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Abstract

We construct local stochastic connection dynamics on arbitrary principal bundles over
closed oriented Riemannian surfaces. For each smooth reference connection, the bare
additive spatial heat approximations of the Yang—Mills—-DeTurck equation converge to a
maximal local strong Markov family in a separable negative Holder space. A finite Gaussian
enhancement defines the singular products, and cancellation of the total logarithmic mass
identifies the limiting equation. Rough comparison gauges and predictable rotations of
the Wiener noise identify the local orbit laws for different references. The finite quadratic
tensor anomaly vanishes after the two-dimensional Yang—Mills contraction, with the finite
normalisation fixed by the spatial heat approximation. Continuing through bounded
representatives gives a reference-independent maximal local strong Markov family on the
full rough orbit space.

Gaussian line primitives have every Hoélder exponent below one on bounded regular
curve families and define non-Abelian Young parallel transport. On a dense, gauge-invariant
Borel full-heat trace domain, polygonal holonomies separate rough gauge orbits, admit
Borel representative maps, and recover the bundle class. The orbit dynamics has continuous
holonomy paths on this domain, and the regularised holonomies converge uniformly on
bounded regular curve families and compact surviving positive-time intervals.

We also prove regularisation-independent convergence of first-order Gaussian currents
after time integration, including a harmonic example of infinite variation and zero quadratic
variation. At fixed regularisation scale, the field-dependent covariant heat approximation
has classical solutions and an explicit It6 correction in Coulomb coordinates. In every
Abelian sector, the quotient diffusion is global, reference independent, and reversible with
an explicitly identified unique invariant law.
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1 Introduction

Let X be a connected closed oriented Riemannian surface and let P — ¥ be a smooth principal
bundle with compact connected structure group G. Fix an Ad-invariant inner product on its
Lie algebra. Connections on P form an affine space: the difference of two connections is a
section of

E=T*Y®adP.

Working with these sections retains the topology of P while placing the equation in a linear
function space. The problem is to construct the singular stochastic equation in a reference
gauge, compare solutions for different references, and recover their gauge orbits from parallel
transport.

For the action

1
S(A) =5 [ 1Faf?vol,

the formal Langevin equation and its background DeTurck form are

dA = —d'\Fp dt + o dW, (1.1)
dA =Vg(A)dt +odW,  Vg(A) = —d"Fs — dadz(A— B), (1.2)

where B is any smooth reference connection and W is cylindrical Wiener noise on L?(E). The
second equation has a Laplace-type principal part. Its coefficients include the curvature of
B; flatness and triviality of the bundle are not assumed. In two spatial dimensions its linear
stochastic convolution has regularity C~" for every x > 0, so the quadratic derivative and
cubic terms require a common enhanced interpretation.

1.1 The main results

Write Lp = didp + dpdi on E and Sp. = e—¢(+Lp)  The parameter € is heat time. Let
c"(E) be the closure of smooth sections in the Holder-Besov space C"(E); this choice gives a
separable state space and strong continuity of the heat semigroup.

Theorem A (Fixed-reference continuum dynamics). Fiz a smooth B, 0 < k < 1/16, and
ag € ¢ "(FE). The classical approzimations

da® =Vg(B+ a°)dt + Sp . dWy, a®(0) = Spaop (1.3)

converge locally in probability in Ciyc™"(E) to a unique maximal solution in the enhanced
solution class constructed below. The convergence has localised LP bounds for every finite p.
The solution map is locally Lipschitz in the initial state and the finite enhanced data.

These solutions form a mazimal local strong Markov family on ¢c=*(E). They are causal
functions of the positive-time Wiener path, independent of the auxiliary negative-time noise
used in the stationary enhancement. Their lifetime T is a stopping time and satisfies

T<oo = liml|at||;-x = 0.
T

With Sy = e t(+LB)  the nonlinear response
t
ay — Sta() - / St—r dWT
0

has parabolic regularity CL=4% locally up to the initial surface and vanishes there. The con-
struction is natural under simultaneous transport of the bundle, reference connection, initial
state and noise, and is independent of the auxiliary charts, frames and kernel decompositions
used in its proof.



The local convergence and its probability localisations are proved in Theorem 8.14. The
causal restart and strong Markov statements are proved in Section 9; naturality is Proposi-
tion 21.2. The approximation (1.3) contains no added counterterm. In a subtracted-model
representation its finite affine compensation must nevertheless be retained. The forest identity
and cancellation of the logarithmic contributions identify this compensation.

Theorem B (Continuum reference comparison). Let B,C be arbitrary smooth reference
connections on P, Ag € A™%(P), 0 < k < 1/16, and uy € G1=%(P). Couple the B-reference
continuum solution AP to the unique rough comparison gauge starting at ug, and set

N t
Wy = / Ad,,, dW.
0

This is a cylindrical Wiener process for the original filtration. The canonical C-reference
solution driven by this noise satisfies

AC (ug - Ag, W)y = uy - AB(Ag, W), (1.4)

on the common local existence interval, and throughout every common continuation on which
the comparison is defined. The comparison gauges satisfy the strict reference cocycle, with the
same composition law for the rotated noises.

For smooth initial gauges, the proof compares the transformed heat enhancement directly.
General c'=% initial gauges follow by approximation, weighted gauge stability, and stability
of the finite It6 enhancement under predictable noise rotations. The result fizes the finite
normalisation of the bare spatial heat equation and proves reference independence of its local
full-gauge orbit laws. It does not identify the maximal explosion times of different DeTurck
representatives.

The deterministic gauge construction is given in Section 10. The finite noise comparison on
the equation-generated enhancement is proved in Section 11; Section 12 proves the continuum
identity, including rough initial gauges and its stopping-time form.

The reference comparison also has an exact geometric form at positive regularisation scale.
For the covariant smoother Q.(A) = e ¥4, we construct maximal H*® strong solutions for
every integer s > 4 and every € > 0. A comparison gauge of finite time variation transports
the solution between reference gauges, and its adjoint action rotates the cylindrical Wiener
process. The comparison holds until the common lifetime of the representatives and hence on
common orbit localisations. The main analytic estimate is

le™*84 — 7R |gg 2 sy < Cre™2|A = Clly= (0<e<1)

on bounded H*® sets. The nonlinear Coulomb reduction is derived with its oblique projection
and It0 trace in Section 2; existence and stochastic reference comparison are established in
Section 4.

The harmonic and weak formulations also involve time-integrated derivative currents. It
applies to general surface bundles and to spatial smoothers which need not commute with the
linear operator.

Theorem C (Integrated Gaussian currents). Let L be a nonnegative self-adjoint Laplace-type
operator on a metric vector bundle over X3, and let II be an orthogonal projection commuting
with its heat semigroup, including IT = 1. Set X; = |; e~ UL AW,., and let D be a formally
symmetric differential operator of order at most one. For the admissible spatial regularisations
R, of Section 7, the centred currents

t
(1) = /0 ((R.X,, DR.X,) — E(R.X,, DR.X,)) dr

6



converge in LP(; C7(]0,T])) for every p < oo and 0 < v < 1. The limit is independent of
R., is natural under bundle isometries, and satisfies an explicit restart identity at every finite
stopping time. There is also a distribution-valued version for first-order quadratic bundle
nonlinearities.

For an explicit non-Abelian harmonic Yang—Mills current on the flat torus, the variance of
small increments away from time zero is comparable to h?log(1/h). Its integrated limit has
almost surely infinite variation on every nontrivial interval and zero quadratic variation. Its
distributional time derivative has no almost surely locally integrable representative.

Theorem 7.3 proves the convergence; the subsequent restart and sharpness results prove the
remaining claims. A critical logarithmic trace estimate in two spatial dimensions controls the
time integral, even in the harmonic example where the current has no locally integrable time
derivative.

For gauge-invariant states we use parallel transport on compact families of short geodesic
polygons. Their uniform topology, followed by compact conjugation, gives a Polish holonomy
completion which separates smooth full gauge orbits. A two-orbit infimum in a negative
connection norm, by contrast, can identify smooth SU(2) connections with different Wilson
loops. In the Abelian theory, the holonomies determine the state and support its quotient
dynamics.

Theorem D (Abelian dynamics and holonomy states). Let P be a principal U(1) bundle of
degree m € Z. For every s > 0, its stochastic dynamics with noise amplitude /2 is the global
diffusion on the completed gauge quotient

Enm,s = Hegon (5; TX) x Ty, Tg = H'(D)/A,

coex

where H(X) = ker A1 and A is the lattice of harmonic forms with periods in 2rZ. In constant-
curvature reference coordinates, the process consists of a coexact Ornstein—Uhlenbeck process
and independent Brownian motion on the Jacobian. It is strong Markov, strong Feller and
irreducible in this state topology, and its law is independent of the smooth reference connection
under the corresponding affine coordinate change.

In the degree-m holonomy completion there is a dense Borel set jfn?z, containing all
smooth connection images, which is Borel isomorphic to a Borel subset of Ep, s and supports
a continuous strong Markov family. For every initial state in E,, s, the associated holonomy
process lies in this domain simultaneously at all positive times almost surely. Its completed
holonomies recover the coexact state, the Jacobian coordinate and the integer m. The Wilson
observables extend simultaneously to every piecewise reqular C? closed curve. Their values
are jointly continuous in time and on curve families with a fixred number of regular pieces, a
positive lower speed bound, and bounded speed and acceleration. Geodesic interpolation with N
equal subintervals per piece converges uniformly on these families and compact positive-time

intervals in every finite LP at rate N~9 for every 0 < § < 1/2.
The unique invariant law in each sector is the image of

Hm,g = N(0, A1_1|coe)<) ®¥mg,.
It is reversible, and its L? spectral gap is min{\coex, A7,}, with the absent harmonic factor

omitted in genus zero. Its curvature is

2mm + lar white not 1
——— + mean-zero scalar white noise | vol.
Vol, (%) 9

The statements extend to compact torus groups and every Chern vector, with the covariance
and harmonic metric determined by the chosen invariant fibre inner product.



The diffusion, reference translation and equilibrium formulas are proved in Section 13.
Theorem 16.4 gives the Borel inverse, and Corollary 17.4 gives the stated invariant domain and
simultaneous regular-curve observables. Strong Feller continuity above concerns the Sobolev
state topology; the holonomy topology is used for continuous observable paths and the strong
Markov realisation.

Theorem E (Non-Abelian holonomy and rough orbit recovery). Let 0 < k < 1/16 and
1/2 < a < 1— k. For every principal G-bundle P — X there is a dense Borel full-heat trace
domain D (P) C A™*(P), independent of the reference connection and of local bundle frames,
with the following properties.

1. It carries Young parallel transport on every piecewise reqular C? path, continuously on
bounded families with a fized number of pieces and uniform speed and acceleration bounds.
It is invariant under G'=%(P), and the canonical transports obey the endpoint gauge
identity.

2. Two domain connections have equal framed polygonal holonomies exactly when they differ
by a unique based rough gauge; equality up to simultaneous conjugation is exactly full
rough gauge equivalence. The realised holonomy images are Borel subsets of the intrinsic
Polish completions, and admit Borel inverse representative maps. Equality of data on
two bundles implies that the bundles are isomorphic.

3. The continuum solution belongs to this domain simultaneously at all surviving positive
times. Its holonomy path is continuous, and the classical heat-approximation holonomies
converge uniformly on bounded reqular curve families and compact positive-time intervals,
locally in every finite LP. Geodesic interpolation with N equal subintervals per reqular
piece has error O(N~S) for every 0 < ¢ < 1/4, with locally bounded moments. Holonomies
at surviving stopping times determine the same rough gauge orbits and the same bundle
class.

If the initial connection lies in the trace domain, the limiting holonomy path is continuous
from time zero as well.

The Gaussian short-arc estimates, including the entropy argument for entire regular curve
families, are established in Section 18. Section 19 proves rough gauge covariance, orbit
separation, closedness of the rough gauge relation, and the Borel identification. These results
concern the realised domain inside the completion; the completion may also contain limits
without a representative in this domain.

Theorem F (The maximal local orbit diffusion). The full rough orbit space
Q.(P) = A™"(P)/G'"(P), 0<r<1/16,

has a standard Borel structure and carries a time-homogeneous mazximal local strong Markov
family with absorbing cemetery state. Its local flow germs are those of the continuum equation
above. Its law and its orbit lifetime ( are independent of the smooth reference connection, the
representative selections, and the equivalent norms used in its construction. Its surviving paths
are continuous in the rough state quotient topology.
For every smooth B, put
rp((4]) = inf lu- A= Bl

uegl—

Almost surely, finite orbit lifetime implies

limsuprg(Z;) = oc.
¢



Consequently no surviving orbit path extends through its death as a continuous path in this
rough quotient topology. The lifetime is defined by continuation of the orbit through successive
bounded representatives; it is not defined by killing a chosen DeTurck representative at its
explosion time.

The realised unframed holonomy image of Theorem E is invariant for this family, and every
rough initial orbit enters it simultaneously at all surviving positive times. On that Borel image
the family has continuous surviving holonomy paths and is strong Markov. It preserves the
principal-bundle isomorphism class.

Section 20 constructs this continuation using Borel representatives with nearly minimal rough
norm. A uniform conditional survival probability prevents switching times from accumulating
at bounded orbit size. Predictable gauge rotations couple any two switching constructions,
including a restart at an arbitrary stopping time. This proves reference independence and the
strong Markov property on the rough orbit space.

1.2 Proof strategy

The covariant expansion of Vg separates the quadratic derivative term from the cubic bracket.
Within the working homogeneities, these terms generate a finite collection of stochastic
products, including finite first-chaos contractions. The heat kernel and its covariant derivative
gain two and one analytic orders, respectively; treating them as distinct integration types
gives a coupled fixed point for the connection and its derivative. We construct the Gaussian
products with the reexpansion bounds this fixed point requires. The initial weight controls
the singularity at time zero, and a T4 factor makes the map contractive on a short interval.
The forest reconstruction identity and the logarithmic coefficients —1/4, —3/4 and +1 then
identify the original heat-cutoff equation. A simultaneous set of regular noise paths permits
restart at every real time; prefix locality yields adaptedness and the strong Markov property.

The Abelian holonomy argument follows a different sequence. Gaussian line traces first
construct the observables. Averaged small-triangle fluxes recover curvature, after which
Hodge theory recovers the coexact connection and finitely many periods recover the Jacobian
coordinate. Uniform estimates on regular curve families give simultaneous path observables
and establish the invariant Borel domain. This reconstruction, valid along the entire stochastic
trajectory, permits transfer of the Markov family to the holonomy state space.

The non-Abelian reference argument uses cancellation twice. In the gauge equation the
derivatives of the rough connection cancel, giving a deterministic parabolic equation with
meaningful products and a weighted rough initial trace. In the noise comparison a finite tensor
contraction survives the heat limit, but the Yang—Mills combination annihilates it in dimension
two. The fixed point is therefore restricted to its equation-generated finite enhancement before
comparison. A triangular comparison of the transported models, their Gaussian cutoffs, and
the varying rotated Brownian motions then identifies the continuum solutions.

For non-Abelian observables, the local small-arc entropy estimate gives Young exponents
above 1/2 uniformly over whole regular curve families. Heat product commutators prove
invariance of the full-heat trace domain under rough gauges. Equal polygonal holonomies
reconstruct a continuous gauge; short-geodesic difference quotients identify its distributional
derivative and improve it to ¢! . Compactness with two converging connection representatives
gives closed orbits, from which an explicit Borel selector and the Lusin—Souslin theorem identify
the realised holonomy space. These steps keep the topology of the original principal bundle
throughout. The final probabilistic step chooses bounded representatives measurably, continues
through their norm-exit times, and uses the conditional gauge comparison to prove choice-
independent continuation. Its explosion criterion concerns the rough orbit size and is distinct
from that of any fixed DeTurck representative.



1.3 Related work

Chandra—Chevyrev—Hairer—Shen construct the two-dimensional Yang-Mills Langevin dynamic
on the torus, including a rough state space with gauge transformations and holonomy [7].
Bringmann—Cao give a paracontrolled construction and a detailed gauge-covariance analysis [4].
The bibliography records the published Memoirs version; numbered results from that work are
identified below by their arXiv version. Chevyrev—Shen establish invariance of the Yang—Mills
measure and universality for the trivial bundle on the two-dimensional torus [8].

Hairer—Singh develop regularity structures on manifolds and vector bundles [16]. We
use their reconstruction, product and integration calculus, with the finite stochastic model
and its precision estimates supplied here for the present equation. The general Euclidean
regularity-structure and paracontrolled theories originate in [14, 15]; semigroup formulations
are developed in [1, 2]. Time-integrated singular nonlinearities also occur in the energy-solution
and controlled-process theory of Gubinelli-Jara [13]. Our current estimates concern first-order
quadratic bundle operators, noncommuting regularisations, the stopping-time decomposition,
and the sharp harmonic Yang—Mills example.

The surface Yang—Mills measure and its topological sectors have an established independent
theory. Lévy treats nontrivial bundles [19]; Dang—Nohra construct a distributional surface
measure and prove lattice universality [12]; Chhaibi-Dang—Guedes Bonthonneau-Riviere-T6
give a Morse-theoretic construction [11]. The November 2026 preprint of Bringmann—Cao—
Hairer—Zhao constructs the non-Abelian Yang-Mills-Higgs measure on the two-dimensional
torus by stochastic quantisation using a covariant non-Markovian approximation [5]. The finite
gauge-normalisation question has also been studied in three-dimensional Yang—Mills—Higgs
theory [9]. Chevyrev—Klose-Mohamed introduce rough additive functions, controlled gauge
transformations and rough holonomy, and prove a rough Uhlenbeck compactness theorem
through a singular elliptic Coulomb-gauge equation on the unit square [10]. Their work
concerns a rough-path regime and an elliptic gauge construction; the Gaussian line primitives
used here lie in the Young regime and are controlled uniformly on regular curve families on
arbitrary surface bundles. Against this background, we construct local dynamics and compare
references on arbitrary surface bundles, prove the integrated derivative-current estimates, and
recover rough gauge orbits and bundle topology on the full-heat trace domain. The Abelian
construction gives the invariant law and spectral gap in every sector. The rough holonomy
and two-dimensional gauge cancellation used here build on the works cited above.

1.4 Notation and normalisation

All Laplacians are nonnegative. The derivative Vg on adjoint-valued tensors includes the
Levi—Civita connection. All Hilbert pairings use the Riemannian volume and the fixed fibre
metric. We write C* = Bg, ., and use ¢® when a separable, strongly continuous state space is
needed. Parabolic regularity uses time weight two and space weight one.

Geometric stochastic identities retain a general amplitude o. The non-Abelian enhancement
and the Gaussian-current estimates use unit noise; the Abelian equilibrium theory uses ¢ = v/2,
corresponding to the formal Gibbs factor exp(—S). The Gaussian field is started from zero
in the integrated-current theorem and is massive stationary in the model construction; the
initial-value identity in (8.41) relates the latter to the causal equation.

Our gauge convention is u - A = uwAu™' — (du)u™!, so local parallel transport is the
path-ordered exponential of —A. The Abelian identification R 5 r — —ir € u(1) gives real
Wilson phases with sign + [ a. Gauge automorphisms cover the identity on ¥ unless a bundle
isomorphism over an isometry is specified. The bundle is fixed throughout each evolution.
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2 Principal bundles and reference connections

Let P — % be a smooth principal bundle over a closed Riemannian surface, with compact
connected structure group . Fix an Ad-invariant inner product on its Lie algebra. The
associated bundles ad P and Ep = T*¥ ® ad P then have canonical fibre metrics. Write
A (P) for the affine space of smooth connections and G*°(P) for the group of smooth gauge
transformations. For u € G*(P), let U, denote its pointwise adjoint action on adjoint-valued
forms. In a local trivialisation our convention is

u-A=uvAu"t — (du)ut. (2.1)

The induced action on tangent vectors to A (P) is U,. The formulas below therefore define
global bundle operations.

Choose a smooth reference connection B. Every connection has the form A = B + a with
a € Q'(ad P). Define

op = dp, Ap = dpdp + dpdp, xB(A) =0p(A— B).

The degree of Ap is understood from its argument. If a is an adjoint-valued one-form,

the notation [a 4 -] means the formal adjoint of [a A -]. In particular, on one-forms b,
[a 5b] = —>";[ai, bi] in an orthonormal frame. Set
Vp(A) = —dyFa — daxs(A). (2.2)

Proposition 2.1 (The background DeTurck operator). For every smooth principal bundle P,
reference connection B, and a € Q(ad P),

VB(B—i-CL) = — Apa—90pFp — [CLJFB] — %(53[&/\0,] — [aJdBa]
— [a,6pa] — [a o [a A all. (2.3)

Its principal symbol is —]C]g idg,. For every smooth gauge transformation,
Xu~B(u . A) = UUXB(A), VuB(’U, . A) = UUVB(A) (2.4)
If C'= B + b is another reference connection, then

xc(A) — xB(A) = =dpb+[b1 (A - B)], (2.5)
Vo(A) —VB(A) = —da(xc(A) — xB(A)).

Proof. The identities
FB+a:FB+dBa+%[a/\a], dB+a:dB—|—[a/\-], d*B+a:5B+[a_|-]

give (2.3) by direct expansion. The terms with two derivatives of a are —dpdpa — dgdpa.
The Hodge-type operator Ap is elliptic with scalar principal symbol [{ ]3 id, irrespective of
the curvature of B. The remaining terms in (2.3) contain at most one derivative of a. Gauge
covariance of dp, its adjoint, and curvature proves (2.4). Finally,

xc(A) =0+ [bos-])(A-B-b),

and [b 1 b] = 0. This proves (2.5); subtraction of (2.2) proves (2.6). O

11



Corollary 2.2 (Exact covariant polynomial form). Let Vg be the tensor-product connection
induced by the Levi-Civita connection and B. In any orthonormal frame, define

fB=—0pFp, (Vpa)i = Z[aj, (FB)jil, (2.7)
Qp(a,b); = Z[% 2(Vg);bi — (VB)ibjl, (2.8)
C(CL, b, C)i == Z[a]’, [bj,CZ'H. (29)

J
These are global tensor operations, and
V(B +a)=—Apa+ fg+ Vea+ Qp(a,a)+ C(a,a,a). (2.10)
The quadratic term consists entirely of the displayed parallel bracket contraction of a and V pa.

Proof. At a point choose a normal orthonormal frame. The three quadratic terms in (2.3)
have components

—3(0Blanal), =Y ([(VB)jas, ail + [aj, (VB);ail),

J
~[a wdpali =) [a;,(Vs)jai — (VB)iaj],
J
—la,0pal; = = >_[(VB);aj, ai.
J
The first and third lines cancel their divergence terms, yielding (2.8). The adjoint contraction
convention gives —[a 1 Fl; = (Vga); and —3[a 5 [a A a]]; = C(a, a,a);. The bracket is parallel
and all spatial indices are contracted with the metric, so the calculation is independent of the
chosen normal frame and proves the global identity. O

Remark 2.3. The operator Ap has a finite-dimensional smooth kernel and compact resolvent.
When Fg # 0, the identity d% = [Fg A -] prevents dp from defining a complex in general. In
particular, an orthogonal decomposition into dp-exact, d-exact, and Ap-harmonic one-forms
does not follow from ellipticity. Spectral decompositions of Ap remain available.

2.1 Relative Coulomb coordinates

Fix an integer s > 3. Sobolev spaces below are defined using any smooth auxiliary connection;
different choices give equivalent norms. Let

tp = ker(dp : H¥"'(ad P) — H*(Ep)), Kp={u€G®(P):u-B = B}.

The space tp consists of smooth parallel sections. Removing these infinitesimal stabilisers
makes the linearised Coulomb equation invertible. Orthogonal complements below are taken
in L?.

Proposition 2.4 (Local relative Coulomb reduction). There are neighbourhoods Ug of B in
B+ H*(Ep) and Wg of zero in H¥"'(ad P) N €5, and a smooth map

¢B: U — Wp, ¢p(B) =0,

such that
Rp(A) =exp(pp(A)) - A, 0p(Rp(A) — B) =0. (2.11)
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The solution pp(A) € Wpg is unique. The neighbourhoods may be chosen Kpg-invariant, and
then
RB(kA) :k'RB(A), ke Kg. (2.12)

This reduction retains the action of Kp on the relative Coulomb slice.

Proof. Consider

F(gp,a) = dp(exp(p) - (B +a) — B).
Its values lie in H*~!(ad P)NEg, since (6pv, z) = (v,dpz) = 0for z € €. Sobolev multiplication
and the smoothness of the pointwise exponential make F a smooth map between these Banach
spaces. Its derivative in the first variable at (0,0) is —dpdp. The nonnegative elliptic operator
0pdp has kernel £ and is an isomorphism

H*"'(ad P)N¥p — H* '(ad P) NE5.

Surjectivity follows from the spectral inverse on the orthogonal complement and elliptic
regularity; the same estimate gives boundedness of the inverse. The Banach-space implicit
function theorem proves (2.11) and uniqueness.

Evaluation of a parallel gauge transformation at one point embeds Kp into the compact
group G as the centraliser of the holonomy group of B. Thus Kp is compact. It preserves Eﬁ,
and the equation defining F is Kp-equivariant. Choose invariant small neighbourhoods by
using an invariant norm, or averaging a norm over Kp. Uniqueness gives pp(k-A) = Urpp(A)
and hence (2.12). O

For A € Up with dp(A — B) = 0, define
MB’A:(SBdA|EJB_, QB’A:I—dAMg}A(SB. (2.13)

After shrinking Up, the first operator is an isomorphism between the same spaces as dpdp in
the preceding proof. Indeed, Mp 4 — dpdp = d0p[A — B, -] has operator norm bounded by a
constant times ||A — B||gs from H**! to H*~!. The range remains in £5.

Proposition 2.5 (First and second derivatives of the reduction). At a relative Coulomb point
A € Ug, put ny, = MgYdph for h € H*(Ep). Then

DRp(A)h = QB.ah, (2.14)
D2Ryg(A)h, K] = Qpa (I, K] + [, b] = Snn, dame] = 3l dam]) - (2.15)

In particular, Qp,a is a bounded projection onto kerdp. Its kernel is da(HST N Eﬁ).

Proof. At a slice point, uniqueness gives ¢p(A) = 0. Differentiating the Coulomb equation
yields Dop(A)h = MglAéBh. Differentiating the gauge action gives DRp(A)h = h — danp,
proving (2.14). The identities 0BQB,A =0 and Qg ah = h for 6ph = 0 prove the projection
statements.

For the second derivative, use the expansion

exp(p) - (A+v) = A+v—dap + [p,v] — L[, dap] + O3(p,v),

where the remainder has vanishing derivatives through order two at (0,0) as a map to H®.
For v = th write @p(A + th) = tn, + 5t¢, + o(t?). The second derivative of the reduction is

—daCp + 20k, h] — [0, dany)].

Applying dp and using the Coulomb condition determines ¢, = M 57{45 B(2[nn, h] — [nn, dang)).
This proves (2.15) on the diagonal; polarisation gives its stated bilinear form. O
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2.2 It6 reduction and the framing coordinate

Let H be a separable real Hilbert space and W a cylindrical Brownian motion on H. Consider
an H*®(Ep)-valued continuous semimartingale, stopped inside Up,

d4, = V;dt + S, dW, (2.16)

where V' is locally integrable in H* and S; € HS(H, H*(Ep)) is predictable and locally square
integrable.

Proposition 2.6 (It6 formula in relative Coulomb coordinates). For any orthonormal basis
(ej) of H,
dRB(At) = DRB(At)‘/t dt + DRB(At)St dW,
+ 5> D*Rp(Ay)[Seej, Siej] dt. (2.17)

J

The series converges absolutely in H*, locally uniformly under bounds for D?Rp and the
Hilbert—-Schmidt norm of S. At a slice point A, the diffusion coefficient is Qp aS. Its Ito
correction s

QA ([773', Sej] — 3[nj, dAUj]) , = Mglén(Se;)). (2.18)
J

Proof. Apply the Hilbert-space Itd6 formula to the smooth map Rp. After stopping in a
neighbourhood where its second derivative is bounded, the trace is bounded by

> ID*Rp(A)[Se;, Sejl| s < [ID*Rp(A)|||S]fis (v, o)

J
Finite-rank approximations to .S therefore converge in the drift and martingale terms. The
derivative formulas in Proposition 2.5 give (2.18). O

The distinction between the full and based gauge groups enters at this point. Fix a point
po € P and let G.(P) = {u : u(py) = e}. The reduction above normalises its infinitesimal
gauge parameter by L?-orthogonality to £5. It imposes no condition at py. A description of
the based quotient must therefore retain the value of the reducing gauge at pg, together with
the residual action of K. In particular, Rp alone is not a coordinate on the based quotient.
For a differentiable gauge path with 9¥; = (Jpus)u; !,

3tut(p0) = ﬁt(PO)Ut(po)- (2'19)

An initially based gauge path remains based exactly when its velocity vanishes at pg throughout
the interval.

3 Covariant regularisation and changes of reference
Set H = L?(X; Ep). For a smooth connection A, let
Q:(A) = exp(—eAa4), >0, (3.1)

where Ay = dad’y + d%da acts on one-forms. This operator smooths the noise using the
evolving connection. For smooth A, it is Hilbert—-Schmidt from H to H"(Ep) for every finite 7.
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Proposition 3.1 (Covariance of the smoothing operator). For every smooth gauge transfor-
mation u,

Qe(u-A) = U, Q- (AU, . (3.2)

The same identity holds for any smooth bundle isomorphism covering an isometry of the base,
with the induced unitary map between the two L? spaces.

Proof. The invariant fibre metric makes U, unitary on each L? space of adjoint-valued forms.
Covariance of the covariant differential gives d,. oAU, = U,d4. Taking adjoints and composing
gives Ay.a = UyA AU ! as self-adjoint operators. The spectral functional calculus proves (3.2).
Bundle isomorphisms covering isometries also intertwine the covariant differential, its adjoint,
and the L? inner product, so the same proof applies. O

We consider the regularised It6 equation
dA; = (=di, Fa, — da,xB(Ar) + J(Ay)) dt + 0Q-(Ay) AW, (3.3)
Here 0 € R is fixed and J is a smooth drift satisfying
Ju-A)=U,J(A). (3.4)

The choice J = 0 is included. The comparison identities below first apply to classical local
solutions whose drift is integrable in H?®, whose noise coefficient is locally square integrable in
HS(H, H?), and whose spatial regularity permits the gauge operations; smooth spatial paths
with these properties suffice. Section 4 constructs the maximal H* solutions and extends the
comparison through their strong integral equations in H*~2.

3.1 The reference-change equation

Let B, C be smooth reference connections and let A; be a given continuous path of sufficiently
regular connections. For a gauge path u;, write Ay = us - A;. Consider

(Orur)u; " = xc(Ar) = Uuyxp(Ar). (3.5)
The equation is intrinsic on P.

Lemma 3.2 (Classical local solvability of the comparison gauge). Suppose that A; is continuous
in time and smooth in space, with its spatial derivatives bounded on each compact time interval.
For every smooth initial gauge ug, equation (3.5) has a unique classical local solution. It
depends only on the past of A, and is therefore adapted when A is adapted. Its paths have finite
variation in every spatial norm of sufficiently low order relative to the derivatives imposed on

A.

Proof. Puta=A—B, b= C—B, and k = (dgu)u™!, where dgu = du+ Bu —uB in a faithful
matrix representation. Then
u-A=B+U,a—k.

The product rule gives
0p(Uya) — Uydpa = [k 1 Uyal.

Consequently the right-hand side of (3.5) is

—6pk — b+ [k 2 Uya) + [b o Uga) — [b 2 K. (3.6)
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In particular, no derivative of the evolving connection a occurs in this expression. The
highest-order term in u is the connection Laplacian with heat sign. Write u = exp(¢)ug in a
neighbourhood of the initial section. In these coordinates the equation takes the form

atd} = _A(BE))w + N(ta xﬂj}a vB¢)a @Z’(O) = 07

with smooth coefficients in the spatial variables and local variables (1, V1)), continuous time

dependence, and at most first derivatives of ¢ in N. The principal second derivatives of exp())

are multiplied by the differential of the exponential on both sides of the equation; applying its
(0)

local inverse leaves the scalar principal symbol of Ag’.

For a fixed nonintegral exponent r > 1, on bounded sets the map N is locally Lipschitz
from C" to C"~!. The heat estimate

t
[ ) av

0
gives a contraction on a small time interval. Taking sufficiently many spatial derivatives and
repeating the same estimate gives the required spatial regularity. The equation then gives a
continuous time derivative in spatial norms two orders lower. Uniqueness of the contraction
implies dependence only on the restricted input path, proving causality and adaptedness. The
use of exponential coordinates ensures that the solution remains a section of the gauge group
bundle. O

< CT"Y?sup || f(v) ]| o
Ccr v<T

Theorem 3.3 (Exact comparison of regularised It6 solutions). Let A be a local solution
of (3.3) with reference B, satisfying the regularity conditions above. Let u be an adapted
finite-variation solution of (3.5) with prescribed smooth initial gauge ug. On their common
interval of existence, A=u- A solves

dA; = (=d Fy, — di xc(Ar) + J(Ar) dt + 0Q-(A) AW, (3.7)

where .
W, — / U, dW, (3.8)
0

is an H-cylindrical Brownian motion for the original filtration. The two paths lie in the same
full gauge orbit at every time.

Proof. For a differentiable gauge path and a smooth connection path the derivative of the
affine gauge action is
O (u-A) = Uy0 A — dya((Opu)u™).

The same identity holds for the semimartingale A: the process u has finite variation, so its
quadratic covariation with A vanishes. Thus, with ¥ = (Q;u)u~!,

dA = (—d5F57 — dz(Uuxs(A) + 9) + J(A)) dt + oU,Q:(A) dW.

Equation (3.5) gives the required drift. Proposition 3.1 gives U, Q:(A) = Q:(A)U,. For any
f,g € H, the real martingales defined by (3.8) have quadratic covariation

/Ot<Uu_vlf, Uplg)adv=t(f,g)n.

The finite-dimensional Lévy characterisation, applied to every finite family of test vectors,
proves that W is cylindrical Brownian motion. This proves (3.7). O
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For the next corollary, equality of orbit laws means equality of the expectations of bounded
measurable path functionals that are constant under pointwise full gauge transformations.
Whenever a measurable orbit path space is specified, this is equality of the corresponding
pushforward laws.

Corollary 3.4 (Reference independence under classical uniqueness). Fixz T > 0. Suppose the
reqularised equations with references B and C' are weakly well posed in the preceding reqularity
class on [0,T], and the comparison gauge exists on this interval. Their laws on full gauge
orbits, started from the same orbit, coincide. The assertion also holds for a common killed
problem whose stopping rule is a measurable function of the orbit path, provided the comparison
exists until that stopping time.

Proof. Start the B equation from Ay and choose ug with ug- Ag = /~10. Theorem 3.3 constructs
a weak solution of the C' equation with initial condition Ay. Weak uniqueness identifies its
law with the given C-solution law. The constructed paths have identical full gauge orbits. An
orbit-measurable stopping rule takes the same value on both paths, which proves the stopped
assertion. ]

Taking B = C' gives the corresponding local gauge covariance in law for a fixed reference.
The comparison gauge is generally not based: its value at py evolves according to (2.19). The
corollary concerns the full gauge quotient.

Remark 3.5 (Counterterms with a vertical transformation defect). The comparison extends to
reference-dependent additional drifts J% whenever there is a specified smooth adjoint-valued
function p% o, (A) satisfying

UuT5(A) = Je(u- A) = duapy c.u(A). (3.9)

One adds pg ¢, (A) to the right-hand side of (3.5). Substitution into the preceding proof
gives exact cancellation of the defect. Local existence of the modified gauge equation is
required separately if the defect changes its differential order. Thus (3.9) is a precise sufficient
compatibility condition for additional drifts.

3.2 Generators and stochastic conventions

A smooth real function f on a Sobolev neighbourhood of connections is called gauge invariant
if f(u-A)= f(A) whenever both sides are defined. Differentiation along gauge orbits gives
Df(A)daz = 0 for smooth z. At a smooth connection where its derivatives are defined, the
generator of (3.3) therefore acts by

0.2
Lef(A) = Df(A)(=daFa+ J(A)) + — Z D? f(A)[Q=(A)ej, Qe (A)ey]. (3.10)

The series is absolutely convergent whenever D?f is bounded on a Sobolev space into which
Q:(A) is Hilbert-Schmidt. Formula (3.10) is independent of B. It is gauge invariant because
the gauge action is affine, —d* Fy + J(A) is equivariant, and Q). satisfies (3.2). This gives
the same reference-independent operator on invariant observables as the pathwise comparison
theorem.

Equation (3.3) uses the Itd convention. A Stratonovich equation with the same displayed
drift and noise coefficient has the additional It6 drift

0.2
Le(4) == Z DQ:(A)[Qc(A)ejle;. (3.11)
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For smooth A, this expression is defined as a nuclear contraction and is independent of the
orthonormal basis. To see this, differentiate the heat semigroup along a smooth tangent vector
v: .
DQ-(A)o] = — / e~ CE=IAL(DA g [u])e A4 dr. (3.12)
0

The operator DA 4[v] has order at most one in its argument and uses at most one derivative of
v. Splitting the integral at r = ¢/2 shows, for each integer m > 0, that (v, h) — DQ:(A)[v]h
is bounded from C™*(Ep) x H to H™(Ep), with a constant depending on the fixed smooth
A and on e. The operator Q.(A) : H — C™*1(Ep) is nuclear by elliptic heat smoothing. If
Q:(A) =3, \pvn, ® wy, is a nuclear representation, contraction of the bounded bilinear map
gives

Z )\nDQs (A) [Un] Wn,

an absolutely convergent series in H™. For finite-rank orthogonal projections Py — I in
H, the corresponding basis sums equal Y, A\, DQ(A)[v,]Pywy, and converge to the same
expression. This proves the asserted basis independence. Differentiation of (3.2) and invariance
of this contraction show

Fo(u-A) =U,(A).

Whenever It6—-Stratonovich conversion applies in the chosen solution class, the comparison
theorem thus also applies with the appropriate drift J + I';.

4 Existence for the covariantly regularised equation

Fix a smooth reference connection B on an arbitrary principal bundle P — ¥ as in Section 2.
Write E = T*Y ® ad P and H = L%*(3; E). Throughout this section s > 4 is an integer.
Sobolev norms are defined using 1 + Ap, or equivalently a fixed smooth bundle atlas. Put
A*(P) =B+ H*(E).

For A € A*(P), the operator A4 is defined by the closed nonnegative quadratic form

qa(v) = lldav]|2 + | daoll7e, v e HY(E). (4.1)

Its principal symbol is fixed, and its lower-order coefficients contain at most one derivative
of A. This permits uniform heat estimates on H? balls by perturbing the smooth-reference
operator. We write S4(t) = e **4 and Q.(A) = S(¢), and use heat estimates only through
Sobolev order s.

4.1 Uniform heat estimates on Sobolev balls

Lemma 4.1 (Lower-order operator bounds). For R < oo, let A,C € A°(P) satisfy ||A —
BHHS + ||O—B||H5 § R. FOT’j :0,...,8— 1,

[(Aa — Ag)v|lgi < Crllv|l i1, (4.2)
[(Aa — Ac)v|lgs < CRrllA = Cllus||v|| g+

In addition,
(Aa = Ac)vllg-1 < Cr||A = Cllms|[v]| 2. (4.4)

The form in (4.1) is closed on H'(E) and has compact resolvent. Its operator domain on H is
H?(E).
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Proof. Set a = A — B. Expanding dq = dp + [a A -] and its adjoint shows that Ay — Ap is a
sum of terms of the forms
aV v, (Vga)v, aav,

with fixed smooth contractions and lower-order coefficients. For 0 < j < s — 1, the coeflicients
a € H® and Vga € H*~! act as the required Sobolev multipliers on a surface. In particular
H*"1 is an algebra. These product estimates give (4.2); polarisation gives (4.3). Integration
by parts in the first-order terms gives (4.4), using H® «— W1,

The inequality ||z +y||> > 3[lz]|* — [ly|/* gives
qa(v) = 545(v) — Crlvl7e. (4.5)

Together with the reverse bound and the elliptic estimate for the smooth operator Ap, this
makes q4(v) + |[v]|2. equivalent to the H' norm squared, with constants depending only on
R. Closedness and compactness of the form-domain embedding follow. If v belongs to the
operator domain, then v € H' and (A4 — Ag)v € L? by (4.2) at j = 0. Hence Agv € L? and
v € H? by elliptic regularity. The converse follows from the same operator bound. O

Lemma 4.2 (Heat and Hilbert-Schmidt bounds). For A € A*(P) with ||A — B||gs < R and
0<t<l,

1SA() | gri s mrs+r < Crt ™2, 0<j<s—1, (4.

1Sa®)|s—pe < Cr, (4.

1S4 () lrs(rr sy < Crt™TD/2, (4.

1S4 lasE—1,m5) < Crt~(+2/2, (4.

The Sobolev-space semigroups in these formulas agree with the self-adjoint L? semigroup on
their common domains.

Proof. Let Ry = A4 — Ap. The Volterra equation
t
v(t) = Sp(t)f —/ Sp(t —r)Rav(r)dr (4.10)
0

can first be solved in C([0, T]; H/™1) for f € H/™!. The smooth-background heat estimate
and (4.2) make its integral operator locally Lipschitz with norm at most CRT"/2. This proves
boundedness on H/*! for small T, and iteration gives a uniform bound for 7 < 1.

For f € HY, use the norm supg_,<p tY2||v(t)|| gi+1, together with continuity in H’. The
weighted integral is controlled by

/2 /t(t — )"V 2 g = /2,
0

This proves (4.6); the preceding unweighted argument at j = s — 1 proves (4.7). The Volterra
solutions agree with the L? semigroup by uniqueness of the form evolution, first for smooth
initial data and then by density. Thus the argument also proves strong continuity in the
Sobolev spaces used here. Iterating (4.6) with the semigroup identity gives

1Sa(®) | rrs < Crt™/?. (4.11)

Self-adjointness and the case j = 0 imply by duality that ||Sa()||g-1_pgy < Crt~'/2.

By the min-max principle, (4.5) implies A,(A) > A, (B) — Cg, with eigenvalues repeated
according to multiplicity. The two-dimensional counting bound for the fixed smooth operator
Ap therefore gives

ISA) Ifs(arry = Tre™ 3 < Cpt™,  0<t<1 (4.12)
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Factor Sa(t) = Sa(t/2)Sa(t/2) and combine (4.11) with (4.12) to obtain (4.8). A second
factorisation, using S4(t/2) : H~' — H and Sa(t/2) € HS(H, H®), proves (4.9). O

Theorem 4.3 (Local Lipschitz continuity of the covariant smoother). For s > 4 and every
€ >0, the map
Qe : A°(P) — HS(H,H*(E))

1s bounded and Lipschitz on every H?® ball. More precisely, for 0 <e <1 and A,C in the ball
of Lemma 4.1,

1Qe(A) s mrey < Cre™ /2] (4.13)
1Q(A) = Qe(C)lus(sz,z+) < Cre™**||A = C|l s (4.14)

If u € GSTY(P), then
Qc(u-A) = U,Q-(A)U, . (4.15)

Here G5*1(P) is the Sobolev gauge group with one more derivative than the connections.

Proof. The size estimate is (4.8). For the difference, use
Sae) = Sele) = — /O Sale —r)(Aa — Ag)So(r) dr- (4.16)

This identity follows by differentiating S4(e — r)Sc(r) between positive endpoints and then
passing to the endpoints in the weak formulation. The following bounds also show that its
integral converges in HS(H, H®).

For 0 < r < /2, place the Hilbert—Schmidt factor on the left. Equations (4.4) and (4.9),
and L? contractivity of Sc(r), give

1Sa(e = 7)(Aa — Ac)Sc(P)llus(m,me) < Cre™ "TD/2||A = C||y-.

For £/2 < r < ¢, use the factorisation through H* — H*~! — H*. Equations (4.3), (4.6), and
(4.8) give

1Sa(e = 1)(Aa = Ac)Sc(r)llusuey < Crle =)~ 2e™CH2A - Ol

Both endpoint bounds are integrable. Their integrals are bounded by Cre=%/?||A — C|| g,
which proves (4.14). In particular, the coefficient VA € H*~! costs one order in the second
factorisation; the heat operator recovers that order with an integrable exponent.

For a fixed € > 1, the same argument uses the Sobolev heat bounds on the finite interval
[0,&]. Iteration of the Volterra estimates supplies those bounds, and the same endpoint split
proves local Lipschitz continuity with a constant depending on e.

For the covariance identity, multiplication by U, preserves the form domain H'. The
covariant differential and its adjoint intertwine under this unitary map on L?. The closed
quadratic forms, and hence their self-adjoint operators and functional calculi, are unitarily
conjugate. This proves (4.15) at the stated Sobolev regularity. O
4.2 Strong solutions at every fixed regularisation scale
For the rest of the section fix € > 0 and o € R. The equation to be solved is

dAt == VB(At) dt + O'QE(At) th (417)

The stochastic integral has the It6 convention. Write

Ngp(a) =Vp(B +a) + Apa.
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The expansion in Proposition 2.1 and Sobolev multiplication show that Np : H® — H*™ ! is
bounded and Lipschitz on bounded sets.

We shall use the following maximal estimate. With the spectral H® norm defined by 1+ Ap,
the semigroup Sp is a contraction on H*. For predictable G; € HS(H, H®) and p > 2,

p/2

p T

t
/ Sp(t — )Gy dW,
t<T 0

Apply It6’s formula and the Burkholder-Davis—Gundy inequality to the spectral Galerkin
equation dZ = —ApZ dt + G dW. The generator contribution to the H?® energy is nonpositive.
Young’s inequality absorbs the martingale term containing sup ||Z||gs and gives (4.18), with a
constant independent of the Galerkin dimension. Apply the same estimate to differences of
Galerkin approximations. Their diffusion coefficients converge in the Hilbert—Schmidt norm,
so the stochastic convolution has a continuous H?*-valued version and the estimate passes to
the limit.

Theorem 4.4 (Maximal strong covariantly regularised dynamics). For every Ay € A*(P),
equation (4.17) has a unique mazimal local strong solution

A e C([0,7); A%(P)), 7 >0 almost surely.
The lifetime is a stopping time. If T < 0o, then

limsup ||A¢ — Bl gs = 0. (4.19)
T

The solution is pathwise unique, its law is uniquely determined by Ao, and the resulting
maximal family is strong Markov. On bounded sets and before exit, it depends locally Lipschitz
continuously on the initial state in LP(Q2; CyH®) for every finite p > 2.

In affine coordinates its mild equation is
¢
ar = Sp(t)ap + / Sp(t —r)Ng(a,)dr
0
t
+ a/ Sp(t — 1)Q.(B + ay) dW,. (4.20)
0

It also satisfies the strong integral equation (4.17) in H*2 on its stochastic interval of existence.

Proof. Choose a Lipschitz cutoff x g that is one on {||la||gs < R} and zero on {||a| gs > 2R}.
The maps

Npr(a) = xr(a)Np(a),  Gerla)=oxr(a)Q:(B +a)
are globally Lipschitz and bounded into H*~! and HS(H, H*) respectively. The latter assertion
is Theorem 4.3.

