢'-free
and reads as stated. Symmetry of K: h(r,r’,9) = h(r',r, =), w is even, and v* — —0' maps
the coset {dsv" = v — ¥’} onto {dsv' = ¥’ — v}. Diagonal gauge invariance: the diagonal action
moves v’ by the wrap difference of the two layers and maps the coset onto the new one, while
each factor is invariant by Lemma 13.3(a). (c) The mid-plane reflection swaps the layers and
reverses By and v!; its temporal gauge needs A = +B; on the new upper layer, which gives
O, (0w) = (¢, By.c,—v') = By.(sw O, (w)). The last claim follows since F is invariant under the

diagonal action of B;. ]

Remark 13.5 (the Villain coset sum). The sum in (13.5) runs over the coset of closed integer
1-forms fixed by v — 7'; it is bounded above by the free periodised Gaussian [ [, wper(Bp — up)
but is not bounded below uniformly in (v,7): it decays like exp(— dist(coset, FD® — FD%)2/2).
This is why the insertion calculus of Subsections 13.4-13.5 works with Z-periodic (frame-blind)
insertions and why the Villain sector is treated separately in Subsection 13.7.

13.4. Averaging identity, integer residual frame, Zak feature map. Let S be a finite
spatial bond set and K the slab kernel (13.5); in Lemma 13.7(c) and its proof one layer of
the periodic measure is a finite spatial torus, and S is there the set of all spatial bonds of the
layer. The pair coordinates of the slab over S are B, € FD and w; := Eé — 17;; eER,beS;
(B',d") <+ u is a bijection (B' = [u]pp, 3" = [ulpp —u) and f := B —u = B — B' + ' is the
temporal plaquette curvature of Lemma 13.4(a). Put h%(¢) := (2/7)15//4e~16=21* on RS so that
[Lpes w(By — El’) +0p) = emIB-ul*/2 — (pB, h") [2(rs): the slab bond factor factorises through
the Gaussian dressing, the closure constraint restricting only the integer parts [u]pp — u. For a
bounded operator X on L?(R®) the dressed insertion and its ratio are

(13.6) kx(B,u) = (R, Xh"),  rx:=kx/ki,  ki(B,u)=e B2,

X is Z-periodic if X7, = 7,X for all a € ¢Z° (7, the translation of L?(R®), (1,9)(¢) = g(& + a)),
and X := 7, X7,.
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Lemma 13.6 (frame, periodic insertions, gauge covariance). (a) (Residual frame.) After
the compact twist of Lemma 13.4(c) the reflection acts on (B, E’,fft) as (E', B,—ot), i.e.
on the pair as R(B,u) = T, sw(B,u) with the diagonal shift T, by a := [u]lpp —u = ' €
¢Z®. R is an involution of FD® xRS, kio R =k and kx o R = k(xay=. The shift a = ot
(the temporal Villain fluzx) is called the frame; it is part of the configuration, and no
averaging over a s available.

(b) For Z-periodic X, X = X and kx o R = kx+: the reflection acts on dressed Z-periodic
insertions with no frame.

(c) Under the diagonal layer gauge action with A € T*** the pair moves by the diagonal
translation (B, u) (B+dxfcn, u+dﬁ)\vfcn); for Z-periodic X the wrap n drops, A — X
is an action of the compact group T**°S, and the gauge average X := fTsites d\ X satisfies
X < [ X1

Proof. (a) With (B, B, —") the new pair is ([u]pp, B + [u]pp — u) = Tu(u, B). Applying R
twice: the new frame is [B + a]pp — (B + a) = —a (as B € FD), so R? =id. ki o R = k; since
lu+a— (B+a)l=|B—u|. For kx:

kx(R(B,u)) = (h*Te XhBT4) = (r*h", X77hB) = (b, XhB) = (hB, (X a)*hu).

(b) is (a) with X% = X. (c) The diagonal action of Lemma 13.3(a) shifts both B and B’ by
d\ modulo the wrap, and o by the wrap difference, which is the stated diagonal translation of
(B,u); kx transforms into k dien = kyax for Z-periodic X; the average of a strongly continuous
unitary conjugation over a compact group has norm at most || X]||. O

Lemma 13.7 (Zak feature map; averaging identity). Let (Zh)(0,€) := ", e 2™ h(¢+ck), with
£ € FDP"S gnd 0 e [0,1)Ponds be the Zak transform, extended to all 0 € RP"S by periodicity
and defined at every 6 when h is regular in the sense of (b), and let d be the adjoint of ds.
(a) The closure constraint has the integral representation 1[ds0? = v — '] =
f[o’l)plaq do e~ 2mion (@0~ /e pyt 9 .= do. The Zak transform turns the inte-
ger frame into a phase, Zh*="(0) = 2™ Zh*(0), and the Villain part of (13.5) is a
positive kernel in the data (B,v) of the two layers:

. D
KVill(e, ) = (®(c), ®())n, H = L2(FDPords) gy,
(13.7) (0,1)pla

d(c)(a) := e~ 2/ (ZhB)(da).
The hopping factor enters the kernel as a further temsor factor, through the Bessel
factorisation h(r,r',9) = e=rn (P> +0"%)/2 > onez In(knpp)em vy,
(b) (Fibred operators.) Fory € R® let k(y) := (y — [y]rp)/c € Z° be the cell index of y, and
for a,0 € RS let 7,(6) be the unitary operator on L*(FD%)

(ra(0) F) (€) = ™ HEDP([€ + al).
A function g € L*(R®) is regular if > czs lg(- + k)|l p2(ppsy < 0o; then the series that
defines (Zg)(0,-) converges in L*(FD®) uniformly in 6, and 0 — (Zg)(8,-) is norm-
continuous. A bounded operator X on L?(R®) is fibred if there are bounded operators
X (0) on L?>(FD®), 6 € RS, its fibres, with supy || X ()| < oo and X (0 + j) = X () for
j €73, such that 0 — (F, X (0)G) is continuous for all F,G € L>(FD®) and

(13.8)  (g1,Xg2) = /[0 s ((Zg1)(0,-), X(0)(Zg2) (0, ')>L2(FDS) o for all g1, g2 € L*(R®).
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A fibred X satisfies the summability condition if Y . s |kx(B,u — a)| < oo for all

B,u € RS (Remark 13.8). The following hold.

(bl) The fibres of a fibred X are determined by X, | X (0)| < || X]|| for every 0, and X
is Z-periodic. The fibred operators form a linear space, closed under adjoints, with
X*(0) = X(0)*, and under limits in the operator norm.

(b2) Every translation 7o, a € R, is fibred with the fibres 7,(0); these are norm-continuous
in 0, they satisfy 17,(0)1p(0) = T415(0), and (a,0) — 7,(0)F is continuous for every
F. BEvery operator ), c.zs CaTa With Y, |ca| < 00 is fibred, with the scalar fibres
Yo ca€2m0°0/¢ . Every operator > acezs TaXoTa with Xo bounded and Xo = P XoPg
for some K < oo, where P is the multiplication by 1|_g s, is bounded and
fibred. If X is fibred, then so are: the operator X® = 1,X1* for a € RS, with
the fibres 7,(0) X (0)7,(0)*; the gauge average X of Lemma 13.6(c), with the fibres
JdAT5(0)X(0)75(0)" (weak integrals; here and below, in X9 and in these fibres,
dX stands for its restriction (dX)S to the bonds of S); the operator M;'X M, for
o € RS, where M, is the multiplication by e*™7*W) with the fibres X (6 4+ o); and
the complex conjugate X* := CXC, where C is the complex conjugation, with the
fibres CX(—6)C. If S is a finite bond set disjoint from S and X' is fibred on L*(RS"),
then X ® X' is fibred on L?(R5YS"), with the fibres X (As) @ X' (0g/).

(b3) For a fibred X there is exactly one bounded operator X on H with

(G, XF) :/ <G(a),(X((Ja)g)@l)F(a»da for all F,G € H,

[0,1)plaq
where the factor 1 acts on the bonds outside S and on the Higgs factor of Lemma 13.21;
we say that X has the fibres X((da)s) ® 1. The map X — X is linear, (X*)" =
(X)*, 1X|| < IX|l, and <G,)%F> = [d\(G, (XdX)AF> for all F,G € H. Moreover
(XF)(a) = (X((Ja)g) ® 1)F(a) for almost every o, for every F € H; consequently,
for fibred operators X; on pairwise disjoint bond sets S;, [[; X; = (®,; Xi)", in any

order.
(b4) Let X be fibred and let g1, g2 be reqular, with Y 7s (91, XTemg2)| < 0o. Then, for
every 0 € RS,
((Z9)(0.), X(0)(Zg2)(0.)) = 3 27 gy, Xromgs).

mezZS

For a fibred X put KX(c,d) = (®(c), X®(¢)); if X satisfies the summability
condition, KX is the kernel with the insertion (13.6).

(b5) The gauge action on the feature map is ®(A.c) = R(A)P(c), where (R(N\)F)(a) :=
T_dx(cia)F(oz), with the operators 7,(0) on L>(FDP°") of all the bonds of the layer;
the operator R(X) is unitary and independent of the configuration, and R()\)*XR()\) =
(XN for every fibred X.

(c) (Averaging identity.) Let L := L?(dc) be the layer space, Q the multiplication by the
one-layer weight W(c), T = QY2KQY? the transfer operator on L, and B : L — H the
dressing (By) := [W(c)'/2®(c)y(c)dc, so that B'B = T. Here, and in the proof, the
feature map ® and the space H include the Higgs tensor factor that reproduces the hopping
factor of (13.5) (see (a); it is written out in Lemma 15.21), so that (®(c), ®(c)) =
K(c,d); every X acts as the identity on that factor, and R(X) includes the rotation
U(X) of that lemma. Let Ry (M) := ¥((—X).c) be the gauge representation on L and
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Pe = [dG RL(G) the projection onto the gauge-invariant layer subspace L. Let
X1,..., X} be fibred insertions at distinct heights that satisfy the summability condition
of (b), and let Zpr(X1,...,X) be the partition function of the periodic measure with M
layers and with these insertions, that is, the integral of the weight of this measure in which,
for each s, the slab bond factor ki(B,u) of the slab at the height of X, written in the
pair coordinates (B, u) of that slab, is replaced by kx,(B,w); in this integral the sum over
the temporal Villain variables ' of each slab is taken first, where it converges absolutely
by the summability condition and gives the kernel KXs of (b4), and the remaining integral
over the layers converges absolutely by the bound |K*=(c,c)| < || Xs||\/K(c,c)K(c, ) of
the proof. Then

(13.9) Zo(X1, ... Xg) = Trp,, (H B*)ZB).
S

Proof. (a) The form dso' — v+ takes its values in ¢ZP'9, so the indicator of the closure constraint
is equal to f[o 1)pla e 2mion(dst' —v ') /e oy The indicator is real, so the sign of the exponent is a
convention; the sign chosen is the one consistent with (13.7). Write o¢ = ¢m with m € Z°, and

note that a - dgm = (da) - m = 6 - m. The sum over m is then free of constraints and factorises
over the bonds. For one bond, with z,y € FD,

S ez —ytem) = e PTIMRT RV gy = ((ZB7)(0,-), (ZhY)(6, )) 12(ED)’
MmEZ meZ

by the definition of Z, the rearrangement Z,ﬁk, => &> mi—i and the decomposition |J, (FD +

ck) = R. The remaining phase splits as e27i@(v=0)/¢ — g=2mia-v/ec g=2miad'/c and (13.7) follows.
The frame identity is the relation h*~"(§) = h*(£ + cn), after a shift of the summation index in
the sum that defines Z. The Bessel factorisation is the generating function €<% =" I,,(z)e™?
applied to |eN?p — p|2 = p? + p2 — 2pp’ cos(yn1); it exhibits the hopping factor as a positive-
definite kernel in the data (p, 1) of the two layers, which enters the kernel as a tensor factor.

(b) Preliminaries. For almost every & the function 6 — (Zg)(6,§) is the Fourier series of
the square-summable sequence (g(§ + ck))x,. By Parseval’s identity, which makes the Fourier
series an isometric isomorphism of 2(Z%) onto L?([0,1)%), and by |, (FD® + ck) = R¥, the map
Z is unitary from L?(R%) onto L?([0,1)° x FD®); moreover Zrg = ™5 Zg, and (Zg)(6,-)
is periodic in # with the period lattice Z°. For a regular g the tail of the series is bounded
in L2(FD®) by 2 ikjsn 190+ k)|l 2 @ps), uniformly in 6, which gives the uniform convergence
and the norm-continuity. Measurability. Let A(f) be operators on a separable Hilbert space K,
bounded uniformly in 6, with 6 — (F, A()G) continuous for all F,G € K, and let G1,G3 be
square-integrable IC-valued functions. The finite sums j ©j(0)F; are dense in the L? space of
such functions, and a sequence that converges there has a subsequence that converges in I for
almost every 6. For finite sums the function 0 — (G1(0), A(0)G2(0)) is a finite sum of products
of measurable functions and continuous functions, and the uniform bound on A carries the
convergence almost everywhere over to these functions. So 6 — (G1(0), A(0)G2(0)) is measurable,
of modulus at most supy [[A(0)] [|G1(0)] ||G2(0)]]. In particular the right side of (13.8) is a
sesquilinear form in (g1, g2) bounded by supg [| X (0)|| |lg1]] ||g2]|-

(bl) Let F,G € L>(FD®) and ¢ € L?([0,1)%), and insert g1 := Z*(p® F) and g3 := Z*(p @ G)
in (13.8): [|p(0)|>(F, X (0)G)df = (g1, Xg2), which has modulus at most || X| |l¢|*|F| |G|
Let |o|? run through the normalised indicator functions of the intersections of [0,1)% with
balls that shrink to a point 6y of the closed cube: the continuity of 6 — (F, X (0)G) gives
(F, X (00)G)| < | X]||||F|| ||G|l, and by periodicity this holds for every 6y € RS. If two families of
fibres belong to the same X, their difference D(0) satisfies [ |¢|?(F, D(6)G) df = 0 for all ¢, so
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the continuous periodic function (F, D(0)G) vanishes. By (13.8) and Z7..g = e*™¥*Zg one has
(91, XTerg2) = (12,91, X g2), so X is Z-periodic. Linear combinations and adjoints satisfy (13.8)
with the same combinations and the adjoints of the fibres. If fibred operators X,, converge to
X in norm, the bound, applied to X,, — X,,,, gives | X, (8) — X (0)]] < || Xy, — Xi|| for every
0; the fibres converge in norm, uniformly in 6, their limits are bounded, periodic and weakly
continuous, and (13.8) passes to the limit.

(b2) Translations. For g of compact support the sums are finite, and with £ + a = [{ + a]rp +
ck(§ + a) a shift of the summation index gives

(Z749)(0,€) = > HET) (Z9)(0, [€ + alrp) = (7a(0)(Z9)(0, ) ().

The map & — [{+a]pp is a measure-preserving bijection of FD?, so 74(0) is unitary and both sides
are isometric in g; the identity therefore holds for all g € L(R) as an identity in L?([0, 1) x FD?),
and (13.8) for 7, follows from the unitarity of Z. The fibres are periodic because k is integer valued.
On FD® one has |k(£+a)| < |a|/c++/]S], hence ||7.(0) — 7a(60)|| < 27|60 — 69| (la|/c++/]S]). For
fixed @ the function 7,()F is the restriction to FD® of the translate by a of the locally square-
integrable function FyF(y) := e*™kW) F([y]pp), y € R, and translations act continuously on
L? of bounded sets; the two facts give the continuity of (a,#) + 7,(8)F. Since 7} = 7_, the
uniqueness in (bl) gives 7,(0)* = 7_4(0). The group law follows from k(y — ¢j) = k(y) — j and
[y — cjlpp = [y]rp for j € Z°, applied to y = £ +a+b and j = k(¢ +a). For a =cj, j € Z, one
has k(& +a) = j and [€ + alrp = & on FD?, s0 7,(0) = >70%/¢; the series 3, ¢,7, converges in
norm, and (bl) gives the claim on these series.

Localised sums. Let X = ZaGCZS Ty XoTe with Xg = PxXoPk, and let N be a number,
depending only on K, ¢ and |S|, such that every translate of [-K, K]® or of FD® meets at
most N of the sets [—-K, K|® + a and at most N of the cells FD® + a, a € ¢Z%. The function
7 Xo7ag is supported in [—K, K]¥ +a and equals 7 Xo P 749, 50 | Xg|?> < N>, | XoPx7agl]® <
N?||Xo||?||g||*: the operator X is bounded, and a shift of the summation index shows that it
commutes with the 7. Put

X(0)F := > (i XoPx7aEgF)|pps,  F € L*(FDY),

a€cZS

a sum with at most N non-zero terms. The map F — Pg7,FEpF has norm at most NY2 and is
norm-continuous in @, as for the translations, because k is bounded on [~ K, K]° + a. So the
operators X () are bounded uniformly in 6 and norm-continuous in 6, and they are periodic
because Ey;; = Eg. For g of compact support one has Eg((Zg)(H, )) => e~ 2mi0kr g on RS,
a locally finite sum, and X g has compact support; therefore, all sums being finite,

X(O)(Z9)(0,) = D¢ H (Xreng) [pps = D e (1 X 9) s = (2X0)(0,7)
k k

for every 6. With the unitarity of Z this is (13.8) for g2 of compact support and all g;; both
sides of (13.8) are bounded sesquilinear forms, so (13.8) holds for all gs.

Stability. For X*: the identity for Z7,, applied to 7 = 7_,, and 7_,(0) = 7,(0)* turn (13.8)
into (g1, X002} = (r2gr, X7302) = J{7a(0)*(Z01)(6, ), U<>wme>w The family
Ta(0) X (0)74(0)* is bounded and periodic, and (F, 7,(0) X (0)7,(0)*G) = (1,(0)*F, X (0)71,(0)*G)
is continuous in (a, #), because the vectors 7,(0)*F = 7_4(0)F and 7,(0)*G are norm—continuous

in (a,0) and X () is bounded and weakly continuous. For X = [d\ X% the lift A — X is

Borel, so (), 0) — (F, X9 (0)G) is Borel and bounded; the weak integrals over A define bounded
periodic operators, weakly continuous in 6 by dominated convergence; and (13.8) for X follows

from (13.8) for the operators X dX by Fubini’s theorem, the integrand being measurable in (A, )
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by the argument of the preliminaries. For M,: for g of compact support, k(£ + ck) = k on FD®
gives (ZMyg)(0,-) = (Zg)(0 — o,+), both sides are isometric in g, and M, is unitary; inserting
this in (13.8) for (My,g1, X M,g2) and shifting the integration variable, which the periodicity
allows, gives (13.8) for M1 X M, with the fibres X (0 + o). For X*: (ZCg)(0,-) = C(Zg)(—0,")
and (g1,CXCga) = (Cg1,XCgo) give (13.8) with the fibres CX(—0)C, after the substitution
6 — —6. For X ® X’: the family X (As) ® X'(Ag/) is bounded and periodic; the function
(U1, (X (0s) ® X'(0s))V3) is continuous for finite sums ¥y, Wy of product vectors and hence, by
density and the uniform bound, for all vectors; and (13.8) holds for products g; = ¢;.5 ® g; s,
the Zak transform of a product being the product of the Zak transforms, hence for finite sums of
products, and for all g; because both sides are bounded sesquilinear forms.

(b3) The family A(a) := X((da)s) ® 1 is bounded by supg || X (0)| < ||X| and weakly
continuous in «, by the argument just given for tensor products, o — (Ja) s being continuous.
By the preliminaries the right side of the formula in (b3) is a sesquilinear form on H bounded
by ||X|| |G| |F]l, and a bounded sesquilinear form on a Hilbert space is (G, XF) for exactly
one bounded operator X, whose norm is at most the bound of the form (Riesz). Linearity and
the formula for the adjoint are read off from the form. Testing the form with G(«o) = ¢(a)Gj,
where ¢ is square-integrable and G; runs through a countable dense set of vectors, gives
(G4, (XF)(a) — A(a)F(a)) = 0 for almost every a and every j, which is the pointwise formula.
Applied to two operators on disjoint bond sets it gives (X1 XoF)(ar) = A (a)Az(a)F(a) almost
everywhere, and Aj(a)As(a) is the fibre of (X7 ® X5)" by (b2); the product formula follows
by induction on the number of factors. The identity for X is Fubini’s theorem for the function
(A a) = (G(a), (X ((da)g) @ 1)F(a)), which is measurable by the continuity in (a, #) shown in
(b2), the Borel lift and the argument of the preliminaries, and is bounded by || X|| [|G()]| || F(c)||-

(b4) The function u(8) := ((Zg1)(,-), X(8)(Zg2)(0,-)) is periodic, and it is continuous because
the vectors (Zg;)(0,-) are norm-continuous and X (6) is bounded and weakly continuous. By
ZTemga = €279 Z g5 and (13.8), f[o 1)s e 0 m(0) df = (g1, X Temga). These Fourier coefficients
are absolutely summable by assumption, so the series on the right of the claim converges uniformly
to a continuous periodic function with the same Fourier coefficients as u. A continuous periodic
function is determined by its Fourier coefficients (Fejér’s theorem); this proves the claim for every
6. For the kernel, the functions h* are regular, and (h®, X7.,h") = kx(B,u — cm) because
Toh* = h*~%. By the definition of X,

(®(c), XO()) = /dae2m<v5’>/C<(Zh3)(9, 3, (X(05) @ 1) (2hP)(0,-)), 0= da.

The scalar product is the product of its factor over the bonds of S, to which the claim applies, of
the factors of the other bonds, which are given by (a), and of the factor of the Higgs variables,
which does not depend on . Under the summability condition the resulting series over m € ZPonds
converges absolutely, uniformly in «, and is integrated term by term. Since 6 - m = a - dgm, the
integral over « selects the terms with cdsm = v — ¥, that is, v := em with d,0' = v — 7"

(@(c), XO()) = Y kx(B,B =),
vt dgvt=v—7"

which is the kernel with the insertion (13.6).

(b5) For the gauge action, the configuration A.c has B — B + d\ —cn and v — v + cdn. By
the frame identity of (a),

@()\.C) (Oé) _ e—27ria~v/ce—27ria'dne27ri0-n(ZhB—i-dX) (9)’
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and a-dn = 0-n, so the two wrap phases cancel; this is where Z-periodicity enters. Since hB+¢ =
7_oh®P, and since the identity for Z7, of (b2) holds pointwise for the functions h?, whose series

converge absolutely, (ZhBerX)(G, ) =1_5(0)(ZhP)(8,-) for every . Hence ®(X.c) = R(A\)®(c).

On functions of (a, &) the operator R(\) is (R(\)F)(a, &) = e?mde)kE=dN p(q ¢ — dX]FD); it
maps measurable functions to measurable functions, is unitary and does not depend on the
configuration. The operator 7_,(6) of all the bonds is the tensor product of the operator 7_,(6s)
of the bonds of S with that of the other bonds, and 7_,(0s)* = Tas(0s). So, with a = d\
and 0 = da, the form of (b3) gives (G, ROA)*XR(\F) = [(G(a), (Tag(05)X (05)7as (05)* @
D F(a))da = (G, (X¥)"F), by the fibres of X in (b2).

(c) Here the sans-serif letter B denotes the dressing operator, while B remains the link field.
The proof has three steps.

The trace structure. The kernel K = (®, ®) is positive, so T' = QY2KQY? = B*B > () with the
dressing B of the statement. The operator B is Hilbert-Schmidt, with ||B||3 = [ W (c)K (¢, c) dc =
Z1 < o0, because

K(c,c) = [[ Mlpwrpr0) D JJw@) < (3 e /)il

closed vt b meZ

and [ W dc < oo; the latter follows from (2.1) for the radial integrals, from the convergence
of the Gaussian Villain sums and from the compactness of the ranges of B and ¢. Hence T
and every operator B*YB, with ¥ bounded on #, are trace class. The bound |KY (c,c)| <
IY[\/K(c,c)K(c, ) makes the layer integrals absolutely convergent, and a cyclic integral of
M > 2 such kernels is the trace of the product of the corresponding operators.

The intertwining relations. One has BRr(X) = R(A\)B, by the change of variables ¢ = \.¢/
and the invariance of W. Both Ry and R are strongly continuous unitary representations of the
compact abelian group T®*S; the operator R(\) does not depend on the lift, because two lifts
of dX differ by cdgk, whose Zak phase is e~ 2™ dsdsk — 1 Consequently J dGRL(G) = P; and
PeB* = B*Pg}, where Pg} := [ dG R(QG) is the projection onto the R-invariant vectors of H.

The change of variables. Let puas be the periodic measure with M layers ¢, ... ¢™) and
temporal links Bt(s) between the layers s and s + 1, where M +1 = 1. Put G; := 0, Ggy1 :=
Gs — Bt(s) and W) := G,.c*). The map (Bt(s))s  (G411)s is a triangular bijection of (Tsites)M
that preserves the Haar measure, and the map ¢(®) — W) preserves W (c) de (Lemma 13.3(a)).
The three-dimensional closure dv = 0 holds if and only if every slab satisfies d,0%(*) = v(8) —gls+1),
so the Villain sum factorises into the sum over the layer 2-forms times the independent slab coset
sums carried by the kernels. The operator X; %% is fibred by (b2) and satisfies the summability
condition together with X, because kxa(B,u) = kx (B + a,u + a) for every a € R®. By (b), the
slab s < M with the insertion X contributes

~dGs s s s — ~5 s
KX (W, wheth) — (@w), (x99 ) a(weth)),

and the closing slab carries the holonomy G := Gjs41: its kernel is that of B*X /B Ri(G).
Integrating out the layers gives

ZM(X1,...,Xk) = /dG2~-'dGM+1 TI‘(HB*(XL:déS)AB'RL(G)),

with the insertion 1 at the heights that carry no Xs.
Conjugating the integrand by Ry (g) shifts every G by g and leaves the trace unchanged; after
a renaming of the variables, by the invariance of the Haar measure, there is one independent Haar

variable for each insertion. For each of them [ dg (X %)\ = f(, by (b) and Lemma 13.6(c); the
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integral over g is exchanged with the trace by dominated convergence for trace-class operators.

Finally [dG R1(G) = Pg, and Pg commutes with every B*XB, because X is gauge invariant.
This proves (13.9). For X, = 1 the identity reads Zy; = Try,(T™) = Tr(PeTM) < Tr(TM). O

Remark 13.8 (absolute convergence). The Zak form of Lemma 13.7(b) needs 3=, |kx (B, B’ —
?')| < o0; it holds for the bounded class C of Subsection 13.6 (by Lemma 13.11, |kx(B,u)| <
CxeexII=I1P/2 with f = B —u, and the sum over o' moves f through the lattice ¢Z°) and for
the corrector Z of Lemma 13.12 (3, aq < 00).

13.5. The Schatten—Holder bound, the corrector and the bond pair. Translations
of L2(RS) are written (7,9)(€) := g(€ + a), so that t,h* = h* 9, k. (B,u) = e~ +a*/2 and
ry, = e @ —lal?/ 2 f = B —u. We first prove the relative-entropy estimate of this subsection, the
tangent inequality of Lemma 13.9, which is used in Lemmas 13.14 and 13.25: it compares a Gibbs
measure that is invariant under a sublattice of finite index with the periodic measures of cubic
tori whose three sides grow together. Because the closure constraint ties the Villain variables
across the boundary of a box (on the torus it holds also on the cubes that straddle the seam),
the law of a whole fundamental box under the Gibbs measure need not be absolutely continuous
with respect to its law under the torus measure; the comparison is therefore made on the closed
cell complex of an inner box, on which both laws are carried by the same configurations, and the
shell around that complex is summed out on both sides.

Lemma 13.9 (tangent inequality). Let v be a Gibbs measure of the phase-restored specification,
invariant under a sublattice I' C eZ3 of finite index, which satisfies (I1) and (12) of Theorem 13.1.
Let v be a local Borel function (a Borel function of the variables of finitely many cells), bounded
below, and let ¢, be the sup-norm diameter, in units of €, of its cell support. For an integer
¢ > max{8,{, + 2} with (Z3 C T let eZ3 := 73 JleZ3 be the cubic torus of side ¢ (¢ time layers,
each a layer torus of side ) and let py be its periodic measure in the phase-restored variables:
the probability measure on the configurations of eZ3 (py € [—po,00) and ¢, € T at the sites,
By € FD on the bonds, v, € cZ on the plaquettes) given by the normalised phase-restored weight
of Subsection 13.2 on the cells of 5Z§’, with Lebesgue measure on each p, and each By and
normalised Haar measure on each v, the sum over the Villain variables running over all closed
(vp) (closed on every cube of €Z3), every fluz class included. Let V; := >y Vo Ty be the sum over

the ng = 03 /[eZ3 : '] distinct I"-translates of v on €Z3 (g running over I /leZ3). Then

v(v) < liminf nz_l log,ug(evf),
=00

the lower limit being taken along the integers ¢ with (eZ3 C I', and both sides having values
in (—oo,+0o0]. More precisely, let v > —c¢, with a constant ¢, > 0. There are a constant C,,
depending only on £, and on the index [Z> : T"], integers n, <mng with ng—n, < Cyl?, and a
constant Cy, depending only on N, the couplings, the constant C' of (12) and m,, = sup, v(p2),
such that for every £ as above

(13.10) n, v(v) < log ,ug(ev‘v’) + Oy 0% + Oy £2(1 + logy £)%.

Here m, < oo by (I1) and the I-invariance of v (the sites fall into finitely many classes modulo
I'"). Hypothesis (I2) enters in its joint form, with one constant C for all finitely supported s:
it bounds the second moments of the fluxes through the boundary spheres of boxes whose size
grows with ¢ (Claim 3 in the proof).

Proof. Conventions. Lengths and coordinates are in units of ¢, so that IV C Z3 in coordinates.
The symbol v without an index is the local function of the statement; the Villain variable of a
plaquette p is always written with its index, vp, or v,(() for a configuration . A cell is a site, a
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bond, a plaquette or a cube. Every bond b and every plaquette p has a reference orientation, in
which By, v, and f, = (dB), + v, are read, and [p : b] € {0, %1} is the incidence number of b in
the boundary of p: (dB), =Y ,[p : b] By, and likewise (da), := >_,[p : b]ay for a function a on the
bonds. Fix ¢ as in the statement and put /_ :=¢—3 > 5 and ¢4 :={(+ 1.

Step 0 (geometry). Let

A" ={0,.... 0} Cc Ai={-1,...0-213 C AT :={-2,... 01}

A has £3 sites and is a fundamental domain of sites of EZ? . The closed complex of a box consists
of its sites and of the bonds, plaquettes and cubes all of whose vertices lie in the box; ¢~ and €+
are the closed complexes of A~ and of AT. The boundary sphere ¥ of €~ consists of the cells of
¢~ contained in the boundary of the solid cube [0, /_]3; it has 6/2 plaquettes, 122 bonds and
6¢2 + 2 sites. ¥ is the boundary sphere of €*, of side £,. With V(A) as in Subsection 13.1,
the shells are 2 := V(A) \ €~ and, on the torus, the set 2, of the sites, bonds and plaquettes of
eZ3 that are not in €~ (see (G3)).

(G1) The cubes having a face in V(A) are the cubes of €T: a cube with a vertex in A lies
in AT, and a cube {y1,y1 + 1} X {92,942 + 1} x {y3,y3 + 1} in AT has a vertex in A
(in each coordinate take y; + 1 if y; = —2 and y; otherwise). The faces of these cubes
that are not in V(A) are the plaquettes of ¥T. Indeed, a plaquette of €* in a plane
{x; = —2} or {z; = £—1} has no vertex in A; and a plaquette of €* with normal direction
i whose coordinate z; lies in [—1,¢ — 2] has a vertex in A: if it had none, and (y;, yx),
(yj + 1,yr + 1) are its extreme corners in the two tangential coordinates, then y; = —2
and yr = £ — 2, or the same with j and k exchanged, and the corner with tangential
coordinates (y; + 1,yx) = (—1,¢ — 2) would lie in A.

(G2) Every cell of 2 has a vertex in A\ A™: a bond or plaquette of 2 meets A and not all its
vertices lie in A, so if it had no vertex in A\ A~ it would have a vertex in A~ and a
vertex outside A, and these are at sup-distance at least 2. A\ A~ has £3 — (£ — 2)3 < 6¢2
sites, each of which lies in 6 bonds and 12 plaquettes, so || < 114 £2. The same count
gives |2 < 114 (2.

(G3) In eZ} two layers of sites separate opposite faces of A~ (the layers z; = ¢ — 2 and

x; = —1= —1), so no bond, plaquette or cube of the torus joins A~ to itself around the
torus: the cells of 5Z§ with all vertices in A~ are the cells of €7, and €~ is embedded in
eZ3.

(G4) A face of a cube not in €~ which belongs to €~ lies in X (the cube has a vertex outside
A~ in the direction normal to that face). This holds in eZ* and in €Z.

(G5) A plaquette not in €~ contains at most one bond of €™, and such a bond lies in ¥ (two
bonds of one plaquette with all ends in the product set A~ force its four corners into
A~; and the plaquette leaves A~ in a direction normal to the bond). A bond of ¥ lies in
exactly one plaquette not in €~ if it is interior to a face of the cube (of the four plaquettes
around it two lie in the face and one in the interior of €7), and in exactly two if it lies
on an edge of the cube. Likewise a bond of ¥ lies in exactly one plaquette of €1 that
is not in X7 if it is interior to a face, and in none if it lies on an edge. No plaquette
contains a bond of ¥ and a bond of X7 (their sites are at sup-distance at least 2).

The surface coboundary. For a plaquette p of ¥ let 0, = 1 be its orientation relative to the
outward normal of the cube. Every bond b of ¥ lies in exactly two plaquettes p, p’ of ¥, and, 2
being a closed oriented surface,

(13.11) oplp : bl = —op[p" : b].
For a real function v on the bonds of ¥ put (dst), := 0, > ,[p : bts, a function on the plaquettes
of ¥. By (13.11) every dxt has zero sum, and Ly, := dxd3, is the graph Laplacian of the dual
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graph of 3, whose vertices are the 6¢2 plaquettes of 3, two of them adjacent when they share a
bond (the graph is 4-regular and connected). Hence the range of dy is the space of the functions
of zero sum, and Ly, ! denotes the inverse of Ly on that space, extended by 0 to the constants.
|| and (-, ) are the Euclidean norm and scalar product of real functions on the bonds, or on the
plaquettes, of ¥. The same notation is used on X*, with £, in place of /_.

Step 1 (reduction to an entropy bound on the interior complez). Let x, be a vertex of the cell
support of v and k’ := [¢Z3 : I], so that k'eZ3 C T" and ny = £3/k’. The I'-translates of v on
7?2 are indexed by the position z € x, + I of the translate of x,. If 2 € {£,,...,0_ — £,}3, the
cell support of the translate lies in ¢~. These translates are pairwise incongruent modulo ¢Z3
(the differences of their positions have coordinates of modulus < £), so by (G3) they are distinct
terms of V; let n, be their number and V'~ their sum, a function of the variables of €. Every
cube of k3 sites contains k'? points of each coset of I, so n, > (¢ — 2(, — 2 — k)3 /K’ whenever
0> 20, +2+ K, and in every case

ng—ny; <Cu 0%, Cypi=3(20, +2+k)/K.

On 522, V;—V~ is the sum of the other ny—n, translates, so V; > V™" —c,(ng—n, ) >V~ —c, Cpl2.
By the I'-invariance of v, (V™) = n, v(v), both sides in (—oo, +o0].

Let Q™ be the space of the configurations ¢ of the variables of €7: p, and v, at its sites, By,
on its bonds and v, on its plaquettes, the Villain variables being closed on the cubes of €~ and
subject to no other constraint. Let v~ and p, be the laws of these variables under v and under
e (through the embedding (G3)), and write Ent(- | -) for the relative entropy of probability
measures on . If v~ <y, , the entropy inequality

v (F) <logpu, (eF) +Ent(v™ | p, )

holds for every bounded measurable F' on 27, and it extends to F' bounded below by monotone
convergence on min(F, j), j — oo. For F =V, since y, (" ) = pe(e” ) < ev Ol 11y (Y1),

(13.12) n, v(v) =v~ (V™) <log u, (ev7)+Ent(1/_ | 1y ) < log ug(ew)+cv0v CHEnt(v™ | ).
So (13.10) follows from the entropy bound
(13.13) vy and Ent(v™ | p, ) < Cry €2(1 + logy £)?,

which is proved in Steps 2-8. The statement on the lower limit follows from (13.10). Indeed
ne_l log M(eva’) > —cy, because Vp > —cyny. If the lower limit is +o0o there is nothing to prove.
Otherwise choose a sequence of sides along which nzl log j1¢(€"%) converges to the lower limit,
divide (13.10) by n, , and use that ng/n; — 1 and ¢*(1 + log, £)*/n,; — 0.

No closure is asked of a configuration across the seam of the torus: v~ and p, live on the
same space {27, whose Villain variables are closed on the cubes of €~ only; the cubes at the
seam and the translates of v that wrap around the torus belong to the shell, where they have
been summed out (in ;) or bounded below by —¢, (in V; — V7).

Step 2 (densities on Q™ ; decomposition of the entropy). Let d{ be the reference measure on
27 Lebesgue measure on [—pg o, 00) and normalised Haar measure on T at every site, Lebesgue
measure on FD on every bond, and counting measure on the cZ-valued Villain variables that are
closed on the cubes of €. Each factor of the phase-restored weight belongs to one cell and depends
on the variables of that cell and of its faces: gci(py) to the site y, h(pv_, pp, » By + ¥, —p_) to
the bond b, w((dB), + vp) to the plaquette p; and each closure constraint belongs to one cube.
Let W~ ({) be the product of the factors of the sites, bonds and plaquettes of €.

Shell factors. For ¢ € Q™ and a configuration @ of €Z?, of which only the variables outside
V(A) enter, let Z%"(¢,@) be the integral over the variables of the shell 2 (5 and ¢ at the sites
of A\ A~, B on the bonds of 2, and the Villain variables on the plaquettes of 2, summed over
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the values for which every cube of €T not in €~ is closed, its faces in ¥ carrying the values of ¢
and its faces in X1 those of @) of the product of the factors of the cells of 2, the variables on
¢~ being those of ¢ and the variables outside V' (A) those of @. Let Z5%(¢) be the same on the
torus: the integral over the variables of 2,, the Villain variables being summed over the values
for which every cube of 52‘2 not in €~ is closed, of the product of the factors of the cells of 2.

By (G1), (G3) and (G4), the weight of the kernel 44 (- | @) of the phase-restored specification
(Lemma 13.3(c)) and the weight of py are W™ (() times the factors of the shell cells, and the
closure constraints split into those of the cubes of €=, which are carried by d¢, and those of the
other cubes, which are in the shell factors. Hence the laws of the variables of €~ under Y5 (- | @)
and under py are

W~ () Z%(¢, @) o WO 2
ENG) dg, Ky (d¢) = T dg,

with Zj (@) := [W~(¢) 2%0(¢, @) d¢ and 2y == [W~(¢) Z5"(¢)d¢. By the Gibbs property

of v for the box A, that is, the equation vyy, = v of the definition of a Gibbs measure in
Subsection 13.1, read for the phase-restored specification,

v = [ w7 9.

Both laws in (13.14) have densities with respect to W~ ({) d¢, and by Step 4 the shell factors
are strictly positive: Z§(¢) > 0 for every ¢ € Q~, and Z%%(¢,w) > 0 for every ¢ and v-almost
every W. So ¥, (- | w), v~ and p, are mutually absolutely continuous; what is used is v~ < p,, .
The relative entropy being convex,

Ent(v™ | p;) < /v(dc”u) Ent (Y, (- | @) | 1y),

and by (13.14) the logarithm of the density of 7 (- | @) with respect to , is log Z%((, @) —
log Z5%(¢) + log 2¢ — log Z5(@) (the factor W~ cancels). Therefore

Ent(v | uy) < / (d5) / T (dC | D) [log Z%(C, @) — log Z51(C)]
+/V(do7) [log Z; — log 2 (@)].

Since Z5(@)/ 2 = [ p, (d¢") Z50(¢', @)/ Z52(¢") by (13.14), Jensen’s inequality for the logarithm
gives

(13.16) log 2, ~log 24(®) < [ 1y (dC") [log Z°(¢") ~ log 2(¢', ).

It remains to bound the shell factors from above (Step 3) and from below (Step 4) and to
bound the means of the lower bounds under v and under p, (Steps 5-7); the splitting of the
integrals in (13.15) and (13.16) is justified in Step 8.

Step 3 (upper bounds for the shell factors). Dropping the closure constraints enlarges the
sum over the Villain variables of the shell to the free sum. Then, the Villain sums being
done first, at fixed B, the integrals over the B next and the site integrals last, each shell
plaquette contributes 3°, ..z w((dB), + vp) < K, whatever the value of (dB),; each shell
bond contributes fFD hdBy < 2w/yn, as h < 1; and each shell site contributes f get = G,
the Haar measure having mass 1. Here K;N and G§' are the constants of Lemma 11.2. With

Cyn = max{1, G, 27 /vy, K.},

(13.14) Yy (d¢ | w) =

(13.15)

(13.17) zh <l zho <™ forall ¢ and @,
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Step 4 (one closed extension; lower bounds for the shell factors). For ( € Q~ put
m(¢)p == o0pvp(C)/c for the plaquettes p of X,

an integer function on the plaquettes of ¥. It has zero sum: ZpGE 0pUp(¢) is the sum, over the
cubes of €7, of the coboundary of the Villain variables of ¢ (the interior faces cancel), and every
term of that sum vanishes. Likewise, for a configuration @ of €Z3 with closed Villain variables
(as they are v-almost surely) put m™ (@), := 0, v,(w)/c for the plaquettes p of ¥; it has zero
sum, by the closure on the cubes of €*.

Claim 1 (closed extension). Let a be an integer-valued function on the bonds which vanishes
off the bonds of ¥ and satisfies dsa = m(¢). Then the Villain variables equal to v,(¢) on the
plaquettes p of €~ and to ¢ (da), on the plaquettes p not in €~ are closed on every cube, in €73
and in 5Z§’. Outside €~ they equal £ca, on the one or two plaquettes that contain the bond b
of ¥, see (G5), and 0 elsewhere. Two-sided form: if moreover a™ is an integer-valued function on
the bonds which vanishes off the bonds of X and satisfies dy+a™ = m™* (@), then the Villain
variables equal to v,({) on the plaquettes of €7, to v,(w) on the plaquettes outside V(A) and to
c(d(a+ a't)), on the plaquettes of 2 are closed on every cube of ¢Z3. On 2 they equal +ca,
on the plaquettes at the bonds b of X, £c¢ a;r on the plaquette at a bond b interior to a face of
YT, and 0 elsewhere, with one exception, the plaquettes of 2 that contain two bonds of ¥T. A
plaquette p of 2 has a vertex y € A, and its two bonds at y are not in ¥, whose sites lie outside
A; so p contains at most two bonds of X7, its bonds b, b at the vertex z opposite to y. Both
are in ¥ if and only if 2 lies on an edge of the cube [~2,¢ — 1]3: two bonds of p in a common
face would force y into that face, and if z lies on an edge, y differs from z in the two coordinates
that are extremal at z, so that each of b, b’ keeps one of them and lies in one of the two faces
that meet at the edge. There are 12¢ such plaquettes, ¢ at each edge, and each of them carries
c(lp:blay +[p:0]ay).

Proof of Claim 1. For a plaquette p of 3, all of whose bonds are bonds of ¥, ¢ (da), =c¢> ,[p:
blay = cop(dsa)y, = copm({), = vp(¢). A cube not in €~ has its faces either outside €~ or in
Y, by (G4); so the variables equal cda on all its faces, and their coboundary on the cube is
cdda = 0. The cubes of € are closed because { € Q7. The values outside €~ are read off from
(G5). Two-sided form: da™ vanishes on the plaquettes of ¥ and da on those of T, by (G5), and
c¢(da't), = vy(@) on the plaquettes of T as before. So on every face of a cube of €' not in €~
the variables equal cd(a + a™), and such a cube is closed; by (G1) these are all the cubes that
have a face in 2, and every other cube outside €~ has all its faces outside V' (A) and is closed
because the Villain variables of w are. This proves Claim 1.

Fluz classes. An a as in Claim 1 exists for every ¢ € Q7: by Step 5 the only condition is that
m((¢) has zero sum, that is, that the total flux of the Villain variables of ¢ through the sphere
Y. vanishes, and this holds by the closure on the cubes of €. On the torus the extension of
Claim 1 vanishes on every plaquette lying in one of the three planes {x; = ¢ — 2}, i = 1,2, 3,
which contain no bond of ¥ and no cell of €7; so its fluxes through these three planes vanish,
and it lies in the class of zero flux. In any case the Villain sum of py runs over all closed Villain
variables, every flux class included: the extension is one of its terms, and no condition on the
flux class arises.

Lower bounds. Let

Es(m) := min{|a|? : a integer valued on the bonds of ¥, dya =m}

for an integer function m of zero sum on the plaquettes of 3 (it is finite by Step 5), and Ex+
likewise on X7. Restrict the integral defining a shell factor to the one value of the Villain
variables of the shell given by Claim 1, with minimising a (and a™), and to p € [0, 1] at the shell
sites; ¢ and B are not restricted.
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A shell site then contributes fol et > €5, because gy > ¢ on [0, 1] (proof of Lemma 11.2, Step

1). A shell bond contributes at least (27 /yy) e ™"V (r*+0"*) where p, p/ are the values of p at its two
ends, because h > e #N(#*+0"%) for every value of its third argument (as |e?/V? o/ — p|2 < 2p24+2p/2);
here p < ppo + 1 at an end which is a shell site, a site y of X lies on at most 3 shell bonds,
and a site y of £ lies on at most one: only the 6¢2 sites interior to the faces of £ liec on a
shell bond, and the sums over y € ¥ below run over these. A shell plaquette p contributes
w((dB)y + c(d(a+ a™)),) > exp ( — A(d(a+ a+))z — 4c?), because |(dB),| < 47 /yn = 2¢; and
the sum over the shell plaquettes of ¢?(d(a+ a't))2 is at most 2c*|al? + 2¢?|a’t|?, by the values in
Claim 1: a bond of ¥ lies in at most two shell plaquettes and a bond of ¥T in at most one, by
(G5), and (a + B)? < 202 + 232 on the plaquettes that contain two bonds of £+ (on the torus
at is absent). With cg, := |log ¢§'| 4 |log(2m/vn)| 4+ 26N (o0 + 1)% + 4¢? this gives, for every
¢ € Q7 and every w with closed Villain variables,

(13.18)

—log Zi(¢) < canlAel + 3k Y py(¢)* + 267 En(m(()),
yeY

(13.19)

—log Z5M(¢, @) < eqn|A| + 36N Z py(O)? + kn Z py(@)* + 262 Ex(M(Q)) + 262 st (mT(@)).
yeD yex+

In particular zgh(g ) > 0 for every ¢ and Z%%((,@) > 0 for every ¢ and v-almost every @, as used
in Step 2.

Step 5 (integer functions on the bonds of the sphere with prescribed coboundary).

Claim 2 (rounding). Let t be a real function on the bonds of ¥ with dyt integer valued. Then
there is an integer-valued function a on the bonds of ¥ with ds,a = dsv and [ty < ap < [vp] for
every bond b; hence |a|? < 2|t|? 424 /2.

Proof of Claim 2. Let Fr be the set of the bonds whose value is not an integer. At every
plaquette the signed sum of its four values is an integer, so no plaquette has exactly one bond
in Fr: in the dual graph the edge set Fr has no vertex of degree 1 and, if it is not empty, it
contains a cycle pg, b1, p1,- ., bm, Pm = po, where b; is the bond shared by p;—1 and p; and the b;
are distinct. Add top,[p; : b;] to the value on b;, i = 1,...,m. This does not change dx: at p; the
bonds b; and b; 11 contribute

t (0p;[pi : bi])® + top, [pi : biga] 0p, [P 2 biga] =t = =0,

by (13.11) (indices modulo m). Increase t from 0 until the first bond of the cycle reaches an
integer: no value has crossed an integer, and Fr has lost a bond. Bonds outside Fr are never
changed again. After at most 12/? rounds Fr is empty. Each final value lies between the floor
and the ceiling of the original one, so |ay| < [tp] + 1 on each of the 12¢2 bonds. This proves
Claim 2.

Minimal real energy. For an integer function m of zero sum on the plaquettes of X, the function
ti= di Ly 'm satisfies dgt = Ly Ly'm = m and [¢2 = (m, L5'm). By Claim 2,

(13.20) Es(m) < 2(m, Lg'm) + 24 0% < o0

For m = m(() let pr := o, fp for the plaquettes p of ¥, with f, = (dB), + v, the curvature
of ¢, and let B* be the restriction of B to the bonds of . Then o0,(dB), = (dgB¥),, so
that cm(¢) = f* — dgB%; in particular f> has zero sum. Since d*zﬁildg is the orthogonal
projection of the functions on the bonds of ¥ onto the range of d%, the identity cd*zﬁglm(C) =
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d5, Ly, Ly — 1ngE and |By| < 7/yn = ¢/2 on the 12/2 bonds of ¥ give
(13.21) & (m(Q), L5'm(Q)) < 2(f% L5 7) + 2| B> < 2(f%, L5 f7) + 6 22
Together,
4 -
(13.22) Ex(m(Q) < 5 (F% L5 %) +36 22

The same holds on 7 for m™ (@), with £, in place of /_ and with the curvature pr+ = 0pfp
and the link variables of @ on X7.
Step 6 (the mean of the surface energy, where the joint form of (12) enters; the trace bound).
Claim 3 (mean of the surface energy). Let P be a probability measure on the configurations of
eZ3, or of esZg’, with closed Villain variables, and suppose that with a constant Cp

2
(13.23) P((Z spfp> ) < Cp|s|? for every real function s on the plaquettes of X.
P

Then P((f*, £5'f¥)) < Cp Tr L.

Proof of Claim 3. Let (¢;) be an orthonormal basis of eigenfunctions of Ly on the functions
of zero sum, with eigenvalues »; > 0. Then (f= L3 f%) = 32, 5 Hoi, f7)2, and (¢4, fF) =
>p(®i)popfp is a sum as in (13.23) with a coefficient function of norm 1. Hence the mean is at
most Cp Y, %,L»_l =CpTr L'gl. This proves Claim 3.

The hypothesis (13.23) holds in the two cases that are needed.

(a) For P = v, with Cp = 2Ce'/2, C being the constant of (I2). Indeed, for |s| = 1 the
inequality coshy > 1 + ¢?/2 and (I2), applied to s and to —s (extended by 0 to the other
plaquettes of €Z3), give

(D)) e e ) <

so that v((3_, spfp)?) < 2(Cel/? —1); the general case follows by scaling s. The same holds on
¥*. Hypothesis (I2) is used here in its joint form: the spheres 3 and % grow with ¢, so that
one constant C' valid for all finitely supported s is required.

(b) For P = p, with Cp = 1. Let u¥% be the unitary-gauge periodic measure of €Z3: the
normalised weight (13.1) on the cells of the torus, the sum over the Villain variables running over
all closed (vp), every flux class included. As £ > 8, the lattice le73 is a period lattice for €Z3 in
the sense of Definition 12.6 (its non-zero vectors have length at least 8¢), and pj is the Villain
model of eZ3 on the torus R3/(eZ3 of that definition. By Lemma 12.10, whose proof (Steps 1-4
of the proof of Theorem 3.1) is made for exactly this sum over all closed Villain variables, every
flux class included,

wy (ezp “pr) < elal*/2 for every real function a on the plaquettes of 5Z§’.

Applying this to a = +ts, t > 0, and using coshy > 1+y?2/2 gives % MZ((ZP spfp)?) < et’lsl?/2 _q

whence pg((3_, spfp)?) < |s|*ast 0.
Finally, (p, f) has the same law under p, and under pj, by the change of variables of
Lemma 13.3(a), which is given by the cell-local formula (13.2) and applies on the torus. In detail:

at fixed phases ¥ with lift 1 € FDS put
B} == [By + (d¢)s)rp, ny = (By + (d))y — By)/c€Z, vy, :=vp + ¢ (dn)p.

Then (dB'), +v), = ((dB), —c(dn),) + (vp+c(dn),) = fp; (v),) is closed if and only if (vp) is, and
in the same flux class, cdn being exact; h(-,-, By + 1y, — ¢b7) = h(-,-, B}) by the c-periodicity
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of h; the map B — B’ is a rotation of each FD and preserves Lebesgue measure; and, at fixed B,
(vp) = (vy,) is a bijection of the closed Villain variables. So, conditionally on v, the variables p,
B’ and (v;,) have the law pj. Hence (g, f) has the same law under j; and under 1, and the two
partition functions coincide.

Claim 4 (trace bound). Tr L' < 144 0% (1 + log, (_)%.

Proof of Claim 4. Tr ﬁgl = Zp £§1(p,p), the sum over the plaquettes of X. For a set A of

plaquettes of ¥ write 14 := |A|7!14, and 1, for the indicator of the plaquette p. Since Eil
annihilates the constants,

= (1, - 15,£5'(1, — Iy)) = min {|t]* : t real on the bonds of ¥, dyv =1, — Is},

the minimiser being d5, Ly, 1(1p —1x). So it suffices to exhibit, for every plaquette p of ¥, a real t
with dyt = 1, — 1y and [t| < (2v/2 + 2)(1 + logy ().

