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Integral torus partition functions just above ¢ =1
have no fixed spectral gap
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Abstract

We consider modular-invariant torus partition functions of central charge ¢ > 1 that
have a unique vacuum, an expansion in non-degenerate Virasoro characters with positive
integer multiplicities, integer spins, no nonvacuum state at the unitarity bound, and parity
symmetry. We prove that for every g > 0 there is €(g) > 0 such that no such partition
function with 1 < ¢ < 1+€(g) has all nonvacuum primary dimensions at least g. Thus the
spectral gap closes as ¢ — 17 in this class, as suggested by the numerical bootstrap study
of Benjamin, Langhoff, Li and Thaler. The proof is by contradiction and compactness.
Using the crystalline-measure reduction of Eberhardt and Levine, we show that every limit
at ¢ = 1 is an equal-weight average of two compact-boson partition functions, at least one
at a half-integer radius. Positive Gaussian test functions adapted to the two circle lattices
then force every state of a nearby partition function, through a logarithmically growing
energy window, to lie within a power of ¢ — 1 of a lattice point. On the other hand, the
central-charge shift of the vacuum contributes a second-order term at zero momentum
that no distribution supported on circle lattices and compatible with modular invariance
can carry; a finite family of Gaussian tests detects this. Limits with two half-integer radii,
where lattice points collide, require a separate analysis. The threshold €(g) is not effective;
we describe the additional estimates that would make it so.
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1 Introduction

1.1 The question

The torus partition function of a compact unitary two-dimensional conformal field theory is
invariant under the modular group and expands in characters of the Virasoro algebra with
nonnegative integer multiplicities. The modular bootstrap studies the constraints that these
two properties place on the spectrum; the most basic is an upper bound on the dimension
Agap of the lightest nonvacuum primary [3, 4, 5, 6]. Most such bounds use only positivity



of the multiplicities, and therefore hold for a larger class of “partition functions” with real
nonnegative multiplicities. Integrality is harder to exploit [7], but it can be decisive.

A striking instance was found recently by Benjamin, Langhoff, Li and Thaler [1]. For cen-
tral charge c slightly above one, and for parity-symmetric spectra without conserved currents
beyond the Virasoro algebra, the numerical bound from positivity alone is Agyp < ¢/6+1/3
[5], close to % Requiring in addition that the number of primaries in certain windows be
an integer, they obtained numerical bounds that are smaller by an order of magnitude at
c—1=3x 1073, and suggested that the gap might vanish as ¢ — 1*. No compact unitary
theory with ¢ slightly above one is known, and whether one exists is open. At ¢ = 1, by
contrast, the compact boson has a positive gap at every radius. The purpose of this paper is
to prove that, in the class studied in [1], a positive gap cannot persist as ¢ — 17.

1.2 The result

Write ¢ = 1 + 12a. We consider functions

- h—a/2 —a/2 1_
q q q
Z(T) = |Xvac(7—)‘2 + E Xh; (T) Xl_zj (T), Xh = , Xvac = #7
J

Ui Ui

on the upper half-plane, where each pair of weights (hj,ﬁj) is repeated according to its
multiplicity. We call Z admissible of gap g if it is invariant under 7 — —1/7 and 7 +— 7 + 1,
the sum converges for all 7, the spins h; — ﬁj are integers, the spectrum is invariant under
(h,h) +— (h,h), and

hj>0, ilj>0, Aj:hj—FiLng

for every j; see Definition 2.1. The first two inequalities say that the vacuum is the only state
at the unitarity bound A = |s|. No lower bound on the twist A; —|s;| is assumed, so currents
are allowed to emerge in a limit.

Theorem A. For every g > 0 there exists €(g) > 0 such that no admissible partition function
of gap g has central charge in (1,1+¢€(g)). Equivalently, if Z,, are admissible at central charges
cn 1 1, then their gaps tend to zero.

The statement concerns partition functions and makes no reference to correlation func-
tions. It does not assert that admissible partition functions with ¢ close to one exist. The
threshold €(g) is obtained by contradiction from a compactness argument, and the proof gives
no numerical value for it.

1.3 Outline of the proof

Suppose that admissible partition functions of gap ¢ exist along a sequence a | 0. The
argument has five steps.

Limits (Sections 2 and 3). Modular invariance and positivity bound the number of states
below any energy uniformly in a, so a subsequence converges to a modular-invariant function
at ¢ = 1 which is still a nonnegative integer combination of the characters ¢"¢"/|n|? plus
the vacuum term |1 — ¢|?/|n|?. This is a stronger positivity property than positivity in the
irreducible characters at ¢ = 1. The momenta of such a function form a self-dual crystalline
measure in the plane, and the theorem of Eberhardt and Levine [2] reduces it to a finite
combination of compact-boson partition functions Z,.. Examining the coefficients of a few
monomials, we find that the limit is

YZr+27), 1<Rt<(29)7V2



with at least one of 2R, 2t an integer (Theorem 3.5). The half-integrality comes from the
scalar of dimension two that the vacuum character subtracts.

An obstruction at zero momentum (Section 4). In the variables h = P2, h = Q2 a character
is a Gaussian in the momentum /h — a/2, and modular invariance becomes invariance under
a Fourier transform. At a = 0 the momenta of (Zg + Z;) lie on two circle lattices. At a > 0
the vacuum sits at P2 = Q? = —a/2; expanded about the origin, this displacement is the
distribution —% (8% + 822)50. We show that a distribution supported on a finite union of circle
lattices and invariant under the Fourier transform and under the spin phase is a polynomial in
the boost generator applied to the lattice sums (Theorems 4.9 and 4.11); such a distribution
has no derivative terms at the origin. A linear-algebra argument, which is possible because
the rigidity statement holds without any growth condition, converts this into a finite family of
Gaussian test functions that detect an origin derivative (Theorem 4.19). The consequence is
Theorem 4.23: it is impossible that every state with A < u, log(1/a), for some u, > 1/(27),
lies within a? in dimension, with the same spin, of a point of a fixed finite union of circle
lattices together with one circle lattice of variable radius. The logarithmic window is what
makes the tail of the spectrum negligible against a.

Localization by positive kernels (Section 5). To produce such a localization we use functions
F > 0 that are Gaussians times trigonometric polynomials vanishing on the two limiting
lattices and at the vacuum; a functional of this type for the self-dual boson, built from
a triangular function and its Fourier transform, appears in [8, Section 3.2]. The Fourier
transform of F' is a finite sum of narrow Gaussian peaks, and the exact identity L,(F) =
Lq(SF) between the spectral sums bounds 3, F'(X;) by O(a log?(1/a)) once the negative
peaks are matched by states whose positions are known. For a limit %(Z r+ Z;) in which ¢ is
not a half-integer, the trigonometric polynomial can be chosen, depending on the arithmetic
of ¢, so that this is the case, and one obtains the forbidden localization. Hence both radii of
a limit are half-integers (Theorem 5.21).

The scale of the departure (Sections 5 and 6). The finitely many remaining limits lie on a
common rational grid. Four scalar states at one fixed energy now play the role of the anchors,
and their displacement J, controls the distance of the whole spectrum from the grid. By the
obstruction, J, cannot be bounded by a power of a (Theorem 5.25). A quantitative form of
the rigidity theorem then shows that, on each fixed finite set of states, the spectrum agrees to
a high power of §, with that of (Zg + Z;,) for a half-integer R and a radius t, with [t, — T
comparable to d,, where T is the half-integer limit of ¢, (Theorem 6.13 and (6.82)).

Resolving the collision (Section 6). Since t, is not a half-integer, the kernels of the third step
apply at the radius t,, but their peaks and zeros now collide as t, — 1. Using Gaussians
narrow enough to resolve the collisions costs only powers of |t, —7'|~!, which are smaller than
any negative power of a by the fourth step. The result is again a localization within a power
of a of fixed lattices and the moving lattice Ay, , contradicting Theorem 4.23.

Section 7 discusses what is needed to make €(g) effective. All test functions used in the
proof are finite or compact superpositions of Gaussians, for which the modular identity is
exact; the argument does not use a finite number of derivatives of the modular crossing
equation at 7 = 4, and no formal power series in ¢ — 1 is summed.

1.4 Remarks

The hypotheses are those of a torus partition function, and the limits that have to be excluded
reflect this. The average of two compact-boson partition functions at different radii is not the
partition function of a conformal field theory, but it satisfies every condition that survives the
limit, and we know of no argument that discards it using the torus data alone. These averages



are responsible for the moving radius in the second step and for most of the work in the last
two.

Parity symmetry is included in the definition because it is part of the setting of [1]. No step
of the proof uses it: the classification of Section 3 does not assume it, and states of opposite
spin are treated separately throughout (Remark 6.3). The assumption that no nonvacuum
state has h = 0 or h = 0 is essential to the method: it makes the long multiplicities at ¢ > 1
nonnegative term by term, and this positivity is inherited by the limit.

Notation

Section 2 fixes the conventions. Throughout, a = (¢ — 1)/12, L = log(1/a), X = (P, Q) are
momenta and (u,v) = (P + @, P — Q) light-cone coordinates, A, is the circle lattice of radius
r, and a radius is called a half-integer if twice it is an integer.

2 Setting and conventions
Throughout, 7 = x + iy lies in the upper half-plane H, ¢ = €™, § = e~ 27, and 7 is the
Dedekind eta function. We write

c=1+12a, a >0,

so that a > 0 is the regime of interest and a = 0 is the boundary ¢ = 1. For small a > 0 we
put L =log(1/a). Constants called C, ¢, k may change from line to line; their dependence is
indicated when it matters.

2.1 The admissible class

For ¢ > 1 the non-degenerate Virasoro characters and the vacuum character are

g/ ¢ *(1-q)
a7 el =T

Definition 2.1 (Admissible partition functions). Let 0 < g < % and a > 0. An admissible
partition function of gap g at ¢ =1+ 12a is a function on H of the form

Z(7) = Ixvac(m)? + X xm; (1) X3, (7), (2.1)
JjeT

Xn(T) =

where J is a countable index set and the following hold.

(i) No currents, integral spin, gap. For every j, h; > 0, Bj > 0, the spin s; = hj — ij is an
integer, and the dimension A; = h; + h; satisfies A; > g.

—2myA;

(ii) Convergence. 3 ;e < oo for every y > 0.

(iii) Modular invariance. Z(—1/7) = Z (1) = Z(7 + 1) for all 7 € H.
(iv) Parity. The family (hj, h;);e7 is invariant, with multiplicity, under (h, h) — (h, h).
We call the indices j the (nonvacuum) states, and (A}, s;) e the spectrum.

An index is repeated according to multiplicity, so the multiplicity of each weight (h, h)
is a positive integer; by (ii) it is finite, and only finitely many states have dimension below
any given bound. The vacuum term is the unique shortened one and has coefficient one. The
inequalities hj, h; > 0 say that A; > |s;|: there is no nonvacuum state with ~ = 0 or h = 0.

Nothing is assumed about the size of A; — |s;|. The hypotheses concern the torus partition
function only; no operator product data enter.



Remark 2.2. The restriction g < % is harmless: a partition function whose states all have
Aj>g> % is admissible of gap %
Put
H =(1-— 1—gq hj =h; Z — 27 _ 2ray gy 929
(1) =1-1 -9+ d"q", o(T) = VY (TP Z(r) =y e ™ Hy(r).  (2:2)

jeJ

Since /g |n|* is invariant under the modular group, Z, Za(—1)7) = Zo(7) = Zo(r + ) At
a = 0 the same formulas are used for the limiting objects of Theorem 2.9, where h;, h; > 0 is
allowed.

2.2 Momentum variables and the spectral measures

We use real momentum coordinates X = (P,Q) € R?, related to the weights by h = P2,
h = Q?, and the light-cone coordinates

u=P+0Q, v="P-Q, A=P2+Q2=%(U2+U2), s =P? - Q% =w.

A function or distribution on R? is called even if it is invariant under each of the reflections
P — —P and Q — —(Q separately. For h > 0 let A be the even probability measure on R
carried by {+v/h},

Ah:%(é\/ﬁ—f—d_\/ﬁ) (h>0), Ay = dg.

A state of weights (h, h) is represented by A, ® Aj. For an admissible partition function we
define

Pa = Z Ahj ® Aﬁja Vvac = Z (_1)k+lAk ® Ay, Ha = Vvac + Pa- (2-3)
jeT k,le{0,1}

Thus p, is a positive even measure with |X|> = A on its support, each state carries total
mass one, and atoms of p, have masses in %Z>0. We call p, the long measure and u, the
Fock measure of the partition function; both are built from the physical weights (h;, h;) and
do not involve a otherwise. The counting function and the thermal sum are

No(E) = pa({|IXI? < E}) =#{j : A; < E},  Pu(y) :/ —2myXP g (X Ze 2myA;

With the Gaussians L
GT(P, Q) — \/ZjeQﬂ"LTP —2miTQ ’ (2.4)
equation (2.2) reads Zq(7) = 2™ (11, G).

2.3 The Lorentzian Fourier transform and circle lattices

Let
B(X,X")=2(PP' - QQ) = w' + vu

be the Lorentzian pairing, and define for Schwartz functions
_ 2/ 27nB X, X dpr’ dQ / f 27rz(uv +ou') du dv’. (25)

In light-cone coordinates S is the unitary Fourier transform followed by the exchange of the two
variables; it preserves evenness, and S?f(X) = f(—X). It extends to tempered distributions
by duality. The phase operator is multiplication by a unimodular function,

CT — 2mi(P*=Q?%) T



and the boost generator is the vector field

K = P0g + Q0p = udy, — v0,. (2.6)
A direct computation gives

SGr =G_y/,, CGr = Grya, (2.7)

and, for b > 0, z € C? and J = diag(1, —1),

L2 o AN (e ANy o

CBIX |2t
Gp(X) = e XX 86, (X) = T exp
b 4b
Here and below, in formulas for entire functions |X|? denotes the polynomial P? + Q2 and
z - X the bilinear product, without complex conjugation. In particular S¢ , is a constant
times yr2 . 2migz/b-
For r > 0 the circle lattice of radius r is

mr—+n/r mr—mn/r
2 ’ 2

Ay = {(RQ) = ( ) im,n € Z} = {(u,v) = (mr, n/r) : m,n € Z}.
(2.9)
The reflection @ — —@Q exchanges u and v and maps A, onto A;/,.. On A, one has B(A, N) =

mn' +nm’ and s = mn, so A, is an even unimodular lattice for B. Put

€r = Z o, pf = %(67« + el/r)v
AEA,

214 214 o, (2.10)
er(T) — Z q(mrJrn/r) / q(mrfn/r) / ’ Z, = .
el 7]
Poisson summation and integrality of the spin give
Se, = e, Ce, = ey, (2.11)

and py is the even measure with (pf, G;) = \/y ©,(7). The function Z, = Z,, is the partition
function of the compact boson at radius r, with 7 = 1 the self-dual radius; pf = pr/r is its
Fock measure. A point of A, with charges (m,n) has dimension 3(m%r? 4+ n?/r?) and spin
mn.
We call a radius r a half-integer if 2r € 7Z; integers are included. For radii R,¢ > 1 we
write
G(Rv t) = %P% + %pf — Wvac (2'12)

for the long measure of the average +(Zp + Z;), and By for the set of all o(R,t) with 1 <
R,t < (2g)"'/? and at least one of R,t a half-integer. Theorem 3.5 shows that these are

positive measures and are exactly the possible limits.

2.4 Analytic evaluations and the Gaussian identity

At a > 0 the character yy, is a Gaussian in the momentum +/h — a/2, which is imaginary for
the vacuum and possibly for states with h < a/2. We therefore evaluate entire test functions
at shifted squared momenta instead of introducing a measure on real momentum space.

For an entire function f on C? let f*(P,Q) = %Zii f(£P,+Q) be its even part. It is

an entire function of (P2, Q?): there is a unique entire f? on C? with

F(P,Q) = fH(P%QY). (2.13)



For h,h >0, fi(h,h) = (A, ® A;, f). Given an admissible partition function at ¢ =1 4 12a,
define -

La(f)= D CUOMfFR—G1-6)+ > f(hj—§ hy—3) (2.14)

k,le{0,1} jeg

whenever the sum over J converges absolutely. The first sum is the shifted vacuum; the
terms of the second are the shifted (or analytic) evaluations of the states, as opposed to their
physical evaluations f4(h;,h;), whose sum with the unshifted vacuum terms is (i, f). By
construction

Lo(Gr) = Zy(r), T€H. (2.15)

The evaluation points of a state are (£P, Q) with P? = h— g, Q?>=h— §. Hence P24+Q? =
A — a is real, P? — Q? = s is the spin, at most one of P,Q is imaginary when a < g, and

| Im P|, |Im Q| < y/a/2, |[Re X|*>> A —a. (2.16)

Definition 2.3 (Gaussian mixtures). For b > 0 let G, be the space of finite sums of functions
_blX|2 .
£ = [ p(X.) PN (o),

where § is a compact metric space, m a finite complex Borel measure on it, z : @ — C? is
continuous, and p is a polynomial in X whose coefficients are continuous functions of w.

Every f € G, is entire, and so are all its derivatives, with 0%f € G;. Products of an
element of G, with polynomials, with exponentials e?"X, w € C2, and with functions such as
sinc(¢(X)) = 4 [t €7 dg for a real linear form ¢, remain in Gy; so do real translates. By
(2.8), S maps Gy onto Gyr2p,. For every 0 < b' < b, every multi-index o and every o < oo
there is C' with

|0“f(X)] < C e VIReXP? for [Im X| < o. (2.17)

Lemma 2.4 (The exact Gaussian identity). Let Z be admissible at ¢ =1+ 12a; or let a =0
and let Zy = Ho/|n|? be modular invariant with Hy of the form (2.2), hj, h; > 0, convergent at
every y > 0. For every b > 0 and every f € Gy, the sums defining Lo(f) and L4(Sf) converge
absolutely, and

Lao(f) = La(Sf). (2.18)

Proof. By (2.16) and (2.17), each term of the sum over states is bounded by Ce~?(&i=®)
which is summable by hypothesis (ii) of Definition 2.1. The same bound holds uniformly
for ¢y, with (b, 2) in a compact subset of {Reb > 0} x C?, and for its derivatives in the
parameters. Consequently F(b,z) = La(db,2) — La(Sehp,-) is holomorphic on {Reb > 0} x C2,
and one may differentiate under L,.

First let b = 27. By (2.7), (2.15) and modular invariance, £,(G;) = L4(SG~) for all 7.
The two sides are Z,(7) and Z,(—1/7), whose defining series may be differentiated termwise
in « and y, by hypothesis (ii) and |s;| < Aj; and S commutes with 0., 9, applied to G;.
Differentiating in = and y at 7 = ¢ produces, on the left, £, of polynomials in P? — Q? and
P2 +@Q? times 6_2“|X|2; the factor |/y contributes only terms of lower degree. By induction on
the degree, the identity L,(1) = L,(St)) holds for every ¢ = PQiQ%e_Q”‘XF. It holds trivially
for monomials that are odd in P or in ), because L, annihilates functions with vanishing even
part and S preserves the parity in each variable. These functions are the Taylor coefficients
of z — ¢ar . at z =0, so the entire function F'(27,-) vanishes identically.

Next, Oypp,. = —(831 + 832)@,’2, and the same relation holds after applying S. Therefore
every b-derivative of F' at b = 27 is a z-derivative of F'(2m,-) and vanishes, and F = 0 by
the identity theorem. Differentiating in z and integrating over §2, which is justified by the
uniform bounds, gives (2.18) for f € Gp. dJ



The lemma never takes a Fourier transform of a distribution supported at complex points.
It applies to test functions that are not even: both sides see only the even part.

2.5 Derivatives in the squared momenta

Taylor expansions of an evaluation f“(h, i_z) in the weights are controlled by the following
formula, which is regular at h = 0.

Lemma 2.5. Let ¢ be an entire function of one variable and let p(h) = 3 (¢(v'h)+¢(—Vh)),
an entire function of h. For every integer k > 1 and every h € C,

o) (h) = 4%11), /_ 11(1 — )1 2R (/R dt. (2.19)

For h > 0, p®)(h) is also a linear combination of h=*=0/2(¢\(/h) + (=1)l¢V(—V/R)),
1 <1 <k, with coefficients depending only on k and I.

Proof. For k = 1 and h > 0 the right side of (2.19) is ﬁ((ﬁ’(\/ﬁ) — ¢'(=Vh)) = ¢'(h).

If the formula holds for k, differentiate it in h, use 9,6%®) (tv/h) = NG ¢k (tv/h) and

t(1 — )kl = —i%(l — t2)*and integrate by parts once in t; the boundary terms vanish
and one obtains the formula for k£ + 1, the constant changing by the factor 1/(4k). Both sides
are entire in h (the integrand is even in t), so the identity extends from h > 0 to C. The

second statement follows by differentiating ¢(4+/h) directly. O

Lemma 2.6 (Uniform bounds for weight derivatives). Let f be entire on C2, let k > 0 be an
integer, and suppose that for some M < oo and 8 > 0

|0 f(X)| < M e BIRe XP? for|a| <2k, |ImP|,|Im@| <1.
Then for all real h,h > —1 and all i +1 < k,
040 fo(h, )| < Cp M ¥ =Pt (2.20)
where Cy depends only on k.

Proof. Treat the two variables separately. In a variable whose weight is at most 2, use (2.19)
when a derivative falls on it and the definition otherwise: the function is evaluated at momenta
tv'h, |t| < 1, whose imaginary parts are at most one and whose real parts are bounded, and
1 < e?Pe=Ph In a variable whose weight exceeds 2, use the endpoint form of Lemma 2.5: the
momentum is +v/, real, the coefficients h~(2=9/2 are bounded, and the Gaussian factor is
e~ P The integral formula in one variable commutes with either operation in the other. [

We shall use Lemma 2.6 in two ways. First, moving a state of weights (h,h) along its
fixed-spin curve changes both weights at the same rate, and for ®(d) = f*(h + 2,h + %) one
has |®)(d)| < CpyMe*Pe=BA+d)  Secondly, taking k = 1 and integrating over the central
shift gives the following.

Corollary 2.7 (Central-shift replacement). Under the hypotheses of Lemma 2.6 with k = 1,
for0<a<1andallh,h >0,

fi(h— % h—9) — fi(h,h)| < Ca M ¥ e Phth),



2.6 Thermal bounds

Lemma 2.8 (Thermal cap, counting bound, tails). Let 0 < g < %, put Cy = 26”/29*2 and
Ay =¥ (1+Cy), and let Z be admissible of gap g at ¢ =1+ 12a with 0 < a < g>/4. Then

Pu(9%) < Cy, (2.21)
Pu(y) <(1+Cyyte®™ v (0<y <), (2.22)
N (E) < A E*™E  (E>1), (2.23)

and, for > 2mwa and Ey > 1,

E 1
—BAi < A, B 0 4 —(~2ma)Eq 2.24
e < e . .
A; 295 2ma * (= 2map) 224

The same bounds hold with a = 0 for every modular-invariant function Zy = Ho/|nl? in which
Hy has the form (2.2) with hj, hj > 0, integer spins, A; > g, and convergence at every y > 0.
This includes the limits of Theorem 2.9 and, by Theorem 3.5, every element of B,.

Proof. Let V(y) = (1 — e"2™)2. On the imaginary axis (2.2) is Z,(iy) = VI ey (Vi(y) +
P.(y)), and invariance under 7 — —1/7 gives

V(1/y) + Pa(1/y) = y ™0V (V(y) + Pu(y)),  y>0. (2.25)
Take y =Y = ¢g~2 >4 and put Cy = Ye2™(Y=1/Y) Then
P,(1)Y)=CyP,(Y)=CyV(Y)-V(1/Y) < Cy,

and the contribution of a state to the left side is e_%A/Y(l — Ye_Q”(Y_l/Y)(A_a)). Since
A>g a<g/2andY —1/Y > 3/(4¢%), the subtracted term is at most g~2e~37/(49) < »2¢=22
with z = 1/g > 2, hence at most 4e™* < % Therefore %Pa(QQ) < Cy < ¢g~2%e™2, which is
(2.21).

For 0 < y < 1, (2.25) with y replaced by 1/y, monotonicity of P,, 0 < V < 1 and
P,(1) < Pu(g?) give (2.22). Then N,(E) < €>™FP,(y) with y = 1/E gives (2.23). Finally,
integrating by parts against e #F and discarding the nonpositive boundary term at Ej,

[e.@] oo

S e <B | NyE)e PEAE < AB | EePPEqp,

Aj>E0 Eo Eo

which is (2.24). For a = 0 the argument is unchanged. O
In particular, for 0 < 8 < 1 and a < min{g?/4, 8/(4m)},

Ye Pt <clp (2.26)
J

by (2.22) with y = 3/(27), and No(ML) < AgMLe*™ ML = Oy (L) for every fixed M: a
logarithmic energy window contains O(L) states.

2.7 Compactness

Theorem 2.9 (Compactness). Fiz 0 < g < % Let Z,, be admissible of gap g at ¢, = 14+12a,,
with a, | 0, with states (h§n), B§n)>jejn. After passing to a subsequence there is a countable
family (hj, hj)jer with

hjohy >0,  hj—hjeZ, hj+h;>g, Y et <o (y>0),
Jj€Jo

such that:
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(a) the long measures p,, converge vaguely on R? to pg = >jedo An; @ Aﬁj ;

(b) Ho,, — Ho = (1 -q¢)(1 = q) + X e thqﬁj locally uniformly on H, together with all
derivatives in x and y;

(c) Zo = Hy/|n|* satisfies Zo(—=1/7) = Zo(T) = Zo(T + 1), and the family Jy is parity
mvariant.

The limit may contain states with h; = 0 or h; = 0; these are terms qh’(jﬁ/|7]|2 and not
shortened characters. The vacuum term of Hy is still (1 — ¢)(1 — ¢) with coefficient one.

Proof. By (2.21), the number of states of Z,, with A < F is at most 0962”92E , uniformly in n
once a, < g?/4, and their spins are integers with |s| < E. A diagonal argument over E € Zx
yields a subsequence along which, for every E that is not a limiting dimension, the finitely
many states below E converge together with their spins. The limits form a locally finite family
Jo in which coinciding limits are repeated; the closed conditions A > ¢ and h,h > 0 persist,
spins stay integral, and parity invariance is preserved. This is (a).

For (b) we need uniform tails. By (2.21) and (2.22), P, (y) is bounded uniformly in n
for each fixed y > 0. Hence on a compact subset of H with y > yo, the contribution to H,,
of states with A > E is at most P, (yo/2) e ™°F uniformly in n; a derivative of order k in
(x,y) costs a factor at most (2rA)¥ because |s| < A, and is absorbed by replacing yo/2 with
yo/4. Together with (a) this gives (b), and the convergence of the sum for Jj at every y > 0
follows from Fatou’s lemma. The modular identities for |/y e?manY [, pass to the limit, which
is (c). Since A > g on Jy, no state of the limit has weights (0,0), so the coefficient of ¢°° in
Hy is one. L]

Definition 2.10. In the situation of Theorem 2.9 we say that the sequence converges to pg if
(a) holds for the sequence itself. An admissible sequence of gap g is a sequence Z,, as in that
theorem; we often index its objects by a = a, rather than by n, writing pg, tte, La-

We shall use vague convergence in the following form. Atoms of all the measures p, have
masses in %Z>0, and each state has total mass one. A cluster of pg is the set of its states with
a given dimension and signed spin.

Corollary 2.11 (Stabilization of clusters). Let an admissible sequence converge to pg, and
let U C R? be a bounded open set, invariant under the two reflections, whose boundary does
not meet supp po. For all sufficiently small a in the sequence, the number of states of p, with
support in U equals that of pg, no state of p, meets OU, and the dimensions of the states in
U converge, with multiplicity and with their spins, to those of pg in U.

Proof. Choose E > supy |X|? that is not a dimension of py. By vague convergence and
integrality of the masses, for small a the states of p, with A < E are in bijection with those
of pg, with equal spins and converging weights. Since U is invariant under the two reflections,
the support of a state lies in U or is disjoint from it. A state of pg has its support in the open
set U or in the open set R?\ U, and so, for small a, has the corresponding state of p,. States
with A > E do not meet U. O

Statements that hold “for all sufficiently small admissible a” are always obtained from
statements about sequences by contradiction, and the resulting thresholds are not effective.
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3 Classification of the limits at c =1

Theorem 2.9 produces limits of the following kind. Fix 0 < g < % A boundary partition

function of gap g is a function Zg = Hy/|n|? on H with Zo(—1/7) = Zo(7) = Zo(7 + 1) and

H0:(1—q)(1—q)+zthcjﬁf, hj,h; >0, hj—h; €Z, hj+h;>g, (3.1)
FISNVG)

where Jp is countable and the sum converges absolutely on H. Its long measure is pg =
Zje Jo An; ® Aﬁj and its Fock measure is pg = yac + po. Parity invariance is not assumed

in this section. Collecting equal exponents, Hy = Zdh,ﬁ qhqh with integers dhﬁ, the Fock
coefficients; this expansion is unique. They are nonnegative except possibly at (h, k) = (1,0)
and (0, 1), where the vacuum contributes —1, and dpo = 1.

3.1 The crystalline reduction

The classification of all modular-invariant partition functions at ¢ = 1 with discrete spectrum,
under axioms that include positivity in the irreducible ¢ = 1 characters, is due to Eberhardt
and Levine [2]. We use the harmonic-analytic part of their argument, in the following form.

Proposition 3.1 ([2, Theorem 3.1 and Sections 3.3-3.5]). Let u be an even, real, purely
atomic measure on R? whose atoms have masses in iZ. Suppose that

(a) [ul({|X] < o}) < Co® forall ¢ > 1;
(b) Su = p as tempered distributions;
(c) P2 — Q%€ Z on supp p.
Then there are a finite set R C [1,00) and complex numbers ¢, with u =3, cx ¢r pE .

Remark 3.2. We record how this statement is extracted from [2], since it is not displayed there
in this form. Theorem 3.1 of [2], applied to 4u, requires a tempered atomic measure with
integer masses whose transform Sy is a measure of upper bounded density, [Su|({|X]| < o}) <
C? for ¢ > 1; hypothesis (a) gives temperedness and, by (b), this bound. The subsequent
reduction [2, (127)—(150)] of the resulting finite union of lattice cosets to combinations of circle
(Narain) combs uses, in addition, only spin quantization (c), evenness, and (b). The authors
note that positivity enters their argument up to that point only through the density bound,
and that uniqueness of the vacuum is not used. Their proof of Theorem 3.1 relies on Cohen’s
idempotent theorem [9] and related results on Fourier quasicrystals, which we do not reprove.
Alternatively, a function of the form (3.1) satisfies the full list of axioms of [2], so their final
classification applies to it directly; the additional solutions found there have a negative Fock
coefficient at (h,h) = (p?,0) for large primes p and are excluded by (3.1). Both routes lead
to Lemma 3.4 below.

Lemma 3.3. The Fock measure ug of a boundary partition function satisfies the hypotheses
of Proposition 3.1.

Proof. The measure is even and atomic, and its atoms have masses in iZ by construction; (c)
holds because the spins are integers and the points of the four vacuum terms have spin 0 or
+1. )

For (a), let Po(y) = e e 2m(hithi) - Since |vyae| consists of the four vacuum terms
with positive signs,

/6‘2’”"){'2 dlpol(X) < Poly) + (1+€7>™)? = Ho(iy) + 4>,
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Modular invariance of /y Hy gives Ho(iy) = y ' Ho(i/y) < y~*(1 + Py(1)) for 0 < y < 1.
Taking y = 0~ 2 and using e~ 2™XI* > ¢=27 on {|X| < o},

ol ({IX] < 0}) < (1 + Po(1))e” +4).

In particular pg is a tempered distribution. For (b), note that Lo(f) = (po, f), so Lemma 2.4
gives (o, f) = (uo,Sf) for all f € Gor. This class contains the Hermite functions, which
span a dense subspace of the Schwartz space, and both sides are continuous there. Hence

Spo = po- O

The proof of (a) uses positivity only through the observation that the total variation of
o exceeds its thermal trace by at most four vacuum units; the general density estimate of [2,
Section 2] is not needed.

3.2 The mixture weights

By Proposition 3.1 and Lemma 3.3, g = 3,cx ¢pL for a finite set R C [1,00) of distinct
radii, and pairing with G, gives
Ho=)Y_ ¢ 6,. (3.2)
reR
Recall from (2.10) that the monomials of ©; are indexed by the points (u,v) = (mt,n/t)

of Ay, and that two points give the same monomial ¢"§" exactly when they are related by
(u,v) — +(u,v) or £(v,u).

Lemma 3.4. In (3.2), ¢, € 3Z>q for everyr € R, and 3 ,ex ¢ = 1.

Proof. Fix r € R with r > 1 and choose a prime p larger than the squares of all radii in R.
Consider the point (u,v) = (r,p/r) € A, of spin p, and let (h,h) be its weights. A point
(mt,n/t) of Ay, t > 0, has the same weights if and only if it is one of +(r,p/r), £(p/r, 7). In
the first case mn = p and t = r/m, so t € {r,r/p}; in the second mn = p and t = p/(rm), so
te{p/r,1/r}. For t € R, t # r, all four values are impossible: r/p < 1, 1/r <1, and p/r =t
would give p = rt < p. For t = r the first case contributes the two points +(r,p/r), and the
second would require 72 = p/m € {1, p}, which is excluded. Hence the coefficient of ¢"g" in
(3.2) is exactly 2¢,. Since the spin p exceeds one, no vacuum monomial contributes at these
weights, so 2¢, = d;, j, € Z>o.

If 1 € R, choose a prime p larger than every radius in R and consider (u,v) = (p,p) € A1,
of weights (p?,0). A point (mt,n/t) with these weights is +(p, p), so mn = p? and t = p/m €
{p,1,1/p}; only t = 1 lies in R, and it contributes two points. Thus 2c1 = d2y € Z>o,
because (p?,0) # (1,0).

Finally the coefficient of ¢°¢” is one in Hy and in every ©,, s0 3, ¢, = 1. O

3.3 The classification

For r > 1 put
my = lioezy + 1reqi2yy € 10,1, 2} (3.3)

Theorem 3.5 (Classification of the limits). Let 0 < g < 3.

(i) Every boundary partition function of gap g, and in particular every limit in Theorem 2.9,
has the form

Zo=3(Zr+2), 1<Rit<(2)"?  2REL or 2L (34)

where R =t is allowed. Equivalently po = o(R,t) € By.
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(i) Conversely, for every pair (R,t) as in (3.4) the measure o(R,t) is positive, each of its
weights (h, h) has a nonnegative integer multiplicity, all its states have integer spin and
dimension at least 1/(2max(R,t)?) > g, and 5(Zr + Z;) is modular invariant.

Proof. (i) By Lemma 3.4 either one radius occurs with weight one or two radii occur with
weight %, so Hy = %(@R + 0y) with R,t > 1, possibly equal. The long part of Hy is

3(Or+6) —(1-¢)(1-q) = 35(Or+61) —1+q+q—qq, (3.5)

and all its coefficients must be nonnegative. Only the coefficient at (h,h) = (1,1) can fail to
be. The points of A, with weights (1,1) are (u,v) = (£2,0) and (0, £2), which lie in A, when
2/r € Z, respectively 2r € Z. For r > 1 the first condition holds only for r € {1, 2}, so the
coefficient of ¢q in O, is 2m,., and the requirement is

mpr+my > 1,

that is, 2R € Z or 2t € Z. The lowest nonzero dimension in ©,, r > 1, is 1/(2r?), attained at
(u,v) = (0,£1/r). The corresponding scalar monomial has weights different from (1, 1), so it
survives in (3.5), and the gap condition gives max(R,t) < (2g) /2.

(ii) Every coefficient of ©, other than the constant term is even, because A — —A\ acts
freely on A, \ {0} and preserves the weights. Hence 4(©r + ©;) has integer coefficients and
constant term one. In (3.5) the constant term cancels, the coefficients at (1,0) and (0, 1)
are increased by one, and the coefficient at (1,1) is mg +m; — 1 > 0. Thus all coefficients
are nonnegative integers. The remaining assertions follow from the properties of ©, already

used. O

Remark 3.6. The average of two different circle partition functions, for example £(Z; + Z 3)

with gap %, is not the partition function of a conformal field theory: it is excluded in [2,
Section 4.1] by an argument that uses current Ward identities and nondegeneracy of two-
point functions. Neither is available for a limit of partition functions, so these averages must
be retained here.

We collect the elementary properties of the measures o(R,t) that are used repeatedly.
Lemma 3.7. Let o(R,t) € By and po = 3p% + 3o} .
(i) Spo = po, Cpio = o, and supp o C AR U A g UA U Ay,

(7i) Vyac is supported on the nine points with P,Q € {0,£1}, which lie in Ay; in light-cone
coordinates they are (0,0), (£1,=£1), (£2,0) and (0,+2).

(iii) Every cluster of o(R,t) consists of at most four states.

(tv) The scalar cluster of o(R,t) at dimension two consists of mp +m¢ — 1 states, with m,
as in (3.3); the Fock measure py has mp + my unit states there.

(v) No state of o(R,t) has dimension below 1/(2max(R,t)?), and for every E the number
of its states of dimension at most E is at most Agmax(FE,1).

Proof. (i) follows from (2.11) and (ii) from (2.3). For (iii), the coefficient of a monomial in O,
is the number of points of A, among the at most four points +(u,v), £(v,u), hence at most
four, and so is the coefficient in the average; the vacuum subtraction increases a coefficient
only at (1,0) and (0, 1), where the coefficient of ©,. is 2-1{,_;} and the number of states is at
most three. (iv) was shown in the proof of Theorem 3.5, and (v) there and in Lemma 2.8. [
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3.4 A first consequence: emergent near-currents

Although it is not needed in the sequel, the classification already shows that an admissible
partition function with ¢ close to one must contain spin-one states close to the unitarity bound.
For r > 1 put D, = 3(r> +772) and let By = g + i = D 3g)-1/2-

Corollary 3.8. Fiz 0 < g < %, b > By and 0 > 0. For all sufficiently small a > 0, every
admissible partition function of gap g at ¢ = 1+ 12a has exactly three pairs of states of spin
+1 with A < b, and at least one of them has 1 < A < 1+94.

Proof. In ©, the monomials of spin +1 come from the two points (u,v) = +(r,1/r) of A,,
at dimension D,; with weight  they contribute one state to o(R,t), and the term g of (3.5)
contributes one state at dimension one. Spin —1 is symmetric. Hence the spin-one states
of o(R,t) € By have dimensions 1, Dg, Dy, all in [1, Bg]. If the statement failed along a
sequence aj,, | 0, Theorems 2.9 and 3.5 and Corollary 2.11, applied to U = {|X|*> < ¥’} and
U={|X|?<1+d} with®' > band 0 < ¢ < § chosen so that b and 1+ 6’ are not dimensions
of pg, would give a contradiction. The inequality A > 1 is part of Definition 2.1. O

4 Rigidity of lattice-supported modular distributions and the
localization obstruction

Expanding the spectrum of an admissible partition function to finite order about points of
circle lattices produces a distribution on momentum space with discrete support. This section
determines the distributions of this kind that are invariant under S and C, and derives a
quantitative consequence. The results are of three kinds.

(a) A tempered distribution that is supported on a finite union of circle lattices and invariant
under S and C is a finite sum of polynomials in the boost generator K applied to circle
combs (Theorems 4.7, 4.9 and 4.11). In particular its local expansion at the origin is
a multiple of §g, and in the even sector it is a combination of radius derivatives of the
circle Fock measures pY .

(b) The statement about the origin has a finite quantitative form: finitely many Gaussian-
mixture test functions bound every derivative coefficient at the origin of a C-invariant
distribution by its S-defect (Theorem 4.19), with at most a finite-power loss when one
radius moves (Proposition 4.20).

(c) The shifted vacuum of an admissible partition function contributes —%(8123—1—6%)(50 at the
origin. Consequently the low spectrum cannot be localized, with a power-law error in a
logarithmic window, on a fixed finite union of circle lattices together with one moving
pair (Theorems 4.22 and 4.23).

4.1 Distributions with discrete support
In this section T denotes a distribution on R2. Multi-indices refer to the momentum coordi-

nates, 0% = 05'9y?, and A; = {a € ZQZO el < g}

Local coefficients. Let S C R? be closed and discrete. A distribution T with suppT C S

has a unique expansion
T=> > calx) 0%, (4.1)
zes «

in which, for each z, only finitely many c,(x) are nonzero; conversely every such array of
complex numbers defines a distribution, the sum being locally finite. We say that 1" has local
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order at most q if co(x) = 0 whenever |a| > ¢. The numbers ¢,(0) with |a| > 1 are the
positive-order origin coefficients of T. A tempered distribution has finite order, so a tempered
distribution with support in S has local order at most ¢ for some ¢ < co. A function vanishes
to order at least ¢ + 1 at a point if all its derivatives of order at most ¢ vanish there.

Lemma 4.1. Let T be a tempered distribution with support in a closed discrete set S and of
local order at most q, with coefficients as in (4.1).

(i) Let Fy C S be finite and let 1 be a Schwartz function that vanishes to order at least
q+ 1 at every point of S\ Fy. Then

= > 3 (—1)lleq(z) 0*p(w).

z€Fy |al<q

(ii) Let w be a smooth function, all of whose derivatives are polynomially bounded, that
vanishes to order at least ¢ + 1 at every point of S. Then wT = 0.

Proof. (i) Let x € C°(IR?) equal one near the origin and put x,(X) = x(X/0). Then x,1 — 9
in the Schwartz space as ¢ — 00, so (T',v¢) = lim,(T’, x,%). The support of x, meets finitely
many points of S, and by (4.1)

(T, xo0) = Y > (—1)¥lea (@) 0% (x00) (2).

z€S |al<q

By the Leibniz rule the derivatives of order at most g of x,t vanish at every z € S\ Fp, and
for large o they agree with those of 1 at the points of Fj.

(ii) For a Schwartz function f, the function wf is a Schwartz function vanishing to order
at least ¢+ 1 on S, so (WT, f) = (T, wf) =0 by (i) with Fy = 0. O

Translations, characters, reflections. For w € R? let (7,f)(X) = f(X + w) and
Xu(X) = e2™BwX): on distributions, (7,7, f) = (T, T_wf), 0 that 7,0, = 0z_y. From (2.5),
S(xwf) = TwSf and S(7—wf) = xwSf for Schwartz functions, and by duality S(xwT') = 7wST
for tempered T. Hence, for vectors w; and integers m; > 0,

[1(ru =™ =80 ([T0xw —1)™) 08~ (4.2)

7 7

on tempered distributions, the middle factor acting by multiplication. Let T denote the image
of T under X — —X. Since S2f = f, the distribution S™!7 is the reflection of ST it has
the same local orders as ST, and its support is the reflection of that of ST. If T is even, then
S™IT = ST, and (T, f) = (T, f) for every test function f.

Lattices, grids and combs. For a full-rank lattice I' C R? the dual lattice with respect to
the Lorentzian pairing is

V={weR?: B(w,\) € Z for all A € I'}, TV)Y =T.

If w € TV then x,, — 1 vanishes on I'. We call T" a grid if 'V C T'. The quotient I'/T" is then
finite, and for v € /T we define the coset comb and the space of comb measures

Z Ox, E(T') = span{e, : vy € I/TV}.
Aey+TV
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Two families of grids occur. The rational momentum grid (2k)~'Z?, in the coordinates (P, Q)
and for an integer k > 1, has dual kZ2. The hyperbolic grid

d7 A, = {(u,v) = (%, %) tm,n € Z}, d > 1 an integer, r > 0,
has dual dA,., which consists of the points with m,n € d?Z; its spin function is s = mn/d>.
For d = 1 the grid is the self-dual lattice A, and its only comb is e,.

Poisson summation takes the following form. Let (b, bs) be a basis of T'V and (b}, b})
the basis of I" with B(b;,b;) = 1;—. For a Schwartz function f and v € I' put ¢(z) =
f(z1bt + zobk) 2™ B(rzibi+esbs) "y ¢ R2. The substitution X’ = 21b% + 2ob} in (2.5) gives
Sf(y+niby +ngbs) = cr [ ¢(2)e*™™® dx, where cr is the absolute value of the determinant of
(b%,b3) in light-cone coordinates, and the classical Poisson formula 3, 72 [ ¢(2)e* e dx =
>onezz @(n) yields (Sey, f) = cr 3, ep 2™ B f(11). The phase depends only on the classes

of v and p modulo T'V, so

Sey = cr Z e2mB00) g5 cp = [[:DV]7V2 (4.3)
ser/rv

The value of ¢ follows because the matrix of B in light-cone coordinates has determinant
—1, so that the covolumes of I" and I'V are reciprocal. For I' = d~'A, one has ¢r = d~2, and
(4.3) with d = 1 is the first identity in (2.11). In particular £(I') is mapped into itself by S,
and by S™! because &, = e_..

