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Abstract

We study isolation in the full sequence of nontrivial zeros of the Riemann zeta function
with positive ordinate, counted with multiplicity. For every fixed 0 < ¢ < 107°, we prove
unconditionally that the lower limiting proportion of zeros whose two neighboring gaps
both exceed 27wc/log X is at least 0.672468. Here X is the common height cutoff and the
neighbors are taken from the infinite sequence. This refines Lamzouri’s small-fixed-gap
bound 0.6552.... We retain his isolation argument and the Montgomery—Taylor kernel,
while replacing the linear cost of horizontal displacement by a certified majorant with a
positive threshold. Young’s shifted mollified second moment bounds the corresponding
truncated displacement moment. We supply the boundary and global-height arguments and
obtain a gap loss 672c? uniform under the required smoothing. A fixed interval-arithmetic
certificate completes the numerical estimate. The result is asymptotic and gives no effective
first height.

1 Introduction and statement of the result

How often is a zero of the Riemann zeta function separated from both of its neighbors by a
fixed positive fraction of the average spacing 27/ log X7 This asks for more than simplicity on
the critical line: the two neighboring gaps are measured in the full sequence of zeros, including
zeros off the line and all multiplicities.

Let p, = B, + iy, run through all nontrivial zeros of the Riemann zeta function in the
upper half-plane, with multiplicity, in nondecreasing order of ordinate. The sequence is infinite
and is not truncated when a height X is chosen. Put

N(X) = #{n:0<n7, < X}. (1.1)

For X > 1 and ¢ > 0, define

Bo(X,0) = #{n=2:0< 0, 2 X
(1.2)

. 2me

mln(’YnJrl — TnsVn — 'anl) > log X }
A repeated ordinate creates a zero gap. The upper neighbor of the last zero counted by N(X)
is still taken from the infinite sequence, and the condition n > 2 excludes its first member.
These conventions ensure that By(X, ¢) tests isolation in the full array rather than in a selected
subset. Every counted zero is simple and lies on the critical line, since a zero off the critical
line has a distinct reflection mate 1 — p at the same ordinate. Simplicity alone, however, gives
no control of the two neighboring gaps.
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Background

Pair correlation has long been used to obtain lower bounds for the proportion of simple zeros.
Assuming the Riemann hypothesis, Montgomery [11] showed that at least two thirds of the zeros
are simple. Montgomery and Taylor improved the proportion to %— % cot(1/v/2) = 0.67250.. ..
by optimizing the test kernel [12]; see also Cheer and Goldston [4, Section 2] for an account
of this method. Baluyot, Goldston, Suriajaya and Turnage-Butterbaugh [3] subsequently
established an unconditional version of Montgomery’s pair-correlation theorem. The same
numerical constant was later obtained unconditionally for zeros that are simple and lie on the
critical line, by Alpoége and Furman [1, Theorem A] and, by a different argument, Lamzouri
[10, Theorem 1.1].

Isolation is a stronger condition: a simple zero can still have an arbitrarily close neighbor.
In 2024, Gonek and Sahay [7, Section 1] noted that no unconditional result was known even
for infinitely many pairs of consecutive gaps meeting the threshold 2w¢/logT with a single
fixed ¢ > 0. Lamzouri [9, Theorem 1.1] answered this question with a positive proportion: for
the counting function (1.2), he proved the unconditional lower bound 0.6552 ... for sufficiently
small fixed ¢, and 0.50875 at ¢ = 1/6. Angén, Ross, Tang and Zhao [2, Theorem 1] also
obtained lower proportions for two, three and four consecutive gaps, including 0.3450014 ...
for two consecutive gaps each at least 2me/ log X, for every fixed 0 < ¢ < 1/4.

The present note refines Lamzouri’s small-gap bound. The gap range in the following
theorem is much smaller than ¢ = 1/6.

Theorem 1.1. Without assuming the Riemann hypothesis, for every fited 0 < ¢ < 1075,

lim inf Bo(X,¢) (X, )

> 0.672468. 1.
it =y = 0072468 (13)

Here c is fixed independently of X, and both inequalities in (1.2) are strict. The assertion is
asymptotic; the proof supplies no effective first height. We use the same global normalization
log X for gaps and horizontal displacements. The bound is within 3.3 x 10~° of the constant
0.67250. .. recalled above.

Method and contribution

Lamzouri’s isolation argument uses three ingredients. A finite-multiset projection inequality
turns a pair-energy bound into a lower bound for isolated zeros. An unconditional complex pair-
correlation formula evaluates that energy using the Montgomery—Taylor density. A mollified
second moment, together with Littlewood’s lemma, controls the off-critical-line zeros that
enter through a projection deficit. We retain the projection framework and the pair-energy
constant. The improvement in the small-gap proportion comes from sharpening the bound for
the off-line deficit. In [9, Remark 1.2 and Section 3.3], Lamzouri notes that better mollifiers
may reduce this cost. We also make the finite-gap loss uniform in the test density, allowing us
to state an explicit range of gap parameters.

For p = 4 iy with 8 > 1/2, put y = (8 — 1/2) log X/(27), and write v4 = max(v,0). The
isolation inequality involves the positive part of the deficit H(y) defined in (3.2). In place of a
bound [H¢(y)|+ < o f)y, we use [H¢(y)]+ < (y — a)4+ with a = 6/5 and ¢ = 663/1000. This
majorant charges the positive deficit only for normalized displacement beyond a. Every zero
remains in the counted array, and the pair-energy term is retained. The gap loss is controlled
separately and uniformly in the test density.
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A positive real shift in Young’s mollified second moment [13, Lemma 3] gives the matching
truncated moment:

. 1 logmp(2ma,0)
lim sup ——— (y—a)y <Dp(a,) = —=———"-.
el N(X) Og:g N A

5>1/2

The fixed inputs and the functions mp, Dp are specified in (1.4)—(1.7). Positive real shifts
already lie in Young’s complex-shift formula; the same main term also occurs in Conrey’s
Gaussian formulation [6, §5, Proposition, p. 11].

The distinction between truncated and untruncated displacement is quantitatively important.
Conrey’s explicit untruncated estimate [5, Theorem 3] gives the constant 0.0806 used by
Lamzouri. The density estimate in [5, Theorem 2] has an unspecified implied constant and by
itself does not give an explicit truncated cost. For the fixed inputs below, mp ~ 1.000618744
and Dp ~ 0.0000492228663. Thus the new penalty is /Dp =~ 0.0000326347603, compared with
approximately 0.0173 in the earlier estimate, while the pair-energy constant is unchanged. The
smaller off-line penalty provides the numerical gain in the small-gap lower bound; stating the
explicit range 0 < ¢ < 107° also requires the uniform gap estimate.