(SF) Strip flows. Let II be a set of plaquettes of ¥ arranged in g rows, each row a chain of m
plaquettes in which consecutive ones share a bond (inside one face of the cube, or continuing
across edges of the cube in an unfolded strip of faces). Let t be a real function on IT whose sum
over every row is 0 and whose partial sums along every row have modulus at most t*. Then the
function v which, on the bond between two consecutive plaquettes of a row, equals the partial
sum of t up to the first of them, with the sign o,[p : b] of that bond b in that plaquette p, and
which vanishes on all other bonds, satisfies dst = t (by (13.11)) and [t|* < ¢(m — 1)(¢*)?. In
particular, if II' and IT” are subsets of II each consisting of full columns of II (the i-th plaquettes
of the rows forming the i-th column), then t = 15y — 1p» has row sums 0 and partial sums in
[~1/q,1/q], so that [t|*> < m/q.

Inside the face. Let 31 be the face of the cube that contains p, an £_ x ¢_ array of plaquettes.
Put ¢; := min(2/,¢_) and j, := [log, ¢_], and choose rectangles IIy = {p} C Iy C --- C Ily;, =
Y1, where IIy;_; has ¢; columns and ¢;_; rows and Ily; has ¢; columns and ¢; rows (intervals
of columns and of rows containing the previous ones). For the step from Hg;—o to Hg;1, (SF)
on Ilp;_1 with its ¢ = ¢;_1 rows of length m = /; gives v with dyr = T, , — 1oy, and
[t|> < ¢j/¢;—1 < 2. For the step from IIyj_y to IIy;, (SF) with the ¢ = ¢; columns of IIy; as
chains of length m = {; gives dst = 1p,, , — 1r1,; and [t|? < 1. These are 2j, steps, each of

norm at most \/5

From the face to the sphere. Let 3o, ..., X5 be the faces adjacent to X1 and g the opposite face.
For each i = 2,...,6 we give t with dyt = (1, —1y,)/6. For i < 5: (SF) on the unfolded ¢_ x 2¢_
strip ¥1 UY; with its £_ rows across the common edge; the partial sums are at most £_/(6¢2 ), so
[e|2 < ¢_(20_)(6¢_)"2 =1/18. Fori = 6: the £ x 3/_ strip X1 U¥yUYg through the adjacent face
g [t[? < £_(3¢_)(6¢—)"% = 1/12. The sum of the five has dy = 21y, — 1320 , 1y, =15, — 1y
and norm at most 4/v/18 + 1//12 < 2.

Adding all these functions gives v with

dst = (1p - iHl) +e (inzj*71 - i21) + (izl - iE) = 117 - ig

and [v] < 2v/27, +2 < (2v/2 +2)(1 +1logy £-). So L5 (p,p) < 24 (1 +log, ¢-)?, and % has 62
plaquettes. This proves Claim 4. The same bound holds on ¥ with £, in place of /_.

Step 7 (the means of the lower bounds). By (13.22), Claim 3 and Claim 4, for P = v (with
Cp = 2Ce'/?) and for P = y; (with Cp = 1), m being the function m(¢) of the variables of ¢~

4
(13.24) P(&x(m)) < S CpTr L' +360% <576Cpc 202 (1 +logy £-)? + 3642,

and for P = v the same bound holds for £+ (m™) with £ in place of /_.
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For the density,

Gt (2 3K!3
(13.25) W) < moe ) < Cp = logmax {1, ST oy
0

for every site y, with the constants of Lemma 11.2. The first bound is the definition of m,. For
the second, p has the same law under j, and under py (Step 6(b)), and pj is invariant under
the translations of the torus, which act by automorphisms of the cell complex preserving the
cell-local weight and the reference measure. So, by Jensen’s inequality,

(1)
_ _ 2 _ Z
pi(p3) = ¢ 3/&‘(2@%) < P log g (e %) = £ log (55,
T ZE

where Zéq), q = 0,1, is the integral of the unitary-gauge weight of the torus with ge(p) replaced
by gct(ﬁgc)eq”Z at every site, the sum running over all closed Villain variables. The crude bounds
of Step 1 of the proof of Lemma 11. 2 hold on sZe, which has three bonds and three plaquettes
per site: Zél) < (Gﬁt(27r/'yN)3K’3 ) because h < 1, the sum over the closed Villain variables

is at most the free sum and 3, w((dB)p + vp) < K! ;and Z( ) > c0 , from the term with all

’YN’
Villain variables equal to 0, which is closed, and the integration restricted to p, € [0,1] and

|vnBy| < 1. Reflection positivity is not used in these bounds.

Step 8 (assembly). In the first term of (13.15), ¢ and the variables of @ outside V(A), the only
ones on which the integrand depends, have by the Gibbs property their joint law under v; in
particular ¢ has the law v~. Insert (13.17) for Z°" and (13.18). In the second term insert (13.16),
then (13.17) for Z§" and (13.19), ¢’ having the law 4, . This gives

(13.26) Ent(v™ | i) < (1] + [Ae)(log Con + eon) +3kn Y [v(0}) + uelpy)] +rn Y vl
yeEY yedl+
+2¢% [v(Es(m)) + pe(Ex(m))] + 2¢% v(Ex+ (mT)).
By (G2), (13.24) and (13.25), with at most 7¢2 sites of ¥ and 6/? sites of ¥ on shell bonds,
£_ </{and {4y <2,
Ent(v™ | p,) < Opy (1 +logy £)?,  Crv := 228 (log Csp + csn) + Tk (4my, + 3C,) + Ca,
Cp = 39168 Ce'/? + 1152 + 432 c%.
Here Cy collects the terms with &: by (13.24),
Alv(Es(m)) + pe(Es(m))] < (2304 Cel/? +1152) 12 (1 + logy £-)? + 144 2%

and 2c2v(Exs (mT)) < 2304 Cel/202 (1 + log,y £4)? + 72 22, with (2 < 4% and (1 + log, £4)? <
4(1 +logy £)2. All the terms being finite, the splittings of the integrals in (13.15) and (13.16) are
legitimate: log Z%" and log Zzh are bounded above by (13.17) and below by integrable functions,

and Z) (@) < C' lf W~ (¢)d¢ < oo. This is the entropy bound (13.13); by Step 1 it gives (13.10)
and the lemma U

Lemma 13.10 (Schatten—Holder bound). For fibred insertions Xy, ..., Xy at distinct heights
that satisfy the summability condition of Lemma 13.7(b) (insertions at the same height on disjoint
bond sets tensor, | X @ X'|| = || X|||| X’||, the dressing being a product over bonds), the periodic
partition function with M layers satisfies

|Zar (X, Xp)| = | T (] B*X6B)| < TTIIXGI - Tepg (TY) < TT X Zaa,

uniformly in the number of insertions.
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The only input of Lemma 13.10 is Zy; = Tr(PgT™) < Tr(TM) < oo, the finite torus partition
function at fixed N ((2.1) and the Gaussian Villain sums).

Proof. The equality is (13.9). With D := BB* > 0 on H, Tr DM = Tr T™, D commutes with P,
cyclicity moves the trace to Tr([ ], XsD PZ), and Hélder’s inequality for Schatten norms [32] with
exponents ps = M gives the bound [], || Xs| Tr(PFDM) = [1, | Xs|l Zas; finally || Xs|| < || Xl
(Lemma 13.6(c)). O

Lemma 13.11 (growth of ry). Let Y = Y . 75 74 YoTa with Yy bounded and Yy = PxYoPr,
Px :=1_g g)s(§). Then Y is bounded, fibred (Lemma 15.7(b2)), Z-periodic, and |ry (B, u)| <

Cy eI with ¢y = 2K+/|S|, f =B —u.

Proof. [keyvyr, (B,u)] = [(PhP=%, Yo Pich"=*)| < ||[Yo|| [ PxhP =/ |[Pxch*=e|| < C|[Yo|e~i=%
with d; the distances of B —a, u — a to Qx = [-K,K]%. Since |f| < di + ds + 2K/]S],
d? +d3 > 3(di + do)? > 3|f|* — 2K/|S||f|, and the sum over a of the remaining Gaussian
factors is bounded uniformly; dividing by ki = e~ |f /2 gives the claim. Boundedness of Y and

Z-periodicity are clear from the form of Y (the translates 7, Pk are pairwise orthogonal for |al
large, and finitely many overlap). O

Lemma 13.12 (corrector). Put D := c\/W/Z (half-diameter of a cell of ¢Z°), § := 2cy + D +1
and Z = 0 4+ Y cops QaTa With aq = Czem‘”*'a'z/z, d > 0. Then Z is bounded (Y, o, <
o0), fibred (Lemma 13.7(b2)), Z-periodic and real self-adjoint (o, = a_g), rz(B,u) = § +
> age =112 and for €y > C}Q/efBD+D2/4

(13.27) 5+ 1rd <1y < 64 CMPIAEI

Hence Xy :=1+tY +t2Z hasrx, = 1 +try + t>rz > (1 + try/2)? + 6t > 0 for every real t,
and || X¢|| < 1T+2(|Z]| + ||V ]I?/2) + O(#3) for real skew-adjoint Y .

Proof. Lower bound: let a* be the lattice point nearest to —f, |a* + f| < D. With a* = —f + e,
le| < D: Bla*| > B|f| — BD and —|a*|> — a*- f = —a*- e > —D|f| — D?, so the a*-term alone
gives

ry >+ Cze(/B*D)\fFﬂD*DQ =6+ 026(20Y+1)\f|*5D*D2 > 54 iCXQ/e%Y\ﬂ > 6+ ir%

(Lemma 13.11). Upper bound: —|a>—a-f = 1[f|*—|a+ f/2|? and Bla| < Bla+ f/2|+ 38| f|, and
S, eflatf/21=lat1/2 is hounded uniformly in f. The bound on || X;|| follows from |1 + Y2 =
|1 —#2Y2|| <1+ ¢2||Y]]? for real skew-adjoint Y. O

Lemma 13.13 (moments from (12)). Let v satisfy (12) and let f = (fp)pep be the curvature on
a finite plaquette set P. Then v(esrl) < 2Ces/2 for all s > 0, and v(e?*/2) < C(1 — a)~P1/2
for every a € (0,1): Gaussian moments at every rate a/2 < 1/2, jointly over P.

Proof. The first claim follows from (I2) and e’lfrl < e5fr 4 ¢=5f2. For the second claim
(Hubbard-Stratonovich) e@l/I*/2 = (27r)_|P|/2fe\/as'f_|s|2/2ds, and (I2) under the s-integral
gives v(e?1*/2) < C(27)~1P1/2 fe(a_1)|8‘2/2ds =C(1—a) P12, O

For a fibred X that satisfies the summability condition of Lemma 13.7(b), the insertion of
X at one slab multiplies the slab weight by rx o ©, (the slab data (B, u) have density ki (B, u)
per bond set, Lemma 13.4(b), and the inserted kernel of Lemma 13.7(b) has kx in its place), so
that for insertions X at distinct heights, the sum over the variables ! being taken first in the



116 github.com/marikgoldstein/scalar-qed-existence

expectation on the left (for non-negative ratios rx,, as for the operators X; of Lemmas 13.14
and 13.25, the expectation is then an ordinary integral, by Tonelli’s theorem),

(13.28) i ([Trx. 00%)) = Zu(Xu..., X/ 2.

Lemma 13.14 (v(ry) = 0 for the bond pair). Let v be as in Theorem 13.1 (after Lemma 13.3),
Y real skew-adjoint of the class of Lemma 15.11, Z the corrector of Lemma 15.12 and v; :=
log(1 + try + t?rz) 0 O, a local slab function. Then vy > log(6t?), vy < |t||ry| + t?rg <
C(1 + [t|e Iy 4 2CelfP/ATB/D |y (v,) = O(2), and v(ry) =0, i.e. v(ky 0Oy /k100,) =0.

Proof. The two bounds on v; are (13.27) and log(1 + z) < x.

Upper bound. Choose a sublattice I" C T' (still of finite index, containing a time translation, v
being I'-invariant) such that the translates of the window S at equal height are pairwise disjoint;
then same-height insertions tensor and Lemma 13.10 applies: the insertion X; = 1 4+ tY +t2Z
is fibred by Lemma 13.7(b1)-(b2), Y being a localised sum and Z a summable series of lattice
translations, and it satisfies the summability condition by Remark 13.8 (the condition holds
for 1 and is stable under sums); so do its tensor products over disjoint bond sets, which are
fibred by (b2) and for which the sum factorises. Lemma 13.9 applies to v; (bounded below;
(I1), (I2) and the I''-invariance of v give its hypotheses). The lemma is applied on its cubic
tori eZ3, ¢eZ3 C T': the measure puy is the periodic measure py; with M = £ layers over
the layer torus of side ¢ (so that uyr = pe, Var = Vo and npyr = ng below), and on EZ? the
translates of the window S at equal height stay pairwise disjoint, because they are the images
of distinct I'-translates of S in eZ3 and ¢cZ® C I". By (13.28) and Lemma 13.10 on these tori,
ir(eV9) = Zar (X, X0) [ Zas < 1K™, s0 v(vg) < log [ Xl < £2(| 2] + [V [2/2) + O(#) by
Lemma 13.12.

Lower bound. On Ay := {|t||ry| < 1}, rz > 0 gives v; > log(1 + try) > try — t?r3; off A,
v > log(6t?). Hence, for |t| small,

tv(ry) <v(v) + Ev(ry) + [t v(|ry[Lag) + log (1/(6%)) v(Af).
Here v(r?) < oo by Lemma 13.11 and the exponential moments of Lemma 13.13; A¢ forces
|f] > ¢yt log(1/(2Cy |t])), so by the Gaussian moments of Lemma 13.13 v(Af) = O(e™% 10g2(1/|t|))
is o(t¥) for every k, and ity (|ry [1ag) < [t|v(r3) 20 (A) /2 = o(t*). The right side is O(t?) for
both signs of ¢, so v(ry) = 0. The argument uses no moment of r. U

Remark 13.15 (what Subsection 13.5 uses). Hypotheses (I1) and (I2) are used in Lemma 13.9,
the latter in its joint form, with one constant for all finitely supported s. Hypothesis (12) is used
once more in the proof of Lemma 13.14, for v(r?) < co and for the tail of A;. The growth of
rz at the rate 1/4 in (13.27) is used only in Lemma 13.25 (for the set A; of its proof), together
with the Gaussian moments at rates > 3/8 of Lemma 13.13.

13.6. Bond-sector separation.
Lemma 13.16 (bond pair law). Let

C:={ Z TaXoTa : Xo bounded on LQ(RS), Xo = Pk XoPg for some K}.
a€cZS
C is closed under adjoints, complex conjugation and real-linear combinations; every X € C is fibred
(Lemma 13.7(b2)), hence Z-periodic and bounded, with rx exponential-linear (Lemma 15.11). Let
A be the law of the pair (Bg,ug) = (Bs, Efg — %) under v (after ©,) and m := ki '\, a o-finite
measure on FD® x RS, Then m(|kx|) = M(|rx]|) < oo for X € C, and (R.m)(kx) = m(kx) for
every X € C, R the twisted reflection of Lemma 13.6(a).
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Proof. Decompose X = A+Y +iA’ +1Y’ with A, A’ real self-adjoint and Y, Y’ real skew-adjoint,
all in C. By Lemma 13.6(1?)), ]{ZA oR = kA, kz’A’ oR = kz’A’a ]{Iy oR = —ky, ]{I,;y/ oR = —kl‘y/.
Lemma 13.14 gives m(ky) = v(ry) = 0 for the real skew-adjoint elements, hence m(kx o R) =
m(kx). Finiteness is Lemma 13.11 with the exponential moments of Lemma 13.13. O

Lemma 13.17 (separation on the bond pair). Let Xo = |g1)(g2| with g; € L*(R®) supported in
[-K,K|%, let X =Y, 7 X7y € C, and put G; := eI s gi. Let i = Y acezs (Ta)xm be the
unfolding of m to RS x RS, where T, is the diagonal shift; the set FD® x RS is a fundamental
domain, so m <> m is a bijection. Then the following hold.
(i) Up to the normalisation of h, kx(B,u) =Y, c.zs G1(B — a)Ga(u — a), so that m(kx) =
m(G1 @ Ga).
(i) (e dUBPHEP)) < ON(-II1P/2) < 0o for every & € (0,1).
(iii) The measure m is determined by the numbers m(G1 ® G2).
(iv) Rem=m and Ao R = \.
Proof. (i) The formula for kx is the sum over a of the terms (hB=2, g1} (g2, h*~*), and the identity
m(kx) = m(G1 ® Ga) follows from it by the definition of m.
(i) The identity |B + a|? + [u + a|? = 2|a + (B +u) /2 + L[ f[? gives 3, e 0(B+al*+lutal®) <
Cye0l/17/2 uniformly in (B,u). Since m = kl_l)\ and k1 = e*|f|2/2, it follows that

(e~ OB+ — / A(dB du) P12 37 =8B +al+hutel?) < opp(e-0NIP/2),

and the right-hand side is finite by Lemma 13.13 at the rate (1 —0)/2 < 1/2.

(iii) Let (m * Gauss)(&,n) = fe_‘g_B‘Q_m_“'Qm(dB du) be the Gaussian smoothing of 772; by
(ii) it is finite, continuous and bounded on compact sets. By Fubini’s theorem, 7 (G1 ® G3) =
[ g1(€)ga(n) (r* Gauss) (&, 1) dé dn. The linear span of the products g1 ®gz is dense in L? of every
compact subset of R¥ x R, so the numbers (G ® G3) determine the Gaussian smoothing. The

smoothing in turn determines the measure. Indeed, m *x Gauss is e~ 1P =11 times the two-sided
Laplace transform of the finite measure e“BR_MQﬁ”L(dB du); here the weight with § = 1 is
reached from the weight with § = % of (ii) by a Gaussian factor. This Laplace transform is finite
everywhere and entire, and its restriction to imaginary arguments is the Fourier transform of the
measure. Hence two measures with the same Gaussian smoothing coincide.

(iv) By Lemma 13.16, the measures (R,m)" and m give the same numbers. The measure
R.m satisfies the same growth bound as m, because k1 o R = k; and R maps f to —f. Hence
(R.m)" = by (iii), and therefore R,m = m and Ao R = \. O

The conclusion of this subsection is the law of the bond pair only: for every finite S the law
under v of the frame-reduced pair (Bg,ug) is invariant under the twisted reflection R. The
insertions of C act as X ® 1 on the Higgs tensor factor of Lemma 13.7(a), so the joint law of

~ =

(p, p ,7;’ — 1, B, u) is not separated by Lemma 13.17; the full statement is Theorem 13.28.

13.7. Higgs and Villain sectors.

(A) Higgs sector. Let V := V(S) be the finite site set of the slab window, that is, the set of the
end points of the bonds of S; plaq(S) denotes the set of the spatial plaquettes of the layer all
four bonds of which lie in S, and S is closed under the bonds of its plaquettes if every spatial
plaquette of the layer whose four corners lie in V(S) belongs to plaq(S) (as for the set of the
links of a rectangle).

Lemma 13.18 (Gaussian hopping kernel, no frame). With ®, := pe™¥%* and @', := pl e~ v
one has [ W=Vl 5l p | = |®! — ®,|, so the slab Higgs factor is [[, h = 1, eI Pe=Pal?/2 =
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ey (h?, h$/>L2(CV) with h®(2) := e~ =2 and the layer reference measure IL, 9ct(pz) dpe dips
is [1, 'yg,le*V(f’ﬂ”)*‘SmBPfQE/2 d*®, (polar Lebesque measure; the factor p of g(p) = pe™" is the
Jacobian). Here ® ranges over all of CV.

Proof. |e""Pp" — p| is invariant under the common rotation by ¢V, and d?® = ynpdpdiyp
on [0,00) x T. The Gaussian identity is that of Subsection 13.4 with ¢y the normalisation
constant. g

Lemma 13.19 (Higgs class and ratio). Let Cx := {Xpg bounded on L*(CY) = L*(R?Y) :
Xg = PxXpPg} with Px = gz, <k va}, kxy(®,®) := (h%, Xph®), kI = cyeul*/2
with fi == @ — ®, and rxy = kxy /K. Then |rx,| < Ck||Xu|exVul with ¢y = 4V/V K:
exponential-linear in fg.

Proof. As in Lemma 13.11 with the ball {|2;| < K Vz} in place of Q: its Euclidean half-
diameter is VV K (attained at &1 = --- = &y = K), so the same computation gives the bound
with 2/ VK in place of cy, and a fortiori with the constant cy = 4V V K of the statement. [

Lemma 13.20 (Higgs corrector). For a € 72V, rp (fg) = e*fn~1oP/2 Let Zy = 6 +
Y aczzv QaTa, Qg i= CZeB|“|*|“‘2/2, Dy =2V /2, 8 > 2¢cy + 3Dy and Cy > iC’%,eBDH*D%.
Then Zg is bounded and real self-adjoint, rz,, > (5+Cze('8_3DH)|fH|_ﬂDH_D% > 5+%7’}2f whenever
lry| < Cyevful o L+try +t2rz, > (1+try/2)2+6t2 >0, and rz, < Celful? /44815 l/2 (rate

1/4).

Proof. The proof of Lemma 13.12 applies word for word on the lattice Z2"" (cell half-diameter
Dp; the nearest lattice point a* to —fg has |a* + fu| < Dg). O

Lemma 13.21 (full feature map and averaging identity). Let Hpq = H @ L*(CY) and
Dra(c) = ®(c) @ h®O). Then K(c,@) = (®pu(c), @ri(¢)) is the slab kernel (13.5) (the
Gaussian factorisation of Lemma 13.18 replacing the Bessel one; the same positive kernel,
so T = B*B and Zy = Tr(PgTM) are unchanged). The diagonal gauge action rotates
O, = WD, with (UN)g)(E) = g(e”NAZ), unitary and configuration independent,
Pp(A.c) = (R(A) @ U(N))Prun(c), and Lemma 13.7(c) holds for every bounded X on Hen
with X := [dAN(RQU)(N)*X(R®U)(X), where for such insertions Zy (X1, ..., Xx) denotes the
partition function of the periodic measure in which the slab kernel K(c,c') at the height of X is
replaced by (Pea(c), XsPran(¢)); no summability condition enters, and the layer integrals converge
absolutely because this kernel is bounded by | Xs||\/ K (c,c)K(¢,c). So does Lemma 13.10. For

X®Xpg: k=kxkx,, andr =rxrx,.

Proof. The kernel identity is Lemma 13.7(a) with the hopping factor written by Lemma 13.18;

the covariance of h® under rotations is k¢ ™"® = U(A)h®; the proof of Lemma 13.7(c) used only
the covariance ®(\.c) = R(A)®(c) and the measure preservation of Lemma 13.3(a). O

What the Higgs sector uses. (13) gives, by |fu.|* < 2p2 + 252 and Holder over the 2V factors,

v(e® ey |fH»I|2) < oo for every a (every rate, in particular the rate 1/4 of Lemma 13.20), and
v(p2) < oo for Lemma 13.9.

(B) Villain sector: the layer integers v individually. In the Zak form (13.7) the kernel of every
a-decomposable insertion, that is, of every Z-periodic X € C and of every multiplication by
a function m(«), depends on the Villain integers of the two layers only through v/ — v. The
translations in « of the next lemma carry, in addition, a character of v itself.
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Lemma 13.22 (a-translations carry the character of the lower layer’s v). For s € [0,1)P24(5) [et
(ToF) () := F(a — s), a unitary operator on H, and put o := ds. Let k(y) := (y — [y]rp)/c € Z°
be the cell index of y, and let u = B’ — ' be the pair coordinate. Then

kr,(c,@) = es(v) (h7, Msh") 2 @s),

(1329) +2misw/c

+2mio-k(y)

es(v) :=e My := multiplication by xs(y) :=e ,

and, for fibred X (Lemma 13.7(b)) such that ¥ ,czs |(hP, MsXh"~®)| < oo for all B,u € R¥,
in particular for X € C, kr,x(c,&) = es(v)(hP, MsXh%). Moreover |rr,| < 1 and, for X € C,
lrr.x| < CeW! as in Lemma 13.11. Thus the kernel of Ty X is the character e5(v) of the closed

cZ-valued Villain 2-form of the lower layer times a pair-space insertion with the same growth

bound. The operator T is bounded, so Lemmas 13.10 and 15.21 apply to it. In pair coordinates,
Xs(u) _ 6727ri0'-'17t/c‘

Proof. By the definitions of ® and of Tk,
((c), T,0(&)) = / dov e2meelee=2miO=T e (718 (0), ZhP' (0 = 0)) 2 ey,
The computation of Lemma 13.7(a), with the extra phase, gives

<ZhB(9) hB’ Ze—sz (0—0)m hB,MShEI_Cm>,

because a point 7 € FD¥ + ck has the cell index k(n) = k and 2™ (k+m) — e2micmy (p) Since
0-m=a-dysm and o -m = s-dym, the integral over « selects cm = v with d,0t = v — ¥,
and the remaining phase is 27 (' +ds7)/¢ — ¢ (1), This is (13.29). For fibred X as in the
statement the same computation applies. Since T, = T_;, the form that defines X gives
(®(c), T X®(@ = [da(® ( (0 — o) @ 1)®(@) (o — 5)) with § = da. Lemma 13.7(b4),
applied at the pomt 0—o to gl = M 'hP which is regular with (Zg1)(0—o,-) = (ZhP)(6,-), and
to g2 := hP', gives ((ZhP)(6, -), X(0—0)(ZhPYO —0,-)) =3, e 20—y mpB N X pB—em)
for every 0; the assumption makes this series absolutely convergent, so that it may be exchanged
with the integral over a.. For X € C the assumption follows from the growth bound proved next,
because Y, zs e el +al’/2 < o0,

Since | Xs‘ =1and h > 0, one has |ry,| < 1. For the growth bound of r7, x, each localised piece
(TahB, (1o MsT}) XoToh") has |7, My7| = 1, and M, commutes with Pk, both being multiplica-
tions; the proof of Lemma 13.11 therefore applies. The character e; and the multiplier y, carry
the same sign in the exponent; both signs may be reversed together with the sign convention
of (13.7). O

2mic-a/c

Lemma 13.23 (quasi-periodicity). For a € ¢Z° one has xs(y+a) = e
for Xo = |g1)(g2| and X =5, 74 XoTa,

brx(e,d) = ey(v) 3 20/ G3(B — a) Galu — a),
(13.30) —r
G = eI « (xs91), Gao:= eI % g2.

Xs(y). Consequently,

The map g1 — Xsg1 is a bijection of the compactly supported L? functions, so that, for fized s,
the functions G range over the same set as the functions G1 of Lemma 15.17.

Proof. The cell index satisfies k(y + a) = k(y) + a/c, which gives the first claim. Hence 7, M7}
is the multiplication by (- + a) = e*™7%/°y and

(WP, M2 Xorah") = €™/ (hB=0 v g1) (hv=, go).
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Summation over a and Lemma 13.22 give (13.30), since o - a = s - dsa by adjointness. O
13.8. Joint separation and the exchange theorem.

Lemma 13.24 (full class; Hermitian relation). Let Cpy be the complex span of {Ts(X @ Xp) :
s € [0, 1)plaQ(S), X €C, Xy € Cx} on Hem. The class Ceyy is closed under adjoints; indeed
T =1T_5 and
(To(X @ Xp))* = (X* @ Xj)T-s = T-s (TsX*T_s @ X}y),

with T_sXTy = (M;7'XM,)" € C and T, XT-y = (M, XM; )" € C. It is also closed under
J = Jo ® Ju, where (JoF)(a) := F(—a) and Jg is the complex conjugation on L*(CY). One
has J®(c) = ®pa(c), and therefore kyxy = kx and kx osw = kx+ for every bounded X on
Hean- The ratios satisfy |rx| < Cecy (fI+1ful) for X € Cran. Finally, Cean contains, with each of
its elements X, the operators (X + JXJ)/2 and (X — JXJ)/(2i), and, with each of its elements
W, the operators (W + W*)/2 and (W — W*)/2; these are the J-real and the J-imaginary part
of X and the self-adjoint and the skew-adjoint part of W.

Proof. By Lemma 13.22, in the form Z(M,Xg)(#) = X (0 — 0)Zg(0 — o), the operator T_,X T,
corresponds under the Zak transform to M; 1 X M;: by Lemma 13.7(b2) the operator M, 1 X M,
is fibred with the fibres X (0 + o), and these are the fibres of 7_ sf( T, because T*, = T shifts «
by s in the form that defines X. The function Xs commutes with Pg, both being multiplications,
SO M;lXoMs is again bounded and Pg-localised, and M;lXMs € C; the same holds with —s
in place of s. This gives the c/lgsure under adjoints. The class is also closed under J. Indeed,

JoTsJo =T 5 and JaXJa = X!, where X! € C is the complex conjugate of X (Lemma 13.16;
the Zak transform turns the complex conjugation of L?(R®) into the map F(6) — F(—#), and
the fibres of X* are the complex conjugates of the operators X (—6), by Lemma 13.7(b2)), and
JaXuJu € Cy because Pk is a real multiplication. Hence J T5(X®Xp) J = T_o(X*@Jg X1 Jw),
and the complex span is preserved because J is antilinear. The identity J®g = Pg holds

because h is real and ZhB(—0) = ZhP(0). It gives
kixi(e, @) = (JPru(c), X JPru(¢)) = (Pran(c), X Pran('))

and

kX(SW(C,g)) = <®fu1](g), X(I)fun(c)> = kX* (C,E/).
No frame appears in the second identity, because the feature map of a layer depends on the data
of that layer only. The bound on the ratios follows from Lemmas 13.11, 13.19 and 13.22. The
last assertion follows from the closure of Cg under adjoints, under J and under complex linear
combinations. O

Lemma 13.25 (v(ry) = 0 for Cgy). Let v be as in Theorem 13.1 (after Lemma 13.3), let the
bond set S be closed under the bonds of its plaquettes, and let Y € Cra1 be real skew-adjoint, with
lry| < Cye D) Then \(ry) = v(ry 0 ©4) = 0.

Proof. Let Z := 0 + Zpy ® Zp, where Z is the corrector of Lemma 13.12 and Zy that of
Lemma 13.20. The operator Z is bounded and real self-adjoint, and rz =0 + 7z, (f) 7z, (fu) >
o+ ir%; the product of the two correctors is taken here because it dominates e2¢y (fI+IfmD)
which a sum would not do. Consequently 1+ try + t2ry > (1 + try/2)? + 6t > 0. Moreover
ry < CelfPHfal)/A+e(fl+Iful) < Ce3Q/8 with Q := |fI2+ |fu|?, because ec(fI+fu) < eQ/8+4c%
Put X; := 1+ tY +t2Z, so that | X¢|| < 1+ O(t?), and v := log(1 + try + t?rz) 0 O, so that
|ve] < [log(dt?)] + C(1 + Q).

Upper bound. We apply Lemma 13.9, whose hypotheses follow from (I1) and (I12), with the
periodised sum over a coarser sublattice IV C T, which exists because S and its site set V(S)
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are finite, for which the translates of S and of V' (S) at equal height are pairwise disjoint, and
then (13.28) with Lemmas 13.21 and 13.10; the sums over o* in the kernels of Y and of Z converge
absolutely, by Lemma 13.22 for the terms T5(X ® Xp) of Y and by Remark 13.8 for Z; for
the products over the pairwise disjoint translates of the window at one height the kernel is the
product of the kernels of the windows and the sum factorises (Lemma 14.27(b),(c), whose proof
does not use the present lemma; its hypotheses hold because the translates of S are closed under
the bonds of their plaquettes, as S is, and are pairwise disjoint in bonds and in sites). This gives
v(vt) <log || X¢]| = O(t?). As in the proof of Lemma 13.14, Lemma 13.9 is applied on its cubic
tori eZ? with ¢eZ3 C I, where pu is the periodic measure with M = ¢ layers over the layer torus
of side /; on these tori the translates of S and of V(S) at equal height stay pairwise disjoint,
because (eZ3 C I,

Lower bound. The lower bound uses no moment of 7. On the set 4, := {|t||ry| < 5, t?rz < 3}
the inequality 7z > 0 gives v; > log(1+try) > try — tgr%, and off A; one has v; > log(6t2). The
complement of A; satisfies

A7 C{If1+ 1 ful = eyt log(1/(2Cy [t)} U {Q > ¥ log(1/[t]) — C}.

The first set has a super-polynomially small v-measure, by the Gaussian moments. For the second
set we use that v(e??) < oo for every a < %: the bond factor is controlled by Lemma 13.13 at
a rate a’ < %, the Higgs factor by (I3) at every rate, and the two are combined by Holder’s
inequality with an exponent p | 1 on the bond factor. Hence v(A§) < C|t|'%/3. For a € (3, 1)
this gives v(Af)log(1/(6t?)) = o(t?) and [t|v(|ry|Lac) < It (r2) Y 2u(A9)1/2 = o(t?). As in the
proof of Lemma 13.14, it follows that tv(ry) < O(t?) for both signs of ¢, so A(ry) = 0.

The second set calls for a rate > %, which the constant % in the exponent of (I2) gives. The
condition 217 < 1 in A; is not needed for the lower bound (compare the proof of Lemma 13.14),
so this requirement is a feature of the present proof. O

Lemma 13.26 (Hermitian property). Let S be closed under the bonds of its plaquettes, and let
m = K1\ on the S-local slab data, where K1 denotes the division by the single-term unfolded
kernel w(B — u)e"fH‘Z/2 > 0. The S-local slab data are B € FD*, u € RS, the closed form
v € (¢Z)PS) gnd &, &' € CV; the form ¥ = v — ds([ulpp — ) is determined by them. Then
m(lkx|) = A(Jrx|) < oo and m(kx osw) = m(kx) for every X € Cpy.

Proof. The finiteness follows from Lemma 13.24, Lemma 13.13 and (I3). For the identity, write
X =X, +iX; with X, := (X +JXJ)/2 and X, := (X — JXJ)/(2i), which both commute with
J, and write a J-real operator W as W = A+ Y, where A := (W + W*)/2 is real self-adjoint
and Y := (W — W*)/2 is real skew-adjoint. All these operators belong to Cryy (Lemma 13.24).
For a J-real W the kernel kyy is real, since ks = kw, and

k‘WOSWIkZW* :k:W* IkA*k:y,

so that m(kw osw) = m(kw) — 2A(ry) = m(kw) by Lemma 13.25. Applying this to X, and to
X, gives the claim. O

Lemma 13.27 (separation, the layer integers v included). The measure m of Lemma 13.26
satisfies sw.m = m on the full S-local slab data.

Proof. Fix s € [0,1)P5) For X = |g1)(ga|, X = |9 )(g¥] and X = T5(3", 7 XoTa @ Xr),
Lemmas 13.23 and 13.19 give

kx = es(v) [ > e ldn/eGi(B — a)Ga(u — a) |G (9)GH (21).

a€cZS
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The swapped kernel is kx o sw = eg(?)e?m0%0/¢(h* M, XhB) ... where ag := [u]pp — u is the
frame and the dots stand for the Higgs factors. Since v = v — dsag, the quasi-periodicity phase
of M (Lemma 13.23) converts es(?') into es(v). Thus both sides of the Hermitian identity carry
the same character.

Define the twisted unfolding 1o, := 3, zs €2 (4:0)/¢(T,), (e5(v) m), where T, is the diagonal
shift of (B,w), which fixes v,@,%’. It is a complex measure on R® x R% x CY x CV with
[s| < 1 := Y, (T,)sm. The measure 7 satisfies the following growth bound for every § € [3,1);

such a weight dominates the Gaussian smoothing at rate 1:
m(6—6(|B|2+\u|2+\@\2+|€I3’\2)) < C’(s)\(e|f|2/4)1/2)\(6|fH|2/4)1/2 < o0,

by Lemma 13.13 at the joint rate 1/4, used in the Cauchy—Schwarz form, and by (I3). A joint
rate 1/8 would suffice with this weight.

The identities of Lemma 13.26, written for the unfolded pair kernels, state that the integral
[ G5®@G22GH@GL diy is equal to the same integral with respect to (sw.m)?, for all compactly
supported g1, g2, g1, gi. The linear span of the products is dense in L? of every compact set of
(B,u,®, <AIS’), so, as in the proof of Lemma 13.17(iii), the Gaussian smoothings of the weighted
measures agree. The argument of Lemma 13.17 applies: the measures are finite complex measures
after multiplication by the Gaussian weight, their two-sided Laplace transforms are entire, and
the restriction to imaginary arguments is the Fourier transform. It gives /s = (sw,m). as
complex measures, for every s.

Now restrict this identity to B € FD®. The sets FD® + a are disjoint, and sw,m is supported
on B € FD® as m is, so the term a = 0 is selected on both sides:

[ecwmt.dn) = [ ) Gwam),dv)

on FD¥ xRS x CV x CV, for every s. The characters e, separate (¢Z)P'24(5) and Fourier inversion
in s on bounded sets of the slab data, where both measures are finite, recovers the v-marginal.
Hence sw.,m = m. O

Theorem 13.28 (exchange theorem, S-local form). Let v be as in Theorem 13.1, passed to the
phase-restored specification by Lemma 15.3, and let S be a finite spatial bond set closed under
the bonds of its plaquettes. Then v and v o é, 0 the mid-plane reflection of the slab, agree on all
bounded gauge-invariant S-local slab functions (Higgs, Villain and bond sectors jointly, temporal
plaquettes included).

Proof. K osw = K and swy,m = m (Lemma 13.27) give sw,\ = A on the S-local temporal-gauge
slab data ©,|s = (c|s,c|s,?'|s). For a diagonal-gauge-invariant S-local F, Lemma 13.4(c)
gives F(O,0w) = F(swO,w), hence v(F 0O, 060) = ANF osw) = AN(F) = v(F o00,). The
gauge-invariant S-local slab functions are exactly the F' o ©, with F' diagonal-invariant and
S-local (Lemma 13.4(b)). O

Remark 13.29. Theorem 13.28 is stated for S-local functions, for every finite S closed under the
bonds of its plaquettes; the passage to the laws of the full two-layer data over a box happens
inside the proof of Theorem 13.30 (Lemma 13.37), not here. It applies to Gibbs measures of the
unperturbed specification (the comparison states, by Proposition 14.22), and not to the limit
points vy, t # 0, of the perturbed laws of Section 14 (Lemma 14.21).

13.9. Two consecutive layers determine the Gibbs measure. Throughout this subsection
7 is the phase-restored specification of Subsection 13.2 on €Z3 = (time €Z) x (space £Z?), layer
k is the set of sites at time ke, and Z, := cZ. Convention. Every Gibbs measure of 7 is carried
by configurations satisfying all cube constraints (dv = 0 on every cube), so the flux identities of
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Lemma 13.32 below hold almost surely; on the infinite layer there is no total flux class, and the
proofs below use none. The DLR kernels of finite sub-sets A of V(A) are the Fubini conditionals
of 7o (Lemma 13.3(c)). The statement holds for all Gibbs measures of 7: it requires neither
temperedness nor moment bounds nor G-invariance, and it does not depend on (I1)—(I3).

Theorem 13.30 (two consecutive layers determine the Gibbs measure). Let v,/ be Gibbs
measures of 7 on €Z> and ng € Z. Suppose that for every finite spatial set S (equivalently every
rectangle B) v and v’ agree on every bounded function of the variables of the slab [ng, ng+ 1] over
S, namely the Higgs fields (p, ) of layers ng, ng + 1 at the sites of S, the spatial links of both
layers inside S and the spatial Villain integers of both layers over the set P(S) of the plaquettes
with all four corners in S, the temporal links at the sites of S, and the temporal plaquettes with
their Villain integers over the links of S, that is invariant under the gauge transformations
supported in S x {ng,ng + 1} (equivalently, under all gauge transformations). Then v = v'.

Lemma 13.31 (Gaussian convolution is injective on positive measures). Let d > 1, Q C RY
nonempty open, and M, M' positive Borel measures on RY with (W M)(x) := [ e~ |lT=vP 2\ (dy) =
(WM')(x) < oo for Lebesque-a.e. z € Q. Then M = M’.

Proof. Put g := e W*/2M ¢ := e~ WP/2)M7 ) so that WM (z) = e“x|2/2Lg(ac) with Lgy(z) =
[ e*¥g(dy). (i) By Holder, C := {L; < oo} is convex and contains a.e. point of ; a point
xo € Q\ C would give, by separation, a nonempty open subset of Q disjoint from C, so Q C C,
likewise 2 C C’, and O := int(CNC") is open, convex and contains Q. (i) F(z) := [e*¥(g—g')(dy)
is holomorphic on the tube {Rez € O} (domination of e®¢#¥ by the vertex exponentials of a
small cube, Morera, Hartogs). (iii) Ly = Ly a.e. on 2 and both are continuous on O, hence equal
on (; all real partial derivatives of F’ vanish at a point of €2, so F' = 0 on the connected tube. Fix
xo € O: & F(xg+i€) is the Fourier transform of the finite signed measure e*¥(g — ¢’)(dy) on
R?, which therefore vanishes; so g = ¢’ and M = M’. (The restriction to zg + iR? with 2o € O
is the general form; in every use below 0 € O.) O

Lemma 13.31 assumes no moment bound beyond the finiteness almost everywhere; the case of

any other Gaussian rate follows by scaling, and a positive factor f(z)f(y) in the kernel can be
absorbed.
Rectangles and straddling plaquettes. A rectangle is a set of sites A = {ay,...,a1 + L1} X
{ag, ..., a3+ Lo} in €Z? (in units of ¢; L; > 1). We write Bo(A) for the set of links with both
ends in A, P(A) for the set of plaquettes with all four corners in A, 9Bo(A) for the set of the
2(L1 + L2) boundary links of the rectangle, and Bo°(A) := Bo(A) \ 0Bo(A). A plaquette that
is not in P(A) and has a link in Bo(A) is called straddling. A straddling plaquette has exactly
one link in Bo(A), and this link is a boundary link; conversely, every boundary link lies in
exactly one straddling plaquette (the corner plaquettes have no link in Bo(A)). The straddling
plaquettes are thus in bijection p’ <> b(p’) with 9Bo(A); we write p/(b) for the straddling plaquette
that contains the boundary link b, and we put P*(A) := P(A) U {straddling plaquettes}. The
three other links of a straddling plaquette are its collar links. They belong to Bo(A™), where
AT := {sites at sup-distance < e from A} is again a rectangle.

For w € ZEO(A) the Stokes identity reads

Z (dsw), = circ(w) = Z €pWh,

peP(A) bedBo(A)
where €, = *1 is the boundary orientation. A boundary link has a fixed orientation in its
straddling plaquette, so the straddling cube constraints and the flux invariant defined below
carry fixed signs £1, one for each boundary link. In the lemmas below these signs only relabel
Zg-valued coordinates, and we suppress them from here on.
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Transported slab data. Let v and v/ be Gibbs measures of 5. For the slab [m,n] put )\;(L«k) =

—(Bt(m) 4+ 4+ Bﬁk_l))x for m < k < n, let & := A ¢ be the transported configuration of
layer k, and let 7%(%) be the correspondingly shifted temporal integers; the temporal links of the
slab then become 0. Here ¢, is the configuration of layer k in the notation of Subsection 13.3,
and we write %), B® and 7®) for the Higgs field of ¢ (in the complex form of Lemma 13.18),
its spatial links and its spatial Villain integers. Layer m, on which \(™) = 0, is called the base
layer of these data; the data with another base layer k € [m,n| are defined in the same way, with
the gauge transformation that vanishes on layer k and removes the temporal links of the slab.
For a rectangle B let

Omnp = (W) |5, BW|gypy, 70| pgy, m <k <n; 8®|gyp), m <k <n-—1),

and let H(m,n) be the statement that the laws of ©,,, g under v and v/ coincide for every
rectangle B. Every finite spatial set lies in a rectangle, so by Lemma 13.37 below the hypothesis
of Theorem 13.30 is H (ng,no + 1).

The DLR equation of a rectangle and the patch kernel. Fix m < n — 1 and a rectangle A.
Let A be the following set of variables: on layer n, the Higgs variables {p,, ¥, : x € A}, the
links {B} : b € Bo(A)} and the Villain integers {v, : p € PT(A)}; and the temporal integers

{vZ’(nfl),vZ’(n) : b € Bo(A)} of both adjacent slabs over Bo(A), boundary links included. The
temporal links do not belong to A; they stay exterior.

We collect the transported coordinates in three groups, which are denoted by v, Y and u until
the end of this subsection. The first group consists of the layer-n coordinates over A,

v = (@], B™go(a), 8™ pr(a))-

The second group, Y, consists of all coordinates of ©,, , A+ other than those of v and other than

W’(”_I)IBO(A). The third group is

wi= (@ |0 BOD 000, 50 o4y, 5 cotar inks)-

Every coordinate of Y and of u is a function of exterior variables, that is, of variables that do
not belong to A. Indeed, the coordinates of the layers m,...,n —1 and of the slabs m,...,n —2
over A" involve only B; and layer-k data with k < n. The layer-n coordinates outside A are ® at
the sites of AT\ A, By for b ¢ Bo(A) and v, for p ¢ PT(A), whose FD-shifts involve only links
not in Bo(A). The slab-(n — 1) integers in Y are those on links not in Bo(A). Finally, v involves
layer n + 1 and the collar links only. This is the reason for including the straddling plaquettes in
A. Since (Y,v) is a sub-family of ©,, ,, r+, the statement H(m,n), applied to the rectangle AT,
implies that the law of (Y, v) is the same under v and /.

The factors of the weight W that contain a variable of A are the following: the factors get(pz),
x € A; the spatial factors h on Bo(A) and on the links with one end in A; the spatial factors
w on P(A) and on the straddling plaquettes; the temporal factors h at the sites z € A and the
temporal factors w on Bo(A), for both slabs; and the cube constraints on P*(A), for both slabs.
The integrand of 7 is gauge invariant, and for a fixed exterior configuration the gauge action is
a measure-preserving bijection of the space of the variables of A (Lemma 13.3(a)). We apply
the gauge transformation A = (A(®)), and transport the variables (c,|a, v'|go(ay). For bounded
functions A, a, f this gives

Fa(AY)a(v) f(u)(w) = A(Y) f(u) Z(Y, U)_l/a(v’) c(v";Y) Ka(v',u) A (dv'),

Ap := Leb(C*) x Haar(TBW) x counting(Zf;Jr(A)),

(13.31)
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with G(z) := e /2 c(v/; V) := WA (Vs Y)KRV(Y,0') and

K (v.) o= [] 6@, - 3) > [T w— B+,

zEA vt: lower cube constraints on P+(A) b€Bo(A)
n+1 »(n+1) / t
H G —af) Z H w(By" = By +vp),
zEA vt: upper cube constraints on Pt (A) beBo(A)

where the integration variable is written v = (®', B', (v,)pcpt(a)) and Z(Y,u) denotes the
integral on the right side of (13.31) with a = 1. The function Wi (v';Y) is the product of the
factors gt on A and of the spatial factors h and w that contain a variable of A, written in
transported variables. The exterior layer-n data that enter the factors at the boundary links and
plaquettes are coordinates of Y, and the site Jacobian [], (ynpl) ! of Lemma 13.18 is absorbed
into Wyx. We call K the patch kernel.

The upper cube constraints, over which the sum in K runs, read as follows. On p € P(A)
the constraint is (dso'), = v;,()nﬂ) . On a straddling plaquette p’ with boundary link b = b(p/)
it is v = 7 (u) — v}, where

Y (1) = ﬁz(fﬂ) (signed sum of the three collar integers v 28 of u at p)

is defined by this exterior expression in u. Hence K, depends on u only through
= ((T)(n+1)|A’E(nJrl)‘BO(A)"5(n+1)‘P(A)’,y) €Uy = CA x TBo(A) Zf(A) % ZgBo(A),

and so does Z. We write Kx(v', @) and Z(Y,u) accordingly.
Since v and /' are Gibbs measures, integrating (13.31) against p € {v,v'} gives

p(A(Y)a(v) f (1)) = / AY) (@) Ua(Y, 1) Q,(dY da),
(13.32)

¥, 5= 271 [l el VIR, A @),

where @, is the law of (Y, @) under p; under H(m,n) we write QY for the common law of Y under
v and v/. The function Z is finite everywhere: one has h, w, G < 1, each coset sum is bounded
by a product of periodised Gaussians, the sum over U3J+ of the spatial w-factors converges, and
[ 9etG d*® < oo by (2.1). Moreover Z lies in (0, 00) p-almost surely. The condition m <n — 1
ensures that ¢,_1|p belongs to Y.

Lemma 13.32 (relative flux on a rectangle). Let 5 € ZaBO( and f € Zg( ). The set Ca(f;B) =

{w e ZgBO(A) : wloo = B, dsw = f on P(A)} is nonempty if and only if ZpEP(A) fp = cire(pB),
and then it is a coset of the countable subgroup T'x(0;0).

Proof Necessity follows from the Stokes identity > cp(y)(dsw)p = circ(w). Sufficiency: let

= (3 on 9Bo, 0 on Bo°, and g := f — dswg, so Z p = 0 List P(A) along a boustrophedon
path Dls--- s DM; consecutive plaquettes share an interior link b; lying in no other plaquette of
P(A) and entering (dsw)y;, (dsw)p,,, with opposite signs. Choose w on by so that (dsw),, = gp,,
which changes the requirement at p2 to gy, + gp,; continue; at pys the requirement is Zp gp =0,
met with the remaining interior links 0. Then wo + w € T'x(f; 3). The coset statement follows
from the linearity of the two conditions. O
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+
Flux invariant. Let V1 := Zi; ™ be the space of the integer components (v,),ep+(a) of the
layer-n variable v'; we write v’ also for these components. For ' € V* put

F(’U/) = Z U; — CiI'C(('U;/(b))beaBo),
peP(A)

where the integers of the straddling plaquettes are read as boundary data, and for u put

F(u):= Z 5;"“) — cire(7y).
peP(A)
We call F the flux invariant. The sum over the upper cube constraints in K (v', @) runs over a
set of the form considered in Lemma 13.32, whose boundary values are «y, — v;, and whose f is
2+ — o on P(A); we call it the upper coset. By Lemma 13.32 the upper coset is nonempty if
and only if F(#) = F(v'). In the same way the lower coset, over which the sum in K% (Y,v")
runs, is nonempty if and only if F(v') = F(Y'), where F(Y) is the analogous expression in
the layer-(n — 1) and slab-(n — 1) integers; it is a function of Y. Every Gibbs measure of 7
is carried by the configurations that satisfy all cube constraints (the convention stated at the
beginning of this subsection), so under a Gibbs measure both constraints hold almost surely, and
F(v) = F(u) = F(Y) almost surely. Finally, ¢(v/;Y) > 0 if and only if F(v') = F(Y) and p}, >0
for all z, where the second condition holds Ajp-almost everywhere; indeed all factors h, w, g.t are
> 0 there.
For the bond variables let

By = TN x 7P 5 0B,

with elements (E, 0,) and with the measure Ay := Haar x counting, and for (B’,v') € TBoM) x y+
put

~ (B, _RB 2
Kbond,A((B,a Ul), (37 v, 7)) — Z H e (By—Bj+wy)?/2
wWELA (D=2 | p(ay; 7= |oBo) bEBo(A)

where the link variables are taken as their FD representatives. Then K (v/, @) = G(®—®' ) Kbond,A-

Lemma 13.33 (the bond sector of the patch kernel). Fiz Fy € Zg and let p, i’ be positive Borel
measures on B carried by the class C(Fy) := {F(u) = Fy}. Suppose that for one v' € V't with
F(v') = Fy and for Haar-almost every B' € TBW),

(Kbond,AuxB/avl) = (Kbond,AM/)(B/a vl) < 0.
Then = .
Proof. Let v' be as in the statement and put

D= {(E,ﬂ,’y, w): w € LA — 57— vhp,) }-

We first show that the map T(B,7,v,w) := B + w € RB’™ is injective on D. Indeed, if
U =T(B,7,7,w), then B = [Ulpp and w = U — [Ulpp on all of Bo(A); the boundary values of
w then give vy ) = wp + U;,(b), and U = v’ 4+ dsw on P(A). So U determines the point of D.

Next let M := T,(p ® countingp)), where u ® countingp is the measure on D obtained by
integrating against u the counting measures of the cosets, and define M’ from p’ in the same
way. By Tonelli’s theorem,

(Fnanaan) (B') = [ TLe O 20n(au) = (wan)(E)
b
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on the open box int(FD)BO(A), in the notation of Lemma 13.31, and the same holds for ;' and
M'. By the hypothesis, WM = WM’ < oo almost everywhere on this open box, so Lemma 13.31
gives M = M'.

It remains to recover u from M. The pairs (v, ) that occur in C(Fp) form a countable set, and
for each of them the coset T'y (v — v'; ¥ — v}, ) is nonempty by Lemma 13.32, because F'(v") = Fp;
we choose an element gam(v, ) of it. For a Borel set A C C(Fp) put

Agam = {(B,7,7,gam(¥,7)) : (B,7,7) € A}.
Then (p ® counting)(Agam) = p(A). The set T'(Agam) is Borel, because T'|p is a Borel injection
between Polish spaces (the Lusin-Souslin theorem [23]), and T~ (T(Agam)) = Agam. Therefore

p(A) = M(T (Agam)) = M'(T(Agam)) = 1/ (4).

Since p and p’ are carried by C(Fyp), this gives u = p/. One v suffices in the hypothesis because
the carrier of p and p’ is a single class. ([l

Lemma 13.34 (local gauge invariance). For a gauge transformation Ag supported on a finite
set of sites, V(F o Ag) = v(F') for every Gibbs measure v of 7 and bounded F.

