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SMALE’S MEAN VALUE CONSTANT (1981) EXCEEDS 1.1559,
AND OTHER MISCELLANEA

DAVE GOEL

ABSTRACT. We prove that Smale’s mean value constant exceeds 1.1559837, improving the bound
1.1018 of Jatar and Ng; after the first version of this paper, the author proved that it equals 4.
Smale proved in 1981 that for every complex polynomial P of degree at least 2 and every point z
with P’(z) # 0, some critical point ¢ of P satisfies |P(z) — P(¢)| < K |2 —(||P’(z)| with K = 4, and
he conjectured that K = 1 suffices; K™ is the best constant, called Smale’s mean value constant.
That conjecture was disproved in 2026. Jatar and Ng showed that K* equals the supremum of
1/B(0) over the admissible pairs (W, B): W is a normalised univalent map of the unit disk, B is
a finite Blaschke product with B(0) > 0, and the derivative of the product W B has no zero in the
disk. We construct such a pair explicitly, with B of degree two, from a polynomial of degree 18
with Gaussian rational coefficients, and we verify the required properties by a computation in exact
arithmetic. Writing By for this supremum restricted to deg B < d, we prove, partly with certified
computation, that 1.1363375 < B; < 1.177801, B2 < 100/61, and By < 4 — 0.00597/(dlogd) for
every d > 2, which improves the bound of Jatar and Ng for d > 452. If a pair attains By with
d > 1, then W does not extend holomorphically to any neighbourhood of the closed disk and is
not rational. If 1/B,(0) — 4 along a sequence of admissible pairs (W,,, B,,) (such sequences exist,
since K™ = 4), then after rotation W, tends to the Koebe function, as Jatar and Ng observed, and
the zeros a of B, weighted by log(1/|a|), have an explicit limit distribution. Every admissible pair
(W, B) with W meromorphic on a neighbourhood of the closed disk has deg B < wt(W), a weighted
count of the points of the circle where |W]| is stationary and arg W decreases.

AT Disclosure. This work was done overwhelmingly by AI models and supervised by the author. The
models were Anthropic’s Claude and OpenAl’s ChatGPT. The author takes full responsibility for the paper.

1. INTRODUCTION

We prove that Smale’s mean value constant K™, defined below, exceeds 1.1559837. The best
lower bound proved before was 1.1018, due to Jatar and Ng [23]. We also prove other results on
the pairs of a univalent map and a finite Blaschke product through which Jatar and Ng recast the
problem. After the first version of this paper, the author proved that K* =4 [18, Thm. 1.1].

Smale’s mean value problem. Let P be a complex polynomial of degree n > 2 and let z be a
point with P’(z) # 0. Smale [41] proved that some critical point ¢ of P satisfies

P(z) = P(Q)
z=C

with K = 4, and he asked for the best constant. After a normalisation (Section 2.1) the best
constant in degree n is K(n) = sup,ep, m(p), where P, is the set of polynomials of degree n
with p(0) = 0 and p/(0) = 1, and m(p) is the minimum of |p(b)/b| over the critical points b of
p. We write K* = sup,, K(n) for Smale’s mean value constant. The polynomial z — 2™ /n gives
K(n) > (n—1)/n, and Smale asked whether K* = 1, or even K(n) = (n — 1)/n (Smale’s (1981)
mean value conjecture); in his list of problems for the next century [42] it is the first of the problems
in the addendum.

< K|P'(2)
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Every known improvement of 4 is a bound for K (n) that depends on n. The conjecture holds
for n < 4 (Tischler [43]; see also [33, Sect. 7.2]), and Crane announced a computer-assisted proof
for n = 5 [8, Sect. 1]. Beardon, Minda and Ng [4] proved K(n) < 4(»=2/(=1) Conte, Fujikawa
and Lakic [6] proved K (n) < 4(n —1)/(n+ 1), Fujikawa and Sugawa [17] combined the two ideas,
and Crane [8] proved K(n) < 4 — 2.263//n for n > 8. All these bounds tend to 4 as n — oo, so
none of them improves the bound K* < 4 for the constant itself; in fact K* = 4 [18]. Crane [7]
showed that in every degree there is an extremal polynomial all of whose critical points attain the
minimum in m(p), and K(n) is nondecreasing in n (see [7] and [23, proof of Cor. 4.6]). For the
dual problem see [15, 22].

Recent results. In September 2026 a proof that K* > 1 was made public [1]; it shows that
some p has m(p) > 1, but does not make the degree of p explicit. So Smale’s conjecture is false.
Adamczewski and Colbrook [2] explain the mechanism behind that proof and give an explicit
polynomial p of degree 29984 with m(p) > 1.0000004, verified by interval arithmetic, so K(n) > 1
for every n > 29984. In [23] Jatar and Ng recast the problem in univalent function theory. A
translation of the problem into one about finite Blaschke products goes back to Sheil-Small [40,
Ch. 10]; see also Ng and Zhang [28] and Dubinin [14]. Jatar and Ng proved that

. 1
K =sup{ 05
the supremum over pairs (W, B) of a normalised univalent map W of the unit disk D (that is,
W € S: W is holomorphic and injective, W(0) = 0, W/(0) = 1) and a finite Blaschke product
B with B(0) > 0 such that the derivative of the product W B has no zero in D [23, Thm. 1.2];
Jatar and Ng call such pairs admissible. They also proved that K* equals the supremum Ajyx
of mingq |®(z)/z| over bounded analytic Jordan domains 2 > 0 and & locally univalent on a
neighbourhood of Q with ®(0) = 0, ®’(0) = 1 [23, Thm. 4.4]; we call this the domain formulation,
and mingq |®(z)/z| the ratio of the pair. Writing By for the supremum over deg B < d, they proved

1.1018586788 ... = /8081/6656 < By < /7/5 = 1.1832159566.. . .,

so that K* > 1.1018 [23, Thm. 1.3], and By < 4 — % (10522)2 for every d > 1. For a second explicit
pair, B; > 1.1030 is stated without proof in [23, Rem. 6.7]; Corollary 8.3 proves it. They also
give a winding criterion for admissibility, show that every degree of B occurs and that each By is
attained, and show that a starlike W carries no nonconstant B. Jatar and Ng [23, Sect. 9] ask
whether By is strictly increasing, whether B; = K*, and whether K* = 4. The last two questions
are now answered: K* =4 [18], and so By < K* by the upper bound for B; displayed above.

The main result.

Theorem 1.1. Let J; be the rational number
~2679525219362263370274816001747955444675871769085742015997
~2005184811347697816912979513414954793585480256604979855360

Then K* > +/Jp = 1.15598372919. .., so K* > 1.1559837, and K (n) > 1.1559837 for all large n.

Here J; = 1/B(0)? for the explicit admissible pair of Theorem 8.8.! Theorem 1.1 is Theorem 8.8
and Corollary 8.12; Figure 1 shows the known range before and after it. The bound comes from
one explicit admissible pair, with B of degree two, built from a polynomial @ of degree 18 whose
derivative has a zero of order 5 on the circle, by a construction of Jatar and Ng [23, Lemma 6.2] that
we extend from one zero of B to several (Lemma 8.4). The required properties are checked in exact
arithmetic (Lemma 8.6 and Appendix A). Besides the cited results of Jatar and Ng, Dieudonné and

I

ITheorem 1.1 is proved in Lean 4 from Lean’s three standard axioms alone, with no other result encoded as an ax-
iom, and checked with the Lean comparator: https://github.com/david44hello/papers_supporting_materials/
tree/smale-mean-value-constant-v2.90/smale-mean-value-constant
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Smale 1981 [41] O 1< K*<4

Jatar and Ng 2026 [23] || 11018 < K* < 4
This paper - —
(Theorem 1.1) - 1.1559 < K* <4

Later [18] | K*—4 ®

FiGure 1. What is known about K*, to scale. In each row the green part is where
K* may still lie; the grey part is ruled out. Smale proved K* < 4 in 1981 and
conjectured K* =1 (white dot); that conjecture was disproved in 2026 [1, 2]. After
the first version of this paper, the author proved that K* = 4 [18] (green dot).

Crane, the proof of Theorem 1.1 needs only Section 2, Lemma 7.11, Section 8 up to Theorem 8.8,
Corollary 8.12 and Appendix A. The proof of Theorem 1.1 alone is also given in [19].

Other results. The other results are about the pairs themselves. A Blaschke model is a pair
(W,B) of a map W € S that is univalent on a neighbourhood of the closed disk and a finite
Blaschke product B such that (WB)" has no zero on the closed disk (Definition 2.8); after B is
multiplied by a unimodular constant, it is admissible. The gain of a pair (W, B) is 1/|B(0)|, and
the gains of Blaschke models have supremum K* (Theorem 2.9). A pair is extremal if it attains
some By with d > 1. Items (1)—(3) are the main results after Theorem 1.1. Table 1 compares the
best or closest earlier results with ours. To our knowledge, the results stated without a source are
new. Section 11 collects open problems.

(1)

(2)
(3)

(4)

Degrees one and two (Section 8). 1.1363375 < B; < 1.177801 and 1.1559837 < By <
100/61 < 1.639345. The lower bounds come from explicit pairs (Theorems 8.7 and 8.8);
the upper bounds come from the homotopy argument of [23, Thm. 7.4], run on other circles
and checked in interval arithmetic (Theorems 8.15 and 8.19).

Every degree (Section 7.9). By < 4 — 0.00597/(dlogd) for every d > 2 (Theorem 7.37), by
Dubinin’s separating transformation [13]; this improves [23, Thm. 1.3] for d > 452.
Extremal pairs do not extend holomorphically past the circle (Sections 7.4-7.6). The map
W of an extremal pair does not extend holomorphically to any neighbourhood of the closed
disk (Corollary 7.14), and it is not rational (Corollary 7.25). In particular no extremal pair
is a Blaschke model (Corollary 7.10).

Counting from the circle (Section 7.7). If W is meromorphic on a neighbourhood of the
closed disk, the zeros of (WB)' in the disk can be counted from the circle, and every
admissible pair has deg B < wt(W/), a number read off W on the circle (Theorem 7.26).
Pockets (Section 3). For a Blaschke model, a pocket is a point e of the circle where
%\W(ewﬂ = 0 and d%arg W(e") < 0 (Definition 3.1). At a pocket the depth is z =
— (& arg T/V(ew))f1 > 0; let 0 = >, Pa; be the sum of the Poisson kernels Py, (w) =
(1—]a;|?)/|w—a;|?* of the zeros a;j of B. The winding number in the criterion of [23, Sect. §]
is a signed count of the pockets with oz > 1, when no pocket has oz = 1 (Theorem 3.4).
Ownership (Section 5). Each zero a of B in a Blaschke model owns a pocket at a local
minimum of |W|: there oz > 1, but (¢ — P,)z < 1. Distinct zeros own distinct pockets
(Theorem 5.1).



(7)

(8)

(9)

(12)
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Gains tending to 4 (Section 4). Let (W, B;,) be admissible pairs with gains tending to
4. After rotations, W, tends to the Koebe function and B, tends to (1 — w)?/4 (The-
orem 4.2); the zeros a of By, weighted by log(1/|a|), have an explicit limit distribution
(Proposition 4.4).

Symmetric pairs (Section 6). Every n-fold symmetric Blaschke model comes from the n-th
root transform of [23, Rem. 8.6] (Theorem 6.2). The transform keeps the gain, but it gives
a Blaschke model only under an explicit condition (Lemma 6.1).

Zeros of B are not small (Section 7.3). Every zero of B in a Blaschke model has modulus
greater than 0.36967 (Corollary 7.8).

Fized degree (Section 9). Take a pair of the construction of [23, Lemma 6.2] built from a
polynomial of degree at most n. If it has fewer than n boundary defects (zeros of (W B)’,
critical points of W, and pairs of points where the curve W(eia) meets itself, all on the
circle and counted with weights), then a nearby pair of the same kind has a larger gain
(Theorem 9.1).

Adding zeros near the circle (Section 10). If W (w) # w is meromorphic on a neighbourhood
of the closed disk, we count exactly the zeros of (W B)' in the disk after zeros of B are added
on fixed radii near the circle, with W kept; and we show that one zero of B added near
the circle on the radius through a zero of (W B)’ on the circle makes the pair inadmissible
(Proposition 10.1).

Other ezact pairs, and Dubinin’s conjecture (Section 8). Table 2 lists eighteen pairs with
exact rational data (Theorem 8.9). Remark 8.13 notes that, by [1] and [7], Dubinin’s
conjecture [14, (1.5)], which would give K (n) = (n — 1)/n, fails in every large degree, and
it shows how a polynomial p of degree n with m(p) > (n — 1)/n gives Blaschke products
that violate it.

Table 1: The best or closest result known before this paper, next

to each new result.

Best result before this paper

New result

K* > 1.1018 [23, Thm. 1.3; K* > 1.1030, stated
without proof in [23, Rem. 6.7]

1.1018 < By < /7/5 = 1.1832159.... [23, Thm. 1.3];
B1 > 1.1030 [23, Rem. 6.7]

By < 3.8897 [23, Thm. 1.3]

By < 4—529(log 2)?/(576d?) [23, Thm. 1.3]; the new
bound is better for d > 452

[23, Rem. 8.11] left open whether a pair that attains
B, can be regular (a Blaschke model)

after rotations W,, tends to the Koebe function, all
zeros of B, tend to the circle and deg B,, — oo [23,
Rem. 7.3]; such pairs exist if K* = 4, a question
of [23, Sect. 9] that is now answered: K* =4 [18§]

K* > 1.1559837, and K (n) > 1.1559837 for all large
n

1.1363375 < B; < 1.177801

1.1559837 < By < 100/61 < 1.639345
Bg <4 —0.00597/(dlogd) for every d > 2

If (W, B) attains By with d > 1, then W does not
extend holomorphically to any neighbourhood of the
closed disk and is not rational

Every admissible pair whose W is meromorphic on a
neighbourhood of the closed disk has deg B < wt(W),
a number read off W on the circle

If admissible pairs (W,, B,) have 1/B,(0) — 4,
then after rotations the zeros a of B,, weighted by
log(1/|al), have an explicit limit distribution

A local maximiser of the gain among the pairs built
from a polynomial of degree at most n has at least n
weighted boundary defects
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Best result before this paper (continued) New result

the winding criterion of [23, Sect. 8] A pocket formula for the winding number of
(WB)'/(W’'B) along the circle, and the ownership

of pockets by the zeros of B

every zero has |a| > 1/3 [23, Thm. 7.1] Every zero of B in a Blaschke model has modulus

greater than 0.36967

Every n-fold symmetric pair with B(0) # 0 whose
map is univalent past the circle comes from the n-th
root transform

the transform, and this correspondence for polyno-
mials w p(w™), in [23, Rem. 8.6]

Supporting files. The supporting archive holds the exact data of the eighteen pairs of Table 2
and the programs, with their outputs, for the computer steps of Corollaries 7.8 and 8.3, Section 7.8,
Theorems 8.7, 8.8, 8.9, 8.15 and 8.19, and Corollary 9.14. It is deposited at

https://doi.org/10.5281/zenodo.23597020

Terms. The terms below are introduced in this paper or used in a special sense; the last column
gives the page of the definition.

Term Meaning p-

admissible pair (W, B) W € S, B a finite Blaschke product with B(0) > 0, and (WB)" #0 2
inD

Ba the supremum of 1/B(0) over admissible pairs with deg B < d 2

gain 1/|B(0)] 8

extremal pair an admissible pair that attains some By with d > 1 3

m(p), K(n), K* the constants of Smale’s problem 6

domain pair, ratio, A, AN (Q, ®) of the domain formulation; mingq |®(z)/z|; its supremum 6
over all domain pairs, resp. over those of [23, Thm. 4.4]

Blaschke model a pair with (M1)—(M3): W univalent past the circle, (WB)' #0 8
on the closed disk

regular pair Jatar and Ng’s name for a Blaschke model with B(0) > 0 8

triple; o, v, v (W, B,wp) with a base point wp; on the circle 0 = wB’'/B, v = 8
(W — W (w0))/ (W), 7 = 1+ov

feasible ((W — W(wp))B)’ has no zero on the closed disk 9

back-facing point a boundary point ¢ of W (D) at which Rev < 0 9

pocket; depth, sign a point of the circle where v < 0; * = —v, and the sign change ¢ 9
of Imv there

on, off (pocket) oxr > 1, resp. oz < 1 9

frame; base-0 depth the choice of the base point; the depth xg seen from base point 0 9

K, (Sections 4 and 7) the gain 1/|B(0)| of a pair normalised by B(0) > 0 12

Q, A, ® (Sections 4-7.3) W (D); the zero set of B; ®(z) = zB(W~1(2)) on Q, so that ®o 12
W =WB

Ey (Sections 4-7.3) the component of {|®| < r;,} that contains the zero b of @ 12

exit point a boundary point of W(D) where an inverse branch of ® = 15
2B(W~1(z)) reaches the boundary

owned point a point of the circle that W maps to an exit point of the branch 17
at W(a;)

n-fold symmetric pair W (e?™i/Mp) = e*™/"W (w) and the zeros of B are invariant under 19
w — 2™y

F (from Section 7.4 on) F=WB,sothat F =®oW 23
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Term Meaning pP-

w, 2 W, B and F have variable w throughout; for the pairs built from 40
a polynomial, @ and H have variable z = ¢(w) (Sections 8, 9, and
where Sections 7 and 10 use these pairs); z also denotes points of
Q=w(D)

Crit, Cont; contact pair critical points of W on T; points ¢ # ¢’ of T with W({) = W(¢') 24

slit plane C minus a non-empty finite union of analytic arcs, closed in C 27

Z_ the points of T where wW'/W < 0: |W| is stationary and argW 31
decreases

index ¢¢; Zy the contribution of a point ¢ of T with wF”’/F < 0 to the count of 33
zeros of F’

wt(W) a sum over Z_, read off W; it bounds deg B 33

flat maximum a point of Z_ where log [W| has a strict local maximum and its 35
derivative vanishes to order at least 3

Ly, Gy pairs of the construction of [23, Lemma 6.2] with polynomials of 48
degree at most n

boundary defects; ng zeros of (W B)', critical points and contact pairs of Won T; ng —2 48
counts them with weights

margin the distance from the unit circle to the nearest zero of a polynomial 62

D. the Dieudonné polynomials of a polynomial H, -1 < ¢ <1 40

x-negative, y-positive; a zero x of d% log |W| on T with x(x) < 0, resp. x(x) > 0, where 56

x-depth x = wF'/F; n(z) = —x(x)

hook a slit that turns back toward 0 61

other letters

a letter used only inside one proof, remark or computation is de-

fined there; [27] P is the coefficient of 27 in a polynomial P

2. PRELIMINARIES
2.1. The constant.

Definition 2.1. For n > 2 let P,, be the set of complex polynomials p of degree n with p(0) =0
and p’(0) = 1. Every critical point b of p € P, is non-zero, and we put

b
= min p( )’, K(n) := sup m(p), K* :=sup K (n).
P (0)=0 || PEPn n>2
For a polynomial P and a point z with P’(z) # 0, the polynomial p(u) = (P(z+u)— P(2))/P'(2)
is normalised, its critical points are the points b with z + b critical for P, and |P(z) — P(z +
b)|/(|b]|P'(2)]) = |p(b)|/|b|. Hence K (n) is the best constant in Smale’s inequality in degree n, and

K* is Smale’s mean value constant (denoted M in [23]). Smale proved K* < 4 [41]; the polynomial
z—2"/nhasm=(n—1)/n,so K* > 1.

2.2. Domain pairs. Besides the admissible pairs (W, B) of Section 1, we use a second kind of
pair, which belongs to the domain formulation.

Definition 2.2. A domain pair (2, ®) consists of a bounded domain @ with 0 € Q and C \ Q
connected, and a function ® holomorphic on an open set containing Q, with ®(0) = 0, ®’(0) = 1
and ®'(z) # 0 for every z € Q. Its ratio is

and A is the supremum of (€2, ®) over all domain pairs.

Jatar and Ng [23, Thm. 4.4] proved that K* equals the supremum AjN of the ratio over the
pairs in which €2 is a bounded analytic Jordan domain containing 0 and & is locally univalent near
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€. Such pairs are domain pairs, so Ajx < A. The next lemma gives the reverse inequality, so the
wider class has the same supremum; Theorem 2.3 is not used below.

Theorem 2.3. K* = A.

Lemma 2.4. For every domain pair (Q, ®) and every e > 0 there is a bounded analytic Jordan
domain ' with Q C Q, such that ® is holomorphic near ', ® # 0 on ', and mingg |®(2)/z| >
w(Q,®) —e.

Proof. Write = u(Q,®) and E := Q, a non-degenerate continuum with C \ E connected; let
ro := dist(0,09) > 0. Fix dp € (0,79/2) such that {z : dist(z, E) < dp} lies in the domain of ®. On
the compact set {dist(z,0Q) < do}, where |z| > r(/2, the function |®(z)/z| is uniformly continuous,
and it is > p on 9S2. Choose § € (0, o] such that, with V := {z : dist(z, E) < §}, ® # 0 on V and
|®(2)/z| > pu— ¢ for every z € V'\ Q. (Such a z lies within § of 9Q: if its nearest point of E lies in
(2, the segment to it crosses 0f).)

Let gg be the Green function of C\ E with pole at infinity; it is continuous on C (every boundary
point of C\ E is regular, as F is a non-degenerate continuum [34, Sect. 4.2]), zero on E and positive
off E, and cap(E) > 0. Let F,, be Fekete polynomials of E; their zeros, the Fekete points, lie in
E. Then ||.7-'n||2/n — cap(E), and 1 log|F,(2)| — logcap(E) + gg(z) locally uniformly on C \ E
[34, 35]. Let g1 > 0 be the minimum of gg on {dist(z, E) = ¢}, fix 7 > 0 with 37 < ¢1, then
n so large that || Fo||2" < cap(E)e™ and |Fn|Y/" > cap(E)e9 " on {dist(z, E) = 6}, and put
q = Fn/(cap(E)e*)". Then |q| < 1 on E, and |¢| > 1 on {dist(z, E) > &} (log|q| is harmonic
there, positive on its boundary and tends to +00). Moving 7 slightly, we may assume that no
critical value of ¢ has modulus 1.

Put ' := {|q| < 1}. Every component of €’ contains a zero of ¢ (minimum modulus principle),
and all zeros of ¢ lie in the connected set E C Q'; so €' is a domain, and E C ' C V. As ¢ # 0 on
{|¢| = 1}, this set is a finite union of disjoint analytic Jordan curves, each point of which is a limit
of points with |g| > 1. The set {|g| > 1} is connected (a bounded component H would have |g| = 1
on OH, hence |g| <1 on H by the maximum principle), so its closure C \ €' is connected and €
is simply connected. A bounded simply connected plane domain has connected boundary [27]; so
O is one analytic Jordan curve and ' is its interior. Finally €’ C V lies in the domain of ® with
@' £ 0 there, and 9 C V \ Q (as |¢| < 1 on E), where |®(2)/z] > pu — e. O

Proof of Theorem 2.3. K* = Ajn < A by [23, Thm. 4.4], and A < Ajn by Lemma 2.4. O

Remark 2.5 (Domain pairs). Jatar and Ng [23, Sect. 9] mention the estimate Ajx > 1.00114 and
ask for larger bounds through Ajy. By Corollary 9.14 and the paragraph after Theorem 8.8, the
Blaschke models behind Theorem 1.1 give pairs of the kind defining A jx with ratio /J; > 1.1559837.

We also use the inverse-branch argument behind Smale’s bound, written for pairs.
Proposition 2.6. u(Q2, ®) < 4 for every domain pair.

Proof. Let G be the inverse germ of ® at 0, so G(0) = 0 and G'(0) = 1. Call r > 0 good if G extends
holomorphically to D, = {|w| < r} with G(D,) C Q; then ®(G(w)) = w on D, by the identity
theorem, so G is injective there. Extensions to two disks agree on the smaller one, so G is defined
on D,, p:= sup{r good} > 0. Koebe’s one-quarter theorem for G(rw)/r gives G(D,) D D, 4, and
G (D) lies in the bounded set ; so p < 0.

Step 1: G(D,) meets 0. If not, Qo := G(D,) is a compact subset of . Fix ¢ with || = p and
take w, — ¢ in D, with G(w,) — 20 € Qo (a subsequence). Then ®(z) = ¢ and ®'(z9) # 0, so @
maps an open set Vy with zp € Vo C © biholomorphically onto a disk D(, s); let G¢ = (®[y,) L.
On the convex set D(¢,s) N D, the set {w : G(w) € Vp} is open and non-empty, and there G = G,
because both take values in Vj, where & is injective, and ®(G(w)) = w = ®(G¢(w)). By the
identity theorem G = G¢ on D((,s)ND,. Cover the circle |w| = p by finitely many such disks; two
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overlapping disks centred on the circle meet inside D,, so the extensions agree on overlaps. This
extends G to D,,. with image in €2, contrary to the choice of p.

Step 2. Take z* € G(D,) N 0N, z* = lim G(wy,) with w, € D,, w, — w* (a subsequence). As
is continuous on Q, ®(z*) = w*, and |w*| = p (if |w*| < p, then 2* = G(w*) would lie in Q). Since
2" ¢ Qand G(D,) D D,/4, we have |2*| > p/4. Therefore u(§2, @) < |®(2%)|/[2*| < p/(p/4) =4. O

Remark 2.7. If (2, ®) > 1, then ®(z)/z has zeros in Q: otherwise ®(z)/z is zero-free on Q with
value 1 at 0, and the minimum principle gives mingg |®(z)/z| < 1.

2.3. Blaschke models. Let D be the open unit disk, & the class of univalent W on D with
W(0) =0, W(0) =1, and By(w) = (w — a)/(1 — aw) for a € D.

Definition 2.8. A Blaschke model is a pair (W, B) such that

(M1) W € S, and W extends to a holomorphic univalent map on a disk {|w| < R} for some
R >1;
(M2) B =c¢By, -+ Bg, with |¢| =1, k> 0 and a; € D (a finite Blaschke product);
(M3) (W B)' has no zero on the closed disk {|w| < 1}.
Its gain is 1/|B(0)].

In the language of [23], the Blaschke models with B(0) > 0 are exactly the regular pairs (admis-
sible pairs whose W extends to a univalent function on a neighbourhood of the closed disk, with
(WB)" # 0 there); a Blaschke model differs from a regular pair only in that B(0) need not be
positive. Jatar and Ng [23, Thm. 1.2] proved that K* is the supremum of 1/B(0) over the pairs
with (WB)’ # 0 in the open disk, and [23, Lemma 2.1] that regular pairs give the same supremum.
Hence:

Theorem 2.9 ([23, Thm. 1.2, Lemma 2.1]). K* is the supremum of the gains 1/|B(0)| over all
Blaschke models.

Sections 3-5 use this closed-disk form, with an arbitrary base point wy:

Corollary 2.10. K* is the supremum of 1/|B(wy)| over triples (W, B,wy) with W holomorphic
and univalent on a disk {|w| < R}, R >1, wo € D, B as in (M2), and (W — W(wo))B)/ zero-free
on {|lw| < 1}.

Proof of Corollary 2.10. Given (W, B, wy), let ¢y, (u) = (u+wp)/(1+wou) and G = (W —-W (wp))B.
Since G'(wo) = W'(wo)B(wo) # 0, B(wg) # 0. Put W = (W o O, — W(wp))/c1 with ¢; =
W' (wo)¢l,, (0), and B = B oy, a finite Blaschke product of the same degree. Then W satisfies
(M1), because ¢y, maps a disk {|u| < R"}, R” > 1, into {|w| < R}, and (WB) = G (Pwo) Py /1
has no zero on {|u| < 1}. So 1/|B(wo)| = 1/|B(0)] < K* by Theorem 2.9; the case wg = 0 gives
the converse. O

2.4. The winding criterion. Let W be holomorphic and univalent on a disk {|w| < R}, R > 1,
let wp € D, and let B be as in (M2) with deg B = k; we call (W, B,wy) a triple (the condition of
Corollary 2.10 on ((W — W (wy))B)' is not assumed). Put G = (W — W (wy))B, so that G' = W'N
with Wow

L W= W(wo)

o B

N =B
On the circle N = B~y, where

Y W — W (wo)
N wW’

k
B’ 1—Ja;|
v=1l4ov, o=-— :Z|’“J’ (>0, >0if k>1),

The following is the argument principle, as used in [23, Sect. 8] (see the display before their
Lemma 8.1; for wy = 0 their g is our 1/v); we record it in the form used below.
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Proposition 2.11. G’ has no zero on {|w| < 1} if and only if v # 0 on the circle and wind(y) = —k.

Proof. W' # 0 near the closed disk, so the zeros of G’ there are those of N, which is holomorphic
near the closed disk. On the circle |B| =1, so N # 0 there iff v # 0, and then the number of zeros
of N in D is wind(N) = wind(B) + wind(y) = k + wind(7). O

3. POCKET CALCULUS

Throughout this section (W, B,wp) is a triple as in Section 2.4, with & = deg B > 1, zeros
a,...,ar and zg = W(wp); v, o, v and N are as in Section 2.4. For a € D and |w| = 1 we
write P,(w) = (1 — |a|?)/|w — a|?, so that ¢ = >_; Fa; on the circle, and w for the measure
Py, (€9) df /27, the harmonic measure of zg in Q = W (D) pulled back to the circle. The triple is
feasible if (W — zp) B)" has no zero on {|w| < 1}; by Proposition 2.11 this holds if and only if v # 0
on the circle and wind(y) = —k. For a feasible triple, B(wg) # 0, since G'(wo) = W' (wo)B(wg) # 0.

3.1. Pockets. On the circle, w = %, the point ¢ = W (w) runs along 99 in the positive sense with
tangent iwW’(w), so the outward unit normal is n = wW’'/|W’| and

¢ — 20 d 2 112
= —_— — = 2 l/‘/ I .
VS e agle ol = 2AW P me
Thus « := |argv| € [0, 7] is the angle between ( — zp and the outward normal at ¢, and Rev < 0

if and only if o > 7/2; we then call  back-facing.

Definition 3.1. A pocket is a point w of the circle at which v(w) is a negative real number; its
depth is z(w) := —v(w) > 0, and Z denotes the set of pockets. The sign e(w) € {+1,0,—1} of a
pocket is the sign change of Imwv at w as 6 increases: +1 if Imv passes from positive to negative
(then | — zp| has a local maximum along 9 at ( = W (w)), —1 if it passes from negative to positive
(a local minimum), and 0 if it does not change sign. A pocket is on for o if ox > 1 and off if
ox < 1.

Lemma 3.2 (frames). Let @y, (u) = (u + wp)/(1 + wou), and let W, B be as in the proof of
Corollary 2.10, with quantities v, o for the triple (W, B,0). On the circle,

0(u) = Pug (0w () v(pwy (1)), 0(u) = 0 (0w (1)) / Pug (P (1)),
and the same holds for each P,;. Hence the products ox and P,;x, the set of pockets and their

signs do not depend on the frame, that is, on whether we work with (W, B,wq) or with (V[N/, E,O).
The base-0 depth zg := P, x = 27| — 20| dw/ds (s = arc length on O) is the depth in the frame
(W, B,0).

Proof. Write ¢ = ¢y, On the circle uy/(u)/o(u) = |¢'(u)] = 1/Py,(p(u)), since ¢ is an
orientation-preserving automorphism of the disk. Then v(u) = (W (p(u))—z0)/(uW'(p(u))¢'(u)) =
v(e(u)) p(u)/(up'(v)), and o(u) = up'(u)B'(o(u))/B(p(u)) = o(e(u)) ue'(u)/p(u); the factor is
positive, so the pockets and the signs are preserved (the parametrisation keeps its orientation). The
same computation applies to each factor B,;, since By, o ¢ is a unimodular multiple of Bwl(aj).
Finally dw/ds = P,,/(2r|W'|) and x = |{ — zo|/|W’| at a pocket. O

Lemma 3.3. If Q is a disk centred at zg, there are no pockets. Otherwise Imv has finitely many
zeros on the circle; in particular Z is finite and every sign is defined.

Proof. By Lemma 3.2 we may take wg = 0, W € §. Then v = W/(wW’) is holomorphic and
zero-free near the closed disk, with v(0) = 1. If Im v = 0 on the whole circle, the harmonic function
Im v vanishes in D, so v = 1, wW’ = W and W(w) = w: £ is the unit disk and v = 1 has no pocket.
Otherwise the real-analytic function Im v on the circle is not identically zero and has finitely many
Z€eros. U
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3.2. The pocket formula.

Theorem 3.4 (pocket formula). Let 6 > 0 be any continuous function on the circle with 6x # 1
on Z. Then 1+ &v has no zero on the circle and

wind(1 + 6v) = Z e(w).

weZ, &(w)z(w)>1

Proof. Put 4 = 14 6v. Then ¥ = 0 means v = —1/6, a pocket with 6z = 1, which is excluded.
Since & > 0, 4 is real exactly where v is real: where v > 0 we have 4 > 1, and at a pocket 4 = 1—6x,
which is negative if and only if 62 > 1. So 4 meets the negative real axis only at the finitely many
pockets with 6x > 1, and its winding number about 0 is the sum, over these points, of the local
crossing numbers: 41 if Im 4 passes from positive to negative, —1 for the opposite passage, and 0
if it does not change sign. As Im4 = 6 Imw, this local number is €. 0

With Proposition 2.11: a triple is feasible if and only if no pocket has ocx = 1 and the signs of
the on pockets add up to —k. So, for o with oz # 1 on Z, feasibility depends on ¢ only through
the set of pockets that o switches on.

