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COUNTABLY INFINITE-DIMENSIONAL SPACES OF FOURIER
QUASICRYSTALS AND CRYSTALLINE MEASURES

JAMIE MARTIN

ABSTRACT. Meyer asked what the dimension of the space of crystalline measures with support
and spectrum in a given locally finite set A C R can be. We construct a set A on which the
Fourier quasicrystals with support and spectrum in A form a space of countably infinite Hamel
dimension: every such Fourier quasicrystal is a finite combination of a fixed sequence, and the
layers of fixed polynomial growth are finite-dimensional, with unbounded dimensions. This
determines the Fourier quasicrystals on A, not all of its crystalline measures. The blocks of
the construction are Poisson formulas on zero sets of Lee—Yang exponential polynomials, with
masses that grow polynomially at near-crossings of their sheets; every finite union of blocks
is determined by a uniqueness theorem for measures on cones and an algebraic splitting on
P! x P!, and the infinite union by compactness. We also construct a symmetric locally finite set
A for which the space M, of all crystalline measures has dimension X, with finite-dimensional
layers of fixed Hermite-Sobolev order. Its blocks use clusters of atoms that imitate derivatives
of Dirac masses, placed at random scales, and no nonzero element is a Fourier quasicrystal. The
existence of sets with each of these two properties (for the second, without the symmetry) has
been formalised and machine-checked in Lean 4, as recorded in Palomar [Pal26¢c, Pal26b].

1. INTRODUCTION

1.1. Fourier quasicrystals and Meyer’s question. The Poisson summation formula
Yoneze(n) =3, c7 @(n) says that the Dirac comb 07 = 3, c7 6, is its own Fourier transform.
Following Meyer [Meyl16, Meyl7a|, a crystalline measure is a locally finite complex Radon
measure i = y_y cx0) on R with locally finite support, which is a tempered distribution and
whose distributional Fourier transform ji is again a measure with locally finite support. Each
crystalline measure is a generalized Poisson summation formula,

(1) w@) =D a{shHels) (v € CER));

the right-hand side is a finite sum, and the left-hand side is the distributional pairing, equal
to imp_yoo 25 X(A/R)ex@(A) for any x € C2° equal to 1 near 0 (Lemma 3.1). Such formulas
go back to Kahane-Mandelbrojt [KM58] and Guinand [Gui59], and were revived by the theory
of mathematical quasicrystals [Lag00, BG13, Dys09] and by Meyer’s work [Meyl6, Meyl7a,
Mey17b, Mey21, Mey22]. Only p itself is required to be tempered. If |u| and || are also
tempered, that is, if the total variations of u and i grow at most polynomially, u is a Fourier
quasicrystal [LO17, KS20, OU20b]; this is the class in which much of the theory takes place
[LO17, KS20, OU20b, ACV24, Fav24a], and every crystalline measure whose support and
spectrum are separated at a polynomial rate belongs to it [Fav24a, Theorem 1].

For a locally finite set A C R, let M be the space of crystalline measures with support and
spectrum (= supp ) in A, and M5* C M, the subspace of Fourier quasicrystals. Meyer asked:
“what is the dimension of M,?” [Meyl7a, Section 6]. Kulikov, Nazarov and Sodin [KNS25,
Section 2.3] consider the two-set version

(2) N(A,B) = {u: p crystalline, suppu C B, suppji C A},

so that My = N (A, A); as they do, we put the spectrum first. The known answers are small
or very large. The integers carry one crystalline measure up to scalars, My = Cdz; so does
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{0} U {£y/n : n > 1}, by the interpolation theorem of Radchenko and Viazovska [RV19]
(see [LR21a, Section 1]); for the shifted square roots {+v/n+6 :n > 0}, 0 < 6 < 1, about
which Meyer also asks [Meyl17a, Section 6], the dimension is 2, 1 or 0, according as § < %,
% <6< % or 0 > % [Pal26a]; uniformly discrete supports and spectra allow only generalized
Dirac combs [C6r89, LO13, LO15]; and Kulikov, Nazarov and Sodin proved that N(A, M) is
finite-dimensional for their subcritical pairs and infinite-dimensional for their supercritical pairs
[KNS25, Section 2.3, Remark 7.5]. For the supercritical pairs that are separated at a polynomial
rate, these infinite-dimensional spaces consist of Fourier quasicrystals by Favorov’s theorem
(Section 2).

1.2. Three possible sizes. “Infinite-dimensional” hides two different possibilities. For Fourier
quasicrystals the natural grading is by growth. For an integer N > 0 let the strong layer Xn(A)
consist of the p € My with

()] ey
2 Aty T2

< 0

T+Eny =

TzEN EeA

so that M5 = |Jy Xn(A). The strong layers are Banach spaces, and a classical argument of
Mackey [Mac45] shows (Proposition 3.8) that the Hamel dimension of M3" is

(i) finite, if the dimensions of the X (A) are bounded;
(ii) Ny, if they are all finite but unbounded;
(iii) ¢ = 2%, if some X (A) is infinite-dimensional.
(Countable dimension does not mean countably many measures: the coefficients are complex, so
even a one-dimensional space has uncountably many elements. The dimension counts linearly
independent directions.) In case (iii) one layer contains infinitely many independent measures,
and their convergent infinite combinations produce continuum many. In case (ii) every Fourier
quasicrystal on A is a finite combination of a fixed sequence, each new member of which grows
faster than the previous ones. Constructing infinitely many Fourier quasicrystals on one set
cannot distinguish (ii) from (iii): one has to determine all of them. The question is whether
case (ii) occurs at all.
For the space M of all crystalline measures the same trichotomy holds with the strong layers
replaced by the layers of fixed Hermite order. Let

Ho= {3 wnhy: Y (n+ 1)*funf <0} (s€R)
n>0 n>0
be the Hermite-Sobolev scale built on the Hermite functions hy, so that S(R) = (N, H), and
S'(R) = U, H-p [Sim71]. We say that a tempered distribution has Hermite order at most p if it
lies in H_j; large Hermite order means large growth or low regularity. The layers
V;’(A) =Myn H*Pa TP(A) = dlm‘/;ﬂ(A)a

are closed subspaces of the Hilbert spaces H_j,, they exhaust M, and dim M, is finite, Xy or ¢
according as the r, are bounded, finite and unbounded, or not all finite (Proposition 3.4). In
case (ii) no series in the fixed sequence with infinitely many nonzero coefficients converges in

S'(R) (Corollary 3.6).
1.3. The main result.
Theorem A. There exist a locally finite set A C R, Fourier quasicrystals vy, v, ... with support

and spectrum in A, and integers 2 < s1 < s9 < --- such that:
(i) every Fourier quasicrystal with support and spectrum in A is a finite linear combination
of the vy, and the vy, are linearly independent; in particular dimec M5F = Rg;
(ii) for every integer N >0,
2#{i: si+3 < N} <dimXn(A) <2#{i: s; < N};

(iii) for every i > 1, the measures va;—1 and vy; belong to Xs,+3(A) but not to Xs,—1(A).
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So case (ii) occurs for Fourier quasicrystals: M?{r is a complete space of summation formulas
with polynomially growing masses that is finite-dimensional at every fixed growth exponent and
infinite-dimensional overall. The existence assertion of part (i) has been formalised in Lean 4
(Section 1.6). Theorem A determines M5, but not the space M, of all crystalline measures
on A, which may be larger; we do not know whether M is also countably infinite-dimensional
(Question 9.1).

1.4. How measures imitate derivatives. If derivatives of Dirac masses were allowed, case (ii)
would be easy. The tempered distributions T" with suppT C Z and suppf C Z are the finite
combinations of the x/ 6(Zk), J,k > 0 (Example 3.10, a special case of a theorem of Lev and Reti
[LR21b, Theorem 1.1]); this space has countable dimension, and the k-th derivatives enter at
higher and higher order. A measure cannot contain derivatives, and indeed Mz = Cdy.

The starting point of this paper is that clusters of atoms can imitate derivatives. For a € R,

(3) 75%62_66&76 — =6 (¢ —=0) in S'(R),

since pairing with ¢ gives the difference quotient (p(a+¢) —p(a—¢))/(2¢) = ¢'(a). In the same
way, m + 1 atoms within distance ¢ of a, with masses of size e given by divided differences,
imitate 6™ . Two features of (3) matter below. The more atoms a cluster has, the higher
the derivative it can imitate, hence the higher the order. And the masses are large while
the distribution stays bounded: if the clusters tighten at a polynomial rate, the masses grow
polynomially and the measure can still be a Fourier quasicrystal; if they tighten faster, the
measure stays tempered but its total variation does not. Meyer already observed, in a variant
of Guinand’s construction, that “a derivative of the Dirac mass at +1/2 peeps out from the
Fourier transform” [Mey16]; Olevskii and Ulanovskii note that clustering zeros of exponential
polynomials produce derivatives and unbounded coefficients [OU20a).

Theorem A is proved in Section 4, with proofs of the technical lemmas in Appendix A. Its
building blocks are Poisson formulas on the zero sets of exponential polynomials, in the spirit of
Kurasov and Sarnak [KS20] and Olevskii and Ulanovskii [OU20a]. The atoms of a block lie on s
sheets, the real zeros of [T, pa, (e(z/A), e(Bz/X — 1)), where po(z,w) = 1 —aw — z(w — a) is
a Lee—Yang polynomial, e(t) = 2™, the a; are distinct numbers in (0, 1), and 3 is a Liouville
number. The sheets never meet, but along a sequence of points they come within a distance
of order |x|~! of one another, and there the masses are of size |z|*~!. These clusters imitate
derivatives at a polynomial rate, so the block measures are Fourier quasicrystals whose growth
exponent is determined by s up to a bounded error (Figure 1); the arithmetic of 5 controls
the near-crossings from both sides. The blocks are placed at distinct prime scales and overlaid
with growing inner radii, a device of Kolountzakis [Kol16, Section 2], so that the union stays
locally finite. Infinitely many independent Fourier quasicrystals give only a lower bound, and a
union of sets may well support new ones; the heart of the proof is to show that the union carries
nothing else. Every finite union of blocks is determined completely, by a uniqueness theorem for
measures on cones at a scale whose square is a quadratic irrational and an algebraic splitting of
rational functions on P! x P!, and the infinite union is then handled by a compactness argument.

1.5. All crystalline measures. None of the measures of Theorem A needs masses that grow
faster than a polynomial. If arbitrary crystalline measures are allowed, the clusters can tighten
at any rate, and the countable case also occurs for the whole space My, on a set where every
crystalline measure is determined.

Theorem B. There exist a symmetric locally finite set A C R and nonzero crystalline measures
W1, fha, . .. with support and spectrum in A such that:
(i) every u € My is a finite linear combination of the py, and the py are linearly independent;
i particular dime Mp = Ny;
(i) every layer Vy(A) is finite-dimensional, and the dimensions grow linearly: for every
integer p > 1,

(4) 2[(p—4)/18]+ <rp(A) < 12p -2,
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FIGURE 1. The mechanism of Theorem A near the point (Z, W) = (1,1), in the
coordinates t = z/A and y = Bz/A — 1 modulo 1 (schematic, s = 3). All sheets
{pa; = 0} pass through this point, with different slopes. The real line is mapped
to the line 2 — (Z(x), W (z)) of slope 8, which never meets the point but returns
arbitrarily close to it. When it passes at distance 7, it crosses the s sheets at s
atoms within distance O(n) of one another, and the masses, whose denominator
DgP is of size n°~1, are of size n~(*~1). At these returns 7 is of order 1/|z|, from
above and from below, by the arithmetic of 8 (Lemmas 4.1 and 4.3).

where | x| = max{0, |z]};
(iii) the Hermite orders of the py grow linearly: for every i > 1, the measures po;—1 and po;
belong to H_(1gi14) but not to H_;.

No nonzero element of this space is a Fourier quasicrystal; in fact neither p nor ji is strongly
tempered for any nonzero p € My (Theorem 8.1). Single crystalline measures with this property
were constructed by Mazac¢, Richard and Strungaru [MRS26, Theorem 4.11, Remark 5.2]; here
it holds for every element of an infinite-dimensional space, as a consequence of the mechanism
above: a cluster that imitates a derivative of high Hermite order needs masses that are large
compared with the distances within the cluster. Theorems A and B thus show that the countable
case occurs both among Fourier quasicrystals and among crystalline measures, on different sets,
and in Theorem B the whole space M, is determined. The existence assertion of part (i),
without the symmetry of A, has been formalised in Lean 4 (Section 1.6). Adding the point 0 to
A, as in Meyer’s normalization, changes M by at most two dimensions (Proposition 3.9).

The set A of Theorem B is a union of rescaled copies of one-dimensional “blocks” (Figure 3),
and pi2;_1, j12; are the two copies of the measure of the i-th block. In a block, the atoms n £ v;
have phases ~; — % at a doubly exponential rate, so that near every half-integer the atoms of
two adjacent cells form a cluster, and cells farther out carry more atoms (Figure 2). We show
that each block carries exactly one crystalline measure up to scalars, that the speed of clustering
controls its Hermite order, and that the block can avoid an arbitrarily large central interval
(Section 5, with the proof of the main analytic input in Appendix B). The blocks are again
overlaid with growing inner radii, and the exhaustion (Section 6) rests on a short implication. If
T € M, has Hermite order at most p, then its component on each block has Hermite order at
most a fixed multiple of p (we obtain 6p); since the measure of the i-th block has Hermite order
larger than P;, this component vanishes as soon as P; > 6p. As P; — oo, only finitely many
blocks contribute at each order, while every block whose measure has Hermite order at most
p does (this holds when 18P; + 4 < p). The difficulty lies in the phrase “the component of T’
on a block”: one has to show that restricting the spectrum of T to one block gives a tempered
distribution whose inverse Fourier transform lives on the reciprocal block, with no additional
distribution at the half-integer seams where the atoms accumulate. Random scalings of the
blocks, periodic annihilators and the large gaps between the blocks are used for this. One feature
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tail atoms n £ 7; in the cells [n| > k + j, piling up at the half-integers

head atoms n %+ j3; in all cells [n| > R

(a) no atoms el g ol | | I, .

0 1 2 3 4 5 6 7 8 9 10

n+7]':n+%fsj andn+177j:n+%+sj

ORI | LI | L,

n + B3 n + B4 n + Bs n+l n+1-38s n+1-— B4 n+1-p3

FIGURE 2. One block C(P, R) of Section 5, schematically, with R = 3, k =
2R —1 =15, and only x > 0 shown (the set is symmetric). (a) There are no atoms
in the central interval. The head phases 8; = (2j — 1)/(4k) occur in all cells
In| > R; the tail phases 7; = 2 — &; occur in the cells |n| > k + j, so that farther
cells carry more of them. (b) Near a half-integer n + 3, the tail atoms of the
two adjacent cells form a cluster that tightens from both sides. The distances ¢;
are greatly exaggerated: in the construction they decrease doubly exponentially.
Such clusters play the role of the derivatives of a Dirac mass at n + % in the

heuristic (3).
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A is the union of all rows; the inner radii R < Ra < R3 < --- grow rapidly

FIGURE 3. The set A of Section 6, schematically (x > 0 shown). The block
C; = C(P;, R;) has inner radius about R; and carries one crystalline measure,
of Hermite order between P; and 18F; + 4. It is used twice, dilated by s; and
by 1/s;, and the Fourier transform exchanges the two copies: JF e+ = Gi€,—)-
Because the inner radii grow rapidly, every bounded window meets only finitely
many blocks, so A is locally finite. The main work (Section 6) is to show that A
carries no crystalline measures other than finite combinations of the block mea-

sures.

of the construction is forced: in any countably infinite-dimensional A (A, B), the elements of
Hermite order at most p are determined by their masses in a bounded window, whose size tends
to infinity with p (Lemma 3.7), so new elements must appear farther and farther out. What
we do not supply, for either theorem, is a general geometric characterization of the sets with
countably infinite-dimensional spaces (Question 9.4).

The Hermite orders of the blocks can be prescribed, which gives any rate of growth of the
layer dimensions, and the construction has a natural consequence for pairs of sets.
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Theorem C. For every nondecreasing unbounded F : NU {0} — NU {0} with F(0) =0 there is
a symmetric locally finite A with dim¢ My = Ng and F(|(p—4)/18]+) — 1 < r,(A) < F(6p) for
allp > 1.

The same construction yields dim M = ¢ when the block orders stay bounded (Corollary 6.7).
Together with M 17, of dimension N? (Example 3.10), and the subsets considered below, the
dimensions 0, N2, every even integer, X and ¢ all occur for spaces M.

Corollary D. There ezist disjoint nonempty locally finite sets A, B C R with dim¢ N (A, B) = Rg
and My = Mp = {0}. Moreover, for the set A of Theorem B and all A',B" C A, the

space N'(A', B") is spanned by the uy it contains, so every finite dimension and Ng occur as
dim N(A’, B').

Taking products with the lattice Z9~! gives the analogous sets in R? for every d > 2, for
Theorems A and B alike (Proposition 7.5).

1.6. Formal verification. The existence statements of Theorems A and B have been formalised
in Lean 4 with Mathlib and checked by Palomar, a public registry of machine-checked Lean
results; each record fixes a statement of record, a repository at a pinned commit, the toolchain
and the admitted axioms (propext, Classical.choice and Quot.sound).

e Fourier quasicrystals [Mar26, Pal26c]: there is a locally finite A with dime M5® = Rg, with
M5 defined through the strong layers above and Mathlib’s Fourier transform. This is the
existence assertion of Theorem A(i). The formal witness is built from blocks of the kind
used in Section 4, but with a different choice of the primes, sheet numbers and parameters,
and with radii selected by classical choice; it is therefore not the set of Theorem 4.12.

o All crystalline measures [MS26, Pal26b]: there is a locally finite A with dim¢c My = Ry,
every element of M, being a unique finite combination of a fixed sequence. This is the
existence and finite-synthesis assertion of Theorem B(i), without the symmetry of A.

The explicit bounds in parts (ii) and (iii) of both theorems, the identification of the bases,
Theorems C and 8.1, Corollary D, and Section 7 are not part of either statement of record.
Appendix E describes the two statements of record and indicates where the main steps of the
proofs are formalised.

1.7. Organization. The paper has two parts, which share the framework of Section 3: the
layers, and the trichotomies for Hermite layers and for strong layers.
Part I, Fourier quasicrystals (Section 4 and Appendiz A). The logical chain is

Lems. 4.1-4.6 — Prop. 4.9 — Cor. 4.10 — Thm. 4.12 — Thm. A,

where Proposition 4.9 also uses the uniqueness theorem Proposition 4.7 and the splitting
Lemma 4.8; a more detailed guide is given at the beginning of Section 4.

Part 11, all crystalline measures (Sections 5-8). Section 5 constructs the blocks; its main
analytic input, Theorem 5.1, is proved in Appendix B. Section 6 proves Theorems B and C, with
technical lemmas in Appendices C and D. The logical chain is

Thm. 5.1 — Prop. 5.3 — Thm. 6.1 — Cor. 6.7 — Thms. B and C.

Section 7 derives Corollary D, a reformulation in terms of Schwartz space and the analogues
in higher dimensions, and Section 8 shows that no nonzero measure of Part II is a Fourier
quasicrystal.

Section 2 relates our results to the literature, Section 9 collects open questions, and Appendix E
describes the two formal developments.