Proof. Ag moves only the variables of the finite set V' (supp) (Higgs phases at the sites, adjacent
links, Villain integers of adjacent plaquettes), where it acts as a measure-preserving bijection at
fixed exterior with invariant weight and preserved closure (Lemma 13.3(a)); 0 Yy (supp) (F o Ag) =
Vv (supp) (F) pointwise, and one integrates against v. O

Lemma 13.35 (injectivity of the patch kernel on positive measures). Let Fy € Zg and let
m,m’ be positive Borel measures on Uy = C* x B carried by {F (1) = Fy} with (Kxm)(v') =
(Kam/) (V") < 0o for Ap-a.e. v/ € {F (V') = Fy}. Then m =m/'.

Proof. (i) Higgs sector. For b/ = (B',v') put my(d®) := beond,A(b’,g)m(dé db), so that
(KaAm)(®', V) = (G * my)(®') (Tonelli). By Fubini on Ay restricted to {F'(v') = Fp}, for Ag-a.e.
such o' (outside a null set N7) the hypothesis holds for Lebesgue-a.e. ®'; Lemma 13.31 with
QO = R2A gives my = my,, and G * my is finite everywhere because € is the whole space (for
a general open 2 Lemma 13.31 gives finiteness only on the convex hull O), so my is finite on
bounded sets. B B

(ii) Bond sector. For bounded Borel E C C* let pg(db) := m(E x db), carried by C(Fp), with
(Kbona,ape) (V') = my (E) = my,(E) < oo for b/ ¢ Ni. Pick v € V1 with F(v)) = Fy (e.g. Fp on
one plaquette of P(A), 0 elsewhere); Nj is Ag-null, so for Haar-a.e. B’ the pair (B’,v() is outside
N1, and Lemma 13.33 gives pup = py.

(iii) o-finiteness and w-system. The pairs (v,7) that occur in C'(Fp) form a countable set;
let (9;,7;); be an enumeration of it. For each j the coset I'a(v; — vgp;vj — vf 4p,,) is nonempty

(Lemma 13.32), so Kpond,a((B',vp), (E,Gj,vj)) is a positive continuous function of (B’, B) on

the compact ﬁBO(A) X ﬁBO(A) (continuity on the closed box of FD-representatives, where the

Gaussian sum converges uniformly; not on the torus, where the representative jumps), bounded
below by ¢; > 0. Hence pg (TP x {(@5,7))}) < (Kponaapr)(B',vh)/c; < oo for a B’ outside
Ni. The sets ball(0, k) x T x {(;,7;) : j < k} exhaust the carrier with finite m-mass, and
m,m’ agree on the m-system of products E x F'; the m-\ theorem gives m = m/’. ]

Lemma 13.36 (upward step). H(m,n) implies H(m,n + 1) for every m <mn — 1.

Proof. Assume H(m,n). Fix a rectangle A and use the notation of (13.31)—(13.32). We show
that the laws of ©,, 41,4 under v and v/ coincide.

Step 1: disintegration. The space Uy and the space of Y are Polish. Let ¢,(Y, du) be a regular
conditional law of @ given Y under @,, and put m}; = Z(Y,")"1q,(Y,-). For Q¥-almost every ¥’
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this is a positive o-finite measure carried by {F(u) = F(Y)}. Indeed, Z < oo everywhere, and
by Lemma 13.32 one has Z > 0 if and only if F(a) = F(Y'), an equality that holds almost surely.

Step 2: the conditional laws of u given Y coincide. Taking f = 1 in (13.32) and using Tonelli’s
theorem, we obtain

p(A(Y)a(v)) = /QY(dY)A(Y)/a(v’)C(v’;Y)(KAm}f)(v’)M(dv’),

and [c(Kxm))dAy = [ZZ7'q)(Y,du) = 1. So 7} := ¢(;Y)(Kxm} )X is a probability
measure on the space of v/, which is locally compact and second countable. The left side of
the display depends only on the law of (Y, v). This law is common to v and v/ by H(m,n) on
AT, the coordinates of Y and u being functions of exterior variables. Applying the display to

a countable dense set of functions a in C, and using the Riesz representation theorem, we get
7y = 7r3/, for Y outside a QY -null set. Fix such a Y. Then

(o3 Y)(Eam) () = e(v's Y) (Kam}) (o)) < oo

for Ap-almost every v'. On the set where ¢ > 0, that is, where F(v) = F(Y) and p’ > 0, this
is the hypothesis of Lemma 13.35 with Fy = F(Y); both measures m) and 'mz/, are carried by
{F = F(Y)}. On the set where F(v') # F(Y) the coset is empty, so that Kx(v', @) = 0 for
every 4 in the carrier, and there is nothing to verify. Lemma 13.35 gives m) = m?j,. Hence
. (Y,") = q,(Y,-) for Q¥ -almost every Y, and therefore Q, = Q,.

Step 3: the joint law of (Y,v,u). By (13.32) and @, = Q,, the number p(A(Y)a(v)f(u)) is
the same for p = v and p = v/, for all bounded Borel A,a, f. Since the product sets form a
m-system, the laws of (Y, v, %) under v and v/ coincide.

Step 4: the temporal integers over Bo(A). For b € 9Bo(A) with straddling plaquette p’(b) the
(n)

upper cube constraint reads 'ﬁ,t)’ =V (b) — 5;?()1»7 which is a function of (v, u).

Let Ay := {UZ’(n_l), vé’(n) : b € Bo(A)}. The factors of the weight that contain a variable of
As are the temporal factors w on Bo(A) of the two slabs and the cube constraints on P*(A) of
the two slabs. Every other variable is exterior to Ag, and in particular so is all of (Y, v, u): the
layer-n links are now exterior, so that the transported straddling integers of layer n are functions
of exterior variables, and ~ is the exterior expression fixed above. After the gauge transport,
which is a bijection of the integer sets, we have for bounded g

T2z (9)(w) = N7 > >

w1 €A (@) =5 =550 5 —collar (D) wp €y (B0~ 3171

g(wr,ws) [Tw(BY” — By" ™" + wip) w(B"™ — B +way) =: GHg)(Y, v, 0),
b
with N € (0,00) almost surely, because the cosets are nonempty by Lemma 13.32 and the
convention stated at the beginning of this subsection, and the sums are bounded by periodised
Gaussians. Here collar ™Y stands for the signed sum of the three collar integers 7%("~1) at p/.
Writing A := (5t7(n_1)|Bo(A)vU~t7(n)|Bo(A)) for the transported variables of As, the DLR equation
gives
p(A(Y, v, ﬂ)g(Ag)) = p(A(Y, v, E)Gﬂ [g] (K v, ﬂ)),

and by Step 3 the right side is the same for v and V. Hence the laws of
(Y, v, a,?ft’("_l)|Bo(A),W’(")|BO(A)) under v and v/ coincide.

Step 5: conclusion. The family ©,, ,41,a is a sub-family of these coordinates. The layers
m,...,non A come from (Y, v), because P(A) C PT(A) and A C A*. The slabs m,...,n —2 on
Bo(A) come from Y, and the slab n — 1 on Bo(A) comes from Step 4. The layer n+ 1, that is, ®
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on A, B on Bo(A) and & on P(A), comes from @, and the slab n on Bo(A) comes from Step 4. So
the laws of ©,, 11,4 under v and v/ coincide. Since A was arbitrary, this proves H(m,n+1). O

Lemma 13.37 (transported slab data and gauge-invariant slab functions). Let v, be Gibbs
measures of v, let B be a rectangle and let m < n. The following are equivalent:

(i) the laws of Oy p (base layer m) under v and V' coincide;

(ii) v = v on every bounded function of the slab-lm,n] variables over B (sites of B, links
of Bo(B), plaquettes of P(B), temporal links at the sites of B and temporal plaquettes
over Bo(B) between layers m and n) that is invariant under all gauge transformations
supported in B x [m,n];

(iii) the statement (i) with any other base layer k € [m,n].

Moreover, if v = V' on all bounded gauge-invariant local functions, then v = v/,

Proof. We first determine how the slab data transform. Under any gauge transformation G, the
rule Bfk) — Bt(k) +GEHD — G gives AK) s \F) — @) 1 GM) | 50 that &, — G™)., for every
k. Thus © = ©,, , g transforms by the diagonal action of G(m)| B; here we use that T is abelian,
and the integers shift consistently.

(ii) implies (i). For a bounded Borel function H let

H(w) := H(g9.©(w)) Haar(dg).
TB
By the invariance of the Haar measure, H is a function of the slab variables over B that is
invariant under every gauge transformation. For g € TP let Gy be the gauge transformation
that equals g on layer m over B and 0 elsewhere. It is finitely supported and acts on © as the
diagonal action of g, so Lemma 13.34 gives v(H(©)) = v(H(g.09)) for every g, and the same for
V. Integrating over g and using (ii) for H, we obtain

v(H(©)) = v(H) =V/(H) = '(H(©)).

(1) implies (ii). Let F be asin (ii). For A = (/\Sck))xeB,mgkgn let G\ be the gauge transformation

that equals A on the slab over B and 0 elsewhere. For each fixed value of \ it is finitely supported
and F' is invariant under it; therefore F(w) = F/(G)\(,,).w) pointwise. The configuration G ,).w

has temporal links 0 on the slab over B and slab data ©(w). So F = F¥(0,,, 5) with

F*(6) := F(the configuration with slab data # and temporal links 0).

Hence (i) gives v(F) = V/(F).

(i) and (iii) are equivalent. Condition (ii) does not mention the base layer, and the two
implications just proved hold, with the same proof, for every base layer k € [m,n].

The last assertion. Let F be a bounded local function, and let F be its Haar average over the
finitely many sites whose links and plaquettes F' depends on. Then F is local and gauge invariant,
and v(F) = v(F) by Lemma 13.34. So if v and v/ agree on the bounded gauge-invariant local
functions, then they agree on all bounded local functions, and hence v = /. O

Lemma 13.38 (downward step). H(m,n) implies H(m — 1,n) for every m <n — 1.

Proof. Let 0 : (x,k) — (x,—k — 1) be the time reflection in a mid-plane; it is a lattice automor-
phism of €Z3. The weight is invariant under 6 factor by factor: the factors g.; and the spatial
factors h, w are relabelled; the temporal factor h satisfies h(r,r’,9) = h(r’,r, —9); the temporal
factor w is even; and the maps B; — —B;y, v' — —v! preserve Leb x Haar x counting and the
closure constraint. Consequently Ja(F o 0) = (JgaF') o 6 for every finite A, the measure 6,v is a
Gibbs measure, and 6 conjugates finitely supported gauge transformations to finitely supported
gauge transformations.
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The reflection # maps the slab [m,n] over B onto the slab [-n — 1,—m — 1] over B and
preserves the class of functions in Lemma 13.37(ii). Since condition (ii) of that lemma does not
involve the base layer, the equivalence of (i) and (ii) shows that H(m,n) for (v,v') is equivalent
to H(—n—1,—m—1) for (6,v,0,'). Since —n—1 < (—m—1) —1, Lemma 13.36 for the reflected
pair gives H(—n — 1, —m), and reflecting back gives H(m — 1,n). O

Proof of Theorem 13.30. A function of the slab-[m,n] variables over a rectangle B sees a gauge
transformation G only through G at the sites of B x [m,n], so for such functions invariance under
the gauge transformations supported in B x [m,n] is invariance under all gauge transformations;
Lemma 13.37 (ii)=(i) turns the hypothesis into H(ng,no + 1). Lemma 13.36 gives H(ng,n)
for all n > ng and Lemma 13.38 gives H(m,n) for all m < ng < n. Every bounded local F
depends on finitely many variables, all contained in the slab [m,n] over some rectangle B; if F is
gauge invariant, Lemma 13.37 (i)=-(ii) with H(m,n) gives v(F') = v/(F); by the last claim of
Lemma 13.37, v = /. O

13.10. Conclusion: proof of Theorem 13.1. The proof uses the following elementary state-
ment.

Proposition 13.39 (covariance; conjugation and composition of reflections). (i)
(Covariance.) The fine Villain—-Higgs specification, in unitary gauge and phase-
restored alike, is covariant under the lattice isometries g € €Z3 x B3 and the mid-plane
reflections 0, ., ¢ € e(Z + %) Yg-1a(fog) = (yaf)og. Hence vo g is Gibbs whenever v
s, and I'-invariance of v becomes gl'-invariance of v o g.

(ii) (Congugation.) Let v be a Gibbs measure such that v and vog, for g € Bs the transpositions
of the coordinates v and 3 (u=1,2), are each invariant under every 03, ¢ € e(Z + %)
Then v is invariant under every 0,, ., = 1,2, 3.

(iii) (Composition.) 0,00, » maps x, to x, + 2(c — ¢') and fizes the other coordinates; with
c—c =¢itis Toce, - Hence a measure invariant under all 0,, . is invariant under Tioee,, ,
pw=1,23, i.e. under 2cZ3.

Proof. (i) h(r,7’,99) is symmetric in (r,7’) and even in ¥, so with B_, = — By, the hopping factor
is a function of the unoriented bond; w is even and v_, = —v,, so the plaquette factor is a
function of the unoriented plaquette; g.; is a site function; the constraint dv = 0 is mapped to
itself by any lattice isometry (cubes to cubes, orientation signs cancel); the reference measures are
invariant under the relabelling-with-sign bijection. Hence Z,-1(g€) = Za(§) and the covariance.
The mid-plane reflections map sites to sites (no site on the plane) and bonds to bonds. For the
phase-restored specification the phase field is a site field and h is even in ¥. (ii) g8,,.9 = 03.c.
The 63 .-invariance of v o § reads v(f o é37c og) =v(fog) for all bounded f; replacing f by fog
and using gég,cg = émc gives v(f o émc) = v(f). (iii) is the computation z, — 2c — (2¢' — x,,)
and g1g2 = §192- O

Proof of Theorem 13.1. Step 0. Let v be as in the statement. By Lemma 13.3(d), v := W, (v X
Haar$*®®) is a G-invariant Gibbs measure of 5 with the same law of (g, f) as v, so (I1)~(I3) hold
for v; by Lemma 13.3(e) v is I'-invariant, and v is 7,-invariant if and only if v is. We work with
v, called v.

Step 1 (time reflections). Let ¢ € e(Z+ 1), 6 := 03, and v/ :=vo 0, a Gibbs measure of
~ by Proposition 13.39(i). Let ng be the layer below the plane, so that 6 is the mid-plane
reflection of the slab [ng,ng + 1]. Let B be a rectangle and S := Bo(B) the set of its links
(a bond set closed under the bonds of its plaquettes P(B)), and let f be a bounded function
of the slab-[ng,ng + 1] variables over B invariant under the gauge transformations supported
in B x {ng,no + 1}, equivalently under all gauge transformations. Such an f is a bounded



OSTERWALDER-SCHRADER AXIOMS FOR SCALAR QED3 IN THE HIGGS PHASE 131

gauge-invariant S-local slab function in the sense of Lemma 13.4(b) (f = F o ©,|g with F
diagonal-invariant, v¢ included), so Theorem 13.28 (which uses (I1)—(I3) and the I-invariance of
v, including a time translation, through Lemma 13.9) gives v(f o 0) = v(f), i.e. V/(f) = v(f),
for every rectangle B. This is the hypothesis of Theorem 13.30, in its form for rectangles (the
passage from S-local agreement to the laws of ©,, »,+1,8 is made in the proof of that theorem,
by Lemma 13.37). Theorem 13.30 gives v/ = v: v is 03 -invariant for every c.

Step 2 (the other directions). Let p € {1,2} and g € Bs the transposition of the coordinates
and 3. By Proposition 13.39(i), v o g is a Gibbs measure invariant under gI', which contains a
time translation because a finite-index sublattice T' of ¢Z? contains keZ3, k = [¢Z3 : T'], hence
translations along every axis; (I1) and (I3) are invariant under relabelling, and (12) is stated for
all plaquettes, so it holds for v o § (whose temporal plaquettes are v’s plaquettes that contain a
link in the direction e,). By Lemma 13.3(e), v o g is the phase restoration of the unitary-gauge
measure (P,v) o g, which is a Gibbs measure by Proposition 13.39(i), is invariant under gI" and
satisfies (I1)—(I3) for the same reasons. So Step 1 applies to v o § and gives its 63 -invariance,
and Proposition 13.39(ii) gives the invariance of v under every 6, ., p =1,2,3.

Step 3 (translations). By Proposition 13.39(iii), v is invariant under 7occ,, = 1,2,3. (The
argument uses only reflections in mid-planes of links, so it does not give the invariance under the
translations by ¢.)

Step 4. By Step 0 and Lemma 13.3(e) the unitary-gauge measure v is 7o -invariant, j =
1,2,3. O

Remark 13.40 (where each hypothesis enters). The hypotheses of Theorem 13.1 enter its proof as
follows. The Gibbs property is used in Theorem 13.28, by way of Lemma 13.9 and the averaging
identity through the torus states, and in Theorem 13.30, by way of the DLR equation (13.31)
(Lemma 13.36) and Lemma 13.34; in both it is used for v and for v o §. The invariance under a
sublattice of finite index is used only in Lemma 13.9, which is applied in Lemmas 13.14 and 13.25
and compares the measure with the I'V-periodic torus states; it is used for v and for v o g.
Hypothesis (I1), through sup, v(p2), and hypothesis (I2) in its joint form enter the entropy
bound of Lemma 13.9; the joint form provides one constant for all finitely supported s, and this
bounds the second moments of the fluxes through spheres of growing size. Hypothesis (I12), jointly
over all plaquettes, also gives the exponential moments of f, which are used in Lemma 13.16

and for v(r) in Lemmas 13.14 and 13.25, and its Gaussian moments at every rate < . The

latter are used at the rate i for the growth of m in Lemma 13.17 and of ms in Lemma 13.27,

and for the tail bound v(A§) < C|t|'6%/3, a € (2,3), in Lemma 13.25. The proof of Lemma 13.25
requires a rate > %, which the constant % in the exponent of (I2) provides; this requirement is a
feature of that proof, as explained at its end. Hypothesis (I3) gives the Gaussian moments of fr
at every rate, which are used in Lemma 13.20, for the tails in Lemma 13.25 and for the growth
in Lemma 13.27; it also gives v(p2) for Lemma 13.9.

Theorem 13.30 and Subsection 13.2 use none of (I1)—(I3). The proof of Theorem 13.1
uses nothing beyond (I1)—(I3), the Gibbs property and the I'-invariance; in particular, it uses
no temperedness, uniqueness or clustering. The theorem applies to Gibbs measures of the
unperturbed specification: in this paper it is applied to the comparison states of Section 14
(Lemma 14.20, Proposition 14.22; compare Remark 13.2). It does not apply to the limit points
v, t # 0, of the perturbed laws (Lemma 14.21).

14. DIAGONAL REFLECTION POSITIVITY OF THE TORUS LIMIT POINTS

This section proves the reflection positivity at the diagonal planes for the limit states w of
Definition 2.3, taken along the dyadic sequences of sides introduced in Definition 14.1. The proof
runs through an adapted torus with a family of reflection walls, a perturbed twisted law on it
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which is reflection positive across every wall, a fold identity and a convexity inequality for the
perturbed free energy, a surface bound which removes the perturbation in the limit, and the
rigidity theorem of the preceding section, Theorem 13.1, applied to a sourceless comparison state;
as in that section, Ky = 1 (Lemma 2.7(g) extends Theorem 14.3 and Corollary 14.35 to every
KN > 0).

14.1. Dyadic sequences of sides.

Definition 14.1 (dyadic sequences of sides). For each level N fix two lengths Lyy > 0 and
Lpin > 0 with Lyyv/ag rational, and call a side L admissible if L € 4LiyN, L/2 € ayZ and
L > Ly, Fix an admissible side L,. The dyadic sequence generated by L, is the sequence of
sides

Ly, :=2"L,, n > 0,
and the associated wall spacings are

L
hj =2 7*, j >0, so that h; divides % for every n > j.

A dyadic limit point is a weak-* limit point of the torus states (<->%‘:le)n20 of Definition 2.3 along
a dyadic sequence.

Remark 14.2. Admissible sides exist: writing Lyv/ag = p/q with integers p,q > 1, the side
L = 4gkLyy = 4pkay is admissible for every integer k > Lin/(4pag). Every L, is admissible
(4L1yN is closed under multiplication by 2, L,/2 = 2" 'L, € a¢Z for n > 1, while Ly/2 =
L./2 € apZ by assumption, and L,, > L, > Luyiy,). Definition 2.3 fixes a sequence of sides with
L, /2 € eNyZ and a limit law along a subsequence of it, any cofinal prescription of sides being
allowed (Theorem 11.5, Remark 11.6(ii)); here that prescribed sequence is chosen to be a dyadic
sequence, which is a choice and not a hypothesis. The divisibility h; | L,/2 (n > j) survives the
passage to any subsequence, so every dyadic limit point keeps it; and (a)—(e) of Theorem 11.5
hold for it along that subsequence (its “Moreover” clause).

Theorem 14.3 (diagonal reflection positivity through the origin). Let w be a dyadic limit point.
Let P be one of the six diagonal site planes through 0,

P =P :={zeR®: 2 =ox;}, 1<i<j<3, o¢c{+1,-1},

let Op be the reflection in P and Hp one of the two closed half spaces bounded by P. Then for
every bounded Borel function F of the gauge-invariant variables (f,, pz) of finitely many cells
(plaquettes, sites) all of whose vertices lie in Hp,

w(FOGP-F) > 0,

Op acting on cells and fields as Rj . does in Theorem 11.5(d) (so F' o Op is the antilinear reflection
OpF of that theorem, now at a diagonal plane).

Theorem 14.3 is proved in Subsection 14.7.

Remark 14.4 (the planes and the observables). The proof of Theorem 12.4 uses, at ¢ = 0
(Remark 14.36), the reflection positivity of wy at the six diagonal site-plane families {z; +z; = ¢},
¢ € eNZ, in the sense of Theorem 11.5(d). Theorem 14.3 is the case ¢ = 0 with bounded Borel
observables, real or complex, of finitely many cells; Corollary 14.35 in Subsection 14.7 extends it
to all ¢ € enyZ (by translation invariance of the limit points), to the Hermitian form and to the
L? closure, which is the form Theorem 11.5(d) uses. Remark 14.36 states the consequence for
Theorems 12.2, 12.3 and 12.4. Throughout, 8p acts on a configuration by pulling back the fields
along the reflection in P (a site plane, so that the cells of P are mapped to themselves), and on
a function F' of the configuration by composition, 0pF := F o 0p.
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14.2. The adapted torus and its reflection walls. Notation. Throughout N is fixed, ey
is the spacing of the fine lattice enZ3, the cells are its sites x, bonds b and plaquettes p, the
fields are (ps, By, vp) of Section 2 with p, = poo + pz and f, = (dB)p + vp, and the weight is
the local weight W of Section 2 (v closed on every cube). We use the coordinates u := x1 — x2,
v := x1 + x2 (the symbol v for this coordinate is always written with its argument, v(z), where
confusion with the Villain variable is possible) and z3. For a plane II, 17 is the reflection of
cells and fields in IT (the action of Theorem 11.5(d)); a function “of cells in a closed half space”
depends on the variables of finitely many cells all of whose vertices lie in it; A4 (II) denotes the
bounded continuous such functions for the closed half space on the + side of II. The cubic torus
TS .= enZ3/L73 is the fine torus T}, of Section 2; we write (-)S for its state (-)in® and Z¢ub
for its partition function.

Definition 14.5 (the adapted torus). For L with L/2 € enZ let I'(L) := L (e1 — e2)Z + L(ey +
€2)Z + LesZ C enZ? and T := enZ3/T(L). Since |det T'(L)| = L3, TtV has (L/ey)? sites and
three times as many bonds and plaquettes. Its state (-)™ is the probability law with weight W
on the cells of T}% (sum over closed v), with partition function Z¥; %" denotes this law.

Lemma 14.6 (symmetries and walls of the adapted torus). Forc € enZ put rc(z) := (vo+c, x1—
¢, v3) and s.(x) := (¢ — x9, ¢ — x1, 3), and for c € %51\72 put q.(x) = (x1, z2, 2¢ — x3). Each
maps enZ3 onto itself, its linear part fizes (L), and it descends to an involutive automorphism
of the cell complex T} with W o R =W cell by cell and an invariant reference measure. The
pointwise fized walls are: {u = ¢} and {u = c+ L/2} for r.; {v(x) = ¢} and {v(z) = c+ L} for
Se; {ws = ¢} and {x3 = c+ L/2} for g.. On T}V the coordinates u, v(x), x3 are defined modulo
L, 2L, L, and rey 12 = rc. The translations by enZ? act on TP and preserve W. Moreover
Telers SeSely Qeqe are the translations by (¢ — ')(eqr — e2), (¢ — )(e1 + e2), 2(c — )es.

Proof. The linear part of r. is the coordinate swap (12), which sends %(61 — ey) to its negative
and fixes e; + eg, es; that of s. is —(12), which fixes e; — ea and negates e; + eg; that of g, is
diag(1,1,—1). So each fixes I'(L) and descends to the quotient complex. For the fixed points,
ret —x = (¢ — u)(e1 — e2) vanishes for u = ¢ and equals —%(e; — es) € I'(L) for u = c+ L/2;
sex —x = (¢ —v(x))(er + e2) is 0 for v(z) = ¢ and —L(ey + e2) € T'(L) for v(z) = ¢+ L;
gex —x = 2(c — x3)eg is 0 for 3 = ¢ and —Les € T'(L) for 3 = ¢+ L/2. The products are
rerex = x4+ (¢ — d)(e1 — e2), sesexr = x4 (¢ — d)(e1 + €2), qeqer = = + 2(c — )es; with
¢ = ¢+ L/2 the first is the translation by —Z(e; —es) € I'(L), the identity of Tt", so Teyr/2 = Te-
Invariance of W is Step 0 of the proof of Theorem 12.16, which uses only that g. is one function
of the site variable, h is symmetric in (p, p’) and even in B, w is even, f, o R = fg, and the
closedness constraint is R-invariant; the reference measure is invariant, because R acts on the
variables by a permutation of the coordinates with sign changes of some By, v,. That both walls
of each reflection are pointwise fixed is Lemma 12.13(a) for the lattice I'(L). O

Lemma 14.7 (reflection positivity of the adapted torus at its walls). Let L > 6ey, L/2 € eNZ,
and let R be one of rc (c € enZ), sc (c € enZ), qc (c € 3enZ), with its two walls II, II' of
Lemma 14.6 and the two closed halves of T}Y they bound ({c <u < c+ L/2} and {c+ L/2 <
u < c+ L} for r.; likewise in v(x) with L in place of L/2, and in x3). Then for all bounded
Borel F,G of cells in one closed half,

(FoR)y —(F)y, (FoR-G)f = (GsR-F)y, (FoR-F)¥ >0,

Proof. For L > 6exn no cell meets both walls of R: the u-, v(z)- and x3-ranges of a cell are at
most 2ey, 2y, ey, while the walls are L/2, L, L/2 apart. The proof of Theorem 12.16 uses of its
box only: (i) that R is an automorphism of the complex fixing its wall(s) pointwise, exchanging
the two open halves, with W o R = W cell by cell and an invariant reference measure (Step 0;
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here Lemma 14.6); (ii) the local classification of Lemma 12.14 of the cells by the sign pattern of
¢ =u—c, v(x) — cor xz — c on their vertices (|¢| < 2ey on a cell), which is local and holds at
every wall of Lemma 14.6; (iii) the splitting Lemma 12.15 and the Poisson and Bessel identities
of Steps 1—4 of the proof of Theorem 3.1, again local. With “the two closed halves” as in the
statement, Steps 0—4 of the proof of Theorem 12.16 run on T}V unchanged and give the three
relations. At the diagonal walls {u = ¢}, {v(x) = ¢} no bond crosses and the crossing kernel is of
positive type by the Poisson step alone; at {x3 = ¢} with ¢ € eNyZ + en/2 the Bessel factors of
the crossing bonds are added, as in Remark 12.17. O

Remark 14.8 (two walls, two crossing kernels). On the torus each reflection R has two walls,
IT and II', hence two families of crossing cells. Steps 2-3 of the proof of Theorem 12.16 give
one kernel of positive type per family, Ko(n,&) = [dv(k) Ap(n)Ax(§) at II and K'(n/, &) =
[av' (k') Al ()AL (&) at TT' (|Ag| = |A),| =1 at the diagonal walls), and the full crossing weight
is their product, of positive type as the explicit integral [ dvdv' (ARA,,)(AxA},) (the Schur
product of two kernels of positive type). This is the form in which the fold of Proposition 14.13
writes the weight.

Lemma 14.9 (uniform moments and limit points of the adapted torus states). (a) Theorem 3.1
holds on T} for every L > 8=y with L/2 € eNZ: <62P apfp)i‘” < €2 Xn % for every real plaquette
function a. (b) With the constants th, C1 of Lemma 11.2, for every q > 0, every site x and
every L > 6en with L/2 € enNZ,

(")} < Chla) = (G5/GF) 1.

(¢c) The family ((-)%)1 has weak limit points w™ on Qn and on the full configuration space
E = [—po,0,00)™ x (=7 /N, 7 /yN]EN x (27 /N)Z)PN of enZ3; every limit point is invariant
under the reflections of Lemma 14.6 and reflection positive at every plane {u = ¢}, {v(z) = ¢}
(c € enZ) and {x3 = c} (c € 3eNZ), in the sense of Theorem 11.5(d).

Proof. (a) is Lemma 12.10, since 77" is a finite cubical complex with 99 = 0 carrying the weight
W, the product of the local factors of Section 2 over its cells with v closed on its cubes.

(b) Step 1 of the proof of Lemma 11.2 does not depend on the cell complex. With Z(A,q) :=
Jdp [dBY, qosea W Ilyea €% on TP and |B| = |P| = 3|X| (Definition 14.5), the same crude
bounds give

Z(A,q) < (GG XA 2r /yy PIKIY and 2> oY,

hence Z(A,q)/Z < (th/GBt)wCllX'.

Doubling. Fix z and ¢, F := e%+. For n = (n1,na,ns), n; = 25 let B(n) := {z + exmi(e1 —
e2) +enmaler + e2) +enmaes : 0 < m; < n;} (sites with u, v(x), x3 in arithmetic progressions
of spacings 2en, 2en, en) and IL, := [ 5 %, We claim ((F)™)!BMI < (I1,,)™ whenever
the extents 2en(n1 — 1), 2en(n2 — 1), en(ns — 1) are less than L, 2L, L (so that B(n) consists
of distinct sites of TF"). For n = (1,1,1) it is an identity. Suppose it holds for n and double n;:
the wall {u = u(z) — en} of 7(y)—c, Passes through no site of B(n), and B(n) lies in the closed
half {u(z) —en <u <wu(x) —eny + L/2} as soon as 2eyn; < L/2 (the condition under which
we double n1); its reflection is the adjacent set with v € u(x) — 2en{1,...,n1}, disjoint from
B(n), and the union is a translate (by —enni(e; — e2) € enyZ3) of B(n’), n’ the doubled triple.
Lemma 14.7 applied to the bounded II,, A M gives

((y A M) < (T, A M) 0 R- (I, A M) < ((IT, 0 R) LS = (L)}
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by the Schwarz inequality for the form of Lemma 14.7 with G = 1, the reflection invariance and
then the translation invariance of Lemma 14.6; then let M — oo, by monotone convergence.

Doubling ny across the wall of s,(,)_c (the plane where the coordinate v equals v(z) — en;
closed half of v-length L, condition 2eyn2 < L) and n3 across the wall of gy, (;)—c, /2 (closed half
of length L /2, condition eyng < L/2) is the same. Doubling each n; as long as its condition holds
ends with n; > L/(4en), no > L/(2en), ng > L/(2en), and the extents are still below the periods
(n1 < L/(2en), n2 < L/ey, ng < L/ey), so the final A := B(n) has |A| > L3/(16¢%,) = |X|/16
distinct sites. Then

(F)Y < (Z(A,q)/2)M < (GG oYM < ei(g).

(c) With (a) and (b) in place of Theorem 3.1 and Lemma 11.2, the tightness, diagonal extraction
and Kolmogorov steps of the proof of Theorem 11.5 apply verbatim to the laws of the variables
of finite sets of cells under (-)%, on Qx and on E. For the laws on E, the variable B;, ranges
over a bounded interval and v, = f, — (dB), is tight because f, is; the limits are taken with B,
in the closed interval [—7/yn,7/vn]|. Under every limit point the end point —m/yx has measure
zero, by the identity of Lemma 14.21(i) for a A containing b, whose kernel integrates B;, against
Lebesgue measure. It suffices to have that identity for bounded continuous local functions on the
closed space, and for these the first step of the proof of that lemma, which at ¢ = 0 involves no
datum and applies along every sequence of sides, gives it without using that the limit points are
carried by F, because the factors of the kernel are continuous functions of the bond variables on
the closed interval. Hence the limit points are carried by F, and the convergence holds for the
bounded functions that are continuous off this null set.

Each reflection R of Lemma 14.6 satisfies (F o R)Y = (F)' for bounded continuous local
F and all large L (Lemma 14.7); both sides pass to the limit, so w™ is R-invariant. For
bounded continuous F of cells in the closed half space, F' o R - F' is bounded continuous local,
so wW(FoR-F) =lim(FoR - F)% > 0; such F are dense in L? of the bounded Borel
functions of those cells (Lusin, the marginal being a finite Borel measure on a Polish product),
and F +— w™(FoR-F) is L?-continuous because F + F o R is an isometry of L?(w™) by
R-invariance. This is reflection positivity in the sense of Theorem 11.5(d). g

14.3. The perturbed twisted law: invariance, reflection positivity, fold and convexity.

Definition 14.10 (datum, wall group, perturbed law). Let L/2 € enyZ, L > 6en. A datum is
D = (co,c4,c3;h;0) with o, c4 € eNZ, c3 € %ENZ, h € eNZ with h | L/2, and O a real bounded
continuous function of the variables of finitely many cells (sites, bonds, plaquettes) all of whose
vertices lie in the open cell Cp := {co < u < cop+ h, cx <v(z) < cy +h, cg < x3 < c3+ h}.
The walls of D are the planes {u = ¢o + jh}, {v(x) = cy + jh}, {z3 = c3 + jh}, j € Z; since
h | L and h | 2L they close up on TEW. W is the group generated by the reflections 7. n,
Sey+jhs Ges+jh of Lemma 14.6, a finite group of automorphisms of T5". The W-cells are the
components of the complement of the walls, open boxes of side h in (u,v(z),x3); there are
ne := (L/h)(2L/h)(L/h) = 2L3/h? of them, and Cj is one. Put O, := O o w ! for a W-cell c,
where w, € W is the element with w.Cy = ¢, and O4 := ) _O,. For real ¢ let

Zt = (etod>iw c [e_mncuolloo’e|t|ncHO”00:|’ /’LtL - Zt_letod/,thW, (UE(F) = /.LtL(F)

Lemma 14.11 (the wall group acts simply transitively on the cells). W permutes the walls of D
and the W-cells, and acts simply transitively on the W-cells; so w. is well defined, |Og4| < n¢||O||so,
and Ogow = Oy for every w € W.

Proof. By Lemma 14.6 the products r.ry, S¢S«, q.qos of two generators of one family are the
translations by (c—c')(e1—e2), (c—c)(e14e2), 2(c—)es, which shift u, v(z), x3 by 2(c—¢') € 2hZ
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and fix the other two coordinates; each generator maps the wall family it belongs to onto itself
and fixes the walls of the other two families setwise. So W permutes the walls, hence the cells.
In each coordinate the action is that of the dihedral group generated by the reflections in the
points of hZ on the circle of length L (resp. 2L, L), with L/h (resp. 2L/h, L/h) even because
h | L/2: its translations are the shifts by 2hZ and its reflections have their fixed points in hZ, so
no element other than the identity maps an open cell of length h onto itself, and the action on the
cells of that circle is simply transitive. The product action on the W-cells is then simply transitive
too. Finally Oye = O cwy} = 0o (ww.)™' = O 0w™! gives Ogow™ =3, Oye = Oy O

Lemma 14.12 (W-invariance and reflection positivity of the perturbed law, every real t). Let
D be a datum and t € R. (i) b (F ow) = ut (F) for every w € W and bounded Borel F; in
particular wt (O.) = wh (O) for every W-cell c. (ii) Let I1 be a wall of D, 6r1 € W the reflection
in it, and 11 its second wall (Lemma 14.6), also a wall of D since h | L/2. For every bounded
Borel G of cells in one of the two closed halves of T} bounded by II and 1T,

pr(Gofn-G) >0,  pp(Gobn)=pug(G).
Proof. (i) We have
Ze W (F o w) = 1§ ((F o w)e'©4) = u (Fe'®t) o w) = i (Fe'O4) = Z4 i (),
by Ogow = O4 (Lemma 14.11) and the W-invariance of ptV (Lemmas 14.6 and 14.7; W is
generated by the reflections). Then w! (O.) = u} (0 0w, 1) = wh (0). (ii) O exchanges the two
open halves bounded by II and II" and maps the W-cells of one onto those of the other (a W-cell
meets no wall, so it lies in one open half). Hence Oy = OE + OEL[ o O with OE = EccH+ O,
the sum over the W-cells of the open half H, containing the cells of G: a real bounded function
of cells inside H,. Therefore e!9d = Ot . (etOE o 01-[) and, with G’ := GetOE, a bounded Borel
function of cells in the closed half,
W (Go b - G) = 7 (@ o b - G) > 0

by Lemma 14.7. The invariance is (i). O

Proposition 14.13 (the fold: comparison of the two tori of the same side). Let D be a datum
with co = 0 and L > 6en, h | L/2. Define Oy on the cubic torus TE”b by the same formula
O4:=0,+0y0rg, Oy := ZcC{O<u<L/2} O. (both tori contain the strip 0 < u < L/2 with its
W-cells and ro as a symmetry). Then for every real t

Z

(eONGP < e 7, ¢ =log Zob 2
L

Proof. Two quotients of one cylinder. Let T') := L(e1 + e2)Z + LesZ = I'(L) N {u = 0} =
LZ3N{u = 0} (a vector (a,a,b) lies in LZ? if and only if a,b € LZ) and C := enZ*/T|, a cylinder
on which u € enZ is a global coordinate. Then Tf¥ = C/(r2) with 75 the translation by £ (e; —e2),
and Tfub = C/{m1) with 71 the translation by Ley; both shift u by L. On C one checks 7y, /572 = 19
and 77,971 = Y7, where Y is the translation by %(el + e2): indeed 7 /5(z1 + L, 22, 73) =
(z2 + L/2,x1 + L/2,23) = Y (2,21, x3); Y? is the translation by L(e; + e2) € I, so Y is
an involution of C preserving u, the strip S; := {0 < u < L/2}, both walls Il = {u = 0},
Iy o = {u = L/2} and the wall structure of D (it shifts v(z) by L € hZ and fixes x3).

Fold variables. On C let &y, £ be the variables of the cells lying in the walls IIj, Iy, /5 (sites
and eg-bonds in the wall, Lemma 12.14), £, those of the cells with all vertices in S} and not all
in a wall, £_ the same for S_ := {—L/2 < u < 0}; the remaining cells are the crossing cells at II
and at the seam Il 5 =II_y »: the ejeg-plaquettes bisected by the wall and the cubes having
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them as faces; no bond is a crossing cell, and the factors of the crossing cells contain no wall
variable. Torus i (i = 2: Tf¥; i = 1: Tf"") is the strip {—L/2 < u < L/2} of C with II_p, /5 glued
to Il /o by s on Il 7 /9, 72 =19 and 71 = Y'rg (by the identities Trj2T2 =T0, rp/2Tt = Yo and
T2 =id on Il j5). Its weight is

Wo(fO)Wé(fl) WJr(fO? gla €+) W (507 Tz’*g,? 5*) KO K?f
where Wy, W collect the factors of the wall cells, W4 those of the (+)-cells (which see the wall
variables of the walls they touch, the (—)-cells seeing Il /, through 7;), and Ko, K; are the
products of the factors of the crossing cells at IIy and at the seam.

Reflection and kernels. Put n := rjé_, the (4)-configuration obtained by reflecting £_ in Ilj.
By WoR = W cell by cell (Lemma 14.6), W_ (&, 5¢", &) = Wi (&0, &', n) and W_ (&, 77€,6-) =
W, (&0, Y*¢' n). Steps 2-3 of the proof of Theorem 12.16 (Poisson resummation at a diagonal
wall, Remark 14.8) write Ko = [ dv(k) Ap(n)Ak(é+) and Ky = [ dv/'(k () A}, (&4), with
positive measures v, v’ on auxiliary Varlables and |Ap| = |4 =1, Ay dependlng on the (+)-cells

at IIp and A}, on those at II /2; for the cubic torus the seam is glued through 7, Ly 12 = roY 1
instead of 7, so K| = [ dv/ (k') A}, (Y*n) A, (€4).

The two scalar products. Let H := L*(dé Wy d&' W[ dv(k)dv'(k')) and, for a bounded
F= F(g'i‘))

S (6o, €,k k) = / dE W (60, €, 1) An(E4) Al (€4) F(E4),
(YE)(E(M 5/7 kv k/) = 5(507 Y*gl) ka Yk,)v

where Y permutes the wall cells of Iy, 5 and the seam’s crossing cells, W{, the reference measure
and v/ are Y-invariant and A%, (n) = AL (Y*n); so Y is a unitary involution of #H. Take
F := ¢'9+, a real bounded function of £,. On both tori Oy = O; 4+ O ory (the W-cells of
{—L/2 < u < 0} are the ryp-images of those of the strip and O,,. = O. o rg, Lemma 14.11; on
T this is the definition), and Oy o 7, as a function of £_, is O4(n). Since Oy oY = O
(Y = sc, 41/25c, € W), the substitution . + 1 (measure preserving) and the integration over
&4 and 7 give

ZP (0N = (Ep, Ep)u, Z§™ (0N = (YEp, Ep)y.
By the Cauchy-Schwarz inequality and [|Y| = 1, Z§P(e!O4)Sub < 7w 7, which is the claim;
t =0 gives Z¢"> < ZW ie. ¢y > 0. O

Lemma 14.14 (surface bound for the adapted torus). Fiz the level N and the couplings of the
fine Villain—Higgs model. Let L > 0 with L/2 € enZ and L > 8z, and write M := L/en € 27,
M > 8. Let Zz“b be the partition function of the model on the cubic torus TE“b = enZ3/LZ3,
the fine torus Ty, of Section 2, and let Z™ be the partition function of the same model (same N,
same couplings, same local weights) on the adapted torus T¥" = enZ3/T(L) of the same side L.
Then

tw

o1, = log ZZwb satisfies 0 < ¢ < (;V>Q<51og;V+AN>,

where Ax < oo depends only on N and the couplings (not on L). In particular ¢;, = o(L?) as
L — oo at fized N.

Proof. The lower bound ¢, > 0 is Proposition 14.13 at t = 0; here we prove the upper bound.
Throughout, N and the couplings are fixed, vy is the phase constant, xx the hopping coefficient,
get the site factor and p, := poo + Pz, so that the weight on either torus is

W = [T get(3a) [T 0o, s, Bo) [T wl((dB)p + v3).
T b p
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Here w(f) = e */2, By € (—n/yn,7 /], vp € (2m/yN)Z, the sum runs over the closed v
(dv = 0 on every cube), and

e ) < p(p, i 9) = exp (— Srwle™p — p?) <1
(I — p|* < (p+ p')* < 2(p* + p?)).

For g € Rput Gy := ff;o,o get (1) ed(po.o+r)? dr, finite for every real g because the quartic dominates

((2.1); for ¢ > 0 this is the Gg' of Lemma 11.2); let K/ and co be the constants of Lemma 11.2

(ZUE(Qﬂ'/’yN)Zw(f +v) < K for every real f, and Z > cl)Xl on any torus with site set X). The

proof has nine steps.
Step 0: seam geometry. Write u := x1 — 22, v := x1 + T2 and let Fﬁ := L(e; —e2)Z + L(ey +

€2)Z + LesZ (index 2 in LZ3 and in I'(L) = %(el — e3)Z + L(e1 + e2)Z + LesZ). On the

finite cylinder C' := enZ> /I‘T| (the quotient of the cylinder C of Proposition 14.13 by the
translation L(e; — e9): FT‘ = I + L(e1 — e2)Z) the coordinate u is defined mod 2L and v

mod 2L. Both tori are quotients of C’ by a single translation: T := enZ3/T(L) = C'/Tiw
with 7w = %(el —e): (u,v,23) — (u+ L,v,x3), and T := enZ3/LZ3 = C'/7ey, with
Teub = Lei: (u,v,23) — (u+ L,v+ L,x3). On both tori u is defined mod L, and the layer
{u = ¢} has exactly M? sites, labelled by (v,z3) with v € eNZ/2LZ, v = ¢ (mod 2ey), and
x3 € €NZ/LZ.

An eq-bond raises u by €, an es-bond lowers it by en, an eg-bond keeps it; so the vertices of
any cell (bond, plaquette, cube) occupy at most three consecutive layers. Call a cell seam if it has
a vertex in the layer v = 0 and interior if all its vertices lie in the layers u € {en,..., L —en};
every cell is one or the other. The quotient maps C' — T%™, ¢’ — TP are injective on the
strip ey < u < L — ey (its 7-image lies in L+ ey < u < 2L — ey), so the interior cells, their
incidences and their labels are the same for both tori; the two tori differ only in how the cells
touching v = 0 are glued to the strip.

Counts. The plane u = 0 has M? sites. The seam bonds are 4M? bonds of type e, ez (four at
each plane site, each with exactly one plane vertex) and M? plane e3-bonds, 5M? in all. The
seam plaquettes are, in terms of the u-coordinate u, of the base corner x, the ejes-plaquettes
with u, € {—en,0,en}, the ejes-plaquettes with u, € {—en,0} and the eses-plaquettes with
uy € {0,en}, 7TM? in all. The seam cubes are the cubes with u, € {—en,0,ex}, called ¥_, ¥g, B¢
respectively (middle layer u = —ep,0,en), 3M? in all. The six faces of the cube with base corner
x meet its middle layer: the two ejes-faces (base u,), the ejes-face at = (u € {ugz,us +en}),
the ejes-face at © + eyes (u € {uy —en,uz}), the eges-face at = (u € {u, —en,u,}) and the
eges-face at © + ener (u € {uy,u, +en}). Hence a ¥ -cube has exactly two interior faces (ejes
at x, egeg at © + eyer, both with u € {en,2en}), a ¥_-cube exactly two (ejes at x + eyea,
eseg at x, u € {L — 2en,L — en}) and a Yp-cube none. We call these 4M? interior faces of
seam cubes the data faces; each data face lies in exactly one seam cube (its other cube has base
u € {2en,L — 2en} and is interior since M > 4), and we write ¢p for that seam cube and Cfn for
the interior one. Every seam plaquette lies in exactly two seam cubes (for an ejes-plaquette the
cubes at x and x — eeg, for an ejeg-plaquette those at z and z — eyeq, for an eses-plaquette
those at x and = — eye;), with opposite incidence signs [c:p] = —[¢' : p] (two cubes induce
opposite orientations on a common face). Every interior plaquette lies in at least one interior
cube (again M > 4).

The seam-cube graph. Let G (i € {cub,tw}) be the multigraph with vertex set the 3M? seam
cubes of T% and edge set the 7M? seam plaquettes, each joining the two seam cubes containing
it. Label the Xs-cubes by the (v, x3) of their base corner, lifting ¥_ to base u = L — ey in C.
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The ejeo-faces give the column edges (v, z3) ~ (v,x3 + €n) in each of the three layers; the ejes-
and eges-faces give X4 (v, x3) ~ Xo(v £ en, 23) in both tori, and X_ (v, x3) ~ Xo(v £ ey — i, x3)
with dtw = 0, deu, = L, because the far faces of the lifted X _-cubes have vertices at ©w = L and
are glued to the plane u = 0 by Ti_l. Since L € 2enZ preserves the parity class of v, the map
Y (v,x3) = Y_(v — L,x3), identity on ¥y U X, is a graph isomorphism G"® = G*: both
graphs are connected: the column edges join all values of 3, and the paths (v,0) ~ (v+en,+) ~
(v+ 2¢en,0) join all values of v.

Step 1: seam decomposition. Write & for the interior variables (p, at the sites of the layers

u € {en,...,L —en}, By on the interior bonds, v, on the interior plaquettes) and
Wint (int) = H 9et (Pa) H h H w((dB)p + Up) H 1[(dv). = 0],
z int bint p int c int

the same function of the same variables for both tori (Step 0). The seam variables are p, at the
M? plane sites, By, on the 5M? seam bonds and vp on the 7TM 2 seam plaquettes. For a seam
cube ¢ of T" every face is a seam plaquette or a data face, so

(dv)e = divgi vseam(c) — q(c), divgv(c) := Z [c:p] vp, q(c) == — Z [c:p] vp,

seam pCc data pCc

where ¢ depends on &y only (data faces are interior), ¢ = 0 on ¥y, and divg is the signed
incidence (divergence) operator of the graph G with the edge p oriented from the cube with
[c:p] = —1 to the cube with [c:p] = +1. Thus v is closed on T if and only if it is closed on the
interior cubes and divi Vseam = ¢.

For i € {cub,tw} define the seam factor

2 (€int) f:/ H gct(ﬁx)dﬁz/ H dBy H h Z H w((dB)p + vp).

u(z)=0 seam b seam b  Vseam: divi Vseam=q seam p

Every cell weight of T* appears exactly once in Wiy X and all terms are non-negative, so by
Tonelli Zt = J d€int Wint Y (&nt). (The seam weights depend on &y: a seam plaquette may
contain an interior bond, and a seam bond of type ej, ex has one end in the layer u = 4ep; this
dependence is the only place, besides the constraint graph G, where the two tori differ, through
the gluing J; of Step 0.)

The data charges sum to zero. If v is closed on the interior cubes, then

0= Y () = 3 S vy
¢ int ¢ int pCc!

An interior plaquette lying in two interior cubes contributes 0 (opposite signs); one lying in
exactly one interior cube is a data face p with interior cube ¢, (its other cube is the seam cube
¢p); seam plaquettes lie in no interior cube. Hence

0= Z [0;7317]“10 == Z [ep:plup = ZQ(C)-

data p data p c

The same computation with f := dB + v (closed on interior cubes, as ddB = 0) and with dB
alone gives > Q(c) =0 for Q(c) := — > 4ata pCC[c:p]fp and ) .Y gata pCC[c:p](dB)p =0.

Step 2: Jensen. Let p(déint) := WintX™d&int/Z5, the law of the interior variables under (-)%",
and R := XP /%™ By Step 1, Zzub/ZzW = [ Rdu. For every &y with Wiy, > 0 (the others
form a p-null set) both seam factors lie in (0, 00): finiteness is Step 3 and positivity is Step 5
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(each applies to either torus, since G™P = G* and the cell counts agree). By the concavity of
log (Jensen),

tw

oL = —log/Rdu < —/long,u = (log =™ —logEC“b>L ,
where log R is u-integrable: by Steps 3 and 5,

|log X¢| < const - M? + (Q, Aé’;i )+ 2kN Z o for both 1,
u(z)==xen

and the right side has finite y-mean by Step 6 (with Tr Agcub =Tr Agtw by the isomorphism of
Step 0).