Polynomial differential operators. Let WV be the algebra of linear differential operators
on R? with polynomial coefficients. It acts on distributions and preserves temperedness. Every
A € W has a unique normal form A =3, 0% o p, with polynomials p,, almost all zero, and

for a closed discrete set S
A 6= palA) 0%y (4.4)
AES a AeS

We use the generators

Op [0/0)
= P7 = 5 = ) = - 5 45
x1 X3 = Q yi= - y2 T (4.5)
whose only nonzero commutators are
1 1
[y1,x1] 1i’ [ya, x2] y (4.6)

For A € W and an integer v put o(A) = SAS™! and k,(A) = CYAC™". Differentiating
(2.5) under the integral sign and integrating by parts gives, for Schwartz functions, S(Pf) =
(4mi)~1OpSf, S(Opf) = —4miPSf, S(Qf) = —(4mi) '0oSf and S(dgf) = 4miQSf; these
identities extend to tempered distributions by duality. Together with C¥0pC™" = dp — 4mwiv P
and C"0gC™" = 0g + 4mivQ they show that o and k, are automorphisms of WV, given on the
generators by

o (x4,y5) = (¥5, —=%j), Kyt (X5,¥5) = (X4, ¥j — vXj), j=1,2. (4.7)

The boost generator (2.6) is K = —4mi (x1y2 — x2y1). Since x1,y; commute with xa,y2, the
element x;ys — x2y; is fixed by both substitutions in (4.7). Therefore

SK=KS, CK=KC,  Kd =0, (4.8)

the last identity because POgdy = 0g(Pdp) = 0 and likewise for Qdpdy. Thus p(K)dy = p(0)dg
for every polynomial p. Away from the origin the opposite holds. For z = (P, Q) the identity
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F0%6, = Ypca(=1)7P(5)(027F f)(2) 3°6, shows that K86, = (Qz0p + PrdQ)dé, plus
terms of order at most |a|, and by induction

p(K)dz = P (Qu0p + Pr0g)? 6, + (terms of order < j) (4.9)

for a polynomial p of degree j with leading coefficient p. If x # 0 this distribution is nonzero
and has local order exactly j. In particular the powers of K are linearly independent in W.

4.2 Polynomial comb representations

Lemma 4.2 (Two difference equations modulo finite support). Let ¢ : Z2 — C be an arbitrary
function and m > 1 an integer. Let Dy, Do be the forward differences in the two coordinate
directions, (Dic)(ni,n2) = c(n1 + 1,n2) — ¢(n1,n2) and similarly for Dy. If D¢ and D5'c
have finite support, then ¢ = p + co, where co has finite support and p is the restriction to 7>
of a polynomial of degree at most m — 1 in each variable separately. No growth condition on
c is assumed.

Proof. Identify a finitely supported function f on Z? with the Laurent polynomial
S, f(n)z* 232, Under this identification D; becomes multiplication by z; ' — 1. Put
fi = D"c and m; = (2;' — 1)™. Since D; and Dy commute, DJ'f; = D7'fs, that is,
mofi = i fo in the ring (C[zfﬂ,z;ﬂ].
1— 21 and 1 — z are non-associate primes, so 71 divides fi: there is a Laurent polynomial cg
with fi = mcg. Cancelling w1 in momicy = 71 fo gives fo = macg. Regarding ¢y as a finitely
supported function, we obtain D*(c — ¢p) = D5'(c — ¢o) = 0.

Put p = ¢ — ¢p. For fixed ng, the function n; — p(ni,n2) on Z has vanishing m-th
difference. Such a function is determined, in both directions, by its values at 0,...,m — 1,
and the Newton polynomial 3, (}})(Dfp)(0,n2) has the same values and also vanishing
m-th difference; hence p(ni,n2) = Y j (%) (D5p)(0,n2) for all ny € Z. Each coefficient
ng + (D¥p)(0,m2) has vanishing m-th difference in ny and is, by the same argument, a
polynomial of degree at most m — 1 in no. O

This ring is a unique factorization domain in which

The corresponding statement in one variable is false: the indicator function of Z>( has a
finitely supported first difference. Two independent directions are essential.

Lemma 4.3 (Differences along one class). Let (I';);1 be finitely many full-rank lattices in R?
with T; N Ty = {0} fori#4i, let S =,; T, let m > 1 be an integer and j € I.

(i) For any subgroups G; C T'; of finite index, i # j, there are vectors w; € G; such that

Z kyw; ¢ T'; whenever 0 < k; < m and not all k; vanish. (4.10)
1#£]

In particular w; # 0.

(i) Let w; € Ty, i # j, satisfy (4.10), let w € T'j, and put D = (1 — I)™ []; 2 (7w, — I)™.
There is a finite set Fo C I'; with the following property. If T is any distribution of the
form (4.1) on S, with arbitrary coefficients, and DT = 0, then for every «

zm:(—l)”“]g (Z) ca(y+kw) =0 for ally € T'; \ Fy. (4.11)
k=0

If 1 = {j}, then D = (1, — I)™ and Fy = 0.
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Proof. (i) We choose the vectors one at a time. Suppose that w; has been chosen for i in a
subset I’ C I\ {j}, in such a way that (4.10) holds for all tuples with k; = 0 for i ¢ I, and let
ip € I'\ (U {j}). The additional conditions for I' U {ip} are those with k;, > 1 and k; = 0
for i ¢ I"U {ip}. Each of these finitely many conditions is violated by at most one vector of
Gy if w and w' both violate it, then ki, (w — w') € I'; NT;, = {0}. Since Gj, is infinite, an
admissible w;, exists. The condition with k; = 1 and all other coefficients zero says w; ¢ I';,
so w; # 0.

(ii) Extend ¢, by zero outside S. Expanding the product, D = Yy sk 7w, , where k =
(k:)ier Tuns over {0, ..., m} sqc = [[;(—1)mF (o) and wi = kjw + 3, kjw;. Since 7,00, =
dz—w, the coeflicient of 0“0, in DT is D>y e co(y + wy). Let y € I';. If k; = 0 for all ¢ # j,
then wy, = kjw, and these terms add up to (—1)™"=) times the left side of (4.11). For every
other k we have y +wy ¢ I'; by (4.10), so ¢, (y + wk) can be nonzero only if y + wy € T'; for
some i # j. For fixed k and ¢ at most one y € I'; has this property, because the difference of
two such points lies in I'; N I';. Let Fj be the finite set of all y € I'; obtained in this way. For
y € I'; \ Fp the vanishing of the coefficient of 9“6, in DT is (4.11). O

Lemma 4.4 (Polynomial combs for transverse grids). Let (I';);e be finitely many grids in R?
with T; N Ty = {0} fori #4', and let e;, v € I';/TY, be the coset combs of T;.

(i) Faithfulness. If operators A;, € W satisfy 3, . Aiyeiy =0, then A;, =0 for all i and
v.

(ii) Representation. If T' is a tempered distribution such that T and ST are supported in
U; I'i, then there are operators A;, € W, unique by the first part, with

T=> > Aiyei (4.12)

i€l yeT/TY

Proof. (i) Write A;y = Y-, 0% 0 Dj .o in normal form. A point A # 0 of |J; I'; lies in exactly
one I'; and in exactly one coset v+ I'Y, and by (4.4) the coefficient of 9%, in the sum is
Piy.a(A). Hence each p;~ o vanishes on the coset v+ I'} with at most the origin removed.
In lattice coordinates (n1,n2) on this coset, the polynomial vanishes identically on every line
ng = const that does not contain the removed point, hence on infinitely many parallel lines,
hence identically.

(ii) Let S = |J;T'; and let m be a common bound for the local orders of T" and ST’; write
T as in (4.1). Fix j € | and a basis (b1, bz) of I'}. For + € {1,2} choose vectors wlm ery,
i # j, as in Lemma 4.3(i) with m + 1 in place of m, and put

DY = (r, = )™ [[(r,0 = D™ 0¥ = (o, = )™ [0 — 1™
i#j i#j

Every point of S lies in some I';, on which the i-th factor of w(®) vanishes to order m+1, because
the vector of that factor lies in I'Y. The distribution S™'7 is supported in S and has local
order at most m, so wS™IT = 0 by Lemma 4.1(ii), and DWT = 0 by (4.2). Lemma 4.3(ii)
shows that, for every a and every coset v + F;-/, the function (n1,n2) — co(y + n1by + naobs)
on Z? has finitely supported differences of order m + 1 in both directions. By Lemma 4.2 it
differs from a polynomial in (n1,n9) at finitely many points only. Thus there are polynomials
Pj~y.a on R2 zero for |a| > m, with ¢4 (X) = pj~.a()) for all but finitely many X € v + ry.

Carry this out for every j, put Aj, = 3>2,0%opjaand F =T — 37, Aj ej,. By (4.4)
and the previous paragraph, F' has finite support. Each A; ,e; . is tempered, and S(A; vej) =
o(Aj~)Se;~ is supported in I'; by (4.3). Hence SF is supported in the closed discrete set S.
But F is a finite combination of derivatives of point masses, so SF' is a real-analytic function,
a finite sum of polynomials times characters. A continuous function supported in a discrete
set vanishes; hence SF =0 and F' = 0. O
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Lemma 4.5 (Operators invariant under two shears). Let A € W and let v be a nonzero
integer. If A is invariant under conjugation by C¥ and by SC*S™!, that is,

ku(A) = A and ok, L(A) = A,
then A = p(K) for a polynomial p.
Proof. For a matrix g = (g1 £32) € SLa(C) the substitution

Qg 0 (x5,y5) = (811%5 + g12Y5, 821%; + &22Y5), ji=1,2,

preserves the relations (4.6), because [g21x; + g22Y;, 811%; + gi2y;] = detgly;,x;] and the
generators with different indices commute. Hence ®4 is an automorphism of W, and @3, =
Oy By (4.7),

ky = ®g with g = (—1y (1)> , okyo = ¢, with g = (é II) ;

for the second, o1 maps (xj,y;) to (—y;,x;), so ok,0 1 (x;) = o(—y; + vxj) = xj + vy; and
ok (yj) = o(x;) = ;.

Let W,, C W be the finite-dimensional span of all products of at most n generators; every
P, preserves W,. Choose n with A € W,,. For z € C let a, = &5 with g = (1?). Then
Q0 = ., and z — o, (A) is a polynomial map from C to W,,. By hypothesis a_, (A) = A,
hence ay, (A) = A for all k € Z, and the polynomial a,(A) — A has infinitely many zeros. Thus
a-(A) = A for all z € C. Likewise, with 8, = @4 for g = ({} ), the hypothesis 8, (A) = A and
the polynomial dependence on z give 5.(A) = A for all z € C. The set of g with ®4(A) = Aisa
subgroup of SLy(C) that contains all elementary matrices, which generate SLy(C). Therefore
O, (A) = A for every g € SLy(C).

We conclude by induction on n; the case n = 0 is trivial since Wy = C. By (4.6) the
associated graded algebra of the filtration (W),,) is the polynomial ring C[xi,y1,x2,y2], and
®, acts on it by the same linear substitution. Let a'°P be the class of A in W, /W, _1, a
homogeneous polynomial of degree n in the two vectors w; = (x1,y1) and wg = (xg,y2) with
alP(gwy, gwy) = a'°P(wq,ws) for all g € SLy(C). If the determinant k = det(w,ws) =
X1Y2 —X2y1 is nonzero, the matrix g with columns wj /k and w9 has determinant one and maps
(k,0) to wy and (0,1) to we; hence a*P(wq, wq) = a*P((k,0), (0,1)) is a polynomial in k on
the dense set {k # 0}, and therefore everywhere. By homogeneity a®P = 9 (x1ys — xay1)™?
for a constant ¢, with ¢ = 0 if n is odd. The element x1y; — xoy1 = —K/(47i) of W is fixed by
every ®g, since xi,y; commute with xo,y2 and detg = 1. Consequently A — 19(—’C/(47Ti))n/2

lies in W, _1 and is fixed by every ®,. By the induction hypothesis it is a polynomial in A,
and so is A. 0

Lemma 4.6 (Combs on one grid). Let ' be a grid.

(i) If T is a tempered distribution such that T and ST are supported in T, then T =
> yer v Ayey with uniquely determined operators Ay € W.

(ii) There is an integer v > 1 such that vs(\) € Z for all X\ € T', where s = P%2 — Q?; one
may take v = 4k% for T' = (2k)"'Z? and v = d? for I' = d~'A,. For every such v, both
C” and SC*S™! fix every element of E(T).

Proof. Part (i) is Lemma 4.4 for a single grid. For (ii), let ny be the exponent of the finite
group I'/TV. For A € I we have ngX € 'V, so 2ngs(\) = B(ngA, \) € Z, and v = 2ng has the
required property; the two special values are read off from s = P2 — Q? and s = mn/d?. If
vs is integral on I', then C¥ fixes every measure carried by I', in particular every element of
E(T). Since S~ maps £(T) into itself by (4.3), SC*S~'e = SSle = e for e € E(I). O
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Theorem 4.7 (Rigidity on a grid). Let I" be a grid, for instance a rational momentum grid
(2k)1Z2 or a hyperbolic grid d='A,., and let T be a tempered distribution with suppT C T
and

ST =T, CT=T.

Then there are unique polynomials p, v € /T, such that

T= Z Py (K) e. (4.13)

~er/rv

In particular the local expansion of T at the origin is po(0) dg: all positive-order origin coeffi-
ctents of T vanish.

Proof. By Lemma 4.6(i), T' = 3°, Aye,. Let v be as in Lemma 4.6(ii). Since C"T' =T and
C’ey = e,

E:Awe7 =C"T = ZHV(A,Y) C’ey = ZHV(A,Y) €y,
B! 8! 8!

and the uniqueness in Lemma 4.6(i) gives r,(A,) = A,. The operator SC*S™! also fixes T and
every e, and the same computation gives 0,071 (A,) = A,. By Lemma 4.5, A, = p,(K). The
polynomials are unique by the uniqueness of the A, and the linear independence of the powers
of IC. Only the coset v = 0 contains the origin, near which ey = g, and po(K)dy = pp(0)dy by
(4.8). O

Neither positivity nor integrality of the coefficients of T', nor any bound on its local order,
enters Theorem 4.7.
4.3 Finite unions of circle lattices

Two radii 7,7’ > 0 are commensurable if r/r" € Q. If they are not, then A, N A, = {0}, and
the same holds for d~'A, and &'~'A,s: at a common point the light-cone coordinate u lies in

QrNQr' = {0} and v in Qr~ ' NQr'~t = {0}.

Definition 4.8. A transverse family of hyperbolic grids is a finite family I'; = d;lAri, i€l
with integers d; > 1 and pairwise incommensurable radii r; > 0. Its support is S = |J, Iy, its
phase exponent is v = lem{d? : i € 1}, and its combs are the coset combs e; ,, v € T';/TY. The
family is adapted to a finite set R C (0,00) if U,er Ar C S.

For such a family,
Y =d;A,, CTy, [;NCy ={0} (i#4), vs(\) €Z (A€ S), (4.14)

so that Lemmas 4.3 and 4.4 apply to it, and C” fixes every comb e;,. Every finite set R
has an adapted family: choose one representative r; in each commensurability class of R; if
r = (k/K')r; with positive integers k, k', then A, C (kk’)"'A,,, and d; may be taken to be a
common multiple of the products kk’ occurring in the class.

Theorem 4.9 (No origin jets on a finite union of circle lattices). Let (T';);el be a transverse
family of hyperbolic grids with support S; for instance a family adapted to a finite set of radii
R, in which case S O U,er Ar. Let T be a tempered distribution with suppT C S and

ST=T, CT=T.

Then there are unique polynomials p;  with

T = Z Z pi,'y(’C) 61'77. (415)

i€l yely/TY
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In particular, a tempered distribution that is invariant under S and C and supported on a
finite union of circle lattices has a local expansion at the origin equal to a multiple of dg: all
its positive-order origin coefficients vanish.

Proof. By (4.14) and Lemma 4.4(ii), T = 37, A;~e;~. Let v be the phase exponent. By
Lemma 4.6(ii), applied to each T'; with this common v, the operators C* and SC*S~! fix every
ei~; they also fix T'. As in the proof of Theorem 4.7,

Z Ai~ein = Z Ku(Aiy) €iy = Z ali,,a_l(Am) €in,
iy 7/7’)/ 2,y

and the faithfulness statement of Lemma 4.4(i) shows that each A; is fixed by , and by
okyo~l. Lemma 4.5 gives A; , = p;(K). The polynomials are unique by Lemma 4.4(i) and
the linear independence of the powers of K. Near the origin only the combs e; g contribute,
each equal to dg there, and p; o(K)dg = pip(0)dp by (4.8). O

The finite-dimensional problem that remains is to find the invariant elements of £(T") for
a hyperbolic grid. The next lemma is the special case, for such a grid, of the finite Fourier
analysis in [2, Section 3.5]; we include the proof because the coefficients are arbitrary complex
numbers here.

Lemma 4.10 (Invariant comb measures on a hyperbolic grid). Let I' = d~' A, with an integer
d>1 andr > 0. The elements of E(T) that are invariant under both S and C are exactly the
complez linear combinations of the circle combs

€rk/d> k a positive divisor of d,
and these combs are linearly independent.

Proof. Index the cosets of TV by (m,n) € (Z/d*Z)?, the coset e, containing the point
(u,v) = (mr/d, n/(dr)). On T the spin is mn/d? and the pairing is B = (mn’ +nm’)/d>. By
(4.3) and cr = d 2,

1 ; ’ 1 /g2 ; 2
_ 2mi(mn’+nm’)/d _ _2mimn/d
Semn = 2 Z e em’ n' Cemn=c¢ €m,n-

m’n’

A measure Y ¢(m, n)en,, is therefore invariant if and only if

¢(m’ TL) _ % Z ¢(m/,n/) e?ni(m’n-ﬁ-n’m)/dz’ (62m'mn/d2 _ 1)¢<m,n) —0. (4.16)

Let ¢(m,n) = 3,/ ¢(m,n')e2™'/?* be the Fourier transform in the second variable, which
determines ¢. The second condition in (4.16) holds if and only if ¢(m,n + m) = ¢(m,n)
for all m,n. The right side of the first condition equals d—2Y", , €™ n/ a o(m’,m), whose
transform in n at the point (m,n) is ¢(—n,m); so the first condition holds if and only if
d(m,n) = ¢(—n,m) for all m,n. The maps (m,n) — (m,n +m) and (m,n) — (—n, m) are
right multiplication of the row vector (m,n) by (31) and (% §), which generate SLy(Z).
Hence ¢ is invariant if and only if ¢ is constant on the orbits of SLy(Z) on (Z/d2Z)2.

These orbits are the level sets of k = ged(m,n,d?). Indeed, the ideal of Z generated by
m,n,d? is unchanged by the action. Conversely, let gcd(m,n,d?) = k and write (m,n) =
k(m1,n1) with integers satisfying ged(mq, n1,d?/k) = 1. We may take 1 < nj < d?/k. By the
Chinese remainder theorem there is an integer &’ such that ms = my + k'd?/k is not divisible
by any prime that divides n; but not d?/k; the primes dividing both n; and d?/k do not
divide mq, hence not mgy. Thus ged(mg,n1) = 1, and there is a matrix in SLo(Z) with first
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row (ma,n1). It maps (k,0) to (kma, kni) = (m,n) modulo d?, so (m,n) lies in the orbit of
(k,0). R

Consequently the invariant ¢ are the functions of ged(m,n,d?). A basis of this space is
given by the functions 1,15, ¥ | d?, since these are obtained from the indicators of the
level sets by a triangular change of basis with respect to divisibility. Inverting the transform,

~ 2 1
¢=Lpmlyn == ¢(m,n) Z Ly € 2T /47 = 7 Lm L@z /)i
n':kln’

The corresponding measure is k~! times the comb of the lattice of points (u,v) =
(makr/d, n1d/(kr)), mi,n1 € Z, which is A,y /4. O

Theorem 4.11 (Classification of the invariant distributions). Let R C (0,00) be finite, let
F C Ay be finite, and let T be a tempered distribution with

ST =T, CT =T, suppT C | J A, UF.
reER

(i) There are polynomials p,, r € R, such that

T=> p(K)e. (4.17)

reER

(ii) The polynomials p, are uniquely determined by T, and degp, < q if T has local order
at most q. Conversely, every distribution of the form (4.17) is tempered and invariant
under S and C.

(iii) Suppose that R is closed under r +— 1/r. Then T is even if and only if py/,.(2) = pr(—2)
for allr € R, and if and only if T is a finite linear combination of the radius derivatives

) —1) . .
(ro,) pt = (21) K (er + (=1)e1)r), reR, r>1,5>0. (4.18)

Here (r0,) pf denotes the tempered distribution f s (t9;)7 <pf,f>|tzr. For r =1 the
derivatives of odd order vanish. The coefficients of the combination are unique if only
even j are used at r =1, and only orders j < q occur if T has local order at most q.

Proof. Private points. We first record a fact about circle lattices. Let R’ C (0,00) be finite,
r € R', and let w be a prime with @ > r/r’ for all ¥ € R'. The point xw with light-cone
coordinates (u,v) = (r,w/r) lies in A,. If it lies in A/, say (r,@/r) = (m'r’ n’/r) then
m’,n’ are positive integers with m'n’ = w, som’ =1 and v =r, or m’ = w and v = r/w.
The second case is excluded for v’ € R’ by the choice of ww. Thus z, belongs to A,, for no
r" € R'\ {r}; we call it a private point of r relative to R’. There are infinitely many of them,
and they are different from the origin.

Uniqueness and degrees. Suppose (4.17) holds, and let « be a private point of r relative
to R. Near x we have T' = p,.(K)d,. By (4.9) this determines p,, and its local order is degp;..
This proves the first two assertions of (ii). The converse follows from (2.11) and (4.8).

Egistence. Let (T';);el, with T; = d; ' A,,, be a transverse family adapted to R U {1}. Tts
support contains supp 7', and Theorem 4.9 gives T' = }_, | pi~(K)e;. Collecting powers of

K, write ‘

T =Y K, ni =Y M i € ETL),
Jj=>0 i

with only finitely many n; # 0. Each £(I';) is mapped into itself by S, by (4.3), and by C,

which multiplies e; 5 by the constant e?™5(7)  Since K commutes with S and C,

0=ST~T=3 KI(Sn;—m), 0=CT—-T=> K (Cn—ny.

J J
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Expanding Snj ;—nj,; in the combs e; -, the first identity has the form -, (Zj Vi K )ein =0
with complex numbers ¥; , j. By Lemma 4.4(i) each operator 3, 9;, ;K7 vanishes, and by
the linear independence of the powers of K all ¥; 5 ; vanish. Hence Sn;; = 7;;, and in the
same way Cn;; = n;;. By Lemma 4.10, n;; is a combination of circle combs e,, with radii
r' = r;k/d;, k| d. Therefore
T = Z pr’(K) €/
' €R!

for a finite set R’ D R U {1} and polynomials p,.. Let v € R’ \ R and suppose p,» # 0.
Choose a private point = of 7’ relative to R’ that does not lie in the finite set F. Near x we
have T' = p,(K)d; # 0 by (4.9), so z € suppT; but ¢ F, and « ¢ A, for r € R because
R C R\ {r'}. This contradicts the hypothesis on the support, so p,» = 0 for ' ¢ R, which
proves (i).

The even sector. Let v be the reflection @ — —Q. It maps e, to e;/, and conjugates
K = Pdq + Q0p to —K, so t.(p(K)e,) = p(=K)ey,. The reflection X — —X fixes every e,
and commutes with IC, hence fixes T. Thus T is even if and only if v,T = T, which by the
uniqueness in (ii) means py/.(2) = pr(—2) for all » € R. In that case p; is an even polynomial
and, writing p.(2) = 32, prj%7,

T= > Y pjkier+ (=1er)+ Y prjKle,

reR,r>1 j J even

the last sum being present only if 1 € R. It remains to prove (4.18); the uniqueness
and degree statements then follow from (ii), and each radius derivative is even because pf
is. For a Schwartz function f, (e, f) = >,,,, f(mr,n/r) in light-cone coordinates. Since
ro-[f(mr,n/r)] = (udy, — vdy)f)(mr,n/r) and Kf is again a Schwartz function, the series
may be differentiated termwise any number of times, locally uniformly in r, and

(rdn) er, f) = (er. K f) = (=KV er, f),

because the transpose of K is —K. Replacing r by 1/r changes the sign of r0;, so (r0;)7e; ), =
ICjel/,,. Adding the two and dividing by two gives (4.18), in view of pf' = %(er +e1/r)- O

Theorem 4.11 applies in particular to distributions supported on a rational grid. The link
is the following elementary fact, which is also used in Section 4.6.

Lemma 4.12 (Integral-spin points of a rational light-cone grid). Let d > 1 be an integer.
Every point with light-cone coordinates (u,v) = (m/d,n/d), m,n € Z, and integral spin uv € Z

lies in
U Ak/da
k|d?

the union over the positive divisors k of d*. The set Rq = {k/d : k | d*} of these radii contains
1 and is closed under r v 1/r, and A, C d"1Ay for r € Ry.

Proof. Let k = d?/gcd(n,d?), with the convention ged(0,d?) = d?. Then d? divides nk.
Moreover d? | mn implies that k divides m - n/ ged(n, d?), and k is coprime to n/ ged(n, d?),

so k | m. Hence
m

k nk ; k

e T e / d
with integers m/k and nk/d?, that is, (u,v) € Ay/q. The radius k/d equals 1 for k = d, and
(k/d)~' = (d*/k)/d. Finally a point (m1k/d, nid/k) of Ayq has v =ny(d*/k)/d € d"'Z. O
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Corollary 4.13 (Invariant distributions on a rational grid). Let d > 1 and q > 0 be integers,
and let Rq be as in Lemma 4.12. Let T be a tempered distribution of local order at most q,
supported in the light-cone grid d=*Ay = {(u,v) € d~1Z?}, with ST =T and CT =T. Then

T = Z pr(K) ey

reRy

with unique polynomials p, of degree at most q. If in addition T is even, then T is a linear
combination, with unique coefficients, of the distributions

(rd,) p¥, reRg, r>1,0<j5<gq, jevenifr=1. (4.19)

Conversely, each distribution in (4.19) is tempered, even, invariant under S and C, supported
in d"'A1, and of local order at most q. Hence the space of even tempered distributions of
local order at most q that are supported in d"'Aq1 and invariant under S and C has the basis
(4.19). The same description holds, with d = 2k, for the invariant distributions supported in
a rational momentum grid (2k)~1Z2: they are the elements of this space whose support lies in
that grid.

Proof. The smooth function e?™* — 1 annihilates T', so T' vanishes near every point at which

this function is nonzero; that is, the spin is integral on supp7. By Lemma 4.12, suppT C
Urer, Ar, and Theorem 4.11 applies with R = R4 and F' = (). The converse statements follow
from (4.18), Theorem 4.11(ii) and the inclusion A, C d='A;. For the last assertion note that
(2k)~17Z2 is contained in the light-cone grid (2k)~!Aq, because u = P+ Q andv = P—Q. [

4.4 A finite certificate for the origin coefficients

Theorem 4.9 shows that S- and C-invariance forbid positive-order origin coefficients. For
distributions of bounded local order, finitely many test functions detect this obstruction, as
we show in this subsection. The first step replaces Lemma 4.5 by a statement that uses the
phase operator only.

Lemma 4.14 (Operators commuting with the spin). Let A € W commute with multiplication
by the spin function s = P?> — Q? = uwv. Then

m .
A= ak
=0

with polynomials q; = q;(P, Q), and consequently Ady = qo(0) dp. The same conclusions hold
if ky(A) = A for some nonzero integer v.

Proof. We use light-cone coordinates and induct on the differential order m of A; opera-
tors of order zero are polynomials. Let m > 1, write A = 3, ., am(u,v) 9L0F, and let
aloP = 3" aie ELEF be its principal symbol. Since [0%0%, uwv] = iv 9L 10F + ku 005 +
ik 0:~19%1 the commutator [A, s] has order at most m — 1, and its part of order m — 1 has
symbol (v, + udg,)a™P. Hence

(00, + ude,)a"®? = 0.

Fix (u,v) with uv # 0. In the linear coordinates ¢ = u&, —v&, and ¢’ = £, /v on the &-plane the
derivation vOg, + udg, is Op. So a'°P, a homogeneous polynomial of degree m in £, depends on
£ only: aP = q (u&, — v&,)™ with g = q(u,v). Comparing the coefficients of £ and £ gives
amo = qu'™ and ag, = q(—v)™, hence the polynomial identity (—v)™am0 = u™agm. As u™
and v™ are coprime, u™ divides a0, S0 q = amo/u™ is a polynomial, and a'P = q (u&, —v&,)™
holds identically.
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The operator g K™, with K = ud, — v9,, has principal symbol a'°P, and it commutes with
s because [, s] = K(uv) = 0. Thus A — qK™ commutes with s and has order less than m,
and the induction hypothesis applies. The statement about ¢y follows from (4.8).

Finally let x,(A) = A with v # 0. For z € C,
m . \k
2mizs —2mizs __ (27722"}
e Ae = ,;) x

ad®(A),  ady(A) = [s,A],

the sum being finite because ads lowers the order. This polynomial in z takes the value A at
all integer multiples of v, hence is constant, and the coefficient of z gives [s, A] = 0. O

Lemma 4.15 (Formal rigidity without growth conditions). Let (I';);e; be a transverse family
of hyperbolic grids with support S and phase exponent v, and let ¢ > 1. There is a finite list
Di,...,Dy, of translation operators

D = [[(ruws, — D™, wiy €LY \{0},  mye{g+1,2¢+1},
i€l

with the following property. Let (ca(x))zes,acA, be an arbitrary array of complex numbers,
subject to no growth condition, and let

T=Y 3 colr) 96,

z€5 |al<q
If DiT =0 for alll and C¥T =T, then co(0) =0 for all o with 1 < |a| < q.

Proof. The list. For each j € | fix a basis (bj1,bj2) of I'}. For each j and ¢ € {1,2} the list
contains the operator
DN = (Tbm _ [)q+l H(Twi _ I)q+1’
G

where the vectors w; = wi(j’b) € T'Y are chosen by Lemma 4.3(i) with m = ¢+ 1 and G; =TY.
In addition the list contains one operator Dy = [[;e(7ws — I)**! with arbitrary nonzero
wfeTy.

Polynomial structure. Let T be as in the statement. By Lemma 4.3(ii), applied to D;; and
D, 2, for every j, every coset 7+FJV and every « the function (n1,n2) — co(y+n1bj1+n2bj2)
has finitely supported differences of order ¢+ 1 in both directions. Lemma 4.2, which requires
no growth condition, shows that it agrees outside a finite set with a polynomial of degree at
most ¢ in each of ny,m2. As in the proof of Lemma 4.4(ii) we obtain

T ="1Ty+ F, Th = ZAmeim Aiy = Z %o Diyy,as

1,y la|<q

where F has finite support and the polynomials p; . . have total degree at most 2g.

The finite part vanishes. For w € T translation by w preserves e;,, so (Ty —
D21 (9%(peiy)) = 0%(((Tw — I)*1p)e;,) = 0 for every polynomial p of degree at most
2q. Since translations commute, DTy = 0, and therefore D,F = D,T — D,Ty = 0. The
distribution F is tempered, and by (4.2) w, S™'F = 0 with w, = L (ws — 1)%4*t, Since F
has finite support, S™'F is a real-analytic function, and w, vanishes only on the locally finite
family of lines B(w}, X) € Z. Hence S™!'F vanishes on a dense open set, so S™'F = 0 and
F=0.

Conclusion. Thus T' = Ty is a polynomial comb. Since C¥ fixes T and every e; -,
Yin AinCin = 2, ku(Ai~y)eir, and Lemma 4.4(i) gives k,(A;) = A;,. Near the origin
T = 3;Aiodo, and by Lemma 4.14 each term is a multiple of dy. O
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Lemma 4.16 (A finite consequence of finitely supported equations). Let Z be a set. Call
an element r of the space CD) of finitely supported functions on T a row, and let it act on
arbitrary arrays ¢ € CT by r(c) = 3 ,cx hci. Let R be a family of rows and A a row. If \(c) = 0
for every ¢ € CT such that r(c) = 0 for all r € R, then X is a finite linear combination of
elements of R.

Proof. Let U ¢ CD be the linear span of R. If A ¢ U, there is a linear functional A on c@D
that vanishes on U and satisfies A(A) = 1. Let ¢, be the value of A on the indicator function
of {s}. Then r(c) = A(r) for every row r, so c¢ satisfies all equations of R while A(c) = 1, a
contradiction. Hence A € U. O

The array ¢ produced in this proof satisfies no growth condition. This is the reason for
stating Lemma 4.15 for arbitrary arrays: a rigidity statement for tempered arrays only would
not yield a finite combination of rows.

Uniform families of Gaussian mixtures. To control the test functions, also in families,
we fix the following notation. Let n > 0 be an integer; for n = 0 the cube [—1,1]" is a
point of unit mass. For a continuous map z : [-1,1]" — C? and a polynomial p(X,§) =
>iyj<n’ Py(§) X7 whose coefficients are continuous functions of £ € [-1,1]", put

i A0 = /[_1 o PO T X ag

2l ngxsgp Ipy (€)1, 2|l :Slélp|2(f)|-

Lemma 4.17. Let n,n’ > 0 be integers and zg < oo, and let p, z be as above, with p of degree
at most n' in X and ||z]| < zp.

(i) m[p, 2] € Gor, and e Xm|p, 2] = m[p, z + w] for w € C.

(i) Swmlp, z] = m[p,iJz|, where J = diag(1,—1) and p is a polynomial of degree at most n'
in X with ||p|| < C|p|l, C = C(n,zp).

(iii) For every integer ko > 0, every o0 < oo and every 0 < b < 2w there is
C= C(TL,?’LI,ZO, kOv o, b) with

[0*mp, 2)(X)| < Clp| X for |a] < ko, |Im X < 0.

Proof. (i) is immediate from Definition 2.3. For (ii), (2.8) with b = 27 reads S¢or . =
ez‘z/(gﬂ)qbzmuz. We have X7¢or . = 0)¢or ., and S commutes with differentiation in the
parameter z, by differentiation under the integral (2.5). Hence

S(X7¢27r,z) = az [ez-z/(&r) ¢27r,iJz] = Hw(Xv Z) eZ.Z/(Bﬂ-) ¢27r,iJz;

where H, is a polynomial in (X, z) of degree at most |y| with universal coefficients. In-
tegrating over [—1,1]", which is permitted by Fubini’s theorem, gives (ii) with p(X,§) =
>, 7 () Hy (X, 2(€)) e2©=O/ G For (iii), 9 (X7e~2mXP+2X) is a polynomial in (X, z) of
degree at most n’ + ko in X times e 2" X*+=X and for |Im X| < ¢ and || < zg

|6727r|X|2+z-X| < 627r92+209 67271'\ Re X|2+z0| ReX\.

The factor e~ (270 ReX* qhsorbs the polynomial and ezl Re X ]
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Lemma 4.18 (Cardinal test functions). Let ci,...,c,, be cosets of lattices in R?, given as
(i ={X eR*: 4;1(X — ;) €Z, lio(X —x;) € L}

with points x; € R? and linearly independent real linear forms li1,l;2. Lety € R?, let ¢ > 0
be an integer and 5 € Ay. For each i with y ¢ ¢; choose £} € {l; 1,02} with £f(y — x;) ¢ Z.

Put
q+1

¢0(X) — e—27r\X—y|2 H [SiﬂC(ﬂ&J(X — y)) SinC(W&',Q(X — y))}
it YEC;
2mily (X —2i) _q q+1

XH|:27rzZ*yxl_1 ’

iy,

and ¥ = tg, where t is the Taylor polynomial of degree q at y of the function (—1)IP(X —
y)? /(B! 4o(X)), which is analytic near y because 1o(y) = 1.

(i) ¢ vanishes to order at least ¢ + 1 at every point of \J; ¢; other than y, and 0%*Y(y) =
(71)|f3|1a:3 for la| < q. Consequently, for every tempered distribution U supported in
U; ¢ and of local order at most q, (U,v) is the coefficient of 856y inU.

(ii) ¥ is a finite sum of functions m[p, z| as in Lemma 4.17; in particular ¢ € Gor. If |y|,
|z;| and the norms of the forms £;1,¢; 2 are bounded by zy, then the number of terms,
the integers n, n' and a bound for ||z|| can be chosen in terms of q, n1 and z1 only, and

lpll < C(g,na,20) 0~ @D" o= ] e — 1],
i yde;

Proof. (i) Let z € ¢;, z # y. If y € ¢;, then ¢; 1 (x — y) and ¢; 2(x — y) are integers, not both
zero, so one of the two sinc factors with index ¢ vanishes at x and its (¢ + 1)-st power vanishes
to order ¢ + 1. If y ¢ ¢;, the numerator of the exponential factor with index ¢ vanishes on ¢;.
All factors are entire, so 1y and 1 vanish to order at least ¢+ 1 at . At y every factor equals
one, and by the choice of t, ¥(X) = (=1)!P(X — )% /B! + O(]X — y|9t1). The last assertion
follows from Lemma 4.1(i) with Fy = {y}.

(ii) Write £(X) = £-X for alinear form ¢, and v = d; 9§, where 9g = [T, e, (e
1)471 and 4§ is 1o with the denominators removed; thus [9o| = 291, We have

(e2mits (=) _

e—Qw\X—y|2 _ e—27ry~y 6—27r|X\2+47ry~X
)
1 1 X Lo
SiHC<7T£(X — y)) = 5 / ) e—zﬂff(y) elﬂ'ff.X de¢,

; = g+1 , 7
(eZTrZK(Xfx) . 1)q+ _ Z(_l)q+1k< ) 67271’7,’45((1) eQﬂ'zké-X.
k
k=0
Multiplying out, 1§ is a sum of at most (¢ + 2)™ functions m[p, z] with n < 2(q + 1)n;, with
polynomials p of degree zero in X and |p|| < 2(@*Y™  and with ||z| bounded in terms of

q,n1,z1. By Lemma 4.17(iii) the derivatives of ¢§ of order at most ¢ at y are bounded in
terms of the same quantities. Since ¥§(y) = 0o and [d| < 2(¢TD™1  the Taylor coefficients at

y, up to order ¢, of ”
-0
ey (M)

0 k>0

are bounded by a constant times [9g|~%; only the terms with k& < ¢ contribute to them, because
g — 0o vanishes at y. Hence the coefficients of t, in powers of X — y and therefore also in
powers of X, are bounded by C|0g]|79, and ¢ = (Do_lt) 1§ has the asserted form with n’ = ¢
and |[p|| < Cloo|~7 = Co~(a+D)?, O
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Rows. Fix a transverse family (I';);¢| of hyperbolic grids with support S and phase exponent
v, an integer ¢ > 1, and the operators Dy, ...,D,, of Lemma 4.15. Expanding the products,

D; = Z 70k Twy o Wi = H(Xwi,l - 1)ml = Z Mk Xwp ks (4-20)
Kk icl k

where k = (k;);el runs over {0, .. .,ml}', K = Hi(—l)ml_ki (’,?’) and wyx = >, kjw;;. By

(4.2), D; = Sw;S™!. For an array ¢ € C¥*4 let T, = > zes 2ojal<q Co(x)0%0,, and put

ca(z) =0 for ¢ S. The coefficient of 9°5, in D;T.. is the translation row

rlyyﬁ(c) = Z%l:k Cﬁ(y + Wl,k)’ 1<I< nog, Yy € RQ, 5 S .Aq. (4.21)
k

Write 97e2™%¢ = h, e*™$ with polynomials h, € Q(7i)[P,Q], hg = 1. Since e*™* =1 on S,
the coefficient of 8°6, in C*T, — T, is the phase row

poglc) = > (~1)l (g) ha_p(z)calz), TE€S, BE A, (4.22)

aEA,
a>f, a#B
Both kinds of rows are finitely supported, and an array c satisfies D;T, = 0 for all [ and
C"T, = T, if and only if all translation rows and all phase rows vanish on c.

Theorem 4.19 (A finite Gaussian-mixture certificate). Let ¥ be a finite union of circle
lattices and let ¢ > 1 be an integer. There are finitely many functions fi, ..., fn on C? and a
constant Cx, 4 with the following properties.

(i) For everyl, both f; and Sf; belong to the class Gar of Definition 2.3. In particular they
are entire, their restrictions to R? are Schwartz functions, they satisfy the bounds (2.17)
for every V' < 2w, and Lemma 2./ applies to each fj.

(ii) Every even tempered distribution T with suppT C X, of local order at most q and with
CT =T, satisfies
< — .
max[ea(0)] < Crg max|((S = DT i, (4.23)

where co(0) are the origin coefficients of T' in (4.1).
The functions f; and the constant depend only on ¥ and q.

Proof. Let ¥ = J,er Ar, let (I';)icl be a transverse family adapted to R, and use the notation
of the preceding paragraph.

Row identities. Let R be the family of all rows (4.21) and (4.22) on Z = S x A,. By
Lemma 4.15, every array on which all rows of R vanish satisfies ¢,(0) = 0 for 1 < |a| < g. By
Lemma 4.16, for each such «a there are finitely many translation rows r, =r, ., 5., p € Ma,
finitely many phase rows p,s, ' € My, and complex numbers 9,9/, with

ca(0) = Z Dy ru(c) + Z 0 pur(c) for all ¢ € C5*s, (4.24)
HEMq weMg,

Extraction. Fix p € My and write (I, y, 8) = (4, yu, Bu). For every array c the distribution
D;T. is supported in the union of the cosets I'; —w;k, ¢ € |, k € {0,... ,m;}!, and has local
order at most q. Each of these cosets has the form required in Lemma 4.18, with the point
—w; x and the coordinate forms d;u/r;, d;rjv of T';. Let 1, be the function ¢ of that lemma
for these cosets, the point y, the order ¢ and the index §. If T, is tempered, then

<DZTCa T;Z),u> = I‘M(C) (4.25)
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by Lemma 4.18(i) and (4.21).
The tests. Put
fu=wi, S¥u,  nEMg, 1< al <gq.

By Lemma 4.18(ii), v, is a finite sum of functions m[p, z]. By Lemma 4.17(ii) so is St;
by (4.20) and Lemma 4.17(i) so is f,, the multiplier w; being a finite sum of exponentials
Xw(X) = e2™BWX): and by Lemma 4.17(ii) again so is Sf,. This proves (i).

The estimate. Let T be as in (ii) and let ¢ be its coefficient array, extended by zero to
S D 3, so that T = T,. Since CT =T we have C¥T' = T, and all phase rows vanish on c.
Every point of S lies in some I';, on which the factor (xw,, — 1) of w; vanishes to order
m; > q+ 1, because w;; € I'Y. Hence w,;T = 0 by Lemma 4.1(ii). As T is even, ST = ST,
and therefore

DT =Sw ST =Sw ST =Sw; (S - IT.

Pairing with 1, and using (4.25),

ru(e) = Dy, Ty ¢hp) = (w, (S = DT, S) = (S = T, fu)-

Consequently (4.24) gives ca(0) = 3 ,em, Vu((S — I)T, f,), and (4.23) follows with Cx 4 =
maxy, ZMEMQ |0,]. O

The tests f; are not even. In (4.23) the distributions 7" and ST are even, so the pairings
involve only the even parts of f; and Sfj, that is, the functions fl and (Sf;)? of (2.13). The
analytic evaluation £, and Lemma 2.4 likewise involve only these even parts. The constant
C' 4 is not explicit, since the row identities (4.24) are obtained from Lemma 4.16.

4.5 One moving radius

The constant in Theorem 4.19 depends on the union of lattices. When one radius varies, it
can be controlled up to a finite power of the distance to a limiting radius.