Corollary 3.5. Let wg = 0. For every ¢ > 0 such that 1/c is not a depth, wind(1 + cv) > 0.
Consequently, in any frame, for every T > 0 that is not a base-0 depth,

Y e(w) =0

weZ, zo(w)>T

In particular the signs of the pockets of largest base-0 depth add up to a non-negative number, and
a unique deepest pocket has € > 0 (a local mazimum of | — zo|, or a point where Imv does not
change sign).

Proof. 1+ cv = (wW’' + ¢(W — z9))/(wW'). The numerator is holomorphic near the closed disk,
has no zero on the circle and vanishes at w = 0; the denominator has exactly one zero in the closed
disk, at 0. So wind(1 4 cv) is the number of zeros of the numerator in D minus one, which is > 0.

Apply Theorem 3.4 with 6 = ¢ = 1/T in the frame (W, B, 0) of Lemma 3.2; for the last claim take
T just below the largest base-0 depth. ([l

In a frame with wy # 0 the numerator wW' + ¢(W — zy) takes the value woW'(wp) # 0 at wy,
while wW’ still vanishes at 0, and the argument gives only wind > —1; this is why Corollary 3.5
uses base-0 depths.

Proposition 3.6 (guard). Let the triple be feasible and let O be the set of its on pockets. Then
some pocket outside O has ¢ = +1 and base-0 depth at least miny xg.

Proof. By Theorem 3.4, Y ne=—k < —1,50 O # (. Let zs = minp ¢ and choose T' < x, such
that no base-0 depth lies in [T, z;). Every pocket of O has zg > T, so by Corollary 3.5

dYoe=D) =D e>0+k =1,

zo>T, wgO zo>T (@

and a pocket outside O with x¢y > T, hence x¢ > x4, has ¢ = +1. O

Proposition 3.6 gives one off pocket of sign +1 at least as deep as the shallowest on pocket; it
does not give one for each on pocket of sign —1.
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3.3. Independence.

Lemma 3.7 (pocket independence). Let Z = ZoU Z1U---UZy be a partition, and write P; = Py
Assume

(I1) for each j > 1: Y {e(w):w € Z;, Pj(w)x(w) > 1} = —1;

(I2) for each j > 1 and w € Zj: Pjx # 1, and Pjx < 1 implies ox < 1; for w € Zy: ox < 1.
Then the triple is feasible, with gain 1/|B(wo)| = [];1/[Ba;(wo)|-
Proof. Since o > P;, a pocket of Z; with Pjo > 1 is on; by (I12) all other pockets are off. So ox # 1

on Z, the on pockets are those of the sets {w € Z; : Pjx > 1}, and by (I1) and Theorem 3.4
wind(y) = —k. Proposition 2.11 gives feasibility. O

By Lemma 3.2 the hypotheses do not depend on the frame. (I2) holds if, for each j > 1, Pjz # 1
on Zj and ;. Py (w) < 1/z(w) — Pj(w) at every w € Z; with Pj(w)z(w) < 1, and if 0 < 1/x
on Zp; here Py, (w) < 2(1 — |a|)/|w — ;|*>. Lemma 3.7 combines zeros, and their gains multiply,
provided that for each j adding the kernels P,,, I # j, to P; switches on no pocket of Z; that is
off for P;. Section 5 proves a converse direction: in every Blaschke model each zero switches on a
pocket of its own.

3.4. The gain identity and the sine bound.
Proposition 3.8 (gain identity). (a) If the triple is feasible, then

1
log —— = — [1 dw.
0g Blug)] /Oglvl w

(b) For every B as in (M2) with B(wo) # 0, feasible or not,

1
—/10g|7| dw = log Bluwo)| g gn(wo, b),
b

where b runs over the zeros of N in D with multiplicity and gp is the Green function of the disk.
So — [log|1 + ov|dw < log(1/|B(wo)l|), with equality if and only if N has no zero in D.

Proof. N = B + (W — zy)/W')B’ is holomorphic near the closed disk, N(wg) = B(wyp), and

IN| = |B||y| = || on the circle. (b) is Jensen’s formula for N at wp, written with the harmonic
measure w of wy (zeros of N on the circle make log|vy| integrable and contribute nothing). (a) is
the case without zeros in the closed disk. O

Theorem 3.9 (sine bound). Let

1
Z(8, z0) ::/ log —— dw,
{a>n/2} SN &«

the harmonic measure of the back-facing part of 02, seen from zy, weighted by log(1/sin ). Then
Z(Q,20) < oo, and every feasible triple on (W,wq), of any degree, satisfies log(1/|B(wo)|) <
I(Qa ZO)'

Proof. Since ¢ > 0: where Rev > 0 we have |1 + ov| > Re(1 + ov) > 1, and where Rev < 0,
|1 + ov| is at least the distance from 0 to the line 1 4+ Rv, which is |Imv|/|v| = sin . Insert this
into Proposition 3.8(a). Finiteness: log(1/sina) = log |v| — log|Imw|, |v| is bounded above and
below on the circle, and log|Imwv| is integrable because Imv is real-analytic with finitely many
zeros (Lemma 3.3; if 2 is a disk about zg the back-facing set is empty). O

Remark 3.10. (1) If Q is star-shaped with respect to zp, then Rev > 0 everywhere, Z(2, z9) = 0,
and no feasible triple on (W, wy) has 1/|B(wp)| > 1; in particular none has k > 1. (2) If « < 7 on
the whole of 9, there is no pocket; then wind(y) = 0 for every o, and no feasible triple with k£ > 1
exists on (W, wg), however large Z(€2, z9) is. So e can be far from the largest gain on (W, wp).
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4. NEAR-EXTREMAL STRUCTURE

In this section we work in the base-0 frame: (W, B) satisfies (M1) and (M2) with k = deg B > 1
and zero set A, normalised by B(0) > 0, the gain is Ky := 1/|B(0)], @ = W(D) and ry, :=
dist(0,0€2) > 1/4 (Koebe). A statement for Blaschke models assumes (M3) as well; several state-
ments need (WB)" # 0 only on the open disk, and we say so. Put

B(2) = 2 BOW(2)),

holomorphic near Q, with ®(0) = 0, ®'(0) = B(0), ®'(W(w))W'(w) = (WB)'(w) and |®(z2)| =
|z| on 0. Lemma 4.1, Theorem 4.2, Proposition 4.4, Corollary 4.6 and the first statement of
Proposition 4.7 hold for all admissible pairs: there W € S need not extend past the circle, and ® is
defined on Q only. On the circle, v = W/(wW’), 0 = wB’'/B = |B’| > 0 and v = 14 ov (Section 2.4
with wp = 0); “mean” is the integral against df/2m. Since v is holomorphic and zero-free near the
closed disk with v(0) = 1, the mean of log |v| is 0. The Koebe function is x(w) = w/(1 — w)?; it
maps D onto C\ (—oo, —1/4], and the tip —1/4 = k(—1) corresponds to 6 = 7.

4.1. The inverse branch and the limit.

Lemma 4.1 (inverse branches). Let (W, B) be an admissible pair. For every zero b of ® in €, i.e.
be {0} UW(A), let Ey be the component of {z € Q: |®(2)| < rin} that contains b. Then & maps
Ey bijectively onto D(0,riy,). In particular Ey, contains no other zero of ®, and the components Ej,
are pairwise disjoint.

Proof. ®' #01in Q. Let 2, € Ej leave every compact subset of Ej,. We show that |®(z,)| — ri, along
a subsequence; applied to every subsequence, this gives |®(z,)| — ri,. Pass to a subsequence that
converges on the Riemann sphere, to z. If z € 2, then z ¢ Ej and |®(2)| = 7in, since |®(2)| < 7in
would put a disk about z into the component Ej,. Otherwise the points w, = W™1(2,) tend to the
circle (a limit point w € D would give z = W (w) € Q), so |B(wy,)| — 1, and |®(zy,)| = |2p| | B(wy)]
tends to |z| > 7y if 2 € 9Q and to co if z = co. As |®| < rj, on Ej, the case z = oo does
not occur, and in the other cases |®(z,)| — rin. So ® : Ep — D(0,ri,) is proper, and it is a
local homeomorphism, hence a covering of the simply connected disk by the connected set Ey, i.e.
a bijection. Since @ is injective on Fj and vanishes at b, E, contains no other zero of ®; two
components containing different zeros are therefore different, hence disjoint. O

For b = 0 this is the argument in the proof of [23, Thm. 7.1].

Theorem 4.2. Let (W, B,) be admissible pairs with gains Ko, = 1/B,(0) — 4. Then, after
rotations W, — €W, (e~ rw), B, +— B,(e " w),

W, —x and B, — (1—w)?/4 locally uniformly in D,

®,/Bn(0) — k=1 locally uniformly on k(D), the zeros of B, leave every compact subset of D, and
deg B,, — 0.

Proof. We first pass to a subsequence; the last step removes it. Write r, := 7iy(Qy) and let
gn = D(0,7,) = Ep be the inverse of Lemma 4.1 at b = 0.

Schwarz step. hp(u) := W, (gn(ryu)) is univalent from D into D, with h,(0) = 0 and A/, (0) =
Tn/Bn(0) = 1, Ko > 0. By Schwarz’s lemma r, Ko, <1, so r, <1/Ky, — 1/4, while r,, > 1/4;
hence 1, — 1/4 and h/,(0) — 1. By compactness of S, W,, — W € S along a subsequence. Points
Cn € 0, with |(,| = 7, have a limit point ¢ with |¢| = 1/4, and { ¢ W (DD): otherwise, by Hurwitz’s
theorem, W,, would take the value ¢, in D for large n, although ¢, ¢ Q,. So dist(0,0W (D)) < 1/4,
which is the case of equality in Koebe’s one-quarter theorem: W is a rotation of k, and suitable
rotations 6,, make it k.
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Limit. The self-maps h,, fix 0 and h},(0) — 1, so by normality and Schwarz’s lemma h,, — id.

From ®,,(g,(rpu)) = rpu and hy,(u) # 0 for u # 0,
Tl u (1 —u)?

and also at v = 0 by Vitali’s theorem, both sides being bounded and holomorphic. The family
(B,) is equicontinuous on compact sets, so B, — (1 — w)?/4. The limit has no zero in I, so by
Hurwitz the zeros of B,, leave every compact set. If deg B,, = d along a subsequence, then for every
R < 1 all zeros eventually satisfy |a| > R, so B,,(0) = []|a;| > R?, which contradicts B, (0) — 1/4
when R? > 1/4; hence deg B, — oco. Finally, by Carathéodory’s kernel theorem W, ! — x~!
locally uniformly on k(D), so ®,(z) = 2B, (W, 1(2)) — 2(1 —u)?/4 = u/4 with u = k= !(z), and
B,(0) — 1/4.

The whole sequence. The limits do not depend on the subsequence, so it can be dropped: choose
0, to minimise max;,|<i/2 |e®®W,,(e~"w) — k(w)|. Every subsequence has a further subsequence
along which the two steps above apply with some rotations 6/,; along it the minimum tends to 0,
and since no rotation other than the identity fixes x, 6, — 6], — 0 modulo 27, so the conclusions
hold with 6,. Hence they hold for the whole sequence. 0

The Schwarz step alone gives Ky < 1/ri, < 4 for each (W, B) with (W B)" # 0 on D (compare [23,
Thm. 7.1]: B(0) > mn > 1/4), with equality only if r, = 1/4, i.e. if W is a rotation of s, which
is excluded by (M1). So every single Blaschke model has gain strictly below 4; Section 7 gives
quantitative forms.

Remark 4.3. The statements of Theorem 4.2 on W,,, on the zeros of B, and on deg B,, are in [23,
Rem. 7.3].

Proposition 4.4 (Green density). Under Theorem 4.2, the measures ©y, :=3_;log(1/|a;]) 84, /|a;|

on the circle (zeros of By, with multiplicity) have mass log Ko, — log4 and converge weak-+ to
O©(s) ds with

1 s
O(s) —log|sin 5

Proof. As |a| — 1, gp(w,a) = (1 4 o(1))log(1/]al) (1 — |w\2)/}a/|a| - w‘Q uniformly for w in a
compact subset of D. So the Poisson integral of ©,, tends to lim,, log(1/|B,(w)|) = log(4/|1 — w|?)
for every w € D. Every weak-x limit of (0,,) has mass log 4 and this Poisson integral, and a measure

is determined by its Poisson integral. The positive harmonic function log(4/|1 —w|?) is the Poisson
integral of —2log|sin(s/2)|ds/2x. O

4.2. 0 away from the tip.

Lemma 4.5. Let 0 < p <1 andt € R. If every zero a of B satisfies X (a) := (1— lal?)(1—p?) /|1 —
ape't|? < 1/2, then
1 .
log ——— < 4(1 — p?) o(e™).
Blpery = 1177
Proof. With w = pe' we have 1 — |B,(w)|?> = X(a), so gn(w,a) = —1log(l — X(a)) < X(a) for
X(a) < 1/2. Put b= ae®. Then |1 —b| < |1 — pb]| + (1 = p) < 2[1 — pbl, since |1 — pb| > 1 — p; so
X(a) <41 —p*) (1 —a®)/|1 — b]? = 4(1 — p?)Pa(e®). Sum over the zeros. O

Corollary 4.6. Under Theorem 4.2, o, — oo uniformly on every closed arc I of the circle that
avoids 0 = .

Proof. Let § = min(dist(I,7),7/2) and ¢ = cos(6/2) < 1. On I, |1 — pe’| < 2|sin(t/2)|+ (1 — p) <

2c+ (1 — p), and for 1 — p < 2(y/c — ¢) this gives log4 — 2log|1 — pe’| > —logc > 0. Since
X(a) < (1 —1al®>)(1 + p)/(1 — p) and the zeros leave compact sets, Lemma 4.5 applies for each
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such p once n is large, and log(1/|B,(pe’)]) — log4 — 2log|1 — pe®| uniformly in t. Hence
lim inf, min; o, > —log ¢/ (4(1 — p?)) for every p € [1 — 2(y/c —¢),1); let p — 1. O

Proposition 4.7 (the limit of the criterion function). Under Theorem /.2, after its rotations, let
N,, = B, + (W,,/W])BY, be the function N of Section 2.4 for (Wy, By,) and wo = 0. Then

(1—w)?
4(1 + w)

If moreover every (W,, By,) is a Blaschke model, then, locally uniformly in w € D,

N, — Ny := locally uniformly in D.

2m 1—|’LU’2 i0 d9
/0 mlogm(ez )5 — log|Noo(w)| = 3log |1 —w]| —log|1 +w| —log 4.

Proof. W, B, — k(1 —w)?/4 = w/4 locally uniformly, so (W,B,) — 1/4 and W), — &’ locally
uniformly. Since #'(w) = (1 + w)/(1 — w)? has no zero in D, W/ is bounded away from 0 on
each compact set for large n, and N,, = (W, B,,)/W), — 1/(4k’) = N&. For a Blaschke model,
(W,B)" = W/ N, has no zero on the closed disk, so N, is zero-free on a neighbourhood of it and

log | N,,| is harmonic there. The Poisson formula, with |N,,| = |By||v| = |7n| on the circle, shows
that the left-hand side equals log | N, (w)|; and log|N,| — log |Nu| locally uniformly, as Ny, has
no zero in D. O

Remark 4.8. At w = 0 the second statement is the gain identity (Proposition 3.8), since N, (0) =
B, (0) — 1/4. The limit has a pole at the tip w = —1, where £’ vanishes, while for Blaschke models
every IV, is bounded on the closed disk; so for them the convergence is not uniform on DN U for
any neighbourhood U of —1. The function (1 — w)3/(1 + w) is outer, so log |Nw| is the Poisson
integral of —G, where

. isy| _ 1. 1€0s(s/2)|
G(s) := —log [ Noo(e”)| = Ogm
and the mean of G is log4. Thus the Poisson averages of log |v,| converge to those of —G; here G
is positive for |s| < 1.944... and tends to —oo at the tip. The measures log |y, ()| df themselves
have no weak-* convergent subsequence: by Corollary 4.11 the means of the positive and negative
parts £ of £, = —log|v,| both tend to infinity, so the total variation tends to infinity, while a
weak-* convergent sequence of measures is bounded.

= log4 + log |r'(e")],

Lemma 4.9. For every finite Blaschke product B with B(0) # 0, 0 > (Ko — 1)/(Ko + 1) on the
whole circle. Consequently every pocket of depth greater than (Ko+1)/(Ko—1) is on; for a Blaschke
model this threshold exceeds 5/3.

Proof. P, > (1 —|a|)/(1 + |a|]) = tanh(¢,/2) with £, = log(1/|a|), and ¢ — tanh(¢/2) is concave
with value 0 at 0, hence subadditive; so o > tanh(}_; la,/2) = tanh(4 log Ko) = (Ko—1)/(Ko+1).
For a Blaschke model Ky < 4. ]

4.3. The cost of the gain.

Lemma 4.10 (cost). For every o > 0, |1 + ov| > max(1,0(v|/2) if Rev > 0, and |1 + ov| >
sin @ max(1,olv|/2) if Rev < 0. Hence every Blaschke model satisfies

alv]

log Koy < Z(Q,0) — meanlog™ —— < Z(Q,0) + log 2 — mean log o.

Proof. If Rev > 0, then |1 + ov| > max(1,colv|). If Rev < 0, then |1 + ov| > sina (proof
of Theorem 3.9), and |1 + ov| > o|v| — 1 > o|v|/2 when o|v] > 2. Take logarithms and use
Proposition 3.8(a); then log™ > log and mean log |v| = 0. O
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Corollary 4.11. Let (W,, B,) be Blaschke models with Ko, — 4. Then meanlogo, — oo,
hence Z(Q,,0) — oo. Moreover, with £, = —log|ya|, the mean of £, = log™ |y,| is at least
mean log 0,,—log 2 — oo, and the mean of the positive part £} is at least log K¢ ,+meanlog o, —log 2.

Proof. These quantities do not change under rotations or unimodular factors, so Theorem 4.2 and
Corollary 4.6 apply. Thus o, — oo uniformly on a fixed closed arc I avoiding =, and o, >
(Ko —1)/(Kopn +1) — 3/5 off I (Lemma 4.9); so meanlogo,, — oo, and Lemma 4.10 gives
Z(2,0) — oo. Pointwise log™ |y| > log(c|v|/2) (if o|v| > 2, then |y| > o|v| — 1 > o|v|/2 > 1;
otherwise the right side is negative). Take means, use meanlog |v| = 0 and mean/, = log Ky,
(Proposition 3.8). O

Proposition 4.12 (where |y| < 1). For every Blaschke model, |y(w)| < 1 implies Rev(w) < 0
and [W'(w)| > o(w)/8. In particular, for Blaschke models as in Theorem 4.2, the positive part
of —log |vn| on a closed arc I avoiding 7 is carried by a part of 0, where the harmonic density

dw/ds = 1/(2m|W)|) tends to 0 uniformly.

Proof. |1 + ov| < 1 means o|v|> < —2Rew, i.e. Rev < 0 and o|v| < —2cosa < 2. As |W| > ry, >
1/4 on the circle, |W’| = |W|/|v| > /8. Then apply Corollary 4.6. O

Remark 4.13. For v = vy, by Propositions 2.11 and 3.8, the supremum of log Ky over the Blaschke
models on W with deg B > 1 is the supremum of —meanlog |1 +ov| over o = .} Po; with k > 1,
14 ov # 0 on the circle and wind(1 4+ ov) = —k.

4.4. Exit points and an identity at the first exit. For a Blaschke model, every zero b €
{0} UW(A) of @ in Q is simple (& # 0 on Q), so ® has a holomorphic inverse g, near 0 with
g5(0) = b. Let Ry be the supremum of the r > 0 such that g, extends holomorphically to D(0, )
with values in . Since ®(g,(w)) = w there, gy is injective on D(0, Ry).

Lemma 4.14 (exit points). Let (W, B) be a Blaschke model and b € {0} UW (A). Then riy, < Ry <
oo. Call z* € 00 an exit point of b if z* = lim gy(wy,) for some wy, € D(0, Ry) with |wy,| — Rp.
Ezit points exist, and every exit point z* satisfies |2*| = |®(2*)| = Ry and the following properties,
where ¢* := ®(2*), u* := ¢* /Ry, w* := W(z*) and hy(u) := W(gp(Rpu)).
(i) gp extends holomorphically to a neighbourhood of ¢* with gy(q*) = z*; so hy is a holomorphic
map of D into D, holomorphic at u*, with hy(u*) = w* and hy(0) = W=L(b).

(i) |z] > |2*| for all z € OQ near z*: the point z* is a local minimum of |z| along ON).

(iii) w*hy(u*)/hy(u*) = |hy(uw*)] > 0, v(w*) is real, and

1 1
v(w*) |y (u)]
Proof. The translated pair (2 — b, ®(b + -)/®’(b)) is a domain pair, and its inverse germ at 0 is
w — gp(®'(b)w) — b. Proposition 2.6 and its Steps 1-2 give R, < oo and an exit point; for any
exit point z*, a subsequence of the w, tends to some ¢*, and z* is a limit of gy(w,,) with w, — ¢*,
lg*| = Ry and ®(z*) = ¢*; then |z*| = |®(2*)| = Rp, and Ry > riy as z* € 0N

(i) As ®'(z*) # 0, @ is injective on a neighbourhood Vj of z* and (®|y;,)~! is defined on a
disk D(q*,s). For large n, gy(w,) € Vy, so the open set {w € D(0, Ry) N D(q*,s) : gp(w) € Vo}
is non-empty, and there g, = (®|y,)~'; by the identity theorem this holds on the convex set
D(0, Ry) N D(g*,s). This is the identity-theorem part of Step 1 of Proposition 2.6, used at a
boundary point (Vg need not lie in §2). The rest of (i) follows, as W1 is holomorphic near (2.

(ii) Let z € 0Q be so close to z* that z € Vp and ®(z) € D(q*,s). If |®(2)] < Ry, then
z = (®yy) " HD(2)) = go(®(2)) € Q, which is impossible. So |z| = |®(z)| > R,.

(ili) ®(gp(Rpu)) = Ryu reads W (hy(u)) B(hy(u)) = Rpu. Taking u i log at u* and using
wW'/W =1/v and wB’/B = ¢ on the circle,

u*hy(u*) o1 . .
hp(u*) (v(w*) +olw )> =5

o(w*) +
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in particular hj(u*) # 0. Write u = €57 and X = log |hy(e**%)| near (0,0%), u* = €". Then
X <0 for s <0 and X(0,6*) =0, so X; =0 and Xy > 0 there, and by the Cauchy—Riemann
equations for log hy, uhg /hy = X5 —iX; is real and > 0 at u*; it is non-zero by the display. Since
|u*| = |hp(u*)| = 1, it equals |hy(u*)]. O

s

Theorem 4.15 (the first exit). Let (W, B) be a Blaschke model, b =0, and let z*, w*, u* = %",
h = hg be as in Lemma 4.14. Then:
(i) RoKo < mingea é(|a]) < 1, with é(r) = 2rlog(1/r)/(1 —r?).
(ii) Let v be the Herglotz measure of the positive harmonic function log |u/h(u)|; its mass is
log(1/(RoKy)). Then

1 1 dv(p) 1 1
Nt —=——, U= > —log—— >0,
W)t S T Txu /281n2((<p—9*)/2) = 2 ® RyKo
and hence o(w*) + 1/v(w*) <2/(2 +1log(1/(RoKop))) < (1 + RoKp)/2 < 1.
(iii) Either v(w*) > 0 (front case), and then o(w*) < 1—1/v(w*) < 1; or v(w*) < 0 (back case),
and then w* is an on pocket with e(w*) = —1.

Proof. (i) h maps D into D with A(0) = 0 and h'(0) = Ry/B(0) = RoKy > 0, and h omits every
a € A: if go(w) = W(a), then w = ®(W(a)) = W(a)B(a) = 0, but go(0) = 0 # W(a). With
hyperbolic densities of curvature —4, Ap(z) = 1/(1 — |2|?) and, on the punctured disk D* = D\ {0},
Ap+(2) = 1/(2|z|log(1/]z])) (cover D* by the upper half-plane through 7 + €?7); the automorphism
B, maps D\ {a} onto D* with |B,(0)| = |a| and |B/(0)] = 1 — |a|?, so the density of D\ {a} at 0
is (1 — |a]?)/(2|a|log(1/|a])) = 1/é(]a|). Schwarz-Pick gives h'(0) < &(|a|), and é(r) = £/sinh ¢ < 1
with ¢ = log(1/r).

(ii) h is univalent with no zero besides 0, so log(u/h(u)) is holomorphic in D, with real part
> 0 (Schwarz) and value log(1/(RoKj)) at 0; hence log(u/h(u)) = [ Zz:fz dv(p). Apply u% at
u=ru*, 0<r <l

ru*h’(ru*) 2ru*el?

t- h(ru*) / (e¥ — ru*)? dv(p)-
As r — 1, the left side tends to 1 — u*h’(u*)/h(u*), the kernel tends to —1/(2sin?((p — 6%)/2)),
and its modulus is 2r/((1 — )2 + 4rsin?((¢ — 6%)/2)) < 1/(2sin?((¢ — 6*)/2)). This bound is
v-integrable: on an arc I about 6* on which h is holomorphic and zero-free, v = H dp /27 with
H(p) = log(1/|h(e*)]) (v is the weak-* limit of log |u/h|(re??) dp /27, which converges uniformly
on compact subarcs of I); H > 0 is real-analytic with H(6*) = 0, so it has a zero of even order > 2
there, and H/sin?((p — 6*)/2) is bounded near 6*; off I the kernel is bounded. (H does not vanish
identically near 6*: otherwise |z| = Ry on an arc of 92, so |W (e')| = Ry on an arc and hence, by
real-analyticity, on the whole circle; then Q = D(0, Ry), W = id, and (wB)’, the derivative of a
Blaschke product of degree k + 1 > 2, has k zeros in D, against (M3).) By dominated convergence
w*h!(u*)/h(u*) = 1+ U, so |hy(u*)] = 1+ U in Lemma 4.14(iii), and U > v(9D)/2 as sin? < 1.
Finally 2/(2+m) < (1 +e™)/2 for m > 0, since f(m) = (2+m)(1 +e™ ™) —4 has f(0) =0 and
f'im)=1—(1+m)e ™ > 0; and m = log(1/(RoKp)) > 0 by (i).

(iii) By (ii), o(w*) + 1/v(w*) < 1, which gives the front case. In the back case y(w*) =
v(w*)/|hg(u*)] < 0, so the pocket w* is on. Imw is not identically zero (else W = id and v = 1),
so its zeros are isolated (Lemma 3.3), and by Lemma 4.14(ii) and d%|W(ei9)|2 = 2|W'|2Imv, Imv
passes from negative to positive at w*: e(w*) = —1. O

4.5. The tip.
Theorem 4.16. (a) For the limit density of Proposition 4.4,

/2”@@658:1,
0

2 cos?(s/2)
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(b) Along every sequence of Blaschke models with Ky, — 4, liminf, mingp o, > 1.

Proof. (a) With = = s/2 the integral is 2 [['(—logsinz) % = 1 ([~ log(sinz) tanz] + [ 1dz) =
1, integrating by parts on (0,7/2) and (7/2,7); the bracket vanishes at 0, 7/2 and 7.

(b) min o, does not change under rotations or unimodular factors, so it suffices to treat a subse-
quence normalised as in Theorem 4.2. Let t, — m and n > 0, and let ¢ be continuous on the circle,
0<¢¥<1,¢9v=0o0n|s—7| <npandy =1on |s— x| > 2n. For a zero a = pe'* with |s — 7| > n
and for |t, — 7| < n/2,

1—p? 1 1
1 —2pcos(t, —s) + p? = (1+od ))bgp 2sin?((t, —s)/2)

uniformly in such a, since all zeros tend to the circle. So o, (e¥) > (1 + of f Y(s) (2sin?((t, —
5)/2))~1dO,(s); the kernel converges uniformly on the support of v to 1/(2cos (5/2)) and ©,, —
O(s) ds weak-* with bounded masses (Proposition 4.4). Hence

- O(s) ds
. . itn >
hn&llnf op(en) > /¢;(S) Yeos2(s/2)"
and letting n — 0 gives > 1 by (a). A sequence of minimum points of o, has a convergent

subsequence; if its limit is not w, Corollary 4.6 gives 0, — oo there, and otherwise the argument
above applies. ]

P,(en) =

Part (a) is a statement about the limit object; its value 1 is |B. (—1)| for Boo(w) = (1 — w)?/4,
which is unimodular at the tip w = —1, as B, (w) = —(1 — w)/2. Part (a) does not say that
on(—1) — 1: a zero a, close to —1 adds P,,(—1) = (1 — |an|?)/|1 + an|?, which part (b) does not
bound from above. For comparison, Lemma 4.9 gives only o > (K¢ — 1)/(Ky + 1), which tends to
3/5.

Corollary 4.17. Let (W, By,) be Blaschke models with Ko, — 4 and k, = deg B,,.

(i) For everyn > 0 and all large n, (W, By) has at least ky, on pockets with € = —1 and depth
less than 1 +n; and k, — 0.

(ii) Along every subsequence of front cases (Theorem 4.15(iii)), mino, — 1 and o, (w)) — 1;
hence U, — 0 and v, (w)) — +oo, i.e. [W)(wk)| — 0. After the rotations of Theorem 4.2,
wy — —1, the tip.

Proof. (i) Each Blaschke model has finitely many pockets, so the depths of all the Blaschke models
form a countable set; choose " € (0,7) such that T =1+ 7/ is a depth of no Blaschke model of
the sequence. By Theorem 4.16(b), every pocket of depth greater than T is on for large n. By
Corollary 3.5 the pockets of depth greater than 7" have signs adding up to > 0, and by Theorem 3.4
the on pockets have signs adding up to —k,. So the on pockets of depth less than T have signs
adding up to at most —k,, and at least k, of them have ¢ = —1. k, — co by Theorem 4.2.

(ii) In the front case minan < op(wy) < 1/(1+Uyp) — 1/v,(w)) < 1, and Theorem 4.16(b)
gives the limits; then 1/(1 +U,) — 1 and 1/v,(w})) — 0, and |W, (w})| = |[Wy(w})|/vn(w};) with
|[Wh(w?)| = Ro < 1. Since o, (w;;) < 1, Corollary 4.6 forces w;, — —1 after the rotations. O

In the back case Theorem 4.15 gives only |y(w*)| < |v(w*)|, and Theorem 4.16(b) gives only
liminf mino,, > 1.

5. OWNERSHIP

Let (W, B) be a Blaschke model in the base-0 frame, with zeros aq, ..., a;. They are simple, since
(WB)'(a;) = W(aj)B'(aj) and (WB)" # 0 on the closed disk by (M3); hence they are distinct.
Put (; = W(a;) and P; = P,;. The base points 0,1, ..., are distinct zeros of ®, and each has
exit points (Lemma 4.14). We say that a point w* of the circle is owned by a; if W (w*) is an exit
point of ;.
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Theorem 5.1 (ownership). Let w* be owned by a;, and z* = W(w*). Then:
(i) v(w*) < 0: w* is a pocket, of depth x = —v(w*), and e(w*) = —1;
(i) o(w*)z > 1 and (o(w*) — Pj(w*))z < 1, d.e >, P(w*) < 1/x < o(w*): the pocket is on,
and it would not be on without the kernel of a;;
(ii) rin < Re; = |27 < [W(aj)| L1z, |Ba, (@5)] < [W(aj)];
(iv) exit points of different base points are different; in particular a point is owned by at most
one zero.

Proof. Let h = h¢; be as in Lemma 4.14 and 8 = |[h/(u*)|, so h(0) = a;, h(u*) = w* and o(w*) +
1/v(w*) = 1/8, where (3 is the angular derivative of h at w*. Julia’s lemma [30, 39] at the point 0
gives
* 2 * ]2

5 > |w h(O)L _ |w ajl _ 1 _

1 —[h(0)] 1—Ja;*  Pj(w)
So 0 <1/ =0c(w")+1/v(w*) < Pj(w*), ie. 1/v(w*) < =3,.; PB(w*) < 0. Since 0 < |v| < 0o on
the circle, v(w*) < 0; then 1/z =0 —1/8 < o and 1/z > o — P;. This is (ii) and the first part of
(i). The sign: by Lemma 4.14(ii), |IW(¢?)|? has a local minimum at w* Imv is not identically zero
(that would give W = id and v = 1 > 0), so its zeros are isolated, and as J 41 ()2 = 2|W’|? Tm v,
Imv passes from negative to positive at w* . (A zero of Im v without a sign change is a point where
|W (€'9)|? is strictly monotone.) (iii) The ﬁrst inequality is Lemma 4.14. Schwarz-Pick for f =
W0 g, on D0, Re,), with £(0) = aj, gives Re,|f(0)] < 1~ [a;[2, and £/(0) = 1/(W (a;)B'(a,)),
(1 — |aj[*)|B'(aj)| = I12; |Ba(aj)|. (iv) If base points b and ¢ have a common exit point z*,
then R, = R. = |2z*| =: R, and gy, g. both equal (®|y;)~! on D(0,R) N D(®(z*),s) (proof of
Lemma 4.14(i)); by the identity theorem g, = g. on D(0, R), so b = g,(0) = g.(0) = c. O

Property (ii) alone does not identify the owner: one pocket can satisfy it for two zeros (for
instance P| = Py = p, 0 = 2p and 1/2 < pz < 1). Uniqueness (iv) is a property of exit points.