Outline of the proof

Section 2 derives the truncated displacement moment from Young’s formula, controlling the
horizontal edges in Littlewood’s lemma and keeping one normalization across dyadic blocks.
Section 3 reconstructs the finite-multiset isolation inequality with an explicit, test-density-
uniform gap loss 672c¢2. Section 4 uses the unconditional complex pair-correlation formula
of Baluyot, Goldston, Suriajaya and Turnage-Butterbaugh [3, Lemma 5] to supply the pair
energy, with all zero occurrences and off-line reflection pairs retained.

Section 5 certifies the deficit majorant for the Montgomery—Taylor density on a compact
interval, controls its tail, and preserves the bound under admissible smoothing. In Section 6, the
height limit is taken with each smoothing fixed, before the smoothing is removed. Uniformity
of the gap loss yields the explicit parameter ¢ = 107°; the original O f(cz) remainder gives only
the separate existence statement in Remark 6.1.

The explicit inputs
For the truncated moment, take

49 6 663
=10 =5 =% =100 (1.4)

let
5 37/10)2g+1 2j+1

>t

P(z) = = il 1.5
()= (37/10)%+1 5
j; 2j +1)!

This is a degree-eleven polynomial with rational coefficients and P(0) =0, P(1) = 1. Set

6—27“ 1
mp(r,0) =1+ - /0 (P'(u) — 0rP(w))? du, (1.6)
Dp(a,0) = log”“zw. (1.7)
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For the Montgomery—Taylor density [12], used in [9, §3],

cos(v/2 )

hw) = s (HS12 fo@ =0 (e >1/2 (1.9
write 1 1
Cur = 5 + 7 cot(1/V/2). (1.9)
The proof establishes the more informative bound
. By(X, ) 2 2 ( 1 )
A AN, R - - <. .
lﬂlglof NX) = 2 —Cumt — ¢Dp(a,d) — 61°c 0<c< gy (1.10)

Only the smaller range ¢ < 107° is asserted to yield the numerical constant in Theorem 1.1. A
finite interval-arithmetic certificate for the prescribed inputs gives

2 — Cyt — £Dp(a,6) — 67210719 > 0.67246806299 > 0.672468.

Within this pair-energy method, 2 — Cyyr is the value reached when the off-line and gap costs
vanish.

Comparison with other counting results

Knausgard [8, Theorem 1.3] gives the computer-assisted lower bound 1669159/2478195 =
0.673538. .. for zeros that are simple and lie on the critical line. The simple-zero results of
Alpége-Furman, Lamzouri [10], and Knausgard do not require a positive lower bound on both
neighboring gaps in the full zero array. By contrast, the two-gap result of Angén, Ross, Tang
and Zhao [2, Theorem 1] concerns consecutive gaps and thus directly relates to two-neighbor
isolation, up to endpoint conventions; it uses non-strict inequalities and a much larger gap
range. Theorem 1.1 improves the lower proportion in its much smaller fixed-gap range.

Conventions

All sums over zeta zeros include multiplicity unless they are explicitly over distinct support
points or distinct conjugate pairs. We use the standard analyticity and functional equation of
(¢, its absolutely convergent Dirichlet series in $ts > 1, polynomial growth on fixed vertical
strips, Jensen’s formula, and
X X X
N(X)=—log— — — + O(log X).
(X) =5 log o — o— + O(log X)

All asymptotic statements involving a test function are for that function fixed before the height
tends to infinity.

2 A shifted moment and a global displacement bound

We derive the truncated displacement estimate used in the isolation bound. Young’s formula
first controls the mollified zeta function on a short horizontal shift of the critical line. Jensen’s
inequality and Littlewood’s lemma convert that mean square into a sum of zero displacements;
the last step expresses every displacement using the same final height X.

Throughout this section P is any fixed real polynomial with P(0) = 0 and P(1) =1, and
0 < 6 < 1/2is fixed. We specialize to (1.4)—(1.5) only in the numerical application. All
estimates in this section are unconditional.
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2.1 The external shifted-moment formula
For U > 1, put Ly =logU, M = U, and

A — 5 ) P<10g<M/n>> | o)

S nl/2+it log M

Here and below a sum with n < M is over positive integers, whether or not M is an integer.

Theorem 2.1 (Young’s shifted-moment input). Let wy be a real smooth function satisfying
0<wy <1, suppwy C [U/4,2U], w[(]j)(t) <; (U/logU)™  (j >0).
For every fixzed R > 0, uniformly for complex |a|,|5| < R/logU,
| wu (612 +a+itc(1/2 + 8 - in)] A () de
— cu(a, B) /R wu(t) dt + Opg U/ log U), (2.2)

where

1 9

1,1
{M—ﬁx—ay / / U—v(a+ﬁ)P(m +u)P(y + u)du dv} (2.3)
0 Jo

z=y=0

The dependence on w is through fized bounds for its scaled derivatives; it is uniform over a
family satisfying those bounds.

This is [13, Lemma 3, equations (3.1)—(3.3)], with 7" renamed U. Young’s mollifier, evaluated
on his reference line, is exactly (2.1); its value there is independent of the auxiliary reference-
line shift. The complex-shift statement permits positive real o and S directly. Although an
intermediate formula in [13, Lemma 6] first assumes |a+ | > 1/log U, the proof removes that
restriction by analyticity and the maximum-modulus principle; the displayed Lemma 3 has no
such restriction. We use that lemma, including its uniformity, as an external analytic theorem.

For 0 <6 < R/logU, define

1
o=—-+9, ry = 0logU,

2
ogn 24
dus) = X P (1 B ) = ot

n<M

In particular ¢y s(o +it) = Ay(t). On putting a = § = 6 in (2.3), the factor depending on
z,y is e (@) Differentiating the polynomial product therefore gives

0,0, {e v Tt Pz + u) P(y + u)}‘ = (P'(u) — Ory P(w))>.

r=y=0

Integration in v now proves
/RwU(t)|FU75(o +it)dt = mp(ry, 9)/RwU(t) dt + O(U/log U). (2.5)

The function mp is given by (1.6), with the continuous value

1
mp(0,60) = 1 +;/ P'(w)? du.
0
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It is smooth for ry > 0, is at least 1, and is bounded together with its first derivative on each
fixed compact interval. Thus logmp is Lipschitz on such an interval.