For the truncated mild equation use the Banach space of predictable continuous processes
with norm (E sup,< [la[|} )Y/P. For two such processes, the deterministic convolution satisfies

Equation (4.18) gives the analogous bound C,, . T 1/2 for the stochastic convolution. For
small deterministic 7" their sum is less than one. Picard iteration proves existence, pathwise
uniqueness and measurability with respect to the initial state and driving Wiener process.
Iteration on successive deterministic intervals gives a global solution of the truncated equation.

< CrTY*||a = bl| o (0. 1o

t
| 85t =Nz (ar) = No(b) dr
0 Lr(Q;CrH?)
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Stop this solution at the first exit from the radius-R ball. Pathwise uniqueness makes the
stopped solutions for different cutoffs agree. Letting R 1 oo constructs the maximal solution
and proves (4.19). Applying the same contraction estimate to two initial conditions gives the
stated local stability. The Picard construction on any probability space carrying the Wiener
process is the same measurable strong construction. Every other solution coincides with it
after localisation by the same estimates, proving uniqueness in law.

The truncated solution maps satisfy the restart identity at deterministic times by pathwise
uniqueness and independence of future Wiener increments. Their initial-state stability gives
the Feller property on H®. Approximate a bounded stopping time from above by dyadic
stopping times. Path continuity and the Feller property pass the deterministic-time Markov
identity to this limit for bounded continuous test functions; a monotone class argument gives
bounded Borel functions. The consistent cutoff construction transfers this strong Markov
property to the maximal family up to its lifetime.

Finally, Ap : H* — H*2 is bounded. The drift is therefore locally integrable in H*2,
and the diffusion is locally square integrable into that space. The semigroup identity in the
deterministic convolution and stochastic Fubini in the stochastic convolution turn (4.20) into
the strong integral equation in H*~2. All these operations are justified after stopping on an
H? ball by the preceding bounds. O

Remark 4.5. The same existence theorem holds with an additional drift J : A%(P) — H*~Y(E)
that is bounded and Lipschitz on bounded sets. For the reference comparison below, that drift
must also satisfy J(u-A) = U, J(A), or a specified vertical-defect identity as in (3.9).

4.3 Sobolev gauge comparison and common stopping times

Let C be another smooth reference connection. For a given path A € C([0,T]; A*(P)), consider
(Ou)u™ = xo(u- A) — Uuxs(4),  u(0) =ug € G¥TH(P). (4.21)

Lemma 4.6 (Sobolev comparison gauges). Equation (4.21) has a unique mazimal local solution
with
u € GGt (PN CHH, (4.22)

where the second space is taken in a faithful matrixz representation. It is causal as a function
of A. On a time interval on which ||A — B||gs remains bounded, continuation can fail only if
||u|| gs+1 becomes unbounded.

Moreover, if A=wu- A and both ||A — B||gs and |A — B/ are bounded by R, then
[ull zrs+1 < Chr. (4.23)

Proof. The expansion (3.6) is valid at the present regularity. With a = A— B, b= C — B and
k = (dpu)u~1, its coefficients contain a and b, and no derivative of a. Choose a smooth gauge
v such that ugv~! lies in a fixed pointwise exponential neighbourhood of the identity. Such a
v exists by smooth approximation of Sobolev sections of the compact group bundle. Write
u = exp(¢)v in this neighbourhood. The equation has the form

o) = —ADY + Ny (ag, ¥, V1)), (4.24)

Here g € H5T!, and the nonlinear map on bounded sets is locally Lipschitz from H* x H**! to
H*. Indeed its variable factors are a € H®, first derivatives of 1 € H*t!, and smooth pointwise
functions of 1; H® is an algebra. Derivatives of the fixed smooth gauge v are fixed coefficients.
The heat estimate from H*® to H**! has the integrable kernel (t—r)~1/2. A pathwise contraction
therefore solves (4.24) locally in C; H*T!. Its right-hand side is continuous in H*~!, giving the
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second regularity in (4.22). Uniqueness proves causality and allows successive charts to be
joined.

We justify the asserted continuation criterion. On a bounded H**! set, the smooth centres v
can be chosen with uniform coefficient bounds. Embed the group bundle in the endomorphism
bundle of a faithful orthogonal representation. Smooth u by a fixed auxiliary heat operator for a
sufficiently small time depending only on its H**! bound. The approximation is uniformly close
in CY, so fibrewise nearest-point projection in a fixed tubular neighbourhood gives a smooth
gauge v. Its H*? norm is bounded by a constant depending only on that bound and the
chosen smoothing time. The initial logarithm log(uv~') has a bounded H**! norm and stays
in a strictly smaller exponential neighbourhood. The linear heat evolution of this logarithm
differs from its initial value in C° by at most Ct|[tbg||fs+1: use Ag) : HtY — H~! and
H*~!' < C°. The nonlinear convolution has H**! norm bounded by Cv/t on the contraction
ball. Consequently the solution stays in that chart for a positive time controlled by the two
stated Sobolev bounds. This proves the continuation criterion.

For (4.23), put a = A — B. The gauge identity is
dpu = ua — au. (4.25)

The matrix-valued function u is pointwise bounded because G is compact. Equation (4.25)
first bounds u in H'. Differentiating once and using the L> bounds of a,@ bounds u in H?.
For 2 < j < s, the algebra estimate in H? gives

lua — aull s < Crllullgs-

The fixed-connection estimate ||u|| gj+1 < C(||dpul| gs + ||u||2) then proves (4.23) by induction.
O

Theorem 4.7 (Comparison of the constructed regularised solutions). Fiz smooth references
B,C, an initial connection Ay € A*(P) and an initial gauge ug € GSTH(P). The mazimal
solution with reference B and initial condition Ag can be coupled to the maximal solution with
reference C' and initial condition ugy - Ag so that

AC = - AB. 0<t<TpATC, (4.26)

where u satisfies (4.21) and (4.22). The Wiener process driving the second solution is the
predictable orthogonal rotation

t
W = / U,, dWP (4.27)
0

on the comparison interval. Consequently the full gauge orbits agree pathwise on every common
stopped interval contained in both lifetimes.

Proof. Construct AP by Theorem 4.4, and solve the pathwise gauge equation by Lemma 4.6
up to its maximal time 7,. Its solution is adapted and has finite variation in H*~!. The
strong integral equation for A® holds in H*~2. Since s > 4, multiplication by H*~! coefficients
is bounded on H*~2. The product rule for a finite-variation process and a semimartingale
therefore applies in this latter Hilbert space to the affine gauge action:

d(u- A”) = Uy dA® — dy 45 ((Opu)u™) dr.

There is no quadratic-covariation term. Equations (4.21) and (4.15) turn this identity into
the C-equation, with noise (4.27). The transformed path is continuous in H®; the variation-
of-constants identity in H* 2 recovers its mild equation, so the uniqueness statement of
Theorem 4.4 applies to it. Extend the orthogonal integrand by the identity after 7,. The
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resulting cylindrical process is Brownian on the whole probability space by the finite-dimensional
Lévy characterisation. Theorem 4.4 constructs its maximal C-solution. Pathwise uniqueness
identifies that solution with u - A® on the initial common interval.

The comparison gauge cannot terminate strictly before 75 A 7¢. If it did, both connection
paths would have bounded H® norms on a compact interval containing its terminal time.
Equation (4.23) would bound the gauge in H*! there, contradicting its continuation criterion.
This proves (4.26) throughout the asserted interval. Uniqueness in law gives the prescribed
maximal C-solution law for the second marginal. O

For example, on this coupling one may use the explicit common stopping times
op =T Ninf{t : |AP — B|lgs > R} Ainf{t : HAgJ — Cllgs > R}, (4.28)

with R larger than both initial norms. The two orbit paths agree up to or. These are common
stopping times in the coupling; their definition does not provide an intrinsic killing rule on
gauge orbits.

Corollary 4.8 (Reference-independent laws on common orbit localisations). Suppose a
bounded stopping rule is a measurable function of the full gauge-orbit path and occurs within
both lifetimes in the coupling of Theorem 4.7. The stopped orbit laws for the two reference
equations coincide. The same conclusion applies to different initial representatives of one orbit.
Bundle isomorphisms covering base isometries transport the constructed reqularised laws to the
corresponding laws on the target bundle.

Proof. The stopped orbit paths agree under (4.26), and an orbit-measurable stopping rule has
the same value on those paths. Initial representatives are handled by the prescribed ug. For a
bundle isomorphism, the drift, closed forms and heat operators intertwine with its unitary
action on L?. Transporting the Wiener process and using uniqueness in law proves the last
assertion. [

Remark 4.9 (Localisation and the regularisation parameter). The comparison uses the maximal
Sobolev solutions of Theorem 4.4. Their explosion times are defined in the Sobolev norm of
the chosen representative. The fixed-scale reference comparison is therefore stated on common
orbit localisations. Moreover, (4.13)—(4.14) have explicit negative powers of €. A continuum
limit requires estimates in the rough state and model norms, in addition to the fixed-scale
existence proved here.

5 Parabolic analysis and the finite stochastic rule

Throughout this section B is a smooth connection on P and F = T*Y ® ad P. Sobolev and
Holder—Besov spaces of sections are defined by a finite smooth trivialising cover and a subordi-
nate partition of unity. Changing this auxiliary data gives equivalent norms. Equivalently, one
can use the spectral resolution of 1 + Lg, where

Lp = dydp +dpdy on Q'(ad P).

This is a nonnegative self-adjoint operator of Laplace type. Its heat-kernel and pseudodifferen-
tial estimates are the standard bundle estimates of [3, 20]. Its ellipticity does not imply that dp
is a differential: in general d% = [Fg,]. In particular, no exact/coexact Hodge decomposition
for dp is used in the non-Abelian theory.
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5.1 Classical weighted local existence

Write the full DeTurck equation in affine coordinates as
(8t+LB)a:fB+VBa+QB(a7a)+C(a7aaa)+€7 (51)

with the coefficients of Corollary 2.2. In particular fp is smooth, Vp has order zero, and
Qp(a,a) is the parallel contraction in (2.8). The following classical estimate controls the first
spatial derivative and the initial time singularity in the same weighted norm.

Theorem 5.1 (Weighted local equation with a smooth driving path). Let s > 2, 0 <6 < 1/2,
and 0 < T < 1. Suppose ag € H*"%(E) and z € C([0,T]; H*=%) n C((0,T); H®), with z(0) =0
and
I2lls0 := sup t2||2(t)]|ms < oo
0<t<T

For some positive T, depending on these norms and on B, there is a unique mild solution in
the same weighted class to

t
a(t) = e EBag+ 2(t) + / e LB 4 Via(r) + Qpla(r), a(r)) + Cla(r), a(r), a(r))} dr.
0
(5.2)
It is continuous at zero in H*~% and depends locally Lipschitz continuously on (ao, 2), using
the sum of the CrH*=% norm and the weighted H® norm for z. On a ball of weighted radius
R, the contraction constant is bounded by

Cp(TY? 4+ RTU=0/2 4 R271/2-0), (5.3)

The same result holds for time-dependent smooth coefficients with bounded coefficient norms
on the interval in question.

Proof. The product theorem on a two-dimensional compact manifold gives

IVeull -1 < Cpllullas,
1QB(w, v)|[ge—1 < Cllullas o] &,
1C(u, v, w) [ o1 < Cllull g [[v] ms [[w]| s

For example H*~! is an algebra because s — 1 > 1, so the derivative in Qp costs exactly one
Sobolev order. The heat estimate

le ™8 || e s < Cpr /2 (0<r<1)

therefore controls a degree-j term on a weighted ball by
t , .
t9/2/ (t — )" Y2392 qr — B(1 — j0/2,1/2)¢"/2~G-16/2, (5.4)
0

For j =1,2,3 all beta integrals are finite, and all displayed time powers are positive. Polarisa-
tion gives exactly the difference estimate (5.3). The smooth forcing contributes CpT(1+9)/2,
Finally,
sup t92||e B ag| s < Cpllao| fs—s-
0<t<T
Choosing R larger than twice the linear-data bound and then choosing T} so that the contraction
constant is less than 1/2 proves existence and uniqueness by the Banach theorem.
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To check the initial condition, use the heat estimate from H* ! to H*~? instead. For the
worst, cubic term its bound is

R [ (1= ) (002300 g = TR s
0

The other terms have larger time exponents. Continuity away from zero follows from the
same integrable kernels. The contraction estimate applied to two data sets proves the stated
Lipschitz bound. 0

Corollary 5.2 (Fixed-cutoff additive dynamics). For every e > 0, the equation
da = (—Lpa + fp + Vpa+ Qp(a,a) + C(a,a,a)) dt + ce L8 dW

has a unique maximal local mild solution for the initial data of Theorem 5.1. Its lifetime is a
stopping time, and the solution is strong with respect to the given cylindrical Wiener process.
The statement is local and contains no estimate uniform as e | 0.

Proof. The stochastic convolution with e /8 has continuous paths in H” for every finite r:
its covariance is trace class there, and the usual Gaussian increment estimate follows from the
spectral theorem. Apply the pathwise contraction up to the first time that its norm exceeds a
fixed level. Uniqueness makes these local solutions consistent as the levels increase. O

This cutoff is convenient for analytic existence. It is attached to B and does not itself
commute with an arbitrary gauge transformation of A. The covariant comparison in Section 3
uses a different, explicitly stated equivariance hypothesis on the diffusion coefficient.

5.2 Reference changes in the Gaussian coordinate

The affine bundle of connections has a canonical translation space Q'(ad P). In particular
the L? space in which the white noise lives does not change when B is replaced by another
connection C. This allows the Gaussian coordinates to be compared using one Wiener process.

Proposition 5.3 (A one-order improvement under a reference change). Let

t t
Xp(t) = /0 e~ g, Xo(t) = /0 e~t=mle g,

For every k > 0, these fields have versions in C([0,T];C™"(E)). For every 0 < ¢ < 2 their
difference satisfies

X5~ Xo € C(0.TEC™"(E)), X6~ Xclloper-ws < Cr.omsT*[Xelloge-r (55)

for 0 < T < 1. Estimates in a lower target reqularity follow by embedding from a choice
0 < &y < 2, with time factor T%/2.

Proof. For completeness, a dyadic spectral block at frequency 2/ of Xp(t) has pointwise
variance bounded uniformly in 7, ¢, since a surface has O(2%/) modes at that scale while the
covariance of each mode is O(2727). The local spectral-function estimate for Laplace-type
operators gives this statement in any bundle chart. Gaussian moment estimates and the
Bernstein inequality, with an arbitrarily small loss of spatial regularity, yield Xg € CrC™";
time increments are treated with |1 — e < (hA)” and then the Kolmogorov criterion.
This argument also gives every finite moment of the displayed norm. It is unchanged by
the finite-dimensional zero-mode part. Taking the spatial estimates first at a strictly larger
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regularity and then embedding into C™" puts these paths in the closure of smooth sections
and gives strong continuity in that norm.

The principal symbols of Lp and L¢ coincide, so Dpc = Lo — Lp has order at most one.
Subtracting their linear equations, or first doing so after a common finite-dimensional noise
cutoff, gives

t
Xa(t) = Xo(t) = [ eI DypeXelr) dr

The operator Do maps C~* continuously to C™17*. The heat operator from the latter space
to C'~%7% has norm at most C(t — r)~1t%/2. Integration proves (5.5), including continuity at
zero. Approximation and the same bound justify the distributional identity. O

The estimate gives almost one extra derivative for the linear stochastic convolution under a
smooth reference change. The product (Xp — X¢)V X still has a negative sum of regularities;
its use in a nonlinear reference comparison therefore requires a compatible enhanced product.

5.3 The finite stochastic rule

Use parabolic scaling (2,1,1) and assign white noise homogeneity |Z| = —2 — k, where
0 < k < 1/8. Write Z for integration of order two. The stochastic solution trees are generated
by

where every ) vertex differentiates exactly one of its two inputs once, and every C' vertex is
trilinear without differentiation. There are finitely many tensor types at each vertex, determined
by the rank of F. Linear zero-order vertices and nonnegative polynomial decorations may be
included. In this rule neither a free derivative nor a product of arbitrary previously generated
words is a new solution symbol.

Proposition 5.4 (Nominal degrees and the negative nonlinear trees). An undecorated solution
tree with n noise leaves, b binary vertices, and c cubic vertices, and no zero-order linear vertices,
satisfies

n=1+b+2c, |7 =n(l—k)—1. (5.7)

There are only finitely many such typed trees below any fixred homogeneity. The same is
true after adjoining zero-order linear vertices and polynomial decorations. Among the purely
stochastic nonlinear right-hand-side trees, the negative-homogeneity ones have two or three
noise leaves. Up to tensor types and permutation of the inputs, they are

Q(X, X), C(X,X,X), Q(X,Y), QY. X), Y=IQ(X, X). (5.8)

Their homogeneities are —1 — 2k and —3k, respectively. Partial products such as X ® X and
differentiated edges are retained when the corresponding algebra is closed under subtrees.

Proof. Counting edges in a rooted tree gives n = 1+ b+ 2¢. Each leaf X contributes —x, each
integrated binary derivative vertex contributes 2 — 1 = 1, and each integrated cubic vertex
contributes 2. This gives (5.7). A homogeneity bound bounds n, hence b + ¢, and there are
only finitely many rooted typed trees with bounded numbers of vertices. A linear zero-order
integrated vertex adds two to the degree, and a polynomial decoration adds its nonnegative
parabolic degree. Their counts below a fixed threshold are therefore also bounded; the zero
polynomial decoration is not counted as an extra vertex.

Removing the root integration subtracts two. Consequently a right-hand-side tree with
n leaves has degree n(1 — k) — 3. For n > 4 this is positive because K < 1/8. A tree with
two leaves is a binary vertex. A tree with three leaves is either a cubic vertex or two binary
vertices. These are exactly (5.8). O
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Symbol or expression Homogeneity Role

X —K linear stochastic field

VX —1—k differentiated input

XX —2K quadratic partial product
Q(X,X) —1—-2k quadratic derivative forcing
Y =7Q(X, X) 1-2k first nonlinear response
C(X,X,X),Q(X,Y),QY,X) -3k cubic-order forcing

Z = T{cubic-order forcing} 2-3k next response

Derivative-input jets are essential to the nonlinear construction. A derivative on the
high-frequency input in R < VX leaves regularity —1 — x even when R is bounded, and
heat integration then gives only 1 — k. The coupled modelled equation below retains the
corresponding derivative-control symbols. Their stochastic realisations and convergence are
established in Section 8.

These are nominal heat-order-two degrees. The analytic bundle model uses a slightly smaller
nonresonant abstract kernel order, specified in Subsection 5.5. Its small downward degree
shifts preserve finiteness and the list of singular stochastic products. The actual heat estimates
and all physical contraction coefficients still use the heat operator of order two.

5.4 Bundle models and weighted norms

The model norms below distinguish a symbol’s homogeneity from its reexpansion precision.
We use the bundle calculus of [16], Sections 4-9.
On R x ¥ put

p((t,2), (5,9)) = [t = s/2 + dy (. y).

Local test sections ¢ have support in a parabolic ball of radius A, volume normalisation A4,
and a fixed sufficiently large rescaled C" bound. Changes of charts and smooth bundle frames
give equivalent testing families. We write C¢ for the corresponding parabolic Hélder-Besov
space.

Each output type £ has a finite collection of graded symbol bundles 7;{ s- The index « is the
homogeneity and ¢ is the precision; the latter may be infinite. The output bundle is denoted
by E*. Jets of smooth sections form the polynomial part, and @, denotes projection onto
homogeneities below r. A model consists of linear realisations

I : T/ — D'(R x &; EY)

and reexpansion maps I', ,, between the corresponding fibres. For a unit vector in the indicated
source fibre, the three local model bounds are

(L7, 2)| S A% (5.9)

Tewrla S p(z,w) =Y, (5.10)

(LT 0 — )7, @2)| S A, (5.11)

In the first estimate 7 € T, o s; in the other two 7 € Ty, o 5. For 6 = 400 the last bound means
an exactly zero defect. The constants are uniform on compact cylinders and the specified
finite symbol collection. The model distance is obtained by subtracting two models in these

three estimates and taking the corresponding normalised suprema. The graded product and
integration rules determine the precision of each symbol.
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Let V be a sector with lowest homogeneity ag and let n <, v >0, and 0 <T < 1. The
space D}’"(V) consists of sections with components of homogeneity a < -« and precision greater
than ~, for which the following norm is finite:

_ IU(2)]a
U] T — =t xs)u18<t<T t((n—a)n0)/2
bl a7<’y —
- Fz w a
+ sup U(2) — QT U(w)|2 . (5.12)

z=(t,x), w=(s,y), 0<s,t<T p(Z, w)'y—a(s A t)(’?—’)’)/

0<p(z,w)<IAVSAVE
a<vy

Negative n allows the initial-time singularities occurring in this paper. For sections over two
models, the two-model distance uses the difference of their first terms and the difference of
their respective reexpansion increments in the second term. All norms below are taken over
the displayed sectors; the smooth geometric data are fixed.

The reconstruction, product and integration estimates used below have the following
parameters.

(i)

(iii)

If ap <0 and ag A > —2, weighted reconstruction gives
RzU € CooM

across the initial surface. On cylinders away from that surface, the reconstruction
is characterised by (RzU — II,U(2), ) = O(\Y). The corresponding two-model
reconstruction bound is locally Lipschitz. The lower threshold —2 is the negative
parabolic codimension of {t = 0}.

A precise typed product of sectors with triples (v, ¥;,7;) maps to indices

a = a1 + Q9,
v=(m+a2) A (v +a),
n=(m+a2) A2+ a1) A (m +n2).

Here ~; > 0, n; < 7;, and the displayed target ~ is positive in every application below.
The factors and their retained products have precision greater than ~y, and the abstract
product obeys

Q<’YF(T1 * 7'2) = Q<7(FT1 * FTQ).

The realisation of a singular product is part of the enhanced model. Products and their
two-model differences satisfy the usual bilinear bounds with these indices.

Let a full causal kernel have abstract order b > 0, with an admissible integration map
of precision §g. If the input sector has regularity o > —2, a An > —2, and v+ b < o,
then, for a weight loss 0 < v < 2,

||<%/Z1+F”'y+b,(n/\a)+b7u;T S TV/2HF||%TI;T' (5.13)

The full lift includes the smooth kernel remainder. Its reconstruction is the causal
convolution of the reconstructed forcing. The two-model bound has the same time
factor and an additional term controlled by the model distance. The kernel and its
smooth remainder are both non-anticipative and satisfy the local dyadic derivative
bounds of their assigned order. The input satisfies n < v, and the shifted homogeneities,
shifted precisions after truncation at the jet precision, v+ b, and n + b avoid the integer
resonances in the integration theorem. These are finitely many conditions in the working
sectors.
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These are the reconstruction, product and short-time integration estimates of [16], Proposi-
tion 8.5, Lemma 8.6, and Theorem 9.3 with Lemma 9.4, specialised to parabolic dimension
four. The finite typed model in Subsection 8.9 supplies their algebraic and analytic hypotheses.
The following subsection verifies the nonlinear indices and the two different kernel orders
needed by the equation.

5.5 The singular contraction for an admissible bundle model

We specify the sectors and weights for the nonlinear analytic problem and prove local well-
posedness for its admissible models. Section 8 constructs the stochastic model to which this
theorem will be applied. We use the bundle model, jet, product and integration conventions
of [16], Sections 6-9, and its separate kernel types for differentiated unknowns in Section 14,
equation (14.5) and Propositions 14.7 and 14.9. In particular we do not assume that differenti-
ation commutes exactly with a curved jet realisation. All regularities in this subsection are
parabolic, with scaling s = (2,1, 1).

Fix 0 < £ < 1/16 and choose a generic ¥ € (0, k). We use the abstract heat order § =2 — 9
and noise degree |Z| = —3 — k < —2, so | X| = —k. The actual kernel still gains two analytic
orders. Assigning it the slightly smaller abstract order is permitted by [16], Remark 7.5, and
avoids integer resonances, including those from pure-jet inputs. The finitely many forbidden
values of 9 and of the precision parameters are excluded. Set

) ai—n, 7:3/2: n = —2k, (5.14)

a=-1-2k, y=1/2—k, n=-1—4k.
Set Ly =1+ Lp and S; = e~ %+, Moving the added identity to the right-hand side replaces
VB by Vi + I and changes none of the derivative estimates. The mass makes it possible to use
a stationary linear field. It does not add a mass term to the underlying equation.

Jets in the rule. Alongside X = ZZ, include jet inputs, of nonnegative parabolic degree, at
the solution slots of the quadratic and cubic vertices. The nominal heat-order-two degrees
are those used in Proposition 5.4. In the working grading, integration of a quadratic vertex
gains 1 — 9 and integration of a cubic or zero-order unary vertex gains 2 — . Multiplication
by a coefficient is the prescribed smooth bundle morphism at that vertex; arbitrary repeated
products are not additional rules. A degree-zero jet used as an input is counted as one leaf,
and the unit is never duplicated as a new decoration.

Lemma 5.5 (Finiteness with solution jets). If an integrated connection-output tree has n
noise leaves, p jet leaves, adjusted total jet degree j, b binary vertices, ¢ cubic vertices, and ¢
zero-order unary vertices, then

Tl =n(1— k) +p—1+j+20—I(b+c+0). (5.15)

Here j is the sum of ordinary jet degrees plus one for every jet leaf in a first-derivative input
slot. Equivalently, a degree-k derivative-input jet is counted as the derivative of a degree-
(k + 1) connection jet. For an output of the derivative kernel type, subtract one from the
displayed degree. Consequently the typed rule, its necessary partial products, and its Taylor
and contraction subexpressions have finitely many shapes in every fixed precision window. The
solution sector below v contains, in addition to jets and X, the quadratic response Y and the
symbols obtained by inserting a degree-zero conmection jet in the undifferentiated slot of TQ).
The latter include the derivative control IV X, of degree 1 — k — 9.

Proof. If b and ¢ count binary and cubic vertices, the leaf identity is n +p =1+ b+ 2¢. With
the derivative-slot convention, summing the nominal degrees gives —xn + j + b+ 2¢c + 2¢. FEach

30



non-noise integration then subtracts ¥, proving (5.15). Since b+ ¢ < n+p — 1, its right side is
at least
nl—-rk—9)+Q—-9p—-14+9+j+(2—-9)°.

All coefficients of the counting variables are positive. A degree bound bounds each of n, p, j, £,
and hence also b, c. The coefficient bundles have finite rank and only finitely many types occur.
Passing to a partial product or a differentiated edge is a prescribed operation at one of these
vertices, and involves at most the differentiation orders of that finite tree. Taylor decorations
are bounded by the chosen precision. Extracting and contracting a subtree reduces the number
of vertices. These observations prove finiteness also for the operations needed by the model.
They do not allow free iteration of differentiation on the output sector.

For the last assertion, |Y| = 1 — 2k — ¢ < ~, and an integrated binary vertex with
differentiated X and a degree-zero undifferentiated jet input has degree 1 — k — 9 < «y. These
inputs represent coefficients of the unknown solution. Omitting them would omit the response
to a coefficient multiplying the differentiated Gaussian field. O

Let V' be the connection sector of this jet-completed rule, of lowest degree «, let Vi be the
first-derivative kernel sector of lowest degree av — 1, and let V be the sector of the nonlinear
right-hand side, of lowest degree a. Include all tensor types on F, T*X® F, and their prescribed
products. Choose a common working precision above four, avoiding the finitely many integer
resonances. Underlying jet-realisation precision is taken sufficiently large that the recursively
assigned precisions of these sectors exceed the working precision; these are distinct parameters.
Local finiteness and [16], Lemma 12.24, permit this choice. Denote the common working
precision by dg. The two integration types realise the causal heat kernel K and its covariant
derivative in the output variable, K1 = VK, with abstract orders 8 and 8 — 1. Each has its
own bundle jet correction and admissible integration map. An admissible typed model below
means a bundle model with these operations and their compatibility and analytic bounds.
Its nonlinear products need not be pointwise products of distributions. This definition is a
requirement on a model, not an assertion that a given stochastic regularisation converges
to one. Only the model restriction generated by solution degrees below ~y, derivative-sector
degrees below v — 1, forcing degrees below 7, their reexpansion descendants, and their typed
heat integrals is used. A high jet precision does not require adding every nonlinear tree whose
homogeneity is below that precision.

For such a model Z, write
Fp(UU) =fp+ (Ve + 1)U +qp(U,Uy) + C(U,U,U),

where qp is the parallel tensor contraction in (2.8), with U; in place of Vga. The bold forcing
and all coefficient morphisms are lifted by jets and each product is truncated at its target
degree. The additive noise is incorporated in the prescribed linear modelled paths, outside Fp.
Equip

Xz(T) = DY"(V) x D} 17 (1)

with the sum norm.
Proposition 5.6 (All nonlinear weights and derivative losses). For the parameters in (5.14),
Fp : Xz(T) — DLV (5.16)

is strongly locally Lipschitz. On a model-norm bound M and a solution-norm bound R > 1, its
Lipschitz constant is at most Cp pr(1+ R+ R?), uniformly for 0 < T < 1.

Proof. The second unknown is assigned the triple (o — 1,7 — 1,7 — 1), as required by the
output-derivative kernel. This is a sector specification, not an assertion of an exact abstract
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differential map on curved jets. Its relation to the derivative of the reconstructed first unknown
will follow from the two convolution identities.

For two factors with triples (a,7i,7;), the product estimate uses modelled regularity
min(y; + ag,v2 + 1) and weight min(n; + ag, 72 + a1, 11 + 12); see [16], Lemma 8.6. Applied
first to U and Uy, and then twice to U, this gives

Expression Lowest degree Modelled regularity Boundary weight

U —K 3/2 —2k
Ur —-1—-k 1/2 —1-2k
UU, —-1-2k 1/2 -k —1—4k
U? —25K 3/2— kK —4k
U3 3k 3/2 -2k —6k

Smooth tensor contractions and their jets are bounded on these spaces. In particular the cubic
weight is greater than 7, because 1 — 2k > 0, and its modelled regularity is greater than 7.
The linear and smooth terms satisfy the same target bounds by embedding. This proves (5.16).
Polarisation replaces one factor at a time by a difference, giving the factors 1, R and R?. The
corresponding two-model product estimates give strong local Lipschitz continuity, including
variation of Z. O

Let %7 and J# 7 denote the abstract lifts of the full causal kernels K and K1, including
their smooth remainders. Thus K; = VpK is an identity for the full kernels even if their
chosen local singular parts require different smooth corrections. Write 1 for restriction to
positive times and extension across time zero in the weighted reconstruction sense.

Lemma 5.7 (A uniform small-time factor). For the spaces above and a bounded model norm,

[ A2 L Flly e + 170,214 Flly 1917 < CB7MT1/4”F”W7;T- (5.17)

The analogous estimate between two models has the same time factor and an additional term
proportional to their model distance.

Proof. The forcing threshold is integrable at the initial surface:

nANa=—-1—4k > —2.
Apply the weighted short-time Schauder estimate of [16], Theorem 9.3, with abstract heat
gain =2 — 9 and a loss of 1/2 in the output weight. Its output indices are

Y =7+B=5/2—Kr—1,
ne=MANa)+8—-1/2=1/2 -4k — 9,

and its time factor is 7(1/2/2 = T1/4, The hypothesis on precision holds because 4 + 5 < dp.
Both v, > v and 7, > 7, so projection and the weighted-space embedding are bounded
uniformly for T" < 1. For K7, apply the same theorem with gain 8 — 1 and the same weight
loss 1/2. The output indices are v, — 1 and 7, — 1, respectively greater than v — 1 and n — 1,
and its factor is again 7"/4. The smooth kernel remainder is causal and smooth across the
time diagonal, hence flat there. Its weighted estimate has a factor T, which is at most T%/4 on
this interval even with the displayed negative source weight. The two-model versions of these
same estimates prove the last assertion. O
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Theorem 5.8 (Singular local solution map with explicit weights). Fiz an admissible typed
bundle model Z of the rule above. For every prescribed v = (v,v1) € Xz(T') there is a unique
local solution of

U=v+ 71, Fp(U,U),

U,Uy) € Xz(T). 5.18
Uy = v + 1,21, Fp(U,Uy), ©.00) z(T) (5:18)

On a ball of radius R, its contraction constant is bounded by
CmTY*(1+ R+ R?). (5.19)

Solutions depend locally jointly Lipschitz continuously on the model and on (v,v1), up to a
common local lifetime. If Rzv1 = VpRzv, then RzUi = VpRzU as distributions.

Suppose, in addition, that Z carries typed lifts X and X1 of the linear convolution X and
VX, with X € C([0,T];C"(E)), and that these lifts have the weighted modelled bounds of
the rule. If ag € C™"(E), one may take

v=X+.7(ap — X(0)), Rzu(t) = X(t) + St(ap — X(0)), (5.20)

and v1 = X1 + S1(a0 — X(0)), where . and S are the jet lifts of Sy and V Sy, respectively.
Then the reconstructed solution belongs to C([0,T.];C~2(E)), has initial value ag, and its
nonlinear response satisfies

Rz (U —v) € CI4([0,Ty] x %), (5.21)

with value zero at time zero. On compact subintervals of (0,T] the exponent improves to
1—-2k.

Proof. The product proposition and the short-time lemma give (5.19). On a bounded model
set, | Fp(U,U1)|| < Cpm(1+ R+ R?+ R3). Choose R > 2||v||+1 and then T > 0 so that both
the ball invariance and contraction bounds hold. For example a sufficiently small multiple,
depending on B, M, of R~® suffices. The Banach fixed-point theorem gives existence and
uniqueness. Applying the two-model estimates and absorbing the contraction term proves
joint local Lipschitz continuity. Local uniqueness makes the constructions at different radii
consistent and gives a maximal continuation with the usual norm blow-up alternative.

The heat lifts satisfy the required initial-time bounds. For b € C™", the heat estimates
give |[V/Sib|lee < t07579)/2||b||c-~. Parabolic Taylor estimates give the corresponding jet
reexpansion bound. They imply .#b € D"~2% with a strictly positive x margin at time zero.
Taking one more covariant derivative in these classical heat estimates gives .#b € DY~L =172,
Moreover S;b — b in C~2%: the high-frequency tail is bounded by 277% times the C™* norm,
and every finite set of frequency blocks converges strongly. The loss of regularity gives strong
continuity without requiring it at the exact Holder—Besov exponent.

The weighted reconstruction theorem extends 1+ Fg(U,U;) to a distribution of parabolic
regularity —1—4x across time zero, because this index exceeds the negative time codimension —2.
Admissibility identifies the reconstruction of its abstract integral with its causal heat convolution.
The second kernel type similarly reconstructs to Ky * (14 RzFp(U,U1)). Since K; = VK,
these identities and the prescribed relation between v and v; prove the distributional derivative
relation. They include the respective bundle jet corrections and do not require ZI' = 'Y
for a separately postulated abstract differential map. The first convolution is the actual heat
kernel, so it gains two orders despite the smaller abstract grading. It vanishes for negative
times, proving (5.21) and the zero initial value. Away from the initial surface the forcing has
regularity & = —1 — 2k, giving the improved exponent. Combining this response with (5.20)
proves the stated continuous time trace and its initial condition. O
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The theorem gives, in particular, convergence of solutions whenever their admissible models
and initial data converge in the displayed norms. It also permits restart on a time interval on
which the model is consistently restricted: replace the linear datum by X(t)+.%—s(a(s)— X (s)),
replace the second datum by its typed derivative lift, and use the causal heat identity. Section 9
proves causal measurability, independence of the auxiliary past and the strong Markov property
for the stochastic model constructed below.

The explicit inequalities behind the construction are

nN=-2s<1l—-4r -9 =n+p,

5.22
v=3/2<5/2—-Kk—-0V=7+0, n>—2. (5:22)

The response in (5.21) has positive regularity approaching one, with a loss at time zero; no
unstructured remainder of order 2 — 3k is used. Its higher modelled regularity is carried by Y
and the degree-1 — k — 9 derivative-control symbols already retained in the sector.

6 Local counterterms and covariance tests

This section distinguishes three questions that impose different conditions on a counterterm:
whether it is a globally defined bundle map, whether it is produced by a stochastic contraction,
and whether the resulting dynamics has gauge-covariant laws. The first condition alone does
not imply either of the other two.

6.1 Global endomorphisms and universal geometric form

Proposition 6.1 (Equivariant endomorphisms of the adjoint bundle). A linear map M : g — g
defines a canonical fibrewise endomorphism of ad P on every principal G-bundle if and only if
M Ady = Ady M for every g € G. If G is connected and compact and

=300 D - Dan

1s its decomposition into its centre and compact simple ideals, then

N
Endg(g) = End(3) & DR1dy, . (6.1)
j=1

For disconnected G, one takes the subalgebra in (6.1) fized by the component-group action.

Proof. In two overlapping trivialisations, a section transforms by a; = Ady,; aj. Thus Ma;
transforms in the same way precisely when M commutes with these transition actions. Re-
quiring the construction for all bundles and all changes of frame is equivalent to commutation
with every element of G.

For a connected compact group the centre is the trivial summand. Each simple ideal is an
irreducible real adjoint module whose complexification is the adjoint module of a complex
simple Lie algebra. Its commutant is therefore real scalar. There are no intertwiners between
different simple ideals: the action of one ideal on itself is nontrivial, while its action on the
other ideals is zero. There are likewise none between a simple ideal and the centre. This proves
(6.1). Commutation with the full group imposes exactly the remaining component-group
invariance. O

On an oriented surface the rotation J = * : Q' — Q! is also invariant under oriented
orthonormal frame changes. Thus, in the restricted class of zero-order expressions linear in a,
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at most linear in the Gaussian curvature K, and involving no other background tensor, the
universal geometric form is

Rg(a) :Mga+N0Ja+K(M1a+N1Ja), M;, N; € Endg(g). (6.2)

This follows from the commutant of the real standard SO(2) module, which is spanned by Id
and J. If covariance under orientation reversal is required, the J terms are absent. This is
a classification within the specified geometric class, not a power-counting determination of
the actual renormalisation group. For example extra dependence on Fg or its derivatives is
outside that class. On a single constant-curvature surface the representation My + K Mj is not
unique; uniqueness of its coefficients is a statement across metrics, not an inference from one
fixed metric.

6.2 A computable Lie-algebra contraction

Let (en) be an orthonormal basis of g and define the nonpositive adjoint Casimir

Caqv = Z[eav [eav UH

«

It is independent of the orthonormal basis, belongs to Endg(g), and vanishes on the centre.

Lemma 6.2 (The cubic Wick contraction). Let Xi,..., Xy be centred Gaussian g-valued
variables with covariance E[Xf‘XJB] = 0ij0ap. For T;(X) = 32;[X;, [Xj, Xi]] one has

TZ(X) =: E(X) : —I—(d — 1)cCadX,~. (63)

Proof. Contracting the first two entries gives dcC,qX;. Contracting the first and third entries
forces j =i and gives ¢Y_  [en, [Xi, €a]] = —¢CaqXi. Contracting the second and third entries
gives c[X;, Y ,lea,€a]] = 0. The Wick expansion is the sum of these three contractions and
the third-chaos component. O

For unprojected unit-amplitude white noise and heat regularisation X¢ = e LX), the
covariance on the diagonal at any fixed ¢ > 0 has leading term

E[X*(t, ) ® X°(t,7)] = 8% log(1/2) T, +04(1). (6.4)
Indeed it is the diagonal kernel of fot e~2r+e)L dr: the leading heat coefficient on a surface
is (87(r +¢))"'Id. The bounded term depends on the geometry, on L and on the cutoff.
Curvature enters later heat coefficients, so the leading logarithmic term in this particular
covariance is independent of the reference connection. A noise amplitude ¢ multiplies it by o2.

The cubic contraction is only one diagram. Quadratic derivative vertices and their iterates
produce other diagrams, and the sum can cancel a contribution found in (6.3). Consequently
neither (6.2) nor the cubic Wick calculation selects the finite mass of a nonlinear equation. In
particular, bracket contractions do not produce an arbitrary endomorphism on the Abelian
centre. In the spatial regularisation treated by Bringmann—Cao [4], the prescribed torus

equation needs no additional counterterm; this does not identify the answer for every heat-
kernel or space—time regularisation on a curved bundle.

6.3 Affine reference consistency and two necessary tests

Proposition 6.3 (The affine consistency equation). Suppose an additional drift is written in
a reference B as Rp(a) = Ma+ rp, where M is fived and rp is independent of a. The same
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drift is a reference-independent vector field on the affine space of connections if and only if,
for C =B+b,
rc =rg+ Mb. (6.5)

In particular the prescription Rp(a) = Ma in every reference is reference independent only
when M = 0.

Proof. The coordinates of the same connection are a = A— B and a’ = A—C = a—b. Equality
Rc(a —b) = Rp(a) is exactly (6.5). The conclusion follows by allowing all smooth b. O

There is a related pointwise gauge test. A gauge transformation equal to the identity at x
can have arbitrary first derivative at x. It changes the local coefficient of a connection there by
an arbitrary g-valued covector. Hence a zeroth-jet function of the connection coefficient that
transforms tensorially must be independent of that coefficient. A nonzero bare linear mass
fails this test. This observation concerns a separately defined local vector field. It does not
exclude a finite term in a renormalised DeTurck equation whose covariance is recovered only
after combining the term with the limiting noise transformation.

Proposition 6.4 (Large gauge transformations rule out an Abelian OU mass). Suppose %
has positive genus and let A be its integral harmonic lattice. The linear diffusion

dh = —Mhdt + o dBf* on H'(Z;R)

descends through the quotient by A for all initial data only if M = 0. More generally a spatially
varying scalar mass k(x)a fails even the small-gauge test when dk # 0.

Proof. The quotient identifies hg and hg + A for every A € A. Their solutions under the
same Brownian path differ by e *\. Equality of the projected transition laws also forces
this difference to lie in A: the wrapped Gaussian has nonzero Fourier coefficients at every
dual-lattice frequency, so none of its nonlattice translations preserves its law. The continuous
map t — e "M\ into the discrete lattice must be constant. Differentiating at zero gives
MM = 0. Because the lattice spans the harmonic space, M = 0.

For the second assertion choose a smooth real f with dk A df # 0. The initial one-forms 0
and df are gauge equivalent. A drift difference k df has exterior derivative dk A df # 0, so their
curvature derivatives are different. Gauge equivalence cannot persist, even infinitesimally. [

These necessary tests constrain the counterterms through explicit observables. A universal
finite-counterterm theorem for the non-Abelian singular equation also requires control of all
contraction diagrams and of the regularised noise commutator in a time-dependent gauge.

6.4 Cancellation of the logarithmic mass in two dimensions

We fix a single approximation convention in this subsection: the noise is regularised in space
by the scalar-principal-symbol heat operator e ¢%+, and every contraction uses this same
regularisation. The stationary linear field has unit noise amplitude and covariance (2L )~!
The parameter ¢ is heat time, consistently with (8.2). The conclusions in this subsection
concern divergent contractions of the DeTurck nonlinearity. The finite contraction needed for
predictable reference comparison is analysed separately in Section 11.

In an orthonormal frame the highest-order local terms are

[aj, [aj, ai]]. (6.6)

2
=1

2
=3[0y, 20,0~ Diby), cifa) =
j=1

J
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The principal symbol of the heat operator is |k|*I. For a constant external one-form v,
linearising g gives

(Py(k))ie = 1(28;ad(v - k) — k; ad(ve)), U, = K(P,X). (6.7)

The flat cancellation is consistent with the spatially regularised torus construction of [4]. We
give its tensor coefficients explicitly in order to track the bundle remainders. The term ¢(X,v)
vanishes for constant v. Its nonconstant counterpart has one fewer singular derivative in its
contraction and will be integrable below.

Lemma 6.5 (The three leading contractions). Let m.(k) be a uniformly bounded real scalar
spatial cutoff tending pointwise to one, with sufficient decay for the displayed integrals to be
finite; the heat cutoff is the case used below. Set

Cuv_/ |ms(k)|2 dk
Sk 21k[2 (2m)%

For radial cutoffs, the logarithmic coefficients of the constant external-field contractions in
dimension two are

Eqi(X:, Vye) = —%cgvcadvi + a convergent ultraviolet remainder,
Eqi(¥ye, Xc) = —%cgvcadvi + a convergent ultraviolet remainder,
(6.8)

E [the part of c(v+ X.) linear in U]Z. = c2VCaqvi + a convergent ultraviolet remainder.

Their logarithmic sum is zero. The cancellation in the sum of the two derivative terms takes
place before angular integration.

Proof. The high-frequency covariance of X (k) is |m<(k)|?/(2|k|?). The equal-time cross
covariance with its response ¥, has the additional integral [;* e~ 2rlkl? dr, giving the factor
|me(k)[?/(4]k|*) times P,(k). Replacing |k|* by 1+ |k|? changes the resulting integrands by
an integrable order at infinity.

Use the two identities

Z[ea, [v,eq]] = —Caqu, Z[[v,ea],ea] = Caq.

e «

Substitution of (6.7) in the first two contractions gives, at frequency k, respectively

_ Ime(R)P?
Alk[*

me(k)|?
et {WCua(v- 1) = 2kfCurns}

kiCad (’U : k),

The k;(v - k) contributions cancel exactly in their sum, leaving —cfVC,yqv; after integration.
For a radial cutoff the angular identity [ kikef(|k|) dk = 360 [ |k|*f(|k|) dk gives the separate
fractions —1/4 and —3/4. The cubic coefficient is Lemma 6.2 with d = 2. Adding the three
coefficients proves the cancellation. O

The external-field calculation also identifies the coefficient shared by the noise-leaf and
solution-jet subtractions. In a cubic derivative tree, replacing the uncontracted noise leaf by v
produces precisely the second-chaos response in (6.7). Thus its degree-zero subtraction has
the same coefficient as the first-chaos contraction of the three-noise tree. The two coefficients
cannot be chosen independently.
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Proposition 6.6 (No curvature-dependent ultraviolet divergence). Let P be any smooth
principal G-bundle on the closed surface and let B be smooth. Use the tensor-product connection
induced by B and the Levi-Civita connection, which is the Bochner connection of the Hodge
Laplacian Lp by its Weitzenbick formula. For the stationary Ly heat reqularisation specified
above, the divergent zeroth-order contraction coefficients of the nonlinear DeTurck rule have the
same leading terms as in Lemma 6.5. Their total logarithmic coefficient vanishes. Curvature,
derivatives of the reference connection, and the topology of P introduce no additional divergent
coefficient at these negative homogeneities.

More precisely, after subtracting the displayed flat logarithms, each degree-zero contraction
coefficient has a limit in C” for every finite r. The quadratic one-vertex expectation also has a
finite smooth limit. For the heat cutoff,

1
V= 3 log(1/e) + O(1). (6.9)
The finite limits depend on the specified kernel decomposition and subtraction convention; this
proposition does not identify them with a gauge-covariant finite normalisation.

Proof. Only the negative trees in the finite rule and their solution-jet replacements can require
a subtraction. A complete Gaussian contraction of an odd number of noise leaves is zero. The
cubic one-vertex contraction is the covariance on the diagonal. The two-vertex contractions
with a constant external leaf have, after moving the outer derivative onto the heat kernel, the
local kernel types

VK (z,w)VCe(z,w), K(z,w)V,V,C:(z,w).

Here C. is the covariance of the smoothed stationary linear field and K is the causal heat
kernel, localised near the diagonal when defining the subtraction. Both displayed kernels
have critical order p(z,w)~% in parabolic dimension four. A derivative on the external leaf, or
its first Taylor remainder, improves this order by at least one. Products without the outer
derivative have the integrable order p=3(1 + |log p|).