Step 3: upper bound on the seam factor. In ¥ use h < 1, drop the constraint div i Vseam = q and
sum each vy, separately (3_, w((dB)p + vp) < K, ); each of the 5M 2 seam bonds contributes

f dBy = 27 /~yn and each of the M? plane sites fgct = (Gy. Hence

log®! < 5M?%log 37T + M?1log G + TM? log K;N (i € {cub, tw}),
N

uniformly in &py.
Step 4: a rounding lemma. Let (V| E) be a finite multigraph without loops (parallel edges allowed),
each edge oriented, D: RF — RY its signed incidence (divergence) operator, and j € R¥ with
Dj € ZV. Then there is n € ZF with Dn = Dj and |n. — je| < 1 for every e € E. Indeed,
¢:=7—|j] €[0,1)F has D¢ = Dj — D|j| € ZV. The set {¢' € [0,1]¥ : D¢/ = D¢} contains
¢; choose in it a ¢ with the fewest non-integer coordinates and let F' := {e : ¢, ¢ {0,1}}.
Suppose F # (). At a vertex z, (D¢’), is an integer and the integer-valued edges contribute an
integer, so the signed sum of the values ¢, € (0,1) over the F-edges at x is an integer; a vertex
with exactly one F-edge is therefore impossible. Thus every vertex has F-degree 0 or > 2, and
F contains a cycle (a closed trail without repeated edges; two parallel edges form one). Let
v € {0,4+1}F be its circulation (the sign of each cycle edge according to its orientation along
a traversal, 0 off the cycle), so Dy = 0. For real ¢t the vector ¢' 4+ ty has the same divergence;
take |t| minimal such that some cycle edge reaches 0 or 1 (every cycle edge starts in the open
interval (0,1)). Then ¢' + ty € [0,1]® and it has fewer non-integer coordinates than ¢': a
contradiction. Hence ¢/ € {0,1}¥, and n := |j| + ¢ € Z” satisfies Dn = D|j| + D¢ = Dj and
Ne — Je = ¢:3 — ¢e € [_17 1]-
Step 5: lower bound on the seam factor by one closed extension. Fix &y with Wiy, > 0 (so v
is closed on the interior cubes) and fix Bseam. Put f := dB + v on the interior plaquettes and
Q(c) = = X gata pcelc:plfp for the seam cubes ¢; @ depends on &iny only (a data face is interior,
and so are its four bonds), and Y. Q(c) = 0 by Step 1. Let G := G°"" with the edge orientation
of Step 1, D its divergence, V = DT the gradient, A := DDT its graph Laplacian and A the
pseudo-inverse. G is connected, so ker A is the constants and AATQ = Q. Put ¢ := ATQ and
j* := Vap; then divj* = A = Q and [j*|? = (¥, AY) = (Q, ATQ). Since (ddB). = 0 at every
seam cube, div ((dB)lseam) (€) = = data pCc[c:p](dB)p, hence j' := j* — (dB)|seam has

dile(C> =Q(c) + Z [c:p|(dB), = — Z [e:p]vp =q(c) € 3:72.
data pCec data pCc

Step 4, applied to (yn/27)j’, gives vl € ((27/yn)Z)%*™ with divgew v = ¢ and |v;£ —Jpl <
21 /yn for every seam plaquette p. By Step 1, (ving,v!) is closed on T, and f1 := dB + vf
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on the seam plaquettes obeys fT — j* = vl — 4/, so | fT — j*|oo < 27/yn and, on the 7M? seam
plaquettes,
1112 <2152 4+ 2- TM2 (27 /yn)? = 2(Q, ATQ) + 5672 M? /%,
uniformly in Bgeam. Keep in ycub only the term vgeam = ol
[T wirl) =e P2 > exp (— (Q,A%Q) — 2872 M?/3).
seam p

Bound each seam-bond factor by h > eV (P*+6?). g plane site lies in six seam bonds
(+eq, +eq, +e3) and a site of the layers u = +ex in exactly two (—eq, +e at u = en; +eq1, —eo

at u = —ep), S0
H h > H e~6rNPE H e 2KNPE

seam b u(z)= u(z)==xen

Integrating over the plane sites ( fgcte 6rnp? — G_¢ry > 0) and the seam bonds (f dBp =
27 /yN), we obtain

2872 M?
BT M 502 10g 2T 4 M2 log Gegry — 26y S

log B > —(Q, AL Q) —
W N w(z)=en

The same argument with G'Y bounds X%V from below, which gives ¥* > 0 in Step 2. In
particular both constraint sets are non-empty for every interior datum: the only condition for
the existence of a closed extension is ) _q(c) = 0.

Step 6: moments under the twisted state. Write (-)% for the normalised state of weight W on
T™; the interior variables have law p under it (Step 2).

(a) Gaussian domination. By the first clause of Lemma 12.10, for every real function b on the
plaquettes of exZ3/P, P a period lattice for exyZ? (a rank-3 sublattice of £xZ? whose non-zero
vectors have length > 5ey ), (e2r P2y < elb?/2 with fp = (dB)p + vy, (the f, of Section 2). The
lattice T'(L) C enZ3 (as L/2 € eyZ) has rank 3 and is a period lattice for L > 8¢: its non-zero
vectors a%(el — e3) + bL(e1 + e3) + cLes have squared length L?(a?/2 + 2b? 4 ¢?) > L?/2, and
L/\/§ > 5en holds for L > 8ey (as L € 2eNyZ, L > 5v/2 &N means L > 82n). Applying the bound
to £sb and using coshy > 1+ 42/2 gives §<(2p bpfp)?) W < es’Ib1?/2 _ 1 for every s > 0, whence
(2, bpfp)2)™ < |62 (s 1 0). Let Sew == (Q(c)Q(c'))Y be the second-moment matrix of the
data charges. For a € RV (V the seam cubes), . a.Q(c) = > 4uin » Upfp with by := —ac,[cp:p]
(cp the unique seam cube of the data face p), so (a, Sa) < [b]* = juia pagp < 2|al?, since a seam
cube has at most two data faces. Thus S < 21d as quadratic forms, and, AT being positive
semi-definite,

{(Q.A%Q))) = Tr(ATS) = Tr (AT)V25(AM)V2) < 2T AT

(b) Density moments. The translations by eyZ> act transitively on the sites of 7™ by
automorphisms of the cell complex which preserve the cell-local weights and the product reference
measure, so (-)% is translation invariant and (p2)% does not depend on z. Let X be the
site set (|X| = M3). By Jensen’s inequality ((Y) < log(e')), in the notation Z(4,q) :=

[dp [dBY", osed Wll,ea €95 of Step 1 of the proof of Lemma 11.2,

(P2)E ZM_3<ZPy>t < M1 20T

th
yeX

G127/ )’ K.
co

< log

G127/ yN)* K3, }

K3
N <C() :logmax{l, .
0
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Here the crude bounds Z(A, q) < G’LAlG‘OXHA‘(2w/ny)3\X|K$’V‘X| and Z > c‘0X| of that Step 1 are
used on T*W. Their proof uses only g > 0, h < 1, the sum over closed v being at most the free
sum, 3., w((dB)p + vp) < K, the term v = 0 (closed on every complex) with the integration
restricted to p, € [0,1], |[ynBp| < 1, and the counts |B| = |P| = 3|X|, which hold on T* (three
bonds and three plaquettes per site on any quotient of 73 by a rank-3 lattice). Consequently

2KkN Z (P2)W < 2y - 2M2 - C](\?) = 4/4;NM2C](\?).
u(z)=xen
Step 7: the trace bound. By the isomorphism of Step 0, Tr Agcnb =Tr Agtw, so we bound the
latter. Relabel the Yi-cubes of G := G* by w := v — ex (so that w = 0 (mod 2¢y), like the
v of the ¥g-cubes). With & = 0 the graph of Step 0 has the vertex set V = Z3, x {—,0,+}
(w € 2eNZ/2L7 = Zyg, v3 € eNnZ/LZ = Zyr), the column edges (w,x3,s) ~ (w,z3 + €N, S)
in each layer s, and the edges (w,z3,+) ~ (w,x3,0), (w,z3,£) ~ (w + 2en,x3,0); it has
3M? + 4M? = TM? edges. Let H := T); 0 P3 be the Cartesian product of the M x M torus grid
T (vertex set Z2,, nearest-neighbour edges in both directions) with the path P3 on {—,0, +}
(edges —~0, 0~+), a graph on the same vertex set V. Its column edges and its vertical edges
(w, z3,+) ~ (w, x3,0) are edges of G. Its in-layer w-edges are not, but the two ends of each are
joined by a path of two G-edges (x3 suppressed): (w,0)—(w,+)—(w + 2ey,0) in the layer 0, and
(w, £)—(w + 2en,0)— (w + 2e, +) in the layers +; every non-column G-edge is used by at most
two of these paths. With the Dirichlet forms £a(v) := > ¢, pep(e)(Ya — )2 = (1, Agtp) and

the inequality (o — ¥p)? < 2(¥a — Ve)? + 2(¥e — p)? on each w-edge,
En(y) < Ea(y)+2-2 > (o —)? < 5&c(¥) (Y eRY),

non-column {a,b}€E(Q)
i.e. AH < 5AG

Both graphs are connected, so both Laplacians have kernel the constants; on its orthog-
onal complement 0 < Ay < 5Ag gives AJGF < 5A}; (monotonicity of the inverse), hence
TrAL < 5TrAj,. The spectrum of Ay is {Ap(k) + p; : k € Z3,, j = 1,2,3} with
(k) = 4sin?(7ky /M) + 4sin®(rke/M) and u; € {0,1,3} the eigenvalues of the Laplacian
of P3. Writing k; € (—M/2,M/2] for the representative of k; and using sinwt > 2t on [0, 31,
A (k) > 16|k[2/M?2. At most 8 points k have |k|o = (1 <7 < M/2), and |k|> > 72 there; the
terms with 4; € {1,3} are at most M?(1 + %). Hence

M/2
1 M? 8r 4 M? M 4
Tr AL = - < — - 7M2<—<1 1 —) —M?
Sl 2 Ae(k) + oy 16§r2+3 = o lee) 3

(k,g): Ap(k)+p; >0

and therefore, since 5 — 5log 2 + %0 =14.87... <15,

4
2Tr A, = 2Tr AL < 10Tr A}, < 5M%log M+ (5—5 log 2+ ;)MQ < 5M2log M+15M2,
Step 8: assembly. Insert in Step 2 the bound of Step 3 for log X" and the bound of Step 5 for
log = and take the (-)%V-mean; the terms 5M? log(27/vy) cancel, and Steps 6 and 7 bound
the two non-constant terms:

W W 287’[’2 G
o1 < ({Q AL @)} + 268 D (p2) + M? [—2 +Tlog K/ + log —— ]
fYN G—GHN

u(z)=xen

2 2 (2) , 287 / Go
<5M7log M + M~ |15+ 4kNCy’ + —5— + Tlog K, + log
TN N G—GHN

| = a2 (510 0 + A),
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with )
Ay =15+ 4/<LNC](\?) + 283 + 7log K;N + log ,
TN G—GHN
which depends on N and the couplings only (through vy, kx, K,’YN, co and the site moments Gy),
not on L. Since M = L/ey and N is fixed, M?(5log M + Ay) = O(L*log L) = o(L?3). Together
with ¢, > 0 (Proposition 14.13 at ¢ = 0) this proves the lemma. g

Remark 14.15 (the logarithm in the surface bound). The bound of Lemma 14.14 is O(L?log L).
The logarithm comes from the energy (Q, A*TQ) of the single extension of Step 5: its mean under
()" is at most 2Tr A" by the covariance bound S < 21d of Step 6(a), and Tr A* is at most of
order M?log M (Step 7). Of this bound the argument of this section uses only ¢; = o(L?).

Proposition 14.16 (Jensen and convexity: the comparison inequality at finite volume). Let
D = (co,cy,c3;h;0) be a datum on TFY, L > 6en, h | L/2. Then for every real t

3
tne. (0)S™ < ¢r +tn.wh(0), hence fort >0 : (0)> < Wi (0) + Zt(zg
Proof. Reduction to cy = 0. The translation 7 by —cpe; lies in enZ3, acts on both tori and
preserves both states (Lemma 14.6; Lemma 11.1); it maps D to the datum (0, cy —cg, c3; h; Oor™ 1),
carries p} to the perturbed law of that datum, and leaves (O)$"P, Z;, ¢;, and wt (O) unchanged.
So let ¢y = 0 and define O, on TE“b as in Proposition 14.13.

Jensen on the cubic torus. Each of the n, summands of Oy on T}j“b is O ow™! with w a
composition of the maps r, s., g. and rg, each an automorphism of Tgub preserving W and the
reference measure (a signed coordinate permutation about a site composed with a translation of
enZ?, Lemma 11.1); hence (O o w™1)$"" = (0)$" and (04)$"P = n.(0)$"P. Jensen’s inequality
and Proposition 14.13 give

tne(O)i™ = HOg)E™ < log(e' )i < ¢ +1og Z,.

Convezity on the adapted torus. p(s) := log Zs is finite (|O4| < n.||Ol|s) and convex in
s (Holder), p(0) = 0, and p'(s) = Z; 1tV (04e%91) = ps (04) = news(0) by Lemma 14.12(i)
(differentiation under the integral sign, Oy bounded). Convexity gives p(t) < p(0) + tp/(t) =
tn.wt (0). Combining, tn.(0)™® < ¢p, + tnw? (O); for t > 0 divide by tn. = 2tL3/h3. O

Remark 14.17 (use along the sides). To pass Proposition 14.16 to wy the fold must run on
the adapted torus of the same side L,, as the cubic torus of Definition 2.3, with A | L,,/2, and
the error h3¢r, /(2tL3) must vanish. Under the choice of dyadic sides of Definition 14.1, for a
datum with h = h; one has h; | L, /2 for all n > j, so the fold runs for all large n along (L)
and along every subsequence of it, in particular along the one defining a dyadic limit point;
and Lemma 14.14 gives h3¢y, /(2tL3) — 0 at fixed h and t > 0. No other consequence of
Lemma 14.14 is used below.

14.4. Limits: the comparison states and the hypotheses of the rigidity theorem. Fix
a dyadic sequence (Ly,), a datum D = (co, ¢4, c3; h; O) with h = h; one of its wall spacings, and
n > j, so that h | L,,/2 and D is a datum on every TEVZ For a finite set of cells of exZ? and L,
larger than its diameter, the cells embed in TEZ and /ﬁ:n induces a law of their variables; in this
sense (uf, )n is a sequence of laws on the full configuration space E of Lemma 14.9(c). We write
<'>t for :U’tha L =1Ly,

Lemma 14.18 (block doubling under the perturbed law). Let Q be a block of 28 x 2F2 x 2Fs
consecutive W-cells (the walls between them included), with 2¥1h < L/2, 2F2h < L, 2¥h < L/2,
and let G' > 0 be a bounded Borel function of cells inside the open block Q. Then there is a finite
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A CW with the blocks w(Q), w € A, pairwise disjoint and |A||Q| > n./8 (|Q| = 2k +Ftks the
number of cells of @), such that
1/14]

(G') < < 11 G/Ow_1>t < <e2|t\nc||ouoo< 11 G’ow‘1>tLW>

weA weA
The same holds for unbounded Borel G' > 0.

1/1A]

Proof. Let II be one of the two bounding walls of @ in the u-direction, a wall of D; by the
hypothesis on the u-extent, @ lies in one of the two closed halves bounded by II and its second
wall. By Lemma 14.12(ii) the form (G, G) — (G o 01 G); is positive semidefinite and Hermitian
on the bounded Borel functions of cells in that closed half (Hermitian by the fp-invariance), so
the Schwarz inequality with G' = 1 gives (G')? < ((G’ 0 01) G')s, and (G’ 0 61)G’ is a function
of cells inside the doubled open block Q UII U 611(Q), a wall-bounded block of twice the cells,
whose cells are distinct modulo the torus since its u-extent is at most L. We iterate this doubling,
first in w while the current u-extent is at most L/2, then in v(z) (period 2L, halves of length L)
while the v-extent is at most L, then in x3 while the xs-extent is at most L/2. The final block
has extents greater than L/2, L, L/2, so it covers more than (L/2)- L - (L/2) = L3?/4 of the
volume 2L3 of the torus in the coordinates (u,v(z),z3): with A the set of the 2™ elements of W
(products of the reflections used) carrying @ onto the 2™ constituent blocks, |A||Q| > n./8 and
(G"?" < ([1yes G’ ow™'),. The second inequality is the removal of the source: for H > 0,

()i = 2w (101 H) < 21Ol ()
by the bounds on Z; and e“¢ in Definition 14.10. For unbounded G’ > 0 apply the two

inequalities to G’ A M and let M — oo (monotone convergence). O

Lemma 14.19 (uniform bounds and tightness of the perturbed laws). For a site x let Q5 be the
smallest wall-bounded block of W-cells containing x in its interior (|Q4| € {1,2,4,8}, one cell if
x lies on no wall of D, doubled in each coordinate direction in which x lies on a wall). Then for
every q > 0, every real t and all large n,

Gd 3 Gm 3
(€92, < e16|t\|Qz|||ouoo?;Clezl(h/sN) < 6128|t\\|0|lm%0132(h/5N) =: Y (q,t,h),
0 0

uniformly in x and n. For a finite set P of plaquettes and s € R, with Qp a block as in
Lemma 14.18 whose siz bounding walls have every vertex of every p € P strictly between them (it
exists for all large n),

<62pep Spfp>t < e161t1QP[0llo glsl?/2

Consequently (uf, )n is tight on E and has weak limit points vy (along subsequences of (Ly)).

Proof. Sites. Apply Lemma 14.18 to Q = Q. and G’ = ¢4z The sites wz, w € A, are pairwise
distinct (z is interior to @, and the blocks w(Q,) are disjoint), so [[,c4 G’ ow™ = [Tyeas ey
with |A - z| = |A|, and Step 1 of the proof of Lemma 11.2 on T} (proof of Lemma 14.9(b)) gives

(IT ey < @/ Mef™  with |x] = (L/en)®
yeA-x
Since |A| > n./(8|Qs|) and n. = 2L3/h3, we have |X|/|A| < 8|Q.|(L/en)3h3/(2L3) =
41Qq|(h/en)? and 2[tn.[|O|oo/|A| < 16]t] |Qu| |O]loo-
Plaquettes. Apply Lemma 14.18 to Q = Qp and G’ = e2pep sefp g continuous function
> 0 of cells inside Qp (f, depends on p and its bonds). G’ ow™! = e s;/f"', where the
sum runs over the plaquettes p’ = wp of w(Qp) and s’ = +s (the reflections may reverse
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orientations), so that |s'| = |s|; the p’ are distinct over w € A (disjoint blocks). By Lemma 14.9(a),
<Hw€A G o w71>1iw < €|A| |3|2/2, S0

(G); < (RltinellOllo lAlIs12/2)IAT < 16101 1Qp [0 clsl2/2,

Tightness. The bounds for efr and et give, by Markov’s inequality, uniform tail bounds
for p, and f,. The variable By ranges over a bounded interval and v, = f, — (dB), is tight
because f, is; the limits are taken with By in the closed interval [—m/vn, 7/vn]. Under every
limit point v, each of the two end points +m /vy has measure zero. To prove this, let A = {b}
and let A, ’ytA, Ian and Sa be as in the paragraph on the fine specification that precedes
Lemma 14.21. For a bounded continuous local function f > 0 on the closed space (the space
E with the closed intervals [—7/yn, 7/vn] for the bond variables) and all large n, integrating
the variable By first gives (f); = (yAf)e < €152 (ya f);, where the inequality holds because

e~ltSa < ¢f Scery Oe < eltlSa The function ya f is bounded and continuous on the closed space,
because the factors of W are continuous functions of the bond variables on the closed interval, and
therefore v;(f) < 2581y (ya f). For fi, := max{0,1 — k(7/vn — |By|)} the functions ya fx < 1
tend to 0 pointwise as k — oo, since ya integrates By against a density with respect to Lebesgue
measure, so that v(|By| = 7/vn) < vi(fx) < eZ|t|SAVt(’yAfk) — 0 by dominated convergence.
Hence the limit points are carried by E, and the convergence holds for the bounded functions
that are continuous off this null set. The finite-dimensional laws are tight on the Polish factors
of E, and Prokhorov’s theorem with the diagonal argument of the proof of Theorem 11.5 gives
weak limit points on FE. O

Lemma 14.20 (joint Gaussian domination of the comparison states). Let v; be a weak limit
point of (uth)n For every finite set P of plaquettes of enZ? and every s € RY,

Vt(ezpep Spfp) < o161 1QPI IOl glsl?/2
If vy is a weak limit point of (v1 i)k, then vo (eZPEP spfp) < elsl?/2 for every finite P and s € RY;
this is hypothesis (12) of Theorem 13.1 with C = 1.

Proof. G := e2r5rlr is continuous and > 0 on FE, so along the subsequence with ,u'in —
the Portmanteau theorem (lower semicontinuity for non-negative continuous functions) gives
1 (G) < liminf, (), < X6HIQPIIONeels*/2 by Lemma 14.19, and then (@) < liminf}, vi(G) <

Is|?/2 -
e :

The fine specification. For a finite set A of cells of exZ3 the kernel ya integrates the variables
of A against the product of those local factors of W (site, bond and plaquette factors and the
closedness indicators of the cubes) that involve a cell of A, normalised by Za ({out), the outside
variables held fixed; this is the specification of Theorem 13.1 (unitary gauge). The walls, W-cells
and functions O, are defined on £xZ? as in Definition 14.10 (the reflections of Lemma 14.6 act
on enZ?; the group they generate is again simply transitive on the W-cells, by the dihedral
argument of Lemma 14.11 on the line), and ~Y is the kernel with the extra factor et cern OC, Ia
the finite set of W-cells ¢ for which O, depends on a variable of A; Sa 1= [Ia] ||O]|so-

Lemma 14.21 (the comparison states: Gibbs, W-invariant, reflection positive). Let vy be a
weak limit point of (uf )n and vy a weak limit point of (vyx)k (which exists: the bounds of
Lemma 14.19 are uniform in |t| < 1). (i) v is carried by closed v, and vi(f) = v(Yif) for
every finite A and bounded Borel f on E. (ii) vy is invariant under the reflections generating VW
and reflection positive at every wall of D in the sense of Theorem 11.5(d) (positive semidefinite
Hermitian form, conjugation identity, L?(v;) extension). (iii) vg is a Gibbs measure of the fine
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specification (vo(f) = vo(yaf) for all finite A, bounded Borel f), carried by closed v, invariant
under the reflections generating W, reflection positive at every wall of D, and satisfies l/o(equ‘) <

(Get/GEY) C‘l?’Q(h/EN)3 for every site x and g > 0, and the Gaussian bound of Lemma 14.20.

Proof. (i) For L = L, larger than the diameter of A and of the cells of the O, ¢ € I, integrating
the A-variables first under pf gives p! (f) = pf (74 f) for bounded continuous local f: the torus

weight times /P4 is the product of the factors involving A (those of 7Y, including el Lcern OC)
and factors independent of the A-variables. The kernel is Feller: the factors are continuous in the
outside variables, Za (&out) € (0,00) on the outside configurations that are restrictions of closed
configurations (the closed configuration itself provides an admissible term; finiteness by (2.1)),
and dominated convergence applies; so ’ytA f is bounded continuous, both sides pass to the limit,
and v¢(f) = vi(74 f) for bounded continuous local f. For each cube ¢ the set {(dv). = 0} is
clopen in E (finitely many discrete variables), so v¢((dv). = 0) = lim,, uf ((dv)e = 0) = 1: v4 is
carried by closed v, where the kernel is defined. Now f +— v4(74 f) is a Borel probability measure
on E (vY is a Markov kernel) agreeing with 14 on the bounded continuous local functions; these
determine every finite-dimensional marginal (bounded continuous functions determine a finite
Borel measure on a metric space), and the cylinder sets form a 7-system generating the Borel
o-algebra of the Polish product F, so the two measures coincide: the identity holds for every
bounded Borel f.

(ii) For a generating reflection R and bounded continuous local F', (F' o R); = (F'), for all large
n (Lemma 14.12(i)); both sides converge, so v, is R-invariant. For F' bounded continuous of
cells in a closed half space bounded by a wall II of D, the cells lie in one closed half of TEZ for
all large n, F' o0y - F' is bounded continuous local, and v¢(F o O F) = lim, (F o O F); > 0 by
Lemma 14.12(ii). The Hermitian form, the identity v;(F o fy1) = v;(F) and the L? extension follow
as in the proof of Lemma 14.9(c) (polarisation; fj-invariance; Lusin density and L2-continuity).

(iif) The source bound e~ %2 < el 2ocern Oc < oltSa gives VA S = vaFlloo < 2| f]loo (%2 — 1)

(write Y4 f — yaf = YA (f — 7af) and compare the two normalised weights). Hence for bounded
continuous local f:

wo(f) = lim v () = limon () F) = lim v (a f) = (s f)

(vaf bounded continuous by the Feller property), and the extension to bounded Borel f is the
determining-class argument of (i). Closedness of v, R-invariance and reflection positivity are
closed conditions on bounded continuous local functions and pass from vy, to vy as in (ii). For

the per-site bound, Vl/k(eqpi) < lim infn<eqpi>1/k < C%(¢,1/k, h) (Portmanteau, Lemma 14.19),
and 1p(e%%) < liminfy yl/k(eq”%) <limy C%(q,1/k, h) = (G;t/GBt)CfQ(h/sN)S. O

Proposition 14.22 (the comparison states satisfy the hypotheses of Theorem 13.1). Let
vg = 1p(D) be as in Lemma 14.21(1ii). Then vy is a Gibbs measure of the fine specification on
enZ?, invariant under the sublattice ' := h(e1 — e2)Z + h(e1 + €2)Z + 2he3Z of enZ3, which
has finite index (it contains 2hZ3) and contains the time translation 2hes, and satisfies (11), (12)
and (I3) of Theorem 13.1. Consequently vy is invariant under the translations Toene;r J = 1,2,3.

Proof. The Gibbs property is Lemma 14.21(iii). For the periodicity, by Lemma 14.6 the products
Telery SeSers Geqe Of generating reflections (¢ — ¢ € hZ) are the translations by hZ(e; — e3),
hZ(e1+e2), 2hZes, under which vy is invariant by Lemma 14.21(iii); 2he; = h(e1 —e2) +h(e1+e€2)
and 2hey = h(e; + e3) — h(e; — e3) show 2hZ3 C A’. Hypothesis (I2) is Lemma 14.20 with
C = 1. Hypothesis (I3) is the per-site bound of Lemma 14.21(iii), uniform in z, for every ¢ > 0.
For (I1), with s = £1 on the single plaquette p, (I12) gives I/()(fg) < 2up(coshf,) < 2e'/? (as
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f? < 2cosh f), and vg(p2) < vo(eP?) < oo by (I3). Theorem 13.1 then gives the invariance under
7_2€Ne]-7j:17273- ]

Proposition 14.23 (the comparison inequality). Let w be a dyadic limit point, formed along the
subsequence (Ly, ) of the dyadic sequence (Ly,), let D be a datum with h € {h;} whose observable
O is a function of the gauge-invariant variables (fp, pz) of its cells (evaluated under a law on E
through f, = (dB), + vp), and let v, vy be weak limit points as in Lemma 14.21 formed along
subsequences of (Ly, )i. Then

w(0) < 1p(0).

Proof. Fix t > 0. For all large k, h | Ly, /2 (Remark 14.17) and Proposition 14.16 gives
O™ < why (0)+ Wou,, /(2LLL,).

S
Along the subsequence with /j}mk — 1 the left side tends to w(O) (Definition 2.3, O bounded
continuous local), thnk (O) = 11(0), and the error tends to 0 by Lemma 14.14. So w(0O) < 14(0)
for every t > 0, and vy /;,(0) — vo(O) along the subsequence defining vy. O

Lemma 14.24 (reflection positivity from one-sided domination). Let IT be a plane, 0 := 0y, and
let v be a law on Qn or on E such that for every real bounded continuous local O there is a law
vo, B-invariant and reflection positive at I on A4 (I1), with v(O) < vo(O). Then v is §-invariant
on the bounded continuous local functions and v(F o6 - F) >0 for every real F € A (I).

Proof. For real F € A, (II) take O := —(F o #)F, which is real, bounded, continuous and
local; then v(—(F 0 0)F) < vo(—(F o 0)F) < 0. For a real bounded continuous local G take
O:=4(Gofh—G); then tv(Gol —G) < tvp(Goh —G) =0, so v(Gol) =v(G). O

14.5. A second proof of the tangent inequality for the comparison states. This subsection
gives a direct proof, for the comparison states, of the inequality which the proofs of Lemmas 13.14
and 13.25 take from the tangent inequality, Lemma 13.9; the result is Proposition 14.31. The proof
does not use Lemma 13.9 and uses no relative entropy: the comparison states are limits of laws
on tori, and on a torus the inequality follows from Jensen’s inequality and the transfer calculus
of Section 13. Its main ingredients are Lemmas 13.3, 13.7, 13.10 and 13.21 (with Lemmas 13.22,
13.24 and Remark 13.8 for the full class), the insertion identity (13.28), the covariance of the
weight under the permutations of the axes (the first part of the proof of Proposition 13.39(i)),
the fold at zero source (Proposition 14.13), the lower bound of the partition function in the proof
of Lemma 11.2, and Lemmas 14.6, 14.12 and 14.21. Neither Theorem 13.1 nor the upper bound
of Lemma 14.14 enters the proof, and no other part of this paper depends on this subsection
(Remark 14.32).

Notation. In this subsection ¢ is the parameter of the operators X; of Lemmas 13.14 and 13.25,
as in Section 13; the source strength of Subsection 14.4 is always written 1/k. The symbol T'
without an index is the transfer operator of Lemma 13.7(c), and tori carry an index. The symbol
L is a side length; the layer space of Lemma 13.7(c) is not given a symbol, and Ry, P denote,
as there, its gauge representation and its gauge projection.

Tori and partition functions. For a sublattice I' C exZ3 of finite index all of whose non-zero
elements have length at least 4ey let Tt := enZ3/T, let ur be the probability law with weight
W on the cells of Tt (sum over closed v) and

Z(F)::/dﬁ/dB >ow

v closed

its partition function (Lebesgue measure on the p, and on the By € (—7/vn,7/vn], counting
measure on the closed v: the convention of Step 1 of the proof of Lemma 11.2). Thus ZE“b =
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Z(LZ?), Z}" = Z(I(L)) and Y = pr). For a permutation g of the coordinate axes the
relabelling g maps the cell complex, the weight, the closure constraint and the reference measure
of Tt onto those of T,r (first part of the proof of Proposition 13.39(i)), so that

(14.1) Z(gl')=2[T),  pgr=prog.
For aj,as,a3 € eyN, each at least 4dey, we write Z(a1,az,a3) := Z(aje1Z + agesZ + azes?Z)
for the partition function of the product torus with sides a1, ao, az, which has a1a2a3/6§’v sites;
Zew = Z(L, L, L).

Tori with a twist. With es as time direction, as in Section 13, let I's C en(Zey + Zes) be
a sublattice of finite index, en(Ze1 + Zeg)/T's the layer torus, ni.y = [en(Zer + Zes) : I'y] its
number of sites, M > 2 an integer and ¢ € ey (Ze; + Zez) (the twist), and put

I'(Ty, M, () :=Ts +Z (Meyes + C).

We assume, as above, that all non-zero elements of I'(I'y, M, () have length at least 4ey. The
torus Tr(r, a,¢) consists of M layers, each a copy of the layer torus, and its layer M + 1 is the

layer 1 translated by ¢: in terms of the layer configurations ¢(*) of Subsection 13.4, ¢(M+1) = ch(l)

with (7¢c)(y) := c(y — ¢). The (-twisted periodic measure :“§\4 is the probability law with the

phase-restored weight of Subsection 13.2 on the phase-restored configurations of Trr, ar,¢). For
¢ = 0 it is the periodic measure pys with M layers of the proof of Lemma 13.7(c), for the layer
torus at hand: the statements and proofs of Lemmas 13.7(c), 13.10, 13.21 and of (13.28) use the
layer only as a finite complex (its sites, spatial bonds and spatial plaquettes, the gauge group
TS and the one-layer weight, of finite integral) and hold for every layer torus. For general ¢
the only change is that the closing slab joins ¢) to ch(l) instead of ¢,

For insertions X, at the heights s € {1,..., M} (X, := 1 where there is none; fibred in the
sense of Lemma 13.7(b), or bounded on Hg, as in Lemma 13.21), Z]<\4(X1, ..., X)) denotes

the partition function of uﬁ/f with the slab kernel K replaced by KX (Lemma 13.7(b)), or by
(Pran(c), XsPrn () for an insertion on Heyy (Lemma 13.21), at the slab s, in the normalisation
of Lemma 13.7(c), and Zg/[ = Z}Q(l, ..., 1); for ¢ = 0, and for insertions that satisfy the
summability condition of Lemma 13.7(b) or act on Hgyy, these are the quantities Zys(+) and Zys
of (13.9).

Lemma 14.25 (phase restoration on a finite torus). Let Tt be a torus as above and let jip
be the probability law with the phase-restored weight of Subsection 15.2 on the phase-restored
configurations of Tr (normalised Haar measure on each phase), with partition function Z(T').
The formulas of Lemma 13.3 are local and define the gauge action and the Haar randomisation
W on the configurations of Tr. Then
(a) Z(I') = Z(T") and fir = U, (ur x Haars'*);
(b) Wo (1, x7,) =Ta0W fora € enZ3; so for every law p on the configurations of Tt the
law W, (u x HaarSites) 1s invariant under every translation which leaves p invariant;
(c) if T =T(Ts, M, (), then ur = M%J and Z(T') = %”layMZ}\}, where the constant s € (0, 00)
depends only on the normalisation of the reference measure of the temporal links (in Z(T')
each of the njay M temporal links carries the Lebesgue measure of FD, of mass ¢; in (13.9)
it carries the normalised Haar measure) and not on U's, M, (. (s is not the hopping
constant Kn.)

Proof. (a) Let F' be a bounded Borel function of the phase-restored configurations (w, 1) of 11
and fix ¢. By (13.2), ¥(w, ) = (—v).(w, 0) has the phases 1, and by Lemma 13.3(a) the map
w +— w¥, the unitary-gauge part of W(w,1), is a bijection of the configurations with closed v
which preserves the reference measure (its inverse is the unitary-gauge part of ¥.(-,1)), and the
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phase-restored weight is invariant: its value at ¥(w, ) is its value at (w,0), which is W(w) (at
zero phases the phase-restored hopping factor is the unitary-gauge one). Hence, with dw the

reference measure of the unitary-gauge variables and W the phase-restored weight,
/dw W(w) F(¥(w,v)) = /dw'V[N/(w',w) F (W' ) for every .

Integrating over 9 against the normalised Haar measure gives Z(T') W, (ur x Haar®'s)(F) =
Z(D) fir(F); F =1 gives Z(I') = Z(I'), and then the two laws agree.

(b) The identity is Lemma 13.3(e), a statement about the local formulas; it gives W, (u X
Haar®*s) o 7, = W, (( 0 7,) x Haar®*), the Haar measure being translation invariant.

(c¢) pr and [L%/[ are both the normalised phase-restored weight on the same torus, written in
the layers W, M) the temporal links and the temporal Villain integers; the two partition
functions differ only by the normalisation of the reference measure of the temporal links, one
factor s for each of the nj,, M temporal links, and Z(T) = Z(T') by (a). O

Lemma 14.26 (twisted averaging identity and twisted Schatten—Holder bound). Let 'y, M > 2,
¢ be as above, let' T = B*B, Ry, Pg be the transfer operator, the gauge representation and the gauge
projection of Lemma 13.7(c) for the layer torus e N(Ze1+Ze3)/T's, and let (S¢ip)(c) := I/J(Tc_lc) on
the layer space. Let X5, 1 < s < M, be insertions at the M heights, each fibred (Lemma 13.7(b))

or bounded on Hen (Xf = 1 where there is none); for an insertion on Hgun the symbol X, stands
for its gauge average X5 of Lemma 13.21, which satisfies || Xs|| < | Xs||. Then

(i) (trace identity) S¢ is unitary and commutes with T' and with Pg, and
M —
(14.2) ZJC\/[(Xl, o Xy) =Tr (H B*X,B - PGs§>, in particular ZICVI =Tr (PgTMSC);
s=1

(i) (Holder bound) |25, (X1, ..., Xar)| < TI, 1Xsl| - Te(PaT™) = 1, || Xl - 23, where 289, =
Zr 18 the partition function of the untwisted torus with the same layer torus and the
same number of layers; in particular ZJCVI < Z](\)/[;

(iii) (insertions) if every fibred X, satisfies the summability condition of Lemma 13.7(b), and
every Xs on Hea is one of the full operators of Lemma 14.27(b) to which Lemma 14.27(c)
applies, then, the sum over the variables ' being taken first as in (13.28), ,u§w( [I7x, o

O%)) = Z§,(X1, ..., Xar) /25, hence |15, (TT,rx. 0 ©5))| < TL, I1Xsll - 28,/ 25,

Proof. The shift. The one-layer weight W (c), the layer reference measure, the slab kernel K
and the gauge action are given by the same local formulas at every cell of the layer torus, so
W (r¢cc) = W(c), the reference measure is 7¢-invariant, K (¢cc,7c¢') = K(c, ) and 7¢(A.c) =
(1¢A).(1¢c), where 7¢ A is the translated gauge function. Hence S¢ is unitary on the layer space
L*(W (c) dc), commutes with Q and with T' = QY/2KQ'/?, and SgRL()\)Sc_l = Rp(7¢\); since

Tsites

A = 7¢A is an automorphism of the compact group , it preserves the Haar measure, and

ScPeS; ' = [dG RL(1cG) = Pg.

Change of variables. We repeat the proof of Lemma 13.7(c) up to the closing slab. Put
G1 =0, Gg1 = G5 — Bgs) and W) = Ggc® for 1 < s < M. In temporal gauge the
slab s has the layers ¢®) = (=G,).W®) and (—Bt(s)).c(s“). For s < M, (—Bt(s)).c(SH) =
(—Bt(s) — Gop) WEH) = (—G).WEH) | and by Lemma 13.7(b) the slab contributes, as in
that proof, (‘ID(W(S)),(X;déS)/\CD(W(SH))}. For the closing slab, c(M+1) = 7.c1) = 7w

(as G; = 0), so its upper layer is (—Bt(M)).TCW(l) = (—GM).(G.TCW(D) with the holonomy
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G:=Gpy1=Gn — BgM), and it contributes

(@(WOD), (X3 @ (GreW D)),

For a bounded operator X on #, the kernel (¢, ¢”) = W (c)/2(®(c), X®(G.7ec"))W ()2 is the
integral kernel of B*XB Rz (G)Sc: the substitution ¢ = G.7.¢” preserves W (c) de and turns (c”)
into ZZ)(T{l((—G).C,)) = (RL(G)S¢)(). Integrating out the layers (the trace-class structure and
the absolute convergence are those of that proof; Rr(G)S¢ is unitary) gives

M ~
Z5(X1,.... Xu) = /dGz cdGpyr Tr (H B*(X;9“*)"B - RL(GM+1)S<).
s=1

Averaging. Conjugate the operator under the trace by Rz (\), A € T®i*S; the trace - is unchanged.
By BR.(A\) = R(A)B and R(A\)*XR(\) = (de)/\ the factor s becomes B*(X; %" B (for
s = 1: B*(X$)"B), and

RL(A)'RL(Gar1)ScRL(A) = RL(Gargr — A+ 1cA)Sc.
Integrate over \ against the Haar measure and, at fixed A, substitute G, := G5 — X (2 < s < M)
and G’ := Gpr41 — A+ 7¢ A, a Haar-preserving bijection: X\, G5, ..., G, G’ are then independent
Haar variables, one for each height and one for the holonomy. The integrand is multilinear in the
insertions and linear in Ry (G’); exchanging the integrals with the trace (dominated convergence
for trace-class operators, as in the proof of Lemma 13.7(c)) and using [ d\ (Xidx)/\ - X
(Lemma 13.7(b), Lemma 13.6(c)) and [ dG’ RL(G') = Pg gives (14.2). With X, =1 for all s it
reads ZJC\/[ = Tr(T™ PgS¢) = Tr(PeTM S¢). For insertions on Hgy the same computation and
the Holder step below apply with R ® U in place of R and with P¥ = [dG (R® U)(G), since
they use of I/Je\mma 13.21 only the covariance of the feature map and the measure preservaticlri.

Hélder. || Xs|| < || Xs|| < || Xs|| (Lemma 13.7(b), Lemma 13.6(c)). X5 is gauge invariant, so X

commutes with every R(A) and with the orthogonal projection P} = [ dG R(G); Pg commutes

with every B*X B, and P;B* = B*P}f (proof of Lemma 13.7(c)). Hence, with Pg = P},

—

M M
[[BXB-Pe=]]A4s,  As:=PeB*X.B=(PYB)" X, (P}B).
s=1 s=1

By Holder’s inequality for Schatten norms [32] (exponent M on each A, the operator norm on
the unitary S¢), | Tr(Ar -+ AySo)| < IT, [ A lar, and [|4]lar < 1K, ]| | PABIZ,, with

|PEB|33] = Tr (B*PEB)M) = Tr (PeT)M) = Te(PeTM).

So |Z8,(X1,. .., Xar)| < T 1Xsl - Te(PeT™), and Tr(PeT™) = Zyr = 29, by (13.9) with all
insertions equal to 1. This is (ii); without insertions it gives 78 = ]Zg/[| < Zy.

Insertions. The identity (13.28) rests on the statement preceding it, that the insertion of X
at one slab multiplies the weight of that slab by rx o ©,; this concerns one slab at a time and
holds for every slab of ugw, the closing one included (its slab data are those of the pair M),
7ccD). For a full operator X of Lemma 14.27(b),(c) the same statement holds: by (13.29) and
Lemma 13.21 its kernel (®g(c), X P (¢)) is the sum over v¢ of the pair kernel ky, absolutely
convergent by Lemma 14.27(c), whose proof does not use the present lemma. This gives the
identity in (iii), and the bound follows from (ii). O

Lemma 14.27 (several windows at one height; the full class). Let Si,...,S¢ be pairwise disjoint
finite spatial bond sets at one slab, and S := S1U---U Sy.
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(a) (Bond class.) For each i let X be a fibred operator on L?>(R%) (Lemma 13.7(b)). Then
X :=®,; X" on L2(RY) = @, L*(R%") is fibred (Lemma 13.7(b2)), hence bounded and
Z-periodic, | X|| = [ [ X, and

kx(B,u) = [[ kxo (Bsyus,),  rx =[] rxo;
% A

if every X has the absolute convergence required in Remark 13.8, so has X.

(b) (Full class.) Assume moreover that every S; is closed under the bonds of its plaquettes
and that the site sets V(S;) are pairwise disjoint. Let V be a finite set of sites of
the layer containing |J, V(S;) (on a layer torus: all its sites), and let Hegn, Pran be
defined as in Lemma 15.21 with this V; that lemma is stated for the site set of one
window, and its statement and proof hold for every finite V. For each i let X be a
finite linear combination of operators Ts(X' @ X4;) with s € [0,1)P2a(%) - X7 fibred on
L2(R%) (Lemma 13.7(b)) with Y c.zs: [(hP, MX'h"=%)| < 0o for all B,u € R, as in
Lemma 13.22, and X} bounded on L2((CV(Si)), acting on Hen as the identity on the
bonds outside S; and on the sites outside V (S;). Then the X©) commute, the full operator
X =1, X satisfies | X|| < [L; IX®?||, and

kx = [Tkxo,  rx=]]rxo,
% %

where kx, rx are taken over the union of the windows (the pair coordinates over S, the
Villain integers over the plaquettes of the S; and the Higgs coordinates over |J; V(S;))
and k), rxa over the window S;.

(c) (Absolute convergence in the full class.) The operators X; = 1+tY +12Z of Lemma 15.25,
with Y € Cran and Z = § + Zy, @ Zy, are of the form in (b), and the sum over v' of
Remark 13.8 converges absolutely for them and for the full operators built from them in

().

Proof. (a) The Gaussian h*(€) = (2/m)151/4e=1€=2 is a product over the bonds, h* = &), h*si,
so (hB, X"y = [];(hBsi, X@htsi); for X() = 1 this is the factorisation of k1, and the one of
rx = kx/ki follows. The translations by ¢Z° are tensor products of translations, which gives
the Z-periodicity; the norm of a tensor product is the product of the norms; and the sum over
ot € ¢Z5 of |kx(B, B' — o")| is the product of the sums over the windows. (This is the tensoring
used in Lemma 13.10.)

(b) Consider first one term =; = T, (X;®X ;) for each window. One has T Ty = T4y . Fori' #
i, Ts, commutes with the decomposable operator X;: its fibres are Xi((goz)si) (Lemma 13.7(b)),
and T, shifts a by sy, hence da by Jsi/, which vanishes on S;, because s; is supported on
plaq(Sy), the plaquettes of plaq(S;) have all their bonds in Sy, and Sy N S; = (. The Higgs
factors Xp,; act on different tensor factors of L2(C") and commute with all the Ty and Xy
Hence [[, 2 = T5(®; Xi) ® (Q; Xp,i)) with s := >, s;, in any order; in particular the X ()
commute. By (13.29) and Lemma 13.21,

kr,(xiexi) (6, €) = es(v) (b, M X'h") kxr (@, ).

For s =) . s;: es(v) =[], es, (v), the i-th factor depending on v over plaq(S;) only; xs = [ [; Xs:>
where y;, depends on the coordinates of the bonds of S; only (Jsl is supported on S;), so
M, = @, Ms;; hP? and h* factorise over the disjoint bond sets as in (a), and h?®, h® over
the disjoint site sets. Therefore kl_h =, = |I; k=, Both sides are multilinear in the X0 5o
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kx =1, kxw; with X () =1 this is the factorisation of k1, and ryx = [L; 7 x follows. The norm
bound is the submultiplicativity of the operator norm.

(c) Y € Cpun is a finite linear combination of operators T5(X’ ® X)) with X’ € C, X}; € Cq
(Lemma 13.24), and Z, ® Zg = To(Z, ® Zpr), 1 = To(1 ® 1); so Xy is of the form in (b). For one
term, |kz, (xex:y| = [(BP, Mo X'h")| [kx, (@, ®)|: the Higgs factor does not depend on o, the
character eg(v) is unimodular, and M; is the multiplication by a unimodular function, which
commutes with the localisations 7 Pr 7, in the proof of Lemma 13.11 and preserves norms, so the
Gaussian bound of that proof, which gives the absolute convergence for the class C (Remark 13.8),
holds for (hB, M, X'h%) as for (hB, X'h"). For the term Z, ® Zy the sum over o' is that of the
bond corrector Z;, which converges by Remark 13.8, and for the term 1 it is a Gaussian sum.
For the full operators of (b) the sum over o* € ¢Z° factorises over the windows. O

Lemma 14.28 (free energy of the product tori: halving a side). Let aj,as, a3 € eyN, each at
least den .
(i) (Symmetry.) Z(a1,az,as) is symmetric under the permutations of (a1, a2, as).

(ii) (Halving.) Z(ai,as,2a3) < Z(ai,as,a3)?, and likewise in the first and in the second
argument.

(iii) (Cubic tori.) Let p(L) := (ey/L)>log Z$" be the free energy per site of the cubic torus of
side L € enN, L > 4en. Then p(2L) < p(L), and p(L) > log ¢y with the constant co > 0
of Lemma 11.2 if moreover L/2 € enyZ. Consequently, along a dyadic sequence (Ly,), the
sequence p(Ly), n > 2, is non-increasing and bounded below, and

M = p(Ln-1) —p(Ly,) > 0 (n>3) tends to 0 as n — 0.
(iv) (With the volumes.) For L with L/2 € eyN, L/2 > 4ey,
log Z(%,2L,L) < 8log Z{'3,
L\3
sothat  log Z(% 2L, L) —log Zg™ < (:) (p(L/2) — p(L)).
N

Proof. (i) is (14.1) for the permutations of the coordinate axes.

(ii) By (i) it suffices to treat the third argument. Let I's := aje1Z+ageaZ and M := ag/en > 4.
The positivity used is that of the transfer operator, as it is given in Lemma 13.7(c) and its
proof, for the layer torus en(Zej + Zea)/I's: T = B*B > 0 is trace class; Pg is an orthogonal
projection (the average of a unitary representation of a compact group) which commutes with
T (it commutes with every B*XB, in particular for X = 1); and Zy; = Tr(PgT™') for every
number M’ > 2 of layers. Hence T := PqT = PgT P is self-adjoint, non-negative and trace
class, Tr(PgTM") = Te(TY') = 3, AM with \; > 0 the eigenvalues of Tg, and

T(T2M) = 3N < (Z)\M) (Te(TH))%
i
By Lemma 14.25(c) with ¢ = 0, Z(ay, ag, M'en) = ™M Tr(TM') for M’ > 4; the two sides of
the claim carry the same power of s, so
Z (a1, az, 2a3) = 3¢ 2MayM TI‘(TQM) < 3¢ 2May M TI‘(TM) = Z(ay,az, a3)2.

(iii) Three applications of (ii) give Z(2L,2L,2L) < Z(2L,2L, L)?> < Z(2L,L,L)* < Z(L, L, L)3.
The torus of side 2L has 8(L/ey)? sites, so

p(2L) = %(EN/L) log ZCUb < (EN/L)3log ZE“b =p(L).

The lower bound is the last line of Step 1 of the proof of Lemma 11.2: Zzub > cO(L/ en)? for
L > 4en with L/2 € enyZ (keep the term v = 0 and restrict the integrations). Along a dyadic
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sequence L, = 2L, 1, and L, > 4en, L,/2 € enyZ for n > 2 (as L, € enyN); so p(Ly),
n > 2, is non-increasing and bounded below by log ¢y, hence convergent, and 7, — 0 (indeed
> n>3 7 < p(L2) —logc).

(iv) By (ii) in the second argument, twice, and then in the third:

Z(%2L,0) < 2(5, L L? < Z(%, L D) < 2(5, &, L) = (75"

The cubic torus of side L/2 has 1(L/en)? sites, so 8log Zg}g (L/en)3p(L/2), while log Z§WP =
(L/en)?p(L). 0

Lemma 14.29 (the adapted torus in the three coordinate directions; the twist costs o(L?)). Let
=1id and, for j = 1,2, let g; € B3 be the transposition of the coordinates j and 3. Let L with
L/2 € enyN, L/2 > 4dey.

(i) (Geometry.) g;I'(L) = I'(I's j, M;, () for j =1,2,3, with
j=3: Tss3=5%(e1 —e2)Z+ L(ex + e2)Z, Ms=L/ey, (3 = 0;
j =1: FSJ = L61Z + 2L€2Z, M1 = L/(QEN), Cl 62,
j =2: F572 = 2L61Z + Legz, MQ = L/(2€N), <2 —761
For j = 1,2 the untwisted torus with the same layer torus and the same number of
layers, Tr(r, ; m;0), i the product torus with sides (L, 2L, %), resp. (2L, L, %), we write
ziect .= Z(%, 2L, L) for its partition function (Lemma 14.28(i)).
(ii) (Twist comparison.) For j = 1,2, in the notation of Lemma 14.26 for (I's j, Mj,(;),

7 0 rect
M; Z

e S =T < ew[(2) (L) - pw)],
M;

(iii) (The surface term of the fold.) With ¢y, = log(Zt"/Z$™®) as in Proposition 14.13,
L\3
0 < ¢r < (—) (p(L/2) = p(L)).
EN
Along a dyadic sequence, for all large n: 0 < log ZzenCt — log ZEVZ < (Ln/en)nn and 0 < ¢, <
(Ln/en)3nn, with 0, — 0 (Lemma 14.28(iii)).

Proof. (i) T'(L) = %(61 —e2)Z + L(e1 + e2)Z + LesZ (Definition 14.5), which is the case j = 3.
The transposition ¢ gives ¢1I'(L) = L( es —e2)Z + L(es + e2)Z + Le1Z, and L(es + e2) =
2. %(63 —e9) + 2Ley, so ¢1I'(L) = Le1Z + 2LesZ + Z( e3 — %62) The transposition go gives
gI'(L) = %(el —e3)Z + L(ex + e3)Z + LesZ, and L(e; + e3) = 2Le; — 2 - (61 e3), SO
9oT'(L) = 2Le1Z + LesZ + Z(5e3 — Se1). The untwisted tori are enZ3/(LeiZ + 2L€QZ + Lesz)
and enZ3/(2Le1Z + LesZ + S e3Z); all these tori have (L/ey)? sites.

(ii) By Lemma 14.25(c), (14.1) and (i), %(L/EN)S)ZJ%J_ = Z(g;T(L)) = Z(T'(L)) = Z{ and
sclb/en )SZ%J_ = Z}**, which is the equality. The lower bound is Lemma 14.26(ii) without
insertions: Z% < Z'ct. For the upper bound, Proposition 14.13 gives Z¢"™ < Z'W (its statement
contains ¢y > 0; it applies, as L > 8ey, to the datum (0,0, 0; 2,O) with zero source), and
Lemma 14.28(iv) gives log Z%* — log Z¢"™ < (L/en)3(p(L/2) — p(L)).

(iii) ¢, > 0 is part of Proposition 14.13, and by (ii) and Lemma 14.28(iv),

b1 = log ZW —log Z8™ < log Z¥* — log Z$"" < (L/en)?(p(L/2) — p(L)).

Along a dyadic sequence L, /2 = L,_1, so p(L,/2) — p(L,) = nn, and the hypotheses on
L = L, hold for all large n. (|
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Lemma 14.30 (bounded Borel local functions converge along the limits). In the setting of

Subsection 14.4, for k € N let vy, be the weak limit of (,u}:/f)n along a subsequence of (Ly) (which
may depend on k), and let vy be the weak limit of (vy 1)k along a subsequence (Lemma 14.21). Let

f be a bounded Borel function on E of the variables of finitely many cells. Then ulL/nk(f) = v1k(f)
along the subsequence defining vy, for every k, and vy,,(f) — vo(f) along the subsequence
defining vyg.

Proof. Let A be a finite set of cells containing the cells of f, so that f is a function of the
A-variables only, and write 'yi/ ¥ for the kernel of Subsection 14.4 with the source strength 1/k.
For L = L,, larger than the diameter of A and of the cells of the O., ¢ € Ia, integrating the
A-variables first under ulL/ F gives ,uy k( f) = ulL/ k(’yi/ k f): this is the first step of the proof of
Lemma 14.21(i), an application of Fubini’s theorem which uses of f only that it is bounded and
Borel. The function vi/ k f depends on the outside variables of finitely many cells only, and it
is bounded and continuous: this is the Feller argument of the same proof (the factors of the
kernel are continuous in the outside variables, Za (&out) € (0, 00), dominated convergence), in
which f enters only as a bounded Borel function of the integration variables. Hence, by the weak
convergence and by Lemma 14.21(i) for the bounded Borel f, along the subsequence defining

V1 /ks
w0 = w6 D — npGE D = vh.
For the second limit, vy, (f) = I/l/k(’ylA/kf) by Lemma 14.21(i), ||72/kf — afllee <

2| f|loc(€252/% — 1) by the comparison of the two normalised weights in the proof of
Lemma 14.21(iii) (valid for bounded Borel f), and vya f is bounded and continuous (the Feller
argument without source). So, along the subsequence defining v, vy /5 (f) — vi/x(7af) — 0 and

vik(yaf) = v(yaf) = vo(f), the last equality by Lemma 14.21(iii). O

Proposition 14.31 (the tangent inequality of the comparison states, without relative entropy).
Let vy = vo(D) be a comparison state as in Lemma 14.21(iii), formed along a dyadic sequence
(L) with a datum D = (co, c4,c3;h; O0). For j € {1,2,3} let g; be as in Lemma 14.29 and let

V) = W, ((vo0g;) x HaarSiteS)

be the phase restoration (Lemma 13.3(d)) of the Gibbs measure vy o g; (Proposition 13.39(1)):
for j = 3 the phase restoration of vy itself; for j = 1,2 its time slabs are the slabs of vy between
adjacent layers orthogonal to ej. Let v = V) for some j € {1,2,3}, let [ng,ng + 1] be a slab
between two adjacent time layers and t # 0O real. Then:
(a) for every finite spatial bond set S, every real skew-adjoint' Y of the class of Lemma 15.11
and the corrector Z of Lemma 15.12, the slab function v; = log(1 + try +t?rz) o O, of
Lemma 13.14 satisfies

(14.3) v(v) < log||Xyll, Xi=1+tY +#Z;

(b) for every finite spatial bond set S closed under the bonds of its plaquettes, every real
skew-adjoint Y € Cqai and the corrector Z = 0 + Z, @ Zy of the proof of Lemma 13.25,
the slab function vy of that proof satisfies (14.3).