For comparison with the earlier formulation in [6, §5, Proposition, p. 11], first take ry7 > 0
and set t = Ory. The same main term can be written as

1 1
/0 (P' +tP)* du — eV / (P' —tP)? du | _ 20

1
0 _ /- 2
= =1 — /0 (P —tP)2du.  (26)

Indeed, 2 fol PP'du = P(1)? — P(0)? = 1, so the difference between the two integrals without
the exponential factor is 2¢. Thus (2.6) identifies the two forms of the existing main term, with
the sign and normalization of the positive shift made explicit. Both sides extend continuously
to ry = 0.

2.2 From a smooth moment to an unweighted logarithmic integral

Littlewood’s lemma uses an unweighted integral of log |F| on a vertical segment. A smooth
plateau first bounds the mean square on that segment, and Jensen’s inequality then supplies
the logarithmic integral with the required constant.

Lemma 2.2 (Plateau and Jensen). For the function in (2.4), uniformly for 0 <ry < R,
v U
| Fuslo +i0)?dt < Gmp(ru,6) + O/ log ), (2.7)
U/2
v U
// log |Fys(o +it)| dt < 7 logmp(ry,0) +O(U/logU). (2.8)
U/2

The logarithmic integral is a locally integrable improper integral when the vertical segment
contains zeros.

Proof. Choose a fixed smooth function y with 0 < xy <1, x(v) =0 for v <0, and x(v) =1 for
v>1. For A=U/logU, take

ot = (LYY (VA0

Then wy = 1 on [U/2,U], its support is contained in [U/2 — A, U + A] C [U/4,2U] for large
U, and [wy =U/2+ O(A). All scaled derivative bounds are fixed. Enlarging a nonnegative
integral and applying (2.5) proves (2.7).

The function Fy s is analytic near this high vertical segment and is not identically zero. A
zero of order k contributes klog|t — tg| plus a bounded function locally, so its logarithm is
integrable. Jensen’s inequality for the concave logarithm, applied to |F|? on an interval of
length U/2, gives

v _ U 2 (U N2
/ log|F(o + it)| dt < = log f/ \Fo +it)|2dt .
U/2 4 U Juye

The same inequality follows by first replacing |F|? by |F|? + ¢ and passing to the limit. Since
mp > 1 and is bounded on [0, R], the logarithm of the error in (2.7) is O(1/logU). This
proves (2.8). The factor U/4 includes both the interval length and log |F| = % log |F|%. O
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2.3 Horizontal arguments of the mollified zeta function

The horizontal edges in Littlewood’s identity require a bound on a continuous argument of
F'. The following lemma obtains it from Jensen’s formula and also counts the mollifier zeros
needed when a rectangle boundary is moved past a zero ordinate.

Lemma 2.3 (Uniform horizontal-boundary bound). Keep P, 0, R fized and let F' = Fy; 5 be as
in (2.4). For sufficiently large U,

F(2+it) =1+ Oppr(1/loglU) uniformly for real t. (2.9)

Suppose U/3 < t < 3U/2 and 2/5 < b < o. If F has no zero on [b,2] + it, continue its
argument from the principal value at 2 + it along that segment. Then

sup |arg F'(z +it)| <pg,r logU. (2.10)
b<z<2

The constant does not depend on the distance of t from an ordinate of a zero. Moreover, every
box
oc<RNs<2, [Ss—t| <1, U3 <to<3U/2,

contains Opg r(logU) zeros of F', with multiplicity.

Proof. Write B = max| 1) |P| and D = max(q ] |P'|. For n < M we have dlogn < Rf and

1 1
n5P<1 - Og”) - 1’ < Bln® — 1|+ ‘P(l _oen ) —P(l)‘

log M log M
D\ logn
< ( BRef ) —_
- ( et 0 ) logU

Comparison with the absolutely convergent Dirichlet series for 1/{(2 + it) gives

1 1 logn 1 1
24 it) — — —.
Yus(2 +it) ((2+it)‘<<logU7§1 n? +n§n2 < logU

The bound |((2 + it)| < ((2) proves (2.9). In particular, for large U, RF (2 + it) > 3/4, the
principal logarithm is continuous along the whole right edge, and |log F'(2 + it)| < 1/logU.

We next give a growth bound on the disks needed for Jensen’s formula. For |z — 2| < 3 and
the indicated heights ¢, the numbers z + it have real part in [—1,5] and imaginary part of
size comparable to U. They stay away from the sole pole of (. Euler-Maclaurin summation,
truncated at N = [U] and with the fourth-order Bernoulli remainder, gives uniformly in this
strip

C(s)] < U

For completeness, the finite sum is O(U?), the integral and the finitely many correction terms
are bounded by the same quantity, and the remainder is bounded by a constant times

—Rs—3

U1—§RS U2.
Rs+ 3 < <

|s(s+1)(s+2)(s+ 3)]
Also, for fs > —1,
[Yus(s)| < Be™ > n< U,
n<M
Consequently

sup |F(z+it)| < U < U3. (2.11)
|5—2|<3
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This estimate uses no information about the location of zeta zeros.
Define the analytic function

Gy(z) = % (F(z+it) + FE+i8)).

The conjugated expression is analytic in z; since the coefficients are real it also equals F'(z —it).
We have Gy(2) = RF (2 +it) > 3/4 and |G4(z)| < U? on the radius-three disk. If ny(2) is the
number of zeros of Gy in |z — 2| < 2, counted with multiplicity, Jensen’s formula yields

nt(2)1og(3/2) <log sup |Gi(z)| —log|Gi(2)] < logU.
|z—2]|=3

Zeros on a circular boundary can be handled by a limiting radius. On the real interval,
Gi(x) = RF(x + it), and [b, 2] lies strictly inside the radius-two disk. Hence the real part has
O(log U) zeros there.

Let A(z) be the specified continuous argument. Between consecutive zeros of RF(x + it)
it lies in an open argument interval of length 7, because F stays in one of the two open
half-planes. At a zero of the real part the value of F' is nonzero by hypothesis, so continuity
permits only the same or an adjacent such interval. If the real part has n zeros, this proves

[A(z)] < [A@)]+ (n+ D).