Proposition 4.20 (A certificate for one moving radius). Let Ry C (0,00) be finite, let
Yo = Urer, Ar, and for t > 0 put

E(t) =YoUA:U Al/t~

Fiz ty > 0 and an integer ¢ > 1. There exist €g € (0,1), integers n > 1 and K > 0, and, for
every t with 0 < |t — to| < eo, functions fi4, ..., far on C? such that the following hold.

(1) fit € Goxr and Sfi+ € Gor for alll and t.

(7i) For everyt with 0 < |[t—tg| < €o, every even tempered distribution T with suppT C X(t),
of local order at most q and with CT =T, satisfies

max |cq(0 Zn: (S—DT, fi1)|- (4.26)

1<]|al<q

(iii) For every integer ko > 0, every o < oo and every 0 < b < 27 there is a constant C' such
that, for all l, all |a| < ko, all X € C? with |Im X| < ¢ and all t with 0 < |t — to| < e,

0% f1.4(X)] + |0°S f14(X)| < C [t — to| K e VR X, (4.27)

The numbers o, n, K and the functions f;; can be chosen depending only on Ry, to and q;
the constant C' depends in addition on kg, o and b.
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The bound (4.27) may degenerate as t — tp; only its rate is controlled. In the applications
the order of the choices matters: the local order ¢, and with it K, is fixed before any quantity
that is to be balanced against the loss |t — to| ~%.

Proof. Step 1: the family of grids. Let (I';)ie1, I's = d; 'A,., be a transverse family adapted
to Rg, with phase exponent v. Put I* =1U {4, -}, dx =1, and for t > 0

Ti(t) =27y, To()=Ay  Tit)=Ty (i€l), St =] Tut) >2().
i€lE

For each i € IF let 0; 1, £} 5 be the linear forms

(B are) Gen (Fow) =0 () (=)
so that I';(¢) is the set where both forms are integral, and let @; ,,,,(t) be the point of I';(t) at
which they take the values (m,n) € Z2. The dual lattice I';(t)" consists of the points @; ;. n(t)
with m,n € d?Z, and vs € Z on S(t), for every t > 0.

Let F = Q(mi, r; : i € 1) C C, a countable field. A Laurent vector is a map y : (0, 00) — R?
whose coordinates are given by elements of F[t,¢71] (real-valued for ¢ > 0). The maps t
Timn(t) are Laurent vectors, Laurent vectors form a group under addition, and t — £ (y(t))
is given by an element of F[t,t!] for every Laurent vector y and ¢ € {1,2}. Fix a number
t, > 0 that is transcendental over F. Evaluation at t, is an injective ring homomorphism
F[t,t~1] — C and extends to an embedding of the field F(¢) of rational functions. Hence:

two elements of F[t,t71], or two Laurent vectors, that agree at t. agree

4.2
identically. (4.28)

The radii r; (¢ € 1), t, and 1/t, are pairwise incommensurable. Thus (I';(¢.));c )= is a transverse
family of hyperbolic grids with phase exponent v, to which Lemma 4.15 and the constructions
of Section 4.4 apply. For other values of ¢ the lattices I';(¢) may be commensurable and may
share nonzero points.

Step 2: labels. Let = = {0} U (I* x (Z2\ {0})) and put xo(t) = 0, 2x(t) = Zimn(t) for
A = (i,m,n). The label 0 is regarded as the label (7,0,0) of every class i. For each ¢ the map
A — x(t) maps = onto S(t) and is injective on the labels of any one class; at ¢ = ¢, it is a
bijection. A label array is an element é € C=*44, and we put

Tt[é] = Z Z ¢a(N) aaéz‘)\(t)’

MEE [al<q

a locally finite sum. Conversely, let T' be a distribution supported in S(¢) of local order at
most g, with coefficients c,(z). For each x € S(t) choose one label A\(z) with zy(,)(t) = =,
and define

taM@) = cal@) (x€SM), N =0 if A# Awa(t). (4.29)

Then T*[¢] = T and é,(0) = c,(0). When several labels are mapped to the same point, the
coefficients of T" at that point are thus attributed to one of them and the others receive zero.

Step 3: rows depending on the parameter. Apply Lemma 4.15 to the family (I';(t4));c+
and the order ¢. Its translation vectors are w;;(t,) for Laurent vectors w;; = Tim; 1 niy with
(mig miy) € d?Z2\ {0}. For every t > 0 we have w;;(t) € T';(t)" \ {0}, and we define Dy(t),
wi(t), 24 x and the Laurent vectors w; ik as in (4.20). For a Laurent vector y, f € A; and t > 0
define the functional on label arrays

rlt,y,ﬂ(é) = Z 1 x Z ca(A).
k

AEE
xx (t)=y(t)+wy k(1)
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The inner sum has at most one term from each class. Since 7,0, = 0z,
rzyﬂ(é) = the coefficient of 855y(t) in Dy(t) T"[¢] (4.30)

for every t > 0 and every label array, whether or not labels coincide at t. For A € = and
B € Ay define

Phs@= > (-p* (g) ha—s(2x(1)) €a(A);

acA,
a>p, affp
with h, as in (4.22). Its coefficients are elements of F[t,t~!]. If T' is supported in S(t), has
local order at most ¢ and satisfies C*T = T, and ¢ is a label array of T as in (4.29), then

PAs(e) =0 forall A€, BE A, (4.31)

Indeed, for A = A(x) the left side is the coefficient of 93, in C*T — T, because 2™ = 1;
for all other labels é,(A) = 0.
Finally let the generic row be

@) => sk Y, (),
k AEE
TA=Y+W k
where = denotes equality of Laurent vectors; the inner sum has at most one term. Its
coefficients are integers that do not depend on ¢, and r}* W rlgeynﬁ by (4.28).

Step 4: the row identity at t,.. At t = t, label arrays are the same as arrays on S(t,) x Ayg,
the functionals pi*ﬁ are the phase rows (4.22), and the translation row (4.21) at a point of
R? is either zero or equal to rl for a Laurent vector y whose value at t, is that point: if
the row is nonzero, the point is (. ) — wyk(ts) for some A and k. Exactly as for (4.24),
Lemmas 4.15 and 4.16 give, for each o with 1 < |a] < g, finitely many triples = (L Y Bu),
@ € Mg, with Laurent vectors y,, finitely many pairs ' = (Ay, Bu), ¢ € M, and complex
numbers 7, 19;, such that for all label arrays

Z ,19* rgen _|_ Z ,19* t*

HeEM4 wemy,

gen __  gen t _ wt
where re B and Pw =Px,8,

Step 5: the row identity for all parameters. All the rows in the last identity, and the
coordinate functional ¢ — ¢,(0), are supported in one finite subset of = x A, that does not
depend on t. Restricted to these columns, the rows rg™ and pz, form a matrix with entries
in F[t,t~!]. The identity says that, after evaluation at t., a coordinate vector lies in the
row space of this matrix. Evaluation at ¢, is an embedding of the field F(¢) into C, and the
solvability of a linear system is not affected by an extension of the field of scalars. Hence there

are rational functions 9,9, € F(t) with

= Y 0,00+ Y Oy (432)

HEMq weM,

as an identity over F(t), and therefore for all label arrays and all real ¢ > 0 outside the finite
set E’ of poles of the functions 9,9/, p € Mg, p/ € M, 1 < |a| < gq.

Step 6: incidences and denominators. Fix p € My and write (1, y, 8) = (I, yu, Bu). For
iel® ke{0,...,m}* and € {1,2} let

Vi,k,L(t) = Eﬁ,L (y(t) + Wl,k(t)) € F[t, t_l]a
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so that y() lies in the coset I';(t) —w; k() if and only if v; i 1(¢) and v; k 2() are integers. Call
the pair (i,k) of type one if both functions are constant with integer values, and of type two
otherwise. For a pair of type two choose ¢« = ¢(i,k) such that V?,k =V, is not an integer
constant. By (4.28), vfy (t.) € Z. Consequently the function

)= I (@™ -1

(i,k) of type two

is real-analytic on (0,00) and does not vanish at ¢.. Its zeros, and the zeros of the finitely
many functions 9, together, form a closed discrete subset E” of (0, 00). We claim that

rl, = r5en for all t € (0,00) \ E”. (4.33)

Every term of r§™ occurs in rZ, and the two functionals differ only by terms éz(\) with

z)(t) = y(t) + wy(t) for some k. Let X and k satisfy this equation at some ¢ ¢ E”, and let i
be a class of \. Then y(t) lies in I';(t) —w; x(t), so both v; x ,(t) are integers. Since t ¢ E”, the
pair (i,k) is of type one: v; 1 =m and v; x » = n with integers m,n. Hence y 4+ w;x = Zimn
as Laurent vectors, and x(t) = @ mn(t). As the labels of the class i are mapped injectively,
A = (i,m,n), and the term ég(\) occurs in r§™ as well. This proves (4.33).

Step 7: the tests. Choose g € (0,%) so small that the set {t: 0 < |t — to| < eo} contains
no point of E' U E”; this is possible because both sets are closed and discrete in (0,00). For
0 < |t—to| <eoand p€ My, 1<|a <gq,let ¥, be the function ¢ of Lemma 4.18 for the
cosets I';(t) — wy, k(t), written with the forms 5271,6572 and the points —w;, i (t), for the point
yu(t), the order g, the index j,, and the choices £* = Kib(i’k) of Step 6. These choices are
legitimate: for a pair of type one, y,(t) lies in the coset for every ¢; for a pair of type two and
t ¢ E”, the chosen form is not integral at y,(t) + w;, k(t), so y,(t) does not lie in the coset.
The quantity 9 of Lemma 4.18(ii) is [9,(t)|. Define

fut = 0u(t) wi, () Sz

The functions f;; of the proposition are the f, ¢, © € My, 1 < |a| < g, in some enumeration.
Assertion (i) follows as in the proof of Theorem 4.19, from Lemmas 4.18(ii) and 4.17.

Step 8: proof of (ii). Let 0 < |t — tg| < €9 and let T be as in (ii). Then suppT C %(t) C
S(t). Every point of S(t) lies in some T;(t), i € I*, and the factor (Xw, 0y — D)™ of wi(t)
vanishes on I';(t) to order m; > ¢ + 1, because w; ;(t) € I';(t)". This holds for every ¢, also
when the lattices T';(¢) are not transverse, since it uses only a class to which the point belongs
and the factor of that class. Hence wi(t)T" = 0 by Lemma 4.1(ii), and as in the proof of
Theorem 4.19, using that T' is even,

Dl(t)T = Swl(t) (S — I)T.
Let ¢ be a label array of T as in (4.29). By (4.33), (4.30) and Lemma 4.18(i),

5 (e) = rZ(é) = (Dy, ()T, Ype) = (S — I)T, wy,, (t) Sthpe).

Since C¥T = T, the phase rows vanish on ¢ by (4.31). Inserting this into (4.32), which is valid
because t ¢ E', and using é,(0) = ¢, (0),

ca(0) = > (8= DT, fus),
HEMq
which implies (4.26).
Step 9: proof of (iit). For |t —ty| < go the points y,,(t), the vectors w;k(t) and the forms

¢, are bounded, since ¢ stays in a compact subset of (0,00). By Lemma 4.18(ii), each 1,

iy
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is a sum of a bounded number of functions m[p, z] with fixed n and n’, with ||z|| bounded
uniformly in ¢, and with ||p|| < C|Du(t)|_(q+1)2. By Lemma 4.17(i) and (ii) the same holds for
Sthp e, for fu e = 9, (t)wr, (t)Shu,e and for Sf, ¢, with

Ipll < C [9,,(8)] o, ()|~ @+V?;

here we use that w;(t) is a sum of exponentials 2™ BWek(®).X) with fixed integer coefficients and

bounded w; i (t). The function 0, is real-analytic near ty and not identically zero, so it vanishes
at to to some finite order k, > 0. Since it has no other zero in [ty — €o, to + €¢), the quotient
0,(t)/(t — to)** is continuous and nonvanishing on this interval, and [, (¢)| > C~[t — ¢o|*
there. Similarly the rational function 1, has at most a pole of finite order &, at to and no
other pole in the interval, so [9,(t)] < C|t — to|™». With K = max,((q + 1)%k, + ky,) we
obtain ||p|| < C|t — to| ¥, and Lemma 4.17(iii) gives (4.27). The exponent K is determined
by the chosen row identities and the denominators, which were fixed in terms of Ry, typ and ¢
alone; the numbers kg, o and b affect only C. O

4.6 The localization obstruction

In this subsection the certificates are applied to the spectrum of an admissible partition
function. The distribution to which they are applied is a finite Taylor expansion of the
analytic evaluation (2.14) about real lattice points.

Weight derivatives of the state measures. For h > 0, an integer £ > 0 and a smooth
function ¢ on R, the function h — (A, @) = 1(¢(Vh) + ¢(—v/'h)) is smooth on (0,00), and
by the chain rule its k-th derivative is a linear combination of the numbers ¢()(+v/h), | < k.
This defines a distribution Agk) on R which is even, supported in {#+/h} and of order at most
k. For h = 0 we put

VAT

If ¢ is entire, then 1 (¢(Vh) + ¢(—V'h)) = 32, 62*) (0)h* /(2k)! is an entire function of h, and
<A§lk), ¢) is its k-th derivative for every h > 0. Applying this in each variable, for every entire
function f on C? and all h, h > 0,

Ak _ K ser)

(AP © AV, £y = 8i0L fi(h,h). (4.34)

For a real point X = (P,Q) and k > 0 let

E\ G
T2t 5 () ape a. (43)
i+l=k
By (4.34), for entire f,
(k) d* 1p2 . ¢ A2 ¢
(Y1) = gl (P25 @2+ 5). (4.36)

Thus Tg;) is the k-th derivative of the state measure A ® Aj along the curve of constant spin
through (h, h) = (P2, Q?), parametrized by the dimension; the variable ¢ is the displacement
called d in the remark following Lemma 2.6. It is an even distribution supported in {(£P, £Q)}
and of local order at most 2k.
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Lemma 4.21 (The Taylor distribution). Let Z be an admissible partition function of gap g
atc=1+412a with 0 < a < 1. Let N > 1 be an integer, E, >0 and 0 < e < g. Let ¥ C R2
be invariant under the reflections P — —P and @ — —Q and contain the nine points with
P,Q € {0,£1}. Suppose that to every state j with A; < E, there is assigned a real point
Xj = (Pj,Qj) € X with

PP—Qi=s;, |A—|X° <e
Put ¢; = A; — | X;|? — a and define
T, = ey 9" o 5~ () 4.37
o= 2 UL S TGwt 2 LTy (4.37)
k,le{0,1} n=0 J:Aj<E. n=0

(i) Ty, is an even distribution with finite support contained in 3, of local order at most 2N,
and CT, = T,.

(i) The local expansion of T, at the origin is dg — %(81% + 822)50 plus terms of order at least
four. In particular the coefficient of 038y in T, is —a/4, and no state contributes at the
origin.

(iii) Let f € Gy, for some by >0, let b >0 and M < oo, and suppose that

0°F(X)| < Me P IReXP g F e {£,Sf}, |o| <2N +2, |Im P|,|Im Q| < 1.

(4.38)
Then, with a constant Cn depending only on N,
(S = DT, f)| < Cn e5bM[#{j A < B (e +a)NT 4oV

j: A]‘>E*

Proof. (i) Finitely many states have A; < E,, so the sum is finite. Each Tg?) with n < N is
even, of local order at most 2V, and supported in {(+P,+@Q)}, which is contained in ¥ for
X = X; and for the vacuum points. For the phase, let X = (P, Q) be real with P? — Q? € Z
and let f be entire. The function eQm(PQ_QQ)f has the even evaluation e27ri(h_ﬁ)fh(h, h), and
along the curve (h,h) = (P? + %,QZ + %) the factor e2mi(h=h) ig identically one. By (4.36),
<CTS?), f)= <Tg?), f) for all entire f. Both sides are distributions of finite order with support
in the same finite set, and polynomials realize arbitrary jets at finitely many points; hence
CTE?) = Tg?). This applies to X, because sz — Q? = s; € Z, and to the vacuum points.

(ii) For a state, | X;|*> > Aj—& > g—e > 0, so none of the points (+P;, £Q;) is the origin.
The vacuum terms with (k,1) # (0, 0) are supported away from the origin. For (k,1) = (0,0),
by the definition of A(()i),

(n) _o9-n n il 2 521
Y00 =2 ;l;n (z) @0t (i 7P %@

which is dg for n = 0, equals %(8}2) + 82—2)50 for n = 1, and has order 2n > 4 for n > 2. The
term n = 1 carries the factor —a.

(i) Let ' € {f,Sf}; recall that Sf € Gyr2,,. For a state with A; < E, put ®;(() =
Fh(Pj2 + %,Q? + %), and for k,1 € {0,1} put ¥;;(¢) = Fi(k + %,l + %) These are entire
functions of ¢. Since PjQ = 1(]X;|* + s;) and h; = 3(A; + s;), and similarly for Q? and hj,

() = FHhy — §.h; = 8),  Wpi(—a) = Fi(k—§.1- %),
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which are the shifted evaluations in (2.14). By (4.36) and (4.37), (T,, F') is the sum of the
Taylor polynomials of degree N at ¢ = 0 of these functions, evaluated at (; and at —a
respectively. Therefore

Lo(F) = (To, F) = > (=) Rempy[Wp))(-a) + D Remn[®;]())
k,e€{0,1} §: A;<E.

+ Y Fi(hj—§.hi— %),
]A]>E*

(4.40)

IIS]

where Remy[®](¢) denotes the Taylor remainder of order N, and where the sums defining
L, (F) converge absolutely by Lemma 2.4. For real ¢,

|C|N+1

]RemN[fI)](C)‘ < m ¢ betwreré%)%) and ¢ ’(I’(N‘H)(C/)"

and <I>§-N+1)(C’) is the average, with weights 2_N_1(N;H), of the derivatives 8};8;];[“*"F“ at
the point (PJ2 + %’, Q? + %’) For ¢’ between 0 and ¢j, the first coordinate of this point lies
between sz > 0 and h; — § > —4, the second between Q? >0 and ?Lj — § > —5, and their
sum |X;|? 4 ¢’ is at least —a. Thus both arguments are real and at least —1, whatever their
size, and Lemma 2.6 applies with k = N 4+ 1 and 8 = b, by (4.38). That lemma is uniform
over all real arguments h,h > —1. Hence no separate treatment is needed for paths along
which a squared momentum is small, vanishes, becomes slightly negative, or passes from the
range in which the proof of that lemma uses the integral formula (2.19) to the range in which

it uses the endpoint formula. We obtain |<I>§-N+1)(C’)| < Cnyi1Me*eb and, since |¢j] < e+ a,

[Remy [@;)(¢)] < Cnp1Me™ (e +a)¥ T

The same argument for ¥y ; on [—a,0], where the arguments are at least —5 and their sum

is at least —a, gives |[Rempy[Vy |(—a)| < Cny1Me®a¥TL For the states with A; > E.,
Lemma 2.6 without derivatives gives

|F‘h (hj - %, Bj - %)| S CN+1M€4b€_b(Aj_a) é CN+1M€5b€_bAj.

Hence |L,(F) — (T,, F)| is bounded by 4Cx1e®®*M times the bracket in (4.39). Finally, by
Lemma 2.4, L,(Sf) = La(f), so

(8 =DTa, f) = (T, Sf) = (Ta, ) = [La(f) = (Tas /)] = [La(SF) — (Tu,Sf)],
and (4.39) follows with Cy = 8Cn41. O

The individual coefficients of Tj in (4.1) need not be bounded: they can be large when
a nonzero squared momentum Pj2 or Q? is small. The proof does not use them; Lemma 2.6
controls their combined action on entire test functions.

Theorem 4.22 (No localization on a fixed union of circle lattices). Let 0 < g < 3. Let
Ro C (0,00) be a finite set of radii with 1 € Rg and 1/r € Ry for all r € Ry, so that
Yo = Urer, Ar contains Ay and is invariant under the reflection exchanging v and v. Let
p>0,C < o0, A< oo and ux > 1/(2m). There is no admissible sequence of gap g, with
parameters a — 0 and L = log(1/a), such that for every a in the sequence every state j with

Aj; < wu L has a real point X; = (Pj,Q;) € X with
PP—Qi=s; and |Aj—|X;?|<CaPLt (4.41)

The assignment j — X; is not required to be injective, and no relation between the number of
states assigned to a point and any multiplicity is assumed.
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Proof. Suppose that such a sequence exists. Fix b with 1/u, < b < 27 and an integer N > 1
with (N+1) min(p,1) > 1, and put ¢ = 2N. Let f1,..., f, and Cx 4 be given by Theorem 4.19
for ¥ = ¥y. Since f; and Sf; lie in Go, the bound (2.17) with & = b provides a constant M
such that (4.38) holds for every f = f.

Let a be an element of the sequence, so small that a < ¢%/4, 2ma < b, u,L > 1 and
g, := CaPL* < g. The set ¥ is invariant under Q — —@Q, which exchanges u and v, and
under X — —X, hence under both reflections, and it contains the points with P, @ € {0, £1},
which lie in A;. Let T}, be the distribution (4.37) for ¥ = Xy, Ex = u.L, € = £, and the points
X of the hypothesis. By Lemma 4.21(i), T, is an even tempered distribution supported in
Yo, of local order at most ¢, with CT,, = T,,. By Lemma 4.21(ii) and (4.23),

a
1 < Csyq mlaxK(S — I)Ta,fl)|.
We bound the right side by (4.39). By (2.23), the number of states with A; < w,L is

at most Aju,L g2mausL < 2A,u, L for small a. With Ay = max(A,0) we have ¢, + a <
(C + 1)a™®PN) A+ By (2.24) with = b and Ey = u,L,

—bA; uy L 1 —(b—2ma)usL bu
e "7 < Agd + e ** =0(La"),
A]gq;*L g (b —2ra  (b— 27ra)2) ( )
because €2 @=L — 1. Altogether
max|{(8 — [)Ty, fi)| < C'[LHONTIA OV FDmnmD 1 N4 L gl (4.42)

with C’ independent of a. Since (N + 1) min(p,1) > 1, N+ 1> 1 and bu, > 1, the right side
is o(a). This contradicts the lower bound a/4 for small a. O

Theorem 4.23 (No localization with one moving radius). Let 0 < g < 3. Let Ry C (0,00)
be a finite set of radii with 1 € Ro and 1/r € Ro for all v € Ro, and let ¥o = U,er, Ar- Let
I C (0,00) be a compact interval, and let p > 0, C < oo, A < 00 and u, > 1/(2mw). There is
no admissible sequence of gap g, with parameters a — 0 and L =log(1/a), together with radii
ta € I, such that for every a in the sequence every state j with A; < u,L has a real point

Xj=(P},Q5) € ZoUA, UAyy,

with
PP—Q3=s; and |Aj—|X;’|<CaPLt

The assignment j — X is not required to be injective, no relation between the number of
states assigned to a point and any multiplicity is assumed, and 30U Ay, UAy;, is not required
to be the support of an element of By.

Proof. Suppose that such a sequence exists. Passing to a subsequence we may assume t, —
to € I. We use the notation ¥(¢) of Proposition 4.20.
Choice of parameters. Fix b with 1/u, < b < 27 and an integer N > 1 with (N +
1) min(p, 1) > 1, and put ¢ = 2N. Apply Proposition 4.20 to Ry, to and ¢; this provides €g, n,
the exponent K and the tests f;;. Then apply part (iii) of the proposition with kg = 2N + 2,
the strip | Im X| < v/2 and the chosen b; this provides the constant C; in (4.27). Finally fix
n > 0 so small that
Kn < 3min{(N + 1)min(p,1) — 1, bu, — 1}. (4.43)

Thus N, ¢, the number of derivatives and K are fixed before 7. Either [t, — tg] > a” for
infinitely many a in the sequence, or |t, — to| < a” for all sufficiently small a.
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First case: |ty — to| > a" along a subsequence. Restrict to this subsequence and to a so
small that [t, — to] < €0, a < ¢*/4, 27a < b, u,L > 1 and ¢, := CaPLA < g. The set
Y (tq) is invariant under both reflections and contains A;. Let T, be the distribution (4.37)
for ¥ = X(t,), Esx = usL, € = €, and the given points X;. By Lemma 4.21(i) and (ii) and by
(4.26) with ¢ = t,,

% < i’((g — DTy, fie)|
=1

By (4.27), each f = f;;, satisfies (4.38) with M = Cilt, — to|™® < Cia %7 here
|Im P|,|Im Q| < 1 implies | Im X| < v/2. The bracket in (4.39) is estimated exactly as in the
proof of (4.42), which used only (2.23), (2.24) and the bound on ¢,. Hence

% < C’ a—Kn |:L1+(N+1)A+ a(N+1) min(p,1) + CLN+1 + Labu*}, A+ _ HlaX(A,O),

with C’ independent of a. By (4.43) and N +1 > (N + 1) min(p, 1), each of the exponents
(N + 1)min(p,1) — Kn, N +1 — Kn and bu, — Kn is greater than one, so the right side is
o(a), a contradiction.

Second case: |t, — to| < a” for all small a. We move the points on the variable lattices
to the limiting radius. Let j be a state with A; < w,L. If X; € ¥y put X]’- = X;. If
X; ¢ Yo and X; € Ay,, with light-cone coordinates (mt,,n/t,), let Xi € Ay be the point
(mto,n/to); otherwise X; € Ay, has coordinates (m/tq,nt,), and we let X € Ay, be the
point (m/to,ntg). In each case X} has the same spin mn = s; as Xj, and (m,n) # (0,0)
in the last two cases. The dimension of the point with charges (m,n) at radius t is E(t) =
$(m2t2 + n?/t?), and |9, E(t)| = |m* — n?/t3| < (2/t) E(t). Integrating O;log E over the
interval between t, and tg, which is contained in I, gives

|1X512 = |X517| < |X5]2 (e2Mtetol/minT — 1) < Cy |Xj[? 0" < Co (uL + 1) a”

for small a, where we used |Xj\2 < Aj+ CaPLA < u,L + 1; the same bound holds for the
points of Ay, with m and n exchanged. Therefore every state with A; < w.L has a real
point X} = (P}, Q}) with

X eX) =0 UNy Uiy, PP—QF=s;, |A;—|X]]}| < Cyamintem) pmax(AD),

The set Ro U {to, 1/to} is finite, contains 1 and is closed under inversion. The elements of
the sequence with a below a suitable threshold form an admissible sequence of gap ¢, and
for it the last display contradicts Theorem 4.22, applied with Rg U {to,1/to}, the exponent
min(p,n) > 0, the constants C5 and max(A, 1), and the same g and wu,. O

By Lemma 4.12, the hypothesis on R in Theorems 4.22 and 4.23 is satisfied by the set Ry
of radii that carries the integral-spin points of the light-cone grid d~'A;. The two theorems
are equivalent to a statement about individual partition functions.

Corollary 4.24 (Uniform form). Let g, Ro, 2o, I, p, C, A and u, be as in Theorem 4.23.
There is a, > 0 with the following property. If Z is an admissible partition function of gap g
atc=1+12a with0 < a < ay, L =log(1/a), and t € I, then there is a state j with A; < u, L
for which no real point X; = (P, Q;) € Xo U At U Ay, satisfies

PP—@Q3=s; and |A;j—|X;?| < CaPLt
The same holds, with a threshold depending only on g, Ro, p, C, A and u., when the lattices

Ay and Ay yy are omitted.
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Proof. If no such a, existed, there would be admissible partition functions Z, of gap g at
¢, = 1+ 12a,, with a, strictly decreasing to zero, and radii ¢, € I, for which every state
with A; < w,log(1/ay,) has a point as described. This is an admissible sequence excluded
by Theorem 4.23. The statement without the variable lattices follows in the same way from
Theorem 4.22. Conversely, the corollary implies the two theorems, because an admissible
sequence contains partition functions with a < a.. O

5 Positive kernels and the reduction to half-integer radii

By Theorem 3.5, every limit of an admissible sequence of gap g is a measure o (R, ty) in which
at least one radius, which we call R, is a half-integer. In this section we prove that the other
radius is a half-integer as well (Theorem 5.21), and that near the remaining limits four scalar
states at one fixed energy must move more slowly than every power of a (Theorem 5.25). Both
results are obtained from Gaussian kernels that are nonnegative on the physical spectrum and
whose Lorentzian Fourier transforms are finite sums of narrow Gaussians. The exact Gaussian
identity of Lemma 2.4 turns information on finitely many low states into a bound for the sum
of the kernel over all states; the bound localizes every state of a logarithmic energy window
near finitely many circle lattices, with its exact spin, and this is excluded by Theorems 4.22
and 4.23.

5.1 Conventions

We write [u,v] for the point of R? whose light-cone coordinates are u and v, that is, the
point (P,Q) = (“;“, “g”). All vectors entering kernels are given in this form. Recall that
|X|? = P>+ Q* = L(u® + v?), that the spin of a real point is uv = P? — @?, and that
B(X,Y) = uwvy +vuy = 2(PPy — QQy) for Y = [uy,vy]| = (Py,Qy). For such Y put

V= [vy,uy] = (Py,—Qy),  B(X,Y*") = uuy +vvy = 2(PPy + QQy).

The map Y — Y is linear and maps A, onto A /r- A real point is off both azes if PQ # 0,
equivalently u? # v2. The open disc of radius p about x € R?, for the Euclidean norm of
(P,Q), is denoted D(zx, ). The vacuum support is

V = supp yac = {(P,Q) : P,Q € {0,+1}} = {[0,0], £[1,1], £[1,-1], £[2,0], £[0,2]} C A4,
and by (2.3)

Vvac({(0,0)}) = 1, Vvac({(£1,0)}) = vvac({(0, £1)}) = _%a Vac({(£1,£1)}) :(411 )
5.1

Let Z be admissible at ¢ = 1 + 12a. For a state j and o € {£1}? we write

X7 = o1y, oay/hy),  Xfa = (o1y/h — 5, 0w /B — §)

for its physical points and its shifted points, with one determination of each square root fixed.
Thus po =3 % ) X7, and for every entire f

F¥(hy, hy) 4Zf Fi(hy = $.hi = 5) = 1 3 F(X]a). (5-2)
Each coordinate of X7 is real or purely imaginary, and

Re X7, — X7| < Va,  |[ImX%,[° <a, (5.3)

Zal’
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because |\/h — a/2 — vVh| < \/a/2 for h > a/2, while for 0 < h < a/2 the shifted coordinate
is imaginary of modulus at most \/a/2 and vh < \/a/2. The same notation and the same
bounds are used for the four vacuum weights (k,1) € {0,1}2, whose physical points form V.
For a function f that is not even, the physical pairing is by definition the pairing with the
even measure [ig,

o f) = 30 (COMAR D + 3 fi(hy, by), (5.4)

k,le{0,1} J

so that every state enters through all four of its physical points, each with weight %. The
analytic evaluation L,(f) of (2.14) is the same expression with all weights shifted by —3.

5.2 Trigonometric kernels and their Fourier transforms

A trigonometric polynomial is a function

D(X) =) ¢ e?mBXE), (5.5)

1€ES
where Z is a finite index set, & € R? and ¢; € R. We always assume that the family (&;, ¢;)iez
is invariant under & — —¢, so that ® is real on R?. The points & are called the centres of ®;

they need not be distinct, and each index is treated separately. For e > 0 and ¢ € R? put
O (X) = e TP O(X) = e ™I B(X), g (X) =2 TS (56)

We call @, a kernel; its first factor is the broad Gaussian and 7, ¢ is a narrow Gaussian. As
in Section 2, | X — | denotes the polynomial (P — P¢)? 4+ (Q — Q¢)? when X is complex, so
that 5
_ ™

ee(X)] = ¢ exp( -

The building blocks are, for real Y and an integer D > 1,

(|ReX — ¢ — |1mxy2)). (5.7)

Sy (X) = sin*(rB(X,Y)), Qp(X) = sin®(7Du) + sin®(7Dv) = Sjo p;(X) + Sip,g) ()((), |
5.8

and we write
C=1[2,0, C*=1[0,2], Q= =50+ Sc: =sin?(27ru) + sin®(27v).

A product kernel is built from a product of four sine-square factors Sy, S5y, Sy, and a
1 2

sum kernel from QpSySys or from Qp alone. If Y € A,, then B(-,Y) is integral on A, and
B(-,Y") is integral on Ay y; hence

SySy: =0 on A, UAy), (Y €A,), Qp =0 on {[u,v]: Du,Dv € Z}. (5.9)

Lemma 5.1 (Fourier expansion of kernels). Let ® be a trigonometric polynomial as in (5.5)
and let € > 0. Then @, € Gy 2,

S®, = Z Ci Ve ks that is, SP(X) =e€2 Zci exp(—%((u — u&.)2 + (v — U&i)2)>a
€

i€E i€E
(5.10)
and for every admissible partition function at ¢ =1+ 12a
Lo(®c) = ZCi La(Vess), (5.11)

1€2

all evaluations being absolutely convergent. The centres and coefficients of the building blocks
are as follows.
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(Z) For & = Sy15y25y35y4.' == {—1,0, 1}4, fn = Z?:l ni}/i and
1/ 1yl ,
= T6(_§) Il =i mi # 0}
The coefficient is negative exactly at the centres with |n| € {1,3}.

(ii) For ® = QpSy Sy+: the 45 centres are (+mY +n2Y* with ¢ € {0, £[D, 0], £[0, D]} and
n € {-1,0,1}2, and

[n=0 [p/=1 |n|=2
=0l 11 &
(A0 % = —wm

are the coefficients. There are 1, 4, 4 centres in the first row and 4, 16, 16 in the second.

(iii) For ® = Qp: the centres are 0 with coefficient 1 and £[D,0], £[0, D] with coefficient
1

-1
Proof. In momentum coordinates e2™B(X:8) = 2 X with » = 4mi(Pe, —Qg¢), so P, is a finite
sum of functions ¢, with b = 27e? and belongs to Gp. By (2.8), with J = diag(1,—1) and
z =4miJE,

S(€—2w62|x|262m3(x,5)) _ 1 exp( (4ri)? J(E+ X) - J(€+ X)
€2 8me2

) = %,—E(X)-

Summing over ¢ and using the invariance of the family under £ — —¢ gives (5.10); the second
form is the same formula in light-cone coordinates, since 2|X — ¢&|? = (u — ug)? + (v — ve)%
Lemma 2.4 gives Lq(®e) = L4(S®.) with absolute convergence, and each 7. ¢ lies in Gy, /e2,
which gives (5.11).

The tables follow from

Sy(X)=1-

=1 %SQm'B(X,Y) _ %e—Qm‘B(X,Y)’ Op(X)=1-1 Z eQm‘B(X,C),

4
Ce{+£[D,0],£[0,D]}

the second because B(X, [0, D]) = Du and B(X,[D,0]) = Dv. Multiplying four factors of the
(i

first kind gives the coefficient (4)4="(—1)I" of (i). In (ii) the coefficient is the product of 1
or —1 according as ¢ = 0 or not, with (3)2~ (=Ll e {1, —%,7=}. In each case the family
is invariant under £ — —&. O

Lemma 5.2 (Evenness and positivity). Let Y € R? and let D > 1 be an integer.

(i) As entire functions on C2,

Sy (X)Sy:(X) = L(cos(47Qy Q) — cos(4m Py P))?,

(5.12)
Qp(X) =1—cos(2rDP) cos(2rDQ).

In particular Sy Sy+ and Qp are even.

(ii) If ® is a product of functions Sy Sy, then ®3(h,h) > 0 for all real h,h of either sign.
Consequently, for an admissible partition function at ¢ = 1 + 12a, the physical and the
shifted evaluations of a product kernel at every state are nonnegative, also when one
shifted momentum is imaginary.

(iii) If ® is Qp times a product of functions Sy Sy, then ®c > 0 on R?, so0 the physical
evaluations ®i(hj,hj) = ®(X7) are nonnegative. The shifted evaluation of Qp at a
point with P real and Q = it imaginary equals 1 — cos(2n DP) cosh(2mr D7) and may be
negative.
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Proof. With a@ = 27PyP and 8 = 27QyQ one has 7B(X,Y) = o — 8 and 7B(X,Y") =
o+ B, and sin(a — B)sin(a + ) = 3(cos2B — cos2a). Similarly sin?(rDu) + sin?(rDv) =
1 — 3(cos(2rDu) + cos(2rDv)) and u = P+ @, v = P — Q. This is (i). The function
x — cos(4m Py+/x) is entire with real Taylor coefficients, hence real for real x of either sign.
Therefore (Sy Sy:)%(h,h) is the square of a real number for real h,h; the broad Gaussian
contributes the positive factor e=27("+h) and (ii) follows. Part (iii) is immediate from (5.8)
and (5.12). O

Only physical evaluations enter the budgets below; part (ii) is recorded because it shows
that product kernels give positive sum rules directly on the analytic evaluations.

5.3 Central-shift and tail estimates

Lemma 5.3 (Central shift for kernels). Let 0 < g < L, and let ® be a trigonometric polyno-
mial with |&;| < o« for alli and >, |c;| < ci. There is C = C(g, 0«, cx) such that, for 0 < e < %,
every admissible partition function of gap g at ¢ = 1+ 12a with 0 < a < min{g?/4,€%/4} sat-
isfies

B3 (h — 2 h— %) —®(h,h)| < Cae ™) (hh>0),  (5.13)

€

Z|c1>ﬂ(hj — 2 hj— %) = ®(hy, hj)| < Cae?, (5.14)

’ Z (_l)kH(I)E(k - %’l - %) — (Wvac, Pe)
k,le{0,1}

< Ca. (5.15)

In particular, if ® vanishes on V, the shifted vacuum value of ®. is at most Ca in absolute
value.

Proof. Let |Im P|,|Im Q| < 1 and |a| < 2. Since | Im B(X, §)| < 2|Im X||{|, each exponential
e?mB(X.8) and its derivatives of order at most two are bounded by (1 + 4%9*)264‘/5”9*. The
broad Gaussian has modulus =27 (| Re X[*~[Im X|?) < edme—2me?| Re X ‘2, and its derivatives of
order at most two are this function times polynomials of degree at most two in €2P, €2Q
and €2, hence bounded by a constant times (1 + €| Re X|)2e~27"|ReXI* < (/p—me*[Re X|*,
Therefore

09D (X)| < M e ™ IReXP  Ar — " (0)) ey, (5.16)

on this strip. Corollary 2.7 with 3 = 7e? < 1 gives (5.13), and applying it to the four vacuum
weights gives (5.15). Since a < /(47), summing (5.13) over the states with (2.26) gives
(5.14). O

Narrow test functions are not uniformly bounded on a strip of fixed width. For them
we use the following variant of Corollary 2.7, in which only the strip actually visited by the
central shift enters.

Lemma 5.4 (Central shift on the thin strip). Let 0 < a < 1, let f be entire on C?, and
suppose that for some M < oo and >0

0 (X)) < Me PIReXE for|a| <2, [Im P|,|Im Q| < y/a/2.
Then for all h, h>0

5 (h— 8 h— &) — fA(h, )| < a M % e P,
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Proof. 1t suffices to show that |9, f*(h',h')| < 1 Me*Pe~ B HR) for real B,/ > —%, and the
same for 0y; integrating - fu( 2,h— 5) over 0 < s < a then gives the claim, w1th eﬁa < éP.
Fix &’ and a sign of VI/, and let ¢ be the function P — f(P, :I:\F) If B’ <2, Lemma 2.5
with & = 1 expresses the derivative as ; f—1 ¢"(tv/h') dt; the points (txﬁ,:t\/») lie in the
thin strip and the square of their real part is at least max{h’,0} > h' + h' — 2. If b/ > 2, the
derivative is (¢'(vV/h') — ¢/(—V/}'))/(4VR), the points are in the thin strip, and the square

of their real part is at least k' + h’. Averaging over the sign of Vi gives the bound in both
cases. O

Lemma 5.5 (Tails of narrow Gaussians). Let 0 < g < 1 and g, > 1. There is C1 = C1(g, 0+)
such that for every admissible partition function of gap g at ¢ = 1+ 12a with 0 < a < g*/4,
every © € R? with |z| < 0., every 0 < o < i and every 0 < € < %

7| X7 — x|?

D R 5

o:| X7 —z|>0

If moreover a < 0?/4, then for every state and every o with |X]" —z| > o,

ew(X7,)| < €262™/< exp

<_7T|Xiqx|2>7 (5.18)

2€2

and the same holds for the shifted points of the four vacuum weights.

Proof. Put By = 402 > 4. By (2.23) there are at most AgEle”El/8 states with A; < Fq, and
each of their terms is at most e~™¢"/(2€*) If A; > Fj, then | X7 = /Aj > 2|z], s0 |[X] — x| >
%|XJ"| and the term is at most e #% with 8 = 7/(8¢2) > /2. Since 2ra < 7/8 < /2, (2.24)
bounds the sum of these terms by

2F 4
AgB (50 + g2)e PP < 4g(2B1 + 2D < 4y (2B + 2B,
This proves (5.17). If a < ¢?/4 and | X7 —x| > o, then by (5.3) |Re X7, —z| > |X] —z|—+/a >
%|XJ‘7 — x| and |ImXJ‘fa|2 < a, and (5.18) follows from (5.7). O

5.4 The peak budget

By (5.11), the analytic evaluation of a kernel is a signed sum of narrow Gaussian peaks. The
next lemma bounds this sum from above. Peaks with positive coefficient need only an upper
bound for the number of states near the centre; peaks with negative coefficient need a lower
bound, which is available when enough states are known to sit close to the centre, away from
the momentum axes. The leading terms cancel by a relation among the limiting masses. The
lemma is stated for a single partition function; all its hypotheses are explicit, and the limiting
measure enters only through the numbers m;.

Lemma 5.6 (Peak budget). Let 0 < g < L, 06> 1, comy <00 and 0 < o< mln{4, 2\f}
Let @ be a trigonometric polynomial (5.5) wzth &i| < 0« and >, |ci| < ¢k, and let (m;)iez be
real numbers with 0 < m; < my and

> cim; = 0. (5.19)

€S
Let Z be admissible of gap g at ¢ =1+ 12a, let € > 0, and assume the following.

(B0) ® wvanishes on the vacuum support V.
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(B1) Origin. If & =0, then ¢; >0 and m; = 1.
(B2) Positive centres. If ¢; > 0 and & # 0, then dist(&, V) > o0 and pa(D(&;, 0)) < m;.
(B3) Negative centres. If ¢; < 0, then one of the following holds.

a) Anchored centre. |Pe,| > 20 and |Q¢,| > 20; the disc D(&;, 0) contains mo point
&i &i
of V' other than possibly & itself, and in that case & € {(£1,£1)}; and, with
w; = ac({&}) € {0, i}, there are n; > 0 distinct states j with

55 = sz_ — Qgi, ‘Aj — \@-[2[ <e, and w; + %ni > m,.
(b) Empty centre. m; = 0, dist(&, V) > o0 and pa(D(&;, 0)) = 0.

Then there is C = C(g, 0«, Cx, mx), independent of o, Z, a, € and &, such that
- C _ —r 2 E2
Z@E(hj,hj) < ?((a +e?)et g e/ )) (5.20)
J

whenever

0<e<i, 0<a§min{i92, %62, %92}, e < 0% (5.21)
In particular, for fized o the right side of (5.20) is at most C'((a + €%)e~* + e_’“‘/62) with
Kk =m0?/4 and C' = Cp~2.

No lower bound on the mass near a positive centre is assumed, positive centres are allowed
to carry limiting mass, and the states near a positive centre need not be close to it on the
scale €. No bound of this kind could hold at a positive centre placed at one of the negative
atoms (£1,0), (0,£1) of y,e, which is why (B2) and (B3) keep all centres other than the
origin and (+1,+1) away from V.

Proof. Write v; = ye¢, and N = e 26 70%/(2¢)  Since ® is real on R2, the entire function ®f
is real at real arguments and L£,(®.) is real, so by (5.11)

La(®) = ciReLa(7). (5.22)

€2

Fix i and write £ = &. By (5.2), L4(7:) is a sum over the pairs (j,0) and over the shifted
points of the four vacuum weights. Call a pair, or a vacuum point, far if the corresponding
physical point is at distance at least o from £, and near otherwise. By (5.18), (5.17) and
e2ma/e? < e/ 2 the far terms satisfy

> (XS + > Ly < e™*(Cy +4)N = F. (5.23)

(j,o) far far vacuum points

We also use e < 1+ ™2z for 0 < x < 5, with x = 2ma /€.