2. RELATION TO THE LITERATURE

We discuss the literature under three headings: what was known about the dimension of
spaces of crystalline measures, why the restriction to measures is essential, and what is new in
the constructions. Work on strong temperedness and on the classification of summation formulas
is discussed in Section 8, together with Theorem 8.1.
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2.1. What was known about dimensions. Poisson-type summation formulas not coming
from lattices go back to Kahane-Mandelbrojt [KM58] and Guinand [Gui59], and interest in
them was renewed by the theory of mathematical quasicrystals; see Lagarias [Lag00], Baake and
Grimm [BG13], and Dyson’s proposal to classify one-dimensional quasicrystals [Dys09]. Meyer
[Mey16, Meyl7a] introduced crystalline measures in the form used here, gave a new proof of
Guinand’s formula, and constructed crystalline measures that are not generalized Dirac combs;
see also [Mey21, Mey22, Mey23, Mey23b] and, for formulas involving 7x(n), Lev and Reti [LR21a].
Further constructions use stable and Lee-Yang polynomials: Kurasov and Sarnak [KS20] found
positive crystalline measures and Fourier quasicrystals that are not generalized Dirac combs;
Olevskii and Ulanovskii characterized Fourier quasicrystals with unit masses [OU20b] and showed
that pairs of exponential polynomials generate Poisson-type formulas [OU20al; and Alon, Cohen
and Vinzant [ACV24] completed the description of Fourier quasicrystals with positive integer
masses (see also [AV24, AKKV25]). Modular forms [AKM25, BSS23] and inner functions [SZ26]
give further examples, and Tselishchev [Tse26] found a new crystalline-type measure with unit
masses, with an application to tilings of the line by translates of a function. These works
construct individual measures or explicit families, often under restrictions on the masses, such as
positivity or integrality, which do not define vector spaces. Meyer’s question [Mey17a, Section 6]
concerns instead the whole space M, attached to a prescribed set. (Crystalline measures should
not be confused with measures with pure point diffraction; see Richard and Strungaru [RiS17].)

Three kinds of answers were known. The first is rigidity. If the support and the spectrum
are uniformly discrete, the structure is rigid: Coérdoba [C6r89] proved that the support is a
finite union of translated lattices if the masses take finitely many values, and Lev and Olevskii
[LO13, LO15] proved that in dimension one every such measure is a generalized Dirac comb,
that is, a finite combination of translated and modulated lattice combs; this answered a problem
of Lagarias [Lag00, Problem 4.1]. In dimension one, uniform discreteness of the spectrum can be
relaxed to bounded density [LO17, Theorem 2.2]. Lev and Reti [LR21b] extended the structure
theorem to tempered distributions, and Favorov [Fav16, Fav21, Fav23] proved further rigidity
and uniqueness theorems.

The second is interpolation. By duality, N (A, B) is the space of linear relations between
the restrictions ¢|4 and @|p of Schwartz functions (Proposition 3.2), so Fourier interpolation
theorems compute dimensions. Radchenko and Viazovska [RV19] proved that an even Schwartz
function is determined by its values and those of its Fourier transform at ++/n, and that the
data map is an isomorphism onto a closed subspace of codimension one, cut out by Poisson’s
formula [RV19, Theorem 2]. This was extended to powers of integers and perturbed nodes by
Ramos and Sousa [RS22, RS23], whose Fredholm-index argument yields a dichotomy between
interpolation and a one-dimensional defect [RS23, Theorem 5.3]; to zeros of zeta and L-functions
by Bondarenko, Radchenko and Seip [BRS23]; and to spheres in R? by Stoller [Sto21] and
Ramos and Stoller [RSt22]. For Meyer’s shifted square roots {£v/n+6:n >0}, 0 < 0 < 1,
which lie in the critical case of [KNS25] and are not covered by the perturbation results of
[RS23], the space has been determined in a formalised classification [Pal26a]: it is spanned by
an even measure with Fourier eigenvalue 1 when 6 < % and an odd measure with eigenvalue
—i when 6 < %, both built from generalized eta products. Density thresholds were obtained
by Kulikov [Kul21] and Adve [Adv23], critical and asymmetric pairs were treated by Lysen
[Lys25], the interpolation basis was studied in [BBRSS25], and Bondarenko and Seip [BS26]
showed, with nonzero Fourier-invariant functions vanishing on {y/n/(log(e +n))?}, 0 < 8 < 1,
that uniqueness depends on the function class. See Cohn [Coh24] and Viazovska [Vial8, Via23]
for surveys, including the connection with sharp sphere packings, and Meyer [Mey22, Section 8]
for the relation with the problem of recovering f from f|, and ﬂ F.

The third is infinite dimension without a determination of the space. Kulikov, Nazarov and
Sodin [KNS25] proved that supercritical discrete pairs are uniqueness pairs and subcritical
pairs are not, and deduced that N(A, M) is finite-dimensional for subcritical and infinite-
dimensional for supercritical pairs [KNS25, Section 2.3, Remark 7.5]. Their model pairs,
such as A = M = {sign(j)\/a[j] : j € Z} with 0 < a < 1, are separated at a polynomial
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rate, and every supercritical pair contains a supercritical subpair with this property [KNS25,
Claim 1]; for such pairs every element of N'(A, M) is a Fourier quasicrystal by Favorov’s theorem
[Fav24a, Theorem 1] (Section 8). Thus infinite-dimensional spaces of Fourier quasicrystals
were known, again without a determination of their dimension. The closest precedent for an
infinite-dimensional space of relations built from finite-dimensional pieces is due to Stoller [Sto21,
Proposition 7.1]: for d > 5, the relations between the restrictions of a Schwartz function on R?
and of its Fourier transform to the spheres \/n S%~! form an infinite-dimensional space containing
all finite sums of suitable modular forms of weights d/2 + m, m > 0, each weight contributing
finitely many dimensions. There the grading is by modular weight and the whole relation space
is not determined. By Proposition 3.4, deciding between dimensions ¥y and ¢ requires control of
every layer, and we are not aware of an earlier example in which the whole space was determined
and found to be countably infinite-dimensional, either for crystalline measures or for Fourier
quasicrystals.

2.2. Why the restriction to measures is essential. For tempered distributions the countable
case occurs already for the lattice: the distributions with support and spectrum in Z form
a space of countable dimension (Example 3.10), a special case of the structure theorem of
Lev and Reti [LR21b, Theorem 1.1], by which tempered distributions with uniformly discrete
support and spectrum are obtained from Poisson’s formula by finitely many shifts, modulations,
differentiations, multiplications by polynomials and linear combinations. Derivatives raise the
Hermite order, and countable dimension comes from adding more and more of them. For
measures nothing of this kind is available, and My = Céz. Derivatives do appear at the edge
of the theory of measures. Guinand’s formula with nodes ++/n and weights r3(n) contains
a derivative of the Dirac mass at the origin [Gui59, Mey16]; Meyer observed that a natural
variant of his construction is not crystalline, because “a derivative of the Dirac mass at £1/2
peeps out from the Fourier transform” [Mey16]; and Olevskii and Ulanovskii [OU20a] noted
that multiple zeros of exponential polynomials, together with the failure of uniform discreteness,
lead to derivatives in the formula and to unbounded coefficients. Our construction turns this
phenomenon into a mechanism: clusters of atoms imitate derivatives, but remain measures
(Section 1.4).

2.3. What is new in the constructions. The blocks of our main construction (Section 4)
belong to a well-studied family. Kurasov and Sarnak [KS20] obtained Fourier quasicrystals with
positive integer masses from Lee—Yang polynomials restricted to lines in a torus, and Alon,
Cohen and Vinzant [ACV24] completed the description of Fourier quasicrystals with positive
integer masses in these terms. Olevskii and Ulanovskii [OU20a] proved that every pair (¢, ¢) of
exponential polynomials, where the zeros of ¢ are simple and form a uniformly discrete set, gives
a Poisson-type formula with masses 1(\)/¢’()\); they remark that without these assumptions the
formula may contain derivatives and the masses may be unbounded, and set this case aside. Our
block measures have masses of exactly this form, with zero sets that are not uniformly discrete
and masses that grow polynomially; related constructions with Blaschke factors are Meyer’s
curved model sets [Mey23c| and the measures of Szehr and Zarouf [SZ26]. Every element of
the spaces of Theorem A satisfies the growth hypotheses of Gongalves and Vedana [GV25], so
each individual summation formula is covered by their classification; the classification concerns
single formulas, not the space attached to a prescribed set. What is new in Section 4 is the
control of the growth exponent of every element of a block, from above and from below, through
the near-crossings of its sheets, and the complete determination of the Fourier quasicrystals on
unions of blocks, which uses a uniqueness theorem for measures on cones (Proposition 4.7) and
an algebraic splitting lemma on P! x P! (Lemma 4.8).

Overlaying crystalline measures whose supports and spectra avoid larger and larger intervals
is a device of Kolountzakis [Koll6, Section 2], who used it to give a simpler construction of
crystalline measures, found by Lev and Olevskii [LO16], whose support meets every arithmetic
progression in finitely many points; the device is also used in [Fav24b, MRS26]. We use it in
both constructions; the growing gaps keep the union locally finite and produce infinitely many
independent measures. Without an exhaustion the overlay gives only a lower bound for the
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dimension, which cannot distinguish Ry from c¢. For all crystalline measures, what is new is,
first, the blocks: whole spaces of crystalline measures that are one-dimensional and of prescribed
Hermite order, produced by clustering atoms (Section 5); and second, the exhaustion: a proof
that the union of the blocks carries no crystalline measures other than finite combinations of the
block measures (Section 6). The sets of Theorems B and C are not uniformly discrete, and the
coalescence of their atoms is essential.

3. THE FUNCTIONAL-ANALYTIC FRAMEWORK

3.1. Conventions. We write f = Ff, Ff(£) = Jg f(z)e 2™ dz, on § = S(R) and extend
Fto S =S8 (R) by (FT)(p) = T(F), using the complex-bilinear pairing. Thus F27 is the
reflection T'(¢) = T(¢(—"-)). For h € R let 7, f(x) = f(x + h), extended to &' by transposition,
so that F(e?™*T) = 7_ FT. For t > 0 let

(DiT) () = VIT ((t-)),

so that D.f(x) = t_l/zf(x/t) on functions, D6, = v/t 65, and FD; = Dy F.

Let (hy)n>0 be the Hermite functions, normalized in L?(R), so that Fh,, = (—i)"hy,, and let Hy
be the Hermite-Sobolev spaces defined in the introduction, with norm ||u||§ =3, (n+1)%5|uy, |2
Then S = N,en Hp with its Fréchet topology, &' = (U, H_p, and the pairing of H_, with H),
extends the distributional pairing, [T'(¢)| < ||, ¢ll, [Sim71], [RS80, Section V.3 and its
S V2 The

L2
2miax
)

appendix]. For integers p > 0 the norm |||, is equivalent to (3,4 p<ap Hx“@bgo’

Fourier transform is unitary on every H,. Consequently translations, modulations e and
dilations Dy with ¢ in a compact subset of (0,00) are bounded on Hy, for every integer p,
with constants that are locally uniform in the parameters; translation by h has norm at most
Cp(1+ |h|)® on Hy,. A tempered distribution has Hermite order at most p if it belongs to H_,,.
The word order without qualification refers to the classical order of a distribution (the number
of derivatives in a local representation).

A set C C R is locally finite if it meets every bounded interval in a finite set; it is then closed
and at most countable. A tempered distribution T is locally atomic on C' if there are coefficients
ac € Csuch that T'(f) = > .cc acf(c) for all f € C°(R) (a finite sum for each f); the a. are the
masses of T. For locally finite A, B we let N (A, B) be the space of T' € 8’ that are locally atomic
on B and whose Fourier transform is locally atomic on A; this is the space (2) of crystalline
measures with support in B and spectrum in A. We put M = N (A, A),

Vo(A,B) =N(A,B)NH_p,  1,(A,B) = dimV,(4,B),

where 7, is a Hilbert dimension (which coincides with the Hamel dimension when it is finite),
and Vp(A) = V(A A), rp(A) = rp(A, A). Unless stated otherwise, dim of N (A, B) denotes the
complex Hamel dimension. A measure v is strongly tempered if [(1 + |z|)~N dv|(z) < oo for
some N > 0; equivalently, |v|([—R, R]) grows at most polynomially in R.

3.2. The annihilator description. For a locally finite set C let I = {¢ € S : p(c) =
0 for all ¢ € C}. It is essential that I is defined by the vanishing of values: distributions
supported in C' may contain derivatives of Dirac masses, and these are not annihilated by I¢.

Lemma 3.1. Let C be locally finite. A tempered distribution T is locally atomic on C if and

only if T(p) = 0 for every ¢ € Ic. In that case T'(¢) = UMp oo Y e teX(c/R)p(c) for every
¢ €S and every x € CX equal to 1 near 0.

Proof. Suppose T is locally atomic on C. For ¢ € S let xr(z) = x(x/R); then T(xryp) =
Ycacxr(c)p(c), and xre — ¢ in S, which proves the last formula; in particular T'(¢) = 0 if
¢ € I¢. Conversely, suppose T'(I¢) = 0. For ¢ € C choose 1. € C2° with 7.(¢) = 1 whose support
contains no other point of C. For f € C¢°, the sum >, f(¢)n. is finite and f — >, f(c)n. € Ic.
Hence T'(f) = >..T(n.) f(c), and T'(n.) does not depend on the choice of 7. O
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Proposition 3.2. For locally finite A, B C R,
N(A,B)=(Ig+FI)t={T €S :T(p) =0 for all ¢ € Ip + FI}.
In particular N'(A, B) # {0} if and only if the closure of Ip + FI4 in S is a proper subspace.

Proof. Apply Lemma 3.1 to T and C = B, and to FT and C = A; the second condition reads
T(F1p) =0 for ¢ € I4. The last assertion follows from the Hahn-Banach theorem. g

Thus an element of N (A, B) is the same as a continuous linear functional on S that depends
only on ¢|p and also only on (F~1¢p)|; it encodes the summation formula (1).

3.3. Layers and the trichotomy. Lemma 3.3, Proposition 3.4, Lemma 3.5 and Corollary 3.6
use only that NV'(A, B) is a weak*-closed subspace of &', and they hold, with the same proofs,
for every such subspace (for the upper bound in Proposition 3.4 one uses that S’ has cardinality
¢). Lemma 3.7 is specific to N'(A, B).

Lemma 3.3. Each V), (A, B) is a closed subspace of H_,,. The spaces V,(A, B) increase with p
and their union is N'(A, B). Moreover rp(A, B) equals the codimension in Hy of the H,-closure
of Ip+ Flyu.

Proof. For fixed ¢ € S the map T + T'(yp) is continuous on H_,, so by Proposition 3.2 V,(A, B)
is an intersection of closed hyperplanes. The inclusions H_, C H_,_1 preserve the distribution
represented, and &’ = |, H_p. Finally V,,(A, B) is the annihilator in H_, = (H,)" of Ip + Fla,
hence is isomorphic to the dual of the quotient of H, by the closure of Ip + Fl4. O

Proposition 3.4. Let A, B C R be locally finite. Ezxactly one of the following holds.

(i) All rp(A, B) are finite and bounded. Then V,(A,B) = N(A, B) for all large p, and
dim NV (A, B) = sup, rp(A, B) < oo.
(ii) All rp(A, B) are finite and sup,r,(A, B) = co. Then dim N'(A, B) = No.
(iii) Some ry(A, B) is infinite. Then dimN (A, B) = .

Proof. If all layers are finite-dimensional, the union of bases of the layers is a countable spanning
set of N'(A, B). If the ranks are bounded, the increasing sequence of layers stabilizes, which
gives (i); otherwise N'(A, B) is infinite-dimensional and countably spanned, which gives (ii). In
case (iii) let (ey,) be an orthonormal sequence in an infinite-dimensional layer V,,. For 0 <t <1
the vector vy = >, t"e, lies in V,, and pairing a relation between vy,,..., v, (t; distinct)
with eq,...,ex_1 gives a Vandermonde system; hence the v; are linearly independent. This is
Mackey’s argument [Mac45, Theorem I-1]; see also [Lac73]. Conversely, an element of N'(4, B)
is determined by its masses on the countable set B (Lemma 3.1), so |N'(4, B)| <|CP|<¢c. O

3.4. The countable case.

Lemma 3.5. Let T,, € N (A, B) and suppose that T, () converges for every ¢ € S. Then there
is p such that all T,, and the limit T = lim,, T), belong to V,(A, B).

Proof. Since S is a Fréchet space, the Banach—-Steinhaus theorem shows that {7},} is equicontin-
uous: there are C' and p with |T,,(¢)| < C'|¢|, for all n and . Hence all T;,, and T', lie in the
ball of radius C' of H_p,, and T' € N'(A, B) because N (A, B) is an annihilator. O

Corollary 3.6. Suppose dim N (A, B) = Ny, and let (v) be a basis of N'(A, B) such that each
H_,, contains only finitely many vi. If the partial sums of > cxvy converge in S’, then ¢ =0
for all but finitely many k.

Proof. By Lemma 3.5 all partial sums lie in some V},, hence so does c,vj, for every k, and ¢, =0
whenever v, ¢ H_,,. O

Lemma 3.7. Let V,(A, B) be finite-dimensional. Then there is R > 0 such that every T €
Vp(A, B) is determined by its masses at the points of BN (=R, R); in particular rp(A, B) <
#(BN(—R,R)). If dim N (A, B) = X and R, denotes the infimum of such R, then R, — cc.
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Proof. For R € N let K be the subspace of T' € V,,(A, B) with no mass in BN (—R, R). These
finite-dimensional spaces decrease in R, so they are eventually constant, and their intersection is
{0} because an element of N'(A, B) is determined by its masses. In case (ii) the ranks r, are
unbounded, so R, — 0. O

In words: in a countably infinite-dimensional space the elements of bounded Hermite order
are detected in a bounded window, and new independent elements must appear farther and
farther from the origin. In the construction of Section 6 the elements of Hermite order at most
p are combinations of the generators of finitely many blocks, whose inner radii tend to infinity.

3.5. Strong layers. For T' € N (A, B) we write T'({z}) for the mass of T" at x. For an integer
rehm T - IFTUED)
lon = 2. T ey * 2 @ 1epy <k

and let Xn(A,B) = {T € N(A,B) : |T||y) < oo} and N3T(A,B) = Uy Xn (4, B). Thus
N3 (A, B) is the space of Fourier quasicrystals with support in B and spectrum in A. We write
XN(A) = Xn(A,A) and M5 = NST(AA). If 7]l (ny < 0o, then T' is the measure -, T'({z})ds
and T'(¢) = >, T({z})p(z) for ¢ € S, with absolute convergence, by Lemma 3.1 and dominated
convergence; the same holds for F7T'.

Proposition 3.8. Let A, B C R be locally finite. Fach Xn(A, B) is a Banach space with the
norm ||-[|ny, and Xn(A, B) € Xn41(A, B). Ezactly one of the following holds.

(i) The dimensions of the Xn(A, B) are finite and bounded. Then dim N% (A, B) =
supy dim Xy (4, B) < 0.
(ii) The dimensions of the Xy (A, B) are finite and unbounded. Then dim N% (A, B) = Rg.
(iii) Some Xn(A, B) is infinite-dimensional. Then dim N5 (A, B) = c.

Proof. Since (1+z|)~N=1 < (1+]z|)~", the layers increase with N, and [/l (v is & norm because
an element of N (A, B) is determined by its masses. Let (7;,) be a Cauchy sequence in Xy (A, B).
The records (Ty,({z}))zen and (F1,,({£}))eca converge in the weighted ¢! norms to limits (c;)
and (d¢), and we put p = 3, cz0, and v = 3 dede. For ¢ € S the function (1 + lz[)N Fe
is bounded, so T,,(Fy¢) = >, Th({z})Fe(xr) — pn(Fe), and likewise FT,,(¢) — v(p). As
T (Fp) = FT,(p), we get Fu = v. Hence p € Xn(A, B) and T,, — u, so Xn (A, B) is complete.
It is separable, being isometric to a subspace of a weighted ¢! space over the countable set B LI A.