The right-edge estimate and the zero count prove (2.10). This is a bound on the absolute size
of a continuously chosen argument; no bound on its total variation is asserted or required.
Finally apply Jensen’s formula to F itself, centered at 2 + itp, using (2.9) and (2.11). It has
O(logU) zeros in the radius-two disk. The box in the statement is inside that disk, since its
maximum distance from the center is at most 1/(3/2)? + 1 < 2 for large U. This counts zeros
of the mollifier as well as zeros of (; no zeta zero-counting estimate has been applied to the
mollifier. O

2.4 Littlewood’s identity and the four edges

We now combine the logarithmic integral with the boundary estimates. Keeping the mollified
function fixed while taking limits of the rectangle edges is essential: the auxiliary left edge
may move, but the shift defining the mollifier must stay unchanged.

Lemma 2.4 (Block displacement estimate). Uniformly for 0 < ryy < R, with o = 1/2 +
TU/ log U}

U
Z (5—0)_1_ < 8—logmp(7“U,9)—i—Op,gﬁ(U/logU). (2.12)
U/2<<U g

The sum is over nontrivial zeta zeros, with multiplicity.
Proof. Fix U,§ and the analytic function F' = Fy ;. First take a rectangle [b,2] x [t1, o]
without boundary zeros, where b is near o and ¢1,ts are near U/2,U. There is no pole in this

rectangle. With the horizontal arguments continued from the principal argument on the right
edge, Littlewood’s identity is

to to
oY mpF(%pF—b):/t log|F(b+it)|dt—/t log |[F(2 + it)| dt

pF in the rectangle 1 1

) ) (2.13)
—I-/ argF(w+it2)dx—/ arg F'(z +ity) dx.
b b

Here pp ranges over distinct zeros and m,,, denotes their order.
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To verify the signs and the choice of argument, set u = log |F| and ¢(x,t) = z —b. In
the distributional sense, Au = 27w ) m,.0,,. Green’s identity with ¢ gives the left and right
logarithmic integrals in (2.13). The remaining right edge term is (2 — b)[arg F/(2 + it2) —
arg F'(2 4 it1)]. On the top and bottom edges, use u; = —v, for a local analytic logarithm
u 4+ 2v and integrate by parts. Their endpoint terms cancel that right edge term, leaving the
displayed top integral minus the bottom integral. This argument uses local logarithms along
the edges and the distributional zero masses, so it does not presuppose a logarithm on the
interior containing zeros.

The horizontal integrals in (2.13) are O(log U) by Lemma 2.3. The right logarithmic integral
is O(U/logU) by (2.9). Boundary zeros cause no additional term: keep F' fixed, choose zero-
free b < o approaching o, and choose zero-free heights approaching U/2 from below and
U from above. The horizontal bound is uniform in these choices. Local factorization at a
zero implies convergence of the logarithmic integrals on the vertical edges; a zero on s = o
has limiting weight zero. The local zero count in Lemma 2.3, or simply local discreteness
followed by a limit, justifies the height choice for F', including its mollifier zeros. We obtain the
identity with limiting boundaries and the same error bounds. Crucially, changing the auxiliary
boundary b in this limiting argument does not change ¢ or the mollifier.

All zero weights on the left of (2.13) are nonnegative. A common zero of ¢ and 1 has order
equal to the sum of their orders in F'. We may therefore discard all mollifier zero contributions
and retain the zeta zeros. Applying (2.8) to the remaining left integral gives

U
27 Z (B—0)t < 7 logmp(ry,8) +O(U/logU).
U/2<<U

Discarding any contribution at the lower endpoint proves the half-open version (2.12). ]

2.5 One normalization at the final height

For a zero p = 3 + iy and final height X, write
log X
5 (B—1/2). (2.14)
™
This definition uses the same height X for every zero in the sum. To retain this normalization

when summing dyadic blocks, we keep the vertical line fixed and allow the local shift parameter
in Young’s formula to change from block to block.

Yp, X =

Proposition 2.5 (Global truncated displacement moment). For every fized a > 0, fized
0 <6< 1/2, and fized real polynomial P as above,

, 1 logmp(27a,0)
limsup —— (Ypx —a)+ < Dp(a,l) = ———F——. (2.15)
Xosoo N(X) Og:g 7 4

5>1/2

Proof. Put L =log X, r = 2ma, and fix throughout the argument the line

1+r
ox = — + —.
X797
Take VI
L X
Log2J’ DY 0=j<J)

On the block (U;/2,U;], use a mollifier of length UJ(?7 but keep its parameter 6 = r/L fixed.
Thus the local shift in Young’s formula is

log U;

rj =0logU; =7 :T—i-OT(L*l/Q),
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whereas the vertical line is always ox. All r; lie in a fixed compact interval for large X, so
every error constant in Lemma 2.4 is uniform. Since

U X
uj=2Xx(1-277), Y L« =,
j<J joyloely L

and logmp is Lipschitz on that compact interval, summing the block estimate gives

Y (B-ox)+ < %logmp(r, 0) + O(X/VL). (2.16)
X/27<y<X

The half-open blocks are disjoint even when their endpoints are zero ordinates. If kept
separately, their horizontal-boundary cost is only O(.J log X) = O(L?/?), which is negligible
here.

The relation between the two normalizations is exact:

L
(px = @) = 5 (8= ox)

For the omitted low zeros, 0 < § < 1 implies (y, x —a)+ < L/(4r). The Riemann-von
Mangoldt formula and 277 = O(e‘ﬁ) therefore give
1 L N(X/27)

~y (ypx —a)y < ——A2 L« pemVE = o(1).
N(X) 0@;{ . p "= 4r N(X)

Multiply (2.16) by L/(27N (X)) and use N(X) ~ XL/(2m). This proves (2.15). Terms with
B < 1/2 vanish, so their omission from the displayed sum makes no difference. ]

Remark 2.6. The line ox has not been replaced by 1/2 + r/log U; on individual blocks. Such
a replacement would change the truncated quantity being bounded. The proposition has
fixed P, #,a and involves no moving gap or smoothing parameter. Its use of asymptotic mean
values gives a limiting inequality, without an effective first height for a finite-height numerical
assertion.

3 A uniform finite-multiset isolation inequality

The finite argument turns an upper bound for pair energy into a lower bound for isolated
points. It groups nearby real points and treats nonreal conjugate pairs through a projection
deficit, following [9, Sections 2.1 and 2.3, especially (2.28) and (2.35)—(2.37)]. We retain this
construction and track the gap error uniformly in the test density. That uniformity will allow
us to prescribe ¢ = 107° before choosing a smoothing.