Corollary 5.2 (the count). Let (W, B) be a Blaschke model and choose one owned point for each
zero. These are k distinct on pockets with € = —1, so the remaining on pockets have signs adding
up to 0. If ¢; has my exit points (m; > 1, finite), there are at least ), (m;j — 1) on pockets with
e = +1, and at least Zj(mj — 1) + 1 if some exit point z* of the base point 0 is a back case of
Theorem 4.15.

Proof. By Theorem 5.1(i),(ii),(iv), the owned points are distinct on pockets with ¢ = —1; by
Proposition 2.11 and Theorem 3.4 the signs of all on pockets add up to —k. Each m; is finite since
the exit points are pockets (Lemma 3.3). In the back case W~1(2*) is a further on pocket with
e = —1 (Theorem 4.15(iii)), distinct from the owned points by Theorem 5.1(iv). So the on pockets
with € = —1 number at least >, m; (plus one in the back case), and those with ¢ = +1 at least
that number minus k. O

Corollary 5.3 (shallow pockets off the tip). Let (W, By,) be Blaschke models as in Theorem 4.2,
after its rotations, and let I be a closed arc of the circle that avoids 0 = 7 (possibly a single point).
Then

it
mn.—mjlngtuer}( — Py;)(e") — oo,

the first minimum being over all zeros aj of By. Consequently every off pocket of (W, By,) in I
has depth x < 1/miny o, < 1/my,, every owned pocket in I has depth x < 1/m,, and at all these
pockets |W/ | > rinmy, > my, /4.

Proof. Let § = min(dist(/,7),7/2), ¢ = cos(d/2) and p € [1 —2(y/c—c¢),1). As in the proof of
Corollary 4.6, log4—21log |1—pe'| > —logec > 0 for e € I. With X as in Lemma 4.5, the maximum
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of X (a) over the zeros of B,, tends to 0 uniformly in ¢, since the zeros leave every compact set. Fix
J and apply Lemma 4.5 to B,,/B,;, whose zeros are those of B, other than a;; with w = pett,

1 1 2 it
8 1,y ) =8, 7B,y = M) (0 T R
and gp(w,a;) < X(a;) (proof of Lemma 4.5). Since log(1/|By,(pe)|) — log4 — 2log |1 — pe|
uniformly in ¢, and neither error term depends on j or on ¢, we get lim inf,, m,, > —logc/(4(1—p?));
let p — 1. An off pocket has 0,7 < 1, and an owned pocket has (¢, — P,;)z < 1 by Theorem 5.1(ii).
At a pocket |v,| =z, so |W)| = |W,|/x, and |W,,| > rin > 1/4 on the circle. O

So on each fixed closed arc avoiding the tip, the owned pockets become shallow and sit where
the harmonic density dw/ds = 1/(27|W},|) tends to 0. If the owned pockets accumulate at the tip,
the corollary says nothing about them.

Theorem 5.1 gives a necessary condition for feasibility, in the converse direction of Lemma 3.7.
That lemma gives a sufficient condition: in a group of pockets with signs adding up to —1, the
kernel P; alone switches the pockets on. Ownership gives less: each zero a; owns a pocket w at a
local minimum of |W| with o(w)z(w) > 1 > (¢ — Pj)(w)xz(w). For k > 2 it does not give Pjz > 1.

6. SYMMETRIC PAIRS

Fix an integer n > 1, the order of the symmetry. In this section a pair (W, B) satisfies (M1)
and (M2) of Definition 2.8. We use the criterion of Proposition 2.11 with base point wy = 0, so
that vy = W/(wW’) and o = wB’/B on the circle. A pair is n-fold symmetric if W (e2™/"w) =
e2mi/ "W (w) and the zero set of B, counted with multiplicities, is invariant under w e2mi/ny,
By the uniqueness of the normalised Riemann map, W (e2™/"w) = ¢*™/"W (w) holds if and only if
W (D) is invariant under the rotation by 27 /n.

6.1. The root transform. Let ¥ € S be holomorphic and univalent on {|u| < R}, R > 1. Then
U(u)/u is holomorphic there, equal to 1 at 0, and zero-free, because VU is injective and ¥(0) = 0;
so U = (U(u)/u)'/", the branch with ¥(0) = 1, exists and has no zero. Put

U(w) =wP(w")  (Jw| <RBRY™), and  B(w)= B(uw")

for a finite Blaschke product B. This is the n-th root transform of [23, Rem. 8.6], where its
admissibility condition is given in the open-disk setting. We record the closed-disk form in the
notation of Proposition 2.11.

Lemma 6.1 ([23, Rem. 8.6]). (a) Uy, satisfies (M1) with radius RY™ > 1, and W, (e M) =
e2™/"W (w). (b) B is a finite Blaschke product of degree ndeg B, and B(0) = B(0). (c) (¥, B) is
a Blaschke model if and only if 7 :== 1 + nogvy has no zero on the circle and wind(y) = — deg B.

Proof. (a) W, (e*™/Mp) = 2™/"¥, (w) and ¥ = W(w"). If U, (w;) = W, (wy), then U(w}) =
T(wh), so w = w§ and we = €2™9/Mwy; then ¥, (wy) = 2™9/MW,, (wy), so e>™/™ =1 or W, (w) =
0, that is w1 = 0 = wy. Also W/ (0) = ¥(0) = 1. (b) For a zero b # 0 of B and " = b:
[Tjcn(w— e2™/"3) = w™ — b and [Tjcn(1— e2mii/nBw) = 1 — bw™; for b = 0 the factor becomes
w". (c) The logarithmic derivative of U}} = W(w") gives vy, (w) = vy (w"), and op(w) = nog(w").
Hence v = 1 + opvyg, = 7(w™), which vanishes on the circle if and only if 7 does, and wind(v) =

nwind(y). By Proposition 2.11, (M3) means wind(vy) = —deg B = —ndeg B. O

In the open-disk form of [23, Rem. 8.6] the zeros of B must also be simple. In (c¢) no such
condition is needed: a multiple zero of B is a zero of (¥,,B) in D, and the winding count of
Proposition 2.11 includes it.
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6.2. Every symmetric pair is a root transform. Jatar and Ng note this correspondence for
polynomials of the form wp(w™) [23, Rem. 8.6]. We need it at the level of pairs, where the
hypothesis B(0) # 0 enters.

Theorem 6.2. Let (W, B) be an n-fold symmetric pair with B(0) # 0. Then W = ¥,, and
B = B(w") for some U as above (with radius R™) and some finite Blaschke product B.

Proof. Let W be univalent on {jw| < R}. By the identity theorem W (e?™/w) = e2™/"W (w)
there, so W" is invariant under w — €2™"/™w and its Taylor series contains only the powers w™":
W" = U(w") with ¥ holomorphic on {|u|] < R"} and ¥(u) = u+ ---. ¥ is injective: if U(uy) =
U (uz), choose wl = u;; then W(w1)™ = W(ws)", so W(wy) = e*™/"W (wy) = W (e2™9/™w5), hence
wy = e2mii/ "wy and u; = uz. Now ¥ = W" and V¥,, W have a simple zero at 0 with derivative 1
and no other zero, so ¥,,/W is holomorphic and zero-free, with n-th power 1 and value 1 at 0; it
is the constant 1.

Since B(0) # 0, every orbit {e?™/"3} of a zero of B has exactly n points, all of the same
multiplicity. Let B have one zero 8" per orbit, with that multiplicity. By (b) of Lemma 6.1, B and
B (w™) have the same zeros with multiplicities, so their quotient is a unimodular constant, which
we absorb into B. g

The hypothesis B(0) # 0 is needed: for n = 2 the zero set {0} of B(w) = w is invariant, but B
is not of the form B(w?). It holds for every Blaschke model, since (W B)'(0) = B(0).

Corollary 6.3. For ¥ as above and t > 0 call a finite Blaschke product B t-allowed for U if
1 +tog vy has no zero on the circle and winds — degé times, and let gain, (V) be the supremum
of 1/|B(0)| over the t-allowed B (deg B = 0 gives gain, (V) > 1). Then for every integer n > 1:
(i) gain, (V) < K*; (ii) the supremum of the gains of n-fold symmetric Blaschke models equals
supy gain,, (V).

Proof. (i) By Lemma 6.1(c) each n-allowed B gives the Blaschke model (¥,,, B(w™)) with the same
gain; apply Theorem 2.9. (ii) A symmetric Blaschke model has B(0) # 0, so by Theorem 6.2 it is
(¥, B(w™)), and by Lemma 6.1(c) its B is n-allowed for ¥, with the same gain. Conversely, for an
n-allowed B the pair (¥,,, B(w")) is a symmetric Blaschke model, since B(e*™/"w) = B(w). O

Remark 6.4. In the language of Section 3, the pockets of ¥,, are the n preimages under w — w"
of those of ¥, with the same depth and the same sign (# — n# is increasing), and the condition
of Lemma 6.1(c) is Theorem 3.4 for ¥ with 6 = nog. So a pocket of depth x is on if and only if
nzog > 1 there: for the quotient B , symmetry by 27 /n acts as if every depth were multiplied by

n. When Proposition 3.6 or Lemma 3.7 is applied to the quotient, degg and n times the Poisson
kernels of the zeros of B take the places of deg B and of the kernels.

7. BOUNDS FOR EACH BLASCHKE MODEL, AND EXTREMAL PAIRS

We keep the notation of Section 4: (W, B) satisfies (M1) and (M2), £ > 1, A is the zero set of
B, the gain Ky = 1/|B(0)| and 7, = dist(0,9€) > 1/4. In this section we assume (W B)’" # 0 only
on the open disk; then B(0) = (WB)'(0) # 0, so 0 ¢ A. Hyperbolic densities A (of curvature —4),
the punctured disk D* and the function é(r) = ¢/sinh ¢, ¢ = log(1/r), are as in Theorem 4.15(i)
and its proof.

7.1. The punctured Schwarz bound. The following lemma carries out the suggestion of [23,
Rem. 7.3] to use the hyperbolic metric of D\ A; compare [4].
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Lemma 7.1. iy Ko < Ap(0)/Apy 4(0) < mingea é(lal) < 1. Hence

Ap(0) o
Ky < 4 Aoa(0) < 421226“@]) < 4.
Proof. Let g : D(0,7i,) — Ep be the inverse of Lemma 4.1 at b = 0. ® vanishes at every W(a),
a € A, and W(a) # 0; as ® is injective on Ey and ®(0) = 0, Ey contains no W(a). So h(u) :=
WY(g(rinu)) maps D into D\ A, with h(0) = 0 and |1/(0)| = 7in/|B(0)| = 7inKo. Schwarz-Pick for
the hyperbolic metrics gives Ap\ 4(0) [1/(0)] < Ap(0) = 1. Since D\ A C D\ {a}, Apya > Ap\{a}; bY
the proof of Theorem 4.15(i), Ap\{q}(0) = 1/¢(lal), and é(|al) = ¢/sinh ¢ < 1 with £ = log(1/|al).
Finally ri, > 1/4. O

Corollary 7.2. (a) ¢ increases on (0,1), and r é(r) increases from 0 to 1; let p, = 0.31088522. ..
be the root of 8r%log(1/r) =1 — 12, i.e. of r&(r) = 1/4.

(b) Every zero: minge4 |a| > ps.

(c) Near 4: if Ko >4 — 0, then every zero satisfies 1 — |a| < 1/36/2.

Proof. (a) &t = (sinh¢ — ¢cosh¢)/sinh? ¢ < 0 and ¢ = log(1/r) decreases in r, so ¢ increases.

Also 7é(r) = u(r?) with u(q) = glog(1/9)/(1 — ¢), and v/(q) = (¢ — 1 —logq)/(1 — q)* > 0,
u(04+) =0, u(1—) = 1. (b) Ko > 1/|al for every zero (each factor 1/]a;| > 1) and K¢ < 4¢(|al) give
lal¢(lal) > 1/4, i.e. [a] > pi. (c) Put la] = 1—e. Then 1—r2—2rlog(1/r) =3, 52" /(n(n—1)) >
e3/3and 1 —r? < 2¢,501—¢(1 —€) > €2/6. From 4 — § < K¢ < 4¢(|a]) we get 1 — ¢é(|a]) < §/4, so
€ < 35/2. O

Lemma 7.1 bounds each Blaschke model below 4; it does not exclude K* = 4, since the zeros may
approach the circle along a sequence, and (c) gives a rate at which they must. Indeed K* = 4 [18].

Remark 7.3. The bounds of [23, Thm. 7.1] are stronger than (b) and (c): there B(0) > (1 +
la|)?/(16]a]) for every zero a, so every zero has |a] > 1/3, and Ky > 4 — § forces (1 — |a])? <
4|a|d/(4—0). Corollary 7.8 and Theorem 7.37 need only (b) and (c); the constants of Theorem 7.37
are computed from (c).

Lemma 7.4 (Smale at every zero). Every zero a of B is simple, and

W) ] 1Boa)l > rin(1=la*)Ax(a) > rn, X :=D\({0}U(A\{a}));
beA\{a}

equivalently >y, gp(a, b) < log(|W(a)|/rin). Moreover W (a)| = rin/é(lal) > 7in.

Proof. (WB) (a) = W(a)B'(a) # 0, as (WB)" # 0 on D, so B'(a) # 0 and W(a) # 0. Let
9o : D(0,7n) — Eyw(q) be the inverse of Lemma 4.1 at b = W(a), and f := W~' 0o g,. Then
f(0) = a and f'(0) = 1/(W'(a)®'(W(a))) = 1/(W(a)B'(a)). Ew(q) contains no other zero of @,
so f maps D(0,7y) into X, and Schwarz—Pick gives ripAx(a) < 1/]f(0)] = |[W(a)||B'(a)|. Now
(1—1a|?)|B'(a)| = [0 [Bb(a)], and (1 — la|?>)Ax(a) > 1 as X C D. For the last claim use X C D*:
Ax(a) > Ap<(a) = 1/(2|allog(1/]al)), together with |B’(a)] < 1/(1 — |a|?) (Schwarz—Pick for B,
B(a) =0). O

7.2. Any domain pair.

Proposition 7.5. Let (2, ®) be a domain pair with p = (2, ®) > 0, ri, = dist(0,09), and let Zy
be the (finite) set of zeros of ® in § other than 0. Then prin < 1/Aq)\ 7, (0).

Proof. Zg is finite, since ® # 0 has isolated zeros in the compact set . On 99, |®(z)| > ul|z| >
p = urip. The proof of Lemma 4.1, with 7y, replaced by p and its boundary case replaced by
the continuity of ® on Q (a limit point z € 9Q of points of E has |®(z)| > ul|z| > p), gives
a component E of {z € Q : |[®(z)] < p} containing 0 and an inverse g : D(0,p) — E with
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9(0) =0, ¢'(0) = 1/@'(0) = 1; E misses Zg because ® is injective on E. Schwarz-Pick: Ag\z,(0) <
AD(0,0)(0) = 1/p. U
Corollary 7.6. u(Q, ®) < 4 for every domain pair with Q simply connected.
Proof. Let W : D —  be the Riemann map with W(0) = 0 and W/(0) = r(©,0) > 0. By conformal
invariance A\ z, (0) = Ap\w—1(z4)(0)/7(€2,0), so Proposition 7.5 gives

< r(€,0) Ap(0)

T T Anw-1(zg)(0)

and 7(€,0) < 4rj, by Koebe’s theorem. If p < 1 there is nothing to prove. If u > 1, then Zg # 0
by Remark 2.7, and Ap\pw—1(z,)(0) > 1/é(|al) > 1 for any a € W~ (Zg) (proof of Lemma 7.1); so
w<A4. O

For Blaschke models (7(£2,0) =1, Zg = W(A), and u = Ky after & — ®/B(0)) Proposition 7.5
is Lemma 7.1.

7.3. Removing a disk around each zero. Lemma 7.1 uses only that the image of the inverse
branch of Lemma 4.1 at 0, pulled back to the disk by W !, misses the points of A. In fact it misses
the whole pulled-back image of the branch at each zero, and that image contains a disk of explicit
radius.

Lemma 7.7. For every zero a of B, with r = |a| and
(=)0 = 1)
4r ’

s(r) :=rin

one has s(r) < r and

1
Ap, (0)’

Proof. For b € {0,W(a)} let g, : D(0,rn) — Ep be the inverse of Lemma 4.1, and put hy(u) =
W=Y(gp(rinu)). The maps ho and hw (q) are univalent on D, and their images are disjoint open
subsets of I, since Eg N Eyy(q) = 0. As in the proof of Lemma 7.4, hyy(4)(0) = a and ]h’W(a) 0)] =
Tin/|W(a)B'(a)|. Since B(a) = 0, the Schwarz-Pick lemma gives |B’(a)| < 1/(1 — r?), and the
growth theorem for W € & gives |W(a)| < r/(1—r)%. Hence ’h%/V(a) (0)| > 4s(r), and by Koebe’s one-
quarter theorem hyy(4)(ID) contains the open disk D(a, s(r)). The open set ho(ID) misses hyy(q)(D),
so it misses D(a, s(r)) and therefore also its closure. So hy maps D into D, ; in particular 0 = h(0) is
not in the closed disk, that is s(r) < r. Finally ho(0) = 0 and |hy(0)] = rin/|B(0)| = rinKo (proof of
Lemma 7.1), and the Schwarz—Pick lemma for the hyperbolic metrics gives Ap, (0) rin Ko < Ap(0) =
1. (Il

rinko < D, ;=D\ D(a,s(r)).

The density Ap, (0) is explicit. Rotate so that a =r > 0, put 1 =r—s, x9 = r+s with s = s(r),
and

1+ 2120 — /(14 3122)? — (21 + 22)? Ty —p
P = ’ q= :
X1+ X2 1 —pxo
The Mé&bius map w — (w — p)/(1 — pw) sends ID to itself and the circle |w —r| = s to |z| = ¢, so
Ap, (0) = (1 = p?) Aa, (p), where A; = {q < |z] < 1} has the density

T
A, (t) = .

A,() 2t log(1/q) sin(m log(1/t)/ log(1/q))

Since s(r) is proportional to rj, and a larger disk removed gives a larger density, the bound
1/(rinAp, (0)) of Lemma 7.7 is largest at ri, = 1/4; we write bd(r) for its value there. Every
Blaschke model satisfies Ky < bd(]a|) for each of its zeros a.




SMALE’S MEAN VALUE CONSTANT (1981) EXCEEDS 1.1559, AND OTHER MISCELLANEA 23

Corollary 7.8. Every zero a of B satisfies |a| > 1/2.7051 = 0.369672... ..

Proof. Ky > 1/|al|, since every factor 1/|a;| of Ky is at least 1, and |a| > p, = 0.31088... by
Corollary 7.2(b). On the interval 0.3108 < r < 1/2.7051 the function bd is at most 2.7050891 <
2.7051 < 1/r, so no zero has its modulus there. The bound on bd is a ball-arithmetic computa-
tion [24] at 200 bits: the interval is cut into 11 pieces, and on a piece [r_,r] the closed disk about
the midpoint of radius s(ry) — (r4 — r—)/2 lies inside D(r, s(r)) for every r in the piece, since s
is decreasing ((1 — r2)(1 — r)? decreases and 4r increases); a smaller disk removed gives a smaller
density, so the value of 1/(ri,A) at that one disk bounds bd on the piece. O

Corollary 7.8 improves the bound |a| > 1/3 that [23, Thm. 7.1] gives for every zero. For
deg B = 1, Theorem 8.15 gives |a| > 0.84904.

7.4. Pairs that are univalent past the circle are not extremal. From here on we write F
for WB; so F = ® oW, with ®(z2) = zB(W~!(z)) on W(D) as in Section 4. Recall that, for d > 0,
B, is the supremum of 1/B(0) over the pairs (W, B) with W € S, B a finite Blaschke product of
degree at most d with B(0) > 0, and (WB)" # 0 on D; by [23, Thm. 8.9] each B, is attained. The
zeros of such a B are simple and non-zero, since a multiple zero, or a zero at 0, would be a zero of

(WB) in D.

Lemma 7.9. Let (W, B) be as above with deg B =k > 1, and assume that W extends to a univalent
function on a neighbourhood of the closed disk. Then for every small § > 0 there is a pair (Ws, By)
of the same kind, with deg Bs = k, Bs(0) = (1—6)B(0) and Ws again univalent on a neighbourhood
of the closed disk. In particular 1/B(0) < By.

Proof. Let W be univalent on an open set U D D, put F = WB, and let B; be B with one zero
aj replaced by (1 — d)ay; the normalising constant depends on arg a; only, so Bs(0) = (1 —§)B(0).
Since F'(0) = B(0) # 0, F’ has finitely many zeros wi, ..., w, on the circle, of orders my,...,my,
and none in D. Fix a compact neighbourhood U; C U of the closed disk, free of the poles of B
and Bgs, on which the w; are the only zeros of F’. Let vs be the polynomial of degree at most
1+3",(m; + 1) with v5(0) = v5(0) = 0, vs(w;) = 0 and

(sB)Y (wi) = —(W(Bs — B)/6)V(wi)  (1<j<my 1<i<p).

By Leibniz’s rule these conditions form a triangular system for the jet of vs at w; with diagonal
Bs(w;), of modulus 1; so vs exists, depends linearly on the data, and, as (Bs — B)/d is bounded
with its derivatives on Uj uniformly in §, it is bounded with its derivatives on U; uniformly in
6. Put Ws = W + dvs and F; = WsBs. Then F§ — F' = &, where & is the derivative of
W(Bs — B)/d 4+ vsBs; it vanishes to order at least m; at each w; and is bounded on U; uniformly
in 6. Hence &/F’ is holomorphic near the closed disk and, by the maximum principle on small
fixed circles about the w; together with a positive lower bound for |F’| elsewhere on D, bounded
there by some C independent of 6. So F§ = F'(1+40&;/F") has no zero in D once 6C; < 1. Finally
W5(0) =0, W5(0) = 1, and W is injective on a closed disk E of radius R > 1 inside U, for small 4.
Indeed, let |W'| > ¢ > 0 on E, let Cy and C3 bound |vj| and |vs] on E uniformly in §, and choose
n > 0 with [W/({) — W/({')| < ew/2 whenever (,{’ € E and |[( — {'| <. Let w # «w' in E. If
|w—w'| < n, integration along the segment from w’ to w gives |W(w) — W (w')| > (ew /2)|w —w'| >
dCs|lw —w'| > blug(w) — vs(w')| once §Cy < ey /2. If jw —w'| > n, then |W(w) — W (w')| > ¢(n) for
some c¢(n) > 0, since W is injective on the compact set F, while §|vs(w) — vs(w')| < 26C3 < ¢(n)
for small §. In both cases Wy(w) # Ws(w'). O

If F’ = 0 on the closed disk, no repair is needed (vs = 0); the content of Lemma 7.9 is the repair
at the zeros of F’ on the circle.

Corollary 7.10. Let d > 1. If (W, B) attains By, then W does not extend to a univalent function
on any neighbourhood of the closed disk. In particular no pair attaining By is a Blaschke model.
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Proof. B4 > By > 1 [23, Thm. 6.1], so k = degB > 1, and By < B;. Lemma 7.9 would give
Bd:l/B(O) < By < By. O

Lemma 7.9 gives no explicit lower bound for By — 1/B(0). Corollary 7.10 settles the point left
open in [23, Rem. 8.11] (no extremal pair is regular), and shows that for d > 1 the hypothesis of
the last sentence of [23, Prop. 8.8] (a regular pair attaining B;) is never met.

Lemma 7.11 (Schur-Cohn [25]; compare [23, Lemma 6.4]). Let p(w) = eg+- - -+ e w™ withn > 1
(e, may vanish), p*(w) = w"p(1/w) and Rp = éyp — e, p*, a polynomial of formal degree n — 1
with constant term |eg|? — |en|?. If |eo| > |en|, then p and Rp have the same zeros on the circle,
and if p has none there, the same number of zeros in D. Consequently, if po = p, p; = Rpj—1 and
the constant terms §; of pj (1 < j < n) are all positive, then p has no zero in the closed disk.

Proof. On the circle [p*| = |p|. If p(w) = 0 there, then Rp(w) = 0; if Rp(w) = 0, then |eg||p(w)| =
len|[p(w)|, so p(w) = 0. If p has no zero on the circle, then |e,p*| < |éop| there, and Rouché’s
theorem applies. For the last claim go back from the non-zero constant p,, = d,. O

Corollary 8.3, in Section 8, applies Lemma 7.11 to the two degree-one pairs of [23, Thm. 6.1,
Rem. 6.7]: their maps W are univalent on a neighbourhood of the closed disk, so these pairs are
not extremal.

7.5. Pairs that are holomorphic past the circle are not extremal. Lemma 7.9 needs W
univalent past the circle. Here W need only be holomorphic past the circle: it may touch itself on
the circle or have critical points there. Let T = dD. For W € S holomorphic on an open set U D D
put

Crit = {¢ € T: W'(¢) =0}, Cont = {¢ €T:W()=W() for some ¢' € T\ {¢}}.

We call (" a partner of ¢, and {¢,('} a contact pair. W is univalent on a neighbourhood of the
closed disk if and only if Crit U Cont is empty (by compactness and part (a) of the next lemma);
that is the case of Lemma 7.9.

Lemma 7.12. Let W € S be holomorphic on an open set U D D.

(a) W(T)NnW (D) = 0.

(b) Ewery ¢ € Crit is a simple zero of W', and W({') # W(C) for ¢’ € T\ {¢}.

(¢) Every ¢ € Cont has exactly one partner ¢', and W'(¢) # 0 # W'({').

(d) Crit and Cont are finite.

(e) Fach ¢ € Crit has a partner map : a holomorphic involution of a neighbourhood of ¢ with
B(c) = ¢ such that, for w # w' near ¢, W(w) = W(w') if and only if w' = B(w). Each
contact pair {C1,C2} has a partner map 7: a conformal map of a neighbourhood of (1 onto
one of (o with 7(¢1) = (2 and W ot = W. The gap functions gap(s) = log|B8(ce’)| and
gap(s) = log |7(¢1€%)| are real-analytic near 0, with gap(0) = 0 and gap(s) > cgaps? near
0 for some cgap > 0 and an integer j > 1.

Proof. (a) If W(¢) = W(wp) with ( € T, wy € D, take a disk Ag about wgy with closure in D, not
containing ¢ in its closure. W (Ay) is a neighbourhood of W (wy), so points w € D\ Ag near ¢ have
W(w) = W(w) with @ € Ag, @ # w, against injectivity on D.

(b), (c) Near ¢ € T with W/(¢) # 0, W(D N A) contains a sector at W (¢) of opening © — ¢ for
small disks A about ¢. If W — W(¢) has a zero of order ¢ + 1 at ¢, write W — W (¢) = 29+ with
# conformal at ¢, 2(¢) = 0; (D N A) contains a sector at 0 of opening 7 — ¢, and u > w47 is not
injective on a sector of opening larger than 27 /(¢ + 1); so ¢ < 1. For ¢ =1, W(D N A) contains a
sector of opening 27 — 2¢. The sets W (ID N A) for disjoint small disks A about the preimages of
one value are disjoint. Two sectors of opening m — ¢ fit at one vertex, three do not, and none fits
beside one of opening 27w — 2¢.
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d), (e) Local maps. At c € Crit write W = W (c) + 22 with & conformal near ¢, #(c) = 0; then
B = 2~!(—2) is a holomorphic involution near ¢ with 3(c) = ¢, #/(c) = —1, and for w # w’ near
¢, W(w) = W(w') if and only if w’ = S(w). At a pair {1, (2} of Cont let 7 = (W|a,) " o W near
C1, where W is conformal on disjoint disks A1, Ag about (1, (2; 7(¢1) = (2. Since W is injective on
D, || > 1 (resp. |7| > 1) on D near ¢ (resp. (1), so gap(s) = log|B(ce®)| (resp. log|7((1e®)|) is
real-analytic near 0, gap > 0, gap(0) = 0.

Reduction to arcs. Crit is finite, as W’ # 0. If some gap function vanishes identically near 0,
then 8 or 7 maps an arc of T into T, and Cont contains an arc. If Cont is infinite, contact pairs
(Cn, €),) accumulate at some (¢*,¢"™) with W(¢*) = W(¢™). If ¢* # ¢* this is a contact pair and
¢! = 7(¢n) eventually; if ¢* = ¢™*, then ¢* € Crit (else W is injective near ¢*) and ¢, = B((n)-
FEither way the gap function has zeros s, — 0, s, # 0, so it vanishes identically. It remains to show
that Cont contains no arc; then (d) holds, and (e) as well: a real-analytic function gap > 0 with
gap(0) = 0 that is not identically 0 starts with a term of even order 2j and positive coefficient.

No arc. Suppose the interior O of Cont in T is not empty. (i) Every boundary point {y of O in
T is in Crit and is isolated in T \ O: take ¢, € O, ¢, — (o, with partners ¢, — ¢{. If ¢, # (o, then
¢, = 7(¢pn), so gap = 0 at (p and an arc about (p lies in Cont, against ¢y ¢ O. So {, = (o, and
Co € Crit (else W is injective near (p), ¢, = 5(¢n), gap = 0 at {p, and a punctured arc about (p lies
in Cont, hence in O. Call such points tips; they lie in the finite set Crit. (ii) T\ O consists of tips:
otherwise a component arc of the non-empty open set T\ O # T has an endpoint; it is a boundary
point of O, hence a tip with a punctured neighbourhood in O, while it is a limit of points of that
arc, which are not in O. (iii) Let X = C\ W(D), a non-empty open set since W (D) is bounded.
Its boundary lies in W(D) \ W (D) € W(T). Let (; € O with partner (3. The partners of points of
O near (; tend to (2 (their limits are partners of (1, by (c)), so they are 7 of them, so |7| = 1 on an
arc of T about (;. Replace A; by a smaller neighbourhood of ¢, invariant under w — 1/w, such
that |7] = 1 on the arc T N A;. By the reflection principle, 7(1/w) = 1/7(w) on A; (both sides
are holomorphic there and agree on that arc). For w € DN A; we have W(7(w)) = W(w) and
7(w) # w, so 7(w) ¢ D by injectivity and 7(w) ¢ T by (a): |7(w)| > 1. Hence |7| < 1 on A; \ D,
so 7 maps Ay \ D into D, and, as Wor =W, W(A;) C W(D)UW(TNA;). As W(TNA;) is an
analytic arc, W (A1) does not meet X, so W((1) is not on the boundary of X. Hence the boundary
of X lies in the finite set W(T \ O). As C minus a finite set is connected and X # 0, X is the
complement of a finite set, which contradicts W (D) N X = 0. O

Theorem 7.13. Let (W, B) be an admissible pair with deg B =k > 1, and assume that W extends
holomorphically to a neighbourhood of the closed disk. Then for every small § > 0 there is a
pair (Ws, Bs) of the same kind with deg Bs = k, Bs(0) = (1 — 0)B(0), and Ws univalent on a
neighbourhood of the closed disk. In particular 1/B(0) < By.

Corollary 7.14. Let d > 1. If (W, B) attains By, then W does not extend holomorphically to any
neighbourhood of the closed disk.

Corollary 7.15. If W is rational without poles on the closed disk, then (W, B) attains By for
no d > 1. This applies to every pair of [23, Lemma 6.2] and of its extension, Lemma 8.4: there
W = H(p)/Ny, with H a polynomial and b, ¢ and Ny as recalled at the start of Section 8, is a
polynomial if b = 0 and otherwise has the only pole —1/b. So it applies to all pairs of Section 8
and to the pairs of Proposition 10.3.

The corollaries follow from Theorem 7.13 as Corollary 7.10 follows from Lemma 7.9.

Proof of Theorem 7.13. Let F = W B, let wy,...,w, be the zeros of F’ on T, of orders m;, and let
Ui, Bs be as in the proof of Lemma 7.9. By Lemma 7.12 let Crit = {c1,..., ¢} and let {¢, ¢/}
(1 <1 < r) be the contact pairs. At ¢ € Crit, F'(¢) = W(c)B'(¢) # 0, since W(c) # 0 by
Lemma 7.12(a) and ¢B'(c)/B(c) > 0; so 0, the w; and the ¢; are distinct, and the contact points
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are distinct from 0, from the ¢; and from each other. A contact point may equal some w;; let e be
the number of such points. Fix pairwise disjoint small disks about the c¢; and the contact points.

The plan. We add to W a small multiple dv; of a polynomial, chosen by Hermite interpolation so
that, as in Lemma 7.9, (WsBs)" has no zero in D, and so that every defect moves outward: the zero
of W} near a point ¢ of Crit is (1+6)c+O(6?), and for a contact pair ((1,(2) the point near (; with
the value Ws(¢1) is (1 + )¢ + O(2); both lie outside the closed disk. The step ‘Local injectivity’
then shows that Wjs is injective on the closed disk near each defect, and ‘Global injectivity’ that it
is univalent near the closed disk.

