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ABSTRACT. For a complex polynomial p of degree d > 2 with p(0) = 0 and p’(0) # 0, let S(p)
be the minimum of |p(c)/(cp’(0))| over the critical points c of p, and let K(d) be the supremum
of S(p) over all such p of degree d. In 1981 Smale proved that K(d) < 4 for every d, and asked
whether 4 can be replaced by 1. We prove that Smale’s mean value constant sup, K(d) equals
4 and that K(d) — 4 as d — oo, combining a reduction due to Jatar and Ng with an explicit
construction. Each K(d) is known to be below 4, so the supremum is not attained. The main result
has also been formalized in the Lean 4 proof assistant. We give three further proofs: by a variant
of the main construction in which part of the boundary of an auxiliary domain is a level curve of
an entire function; by a Riemann map onto a domain with thin hairs; and by a Riemann surface
whose conformal radius at its base point is near 1. We also include a complete proof of the known
fact that K(d) does not decrease.

AT Disclosure. This work was done overwhelmingly by AI models, steered by the author in a
continuous critical dialogue, alternating between Anthropic’s Claude and OpenAT’s ChatGPT. The
author takes full responsibility for the paper.

1. INTRODUCTION

Let p be a complex polynomial of degree d > 2 with p(0) = 0 and p'(0) # 0. A critical point of
p is a zero of p'; since p’(0) # 0, no critical point is 0. Compare, at each critical point ¢, the slope
p(c)/c of the chord from 0 to ¢ with the slope p/(0) at 0, and put

_ .| plo)
S): Permo |ep/(0)
Any point where the derivative does not vanish can be moved to 0 by a translation, and subtracting
a constant then gives p(0) = 0, so the normalization loses nothing. Smale’s mean value theorem
[24] says that S(p) < 4 for every such p. For d > 2 let

K(d) := sup{S(p) : degp = d}, K* = zggK(d)

Thus K(d) is the best constant in Smale’s theorem for degree d, and K*, Smale’s mean value
constant, is the best constant for all degrees. Jatar and Ng [17] call it M. The polynomial z + z¢
has S =1—1/d, so K* > 1, and Smale asked whether K* =1 [24, 25]. Moreover K (d) does not
decrease with d [9]; Appendix A gives a full proof. The idea is that adding ez9*! to p, with & small,
moves the old critical points and the quotients |p(c)/(cp’(0))| there only slightly, and creates one
new critical point, of modulus of order 1/e, where this quotient is large. So limy K (d) exists and
equals K*.

Theorem 1.1. K* = lim K(d) = 4.
d—o0
So for every number a < 4 there is a polynomial with [p(c)/(cp'(0))| > a at every critical point c.!

ITheorem 1.1 is proved in Lean 4 from Lean’s three standard axioms alone, with no other result encoded as an
axiom, and checked with the Lean comparator:
https://github.com/david44hello/paper_smale-mean-value-constant-equals-4/tree/v2.50
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The proof is not effective: for a given a < 4 it gives no bound on the least d with K (d) > a. The
supremum is not attained: K (d) < 4(@=2/(d=1) < 4 [3], and K(d) < 4 — 2.263/+/d for d > 8 [10].

Smale’s conjecture K* =1

Smale 1981 [24] () 1<K*<4

Jatar and Ng 2026 [17] | | 1.1018 < K* < 4
Goel 2026 [14] | | 1.1559 < K* < 4

This paper ‘ K* =4 (Theorem 1.1) ‘

1 2 3 4
FiGURE 1. What is known about K*, to scale. In each row the green part is
where K* may still lie; the grey part is ruled out. Smale proved K* < 4 in 1981

and conjectured K* = 1 (white dot); that conjecture was disproved in 2026 [1, 2].
Theorem 1.1 shrinks the interval to the single point 4.

Notation. D is the open unit disc and T the unit circle. A Jordan domain is a bounded domain
whose boundary is a Jordan curve, and it is analytic if that curve is analytic. A function is univalent
if it is holomorphic and injective. Koebe’s quarter theorem says that if g is univalent on D and
g(0) = 0, then g(ID) contains the disc of radius |¢’(0)|/4 about 0; the growth theorem gives the
lower bound |g(t)| > |¢'(0)| [t|/(1 +|¢])? on D. The Koebe function k(t) =t/(1+t)? is univalent on
D and maps it onto C\ [1/4,00). The boundary point of k(D) nearest 0 is 1/4 = lim;_1 k(¢).

Earlier work. The conjecture K* = 1 was disproved in 2026 [1, 2]. Jatar and Ng then proved
K* > 1.1018 [17], and the author proved K* > 1.1559 [14] (Figure 1).

Our proof rests on a reduction due to Jatar and Ng [17, Proposition 4.3, Theorem 4.4] (Proposi-
tion 2.1 below). The reduction replaces polynomials by functions with nonvanishing derivative near
the closure of a domain; it goes back to the construction of [1, 2] (see [2, Proposition 6.4]). Jatar
and Ng show that K* equals the supremum A of infsq |f(2)/z| over such functions f on analytic
Jordan domains Q > 0, normalized by f(0) = 0 and f/(0) = 1. In their notation our construction
gives A > 4, so A = M = 4; this answers their question [17, Section 9] whether “one can get a
larger lower bound of M through A”. Theorem 5.1 of [17] shows that a different constant, the one
in Smale’s Problem 1A, equals 4; see Remark 6.3.

The idea of the proof. By Proposition 2.1, it is enough to find, for each a < 4, an analytic
Jordan domain Q > 0 and a function f, holomorphic near Q, with f(0) = 0, f/(0) =1 and f' # 0
on Q such that |f(2)/z| > a on 9. For a > 1 the function f must have zeros other than 0 on €,
so it is not injective (Remark 6.2). We look for f of the form f = (W’(0)/F’'(0)) F o W~ where
W is univalent on D with W (0) = 0 and ©Q = W (pD) for some p < 1 close to 1. If ¢y is a point of
the circle pT where |F| is least, then the value of |f(z)/z| at z = W (tp) is

F(to) [W(0)]

[E'(0)]  [W(to)|
The first factor is at most p, by Schwarz’s lemma: the branch of F~! with value 0 at 0 extends
to the disc {|v| < |F(to)|} with values in pD (by analytic continuation of the inverse branch, using

F" # 0; see Remark 6.1), so |F(tg)| < p|F'(0)|. The second is at most (1 + p)?/p, by Koebe’s
growth theorem. So this value is at most (14 p)? < 4. Our construction makes both bounds nearly
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sharp at the same point; this is possible because F' and W can be chosen separately. The only link
between them is a set of n points of T, the n-th roots by,...,b, of —1: near them |F| dips, and
there |W| must be close to its smallest possible size.

We take W = go ¢ — g(¢(0)), where g is a function close to the Koebe function and ¢ is an
explicit univalent self-map of D, with ¢(0) close to 0 and ¢'(0) close to 1, whose limit at each of
the points b; is the single point 1. The image ¢(ID) is the disc with n thin walls removed, and the
channels between the walls all lead to the point 1. Since g sends 1 to the boundary point nearest
0, the second factor is close to 4 at each b;. We construct F' with F’(0) close to 1 and with |F|
large near the whole circle, except near the points b;, where |F'| drops to about 1. Away from these
points |F| is so large that |f(z)/z] is large. Our function F' is built from an entire function F with
E'(¢) = exp(€™)(1—&"/cy), where ¢, is a large constant (Section 4). Figure 2 shows the two pieces.

b1

|F'| dips to about 1 near the b, o(D), with its walls

FIGURE 2. The construction for n = 5, not to scale; the walls are drawn far apart.
On the left is the unit disc; the thick arcs mark the neighbourhoods of the points
b;j. On the right is ¢(ID), the disc minus 5 arcs of circles tangent to T at the point 1.
The map ¢ sends points near each b; into a channel between neighbouring walls, or
between the outermost wall and T, close to the point 1. The function g, close to the
Koebe function, then sends the point 1 to the boundary point nearest 0.

The main step is the following theorem, which we prove in Section 5. For a function g on D we
write g(1) := lim¢—1 tep g(t), when this limit exists. We need the unrestricted limit, not only the
radial or nontangential one, because ¢(t) tends to 1 tangentially to T as t — b;.

Theorem 1.2. Let g be a bounded univalent function on D with g(0) = 0 and ¢'(0) = 1, and
suppose that g has a limit g(1) at the point 1. Then K* > 1/|g(1)|.

The point g(1) is not in ¢g(ID), since g is open and injective, so it lies on dg(D); hence |g(1)| > 1/4
by Koebe’s theorem, and the lower bound 1/|g(1)| never exceeds 4. Theorem 1.2 has the following
consequence for Jordan domains; Section 8 gives a direct proof of it.

Corollary 1.3. Let U be a bounded Jordan domain with 0 € U, and let G: D — U be conformal
with G(0) = 0. Then K* > |G'(0)|/ dist(0,0U).

Proof. By Carathéodory’s theorem, G extends to a homeomorphism of D onto U. Take t, € T with
|G(ts)| = dist(0,0U). The function g(t) := G(t«t)/(t+G’(0)) is bounded and univalent on D, with
g(0) =0, ¢'(0) = 1 and the limit g(1) = G(t«)/(t+G'(0)) at 1. Theorem 1.2 gives K* > 1/|g(1)| =
|G'(0)]/ dist (0, 0U). O

This paper is an expanded version of [13]: Sections 1-6 are those of [13], with Corollary 1.3
added. Sections 7-9 give three further proofs of Theorem 1.1, Appendix A gives a full proof that
K (d) does not decrease, and Appendix B gives a rate for the convergence of the conformal radius
in Lemma 9.5; the proofs do not need this rate.
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2. FROM POLYNOMIALS TO PAIRS OF FUNCTIONS ON THE DISC

The following proposition is due to Jatar and Ng [17, Proposition 4.3]. For completeness we
include the proof.

Proposition 2.1. Let 2 be an analytic Jordan domain with 0 € 2. Let f be holomorphic on a
neighbourhood of Q, with f(0) =0, f/(0) =1 and f' #0 on Q. Ifa >0 and |f(2)/z]| > a on 09,
then K* > a.

The proof uses the following form of Hilbert’s lemniscate theorem [15, 19].

Lemma 2.2. In a closed topological annulus there is a nonconstant polynomial q such that the
whole set {|q| = 1} is an analytic Jordan curve in the interior of the annulus, separating its two
boundary components. For such a q, |q| < 1 inside this curve and |q| > 1 outside it, and all zeros
and all critical points of q lie inside it.

Proof. We derive this single-curve form from the classical proof. Take an analytic Jordan curve
in the interior of the annulus that separates its boundary components, and let X be the closed
region bounded by this curve. Let Gx be the Green function of C \ X with pole at oco; it has
no critical point, since the complement of X in the Riemann sphere is simply connected, so that
Gx is the logarithm of the modulus of a conformal map of C\ X onto {|w| > 1}. Fix v > 0
so small that the set {0 < Gx < 2v} lies in the interior of the annulus. Let @; be a monic
Fekete polynomial of degree j of X, and put ¢; := (€7 cap X y~J Qj, where cap X is the capacity
of X. Put u; := j tloglg;| — (Gx —v) = j 'log|Q;| — logcap X — Gx. The zeros of Q; (the
Fekete points) lie on 0X, so each u; is harmonic on C\ X; it extends harmonically to co with
uj(o0) = 0, since @; is monic and Gx(z) = log|z| — logcap X + o(1). By the Bernstein-Walsh
inequality, u; < &; := j 'log||Q,|lx — logcap X on C\ X, and ; — 0 [23, Theorems 5.5.2, 5.5.4
and 5.5.7]. So £ —u; is a nonnegative harmonic function on (C\ X)U {oo} with value ¢; at oo, and
Harnack’s inequality on the compact set {G'x > v/4}U{oo} gives 0 < g; —u; < Vpe; there, with 1
independent of j. Hence u; — 0 uniformly on {Gx > v/4}, including near oo, and, by the interior
estimates for harmonic functions, its first derivatives tend to 0 uniformly on {v/2 < Gx < 2v}.
Consider three regions, for large j.

e On the collar {7/2 < Gx < 2v} the gradient of Gx does not vanish. The gradient lines
of Gx make the collar a product of {Gx = v} with an interval. Along each of them,
parametrized by arc length, j7!log|g;| increases (its derivative tends to |[VGx| > 0, uni-
formly on the compact collar) from about —+/2 to about 7, so it vanishes exactly once.
Hence {|g;| = 1} meets the collar in a graph over {Gx = 7} along the gradient lines, that
is, in one Jordan curve close to {Gx = ~}; it is analytic, since ¢; # 0 and Vlog |¢;| # 0 in
the collar.

e On {Gx > 2v}, up to oo, we have j~!log|g;| > v/2, so |g;| > 1.

e On {Gx < v/2}, which contains X, the Bernstein-Walsh inequality |Q;| < [|Q;|x e/¢X
[23, Theorem 5.5.7(a)] and HQJ-H;/J — cap X [23, Theorems 5.5.2 and 5.5.4] give |¢;| < 1.

So ¢ := g; has the required property.

For such a ¢, |¢| < 1 inside this curve and |g| > 1 outside it, by the maximum principle and
connectedness. Since |¢g| > 1 outside the curve, all degq zeros of ¢ lie inside it; so ¢ maps the inside
of the curve onto DD as a proper map of degree degq, and by the Riemann—Hurwitz formula it has
deg g — 1 critical points there, and these are all of them. ]

Proof of Proposition 2.1. Step 1: a polynomial close to f. By continuity we can find h > 0 and
the closure N of a Jordan domain, with € C int IV, such that f is holomorphic near N, f’ # 0 on
N, and |f(2)/z| > a+2h on N \ Q. Since C\ N is connected, Runge’s theorem gives polynomials
converging to f uniformly near N, and by Cauchy’s estimates their derivatives converge on V.
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Subtracting the constant term, we obtain a polynomial p with p(0) = 0, with p’ # 0 on N, with
Ip(2)/z| > a+ hon N\ Q, and with [p'(0)| < (a + h)/(a + h/2).

Step 2: a lemniscate. Apply Lemma 2.2 to the closed annulus N \ ©2. We obtain a polynomial ¢
whose lemniscate {|q| = 1} is a Jordan curve in the interior of this annulus. Then (2 lies inside the
curve, so |g| < 1 on . Moreover 2¢'(z) # 0 on the curve and outside it, because 0 and all critical
points of ¢ lie inside. Fix v € (0,1) so small that the compact set A, := {1 —v < |[g| <1+ v} lies
in int NV \ Q, and so that {|g| < 1 — v} contains Q and every critical point of q.

Step 3: the polynomials H,,. Let H,, := p + 2q¢™, a polynomial of degree mdegq + 1 once m is
large. Then H,,(0) = 0, and

H =9 +q¢" 1 (¢g+mzq).

We show that for all large m every critical point of Hy, lies in A,.

(i) On {|g| < 1 — v}, a compact subset of N, we have m|q/™ ! — 0 uniformly, so H, — p'
uniformly. Since p’ # 0 on N, the polynomial H,, has no critical point there.

(ii) On {|q| > 1 + v} the polynomial z¢’ has no zero, and it has the same degree as q. Hence
there are positive constants V3, Va, V3 with |zq’| > Vi(1 + |2])9®84, with |q| > Va(1 + |2])9°87 and
with |¢/(2¢")] < V3 on this set. So |¢ + mzq'| > (m/2)|z¢| for large m. Let dy := degp’, so
that |p/| < Va(1 + |z])%* on this set for some V4, and let m — 1 > dy. Since |¢| > 1 + v there,
g™ > (14 ) gl and [qlf > Vi (1 + |2 980 > V(1 + |2, With |g -+ mzq| >
(m/2)V(1 + )59 > (m/2)V; we get

" Mg+ mzg)| 2 (VA )t T > V)t 2 )

for large m, uniformly on this set. So there is no critical point there.
(iii) Therefore every critical point ¢ of Hy, lies in A,. On A, we have |z¢'| > V5 > 0, |g| < 2 and
Ip'| < Ve, so H] (c) =0 gives

Pl 2

m—1 __
9O = @+ meg @] = Vam

for large m, and hence |q(c)|™ = O(1/m). Since H,,(c)/c = p(c)/c+q(c)™ and ¢ € N\ 2, we obtain
|Hp(c)/c| > a+ h—O(1/m), uniformly over the critical points. Finally H/ (0) = p/(0) 4+ ¢(0)™ —
7' (0), because |¢(0)| < 1. Therefore

a+h h

o S h
lﬂlng(HW Z 0] > atg,

and so K* > a. O

We use Proposition 2.1 in the following form.

Lemma 2.3. Let W be univalent on D with W(0) = 0, and let F be holomorphic on D with
F0O)=0and F"#0 onD. If0<p <1, s >0, and

FOUWO)] > sIFO)W@E|  for allt with t| = p,
then K* > s.
Proof. The set Q := W (pD) is an analytic Jordan domain whose closure lies in W (D). The function
f = (W'(0)/F'(0)) F o W~! is holomorphic on W (D), with f(0) = 0, f/(0) = 1 and f’ # 0. On

09, with 2 = W (t) and |t| = p, we have |f(z)/z]| = |W'(0)/F'(0)| |F(t)/W(t)| > s. Proposition 2.1
gives K* > s. O
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3. THE MAaP W

The map pu(t) :=i(1+1t)/(1—t) sends D conformally onto the upper half-plane H, with p(0) =
and p/(0) = 2i. Its inverse is p~(w) = (w —4)/(w + i), so that p=H(w) — 1 = —2i/(w + i). Let
P C T\ {1} be a finite nonempty set. For b € P the point z; := u(b) is real. For A > 0 let

a(2) ::z—i—)\Zlog(z—xb) (z € H), by =p tolyoupu,
beP

with the principal branch of the logarithm.