To identify the critical coefficients, choose normal coordinates and a frame obtained by
radial parallel transport from the basepoint. In this frame the principal metric is Euclidean
at the basepoint, its first derivatives vanish, and the connection form vanishes there. The
heat parametrix has leading term the scalar Euclidean kernel times parallel transport; the
remaining terms gain a strictly positive power of parabolic distance in each of the critical
contractions above. The same statement follows directly for the covariance from

1 o0
Ce(t,mis,y) = 5 e e () dr.
—8 £

To see the positive gain quantitatively, write the local heat parametrix as
e—d(z,y)?/(4r)

4mr (G’O(xa y) + Tal(fﬁ,y) + e TNaN(x7y)) + SN(T, x7y)

Hy(2,y) =

In the radial frame ag = I + O(d(z,y)?) and Vag = O(d(z,y)). Gaussian polynomial factors
can be absorbed by slightly weakening the exponential. Hence the differences from the
frozen leading heat kernel at derivative orders zero and one are bounded by Ce=4*/(Cr) and
Cr=1/2e=/ (©r), respectively, up to the harmless smooth localisation terms. At order two
the bound is Cr—te=2*/(C), Integrating these bounds in the covariance formula shows that
the residual first covariance derivative is bounded and the residual second derivative is at
most logarithmic. Long-time parts are smooth. The same bounds hold with arbitrary fixed
centre derivatives, after taking N large enough. It follows that the differences of the critical
contraction kernels are bounded, uniformly in the cutoff, by

Crp(z,w) "> (1 + |log p(z, w)[)™ (6.10)

38



in a fixed neighbourhood of the diagonal. The same estimate holds after r derivatives in
the basepoint, when the freezing frame is transported with that basepoint. One can use the
stronger second-order gain in normal frames, but the displayed one-order gain already suffices.
All coefficients and their basepoint derivatives are uniformly bounded on the finite cover.

The bound (6.10) is integrable: an annulus of parabolic radius 27" contributes at most
C.27™(1 +n)N. Off the diagonal the regularised heat kernels converge with all derivatives;
the massive kernel controls large time separations. Dominated convergence therefore gives
the asserted C" limits of the residual two-vertex coefficients. This argument also covers the
smooth cutoff used to localise the singular kernel and the parallel transports used for its tensor
indices.

For the one-vertex covariance, the diagonal heat expansion is (477) =!I +O(1), with smooth
uniform remainder after any number of basepoint derivatives. Its integral gives (6.9) and a
smooth finite remainder. For the one-derivative diagonal covariance the covariant derivative
of the leading term vanishes in the freezing frame. The next diagonal heat coefficients are
bounded as r | 0 before integration, so the quadratic expectation has a smooth finite limit.
These are the usual local bundle heat-parametrix bounds [3, 20].

Finally the Lie bracket and the Riemannian contractions are parallel tensor operations. At
the freezing point they are exactly (6.6); any variation contributes to the integrable remainders
already estimated. Lemma 6.5 therefore cancels the entire logarithmic part on every chart.
Transition functions conjugate these tensors, so the calculation glues on ad P. Global topology
affects the finite heat kernel and cannot alter its local leading singularity. O

This calculation fixes the divergent part for the stated spatial heat scheme. The separate
diagrams retain finite terms, whose compatibility with a change of reference and a time-
dependent random gauge requires the transformed-noise comparison.

7 Time-integrated quadratic currents on vector bundles

Let E — X be a smooth real metric vector bundle over a closed Riemannian surface. Write
H = L%*(X; E) and let L be a nonnegative self-adjoint operator of Laplace type. Set

P, =etF, A=1+1L.
The Sobolev spaces defined by A agree, with equivalent norms, with the usual bundle Sobolev
spaces. We allow a fixed orthogonal projection IT on ‘H which commutes with P;. The choice
IT = 1 applies to an arbitrary bundle. On the trivial bundle, IT may also be the coexact Hodge

projection.
Let W be a cylindrical Brownian motion on H and define

t
X, :/ P TIdW,. (7.1)

0
For 8 > 0, this process has a continuous H~?(E)-valued version. Its covariance operators are

t
Qi = /0 Py, 11dr, Cts = E[X; ® X;] = Py Qins- (7.2)

At a zero eigenvalue, the scalar function defining ); takes the value ¢t. Thus these formulas
include the finite-dimensional kernel of L.
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7.1 Regularisation and the covariance estimate

Definition 7.1 (Spatial regularisations). A family (S:)o<e<1 is admissible if each S; has a
smooth real Schwartz kernel, the family is uniformly bounded on L?(E) and H'(E), and

S.v — v in HY(E), S*w — w in L*(E)
for every v € H'(E) and w € L*(E).

Heat regularisations, smooth spectral cutoffs, and finite spectral projections satisfy this
definition. Local convolution regularisations assembled with smooth bundle trivialisations
and a partition of unity also qualify when their adjoints form an approximate identity. The
definition allows S; to fail to commute with L or II.

Let D be a smooth first-order differential operator on E. Replacing D by (D + D*)/2 leaves
(v, Dv) 2 unchanged. We therefore assume throughout that D is formally symmetric and put

mp = |[|[DA™Y?|| .

For an admissible regularisation define

D. = S*DS., (7.3)

J5(t) = (S-X3, DS-X3) 2 — E(S. Xy, DS-X¢) 12, (7.4)
t

H5(1) = / T5(r) dr. (7.5)
0

The expectation in (7.4) specifies the Wick ordering relative to the covariance (7.2).

Lemma 7.2 (A logarithmic covariance bound). Fix T' < co. For two formally symmetric
first-order operators D, F and two admissible reqularisation families, there is a constant Cp
such that, for 0 < s,t <T with s #t,

(E[T5(8)72(5)]| < Crmpmy (1 +log, “_18‘) . (7.6)

The constant may depend on the uniform L? and H' bounds of the reqularisations. It is
independent of €,6, s, t.

Proof. The eigenvalue counting function of a Laplace-type operator on a closed surface satisfies
N (A) < C(14 \). Moreover,

0<Qr <erA™',  AV2CP|? <ep, (7.7)
and, with a = |t — s| > 0,

TrCis <cr Tr(Afle*aL) < Cr (1 + log | 1) . (7.8)
a

Indeed, the last estimate follows by integrating (1 + A\)~'e™%* against the counting function.
Its contribution from 1 < A < a~! is bounded by a constant times log(a~!), and the remaining
contributions are bounded.

The regularisation assumptions and elliptic norm equivalence imply

sup | D.A7V?|| < Cmp. (7.9)
&€
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For C = Cy s, which is positive and self-adjoint, this gives
ICY2DCM2 s < || M2 ||us || DA™V || AM2CH2
1 1/2

Here HS denotes the Hilbert—Schmidt norm.
The Gaussian fourth-moment formula yields

E[J5(t)J3(s)] = 2 Tr(DCh s F5Csy). (7.11)

This identity follows first in a finite eigenbasis from the two cross-pairings of four centred
Gaussian coordinates; approximation then gives the displayed trace formula. Since C; = Cy 4,

the right-hand side is twice the Hilbert—Schmidt inner product of ct/ 2D‘EC'I/ 2 and CY 2E;C’l/ 2,
Cauchy—Schwarz and (7.10) prove the result. O

Theorem 7.3 (Canonical integrated currents). For every T'< 0o, 1 < p < oo, and 0 < v < 1,
there is a centred second-Wiener-chaos process Hp such that

Hf — Hp in LP(Q; C7(]0,T))). (7.12)

The limit is independent of the admissible spatial reqularisation. It is adapted, starts from zero,
depends linearly on D, and satisfies

1 1/2
|Hp(t) = Hp(s)l| o) < Cprmplt — s (1 +log, H) , (7.13)
I Hpll e 07 (0,17)) < CprymD- (7.14)
The same statements hold jointly for every finite collection of operators and reqularisations.

Proof. For a fixed t, the Gaussian fourth-moment formula gives
t ot
Bl (0) ~ Hp(O] =2 [ [ ICHAD. = Ds)Cl s dr da. (7.15)
0 0 K b

The two regularisations in this formula may belong to different admissible families. Their
relative operators converge strongly:

D.A"Y? — DA™'?  strongly on . (7.16)

To see this, apply S- to A~Y/2v in H', then D into L2, and finally S* in L2

When r # ¢, the operator A/ QC’,},{f is Hilbert—Schmidt. Strong convergence in (7.16),
together with uniform boundedness, therefore implies

IC (D= = Ds)Cp s — 0.

One can verify this implication by approximating the rightmost Hilbert—Schmidt operator by
finite-rank operators. Estimate (7.10) supplies the integrable majorant C(1 + log, (|r —¢|™1))
for the squared norm. Dominated convergence in (7.15) proves L? convergence at every fixed
time and independence of the regularisation.

For an interval of length h < 1, (7.6) gives

h rh 1
H%WM%HWWSQ%J/<HM&|OMM
0 Jo rT—q

< Crm%Hh*(1 + |loghl). (7.17)
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All these random variables lie in the second homogeneous Wiener chaos. For each finite p,
their LP norms are bounded by a constant depending only on p times their L? norms. For
completeness, this moment bound follows by diagonalising a finite-rank quadratic form as
S an(g2 — 1) and expanding

Eexp (zZan(g?L - 1)) = He_m"(l — 2za,) /2,

For |z|(32,, a2)/? sufficiently small the logarithm is bounded by C2? ", a2. Integration of the
resulting tail bound proves the moment estimate; finite-rank approximation gives it for every
second-chaos variable.

It follows from (7.17) that, for every n < 1 and every finite p,
|Hp(t) — Hp(s)llr < Cprymplt — s|".

Choose v < 7' < n < 1 and then a moment order so large that 4/ < n — 1/p. The quantitative
Kolmogorov criterion gives uniform moments of the C?' norms. Fixed-time LP convergence on
a finite time grid, followed by the uniform C7" bound, gives convergence in LP(C?). Finally use

Ifllcr < CllfFles AL

and higher moments to obtain (7.12) for the prescribed p. The estimates pass to the limit
and give (7.13)—(7.14). Linearity and adaptedness pass from the regularised processes to the
limit. O
7.2 Bundle-valued nonlinearities and Yang—Mills currents

Let ' — ¥ be another metric vector bundle and let

¢:E®(IT"S®E)—F, q:E®QF—F

be smooth bilinear bundle maps. Put Q(v) = ¢(v, Vv) + go(v,v). For every h € C*°(F’) there
is a formally symmetric first-order operator D), such that

/E (h, Q(v)) vol, = (v, Do) p. (7.18)

Indeed, express the first term as (v, a{tvm and take the formal symmetric part. The resulting
zero-order coefficients include derivatives of h. In particular,

IDRA™2) < Ol 1. (7.19)

Corollary 7.4 (Distribution-valued integrated fields). For every s > 3, v < 1, and finite p,
the fields

K= (t) = /0 ' (Q(S.X,) — EQ(S.X,)) dr

converge in LP(Q; CV([0,T]; H-(F))) to a limit K. It is independent of the admissible regu-
larisation and satisfies (K(t),h) = Hp, (t).

Proof. Take an orthonormal eigensection basis (f,,) of a positive Laplace-type operator on F,
with eigenvalues p,,. Sobolev embedding and elliptic regularity give, for any n > 0,

faller < Co(1 + pn) V2.
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Choose 0 < < s — 3. Weyl’s bound implies

> (L4 pa) "l fallEn < 0.

n

S

Apply (7.14) and (7.19) to each coefficient, and sum the squares with weights (1 + p,) .
Minkowski’s inequality proves the assertion for p > 2; smaller moments follow by inclusion.
Dominated convergence in this summation proves convergence and regularisation independence.

O]

For a principal bundle P — ¥ with compact structure group and a smooth reference
connection B, take

E=T*Y®adP, L=dydg+dgdy, II=1

This is a nonnegative self-adjoint operator of Laplace type even when d% # 0. The quadratic
part of the augmented Yang—Mills operator is

Qp(a) = —3dilana] — [a s dpa] — [a, djal. (7.20)

It has the form used in (7.18). Consequently every smooth test one-form, including any element
of ker L, determines a canonical integrated quadratic current. This construction does not
require a trivialisation of P or a coexact decomposition.

Proposition 7.5 (Naturality). Let U be an orthogonal bundle isomorphism, covering a
Riemannian isometry, and transport the data by

L=ULU', II=Uvunu-', D=UDU"', W =UW.

Then Hx(W) = Hp(W) under this coupling. For (7.20), this includes simultaneous gauge
transformation of the reference connection, the noise and the test one-form.

Proof. The convolution transforms as X = UX. With transported regularisations S. =
US.U™!, the quadratic forms and their expectations agree at every positive €. Pass to the
limit using Theorem 7.3; regularisation independence removes the restriction to transported
regularisations. O

7.3 Restarting the integrated current

Restarting an integrated current produces an old-field term and a mixed term. The following
identity holds at stopping times.

Theorem 7.6 (Restart formula). Fiz S,T < oo and let 0 < S be a stopping time for the
completed Brownian filtration. Write

T

I T
0

Let Hl()o) be the current of Theorem 7.3 constructed from Z\9). It is independent of the past
and has the same law as Hp on [0,T]. Almost surely, for 0 <t <T,

Hp(o +1t) — Hp(o) = Ap(o, Xg: 1) + Mp(Xe, W t) + HO (2), (7.21)
where
t
Ap(s,z3t) = / ((P.z, DPoz) — Tr(DP2,Q,)) dr, (7.22)
0
t
Moz, W'st) = 2 / (DPz, Z!) dr. (7.23)
0
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Both integrals exist as ordinary time integrals and define paths of finite variation. In (7.23),
the inner product is the distributional pairing with the smooth field DP.x for r > 0. For
a stopping time, the trace in (7.22) is evaluated at the random parameter s = o; it is the
prescribed Wick centring. In particular,

E[Hp(oc +t) — Hp(o) | F»] = Ap(o, Xs;t). (7.24)
The trace in (7.22) does not assert a conditional Gaussian law for X,.

Proof. Choose 0 < 8 < 1/2. The eigenfunction expansion of (7.1) gives
E|X: — X% s <Crlt—s/® (0<g<1).

Gaussian moment bounds and the Kolmogorov criterion give a continuous H —?-valued version
and finite moments of its supremum on compact time intervals. Thus X, € H~? almost surely.

For deterministic z € H~?, semigroup smoothing yields
|(P,x, DP,x)| < Crfl/%ﬂﬂxﬂz,g, 0<r<1. (7.25)

Indeed, the left-hand side is bounded by mpl| Pz 12| Prz| g1, up to a fixed Sobolev norm
equivalence constant. The same argument holds uniformly for D, using (7.9). The exponent
is integrable because 5 < 1/2. Using an eigenbasis of L, the relative bound on D, and
Qs < cgA™! gives

| Te(D P2 Q)| < Cs > e 2 (1+A,) V2 < Co(1 +171/2). (7.26)

The possible projection II only decreases this bound. This proves absolute integrability in
(7.22).
Conditionally on z, the integrand in (7.23) is Gaussian and

E|(DP,z, Z\)|* = (DP,z, Q,DP,x)
< Or||A™Y2DPux|2: < Opr=P)|z||% 5. (7.27)

We used formal symmetry to obtain boundedness of A~1/2D. Integration of the square root
proves that the mixed term has an L' time integrand, conditionally almost surely, with finite
moments after averaging over X,.

At every regularisation level the exact identities
XJ-H‘ = PT’XO' + qucr), Qs-H" = PT’QSPT + QT

give (7.21) with D replaced by D.. There is no mixed expectation term, since W) is
independent of the past. In the deterministic centring, the covariance identity is simply
evaluated at s = o.

For r > 0, relative strong convergence (7.16) implies convergence of the old and mixed
integrands. Estimates (7.25)— (7.27) hold uniformly with D, in place of D. They therefore
give convergence of the corresponding primitives, uniformly in ¢, by dominated convergence.
For the trace, use the absolutely summable bound at each r > 0 and then (7.26). Conditional
Gaussian moments handle the mixed term. The full current converges uniformly in time by
Theorem 7.3, so it may be evaluated at o + ¢t and 0. The fresh current converges by the same
theorem and the Brownian strong Markov property. Passing to the limit proves (7.21). The
mixed term and the fresh current have zero conditional mean given F,, whereas the old term
is Fy-measurable. Their integrability, proved above, therefore also gives (7.24). O

Remark 7.7. The fresh current in (7.21) is an independent copy. The mixed term depends on
both the initial field and the new noise. These two contributions have different conditioning
properties and both enter a restarted enhanced equation.
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7.4 Sharp harmonic currents on the flat torus

A quadratic Yang-Mills current attains the logarithm in (7.13). Let ¥ = (R/27Z)? with
normalised area measure. For this subsection take the Lie algebra to be compact, simple and
three-dimensional, and choose an orthonormal basis T3, Ty, T5 with [T7,Ts] = ¢T3, ¢ # 0. Thus
the structure group may be taken to be SU(2). Let X be the coexact convolution, so II = Peoex
and L is the ordinary Hodge Laplacian. Choose a half lattice Z% C Z? \ {0} containing one
element from each nonzero pair {k, —k}, put Ay = |k|?, and set e(k) = k*/|k|.

For r = 1,2, the Lie algebra components of X have the expansion

X' (t,z) =2 Z ei(k t)cos(k - x) + by (t) sin(k - x)) , (7.28)
kez3

where all the real Ornstein—Uhlenbeck coordinates are independent and

e—/\k\t—s| _ e—/\k(t—i-s)

Elaj,(t)ay(s)] = E[by,(1)bi(s)] = qr(t, s) = N (7.29)
In particular vy (t) = qu(t, 1) = (1 — e 2M%) /(2)1).
The quadratic Yang—Mills expression is
B;(X,VX) =2 [X;,0:X;] = > [Xi, 0;X,].
Its harmonic coefficient in the direction 73 dz;, after heat regularisation, equals
F(t) = —2c Y e My (ak(®)BE(E) — bh(H)AA(H)) - (7.30)

2
kez2

Indeed, the spatial integral of the first term in B; vanishes by div X = 0, and integration by
parts turns the remaining bracket into —2¢>-; [ X}E)in2 . Orthogonality of the trigonometric
functions gives (7.30). Its expectation is zero.

Theorem 7.8 (Sharp regularity and infinite variation). Let H; be the limit of [y J5(r)dr
given by Theorem 7.3. Then the following hold.

1. For every fized t > 0,

Var J; (t) = 8¢c? Z 6_45Akk?vk(t)2 = log(1/e). (7.31)
kezZA

The family (J5(t))e is not tight.
2. For every 0 < a < b< T, there are hg,c1,co > 0 such that
c1h?log(1/h) < E|H;(t + h) — H;(t)|* < cah*log(1/h) (7.32)
fora<t<band0<h < hg.

3. Almost surely H; € CV([0,T]) for every v < 1, and H; has infinite total variation on
every nontrivial time interval.

Proof. Set di(t) = ap(t)b2(t) —b}.(t)ai(t). The variables indexed by distinct k are independent,
and

Eldy,(t)dy(s)] = 2q(t, s)*.
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Formula (7.31) follows immediately. For fixed ¢ > 0, its large-frequency summands are
comparable to e =4 ‘k‘Qk‘JQ- /|k|*. Their sum is comparable to log(1/e).

Every J7 (t) belongs to the second homogeneous Wiener chaos. A centred quadratic Gaussian
variable Z satisfies EZ* < 15(EZ?)2: diagonalisation reduces the assertion to

2
(Zan —1) ) =12 (Zai) +48 ap.
n n
Paley-Zygmund applied to Z? consequently gives

P(|Z| > | Z]l12/V2) > 1/60.

This and (7.31) prove lack of tightness.

For t € [a,b] define
Hj(t+h) — H;(t)
= :

The covariance formula and L? convergence of the integrated series give

t+h pt+h
IVAGINE Z / / (r,5)? drds. (7.33)

lc22

Yi(t) =

If Apa is sufficiently large and Aph < 1, then gx(r, s) > ¢4/ throughout the integration square.
Consequently the terms with R, < |k| < h~/? yield a lower bound ¢ 3" k?/|k]4 > ' log(1/h).
The upper bound follows from (7.17). This proves (7.32) uniformly on [a, b].

It remains to prove infinite variation. Fix a closed interval I C (0,7) of positive length and
a smaller closed interval Iy contained in its interior. For sufficiently small h, set

Vi = / 1Y,(2)] dt.
1o

The second-chaos fourth-moment bound and interpolation imply E|Yy,(2)] > 157 Y2(|Y(2)]| 2.
Together with (7.33), this gives

EVi, > o lo|y/log(1/h),  EV;} < C|Io[* log(1/h).

Paley-Zygmund applied to V}, shows that the family (V},)5~0 is not tight. If H; had bounded
variation on I almost surely, then Fubini’s inequality for its variation measure would give

1
Vi< g [ Q[ e+ ) at < i)
0

for all sufficiently small h. This would make (V}) tight. Thus the event of bounded variation
on [ has probability less than one.

To sharpen this conclusion, use finite Fourier cutoffs, which are admissible by Definition 7.1.
The integrated series converges in LP(C7), and deleting any finite set of Fourier modes changes

its limit by
—2¢ Y k; / dys (7
keF
a C' function. Enumerate the independent mode Brownian paths. For every N, the limit of
the integrated series over modes with index greater than IV is measurable with respect to those

modes and agrees almost surely with H; minus the finite C' ! sum above. The bounded-variation
subset of C'(I) is Borel, since total variation is the supremum over a countable collection of
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rational partitions. Consequently its event agrees, up to a null set, with an event in each tail
sigma-field. Kolmogorov’s zero—one law and the preceding paragraph show that its probability
is zero. Apply this argument to the countable collection of rational intervals contained in
(0, 7). Every nontrivial interval contains one of them. Finally, the asserted Holder regularity
is Theorem 7.3, applied to a countable sequence of exponents tending to one. ]

Corollary 7.9 (Zero quadratic variation and failure of the semimartingale property). The
process H; has zero quadratic variation along every sequence of partitions whose mesh tends to
zero. It is not a semimartingale with respect to any filtration satisfying the usual conditions to
which it is adapted. In particular its distributional time derivative has no almost surely locally
integrable representative.

Proof. Choose 1/2 < v < 1. On every compact interval, every partition P satisfies

Y [Hj(w) = Hy(w)[? < | Hjllg- [P Y0 (v —w),
[u,v]€P [u,v]eP

which tends to zero. A continuous semimartingale with zero quadratic variation has a constant
local-martingale part and therefore finite variation. This contradicts Theorem 7.8. A locally
integrable derivative would make H; locally absolutely continuous and hence locally of finite
variation, giving the same contradiction. O

Remark 7.10 (Relation to the nonlinear equation). The field (7.20) is the integrated Gaussian
quadratic component of the nonlinear enhancement. The remaining products and their
contraction identities are constructed in Section 8. The restart identity above retains the
old-field and mixed contributions explicitly, even though the new-noise current has no finite-
variation drift density in the harmonic example.

8 A finite Gaussian enhancement for the derivative nonlinearity

The nonlinear equation requires additional distributional products beyond the integrated
Gaussian current. We construct them with explicit local counterterms using the bundle heat
kernel, without assuming spatial translation invariance. Global distributions and their pointed
versions are treated separately because their regularities differ.

Let E be a real metric vector bundle over a closed Riemannian surface, let L > 0 be a
self-adjoint operator of Laplace type, and put A =1+ L. Write K (z,w) for the causal kernel
of 9y + Aon R x X, where z = (¢,z) and w = (s,y), and set

t
X(t) = / e~ A qw,. (8.1)
—0o
All tensor contractions below are smooth bundle morphisms. We fix a metric connection V for
their derivatives. It need not be flat. The parabolic distance and homogeneous dimension are

p(z,w) = [t —s|'? +d(z,y),  |s| =4

The notation Cg* denotes the local parabolic Besov space BS, .. Statements on a compact time
interval refer to restriction from a slightly larger open interval. Every convergence assertion
below holds in LP of the indicated local norm, for every finite p.
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8.1 The cutoff class and covariance bounds

We use spatial heat cutoffs

a
S. = / ' e e (da), X.=65.X, 0<ag<a < oo, (8.2)
ao
where p. is a probability measure. The measures may depend on ¢ and need not converge. A
single heat cutoff is included by taking a point mass. The parameter ¢ is heat time, and the
associated length scale is y/e. The wider class in Definition 7.1 suffices for weak integrated
currents. Local enhanced distributions require the covariance-kernel control supplied by (8.2).
For two such families on the same probability space, let C; 5(z,w) = E[X.(2) ® Xs5(w)].
Functional calculus gives

1
Ces(t,x;s,y) = 5 // [A_le_(|t_5|+“5+b5)’4} (z,y) pe(da)vs(dd). (8.3)
In particular, all cutoff comparisons below are coupled through the same white noise.

Lemma 8.1 (Uniform local covariance estimates). For p(z,w) < 1, uniformly over (8.2),

|Ces(z,w)| < C(1+1log, (p(z,w) + Ve +VE) ™), (8.4)
VAP Ces(z,w0)| < Caplp(z,w) + Ve +VE) ™ a+b>1 (8.5)

The kernels and their spatial derivatives converge off the parabolic diagonal to those of C(z,w) =
%[A_le_“_s‘A] (z,y). On the causal region t > s, the corresponding bounds also hold for time
derivatives, a time derivative counting as two orders. In coordinates (x;r,v) withr =1t —s
and y = xr — v, derivatives in the centre variable x do not increase the singular order. The
same assertions hold for the heat kernel, with singular order 2 in place of 0, and order 3 for
its spatial derivative.

Proof. The bundle heat-kernel parametrix, with any prescribed finite number of derivatives,
gives
|ngge_"A(x, y)| < C’a7bu_1_(a+b)/Qe_d(x’y)Q/(C“) 0<u<l).

For u > 1 all these norms decrease exponentially. Integrate this bound over u > |t — s|+ ae+ bd
in (8.3). At order zero the integral is logarithmic, and at positive order m it is bounded
by C(\/|t — s| + ae +bd + d(z,y))~™. This proves the first two assertions. Off-diagonal
convergence follows from the same integral formula and dominated convergence.

For the centre-derivative assertion, write the leading parametrix in a fixed chart as a
Gaussian in v, with covariance given by the metric at x, times a smooth transport amplitude.
A centre derivative of its exponent produces a factor bounded by a polynomial in |v|/+/u,
rather than an extra power of ©~1/2. The same is true of every parametrix coefficient and of
its remainder, after increasing the expansion order. This proves the centre derivative assertion,
including the volume-density and bundle-frame factors. Differentiation in r > 0 has parabolic
order two. No claim of smoothness across t = s is needed for the cutoff covariance; in the causal
kernels used below its multiplication by K is smooth away from the parabolic diagonal. [

We will repeatedly use the following elementary Gaussian criterion. If random distributions
in a fixed finite sum of Wiener chaoses have mixed covariance kernels bounded by Cp~2%, with
2a < 4, and those kernels converge off the diagonal, then they converge locally in LP(Cs “~") for
every 1 > 0. Indeed a test at parabolic scale A has second moment at most CA~2?. Gaussian
chaos moment equivalence gives the same scaling in every finite moment. A parabolic wavelet
grid has O(2*") elements on a compact set at scale 27"; using a moment order greater than 4/n
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makes the weighted supremum summable. Mixed covariance convergence gives convergence of
each of the finitely many wavelet coefficients below a fixed scale. The uniformly summable tail
then gives norm convergence, using a slightly smaller regularity loss for the tail bound. This
argument also shows that the versions take values in the closure of smooth functions in the
stated, slightly weaker, Besov norms.

8.2 The first two nonlinear levels

Write P.(z) = C: (2, z) and define the tensor Wick powers
Woe =X =P, Wie=X2 —Sym(P: ® X;),

where Sym denotes the sum over the three pair contractions. Let ¢ : E ® (T*Y¥. ® F) — E be
smooth, and put

Qq,a = Q(Xsa VXE) - EQ(Xea VXe)a (8-6)
}/;],6 = KQq,E-

The time convolution in (8.7) extends over the past. It is well defined by the exponential
decrease of the massive kernel.

Proposition 8.2 (Quadratic and cubic fields). For 0 < k < 1/16, jointly on every compact
cylinder,

X. — X in C;",
Wae — W in Cg 2",
Qqe — Qg in C; 172, (8.8)
Yoe — Yy = KQq i Csl_zﬁy
Wie — W3 in Cg 3",

The limits are independent of the cutoff family (8.2). The conclusions hold simultaneously for
any finite list of tensor contractions q, and for zeroth-order quadratic contractions as well.

Proof. Wick’s formula gives the following bounds for mixed covariances:

1)2’

) | S (1+1log, p~
IE[Wse(2)Ws5(w)]| S (1+1log, p "),
IE[Qq,e(2)Qqs(w)]| S p (1 +1log, p1).

Tensor norms are understood, and p = p(z,w) < 1. The last line consists of CVVC and
VCVC. Each bound is locally integrable in parabolic dimension four. Replace each logarithm
by an arbitrarily small power, apply the Gaussian criterion above, and use the mixed covariance
formula to obtain cutoff-independent convergence. Parabolic Schauder estimates give the
assertion for Y. For this last application, split the time convolution into a compact past
interval and its complement; the latter has summable exponential bounds in every derivative
and every finite moment. O

[E[W2e(2)Was(w)]
)

Remark 8.3. The assertion for @), is a spacetime assertion. It does not give a random spatial
distribution @Q4(t) at each time. The harmonic counterexample in Theorem 7.8 rules out that
interpretation for the Yang—Mills quadratic term.
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8.3 A compensated critical-kernel estimate

The next deterministic estimate is used for the first-chaos contraction of a third-order tree. Its
conclusion includes an arbitrarily small loss; an unqualified order-zero bound would not follow
from the hypotheses.

Lemma 8.4 (Logarithmic-order compensated operators). Let B:(z,w) be a causal bundle
kernel invariant under time translations, smooth away from the parabolic diagonal and integrable
for each € > 0. Suppose, in centre and difference coordinates, that

‘8;:7186”,11)35 (CIT, T U)| < Cm,Zp(rv v)_4_w|s (89)

locally, uniformly in e, and that these derivatives converge away from the diagonal. Assume
smooth integrable bounds for the remaining kernel. Choose a smooth cutoff x(z,w) equal to
one near the diagonal and supported where spatial parallel transport Ty, : B, — E, is defined.

Set
M.(z) = /Bg(z,w)x(z,w)Ty&x dw, (8.10)
Ref(2) = [ Belew)f(w) dw = M.()f(2). (811)

After localisation of both variables to fixed compact cylinders, for every finite a and every
n > 0, the operators R, converge in operator norm

co — Co, (8.12)

Massive tails can be added when the input is controlled in a corresponding weighted norm;
in the stochastic applications their moments are estimated separately. The limiting operator
depends only on the off-diagonal limit kernel and the chosen x, T, not on its approximation.

For a kernel A, invariant under time translations, replace the right-hand bound by
p~ (1 +1o0g, p71).
Then A. converges locally in operator norm from C&~1 to C™".

Proof. Partition the diagonal kernel into annuli p < 27%, k > 0. In a local frame, replacing
parallel transport in the subtracted term by the identity changes the operator by a smooth
coefficient of uniformly finite size: 7 — I = O(p) makes this correction integrable, with all
centre derivatives. It suffices to consider the symbol of the kth compensated piece,

bea(wiw,) = [ Beplairo)(er+€) — 1) drdv.

For parabolic frequency |w|'/2 + |¢| = 27, its centre derivatives satisfy
|07b. i| < Cyp min{2"7 1}, (8.13)

When n < k, use |e " @r+&v) _ 1| < 97—k 4 920=k) When n > k, the uniform L! bound of the
annular kernel suffices. After a frequency derivative of parabolic order j > 1, the corresponding
bound is C27 min{2" % 1}: for n < k this follows from the annular moments, and for n > k
it follows by integrating the smooth annular kernel by parts.

These estimates also give, for local parabolic Littlewood—Paley blocks and arbitrary IV,

A R Apl| oo poe < Cn2~ NIm=nlminfon=Fk 11, (8.14)
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One way to verify this estimate is to insert the two block kernels, rescale the frequency annulus
to unit size, and integrate by parts in the frequency variable to bound the resulting kernel in
L'. Off-diagonal block interactions require centre frequencies of size 202x(":1); repeated centre
differentiation in (8.13) gives the displayed decay. A partition of unity adds only uniformly
smoothing terms.

Summing over the annuli gives

Z min{2" % 1} <n+2.
k>0

Consequently
1ARR: flloo < Cn 3 27N (0 4+ 2)| Ap f oo (8.15)

n>0

Since sup,,(n + 2)27™ < oo, this proves (8.12). It also proves operator-norm convergence.
First discard input frequencies n > N, using the small factor (n + 2)27"". For the finitely
many remaining frequencies, the annuli k& > K contribute at most C2Y~%. On the finitely
many annuli left over, the kernel and its needed derivatives converge uniformly. Taking these
limits in this order proves convergence using only the stated kernel bounds.

For A. the annular L' size is C((k + 1)27%. Integration by parts when n > k and direct
summation when n < k give an operator symbol bounded at frequency 2" by C(n 4 2)27",
with the same off-diagonal estimates. This proves its stated one-order gain with an arbitrary
small loss and the same convergence argument applies. O

8.4 The third-chaos estimate

Let p: E® (T"Y ® E) — E be another smooth contraction. Denote by
Tpq.e = Projz p(Xe, VYy,)

the projection onto the third homogeneous Wiener chaos. The full renormalised product also
contains the first-chaos terms identified below.

Lemma 8.5 (The two-vertex contraction graphs). For every n >0, T}, 4. converges locally in
LP(Cs™), for all finite p. Its limit is the same for all cutoff families (8.2).

Proof. Fix a sufficiently small d > 0. In all estimates below replace 1+ log, p~! by Cyp~%.
The covariance of two third-chaos trees is a sum of the six pairings joining their three noise
leaves. Let z,2’ be the roots and u, v their respective inner vertices. Each differentiated heat
kernel has order 3.

If the two outer leaves are paired, the other two pairings have absolute value at most
2 [ o) 20l 0) ol )M dudv S pla )

For the inequality, twice use the parabolic convolution bound p=¢ % p=° < p=(@+tb=4) when
a,b <4 < a+ b, with smooth tail terms understood.

In each remaining pairing one outer leaf is paired with a leaf at the opposite inner vertex.
The bound is

dudv
// p(z,u)3p(2',v)3p(z,v)ap(2', )b p(u, v)e’ (8.16)

where, including the case with a, b exchanged,

(a,b,c) = (d,d,2+d), (d,1+d,1+d), (1+d,1+d,d).
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The two derivatives at the inner vertices give exactly this list. In every case a +b+c =2+ 3d.
The integral in (8.16) is at most Cyp(z, 2') 7%

Here are the integrability checks for this last assertion. Rescale by R = p(z,2’) so that the
roots have distance one. A single integration vertex has exponent 3, a, b or ¢, all less than
4. A two-vertex cluster at either root has exponent 3 + a + ¢ or 3 + b + ¢, both less than
8. A collision v = v away from the roots has exponent ¢ < 4. At infinity the simultaneous
scaling exponent is 8 + 3d > 8; when only u or only v escapes, the respective exponent is
3+b+c>4or3+a+c>4. For the remaining region u, v far from the roots but close to each
other, integrating their difference up to the distance to the roots again gives the simultaneous
exponent 8 4+ 3d. Splitting these regions into dyadic annuli gives convergent geometric series.
The rescaling contributes R~3¢. These checks work in every chart, while the massive tails are
smooth and integrable.

The bounds are uniform for mixed cutoff covariances. All proper collisions are integrable
for fixed z # 2/, so dominated convergence proves off-diagonal covariance convergence. The
Gaussian criterion with @ = 3d/2, and then sufficiently small d, proves the assertion. ]

8.5 Keeping the first chaos and subtracting a local mass

The first-chaos terms are determined by two contraction kernels. In local orthonormal frames
write
(X, VY) = p, XV;iY9, (X, VX)® = g5, X"V, X°.

With C. = C. ¢, put

Af g cie(2,0) = Paig(x) (Vi K) e (2, w) g (y) CE (2, w), (8.17)
By geb(2,0) = Plia(®) (Va, K) e (2, 0) g5 () (Vy, Ce) (2, w). (8.18)
All indices are contracted tensorially, so these formulas define global bundle kernels. Define

My - from By, . by (8.10), with the same fixed cutoff and transport for every occurrence of
this contraction.

Theorem 8.6 (The renormalised derivative response). Let 0 < k < 1/16. The distributions
Zpge =P(Xe, VYqe) = MpgeXe (8.19)

converge, jointly with (8.8), in LP(C;3%) on compact cylinders, for all finite p. Their limits
are independent of (8.2). The counterterm is multiplication by a smooth endomorphism, and

||Mp7q75HCm(Z) < Cp(1 +1og(1/e)), 0<e<1/2. (8.20)

Changing the fixed transport or cutoff changes the limiting product by a finite smooth endomor-
phism times X.

Proof. Wick’s formula, remembering the centring already present in Y, gives the exact
decomposition
p(Xe, qu,a) = Tpqe + ApgeVXe + BpgeXe. (8.21)

The first contraction pairs the outer X with the undifferentiated inner X; the second pairs
it with the differentiated inner X. There are no other contractions, since the inner pair has
already been removed by (8.6).

Lemma 8.1 gives all the hypotheses of Lemma 8.4: A, ;. has order 3 with a logarithm, and
By, 4. has order 4. For fixed ¢, the latter is integrable at the diagonal, because Vs is spatially
smooth and VK is locally integrable. The same lemma therefore gives

AP»CLEVXE — AP#IVX7 (Bp,q,s - Mp,i]yE)XE — RP:QX
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in any negative regularity, after choosing sufficiently small regularity losses for X and for the
operators. Localisation of the infinite past is justified by the exponential tail estimates as
before. Combine this with Lemma 8.5 in (8.21).

For (8.20), use the sharper bound | B, 4:(z,w)| < p(z,w)~3(p(z,w) + /)7L Its integral
over p < 1is at most C' fol(r +/€)~tdr. Centre derivatives satisfy the same estimate. Finally,
the difference between two choices of cutoff and transport vanishes to positive order at the
diagonal. Its contraction against the limiting order-four kernel is therefore integrable, with all
centre derivatives. This proves the final assertion. ]

Remark 8.7. The limit in Theorem 8.6 contains the finite first-chaos terms A, ,VX + R, ,X.
Deleting the entire first chaos would produce a different, generally nonlocal modification of
the equation. The counterterm used here is local in the evolving field. No assertion is made at
this stage that its finite part is a finite-jet function of the background geometry, or that it is
the finite part selected by gauge covariance of a nonlinear equation.

8.6 Solution jets and compatible two-noise products

Let v be a smooth, possibly time-dependent section of the pullback of E to R x X, with
bounded derivatives, and set

\I’QME = K{Q(Uv VXE) + (:Z(X«E‘v VU)} (8.22)

Either of the two terms can be retained separately. In particular the first term gives the
symbol Z(1 VX) when v realises a degree-zero solution jet. For jet families on a fixed working
cylinder, extend the local jet realisations to the past using fixed smooth cutoffs. Their mixed
parameter and spacetime derivatives are then bounded uniformly on compact parameter sets.
The massive kernel makes the corresponding tail integrals finite.

Proposition 8.8 (The jet response uses the same counterterm). For 0 < k < 1/16,

\Ijq7v7‘€ —> qquv in Cslinﬂ
Up,gwe = D(Xe, V¥que) = Mpgev — Up g in Cs_%- (8.23)

The conclusions hold in every finite moment, independently of (8.2), and locally uniformly with
all parameter derivatives for smooth finite-dimensional families vy whose mized parameter and
spacetime derivatives are uniformly bounded on K X R x X for every compact parameter set K.

Proof. Schauder estimates give the first assertion. More explicitly, the noise kernel of V¥, ,
is a convolution of an order-three kernel with an order-three kernel, plus a smoother term.
The parabolic convolution bound makes it an order-two kernel, with smooth massive tails.
Its covariance with itself or with X is therefore bounded by C(1 + log, p~!). Wick’s formula
shows that the centred product

p(X€7 V\Ilq,v,&‘) - ]Ep(XEa V\Pq,v,a)

converges in every strictly negative parabolic regularity, by the same mixed-covariance argument
as for Ws.

The contraction formulas identify its expectation as
Ep(Xe, VVUyq,e) = ApqeVu+ By g . (8.24)

Subtracting the same M, , v as in (8.19) leaves a quantity converging to A, ,Vv + R, ,v by
Lemma 8.4. This proves (8.23), including compatibility of the counterterms under replacement
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of an inner noise leaf by a solution jet. Parameter derivatives act only on v. The assumed
bounds on mixed derivatives make the local estimates and the exponentially decaying past-tail
bounds uniform on compact parameter sets. Applying these estimates at arbitrarily high
parameter derivative orders, followed by local Sobolev embedding in the parameters, proves
the final assertion. O

8.7 Derivative placement and pointed bounds

Products with the derivative on the rough factor are defined by the covariant Leibniz rule.
Suppress tensor contractions for a moment. Since X € C; " and Y, € Cl=2% the ordinary
product X ® Y; exists. Define

(VX)® Y™ = V(X ©Y,) — (X © VY™, (8.25)

where the second term is constructed componentwise by Theorem 8.6. Smooth coefficient
derivatives in a contracted Leibniz rule multiply the already defined product X ®Y,. At cutoff
level (8.25) adds the opposite local mass counterterm to the reversed derivative product. The
two derivative placements therefore use one local renormalisation convention.

Proposition 8.9 (Pointed derivative estimates). The global distribution in (8.25) converges
in C; 17", with an arbitrarily small additional loss if needed. For a base point z, however, put
Y, - (w) =Yy (w) — 7y Yy(2) near z. Then the renormalised pointed product satisfies

{(VX) @Y ), @) <o, 0<a<l, (8.26)

uniformly over bounded test families and base points in compact sets. The random constant
has every finite moment. The pointed fields converge in this bound if the exponent is weakened
by any positive amount. The analogous statement for W, ,, has exponent —2k.

Proof. Continuity of multiplication C™% x C!=2% — C~* proves the global assertion from
(8.25). We record the elementary local version of that product estimate: if f € C™¢, g € C?,
0<a<b<l,and g(z) =0, then

[(fg.92)] < Ol fllc-allglles A’

For blocks below scale A this uses supp, y) lg| < Ab. For finer blocks the resonant sum is

Z 2—n(b—a) < )\b—a.
2-n<A

The other two paraproduct sums obey the same bound. This also proves the estimate with a
derivative on the test function, with one power of A lost.

Apply this with a = k, b =1 -2k and g =Y} .. The derivative of X ® Y, . has the bound
A73%. The other term in the Leibniz identity is X ® VY, already in C; 3%, together with the
smooth transport correction. Parallel transport has vanishing covariant first derivative on the
diagonal, so this correction has a better bound; mere smooth boundedness would also suffice
for the negative target exponent. This proves (8.26). Difference estimates follow from the
same bilinear bounds and the convergence already proved. Replacing 1 — 2k by 1 — x and
using Proposition 8.8 proves the jet case. O
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8.8 The resulting finite analytic data and its scope

For a finite list of the tensor contractions in the Yang—Mills quadratic and cubic terms, the
preceding results give a joint, cutoff-independent enhancement consisting of

(X7 W27 qu }/Q) W?n Zp,q: \I}q,iﬂ Up,q,v)v (827)

with the derivative placements supplied by (8.25) and the pointed bounds (8.26). The smooth
jet families v represent the coefficient multiplying VX in the singular fixed point and are
therefore included in the enhancement. All estimates use finitely many coefficient and geometric
seminorms, and are uniform on bounded smooth families of these data.

For E =T*Y ® ad P and L = dipdp + dpdp, the tensor contractions are global on any
principal bundle. No topological trivialisation of P and no coexact decomposition is used. A
simultaneous bundle isometry of A, V,p,q, the noise and the chosen transport sends every
formula above to the corresponding formula for the transformed data. This gives joint gauge
naturality under transformation of the reference connection. It does not identify the laws
produced by two different references held fixed in two nonlinear equations.

Two separate mathematical steps connect (8.27) with dynamics. Theorem 8.11 embeds
these products and their jet replacements into an admissible bundle model on the equation’s
working sectors, including its reexpansion precision defects and the identities for both heat
kernel types. Together with the singular fixed point and the affine counterterm calculation,
this gives the fixed-reference continuum equation in Theorem 8.14. Sections 11-12 identify
its finite normalisation under a predictable nonlinear gauge and a change of reference. That
argument uses the equation-generated enhancement after Yang—Mills contraction; centering
the third chaos alone does not give this comparison.

This distinction is also necessary when invoking general theorems. The analytic BPHZ
theorem of Chandra—Hairer [6] uses convolution kernels and spatially stationary noise in
its stated hypotheses (Definition 2.7 and Definition 2.17 of their paper). The Hairer—Steele
formulation [17] likewise assumes translation-stationary random models in Definition 2.27 of
arXiv:2301.10081v3. Hairer—Singh [16] develop the bundle algebra and deterministic analysis,
but explicitly describe a general stochastic convergence theorem of that scope as a desired
extension before their equation-specific stochastic estimates in Section 16.2.1. The estimates
above prove convergence of the listed enhanced distributions directly on the bundle.

Finally, the stationary choice is deliberate. A convolution started from zero has covariance

%A—1(€—|t—s|A _ 6—(t+s)A)‘

On every time interval bounded away from zero, the second term is smooth and all arguments
above apply. The initial surface is handled by the stationary decomposition X (t) + e *4(ag —
X (0)) and the weighted bounds in Theorems 5.8 and 8.14; interior enhancement estimates
alone would not give that boundary statement.

8.9 Assembly of the model on the equation’s working sectors

The local equation uses a restricted model whose retained degrees are distinct from the jet
precision. We retain the solution sector below v = 3/2, the nonlinear forcing sector below
7 = 1/2 — K, their reexpansion descendants and jet decorations, and the planted integrations
of those forcing symbols. We use separate planted kernel types K and VK of abstract
orders 8 and [ — 1, as in Section 14 of [16]. Their solution and derivative components are
retained below v and v — 1, respectively. No exact abstract differentiation map on curved jet
realisations is assumed. The planted outputs above those thresholds are not fed back into new
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nonlinear products. This is the same distinction between an equation’s working sectors and an
unnecessarily large model that appears in [16], Proposition 16.10.

Use the nonresonant abstract heat order =2 — 9, where 0 < ¥ < k < 1/16, and assign
|Z] = =8 — k. The actual kernel still gains two analytic orders. Choose 9 outside the finitely
many resonances of the retained degrees. A sufficiently large nonintegral jet precision, for
example D = 15/2 with an arbitrarily small generic perturbation if necessary, is used in
the construction. We can then restrict to a common working precision greater than 4. The
precision of a product is understood recursively, as in Section 12.6 of [16]; it is not identified
with the precision of a single jet.

The noise is intrinsic and additive. Its abstract generator is a trivial scalar line, realised as
the E-valued distribution =, with II,= = = and I'; ,= = =. The rule contains the source =
itself, without an arbitrary coefficient-jet edge at that node; the noise is outside the nonlinear
map. Normalisation of this additive rule does not add such an edge. Both K= and VK= have
negative working degree, no J or E correction, and a basepoint-independent realisation. This
convention does not claim a model theorem for an arbitrary multiplicative noise coefficient.