Put I = [-1/2,1/2]. Let n € L*(I) be real and even, with [, n(u)? du = 1, and write f = n?.
Extend both functions by zero outside I. Define the entire function and its real Laplace
restriction by

Ky(z) = /If(u)efzm'uz du, My (y) = Ky (iy) = /If(u) cosh(2myu) du. (3.1)

Thus Ky is even, K¢(0) =1, and M(y) > 1 for real y. The defect function is

4M;(y)*

Hp(y)=1- T+ M (2y)

It is even and satisfies Hy(y) < 1.

10
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A finite multiset Z C C is called conjugation invariant when z and Z have the same
multiplicity. Write N = |Z]| for its cardinality with multiplicity. Let Iso.(Z) be the number of
its occurrences whose real part has distance greater than ¢ from the real part of every other
occurrence. Such an occurrence must be a simple real point: a repeated point or a nonreal
conjugate pair has two occurrences with the same real part. Finally, set

Z Ky(z - w)2, (3.3)

ERVISVA

where both sums count multiplicities. The square in this formula is an ordinary complex
square. Nonnegativity is asserted for the whole sum, rather than for each summand.

Proposition 3.1 (Uniform finite-multiset inequality). Let Z be conjugation invariant, and
let z1,. ..,z contain one representative of each distinct nonreal conjugate pair, with 3z; > 0.
For every 0 < ¢ < 1/(4m),

q
Isoc(Z) > 2N = Sp(Z) = > [Hp(S2)]4 — 6m2c2N. (3.4)
7j=1

The sum over conjugate pairs is without multiplicity. The constant 672 is independent of f
and Z under the stated hypotheses.

Proof. All Hilbert-space inner products below are linear in the first argument. In H = L?(1)

put
by = e ?ive, g = P2TOE gy 02l

Direct integration gives

<¢z»¢w> = Kf(z - W), ||¢:L“H2 =1 (x € R)v ngH2 - th”2 = 1. (3'5)

In L%(1?) define the ordinary tensor sum F = Y., ¢, ® ¢,. Conjugation invariance and (3.5)
imply
IFI? = > Ki(z—w)* =S¢(Z) 2 0. (3.6)
Z,WEZ

The norm identity explains why (3.3) uses complex squares: its positivity holds after summing
the full conjugation-invariant multiset.

Let Ry be the set of simple real points of Z, and let Ry be the set of distinct repeated real
points, with » = |Ry| and multiplicities m, > 2. Denote the multiplicity of each of z;,z; by
m; > 1. Then

F = Z Gz ® Gz + Z mxd)x®¢x—l—22m3 gzj ® Gz — th ®th)- (3.7)
zER; r€R =

First separate the simple real points by their distance from other simple real points. Let
I={r€Ry:|x—2|>2cforalla’ € R\ {z}}, d=|Z|.

Order the remaining points on the real line and split them into maximal consecutive clusters
in which successive gaps are at most 2c. Each cluster has at least two points. A cluster of
even size is partitioned into consecutive pairs; a cluster of odd size is partitioned into one
consecutive triple and consecutive pairs. Let G1,...,G 4 be the pairs and 171, ..., T the triples.
The two points in a pair differ by at most 2¢; in a triple each successive gap is at most 2¢ and
the extreme gap is at most 4c. In particular,

q
|Ri|=d+2A+3B, N=d+24+3B+ Y my+2> mj. (3.8)
zER> J=1

11
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For these groups put py = > ¢, ¢z and ty = >, c1, ¢z, and introduce the finite-dimensional
spaces

U= Span({pf}?:l U {tf}KB:I U {¢w HENS RZ} U {gzj }?zl)v
V =U +span{¢, : © € T}.

Distinct exponential functions ¢, are linearly independent. Indeed, after dividing on the
positive-measure set where 7 # 0, a vanishing combination is an exponential polynomial
vanishing on a set with an accumulation point. Its analytic continuation is identically zero,
and distinct exponential frequencies then have zero coefficients. The displayed generators use
disjoint groups of those frequencies, so

Dy :=dimU=A+B+r+gq, Dy :=dimV =d+A+B+r+gq. (3.9)

Empty spaces and sums are permitted in the argument.

The antilinear isometry Jv(u) = v(—u) fixes ¢, for real z, as well as g, and h,. Inner
products between J-fixed vectors are real. Gram—Schmidt therefore gives a J-fixed orthonormal
basis 91,...,%p, of V whose first Dy; vectors span U. The tensors 1, ® 1), are orthonormal.
The real numbers

ag = (F, Y @ y,)
= > {be, Vi) + D ma(ba, i)

zeER1 TER>

q
+2 ) my (g2, ) = (e )

=1

satisfy, by Bessel’s inequality, Sf(Z) > >, a2. Using a? > 4a — 4 for the first Dy terms and
a? > 2o — 1 for the others gives

Sp(Z)>2 Y oap+2 > ap—3Dy— Dy. (3.10)
k<Dy k<Dy

We now bound both partial sums. Put

q
So=2_lprojy ¢all*s  Mu:= > ma+23 mj, ko= min Kp(t), #1= min K(t).
€T 2ERs j=1 [t[<2c |t|<4c

A repeated real point contributes exactly its multiplicity in both spaces. For a conjugate pair,
Parseval for g.; € U and Bessel for h,, show that its contribution in either space is at least
2m;(|lgz,11* — ||k, ||*) = 2m;. For a pair, since its sum py belongs to either space, the sum of
the two squared projection norms is at least

3llpell® > 1+ ro.
For a triple the analogous bound is
tell® > 1+ 3r0 + 251

The points in Z contribute Sy in U and exactly d in V. Substitution in (3.10) yields the
complete cluster inequality
S¢(Z) > AN — 3d — 4r — 4q — 4A(2 — ko)

3.11
—4B(3 — 3k0 — 3K1) + 250. (3.11)

12
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This is the algebra behind [9, (2.28)].
For a bound uniform in f, use cosv > 1 —v%/2 and |u| < 1/2in (3.1):

242
(
Kp(t)>1— WT (3.12)

Write e = 72¢? < 1/16. Then kg > 1—2e and k1 > 1—8e. By (3.8), N > d+2A+3B+2(r+q).
Thus (3.11) implies

S;(Z) > 2N — d+ 25y — 8eA + (2 — 32¢)B > 2N — d + 25; — 4eN.