Lemma 3.1. (a) @ is a univalent map of D into D.
(b) For everyb e P, ¢x(t) = 1 ast — b inD.
(c) As A — 0, ¢»(0) — 0 and ¢, (0) — 1.

Proof. (a) We have ImT'\(z) = Imz + A} ,arg(z — x3) > 0, so I'y maps H into H. Further,
I = 14+ XY, 1/(2 — @) has negative imaginary part on H. Since H is convex, the difference
quotient of I'y between two points of H, being the mean of Iy on the segment between them, has
negative imaginary part, and so is not 0. Hence I'y is injective.

(b) Ast — b, z = u(t) — xp in H. Then ReI'\(2) = Alog |z — xp| + (a term bounded near xp) —
—00, 80 I'\(z) — oo, and ¢ (t) — 1 = —2i/(T'x(2) + ¢) — 0. This holds however ¢ approaches b.

(c) As A = 0, I'y(i) — i and T4(i) — 1. So ¢r(0) = ' (Tx(i)) — 0, and ¢,(0) =
—4T (1) /(TA(i) +14)? — 1. O

Figure 2 shows the shape of ¢,(ID). On each interval of the real axis whose right end is a point
xp, including the unbounded interval (—oo, ming x3), the imaginary part of I'y is constant and its
real part runs from —oo up to a maximum and back. One checks that I'y(H) is H minus horizontal
rays going to the left, and ¢, (D) is D minus arcs of circles tangent to T at the point 1: the walls
of Figure 2. This description is not used in the proofs.

Proposition 3.2. Let g be as in Theorem 1.2, and let B := supp|g|. For every € € (0,1) and
every finite nonempty set P C T \ {1} we can find a univalent function W on D with W (0) = 0
and a number 6y > 0 such that [W'(0)] > 1 —¢, |W| < 2B on D, and [W(t)| < (14 ¢€)|g(1)] for
every t € D with dist(t, P) < 6p.

Note that the bound 2B does not depend on P. This is what allows us, in Section 5, to fix the
size of |F| before the number of points in P.

Proof. Let W := g o ¢ — g(¢x(0)). This is univalent on D by Lemma 3.1(a), W(0) = 0, and
|[W| < 2B. By Lemma 3.1(c), as A — 0 we have g(¢x(0)) — 0 and W’(0) = ¢'(¢2(0))¢)(0) — 1.
Fix A so small that [W/(0)] > 1 —¢ and |g(¢2(0))| < (£/2)|g(1)]. By Lemma 3.1(b) and the limit of
g at 1, for each b € P we have |g(¢x(t)) — g(1)| < (¢/2)]g(1)] for all ¢ € D near b. Since P is finite,
this gives 6. U

4. THE FUNCTION F
Throughout this section n > 8 is an integer, o > 100, ¢, := 20, and R > 1, with
(1) 200 0n < e(”_l)/Q, R< elo=1)/2,

Proposition 4.1. For all £,0 > 0 we can find a function F, holomorphic on D with F(0) = 0
and F' # 0 on D, and a number ro € (0,1), such that 0 < F'(0) < (20)" and, for every t with
ro < [t <1,

IF(t)| > R, or else both |F(t)| > % —c and |t"+1]<8.
n
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The plan of the proof is as follows (Figure 3). We put F' := F o0&, where E is the entire function
of Step 1 and £(¢)" = n(t"), with 7 a conformal map of D) onto the half strip IT := {y : Rey <
o, |Imy| < C}, where C is a large odd multiple of 7, chosen last (Step 2; oddness is used in
Step 4). Then |F(t)| = |®(y)| with y = 5(t"), where ®(y) := E(y'/™), and as [t| — 1 the point y
tends to the boundary of II. In the band of width 1 along the right edge Rey = o we show |®| > R
(Step 3). In the bands of width % along the two horizontal edges, and to the left of Rey = —C,
we show that |®| is at least about n/(n + 1) (Steps 4 and 5). The rest of II is a compact set, so
for |t| close to 1 the point y lies in one of these regions; it lies outside the right band only when
t" is close to —1, that is, when ¢ is close to one of the n-th roots of —1 (Step 6). On II we have
Rey < 0 = ¢,/2, so the factor 1 — y/c, (Step 1) does not vanish there, and it is bounded below
in terms of |y| (Step 3): |1 —y/co| > |y|/(6¢,). This lower bound is what lets Step 3 bound |®|
from below along the whole right edge, at every height up to C, although C is chosen last. The
condition n > 8 is used in Step 4.

|®] > n/(n+ 1) (Step 4)

|®| > R
(Step 3)

Oe

_________________________

|®| >n/(n+1) —e (Step 5)

F1GURE 3. The plan of Section 4, for n = 8, not to scale. The map ¢ — 7(t") sends
D onto the half strip II. Off the compact set Iy, Steps 3-5 bound |®| from below
(the band at the bottom edge is like the one at the top; in the far left, ¢ comes from
the choice of C' at the end of Step 6). For ro < |t| < 1 the point n(t") lies outside
Iy, and it lies outside the dark band only when ¢ is close to an n-th root of —1
(thick arcs; Step 6).

Proof. Step 1: the function E. Let

B = [ ewe(1-$)ac

This is an entire function with E’(£) = exp(£™)(1 — £" /¢, ), and E(wf) = wFE(§) whenever w™ = 1.
Integrating by parts, with Ey(§) := foé exp(¢™)d¢ and k :=1/(con),

¢

Co

(2) E(§) = (1 + K)Eo(§) — k§exp(§").
On C\ (—o0, 0], with principal branches and u = (", put
y
®(y) := E(y"/™) = /0 J(u) du, J(u) == %e“x(u)7 x(u) == ut/"1 (1 - %)

The function @ itself jumps across the negative axis, but since ®(y) = ®(y), its modulus |P| extends
continuously to all of C. Every £ with £” off the negative axis has the form w (f")l/" with W™ =1,
so the rotation symmetry of E and continuity give

3) [E@)] =12 (€0,
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So it suffices to bound |®| on the closed upper half-plane, with boundary values from above on the
negative axis.

Step 2: the half strip and the definition of F'. Let C' > 3w be an odd multiple of 7, chosen last.
Let g :=7/(2C), o := sinh(fSo), and

II:={y:Rey <o, |[Imy| <C}.

The function w(y) := sinh(S(y — o)) maps I conformally onto the left half-plane: y — B(y — o)
maps IT onto the half strip {Rez < 0, |Imz| < 7/2}, which sinh maps conformally onto the left
half-plane. So

a+w(y)

a—w(y)

maps II conformally onto I, with ©(0) = 0 since w(0) = —a. Let n := ©7! : D — II. Then
7(0) = 0, and from w(n(t)) = —a(l —t)/(1 +t) we get

fion 20 _ 2tanh(Bo)
n(0) = Boosh(Bo) 3 € (0,20].

O(y) :==

The quotient 7(t)/t has no zero on D, so

€)==t (n(t”)>1/n’

tn

with the branch that is positive at ¢ = 0, is holomorphic on D. It satisfies {(¢)" = n(t") and
E(wt) = wé(t) for w™ = 1. These two identities show that £ is injective: if {(t1) = &(t2), then
n(t?) = n(ty), so t} = t5 and to = wt; with w™ = 1; then £(t1) = &(t2) = w&(t1), so w =1 or
&(t1) =0, that is, t; = to = 0. Hence ¢’ # 0. Now let F:= Eo&. Then F(0) = 0, and

n(t")

Co

F'(t) = exp(n(t") (1 = L)1) # 0,

because Ren < o < ¢ Also F'(0) = 7/(0)/" < (20)Y/™. By (3),

(4) [E@®)] = |2(q(")]  (t€D).

Step 3: the right band, 0 —1 < Rey < o: here |®(y)| > R. Let y = x+i7 with7 > 0and 0 —1 <
x < o, so that |y| >z >99. Since Rey < ¢,/2, we have 1+ |y|/c, < 6|1 —y/cq|: if |y| < 2¢,, then
|1—y/ce| > 1—Rey/c, > 3 and 1+ |y|/cs < 3;if [y| > 2¢,, then [1—y/co| > |y|/co —1 = |y|/(2¢5)
and 1+ |y|/cs < 3ly|/(2¢,). Hence |1 —y/cy| > |y|/(6¢cs). Let Ty := (1/n)e*|x(y)|, the modulus of
the main term (1/n)e?x(y). Then

T > em‘yll/n.
6con

To bound the rest of ®(y), note that the function ®(u)—(1/n)e*x(u) has derivative —(1/n)e*x’(u),
since ® = J = (1/n)e"y. Integrate this derivative along the horizontal segment from yg := z/2+i7
to y. For u on this segment, |y|/2 < |u| < |y| and |c; —u| > 0. So |x(u)| < 2(1+|y|/co) |yl <
12|x(y)| (the first step uses |y|/2 < |u| < |y, the second 1+|y|/ce < 6]1—y/cy|), and |x'(u)/x(u)] <
1/ju| 4+ 1/|cs —u| < 3/(c — 1). Therefore

1 1 1[*, 360x()
o _ oY < |® - ox/2 / v )
W e < @+ Pl [ e T

We bound the three terms on the right in turn.
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(i) Put & = yé/n, so that ®(yg) = E(£p). On the segment from 0 to { we have |exp(¢")| <
e®/2 g0 |Eo(&0)| < \50]61/2; also [€pexp(&Y)| = ‘50‘61/2. By (2), |yo] < |y| and the lower
bound for Ty,

24
[D(y0)| < (1+26)lyol"e7/2 < 2ly|V e/ < 12eome 2Ty < Ty,

the last step because 12¢c,n e %/2 = 24on e %% < 24om e~ (*=1/2 < 24/200 by (1).
(ii) Since |x(y0)| < 12|x(y)|, the second term is at most 12e~%/2Ty < 10™* Ty, as = > 99.
(iii) Since ff/Q eV dv < e, the third term is at most 367y/(c — 1) < (36/99) Tp.

Since 24/200 + 10~* + 36/99 < 1/2, the total is at most Tp/2, and

Ty e® e’ ! 200
P > 2 > > > T ele-D/2 > R
el = 2 T 24on T 24on — 24 c =
Step 4: the band C — 3 < Imy < C: here |®(y)| > n/(n+ 1), if 10c, < C — 5. Fix 7 in this
range, and let 4 = v 4+ ¢7 run along the horizontal line. Write

J(u) = 1 e’ (—eiT) ul/n<1 — C—U)

ncy U

Since C is an odd multiple of , the factor —e’™ has argument in [—3,0]. The factor e~ im/nyl/m
has argument in (—7/n,0). And |¢,/u| < 1/10, so 1 — ¢, /u has argument of modulus at most 0.11.
Since 3 + 7/8 4+ 0.11 < 7/2, with n > 8 the total argument of e~/ J(u) has modulus below /2,
so Re(e™/™.J) > 0 along the whole line, and Re(e~""/"®) increases along it as v increases. As
v = —o0, ®(v +i1) — ®(v) — 0, where ®(v) is the boundary value from above. Indeed, on the
vertical segment from v to v + i7, of length less than C, we have |J| < (1/n)e’(1 + (|v]| + C)/co)
once |v| > 1, because then |u|'/"~' < 1 and |1 — u/cy| < 1+ (Jv| + C)/cs. So the integral
of J over the segment is at most C' times this bound, which tends to 0. On the negative axis
(—r") = eim/m Jo exp(—¢")(1 4 ¢"/co) d¢. So the limit of ® at the far left of the line is e/ Ay,
where

A, ::/Oooexp<—<”>(1+§:) i > /01(1—C")dC= ”

n+1

Hence |®(y)| > Re(e "/"®(y)) > n/(n+ 1).

Step 5: the far left, Rey < —C, 0 < Imy < C: here |®(y)| > n/(n+1) — (C/n)eC(1+2C/c,).
Let y = x + ¢7. On the negative axis, |®(z)| > fol(l — (") d¢ = n/(n + 1), because |z|/™ > 1.
On the vertical segment from z to y, of length at most C, we have 1 < |u| < |z| + C, so |J(u)| <
(1/n)e*(1 + (Jz| + C)/co) < (1/n)e”C(1 + 2C/cy), the last step because the middle expression
decreases as |z| grows. Integrating J along this segment gives |®(y) —®(x)| < (C/n)e~¢(142C/c,),
and the bound follows.

Step 6: where 1 goes, and the conclusion. Let

My :={y: —C <Rey<o-—1, ]Imy[ﬁC—%,

a compact subset of II, and let ro := (maxy, |©])"/" < 1. Let 79 < |t| < 1 and y := n(¢"). Then
O(y)| = [t|™ > r§ = maxq, O], so y ¢ Ilp. If Rey > o — 1, Step 3 and (4) give |F(t)| > R.
Otherwise Rey < —C or |Imy| > C — 1, and Steps 4 and 5 bound |F(t)| from below. In this
case t" is close to —1. Indeed |sinh(a; 4 ias)|> = sinh? a; + sin® ay shows that |w(y)| > sinh(7r/2)
if Rey < —C, and |w(y)| > cos(r/(4C)) > % if [Imy| > C — 4. Since 1 + " = 2a/(a — w) and
| — w| > |w| for Rew < 0, we get [t" + 1] < 4a.

Given €, 6 > 0, choose C so large that 10c, < C' — 3, that (C/n)e~¢(1 +2C/c,) < ¢, and that
40 = 4sinh(7o/(2C)) < 0. This proves the proposition. O
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5. PROOF OF THE THEOREMS

Proof of Theorem 1.2. Let B := supp |g|, so that B > |g(1)|, and let R := 2B/|g(1)| > 2. Let
e € (0,1). For a large integer £ put o := ¢ and n := ¢2. Since R does not depend on ¢, taking
¢ large we have ¢ > 100, n > 8, the conditions (1), the bound (20)Y/™ < 1 + ¢ (by Bernoulli’s
inequality, (1+¢)% > 1+ (22 > 20), and n/(n+1) > 1 —¢/2.

Let P := {b1,...,b,} be the set of n-th roots of —1; it does not contain 1. Let W and 6y be as in
Proposition 3.2. By compactness there is > 0 with [t" 4+ 1| > 0 for all ¢t € D with dist(¢, P) > 6p.
Let F and ro be as in Proposition 4.1, for €/2 and this 6, and fix p € (rg,1). Let [t| = p.

o If [t" + 1| < 0, then dist(t, P) < 6y, so [W(t)| < (1 +¢€)|g(1)]. Also |[F(t)| > 1 — €, because
R>2andn/(n+1)—¢/2>1—c. So |[F@)|/|IW(@)] > (1 —¢)/((1+¢)|g(1)]).
o If |t" + 1| > 0, then |F(t)| > R by Proposition 4.1, since its other case needs |t" + 1| < 0.
Also [W(t)| < 2B, so [F()|/[W(t)] = R/(2B) = 1/|g(1)] > (1 —¢)/((1 +¢)[g(1)))-
So Lemma 2.3 applies with s = (1 — ¢)|W’(0)|/((1 + ¢)|g(1)|F’(0)). Using |[W’'(0)] > 1 — € and
F'(0) <1+e¢,

K (175)2 1

1+¢/ |g)|

Letting ¢ — 0 gives the theorem. ([l

Proof of Theorem 1.1. Let k be the Koebe function, and for 0 < 6 < 1 let g(t) := k(dt)/6 =
t/(1 4+ 8t)2. Then g is univalent on D and continuous on D, |g| < (1 — )72, g(0) = 0, ¢'(0) = 1,
and g(1) = (14 )72, Theorem 1.2 gives K* > (1 + 6)2, and letting § — 1 gives K* > 4. Smale’s
theorem gives K* < 4. So K* =4, and limg_,+, K(d) = K* because K(d) does not decrease with
d ([9], Appendix A). O

6. REMARKS

Remark 6.1 (Why the method stops at 4). Let F, W, p, s be as in Lemma 2.3, normalized so that
F'(0) = W/(0) = 1. Then s < 4. Let r be the largest radius for which the branch ¢ of F~! at
0 extends to the disc {|v| < r} with values in pD. The branch ¢ cannot map {|v| < r} into a
disc {|t] < p'} with p' < p. Indeed, otherwise, since F’ # 0, the inverse function theorem and
compactness give one radius r, > 0 such that for every zo with |z9| < p/, F has an inverse branch
with values in pD) on the disc of radius 7, about F'(z), taking F'(zp) to zo. Taking zp = 1(v1) with
r —1r./2 < |v1| < r, these branches continue 9 to discs that cover {r < |v| < r + r./2}; two of
these discs that meet do so in a convex set that meets {|v| < r} (it contains the midpoint of their
centres), where both continuations equal 9. So ¢ would extend to {|v| < r + r./2} with values in
pD, against the choice of r. Hence there are points v with |¢)(vg)| — p; then |vg| — r, since ¢
maps each disc {|v| < '} with ' < r onto a compact subset of pD. Passing to a subsequence, 1 (vy)
tends to a point ¢t* with [¢*| = p, and then |F(t*)| = lim [v;| = 7. In particular r > miny_, |F(?)].
Schwarz’s lemma, applied to 1, gives © < p, so miny—, [F'(t)| < p: this is the bound on the first
factor used in the introduction. The function W o) is univalent on this disc, with derivative 1 at 0,
and W (t*) is a boundary point of its image, so |W (¢*)| > r/4 by Koebe’s theorem. The hypothesis
gives r = |F(t*)| > s|W(t*)| > sr/4. This is Smale’s argument, carried over to the pair (F, W).
Jatar and Ng use the same two bounds in [17, Theorem 7.1, Remark 7.3].