The origin. Let &€ = 0. Every state is far, because |XJ"| = /A; > V9 = 20, and so are the
vacuum weights other than (0,0). The shifted point of the weight (0,0) is (i\/a/2,i\/a/2) up
to signs, where ~; equals e2e27%/ <. Hence

Re Ly(7i) < e 242 a et +F=mie 2+ 2me™2ae* +F.

Positive centres. Let ¢; > 0 and £ # 0. All vacuum points are far. At a near pair, (5.7) and
(5.3) give |7i(X7,)| < ¢2¢279/* "and the near pairs have total weight 3 1 = pa(D(£,0)) < my.
Hence

Re Ly(y:) < mie 2+ 2ne™ ?myae + F.
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Empty centres. In case (B3)(b) every pair and every vacuum point is far, so |L4(7i)| < F,
and m; = 0.
Anchored centres. Assume (B3)(a). If a state j has a near physical point, then /h; >

|P¢| — 0 > 0 and likewise \/ﬁ»] > 0,0 hj — 5 and Bj — § are positive, all four shifted points
of j are real, and ~; is positive at each of them. If j has no near point, all its pairs are
far. Consequently the real part of the sum over the states is at least the sum of i%(X 7 o)
over any chosen set of pairs with near physical points, minus the far terms. Let j be one of
the n; states of (B3)(a), and let o be the sign pattern of £. Since s; = Pg — Qg, we have
|hj — PZ| = \hj — Q| = A — €% < de. As P? > 4¢% ¢ < ¢* and a < ¢%, the number
h;j — 5 is positive, and

i g py < M et
J 2 gl = ‘P§| — 497

and the same for the second coordinate. The same computation with a = 0 shows that X7 is
near. Therefore X7, —¢[? < (¢ + a)?/(8¢) and

(e + a)?

%(thia) > e max{0,1 -z}, T = 402€2

If ¢ € {(£1,£1)}, the vacuum weight (1,1) enters £, with sign +1; its four shifted
points /1 —a/2(£1,£1) are real, the one with the signs of £ is at squared distance
2(1 — /1 —a/2)? < a?/2 from &, and ~; is at least e 2(1 — ma?/e?) > ¢ 2(1 — x) there. The
physical points of the other vacuum weights are at distance at least one from & and are far.
If £ ¢ V, all vacuum points are far. Altogether

2 mmy(e2 + a)

Re Lq(vi) > (w; + %ni)e_Q max{0,1 —x} — F > m;e" 202

—F,
where we used w; + ini >m; >0 and (g + a)2 < 2e2 + 2a.

Conclusion. Multiplying each of the four bounds by c¢;, with the appropriate sign, and
inserting them into (5.22) we obtain, by (5.19),

)

2 2
_9 0 @  mms(e® + a) C/a+e o2 /(42
Lo(Pe) <e g cimy; +C*(27re / Mg + 72@%‘1 + F) < —2( = + e/ )>
3

)

because N < 4(meg?)~te=™¢°/(4¢*)  Finally, by (B0) and Lemma 5.3,

> @4 (hyj, hy) < Lo(Pe) + Ca+ Cae 2,
j

and the last two terms are bounded by Cae~4p72. O

Along a convergent sequence, all hypotheses of Lemma 5.6 except the displacement bound
in (B3)(a) follow from vague convergence.

Lemma 5.7 (The hypotheses along a convergent sequence). Let an admissible sequence
of gap g converge to py, and put pig = Vac + po. For each a in the sequence let ®@ =
Y iex c;e?™B(£i(0) pe o trigonometric polynomial with a fized index set and fized coefficients,
such that &(a) — € as a — 0 for every i, and & (a) = €9 for all a whenever £ € V.. Let ®©)
be the trigonometric polynomial with centres {ZQ, assume that ®©) vanishes on supp o, and

put mi = 1o ({€9}).

(i) The masses satisfy (5.19): 3", ¢; po({€9}) = 0.
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(i) There is oo > 0 such that for every 0 < o < oo and all sufficiently small a in the
sequence: condition (B2) holds for ®@ at every index with £ ¢ V', and condition
(B3)(b) holds at every index with £) ¢ V U supp po.

(i3i) Let & be off both axes, with £ ¢ V\{(£1,%1)}, and put n; = 4po({€)}). For0 < o < go
and all sufficiently small a, exvactly n; states of pa have a physical point in D(EY, o); they
have the spin s(&Y) of €, and their dimensions converge to |£2]?. If s(&i(a)) = s(£9) and
these dimensions are within ¢ of |€;(a)|?, then (B3)(a) holds for ®@ at the index i with
these n; states, and w; + ini =m,;.

The thresholds in a depend on the sequence and are not effective.

Proof. (i) For a = 0 the evaluation Lo(f) is the pairing (uo, f), and Lemma 2.4 (in the case
a = 0) together with (5.10) gives (uo, <I>£O)> = >2i i(H0; Ve g0)- Since @) vanishes on supp po,

0 = €* (o, ®{) Z / XS (X)) (0<e< ).

The integrands are dominated by e~ 271X =& |2, which is integrable for |vyac|+ po by (2.23) with
a = 0, and converge pointwise to the indicator of {£?} as € — 0. Dominated convergence gives
(i).
(ii) The set V Usupp py is locally finite. Choose gy < min{%, 3,/g} so small that, for every
i, the closed disc of radius 2gp about & contains no point of V' U supp pp other than possibly
9 and |P§?|, ’Qg?‘ > 300 whenever £ is off both axes. Let 0 < ¢ < gy and let a be so small
that |¢;(a) — €2| < 3o for all i. Then D(&(a),0) C D' = D(&2, 2p). Since po(dD') = 0, vague
convergence gives po(D') = po(D’) = po({£?}), and since all these numbers lie in Z, equality
holds for small a. If &) ¢ V, then po({£%}) = m; and dist(&(a), V) > 200 — %Q > o, which is
(B2); if moreover &Y ¢ supp po, then m; = 0 and p,(D(&i(a), 0)) = 0, which is (B3)(b).
(iii) Let U’ be the union of the four discs of radius %Q about the points (:l:ng, :l:leo). It
is bounded, open and invariant under the two reflections, and its boundary does not meet
supp po because pg is even. A state of py supported in U’ has weights (P2 0> ng) both positive,

and gives mass i to £%; so there are n; such states. By Corollary 2.11, for small a exactly n;
states of p, are supported in U’, their spins (which are integers and converge) equal s(£Y), and
their dimensions converge to [£?]2. A state of p, with a physical point in D(£?, ) is supported
in U’; conversely, by the convergence of dimensions and spins, each of the n; states supported
in U’ has, for small a, a physical point in D( ZQ ,0). For small a the geometric requirements of
(B3)(a) hold at &(a) by the choice of gy, and m; = vac({E2}) + po({€}) = w; + s, because
¢i(a) = €Y when &) € V. O

5.5 Local zeros and the three-projection lemma

A budget (5.20) bounds the value of the trigonometric polynomial at every state of a loga-
rithmic window, since all terms are nonnegative. Two deterministic lemmas convert such a
bound into information on the state. The first concerns a state close to a known zero of the
kernel; the second concerns an arbitrary state and several kernels.

Let Xo = [ug,vo] = (Po, Qo) be a real point off both axes. A state with the spin ugvy of
X and with dimension |Xo|? + ¢ has weights (PZ + 2,Q3 + 3); for |0| < 2min{P?, Q3} we

denote by
X(6) = (sen(Po)y/P§ + 5, sen(Qo)/Q3 +3) (5.24)
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its physical point with the signs of Xy. This is the fized-spin curve through X, parametrized
by the dimension. For Y = [uy, vy| put

|upvy — vouy |
A(Xo, V) = [HovY ~ touy]
’ |ug — vg|

(5.25)
Lemma 5.8 (Local zeros along a fixed-spin curve). Let o, > 1 and w > 0, let Xo = (Po, Qo)
be a real point with |Py|,|Qo| > @ and | Xo| < o0x, and let || < w?. Let Y € R? with |Y| < 04.

(i) Sy (X(8)) — Sy (Xo)| < w016/

(i) If B(Xo,Y) € Z and A = X\ Xo,Y) > 0, then Sy (X(5)) > I25% whenever |§| <
min{2\w?/ 0., 1/(3\)}.

(iii) Let ® be a function on R? with ® > [[¥_, Sy, 1%, Sys, where k > 1, all |Yj, IY/| < ox,
and, for some A > 0 and »x > 0,

Put §; = min{w?, 2X\@?/o., @/(30s), »#w/(2m0.)}. Then for 5] < &

(X(9)) = (;)k,)\%é%; 50 6] < i((i)klr)l/(%)

if ®(X(0)) <T.
Proof. Write X (8) = (P,Q). For |§| < @? we have |P|,|Q| > w/v/2, and dP/d5 = 1/(4P),
d?P/dé?* = —1/(16P3), and likewise for Q. The phase 3(0) = B(X(9),Y) = 2(PPy — QQy)
therefore satisfies

ﬂ/:%(&_@) ‘/B”§&7 |BII|S|PY‘+|QY’< Ox
™

P Q 8(w/v2)3 ~ 2w?’

and §'(0) = (Py Qo —Qy 1)/ (2P0Qo) = (uovy —vouy)/(ug—v5), so that [5'(0)| = A(Xo, V) <
0+/w. Since x +— sin?(7z) has derivative bounded by 7, (i) follows. In (ii), |3(d) — 5(0) —
B'(0)5] < 0.62/(4w®) < £A18], so the distance from B3(8) to the integer 3(0) lies between 6|
and 3\[§| < 1, and sin?(rz) > 4a? for |z| < § gives the claim. In (iii), each factor Sy is at
least \(Xo, Y;)20% > A262 by (ii), whose conditions hold because 2A(Xo, Y;)w?/ 0.« > 2Aw?/ 0s
and 1/(3A\(Xo,Y;)) = @/(30+); each factor Sy, is at least 5 by (i). O

We use the elementary inequality
sin?(rx) > 4 dist(x, Z)* (x € R). (5.26)

Lemma 5.9 (Three projections). Let £ > 1 and p > 1 be integers with ged(p,2¢) = 1, put
pr=p+kl, let 0 <t_ <t <ty and 7. = max{ty,1/t_}, and let

By (t) = [t, pr/t] € Ay, k=0,1,2.

Let U, Vo, AV > 1 be integers, V; = Vo + jAV, A; = [U,V;] for j =0,1,2, and D = 2UAV.
Let X = [u,v] be a real point with uv = s € Z and |ul, |[v] < T, where T > 1, and let 0 < { < 1.

(a) Free vectors. Suppose that for every k € {0,1,2}
dist(B(X, Bi(t)),Z) < ¢ or dist(B(X, Br(t)*),Z) < ¢, (5.27)
and that (11 4 6p) . Y¢ < 1/(40%). Then there is X = [ux,v)] € Ay U Ay, with

UNV) = S, lu—uyl, [v—ovy] < (34 2p)TC, HX\2 — |)\]2| < 3(3+2p)T(TY.
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(b) Fixed vectors. Put Cy = 3+ 2Va. Suppose that for every j € {0,1,2}
dist(B(X, 4)),Z) < ¢ or dist(B(X, A%),Z) < ¢, (5.28)
and that 3C4CY < D2, Then there are integers m,n with

m

m m
D

s u- ,U_f‘<cAg, X7 - | <30T

(¢) Product kernels. If 0 <T <1 and

§.4,(X)8,44(X) S5, (0 (X)Sp,0s(X) T for all 0<j.k <2,

then (5.27) holds for all k or (5.28) holds for all j, with ¢ = %Fl/S.

(d) Sum kernels. If 0 <T' <1 and QUX) Sp, (1)(X)Sp, )i (X) <T fork=0,1,2, put ¢ =
1F1/6. Then (5.27) holds for all k, or there are integers m,n with |u m| lv—2| < 3¢.
In the second case, if 6T < 1, then ™ = s and || X|* — 1(m +n?)| < 3(T.

Proof. (a) Call k of the first kind if the first alternative in (5.27) holds, and of the second
kind otherwise. Two of the three indices, k1 < ko, are of the same kind. If they are of the first
kind put (a,0) = (u/t,tv), otherwise (u,0) = (v/t,tu). In both cases 40 = s, |il, 0] < 7Y,
and, since B(X, By(t)) = ppu/t + tv and B(X, B(t)") = tu + ppv/t,

P U+ =n; + e, ni €%, le|<¢  (i=1,2).

Let D' = (ko — k1)¢ € {£,2¢}, m’ = ng — ny and n' = D'ny — py,m’. Subtracting the two
relations and substituting back,

m’ 2¢ .o PkC
ﬁ"i'eﬂa ‘eﬁ‘SﬁSQCa U:ﬁ—i_&n ‘ev’<<+ D1

because pg, /D' < p+1: if k; =1 then ko = 2 and D’ = £. Hence

< (3+2p)C,

U

m'n’

1
T < (5420 TC+2(3 4 2p)¢7 < (1L +6p)mY¢ < o

’s— = lead + (4 — eq)es
Both s and m'n’/D" lie in D'72Z, so m'n’ = sD'? and D"? | m'n’. We claim that D’ | m'.
The integer py, is coprime to D’: for k1 = 0 because ged(p,2¢) = 1, and for k; = 1 because
D' = ¢ and ged(p+ ¢,¢) = 1. Suppose that a prime has exponent e > 1 in D’ and exponent
r < ein m'. It does not divide py,, so its exponent in n’ = D'ny — pg,m’ is exactly r, and its
exponent in m'n’ is 2r < 2e, contradicting D? | m'n/. Hence D' | m/, and then D' | n’. With
m=m'/D" and n =n'/D’ we get mn = s, |t —m| < 2¢ and |0 — n| < (34 2p)¢. In the first
kind, A = [mt,n/t] € A; satisfies |u — mt| < 27,.¢ and |v — n/t| < (3 + 2p)7.(; in the second
kind, A = [n/t,mt] € A, satisfies the same bounds with u and v exchanged. In both cases
uyvyx = mn = s. Finally, with ¢ = (34 2p)7.( <1< T,

[1XP = IAP] < gl = wal@lul + o= ual) + 3o = ol (2Jo] + o = va]) < (20 +¢) < 3T

(b) Since B(X,A;) = Vju+ Uv and B(X,Ag») = Uu + Vjv, two indices j; < jo satisfy,
with (z1,2z2) = (u,v) or (z1,x2) = (v, u),

‘/31$1+U$2:n1+61, n; € 7, |61| <( (121,2)
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Let D" = (jo — j1)AV € {AV,2AV}. Subtracting, x1 = (ng —n1)/D" + €’ with |¢/| < 2¢, and
then

D”m - le (7”L2 - nl)

D"'U

Both D" and D"U divide D = 2UAV, so x; and x», hence u and v, are within C4¢ of D™'Z;
let m/D and n/D be the corresponding grid values. Then |s — mn/D?| < CaC(2YT + C4¢) <
3C4¢Y < D72, and both numbers lie in D~2Z, so they are equal. The bound for |X|? is
obtained as in (a).

(c) If SAjSAJu_(X) > I'Y2 for some j, then SBkSBg(

Vi
+e,

1+ 2V5)C.

To = |6//|SC+[2]‘/}1C§(

X) < I'Y2 for every k; otherwise
S4;8,1(X) < I''/2 for every j. If a product of two numbers of [0,1] is at most I''/2, one of
J

them is at most I''/4, and by (5.26) the corresponding phase is within %Fl/S of an integer.
(d) If Q(X) > I''/3, then Sp,Sg (X) < I'2/3 for every k, one factor is at most I''/3, and
k

its phase is within 2I''/ of an integer. Otherwise sin?(27u) and sin?(27v) are at most I''/3,
so 2u and 2v are within ¢ of integers m,n. Then |s — 22| < I¢(2T + 3(¢) < 3¢T < 1, and
both numbers lie in 1Z; the bound for | X|? follows as in (a). O

In (b) and (d) the associated point [m/D,n/D], respectively [m/2,n/2], has integral spin,
so by Lemma 4.12 it lies in the finite union of circle lattices

“p= U Awp: (5.29)
k| D2

respectively in s = Ay /2 U Ay U Ay. The set Xp contains A; and is invariant under the
reflection [u,v] > [v, u], because k + D?/k permutes the divisors of D?.

5.6 Two kernel families and their finite hypotheses

Throughout, I C (0,00) is a compact interval, £ > 1 is an integer, and p is an integer with

ged(p, 20) =1, p > supt® + 2. (5.30)
tel

For an integer n > 1 and ¢ > 0 put

Yot)=[t,n/t] € Ay, Ya(t) = [n/t, t] € Ay,
P =p+ kb, By(t) =Yy, (t) (k=0,1,2).

The point Y,,(¢) has spin n and squared norm E,(t) = 3(t> + n?/t?). For t € I the points
By (t) are off both axes, because p;, > t2, and lie outside V, because py/t > t + 2/t > 2; and
E, is strictly decreasing on I, because EJ,(t) =t —p?/t*> < 0. For a half-integer R we put

(1) ZVUARUAl/RUAtUAl/t. (5.31)
If po = o(R, to) and pig = Vyac + po = 305 + 5k, then by (2.10)

uo({z}) = i(eR +e1/r+ e, + el/to)({x}), supp po C X(to), supp po C X(to). (5.32)

The product family

Product data consist of I, £, p as above, a half-integer R = K/2 with K > 3 and K # 4, and
integers U, V, AV > 1 such that, with V; = Vj + jAV and A; = [U,V;] for j =0,1,2,

AjelAp, U>3, V;>3  |[U-Vj]>3. (5.33)
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Thus A; € Ag N Ay is off both axes, and Ag- € Ay/r N Ay The ten trigonometric polynomials
of the family are

@: = SCSCu SBO(t)SBO(t)ﬁa @‘Z’k == SAJSAg SBk(t)SBk(t)ﬁ (0 S j, k S 2) (534)

Since C*f = [0,2] = [0- R, K/R] € A and C, A; € Ay, (5.9) shows that each of them vanishes
on X(t). By Lemma 5.1(i) their centres are

En(t) =mY +mY? +By(t) +mBr(t)f, € {-1,0,1}", (5.35)
with Y = C, k=0 for ®; and Y = A; for @{’k. The product hypotheses at tg € I are:
H1) Neither 2ty nor 2/t is an integer, and By(to) & A1y, UARU Ay g for k=0,1,2.
H2) For each of the ten polynomials, every centre &,(t9) with |n| = 3 lies outside X(¢p).

(H1)
(H2)
(H3) For each of the ten polynomials, every centre &,(t9) with |n| € {2,4} lies outside V.
(H4) Spy(t0)(Aj) Spy(1e):(Aj) # 0 for j = 0,1,2, and Sc S Sp,1)¢ does not vanish at By (to)
for k =1,2.

The centres with |n| = 1 are £C,+£C* € V for ®f, and £A4;, £A%, £B,(t), £Bj,(t)*, which lie
outside V' by (5.33) and the remark above. No condition is imposed on coincidences among
the centres.

The sum family

Sum data consist of I, £, p as above, a radius R € {1,2}, and an integer w with 1 < w < p.
We write

W) =Yult) = [t,w/t], N ={po.ppzw}, & =08 Sy @ (neN).

Since Ay UA2 U Ay C $7% in light-cone coordinates, (5.9) shows that @,En) vanishes on
Y(t). By Lemma 5.1(ii) its centres are ¢ + 7Yy (t) + 72Yn(¢)* with ¢ € {0,£C,+C*} and
n € {—1,0,1}2. We also need the 27 points

ap () = [2,2] —1C* —kW (1) — W (t)F = [2—kt—jw/t, 2—2—kw/t—jt],  0<Ilk,j <2
(5.36)
The sum hypotheses at ty € I are:

(S1) Neither 2o nor 2/tg is an integer, and Yy, (to) ¢ Ay, for n € V.

(S2) For n € N, ¢ € {£C,£C*} and n € {+1}?, the centre ¢ + 7Yy (to) + m2Yn(to)? lies
outside (o).

(S3) Forn € N, ¢ € {£C,+C*} and n € {#1}2, the centres 01 Y;,(tg) +12Yn(to)?, C+mYn(to)
and ¢ 4 7Y, (to)* lie outside V.

(S4) Spyto): (Yn(to)) # 0 for n € {p1,p2,w}, and neither 2(to + p/to) nor 2(tg — p/to) is an
integer.

(S5) @1 k,;(to) & X(to) whenever (k,j) # (0,0).

Under (S1) each Yy (to), n € N, is off both axes (if t§ = n then Y, (to) = [n/to,to] € A1/,),
lies outside 1Z? > VUAR U Ay /R, and satisfies Q(Yy,(t0)) > sin®(2mtg) > 0.
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Lemma 5.10 (The exceptional set is finite). For given product data, the set of to € I at
which one of (H1)—(H4) fails is finite. For given sum data, the set of to € I at which one of
(S1)—(S5) fails is finite.

Proof. All points considered below have the form
£(t) = [a1 + bit + ban/t, az + bat + bin/t], ai,a2,b1,b0 € Z, n>1, (5.37)

with data from a finite list: for (5.35), [a1,as] = mY + m2Y?, (b1, b2) = (93,74) and n = py;
for the centres of @gn), [a1,a2] = ¢ and (b1, ba) = n; for (5.36), [a1,a2] = [2,2 — 21|, (b1,b2) =
(—k,—7) and n = w. For t € I these points stay in a fixed ball, and a point of A; or Ay in
that ball has charges in a fixed finite set, as has a point of V.U Ag U Ay/g. Thus {(t) € 3(t)
for some t € I means that one of finitely many systems

§(t) = [mt, n'/ft], &) =[m/t, n't],  £(t) = [z1, 2]

holds, with integers m,n’ and a fixed point [z, z2]. After multiplication by ¢, each coordinate
equation is a polynomial equation of degree at most two in ¢, so a system has finitely many
solutions unless both of its polynomials vanish identically. Comparing coefficients, and using
n # 0, this happens only as follows:

&(t) € Ay identically = a1=ay =0, by =0;
§(t) € Ayj; identically = a1=as =0, by =0; (5.38)
&(t) = [x1, z2] identically = by =bg = 0.

Indeed, the first system reads a1t + (by — m)t? + bon = 0 and ast + bgt? +bin —n' = 0, the
second reads ait + b1t + bon — m = 0 and ast + (by — n')t? 4+ byn = 0, and the third has first
equation (a; — 1)t + b1t + ban = 0.

Product data. For Y = [uy,vy] € {C, Ao, A1, A2} we have u3. # v%, so mY + Yt =
[muy + n2vy, muy + neuy] vanishes only for ny = o = 0. If || = 3, none of the three cases
of (5.38) can occur, since they would force |n| < 1, |n| < 1 and |n| < 2 respectively; hence
(H2) fails only on a finite set. If || € {2,4} and (n3,7m4) # (0,0), the third case cannot occur,
so &,(t) € V for finitely many ¢ only; if n3 = 14 = 0 the centre is one of [uy + vy, uy + vy,
+[uy — vy,vy — uy], which is never in V: for ¥ = C these are £[2,2], £[2,—2], and for
Y = A; both coordinates have modulus at least 3 by (5.33). Hence (H3) fails only on a finite
set. In (H1), 2tg € Z or 2/tg € Z holds at finitely many points of I; By(t) € A/, requires
t? = m with a bounded integer m; and By (t) € AgpU Ay /R requires t to be the first coordinate
of one of finitely many fixed points. In (H4) the phases are

U Vi
B(Aj, By(t)) = tp + Vi, B(A;, Bo(t)}) = Ut + %P’
2
B(Bg(t),C) = sz, B(By(t),Ct = 2t,

and B(By(t), Bo(t)*) = t? + pp/t2. Each is a nonconstant rational function of ¢, bounded on
I, and therefore integer-valued at finitely many points of I.

Sum data. In (S2) we have [a1,a2] = ¢ # 0 and b1by # 0, and in (S3) we have (b, bs) #
(0,0) and the target is a fixed point; no case of (5.38) occurs. In (S5), a1 = 2 # 0 excludes the
first two cases and (k, j) # (0,0) the third. (S1) is treated like (H1), and the phases in (S4)
are B(Y,(t), Bo(t)*) = t2 4+ pn/t? and 2(t & p/t), again nonconstant rational functions. O

o1



5.7 The case R ¢ {1,2}

Proposition 5.11 (Localization and exclusion for product data). Let 0 < g < %, let product
data be given, and let to be an interior point of I at which (H1)—(H4) hold. Then no admissible
sequence of gap g converges to o(R,tp).

Proof. Suppose that an admissible sequence of gap g converges to pg = o(R,ty), and let
1o = Vvac + po. All constants below depend on the data, on g and on #g; statements hold for
all sufficiently small a in the sequence.

Step 0: limiting masses. By (5.32), a point [2,0] = (1,1) lies in A, if and only if 2/r € Z,
and in Ay, if and only if 2r € Z. Since 2R = K € Z, 2/R = 4/K ¢ Z, and neither 2t nor
2/to is an integer, we get 1o({C}) = 1 = 1vac({C}), and the same at —C, =C¥. By (H1),
HO({Bk(tO)}) = i By (H4), Aj ¢ Ato U Al/to: otherwise B(Aj,Bo(to)) or B(Aj,Bo(to)ﬁ)
would be an integer. Hence po({4;}) = %n? with n? € {1,2}, according as A; ¢ Ay/g or
Aj € Ay/r. These points are outside V', except +C, +C"*, so the same values hold for pgy at
By (to) and Aj, and po({£C}) = po({+C*}) = 0.

Step 1: the moving radius. By Lemma 5.7(iii), applied to the constant family ®; and its
centre By(ty), exactly one state of p, has a physical point near By(tg); it has spin p, and its
dimension Ag, converges to E,(ty). Since E,, is strictly decreasing on I and ¢y is interior,
there is a unique t, € I with

Ep(ta) = A07a, tqa — 1o- (539)

In the same way, using the constant families @{Ok and their centres By(to) and A;: for k =1,2
exactly one state has a physical point near By(tg); it has spin px, and we write its dimension
as Ep, (ta) + Ok q, where 6 o — 0. Exactly n? states have a physical point near A;; they have
spin UV}, and their dimensions |A;|? + § satisfy § — 0.

Step 2: the budget of ®*. We apply Lemmas 5.7 and 5.6 to ®(®) = ®; , whose centres
&n(ta) converge to &,(to), with m, = po({&,(t0)}). By (H2), (H3) and the remark after (H4),
the only centres with &,(tg) € V' are the origin, for n = 0, and £C, +C"*; these do not depend
on a. The polynomial ®; vanishes on supp pg, so (5.19) holds. Condition (B0) holds, and
(B1) holds because the coefficient at 7 = 0 is & and £19({0}) = 1. The centres with |n| € {2, 4}
have positive coefficients and satisfy (B2) by (H3). The centres with |n| = 3 satisfy (B3)(b)
by (H2) and (5.32). The remaining centres have || = 1 and negative coefficients. At +C,
+C*¥ condition (B3)(a) holds with n; = 0 and w; = § = m;. At £By(t,) and +£By(t,)*, which
are the four physical points of a state of spin p and dimension E,(t,), condition (B3)(a) holds
with n; = 1, the state of Step 1, and with ¢ = 0, by (5.39). Fix 0 < o < % g as in Lemma 5.7,
for @} and for the nine families @{;k, put x = mp?/4 and choose

e =r/L, so that e ¢ = a. (5.40)
The range (5.21) holds for small a, and (5.20) gives

> &) (X7)<Coal’ (5.41)
J

Here the kernel is even, so its value at a state does not depend on o, and all terms are
nonnegative by Lemma 5.2. For a state with A; < FE,, where E, is any fixed bound, the
broad Gaussian is at least % for small a, and therefore

o) (X7) <2Cpal®  (Aj<E,). (5.42)

Step 3: anchoring. Consider one of the n? states near A;, with dimension |4;|? + §. Its
physical point with the signs of A; is X (J) in the notation (5.24), with Xo = A;. We apply
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Lemma 5.8(iii) to ® = ®; with the two vanishing factors S¢, Sc: and the two nonvanishing
factors Sp,(1,), Spyt.)i- Indeed B(A;,C) = 2V and B(Aj,C*%) = 2U are integers, and by
(5.25)
2V} o w

7= 7] "o
while Spy(t,)(4;) and Sp, 4,1 (A;) converge to the positive numbers of (H4). Since § — 0, the
lemma applies for small a, and with (5.42) and k = 2 it gives

6] < C (aL®)Y* = C o'/ L1/? for every state near A;. (5.43)

Next let k£ € {1,2} and consider the state near By(ty). Take Xo = By(t,), which stays
uniformly off both axes, the vanishing factor Sp;(;,) and the nonvanishing factors S¢, Scs,
SBo(ta)t- Here B(By(t), Bo(t)) = p + p is an integer, and
Cep/t- et K
|2 — pj./t?] i/t — 12

is bounded below on I; the three nonvanishing factors at By(t,) converge to the positive
numbers of (H4). Lemma 5.8(iii) with & = 1 gives

0kal < C (L2 =Ca?’L  (k=1,2), (5.44)

and dp,, = 0 by (5.39).

Step 4: the nine budgets. Fix j, k and apply Lemmas 5.7 and 5.6 to ®(®) = @i;k. The only
centre with &,(tg) € V is the origin. Conditions (B0)—(B2) and (B3)(b) for || = 3 hold as in
Step 2. The centres with || = 1 are £4;, :tAg-, which are the physical points of a state of spin
UV, and dimension |4;|?, and +By(t,), +B(ta)". By Step 1 and Lemma 5.7(iii), condition
(B3)(a) holds at the former with the n? states near A; and at the latter with the single state
near By(tg), and by (5.43) and (5.44) with

= CalliL,
With the width (5.40), (5.20) gives

Do (X)) < C((a+aPL)L? +a) < Ca2LP, 0<jk<2 (5.45)
J

A(A;,C) = >0, A, CH >0,

A(Bk(t), Bo(t))

Step 5: localization. Let j be a state with A; < L, and let X = [u, v] be one of its physical
points. The broad Gaussian at X is at least e=2™, all terms of (5.45) are nonnegative, and
SO

@{;’k(X) <TI,:= Ca'’?L3 forall 0 < 5,k < 2.
Moreover uv = s; € Z and |ul, |v| < /2A; < T := v2L. We apply Lemma 5.9(c) with t = t,,
t+ the endpoints of I, and
¢ = %F}z/g — Cgl/613/8.
Since (Y — 0, the smallness conditions of parts (a) and (b) of that lemma hold for small

a. Consequently there is a real point X J’», equal either to a point of Ay, U Ay, or to a point
[m/D,n/D] with D = 2UAV, whose spin is exactly s;, and

A; — X)) < CCY < Cal/ 0L, (5.46)

In the second case X; € Xp by (5.29).

Step 6: contradiction. The set X p is a fixed finite union of circle lattices, invariant under
[u,v] = [v,u] and containing Aj; the radii ¢, lie in the compact interval I; and by Step 5
every state with A; < u,L, u, =1 > 1/(2m), has a real point XJ’- € ¥pUAy, UA;y, whose
spin is exactly s; and which satisfies |A; — | X J’|2| < Ca'/18 L7/ for all sufficiently small a in
the sequence. Discarding finitely many terms leaves an admissible sequence of gap ¢, and for
it this contradicts Theorem 4.23. O
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5.8 The case R € {1,2}: the scalar row

For R € {1,2} the limit o(R,ty) has a long scalar state of dimension two, at the points

(£1,£1) where vy, has positive atoms. Its displacement enters every budget through the

centres +C, +C*%, and must be bounded first. This is done with one explicit combination of

translates of a narrow test function, whose Fourier transform is dominated by a sum kernel.
For z € R? and € > 0 put

we,x(X) = (P - Px) 6_27T|X_x‘2/627 e = %,[2,2],

5.47
that is, (P, Q) = (P — 2) e 2r(P=22+Q%)/e (5.47)

These functions are not even. For sum data and ¢ € I we define the row as the following
third-order iterated second difference, acting on functions:

2
(Def)(X) = D bibybj f(X +ICH+ kW () + W (L)), (bo, by, ba) = (1,-2,1). (5.48)
1,k,j=0

Pairing D;f with pu, is the same as pairing f with the measure obtained from p, by the
operator (7¢: — 1)2(tw ) — 1)2(7'W(t)ﬁ —1)2, where 7y6x = 6x4y; we shall only use the
function side.

Lemma 5.12 (Preimages of the row). Let t > 0, let w > 1 be an integer and 0 < € < 1.

(1) With the points ;1 ;(t) of (5.36),

2
Diype = Z bibrbj Ve, y, 5 (1)
l,k,j=0

The three points with k = j = 0 do not depend on t: they are xo00 = [2,2] = (2,0),
x1,00 = [2,0] = (1,1) and 20,0 = [2, —2] = (0,2), with coefficients 1,—2,1.

(it) For real X and x, |te(X)| < e~ mIX—al?/(2€%)
(i) The middle preimage. v, (1,1) vanishes at (1,1). If [z| <1 and h =1+ 3, then

z 2 2P

1 A A
‘41/’6’(171)(@’ vh) 16/ =32 T 92

(iv) The axis preimages. If0 <5 <1, h=4+3 and h = §, then WQ(ZO)(\/E, +Vh)| < g.
Ifh=3% and h=4+3, then ¢ (02)(Vh, Vh) + ¢ 02)(—Vh, VR) = 0.

Proof. (i) For y € R?, ¢e(X +y) = (P + P, — 2)e 2XHv-COF/€ = o (X), and
(2,0)—y=1[2,2] —y eguz;ls xl,lgdgt) for y = lzCﬁQ—i— EW (t) + jW (¢)F. (ii) With v = | X — 2| we
have |1 . (X)| < ve ™ /< e ™/ and ve ™/ < e(2me)” Y2 < 1. (iii) Let ¢ = /1 + 2/2—1.
Then |q| < §|2[ and ¢ — 2 = —14¢?, so |[¢— %| < £22. The value in question is 1¢ ¢4/ and
lq|(1—e™4m0/*) < Ax|q3/€? < m|2/(2€2). (iv) In the first case 0 < VA—2 = gz/(\/mg) < g
and the Gaussian is at most one. In the second case 1 (g2)(P, Q) = Pe2n(P*+H(@Q-2)%)/€ g
odd in P. ]

Lemma 5.13 (The multiplier of the row). Let 0 < g < let I C (0,00) be a compact
€

1
27
interval, w > 1 an integer, t € I, W(t) = [t,w/t] and 0 < € < %
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(i) For x € R,
Stpe (X)) = i€ P e 2me*IX? 2miB(X.z), in particular Stpe(X) = ie*P e 2me* I X|? 8P

(7i) S(Dyt)e) = wi - Stpe with the multiplier

wX)= I (e
Ye{Ct, W(t), W(t)!}

which vanishes on {[u,v] : 2u € Z} DV and satisfies, on R?,

|we| = 64 SceSw ey Swy < 642 Sw 1) S syt

X2 (5.49)

[S(Drpe) (X)] < 16 €* ™™ T Q(X) Sy 1) (X) Sy 12 (X).-

(iii) There is C = C(g,I,w) such that for every admissible partition function of gap g at
c=1+12a with 0 < a < min{g?/4,€%/4},

|‘CCL(DtT/}6) - <:U‘a7 th6>| S CCLE_I, |La(SDt¢€) - <M0«)Sth€>| S CCLE, (550)

and consequently, with <1>§“’) = Q5w (1) Sw s and the kernel (I)S:;\/i of width €//2,

[(pa: Deoe)| < 166330 o(X7) +2Cae ", (5.51)
j

Here the pairings with u, are the physical pairings (5.4): the row is evaluated on the unshifted
weights, and the whole effect of the central shift is contained in (5.50).

Proof. (i) By the computation in the proof of Lemma 5.1, 7., = Sf_, with f¢(X) =
6727r62|X\2627riB(X,§)’ and SQf(X> — f(—X), hence SPYE,I(X) — f—z(_X) — 6727762\X|2627riB(X,:r).
Since e, = %apﬂe,gc and the difference quotients in P, converge in the Schwartz space, on
which S is continuous, we get Stpe , = %apz (e=2m€’|X P 2miB(X.2)) “and p, B(X, z) = 2P. For
x = (2,0), B(X,z) = 4P.

(ii) A change of variables in (2.5) gives S(f(- +Y)) = e 2mB(Y)Sf. Hence SD;f is Sf
times the product over Y € {C¥, W (t), W (t)!} of 32, bje 2mBXY) — (e=2mB(X.Y) _ 1)2 On
R2, |e=2m0 _1|2 = 4in2(xf), and Sgy = sin?(2mu) < Q. Finally [Sthe(X)| = €| Ple~ 2" X <
(2me) /231X I? and 64(2me)"1/2 < 16.

(iii) By (i) of Lemma 5.12, Dyt is a combination, with coefficients of total modulus 64, of
functions ¢, with |z| < o1, where p; depends on I and w. Write 1) 5(X) = e p((X — z)/e)
with ¢(Y) = Yie 2™"Y . For |a| < 2 we have [0%(Y)| < ¢(1 + |V ])3e=2r(|ReYP—[ImY|?) " 1¢
|Im P|, [Im Q| < \/a/2, then |Im(X — z)/¢|?> < a/e* < 1, and therefore

2/.2 2 9
|8aw67$(X)‘ < e Lo~ Re X—z[%/e < demet e 1o |ReX] ’

using € < 1 and |X — z[? > 1[X|? — |z[%. Lemma 5.4 with 8 =1 and M = Ce~! bounds the
change of each evaluation under the central shift by Cae~te~("t"); summing over the states
with (2.26), and over the four vacuum weights, gives the first bound of (5.50). For the second,
by (i) and (ii) the function SDyt, is ie*P e 27" IXI* times a combination, with coeficients of
total modulus 64, of exponentials e2™B(X€) with |€| < 01. Arguing as for (5.16), on the strip

|Im P|, | Im Q| < 1 its derivatives of order at most two are bounded by a constant times

64(1 + |R6X|)(1 + €2| ReX‘)2e—27r62|ReX|2 < 0636_F62‘ReX|2’
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and Corollary 2.7 with 3 = 7e?, followed by (2.26), gives the bound Cae.
The function Dype belongs to Gor/e2, so L4(Ditpe) = L4(SDytpe) by Lemma 2.4. In
(tta,SDy1)e) the vacuum terms vanish because wy = 0 on V, and by (5.2) and (5.49) the

term of a state is at most 16e3e ™2 @gw) (X7) in modulus, the function @Ew) being even.
Combining this with (5.50) gives (5.51). O

Proposition 5.14 (The scalar near dimension two). Let 0 < g < %, let sum data be given,
and let to be an interior point of I at which (S1)—(S5) hold. Suppose that an admissible
sequence of gap g converges to o(R,ty). Then there is 0 > 0 such that, for all sufficiently
small a in the sequence, exactly one state has a physical point in D((1,1), 0); it has spin zero,
and its dimension 2 + z, satisfies z, — 0 and

24| < Ca L% in particular |z,| < a'/? (5.52)
for all sufficiently small a in the sequence. The constant C depends on g, the data and tg.

Proof. Let pg = o(R,t0), fto = Vvac + po, and 5 = |24/

Step 0: the low clusters. Since R € {1,2}, both 2R and 2/R are integers, so C' € AgNA4 g,
while C' ¢ Ay, U Ay, by (S1). By (5.32), no({C}) = 3 and po({C}) = %, and the same
holds at —C', +C*. Lemma 5.7(iii), applied to @gfj) and its centre C = (1,1), gives the first
assertion, with spin zero and z, — 0. By (S1) and the remark after (S5), uo({Yn(to)}) =
po({Yn(to)}) = % for n € N. As in Step 1 of the proof of Proposition 5.11, exactly one state
has a physical point near By(to), and its dimension A , defines t, € I by (5.39), with t, — to;
for n € {p1,p2, w} exactly one state has a physical point near Y,, (), it has spin n, and its
dimension is Ey,(tq) + dpn,q with 6, , — 0. Finally, the point [2,2] = (2,0) lies in A,, and in
Ay, if and only if 27 and 2/r are both integers. Hence po({(£2,0)}) = po({(£2,0)}) = 1,
which is the measure of one state of weights (4, 0), and likewise at (0, £2). By Corollary 2.11,
exactly one state of p, has physical points near (£2,0); it has spin 4 and dimension 4 + §;
with 67 — 0. Exactly one state has physical points near (0, 42); it has spin —4 and dimension

4+ 6, with 6; — 0. Here 6 > 0 because the weights of a state are positive.
Step 1: the scale. Fix 0 < p < % g as in Lemma 5.7 for the four families @E:), nenN,
and so small that the closed discs of radius 2¢ about the points ;4 ;(to) contain no point of

V U supp pp other than possibly their centres; by (S5) the centre itself is not in V' U supp po
when (k, j) # (0,0). Put

2 _ s
16H"

Then b, — 0, e~ mo?/(4e?) b} < 83, and aH < b,log(1/b,) — 0, so that the range (5.21)
holds for the widths € and ¢/4/2 when a is small.

Step 2: the budget of ®®). We verify the hypotheses of Lemma 5.6 for ®(® = @gf), using
Lemma 5.7 with m; = po({£Y}) and the table of Lemma 5.1(ii). The centres lying in V at
to are the origin and +C, £C*, by (S2), (S3) and the remark after (S5); they are fixed. The
origin has coefficient i and po({0}) = 1. The centres £B j:Bg, ¢+ By and Cj:Bg with ( # 0

have positive coefficients and satisfy (B2) by (S3). The centres ( + By + Bg with ¢ # 0 satisfy
(B3)(b) by (S2). At £C, £C* condition (B3)(a) holds with w; = %, n; = 1, the scalar state
of Step 0, whose spin is zero and whose dimension differs from |C|? = 2 by ¢,; here m; = %
At £By(t,), £Bo(ta)" it holds with n; = 1 and no displacement. With & = ,, (5.20) gives

ba = Sa + a, H =log(1/b,) < L, Ba=a+c2, € (5.53)

S0P (X7) < C((a+2)H? +b) < CBH?, (5.54)
J

and, as in (5.42), @gf) (X7) < CB.H? for every state with A; < E,.
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Step 3: the state near W. Its physical point with the signs of W(t,) is X (dy,q) for
Xo = W(ts). We apply Lemma 5.8(iii) to @gi’) > SctSBoy(ta)SBo(ta)t» With the vanishing factor
SBy(t,) and the nonvanishing factors Scx and Sp ,):- Indeed B(W (1), Bo(t)) = p +w € Z,

p—w

AW, Bo(t) = 17—z oy

is bounded below near tg because w < p, Scs(W(t,)) = sin?(2wt,) — sin?(27ty) > 0, and
SBo(ta)t (W (ta)) converges to the positive number of (S4). With k£ =1 the lemma gives

[uw.al < C(BH?)"? = CBY/2H. (5.55)

Step 4: the axis states. Let X = [u,v], with u,v > 0, be a physical point of the state near
(£2,0). Then uv =4, u,v — 2, and
=1+ v)—w=3u—-v?<(u—-27°+(v-2)7< LX),

a

by (5.26), since dist(2u,Z) = 2|u — 2| and dist(2v,Z) = 2|v — 2| for small a. The phases
B([2,2], Bo(t)) and B([2,2], Bo(t)ﬁ) both equal 2(t+p/t), so by (S4) the product SBo(ta)SBo(ta)ﬁ
at X is bounded below for small a. With Step 2 this gives ;" < CB,H?. For the state near
(0,£2) take X = [u,v] with u > 0 > v; then uv = —4, 6; = F(u+v)? < (u—2)*+ (v +2)2 <
=Q(X), the phases at [2, —2] are £2(t — p/t), and (S4) gives in the same way

0 < 0F < CBH>. (5.56)

Step 5: the budget of ®™) at width ¢/v/2. The hypotheses of Lemma 5.6 for @E;U) are
verified as in Step 2, with W in place of By. The only difference is that the state at the
centres +W (t,), £W (t,)? is displaced by &, 4. By (5.55) we may take ¢ = C’ﬁcll/QH, which
also bounds ¢, and tends to zero. Applying (5.20) with the width €/v/2,

>0 H(X7) < Clla+ BHY)H + 1) < C.H". (5.57)
J

Step 6: the row. By (5.51) with t = t,, (5.57) and €2 = wo?/(16H),
(tta, Dy, 0c)| < CE3BoH* + Cae™ < CB,HO/. (5.58)

We now evaluate the left side by Lemma 5.12(i), one preimage = = ;. j(t,) at a time. Recall
that (ftq,e) is a sum over the physical points of all states, with weights %, and over the
points of V' with the weights (5.1). By Lemma 5.12(ii) and (5.17), the points at distance at
least ¢ from  contribute at most (C} 4 4)e~™¢"/(2¢*) = (Cy + 4)b? in total. It remains to find
the points within g of z.