Tensor response families. All constructions in Section 8 are polarised before contracting
tensor indices. On each member of a finite trivialising cover choose a frame, extend its elements
smoothly using a cutoff, and construct the response and its enhanced product for each such
element. Scalar coefficients of a general smooth section can then be pulled through a kernel by
a commutator. This gives a finite list of response tensors. It does not require a global frame of
E, or commutation of a matrix-valued coefficient with the bundle heat kernel.

The following commutator estimate controls the reexpansion precision defects.

Lemma 8.10 (Jet commutators and their pointed remainder). For o € {1,2} put Ty = VK
and Ty = K, and let f € C;17%, where 0 < a < 1. Localise all kernels to a fized compact
cylinder; smooth tails can be added separately. For a smooth scalar coefficient v, the commutator

Tolf(2) = [ Tolzw)(o(w) = o(2) f(w) du

is interpreted by the kernel acting on the distribution f and belongs to CJ~%. Its norm is
bounded by finitely many smooth norms of v times || f||c-1-a.

Suppose r has zero parabolic jets of orders less than the positive integer N at q. Then
[T, 7] f has pointed Taylor coefficients of integer orders less than N + o — 1 at q, defined by
convergent weighted kernel integrals and, when o = 2, the value (K f)(q). Write

ho = [To, 7| f — TN T, r) £

Let || [[o—a:q,n De the usual CI— norm after rescaling Bs(q, ) to a unit ball. Thus, for o =1, it
is equivalent to ||h||eo + A1 T%[R]c1-a; for o = 2 it also includes \||Vh|ls and the corresponding
top Holder seminorm. Then

hollo—agr < CAVH 0 fllg-1-a,  0<A< L (8.28)

The constant is uniform for bounded smooth families of r. This statement concerns pointed
Taylor coefficients; it does not assert higher classical reqularity in a neighbourhood of q.

If G, € Csl_"_b with a +b < 1, then Gyhy is a classical product and
[(Goho, g)] < CAV |Gy lle1-o-s | flle-1-a- (8.29)

All statements are locally Lipschitz in the displayed data.
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Proof. The difference v(w) — v(z) improves the kernel of T, by one order. Its centre derivatives
obey the same improvement. The resulting kernel gains o + 1 orders and maps C~1~% to C7~¢
by the dyadic Schauder estimate. This proves the first assertion.

We detail the stronger pointed statement. At an annulus of radius R centred at ¢, differ-
entiating the kernel to parabolic order j < N + o — 1 and multiplying by r(w) gives, when
paired with f, a bound CRNT7~177=¢ Tts sum as R | 0 converges. In differentiating r7T, f,
all terms vanish for ¢ = 1. For ¢ = 2 the only additional terms, at order N, are derivatives of
r of that order times the well-defined continuous value (K f)(q). These formulas define the
claimed Taylor coefficients.

For z € Bs(q, \), split the kernel at radius 2\. In the near part, [r(w) —r(2)| < AV "1p(z, w),
and the order-(o + 1) Schauder estimate, rescaled to radius A, gives the right side of (8.28).
In the far part subtract the Taylor polynomial in z through order N + ¢ — 2. An annulus of
radius R > X contributes at most CAN =1 R~%; thus

AN-‘,-O’—]. Z R ¢ S AN-‘,-O’—].—G,.
R=2-7>\

Differentiating on that far part and interpolating to order o — a gives its scaled norm in (8.28).
The same bounds apply to the subtracted near-scale Taylor coefficients. A formulation using
parabolic Taylor monomials gives the same calculation: the £th term has kernel (w—2)‘T, (z, w),
gains o + |{|s orders, and is multiplied by a derivative of r vanishing to order N — |¢|;. The
Taylor-remainder kernel gains N + o orders. These descriptions also show that smooth bundle
transport and coordinate corrections have the same or better estimates.

The local paraproduct estimate gives
(Goho, o) < ONT77Go llgr-o-bllho lo—asg -

Insert (8.28) to get (8.29). Applying the same linear and bilinear estimates to differences
proves the final assertion. O

Why the lemma covers an inner jet. For a fixed first-order response ¥ = K f and its
enhanced product U = (XVW¥)™" use the same local counterterm for the scalar coefficient v.
At each cutoff, and therefore in the limit,

(XVE(vf))™ =oU + X[VK,v]f. (8.30)

The last product is classical. For the Gaussian jet response f = DX, take a = k, b = k; for
an inner variation of Y = K@), take f = @, a = 2k, b = k. Thus a jet remainder vanishing
to order N produces respective precision errors N — 2k and N — 3k, after the corresponding
far-response Taylor jets are included in the reexpansion. For the reversed placement write
X1 =VX. The exact coefficient identity is instead

(X1K(vf))" = v(X1 K )" + X [K,v]f. (8.31)

The last product is classical by the o = 2 case of the lemma: its exponents are —1 — b and
2 —a, whose sum is 1 —a — b > 0. This proves the reverse-placement precision estimate without
differentiating an abstract reexpansion map.

One additional Taylor coefficient is essential in this case. With Y = K f, the identity

TN K (rf) = TN 4+ TN (g Y (0) (8:32)

follows because (Y — 7Y (¢)) has pointed order N + 1 —a > N. The last term can contain a
degree-N polynomial. After its subtraction, the first term in (8.31) uses the pointed product
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X1(Y — 7Y (q)), whose bound is A=%~® by Proposition 8.9. Multiplication by r and the o = 2
commutator remainder therefore both give AN"7?. The top polynomial in (8.32) must be
retained whenever the prescribed jet truncation includes degree N.

In a frame, derivatives of the coefficient or of the frame add zeroth-order sources to f.
Their heat responses gain an extra order and their products with X are classical. These
additional sources extend the scalar commutator identities to tensor coefficients. Root coeflicient
remainders multiply X, Ws, @), W3 or Z directly, giving the corresponding pointed power by
multiplication by a smooth function vanishing to order N.

For completeness, moving a smooth scalar multiplier through a noise convolution has the
analytic identity

K(rZ) =rX — K([0; + A, r]X). (8.33)

For a scalar coefficient, or componentwise in a finite tensor frame, [0; + A, r| has spatial order
at most one. Its coefficients contain at most two derivatives of . Formula (8.33) follows
by applying 0; + A; the massive past convolution, or a compact localisation with a smooth
boundary term, fixes the inverse. This identity is useful for localisation but does not introduce
independent weighted-noise generators into our rule. If it is used inside a stochastic product,
all induced Wick and local contractions must be retained; the zero-order subtraction table
below is not a prescription for arbitrary multiplicative-noise equations. Bundle chart changes
do not create this issue: the transformation of the noise at the inner endpoint cancels the
inverse transformation of the bundle kernel at that endpoint. Localisation cutoffs may be kept
in the test functions and kernels.

A coefficient-compatible subtraction convention. When a nonlinear contraction is
regarded as a variable tensor coefficient, its value inside (8.10) is transported from the root
before defining the local subtraction tensor. This is the coefficient-frozen convention. Its
difference from the convention with the actual inner coefficient at y has a factor O(d(zx,y))
against an order-four kernel. The difference therefore has a cutoff-independent limit in every
C™ norm. Replacing the corresponding finite mass term in Theorem 8.6 implements this
convention without changing any estimate. With it, multiplication of an inner coefficient
by v multiplies its local subtraction by v(z), so (8.30) is an exact identity. For the parallel
bracket and metric contractions of Yang—Mills the two conventions agree under the compatible
transports.

Theorem 8.11 (A convergent admissible model on the working sectors). For the intrinsic
additive-noise rule, the massive bundle Laplacian and the heat cutoffs of Section 8, the finite
analytic enhancement, polarised over the tensor response families and with the coefficient-
compatible local subtractions just described, generates admissible typed bundle models on the
working sectors specified above. These restricted models converge locally in every finite moment
in the model norms required by the singular fixed point. Their limits are independent of the
heat-mizture cutoffs (8.2).

The assertion includes the bundle precision defect 111"y, — II,, not an exact flat-space
cocycle identity. The two kernel types have their own canonical jet subtractions. In particular
this theorem does not assert an abstract operator D commuting exactly with I' and satisfying
IID = VII; this extra identity is unnecessary in the coupled formulation of Section 14 of [16].
It asserts no convergence of unused higher nonlinear products introduced only by expanding the
entire rule to the jet precision.

Proof. We specify the algebra and the estimates separately.
The finite list. Besides jets, the solution sector below 3/2 contains X, Y and ¥,. At forcing
precision 1/2 — k, the only products requiring stochastic construction are, up to tensor types,
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differentiation placement and jet multiplication,
X®2  XeVX, X% XeVYy, (VX)RY, XoVV, (VX)®V,.

The single-factor terms are X, VX, VY, VU, and smooth jets. A further nontrivial nonlinear
generation has forcing degree at least 1 — 4k — 219 > 1/2 — k. Jet decorations and reexpansion
descendants of the displayed shapes are retained up to the chosen jet precision. They do not
introduce a different nonlinear shape.

Smooth models and the forest prescription. Temporarily smooth also in time. On the
complete smooth typed rule, prescribe the connected negative counterterms by their realised
insertion in the forest formula. Tensor indices are left free until the nonlinear contraction is
applied. The insertion table is

contracted component ‘ inserted local operator
XX —P.
XoVX —-E[X. ® VX,]
X®VK(1VX) —M,

(VX)® K(1VX) | +M. with the corresponding tensor ordering.

The table specifies the realised counterterm signs. Use the identification of each contracted
component with its local differential operator in (13.5) of [16] to choose g-(7T,0) with the
displayed insertion. This identification is made with free tensor indices and arbitrary smooth
sections in all surviving slots.

On every fully contracted connected coloured tree set g.(T, f) = id as required by the
unit prescription. On every other connected generator not listed above, including every
proper partially contracted coloured tree, set its value to zero. Extend these connected values
multiplicatively over disjoint forests, with the canonical tensor symmetrisation. Thus the
prescription covers the coloured domain of the renormalisation group, not just its uncoloured
trees. The inserted operators are smooth and of order zero and satisfy the defining forest
multiplicativity in Section 13.4 of [16]. The global products with different derivative placements
are prescribed by the covariant Leibniz identity. In particular the two derivative covariances
add to VP, and the two placements in (8.25) have opposite mass insertions. These identities
fix the global counterterm convention; they are not imposed as an exact differentiation identity
between basepoint-dependent jet subtractions.

The forest formula gives exactly the Wick quadratic and cubic fields, the centred @ inside Y,
and (8.21) with only its local M. X, removed. Replacing the surviving inner leaf by a solution
jet gives (8.24) with the same M.v. The contraction with kernel A, is retained: its two-noise
subtree has positive degree and its first-chaos contribution converges. There is no independent
subtraction of that contribution. With three noise leaves no two overlapping pair contractions
form a disjoint forest, which gives exactly the pair sums in these formulas and no additional
term.

Propositions 13.26 and 13.40 of [16] now give admissible smooth bundle models. Their
reexpansion is the construction of Section 13.6, with the integration correction J), of Section 7.
In particular its Taylor order on a symbol of degree « is below a + 3, as in Lemma 7.6. We
use neither spatial translation invariance nor a stochastic BPHZ theorem in this step.

Uniform bounds and precision defects. Invoke the estimates of Section 8 with an auxiliary
loss 0 < p < Kk — 4, reduced further if needed for a finite collection of products. In particular,
X € C? and E € C277 satisfy the working degrees with positive slack. The local bounds
on the displayed negative products follow from that section; the use of # < 2 leaves further
slack in the working degrees. Positive integrated symbols are centred by their own kernel
type’s prescribed jet correction. Differentiating the realisation of a K-symbol and realising the
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corresponding V K-symbol can differ by a smooth jet correction, coming from derivatives of
the jet transport. Such terms are smooth coefficients times the already constructed fields and
their response tensors. No equality of these two procedures is used. The pointed estimates for
their derivative products are Proposition 8.9. Multiplication by a jet of positive degree uses its
vanished Taylor coefficients and gives the corresponding additional power of the testing scale.

The white-noise leaf itself also converges at its assigned degree. Indeed, L? boundedness of
the spatial heat cutoff gives

E|[(Ee, o) = ISZ2117: S A%
Strong convergence of the cutoff gives convergence for fixed tests. The Gaussian wavelet
estimate then gives convergence in Cs 27N for every n > 0. Taking n = p < k — 1 verifies the
assigned noise degree —f — k.

For the precision defect, a jet realisation at p minus its reexpansion at ¢ has vanishing jets
through the retained precision at ¢, uniformly on a compact set of (p, q). At a root it multiplies
one of the already bounded distributions. At an inner heat vertex it is handled by Lemma 8.10
and (8.30). To identify the far-response correction, write the bundle formula (7.4) of [16]:

Eqrp = Z Q<(5+6)AD JaKn (Hp - HqQ<D—BFq,p)Tp- (8.34)
n

For an inner jet remainder the expression in parentheses is r f, together with already controlled
lower terms. For the kernel 77 = VK, replace 8 by 8 — 1. The distribution »7T} f has pointed
order N —a > N — 1, so its Taylor coefficients of integer orders less than N vanish. Those
of T1(rf) are therefore the coefficients of [T1,r]|f from Lemma 8.10. For the kernel K, the
appropriate formula is (8.32), including its degree-N polynomial when that degree is retained.
These are exactly the two E; corrections in (8.34), with its stated sign. The additive noise
leaf and its negative-degree planted responses have zero precision defect, as specified above.
Root and inner nonlinear vertices are therefore all the required coefficient positions in this
rule. Telescoping one coefficient position at a time proves the precision estimate for a product
with several jet inputs.

The recursive rules give the following precision bounds. Let J denote a coefficient-jet factor,
of precision D, and allow any of the retained jet degrees at each indicated coefficient slot. Set
Y1 =7,Q and ¥y = Z;(J X1), where Z; has order 5 — 1. The worst precisions for the displayed
shapes, including their coeflicient-jet slots and root decorations, are

shape | precision shape | precision
JX D—k JX1 | D-1—-k&
JWo D — 2k JQ | D—-1-2k
JW3 D — 3k Y, U D (8.35)

Y1 D—-2xk—19 \Ifl D—x—-1
XYy | D—-3k—19 XU, | D—-2k—19
XY | D-1—-k X | D—-1—xk.

The noise and its negative-degree planted responses have exact compatibility and precision
+00. A product without any coefficient-jet slot can likewise have exact compatibility; the table
records the least precision over the corresponding jet-decorated family. To check the table, use
the product rule min(d; + awe, d2 + 1) and the integration rule min(é + 3;, D), and include
the contracted-pair terms in the minimum in Section 12.6 of [16]. For example, a critical pair
has degree —2x — 1 and a surviving X costs another s, giving D — 3k — ¢ for XY;. For X Y,
the cut replacing Y by its value instead gives D — 1 — k, which is smaller and is the required
precision.
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These are the precisions actually estimated, not a replacement of the recursive grading by a
single number. For D = 15/2, coefficient-jet reexpansion remainders vanish to order 8. The
root estimates and the two commutator estimates therefore have strictly greater powers than
the corresponding entries of (8.35), using the auxiliary loss p < K — ¢. The input truncation
Q<p—p for K can also discard a coefficient jet of degree 7 multiplying @) or X;. For this
term N =7, and the output correction includes its degree-7 Taylor coefficient. Formula (8.32)
removes precisely the additional r7Y (¢) term. The remaining reversed critical product has
bound A7=37 (or A7~2¢), which is stronger than its required A?~1=* bound. For VK the input
truncation is QQ<p_g41; it retains all coefficient jets of degrees at most 7 in these sources.
Higher-degree root products that are omitted by a truncation have their displayed homogeneity
as a pointed gain and are controlled by the same estimates.

Terminal integrations use the integration precision rule and Theorem 7.19. All precisions in
the table exceed 9/2; the fixed point can consequently use a common lower working threshold
without changing the model’s assigned precisions. This establishes the realisation and precision-
defect bounds in Definition 4.13 of [16]. The reexpansion norm is obtained in the following
order; a bound on the individual far-response jets alone would not establish its required powers
of the distance between the two basepoints.

The staged integration and reexpansion construction. Start with the jet model and the noise,
then add X by Theorem 7.19 of [16]. Add the root products Wa, Q, W3, with all retained jet
decorations. Their reexpansions are induced by those of the factors, and their defects are
the root-remainder estimates above. Apply the same theorem to construct Y after @) and
the first-order response family W, after its one-noise forcing. Lemma 7.18 in the same paper
supplies the cancellations among J,I' —I'J,; and E, and thus the required distance powers in I'
for these integrated symbols. The formula (8.34) and the commutator estimate verify precisely
its defect input, including positive jet decorations. No divergent derivative of a rough field is
used as an ordinary pointwise Taylor coefficient.

Next add the critical products containing Y or ¥,,. Their realisation bounds are the pointed
estimates of Section 8, and their precision defects are the commutator estimates just proved.
Their reexpansion is multiplicative, by Remark 13.33 of [16], so its distance powers follow
from those of the already constructed factors and the recursive graded product. Finally
apply Theorem 7.19 to the terminal planted integrations needed by the Schauder map. This
establishes all three model bounds without using an integration extension before its input
model is known.

Each such integration extension, for both orders 5 and 8 — 1, is locally Lipschitz. The
generic choice of # and the nonintegral precisions verify its nonresonance hypotheses, including
on pure jet inputs. The normal, equation-like completion of the smooth rule supplies the
ambient spaces; only the restrictions just estimated are used in this construction. No higher
nonlinear product is inferred merely from a positive formal homogeneity.

On this restricted collection, the construction is a finite composition of the locally Lipschitz
operations proved above, jet reexpansion and the deterministic integration extension. Its model
norm is bounded by a polynomial in the finite enhancement norms, and the corresponding
two-model estimate holds. The LP convergence of Section 8 therefore gives convergence in the
restricted model norms. This is the deterministic argument used after the equation-specific
estimates in the proof of Proposition 16.2 of [16], with the precision-defect estimates here
supplied by the commutator calculation.

Finally remove the auxiliary time smoothing at fixed spatial €. The field and every fixed
spatial derivative then have time regularity C* for a < 1/2 on compact intervals, with all
finite moments. Every operation in the finite list consequently converges, as do its jet and
integration corrections. This defines the spatially smoothed model used above, without calling
a temporally white noise a smooth spacetime noise. ]
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Remark 8.12 (Local kernels and the full massive heat kernel). In applying the deterministic
bundle theorems, split the full massive kernel into a singular kernel supported near the diagonal
and a smooth remainder. The latter is lifted by smooth jets in the abstract convolution.
Replacing a heat response by its singular-kernel response changes it by a smooth random
section; its outer products with X or VX are classical. The corresponding counterterm
difference is a finite smooth endomorphism. If the same split is made in the Gaussian field,
the change is a smooth Gaussian field. Expanding the Wick polynomials and the derivative
products then uses only smooth multiplication, the tensor response families W,, U,, and their
commutator identities. These identities hold pathwise also for a random smooth coefficient,
since they were proved as identities continuous in its smooth norms. Thus the full-kernel
convention in the enhancement and the local-kernel convention in the model construction
describe equivalent finite data, with all finite corrections kept explicit.

Proposition 8.13 (The affine correction in the cutoff equation). For the prescribed forest
subtractions, the equation reconstructed from a smooth cutoff model has the original DeTurck
polynomial drift minus a smooth affine correction

€3(a) = b3 + Mpa. (8.36)

Its three contributions are the quadratic one-vertex expectation, the cubic pair contractions,
and the two placements of the two-vertex critical contraction. The last coefficient acts on
the full solution, not just on its Gaussian coordinate. No derivative of the evolving field is
subtracted by this scheme. Adding a smooth affine map D(a) = d+ Na to the abstract drift
leaves the subtraction (8.36) unchanged: its reconstructed classical drift is Fp +9© — €%. In
particular, taking ® = €% represents the uncorrected classical approximation in the same
renormalised model. The Leibniz prescription for the reversed derivative placement differs from
its direct zeroth-moment subtraction by a coefficient converging in every smooth norm. Hence
the convergence and cancellation of the total coefficient can be tested with either of these two
conventions.

Proof. Apply Proposition 14.9 of [16] to the smooth model, at sufficiently large precision for
its algebraic identification. Equivalently one may read its elementary differentials directly
from the preceding forest prescription. A pair contraction at the quadratic vertex consumes
both field inputs and gives b%. A pair contraction at the cubic vertex leaves one input and
gives a linear endomorphism. At a two-vertex critical pair contraction the surviving input is
a degree-zero solution slot. The equality of the mass coefficient in (8.19) and (8.23) makes
its elementary differential Mza. The reversed derivative placement uses the corresponding
transposed contraction dictated by Leibniz. Complete Gaussian contractions of an odd number
of noise leaves vanish. Every potential contraction with four or more noise leaves has positive
working degree in this rule, and a derivative on the surviving input belongs to the convergent
A.Va contraction, which has not been removed. This proves both the affine form and the
exhaustive list.

The assertion about adding ® also follows from this list, and is needed when identifying
the uncorrected approximation. The root pair at the quadratic vertex and the pair at the
cubic vertex use second derivatives of the nonlinearity, which an affine addition does not
change. At a critical two-vertex contraction the inner contracted input is the differentiated
field; differentiation of the nonlinearity in this input gives ¢g(a,-), also unchanged by ©. A
contraction using the added unary vertex instead has one fewer singular derivative and degree
at least 1 — 2k — 9 > 0; its assigned counterterm is zero. A constant addition supplies no
contracted noise input. Thus the forest correction is identical, rather than merely having the
same divergent part.
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To compare the two reversed-derivative conventions, add the two derivative placements
before contracting. Their sum is the covariant derivative of the corresponding undifferentiated
pair response. The latter contraction has local kernel of order at most p=3(1 + |log p|). Its
centre derivatives obey the same order, so its coefficient and all those derivatives converge by
dominated convergence. Transport and coefficient derivatives add only terms of this integrable
order. This proves the claimed finite smooth difference.

The large precision used for this smooth algebraic identity does not assert uniform stochastic
bounds at that precision. At each fixed spatial cutoff, remove the auxiliary time smoothing.
The classical spatially smooth equations and their finite enhanced models converge, preserving
the equation identity. Only the restricted model convergence of Theorem 8.11 is used when
the spatial cutoff is subsequently removed. O

8.10 The fixed-reference local continuum equation

We combine the model construction, the explicit contraction, and the cancellation of divergent
coefficients. The approximation in this subsection is the additive, fixed-reference heat scheme.
Write ¢ for its heat-time parameter and put S. = e /+. For a real exponent r, let ¢"(E)
denote the closure of smooth sections in C"(E).

Theorem 8.14 (Local convergence of the uncorrected heat approximation). Let B be any
smooth connection on an arbitrary principal bundle P over the closed surface. Fiz 0 < k < 1/16
and ag € ¢ "(F), and set aj = Scag. Consider the classical local equations with unit noise
amplitude

da® = {—Lpa® + fp + Vea® + Qp(a,a) + C(a®,a®,a®)} dt + S dW,

2£(0) = at, (8.37)

There is a unique local limit in the solution class of Theorem 5.8. It has continuous paths in

¢ "(E) and initial value ag. The convergence is in probability in C([0,T],c™"%) on common

local intervals of existence. More precisely, there are data sizes D, De with uniformly bounded

moments of every finite order, and deterministic times Tr > 0, decreasing in R, such that, for
% =1{D < R, D. < R}, both solutions ezist on [0,Tr] and

E[1%Ha€ _ a||g([07TRLC,H)} 50, 1<p<oo. (8.38)

The norm inside the indicator is evaluated only on this common existence event. The limiting-
data events {D < R} increase to the whole probability space and supply a positive local lifetime.
Moreover, for every finite ¢ > 1, supg.<., P((23)¢) < CyR™9. The solution map is locally
Lipschitz in the initial and enhanced data in the norms of Theorem 5.8.

For the subtraction convention of Proposition 8.13, there are smooth limits
b — bp, Mg — Mg in every C7 norm. (8.39)

If Zp is its limiting model, the limit of (8.37) is the reconstruction of the first component of
the paired equation

U=v+u3 1.{Fp(U,U1) +bp + MpU},

8.40
Ul:7)1+f%/17’Z\Bl+{fB(U;U1)+bB+MBU}~ ( )

Here the linear data satisfy Rvy = VpRuv; the full-kernel identities then give RU; = VpRU.
The finite affine terms in this representation compensate the chosen model subtractions. They
are not extra terms added to (8.37).
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Proof. The initial approximants are smooth, and the noise is spatially smooth at each fixed e.
The classical local existence result in Section 5 therefore applies to (8.37). Moving the mass
between the two sides writes its linear part as 0; + L4+ without changing the equation.

Theorem 8.11 gives the convergent restricted models 2]53 — Zp. The affine equation
identity of Proposition 8.13 says that using Fp alone in the renormalised model subtracts
C%(a) = b3 + Mza from the classical polynomial drift. Consequently the uncorrected classical
equation is represented by the same model with Fp(U, U;) +b% + MU as the common forcing
in both kernel types. This identity concerns the full solution coefficient in the two-vertex
diagrams; replacing it by the Gaussian coordinate alone would not produce the classical
equation.

The coefficient list in that proposition is precisely the list estimated in Proposition 6.6. The
quadratic expectation has a smooth finite limit. The three linear logarithmic contributions have
coefficients —1/4, —3/4 and +1 and cancel in their sum. Each residual coefficient converges
smoothly by the integrable heat-parametrix bound. This proves (8.39). In particular the extra
affine maps and their Lipschitz constants are bounded uniformly as ¢ | 0.

Extend the driving Wiener process to negative times and use its massive stationary con-
volution. With S; = e */+, the common noise coupling gives X° = S.X and the exact
identity

t
X<(t) — S, X(0) = / S S, dW,. (8.41)
0
Thus the stationary decomposition

v° =X + .S (af — X°(0)),
vi = X + F1(ag — X°(0))

has precisely the linear solution of the stated initial-value problem and its covariant derivative as
its reconstructions. The derivative is realised by the output-derivative kernel; no commutation
of Vg with S; is used. The auxiliary past does not alter the cutoff equation.

For 0 < k' < k, the Gaussian spectral argument of Proposition 5.3, applied to the stationary
covariance, gives X € LP(; C([0,1],¢*")) for every finite p. The heat estimate consequently
gives

1X° = Xlloirer) S 2K o yeny.

~

The heat semigroup is strongly continuous on the closure of smooth sections: its uniform
boundedness and its convergence on smooth sections imply ag — ag in ¢™".

Here convergence of the abstract linear lifts also uses their canonical construction, not
just convergence of their reconstructions. The degree-—k and degree-—1 — x noise-integration
symbols have coefficient one; the smooth jet corrections that replace the local kernel by the
full massive kernel converge in every required smooth norm, as in Remark 8.12. Together with
model convergence this proves || X; X||; .1 + [|X3; X1 |[y—1,7—1;1 — 0 in every finite moment.

The pure-jet heat-lift estimate in Theorem 5.8 yields, on bounded model sets,

1%, 07); (v, v1) [len SR IXE Xy
11X Xally—1,9-11 + [lag — aolle—
+[1X°(0) = X(0)[le—+-

The margins n = —2x < —k and n — 1 < —1 — k make this bound uniform down to time zero.
This verifies the required two-model convergence of the prescribed linear data.

Fix a compact model cylinder containing [0, 1] x X. Let D be one plus the limiting model
norm, the X norm of (v,v1) on this cylinder, the Gaussian time-trace norm, and the finitely
many smooth coefficient norms used by the contraction; define D, from the approximating
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data in the same way. The initial norm is included in these sizes. The preceding estimates
and model construction give
EDY+ sup ED? < 0o (g < 00).
0<e<ep

On QF, the contraction estimate (5.19) holds uniformly in the cutoff and in the limiting model,
including the added affine terms. Choose its deterministic local time Tg, decreasing with R.
At fixed cutoff, spatial parabolic bootstrapping gives a classical reconstructed solution: the
linear field is spatially smooth and the nonlinear response starts above regularity 1/2. The
affine reconstruction identity and classical local uniqueness therefore identify the reconstructed
cutoff solution with a® in (8.37) on this interval. Compare the two paired fixed-point systems,
use the two-model Schauder and product bounds, and absorb their contraction term. This
bounds the solution difference by a constant depending on R times the sum of the model,
initial-data and smooth coefficient differences. All of those differences tend to zero in every
finite moment on the common bounded-data event. The same argument gives local uniqueness
and stability.

Reconstruction of the nonlinear response is controlled in C.~#* by the weighted reconstruction
and the actual order-two heat kernel, as in (5.21). Its difference has the same bound in any fixed
slightly weaker positive exponent. Such a parabolic Holder bound embeds into C([0, Tgr],c¢™");
its causal response vanishes at time zero. Together with the preceding linear convergence, this
proves (8.38) and the claimed initial trace.

The increasing events Qr = {D < R} exhaust the probability space. Uniqueness identifies
the limiting constructions on their overlapping intervals, yielding a positive local lifetime; the
same causal equation gives maximal continuation in the modelled solution class. Markov’s
inequality and the uniform moment bound give

sup P((Q3)°) < C,R™ .
0<e<eg
This proves the stated localisation in probability. Section 9 gives the causal continuation and
identifies its lifetime as the state-norm explosion time. ]

The same argument permits a prescribed finite smooth affine modification of the limiting
model equation. Such a modification specifies a different finite renormalisation unless com-
pensated at the approximation level. In particular, the above local existence theorem first
supplies a fixed-reference continuum process. Sections 10-12 then compare its actual bare heat
normalisation under changes of reference, including the finite noise contractions.

9 Causality, restart, and the maximal Markov family

Throughout this section the reference connection B is fixed. The equation is the limit of
the uncorrected additive heat approximations in Theorem 8.14. In particular its modelled
representation includes the finite affine compensation in (8.40). Set

E=c"®E), A=L,=1+Lg, Si=e'

The Banach space E is separable: a countable set of smooth sections is dense in its defining
closure. Throughout, solutions are reconstructions of the paired modelled equation (8.40).

Choose the auxiliary time cutoffs and jet realisations to commute with translations of the
time variable. This is possible on the product R x 3: the reference geometry is independent
of time, and time Taylor polynomials and their cutoffs can be centred at the base time. The
stationary enhancement, its counterterms and the paired kernel construction then commute
with time translation.
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9.1 Uniform restart and a state-space explosion criterion

Write z for the enhanced data consisting of the restricted model, its stationary linear fields
and their time traces, and the finite affine coefficients. Use slightly weaker exponents than
those in the stochastic estimates, with sufficient margin for the working degrees. The data
can be placed in a separable complete metric space 3: take the closure of compatible smooth
enhanced tuples in the finite enhancement spaces on an increasing sequence of compact time
cylinders, including Clo¢(R, E) for the linear trace. The model assembly and the linear lifts
extend as locally Lipschitz maps of these data. The local seminorms and the resulting solution
maps are consequently Borel measurable.

Let 65z denote time translation by s. On every bounded set of shifts, its local seminorms
are controlled by those of z on a larger compact cylinder. Translation is continuous in the
slightly weaker local norms: first check this for smooth data and then use their density and
the uniform bounds for translations.

Lemma 9.1 (Uniform restart in the rough state norm). For admissible enhanced data z, the
paired equation (8.40) defines a mazximal reconstructed path

S(t;z,z) € E, 0<t<((z,2), x € E.
It has the following properties.

(i) For every finite T and R, a bound M for the enhanced data on a fized larger cylinder
containing [—2,T + 2] x ¥ gives a positive time h(R, M) on which every restart at
s € [0, T], with initial state of norm at most R, exists. The time and the local stability
constants are uniform in s.

(ii) For every s < ((x,z), the restart identity holds throughout the common interval of
existence:
S(s+t;x,2) = S(t;S(s; 2, 2),0,2). (9.1)

The remaining maximal lifetimes are equal.

(iii) If ((x,z) < oo, then
lim ||S(¢;x,2)||g = oo. 9.2
lim 562 2)e 92)
(iv) The lifetime and the solution are jointly Borel measurable in the initial and enhanced
data. On each compact time interval strictly before the lifetime, the solution is continuous
in these data in CLE, and the lifetime is lower semicontinuous.

Proof. At a new initial time s, the prescribed linear pair is the lift of
X(s+1t)+ S{r — X(s)}, VeX(s+1t)+ VeSi{xr — X(s)}.

The pure-jet heat estimates in Theorem 5.8 bound this pair in D77 x DY~11~1 by a constant
depending only on R and M. The time-trace bound on X(s) and the separate gradient
heat lift give these estimates for rough initial states. The strict weight margins n < —x and
n—1 < —1 — k are uniform under time translation. The contraction with factor 7/4 therefore
gives the time h(R, M) and the corresponding stability bound.

To prove restart, denote the common nonlinear forcing of the paired equation by F' and
split it at time s into past and future restrictions. These are weighted restrictions in the
reconstruction sense: their boundary regularity exceeds —2, the negative time codimension.
For t > s, the abstract integral of the past restriction has zero nonjet component, because that
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restriction vanishes at ¢. Its remaining component is the canonical jet lift of its reconstructed
heat convolution. The causal heat identity gives

K % (1(075]RF)(S + t) = St(K * (1(075}7—\’,}7)(8)).

The value at s exists since the nonlinear response has positive regularity. The second full kernel
gives the covariant derivative of the same identity. Combining these past contributions with the
old initial heat extension gives exactly the linear pair displayed above with x = S(s; ¢, z). The
future contributions are the two integrals in the restarted equation. Its uniqueness proves (9.1).
This deterministic argument applies simultaneously to every real s in the interval. Maximality
then identifies the remaining lifetimes.

Suppose a finite maximal lifetime admits times s,, increasing to it with ||S(s,;z,2)|e < R.
The enhanced data have a finite bound on a compact cylinder containing that lifetime. The
first part supplies a common positive extension time h(R, M) from every s,. Restart and
uniqueness would extend the path beyond its lifetime, a contradiction. This proves the limit
in (9.2).

The local contraction is jointly continuous in initial and enhanced data on each of its
bounded-data domains. Picard iteration also gives measurability there. For a compact interval
before a given lifetime, finitely many of the preceding uniform restart intervals suffice. Iterating
local stability proves continuity on that interval and existence there for all sufficiently close
data. This proves lower semicontinuity of the lifetime. A countable cover by bounded-data
domains, integer radii and rational time intervals gives the joint Borel assertions for the
maximal continuation. ]

The bounded-data times provide uniform analytic continuation intervals and may depend
on future enhanced norms. Stochastic localisation below uses the state exit times of the
reconstructed E-valued path, whose limit is its maximal lifetime.

9.2 A simultaneous set of regular noise paths

Choose an integer m > 2 and put U = H-™(FE). The embedding L?(E) < U is Hilbert—
Schmidt. Consequently the cylindrical Wiener process can be realised as a continuous U-valued
Wiener process; its distributional time derivative is the given L? space-time white noise.
Use the canonical space of two-sided continuous paths anchored at zero. A path is called
polynomially bounded if, for some finite C, k,

lwt)ly < C(L+t)*,  teR.

These paths form a Borel, time-shift-invariant set W,,o1. Two-sided Wiener measure gives it full
mass: moment bounds for the supremum on consecutive unit intervals and the Borel-Cantelli
lemma give such a polynomial bound on both half-lines. For s € R set

(Osw)(t) = w(s + 1) — w(s).

At every fixed spatial heat scale, all approximating objects can be defined as Borel functions

of w € Wyl For example, with &, = e—e4,

¢
X=[w](f) = Sew(t) — / AS,_,Sew(r) dr. 9.3)
—o0
The integral is a classical integral of smooth sections. Spatial smoothing controls its upper

endpoint, and the mass controls the infinite past. On Wiener paths it equals the stationary It0
convolution by integration by parts. Its time-translation identity holds for every polynomially
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bounded path. The cutoff Wick products, their causal responses and the finite subtraction
tensors are treated in the same way. At fixed e the noise itself is the distribution S.0;w;
auxiliary temporal smoothing defines the same model as its limit. Thus the approximating
enhanced data z°[w] are Borel and satisfy

z°[0sw] = 052 [w]. (9.4)

Lemma 9.2 (A universal regular set and pathwise cutoff convergence). There is a deterministic
sequence €y, | 0 and a Borel set G C Wy with full two-sided Wiener measure such that:

(1) z°"[w] converges in all required local enhancement and time-trace norms for every w € G;
write z[w] for its limit.

(it) For every real s, 0sG = G and z[f;w] = O5z[w)].

(iii) For every w € G, every x € E, and every sequence of smooth initial states x, — x in E,
the uncorrected classical solutions with data (€y, Ty, w) converge in C(]0,T], E) whenever
T < ((z,z[w]). In particular, they exist on that interval for all sufficiently large n.

The exceptional set is independent of the initial state.

Proof. The enhancement convergence in every finite moment and the Gaussian time-trace
convergence permit a deterministic subsequence which converges almost surely on every integer
compact cylinder. Choose it by a diagonal summability argument. Define G as the set of
polynomially bounded paths for which this sequence converges in the separable complete local
data space. The Cauchy criterion makes this a Borel set, and the stochastic estimates give full
measure.

Equation (9.4) and the bounds for translation on compact cylinders show that convergence
for one path implies convergence for each of its real shifts. This is a deterministic implication:
a bounded range of shifted cylinders is contained in one larger cylinder. Applying the same
argument to the inverse shift proves invariance, including simultaneous invariance under all
real shifts.

Fix a good path. Its approximating data are bounded on every compact cylinder and
converge there. On the common contraction interval, deterministic stability gives convergence
for any smooth sequence z,, — x. Smoothness identifies the approximating equation with its
classical solution. On a compact interval before the limiting lifetime, the limiting state path is
bounded. Lemma 9.1 gives a uniform restart length there. Finitely many restarts, using the
convergent approximating states at their left endpoints, extend the convergence to the whole
interval. Once the enhanced data converge, this deterministic stability argument applies to all
initial states and all convergent initial sequences on the same set G. O

9.3 Prefix locality and independence of the auxiliary past

Introduce a cemetery state f for finite explosion. We use a Polish topology in which norm
explosion converges to this state. For z,y € E put

do(z,y) =1 A [lz —yle,  hlz) =1+ zle)™,
and define a metric on E; = EU {{} by
di(z,y) = do(z,y) AN{h(x) +h(y)},  dife, 1) = h(z). (9-5)

Since h is 1-Lipschitz for dy, the triangle inequality follows by allowing a path through {. A
Cauchy sequence either has h tending to zero and converges to {, or is eventually Cauchy for
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dp- Thus the metric is complete and separable, and it induces the original topology on E. Its
Borel sets are those of E together with the added point. By (9.2), a maximal path extended
by 1 at and after its lifetime is continuous in this metric. We write S for this extension.

Proposition 9.3 (Pathwise prefix locality). Let w,w € G and suppose that their increments
agree on [0,T]. For every z € E,

S(:;x,z[w]) = S(-;x,z[w]) on [0,T). (9.6)

In particular the two survival events at T coincide. If the increments agree on the whole
positive half-line, their maximal killed paths and lifetimes are identical.

Proof. Use the same smooth initial approximants S;, z. At every cutoff, the uncorrected initial-
value equations have identical driving increments on [0,7]. Classical pathwise uniqueness
therefore identifies their solutions on the common interval in [0,7]. The identity (8.41) shows
that their stationary pasts do not enter these equations.

Lemma 9.2 passes this equality to the limits on every compact interval before both lifetimes.
Suppose one lifetime were at most 17" and strictly smaller than the other. The second path
would be bounded and continuous on a compact interval containing the first lifetime. Equality
before that time would contradict (9.2) for the first path. Thus differing survival is impossible,
including at the endpoint 7. Extending by the absorbing state proves (9.6). Applying the
argument to all integer T" proves the assertion for a common future. O

9.4 A jointly measurable causal solution map

Let Q4 = Cy([0,00),U) with its Wiener law P, and let 2_ be the analogous space for the
negative half-line. Pasting two independent paths gives the two-sided Wiener law. By Fubini’s
theorem, one can fix a single past path w, such that

Qo i={w": (wy Uw') € G} (9.7)

is Borel and has full P, measure. The choice is made once, independently of the initial state.
Define
®(z,w") =S(; 2, z[w, Uw']) € C([0,00), Et) (9.8)

on ), and define it to be the constant cemetery path on the null complement. Set ® (1, w™)
equal to that constant path as well. The preceding measurability statements make ® jointly
Borel; Borel measurability into the continuous path space can also be checked at rational
evaluation times.

Proposition 9.4 (Causal measurability and stopping lifetimes). For every x € E, the path
a® = ®(x, W) is adapted to the usual augmented filtration of the positive-time Wiener process,
is continuous in E before its lifetime, and has initial value x. The exceptional set can be chosen
independently of x. The same statement holds for an Fy-measurable initial state when W is
Wiener with respect to that filtration.

Its lifetime T is a stopping time. With || 1 ||g = oo, set
Th =inf{t > 0: ||af||g > R}. (9.9)
Then T§ are stopping times and 7 1T 7%. On finite explosion, 7% < 7% for R > ||z||g.

Proof. Measurable factorisation of prefixes proves adaptation. Fix a rational ¢ > 0. A Wiener
path decomposes into its prefix up to ¢t and an independent future increment path. Fubini
supplies one fixed future tail for which pasting with almost every prefix gives a member of
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Q.. Evaluate (9.8) on this pasted path. This is a jointly Borel function of x and the prefix.
Proposition 9.3 says that it equals the original killed solution through time ¢ for almost every
Wiener path, simultaneously for all . There are only countably many rational ¢, so these
statements hold on a common full-measure set. Continuity of the killed paths and right
continuity of the augmented filtration give adaptation at every real time. The same joint
factorisation allows an Fp-measurable random initial state.

The lifetime is the first hitting time of {, which is closed in (9.5); it is absorbing. The
exit times from the open sets {z € E : ||z||g < R} are likewise stopping times. The explosion
criterion and continuity on each compact pre-explosion interval prove all assertions about

(9.9). O

The fixed auxiliary past in (9.8) provides a measurable representative. For every other
good two-sided extension with the same positive-time increments, Proposition 9.3 identifies its
solution with ® for every initial state. In particular an independent random stationary past
gives exactly the same maximal process and lifetime.

9.5 Restart at stopping times and the strong Markov property

Theorem 9.5 (The maximal fixed-reference strong Markov family). The processes {a® : x €
Ei} form a time-homogeneous strong Markov family on Ei. For every finite stopping time o of
the Wiener filtration,

ag s = P(ag, 0, W), t >0, (9.10)

almost surely as an identity of killed continuous paths. On {o < T} the lifetime on the right
is T — 0. The same assertion holds, in particular, for deterministic times and for the state
exit times in (9.9) when finite.

For bounded Borel f : Et+ — R, define

Pif(@)= [ F(@i(a,w) P (dw).
+
Then Py is a Borel transition semigroup, T is absorbing, and

Elf(ag4+) | Fol = Pif(ag). (9.11)

It also holds for the usual augmented natural filtration of the state process. Restricted to E,
this is the sub-Markov family killed at its state-norm explosion time.

Proof. Paste the fixed past w, to the positive-time Wiener path. This two-sided path belongs
to G almost surely. The invariance in Lemma 9.2 is under every real shift; hence its shift by
the random value o is still in G. Deterministic restart, valid for every real starting time for
this fixed good path, describes the future solution using this shifted enhanced model and the
state aZ.

By the strong Markov property of the driving Hilbert-space Wiener process, the future
increment process 6, W has Wiener law and is independent of F,. This property follows directly
by approximating bounded o from above by dyadic stopping times, using independence at those
times and continuity of Wiener paths for bounded cylindrical future functions; a monotone-class
argument gives the whole future path, and localisation removes boundedness of o. In particular
0, W € Q, almost surely.

There are now two good two-sided paths with this same future: the shift of the original good
path, and w, U (6,W). The pathwise assertion in Proposition 9.3, valid for every initial state,
identifies their maximal solutions starting at the random state a2. Together with deterministic
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restart, this proves (9.10) and the lifetime identity on {o < 7%}. On its complement both
killed paths are the constant cemetery path.

Joint Borel measurability of ® and independence of the future Wiener path now give (9.11)
by conditioning. Deterministic stopping times give the semigroup identity. A stopping time of
the state filtration is also a stopping time of the Wiener filtration; conditioning once more
gives the claimed natural-filtration statement. O

Remark 9.6 (The fixed-reference Markov state). For the autonomous fixed-reference equation
on B+ E, the current state and future Wiener increments determine the maximal continuation.
Proposition 9.3 makes this continuation independent of the auxiliary stationary past, including
its survival events. The state exit times (9.9) localise the process up to its explosion time.

The subsequence in Lemma 9.2 constructs a simultaneous pathwise version. For each initial
state, @ is a version of the full heat-family local probability limit in Theorem 8.14, with the
common bounded-data existence intervals specified there. It supplies the causal maximal
continuation of that limit.

10 Comparison gauges for distributional connections

Cancellation of the derivatives of the evolving connection extends the reference-change equation
to the rough state space. We construct the comparison gauge from rough initial data and prove
stability of its action and of the rotated noise. On the flat torus, a separate gauge equation
also enters the covariance argument in [4, Section 7]. Here the construction allows arbitrary
smooth reference connections on any surface bundle.

Let P — 3 be a smooth principal bundle with compact structure group G, and put
EF =T*Y ® ad P. Fix smooth connections B, C, write b = C' — B, and use the convention
u-A=uAu"! — (du)u~!. Fix a faithful unitary representation of G' and its associated vector
bundle. Gauge transformations are sections of the corresponding group subbundle of its
endomorphism bundle. All norms below use this embedding and a fixed smooth connection;
different such choices give equivalent local norms. For r > 0, let G"(P) denote the gauge
sections of regularity c”, the closure of smooth sections in C" = B[, .. In particular these are
continuous sections with values in G.

10.1 Products and the endpoint heat estimate

If 0 < k < pand v, f are sections of suitable tensor bundles, then every fixed smooth fibrewise
bilinear contraction satisfies

[ofllc—~ < Cllvlleell fllc-»- (10.1)

The product extends continuously to the corresponding little spaces. To see the estimate in
a bundle chart, write vf =v < f +vo f+v > f. The first paraproduct has regularity —x;
the other two terms have regularity p — x > 0. A finite partition of unity gives the bundle
assertion. Approximation by smooth sections gives the little-space assertion and the usual
distributional Leibniz rule whenever the products on its two sides have these exponents.

Let L be a fixed nonnegative smooth connection Laplacian, on any of the bundles used
below, and set

t
Hif = (KOO = [ Hiaf(s)ds,

Adding a smooth zeroth-order term, or adding a positive mass, changes only the constants on
bounded time intervals.
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Lemma 10.1 (Heat integration in little Holder spaces). For 0 < T <1 and 0 <r+k < 2,
IKFllerer < CT 2 £l gy emn (10.2)
At the endpoint, f € C([0,T];c™") implies
Kf € ([0, 11> nCH[0,The™),  IKflepe—r < Cllflloper- (10.3)

Here Kf(0) = 0 in the endpoint space. If instead f is continuous for positive time and
1fE)|le—r < Mt=F with 0 < B < 1, then

IS @)|ler < CME—P=r+1)/2, 0<r+k<2, (10.4)
IS Ol + 10K f (D)l < CME, t>0. (10.5)

Proof. Use a smooth dyadic spectral decomposition (A;);>_1 of 1+ L. Its frequency-localised
heat kernels satisfy, for j > 0,

HHtAj |’L°°4>L°° S Ceict22j .