Remark 6.2 (Why f cannot be injective). If f in Proposition 2.1 has no zero other than 0 on ,
for instance if it is univalent, then z/f is holomorphic on € with value 1 at 0, and the maximum
principle gives mingg | f(z)/z] < 1. So mingq |f(z)/z] > 1 requires f to have zeros other than 0 on
Q. The function F of Section 4 has such zeros t; the points 7(¢") lie inside the compact set I,
since Steps 3-5 bound |®| from below off IIy. By Jensen’s formula for F(t)/t, the mean of log|F|
over pT equals log(p|F'(0)|) + >, log(p/|tk|), summed over the zeros t; # 0 of F' in pD. For p close



SMALE’S MEAN VALUE CONSTANT (1981) EQUALS 4, AND OTHER MISCELLANEA 11
to 1, |F| is large on most of pT and bounded below on the rest (Steps 3-6), so this mean is large,
while log(p|F’(0)]) is near 0. The zeros supply the difference.

Remark 6.3 (The constant of Smale’s Problem 1A). The constant of [17, Theorem 5.1], called K
there, is the one in Smale’s Problem 1A [24], in the form of [17, Section 5]:

pU)(0) ‘1/(1‘—1)
4!

Kia :=sup sup min ] p(c)]  (p(0) =0, p'(0) = 1),

j>2 p p(c)=0
in which |p(c)| is not divided by |¢|. The proof of [17, Theorem 5.1] applies a variant of the reduction
of Proposition 2.1 [17, Proposition 5.2] to the inverse of the Koebe function. That argument does
not give K*, because for that function |f(2)/z| is small at boundary points far from 0.

7. A SECOND PROOF: A DOMAIN BOUNDED IN PART BY A LEVEL CURVE

In this section we prove Proposition 7.6, a variant of Proposition 4.1, and we show that it can take
the place of Proposition 4.1 in the proof of Theorem 1.2; this gives a second proof of Theorem 1.1.
The function it constructs is Ey composed with a Riemann map onto a domain that is bounded
in part by a level curve of |Ey|. Proposition 2.1, Lemma 2.3 and Proposition 3.2 are used as they
stand, and the deduction of Theorem 1.1 from Theorem 1.2 is unchanged.

Notation in this section. Throughout this section n > 8 is an integer, R > 3, and w denotes an
n-th root of unity. We write ¢ for the variable of Ey and y for the variable ("". As in Section 4, u
is a variable of integration in the y-plane, v denotes a real part and 7 an imaginary part, and on
the negative real axis we use boundary values from above. The letters n, R, ¢, P, g, and in the
last proof g, B, W, p, 6y, s, have the roles they have in Sections 4 and 5; this section is a separate
proof, so their values are chosen anew here. The function Ey is that of Section 4. Objects with a
tilde, and ®g, Jo, X0, are defined below; they replace the objects of Section 4 with the same letters.

The plan. In the proof of Proposition 4.1, as |t| — 1 with ¢ away from the n-th roots of —1, the
point n(t™) approaches the right edge Rey = o of the half strip II, and |®| > R has to be proved
near this straight line at every height up to C. This is why Section 4 needs the factor 1 — ("/¢,,
the closed form (2), Step 3, and the choice of o before C'. Here this part of the boundary is the
level curve |®g| = R in the y-plane. A lower bound is still needed on one straight side, the right
side of a rectangle (Lemma 7.2(a)), but that side lies at a real part that may grow with the height,
so the factor 1 — ("/c, is not needed. The function F is Ey composed with a Riemann map onto
the set of n-th roots of the points of a domain bounded in part by this level curve (Lemma 7.3).
Koebe’s quarter theorem at one boundary point bounds F' (0), and this bound does not depend
on the size of the domain (Lemma 7.3(d)). On the rest of the boundary |®¢| is at least nearly
n/(n + 1), and the part where |®9] < R — 1 has harmonic measure at 0 that tends to 0 as the
domain grows (Lemmas 7.4 and 7.5). A phase condition, (6) below, takes the place of the choice
of C' as an odd multiple of 7 in Section 4.

The functions Eg and ®y. Recall from Step 1 of the proof of Proposition 4.1 the entire function
Ey, with Ey(0) = 0 and E(¢) = exp(¢™). Its derivative has no zero, and

Ep(w() =wEp(¢),  Eo(¢) = Eo(C).
On C\ (—o00,0], with principal branches, put

o (y) == Eo(y'/") = /Oy Jo(u)du, — Jo(u) := %e“Xo(u% xo(u) :=ut/"71.

These are the functions ®, J, x of Step 1 of Section 4 with Ey in place of F, that is, without
the factor 1 — u/c,. We have ®y(y) = ®o(y), and by the argument that gave (3), using the two
symmetries of Ey above, |®¢| extends continuously to all of C and

() [Eo(O)] = [®o(¢M)] (¢ €C).
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Lemma 7.1. (a) On [0,00) the function g is real and increasing, from 0 to co. Let yr be
the point of (0,00) with ®o(yr) = R. Then ®g(x) > e*~1/(nz) for x > 1, and ygp <
2+ 2log(nR).

(b) For r >0, the boundary value of ®y at —r from above is

1/n

Oy(—r) = e”/”/ e du.
0

This integral lies in (0,1], and in [n/(n + 1),1] if r > 1. In particular |Po| < 1 on the
negative real axis.

Proof. (a) On (0, 00) the function Jy is positive, and it is integrable at 0 since 1/n—1 > —1. So ®
is real and increasing on [0, 00), with ®¢(0) = 0. For z > 1 and z — 1 < u < = we have % > %!
and ul/n=1 > gl/n=1 > 1/x, so

1 x ezfl
Dy(z) > / et ut/" Ll dy > .
z—1

n Tonx

In particular ®¢(x) — 0o as x — 00, so yg is well defined. At z = 2+2log(nR) the last bound equals
enR?/(2 + 2log(nR)), which is at least R because enR > 2 + 2log(nR). Since ®q is increasing,
yr < 2+ 2log(nR).

(b) The boundary value from above is Ey(e?™/"r'/"), and on the segment from 0 to e
we have (" = —z™ with x = |(|; this gives the formula. The integrand is positive, and the
integral of e™®" over (0, 00) is the value of Euler’s gamma function at 1 4 1/n, which is at most
1; so the integral lies in (0,1]. If r > 1, then e™®" > 1 — 2™ on [0,1] gives the lower bound
Ji (@ =2 dz =n/(n+1). O

iﬂ/nrl/n

The parameters and the domains. Let &' € (0 1/8). Let C' > 0 satisfy the phase condition
(6) ¢

5 + 27 (mod 27),

and put

_ C ~ 1
E_:=log = := 2log(8nC) + log(R + 1), ORp = 0VE

Since R > 3, we have g < 0.06, and so tandr < 20g. Since E_ and = grow only logarithmically
with C, every large C' with (6) also satisfies

(7)

and we assume (7) from now on. Then = > 2log(8n) + 2log R > 2 + 2log(nR) > ygr by
Lemma 7.1(a), so that

(8) yr <E<C.
Let

[1]

< g, =<0, C >R, = > 10, 2. >1,

:={y:—C <Rey < Z, |Imy| < C},
a rectangle containing 0. Its mght side is {Rey = =2, |Imy| < C} its top side and bottom side are
{Imy = +£C, —C < Rey < E}, and its left side is {Rey = —C, |Imy| < C}. Let Q_ == {y € Q:
Rey < H,} Let Y be the component containing 0 of the open set {y € Q : |®y(y)| < R}, and
let Z be the component containing 0 of the open set {¢ : (" € Q, |Ey({)| < R}.

Lemma 7.2. (a) |®g(E+iT)| > R+1 for 0 <7 < C. Hence the right side of Q does not meet
Y.
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(b) |®o| > n/(n+1) -2 on the top side of Q and on {Rey = —C, 0 <Imy < C}. Moreover,
the function
Av) :== Re(e_”/"@()(v +iC))
is strictly increasing on [-2_,Z], and n/(n + 1) — & < A(v) < |®(v + iC)| there. If
veE |- H_,:] and A(v) < R — 1, then |®q(v +iC)| < R.
(c) If Rey < —Z_ and |Imy| < C, then |®o(y)| < 1+¢ < R—1. The segment (—C,0] and
the set Q_ lie in Y.
Since |Po(g)| = |Po(y)|, the bounds on |Pg| in (a) and (b) hold also at the conjugate points; in
particular they hold on the whole right side, on the bottom side, and on the whole left side.

Proof. (a) Let y := Z+i7 and yp := =/2 + i7, and let u = v + i7 run along the horizontal segment
from yo to y, so that Jo(u) = (1/n)e”e”X0(v + 7). Integrating by parts,

L et inydo = Exolw) - o) — [ exo(w+in)do
2/2 2/2

For v > /2 we have |v+it| > |y[/2, so [xo(v+iT)| < 2[x0(y)], and |xg(v +i7)| < [xo(v+i7)|/v <
4|x0(y)|/E. Hence, since = > 10 by (7),

. bowlE

. = 4 _
e’xo(v+it)dv| > |X0(y)|e“(17E726 “/2) 5

=/2
On the segment from 0 to yé/ " the point ¢" runs along the segment from 0 to yg, and Reyy =
2/2 > 0; so [exp(¢")| < /2 there, and |®o(yo)| = |Eo(yy")| < [yol*/"e=/2. Now o(y) =
Do(yo) + yzg Jo(u) du, |xo(y)| = |y, Jyo| < |y|, and 1 < |y| < E+ C < 2C by (7). Therefore

(1]

1/n =2\ > & _ g6
o) > " (G ™) = S =snC(R+1) > R+1,

because €/ = 8nCv/R +1 > 8nC. Since |®y| < R on the closure of ), the right side does not
meet ). ' R
(b) Let v € [-Z_, Z]. With principal arguments, an argument of e~/ Jo(v + iC) is
m 1 ~ us
55+ (o0 3)

(€-3-2.)+ (5 arg(v +i0) =3
By the phase condition (6) the first bracket is a multiple of 2. In the second term, |arg(v + iC) —
/2| = arctan(|v|/C) < max(ZE_,Z)/C < ér by (7). So at the point v + iC

Re(e*”/"Jo) > cos(dr) |Jo| > 0, ‘Im(e*”/”g]o” < tan(dpr) Re(e*m/"Jg) < 20p Re(e*”/"Jo).

2nly|

Since - L p (v 4 iC) = Jo(v +iC), the function A is strictly increasing on [—E_,Z].
To start, ®o(—Z_ +iC) = Bo(—E_) + zfo Jo(—E_ +it)dr, and |Jo(—Z_ +i7)| < e /n
because | —E_ +i7| > 1; so this 1ntegra1 has modulus at most Ce = /n = 6’/n. By Lemma 7.1(b),
e~ m/MPo(—E_) is real and lies in [n/(n+1),1], since =_ > 1. Hence A(—Z_) > n/(n—l— 1) —¢ and

| Tm ( *”/”CD o(—2_ +iC))| < €. Integrating the two inequalities above from —Z_ to v, and using
A(=Z_) > 0, we obtain, for v € [-=_, =],
A(v) > % —<, [ Do(v +iC))| < & + 265 A(v).
n

Since A(v) is the real part of e~"/"®q(v + iC), we have A(v) < |®g(v + iC)|. If moreover A(v) <
R — 1, then, since 0 < A(v) and &’ < 1/8,
1 VR

_ 1 2 2
. 2 1)2 L _ 132 - 2
Bo(v +iC)* < (R—1) +<8+25RR> (R—1) +(8+ - ) < R,
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because 2R — 1 > 1/64 +/R/20 + R/25 for R > 3.

On the part —C' < v < —Z_ of the top side we have [Jo(v + iC)| < €’/n, so |®g(v + iC) —
Do(—Z_ +iC)| < e = /n < €, and hence |®o(v + iC)| > A(-E_) — & >n/(n+1) — 2. On
the rest of the top side, |®g| > A > n/(n + 1) —&’. On the left side, for 0 < 7 < C, we have
|Bo(—C +i1) — ®o(~C)| < Ce=C/n < &', since C > E_ by (7); together with Lemma 7.1(b) this
gives |®g(—C +it)| > n/(n+1) — €.

(c) Let y=v+ir witho < —-E_and 0 <7 < C. On the vertical segment from v to y, of length
at most C, we have |u| > 1 and so |Jo(u)| < e¥/n. Hence |®o(y) —Po(v)| < Ce?/n < Ce =~ /n < €,
and by Lemma 7.1(b), |®o(y)| < 1+ &’; this is less than R — 1, as R > 3 and ¢’ < 1/8. The lower
half follows by conjugation. The segment (—C, 0] lies in Q, contains 0, and |®| < 1 < R on it by
Lemma 7.1(b); so it lies in ). The set Q_ is connected, lies in {y € Q : |Po(y)| < R}, and meets
this segment; so it lies in Y as well. OJ

Lemma 7.3. (a) Z ={C:(¢" € Y}. The domain Z is invariant under ¢ — w( and under

¢ C, and it is bounded and simply connected.

(b) The boundary of Z is a finite union of closed analytic arcs. Hence the Riemann map € of
D onto Z, that is, the conformal map of D onto Z with £(0) = 0 and € (0) > 0, which exists
by (a), extends continuously to D.

(¢) The function F := Ego & is holomorphic on D and continuous on D, with F(0) = 0 and
F' = exp(€") € #0 on D.

(d) £(wt) = wé(t). Hence ij(t) := (™)™ does not depend on the choice of the n-th root, and
il is a conformal map of D onto Y, continuous on D, with 7(0) = 0 and 7 (0) = &' (0)". For
teD,

(9) (1)) = |o(i(t™)].
Finally,
0 < F(0) = &(0) < (4yp)"/" < (8 + 8log(nR))"/".

The bound on F’(0) in (d) does not depend on C, and it tends to 1 as n — oo with R fixed.

Proof. (a) The map ¢ — (™ is a covering map of C\ {0} onto itself. Let ¢ # 0 with (" € J. A path
in ) from (™ to 0 that reaches 0 only at its end point lifts, through this map, to a path from ( that
tends to 0 at the end, and along which the n-th power stays in ). Hence the set {¢ : (" € YV} is
connected. It contains 0 and, by (5), lies in {¢ : (" € Q, |Ep({)| < R}; so it lies in Z. Conversely,
the image of Z under ¢ — (™ is connected, contains 0, and lies in {y € Q : |®(y)| < R}; so it lies
in ). This proves the first claim, and since (w()"™ = (", it shows that Z is invariant under ¢ — w(.
The open set {¢ : (" € Q, |Eo(¢)| < R} is invariant under ¢ +— ¢, because Q is symmetric under
conjugation and |Ey(¢)| = |Eo(¢)|; this map fixes 0, so it maps Z onto itself. The domain Z is
bounded because Q is.

The domain Z is a component of the intersection of {¢ : (" € Q} with the component of
{|Eo| < R} that contains Z. The first of these sets is star-shaped about 0, because Q is convex and
contains 0; so it is simply connected. Each component of {|Ey| < R} is simply connected, by the
maximum principle: if a Jordan curve lies in such a component, then |Ey| < R inside the curve,
so the inside of the curve lies in that component. Finally, a component of the intersection of two
simply connected plane domains is simply connected: if a Jordan curve lies in the component, then
its inside lies in both domains, hence in their intersection, and, being connected and meeting the
component, it lies in the component. So Z is simply connected.

(b) The level set {|Eyg| = R} is a smooth curve, since E{; # 0 and Ey # 0 on it, and by the
implicit function theorem it is locally one analytic arc, so, by compactness, only finitely many of its
components meet a given compact set. It contains no arc of the preimage, under ¢ — (", of a side
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of Q. Indeed, along each side of Q the function |®¢|? is real-analytic; it is greater than (R + 1)% on
the right side, by Lemma 7.2(a), and at most (1+¢’)? on the parts of the top, bottom and left sides
with Rey < —Z_, by Lemma 7.2(c); so it is not identically R? on any side. Hence the level set
meets the preimages of the sides of Q at only finitely many points of the compact set {¢ : (" € Q}.

Every point of 0Z lies on {|Ey| = R} or on the preimage under ¢ — (™ of a side of Q, since Z
is a component of the open set {¢ : (" € Q, |Ep(¢)| < R}. Let (3 be a point of the level set with
(1 € Q, and suppose that (; lies on 0Z. Near (; the set {|Ep| < R} is one side of the level curve,
a half disc; it meets Z and lies in {¢ : (" € Q, |Eyp(¢)| < R}, so it lies in Z, and the level arc
through (3 lies on 0Z near (1. So on each arc of the level set between two consecutive points where
it meets the preimages of the sides, the part that lies on 0Z is either the whole arc or empty; the
same holds, by the same argument with {¢ : (" € Q} in place of {|Ey| < R}, on the preimages of
the sides of Q. Hence 0Z is a finite union of closed analytic arcs, and so it is locally connected. By
the Carathéodory—Torhorst theorem [21, Chapter 2], ¢ extends continuously to D.

(¢) This follows from (b), since Ej is entire and & # 0 on D.

(d) By (a), t — w™'&(wt) is also a conformal map of I onto Z with value 0 and positive derivative
at 0, so by the uniqueness of the Riemann map, £(wt) = wé(t). Hence 7 is well defined, and by (a)
it is a conformal map of D onto Y with 7(0) = 0 and 7/(0) = £(0)"; it is continuous on D by (b).
For t € D we have £(t)" = 7j(t"), so (5) gives (9). Next, F’(0) = exp(0) £'(0) = £'(0) > 0. The point
yr lies on 0Y: the segment [0, yr) lies in Q by (8), and in {|®g| < R} by Lemma 7.1(a), so it lies in
Y; and |®o(yr)| = R. By Koebe’s quarter theorem (recalled in Section 1), ) = 77(ID) contains the
disc of radius 77/(0)/4 about 0, so 7'(0) < 4dist(0,0Y) < 4yg. Hence F'(0) = 7/ (0)'/" < (4ygr)'/",
and Lemma 7.1(a) gives the last bound. O

Lemma 7.4. There is eractly one vy € (=2_,E) with A(v1) = R —1. Let U be the path that
runs from vy — iC' along the bottom side of Q to the corner —C —iC, up the left side to the corner

—C +iC, and along the top side to vy + iC; the two corners belong to U, and its two end points
== iC do not.