If (k,j) # (0,0), there are none for small a: the disc D(x ;(ta), 0) is contained in
D' = D(zyy,;(to), 30), which contains no point of V, and pe(D’) — po(D’) = 0 by vague
convergence, hence p,(D’) = 0.

For 10,0 = (1,1) the points within g are the vacuum atom at (1, 1), where v (; 1) vanishes,

and the point (vVh,Vh), h = 1+ %za, of the scalar state of Step 0, which has weight i. By
Lemma 5.12(iii),

z
(Has Ve 1)) = 76 + Olsa + saH +bg).
For 2000 = (2,0) the points within g are the two points (V/h, +v'h) of the state of dimension

4407, each of weight T; by Lemma 5.12(iv) and (5.56) they contribute at most 156, < C3,H>

in modulus. For x200 = (0,2) the points within p are the two points (=vh, \/Z) of the state
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of dimension 4 + §,, and their contributions cancel by Lemma 5.12(iv). Since the coefficient
of the middle preimage is by = —

(Ha: Di, ) = = + O(B. H?), (5.59)

Conclusion. By (5.58) and (5.59), £¢4 < Cla+2)H52. Since ¢, H/? < by log®?(1/by) —
0, the term C§3H5/2 is at most %ga for small a, and then ¢, < 16CaH?'? < 16CalL’/?. O

Proposition 5.15 (Localization and exclusion for sum data). Let 0 < g < %, let sum data
be given, and let ty be an interior point of I at which (S1)—(S5) hold. Then no admissible
sequence of gap g converges to (R, to).

Proof. Suppose that such a sequence exists, and keep the notation of the proof of Proposi—
tion 5.14. We use only the bound ¢, < a'/? of (5.52). Choose the width as in (5.40), €2 = x/L
with x = mo?/4.

Step 1. The hypotheses of Lemma 5.6 for q),gf ) were verified in Step 2 of the preceding
proof, with e = ¢, < a'/3. Hence

> @ g) (X9) < C((a+a**)L* + a) < Ca®PL?,
J
and @ﬁf) (X7) < Ca?/PL? for states with A; < E,.

Step 2. Let k € {1,2}. For the state near By(to) we apply Lemma 5.8(iii) at Xo = Bi(t4)
to @Ef) > SctSBo(ta)SBo(t,)t- As in Step 3 of the proof of Proposition 5.11, the factor Sp,)
vanishes at By(t,) with rate k¢/(p: /t2 — t2); the factors Sy and SBo(ta)t at Bi(ta) converge
to sin?(27tg) > 0 and to the positive number of (S4). Therefore

0p,0l <C(@2BPLAHYV2=Cd’L  (k=1,2),

and dp,.4 = 0.
Step 3. For k = 0,1,2 the hypotheses of Lemma 5.6 hold for @gf’“), as in Step 2 of the
preceding proof, with ¢ = Ca'/3L, which bounds both ¢, and |0p,.al- Hence

Z o) (X7) < C((a+a™ L)L +a) < Ca®PL, k=0,1,2.

Step 4. Let j be a state with A; < L and X = [u,v] one of its physical points. As in
Step 5 of the proof of Proposition 5.11,

QX) Sp, (1) (X)Sp, (1) (X) <Ta:=Ca®*L*  (k=0,1,2),

uwv = s; € Z and |ul,|v] < ¥ = V2L. Lemma 5.9(d) and (a), with ¢ = %I‘}/G = Ca'/PL?/3,
give a real point X7, either in Ay, U Ay, or of the form [m/2,n/2], whose spin is exactly s;
and which satisfies

A — [ XjP|<C¢T < Ca/LTC, (5.60)

In the second case X € Yo = A5 U Ay UAg by (5.29).

Step 5. As in Step 6 of the proof of Proposition 5.11, after discarding finitely many terms
of the sequence this contradicts Theorem 4.23, applied with the fixed union X5, the interval
I, uy, = 1, and the error bound (5.60). O

Remark 5.16. If the full bound |z,| < CaL®/? of (5.52) is used in Step 1, the same steps give
budgets O(aL?) and O(aL*) and the localization error O(a/®L7/) in (5.60). Any positive
power of a suffices for Theorem 4.23.
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5.9 Choice of the integer data

By Lemma 5.10, fixed data leave finitely many exceptional radii. We now show that for every
radius tg > 1 which is not a half-integer the data can be chosen, depending on %y, so that the
finite hypotheses hold at ¢y. All points involved have the form (5.37),

€ = [a1 + bito + ban/to, ag + batg + bin/to], ai,az,bi,bp €Z, n>1,
and we recall that A, = {[mto,n’/to]} and Ay, = {[m/to, n'to]} with m,n’ € Z.

Lemma 5.17 (Incidences at an irrational radius). Let to > 0 be irrational and let £ be as
above.

(i) If (b1,b2) # (0,0) and & € Q?, then by = sby with a sign s € {£1}, and to +sn/ty € Q.
For each sign there is at most one integer n > 1 with ty + sn/ty € Q; if t2 € Q, this
happens only for s = —1 and n = t3.

(ii) If (a1,az2) # (0,0) and § € Ayy U Ay, then t3 ¢ Q, arag # 0, and ty satisfies a relation
t3 = eitp + ep with eg,e1 € Q\ {0}. Moreover by # 0 and n = aieg/(e1ba) if £ € Ay,
and by # 0 and n = azep/(e1b1) if & € Ayy,. In particular, for given to, ai,az, by, bs
there are at most two such integers n.

Proof. (i) Both bitg + ban/tg and batg + bin/ty are rational, hence so is (b3 — b3)tg, and
b2 = b2 # 0. Then by (to + sn/typ) € Q. If this holds for n # n’ with the same sign, then
(n —n')/to € Q, which is impossible. If 3 € Q, then (¢3 + sn)/ty € Q forces t3 + sn = 0.

(ii) Since & +— ¢ maps Ay /4, onto Ay, and exchanges (ag,b1) with (az2,b2), it suffices to
treat & € Ay,. Multiplying the two coordinate equations & = [mtg,n’/to] by to gives

a1ty + (bl — m)t% + bon = 0, astoy + th% +bin — n =0. (5.61)

If 3 € Q, these give aitg € Q and asty € Q, so a; = az = 0, contrary to the hypothesis. If
1, to, t% are linearly independent over Q, the first equation gives a; = 0 and ban = 0, so by = 0,
and the second gives as = 0; again a contradiction. Hence t3 = ejtg + eg with unique rational
€0, €1, and ey # 0. Substituting and comparing the coefficients of 1 and %,

al = —(bl — m)el, bQTL = —(bl — m)eg, a9 = —b2€1.

If by = 0, then as = 0, hence a; # 0, by # m and ey = 0, which would make ty = e rational.
So bg # 0, ag # 0, and n = ajeg/(e1b2); since n # 0, also a1 # 0 and eg # 0. O

Lemma 5.18 (Data for an irrational radius). Let I C (0,00) be a compact interval and to € I
irrational. Put £ = t3 if t3 is an integer and £ = 1 otherwise.

(a) Let R = K/2 with K >3, K # 4, and put U = 2K, V; = 2(2K + 3+ j) for j =0,1,2.
These are product data for every p satisfying (5.30), and for all but finitely many such
p the hypotheses (H1)—(H4) hold at to.

(b) Let R € {1,2}. There is an integer w > 1 such that, for all but finitely many p > w
satisfying (5.30), the hypotheses (S1)—(S5) hold at t.

Proof. The integers p with ged(p, 2¢) = 1 contain the progression 1+2¢Zx, so infinitely many
p satisfy (5.30). If t2 = ¢ is an integer, then ¢ > 2 and ged(pg, £) = ged(p,£) = 1 for k= 0,1, 2.
Below, “excluding p” means discarding finitely many values of p. By Lemma 5.17(i) we exclude
the at most six p for which

to + spr/to € Q for some s € {+1}, k € {0,1,2}. (5.62)
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Three facts are used in both parts. First, neither 2ty nor 2/ty is an integer. Secondly,
Ya(to) = [to,n/to] € Ay, means 3 = m and n = n/t§ with integers m,n’, so it requires t§
to be an integer dividing n; this fails for n = py. Thirdly, the phase t2 + ppy/t3 of SBO(to)ﬁ
at By(to) is, for each k, an integer for at most one p: if t3 ¢ Q and two values p < p’ gave
integers, then, with p}, = p’ + k¢, the number (p'p}, — ppx)/t3 would be a nonzero integer and
t3 rational; if t3 = A/B in lowest terms with B > 1, integrality of A/B +ppyB/A gives B | A?
after multiplication by AB, which is impossible; and if t3 = ¢ is an integer, integrality gives
¢ | ppg, contradicting ged(ppg, £) = 1.

(a) The conditions (5.33) hold: A; = [4R, K(2K + 3+ j)/R] € Agr, U = 2K > 6, and
V;—U=2K+6+2j > 3.

(H1): Bg(to) has the irrational coordinate to, so it is not in Ag UAy/r C Q?; the rest was
shown above.

(H2): Let |y| = 3. In the notation (5.37), [a1,a2] = MY + nY* # 0 and (b1, b)) =
(13,m4) # (0,0). By Lemma 5.17(i) and the exclusion (5.62), &,(to) ¢ Q° D VUARU Ay p.
By Lemma 5.17(ii), &,(to) € Ay, U Ay, is possible only if py is one of at most two numbers
determined by to and (a1, ag, b1, bs). The latter range over a finite set which does not depend
on p, so we exclude finitely many p. In particular, if t3 € Q no such incidence occurs: for
the fixed vector C or C’ﬁ, for instance, the two equations (5.61) force a1tg € Q and asty € Q,
while one of ay, as is 2.

(H3): Let || € {2,4}. If (n3,74) = (0,0), the centre is +Y + Y* and is not in V, as in the
proof of Lemma 5.10. Otherwise &,(ty) ¢ Q* D V by Lemma 5.17(i) and (5.62).

(H4): The phases at A; are Up/ty+ Vjtg and Uty + Vjp/to. If one of them were an integer
for two values p # p/, then U(p — p’)/to or V;(p — p)/to would be an integer and ¢o rational;
so we exclude at most six p. At By(tg) the phases of S¢ and Sqs are 2py/to and 2tp, which
are irrational, and the phase of Sg (,): was treated above.

(b) We first choose w. Let 20 be the finite set of integers n given by Lemma 5.17(ii) for
[a1,a2) = [2,2 — 2]] and (b1,be) = (—k,—7) with 0 < [, k,j <2, (k,j) # (0,0). We require

to+w/to ¢ Q,  to—w/todQ — w¢W, ged(w,tf) =1 ift5 € Z. (5.63)

By Lemma 5.17(i) the first two conditions exclude at most two integers, and none other than
w = tg when t% € Q; so an integer w > 1 with (5.63) exists, for instance in the progression
1+ t3Z>¢ when t3 is an integer. Fix it, and let p > w.

(S1): shown above for n = py; for n = w, t3 would be an integer dividing w, contrary to
(5.63).

(S2): Here [a1,a2] = ¢ € {£[2,0],£[0,2]}, so ajaz = 0 and (aj,az) # 0, and
Lemma 5.17(ii) shows that the centre is not in A, U Ay, It is not in Q> D> VUARU Ay/r
by Lemma 5.17(i), using (5.63) for n = w and (5.62) for n = py.

(S3): The centres have (b1, b2) # (0,0) and are not in Q?, for the same reason.

(S4): For n = pi, py the phase t3 + pn/t3 was treated above. For n = w the same three
cases apply: if t2 ¢ Q, at most one p gives an integer, since otherwise (p' — p)w/tZ would be
a nonzero integer; if 3 = A/B with B > 1, integrality gives B | A?; if t3 = ¢, it gives ¢ | pw,
contradicting ged(pw, ¢) = 1. Finally 2(tg & p/tg) € Z holds for at most one p for each sign,
because two such values would make 2(p — p’)/ty an integer.

(S5): Let (k,j) # (0,0). If @14 ;(t0) € Q% then by Lemma 5.17(i) j = sk, which for
k,j >0 means j =k > 0and s =1, and typ + w/ty € Q, contrary to (5.63). Since a; =2 # 0,
Lemma 5.17(ii) shows that xyx j(to) € Ay, U Ay, would force w € 20. O

For rational radii the incidences are decided by denominators. Let «, 5 > 1 be coprime
integers. For integers cy, ca,

(0}

7 +02§) €7 = ac, (5.64)

a(clg-l-@i) €7 < B|c, B(cl
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because the two numbers are c¢ja?/8 + o3 and c1a + 232/ .

Lemma 5.19 (Incidences at a rational radius). Let to = a/f in lowest terms with > 3
and o > 4, let n > 1 be an integer coprime to o, and let £ be as in (5.37) with t = ty and
[b1], [b2] < 2.

(1) If |b1], |b2| < 1 and one of 2§1, 2& is an integer, then by = by = 0. Here & = [£1,&2].
(ii) If 21 and 2&2 are both integers, then by = by = 0.
(iii) If € € Ay, then by =0 and o | a1. If § € Ay, then by =0 and B | a1, a | az.

Proof. We have £ = a1 + bia/f + banfS/a and & = ag + b/ + binf/a, and « | cn is
equivalent to « | ¢. By (5.64), if 2§; € Z then 8 | 2b; and « | 2bg, and if 2§, € Z then
B | 2bs and « | 2by. For |b;| < 1 we have |2b;| < 2 < 8, «r, which gives (i). In (ii), a8 divides
2b; and 2by, and |2b;] < 4 < 12 < af. For (iii), let & = [ma/B,n'B/a] € Ay,. The first
coordinate gives (by — m)a/ + banf/a = —ay € Z, so « | be and S | (by — m) by (5.64);
hence ba = 0, because |bs] < 2 < a, and then a; = (m — by)a/B is a multiple of a. If
§=[mB/a,n'a/B] € Ay, the first coordinate gives by /f + (ban —m)B/a = —ay, so B | by,
hence by = 0, and « | (ban —m), hence § | a1; the second coordinate gives (ba —n')a /B = —aq
with 8 | (by —n’), hence « | as. O

Lemma 5.20 (Data for a rational radius). Let to = o/ > 1 in lowest terms with § > 3, let
I C (0,00) be a compact interval containing to, and put £ = a.. Let p satisfy p =1 (mod 2«)
and p > sup; t2 + 2; then (5.30) holds.

(a) Let R = K/2 with K >3, K # 4, and put
U=2KaB, Vi=2+2aB(K+2+75) (j=0,1,2).
These are product data, and (H1)—(H4) hold at to.
(b) Let R € {1,2} and w=1. Then (S1)—(S5) hold at ty.

Proof. Since o > > 3 we have a > 4, and the integers p; and w = 1 are congruent to
1 modulo «, hence coprime to a; so Lemma 5.19 applies to all points considered. Neither
2ty = 2a/f nor 2/ty = 20/« is an integer. By Lemma 5.19(iii) with a1 = a2 = 0 and
(b1,b2) = (1,0), Yo (to) & Ay, for n € {po,p1, p2,1}. The phase t§+pn/t§ = o? /> +pnSs? /o’
is not an integer: otherwise multiplication by a?3? would give 32 | at.

(a) We have A; = [4afBR, K(1 + af(K +2+j))/R] € Ag, U,V; > 3, and V; - U =
24 2a8(2 4+ j) > 3; so (5.33) holds. Note that

U=0, V=2 (mod afp). (5.65)

(H1): By Lemma 5.19(i) with (b1, b2) = (1,0), neither 2ty nor 2py /to is an integer, whereas
a point of Ag = {[mK/2,2n//K]} has 2§; € Z and a point of Ay /g has 2§, € Z. The rest was
shown above.

(H2): Let |n| = 3, so (b1,b2) = (n3,14) # (0,0). By Lemma 5.19(i), neither 2£; nor 2&; is
an integer, so &,(to) € VUARU Ay /g. If §(to) € A¢,, then 1y = 0 by Lemma 5.19(iii), hence
mne # 0, and « divides a1 = niuy +n2vy. For Y = A; this number is congruent to 2ny; = +2
modulo a by (5.65), and for Y = C' it equals 21, = £2; both are impossible since o > 4. If
&§n(to) € Ayjgy, then gz =0, mma # 0, and « divides az = n1vy + neuy, which is congruent to
2m; for Y = A; and equals 2n for Y = C'; again impossible.

(H3): If (n3,m4) # (0,0), then &, (o) ¢ V by Lemma 5.19(i). Otherwise the centre is
+Y + Y% ¢V, as in the proof of Lemma 5.10.
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(H4): By (5.65),

B4y, Bulto) = 20+ B =20 By Ba(to)) =+ = 2D (mod z),
and neither is an integer, because 51 2 and « { 2. At By(to) the phases of S¢ and Sq¢ are
2pi/a and 2a/ B, not integers, and the phase of SBO(tO)ﬁ was treated above.

(b) (S1) and the first part of (S4) were shown above. If 2(tg £ p/to) = 2a/5 + 2pB/a
were an integer, (5.64) would give § | 2. In (S2) and (S3) the centres have |b|, |b2| < 1 and
(b1,b2) # (0,0), so by Lemma 5.19(i) they are not in $Z> > VUARU Ay /R; in (S2) moreover
biby # 0, which excludes Ay, U Ay, by Lemma 5.19(iii). In (S5), [a1,as] = [2,2 — 2I] and
(b1,b2) = (—k,—j) # (0,0). By Lemma 5.19(ii) the point is not in $Z2. If it were in Ay, then
a | ap = 2; if it were in Ay, then 3 | a; = 2. Both are impossible. O

Theorem 5.21 (Both limiting radii are half-integers). Let 0 < g < % FEvery limit of an
admissible sequence of gap g is of the form o(R,T) with

2R € 7, oT € Z, 1< R,T < (29)" "2

Proof. By Theorem 3.5 the limit is (R, tg) with 1 < Rty < Rpyax = (29)_1/2 and at least one
half-integer radius; since o(R, tg) = o(tg, R) we may assume 2R € Z. Suppose that 2ty ¢ Z.
Then to > 1 is an interior point of I = [3, Rmax +1]. If R ¢ {1,2}, then R = K/2 with K > 3
and K # 4, and Lemma 5.18(a) or Lemma 5.20(a), according as tg is irrational or rational (in
which case its denominator is at least 3), provides product data for which (H1)-(H4) hold at
to; Proposition 5.11 then shows that no admissible sequence of gap g converges to o(R,ty).
If R € {1,2}, parts (b) of the same lemmas provide sum data for which (S1)—(S5) hold at ¢,
and Proposition 5.15 gives the same contradiction. O

5.10 The four-scalar anchor

By Theorem 5.21 only finitely many limits remain for each gap, and all of them are supported
on one rational grid. Put

1

N, =[2(29)"Y%|, d=2N,, E;= SE

i, g = (5.66)
Since g < % we have Ny > 2 and d > 4. If R = K/2 is a half-integer with 1 < R < (2g)*1/2,
then 2 < K < Ny, so dR = Ny 'K and d/R = 4N,!/K are integers. Consequently, in

light-cone coordinates,

ArUA g Cd™'Z% [+£d,0], [0,+d] € Ar N Ay g (5.67)
for every such R. The points [£d, 0], [0, £d] are the four points (£2, £4); they have spin zero
and squared norm FE,.

Lemma 5.22 (The common four-scalar cluster). Let 0 < g < 1. There is a1 = ai(g) > 0
such that every admissible partition function of gap g at ¢ = 1+ 12a with 0 < a < a1 has
exactly four states of spin zero with dimension in (Eq—ng, Eq+nq). Writing their dimensions
as Eqg+ 24,1 <1 <4, and

dg = 112?5}(4 |Zi,a|a

we have 0, — 0 uniformly: for every n > 0 there is a(n) > 0 such that 6, < n for every
admissible partition function of gap g with 0 < a < a(n).
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The quantity d, depends on the partition function and not only on a; we suppress this in
the notation.

Proof. Let pg = o(R, T) with half-integers 1 < R, T < (2¢9)~%/2, and po = tyac +po. By (5.67)
and (5.32), puo has mass i -4 = 1 at each of the points (j:g, :l:%), and these are outside V
because % > 2. Hence pg has total mass four on these points, that is, exactly four states of
weights (1d?, $d?). Every point of supp po of spin zero is of the form [m/d, 0] or [0,n/d] and
has dimension in ﬁZ; since 77 < ﬁ, no state of py of spin zero other than these four has
dimension in [Eg — g, Eq + n4]. Let

Up={XeR*: |P*-Q* <3, Eg—ni<|X|*<Eqs+na}.

This set is bounded, open and invariant under the two reflections; its boundary does not
meet supp pg, because the points of supp pp have integral spin and those of spin zero have
dimension in TZQZ, which does not contain E; 4 74; and the states of pg supported in Uy are
the four states above. A state of an admissible partition function has spin zero and dimension
in (Eq —ng, Eq + ng) if and only if it is supported in Uj.

Suppose that the lemma fails. Then there are > 0 and admissible partition functions
of gap g at ¢ = 1 + 12a,, a,, — 0, for each of which the number of states supported in Uy
is not four, or is four with d,, > 1. By Theorem 2.9 a subsequence converges to some po,
which is of the above form by Theorem 5.21. By Corollary 2.11, along this subsequence the
number of states supported in Uy is eventually four and their dimensions converge to Ey, a
contradiction. O

The kernel adapted to the grid is built from €, alone,
Qa(X) = e 2me|X|? (sin?(wdu) + sin’(rdv)).

Proposition 5.23 (The four-scalar budget). Let 0 < g < % There are constants C, k > 0
and ag > 0, depending only on g, such that for every admissible partition function of gap g at
c=14+12a with 0 < a < ag, and every 0 < e < % withaﬁ%e%

Z e~2me A (sin?(rduj) + sin®(rdv;)) < C’((a +a)e !t + 6_5/62)’ (5.68)
J

where [u;,v;] is any physical point of the state j.

Proof. We apply Lemma 5.6 to & = Qgy, with o = min{%,%\/g}, 0« = d/V/2, ¢, = 2 and
m, = 1. By Lemma 5.1(iii) the centres are the origin, with coefficient 1, and the four
points [£d, 0], [0, +=d], with coefficient —%. We take m; = 1 at all five centres, so that (5.19)
reads 1 — 4 - % = 0. Condition (B0) holds because the points of V' have integral light-cone
coordinates, (B1) holds, and (B2) is empty. Let £ = (:I:%, :l:%) be one of the negative centres.
Its coordinates have modulus % > 2 > 2p, the disc D(,0) contains no point of V', and
w; = 0. For a < ai1(g), Lemma 5.22 provides n;, = 4 states of spin 0 = Pg — Qg with
|A; — €% = |zia] < 64, and w; + ini =1 = m;. Thus (B3)(a) holds with ¢ = d,. By the
uniform convergence in Lemma 5.22 there is ag < a;, depending only on g, such that 6, < o?
and a < min{1g?, 1o?} whenever a < ag. Then (5.21) holds, and (5.20) is the assertion, with

4
k = mp?/4 and a constant depending only on g and d = d(g). The left side of (5.20) is the
left side of (5.68) because 24 is even. O

The constants in Proposition 5.23 do not depend on a limiting measure: Lemma 5.6 is
applied to each partition function separately, and the only input from compactness is the
threshold ag(g) of Lemma 5.22.
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Corollary 5.24 (Localization on the scale of the four scalars). Let 0 < g < % and put

by = \/a + 0q, H, = IOg(l/ba)'

For every M > 0 there are Cyy < 0o and aps > 0, depending only on g and M, such that for
every admissible partition function of gap g with 0 < a < ap and every state with A; < M H,,
with physical point [uj,v;], there are unique integers m,n with

mn m n

2 S (m,n) # (0,0), ‘u] - E’ + ‘vj - E‘ < CrrboH,g. (5.69)
Moreover |Aj — mz}”ﬂ <Cum baﬂg/z, and if |m| = |n|, that is, if the associated point lies on
a momentum axis, then 0 < A; — m;}”z < Cyb2H?.

Proof. By Lemma 5.22, b, — 0 uniformly over the class as a — 0. Take ¢ = x/(2H,)

in Proposition 5.23; this is admissible for small a because aH, < b2log(1/b,) — 0. Then

e~H/€ = b2 and a + 02 < b2, so the right side of (5.68) is at most Chb2H2. For a state

with A; < M H, the broad Gaussian is at least e~ ™M "and all terms are nonnegative; hence

sin?(wduj) + sin®(wdv;) < Cpb2HZ, and by (5.26) there are integers m,n with |u; — 2|, [v; —

7] < ¢ := CybyH,. For small a we have ¢ < 1/(2d), so m,n are unique. Since |u;|, |v;| <
OMH,,

|55 = S| < ellul + o) + ¢ < Car b, H,

which is smaller than d=2 for small a; as both numbers lie in d_QZ they are equal The same

computation bounds |A; — ;3'2” |. If (m,n) = (0,0), then A; = (u + 5 2) < ¢? < g, which
is impossible. If [m| = |n|, then |s;| = m2/d? = ™40’

52 and

2 m| In|
0= 8= Isjl = 4 (sl ~ ogl)” < §(flusl = 2|+ Jlogl - 7)) < 2%
All thresholds depend only on g and M, because the convergence b, — 0 is uniform. O

Theorem 5.25 (The four scalars move slowly). Let 0 < g < % and p > 0. For every k € Z>g
there is a(p, k) > 0 such that
0q > ka?

for every admissible partition function of gap g at ¢ =1+ 12a with 0 < a < a(p, k). In other
words, 0q/aP — o0 as a — 0, uniformly over the admissible partition functions of gap g.

Proof. Tt suffices to treat p < % If the statement fails, there are k € Z>g and an admissible
sequence of gap g with @ — 0 and §, < kaP. Apply Proposition 5.23 with ¢ = x/(2L), so
that e /¢ = a2; the condition a < 462 holds for small a. The right side of (5.68) is then at
most C'(a + k2a 2f")L2 + Ca? < C'a?PL?. For a state with A; < L the broad Gaussian is at
least e~ ™, so sin?(mdu;) + sin?(rdv;) < Ca?’L?. As in the proof of Corollary 5.24, for small
a there are integers m,n with

m mn
d d?
where the exactness of the spin uses |ujl,|v;| < V2L and apL3/2 — 0. The point X} =
[m/d,n/d] has integral spin, so by Lemma 4.12 it lies in the fixed finite union ¥X; of (5.29),
which contains Ay and is invariant under [u,v] — [v,u]. Thus every state with A; < u,L,
u. = 1> 1/(2n), has a real point X} € X with spin exactly s; and |A; — | X}[?| < CaPL?3/?,
for all sufficiently small a in the sequence. Discarding finitely many terms leaves an admissible
sequence of gap g, and for it this contradicts Theorem 4.22. O

m—i—n
)

‘Uj_ vj—%‘gCapL, = sj, ‘Aj ’<C’ aP L3/

Theorem 5.25 gives no upper bound for §, by a power of a; it is used below only in the
form ;! < a~P for every fixed p > 0 and small a.
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6 Limits with two half-integer radii and the proof of Theo-
rem A

By Theorem 5.21, every limit of an admissible sequence of gap ¢ is a measure o(R,T) in
which both radii are half-integers. In this section we exclude these finitely many limits and
complete the proof of Theorem A. The kernels of Section 5 cannot be used at the limiting
pair (R, T) itself, because their Fourier centres and their zeros collide there. The argument
has three parts.

(a) A quantitative form of the rigidity theorem on the common rational grid (Proposi-
tion 6.6) shows that the physical Fock measure p, agrees, on fixed compact sets and up
to a+ b7t for every fixed n, times a power of log(1/b,), with a combination of at most
four circle measures reconstructed from finitely many of its own states (Lemma 6.11).

(b) Positivity, the vacuum term and a moment argument turn this combination into one
comparison measure o(R,t,) with an exact half-integer R and a radius t, — T, which
reproduces the states of every fixed cluster up to a power of b, (Theorem 6.13); moreover
|ta — T'| is comparable to the four-scalar displacement d,.

(¢) At the radius t, # T the kernels of Section 5 are available again. Their centres and
zeros are separated on the scale |t, — T|? (Lemma 6.16), and Gaussians of this width
give peak budgets that lose only powers of |t, — T|~! (Lemma 6.21). By Theorem 5.25
such powers are smaller than every negative power of a, and the localization excluded
by Theorem 4.23 follows.

6.1 Conventions

Throughout this section 0 < g < % is fixed, Rpax = (29)_1/ 2 and d, E4, nq are the numbers
of (5.66). Points of R? are written [u,v] in light-cone coordinates and (P, Q) in momentum
coordinates, as in Section 5.1. For an admissible partition function of gap g at ¢ = 1+ 12a
with a < a1(g),

O, by = \Va + g, H, =log(1/b,)
2

¢, and b, — 0 uniformly as

are the quantities of Lemma 5.22 and Corollary 5.24; thus a < b
a— 0.

The grid. We use the light-cone grid of denominator d, which is the hyperbolic grid d='A;
of Section 4.1,

T =d 'Ay = {[m/d, n/d]: m,n € Z}, IV =dA; = {[md, nd] : m,n € Z},

by = (4,0, by =[0.d] (6.1)

The vectors by, by form a basis of I'V. In momentum coordinates [m/d, n/d] = ("%, "),

so I' C (2d)7'Z?%, and a nonzero momentum coordinate of a point of I' has modulus at
least (2d)~!. The reflections P — —P and Q ~ —Q are the maps [u,v] — [—v, —u] and
[, v] = [v,u]; they preserve I" and T'V. This is the grid of Corollary 5.24: the point associated
there with a state is [m/d,n/d] € T'. Let

Rq = {k/d: k a positive divisor of d*}, Ry={reRq:r>1}, Yq= U A, CT
rTERyg

be the radii and the union of circle lattices of Lemma 4.12 and (5.29); we have Ry C [1/d,d].
Every half-integer r with 1 < r < Rnyax belongs to R;: if r = K/2, then 2 < K < N, and
r = k/d with k = KN,!, which divides d? = 4(N,!)? because K divides N,!.
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States and windows. A state is a pair (A,s) € R x Z with A > |s|; its weights are
h = %(A 4—_3) and h = %(A — ), its state measure is A, ® Aj, and its physical points are
(=vh, i\/ﬁ) A family of states is a collection of states, with repetitions allowed, having
finitely many members below every dimension; its measure is the sum of the state measures.
Thus p, is the measure of the family (A;, s;)jes. For (Ep,sp) € R x Z and 7 > 0 the window

Wy (B, 50) = {X €R?*: [P? = Q% — 50| < 3, [|X[® — Bo| <n} (6.2)

is a bounded open set, invariant under the two reflections. A state is supported in it if
and only if its spin is so and its dimension lies in (Eg — n, Ey + 7). For a family of states
S we call the window W, (Ey, sg) isolated if no state of & with spin so has dimension in
[Eo—3n, Eg+3n]\{Ep}. Since a family has finitely many states below every dimension, every
pair (Ey, so) has isolated windows, and finitely many pairs have a common 7.

Weight tests. A weight test is a function on R? of the form
¢(P,Q) =O(P%,Q%), ©eCXR. (6.3)

It is smooth, compactly supported and even, and (A, ® Az, ¢) = O(h,h) for h,h > 0. All
compactly supported test functions used below are of this form. We fix once and for all two
cutoffs

9P e CX((-3,3), 9P =1lon[-3,3; VeCX((-2,2), 9=1on[-1,1]

For (Ey, so) € RxZ,n > 0 and a smooth function ¢ on a neighbourhood of [Ey — 27, Eg+27)],
the function

o) = 2P~ @~ so) o XL E0) oy (6.4

is a weight test, with ©(h, h) = 9P (h —h — s0) 9((h+h — Eg)/n) @o(h+h). For a state (A, s),
A — Ey

<Ah & Aﬁa ¢> = 1{3:30} 19( ) QO(A)v (65)

because the spin is an integer. In particular the pairing equals p(A) if the state is supported
in W (Eo, s0) and vanishes if its spin differs from so or |A — Eg| > 27.

The states of the comparison measures. For ¢t > 0 and (m,n) € Z? let
Emn(t) = 3(m*t* +n?/t?)

be the squared norm of the point [mt,n/t] € Ay, whose spin is mn. A class is a set
{(ma ’I’L), (_m7 —TL)} with (ma TL) 7é (070>

Lemma 6.1 (States of o(R,t)). Let ¢t > 0.

(i) %ptF — %50 is the measure of the family that contains, for each class {+(m,n)}, one state
of dimension Ey, ,(t) and spin mn.

(7i) Let R > 1 be a half-integer. Then o(R,t) is the measure of the family &(R,t) consisting
of the following states. Fixed states: one state (Ep, n(R), mn) for each class other than
the class of (0,2R), and the two states (1,1) and (1,—1). Moving states: one state
(Emn(t),mn) for each class. In particular o(R,t) is a positive measure, its states have
integer spins, and o(R,t)({z}) is % times the number of pairs consisting of a state of

S(R,t) and one of its four sign patterns whose physical point is x.
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(iii) Let I C (0,00) be a compact interval and E < oco. Only finitely many classes satisfy
Epn(t) < E for somet € I, and there is C = C(I, E) such that |Ey, n(t) — Empn(t)] <
C|t —t'| for these classes and all t,t' € I.

Proof. (i) By (2.10), and since [n/t, mt] runs over Ay, when (m,n) runs over Z2,

00 =% > (Ot topmsemg) = 300+ D 3Ot/ +H0—mtgF0m/tmT0—(n/tmi)-
(m,n)ez? {£(mn)}

If [u,v] = (P, Q), the four points +[u, v], £[v, u] are the points (£ P, +@Q) with all combinations
of signs. Hence the term of a class is the state measure of the state with the weights of [m¢,n/t],
that is, with dimension E, ,,(t) and spin mn.

(i) By (i) and (2.12), 1p% + 2pF is 6y plus the measure of the family of all states
(Emn(R),mn) and (Ep,,(t),mn). By (2.3), tyac is dp minus the state measures of (1,1)
and (1,—1) plus the state measure of (2,0). Since 2R is an integer, the class of (0,2R) con-
tributes the state (Ep2r(R),0) = (2,0), which cancels the last term. The remaining assertions
are immediate.

(iii) If B, (t) < E with t € I, then |m| < v2E/min I and |n| < v2Emax 1. For such
classes Oy By n(t) = m*t —n?/t3 is bounded on I. O

Lemma 6.2 (Windows). Let R, T > 1 be half-integers, let (Ey, so) € RxZ, and let Wy (Eo, s0)
be isolated for S(R,T). Let Ny be the number of states of S(R,T) with dimension Ey and
spin sg.

(i) There ise1 > 0 such that for [t—T| < €1 the states of (R, t) with spin so and dimension
in (Eg — 2n, Eg + 2n) are the fized states equal to (Ey, so) and the moving states of the
classes with mn = sg and Ep, ,,(T) = Ey. Their number is Ny, and their dimensions lie
in (Ey —n, Ey +n).

(ii) If an admissible sequence of gap g converges to o(R,T'), then for all sufficiently small a
in the sequence exactly Ny states of p, have spin sg and dimension in (FEo—2n, Eg+2n);
their dimensions lie in (Ey —n, Ey + 1) and converge to Ejy.

Proof. (i) By Lemma 6.1(ii) the family &(R,T) consists of the fixed states and of the moving
states at t = T, so Ny is the number of states described in (i). The fixed states do not
depend on t; those with spin sy and dimension in (Ey — 27, Ey + 2n) are equal to (Ey, so),
by isolation. By Lemma 6.1(iii), finitely many classes have mn = so and Ep, »(t) < Eo + 27
for some t € [T, 2T, and for a suitable e1 < 3T they satisfy |Ep () — Epn(T)| < n when
|t —T| < e1. For such a class either E,, ,(T') = Ey, or |Ey, (1) — Eo| > 3n by isolation, and
then |Ey, »(t) — Eo| > 27.

(ii) The windows W, (Eo, so) and Wa,(Ejy, s0) are bounded, open and invariant under the
reflections. A boundary point has spin sy * %, or it has integer spin sy and squared norm
Ey £ n, respectively Ey & 2n; by isolation and the integrality of the spins of o(R,T), the
boundaries do not meet supp o(R,T'). Both windows contain the same Ny states of o(R,T),
and Corollary 2.11 gives the claim. O

Remark 6.3. The parity hypothesis (iv) of Definition 2.1 is not used in this section. The
only symmetries used are the two reflections P — —P and @) — —@, under which p, and pu,
are invariant by construction. In particular the spaces of Section 6.2 are defined by evenness
alone, and clusters of opposite spins are treated independently.
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6.2 A quantitative projection onto the invariant distributions

Corollary 4.13 describes the even tempered distributions supported in I' that are invariant
under S and C. We need a stable version: a distribution on I' that is exactly invariant under
C and almost invariant under S, as measured by finitely many tests per unit area in a window
of logarithmic size, is close to an invariant one on every fixed compact set. In this subsection
d > 1 is an arbitrary integer and I', by, by are given by (6.1); T and U denote distributions.

Polynomial combs. Let ¢ > 1 be an integer. Let W, be the space of distributions

U= Z Z ch,a(z)aaaz (6.6)

cel'/TV |al<g 2E€C

that are even, where each p. . is a polynomial on R? of degree at most ¢ in each of the light-
cone coordinates u and v. Here 9% = 03! 882 as in Section 4. A polynomial is determined
by its values on a coset of 'V, so the polynomials in (6.6) are determined by U, and W, is
a finite-dimensional space of tempered distributions of local order at most ¢ supported in I'.
We write ¢\ (2) = pca(z), 2 € ¢, for the coefficients of U in (4.1), fix a norm || - || on W,, and
put

Vo={UeW,: SU=U, CU=U}

Neither S nor C maps W, into itself.

Lemma 6.4 (The invariant subspace). The space V is the space of all even tempered distri-
butions of local order at most q that are supported in I' and invariant under S and C. It has
the basis (4.19),

(ro:Ypl,  reRy, 0<j<q, jevenifr=1L.

Proof. Every element of V, is an even tempered distribution of local order at most ¢, sup-
ported in I' = d~'A; and invariant, so by Corollary 4.13 it is a combination of the displayed
distributions, which are linearly independent. It remains to show that each of them belongs
to Wy; it is even and invariant by the same corollary. By (4.18) it suffices to show that Kle,
has the form (6.6) for r € R4 and j < ¢q. The lattice A, is contained in I" by Lemma 4.12, and
it contains I'V: for r = k/d with k | d* we have [d, 0] = [(d?/k)r,0] and [0,d] = [0, k/r]. Hence
A, is a union of cosets of I'V. As operators on distributions, K = ud, — v0, = 9, 0u — 9, o v,
and by induction on j, using uo 9, = % ou —i 9,1 and the same relation for v, the operator
KC7 is a combination of operators 979! ou’v! withi+1 < j, i < jandl' < j. Since 8, and 9,
are combinations of dp and 9g, (4.4) shows that K’e, is of the form (6.6) with polynomials
of degree at most j < ¢ in each of u and v. O

Thus V, does not depend on the choice of the comb space beyond its order: it consists
of radius-derivative jets, of order at most ¢, of the circle measures of all radii in R;, the
self-dual radius included.

Lemma 6.5 (A finite-dimensional projection). Let ¢ > 1. There are a finite family F, of
functions of the form X76_2”|X‘2, a linear projection Il of W, onto Vg4, and a constant C,
all depending only on d, q and the norm, such that for every U € W,

U= TIU] < Cmax (8 = DU, /)] +[((€ = 1)U, f)])- (6.7)

Proof. Let D be the linear span of the functions XWe_%'X‘Z, v € 2220- It is the span of the Her-
mite functions and is dense in the Schwartz space. We claim that for every finite-dimensional
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subspace Y of the space of tempered distributions there are finitely many monomial functions
fi,..., fr € D such that U — ((U, f;))i<k is injective on Y. Indeed, the image of the linear
map from D to the dual space Y*, f — (-, f), is a subspace of Y*. If it were a proper sub-
space, some nonzero U € Y would satisfy (U, f) = 0 for all f € D, and hence, by density and
continuity, U = 0. So the map is onto, and finitely many of the spanning monomial functions
are mapped onto a spanning set of Y*.

Apply the claim to the finite-dimensional spaces (S — I)W, and (C — I)W,, and let F; be
the union of the two families obtained. The linear map

D:W, T x i, U= (((8-1DV, ), (€~ I)U,f))fef

then has kernel exactly V,. Choose a complement W, =V, @Y, and let II, be the projection
along Y,. The map D is injective on the finite-dimensional space Yy, so ||Y|| < C||DY||« for
Y €Y,. Applying this to U —II,U € Y, and using ©II,U = 0 gives (6.7). O

The lemma bounds the distance to the whole invariant subspace, and not only a linear
functional that vanishes on it. The constant is not explicit.

Probes. Fory c I and 8 € Ay let 1, g be the function v of Lemma 4.18 for the single coset
¢; = I', written with z; = 0 and the forms ¢; 1 (X) = du, £12(X) = dv, for the point y, the
order ¢ and the index 8. Thus 1, g = t1)y with

Po(X) = e 2mIX -l [sinc(wd(u — uy)) sinc(md(v — vy))} ™

and t the Taylor polynomial of degree ¢ at y of (—1)IP/(X —y)?/(B!10(X)). This construction
depends on X and y only through X — vy, so

Uys(X) =thop(X —y), yel. (6.8)

By Lemma 4.18, 1) g is a finite sum of functions m[p, z] as in Lemma 4.17, and for every
tempered distribution U supported in I' and of local order at most g,

(U, 4, 5) = the coefficient of 8°4, in U. (6.9)
With the characters y,(X) = e2™B@X) of Section 4.1 put

w, = (Xb, — 1)‘5"*'1 (t=1,2),

6.10
PQ(Q):{WLS¢y,B: LE{l,Q}, ﬁEAq’ yel, |uy‘7|vy’ SQ} ( )

Since xp, (X) = €™ and xp,(X) = >™  the function w, vanishes to order ¢ + 1 at every
point of I'.

Proposition 6.6 (Quantitative grid projection). Let d,q > 1 be integers, let Ay > 0 and
Ay >0, and put Dy = 4A,/m. Let F; and 11, be as in Lemma 6.5. For every compact set
K C R? there is a constant Cx, depending only on d, q, Ay, Ay and K, with the following
property. Let 0 < b < e™!, H =log(1/b), Cy < oo and € > 0, and let

T= Z Z ca(2) 090,

z€I' |a|<q
be a distribution such that

(i) |ca(2)] < Co(1 + |Z\)A° forall z €T and |a] < q;
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(7i) T is even and CT =T;
(iii) [((S— DT, f)| <e for every f € Fy and every f € Py(v/DoH + (q+ 3)d).
Then there is V € V4 such that

—(z)] < A Ay :
max lrg‘zg;]ca(z) ca(z)|_CK(€(1+H) +Cob ) (6.11)

The mazimum includes the coefficients of order zero.

No reference measure is subtracted from T, the coefficients of T need not be small any-
where, and the number Dy, which fixes the window of the probes, depends only on Aj.

Proof. Constants called C' depend only on d, ¢, Ag and A;. By (i), T is a tempered distribution
of local order at most ¢ supported in I'.

Step 1: differences. Let D, = (1p, — I)?"1. Since 7,0, = 0z, the distribution D, T is
supported in I, has local order at most ¢, and its coefficient at 9° dy is the forward difference

g+1 _ « gtk (a1
(At lep)(y) = D (-1 L | sy + kb, (6.12)
k=0

By (4.2), D, =Sw,S™!. As T is even, S™'T = ST, and w, T = 0 by Lemma 4.1(ii). Hence, by
(6.9),
(AT ep)(y) = (DT, 9hy) = (w. ST, Sy 5) = (S — DT, w, Sty ),

and by (iii)
[(Aflep)(w)| <& fory €T, Juyl, vyl < VDoH + (¢+3)d, v € {1,2}, [B| <q. (6.13)

Step 2: interpolation in one variable. Let N’ > q be an integer, let ¢ be a function on
{—N’,..., N} whose forward differences satisfy |A%"tc(i)| < e for —N’ <i < N'—q—1, and
let p be the polynomial of degree at most ¢ with p(i) = ¢(i) for 0 <1 < ¢g. Then

le(i) —p(@)] < e(g+ [T (Jif < N). (6.14)
To see this, let e = ¢ — p, so that e(0) = --- = e(q) = 0 and A?Te = A?"c. We show
le(i)] < e( 1) for 0 <4 < N’ by induction on ¢ > 0. For ¢ = 0, e(i) = X;; Ae(l) and

e(0) = 0. For ¢ > 1 the function Ae vanishes at 0,...,q — 1 and its differences of order ¢ are
bounded by ¢, so |Ae(l)] < E(é) by the induction hypothesis, and |e(i)] < e >, (f]) = (1)
Only the differences A%t1¢(l) with 0 <1 < i — g — 1 are used. For negative i apply this to
é(i) = e(q — i), which vanishes at 0,...,¢ and satisfies AIT1¢(i) = (1)1 A e(—i — 1);
this gives |e(d)| < e(f]) for —N" < i < 0 and uses the differences at 7,...,—1. Finally

(48 < (g + 1D+,

Step 3: interpolation on a coset. Put
N' =[VDoH/d] +q+1,  Qu={[u,]: |ul,|v|] < VDoH}.