The polynomial vs. Impose: v(0) = v'(0) = 0; at each w; the conditions of Lemma 7.9 for the
derivatives of orders 1,...,m; of vBs, with v(w;) = 0 unless w; is a contact point; at each c¢;,
v(c¢j) = 0 and v'(¢j) = —¢;W"(¢;); at each pair, v(¢]) = 0 and v(§) = (W’(¢]). The conditions at
w; only make Es vanish to order m; at w;, whatever v(w;) is, and given v(w;) they form a triangular
system for oM (wy), ..., v (w;) with diagonal Bs(w;). So all conditions are Hermite conditions
at distinct nodes, ny in number, where ng =24 > ,(m; + 1) + 2¢ + 2r — e, and we let vs be the
unique interpolant of degree at most ny — 1. Its data are bounded uniformly in d, so vs is bounded
in every C™(Uy) uniformly in 6. Put W5 = W + dvs, Fs = W5Bs. As in Lemma 7.9, F§ # 0 in
D for small 6, W5(0) = 0 and W;(0) = 1; it remains to show that W is univalent near the closed
disk. Below, C is a constant independent of 4.

The defects (the points of Crit and the contact pairs) move apart. At ¢ = c¢;, W has one zero
cs = c— () /W (e)+0(8?%) = (140)c+O(6%) near c. Write Wy = Wi(cs)+2%. As Ws—W = du;
with vs bounded in C™, and ¢s — ¢ = O(6), the square-root coordinate Zs and its inverse move by
O(8) in C: |25 — #|c1 < C6 on a fixed disk, and 85 = &5 '(—) has |85 — B]cr < CF and |BY] < C
on a fixed smaller disk; as 35(cs) = ¢s and B5(cs) = —1, log|Bs(c)| = 26+0(6%). At a pair (¢1, () =
(G, ¢)), 75 = (Ws|a,) ™t o Wy has |75 — 7|1 < C§ (likewise: the local inverse of Wy near (s, where
W’ # 0, moves by O(d) in C") and 75(C1) — 2 = d(vs(C1) — vs(C2)) /W' ((2) + O(87) = 8¢ + O(87),
so log |75(¢1)| = 6 + O(8%).

Local injectivity. Near a point ¢ of Crit, the only point w’ # w near ¢ with Ws(w') = Ws(w) is
Bs(w); near a contact pair (1, (2), the point near (5 with the value Ws(w) of a point w near (j is
75(w). So it suffices to show that |35] > 1 on the closed disk near ¢ and |75| > 1 on the closed disk
near (1: then these points lie outside the closed disk. Let ¢ = 8 at (o = (j = ¢, or ¢ = 7 at (o = (1,
(¢ = (2, and Gs(p, s) = log |¢s(pCoe™®)| on the box 1 — 7}, < p < 1, |s| < 7y, with r, fixed. At § =0,
G(1,5) = gap(s) > cgaps? by Lemma 7.12(e), and 9,G(1,0) = Re((;¢'(¢0)Co) = —ap < 0: for 3,
o = 1; for 7, the number (o7({1)¢; is real since gap’(0) = 0, it is not positive since |7| > 1 inside
the disk and |7(¢1)| = 1, and it is not 0, since 7/(¢1) = W'(¢1)/W'((2) # 0, so ap = |7/(¢1)|. Hence
G(p, s) > Cgaps™ + (ap/2)(1 — p) on the box for small 7. Since |V(Gs—G)| < C6, G(1,0) = 0 and
Gs(1,0) > wé — C62, where @ = 2 at a point of Crit and w = 1 at a contact pair (the separations
computed above), we have G5(p, s) > G5(1,0) + G(p,s) — Co(|s| + 1 — p), so

Gs(pys) > (Coaps™ — Cdls]) + (ag/2 — CO)(1 — p) + wd — C% > wd — 6%/~ —Cs2 > 0

for small §: the first bracket is at least its minimum over s, which is —C’6%/(%—1) with ¢’ =
(1- %) C (C/(2jcgap))/ =1 attained at [s|¥ ! = C5/(2jcgap); the second term is non-negative
once C0 < ap/2; and 25/(2j —1) > 1. So |Bs] > 1 (resp. |75] > 1) on the closed disk near ¢
(resp. (1), including the points of T. If w # w’ in the closed disk near ¢ have Ws(w) = Ws(w'),
then w’ = B5(w) lies outside the closed disk; likewise near a pair, with 75. So Wj is injective on
the closed disk near each defect, and Wj # 0 there, its only zero near ¢ being c¢5 ¢ D. Near any
other point of the closed disk W’ # 0, and Wy is injective on a fixed disk about it by the segment
argument of Lemma 7.9.

Global injectivity. 1f 6, — 0 and w, # w) in the closed disk had W, (w,) = W, (w),), a
subsequence converges to (w*,w™) with W(w*) = W(w™). If w* = w™ the local injectivity is
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contradicted; otherwise both points lie on T by Lemma 7.12(a), so they form a contact pair, and
the local injectivity at that pair is contradicted. So for small §, W;s is injective on the closed disk
with W # 0 there, hence univalent on a neighbourhood of it. O

If W is rational, as in Corollary 7.15, then W (D) is a bounded quadrature domain [3], and

Lemma 7.12 also follows from the known structure of the boundaries of such domains (finitely many
analytic arcs with finitely many cusps and double points); compare Sakai [37] and Gustafsson [21].
Schiffer’s boundary variation [16, Ch. 10] shows that extremals of differentiable functionals on S
map onto the plane minus analytic arcs; it does not give Theorem 7.13, since the pairs here are not
closed under Schiffer’s variations, and the Hermite repair of Lemma 7.9 is what keeps (W B)' # 0
in D.
Poles on the circle. We now allow poles on the circle; then W (D) is unbounded, as for the Koebe
function. Let W € S be meromorphic on an open set U D D; shrinking U, its poles in U lie on T
and form a finite set P. Define Crit and Cont as above with T \ P in place of T. A slit plane is a
domain C\ I" with I a non-empty finite union of analytic arcs, closed in C.

Lemma 7.16. The orders of the poles of W add up to at most 2, and W(T \ P) N W (D) = 0.

Proof. Near a pole p of order m, V- = 1/W = 2™ with & conformal at p, &(p) = 0, and V is injective
on DN A. As in Lemma 7.12(b), (D N A) contains a sector at 0 of opening 7 — ¢, and u — u"
is injective on it; so m(m —¢) < 2w and m < 2. Then V(D N A,) contains a sector of opening
m(m —€). These sets are disjoint for different poles, so > m,(m —¢) < 27 for every € > 0. The
second statement is proved as Lemma 7.12(a). O

At a double pole p write 1/W = #2 with & conformal, and put B, = #71(—2). At two simple
poles p1, p2 put Too = (V|a,) LoV near p1, 50 Too(p1) = p2. A lone simple pole has no partner, as V'
is injective near it. As in the proof of Lemma 7.12, gap..(s) = log |Bso (pe'®)|, resp. log |Teo(p1e™)],
is real-analytic near 0, gap,, > 0 and gap..(0) = 0.

Lemma 7.17. Either Cont is finite, and every gap function of Lemma 7.12(e) (defined in the
same way on T\ P) and every gap., is at least Cgap82j near 0, for some cgap > 0 and j > 1; or
W (D) = C\T is a slit plane with T' = W (T \ P), all but finitely many points of I' have exactly two
preimages in T \ P, every component of I is unbounded, and P consists of one double pole or of
two simple poles.

Proof. The proof has two parts. First, if Cont is infinite, or some gap or gap,, vanishes identically,
then Cont contains an arc. Second, if Cont contains an arc, let O be its interior: we show in turn
that T \ O is a finite set of tips, that I' = C \ W (D) equals W(T \ P), and that the partner map
pairs the arcs of O, so that all but finitely many points of I' have exactly two preimages and every
component of I' is unbounded.

Parts (b), (c) of Lemma 7.12 and the local maps /3,7 are local at finite values, so they hold on
T\ P. Crit is finite, as |IW’| — oo at the poles, so the zeros of W’ on T \ P do not accumulate. If
Cont is infinite, or some gap or gap,, vanishes identically, then Cont contains an arc. For contact
pairs ((p, ¢},) with bounded values this is the reduction in the proof of Lemma 7.12. If the values
tend to oo, both points tend to poles: to one double pole, with ¢/, = B ((,), or to the two simple
poles, with (/, = 7o5({,) up to order (a lone simple pole is excluded, as V' is injective near it); then
gap,, =0, and B or 7o maps an arc of T into T.

Let O # (0 be the interior of Cont in T. Every boundary point of O is a tip, that is, isolated
in T\ O: for a point not in P as in Lemma 7.12 (the limit partner has a finite value, so it is not
a pole); at a double pole, or at one of two simple poles, the partners of nearby points of O tend
to a pole, so gap,, = 0 and a punctured arc about the pole lies in O. A lone simple pole is not
a boundary point of O, since a neighbourhood of it in T misses Cont. As in Lemma 7.12, T \ O

consists of finitely many tips; in particular there is no lone simple pole. With X = C\ W(D), the
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proof of Lemma 7.12 shows that the boundary of X lies in the finite set W (tips \ P) (the step (iii)
is local at a finite value), so X = (): a non-empty open set with finite boundary is the complement
of a finite set, and it would meet W (D); here W (D) \ W(D) c W(T \ P), since a finite limit of
values W (w,) comes from points w, that tend to a point of the closed disk other than a pole.
Hence I' :=C\ W (D) = W(D)\ W(D) = W(T\ P), by Lemma 7.16, and I' = W(O) UW (tips \ P).
As W (D) is dense, it is unbounded, so P # {); since poles are not in Cont, O lies in T\ P # T,
and every component of O is an open arc. The partner of a point of O lies in Cont and is not a
tip (a tip in Crit has no partner, and a pole is not in T \ P), so it lies in O, and the partner map
is a continuous involution of O without fixed points, as Crit N Cont = (); since an open interval
has no such involution (a continuous involution of an interval is monotone; an increasing one is the
identity, and a decreasing one has a fixed point), it maps each component arc A of O onto another
one, A’. So W is injective on A, and W (A) = W (A') is an analytic arc whose points have exactly
two preimages. I' is not empty, since W (D) misses W (T \ P). By Lemma 7.16, P is one double
pole or two simple poles. Finally I' U {oo}, the complement of the simply connected domain W (D)
in the sphere, is connected, and I' has finitely many components; a bounded one would be compact
and would split T" U {oo}. O

Theorem 7.18. Let (W, B) be an admissible pair with deg B =k > 1, let W be meromorphic on a
neighbourhood of the closed disk, and let Cont be finite. Then for every small § > 0 there is a pair
(Ws, Bs) of the same kind with deg Bs = k and Bs(0) = (1 — 0)B(0). In particular 1/B(0) < By.

Corollary 7.19. Let d > 1. If (W, B) attains By and W extends meromorphically to a neighbour-
hood of the closed disk, then W (D) is the plane minus a non-empty finite union I' of analytic arcs,
each traced twice by W on the circle, every component of I' is unbounded, and W has a double pole
or two simple poles on the circle.

For the corollary, Theorem 7.18 shows that Cont is infinite (as in the proof of Corollary 7.10),
and Lemma 7.17 gives the rest.

Proof of Theorem 7.18. We follow the proof of Theorem 7.13; near the points of T \ P nothing
changes. To the conditions on vs we add, at each pole po, o) (poo) = 0 for 0 < I < 27, where j
is the exponent of gap,, in Lemma 7.17 (gap,.(s) > cgaps™) at a double pole, resp. at p; for two
simple poles, and j = 0 for a lone simple pole. The poles are distinct from the other nodes, and
Ws = W + dvs has the same poles with the same orders.

F; # 0 in D. Near a pole po, of order m, with Rs = (Bs — B)/J,

E  Rs+ (W/W'Rs + (vsBs)' /W'

F - B+ (W/W"B' ’

where W/W' = O(Jw — poo|) and 1/W' = O(|w — poo|™*1). As B(po) # 0, E/F’ is bounded on a
fixed disk about ps uniformly in §; on the rest of the closed disk the proof of Lemma 7.9 applies.
So F§ # 0 in D for small 4.

Injectivity near the poles. Put Vs = 1/Ws = Vus with us = 1/(1 + dvsV). On |w — peo| < 7,
lus—1| < Cor*m and |uj| < Cor?7Tm=1. At a simple pole, V/(pso) # 0; fix a disk of radius at most
r about ps, on which V' — V/(pso)| < |V (poo)|/4. For small 0, [V — V'(po)| < |V'(pso)|/2 there,
and integration along the segment from w’ to w gives |Vs(w) — Vs(w')| > |V'(poo)| |w — w'|/2 > 0

for w # w' in it, as in the proof of Lemma 7.9; so Vj is injective there. At a double pole, Z5 = :Ji"u(lS 2
211 and Baos = 3%5_1(—:?:5) fixes pso. At two simple poles
Too,s(P1) = P2, and V(7oo 5)Us(Too,5) = Vs gives |Too s — Toolor < Cér%, since by the bounds on
ug near p; and near ps the map Vy and its local inverse near po differ from V and its inverse by
O(6r%7) in C* (this uses the condition at both poles). With Gs(p, s) = log|ps(ploe’®)| for ¢ = B
Or Too, as in the proof of Theorem 7.13, we get G5(1,0) = G(1,0) = 0. The maps B 5 and S fix
Poo, and the bound on &5 gives |Boos — Boolcn < COr¥ Tt on |w — poo| < 7; integrating from poo

is conformal with |Zs — |1 < Cér
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along a segment gives |Boo (W) — Boo(w)| < COlw — poo|¥+2. Likewise Too 5(P1) = Too(p1) = p2 gives
1 Too.6 (W) = Too (W) | < CSlw—p1 |2, As |w—Co| < C(Js|+1—p) at w = pCpe®®, and log |-| is Lipschitz
near the circle, |Gs — G| < C§(|s| +1— p)%*1: the exponent is 25 +2 or 25+ 1, and |s| +1—p < 2,
since [s| <1 and 0 <1—p <1 on the box. So (|s|+ 1 — p)¥ Tt < 227 (|s|2H 4 (1 — p)¥Hl) <
2%+ (s% 4+ (1 — p)). Since G(p, s) > cgaps® + (a0/2)(1 — p) on a small box,

Gs(p,s) > (cgup — C'0)s + (a0/2— C'8)(L—p) > 0 for (p,s) # (1,0)

and small §. So Wy is injective on the closed disk minus P near each pole.
Global injectivity. If Ws, (w,) = Ws, (w)) — oo with w, # w!, in D, then w,,w] tend to

n
poles, against the previous step; bounded values are treated as in the proof of Theorem 7.13. So

Ws € S. ]

Theorem 7.18 does not say that Wy is univalent past the circle; near a double pole it cannot
be. Whether an extremal W is meromorphic past the circle is open. For unbounded quadrature
domains compare Shapiro [38] and Sakai [37].

7.6. Rational extremals. Corollary 7.15 excludes a rational W without poles on the closed disk,
and Corollary 7.19 says that if a rational W with poles on the circle belongs to a pair that attains
B; with d > 1, then W (D) is a slit plane. We show that a rational map onto a slit plane has straight
slits (Proposition 7.20), that such a map carries no pair with non-constant B (Corollary 7.24, from
the sign rule of Theorem 7.22), and so that no extremal pair has a rational W (Corollary 7.25).
Let J(w) = w + 1/w, the Joukowski map; it maps I conformally onto the sphere minus [—2, 2].
Proposition 7.20 below follows from the classical fact that a rational (resp. entire) Schwarz function
forces a circle or a line (resp. a line); see [10] and [9, pp. 104-106]. The part proved here is that
the Schwarz function of a rational univalent W with dense image is a M6bius map, which gives the
form (iii) of W.

Proposition 7.20. Let W be a rational function that is univalent in D, with no pole in D, such
that W (D) is dense in C. Let P be the set of poles of W on T, and T' = C\ W (D).
(i) T =W(T\ P); it is non-empty and closed, with empty interior and of locally finite length.
(ii) T lies on a line: it is one closed ray, or two disjoint closed rays on one line that point away
from each other.
(iii) W =X o J o1, where ¢ is an automorphism of D and X is a Mdbius map whose pole lies
in [—2,2]; in particular deg W = 2.
Conversely, every such ¥ o J o1 is univalent in D, and its image is C minus one or two closed
rays on a line.

The image of a rational W in Corollary 7.19 is a slit plane, and a slit plane is dense in C: a finite
union of analytic arcs that is closed in C has empty interior. So Proposition 7.20 applies to it.

Proof. Replacing W by (W — W(0))/W’(0), an affine change that keeps the hypotheses and the
conclusions, we may assume W € S. As W (D) is dense, it is unbounded, so P # ). Put Q@ = W(D).
(i) Let 2o € I" and W (wy,) — 20 with w,, € D. A limit point ¢ of (wy,) is not in D, since zp ¢ €2,
and not in P, since W — oo there; so ¢ € T\ P and W({) = z9. Conversely W(T\ P)NnQ =10
by Lemma 7.16. So I' = W(T \ P). It is closed, as (2 is open; it is non-empty, since the inverse of
a conformal map of D onto C would be a bounded non-constant entire function; and it has empty
interior, as € is dense. For a compact set X C C, the points ( € T\ P with W(({) € X stay away
from P and form a compact subset of T \ P, on which W is analytic; so I' 1 X has finite length.
The Schwarz function. The function W*(w) = W (1/w) is rational, so Sq = W* o W1 is
meromorphic on 2, with finitely many poles; they lie in the open set €2, at positive distance from
I'. Let 20 € T and z, — 2o with 2z, € Q, and put w, = W~(z,). As in (i), every limit point ¢ of
(wy) lies in T\ P with W({) = 29; W* is continuous at ¢, and W*(¢) = W(() since 1/¢ = {. So
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Sa(zn) — Zo, whichever preimage the w, approach, and Sq extends continuously to C minus its
poles, with Sq(z) = z for z € I'.

Sq is meromorphic on C. Sq is continuous on C minus finitely many poles and holomorphic off
the closed set I', which has o-finite length by (i). By a theorem of Besicovitch [5], a function that
is continuous on an open set and holomorphic off a closed subset of o-finite length is holomorphic
there. So Sq is meromorphic on C.

Sq is a Mébius map. Sgq is not constant, as Sq(z) = z on I', which contains an arc. Put

S5(€) = Sa(§), meromorphic on C. For z € T', Sq(z) = 2z, so 55(5q(2)) = Sa(z) = z; as I’
has non-isolated points, S5, o Sq is the identity. So Sq is injective on C minus its poles. It has
at most one pole, since near two poles the values near co would be taken twice (open mapping
theorem). It has no essential singularity at co: if R exceeds the moduli of all poles, then by the
Casorati-Weierstrass theorem Sqo({|z| > R}) is dense in C, so it meets the non-empty open set
Sa({|z] < R} \ {poles}), against injectivity. So Sq is rational and injective, that is, a Mébius map.
(ii) A(2) = Sa(z) is an antiholomorphic map of the sphere with Ao A = S o Sq = id and
A(z) = z on T. An antiholomorphic involution of the sphere is conjugate by a Mobius map to
z — Z, whose fixed set is a circle, or to z — —1/Z, which has no fixed point. So I lies on a circle
Co. As Q is simply connected, the complement I" U {oo} of € in the sphere is connected; so the
non-empty closed set I' is unbounded, and oo lies in the closed set Cy: Cj is a line together with oco.
Now I' U {oo} is a connected closed proper subset of Cy (the plane minus a line is not connected)
with more than one point, that is, a closed arc of Cy through oo. If oo is an end of the arc, I' is
one closed ray; otherwise I' is the line minus a bounded open interval, that is, two closed rays.
(iii) A Mdobius map ¥ maps [—2,2] onto the arc I' U {oco} (ends to ends and one inner point
to one inner point), so Q = X(sphere \ [—2,2]), and the pole of ¥ lies in [-2,2]. Then ¥ o J
and W are conformal maps of D onto €2, so W = ¥ 0 J o4 with ¥ an automorphism of D, and
deg W = deg J = 2. The converse is the same computation read backwards. O

Remark 7.21. (a) If a rational W, univalent in D and possibly with a pole there, has W (D) dense
in the sphere, then the sphere minus W (D) is a closed circular arc and W = ¥ o J o ¢ with ¢ an
automorphism of D and ¥ a Mdbius map whose pole need not lie in [—2, 2]: apply Proposition 7.20
to the composition of W with a Mébius map that sends a point outside W (D) to co. (b) For one
ray (the pole of ¥ at 2) W has one double pole on T, since J(w) — 2 = (w — 1)?/w; for two
rays (the pole of ¥ in (—2,2)) it has two simple poles on T, since J(w) = x has two roots on
T for —2 < = < 2. This is the alternative of Corollary 7.19. (c) Examples: the Koebe function,
1/(J(w) —2), equal to 1/(2cost —2) at w = €', omits the ray (—oc, —1/4]; w/(1+w?) = 1/J (w),
equal to 1/(2cost) on T, omits (—oo, —1/2] U[1/2,00); w/(1 —w?), equal to i/(2sint) on T, omits
two rays on the imaginary axis. (d) So no rational map of D onto a slit plane has a curved slit.

When all poles of W lie on the circle, the Schwarz function Sq of the proof of Proposition 7.20 has
no pole; compare Sakai’s null quadrature domains [36], and Shapiro [38] for unbounded quadrature
domains.

A sign rule. Let W € S be meromorphic on an open set U O D, with its poles in U forming a

finite set P C T, as before Lemma 7.16. By that lemma W (T \ P) misses W(D) > 0, so W # 0 on
T\ P. Put g = wW’/W; it is holomorphic near the closed disk minus P and zero-free in D, with
g(0) =1. On T\ P write W(e?) = e+ Jocally, so that

gy = 0'() — iw/(t),  u=log|W|
u is real-analytic on T \ P and tends to 400 at P, so it is constant on no arc of T\ P, unless P = ()
and |W| is constant on T; then W (D) is a disk about 0 and W (w) = w. Near a pole p of order m,
g =—mp/(w — p)+ O(1), so along the circle

g(pet) = % cot % +0(1) (t —0).
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Hence the set
Z-={¢eT\P: g(¢) € (=00,0)}
stays away from P; it consists of zeros of v/, as Im g = —/, so it is finite. At ¢ = e € Z_ the map
t +» arg W (e®) turns clockwise and |W| is stationary. For a pair (W, B) put F = WB, ¢ = wB'/B,
which is holomorphic near T and positive there (the function o of Section 2.4), and
/

s
Theorem 7.22. Let W be as above, and suppose that u”(t) > 0 at every e € Z_; that is, every

stationary point of |W| on the circle at which arg W turns clockwise is a nondegenerate minimum
of |W|. Then there is no admissible pair (W, B) with B non-constant.

X=g+o=

If W is starlike, then Reg > 0 in D, so Z_ = (); for such W, meromorphic past the circle,
Theorem 7.22 recovers the observation of [23, Sect. 9] that a starlike W admits no non-constant
factor B.

Proof. Let (W, B) be admissible with deg B = k > 1; the zeros ay,...,a; of B are simple and
non-zero (Section 7.4). On T\ P, F # 0, so the zeros of x there are the zeros of F”’. At such a
point ¢ = e, Imy = —u/(t) = 0 and Rey = ¥'(t) + 0(¢) = 0, s0 g(¢) = —0(¢) < 0 and ¢ € Z_;
there %X(e“) has imaginary part —u”(t) # 0, so the zero is simple. At a zero ¢ of W/ on T \ P,
x(c) =0o(c) > 0.

Let T, be the circle with inward semicircular indents of radius p at the points of P and at the
zeros of x on T\ P, where 2p is less than the distance between any two points of PUZ_, and no zero
of B lies within 2p of T. Inside T,, x has no zero, as F’ # 0 in D and x(0) = 1, and it has exactly &
poles, all simple, at the a;, as W # 0 in D\ {0}. By the argument principle wind(xoT,) = —k < 0.
For small p the curve x o T, misses 0 and meets (—o00,0) at finitely many points (see below), and
its winding number is the sum of the local crossing numbers there: +1 for a passage from Imy > 0
to Im x < 0, —1 for the opposite passage, and 0 if the sign does not change.

(a) On the arcs of T outside the indents, Im x = —u/, as o is real. So x meets (—00,0) only at
zeros of u' where ¥ + o < 0; there g = ¥ < —0 < 0, so the point lies in Z_ and is a nondegenerate
minimum of u. So v’ passes from negative to positive, and Imy from positive to negative: the
crossing number is +1.

(b) At an indent about a zero ¢ of x, put A¢c = i{x/(¢), so that x(Ce") = At + O(t?) and
ImA; = —u” < 0. On the inward semicircle w — ¢ runs from —i¢p through —(p to i¢p, clockwise
about ¢, so x = x'(¢)(w — ¢) + O(p?) runs from —A¢p through iA:p to Acp: it starts in the upper
half-plane, passes through the right half-plane (Re(iA¢) = —Im A¢ > 0) and ends in the lower
half-plane. It meets the positive axis, not (—o00,0): the indent contributes 0.

(c) At an indent about a pole p of order m, write w — p = ppe’® with ¢ € [7/2,37/2]. As o is
bounded near p, x = —(m/p)e 4+ O(1), so argxy = 7 — ¢ + O(p) lies in [—7/2,7/2] up to O(p),
and where Im x is small, ¢ is near 7 and Re x is near m/p > 0. The indent does not meet (—oo, 0]:
it contributes 0.

So wind(x o Tp) is the number of crossings in (a), which is at least 0, against —k < 0. O

Remark 7.23. For Blaschke models, Theorem 7.22 is contained in the pocket formula: with base
point 0, v = 1/g, so the pockets are the points of Z_, a minimum of u is a pocket of sign —1
and a maximum one of sign +1; and by Proposition 3.6 a feasible triple has a pocket of sign +1.
The method, the argument principle for wF’/F along the circle, is that of [23, Sect. 8] and of
Proposition 2.11. What Theorem 7.22 adds is the treatment of the boundary: indents at poles of
W on the circle and at zeros of (W B)’ there; at critical points of W on the circle (for instance
the ends of slits) x = o > 0, so no indent is needed. This does not contradict [23, Lemma 8.1,
Thm. 8.7(b)], which build admissible pairs with non-constant B from nondegenerate minima in
Z_: if W has no pole or critical point on the circle, for instance if it is univalent past the circle,
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then ¢ is holomorphic and zero-free near the closed disk, wind(g) = 0, and under the hypothesis of
Theorem 7.22 each point of Z_ adds +1 to this winding number, so Z_ = (). So the theorem has
content only when W has poles or critical points on the circle.

Corollary 7.24. Let W =30 J o1 € S be as in Proposition 7.20(iii), so that W (D) is C minus
one closed ray, or minus two disjoint closed rays on one line. Then there is no admissible pair
(W, B) with B non-constant.

Proof. W is rational, so the setting above applies, and I' = W(T \ P) by Proposition 7.20(i). At a
zero of W/ on T\ P (an end of aray) g = 0, so it is not in Z_. At the other points of T'\ P, the map
t + W (e') is a local diffeomorphism onto a ray {z. + se? : s > 0}, so locally W (e') = z, + s(t)e?
with &'(t) # 0. The function s + |z, + se’|? is a strictly convex quadratic, positive as 0 ¢ T,
s0 £(s) = log|ze + se| has at most one stationary point, and there ¢ = 1/|z, + se?|> > 0. As
u = {os,azero of ' is a stationary point of ¢, and there u” = ¢’ (s')2 > 0. So every point of Z_
is a nondegenerate minimum of u, and Theorem 7.22 applies. O

Corollary 7.24 needs straight slits: Jatar and Ng [23, Sect. 9] mention a pair with deg B = 1 and
gain /61/58, built from a bent radial slit.

Corollary 7.25. Let d > 1. No pair that attains By has a rational W.

Proof. Let (W, B) attain B; with W rational. B is not constant, as 1/B(0) = By > B; > 1 by [23,
Thm. 6.1]. W € S is rational, so it is meromorphic on C, and by Corollary 7.19, W (D) is a slit
plane, which is dense in C. By Proposition 7.20, W = ¥ o J o9 with the pole of ¥ in [-2, 2], and
Corollary 7.24 gives a contradiction. U

So an extremal W, which exists for each d > 1 by [23, Thm. 8.9], is not rational. By Corollar-
ies 7.14 and 7.19 it does not extend holomorphically past the circle, and if it extends meromor-
phically, then it is a non-rational map onto a slit plane; by Theorem 7.22, Z_ then has a point at
which u is not a nondegenerate minimum.

7.7. Counting the zeros of (IWB)' from the circle. Theorem 7.22 has a quantitative form: an
exact count of the zeros of (WB)' in D, read off the boundary, for every finite Blaschke product
B. Let W(w) # w, P, u, 9, g and Z_ be as in Section 7.6. Let B be a finite Blaschke product
of degree k > 1, with zeros anywhere in D (repetitions allowed). Put F = WB, ¢ = wB’/B and
X =g+ 0o =wF'/F, and let Np(F’) be the number of zeros of F’ in D, counted with multiplicity.
For a Blaschke model with base point 0, the pockets of Section 3 are the points of Z_, and a pocket
is on if and only if xy > 0 there (see the text after Theorem 7.26). On T \ P we have Im xy = —u/,
as o is real there. For ¢ € T \ P write

x(Ce™) = ™ + O™t (teR, t—=0, ¢ #0).

As F(¢) # 0,00, m¢ > 0 is the order of the zero of F’ at ¢. If v’ vanishes at ¢, let k¢ > 1 be the
order of this zero; it is finite, since u is constant on no arc of T\ P. Let ¢ = +1, —1 or 0 according
as u has a strict local maximum, a strict local minimum, or neither at ¢. In the last case u’ has one
sign s¢ on both sides of (. So k¢ is odd if and only if e # 0. Since Im x = —u’, we have k¢ > m,
and c¢ is real if kc > m¢. The set

Zy ={CeT\ P: x(¢) € (—00,0]}

lies in Z_, since there v’ = 0 and ¢ = y — o < 0. It contains the zeros of F’ on T\ P, and no zero
of W' (there x = 0 > 0). The index defined next is the contribution of ¢ to minus the winding
number of x along the circle indented into the disk at the points of Z, and P; the indices add up
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to k — Np(F’) (Theorem 7.26(i)). For ¢ € Z, define the index

me/2+e¢ if m¢ is even and ¢ < 0,

me/2 if m¢ is even and c¢ ¢ (—o0,0),
Lr =
¢ (me¢ +e¢)/2 if m¢ is odd and e¢ # 0,

(m¢ + sesgnee)/2  if me is odd and e = 0 (then c¢ is real).
If m¢ = 0, that is x(¢) < 0, then ¢, = e.: —1 at a minimum of u and +1 at a maximum. Finally
put
k< + ¢
t = —_
i) = 3 4
ez

Every term is a non-negative integer, and wt(W') depends on W only.

Theorem 7.26. Let W and B be as above.

(i) Np(F') =k — > ez, k- In particular F'#0 in D if and only if the indices add up to k.

(ii) ¢¢c < (k¢ +e¢)/2 for every ¢ € Zy. Hence every admissible pair (W, B) satisfies deg B <

wt(W).
Proof. (i) Let T, be the circle with inward semicircular indents of radius p at the points of P and
at the zeros of x on T\ P. F’ is meromorphic near the closed disk with poles only at P, and
|F'| — oo at P, so it has finitely many zeros in D. For small p the region inside T, contains all of
them, all zeros of B, and no pole of W. Since wF’ and F are holomorphic there,
wind(x o T,) = wind(wF' o T,) — wind(F o T,) = (1 + Np(F")) — (1 + k).

Around each point z of Z, U P let A, be the part of T, formed by the arc of T from ze ™ to the
indent at x (if any), the indent, and the arc to xze*?. On the rest of T,, x avoids (—o0,0], so the
principal argument Arg y is continuous there. Put

1 . 4
0r = - (Arg x(we™) — Arg x(we™™) — Ay, arg x),
T
an integer. The terms Arg telescope around T, so wind(x oT,) = — ) 0,. Each 0, is constant in

p and n, and we evaluate it as p,n — 0.
At a pole p of order m,;, A, avoids (—o0,0]: on the circle |[Im x| — oo at p, since g(pett) =
“52 cot £ + O(1), and on the indent see part (c) of the proof of Theorem 7.22. So &, = 0.