(a) BEwvery point y of 0¥ with |®o(y)| < R —1 lies on U.
(b) |®o| < R onU, and U C Y. More precisely, for every y1 € U there is ro > 0 with

Y{ly =yl <r2} =20 {ly —y1] <ra},

a half disc, or a quarter disc if y1 is one of the two corners.

(c) Ewvery point of U is the image under 1 of exactly one point of T. The set I of these points
of T is one open arc of T; it is symmetric under conjugation and contains —1, and 7 maps
I homeomorphically onto U.

Proof. By Lemma 7.2(b), A is continuous and strictly increasing on [-=_,=]. By Lemma 7.2(b)
and (c), A(—E_) < |®o(-E_ +iC)| <1+ < R—1. And A(E) > R — 1: by Lemma 7.2(a),
|®o(E+iC)| > R+1, while A(Z) < R— 1 would give |®g(2+4iC)| < R by Lemma 7.2(b). So there
is exactly one v, € (—Z_,E) with A(v1) = R — 1.

(a) Let y € 0Y with |®o(y)| < R—1. Since Y is a component of the open set {y € Q : |P(y)| <
R}, a point of 9 that lies in Q lies on the level set {|®o| = R}; so y is not in Q, and y lies on a
side of Q. It is not on the right side, by Lemma 7.2(a). The points of the left side, and the points
of the top and bottom sides with real part at most —Z_, lie on U, since v; > —Z_. If y = v + iC
with v € [-2_, E], then A(v) < |Pg(y)] < R—1= A(v1), so v < v; and y € Y. The same holds on
the bottom side, by conjugation. So y € U.

(b) On U we have |®9| < R: on the left side and where Rey < —E_ by Lemma 7.2(c), and
at the points v £ iC' with —2_ < v < v; by Lemma 7.2(b), since A(v) < R — 1 there. So every
y1 € U has a neighbourhood Q N {|y — y1| < r2} in Q on which |®y| < R. These neighbourhoods,
together with Q_, form a connected subset of {y € Q : |Po(y)| < R} that meets ): the half discs
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are chained along U, since two overlapping discs centred on a line meet inside the open half-plane,
and the chain meets Q_, which lies in ) by Lemma 7.2(c). So these neighbourhoods lie in Y, and
U lies on 9Y. Since Y C Q, this gives Y N{|ly — y1| < r2} = QN{ly — 11| < r2}.

(c) Fix y; € U and rg as in (b). As y tends, inside @ N {|y — y1| < r2}, to a point of a side of
Q, it tends to dY, so |77~ (y)| — 1. By the Schwarz reflection principle, applied after the change
of variable y ~ (y — y1)? if 31 is a corner, 777! extends continuously to the side or sides of Q near
y1, and analytically at the points that are not corners. Suppose that 7(¢1) = 7(t2) = y1 with
t1,t2 € T, and let ¢ tend to t; along the radius. Then 7(t) — y1 from inside Q N {|y — y1| < 72},
so t = i~ 1(7i(t)) tends to the value at y; of the extended 7~!. Hence t; = to. The extended 7!
is continuous on U, with values in T; it is injective there, because 7, being continuous on D, maps
its value at y back to y. In particular every point of ¢ has a preimage on T, and by the above
only one. Since U is homeomorphic to an open interval, invariance of domain in dimension one
shows that the image I of U is one open arc of T, and that 77! : &/ — I is a homeomorphism.
Since Y is symmetric under conjugation, by Lemma 7.3(a), and 7/(0) > 0, the map 7 commutes
with conjugation; as i/ is symmetric under conjugation, so is I. Finally, since 77 commutes with
conjugation, it maps the diameter (—1,1) onto Y NR = (—C,yr) (by Lemma 7.1(a), ®; > R on
[yr, Z)), increasingly, as 7/(0) > 0; so it maps the radius (—1,0] onto the segment (—C'0], which
lies in ) by Lemma 7.2(c). Hence (—1) = —C, and —1 € I. O

Lemma 7.5. (a) Let |I| be the length of the arc I. Then

o4 e
2t =7 7w\ C—ygr

Since yr does not depend on C, the right-hand side tends to 0 as C' — .
(b) The set {t € T : t" € I} is the union of n open arcs of length |I|/n, centred at the n-th roots
of —1. Fort € T off these arcs, |F(t)| > R —1; for t on them, |F(t)| > n/(n+1) — 2.

Proof. (a) Every point y of U satisfies |y| > C, since U lies on the left, top and bottom sides of
Q. By Lemma 7.1(a), &9 > R on [yr,0), so ) lies in the slit plane C \ [yr,c0). Inside the disc
{ly] < C} the boundary of ) consists only of points of the level set {|®o| = R}, because the only
side of Q that meets this disc is the right side, which does not meet 9 by Lemma 7.2(a). Let )y
be the component containing 0 of ¥ N {|y| < C}. Let @ be the harmonic function on ) such that
w o7 is the Poisson integral, on D, of the indicator function of I. This is the harmonic measure of
U in Y; we have 0 < w < 1 and w(0) = |I|/(27).

We find the boundary values of @ on Yy. A boundary point of )y inside the disc {|y| < C} is
a boundary point of ). Let yo € 9) with |ys| < C, and let y — y5 in V. Since 7 is continuous
on D, the limit points of 7~!(y) lie in the set of points of T that 7 maps to y2. This set is closed,
and it does not meet the closure I of I, because 7(I) = U lies in {|y| > C}. Since the Poisson
integral of the indicator function of I tends to 0 at the points of T\ I, we get w(y) — 0. On the
circle {|y| = C} we have @ < 1. The point C, where the slit [yg, 00) meets this circle, is not in the
closure of Y, since ®(C) > R by Lemma 7.1(a) and (8). Let w; be the harmonic measure of the
circle {|y| = C} in the slit disc {|y| < C}\ [yr, C), that is, the bounded harmonic function there
with boundary values 1 on the circle and 0 on the slit [yg, C ). By the maximum principle, @ < w;
on ).

It remains to bound w;(0). The map z = \/y — ygr, with values in the upper half-plane, sends

0 to 2 := i\/yr, the slit to the real axis, and {|y| > C} into {|z| > T}, where 74 1= \/C — yg.
So the image of this slit disc contains the half disc {|z| < rs, Imz > 0}. By (7) and (8),

C > 10V/RE > 22 > 2yg, 50 |z = Vyr < re and 2z, lies in the half disc. Hence wy(0) is
at most the harmonic measure at z. of the semicircle {|z| = 75, Imz > 0} in this half disc. The
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map z +— (rs+2)/(rs — z) sends this half disc onto the open first quadrant, the semicircle onto the
positive imaginary axis, and the diameter onto the positive real axis; in the quadrant the harmonic
measure of the positive imaginary axis is 2/7 times the argument, and the image of z, has argument

2arctan(,/yr/rs). Hence

1 =w(0) < wi(0) < éarctan@ < 4 _vm

2 T Té ™\ C —ygr
(b) The map 7, continuous on D, maps T into dY. Let t € T. If t" ¢ I, then 7(t") ¢ U, because
by Lemma 7.4(c) the only preimage on T of a point of U lies in I; so |®o(7(t"))] > R — 1 by
Lemma 7.4(a), since 7j(t") € 9Y. If t" € I, then 7(t") € U, and |Pg| > n/(n + 1) — 2’ on U by
Lemma 7.2(b) and conjugation. By (9) this gives the two bounds for [F(t)|. Since I is an open arc,
symmetric under conjugation and containing —1, it is centred at —1; so {¢t € T : t" € I} consists of
n open arcs of length |I|/n, centred at the n-th roots of —1. O

Proposition 7.6. Let R > 3, ¢ € (0,1), and let n > 8 be an integer with
€

1/n
8+ 81 R <1 —_>1- .
(8+8log(nR)) " <1+4e, o >1-g
Let P be the set of n-th roots of —1. For every 6 > 0 there are a functz’onNF, holomorphic on D
with F(0) = 0 and F' # 0 on D, and a number ro € (0,1), such that 0 < F'(0) < 1+ ¢ and, for

every t with ro < [t| < 1,
|F(t)] > R — 2, or else both |F(t)]>1—¢ and dist(t, P) < 0.

Proof. Let ¢ := ¢/8, so that ¢ € (0,1/8). By Lemma 7.5(a) we can take C' so large that it
satisfies (6) and (7), and that |I|/n < #. Let F' be the function of Lemma 7.3(c). By Lemma 7.3(c)
and (d) and the hypothesis on n, it is holomorphic on D, F(0) =0, F' # 0 on D, and 0 < F'(0) <
(8 + 8log(nR))/" < 1+ &. By Lemma 7.5(b), on T we have |E| > R — 1 off n open arcs, and
|F| > n/(n+1) -2 >1—¢/2 —¢/4 on them. Each of these arcs has length less than 6, so
each of its points is within distance 6/2 of its centre, which is a point of P. Since F is uniformly
continuous on I, we can choose rg € (0,1) such that |F(t) — F(t/|t])] < €/4 and |t — t/|t]] < 6/2
for ro < |t| < 1. Let ro < [t| < 1. If t/|t| lies off the n arcs, then |F(t)] > R—1—¢/4 > R — 2.
Otherwise |F(t)] > 1 — ¢ and dist(t, P) < /2 +0/2 = 6. O

Proof of Theorem 1.2 from Proposition 7.6. Let g be as in Theorem 1.2, let B := supp |g|, so that
B > |g(1)|, and let R := 2+ 2B/|g(1)] > 4. Let € € (0,1). Choose an integer n > 8 with
(8 4+ 8log(nR))Y/™ < 14 ¢ and n/(n+ 1) > 1 — /2; this is possible because both left-hand sides
tend to 1 as n — oo with R fixed. Let P be the set of n-th roots of —1; it does not contain
1. Proposition 3.2, with this ¢ and this P, gives a univalent function W on D with W (0) = 0,
[W'(0)] > 1 —¢ and [W| < 2B on D, and a number 6y > 0 such that [W(t)| < (1 + ¢€)|g(1)| for
every t € D with dist(¢, P) < 6. Proposition 7.6, with these R, ¢ and n and with 0 := 6y, gives F
and ro. Fix p € (ro,1) and let [¢t| = p.
o If dist(t, P) < f, then [W(t)| < (1 +¢)[g(1)], and |F(t)] > min(R—2,1—¢) =1—¢, as
R—2>2 8o [F®)l/[W () > (1—2)/((1+2)lg(1)]). ]
o If dist(t, P) > 6o, then the second alternative of Proposition 7.6 is excluded, so |F(t)| >
R—=2=2B/|g(1)|, while [W ()| < 2B. So [F(t)|/[W(1)] = 1/[g(1)] > (1 =)/ (1 +¢)|g(1)])-
So Lemma 2.3 applies to I and W with s := (1 —¢)[W’(0)[/((1 + ¢)|g(1)[F7(0)): for all ¢ with
|t| = p we have |F'(¢)|[W'(0)| > s F'(0) [W(¢)|. Using |[W'(0)] > 1 —¢ and F'(0) < 1+¢,
1- 5)2 1
L+e/ JgM]
Letting € — 0 gives K* > 1/]g(1)]. O

K*>32<
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The choices are made in this order: g (and so B and R), €, n, P, then W and 6y, then 6 := 6,
then C' inside the proof of Proposition 7.6, and finally o and p. None of them depends on a later
one.

8. A THIRD PROOF: A RIEMANN MAP WITH HAIRS

In this section we prove, for every bounded Jordan domain U with 0 € U, the inequality K* >
|G'(0)]/ dist(0,0U), where G is a conformal map of D onto U with G(0) = 0 (Theorem 8.10); a
suitable choice of U then gives Theorem 1.1 again. This inequality is Corollary 1.3, a consequence
of Theorem 1.2. What is new here is the proof, which uses neither Theorem 1.2 nor Propositions 3.2
and 4.1. The function F' is built from the entire function Ey of Section 4 after an n-th root change
of variable onto a domain Yz, and W is the Riemann map of U with n thin hairs attached. We
reuse Proposition 2.1 through Lemma 2.3, and the injectivity argument of Step 2 in the proof of
Proposition 4.1.

Notation in this section. Throughout, n > 8 is an integer and b1, ..., b, are the n-th roots of
—1. As in Section 4, Ej is the entire function with Ey(0) = 0 and E((§) = exp(£™). U is a bounded
Jordan domain with 0 € U, G : D — U is conformal with G(0) = 0, and dy := dist(0,0U); k and
0 are as in Section 5. The letter s has the meaning of Lemmas 2.3 and 8.1. The functions ®¢ and
®; below, in the plane of the variable y = £”, replace ® of Section 4, and the radius L is a large
parameter, chosen last by a condition on a phase. The letters n and R have the roles they have in
Sections 4 and 5, with values chosen anew here, and A is the angular half-width of the hairs. We
write o(1) for a quantity that tends to 0 as L — oo, with n and R fixed, uniformly in all other
variables; from the end of the proof of Lemma 8.5 on, L runs along the sequence chosen there.

Reduction to a pair of functions continuous on the closed disc. The following variant of
Lemma 2.3 asks for the inequality on the unit circle itself.

Lemma 8.1. Let F and W be continuous on D and holomorphic on D, with F(0) = W(0) = 0 and
F' #0 on D, and suppose that W is a homeomorphism of D onto the closure of a Jordan domain.
If s >0 and

[F@) W) = s[F'(0)[[W(®)]  foralteT,
then K* > s.

Proof. The map W is holomorphic and injective on D, so it is univalent there, with W (0) = 0;
and F'(0) # 0. For 0 < p < 1 the set Q, := W(pD) is an analytic Jordan domain, and f :=
(W'(0)/F'(0)) F o W1 is holomorphic near 2,, with f' # 0, £(0) = 0 and f/(0) = 1, as in the
proof of Lemma 2.3. At z = W (t) € 09, |t| = p, we have

‘f(Z) _ WO [F®)
z FI(0) HW ()]

Since W is injective on D and W (0) = 0, W has no zero on D \ {0}. So the right-hand side is a
continuous function of ¢ on the closed annulus {3 < [¢| < 1}, hence uniformly continuous there,
and its values on the circle |t| = p tend uniformly to its values on T as p — 1. On T these values
are at least s, by hypothesis. Let 0 < s’ < s. Then for p close to 1 the right-hand side exceeds s’
on |t| = p, and Lemma 2.3 gives K* > ¢'. Since s’ < s was arbitrary, K* > s. O

The function Ej in the variable y = £". The function Ey has E{ # 0 everywhere, and Ep(w&) =
wEy(€) whenever w™ = 1. On C\ (—oo0, 0], with principal branches and the substitution £ = u'/",
put, as in Section 7,

1 Y _
Dy(y) := Eo(yl/”) = ”/0 e w1 du.
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The function @y jumps across the negative axis, but since ®¢(y) = Po(y), its modulus |P¢| extends
continuously to all of C. On the negative axis we use the boundary values of ®g from above. Let

oo o
Vg = e”r/"/ exp(—u") du, so that |vy| = / exp(—u")du < 1.
0 0

Here |vy| < 1 because, with s = u™ and an integration by parts, the integral is fooo st/me=s ds,

which is at most ( J. Fse® ds) n _q by Jensen’s inequality.

0
Lemma 8.2. (a) Asy — —oco along the negative axis, Py(y) — v4. For Imy > 0 the function
D) ;= Dy — vy is given by
LY 1/n—1
By =, [ et/
n — o

the integral being taken along the horizontal half-line that ends at y; and

1
i) = 'y (11 0())  for tmy =,

where the term O(1/|y|) has modulus at most 4/|y|. For Imy < 0 the same statements hold
after complex conjugation.
(b) |®o(y)| < 2 for every y with Rey <1 and Imy > 0.