If all layers are finite-dimensional, cases (i) and (ii) follow as in the proof of Proposition 3.4.

In case (iii), an infinite-dimensional separable Banach space has Hamel dimension ¢ [Lac73], so
dim A5 (A, B) > ¢, and the upper bound follows from [N (A, B)| < «. O

The Hermite layers V,, and the strong layers X measure different things, growth in the sense
of distributions and growth of the total variation. Theorem A gives a set for which Proposition 3.8
is in case (ii). By Theorem 8.1, the set of Theorem B lies in case (ii) of Proposition 3.4 and in
case (i), with M3 = {0}, of Proposition 3.8.

3.6. Covariance and finite modifications.

Proposition 3.9. Let A, B C R be locally finite.

(a) For a,b € R and t > 0, the map induced by f(z) — >9t=1/2f((x — b)/t) is a linear
isomorphism N (A, B) — N(a +t~1A, b+ tB) which maps V,, onto V,, for every integer
.

(b) F is a linear isomorphism N (A, B) — N (—B, A) mapping V, onto V,. In particular
FMp =My if A=—A.

(c) Let Ay, By C R be locally finite with k = #(A1AA) + #(B1AB) < oo. Then N(AN
Ay, BN By) has codimension at most k in both N'(A, B) and N (A1, By), and the same
holds for every layer V,,. In particular N'(A, B) and N (A1, By) are both finite-dimensional,
both of dimension Wy, or both of dimension c.
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Proof. (a) The map sends an atom of T' at « to b-+tx, and by the computation F[e?™e¢¢=1/2 f((. —
b)/1)](€) = t1/2e=2mb(E~a) F(¢(¢ — a)) an atom of FT at £ to a + &/¢; its inverse is of the same
form, and it preserves H_, by the boundedness of translations, modulations and dilations. (b)
F preserves H_, and F? is the reflection. (c) N(AN Ay, BN By) is the kernel of the map on
N (A, B) recording the masses of T on the finite set B\ By and of FT on A\ Aj; the same
argument applies to N (A1, By) and to each layer. O

3.7. Crystalline distributions on Z. If derivatives of Dirac masses are admitted, countable
dimension occurs already for the lattice. The following is a special case of [LR21b, Theorem 1.1];
we include the short argument.

Example 3.10. Let Dz be the space of T' € 8’ with suppT C Z and suppf C Z. Then Dy is

the linear span of the linearly independent distributions x/ 5%6), J,k > 0; hence dim Dz = Ng,
and every layer Dz N H_,, is finite-dimensional. On the other hand Mgz = Coz.

Indeed, F(27T) = (i/27)?0’ FT and ]-"(5%3)) = (27i&)k67, so span{azjég)} is invariant under
F. Conversely, if T € Dy, then T has finite order K, so it is annihilated by (e?™¢ — 1)K+1
i.e. (11 — I)®*1T = 0; an induction on the exponent, using that (1 — I)Y~!T is a 1-periodic

)

distribution supported in Z, shows that T is a polynomial combination of the (526 .

independence follows by comparing the coefficients of 57(1k), which are polynomials in n. Each
layer is a closed subspace of H_,, of countable Hamel dimension and is therefore finite-dimensional
(Proposition 3.4). Finally, if T € Dy is a measure, the difference equation shows that its masses
at n € Z are given by a polynomial ¢(n), so T = ¢q(x)dz, and FT = q(i0/27)dz is a measure
only if ¢ is constant.

More generally, for N > 1 the space M -1 consists of the N-periodic measures supported in
N~17Z, and has dimension N2. Indeed, if # € M -1, the continuous function e?™V¢ —1 vanishes
on N~17Z, so it annihilates the measure fi, i.e. Ty = u. Conversely, the Fourier transform of
> tez OatnNt IS N—1leg—2miag > kez Ok/N» SO the N? linearly independent measures >tz Or/N+Nts
0 < r < N2, belong to M -1 and span it.

Linear

4. A COUNTABLY INFINITE-DIMENSIONAL SPACE OF FOURIER QUASICRYSTALS

In this section we prove Theorem A, the main result. The architecture, which the construction
of Theorem B in Sections 5 and 6 shares, has three parts: blocks whose complete spaces are of
small dimension and of prescribed order, an assembly with growing gaps, and an exhaustion
argument showing that the union carries nothing else. The order of an element is its position
in the strong layers X of Section 3.5, and the blocks come from Poisson formulas on the zero
sets of exponential polynomials, in the spirit of Kurasov and Sarnak [KS20] and Olevskii and
Ulanovskii [OU20a]. Table 1 compares the two constructions. The notation of this section is
independent of that of Sections 5 and 6.

Theorem A (this section) Theorem B (Sections 5-6)

order of an element  growth exponent of |u| and |f] Hermite order

block s sheets of zeros of a product of clusters of atoms at the half-integers
Lee—Yang polynomials

order of a block between s and s + 3 between P and 18P + 4

separation of blocks  distinct prime scales and generic random scales
parameters

exhaustion complete description of finite unions, the component of an element on each
then compactness block

TABLE 1. The two constructions.

The mechanism. We write e(t) = e?™, For 0 < a < 1 put

Pa(z,w) =1 —aw — z(w —a) = (1 — aw)(1 — 2B, (w)), B, (w) =
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Along a line (z,w) = (e(t), e(t — %)) in the torus, p, has only real simple zeros. A product of s
such factors with distinct parameters has s sheets of zeros. The sheets never meet, but they
come close where the line passes near the point (1,1), since p, — ps = (b — a)(z — w). There the
derivative of the product, which is the denominator of the residues in the Poisson formula, is of
size |2 — w|*~!, so the masses become large. For a suitable slope 3 they grow like a power |t|*~!,
with the exponent controlled from above and from below (Lemma 4.4). The number of sheets
thus plays the role that, for the blocks of Section 5 (Theorem 5.1), the clustering parameter P
plays for the Hermite order; see Figure 1.

Plan. The proof uses three tools, each for one purpose. Continued fractions (Section 4.1)
choose the slope 5 so that the sheets approach one another at a controlled polynomial rate, from
above and from below; this fixes the growth exponent of a block (Lemma 4.4). Poisson formulas
on Lee-Yang curves (Section 4.2) turn every crystalline measure on a block, or on a finite
union of blocks, into a rational function R/ whose numerator ranges over a finite-dimensional
space; on one block, finite linear algebra then cuts the space down to a line (Lemma 4.5). For
a finite union of blocks (Section 4.4) two further inputs are needed. A uniqueness theorem
(Proposition 4.7), proved by harmonic analysis at a scale whose square is a quadratic irrational,
separates the part of an element that lives on the cones from the part that lives on the roots.
An algebraic splitting lemma (Lemma 4.8), proved on P! x P! with a group action and the
vanishing of H!(P! x P!, 0), splits the rational function of the root part into the contributions
of the individual blocks; this is needed because the zero sets of the denominators of different
blocks intersect, so that partial fractions are not available. Finally, a compactness argument
(Section 4.5) passes from finite to infinite unions. In terms of dependencies: Lemma 4.1 is
used in Lemmas 4.3 and 4.6 and in Proposition 4.7; Lemmas 4.2 and 4.3 give Lemma 4.4, and
Lemma 4.2 gives Lemma 4.5; Lemmas 4.5 and 4.6, Proposition 4.7 and Lemma 4.8, together
with Lemmas 4.2 and 4.3, give Proposition 4.9, which with Lemma 4.4 gives Corollary 4.10;
and Corollary 4.10 with Lemma 4.11 gives Theorem 4.12, hence Theorem A. The proofs of
Lemmas 4.1, 4.3 and 4.6, Proposition 4.7 and Lemma 4.8 are given in Appendix A.

Throughout this section ¢ = 21/4, g =(Q+ BQ)/c with 8 as in Lemma 4.1, and

Co={k+pn: k,neZ, kkn>0tU{k+pBn: k,neZ, k,n <0}
Since f is irrational, the labels (k,n) of the points of Cg are unique.

4.1. An arithmetic choice. Let 3 = [3;1,a2,as,...] be the continued fraction with partial
quotients a; = 2qjj_1 for j > 2, where p;/q; are the convergents of 3.

Lemma 4.1. (i) Every q; is odd, and |2k —u| > 1/(4|k|) for all integers k # 0 and all
odd integers u.
(ii) There are integers n of arbitrarily large modulus, and integers k, with |Bn—k—1| < 1/|n|.
(iii) For every j > 1, e; = Bq; — p; satisfies 0 < |g;| < qj_j_Q.
(iv) B is transcendental.

Part (i) bounds the near-crossings of the sheets from below, so that the masses are at most
polynomial; part (ii) produces near-crossings, so that the masses really grow; part (iii) drives
the no-return theorem (Proposition 4.7); and part (iv) is used to choose the parameters of the
blocks. The proof is given in Appendix A.

4.2. Poisson formulas on Lee—Yang curves. We call a polynomial Q(z,w) admissible if it is

a product of factors p,(pz", cw™) with a € (0,1), n > 1 and |p| = |o| = 1. It has bidegree (S5, .5),

where S is the sum of the exponents n, and nonzero coefficients at 1 and at z5w®. We write
Vs =span{z'w’ : 0<i,5 <5, (i,7) # (S,9)}.

For o > 0 and g € R put v(x) = (e(ax), e(afz + ¢g)). The following lemma is a version of the
Poisson formulas of [KKS20, OU20a] that does not assume that the zero set is uniformly discrete.

Lemma 4.2. Let Q be admissible of bidegree (S,S), and suppose that the real zeros of f = Q o~y
are simple; let A be the set of these zeros. For R € Vg the function Gr = (R/Q) o~y is
meromorphic in C, with poles only at points of A, all simple. Put pr = 3,4 Resy(GR) 0s.
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(a) pr s a crystalline measure with support in A and spectrum in oCg. If S cpn 2P w™
and Y. ¢,z Fw™™ (k,n > 0) are the expansions of R/Q at (0,0) and at (co,00), then

CIOO = 07
e(nwo) Cin e(—ngo) ¢,
Fun({alh + o)) = -T2 (e + ) = )
i 2mi
fork,n >0 (with (k,n) # (0,0) in the second formula), and |cp,|+|c},| < Cr(1+k+n)3.
(b) Let u : Z? — C wvanish outside Zzzo U ZZSO and satisfy 32, ; Qiju(k —i,n — j) =0 for all
(k,n) € Z%. Then there is a unique R € Vg with e(—nyo) Fur({a(k + Bn)}) = u(k,n)
for all (k,n) € ZQZO U ZZgo-
(¢) R~ pr is a linear bijection of Vg onto N (aCg, A).

Proof. (a) For |ul,|v] < 1 we have |B,(v)| < 1, hence |ps(u,v)| = |1 — av||l — uBy(v)| >
(1 —a)(1 — max{|u|, |v|}). Consequently |Q| > k(1 — ) on the polydisc {|z|, |w| <}, r <1,
for some x > 0. Moreover p,(u,v) = —uv pa(1/u, 1/v), so that Q(z,w) = {gz°w’Q*(1/2,1/w)
with |(g| = 1 and Q" admissible (replace p,o by their conjugates). Thus @ has no zeros
in {|z],|w|] < 1} or in {|z|,|w| > 1}. For Imz > 0 the point y(z) lies in the first of these
sets, so G'g is holomorphic there and Gr(z) = 3y ;>0 ckne(npo)e(a(k + Bn)x), with absolute
convergence. Writing R(z,w) = 25w R¥(1/z,1/w), where R¥(0,0) = Rgs = 0, we get Gr(z) =
> k>0 Crne(—nwo)e(—a(k + Bn)x) for Imx < 0, with ¢’ the Taylor coefficients of CélRﬁ/Qﬁ; in
particular ¢f, = 0. Cauchy’s estimate on the torus of radius r = 1 — 1/(k + n + 2) gives the
coefficient bound. Since the cone has O((1 + T')?) points in [T, T], the two series converge
in §'(R) to tempered distributions G4, and Gr(- +iy) — G+ in & as y | 0 (pair with a
Schwartz function and use dominated convergence). On the other hand, near the real axis G is
meromorphic with simple poles at the points of A, so on every bounded interval the Sokhotski—
Plemelj formula gives G4 — G- = —27i ), 4 Res;(GRr)d,. Hence pp = (G- — G4)/(27i) is
tempered, and the formulas for Fup follow from F(e(wz)) = d,.

(b) Write u = u™ + u~, where u™ is the restriction of u to Z2, and u~ that to Z2, \ {0}.
The convolution R = Q*ut = —Q xu~ is supported in Z2>0 by the first expression and in
{(k,n) : k,n < S} by the second, and its coefficient at (S, S) is —Qgsu™(0,0) = 0. Thus R € Vg,
S ut(k,n)zFw™ is the Taylor series of }NE/Q at the origin (as Qoo # 0), and S u™ (—k, —n)z Fw™"
is minus its expansion at infinity (as Qgs # 0). By (a), R = —27iR has the required property.
Uniqueness follows because u determines R= Qx*ut.

(c) If ugp =0, then w = 0 in (b), so R = 0. Conversely let T € N (aCp, A). Since f vanishes
on A and T is locally atomic there, fT' = 0. As f = > Qsje(jpo)e(a(i + Bj)z), the equation
F(fT) = 0 says that u(k,n) = e(—ngo) FT ({a(k + Bn)}) satisfies the recurrence of (b). If R is
given by (b), then F(T — ur) =0, s0 T = ug. O

4.3. Blocks. A block is given by an odd prime m, an integer s > 2 and distinct parameters
ai,...,as € (0,1). We put A = cm and

Z(x) =e(z/), W(z)=e(Bz/X—1), P=]]py, A={zeR: P(Z(x),W(r)) =0},
J<s
and we let C = Cg/\ and Cy = C/c. Since m is an integer, Co C C; precisely, (k + n)/\ € Cy
if and only if m divides both £ and n. For 0 < a < 1 let 9, : R — R be the continuous
function with 1,(0) = 0 and Bg(e(y)) = e(¢4(y)); it is increasing, ¥,(y + 1) = ¥, (y) + 1, and
Wi(y) = (1— a?)/|1 — ae(y)]
Lemma 4.3. Let Dg = 20, + Pw0y,.

(i) P is admissible of bidegree (s,s). The zeros of P(Z(x), W(z)) in C are real and simple,
and A is the disjoint union of the sets A; = {x: /X +1ba, (Bx/\ — §) € Z}. Moreover
#AN[-rr]) <s(2(1+B8)r/X+2).

(i) AN (=X 0N) = @, where § = 1/(8(1 + B)).

(iii) There is k& > 0 with |DgP(Z(z), W(z))| > r(1 + |z]|)~C~ for all z € A.
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(iv) There are x € A of arbitrarily large modulus with |DgP(Z(x), W (x))| < Clz|~¢~Y and
|Z(x) = 1| + [W(z) — 1| < C/lx].
(v) There is k' > 0 with |v — 2’| > &'(1 + |x|)~! for all distinct x, 2" € A.

The proof is given in Appendix A. We apply Lemma 4.2 to P with o = 1/X and ¢ = —i, S0
that v = (Z, W) and pp is defined for R € V. The strong layers Xy were defined in Section 3.5.

Lemma 4.4. For R € V; we have pr € Xs3(C, A). If R(1,1) # 0, then Y calpr({z})|(1 +
|z))~™N = oo for every N < s — 1.

Proof. Along the real line the derivative of P(Z, W) is 2riA~'DgP(Z, W), so the mass of up
at x € Ais AR(Z,W)/(2ni DgP(Z,W)), evaluated at (Z(x), W(x)). By Lemma 4.3(iii) these
masses are O((1 + |z[)*~1), and by Lemma 4.3(i) the physical sum converges for N > s + 1. By
Lemma 4.2(a) the Fourier masses at +(k + fn)/X are O((1 +k+n)®) = O((1 + |£])*), and C has
O((1 4+ 7)?) points in [—r, 7], so the Fourier sum converges for N > s + 3. If R(1,1) # 0, then at
the points of Lemma 4.3(iv) we have R(Z, W) — R(1,1), and the masses are at least x”|z|*~*
for some k” > 0; for N < s — 1 the corresponding summands do not tend to zero. O

Lemma 4.5. Let b= |s/2]/2 and B =C\ ([-b/\,b/A\\ Co). There are a finite set E C A and
Ry € Vi with Ry(1,1) # 0 such that

N(B,A\E) = (C:U’RO'

Proof. By Lemma 4.2(c), for every finite E C A the space N (B, A\ E) consists of the ug,
R € Vj, that have no mass on E and whose Fourier transforms vanish on C \ B. The points of
C\ B are the +(k + Bn)/X with (k,n) € Z%,\ mZ?* and k + Bn < b; for them k,n < s, since
b < s/2and B > 1. By Lemma 4.2(a), the mass of Fug at (k + n)/\ is a nonzero multiple
of ¢k, and division by @ = P shows that cg, equals Ry, /Poo plus a combination of the Ry,
with ¥’ <k, n' <n, (k',n") # (k,n). Similarly the mass at —(k + n)/\ is a nonzero multiple
of Ry s—n plus a combination of the Ry_j/ s,y with &' <k, n’ <n, (K',n’) # (k,n). The first
family of conditions involves only the coefficients R;; with ¢ 4+ 35 < b, the second only those
with i + 87 > s(1+ ) — b > b, and each family is triangular with nonzero diagonal. Hence these
conditions are linearly independent; let H C V; be the subspace they define. The monomial z w",
h = |s/2], lies in V; and in H: the expansion of z"w" /P at the origin involves only monomials
ZFw™ with k,n > h, its expansion at infinity only monomials 2 ¥w=" with k,n > s — h > h,
and h(1+ ) > b. As zMw" takes the value 1 at (1,1), the subspace Hy = {R € H : R(1,1) = 0}
has codimension one in H.

The functionals R — R(Z(z), W(z)), x € A, separate the points of V;: if they all vanish, then
pur =0, and R = 0 by Lemma 4.2(c). Choose a set E of dim Hy points of A whose functionals
restrict to a basis of Hj. Their common kernel in H is a line ¢ with £ N Hy = {0}. Since pp has
no mass at x if and only if R(Z(z), W(z)) = 0, we obtain N (B, A\ E) = {ur : R € {} = Cug,
for any nonzero Ry € ¢, and Ry(1,1) # 0. O

We call = g, the block measure. The set B is symmetric, so F 1 has support in B and
spectrum in A\ E. By Lemma 4.4, ;1 and F~ 1 belong to X, 3, while the physical record of
i, which is the spectral record of F~1j, has infinite N-weighted variation for N < s — 1. The
spectral gap of a block is only partial: B contains the fixed coarse cone Cy, and only its other
points avoid [—b/\,b/A]. The coarse cone is shared by all blocks; including it from the start is
what allows different blocks to be combined.

4.4. Finite unions. We now consider blocks i = 1,...,r, with data m;, s;,a;; and \;, P;, A;,
Ci, B;, E; and p; as above, and with pairwise distinct primes m;. We put L; = (A; \ E;) U B;
and L) = U, <, L;. Three further ingredients are needed; their proofs are given in Appendix A.
The first is a choice of the parameters that separates the roots of different blocks arithmetically.

We call blocks 1,...,r independent if their root sets Aj,..., A, are pairwise disjoint and
disjoint from I'g, and no difference of two distinct points of A; U---U A, lies in I'g.
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Lemma 4.6. Let blocks 1,...,r—1 be independent, let m, be an odd prime and let s, > 2. Then
the parameters a,1,...,ars, can be chosen, successively and each outside a countable subset of
(0,1), so that blocks 1,...,r are independent.