Let ¢ € Zy, m = m¢, ¢ = ¢¢. On the indent w — ¢ = pCe? with # decreasing from —m/2 to
—37/2, we have y = ¢p"e™0=7/2) (1 4+ O(p)), so arg x decreases by mm+ O(p). On the two arcs of
the circle a continuous branch of argy changes by O(n). At the ends, x(Ce™™) = cLn™(1 4+ O(n))

with cx = e(£1)™. If cx ¢ (—00,0), then Arg x((e*™) — Argcy. If c4 < 0, then c is real, so

k¢ > m. Then Im x(Ce) = —u/ is of order n¥¢, with the sign opposite to the sign si of u’' on
that side, and Arg x(Ce*™) — —sym. So ¢ = (mm + Ay — A_)/2m, with Ay these limits. At an
extremum e = s_ = —s4; otherwise s_ = s = s¢.

o If m is even, then ¢, = c_ =c. If ¢ ¢ (—00,0), then Ay = A_ and 6 = m/2. If ¢ <0,
then 6 =m/24 (s— —s54)/2=m/2+ ¢e¢.
e Ifmisoddand ¢ ¢ R, then A, —A_ = Argc—Arg(—c) = wsgnlme. Also v = —Im(c)t™+
. changes sign, so e¢ = sgnImc and d¢ = (m +€¢)/2.
e If m is odd and ¢ > 0, then 6 = (m +s_)/2. If m is odd and ¢ < 0, then 6, = (m — s4)/2.
At an extremum both equal (m + ¢)/2; otherwise they equal (m + s¢sgnc)/2.
So 0¢ = ¢, and (i) follows.
(ii) Write m = m¢, € = e¢; recall that m < k¢ and that k¢ is odd if and only if € # 0. If m is
even and € = £1, then m < k¢ — 1, so ¢t < m/2 +max(e,0) < (k¢ +¢€)/2. If m is even and € = 0,
then o =m/2 < k¢/2. If m is odd and € # 0, the claim is m < k¢. If m is odd and € = 0, then k¢
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is even, so m < k¢ — 1 and ¢ < (m +1)/2 < k¢/2. For an admissible pair Np(F’) = 0; all terms
(k¢ +€¢)/2 are non-negative, and Zy C Z_,so k=35 1 <> 5 (k¢ +ec)/2 < wt(W). O

The term (k¢ + e¢)/2 vanishes exactly at nondegenerate minima (k¢ = 1, e, = —1), so The-
orem 7.22 is the case wt(W) = 0 of Theorem 7.26(ii). For Blaschke models (W univalent past
the circle and F’ # 0 on the closed disk), Theorem 7.26(i) is the pocket formula, Theorem 3.4, in
another form. With base point 0, the pockets are the points of Z_; a pocket is on if and only if
X > 0 there, and off if and only if y < 0; and the signs of all pockets add up to 0 (Remark 7.27).
So k=) g€, and (ii) is immediate there. Theorem 7.26 adds the zeros of F’ on the circle, of any
order, together with poles and critical points of W on the circle, and the bound by wt(W).

Remark 7.27. If W is univalent past the circle, then P = (), and g is holomorphic and zero-free near
the closed disk, so wind(g|r) = 0. The proof of Theorem 7.26(i), applied to g in place of x (the
case B = 1; the proof does not use k > 1, and here the special points are exactly the points of Z_
and all have m¢ = 0), gives wind(g|r) = — >, ec. Hence -, ec =0 and wt(W) = 3>, k.

Corollary 7.28. Let W € S be univalent on a neighbourhood of the closed disk, and suppose that
u’ # 0 at every point of Z_. Then wt(W) is the number of points of Z_ at which u has a minimum,
and also the number at which it has a maximum. It is the largest degree of a finite Blaschke product
B with (W, B) admissible.

Proof. By Remark 7.27 with kc = 1, Z_ has n = wt(WW) minima and n maxima of u. The
minima satisfy the conditions (26) of [23, Lemma 8.1], so for n > 1 that lemma gives a regular

admissible pair of degree n; for n = 0 only B = 1 is possible. No larger degree is possible, by
Theorem 7.26(ii). O

The lower bound in Corollary 7.28 is [23, Lemma 8.1, Thm. 8.7(b)]; the upper bound is Theo-
rem 7.26(ii).

Corollary 7.29. Let W € S, W(w) # w, be holomorphic on a neighbourhood of the closed disk,
and let N, be the number of zeros of u' on T, counted with multiplicity. Then deg B < Ny /2 —1
for every admissible pair (W, B). If W is a polynomial of degree n > 2, then Ny < 2n — 2, so
deg B <n —2.

Proof. Let ¢* be a point where u is maximal on T. By the maximum principle |W| < |[W(¢*)| on
the closed disk, so the radial derivative Reg = ' is > 0 at ¢*, and ¢* ¢ Z_. As u is not constant,
¢* is a strict local maximum, with (k¢ +1)/2 > 1. Strict local maxima and minima of u alternate
on the circle, so the sum of (k¢ +¢e¢)/2 over all zeros of u' is N,/ /2. Hence wt(W) < N,y /2—1, and
Theorem 7.26(ii) applies. For a polynomial W of degree n, u' = — Im(wW'W)/|W|? on the circle,
and there wW’ W is a combination of the terms w/@' = !~V with 1 < j,1 < n; so Im(wW' W)
is a real trigonometric polynomial of degree at most n — 1, not identically 0. So Ny < 2n—2. 0O

For n = 2 the bound says that a univalent quadratic polynomial carries no non-constant B;
indeed w + aw? with |a| < 1/2 is starlike. For the maps W = (H o ¢)/Nj of [23, Lemma 6.2]
where H is a polynomial of degree n with H(b) = 0, b € D\ {0}, p(w) = (w + b)/(1 + bw) and
Ny = (1 — |b|>)H'(b) (Section 8 recalls them), the zeros of «’ on the circle are those of Im(zH' H),
in the variable z = p(w) of H, moved by ¢ (as N, is a constant); this trigonometric polynomial
has degree at most n, and the same argument gives deg B < n — 1.

Remark 7.30. Pairs XI and X of Table 2 (Section 8) are admissible with F’ vanishing on the circle,
a case that Theorem 3.4 does not cover. As in Section 8, let z = p(w) be the variable of Q;
then x = wF'/F = |¢'| 2Q'(2)/Q(2) on the circle, where wy'/¢ = |¢'| > 0, and ¢ preserves the
orientation of the circle; so the indices can be computed in the variable z. At z = 1, the zero of Q’
of order 5 is a maximum of u with ks = 5, and c is not real, so the index is (5+1)/2 = 3. The other
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points of Z, are two minima of v with x < 0, each of index —1; for pair X, also the point (2 # 1 of
the circle (Table 2), a simple zero of @’ at a minimum of u, of index 0. So 3—1—1=1=degB.
So these two pairs place a zero of order 5 of (W B)’ at a flat maximum of |W| (Section 7.8), where
arg W turns clockwise. That this zero is a strict maximum of u with k; = 5 is proved in Section 7.8.

Remark 7.31. Let W be meromorphic past the circle with W (D) = C\ T, as for every extremal W
of Corollary 7.19. By the sector count of Lemmas 7.12 and 7.17, a finite point of I is either an end
(one preimage, a zero of W', not in Z_) or lies on an analytic arc of I (two preimages, on the two
edges). At such a point, v’ = 0 exactly when T' is tangent to the circle about 0 through it. Then
has opposite signs on the two edges, so exactly one preimage ( lies in Z_, with k; and ¢ those of
the distance to 0 along I. So deg B is at most the sum, over these tangency points, of (k¢ +¢e¢)/2.
A nondegenerate local minimum of the distance to 0 along I' counts 0, and a local maximum counts
at least 1. An extremal pair with deg B = k& > 1 whose W is meromorphic past the circle therefore
needs a slit that bends back toward 0, or touches a circle about 0 to higher order, with total weight
at least k. For straight slits the sum is 0 (Corollary 7.24). A slit with a corner is not covered: W
is not meromorphic past the circle at the preimages of a corner.

7.8. Flat maxima and a Schwarzian on the circle. Corollary 7.28 assumes that u” # 0 at
every point of Z_. Here we look at a flat maximum: a point ( € Z_ at which u has a strict local
maximum with ke > 3. Its term in wt(W) is (k¢ 4+ 1)/2 > 2. By the definition of the index, at
such a point ¢ > 2 holds only if m¢ > 3, or m¢ = 2 and ¢ < 0; and ¢¢ = (k¢ 4 1)/2 holds only if
m¢ = k¢, or m¢ = k¢ — 1 and ¢ < 0. We show that one number, computed from W alone, rules
this out when it is negative: then (¢ < 1 for every B.
For a positive C? function f on an arc of T, with derivatives taken in the angle (f'(¢) =
g/ (¢eMli=0), put
f// f/ 1— f2
=1 2(5) - .
foo2\f 2
If Y is a real function of the angle with Y’ = f, then Y(f) = SchY + \& —1)/2, where SchY =
V"Y' —3(Y"/Y")? is the Schwarzian derivative. Let P,(e™) = (1 — [a|?)/|e — a|? be the Poisson
kernel of a € D; on the circle, 0 = wB'/B = Zj Py;, where the a; are the zeros of B.

Lemma 7.32. (a) (Classical; see [29].) Y(P,) =0 on T for every a € D.
(b) Let B be a finite Blaschke product of degree k > 1, and 0 = wB'/B on T. If k = 1, then
Y(o) =0; if k > 2, then Y(o) > 0 at every point of T.
(c) Let ¢ be an automorphism of D, and let v be a real function with e =@ Iff>0
and f = (f o)y, then Y(f) =" (T(f) o 9)).
Proof. (a) After a rotation, a = r € [0,1). With D(¢t) = 1 +r? — 2rcost we have P, = (1 — r?)/D,
P!/P,=-D'/D and P'/P, = -D"/D + 2D"?/D?, so

D2Y(P,) = ~DD" + 1D — L(D? — (1 - r?)%).

Here D' = 2rsint, D" = 2rcost and D? — (1 — r?)? = 4r(r — cost)(1 — rcost), and the right side
expands to 0.
(b) On the circle o = E?:l fj with f; = Py; > 0. By (a), f} = %fJ’Q/fJ + 31— sz) Hence

Ef/) 1—o02
Z o( . )

S DRSO )
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The first bracket is non-negative by the Cauchy—Schwarz inequality. The second is 0 if £ = 1 and
positive if k > 2. 3
(c) Let Y’ = f; then f = (Y o). The chain rule Sch(Y o) = 1" (SchY o)) + Sch gives

T(f) = ¢ (SchY o) +Schy + 3 (¥*(Y' 0 v)* = 1) = v (T(f) o)) + T(¢).
On the circle ¢ = |¢'[ is the Poisson kernel P,-1(, so T(¢)) = 0 by (a). O

Remark 7.33. Let H be a polynomial with no zero on T, let ¢ be an automorphism of I, and let
W = C (H o) with a constant C # 0. With ¢ as in Lemma 7.32(c), log [W| = log|H| o +log |C|
on the circle, and wW'/W =/ (zH'/H) o ¢ on the circle, with ¢ = w¢'/p > 0 (H has variable
2z = @(w), as in Section 8). So the zeros of v’ for W and for H correspond under v, with the same
orders and types, ¢ keeps its sign, and by Lemma 7.32(c) the number Y(—9') at corresponding
points of Z_ has the same sign. We use this for W = (H o ¢)/Np.

Corollary 7.34. Let W, B and x be as in Section 7.7, let { € Z, with m¢ > 2, and let f = —/
near ¢ (so f > 0 there).

(i) If m¢ > 3, then Y(f)(¢) = Y(0)(¢) > 0, with equality if and only if k = 1.

(ii) If m¢ =2 and ¢ <0, then Y(f)(¢) > 0.

Proof. On T\ P we have Rex = Reg+ 0 = o — f. As x(Ce™) = cct™¢ + O(t™< 1), the function
o — f vanishes to order at least m¢ at t = 0. If m¢ > 3, then f, f/, f” agree with o, o', ¢” at ¢, so
T(f)(¢) =Y(0)(¢), and Lemma 7.32(b) gives the rest. If m¢ =2 and ¢ <0, then f =0, f' =0’
and f"” = o¢" — 2¢¢ at ¢, so Y(f)(¢) = Y(0)(¢) — 2¢¢/o(¢) > 0. O

In particular, if deg B = 1, every zero of F’ on the circle of order at least 3 imposes the equation
T(—')(¢) = 0 on W alone, whatever the type of (. Every one-zero pair of Table 2 (Theorem 8.9,
in Section 8) whose @’ has a zero of order 5 on the circle has a zero of F’ of order 5 there, and
so satisfies it. For pairs XI, X and IX, in the variable z of Remark 7.30, 2Q'/Q = ct® + O(t%) at
z = e with ¢ = iR(1)/Q(1), where Q' = (2 — 1)°R; and c, is a positive multiple of c. In exact
rational arithmetic over Q(7), Re(R(1)/Q(1)) > 0 for all three pairs, so Imc¢ > 0: the zero is at a
strict local maximum of u with ks = 5.

Proposition 7.35. Let W be as in Section 7.7, let ( € Z_ be a point at which u has a strict local
mazimum with k¢ > 3, and put f = —9' near (.
(i) If Y(f)(C) < 0, then v < 1 for every finite Blaschke product B with { € Z,, and every
admissible pair (W, B) satisfies deg B < wt(W) — (k¢ — 1)/2 < wt(W).
(ii) If Y(f)(¢) <0, then still deg B < wt(W) — (k¢ — 1)/2 for every admissible pair (W, B).

Proof. (i) At a maximum e, = 1, and by the definition of the index, ¢r > 2 forces m¢ > 3, or
m¢ = 2 and ¢¢ < 0. In both cases Corollary 7.34 gives T(f)(¢) > 0. So ¢ < 1. For an admissible
pair Np(F”’) =0, and Theorem 7.26 gives

k ke +1
k=Y e<1i+ > %:wt(m—i+1;
¢€7, £eZ\{¢}

if ( ¢ Z,, the same bound holds without the term 1.

(ii) If Y(f)(¢) = 0 and k > 2, Corollary 7.34 excludes ¢c > 2 (for & > 2 both of its cases give
Y(f)(¢) > 0), and the proof of (i) applies. If k& = 1, the bound reads 1 < wt(W) — (k¢ — 1)/2,
which holds because ¢ alone contributes (k¢ +1)/2 to wt(WW). O

Proposition 7.36. The hypothesis u” # 0 on Z_ in Corollary 7.28 cannot be dropped. More
precisely, there is W € S, univalent on a mneighbourhood of the closed disk, of the form W =
(H o ¢)/Ny, where H is a polynomial of degree 14, b € D, H(b) = 0, ¢(w) = (w +b)/(1 + bw) and
Ny = (1 — |b*)H'(b), and a point ( € Z_ at which u has a strict local mazimum with ke = 5 and
T(—9)(¢) < 0. For every such W, every admissible pair (W, B) has deg B < wt(W) — 2.
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The proof uses pair IX of Theorem 8.9 and Lemmas 8.5, 8.6 and 9.9; it is given in Section 9,
after Lemma 9.9.

So at a flat maximum the bound of Theorem 7.26(ii) can lose (ks — 1)/2, and if T(—9")(¢) < 0,
this loss occurs for every B.

7.9. A bound for each degree. In the proof of [23, Thm. 7.1] the inverse branch of F fixing 0

omits every zero of B, and Pick’s estimate at one zero gives By < 4 — %(10522)2 [23, Thm. 1.3,
Cor. 8.10]; [23, Rem. 7.3] suggests that the hyperbolic geometry of I minus all the zeros does
better. We confirm this for large d. Here we use Lemma 7.1: the map h of its proof is univalent
and omits all of A. By [23, Lemma 2.1], B, is also the supremum of Ky over the Blaschke models
with deg B < d: regular admissible pairs are Blaschke models, the regularisation keeps deg B, and
B =1 gives 1/B(0) = 1.

We use the following constants. Fix

) 1 (2 — €max)*(1 — lmax/2)”

B 3 B B o max max

00 =107%  €max = V/300/2, lmax =log T, 2= 1+ 4n? ’
4 L4 eal 1 2logcosh =, Ny = log(4 — &)

c3=———, Co= czlog —————, ¢ = 2logcosh - = 1o -

T log(1+c)’ Y T /2’ ’ . MmO 07

4d ClMg
qd—03logMo+co, Y, = gy
Here ¢y > 0.091311, ¢3 < 45.778, ¢o < 1.9132, ¢; > 0.240229 and My > 1.386044. The constants
enter as follows: &g is the threshold Ky > 4 — §y above which Lemma 7.40 is used; €max and max
bound 1 — |a| and log(1/]al) for the zeros a of such a Blaschke model (Corollary 7.2(c)); c2, ¢3 and
co enter the bound mass(a) < ¢, q(¢,) for the mass of a group of zeros in the proof of Lemma 7.40,
with £, = log(1/]a|) and q(¢) = c31og(2/£) + co, and qq = q(Mo/(2d)); ¢; = 2log cosh 3 comes from
Lemma 7.39 with y = %; and My < log Ko = > acalog(l/|al).

Theorem 7.37. For every d > 2, By < 4 —5.97-1073/(dlogd), and liminfy ,..(4 — By) dlogd >
1.005 - 1072, More precisely, By < 4 — 3.99Yy for every d > 1.

The bound 4 — 5.97 - 1073 /(dlog d) is stronger than [23, Thm. 1.3] for every d > 452, and the
bound 4 — 3.99Y; for every d > 299.

Proposition 7.38 and Lemma 7.39 below follow Dubinin’s proof of [13, Thm. 2.1]: his separating
transformation, with the maps = o pj, Z(z) = z/(1 + 22) as in the proof of Lemma 7.39 (the map
p; of Proposition 7.38 sends the bisector of C; to the positive axis), and then a Koebe step. Since
we need sectors of different openings, we include the proofs. The bounds K(n) < 4(n=2)/(n—1) 4],
K(n) <4(n—1)/(n+1) [6] and K(n) < 4—2.263/y/n for n > 8 [8] of Section 1 concern polynomials
of degree n; they do not bound By, since the pairs with deg B < d are not limited to pairs that
come from polynomials of bounded degree.

For a domain U > 0 in the Riemann sphere with a classical Green function gy let r(U,0) be its
inner radius at 0: gy(z,0) = log(1/|z|) + logr(U,0) + o(1) as z — 0. For simply connected U this
is the conformal radius, also when co € U. We have r(U,0) < r(U’,0) if U C U’, and r does not
change under a conformal map that fixes 0 with derivative 1 there.

Proposition 7.38 (after Dubinin [13, Lemma 1.2]). Let U be a domain with 0 € U C D and a
classical Green function. Letn > 2,01 < --- <0, <01 +27, let C; = {0; < argw < 041} (Opy1 =
01 + 2m) have opening may, so that 0 < o < 2 and } ;o = 2, and let pj(w) = —i(e=Wiw)l/o
which maps C; NID conformally onto the right half-disk and extends continuously and injectively to
the sides. Let §); be the component containing 0 of the open set

Oj :pj(UﬂCj) U {—E (e pj(UﬂCj)} U {pj(w) Tw e Uﬂ@Cj, w 75 0} U {0}
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Then log(1/r(U,0)) > %Zj o log(1/r(€2,0)).

Proof. For a domain V' 3 0 with a classical Green function and small p > 0, let cap(p, V') be the
infimum of the Dirichlet integrals [ |Vv|? over the Lipschitz functions v with compact support in
V and v =1 on {|z] < p}. Then

_ 27

~ log(1/p) +1logr(V,0) + o(1)
Indeed, for ¢t > 0 the function min(gy(-,0)/t,1) has Dirichlet integral 27 /¢, the least one for the
level set {gy > t} in place of the disk; the capacity increases with the set; and for small p the disk
{lz] < p} lies between the level sets with ¢ = log(1/p) + log r(V,0) & o(1).

Let € > 0 be small, L = log(1/¢) and n > 0, and let u be a Lipschitz function with compact
support in U, u = 1 on {|w| < €}, and [ |Vu|? < cap(e,U)+n. The sides of the sectors have measure
zero, so [ |Vul* =37, fUmcj |Vu|?. Fix j, and define u; on O; by u; = uopj_1 on p;j(UNC;) and on
the image of U NAC; \ {0}, by uj(—¢) = u;(¢), and by u;(0) = 1. Away from 0 the map p; extends
conformally across each side of C; and maps it into the imaginary axis, which the reflection ¢ — —(
fixes; so O; is open and u; is Lipschitz. As u = 1 near 0 and |p;(w)| = |w|'/®/, u; has compact

cap(p, V) (p—0).

support in O; and u; = 1 on {|(| < ¢'/@}. The Dirichlet integral is invariant under the conformal

map p; and under ¢ — —(, so
/ |Vu;* = 2/ |Vul?.
O; UnNc;

J J
Since €2; is open and closed in Oj, the restriction of u; to €2;, extended by 0, competes in

cap(el/® Q;), and ©Q; C D has a classical Green function. Hence

1 N
cap(e,U) +1 > izcap(el/ 7,9).
J

Let 7 — 0 and use the asymptotics above, with log(1/€'/%) = L/a;:

2 ; .
A il >3- T (L — o).
L +logr(U,0) + o(1) L + ajlogr(£;,0) 4+ o(1)

j
Since 1/(L + b+ o(1)) = 1/L — b/L? + o(1/L?) for fixed b, and >_j @ =2, both sides equal o)L
plus terms of order 1/L2:
2r _ 2rlogr(U.0) 0(i) o WZjaﬁl?gr(Qj»O) +0( 1 )
L L2 2’ = L L2
Multiplying by L?/(2r) and letting L — oo gives log(1/r(U,0)) > %Z] oz? log(1/7(€24,0)). Du-
binin [13] proves the inequality with level sets of gy; the transformation was introduced in [12]
(see [13, p. 54]). O

Lemma 7.39 (one sector). Let U be a simply connected domain with 0 € U C D, let a € D\ U,
a#0, and 0 < a < 2. Apply Proposition 7.38 to U and a sector C of opening wa whose bisector
passes through a, and let Q2 be the corresponding domain. Then log(1/r(£2,0)) > log coshy, where
y = log(1/|a|)/a, with equality when U is D minus the radial slit from a to the circle.

L2

Proof. This is the Koebe step of Dubinin’s proof of [13, Thm. 2.1], in our normalization. Here
p(w) = (wla|/a)"/* and p(a) = z = e ¥. The set X = C\U is a continuum, and E = XNCNDis a
proper open subset of X containing a. By the boundary bumping theorem [26, Thm. 5.6], applied
to X \ E, the closure of the component of E containing a meets a side of C or the circle; let K’ be
its image under p. This is a continuum in the closed right half-disk, it contains x and a point of
the circle or of the imaginary axis, and K’ ND and {—Zz : z € K’} N DD miss €.
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The map Z(z) = z/(1 + 22) = 1/J(2) sends D conformally onto C \ £, ¥ = (—oo, —4] U [3, 00),
with Z(0) = 0, 2/(0) = 1 and Z(—2) = —E(2); it extends continuously to a map of the closed disk
into C that sends the circle onto YU{oo} and the imaginary axis into itself. So 7(Z(12),0) = r(2,0),

and the continua Z(K’) and {—Zz : z € Z(K’)} miss Z(Q) and contain ( = =(z) = 1/(2coshy) and
—(. Either both meet the connected set ¥ U {oco}, or they share a point of the imaginary axis.
Hence +¢ lie in one component E’ of C \ 2(€2). The component V of C \ E’ containing 0 is simply
connected, contains Z(2) and omits £¢. Let f map D conformally onto V' with f(0) =0, f/(0) > 0
Then f1 = (f/(¢ — f) is holomorphic and univalent, f1(0) =0, f1(0) = f'(0), and f1 omits —(/2;
by Koebe’s one-quarter theorem f/(0) < 2¢. So r(£,0) < 7(V,0) < 2¢ = 1/coshy. For the slit
domain, € is D minus two symmetric slits and 7(£2,0) = 2z/(1 + 2%) = 1/ cosh . O

Lemma 7.40 (selection). Let (W, B) be a Blaschke model with k = deg B, and let Ko > 4 — do.
For a € A put £, = log(1/|a|). Then there is Ay C A such that the arcs {e" : |t — arga| < wl,},
a € Ao, are pairwise disjoint and ), 4, 2 > Mg /(4kqy).

Proof. By Corollary 7.2(c), €, = 1 — |a| < €max and £, < lpax < 1/2 for every a € A, and
Y acala = logKg > My. Order A by decreasing £,. Take a into Ay if its arc misses the arcs
already taken. Assign each remaining b to an earlier a € Ay whose arc meets that of b. Then
|b| > |al, and the angle t between a and b is less than 27/, so |a — b|? < €2 +t? < £2(1 + 47?). As
e>0—10?/2, we have 1 — |a|? = €4(2 — €4) > (2 — €max) (1 — fmax/2) £a, and the same for b; so

|1 — ab? (1 —Jal*)(1 - b]?) 4

e > 14 ey 2.

P P 1 = ey
Hence gp(a, b) = log(|1—ab|/|a—b|) > £ log(1+cols/ls) > 2@ log(1+c2), the last step by concavity,
as {y < l,. By Lemma 7.4 and Koebe’s growth bound, >, ., gn(a,b) < log(4/€2). So the group of
a (ng points, a included; mass(a) is the sum of their ¢;) satisfies, as €5 > (1 — lnax/2) 4q

20, 4 2 2 1

< — 0 gt = gl log = < e(l 17);
~ log(1+ ¢9) Ogeg 03aog€a = @ Ogﬁ +0g1_ max/2
that is, mass(a) < £, q(£s) with ¢(f) = c3log(2/f) + co. Also mass(a) < ngla. Let n = My/(2k),
so that g(n) = qx. The groups with £, < 1 carry less than kn = My/2; for the others, mass(a)? <
nal2qi. By the Cauchy—Schwarz inequality and Y n, < k, (Mo/2)? < k gy Y acA, 2. O

mass(a) — 4,

Proof of Theorem 7.37. For d = 1, By < /7/5 < 4 — 3.99Y; by [23, Cor. 8.10]. For d = 2,3,4,
[23, Thm. 1.3] gives By < 4 — 22 (log2)?/d? < 4 — 3.99Y, (at d = 4: 222 (log2)?/16 > 0.0275 and
3.99Y; < 0.0011). Let d > 5 and let (W, B) be a Blaschke model with k = deg B < d. If Ky < 4—d,
then Ky < 4 — 3.99Yy, since 3.99Y5 < §p and Yy < Y5. Otherwise take Ag from Lemma 7.40. By
the proof of Lemma 7.1, U = h(D) is a simply connected domain with 0 € U C D\ A and
r(U,0) = rinKo > Ko/4. Give each a € Ay the sector with bisector through a and opening 27/,
that is a, = 2¢, < 1. These sectors are disjoint, so their total opening is at most 2x. If it equals
27, they are all the sectors, and n = |Ag| > 2. Otherwise the rest of the circle is a finite union of
closed arcs (possibly single points), and we add one sector over the interior of each non-degenerate
one; again n > 2 and every a < 2. Proposition 7.38 and Lemma 7.39 with y = 1/2 give

2
log;O > log (Ul' 0) = 1 Z 402 logcosh% = Z > clMO =Y. >Y,
aGAo a€Ao
As Yy < Y5 < 0.0002, Ky < 4e Ye < 4 — 3.99Y,;. For the consequences, Y dlogd increases in d
and tends to clMg /(4c3), and Ygd? increases for d > 2. A direct evaluation gives 3.99 Ys - 5log5 =
5.97005...- 1073 > 5.970 - 10~3, while for d = 2,3,4 the bound of [23, Thm. 1.3] times dlogd
exceeds 0.15; further 3.99 ¢; Mg /(4c3) > 1.0056-10~2 and 3.99 Yagg > 4.9446-1076 > 4.9357-1076 >
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529 (log 2)%/299%; also 5.97 - 1073/(452log 452) > 2.1603 - 107¢ > 2.1598 - 1076 > 52%(log 2)% /4522,
and d/log d increases for d > 3. O

Remark 7.41. For a single radial slit from a to the circle equality holds in Lemma 7.39, and
Proposition 7.38 gives 0.2402 ¢2 for one slit, against the exact 2logcosh({,/2) ~ ¢2 /4. For d points
equally spaced on |z| = r with ¢ = 1/4 (these points cannot be the zeros of B in a Blaschke
model, since then Ky = 4; the example tests only Lemma 7.40), Dubinin’s theorem [13, Thm. 3.2]
gives log(1/r(U,0)) > 2 log 2 for every simply connected U > 0 in ) that misses these points, with
equality for the symmetric slit domain; the selection of Lemma 7.40, taking the zeros in their order
on the circle, keeps every second zero, and the bound c; )", Ao 22 of the proof of Theorem 7.37
is then about 0.230/d. The remaining logd comes from Lemma 7.4, which allows groups of about
log(1/4,) zeros at mutual distance ~ £,. Whether 4 — By > ¢/d holds is open.

8. THE CONSTANTS IN DEGREES ONE AND TWO

Jatar and Ng [23, Lemma 6.2] build pairs with one zero from a polynomial. Let @) be a polynomial
with two distinct zeros a,b € D and with Q' # 0 in DD, and suppose that the polynomial

1—3
i - 128 QC)

z—a
is univalent in D. Put o(w) = (w + b)/(1 + bw), Ny = (1 — |b|?>)H'(b), W = (H o ¢)/N, and let
B be the multiple of B, o ¢ by the constant of modulus 1 that makes B(0) > 0. Then (W, B) is
admissible, and, as 1/|B(0)| = |1 — @b|/|a — b| and |1 — ab|> — |a — b|? = (1 — |a|?)(1 — |b]?),

LI oy (= 1af)(A = [B%)
W—J(a,b) =14+ 0 — b2

With deg @ = 4 they obtain B; > /8081/6656 = 1.1018... [23, Thm. 6.1]. We use the same
construction, extended to two zeros (Lemma 8.4), and Lemma 8.6 gives a test in exact arithmetic;
the pairs of Table 2 have 6 < deg @ < 18. With one zero and deg ) = 18 we obtain an admissible
pair with gain larger than 1.1363375 (Theorem 8.7), and with two zeros and deg @@ = 18 one with
gain larger than 1.1559837 (Theorem 8.8). Both gains are attained exactly by Blaschke models as
well (Corollaries 9.11 and 9.14). Theorem 8.9 and Table 2 give the other exact pairs.

For the univalence of a polynomial H of degree at most n, with coefficient [2/]H of 2/, we use
the Dieudonné polynomials of H — H(0),

n

De(w) =) [FIHUj—1(c)w’™ (e € [-1.1]),
j=1

where U;_; is the Chebyshev polynomial of the second kind. For ¢ = cos 0 they satisfy H (ze') —
H(ze ) = 2isinf 2D.(z), and D1(w) = H'(w), D_1(w) = H'(—w).

Lemma 8.1 (Dieudonné’s criterion [11]; see also [23, Lemma 6.3]). H is univalent in D if no D,
with ¢ € [—1,1] has a zero in D.

Lemma 8.2. Suppose that no D. with ¢ € [—1,1] has a zero on the circle, and that H' has no zero
on the closed disk. Then H is univalent on a disk {|z| < r} with r > 1.

Proof. D.(0) = H'(0) # 0, so no D, vanishes identically. As no D, has a zero on the circle, the
number f|w|=1 D../D. dw of zeros of D, in D is a continuous integer-valued function of ¢ € [—1, 1],
hence constant; it is 0 at ¢ = 1, where D; = H'. So no D, has a zero on the closed disk. The set
of pairs (¢, w) with ¢ € [-1,1], |w| < 2 and D.(w) = 0 is compact, so there is r € (1,2) such that
no D, vanishes on {|w| < r}. The Dieudonné polynomials of H(rz)/r are D.(rw), so H(rz)/r is
univalent in D by Lemma 8.1. ([
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Corollary 8.3. The maps W of the degree-one pairs of [23, Thm. 6.1] and [23, Rem. 6.7] are
univalent on a neighbourhood of the closed disk, so these pairs are not extremal. The pair of [23,
Rem. 6.7] is admissible, with gain \/1768591361/1453520000 = 1.10307...; this proves the bound
By > 1.1030 stated in [23, Rem. 6.7].

Proof. For both pairs Q = (z — 1)* — u* with u = —x — 4y [23, proof of Thm. 6.1], where (z,y) =
(9/16,3/8) for [23, Thm. 6.1] and (x,y) = (14/25,3/8) for [23, Rem. 6.7]; so Q" = 4(z — 1)3 has no
zero in . For each pair let H be the quartic of [23, Sect. 6], with b, ¢ and N, as at the start of
this section, and D, the Dieudonné polynomial of H — H(0), of formal degree 3 with coefficients
depending on ¢ € [—1,1]. Its three quantities 01, 2,03 of Lemma 7.11 are real polynomials in ¢
of degrees 6, 12 and 24; an exact computation with Sturm sequences shows that they have no
zero in [—1,1] and are positive at ¢ = 0. By Lemma 7.11 no D, has a zero in the closed disk,
so by compactness there is r € (1,1/]b|) such that no D, vanishes on {|w| < r}. The Dieudonné
polynomials of H(rz)/r are D.(rw), so H is univalent on {|z| < r}, and W = H(p)/Ny [23,
Lemma 6.2] is univalent on a neighbourhood of the closed disk. As @' # 0 in D, both pairs are
admissible by [23, Lemma 6.2]; for the pair of [23, Rem. 6.7], 1/B(0)? = 1768591361 /1453520000
exactly, by [23, (15)] with (x,y) = (14/25,3/8). Lemma 7.9 applies with k = 1. O

The construction of [23, Lemma 6.2] extends to several zeros.

Lemma 8.4. Let k > 1 and let Q be a polynomial with Q' # 0 in D and with k + 1 distinct zeros
b,ai,...,ar € D, and suppose that the polynomial

is univalent in D. With ¢ and Ny = (1 — |b|*)H'(b) as above, put n = [1; Ba;(b), W = (H o)/Ny
and B = (|n|/n) [1; Ba, o ¢. Then (W, B) is admissible, deg B = k, and

1 k
BOE — 1] 7(a;.0).