One may enlarge each spectral annulus by a fixed factor in this estimate. The bound follows
by integrating the frequency-localised heat kernel; its kernel bounds follow from the smooth
elliptic parametrix. Consequently

[ Hllo—r_yor < Ct=rHR)/2

when r + £ > 0, with the usual bounded version for nonpositive gain. Integration gives (10.2)
and, by the Beta integral, (10.4).
For the endpoint, estimate each block before taking the supremum:

2RI AL (1)l < C5up2 | A £(5)]oc. (10.6)
s<t

The low block has a bound CT'|| f||¢.c—=. The image of a continuous path in ¢™" on a compact
interval is compact. Its little-Besov tails therefore vanish uniformly in time. Equation (10.6)
gives the same uniform tail property in ¢c2~*. Each finite set of blocks is continuous and
vanishes at time zero. This proves endpoint continuity, including the initial trace. The identity
O f=—LKf+ f, first tested against smooth sections, now has a continuous right-hand side
in ¢™% and proves the asserted time differentiability.

For (10.5), split the integral at ¢/2. The first part has norm at most Ct~! fg/z Ms=Pds <
CMt=#. For the second part use (10.6), with s77 < 20¢=8. The derivative identity gives
the remaining estimate. The same argument on compact positive-time intervals proves
continuity there. All estimates pass to little spaces by the uniform-tail argument or by smooth
approximation. ]

10.2 The cancelled equation and its weighted solution
For a gauge section u and a connection A = B + a, set
k= (dpu)u™t, U = Ad,, a=Ua—k, A=B+a.

Here dpu = du + Bu — uB in a local unitary frame. The right logarithmic derivative k is
an intrinsic adjoint-valued one-form. Write p = dj, and use the contraction convention
[v sw] = —>;[vi, w;] on one-forms.
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Proposition 10.2 (Cancellation of derivatives of the connection). For smooth sections the
reference-change equation is exactly

(Ou)u™t = —dpk — Spb+ [k aUa] + [bsUda] — [b L K]. (10.7)

If0< Kk <1/2,a€c™™ and u € GZ"(P), all terms on this right-hand side are defined in c=*~.
In distributions it also equals

xo(u- (B +a)) —Uxp(B + a), xp(A) =dp(A— D).
Proof. The product rule gives
0p(Ua) —Udpa = [k s Ual.

Substitute v - (B +a) = B+ Ua — k and ¢ = dp + [b 2 -]. The term [b 1 b] vanishes,
giving (10.7). For the asserted rough inputs, k € ¢!™* and 1 — k > &, so (10.1) defines the
products in the expanded formula. The individual product Udga is also defined, because
(2—K)+ (-1 —k) =1-2k > 0. Smooth approximation extends the identity, and hence the
cancellation, to distributions. ]

Set

ro=1-—~&, rL=3/2, a= > 0. (10.8)

=

For a time-dependent section v define
[vllay = sup flv(E)]lero + sup t%[Jo(t)]en .
0<t<T 0<t<T

The space Xp consists of sections continuous in the first norm, continuous in the second norm
for positive time, and satisfying t||v(¢)||crn — 0 at zero. In exponential coordinates this is a
Banach space.

Theorem 10.3 (Local comparison gauges in the rough state topology). Let 0 < k < 1/2, let
a € C([0,T,);c "(E)), and let ug € G*%(P). Equation (10.7), with u(0) = ug, has a unique
mazximal local solution in the class X. Write 1, € (0,Ty] for its lifetime. For T < T,

ue C([0,T];G'"(P)) N C((0,T}; G~ *(P)),
du € C((0,T];¢7%),

sup /2 (Jlu(t)||c2=x + ||Ou(t)||c-r) < 0. (10.9)
0<t<T

In particular w has finite variation in ¢=% on every such interval, including its initial endpoint.

The solution is causal and locally Lipschitz in (ug,a) € Gl x Cpc™", both in Xp and in the
weighted norms in (10.9), on common local existence intervals.

1-k K

For bounded initial c norm and bounded input Cpc™
local existence time. Consequently, if T, < T, is finite, then

norm there is a uniform positive

ngn lu(t)||cr-+ = o0. (10.10)

If ug € G2"(P), the stronger conclusion is
we C([0, T]; G2 (P) n CL(0,T]; ™), (10.11)

with local Lipschitz dependence in these unweighted norms when the initial gauge is varied in
2—K
¢
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Proof. Coordinates on the group bundle. Choose a smooth gauge u, uniformly close to ug and
write u = exp(¢)u, in a fixed fibrewise exponential neighbourhood. This choice is available on
every bundle: smooth the ambient endomorphism section and project to the group subbundle
inside a conjugation-invariant tubular neighbourhood. For initial norm bounded by R, a
smoothing scale depending only on R makes the uniform error smaller than a fixed exponential
radius. The smooth centre u, then has bounds in every fixed smooth norm depending only on
R, since
e g — oo < CHA72 g1+

The logarithm 1y has bounded c'=* norm and lies strictly inside that exponential neigh-
bourhood. For local stability, one fixed smooth centre works for all sufficiently close initial
gauges.

In these coordinates the equation becomes

o+ AWy = N9, Vpibia),  9(0) = . (10.12)

The coefficients of N depend smoothly on B,b,u, and on . It contains at most two first
derivatives of v, is affine in a, and contains at most one first derivative of ¢ in each term
involving a. This description follows directly from (10.7). To check its principal part, the top
second derivatives of exp(v) in —dg((dgu)u~!) are multiplied by the same differential of the
exponential as 0;1) on the left. Inverting that differential leaves —Ag)w; every remaining term
has the derivative structure just stated. The construction is equivariant under a change of
bundle frame, so 1 is a global section of ad P.

The tame bound. On a bounded ¢ set contained in the coordinate neighbourhood, smooth
functions of ¢ have uniformly bounded ¢ norms. Since rg > and 1 —1=1/2 > &, (10.1)
gives

IVBY Vt|le—r < Cllebllero[t)]]ers - (10.13)

Here one derivative is measured in ¢~ and the other in ¢/2. The same product estimate gives

1aV B1||e-x < Cllalle-«[[1h]|er1 . It follows that, for ||la|c.c—= < M,

IN(, Vs a)(®)]le-~ < Crar(1+ [|1o(t)]ler ). (10.14)

Polarising the gradient square and taking differences of its smooth coefficients proves, for ¥, ¢
in a bounded A7 ball,

IN (4, Vb a)(t) = N(p, Vpp;a)(t)[le—x
< Crut™ (¥ = @llar + lla — allope—r) - (10.15)

For example, the difference of two gradient squares is bounded by the sum of a low norm
times a high difference and a high norm times a low difference. This proves the time weight in
(10.15) without squaring t~°.

Contraction and regularity. The heat extension of ¥ belongs to Xr. The vanishing weighted
high norm at zero follows by smooth density in c™. If || f(¢)||c-» < Mt™%, then (10.4) gives

IKflla, <CMT?. (10.16)

Indeed the low-norm integral has exponent 1 —a—(ro+x)/2 = 1/2—a = 6; after multiplication
by t¢, the high-norm integral has exponent 1 — (11 + k)/2 = 6. Both Beta integrals are finite.
Equations (10.14)— (10.16) give a contraction in a bounded X ball for sufficiently small 7.
The nonlinear increment is small in ¢, and the heat extension converges uniformly to g, so
the coordinate neighbourhood is preserved. Exponentiation keeps the solution in the group
bundle.
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The forcing is continuous for positive time with norm bounded by Cr art™“. The initial
heat extension satisfies

| Hetbollez—r + |0:Hitbo |- < Ct2[|0hg ] c1-x.

Lemma 10.1 bounds the nonlinear contribution by Ct~% in the two endpoint norms. Since
a < 1/2, this proves (10.9). Composition with the smooth exponential preserves the spatial
estimates. Its time derivative is the corresponding smooth multiplier applied to 01, a valid
¢~ " product. This chain rule follows at positive time by a Taylor expansion: the remainder
is bounded by a ¢™" increment times a positive-regularity increment tending to zero. Its
integrable t~1/2 bound then extends the fundamental theorem of calculus to time zero. Thus
u is absolutely continuous in ¢™%.

Taking differences in the contraction proves local Lipschitz dependence in X7. Applying
(10.5) to (10.15) proves it in the endpoint weighted norms as well. If the initial gauge belongs
to ¢27%, perform the same contraction first in Cpc?/2. Its forcing is then continuous in ¢ %,
and (10.3) gives (10.11) and the stated unweighted stability. Uniqueness identifies this solution
with the weighted one.

Continuation and causality. The coordinate choice and all contraction constants above
are uniform on bounded initial ¢!~* sets and bounded input sets. Restart therefore gives a
maximal solution. If its norm stayed bounded along a sequence increasing to a finite time
strictly below T,, the input would also be bounded on a larger compact interval. The uniform
restart time would extend the solution through that time. This proves the full limit in (10.10).
The Volterra equation and uniqueness identify solutions driven by equal input prefixes. The
same continuation argument identifies their survival through the endpoint of a prefix. This
proves causality of the maximal solution and its lifetime. O

10.3 Rough gauge action, continuation, and parallel transport

Proposition 10.4 (The action and a bound from two representatives). For 0 < k < 1/2 the
map

G'""(P) x (B+c "(E)) — B+c "(E), (u, B +a) — B+ Ua— (dpu)u™", (10.17)
1s locally Lipschitz and is a group action. Moreover

_ 2(1 - k)

luller— < C (1 + (llalle=x + - (B +a) = Blle-x)"). o

(10.18)

The norms of gauge sections include their ambient zeroth-order norms. In particular a
comparison gauge cannot terminate while both connection representatives remain bounded in
the rough state norm. If T, < T, in Theorem 10.3, then

gm |lut - (B + at) — Bl|c—» = 0.

Proof. The derivative dgu has regularity —x, and 1 — k > k. Thus (10.1) defines each term
and gives its local Lipschitz bound. Smooth density, using the tubular projection for gauges,
passes the classical composition law to these spaces.

Put @ = u- (B + a) — B. The action identity gives
dpu = ua — au.
The elliptic estimate for the full covariant gradient and (10.1), used with p = 1/2, give

M= |luller—~ < Cp(1 + Rljullerr), R =llallc—r +[[allc—x-
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The L* norm of a G-valued section is uniformly bounded. Interpolation yields |lul/p1/2 <
C MY/ (2(=K) - Absorbing this sublinear power proves (10.18). The continuation conclusions
follow from (10.10) and local boundedness of the input path. O

Corollary 10.5 (Composition of reference changes). Let B, C, D be smooth references. Suppose
u s the comparison gauge from B to C along A, and v is the comparison gauge from C to D
along u - A. Then vu is the comparison gauge from B to D along A, with initial value voug,
throughout their common interval. The inverse u~' is the reverse comparison from C to B
along u - A.

Proof. At positive times the gauges have spatial regularity 2 — , and their time derivatives
have regularity —x. The product rule is therefore valid in ¢~ and gives

(0 (vw)) (vu) ! = (Fpv)v ™ + Ad, ((Qpu)u™).

Use the distributional x expression from Proposition 10.2 on the right. The two Ad, xc(u - A)
terms cancel, leaving xp(vu - A) — Adyy, xB(A). The product vu belongs to the same weighted
solution class, and its initial value follows by continuity in G'~*. Uniqueness proves the
composition assertion. Differentiating u =" gives the reverse equation, or equivalently one may
apply the same cancellation to the identity gauge. ]

Corollary 10.6 (Convergence of comparison gauges). Suppose a, — a in Crc™" and ug n — ug
in G1™F. On every compact interval before the limiting gauge lifetime, the comparison gauges
exist for all sufficiently large n and converge in the local weighted norms of Theorem 10.3.
Their transformed connections converge in Cyc™". With initial convergence in G*~", the gauge
convergence is also in Cyc>™" and Cic™ on common initial intervals. The same conclusions

hold in probability under the corresponding common bounded-data localisations.

Proof. Local stability proves convergence on the first common contraction interval. A compact
limiting interval is covered by finitely many uniform restart intervals, so induction proves the
first assertion. Proposition 10.4 then gives convergence of the transformed connections. The
probabilistic assertion follows by restricting to bounded data sets, applying the deterministic
estimates, and exhausting these sets. This argument concerns compact intervals before the
limiting lifetime and does not require convergence of explosion times. O

Proposition 10.7 (Covariance of existing path observables). Let A, — A in ¢™" and u, — u
in G be smooth spatial approxzimations, and let K be any family of piecewise smooth paths
for which their parallel transports Ta, () converge uniformly. Then the parallel transports of
Uy - Ap converge uniformly and their limit is

Tun(y) = u(v(1)) Tal(y) u(y(0)) ™" (10.19)

The formula is intrinsic as a map between endpoint fibres. For closed paths it is conjugation at
the base point, so every conjugation-invariant holonomy observable has the same value.

Proof. At the smooth level (10.19) follows by differentiating u,(v(s))Ta, (7]j0,5))- Use a bi-
invariant metric on the compact group G. The distance between the two sides at different
approximation indices is bounded by the transport distance and the two endpoint gauge
distances. Taking a supremum over K proves the assertion. The same argument applies
uniformly in time whenever the hypotheses hold uniformly in time. O

The proposition applies to any independently constructed trace space or holonomy com-
pletion. It does not define line integrals for every element of ¢™*. The comparison equation
evolves a full gauge transformation; its value at a chosen point is generally free to move. Thus
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its orbit interpretation uses the full gauge group. For example, with ug = 1 and ag = 0, its
initial velocity for smooth data is —dgb, which need not vanish at the chosen point.

10.4 Time regularity and the leading controlled term

Proposition 10.8 (Pointwise time regularity). On an interval where the norms in (10.11)
are bounded, the comparison gauge satisfies

[u(t) = u(s)]loo < CJt — s|'~/2, (10.20)
IV su(t) — Vpu(s)|e < CJt — s|17F)/2, (10.21)

Consequently u has parabolic regularity C2=* there, and k = (dgu)u~! has reqularity C1=%. For
initial gauges in G1 ™" these conclusions hold on every compact positive-time interval. Their
spatial gradient also obeys

IVu(t)|lso < Ct™™2, >0, (10.22)

on the local weighted existence interval.

Proof. For h = |t — s| <1, the time derivative and spatial endpoint bounds give
1A (u(t) — u(s))]loo < C min{h2", 9~ (2=r)y,

Sum the first bound over 2/ < h~/2 and the second over the remaining blocks. Both
geometric sums are bounded by Ch'~#/2. This proves the L™ bound, including the low block.
Multiplying each block estimate by 27 before summation proves (10.21). Together with the
spatial C>~* bound these are the parabolic Holder estimates. Smooth composition and the
ordinary positive-regularity product give the assertion for k. Finally, the two spatial bounds
in Theorem 10.3 give

1A,V pu(t)] oo < Cmin{2%7 ¢71/29= (=)
Splitting at 2/ = t~/2 and summing proves (10.22). O
The following controlled expansion identifies the additional stochastic products in a reference

comparison. It holds on interior cylinders; the initial heat extension retains its boundary
weights.

Lemma 10.9 (The leading term of the adjoint gauge). Suppose 0 < k < 1/3 and, on a compact
cylinder strictly after the initial time, write a = X +r with X € C;%(E) and r € C}72%(E).
Let U = Ad,, and let AEP denote the connection Laplacian on End(ad P). Define the linear
tensor map H : E — End(ad P) by

H(v) == ady, 4,00, U- (10.23)
J

Then H € C1=% and
(0 + AYU = H(a)+ Ry,  Ro = ad 5,015 (o8 U — Z adj, U. (10.24)
J
For a space—time paraproduct in smooth bundle charts and the massive heat integration Kg on
E, this gives the local expansion
U=H< (KgX)+U*  Ufecd?, (10.25)
Its estimates, on a smaller compact cylinder, are locally Lipschitz in the displayed fields and

their norms.
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Proof. The identity VU = ady U gives

AFU = ads,p U — ) adi UL
J

Also 0,U = adg,y),—1 U. Substitution of (10.7) proves (10.24); the products have positive
total regularity by Proposition 10.8. Thus Ry has regularity 1 — x, and H(r) has regularity
1 — 2k. Adding the mass puts U itself into this regular remainder. After a smooth time and
space localisation, the heat representation therefore writes U = Kgnq(HX) plus a term of
regularity 3 — 2k. Localisation commutators contain at most one derivative of U and have
sufficient regularity for the same conclusion.

Decompose HX = H < X+ Ho X+ H > X. The last two terms have regularity 1 —2x > 0.
The heat paraproduct commutator satisfies

Kpna(H < X) — H < (KpX) € C372%,

At parabolic frequency 27, its kernel receives a gain 272 from heat integration and a gain
2~(1=%)J from the increment of H, whereas the X block is bounded by 2%/. Their product is
2-(3=20)j. off-diagonal frequency blocks have arbitrarily fast decay. In bundle charts the two
heat kernels have the same leading scalar metric kernel. Their differing parallel transports
and lower-order terms supply at least one additional order in their kernel difference, which is
stronger than the required 1 — s gain. These block estimates prove the commutator bound on
a smaller localisation. Polarisation proves its difference bound. Combining the three terms
proves (10.25). O

For the fixed-reference stochastic solution, the stationary linear field and the interior
response in Theorem 5.8 meet the hypotheses of this lemma. The expansion identifies a leading
coefficient for random-gauge noise products; it does not assign their stochastic contractions.
In particular, multiplying the leading KX term by space—time white noise still requires a
joint construction.

10.5 Predictable rotation and the linear heat-noise defect

Proposition 10.10 (Rotated Wiener noise). Let the input path a be adapted and continuous
in ¢, globally or up to a stopping lifetime, and let ug be measurable at the initial time. The
comparison gauge is adapted and its lifetime is a stopping time. The multiplication operator
Us = Ady, on H = L?(E) is predictable and orthogonal. After extending it by the identity
beyond its local lifetime,

. t
W, = / U, dw, (10.26)
0

is an H-cylindrical Wiener process for the original filtration.

Suppose a sequence of such gauges converges in probability uniformly in space and time on a
common stopped interval, with all noise rotations taken against the same W. For every m > 1,
the corresponding rotated noises converge in L*(Q; CtH ™ (E)) on that interval.

Proof. The Volterra Picard iterates are measurable functions of the input prefix. Uniform
local existence on bounded data sets and restart show that the local solution is adapted. Its
norm exit times in ¢! =% are stopping times; their increasing limit is the lifetime by (10.10),
with the input lifetime included. One can equivalently first stop the input at a norm exit,
apply the deterministic Picard construction on its uniform interval, and iterate this procedure.
Continuity of u in the uniform spatial norm implies predictability of its multiplication operator.
The invariant fibre metric makes this operator orthogonal. An identity extension after the
lifetime gives a predictable version modulo dt dPP null sets.
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For any f,g € H, the real martingales in (10.26) have covariation

[0 10 s =445, g)

The finite-dimensional Lévy characterisation proves the Wiener assertion from the predictability
and orthogonality of U.

Let I, : H— H™™(FE) be the natural embedding. It is Hilbert-Schmidt in dimension two
when m > 1. For a common stopping time o < T, the Hilbert-space martingale inequality
gives

2

E sup

tAo
/ L (U™ — U,) dW,
<1 1o

H—m
9 TNo 9
< ALalRE [ 1UZ = sl ds.

Uniform gauge convergence implies convergence in probability of the integrand to zero. It is
bounded by four, so the expectation tends to zero. This proves the convergence assertion. [J

We next estimate the linear defect produced by rotating an additive heat cutoff. Put
Spe= e—¢(+Lp) for a smooth reference D, where Lp acts on adjoint-valued one-forms.

)

Lemma 10.11 (Operator bound for the conjugated heat cutoff). For a C! gauge u and
0<e<,
|USp U™ = Socllusn < Cpoet’? (14 | VBU||oo)- (10.27)

Proof. Write Lp = V5V + ng with smooth Weitzenbdck potential. The weak commutator
form obeys

g, (LB, UIF)| < CIIVBU oo (I1Vayll2ll fll2 + [lgll2lV Bf1l2)
+ Cgllgll2|[ f1l2-

This follows by expanding the two gradient forms; only first derivatives of U occur. Insert
f = Spsfo and g = Sp._sgo into the Duhamel formula for [Sgp.,U]. The gradient heat
estimate is |VpSpsllpon < C(1 + s7Y/2). Integration of s71/2 + (¢ — 5)71/2 gives Ce!/2,
proving the required commutator bound. Smooth approximation gives the formula for C!
multipliers.

The difference Lg — Lo is a first-order operator with smooth coefficients, and hence is

bounded from H*' to H. Its Duhamel formula gives ||Spc — Sccl|lp—n < 037051/2. Finally
write

USp Ut —Sce=[U,SpJ U +Spe— Sce.
Since U~! is unitary, (10.27) follows. O

Lemma 10.12 (A stochastic heat estimate for small operator noise). Let D; be a predictable
operator on H = L*(E) with | D¢||gr—m < d almost surely, and let

Z, = / A
0

For every g > 0, p < oo and finite T,

1Z|| e 00 (0,17:c-9)) < Chpg,1d- (10.28)

The same statement holds after stopping the integrand at any stopping time.
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Proof. Let A; be spectral blocks for 1 + Lo. The squared L? norm of a point-evaluation row
of Aje_T(HLC ) is bounded by C'2% e=2” | For the row difference with an additional time
increment h, the bound acquires the factor min{1, h2%/}2. The scalar martingale moment
inequality and || D} f|l2 < d||f]]2 therefore give, for p > 2,

El[A; Z|[7p < Cpd?,
El|Aj(Z — Z) |5 < Cpd? min{1, (|t — s[227)P/2},

No independence between D and the noise is used. Choose 1/p < v < 1/2. Integrating
the second estimate against |t — s|7177? and using the one-dimensional fractional Sobolev
embedding gives '

Efgg HAJ'Zt”Izg < CmedPQQWJ-

The spatial Bernstein inequality contributes 2%/ on passing from LP to L. Choose p large
enough and v > 1/p close enough to 1/p that 2y 4+ 2/p < ¢q. The sum

Z 27K sup 1A Z|%

>0 =T
then converges and is bounded by C'dP. The low block has the same bound by the elementary
martingale estimate. The summable tails prove continuity in the little space, since the
finite-frequency paths are continuous. Larger moments followed by Jensen’s inequality give
every specified finite p. A stopped integrand has the same operator bound, so the proof is
unchanged. O

Corollary 10.13 (Vanishing of the linear rotated-noise defect). Let u® be predictable com-
parison gauges, localised on a common interval where sup, [|Vp Adys [|o < R uniformly in e.
Put

Df = Ady; Spe Adyd —Sce.

For the rotated Wiener processes Wa, every q > 0 and every finite p,

[ e ooz aiv:
0

In particular such a localisation is supplied on initial intervals by bounded data in Theorem 10.3
with ug € G>7%, including ug = 1. For rough initial gauges it is available on compact positive-
time intervals; the initial gradient has the explicit weight (10.22).

< Cpgrpo(l+ R)EV?. (10.29)
LP(Q;Crc—1)

Proof. Combine Lemmas 10.11 and 10.12. When the interval is specified by a stopping time,
first stop the defect coefficient and extend the orthogonal noise integrand as in Proposition 10.10.
On the common interval the resulting integrals equal the original ones. O

Remark 10.14 (The nonlinear comparison). Applied to convergent fixed-reference heat approx-
imations, Corollary 10.6 gives the limiting gauge and transformed connection. Proposition
10.10 identifies its rotated Wiener noise, and (10.29) removes the diffusion defect after one
heat integration. Identifying that transformed connection with the prescribed C-reference
continuum solution also requires comparison of the critical enhanced products and their finite
contractions.

The time regularity proved here explains this remaining step. Although u has finite variation
in ¢7", the formal differential of the affine gauge action contains (0;u)a. Both factors can
have spatial regularity —k, so their ordinary product is not defined by (10.1). Low-topology
finite variation therefore does not supply a classical It6 change-of-variables formula for the
singular equation. The controlled expansion (10.25) identifies the stochastic products involved.
Section 11 constructs the required comparison directly from predictable heat-kernel remainders
and their finite contractions.
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11 Predictable gauge transport of the heat enhancement

A change of reference can produce a finite correction in the quadratic tensor data. Its Yang—
Mills contraction vanishes. We prove the transport estimate for predictable gauges with
smooth initial value. The additional spatial derivative supplied by this initial regularity
permits estimates of the stochastic remainder by It6 isometry and Burkholder-Davis—Gundy
inequalities.

Throughout this section B,C are smooth reference connections on the same principal
bundle over a closed Riemannian surface, £ = T*YX ® ad P, and A¢c = 1 4+ A¢. We write
Sc.e = e~4¢ and Ko = (0; + Ac)™! for the causal massive heat integration operator. All
comparisons use the same heat time e. Spatial Holder spaces are denoted by C%; C7rC? denotes
C([0,7],C%), with an arbitrarily small loss in the exponent when strong continuity is needed.
The paraproduct f < g is spatial. A finite collection of coordinate charts, bundle frames, and
smooth Littlewood—Paley operators may be fixed to define it. Changes of this collection give
the usual smoother commutators and do not alter the limits proved below.

11.1 The one finite quadratic contraction

Proposition 11.1 (Change of the connection in the spatial heat cutoff). Let X o be the
stationary solution of
deBC = —ABXEBC dt + Sc,c dWy,

and set b= C — B. In a normal orthonormal frame and a radial B-frame, the difference of
the equal-time differentiated covariance has the following limit, intrinsically interpreted on the
diagonal:

B[ (V) (X)) — E[(XE ) (Vo)X p)t] — S (adb)™. (1)

Convergence holds in every smooth diagonal coefficient norm. In particular, with Caq =

- Za ad(ea)z?

0ij
AEX, (V)eXj] — =22 Caabe. (11.2)
™
Its Yang—Mills contraction is zero:
2 —dim X
AEQp(X, X )i — _Tuncadbi =0. (11.3)
T

Proof. The equal-time covariance operator is
* rAp_—2eAc 1A
B.C :/ e "BeTHCeT B
' 0

At the centre of a normal radial frame, Ac — Ap = —2ad(b;)0; + V, where V has order zero;
variations of the principal coefficients are common to the two operators. Duhamel’s formula
for the middle heat operator shows that the only term contributing to a differentiated diagonal
limit is

4e ad(b / 0jHy(r1o)(x —y)dr,

where H(z) = (47s)~!exp(—|z|?/(4s)) is the Euclidean two-dimensional heat kernel. Conse-
quently its y, derivative on the diagonal equals

1
4
ead(b / 327rr 5 5 dr 87rad(bg( x)).
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The identity tensor on the one-form slot gives d;;.

The omitted terms vanish on the diagonal in the limit. An order-zero insertion, a first-order
coefficient increment, or the first omitted heat-parametrix term gains at least one power of the
heat length. After the one diagonal derivative its absolute contribution, including any fixed
number of derivatives along the diagonal, is bounded by

1

Chne (1 +/ (r+e)73/2 dr) < Cp/e.
0

Gaussian off-diagonal bounds treat the complements of the normal neighbourhoods, and the

massive large-time part is O(e) in every smooth norm. These estimates also justify Duhamel

integration and diagonal differentiation before taking the limit.

Finally, 33, [eq. €] (ad v)® = 3, [[v, es], €] = ~Caqv. Applying 28;,b; — d;5b; = (2 — d)b;
proves the last two identities. In particular the tensor limit in (11.1) must not be discarded
before this contraction is performed. O

11.2 A kernel estimate with predictable coefficients

Fix 0 < K < 1/16 and put o = 2 — k. Let u be a predictable gauge, U = Ad,,, and assume on
a stopped time interval that

1Ullgeg + 10U lges + 10U a2 < R. (11.4)

The time derivative is a Bochner derivative in the displayed negative space; in particular
every spatially smoothed coefficient has finite variation in time. We take «(0) smooth and
deterministic and extend u constantly to negative times. This convention makes stationary
linear objects available without an anticipative extension. The same proof with zero-start linear
objects is described below. When (11.4) is obtained up to a stopping time o, use Uia, thereafter.
This terminal-value extension preserves the spatial bound and the almost-everywhere weak
time-derivative bound. An extension by the identity with a jump at o, although harmless for
merely identifying a rotated Wiener process, must not be used in the commutator argument.

Let h =u - B — C. The transformation formula for a connection gives
|| ad hHLoToC;—n + ||0; ad h\|L%OC;1_K < CB,c,R- (11.5)

Indeed, ad h contains one spatial derivative of U, and its time derivative is a sum of products
of Vo,U with U~! and of VU with 0,U~'. Both products are defined by the ordinary Holder
product theorem, with 0;ad h in the negative space displayed above. Only this adjoint
coefficient is used below. A central component of A is invisible to both the commutator and
C.q and need not be controlled by a norm of U. In operator and paraproduct estimates below,
writing h as a multiplier abbreviates this adjoint coefficient; Lie-algebra-valued expressions
such as Caqh retain their literal meaning.

Lemma 11.2 (The remainder of the spatial heat commutator). Define the predictable operator
De(t) = UtSB@Utfl — SQE.
There is a decomposition, interpreted as an identity of operators on the noise space,

DcdW =Y "ad(hj) < (2¢V;S¢,c dW) + E. dW. (11.6)
J

For a spatial dyadic block A,,, m > 0, its remainder satisfies the Hilbert—Schmidt evaluation
bound
sup | A Ee(t; 2, )| p2(xy < Cp,c,r min{e @ D/2 27ml@=ly (11.7)
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All bundle indices are included in the Hilbert—Schmidt norm. The bound is pathwise and
uniform over predictable U satisfying (11.4).

Proof. In a radial C-frame, compare the two heat kernels before applying them to a distribution.
Their scalar principal Gaussian and one-form identity are the same. Taylor expansion of their
relative parallel transport gives

U@)HE (2,9)U " (y) — HE (2,y) = —ad(h;(2)) (¢ — yY He(x —y) + Re(z,y).

The leading term is 2ead(h;)V;HE, up to a remainder of the same admissible size. A Taylor
remainder of U is O(d(x,y)®), and the first heat coefficient remainder is O(e). Gaussian
moment estimates therefore give

sup [ Zc(z, Vag < Cre® 2 | Belg 13 < Ci (11.8)

We prove the second estimate by taking difference quotients of U. For d(x,z') > /€ it follows
from the first estimate. For d(z,z’) < /€, subtract the two first-order Taylor remainders.
The increment of VU is O(d(x,2")*~1); the differentiated Gaussian terms are bounded using
d(z,2")e®=2/2 < d(z,2)*'. The term involving the increment of h has the same bound
since [|2eVHE (x,-)|| rz < C. This proves (11.8) in each chart. Parallel transport and changes
of frames add only bounded smooth coefficients.

Replacing the full product ad(h;)(2¢V;ScdW) by its low-high paraproduct produces
the same two bounds. To see the small bound explicitly, put N = 2". The high coefficient
block has size N~(@=1) | whereas the Hilbert—Schmidt evaluation norm of the corresponding
differentiated noise block is bounded by CeNZe~cV ?. Their sum is at most

2
Cr Z eNgfaechN < CRG(afl)/Z.
N dyadic

The high—-low terms are bounded by summing the coefficient tail first. The Cg‘_l(Lz) bound
follows from the same dyadic sum without the small factor. Smooth localizations have rapidly
decreasing off-diagonal block tails, which satisfy these bounds as well. Applying a dyadic block
to the two bounds in (11.8) proves (11.7). O

Lemma 11.3 (A stochastic convolution of the kernel remainder). Under the preceding as-
sumptions, for every p < oo and 0 < f < a — 1, with an arbitrarily small v > 0 satisfying
B+rv<a-—1,

1/p
(BICCBAWI, os) < Cpinpucet =72 (119
TVx
The same process tends to zero in parabolic CL=%, after a further arbitrarily small loss if

necessary. No Gaussian assumption on E. is made. In addition, for 0 < v < 1 and every
sufficiently small v > 0, the same proof gives the faster low-norm estimate

1

Proof. Use a spectral dyadic resolution for Ac to commute the output block with the heat flow;
changing the resolution in (11.7) preserves that bound. Its frequency-localized heat kernel has
L! norm at most Ce=2*"". 1to isometry and BDG therefore give, at a fixed point and time,

|AmK (B dW)(t,2)| 1oy < CpR2™™ min{e*~D/2 g7ma=y,

Time increments follow by splitting the stochastic integral at the earlier time and using the
difference of the two heat semigroups in the remaining integral. Spatial increments follow from
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localized kernel derivatives. Kolmogorov’s estimate, with the moment order chosen sufficiently
large, costs at most 2“™ in taking the space-time supremum. For 2" < ¢~ /2 the weighted
bound is Cel@=1/22(B+)m. for om > =1/2 it j5 ¢2-(@=1=F=¥)m  Summation proves (11.9).
The temporal estimate with exponent less than 1/2, together with the spatial estimate, gives
the stated parabolic conclusion. It is not asserted that the stochastic remainder has parabolic
regularity greater than one. For (11.10), use the first term of the minimum in (11.7); the sum
of 2-(1=7=¥)m i finite when the Kolmogorov loss v/ > 0 is sufficiently small. This proves
even the rate without v; the displayed weakened rate is convenient for subsequent localization
estimates. 0

11.3 Moving the low—high coefficient through the heat equation

Let X, = KcSc£ be stationary and put n = 2¢V;X.. For every p > 0, standard heat
covariance estimates give a positive power of € in

||7IEHCTC;—P + ||7le’|c;—p — 0 in every finite LP. (11.11)

More precisely, if X = Kc€ is bounded in C7C, #°, heat smoothing gives
[7ellcres < Oe<1—8—f’0)/2||X||CTc_pO, ~1<s<1—po. (11.12)

Here pg > 0 can be chosen as small as needed independently of the regularity loss k in the
gauge norm. One may first solve the differentiated heat equation on T*¥ ® E. Its difference
from 2eV X, has the form 2 [V, A¢]X.. The commutator has order at most one when the
tensor-product connection is used. Heat estimates show that this difference tends to zero in
CrC272%; it can be included in the remainder below.

Proposition 11.4 (Expansion for a predictable smooth-initial gauge). Define
Ze=Ko(DedW), X=X+ Ze.

Then
Ze=> ad(h;) <n! + R,  Rc—0 in CpC2>", (11.13)
J
locally in probability and in every finite LP under stopped bounds. Also Z. — 0 in C=* and in
CrCL=". The convergences have a positive power of €, with constants depending on the stopped
gauge norm. The following additional low-norm rate is part of the assertion: for 0 < v < k/4,

1Bell g, cr/2 + 1 Zellorree = Orr (et=rmm/2y, (11.14)

Proof. Apply Lemma 11.3 with 1+ 8 =2 — 2x and 0 < v < k. It remains to consider the
low—high term in (11.6). Every low spatial block of A has finite variation in time. It6’s product
formula for that block and the stochastic heat equation for 7. therefore has no quadratic
covariation term. It gives

(O + Ac)(h < ne) = h = (2eVSc.e€) + (0th) < ne + Calh, ne),

where C4 is the spatial commutator between the product and the two compatible Laplace-type
operators. Its leading terms are (Ah) < 7. and —2Vh < Vr,; chart and bundle commutators
have no worse regularity.

Take p > 0 in (11.11) much smaller than . The temporal derivative term is a paraproduct,
not a full product. Indeed,

[Sm—20ihllco < CR2IFI™ Ao < o(1)2 0™,
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Its mth block is bounded by o(1)2(++)™ and heat integration contributes 2-2™. The terms
involving Ah and Vh have the same bound. A small exponent loss in the deterministic
Schauder estimate puts their integrals in C7C2~2% with convergence to zero. This is the
specific frequency summation that permits d;h € C; 17",

For the faster low norm, use (11.12) with s = —p, where p, py > 0 are much smaller than
#. The same commutator forcing now belongs to C; !=%* with size Op»(e(11P=70)/2). Heat
integration places it in C’TC;/z, with that rate, since 1 — k — p > 1/2. Combine this with
(11.10). Finally use (11.12) at a sufficiently small positive s to bound h < 7. in L*°. This
proves (11.14). This rate controls the low—high product of R, with VX, in C; 2.

The constant extension to negative times makes the product identity valid for the whole
causal massive integral without an initial boundary term. Alternatively use zero-start X? and
n? = 2eVXY; then 1°(0) = 0 and again no initial product occurs. If one uses a stationary 7.
together with a zero-start defect, the term —e~*4¢(h(0) < 1.(0)) must be retained. The first
two conventions eliminate this initial boundary term. O

11.4 The Gaussian resonance and the contracted enhancement

Lemma 11.5 (A disappearing resonance with a nonzero mean). For stationary X. and
nf = 2eV X, the centred products

b b ¢ ¢
X& Vi — E[XE; Vin ], Nei Vka,j —Eln.; Vka,j]

7

tend to zero in CTC;° for every o > 0, in every finite LP, with a positive power of €. Their
means satisfy

1
E[X¢; Vinly] = _ﬁéij(ské(sab + o(1), (11.15)
. | .
Elcf ViX2;) = 1o, 0iaOntd "+ o(1). (11.16)

The remainders tend to zero in every smooth spatial coefficient norm. For the zero-start 7]8,
paired with stationary X, replace 1/(167) by t/(167(t + €)); the spatial remainder still tends
uniformly to zero on bounded time intervals.

Proof. Wick’s formula bounds the equal-time covariance of either centred product, at spatial
distance r, by

CeE(r+ Vo) (14 [log(r + Ve)]).

This function has spatial L' norm at most Ce(1 + |loge|), and the pointwise variance is at
most C(1+ |loge|). Consequently a spatial block of scale 2™ has pointwise second moment
bounded by

C' min{e2?™,1}(1 + |loge|).

The two terms in Wick’s formula use respectively C. e2V*C, and ¢2(V2C,)?. These bounds
follow from the heat covariance representation and its Gaussian derivative estimates, so they
remain valid in local bundle frames. The smooth off-diagonal terms are smaller.

Gaussian hypercontractivity supplies all finite moments. Time increments follow from the
same heat covariance formula, at a cost of an arbitrarily small negative power of ¢ in the
temporal supremum estimate; spatial Bernstein and a sufficiently large moment order have an
arbitrarily small dyadic cost. Multiplication by 277" and summation, splitting at 2™ = ¢~1/2,
proves the claimed convergence. This argument also covers the zero-start covariance, whose
extra heat factors only improve the bounds.

For the means, the covariance is % Jor Hydr. At a normal radial diagonal, two derivatives
on the same variable of the principal heat kernel give —dx¢/(877?2), whereas one derivative
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on each variable gives the opposite sign. Multiplication by 2e yields (11.15)—(11.16). The
first omitted diagonal term is O(r~1), hence contributes O(e(1 + |logel)). For zero start the
integral ends at 2¢ + 2t, giving the displayed factor. The statement about smooth coefficient
derivatives follows by diagonal differentiation of the heat parametrix. O

Lemma 11.6 (The equation-generated finite model). The coupled Yang—Mills fized point
factors through the following equation-generated finite model. Retain the noise and jet sectors,
X, X1 =VKcé, the Wick-square and Wick-cube sectors, and the contracted forcing symbol

Q = gc(X, X1), Y =KeQ, Y, = VKQ.

Here q¢ is the algebraic contraction of a solution slot and a derivative slot in (2.8). Retain
also the one-noise responses of qco (v, X1) and qco(X,w) for smooth solution and derivative jets
v,w, their required planted responses ¥, and the four critical contractions

qC(X7Y1)7 CIC(Y7X1)7 QC(X7‘1’1)7 qC’(\IlaXl)‘

Include their jet multiples, reexpansion descendants, and the two planted kernel types in the
finite forcing and solution windows of the singular fixed-point theorem. Denote this collection
by Cym. The outer contractions and one-noise responses are polarised over the finite tensor
coefficient families of solution and derivative jets. In particular an endomorphism acting on
aY or V¥V slot is retained. The inner pure two-noise vertex remains the fixzed contraction
Q= qC’(Xa Xl)

This collection is closed under reexpansion and under every truncated product and integration
used by the fized point on its closed affine Picard subspace: the coefficients of X in U and of
X1 in Uy are fized to the identity. The restricted model and the solution map on this subspace
are locally Lipschitz functions of this contracted finite enhancement. In particular, the free
tensor component X @ VX is not needed separately. A finite shift

(X @ VX)i — (X @ VX)P, + 6;j(ad vg,)*® (11.17)

does not change any equation-generated component, provided its descendants are formed after
the Yang—Mills contraction.

Proof. We restrict the finite construction to the equation-generated symbols. The bracket
and metric contractions in Q¢ are parallel for the chosen tensor-product connections. They
commute with bundle transport and its covariant jet operations. In this construction one
first contracts to the E-valued forcing slot and then applies the original heat kernel on F,
or its differentiated kernel. No commutation of a contraction with heat kernels on different
tensor bundles is asserted. The precision corrections are those of this integration operator
on contracted inputs. The contraction of (11.17) is zero pointwise by 2d;;v; — d;5v; = 0; any
outer jet or bundle endomorphism multiplies this zero after contraction.

First consider reexpansion without jet decorations. The negative linear symbols X, X3
have no jet subtraction. In the paired solution sectors, reexpansion of higher planted symbols
contributes only jets and higher planted descendants. Thus the coefficients of X in U and of
X1 in U remain the identity. Reexpanding Y or a one-noise response ¥, adds its canonical
jet and, for ¥,, reexpands the coefficient jet v. Hence reexpanding qco (Y, X1) adds only
qc(J, X1), while reexpanding q¢ (X, Y1) adds only qo (X, j1). These are precisely the one-noise
jet-labelled terms already retained. The same argument applies to ¥, ;. Reexpanding the
cubic contraction adds only its retained Wick-square and one-noise jet-labelled terms. For
decorated symbols the jet product rule gives this same finite list with lower jet degrees. The
bundle precision defect has the same form, since the two integration extensions act linearly
on that contracted FE-valued input. Thus the staged integration and reexpansion proof of
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the model-construction theorem restricts to Ty, with the same precision bounds and local
Lipschitz estimates.

It remains to check that these components suffice for the iteration. The coefficient of
the additive noise response X is the identity at every Picard iterate; it is not an arbitrary
matrix-valued solution jet. Thus its two-noise derivative product occurs only as Q. Its planted
response is Y, and any next critical multiplication is one of the four displayed contractions.
Replacing an input by a solution jet gives the retained ¥ families. Cubic terms require the Wick
powers and their jet multiples. A further nontrivial generation is above the forcing window,
by the original finite-tree count. Every Picard iterate and its reconstruction therefore use only
the restricted data. The product, reconstruction, and two-kernel Schauder estimates give the
same contraction and two-model estimate on this closed affine subspace. The restriction does
not define arbitrary products of two independently matrix-weighted leading noise symbols;
those products are unnecessary for the additive equation. This proves the factorization and
the assertion about (11.17). O

Theorem 11.7 (Predictable transport of the Yang-Mills enhancement). Let u satisfy (11.4),
with smooth deterministic initial value. Let X be the stationary linear object driven by Sc e dW,
and let )N(E be driven by US’ngU*1 dW , using the constant past extension specified above. Then,
locally in probability,

Qo(Xe, X)) — Qo(Xe, X)) — 0 in CrC2 (11.18)

Its heat integral converges to zero in C273% and in C7C2~3%, with the usual initial lift when
stationary objects are used. The Wick powers, jet-response resonances, and the two three-noise
derivative resonances needed for the Yang—Mills fized point have the same limits for the two
noises. The corresponding models on Ty\ converge to each other in their working model norms
with any positive homogeneity slack. The same deterministic local subtraction coefficients are
used on both sides. The assertion holds uniformly under stopped bounds for families u = u.
satisfying (11.4).

This is a statement for the contracted Yang—Mills equation and its required jet responses. It
does not assert equality of the limits of all uncontracted quadratic tensor components.

Proof. Insert (11.13). First check the low—high term which has the least favourable output
regularity. Heat smoothing and the uncut Gaussian bound give

||VX€HCTC;2” < 067(172n+90)/2HXHCTC;pO'
Consequently (11.14) implies
1Ze < VXl o2 = Op(eP0)/2) — 0, (11.19)

where v + pg < k. In particular this treats R, < VX,. The other two Bony pieces of R.V X,
have positive regularity sum, because (2 — 2k) + (=1 — pp) > 0, and tend to zero using the
high norm of R.. In X.VZ., both nonresonant paraproducts tend to zero in C, 2% directly
from VZ, — 0 in C;* and the Gaussian loss py < k. Terms with two copies of Z,, or with a
spatial derivative falling on the low coefficient h, are treated by these same Bony bounds and
the positive-sum commutator estimates.

The only remaining resonances are the two in Lemma 11.5, multiplied by ad(hy). The
standard paraproduct commutator permits this coefficient to be moved outside the resonance:
the sum of its regularity 1—x and those of the two other factors is positive. Its commutator tends
to zero by (11.11). The centred Gaussian part tends to zero by Lemma 11.5; multiplication by
the random h uses its pathwise Holder bound and requires no independence.
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The sum of the two finite means, before Yang—Mills contraction, is
—%Cadhk +o(1).
8

In the zero-start convention, the coefficient 1/(87) is replaced by ¢/(87(t + €)). In either case
its contraction is proportional to 2d;;h; — d;;h; = 0. This proves (11.18), including at the
initial time, and the deterministic heat estimate proves the assertion about its integral §Y-.

To compare the remaining singular products, write 60X = Z. and JY for the quadratic
response difference. The factors in their differences have the following spatial regularity sums,
using an arbitrarily small Gaussian loss p > 0:

product | sum of spatial regularities
SXVY (1-k)4+(=2p) >0
X VoY —p+(1-3k)>0
Y VX (2-3k)+(-1—p) >0
Y VoX (1—-2p)+(—k) >0
c X2 68X —2p+ (1 —k) > 0.

Thus the differences are defined by classical spatial products. These estimates are uniform over
each retained finite tensor polarisation of the outer coefficient slots; only the inner two-noise
vertex required the Yang—Mills Ward identity. The reverse derivative product still has its
low-high component of regularity —1 — p; in the model its basepoint value is subtracted, exactly
as in the original pointed construction. The increment of §Y has an extra positive power, so
the pointed bound is stronger than its required working degree. No claim of improved global
regularity of Y VX is being made. More explicitly, §Y € C273* and Z € CL™* accompany the
spatial bounds. On a parabolic ball of radius A, subtracting the value of 0Y leaves an O(\)
spatial increment and an O(A\?73%) temporal increment. Pairing this with VX costs A~1=°
and hence gives O(A™7), stronger than the critical degree —3k. The estimates with Z, ¥ and
their jet increments follow in the same way.

For a smooth solution-jet coefficient v, the difference of its response is Kc{Qc(v,dX) +
Qc(0X,v)} and has regularity 2 — k up to an arbitrarily small loss. The same product check
treats both jet resonances. The deterministic logarithmic subtractions multiply either the
same surviving jet on both sides or §.X; the latter contribution tends to zero because (11.13)
has a positive power rate. Wick-square corrections in the cubic difference are handled in the
same way. This covers the finite forcing and solution window in Lemma 11.6, including its
pointed and jet decorations. That lemma shows that these restricted data determine the model
and solution map. The argument uses only this restriction of the free-tensor construction. All
estimates are pathwise in the coefficient norms and use BDG only for predictable stochastic
integrals, which proves the uniform stopped-family assertion.

It remains to verify convergence in the model norms. For the noise leaf, the distributional
identity

D& = (0y+ Ac)Z. — 0 inC "

follows from Proposition 11.4; this is stronger than its assigned white-noise degree. The linear
planted leaf and differentiated leaf follow in the same way.