The last step uses 24 < N and 2 — 32e > 0.

It remains to estimate Sp. Split Z into Z;, whose points are c-isolated from all of Z, and
Ty = T\ I;. Every point of 7, is within real-part distance c of a repeated real point or a
nonreal conjugate pair; other simple real points are more than 2¢ away. Assign it to one such
point or pair. Since distinct elements of Z differ by more than 2¢, at most one point can be
assigned to each repeated real point or each distinct conjugate pair.

If 2 € 7, is assigned to v € Ra, projection on ¢, € U and (3.12) give

I projy éu 1 = Kp(x —v)* = (1-¢/2 2 1—e> § —e.

If it is assigned to z = v + iy, then |z — v| < ¢ and

(b, g2) = /If(u) cos(2m(x — v)u) cosh(2wyu) du

> (1=e/Mp(y),  lg:]* = M?@y)

Cauchy-Schwarz applied to ¢, and g, shows that R(y) := 2M(y)?/(1 + My (2y)) < 1. Hence

I projy ¢:[* > (1 —¢/2)°R(y) > R(y) —e
L-Hy(y) o L= [Hi@)l+

- 2 = 2 —C
Summing these bounds and using the injectivity of the assignment,
I 1
Sy > 2’ -3 > [Hf(Sz)]4 —eN. (3.13)

Consequently

Sp(Z) = 2N — |Th| = ) [H;(Sz))]+ — 6eN.
j=1

Since Iso.(Z) > |Z4], this proves (3.4). The two error contributions are 4e N from the cluster
estimate and 2eN from (3.13). O

4 Unweighted complex pair correlation and transfer to zeros

To apply the finite inequality to zeta zeros, we need its unweighted pair energy. The available
complex pair-correlation theorem contains a rational weight; the two fixed tests below remove
it by an exact identity.

13
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For a real, even, integrable function ¢ supported on [—1, 1], use q(z) = _11 q(u)e= 2™ duy,
with its entire extension. The unconditional input we need is [3, Lemma 5, (3.3)—(3.4)]: if ¢ is
Lipschitz at zero, then, with L = log X,

3 (j<i(0 - P')L> 4
p.p' 27 4— (p - p,)2
0<y,y/ <X (4.1)

=22 (a0 2 [ watuydur 0,271

The sum contains every nontrivial zero in the indicated range, with multiplicity. In particular,
the arguments of ¢ are allowed to be complex. No assertion that the zeros are on the critical
line is used.

For an even probability density f € L?(I) define

c(f) :/If(u)2du+/1/l|u—v|f(u)f(v) du dv. (4.2)

The next lemma evaluates the unweighted energy in terms of C(f).

Lemma 4.1 (Removing the pair weight exactly). Let f = n?®, where 1) is real, even and belongs
to C°((—1/2,1/2)), with [;n* = 1. Then

1 i(p—p')log X 2_
. % Kf<27T ) — C(f) + 05 (1). (43)
0<y,y' <X

Proof. Set Q = f = f. Both Q and Q" are fixed, real, even, smooth functions compactly
supported in (—1,1), so each separately satisfies the hypotheses of (4.1). Integration by parts
gives, for every complex z,

Q(z) = Kf(2)%,  Q'(2) = —4n?2K(2)?.

Writing A = p — p/ and 2 = i{AL/(27), we obtain the exact identity

<@<z> - Q4L”) = K (14)

There is no pole on these zero differences, since |RA| < 1. Apply (4.1) to the two fixed tests
Q@ and Q" and only afterwards take the linear combination in (4.4). The second main term is
Of(L™?) after division by XL/(2w), and the remaining error is o7(1). The first main term is

Q) +2 [ wQ)du= [ ffdut [ [ - oli@s) dudo = C (1),

where evenness changes |u+ v| to |u—v| in the convolution integral. Finally, N(X) ~ X L/(2m)
proves the lemma. O

The pair formula now supplies the energy term in the finite inequality. The remaining input
is a positive-part first moment of horizontal displacement. The following proposition states
the exact majorant and moment assumptions needed for the transfer.

Proposition 4.2 (Isolation transfer). Fiz a > 0, £ > 0, D > 0, and a density f as in
Lemma 4.1. Suppose that

[Hy))y <lly—a)y  (y=0) (4.5)

14



C. Kim Isolated zeros of the Riemann zeta function

and that the zeros, with their actual multiplicities, satisfy

1 —1/2)log X
lim sup —— Z ((5 /2)1og —a) <D. (4.6)
Xoo N(X) =i 27 +

B>1/2, 0<y<X

Then, for every fized 0 < ¢ < 1/(4m),

Bo(X, C)

lign inf N >2— C(f) —¢D — 67°c2. (4.7)
Proof. For X > 1 form the multiset
i(p—1/2)log X
ZX:{—Z(p ;ﬂ) °8 :0<%pgx}. (4.8)

Its cardinality is V(X)) and it is conjugation invariant by the functional equation and conjuga-
tion symmetry of (: p — 1 —p preserves multiplicities. The real part of its point corresponding
to p is vlog X/(27), and the absolute imaginary part is |3 — 1/2|log X/(27). This uses one
global log X for all zeros below X.

Apply Proposition 3.1 to Zx. Since K is even, its energy is the sum in (4.3). Since Hy is
even, each distinct nonreal conjugate pair is represented by a distinct right-half-plane zero
B > 1/2. The penalty in (3.4) can therefore be enlarged to

S ()]

p=p+iy
£>1/2, 0<y<X

now with multiplicity. Each representative is inserted once per its original multiplicity; there
is no extra factor of two. By (4.5) and (4.6), the limsup of this penalty divided by N(X) is at
most £D.

We finally compare the finite multiset with the full ordered array. A finite-multiset isolated
point has distance greater than ¢ from every other real part, equivalently both available
neighboring ordinate gaps exceed 2mc/log X. Only the final point in the truncation can
acquire a new neighbor above X, and the convention n > 2 in the definition of By can exclude
at most the first point. Repeated ordinates do not create further exceptions, because they
cannot be isolated even in Zx. Thus

By(X,c) > Iso.(Zx) — 2. (4.9)
Divide (3.4) by N(X), use Lemma 4.1, and take a liminf. The constant in (4.9) vanishes,
proving (4.7). O
5 The fixed numerical certificate and admissible smoothing

Two numerical statements remain: the value of the final lower bound and the majorant required
by Proposition 4.2. Both use only the polynomial and parameter tuple in (1.4)—(1.5); no
optimization enters the proof. After deriving the elementary formulas, we verify the majorant
on a finite covering of [0, 3] and estimate the tail analytically. The strict margins then permit
an admissible smoothing with the same slope and threshold.