Proof. H is a polynomial since the a; are distinct zeros of @), and H(b) = 0 since Q(b) = 0 and
b is no a;. As H is univalent, H'(b) # 0; as ¢ is an automorphism of I, W is univalent in D,
with W(0) = H(b)/Ny = 0 and W'(0) = H'(b)¢'(0)/Ny = 1. Each By, o ¢ is a Blaschke factor,
so B is a Blaschke product of degree k, and B(0) = |n| > 0. Since H[]; By; = Q, we have
(WB)" = (Inl/(nNy)) Q'(¢) ¢', which has no zero in D. Finally 1/|B,, (b)|* = J(a;,b), by the
identity at the start of this section. ([l

Lemma 8.5. Let Q, b,a1,...,a,, H, W and B be as in Lemma 8.4. Suppose that Q' has no
zero on the closed disk and that H is univalent on a disk {|z| < r} with r > 1. Then (W, B) is a

Blaschke model with k zeros and gain H§:1 J(a;,b)t/2.

Proof. ¢ is holomorphic and injective on {|w| < 1/|b|} and maps the closed disk onto itself, so by
continuity it maps a disk {|w| < o} with 1 < p < 1/|b| into {|z| < r}, and W is univalent there.
With W(0) = 0 and W'(0) = 1 from the proof of Lemma 8.4, this is (M1). (M2) is clear. By the
proof of Lemma 8.4, (WB) = (In|/(nNy)) Q'(¢) ¢'; it has no zero on the closed disk, since @ has
none there and ¢ maps the closed disk onto itself. Thisis (M3). The gainis 1/B(0) = [[, J(a;, b)1/2
by Lemma 8.4. O

Lemma 8.6 reduces admissibility to four conditions that exact arithmetic can verify.
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Lemma 8.6. Let k > 1, let Q be a polynomial of degree m, let b,ai,...,ar € C, put H(z) =
Q(2) H§:1(1 —a;z)/(z — a;), and let D, be the Dieudonné polynomials of H — H(0). Suppose that
the following hold.
(D) |b],]ail,...,|lax] < 1, the k + 1 points are pairwise distinct, and Q(b) = Q(a1) = --- =
Q(ak) =0.
(C) Q' =1IR, where R has no zero on the closed disk, and 11 is either a mnon-zero constant or
a constant times (z — (1)™ --- (2 — ()™ with p > 1, distinct G, |(;| =1 and m; > 1.
(R) Let Di(w) = w" 'D.(1/w), at formal degree n — 1. The resultant Res, (D, D), taken at
formal degrees, is a polynomial in c of degree at most 2(n—1)2, and it has no zero in [—1,1].
(S) H' has no zero on the closed disk.

Then H is univalent on a disk {|z| < r} with r > 1; the pair (W, B) of Lemma 8.4 is admissible,

with deg B =k and 1/B(0)? = J := H§:1 J(aj,b); W is univalent on a disk {|w| < o} with 0 > 1;

and if 11 is constant, (W, B) is a Blaschke model. Hence By > V' J and K* > V.
Proof. By (D), H is a polynomial of degree at most n, so each D, has formal degree n — 1. The

Sylvester matrix of D, and D} has size 2(n — 1), and each entry is 0, [2/]H U;_1(c) or [29]H U;j_1(c)
for some j < n, of degree at most n — 1 in ¢; so the resultant is a polynomial in ¢ of degree at
most 2(n — 1)2. Let ¢ € [~1,1] and suppose that D.(wg) = 0 for some wg with |wg| = 1. Since
1/ = wo, we get D (wp) = wi 'De(wp) = 0, s0 wp is a common zero of D, and D, and the
resultant vanishes at ¢ (a common zero makes the Sylvester matrix singular, at any formal degrees).
This contradicts (R). So no D, with ¢ € [—1, 1] has a zero on the circle, and by (S) and Lemma 8.2
H is univalent on a disk {|z| < r} with r > 1. By (C), @’ # 0 in D, so Lemma 8.4 applies: (W, B)
is admissible, with deg B = k and 1/B(0)2 = J. As in the proof of Lemma 8.5, W is univalent on
a disk {|w| < o} with o > 1. If IT is constant, Q" has no zero on the closed disk, and (W, B) is a

Blaschke model by Lemma 8.5. So B, > VJ, and K* > \/j by [23, Prop. 4.2], which holds for

every admissible pair. O

For k = 1, Lemma 8.4 is [23, Lemma 6.2], with B = (|n|/n) Bsoy. In the theorems below, (C) and
(S) are checked by Lemma 7.11, and (R) as follows. The resultant is computed exactly (from residues
modulo primes, with a Hadamard bound) at the 2(n—1)2+3 integer points ¢ = 0,1, ...,2(n—1)2+2;
its coefficients are obtained by exact interpolation through the first 2(n —1)?+1 values and checked
at the other two. Its imaginary part vanishes at all of these points, and its degree is at most 2(n—1)2,
so it has real coefficients; Descartes’ rule of signs with bisection then shows that it has no zero in
[—1,1]. With one zero and deg Q = 18 we obtain the following pair.

Theorem 8.7. Let a, b and Q be the data of pair VI in Appendix B, and let (W, B) be the pair
of Lemma 8.4 with k = 1 and a1 = a. Then (W, B) is an admissible pair with one zero and

1/B(0) = /Jy1, where
9842976349398406707505693241
— b) = V=11 1...
Ty = J(0.b) = o 702 138784778082456693830" v 363375060

Hence By > +/Jy1 and K* > +/Jy1 > 1.1363375.
Proof. The facts (D), (C) with Il = (2 — 1)5 and R(1) # 0, (R) and (S) of Lemma 8.6, with k = 1

and n = 18 (so in (R) formal degree 17 and degree at most 578 in ¢), are checked in exact rational
arithmetic over Q(7). Lemma 8.6 gives the rest. O

Here (W B)' has one zero on the circle, of order 5, at ¢ ~!(1), so pair VI is not regular. Since
W is univalent on a neighbourhood of the closed disk, Lemma 7.9 (or Corollary 7.15) shows that
pair VI is not extremal, so By > +/Jyi. By Corollary 9.11, Blaschke models attain this gain.

A larger gain comes from a pair with two zeros, with deg @ = 18 and @’ of the same shape.
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Theorem 8.8. Let b, aj, az and Q be the data of pair I in Appendiz A, and let (W, B) be the pair
of Lemma 8.4 with k = 2. Then (W, B) is an admissible pair with two zeros and 1/B(0) = /.Ji,
where J; = J(a1,b) J(az,b),

~2679525219362263370274816001747955444675871769085742015997
~2005184811347697816912979513414954793585480256604979855360

and +/J; = 1.15598372919 . . .; hence B > /J; and K* > \/J; > 1.1559837.

Proof. The facts (D), (C) with IT = (z — 1)% and R(1) # 0, (R) and (S) of Lemma 8.6, with k = 2
and n = 18 (so in (R) formal degree 17 and degree at most 578 in ¢), are checked in exact rational
arithmetic over Q(4): (R) as described after Lemma 8.6, with 581 integer points (as in [19, Sect. 5]).
By Lemma 8.6, (W, B) is admissible, with deg B = 2 and 1/B(0)?> = J;. Hence By > +/Ji, and
K* > +/Ji by [23, Prop. 4.2]. O

I

Here (W B)' has one zero on the circle, of order 5, at ¢ ~1(1), so pair I is not regular; since W is
univalent on a neighbourhood of the closed disk, Lemma 7.9 shows that pair I does not attain Bs,
so By > v/ Ji. By Corollary 9.14, Blaschke models with two zeros attain this gain.

Theorems 8.7 and 8.8 use [23, Prop. 4.2], which gives K* > 1/B(0) for every admissible pair
(W, B); its proof first replaces (W, B) by the regular pairs of [23, Lemma 2.1]. Since Corollar-
ies 9.11 and 9.14 give Blaschke models with the same gains, the two bounds also follow from [23,
Prop. 4.3], whose proof is direct: it gives K* > u(Q2, ®) for every domain pair (€2, ®) in which € is
an analytic Jordan domain, and for a Blaschke model (W, B) the domain W (D) and the function
2+ 2B(W™1(2))/B(0) form such a pair, with ratio 1/|B(0)| since |B| = 1 on the circle.

Lemma 8.6 applies in the same way to the other pairs of Table 2. For a pair of the table,
IT is as in the caption: II is constant for the Blaschke models, pairs XIII, XTIV, XV and XVIII;
IT = (2 — 1)™ for the boundary pairs other than pair X, with m = 5 or m = 3 as in the caption;
and IT = (z — 1)%(z — (2), with (2 # 1 on the circle, for pair X.

Theorem 8.9. Let one of the pairs II-V and VII-XVIII of Table 2 be given. Let Q, b and aq,
and also ag for pairs II-V, be its exact data (in the supporting archive), let k be the number of the
aj, let n = deg @, and let II be as above. Then (D), (C), (R) and (S) of Lemma 8.6 hold. So the

pair (W, B) of Lemma 8.4 is admissible, with deg B =k and 1/B(0) = \/j, where \/j s at least

the value in the table (\/} truncated to seven decimals); and (W, B) is a Blaschke model if Table 2
lists the pair as one.

Proof. For each of these pairs the facts are checked in exact rational arithmetic over Q(¢), (C) and
(S) by Lemma 7.11, and (R) as described after Lemma 8.6. That lemma gives the rest. O

For the boundary pairs, (W B)’ has zeros on the circle, at the points ¢~ (¢) with II(¢) = 0, so
they are admissible pairs in the sense of [23], but not Blaschke models. For pairs VII, VIII, IX, XI,
XII, XVI and XVII, Corollary 9.11 gives Blaschke models with exactly their gains. For the other

boundary pairs, K* > v/ J comes from [23, Prop. 4.2], as in Lemma 8.6.
The next remark relates the number of zeros of B to the zeros of (WB)' on the circle.

Remark 8.10 (A phase count). Let (W, B) be admissible with deg B = k, let F' = W B be holomor-
phic near the closed disk, and let F’ have the zeros (i, .. ., (, on the circle, of orders my, ..., m, and
total order M =my + -+ m,. With x = wF’/F as in Section 7.7, put turnp := Re(1 +wF"/F’)
on T\ {¢1,...,¢p}. In D, F has the k+ 1 zeros of W and B, all simple, and F’ has none; F' # 0 on
the circle, since |F| = |W| there and W, univalent in D with 1 (0) = 0, takes no value on the circle
that it takes in . Along each arc I of T\ {(i,...,{,} (if p =0, cut the circle at any point) take a
continuous branch of arg x(e¢?). By the argument principle the changes of these branches add up
to (M — 2k)m: the factor w gives 27, the factor 1/F gives —2(k 4 1)7, and each factor (w — (;)"™
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of F' gives m;m, since arg(e? — ¢;) gains 7 along T\ {(;}. Moreover
wF"”  wF’

dileargx(ew) = Re(l + T
so at a point where arg y takes one of the values /24 jm (j € Z), which we call levels, its derivative
is turng.

Write the limits of arg x at the start and at the end of I as l; + aym and I} + o/;7, with levels
lr,l7 and ar,a) € [0,1). Near ¢, x is a non-zero constant times (w — ;)™ (1 + O(w — ¢;)),
so the two one-sided limits of argy at (; differ by a multiple of 7, and a of each arc equals
o of the arc before it (for p = 0, & = o' since the change is —2k7). So the total change is

2ol =) +my (o) —ar) =32, — 1) = (M = 2k)m.
Proposition 8.11. In the setting of Remark 8.10, suppose that turnp > 0 on T\ {(1,...,(}-
Then k < M/2.

Proof. By Remark 8.10, >, (I7 — ;) = (M — 2k)m. On an arc I, once argy has reached a level
[ it stays > [, since it can meet [ only with positive derivative. It cannot leave a level down-
wards at the start of I either: if it tends to the level [ there, then u = [ — argy satisfies

) = turnp — Re y,

u = —turng +|x|cosargx < |x||u|, as turnp > 0 and |cosargy| = [sinu| < |u|, and |x| is
bounded near the start of I; since u — 0 there, Gronwall’s inequality gives u < 0 on I. So I} > I;
for every arc, and M —2k =) ,(I; —I1)/m > 0. O

For the pairs of Lemma 8.4, @ has variable z = ¢(w). Then F is a constant times Q o ¢,
so M is the total order of the zeros of @' on the circle, and, as w¢'/p = |¢/| on the circle,
turnp = |¢'| Re(1 + 2Q"(2)/Q'(2)) at z = p(w). If Q'(z) is a constant times (z — 1)™R(z), with
R # 0 on the closed disk, and deg @ = n, then for |z| =1

AU\ _ntl 1~ g1
Re(1+ 5 ) = ‘2R(§Z)_Oz—5|2’

with the zeros & of R counted with multiplicity. So pairs I, II, III, IV and V of Table 2 have
M — 2k = 1, and with one zero of Q" of order 5 on the circle a pair with k = 3 zeros needs, by
Proposition 8.11, a point z of the circle where ZR(&):O(’&Q —1)/|z—€2>n+1.

Corollary 8.12. K(n) > 1.1559837 for all sufficiently large n.

Proof. Take A = 1.1559837, which is below K* by Theorem 8.8. Since K* = sup,, K(n) (Defini-
tion 2.1), some ng has K(ng) > A. Since K(n) is nondecreasing in n ([7]; see also [23, proof of
Cor. 4.6]), K(n) > A for all n > ny. O

The proof gives no explicit degree.

Remark 8.13 (Dubinin’s conjecture). Dubinin’s conjecture [14, (1.5)] is the following. Let n > 2 and
0 < t < 1. Every Blaschke product B of degree n with B(0) = 0 and |B’(0)| = ¢ has a critical point
¢ with |B(¢)/(¢B'(0))] < fu(t), where f,,(t) < 1 is the same ratio for z(z"~! —#)/(1 —tz"~1) at its
critical points in D [14, (1.5), Lemma 1]. He remarks that this would imply K(n) = (n—1)/n. Since
K(N) > 1 for some N [1] (see also Corollary 8.12) and K (n) is nondecreasing [7], the conjecture fails
in every degree n > N; this is the contrapositive of his remark. Take p € P,, with m(p) > (n—1)/n,
write p(z) = az [[;(z — a;), put B (2) = 2[[;(z — ai/R)/(1 — @;z/R), and let R — oco. Then
R"BW)(2/R) — p(z)/a locally uniformly, so by Hurwitz’s theorem the n — 1 critical points of B(*)
in D have ratios tending to those of p, while |(BU®)'(0)] — 0 and f,(t) — (n —1)/n as t — 0 [14,
Lemma 1]. At the critical points outside the closed disk the ratio is at least 1/[(BU)(0)| > 1, by
Schwarz’s lemma. In the same way the inequality [14, (1.2)], which by a result of Sheil-Small [40]
quoted there would imply K* < 1, fails for some Blaschke product in every degree n > N. For large
n the ratios of B at all its critical points can be made larger than 1.1559837 (Corollary 8.12).
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pair deg(@ type \/j >
1 18  boundary, two zeros 1.1559837
11 17  boundary, two zeros 1.1518591

111 16  boundary, two zeros 1.1509994
v 15  boundary, two zeros 1.1466539

A% 14  boundary, two zeros 1.1392755
VI 18  boundary 1.1363375
VII 17  boundary 1.1361064

VIII 16  boundary 1.1358030

IX 14  boundary 1.1346063

X 13 boundary 1.1332281
XI 12 boundary 1.1315433
XII 12 boundary 1.1306600

XIII 12 Blaschke model 1.1272406
X1V 8 Blaschke model 1.1196072
XV 8 Blaschke model 1.1158108
XVI 6 boundary 1.1144943
XVII 6 boundary 1.1143766
XVIII 8 Blaschke model 1.1138795

TABLE 2. Exact pairs with one zero, and pairs I, II, III, IV and V with two zeros

(Theorems 8.7-8.9); \/j is truncated to seven decimals. “Blaschke model”: @ has
no zero on the closed disk. “Boundary”: Q" = (z — 1)™R exactly, with m = 5
for pairs I, II, III, IV, V, VI, VII, VIII, IX, XI and XII and m = 3 for pairs XVI
and XVIL, and Q' = (2 —1)°(z — (2) R with (2 # 1 on the circle for pair X; R has no
zero on the closed disk, so @’ # 0in D. The gains of the boundary pairs VI, VII, VIII,
IX, XTI, XII, XVI and XVII are also attained by Blaschke models (Corollary 9.11),
and that of pair I by Blaschke models with two zeros (Corollary 9.14). The exact
data of all eighteen pairs are in the supporting archive.

8.1. An upper bound in degree one. For 0 < s < 1 let B be the factor B, of Section 2.3 with
a = s, and put
w—s wB.(w) (1—sHw 1+7r

Bi(w) = 1—sw’ os(w) = Bs(w)  (w—s)(1—sw) Lir) :lOgl—r7

and for € # 0 write | Log €| = (log? |£| + Arg? €)'/2, with the principal logarithm Log; it is the least
modulus of a logarithm of £. For W € S let £ be the holomorphic logarithm of wW'(w)/W (w)
with £(0) = 0. By Grunsky’s theorem [20] (see also [16, Ch. 3] and [23, (18)]),

(1) [f(w)] < L(jw])  (w e D).
Jatar and Ng [23, Thm. 7.4] prove |a| > 1/5/7 for the zero a of every admissible pair of degree one,
by a homotopy on the circle |w| = |a|. The same homotopy works on other circles.

Lemma 8.14. Let 0 < s < 1, ro = (1 — V1—38%)/s, and let ro < p < 1 with p # s. If
| Log(—os(w))| > L(p) for every w with |w| = p, then for every W € S the derivative (W Bs)' has
a zero in {|w| < p}.

Proof. For 0 <t <1 put P,(w) = (w — s)(1 — sw)e™™) + (1 — s2)w. Since wW’/W = ', one has
(WBy) (w) = W(w)Py(w)/(w(l — sw)?), as in the proof of [23, Thm. 7.4], and W (w)/w has no
zero in D; so it suffices to find a zero of P; in {|w| < p}. Let |w| = p. Then (w — s)(1 — sw) # 0, so
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P,(w) = 0 would mean e“(*) = —g (w); then t/(w) is a logarithm of —og(w), and | Log(—os(w))| <
t|¢(w)| < L(p) by (1), a contradiction. Hence no P; vanishes on the circle |w| = p, and by the
argument pr1nc1ple the number of zeros of P in {|w| < p} does not depend on ¢. The polynomial

Pg( ) = —sw? 4 2w — s has the zeros rg and 1/rg, and 79 < p < 1 < 1/rg; s0 P1 has exactly one
zero in {|w| < p}. O

The case p = s is the one used in [23]; there o4 has a pole on the circle, and the point w = s is
handled by Pi(s) = s(1 — s2) # 0.

Theorem 8.15. Let W € S and let B be a Blaschke product of degree one with B(0) > 0 such that
(WB)" has no zero in D. Then the zero a of B satisfies |a| > 0.84904. Consequently

B < = 1.1778008 ... < 1.177801.

0.84904
Proof. Write a = se’s with 0 < s < 1. The function W(w) = e~ Wa ¥ (e"%w) lies in S, and B(e=w)
is a unimodular multiple of Bs(w); so (WBS)’ has no zero in D. For s < 4/5/7 = 0.845154 ... this
is impossible by [23, Thm. 7.4]. For s € [0.845,0.849] we apply Lemma 8.14 with p = 0.827, and
for s € [0.849,0.84904] with p = 0.8271. In both cases ro < p < s, because ¢ is increasing in s
and r0(0.84904) < 0.5556; and the hypothesis | Log(—os(w))| > L(p) on |w| = p holds for every s
in the range by the computation of Appendix C. Lemma 8.14 then gives a zero of (WBS)’ inD, a
contradiction. Hence |a| > 0.84904, and 1/B(0) = 1/]a] < 1/0.84904. A pair of degree zero has
gain 1. Since Bj is attained [23, Thm. 8.9], B; < 1/0.84904. O

Remark 8.16. Lemma 8.14 uses only (1) at each point of the circle, and not the relations between
the values of ¢ at different points. Rotations of the Koebe function have ¢(w) = 2artanh(e®w)
with ¢ real, so they attain equality in (1) only where ¢(w) = +L(|w|). Compare Popov’s joint value
region of log(W (w)/w) and log W/(w) on S [31] (see the survey [32]) and Grunsky’s value region

of log(W (w)/w) [20].

Remark 8.17. The proof of Lemma 8.14 works on any Jordan curve in DD that surrounds r¢ and
avoids s, with the hypothesis | Log(—os(w))| > L(|w|) on the curve. Numerically, the largest s for
which a circle satisfies this hypothesis is about 0.849043 (near p = 0.8271); on the circle p = s
the corresponding value is about 0.845899. So Theorem 8.15 is close to the limit of this argument.
An admissible pair of degree two with gain greater than 1.177801 would show By > B1, one of the
questions of [23, Sect. 9].

8.2. An upper bound in degree two. We use the notation of Section 8.1, with | Log | the least
modulus of a logarithm of £ # 0, and we put | Log 0| = 4+00. Let B(w) = )\H;l:l(w —aj)/(1—a;w)
be a Blaschke product of degree d > 1 with simple nonzero zeros, and put

d

_wB 1—joP)w N o I
“‘B‘j;(w—aj)u—ajw)_é’ R_g(w_%)(l_%w)’

d
N:ZI—M]] wH w—ay) (1l —aquw), Po=R"+N (0<t<1).
J=1 I#5

The proof of [23, Thm. 7.4] gives the following statement for any number of zeros and any circle in
the disk.

Lemma 8.18. Let A = {|w — w¢| < p} be a closed disk contained in D whose boundary circle C
contains no aj, and assume | Log(—o(w))| > L(|w|) for every w € C. If wB has a critical point in
the interior of A, then for every W € S the derivative (W B)' has a zero in the interior of A.
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Proof. Zeros are counted with multiplicity. Since wW’/W = ef and B/R = \/ [T;(1— ajw)?,

AW P ‘

[0 — )
here W(w)/w extends holomorphlcally to D with value 1 at 0 and has no zero in D, so the zeros
of (WB) in D are those of Py. Next, Py = R(1+0) and (wB)' = B(1+4 ), so Py = (wB)’ [T;(1—

w)?/), and the zeros of Py in D are the critical points of wB. Let w € C. Then R(w) #

0, since w # aj and |1 — a;w| > 1 — Jw| > 0. If o(w) = 0, then P(w) = R(w)et® £ 0.
th(w) —

(WB) = %B(eé +o0)=

Otherwise P,(w) = 0 would mean e —o(w), so tf(w) would be a logarithm of —o(w) and
| Log(—o(w))| < t[¢(w)| < L(|w|) by (1), a contradiction. Hence no P; vanishes on C. Since P, is
jointly continuous in (¢,w) € [0,1] x D and holomorphic in w, and A C D, the number of zeros of
]St inside C' does not depend on ¢, and it is positive at t = 0. U

The disk must lie in D: ¢ and (1) are defined there only, and only the zeros of Po in D are critical
points of wB. A zero a; inside C' does no harm, since Po(aj) = N(aj) # 0, and a circle through
0 is allowed, since ¢(0) = 0. For we = 0 and d = 1 the lemma is Lemma 8.14; unlike the circle
|w| = s of [23, Thm. 7.4], the circles used below keep away from every a;.

Theorem 8.19. Let W € S and let B be a Blaschke product of degree two with B(0) > 0 such that
(WB)' has no zero in . Then the zeros ay,as of B satisfy |aiaz| > 61/100. Consequently

100
Ba < oL = =1.63934... < 1.639345.

Proof. The zeros of B are simple and nonzero: B(0) # 0, and at a multiple zero a one has
(WB)'(a) = W'(a)B(a) + W(a)B'(a) = 0. A rotation W(w) — e W (ew), B(w) — B(e“w)
(as in the proof of Theorem 8.15) and the conjugation W (w) ~ W (w), B(w) ~ B(w) keep the
hypotheses and |ajaz| = B(0). Rotating the zero of larger modulus to the positive axis, we may
assume a3 = r1 € (0,1), ag = zo + dyo with yo > 0, 0 < |az| < 7 and a2 # a;. Suppose
r1|az] < 61/100. The compact set

Xo1 = {(r1,22,52) : 0 <1 <1, 23+ 43 <77, y2 >0, r1y/a3 +y3 < 61/100}

is covered by finitely many boxes, products of three closed intervals with rational ends, and each
box comes with a rational point we and a rational p > 0 such that, for every parameter in the
box: (i) |lwe| + p < 199/200, |az| < 1, and the circle C' = {|w — w¢| = p} has distance more than
1/200 from a; and from ag; (ii) | Log(—o(w))| > L(Jw|) for every w € C; and (iii) at one rational
point of the box, Py has m > 1 zeros inside C. By (i), R # 0 on C, since |w — a;| > 1/200 and
|1 a;w| > 1—]w| > 1/200, and by (ii), 1+0 # 0 on C, since | Log(—o)| > L(\w|) >0 =|Logl|; so
Py = R(1+0) has no zero on C for any parameter in the box. The coefficients of P, are polynomials
n (r1,z2,Yy2), so by the argument principle the number of zeros of Po inside C'is m > 1 on the whole
box; by (i) these zeros lie in D, so they are critical points of wB. Lemma 8.18 with the circle of the
box containing (r1, z2,y2) gives a zero of (W B)" in D, a contradiction. Hence |ajas| > 61/100. The
points of Xg1 with 71 = 1, as = 0 or as = a; are not of this form; they only make Xg; compact,
and all functions used are continuous there by (i). Finally, 1/B(0) = 1/]ajaz| < 100/61, a pair of
degree at most one has gain less than /7/5 = 1.18321... < 100/61 by [23, Thm. 7.4, Cor. 8.10],
and By is attained [23, Thm. 8.9]; so B2 < 100/61. O

The computation that gives the boxes and checks (i)—(iii) is described in Appendix C.
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9. FIXED-DEGREE OPTIMA

The pairs of Section 8 with B of degree one come from the construction of [23, Lemma 6.2]
with a polynomial of some degree n. Theorem 7.13 improves such a pair, but its perturbation is
a polynomial whose degree grows with the number of its Hermite conditions. We show that the
improvement can be made without raising the degree as long as the pair has few boundary defects.
So a pair that is best among those of degree n must have many defects (Theorem 9.1), in the way a
best approximation from an (n+ 1)-dimensional space attains its error at n+ 2 points (Chebyshev’s
alternation theorem).

We use the notation of Section 8, with z the variable of Q and H and w that of W. Let L,, be the
set of pairs (W, B) given there by a polynomial @ of degree at most n: a # bin D, Q(a) = Q(b) =0,
Q #0inD, H=(1-az)Q/(z—a) univalent in D, W = (H o ¢) /Ny, and B the multiple of B, o ¢
by the constant of modulus 1 with B(0) > 0. Let G, be the set of pairs given in the same way,
W = (H o ¢)/N, and B the multiple of B, o ¢ by the constant of modulus 1 with B(0) > 0, where
H is a polynomial of degree at most n, a,b € D, H(b) = 0, H is univalent in D and (HB,)" # 0 in
D; here HB, need not be a polynomial. This is the first of the two approaches described in [23,
Sect. 6]. In G, a # b, since otherwise H B, has a double zero at b; and L£,, C G,,. Both kinds of
pairs are admissible, with gain \/J(a,b), and F' = W B is a constant multiple of (HB,) o ¢, so the
zeros of F’ on T are the points ¢~ 1(¢) for the zeros ¢ of (HB,)' on T, with the same orders. W is
rational, with the only pole —1/b if b # 0, and a polynomial if b = 0; so W is holomorphic past the
circle, and Lemma 7.12 applies to it.

For such a pair let z1, ..., 2, be the zeros of F” on T, of orders my, ..., myp; let Crit = {cq,..., ¢4},
and let {(;,¢j} (1 <1 < r) be the contact pairs of W; and let e be the number of contact points
that are also some w;. Put

P
ng =2+ (mi+1)+20+2r—e,
i=1
the number of Hermite conditions in the proof of Theorem 7.13. We call ny —2 the weighted number

of boundary defects of the pair. Here “local”, as in “local maximiser”, refers to the topology of the
coefficients of the triples (H,a,b) for G,, resp. (@, a,b) for L,.

Theorem 9.1. Let (W, B) be a pair in Gy, resp. in L, with data (H,a,b), resp. (Q,a,b).
(G) If ng < n+ 2, then for every small 6 > 0 there is a pair in G, with data (Hs,as,b) and
gain (1 —6)~1/B(0), where Hs — H coefficientwise and as — a as § — 0.
(L) If ng < n+1, then for every small § > 0 there is a pair in L, with data (Qgs,as,b) and
gain (1 —38)~1/B(0), where Qs — Q coefficientwise and a5 — a as § — 0.
In particular a local mazimiser of the gain over G, has ng > n+ 3, and a local maximiser over L,
has ng > n+ 2; a local mazimiser over Ly, such that F' has no zero on T has g+ 1 > n/2.

Corollary 9.2. Suppose that for each n the gain has a local mazimiser (W, By,) over Ly, and that
>o;(mi+1) <X for alln. Then gy + 1y > (n— X)/2: the number of boundary critical points plus
the number of contact pairs grows at least linearly in n.

By Lemma 7.12 each single pair has finitely many defects; the growth is what Theorem 9.1 forces.
The corollary follows from ng > n + 2 with e > 0, and the last statement of the theorem is the
case p = e = 0. When deg Q = n, Theorem 9.7 below gives ny > n + 3.

Proof of Theorem 9.1. Let o = o~ !(a), the zero of B; a # 0 as a # b.

Step 1: the conditions. Let Uy and the conditions be as in the proof of Theorem 7.13, with U;
also free of —1/b. Here Bs is B with its zero a replaced by (1—6)a, so Bs(0) = (1—6)B(0), and Bjs
is a unimodular multiple of B, o ¢ with a5 = ¢((1 —d)a), a smooth function of § with ap = a. We
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impose the Hermite conditions of that proof at the distinct nodes 0, w;, ¢;, (i, ¢ except v/(0) = 0:
there are ng — 1 of them, with data bounded uniformly in 4.

Step 2: v = pow. For a polynomial p, the derivatives of orders 0,...,s of p oy at a node wy
are an invertible triangular transform (with diagonal ¢'(wg)* # 0) of those of p at p(wp). So the
conditions on v are ny — 1 Hermite conditions on p at the distinct fixed nodes ¢(0) = b (of order
0 only), p(w;), ¢(cj), (¢), ¢({]), with data bounded uniformly in 4.

In case (G), ng — 1 < n+ 1; let ps be the interpolant of degree at most ny — 2 < n. As the
nodes are fixed and the data bounded, its coefficients are bounded uniformly in 4.

In case (L), @ = Q/(z — a) is a polynomial of degree at most n — 1 with Q(b) = 0, and
H = (1-az)Q. Seck

a—ag 2Q

5 Ny’
The coefficients of g5 are bounded uniformly in §. On the closed disk 1 — agz # 0, so at each
node the multiplication by 1 — a5z is an invertible triangular map on jets, with inverse bounded
uniformly in §. Subtracting the jets of gs and dividing, the conditions on p become ngy —1 < n
Hermite conditions on rs at the same nodes, with bounded data (at b: rs(b) = 0, as gs(b) = 0).
Let r5 be the interpolant of degree at most ngy — 2 < n — 1; its coefficients, and those of ps, are
bounded uniformly in 4, and degps < n.

In both cases vs = pg o p satisfies the conditions and is bounded in every C™(U;) uniformly in 4.

Step 3: the scale. The rest of the proof of Theorem 7.13 uses only these conditions and these
bounds; the condition v/(0) = 0 served there only to get Wj(0) = 1. Here W5 = W + dv; has

W5(0) = 0 and W;(0) = 1 4 6v5(0) # 0 for small 6. So Ws = Ws/(1 + dv5(0)) is univalent on a
neighbourhood of the closed disk, WseS , and (W(;Bg)’ has the zeros of (WsBs)', so none in D, for
all small § > 0.

Step 4: the pair stays in the family. Put Hs = H 4 dNpps, a polynomial of degree at most n, and
N5 = (1 = [b|*)Hj(b) = Np(1 + 6v5(0)). As ps(b) = v5(0) = 0, Hs(b) = 0 and (H; 0 ¢)/Ns = W.
So Hjs is univalent in D, and (HsB,,) o ¢ is a non-zero constant multiple of WsBs, so (HsBy,) # 0
in D. Hence (Hs, as, b) defines a pair in G,,, namely (Wg, Bs), with gain 1/B;(0) = (1 —6)~1/B(0).
In case (L), §Nygs = (a — as)2Q, so

Hs = (1 —a2)Q + (a — as)2Q + SNy(1 — asz)rs = (1 — a52)(Q + Nyrs),

and Qs := HsBa, = (2—as)(Q-+INyrs) is a polynomial of degree at most n with Qs(as) = Qs(b) = 0,
Qs #0in D and Hs = (1 — as2)Qs/(z — as); with as # b for small ¢, this is a pair in £,,. No node
outside the disk and no condition on a is needed.

Step 5: nearness. Hs — H = 0Npps = O(9) coefficientwise, as — a, and b is fixed; in case (L),

Qs — Q = (a—as)Q + INy(z — ag)rs = O(0). .