The second is a uniqueness theorem: at a scale whose square is a quadratic irrational, no
nonzero crystalline measure has both its support and its spectrum in finitely many translates
of the cone. It is used to separate the part of an element that lives on the cones from the
part that lives on the roots. The hypothesis on the scale cannot be weakened to irrationality:
since Z C Cg, the measure ¢, I3 has support in Cg/ V2, and its Fourier transform /24 oz 18

supported in Z/v/2 C C’g/\/i. This is why the blocks are placed at the scales em with ¢ = 21/4.

Proposition 4.7. Let A\ > 0 be such that \? is a quadratic irrational, and let Fy, Fy C 7 + BZ
be finite. If T' is a crystalline measure with support in (Cg+ Fi)/X and spectrum in (Cg+ Fp) /A,
then T = 0.

The third is an algebraic splitting of rational functions with sparse Taylor series. The zero sets
of the denominators of different blocks intersect in C2, so the splitting does not reduce to partial
fractions; it is proved on P! x P! with a group action and the vanishing of H' (P! x P!, O).

Lemma 4.8. Let my,...,m, be distinct odd primes, M = my---m, and n; = M/m;. For
each i let P; be a product of s; factors p, with distinct a € (0,1), let Q;(z,w) = P;(2"™, —iw™),
Q=1LQi and S =>,n;s. If R € Vg and the Taylor coefficients of R/Q at the origin vanish
outside \J; n;Z%,, then

R R;(z™, —iw™ )
7:ZM with R; € V.
Q = Qilzw)
Proposition 4.9. Let blocks 1,...,r be independent, with pairwise distinct primes m;. Then

ML[T] = span{u;, Flui: i< r},
and these 2r measures are linearly independent.

Proof. Put M = [, mi, n; = M/my, A\, = cM, I'y = (Z + BZ)/\« and C, = Cg/A.. Then
Ai = A/ng, so C; = niCg/Ay C Co C I'x C I'g. In the variables z = e(z/\), w = e(Bx/A)
we have Z; = 2™ and W; = —iw™, so Py(Z;, W;) = Qi(z,w) with @; as in Lemma 4.8. The
polynomial @ = []; @; is admissible, and by Lemma 4.3 and the independence of the blocks, the
real zeros of f = Q(z(z), w(x)) are simple and form the set A, = [J; 4;. Thus Lemma 4.2 applies
to @ with a =1/, po = 0. Note that Ly, C A« UCy, that A, NT'x = &, and that C, C I's.

Let T € My, and write f =} cq fue(wz) with a finite Q C T',.

Step 1: clearing the roots. The measure U = fT is supported in Cy, since f vanishes on A,.
Its Fourier transform FU = Y f,7-oF7T is supported in (A, UCy) + 2. The trigonometric
polynomial g(z) = [[,cq f(x —w) vanishes on A, 4+, so Y = g FU is supported in finitely many
I',-translates of C,. As the frequencies of ¢ lie in Iy, the measure F~1Y is a finite combination
of I',-translates of U, so it is supported in finitely many I'.-translates of C, as well. Since
A2 = M?\/2 is a quadratic irrational, Proposition 4.7 gives Y = 0.

Step 2: the cone part. For y € T'y, we have y —w € I, for w € Q, so g(y) # 0, and therefore
FU({y}) =0, ie >, fuFT({y —w}) = 0. The points of Iy that carry mass of FT lie in C,.
Hence u(k,n) = FT({(k + Bn)/\.}) vanishes outside Z2, U Z2, and satisfies the recurrence of
Lemma 4.2(b) for @. By that lemma there is a measure p = pug, R € Vg, supported in A,, such
that Fp is the restriction of F7T to I',.

Step 3: the literal decomposition. The measure 0 = F(T — p) = FT — Fp is the restriction
of FT to R\ T, so it is supported in A, and fo = 0. Its Fourier transform Fo = (T — p)" is
supported in (—A,) UC, and, by F(fo) = 0, satisfies >, foFo({y —w}) =0forally e R. A
coset y + I'y with y ¢ T', contains no point of C, and, by the independence of the blocks, at
most one point of —A,. A nonzero measure carried by one point cannot satisfy this recurrence,
because the term with the largest frequency in €2 is not cancelled. Hence Fo is supported in
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N ((—Ax) UC,) = Cy, and T — p is supported in C,. Since p is supported in A,, we conclude
that

p=Tla, T-p=Tl., Fp=FDle., o= (FT)a.-
In particular p and o are measures with support in [J;(A4; \ E;) and spectrum in |J; B;; for o
this uses that the sets B; are symmetric.

Step 4: splitting. Let o € {p,o}. By Lemma 4.2(c), o = ug for some R € Vg, and the Taylor
coefficients of R/() at the origin are multiples of the masses of Fp at the points (k + n)/A,
k,n > 0. These masses vanish unless the point lies in some C;, that is, unless (k,n) € anio
for some i. By Lemma 4.8, R/Q = Y, Ri(2™, —iw™)/Q;(z,w) with R; € V;.. Along the real
line the i-th summand is the function (R;/P;)(Z;, W;), so o = >, 0i, where p; is the measure
of Lemma 4.2 for P; and R;; it has support in A; and spectrum in C;. As the A; are disjoint,
0; = 0|4, has no mass on E;. Let £ € C; \ B;. Then £ ¢ Cy, since Cy C B;, and as C; N C; = Cy for
J # t (the primes are distinct), & ¢ C;. Thus ¢ lies in no By, so Fo({{}) =0, and Fp;({{}) =0
for j # i; hence Fp;({£}) = 0. Therefore g; € N(B;, A; \ E;) = Cp; by Lemma 4.5.

Applying this to p and to o we get T|a, = > ; 0ip; and F(Tl|c,) = >; Oipi, that is, T =
SO + 0LF ~1u;). Conversely every p; and every F 'y, lies in M Ly The coefficients 0; and
0} are determined by the physical and the Fourier records of T on the disjoint sets A;, which
gives linear independence. O

Corollary 4.10. In the situation of Proposition 4.9, for every N > 0
span{m,]:_lm : 8 +3<N}C XN(LM) C span{,ui,]:_l,ui : s < N}

Proof. The first inclusion is Lemma 4.4. Let T' = 3", (0;p; + 0;F ' 11;) € Xn(Ly,). The physical
record of T on A; is 0; times that of y;, and the Fourier record of T' on A4; is 0, times the physical
record of p;. By Lemma 4.4, §; = 6} = 0 whenever N < s; — 1. O

There is no cancellation in this argument: the masses that diverge are those of the private
root set A; of a block, which no other block can reach.

4.5. The infinite union. It remains to exclude elements of Xy that involve infinitely many
blocks. Unlike the construction of Theorem B, where this is the main difficulty (Section 6),
here a soft compactness argument suffices, because Proposition 4.9 describes every finite union
completely. For an integer N > 0 write wx(z) = (1 + |z|)~", and let Qn be the set of pairs
(1, v) of complex Radon measures on R with v = Fp and ||wyp| + [Jwyv| < 1, where ||| is
the total variation. We give Qn the topology induced by the weak™ topology of (wypu, wnv) in
Co(R)* x Cp(R)*. For a closed set L C R and R > 0 let Ar(L) be the set of pairs in Qx such
that 4 and v are supported in L U {|z| > R}.

Lemma 4.11. Qy is compact and metrizable, and every Ar(L) is closed. If L is locally finite,
then N Ar(L) consists of the pairs (T, FT) with T € Xn(L) and ||T|| ) < 1. Consequently,
if U is a continuous function on Qn that vanishes on these pairs, then sup 4, (r) |¥| — 0 as
R — oo.

Proof. The unit ball of Co(R)* x Cp(R)* is weak® compact and metrizable, since Cy(R) is
separable. For ¢ € S we have p/wy € Cp(R), so pu +— pu(y) is continuous; hence the condition
v = Fu is closed, and so are the support conditions. A Radon measure carried by a locally finite
closed set is locally atomic on it, which identifies the intersection. If the last assertion failed,
there would be € > 0 and pairs in Agr(L), R — oo, with |¥V| > ¢; a convergent subsequence
would have a limit in the intersection of the decreasing closed sets Agr(L), where ¥ = 0, a

contradiction. O
Theorem 4.12. There are blocks ©+ = 1,2, ..., with pairwise distinct primes m; and strictly
increasing sheet numbers s; > i, such that blocks 1,...,r are independent for every r, the set

A =U; L; is locally finite, and
(5)  span{pi, F tpi: si +3 < N} C Xn(A) Cspan{u;, F ;o s; < N} (N >0).
Consequently MY = @, span{u;, F i}, and this space has Hamel dimension Rg.
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Proof. We construct the blocks recursively, together with points r; € A;, functions ¢; € C°(R)
and radii R;. Let Ry = 1, and let (h;);>0 be the Hermite functions. At stage ¢ > 1:

(a) choose an odd prime m; different from my,..., m;—1 with dem; > R;_1, where § is as in
Lemma 4.3(ii);

(b) choose an integer s; > max{i,2,s;—1 + 1} with [s;/2| > 2cm;R;_1;

(c) choose the parameters a; ; by Lemma 4.6, and then F; and p; by Lemma 4.5;

(d) choose r; € A; \ E; with p;({ri}) # 0, normalize p;({r;}) = 1, and choose ¢; with ¢;(r;) = 1,
supported in (r; — %, ri + %) and containing no other point of Lm;

(e) choose R; > max{R;_1+1,|r;|+1} such that SUD AR, (Lyy) |Wn | <27 for all N, < i, where

U () = ) = 32 (1(6x) por(he) + v(n) (F~ ) ().
k<N
By (a) and Lemma 4.3(ii), the roots of block k lie outside [—~Ry_1, Ri—1], and by (b) the points
of By in [~ Rj_1, Ri—1] lie in Cy C L1. As the Ry, increase, it follows that Ly N (— Ry, Rg) =
Ly 0 (= Ry, Rg) for k <4', and AN (—Ry, R) = Ly N (— Ry, Ry) for every k. In particular A is
locally finite, A C Ly U {|x| > Ry}, and, since the support of ¢y lies in (— Ry, Ry), the function
¢r isolates 7y, in every Ly, i' > k, and in A.

Step (e) is possible by Lemma 4.11. Indeed, ¥y is continuous on Qy. Let N < 4 and
T € Xn(L)). By Corollary 4.10 and s > k, T lies in Wy = span{pg, F g : K < N}. The
point 7y, lies in no Ay with ¥’ # k and in no By, because Ay, is disjoint from the other root sets
and from I'g D By. Since moreover ¢y, isolates ry, the generators other than p; have no mass
at 71, and those other than F !y, have Fourier transforms without mass at 7, so the numbers
T(¢r) and FT(¢y) are the coefficients of py, and F 1y in T. Hence ¥y (T, FT) = 0.

Let T € Xn(A) with |||y < 1. Then (T, FT') € Ag,(Ly;)) for every i, so [V (T, FT)| < 2~
for all ¢ > max{NV, !}, and therefore ¥y (T, FT') = 0 for every [. As the h; span a dense subspace
of S, the distribution T coincides with ", (T(r) i + FT(é1)F Lug), so T € Wy. The
argument of Corollary 4.10, applied to the records of T on the sets Ay, now gives the right-hand
inclusion in (5), and the left-hand inclusion is Lemma 4.4. The p; and F~'yu; are linearly
independent by their records on the disjoint sets A;, and every element of MY" lies in some
Xn(A). Hence the pu; and F~'y; form a basis of M5¥, which has Hamel dimension Xg; in
accordance with Proposition 3.8, the layers X (A) are finite-dimensional and their dimensions
are unbounded. U

Proof of Theorem A. Take A and the s; as in Theorem 4.12, vg;_1 = p; and vo; = F ;. These
are Fourier quasicrystals with support and spectrum in A, and part (i) is the last assertion of
Theorem 4.12. Part (ii) follows from (5) and the linear independence of the vy. For part (iii),
the norms |[v2i—1/[(yy and [[v2ifl () on A are equal to |||y on (Ci, 4;), which is finite for
N = s; + 3 and infinite for N = s; — 1 by Lemma 4.4, since p; = pug, with Ro(1,1) # 0. O

Remark 4.13. (a) No random choices are made: the primes, the sheet numbers, the parameters
(outside countable sets) and the radii are chosen by deterministic conditions, although the
existence of suitable radii is obtained by compactness. The formal proof of the existence
statement in Theorem A(i) [Mar26, Pal26¢] uses a set of the same kind, with a different schedule
of primes, sheet numbers and parameters; there too the radii come from a compactness statement
and are selected by classical choice, so the formal witness is not given by an algorithm. (b) The
set A is not separated at a polynomial rate: it contains the cone Cy = C3/c, and since 3 is a
Liouville number, distinct points k + 8n of Cg can be closer than any power of their size. This
is consistent with Question 9.2. The atoms of a single block, on the other hand, are separated
at a polynomial rate by Lemma 4.3(v), and the clusters of Lemma 4.3(iv) consist of atoms at
mutual distances of order |z|~!, bounded below by Lemma 4.3(v). (c) Theorem 4.12 determines
the space of Fourier quasicrystals on A, not the space My of all crystalline measures, which
might be larger; see Question 9.1.
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5. ONE-DIMENSIONAL BLOCKS OF PRESCRIBED HERMITE ORDER

We now turn to the second part of the paper, on all crystalline measures. Sections 5 and 6
prove Theorems B and C; the notation is independent of that of Section 4. In this section we
construct, for all positive integers P and R, a symmetric locally finite set C(P, R) which avoids
[-R+ %, R— %] and carries, up to scalars, exactly one crystalline measure, whose Hermite order
lies between P and 18P + 4. The point is that the Hermite order and the inner radius can be
chosen independently. Figure 2 shows such a block. Heuristically, the clusters of atoms near
the half-integers imitate derivatives of Dirac masses there, as in (3), and the speed at which
the clusters tighten determines the Hermite order; Theorem 5.1 below makes this precise. As
in Kolountzakis’s construction [Koll6, Section 2], the gap around the origin is produced by a
finite-dimensional argument (Lemma 5.2).

5.1. Half-endpoint carriers. For a sequence v = (7;);>1 of distinct numbers in (0, %) put
Ly={ntn: j>1 neZ [a>])

This set is locally finite because of the condition |n| > j: the cell [n,n + 1) contains at most
2(|n| + 2) of its points. If 7; — 3, it is not uniformly discrete: as the cells move outward, they
contain increasingly tight finite clusters around the half-integers, formed by the points n + ;
and n + 1 — ~;; there is no accumulation in any bounded interval.

For positive integers P and k we fix the parameters
(6) b=1+ GLP’ Q=2%k d=6PlogQ, g5 = %Ge*db], v = % —g; (1>1),
and the head phases B; = (2j — 1)/(4k), 1 < j < k. Note that /(b — 1) = 6P + 1, that
€1 = %Q—(GPH) < 2792 that gj11/e; = Q7Y < 2764 and that g1 < ﬁ, so that all the 3;
and ~y; are distinct. Let ' = (B1,..., Bk, 71,72, - .. ); thus in L./ the phase ; occurs in the cells
|n| > j and the phase 7; in the cells |n| > k + j.

The analytic input of the construction is the following theorem, which is proved in Appendix B.

Theorem 5.1. Let Pk > 1 and let v, be as above.

(a) My, is one-dimensional; it is spanned by an odd measure p with Fp = —ip.

(b) Mp,NH_, ={0} for1 <p<P.

(¢c) ML, C H_(18p4+2)-

(d) (Head removal.) There is a linear bijection R : My,_, — My, such that R maps Vp(L)
into V(L) and R~ maps Vp(L,) into Vpia(L), for every integer p > 0.

(e) (Finite heads carry nothing.) If w belongs to the space Wy, of (7) below and neither w
nor Fw has mass at the points n £+ B; with j <k and |n| < j, then w = 0.

Here R is built from finitely many integer translations and multiplications by a trigonometric
polynomial (Section 5.2), so it preserves every H_, and preserves strong temperedness on both
sides; the content of (d) is that its inverse loses at most two Hermite orders.

5.2. Outline of the proof of Theorem 5.1. The proof is given in Appendix B; we describe
its structure here. Part (e) concerns finitely many lattice combs and is proved by a triangularity
argument: in suitable coordinates the conditions on w and on Fw are complementary triangular
systems, and a determinant computation shows that they admit only w = 0 (Lemma B.2).
Parts (a)—(c) are proved in Zak coordinates. After a shift by 3, the Zak transform of 7' € M L, 1s
a compactly supported distribution V' on a small square, and the atoms of 7" and of F7T' become
point masses on the grid {0, :l:sj}Q. We test V' against products of the Newton-type functions
cos(mt)D;(t) and sin(7t)D;(t), where D; = [];«;(1 — cos 2wt — a;) and a; = 1 — cos 27e; vanishes
at the first 4 pairs of points. In the resulting moment arrays the support condition on 7" says
that the array A of V is upper triangular, the support condition on F7T says that the array B
of e?™YV/ is lower triangular, and B = EA for an explicit bounded operator E (the gauge).
The proof has four stages.
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1. Uniqueness (Appendix B.5). With geometric weights the two triangularity conditions leave a
single free parameter: after elimination they reduce to Ku = 0 for an operator K = ¢yS + &€
on (*(Ny), where S is the backward shift and [|€]| < |co|/10. Hence dim My < 1.

2. Exclusion at low order (Appendix B.6). If T' € H_p, then V has distribution order at most
2p, and when 6p < b/(b—1) = 6P + 1 this allows moments with weights [],~; ¢;, which
shrink as fast as the clusters. In these weights the relevant part of E — I carries a factor €7, 4,
which is small compared with the coupling tan(me; 1) created by the support conditions,
and a contraction argument gives 7' = 0. This is (b).

3. Construction (Appendix B.7). Keeping only the first N phases and adding the half-integers
outside [N + %, N — %] gives a finite system, whose space of crystalline measures is a line
spanned by a combination T of lattice combs. Its moments decay like [];,, &; uniformly
in N, and an interpolation argument converts this into supy [|Tn||_ o, +2)_< oo whenever

bl > 4. A weak limit is a nonzero element of My,_; with L = 9P this gives (a) and (c).

4. Head transfer (Appendix B.8). The map R in (d) is the composition of an operator
Z‘ I|<k €71, whose symbol has simple zeros exactly at er2mBi | j <k, with multiplication by
the trigonometric polynomial with the same coefficients. Each factor has a right inverse
built from bounded Green sequences that loses one Hermite order, and a finite correction in
Wy, controlled by (e), makes the inverse exact.

The parameters (6) enter as follows: in (b) through the condition 6p < b/(b — 1), and in (c)
through b% > 4 with L = 9P, since b7 = (1 + £5)%7 > (£)? = 40353607/10077696 > 4 by
the monotonicity of (14 1/z)*. The arguments are also carried out in the formal development
[MS26] (Appendix E). For odd k& < 11 we have, in addition, checked (e) by computing the rank
of the corresponding 4k? x 4k? matrix exactly, modulo a prime p =1 (mod 16k?); this is not
needed for the proof.

5.3. Exchanging finitely many holes. Let k > 1. The points n & 3;, n € Z, j < k, form the
lattice coset G = {2, = (m+ 3)/(2k) : m € Z}. Let

(7) Wy = Span{z e?minbs L. abe {£B5:j < k}}

nez
These modulated translated combs are crystalline with support and spectrum in G, since the
Fourier transform of 62“1"b5n+a has mass e~ 2a(t+0) gt ¢ 4+ b, One checks that dim Wy, = 4k2,
that W), C H_y, and that W}, consists of the measures }_,, ¢;n0z,, With ¢, 1412 = —Cm.