The inequality (14.3) is the upper bound which the proof of Lemma 13.14 obtains from
Lemma 13.9, (13.28) and Lemma 13.10, and which the proof of Lemma 13.25 obtains from these
and Lemma 13.21; here it is obtained in each direction e; from the construction of vy.

Proof. Fix j and put g := g;; fix the case (a) or (b), S, the slab, Y, Z and t # 0, and write
X = Xy and v := v, = logry o ©,. By Lemma 13.12, resp. the proof of Lemma 13.25,
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rx > 6t2 > 0, so v > log(dt?). The function v depends on the phase-restored variables of a finite
set Ag of cells of the slab (the sites, bonds and plaquettes of the window in the two layers, the
temporal links and the temporal plaquettes between them), and it is Borel (rx is continuous in
the pair and Higgs coordinates of the slab for each value of the integer variables, and ©, is a
Borel map). Let h = hj, be the wall spacing of D.

Step 1 (reduction to bounded Borel functions on E). For m € N let v Am := min(v, m) and

fm(w) = /Haar(dl/J) (v Am) (\I/(gw, w)),

the integral being over the finitely many phases on which the integrand depends. Since ¥
and g are local, f,, is a bounded Borel function on E of the variables of finitely many cells,
and by the definition of v = v\9) and Fubini’s theorem v(v A m) = vy(fp). As v Am 1 v and
v A'm > min(log(§t?), 1), monotone convergence gives

(14.4) v(v) = sup vo(fm) € (—00, +o0.

It therefore suffices to prove vy(fr,) < log || X for every m.
Step 2 (the torus laws). Let k € N, n > jo and L = L,, so large that the cells of f,,, embed in

TP and Lemma 14.29 applies. Let p/ := ulL/ o g, a law on the configurations of the torus Typ(r),

and 7' := U, (y' x Haar®i*e)

(14.5) w1/ * () = H(w Am) < 7 (0).
We bound g’ (v).

Step 3 (a sublattice of periods; the periodised sum). Let A’ := h(ej; —e2)Z+ h(e1 + e2)Z+ 2hesZ.
By Lemma 14.6 the products of the reflections in two adjacent parallel walls of D are the
translations by h(e; — e2), h(e1 + e2) and 2hes; they belong to W, so ulL/k is invariant under the
translations by A’ (Lemma 14.12(i)). Every non-zero element of A’ has length at least h. Let dg
be the diameter of Ag, choose an integer ¢ > 0 with 29k > dg + 2e5, and put

I":=21gN, I':=[enZ:T]=4-87(h/en)?.
(L) C 277’ holds if and only if 29h divides L/2, that is, for L = L, with n > jo + ¢
(L, /2 = 2"7J0h); we assume this from now on. Then gT'(L) C IV, ny, = [I": gT'(L)] = (L/en)?/ I,
and g is invariant under the translations by gA’ D IV (1y0§ = go,); so is i’ (Lemma 14.25(b)).
For v € I' the function v o 7, on the phase-restored configurations of T, T (1) depends only on
the class of ¥ modulo gT'(L). It is the slab function logrx~ o @((,-8) of the translated slab, of height

s=s(y) € {1,...,M;}, and of the translated window S?, where X7 is the copy of X on S7, an
operator of the same class and the same norm. Let

V5 = E VO Ty,

el /gl'(L)
a sum of ny, terms, bounded below. The cell sets Ag + v of distinct classes are at distance at
least 2ey from each other on Typ(r): if Ag+ v and Ag ++'+~", 7" € gT'(L), are at distance
less than 2ey in enZ3, then the element v ++” — ~ of I has length less than dg + 2ey < 2%h,
hence is zero. In particular the windows S7 at one height are pairwise disjoint, and so are their
site sets. By the invariance of i’ (applied to the truncations of v, then monotone convergence),

(14.6) i (v) =ngt {'(Ve),
both sides in (—o0, +00].

Step 4 (Jensen’s inequality; removal of the source). For a probability measure, the integral
of a function bounded below is at most the logarithm of the integral of its exponential, both

. The computation of Step 1, on the torus, gives
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sides in (—oo, +00] (Jensen’s inequality for the truncations of the function from above, then

monotone convergence on the left). Thus 1i'(Vy) < log ii’(e"2). The density of p L/ with respect

to ptv is Z /1 eQu/k < 2nellOllo/k (Definition 14.10; this is the removal of the source in the
proof of Lemma 14.18), and pt¥ o g = pgr(r) by (14.1). Hence, for every Borel F' > 0 on the
phase-restored configurations of Typ(z),

7 (F) = / VK (do) / Hoar(de) F(U(gw, ¢)) < lOl/k i (F) = 2relOlle/k 1G (),

J

by Lemma 14.25(a),(c) and Lemma 14.29(i). With (14.6),

~ _112n.]|O]| ¢ n 2L3 I'e3
/ 1 (& oo V; C N
(14.7) w(v) < np [T —i—logu]\i[j (e L)}, L =75 3

Step 5 (insertions on the twisted torus). For each height s € {1,..., M;} let X[*! be the full
operator of the copies X7 with s(y) = s: their tensor product in the case (a) (Lemma 14.27(a)),
their product in the case (b) (Lemma 14.27(b); the windows S7 are closed under the bonds of
their plaquettes, as S is, and by Step 3 they are pairwise disjoint in bonds and in sites); X [s] .= 1
if there is no such 7. In the case (b) the feature map is that of Lemma 14.27(b) with V' the set
of all sites of the layer torus, the same at all heights. By Lemma 14.27, () is the product of
the 7x~ with s(7) = s, || X¥!|| is at most the product of their norms, and X*! has the absolute
convergence on which (13.28) rests (Remark 13.8 in the case (a), Lemma 14.27(c) in the case
(b)). Hence

— 8(1+1

M;
't= [ rxo6f Hrm 00,  TLIxM|< x|,
~el/gT'(L) s=1

and Lemma 14.26(iii) gives

G 1] [M;] 0

G (eVL) _ ZMj(X yene, XM < Ix|P ZMj
MMj Gy - G o
ZM]- ZM]-

For j = 3 the twist (3 vanishes and the last ratio is 1 (this is Lemma 13.10 with (13.28)).
For j = 1,2 it is at most exp[(L/en)?n,] by Lemma 14.29(ii), L = L,,. Since (L/en)3/ng =T,
(14.7) becomes
28710l

k
where ¢ and I’ depend on the window, the slab function and h, but not on n, k or m (for j = 3
the last term is absent).

Step 6 (the limits: first n — oo at fized k, then k — oc). By (14.5) and (14.8), MlL/nk(fm) <
log || X || 4+ 2 - 87FY|0||00/k + I'ny, for all large n. Let n — oo along the subsequence defining
vi/k: by Lemma 14.30 the left side tends to vy /,(fm), and 1, — 0 along the whole sequence
(Lemma 14.28(iii)), s0 11/ (fm) < log | X | +2 - 89+1|O||c /K for every k. Let k — oo along the
subsequence defining vp: by Lemma 14.30, vo(fr,) < log || X||. This holds for every m, and (14.4)
gives v(v) < log || X||, which is (14.3). O

(14.8) i) < log|IX]| + 1,

Remark 14.32 (a second proof). (i) A second proof of the invariance used in Proposition 14.33.
For the comparison states, Proposition 14.31 gives a proof of Lemmas 13.14 and 13.25, of
Theorem 13.28 and of the conclusion of Theorem 13.1 which does not use the tangent inequality,
Lemma 13.9. Indeed, let 1y be a comparison state. In the proof of Theorem 13.1 for iy
(Subsection 13.10), Lemma 13.9 is applied only to the three measures vU) of Proposition 14.31
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(in Step 1 to the phase restoration of vy, in Step 2 to those of 1y o g; and 1y o §2), and only
through the upper bounds (14.3) in the proofs of Lemmas 13.14 and 13.25 (Remark 13.40); and
Proposition 14.31 gives these bounds directly. This applies in particular to the invariance of v
under Toq e, in step (3) of the proof of Proposition 14.33. For that invariance the case j = 1 of
Proposition 14.31 suffices: Step 1 of the proof of Theorem 13.1 for vy o §; gives its invariance
under the time reflections, the computation in the proof of Proposition 13.39(ii) turns it into the
invariance of vy under the reflections 6; ., and Proposition 13.39(iii) gives the invariance under
T2ener-

(ii) The surface term. The convergence which the argument of this section takes from the surface
bound, Lemma 14.14, also follows from Lemma 14.29(iii). By that lemma, 0 < ¢, < (L, /en)*nn
with 7, — 0 along a dyadic sequence, hence ¢y, /L3 — 0. In the notation of Remark 14.17,
where t is the source strength, this is the statement h3¢y, /(2¢tL3) — 0 at fixed h and ¢ > 0 of
that remark, which is the only consequence of Lemma 14.14 that the argument of this section
uses (Remark 14.17, the proof of Proposition 14.23, Remark 14.15). Here it follows from ¢ > 0
(Proposition 14.13), the Holder bound of Lemma 14.26 without insertions and the halvings of
Lemma 14.28, with no analysis of the seam. The bound of Lemma 14.14 itself, of the order
L?log L, is not obtained in this way, since Lemma 14.29(iii) gives no rate for ,,.

(iii) Restriction to the comparison states. Proposition 14.31 is a statement about the comparison
states only: its proof uses their construction as limits of the torus laws ulL/n " and gives nothing
for other Gibbs measures. Section 13 does not depend on it; there the tangent inequality is
Lemma 13.9.

14.6. Straddling: the rigidity step.

Proposition 14.33 (reflection positivity of the dyadic limit points at the planes {u = ¢o}). Let
w be a dyadic limit point, co € eNZ, Il :={u = co} and 0 := O0; = r¢,. Then w((FoH) F) >0 for
every real bounded continuous function I of the variables of finitely many cells with all vertices
in {u > co} (a function on Qp, in the sense of Theorem 11.5(d)), and w(G o0) = w(G) for every
bounded continuous local G.

For Theorem 14.3 only ¢y = 0 is needed.

Proof. The invariance is Theorem 11.5(c), since 7, is a signed coordinate permutation about a site
composed with a translation of e yZ3, an element of Gy. Let F be as stated and O := —(F o §)F.
This function is real, bounded, continuous and local, a function of the gauge-invariant variables
(fp» Pz), but of cells on both sides of II (those of F' and their reflections), so no datum with the
wall II admits it.

Translate. Let umin be the least value of u over the vertices of the cells of O and pick
a € enZ with upmin + 2a € {co + en,co + 2en} (one of two consecutive multiples of ey lies
in 2ey7Z); let T be the translation by 2ae; € enZ3 (it raises v and v(x) by 2a and fixes 3)
and O’ := O o 77!, a real bounded continuous function of the gauge-invariant variables of
cells with all vertices in {u > ¢gp +en}. Choose h € {h;} (unbounded, Definition 14.1) larger
than each of the u-, v(z)- and z3-ranges of the vertices of the cells of O’ plus 2¢y, and put
¢t :=minv(x) — ey € eNZ, c3 :=minzg —en/2 € %eNZ over those vertices. Then the cells of
O’ lie inside the open cell Cp = {co <u < cog+h, cy <v(z) <cy +h, c3 <xg <cs+ h} of the
datum Do := (cg, ¢y, c3;h; O'), whose wall set contains II. Let vor := v9(Dor) be a comparison
state of Lemma 14.21(iii), formed along subsequences of the subsequence defining w.

The chain of relations. The following four relations hold.

(1) w(0) = w(0’), because the law uy of w (Definition 2.3) is invariant under the translations
by enZ? (Theorem 11.5(c)) and 2ae; € enZ3.
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(2) w(0') <o (0'), by Proposition 14.23 (O’ is a bounded continuous function of the gauge-
invariant variables of cells inside Cp; under v it is evaluated through f, = (dB), + vp).

(3) vor(O") = vor(O). Indeed, by Proposition 14.22 (the sourceless vos is Gibbs, A’-periodic
with the time translation 2hes, and satisfies (I1)—(I3)), Theorem 13.1 makes v invariant
under Ty ¢, , hence under 7 = Toqe, (a € enZ). A second proof of this invariance, which
does not use Lemma, 13.9, is obtained with Proposition 14.31 in the place of Lemma 13.9;
see Remark 14.32(i).

(4) vor(0) = —vo((F o 0)F) < 0, by the reflection positivity of vo/ at its wall II
(Lemma 14.21(iii)), F' being a real bounded continuous function of cells in the closed
half space {u > ¢o} (as a function on E through f, = (dB), + vp; the reflection acts on
(p, B,v) and induces on f the action used on Qy).

Hence w((F o #)F) = —w(0) > 0. (Equivalently: vo is the dominating state of Lemma 14.24
for this O, after the translation 7 has been undone by the rigidity theorem.) U

14.7. Conclusion: the six planes through 0 and all their translates.

Lemma 14.34 (complex form, Hermitian form, Borel functions and the L? closure). Let w
be a dyadic limit point, co € enZ, R := 1o and OF := Fo R for functions F of cells in
{u>co}. (a) For complex bounded continuous such F,G: w(OF - F) >0, w(OF) =w(F), and
(F,G) = w(OF - G) is a positive semidefinite Hermitian form. (b) The same holds for bounded
Borel F,G of finitely many cells in {u > co} and for their L*(un)-closure.

Proof. (a) Write F' = Fy + iF, with Fy, F5 real. Then
w(OF - F) = w((F1 0 R)F1) + w((Fy 0 R)Fy) +i[w((F1 0 R)Fy) — w((Fy 0 R)FY)],

and the bracket vanishes by the R-invariance of uy (Theorem 11.5(c), R € Gn): w((Fa o
R)F\) = w(((Fa 0 R)Fi) o R) = w(F, (Fi o R)). So w(©F - F) > 0 by Proposition 14.33, and
w(OF) =w(F o R) = w(F). The Hermitian symmetry is the identity

WOF -G)=w(FoRG)=w(F(GoR))=w(GoRF)=w(OG - F),

again by R-invariance; a sesquilinear form with Hermitian symmetry and non-negative diagonal
is positive semidefinite (polarisation). (b) Bounded Borel functions of finitely many cells are
L?(p)-limits of bounded continuous functions of the same cells (the marginal is a finite Borel
measure on a Polish product; Lusin’s theorem), and (F, G) — w(OF - G) is L?-continuous because
F + FoRis an isometry of L?(uy) by R-invariance, so © is an antiunitary involution of L?(uy).
The three statements pass to the limits, and then to the L?(juy)-closure. O

Proof of Theorem 14.3. Let P = P = {z; = oz}, 1 <i<j <3, 0 € {£1}, and k the third
index. Let R’ be the signed coordinate permutation with R'e; = e;, R'es = oej, R'es = ej: for
y = R'x one has y; — oy; = 11 — 0?29 = u(x), so R’ maps {u = 0} onto P and {u > 0} onto
the closed half space {x; — ox; > 0}. For the other closed half space use R’ o (12), which maps
{u=0} onto P and {u > 0} onto {z; —ox; < 0}. Call the chosen map g; it fixes 0, so g € Gn
(Theorem 11.5(c)), and 0p = gy g~ with 6y := 7o the reflection in {u = 0} (both sides are the
involutive isometry of eyZ? fixing P pointwise). For F bounded Borel of cells in Hp = g{u > 0},
F o g is bounded Borel of cells in {u > 0}, and by g-invariance of uy and Lemma 14.34(b) at
Cco = 0,
w(Fofp-F)=w((Fofp-F)og)=w((Fog)oby-(Fog)) > 0,

using fp o g = gofy. As (i < j,o0) vary, all six diagonal site planes through 0 are reached. O
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Corollary 14.35 (all diagonal site planes; Hermitian form; L? closure). Let w be a dyadic limit
point. For every ¢ € enZ and every plane Il = {z; —ox; = ¢} (1 <i < j <3, 0€ {£1}),
with On the reflection in 11 and OpF := F o O: w(OpF - F) > 0 for every bounded Borel F' of
finitely many cells in either closed half space bounded by I1; (F,G) — w(OnF - G) is a positive
semidefinite Hermitian form on these functions; w(OnF) = w(F); and all three statements extend
to the L?(uy)-closure.

Proof. With g as in the proof of Theorem 14.3 put g.(z) := gx + ce;; since ce; € enZ3, g. € Gn
(Theorem 11.5(c)), ge{u = 0} = II (y = gz + ce; has y; — oy; = u(z) + ¢), g.{u > 0} is the
chosen closed half space and 011 = g.0pg. '. The computation of that proof, with g. in place of g,
transports the three statements of Lemma 14.34(b) at ¢p = 0 to II (for the Hermitian form and
the conjugation identity: w(OnF - G) = w(O¢(F o g.) - (Gog.)) and w(OnF) = w(Og(F og.)) by
ge-invariance), and F + F o g, is an isometry of L?(uy), so the L?-closure statement transports
too. Beyond Theorem 14.3, the proof uses only the eyZ3-translation invariance of . ]

14.8. Consequence for the rotation theorems.

Remark 14.36 (consequence for the rotation theorems). Let wy be a dyadic limit point and S
a limit functional of Theorem 7.1 built on it. Then Theorems 12.2 and 12.3 hold for S; this is
Theorem 12.4. Indeed, apart from the reflection positivity of wy at the six diagonal site-plane
families, every step of the proofs of Theorems 12.2 and 12.3 holds for the torus limit points as it
stands, with Theorem 11.5(a)—(d) in place of the corresponding statements for the box states:
the Gaussian bound of Lemma 12.22 follows from Theorem 11.5(b), the translation invariance
and the coordinate reflections are given by Theorem 11.5(c),(d), and the continuum passage is
given by Theorem 7.1 and Section 9, which are stated for wy. Lemma 12.21 requires reflection
positivity only at the nine planes through 0, and the Hermitian identities which it uses follow
from Theorem 11.5(c). Theorem 14.3 therefore suffices for the proof, while Corollary 14.35
gives the reflection positivity at all diagonal site planes. Theorem 14.3 rests in turn on the
rigidity theorem (Theorem 13.1) and on the surface bound (Lemma 14.14). One and the same
dyadic limit point wy must be used throughout, in Definition 2.3 and in the sequence (N,,) of
Theorem 7.1.

15. ROTATION COVARIANCE OF THE MOMENTS FROM REFLECTION POSITIVITY

Throughout this section T is A2R? or A?R3 @ R with its orthogonal O(3)-action 7 (on the
2-form summand 7(g) = det(g) g under A?2R3 = R3, on the scalar summand the identity), T¢
its complexification with the Hermitian extension of the inner product, and S = S(R?;T) the
real Schwartz space; S'(R3;T) carries its Borel o-algebra. For a Borel probability measure
poon S'(R3;T) put F(x)(¢) := é(x) and Sp(x1,---,Xn) = JITj=1 F(x;) du whenever the
integral converges absolutely. For g € O(3) the pull-back is (¢*x)(x) := 7(9) x(g), and
for a € R3, (1,x)(z) := x(z — a). For a reflection © in an affine plane, ©*y is the pull-back
(©*x)(x) = m(Og)x(Ox), Op the linear part. The constants of this section depend only on the
constant C' of hypothesis (i) below (and on the number of fields where this is stated), never on x4
otherwise. The symbols W, N, N and p of this section are local to it (elsewhere in this paper N
is the level and N the set of the nine normals).

Theorem 15.1 (rotation covariance of the moments away from coincident points). Let 1 be a
Borel probability measure on S'(R3;T) such that

(i) feF(X) dp < Ol +lIxII72) for all real x € S(R3;T), with one constant C' < oo;
(ii) p is invariant under all translations of R3;
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(ii) Dy Za2b [ e xa=8"x0) 41y > 0 for every reflection © in one of the nine planes {x; = 0},
{z; 2, =0} (1 <j<k<3), all finite families x, € S supported in one open side of
the plane and all z, € C.
Then Sp(R*X1,--., R*Xn) = Sn(X1s---,Xn) for alln > 1, all R € O(3) and all x1,...,Xn €
S(R3; T) with pairwise disjoint supports.

For the two representations of the theorem the planar rotation weights are 0, £1 (the 2-forms)
and 0 (the scalar), and the proof below is written for weights in {—2,...,2} wherever the weights
enter (Proposition 15.21). The proof occupies the rest of the section: Subsection 15.1 fixes the
notation, Subsections 15.2-15.14 prove the intermediate statements in order, and Subsection 15.15
assembles them.

Remark 15.2 (the tests in (iii)). Hypothesis (iii) with real C2° tests supported in one open
side implies (iii) as stated, with Schwartz tests supported in that open side: for such y, the
cut-offs x,9(-/q) (¥ € CX(R3), ¥ = 1 on B(0,1)) are compactly supported in the open side and
converge to . in the norm N of Subsection 15.1 as ¢ — 0o, and the characteristic functional Z
is N-continuous (Lemma 15.6(b)), so each finite Gram sum of (iii) passes to the limit. Conversely
the stated form contains the compactly supported one. Only the compactly supported form is
ever used below.

Remark 15.3 (the o-algebra). The proofs of this section use p only through the random variables
F(x), x € S real, and the o-algebras they generate (the X(K) and X{u-v > 0} of Subsection 15.1,
and in Lemma 15.6(e) the uniqueness of a probability measure with a given characteristic
functional on the o-algebra generated by the evaluations). They apply therefore to a probability
measure on S’(R3;T) carrying the cylinder o-algebra generated by the evaluations, which is the
form in which the measures of Sections 9 and 12 are given: “Borel” is then read as “on that
o-algebra”, and the image measures used in the proofs (under translations, reflections and the
rotation by 7/4 of a coordinate plane) are again of this form, because every evaluation of the
image of ¢ is an evaluation of ¢.

15.1. Setting and notation. Fields. For x € (L' N L?)(R3;T¢) we put N(x) := ||x|l1 + |lxll2,
the norms being taken with the Hermitian norm on T¢; we note that ||Rex|l, < [|x|l,- By
Lemma 15.6 below, F extends to (L' N L?)(R3; T¢), complex-linearly, with F(x) € MNp<oo L (1),

F(x) = F(X), and S,, is defined on (L'NL2)&. Z(x) := [ eF™) dy is the characteristic functional.

Coordinates. A coordinate pair is an ordered pair (¢,z) = (x;,x)) of distinct coordinates,
y = x; the third; e, e, e, are the unit vectors, and a point of R? is written (¢,z,y) or (z,y) with
z = (t,r) € R? the planar part. 0,(t,z,y) := (—t,z,y) is the reflection in {t = 0}, 0.(¢,z,y) :=
(2¢ —t,x,7) the reflection in {t = c}, n := (e; +ez)/V2, n' := (er — ) /V/2, and 0,, the reflection
in {t+x =0} (so 0,n=—n, 0,0 =n', 6;n=—n'). On tests we put (6%x)(v) := 7(05)x(0.v)
and (67 x)(v) := 7(0,)x(0nv). Since 7(0,) and m(6,,) are real orthogonal involutions, each 0* is
an involutive isometry of L' and of L%, Re @}k = 0* Rek, and 0*7,0" = 74_, for a € R3. We put
Jex := 0%y and J := Jy, and for a transverse profile f € (L' N L?)(R;T¢) we put Jf := 7(60,)f,
so that J(af) = aJf, where (af)(t,z,y) := a(t,z) f(y) and a(t,x) := a(—t, z).

Observables. The translations and the reflections act on 8" by (7,¢)(x) := ¢(7—aX) and
(09)(x) := ¢(0*x) for 6 € {6,,6,,}, and on functions G of ¢ by U(a)G := Go71_q, ©.G := G o,
O, := g and 0,,G := Gob,. Hence U(a)F(x) = F(1aX), OF(x) = F(0:x), ©,F(x) = F(6}x),
U(a)(GG") =U(a)GU(a)G, U(a)U(b) = U(a + b), and, from the affine identities 0.00 = Toce,,
OcTee, = Tee,00, O0T—ce, = T—ce,bc, 0Ta = Toyab (6o the linear part),

0.0, =U(2ce;), O U(cer) =U(cer)Oo, OoU(—cer) =U(—cer)O,,

(15.1) 0.U(a) = U(0,a)0,, ©,U(a)=U(0,a)0,.
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These identities hold on the generators F'(x) by the point-map identities, and the F(x) separate
the points of §’. ¥(O) denotes the o-algebra generated by the F(x), x € S real with supp x C O
(O open); it coincides with the one generated by the F(x), x € C°(0O;T), since x ¢(-/j) — x in
S for a cut-off . We put L2 := L*(X{t > ¢}, p), L3, := L§ and L2 | := L*(X{n-v > 0}, ).

The OS space. We define the forms (G,G'). = E,[0.GG'] on L2, {-,")o := (-,*)o, and
(G,G")n = Eu[0,GG] on L ,. The space Ho is the completion of L2, modulo the null
space N of (-,-)o (Lemma 15.5); we write [G] or [G], for the class of G, and € := [1], so that
(Q,[G))o = E,[G]. The space H,, and the classes [G],, are defined likewise for the plane {t+2 = 0}.
The operators H > 0 and P are the self-adjoint generators with [U(te; +ze,)G]o = e H e P[G],
for t > 0, z € R, and II is their joint spectral measure on [0,00) x R (Lemma 15.5); H,,, P,, 11,
are the same objects for {t + x = 0}, with n as time and n’ as space.

Complex translations. For z = (t,z) € C? we put ¢(z) := Ret — |Imz|, W := {q¢ > 0},
Co:={(t,r) € R? : t > |z|}, Oz := (—t,x) and z := (£,Z). The function ¢ is superadditive,
q(z +2') > q(2) + q(2'), and ¢(—O.%2) = q(2). For q(z) > 0 we put V(z) := [ e T dII(w, p)
(Lemma 15.12). We write R(0) for the rotation of the (t,z)-plane by 6, acting on R?® with y
fixed, and o(0) := w(R(0)) for its tensor action, so that (R(0)*x)(z,y) = o(—0)x(R(0)z,y); both
extend to complex 6 as entire functions (polynomials in e*%).

Narrow and admissible configurations. A finite planar configuration (z1,...,2yx) € (R?)V is
narrow if for some ordering ¢ and some unit vector u € R? all differences Zo(j+1) — Zo(j) lie in the
open cone of half-angle 7/4 about u. An ordered tuple of tests x; = o f; with compact planar
supports K; = supp «; is admissible if K1 C Cy and K1 — K; C Cy for all j. The symbols K,
K¢, K7 and Kg also denote the constants of this section listed in Remark 15.40: as a numerical
factor in an estimate K, is that constant, and in an inclusion or under a map it is the support
Supp au,.

Remark 15.4 (the four planes of a coordinate pair). Every statement of Subsections 15.2-15.13
is proved for one coordinate pair (¢, x) from (i), (ii) and hypothesis (iii) restricted to the four
planes {t = 0}, {z = 0}, {t + = 0}, {t — x = 0} of that pair; where a proof uses fewer
planes this is said. Hypothesis (iii) of Theorem 15.1 supplies this four-plane hypothesis for every
coordinate pair, since for (t,z) = (z;,xy) the four planes are {x; = 0}, {x, = 0}, {z; + 2, = 0},
{z; —x = 0}, all among the nine. The four-plane form is what Proposition 15.33 needs: it applies
Subsections 15.2-15.12 to the law i obtained from p by the rotation by 7/4 in the (¢, x)-plane,
which has (iii) at the four planes of the pair but not at the other five. Proposition 15.37 uses
Theorem 15.8 for the six ordered coordinate pairs, that is (iii) at the three coordinate planes
and at the three planes {x; + x; = 0}, j < k (Theorem 15.8 for the ordered pair (¢, ) uses the
planes {t = 0} and {t + = = 0} only, and the two orderings of a pair share the second); the three
planes {z; — z}, = 0} enter through Proposition 15.33 (the plane P of each pair) and through the
Bs-invariance of Lemma 15.7 used in step (4) of the assembly. The hypothesis of Theorem 15.1
supplies all of them.

Lemma 15.5 (reconstruction). Let 6 be the reflection in a plane {u -v = 0} through 0, with
0. = g1, pu translation invariant, and (iii) for 0. Put L2 | := L*(%{u-v > 0}, ), ©,G := G o0
and (G,G")y = Eu[0,GG']. Then (-,-)y is a positive semidefinite Hermitian form on L7 , ;
on the Hilbert space H., (completion modulo the null space) ||[Glu|l < [|G|lp2(,); the classes of
bounded functions in L*(S(K),u), K C {u-v > 0} bounded open, are dense in H.,; and there
are a self-adjoint H,, > 0 and, for each unit m L u, a self-adjoint P, p,, all strongly commuting,
with joint spectral measure 11, on [0,00) x R for each (Hy, Pym), such that [U(su+ s'm)Gl|, =
[ e=swti'P qM1, (w, p) [Gy for s >0, s €R, G € L2 .
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Proof. Positivity: for G = 3, ze'0) with real y, € S supported in {u-v > 0}, 0, =
00 g0 E.[0.GG| = Zmb ZazbZ (Xp — 0% Xa), which is Zmb Zo 2o My, with the matrix M, =
Z(xa — 0*xp) of (iii); M is positive semidefinite, hence so is MT = M, and the expectation is
> 0. These G form a unital x-algebra A, of bounded functions generating ¥{u - v > 0}; by the
functional monotone class theorem the L?(u)-closure of A, (closed under bounded pointwise
sequential limits by dominated convergence) contains every bounded ¥{u - v > 0}-measurable
function, and bounded functions are dense in L2 , . The form is L? x L*-continuous (|E[0,GG']| <
|G2]|G’||2, ©u being an isometry of L*(p) by upe = 1), so it is positive semidefinite on L2 | ;
a positive semidefinite sesquilinear form is Hermitian and obeys the Schwarz inequality, and
(G, Gl < 10uGI]IG]l> = |GJ3.

For s > 0, U(su)L% , C L2, and, by ©,U(su) = U(—su)©, and (i), (U(su)G,G), =
E[U(-su)0,G G'] = E[0,GU(su)G'] = (G,U(su)G")y; hence ||[U(su)G]||? = (G, U(25u)G), <
G [U2sw)G|| and, iterating, [[[U(su)G]| < [[[GII'"* "IG]7." — [[GIIl. So [G] —
[U(su)G] is a well-defined symmetric contraction semigroup on #,; it is strongly contin-
uous because U is strongly continuous on L?(y) (for G = ¢FX U(a)G = €0 — G
pointwise and boundedly as a — 0, ¢ being continuous on &; such G span a dense set; the
U(a) are unitary); thus it is e™*#« with H, > 0 self-adjoint (the spectral theorem [30]). For
m L u, 0,U(s'm) = U(s'm)0, gives (U(s'm)G,U(s'm)G"), = (G, G’)y; the induced operators
form a strongly continuous unitary group commuting with e~*« (both compositions equal
[U(su + s'm)G],), and €' Pum is that group (Stone’s theorem [30]). A unitary commuting with
the bounded self-adjoint e~ #* commutes with its spectral projections, which are those of Hy; so
H, and P, ,, strongly commute, and the joint spectral measure exists, carried by [0,00) x R.

Density of the localised bounded classes: the ¥(K) are countably generated and ¥{u - v >
0} = Vx 2(K) over bounded open K C {u-v > 0}, so by martingale convergence and truncation
such functions are dense in Li +, and the class map is a contraction with dense range. O

For u = e; the objects of Lemma 15.5 are Ho, H, P := P,, ., and II; for u = n they are H,,, Hy,
P, := P, s and II,,. The invariances ospt = pt, 0p+p = p required are supplied by Lemma 15.7
from (i), (ii) and (iii) at the respective plane. The identification [U(te; + ze,)G]o = e e P[G],
(t > 0) is the last formula of Lemma 15.5 with u = e;, m = e;.

15.2. Fields and moments.

Lemma 15.6 (moments). Assume (i), and put Ky :=17(1 4+ C). Then:

@) [FO e < Killxll + /Plixll2) for all real x € S and 1 < p < oo;

(b) F extends uniquely to a map (L*NL?)(R3; Tc) — Mp<oo LP (1), complez-linear, continuous
for N in each LP, with (a) for real arguments, ||F(x)l, < 2K1(||x|1++/2llx|l2) for complex
ones, F(x) = F(%), and (i) holds for all real x € L' N L?;

(©) [Sn(x1s---sxn)l < CK1vn)"[I72 N(x;) for x; € (L' N L¥)¢; S, is a symmetric n-
linear form, continuous in each entry for N, and its restriction to 8™ is a tempered
distribution on R3";

(d) B elfOl < 0o for real x € L' N L%, and Z(x) = > ons0 8" Sn(Xs - -+, x)/nl, the series
converging absolutely;

(e) for an affine isometry g of R with linear part in O(3) (acting on tests by the pull-back
with the tensor action), gy = p on the o-algebra generated by the evaluations ¢ — ¢(x),
X € S (the sense in which the invariance of a measure under g is used in this section;
Remark 15.3), if and only if Z o g* = Z on S, if and only if Spn(g*x1,---,9"xn) =
Sn(X1,---,Xn) for alln and all x; € S.
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Proof. (a) Let x # 0, X := F(x), a := C|x|l1, b := C|/x|3 > 0. Hypothesis (i) at +Ax
(A > 0) and the Chebyshev inequality give u(|X| > s) < 2e AsTaA03: for ¢ > ¢ the choice
A= (s—a)/(2b) yields p(|X| > s) < 2e~(=9)*/(40)  Hence

o0 o
E[X]P Zp/ SP(|X] > s)ds < ap+2p/ (a4 r)p=le=r/(8) gy
0 0
<aP + 2ppap—1\/%+ 2p—1p (4b)p/21—\(p/2),

using (a + )P~ < 207 NaPTl 4 PTY), (X Mgr = Vrb oand [ rrle My =
%(4b)p/2f(p/2). Taking p-th roots, with (u 4 v + w)Y/? < uMP 4 VP 4 '/P pl/P < /e < 1.45,
/) < /m < 1.78, aP=V/Pp/ () < g 4 /b (Young’s inequality) and T'(p/2)'/? < 2,/p (for
p>2from I'(z) <21 o> 1; for 1 <p<2from ['(p/2) < /7):

1X]l, <a+52(a+Vb)+2-1.45-2/p-2Vb < 6.2a+ 16.8,/p Vb < 7C||x|1 + 17VC /D ||x|2,

which is (a) since 7C < K; and 17v/C < K.

(b) F is linear on S (¢ is linear), so (a) gives ||F(x) — F(X')|lp < Ki(1 +/p)N(x — x'); S is
dense in L' N L2 for N, and the extension by uniform continuity is unique; put F(x1 + ix2) :=
F(x1) +iF(x2) for real x1,x2. The conjugation identity is clear. For real y € L' N L? and
Schwartz x; — x in N, a subsequence of F'(x;) converges a.e., and Fatou’s lemma gives
Eel" () < 1lim inf; eClxsll+Ix;13) = CUxI+IxI3)

(¢c) The bound follows from Holder’s inequality with exponents n,...,n and (b) at p = n.
Symmetry and multilinearity are clear; continuity in each entry follows from (b); on S the norm
N is dominated by finitely many Schwartz seminorms, so S, is a separately continuous n-linear
form on the Fréchet space S, hence jointly continuous, hence a tempered distribution on R3" by
the kernel theorem [15, Chapter I, [30, Chapter V].

(d) The first assertion follows from elX| < eX 4+ e=X and (b). By (c), 32, 1Sn(Xs -, x)|/n! <
S, (2K1/nN(x))"/n! < oo (n™?/n! < €2 /3/nl), and dominated convergence (the partial sums
of ¢ are bounded by elX |) gives the expansion.

(e) The cylinder sets {¢ : (¢(x1),---,6(xn)) € B}, x; € S, B C RY Borel, form a n-
system generating the o-algebra generated by the evaluations ¢ — ¢(x), x € S, and by the
linearity of ¢ the characteristic functional determines the characteristic function s +— Z(>_ j 55X;5)
of each vector (¢(x1),.-.,®(xn)), hence its law; so two probability measures with the same
characteristic functional on S coincide on that o-algebra (Dynkin’s 7—A theorem, as in the proof
of Proposition A.9(a)), which is the one through which y is used (Remark 15.3); [ eF'00d(g.p) =
Z(g*x) (with the pull-back convention, (g¢)(x) = ¢(g*x) up to the orientation of the action,
which does not affect the equivalence since g~! is again such an isometry). This gives the
first equivalence. If Z o g* = Z on S then, by (d) applied to > ;$iX; and the identification of
the coefficient of s ---s, (polarisation), S,(¢*x1,...,9"xn) = Sn(X1,...,Xn); conversely the
invariance of all S, gives that of Z through (d). O

15.3. The discrete symmetries.

Lemma 15.7 (reflections and the one-point function). Assume (i), (ii), and (iii) for one reflection
0 in a plane through 0. Then 6.u = p. Consequently, under (iii) for the nine planes, p is
invariant under the group Bs of signed permutations of the coordinates, and Sy(x) = (m, [ x) with
a vectorm € T fized by w(Bs); m has no 2-form component, so w(R)m = m and S1(R*x) = S1(x)
for all R € O(3). Under (iii) for the four planes of a coordinate pair only, p is invariant under
the four reflections and the dihedral group Dy they generate (the rotations by multiples of w/2 of
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that plane among them), S1(x) = (m, [ x) with m fized by 7(D4), and S1(R(0)*x) = S1(x) for
every rotation R(0) of that plane

Proof. Let 11,19 € S be real, supported in the open positive side of the plane. The matrix (Z (¢, —
0*Yp))ap=1,2 is positive semidefinite by (iii), hence Hermitian: Z (o — 0*1) = Z(p1 — 0*1ha) =
Z (0% —p1) = Z(0* (o —0%1)), using Z(x) = Z(—x) and (0*)? = 1. Every real x € S vanishing
on a neighbourhood of the plane is of the form 15 — 0*1; (its restrictions to the two open sides),
s0 Z 0 0* = Z on such tests. For general real x € S let x5 := x - (1 — p(u-v/d)), ¢ € CX(R)
equal to 1 near 0, u the unit normal; x5 € S vanishes near the plane and N(x — x5) — 0 as
d — 0 by dominated convergence; Z is N-continuous (Lemma 15.6(b)) and #* is an N-isometry,
so Zo#* =7 on S, and Lemma 15.6(e) gives 8, = p. The nine reflections generate Bz, the
four reflections of a pair the dihedral group of order 8 in that plane, and invariance passes to
products.

Si is a translation-invariant tempered distribution (Lemma 15.6(c) and (ii)), so its first
derivatives vanish and Si(x) = [(m, x(v))dv for a vector m € T. For each of the nine reflections,
S1(0%x) = S1(x) gives (m,w(0) [ x) = (m, [ x) for all x, i.e. w(0)m = m (7(6) symmetric), hence
m(g)m = m for g € Bs. On the 2-form summand 7(g) = det(g)g; for g = diag(—1,1,1), m(g) =
diag(1, -1, —1), which fixes only the first axis, and the three coordinate sign changes together fix
only 0: the 2-form component of m vanishes. The Scalar Surnmand carries the trivial action so
m(R)m = m for all R € O(3), and S1(R*x) = (m,m(R)™! [ x(Rv)dv) = m, [ x) =
Under the four planes of one pair only, the same argument gives W(g)m =m for g € D4, in
particular for the rotation by 7/2 of the plane, whose tensor action is o(7/2) = > i"*P, in the
weight decomposition o(0) = >, e"a? P, of the conventions of Subsection 15.9 (w, € {—2,...,2});
since ¢ = 1 with |w| < 2 only for w = 0, m lies in the weight-0 subspace, so g(6)m = m for all 6
and S1(R(0)*x) = (o(0)m, [ x) = S1(x). O

15.4. The spectral cone.

Theorem 15.8 (spectral cone). Assume (i), (i) and (iii) for the two planes {t = 0} and
{t + x = 0} of a coordinate pair. Then the joint spectral measure I1 of (H, P) on H. satisfies

O({(w,p) :w<|pl}) =0,  hence  D(H)C D(P), (,Hp) > (4, |Ply) (v € D(H)).

Only the invariances foxpt = Opsp = p (Lemma 15.7 for these two planes), (ii), (iii) at
the two planes, and Lemma 15.5 enter; (i) enters only through Lemma 15.7, that is through
the N-continuity of Z (Lemma 15.6(b)). Throughout the proof z(w,p) := (w — ip)/v/2, so
Rez = w/\@ >0and Imz = —p/\/§ on the carrier of II.

Lemma 15.9 (one pairing, two quantisations) Let K C {t > O} be bounded open, A €

L2(3(K),p), G(b) :=E,[0,AUb)A] forb e R?, a:=infgn-v, o :=infgn' v, sp:= —a—d/,
and vy = ([Alo, 1(*)[A]o)o (a positive measure of mass < HAHL2 ”)).
(a) For s,s > 0: ([U(s'n)Alo,[U(sn)Alo)o = G(sn + s'n') and [U(sn)A], =

[ e @) dl(w, p) [Al.
(b) There is a complex Borel measure p on [0,00) x R with |p|([0,00) x R) < HAH%Q(M) such

that G(sn + s'n’) = [ e~ (550" g/ o) for all s > sg, s’ € R.

Proof. (a) U(sn)A € L*(X(K +sn)) C Lg7+ for s > 0, and [U(sn)A], = e_(s/ﬁ)Hei(s/ﬁ)P[A]o =
fe_s(”_ip)/ﬂdﬂ [A]o by Lemma 15.5. Since ©,U(s'n) = U(—s'n")O, by (15.1) (fon = —n’), (ii)
gives (U(s'n)A,U(sn)A)o = E[U(—5s'n")O,AU(sn)A] = E[O,AU (sn + s'n’) A].

(b) Forv e K, n- (6v+a'n) =—n'-v+a’ <0, so the open set 0, K + o'n lies in the open
half-space {n-v < 0}; likewise K —an C {n-v > 0}. Put A; := 0,U(a/n)0,A € L*(X(0,(0.K +
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a'n))) € Ly, and Ay := U(—an)A € L2 ; | Aillz2(y = I1Allz2()- For b = sn + s'n and
c:=an,b+c=(s—sp)n+ s'n’ —an, so by (ii) and 0, 4; = U(c)O. A,

G(b) = E[U(c)O, AU (b+c)A] = E[0, A, U((s—s0)n+s'n')Ag] = ([Aq]n, e 500 Hnegis Paf 4]

for s > sp (Lemma 15.5 with u = n, m =n'). Set p(A) := ([A1]n, [1,(A)[As2]n)n; the Schwarz
inequality over finite partitions gives |p| < ||[A1]n]| |[[A2]n|l < HAH%Q(M). O

Lemma 15.10 (test inequality). In the setting of Lemma 15.9 let s1 := max(so,0), h € L'(R)
vanishing on (—oco, s1), and h(w) := [ h(s)e™*“ds for Rew > 0. Then

[ G v, ) < 141G, s e 7] sup [i(ip).
w'>0 P'ER

Proof. Let ¢y, := [ h(s)[U(sn)A]o ds (Bochner integral; the integrand is continuous and bounded
by [[[Als|)). By Lemma 15.9(a) and Fubini against (¢, II(-)[Ao) ([h(s)e™**| < [h(s)]), ¥n =
h(z(H, P))[Alo, so [[¥n]]* = [|h(2)[2dva. Also ||[¢n|*> = [[ h(s')h(s) G(sn + s'n’) ds'ds, and for
s,8' > s1 > so Lemma 15.9(b) applies with |e~(5750)¢'| < 1, s0 the integrals interchange: ||¢p||? =
[ e h(w') h(ip') dp(w’,p'). Bound by |p|; the first supremum is finite since [e*“ h(w')| <
eleo=s 0 ]y < [1hl1. O

Lemma 15.11 (the Laplace test). For x € R\ {0}, € > 0 let h(s) := (s — s1) e =51 for
s > s1 and h(s) := 0 otherwise. Then ||h|1 = 1/¢ and, for Rew > 0 (principal branch),

B(w) = e D1~ in) (w+ €)%, [Rw)] = e DL~ in)] w4 ¢ e A,

Proof. Substitute o = s —s; and use [;° 0% le™"7do =T'(a)v™ for Rea > 0, Rev > 0 (analytic
continuation from real v), with a =1 — ik, v =w + €. ]

Proof of Theorem 15.8. Fix K, A as in Lemma 15.9. Insert Lemma 15.11 into Lemma 15.10:
e | (W) < |T(1 — ir)|/e (as 51 > so and Arg(w’ + &) = 0) and |A(ip')| < [T(1 — ik)|e eI/
(as | Arg(e +ip')| < 7/2); dividing by |T'(1 — ix)|> = mx/sinh(7k) > 0,

(15.2) /e_\/isl‘” |z 4 |72 e 20 A18(H) Gy (w, p) < HAHiz(“) g 2elklm/2 z = z(w,p).

For ¢ € (0,7/4) and r > 0 put ngr = {(w,p) : |2| > 7, £Argz > n/4+6}. For Rez > 0,
|0: Arg(z +¢)| = |Imz|/|z + €|> < 1/|2], so | Arg(z +¢€) — Argz| < ¢/r on {|z| > r}. Choose
€ :=rd/2 (independent of k). On Sy , Arg(z+¢) < —7n/4 —§/2, so for k > 0 the integrand of

(15.2) is at least e~ V251%|z 4 £|~2e5(T/2+0) there, and

/_ eV | e[ duy < 4 AR, (r8) 2 —— 0.
s,r

The weight is strictly positive, hence VA(S(;T) = 0; letting Kk — —o0 gives VA(S(;Z,) = 0. Since
Rez = w/v2 and Imz = —p/v2, {w < p} = {Argz < —7w/4} = Un>o S Jm,1jm a0d {w <
=} = U2 S;r/m,l/m’ so vA(A) = 0 for A := {w < |p|}, i.e. II(A)[A]o = 0. The classes of
such A are dense in H, (Lemma 15.5) and II(A) is bounded, so II(A) = 0. For ¢y € D(H),
[p?dlly, < [w?dlly < oo and [ |p|dll, < [wdlly. O
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15.5. Complex translations.

Lemma 15.12 (complex translations). Under the hypotheses of Theorem 15.8, V(z) =
[ et qil(w, p), z = (t,x) € C? with q(z) > 0, is a contraction on Ho, strongly contin-
uous on {q > 0}, operator-norm holomorphic on W, with V(2)V(z') = V(z + 2'), V(0) = 1,
V(z)* =V(=6.2) =V(t,—z), V(2)Q =V (2)*Q = Q, V(t,2)[G]o = [U(te; + xey)G]o for real
t>0,zeR, and

a+b>a+b

zeW, a+b>1).
eq(z) ( )

(153)  [|gpolV(2)] < supwtthenae = (
w>0
Proof. On the carrier {w > |p|} of II, |e~'wHiep| = ¢~ (Retw—(Imaz)p < =42} < 1 50 V(2) is a
contraction; the semigroup law and the adjoint formula are those of the symbols; the real case is
Lemma 15.5; V(2)Q2 = Q since II has the atom {(0,0)} at Q (e "7 Q = Q because Ul(te,)1 = 1,
and Q) = Q likewise), and V(2)*Q2 = Q by the adjoint formula. Strong continuity on {q > 0}:
the symbols are bounded by 1 and converge pointwise, so dominated convergence in the spectral
integral applies. Holomorphy: for q(z) > 0 and |h| < ¢(2)/2, |e ™™ — 1 + hw| < |h|?w?elhv /2
and sup,, w2e~@@)—lw < 5o 50 the difference quotients of the symbol in ¢ converge uniformly
on the carrier to —we ™ P; the same for z with |p| < w; thus V is norm-holomorphic in
each variable separately, hence jointly (Hartogs’ theorem for Banach-space-valued functions,
or directly from the uniform convergence of the two-variable Taylor remainder of the symbol),
with 0202V (2) = [(—w)®(ip)be " *+iPdIl; (15.3) follows from |p| < w and the elementary
maximum. g

15.6. The slab-source bound and the bounded slab insertion. By Lemma 15.7, hypotheses

(i), (ii) and (iii) at {t = 0} give Ooxpt = u; hence, with (ii), every O, is an isometry of L?(u)

exchanging L?(X{t < c}) and L2. The following two facts, which hold under (i), (ii) and (iii) at

{t = 0} alone, are used throughout this subsection:

(F1) (G,G)o > 0 on L2, (Lemma 15.5); for G € L2, G' := U(—cey)G € L? , and .G G =

U(cer)(©.G'G') by (15.1), so (G,G). > 0 by (ii). Hence (-, ). is Hermitian and obeys
the Schwarz inequality. For F_ € L2(X{t < c¢}) and G4 € L E[F_G4] = (O.F_,G).,
whence

(15.4) E[F_G.]]> <E[F_O.F_| E[0.G G4], both factors > 0.

(F2) Forreal a > 0,b e R and G € LZ ,: V(a,b)[G]o = [U(ae; + be;)G]o (Lemma 15.5).

Lemma 15.13 (localisation). Let k € (L'NL?)(R3;T¢) vanish a.e. outside {t < ¢} (resp. {t > c}).
Then F(k) € L2(3{t < ¢}) (resp. L2), |eF®)| = eF(Rek) g B epF(Rek) < eCPl Rekll1+p?l| Rek|l3)
forp > 0.

Proof. The function kj := 1y 9, * (1{‘U‘§j}7',et/jk), with . a mollifier supported in the e-ball,
lies in C°({t < ¢};Tc) and k; — k in L' N L?; by Lemma 15.6(b), F(k;) — F(k) in L?*(u), and
L3(3{t < c}) is closed. F(k) = F(Rek) + iF(Im k) with real summands gives the modulus; the
bound is (i) for pRek (Lemma 15.6(b)). O

Theorem 15.14 (slab-source bound). Assume (i), (ii) and (i) at {t = 0}. Letl > 0,
h € (L' N L?)(R3;T¢) vanish a.e. outside {0 < t < I}, and A € L®(Z{t > 0},u). Then
P (le)A € L2, and

[le" MU (te) Alo|| < exp (C(I|Rehlly + [ Re 23)) [1[Alol,
with the constant C of (i).
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Proof. Fix a version with |A| < ||Al|o everywhere; A" := U(le;)A € L®(X{t > 1}), O, A" €
L®(S{t < =1}), [0.4'| < ||Alloc; G 1= WA € L2 | by Lemma 15.13. Put s := || Rehl|; +
I Re A3

Step 1 (dyadic sources). Put ¢, := (2" —1)I, ko := h+Jh, kpy1 := kn+ Je, kn. By induction
k,, vanishes a.e. outside {—] <t < ¢,}: 6., maps [, ¢,| onto [¢n, 2¢, + 1] = [en, ¢nt1]. The two
summands of k,11 (and of kg: slabs [0,(] and [, 0]) have a.e. disjoint supports, and 6 preserves
| Re-||l1 and || Re-||2; hence || Re k|1 = 2"T!|Rehll; and || Rek,||3 = 2" Re h|3.

Step 2. Put E,, := E[eF(k")WU(cnet)A], which is finite by Lemma 15.13. Since ©,ef (") =
eF05h) = F(Ih) "© G G = Pt @ AT ' ie. Ey = ||[Go]|.

Step 3 (one reflection). Claim: E,y; > 0 and |E,| < H[A]OHE:lfl Let ¢ = ¢,, F_ :=
ef'kn)@, A7 € L2(2{t < ¢}) (Lemma 15.13; —1 < ¢), G4 := U(ce;)A € L®(Z{t > ¢}), so B, =
E[F_G4] and (15.4) applies. Second factor: ©.U(ce;) = U(cer)O, and (ii) give E[O0.G+G1] =
E[U(cer)(©.AA)] = ||[A]o]|>. First factor: ©.F_ = ef'Uekn) ©.0,4" = F'Uekn) 7 ((2¢ + 1)e;) A
with 2¢, +1 = cpy1, 50 E[F_O.F_] = E, 1, and this is (6.F_,0.F_). > 0.

Step 4 (terminal bound). |E,| < ||A||% Eef(Rekn) < || 4|12, exp(2"t1Ck) by Lemma 15.13 and
Step 1.

Step 5. Tterating Step 3, Eo < [|[A]o]|> 2 "E2 " (induction: 2 — 21" 427" = 22" hence

_9ol—n 1—n K
IGLol* = Bo < I[ALo[*7> " |AI% " e**  (n21).