Proof. (a) For y < 0 the boundary value from above is ®y(y) = E’o(|y|1/"e”/”), a value of Ey on
the ray arg& = m/n, on which £" = —|¢|"™. So
, ly[*/m
Dy(y) = e”/"/ exp(—u")du — vy (y = —o0).
0

Next let # < 0 and 7 > 0. The difference ®¢(x + i) — ®o(x), with the boundary value from above
at x, is % times the integral of e“u!/™1 along the vertical segment from z to z + i7. On this
segment |e*| = e® and |u| > |z|, so the difference has modulus at most 7 e®|z|'/*~1 /n, which tends
to 0 as © — —oo. With the limit on the negative axis, this gives ®o(z + iT) — v as x — —oo, for
every 7 > 0. For 7 = Imy > 0 the integral along the horizontal half-line {Imu = 7, Reu < Rey}
converges absolutely, since |e®u!/"~1| < eReurl/7=1 there; for Imy = 0 we use boundary values
from above, and the integrand is integrable at v = 0. For Imy > 0 this gives the stated integral
for ®1(y) = Po(y) — v4, along the horizontal half-line ending at y. Integrating by parts, since
i(e“ul/”_l) = etyl/ml — (1 - %)e“ul/"_2 and e*u!/"~1 — 0 at the left end,

du

1 1 1 Y

By(y) = —eVyt/mt 4 = (1 - —) / e ut/"2 du.

n n n/ J_s
If Imy > |y|/2, every point u of the half-line has |u| > Imu = Imy > |y|/2, so |u|'/""2 <
(Jy|/2)/7=2 < 4|y|*/"~2; and the integral of |¢*| along the half-line is e®¢¥. So the last integral
has modulus at most 4|y|'/"~2eRe¥ which is 4/|y| times |e¥ y'/?~|. Since the last integral carries
the factor %(1 — %) and the main term the factor %, this is the stated formula, with an O-term of

modulus at most (1 — %)ﬁ < ﬁ. For Imy < 0 we use ®(y) = Po(y).
(b) For |y| < 2 we use the series

v+1/n

Po(y) = Z m,

v>0

obtained by integrating exp(§™) =Y, £™ /v! term by term. It gives

[o(y)| < 2! (1+VZ>1V!(7~L+1))§218<1+ 9 )<2'
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For |y| > 2 the horizontal half-line ending at y has |u| > 1 at all its points: either Imy > 1, and
then |u| > Imwu > 1; or Imy < 1, and then (Rey)? > 3 and Rey < 1 give Rey < —/3, so |u| >
|Reu| > v/3. Hence, by (a), |®1(y)| < L ef¥ <e/n, and [®o(y)| < [vi| +e/n<1+e/8<2. O

The domain Y7, and the function Fj. Fix R > 3, let x¢ := log(2nR), and let
Y:={yeC: Rey <z +log(l+y|)}

On each ray from 0, the function Rey — log(1 + |y|) — x¢ is a convex function of |y| (a linear
function minus a concave one), and it is negative at y = 0. So on each ray it is negative on an
initial segment, possibly the whole ray, and positive beyond it. Hence Y is star-shaped about 0; it
is also symmetric in the real axis. For a point § with |g| = 1 let rady () € (0, 00] be the length of
that initial segment on the ray through ¢. Let x4 be the boundary point of Y on the positive axis,
so that

x4 = xo + log(l + z4).
For L > x4 let Y, :=Y N{|y| < L}. It is a Jordan domain, since its radial function min(L, rady)
is continuous. Indeed, let |g| = 1. If Reg > 0, the function ¢ — ¢Re g —log(1 4+ ¢) — x¢ on [0, 00) is
convex, equals —xg at £ = 0 and tends to oo; so it has exactly one zero, rady (), and by convexity its
derivative there is at least 2o/ rady () > 0. By the implicit function theorem, rady is continuous on
{Rey > 0}. Moreover rady (§) > o/ Re g, which tends to co as Re § decreases to 0, and rady = oo
where Re ¢ < 0. So min(L, rady) is continuous. The boundary of Y7, consists of two arcs: the ezit
curve {Rey = xo + log(1 + |y|), |y| < L} and the outer arc {|y| = L, Rey < xo + log(1 + L)}.
Both are symmetric in the real axis; the outer arc contains —L, and the two arcs meet at the two
corners, the points with |y| = L and Rey = xo + log(1 + L).

Let nr, : D — Y7, be the conformal map with n7(0) = 0 and 7} (0) > 0. By the symmetry
of Yz and the uniqueness of this map, 7, is real on (—1,1). By Carathéodory’s theorem [7] it
extends to a homeomorphism of D onto Y7; it maps [—1, 1] increasingly onto Y, NR = [-L, 2], so
nr(—1) = —L. Let also ny : D — Y be the conformal map with 7y (0) = 0 and 73,(0) > 0. Since
Y, C Y, Schwarz’s lemma applied to 77{,1 o nr, gives 17 (0) < 73(0); and since z4 ¢ Y, Koebe’s
theorem gives 73-(0) < 4. So

(10) 0 < 17(0) < 4ay.

The quotient 7y, ()/t is continuous and has no zero on D (its value at 0 is 7} (0)), so we can define

the n-th root transform
()" 5
En(t) ==t o (teD),
with the branch that is positive at ¢ = 0, and put

Fr:=FEpo&r.

Lemma 8.3. The function &1, is continuous on D, holomorphic and injective on D, and satisfies
&)™ = np(t") and & (wt) = wlL(t) for w* = 1. The function Fr, is continuous on D and
holomorphic on D, and

Fi=exp((f)&, #0 onD,  F(0)=0,  0<Fp(0) =np(0)"/" < (4xy)'/",

(11) [FL(®)] =[@o(ne ()] (t€D).

Proof. The two identities for &7, follow from its definition. Holomorphy and injectivity on D follow
from them and from the injectivity of i1, exactly as for £ in Step 2 of the proof of Proposition 4.1;
in particular £ # 0 on D. Continuity on D holds because 7y, is continuous there. Hence Fj, is
continuous on D and holomorphic on D, F1,(0) = Ey(0) = 0, F} = E{(£L) &, = exp(&F) € # 0, and
F}(0) = &,.(0) = 1), (0)/", which is at most (4z4)Y/™ by (10).
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For (11), let first ¢t € D, t # 0, with |argt| < 7/n. Then t" lies off [~1,0], so 7 (") lies off
[~L,0], because 7, is injective on D and maps [—1,0] onto [~L,0]; and |n.(t")| < L. So nr(t")
lies off (—o0, 0], and the principal n-th root of ny,(t") is continuous in this sector (and holomorphic
in its interior). It equals £,(t): both are n-th roots of nz(¢"), both are continuous on the sector,
and both are positive for 0 < t < 1. Hence Ff(t) = Eo(n.(t")Y/") = ®o(n,(t")) there. Further
Er(wt) = wlr(t) and Ey(w) = wEp(&) for w™ = 1, so |Fr(wt)| = |FL(t)|, and every t reduces to
this sector, or to its boundary rays, where (11) holds by continuity, since |®¢| is continuous on
C. O

The boundary values of |F|. By (11), for t € T the number |Fp(t)| is the value of |®g| at the
boundary point 77, (t") of Yz. We bound |®g| from below on the exit curve and on the outer arc.

Lemma 8.4. If xy > 24, then |®o(y)| > R — 3 for every y on the exit curve.

Proof. By conjugation we may assume Imy > 0. Let z := Rey; then x = xg + log(1 + |y|) > o,
and |y| > x > z9. Let y; := 1+ iImy. Integrating %e“ul/”_l along the horizontal segment from
y1 to y, and integrating by parts as in the proof of Lemma 8.2(a),

Do (y) = Po(y1) + 1 [e" ul/"_l]y + l(1 - l) /y e u/" 2 du.
n yoon n/ Jy,
We bound the last integral. If Imy > |y|/2, then |u| > |y|/2 on the segment, and the integral is
at most 4|y|~2t1/"e®. Otherwise 2 > (v/3/2)|y|. We then split the segment at the point with real
part z/2: on the right part |u| > 2/2 > (v/3/4)|y], so that |u|/"=2 < (16/3)|y|*/"2, and on the
left part |u| > 1; so the integral is at most 6|y|~2+1/"e® + /2,
Let

1
Tl — et |y’1/n—1_
n

On the exit curve e® = eZ(1 4 |y|) = 2nR (1 + |y|), so T1 = 2R (1 + |y|) |y|"/*~! > 2R. The bracket
at the upper end has modulus T;. The term at y; is at most e/n in modulus, because |y;| > 1, and
|Po(y1)| < 2 by Lemma 8.2(b). The last term is at most 77 - 6/]y| in the first case, and at most
T -6/|y| + %e”:/z < Ty (6/ly| + e*x/2|y]) in the second. Hence

6 _ e
[@oy) = Ti(1- - — eyl —2- %,
vl n

where the term e~*/2|y| occurs only in the second case. There |y| < 2z/v/3 and z > z¢ > 24, so
e "2|y| < 28e712. Also 6/|y| < 6/24. So the factor in parentheses is at least %, and [®o(y)| >
R—-2—-¢/8>R-3. O

Since z¢ = log(2nR), the condition ¢y > 24 holds for all large n when R is fixed.
Lemma 8.5. Fizn > 8 and R > 3. There is a sequence of radii L — oo along which
|Po(y)| > |vg|(1 —o(1)) for every y on the outer arc of Yr,.

Proof. By conjugation it suffices to treat the part of the outer arc in the closed upper half-plane.
On this part put z := Rey and @, := ®; /vy, so that &g = v (1 + @,) and |Pg| = |v4||1 + D
Where Imy > L/2, Lemma 8.2(a) gives

—L 1 _ l_ _E 1
|®*‘n\v+L1—1/N(1+O(L)>’ arg@*—Imy—i—(n 1>argy n—l—O(L) (mod 27).

Where Imy < L/2, we have || > (v/3/2)L, and = < xg+log(1+L) < L/2 for large L, so x < —L/2;
there the horizontal half-line ending at y has |u| > L/2 > 1, so |®1(y)| < €*/n as in the proof of
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Lemma 8.2(b), and |®.| < e*/(n|vi|) < e %/2. Put

1
z1 = log(n|vy|) + (1 - E) log L, Yo =11 +i(L* — x%)l/z.

Since |y| = L on the outer arc, the formula above gives |®,| = e*~%1(1+ O(7)) where Imy > L/2;
in particular [®,| = 1+ O(7) at y., which lies on the outer arc (see below). Hence |®,| <
(1+0(1))/log L where z < x1 — loglog L, and |®.| > (1 4 o(1)) log L where = > x1 + loglog L, up
to the exit curve. At the far end, the corner, where x = z, := x + log(1 + L), the formula gives
|®.| about 2R LY™/|v, |, and

2R logL

Te —x] = log — +
vt n

+o(1),

which exceeds loglog L for large L at fixed n. So the window |z — 21| < loglog L lies inside the
outer arc.

On the window |z| < |z1|4+loglog L = O(log L), so for large L, | Imy—Im y,| < 2(loglog L)(|z1]+
loglog L)/L and |argy — arg y.| < 2(loglog L)/L; both are o(1). Let

1
0.(L) :=Imy, + (ﬁ — 1) arg Yy — %,

the main term of arg @, at y,. By the formula for arg ®,, arg @, = 0,(L) + o(1) (mod 27) on the
window. The function 6, is continuous in L, and #,(L) — 1 as L — oo, since 1 = O(log L) and
diL argy, = O(log L/L?). By the intermediate value theorem there is a sequence L,, — oo with
0.(Ly,) = 2mm for all large m. We take L along this sequence. Then arg @, = o(1) (mod 27) on
the window, so Re ®, > 0 there, for large L. Therefore |1+ ®,| > 1— (14 0(1))/log L on the whole
part of the outer arc that we consider: to the left of the window because |®.| < (1 + o(1))/log L
there; on the window because Re @, > 0; and to the right of it because |®.| > (1 + o(1))log L > 2
there. Since 1/log L = o(1), we get |®g| > |v4+|(1 —o(1)) on the outer arc. The part below the real
axis follows by conjugation. ([l

Lemma 8.6. The set I, := nzl(outer arc) is an arc of T about —1, symmetric under conjugation,
and Iy, shrinks to the point —1 as L — oc.

Proof. Since 77, is a homeomorphism of D onto Y7, and the outer arc is an arc of 9Y, containing
—L =np(—1), the set Iy is an arc of T containing —1; it is symmetric because 7 (t) = nr(t).

Let @y, be the harmonic measure of the outer arc in Y7, that is, the bounded harmonic function
on Yy such that wyp o i is the Poisson integral, on D, of the indicator function of I;. Since
n.(0) = 0, we have wr,(0) = |I|/(27), where |I1| is the length of I1,. Let z. := z¢ +log(1+ L), as
in the proof of Lemma 8.5, and let L be so large that x. < L/2. Since zg + log(1l + |y|) < z. for
ly| < L, the domain Y7, lies in the half-plane {Rey < z}. Let NI, :== {y : Rey = z,, |Imy| > L/2},
let @ (y) be the harmonic measure at y of N7, in this half-plane, and put

2 (ze — Rey)
L

The function wz is harmonic, and it is > 0 on {Rey < x.}, hence on the exit curve. It is > 1
on the outer arc. Where Rey < —L/2, the second term is at least 1. Elsewhere on the outer arc,
|Rey| < L/2 (vecall Rey < x, < L/2) and |y| = L, so |Imy| > (v/3/2)L > L/2. Then the foot
ze + i Imy of the perpendicular from y to the line {Reu = z.} lies in N7, and so does the half-line
of that line that runs from the foot to infinity away from the real axis. This half-line is seen from
y at the angle 7/2, so its harmonic measure at y is %, and the first term is at least 2 - % = 1. The
two end points z. +iL/2 of N, are not in Yz, since there Rey = z. > zo + log(1 + |y|); so @}
is continuous on Y7. Hence wj{ o 7y, is harmonic on D and continuous on D, so it is the Poisson
integral of its boundary values. These are at least the indicator function of Iy, except at the two

wi(y) =2wn(y) + (Rey < we).
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end points of I, so wy < wz on Yr. The segment of the line {Reu = x.} between the two end

points is seen from 0 at the angle 2arctan(L/(2z.)), so w(0) = 1 — 2 arctan ﬁ = 2 arctan 2.
Hence

| 17| 4 2. 2x 8 x Sx

o = wr(0) < wf(0) = ;arctan Le + Le < (— 2>f6 < Le’
which tends to 0 as L — oo, since x, = xg +log(1+ L). As Iy, is an arc about —1, it shrinks to the
point —1. O

Proposition 8.7. Let n > 8 and R > 3, and suppose that xg = log(2nR) > 24. Let L —
along the sequence of Lemma 8.5. Then Fr, is continuous on D and holomorphic on D, Fr,(0) =0,
F, #00onD, 0< F,(0) < (4o )", and fort € T

|FL(t)| > vl (1 —o(1)) ift" € I, |Fr(t)| > R—3 otherwise.

The set {t € T : t" € I1,} consists of n arcs, one about each point b;, and it shrinks to {b1,...,by}
as L — oo.

Proof. The first assertions are Lemma 8.3. Let t € T. By (11), |FL(t)| = [®o(nL(t™))], and nr(t")
lies on the outer arc if ¢ € I, and on the exit curve otherwise. Lemmas 8.5 and 8.4 give the two
bounds. The set {t € T : t" € I} is the preimage of the arc I, about —1 under ¢ +— t", so it
consists of n arcs about the n-th roots of —1, and it shrinks to them by Lemma 8.6. |

The Riemann map with hairs. Let U, G and dy be as in the notation above. By Carathéodory’s
theorem [7], G extends to a homeomorphism of D onto U, so G™! is defined on OU. A crosscut of
D is an open Jordan arc in D whose two endpoints lie on T.

Let d4 > dy. We construct, for each n, a domain U , namely U with n thin hairs attached, whose
conformal map W satisfies |IW(b;)| < dy for all j (Lemma 8.9 below). We first make the choices
that do not depend on n; they end with the choice of zyax.

The exterior domain. Let U* := (C U {oc}) \ U, the exterior of U on the sphere. Pick z; € U*
with |21| < d4; it exists, since there are points of U* near a point of U of modulus dy < dy. Next
we take a ray T from a point zo, € AU to oo, lying in U* apart from z., in a direction other than
that of z;, and such that G~!(2s) is not a root of unity. Such a ray exists: for each direction,
take the last point of U on the ray from 0 in that direction; the part of that ray beyond this point
lies in U*. As 0 € U, these last points are distinct for distinct directions, so there are uncountably
many of them, and only countably many points of QU are images under G of roots of unity. Let
U:D— U*\ (YU{oo}) be conformal with ¥(0) = z;. It extends continuously to D, with values in
the sphere, and it is injective on an open arc J of T, which it maps onto OU \ {2}. To see this,
note that U* is a Jordan domain of the sphere, bounded by OU. Let ¥y : D — U™ be conformal
with Wo(0) = z1; by Carathéodory’s theorem [7] it extends to a homeomorphism of D onto U*.
Then ¥y (T U {oo}) is a Jordan arc from the point ¥y !(2s) of T to the interior point ¥y'(c0),
and ¥ = ¥g o ¥y, where ¥y := W' o W maps D conformally onto the slit disc D\ ¥ (T U {o0}),
with ¥;(0) = 0. The boundary of the slit disc is locally connected, so ¥; extends continuously to
D, by the continuity theorem [21, Chapter 2]. A point (. of T other than ¥y !(z4) has exactly one
preimage under ¥;. Indeed, suppose that U1(¢1) = ¥1(¢2) = ( with (1 # (2. Then the images
under ¥; of the radii to {; and (2, together with (., form a Jordan curve that lies in the slit disc
apart from (.. The connected set (T \ {¢.}) U Wy (T U {oc}) misses this curve, so one component
of the complement of the curve lies in the slit disc. That component is the image of one of the two
sectors between the radii, so ¥1 = (, on an arc of T, which is impossible by the reflection principle.
These preimages form an open arc J of T (the set of these preimages is open in T, and ¥; maps
each of its components homeomorphically onto an open subarc of T \ {¥ 1(250)}; these subarcs
are disjoint and cover that arc, so there is only one component), and W1 maps the complementary
closed arc onto the two sides of the slit. So ¥ extends continuously to D, with values in the sphere,
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and it is injective on J, which it maps onto Wo(T\ {¥;'(200)}) = OU \ {20 }. Take &1 € (0,1) with
U(e1D) C {|z| < dy}, which is possible since |¥(0)| < d., and let zyax be the supremum of |z| over
U and over the set U({¢ :e1 < [¢| <1, ¢/|¢| € T}). It is finite, since the closure of this set of ¢
does not contain the point ¥~!(c0) of T. The number zy., depends only on U and d, (through
the choices just made), and not on n.