Tm

Lemma 5.2. Let Y C R \ G be locally finite, let HY H' C G}, be finite sets with #H° =
#H_l = 2k_2, and put N = (G, \ H) UY. Assume that, for j = 0,1, the map L; : Wj, —
CH’ x CH” recording the masses of w and of Fw at the points of H is injective. Then there is

a linear bijection Myo — M1 which maps V,(A%) onto V,(AY) for every p > 1. In particular
rp(A%) = rp(AY) for allp > 1.

Proof. Since dim W, = 4k?, the maps £; are bijective. For T € Mo let &,T € cH' x cH'
record the masses of T and FT at H', and put $i7 =T — [,flé’lT. Then S17T and FS1T have
no mass at H', and they are supported in G UY; hence S;T € M 1. Define Sy : M1 — Mo
symmetrically. The difference Sy5;T — T lies in W, and has no mass, on either side, at H?,
so it vanishes by the injectivity of Lg; similarly 5159 = I. Finally, each mass is a continuous
functional on H_,, (pair with a fixed bump function), and Wy C H_1, so Sy and S; preserve V,,
for p > 1. (The norms of these maps may grow rapidly with &; only the qualitative preservation
of each V}, is used.) O

We apply the lemma with the triangular holes H? = {n £ 3; : j <k, |n| < j} and the central
holes H! = {n+3; : j <k, |n| < R—1}, where k = 2R — 1. Injectivity of Lo is Theorem 5.1(e).
For L1, note that H' = {x,, : m € Iy} with Iy = {—k?,...,k* —1}, and that the elements of W}
are determined by (c;,)_p2<mesi2. If w =3 ¢z, € Wi has no mass on H!, then ¢, = 0 for
m € Iy, and by Poisson summation the mass of Fw at xy is i >omel e~ 2mi(m+1/2)(s+1/2)/(4k%)
with I; = {k?,...,3k? — 1}. Requiring these to vanish for s € Iy gives a square system which,
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. . 2 .
after removing nonzero row and column factors, has Vandermonde matrix (2,5%)sery mer, with

distinct nodes z,, = e—2mim/ (4k2), m € I;. Hence ¢ = 0 and £; is injective. (This matrix is
extremely ill-conditioned, as its nodes fill only half of the unit circle; its invertibility is exact,

not numerical.)

5.4. The blocks. For positive integers P, R put k = 2R — 1, take the parameters (6), and let
(8) C(P,R)y={n=Ep;j: 1<j<k, |n|]>R}U{nEy: j>1, |n|>k+j}.
Proposition 5.3. For all positive integers P, R the following hold.

(i) Mc(p.r) = Cup,r for a nonzero ppr with Fupr = Cupr, ¢t =1.

(i) C(P.R)N[-R+ 3, R—3]=2.

(iil) Mepr NH-p = {0} for 1 <p < P, and pupr € H_(18p44)-

(iv) #(C(P,R) N [—r,7]) <32(1 +1)? forr > 0.
(v) The set of phases O cC (1,1 of C(P, R) has closure K=0uU{3} inR/Z; K is

countable, its only accumulation point is 2, and KN (— 4k, 41k) = .

Proof. By Theorem 5.1(a)—(c), My, is a line contained in H_(13p o) which meets H_; only in
0 for p < P. By Theorem 5.1(d), My, is a line contained in H_(15p4), again meeting H_p,
only in 0 for p < P, since R is injective and preserves Hermite orders. Now L., = (G \ HY)UY
and C(P,R) = (Gx \H)UY with Y = {n+; : |[n| > k+ j} and H°, H! as above, and
#H? = #H' = 2k%. Lemma 5.2 transfers (i) and (iii) to C(P, R); the line is invariant under F
because C(P, R) is symmetric (Proposition 3.9(b)), and F* = I. Points of the first set in (8)
satisfy [z] > R — B > R — 3, and points of the second satisfy |z| > k + 1 > R, which gives (ii).
For (iv), points of the first set in [—r,r] exist only if & < 2r, and there are at most 2k(2r + 2) of
them; points of the second set satisfy j < r + 1, and there are at most 4(r + 1)? of them. Finally
(v) holds because v; — %, :l:% coincide on R/Z, and 5, = ﬁ is the smallest phase. O

6. THE CONSTRUCTION AND COMPLETE EXHAUSTION

6.1. The construction. Fix a sequence (P;);>1 of positive integers, the profile. For integers
R, > 2i, chosen below, let
C; =C(P, Ry), ki =2R; — 1
and let p; span M, with Fu; = (jui (Proposition 5.3). Thus
(9) CusNH-_p, ={0} (p< P, pi € H_(18p,14)-

Let ©; C (—3,3) be the set of phases of C;, and K; = ©; U {3} C R/Z its closure; we fix an
enumeration 0; = {6;1,0;2,...}.

For s = (s;) € [1,2]" we use labels { = (i,0), 7 > 1, 0 € {+,—}; we call i the index of £, write
¢* = (i,—0), and put

(10) ti7+ = S4, ti7_ =5

(2

1> Ly =t,C;, QZZDQ/M, A:UFZ

(Figure 3). Then suppe; C I'y and, since F Dy = Dy ;. F,
(11) Feg = Giegs,
so ey € M. We also use the periodic sets
Ky = (K;+Z)/t; C R, of period w; = 1/t;.
The set K, contains I'y- = C; /te, but it is much larger, and it contains the seam (Z + )/tg,

which does not meet A. The union of the K, may be dense.

Theorem 6.1. For every profile (P;) there are deterministic integers R; > 2 and a measurable
set  C [1,2]N of product measure at least 13/16 such that for every s € Q the sets Ty are pairwise
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disjoint, A is symmetric and locally finite, and the following holds. If p > 1 and T € Vj,(A), then
for every label ¢ = (i,0) there is ¢, € C with

(12) FYFT|r,) = coep, ce = 0 whenever P; > 6p.
If moreover only finitely many i satisfy P; < 6p, then T' = )", ceep~, a finite sum.

Here FT'|r, is the restriction of the measure F7T' to the set I'y; that it is a tempered distribution
is part of the proof.

6.2. Strategy of the proof. Theorem 6.1 turns into countable dimension through one im-
plication, which we state first. Fix T € V,(A), write S = FT, and call Uy = F~1(S|r,) the
component of T on the label £. Then

TeH_, = Use H_g for every { (Lemma 6.3), Uy = cpepx and P, > 6p — ¢y, =0,

because Cegp N H_g, = {0} when 6p < P;. When P; — oo, only finitely many components
survive at each fixed order, so T is a finite combination of the ey; and the generators admitted
at order p, those with 18P; + 4 < p, make the layer dimensions unbounded (Corollary 6.7). The
hard part is to justify the phrase “component of T”: the restriction S|r, must be a tempered
distribution, and its inverse Fourier transform must live on the reciprocal block I'y«, without
additional distributions at the seam. A priori T is an arbitrary tempered distribution, and
nothing prevents its masses on different blocks from conspiring to form a new crystalline measure;
ruling this out is the content of the proof. It has a preparatory step and three main steps.

Step 0: splitting. The points of different blocks are separated at a polynomial rate; this is
where the random scales s; are first used. Smooth selectors then cut S into its restrictions .Sy
to the sets I'y, at the cost of a fixed loss of Hermite order, and give T' = ), ; Uy + Uspr with
U, = F~ 1S, where Us s comes from the blocks of index > M. Nothing is known yet about
where Uy lives.

Step 1: isolating a block up to the seam. Multiply T by a smooth function GGj; which vanishes
on the first M blocks and whose Fourier coefficients have mean one. Then G ;T lives beyond
the next gap, which is far away, while 7 (GpT') is a combination of translates of S. Because the
scales are random, no translate of an atom accidentally lands on another atom (nonresonance),
and this leaves a convolution identity for the masses of Sy. It shows that Uy is supported in its
periodic set Ky, up to a polynomial whose coefficients are antiperiodic: a residue created by the
accumulation at the seam.

Step 2: removing the residues. Antiperiodic terms change sign under translation by half a
period, while everything supported in the sets Ky is unaffected by suitable translations. Using
Kronecker’s theorem we choose two large translations that agree, modulo all periods, except at
the block under consideration, where they differ by half a period. Comparing the two isolates
the leading coefficient of the residue and shows that it is supported in K. The error is controlled
because the translated test functions stay inside the large gap before the next block.

Step 3: recovering the atoms. Shrinking test functions at the points of Ky show that Uy has
the same masses as T on 'y« and nothing at the remaining points of Ky, in particular nothing at
the seam. Thus Uy is a crystalline measure on one rescaled block, and Proposition 5.3 identifies
it.

Order of choices. Every step produces error terms that must tend to zero. All of them are
paid for by the gaps: the inner radius Rjs41 is chosen after all the parameters of stage M have
been fixed, and so large that the error terms of stage M are at most 2~ . The probabilistic
events used (separation, nonresonance, Kronecker nets) have probability bounds that hold for
every continuation of the sequence of radii; this is why a single deterministic sequence (R;)
and a set of scales of positive measure can be chosen. The proofs of the technical lemmas, the
construction of the parameters, and a full table of the parameters are in Appendix D.

Table 2 lists the objects attached to a label £ = (i,0), and Table 3 the three choices that
define A.
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Object Role What is known about its support
I'y =t,C; dilated block; carries ey by definition
K, = (K; +7)/t; periodic set containing I'y« and the by definition
seam (Z + 3)/te
S =Xy FT restriction of FT to Iy (Step 0) contained in I'y
Uyg=F L8, component of T on ¢ unknown after Step 0; in K, up to the

residue after Step 1; in K, after Step 2;
atomic on I'y« after Step 3
We, vep Uy=Wi+ >, x v, (27); v,y is the W, in f(g; vg, antiperiodic, shown to
residue at the seam be supported in K, in Step 2
TABLE 2. The objects attached to a label £ = (i,0).

Choice Role When it is chosen
P; Hermite order of the i-th block, between P; and given (the profile)
18P; + 4
R; inner radius of the i-th block; keeps A locally after all parameters of stage i — 1

finite, and the gap before the block pays for all
errors of stage i — 1
Si scale of the i-th block; separates blocks at random, in a set 2 of
(Lemma 6.2) and prevents resonances (Lemma 6.4) probability at least 12
TABLE 3. The three choices defining A. The auxiliary parameters of stage M
(cutoffs, probe radii, translations) depend only on Ry, ..., Ry (Proposition 6.6
and Table 5).

6.3. Tools. For ¢ > 0 the dilation D; is bounded with bounded inverse on H_, for every
integer p, with constants uniform for ¢ in compact subsets of (0, 00); this follows from the norm
equivalence of Section 3, xD; = tDyx, 0D; = t~1D;0, and duality. Hence e; € H_(18p,4+4) and
Ce,NH_p, = {0} for p < P;.

By Proposition 5.3(ii) and (iv) and R; > 2%, only O(log(2 + 7)) blocks meet [—r, 7], even
after dilation by t, € [%,2], and each contributes O((1 + r)?) points. Thus A is locally finite for
every choice of radii and scales, with #(A N [—r,7]) = O((1 + r)?1og(2 + 7)), uniformly over all
sequences (R;) with R; > 2°.

Lemma 6.2 (Separation). Let (R;) be any sequence with R; > 2¢. For almost every s there is
¢s € (0,1] such that
(13) o=yl 2 es(L+ |2l + )™ (@ely, yeTy, (L),

In particular the sets I'y are pairwise disjoint for almost every s. Within one block the atoms
coalesce, and no separation is claimed there.

Lemma 6.3 (Selectors). Assume (13). For every set E of labels there is xp € C*°(R) which
equals 1 on a neighbourhood of Uycp I'e and 0 on a neighbourhood of Uygp I'e, with \X(Ez)(a:ﬂ <
Cjs(1+ |z])% for all j, where C; s does not depend on E. Consequently

(14) IxeUll_¢p < Cps IUN_, (U € Hy),

uniformly in E.

Splitting. For T € V,(A) write S = FT, Sp = xyn S, Up = F~18,, and, with Ej; the set of
labels of index > M, Ssyr = xg,,S and Usyr = F 1S~ ). Since S is locally atomic on A, Sy
is the restriction of the measure S to I'y, and S~ its restriction to the blocks of index > M.

Since > pg gy, X{ey + XEy = 1 near A,

(15) T= > U+Usuy, 1Uell g, + 19501l —6p < Cpos 1T,y -
123094
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The measure S/ is supported in {|z| > (Ra11 — 5)/2}. For 6 € ©; (an isolated point of K;),
the masses ¢y g(n) of Sy at the points t,(n + 6) satisfy

(16) leeo(n)| < CpusolITIl_, (1 + In]) ',

as one sees by testing Sy € H_g, against translates of a fixed bump narrower than the distance
from 60 to K; \ {0}.

Annihilators. For each ¢ choose a nonnegative smooth 1-periodic function g; of mean one
whose zero set is exactly K; + Z (normalize a sum of flat positive bumps on the complementary
intervals). Its Fourier coefficients a;(m) decay faster than any power, a;(0) = 1, and g;(t,x)

vanishes exactly on K, ¢. At stage M put

(17) Gu(z) = ] gilsiz) gi(z/si) = D An(k)e*m,

i<M ke72M
AM(/C) = H ai(ki7+)a,~(ki7_), Wk = Z (k¢7+82‘ + ki,—/si)-
<M <M

The coefficients Aps(k) decay faster than any power of |k|, and the derivatives of G are bounded
uniformly for (s1,...,su) € [1,2]M. Every point of I'; with £ of index < M lies in Eg* and is
a zero of a factor of G, so G T is supported in the union of the blocks of index > M. The
series F(GymT) = > ) Am(k)7—y,, S converges absolutely in H_),.

Nonresonance. The catalogue of stage M consists of the targets z = ty(n+6; ;) with ¢ = (i,0),
i <M, j<M and |n| < M; a target that is not a point of A carries mass zero. Let dy; > 0 be
the minimum, over ¢, j < M, of the distances of 6; ; from K; \ {6; ;} and from 0 in R/Z. For a
target z = t(n +60), a point y € A and k € Z>M | the pair (y, k) is expected if y = t,(n' +6) € Ty
and all coordinates of k vanish except k; , = n — n'; then y + wy, = z.

Lemma 6.4 (Nonresonance). Let M > 1 and fiz Ry,...,Ry. There are cpr € (0,1] and
By =2(M +1)(2M + 6), depending only on Ry,...,Ru and on the profile, such that for every
deterministic continuation (R;);=pn with R; > 2' the event Ay that

(18) |y +wr — 2 = epr(1+ L)~

for every dyadic L > 1, every target z, every k with ||k|| ., < L and every y € A such that (y, k)
is not expected, has probability at least 1 — 2~ M—4,

An example. The simplest instance of Lemma 6.4 involves a single block 4, its two reciprocal
sectors I'; ) = s;C; and I'(; _y = Cj/s;, and a target z = s;(n + 0) in the first. In Step 1,
F(GuT) is a combination of translates of S by the frequencies wy. The translate of an atom
y = si(n’ + 0) of the same sector, with the same phase, by w = (n —n’)s; lands exactly on z;
these expected pairs produce the convolution identity (26) below. The translate of an atom
y = u/s; of the reciprocal sector by w = ms; lands at distance |u/s; + (m — n — 0)s;| from
z. After multiplication by s; this is |u + (m — n — 0)s?|, whose derivative in s; € [1,2] has
modulus at least 2|m —n — 0] > 2dist(#,Z) > 0; so the probability that the distance is less
than ¢ is at most 2¢/ dist(6,Z). At scale L only polynomially many pairs (y, k) matter, and the
sublevel estimate of Appendix D gives the analogous bound when several scales are involved;
this yields Lemma 6.4. We do not know an explicit choice of the scales that avoids all resonances
(Remark 6.8).

Antiperiodic remainders. We will meet distributions that satisfy an antiperiodic difference
equation off a periodic set.

Lemma 6.5 (Antiperiodic lift). Let @ € [1,2], let Il C R be closed and w-periodic, and let
U € H_, satisfy (T + 1)ATIU =0 on R\ II. Then

A
(19) U=W+ Z " vy, supp W C 1II, TV = —Up,

r=0
where the v, are obtained from U by a continuous linear operation depending only on w and A,
not on II. The v, lose only polynomially many Hermite orders: for ¢ = 6p and A < 12p one
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may take
(20) 0]y < Cp Ul gy 1y = 1000(p + 1)

The proof, given in Appendix C, uses a cutoff and a periodization; it does not divide by a flat
annihilator. Put N, = 2m,, + 2.

The parameters. Fix a smooth bump ¢ supported in (—1,1) and equal to 1 near 0; the
bump of radius r centred at z is x — ¢((x — z)/r). Let Or be a smooth function vanishing on
[—R/4, R/4] and equal to 1 outside [-R/3, R/3], with the usual rescaled derivative bounds, and

let i () = Cg((x — ) /d).

Proposition 6.6. Fiz a profile (P;). There are deterministic integers R; > 2° and, for each
M > 1, deterministic parameters: a cutoff Lyy > M; radii diy,d7, € (0,1/M]; a smooth
partition of unity (Ka.j)j<gy of [—M, M] by functions whose supports have diameter less than
min{1/M, min;<ps 1/(100k;)}; numbers 1 < hy; < hpar with 6(hpy + M + 2) < Rppqq; and
na € (0,1/(1000kys)]. There is also a measurable set Q C [1,2]N with P(Q) > 13/16 such that
every s € Q) satisfies (13), the sets Kg are pairwise disjoint, and for every M > 1 and every
p < M, with R = RM+1.'
(P1) Nonresonance. For every target z of the stage-M catalogue, every k with ||k|| ., < Ly and
every y € A such that (y,k) is not expected, |y + wy, — z| > 10d4;. For every bump f of
radius d]\A/[ centred at a target and every S € H_,,,

(21) Y Au(R) (w2778, -
15/l oo >L s

(P2) Separation of the periodic sets. For distinct labels £,¢" of index < M, the sets f(/g N[—-M—
3, M + 3] and Ky 0 [=M — 3, M + 3] are at distance at least 10d?,.