For the precision defects, apply Lemma 8.10 to differences. An inner quadratic source
difference is in C; 2%, one order better than the original quadratic source; an inner one-noise
response source difference is in C,; ®, again one order better. Multiplication by a coefficient
remainder vanishing to parabolic order N, followed by either of the two heat kernels and its
prescribed jet subtraction, therefore obeys the original precision table with at least its original
slack. At a critical outer vertex the differences are the classical products in the displayed
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table; the pointed value subtraction was checked explicitly above. Root coefficient remainders
and several coefficient slots are handled by the same finite telescoping identity as in the
model-assembly proof. The local logarithmic terms cause no loss because |loge|Z. — 0 in its
stated norms.

Thus both the realization bounds and the II,I'; , — I, precision bounds converge on Ty;.
The staged deterministic integration extension first adds Y, ¥ and their differentiated kernel
types; its local Lipschitz estimate gives their I' bounds. Multiplicative reexpansion then gives
the I" bounds for the retained critical products, and the last integration extension gives the
terminal responses. This proves convergence in all three model seminorms. O

Corollary 11.8 (The fixed drift is independent of the smooth heat cutoff connection). Fix
the DeTurck drift with reference B and initial data in the class of the fized-reference local
existence theorem. For any smooth connection C, replacing SpedW by Sc.edW in its bare
approzrimation gives the same local limit. The convergence is in the local topologies of that
theorem.

Proof. Apply Theorem 11.7 with constant gauge u = 1 and interchange the names of the
drift and cutoff references. The contracted quadratic difference tends to zero, and the proof
checks every remaining forcing symbol. Continuity of the coupled singular fixed point and
its initial lift gives the conclusion. Equivalently, in the forest description the only potentially
nonvanishing new local finite coefficient is (11.2); it vanishes after the Yang-Mills contraction.
Every logarithmically divergent mass graph containing a cutoff difference gains one heat length
and hence has vanishing difference. This corollary concerns spatial heat regularization; it does
not identify schemes with a temporal mollifier. O

11.5 Stability when the rotated Brownian motion also varies

Lemma 11.9 (Finite Ité6 enhancements of converging rotations). Let V,,,V be predictable
orthogonal bundle multipliers, on the same filtered probability space, and set AW ™ =V, dW,
dW(®) =V dW. Suppose that V,, — V locally in probability in the operator supremum norm
on space and time. Every fized finite collection of deterministic L?-kernel, time-ordered iterated
1t6 integrals of these Brownian motions converges jointly in probability. If the corresponding
canonical enhancement has uniform bounds in a strictly stronger Holder model norm, its finite
working model converges in the weaker norm as well.

Proof. Start with finite-rank deterministic step kernels, and telescope a time-ordered integral
of order n by replacing one noise differential at a time. On a stopping interval where
Vi = V]loo < 9, the layer containing the difference has an L? operator factor at most 4.
At every other layer, conditional It6 isometry and orthogonality preserve the Hilbert norm.
Iterating the isometry gives an L? bound at most né|F|| 2 for the difference, up to the
convention for symmetrization. Density extends this conclusion to arbitrary deterministic L?
kernels. Removing the stopping and then letting ¢ | 0 proves convergence in probability.
Each W is a cylindrical Brownian motion in the given filtration. Thus each of its
deterministic-kernel enhancements has the usual Gaussian-chaos moment bounds, even though
the collection (W), () need not be jointly Gaussian. The renormalized finite diagrams
decompose into finitely many such iterated integrals, including their integrable first-chaos
contractions. Convergence for a countable determining family of tests, uniform stronger Holder
bounds, and compact embedding with the stated exponent slack give convergence in the weaker
model norm. Massive tails of kernels on the whole time line are removed in L? before applying
the finite-time argument. O
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The finite anomaly in Proposition 11.1 is the heat-kernel version of the tensor anomaly proved
by Bringmann and Cao [4]. The internal numbering used here is that of arXiv:2305.07197v2,
dated 13 August 2025: Lemma 7.60 and Proposition 7.58; the bibliography records the
published Memoirs version. The present argument uses the stronger regularity furnished
by a smooth initial comparison gauge. For rough initial gauges the direct Hilbert—Schmidt
summation in Lemma 11.3 does not give the required remainder regularity; the additional
causal product analysed in Section 7.2 of that arXiv version then becomes relevant. Spatial,
predictable regularization is essential to the finite-variation It6 calculation above. Space-time
regularizations have additional finite covariance corrections, as demonstrated in [7, Section 7].

12 Reference covariance of the local continuum flow

We combine the comparison-gauge equation with the contracted enhancement estimate. The
solutions are the bare spatial-heat limits of Theorem 8.14, with the finite normalization
fixed there. Write Ap(t; Ag, W) for the solution with reference B, initial connection Ay, and
cylindrical Brownian motion W. The gauge convention is u - A = uAu~! — (du)u~?.

Theorem 12.1 (Pathwise comparison with a smooth initial gauge). Let 0 < k < 1/16, let
B, C be smooth connections on a fixzed principal bundle over the closed surface, and suppose
Ay — B € c"(E). Let up be a smooth deterministic gauge. On the filtered probability space
of Ap = Ap(-; Ag, W), solve the comparison equation (10.7) with initial gauge ug, and write
U = Ad,. Define the predictable rotation

AW, = Uy dW,. (12.1)

Then W is a cylindrical Brownian motion for the original filtration, after a predictable or-
thogonal extension beyond the comparison lifetime. On each bounded stopping interval use
the terminal-value extension of U; an arbitrary predictable orthogonal extension beyond the
maximal lifetime supplies a full driving Brownian motion. Almost surely,

Ac(t;ug - Ao, W) = u(t) - Ap(t; Ao, W) (12.2)

until Tg A 7c, the minimum of the two canonical representative lifetimes. The comparison
gauge cannot terminate strictly earlier while both representatives are alive. The approzimation
and identification hold in probability in the local state topology, and in every finite moment on
the bounded localizations of the fized-point theorem.

No equality of the maximal lifetimes of different DeTurck representatives is part of this
statement.

Proof. The exact approzimation identity. Set Aj = B+ Sp (Ao — B), as in the fixed-reference
approximation, and let A% be the bare cutoff solution with that initial value. Let u® solve the
comparison equation along this path, with initial value ug. The fixed-reference convergence
and Theorem 10.3 imply, on every common bounded localization,

AGB — AB in CTciﬁa
u® —u in Cpc?",
out — Owu in Cpc™ ", (12.3)

The gauges have finite variation in the last spatial space. At positive cutoff and away from the
initial time the fields are spatially smooth, so the classical time-dependent gauge identity and
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1t0’s product rule apply. The gauge factor has no quadratic covariation with the driving noise.
Passing to the initial time by continuity in ¢™" gives

AC = uf - A, AWe = U dW,
dA® = Vo(AS) dt + USp (US)LdW, A(0) = g - A5, (12.4)

This equation has the bare drift V. Its initial connection converges to ug - Ag in ¢". The
initial-data continuity estimate therefore applies to these transformed initial values as well as
to the C-heat smoothing of ug - Ap.

Convergence of the noise models. Each W€ is a Brownian motion for the original filtration.
The family U€ satisfies the stopped bounds (11.4) by (12.3). Extend a stopped gauge by its
terminal value, as required in Section 11. Theorem 11.7, applied with noise WE, shows that the
equation-generated model for the noise in (12.4) differs by op(1) from the model for S¢ . dWe.
The same deterministic forest subtractions are used in the two models. In particular this step
does not appeal to Gaussianity of the joint pair (U, WE)

Second, the model for Sc . dWe converges to the canonical model built from we. Although
this Brownian motion varies with €, the convergence estimate is uniform: the pair of canonical
cutoff and limiting models is a fixed measurable function of its white-noise argument, whose
law is the same for every e.

Third, (12.3) implies convergence of U€ to U in the operator supremum norm on space and
time. Lemma 11.9 therefore shows convergence of the canonical models of W€ to that of W.
This is the required enhancement stability; convergence of the rotated noises as distributions
alone would not suffice.

Identification of the nonlinear limit. The forest identity of the fixed-reference theorem is
algebraic and applies to every smooth input, including the adapted input in (12.4). A model
with the prescribed subtractions reconstructs the drift Vo — €¢; adding € to the modelled
equation reconstructs exactly the bare drift in (12.4). These deterministic affine coefficients
converge, and no extra finite term survives the Ward cancellation. Lemma 11.6 and the local
two-model fixed-point estimate now identify the limit of A€ as Ac(-;up - Ao, W)

On the other hand, continuity of the rough gauge action and (12.3) identify the same limit
as u - Ap. This proves (12.2) on the first common local interval. Uniform local estimates
and restart prove it on each compact common interval. Exhausting bounded localizations
and rational terminal times makes the identity simultaneous almost surely. The Brownian
assertion follows from predictability, orthogonality, and the cylindrical Lévy characterization,
as in Proposition 10.10.

To verify the asserted lifetime range, suppose the comparison gauge ended before both
canonical representatives. Those two paths are bounded in the state norm on a compact
neighbourhood of that time. Their equality up to the gauge lifetime and (10.18) bound the
gauge in G!=*. This contradicts (10.10). The identity therefore holds up to 75 A 7¢, without
any assertion that these two lifetimes are equal. O

Theorem 12.2 (Comparison for a rough initial gauge). Theorem 12.1 remains valid for
ug € G1F(P), with the weighted comparison gauge of Theorem 10.3. In particular the identity
(12.2) includes the initial time in the state topology c¢™".

Proof. Choose smooth gauges up,, — up in G'™". Such approximation follows from the
definition of the little Holder gauge group, using ambient smoothing followed by a fibrewise
tubular retraction. Solve the comparison equations u,, along the same limiting path Ag. The
rough comparison theorem gives a uniform initial existence interval on bounded data sets and

Up —> u  in CpG' ™", Up - Ap — u-Ag in Cpc™",
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with the weighted stronger convergence at positive times. Moreover ug, - Ag — ug - Ag in ¢™".

For each fixed n, the smooth-initial identity first holds locally. It extends throughout a chosen
compact interval on which Ag and u, are bounded: their product is bounded in the state
norm, so the C-solution cannot terminate there by (9.2). The uniform rough-gauge bounds
therefore supply a common interval for these identities even when [|ug ||c2-~ tends to infinity.

Put dW" = Ad,,, dW and dW = Ad, dW. The rotations converge uniformly in space
and time in probability on the common localizations. Lemma 11.9 gives convergence of their
canonical enhancements. The initial-data and two-model fixed-point estimates therefore yield

Ac(-3uom - Ao, W) — Ac(-5up - Ag, W) locally in probability in Cpc™".

For every fixed n the left-hand side equals u,, - Ag by Theorem 12.1. Taking n — oo proves the
result. The two-representative argument at the end of the smooth-initial proof gives the same
lifetime range. For each fixed smooth initial gauge we first take the heat-cutoff limit. The
subsequent rough-initial limit uses the uniform c¢!~* comparison theory and Brownian-model
stability, so it requires no uniform ¢>~* bound on the approximants. O

Proposition 12.3 (Composition of gauges and rotated noises). Let u compare references
B and C along Ap, and let v compare C and D along u - Ag. On a common existence
interval, their composition vu is the comparison gauge from B to D with initial value vouyg.
The corresponding Brownian rotations satisfy

t . t
/ Ad,, dW, = / Ady,, AW, (12.5)
0 0

The inverse gauge gives the inverse rotation.

Proof. The deterministic comparison identity telescopes:

(8t(vu))(vu)_1 = (Ow)vt + Adv((atu)u_l)
= XD(UU : AB) — Ady, XB(AB)-

The weighted rough products are justified by the comparison theorem, or by smooth approxi-
mation. Its uniqueness proves the gauge assertion. Equation (12.5) is the associativity of 1t6
integration for bounded predictable orthogonal multipliers. Applying the same argument to
u~! proves the inverse statement. ]

Corollary 12.4 (Reference-independent local orbit laws). Let m denote the rough gauge-orbit
map on Ax(P). If Al = ug - Ao with ug € G1=F(P), then for any smooth references B,C' the
two local solutions starting from Ag, Ay admit a coupling by cylindrical Brownian motions such
that

TAp(t; Ag, W) = mAc(t; Ay, W)

on their common comparison interval, almost surely. In particular their local orbit-path laws
are consistent under restriction to common coupled stopping intervals and depend only on the
initial rough gauge orbit. The composition of these local comparisons is consistent for three or
more references.

Proof. Use Theorem 12.2 and apply 7 to (12.2). The rotated driving motion has the same
white-noise law, so each marginal is the prescribed fixed-reference continuum solution law.
The local cocycle in Proposition 12.3 gives consistency of repeated reference changes. The
statement identifies local orbit germs, equivalently these common stopped comparisons. It
does not compare laws killed at reference-specific explosion times. Section 20 continues them
by measurable changes of representative to obtain the maximal local orbit process and its
intrinsic lifetime. O]
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All assertions have a conditional version at a stopping time. The gauge at that time is
measurable with respect to the past, and the future Brownian increments are independent
of that past. An independent auxiliary negative-time noise can be used for the stationary
model at the restart; the causal solution map removes dependence on this auxiliary choice.
Conditioning on the initial sigma-field and applying the same stopped estimates then gives
the local comparison and noise cocycle after restart.

13 Abelian dynamics in every topological sector

Let ¥ be a connected, closed, oriented Riemannian surface, and put V' = Vol(X). We identify
u(1) with R by r — —ir. Thus a real local connection form a represents the unitary connection
form —ia, its real curvature is da, and parallel transport contributes exp(i [a). In this
convention the degree of a Hermitian line bundle is (27r)~! [, F4. All Laplacians below are
nonnegative.

Fix an integer m and a Hermitian line bundle L,, — X of degree m. There is a smooth
unitary connection A,, with real curvature

Fu = %?mvolg. (13.1)

Indeed, if B is any smooth connection, the two-form Fp — (2rm/V)vol, has zero integral.
Hodge theory gives a smooth one-form b with db = Fg — (2rm/V')voly, and B — b has the
required curvature. The difference of any two connections on L,, is a globally defined real
one-form.

13.1 A complete state space for the Abelian gauge quotient

Write A, for the Hodge Laplacian on real g-forms and H = ker A;. Define the lattice

A= {h eH: / h € 2nZ for every smooth closed curve fy} , Jg =H/A. (13.2)
gl

The quotient J, carries the flat metric induced by the L? inner product on H. In genus zero,
Jg is a single point.

For s > 0, let H_, be the coexact subspace of H*(3;T*X). Our state space in degree m
is

Ems = H 2 X J,. (13.3)

coex

It is Polish for the product of the Sobolev and flat torus metrics. The Hodge decomposition
identifies the exact component with gauge translations and the harmonic ambiguity with the
period lattice.

Proposition 13.1 (Completion of the smooth Abelian gauge quotient). Every a €
H=(%;T*Y) has a unique decomposition

a=dé+ac+h, / gvol, =0, dcH™ accHS, heH.  (134)
P
The translation subgroup
Ks=dH"*(%;R) + A C H (%Y%)

is closed. The map
[Am + CL} — (Pcoexaa [P’Ha]) (135)
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is a homeomorphism from the quotient by KCs onto &, s. The subgroup ICs is the closure, in H ™%,
of the translations induced by smooth U(1) gauge transformations. For smooth connections,
the equivalence relation in (13.5) is precisely smooth gauge equivalence.

Proof. Let Gg be the inverse of Ag on functions of mean zero. The formula ¢ = God*a gives
the exact component, and the remaining components are the bounded Hodge projections.
Elliptic regularity gives ¢ € H'~*, with continuous dependence on a.

The exact subspace is the range of the bounded projection dGod*. It is closed. If d¢, + A,
converges in H ~*, its harmonic projections A,, converge in the finite-dimensional space H. The
lattice A is discrete, so this sequence is eventually constant. This proves that ICy is closed.
The continuous Hodge projections identify its quotient with (13.3); the inverse sends (ac, [h])
to [A;, + ac + h]. This inverse is continuous by the quotient topology of the finite-dimensional
lattice action.

The adjoint action of U(1) is trivial, so gauge transformations of any L,, are canonically
maps u : X — U(1). For a smooth gauge, its real logarithmic derivative has periods in 27Z and
is closed. It therefore has the form d¢ + A, with ¢ smooth and A € A. Conversely, any such
one-form is a logarithmic derivative: integrate it from a fixed base point and exponentiate; the
period condition makes the resulting circle-valued function single-valued. Smooth functions
are dense in H'~*, which proves the closure assertion. Finally, if a smooth one-form equals
d¢ + \ with ¢ € H' =, then Agp = d*(a — \) is smooth. The mean-zero potential ¢ is smooth
by elliptic regularity. Thus no additional identifications of smooth connections have been
introduced. O

Smooth connections modulo smooth gauges are dense in (13.3). To define line observables
for the diffusion on this completion, we first construct Gaussian traces and then identify their
full-measure reconstructible domain in Section 16.

13.2 The global diffusion and its invariant measure

Let (ej)j>1 be an L?-orthonormal eigenbasis of coexact real one-forms, with Aje; = \je; and
Aj > 0. The positive coexact eigenvalues are the positive scalar eigenvalues, with multiplicities:
if f is a scalar eigenfunction of eigenvalue A > 0, then A~'/2 x df is a normalized coexact
eigenform. In particular, Weyl’s law on a surface gives A\; < j for large j.

Let (;);j>1 be independent real Brownian motions, and let B™ be an independent Brownian
motion on H whose covariance is the L? inner product. For x = (ag, [ho]) € Em,s, define

t
a = e Blag + Xy, X, =v2> (/ e Ni(t=m) dﬁj(?“)) ej, (13.6)
0

j>1
[he] = [ho + V2B (13.7)

These are the gauge quotient equations for the Abelian Yang—Mills Langevin dynamics with
action 3||Fa|%, and noise amplitude /2. Indeed, the constant-curvature reference satisfies
d*Fy,, = 0, and on coexact forms d*d = A;. The exact noise is removed by the completed
gauge quotient; the harmonic noise remains as Brownian motion on Jj,.

Theorem 13.2 (Global dynamics in a fixed degree). For every m € Z and s > 0, equations
(13.6)—(13.7) define a continuous, global, strong Markov process on Ep, 5. Its transition semi-
group s strong Feller and topologically irreducible. Its unique invariant probability measure
18
fm,s = Vs @ Haar,, vy = Law Z /\j_l/zgjej , (13.8)
Jj=1
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where the (; are independent standard normal random variables. The process is reversible with
respect to fim.s, and its law from every initial state converges weakly to fim, s ast — 0o.

Proof. The covariance of the jth coordinate of X is

1— 6—215)\]'
gi(t) = ——— (13.9)
J

Consequently,
E||XellF- = > _(1+ ;) "¢;(t) < co.
Jj>1

For 0 <u <t < T, independence of Brownian increments gives

E|X; — XullF—s < CY (14 X) A ' min{L, \j(t — u)}.
Jjz1

For every 0 < 6 < min{s,1} the right-hand side is at most Cyg 7|t — u/’. The Gaussian
moment inequality and Kolmogorov’s continuity theorem give a continuous H ~*-valued version.
The deterministic semigroup is strongly continuous on H ~*, so the full process is continuous
at zero as well.

The explicit formulas give pathwise uniqueness and the restart identity at every deterministic
time. They also give it at stopping times: the countable family of Brownian motions together
with B* has independent future increments after a stopping time, and the semigroup identity
rewrites the continuation using these increments and the current state. This proves the strong
Markov property. The construction is defined for every ¢ > 0, so there is no finite lifetime.

For the strong Feller property, the Cameron—Martin norm of the change in the mean of the
coexact transition law is

@ b e - bl
= s —s

j>1 qj (t)
because
A1+ N)se= 2 -
sup —————+— < 0.
>\Z>I\)1 1 — e—2tA

The Cameron—Martin change-of-mean formula implies continuity in total variation as a — b.
More explicitly, for a Cameron—Martin shift v, the density with respect to the unshifted
Gaussian measure has second moment exp(||v||Z,,); Cauchy-Schwarz therefore bounds the
total variation difference by a constant times (exp(||v||Zy,) — 1)'/2
finite-dimensional torus has a smooth heat kernel, and its translated transition densities vary
continuously in L'. The product kernel therefore maps bounded Borel functions to continuous
functions.

. Brownian motion on the

Each coexact coordinate has positive variance at ¢ > 0, and the Gaussian covariance is
trace class in H~*. Its support is all of H_?.: a finite-dimensional projection can enter any
prescribed ball with positive probability, while an independent tail has arbitrarily small second
moment. The torus heat kernel is strictly positive. This proves irreducibility.

The series in (13.8) converges in L?(£2; H*). Each of its coordinates is the stationary
law of the corresponding Ornstein—Uhlenbeck equation, and Haar measure is stationary for
torus Brownian motion. Independence proves invariance. The one-dimensional Ornstein—
Uhlenbeck kernels are symmetric with respect to their centered Gaussian laws, and the torus
heat kernel is symmetric with respect to Haar measure. Finite products are reversible; cylinder
approximation gives reversibility of the full process.
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Finally, e 1y — 0 in H~°. On a common sequence of normal variables, the centered
transition law and v, can be coupled by coefficients qj(t)l/ 2 and )\j_l/ 2. Dominated convergence
of the weighted square sum shows convergence in L2(€; H~*). The torus heat kernel converges
to Haar measure. Thus every pointwise transition law converges weakly to ji, s. If i were
another invariant probability measure, apply this convergence to any bounded continuous
function and integrate against ;1. Dominated convergence yields i = iy, . O

Proposition 13.3 (The sharp spectral gap). Let A. be the first positive coexact Hodge
etgenvalue. Let

N ={keH: (kN2 €2nZ for every X € A}, Aj = keg\r&i\r}{ﬂ} 15|32,

with Ay = +o00 if H = {0}. The L*(um.s) spectral gap of the process is
pg = min{Ac, A\s}. (13.10)
In particular, if [ F dpm,s =0, then

[ PF | 2

() < €PN F L2

Hm,s)*

Proof. On a function depending on finitely many coexact coordinates and on the harmonic
torus, the generator is

L= Z — Xja;0a,) — Ay,

Products of Hermite polynomials in the normalized Gaussian coordinates and Fourier characters
on J,; form a complete orthogonal basis in LQ(um,s). Their nonnegative decay rates are

an)\j + &1, nj € Ny finitely supported, k€ A*.
J

The smallest nonzero rate is (13.10). It is attained by a first coexact coordinate, or by a first
nonconstant torus character, according to which term is smaller. O

Remark 13.4 (Topological sectors). The integer m is conserved by the dynamics. The uniqueness
in Theorem 13.2 is a statement in a fixed sector. On the disjoint union over all degrees, every
probability mixture ), Dmitm,s is invariant. A choice of weights between topological sectors
is additional data and is not selected by this diffusion.

13.3 Independence of the reference connection

Proposition 13.5 (Affine change of reference). Let B = A,, + b be any smooth reference
connection on Ly,, and write b = d¢ + b + by. The change of coordinates

Ty(a, [h]) = (a — be, [h — by)) (13.11)

is an affine homeomorphism of the completed gauge quotients. In B-coordinates the process
satisfies

day = (—A1a; — d*Fp) dt + V2Peoex AW, (13.12)
[he] = [ho + V2BJY). (13.13)

Its invariant coexact law has mean —b. and covariance AT' on the coexact subspace. The
transition semigroups and invariant measures in the two references are conjugate by Ty.
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Proof. The exact term d¢ is a gauge translation. Since Fp = Fjy,, + db. and b, is coexact,
d*Fp = d*db. = Aqb..

Subtracting the fixed vector b. from (13.6) gives (13.12). Subtracting [by] translates the
harmonic torus. The stated assertions follow directly from these identities. In particular, two
constant-curvature references differ by a closed one-form; their coexact difference is zero. [

13.4 Gaussian line traces and Wilson loops

We use closed curves whose nonconstant pieces are regular C? arcs, with finitely many pieces.
Self-intersections and repeated traversal are allowed. Their one-currents are defined by

(Jy,w) = /w, we C®(E;TY).
g

Lemma 13.6 (Sobolev regularity of a curve current). For every such curve v and every
re(1/2,1), J, € H"(X;T*Y). Consequently,

Q(ym) = (A7 Peoex Ty AT Proely ) (13.14)
is finite for every pair of such curves.

Proof. Cover the finitely many arcs by finitely many coordinate neighborhoods in which each
arc is a C? graph. A C? change of coordinates straightens the graph and acts boundedly
on H" for 0 < r < 1. On a straight segment, the trace estimate |[v(-,0)||2 < Cr[|v]|gr(w2)
holds for > 1/2. One proves it by Fourier transformation in the tangential coordinate and
Cauchy-Schwarz in the normal frequency, using the integrability of (1 + n?)~". Multiplication
by the smooth localization functions and by the C! tangent coefficients preserves this estimate.
Summing over the finite cover proves the current bound. The operator A;l/ 2PCOex has order
—1, so it maps H~" into H'™" C L2. O

Set P. = e A1, For t > 0, define the regularized coexact trace
L, (t) = (Jy, Peay). (13.15)

Theorem 13.7 (Positive-time Wilson observables). Fiz x € &, s and a curve v as above. For
every 0 < 0 <T < oo and p < oo, the traces (13.15) converge in LP(2; C ([0, T);R)) as e | 0.
Denote the limit by 1,(t). It has a version locally 6-Hoélder in positive time for every 6 < 1/4.
The random variables

Wy n(t) = Hol, (A;,)" exp (in[v(t) + m/ ht> , n € Z, (13.16)
g

are well defined, independent of the representative of [hi], and independent of the chosen
reference connection under (13.11). For any fized countable family of curves, the construction
can be made simultaneously on a single event of probability one. If the initial state has law
Lm.s, the same convergence and time continuity hold on [0, T.

Proof. Put ¢y j = (J,e;). For each r € (1/2,1), Lemma 13.6 gives

> 1+ X)) ey 7 < 0. (13.17)

J

The deterministic part (J5, e_tAla()) is smooth in ¢ > 0, and its heat regularizations converge
uniformly with all time derivatives on [4, 7.
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For the centered stochastic part, write Y, (t) = 32, ¢,,; Xt ;. The series converges in L2(2)

at each time because )
Z \C%j| < oo.
~ )
J

The scalar Ornstein—Uhlenbeck covariance gives

E|Y, (t) = Yy (w)> < CY [y 1225  min{1, At — ul}. (13.18)
j

For every 0 < 8 < 1/2, choose r > 1/2 with 8 < 1 — r. Using min{1, z} < 2# and (13.17), the
right-hand side is bounded by C. g|t — u|?. Gaussian moments and Kolmogorov’s theorem
give every time exponent below 1/4.

Uniform convergence follows from a quantitative bound on the regularization error. Choose
g > 0and g > 0 with 2¢ + 5 < 1/2, and then choose r € (1/2,1 — 2¢q — ). The multiplier
bound |1 — e~} < Cqye?? and the preceding covariance calculation imply

E ’(Y%E - Y’Y)(t) - (Y%E - Yv)(“)|2 < 052q|t - U‘B’

as well as E|(Y, - —Y,)(t)]* < Cre®?. Indeed the relevant series is bounded by >, [c, \2/\]2-'1“3_1,
which converges by (13.17). Apply the Gaussian moment inequality with a moment order
larger than 2/, followed by the quantitative Kolmogorov estimate. This proves convergence in
every finite LP(€2; C([0,T7])) for the centered stochastic part. The stationary centered process
satisfies the same estimates, since its increment variance in coordinate j is 2)\;1(1 — e Nlt=uly,

For A € A, the number fv A is in 277Z. Hence the harmonic exponential in (13.16) is a
character of J,. Its sample paths are continuous. The relation between the classical holonomies
of two references is

Hol, (B) = Ho17(,4m)exp(i L b>.

Subtracting b. and by from the random coordinates cancels this factor; the exact part of b
integrates to zero. This proves reference independence.

The regularization bounds imply almost sure uniform convergence along € = 2% by Markov’s
inequality and Borel-Cantelli. Intersect the corresponding events over a countable family of
curves and intervals [1/N, N]. This gives the simultaneous assertion. The stationary version
includes time zero by the same argument on [0, N]. O

Remark 13.8 (Measurability and the scope of the trace construction). For a fixed curve, each
heat-regularized Wilson expression is a continuous function on &, 5. Its limit along ¢ = 27k,
assigned an arbitrary fixed value when the limit fails to exist, is therefore a bounded Borel
function. Theorem 13.7 identifies this Borel function with the Gaussian Wilson observable
almost surely under every positive-time transition law and under the invariant law. This first
construction applies to each specified finite or countable family of curves. Section 17 proves a
simultaneous extension to all piecewise regular C? loops on an explicitly specified, pathwise
invariant Borel domain, using uniform estimates on bounded regular curve families. No line
trace is assigned to every negative Sobolev connection.

13.5 Exact joint Wilson formulas

For a finite integral combination of closed curves, write
N
J=> gy, ne€Z, Ly(h)={Jh) (heH).
/=1
Let v; € H be the L? Riesz representative of £;. The period condition implies vy € A*.

98



Proposition 13.9 (Joint characters at finite time and at equilibrium). For deterministic
initial state (ag, [ho]) and t > 0,

N N
E(ag,[ho)) H Wy n, (8) = <H Hol,, (Am)m]> €Xp (i<‘]’ 6_tA1a0> + MJ(hU)>
(=1 /=1

1
X exp(—2 <J, Al_l(l - 672tA1)Pcoex<]> - t”vJH%2> : (13.19)

The quadratic pairing is interpreted through (13.14). At equilibrium,

N N
1,
Ep [T Woene = (H Holw(Am)”’~’> 1(,,—0 €XP (-2 (1,47 1PCO6XJ>) . (13.20)
(=1 (=1

The condition vy = 0 is equivalent to Y, nelv] = 0 in Hi(3;Z).

Proof. The coexact trace is Gaussian with the mean and variance displayed in (13.19). It
is independent of the harmonic Brownian motion. The torus character [h] — €*7(®) has
generator eigenvalue —||vs||3,. Multiplying its expectation by the Gaussian characteristic
function proves the finite-time formula. Integration against Haar measure annihilates every
nontrivial torus character, and the stationary coexact covariance is Al_l, which gives (13.20).
Harmonic one-forms separate real homology classes, and the integral first homology of a closed
oriented surface is torsion free. Thus v; = 0 is equivalent to the stated integral homology
relation. O

Corollary 13.10 (Fixed-flux Gaussian curvature). Under pi, s, the distributional curvature
has law

2mm (n,1)
FA = (V + 77[)> VOlg, No =1 — T, (1321)

where 1 is real scalar white noise on X. This curvature is independent of the harmonic
coordinate, which has Haar law on J,. In particular, the total curvature is almost surely 2mm.

Proof. Choose an orthonormal basis (f;) of mean-zero scalar eigenfunctions, Ao f; = A; f;, and

choose the coexact eigenbasis e; = —)\]-_1/2 * dfj. Then de; = A;/ij voly. Applying d to the
stationary Gaussian series gives

d (Z Aj_lﬂcjej) = (Z ijj) VOlg.
J J

The equality holds in H~!7% and the scalar series is mean-zero white noise. Add (13.1).
Independence follows from the product invariant law, and pairing with the constant function
gives the total curvature. O

Corollary 13.11 (The area covariance and the degree-dependent Wilson law). Let D, E C ¥
be regions with piecewise C? boundaries, oriented by X. For a boundary with several components,
Wap,n denotes the product of their oriented Wilson characters. For the centered coexact process
started at zero,

E[lop(t) ()] = (1, (I — ™40 15) . (13.22)
At equilibrium this covariance is
Area(D) Area(FE
Q(OD,0F) = Area(D 1 E) — 21 )v rea(E) (13.23)
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In particular, for n € Z and d = Area(D),

2rnmd ~ n? d?
R, Wap.n = exp <z me. _n (d - )) . (13.24)

V 2

More generally, for an integral linear combination of region indicators f =3 ,n/lp,,

2mm 1 — _ B
By s HWE)Dzm = exp(z v /Efvolg — §Hf - f”%z) , f=v 1/Efvolg. (13.25)
¢

Proof. With the orientation and current convention above, Stokes’ theorem gives Jop = —*d1p,
where the current is identified with a distributional one-form by the L? pairing. The two minus
signs cancel in each covariance. The identities

e B s d = xde R0, ATl xd = xd Ay!
hold on the mean-zero scalar subspace. Therefore
<J3D, A;l(l — 6_2tA1)J3E> = <1D7 (I — 6_2tA0)1E> .

The computation can first be made with smooth approximations to the indicators; convergence
follows from their L? convergence and from the boundedness of I — e~ 240, Letting t — oo
gives (13.23). The boundary current has zero harmonic projection. Moreover, the Abelian
Stokes formula for the reference connection gives

2mmd
Holypp(An) = exp(z'/ FAm) = exp(i T > )
D

Substitution in (13.20) proves (13.24). Bilinearity gives (13.25). Adding an integer constant
to f leaves the final expression unchanged: the variance is unchanged and the phase changes
by an integer multiple of 2mwim. O

13.6 Compact torus structure groups

Corollary 13.12 (Every principal torus bundle). Let G = R"/(27Z") and equip its Lie algebra
with the positive definite inner product matrix M. For every Chern vector ¢ € Z", the preceding
construction gives a global strong Feller, irreducible, reversible diffusion on

HR"
2rH(3;Z) @ 27

HP (SiR7) x

coex

where integral cohomology is represented harmonically. Its invariant coexact covariance, in the
displayed real coordinates, is Al_l ® M™Y. and its harmonic invariant law is Haar measure. It
is the unique invariant law in Chern sector c. Equip the harmonic torus Jg nr in the displayed
state space with the flat metric induced by L?> @ M, and let AJ, . be its first positive Laplace
eigenvalue, with value +00 when the harmonic space is zero. The sharp L? spectral gap is

pg,M = min{AC’ AJQJ\/[}' (13.26)

For a character n € Z" and d = Area(D), the equilibrium boundary Wilson expectation is

exp <i2”(" 9d _nIMn (d - d2>> . (13.27)

v 2 |4
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Proof. Every principal T"-bundle is the fiber product of its coordinate circle bundles. Their
degrees are the entries of ¢, and their constant-curvature connections combine to a reference
with curvature (27/V)cvol,. Apply Hodge decomposition to R"-valued forms, with identity-
covariance noise for the Lie algebra metric M. In the displayed real coordinates its covariance
is M1, giving the stated coexact covariance and the dual character variance n' M ~'n. The
Hodge projections act only on the surface factor, and the harmonic Brownian motion descends
to the period lattice of smooth torus gauges. The Gaussian and finite-dimensional torus
arguments above prove the Markov, support, invariance and trace assertions. The coexact drift
eigenvalues remain A; in an orthonormal Lie algebra basis, while the harmonic characters have
the decay rates of A, ;. The Hermite-Fourier argument of Proposition 13.3 gives (13.26). [

14 Separation of gauge orbits by observables

An unrestricted infimum over two non-Abelian gauge orbits can vanish for connections with
different Wilson loops. The following example uses unbounded sequences of representatives.

Proposition 14.1 (Collapse of the double-infimum formula). On the flat torus T? = (R/277Z)?
with structure group SU(2), let 0 < a < 1 and k > 0. Equip smooth Lie-algebra-valued one-
forms with the sum of the C™" norm and the norm

| Jo Al | Jor Al
su + su ,
&l TR |Rper?

where £ runs over short straight segments and R over coordinate rectangles in a fized finite flat
atlas. Denote this sum by || - ||x. There are smooth connections A, B in different based gauge
orbits, with different Wilson loops, such that

inf |lu-A—wv-Blx=0. (14.1)
u,weCL(T2,5U(2))

The same example applies if all sufficiently small flat triangles are included among the circula-

tion tests.

Proof. Let K =io3 and H = ioy, with o1, o3 the Pauli matrices. Set A = %H dx, B =0, and
un(z,y) = exp(NzK) for positive integers N. These are smooth periodic gauges based at
(0,0). Under the convention u - A = uAu~" — (du)u=1,

uy - A—un-B=1%Ady, Hdx = X(cos(2Nz)H + sin(2Nz)J) dz

for a fixed J € su(2). The final expression is the exterior derivative of a periodic function of
size O(N~1). Its circulation around every contractible closed curve is zero, and its integral
along a straight segment /£ is bounded by C min{|¢|, N~!}. Its segment norm is therefore at
most CN®~!. The single-frequency Besov estimate gives a C™" norm at most CN ~*. Taking
u=v = uy proves (14.1).

Along the fundamental z-circle based at (0,0), the holonomies of A and B are respectively
exp(—5ioy1) and I. Their traces in the defining representation are 0 and 2. Based gauge
transformations preserve these holonomies, and all gauge transformations preserve their traces.
Thus the two connections belong to different gauge orbits. O

The two transformed representatives escape every bounded set: uy -0 = —NK dx. Thus
the unrestricted double infimum can identify smooth gauge classes with different Wilson values;
estimates confined to bounded sets of representatives do not exclude this mechanism.
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15 An intrinsic completion of polygonal holonomies

Fix a base point o € ¥ and a number p > 0 such that every geodesic ball of radius p is strongly
convex. Throughout this section 0 < r < p/4. For m > 1, let

K] = {(xl, oy Zme1) €X™ id(zyg, ) <7 (1< 5 <m), x0=am= 0}. (15.1)

The space K, is compact. A point p € K], specifies a based loop 7, obtained by joining
successive vertices by their unique shortest geodesics. Repeated vertices give constant edges.

Let P — ¥ be a smooth principal bundle with connected compact structure group G.
Choose a bi-invariant Riemannian distance dg on G. If A is a smooth connection and p, € P,
is a frame, write hy,(A,p,) : K}, — G for the holonomy of 7, expressed in that frame. Parallel
transport depends smoothly on the endpoints of a short geodesic, including at a constant
edge. Thus h,,(A,p,) is continuous, and is the restriction of a smooth function defined on a
neighborhood of K, in the vertex manifold.

Definition 15.1 (The polygonal holonomy completion). Equip

¢ =[] C&3,,G)

m>1

with the metric

de(h k) = > z—mmin{l, sup dg(hm(p),km(p))}. (15.2)
m>1 pEK,

Define .7 (P) as the closure in C, of
{(hm(A,po))m>1: A a smooth connection on P, p, € P,}.

The structure group acts on this space by simultaneous conjugation. The quotient is denoted

by %(P) = #,(P)/G.

The isomorphism type of P indexes the completion. On the Abelian reconstruction domains
below, the bundle degree is itself recovered from the holonomy family (Corollary 16.5).

Theorem 15.2 (Intrinsic Polish spaces of holonomy data). The following assertions hold.

1. The space . (P) is Polish. Every element satisfies the holonomy identities for reversal,
concatenation, subdivision of an edge, insertion of a constant edge, and insertion of an
immediately retraced path.

2. The formula

D (A, [K]) = min d: (. g™ ko) (15.3

is a complete separable metric on % (P) and induces its quotient topology.

3. Smooth connections with a frame at o, modulo frame-preserving bundle isomorphisms
covering the identity of ¥, inject into 7. (P). Smooth connections modulo smooth bundle
automorphisms covering the identity of 3 inject into U.(P). Their maps from the smooth
connection space are continuous.

4. For any other 0 < R < p/4, subdivision gives canonical homeomorphisms ;. (P) =~
Hr(P) and . (P) ~ Ur(P), agreeing with the identity on the holonomy data of smooth
connections.
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These constructions use the metric, the bundle and the base point, and require no coordinate
atlas or reference connection.

Proof. For each compact metric space K, the space C(K,, G) is complete and separable in
the uniform metric. To see separability, embed the compact Lie group as a closed submanifold of
a Euclidean space and use separability of the corresponding vector-valued continuous-function
space; a subspace of a separable metric space is separable. Completeness follows from uniform
convergence and closedness of G. The countable product with (15.2) is therefore Polish, and
its closed subspace 4. (P) is Polish.

Each holonomy identity is a closed equality between evaluations of finitely many components,
composed with continuous vertex maps and group operations. For example, subdividing the
Jjth edge at its geodesic parameter s € [0, 1] gives a continuous map K, x [0,1] — K], ; the
values of h,, and h,,+1 are equal on the associated pair of polygons. Concatenation gives a
continuous map K;, X K — K] ..
therefore on their closure. This also proves the assertions for reversal and retracing.

The equalities hold for every smooth connection and

Simultaneous conjugation acts by isometries for d.. Compactness of G shows that the
minimum in (15.3) is attained. In particular, distance zero means equality of actual conjugacy
orbits. The triangle inequality follows by composing conjugations and using their isometric
action. The quotient projection is continuous. Conversely, if a saturated open set contains the
compact orbit of h, it contains a positive-radius metric neighborhood of that orbit: otherwise
a sequence of points in its closed complement approaches the orbit, and compactness produces
a limiting orbit point in that complement. This proves that D, induces the quotient topology.

For completeness, take a D,-Cauchy sequence and a subsequence with successive quotient
distances below 277. Choose representatives successively, using the minimizing conjugation, so
that the d,-distance between successive representatives is below 277. These representatives
converge in 7. (P). Their orbits give a limit of the subsequence, and the original Cauchy
sequence has the same limit. The image of a countable dense subset is dense, so the quotient
is separable.

We prove the injectivity assertion for two arbitrary smooth principal G-bundles P, Q.
Suppose framed smooth connections (A,p,) and (B, ¢q,) have the same based polygonal
holonomies. For each x € ¥, choose a piecewise short-geodesic path ¢ from o to x. Send the
A-parallel transport of p, along ¢ to the B-parallel transport of ¢, along ¢, and extend this
map by G-equivariance on the fiber. A second such path differs from the first by a based
polygonal loop. Equality of its holonomies proves path independence. Locally, one may take a
fixed path to a nearby center followed by a radial geodesic. Smooth dependence of parallel
transport then proves that the resulting bundle map is smooth. These local maps agree on
overlaps by path independence and therefore define a global bundle isomorphism. It preserves
parallel transport along short geodesics, hence the connections, and takes p, to ¢,. Equality
up to simultaneous conjugation gives the unframed assertion. On polygons with at most m
edges, continuous dependence of the transport ODE is uniform over paths of length at most
mr. Hence the map from smooth connections is continuous in every factor and in the product
topology.

Assume now r < R. Choose an integer N with R/N < r. Subdivide every edge of a polygon
in K2 into N equal geodesic segments. This gives a continuous map Sm,N : KPR 5 K ~Nm- The
rule

(Sh)m = th © Om,N

is continuous for the product uniform topologies. On smooth holonomy data it is the identity
expressed at the larger radius, so it sends J.(P) into #z(P). Restriction to K/, C KZ
defines a continuous map in the reverse direction. These maps are inverse on smooth data
and thus on the closures. The same observation shows independence of the integer N. They
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commute with conjugation, giving the quotient homeomorphism. The case R < r follows by
interchanging the radii. O

Corollary 15.3 (Change of base point). Write 7, ,(P) and % ,(P) to display the base point. A
fized short-geodesic polygonal path ¢ from o to o' induces a homeomorphism . o(P) — ;. »(P).
On unframed quotients it is independent of c.

Proof. If ¢ has n edges, insert ¢ before a based polygon at o’ and ¢! after it. This is a
continuous vertex map Kj(o') — KJ_ ,,(0). Precomposition defines a continuous map T, of
holonomy families. On smooth connections it is the change to the frame at o’ obtained by
parallel transport along c, so it maps one holonomy completion into the other. Its inverse
is T.—1, by the retracing identities. The maps commute with simultaneous conjugation and
therefore descend to the quotients. For another path d from o to ¢, the families T.h and T h
are simultaneously conjugate by the value of h on the fixed loop dc™!. This identity holds
for smooth connections and extends to the completion by continuity of evaluation and group
operations. It proves independence of the connecting path on the unframed quotient. ]

A point of J#.(P) is a compatible family of continuous polygonal observables. The compact
group in (15.3) changes the frame in one fiber. Smooth gauge classes are represented faithfully
by these data. Section 16 reconstructs distributional Abelian states, and Section 19 identifies
the rough non-Abelian orbits on the full-heat trace domain. The topology controls each fixed-
edge family K, separately. Section 17 supplies the additional uniform subdivision estimates
that extend the Abelian stochastic observables to piecewise regular C? loops.

15.1 Uniform estimates for polygon currents

For the Abelian analysis, let J, be the real one-current of v,, and set

d = d . . — . — ).

m (D, Q) | max (zj,y;),  p=(x), a=(y;)

For the one-point space K7, set d; = 0. The constants in the next lemma may depend on m,r
and the metric.

Lemma 15.4 (Uniform current and filling estimates). For every a € (1/2,1),

sup ||Jpllg-e < 00. (15.4)
peEKT,

There are 6y, Cpy, > 0 such that whenever dp,(p,q) < do, the difference current is the boundary
of an integer-valued two-chain with density wy 4 € L*(%) and

Jp — Jg = Owp,q, ||wp,q||L°° <2m, ||wp,q”L1 < Crdim(p, q). (15.5)

In particular,
(Ty = T4 AT Peoex (T = J3) ) < Cndln (p, ). (15.6)

Proof. Any geodesic segment of length at most r extends to a geodesic arc of a fixed, slightly
larger length contained in a normal neighborhood. Uniform local graph representations follow
from compactness of the unit tangent bundle and the positive convexity radius. The trace
estimate used in Lemma 13.6 is therefore uniform over all these extended arcs. Integration over
a subsegment is bounded by its length to the power 1/2 times the L? trace norm. Constant
segments contribute zero. Summing over the m edges proves (15.4).

Put § = d,,(p, q) and join each z; to y; by its short geodesic. For each pair of corresponding
edges, fill the quadrilateral with vertices x;_1,x;,¥;,y;—1 by the two oriented geodesic triangles
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obtained by inserting the diagonal from z;_; to y;. When dy is sufficiently small, all these
triangles lie in strongly convex balls. A geodesic triangle in such a ball is an embedded disk, or
is degenerate; its oriented indicator has absolute value at most one. Each of the two triangles
has an edge of length at most ¢ and its other edges have uniformly bounded length. Its area is
at most C'9. One direct verification is to parametrize it by the geodesics from the opposite
vertex to that short edge. Bounds on the differential of the exponential map on the relevant
compact set bound the area Jacobian by a constant times the speed along the short edge.

Sum the 2m oriented triangle indicators. The inserted diagonals and the short joining edges
cancel in the boundary, leaving J, — J,;. At every point the sum has absolute value at most
2m, and its L! norm is bounded by the sum of the triangle areas. This proves (15.5). The
Hodge identity for a boundary current gives

<8w, A1_1Pcoexaw> = Hw - EH%Q

Thus the left side of (15.6) is at most ||wp 4

|Loo ||wp gllL1, as required. O

Lemma 15.5 (A Gaussian continuity estimate). Let (T,d) be a compact metric space with
covering numbers N(T,d,e) < Ce™P for 0 < ¢ < 1. Suppose a centered real Gaussian field

(Z,).er satisfies
E|Z. — Zy|? < Ld(z,w), E|Z.,*> <L

at some fized zg € T. For every n < 1/2 it has an n-Holder version. For every p < oo, its
supremum and n-Holder seminorm have LP norm at most C’T7D70m’pL1/2.

Proof. Choose finite 2 "-nets of cardinality at most C2P". For the union of the nets at levels
n and n+ 1, consider every pair whose distance is at most 6-2~". There are at most C22" (n+1)
such pairs. Gaussian moments imply that the L? norm of the maximum of their increments is

at most
CqL1/22fn/222D(n+l)/q.