If ||[A]o]] = O the right side is 0; if A = 0 a.e. everything vanishes; otherwise let n — oo. Thus
Gl < e“*I[Alo]l- m

Theorem 15.15 (bounded slab insertion). Assume (i), (i) and (iii) at {t = 0}. Let § > 0,
x € (L' N L?)(R3; Tc) vanish a.e. outside {|t| < 6}, h := Tse, X, and Kg := €>C.

(a) For A e L®(X{t > 0}): F(h)U(20e)A € LZ , and ||[F(h)U(26e;)Alo|| < Ko N(x) I[Alo]].
The map [A]o — [F(h)U(20et)Alo is well defined on the dense subspace D := {[A]o : A €
L=(S{t > 0))} and extends uniguely to Bs(x) € B(Ho) with | Bs(x)]| < Ko(Ixlh-+11x]l),
complex-linear in x.

(b) Bs(x)" = Bs(Jx).

(c) V(r+t,2)Bs(x) V(r —t,—x) = Bsyr(Tt,2,0)X) for real v > [t], z € R.

(d) For A € LY(2{t > 0},p): F(h)U(20e;)A € L2, and Bs(x)[Alo = [F(h)U(26e;)As.
Consequently, for x; vanishing outside {|t| < 0}, j =1,...,m, with sj := 0; + 2 ZK]- 0i,

By, (x1) -+ Bs, ()2 = | [[ F(rjes)]
7=1

(€2, Bs, (x1) *+ Bs,, (X))o = S (TsyeeX1s - - - s Tspmer Xom)-
Proof. (a) Let A" := U(2de1)A, Gy, := F(h)™A’/m!. By Lemma 15.6(b), ||Gnllrz <
1Al ool |E () |15, /mt < [|Alloo (22K N (B))™m™? fml, and m™/?/m! < (e/y/m)™, s0 g(s) =
> 8™ Gy, converges absolutely in LZ7+ for every s € C and equals esF'(M A" = eF(5h) A’ 3 ¢. By

(F1), f(s) == [9(s)]o = D_,, " [Gm]o is an absolutely convergent power series in H,; termwise
integration gives [G1]o = ﬁfb‘:r f(s)s2ds, hence [[[F(h)A']o|| < r~'maxs, [|f(s)[|. The

source sh vanishes outside {0 < ¢ < 2§} and |Re(sh)| < |s||h| pointwise, so Theorem 15.14
(I =20) gives ||f(s)|| < exp(C(r||h|l1 + r2[|hl|3)||[Alo]| for |s| = r. If N(h) = 0 there is nothing
to prove; otherwise r := 1/N(h) yields ||[F(h)A']o|| < €2 N(h)||[A]o||, and N(h) = N(x). If
[A]o = [As]o then [|[F(R)U(20€;)(A — Az)]o|l < KN (x)|I[A — Ag]o|| = 0. Density: for G € LZ ,,
Gy = Glyg<mry satisfies [|[[G—Gulo|| < [|G—=Gullp2 — 0, and L27+/N is dense in H,. Extend
by uniform continuity; linearity in x is that of F.
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(b) For A, A" € L®(X{t > 0}): ([A']o, Bs(X)[A]o)o = E[OcA” F(7s¢,x) U(25er) A], while
(Bs(JX)[A']o, [Alo)o = B[O (F (75, JX)U(20€)A’) A] = E[F(J7se,Jx) U(—26€;)O, A’ A],

using O, F (k) = F(Jk) and Q.U (28¢;) = U(—25e4)O,. Here J7se, JX = O5Tse,05X = T_se, X, and
(ii) applied with U(2de;) turns the last expectation into the first. Both operators are bounded
and D is dense.

(c) For A € L>®(X{t > 0}), ( 2) (rFt>0) gives V(r —t,—x)[A]o = [Ai]o, 41 == U((r —
t)er — weg)A € L°(3{t > 0}), so Bs(x )[ ] [F (TgetX)U(25€t)A1]o and, by (F2) applied to
this element of L2 |, U(a )(GG’) U(a)GU(a)G' and U(a)F (k) = F(14k),

V(r+t,2)Bs(x)V(r —t,—x)[Alo = [F(T(54r4t,0,0X) U0 +1r)er) Al . = Bsr(T(1,2,0)X) [Alo,

because 7, , 0)x vanishes outside {|t’| SO+t C{IE] <0+ 7} and T(54m)e, T(2,0) = T(54r+4,2.,0)-
Conclude by density.

(d) [|F(h)U(26e:)Allr2 < ||[F(h)||4]|All4 (Holder and (ii)), and measurability follows from
Lemma 15.13. With Ay := Alga<ay: An — A in L* and L?, so Bs(x)[Aulo —
By(x)[Alo, while [|[F(h)U(26e0)(A — Ax)Joll < [F()[4lA — Anglls — 0; since By(x)[Anlo =
[F'(h)U(20et)Anrlo, the identity follows. The iterated formula follows by induction from the
right: the vector at each stage is the class of a product of fields whose tests vanish outside
{t > 0} (the shifts s} —d; =235, ;d; > 0 at the inner stage, and s} + 201 = s; after the
outer insertion), which lies in L*(X{t > 0}) by Lemma 15.6(b), Hélder and Lemma 15.13; finally
(©,[Glo)o = E[G]. O

15.7. The planar point insertion. In this subsection e; = (1,0) also denotes the planar unit
vector; 7, translates planar functions by z € R? and tests by (z,0).

Theorem 15.16 (planar point insertion). Assume the hypotheses of Theorem 15.8, and let Kg
be the constant of Theorem 15.15. Let f € (L' N L?)(R; T¢), (&,1) € W2, q. := min(q(£), q(n)).
Then there is a unique A¢(&,n) € B(Ho) with

V(& = dnet) Bs, (anf) V(n — 0ner) — Af(§,m) in operator norm

for every sequence oy, € L*(R?) with [, =1, sup,, [|an|l1 < oo, supp o, C {|2] < sp}, sp — 0,
and every choice 6, € [Sn, qi] (for the n with s, < q.). Moreover, with K7 := 14Kg:

) £ 5 Ayleon) s lincar and [A(€ )] < Kn(lF]+ 17 a/a.):

) (&,m) — Af(&,n) is operator-norm holomorphic on W?;

) V(R)Ap(EmV (k) = Ap(k + & n+ &) for q(k), q(k N> 0;

) Af(f 77) = AJf( 0777 og)

) Ap(&,a)Ag(b,n) = Ap(§,a')Ag(V,n) whenever a,b,a’,b' € W and a+b=d +1;

) for a € LQ(RQ) with compact support in {|t| < q*} and every § € [SUDgyppq [t ),
V(& — der)Bs(af)V(n — der) = [a(z)Af(& + z,m — z)dz (norm-convergent Bochner
integral); in particular Bs(af) = [ a(2)Af(dey + z,0e, — z) dz for a compactly supported
in {|t] < d}.

Proof. Step 0 (calculus of V). By Lemma 15.12, |V (w)] < 1 for g(w) > 0, V(w)V (') =
V(w+w), V(w)* =V (—O,w), and V is norm-holomorphic on W with (15.3).

Step 1 (smeared insertions). For B € L?(R?) with compact support let t5 := sup{[t| :
(t,x) € supp B}; for ¢, > tg and ¢ € (0,¢,] with § > tg (“admissible”) put Tg(&,7n) == V(§ —
der)Bs(Bf)V (n — det). (1.i) Independence of §: for admissible § < ¢’, Theorem 15.15(¢c) with
(t,z) = 0 gives By (Bf) = V((&' — 8)er)Bs(Bf)V((6' — d)er); the semigroup law finishes. (1.ii)
1T, < Ko(IBI171 + 18121 f1l2) since 1851, = 1811/ llp; Ts is lincar in § and in f.
(1.iii) Tp is norm-holomorphic on {(§,7) : ¢« > tg}: near a point with ¢, > § it is a product

(a
(b
(c
(d
(e
(f
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of norm-holomorphic factors in independent variables, and near a point with t3 < g« < 6 one
first passes by (1.i) to an admissible ¢"” < ¢,. Also V(k)T3(¢,n)V (k') = Ta(k + &, n+ K') for
q(k),q(k") > 0 (semigroup law; ¢ is superadditive). (1.iv) By Theorem 15.15(b), Step 0 and
—00( = ber) = —O0oi) — bev: T3 (E,m)" = T3 (~Ouf], ~0cE), where q(—Ooi) = q(n) and t5 = t5.

(1.v) Convolution identity. Let v € L'(R?) with compact support and sup,,,~ [t| <s <,
d >tg, 6 +1 < g, and A(z) := V(r +t,2)Bs(Bf)V(r —t,—x) for real z = (t,x) with [t| < r.
By Theorem 15.15(c), A(z) = Bs4,(72(8f)), norm-continuous in z (TZ is strongly continuous on
L'N L? and Bs,, is bounded linear). The Bochner integral [+(z)7.(3f)dz equals (v * 3)f in
L' N L? (pair with bounded compactly supported functions and use Fubini), and Bs,, commutes
with Bochner integrals, so [ YA = Bsy,((y*8)f); as tyug < tg+s < 641 < gy, 6+r is admissible
for v % 3, and

(15.5) Tyualesn) = VIE = 6+ )en)| [ 1A d2]Vin = (6 + e

Since V(€ — (0 +r)er)V(r + t,z) = V({ + z — dey) (both factors have ¢ > 0) and likewise on
the right, V(§ — (6 + r)e)) A(2)V (n — (0 +7)er) = Tp(& + z,m — z) for real z with [t| < s (here
q§+2)=q&)+t>d+1r—s>tg), whence

(15.6) T, (€)= / (2) To(€ + 2,1 — 2) dz.

(1.vi) Taylor bounds. Let now suppy C {|z| < s}. A is norm-C? on {|t| < r}; by the Leibniz
rule and (15.3) (the arguments of the two V’s have ¢ = r £¢ > r — |2|) every first derivative
is bounded by 2||B||/(e(r — |z|)) and every second derivative by (4 + 2 + 4)||B||/(e*(r — |2|)?),
B := Bs(ff). The mean value inequality and Taylor’s formula with integral remainder give, for
2] <s <,

2 z|?
157 1) - o)) < 22ELEL .

Hence, if [v=0and [7(2)z;dz =0 (i = 1,2), then || [ vA| < 10s*||v[1]|B|l/(e*(r — s)?).
Step 2 (ewistence, bound, holomorphy, (c)-(e)). Let pe := (me?) "'y 1<c}, Be := pe * pe; then
B is even, [ B. = 1, its support lies in {|z| < 2¢}, and ||B:]l2 < [|pell2 = (7€2)~Y2. Fix (&,n),
0<q<gs e<q/4 Then B — Bejp = B with v := p. — p. /s (even, [y =0, [|y]1 <2) and
B = pe + pes2 (18111 =2, [|18]|]2 < 37~ 1/2¢=1), both supported in {|z| < e}. Apply (15.5) and
(Ivi)withd=e,r=q—¢,s=¢ (r—s>¢q/2), ||V] <1 and Theorem 15.15(a):

80¢? 3[1£l2 160K &2 240K¢
(158)  WTh ~Tall S o Ko(2Ifl+= 22 ) = =5 Sl + 5= sl

Let e, := 27% and ko be least with 27%0 < ¢,/4, so ep, > ¢+/8; > k>ko g2 < ¢2/12 and
Doksko €k < /2. By (15.8) (¢ = @), (Th., (& n))k>k, is norm-Cauchy; set Ag(§,n) :=
limy, T, (€,). With (L), [|Ts., [I < Ke([lf 1 + 8772 fll2/g.), so

[1A(2) = A(0) = DA(0)z]| <

JAsE I < Ko (1-+ 2% ) 1]l + 122

which is (a); linearity in f from (1.ii).

n {(§m) : ¢« > ¢} the tail of (15.8) is uniform, and each T, is norm-holomorphic there for
2e, < q (1.ii); a locally uniform limit of norm-holomorphic functions is norm-holomorphic: (b).
(c) follows from (1.iii) in the limit. (d): 8. = B (p- real and even), ||.Jf|l, = || fll, so (1.iv) passes
to the limit, the adjoint being norm-continuous. (e): for 2¢ below ¢(&),q(n), ¢(a), q(b), g(a’), q(b"),

Wl ] < K (2,81 1111 +13.6811 12/4-),
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the semigroup law gives Tﬁfs (&, a)TﬁgE (b,m) = V(§—2¢cet)Bac (B f)V (a+b—4ecer) Bas (Be9)V (n—2¢c€y),
the same expression for (a’,b'); products of norm-convergent sequences converge.

Step 3 ((f) and uniqueness). Let a be as in (f), to := SUPgypp o [t| < ¢« (fa > 0 unless a = 0, in
which case both sides vanish), § = t,, 7 = g« —ta, 0 < e < r/4. (i) By (15.5) with (v,5) = (ﬁg, a)
(here suppy C {|z] <2e}, s=2e <r)and [ B =1, To(&,n) = V( — ger)A(0)V (7 — guer) and
(15.7) with 5 = 22 [Ty.ea(€1) — Tal&sn)]| < 42 By(af)/(elr — 26)) — 0. (ii) By (15.6)
with (v,8) = (a, Be), §' = 2¢, ' = g« — 2¢ (50 that supgp,q [t] = ta < 7' and &' +1" = ¢.):
Towg. (§,m) = [ (2)Tp. (§+2,m— 2)dz; here min(q(§+2),q(n — 2)) > g« —ta = 7 on supp a, so by
Step 2 with ¢ = r the integrand converges to A¢(£ + z,m — z) uniformly on supp « along € = e;
the limit is norm-continuous in z by (b), and ||a||; < co. Since a * S = B * «, (i) and (ii) give
To(&,n) = [a(2)Af(§+ z,n — 2z)dz, ie. (f); for £ =n = des, g« = § and T, (der, der) = Bs(af)
by (1.).

Uniqueness: for (a;,) as in the statement and n so large that s, < ¢., (f) and [, =

1 give T,,(&n) — Ap(&,n) = [an(2)[Af(€ + 2,m — 2) — Ap(&,n)]dz, of norm at most
sup,, ||anl|1 SUp|.|<s, |Af(§ + z,m — 2) — A¢(§,m)|| — 0 by (b); with (1.i) the limit depends
neither on the approximate identity nor on &,. O

15.8. The ordered holomorphic kernel and the one kernel. Here Theorems 15.15 and 15.16
are used for the coordinate pair (¢, x) and for the pair (z,t) (same transverse coordinate y); the
second requires (iii) at {x = 0} and {z + ¢ = 0}, so this subsection uses the four planes of the
pair. K7 is the constant of Theorem 15.16, the same for both pairs, and Kg := 2K7.

Lemma 15.17 (end entries). For a profile f, a,b € W and ¢ € Ho: £ — (Q, Ap(§,a)¥) and
n — Agp(b,n)S2 are constant on W.

Proof. Theorem 15.16(c) with &' = 0 gives A¢(§{ + k,a) = V(k)Af(§, a) for g(k) > 0, so
9(§+r) = (Q, Ap(§+r, a)ip) = (V(K)"Q, Af (€, a)ip) = g(§). For &, 6" e W, g(§) = g(§+¢) = 9(¢)
(W is a convex cone). Likewise Af(b,n+ )2 = Af(b,n)V (k") = Ar(b,n)S2. O
Lemma 15.18 (unbounded vectors). If x € (L' N L?)¢ vanishes outside {t > 0} then
F(x) € L2, n Np<oo LP (). If X vanishes outside {[t| < 6} and A € L2, N LYp), then
F(75¢,x)U(26e4)A € Lc2>,+ and Bs(x)[A]o = [F(7s¢,X)U (20€t) Al

Proof. This follows from Lemma 15.13 and Theorem 15.15(d) (with U(2d8e;)LZ  c L2 ). O

Proposition 15.19 (ordered holomorphic kernel). Let N > 2, fi,..., fx € (L' N L?)(R; T¢),
Zv:i={Z=(z1,...,2N) € (CO)N 1 Aj :=2j41 — 2, €W, 1<]<N} For Z € Zy and k € W
put

A A A
SN(Z: ) = (0 Ap (5, 3 A (B 80) -+ Apy, (832, 850 A, (352 ) @),
(ordered product). Then: (a) Sn(Z; f) does not depend on k; (b) it is holomorphic on the open
set Zy and SN(Z + (c,...,c); f) = Sn(Z; f) for c € C%; (c) z't is N-linear in (f1,...,fn); (d)
1Sn(Z: )l < K& TL (il + @I fjll2) with g == ming g(A;); (e) if xj = o5t 2) fi(y) with
aj € L*(R?) of compact support K; and maxy; t < ming, ¢ (1 <j<N), then

SN(X1, .- XN) = / Hocj(zj) Sn(Z; f)dZ (absolutely convergent).
RQ)N ;

Proof. (a) follows from Lemma 15.17, applied first to the last entry and then to the first entry
with ¢ = Ag,(-) - Apy (-, £)Q. (b) Z — Aj/2 is linear, each factor is operator-norm holomorphic
by Theorem 15.16(b), products in B(H,) and (€2, Q) preserve holomorphy; only differences
enter. (c) follows from Theorem 15.16(a). (d) Take k = A1/2; ¢(A;/2) = q(A})/2 > ¢4/2, so
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Theorem 15.16(a) gives |4y, ()| < Kz(If;l1 + 24 1£5l12) < 2K( 551 + a5 1 fylla) for every
factor, and ||| = 1.

(e) Slabs. Choose ag < a1 < --- < ay with K; C {aj—1 <t < a;}, put ; := (a; — aj—1)/2
and s; = (aj—1+a;)/2 —ap = 23, ;0; + J;. Both sides are invariant under the common
shift x; — T_qge, X (left: (ii) and Lemma 15.6; right: substitution and (b)), so let ag = 0. Put
O‘? = Tosjer O and X? = O‘g‘)fj: compact support in {|t| < 5j}7 Xi = Ts]-etX?a HX?Hl = HajHleth
13112 = lles 2]l £ 1l2-

Iteration. Put Gy == F(Tsye,X%), Gj = F(T(sjetxg) U(205e;)Gj+1. Each Gj is a product
of fields with tests vanishing outside {¢ > 0}, hence in L2 , N M, L? (Lemma 15.18, Hélder),
s0 Bsy (X%)Q = [Gn]o and B(;j(xg)[GjH]o = [Gj]o. Multiplicativity of U and U(a)F(x) =
F(rax) give G1 = ]]; F(Ts]-etX?) = [, F(x;); thus (2, Bs, (X}) - By (X{)Q)o = [Grdu =
SN(X1s -5 XN)-

Insertion. Let Aj(z) := Ay, (0je¢ + 2,0je; — z), norm-continuous for [t| < §; and bounded
by Kz(||fjll1 + | fll2/ (65 — [t])), hence bounded on supp aY. By Theorem 15.16(f), B, (x}) =
f oz?(z)Aj(z) dz. For fixed bounded Y and ¢ € Ho, X — (Y*Q, X)) is a bounded functional on
B(H,) and passes through Bochner integrals; applied N times from the left,

(T Bs, X0 = [af(21) -+ [ oQ(2n) (Q, A1 (21) -+ AN (2v) Qo dzy - - d21.

The inner function is continuous in Z on [[;{[t;| < d;} and bounded on the compact set

11 ; Supp 049, and a? € L'; Fubini turns the iterated integral into one over (RQ)N .

Identification. Fix real Z with |t;| < ¢;, w;j = zj + sje, W := (w;);. Then a; := dje; — z; and
bj = 5jet + Zj lie in W, and 7 + bj+1 = ((5] + (5j+1)6t + Zi+1 — 25 = Wj41 — W = Aj ew (as
$j+1 —Sj = 5j+5j+1), soW € ZN. In Al(zl) e AN(ZN) = Afl(bla al)Af2(b2,a2) s AfN (bN, CLN)
apply Theorem 15.16(e) to the adjacent pairs (aj,bj41) — (A;/2,4;/2), 5 =1,...,N —1
in turn (each step touches only those two entries), then Lemma 15.17 to b and an:
(Q, A1(z1) - An(2n))o = Sn(W; f). Substituting w; = z; + sjer, [[]; a?(zj)SN(Z +

(sjer)js f)dZ = [ T1; e(ws)Sn (W f) dW. O

Charts. For 0 € & we put Z, 1= (25(1), - - -, Zo(N)), and f, likewise. We put sw(t, z) := (z,1),
DZ = {Z : 4y € ZN} = {Re(tg(j+1) — tg(j)) > \Im(a:a(jﬂ) — xg(j))’ Vj}, Dg = {Z : (SWZ)U S
Zn} and Dy = |, (DL UDZ). We write S for the kernel of Proposition 15.19 for the coordinate
pair (z,t), and we put Dg{ = {Z € (R?)V : the t; pairwise distinct and the z; pairwise distinct}.
Note, with rev € Sy the order reversal rev(j) := N +1—j, that D! ... ={Z: —Z, € Zx} (the
chart with time —t) and likewise for z, so the charts with the four time directions +e;, +e, are
all among the D%, D2.

Proposition 15.20 (one kernel). (a) D! N D, = 0 = DX N DZ% for o # o; all D, DZ,
D! N D%, are convex, open and nonempty; Dy is connected and Dy N (R*)N = {all t; distinct}U
{all zj distinct}. (b) Sn(Z; f) := Sn(Zs; f5) on DL and := S\((swZ)s; f) on DZ is consistent
and defines a holomorphic function on Dy, N-linear in f, with |Sy(Z; f)] < K& LIl +
a: | fill2) on each chart (g. the minimum of q over the successive differences of that chart,
computed in its coordinates), such that for product tests x; = a;fj, a; € L?(R?) with compact
planar supports pairwise strictly ordered in t or pairwise strictly ordered in x (in any order),
Sn(x1s--sxn) = [T @j(25) SN(Z; f) dZ. (¢) Sn(Zx; fx) = Sn(Z; f) for allm € &N, Z € Dy.
(d) R(0)Dny = Dy and Sn(R(0)Z;0(0)f) = Sn(Z; f) for 0 € §Z (with o(8) = 7(R(0)) acting
pointwise on the profiles); in particular Sy (R(—n/2)Z; 0o(—7/2)f) = Sn(Z; f).
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Proof. (a) On D!, Re to(1) < -+ < Rety(n), which determines o; the same for z. Convexity: W
is convex and the defining maps are linear. O, := {Z real : t ordered by o, x ordered by o’}
is nonempty, open in R?" and lies in D! N D%, (for real A, g(A) is the t-component). Every
t-chart meets every z-chart, so Dy is connected; the real points are as stated.

(b) By (a) consistency concerns only D! N D¥,. Product tests: if the supports are ordered in ¢
along o, Proposition 15.19(e) for (x,(1) - - -, Xo(n)), the symmetry of Sy and the substitution W =
Zy give SN(X15---,xN) = [ Hj @j(2;)SN(Zy; fo)dZ (the support lies in D?); for supports ordered
in z, the same functions read (a; osw)(z,t)f;(y) in the chart (z,t), and Proposition 15.19(e)
there, with the substitution Z — swZ, gives the formula with S ((swZ),; for). Let Zy € Ogpr,
¢ € C*(R?), ¢ >0, [¢ = 1, support in the unit disc, aj := € 2¢((- — 20,)/€). For small ¢
both orderings hold, so fHJ a;(2;) [SN(Zo; fo) — SN((sWZ) s for)] dZ = 0; both functions are
continuous at Zg, so € — 0 gives equality at Zg. Two holomorphic functions agreeing on the open
subset Oy of R?Y have equal complex Taylor coefficients at its points (real derivatives of the
difference vanish), hence agree on the connected open set D N D?,. Holomorphy, multilinearity
and the bound are chartwise (Proposition 15.19(b)—(d)).

(©) (Ze)o = Znp. 50 Z € Dy = Zp € Dy amd Sx(Zsi fr) = S3(Zn)a1a (fr)a-10) =
SN (Zs; fs); the same on x-charts.

(d) R(n/2)(t,x) = (—x,t) gives R(m/2)D! = D% and R(7/2)D% = D! ..., so R()Dy = Dy
and R(é’)Dﬁig = D]%. Go(Z) == SN(R(0)Z; 0(9)f) is holomorphic on Dy. Let Z; € D%, aj as in
(b), xj = «;f;. Substituting Z' = R(§)Z and using (b) (the supports of a; o R(—6) are the
e-discs about the points of R(6)Z, € D]%, strictly t-ordered for small €):

[ est6oz)dz = [l o RE6)() Sw(Z50(60)) a2
J J

= Sn(R(=0)"x1, ..., R(=0)"xn),

since (R(—0)x;)(2,5) = 7(R(0))a(R(—0)2)f;(y). The map (5,y) — (R(~0),y), 0 € I,
is a product of two of the four reflections {t = 0}, {x = 0}, {t £ * = 0}, so Lemma 15.7
(four-plane form) with Lemma 15.6(e) gives Sy (R(—0)*x) = Sn(x) for Schwartz tests, and then
for L' N L? tests by the continuity of Sy and the isometry of the pull-back; so the left side equals
ij a;(zj)Sn(Z; f)dZ. Letting e = 0, Gg = Sy on D%, which meets every convex chart in a
nonempty open subset of R?V; the identity theorem chart by chart gives Gy = Sy on Dy. [

15.9. The entire angular continuation. Conventions. The map o(f) = 7(R(0)) is a continuous
unitary one-parameter group on T¢ with o(27) = 1, so o(6) = >, 9P, with integers w,
and mutually orthogonal projections P,, Y, P, = 1. We put Wmax := max, |w,|, which is 1
for the representations of Theorem 15.1; the proof is written for wpax < 2. For ¢ € C we
put o(¢) = >, €™ P, and R(({) := cos( I + sin¢ J, on C?, where J, := <(1) _01
R(OR(¢") = R(¢+¢"). We write z-w for the bilinear pairing on C? and put E := {4e;, +-e, }; for
e € E we put g.(z) := Re(z-€e) — | Im(z - Joe)| and W, := {ge > 0} (so W, = W, W_, = =W,
We, = JoW). We put P := (L' N L?)(R;T¢), and A is the class of bounded measurable planar
factors with compact support. For N > 2, e € F and ¢ € & we put

) , so that

DY ={Z € (COV: z(j11) = 20) €Wer 1<G <N}, ¢27(2) = min de(2o(j1+1) = Zo(j))-

These are the charts of Proposition 15.20: DY’ = DL, Dy = Dt ..,
D¥ The facts used from Subsections 15.2-15.8 are:

oorev*

€x,0 __ x —€x,0 __
D7 = D2, Dy =
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(K1) the kernel Sy of Proposition 15.20 on Dy = Ue’g D]e\’,g, holomorphic in Z, N-linear in
f € P¥, invariant under simultaneous permutations of (Z, f);

(K2) |Sn(Z; £) < K TT;( il + 627 (2) 7 fill2) for Z € DY

(K3) if x; = o, f; with aj € A, f; € P, and SUDsupp ay ) Z * € < IMfsuppa, ) 2 - € for j < N,
then Sy(x1,...,XN) = f(Rg)N [1; aj(zj) Sn(Z; f) dZ (Proposition 15.20(b), the orderings
along —e;, —e, being the reversed orderings along e, e,);

(K4) Sn(R(r/2)*x) = Sn(x) and [Sn(x)| < 2KivVN)VI[;N(x;) for all x € ((L'N
L?)(R3;T¢))N (Lemma 15.7 for the four planes of the pair, since R(7/2) is the product
of two of the four reflections, with Lemma 15.6(c),(e)).

Narrow configurations with data. A configuration X = (z1,...,zy) € (R?)Y is narrow with
data (u,7) if, after relabelling, d; := zj11 — z; satisfies Z(d;j,u) < v < m/4 for all j (u a unit
vector); this is the notion of Subsection 15.1. Put § := min; |d;| > 0, ¢ := cos(y + 7/4) > 0,
ro = 0c/2.

Proposition 15.21 (entire angular continuation). Let N > 2, X narrow with data (u,),
0<r<ry,m:=dc—2r >0, K; = B(zj,r), K = HjKj' Let xj = ojf; with aj € A,
suppa; C Kj, f; € P, and Dn[x](0) :== Sn(R(0)*x) — Sn(x) for 6 € R.
(a) Dnlx] is the restriction to R of a unique entire function, again written Dy[x], which is
7 /2-periodic (hence 2m-periodic) and satisfies

IDN[(0 +iB)| < Cy el FumeINIBL o= 2k N TT Nl TT (1£5ll + m =Y £5ll2).
J J

with C, independent of 0 and (3.
(b) celx] == 5 027r Dn[x](0)e=*df vanishes unless £ € 47 and |£] < (1 4+ wmax) N, and

DnIXI(€) = > cl (e -1 ((eC).

€47, 0<|0)<(1+wmax) N

(c¢) (b) holds, with the same index set and N-linear cg, for all x; € (L*'NL?)(R3;T¢) vanishing
outside K; x R.

For wmax < 2 the exponent is 3N ; for the weights 0, £1 of Theorem 15.1 it is 2N.

Proof. Claim A. For d € R?, a unit vector e € R? and ¢ = #+i3: Re(R(¢)d-¢e) = cosh 3 (R(0)d-e)
and Im(R(¢)d - Joe) = sinh 3 (R(#)d - €); hence ¢.(R(¢)d) = e~ 18l R(#)d - e whenever R(f)d-e > 0.
Indeed cos(if) = coshf3, sin(if) = isinhf3, so R(if) = coshfI + isinhBJ, and R(() =
R(iB)R(0); with d’ := R(8)d € R2, R(C)d = cosh Bd + isinh 8 Jod', and Jod - Joe = d' - e. So
ge(R(¢)d) = cosh Bd' - e — |sinh 3] |d’ - e| = (cosh 8 — |sinh B|) d’ - e = e~ 1Fld’ - .

Claim B. For every ¢ € R there is e(¢) € E with Z(R(¢)u,e(¢)) < /4, and for all Z € K,
J < N: R(¢)(zj+1 — 2j) - e(¢) > m. Consequently, for ( = ¢ + i3, R(()Z € D%(b)’m C Dy
with qf(¢)’id(R(C)Z) > ¢ 18lm, and the sets R(¢)K1,..., R(¢)Ky are strictly increasing in the
e(¢)-coordinate with gaps > m. Indeed, the four directions of F are /2 apart, so one of them is
within 7/4 of R(¢)u; by the triangle inequality for angles, Z(R(¢)d;,e(¢)) < Z(dj,u) +7/4 <
v+ 7/4 < w/2, so R(¢)d; - e(¢p) > |dj|c > dc. For Z € K write z; = z; + €5, |ej| < 1
R(9)(zj41 — 2j) - e(¢) > dc —2r = m. Claim A with d = zj41 — 25, 0 = ¢, e = e(¢) gives
Qe() (R(Q)(2j4+1 — 25)) = e BIR(@)(zj41 — 2;) - e(¢) > e Plm > 0. The ordering statement is the
case 3 = 0 with z; € Kj, zj41 € K1 arbitrary.

Step 1 (the entire function along the orbit). For Z € K let gz(¢) := Sn(R(¢)Z; 0(¢) f), where
0(Q)f == (o(O) f1,---,0(0) fn), 0(¢) acting pointwise in y. By Claim B, R({)Z € Dy for every
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¢ € C. By N-linearity,

gZ(C) = Z ei(wa1+...+wa]\])<SN(R(C)Z;P(hfla‘°'7PaNfN)7

a1,..QN

a finite sum; each term is an exponential times the composition of the entire map ¢ — R({)Z €
Dy with a holomorphic function (K1). Hence gz is entire, (¢,Z) — ¢z({) is continuous
on C x K, and gz(¢ + 2m) = gz(¢) (the weights are integers, R({ + 2m) = R({)). Bound:

_ id
le(Qull? = X, e 2| Pav|2 < e2emslblu]2, so o()fsllp < emm=lfl] fllp: (K2) on DO
with ¢, > e 18lm gives

‘gz(<)| S K H ’wmax|/3|||f ||1 + e 1+wmax ‘5| 1”](‘]” ) < Ge 1+’U)max)N|ﬁ|
J

G == K [T (Ifilh+m= Y fill2).-
j
Step 2 (smearing at every real angle). For real 6, (R(0)*x;)(z,y) = 0(0) ' (R(0)2) f;(y), i.e
R(0)*x; = (oj o R(9)) o(—0) f;, a product test with o o R(#) € A supported in R(—§)K;. By
Claim B with ¢ = —6 these supports are strictly increasing in the e(—6)-coordinate, so (K3) with
e = e(—0), o = id gives Sy(R(0)*x) = fHJ a;(R(0)z;) SN(Z;0(—0)f)dZ. The substitution
7 = R(—0)Z' (orthogonal on (R?)V) yields

swinon) = [ TeGar-0az sxo= [ ooz @=o

Hence Dy[x](0) = £(0) for all real 0, where £(¢) := [} [1; @j(z)) [92(—C) — 92(0)] dZ.

Step 3 (€ is entire, bounded, periodic). The integrand is jointly continuous and bounded
by [T]; aj(z))] 2G eI tumax)NIBl 5o € is continuous (dominated convergence) and Fon €dC =0
for every triangle A (Fubini and Cauchy); by Morera’s theorem & is entire, and |£(0 + i) <
[T llella (Ge(lFwma)NIBl 1 G) < Oy e(IHwmax)NIBI - g(¢4-27) = £(¢) by Step 1. Since R(0+7/2) =
R(O)R(mw/2) and (R1R2)* = R3R;, (K4) gives Sy(R(0 + 7/2)*x) = Sn(R(7/2)*R(0)*x) =
Sn(R(0)*x), so (0 + w/2) = E(F) on R, hence on C by the identity theorem, which also gives
the uniqueness of the entire extension. This is (a).

Step 4 (Fourier coefficients). As & is entire and 27-periodic, F(w) := £(¢) for w = €% is well
defined and holomorphic on C \ {0} (local inverses of ¢ + €% differ by multiples of 27), with
Laurent expansion F(w) = Y,z cow®, where for every f € R

1 EVRT U o\ —it(04iB) 1.
=5 et F(w)w dw = 2 ), E@+iP)e do;
at 8 = 0 this is ¢/[x], and £(¢) = >, cre™ absolutely. Thus |co| < CyeltTwmax) NIBHES for a1l
B: B — —oo gives ¢p = 0 for £ > (1 + wpax)N, 8 — 400 gives ¢ = 0 for £ < —(1 + wpax)N.
The 7 /2-periodicity gives c;(e™/? —1) =0, so ¢, = 0 for £ ¢ 4Z. £(0) = 0 gives ¢y = — Ze;ﬁo e,
whence (b).
Step & (all tests with the same planar supports). Let X := ]_[]-(L1 N L*)(K; x R;T¢) with the

norm N in each factor. R(0)* preserves || - |1 and || - |2 (orthogonal change of variables, unitary
0(—8)), so (K4) and telescoping give, uniformly in 6 € R,
IDN[X)(0) = DNIX10)] < 22KVN)Y Y - N(x; = x5) [ [ max(N (i), N(x}))-
J i#j



OSTERWALDER-SCHRADER AXIOMS FOR SCALAR QED3 IN THE HIGGS PHASE 175

Finite sums of product tests af, a € A supported in K, are dense in (L'n Lz)(Kj x R;T¢):
truncate to |y| < M (convergence in N), and on the bounded set K; x [—M, M] the L? norm
dominates the L' norm while simple tensors with bounded factors are L?-dense. By (b) and
N-linearity, Dy [X(”)] is, for approximants (™ in these spans, a trigonometric polynomial with
frequencies in A 1= {{ € 4Z : 0 < [{] < (1 4+ wmax)N} U {0} vanishing at 0; Dy[x] is its
uniform limit, hence of the same form (the space of such polynomials is finite-dimensional), and
ce[x] = lim,, ¢;[x™], which is N-linear in y. This is (c). O

For N =1, D; = 0 by Lemma 15.7. The threshold is explicit: r < £ min; |d;| cos(y + 7/4),
and Cy, depends on the neighbourhood only through m = dc — 2r. The extension of (a)-(c) from
small product neighbourhoods to arbitrary compact supports with successive differences in one
open 7/4-cone (“narrow tuples”) is Lemma 15.28 below.

15.10. Continuation of positivity.
Lemma 15.22 (derivative positivity). Let I C R be open, k € C*(I xI) with }_;, NNk (zj, 2p) >

0 for all finite families x; € I, A\; € C. Then ZG,KM A\ 8%8%(:60,3;0) >0 forxgel, M €N,
A e CM+1, -

Proof. For ¢ € C.(I), Q(¢) = [[o(x)p(2')k(z,2")dxdx’ > 0: the Riemann sums
h? > 9(xj)o(x)k(xj, 2) over grids of mesh h are of the assumed form and converge

to Q(¢) (continuous integrand on a compact square). Take n € CX(R;R), [n =
1, n. = 5_177((- — xo)/s) G = D acm Aa(—lganéa). Integrating by parts, Q(qbs) =
Zab)\ Mo [f me(x ") 0¢08k(x,2') dw dx’ — > ab AaMb 0805k (z0,w0) as € — 0, and Q(¢pe) >

]

Lemma 15.23 (disc propagation of kernel positivity). Let O C C be open with O = {z: z € O},
® holomorphic on O x O, z1 € O, B(z1,r) C O, and suppose that K(z,w) := ®(z,w) is positive
semidefinite on a segment z1 + (—¢,€), meaning >, MNN® (25, 2) > 0 for all finite families z; in
the segment. Then K is positive semidefinite on B(z1,7).

Proof. k(z,2') := ®(21 + x,z21 + 2') = K(21 + z, 21 + 2/) is a smooth positive semidefinite kernel
on (—e¢,¢e). Real-direction derivatives of a holomorphic function are its complex derivatives, so
Lemma 15.22 gives that ¢ := a,lb,é? 8b<1>(z1, z1) satisfies >, ,<ps fatinCap > 0 for all M, p. Since
{w:w e B(z,r)} = B(zZ1,r) C O, ® is holomorphic on the polydisc B(z1,r) x B(Z;,r), hence
D(C,8) = > upcan(C—21)"(€ — El)b, absolutely convergent there. For z(), ... 2™ e B(zy,r),

—
A e C™, with v, := ), )\l(z(l) - 21) ,
0) ooy = i v
Z)\ A @ ,20) = anb Uq Vb Jv}lgloo Z CabUaVp > 0,
a,b a,b<M

the double series belng absolutely convergent and each square partial sum nonnegative. O

Proposition 15.24 (continuation of positivity). Let X be a complex vector space, O C C open
and connected with O = {z:z € O} and 0 € O, and ((,§) — (A, B)¢¢ holomorphic on O x O
for all A, B € X, sesquilinear in (A, B) (antilinear in A). Assume that every A € X has a map
[0,64) 3 s = A(s) € L2, with (A, B).s = (A(r),B(s))o for 0 <1 < b4, 0 < s < dg. Then
(A,A), >0 forallz€ O, Ac X.

Proof. Fix A; ®((,§) := (A, A)¢ ¢ is holomorphic on O x O. As 0 € O is interior, O D (0,0’) with
0 < ¢' < 44, and for r,s € (0,0"), ®(r,8) = ®(r,s) = (A(r), A(8))o; thus >, \jNP(rj,71) =
<Zj AjA(rs), > NA(r)), > 0 by the positivity of the form (-, ), on L2 | (Lemma 15.5), i.e. K is
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positive semidefinite on (0,d"). Let G := {2 € O : K is positive semidefinite on some open N, 3
z, N, C O}. G is open; G # () by Lemma 15.23 at r; € (0,4") with » = dist(r1,C\ O); G is
closed in O: if z* € O, B(2*,2p) C O and z; € GN B(z*, p), Lemma 15.23 (a segment inside
N.,, the disc B(z1, p) C O) makes K positive semidefinite on B(z1, p) 3 z*. Connectedness gives
G = O, and the one-point case at z € N, gives ®(z,2z) = (A, A), 7 > 0. O
15.11. Positivity of the continued reflection pairing. Conventions. We use R(() =
(Z?ﬁg _C(S)ISDCC> on C? and o(¢) = >, €™ P, as in Subsection 15.9, together with
(R(O)*X)(t, z,y) = o(=0)x(R(0)(t,x),y) and Jx = 7(65)(X © 0o), so that O.F(x) = F(Jx).
In this subsection and the next two a product test is x = af with a € C*°(R?%R) and
f € CX(R;T) real, with planar support K = supp«; then R(0)*(af) = (oo R(0)) o(—0)f
has planar support R(—0)K and J(af) = (a0 6,)7(6,)f has planar support ,K. We put
Y4 :={¢ € C:|Re(| < 7/4}. For ® holomorphic on M x M, “K(z,w) := ®(z,w) is positive
semidefinite on M” means } . MN®(z5,2) > 0 for all finite families z; € M, A\; € C. For
a tuple x = (x1,.-.,Xa) We put Jx := (Jxa,...,Jx1) (reflected, conjugated, reversed), and
Dn[x](¢) is the entire function of Proposition 15.21 where it is defined.

Proposition 15.25 (the continued reflection pairing is positive). Let 2 be the set of admissible
tuples x = (X1,---,Xa), @ > 0, of real product tests (planar supports K; C C4, Kj11 — K; C C4),
and X the free complex vector space on 2L (the empty tuple is the basis vector Q). For x,n € A
of lengths a,b and N := a + b:
(a) there is Wy, holomorphic on Xy /g X ¥r 4 with Wy n(01,02) = Sn(R(01)" Jx, R(62)*n) for
real ‘9’5‘ < 7T/47 and \I/XJ](Ca C) = SN("’X?”) =+ DN[JX7 77](0 on 271'/47'
(b) the sesquilinear extension of (X,n)ce = Yyn(—C, &) is jointly holomorphic on 2727/4

and equals (A(r), B(s))o at (r,s) € (0,7/4)?, where A(s) =Y, ¢; I, F(R(s)*xg-i)) for
A=, e

(c) for every B € R the sesquilinear form (x,n)s = Sn(Jx,n) + Dn[Jx, n](iB) is positive
semidefinite on X'; more generally (A, A),z > 0 for all z € ¥ 4.

The proof uses, besides (i), (ii) and Lemma 15.7 for Sp, only the plane {¢t = 0} (through
Lemma 15.5) and Propositions 15.19 and 15.21. Write x*' := (Jxa, .-, IX1, M1, --» ) =
(Qm fm)m<n with planar supports K °!, block index ¢(m) =1 for m < a and 2 for m > a, and

for Z' € [],, K& put Z((1, (05 Z") == (R(=Cu(m)) 2m)m-

Lemma 15.26 (geometry of complex rotations). (i) K%, — K" C C4 for all m (the tuple
(Jx,n) is narrow with unit vector e;). (i) For real v € C4 and ¢ = 0 + i with |0| < 7/4:
(R(—0)v); > 0 and q(R(—C)v) = e BI(R(=0)v); > 0. (iii) For ((1,G) € E?r/4 and 7' € [ Ko
all successive differences of Z((1,Co; Z') lie in W; for real |0;] < m/4 the sets R(—0, ) K" are
compact, strictly ordered in t, in {t <0} for m < a and in {t > 0} for m > a.

Proof. (i) 6.C+ = —Cy; for m < a, K%' | — K" = —0o(Kq—m+1 — Ka—m) C C4; for m = a,
K{ —0.K; C Cy +C4 = C4 (K] the first support of n); for m > a by admissibility. (ii)
v = |v|(cos ¢,sin¢) with |¢p| < 7/4, so |¢p — 0| < m/2. With w := R(—0)v real, R(—if)w =
(cosh Bw; + isinh fw,, —isinh fw; + cosh Bw,), hence ¢ = wi(cosh B — [sinh B|) = e Pluwy.
(iii) Within a block, Ay, = R(—=(,) (2,41 — 2,,) with 2], | — 2;, € Cy, so (ii) applies. At the
junction, Ay = R(—(2)z, 4 + R(—C1)(—2,) with 2}, ; € K] C Cy and —2, € —0,K; C C4, so
the claim follows from (ii) and the superadditivity of q. Real angles: the t-components of all
rotated differences are positive and continuous on compact sets, so their minimum is positive;

R(—0)Cs C {t > 0} by (ii). 0
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Lemma 15.27 (the two-angle pairing). For N > 2 put WU, ,((1,() =
fl_[ Ktot IL,, am(z,) Sn (Z(Cl, C2; Z"); (g(—g(m))fm)m) dZ' with the kernel of Proposition 15.19;
for N =1, ¥ := S (x°); for N =0, ¥ :=1. Then (a) of Proposition 15.25 holds, except the
last identity.

Proof. By multilinearity, Sn(Z; (o(=Cm)) fm)m) = 2wy .o e~ 2m WmGuiom) S (Z; (Poyy frn)m)s
a finite sum; Z(-; Z') is entire with values in Zy on ZiM (Lemma 15.26(iii)), where Sy (-; f)
is holomorphic. So the integrand is holomorphic in ({1, (2) € Zfr /1 for each Z’ and continuous
on Zfr/4 x [T K. Hence ¥ is continuous, fw vd¢; = [ ﬁf( ..)d¢; dZ" = 0 for closed triangles
v C Xy /4 (Fubini, Cauchy), so ¥ is separately holomorphic (Morera) and jointly holomorphic
(Osgood). For real |0;| < /4, Xm := R(0,m))*Xon' = (@tm © R(0,(m))) 0(—0,(m)) fm are product
tests with compact planar supports strictly ordered in ¢ (Lemma 15.26(iii)); Proposition 15.19(e)
gives SN(X) = [ I, @m(R(O,(m))2m) SN(Z; (0(=0,(m)) fm)m) dZ, and the substitution z,, =
R(—0,(m)) %y, (Jacobian 1) yields ¥(61,62); Sn(X) = Sn(R(61)* Jx, R(62)*n) by the symmetry of
Sny. For N =1, S1(R(0)*y) = S1(¢) by Lemma 15.7. O

Lemma 15.28 (narrow tuples). Let ¢ = (¢1,...,9n), N > 2, be a tuple of tests vy, €
(L' N L?)(R3; T¢) vanishing outside Ly, X R, with compact planar sets L, such that, for some unit
vector u and some ordering, all differences Ly,+1 — Ly, lie in the open cone of half-angle w/4 about
u (a narrow tuple). Then D[] extends to an entire 7 /2-periodic function with |Dy[)](0+i5)] <
C’we(lJ””m")]\”ﬂ| and the finite Fourier form of Proposition 15.21(b), with N -linear coefficients
co[Y]. In particular this holds for x*°* = (Jx,n), and ¥y, (¢, ¢) = Sn(x**) + Dn[x**](C) for
C € ETr/4'

Proof. On the compact sets Ly, +1 — Ly, inside the open cone, Z(d,u) < v9 < w/4 and |d| > §p > 0
uniformly, so every configuration X € [],, Ly, is narrow with data (u,70) and ro(X) > ry :=
%50 cos(yo + m/4). Take a smooth partition of unity {¢,} of R? with diamsupp ¢, < 7. and
expand Dy[Y] =3, Dn[(dv,¥m)m| (a finite sum, by N-linearity, the L, being compact);
each term has planar supports in balls of radius < r, about a configuration of [] L, so
Proposition 15.21(a)—(c) applies to it (with (c) for non-product tests); sums of finitely many
entire 7/2-periodic functions with the growth bound and the finite Fourier form are of the same
kind, and the coefficients add. For x** the hypothesis is Lemma 15.26(i) with u = ;. Both sides
of the last identity are holomorphic on the connected set ¥ /4 and agree for real ¢ € (—m/4,7/4)
by Lemma 15.27 with 6; = 6, (for N <1, Dy = 0). O

Lemma 15.29 (curves in the OS space). For x € A and0 < s < 7w /4: A\(s) := Hj F(R(s)*x;) €
L§,+, and (Ay (1), Ap(8))o = Uy (-1, ) forr,s €[0,7/4).

Proof. R(s)*x; is a real test supported in R(—s)K; x R C {t > 0} (Lemma 15.26(ii)),
so Ay(s) is X({t > 0})-measurable and in L? by Lemma 15.6(b) and Holder. Since
O.R(r) = R(—r)0, and w(0,)o(—r) = o(r)m(6s), J(R(r)*y) = R(—r)*(Jy) for real tests
and real 7. O, is multiplicative, so ©.,A\(r) = [[; F(R(—r)"Jx;) and (Ay(r), Ay(s))o =
E#[Hj F(R(—r)*Jx;) [ 1« F(R(s)*nk)] = SN(R(—r)*Jx, R(s)*n) = ¥y n(—r,s) by Lemma 15.27.

U

Proof of Proposition 15.25. (a) is Lemmas 15.27 and 15.28. (b): (x,n)ce = Yy (= §) is
holomorphic on Zfr / (=2r/4 = Xr/4); finite sums preserve this; both sides of the identity in (b)
are sesquilinear in (A, B) and agree on basis pairs by Lemma 15.29. (c): X /4 is open, connected,
conjugation-symmetric, 0 € ¥ 4, so Proposition 15.24 with O = ¥ /4, 04 = 7 /4 gives (A, A). >
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0 for 2 € Xy /45 at 2 = —if3, (X, m)—ig,ip = Yxn(iB,iB) = Sn(JIx,n) + Dn[Ix; n](iB) = (x,m)s by
Lemma 15.28, for every 8 € R. O

15.12. Testing and convexity. Conventions. For a unit vector u € R? let T'(u) := {p € R?:
p-u > |p|/v/2}, the open cone of half-angle 7/4 about u; I'(e;) = Cy, C_ := —Cy = 0,Cy,
C+ +Cy C Cy, RT'(u) = I'(Ru) for planar rotations R. A tuple is x = (x1,---,xn5), N >0,
of real product tests x; = «;f; with compact planar supports K; := suppaj; Sp := 1. R*,
X = X(- —v) and Xo = (Xo(1)s - - - » Xo(nv)) act entrywise. Jx; = 7(6s)(X; o 0o) with 7(6) a real
orthogonal involution, so J maps real product tests to real product tests, J? = 1, the planar
support of Jy; is 0. K;, and Jx = (JXq,...,Jx1) for a tuple of length a. A tuple x is narrow
if there are a permutation o and a unit vector u with K,(j11) — Ky(j) C T'(u) for 1 < j < N
(every tuple of length < 1 is narrow); this is the hypothesis of Lemma 15.28. Every configuration
(X;) with X; € Kj is then narrow; conversely, for a narrow configuration X with data (o, u) and
0 < < 3 min, dist(X,(j41) — Xo(j), 0T (u)), every tuple with K; C B(Xj,d) is narrow with the
same data. For admissible x (length a) and n (length b), (Jx,n) is narrow with u = e;, o0 = id
(Lemma 15.26(1)).

Regular tuples and their coefficients. A tuple x of length N is regular if Dy[x](0) =
Sn(R(0)*x) — Sn(x), 0 € R, is the restriction of an entire function Dy[x](¢) with
supper |Dn[X](0 + i8)| < Coe3NI8l for all B € R and some Cy < co. The extension is unique
(identity theorem) and 2m-periodic, since Dy[x](¢ + 27) — Dn[x](¢) is entire and vanishes on R
(R(27) = 1 = o(2n)). Hence Dy[x](¢) = Y sy dee™ (Laurent series in e, absolutely convergent)
with dp = &= 02” Dy[X](8 + iB)e~*0+B) df for every f; so |dg| < Coe3NIPIT and (8 — Foo)
dy =0 for |¢| > 3N. Put ¢¢[x] :=dy (£ #0); Dn[x](0) =0 gives

(15.9) DnIXIQ) = D elx] (e —1).

0<|¢|<3N

For £ # 0, cg[x] = 5= 02” Dn[x](0)e~"?df is intrinsic. The facts used below are:

(A) every narrow tuple is regular, and ¢,[x] = 0 for ¢ ¢ 4Z (Lemma 15.31 below);

(B) for admissible x,7n of lengths a,b and 8 € R, (x,n)s = Sats(JX: 1) + Dass[Ix, 1] (i5)
(the empty tuple () allowed, (,0)s = Sp = 1) satisfies >, , Zize(xW, x®) 5 > 0 for all
finite families of admissible tuples and all z € C™ (Proposition 15.25(c));

(C) Sn(1px) = Sn(x) for all v € R? (Lemma 15.6(e) and (ii)); Sy is symmetric.

Lemma 15.30 (testing). Assume (C).

(a) If x is regular, so are Xo, ToX (v € R®) and R(¢)*x (¢ € R), and cixo] = co[x],
co[tox] = co[x], ce[R(¢)*x] = €*Pcy[x]. These operations map narrow tuples to narrow
tuples.

(b) Let x be narrow of length N with data (o,u), uw = R(¢)es, and a+b = N. Then there
are admissible X', 0" of lengths a,b with (Jx',n') = 7,R(¢)*xo for some v € R3; if x is
regqular, so is (Jx',n'), with c/[Jx', 0] = ¢*®cyx]. In particular, if £ # 0 and co[x] # 0
for a narrow reqular x of length N, then for every a + b= N there are admissible x', 7/
of lengths a,b with co[JX',n'] # 0.