(P3) Translations. For every vector (ay), a¢ € [0,2wy), indexed by the labels of index < M,
there is h € [hys, har] with h — ap € 2w, Z + [—na, ma) for all these €. For every such
h, every ¢ = kar;¢ with suppy C [—M, M] and ||| vy, < 1, every A < 12p, and all
wy-antiperiodic vo, € H_p,, (r < A) of norm at most A,

(22) 237 @ v (9= B) = S veale(- — )| <
l

 r<A

2-M g
1+ Jy

(P4) Gaps. For bumps f of radius di; centred at targets, for |h| < hasr and 1 as in (P3), and
for |yl < M +1and0<r <12p,

(23 |encreF=s], <27
(24) HQR.Fil((RM,ﬂ/})(' - h))HGp < 12_]\<]JM7
(25) Jorrt i) <2

6p

We fix (R;), Q and s € Q as in Proposition 6.6 from now on, and we abbreviate f,, = ;ij{f).
6.4. Step 1: phase convolution and the seam. Let T € V,(A), fix a label ¢ = (i, 0), a phase
6 € ©; and an integer n, and let M > p be so large that z = ty(n + 6) belongs to the catalogue of
stage M. Test F(GyT) against the bump f of radius d4; centred at z. By (P1), every unexpected
translated atom misses the support of f, so the part of 3, Anr(k)(7—y,,S)(f) with ||k|| < Lm
equals 3°),,, <, ai(m)cep(n—m), because all other factors of Apr(k) equal a;(0) = 1; the omitted
part is bounded by (21). On the other hand F(GyT)(f) = (GuT)(0rF f) = T(0rGMF f) with
R = Rpr41, because GpT is supported in the union of the blocks of index > M, and by (23)
this is at most 2= ||| _,- Hence the truncated sum has modulus at most 21-M T[], Letting



26 JAMIE MARTIN

M — oo, and using (16) and the rapid decay of a;, we obtain
(26) Z a;(m)ceg(n —m) =0 (neZ, 6ec0,).
meZ
The left-hand side of (26) is the mass at ty(n + ) of
Zy = F(gi(te-) Us) = > ai(m) 7—me, Se,
meZ

where the series converges absolutely in H_g),, and pairing with a bump that isolates t,(n + 6)
from the rest of t;(K; + Z) commutes with the summation. Each term is supported in ty(K; +Z),
so (26) shows that Z, vanishes near every isolated point of t;(K; + Z): it is supported in the
seam lattice t,(Z + %) Since Zy € H_g, it has order at most 12p near each lattice point, so

Zy =3 mez 2or<12p cm,rég()mﬂﬂ), and testing against translated bumps shows that the ¢, , grow

at most polynomially in m. Since .7-"*1(6((1”) = (—2miz)"e*™" we get g;(tex)Up = Y., <19, T Wy
with w, = (=271)" %, cm 2 M 2)2 and 7w, = —w,. Since (7, + I)(2"w) has degree
r — 1 in  when w is wy-antiperiodic, (7w, + 1)12p+1[gi(tw)~Ug] = 0. The multiplier g;(t,x) is
w-periodic, commutes with 7,, and does not vanish on R\ K,. Hence (7o, + 1)'?P*1U;, = 0 on
R\ K, and Lemma 6.5 gives

12p N
(27) U =We+Y a"v,,  suppWy C Ky, Toyvey = —Ug, vell_,, <A,

r=0
with A = C,Cp s [|T']| _, independent of £. The large derivatives of the flat function g; do not
enter these bounds: the lift is applied to U, after the difference equation has been obtained.

6.5. Step 2: elimination of the antiperiodic remainders. We show by downward induction
on A = 12p,12p — 1,...,0 that suppv,a C Eg for every label £. Suppose this holds for all
degrees > A, and absorb the corresponding terms into Wy, so that Uy = W] + >, < A 2" vp, with
supp W, C K,. Fix a label £ and Y € C2° with supp vy N %@0 = @, normalized by ¢~ < 1.
Let M be large: ¢y has index at most M, p < M, suppv C [—M, M], and n,s is smaller than
the distance from supp ) to fgo. By (15),

(28) oY dv,=T— Y W;—Usny.
LgEy <A LEE N

Let ¢ = k59 be one of the pieces of 1. For every label ¢ # ¢y of index < M choose a, € [0, 2wy)
such that supp ¢ + ay lies in a gap of Ky, at distance at least 1/(20k;) from it; this is possible
since each K/ has a gap of length at least 1/(4k;) in every period (Proposition 5.3(v)) and supp ¢
has diameter less than 1/(100k;). Put ag, = 0 in a first phase vector and ay, = wy, in a second
one, the other coordinates being equal, and let h, ' be the corresponding translations given by
(P3).

Pair (28) with ¢(- — h). On the right, W;(p(- — h)) = 0 for all £ ¢ Ej;, because supp ¢ + h
avoids every Ky of index < M (here ny < 1/(20k;) is used); T'(¢(- — h)) = 0, because T'

is locally atomic on A, whose points of index < M lie in |J, Ky and whose other points lie
outside [—Ras41/3, Ryr+1/3) D supp @ + h; and |Uspr(p(- — h))| = [Ssam(0rF L(p(- — h)))| <
Cps 1T, 2=M(1 4+ Jy)~! by (15) and (24). The same holds for h/. On the left we use (22)
for both translations. Subtracting the two resulting identities, all terms with £ % £y cancel,
and since vy, A (@(- — @y, )) = —vgy,a () We obtain vy, a(p)] < C27M(1 + JM)_1(||TH—p + A).
Summing over the at most Jys pieces gives |vg, A (1) < C2_M(||T|\_p + A). Letting M — oo
gives vy, A(1) = 0, which completes the induction. Consequently

(29) supp Uy C Ko for every label £.

Only finite sums and the term U ps were used; no convergence of the series > 5, Wyor >, > . 2 vy,
is assumed.
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6.6. Step 3: recovery of the atoms. Fix a label {y and a point y € R/go, and let M be
large: /o has index at most M, |y| < M, p < M. By (P2), the probes f,, of radius d4,, do
not meet any K, with ¢ # £y of index < M. Pairing (15) with fyr and using (29), we get
Uso(fyr) = T(fyr) = Usnae(fy.r), and [Usns(fyr)| = [S>m(OrF " fyr)| < Cps T, 27M by
(25). As M — oo the radius dy; tends to zero, and since A is locally finite, T(f,,,) is eventually
T({y}) if r =0 and y € A, and 0 otherwise.

If y is an isolated point of K, ¢, then near y the distribution Uy, is a finite sum ), urég(,r), and
U, (fyr) = (—1)"u, once df, is small. Hence Uy, has, at y, no derivative terms and the same
mass as T'; this mass is zero unless y € A, in which case y € L'z, because the points of A of

index < M lie in the pairwise disjoint sets K, ¢ and those of larger index are far away. If y is a
seam point, then y ¢ A; near y only finitely many points of K, ¢, belong to I'px, since the phase
7; of C; occurs only in the cells |n| > k; 4+ j, and Uy, vanishes near the other isolated points.
Thus, in a small neighbourhood of y, Uy, is supported at {y}, and the same probes show that it
vanishes there. Consequently Uy, is locally atomic on Lpe = Ci/te,, while FUy, = Sy, is locally
atomic on I'y, = t,4,C;.

6.7. Conclusion.

Proof of Theorem 6.1. By the previous subsection and Proposition 3.9(a), D, U, € M¢, = Cpi,
so Uy = cpepe for some ¢, € C; this is (12), since Uy = F~1(S|r,). As Uy € H_gp and
Cep» N H_gp = {0} when 6p < P;, we get ¢, = 0 whenever P; > 6p. If only finitely many i satisfy
P; < 6p, choose M larger than all of them. Then Sy = 0 for all labels of index > M, so the locally
atomic measure Ssj; has no mass at any point and vanishes, and (15) gives T' = D t¢Eny Coerx.
Disjointness of the I'y follows from (13), and symmetry of A from that of the C;.

Corollary 6.7. In the situation of Theorem 6.1, assume P; — oco. Then
(30) My = @(Ceg (algebraic direct sum),
l

every element of V,(A) is a combination of the e, with P; < 6p, and
(31) 24#{i: 18P, +4 < p} <rp(A) <2#{i: P, < 6p} (p>1).
In particular dim My = Rg. If P; 4 oo, then dim My = c.

Proof. The ey belong to My by (11) and are linearly independent because their supports I'y
are pairwise disjoint. If P; — oo, then for each p only finitely many i satisfy P; < 6p, so
Theorem 6.1 gives (30) and the upper bound in (31). The lower bound holds for every profile,
since ey € H_(18p,44) € H_; when 18P; + 4 < p. Hence all 7, are finite and unbounded, and
Proposition 3.4 gives dim M = Rg. If P; < ¢ for infinitely many ¢, the lower bound shows that
Vigg+4(A) is infinite-dimensional, and Proposition 3.4 gives dim M, = c. O

6.8. Proof of Theorems B and C. For Theorem B take P, = ¢ in Corollary 6.7 and
enumerate the basis as p2;i1 = e(;4), p2i = e ). Then (i) is (30), (ii) is (31) because
#{i :18i+4 < p} = |(p—4)/18]+ and #{i : i < 6p} = 6p — 1, and (iii) follows from (9)
and the boundedness of dilations. For Theorem C, given a nondecreasing unbounded F with
F(0) = 0, put P, = min{g > 1 : F(q) > 2i}. Then P; < ¢ if and only if 2i < F(q), so
#{i: P, <q}=|F(q)/2] and P; — oo. By Corollary 6.7, dim M, = Ry and

rp(A) > 2[3F(l(p—0)/18)1) | > F(lp - 9/18]3) =1, 7,(A) <2|3F(6p—1)| < F(6p).
O

Remark 6.8. The constants 18 and 6 come from the Hermite order of the blocks in Proposition 5.3
and from the loss in (14); no optimality is claimed. The scales s are chosen at random only to
avoid resonances; we do not know an explicit admissible sequence.
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7. CONSEQUENCES: PAIRS, SCHWARTZ SPACE AND HIGHER DIMENSIONS

7.1. Disjoint support and spectrum, and all subpairs. Let A, (P;) and (ey) be as in
Corollary 6.7, with P, — oco. Recall that suppe; C I'y and Fey; = (jep+, where 'y« is the
reciprocal sector.

Proposition 7.1. For all subsets A’, B’ C A,

(32) N(A' B = D Cey.
£: suppey,CB’, supp FepCA’

In particular, for unions of sectors Br = Upcr I and Ay = Upc s T,

N(AJ, BI) — @ C€€7
Lel, txed
so every finite dimension and Rg occur among the spaces N'(A', B"), A', B' C A, and every even
dimension and Ro occur among the spaces Mp, with I = I*.

Proof. Since A", B C A, every T € N(A', B') lies in M, and is therefore a finite combination
> cper by (30). The measures ey have pairwise disjoint supports, and so do the Fey. If ¢y # 0,
then every atom of e, is an atom of T', so supp e, C B’, and likewise supp Fe, C A’. Conversely
every ey with these two properties lies in N (A’, B’). For unions of sectors, suppe;, C T’y is
nonempty, so supp e; C By if and only if £ € I, and similarly supp Fe, C Ay if and only if /* € J.
Taking J = I* with [ finite of any cardinality, or infinite, gives all finite dimensions and Ny;
taking J = I = I* gives the diagonal statement. O

Theorem 7.2. For a choice of orientations n = (n;) € {+, =} put
By=UTemy»  Ar=UTamy  wi= e
i>1 i>1

Then A, and B,, are disjoint, nonempty, symmetric and locally finite, A, U B, = A, and
N4y, By) =@ Cui,  dimN(Ay, B,) = Ny,

i>1
Mp =N (4, B,) ® N(B,, 4,), My, = Mp, = {0},
#{i 18P +4 <p} <rp(Ay, By) <#{i: P <6p})  (p21).

Proof. Everything except the rank bounds follows from Proposition 7.1: suppu; C ',y € By
and supp Fu; C ' _p,) € Ay, whereas e(; _p,) is supported in A,, which is disjoint from Bj;
and an element of M B, would have to be a combination of u;’s whose Fourier transforms lie in
Ay, hence zero. The lower rank bound counts the u; with 18F; +4 < p. For the upper bound,
an element of Vj,(4,, B,) C V,(A) is a combination of the e, with P; < 6p (Corollary 6.7), and
only the u; can occur, one for each such 3. U

Proof of Corollary D. Take P; =i and any 7 in Theorem 7.2, and apply Proposition 7.1 with
p2i-1 = € 4) and pg; = e . g

The upper bound 6p—1 is not obtained by halving the bound 12p—2 of Theorem B: projections
onto the summands in the decomposition of M, need not preserve the Hermite order, and the
argument uses instead that an element of Hermite order at most p involves only blocks with
P; < 6p. By Proposition 3.9(a), translating A, and B,, independently, and dilating them by
reciprocal factors, gives non-symmetric examples with the same layer dimensions.

7.2. Schwartz space modulo the relations. The countable case has a reformulation in terms
of Schwartz space. Let J (A, B) be the closure of Ip + FI4 in S. By the Hahn-Banach theorem
and Proposition 3.2, the dual of the Fréchet space S/J (A, B) is N (A, B). Let w = CY be the
Fréchet space of all sequences, whose dual is the space of finitely supported sequences.
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Proposition 7.3. Let A,B C R be locally finite. Then dim N (A, B) = Xq if and only if
S/J(A, B) is isomorphic to w. More precisely, if (Tx)r>1 is a Hamel basis of N (A, B) in
case (ii) of Proposition 3.4, then ¢ — (Tj(¢))k>1 is a continuous linear surjection of S onto w
with kernel J(A, B). In particular this holds for the sets of Theorems B and C and Corollary D.

Proof. If §/J = w, then N (A, B) = w' has dimension Xy. Conversely let (7%) be a Hamel basis
in case (ii). The map ® : §/J — w, ®(p + TJ) = (Tk(¥))k, is continuous, and it is injective
because J = N (A, B)* by the Hahn-Banach theorem. Every continuous seminorm on S/J
is dominated by a multiple of the quotient seminorm g, of some ||-||,, and the functionals in
(S§/J)" that are bounded with respect to g, form the space V,(A, B), which is finite-dimensional
in case (ii). By Eidelheit’s theorem [Eid36], see [MV92, Satz 26.27], ® is surjective, and by the
open mapping theorem it is an isomorphism. O

Remark 7.4. More generally, a Fréchet space F whose dual has countably infinite Hamel dimension
is isomorphic to w: for each zero-neighbourhood U, the functionals bounded on U form a Banach
space of countable Hamel dimension, which is therefore finite-dimensional, and Eidelheit’s
theorem applies as above. Thus in case (ii) the countably many independent summation formulas
T}, are independent in the strongest sense: their values on Schwartz functions can be prescribed
arbitrarily, and they are the only relations. This is a dual analogue of the codimension-one
statement of Radchenko and Viazovska [RV19, Theorem 2|: it does not describe the image of the
data map ¢ — (¢|x, P|a), but it shows that, modulo the closure of Iy + FI,, Schwartz space is
isomorphic to w.

7.3. Higher dimensions. For d > 1 we use Ff(§) = [pa f(z)e 2™%¢ dz on S(R?) and S'(R?).
For locally finite 4, B C R? (meeting every bounded set in a finite set) we let N'(4, B) be
the space of tempered distributions on R? that are locally atomic on B and whose Fourier
transforms are locally atomic on A, and we put M, = N(A, A); Fourier quasicrystals and M5"
are defined as in Section 3.5, with the weights (1 + |z|)™" on R Let dza-1 = 3_,,cza-1 On, SO
that Fdza—1 = dza-1 by Poisson’s formula.

Proposition 7.5. Let A, B C R be locally finite and d > 2. Then p+— p ® dza—1 is a linear
isomorphism of N'(A, B) onto N(A x Z3~1, B x Z371), and p1 ® §ya-1 is a Fourier quasicrystal
if and only if p is one.

Proof. Since F(pu ® 6ya-1) = i @ dza—1, the map is well defined; it is linear and injective. Let
T e N(AxZ¥1, B x7Z% 1) and 2 < j < d. The function e?™¢ — 1 vanishes on A x Z4~!, where
FT is locally atomic, so (e2™& — 1)FT = 0; that is, T is invariant under the translation by the
j-th unit vector. Hence the mass of T at (b,n) does not depend on n € Z%~1; call it ¢;, and put
1= penCpop. Let ¥ e C>®(R91) be supported in the ball of radius % about 0, with ¥(0) = 1.
Then p(p) = T(p @) for ¢ € C°(R), and the right-hand side is continuous on S(R), so p is
tempered; as p ® dz4—1 and T agree on C°(R?), they are equal. Hence FT = i ® 6741 and
fi(p) = FT(¢ ® 1), and since FT is locally atomic on A x Z%1, i is locally atomic on A. Thus
€ N(A, B). Finally |p ® 6z4-1| = || ® z4-1, and 3,,cza-1(1 + |(z, 1))~V is comparable to
(14 |z[)? 1N for N > d, s0 jt ® dy4-1 is strongly tempered if and only if 4 is; the same holds
for the Fourier transforms. O

Corollary 7.6. For every d > 1 there are a symmetric locally finite set A C R* with dim M, =
N, disjoint locally finite sets A, B C R with dim N (A, B) = Ry and M = Mp = {0}, and a
locally finite set A’ C R with dim MSF = .

Proof. Apply Proposition 7.5 to the sets of Theorems B and A and Corollary D; the product of
a symmetric set with Z4 ! is symmetric. U

Remark 7.7. Define Hy(R?) through the products h, of Hermite functions and the weights
(Ja| +1)%, |a] = a1 + - + ag. Since max{ag +1,]a/|+1} < |a|+1 < (a1 +1)(|¢/| + 1) for o =
(a1,¢’), the map of Proposition 7.5 sends (A, B) N H_p, into H_ ) when 6741 € H_g(R*),
and its inverse sends elements of H_,, to H_,. Hence the layer dimensions in R? and in R agree
up to the fixed shift ¢ of the order, and the layer bounds of Theorems B and C transfer with
this shift. The proof of Proposition 3.4 applies verbatim in R%,
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8. THE BOUNDARY WITH FOURIER QUASICRYSTALS

8.1. Background. Recall that a measure v is strongly tempered if [(1 + |z|)~N d|v|(z) < oo
for some N; a crystalline measure u is a Fourier quasicrystal if u and i are both strongly
tempered. The difference between temperedness of p and of |u| is discussed in general by
Baake and Strungaru [BS23]. For crystalline measures, Favorov [Fav24a, Theorem 1] (see also
[Fav23]) proved that a tempered measure with polynomially separated support, |z — 2/| >
cmin{1, |z|~",|2’|7"}, has tempered total variation; in particular a crystalline measure with
polynomially separated support and spectrum is a Fourier quasicrystal. He constructed crystalline
measures that are not Fourier quasicrystals [Fav24a, Fav24b], and Maza¢, Richard and Strungaru
[MRS26] studied almost periodicity of crystalline measures in several distributional categories,
constructing in particular a crystalline Fourier eigenmeasure that is not strongly tempered, hence
not strongly tempered on either side [MRS26, Theorem 4.11, Remark 5.2]. These works answer,
for several notions of almost periodicity, the question raised by Meyer [Mey17b, Mey21] whether
every crystalline measure is an almost periodic distribution. Boyvalenkov and Favorov [BF26]
studied measures of unbounded total variation that are positive or translation bounded and
have pure point Fourier transform; they showed that the squared masses of i form a translation
bounded measure, and that p itself is translation bounded if the spectrum is locally linearly
independent over Z, which gives conditions for a crystalline measure to be a Fourier quasicrystal.

Gongalves [Gon23] classified the Fourier summation pairs (u,a), [@dp = Y5 a(N)e(N),
in which the left-hand side is an absolutely convergent integral, under the hypotheses [(1 +
t2)~1d|u|(t) < oo and 3, Ja(N)|e M < oo, in terms of almost periodic holomorphic functions
in the upper half-plane, Hermite-Biehler functions and de Branges spaces. Gongalves and
Vedana [GV25] removed the restriction on the polynomial degree, requiring [ (1 + ¢2)~¢ d|u|(t) +
ShlaN) e < oo for some ¢1, ¢y > 0, and remark that they are unaware of a summation
formula valid for all compactly supported smooth ¢ that violates this condition. A crystalline
measure v gives such a formula in two ways, with (i, a) = (v, 7) or, by Fourier inversion, with
the roles of v and U exchanged; if v is not strongly tempered, the left-hand side has to be read as
the distributional pairing (1). In Favorov’s example [Fav24b] of a crystalline measure that is not
a Fourier quasicrystal, the Fourier transform appears to be strongly tempered, so the exchanged
formula may well satisfy the hypotheses of [GV25]. Alfes, Kiefer and Maza¢ [AKM?25] relate
Fourier eigenmeasures to modular-type transformation laws.

8.2. No element is strongly tempered. On our sets the failure of strong temperedness is a
property of every nonzero element of an infinite-dimensional space.

Theorem 8.1. For A as in Theorem B or C, no nonzero i € My is strongly tempered, and
neither is its Fourier transform. In particular, for A’ B' C A, no nonzero element of N'(A’, B')
is a Fourier quasicrystal.