The domains with hairs. Let ¥ = (91,...,79,) be angles with €’ € 7, and let A > 0 be small.
Put

L= {C e < <1, Jarg(¢e™) <A}, Jji={CEeT: |arg(¢e™™)| < A},
and suppose that the sectors X; are disjoint and that 7] C J. Let

U=0U@,\:=UUlJu(E)ulJu(T).
J J

This is a Jordan domain: U with n hairs ¥(X;) attached along the open mouths O; := ¥ (J;) C oU.
Indeed, ¥ is continuous and injective on D U J, so it is a homeomorphism of each compact set
3; C DU J onto its image. So the outer boundary of each hair, ¥(9%; \ J;), is a Jordan arc. It
joins the two end points of the mouth, lies in U* \ (T U {oc}) apart from those two points, and
misses the arcs of the other hairs. Replacing each mouth of the Jordan curve QU by this arc gives
a Jordan curve, and that curve is oU. By the choice of zyax, U C U cC {|z] < Zmax}- The tip
2j := W(g1€") lies on AU, and |2;| < dy. Let W be the conformal map of D) onto U with W (0) = 0
and W’(0)/G'(0) > 0, extended to D, and let b; = b;(9,\) :== W~(2;) € T. By the theorems of
Radé [22] and Carathéodory [7], b; depends continuously on ©J. Indeed, for the angle vectors near
a given one there is one compact set of points ¢, with e; < || < 1 and {/|(| in a fixed compact
subarc of J, that contains the closures of all the sectors ¥; and of all the arcs J;. Outside its
image under ¥, every boundary curve oU (9, A) is the same arc of OU. Inside, the curve is the image
under ¥ of a curve in this compact set, made of arcs of the circles [(| = 1 and |[¢| = €1 and of the
radial sides of the sectors, and this curve turns continuously with 9 (the mouths move along OU
with it). Since ¥ is uniformly continuous on the compact set, the boundary curves of U (9, A) move
uniformly with ¥; by Radd’s theorem the maps W converge uniformly on the closed disc, and the
tips Z; move continuously; as W is injective on the closed disc, Bj = Wﬁl(z‘j) moves continuously.

The map ¢. Let ¢ := WL o G. Tt is continuous and injective on D, and it maps D onto D
minus the n disjoint hulls H; := W1 (¥(3; U J;)); each H; is cut off from D by the crosscut
W~1(0O;), the image of a mouth, and b; lies on the arc of T that bounds #;. We have ¢(0) = 0
and ¢'(0) = G'(0)/W'(0) > 0. Schwarz’s lemma, applied to ¢ (as U C U) and to W/zmax (as
U C{|2] < Zmax}), gives
C'(0)
Zmax

Let O := G~'(0;), an open arc of T, the mouth arc; then qg((’)é) =W~10;).

(12) < ¢'(0) < 1.

Lemma 8.8. Fiz n and a closed box of angle vectors 9 such that the points ei are distinct and
lie in a fized compact subset of the open arc J. Then, as A — 0, ¢ — id uniformly on D and
max; diam H; — 0, uniformly over ¥ in the box.

Proof. The map <z~5 sends T\ ; @ into T. So, by the reflection principle, it extends to an injective

meromorphic map on the sphere minus the closed mouth arcs, (Cu{oo})\lJ, 6}, by ¢(t) == 1/¢(1/%)
for |t| > 1, with ¢(c0) = oc.

__Suppose that Ay, — 0 and that 9™ lies in the box. By the uniform continuity of G=' o ¥ on
J, and after passing to a subsequence, the arcs (’);- shrink to points t; € T. Pick ty € O}. The
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value ¢(tg) is omitted by ¢ on this set: on D\ {to} because ¢ is injective on D, and off D because
|| > 1 there while |¢(to)| < 1. Moreover ¢(to) is not in ¢(ID), so Koebe’s theorem and (12) give
|G"(0)|/(42max) < ¢'(0)/4 < |p(to)] < 1. So on this set minus the points 0 and co the maps omit
0, oo and a third value that stays away from both, and by Montel’s theorem [18], applied to the
maps divided by their third omitted value, which stays in a compact subset of C\ {0}, the family
is normal off the points ¢;; it is normal near 0 because |¢| < 1 on D, and near oo by reflection.
Let ¢oo be a limit, locally uniform off the points tj. By Hurwitz’s theorem [16] it is injective,
since ¢/(0) > |G’(0)|/2max keeps it nonconstant. An injective meromorphic map has removable
singularities at the isolated points t;, so qgoo is a Mobius transformation. It fixes 0 and oo, maps
T into T, and has positive derivative at 0; so it is the identity. Hence 55 — id locally uniformly off
the points ¢;.

Near t;, take a small circle about t;, of radius €2, with (9; inside it (for large m). The image
under (;3 of the part of this circle in D is a crosscut of I close to the part of the circle in D. As <Z> is
injective on D, both ¢(D N {|t —t;| < e2}) and H; lie in the piece of D that this crosscut cuts off
from 0, and that piece lies in the disc of radius 2e2 about ¢;. So |¢~) —id| is small on the part of D
inside the circle as well, and diam #; is small. Since every sequence (A, 9™) with A, — 0 has
such a subsequence, the convergence is uniform over the box. ]

Lemma 8.9. Let d > dy. There is a number zmax = Zmax(U, d+) with the following property. For
each n there is a Jordan domain U with U C U C {|z| < zZmax} whose conformal map W : D — U,
normalized by W(0) = 0 and W'(0)/G’(0) > 0, satisfies |[W (b;)| < dy forj=1,...,n.

Here W is extended to D by Carathéodory’s theorem.
Proof of Lemma 8.9. Fix n. For ¥ in a box as in Lemma 8.8, the point G~(¥ (%)) lies on 0}
its image under & lies in 7—Tj, and so does Ej. By Lemma 8.8,
bi(9,\) — G_l(\lf(ewj)) (A — 0), uniformly over the box.

Since b; is a root of unity, G(bj) # 2o, s0 G(bj) € U(T); let ¥° = (19?) be angles with \Il(ew?) =
G(bj). The points ¢’ are distinct. Let U (1) be the vector of angles, in the chart ¥, of the points
G(b;(9,\)), that is, U(eri@) = G(b;(¥,))). By the limit above, J5(¥) is uniformly close to ¥
when \ is small. Take a small closed box about 9¥° of the kind in Lemma 8.8, with disjoint sectors.
Then the map 9 — 9 — J5(9) + 9¥° is continuous and sends the box into itself, for A small. By
Brouwer’s fixed point theorem [5] it has a fixed point 9. There 9 (9) = 9¥°, so G(b;) = G(b;) and
b; = bj for every j. Hence W (b;) = 2; and |W (b;)| < d. O

The inequality for Jordan domains, and Theorem 1.1.

Theorem 8.10. Let U be a bounded Jordan domain with 0 € U, let G : D — U be conformal with
G(0) =0, and let dyy := dist(0,0U). Then

G'(0)]
dy

Proof. The choices are made in the order dy; zmax; R; n; A; L. Let d+ > dy, let zmax = Zmax(U, d4)
be as in Lemma 8.9, and put

K* >

Zmax
R:=3+——.
L
Let n > 8 be so large that o = log(2nR) > 24. Let W be the map given by Lemma 8.9 for
this n (with A chosen there); it is a homeomorphism of D onto U. Since W is continuous and

|W(bj)| < d4, there is # > 0 such that [IW(¢)| < d for every t € T within distance 6 of one of the
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points b;. By Proposition 8.7, for L large along the sequence of Lemma 8.5, every point of the set
{t e T:t" € I} lies within distance 6 of one of the points b;. Let ¢t € T.
o If t" € Iy, then t lies within distance 6 of one of the points bj, so |W(t)| < d4, and
[FL ()] = [v|(1 = o(1)). So [FL(@)|/[W(t)] = [vi[(1 = o(1))/d.
e Otherwise |FL(t)] > R — 3 = zmax/d+ and |W(t)| < zmax, so |[Fp()|/|W(t)| > 1/dy >
lv4](1 —o(1))/d4, because |vy| < 1.
The functions Fy, and W satisfy the hypotheses of Lemma 8.1, by Proposition 8.7 and Lemma 8.9.

So Lemma 8.1 applies with
(W'(0)]
= 1—-o0(1 .
S ’7)+|( O( )) d+ Fi(O)
By (12), [W’(0)| = |G'(0)|/¢'(0) > |G"(0)| (Schwarz’s lemma applied to ¢), and F}(0) < (4xy)"/™
by Proposition 8.7. Hence
o > [l —o(1) |G'(0)]

(44 )1/m dy
and letting L — oo along the sequence removes the factor 1 — o(1). From z4 = z¢ + log(1 + z4)
we get 2, < 2, since log(1 + 2xq) < zo for zg > 3; so (4z,)/™ < (8log(2nR))'/™ — 1; also
|vy| = 1, by dominated convergence. So the factor in front of |G’(0)|/d; tends to 1 as n — oo,
and K* > |G'(0)|/d. Finally let d\ — dy. O

Third proof of Theorem 1.1. For 0 < § < 1let G(t) := k(6t)/6 =t/(1 +t)? and U := G(D). Since
k is univalent on D and continuous on 6D, U is a bounded Jordan domain containing 0; moreover
G'(0) = 1 and dy = dist(0,0U) = (1 + )2, Theorem 8.10 gives K* > (1 + §)?, and letting § — 1
gives K* > 4. Smale’s theorem gives K* < 4, so K* = 4, and the rest of Theorem 1.1 follows as in
Section 5, since K (d) does not decrease with d (Appendix A). O

9. A FOURTH PROOF: A SURFACE WITH CONFORMAL RADIUS NEAR 1

This section gives a fourth proof of Theorem 1.1. It does not use the map W, the function F' or
Theorem 1.2; from the earlier sections it reuses Proposition 2.1, the construction of ¥ in Section 8,
Smale’s bound K* < 4, and the monotonicity of K(d) (Appendix A).

The idea is as follows. We build a simply connected surface S over the plane, with no branch
point, on whose boundary the modulus of the projection is large except on n short arcs, where it
is about 1. Its conformal radius at the base point is at most 1 + o(1) as n — oo (Lemma 9.5).
We map S onto a domain €2, a Jordan domain U with thin channels attached, by composing two
Riemann maps, so that the short arcs are sent down the channels to points almost as close to 0 as
OU is (Lemmas 9.6 and 9.7). The resulting function f on Q then has |f(z)/z|/|f'(0)| at least nearly
4 on 022 when U = k(D) with ¢ close to 1, and Proposition 2.1 turns such an f into polynomials.

Notation in this section. The letters Q, z, f, ¢ (a small positive number), k (the Koebe function)
and 0 keep their earlier meanings, and ¢ is a point of D. U is a Jordan domain containing 0 and
G: D — U is conformal with G(0) = 0; we put dyy := dist(0,0U). The number R > 2 has the role
it has in Section 4: away from a few small arcs, the modulus of the function we build is at least
about R. The surface S lies over a plane; we write p both for the coordinate of this plane and for
the projection of S to it. The integer n is the number of tracts of S, and A,, := 27 /n. The integer
n and the half-width X\ of the channels (Section 9.4) are chosen anew here. The map (: S — D is
a Riemann map, and rg, rq are conformal radii. Harmonic measure is written w, with the domain
or surface as a subscript: wy(z,-) is the harmonic measure in U at the point z. The letters ¢, T,
u, x, y do not have their meanings of Section 4.

Theorem 9.1. Let U be a bounded analytic Jordan domain with 0 € U, let G: D — U be the
conformal map with G(0) = 0 and G'(0) > 0, and put dy := dist(0,0U). Then for every e € (0, 1)
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there are a Jordan domain Q with 0 € Q and a function f, holomorphic and locally univalent on €2
and continuous on Q, with f(0) =0 and f'(0) =1, such that

F(2) . G0) 1—¢
‘ z ‘ = dy (1+¢)?

The following proposition is also the case of analytic U in Theorem 8.10, and so follows from
Theorem 1.2; here we derive it from Theorem 9.1.

Proposition 9.2. Let U be as in Theorem 9.1. Then K* > G'(0)/dy. In particular K* > (1+§)?
for every ¢ € (0,1).

Proof. Let ¢ € (0, i), and let ) and f be as in Theorem 9.1. Let Z: D — Q be the Riemann
map with Z(0) = 0. For 0 < p < 1 the domain Z(pD) is an analytic Jordan domain containing 0,
the function f is holomorphic and locally univalent near its closure, and | f(Z(pt))/Z(pt)| tends to
|f(Z(t))/Z(t)| uniformly in ¢t € T as p — 1. Hence, for every number below (G'(0)/dy)(1—¢)/(1+
£)?, the function |f(z)/z| exceeds it on 9Z(pD) once p is close to 1, and Proposition 2.1 shows that
K* exceeds it too. So K* > (G'(0)/dy)(1 —€)/(1 + ¢€)?, and letting e — 0 gives K* > G'(0)/dy.
Now let 0 < 6 < 1, let k£ be the Koebe function, U := k(dD) and G(t) := k(dt). Then U is a
bounded analytic Jordan domain with 0 € U, G maps D conformally onto U with G(0) = 0 and
G'(0) = &, and the point of OU nearest 0 is k(§), so that dy = 6/(1 + §)%. Thus G'(0)/dy =
(1+0)% O

Fourth proof of Theorem 1.1. By Proposition 9.2, K* > (1+§)? for every § < 1, so K* > 4. Smale’s
theorem [24] gives K* < 4. Since K (d) does not decrease with d (Appendix A), limg_,o K (d) =

for all z € 09).

The rest of this section proves Theorem 9.1. Throughout, U, G, dyy and € are as in its statement.

9.1. The surface. In words, the surface S built below is the disc {|p| < 1+ R} cut along n radial
slits £, from the points v; outward. Along the two sides of each slit a logarithmic end over v; is
glued in: sheets that wind around v; over the disc [p — vj| < R, cut off at |u| = H. Near vj, the
base disc is one sheet of this end.

Let n be a large integer, put A,, := 27 /n, and for 7 modulo n let

0= jAn + 0y,  vji=e
The real number 9, is fixed in Section 9.5. It only rotates the p-plane, p — e’*5, so no modulus
below depends on it. Let R > 2, put Z,, := log(4R/A,,), and let H be an odd multiple of 7 with
H > 222,
Let £; := [v;, (1 + R)v;] be the radial segment from v; to (1 + R)v; (the j-th slit), and

D= {|p| < 1+R}\Uﬁj;

this domain is simply connected. Let P := C\ {u: Rew > 0, |Imu| < w}. The j-th tract is a copy
of

T ={ueP: Reu<E,, |ul<H},
on which the projection is

p=vj+4q, q:= ﬂei(ﬁj“” et
Thus arg ¢ = ¥; (modulo 27) exactly where Imu is an odd multiple of 7, in particular on the lines
Imu = +m.

The tracts are glued to D by p, as follows (Figure 4). The strip {Reu < 0, |Imu| < 7} is

D NnA{lq] < A, /4}, that is, the disc |G| < A, /4 off the slit: the map p sends the strip bijectively
onto this set, and we identify the two. The lines Imu = +7m, Reu < 0, are the two sides of the
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slit inside this disc. The window {Reu = 0, |Imu| < 7} opens onto the rest of D. The edges
{Imu =47, 0 <Reu < Z,} of T; are glued to the two sides of £; where |G| > A, /4. The points
u = =im lie over the point (1 + A,/4)v; of L;, one on each side of the slit; we add them to S
as interior points (near each, three quadrants of the u-chart lie in 7; and one in D). Finally, we
remove from D the caps beyond |u| = H in the strip, that is, the points of DN {|q| < A,,/4} whose
coordinate u satisfies |u| > H. The surface S is D together with all the tracts 7}, glued in this way.
Its base point o is the point of D over p = 0.

B;
lg] = A, /4 upper exit
//,,_\\\\ in upper edge
[’j I/ v A ‘Ir
—_0 I removed cap 1 window
\\ // 1
\\ // s
N ' lower edge
lower exit
Reu =2,
near v; in D the u-chart of T;

FIGURE 4. The j-th tract, not to scale. Right: the u-chart. The tract 7; is shaded;
the white rectangle {0 < Reu < Z,, |Imu| < 7} is not part of it. The dark
strip {Reu < 0, |Imu| < 7} is identified with the dark disc on the left, the disc
|q] < A, /4 off the slit £;, drawn so that £; points left, away from o. The window
(dashed) opens onto the rest of D, and the upper and lower edges are glued to the
upper and lower sides of £; outside the dashed circle. The thick lines, the two exits
and the end Bj, are part of 0S. The cap beyond |u| = H in the strip (hatched; on
the left, the small white set around v;) is removed.

Lemma 9.3. (a) S is simply connected, and p: S — C is locally univalent. The zeros of p are
o and, on each tract, the points of T; with u € log(4/A,) + 2mi(Z \ {0}).

(b) The rotation p — €®p and, for each j, the reflection p Vs p (on Tj it is u — @) are
symmetries of S.

(c) The boundary of S is one Jordan curve. Quer each j it consists, in cyclic order, of the
upper exit {Reu = =,, Imu > 7, |u| < H} of T;, the end Bj := {|Ju| = H, Reu < E,}
of Tj, the lower exit {Reu = Z,, Imu < —7, |u| < H}, and the top {|p| =1+ R, ¥; <
argp < ¥ + An}. On the top |p| =1+ R; on the exits |p| > R —1; and on B;

Bl > 1—e VI,
provided H is large enough (depending on n and R).

Proof. (a) We add the tracts to the base one at a time, and we use this form of the Seifert—van
Kampen theorem: if two simply connected open subsets of a surface have a nonempty connected
intersection, then their union is simply connected. Let Dy be D without the caps. It is a plane
domain, and its complement in the Riemann sphere is connected, because each slit £;, together
with the cap at its inner end, is a connected set that meets the circle |[p| = 1+ R. So Dy is
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A~

simply connected. Fix a small ¢ > 0, and let 7; be the tract 7; together with its two glued
edges, the two points v = 4im, and the two thin bands {0 < Reu < E,, 7 — ¢ < |Imu| < 7}
of D next to the two sides of £; (the coordinate u of the strip continues to them across the
window). Then ’f; is an open subset of S, and u maps it conformally onto the plane domain
{Reu < E,, |ul < H} \ {Reu > 0, |Imu| < 7 — ¢}, which is simply connected. The set 7;
meets Dy in the strip {Rew < 0, |Imu| < 7, |u| < H} together with the two bands; this set is
connected. If ¢ is small enough, the sets 7'] are pairwise disjoint. So Dy U 71 is simply connected,
then Dy U 77 U T3, and so on; the last of these sets is S. On both sides of each gluing p is one and
the same analytic function, v; + ¢; so p is locally univalent on S. The zeros are found by solving
¢ = —v; on each tract.