Proof. (a) Permutations: Hj F(x;) is a commutative product and R(6)* acts entrywise, so
Dnxs] = Dn[x] on R; the entire extensions and their coefficients coincide. Translations:
(R*1yx)(z) = 7(R) " 'x(Rz—v) = (R*Y)(z— R '), i.e. R*1, = Tp—1,R*; by (C), Sy (R(0)*7,X) =
Sn(R(0)*x) and Sn(1yx) = Sn(X), so Dn[1vx] = Dn[x] on R. Rotations: 7 is a representation
and planar rotations commute, so R(0)*R(¢)* = (R(¢)R(0))* = R(0 + ¢)* and

Dn[R(6)"X1(0) = (Sn(R(0 + ¢)"x) — Sv(x)) — (Sn(R(¢)"x) — Sn (X))
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= Dn[X](0 + ¢) — Dn[x](9)-

The right side is the restriction of the entire function ¢ — Dx[x](¢ + ¢) — Dn|[x](¢), bounded by
(Co + Dy D@ s0 R(¢)* is regular with Dy [R(6)X](C) = 5 erly] (16+9) — cité) =
Sorcelx]et (e — 1), and uniqueness of Laurent coefficients gives c¢,[R(¢)*x] = €*®c,[x]. Finally
R(¢)*(af) = (a0 R(¢)) o(¢p) "L f is a real product test (o(¢) real orthogonal) with planar support
R(¢)7'K, so the cone condition is transported to R(¢)™1T'(u) = I'(R(¢) tu); 7, shifts all K;
by the planar part of v, leaving differences unchanged; x, permutes the K;, and the ordering
composes.

(b) Step 1. ¥ := R(¢)*(xo) has supports M; := R(¢) ' K,(j) with Mj 1 —M; C R(¢)'T'(u) =
F(et) = C+.

Step 2 (splitting). With Ay (¢t,z) :=t+ 2z, C ={A\y >0, A_ >0}. f 1 <a < N: AL (p) >
A+ (p) for p € My, p’ € M,1, so by compactness m™* := maxy;, Ay < minyg, ,, A+ =: m'®. Let
w € R? have Ay (w) = 3(m* +m/®) (if a = 0: Ap(w) =m/ — 1;if a = N: A (w) = m* +1).
Then M, —w C C_ and My11 —w C C4; since M; — M1 C C— and C+ 4 C+ C C4, induction
downward and upward gives M; —w C C— (j < a) and M;j —w C Cy (j > a).

Step 3. Let v := (—w,0) € R® and ¢’ := 7,3, so that ; has planar support M; — w.
Define x; := J, ,_; (1 < i < a), nj, =, (1 <k < b): tuples of real product tests
with Jyx' = (J2), ..., J2%)) = (W, ..., 9L), hence (Jx', ) = ¢ = 7, R(¢)*Xo. Admissibility:
supp X = 0o (May1—i —w) C 0oC— = Cy; supp X1 —Supp X = Oo(—(May1-i —Ma—)) C 0oC_ =
Cy; suppmy, = Mayr, —w C Cy and supp ;. —suppnj, = Maqpy1 — Maqp C Cy. If x is regular,
(a) gives the regularity of ¢ and c/[Jx/, 1] = co[t)'] = ¥®cy[x]. O

Lemma 15.31 (narrow tuples are regular). Every narrow tuple x is reqular, with c;[x] =0 for
(¢ 47, and |Dy[x](0 +iB)| < CoeMHwmaINIBL - Moreover, if ci[x] # 0 for a narrow tuple x of
length N, then co[x’] # 0 for some tuple X° of length N with planar supports in balls B(z;,7),
r < rg, about a narrow configuration X as in Proposition 15.21; and conversely every such tuple
18 narrow.

Proof. Let x be narrow with data (o,u), v = R(¢)e;. Lemma 15.30(b), Steps 1-3, uses only
the support geometry and produces admissible x',n" with (Jx',n") = ¢ = 7, R(¢)*xs. By
Lemma 15.28, 1/ is regular, with the growth bound and ¢y[¢)'] = 0 for ¢ ¢ 4Z. The proof
of Lemma 15.30(a) uses only regularity, so x, = R(—¢)*7_,%’ and hence x are regular with
ce[x] = e *P¢,[4)'], which vanishes off 47 (and the growth bound transports with a larger constant).
Alternatively, and for the second claim: by compactness of [[;(Ky(j41) — Ko (j)) C [(u)V~! there
are 0, > 0 and v, < m/4 bounding all drawn configurations, so ro > r, := %5* cos(vs + m/4)
uniformly; a smooth planar partition of unity with pieces in balls of radius < r, centred in the K
and the N-linearity of Dy express Dy[x] as a finite sum of Dy[x’] with x” as in Proposition 15.21,
the coefficients adding, so some piece has ¢¢[x"] # 0. Conversely, for d € I'(u) at angle a < v
from w, dist(d, O'(u)) = |d|sin(w/4 — «) = |d| cos(m/4 + a) > 2rg > 2r, so B(d;,2r) C I'(u) and

tuples supported in the balls B(z;,r) are narrow. O

Consequently, for each ¢ # 0 and each N, ¢/[x] # 0 for some narrow tuple x of length N if
and only if ¢;[x] # 0 for some tuple y of length N supported in the balls of Proposition 15.21; in
particular the maximum My of Proposition 15.32 is the same for both classes of tuples.

Proposition 15.32 (convexity). Let
My :==max{|l| : c[x] # 0 for some narrow tuple x of length N},

and My := 0 if there is none. Then My =0, My € 4Z, 0 < My < 3N (indeed < (1 4+ wpax)N ),
and 2M gy < Mag + Moy, for all a,b > 0.
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Proof. Bounds. By (15.9) and Lemma 15.31, ¢/[x] = 0 for |[¢| > (1 + wmax)N, so My < 3N and
My = 0; by (A) only ¢ € 4Z occur, so My € 4Z (0 included).

Convexity. Let N = a4+ b, m := Mpy; if m = 0 there is nothing to prove. Otherwise pick g
with |¢p] = m and c¢gy[x] # 0 for a narrow tuple x of length N; Lemma 15.30(b) gives admissible
X', n’ of lengths a, b with v := ¢4, [Jx', '] # 0. The tuples (Jx', 1), (JX',x'), (J1',n’) are narrow,
of lengths N, 2a, 2b; hence their coefficients ¢y, cf, cf vanish for || > m, [¢| > Mag, (| > Moy,
respectively, by the definition of M. At { = i8,

s =SnIX )+ Y a(e? 1),
0<ltl<m

X =S2a(IX X))+ Y e -1,
0<|¢]<Msa

and likewise for 7" (for a = 0: (0,0)5 = 1). With Cs := [Saa(IX"s X) [ +2 201 < s || and Cp
likewise, |e ™7 — 1| < 2el18] gives |(x/, X') 5| < CaeM2alBl and |(1, 1) 5| < CpeM2elfl for g € R.

Lower bound: let s := —sgn/y, 8 = s7, 7 > 0. Then e 08 = M7 ¢lof = ¢=™" < 1, and
every other ¢ with 0 < [¢(| < m has |¢|] < m — 4 (all frequencies lie in 4Z, and m > 4). With
C" = SN (IX )+ 220 g <im Il

[ )sr | = e = O™ > g™ for 7> 7 := max{0, } log(2C"/|Y)}-

Positivity: by (B) for the family {x’,n'}, the 2 x 2 matrix Gg := ((-,-)p) satisfies 2*Ggz > 0
for all z € C?; thus 2" (G — G};)z = 0 for all 2, so by polarisation Gz is Hermitian, positive semi-
definite, and det Gz > 0: |(x/,7")s|> < (X', X)s (0', 1) 5. Hence %’7‘2627”7— < C4Cp eM2at+Mazp)T
for all 7 > 7p; letting 7 — oo forces 2m < Ma, + Moy. O

Only two-element families (and the empty tuple when a = 0 or b = 0, giving 2M;, < Mayy)
of (B) are used. This subsection uses, beyond (i), (ii) and the four planes of the pair through
Propositions 15.21 and 15.25, nothing else.

15.13. Divisibility by eight and the arithmetic lemma. Notation. Recall that (¢*x)(z) =
7(g9)"'x(gx), so that (gh)* = h*g*, g* preserves reality, ||-||; and || ||2, and supp g*x = g~ ' supp .
We put (75x)(x) := x(z + a) = (7—ax)(@), hence g*75 = 77, g*. We put R, := R(m/4) and
Py:={t=0}, P :={t+xz =0}, P :={2 =0}, P3:={t—2 =0}, and we write ©p, for the
reflection in Py. Then RoPj = Py (indices mod 4), Re{y =0} = {y = 0}, and O,p = gOpg !
for every plane P through 0. We put g := Tip with T: &' — &', (Tw)(x) := w(REx) (T is the
transpose of the continuous linear bijection R} of S, hence continuous, so i is a Borel probability
measure); thus Z(x) = Z(R5x) and Sy (x1,...,xn) = Sn(Rix1, ..., Rixn). Objects attached
to i carry a tilde. For a regular tuple ¢ put co[t)] := SN () = 324 ce[t)], so that Sy (R(6)*)) =
> e [4]e?® for real 6. A, denotes the admissible tuples of length a; by Lemma 15.31 every pair
(Jx,m), X € Ay, n € Ap, is regular with frequencies in 4Z and |¢| < M, yyp.

Proposition 15.33 (divisibility by eight). Let u satisfy (i), (i) and (iii) for the four planes
Py, ..., Ps of the coordinate pair (t,z), and let fi be as above.

(1) [ satisfies (i) with the same constant C, (ii), and (iii) for the reflections in Py, P1, Pa, P3
(and in {y = 0} if u has (iii) there); the four reflections, hence the dihedral group they
generate, which contains R(m/2), preserve fi.

(2) For every regular tuple ¢ (for u) and all ¢ € C: o is regqular for fi, Dn[](¢) =
Dy[Y)(¢ + 7 /4) — Dy[Y](7/4), entire and 2r-periodic, |Dn[)(0 +iB)| < 2Coe*N1Pl and
&) = e eyp] = (=1)4erly] for € € 47\ {0},
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(3) ey, [IX, X] = 0 for all x € Ay, and if M := Ms, > 0 there is x € Aq with c_p[Jx, x] =
cem[Tx x] > 0.
(4) My, € 8Z for all a > 0.

Proof. (1) (i): for real Schwartz ¥, feF(x)dﬂ - feF(R?;x)du < eCURXIL+IRIXI3) — eC(HXHIJF”XHg)’
because R}y is real Schwartz and |(Rix)(x)|r = |x(Rox)|7 with R, measure preserving. (ii):
Sn(ix1,...) = SN(T]*%,la “X1s--.) = Sn(REx1,...) = Sn(x1,...) by the translation invari-
ance of the Sy (Lemm; 15.6(e) for p); since 1 satisfies (i), Lemma 15.6(e) applied to i gives
Taxfl = fi. (iii): let P € {Py,...,P3}, P':= R;1P € {Py,..., P3}, Xq real Schwartz supported in
one open side PT of P, z, € C. From ©p = R,©Op R !, R0, = (OpR,)* = (R.Op/)* = O}, RS,
SO D ab Zazp [ €7 a=Opx) i = dab ZazbfeiF(ng@;’Xi)du > 0, with x}, := Rxa supported
in R;!P*, one open side of P’, by (iii) for g at P’. The same with P = P’ = {y = 0}.
Invariance under the four reflections follows from Lemma 15.7 applied to i (or directly:
SN(@}kXIa .. ) = SN(@}kaileXh .. ) = SN(R?;XL e )) @P1@P0 = R(ﬂ/z).

(2) R3R()* = (R(O)Rs)* = R(6 + 7/4)*, hence Sy(R(6)*¢) = Sn(R(0 + 7/4)*¢) and,
for real 0, Dy[¥](0) = [Sn(¢) + Dn[¥](0 + 7/4)] — [Sn(¥) + Dn[](w/4)]. The right side
is entire in 6, so it is the continuation, with the stated period and bound. Inserting (15.9),
Dy[](¢) = Z#O coip] (e CHT/Y) — gilm/4) — ZHO /4 e [1h] (€S — 1); uniqueness of Fourier
coefficients gives & = e*™/4¢;, and e¥™/* = (e™)t/* = (—1)¥/* for ¢ € 4Z.

(3) Step 1 (reality). For a real tuple ¢ and real 6 the tuple R(6)*¢ is real (w(R(0)) is
a real matrix), so Sy(R(0)*y) = fH] F(R()*;)dp € R (F is real on real tests). A real
trigonometric polynomial has c_y = ¢;. For real x, Jx is real (7(6,) is real), so this applies
to (Jx,n). Step 2 (leading Gram matrix). Let N = 2a, M = My, xI, ..., x"™ € 2, and
G(B)jk == Sy (Jx9), x®)) + Dn[JxY), x®](iB). By Proposition 15.25(c), G(3) > 0 for every
real . By (15.9) at ¢ = if and the frequency bound, G(8)r = > scaz, < co[IxD, x*B)e=5,
Hence e MPG(B) — G_ps = (c_p[IxD), x¥)])1, as B — +00 and eMPG(B) — Gy as B — —o0;
the cone of positive semidefinite matrices is closed, so Gy > 0. With m = 1: eqxp[Jx, x| > 0.
Step 3. Let M > 0. By the definition of My some ¢ € {M,—M} has ¢/[¢)] # 0 for a narrow tuple
¥ of length N; by Step 1 then ¢ = —M does. Lemma 15.30(b) with (a,b) = (a, a) gives x,n € A,
with c_p[Jx, 1] # 0. Step 2 for (xM, x®) = (x,n): the 2 x 2 matrix G_,; > 0 has a nonzero
off-diagonal entry, so 0 < |c_n[Jx, 0> < c_nm[Jx, X] e—ar[Jn,m], whence c_p[Jx, x] > 0, and
CM[JX7 X] = C—M[‘]Xv X] = C—M[JXa X] by Step 1.

(4) Let M = My, > 0 (otherwise there is nothing to prove) and x as in (3). By (1), i
satisfies the hypotheses of Subsections 15.2-15.11 for the coordinate pair (¢, ) (Remark 15.4 and
Lemma 15.34 below), so Proposition 15.25(c) holds for i: Sy (Jx, x) + Dn[Jx, X](i8) > 0 for all
B € R (x is admissible for fi as well, admissibility being a property of the supports). By (2) this
reads Sy (Jx, x) + Dn[Jx, x|(7/4+iB) = colIx, x] + Z#O(—l)e/‘lc@[blx,x]e*m > 0 for all real
. Multiplying by e=™# and letting 8 — +oo gives (—1)M/%c_p[Jx, x] > 0. As c_p[Jx, x] > 0,
(—1)M/4 =1, ie. M/4 is even: M € 8Z. O

Lemma 15.34 (the four planes of a pair suffice). Let v be a Borel probability measure on
S'(R3;T) satisfying (i), (i) and (iii) for the four planes Py,. .., P3 of the coordinate pair (t,x)
only. Then every statement of Subsections 15.2-15.12 holds for v and this pair, with the same
proofs; in particular Proposition 15.25(c) holds for v.

Proof. We go through the statements in question and determine the planes and symmetries
that their proofs use. Lemma 15.6 uses (i) only. In Lemma 15.7 the first assertion needs (i),
(ii) and (iii) for the one plane in question, and it gives for v the invariance under Op,,...,Op,
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and under the dihedral group D4 they generate. The four-plane clause of that lemma gives
S1(R(0)*x) = Si(x) for all §, which is the only property of S; used later, namely in Lemmas 15.27
and 15.28 and in the paragraph after the proof of Proposition 15.21. Lemma 15.5 uses (ii),
(iii) and the invariance at the one plane u in question, where u € {e;,n} or, for the pair (x,t),
u € {es, (ex + €;)/V/2}; these planes are all among Py, ..., Ps.

Theorem 15.8 uses Py and P; for the pair (¢,z), and P» and P for the pair (z,t). Lemma 15.12
uses Theorem 15.8 only. Theorems 15.14 and 15.15 use Py and its translates {¢ = ¢} for the pair
(t,z), and P, and its translates for the pair (z,t), together with (i) and (ii). Theorem 15.16 uses
Theorem 15.8, Lemma 15.12 and Theorem 15.15. Propositions 15.19 and 15.20 use Theorems 15.15
and 15.16 for the pairs (¢, ) and (z,t), and they use Lemma 15.7 only through R(6) with 6 € §Z,
which is an element of D4. Proposition 15.21 uses (K1)—(K3), which come from Proposition 15.20,
and (K4), which is the invariance under R(7/2) € D4. Proposition 15.24 is abstract, apart
from the positivity of the form at Fy. Proposition 15.25 and its lemmas use the form at Py,
Propositions 15.19 and 15.21, and the identity S;(R(6)*x) = Si(x). Lemmas 15.30 and 15.31
and Proposition 15.32 use (ii) and Propositions 15.21 and 15.25. Thus no proof uses a plane
outside { Py, P1, P», P3} or a symmetry outside Dy and the translations. O

Lemma 15.35 (arithmetic). Let (M,)n>0 be non-negative integers with Mo = 0, M, < 3n,
2Myyp < Moo 4+ Moy for all a,b > 0, and Msy, € 8Z for alln. Then M, =0 for all n.

Proof. Put g(n) := May,; then g(0) =0, 0 < g(n) < 6n, g(n) € 8Z. For ¢ > 1 the hypothesis with
(a,b) = (c—1,c+1) gives 2g(c) < g(c—1)+ g(c+1), so the increments d. := g(c) —g(c—1) € 8Z
satisfy det1 > d.. Suppose g(k) > 0 for some k. Then le:l d. > 0, so some d; > 0, hence d; > 8,
hence d. > 8 for all ¢ > j and g(n) = g(j — 1)+Zzzjdc >8(n—j+1) forn>j. At n=4j:
g(4j) > 245+ 8 > 245 > g(44), a contradiction. Thus My, = 0 for all n, and the hypothesis with
b =0 gives 2M, < Mo, + My =0, so M, = 0. O

Corollary 15.36. Under (i), (ii) and (iii) for the four planes of a coordinate pair, My =0 for
all N; hence cg[x] = 0 for all £ # 0 and every narrow tuple x, and Dn[x] =0 on C for every
narrow tuple and for every tuple of tests in (L' N L?)(R3;T¢) vanishing outside K; x R with K
the balls of Proposition 15.21.

Proof. Proposition 15.32, Proposition 15.33(4) and Lemma 15.35 give My = 0. Then (15.9)
gives Dy[x| = 0 for narrow tuples (Lemma 15.31), and Proposition 15.21(c) (with Lemma 15.31:
the tuples supported in the balls are narrow, so their coefficients vanish) for the non-product
tests: by Step 5 of the proof of Proposition 15.21 the coefficients ¢y[x] are N-linear in y and
are limits of the coefficients of finite complex-linear combinations of real smooth product tests
supported in the same balls, which vanish, so ¢/[x] =0 for £ # 0 and Dy[x] =0 on X. O

15.14. From narrow configurations to all distinct points. Throughout this subsection
(t,x) = (xj, ) is a coordinate pair and y = z; is the third coordinate. We write P(z) := (xj, 1)
for the planar projection and R(f) for the rotation about e;; for R = R(#) we have supp R*x =
R~'suppx and R*1, = 7p-1,R*. We put Sy := S(R* T¢)Y and B,(X) := [],, B(zm,r) for
X = (Zm)m € (R?)Y, and we say that a tuple x is supported in [] Oy, if supp xm C O, for every
m.

A move from X is a pair (H,a) consisting of an affine coordinate hyperplane H = {x - n = ¢},
n € {£e1, teq, tesg}, with margin dy(X) := miny, |z, -n — ¢| > 0, and of a vector a = s1n + v1
(v1 L n). Its forward group is F':= {m : x,, - n > ¢}, and the move takes X to the configuration
X = (xm+alp(m))m. Foratuple x, s € Rand v L nweput x (. = 1%, X = (Tslfﬂfl)xm)m;
this operation translates only the tests of the forward group. Finally, V(X;r,d) denotes the

statement that Dy|[x](f) = 0 for all |f| < § and all x € Sy supported in B,(X).
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The proofs of this subsection use Theorem 15.8 for the pairs (z;, ) and (xj,z;), for every j,
and hence hypothesis (iii) at the three coordinate planes and at the three planes {z; + z3 = 0},
j <k (Remark 15.4).

Proposition 15.37 (from narrow configurations to all distinct points). Assume (i), (ii) and
(iii) for the nine planes, N > 1.
(a) Let X° € (R*N, H ={z-n =c}, d:=dg(X") >0, O := By;(X°), ¢ := d/4. For
X € Sy supported in O, (s,v) — Sn(T*,,_,X) is real-analytic on (—e,00) x nt, the
restriction of a bounded holomorphic function on {(s,v) € C x ng : Res +¢ > |Imuvl;}.
(b) Let X have pairwise distinct planar projections P(xy,), N > 2. There are k < N(N+1)/2
moves X = X0 = X1 — ... = X* with P(X*) narrow, radii r; > 0 and a § > 0 such
that for || < & and x supported in B, (X'1) both (s,v) — Sn(X(s)) and (s,v) —
SN(R(0)*X(s,)) are real-analytic on a connected open set ;g containing (0,0) and
(si,vi) (the i-th move).
(c) If for every ¢ € R there are ry, 6, > 0 with V(R(p)X; 7y, 0,), then V (X1, 00) for some
re > 0.
(d) If V(X;rx,00) holds at every X with pairwise distinct planar projections, it holds at
every X ¢ A:={X :3Im#m', xpy =z}

Proof of (a). By (ii) and Lemma 15.6(e), Sy is translation invariant; by Lemma 15.7 it is
H;f—invariant for the coordinate reflections, and Q;Ta = ngQH;f. Applying 7_., and, if n = —e;,
6; (which maps the forward group to the forward group), assume H = {z; = 0}, n = e;. Let
B:={m:2% e; <0}and F := {m: 22 -e; > 0}; for y supported in O, supp xm C {z; < —d/2}
for m € B and C {z; > d/2} form € F. Put A :=][],,cp F'(Xm) and G :=[],,cp F(T—ce;Xm);
by Lemma 15.6(b), Holder and Lemma 15.13, A € L*(X({z; < 0}),u) and G € Lj%+ =
L*(2{z; > 0},u). Lemma 15.5 at the plane {x; = 0} (u = e;) gives H;, the contraction
G' — [G')j, e *Hi with H; > 0, the strongly continuous two-parameter unitary group V;(v),
v L ej, with [U(se; +v)G']; = e*HiV;(0)[G']; (s > 0) and E,[A'G'] = ([0,47];,(G"];); for
A e L*(Z{z; < 0}), G € L?,Jr (the definition of the form, ©;A4" € L% ). For s > —e,
U((s+e)ej +v)G = [her F(Tse;1vXm) € L?’Jr, hence

SN (X(s)) = Bu[AU((s +€)ej + 0)G] = ($,e” Vi (0)g);, ¢ = [0;4);, ¢ := [G];.

e~*Hi and Vj(v) commute (translations commute on Li +), so H; and the Stone generators

Py, P, of V; have a joint spectral measure II; on R3 (the spectral theorem and Stone’s theorem
[30]) whose (w, pi)- and (w, p;)-marginals are the joint spectral measures of (Hj, P;) and (H;, ).
By Theorem 15.8 for the coordinate pairs (xj,x)) and (xj,;), II; is carried by I' := {w >
pel} N {w > Inl} = {w > Iplc}. With p = (¥, 11;()9);, [pI(R?) < [|All 2 |Gl 2() and
SN(X(sw) = Jp e~ (ste)wtpvg,  For complex (s,v) with Res +¢ > [Imw|; and (w,p) € I
le=(ste)wtipy| < o=(Reste—|Imvh)w < 1. the integral is continuous (dominated convergence),
holomorphic in each variable (Morera and Fubini), hence holomorphic (Osgood), bounded by
| Al|2||G||2; its real restriction is real-analytic. O

Lemma 15.38 (propagation). Let (H,a) be a move from X, ro > 0, § € (0,00], and for
each |0] < & let Qp C R x n* be connected and open, containing (0,0) and (s1,v1), such that
(5,v) = SN(X(s)) and (s,v) = Sn(R(0)*X(s)) are real-analytic on Qg for all x supported in
By (X). If V(X% 6") then V(X ;min(rg, 7’ /2), min(d,d")).

Proof. Let x be supported in B,.(X), r := min(ro,r'/2), and [0 < min(d,d"). x(s,) is supported
in B.(X®Y), and max,, ]mgfb’”) — 22| = |(s,v) — (s1,v1)] < /2 gives B.(X(V) C B (X?),
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s0 DN[X(s,)](#) = 0 on a nonempty open subset of g; the real-analytic function (s,v) +
DN [X(s,)](0) vanishes on Qg (identity theorem), in particular at (0,0). (If F' = then X* = X
and there is nothing to prove.) O

Lemma 15.39 (two classes of moves). Under the hypotheses of Proposition 15.37, let (H,a) be
a move from X, and put d = dy(X).
(M1) If n = +e; and a = vy is planar, then the hypotheses of Lemma 15.38 hold with ro = d /2,
§ =00 and Qy = (—d/4,00) x n't.
(M2) If n € {xej,*er}, a = we; with w € R, and px = maxy, |P(zy,)| > 0, then the
hypotheses of Lemma 15.38 hold with ro = d/4 and § := d/(20x).

Proof. Let F' be the forward group of the move and B its complement. Since R*7, = 7p-1,R*, we
have R(6)*X(s,v) = (R(0)"X)(s',v) With R(—=0)(sn +v) = s'n + v/, provided H separates R(—0)X
into the same groups F, B; and R(6)*x is supported in B, (R(—60)X) if x is supported in B,(X).

(M1) The rotation R(0) fixes x;, so R(—0)X has margin d and forward group F, and s’ = s,
v/ = R(—0)v. By Proposition 15.37(a), applied to X and to R(—6)X, the hypotheses of
Lemma 15.38 hold with the stated rg, § and €.

(M2) For |0] < 6 we have |R(—0)xy, — xm| < |0lox < d/2, so H misses R(—0)X with margin
d' > d/2 and forward group F. With n’ a planar unit vector perpendicular to n,

R(—0)(sn 4+ vyn’ + vye;) = (scosd F vy sin@)n + (£ssind + vy, cos 0)n’ + vyey.

By Proposition 15.37(a) for R(—0)X (with O’ D By/y(R(—0)X) and ¢’ > d/8) and the linear
substitution, (s,v) = SN (R(6)*X(s,)) is real-analytic on the half-space {s cos 0 Fv, sinf > —d/8}
for x supported in By/4(X). By Proposition 15.37(a) for X, the map (s,v) = Sn(X(s,)) i8
real-analytic on {s > —d/4}. The intersection {2y of these two half-spaces is convex and contains
(0,0) and (0,we;), so the hypotheses of Lemma 15.38 hold with ro = d/4 and this d. O

Proof of (b). Step 1. For each pair m < m' choose np, € {€;j, €} With Tp, - Ny # T/ - N
which is possible as P(x,,) # P(x,), and choose ¢, strictly between these two values and
outside {x; M }i- The hyperplane Hyp,py := {& Ny = Cp } misses X; let .y be its margin
and F,,,,,, its forward group, which contains exactly one of m, m’. Perform, in any order, the moves
(Hpm! s Winmeey) of type (M2), with coefficients w;,,,,» to be chosen. These moves do not change the
planar projections, so every H,,,s keeps its margin and its forward group, and by Lemma 15.39
each of these moves satisfies the hypotheses of Lemma 15.38 for 0| < ¢ := min,, <, dmms/(20x)-
The third coordinates after these moves are y; = y; + >, .y W' LF,,(i). For i # 4’ the set

RNWN=1)/2 hecause the coefficient of w;y is +1.

{w :y, =y} is a proper affine hyperplane of
We choose w outside the finite union of these hyperplanes; the resulting configuration X 1) then
has pairwise distinct third coordinates.

Step 2. Order the third coordinates of X (1) as y;(l) < e < y;(N), and put a,, = (y;(m_l) +
y"j(m))/2, Hy, = {x; = an} and 2z, = P(2,(y)); the hyperplane H;, has margin > 0 and
forward group {o(m),...,o(N)}. Perform for m = 2,..., N the moves (H,,,v,,) of type (M1),
where vy, := €; — (zm — zm—1). These moves do not change the third coordinates, so each H,
keeps its margin and its forward group. The final projection of the point with index o(m) is
Zm + >y v; = 21 + (m — 1)e;j. Hence all successive differences equal e, and P(X*) is narrow
(with u = e; and angle 0 < 7/4). By Lemma 15.39 all the moves satisfy the hypotheses of
Lemma 15.38 for |0| < 0, and their number is k < N(N —1)/2+ N — 1. O

Proof of (c). If V(R(p0)X;7r0,00) and maxy, |R(¢)xm — R(vo)Tm| < 10/2, then BTO/Q(R(QD)X) -
By, (R(p0)X), so V(R(¢)X;70/2,d0) on an open interval around ¢g. Compactness of [0, 27]
and 27-periodicity give ry, 0, > 0 with V(R(¢)X;rs,04) for all . Let x be supported in
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B,.(X), ®(p) := Dn[x]|(¢). Planar rotations commute, so R(¢ + 6)* = R(6)*R(p)* and
®(p +0) = Dn[R(p)*x](0) + @(¢). R(p)*x is supported in By, (R(—¢)X), so the first term
vanishes for |0] < d.: P(@ +6) = D(¢p) for all ¢, |0| < d,; @ is constant, & = ¢(0) = 0. O

Proof of (d). Let X ¢ A, and let y()) < ... < y(@ be the distinct values of the third coordinates
ym of its points. If ¢ = 1 the planar projections are distinct. Otherwise let H; := {x; =
(y@ + 1) /2} | with forward group F; := {m : 4, > y?}, and perform the moves (H;, w;e;),
i < g, of type (M1); they leave the third coordinates unchanged. The final planar projections
are z,, = P(xy) + O, wilg,(m))e;j. If ym = ypy, then 2], — 2/, = P(xy,) — P(x,y) # 0. If
Ym = y(a) < Y, then

{w: 2, = 20} C{(P(m) — P(am)) - € + Zwi(lm(m) = Lg,(m)) = 0},

and the set on the right is a proper affine hyperplane, because the coefficient of w, is —1. Choose
w outside the finite union of these hyperplanes. The resulting configuration X’ has distinct planar
projections, so V(X';rx/,00) holds. Applying Lemma 15.38 to the ¢ — 1 moves in reverse order,
for all € since the moves of type (M1) have 6 = co (Lemma 15.39), we obtain V(X;r,00). O

15.15. Assembly.

Proof of Theorem 15.1. The case N = 0 is trivial and N =1 is Lemma 15.7. Let N > 2; fix the
coordinate pair (z1,x2), [ = 3, and write R(#) for the rotations about es.

(1) By Corollary 15.36, Dx[x](#) = 0 for all real § and all x € Sy with supp x;m C U, X R,
U, the planar balls of Proposition 15.21 about any narrow configuration Z. Hence V (X;r, 00)
whenever P(X) is narrow and r is small (take r below the radius of the balls).

(2) Let X have distinct planar projections. By Proposition 15.37(b) and (1), V(X¥; 7, 00);
Lemma 15.38 applied k times gives V (X;r, ) for some r,0 > 0. Every R(¢)X has distinct planar
projections, so Proposition 15.37(c) gives V(X 7., 00); Proposition 15.37(d) gives V(X;rx, c0)
for all X ¢ A.

(3) Let xm € C°(R?;T) have pairwise disjoint supports Ky,. K =[], Kn C (R*)V\ A
is compact, covered by finitely many BTX(D/Q(X(")); with r := min; 7y /2, each Y € K
has B.(Y) C B, (X®) for some i. Smooth partitions of unity on K,, with sup-
ports in balls B(y,(,?),r), yq(ﬁ) € K, give xm = Y., X&,‘f); by multilinearity Dy|[x](0) =

ZDN[(XSO”), . ,Xg\o,‘N))](H), each tuple supported in some B,.(Y), Y € K, hence each term
vanishes: Sy (R(0)*x) = Sn(x) for all rotations about e3 and all 6.

(4) Other axes: for a cyclic permutation matrix @ € B3, QRe,(0)Q ™1 = Rge,(0), (QRQ™1)* =
(Q YH)*R*Q*, Q* preserves pairwise disjointness of supports, and Sy(Q*) = Sy (v) (Lem-
mas 15.7, 15.6(e)): SN((QRQ™1)*x) = Sn(R*Q*x) = Sn(Q*x) = Sn(x)- So (3) holds for the
rotations about e; and ey as well.

(5) Euler angles: every R € SO(3) is Res () Rey (B)Res(7), 850 R* = Rey(7)* Rey (8)* Reg (0)*,
each factor preserving pairwise disjointness: Sy(R*x) = Sn(x) on SO(3). Since O(3) =
SO(3)U61SO(3) and (01 R)* = R*A7, Lemma 15.7 extends the identity to O(3).

(6) Schwartz tests: for x,, € S with pairwise disjoint supports, ng) =9(/Q)xm (W eCXP V=1
on B(0,1)) have compact pairwise disjoint supports, and ng) = Xm; R*ng) — R*\pm in L' N L2
the continuity of Lemma 15.6(c) gives Sy(R*x) = lim, Sy (R*x@) = lim, Sx(x@) = Sn(x)-
This is the theorem; the extension from real to complex Schwartz tests is by multilinearity. [

Remark 15.40 (constants and the planes used). The constants of the proof are explicit in
terms of the constant C of (i): K; = 17(1 4+ C) (Lemma 15.6), K¢ = €2¢ (Theorem 15.15),
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K7 = 14K (Theorem 15.16), Kg = 2K7 (Proposition 15.19), and the geometric thresholds
ro = 1 min; |d;| cos(y +m/4) (Proposition 15.21), e = d/4, § = d/(20x) (Proposition 15.37). Sub-
sections 15.2-15.13 use, for one coordinate pair, only the four planes of that pair (Lemma 15.34);
Subsection 15.14 uses Theorem 15.8 for the six ordered coordinate pairs, i.e. the three coordinate
planes and the three diagonal planes {z; + z} = 0}; the three planes {; — z}, = 0} enter through
Proposition 15.33 (the plane P3 of each pair) and through the Bs-invariance of Lemma 15.7 used
in step (4) of the assembly (a 3-cycle is a product of two transposition reflections); step (5) of
the assembly uses in addition the reflection 6;. No property of p beyond (i)—(iii) enters.

Remark 15.41. The statement of Theorem 15.1 is Theorem A of [35]; in proving it we implement
the original strategy of that work (Remark 12.1).

APPENDIX A. PROBABILITY MEASURES ON SPACES OF DISTRIBUTIONS

This appendix contains the measure theory used in Theorems 9.13 and 9.15: the setting
(H1)-(H3) in which reflection positivity of the law of a field is formulated; the field spaces and
the action of the Euclidean group on them; Hermite—Sobolev norms; the Borel structure of the
field spaces; the density of generating algebras; the passage from a measure on S’ to a measure
on a Hermite—Sobolev space; the uniqueness of a measure with a given characteristic functional
or with given moments; and the verification of (H1)-(H3) from properties of the characteristic
functional. Nothing in it uses the lattice. Remark A.12 states where its hypotheses are met in
the main text.

The Bochner—Minlos theorem is used in the form stated after Definition A.3. Definition A.1
fixes two conventions. Subsection A.6 contains the results on the ergodic decomposition and on
clustering that are used in Theorem 9.15.

Definition A.1 (conventions: the weighted C* norm and the transport of test functions). (a) The
weighted C* norm. For a function ¢ and a 2-form g on R3: |q|4 := SUPg |y <a(l + |z|?)2| DY q(x)]

and |g|4 := (Za<5‘9aﬁ|z21)1/2§ on scalar functions this is the norm |g|, of [29] with p = 4. For

a pair u = (g,q) of a 2-form and a function, |u|s := (|g|? + |¢|3)"/2. (b) The transport of test
functions. For a function h and a 2-form f on R?® and for O € O(3) put (O - h)(z) := h(O~12)
and (O - f)z(u,v) = fo-1,(0tu, 0O~1v); for b € R3 put 7,h := h(- — b) and (7f)s := fo_p. For
ve{l1,2,3} and c € R let p = p, . be the map = — = — 2(z, — ¢)e,, and put Oh := h o p and
Of .= p*f, where (p* f)(u,v) :== frz(pu, pv) (the components f,,, i # v, change sign).

A.1. The abstract setting. Notation. The standard basis of R? is ey, ea, e3. For j € {1,2,3}
and ¢ € R put ch = {z € R®: £(z; —c) > 0} and p;z := —2x,e;, and let p; . be the reflection
in the plane {z; = c}. A bounded open subset of R? is denoted K; K € U means that K C U.

(H1) (Space, actions, measure.) X is a Polish space with a jointly continuous action (a, z) — 7,
of R3 and three involutive homeomorphisms 61, 62,03 of X with 0iTa = Tp;alj. 1 is a
Borel probability measure on X invariant under every 7, and every ;.

(H2) (Local structure.) To every open U C R? is assigned a sub-o-algebra %(U) of the Borel o-
algebra B of X, such that: X(U) C 3(U") if U C U"; 2(U) = Vgepy 2(K); Vi B(K) = B;
each 3(U) is generated by a countable family of bounded continuous functions on X;
and, with

(A.1) U(a)G :=GoT1_g, 0;G :=Go b,

U(a) maps X(U)-measurable functions to (U + a)-measurable ones and ©; maps 3(U)-
measurable functions to ¥(p;U)-measurable ones.
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(H3) (Coordinate reflection positivity.) For every j, every ¢ € R and every F € LQ(E(H;;), 1),
(A.2) Eu[Fob0jc Fl >0,  0jci=Tee,0iT—cc;-

By (H1), a + U(a) is a unitary representation of R on L?(p), ©; is a unitary involution, and
(A.3)
©;U(a) = U(p;a)O;; in particular ©;U(te;) = U(—te;)0;, O;U(y) =U(y)0; (y L e;).

By translation invariance, (A.2) for ¢ = 0 implies it for every c: if F' € LQ(E(H;“C),H), then
Fy i= U(—cej)F' = F oTg, is E(Hfo)—measurable, Fofj.F = (FyotjFy)oT ce;, and T_ce,
preserves p, so E,[F o 0; . F| =E,[Fy o 0; Fy).

Remark A.2 (conventions). On a space of distributions we use (7,®)(u) = ®(7_qu) with
Tpu = u(- — b) as in Definition A.1(b): this is the push-forward of ® by =z — z + a. Then
U(a)[®(u)] = ®(1,u), whose test function is supported in suppu + a, as (H2) requires.

A.2. Field spaces, the Euclidean action and Hermite norms. Fibre and transport. V is
A? := A’R? with its Euclidean fibre norm, or A2 ® R; (e)e<dimy is an orthonormal basis of V,
and (u,v) := [ps u(x) - v(x) dz is the L? pairing of V-valued functions. All test functions are real.
A Euclidean motion v € R3 x O(3), v = Ox + b, acts on V-valued functions by v - u := 7,(O - u),
with the transport O- of Definition A.1(b) on each summand. Thus (v - u)(z) = 7(O)u(y 1),
where 7(O)w = w(O~,071) on A? and 7(0) = 1 on R; 7 is an orthogonal representation of
O(3) on V, because the fibre norm of a 2-form is the Frobenius norm of an antisymmetric matrix,
up to a factor. Hence y +— ~- is an action of R x O(3), supp(y - u) = ysuppu, and ~- preserves
C>, S, the L? pairing and the Sobolev norms |jul|%. = [(1 + |£]?)%]a(¢)|? d€, s € No; and
74+ y - u is continuous into L? for u € C° (uniform continuity of u). The coordinate reflection
oj - u is the case v = p;, and the reflected source pj cxu is pj - u, which is fu of Definition A.1(b)
for p = pjc.

Hermite norms. A := —A + |x|? + 1 acts componentwise. The Hermite functions he, o € N,
form an orthonormal basis of L?(R?), and Ah, = Aqhe With Ay = 2|a| + 4; put hac := haeée.
For k € 2Ng and u € S(R3; V),

1/2

el = 114" 2ull 2 = (D0 Malhaer w)?)

since A is symmetric on S. H* is the completion of S(R3;V) under [|-||z, and H* is its dual, a
separable Hilbert space with [|[¥|2, = > . A;*¥(ha)?, because (/\;kﬂha,c) is an orthonormal

a,c o

basis of H* (Lemma A.4(c)). These are the spaces used in Theorem 9.13.

Definition A.3 (the field spaces). Fix an even integer r > 2 (in the applications r > 14).
X = HJ[(R3;V) is the space of real linear functionals ® on C°(R?;V) such that, for every
X € OX(R3), u + ®(xu) is bounded for ||-||z-, that is, Y® € H~"(R3; V), the dual of H"(R?;V).
Fix xn € C°(R3) with 0 < x, < 1, xn = 1 on the ball B,, and supp x,, C Bp11, and give X the
seminorms p,(®) := ||xn®| g--. Since xpu = u when suppu C By,

(A.4) [@(w)] < pn(®)[ullzr (ue CF(Ba; V).

For v € R? x O(3) put (v®)(u) := ®(y' - u) on X and (y¥)(u) := U(y'-u), u € H", on
H~" (with 77! extended to H" by Lemma A.4(e)). In particular 7, is v = (z + = + a), so
(7a®)(u) = @(7_qu); 05 := pj, so (0;®)(u) = ®(0; - u); Ojc = Tee, 05T ce; 15 pj; and Oy C O(3)
acts as a subgroup. Since v — - is an action, so is v — v on X and on H™"; the relations
0]2- =1, 0,74 = 7p,a0; and 07,0~ = 70, (O € O(3)) are relations in R? x O(3).
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The local o-algebras are S(U) := o(® + ®(u) : u € CX(U;V)) on X and 2 (U) := o(¥
U(u) : u € CX(U;V)) on H™", for open U C R3. The restriction map is ¢ : H™" — X,
¥ = ¥|oe. On 8'(R%; V) the cylinder o-algebra is generated by ® — ®(u), u € S(R3; V).

We recall the Bochner—Minlos theorem [27], [15, Chapter IV], [19] in the form used in the
proof of Theorem 9.13. Let Z : S(R3; V) — C be continuous for the Schwartz topology, positive
definite (3 <y axarZ(w — ugx) > 0 for all N, all uy, ..., uy € S(R% V) and all a € CV) and
normalised (Z(0) = 1). Then there is exactly one probability measure p/ on S'(R3;V) with its
cylinder o-algebra such that [ e®™ dy/(®) = Z(u) for all u € S(R?; V).

Lemma A.4 (Hermite norms). Let k € 2N.

(a) For |6] + |y| < k and u € S(R3;V), |22 < E¥/?|jup. Conversely |ullp <
Cre X 51y <k 12707 ul| 2.

(b) |uls < Cllullro for u € S, |-|4 the weighted C* norm of Definition A.1(a), taken compo-
nentwise.

(c) Foru € S the Hermite expansion ), (ha.c,u) ha,c converges to u in S. Cg° is dense in
HE, and (A;k/Qha,c) is an orthonormal basis of H".

() Jullk < Crpllull e for u € C(Bn; V), and ||xullk < Cryllull g for x € C(R?), u € S.

(e) For vt = Ox +b and u € S, ||v-ulp < Cr(1 + |b))¥||ullx, with equality and Cy, = 1
when b= 0. So - extends to a bounded operator on H*, and v acts on H™F with norm
< Cr(1 + |b))F, unitarily if b= 0.

Proof. (a) In each coordinate, z; = (a; + a;)/\/i and 0; = (a; — a;‘)/\/i on S, where ajh, =
V05 ho—e;, a;ha = /a; + 1 haye;, and ay, a; are adjoint to each other on S. So 2997 is a sum
of 2¢ words of length ¢ := |5 + || in the af, each with coefficient £27¢/2. A word w maps hq,
t0 Cu () hato, (or to 0) for a fixed shift v, with |, ()| < (Ja| + £)42 < (X /2)%2, since each
factor multiplies by at most the square root of 1 plus the current |a|, and |a| 4+ £ < £(|a| + 2).
Computing the Hermite coefficients of wu by duality on S, wu = 3, . cw(@)(ha,c, ) hatv,c
distinct a going to distinct basis vectors. Hence [|wul|? < (€/2)° 3" N (hae, u)? < (£/2)¢||ul|? for
{ <k, since A\, > 1, and
207 ul| < 2272(/2) 2 Jully = €7 ull < K2 |lullj.

Conversely, A¥/2 is a differential operator with polynomial coefficients; moving derivatives to the
right with 0;z; = 2;0; + 1 writes it as a finite sum of terms c2°9" with |§| + |y| < k.

(b) Let |y| < 4 and w := (1 + |z[*)2DYu, for a component u.. The Sobolev embedding
H?(R3) C L™ gives ||w]|oo < C’Z‘IB‘QHaﬁwHLz, and each 0%w is a finite sum of terms 2°97 u,
with |§] <4, || <6. Apply (a) with k = 10.

(c) For u € S and m € N, A™u € S and (hac, A™u) = N hac, 1), 50 Y N2 (ho e, u)? =
| A™u|* < co. Let Pyu be the sum over |o| < N. Then u — Pyu € S and ||u — Pyull; =
D lal>N N (hg e, u)?2 — 0 for every k; by (a), 2°07(u — Pyu) — 0 in L? for all 6,7, and by the
Sobolev embedding as in (b), sup |29 (u — Pyu)| — 0: this is convergence in S. C%° is dense in
S, whose topology is finer than that of ||-||x by the converse in (a), and S is dense in H*. The

family (A;k/thC) is orthonormal for ||-||z, and its span is dense in S, hence in H*.
(d) By the converse in (a),

lully < Cx Y _ll2°0Mull 2 < Cr Y al?|07ull 2 < O

if suppu C B,,. For yu, Leibniz writes 2°97(yu) as a sum of terms (29077 ) 8" u with bounded
first factors.

ull g
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(e) If b = 0, ~- is unitary on L? and commutes with A (A and |z|?> are O(3)-invariant and
7(0) acts on the fibre), so |0 - ully, = ||u|x. For a translation, 2°97(r,u) = 7,((y + b)°97u), and
expanding (y + b)? gives

a0 myul 2 < 2010+ [b) ey 97

the two halves of (a) give the bound. The last statements follow by density and duality. U

A.3. Borel structure and the Euclidean action.

Lemma A.5 (Borel structure of the field spaces). Let r > 2 be even, and X, H™", ¥, B+ as
in Definition A.3.

(a) X is a separable Fréchet space, hence Polish; H™" is a separable Hilbert space.

(b) For every open U C R? there is a countable set Dy C C°(U;V) such that every
u € CX(U;V) is the limit in H" of a sequence (uy) in Dy with supports in a fized
compact subset of U. For any such sequence, ®(ug) — ®(u) for every ® € X and
U(ug) — V(u) for every ¥ € H™". Hence (U), respectively SH (U), is generated by
the countably many bounded continuous functions arctan ®(u), respectively arctan ¥(u),
u € Dy.

(c) There are countable sets Dx, Dy C CX(R3;V) such that the Borel o-algebra of X is
generated by ® — ®(u), u € Dx, and that of H™" by ¥ +— V(u), u € Dy. In particular
both Borel o-algebras equal L(R3) = \/ ;- ©(K), respectively X7 (R3) = \/; X (K).

(d) ¢ is continuous, linear and injective; tH™" is a Borel subset of X, and v is a Borel
isomorphism of H™" onto it. Moreover 1y = i for vy € R3x0(3), and X7 (U) = ,712(U).

Proof. (a) X is a locally convex space with the countable family of seminorms p,,, which separates
points by (A.4), so it is metrizable, with the metric d(®, ®) := >~ 27" min(1, p,(® — ?')). Tt is
complete: if () is Cauchy, then x,, @ — Z,, in H~" for every n; put ®(u) := =, (u) for suppu C
B,,, which is consistent because (x,Px)(u) = @ (u) for such u; then |®(xu)| < ||Z, | g xu| gr
for suppx C By, so ® € X, and pn(® — ) = sup g, <1 |(Xn+1Pk — Ent1) (Xng)| — 0. It is
separable, because ® — (x,P), is a homeomorphism of X onto a subspace of the separable
metrizable space [, H"(R3;V). H~" has the countable orthonormal basis dual to that of
Lemma A.4(c).

(b) Choose compact sets K1 C Ky C ... with K,, C int Ky,4q and |J,,int K, = U, and a
countable subset D,, of C2°(int K,,,; V) dense in it for ||-||gz- (a subset of a separable metric
space is separable). Put Dy :=J,,, Dm. A u € C°(U;V) has support in some int K,,, and is
the H"-limit of a sequence in D,,, with supports in K,,. If K,,, C By, then |®(u;) — ®(u)| <
Pn(®@)||ur, — ul|gr by (A4), and [¥(ug) — V(u)| < ||V||-rCypllur — ul|g- by Lemma A.4(d). So
every generator ® — ®(u) of X(U) is a pointwise limit of the functions ® — ®(uy), ur € Dy,
and X(U) = o(®(u) : u € Dy) = o(arctan ®(u) : u € Dy); the same holds for X (U). The
functions are continuous by (A.4), respectively by |¥(u)| < || W] —p||ul],.

(c) Let D C C2°(R3;V) be countable and dense in the unit ball of H"(R3; V) (C° is dense in H”,
which is separable). For = € X, x,= € H™" is continuous on H", 5o p,(Z) = sup,ep |Z(xng)|-
Put Dx := {xng : n € N, g € D}. For fixed &g, & — d(P,P) is then measurable for
o(®(u) : u € Dx). As X is separable, every open set is a countable union of d-balls with centres
in a countable dense set, so the Borel g-algebra is contained in o(®(u) : u € Dy) C X(R?), and
the evaluations are continuous. For H™", let Dy C C¢° be countable and dense in the unit ball
of H" (Lemma A.4(c)); then ||¥ — Wg|_, = supyep,, [¥(9) — Yo(g)|, and the same argument
applies. Finally, every u € C2° is supported in a bounded open K, so ¥(R3) =/, S(K).

(d) For x € C2(R) and u € C=, |W(xw)| < |¥|_rlxtuls < Copll¥l rlular by

Lemma A.4(d); so «¥ € X and p,(t¥) < Cry,|[|V]—r: ¢ is continuous and linear. It is
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injective because C2° is dense in H". Let D, := (J, Dp, \ {0}, with Dp,_ from (b), and
N(®) := supyep, [2(9)|/llgll-, a measurable function on X. If & = ¥, then N(®) < ||¥[_,.
If N(®) < o0 and u € C®°(B,;V), choose u; € Dp, as in (b); then ®(ux) — P(u) and
|lugllr — [Jullr by Lemma A.4(d), so |®(u)] < N(®)||ul|,; as C is dense in H", ¢ extends to
some ¥ € H™" with «U = ®. So ¢H™" = {N < oo} is Borel. The class of Borel sets B C H™"
with «B Borel is a o-algebra (¢ is injective and ¢H ™" is Borel), and it contains the generators
{¥ : U(g) € A}, g € Dy, of (c), whose images are {®& € tH ™" : ®(g) € A}. So ! is Borel
on tH™". For u € C¥, (17¥)(u) = U(y~ ! u) = (7¢+¥)(u), because v~ ! - u € CX. Since
(1¥)(u) = ¥(u), the preimages under ¢ of the generators of ¥(U) are the generators of X (U),
so XH(U) = 1,712(U). O

Lemma A.6 (the Euclidean action and (H2)). Let r > 2 be even.

(a) For everyy € R3xO(3), ® = v® is a linear homeomorphism of X, and R3x O(3) x X —
X, (v, ®) — v®, is jointly continuous. The same holds on H™". In particular X and
H™", with T and the involutions 6;, have the structural properties required in (H1), and
every 0; . is an involutive homeomorphism.

(b) (X,%) and (H™", %) satisfy (H2). Moreover, for every v € R? x O(3) and open U,
G+ G oy~ maps X(U)-measurable functions to X(yU)-measurable ones, and likewise
for ©H.

Proof. (a) Equicontinuity on X. Let yvx = Oz + b with |b] < 3, and let ¢, be the norm
of multiplication by x, on H". For g € C® with |g[[z- < 1, 7' (xng) is supported in
Y 1Bpy1 C By, m:=n+1+[3], and has H"-norm || xng| g+ < cn; by (A.4), pp(7®) < cnpm(®).
The same estimate with any x € C2° in place of x,, shows 7® € X. So each « is a continuous
linear map of X with continuous inverse 41, and {7 : |b| < 8} is equicontinuous.

Strong continuity on X. Fix ®, n and ¢ > 0, and let [b| < 1. For g as above, w :=
71 (Xng) — Xng is supported in B, 12 with ||w| g < 2¢,, and (7@ — @)(xng) = ®(w) = Z(w),
Z i= xni2® € H". Choose ¢ € CX(R3;V) with ||Z — (1, )| g— < € (CX° is dense in H",
through the L? pairing). Since 7- preserves the L? pairing, (1, w) = (v -1 — ¥, xng), S0
|P(w)| < 2¢ne + cully - ¥ — [z uniformly in g, and limsup,_;q pp(7® — @) < 2cpe. Joint
continuity. v'® —y® =+'(®' — ®) + y((v'7/)® — ®); the first term is small by equicontinuity,
the second by strong continuity and the continuity of ~.

On H™". By Lemma A.4(e) each v is bounded with norm < C,.(1 + |b])", with inverse
y~1. The functionals (,-), ¥ € C°, are dense in H~": for ¥ € H~" the pairing with ¢y :=

. . 1/2
Sjaten Ulhahae € S differs from W by (Xjaon Aa"¥(hae)?) %, and (8, )] < 6]l,2

because [[ufz2 < [[ull,. On these, ¥(i, ) = (- ,-) and [|y(t,-) — (1, Y| < v+t — ¥l|z2 — 0.
Local boundedness and an €/3 argument give strong continuity, and joint continuity follows as

on X.