Fix a coset ¢ of TV in T, let z be its point with w,v € [0,d), fix a, and let c(ny,ngy) =
Ca(2ze + niby + naby). The point z. + nib; + ngby has light-cone coordinates wu,, + nid and
vy, + nad. If it lies in Qg, then |ni|,|n2| < N'; and if |nq],|ne| < N’, its coordinates are
bounded by d(N'+1) < /DoH+(q+3)d. By (6.13), the differences of order g+1 of ¢ in each of
the two variables are therefore bounded by ¢ whenever their stencil lies in {—N’,..., N'}2. Let
p(n1,ns2) be the polynomial of degree at most ¢ in each variable with p = c on {0, ...,q}?, and
let Co, ..., 4, be the Lagrange polynomials of the nodes 0, ..., ¢; they satisfy |¢x(7)| < (¢ +|i|)?
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for integers 7, because the denominators [, [k — | are at least one. For 0 < k < g the
function p(-, k) is the interpolating polynomial of ¢(-, k), so (6.14) gives |c(n1, k) — p(ni, k)| <
e(q + |n1])?*1. For fixed n; the interpolating polynomial of ¢(ny,-) is 34 £x(n2)c(n1, k), and
p(n1,n2) = > lk(n2)p(ni, k). Hence, for |nq|, |na| < N,

q
|e(n1,n2) — p(n1,n2)| < g+ n2)? + D [k (n2)] e (g + [na )7
Pt (6.15)

< (g+2)(g+ N2+ e < O (14 H)tHe,
Moreover, by (i) the (¢ + 1)? initial values are bounded by CCy, so

p(n1,m2)| <Y [i(n)]|ek(n2)||e(i, k)| < C Co (g + [n1])?(q + [n2))?. (6.16)
ik

Let p o be the polynomial on R2 with De,a(2c +n1b1 +n2b2) = p(ng, n2); it has degree at most
q in each of v and v.

Step 4: a comb close to T. Let U° be the distribution (6.6) formed with the polynomials
De,o Of Step 3, and let U= % > 8:U° be its average over the group of the four maps (P, Q) —
(£P,£Q). Each of these maps preserves I' and I'V, maps 9%, to £0%0g., and permutes the
light-cone coordinates up to signs; hence g,U° is again of the form (6.6), and Ue W,. Since
T is even, T — U= %Eg g«(T — U°), and the square Qg is invariant under the four maps.

Writing &, for the coefficients of U, we obtain from (6.15) and (6.16)
lca(2)—Ea(2)] < CA+H) e (2 € TNQg), ICa(z)] < CCy (1—Hz\)2q (z el). (6.17)

Step 5: the defects of U. Let G be one of the functions f, Sf, (e2m (P2-Q%) _ 1)f with
f € F4. Each of them is a polynomial times e —2m|X|? , times a function all of whose derivatives
are polynomially bounded on R?; for Sf this follows from Lemma 4.17(ii) with z = 0. Hence
10°G(X)| < Ce™XF* for real X and |a| < q. The pairing of the tempered distribution T — U
with G is the absolutely convergent sum of the terms (—1)!%(cy — & )(2) *G(2). A point
z €D\ Qp has |2|? = $(u2 +v2) > $DoH, hence el < e_”DoH/4e_”|z‘2/2 = pAre—ml="/2,
By (i) and (6.17),

|<-|- . D,G>| < C(l + H)q—HsZ 6—7r|z|2 + CCO bA1 Z(l + |Z|)Ao+2qe—7r|z\2/2
z€l z€l (6.18)
<C((14 H)" e+ Cob™M) =: ¢,

For f € F, we have (S—DU, f) = (S—=I)T, f) = (T—=U,Sf — f) and, by (i), (C— 1)U, f) =
—(T = U, (e27UP*=Q%) _ 1) f). By (iii) and (6.18) both are at most € + 2¢’ in modulus.

Step 6: projection. Put V = II,U € V,. By (6.7), |lU—V|| < C(e+¢'). For fixed z € T
and « the coefficient U +— cY(2) is a linear functional on the finite-dimensional space Wy, so
|6a(2)—cY(2)| < O (e+¢') for the finitely many z € TNK. If K C Qg, the first bound of (6.17)
gives (6.11). If K ¢ Qp, then b is bounded below by a positive number bx depending on K
and Dy, and (i) and the second bound of (6.17) give |co(2) — éq(2)| < CLCH < C}’(b;{Al Co b1
on K. O

6.3 The reconstruction operator

We now construct a linear operator, fixed once ¢ is given, which recovers every element of
every space V, from finitely many of its local coefficients, and which sends the Fock measure
of a partition function to a positive combination of at most four circle measures. The grid is
again (6.1) with the integer d of (5.66).
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Fix a prime p > d? and put
E(t) = Bip(t) = 5( +p*/t?),  E(1/t) = Epa(b).

Since E'(t) = t — p?/t3 < 0 for 0 < t < \/p, the function E maps (0,/p) diffeomorphically
onto (p,o0); we write E71 @ (p,00) — (0,/p) for the inverse of this restriction. The classes
with mn = p are those of (1,p) and (p,1). By Lemma 6.1(i), for every ¢t > 0,

the family of % pF — %50 has exactly two states of spin p; their dimensions are
E(t) and E(1/¢).

The radii of Ry lie in [1/d,d] C (p~/2,p'/?), so the numbers E(r), 7 € Ry, are distinct and
greater than p; let go > 0 be the smallest distance between two of them. Choose 7, € (0, 1]
such that

(a) 8nx < go and E(d) — 21, > p;

(6.19)

(b) for every r € R with r > 1 and every E with |E —E(r)| < 2n, we have |[E(1/E7!(E)) —
E(1/r)] < 390
Condition (b) holds for small 7, by continuity. For r € R} put

9,(E) = ﬁ(E_mE(r)), ¢ = {

, r>1,

= N

, r=1.

By (a) the supports of the functions 9, are pairwise disjoint and contained in (p,0). For a
weight test ¢ let fy(t) = (pf, #), t > 0, and define

(Plp)(X) =0 (P? = Q> —p) G4(IX]?),  Gu(BE)= Y . 0.(BE)fy(E"'(E)), (6.20)
’I’ER;

where the term with index r is zero outside the support of J,. For a distribution U on R?
we define P,U on weight tests by (P.U,¢) = (U, P.¢). The clusters of spin p and dimension
E(r) are the private clusters; there is one for every radius of R}, whether or not it occurs in
a limit.

Lemma 6.7 (The reconstruction operator). The map P, is linear, depends only on g, and
has the following properties.

(i) Pl is a weight test for every weight test ¢, and for every state (A, s) with weights (h, h)
(An ® Ay, Pig) = 152y Go(D). (6.21)
(77) Pitrae = 0.
(iii) For every r € R;r there is an open interval I, > r such that P*pf = ptF fort € 1., that
is, {pf', PLo) = (pF, d) for every weight test ¢.
(iv) P,V =V for every ¢ > 1 and every V € V,.

(v) Let an admissible sequence of gap g converge to o(R1, Ra) with half-integers Ry, Ry, and
forr e R} put
Ny = #{’L S {1,2} ‘R, = 7‘} . (1 + 1{T:1}).
For all sufficiently small a in the sequence and every r € R;L, exactly n, states of p, have
spin p and dimension in (E(r) — 2n., E(r) 4+ 2n.); their dimensions A1 < -+ < Ay,
lie in (E(r) — 0w, E(r) + 1), the radii t,; = E7Y(A,;) converge to r, and

nr
Pila= Y &Y pr D> <4 Y cn =1 (6.22)
T A

rer} =1
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In (v) only the radii » € {R;, R2} have n, # 0. The private clusters of all other radii of
R are needed for (iv), and they are empty for small a.

Proof. (i) We have f4(t) = § 32,,, , (¢([mt, n/t]) + ¢([m/t,nt])). Since ¢ has compact support,
for ¢t in a compact subset of (0,00) only finitely many terms are different from zero, so fy is
smooth. Hence G is smooth and compactly supported on R, and P.¢ is the weight test with
O(h,h) = 9 (h — h — p) G4(h + h). Formula (6.21) follows as (6.5).

(ii) By (2.3) the measure 1y, is a combination of the state measures of (0,0), (1,£1) and
(2,0), none of which has spin p.

(iii) By Lemma 6.1(i), (6.19) and (6.21), and since (P;¢)(0) =

(o Plo) = 2G4 (E(1)) +2G4(E(L/1),  t>0. (6.23)

Let > 1 and I, = {t € (0,/p) : |E(t) — E(r)| < n«}. For t € I, we have ¥,(E(t)) = 1,
19T/(E(t)) = 0 for v’ # r, and E"1(E(t)) = t, so G(E(t)) = 3fs(t). By (b), E(1/t) is within
390 of E(l/r) As 1/r € Rq\ Ry, the number E(1/r) is at distance at least g from every
E(r'), ' € R, so E(1/t) is at distance at least gy > 4, from them and G4(E(1/t)) = 0
Thus (6.23) equals fs(t). For r = 1 let I; be the set of t € (p~1/2,p!/2) with |E(¢) — E(1)| < s
and |E(1/t) — E(1)] < my; it is an open interval containing 1. For ¢ € I; both E(¢) and E(1/t)
lie where 91 = 1 and all other cutoffs vanish, and E~1(E(t)) = t, E"}(E(1/t)) = 1/t. Hence
(6.23) equals 1f,(t) + 3f,(1/t) = f4(t), because pf/t =pi.

(iv) By Lemma 6.4 it suffices to treat V = (rd, ) pl with r € R}. By Theorem 4.11(iii),
V is the distribution f + (t0;)7(pf, f)|i=» on Schwartz functions, so we have for every weight
test ¢

<V7P>:¢> = (tat) pta ¢ |t r tat) <p57¢>|t:7n = <V7 ¢>7

since the two functions of ¢ coincide on the open interval I, by (iii).

(v) By Lemma 6.1(ii) and (6.19), the states of spin p of o(R1, R2) have the dimensions
E(R;) and E(1/R;), i = 1,2. Since 1 < R; < Rpyax by Theorem 3.5, all four radii belong
to R4. By (a), such a state has dimension within 3n. of E(r), r € R}, only if its radius
equals r, in which case the dimension is E(r); this happens for R; = r, and for 1/R; when
R; = r = 1. Hence W,, (E(r),p) is isolated for G(Ry, R2) and contains n, of its states, and
Lemma 6.2(ii) gives the statements about the states of p,; the convergence ¢,; — r follows
from the continuity of E=. By (ii) and (6.21),

May Z G(j) Z Crzfqb r,i )

Jisj=p rer) =1

because a state of spin p with 9,(A;) # 0 is one of the n, states above, for which ¥,(A;) =1
Finally 3>, n, = 37(1 4+ 1(g,=1y) <4 and 32, ¢ne = 32, cp, (1 + 1(p,=1y) = 1. O

6.4 The Taylor array of the spectrum and the normal form

We expand the spectrum of an admissible partition function to a finite order about the
grid points supplied by Corollary 5.24. The resulting distribution satisfies the hypotheses of
Proposition 6.6. The estimates must be uniform for probes centred anywhere in a window
of radius of order \/H,, and for their Fourier transforms, which oscillate with frequencies of
that order. A Gaussian envelope centred at the origin, as in Lemma 2.6, would lose a factor
exponential in H, for such functions. We therefore use the following pointwise form of that
lemma.

For real z let J(xz) C C be the set {r/z : =1 <7 < 1} if # < 2 and the set {£\/z} if
x > 2, where \/z = i./]z] for x < 0.
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Lemma 6.8 (Pointwise bounds for weight derivatives). Let F' be an entire function on C?
and k > 0 an integer. For all real h,h and all i +1 < k,

10,0 F*(h,h)| < C max{|0°F(P,Q)| : |a| <2k, P € J(h), Q€ J(h)},
where Cy depends only on k.

Proof. First let ¢ be an entire function of one variable, ¢(h) = 3(¢(V'h) +¢(=vh)) and i > 0.
We claim that | (h)] < C;max{|¢V(P)|: 1 < 2i, P € J(h)} for real h. For i = 0 this is
clear, since +v/h € J(h). For i > 1 and h < 2 it follows from (2.19), in which the points tv/h
lie in J(h) and the weight (1 —#2)i=1/(4%(i —1)!) has integral at most one. For i > 1 and h > 2
it follows from the second statement of Lemma 2.5, in which the coefficients h~(2=0/2 are
at most one. Now fix a real h and let G(P) = - [3(F(P, Vh) 4+ F(P,—vh))], the derivative
being taken in the variable h of the even evaluation in Q. Then G is entire, 6};8%F 9(h, h) is
the i-th derivative at h of 3(G(vVh) + G(—V/h)), and GU)(P) is the same expression as G(P)
with F' replaced by (%QF . Applying the claim first in the variable P and then, for each fixed
P € J(h), in the variable @ gives the lemma. O

Lemma 6.9 (Jets and weight tests). Let X = (P, Q) be a real point, k > 0, and let (P, Q) =
O(P?,Q?) be a weight test. With the distributions Tg’;) of (4.35),
k d*
<T_(X)a¢> = T@’ ¢=0 ®(P2 + %’ Q2 + %)
Proof. By (4.35) and the chain rule it suffices 1:0 show that <A(l ® Ay Q) L) = ahal (h, h) for

h,h > 0, and for this it suffices to show that ( h ,gf)l) = 0 (h) for h > 0, when 6 is smooth

on R and ¢1(P) = 6(P?). For h > 0 this is the definition of A(‘) because (Ap, p1) = 0(h).
For h = 0, Taylor’s formula for 6 at 0 gives ¢1(P) = ZKl ( )P2l/l‘ + O(P?%%2), hence
61 (0) = 200 (0), and A = 2568, 0

The Taylor array. Let Z be an admissible partition function of gap g at ¢ = 1 + 12a, let
n > 1 be an integer and M > 0, and suppose that a < ajs, the threshold of Corollary 5.24.
For every state with A; < MH, let x; = (P;,Q;) € I be the grid point [m/d,n’/d] which

that corollary associates with the physical point (y/h;, y/ Bj), and put
G=A05— g5 thus  PP—Qi=s;, |G| < Cub HY? (6.24)

The Taylor array of order n is the distribution

To=ltact D, Z 4 1. (6.25)

]A<MHa10

It differs from the distribution of Lemma 4.21 in that the expansion is about the physical
weights: the central shift is not included in (;, and the vacuum is the physical measure vy,c.
The terms with [ = 0 are the state measures of the states (|z;|%,s;), so the coefficients of
order zero of T, count the states associated with each grid point; no comparison measure is
subtracted.

Lemma 6.10 (The Taylor array). Let n > 1, ¢ = 2n and Dy > 0, and let
8(n+3) }

s

M > max{8Dy + 8(2q +4)%d* + 1, (6.26)

There are ag > 0 and C' < oo, depending only on g, n, Dy and M, such that for every
admissible partition function of gap g at ¢ =14 12a with 0 < a < ag the Taylor array (6.25)
has the following properties, where b =10, and H = H,,.
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(i) Tq is an even distribution with finite support contained in I", of local order at most q,
and CT, =T,.

(ii) Its coefficients satisfy |ca(2)| < Co(1 + |2])? for z € T and |a| < q, with a constant Cy
depending only on g and n.

(iii) For every f € Fy and every f € Py(v/DoH + (¢ + 3)d),
(S = D)Ta, )| < C(a+ ") (1+ H)>H, (6.27)

(iv) For every weight test ¢ there are Cy and ay > 0, depending in addition on ¢, with
{ta, ®) — (Ta, ®)| < Cp ™11 + H)3HD/2 for a < ay.

Proof. Throughout, a < aj; is so small that a < min{l—%, igz}, b < e ! (sothat H> 1 and
VH <1), MH > 1, CybH3/?2 < 1 and 2ra(MH + 2) < 1; this is possible because a < b?
and b — 0 uniformly. By (2.23) the number of states with A; < E is then at most eA,E for
1<E<MH+2.

(i) The sum is finite. Each ng) with [ < n is even, supported in the set of the reflections
of x;, which is contained in I', and of local order at most 2n; the measure vy,. is even and
supported in V' C A; C I'. For the phase, let X = (P,Q) be real with P2 — Q? € Z and
let f be a polynomial. The even evaluation of e27ri(P2_Q2)f is eQWi(h_E)fh(h, h), and along
(h,h) = (P? + %,QQ + %) the first factor is identically one; by (4.36), <CT§? ) = <Tg?,f>.
Both sides are distributions of finite order with the same finite support, and polynomials
realize arbitrary jets at finitely many points; hence CTE? = Tg?. This applies to the points
x; and to the terms of vyac, all of which have integral spin.

(ii) For h > 0 and k£ > 1 the distribution A;lk) is a combination, with coefficients depending

only on k and [, of h~(2k=/2 (5%—1—(—1)1(59@), 1 <1 <k, up to signs, by the second statement
(2k)

of Lemma 2.5; and Aék) = %50 . A nonzero momentum coordinate of a point of I' has

square at least (2d)~2. Hence the coefficients of ng, [ < n, are bounded by a constant

depending only on d and n, and so are those of the contribution of the state j to (6.25),
because |(j| < 1. A state contributes at a point z € I' only if z is a reflection of z;; then
|22 <A;j+1< MH+1and Aj < |z +1 < MH + 2, and there are at most eAy(|z|? + 1)
such states. Adding the coefficients of vy, gives (ii).

(iii) The tests. Let g range over the finitely many functions g g, Stz (8 € Ay) and f,
Sf (f € F;). Each is a finite sum of functions m[p, 2], by Lemmas 4.18(ii) and 4.17(ii), and
Lemma 4.17(iii) gives a constant C; with

0°g(X)| < Cre ™R X for ja| < 2n+2, [ImP|,|ImQ| < 1. (6.28)

Let f = w,S¢y 3 be an element of Py(v/DoH + (q + 3)d). By (6.8), ¥y 3 = 7—y10 g, and by
the rules S(7_wf) = XwSf, S(Xwf) = 7Sf and S?f(X) = f(—X) of Section 4.1,

g+1
_kfg+1
f=> (=nrt k( i >Xy+kbL Svo,8,
k=0

q+1

(8H(X) = (T F ("’Z 1) Vo,5(=X —y = kb,).

k=0

Thus, for every f in F, or in Py(v/DoH + (¢ + 3)d), both f and Sf are combinations, with
coefficients of total modulus at most 291!, of functions F of the following two types, where g
is as above and ¥/, ¢ € R? satisfy

'], 1€l < om == VDoH + (2¢+ 4)d : (6.29)
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(I) real translates and reflections, F'(X) =g(X —¢') or F(X) =g(—-X —¥);
(IT) modulations, F'(X) = x¢(X)g(X) = e2mBXOg(X).

Indeed the light-cone coordinates of y + kb, are bounded by vDoH + (2q + 4)d, and |z|? =
2(u2 +v2) < max{u2,v2}. For type (I), (6.28) gives |0°F(X)| < Cre ™ ReXFY1” on the strip
|Im P|,|Im Q| < 1, uniformly in 3. For type (II), the derivatives of order k of e?™B(X£)
are bounded by (4r|¢|)Fet™ImXIEl " since B(X,¢) = 2(PP: — QQ¢). On the thin strip
|Im P, |Im Q| < +/a/2 we have |Im X||¢| < aoy < O, because aH < b*H < 1. Alto-

gether, for both types and |a| < 2n + 2,

e IR XFYE (type 1),
9% F(X)| < Ca (1 + H)" x {e—ﬂlReX2 ore I P Ja/2. (6.30)

The loss is polynomial in H and uniform in ¢ and £. All these functions belong to Go,
which is stable under real translations, reflections and multiplication by exponentials. By
Lemma 2.4, L,(f) = Lo(Sf), and therefore

(8=D)Ta, f) = [La(f) = (Tas )] = [La(SS) = (Ta, SS)]. (6.31)

It suffices to bound L,(F) — (T,, F)) for F of type (I) or (II).
The decomposition. For a state with A; < MH let ®;(¢) = Fh(Pj2 + %,Q? + %) Since

Pj2 = 1(|zj|*+s;) and hj = (Aj+s;), and likewise for Q? and h;, we have ®;((;) = Fi(hj, h;),
and by (4.36) the pairing of the terms of the state j in (6.25) with F is the Taylor polynomial

of degree n of ®; at 0, evaluated at ;. Hence

La(F) = (To, F) = 3 ()M [FA(k = §,1— §) — F¥(k,1)]

k,1e{0,1}

+ ) [Fh(hj — 50— %)~ Fu(hjvﬁj)} (6.32)
jiA<MH

+ > Remn[®)(¢G)+ >, Fi(hj—%.hi— %),
J:A;<MH JiA;>MH

where Rem,, is the Taylor remainder of order n at 0.

Taylor remainders. For ¢’ between 0 and ¢; the point (Pj2 + %,Q? + %) lies on the
segment from (sz,sz) to (hj, hj), so both its coordinates are nonnegative, and the sets J
§n+1)
derivatives 8282*1*’]7” at this point. By Lemma 6.8 with £ = n+1 and (6.30), \q)gnﬂ)(C’ﬂ <
C(1+ H)™"'. With (6.24) and the bound eA,M H for the number of states,

of Lemma 6.8 at these coordinates are real. The derivative ® (¢) is an average of the

3 [Rem,[®,](¢))| < CH (1 + H)" H(CubHY?) ™ < €™ (1 + H)> .
jiA;<MH

Central shifts. For real h, h >0,

- a

_ 1 _
Fih— 3,k = §) = Fih ) = =5 [ (00 + ) Fo(h = 3, h— ) dr.

The arguments are real and at least —g, so the points of the sets J at these arguments have
imaginary parts of modulus at most v/a/2. By Lemma 6.8 with k = 1 and (6.30) the difference
is at most Ca(1+ H)""! in modulus. Summing over the states with A; < M H and the four
vacuum weights, the first two sums of (6.32) are bounded by Ca(1 + H)"+2.
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Tails. Let Aj > MH and let X = X7, be a shifted point of the state. By (2.16),
|Im P|,|Im Q| < /a/2 and |[ReX|? > Aj —a > MH — 1. By (6.29) and (6.26), 40% <
8DoH +8(2¢+4)%d? < (M—1)H < MH—1,s0 |y/| < 1| Re X|. Hence |[Re X Fy/| > 3| Re X]|,
and (6.30) gives, for both types, |F(X)| < C(1 4 H)"tle~5(45=%) By (5.2) the same bound
holds for F%(h; — %,hj — ). By (2.24) with 8 = T and Ey = M H, where 8 — 2ma > Z,

S e iY <CHe sMI = CcHYME <0 HP,
JiA;>MH

by (6.26). The last sum of (6.32) is therefore at most Cb"*+2.

Adding the three bounds and using (6.31) gives (6.27).

(iv) Let ¢(P, Q) = ©(P% Q%) and let E4 be an upper bound for h + h on the support of
©. For a state with A; < M H put ®;(() = @(Pj2 + %, Q? + %) By Lemma 6.9 and (6.25),

(tard) = (Tad) = > Remu[®](¢G)+ > O(hy hy).
J: A <MH J: A >MH
Let a be so small that MH > E,; + 1. Then the second sum vanishes. Since |(;| < 1, a
term of the first sum can be different from zero only if A; < Ey + 1, which holds for at most

eAy(Es+1) states, and each term is at most |¢;|"*! times a bound for the derivatives of order
n+ 1 of ©. The claim follows from (6.24). O

Lemma 6.11 (Normal form). Let 0 < g < % and let P, be the operator of Lemma 6.7. For
every integer n. > 1 and every finite set KC of weight tests there are constants C,, K, and
an > 0, depending only on g, n and IC, such that every admissible partition function of gap g
at c =14 12a with 0 < a < a, satisfies

[{tta = Papta, #)| < Cn (a +b571) (14 Hy)" " (¢ € K). (6.33)

One may take K, = 5n+5. Along an admissible sequence converging to o(Ry, Re) with half-
integers Ry, Ry, the measure Py, is, for small a, the positive combination (6.22) of at most
four circle measures with total weight one.

Proof. The choices are made in the following order. First, g determines d, the grid I', the
prime p, the cutoffs and P.. Secondly, n determines ¢ = 2n and, by Lemma 6.5, the family
F, and the projection II,. Thirdly, we apply Proposition 6.6 with this ¢, with Ay = 2 and
A1 = n+2; this fixes Dy = 4(n+2)/m. Fourthly, we fix M satisfying (6.26) for this Dg. Only
then do we invoke Corollary 5.24 with this M, which provides Cj; and aps, and Lemma 6.10.
No earlier choice depends on a later one: F,, II; and Dy do not depend on M, and by
Lemma 6.10(ii) neither do the exponent Ay = 2 and the constant Cp.

Let a be small and let T,, be the Taylor array (6.25) for these n and M. By Lemma 6.10(i)—-
iii) the hypotheses of Proposition 6.6 hold for T = T, with b = b, and € = C(a + b2F1)(1 +
H,)3"*4. Hence there is V, € V, such that, for every compact K,

Ta A n+1 5n+5 n+2
max ﬁag};‘ca (2) — eat(2)] < C’K((a—i—ba )J(1+ H,) + bl ) (6.34)

Let ¢ € K and x = ¢ — P.¢, a weight test by Lemma 6.7(i). Then

<,UJa - P*/iayfb) = <:U’a7X> = [<MaaX> - <Ta7X>] + <Ta - VaaX> + <Va7X>'

The last term vanishes by Lemma 6.7(iv). The first is at most C, b2+ (1 + H,)3("+1/2 by
Lemma 6.10(iv). The second is the finite sum of the terms (—1)l*l(cle — cYa)(2) 8*x(z) over
z € I'Nsupp x and |a| < ¢, and is bounded by (6.34) with K = supp x. This proves (6.33).
The last assertion is Lemma 6.7(v). O

The bound (6.33) holds for each fixed n and each fixed finite set of tests; it is not uniform
in a window growing with H,. The operator P, does not depend on n or on the tests.
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6.5 Pairing, pinning and the comparison measure

The combination (6.22) is not yet of the form % Pl + % pF: at the self-dual radius it consists
of circles of weight 1, and none of its radii is an exact half-integer. Both defects are removed
by comparing finitely many moments of clusters. The moments are converted into positions
by the following elementary lemma, which requires no separation between the points.

Lemma 6.12 (Moment matching). Let k > 1 be an integer.

(i) There is a constant Cj, with the following property. Let y1 < --- <y and yy < --- <y,
be real numbers in [—1,1], let 0 < e < 1, and suppose that

k k

’ny —Z(yé)l\ <e  for1<I<2k-1.

i=1 i=1
Then |y; — yt| < Cy e =1 for all i.

(it) Let yy < --- < yg and yj < --- <y, be real, let e > 0, and suppose that |y; — y;(i)| <e

for all i and some permutation 7. Then |y; — yi| < e for alli.
For k < 4 the exponent in (i) is at least %

Proof. (i) Suppose that o = |y; — y}| > 0 for some i; exchanging the two families we may
assume y; < y;. For x € [y;,y.) at least i of the numbers y; and at most ¢ — 1 of the numbers
y; are at most x. At most 2k — 2 of the 2k numbers y;,y; lie in the open interval (y;,y;),
and they divide it into at most 2k — 1 intervals. Hence there is an interval (a, 8) C (y;,y,) of
length at least o/(2k — 1) that contains none of the 2k numbers. Fix a smooth function sy on
R with sp = 1 on (—00,0] and sp = 0 on [1,00), and let s(z) = so((x — ) /(8 — «)), so that
[sVloo < C(B—a)tforl <2k—1. Let & < -+ < &m, m < 2k, be the distinct values among
the 2k numbers, and let q be the polynomial of degree at most m — 1 that agrees with s at
these points. In Newton form q(z) = Y7 s[é1, ..., &1] [Iy<(z — &), where the divided
difference s[¢;, ..., &41] equals s /1! at some point and is therefore at most C(3 — a)~! in
modulus. All & lie in [—1,1] and 8 — a < 2, so the coefficients of q(z) = ;o qiz’ satisfy
lqi| < CL(B — a)~ =1 < ¢l (2k — 1)2=1p=Ck=1) Now Y7, q(y1) — 32, q(y)) is the number of
y; that are at most o minus the number of y; that are at most «, which is at least one. On
the other hand it equals Z?ﬁfl a(>; yf — Zz(yg)l), the terms with [ = 0 cancelling, and is at
most (2k — 1)C4(2k — 1)%~ 1o~ Ve, Hence o' < CF e

(ii) Suppose that y; > y. + e for some i. For [ > i we have y;(l) >y —e>y —e >y,
hence 7(l) > i. Thus m maps the k—i+ 1 indices [ > i injectively into the k —i indices greater
than 4, which is impossible. The case y. > y; + e is symmetric, with 7=! in place of . O

In the following theorem m, = 1 + 1,¢(y 2y} for a half-integer 7 > 1, as in (3.3), and the
windows are those of (6.2). Recall from Lemma 6.1 that the states of the limit o(R;, R2) are
those of the family &(R;, R2). A family of states is determined by its measure, so S(R1, R2)
and G (R, Ry) consist of the same states with the same multiplicities.

Theorem 6.13 (One comparison measure). Let 0 < g < % and let an admissible sequence
of gap g converge to o(R1, R2), where Ry < Ry are half-integers. For all sufficiently small
a in the sequence there are an index 1, € {1,2} and a radius t, > 1, defined in (6.38) and
(6.43) below from the dimensions of the states of p, in the private clusters, with the following
properties. Write R = R,, and T = Rs3_,,; these depend on a only through t,.

(i) ta — T — 0 as a — 0 in the sequence.
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(ii) For every weight test ¢ and every integer n > 1 there are constants C, K such that, for
all sufficiently small a,

[(pa — 0(R,ta), 8)| < C (a+ 022 (1 + H,)K. (6.35)

(i) Let (Eo, so) € R X Z, let Wy (Eo, so) be isolated for &(R1, Rz), and let Ny be the number
of states of (R, Ra) with dimension Ey and spin so. For all sufficiently small a, each
of the families (A}, s); and S(R,t,) has exactly No states with spin so and dimension
in (Eo—2n, Eo +2n). Ify1 < <yn, and y) < --- <y, are their dimensions, then
for every n > 1 there are C', K with

| < n+1y1/84 K _
1@2}&0 lyi —yil <C(a+b")"" (14 Hy) (6.36)

(iv) Let to be radii with |t, — ta| < eq, where e, — 0. Then (iii) holds for &(R,1,) in place
of 6(R,t,), with the right side of (6.36) increased by Ce,.

The index 1o, and the radius t, do not depend on n, on ¢, or on the window; only the constants
do.

Thus a single measure o(R,t,), with an exact half-integer R, matches the states of every
fixed cluster up to (a + b21)/#* and logarithms, for every n; once a < 6" is known for every
m (Theorem 5.25), this is every order in b,. No statement is made that is uniform in a window
growing with H,.

Proof. Fix n > 1. We use Lemma 6.11 for a finite set K of weight tests consisting of the
tests (1), ¢ and ¢, ..., ¢4 introduced below, the test ¢ of (i), and the tests (6.44) of the
window considered in (iii). We write

€a = Chp(a+ b1+ H,)En

for the right side of (6.33); it tends to zero. All statements hold for sufficiently small a in the
sequence. For a weight test ¢ the function f,(¢) = (p} , #) is smooth, so

fs(t) — f4(t)] < Cy|logt —logt|  (t,t' € [54,2d)). (6.37)

Step 1: the reconstructed radii. By Lemma 6.7(v), Pifta = 32, Cr D icp, ptFM_ with t,; =
E~1(A,;) — r, where only 7 € {Ry, Re} occur. If Ry =1, let {1 < --- < {,, be the numbers
logt1; in increasing order; here nqy = 2 if Ry > 1 and ny = 4 if Ry = 1. We define two radii
71, T2 by

(tRl,la tRQ,l)a 1< R1 < RQ,

(tR1,17 tRl,Z)a 1< Ri = Ro,
(11, m2) = (tt1)/2 L _R <R (6.38)

(6 ’ tRQ,l)v = h < Iy,

(6“3*@2)/2, 6(54751)/2)’ 1= Rl — RQ.

Then 7; - R; forv=1,2,and 7, > 1if R; = 1. Put uf = %pfl + %pi.

Step 2: pairing at the self-dual radius. We claim that for every weight test ¢

[(Papta — 5, 9)] < Cyeg/. (6.39)

If Ry > 1 the two measures coincide, since ¢, = 3 for r > 1. Let Ry = 1. For k € {1,3} let
#»*) be the weight test (6.4) for (Ep,s0) = (E(1),p), 7 = 7. and o(E) = (log E~'(E))¥; in the
notation of Section 6.3,

oM (X) = P (P? = Q* = p) V1 (IX]) (log E™(|X )"
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It is smooth and compactly supported. By Lemma 6.7(v) and (6.5), (e, p*)) = S ek By
(6.19) and (6.5),

(ot 6®) = 201 (E(t) (log E™1(E(1)))" + 201(E(1/1)) (log E(E(1/8)))".

For t = t1 4, which lies in the interval I of Lemma 6.7(iii) when a is small, this is 2(log t)* +
2(—logt)* = 0, because k is odd. For t = tg,; with Ry > 1, which lies in Ig,, both cutoffs
vanish, as shown in the proof of Lemma 6.7(iii). Hence (P,q,#*)) = 0, and (6.33) gives

ﬂi& < eq, ’ieﬁ
i=1 i=1

Let ny = 2 and z = 3(¢o — £1) > 0. Then |{; + x| = |[lo — x| = 1|¢1 + 5| < e,. Since
ps,z = pl., the part of P,u, belonging to r = 1 is i(pszl + p£@2) and the corresponding part
of ub is 3pk = 1(pf_, + pk.); the other parts coincide, and (6.37) gives (6.39). Let ny = 4

and put

< eq. (6.40)

a:%(ﬁl +€4), )\:%(54—€1), O/:%(EQ—F&;), )\/:%(53—52).

Then A > X > 0, and ¢1 < ly, 3 < 4y give A\ — X > |a—d/|]. Let e = a+ o; by (6.40),
le| = 2| 32, 4| < eq. Since (a— A)3 + (a+ )3 = 2a° + 6aA?,

376 =20 + 600 + 20 + 60/X? = 6a(X2 — N?) + O([e]),

7

where we inserted o/ = e — o and used that all numbers are bounded by one. Hence |a|(A\? —
N?) < Ceq. If |af > &4, then A — X > [2a —e| > |al and A+ X > X — X, s0 A2 — N2 > o2
and |a|® < Ce,. In either case |a| < 05111/3, and |o/| < |a| + |e| < Cel/?. Thus the numbers
l1,44, 05,03 are within Cell3 of -\ A =N, N, and
1(Pen + Pox + ppx ) = 300 + 3P0r = b
With (6.37) this gives (6.39).
Step 3: the scalar at dimension two pins one radius. Put
:J:,-:log(Ti/Ri) —0 (121,2), k:le—l—mRQ S {2,3,4}.
Choose 7 € (0, 1] such that W, (2,0) is isolated for (R, R;). By Lemma 3.7(iv) the limit
has k& — 1 states of dimension two and spin zero, so by Lemma 6.2(ii) exactly k& — 1 states of
pa have spin zero and dimension in (2 — 21,2 + 275); we write their dimensions as 2 + z;,
1 <i<k—1, with |z| <ns. For 1 <1 <4let ¢ be the weight test (6.4) for (Ep, so) = (2,0),
n =ns and p(E) = (E —2)!. Among the terms of vy, the state (0, 0) lies outside the support
of ¢, the states (1,41) have nonzero spin, and the state (2,0) has ¢(2) = 0. Hence

k—1
(ay 1) = Z 2b=pi(0,21,. .., 2p_1), (6.41)

i=1
where p; denotes the power sum of degree [ of k numbers: the fixed vacuum state at dimension
two contributes the node 0. By Lemma 6.1(i), uP is §p plus the measure of the family of the
states (Emn(m),mn), i = 1,2. A class with mn = 0 is the class of (m,0) or of (0,n), with
Eno(r) = %m272 and Eoy (1) = %n2/7'2. At 7 = R; these equal two exactly for n = +2R;
and, if R; € {1,2}, for m = £2/R;; this gives mp, classes. Their states have the dimensions

E0,2Ri (7’1) = 26_2$i, EQ/RZ.7O(7-Z') = 262$i (if Ri S {1, 2})
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By Lemma 6.1(iii) and isolation, all other states of spin zero of the family have dimension
outside (2—2ng, 2+2ns) when a is small. Therefore (i, ¢;) = pi(w1, ..., wg), where wy, ..., wg
are the numbers 2(e~2% — 1), i = 1,2, together with 2(e?*i — 1) for those i with R; € {1,2}.
By (6.33), (6.39) and (6.41),

|pl(w17 s ,U)k;) - pl(oazla s 7Zk‘—1)| < 05(1/3 (1 < l < k:)

By Newton’s identities the product of k£ numbers is a polynomial with rational coefficients

in their power sums of degrees 1,...,k. All numbers involved are bounded by one, and the
product of 0, z1,...,2,_1 vanishes. Hence |w; ---wy| < Ce/®. Since |2(e*2* —1)| > || for
2 < 3,

|2y [ |2y |™Re < CeY3, hence  min{|zy|, wa|} < (CeY®)VF < CeV12 (6.42)
We define

1 <
- { ,|w] <l to=73., R=R,, T=Ry.., (6.43)

2, || > faa,

and pd = %pg + % pf; . Thus the radius with the smaller logarithmic displacement is replaced
by its exact limit. By (6.37) and (6.42), [(uf — pS, ¢)| = 3[f4(7.,) — fo(R)| < C¢5¢11/12 for every
weight test ¢. Assertion (i) holds because 7; — R;, and t, > 1 for small a: if " > 1 this
follows from (i), and if 7' =1 from Step 1.

Step 4: proof of (ii). By (2.12), po — 0(R,ts) = pa — pS. By (6.33), (6.39) and Step 3,

(g — 1S, )| < €0 + Cyel/? 4+ Cyel/12 < C V12,

which is (6.35) with K = K, /12.

Step 5: proof of (iii). The statement about (Aj,s;); is Lemma 6.2(ii). The statement
about &(R,t,) follows from Lemma 6.2(i), applied to the pair (R,T") for each of the two
possible values of ¢4, and from (i); note that o(R,T) = o(R1, R2). If Ny = 0 there is nothing
more to prove. Otherwise Ny < 4 by Lemma 3.7(iii). For 1 <1 < 2Ny —1 let qﬁ}/‘/ be the
weight test

|X|2 — Eo\ /| X]|? — Eg\!
)

which is of the form (6.4). By (6.5) and the first part of (iii), (pa,#") = >;ul and
<O’(R,ta),¢}/\}> = Zi(u’.)l with u; = (y; — Ep)/n and u, = (y, — Ep)/n, which lie in (—1,1).

(2
By (ii) these power sums differ by at most 06,11/12, and Lemma 6.12(i) with &k = Ny < 4 gives

lyi — )| < C(ed™)V/T = Cel/® . This is (6.36) with K = K, /84.

Step 6: proof of (iv). By Lemma 6.2(i), for ¢ close to T" the states of &(R, t) in the window
are fixed states, which do not depend on ¢, and the moving states of finitely many classes that
do not depend on ¢t. By Lemma 6.1(iii) the dimension of a moving state changes by at most
Clta—ta| < Ce, when t, is replaced by #,. Lemma 6.12(ii) shows that the ordered dimensions
change by at most Ce,. O

¢" (X) = 9P (P* — Q* — s) 19( (6.44)

The exponent 8%1 = % . i . % is the product of the losses in the pairing of four self-dual

nodes, in the pinning, where at most four scalar branches meet, and in the matching of at
most four states. The bound four in the last step is Lemma 3.7(iii); it includes the clusters
at the points of the vacuum support, where the limit has at most three long states.
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Corollary 6.14 (Matching of the low states). In the situation of Theorem 6.13, let E, > 2
and n > 1. There are constants C', K and, for all sufficiently small a in the sequence, an
injective map j — j' from the set of states of pq with A; < E, into the family S(R,t,), whose
image contains every state of S(R,t,) of dimension at most Ex — 1, such that j' has the spin
of 7 and the dimensions satisfy

A; = AL < C (a+ 0¥+ 1)K, (6.45)
The same holds for &(R,t,) when |t, — to| < eq — 0, with the right side increased by Ce,.

Proof. Let € be the finite set of pairs (Ep, sg) that occur as states of o(R1, Re) with Ey <
E. + 1, and choose n € (0, 1] such that all windows W, (Ey, so), (Eo,s0) € €, are isolated
for 6(Ry, R2). These windows are pairwise disjoint. Choose E’ € (E,, E, + 1) that is not
the dimension of a state of o(R1, R2), and let U be the set of X with |X|?> < E’ that lie
in the closure of none of the windows W, 5(Fo, s0), (Eo,so) € €. This is a bounded open
set, invariant under the reflections, its boundary does not meet supp o(R1, R2), and no state
of o(Ry, Rg) is supported in it. By Corollary 2.11, for small a no state of p, is supported
in U. The four physical points of a state have the same squared norm and the same spin,
so a state with A; < E’ is either supported in U or supported in the closure of one of the
windows W, 5(Eo, s0). Hence every state of p, with A; < F. is supported in one of the
windows W, (Ey, s0), (Eo,s0) € €. The same holds for every state of &(R,t,) of dimension
at most E, — 1: a fixed state is a state of o(R1, R2), and a moving state of a class {+(m,n)}
satisfies |Ep, p(ta) — Ema(T)| < n for small a, by Lemma 6.1(iii), while (Ey, (1), mn) is a
state of o(Ry, R2) of dimension at most F,. In each window, Theorem 6.13(iii) provides the
same number of states of the two families and the bound (6.36) for their ordered dimensions.
We let j' be the state of G(R,t,) in the window of j with the same position in the order by
dimension, ties being resolved by a fixed enumeration. The last assertion follows in the same
way from Theorem 6.13(iv). O

6.6 Kernel data at a pair of half-integers and their collisions

We now fix the kernels that will be used at the moving radius. Since the radius is not a
limit of the sequence, the hypotheses (H1)—-(H4) and (S1)—(S5) of Section 5.6 are replaced by
quantitative statements on a punctured neighbourhood of 7T'.

Collision data. Let R,T be half-integers with 1 < R,T < Rpax. We put

I = [%, Rmax + 1], =1, p = the smallest odd integer greater than (Ruyax 4+ 1)% + 2,

(6.46)
so that (5.30) holds, T is an interior point of I also when T'= 1, and p > 7. As in Section 5.6,
pr=p+k, Y, (t) = [t,v/t], Bp(t) = Yy, (t) and E,(t) = L(t? + v2/t?) = E1,(t); the function
E, is strictly decreasing on I, with EJ(t) =t —p?/t> < —4/t there.

o If R ¢ {1,2}, the product data are
U=4R, Vi=24R+3+j), A;j=[U,Vj] (j=01,2).