15



C. Kim Isolated zeros of the Riemann zeta function

5.1 The transform and energy of the limiting density

Put I =[—1/2,1/2]. For an even nonnegative density f supported on I with [; f =1, use the
notation

M (y) = /If(x) cosh(2myx) dx = K¢ (iy),

_ AM;(y)?
Hf(y) =1- W

/f da:+//|x—z\f (2) dx dz.

These are the transform, projection deficit, and pair-energy constant used in the preceding
section. In particular, M¢(y) > 1 for real y, so every displayed denominator is positive. Write
My = My, and Hy = Hy, for the density (1.8), which is the Montgomery-Taylor density used
in [9, §3].

Lemma 5.1. For real y,

cosh(my) + V2 my cot(1/v/2) s1nh(7ry)

Mo(y) = Tt 202y (5.1)
Furthermore, . .
Cfo) = Cur =5 + 7 cot(1/v/2). (5.2)

Proof. The density is positive on I, even, and has integral one. Set b = v/2 and t = 27wy. The
elementary antiderivative

e’ (t cos(bz) + bsin(bz))

/e cos(bx) dx

t2 + b2
gives
2 2(tsinh(t/2) cos(b/2) + bcosh(t/2) sm(b/Z))
/ e cos(bz) dx = 55
—1/2 t*+b

Division by bsin(b/2) gives (5.1). The formula has no singularity at the origin, and My(0) = 1.
For the second identity, define, on I,

Gla) = fola) + [ o = =|folz) dz

In the interior of I one has f = —2fp and d2 Iz — z|fo(2) dz = 2fy(z). Consequently
G"” = 0. Since G is even, it is constant. At the rlght endpoint, the unit mass and vanishing
first moment of fy give

G(1/2) = fo(1/2) +/ 1/2 = 2) fo(2) dz = — cot(1/v/2) +

\f

Multiplying the constant identity for G by fy and integrating proves (5.2). O

5.2 Exact polynomial inputs and the endpoint value

Every coefficient of P in (1.5) is rational. If

1 1
A :/ P'(u)? du, B :/ P(u)?du
0 0

16



C. Kim Isolated zeros of the Riemann zeta function

exact rational integration gives

783057543745087674299266657684417689707279

~ 419065195577219886170363240902124615327379”
1292604115095627224586630676414215319251379

~ 9638499498276057381918354540743866152529717

These fractions require only rational arithmetic: if P(u) = ]1-1:0 pjuj , use

1n . 11
Jk pipk DjPk

an 3o hmm st e

Pt jod tE+1

The identity fol PP = (P(1)? — P(0)?)/2 = 1/2 then yields, with k = 0r = 1477 /125,
1
L:/(P—&PV:A—k+#B. (5.5)
0

In particular, the mixed term in this expression has coefficient —k, not —2k. Substitution of
(5.5) into (1.6) gives the exact elementary expression that is evaluated by interval arithmetic.

The following intervals are deliberately wider decimal enclosures of the interval outputs.
They summarize the fixed-input evaluation; the complete output endpoints are supplied in the
accompanying certificate package.

Quantity Lower endpoint Upper endpoint

J 0.00457191765729882042 0.00457191765729882043
mp(r,0)  1.00061874412331700995 1.00061874412331700996
Dp(a,0) 0.00004922286625777224966 0.00004922286625777224967
Cyr 1.32749929632058835426 1.32749929632058835427

The separately evaluated final expressions satisfy

0.67246806891908274 < 2 — Cyit — ¢Dp(a, ) < 0.67246806891908275, (5.6)
0.67246806299732010 < 2 — Cyit — £Dp(a, ) — 672 10710 < 0.67246806299732011.  (5.7)

Thus the loss at ¢ = 107° is paid before rounding the asserted proportion down to 0.672468.
The remaining margin is greater than 6.2997 x 1078,

5.3 A finite certificate for the deficit majorant

Proposition 5.2. For the density fy and constants a = 6/5, £ = 663/1000,

(Ho(y))+ <Ly —a)+ (y>0). (5.8)

There is strict separation from the relevant comparison functions on each of the compact ranges
[0,1.22] and [1.22, 3].

Proof. For i =0,...,29999, let
I [ i 141 ]
* (10000 10000] -
Using (5.1) and Hy(y) = 1—4Moy(y)?/(1+ Mo(2y)), the accompanying interval program verifies
the following exhaustive list of comparisons at 55 decimal digits of interval precision:

Index range Covered range Verified comparison
0<14<12199 [0,1.22] sup Hy(I;) <0
12200 < i < 29999 [1.22,3] sup Ho(I;) < inf £(I; — a)

17
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Here Hy(1;) denotes an interval enclosure of the complete image of the cell, not a set of sampled
point values. Endpoints are formed from exact terminating decimal strings, so neighboring cells
have identical boundary values. The two ranges contain 12,200 and 17,800 cells, respectively,
and their union is [0, 3].

The first range contains [0, a] and extends beyond a. On it, (Hy)+ = 0, so (5.8) follows. On
the second range, y > a and the second set of comparisons implies the same inequality. For
y > 3, positivity of the denominator gives Hy(y) < 1, whereas

5967
5000
This proves the analytic tail without numerical evaluation there. Finally, each comparison
in the finite list is strict. The minimum of its finitely many positive separations is positive,
which gives the stated compact separation. ]

ly—a)>L(3—a) =1.1934 > 1.

Remark 5.3 (Implementation and reproducibility). The numerical part of Proposition 5.2 is a
computer-assisted finite inequality verification. Its role is limited to the specified elementary
functions and fixed cells. The certificate includes the actual source, exact inputs, complete
inherited logs, and a separate exact rational check of (5.3)—(5.5).

The endpoint comparisons can be checked directly in the supplied code. The first loop tests
the sign of the upper interval endpoint after conversion to a Python floating-point number. A
finite nonnegative endpoint cannot round to a strictly negative number, so the strict negative
test is valid; negative underflow to signed zero would fail the test. The second loop compares
interval endpoints directly. Floating-point extrema printed for diagnostic purposes are not
used as outward rounded bounds or as the quantitative separation in the smoothing proof.