Choose ¢ > p so large that n + 2D/q < 1/2. The sum over n of these maxima, multiplied
by 2™ has finite L? norm, bounded by a constant times LY/2. Approximate every point by
successive net points. Their telescoping increments converge uniformly. For two points at
distance between 277! and 27", compare their level-n approximations and then the two
tails. The resulting bound is a constant times d(z,w)”. The variance bound makes this
continuous extension a modification of the original field. The value at zy and the same
estimates control the supremum. Enlarging constants covers the finitely many scales above
the diameter normalization. O

15.2 Abelian paths in the intrinsic holonomy completion

Return to the degree-m line bundle L,,, and the v/2-noise diffusion of Theorem 13.2. To avoid
confusing the bundle degree with the number of polygon edges, use k for the latter. Let

A% = Am + e_EAlat + ht,

where h; is any continuous lift of its harmonic torus Brownian motion. Each A} is a smooth
connection in space, and its closed-loop holonomies do not depend on the chosen lift.

Theorem 15.6 (Uniform polygonal observables). For every initial state in £, s, the holonomy
families of A; converge, as € |0, in

LP(Q:C([0,T): (L)), 0<86<T <o, p< oo, (15.7)
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where convergence is measured with d.. Their limit has a version with continuous paths for
t > 0. It is defined simultaneously for all based short-geodesic polygons, satisfies the holonomy
identities, and agrees with the Gaussian trace observables of Theorem 13.7 on each fized polygon.
For every fixed k, its k-edge component is locally n-Holder in the vertices and 0-Hdlder in time
foralln <1/2 and 6 < 1/4.

If the initial connection is smooth, or if the initial state has the invariant law fiy, s, conver-
gence and continuity also hold on [0,T]. The limiting holonomy family is independent of the
reference connection, and the homeomorphisms for different radii in Theorem 15.2 identify the
resulting limits. The analogous statements hold for principal compact torus bundles and for
U .

Proof. We first treat the centered coexact process X; started at zero. For each p € Kj, the
current trace Y;(p) = (Jp, X) is the Gaussian variable defined in Theorem 13.7. The covariance

operator
Qt = Al_l(I - 6_2tA1)Pcoex

is bounded above by Qoo = AfchoeX. Hence Lemma 15.4 gives

E|Y:(p) — Yi(q)|* < Crdi(p, q) (15.8)

for nearby vertices, uniformly for t > 0. For vertex distances bounded below by dg, the uniform
current bound absorbs the individual variances and proves the same inequality after increasing
the constant.

Uniformly over p € K}, the proof of (13.18) gives, for every 8 < 1/2,
E[Y:(p) = Yu()]> < Cplt — ul”. (15.9)

Indeed choose a € (1/2,1 — () in (15.4) and sum the resulting spectral bound. The same two
estimates hold for the stationary coexact process.

The vertex space K, is a subset of the compact manifold »#~1 so it has covering numbers
at most Ce=2(+=1)_ On [0, 7] x K} the metric

di(p,q) + [t —ul”?

therefore has covering numbers bounded by Ce=2(*=1=1/8 " Apply Lemma 15.5 to (15.8) and
(15.9). It gives a jointly continuous Gaussian version, with any vertex exponent below 1/2
and any time exponent below 1/4. To obtain a specified pair of exponents, choose a Holder
exponent 1’ < 1/2 larger than both the desired vertex exponent and twice the desired time
exponent, and then choose 8 < 1/2 with 8/ larger than the desired time exponent.
We next prove uniform convergence of the heat regularizations. Put Z§(p) = (Jp, (e 541 —
I)X;). Choose ¢ > 0 and > 0 with 2¢g + 8 < 1/2. The spectral estimates in Theorem 13.7,

now using (15.4), give
sup E| Z; (p)[* < Ce™, (15.10)
t?p
E|Z5 (p) — Zi(p)* < C¥t —ul”. (15.11)

The spectral multiplier e=** — 1 has absolute value at most one. Consequently the spatial

increment also obeys the bound in (15.8), while (15.10) bounds it by Ce?4. For any 9 € (0, 1),
interpolation of these two bounds yields

E|Z; (p) — Zi (d)]* < OV dy(p,d)' .
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Here ¢’ denotes a vertex tuple, to distinguish it from the exponent ¢q. Together with (15.11),
this is an increment estimate with coefficient Ce2?” for the metric

di(p, d) 7 + |t — ul’.

Its covering numbers are polynomial as well. Applying Lemma 15.5 to this error field gives

< Ce? (15.12)
LP(Q)

sup | Z;(p)|
0<t<T,peK]

for every finite moment order p. The stationary process satisfies the same estimate.

For deterministic initial data in H~*, the form e **1aq is smooth uniformly on [§, T]. Its
heat-regularization error has CY norm O(e) there, and every polygon has length at most kr.
Thus its trace errors converge uniformly in the vertices and time. Its trace as a function of
the vertices and positive time is smooth. The holonomy family of the smooth reference A,,
is smooth in the vertices. The harmonic factor is a finite-dimensional continuous Gaussian
exponential, and integration of a fixed harmonic form along the polygons is a smooth vertex
function. It follows that

hi (A7) (p) = hi(A)(p) exp <i<Jpv€_€A1at> +i[y ht)

converges in every finite moment in the uniform norm on [§,7T] x K, with the asserted
regularity of its limit. The harmonic factor has every time exponent below 1/2 and does not
lower the exponents already proved.

For each € > 0 the regularized coexact field has a continuous version in every spatial
Sobolev space, as follows from the exponentially decaying spectral coefficients. It therefore
defines a continuous path of smooth connections and a continuous path in #.(L,,). The
uniform estimates just proved hold for every k. The summable weights in (15.2), followed
by a finite-factor approximation, give (15.7). Along ¢ = 27", the moment estimates and
Borel-Cantelli give almost sure uniform convergence in every factor on every interval [1/N, N|,
simultaneously. Since J7.(L,,) is closed, the limiting family belongs to that space at every
positive time and satisfies all its holonomy identities. Uniform convergence in the product
metric proves continuity of its paths.

For a smooth initial connection the deterministic part is smooth down to time zero. For
a stationary initial state, the stationary Gaussian estimates above apply down to time zero.
These establish the corresponding assertions on [0, T]. Reference independence follows from
Proposition 13.5 and the cancellation in (13.16). Each radius homeomorphism agrees on the
smooth approximants, so its continuity identifies the limits. The compact torus case follows
componentwise, and projection to %, is continuous. ]

Theorem 15.6 gives continuous holonomy observables of the strong Markov process on &, s
from Theorem 13.2. To use these observables as states, Section 16 recovers the coexact and
harmonic coordinates by a Borel inverse on a dense Borel domain. Pathwise invariance of that
domain then transfers the strong Markov family to its holonomy image.

16 Reconstruction and the Abelian holonomy Markov process

Fix a degree m, an exponent s > 0, and the constant-curvature reference A,,. Throughout
this section the structure group is U(1). Conjugation is therefore trivial. Put E = &, s and
H = H;(Ly,), and define the continuous maps

9. :E— 2,  $H:(a,[h]) =h(A,+eBla+h), >0 (16.1)
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They are independent of the representative of [h]. Continuity follows from heat smoothing,
the uniform length bound on each Kj, and continuity of the harmonic period characters.

Definition 16.1 (The reconstructible domain). Let
EM = {2 € E: H.(x) converges in # as e | 0}. (16.2)
For 2 € B!, write $(z) = lim. o H(z) and set S5 = §(EM).

The limit in this definition is the full heat limit. It can be tested using only rational positive
e: the map € — $.(x) is continuous away from zero. The Cauchy criterion over rational values
therefore shows that E"! is Borel, and its limit map is Borel. The domain contains all smooth
coexact coordinates and all harmonic coordinates.

16.1 Local fluxes and smooth averaging kernels

We reconstruct the distributional curvature by smoothly averaging the triangle fluxes encoded
by holonomy. These averages produce smooth test functions for pairing with the curvature.

Choose finitely many strongly convex normal coordinate balls U;, with oriented coordinates,
relatively compact concentric subneighborhoods V;, and a smooth partition of unity (y;) with
supp x; C Vi. Take their radii sufficiently small that any two points in U; are joined inside U;
by a unique geodesic of length less than r. Fix a point ¢; € U; and a short-geodesic polygonal
path from o to ¢;. For z € V;, append the geodesic from ¢; to z to obtain a stem c¢;(z). The
number of edges in these stems is uniformly bounded, and their vertices depend smoothly on z.

Let E; 1, E; 2 be the positively oriented coordinate vector fields. For all sufficiently small
0 >0, let D; . s be the positively oriented small geodesic triangle with vertices

z, exp,(0E;1(z)), exp,(0E; 2(2)).

Write b; 5(z) for its area and /; . 5 for the based polygon obtained by following ¢;(z), traversing
the triangle boundary, and returning along c¢;(z)~!. The map (z,8) > ¢; . 5 is a continuous
map into one fixed polygon space Ky, including ¢ = 0.

Lemma 16.2 (Averaging over moving geodesic triangles). For ¢ € C2°(V;) define

Tise)) = [ o2 22 v (a2), (16.3)

For small §, this is a smooth function compactly supported in U;, and
Tisp — ¢ inCZ(U;) asdlO0. (16.4)

Proof. We work in the oriented coordinate chart, suppressing the index i. Parametrize the
triangle by the geodesic fan

Ds(z,u,t) = exp, (t exp; ! q(;(z,u)) ) 0<u,t<l,

where ¢s5(z,u) is the point at parameter u on the geodesic joining the two noncentral vertices.
For ¢t > 0 this parametrizes the triangle once, apart from its boundary. Its area Jacobian has
the form

Js(z,u,t) = 6%t js(z, u, t),

where js extends smoothly to § = 0 and ¢ = 0 and is strictly positive for small §. This follows
directly from smoothness of the exponential map and its derivative at the zero section. In
coordinates,

Bs(z,u,t) = 2+ 5t((1 — u)er + uez) + O(6%),
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with the remainder controlled in every derivative with respect to z, uniformly in u,t. Conse-
quently
J5 (’Za u, t)

— 2t
bs(z2)

11
bs(z) = / / Js(z,u,t) dudt,
0 JO

smoothly in z, uniformly on the parameter square.

For each fixed (u,t), the map z + ®s5(z,u,t) is C'-close to the identity on a convex
coordinate neighborhood of the support of . It is therefore injective there for small § and
has a smooth inverse z = zs(y, u,t). A support margin permits a smooth extension of this
near-identity change of variables outside that neighborhood. Let go(z) be the coordinate
density of vol,. Changing variables from z to y in the adjoint of the fan average gives

1 1 z U U

Tsp(y) :/o /0 l2s5(y, u, t))ng(mig&y:Z;))’t)

« 9o(za(y, u,1))
90(y)

det Dyzs(y, u, t)| du dt.
Y

This expression is smooth in y. The inverse maps tend to the identity smoothly, the density
and determinant factors tend to one, and the normalized area factor tends to 2t. Differentiation
under the fixed parameter integral proves Tsp — ¢ in every C* norm. The supports remain in
a fixed compact subset of U;, which proves (16.4). O

Let Arg : U(1) — (—m, 7] denote the principal argument. For a limiting holonomy family
H € 77, set

Lis(H, o) = / () e bizs) o)y (16.5)

v; bi,s(2)
These are Borel functionals. They can also be specified using fixed coordinate Riemann sums.
On every sufficiently small scale, the arguments in (16.5) lie in a common open arc and the
integrands are continuous. Thus only countably many evaluations and limits are needed
in the reconstruction below. Values on the finitely many larger scales do not affect that
reconstruction.

Lemma 16.3 (Recovery of distributional curvature). Let x = (a, [h]) € E™' and H = $H(x).
Write

2
fr = WTm + xda
for the scalar distributional curvature. For every ¢ € C°(V;) and all sufficiently small 0,
Lis(H,0) = (fa; Tisep)- (16.6)
In particular,
i Li o (H, 0) = (fa ). (16.7)

Proof. At 6 = 0 the lasso ¢; , o consists of a stem followed by its reverse. Every element of ¢
takes value one on that loop. Compactness of V;, continuity of H on Ky, and continuity of
the lasso family imply

sup  dyy(H(lizp),1) — 0 asd 0.
2€V;,0<p<é

Choose § so that all these values lie in the arc with | Arg| < /4. Uniform convergence of
() on the same polygon space puts their values in | Arg| < 7/2, simultaneously in z and
0 < p <4, for every sufficiently small e.
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Let f. be the smooth scalar curvature of A,, + e~¢21g + h. Abelian Stokes’ theorem gives

He(x)(l 2,p) = €xp <Z/ fre Volg> .

i,2,p

For fixed z,e, the real integral is continuous in p, equals zero at p = 0, and its exponential
stays in the displayed arc. It is therefore the principal argument throughout 0 < p < §. This
excludes any undetected multiple of 27. Averaging at p = § now gives

Li,é(y)a(x)ﬂ 90) = <f117,67 Ti,690>~

The left side converges to L; 5(H, ) uniformly under the integral. On the right, f,. — fs
distributionally and T; 54 is smooth by Lemma 16.2. This proves (16.6). The approximation
identity in that lemma proves (16.7). O

16.2 A countable Borel inverse

Choose an orthonormal basis (fj)j>1 of mean-zero scalar eigenfunctions, with Agf; = A; fj,

and use e; = —)\;1/2 * df; as the coexact eigenbasis. Then de; = )\;/2f]~ voly. Choose also
2g based short-geodesic polygonal loops 71, ..., 724 representing an integral homology basis.
Their period characters give a torus isomorphism

m:J, — U(1)%, II([R])¢ = exp (z[/ h) . (16.8)

In genus zero this is the unique map between one-point spaces.

Theorem 16.4 (Deterministic reconstruction from completed holonomies). The map $ :
EPl s 27 is injective. Its image S is a Borel subset of 7, and it has a Borel inverse

m,s
R: A — B (16.9)

The reconstruction uses countably many curvature coefficients, triangle scales and period
characters. The image is dense in €.

Proof. Fix a sequence d,, | 0 small enough for all the local triangle constructions. For H € ¢,
define the following coefficients whenever the limits exist:

bj(H) = lim 3" Lis, (H.xif).  aj(H) = A P(H). (16.10)

The set on which all these real limits exist is Borel. Impose also the Borel condition

D1+ ) la(H)[* < oo.

J

On this domain the convergent series a(H) = 3, a;(H)e; is a Borel H g -valued map. If

H = $(a,[h]), Lemma 16.3 shows that b;(H) = \/\;a;; the constant reference curvature has
zero pairing with f;. Thus a(H) = a.
For each basis loop, define the following circle-valued quantity whenever its limit exists:

ve(H) = lim exp(i(Jy,,e 2 "2a(H))) . (16.11)
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Existence of these finitely many circle-valued limits is again a Borel condition. When H =
$(a, [h]), they exist because the full regularized holonomies converge, while the reference and
harmonic factors are constant in the regularization parameter. Define

Zg(H) o H(’Yf)

= oL, (Ap)yoe(i) MUDI= T ((2(H))72,)- (16.12)

The partial map Ry(H) = (a(H),[h(H)]) is Borel on its Borel domain and satisfies Ry(H(z)) =
x for every x € E"!. This proves injectivity.

To show that the image is Borel, extend the partial maps by fixed values outside their
domains. Then

He = {H : Ro(H) is defined, Ro(H) € E™', §(Ro(H)) = H}

is Borel. Restricting Ry gives (16.9). Finally, all smooth connections admit smooth coexact—
harmonic coordinates modulo an exact gauge. Their holonomy families lie in the displayed
image, and are dense in ¢ by its definition. O

Corollary 16.5 (Recovery of degree and change of reference). In the common ambient
polygon-family space, every reconstructed Abelian holonomy family determines its degree by

1
degpo(H) = = lim Y L;s, (H, x:)- (16.13)

2T n—oo

Consequently the reconstructed images belonging to different degrees are disjoint. The degree is
a Borel function on their union. Under an arbitrary smooth change of reference, the affine
coordinate transformation of Proposition 13.5 preserves the full-heat reconstructible domain
and its physical holonomy map.

Proof. Apply Lemma 16.3 with the test functions x; and sum over i. The limit is (f,, 1) = 27m,
since the distributional exact curvature da pairs to zero with the constant function. The
formula is the same in every sector and consists of Borel limits, which proves disjointness and
measurability.

For a smooth reference change B = A,, + b, write b = d¢ + b, + by. The regularized
connections in the two coordinate systems differ, modulo the exact gauge d¢, by (I — e 521)b,.
Its C° norm is O(g). On K7 the change of each holonomy is thus at most kr|[(I —e=*41)bc||co.
It tends to zero in every factor and in the product metric. Hence either full heat limit exists
exactly when the other does, and the two limits coincide. The same estimate, with the uniform
length bound in place of kr, applies to the regular curve families used below. O

16.3 Full heat limits along the entire stochastic path

Lemma 16.6 (Uniform heat limits over dyadic parameter blocks). Let X; be the centered
coexact process started at zero, or the stationary centered coexact process. For every finite T
and every k, the Gaussian traces satisfy, almost surely,

sup  |(Jp, (e7FP = DXy — 0 ase 0. (16.14)
0<t<T, peK]

The event can be chosen simultaneously over all positive integers k,T'.

Proof. Choose ¢, > 0 with 2¢ + 8 < 1/2, and ¥ € (0,1). On a dyadic block write ¢ = 27 ™u,
1 < wu < 2, and denote the corresponding error field by Z, (¢, p,u). The proof of (15.12) gives
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the point, space and time variance bounds, uniformly over this block. The extra parameter
has the estimate
E’Zn(tapa U’) - Zn(tvpv U)P < Ck272qn’u - v’2q'
Indeed,
‘672 TuX 672 ”v)\’ < Cquanq‘u _ U‘q,

and the uniform current bound controls the sum > [(Jp, ej)|2)\?q_1. After the spatial interpo-
lation used previously, all increments are bounded by C2729" times the metric

di(p, p) 7+ [t — )P + Ju — o]

This compact parameter space has polynomial covering numbers. Lemma 15.5 consequently
gives

< Crrp2 "
Lp
for every finite moment order. The expectations of these suprema are summable in n. Their
sum is therefore finite almost surely, which proves (16.14). Intersecting countably many events
gives the final assertion. O

sup | Zn(t,p, u)|
t<T, peKj, 1<u<2

Proposition 16.7 (Pathwise invariance of the reconstructible domain). The invariant measure
Hm,s gives EYl full measure. From every initial x € E, the Abelian diffusion X® satisfies

X% e E" for everyt >0 almost surely. (16.15)

For every x € E™ this holds also at t = 0, and t +— H(XF) is continuous on [0,00) in the
ambient holonomy metric. For arbitrary x € E the same path is continuous on (0, 00).

Proof. The stationary assertion at time zero follows from Lemma 16.6. For a deterministic
initial coordinate a, the part e **1q is smooth uniformly on compact intervals in positive time.
Its full heat limits are uniform on every fixed polygon family. The same lemma handles the
stochastic convolution simultaneously at every time, and the harmonic factor is smooth in
space. This proves (16.15) simultaneously at every positive time on one event of probability
one.

For continuity at zero, use the exact Abelian factorization. Let N; be the holonomy factor
contributed by the centered coexact noise and the harmonic Brownian increment, with the
reference factor omitted. The previous estimates give a continuous path of circle-valued
polygon families with Ny = 1. For ¢t > 0,

HXY) = Hi(2) M, (16.16)

where multiplication is componentwise. To verify this identity, first regularize the random
connection and use e €21¢7 A1 = ¢~(Et)A1 and then take its full heat limit. If 2 € E"l
Hi(x) — H(z) as t | 0 by the definition of the domain. Together with A — 1, this proves
continuity at zero. Continuity at positive times follows from the same factorization and the
previous uniform estimates. O

Theorem 16.8 (The reconstructed holonomy strong Markov family). On the Borel state space
Hs there is a global strong Markov family with continuous paths in A (L), given by

v =sx, Her (16.17)

It takes values in F°5 at every time. For bounded Borel f on this state space its transition
semigroup is

(Qef)(H) = Pi(f 0 H)(R(H)), (16.18)
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where f o $) is extended arbitrarily outside EM'. Its unique invariant probability measure is
ﬁm,s = f)*/lm,s- (1619)

It is reversible, and its LQ(ﬁm,s) spectral gap is the same sharp constant p, as in Proposition 13.3.
These conclusions hold componentwise for compact torus groups in each fixred Chern sector,
with the gap pgar of (13.26) when the Lie algebra has metric M.

Proof. The Borel inverse in Theorem 16.4 and the pathwise invariance in Proposition 16.7
make (16.17) well defined at all times, with continuous paths. These path laws are Borel in H:
their finite-dimensional laws are Borel by the explicit diffusion and the Borel maps R, $), and
rational-time evaluations generate the Borel sigma field of each continuous ambient path space.
Formula (16.18) defines Borel kernels and immediately gives their semigroup property. The
extension outside the reconstructible domain has no effect, because all positive-time transition
laws are supported on that domain.

Moreover, along the entire path, XtR H) R(Y;). The natural filtrations of the two
processes are therefore identical, as are their usual augmentations. A stopping time for the
holonomy process is a stopping time for the original diffusion. Applying its strong Markov
property and then (16.18) proves the strong Markov property of Y. The statement remains
valid at arbitrary finite stopping times, since the pathwise membership in the reconstructible

domain holds simultaneously at all times.

The full-measure assertion and the inverse map identify L?(fin, s) unitarily with L?(tm,.s)
by composition with §). Invariance, reversibility and the sharp spectral gap follow from this
unitary intertwining. If a second invariant probability measure on J° existed, its pullback
by R would be an invariant probability measure for the original diffusion, contradicting its
uniqueness. The vector-valued Abelian construction uses the same reconstruction in each

component and the period isomorphism for the corresponding torus. O

The transition state space in Theorem 16.8 is the dense Borel domain 7%, with paths
continuous in the ambient Polish completion. From an arbitrary Sobolev initial state, the
process enters this domain simultaneously at all positive times, including strictly positive

stopping times.

17 Uniform extension from polygons to regular curves

We next establish a samplewise extension to all piecewise regular C? loops. Uniform statements
are formulated on families with specified regularity bounds. Fix an integer b > 1 and constants
0<v<Land 0 <M <oo. Let Ky, 1,0 be the space of based loops which are O on each
interval [(j —1)/b,7/b], 1 < j < b, and satisfy, on each such interval,

v < 4| <L, V4| < M almost everywhere. (17.1)

One-sided derivatives are used at the division points. We give this space the uniform distance
do(v,m) = supsejo) d(v(t),n(t)). Arzela—Ascoli on the finitely many intervals, including the
uniformly Lipschitz derivatives in local coordinates, shows that this is a compact metric space.
Its topology agrees with piecewise C'' convergence on this bounded family.

Let ITn~ be the polygon obtained by subdividing each of the b intervals into N equal pieces
and joining successive values of v by shortest geodesics. For N sufficiently large these are
polygons in K7 . All constants below may depend on b, v, L, M, the metric and r.

Lemma 17.1 (Uniform geometry of regular curve families). For K = Ky, 1 v the following
estimates hold.
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1. For every a € (1/2,1),

sup [|[Jy|lg—a + sup  |[Jry~yllg-e < o0 (17.2)
yeK N2>No,veK

for a sufficiently large fized Ny.

2. Put Q(J) = (J, Al_lpcoexJ>. Then, uniformly for N > Ny,

Q(JHNW - JHNT]) < Cd()(’)/vn)a (174)
Q(Jriyy — Jy) <CN 2. (17.5)

3. The covering numbers satisfy
log N (K, do,8) < C6~Y210g(C/5), 0<d<1. (17.6)

Proof. On each of the b parameter intervals, subdivide further into a fixed number of intervals,
using the same parameter subdivision for every curve, whose lengths are small in terms of
v, L, M and the coordinate bounds for the metric. Every resulting arc is contained in a normal
chart. In that chart its velocity changes by less than a fixed small fraction of v. Its projection
onto the direction of its initial velocity is consequently strictly increasing, with derivative
bounded below. Each arc is therefore a graph with a uniform Lipschitz constant, and the total
number of these graph arcs is uniformly bounded.

The same assertion holds for IIx7y, for all N > Ny. The elementary interpolation estimates
in normal coordinates give

do(Ilyy,7) SCNT2, |(Lny)'(8) =7/ (1) < N7 (17.7)

away from the subdivision vertices, with derivatives compared in the chosen chart. Choose Ny
so that the second error is small relative to v. The polygon arcs on the fixed larger parameter
intervals are then uniformly Lipschitz graphs as well.

Flattening a Lipschitz graph acts boundedly on H® for 0 < a < 1. This follows directly
from the Gagliardo seminorm under a bi-Lipschitz change of variables. The flat trace theorem
for a > 1/2, followed by Cauchy—Schwarz along a graph, bounds its current in H~%. The
uniform graph constants and the fixed number of arcs prove (17.2).

For the covariance estimates, fill the difference of the two loop currents. Suppose two loops
of the types under consideration are d-close in the uniform distance and that the corresponding
arcs are increasing graphs in the same direction. Close each pair of corresponding graph arcs
by short connectors between their endpoints. In the common coordinate chart the two graph
functions differ by at most C§, because their horizontal velocities are bounded below. Their
graph intervals have endpoints within C'd. Extend both graph functions constantly over the
short missing endpoint intervals to obtain a common horizontal domain. The signed region
between the extended graphs has multiplicity at most one and area at most C9, even if the
graphs intersect. Its boundary differs from the two original arcs and the straight endpoint
connectors only by polygons of a bounded number of sides, each contained in a ball of radius C'4.
Triangulating these endpoint caps adds bounded multiplicity and area O(62). Finally, a straight
connector and the short geodesic with the same endpoints form, in a coordinate direction
along that connector, a graph lens of bounded multiplicity and area O(62). This constructs an
integer-valued filling of the desired boundary with a multiplicity bound independent of the
polygon subdivision.
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Sum these local fillings over the fixed graph decomposition. The joining connectors cancel,
and the resulting density w satisfies

Ji—Ja=0w, |wllze <C,  |wl|p < C6. (17.8)

For two curves 7,71 € I, closeness in C° and their uniform second-derivative bound imply
closeness of their velocities in each piece, with bound C'6%/2. This is the usual interpolation
inequality, obtained by comparing a derivative with a difference quotient of step 6*/2; one-sided
quotients handle endpoints. Hence, for small §, the two curves use the same graph directions.
Their polygonal approximations do also, by (17.7) and the choice of Ny. Moreover geodesic
interpolation is uniformly Lipschitz in its endpoints, so do(IIx~v, IIyn) < Cdy(~,n). This proves
(17.8) for the first two pairs in the statement. Applying it to v, [Ty gives |w||p1 < CN~2
Since Q(Ow) = |[w — ]2, these estimates give (17.3)~ (17.5) for nearby curves. For distances
bounded below, the uniform current bound absorbs the individual variances and gives the
stated global bounds.

Finally, sample a curve at parameter spacing comparable with §'/2, including all piece
endpoints. Geodesic interpolation changes the curve by at most C§. Approximate each sampled
point by a d-net of the surface, of cardinality at most Cé~2. The interpolation remains within
C§ of the original curve. There are at most C'6~/2 sample points, so the logarithm of the
number of possible approximants is at most the right-hand side of (17.6). Selecting one curve
from each occupied approximation class produces a net with centers in K and proves the
estimate. ]

Lemma 17.2 (Gaussian continuity with curve-family entropy). Let (T, d) be compact and
suppose, for some 0 < a < 1,

log N(T,d,e) < Ce *log(C/e).

If a centered Gaussian field satisfies E|Z, — Z,|*> < Ld(z,w) and E|Z,,|*> < L, it has a
continuous version. For every n < (1 —a)/2 and every finite p, its supremum and n-Hélder
seminorm have LP norm at most Cle/Q.

Proof. Use dyadic nets and neighboring pairs as in Lemma 15.5. If M centered Gaussian
variables have variances at most o2, their maximum absolute value has LP norm at most
Co+/log(2M) + p. This follows from the Gaussian tail bound, a union bound, and integration
of that bound. At level n the increment variance is at most C'L27", while the logarithm of the
number of pairs is at most Cn2%". The maximum increment therefore has LP norm at most

CpLY2\/n 127 (-0n/2,

Multiplication by 2" leaves a summable series when 7 < (1 — a)/2. The same telescoping
construction and comparison of neighboring net points prove the assertion. ]

Theorem 17.3 (Uniform curve traces and polygon approximation). Fiz K = KCy, 1, 1. For
every initial state x € E, the heat-reqularized Wilson holonomies converge, almost surely and in
every finite moment, uniformly on [0,T] x IC, for 0 < § < T < co. Their limit Wy(~y) is jointly
continuous in positive time and in the uniform curve topology. It agrees with the fized-curve
Gaussian trace and with the polygonal holonomies already constructed. If the initial state is
smooth or stationary, the same statements hold on [0,T].

For every 0 < 0 < 1/2 and every finite p,

< CusrpoN~’. (17.9)
Lp

sup  dy(y (We(Mny), We(v))
0<t<T,~veK
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The supremum in (17.9) tends to zero almost surely as N — oo. For any deterministic sequence
of partitions respecting the piece endpoints, the same convergence holds in every finite moment
as the maximum interval length tends to zero.

Proof. Write Y;(v) = (J, X;) for the centered Gaussian trace. The uniform current bound
and the filling estimates give

E[Y;(v) = Yi(n)]> < Cdo(v,m),  EIYi(7) = Yu(W)? < Cplt — ul’

for every B < 1/2. The first inequality uses Q; < Qo ; the second is the spectral time-increment
estimate with the uniform H~¢ current norm. The metric do(vy,n) + |t — u|® on [0, T] x K has
the entropy bound in Lemma 17.2 with @ = 1/2. The time coordinate adds only a logarithmic
term to the logarithm of its covering number. That lemma gives a jointly continuous version,
with all finite moments of its supremum.

For heat convergence choose ¢, > 0 with 2¢+ 8 < 1/2, and 0 < ¢ < 1/2. The error
Z5 () = (J4, (e7¥A1 — 1) X}) has point variance at most Ce??, spatial increment variance at
most C min{dq(7,7),27}, and time increment variance at most Ce??|t — u|?. Consequently
its increments are bounded by C2?V times

do(y,m) ™ + [t — ul’.

For this metric the entropy exponent is a = 1/(2(1 — 9)) < 1. The Gaussian entropy lemma
yields

sup [ Z ()]
t<T,~veK

qu
< Cpe?”.
Lp

Include e = 27"u, 1 < u < 2, as an additional parameter. Its increment estimate is the one
in Lemma 16.6; it contributes only a polynomial factor to covering numbers, and hence does
not change the entropy exponent a < 1. The expectations of the resulting block suprema are
summable. Thus the convergence is almost sure for the full heat parameter, uniformly in time
and curve.

The deterministic positive-time part and the smooth reference are uniformly continuous on
KC. More precisely, the filling in (17.8) bounds the change in the integral of a smooth one-form
by its curvature supremum times Cdy(v,n). It gives the same bound for the change of the
reference holonomy. Harmonic periods are locally constant in this curve topology and give
continuous circle-valued factors. These observations, with the Gaussian convergence, prove
the first assertion. The stationary Gaussian estimates or a smooth initial connection include
time zero.

For polygon approximation set

EN(t/Y) = <JHN’Y - J“/7Xt>'

Lemma 17.1 gives point variance CN~2 and curve-increment variance C'dg(7y,n), uniformly in
N. The uniform current bound gives time-increment variance C|t — u|®. Interpolation with
the point variance bounds all increments by C N~% times

do(y,m) =7 + |t — uPO=0),

Its entropy exponent is 1/(2(1 —6)) < 1 when § < 1/2. The entropy lemma proves an LP
supremum bound C,N~?. The smooth reference and deterministic field contribute at most
CN~2 by the L! filling estimate. The harmonic contribution cancels exactly, because the
curve and its fine polygon are homologous. The circle distance is bounded by the real phase
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difference, so (17.9) follows. Its almost sure conclusion follows by Markov’s inequality with a
moment order large enough to be summable in N.

For a general partition of maximum interval length h, the interpolation bounds become Ch?
in position and Ch in velocity. The graph decomposition and current estimates are unchanged.
Replacing N~2 by h? in the preceding argument gives the asserted moment convergence for
every deterministic partition sequence. In every case the limit is the same heat trace, which
proves its independence of the approximation. O

Corollary 17.4 (Simultaneous regular-loop observables at stopping times). There is a dense
Borel subset
HES C A

of full [im.s measure on which all based piecewise regular C? loop holonomies are defined
simultaneously. The strong Markov family in Theorem 16.8 preserves this subset along its
entire path when started there. From every Sobolev initial state it enters this subset at all
positive times almost surely. When started in this domain, the observables have continuous
paths in every bounded-family function space C(KCp 1,0, U(1)), including at time zero. These
loop observables satisfy concatenation, reversal and reparametrization identities. Along the
process, the uniform approzimation statement of Theorem 17.3 holds on compact positive-time
intervals; it includes time zero for smooth or stationary initial states. The restricted family
retains its unique invariant law, reversibility and sharp spectral gap. These observables are
available at every strictly positive stopping time of the original process.

Proof. Use the countable collection Ky 1y, .5, With b, n positive integers and the vacuous or
empty cases omitted. On the reconstructible state space require, in addition, existence of the
full heat limit in each C(Kj 1 /n 0, U(1)). Each of these spaces is Polish, and the rational-
parameter Cauchy criterion makes the additional domain Borel. Pulling the regularized
connection back through the Borel inverse R makes each heat map Borel. Every smooth
connection belongs to this domain, since heat convergence in C° controls its line integrals
uniformly on each bounded-length family. Smooth holonomy data are dense in the completion,
proving the density assertion.

The full heat convergence proved in Theorem 17.3, intersected over this countable collection
and over compact positive-time intervals, gives simultaneous membership at every positive
time. The stationary version gives full invariant measure. If the initial state belongs to this
domain, the Abelian factorization (16.16), now in each curve-family function space, also gives
continuity at zero and preservation for the whole path. The transition kernels therefore restrict
to this domain, and the strong Markov identity remains valid at stopping times. Its invariant
law has full mass on this domain; pulling back any other invariant measure through R proves
uniqueness, and the same L? intertwining proves reversibility and the gap.

Every piecewise regular C? loop can be reparametrized so that its finitely many regular
pieces occupy the equal intervals for some b. Its speed has a positive lower bound on each
closed piece, and its speed and covariant acceleration have finite upper bounds. It consequently
belongs to one of the displayed families after reparametrization. Constant pieces can be
removed. At positive heat scale, holonomy is invariant under these reparametrizations and
satisfies the path identities. Taking the simultaneous uniform limits preserves all these identities
and makes the definitions consistent on overlapping families. ]

18 Non-Abelian parallel transport on regular curve families

Young integration gives parallel transport when the primitive of a connection along a curve
has Holder exponent greater than 1/2. This approach is used for the torus in [7]. We establish
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the estimates needed on an arbitrary surface bundle, uniformly on bounded families of regular
curves, and apply them to the local solutions of Theorem 8.14. The construction also gives a
Borel observable of the distributional connection.

Throughout, G is compact and connected, P — X is an arbitrary smooth principal G-bundle,
and E = T*Y ® ad P. Fix a smooth reference connection B and put A =1+ Lg, S. = e 4.
We use the unit-amplitude stationary Gaussian field

t
X, = / e~ =94 gy,

Thus its covariance is (24)~!. Multiplying the noise by ¢ multiplies all covariance bounds
below by o2. All constants may depend on a fixed compact time interval I.

Choose a finite family of smooth bundle charts with compact subcharts whose interiors
cover ¥. In one such chart we write X = X; dz’, with values in a fixed copy of g. For a curve
contained in the chart set

Z5(tu) = /Ou(SaXt)i(’y(s))f'yi(s) ds, 0<u<l. (18.1)

The value at € = 0 will be constructed as a Gaussian trace. Component currents are interpreted
in this fixed local frame. In particular a closed scalar current in that frame is the boundary of
an ordinary scalar two-chain; no parallel trivialisation is used in the filling estimates.

18.1 Gaussian primitives and the entropy of short arcs

We use Sobolev norms defined by any fixed smooth positive Laplace-type operator. These
norms are equivalent to those defined by A. For 1/2 < a < 1, functional calculus gives

E[(S- Xy, J)|* < C||J|[3,-1, (18.2)
E[(S.X; — SsXs, )2 < O(|t — 8"+ | — 8" =) | T||31=a, (18.3)
E[((Se — ) X¢, J)|? < Ce' || T||3—. (18.4)

These estimates hold for 0 < e, < 1, with Sg = I. To verify them, use
E[X;® X, = A7 Te s 1 e ™A < O(ra) 7Y,

and (1 — e )2 < C(r\)!17. The estimates are valid first for smooth currents and then by
completion. In particular every current in H ™% has a canonical Gaussian pairing, without a
pathwise restriction of an arbitrary distribution to a curve.

Here and below a bounded regular curve family means the compact piecewise C! family
of Lemma 17.1, with a fixed number of pieces, a positive lower speed, an upper speed, and
an upper bound on covariant acceleration. We permit variable endpoints when working in
a chart. Its compactness in the uniform distance and the equivalence with piecewise C!
convergence follow by Arzela—Ascoli. Denote its uniform distance by dy and let IIyvy be
geodesic interpolation on N equal subintervals of each piece.

Lemma 18.1 (Open currents and short-arc fillings). The first two assertions hold uniformly
on such a family IC and on its interpolants for N > Ny. The third assertion concerns the
original regqular arcs.

1. Every prefix current has bounded H=* norm for 1/2 < a < 1. A subarc of parameter
length h, contained in one of a fized number of graph charts, satisfies

|J]13-a < Ch*, | J]1%-1 < Ch*log(e/h). (18.5)

A short geodesic of length ¢ satisfies the same estimates with h replaced by £.
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2. For prefizes with the same parameter endpoint u,

151104 = Tuffo [ Fr—1 < Cddo(v,m), (18.6)
17110, = Jriemioulllz—1 < Cdo(y,m), (18.7)
1 t1x~110,u = Jolfollzr-1 < CN72. (18.8)

3. Let Ay, consist of reqular arcs on an interval of length between h/2 and h, rescaled to
[0, 1], with the same speed and acceleration bounds in the original parameter. Work in
a fized compact subchart and take h sufficiently small. Let cy be the geodesic with the

same endpoints and put Ry = Jy — J.,. Then
1Ry} < CR®, IRy = Ryll3— < Chdo(y,m). (18.9)
For 0 < 8§ < h?,
log N(Ap,do,8) < C(1+ hé~/?)1og(C/6). (18.10)

Proof. Use the fixed graph decomposition in Lemma 17.1. Its graph constants are uniform
for the interpolants, including intervals crossing their vertices. On each graph the distance
between two points is bounded below by a constant times their parameter distance. The kernel
of a Sobolev operator of order —2a is bounded by Cd(z,y)?* 2, and the kernel at order —2
is bounded by C'log(e/d(x,y)). These bounds follow by integrating the bundle heat-kernel
estimate. Integration on a graph gives (18.5). Splitting at the fixed graph division points gives
the asserted uniform prefix bounds. The factor £2¢, respectively £2log(e/f), also proves the
short-geodesic assertion at a zero-length edge by continuity.

For a locally supported filling w, Stokes’ formula in the chosen scalar component gives
0wl < Clw] 2. (18.11)

Indeed its pairing with a smooth test one-form is the integral of w times a first derivative
of that component. The local frame and metric introduce only bounded smooth coefficients.
Close two prefixes by short connectors at their endpoints. The fixed graph-strip construction in
Lemma 17.1 produces a filling with bounded multiplicity and area C'§, where § = dy(y,n). The
connectors have length O(§) and hence squared H ! norm O(6%log(e/é)). Equation (18.11)
proves (18.6) and (18.7). For a curve and its interpolant, the position error is C N ~2; the same
construction, including the connector at a partial edge, proves (18.8).

For a short arc, its distance from its chord is Ch? and its length is Ch. The signed graph
region between them has bounded multiplicity and area Ch3. If two such arcs are d-close
with § < ch?, their derivatives after rescaling to [0,1] differ by at most C(§ + h?), by the
difference-quotient estimate. These rescaled curves have speed at least ch and second derivative
bounded by Ch?. They and their chords consequently use a common increasing graph direction.
The regions between the two arcs and between their two chords have total area C'héd. The
endpoint caps have area C'0% and bounded multiplicity. They identify the difference of the two
arc—chord fillings: two compactly supported fillings with the same boundary in this coordinate
disc agree. This proves (18.9) by (18.11). For 6 > ch?, the first bound in (18.9) proves the
second one directly.

Finally sample an arc at original-parameter spacing ¢v/d. It has at most C(1 4+ h/v/d)
sample points, and its geodesic interpolant has uniform error C'9. Quantising these points in
a surface d-net gives (18.10), after adjusting the covering radius by a constant. Choosing a
representative from each occupied class puts the centres back in Ay, ]

119



If a centred Gaussian field has point variances at most ¢ and its canonical metric has
covering entropy H(q) < Cq 'log(C/q), then, for every finite p,

sup |[Y||| 1 < Cpot/?y/log(C/a) (0 <o < 1/2). (18.12)

For polynomial covering numbers the corresponding bound is Cpo+/log(C/c). To prove these
statements, take nets at canonical scales 0277. The LP norm of the largest of M Gaussian
increments of variance ¢? is at most Cq\/log(2M) + p. Summing this bound on successive
nets gives the assertions and a continuous version. This is the same chaining argument as in
Lemma 17.2; it also applies with the scale-dependent entropy in (18.10).

Theorem 18.2 (Uniform Gaussian Young traces). For every bounded reqular curve family
in a chart, every compact time interval I, every 0 < a < 1, and every finite p, the primitives
(18.1) have versions such that
sup 125, )lce € LP. (18.13)
tel, 0<e<1, vek
They depend jointly continuously on (t,e,~) with values in the little a-Holder space. The full
heat limit, rather than just a subsequential limit, satisfies

sup [|Z0(t) — Z9(t)[lce| < Ce, 0<n<(l-a)s. (18.14)
tel, vek
0<p<e Lp

The same construction on geodesic interpolants satisfies

sup || Zf(t) — Z5(t) [ ¢ < CN~¢, 0<(<(1l—-a)/2. (18.15)
tel,yek
0<e<1 e
The analogous assertions for a fixed finite-dimensional compact family of short geodesics include
constant edges. Uniformly over short geodesic segments and short coordinate segments in
compact subcharts, their limiting integrals obey

|Z ()| < M, length(y)?, My € () L”. (18.16)

p<oo

The random constants can be chosen uniformly int € I and 0 < e < 1.

Proof. The covariance estimates and (18.6) give a canonical metric bounded by
C(do(y, )" + Ju = o] + [t = 5|17/ 4 e — 6|1=0)72)

for the primitive field. The curve entropy from Lemma 17.1 therefore gives H(q) <
Cq~'log(C/q); the three interval parameters add only logarithmic terms. Chaining yields
joint continuity in the supremum norm, including € = 0.

To obtain an exponent above 1/2 uniformly on the whole curve family, use the short-arc
estimate before taking the supremum. For Y, = (5. X}, R,) on A, (18.9) gives point variance
Ch?® and canonical distance C(hdg)'/2. At canonical scale ¢ < Ch3/2, (18.10) gives

Hy(q) < C(1+ h*?/q)log(Ch/q?).

Time and heat-scale parameters still add only logarithmic terms: by (18.5) and (18.3), their
canonical modulus is bounded by Ch® (|t —s|+|e —8])(1=9)/2. The dyadic-net sum consequently

gives
< C,h*%\[log(e/h). (18.17)

sup [(Se X, Ry)|
YEA, tel, 0<e<1

p

120



For example at scales g; = Ch3/?27J the summands are bounded by
Cph3/2273/2, [1 + |log | + j.

The chords of length at most Ch form a finite-dimensional compact family. Thin quadrilat-
erals and their short endpoint connectors give a canonical modulus C'§'/2 in their endpoints.
Their point variance is Ch?log(e/h) by (18.5). The polynomial-entropy version of (18.12)
bounds their supremum in LP by C,hlog(e/h). The same argument works for coordinate
segments. Adding (18.17) gives this bound for all regular subarcs of parameter length between
h/2 and h. Summing over h = 27" with weight 2™ proves (18.13) for every § < 1 and proves
(18.16). Subarcs crossing one of the finitely many regular-piece boundaries are split there.
Interpolation between uniform convergence and this C? bound gives joint continuity with
values in ¢® for a < .

Their sum is finite.

For the heat error, (18.4) bounds the point standard deviation, uniformly for 0 < p < ¢,
by Ce(1=9)/2 Tts canonical entropy has the same bound Cg~'log(C/q). Equation (18.12)
therefore bounds its supremum norm in LP by Ce? for every § < (1 — a)/4. Interpolate with
the uniform C? bounds. Since a can decrease to 1/2 and 3 increase to one, this proves (18.14).

For polygon approximation, (18.8) bounds the point standard deviation by C N~!, while
(18.7) and the uniform prefix estimates give the same entropy bound, uniformly in N. Chaining
gives a supremum-norm error Cp, N ~% for every 6 < 1/2. To bound the stronger norm, apply
the uniform short-geodesic C? estimate on each edge. Splitting an interval at its polygon
vertices and using > 7, 85 < nl_ﬁ(zj ;)P gives

sup || Z - (D)llcs < CMgN'~"?

’67
Holder interpolation gives an error exponent (1 — /) — (1 — 5)a/S. Letting 6 1 1/2 and
B 71 1 proves (18.15). Holder’s inequality in probability justifies all the interpolated LP bounds,
because the input estimates hold at every finite moment order.

For finite-dimensional geodesic families the same proof uses polynomial entropy. A zero-
length edge has zero current, and (18.16) makes its inclusion continuous. Countably many
compact time intervals and curve families can be treated on one event of probability one. All
versions agree with the classical primitives at positive heat scale; additivity and restriction
identities therefore persist in the full heat limit. O

18.2 Young transport and deterministic trace domains

Fix a faithful unitary representation of G. In a local frame we use the convention V = d + A;
smooth parallel transport solves dU = —dZ U, where Z = [ A. For a line bundle represented
by A = —ia, this gives U = exp(i [ a), agreeing with the Abelian convention above.

Lemma 18.3 (Compact-group Young stability). Let 1/2 < a <1 and let Z, W be g-valued
a-Hdélder paths starting at zero. The Young equation

Upu) =1 — /0 L 47(s) Ug(s) (18.18)

has a unique solution taking values in G. With a fized bi-invariant Riemannian distance on G,

[UZ]a
sup da(Uz(w), Uy (u)

CalZla; (18.19)

<
< Call + [Z]a+ W])[Z = Wa. (18.20)
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Proof. The Young estimate

t
/S Fdg = £(8)954] < Calflalglalt — 52

follows by comparing successive dyadic Riemann sums; the sum of the errors is geometric since
2a > 1 [21]. It gives a contraction for (18.18) on intervals with [Z]|t — s|® sufficiently small.
Concatenation gives the unique global solution. Smooth approximation gives values in the
closed group G.

On each sufficiently short interval the same estimate and the uniform bound on the unitary
matrices give [Uz]q[s) < C[Z]a by absorption. For longer increments, compactness of G gives
the same bound, proving (18.19). For smooth drivers interpolate Zy = (1 — A\)Z + AW. The
trivialised variation is

szja)\UZA = _/AdUZ_/\l AW — 2).