Then A; = [4-R, 2R(4R+3+j)/R] € A, U > 6, V; > 18 and V; U = 4R+6+2j > 3,
so (5.33) holds, with AV = 2. The polynomials are the ten functions ®;, @g’k of (5.34).

o If R € {1,2}, the sum data are w = 3, so that W (t) = Y3(t) = [t,3/t] and N =
{po, p1,p2,3}. The polynomials are the four functions @il’) = QSy,1)Sy, @t V € N.
Since T? # 3 and T2 < p, the points Y, (T), v € N, are off both axes.
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In both cases the polynomials vanish on the set 3(t) of (5.31) for every ¢t > 0, as shown in
Section 5.6. Their centres are written as in (5.35) and Lemma 5.1(ii),

& =mY +nY? + 03By (t) + naBy(t)* (Y € {C, Ay, A1, As}),
€= CH+mYy(t) + Y, () (¢ € {0, £C, £C*}),

with signs n; € {—1,0,1}; the number |n| of nonzero signs is the length of the centre. By

Lemma 5.1, the coefficient of a centre of length |n] is %6(—%)“” for the product polynomials;

for the sum polynomials it is positive for (( = 0, || € {0,2}) and (¢ # 0, |n| = 1) and negative

for (C =0, |77| = 1) and (C # 0, |77‘ € {07 2})
All these centres, and the row preimages x; ;(t) of (5.36) in the case of sum data, have
the form (5.37),

§(t> = [al + b1t + bgv/t, ag + bat + bll//t], ai,a2,b1,bo €7, v>1, (6.47)
with

a1, a9) = mY +m2Y*, (b1,b2) = (13,m), v =pi (product centres),
[a1,a2) = ¢, (b1, b2) = (m1,7m2) (sum centres), (6.48)
[a1,a2) = [2, 2 —2l], (b1,b2) =(—k,—j), v=3 (row preimages).

We call these finitely many maps ¢t — £(t) the objects of the data and denote their set by O.
Let o1 > 2 be a bound for [£(¢)|, £ € O, t € I, and let

E. = (01 +3)% (6.49)

The reference branches are the constant maps with value in (VU Agr U Ay g) N D(0, 01 +2)
and the maps ¢t — [mt,n/t] and ¢t — [m/t, nt] with integers |m|, |n| < Ny, where Nj is so large
that every point of Ay U Ay, of norm at most g1 + 2, for some ¢ € I, is the value at ¢ of one
of them. Their set B is finite, and

S(#)ND0,01 +2) C IAH): AeBYC2(@t)  (tel) (6.50)

Lemma 6.15 (Zeros of order at most two). Let T' > 0 and let § be a finite set of real functions
on (0,00), each of one of the two forms

f@)=at+B+v/t or f)=at?+B+v/t, aB,yER
There are gy € (0, %T] and ¢ > 0 such that for every f € § and every t with 0 < |t — T| < gy
(i) either f vanishes identically, or |f(t)| > c|t — T|?;
(ii) either f is constant with an integer value, or |sin(wf(t))| > c|t — T|?.

Proof. (i) Let f # 0. In the first case t f(t) = at?+ Bt +y is a nonzero polynomial of degree at
most two in ¢; in the second, t? f(t) = as?+3s+7 is a nonzero polynomial of degree at most two
in s = 2. Such a polynomial vanishes at T, respectively at s = T2, to an order k € {0,1, 2},
so its quotient by (t — T)*, respectively (s — T2)¥, is continuous and nonzero at that point,
and bounded below in modulus on a neighbourhood. Since |s —T?| = [t —T|(t+T) > T|t—T)|
and |t — T| < 1 may be assumed, this gives |f(t)| > c|t — T|¥ > ¢|t — T|? near T.

(ii) If f(T') ¢ Z, then dist(f(¢),Z) is bounded below near 7. If f(T') = N € Z, then
f — N is of the same form and does not vanish identically unless f is the constant N; by (i),
|f(t) — N| > c|t — T|?, and |f(t) — N| = dist(f(¢),Z) near T. In both cases (5.26) gives the
claim. O
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The exponent two cannot be improved for functions of the first form:

1 —1)2
2477:7(15 >.
t t

(6.51)

Differences of this kind occur for the data above when T" = 1. For instance, the first light-cone
coordinate of the centre C' — Y, (t) — Y, (t)f = [2 —t — v/t, —t — v/t] differs from that of the
point [(1 —v)/t, —(1 +v)t] € Ayy by (6.51). We do not decide in which cases the distance
between two points is in fact of first order, and use the quadratic bound throughout.

Lemma 6.16 (Quadratic bounds for collisions). Let collision data be given. There are €y €
(0,11, co € (0,1], o € (0,1] and Ao > 0 such that [T — o, T + €] is contained in the interior
of I and the following hold for every t with 0 < 6 := |t —T| < eg.

(i) Separations. For every object & € O and every A € O U B, either & and A coincide
identically on I, or |£(t) — A(t)| > co 0%. Consequently

dist (£(t), Z() \ {E(1)}) 2 c06® (£ € D), (6.52)
and &(t) € X(t) if and only if £ coincides identically with a reference branch.

(i3) Sines. For each of the phases f listed in Table 1, |sin(wf(t))| > co 62; that is, the factor
Sy in the second column satisfies

Sy (Xo) > c2 6 (6.53)
at the target Xg in the first column.

(i) Anchors. The points (£1,+1), A;, By(t) and Y, (t), v € N, that occur in the data have
momentum coordinates of modulus at least wq, and the rates (5.25) of the intended zeros
satisfy

M4, C), A4, C%), A(B(), Bo(t)) (k=1,2), A(Y,(t), Bo(t)) (v € {p1,p2,3}) = Xo.

data target Xo factor Sy phase f(t) = B(Xo,Y)
product A; (j=0,1,2) SBo 1) pU/t + Vjt

product A; (j=0,1,2) SBo(t)t Ut +pV;/t

product By(t) (k=1,2) Sc 2pk [t

product By(t) (k=1,2) Sci 2t

product Bi(t) (k=1,2) SBo(t)t t* + ppi./t?

sum Y,(t) (ve{pi,p23}) Scu 2t

sum Y,(t) (v €{p1,p2,3}) Spywy t2 + pr/t?

sum (2,2] SBor) and Sp e 2(t +p/t)

Table 1: The factors that are required to be different from zero at the targets of the local-zero
arguments, and their phases. The intended zeros are not listed: they are B(A;,C) = 2V},
B(A;,C*) =2U, B(Bg(t), Bo(t)) = p+ pr and B(Y,(t), Bo(t)) = p + v, which are integers for
all ¢.

Proof. (i) The light-cone coordinates of the elements of O U B are functions of the first form
in Lemma 6.15. We apply that lemma to the finitely many coordinate differences of pairs
(&, N). If € # A, one coordinate difference f does not vanish identically, and |{(t) — A(¢)| >
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|f(H)]/V2 > c6?/V/2, because |z|> = F(uZ 4+ v2). For (6.52), let y € X(t), y # &(t). If
ly| > o1 + 2, then |y — &£(t)| > 2 > ¢pf?. Otherwise y = A(t) for some X € B by (6.50), and
A # €. The last assertion follows from (6.50) in the same way.

(ii) The phases are computed from B(X,Y) = uxvy +vxuy with By(t) = [t,p/t], Bo(t)f =
[p/t,t], C = [2,0], C* =[0,2]. Each is of one of the two forms of Lemma 6.15 and is not
constant, since its coefficients of ¢, 1/, respectively 2, 1/t2, are positive integers or vanish,
and not all of them vanish. Lemma 6.15(ii) applies.

(iii) The points (+1,+1) and A; are fixed and off both axes, because U # Vj. For t € I the
momentum coordinates of By (t) = [t,px/t] are 2 (pg/t £ 1), of modulus at least 1/t, because
pr > t> + 2. For v = 3 the coordinates of Y3(t) are (¢ = 3/t), which do not vanish at t = T

because T2 # 3, hence are bounded away from zero near 7. The rates are

2V; 2U k lp —v|
VI VA AR R B

by (5.25); they are positive and continuous near T', since p # v for v € {p1,p2,3}. We choose
€g so small that all the statements hold. ]

Two of these factors are bounded below by a positive constant near a radius that is not
a half-integer, as in Section 5, but vanish at t = T in the present situation. First, the phase
2t of Sgu is an integer at every half-integer T, so sin?(27t) vanishes at ¢t = T. Secondly, if
Aj € A or Aj € Ayp, then the phase of Sp (), respectively of Sp ), at A; is an integer
at t = T, because Bo(T) € A, Bo(T)* € Ay 7 and these lattices are integral for B. Neither
factor is bounded below by a constant near T'; both are covered by the bound c26*.

The next lemma determines which incidences between the centres and the reference lattices
hold at a radius close to T' and different from 7. By Lemma 6.16(i) these are exactly the
incidences that hold identically in ¢, and those are read off from the integers (6.48). We write

pi = %P% + %ptF = i(eR +eyprter+ 6l/t)v (R, t) = pi — Vvac-

Lemma 6.17 (Incidences at the moving radius). Let collision data be given and let 0 <
|t —T| <eg. Let £ € O be given by (6.47).

(i) &(t) € Ay if and only if a1 = a2 = 0 and by = 0; §(t) € Ay if and only if a1 = a2 =0
and by = 0; £(t) € VUARUA, /g if and only if by = by = 0 and [a1,a2] € VUARUA, /.
Consequently

HEEDD) = H(Lgamo,bmm0) + Lgamo,m1=0) T Lppmop (er + exym) ({lar,az]})). (6.54)

(ii) The centres of the polynomials have the positions and masses listed in Table 2. In
particular: the only centre at the origin is the one of length zero; every other centre with
a positive coefficient lies outside V; every centre with a negative coefficient either lies
outside X(t) and has mass zero, or is one of the points £C, +C*, +A;, :l:Ag-, 1Y, (¢),
+Y, (1), with the mass given in the table.

(tit) The row preimages xy ;(t) with (k,j) # (0,0) lie outside X(t). The three others are
2,2] = (2,0), [2,0] = (1,1) and [2,-2] = (0,2); for R € {1,2} they have j§-mass 5.

Proof. (i) Suppose that &(t) = [mt,n/t] € A;. Since |£(t)| < o1, the map A\(t') = [mt',n/t']
is a reference branch with A(¢) = £(¢), and Lemma 6.16(i) shows that £ = X\ on I. By the
first line of (5.38), whose proof uses only that the two coordinate equations hold identically
and that v # 0, this implies a1 = az = 0 and by = 0. Conversely, if a = 0 and by = 0, then
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centres sign  [a1,ag], (b1, b2) position at ¢ pg-mass

Product data, Y € {C, Ao, A1, Az}, B = By(t)

0 + a=0,b=0 origin 1
+C, +C* — a#0,b=0 in V, off both axes i
+A;, j:Ag - a#0,b=0 in Ap UA /R, not in V' %n?
+B — a=0,b=(£1,0) in A; only 2
+Bt — a=0,b=(0,+£1) in Ay only 1
1Y +v! + a#0,b=0 fixed, not in V' %(eR—l—el/R)
+B+ B! + a=0,bby#0 not in %(¢) 0
other centres of length 2+ a#0,b#0 not in 3(t) 0
length 3 - a#0,b#£0 not in 3(t) 0
length 4 + a#0,b#0 not in X(t) 0
Sum data, v € N

0 + a=0,b=0 origin 1
1Y, — a=0,b=(£1,0) in A; only 1
1V} - a=0,b=(0,+1) in Ay only %
+Y, + Y} + a=0,bby#0 not in %(¢) 0
+C, +C* — a#0,b=0 in VNARN AR i
C#0,|n=1 + a#0,b#0 not in 3(t) 0
C#0, |n =2 — a#0,b#0 not in () 0

Table 2: The centres of the collision kernels at a radius ¢ with 0 < [t — 7| < gg. Here n? =1
if A; ¢ Ay/g and n? =21if Aj € Ay/g, and a = [a1, az], b = (b1, ba) are the integers of (6.48).

§(t) = [bit, biv/t] € Ay. The statement for A/, follows in the same way from the second line
of (5.38), with £(t) = [bar/t, bat] in the converse, and the statement for fixed points from the
third line. Formula (6.54) follows, because each of the four combs gives mass one to each of
its points.

(ii) For a product centre, [ai,as] = mY + Yt = [muy + mvy, mvy + neuy] with
Y = [uy,vy] equal to [2,0] or to [U,V;]. Since u$ # v, this vector vanishes only for
m = ng = 0; for ny1m2 # 0 its coordinates are +(uy + vy ) twice or +(uy — vy) with opposite
signs. The columns of the table for [a;, ag] and (b, b2) follow from (6.48), and the positions
and masses from (i), as follows.

Length one, fized. The point C' = [2,0] lies in A, if and only if 2/r € Z and in A4,
if and only if 2r € Z. For product data 2R € Z and 2/R ¢ Z, because R ¢ {1,2}; so
(er + e1yr)({C}) = 1 and the mass is 2 = 1e({C}). For sum data both numbers are
integers and the mass is % The same holds at —C' and £C* by the invariance of u¢ under the
reflections. The points A; belong to Ag by construction, so (er +e1/r)({4;}) = n? € {1,2},
and they are not in V' because U, V; > 3. By (i) none of these fixed points lies in A; U Ay,
since a # 0.

Length one, moving. For £By(t) and +Y,,(t) we have a = 0 and b = (+1,0), and for their
images under §, b = (0,£1). By (i) the first lie in A; and not in A;,, UV UARU A g, the
second in A/, only, and the mass is %.

Fized centres of length two. For £Y + Y the coordinates are +2 for Y = C, so the point
is £(2,0) or (0, 2) in momentum coordinates, and they have modulus at least 3 for Y = A;,
by (5.33); in both cases the point is not in V. Its mass may be positive.

All other centres. If a = 0 and b1bs # 0, or if a # 0 and b # 0, none of the three conditions
of (i) holds, so &(t) ¢ (t) and the mass vanishes. This applies to the centres B + B* and
+Y, £+ Y,,ﬁ, to the product centres of length two with one fixed and one moving vector, to those
of length three and four, in which at least one of 11,72 and at least one of 73,74 is different
from zero, and to the sum centres with ¢ £ 0 and n # 0.
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The summary in (ii) follows by inspection of the table and of the signs of the coefficients
recalled before (6.47).

(iii) For (k,7) # (0,0) we have a = [2,2 — 2{] # 0 and b # 0, so (i) applies. For k =j =0
the points are fixed, and for R € {1,2} each of [2,2], [2,0], [2,—2] lies in Ag and in A, R,
because 2R and 2/R are integers. O

The hypotheses on the integer data that enter this analysis are that R # 2 and R # 1 for
product data (so that C' ¢ Ag), that U # V;, and that the integers v are different from zero;
the parity of p is used only in Lemma 5.9. In the limit ¢ — T further incidences appear: By (7))
lies in Agp when R =T, the centres £C' lie in A7, and +C*% in A7, for every half-integer T
(and in both lattices when T" € {1,2}), and A; may lie in A7 UA; 7. These are the collisions.
The masses in Table 2 are those at the moving radius, not the larger limiting ones.

Lemma 6.18 (Mass balance at an arbitrary radius). Let ri,...,7, > 0 and let
b =3 = ;2™ BOE) be g trigonometric polynomial as in (5.5) that vanishes on A, U- - “UA,, .
Then Y ic=cier,({&}) = 0 for every l. In particular, for collision data, every polynomial ®;
of the data and every t > 0,

> cni{&®))) =0. (6.55)

1€2

Proof. Let r = r; and 0 < € < 1. The function ®, of (5.6) is a Schwartz function vanishing
on A,, and Se, = e, by (2.11). By (5.10),

0= 62<€T7 D) = €2<QT’S¢'€> = Zci Z e 2mA=Gl /e,
1I€EE  AEA,

The inner sums are dominated by the convergent sums e~ 2mA~&" and converge to er({&1)

as € — 0. For collision data the polynomials vanish on %(t) D Ag UA /g UA UA; . O

6.7 The resolved peak budget

The kernel estimates at the moving radius use the following three properties of a sequence.
The exponents 1000 and 60 are convenient fixed numbers; what is needed of them is recorded
in Remark 6.23.

Definition 6.19 (Resolved sequences). Let collision data be given, with €y as in Lemma 6.16
and F, as in (6.49). A resolved sequence for these data is an admissible sequence of gap g
converging to o(R,T), together with radii ¢, € I, such that for all sufficiently small a in the
sequence, with 0, = |t, — T

(K1) 0 < 6, < eo, 0, — 0, and a < §1000;

(K2) there is an injective map j — j’ from the set of states of p, with A; < E, into the family
S(R,t,), whose image contains every state of &(R,t,) of dimension at most E, — 1,
such that j" has the spin of j and |A; — A%, | < 65;

(K3) some state of p, has spin p and dimension exactly Ej(t,).

We call 8, the collision scale, and put
00 = Cp 02, co = %00, Kq = 802, (6.56)

with ¢ as in Lemma 6.16.
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In (K2), if a state j has weights (h, k) and j/ has weights (h/, h'), then |h— /| = |h—h'| =
114, — A%, and lvz—V2'| < \/]x — 2/ for 2,2’ > 0. Hence, for each of the four sign patterns
0'7

| X7 — X} <65, (6.57)

where X J’-," denotes the physical point of j/ with the sign pattern o. This holds also when a
weight of j/ vanishes.

Lemma 6.20 (Exact counts on the resolving scale). Let a resolved sequence be given. For all
sufficiently small a, every object £ € O, and x = &(ty):

(i) a pair (j,o) satisfies X7 € D(x, 0q) if and only if Aj < Ey and X;," = x; in this case
| XY — x| < 939, Consequently

Pa(D(z, 00)) = o0(R, ta)({z}) = i, ({}) — vvac({2}), (6.58)

and D(x,204) contains no point of V' other than possibly x.

(ii) If x is off both axes, then exactly Ny = 40(R,t,)({z}) states of ps have a physical
point in D(x,0,). They have the spin P2 — Q% of x, and their dimensions satisfy
|A; — |z|?| < 650, We call them the states at .

Proof. Let a be so small that (K1) and (K2) hold and 3° < g, < 3. By (6.52) and the choice
of ¢y,
D(x,404) N X(tq) C {z}, (6.59)

and V Usuppo(R,t,) C X(t,) by (5.32).

(i) Let X7 € D(x,04). Then Aj = |X7> < (01 +1)* < E,, so j' is defined, and by
(6.57) the point X7 of supp o (R, t,) lies in D(x,204); by (6.59) it equals z. Conversely, let
s be a state of G(R,t,) with a physical point at x. Its dimension is |z|> < 0? < E, — 1, so
s = j for a unique state j with A; < E,, and | X7 — 2| < 930 < g, for the corresponding
sign pattern. Thus (j,0) — (j’,0) is a bijection between the pairs with X7 € D(z, 0,) and
the pairs consisting of a state of &(R,t,) and a sign pattern with physical point x. Each
pair carries mass § in pg, respectively in o(R,t,) by Lemma 6.1(ii), which gives (6.58). The
statement about V' is contained in (6.59).

(ii) If z is off both axes, the four physical points of a state with a physical point at z are
distinct, so exactly one sign pattern of such a state gives x, its weights are (P2, @?2), and there
are N, such states in &(R,t,). By the bijection in (i), the states of p, with a physical point
in D(z, g,) are the preimages of these N, states under j — j', and each of them has exactly
one physical point in the disc. They have the spin of z, and the dimension bound is (K2). O

Lemma 6.21 (Resolved peak budget). Let a resolved sequence be given, and let ®; be one of
the polynomials of the data, with centres &;(t) and coefficients c;, i € Z. For a in the sequence
put

=0y, o0=o0s  mi=u({&t)})-

For all sufficiently small a the following hold.

(i) The numbers m; lie in [0,1] and satisfy the balance (5.19). Conditions (B0), (B1) and
(B2) of Lemma 5.6 hold, with equality po(D(&i(ta), 0a)) = m; in (B2), and condition
(B3)(b) holds at every index with ¢; <0 and m; = 0.
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(ii) At every index with ¢; < 0 and m; > 0 the point x = &(t,) is one of £C, £C*, +A;,
:l:Ag», 1Y, (t,), £Y,(ta)f. The geometric requirements of (B3)(a) hold at x, and with
w; = Vyac({2}) and n; = N, the number of states at x in the sense of Lemma 6.20(ii),

at + C,£C*¥ for product data,

0

1 1 at £C,+C* for sum data,

wi + 1N = My, i =19 §
nj at + Aj, :I:Aj,

1

at £Y,(ty), £Y,(t,)".

(iii) Let € > 0 be such that every state j at a centre x of (ii) satisfies |A; — |z|*| < e, and
suppose that ¢ < g2. Then for every € with 0 < € < % and a < ieQ,

_._C
>0, (k) < 22 ((a+ et 4 e7maE/UD), (6.60)
J

where Cg depends only on g and the data. All terms on the left are nonnegative.

The masses and their cancellation are taken at the moving radius t,. At the limiting radius
T the masses at some centres are larger. The additional states of p, are, by (6.57) and (6.59),
within 620 of points of ¥(¢,) at distance at least 4p, from the centre, and they are counted
at no centre. The atoms of vy, enter only at the origin and at the centres +C, +C*, where
they are positive; no centre comes within 49, of a negative atom. Lemma 5.6 has no separate
hypothesis on the points outside the discs D(&;, 0): they are estimated by Lemma 5.5 in its
proof, where the displacement of the shifted vacuum point near (1,1), which is of order a, is
accounted for as well.

Proof. Let a be so small that Lemma 6.20 applies, o, < min{i, %\/f], %wo} and
a <min{1g?, 102}; the last condition holds by (K1).

(i) Each of the four combs gives mass at most one to a point, so 0 < m; < 1, and (5.19) is
(6.55) at t = t,. (B0) holds because the polynomials vanish on 3(¢) D V. By Lemma 6.17(ii)
the only centre at the origin has length zero, a positive coefficient and mass one, which is
(B1). Let ¢; > 0 and = = &(t,) # 0. Then x ¢ V by Lemma 6.17(ii), hence dist(z, V) > 4p,
by (6.59), and pu(D(z, 04)) = pi,({x}) = m; by (6.58); this is (B2). Let ¢; < 0 and m; = 0.
By Lemma 6.17(ii), x = &(tq) ¢ X(ta), so dist(z, V) > 4o, by (6.59) and p,(D(x, 0,)) = 0 by
(6.58); this is (B3)(b).

(ii) The list of points is that of Lemma 6.17(ii). By Lemma 6.16(iii) their momentum
coordinates have modulus at least wy > 20,. By Lemma 6.20(i) the disc D(x, g,) contains
no point of V other than possibly x, and z € V only for z € {+C, +C%} = {(£1,+1)}, where
w; = 3 by (5.1); otherwise w; = 0. By (6.58), 1N, = o(R, to)({z}) = m; — w;, and the values
of n; = N, follow from Table 2. By Lemma 6.20(ii) the n; states at x are distinct and have
the spin of x.

(iii) By (ii) and the hypothesis on ¢, condition (B3)(a) holds at every index with ¢; < 0
and m; > 0, with the states at §;(t,). Together with (i), all hypotheses of Lemma 5.6 hold for
® = ®; , with o = g4, the bound p; for the centres, m, = 1 and the fixed coeflicients. The
range (5.21) holds by the choice of a and the hypotheses on € and e. Hence (5.20) holds with
a constant independent of g, and g, = ¢, 20, *. The terms are nonnegative by Lemma 5.2(ii)
and (iii). O

The local-zero arguments below use Lemma 5.8(iii) in the following form.
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Lemma 6.22 (Anchoring at the moving radius). Let a resolved sequence be given. Let Xo(t)
be one of the maps t — Aj, t — By(t) (k=1,2), t = Y, (t) (v € {p1,p2,3}), and let V; be a
function on R? with

k K
U, > H Sy, H SYi/’
=1 =1

where k > 1, the factors Sy, are intended zeros at Xo(t) listed in the caption of Table 1, and
the factors Syi/ are factors listed in that table for the target Xo(t). There is a constant C' such
that, for all sufficiently small a, every state j at Xo(t,), with dimension |Xo(ts)|> + 0 and
physical point X in D(X(ts), 0a), Satisfies

0| < C o2 kg, (x)V/CR), (6.61)

Proof. We apply Lemma 5.8(iii) with X¢ = Xo(4), 0« = 01, which bounds X and the vectors
C, C*%, By(ta), Bo(ta)* because these are centres of the data, the constant @ = wy and the
rate A = \g of Lemma 6.16(iii), and the lower bound s = k, = 301 of (6.53) for the factors
Sy at Xo. The number 01 of that lemma is then at least c0? with a constant ¢ > 0. By
Lemma 6.20(ii) the state has the spin of X and |§] < 6%° < §; for small a, and its physical
point in D(Xy, 0,) has the signs of Xy, so that it is the point X(J) of (5.24). The lemma

gives |0] < A3t ((2/ka)* Wy, (X)) which is (6.61). 0

a

Remark 6.23 (The exponents). The geometric input is the exponent two of Lemma 6.16: discs
of radius g, =< 62 and factors bounded below by x, < 62. All further losses are derived from
it: the prefactor ;% in (6.60), the factor e < 6,8 H? for a resolving width €2 < ¢2/H, and
the powers of x;! in (6.61). In the proofs of Propositions 6.24 and 6.25 the largest loss is
6,36, Of the exponents in Definition 6.19, the arguments use that the matching accuracy §5°
is smaller than g2, than the radius d; < 62 of validity of the local-zero estimate, and than

652 which is needed in the scalar row; and that a < 9;000 makes a1/169a_9/2 and a1/99;16/3

a ?
positive powers of a.

6.8 Exclusion of resolved sequences

In the two propositions of this subsection a resolved sequence is given, L = log(1/a), constants
called C depend only on g and the data, and all statements hold for sufficiently small a in
the sequence. By (K1),

0.1 <a V100 gL < al/? < g2, (6.62)

For a logarithmic scale H > 1 we shall use resolving widths € with €2 a fixed multiple of o2/ H.
For such a width and a state with A; < E, the broad Gaussian e~2m€*A; is at least % when
a is small, because € — 0. All kernels of the data are even, so their value at a physical point
X7 of a state does not depend on o and equals the even evaluation at (hj, i_Lj); the left side
of (6.60) is written 3 ; ¢, (X7) below.

Proposition 6.24 (Pinned radius different from one and two). Let collision data with R ¢
{1,2} be given. There is no resolved sequence for these data.

Proof. Suppose that a resolved sequence exists. We use the width

_16L?
T2l 05

2
2 _ T, —mo2 /(4€2) —4
€ = , so that e " =aq, €
4L

(6.63)
By (6.62), e < % and a < ie2 for small a.
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Step 1: the budget of ®*. By Lemma 6.21(ii) the centres of ®; with negative coefficient
and positive mass are +C, £C*, at which there are no states, and +By(t,), =By(t,)?, at which
there is exactly one state. The state of (K3) has spin p and dimension E,(t,) = |Bo(t.)|?, so
one of its physical points is By(t,); it is therefore the state at By(t,), and its displacement is
zero. Lemma 6.21(iii) with € = 0 and (6.63) give

Z@t (X9 <00, (ab,°L + a),

and hence, all terms being nonnegative,
P} (XJ) <To:=Cab,°L> (A; <E,). (6.64)

Step 2: anchoring. Let j be one of the n) states at A;, i € {0,1,2}, with dimension
|A;|? + 6. We apply Lemma 6.22 to ¥; = &} = ScSctSBy(t)SBy ()t With the two intended
zeros Sc, Sc: and the two factors Sp, (), Sp, ) of Table 1; thus k = &' = 2. By (6.61) and
(6.64),

6] < C6;2 F(l)/4 < Ca'*0;°L? for every state at A;. (6.65)

Let k € {1,2} and let E,, (t,) + 0k, be the dimension of the state at By(t,). We apply
Lemma 6.22 to the same function with the intended zero Sp, ;) and the three factors Sc, Se,
Spy(r)t of Table 1: one intended zero and three factors, so the exponents in (6.61) are 6 and
%, and
I6kal < COOTY? < Ca?0;2L  (k=1,2). (6.66)
Put e, = Ca'/*0;12L, which bounds the right sides of (6.65) and (6.66). By (6.62), g, <
Cal/A=12/1000 , < 92 for small a. '
Step 3: the nine budgets. Fix i,k € {0,1,2}. By Lemma 6.21(ii) the centres of ‘I’Zk with

negative coefficient and positive mass are = A;, :l:Ag, + By (ta), £B(t,)?, and by Steps 1 and 2
the states at these centres have displacements at most &,. Lemma 6.21(iii) with ¢ = ¢, gives

Z oF(XF) < OO ((a+ a0, L2)0,° L2 + a) < Ca'/20,%L". (6.67)

Step 4: localization. Let j be a state with A; < L and X = [u,v] one of its physical
points. By (6.63), 2me?A; < %77293 < 1, so the broad Gaussian at X is at least e, and by
(6.67)

Sa,(X)S 42 (X) Spy (1) (X) Sy 1) (X) < Ty := Ca'?6,%LY (0< i,k <2).

By (6.62), T, < Ca!/2736/100014 < 1 Moreover uv = s; € Z and |ul, |v| < YT := v2L. We
apply Lemma 5.9(c) with ¢t = t,, t_ = %, ty = Rmax + 1, £ = 1, the integer p of (6.46),
AV =2, D =2UAV = 16R, and

C — %Fcll/S _ Ca1/169;9/2L1/2, CT < Ca1/169;9/2L < CQ29/500L,

where the last inequality is (6.62). Since (T — 0, the smallness conditions of parts (a) and
(b) of that lemma hold. Hence there is a real point X ]’~, equal either to a point of Ay, UAy,
or to a point [m/D,n/D], whose spin is exactly s;, with

A; — [XI?| < CCY < Call180,92L < € a®/7], (6.68)

In the second case X lies in the set Xp of (5.29).
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Step 5: contradiction. The set ¥ p is the union of the circle lattices with radii in {k/D :
k | D?}, which contains 1 and is closed under inversion by Lemma 4.12; the radii ¢, lie
in the compact interval I; and by Step 4 every state with A; < L has a real point X j/ €
YpUAy, UA,y, of spin exactly s; satisfying (6.68), for all sufficiently small a in the sequence.
This contradicts Theorem 4.23, applied with u, = 1 to the elements of the sequence below a
suitable threshold. O

Theorem 4.23 makes no assumption on the limit of the radii ¢,. Here t, — T is a half-
integer, so that A;, approaches a lattice contained in the rational grid, and for 7' = 1 the
squared transverse momenta of points of A;, near the momentum axes tend to zero. Both
situations are covered by that theorem, whose statement and proof place no restriction on
the limit ¢o of the radii: if [t, — T'| > a" along a subsequence it uses the moving certificate of
Proposition 4.20 at tg = T, and otherwise it transports the points to the radius 7. For the
sequences produced in the proof of Theorem A the first alternative occurs, because |t, — T
is comparable to .

Proposition 6.25 (Pinned radius one or two). Let collision data with R € {1,2} be given.
There is no resolved sequence for these data.

Proof. Suppose that a resolved sequence exists.

Step 0: the states used. We apply Lemmas 6.17 and 6.20 to several objects. At C' = (1,1)
the measure pf has mass % and 1y, has mass i, so there is exactly one state at (1,1); it has
spin zero and dimension 2 + z, with

Sa = |2a| < 6%,

We call it the long scalar; its physical point in D((1,1), 04) is (Vh,Vh) with h = 1 + +2a,
and this is the only physical point of a state in that disc. For v € AN there is exactly one
state at Y, (t,); it has spin v and dimension E,(t,) + .4, and 6, , = 0 as in Step 1 of the
proof of Proposition 6.24. The row preimage 00 = [2,2] = (2,0) lies on the P-axis and
outside V, and o (R, t,)({(2,0)}) = 2 by Lemma 6.17(iii). A state with a physical point at
(2,0) has weights (4,0) and gives mass % to this point, so &(R,t,) contains exactly one such
state, whose sign patterns (4, +) and (4, —) give the point (2,0). By Lemma 6.20(i) there
is one state ji of p, such that the physical points of states in D((2,0), o) are exactly the
two points (\/E,:l:\/Z) of j1; it has spin 4 and dimension 4 + 6,7, where 0 < §F < 6% the
lower bound because h > 0. In the same way there is one state j_, of spin —4 and dimension
4 + 6, such that the physical points of states in D((0,2), 04) are the two points (+v/h, \/Z)
of j_. Finally, for (k, j) # (0,0) the preimage x; ;(tq) is not in ¥(t,), and by Lemma 6.20(i)
the disc D(xyx,j(ta), 0a) contains no physical point of a state and no point of V.
Step 1: the scale. Put

2
b=¢,+a, H =log(1/b) < L, B=a+c2 €2 = fé}‘} (6.69)
Then b < 26%° — 0,
o2 /(42 02 /(262 _ 256 H?
e/ (47) = pt < 83, e Tl (2€7) = 8, € 4:@’
and, since zlog®?(1/z) < Cy/z for 0 < z < 1,
caH?? <blog®?(1/b) < Cb'/? < C 6P, (6.70)

By (6.62), aH < aL < 02, so ¢ < % and a < %e

Lemma 5.13(iii) apply with the widths ¢ and €//2.

2 for small a; thus Lemma 6.21(iii) and
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Step 2: the budget of ®P). By Lemma 6.21(ii) the centres of @%f) with negative coefficient
and positive mass are +£C, +C*, at which the only state is the long scalar, with displacement
o < 02, and +By(t,), £Bo(ts)!, at which the state has displacement zero. Lemma 6.21(iii)
with € = ¢, gives

S P (X7) <007 (a+2) 0,5H? +bY) < C 56, 2H?,

ta,€
J

and therefore
o”(X7) <To:=CBO,2H?  (Aj<E.). (6.71)

Step 3: the state at W( o). Since > Sps, we have Cb(p) > SctSBy(1)SByr):- We apply
Lemma 6.22 at Xo(t) = Y3(t) = W(t) with the intended zero Spg () and the two factors Sex,
Spyy: of Table 1; thus k = 1, k' = 2, and by (6.71)

165.0] < COTATY? < € BY20,0H. (6.72)

Step 4: the state near (2,0). Let X = [u,v] be the physical point (v/h, \/Z) of 74, so that
u,v >0, uv =4 and |X — (2,0)| < 63° by Lemma 6.20(i). Then, as |u —2|,|v —2| < 1,

5F =L +0v?) —ww = Lu—0)? < (u—-2)2+ (v -2)? < LX),

by (5.26). By (6.53) for the target [2,2], both Spy,) and Sp () are at least r, at (2,0).
For real Y the function Sy has gradient bounded by 27|Y|, since |B(Z,Y)| < 2|Z||Y]; hence
these two factors are at least ko, — 2m0103° > 2k, at X. With (6.71),

1 4F0
16 2

0<6f<—

(6.73)

Step 5: the budget of ®B) at the width €/v/2. By Lemma 6.21(ii) the centres of
CI),S) = QSw(1,)Sw (1,)¢ With negative coefficient and positive mass are +C, +C* and £W (¢,),
+W(t,)!. Put e = CBY20,1°H with the constant of (6.72), enlarged so that C' > 1. It
bounds |03,4| and ¢, < Y2, and BY/2H < a'/?L+bH < a'/* +CbY/? < €2 by (K1) and the
inequality used in (6.70), so € < g2 for small a. Lemma 6.21(iii) with the width ¢/v/2 gives

3 — — _
> o7 H(X7) < €O ((a+ B0, H)0,5H + 1) < C 36, H". (6.74)

Step 6: the row from above. By (5.51) with t = t, and w = 3, (6.74), and €2 =
770392‘ (16H),
{110, D, 00e)| < CEBO72H + Cae™t < CBO;2°HY2, (6.75)

Step 7: the row from below. By Lemma 5.12(i), (g, Dy, %) is the combination, with
coefficients b;byb; of total modulus 64, of the numbers (g, Ve z), T = xl k,j(ta). Each of these
is the sum of 9. , over the physical points of all states, with weights 1 7> and over the points of
V', with the weights (5.1). By Lemma 5.12(ii) and (5.17), the points at distance at least g,
from z contribute at most (C} 4 4)e~"%/(2<*) = (C} + 4)b®. The points within g, of = were
determined in Step 0. For (k, j) # (0,0) there are none. For 2190 = (1,1) they are the atom
of tyae at (1,1), at which ¥ (1 1) vanishes, and the point (v/h,V/h) of the long scalar, with
weight 1; by Lemma 5.12(iii),

~ Se | Sa

2a 8 <
<SS (G4 < OB,

Za

’<:U‘a7 we,(1,1)> - 16
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where ¢3¢72 < C¢2¢, HO;* < Cs2 by (6.70); the expansion of that lemma is valid for all

|zo| < 1 and requires no comparison between ¢, and €. For zgpp = (2,0) they are the
two points of j;, each with weight 7, and by Lemma 5.12(iv) and (6.73) they contribute

at most %52‘ < CB6,;2°H? in modulus. For x2,0,0 = (0,2) they are the two points of j_,
whose contributions cancel by Lemma 5.12(iv). The coefficients of the three preimages with
k=j=0arel,—2,1. Hence

Za _
(10, Do) + 5| < C50.0m” (6.76)

The pairing here is the physical one (5.4), in which the vacuum atom at (1,1) is not shifted;
the central shift is contained in (5.51).
Step 8: the long scalar. By (6.75) and (6.76),

L < Cla+¢2) 0,2 H2,

By (6.70), Cs,0;2H%/? < CH* < % for small a, so the quadratic term is at most %ga, and
with (6.62)
o < Caf L3 < O adTA000L5/2 - 1/3, (6.77)
Step 9: the final budgets. We now use the width (6.63). As in Step 2, with e = ¢, < al/3 <
02, Lemma 6.21(iii) gives

S oP (X7) < 0O ((a+a®?)0, 3L + a) < C a0, 1212,

ta,€
J

so that @E?(X}’) < Ca®B071212 for Aj < E,.. For k € {1,2} we apply Lemma 6.22 at

Xo(t) = Bg(t) =Y, (t) to <I>§p> > SctSBy(t)SBy(t)t> With the intended zero Sp, ;) and the two
factors of Table 1:

16,0 < C O (30,1202 = CalBe, 0L (k=1,2).

Put e, = C a'/30,'°L with C > 1; it bounds g, and |5, 4|, and £, < g2 for small a by (6.62).

For k = 0,1, 2 the centres of <I>§f ©) with negative coefficient and positive mass are +C, +C*,
+By(ta), £Bp(ta)¥, and Lemma 6.21(iii) with ¢ = ¢, gives

> o (X7) < 00" ((a+ 30,010,512 + o) < C a0, 2L (6.78)
J
Step 10: localization. Let j be a state with A; < L and X = [u,v] one of its physical

points. As in Step 4 of the proof of Proposition 6.24, the broad Gaussian at X is at least e,
so by (6.78)

AUX) Sp, (1) (X) gyt (X) STa = Ca?Po;L <1 (k=0,1,2),

and wv = s; € Z, |u|,|v] < T = v2L. We apply Lemma 5.9(d) and (a) with ¢ = t4, t_ =
t+:RmaX—|—1,£:1and

¢ = %Fé/G _ Ca1/99;16/3L2/3’ CT < Ca1/90g16/3L7/6 < 0BT/,

)

N[ —=

by (6.62). Since (T — 0, the smallness conditions hold, and there is a real point X J’», either
in Ay, UA;y, or of the form [m/2,n/2], whose spin is exactly s;, with
|A] _ |X]l|2| < CCT < Ca1/99;16/3L7/6 < Ca119/1125L7/6. (679)

In the second case X} € Yo = Ay /5 U Ay UAs by (5.29).

Step 11: contradiction. As in Step 5 of the proof of Proposition 6.24, the localization
(6.79) of all states with A; < L contradicts Theorem 4.23, applied with the radii {%, 1,2},
the interval I, the radii t, and u, = 1. O
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In Step 8 the quadratic term is absorbed because the comparison theorem already gives
Go < 699 which is much smaller than the loss 6;26. The case ¢, = 0 needs no separate

treatment, since the scale b = ¢, + a is positive.

6.9 Proof of Theorem A

Proof of Theorem A. The two formulations in the theorem are equivalent, and by Remark 2.2
it suffices to consider 0 < g < % Suppose that the theorem fails for such a g. Then there are
admissible partition functions of gap g at central charges ¢ = 1+ 12a with a arbitrarily small,
hence an admissible sequence of gap g with a — 0. By Theorem 2.9 a subsequence converges,
and by Theorem 5.21 its limit is o(R1, R2) with half-integers 1 < R; < Ro < Rpax. We show
that a further subsequence, with suitable radii, is a resolved sequence for collision data (R, T),
{R,T} = {R1,R2}. This contradicts Proposition 6.24 if R ¢ {1,2} and Proposition 6.25 if
R € {1,2}. Subsequences of admissible sequences are admissible sequences, and all statements
below hold for sufficiently small ¢ in the sequence under consideration.

Step 1: the comparison measure. Theorem 6.13 provides the indices ¢, and the radii
t, > 1. Passing to a subsequence we may assume that ¢, is constant. Then R = R,, and
T = Rs_,, are fixed half-integers, o(R,T) = o(R1, R2), and t, — T. We fix the collision data
of Section 6.6 for (R,T), and with them the interval I, the integer p, the constants g, cg of
Lemma 6.16, and F..

Step 2: the finite orders. Put

m = 20000, n = 20000.

These integers are chosen after the data of Step 1, on which they do not depend, and before
any estimate involving a. By Theorem 5.25 with the exponent 1/m and k = 1,

a<8m (6.80)

for all sufficiently small a. (The alternative §, < al/™ along a subsequence is the case excluded
in the proof of that theorem by Proposition 5.23 and Theorem 4.22.) Since §, — 0, it follows
that v/a < 4,4, hence

8y < by < 204, H, < log(1/5,), (a+b;‘+1)1/84 < (5goooo+(25a)20001)1/84 < 2520000/84'
As 20000/84 > 238, for every pair of constants C, K we have
C (a+ b1 4+ H)E < 206235(1 + 1og(1/6,))~ < 5200 (6.81)

for small a. Thus the bounds (6.36) and (6.45), for this n and for the finitely many windows
and the number FE, used below, are at most 5200.

Step 3: the collision scale. Consider the window W,,(E4,0). A point of spin zero of
suppo(R1, R2) C T has dimension in ﬁZ, and 3ng < #, so the window is isolated for
S(R1, R). By Lemma 5.22 the states of p, in it have the dimensions Eg + 24, 1 < i < 4,
and 0, = max; |z q|. By (5.67) the numbers d/R, dR, d/T, dT" are integers. The classes with
mn = 0 and E,, ,(R) = Eq4 are those of (d/R,0) and (0, dR), neither of which is the class of
(0,2R), since d > 4; the classes with mn = 0 and E,, ,(T) = Eq4 are those of (d/T,0) and
(0,dT). By Lemma 6.2(i) the states of &(R,t,) in the window have the dimensions

Eq, Eq, Eqy70(ta) = Eq (ta/T)?, Eoar(ta) = Ea(T/ta)?.

For two ordered quadruples the largest distances to Ey differ by at most the largest distance
between corresponding entries. Hence, by Theorem 6.13(iii) and (6.81),

00— Ead(ta)] <32, 2(t) = max{|(t/T)* — 1], [(T/t)* —1]}.
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For [t — T| < 3T we have |t — T|/T < d(t) < 10|t — T|/T. Since 62 < 14,, we get
%5a < Eg0(ty) < 2§, and

T 2T
—— 0, < |ty = T| < — 6,. .82
20E, _’ |_Ed (68)

In particular t, # T, because d, > 0 by (6.80).

Step 4: anchoring the radius on an actual state. By Corollary 6.14 and (6.81) there is,
for small a, a map j — j' from the states of p, with A; < E, into &(R,t,) as described
there, with [A; — A%/ | < 6290 The moving state of the class of (1, p) has spin p and dimension

Eip(te) = Ep(ty) < 0? < E, — 1, so it is the image of a state jo of p,, which has spin p and
1A, — Ep(ta)| < 6. (6.83)

This state does not depend on the choices made in Corollary 6.14: it is the only state of p, of
spin p whose dimension is within ¢, of Ey(t,), for a suitable constant ¢ > 0. Indeed, the states
of spin p of &(R,t) are, by Lemma 6.1(ii), the moving states of the classes of (1,p) and (p, 1),
of dimensions E,(t) and E,(1/t), and the fixed states of the same two classes, of dimensions
E,(R) and E,(1/R). The equation E,(z) = E,(T), x > 0, holds only for =T and z = p/T,
and p/T > Rmax. Hence the dimensions other than E,(t) that tend to E,(T") as t — T are
E,(1/t) when T = 1, and the constants E,(R) = E,(T) when R =T and E,(1/R) = E,(T)
when R =T = 1. Since |E}| > 4/(Rmax + 1) on I and E,(1/t) — E,(t) = 5(p* — 1)(t* — t72),
each of them differs from E,(t) by at least a constant multiple of [t — T'| near T'; so E,(t,) is
a simple node of the comparison and is separated from the other nodes of spin p by at least
dta — T| > 2cd,, by (6.82). As every state of p, of spin p with dimension near E,(T) is
within 2% of the node to which it is mapped, the claim follows.