Remark 9.3. For pair X, read as a pair in £13, Theorem 8.9 and Lemma 8.6 show that H is univalent
past the circle, so ¢ = r = e = 0, and, by (C), that F’ has on T exactly the two zeros of orders 5
and 1. Song =2+6+2=10<n-+1= 14, and Theorem 9.1(L) gives pairs in £13 near pair X
with larger gains, with no explicit constant. Raising the degree of @ by one gains nothing to first
order: by Lemma 9.5, an automorphism of the disk removes the new top coefficient to first order
and keeps the gain.

ps = g5 + (1 — asz) s, gs = degrs <mn —1.

Remark 9.4. A pair in G,, such that F’ has no zero on T can be improved within G,, by moving
a alone: keep H and replace a by as. Then F’ # 0 on the closed disk, and Bs — B in C' on
the closed disk, so (W Bgy)' # 0 there for small §. So every local maximiser over G, has p > 1, in
addition to ng > n + 3; in particular the Blaschke models XIII, XIV, XV and XVIII of Table 2
can be improved in this way. In £,, this argument fails, since H must keep the factor 1 — az.
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Raising the degree of @ by one. Theorem 9.1(L) keeps b fixed. Letting b move as well, we show
that a local maximiser with deg @) = n has a defect count nyg one larger: to first order, raising
the degree by one is a change of variables by an automorphism of the disk. For y € D put
oy (w) = (w+y)/(1+gw), so that ¢ = ¢}, and write [27] P for the coefficient of 27 in a polynomial
P.

Lemma 9.5. Let Q be holomorphic near the closed disk, let a # b in D with Q(a) = Q(b) = 0,
suppose that H = (1 — az)Q/(z — a) has H'(b) # 0, and let (W, B) be given by the formulas of
Section 8, with B(0) > 0. Let v be an automorphism of D. Then the data (Q o, (a),»~1(b))
give the pair w — (e‘itW(e“w), B(eitw)) for some t € R, and their function H is a unimodular
multiple of H o). In particular the two pairs have the same gain, they are admissible together, and
their boundary defects correspond under w — e~ "*w, with the same orders.

Proof. Since HB, = @, F = W B is a constant multiple of Q o 3, and B is the Blaschke factor
with B(0) > 0 whose zero is ¢; ' (a); with W'(0) = 1, the pair is determined by Q o ¢, and ¢, *(a).
The automorphisms 1 o py-1() and ¢, both take 0 to b, s0 ¥ 0 @14 = @p 0 p With p(w) = e,
So the data (Q o1,v 1 (a),y~1(b)) give (Q o ) o p and p‘l(gob_l(a)), that is, a constant multiple
of F o p and the factor B o p, and W'(0) = 1 fixes the constant. Finally B, o ¢ is a unimodular
multiple of By-1(4), which gives the statement on H. ]

Lemma 9.6. Let (W, B) be as in Theorem 7.13, with the points c; and the contact pairs {{;, (]} of
Lemma 7.12, and let Uy be a compact neighbourhood of the closed disk on which W is holomorphic.
Let vs (0 < & < dp) be holomorphic on Uy, bounded in every C™(Uy) uniformly in §, with vs(0) = 0,
and suppose that

_ —uj(ey) = 0s(Q) — vs(§)
wi(vs) := 2Rel ¢; 01) > wo, wi(vs) == Re((] 22— ) >
for all j, 1 and 8, with wy > 0 fized. Then W + dvs is univalent on a neighbourhood of the closed
disk for all small §.

Proof. We use the notation of the proof of Theorem 7.13. There the paragraphs on the defects,
on local injectivity and on global injectivity use vg only through these bounds and through c¢5 =
¢ — 0v§(c) /W (c) + O(6?) and 75(¢1) — G2 = 0(vs(Cr) — v5(C2))/W' (&) + O(62). In general these
give log|cs| = @;6/2 + O(62); log|Bs(c)] = w@;d + O(4?), since Bs(c) = 2¢5 — ¢ + O(§?); and
log |75(¢1)| = @16 4+ O(62). So |es| > 1 and Gg(1,0) > wod — C2, and the inequality of the local
injectivity holds with wg in place of w; the rest of those paragraphs is unchanged. They do not
use the conditions at the w;, which serve only to keep F§ # 0 in D: near a w; that is not a contact
point, W’ #£ 0, since F’(c) # 0 at every ¢ € Crit, and the segment argument applies there. O

Theorem 9.7. Let (W, B) be a pair in L,, with data (Q,a,b), where deg @ = n, and suppose that
ng < n—+2. Then for every small § > 0 there is a pair in L, with data (Qﬁ, at, bﬁ) and gain at least
(1—6)"1/B(0) — C§?, with C independent of &, where Q* — Q coefficientwise, a* — a and b* — b
as 6 — 0. In particular, a local mazimiser of the gain over L, with deg@ = n has ng > n+ 3; if
moreover F' has no zero on T, then ¢+ 1r > (n+1)/2.

Proof. The plan. The proof of Theorem 9.1(L) gives the gain factor (1 —§)~!, but in degree n + 1
(Step 1). A disk automorphism 15 removes the new top coefficient up to O(62) (Step 2, with
Lemma 9.5); the result is not a polynomial, so Step 3 replaces it by a polynomial Q" of degree at
most n whose derivative has the same zeros on T. Step 4 shows that the new map is still univalent,
and Step 5 compares the gains.

Below, C' is independent of §. Put & = p(w;); then Q" has on the closed disk exactly the zeros
& €T, of orders m;, and ), m; <n—1as deg@Q =n—1.
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Step 1: one degree up. The pair lies in £, 41, and there ng < (n+ 1) + 1. So the proof of
Theorem 9.1(L) in £,,41 gives, for small 4, the pair (W(;, Byj) in L,,41 with data (Qs, as,b), where
as = o((1=0)a), Qs = (z—as)(Q+6Nyrs) with deg Q@ = n—1, degrs < ny—2 < n and 75 bounded,
and Wy = (W + dvs)/(1 + dv5(0)) with vs bounded in every C™(Uy), vs(0) = 0, w;(vs) = 2 and
wi(vs) = 1. So Qs — Q = O(9), and the coefficient of degree n + 1 is [2"T1]Qs = INy[2"]rs. The
conditions at the w; make (WN/(;B(;)’ vanish to order at least m; at w;, and its derivative of order m;
there tends to that of F”, which is not 0. As F’ # 0 elsewhere on the closed disk, for small § the
zeros of @ on the closed disk are the &;, with the orders m;.

Step 2: the gauge. Define ss by 55n[2"]Q = [2"T1]Qs, so that ss = O(5), and put ¥5 =
¢ss- On Dy = {|z| < 1+ n}, with n € (0,1) fixed below, ¥5(2) = 2 + s5 — 5522 + O(62), so
Qs 0 s = Qs 4+ O(82) in C*(Dy) for every k, where Qs = Qs + (ss — 5522)Q’ (by Taylor’s formula
Qsovs = Qs+ (s — 2)Q%5 + O(6%), as Qs — Q = O(J); Cauchy’s estimates on a slightly larger disk
give the derivatives). As [2"7](22Q') = n [2"]Q, deg Qs < n. By Lemma 9.5, the data (Qs015, @, b)
with @ = %—1(%) and b = ngl(b) give the pair (Wg, Bgs) turned by w — e'5w, but Qs o5 is not a
polynomial.

Step 3: the same boundary zeros in degree n. As Qs o ¢s is not a polynomial, we replace it by a
polynomial Q* of degree at most n whose derivative has the same zeros on T, at a cost O(62). Put
2 =15(&) € T and IT = [[;( — £)™. By Step 1, (Qs o1b5)’ = IIY; with Y; holomorphic on Dy,
and Y5 — Yo = Q'/[L;(# — &)™ uniformly on D;, by the maximum principle on circles of a fixed
radius about the &;. Yp has no zero on the closed disk; we fix 7 so that it has none on D1, and then
Y5 has none for small §. Divide: @g = IIA; + V5 with deg Vs < >, m;. By Step 2, the derivatives
of @g — (Qs 0 1bs)" are O(62) on Dy; at 2;, those of orders below m; are the derivatives of Vs, and
the nodes 2; stay apart, so Vs = O(62). Then II(As — Y5) = O(6?%) on Dy, so As — Y5 = O(6?%) on
Dy = {|z| <1+ n/2} by the maximum principle again, and As has no zero on Ds. Put

Qﬁ(z)z/;HA(;, bt =b.

Then deg Qf < n, Q4(b") = 0, and Q* — Q5 0 s = O(62) in C¥(Dy), as both vanish at b and Dy is
convex. (s o1s has a simple zero at a, with derivative bounded away from 0 as Q'(a) # 0, so by
Rouché’s theorem QF has a simple zero af = a + O(62), and af # bf. The derivative ITAs of Q* has
no zero in D, and on T exactly the zeros Z;, of orders m;.

Step 4: univalence. If f(zp) = 0, then f(z)/(z—20) = fol f'(zo+z(2—20)) dzx on the convex set Ds.
So H* = (1—a*2)Q*/(z—at) differs by O(6?) in C*~1(Dy) from the function (1—az)(Qsovs)/(z—a),
and N* = (1 — |b*]?)H¥(b*) differs by O(62) from the corresponding constant, which is not 0. Let
Uz C Uy be a closed disk about 0 whose interior contains the closed disk, with ¢;(Uz) C Ds for
small 6. Then W# = (Hf o) /N¥ differs by O(6%) in C™(Us) (take k large) from the map given by
the data (Qs o s, a, I;), which is e*it‘s/ﬂvf(;(emw) by Lemma 9.5; so e WH(ew) = Ws + O(6?) in
C™(Us). So (1+6v5(0)) s Wh (e~ sw) = W + 51}2 with v§ =vs+0(0) in C™(Us): Ug is bounded,
vg(()) =0, wj(vg) =2+ 0(9) and wl(vg) =1+ 0(9). By Lemma 9.6 on Uz, W + 5U§ is univalent
near the closed disk for small §, and so are W* and H*. With Step 3, (Q%, a*, b*) gives a pair in L,,.

Step 5: gain and nearness. By Lemma 9.5, the zero wgl(d) of Bs(esw) is e (1 — §)a. As
at = a+ 0O(6?) and b= B, the zero of the factor B of the pair of (Qﬁ,aﬁ,bﬁ) has modulus
(1 —6)|a| + O(82), and B(0) = |af; so 1/B%(0) is at least (1 — 6)~!/B(0) — C§2, which exceeds
1/B(0) for small 5. As ss — 0, Q' — @, a* — a and b! — b. The last statement of the theorem
follows as in Theorem 9.1: if F’ has no zero on T, then p = e =0 and ng =2+ 2(q + r). O

So a pair in £, with deg@ = n, no zero of F" on T and ¢+ r = n/2 has ny = n + 2, and
Theorem 9.7 improves it directly. For odd n the bound ¢+ > (n + 1)/2 is that of Theorem 9.1;
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for even n it is larger by one. If the maximisers of Corollary 9.2 have deg Q),, = n, then g, + r, >
(n+1-2X)/2. In G,, Lemma 9.5 and Step 2 apply to H, but Step 3 would have to keep the
boundary zeros of (HB,)’, which is not a polynomial; whether Theorem 9.7 has a form for G, is
open. By Lemma 9.5 the construction of [23, Lemma 6.2] is invariant under the automorphisms of
the disk, while the condition deg ) < n is not. The mechanism of Lemma 9.5 is that of the proof
of [23, Lemma 6.2], where W B is a constant multiple of Q o .

Remark 9.8. Let (W, B) be a local maximiser of the gain over £,, with data (Q, a,b) and deg Q = n.
By Theorem 9.7, ng > n+ 3, that is, > 7_;m; >n+1—p— (2¢+ 2r —e). The zeros of F' on T
correspond to those of Q' on T, with the same orders, and deg Q' =n — 1. So @’ has at most

p
nflemi < p—2+4+2q+2r—e
i=1
zeros off the circle, counted with multiplicity. In particular, if ¢ = r = 0 (so e = 0), then p > 2,
and all zeros of @’ but at most p — 2 lie on the circle. Pairs IX and XI have p =1 and ¢ = r = 0,
so they are not local maximisers over £, with deg @ = n, as Theorem 9.1 also shows.

Releasing boundary zeros. In L,, the gain \/.J(a,b) depends on a and b only. Keeping them fixed,
the zeros of Q" on T can be moved off the circle without changing the gain; we use the following
openness lemma.

Lemma 9.9. Let H be injective on {|z| < ro} withro > 1, let 1 <r < 7o and D, = {|z| < r}. If
Gy — H in CY(D,), then Gy is injective on D, for all large k.

Proof. H' # 0 on D,, as H is injective. If the claim fails, then along a subsequence, Gy (z) = Gy(z},)
with z # 2z}, in D,, and we may assume 2, — 2z and zj, — 2’ in D,.. If z # 2/, then H(z) = H(%'),
against injectivity. If z = 2/, then

Gr(zr) — Gi(zp)

2, — 2,

1

0= :/O G (2, + s(2k — 23)) ds — H'(z) #0,

since the segment lies in the convex set D, G}, — H' uniformly there and H' is uniformly continuous
on D,. O

Proof of Proposition 7.36. The last sentence is Proposition 7.35(i) with k- = 5. We work in the
variable z = p(w) of H, as in Section 8; by Remark 7.33 it suffices to find H with the stated
properties at z = 1.

The start. Let a, b and @ be the exact data of pair IX (Theorem 8.9), and Hy = (1—az)Q/(z—a).
By Theorem 8.9 and Lemma 8.6, Hy is univalent on a disk {|z| < r} with » > 1, and by (C) of
Lemma 8.6 (checked in Theorem 8.9), Q' = (2 — 1)°R with R(1) # 0. Put Go(t) = go(e®) with
go = zH}/Hy. On the circle 2B, /B, = P, so go + Py = 2Q'/Q, and as (e — 1) = (it)*>(1 + O(t)),
_iR(1)

Q1)

In exact rational arithmetic over Q(i), Re(R(1)/Q(1)) > 0, so Imc¢ > 0 (numerically ¢ =~ 54.084 +
12.8801i). As P, is real on the circle, uf) = —Im Gy = — Im(c) t* + O(t°): the function ug = log | Hy
has a strict local maximum at z = 1 with k¢ = 5. Also Re Go(0) = —P,(1) < 0, so fo = —Re Gy is
positive near 0; and fo — P,(e') = O(t%), so T(fo)(0) = T(P,)(1) = 0 by Lemma 7.32(a).

The family. For y = (yo,...,ys) € CO put H, = Hy + (2 — b) 215:0 yi(z — 1)!. Then Hy(b) = 0,
deg H, = 14, and H} (b) # 0 for small y. Let Gy(t) = e H,(e")/H,(e™"),

jet(y) = (Im G (0) ey €R®, Ty =T(~ReG,)(0).

Go(t) + P, (') = ct® + O(tY),

0<j<4

Both are real-analytic near y = 0, jet(0) = 0 since uj, = O(t%), and Yo = 0.
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The derivative is onto. The first-order change of g = zH'/H is dg = 2 (0H/Hy)', with §H =
(z =) > 6yi(z — 1)L, As b # 1, the derivatives of orders 0,...,5 of §H at z = 1 are arbitrary; as
Hy(1) # 0, so are those of 0H/Hy (a triangular change); hence the derivatives of orders 0, ...,4 of
dg at z = 1 are arbitrary (again a triangular change), and so are the t-derivatives of orders 0, ..., 4
of 6G at 0, since d/dt = izd/dz at z = €. So djet(0) maps onto R, and there is a first-order
change 6y with G (0) = 0 for j # 2 and §G”(0) = p real and nonzero. It lies in the kernel of
djet(0), and along it only f”(0) changes, so 6T = —p/fo(0), of either sign.

The point. By the implicit function theorem, jet_l(O) is, near y = 0, a real-analytic submanifold
of C® = R'? through 0 with tangent space ker djet(0). Since Yo = 0 and the derivative of y — T,
along this submanifold is nonzero at 0, there are y € jet~(0) arbitrarily close to 0 with T, <0.
Fix such a y, close enough to 0. By Lemma 9.9, H, is injective on {|z| < '} for a fixed " € (1,r).
As jet(y) = 0, uy, = —ImGy = O(t%), and Im G§/5)(O) has the sign of ImGgs)(O) = 5!Imec > 0;
so uy = log|H,| has a strict local maximum at z = 1 with ks = 5. Also ReG,(0) < 0 and
T(—ReGy)(0) = T, < 0. Finally W = (Hy o0 ¢)/Ny with N, = (1—[b]*) H (b) is in S and univalent
on a neighbourhood of the closed disk, as in the proof of Lemma 8.5, and by Remark 7.33 the point
¢ = ¢ (1) has the stated properties. O

Proposition 9.10. Let (W, B) be a pair in L,, with data (Q,a,b) such that H is univalent on a disk
{lz| < r} withr > 1. Let &,..., &, be the zeros of Q" on T, of orders my,...,my, put M =3, m;
and IT = (z — &)™ -+ (2 — &)™, and write Q" = IIR, so that R has no zero on the closed disk.
Suppose that

(Re) f; HRdt #0 for some polynomial R of degree at most n —1 — M.

Let £ = (€1,...,€0) be close to the list & in which each & appears m; times, with ]éj\ > 1 for all j.
Then there is a polynomial Qé of degree at most n with Qé(a) = Qé(b) =0 and ng = Hj(z—éj) Ré:
where Ré has no zero on the closed disk, such that Qé — @ coefficientwise as é — &, and, foré
close enough to &, (Qé,a, b) gives a pair (WE’B) in L,, with the same B and so the same gain

J(a,b), whose Hp is univalent on {lz| < 7'} for a given v’ € (1,r). If all |€]] > 1, then (Wé,B)
is a Blaschke model. If p=1 and my < n — 2, then (R.) holds.

Proof. A polynomial P of degree at most n — 1 is the derivative of a polynomial of degree at
most n that vanishes at a and b if and only if ffP = 0, and that polynomial is then [~ P. Put
e = [1;(2 - §;) and, with R from (Rpr),

() = Dl Qelz) = /ZHA(R+ j(§)R) dt

Ve [P Rt o= ), ey '
The denominator is continuous in f and not 0 at é = ¢, and fab IIR = f; Q' = 0; so g is defined
and continuous near £, with g(§) = 0. Then deg Qé < n, Qé(a) = Qé(b) =0, Q/g = HéRé with
Ré = R+ y(§)R, and Qé — @ coefficientwise. So Ré — R uniformly on the closed disk, where
min [R| > 0, and R has no zero there for £ close. The polynomial Hg = (1-— dz)Qé/(z —a) has
H¢(b) = 0 and tends to H coefficientwise, so in C! on {|z| < '}, and by Lemma 9.9 it is univalent
on {|z| < '} for £ close. As |§] > 1, Q/é #0in D, so (Qé,a, b) gives a pair in L,; its factor B, the
multiple of B, o ¢ by the constant of modulus 1 with B(0) > 0, depends on a and b only. If all
1€ > 1, ng has no zero on the closed disk, and Lemma 8.5 (with & = 1) applies. For p = 1 and

= (z—¢&)™, take R =1 and R = z — £, of degree at most n — 1 —m when m < n — 2. If both
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integrals vanish, then (b — &)™+l = (a — &)™ and (b—&)™2 = (a — &)™*2; as a — € and b— & are
not 0, dividing gives b = a, which is excluded. O

Corollary 9.11. Let (a,b, Q) be the data of one of pairs VI, VII, VIII, IX, XI, XII, XVI and X VII,
of degree n = 18, 17, 16, 14, 12, 12, 6 and 6. Then there are Blaschke models with one zero and

gain exactly \/J(a,b), given by polynomials Qé of degree n with Qé(a) = Qg(b) =0.

Proof. By Theorems 8.7 and 8.9, facts (R), (S) and (C) of Lemma 8.6 hold for these pairs, with
Il = (2 — 1)™, where m = 3 for pairs XVI and XVII and m = 5 for the others. So H is univalent
on a disk {|z| < r} with » > 1 (Lemma 8.6), and Q' = (2 — 1)"™R with R zero-free on the closed
disk: p =1 and m; = m < n — 2. Proposition 9.10 with all |£]] > 1 gives the Blaschke models;
their degree is that of @, since Qé — Q. O

Remark 9.12. (a) Order of the zero. Among the pairs in £, with H univalent past the circle and
one zero of @' on T, of order m < n — 2, every gain reached with order m is reached, at the same
(a,b) and degree, with every lower order and by a Blaschke model. So in this class a zero of order
7 (which needs n > 9) gives no larger supremum than order 5. The statement does not cover
pairs with boundary critical points or contact pairs. (b) Same gain. Each pair of Proposition 9.10
is a limit of Blaschke models in £,, with exactly its gain, whereas [23, Lemma 2.1] gives regular
pairs with the smaller gain ¢/B(0), ¢t < 1. (c) Local mazimisers. If a local maximiser over L,
had H univalent past the circle and (Rz), the Blaschke models of (b), arbitrarily close to it, have
ng =2 < n+ 1, so Theorem 9.1(L) would give pairs of larger gain arbitrarily close to it. So a
local maximiser over £, has ¢ +r > 1, or (R.) fails; for p = 1 the latter means m; = n — 1. This
complements Theorem 9.1, which needs neither ¢ = r = 0 nor (Rz) and, when ¢ = r = 0, excludes
M <n—1-p. (d) Sharpness. If M = n — 1, then R is a constant, so every R of degree 0 is a
multiple of R, and f: IIR = ff Q' =0; so (Rg) needs M < n — 2. It fails, for instance, for the pair
of [23, Thm. 6.1], where Q' = 4(z — 1)3 and n = 4.

The same argument works with several zeros, for the pairs of Lemma 8.4; now k corrections are
needed.

Proposition 9.13. Let k > 1, and let Q, b,a1,...,ar and H be as in Lemma 8.4, with deg@ < n
and with H univalent on o disk {|z| < r} with r > 1. Let &1,...,&, be the zeros of Q" on T, of
orders my,...,my, put M =" m; and Il = (z — &)™ --- (2 — &)™, and write Q' =1IR, so that
R has no zero on the closed disk. Suppose that

ai ~ k ~ ~
(RIZ) det {/b IIR; dtLj:1 %0 for some polynomials Ry, ..., Ry of degree at mostn —1— M.
Let £ = (él, . ,EM) be close to the list & in which each & appears m; times, with ]éj| > 1 for all
j. Then there is a polynomial Qé of degree at most n with Qé(b) = Qé(al) =...= Qg(ak) =0 and
Q’é = Hj (z — fj) Ré, where Ré has no zero on the closed disk, such that Qé — Q coefficientwise as
é — &, and, foré close enough to &, Lemma 8.4 applied to (an b,ay,...,ax) gives an admissible pair
(Wé, B), with the same B andA so the same gain [, J(a;, b)Y/2, whose H; is univalent on {lz| < '}
for a given v’ € (1,r). If all |§;] > 1, then (Wg, B) is a Blaschke model.

Proof. A polynomial P of degree at most n — 1 is the derivative of a polynomial of degree at most
n that vanishes at b,aq,...,a; if and only if fbai P =0fori=1,...,k, and that polynomial is

then [, P. Put I = [];(= - £;); let G(€) be the k x k matrix with entries Gy;(€) = o Héf%j dt,
with R; from (RE), and §(£) the vector with entries §;(£) = 5 IR dt. Both are continuous in
£, det G(€) # 0 by (RE), and ¢;(¢) = [,"Q = Q(a;) — Q(b) = 0. So for ¢ near £ the vector
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~ ~

(&) = —G(é)_lg(é) is defined and continuous, with () = 0. Put

k z
Rs =R+ ;(¢) R;, Qg(Z)Z/b IR dt.
j=1
Then degQé < n, since degﬂéR = deg@ < n—1 and degHéRj <n-1 Qé(b) = 0; and

Qelas) = Gi(§) + (G(E)(€))s = 0 for each i. Also Q’é = II¢R; and Q; — Q coefficientwise. So
Rg — R uniformly on the closed disk, where min|R| > 0, and Ré has no zero there for ¢ close.
The polynomial H; = Q¢ [];(1 — a;2)/(z — a;) has Hg(b) = 0; the division of Q¢ by [];(z — a;)
is exact, and its quotient depends continuously on Qé, so H £ H coefficientwise, hence in C! on
{|z] < r'}, and by Lemma 9.9 H; is univalent on {|z| < r'} for € close. As [¢;| > 1, Q’é #0in D, so

Lemma 8.4 applies to (Qé,b, ai,...,ag); its factor B depends on b, aq,...,a; only. If all \é]| > 1,
ng has no zero on the closed disk, and Lemma 8.5 applies. O

For k = 1 the condition (R’Z) is (Rz), up to sign. For k > 2 the determinant is computed directly,
as for pair I below.

Corollary 9.14. Let b, a1, as and @ be the data of pair I, and let Jy be as in Theorem 8.8. Then
there are Blaschke models with two zeros and gain exactly /Ji, given by polynomials Q&f of degree

18 with Q¢(b) = Q¢(a1) = Qglaz) = 0.

Proof. By the proof of Theorem 8.8, facts (R), (S) and (C) of Lemma 8.6 hold, with IT = (z — 1)°.
So H is univalent on a disk {|z| <7} with r > 1 (Lemma 8.6), and Q' = (» — 1Z5R with R zero-free
on the closed disk: p=1,& =1, M =my =5 and n = 18. Take Ry =1 and Ry = z — 1, of degree
at most n — 1 — M = 12. Then

(a; — 1)°T7 — (b — 1)t

t-1)P°R, = ,j=1,2
| - - (3 =1,9),

and the determinant of this 2 x 2 matrix, computed in exact arithmetic over Q(i), is —0.7186277 .. .+

0.6643654 ... 7. Tt is not 0, so (RE) holds with k = 2. Proposition 9.13 with all |¢;| > 1 gives the
Blaschke models; their degree is that of @), since Qé = Q. O

It is open whether the supremum of the gain over £,, is attained, and how its maximisers behave
as n — 00. By Theorem 9.1 and Corollary 9.2, if local maximisers exist for all n and )_,(m; + 1)
stays bounded, their numbers ¢, + r,, of defects grow at least linearly in n, while by Lemmas 7.12
and 7.17 a single W meromorphic past the circle has finitely many defects unless W (D) is a slit
plane.

10. ADDING ZEROS NEAR THE CIRCLE

This section is about adding zeros of B near the circle while W is kept. We show that a critical
point of W B on the circle can block this (Proposition 10.1); for W(w) # w meromorphic past
the circle we count exactly the zeros of (W B)' in the disk when the new zeros lie on fixed radii
(Propositions 10.2 and 10.4); and we show that in the polynomial family of [23, Lemma 6.2] the
number of zeros of B is locally constant (Proposition 10.3).

We first recall the local effect of one new zero of B near the circle, with W kept. Let (W, B)
be a Blaschke model, F' = W B, &y a point of the circle and a = (1 — 5)&. Put x = wF’/F, and
on the circle u = log |W|, with derivatives in 6. As [B| = 1 on the circle, % log F(e%) = iy, so
X = d%argF — 4u’ there; in particular x (&) is real if v/(§) = 0. By [23, Lemma 8.1, Rem. 8.3,
Prop. 8.8],if u' = 0, u” > 0 and x < 0 at &y, then (W, BB,,) is a Blaschke model for all small s > 0,
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and its gain is larger by the factor 1/(1 — s). By Proposition 10.2(i) below, with M =1, (; = &
and 7 = 1 — s, the derivative (WBB,)" has a zero in D for all small s if u/(§y) # 0, or if u/(§) =0
and either x (&) > 0 or u” (&) < 0.

A critical point of F on the circle can block this route. For a € D\ {0} put B, = —‘%'Ba, with

B, as in Section 2, so that B,(0) = |al.

Proposition 10.1. Let (W, B) be admissible, and let (o be a point of the circle such that F = W B
extends holomorphically to a neighbourhood of (o, with F'(w) = C(w— (o)™ (1+O0(w—{p)), m > 1,
C # 0. Then F(() # 0; put ¢y = (i€0)™CC/F(Co), so that x((oe®) = cgot™ + O(t™Y) for
x = wF'/F, as in Section 7.7 (for m =1, Imc¢, = —u" (o) with (o = €% and u = log |W| on the
circle).

(a) For all small s > 0 the pair (W, BB,) with a = (1 — )y is not admissible.

(b) Let no > 0, and let m > 3, orm = 2 and c¢, ¢ (—00,0), or m =1 and Imcg, > 0.
There is so > 0 such that (W, BB,) with a = (1 — s)& is not admissible whenever |&| = 1,
€0 — Col =m0 and 0 < s < sp.

Proof. Since B # 0 near the circle, W = F/B extends holomorphically near (y. If W ((y) = 0, the
points w, = (1—1/n)(y satisfy W (w,) — 0 = W(0), an interior point of W (D), so w,, — W~1(0) =
0 by continuity of W1, which is absurd; hence F(¢y) # 0. On D\ {a} we have (FB,) = B, G,
with G4 = F' + Ty and I'y(w) = (1 — |a]?)F(w)/((w — a)(1 — aw)), so a zero of G, in D\ {a} is a
zero of (FB,) in D.

(b) Let [&9 — (o] = mo and s < 19/8. On a closed disk U" about (y of radius m < 79/4 on
which F is holomorphic, |(w — a)(1 — aw)| > (10/2)2, so Ta(Co + h) = AF(Co)/Co 4+ O(s|h|), where
A= (1—1a®)/|¢o — al® € [s/4, 25/(no — 5)?], and the constant depends only on F and ny. Put
p = AUy with g = —F(Co)/(GC). Then Ga(Go + pt) = (\F(o)/G)(1 — £™ + E(t)) with
E(t) = O(|p|) uniformly on [t| < 2. Choose j and ¢ > 0 such that Re((ope>™/™) < —q|p|. This is
possible: for m > 3 with ¢ = 1/2, because some m-th root of unity lies within 7/m of any direction;
for m = 2 unless (yp; is purely imaginary, which happens exactly when c¢o < 0; for m = 1 because
Re((op) = —AImcg,/|ec,|*. The direction of p depends neither on & nor on s, so j and ¢ do not
either. Fix rg > 0 smaller than half the distance between neighbouring m-th roots of unity and
than ¢/2. By Rouché’s theorem, for |p| small there is a zero t with [t — e2™9/™| < . Since
|Co+ pt'|? = 14+ 2Re(opt’) + |pt'|? and ro < q/2, the point (o + pt’ lies in D when |p| is small; it is
then far from a, which lies near &. All constants depend only on F, 1y and m.

(a) Now a = (1—5)Co. With w = (o+h one has exactly (w—a)(1—aw) = —(1—s5)Coh?+s2h+s2Co,
s0 N, := (w — a)(1 — aw) Gg = —CCoh™t2(1 4+ O(h)) + 25F (o) + O(s|h| + s2). With h = pt and
P2 = 25(0F (o) /C this is 2sF(¢o)(1 —t™*2 4+ 0(1)) on [t| < 2. Asin (b), since m + 2 > 3, some
(m 4+ 2)-th root of unity w has Re({ppw) < —|p|/2, and by Rouché’s theorem N, has a zero (g + pt’
with ¢’ near w; as in (b) it lies in I, at distance of order s'/("*+2) from ¢y, hence not at a or 1/a. O

The splitting of a multiple zero under a small perturbation is standard; the point of Proposi-
tion 10.1 is that the perturbation has a direction that depends only on F' near (5. Case (b) is
not covered by [23, Lemma 8.1, Prop. 8.8|, which treat regular pairs. For every boundary pair of
Table 2, (WB)' has a zero of order 5 (pairs [-XII) or 3 (pairs XVI and XVII) on the circle (Sec-
tion 8), so a new zero near any fixed boundary point, or on the radius through that zero, destroys
admissibility when W is kept. The proposition does not cover the case that &y tends to (y together
with s, the route of [23, Lemma 2.1], which first replaces W, or joint variations of W and B.

For zeros added on fixed radii, Theorem 7.26 gives an exact count. Let W (w) # w, P, u and B
(of degree d) be as in Section 7.7, with F = WB, x = wF'/F, the sets Z, and the indices ¢¢ there,
and let E be the set of zeros of v/ on T \ P, a finite set. A point x € E is y-negative if x(z) < 0,
with y-depth n(z) = —x(x), and x-positive if x(x) > 0; the other points of E are the zeros of F’
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on T\ P, and at each of them ¢ > 0 by the definition of the index. A x-negative mazimum is a x-
negative point at which u has a strict local maximum, and similarly for a x-negative minimum. For
distinct points (1,...,{y of T\ Pand 0 < r < 1 put C, = Hj By, so that Cy.(0) = ™ F.=FC,
and o, = wC’/C,. On the circle o, is real and positive; since |z — r¢|? = (1 — )2 + 7|z — ¢|? for
lz| = [¢] =1,

M
1—r2 1—17r 1+7r
2 r - > Mia r 1 Z )
@) D=2 T gr 2 M @)

—_

<

and o,(x) — 0 as r — 1 if  is none of the ;. So x, := wF)/F, = x + 0, has the imaginary part
—u/ on the circle, and u does not depend on 7.

Proposition 10.2. With this notation:
(i) For all r <1 close enough to 1, F! has no zero on T \ P, and

M
No(F))=Nop(F)+> (1+5)+ > .
Jj=1 ¢

where ;= v, if ¢ € Zy and v; = 0 otherwise, and the last sum is over the zeros ¢ of F' on
T \ P that are none of the (;. Every term is non-negative. Hence (W, BC,) is admissible
for all r close to 1 if and only if (W, B) is admissible, every (j is a x-negative minimum,
and every zero of F' on T\ P has index 0; its gain is then r— /B(0).