(b) This is immediate from the construction: the rotation maps 7j onto Txy1, and the reflection
maps vy to vgj_; and T onto Toj_.

(c¢) By construction the boundary consists of the pieces listed, and they form one Jordan curve.
Indeed, the top over (¥;_1,7;) ends at (1 4+ R)v;, on the side of £; that is glued to the upper edge
of Tj; there it meets the upper exit, at u = =, + im. The upper exit runs to |u| = H, the end
B; runs round to the lower exit, and the lower exit returns to u = Z,, —im, at (1 4+ R)v; on the
other side of £;, where the top over (9;,7;11) begins. These arcs meet only at their ends. The top
and the exit meet tangentially on the ray over v;, because the circles || = R and |p| = 1 + R are
tangent there; the exit and the end meet at a corner. There are no other boundary pieces. On the
top |p| = 1 + R by definition. On the exits |G| = (A,/4)e=" = R, so |p| > R — 1.

It remains to bound |p| on Bj; let H — oo below. If Reu < log(4/A,,)—vH /2, then |G| < e~VH/2,
so|p| >1— eVH/2 Otherwise Re u lies in (log(4/A,) —VH/2, Z,], so that |Reu| < VH/2+Z,,
and Imu = +(H — s) with

(Reu)? < (VH/2 + En)2'

0 < <
= =" = H
For H large this is less than %, uniformly (it tends to %) Since H is an odd multiple of 7, we have
G = |G v; €T, So |p| = |1+ |gle¥*| > 1, because coss > 0. O

Let ¢: & — D be the Riemann map with (o) = 0, normalized so that near o
p=rsC+0(C?, rs > 0.
The number rg is the conformal radius of S at o.
Lemma 9.4. (a) For every j and every H, ((B;) is an arc of T whose centre is evactly €'

(here € is extended to the boundary, as in Section 9.6).
b) Fix R, and fix n so large that 2, > 12. Then ws(o,B;) — 0 as H — oo.
J

Proof. (a) Both symmetries of Lemma 9.3(b) pass to . The fixed line of the reflection p — vfﬁ
is the radius of D from 0 towards v;, followed by the segment {Imu = 0, —H < Rew < 0} in 7.
Since rg > 0, ¢ maps this line onto the radius of D through ¢’ and the line ends at the midpoint
u= —H of Bj. So ((B;) is an arc of T centred exactly at ei | for every H.

(b) Put H' := 2Z,,. As Z,, > 12, the window and the edges of T; lie in {|u| < (22 + 72)'/2}, and
(22 + 72)1/2 < H'. So, for H' <r < H, the arc

X, :={|u| =r, Reu < Z,}
lies in 7; and separates o from B;. The part of S beyond Xp is
7}* :={H' <|u| < H, Reu < E,},

and it meets the rest of S only along Xp/. On |u| = r > 2E,,, the condition Reu < Z, means
that argu € (arccos(Z,/r), 21 — arccos(Z,/r)), and this interval lies in (7/3,57/3). So, in the
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coordinates (log |u|,argu), the set ’7;+ lies in a strip of width 47 /3, from log H' to log H, with B;
at the far end; the rest of its boundary lies on the two exits, where the harmonic measure of B; is
0.

Let X := X un/3 5 be the arc at distance 47/3 in log |u| beyond X (as H — oo, we may take
H > e*/3H’), and put

m* = supws(-, B;).
X+

The function ws(-, B;) is harmonic on the part of S inside X", the component of S\ Xt that
contains o. It vanishes on the boundary of S there (B; lies beyond X*), and it is at most m™
on X*. So, by the maximum principle, ws(-, Bj) < m*™ on Xy and at 0. On 7;+ the maximum

principle gives, on X,

ws(-,Bj) < wTj+(-, Bj) +m* wTj+(-, Xpr).

In the half-strip {# +i§: & < L, 0 < § < @}, the harmonic measure of the end {Z = L} at the
point & + iy is

2 retan Sln(iTy/w) < 4 —r(i-a)jw

™ sinh (7 (L — &) /) ™
(since sin < 1 and arctan(1/sinh9) = 2arctan(e™?) < 2e~?, the left side is at most 2e~?, with
o :=n(L—1)/w, for every L —& > 0). By domain monotonicity, with @ = 47 /3 and so 7 /i = 3/4,
this gives on X'

4 H'\3/4 4 _
w7}+(.76j) < ;€ﬂ<ﬁ> 5 wTjJr(-,XHI) < ;6 T < 0.0552.
So m* < 4e™(H'/H)3/* +0.0552m*, and
2=,\3/4
B;) < 32( ”) :
WS(O ]) — H
which tends to 0 as H — oc. O

9.2. A formula for [f(z)/z|. Let Q be a Jordan domain with 0 € €2, and let Z: D — § be the
Riemann map with Z(0) = 0 and Z'(0) =: rq > 0. Then Z o (: S — Q is conformal, and

fs:=po(Zo() !
is holomorphic and locally univalent on §, with fs(0) = 0 and f5(0) = rs/rq, since p = rs¢+0(¢?)
and Z o ¢ = rq¢ + O(¢?) near o. So on 99, at the point z = Z(t) with t € T,

(13) Us(2)/=] _ e [p(C1 ()

[fs@F — rs 1Z@)]

where the right side is taken in the sense of boundary values (they exist; see Section 9.6).
9.3. The conformal radius of the surface.

Lemma 9.5. Fix R. Then limsuprs <1 as n — oo, uniformly in H: for every e > 0 there is ng
such that rs < 1+¢ for all n > ng and all H.

Proof. The argument is that of the kernel theorem [6]; for surfaces over a bounded region see [26].
Suppose that the claim fails. Then there are ¢ > 0 and surfaces Sy, with parameters (ng, Hy) and
ng — oo, such that rs, > 1 + ¢ for every ¢. All the S; lie over {|p| < 1+ R}, so the functions
for:=po ([1, where (; is the Riemann map of Sy, form a normal family on D, and rs, = f;(0).
Every subsequence has a further subsequence along which f; converges locally uniformly, so we may
assume that f; converges to a limit fo; then foo (0) = 0 and f.(0) > 1+¢. So fs is not constant,
and f., # 0, by Hurwitz’s theorem [16]. If |fs| < 1 on D, Schwarz’s lemma gives f. (0) < 1, a
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contradiction. If not, follow a segment from 0 to a point of D where |foo| > 1, and let ' be its
first point with |foo(¢')] = 1. For £ large, f; is univalent near ¢/, with an image that contains a
fixed disc about fo(#'). For ¢’ on the segment just before ¢, f; maps the segment up to t” into
{Ip| < 1}, and fe(¢") lies in that disc, which contains some v; once A,, = 2m/n; is small. The
chord from f;(t") to v; lies in {|p| < 1} up to its end, and its lift in the univalent piece ends at
an interior point of Sp. A path over D that starts in the base disc cannot leave it: the window
lies in the base disc, and the tracts are glued to it along the slits, where |p| = 14 |G| > 1. So the
component of p~!(ID) that contains o is the plain disc minus the caps. The caps contain the points
of the base disc with 0 < |g| < (A,,/4)e ¢, a punctured neighbourhood of v; in D. The path
made of ¢, ([0,#"]) and the lift of the chord starts at o and lies over {|p| < 1} until its end. So it
lies in this component, where p is injective, and the lift is the chord itself, in the base disc. Hence
the chord meets a removed cap before it reaches v;, and it cannot end at an interior point of Sy.
This is a contradiction. (The value p = v; is attained on Sy, but only on the sheets of other tracts;
the lift of the chord starts on the base disc and must stay there.) O

9.4. The domain with channels. Fix 7., € R and put 2., := G(e!™). Let U* := (CU{o0})\ U;
it is simply connected and contains co. Let T be an analytic arc in U* from 2z, to oo, and let
z1 € US\Y with |z1| < dy(1+€/2). Let ¥: D — U*\Y be conformal with ¥(0) = z1; it is continuous
on D, with values in the sphere. Choose 1 € (0,1) so small that U({|t| < e1}) C {|z| < dy(1+¢)}.
Let J C T be the arc that ¥ maps onto U \ {2} (this is shown as in the construction of ¥ in
Section 8; there the arc is a ray, here the analytic arc Y). The radial segments from the points of
J to the circle |t| = &1 stay at positive distance from the point of T that ¥ sends to co. So the
supremum Zzpyax of |z| over their images under ¥ and over U is finite, and it depends only on U, ¢,
T, z; and €1. It does not depend on n.

Let 71,...,7, be angles with e/ € 7, and let A > 0 be small. Define the channel, the mouth
and the end

Ci=U({t: e1 <|t| <1, |argt — 75| < A}), O =V ({teT: |argt — 7| < A}),
Ei=U({t: |t|=e1, |argt — 75| < A}),
with arguments taken modulo 27, and put
Q:=UU U(O] UCj).
J
Here A is so small that the closed sectors are disjoint and their arcs on T lie in J.

Lemma 9.6. Q is a bounded Jordan domain with U C Q; |z| < zZmax on Q; |z| < dy(1+¢) on each
end &;; and the Riemann map Z: D — Q with Z(0) = 0 and Z'(0) > 0 satisfies rq := Z'(0) > G'(0).

Proof. 2 is U with the disjoint channels attached along the mouths, so it is a bounded Jordan
domain containing U. The bound |z| < zmax holds by the definition of zmax, and the bound on &;
by the choice of £1. Since U C Q, Schwarz’s lemma gives rq > G'(0). O

9.5. Placing the channels. We now choose ¥, := 7o — A, /2 in Section 9.1, so that 7o, =
Jo + A, /2. Since 7o, and G are fixed before n, we rotate the surface, not U. For 7 = (11,...,7,)
in the cube

(14) [T — An/4, 05+ A0/4],

j=1
let 7; be the argument of ¥=1(G(e)) € J; let Q(7) be the domain of Section 9.4 built on these
angles, with ends &;(7); let Z, be its Riemann map with Z.(0) = 0 and Z/(0) > 0; and let 1§j (1)
be the centre of the arc Z-1(£;(7)) of T. All the intervals [9; — A, /4,9; + A, /4] stay at distance
at least A, /4 from 7o,. We want 7 with 19]-(7) =1, for all j.
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Lemma 9.7. If A > 0 is small enough, depending on U, Y, z1, €1 and n, then there is T in the
cube (14) with ¥;(1) = ¥; for every j.

Proof. The displacement. Fix 7 in the cube and write Z = Z;. The map Z:=Z10G:D—>D
is continuous and injective, with Z(0) = 0 and Z'(0) > 0. Let O} = G~1(0;) C T be the mouth
arcs, O := Uj 0O;, and

mo =Y _@y(0,0;) = wy(0,0),
j

the total normalized length of the mouth arcs. As QU is analytic and the cube stays away from
Too, the map 1o G is an analytic diffeomorphism on the union of the arcs of T over the intervals
[¥; — Ap /4,95 4+ Ay /4]. So each mouth arc has length at most a constant times A, with a constant
that depends only on U, T, z; and n; hence mp — 0 as A — 0, uniformly on the cube. Take A so
small that meo < 5

(a) The functlon log(Z(t)/t) =: (t) + iy(t) is holomorphic in D and continuous on D, with
y(0) = 0 and z(0) = log Z'(0) =: —x,, @, > 0. Here y(t) = arg Z(t) — argt.

(b) On T, z = log |Z| vanishes off the mouth arcs. On the mouth arcs, —log4 — z, < z < 0, by
Koebe’s growth bound |Z(t)| > Z/(0)|t]/(1 + |¢])2.

(¢) The mean of x over T is —x4, so z, < mp(log4 + x,). Hence z,. < 2moe log4.

(d) By Parseval’s identity, since y(0) = 0, and with norms taken over the normalized measure
on T,

Iyl < llzlls < vimo (logd+x,) < 28 /mo.

(e) Let t1,to € T lie off the open mouth arcs, let I be the positive arc of T from ¢; to to, and I’

the positive arc from Z(t1) to Z(t2). Then

y(t2) — y(t1) = length(I’) — length([).
Indeed, arg Z changes along I by exactly length(I’): each crosscut Z (O}), together with the arc
~18C; \ Oj) of T between its ends, bounds a region that does not contain 0, so the two are
homotopic in D \ {0}. Further,
length(I") — length(I)
27

where wq (0, channels in 1) is the harmonic measure in €2, at 0, of the sets 9C; \ O; with O} C I,
the term oy (0, mouths in I) is the harmonic measure in U of the corresponding mouths, and the
excess is

= (excess) + wq(0, channels in I) — wy (0, mouths in 1),

@wo(0,G(I)\ O) — =y (0,G(I)\ O) > 0,
which is nonnegative by Carleman’s principle [8], since U C Q and G(I) \ O C 90U N 9N. Over the
whole circle, the total excess plus wq(0, all channels) equals mp. So the difference above lies in
[-mo, me], and off the mouth arcs y oscillates by at most 2rmo.

(f) The part of T off the mouth arcs has normalized measure at least 1 — mep >

it with [y(t,)] least. By (d), [y(t.)2(1 — mo) < [yll3. o ly(t.)] < 4y/mo. With (e),
arcs

Take t, in

1
5
off the mouth

ly| < 2mme +4y/mo.

(g) The centre ﬁj (7) lies in the arc between the images under Z of the two ends of the mouth
arc (9;-, an arc of length 27w (0,0C; \ O;) < 2mme; and 7; lies in the mouth arc O;-, of length at
most 2mme. So, if t1 is an end of the mouth arc (9;., then

19;(r) — 75| < ly(t)|+drmo < 6rmo + 4y/mo.
Take A\ so small that this is at most A, /8, on the whole cube.
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Continuity. The argument is that of Section 8: the boundary curves 9Q(7) move uniformly with
7, and Radd’s theorem applies. Here we write out the uniform motion, by a flow, because the
centres 19]-(7') are defined through the ends &;(7). Fix 70 in the cube. For 7 near 70 take, in the
disc of ¥, the angular vector field

0

;(fj(ﬂ - @‘(TO)) Xj m’

where each x; is smooth and equal to 1 on a neighbourhood of the closed sector j; the x; have
disjoint supports, which lie over a compact part of J, and they taper to zero between the sectors
and away from {e1 < |t| < 1}. The field is tangent to the circles |t| = 1 and |¢| = £1. Carry it to the
z-plane by W, and across QU this is possible because V¥ is analytic across J, as U is analytic. Its
time-one flow F. is a homeomorphism of the plane, equal to the identity on a fixed neighbourhood
of 0, and preserving U; moreover F-(Q(7%)) = Q(7) and F-(&;(7°)) = &;(7). Indeed, in the
coordinate t (with ¥ extended by reflection across a compact part of J) the field is angular, so its
flow preserves each circle |t| = r. Over the supports of the x;, the circles with r slightly above 1 lie
in U (U, extended by reflection across 7, maps them into U), the arcs of T go to arcs of OU, and the
circle [t| = e; is preserved. As the flow is the identity off a fixed compact set, F maps U onto U.
On the set where x; = 1, the flow is the rotation ¢ — e"it, with v; := 7;(7) — 7;(7°), as long as |v;]|
is less than the margin of that set around the closed sector j. So it maps the closed sector j for 79
onto the one for 7, and so Cj, O; and &; onto those for 7, and Q(7°) onto Q(7). The supports of the
x; depend on 70 only, and they stay at a positive distance from 0, so F is the identity on a fixed
neighbourhood of 0. As the field is ) i ViWi, with fixed smooth fields W; of compact support, and
v — 0 as 7 — 79 (since 7; depends analytically on 7;), each point moves by at most sup | > i iWils
so F, — id uniformly as 7 — 7°. So the Jordan curves 9Q(7) = F,(0Q(7°)) converge uniformly
to A7), and by Radé’s theorem [22] Z, — Z,o uniformly on D. Put F, := Z-' o Fr 0 Z,0, a
homeomorphism of D. Since Z,0 0 Fy — Zyo = (Fyr —id) 0 Z0 + (Z,0 — Z:) o Fy, and both terms
tend to 0 uniformly, Z o o y Z o uniformly; as Z;Ul is uniformly continuous on Q(79), Fr—id
uniformly on D. Hence 4 is continuous at 7°, because Z7HEi(r) = Fr (Z;O1 (&(T9))).

Brouwer. By (g), the continuous map 7 +— 7 — (19(7') — (V1,...,0n)), with D= (dy,...,0,
maps the cube into itself. By Brouwer’s fixed point theorem it has a fixed point, and there 19(7)
(01, ,0n).

We fix this 7, the domain Q := Q(7) and its Riemann map Z := Z,, and we let A\, > 0 be such
that Z maps the arcs of T of half~-width A, about the points ei into the ends &;. The number A,
depends on n and A, but not on H.

~—

)

Ol

9.6. Proof of Theorem 9.1. The choices are made in the order U, e; T, Too, 21, €1, Zmax; F; 7, s
AT, A H. Fix 7o, Y, 21, €1 and zpax as in Section 9.4. Take
22max
du

Take n so large that =, > 12 and that Lemma 9.5 gives rs < 1+ ¢; both hold for all H. Put
Py = Too — Ap /2. Then choose A, 7, Q, Z and A, as in Section 9.5. Last, choose H, an odd
multiple of 7 with H > 252 so large that Lemma 9.3(c) applies, that e VH/2 < e, and that {(B;)
lies within \, of €'¥s for every j; the last is possible by Lemma 9.4, since ¢ (Bj) is centred at e’
and has length 27ws (o, Bj).