Consequently every nonzero element of the spaces of Theorems B and C and Corollary D
gives a summation formula in which neither v nor ¥ is strongly tempered, so that it violates the
hypotheses of [Gon23, GV25] in either reading. The super-polynomial clustering of our sets is
necessary for this, by Favorov’s theorem quoted above.

The theorem follows from an exclusion statement for a single half-endpoint carrier, in which
strong temperedness is assumed on both sides; the notation is that of Section 5 and Appendix B.

Lemma 8.2. Let (¢;) and (0;) be strictly decreasing sequences of positive numbers tending
to zero, with 64e; < 107'2 and 646, < 10712, and put aj = %— gj and a} = %— 0;. If
T € N(Ly, Ly) and both T and FT are strongly tempered, then T = 0.

Idea of the proof. In the Zak coordinates of Appendix B, the two support conditions say that
the moment array of T vanishes on one side of the diagonal and that of /7' on the other, and
the two arrays are related by the gauge E. Strong temperedness on both sides allows us to use
moments whose weights absorb the products of the small distances €; and ¢;; in these weights
the weighted contraction of Proposition B.9 applies, and its only solution is zero. For merely
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tempered T these weights are not available, in accordance with the existence of the nonzero
block measure of Theorem 5.1(a).

Lemma 8.3. In the situation of Lemma 8.2, let V be as in Lemma B.3, withn =¢ and 7' =4,
and let ¢ic and ¢, ; be built from e and § as in (49). Let K = [-1072,1072)2. There are C' and

r such that for all f € C®(R?), 4,7 >0 and e, f' € {0,1},
V(f bie ® 5.0l < Cllfloriaey 32771+ + 5)" min{ [T 2, T o7}

1<i 1<j

Proof. Write T = 3", eadx, with 3y [ex[(1 + [A]) ™Y < oo, and A = my + § + 2\ with my € Z
and x) € Z.. Since T is strongly tempered, T'(¢)) = >, cxtp(A) for all ¢ € S, with absolute
convergence, and the definition of V' gives

V) = S ex(-1"™x() [ x(@)Fany) e rdy - (F e 02 (®).
A

Since V is supported in [~107'2,107!2]2, we may replace F' by (xo ® xo0)F, with o as in
Section B.5, so that only the values of F' on K matter. Integrating by parts r > N times in y
gives
V(E) < C)_leal(1+ [ma]) ™" maxsup |0y F (2, y)],
i sty
an estimate in which F' is evaluated only at the atoms x) and no derivative in x occurs. For
F=f¢i.® ¢;-7f,, we have ¢ (x)) = 0 unless z) = +¢; with [ > 4, and then

|Gie(@2)] < [Diza)] < [Jar <20°[] <7,
V<i 1<i
since 0 < z(zy) < ap < 272%e? for I < 4. The function qﬁg-’ f is a trigonometric polynomial
whose coefficients have ¢! norm at most 2/ and whose frequencies are at most j + % in modulus,
so its derivatives of order v < r are bounded by 2/(27(j + 1))". This gives the bound with
[1;<; 7. For the other bound we write V(F) = (gV)(gF) with g = ¢*™*¥ and use the analogous
representation of gV through the atoms of FT', which follows from (48) in the same way; it
involves derivatives in x only, and evaluations at the recentred atoms y¢ € Zs of FT. The
derivatives of g are bounded on the chart. U

Proof of Lemma 8.2. Use the moments (50) with x = 1072 and the weights w; = [[;<,; 64
and wé- = [Ii<; 649;, which are of the form considered in Section B.6 with p = 10~'2. Since
min{P?, Q*} < PQ, Lemma 8.3 shows that [M(fV ) jp| < Cr™2 1 llem i) 271+ i+ )
Hence the arrays M (fV) lie in H, continuously in f € C"(K), and Lemma B.6 gives M(gV') =
E M(V). By Lemma B.5, A = M (V) and B = M(gV) satisty (51) and (52), so Proposition B.9
gives A = 0. By Lemma B.4, V = 0, and by (45) all clusters of T vanish; hence T' = 0. (]

Proposition 8.4. For all positive integers P, R, no nonzero element of Mc(p,r) is strongly
tempered, and no nonzero element has strongly tempered Fourier transform.

Proof. Let p span M¢(p g). Since Fu = Cu, strong temperedness of p or of Fu implies strong
temperedness of both. The inverse of the hole exchange of Lemma 5.2 subtracts an element of
Wi, a finite combination of modulated translated lattice combs, which is strongly tempered on
both sides; it therefore produces an element of M L, that is strongly tempered on both sides.
The map R of Theorem 5.1(d) is built from finitely many integer translations and multiplications
by a trigonometric polynomial, so it maps this element to an element of My that is strongly
tempered on both sides. The sequence (¢;) of (6) satisfies 64e; < 27446 < 10712 50 this element
vanishes by Lemma 8.2 (with § = ¢). Since both maps are injective, p = 0. O

Proof of Theorem 8.1. Let 0 # T € My, so that T' = ", cse; is a finite sum with some ¢, # 0
(Corollary 6.7). Each ey is a dilate of a block measure and hence, by Proposition 8.4, not strongly
tempered. The supports of the ey are pairwise disjoint, so |T| = >, |c¢| |ee| > |ce| |ee], and |T| is
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not tempered. Since FT' = 37, co(j(g)ee+, where i(¢) is the index of /, is of the same form, |FT|
is not tempered either. The statement for subpairs follows from N(A’, B') C M,. O

Remark 8.5. Since every element of M is a finite combination of the ey, no infinite combination
can produce a strongly tempered element; cf. Corollary 3.6. Theorem 8.1 concerns the sets
constructed in Sections 5 and 6. It does not mean that countable dimension requires masses that
grow faster than every polynomial: on the different set of Theorem A (Section 4), the Fourier
quasicrystals form a space of dimension Ng.

9. QUESTIONS

Question 9.1. Let A be the set of Theorem A. Is dim M, = Ry? More generally, is there a
locally finite set A for which both M and M3 have dimension R?

For the sets of Theorems B and C we have MY" = {0} (Theorem 8.1), and for the set
of Theorem A the space MY" is determined but M, is not. If A and B are separated at
a polynomial rate, every element of N (A, B) is a Fourier quasicrystal by Favorov’s theorem
[Fav24a, Theorem 1], so that N (A, B) = N*"(A, B). If, moreover, the growth exponents
inf{N : [(1+ |z|)~Nd|u| < oo} of the elements of N'(A, B) and of their Fourier transforms were
bounded, then N'(A, B) would be contained in a single strong layer X (A, B), and Proposition 3.8
would exclude the countable case. Theorem A shows that these exponents can be unbounded
on one set, but its set is not separated at a polynomial rate (Remark 4.13). This suggests the
following question.

Question 9.2. Let A, B C R be locally finite and separated at a polynomial rate. Is dim N'(A, B)
always finite or equal to ¢?

Under strong separation assumptions every element of N'(A, B) is a generalized Dirac comb:
when A and B are uniformly discrete [LO15], and when the support is uniformly discrete
and the spectrum is relatively separated [LO17, Theorem 2.2]; see [LR21b, Theorem 6.1] for
distributions. A natural test case for Question 9.2 and for Question 9.4 below is Meyer’s set
A = Ujsofz € 277Z : |z > 2772}, which carries Kolountzakis’s crystalline measure and for
which (A, A) is a uniqueness pair for S [Mey22, Section 8]; it is separated at a polynomial rate.

Question 9.3. Can Theorem B be achieved with a set A given by an explicit formula, without
the probabilistic choice of the scales s; of Section 6 and the adaptive choice of the radii R;? Can
the layer dimensions be prescribed exactly: for which nondecreasing unbounded F' is there a
locally finite A with r,(A) = F(p) for all p > 17

Theorem C realizes every growth rate up to the changes of order p — |(p — 4)/18]4 and
p — 6p, which come from the window [P, 18 P + 4] for the Hermite order of a block and from the
loss in (14); in particular the minimal Hermite orders of the basis elements can be made to grow
arbitrarily slowly. The question is whether these losses can be removed, for instance by blocks
whose Hermite order is known exactly. In the construction of Theorem A no random choices are
made, but the radii are again chosen adaptively, by a compactness argument.

Question 9.4. Find geometric conditions on A that characterize each of the three alternatives
of Propositions 3.4 and 3.8. Lemma 3.7 shows that countable dimension requires new elements
to appear at larger and larger distances, and Favorov’s theorem [Fav24a, Theorem 1] shows
that measures that are not Fourier quasicrystals, such as those of Theorem 8.1, require a super-
polynomial coalescence of atoms. The set of Theorem A also contains points at super-polynomially
small distances, in the cone Cs/¢, although the atoms of each of its blocks are separated at a
polynomial rate; we do not know whether such points are necessary for dim Mi\tr = Ng.

Meyer [Mey23] describes the theory of crystalline measures in several variables as being in its
infancy; see also [Mey23b] and, for Fourier interpolation in higher dimensions, [Sto21, RSt22].

Products with lattices give analogues of Theorems B, C and A and of Corollary D in R¢
(Proposition 7.5), but every element of the resulting spaces is periodic in d — 1 directions.

Question 9.5. Is there, for some d > 2, a locally finite set A C R? with dim M = R, or with
dim M5¥ = X, such that no nonzero element of M, is invariant under a nonzero translation?
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APPENDIX A. PROOFS FOR SECTION 4

We use the notation of Section 4, and the following standard facts on the convergents p;/g;
of B [HWO08, Chapter X]: ged(p;,qj) = 1, ¢j+1 = aj1+1q9; + gj—1 and |g; 8 — p;| < 1/qj+1.

A.1. The slope.

Proof of Lemma 4.1. (i) We have qo = ¢1 = 1, and ¢; = ¢j—2 (mod 2) for j > 2 because
a; is even; hence every ¢; is odd. Let £ # 0 and u be integers, u odd, and suppose that
|2k5 — u| < 1/(4]|k|). Write u/(2k) = p/q in lowest terms with ¢ > 0. Since ged(u, 2k) is odd,
q is even, and ¢ < 2|k|. Then |8 — p/q| < 1/(8k?) < 1/(2¢?), so p/q is a convergent of 3 by
Legendre’s theorem [HWO08, Theorem 184], and ¢ is odd, a contradiction.

(ii) Let j > 1. Since ¢; is odd, there is an integer r with |r/q; — 3| = 1/(4¢;), and since
ged(pj,qj) = 1, there is n € {1,...,¢;} with np; = r (mod ¢;). Put k = (np; — r)/q; and
€j = Bq; — pj. Then

Bn—k—1= (/g — 1) +nei/gj,
so |Bn —k — 3| < 1/(4¢j) + 1/gj+1 < 3/(4n), because n < ¢; and gj41 > aj11q; > 2¢;. As
Jj — oo the bound 1/(4¢;) + 1/¢j4+1 tends to zero, whereas n — i ¢ 7 for every n; hence the
integers n obtained in this way are unbounded. ‘

(iii) Since S is irrational, ¢; 75 0, and lej| < 1/gj41 <1/(aj1q5) = 1/(2qj+2)

(iv) By (iii), |8 — pj/q;] < qJ 3 for all j > 1, and q; — oo. If B, which is irrational, were

algebraic of degree d, then |3 — p/q| > ¢/q? for all rationals p/q by Liouville’s theorem [HWO0S,
Theorem 191], which fails for j + 3 > d. O

A.2. Geometry of the sheets. For 0 < a < 1 the function v, satisfies ¥,(—y) = —1q(y),
¢a(y+1) :wa(y)‘Fl and @Da(%) 27 and
1—a? l—a 1+4+a
/ —

Yaly) = 11— ae(y)|? © [1 +a’1-— a]
is decreasing on [0, 3]. Hence t,(y) — y vanishes at 0 and % and is first increasing and then
decreasing on [0, 3], so that ,(y) > y on [0, 1], ¥, (y) <y on [ ] and |1, (y) —y| < 1 for all
y. We write K, = (1+a)/(1—a) and g;(z) = /A +1q; (Bx/X— 7), so that A; = {z: gj( )€ Z}
and A7 < gf < ATH(1+ BK,,).

Proof of Lemma 4.3. (i) P is admissible of bidegree (s, s). As in the proof of Lemma 4.2(a), P
has no zeros in {|z|, jw| < 1} or in {|z|, |w| > 1}, and (Z(z), W(z)) lies in one of these sets when
x ¢ R; so all zeros of P(Z(x), W(x)) are real. For real = we have |IW| =1, hence 1 —aW # 0,
and po(Z, W) = (1 — aW)(1 — ZBy(W)) vanishes if and only if ZB,(W) = 1; for a = a; this
means e(g;j(z)) = 1, that is, z € A;. Since pp — po = (b — a)(z — w) and py(w,w) =1 —w?, a
common zero of p, and py, a # b, satisfies Z = W = +1. Then /X = u/2 with u € Z, and
Z =W gives (f—1)u/2 — % € 7, so 2P is an odd integer, which is impossible. Hence the sets
A; are disjoint. At a point of A;, with a = a;,
d d .

(33) = Pa(Z(x), W(2)) = —(1 — aW) ——e(gj(2)) = —2mi (1 — aW) gj(z) # 0,
and the other factors of P do not vanish there, so the zeros are simple. Finally, g;(r) — g;(—r) <
2(1 4 B)r/A +1 because [¢(y) —y| < 3, so Aj N [—r, 7] has at most 2(1 + B)r/X + 2 points.

(ii) Let |z| < 6A and t = x/A. Since 4 < 3, the number y = Bt — 1 lies in (=3, —1), so
1< Va,; (y) Sy < — % and g;(z) = t+va,;(y) € (w5 —9,—3 146), an interval in (—1,0). Hence
x ¢ A.

(iii) Let z € Aj, a = a5, t = /N, Z = Z(x) and W = W (z). Since %p(Z(x),W(x)) =
20 Dgp(Z, W) for every polynomial p, (33) and py(Z, W) = (b—a)(Z — W) give

(34) DgP(Z,W) = —(1—aW)(1+ By, (Bt — 1)) [T (6 —a) (Z = W)*7,
b#a
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the product being over the parameters b # a of the block. The first factors have modulus at
least (1 —a) ]y, [b—al > 0. To bound 1 = |Z — W| from below, note that p,(Z, W) = 0 and
Pa(W, W) = 1-W? give (Z—W)(W —a) = 1-W?, so that |I-W?2| < 2, and also |Z2—W?2| < 2.
Using |1 — e(v)| > 4dist(v,Z) we obtain dist(2y,Z) < n/2 and dist(2t — 2y,Z) < n/2, where
y = Bt — +. Choose integers u, v’ with |2t —u| < and [2y — u/| < n/2. Since 2y = 25t — 1,
28u — (2u + 1)| < 2|2y — u'[ + 282t — u| < (1 +28)n.

If u # 0, Lemma 4.1(i) gives (1 +28)n > 1/(4|ul), and |u] < 2|t| +n < 2(1 + |¢]); if w =0, then
(1+28)n > 1. In both cases

cs on 1
L+l P81 +28)

Since A > 1, we have 1 + |t| < 1+ |z|, and (iii) follows from (34) and (35).

(iv) By Lemma 4.1(ii) there are integers n of arbitrarily large modulus and integers k with
|¥] < 1/|n|, where ¥ = n — k — %. Fix such n and j, and put g(t) = t + 9, (8t — i), so that
g(n) = n 4k 4 1hq; (¥) with [, (9)] < Kg,]9]. Since g’ > 1, there is t; with g(t;) = n+k
and [t; — n| < Kg;/|n|. The point x; = M; lies in A;, and Z(z;) = e(t; —n) and W (xz;) =
e(B(t; —n) + ) are within 27(1 + B8K,,)/|n| of 1. By (34), |DgP(Z(x;), W (z;))| < C|n|~ =1,
and |z;| is comparable to A|n|. This proves (iv); note that the s points x1,. ..,z all lie within
distance C/|n| of An.

(v) Let  # 2’ be points of A. If both lie in A;, then g;(z) and g;(z’) are distinct integers,
and |z — 2’| > X\/(1 + BK,;). Let x € Aj and ' € Ay, with k # j, and let Z, W, be as in (iii).
Then e(gx(z)) = ZB,, (W), and pa, (Z, W) = (ar — a;)(Z — W) gives

P (Z, W) lar — aj]cg
1 —e(gx(z))| = >

by (35). As gi(2') € Z and |1 — e(v)| < 2w dist(v,Z), we get |x — 2’| > Adist(gx(x),Z)/(1 +
BKa) > W/(1+ [2]) 0

(35) Z-W[=

A.3. Choice of the parameters.
Proof of Lemma 4.6. For a € (—1,1) and y € R put

asin 2wy

1
=y + —arctan —————>—.
Valy) =y + T arctatl 1 — acos?2my

This is the continuous function with 1,(0) = 0 and B,(e(y)) = e(1a(y)), it is real-analytic in (a, y),
Yo(y) =y, and 0gtb(y)]|a=o = 7 1 sin27wy. Let A = em, and n € Z. Since O (t + Ya (Bt — i)) =
1+ Byl (Bt — %) > 0 and 9, (y) — y is bounded, the equation t + 1, (8t — %) = n has a unique
solution t,(a), which depends real-analytically on a € (—1,1) by the implicit function theorem.
For a € (0, 1), the root set of a sheet with parameter a is {z,(a) : n € Z}, where x,(a) = A, (a).

We have ¢,(0) = (n+ §)/(1+ ) and (1 + B)t,,(0) = —w ! sin 27y, where y,, = 8t,(0) — ;. If
2y, were an integer k, then 28(n + 1) = (k+ $)(1+ B), that is, 3(2n — k) = k + 3, which is
impossible. Hence t] (0) # 0, and z, is not constant. Moreover, for n # n’,

emy(n —n')

1+p #Te:

otherwise v2m,.(n —n') = (g1 + Bg2)(1 + B) = q1 + (q1 + q2)B + q23? for some q1,q2 € Q, and
since 3 is transcendental (Lemma 4.1(iv)), the numbers 1, 3, 3 are linearly independent over
Q(v2), which gives q; = g2 = 0 and then n = n'.

We choose a1, ...,a,s in turn. When a, ; is chosen, let Y be the union of {0}, the root
sets of blocks 1,...,7 — 1 and the root sets of the sheets with parameters a,1,...,a,j—1; it is
countable. We require that a = a, ; is different from a,1,...,a,;—1, that z,,(a) ¢ p+ I'g for all
n € Z and p € Y, and that z,(a) — z,/(a) ¢ I'g for all n # n’. For fixed n, p and v € I'g, the
function a — x,(a) — p — 7 is real-analytic on (—1,1) and not constant; for fixed n # n’ and
7, the function a — z,(a) — x,/(a) — v is real-analytic and does not vanish at a = 0. In both
cases the zero set in (0, 1) is countable, and as I'g is countable, the requirements exclude only

2 (0) = 2/ (0) =
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countably many a. If they hold at every step, then, by induction, the roots of the new sheets lie
outside I'g (take p = 0), differ from all earlier roots by elements outside I'p, and in particular
are distinct from them because 0 € I'g, and distinct roots of one sheet differ by elements outside
I'p. Thus blocks 1,...,r are independent. ([

A.4. No return to the cone.

Proof of Proposition 4.7. Put S; = (Cs + F1)/\, S = (Cs+ F»)/X and © = A2, and let T €
N (S2,51). Every point z € S1 U S has the form z = (p + 8¢)/A with unique integers p, g. Since
C3+F; is contained in finitely many translates of the two quadrants, and |k+(n| = |k|+3|n| when
k,n have the same sign, there is Ky with |¢q| < Ko(1 + |z|) for all such z. Since © is a quadratic
irrational, Liouville’s theorem [HW08, Theorem 191] gives cg > 0 with [n® — m| > cg/|n| for
all integers m and n # 0.