The numerical certificate and its archived replay accompany the source as unchanged
companion packages. Each contains a README with the code, exact inputs, and commands
needed to reproduce its checks. The replay uses byte-identical interval source; its rational
polynomial check is a separate calculation.

Earlier manuscript preparation also included a bounded fixed-input check of the rational
identities, the transform antiderivative, and the final intervals. This editorial revision inherits
those checks and the cell certificate; it does not rerun the complete cell scan. The original logs
record precision and successful assertions but omit the original Python, operating-system, and
package versions. The later replay and bounded-check environments are recorded separately.
Verification therefore relies on the supplied code and interval implementation, without a formal
proof-assistant check.

5.4 Smoothing while preserving the majorant

The pair-correlation lemma requires the square of a smooth function supported in the interior
of I, whereas fj is positive at the endpoints. We use the strict inequalities in Proposition 5.2
to approximate fy within that class while preserving the majorant and its slope .

Lemma 5.4. There are even real functions n. € C°((—1/2,1/2)), with f- =n? and [; f- =1,
such that

Ife = folli + [ fe = follz — O, C(f:) — Cwur- (5.9)
For every sufficiently small fived € > 0, the same majorant holds for all y > 0:
(Hy.(y))+ <y —a)4. (5.10)

Proof. Choose even smooth cutoffs x. compactly supported in (—1/2,1/2), with 0 < x. <1,
converging pointwise to 1 at every interior point. Put

Z = [ xelwfole) de, m(m):xf(‘”\)ﬁzf)(””), fo= 2.
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The cosine formula defining fo on I extends to a smooth, strictly positive function on a
neighborhood of I. Since the cutoffs vanish near the endpoints, the functions above have all the
asserted smoothness and symmetry properties after extension by zero. Dominated convergence
gives Z. — 1 and convergence of f. to fo in both L'(I) and L?(I). For nonnegative unit-mass
densities on I, the bound |z — z| < 1 gives

1C(fe) = C(fo)l < (lfell2 + [l foll2) Il fe = foll2 + 2[l.fz = foll-

This proves the second convergence in (5.9).
For any fixed R > 0, evenness and the integral definition imply

s [My.(y) — Mo(y)| < cosh(zR)|[fe = folx — 0.
yl<

Because My (y) > 1 and My(y) > 1, the rational expression defining H; has a denominator
bounded below by 2. Taking R = 6 therefore gives uniform convergence Hy. — Hy on [0, 3].
Let § > 0 be less than the minimum compact separation in Proposition 5.2. For sufficiently
small &, uniform convergence makes supy<,<3 |Hy. (y) — Ho(y)| < 6. The inequalities Hy, < 0
on [0,1.22] and Hy, < £(y — a) on [1.22,3] follow. The analytic tail is unchanged, since every
nonnegative unit-mass density has Hy <1 and ¢(3 — a) > 1. This proves (5.10). O

The preceding lemma permits a fixed admissible smoothing to approach the displayed
energy constant arbitrarily closely while preserving the entire deficit majorant. The gap-loss
estimate in the preceding section is uniform over this family and has coefficient 67%. In
applying the asymptotic formula, each ¢ is fixed before X — co. One may then let ¢ — 0 in
the resulting inequality for the liminf. No height-dependent smoothing and no uniformity in
the test-function-dependent asymptotic remainder are required. These orders of limits are
used explicitly in the final proof below.

6 Completion of the proof and scope

The uniform gap estimate lets us fix ¢ before choosing the test function. We first combine the
preceding results in that order to prove the explicit theorem, then explain the weaker existence
statement available from a test-dependent gap error.

Proof of Theorem 1.1. First fix 0 < ¢ < 1/(4m). Choose an even cutoff x. € C°((—1/2,1/2))
with 0 < x. <1 and x. — 1 in the interior, and put

X2 fo
S5 fo

For every sufficiently small fixed € > 0, the certified strict margins and the smoothing argument

fsz

give
[Hyp. (W) <lly—a)y  (y=0).

The analytic estimates are now applied with this function fixed. Proposition 2.5, together with
the finite-multiset transfer and the pair-energy formula, yields

Bo(X
lim inf 0(X,¢)

jminf “0e5 22 C(f) — (Dp(a,0) - 67°¢, (6.1)

The gap term is uniform in €. The terms denoted oy, (1) have already vanished in the height
limit. No uniform rate for those terms is used.
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The left side of (6.1) is independent of . Letting ¢ — 0 afterwards, and using C(f.) — Cur,
proves (1.10) throughout its stated range. Now suppose ¢ < 107°. The directed interval
evaluation supplies

2 — Cymr — ¢Dp(a,6) > 0.6724680689.

Since 72 < 10,
6m2c? < 6m210710 < 6-1077.

Consequently the lower bound is greater than 0.6724680629 and hence greater than 0.672468.
The more precise certified evaluation at ¢ = 1075 is greater than 0.67246806299. This proves
the theorem. Equivalently, it suffices to prove the endpoint ¢ = 1075 and use that By(X, c) is
nonincreasing in c. O

Remark 6.1 (A separate existence statement). There exists co > 0 such that the same numerical
lower bound holds for every fixed 0 < ¢ < ¢g, even if one uses only the O(c?) remainder in
Lamzouri’s original small-gap argument [9, Proposition 2.3].

Indeed, the certified excess before the gap cost is greater than 6.89 - 1078, First choose
a fixed ¢ for which the linear majorant remains valid and |C(f.) — Cyr| < 2 - 1078, For
this fixed function, write the original error bound as A.c? on its permitted small-gap range.
Choose ¢y > 0 inside that range so that Aacg < 2-1078. For each fixed 0 < ¢ < ¢, pass
to the height limit. More than 2.89 - 1078 of excess over 0.672468 remains. This argument
establishes existence without identifying co. The explicit value c¢g = 107> in Theorem 1.1 uses
the separate uniform error bound proved above.

Scope of the result

The theorem concerns both neighboring gaps in the entire multiplicity-counted sequence,
with off-line zeros retained. It follows from unconditional analytic inputs and the explicit
inequalities above; no RH, pair-correlation conjecture, or well-spacing hypothesis is imposed.
Both ¢ and the test function remain fixed when each height limit is taken.

The numerical certificate verifies the stated elementary inequalities for one fixed polynomial
and kernel. It is not a computation of zeta zeros. The theorem gives an asymptotic lower
bound, with neither an effective finite-height threshold nor a claim of optimality.
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