Let fs be as in Section 9.2 and f := fs/f5(0), so that f(0) =0 and f/(0) = 1. Let t € T and
z=Z(t) € 092. By (13),

‘@‘ _ra [p(CH(®))]

R: =2+

= — —— TQZGIO, rs < 1+4c¢,
s 1200 (©)
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by Lemma 9.6 and the choice of n. There are two cases.

e If (71(t) € B; for some j, then [p| > 1 — ¢ by Lemma 9.3(c), and z € &; by the choice of H,
so that |z| < dy(1+ €) by Lemma 9.6. Hence

@), CO0=9 GO 1
z (14+¢e)dy(1+¢) dy (1+¢)?

e For every other ¢, the point (~1(t) lies on a top or an exit, so [p| > R — 1, and |2| < Zmax-
Hence, by the choice of R,

‘f(z)’ S GOER-1) _ G
z (14¢)2zmax dy

As for continuity on the closure, Z is continuous on D by Carathéodory’s theorem [7], since 99
is a Jordan curve. This theorem is for plane domains, and S is not one; but ¢ also extends to
a homeomorphism of the closures, as follows. Each point b, of S has a neighbourhood N, in S
which, in the chart p or u, is a plane Jordan domain; we take it so small that o ¢ N,. Its boundary
is a crosscut of S together with an open arc of S through b,: one analytic arc, two arcs meeting
at the corner of an exit and an end, or two arcs joining tangentially where a top meets an exit.
Let ¢,: D — N, be a Riemann map; by Carathéodory’s theorem it extends to a homeomorphism
of the closures. Let Z, be the open arc of T that ¢, maps onto that open arc of dS. The map
gx = C 0 @4 is univalent and bounded. As (: & — D is proper, |g«(t)] — 1 as ¢ tends to Z.. So
log | g«| is harmonic near Z, with boundary values 0 there, and by the reflection principle g, extends
holomorphically across Z, with g.(Z.) C T. The extension is univalent near Z,, since the reflected
values lie outside the closed disc. Hence ¢ = g4 o ;! extends continuously to that arc of 98, as a
local homeomorphism into T. These local extensions give a continuous map of S UAS onto D that
maps dS onto T by a local homeomorphism of degree 1: a curve in S near dS maps to a curve
that winds once round 0. Since ( is already a bijection of S onto D, and a local homeomorphism of
degree 1 of a circle onto a circle is a homeomorphism, this map is a homeomorphism. Hence po (™!
is continuous on D, and f is continuous on 2. Finally f’ # 0 in Q. This proves Theorem 9.1. [

Remark 9.8 (Background). The surface S, a disc with logarithmic ends glued along radial slits,
is of a type studied by Volkovyskii [27, §§45 and 75]; see [12, Section 3]. For modern forms of
Carathéodory’s kernel theorem for Riemann surfaces see [4, 11]; Volkovyskii [26, p. 375] notes that
conformal radii can grow without bound even when the kernel is hyperbolic, which is why R is
fixed before n in Lemma 9.5.

APPENDIX A. THE NUMBERS K (d) DO NOT DECREASE

We prove in full the fact, sketched in the introduction, that K(d+ 1) > K(d) for every d > 2 [9].
Dividing a polynomial p by p’(0) changes neither its degree, nor its critical points, nor S(p). So
we may take p'(0) = 1, and then S(p) = miny =g [p(c)/cl.

Proposition A.1. For every d > 2 we have K(d+ 1) > K(d). Hence K* = limg_,o, K(d).

Proof. Fix a polynomial p(z) = ZZ:1 apz® with complex coefficients, of degree exactly d, with
a1 = p'(0) = 1 and aq # 0, and for £ > 0 put p. := p + 2%, Then p. has degree exactly d + 1,
because its top coefficient is £ # 0; also p.(0) = 0 and pL(0) = 1, and p.. = p'+ (d+1)ez? has degree
d. Put p1(z) :=p(2)/z = Zi:l ayz"~1, a polynomial.

Step 1: the critical points near those of p. All d — 1 zeros of p/, counted with multiplicity, are
nonzero, because p'(0) = 1. Fix p > 0 larger than the modulus of every zero of p’. On |z| < o we
have |pL(z) — p'(2)| = (d + 1)e|z|? < (d + 1)ep?. Fix r; > 0 so small that the closed discs of radius
r1 about the zeros of p’ lie in {|z| < g}. The closed disc {|z| < p} minus the open discs of radius
r1 about the zeros of p’ is compact, it contains the circle |z| = p, and p’ has no zero on it; so the
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minimum vy of [p/| on it is positive. Let 0 < & < v1/((d+ 1)o%). By Rouché’s theorem on the circle
|z] = o, the polynomial p. has exactly d — 1 zeros in {|z| < o}, counted with multiplicity; and p.
has no zero on that compact set. Hence every zero c of p. in {|z] < o} satisfies |¢ — ¢g| < 71 for
some zero cg of p’. With vy 1= max|,|<, [p(2)] we get

pe(c
62)‘ = p1(c) + e > |pi(co)| — vart —eo? > S(p) — vary — eo.

Step 2: the escaping critical point. Since p. has degree d and, by Step 1, exactly d — 1 of its
zeros lie in {|z| < p}, exactly one zero, c., lies in {|z| > p}, and it is simple. Then |c.| — oo as
e — 07. Otherwise there are €, — 0" with ¢.,, — ¢* for some finite ¢* with |¢*| > o. Since p. — p’
uniformly on compact sets, p’(c*) = 0, which contradicts |¢*| > p.

From p.(c.) = 0 we get ec. = —p'(c.)/((d + 1)cd=1). Since p/(c)/c?! = dag + Zg;} kapck=d —
dagq as |c| — oo, we get ecc — —dag/(d + 1). Next,

pee) _ A1 — - k—1
— = d+ec)+pa(c), pa(c) := agc’” T,

. ( )+ pa(e) (¢) ;
where py does not depend on e and satisfies |p2(c)| < vs|c|?2 for |c| > 1, with v3 := Zi;l |a|.
Hence, once |c.| > 1,
pe(ce)

Ce
Here |cc| — o0, |ag + ec| = |aq|/(d+ 1) > 0, and d — 2 > 0, so the right side tends to +oo.

Step 3: conclusion. For 0 < ¢ < v1/((d+ 1)¢?), the critical points of p. are the d — 1 zeros of
pLin {|z| < o} and c.. By Step 1, each of the first ones has [p.(c)/c| > S(p) — vor; — eo?. By
Step 2, |pe(ce)/ce| = +00. Hence liminf, g+ S(p:) > S(p) — vor; for every small r; > 0, that is,
liminf, o+ S(pe) > S(p). Since p. has degree exactly d + 1, p-(0) = 0 and pL(0) = 1, we have
K(d+1) > S(p.) for every ¢ > 0, and so K(d 4+ 1) > liminf_ o+ S(p:) > S(p). Taking the
supremum over p gives K(d+ 1) > K(d).

A nondecreasing sequence in [0, +00] converges to its supremum, so K* = limy K (d). O

> \c€|d*2(]ca\ aq + ecc| — v3).

APPENDIX B. A RATE FOR THE CONFORMAL RADIUS

This appendix gives a quantitative form of Lemma 9.5, with the notation of Section 9. It is not
used elsewhere in the paper, and the symbols with a hacek are local to it. For fixed R it shows that
logrs is at most an absolute constant times A, loglog(1/A,), for all large n. Below, C1, Co, C3
are numbers that depend on A,, and Z,, and are bounded absolutely for A,, < 0.01 and =, > 12.

Proposition B.1 (A rate in n). If A, < 0.01 and =, > 12, then
2
logrs < A, (6 + —log En>,
T
uniformly in H.

Proof. Thomson’s principle. Let # > 0 be small, and let O be the component of {|p| < 7} that
contains o; the small discs around the other zeros of p are not removed. Let wy be the harmonic
function on &\ O with wg = 1 on O and wy = 0 on S. Write || - || for the L? norm of a vector
field, so that ||Vayl|? is the Dirichlet energy of wg. The extremal distance between O and dS in
S\ O is 1/||Vwol|?, and it equals (27)~ ! log(rs/#) + o(1) as i — 0. If V is a divergence-free vector

field on S\ O with unit flux out through 9O, all of which leaves through S, then
1=| [V < P,

and so ||V||? is at least this extremal distance [20, Chapter II].
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The flow. We now build such a field V. It is invariant under the rotation symmetry, so the flux
through each period is 1/n = A,,/(27). Energy is conformally invariant, so the energy of each piece
below may be computed in its own chart.

(i) In {|p| < 1 — A,} the field is radial. Its energy there is at most (27)~!log(1/7).

(ii) In the cell {1 — A, < |p| <1, |argp — 9;| < A,/2}, minus the half-disc where |¢| < A, /4,
the field carries the flux 1/n from the inner arc to the semicircle |g| = A, /4 inside D, with zero
flux through the arcs of the unit circle; so nothing enters the gaps between the slits. Rotating the
p-plane, we may take v; = 1. Take the rays p =1 — se'f from vj, with 18| < Bo, from |G| = A, /4
to the inner circle [p| = 1 — A,,. The ray 8 meets that circle at

5= p(B) :=cosf — (cos B —2A, +A2)1/2

at the argument —¢(B), and f is fixed by ({5(80) A, /2. This cone lies in the cell: on its boundary
rays 5 = £/, the function 1P| =1 — 25 cos Bo + §2 is convex in § and decreasing at the inner end.
Let the field be radial about v;, with angular density

. 1 .,
98 =35
(the flux in units of 1/n). Then the inflow on the inner arc is uniform in argp, so it continues step

(i) exactly. Nothing crosses the sides argp = +£A,,/2 of the cell or the unit circle, and the field
leaves through the part |3] < By of the semicircle |G| = A, /4. Tts energy is Cy/n?, with

€= Co(8n) 1= [ o5 37 d.
In the flux coordinate w := qﬁ/ A, €1 5 2] elementary trigonometry in the triangle with vertices

0, vj and (1 — An)e_ig’ gives tan = N /D exactly, with

- sin(A,w) . 1 2 S Ayw
N = D = _
A, 1—A, TA, T

Differentiating,
dj _cos(Apw) /(1 — Ay) — (2/Ay) sin?(Ap/2)
dw N2+ D2
and the numerator is at least (1 — (An0)2/2)(1 4+ Ay) — Apw?/2 > 1. As ¢ = dw/dp, this gives
Y < N2 + D?. By the law of sines, p = sind/sin(f + ¢) < sing/sinf = A,(N? + D*)'/2 as
B+ ¢ < /2. Hence v < N24 D? <1+ w?+2285A, and p/A, < (N? + D2)1/2. So, since
$?dB = 4 duw,

)

. 1z 1 - -
Ci(A,) < / B (log4 + 5 log B) du, B :=1.02285 + w?
~1/2
and this is at most 1.60 for every A, < 0.01.

(iii) In 7; we use the chart o in the upper half-plane given by

u:iﬂ'—}—Q(l)\/ﬂQ—1—arccosh1)), %:4 v2 —1.

This is the Schwarz—Christoffel map of the upper half-plane onto P: the interval (—1,1) goes to
the window, the rays 7 > 1 and ¥ < —1 to the edges, and 7 = £1 to the corners v = +im, where
P has the angle 37/2; and u is about 22 at infinity. In this chart the window and the edges lie on
one line, so the field can be written down explicitly. The semicircle of (ii) is the part of the window
with | Imu| < arccos(A,,/8), because on |G| = A, /4 we have [p|?> = 1 — (A, /2) cos(Imu) + A2 /16.
In the chart it is a fixed interval of (—1,1) as A,, — 0.
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Matching at || = Ap/4. There Reu = 0 and Imu = ,5’ So the outflow of (ii) crosses the window
at Imu = 8 with density ¥(3), on |Imu| < fo; here fy < arctan(1/2) < 0.46365 < 7/2. In the
chart 7, put 7 = sin & on the window; then Im u = 24 +sin 2§. The flux enters through the interval
(—a,a), with @ < 0.1162.

The field in (iti). In the coordinate C:=logv =&+ i), each half of the flux, 1/(2n), runs in a
channel of height A := /8 along 7 = 0 (resp. 77 = ) to & = log 2. In the channel along 7 = 0, let

f1(€) be the inflow per unit £ and F/(€) its integral, and take, in the coordinates (€, 7),

= (R wo-)

in the channel along 77 = 7 the field is the mirror image, with m — 7} in place of 7. Then div)y = 0.
The normal flux is zero on the channel tops, on the real axis outside (—a, @), and on the edges. So the
field takes exactly the outflow of (ii), and it leaves through the two arcs {|7| =2, 0 < argv < 7/8}
and {|r| = 2, Tr/8 < argr < w} with uniform angular density, which is exactly the inflow that
the radial field of (iv) assumes. (The channels are the sectors {|7| < 2, 0 < argr < 7/8} and
{|P| <2, Tn/8 < argy < w}; on them |u| < 11.84 < E,, so they lie in 7;.) The energy of each

channel is
F?2 p?2hy -
d
(G5 e
so the energy in (iii) is C’g/n2 with Cy < 4.34. Indeed, for £ < loga we have F' < Kp e with
Kp := 4.373, and i < K# et with K# := 5.0914. These follow from ) < 1.27285, from w <
1.01136 tan(Im u), from the bound of tan by 1.0785 times the identity on [0,0.46365], from Imu <

45, from d(Im u)/d = 4cos < 4, and from arcsin < 1.00227 7 on [0,0.1162]. For £ > loga we
have [ = 5 and i = 0. So each channel has energy at most

log(2/a) (IV(% KZh
4h 2h 6
with @ € [0.11504,0.11618] (the first term is largest at the lower end, the second at the upper end).
Hence Cy < 2(1.8180 4 0.3516) = 4.3392 < 4.34.
(iv) From these arcs the field runs radially in the two sectors {|7| > 2, 0 < argv < 7w/8} and
{|7| > 2, Tn/8 < argr < w}, of total angle w/4, out to the line Reu = Z,,. We show that each

ray of these sectors meets this line exactly once, and not far out. The second sector is the mirror
image of the first, so we consider the first. For |#| > 2 write v#2 — 1 = 3/1 — 2. Then

|arg /1 — 72| < Jarcsin § < 0.13, ‘f < |V1-072| < \f

So along each ray, as a function of ||,

)a2 < 1.8180 + 0.3516,

OReu
||

= 4|7 Re(eX 57 \/1 = 5-2) > 4|p| ‘f COSG + 0.13) > 20y,

Hence Reu(7) > Reu(2e'®87) + || — 4, and Rew is strictly increasing along each ray. At i = 2
we have u = im + 2(2v/3 — arccosh 2), whose real part is 2(21/3 — arccosh2) = 4.29...., and on the
circle |7| = 2 the derivative of u with respect to arg 7 has modulus at most 8v/5. So over the angle
/8 the real part of u on this circle stays in (—3, 11.4). Therefore each ray meets Reu = =, exactly
once, at a point with [7|? < Z, + 7. Since |du/d|7|| < 2V/5|7|, at that point

lul < T+43+71+224|7)? < 6Z,.
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As H > 252 > 245, the flow stops before |u| = H; so V does not depend on H. The energy in
the two sectors is at most

2 = = 5
(Lﬂ) Toog YEn T 2108, | Cs
/4 2 T n? n?

with Cy := 2 = log HZ/H", which is negative for =, > 12.

The sum. The pieces (i)—(iv) are explicit fields whose normal fluxes match exactly across the
curves they share, so Thomson’s principle applies to the assembled field V. Adding the n periods,

1 1 1 /. - “ 2 2
27T<HV||2—%log;> < 27rn-ﬁ<C1+Cg+Cg+;logEn> < An<6+;log5n>,

since 27m/n A,,, and since Ci1+Cy+C5 <6 for A, < 0.01, as Ci < 1.60, Cy < 4.34 and C5 < 0.
As |[V|? > (27) " tlog(rs/7) + o(1), letting #* — 0 proves the proposition. O

The numerical constants. We justify the numerical constants used above, for A, < 0.01. In
(ii): |N| < ||, and D < 1/(1 — A,) + Ap?/2 < 1+ 1.1352A,, so D? < 1+ 2.2833 A,,; this
gives 2.285, and 1.27285 =1+ 1/4 + 0.01-2.285. The bound for the numerator in (ii) follows from
cos(Ap) > 1 — (Apw)?/2, 1/(1 —Ap) > 1+ A, and |sin(Apw/2)| < Ap|w|/2; with |b] < 1/2 it

gives at least 1+ 7A — (1+A,)A2/8 > 1. Since log B < B — 1, the integral for C is at most
log4fB+ 3 fB —1) =1.53350 4 0.06151 < 1. 60. In (iii): N > w(lv—A%/QZL) for 0 < w < 1/2,
so tanf = N/D gives w < 1.01136tan 3. At @ = 1/2 it gives tan fy > 0.494385, so fy lies in

[0.459145, arctan(1/2)]. The functions tan and arcsin, divided by the identity, and & — 25 + sin 25
increase. So 1.0785 and 1.00227 bound tan divided by the identity at 0.46365 and arcsin divided by
the identity at 0.1162. Also, 25 + sin 26 = 0.459143 at & = arcsin0.11504 and = 0.463672 at & =
arcsin 0.11618, so a lies in [0.11504, 0.11618]. Then Kp = 4-1.01136 - 1.0785 - 1.00227 = 4.3729 . . .,
rounded up, and f(# =4-1.27285.
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