The Young estimate and (18.19) bound its supremum by the right-hand side of (18.20).
Integrate in A and approximate the drivers to obtain the assertion. In particular the stability
constant is polynomial in the driver norms. O

We define a domain by requiring full-parameter convergence of the heat-regularised line
primitives. Fix 0 < k < 1 and 1/2 < a < 1. In each compact subchart take a countable
collection of bounded regular arc families that exhausts all piecewise regular C? arcs after
subdivision and affine reparametrisation of their regular pieces. One may use integer upper
bounds for speed and acceleration, reciprocal-integer lower bounds for speed, and an integer
number of pieces. Include fixed-length coordinate segments and fixed-length geodesics starting
in smaller compact subcharts. Their subsegments include all sufficiently short segments,
including the zero-length limit.

Definition 18.4 (The Young trace domain). Let D¢ (P) consist of connections A = B + a,
a € ¢ "(F), for which the local primitives of B 4+ Sca converge, as the full parameter ¢ | 0,
in C(K;c%) on every family in this countable collection. On a piecewise family use the finite
product of the little Holder spaces on its pieces.

For based holonomies fix a frame p, € P,. Changing this frame acts by simultaneous
conjugation; the unframed values are independent of that choice.

Proposition 18.5 (Intrinsic Borel traces and distributional averages). The domain D& (P) is
dense and Borel in the affine space of distributional connections. Its definition and its limiting
parallel transports are independent of the smooth reference connection and of the finite smooth
bundle atlas used above. Parallel transport along each reqular curve, and its continuous family
of values on each bounded reqular curve family, are Borel maps on this domain. The based
polygonal holonomies give a Borel map

§: DY(P) —s H(P). (18.21)

They satisfy reversal, concatenation, subdivision, and smooth change-of-frame identities.

In a coordinate rectangle, let e; be a coordinate vector and v, p(s) = x + se;, 0 < s < h. Its
limiting local primitive z; ,(x) is continuous in x and satisfies

Zin [ A Ohe) dO —s A in 18.22

) i(-+0he;)d§d — A;  incpn. (18.22)

There is also a geodesic version. Put Fs(x) = exp,(sei(z)). Then

h
= / A=1 / A(F,(2)) (95 F(2)) ds —> Ai in o (18.23)
Wl T
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Both equalities are distributional identities for the continuous trace on the left. On compact
subcharts these short primitives are bounded by C|h|®, with a constant depending on the
connection in its trace domain.

Proof. For fixed € > 0, heat smoothing followed by local integration is a continuous map from
¢ " into C(K;c®). The target is a separable Banach space. The rational-parameter Cauchy
criterion, together with continuity in positive heat time, proves Borelness. Smooth connections
belong to the domain and are dense.

Let Ag, A1 be the massive Laplace-type operators of two smooth references. Their difference
has order at most one. Duhamel’s formula and the heat bound from C~* to C! give

3
(e84 — e7540) g0 < C / =2 gr Jlal|o=x < CeV72||al| o= (18.24)
0

The physical approximants for different reference coordinates also differ by the heat error of a
smooth one-form. Thus their difference tends to zero in C°. Its primitive tends to zero in the
Lipschitz norm on every bounded-length, bounded-speed curve family. This proves reference
independence of the domain and of its traces.

For a smooth change of local frame, the primitive is transformed by a Young integral
with the smooth matrix coefficient evaluated along the curve, together with the smooth
inhomogeneous connection term. Young multiplication is continuous in these C'* norms,
uniformly on a bounded regular family. The smooth cutoff identities therefore pass to the limit.
Subdividing curves into chart pieces proves atlas independence and defines bundle parallel
transport. Lemma 18.3 proves its continuity in each family. The reversal, concatenation,
reparametrisation, and retracing identities follow from the corresponding smooth identities.
Uniform short-arc bounds include degenerate geodesic edges, so the convergence is uniform on
each K . Hence the polygonal data belong to the closed space .7 (P). The same rational-heat
limit proves all the Borel assertions.

For fixed nonzero h, the smooth coordinate-segment identities converge uniformly in x by
the trace-domain definition and converge distributionally by heat convergence. Their limits
are equal, proving (18.22). Translations are strongly continuous on local little Holder—Besov
spaces, as follows by smooth approximation and their uniform boundedness. For (18.23), Fy is
a smooth diffeomorphism onto its image for small s, on a slightly larger coordinate rectangle.
Pullback by Fj, contraction with the smooth vector 0;Fs, and their localised operator norms
are uniformly bounded on C™* and converge on smooth forms as s — 0. Smooth approximation
proves strong convergence on ¢~ "; averaging proves the limit. The full-heat trace identity is
justified in exactly the same way as for coordinate segments. Finally restriction of the uniform
C“ primitive on fixed-length segment families gives the bound C|h|. O

The reference comparison in (18.24) concerns observables of a given distributional connection.
Nonlinear processes constructed with different reference gauges are compared in Section 12,
using the rough comparison gauges of Section 10.

18.3 Application to the non-Abelian continuum flow

Theorem 18.6 (Non-Abelian observable limits on arbitrary bundles). Let a be the mazimal
fized-reference solution of Theorem 8.1/, with arbitrary ag € ¢ "(E), 0 < k < 1/16, and
lifetime 7. The following assertions hold almost surely.

1. Simultaneously for every 0 <t < 7 and every 1/2 < a < 1, the connection B + a; belongs
to DY(P). Its parallel transports are defined on all piecewise regular C? paths. On every
bounded regular curve family they are jointly continuous in the curve and in 0 <t < T.
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2. The based polygonal holonomies form a continuous path
t— (B +a;) € H(P), 0<t<rm, (18.25)

and hence a continuous path in %.(P). They have the intrinsic radius and basepoint
identifications of Theorem 15.2 and Corollary 15.5.

3. Let a® be the classical bare heat approximations. On the common bounded-data event Q%
of Theorem 8.14, for 0 <ty < Tr and every bounded regular family IC of based loops,

E|lg: sup dg(Hol(B + af,7), Hol(B + a, 7))’ — 0 (p< o). (18.26)
to<t<Tgr
yeK
The same holds on every fivzed K], and in the bounded metric d, of the holonomy
completion.

4. For every 0 < ( < 1/4, geodesic interpolation on N equal subintervals of each regular
piece satisfies, on the limiting bounded-data event Qp = {D < R},

1o, sup dg(Hol(B + a;, ny),Hol(B + ai,7))|| < CrugpiccN"C  (18.27)

to<t<Tg
yek Lr

In particular the interpolation converges almost surely along the full sequence, uniformly
on these families and compact time intervals before T.

All these transports commute with smooth bundle isomorphisms covering surface isometries,
when the reference, noise and connection are transported together. Smooth gauge transforma-
tions give the usual endpoint conjugation law. If, for some 1/2 < o < 1, the initial connection
B + ag belongs to DY(P), the observable time-continuity and local convergence statements
include t = 0. This includes every smooth initial connection.

Proof. The paired fixed point and its reconstruction give
ar = Xt + Ry, R; = St(ao — Xo) + R(U — ’U)(t). (1828)

On compact subintervals of (0, 7) the remainder is a continuous function with spatial regularity
1 — 2k. For the comparison with approximants, any fixed 1/2 < o < 1 — 4k suffices. The
two-model reconstruction bound used in the proof of Theorem 8.14 gives

E|1os | B = RIZ o 200 — 0 (18.29)
with uniform bounds at every finite moment order. The initial heat terms are smooth for
t > to and obey the same estimate.

The primitives of B + R are Lipschitz in the path parameter, uniformly on a bounded
regular family; they are jointly continuous in time and the curve. Their heat errors tend to
zero in this Lipschitz norm, since ||S:R — R||co < Ce?/?||R||co. Add Theorem 18.2 and choose
1/2 < a < 1. Lemma 18.3 constructs the local transports and proves their uniform full-heat
convergence. Proposition 18.5 glues them on the arbitrary principal bundle and identifies
them as observables of B 4+ a;. Countably many time intervals, chart families, and exponents
increasing to one give simultaneous membership and continuity at all positive times. This
proves the first two assertions.
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For the classical approximants the Gaussian coordinate is exactly S:X. Equations (18.14)
and (18.29) give convergence of the drivers in the uniform C'“ norm on the common existence
event. The polynomial stability estimate (18.20), with Holder’s inequality in probability, proves
(18.26). For a general bundle, choose a finite cover of the compact curve family so that, on
each set in the cover, a fixed parameter subdivision places every subarc inside a bundle chart
with a positive margin. The transition functions are smooth, and the number of factors is
bounded. This transfers the same estimate to the global transport. The identical argument
on the finitely many edge charts proves convergence on K , including its constant edges. A
finite-factor approximation in the bounded product metric d, proves the completion claim.

For polygon approximation, Theorem 18.2 gives every driver error exponent ¢ < (1—a)/2. In
a chart the position and velocity errors of interpolation are C N2 and C N~!. Consequently the
primitive error of a C° one-form is bounded in the Lipschitz norm by C||B+ R||¢ce (N 72+ N 1),
Since o > 1/2, this contribution is O(N~!). The transition-function errors at the fixed chart
division points are O(N~2). Apply (18.20) and let a | 1/2 to obtain (18.27). Taking
a sufficiently large moment and using Borel-Cantelli gives the full-sequence almost-sure
convergence. Localisation and a countable exhaustion of the interval before 7 give the pathwise
assertion.

The smooth bundle-isomorphism identities hold at every cutoff and therefore pass to these
uniform limits. Suppose now that B + a9 € D%(P) for some « > 1/2. Write the linear part as
(X1 —S:X0)+Stag. The primitives of the first term vanish continuously at zero by Theorem 18.2.
The primitives of Siag extend continuously to zero in the uniform ¢® norm by the definition
of the trace domain. The nonlinear response has positive regularity and vanishes uniformly
at zero, so its primitive vanishes in the Lipschitz norm. This proves observable continuity at
the initial time. For the approximants, the initial heat term is S;icag. Uniform continuity
of the just-extended heat-trace path on a compact interval gives convergence uniformly for
0 <t < Tg. The two-model positive-response estimate is also valid down to zero. Young
stability therefore proves the same local observable convergence on [0, Tg]. O

Corollary 18.7 (Observables at stopping times). The maps in (18.21), and the regular-curve
transport maps above, may be evaluated at every stopping time o with 0 < o < 7. They agree
almost surely with the value at o of their continuous observable paths and are measurable with
respect to the stopped solution filtration.

Proof. The domain is Borel and is visited simultaneously at all positive times. Extend each
observable arbitrarily off that domain. Composition with the adapted continuous connection
process is Borel and agrees, at every surviving positive time on one event, with the continuous
path constructed above. Evaluation at a stopping time gives the assertion. ]

Theorem 18.6 constructs non-Abelian holonomies of the local continuum process on every
surface bundle. Section 19 identifies the unframed holonomy fibres as full rough gauge orbits
and gives a Borel identification of their quotient. Section 20 combines this identification with
continuum gauge comparison to construct the strong Markov law on the realised unframed
image.

19 Rough gauge orbits and the realised holonomy space
The full rough gauge group acts on the Young trace domain, and unframed holonomies

distinguish its orbits. We prove this invariance and separation, construct a standard Borel
space of realised holonomies, and recover the isomorphism class of the principal bundle.
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Throughout this section choose

1
—<a<p:=1-—rk, (19.1)

1
O<kr<=
K , 5

2
and use the domain D¢ (P) of Definition 18.4. The rough connection space is A, (P) =
B + ¢ ®(F), with its separable Banach topology. The smooth reference B identifies this affine
space with a vector space; changing B is an affine homeomorphism. Write G°(P) for the ¢
gauge group and GZ(P) for its closed subgroup equal to the identity on the fibre at the chosen
base point. Their actions are the continuous actions of Proposition 10.4.

19.1 Heat approximation and rough gauge covariance

Fix a faithful unitary representation and its associated vector bundle V. Extend the B-covariant
Hodge operators to End(V')-valued forms. Their restriction to ad P agrees with the operators

,E(IJFAE; ,E(1+A§31)

)
already used. Let T, = ¢ ) on endomorphism sections, and let S. = e ) on

endomorphism-valued one-forms.

Lemma 19.1 (A heat product commutator). Let 0 < k < p <1 and let f € C’, a € C™" be
sections with a fized smooth fibrewise bilinear product. Heat operators with the same scalar
principal symbol, on the corresponding bundles, satisfy

ISc(fa) — fSeallgo < C¥™™2||fllcollallc-, O0<e<L (19.2)

The right and left multiplication versions have the same estimate. For the compatible Hodge
operators above,

1(S=dp — dBT:) fllco < CeUT72 f|co. (19.3)

Proof. Write £ = y/e. After smooth localisation the leading heat kernel has the form £~2 K, ((z—
y)/!), with Gaussian bounds for every derivative of K,. The commutator pairs a against
this kernel times f(y) — f(z). Littlewood—Paley duality bounds the pairing by ||a||c-~ times
the BT norm of that test function. This norm is at most C¢°~"| f||c,. Indeed, write this
test function as g, . Its L' norm is at most C¢| f|jce. For a translation z with |z| < ¢,
splitting the difference between the kernel and coefficient factors bounds its L' modulus
by C|fllce(|2[°~L + |2]?) < C||fllce|z|P. For |z| > ¢, use twice the L' norm instead. The
first-difference characterisation of Bf; therefore gives

¢4 Ly
B, < C|fller (eu/ po—r +£P/ r”>
’ 0 r l r

< C fllee-

||9:v,f

Gaussian annuli are summed with their rapidly decreasing weights. Smooth approximation
of f in an exponent strictly between k and p identifies this pairing with the distributional
product, while its uniform C? bounds preserve the displayed estimate.

In bundle frames, parallel transport in the heat kernel differs from the identity by O(d(z,y)).
The product compatibility error between the two kernels is of the same order, or of order €.
The identical test-function argument bounds these errors by C/¢'~* times the displayed norms;
this is no larger than C'¢?~". A finite partition of unity proves (19.2) for the indicated bundle
products.

For the derivative, the exact identity on endomorphism sections is

ADdp — dpAY = 55d% = 65[Fs, -].
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It has order one with smooth coefficients. Duhamel’s formula, boundedness of S; on C?, and
IT: fllor < Cr=(=0)2|| fllco give

€
I(Sedp — dTe) flico < Cllfllee / = (1-0)/2 gp.
0

This is (19.3). The mass terms commute with dp and make no change to the identity. O

Proposition 19.2 (Invariance of the full heat trace domain). Under (19.1), D (P) is invariant
under G~%(P). Its canonical full-heat parallel transports satisfy

Ty a(y) = u(v(1) Ta(7) u(+(0)) " (19.4)

for every piecewise reqular C? path. The identity is uniform on each bounded reqular curve
family. In particular the unframed holonomy map is constant on the full rough gauge orbits in
this domain.

Proof. Write A = B +a, U = Ad,, and k = (dgu)u™'. Then u-A = B+ Ua — k. Let
ve = Tu. This is a smooth section of End(V'), converges to u in ¢”, and is invertible for small
e because it converges uniformly to a unitary section. It is used as an auxiliary GL(V) bundle
automorphism; membership of v. in the original compact group is not needed. Heat estimates
give

lve = ullos < Ce”?|lullce,

ldpvelloc < Ce™llulles,  ||Sealloc < Ce™/?|lall¢-x.

The inverse sections are uniformly bounded and converge in ¢”. Apply Lemma 19.1 to the two
matrix multiplications in Ua = uau™". It follows that

1S-(Ua) — Ady, Sealloe < Cuact™29/2,
For the derivative term use the exact decomposition

S.k — (dpv)v7t = S.((dpu)u™) — (Sedpu)u™
+ (Sedpu — dpv)u™ + (dpve)(u™! — v t).

Its first term has size O(e(1=2%)/2) by (19.2), the second has the better size O(e'~#/2) by (19.3),
and the last has size 0(5(1_2”)/ 2) by the heat estimates above. Consequently the physical
smooth approximations obey

|B+ Se(u-A—B) — v (B+ S-a)||co < Cyact729/2, (19.5)

This comparison takes place in the ambient endomorphism-valued one-forms and is independent
of a bundle frame.

On a bounded regular curve family, restriction of v. — w is uniform in c?. If Z, is the
primitive of B + Sca in a local frame, the primitive after the auxiliary smooth gauge is

/ Ady.o, dZ. — / d(v. 0 7)(ve 0 7). (19.6)

Young continuity applies because p4+a > 1, 2p > 1, and a < p. Thus these primitives converge
uniformly in ¢ on every such family. The error in (19.5) has primitive tending to zero in
the Lipschitz norm, since the speeds are bounded. This proves membership of u - A in the
canonical full-heat domain, not merely existence of one chosen approximating trace. Applying
the same reasoning to «~! proves invariance.
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The classical endpoint formula holds for the auxiliary smooth GL(V') gauges. The Young
integral equation is continuous on bounded sets of matrix-valued drivers, by its local contraction
and finite concatenation. Passing to the limit gives (19.4); the canonical limiting transports
are in G because their actual heat approximants are G connections. Smooth transition laws
identify the local statements on overlaps. All estimates were uniform on the chosen family,
which proves the uniform assertion. O

19.2 Reconstruction of a rough gauge from holonomy

Theorem 19.3 (Holonomy separation in the rough trace domain). Let A, A’ € D¥(P). Their
framed based polygonal holonomies are equal if and only if A’ = u- A for a unique u € GL="(P).
Their unframed polygonal holonomies are equal if and only if they belong to the same G'~%(P)
orbit.

More generally, for connections in these domains on two smooth principal G-bundles P, Q,
equality of the framed polygonal holonomies gives a unique frame-preserving c'=" bundle
isomorphism taking one connection to the other. Equality up to simultaneous conjugation gives
an unframed isomorphism. In particular the two smooth bundles have the same topological
isomorphism class.

Proof. The implication from a rough gauge is Proposition 19.2. For the converse we work first
on one bundle with fixed frame at o. If ¢ is any piecewise short-geodesic path from o to z,
define an equivariant automorphism of P, by

u(z) = Ta(c) Tale) L. (19.7)

Here the expression means the composition of the indicated maps between endpoint fibres.
If ¢ is replaced by a second path, the two compositions differ by the holonomy of a based
polygon. Equality of those holonomies proves path independence. Reversal and concatenation
hold on the trace domain, so this reasoning uses only the established limiting transports. It
gives u(0) = 1 and, for every short geodesic v from z to y,

u(y)Ta(y) = Ta(v)u(z). (19.8)

Uniform short-segment trace bounds on a compact chart and Young stability imply
|Ta(y) — 1| + [|[Ta:(y) — 1|| < Clength(y)® in its local frame. Equation (19.8) therefore
gives |lu(y) — u(x)|| < Cd(z,y)*. The locally defined matrices are compatible on overlaps by
path independence, so u is a global C* gauge section.

To recover the distributional connection, apply the short-geodesic transport identity to
difference quotients. In a smaller coordinate rectangle let e; be a coordinate vector field,
Fy(x) = exp,(hei(x)), and let z; 5, 2, be the canonical primitives on this short geodesic for
A, A’. The Young equation and its séwing estimate give

Ta(ep) =1 = zin(@) + O(R*Y),  Tw(yep) =1 - zi,(x) + O(|A*),

uniformly in x. Substitute in (19.8) and use the a-Hélder bound on u once to replace u(Fp(x))
by u(zx) in the product with z; . This yields

= u(x) Zi’}}f@ - Zi”}fx)“(x) +O(|h[*71). (19.9)

u(Fp(2)) — u(x)
h

By (18.23), the two averaged primitives converge in ¢, . to the local connection coefficients
A;, Al. Multiplication by the fixed C* function u is continuous on this space, since @ > k. The
error tends to zero because 2o > 1. On the left, F},(x) = = + he; + O(h?); its replacement
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by  + he; changes the quotient by O(|h|?*~1). The remaining coordinate difference quotient
converges distributionally to d;u. Consequently

du = uA — A'u, dpu = ua — a'u,
, , (19.10)
A=DB+a, A =B+d.

The right side of the second identity belongs to ¢™*. To check the little-space assertion,
choose k < o/ < a, approximate v in ¢® and a,d’ in ¢™® by smooth sections, and use the
continuous product estimate. The elliptic estimate for the full covariant gradient now gives
u € ¢! 7F: apply (14+djdp) ™! to u+d(ua — a'u), whose terms have regularity at least —1 — k.
Thus (19.10) is exactly the rough gauge-action identity A’ = u - A. The path formula (19.7)
proves uniqueness among based gauges. If holonomies are simultaneously conjugate, insert the
corresponding fibre automorphism at o in that formula.

For two bundles the same construction uses T4 : P, — P, Ta : Qo — Q. and the
prescribed equivariant identification P, — @Q,. It produces a C¢ section of the bundle of
equivariant fibre isomorphisms. In local unitary frames the same difference quotient proof
gives du = uA — A’'u. The covariant gradient on Hom(V (P), V(Q)) improves it to c!=*. In
particular it is a continuous bundle isomorphism. A uniformly close smooth approximation
in the ambient homomorphism bundle, projected onto the fibre-isomorphism subbundle in a
G x G-invariant tubular neighbourhood, is a smooth bundle isomorphism. This proves equality
of the smooth topological classes and completes the proof. O

Corollary 19.4 (Stabilisers). For A € D (P), evaluation at the base point identifies its rough
gauge stabiliser with the compact centraliser in G of all its based polygonal holonomies. The
based rough gauge action on this domain is free.

Proof. If w- A = A, (19.4) identifies u(0o) with a centralising element and determines u
everywhere. Conversely, each such element can be inserted at o in (19.7), now with A’ = A.
The proof of Theorem 19.3 gives the resulting rough gauge. These maps preserve multiplication.
Evaluation is continuous. For continuity of the inverse, two reconstructed sections have
difference v with ||v||cc bounded by the distance of their initial matrices and dgv = va — av.
The elliptic estimate and interpolation, with kK < 8 < 1 — k, give

ol < Ca(llvlloe + vlles) < gllvller- + Chllvlloo-

Thus the inverse is continuous. The centraliser is a closed subgroup of the compact group G,
and hence is compact. Taking u(o) = 1 gives the last assertion. O

19.3 Closed orbits and a Borel identification

Proposition 19.5 (Compactness with two converging representatives). Suppose A, — A and
Up - Ap — A" in A (P), with u, € G*~%(P). Some subsequence of u,, converges in G'~*(P),
and its limit u satisfies u- A = A’. The same holds for based gauges. Consequently both orbit
equivalence relations are closed subsets of A.(P)?, and all their orbits are closed.

Proof. Write A, = B + a, and u,, - A, = B + a,. The bound (10.18) gives a uniform C'~*
norm for u,. Compact embedding on the closed surface gives a subsequence converging in C?
for Kk < B <1 — k, with a G-valued limit u. The action identity yields

—K

/ / .
dpUn = UnGp — AU, —> UG — QU inc

Together with uniform convergence of u,, the covariant elliptic gradient estimate implies that
this subsequence is Cauchy in ¢!~*. Its limit is therefore a member of that little space, and
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passage to the action identity proves the claim. A prescribed base-point value passes to the
uniform limit. Sequential closedness is closedness in these metric spaces. O

The compactness argument assumes that both representatives converge. In Proposition 14.1,
both escape to infinity. Closedness of the orbits therefore does not prevent collapse of the
unrestricted double infimum.

Lemma 19.6 (A Borel selector for the rough orbits). For either the full or the based rough
gauge group there is a Borel map s : A,(P) — Ak(P) such that s(A) belongs to the orbit of A,
and s(A) = s(A") exactly when the two orbits agree. Its range is Borel. For every invariant
Borel subset D of the connection space, the range of its restriction to D is Borel as well.

Proof. Give the affine connection space a complete separable metric from its Banach norm
and choose a countable basis of open balls with dense centres and rational radii. For a basis
ball V', the set of states whose orbit meets V' is the saturation (J,, u -V, an open set because
each gauge acts by a homeomorphism.

For each orbit, choose the first basis ball of diameter at most 1/2 that meets it. After a
ball has been selected, choose the first basis ball of diameter at most 27" whose closure is
contained in the previous ball and which meets the same orbit. At each stage such a ball
exists: choose a point of the orbit in the previous open ball, then a sufficiently small basis ball
near that point. Containment can, equivalently, be imposed by the strict centre-and-radius
inequality, so it is a fixed countable relation between the basis balls. Each selected index is
a Borel function of the input state, by the open saturation property. The selected centres
form a Cauchy sequence. Completeness gives their limit s(A), which is Borel as a pointwise
limit of Borel maps. Its distance from the orbit tends to zero, and the orbit is closed by
Proposition 19.5, so it lies in that orbit. All choices depend only on the orbit, proving the
asserted equivalence. In particular so s = s, and

s(Ax(P)) = {A:5(4) = A}

is Borel. If D is invariant, s(D) is the intersection of this range with D, which proves the last
assertion. O

Theorem 19.7 (The realised Borel holonomy space). Under (19.1), the subsets

Hiear (P) = H(DE(P)) C H(P),

real

28(P) = [9](DE(P)) € %(P) (19.11)
are Borel. They identify, as standard Borel spaces, respectively the based and full rough gauge
orbits in the trace domain. There are Borel maps assigning to each realised framed or unframed
holonomy a representative connection with those data.

For any countable list of pairwise nonisomorphic surface bundles with the same compact
connected structure group, the corresponding realised holonomy images in the common polygonal
data space are pairwise disjoint Borel sets. Their union therefore carries a Borel map recovering
the bundle isomorphism class.

Proof. Apply Lemma 19.6 to the two groups, and let Sy, S be their Borel ranges intersected
with DZ(P). These are Borel because the domain is Borel and invariant by Proposition 19.2.
The Borel holonomy map is injective on S, by Theorem 19.3; its unframed version is injective
on S. The Lusin—Souslin theorem for injective Borel maps between standard Borel spaces
gives Borel images and Borel inverse maps [18, Corollary 15.2]. The images are exactly (19.11),
because the selected representative lies in the same orbit. Composition with the selectors
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shows that the induced identifications and their inverses are measurable for the quotient Borel
structures. The inverse maps give the claimed representative selections.

For distinct bundles, use the common ambient space C, and its compact simultaneous-
conjugation quotient. The same injective Borel maps have Borel images there. The two-bundle
part of Theorem 19.3 proves that the images are disjoint. A map constant on each of countably
many disjoint Borel pieces is Borel. In particular all topological sectors may be included: over a
finite two-dimensional CW complex, the obstruction classes for a connected compact Lie group
take values in its countable group 71 (G), so there are only countably many principal-bundle
isomorphism classes. O]

The theorem identifies the realised domain inside the intrinsic Polish completion. It does
not equate that domain with the entire completion, or identify the latter’s topology with the
quotient of the negative Hélder norm. It gives the measurable state identification needed
to formulate transition laws on actual non-Abelian holonomies. Such laws must in addition
respect the rough gauge fibres; that is a property of the stochastic dynamics.

Corollary 19.8 (Simultaneous identification along local solutions). For the local non-Abelian
solution of Theorem 8.14, with 0 < k < 1/16, every surviving positive-time holonomy lies
simultaneously in the realised spaces (19.11). Its continuous unframed holonomy path determines
the full rough gauge orbit at each such time, including every surviving positive stopping time,
and recovers the fized topological class of P.

Proof. Choose 1/2 < a < 1 — k and apply Theorem 18.6, Corollary 18.7, and Theorem 19.7.
The first result gives positive-time membership on one event for the whole path, so the
identification applies at every surviving positive stopping time. ]

20 The maximal local orbit process and its holonomies

Fix
0 <k <1/16, 1/2<a<1-—k&k,

and a smooth principal bundle P — 3. Write

A=A(P), G=G""(P), D=DiP), & =Uy(P)
Put @ = A/G. Give this set the standard Borel structure furnished by the representative range
in Lemma 19.6, and also retain its topological quotient of the little negative Hélder topology.
The orbit map 7 : A — Q is Borel. The subset Qp = 7(D) is Borel, and Theorem 19.7 gives
a Borel isomorphism
O : Q D — <.

We construct the process on all of Q and then give its holonomy realisation on this invariant
subset.

The construction continues local orbit paths by choosing new representatives before their
fixed-reference norms become large. Its lifetime records continuation of the orbit across
these changes of DeTurck representative. Statements about maximal continuation refer to
the state-space quotient topology on Q. No equality between that topology on Qp and the
subspace topology of . C %, (P) is needed.
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20.1 Measurable representatives and comparison gauges

Choose a smooth reference B and a Banach norm || - ||, on ¢™*(E). Define the rough orbit size

ra([A)) = inf lu- A~ Bl (20.1)

It is finite and gauge invariant.

Lemma 20.1 (Small representatives and measurable gauge links). The function rp is upper
semicontinuous in the quotient topology and Borel in the specified standard Borel structure.
There is a Borel representative map

sp:Q— A, w(sp(@)=q, llsp(g) — Bllx <rp(q)+ 3 (20.2)
There is also a Borel map on the closed orbit relation,
(A A eg, (A A A=A (20.3)

Different smooth references and equivalent Banach norms give orbit sizes satisfying affine
bounds in both directions.

Proof. Let (g;) be dense in the separable gauge group. Continuity of the action gives rg([4]) =
inf; ||g; - A — Bl|. Its strict sublevel sets in A are open and invariant, so its descent to the
topological quotient is upper semicontinuous. Compose this Borel function with the Borel
representative from Lemma 19.6 to obtain its version on the standard Borel quotient. Starting
with that representative, choose the first g; whose norm is less than rp + 1/2. This is a Borel
choice and proves (20.2).

To select a comparison gauge measurably, give G the complete separable metric induced by
its little Hélder norm in the ambient endomorphism bundle. For a closed metric ball K C G,
the set

{(A,A") : there is u € K with u- A= A"}

is closed. Indeed, for converging pairs choose corresponding u,, € K and apply Proposition 19.5;
a subsequence converges in G to a gauge still in K. The analogous set for an open ball is Borel,
since that ball is a countable union of closed basis balls contained in it. For each equivalent
pair, its set of linking gauges is nonempty and closed. Apply the nested-basis-ball construction
of Lemma 19.6 to this closed set, using the just-proved Borel hitting tests. Completeness gives
a Borel limit in the fibre, which is (20.3).

Finally, if the same norm is used for two references, the triangle inequality gives |rg —r¢| <
||B — C||x- If the norms differ, their equivalence gives affine upper bounds for rp in terms of
rco and conversely. O

20.2 Uniformly positive local segments

The bounded-data local existence theorem supplies the following uniform local segments. Their
norm thresholds are chosen large enough to cover its reconstructed state bounds.

Lemma 20.2 (A uniform conditional survival bound). There are deterministic nondecreasing
thresholds Kp(R) > R + 1 and numbers ér € (0,1], pr > 0, for integers R > 2, with the
following property. For a fized-reference solution starting from A = B + a, ||a||x < R, define

dp(A,W;R) = 1 Ainf{t > 0: |Ap(t; A, W) — B|x > Kn(R)}. (20.4)

The threshold is reached before the representative lifetime whenever that lifetime is at most
one, by the state-norm explosion criterion. Thus this is a strictly positive stopping time, its
endpoint is a finite state, and it precedes the representative lifetime.
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It satisfies
inf  P{dg(A,W;R) > 6r} > pr. 20.5
|A-B|.<R { B( ) ’ )— R}—pR ( )
The same bound holds conditionally at every stopping time, for a random initial state with the
indicated norm bound and independent future Brownian increments.

Proof. Use the common bounded-data construction of Theorem 8.14 and the causal map
of Theorem 9.5. The random model and Gaussian bounds can be restricted to an event
of probability at least 3/4, independently of the initial state in this deterministic ball. On
that event the heat-lift estimate for the initial datum and the fixed-point theorem supply a
common positive time dg < 1 and a deterministic reconstructed state bound Cg throughout
that interval. Choose

Kp(R) =2+ 21%1%(}%(2@ + 2j).

There is no threshold crossing by dr on the indicated event, proving (20.5), with pg = 1/2
if desired. The conditional assertion follows from the same uniform construction and the
Brownian strong Markov property. ]

The stopped segment, its endpoint, and its length are jointly Borel in the initial state and
the Brownian path. This follows from the joint Borel causal solution map and the hitting-time
functional for a closed norm threshold on a continuous state path. The cemetery construction
in Section 9 may be used for that functional; the finite threshold is always reached before the
cemetery value.

20.3 Pasting the local orbit paths

For gy € Q set Ty = 0. At step n, given the endpoint ¢,, choose

Ap = SB(Qn)a R, =2+ [TB(Qn)-l-

Drive the fixed-reference solution from A,, by the Brownian increments after 7},, and run it
for d,, = dg(A,, W', R,,). Here WtT" = Wrp, 4t — Wr,. Put T,y = T), + dy, and define, for
T, <t <Thya,

Zy =m(Ap(t — Tn; An, W), o1 = Z1,,- (20.6)

There is no jump in the quotient topology at T, since the new representative belongs to the
same orbit as the preceding endpoint. Each segment has a continuous representative, so the
pasted Q-path is continuous before any accumulation of switching times.

Theorem 18.6 puts every surviving positive-time state of the first segment in D, simultane-
ously in time. Its endpoints and all subsequent selected states therefore belong to D as well.
Thus Z; € Qp at every surviving t > 0. If g9 € Op, this holds also at zero. In that case the
initial-time assertion of the same theorem gives continuity of H; = ©(Z;), including at every
switching time.

Every T, is a finite stopping time and 0 < d,, < 1. Let
(= lim T, € (0, o0]. (20.7)

For t > ( give the process the absorbing cemetery value t. The resulting process is jointly
measurable in (¢, go, W) and adapted. At each surviving time it takes values in Q. All these
assertions follow by countable iteration of the Borel stopped-segment map.
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Lemma 20.3 (No accumulation at bounded orbit size). Almost surely,

(<oo = limsuprp(Z;) = oc. (20.8)
i1¢

In particular only finitely many switches occur on a compact time interval on which the orbit
size is bounded.

Proof. Fix an integer L and restrict attention to the event R, < L for every n. Put § =
ming<j<yz, 6; > 0 and p = ming<j<z, p; > 0. Conditionally on the past at T;,, whenever R, < L,

P(d, > | Fr,) > p.

Conditional Borel-Cantelli implies that d,, > ¢ infinitely often on the event under consideration.
Explicitly, the conditional probability of k& successive failures while all the corresponding R,
remain at most L is bounded by (1 — p)¥. Taking k — co and then a countable union over
the possible last success proves the assertion without an independence assumption. Hence
> dn = 00 there.

If rp(Z71,) were bounded on an outcome with finite ¢, all its R,, would be bounded by some
integer L, which is impossible by the first part. This proves (20.8). The same argument after
discarding finitely many initial steps gives the compact-interval statement. O

20.4 Uniqueness of the continuation law

Lemma 20.4 (Coupling different switching constructions). The law of the killed path (20.6),
including its lifetime, is independent of the following choices: the smooth reference, the represen-
tative selector satisfying (20.2), the equivalent norm, and the particular Borel, nonanticipative
cap and norm-threshold rules used for the local segments, provided every switch is a stopping
time, the segments have bounded representative norms, and the rules have the uniform positive-
duration property on bounded sets of rg. The same assertion permits a first partial segment of
a previously started construction, followed by the usual rule.

Proof. To compare the killed laws and their lifetimes, couple the constructions through every
switching time. Take two switching constructions with references B, C and the same initial
orbit. Choose their initial comparison gauge by (20.3). Drive the first representative by a
Brownian motion and the second by its predictable rotation from Theorem 12.2. Their orbit
paths agree until the first switching time of either construction.

The comparison cannot terminate earlier. Up to that switching time both representatives
obey their finite norm thresholds. Their equality under the comparison gauge and (10.18) keep
the gauge bounded in ¢!~*. The restart and explosion assertions of Theorem 10.3 consequently
extend the gauge to the switching time. A representative cannot reach its own explosion time
before its finite threshold has been reached.

At that time carry out whichever switches are prescribed, keep the other representative
and its remaining cap and threshold, and choose a new linking gauge using (20.3). This
gauge is measurable with respect to the joint past. The conditional version of Theorem 12.2
again couples the future local solutions. A continuing representative may be restarted at this
common stopping time by the fixed-reference strong Markov and causal restart identities; its
remaining cap and threshold are retained as past-measurable parameters. Thus its marginal
law is exactly that of the original switching rule.

Iterate on the union of the two sequences of switching times. The relative rotations are
predictable orthogonal operators on successive stochastic intervals. Their stochastic integral
against the first Brownian motion, extended by the identity after a possible accumulation
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time, is a Brownian motion for the joint filtration. Hence both full marginal constructions
retain their prescribed Brownian-driven laws. They agree pathwise as orbits up to the smaller
of their two lifetimes. The composition law in Proposition 12.3 ensures compatibility of the
comparisons on consecutive pieces.

Suppose their lifetimes satisfy (4 < (3 on some outcome with (; finite. The second
construction has only finitely many segments on a compact interval containing [0, (1] and lying
before (5. Its representative norms, and hence its orbit size, are bounded on that interval. The
affine comparison in Lemma 20.1 gives a bound for rg on the common orbit path before (;.
This contradicts Lemma 20.3 for the first construction. Interchanging the constructions proves
equality of their lifetimes. Their killed orbit paths therefore agree under the coupling at every
time, proving equality in law.

A first partial segment changes none of this reasoning: it has a positive remaining cap and a
finite threshold, after which the standard rule applies. It does not affect the nonaccumulation
argument. The proof also works conditionally on an initial sigma-field, because all gauge links
and stopping rules are Borel and each new Brownian future is independent of the past. ]

Theorem 20.5 (The reference-independent maximal local orbit process). There is a time-
homogeneous strong Markov family on the standard Borel space Q U {1} with the following
properties.

1. From every q € Q its lifetime ( is strictly positive. Its surviving path is continuous in
the state-space quotient topology, including at time zero. It belongs to Qp simultaneously
at every surviving positive time. If its initial state belongs to Qp, it remains there until
death.

2. Bvery sufficiently short local segment, represented in any smooth reference gauge, has the
orbit law of the bare continuum flow starting from a representative of the current orbit.
The construction and the law of ¢ are independent of the smooth reference and of the
auziliary switching choices.

3. A finite lifetime satisfies (20.8) for every smooth reference and every equivalent rough
state norm. The path has no extension through that lifetime which is continuous in
Q. Thus the family is maximal among continuations of these local flow germs with
rough-quotient-continuous paths.

If P, denotes its transition semigroup and o is any finite stopping time for its usual augmented
natural filtration, then for every bounded Borel f andt > 0,

Eqlf(Zost) | FZ] = Pif(Z). (20.9)
The cemetery point is absorbing.

Proof. The Borel construction above defines Borel kernels P;(q, F) = P(Z} € F), including the
cemetery mass. Continuity on each segment and equality of the two orbit values at a switch
prove the path assertions before (. There are only finitely many switches on each compact
interval strictly before (, by the definition of the increasing switching sequence. Lemma 20.4
proves choice independence and the asserted local segment laws.

Let o be a stopping time for the driving Brownian filtration. On {o < (} choose the
unique half-open segment T;, < o < Tj,+1. At an exact switching time this convention uses
the newly selected representative. Thus the remaining cap is strictly positive and the current
representative is strictly below its exit threshold. Condition on the past at . The current
representative, its threshold, and the remaining cap are then fixed past-measurable data. For
the displayed construction that cap is 1 — (0 — T},); more generally it is the cap chosen at the
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segment’s start minus the elapsed time. It is not the unknown remaining time until the actual
threshold crossing. The fixed-reference strong Markov property identifies its future up to the
next switch with a newly driven local solution from that representative. Brownian increments
after o are independent of the past. After the next switch the construction uses its usual rule.
This is the partial first-segment construction allowed in Lemma 20.4; its conditional law is
therefore exactly the law started afresh from Z,. On {o > (} the assertion is immediate from
absorption. This proves the conditional identity for the Brownian filtration. It implies the
Chapman—Kolmogorov identity by taking deterministic o, and implies (20.9) for the usual
augmented natural filtration, which is contained in that filtration. With an isolated cemetery
point the path is right-continuous in the quotient topology; a left limit at ¢ is not needed for
this conditional argument.

Lemma 20.3 gives the explosion assertion, and Lemma 20.1 transfers it between references.
If a path had a O-continuous extension through a finite ¢, upper semicontinuity and finiteness
of rp at the extended state would make rp bounded in a neighbourhood of that time. This
contradicts (20.8). The maximality statement is in this rough quotient topology; it imposes
no assertion about possible additional boundary limits in the larger holonomy completion. [J

Corollary 20.6 (The continuous holonomy realisation). The restriction of the preceding family
to Qp U{t}, transported by the Borel isomorphism © and ©(}) = 1, is a reference-independent
local strong Markov family on ¥ U{t}. From every realised initial holonomy its surviving paths
are continuous in %, (P), including at zero. The process takes values in & simultaneously at
all surviving times, and its lifetime is the mazimal orbit lifetime in Theorem 20.5. Starting
from any orbit in Q, the same holonomy realisation exists continuously at all surviving positive
times.

Proof. The pathwise entrance and invariance established above make Qp U {t} invariant for
the transition kernels. The Borel isomorphism identifies the full state at each time, so it also
identifies the two natural filtrations. Transporting (20.9) proves the strong Markov assertion.
Holonomy continuity on each segment is Theorem 18.6, including its initial-domain assertion.
Gauge invariance identifies the values at switching times. There are finitely many switches
on compact surviving intervals, which proves the claimed continuity. For an arbitrary initial
orbit, the first segment enters D simultaneously at every positive time, and the same argument
applies on compact positive-time intervals. ]

The realised images of different bundle isomorphism classes are disjoint Borel sets by
Theorem 19.7. The preceding kernels may therefore be combined over the countably many
surface-bundle classes. They preserve the initial topological class up to the lifetime. Smooth
bundle isomorphisms covering isometries transport this Markov family, by the local naturality
theorem and the independence of representative and switching choices. No assertion of global
nonexplosion or of an invariant non-Abelian measure is required for this local realisation.

21 Naturality and further directions

The geometric objects, the regularised equations and the continuum limits can be transported
between isomorphic surface bundles. We establish naturality and independence from auxiliary
analytic choices, and then describe the questions beyond the local continuum and observable
constructions.
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21.1 Intrinsic noise and the affine space of states

For r € R, the affine space
A"(P)=B+c"(T"Y ®ad P)

is independent of the smooth origin B: replacing B by B + b changes the coordinate a to
a — b. Smooth translation is a homeomorphism, and the bundle Besov norms obtained from
different smooth auxiliary connections are equivalent. In particular, A~"(P) is a separable
affine Banach space.

Proposition 21.1 (Global noise and transition compatibility). Let P have smooth transition
functions g;;. The local representatives of a reference connection, its affine coordinate and the
white noise satisfy

B; = Adgij Bj - (dgij)gigl,
a; = Adgij aj, fl = Adgij fj- (21.1)

The noise law depends only on the fibre metric and the surface volume. The DeTurck operator,
the heat regularisations, and the integrated Gaussian currents satisfy the induced transition
laws. Every connection path and comparison gauge constructed here lies on the original bundle

P.

Proof. Let H = L*(T*Y ® ad P). White noise is the isonormal Gaussian family on L*(R; H),
with covariance given by that Hilbert inner product. For a local construction, take smooth
functions p; supported in orthonormal bundle charts with ), p? =1, and independent chart
noises {#"*. Extension by zero gives £ = >, p;£¢"*. For test sections f, h,

BIEEm) =3 [ pHh) = [(fm).

The resulting global Gaussian law is independent of the charts. Its restrictions transform as
in (21.1). The transformation rules for dp, its adjoint, and the bracket prove compatibility
of the drift. Functional calculus gives compatibility of the heat kernels, and Proposition 7.5
gives that of the currents. Reference changes are affine translations on the same bundle; gauge
transformations are its automorphisms over the identity. O

21.2 Naturality of the local continuum solution

Proposition 21.2 (Transport and auxiliary-choice independence). Let ® : P — P’ be a
principal-bundle isomorphism covering an orientation-preserving Riemannian isometry of
closed surfaces. Write ®, for transport of connections and Ug for its linear action on adjoint-
valued one-forms. Set

B' = 9,8, b= . A, W' = UgpW.
The fixed-reference continuum solutions of Theorem 8.1/ satisfy
AP (A, W) = @, AP (Ag, W) (21.2)

throughout their mazximal lifetimes, which agree under this transport. In particular their
transported laws agree.

For fizred B and the specified additive heat approximation, the reconstructed solution is
independent of the choices of local frames, partitions, jet realisations, and singular/smooth
kernel decompositions used in its construction, provided the finite affine compensation of
Proposition 8.13 is included. Successive bundle transports compose exactly.
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Proof. The map Ug is unitary on the noise Hilbert spaces. It intertwines the covariant
derivatives, their adjoints and the Lie brackets, and therefore

UpLp = LpUs, Upe <0tLB) — o=<(+Lp) .

The transported cylindrical Wiener process has the stated law. Equation (2.4), expressed
under the bundle isomorphism, and classical pathwise uniqueness imply at every positive cutoff

ABE (AL W) = &, AP (A9, W).

The initial heat approximations also intertwine. Transport is continuous in the local solution
topology. On common bounded data events the two sides converge by Theorem 8.14. Uniqueness
of limits in probability gives (21.2) there. The data-tail bounds exhaust the local solutions,
and uniqueness extends the equality over overlapping continuation intervals. The transport is
an isomorphism of the rough state spaces. If one lifetime were strictly smaller, the state on
the other side would stay bounded through that time, contradicting the explosion criterion
(9.2). Thus the maximal lifetimes agree.

For auxiliary choices, construct both enhanced representations using the same Wiener
process and the same heat-cutoff initial data. The affine reconstruction identity identifies
both with the identical classical cutoff solution. Localise by both data sizes and apply the
same uniqueness-of-limit argument. The finite subtraction coefficients may change with the
representation; the compensated reconstructed solution is unchanged. Finally the equality for
successive transports follows at each cutoff and passes to the limit in the same way. ]

For a smooth gauge transformation over the identity, this result simultaneously transports
A, B and the noise. A comparison that changes B while keeping the geometric initial orbit
fixed is governed by the reference-change equation of Section 3.

21.3 The scope of the non-Abelian comparison

The continuum comparison of Section 12 uses the bare additive spatial heat approximation. It
relates local solutions in different reference gauges through a c!=* gauge and a predictable
rotation of Wiener noise. Its finite quadratic cancellation is specific to the Yang—Mills
contraction in two dimensions. It does not assert that every free tensor enhancement, or every
temporal smoothing convention, has the same finite limit.

The realised state spaces in Theorem 19.7 identify the rough gauge fibres of the positive-time
connection process. Section 20 constructs the corresponding reference-independent maximal
local orbit family and its strong Markov holonomy realisation. Their ambient completions are
intrinsic Polish spaces, but the realised Borel images need not fill those completions. Neither
completeness of the ambient metric nor static orbit reconstruction proves global existence of a
non-Abelian diffusion.

21.4 Global dynamics and covariant approximations

Global non-Abelian dynamics on an arbitrary surface bundle requires estimates preventing
escape of the evolving gauge orbit. Identifying an invariant measure is a further problem.
Neither is resolved by the local construction or the Abelian equilibrium calculation. The
torus invariant-measure and universality results of [8], and the covariant non-Markovian Yang—
Mills-Higgs approximation of [5], provide relevant precedents, with different geometric and
approximation hypotheses.

For the field-dependent smoother e=¢24 Section 4 supplies maximal classical solutions and
exact reference comparison at fixed € > 0. A uniform singular limit for this family would
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require stochastic estimates with the evolving distributional connection inside its heat kernel.
This problem is separate from the additive-heat reference comparison proved here. Similarly,
classifying finite normalisations for all space—time mollifiers requires the corresponding causal
covariance calculations, beyond the spatial predictable convention used in the present argument.
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