Since E, is strictly decreasing on I, T' is interior to I and Aj, — E,(T), there is a unique
to € I with

Ey(ta) = Ay, ta — ta] < 2(Rimax + 1) 62%°, (6.84)
by (6.83) and the lower bound for [E}|. Let 0, = |to — T|. By (6.82) and (6.84),
~ 4T
— 0y < < — 0q4- .
40Ed5a_9a_ Edéa (6.85)

Step 5: the sequence with the radii T, is resolved. (K1): by (6.85), 0 < 6, — 0, and
by (6.80) and (6.85), a < 620090 < (40E40,/T)?0%0 < g0 for small a. (K2): by the last
assertion of Corollary 6.14, with e, = i(Rmax +1)62%° and by (6.81), there is a map j > j’
into G(R,t,) with the required properties and

|Aj — Al < C 2% < C(40E40,/T)* < 65°.

(K3): the state jo has spin p and dimension E,(f,) by (6.84). Hence the sequence, with the
radii #,, is a resolved sequence for the collision data (R,T), which is excluded by Proposi-
tions 6.24 and 6.25. O

Remark 6.26 (The order of the choices). The proof uses the following finite quantities, fixed
in this order.

(1) The gap g determines d, the grid I', the prime p and the reconstruction operator Pi.

(2) The limit of the sequence and the rule (6.43), which involve no Taylor order, determine
the pinned radius R and the limit T of the free radius. The pair (R,T) determines
the collision data and the constants of Lemma 6.16. The collision exponent is two, the
losses in Propositions 6.24 and 6.25 are at most 6,35, and Definition 6.19 requires the
accuracy 6% and the bound a < 819, These exponents do not depend on g or on the
data.
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(3) The exponent m = 20000 of the comparison between a and 0, and the Taylor order
n = 20000 are chosen so that min{m,n + 1}/84 > 200 > 60 and m > 1000.

(4) The order n determines the local order ¢ = 2n, the tests F, and the projection II,, then
the number Dy = 4(n + 2)/7, then the window constant M of (6.26), as explained in
the proof of Lemma 6.11.

(5) Finally a is taken small. The certificates of Theorem 4.23, which are used for the

exponents 2% and £5- of (6.68) and (6.79), are fixed inside the proof of that theorem.

No quantity depends on one that is chosen later, and no Taylor order depends on a. With
a < Gam/ for a larger exponent m’ in place of 1000, the same proofs give the localization

exponents - 9 and % — 3}2,; the proof of Theorem A provides every m’ < 20000. The

16~ 2m/
only input from Theorem 5.25 is the inequality (6.80); no upper bound for ¢, by a power of

a is used, and none is available.

7 Remarks on effectivity

Theorem A asserts that a threshold e(g) exists, and its proof gives no value for it. In this
section we locate the non-effective steps of that proof, show that those of a structural nature
can be replaced by terminating searches, and state precisely which quantitative information
is missing. The outcome is a conditional statement, Theorem 7.7; it is not an effective form
of Theorem A.

The proof of Theorem A is non-effective in four places.

(a) Approach to the boundary family. Theorems 2.9 and 3.5 show that along a sequence
a | 0 the long measures accumulate only on B,. This is a compactness statement and
comes without a modulus.

(b) Stabilization. The arguments of Sections 5 and 6 begin by fixing the numbers of states
in finitely many windows by Corollary 2.11, which holds for all sufficiently small a in a
given sequence, below an unspecified threshold.

(c) Finite certificates. The tests of Theorem 4.19 and Proposition 4.20 are built from a
linear identity supplied by Lemma 4.16, which asserts that a row lies in a span without
exhibiting the combination. The finite-dimensional estimate of Proposition 6.6 likewise
comes with a constant that is not exhibited.

(d) Constants. The analytic estimates carry unnamed constants C, ¢, k.

We remove (a) in the sense of recursion theory (Proposition 7.5), turn (b) into an explicit hy-
pothesis (Definition 7.3), and remove (c) for the origin certificates (Propositions 7.12 and 7.13).
Source (d) is not addressed; Subsection 7.6 lists the estimates concerned.

Throughout this section an algorithm is a Turing machine acting on finite data: integers,
rational numbers, and real algebraic numbers, the latter given by their minimal polynomial
over Q and an isolating interval with rational endpoints. “Computable” is meant in this sense
only, and no bound on the running time of any search below is implied.

7.1 Observables and certified local exclusions

Let Y = {(A,s) € RxZ : A > |s|}. By a state measure we mean a positive measure
p=>,An® Aﬁj on R? with hj, Bj > 0, integer spins, and finitely many states below every
dimension; its states are points (Aj,s;) € Y, repeated according to multiplicity. The long
measure p, of an admissible partition function is a state measure, and so is (R, t) for every
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half-integer R > 1 and every real ¢ > 1, by Theorem 3.5(ii) applied with a sufficiently small
gap.

Definition 7.1 (Rational tests and observables). A rational test is a function ¢ : Rx Z — R
such that ¢(-,s) = 0 for all but finitely many s and each ¢(-,s) is continuous, compactly
supported and piecewise polynomial, with rational breakpoints and rational coefficients. For
a state measure p we put (p,p) = > (A, s;), and for a finite family ® of rational tests we
write ®(p) = ({p, ¥))peca € R?, with the norm | - [ on R®.

The number (p, ¢) is the integral against p of the continuous, compactly supported, even
function X ~ >, ¢(|X]?, s) max{0,1 — 2|P? — Q? — s|}, so the observables are continuous
for the vague convergence of Theorem 2.9(a). A rational test is a finite rational datum, from
which one computes a rational E, > 1 with ¢(A,s) =0 for A > E, and a rational Lipschitz
constant for ¢ in A; we put Ep = max,co E,. Any class of continuous compactly supported
tests with computable values and computable moduli of continuity would serve equally well.

For the boundary measures, (2.10), (2.3) and (2.12) give

@R t),0)=5 D [p(Bmn(R);mn) + o(Enn(t),mn)] +¢(1,1) +o(1, —1) — ¢(2,0),
(m,n)€Z2\{0}

(7.1)
where Ey, (1) = %(m%z +n2r~2); the lattices A, and A, /r contribute equally. Only charges
with m? < 2E, and n? < 2E¥,r2 contribute. Hence, for a half-integer R, the map t —
®(0(R,t)) is continuous on [1,00), has a computable Lipschitz constant on every interval
[1,7] with 7 rational, and takes rational, exactly computable values at rational t. We put
ry = (29)7'/% and

Oy ={(R,t) :2R€Z, 1 <R <1y, 1 <t <ry},

so that By = {o(R,t) : (R,t) € Il;}, because o(R,t) = o(t, R).
Sharp cluster counts are not continuous observables, but they are determined by open
conditions on continuous ones.

Lemma 7.2 (Cluster counts from continuous tests). Let s € Z, let I C R be a bounded open
interval, and let x~,x ™ be rational tests vanishing off the spin s with

0<x (8 <17 <17 <xT(,s).

Let p be a state measure and ng > 0 an integer. If [(p, x =) — no| < 1 and |{p,x) — no| < 1,
then p has exactly ng states of spin s with dimension in I, and no further state of spin s with
dimension in I. For ng = 0 the condition on x alone suffices.

Proof. Let n~ and n™ be the numbers of states of spin s with dimension in I and in I. Then
n~ > (p,x7) > ng — 5 and n* < (p,xT) < ng + %, while n= < nT are integers. Hence
n~ =nt =ng. OJ
Definition 7.3 (Certified local exclusions). Let g € (0, 3] be rational. A local exclusion
datum is a triple (®,0,«a) consisting of a finite family ® of rational tests, an open box
O = [lyealoy,0}) C R® with 0, < of in QU {+oo}, and a rational a > 0. Tt is a certified
local exclusion for the gap g if no admissible partition function of gap g at ¢ = 1 4+ 12a with
0 < a < a satisfies ®(pq) € O. It covers o € By if ®(0) € O.

“Certified” refers to the truth of the exclusion, which is a statement about all admissible
partition functions; it cannot be read off from the finite datum. By Lemma 7.2, a box can
prescribe the number of states in each of finitely many windows and the emptiness of others.
Such a box contains ®(o), with ng the number of states of ¢ in the window, whenever no state
of o of the spin in question lies in the support of ™ — x; for then both pairings equal ng.
In this way the conclusions of Corollary 2.11, available along a sequence below an unknown
threshold, become hypotheses on a single partition function.
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7.2 A computable modulus for the approach to the boundary

The following elementary fact is the only verification device used by the searches of this
section.

Lemma 7.4 (Certifying strict positivity). Let Q be a finite union of closed boxes [[;[pi, ]
with rational p; < pj, possibly of different dimensions, and let G : Q — R. Suppose we are
giwen a rational X\ with |G(w) — G(w')] < Mw — w'|l whenever w,w’ lie in the same box,
and an algorithm which, for a rational point w € Q and an integer n > 1, returns a rational
Gpn(w) with |Gp(w) — G(w)| < 27™. Then there is a procedure, uniform in these data, which
halts if and only if G > 0 everywhere on Q.

Proof. Let £ be the largest side length of the boxes. At stage n, consider in each box the
finitely many points whose coordinates are p; + k27" (p} — p;), 0 < k < 2"; every point of the
box is within 27™¢ of one of them. The procedure halts at stage n if G, (w) > (1 + \)2™"
at all these points w. If it halts, then for w’ in a box and w a nearest such point, G(w’) >
Gp(w) —27" = M27" > 0. Conversely G is continuous, so if G > 0 on Q then G > u for some
> 0, and the procedure halts as soon as (2 + A\)27" < pu. O

Proposition 7.5 (A computable modulus). There is an algorithm which, given a rational
g € (0, %], a finite family ® of rational tests and a rational v > 0, halts and returns a rational
a € (0, g2 /4] with the following property: for every admissible partition function of gap g at
c=1+12a with 0 < a < ay there is 0 € By with [|®(pa) — P(0)]00 < 7-

Proof. Put ag = g?/4 and ¢, = 3%(1 + [18g72]). For j > 1 let k; be the largest integer k > 0
with ¢,28 < j, or kj = 0 if j < ¢4, and let \; = max{g, k]?/256}. At most ¢, 28" indices j
have k; = k.
Step 1: a compact container. Let Z be admissible of gap g with 0 < a < ag, and number its
states so that Ay < Ay < ---. We claim that A; > ;. For E > 1, (2.22) with y = E-1/2
gives
Nu(E) < WEP,(y) < (1 + CoVE " 1+VE < (14 0,) e3VE,

because a < 15, 27 - 1& < 7 and VE < eVE: for E < 1 we use Ny (E) < N4(1). Since €® < 3%
and C, = 2¢™/2g7% < 18¢72, we get N,(F) < cgeg\/E for all E> 0. Now j < Ng(4;), so
cg2k < j implies 8/A; > klog?2 > k/2, that is, A; > k?/256. Together with A; > g this
proves the claim.

Let Y; = {oo} U{(A,s) € Y : A > \;}, the one-point compactification of a closed subset
of R x Z, and let

ﬁg = [O,ao] X H }/j,
j>1

a compact metrizable space. We write its points as £ = (a, (w;)j>1) and call the entries
w; # oo the states of {. By the claim, every admissible Z of gap g with 0 < a < ag defines a
point £z € Ry, by listing its states in nondecreasing order of dimension and filling up with oo
if there are finitely many. For a rational test ¢ put (£, ) = D ;oo ©(w;); only the finitely
many j with \; < E,, contribute, so this is a continuous function on &, and ®(£z) = ®(p,).
For 7 =z + iy € H put

Z2(ri) = g (|l=e P 3 A R (g) = Z(ri)-Z(-1/7:¢).

w;i=(Aj,s5)F00

—2myA;.
7

The jth term is continuous on Y}, with value 0 at oo, and is bounded by e since

> e PN < Cq D k>0 ok+1e=Bk2/256 o for every 3 > 0, the series converges uniformly on £,
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locally uniformly in 7. Thus F; is continuous on Ry, and 7 — F; () is continuous on H. By
(2.2), Z(1;€z) = Za(T), so that

Fr(é7)=0  forall7€H. (7.2)

Step 2: truncation. Let k > 12 be an integer, Ej, = k2/256 > g and J = cg2kJrl — 1, so that
Aj < B exactly for j < Ji. Put

Jk
ﬁg,k = H 1/j,lw Yj,k = {*} U {(A,S) €eY:\ < A< Ek}
j=1

Each Y, is the union of an isolated point and finitely many closed intervals with rational
endpoints, one for each admissible spin, so [0, ag] X R is a finite union of boxes with rational
vertices. Let t : [0,a0] X Rgr — Ry replace * by oo and put w; = oo for j > Jj, and let
7+ Ry — [0,a0] X Ry keep a and the states wj, j < Ji, with A; < Ej, replacing the other
entries by *. A state of { with A; < Fj, has \j < Ej, hence j < Jj; so ,m;€ is obtained from
¢ by deleting exactly the states with A; > Ej. Consequently, if Fj, > Eg then

O (upmi) = D(§). (7.3)

Among the deleted states, fewer than chk’L1 have j < Jj, each with A; > k? /256, and those
with j > J have A; > k:]2-/256 with k; > k. Therefore, with 9(8,k) = > >y oK' +1 =Pk /256
and y' = Im(—1/7),

Fo(©) — Frlumid)] < (VI 2™000(2my, k) + VF &V 9(2ny B)).  (7.4)

The right side is a computable real number which tends to zero as k — co.

Step 3: certificates. Fix enumerations 71, 72,... of Q(i) N H and t1,%2,... of QN [1,74];
membership in the latter set is the decidable condition ¢ > 1, 2¢gt?> < 1. For i < k compute a
rational €; ; which is at least the right side of (7.4) at 7 = 7; and exceeds it by at most 27k,
thus €, — 0 as k — oo. Let kg = max{12,[16y/FEg |}, so that E, > Eg for k > kg. For
integers k > kg and [ with 27! < ag define, on Q; = [0,27!] x R,k

Grr(a, w) = maX{7 — puin, [ (k(a, w)) — (o (R 1))l oo, max(|Fr, (s (a, w))| = 5i,k)}7
where R ranges over the half-integers in [1,7,4]. We claim: if Gy > 0 on Qi , then ay, = 27 has
the property stated in the proposition. Indeed, let Z be admissible of gap ¢ with 0 < a < 27
and put (a,w) = m{z € Qi By (7.2) and (7.4), |F7, (tx(a, w))| < €; for all ¢ < k, so the first
entry of the maximum is positive: there are R and i with ||®(tx(a,w)) — ®(0(R,t:))]|co < 7-
By (7.3) the first vector is ®(p,), and o (R, t;) € By.

Step 4: a certificate exists. Fix lo with 27% < ay. We show that Glo+kk > 0 on Qi .k
for some k > kg. Suppose not, and choose for every k > k¢ a point (ag,wy) with
Gio+kk(ag, wi) < 0. Let & = t(ag, wy). By compactness of & a subsequence converges to
some &oo = (@oo, (w5)). Since ap < 2707k we have an, = 0. Since |F,(&)] < &, for k > i
and ¢; ;, — 0, continuity gives Fr, () = 0 for every i, hence F;(£5) = 0 for all 7 € H. Since
|P(&k) — P(0(R,t;))]loo > v for k > ¢, continuity in £ and in ¢ and density of the ¢; give

B(¢e) — B(0(R, )]0 >y for all (R, 1) € II,. (7.5)

On the other hand, let (hj,h;) be the weights of the states of {o and Ho = (1 —¢)(1 — q) +
> ¢"@". Then hj,ﬁj > 0, the spins are integers, A; > \; > g, and the sum converges on
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H, so Hy has the form (3.1). The function Zy = Hy/|n|? is invariant under 7 +— 7 + 1 because
the spins are integers, and under 7 — —1/7 because /y Ho(T) = Z(1:€5) and Fr(s) = 0.
The proofs of Lemma 2.4 at a = 0, of Lemmas 3.3 and 3.4, and of Theorem 3.5(i) use no
property of a limit other than these. Hence the state measure of {,, equals o(R,t) for some
(R, t) € 11, which contradicts (7.5).

Step 5: the search. On each box of Qi the function G;; is obtained by finitely many
operations max, min, | - | from rational constants, from the piecewise polynomial functions
(ti(a,w), p), from the rational numbers (o(R,t;),¢) given by (7.1), and from the finite sums
Fr, (tk(a,w)) of exponentials. A Lipschitz constant and approximate values at rational points
are therefore computable, and Lemma 7.4 applies. The algorithm runs the procedures of that
lemma for all pairs (I, k) with 27! < ap and k > kg in an interleaved fashion and returns
ay = 2! for the first pair at which one of them halts. It halts by Step 4 and its output is
correct by Step 3. O

Remark 7.6. The algorithm of Proposition 7.5 is an unbounded search, and “computable” has
only its recursion-theoretic meaning. The correctness of the output (Step 3) is elementary.
That the search halts (Step 4) is proved by compactness together with Theorem 3.5, and
therefore rests on the reduction quoted from [2] in Proposition 3.1. The proof provides no
bound for the halting time and no lower bound for a, in terms of g, ® and v; the dimension
of Q1 is of order cg2k. The proposition concerns the approach to the whole of B, and cannot
be improved in this respect by the same method: every element of B, is a common zero of
the functions F at a = 0.

7.3 Gluing certified local exclusions

Theorem 7.7 (Conditional threshold). There is an algorithm A with the following property.
Its input is a rational g € (0, %] together with a sequence (®;, 0y, o;)i>1 of local exclusion data,
presented by a program, or an oracle, that returns the ith datum on input i. Suppose that

(i) every (®;,0;, ;) is a certified local exclusion for the gap g, and
(i1) every o € By is covered by at least one of them: there is i with ®;(o) € O;.

Then A halts, and its output is a rational €(g) > 0 such that no admissible partition function
of gap g has central charge in (1,1 + €(g)).

Proof. For a box O as in Definition 7.3 and v € R?® let
_ . . — . —+
depthp(v) = min{1, msgn(vsp —0,), msgn(ogo —vy) }.

This function is 1-Lipschitz for || - ||ec, and v € O if and only if depthy(v) > 0.

First search. For an integer ig > 1, a rational v € (0,1) and a rational 7 with 2¢gi-? > 1, that
is, 7 > rg4, consider the function

G(R,t) = max deptho, (®i(o (R, 1)) —
1<ig

on the finite union of the intervals {R} x [1,7], R a half-integer in [1,74]. By the discussion
following (7.1) it has a computable Lipschitz constant and computable values at rational ¢.
The algorithm interleaves the procedures of Lemma 7.4 for all triples (ig,7,7) and stops at
the first triple for which G > 0 is certified. Such a triple exists. Indeed, by (ii) the open sets
{(R,t) € Il : ®i(c(R,t)) € O;} cover the compact set IIy; hence for some i the continuous
function max;<;, depthp, (®;(0(R,t))) is positive on II, so it exceeds some rational 27 there,
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and by uniform continuity it exceeds v on {R} x [1,7] for every R once 7 is close enough to
Tg.

Second search. Let ® be the disjoint union of ®4,...,®;,, apply the algorithm of Proposi-
tion 7.5 to (g, ®,7), and let a, be its output. The algorithm A returns

€(g) = 12min{a, a1, ..., 04}

Correctness. Suppose Z is admissible of gap g at ¢ = 1 4+ 12a with 0 < 12a < €(g). Since
a < ay, there is 0 = o(R,t) with (R,t) € II; and ||®(ps) — ®(0)|lec < 7. By the first
search there is i < ig with depthy (®;(0)) > 7. As [|®;(pa) — ®i(0)||cc < v and the depth is
1-Lipschitz, depthg, (®;(pa)) > 0, that is, ®;(pa) € O;. Since a < «;, this contradicts (i). [

Remark 7.8. For an arbitrary real g > 0 one applies the theorem to a rational ¢’ < min{g, %}
an admissible partition function of gap ¢ is admissible of gap ¢’ (compare Remark 2.2).
Rationality of the gap is used only so that the input and the conditions 2gR? < 1, 2¢t? < 1
are handled exactly.

Remark 7.9. For a single fixed g, the existence of an algorithm that prints a valid threshold
is a trivial consequence of Theorem A; likewise (i) and (ii) can be met trivially once a valid
threshold is known, by a single datum whose box is all of R®. The content of Theorem 7.7
is that one explicitly described algorithm, with g as input, converts local information near
each point of B, into a threshold, and that the validity of its output is established without
Theorem A: it uses hypothesis (i) and Step 3 of the proof of Proposition 7.5, while the
classification enters only in the proof that A halts. The algorithm verifies (ii) for the data it
uses, with a margin; it does not and cannot verify (i). If (ii) fails it does not halt. If (ii) holds
and (i) fails it halts, and its output need not be valid.

7.4 A smallness cutoff

Once an estimate has an explicit constant, the absorption of logarithms into a power can be
made explicit as well.

Lemma 7.10 (A rational smallness cutoff). Let p >0, C > 1 and 0 < v < 1 be rational, let
b > 0 be an integer, and let k be an integer with

8v2 4020

k Z maX{Q, pT7 o

Then C aP (1 + log(l/:n))b <~y for every 0 < x < 27F.
Proof. Let £ =log(1/x) > klog?2 > k/2 > 1. Since log¢ < v/£ and £ > 4b%/p?,
(14 0)° < (20)° < 20ebVE < 9bept/2,
With ¢ = C2°/y we have pl/2 > pk/4 > (, so
CaP(1+0)° = Ce*pg(l +0)° < C2be P2 < 02be™C =~ (e ¢ < ~. O

A finite list of such inequalities is satisfied below 2% for the largest of the corresponding
integers k. The third entry of the maximum is wasteful: the proof shows that any integer
exceeding (4/p)log(C2%/) may take its place. The form stated avoids logarithms of the data.
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7.5 Computable origin certificates

We turn to source (c). Fix integers d,q > 1. Let R4 be the set of radii of Lemma 4.12,
Yo = UT‘GRC{ A, C d_lAl, and

Sq(t) =d 'ATUNUA , DSgUA Uy, E>0;

in light-cone coordinates d ' Ay = d~'Z2. The single grid d~'A; is a transverse family adapted
to R4, with phase exponent v = d? (Definition 4.8). We use the conventions of Section 4 for
translations 7,,, multi-indices and the sets A,, write s(X) = P2 —Q?, ep = (1,0), eq = (0,1),
and denote multi-indices by § = (8p, Bg) and distributions by T.

The phase rows (4.22) used in Section 4 have coefficients involving powers of 7i. They can
be replaced by equations with rational coefficients.

Lemma 7.11 (The local phase equation). Let z = (zp,zq) € R?, let T, = >_18|<q CB 986,
and put w, = s — s(x). If v is a nonzero integer with vs(x) € Z, then C* T, = T, if and only
if wgTo = 0. Moreover, with cg =0 for |3'| > ¢,

wax = Z [_ 255P(6P + 1)cﬁ+6P + (/BP + 2)(/813 + 1)CB+2€P
1Bl<q—1 (7.6)

+220(Bg + 1)csteq — (Ba +2)(Bg + 1)¢s12¢4]0° 0.

The coefficients of this equation are polynomials over Q in the coordinates of x; no power of
T 0CCurs.

Proof. Let V, be the space of distributions supported at = of order at most ¢g. For a smooth
function f, f 96, = ZB/SB(—l)W*B/'(g,)(aﬁfﬁlf)(x) 976, Hence multiplication by f on V,
depends only on the Taylor polynomial of f of degree ¢ at x, and multiplication by a function
vanishing at = lowers the order. In particular the operator m of multiplication by @, satisfies
mat! = 0 on V,. Write e>™* —1 = 2rivz E(2) with E entire and E(0) = 1. Since e?™*5() =1,
on V,
k
o

CV —1=e*™% _ 1 = 21ivmE(m), E(m) = Z
k<q

and E(m) is the identity plus a nilpotent operator, hence invertible, and commutes with m.
This proves the equivalence. For the formula, write @, = 2zp(P—zp)+(P—xp)* —22(Q —

zg) — (Q — xg)? and use (P — zp)*0%5, = (—1)’“(553!@! P =ker§, for k < Bp, and zero

otherwise, together with the same identity in Q. O

Labels and rows. We recall the set-up of Steps 1-3 of the proof of Proposition 4.20 in the
present case, in which all data are rational. The classes are {0, +, —}, with T'o(¢) = d~*Aq,
Ly(t) = Ay, T _(t) = Ayje. A Laurent vector is an element of Q[t, 7112, regarded as a map
(0,00) — R2. The labels are £ = {0} U ({0,+, —} x (Z?\ {0})), with the Laurent vectors, in
light-cone coordinates,

29 =0, Zomn = (Mm/d, n/d), Ty mn = (Mt, n/t), T mn = (M/t, nt).

For every t > 0 the map A — x,(t) sends £ onto ¥4(t). A dual vector of the class i is a
Laurent vector @ m » with (m,n) # 0 and, for i = 0, m,n € d?Z; its values lie in T;(¢)V \ {0}.
A label array is an element é € C**44¢, and a row is a finitely supported function on £ x Aq
with values in Q[t,t!]; for each t > 0 it acts on label arrays. We consider two kinds of rows.
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(1) Translation rows. Let w = (wp, w4, w_) consist of dual vectors of the three classes, let
k> q+1 be an integer, Y a Laurent vector and 3 € A,. Put

rwhys(@) =Y. J[(=DF" (:@) > es(N), (7.7)

ke{0,...,k}3 1 Aeg
A=Y +Rrowo+K4wWr+K_w_

where = is equality of Laurent vectors; the inner sum has at most one term. This is
the generic row of Step 3 of the proof of Proposition 4.20 for the operator Dy (t) =

(2) Rational phase rows. For A € £ and || < ¢ — 1, the bracket in (7.6), formed with
cg = ¢g(N) and o = xy.

Let Rg,4 be the set of all these rows. Equality in Q[¢,¢71] is decidable, so each row is com-
putable from its parameters, and R4, can be enumerated as rq,ro, .. ..

Proposition 7.12 (A terminating search for the row identities). For every 5 with 1 < |3 < ¢
the coordinate row ¢ — ¢3(0) is a Q(t)-linear combination of finitely many rows of Rgq.

Consequently the search which, fori=1,2,..., decides by exact elimination over Q(t) whether
all these coordinate rows lie in the span of ri,...,r; halts, and returns iy and ag; € Q(t) such
that
e5(0) = Y asa(t)ri(e) (1< |81 <) (7.8)
i<io

for all label arrays ¢ and all t > 0 that are not poles of the ag ;.

Proof. Fix a real t, > 0 transcendental over Q. Evaluation at t, is injective on Q[t,t!],
so two Laurent vectors that agree at t, agree identically. Hence A +— z)(t.) is a bijection
of £ onto ¥4(t.), and label arrays are the same as arrays on X4(t.) x A,;. The radii 1, t,,
1/t are pairwise incommensurable, so the three lattices I';(¢,) form a transverse family of
hyperbolic grids with support Y4(t.) and phase exponent d?. Lemma 4.15 provides finitely
many operators D; = Hi(Twiyl(t*) — IN™, with dual vectors w;; and m; > g + 1, such that
every array ¢ on %4(ty), of arbitrary growth, whose distribution T, satisfies D; T, = 0 for all
and C*T, = T, has c3(0) =0 for 1 < |B] < g. As in Step 4 of the proof of Proposition 4.20,
the coefficient (4.21) of 973, in D;T, is either zero for all ¢ or the value at ¢, of a row (7.7)
with Y (t,) = y. Since d2s is integer valued on 4(t,), Lemma 7.11 shows that C* T, = T,
is equivalent to the vanishing on c of all rational phase rows at t.. So ¢+ cg(0) vanishes on
every array annihilated by all rows of R4, evaluated at t,, and by Lemma 4.16 it is a complex
linear combination of finitely many of them, say of the values at ¢, of ry,...,r;.

Let M be the matrix of ri,...,r; in the finitely many columns in which these rows or the
coordinate row have a nonzero entry, and M’ the matrix with the coordinate row adjoined.
Their entries lie in Q[t,¢7!], so a minor vanishes if and only if its value at t, does. Hence
the ranks of M and M’ over Q(¢) equal the ranks over C of their values at t., which coincide.
Therefore the coordinate row lies in the Q(¢)-span of rq,...,r;, and the search halts at the
first index for which this holds for all 8. An identity between rows with coefficients in Q(t)
may be evaluated at every t > 0 that is not a pole of a coefficient. O

The number ¢, occurs only in the proof that the search halts; the search itself is exact
linear algebra over Q(t). The identity (7.8) can take the place of (4.32) in the proof of
Proposition 4.20: by Lemma 7.11 the rational phase rows vanish, like the rows pg\ﬁ used
there, on the label array (4.29) of every distribution T supported in X4(¢), of local order
at most ¢, with CT”T = T. The next proposition makes the remaining data of that proof
computable at an algebraic parameter.
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Proposition 7.13 (Algebraic parameters). Let to > 0 be a real algebraic number.

(i) One can compute a transverse family T'; = dz-_lATi, with r; € Q(to), whose support Sy
contains ¥4(ty). The search analogous to that of Proposition 7.12, over the translation
rows (4.21) of all operators [[;(Tw, — I)* with w; € TY \ {0} and k > q + 1, and the
rational phase rows at the points of Sy, with exact arithmetic in Q(ty), halts and returns
a row identity (4.24) for Sy with coefficients in Q(to), in which the phase rows are the
rational ones.

(it) Given (7.8), one can compute a rational o € (0,t9/2), an integer K > 0 and a rational
C1 with the following properties. Let r, range over the translation rows occurring in
(7.8), with coefficients a,, and letd,, be the function defined forr, in Step 6 of the proof
of Proposition 4.20. For 0 < |t — to| < o the number t is neither a pole of a coefficient
of (7.8) nor a zero of a function d,, and

(8] [0, (8)| D" < Oy |t — to| 7K.

Consequently assertions (ii) and (iii) of Proposition 4.20 hold, for distributions sup-
ported in Xq(t), with 9 = o, with this K, and with the tests f,; = a,(t)wu(t) S,
formed from (7.8) as in Step 7 of that proof, w,(t) being the multiplier of the translation
operator of r,.

Proof. (i) Equality and integrality of elements of Q(¢y) are decidable, hence so are the ra-
tionality of to and of t3 and the membership of a point with coordinates in Q(ty) in a
lattice di_lAri. If to = p1/p2 is rational, take the single grid lem(d, pip2) tA1. If tg is
irrational and t3 = p1/pe, take d~'A; and (pipa) 'A4; the latter contains Ay /4, because
(m/to,nto) = (mp3 to/(p1p2), np?/(pipato)). If £3 is irrational, take d 1Ay, Ay, and Ayjgy- In
each case the radii are pairwise incommensurable. The rows have entries in Q(tg) and are
computable. As in the proof of Proposition 7.12, Lemmas 4.15, 7.11 and 4.16 show that each
coordinate row is a complex combination of finitely many of them, and the rank of a matrix
with entries in Q(¢) is the same over Q(tp) and over C.

(ii) Let r, = ryw kv be one of the finitely many translation rows in (7.8). In Step 6 of
the proof of Proposition 4.20 the function 9,(t) is the product of the factors e2m9(t) — 1 over
the functions g = V:,k attached to the pairs (i,k) of type two; each g is the value of one of
the coordinate forms (du,dv), (u/t,tv), (tu,v/t) on the Laurent vector Y + >, kjw;. Thus
g € Q[t,t71], and g is not an integer constant. Types and the choices ¢(i,k) are decided by
exact computation in Q[¢,t7!]. On [to/2,2ts] each g is bounded by a computable constant,
so g(t) € Z holds there only at the roots of the finitely many nonzero polynomial equations
g(t) = m, m an integer below that bound. These roots, together with the poles of the ag,;,
form a finite set of real algebraic numbers whose isolating intervals can be computed and
whose equality with ¢y can be decided. Choose p smaller than the distance from tg to the
other elements of this set. For each factor of d,, either g(ty) ¢ Z, and then [¢>™9(®) — 1| >
4dist(g(t),Z) has a computable positive lower bound near to; or g(tp) = m € Z, and then
g(t) —m = (t — to)¥ e(t) with a computable &’ > 1 and a rational function e over Q(ty) with
e(tg) # 0, so that [e2™9(®) — 1] > 4|g(t) — m| > 2|e(to)| |t — to|*" after decreasing o by means
of a bound for /. The poles of the a, at ty are treated in the same way. This gives the
displayed bound, with K computed from the orders of vanishing as in Step 9 of that proof.
For 0 < |t — tg| < o the number ¢ avoids the sets E' and E” of Steps 5 and 6, and Steps 6-9
apply without change, with (7.8) in place of (4.32); they use only that the translation vectors
are dual vectors, that the exponents are at least ¢+ 1, and that the phase rows vanish on the
label arrays of the distributions considered. O
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With these data the obstruction of Theorem 4.23 acquires a computable threshold, relative
to bounds for three families of constants that are fixed by their proofs but are not displayed
in this paper: the constants Cy of Lemma 2.6, the constants of Lemma 4.17(ii) and (iii),
and the constant of Lemma 4.18(ii). Each is a function of finitely many integer and rational
arguments. By a system of bounds b we mean computable functions of these arguments that
are upper bounds for the three families.

Proposition 7.14 (A computable obstruction to localization). Let b be a system of bounds.
There is an algorithm, using b, which, given a rational g € (0, %], an integer d > 1, a real
algebraic tg > 0, a rational p > 0, a rational C > 1 and an integer A > 0, returns rationals
o0 > 0 and a > 0 with the following property. There do not exist an admissible partition
function of gap g at ¢ =1+ 12a with 0 < a < « and a real t with |t — ty| < o such that every
state with A; < 2L, L =log(1/a), admits a real point X; € 34(t) with

s(X;) = s, 1A; — X < CaP(1+ D)2 (7.9)

Proof. Certificates. Let p’ = min{p, 1}, let N be the least integer with (N + 1)p’ > 2, and
g = 2N. Run the search of Proposition 7.12 and compute ¢ and K by Proposition 7.13(ii).
By Step 9 of the proof of Proposition 4.20, the bounds of Proposition 7.13(ii) and b, one
computes a rational M; such that the tests f,, say n in number, satisfy (4.38) with 2N + 2
derivatives, b = 1 and M = Mi|t—to| K, for 0 < [t—to| < 0. Put ¥ = min{p, 1,1/(8(K +1))},
let Ny be the least integer with (Vg + 1)¢ > 2, and apply Proposition 7.13(i) with gy = 2Ny
in place of g. As in the proof of Theorem 4.19, its row identity yields finitely many tests flo
and a constant Cp such that (4.23) holds for the even tempered distributions supported in
So D X4(to), of local order at most qg, that are fixed by C; here Cy is a rational bound for
the sums of the absolute values of the coefficients, and by b one computes a rational My such
that the f{ satisfy (4.38) with 2Ny + 2 derivatives, b = 1 and M = M. The denominators
that occur are numbers €*™9 — 1 with g € Q(¢o) \ Z, and are bounded below by 4 dist(g, Z).

Preliminary bounds. Let Z, a, t and the points X; be as in the statement, with a <
min{g®/4,1/64}, put ¥, = CaP(1 + L)*, and assume 9, < g. Since aL < I and 2L > 1,
(2.23) gives #{j : A; < 2L} < 2e?"Ay(1+L). Since 27a < £, (2.24) with 3 =1 and Ey = 2L
gives

16L 64
Yo oe < Ag(i - 6—)a2‘4m < 3A,(1+L)a"4

Aj>2L 7 49

The set 34(t) is invariant under both reflections and contains A;.

First regime: |t—to| > a”. Let T, be the distribution (4.37) for ¥ = X4(t), B, = 2L, e = 9,
and the order N. By Lemma 4.21(i),(ii), by (4.26) and by (4.39) with M = M|t —to| K <
Mla—Kﬂ,

a <nCne®M;a K7(2¢*" A, (1+ L)((C + 1 a’ (1+ L)4 N+t
4 g

+a™M 434,01 + L)a7/4} ,
where Cly is the constant of Lemma 4.21, bounded through b. As (N +1)p’ > 2 and K9 < %,
every power of a on the right is at most a'¥/8. Hence 1 < C}a®3(1 + L) AW+ with a
computable rational C7.

Second regime: |t — to| < a’. As in the second case of the proof of Theorem 4.23, replace
each Xj on Ay U Ay, by the point X} of Ay, U Ay, with the same charges, and put X} = X
otherwise. The spin is unchanged, and since ¢,%y > to/2 and |X;|? < A; + 9, < 2L + 1,
the estimate given there yields ||X}* — | X[ < (2L + 1)(eta’/to — 1) < Cy(1 + L)a” with
a computable Cy, provided 4a” < ty. Thus (7.9) holds for the points X + € Yg(to) with the
right side 9 = (C' + Cy)a?(1 4+ L)™>{A1} because 9 < p. Assume 9, < g and let T/ be the
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distribution (4.37) for ¥ = X4(to), Fx = 2L, ¢ = 9/, and the order Ny. By Lemma 4.21 and
(4.23),

< CoCnge™ Mo 267 Ag(1+ L) (9, + a) """ + a0+ 4 34,(1 + L)a™4].

>~ e

As (No + 1)9 > 2, every power of a on the right is at most o™/, and 1 < C4a’/4(1 +
L) Hmax{A L No+1) with a computable rational C%.

The threshold. The requirements 9, < g, 4a” < to, ¥, < g and the negations of the two
final inequalities are finitely many conditions of the form treated in Lemma 7.10, after the
constants have been enlarged to rational numbers. Let 27% be the resulting cutoff and put
o = min{g?/4,1/64,27F}. For 0 < a < a both regimes lead to a contradiction; the case t = o
belongs to the second. O

A system of bounds exists, since the proofs of the three lemmas consist of finitely many
explicit estimates; but none is written down here, so the algorithm of Proposition 7.14 is
specified only up to this choice. By Lemma 4.12 a point of d~'A; of integer spin lies in
Y0, so the proposition is a counterpart, effective relative to b, of Corollary 4.24, and thus of
Theorems 4.22 and 4.23, for Ry = Ry, ux = 2 and t near tg.

7.6 What remains

To derive an effective form of Theorem A from Theorem 7.7 one must exhibit, for rational g,
an effective enumeration of local exclusion data covering B, together with a proof that each
datum is certified. The proof of Theorem A indicates how this might be done. It excludes a
limit o(R,to) by three different arguments.

(1) If tg is not a half-integer and lies outside the finite exceptional set of Lemma 5.10, the
fixed kernel families of Propositions 5.11 (for R > 1, R # 2) and 5.15 (for R € {1,2})
apply. Here one box would have to serve a whole interval of values of ¢y, with constants
uniform on the interval.

(2) At the remaining non-half-integer values of ¢y, which are algebraic, the kernels are
adapted to the arithmetic of ¢g as in the proof of Theorem 5.21.

(3) At the finitely many pairs of half-integers, the argument of Section 6 applies, with its
case distinctions.

In each case the proof considers a sequence converging to o(R,tp), fixes finitely many cluster
counts by Corollary 2.11, derives a localization of all states with A < log(1/a) within a
power of a, and concludes by Theorem 4.23. Three changes would turn such a proof into a
certified local exclusion covering o (R, tg). First, the stabilized counts are imposed as a box by
Lemma 7.2; this is unproblematic, since only finitely many windows occur and the reference
clusters are located by rational functions of the radii. Secondly, Theorem 4.23 is replaced
by Proposition 7.14; since that proposition is formulated for the window A; < 2L, whereas
Sections 5 and 6 localize the states with A; < L, the localization steps must first be repeated in
the window 2L, which changes only constants. Thirdly, every intermediate estimate is proved
with an explicit constant, valid for all admissible partition functions whose observables lie in
the box, after which the finitely many smallness conditions are met by Lemma 7.10.
The third change has not been carried out. The estimates concerned are the following.

(i) Peak budgets. In Lemmas 5.6 and 6.21: the constants C of (5.20) and Cg of (6.60) (the
exponent 7p?/4 and the restriction a < ieQ on the Gaussian width e are explicit), and
the radii g, g, of the neighbourhoods of the Fourier centres in which states are counted
or excluded.
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(ii) Local zeros. The lower bounds for the kernels near the states that anchor their negative
peaks, in terms of the displacement of the state, and the radii on which these bounds
hold; in the collision case, the constant in the lower bound ¢ |t — T'|? of Lemma 6.16 for
separations and sine factors.

(iii) Taylor remainders and central shifts. The constants of Lemma 2.6 and Corollary 2.7,
and the envelope constants of each test function to which they are applied. The lemma
makes these explicit in principle, since all tests are explicit Gaussian mixtures; this
includes the system of bounds assumed in Proposition 7.14.

(iv) Row estimates. The constants of the scalar-row estimate of Proposition 5.14; the con-
stants and smallness conditions of Lemma 5.9 are already explicit.

(v) The normal form. The constants of Proposition 6.6, Lemmas 6.11 and 6.12 and Theo-
rem 6.13 at the fixed Taylor order n used, including the power of the logarithm. Source
(c) was removed above only for the origin certificates; the finite-dimensional estimate of
Proposition 6.6 would require a certified search of its own.

(vi) The collision scale. The two constants in the comparison c¢d, < 0, < Cd, between the
collision scale and the four-scalar displacement, and the threshold in §, below which
Theorem 6.13 places the selected states in the neighbourhoods of (i) and (ii).

Apart from the explicit ones just noted, none of these constants is derived in this paper.
Consequently no certified local exclusion has been exhibited at any point of By, hypothesis
(i) of Theorem 7.7 has not been verified for any g, and no value of ¢(g) has been computed.
Deriving the constants is a finite task, but until it is done the effectivity of €(g) is open.

Even with these constants the output of the algorithm of Theorem 7.7 would not be self-
certifying. The searches of Propositions 7.5, 7.12 and 7.13 and the first search of Theorem 7.7
verify what they find: a cover with a margin, or an exact linear identity. The thresholds «,
by contrast, enter as data, and their validity rests on the proofs of the local exclusions; an
error in one of those proofs would not be detected by the algorithm (Remark 7.9).

Two features of the bookkeeping are sound independently of the missing constants. First,
no step of the procedures compares transcendental quantities for exact equality. Exact deci-
sions are made only in Q, Q(¢) and Q(%p); real numbers such as values of the functions F, enter
only through strict inequalities verified with a margin by Lemma 7.4, and a verification that
does not succeed is never read as an equality. Secondly, no step requires deciding the order of
the dimensions of states of an unknown partition function. The boxes are open conditions on
continuous observables. The ordering of the states in Step 1 of the proof of Proposition 7.5,
and the case distinctions of Sections 5 and 6 (for instance which of the two radii is pinned, or
whether ¢, is below a fixed power of a), occur only in correctness proofs, where the exclusion
must be established in every case; they are not branches of an algorithm.

Finally, the finite orders involved indicate that no practical bound should be expected from
this route. The argument of Section 6 is run with the following fixed choices (Remark 6.26):
separations bounded below by c#? (Lemma 6.16); losses of at most 6,3 in the resolved
estimates; matching of the selected clusters to accuracy 6% and the bound a < 6109 (Defini-
tion 6.19); the inequality a < 6209 from Theorem 5.25; and Taylor order n = 20000 in the
normal form, the matching bound (6.36) of Theorem 6.13 carrying the exponent 8—14 =z-7°%
(the last factor being the loss in Lemma 6.12), and 20000/84 exceeding 200. The final local-
ization exponents are then % and %, so that Proposition 7.14 would be used with p = %,
that is, with Taylor order N = 34 and moving certificates of local order 68, and with cer-
tificates at ty of local order 2Ny, where (Np + 1) min{%, 8(K1+1)} > 2. The normal form at
n = 20000 concerns distributions of local order 40000 on the rational grid. These orders are
fixed before a and serve an existence proof; they were not chosen with a view to computation.
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Statement on the use of Al

The proof presented here was developed by GPT-6 Astra under the direction of the author.
The writeup was examined and edited by Claude Fable 5.2: five independent referee passes,
one for each part of the proof, checked the arguments line by line, and a further pass adjudi-
cated their findings.
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