(ii) For every r € (0,1) such that x(x) + or(x) # 0 for all x € E,

(3) Np(F))=d+M > {ex: z€E, x(2)+o.(x) <0},

(iii) Let M > 1, suppose that the conditions of (i) hold, and let r* be the largest r € (0,1) at
which x(x) + or(x) = 0 for a x-negative mazimum x or for x = (;. Then r* exists, and
(W, BC,) is admissible for every r € (r*,1). If exactly one point of E has x + o= = 0, with
a change of sign, then Np(F!) =1 forr <r* close to r*.

(iv) In the setting of (iii), at least d + M x-negative mazima are none of the (5, and 1 —r* <
2n(x)/M for each of them with 2n(x)/M < 1. If M =1 and n(¢1) < 1, then 1 —r* is the
least root in (0,1), over the x-negative mazima x, of

f(V)=0+n)Y? = 2+9D*)Y +nD*  n=n(z), D=|z—(];

here fo(1 —7r) = ((1 = r)? + rD?)(n(z) — o,(z)), which has the sign of n(z) — o,(z). If
n(z) < 1, then f, has exactly one root in (0,1), and it is nD*(1 + O(n))/2.

Proof. (i) By Theorem 7.26(i), which holds for every finite Blaschke product, Np(F') =d — > Z b
and Np(F))=d+ M — >z, t- As Eis finite, by (2) we may take r so close to 1 that or(z) < n(z)
at every y-negative point x that is none of the (j, and o,.({;) > |x(¢;)| for every j. Outside E,
Im x, = —u/ # 0. At a point = € E that is none of the (;: if x(z) > 0, then x,(z) > o,(z) > 0; if
x(z) < 0, then x,(z) <0, so z € Z,, with m, = 0 and index ¢, its index for x as well. At the
¢j in E, xr > 0. So x, has no zero on T \ P, nor has F}, and Z,, is the set of y-negative points
other than the (j, with the same indices. Subtracting, Np(F)) — Np(F’) is M plus the sum of ¢
over the points of Z, outside Z,,, that is, over the ¢; in Z, and over the zeros of F” on the circle
that are none of the ¢;: this is the formula. The index is at least 0 at a zero of F" and is € > —1 at
a y-negative point, so every term is non-negative, and Np(F)) = 0 if and only if Np(F") = 0 and
every term vanishes. The term 1 + ¢} vanishes if and only if «; = —1, that is, (; is a x-negative
point with ¢ = —1; then no (; is a zero of F’, and the last sum vanishes if and only if all zeros of
F' on the circle have index 0. Finally W is unchanged and BC,(0) = ™ B(0) > 0.
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(ii) If x + 0, # 0 on E, then x, has no zero on T\ P, the points of Z,, have m = 0 and index ¢,
and Theorem 7.26(i) gives (3).

(i) Let O be the set of x-negative points other than the ;. By (i) and (3) for r near 1,
Y zco€zx = d+ M; so at least d + M points of O are x-negative maxima. The set of 7 in the
definition of 7* is closed in (0,1) and, by (2), avoids a neighbourhood of 1. Let 7 < 1 be its largest
element, or 7 = 0 if it is empty. As r decreases from 1 to 7, the points with y > 0 stay y,-positive,
as X + o, > o, > 0 there; by the choice of 7, the (; stay x,-positive and the x-negative maxima
in O stay x,-negative; so only y-negative minima and points with ¢ = 0 can leave the set of y,-
negative points. No y-negative minimum leaves: otherwise let , € (¥,1) be the largest r at which
a x-negative minimum y € O has x(y) + o,(y) = 0. At r, the x,-negative points are those of O
less y and less some points with € < 0, so their € add up to at least d + M + 1, and the zeros of
Fy on the circle have index at least 0; Theorem 7.26(i) gives Np(Fy ) < d+ M — (d+ M +1) <0,
which is absurd. So on (7,1) the € of the x,-negative points add up to d + M: Np(F)) = 0 where
X + o, # 0 on E, by (3), and at the other r the zeros of x, on E have e = 0, so Theorem 7.26(i)
gives Np(F)) = —>_ ¢ <0, hence 0 again. So (W, BC,.) is admissible on (7,1). As r — 0, C, tends
locally uniformly to a unimodular constant times w?, and (w™ F)’ has a zero of order M at 0,
since F(0) = 0 # F’'(0); by Hurwitz’s theorem Np(F)) > M > 1 for small . So 7 > 0, and r* =7
exists. If exactly one point z has x + o, = 0 at r*, with a change of sign, then just below r* the
set of x,-negative points loses the x-negative maximum z or gains the point x = (;, of ¢ = —1,
and (3) gives Np = 1.

(iv) The proof of (iii) shows that at least d+M points of O are y-negative maxima. If z € O is a x-
negative maximum with 2n(x)/M < 1, then at 1 —r = 2n(z)/M, by (2), op(x) > M(1—r)/(14+71) >
M1 —r)/2 = n(x), while o,(x) < n(x) for r near 1; so x(z) + o,(z) = 0 for some r with
1—r<2n(z)/M, and r* > 1 —2n(x)/M. For M =1put Y =1—7; then 1 —r? =Y (2 -Y) and
(1=r?+rD?=Y?+(1-Y)D? so f(Y) = (Y2 + (1 = Y)D?)(n(z) — ,(x)) has the sign of
n(z)—op(z). Aso.(¢1) > (1+7r)/(1—r)>1>n((1), the point (7 gives no 7 in the definition of r*,
and 1 — r* is the least root in (0, 1) of the f,. If n < 1, then f.(0) =nD? >0>n—1= f,(1), and
fx 1s a quadratic with positive leading coefficient, so it has exactly one root in (0, 1); the expansion
of the smaller root is nD?(1 4+ O(n))/2. O

An example: one added zero. Let (W, B) be admissible with deg B = d, let F’ have no zero on
T\ P, and add one zero (M = 1) on the radius of a y-negative minimum ¢; with n(¢;) < 1. In (i),
] =1, = €¢, = —1 and the last sum is empty, so Np(F)) =0+ (1 —1) = 0: for r close to 1 the
pair (W, BC,) is admissible, with gain r—1/B(0). (At a y-negative maximum the term would be
141 =2, and F, would have two zeros in the disk.) By the proof of (iii), the ¢, of the y-negative
points x # (1 add up to d + 1, so at least d + 1 of them are x-negative maxima. At such a point
x(x) + o(x) = 0 means o,(x) = n(x), and (1 gives no such r, as 0,-((1) > 1 > n(¢1). So r* is the
largest r < 1 at which o,.(z) = n(z) for one of these maxima, and by (iv) 1 — r* is the least root in
(0,1) of their quadratics f,.

Proposition 10.2(i) is the exact form of Proposition 10.1 for zeros added on fixed radii: with
W kept, a zero (o of F’ on the circle that is none of the ¢; blocks the construction if and only if
L, > 0, and it adds exactly ¢, zeros of (WBC,)" in the disk; if (o is one of the (j, its term in (i) is
14 > 1, so it always blocks, as in Proposition 10.1(a). Among the cases left open there, m =1
with Im¢¢, < 0 (a minimum of u) has index 0, and m = 2 with ¢;, < 0 has index 1 + e¢, so it
blocks unless v has a minimum at {y. Proposition 10.1(b) is uniform in the added point, which (i)
does not give. For the two pairs of Remark 7.30, whose zero of order 5 has index 3 (m =5 by (C)
of Lemma 8.6; v has a strict maximum with k¢ = 5 by Section 7.8), every choice of zeros added on
fixed radii near the circle, with W kept, leaves at least 3 zeros of (W BC,)’ in the disk. For regular
pairs the “if” of (i) with M = 1 at a nondegenerate minimum (u”(¢;) > 0) is [23, Prop. 8.8]; (i)
allows minima of any odd order. The lower bound in (2) is the mechanism of [23, Thm. 8.7(a)].
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By (iv), a pair whose y-negative maxima are shallow has little room: for one added zero, 1 — r* is
about the least of the numbers n(z)D?/2.

Let Q,, be the monic polynomials of degree n, with the norm [|Q|| given by the largest modulus
of a coefficient. For @ € Q,, and a zero b € D of ) let A(Q, b) be the multiset of zeros of @) in D with
one copy of b removed, and Hgp = Q[[,c g (1 — @2)/(z — a), a polynomial with H;(b) = 0.
Let U, be the set of such (Q,b) with Hg univalent in D. The pairs of [23, Lemma 6.2], and their
analogues with k zeros of B, are built from points of U,, with |A(Q,b)| = k. In this family the
number of zeros of B cannot change along a continuous path in U,, (degree n fixed).
Proposition 10.3. (a) For (Q,b) € Uy, min,— [Q(2)] > (1 - |b\2)\H227b(b)\/4, and this is at

least (1 — |b])|Q'(b)|/4 if b is a simple zero of Q.

(b) |A(Q,b)]| is locally constant on U,, and U, and each of the sets {|A(Q,b)| = k} are closed
mn Q, x D.

(c) Let by € D be a simple zero of Qo € Qyn, my = (1 — |bo])|Qb(bo)| and ||Qoll1 the sum
of the moduli of the coefficients of Qo. If 0 < 61 < (1 — |bo|)/2, n(n + 1)§/2 + 2n(n +
D) Qoll101 < mo/2 and (n+1)d < (1 — |bg|)mo/16, then no (Q,b) € U,y1 has |b— by| < &1
and ||Q — Qo (z —§)|| < 0 for some [£| = 1.

Proof. A univalent H that is continuous on the closed disk takes no value of H(ID) on the circle (if
H(§) = H(z) with || =1, then H((1—1/m)§) — H(z9) € H(D), so (1—1/m)& — zo by continuity
of H~!, although (1 — 1/m)¢ — & # z). (a) Each factor (1 — @z)/(z — a) has modulus 1 on the
circle, so |Hgp| = |Q| there. With ¢(w) = (w + b)/(1 + bw), Koebe’s one-quarter theorem [16,
Ch. 2] applied to Hg o ¢ shows that Hg (D) contains the disk of radius (1 — \b[z)]H’Q,b(b)]/él about
0, which the values on the circle avoid. If b is simple, Hg,,(b) = Q'(b) [[,(1 —ab)/(b — a) and
|1 —ab> —|b—al®> = (1—a|>)(1—|b?) > 0. (b) By (a), Q has no zero on the circle, so Rouché’s
theorem keeps the number of zeros in I fixed on the ball [|Q — Q|| < min|,—; |@Q[/n. For closedness,
let (Qm,bm) € Uy, converge to (Qoo, boo) € O X D, pass to a subsequence along which A(Qyy,, by) =
{a1,m, .- - apm} (with k fixed) converges to {ou, ..., ax}, and write Qn = [[;(z — a;jm) Pn. Monic
division is continuous and the remainders vanish, so Pn — Px = Qoo/[];(z — ), a monic
polynomial of degree n —k > 1. Then Hg,,p, = Pn][;(1 — @jmz) = Ho = P [[;(1 — &;2)
uniformly on the closed disk; Hy, is not constant (Ps is monic of degree at least 1 and the
product has constant term 1), so it is univalent by Hurwitz’s theorem (if H,, took some value
at two points, Rouché’s theorem on two small disjoint circles would make Hg,, 1, take it twice),
and Hoo(bss) = 0. Hence Hy has no zero on the circle. So no a; lies on the circle, as Huo ()
would vanish through the factor 1 — |a;|?, and Ps has no zero there; Ps has exactly one zero
in D, namely b, 50 A(Qxo;bso) = {aj} and (Qoo,bss) € Un. (c) Put Q¢ = Qo (2 — &); then
Qubo)| > mo, |Q2] < 2n(n + DI Qoll1r 1Q — Qel < (n+1)8 and |Q — Q4| < n(n + 1)6/2 on
the closed disk. So |Q'(b)| > mo/2, b is a simple zero of Q, 1 — [b|? > (1 — |bg])/2, and (a) gives
ming.j_, Q] > (1 — [bo))mo/16 > (n+ 1)5 > |Q(€) — Qe(€)| = [Q(E)], which is absurd. 0

So a pair of degree n + 1 with two zeros cannot be reached from a one-zero pair of degree n by
adding a zero of @) near the circle while b stays near its old place, and pairs with k zeros of fixed
degree form a union of components of U,,. This is in line with [23, Rem. 8.11], where a zero of B
may escape to the circle in a limit: inside the polynomial family this cannot happen while b stays in
a compact subset of . The restriction to b in a compact subset of D is needed: (2"(z—b),b) € U411
for every b € D, with H = z — b.

For pairs of the type of [23, Lemma 8.1], with all zeros of B near the circle, there is an exact
count of the zeros of (WB)'. Let W, P, u, g and Z_ be as in Section 7.6, with W (w) # w, so that
w is constant on no arc; let Crit be the set of zeros of W’ on T\ P. By Lemma 7.12(b), which holds
on T\ P (proof of Lemma 7.17), these zeros are simple, so g has a simple zero at each ¢ € Crit. A
zero of u' is a maximum, a minimum or an inflection of w if u has a strict local maximum there,
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a strict local minimum, or neither. A point of Z_ that is a minimum of « is a downward crossing,
and one that is a maximum is an upward crossing. For distinct ¢1,...,(y € T\ (P U Crit) and
0 <r < 1let C, be the Blaschke product with zeros r¢; and C,.(0) = rM.

Proposition 10.4. Suppose that no point of Crit is an inflection of u. Then for all 7 < 1 close
enough to 1, (WC,)" has no zero on T \ P, and the number of its zeros in D is

M 0 if ¢j is a downward crossing,
#{c € Crit : ¢ is a mazimum of u} + Z vj, v =<2 if ¢ is an upward crossing,
J=1 1 otherwise.

In particular (W, Cy) is admissible for all v close to 1 if and only if no point of Crit is a maximum
of u and every (j is a downward crossing.

Proof. Let F, = WC,, o, = wC/./C,, real and positive on T, and x, = g + 0, = wF/F,. In the
closed disk minus P, F} and x, have the same zeros, since F, vanishes only at 0 and at the r(j,
where F! # 0. Put s =1 —1r. Fix pg > 0 such that the closed disks A, of radius py about the
points z of P U Crit U {¢;} are disjoint and lie in U, ¢ is injective on each A, ¢ € Crit, and on
T N A, the function v’ vanishes at most at  for x € Crit U {¢;}; moreover Img # 0 on TN A; if
9(¢;) ¢ R, and Reg > 0 there if g({;) > 0. On the closed disk outside Aj, |w — r(j| > po/2 and
11— rjw| > |w —7r¢j|, so |oy| < Cs there.

Away from the disks. On the closed disk minus the open disks A,, g is continuous and zero-free,
so |g| is bounded below, and x, # 0 for small s. Poles. On A, minus p, g = —mp/(w — p) + O(1),
so |g| > 1 for pg small, and x, # 0.

Critical points. Let ¢ € Crit. On 0A., |o,] < Cs < min|g|, so by Rouché’s theorem Y, has
exactly one zero w, in A.. On the arc A = TN A, Imy, = —u vanishes only at ¢, where
xr(c) = op(c) > 0; so w, ¢ T, and w, € D if and only if y, winds once around 0 along the boundary
of A.ND, traversed as A followed by the inner arc. On the inner arc x, = g + O(s), and g is
conformal at ¢ with g(c) = 0, so there the argument of x, increases by =+ O(pg) + o(1). If ¢ is a
maximum of u, then ' > 0 before ¢ and v’ < 0 after it, so on A the curve y, runs from the lower
half-plane to the upper one through a positive point; its argument increases by an amount in (0, 27)
which, as the end points are F¢'(c)icpo + O(p3) + o(1), is ™ + O(po) + o(1). The total is 27, and
wy € D. If ¢ is a minimum, the half-planes are exchanged, the change on A is —7 + O(po) + o(1),
the total is 0, and w, lies outside the closed disk.

The zeros of C,. In A;ND, x, has exactly one pole, at r(j, as 1/(r(;) lies outside. On A; = TNA,
Xr has no zero: if g(¢;) ¢ R, then Imy, = Img # 0; if g({;) > 0, then Rex, > Reg > 0; and if
g(¢j) < 0, then Im x,, = —u’ vanishes only at (j, where x, = ¢(¢;)+(1+7)/(1 —=7)+O(s) > 0. On
the inner arc x, = g + O(s), and g has no zero or pole in A; N D, so the number of zeros of y, in
A]’ ND is

1
1+ %(AAj arg x, — Aa, argg) + o(1),

where both curves have the same end points up to o(1); we show that it is ;. If g((;) ¢ R or
g(¢;) > 0, both curves stay in one open half-plane, and the number is 1. At a downward crossing
Img = Imy, passes from positive to negative; g crosses R once, at g(¢;) < 0, so its argument
increases by an amount in (0, 27), while y, crosses once at a positive point, so its argument changes
by an amount in (—2,0); the difference is —27 and the number is 0. At an upward crossing the
difference is 27, and the number is 2. At an inflection with ¢g({;) < 0, Im x, = Img keeps one
sign on both sides of (j, so both curves stay in one closed half-plane minus 0, where a continuous
argument gives both changes as the same difference of end values, and the number is 1. Summing
over the disks proves the count, and the last statement follows. O
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If ¢ € Crit is the end of a slit, that is, a punctured arc of T about ¢ lies in Cont, then the partner
map [ of Lemma 7.12(e) fixes ¢ and reverses the circle near ¢, and w o f = u. So u — u(c) has
one sign on both sides of ¢: ¢ is never an inflection, and it is a maximum of u exactly when the
distance to 0 decreases as one leaves the end along the slit. The count of the 7; is the local form
of the proof of [23, Lemma 8.1], and for Blaschke models it is Proposition 10.2(i) with B = 1; at a
point of Crit with «” # 0, the maximum case is Proposition 10.1(b) with m = 1 and B constant.

Corollary 10.5. Let W be as above, and let it map D onto a slit plane. There are M > 1 and
points (1, ...,Ca for which (W, C,.) is admissible for all < 1 close to 1 if and only if the distance
to 0 increases as one leaves each end of a slit and some slit has an interior strict local minimum
of this distance.

Proof. Each point of a slit is the image of two points of the circle, one from each edge. At an
interior strict local minimum of the distance to 0 along the slit, the slit is tangent to a circle about
0 and arg W moves in opposite directions on the two edges: one edge gives a downward crossing,
the other a point with g > 0. An interior strict local maximum gives an upward crossing and a
point with g > 0. With the paragraph before the corollary, which treats the ends of the slits, the
corollary follows from the last statement of Proposition 10.4. (|

If, for instance, the slit is a single arc with one finite end, then the distance to 0 must increase
from the end, decrease to an interior minimum and increase again to oo: the slit turns back toward
0, a hook. Straight slits never qualify (Corollary 7.24 shows more), and by Proposition 7.20 no
rational map onto a slit plane has a hook. The gains r— of these pairs tend to 1 as r — 1.

11. OPEN PROBLEMS

(1) Do more zeros help? Jatar and Ng [23, Sect. 9] ask whether B, the supremum of the
gains over pairs with deg B < d, is strictly increasing, and whether B; = K*. Since
K* = sup; By [23, Thm. 1.2], K* = 4 [18, Thm. 1.1}, and every By is less than 4 [23,
Thm. 1.3], we have B; < K* for every d. So By < K*, and the sequence B, is not eventually
constant; whether it is strictly increasing remains open. They prove 1.1018 < By < +/7/5;
Theorems 8.7 and 8.15 give 1.1363375 < B; < 1.177801, and Theorems 8.8 and 8.19 give
1.1559837 < By < 100/61. By Corollary 7.10 a pair attaining By with d > 1 is never
a Blaschke model. The root transform of Section 6 keeps the gain but not (M3): by
Lemma 6.1(c), it gives a Blaschke model with n zeros exactly when the one-zero pair passes
the test of Proposition 2.11 with o replaced by no. So symmetric pairs lead to the problems
gain,, of Corollary 6.3, and whether supy gain, (V) > B; is open. For the pairs of Lemma 8.4
whose Q' has one zero on the circle, Proposition 8.11 gives a necessary condition for k = 3
zeros of B; whether such pairs with three zeros exist is open.

(2) An explicit polynomial. The proofs that K* > 1 ([1], and [23, Prop. 4.2-4.3] through
Runge approximation and Hilbert’s lemniscate theorem) give no explicit polynomial and
no bound for its degree. Adamczewski and Colbrook [2] give one: a polynomial p of degree
29984 with m(p) > 1.0000004, certified by interval arithmetic. The larger lower bounds
for K*, including the one proved here, also pass from pairs to polynomials through Runge
approximation and give no explicit polynomial. Find an explicit polynomial p with m(p) >
1.1, of stated degree, with a proof of this inequality.

(3) Degree dependence. K(n) is nondecreasing in n [7] and tends to K* = 4 [18]. How fast?
The proof in [18] is not effective: for a given A < 4 it gives no bound on the least n with
K(n) > A.

(4) Slit maps and hooks. By Corollaries 7.19 and 7.25, an extremal W that is meromorphic
past the circle is a non-rational map onto a slit plane. By Corollary 10.5, such a map carries
pairs (W, C,) whose zeros r(; lie on fixed radii, with r close to 1, only if some slit has an
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interior strict local minimum of the distance to 0, for instance a hook; and the gains of
these pairs tend to 1. Whether a map onto the plane minus a hook, meromorphic past the
circle, carries a pair with gain above 1.1559837 is open; by Theorem 7.22; in the notation
of Section 7.6, Z_ then has a point at which u is not a nondegenerate minimum.

APPENDIX A. THE DATA OF PAIR I

The zeros are

b — _ 3238273 | 6869081 , G — _ 4425497 256269 4o — 2126359 _ 6838355 ;
= T 16777216 T 3388608 »’ 1= 16777216 — 2097152 ©> 2 = 8388608 ~ 3388608 *
Then
10
/ 5 A
Q'(2) =18(z—1)°5(2) [ [ (= — py),
j=1
with
_ 524767 3303 _ 262319 3785 _ 510667 | 596603
P1 = 521238 T 1048576 *° P2 = 563144 T T048576 “ P3 = 1048576 T 524288 b
_ 140827 | 1177373 . 20639 | 439225 : 105435 _ 652651
P4 = Toass76 T 1048576 v P5 = — 33768 T 521288 b P6 = 131072 — 1048576 »’
_ 201711 _ 113639 ; _ _ 96673 _ 1084035 ; _ 524719 _ 3195
P7 = 524288 ~ 131072 ¥ P8 = T 524288 ~ 1048576 »» P9 = 524288 ~ 262144 b

_ 262337 _ 4087
P10 = 362144 — 1048576 **

Put Q(z) = [, Q'(t)dt, so that Q(b) = 0 and Q is monic of degree 18. The quadratic §(z) =
22 + 512 + sg is fixed by Q(a1) = Q(az) = 0: with V(¢) = (¢t — 1)° [1;(¢t = pj), (s0,51) is the unique
solution of the linear system

/ 2ttt s) VB dE=0  (i=1,2),
b

and sg, s1 are Gaussian rationals whose real and imaginary parts have denominators of 451 to
458 digits; numerically the zeros of § are 1.00000688... — 0.00152261... ¢ and —0.41009053... +
1.04265219 ... 3. Then H(z) = (1 —a12)(1 —a22) Q(2)/((z — a1)(z — a2)) is a polynomial of degree
18, and R(z) = 18 3(2) [[;(z — pj)-

For these data the facts (D), (C), (R) and (S) of the proof of Theorem 8.8 hold; each is verified
in exact arithmetic over Q(7); (R) is checked as described after Lemma 8.6, with the resultant of
degree at most 578 in ¢ computed at the 581 integer points ¢ = 0,1,...,580 (as in [19, Sect. 5]).
For (C) the division of Q" by (z —1)? is exact, R(1) # 0, and Lemma 7.11 is applied to R, of degree
12; for (S) it is applied to H', of degree 17.

The zeros of R, H' and the D, lie outside D. We call the distance from the unit circle to the
nearest zero of such a polynomial its margin. The zero of R nearest to the circle, a zero of §, has
modulus 1.00000804 . . .; four of the p; lie within 0.0123 of z = 1 as well. The zero of H' nearest to
the circle has modulus 1.00001141. . .; since D1 (w) = H'(+w), this gives the margin at ¢ = £1.
Here the smallest margin over ¢ € [—1,1] is not at ¢ = +1: numerically the zeros of the D, come
closest near ¢ = £0.9231, within about 7.028 - 1076 of the circle. Condition (S) concerns ¢ = 41
only; the other ¢ are covered by (R) (Figure 3). A small margin has a geometric meaning. For
—1<c¢<1andc=cosb, a zero w of D, gives H(we") = H(we ™) with |w| > 1; so when |w]| is
close to 1, two points of the boundary curve of H (D) nearly coincide. Numerically, at the dips of
Figure 3 this happens along the narrow inlet of Figure 2, whose two sides almost touch.

APPENDIX B. THE DATA OF PAIR VI

The zeros are

__ 5104807 + 5629749 i h= 7625713 _ 10960539 -
T 16777216 16777216 ™ T 16777216 16777216
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FIGURE 2. Left: the data of Theorem 8.8. Dots: the zeros b, ai, as of QQ in D.
Crosses: the 17 critical points of @), counted with multiplicity; none lies in ID. The
large cross at z = 1 stands for the ten of them within 0.0123 of 1: the zero of order
5, one zero of 5 and four of the p;. The small crosses are the other seven. Right: the
image H (D) = N, W(D), computed numerically; axes omitted. The dot is H(b) = 0,
next to the tip of a narrow inlet whose two sides almost touch.
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F1GURE 3. For pair I: how close the zeros of D, come to the unit circle, computed
numerically for 0 < ¢ < 1, on a logarithmic scale; since D_.(w) = D.(—w), the
interval —1 < ¢ < 0 gives its mirror image. By (R) of Lemma 8.6 the margin is
positive for every c. Its lowest point is near ¢ = 0.9231. At each dip a zero of D, is
close to the circle.

Then
11
/ _ 5 .
Q') =18 (= = 1)° (= — po) [[ = = ).
j=1
with
255301 | 1143071 88671 1246607 58043 |, 1155163
P1 = 531988 T 1048576 “ P2 = 1018576 T 1048576 v P3 = —a9g2144 T 1048576 &
_ 150829 | 480931 ; 892479 |, 334139 . _ 751281 841275 -
P4 = 353144 1 524288 b P5 = — 1043576 + 524288 b P6 = T 1048576 — 1048576 »
_ _ ATT637 _ 1061955 ; _ _ 90629 _ 1208029 ; _ 255145 _ 1211027 ,
P7 = T 1048576 ~ 1048576 ©’ P8 = T 1048576 ~ 1048576 » P9 = 1048576 — 1048576 »»
_ 18039 _ 1032877 , _ 949373 _ 669111 ,
P10 = 32768 — 1048576 »’ P11 = 1048576 — 1048576 °*

Put Q(z) = [, Q'(t)dt, so that Q(b) = 0 and Q is monic of degree 18. The root pg is fixed by
Q(a) = 0: with V(t) = (t — 1 [, (t - py),
Sy tv(t)dt
PO=Ttar
Jv(t)dt
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a Gaussian rational whose real and imaginary parts have denominators of 234 digits; numerically
po = 0.85175723...40.82891526... ¢. Then H(z) = (1—az) Q(z)/(z —a) is a polynomial of degree
18, and R(z) = 18 (= — po) [[;(= — pj)-

For these data the facts (D), (C), (R) and (S) of the proof of Theorem 8.7 hold; each is verified
in exact arithmetic over Q(i). For (C) the division of Q" by (z — 1)% is exact, R(1) # 0, and
Lemma 7.11 is applied to R, of degree 12; for (S) it is applied to H', of degree 17. (R) is checked
as described after Lemma 8.6, with the resultant of degree at most 578 in ¢ computed at the 581
integer points ¢ = 0,1,...,580. The margins are small. The zero of R nearest to the circle has
modulus 1.06329949.... The zero of H' nearest to the circle has modulus 1.00001014.. .; since
Di1(w) = H'(+w), this is the margin at ¢ = £1. Numerically the zeros of the D, come slightly
closer near ¢ = £0.3257, within about 9.24 - 107%. Condition (S) concerns ¢ = 41 only; the other c
are covered by (R).

APPENDIX C. THE COMPUTATIONS FOR THEOREMS &.15 AND 8.19

All enclosures below are computed in ball arithmetic [24] from exact rational inputs.

Theorem 8.15. There are two ranges [s_,s;] of s = |a|: [0.845,0.849] with p = 827/1000, and
[0.849,0.84904] with p = 8271/10000. For each, the rectangle [s_, s1]| x [0,355/113] of pairs (s, ),
where 355/113 > 7, is covered by boxes, and on each box we certify

!Log(—as(pew)) ‘2 —L(p)*>0 for all (s,#) in the box,

by a ball enclosure of the left side at 200 bits. This is the hypothesis of Lemma 8.14 for every s in
the range: the range 6 € [0, 7] suffices because os(w) = o5(w). The enclosure of | Arg£| uses

arctan(| Im¢&|/ Re &) if Re¢ >0,
|Arg&| = < m — arctan(] Im¢|/| Re&|) if Re& <0,
arccos(Re&/[€]) otherwise,

so that no branch cut is crossed. Adaptive bisection needs 96282 boxes for [0.845,0.849] and
476313 boxes for [0.849,0.84904]. The margin is small: at s = 0.849, p = 0.827 the minimum of
| Log(—0s)| — L(p) on the circle is about 1.9 - 1074, and at s = 0.84905, p = 0.8271, 6 = 0.2848 the
enclosure of | Log(—os)|? — L(p)? is negative.

Theorem 8.19. Here all enclosures are computed at 128 bits.

The boxes. The cover of the parameter set Xg; of the proof has 28853 boxes, obtained by halving
the widest side, starting from the 8 x 16 x 8 grid of [0,1] x [—1,1] x [0, 1]; a box is discarded only
if an exact test shows that it misses Xg;. Each centre is of the form we = (k + 1i)/40 and each
radius of the form p = k’/1000; 25454 boxes use we = 0.

Condition (i) is checked in exact rational arithmetic over the whole box: the exact range of
la — we|? over the segment of values of a; and over the rectangle of values of as is compared with
(p +1/200)2.

Condition (ii). Write p = (11, xa,%2), po for the centre of the box, #;, for its half-widths, t = p—pg
(so |tg| < ty) and 9y = 9/0py. The interval § € [0,710/113] D [0, 27] is covered adaptively by pieces
I, with midpoint 8; and half-width 1. On each piece we certify

‘Log(—a(p,w))’ — L(r;) >0 for every p in the box and every w = w¢ + pe'?, 0 € I,
where 77 is an upper bound of |w| on the piece; since L is increasing, this gives (ii) on the piece.
The left side is bounded below by the first of the following five certified bounds that is positive.

(a) The ball enclosure of |Log(—o)|? — L(r;)? over the box and the piece, computed as for
Theorem 8.15, with |Logé&| > |log |€|| used instead where |¢] < e™% or |¢] > e (this is
needed where ¢ has a zero on the circle).
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(b) The same, applied to an enclosure of o from the mean value theorem: for fixed w,
1
o(p,w) = o(po,w) = Ztk/ Oko(po + st,w)ds € Y _[—lx, k] By,
& B e

where Fj, is the enclosure of Oy over the box; each integral lies in E}, since an enclosure
is a rectangle and hence convex.

(c) The same with # moving as well, from 6;: this adds [—n,n] times an enclosure of do /00 =
i(w —we) 0o /Ow.

(d) Where inf |o| > 0 is certified on the box: let ¢y be a logarithm of —o(py, w) and ¢ the
continuous logarithm of —o (-, w) along the segment from py to p with ¢(pg) = ¢9. Then

oo 1 .
é(p) =do+ > _trgk +€ 9k = ——(po, w), le| < 3 > "ty sup|0p0r¢
k kol

= )
g

where 0,0, = O0)0 /0 — Oo Oyo /o2, Since | Log(—a(p,w))| = min,ez |#(p) — 2min|, it is
at least the least of the bounds

|6(p) — 2min| > Re(t(do — 2min)) — Y ti|Re(ugr)| — ||
s

for the three n nearest to Im ¢ /27, with a unit u close to the direction of ¢y — 2min, and

|6(p) = 2min| > 4w —|Im o — 20| = |$(p) — dol,  [6(p) — b0l <D Eilgel + lel,
k

for the other n, where n* is the middle one of the three.
(e) Where inf |o| > 0 is certified on the box:

. sup |Okxo
Log(=o(p,w)| > [Log(~o(po,w))| — 3 dy 221k,

k
along a segment in the box, with w fixed, a continuous logarithm of —o moves by at most
this sum, and | Log &| = min,ez | log € + 2min| is 1-Lipschitz in that logarithm.

inf|o] ’

The partial derivatives are exact: each term of o is w/(w—a)+aw/(1—aw), with 8/0a = w/(w—a)?,

0/0a = w/(1 —aw)?, 8%/0a* = 2w/(w — a)3, 8?/0a® = 2w?/(1 — aw)? and 0?/dada = 0, and its
derivative in w is —a/(w — a)? +a/(1 — aw)?.

Condition (iii). The zeros of Py at a rational point of the box are isolated by validated root
enclosures and compared with C.
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