(b) Monotonicity is clear. X(U) = \/ gy 2(K) because every u € C2°(U) is supported in some
bounded open K € U. \/; 3(K) is the Borel o-algebra by Lemma A.5(c), and the countable
generation by bounded continuous functions is Lemma A.5(b). For a generator G(®) = ®(u) of
S(U), (Goy™)(®) = (v - u) with - u € CX(yU); so vy~ ! is measurable from (X, X(yU)) to
(X,%(U)), and Goy~ ! is X(yU)-measurable for every ¥(U)-measurable G. With v = 7, this gives
U(a)G = Gor, !, B(U + a)-measurable; with v = 0; = Gj_l it gives ©;G, X(p;U)-measurable.
The same argument applies to 2. O

A.4. Density, the Hermite carrier and uniqueness.

Lemma A.7 (density of generating algebras). Let m be a probability measure on a measurable
space (2, F), and A an algebra of bounded complex F-measurable functions, closed under complex
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conjugation and containing the constants. Then 2 is dense in L*(Q, o(2A),m). The same holds
for a countable algebra Ag over Qli], closed under conjugation and containing 1, whose complex
span s such an algebra.

Proof. Let L be the closure of 2 in L?(£2,o(2),m), a closed complex subspace, and 2l the set
of real elements of . Since 2 is closed under conjugation, Rea,Ima € Ar for a € A; Ag is a
real algebra containing the constants, and o(2Ar) = o(2(). (i) Let ay,...,an € Ag, |a;| < M, and
©1,-..,¢N continuous on [—M, M]. By Weierstrass’ theorem there are polynomials p;  — ¢;
uniformly on [—M, M]; then [], pix(a;) € 2 converges uniformly to []; pi(a;), which therefore
lies in £. (ii) For ¢; € R the continuous functions ¢; x(s) := min(1, k(s — t;)") increase to
1{s>¢,3; by dominated convergence [[; @i x(ai) = []; 1{a;>¢,} in L?, so 1p € L for every P in
P = {ﬂi<N{ai > t@'} N >0, a; € A, t; € R}.

(iii) P is a 7-system generating o(2g). The class of B € () with 1 € £ contains (,
is closed under complements (1pc = 1 — 1p), under proper differences (1p\ 4 = 1p — 14 for
A C B, as L is linear) and under increasing countable unions (dominated convergence; L is
closed). By Dynkin’s -\ theorem it is all of o(2(). So £ contains the simple o(2()-measurable
functions, which are dense. For g: if a = ), cya with ¢, € C, ai, € g, and g, € Q[i], then
la = >k akaklloc < Dk lck — arlllakl|sc; so g is dense in its complex span, to which the first
part applies. O

Lemma A.8 (the Hermite carrier). Let r > 14 be even, and let ' be a probability measure on
S'(R3; V) with its cylinder o-algebra such that [ ®(u)? du’ < Collul|3y for every real u € S(R3; V).
Put M(®) =3, . Ao ®(hac)?. Then [Mdy < CodimVY A" <oo. On {M < o}, ®|s
extends uniquely to an element IL(®) of H™", with ||IL(®)||%, = M(®). The map 11 (put I := 0 on
{M = oo}) is measurable into the Borel o-algebra of H™", and p'! := L.y’ is a Borel probability
measure on H~" under which, for all real uy,...,un € S, the vector (¥(u;));<n has the law of
(®(w))1<n under i'. In particular u* and p' have the same characteristic functional and the
same mized moments on S.

Proof. [[hallfy = M, so [ Mdp' < Gy 3 NP5 and S A0 = Xm0 U 20 +
4)10=" < 00 because 7 — 10 > 3. Hence p/(M < o0) = 1. For ® € &' and u € S the Hermite
expansion of u converges in S (Lemma A.4(c)), so ®(u) = >, (ha,c, u) P(ha,c), and by the
Cauchy-Schwarz inequality |®(u)| < M(®)Y2|ul,. As S is dense in H", ®|s extends uniquely
to I(®) € H™" when M(®) < oo, and |[II(®)|%, = A" TI(®)(hac)? = M(®). The Borel
o-algebra of the separable Hilbert space H™" is generated by the coordinates ¥ — W(h, ), since
|¥ — Wgl|— is a measurable function of them; and II(®)(ha,c) = 1{ar<o0}P(ha,c) is measurable.
Finally II(®)(u) = ®(u) for u € S on the set {M < oo} of full measure. O

Proposition A.9 (uniqueness by the characteristic functional and by the moments). Let r > 2
be even, let Y be X or H™", write ® for its elements, and let 1, po be Borel probability measures
onY.

(a) If [ e W dpy = fe@(“) dusg for every real u € C°(R3; V), then py = po.

(b) Suppose that for all real uy,...,uy € C*(R3;V) the mized moments [ ] «n ®(u;) dui
exist and are equal for i = 1,2, and that for every real w € C° there are constants
¢, K > 0, depending on u, with | [ ®(u)"du1| < ¢(n+ 1)K"n! for all n > 0. Then
1 = p2.

Proof. (a) Let Dy = {uj,u2,...} be the countable set of Lemma A.5(c). The sets {® :
(®(u1),...,®(uny)) € B}, N € N, B C RY Borel, form a 7-system generating the Borel o-
algebra of Y. Under y; the characteristic function of (®(uy),. .., ®(uy)) is t = [P teun) qp,,
by linearity of ®; so the two laws on R agree, and p; = o by Dynkin’s 7\ theorem.

a,c<
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(b) Fix uw and let Z := ®(u), my, := [ Z™duy = [ Z" dug; we may take K > 0. Even moments
are absolute moments, and the Cauchy-Schwarz inequality gives E|Z|>"*! < (mgnm2n+2)1/ 2 <
c K2 (2n41)! ((2n+3)(2n+2))1/ using (2n)! (2n+2)' = ((2n+1)!)?3222. Hence E|Z|" < ¢ (n+
2)K™n! for all n, under both measures. Let ¢;(s) := [ €*Z dp;. Then gpl( )( )= [(i2)*e¥Z dp;,
and from |e% — 37, (iy)* /k!] < Iy! /nl,

v|"E
oo+ 0)— 3 )| < I
k<n

<cn+2)(Klo)" =0 (] < 1/K).

So each ¢; is the sum of its Taylor series on (s — 1/K,s + 1/K), for every s. The set of s near
which ¢ = @9 is open; it contains 0, because @Ek)(O) = i*my,; and it is closed, because at a point
s" of it within 1/(2K) of a limit point s all derivatives agree and the two Taylor series at s" agree
on a neighbourhood of s. So ¢1 = 2 on R; at s = 1 this is fe W) dpy = feiq>(u) dpg, and (a)
applies. ]

A5, (H1)—(H3) from the characteristic functional.

Proposition A.10 ((H1)-(H3) on the field space) Let r > 2 be even, p a Borel probability
measure on X = H"(R%; V), and Z(u) := [ ®W du(®) for real u € C'OO(R?’ V).

loc

(a) If v € R3 x O(3) andZ(’y-u) = ( ) for all realu, then ~Yup = p.

(b) For real ug,uw; € C° and Ej, := ) B o 0B = el PW—pjcur) g0 E,[Eicb;. B =
Z(ug = pje - ug).

(c) Let j € {1,2,3} and c € R. If p is 9]0 invariant and Yy < agar Z(u — pje - ug) > 0
for all N, all real uy,...,uy € C(H};V) and alla € CV, then E,[F 00;.F] >0 for
every F € LQ(E(H;,FC)7 )

(d) Consequently, if Z is invariant under the translations and the coordinate reflections pj,
and the condition of (c¢) holds for every j and every ¢ (or for every j and ¢ =0), then
(X, 7,0,u,%) satisfies (H1)—(H3). If moreover Z is invariant under 1,g7_p for g € Op
and b € R3, then p is invariant under Oy, about every point.

JC’

Proof. (a) The characteristic functional of y.pu is u + [P dy = Z(y~1 - u) = Z(u); apply
Proposition A.9(a). (b) ;. is the action of the involution Picr 50 Ep(0;.®) = e®WPict) and &
is linear. (c) For F' =3, a;F5 with w; € C2°(H V), (b) gives E [F o0, . F] = >k Gkar Z(up —
Pjec - ur) > 0. These F' form an algebra 2 of bounded continuous functions (products of
exponentials are exponentials of sums), closed under conjugation (E; = ¢/®(=%)) and containing
1; it generates Z(H;fc), since ®(u) = limy ot ' Ime*®®™. By Lemma A.7, 2 is dense in
LQ(E(H;C), p). If F, — F in L? with F,, € 2, then F}, o 0jc— Fobj.in L2, as 0;.c preserves fi,
so Fy, 00, .F, — Fo0;.Fin L' (1), and the inequality passes to the limit. (d) The structural parts
of (H1) and all of (H2) are Lemma A.6; the invariances follow from (a), every ;. = Tce;0;7—ce,
then preserving p; (H3) is (c), and the case ¢ = 0 suffices by the sentence after (A.3). O

Lemma A.11 (transfer to the Hermite-Sobolev space). Let r > 2 be even, u'’ a Borel probability
measure on H", and p = t.pt!
(a) u(vH™") = 1; u* is the only Borel probability measure on H™" whose image under v is ji;
and p, ! have the same characteristic functional and the same mized moments on C°.
(b) Fory € R x O(3): vupt = p if and only if yupt = pfl.
(c) (X, 7,0, 1Y) satisfies (H1)—(H3) if and only if (H™",7,0,u™, S does.

Proof. (a) By Lemma A.5(d), ¢B is Borel for every Borel B, so any v with t,v = u satisfies
v(B) = v(t71B) = u(tB); with B = H™", u(tH~") = 1. The functionals agree because
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(1W)(u) = ¥(u) for u € CL. (b) vy = vt gives Vst = tu(yept?); if yupf? = p!! this is p, and
if yup = p then y,uf’ = pff by the uniqueness in (a). (c) The structural parts of (H1) and
(H2) hold on both spaces (Lemma A.6), and the invariances correspond by (b). For (H3):
YH(U) = 171%(U) (Lemma A.5(d)), so the EH(H;;)—measurable functions are exactly the F' o

with F” E(H;:C)—measurable (factorisation through ¢). For such F' = F'ou, [ |F|2dp = [|F'|2dp,
Folj.=Fo0j.ot,and E u[Fo0; .F]=E,[F00; F. O

Remark A.12 (where the hypotheses are met). For the curvature field, V = A2, the hypotheses of
Lemma A.4(b), Lemma A.8, Proposition A.9, Proposition A.10(a) and Lemma A.11 are verified
in the proof of Theorem 9.13, and those of Proposition A.10(c),(d) are verified in the proof of
Theorem 9.15.

Lemma A.11 carries (H1)—(H3) and the invariances between X and H™". Every statement
proved for a measure satisfying (H1)-(H3) therefore applies to p on X and to pf on H™" alike,
and the conclusions correspond under ¢, which is a Borel isomorphism of ™" onto a Borel set of
full g-measure that intertwines the actions of R3 x O(3) and the local o-algebras.

A.6. Ergodic decomposition and clustering. This subsection proves the results on the
ergodic decomposition, on the reconstruction in a coordinate direction and on clustering that
are used in Section 9: in the reconstruction before Remark 9.14 and in Theorem 9.15. The
hypotheses (H1)—(H3) are those of Subsection A.1, and U(a), ©; are the operators of (A.1).
Notation. A Borel probability measure m on X invariant under every 7, is ergodic (for the
action of R3) if m(B) € {0, 1} for every Borel set B with 7,B = B for all a € R3. For a sub-o-
algebra F C B, L?(F,m) denotes the closed subspace of L?(m) of classes with an F-measurable
representative. For J C {1,2,3} put V; := span{e; : j € J}, with Vj = {0}. For a € R? and j
we write a = ajej +a) with a; L ej. For a measure m and an m-integrable function G we write

m(G) := [ Gdm.

Remark A.13 (countable determining algebras). Let d < 1 be a complete metric on a Polish space
X, (z,,) a dense sequence, and D the countable Qli]-algebra generated by 1 and the functions
x — d(z,zy). Its elements are bounded and continuous, and o(D) = B, because the balls
{d(-,xn) < q}, q € Q, generate the open sets of the separable space X. By Lemma A.7, D is
dense in L?(m) for every Borel probability measure m on X; consequently two Borel probability
measures m, m’ with m(G) = m/(G) for all G € D are equal (for bounded Borel F and G € D,
[m(F) —m/(F)| < 2||F — Gl 12((m+m)/2))- We call D a countable determining algebra of X.

A.6.1. Translations and the mean-ergodic projections. Throughout Subsections A.6.1 and A.6.2,
1 is a measure satisfying (H1)-(H3).

Lemma A.14. a +— U(a) is strongly continuous on L*(p).

Proof. For a bounded continuous G, G(7—_,x) — G(x) for every x as a — 0, by the continuity of
the action, and dominated convergence gives U(a)G — G in L?(u1). Bounded continuous functions
are dense in L?(y) (the countable determining algebra of Remark A.13), and ||U(a)|| = 1; an €/3

argument gives U(a)G — G for every G € L?(u), and the group law gives continuity at every
point. ]

For J C {1,2,3} let P; be the orthogonal projection of L?(u) onto {G : U(a)G = G Va € V;},
with Py = 1 and P; := Py;;; let Z; be the o-algebra of Vj-invariant Borel sets completed by
p-null sets, and Z := Zgy o 5y. Put Af = [T, T]* N V; and Ap := [-T,T]3.

Lemma A.15. (i) For AJ := [-T,T]> NV and every G € L?(u), |A|™* fA% U(a)Gda — P;G
in L?(p) as T — oo, with |AF| the Lebesgue measure of A in Vy. The same holds for the
one-sided means T~" fOT Ulte;)Gdt, J = {j}.
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(ii) Py commutes with every U(a) and every ©;; P;jPy = Pjuy; and Py = E[- | Z;]. In
particular Pp 3y = E[- | Z].

Proof. (i) For one coordinate j, t — U(te;) is strongly continuous by Lemma A.14, and Stone’s
theorem [30] gives U(te;) = €4 with A; self-adjoint, and (277) 7! ffT eltdi dt = ¢r(A;) with
¢r(A) = sin(TA)/(TA), ¢r(0) = 1. Since |¢r| < 1 and ¢r — 1yg pointwise, the functional
calculus of the spectral theorem [30] and dominated convergence give strong convergence to the
spectral projection of {0}, which is the projection onto Ker A; = {G : U(te;)G = G Vt}. For
the one-sided means use ¢r(\) = (¢T* —1)/(iTA). The mean over A7 is the product of the
commuting one-dimensional means over the coordinates in J. Products of uniformly bounded,
strongly convergent families converge strongly to the product of the limits, and a product of
commuting orthogonal projections is the orthogonal projection onto the intersection of their
ranges, which here is the V;-fixed space.

(ii) The means commute with every U(a), and with ©; by (A.3) and p;V; = Vj; strong limits of
operators commuting with a fixed operator commute with it. PyPy = Py, by the intersection
statement in (i). It remains to show that the range of P; is L?(Z;, i); the orthogonal projection
onto L? of a sub-c-algebra is the conditional expectation.

Let G € L%(p) satisfy U(a)G = G for all a € Vj, and fix a Borel version of G. The map
(a,z) — G(T_qz) is Borel on Vj x X. For each a € V; the set {z : G(7_q,2) # G(x)} is p-null,
so by Fubini’s theorem the set Xy := {z : G(7_qz) = G(x) for a.e. a € V;} is Borel and of full
measure. Let X be the set of z for which a — G(7_,) is a.e. constant on Vj, that is,

/ min (1, |G(7—qx) — G(7-pz)|) dadb =0 for all n € N.
AN INS

By Tonelli’s theorem X; is Borel; Xo C Xj; and X; is Vj-invariant, because G(7_q7.x) =
G(T_(a—¢)7) and a.e. constancy on V; is preserved under shifts of the variable. For x € X

let G(z) be the a.e. value of a — G(7_uz), that is G(x) = Himy_s0e|A{| ! fAJ tn(G(1-ax)) da,

where ¢y truncates real and imaginary parts at level N (for J =0 put G = G); put G :=0 off
X;. Then G is Borel, Gor, = G everywhere for ¢ € V;, and G = G on Xy, hence u-a.e. Thus G
is Zy-measurable. Conversely, an Zj-measurable function is a.e. equal to a function measurable
for the o-algebra of Vj-invariant Borel sets; such a function is Vj-invariant, hence fixed by every
U(a), a € Vj. O

The next lemma is the only place where reflection positivity enters the decomposition: functions
invariant under the translations in a direction live at infinity in that direction and are fixed by
the corresponding reflection.

Lemma A.16 (localisation of invariant functions). Let j € J C {1,2,3} and W € L?(u) with
U(a)W =W foralla € Vy. Then: (i) W € LQ(E(HJTC) w) N L2(E(HJ C) w) for every c € R; (ii)

O,;W =W; (iii) if G € L32(X(K), ), then P;G € L*(X(K + V), ).

Proof. (i) Let B, be the open ball of radius n about 0. Every bounded open K lies in some
By, so by (H2) the o-algebras ¥(B,,) increase and their join is B. The family of Borel sets B
for which 15 lies in the closure of | J,, L?(X(By), p) is closed under complements and countable
disjoint unions and contains the algebra (J, 3(B,); by Dynkin’s 7-A theorem it is B, and
so U, L*(2(By,), u) is dense in L*(p). Given € > 0, there are therefore a bounded K and
G € L*(X(K)) with ||W — G2 < e. For every t, |W — U(te;)G|l2 = ||U(te;)(W — G)|l2 < e,
and Ul(te;)G € L*(X(K +tej)) C LQ(Z(HIC)) for ¢ large, by (H2). That space is closed, so it
contains W. Letting ¢ — —oo gives the other half space.
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(ii) ©;W is Vj-invariant by (A.3) and p;Vy =V, so by (i) both W and ©;W lie in LQ(Z(HIO)).
Put F := W — ©,;W. Then ©,;F = —F, and (A.2) gives 0 < E[O;F F| = —E|F|?, so F = 0.

(iii) The means of Lemma A.15(i) applied to G lie in the closed subspace L?(X(K + Vy)), since
U(a)G € L*(X(K +a)) and K +a C K + Vj for a € Vy; so does their limit P;G. O

A.6.2. The ergodic decomposition and inheritance.

Lemma A.17 (conditional probabilities). Let X be Polish, m a Borel probability measure on
X and Fo C B a o-algebra. (i) There are Borel probability measures me, & € X, such that
& = mg(B) is Fo-measurable and [ me(B)dm(§) =m(BNC) for all B € B and C € Fy. (ii)
If (mé) is a second family with these properties, then mé = mg for m-a.e. .

Proof. (i) Let d < 1 be a complete metric on X and (x,) a dense sequence. Then j(x) :=
(d(x,2n))n is a continuous injection of X into the compact metrisable space @ := [0, 1]V; by
the Lusin—Souslin theorem [23] the image under j of every Borel subset of X is Borel, so j is a
Borel isomorphism onto the Borel set 3.X. Let Cy be a countable Q-linear subspace of the real
space C(Q), dense for the supremum norm and containing 1, and choose Fy-measurable real
versions L¢(G) of E,,[G oy | Fol, G € Co. Off a set Ny € Fo with m(Ny) = 0 the countably many
relations of Q-linearity, positivity (L¢(G) > 0 for G > 0) and L¢(1) = 1 hold. For { ¢ Ny and
G € Cy, applying positivity to ¢ = G, ¢ € Q, ¢ > |G|, gives |L¢(G)| < ||Glloo; s0 Le¢ extends
to a positive linear functional on C(Q) with L¢(1) = 1, given by a Borel probability measure
ke on @ (Riesz representation theorem). On Ny put k¢ := g.m. For G € C(Q), ke(G) is an
Fo-measurable version of E,,[G o | Fo|, by uniform approximation from Cy.

Let £ be the family of Borel sets A C @ for which £ — k¢(A) is an Fyp-measurable version
of E;,[1a 07| Fo]. It is closed under complements and countable disjoint unions (monotone
convergence, for the measures and for conditional expectations), and it contains every closed set
A, since 14 is the decreasing limit of the continuous functions max(0,1 — ndist(-, A)). Closed
sets form a m-system generating the Borel sets, so by Dynkin’s m—A theorem L contains every
Borel set. In particular xk¢(3X) = 1 off a set Ny € Fy with m(N1) = 0. Put mg := (37 1)ake off
No U Ny and mg :=m on it. For Borel B C X, m¢(B) = ke(yB) off Ng U Ny, an Fy-measurable
version of E,,[15 | Fol; this is the claim.

(ii) Let D be a countable determining algebra of X (Remark A.13). For G € D, m¢(G) and
mi(G) are Fo-measurable versions of E,,[G | Fo], so they agree off an m-null set; off the union
of these countably many null sets m¢ and m’5 agree on D, hence are equal. O

Theorem A.18 (ergodic decomposition with inheritance). Let p satisfy (H1)—-(H3). Let Zop C B
be the o-algebra of Borel sets B with 7,B = B for all a € R3 (its p-completion is T), let Hg 5
& € X, be measures as in Lemma A.17 for m = p and Foy = Ly, a regular conditional probability
of p given I, and put (Z,v) := (X, pu). Then § — pe(B) is Zo-measurable for every Borel set B,
and:
(a) p= [y pedu(€); for G € L'(n) one has G € L' () and E[G | Z)(§) = Ee [G] for p-a.e.
&; in particular By, [WG] = [ W (&) E, [G] du(&) for bounded T-measurable W ;
(b) for v-a.e. &, pg¢ is invariant under every 1, and ergodic for the action of R3;
(c) for v-a.e. &, pg is invariant under 6,62, 03;
(d) forv-a.e. &, pe satisfies (H3);
(e) every ug satisfies (H2) with the same L(U), and every G € L*(u) lies in L?(ug) for v-a.e.
£.
In particular v-almost every e satisfies (H1)—(H3) and is ergodic. By Lemma A.17(ii) the family
(pg) is determined up to a v-null set of €.
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Proof. (a) By Lemma A.17, E, [G] is an Zyp-measurable version of E[G | Z] for bounded Borel G
(uniform approximation by simple functions), and for G > 0 in L!(x) by monotone convergence
applied to min(G, n), which also gives [ Eu (Gl dp = E,G < oo; complex G are treated by real and
imaginary parts. Two Borel versions of G differ on a Borel null set N, and [ p¢(N) dp = p(N) = 0,
so the statement does not depend on the version. Let D be a countable determining algebra of
X.

(b) Invariance. For B € Zy and bounded Borel G, E,[1p G o 7,] = E,[(15G) o 7] = E,[15G].
Hence p¢(G o 7,) and pe(G) are both versions of E[G | 7], and there is a null set off which
pe(Goty) = pe(G) for all G € D and a € Q3. Since a — pg(G o) is continuous (joint continuity
of the action and dominated convergence), this holds for all a, so ¢ is T-invariant.

Ergodicity. For G € D let qq(&) := pe(G), a bounded Zp-measurable version of E,[G | Z]. For
a bounded Zy-measurable h, i¢(h) is an Zop-measurable version of E[h | Z] = h, so ue(h) = h(§)
for a.e. £. Applied to h = g and h = |g¢|? this gives ue(lgq —qa(€)]?) = 0: for a.e. €, g¢ is pe-a.s.
the constant pe(G). Let Ap := [-T,T)? and A7G(z) := |[Ap|~! fAT G(7_qx)da. By Fubini’s
theorem, ArG is a version of the mean |[Ap|~! fAT U(a)G da of Lemma A.15, in L? of y and of
every T-invariant Borel probability measure (both have the same integrals against bounded Borel
functions). So, by (a) and Lemma A.15, [ ue(|ArG — q¢|?) du(€) = E,|ArG — ge|* — 0. Choose
T — oo such that this is at most 27% for the first k elements of an enumeration of D. Then
for a.e. £, A1, G — ue(G) in L*(ug) for every G € D. The proof of Lemmas A.14 and A.15(i)
uses only the invariance of the measure and the continuity of the action, so for r-invariant p¢
the means A7, G also tend in L?(y¢) to the projection of G onto the 7-fixed vectors of L?(ug).
Both this projection and G — ¢(G)1 are continuous on L*(u¢) and agree on the dense set D,
so the projection is G — ug(G)1. If B € Ty, then 1p is a fixed vector, hence a.s. constant, so
ne(B) € {0,1}.

(e) (H2) is a condition on X and ¥ alone and does not involve the measure, so it holds for
every pe. Also [E, |G|?dv = E,|G|* < oo by (a).

(c) Let W > 0 be bounded and Z-measurable and G bounded Borel. By Lemma A.16(ii) with
J ={1,2,3}, O;,WW =W, so E,[W 0;G] = E,[0;(WG)] = E,[WG] by the ;-invariance of p.
By (a), [W(€)(E[0;G] — E,[G]) dv = 0 for all such W, hence E,,[0;G] = E,[G] for v-a.e.
. Taking G € D makes the exceptional set independent of G' and gives the 6;-invariance of pg¢
for a.e. &.

(d) By the translation invariance of j¢ it suffices to take ¢ = 0. Let W > 0 be bounded and
Z-measurable and F € LZ(E(H]‘.*"O), ). By Lemma A.16(i)—(ii), vV has a Z(H;fo)—measurable

version and ©;vW = vW. Hence VWF € L2(E(H;f0),,u) and

E,[WFo0; F] =E,[(VIWF)o0; (VWF)] > 0.

With (a), Ey [Fo0; F] > 0 for v-a.e. {. Let £ be the countable Q[i]-algebra, closed under
conjugation, generated by 1 and a countable family of bounded continuous functions generating
E(H;O) (H2). The exceptional set can be taken uniform over F' € £. By Lemma A.7, £ is
dense in LQ(Z(H;’FO), m) for every Borel probability measure m, and (A.2) extends from £ to
LZ(E(HIO), pe) by the bound |E[F o 0; G| < || F||2]|G||2, valid because fi¢ is 6;-invariant by (c).

As for the final assertions, (H1) for p¢ is (b) and (c), the space and the actions being those of
L. g

Proposition A.19 (the decomposition of an image law). Let X and X' be Polish spaces with
jointly continuous actions 7, 7 of R®, and v : X' — X a continuous injection with 1o T, = 7,01
for all a. Let i be a 7'-invariant Borel probability measure on X' and ju:= v.t’. Let (p,)yex
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and (pz)zex be families as in Lemma A.17 for (i, Zo(X")) and (u,Zo(X)), where Zy(-) is the
o-algebra of translation-invariant Borel sets. Then 1 X' is a translation-invariant Borel set with
p(X') =1, and py = tepy for p'-a.e. y. In particular, if p' and p satisfy (H1)—(H3), the
components of j in Theorem A.18 are, for p-a.e. x, the images under v of the components of p’,
and they are carried by 1X'.

Proof. By the Lusin—Souslin theorem [23], ¢ maps Borel sets to Borel sets, so ¢X’ is Borel,
and it is invariant because 7,1 X' = 17/ X' = 1 X'; p(tX') = p/(X’) = 1. If B’ € Zy(X'), then
1B" is Borel and 7,.B’ = 17! B’ = 1B’, so 1B’ € Ty(X); and +71C € Ty(X') for C € Ty(X).
Define m, = L*u’b,lx for v € +X’ and m, := pu, otherwise. For bounded Borel G on X,
o(y) = py, (G ot) is Zo(X')-measurable, so for a Borel set A C C the set {z : m,(G) € A} =
L™ (A) U (X \ e X) N {z : pa(G) € A}) lies in Zo(X). For C € Zo(X),

[ ma@duto) = [ | 4G diy) =BG o) 1ic] =B (G 1c],
C e

So (my) is a family as in Lemma A.17(i) for (u,Zo(X)), and by Lemma A.17(ii) m, = p, for
p-a.e. ; since p = o', this is p,y, = tpy, for p'-a.e. y. O

A.6.3. The decomposition with cubic symmetry. Assume, in addition to (H1)—(H3), that the cubic
group Oy, acts on X by homeomorphisms z +— gz, with p;z = 0,2 for the coordinate reflections
p; € On, 974 gt = Tga, (¢ invariant under every g, and G — G o g~ ! mapping ¥(U)-measurable
functions to ¥(gU)-measurable ones. Let G := R? x Oy, let N = (Z/2)3 be the subgroup of Oy,
generated by p1, p2, p3, so that Oy /N = S3, and let Zg C Z be the o-algebra of G-invariant Borel
sets, completed by p-null sets.

Theorem A.20 (decomposition with cubic symmetry). There are Borel probability measures i,
on X, x € X, with v — pl,(B) Ig-measurable for every Borel B and p = [ pl, dp(x), such that
for p-almost every x:

(a) p, is invariant under G and ergodic for its action (every G-invariant Borel set has
ph-measure 0 or 1), and satisfies (H1)—(H3);

(b) there are an integer k = k(z) € {1,2,3,6} and pairwise distinct measures my, ..., mg,
each invariant under the translations and the coordinate reflections, ergodic for R3
and satisfying (H1)-(H3), such that Oy, permutes {m1, ..., my} transitively and u!, =
k1 Zle m;; the m; are components [ig., g € Oy, of the decomposition of Theorem A.18.

Moreover k(x) =1 for p-almost every x if and only if almost every component of Theorem A.18
is Oy, -invariant.

Proof. Step 1: N acts trivially on T, and Oy, preserves T. A bounded Z-measurable W is invariant
along every coordinate axis, so Wof; = W a.s. for j = 1,2,3 by Lemma A.16(ii); hence Won = W
a.s. forn € N. For g € Oy, and a translation-invariant Borel set B, 7,(9B) = g 7,-1,B = ¢B; and
g maps p-null sets to p-null sets. So g maps Z onto itself, and h o g is Z-measurable whenever h
is.

Step 2: conditional expectations. Let p, be the components of Theorem A.18, and let p, be a
regular conditional probability of u given Zg: the measures of Lemma A.17 for the o-algebra of
G-invariant Borel sets, whose p-completion is Zg. For bounded Borel F', g € O, and bounded
Z-measurable W, Step 1 and the g-invariance of p give E[W - (E[F | Z]og)] = E[(W o g™ ') E[F |
I =E[(Wog ) F] =E[W - (Fog)],so E[Fog|Z] =E[F | I] o g a.s. Applied to F in a
countable determining algebra of X, and then as measures,

(A.5) Pgz = Gxllx for p-a.e. x and every g € Oy,.
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By Step 1 and (A.5) with g € N, nypiy = ping = pz for n € N and a.e. z, so S3 = Op/N acts on
the components by o - pi := gsfiz, g € 0.

For bounded Z-measurable h put h := |Op|~* ZgGOh hog. It is a.e. equal to a translation-
invariant and Op-invariant Borel function, hence Zg-measurable, and for bounded Zg-measurable
W, which satisfies W o g = W a.s., E[Wh] = |O|7" Y E[(Wog)(hog)] = E[Wh]. So
E[h | Zg] = h. Applied to h = E[F | Z], with E[F | Zg] = E[E[F | Z] | Zg] and (A.5),

:%Zugxzéz:g*,ux:ézfrux for p-a.e. x,

ge0y, g€y, 0€Ss

first evaluated on a countable determining algebra and then as measures. Grouping equal terms,
o=kt Zle m;, where {mq,...,my} is the Ss-orbit of pu,, so k = 6/|Stab(u,)| € {1,2,3,6},
the orders of the subgroups of S3 being 1,2,3,6. Let E be the set of full measure of those
x for which p, has the properties (b)—(e) of Theorem A.18; since every g € Oy, preserves L,
N 9e0), ¢ 'E also has full measure, and for z in it every tge has these properties. This gives
(b): each m; is translation invariant, ergodic, §;-invariant and satisfies (H2) and (H3), hence
(H1)-(H3). Since k = 1 exactly when p, is fixed by Ss, that is Op-invariant, the last assertion
follows.

Step 3: (a). pl, is invariant under the translations and under Oy, as the average over an
Op-orbit of translation-invariant measures (7,9 = g7,-1,). If B is a G-invariant Borel set, then
m;(B) € {0,1} by ergodicity, and (g.m;)(B) = m;(g~'B) = m;(B), so all m;(B) are equal by
transitivity and u(B) € {0,1}. Each m,; satisfies (H3), and (H3) is preserved under convex
combinations: an F € L2(Z(Hﬁc),ufp) lies in every L%(m;), since m; < ku/,. (H2) holds as in
Theorem A.18(e), and the 6; = pj-invariance is part of the Op-invariance. u

A.6.4. The growth of the moments of the components. Let V be a real Euclidean space of
dimension d with orthonormal basis (e.)c<q. Let ha, a € (NU{0})?, be the Hermite functions
on R3, hy := haee, and A, = 2|a| + 4 the eigenvalues of —A + |z|? + 1. For even s > 0 put
IfII? = Za cAallhae, f )2, let H® be the completion of S(R3; V) in this norm and H~* its dual,
a separable Hilbert space with | ¥||% Zac)\aS\I/( ) and |[U(f)] < ||¥||—s|lflls- Note that
| ha, =2, and || f[|s < ||f]ls for s < s since Ay > 1. There are (n+1)(n+2)/2 multi-indices
with |a] =n, so

Wy = dz )\50*’“ < 0 for every even r > 14.

Theorem A.21 (growth of the moments of the components). Let r > 14 be even, ' a Borel
probability measure on H™" = H"(R3;V), and suppose that there are constants cs > 1 and
Co > 0 with

(A.6) /\Il(ha,C)Q" dpf (W) < c5 O3 (2n)! ||hac |38 forall ay, ¢ <d, neN.

Let (Z,v) be a probability space and p¢, & € 2, Borel probability measures on H™" with & — pe(B)
measurable for every Borel B and pl = | pe dv(€); for instance the components of Theorem A.18
or of Theorem A.20, when !l satisfies the hypotheses there. Put Cy := w,C2. Then for v-a.e.
&, for every N € N and all fi,..., fxn € S(R3;V), the product T[], V(f;) is pe-integrable, and its

integral va(fl, v IN) =By T, V(i) satisfies
1/2

N
S5 (e IO < oS [T 0% = (B 92

=1

< 00
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There is no(&) with O'Jév < Nc;/2(4Cl)N/2N! for N > ngy(§), and consequently Uf\, < ag(&)(NP
for all N, for every B > 1, with ag(§) := supy UZEV(N!)_ﬁ < 00.

Proof. Put M(¥) := [|[¥[2, = > A" V(hac)?, a continuous function on H~". With the

a,c '

probability weights pa.. := A" /w,,

M=) pacwdy U (hae)®, 50 M"<wlD paedy (o)™

a,c a,c

by Jensen’s inequality for the convex function ¢ — " on [0, c0) (applied to the finite partial
sums, renormalised, and passed to the limit). By (A.6) and ||ha.c||35 = AL,

E,un M™ < w]sup Ay """ E, n ¥ (ha,e)*" < cg CT (2n)!.
a,c
Put M, (§) :==E, M" € [0, 00], a measurable function of  (monotone limit of ji¢(min(M™, k))).
Since [ My, dv = E,nM" < co, My,(§) < oo for all n and v-a.e. £. By Markov’s inequality,
v{M,, > n?cgC?(2n)!} < n~2, which is summable, so by the Borel-Cantelli lemma there is, for
v-a.e. &, an ng(€) with M, (¢) < n?csCP(2n)! for n > ng(€). Fix such a & For fi € S € H',
(O (fi)l < M| fillr, s0

N
Eue [T19()] < B [MY2] TTIll < Mnc()2 TTIAill
i=1 i i
by the Cauchy—Schwarz inequality, and U?\/ = My(6)Y? < oco. For N > ng(€), JJEV

Nc?CN (N2 < Ncl/(4C)N2N1, because (2N)! < 4¥(N1)2.  For 8 >
NEAC)N2(NDY=8 — 0, s0 ag(€) < oo.

0~ IA

Corollary A.22 (the components of a law on a space of local distributions). In the setting
of Theorem A.21, let X be a Polish space with a jointly continuous action of R3, let R act on
H™" jointly continuously and leave u™ invariant, and let 1 : H™" — X be a continuous injection
with 1o TH = 1,010 Put p = ., and let p, and ,uf be the components of u and of pf
given by Lemma A.17 for the o-algebras of translation-invariant Borel sets. Then for p-a.e. x
the component i, is carried by tH™", and with ®(f) := U(f) for ® =¥ and f € S(R?;V) its
moments S¥ (f1,-.., fn) == Eu, [, ®(fi) satisfy the conclusions of Theorem A.21.

Proof. By Proposition A.19, 1, = L*uf for pf-a.e. y, and Theorem A.21 applies to (uf) with
(Z,v) = (H™", uf1). Let Y be the Borel set of full u-measure of the y for which both statements
hold. Then Y is Borel (Lusin-Souslin [23]) with p(¢Y) =1, and for = 1y € ¢Y the moments
of ji; in the variables ®(f) are those of p!! in the variables W(f). O

A.6.5. Reconstruction in a coordinate direction. Conventions. In Subsections A.6.5 and A.6.6, X,
the translations 7,, the coordinate reflections 6, the local o-algebras ¥(U) and the measure
satisfy (H1)—(H3) of Subsection A.1, with U(a)G := GoT_4, ;G := Gobj and 0; c := Tee, 05T ce; -
So a ~ U(a) is a unitary representation of R® on L?(u), ©; is a unitary involution, and
©,;U(a) = U(pja)©; (A.3); in particular ©;U(te;) = U(—te;)©; and ©;U(y) = U(y)©, for
y L ej. Both U(a) and ©; are multiplicative and commute with complex conjugation. The
expectation E,[G'G] is taken without conjugation throughout. The union over n € N of the
spaces L?(X(By), 1), B, the open ball of radius n, is dense in L?(u): every bounded K lies
in some By, so \/, ¥(B,) = B by (H2), and E[G | X(B,)] — G in L?*(n) by the martingale
convergence theorem. We call G € L?(X(K), 1) with K bounded localised.
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Fix p satisfying (H1)-(H3) and a direction j. Write L]2-7+ = LQ(E(HIO), ), a closed subspace
of L?(p), and define

(A.?) <F, G>] = EH [@]FG], F.Ge L?Hr'

The form is positive semidefinite by (H3) with ¢ = 0. It is Hermitian: (F,G); = E,[0,F G| =
E.[0;(F0O,G)] = E,[0,;GF] = (G, F);, since ©; is a multiplicative involution and p is 6;-
invariant. It is bounded, |(F,G);| < ||F||2]|G||2, since ©; is unitary.

Proposition A.23 (reconstruction in direction j). Let Nj := {F € L2 S (F,F); =0}, Hj the
completion ofL L /Nj for the form (A7), [-]: L2 — H; the quotzent map, and §; := [1].
(i) Fort >0 and y L ej, T;(t)[G] := [U(teJ)G] and V;(y)[G] := [U(y)G| are well defined.
Tj is a strongly continuous semigroup of self-adjoint contractions, so Tj(t) = e i with
H; >0 self-adjoint. V; is a strongly continuous unitary representation of eL ~R2. All
these operators commute, and Tj(t)QY; = V;(y)Q; = Q;; in particular HjQ; =0, and §;
15 a unit vector.
(ii) For G € sz7+ and a = aje; + a; with a;j > 0: U(a)G € L2+ and [U(a)G] =
7, (aj) V3 0.1 )G]. - o
(iii) For F € LQ(E(HJ._’O),M) and G € LJ2.7+: O,F € LJZHr and E,[FG] = ([©,F], [G])x, -

J

Proof. This is the Osterwalder—Schrader construction [28], [19, Chapter 6]; we give the argument
in the present setting. Two inequalities are used repeatedly: the Schwarz inequality for the
positive semidefinite form (A.7), and ||[F' ]||3_[ = (F,F); < ||F|j3.

Invariance of LJ2.7+ For G € LQJr and a with a;j > 0, U(a)G is E(H;’“O + a)-measurable by
(H2), and H+0 +a= HJr - C Hjo, so U(a)G € L2 . This gives the first claim of (ii).

The semigroup T}. For F.GelL? j+andt >0, by (A.3) and the invariance of u,

(Ul(tej)F,G); =E[U(—te;)O;F G] =E[O,F Ulte;)G] = (F,U(te;)G)j;

in particular (U(te;)G, Ul(te;)G); = (G, U(2te;)G);. So Ulte;) is symmetric for the form, and by
the Schwarz inequality for the form, (U(te;)G,U(te;)G); < (G, G>;/2 (U(2tey)G, U(2te]~)G>;/2.

Applying this successively at ¢,2¢,...,2" 1t and using (U(se;)G, U(se;)G); < |[U(sej)G|3 =
|G||2 at the last step gives

(U(te;)G, Ulte;)G); < (GG |G,

and n — oo gives (U(te;)G, Ul(te;)G); < (G, G);. Hence U(te;) maps N; into Nj, T(t) is well
defined on the quotient and is a contraction there, and it is symmetric by the identity above;
it extends to a self-adjoint contraction on #H;. The semigroup law T;(t)T;(s) = T;(t + s) is
inherited from U, and T}(t) = T;(t/2)? > 0. For the strong continuity, ||T}(t)[G] — [G]|ln, <
|U(te;)G—Gll2 = 0ast | 0by Lemma A.14, on the dense set [L]27+], and the Tj(t) are uniformly
bounded. A strongly continuous semigroup of positive self-adjoint contractions with 7;(0) = 1 is
e 'Hi with H; > 0 self-adjoint (by the spectral theorem, as in [19, Chapter 6]).

The transverse translations. For y L e;, ©; commutes with U(y) by (A.3), so
(U(y)F,U(y)G); = E[U(y)0,;FU(y)G] = (F,G); by invariance of p. Thus Vj(y) preserves
N, is isometric on the quotient and has the isometric inverse V;(—y); it extends to a unitary
operator, and y — Vj(y) is a representation, strongly continuous by the same estimate as for T}.
The operators Tj(t) and V;(y) commute because the U(a) do, and Tj(t)Q2; = [U(te;)1] = [1] = Q;,
Vi(y)Q; = Q;. Hence H;Q; =0, and [|Q;]|*> = E[©;11] = 1. This proves (i); the identity in (ii) is
the definition, [U(a)G] = [U(aje;)U(a))G]| = Tj(a;)Vi(ar)[G].
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(iii) F" is X(H;)-measurable, so ©;F and ©;F are X(p;H; ) = E(H]Tfo)—measurable by (H2).
Since ©; is an involution commuting with conjugation, ©;0,;F = F, and (0;F,G); = E[FG]|. O

Proposition A.24 (zero-energy vectors, invariant functions and the joint vacuum). In the
setting of Proposition A.23, let Q; be the orthogonal projection of H; onto the joint fived space
of {Tj(t) }i>0 U{Vj(y) }yLe,;» and Pierm, that onto ker H;. For every G € L?H-:

(i) PG € L} |, Piern;[G] = [P;G), and ||[PG,, = Eu|P;GI;
(i) EIG| 7] € L2 , and (0] = [EIG| 7]
(ili) of p is ergodic for the R’-action, the joint fized space is C§Y;;
(iv) conversely, if the joint fived space is CSYj, then u is ergodic for the R3-action.
So the joint vacuum is unique, that is, the joint fized space is CQ);, if and only if p is ergodic for
the R3-action.

Proof. (i) P;G is ej-invariant, so P;G € L§,+ by Lemma A.16(i) with J = {j}. The quotient map
is bounded and linear on Li 4, and t = Uf(te;)G is continuous into Li + by Lemma A.14; so the
quotient map commutes with the Bochner integrals,

;,/OTTj(t)[G] it =7 /OTU(tej)Gdt]

As T — oo the left side tends to Pyer [G] by the spectral theorem, since 7! fOT e At — 1o—0y
boundedly on [0, c0); the right side tends to [P;G] by the one-sided means of Lemma A.15(i) and
the continuity of the quotient map. Finally ©;P;G = P;G by Lemma A.16(ii), so ||[P;G]||* =
E[6,P,C P,C] = E|PG.

(ii) E[G | Z] = Pp123G by Lemma A.15(ii); it is invariant under all translations, so it
lies in LJ%+ by Lemma A.16(i). Let k, k' be the two indices other than j, and put W(a) :=
T;(a;)Vj(akex + apex) for a; > 0. The means of W (a) over a € [0,T] x [T, T]? (coordinates
ordered as (aj,ar,ay)) are the product of three commuting means: the one-sided mean of
T}, which tends strongly to Pierm; as in (i), and the two-sided means of the unitary groups
s — Vj(ser) and s — Vj(sex ), which tend strongly to the projections onto their fixed spaces (by
the spectral theorem, as in Lemma A.15(i)). These three projections commute, and a product of
commuting, uniformly bounded, strongly convergent families converges strongly to the product
of the limits, which is the projection onto the intersection of the three fixed spaces, that is Q.
On the other hand W (a)[G] = [U(a)G] by Proposition A.23(ii), and the means of U(a)G over
the same set are the product of the commuting means 71 fOT Ultej)dt, (2T)~1 f_TT U(sey)ds
and (27)~! fTT U(sey)ds, applied to G; by Lemma A.15(i) these converge strongly to P;, Py
and Py, so their product converges strongly to P;PyPp = Py 231 (Lemma A.15(ii)). The means
of U(a)G lie in Lj% + and are mapped by the quotient map to the means of W (a)[G] (the quotient
map commutes with Bochner integrals, as in (i)); by continuity of the quotient map the limit is
[Pp12,3Gl = [E[G | T]].

(iii) If p is ergodic, Z is trivial and E[G | Z] = E,G a.s., so by (ii) Q;[G] = E,[G]; =
(Q}, [G])2,Q;j, because ([1],[G])», = E[0,;1G] = E,G. Since [L?7+] is dense in H;, Q; is the
projection onto C€2;.

(iv) Suppose p is not ergodic: there is a translation-invariant Borel set B with 0 < u(B) < 1.
Put W := 15 — p(B). It is invariant under all translations, so W € L?’ L and ©;W =W by
Lemma A.16(i)-(ii). The vector [W] is fixed by every T;(t) and V;(y), since [U(a)W] = [W];
it is orthogonal to Q;, since (€, [W])3,;, = E,W = 0; and ”[W]H%{] =E[O,WW] =E|W|? =
u(B)(1 — pu(B)) > 0. So the joint fixed space is larger than CS;. O
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A.6.6. Clustering.

Definition A.25 (forms of clustering). Let p satisfy (H1). We say that u satisfies (CL1),
clustering in the mean, if the Cesaro averages of E,[G’ U(a)G] over the cubes Ar converge to
E,[G')E,[G] as T — oo, and (CL2), clustering under diagonal separation, if E,[G' U(a)G] —
E,[G'1 E,[G] as minj|aj| — oo, in each case for all G,G’ € L*(u).

A measure satisfies OS4 in the weak form if it is ergodic for the action of the translation group
R3.

Throughout Subsection A.6.6, p satisfies (H1)—(H3), and p = [ pe dv(§) is the decomposition
of Theorem A.18. We say that a statement holds on almost every ergodic component if it holds
for p¢ for v-a.e. §.

Theorem A.26 (clustering in the mean). For all G,G' € L?(u),

E,[G' U(a)G] da = E,[E[G' | | E[G | T]] =

lim —

T—o00 |AT’ Ar =
If u is ergodic for the R3-action, the right side is E,[G'| E,[G]; in particular (CL1) holds on
almost every ergodic component. For ) £ J C {1,2,3} the first equality holds with Ap replaced
by A‘QL and T by L.

Proof. The map H + E,[G'H] is a continuous linear functional on L*(u), and a — U(a)G is
continuous by Lemma A.14; so the mean of E,[G' U(a)G] over Af. equals E,[G’ ALG], where
ALG = AL fA% U(a)Gda. By Lemma A.15(i)—(ii), A7G — P;G = E[G | Z,] in L?(p),
so the mean tends to E,[G'E[G | Z,]] = E,[E[G’ | Z;]E[G | Z,]], the last because E[G | Z]
is square-integrable and Zj-measurable. For J = {1,2,3}, the function H := E[G’ | Z] E[G |
7] is integrable and, by Theorem A.18(a), H(§) = E, [G']E,[G] for v-a.e. {; since v = p,
E,H = [E[G'E, [G]dv(E). If pu is ergodic, Z is trivial and E[G | Z] = E,G. Almost every
ergodic component satisfies (H1)—(H3) (Theorem A.18), so the statement applies to it with
G,G € L*(ue). O

The next lemma is the step in which reflection positivity enters the clustering: through the
reconstruction, the part of a localised function orthogonal to the ep-invariant functions decays
under the semigroup e ¢,

By |G B [G] v (€).

T

Lemma A.27 (decay of~the non-invariant part along one axis). Let ¢ € {1,2,3}, R > 0,
G' € L*(S(H, ), 1), and G € L*(X(D), ) for an open set D C H, . Then

E.[G'U(a)(1 - Pg)é] -0 as ag — +oo, uniformly in a .
Proof. Put s := 2R and Y := U(se;)G. By (H2), Y is 3(D + sey)-measurable, and D + se; C
HZR C HZO; soY € L%’Jr. Also P)Y € L§,+ by Lemma A.16(i). Since P, commutes with the
translations (Lemma A.15(ii)), for a; > s,
U(a)(1 = P)G =U((ar — s)er +ay ) (1 — P)Y,

and the right side lies in L§’+ by Proposition A.23(ii). By Proposition A.23(ii)—(iii), with
F:=0,G ¢ L§7+, and by Proposition A.24(i), which gives [(1 — P)Y]| = (1 — Prerir,)[Y],

E,[G' U(a)(1 - P)G] = <[F], Vi(ay) e (@emoHe (1 - PkerHe)[YDH .

4

Since Vy(ay) is unitary, the modulus is at most ||[F]| |[e~(®=)He(1 — Py 5,)[Y]]], which does

not depend on a; and tends to 0 as ay — oo by the spectral theorem and dominated convergence
(e_t/\l{A>0} — 0 pointwise and boundedly on [0, 0)). O
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Theorem A.28 (clustering under diagonal separation). For all G,G’ € L*(u),
lim E,[G'U(a)G] =E,[E[G' | Z]E[G | T]].

ming|a;|—oco
If w is ergodic for the R3-action, the limit is E,[G'| E,[G]; in particular (CL2) holds on almost
every ergodic component.

Proof. Step 1 (reductions). Since
E[G'U(a)G] = E[GLU(a)Gl| < [|G" = G2 Gll2 + [|GLll2|G = Gl

uniformly in a, and the right side of the claim is continuous in (G, G’) in the same way, it suffices
to take G € L*(X(K)) and G’ € L*(X(K')) with K, K’ bounded (Subsection A.6.5). A sequence

a™ with minj|a§.n)| — oo splits into finitely many subsequences on each of which the signs

(n)

oj =sgna; ' are fixed, and it suffices to prove the claim along each. On such a subsequence,
replace (G', G, a) by (0;G’,©,;G, pja) for each j with o; = —1. This leaves the left side unchanged,
since E[©;G'U(p;a)0;G] = E[O;(G' U(a)G)] = E[G' U(a)G] by (A.3) and the #;-invariance of
p; it leaves the right side unchanged, since E[©;G | Z] = ©,E[G | Z] by Lemma A.15(ii); and it
replaces K, K’ by the bounded sets p; K, p; K’ (H2). So we may assume a; — +o0 for every j.
By translation invariance and multiplicativity, E[G' U(a)G] = E[(U(b)G") U(a)(U(b)G)] for every
be RS If KUK’ C (—r,7)3, the choice b = —(r + 1)(e + e + e3) makes U(b)G’ measurable for
(K’ +b) with K’ + b in the open negative octant (); H;, and U(b)G measurable for 3(K + b)
with K +b C {z : |zj| < R Vj}, R = 2r + 1. Renaming, we may assume K' C (; H;, and
K c {|z;| < R Vj}.
Step 2 (decomposition). By Lemma A.15(ii), P12 P3 = Pfy 93}, S0

1=Ppuozy+ (1 —P)+Pi(1—-P)+ PPl - P).

The first term contributes E[G' U(a)E[G | Z]] = E[G'E[G | Z]] = E[E|G’ | Z] E[G | Z]] for every
a, since E[G | Z] is translation invariant. It remains to show that each of the other three terms
tends to 0 as ay — +o00o, uniformly in the other coordinates of a, where ¢ is the index of the
factor (1 — Pp).

Step 3 (one term). Fix £, let J :={1,...,4 —1} and G := P;G (G = G for £ = 1). Since P,
and P, commute, the term is E[G’ U(a)(1 — P;)G]. By Lemma A.16(iii), G € L*(X(K + Vj)), and
K +V; C H/ j because ey ¢ Vy and K C {|z¢| < R}. Since G’ € L*(X(H,,)), Lemma A.27
with D = K + V; gives the claim. ’

Finally, if p is ergodic, E[G | Z] = E,,G; and almost every ergodic component satisfies (H1)—(H3)
(Theorem A.18), so the statement applies to it with G, G’ € L? (). O

Corollary A.29 (the ergodic components). For v-a.e. &:

(i) pe is translation invariant and ergodic for the R3-action, invariant under 61,602, 03,
reflection positive about every coordinate plane in the sense of (H3), and satisfies (H2);
so it satisfies (H1)-(H3), and OS4 in the weak form;

(ii) (CL1) and (CL2) hold for pe: the Cesaro means over Ar of E, [G'U(a)G], and
E[G'U(a)G] itself as minj|a;| — oo, converge to B, [G') B, [G], for all G, G’ € L*(u¢);

(ili) in each coordinate direction j, the reconstruction of Proposition A.23 from ¢ has a
unique joint vacuum: the joint fixed space of the e i t > 0, and of the transverse
translations Vi(y), y L ej, is CQ;.

Proof. (i) is Theorem A.18(b)—(e). (ii) is Theorems A.26 and A.28 for the ergodic measure g,
and (iii) is Proposition A.24(iii) for it. O
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