Fix t € 51, write At = pg + Bqo, and choose an integer £ > 1 with FT' € H_;. Put
L =2k+1and M =4k + 2. For j > 1 let b= g; and € = 3¢; — p;, so that 0 < |¢] <b 72 by
Lemma 4.1(iii); thus € tends to zero faster than every power of b as j — co. All statements
below are for sufficiently large j, and C' denotes constants that do not depend on j.

Step 1: a test function. No point of S lies within =% of ¢t — £Ab for 1 < ¢ < L. Indeed, let
z=(p' + Bq) /X € Sy with |z — (t — £Ab)| < b~*. Then |¢'| < Cb, and since b = p;j + ¢,

Ab (2 —t+€Xb) = [b(p' — po) +p;(d — q0)] + (¢ — qo) + (OB,

The bracket is an integer, so the sum of the first and the last term has modulus at least cg /(Lb?),
while |e(¢ — qo)| < Cle|b < co/(2Lb?). Hence Ab—3 > cg/(2Lb?), which is false for large b.
Let ¢ € C°((—1,1)) with ¢(0) = 1, fy(z) = ¢(b*(z — 1)) and
L

m(z) =) (-1)f (i) fo(z 4 LAD).

=0

Since S is locally finite, the interval (t — b=*,¢ 4+ b~%) contains no point of S; other than ¢, and
by Step 1 the other bumps contain no point of S;. Hence T(n) = T({t}). With hy, = F~1f,
and gp(€) = 1 — e(=Ab¢) we have F~ 1y, = gLhy, and since hy(€) = b~4e(t&)(F 1) (£/b%),

(36) B(€)] < Con b 1+ 1B (N > 0).
Step 2: the spectral grid. Put R = b¥|e|~/CM) and w = K|e|R/b with K = 12Ky/\. If
€= (p+Bqg)/\ € S and [€] < 2R, then || < Ko(1 +2R) < 3KoR and \b¢ = (bp + p;q) + €q, o
dist (&, (Ab) T'Z) < |qlle]/(Ab) < w/4.

Moreover bw = Kb¥|e|'=1/CM) 5 0 and R/b* = b*|e|"/CM) - 0o, Let x1, x2 € C2((—2,2))

be equal to 1 on [—1,1], and put xr(§) = x1(§/R) and xg:(€) = >pez x2((§ — v/(Ab))/w). As
4w < 1/(Ab), the windows |§ — v/(Ab)| < 2w are disjoint, x,r equals 1 within distance w of the

grid, and ]Xg;)\ < Crw™". Let
Kb = Kin + Kouta Kin = XR Xgr glf/hbv Kout - (1 - XR) gl%hb‘

Then K, € S, and Kj, — gFhy, = Xr(Xer — 1)9hp belongs to C2°(R) and vanishes at every point
of S5. Since FT is locally atomic on S9,
(37) T({t}) = T(m) = FT(F~'my) = FT(Kp).

Step 3: estimates. By Section 3 it suffices to show that ||{"0" Kiy|| ;2 and ||£%0" Kout|| 2 tend to
zero for w4+ r < 2k; then ||Kp||,, — 0, and (37) and |FT'(Kp)| < || FT||_ || K|l give T'({t}) = 0.

The function Kj, is supported in the union of the O(bR) windows that meet [-2R,2R], a set
of measure O(bRw). On a window, |gy| < 4m\bw and, for v < 2k < L, |(g£) ™| < C(bw)>—b" =

C(bw)w™. A derivative that falls on yg, Xer Or hy costs at most Cw™! asw < 1< R, and
|hy| < Cb~%. Hence, using bw = K|e|R,

ngarKinH[ﬁ < CRu(bw)warbfll(bRw)l/Z < C‘E|Lfr+% br74Ru+L77‘+1.
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Here u + L — 7+ 1 < M, so substituting R = b%|e|~'/M) lowers the exponent of |¢| by at most
3, and we obtain the bound C|e|[F~Tp?~4H8M < Cp2k=4+8M || " which tends to zero.

On the support of Koy we have |€] > R, and there |(gf)™)| < Cb¥. By (36) with N = 2k + 2,
|€40" Kout (€)] < Cb™41€]%(|€] /)N, and therefore

140" Kous || 1> < Cbr—4+4N pu-N+3 < Cbgk_Q(R/b4)_3/2 _ CbSk—8|€|3/(4M),
which tends to zero. Thus T'({t}) = 0 for every t € S7, and T = 0. O

A.5. Sparse splitting. Let X = P! x P! 5 C2. For an effective divisor D on X we write
O(D) for the sheaf of rational functions h with divh + D > 0 (together with 0). The group
Gi = fm, X fim,; acts on X by (z,w) — ((z,¢'w), and on rational functions by gF = F o g~ *;
the polar divisor of gF is the image under g of that of F'. The groups G; commute. Let D; be
the closure in X of the curve {Q; =0} C C?, and D = 3, D;. Since Q; has nonzero coefficients
at 1, 2%, w% and z%w?%, where d; = n;s;, the divisor of the bihomogenization of @; has no
component at infinity; as Q; is square-free (Step 1 below), this divisor is D;.

Proof of Lemma 4.8. Step 1: the components. Let a € (0,1), |p| = |o] =1 and n > 1. The
polynomial p,(pz", cw™) = (1 —acw™) — pz"(cw™ — a) is irreducible: over C(w) it is a multiple
of 2" — h(w) with h = (1 — acw™)/(p(cw™ — a)), and h has a simple zero at every root of
1 — acw™, which is not a root of cw™ — a because a? # 1; so 2" — h is Eisenstein at such a root
and irreducible over C(w), and since the coefficients 1 — acw™ and —p(cw™ — a) are coprime,
the polynomial is primitive in C[w][z] and irreducible by Gauss’s lemma. Its coefficients at 1,
z" and w™ are 1, ap and —ao, so two such polynomials with the same n are associates only
if they have the same (a, p, 0); polynomials with different n have different bidegrees. As n; is
prime to m;, the map ¢ — (™ is a bijection of u,;. Hence @ is square-free, D is reduced, and a
nontrivial g € G; maps every component of D; to a curve that is not a component of D, nor of
¢'D; for any i # j and ¢’ € G;. Finally Dy, is G;-invariant for k # j, because m; divides n.

Step 2: no base points. For every i and every point P € X there is g € G; with P ¢ ¢D,;.
Let P = (z,w) with z,w € C\ {0}, and put U = 2™ and V = —iw™. If the points ({z,w),
¢ € lm,, all lay on D;, then for every o € p,,, there would be a parameter a of block i with
oU=(1-aV)/(V —a). If V = +£1, the right-hand side equals V for every a, which is impossible
since m; > 3. Otherwise the right-hand side is injective in a, so at least three parameters a
satisfy |1 —aV|? — |U|?*|V — a|? = 0; this real quadratic polynomial in a then vanishes identically,
which gives |U| = |V| = 1. But for |V| =1,
1—-aV (> -1)ImV
V—a  |[V—-a? ’
so all the points oU would lie in one open half-plane bounded by R, whereas their sum is zero.
At the remaining points one of the coordinates is 0 or co. On the lines z = 0, z = 0o, w = 0 and
w = oo the factors of block ¢ are, up to nonzero constants, 1 —aV,a—V, 14 aU and a + U,
which vanish only for V> 1,0 <V <1, U < —1 and —1 < U < 0, respectively. At a point of
one of these lines that is not a corner, the relevant coordinate V' or U is nonzero, and a rotation
of w or of z by an element of p,,, moves it off the corresponding half-line, since m; > 3. The
four corners do not lie on D;, since the corresponding coefficients of (); are nonzero.

Step 8: mized differences. Put ' = R/Q. On C? the poles of F lie on {Q = 0} and are
simple, and at infinity F is the quotient of the bihomogenizations of R and @ in bidegree (.S, S);
hence ' € H°(X,O(D)). An element (¢,¢’) € G; multiplies the coefficient of z*w™ in the Taylor
series of F at the origin by ¢(7#¢/~", and a monomial with (k,n) € n;Z? is invariant under Gj
for every j # I. Hence for ¢ # j, g; € G; and g; € G}, every monomial of the Taylor series is
annihilated by g; — 1 or by g; — 1, and

(38) (9~ 1)(g; ~ DF =0,
Step 4: the poles of a difference. Let g € G and A = gF — F. By (38), A is G-invariant for
every j # i. Its poles are simple and lie on DU gD = D; U gD; UU,;; D;. If A had a pole along

Im
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a component Y of some Dj, j # 4, it would also have a pole along ¢'Y for every ¢’ € G;, which
is impossible for ¢’ # 1 by Step 1. Hence

(39) gF —FeH'(X,0D;+gD;)) (9#1), gF-FeH (X,0D;) (9=1).

Step 5: splitting off one block. Fix i and let D' = >_j#i Dj, which is Gj-invariant. Given P € X,
choose g € G; with P ¢ gD; (Step 2). On the open set X \ gD; we have F' = gF — (gF — F),
where the poles of gF lie on gD = gD; + D', so that gF is a section of O(D’) there, and
—(gF — F) is a section of O(D;) there by (39). Thus F is a global section of the subsheaf
O(D;) + O(D’) of the constant sheaf of rational functions. Since D; and D’ have no common
component and X is smooth, O(D;) N O(D’) = Ox [Har77, Chapter 11, Proposition 6.3A], so
the sequence

0— Ox = O(D;)®O(D) = O(D;)+0O(D") -0,
with maps h + (h, —h) and (a,b) — a+b, is exact. As H'(X,Ox) = 0 [Har77, Chapter I1I, Ex-
ercise 5.6(a)], the long exact sequence of cohomology gives F' = F;+ F®) with F; € H(X, O(D;))
and F) € HO(X,O(D")).

Step 6: the remainder is constant. Do this for every ¢ and put G = F' — >, F;. Along a
component of D; the functions F — F; = F(®) and F}, j # i, have no poles. So G has no poles
on X, and it is constant.

Step 7: invariance. Let j # i and g € Gj. Then (g — 1)F; = (¢ — 1)F' = 374 4;,(9 — 1) F).. The
left-hand side has poles only on D;, which is Gj-invariant. On the right-hand side, (¢ — 1)F has
poles only on D; U gD; by (39), (g9 —1)F}, has poles only on Dy, for k # j, and (g — 1)F; only on
D;UgD;. Hence (g —1)F; is a constant ¢(g). Since constants are invariant, ¢(gg’) = c(g) + c(¢'),
so ¢ is a homomorphism from the finite group G; to (C,+), and ¢ = 0. Thus F; is invariant
under H; = [[;4; G;.

Step 8: descent. Since F; has at most simple poles along D; and Q; is square-free, J; = F;Q;
has no poles on C2, so it is a polynomial. For all but finitely many wp, the function Fj(-,wp) is
regular at z = oo and Q;(-, wp) has degree d;; hence J; has degree at most d; in z, and likewise
in w. As F; and Q; are H;-invariant, so is J;, and since n; = H#i mj, every monomial Zkwn
of J; has n; | k and n; | n. Thus J; = R}(z", —iw™) for a polynomial R(Z, W) of bidegree
at most (s;,s;). Let 7; be the quotient of the coefficients of Z%W?* in R, and in P;, and
R, = R; -7, P e V:gi; then F; = Ri(z”i, —iwni)/QZ‘ + 75, and

R Ri(z", —iw") / /
Toy LT e =6+ Y m
Q ; Qi(z,w) XZ:

All terms are regular at (0o, 00), and their values there are the quotients of the top coefficients
of numerator and denominator. These vanish for R/Q, because R € Vg, and for every summand,
by the choice of R;. Hence G’ = 0. O

APPENDIX B. PROOF OF THEOREM 5.1

Throughout this appendix P, k, b, d, €;, v; and (3; are as in (6). The explicit formula

€5 = %e‘dbj enters only through two exponent computations, in Stages 2 and 3 below. Apart
from these, we use only that
(40) 0<ejp1<ge<3-1007  (j>1),

which holds because 1 < 2742 and gjt1/e; < 2764 In Section B.8 we also use that e, < ﬁ
(Section 5): the §; and ~; are distinct, the 7; lie within €; of %, and 3; < By = % — ﬁ.

Plan. Part (e) is a statement about finitely many lattice combs; it is proved in Section B.2 by
a triangularity argument, which is used again twice. Parts (a)—(c) concern the infinite carrier L.
In Zak coordinates (Section B.3) the support condition on 7" and the support condition on F7T'
become triangularity conditions, called flags, on two arrays of moments A and B, and the Fourier
transform becomes an explicit bounded operator E with B = F'A,| the gauge (Section B.4). The
proof then has four stages.
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e Stage 1, uniqueness (Section B.5): the flags leave at most one free parameter, so dim M <
1.

e Stage 2, exclusion (Section B.6): for elements of Hermite order at most P, moments with
weights that shrink as fast as the clusters can be used, and in these weights the flags leave
no free parameter. This proves (b).

e Stage 3, construction (Section B.7): the free parameter of Stage 1 is realized by a limit of
finite approximations whose Hermite norms of order 18P + 2 are uniformly bounded. This
proves (a) and (c).

e Stage 4, head transfer (Section B.8): inserting the finite head (1, ..., Bk costs two Hermite
orders. This proves (d).

The same arguments are carried out in the formal development (see the table in Appendix E);
the account below is self-contained. Table 4 lists the objects that the reader has to keep track of.

Object Meaning Introduced in

V, gV Zak transforms of T" and FT', cut off near the Lemma B.3
clusters at the half-integers

Gie; M(U); H Newton test functions vanishing at the first ¢ (49), (50)

cluster points; the weighted moment array of U;
the Hilbert space of arrays

A B the moment arrays M (V) and M(gV) of T and  Lemma B.5
FT

flags triangularity of A and B, which encodes the (51), (52)
support conditions

E the gauge, B = F'A, which encodes the Fourier = Lemma B.6
transform

Ha,Hp,D,C,G; P, Q subspaces of H given by sets of index pairs, and  before (54)
the projections onto them

YA, XB graph maps, which encode the diagonal relations before (54)
of the flags

T;a=(u,c) the kernel operator, and its unknown: u free, ¢ (54)
eliminated

K the Schur complement, acting on u Stage 1

TABLE 4. The objects of Appendix B.

B.1. Two facts about the Hermite scale. We use the norm equivalence of Section 3: for
integers p > 0, |||, is equivalent to 3=, <o), Hx“cp(b) HL2' Two consequences are used repeatedly.
First, if m € C*°(R) is 1-periodic, then multiplication by m is bounded on H), and, by duality,
on H_,, for every integer p > 0; since JF is unitary on Hy,, the same holds for F~1mJF. Second,
for a € [—1, 1] and bounded coefficients (c,),

(41) | cnpln+a)| < Csuplea] ol
nez

Indeed, by the Sobolev inequality on unit intervals, 3°,,(1 +n?)|p(n + a)|?> < C [(1 + 2%)(J¢|* +
|¢'|?) dz < C'|¢||7, and it remains to apply the Cauchy-Schwarz inequality.

B.2. Finitely many phases, and part (e). For a,b € R let wgp =3, c7 e?™nbs, .. By (41),
wqp € H_1, and by Poisson summation

(42) ]:wa,b _ Z 6—27ria(l+b)5l+b _ e—27riab Wh, g
lez

Thus wg is a crystalline measure with support a + Z and spectrum b+ Z. We write S({z}) for
the mass at x of a locally atomic distribution S.
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Lemma B.1. Let A, B C R be finite sets, each consisting of numbers that are pairwise incon-
gruent modulo 1, and let T € S’ be locally atomic on A + Z with FT locally atomic on B + 7.
Then T =3 c A beB CapWab for unique coefficients cqp € C.

Proof. The trigonometric polynomial p(§) = [[,ep(e?™ — 2™0) = S pe? e m = #B,
vanishes on B + Z, so p FT = 0; since F~1(e?™ & FT) = 7T, this says >, pynT = 0. For a € A
let t4(n) = T({n + a}). The mass of 7T at n+ a is to(n + 1), so Yy pita(n + 1) = 0 for all n.
This is a linear recurrence whose characteristic polynomial [[,cp(w — e?™%) has m distinct roots,
s0 ta(n) => ca7be2”i”b for unique ¢, . The distributions 7" and } | ¢4 pw, p are locally atomic on
A + 7 with the same masses, so they coincide. U

Lemma B.2 (Finite critical caps). Letr > 1, let aq,...,a, € (0, %) be distinct and o, ..., al €
(0, %) be distinct, and let T' = 3" cqpwa p, the sum over a € {£a;} and b € {:I:ozg}. Suppose that
T has no mass at the points n + o with |n| < j, and FT has no mass at the points n + 049 with
In|<j (1<j3<r). ThenT =0.

Proof. Let == {£a;} and ' = {+a’}, and let U be the measure }_, ¢, da @ Jp on the finite
grid E x . Put g(z,y) = e ?™%¥. By the definition of w,p and by (42), for all functions 1 on
=, ¢ onZ and all n € Z,

(13) Y (@) T({n+a}) = U@, 3 @/ FT(In +b}) = (g0) (e 79 (3)).
a€E bez!

Moments. Let s(t) = sin2nt, 2(t) = 1 — cos 2nt, z; = z(ej), Di = [[1<;(2 — 1), and ¢, 0 = Dj,
¢i1 = sD; for 0 <i < r; put k; = s(a41) > 0. For a measure u on = let m(u) € C" ® C? have
the entries m(u); . = k; “u(¢; ). This map is bijective: the z; are distinct, so the restrictions to
= of the D;, i < r, span the even functions on =, and since s is odd and does not vanish on =,
the sD; span the odd ones. Define m’ on Z’ in the same way, and put A = (m @ m')(U) and
B = (m®@m')(gU), with entries A, ;5 and By ;7.

Flags. We claim that
(44) Aie,jf:() leZj—i-f, Bile:O 1fj22+€
The function ¢’ , is a trigonometric polynomial with frequencies in [—j — f,j + f]. By (43),
U(pie(x)e?™) =3 ¢ie(a)T({n +a}). For |n| < j+ f the mass T({n & o;}) vanishes unless
I <In| <j+ f, while ¢; .(£a;) = 0 for [ < 4; hence all terms vanish if i > j + f. The second
assertion follows in the same way from the second identity in (43).

The gauge. Let X = m oz om™! be the matrix of multiplication by z in the coordinates
m, and define X’ likewise. The function z¢;. vanishes at £ao; for I < ¢, and the functions
on Z with this property are spanned by the ¢ . with i’ > ¢; hence Xie),(ir,eny = 0 for i’ <.
Evaluating at +a;1, where the ¢ o with ¢’ > ¢ vanish, and using ¢; o(£ait1) = Di(it1) # 0
and ¢;1(+air1) = £k Di(aiy1), we find that x¢;0 — (ip1/ki)di1 and x¢;1 — a1k lie
in the span of the ¢y with ¢ > i. Thus the diagonal block of X at level i is a;41Q, with
Q = (9¢). On the finite grid, multiplication by z"y" is represented by X" ® X', so B = FA
with E = exp(—2miX ® X'). Consequently the block (EA)(; ;) = ((EA)ic,jf)e,s involves only
the blocks Ay j;y with i’ >4 and j" > j, and E acts from (i, j) to (i, j) by

exp(—27riai+1a;+1Q X Q) = COS 91’]’ I —isin 91']' Q X Q, gij = 271'0[1'.1_10(;-_‘_1 S (0, %)

Conclusion. Suppose A # 0, and choose a nonzero block A(; ;) with 7 + j maximal. Then
i < j by (44), and (EA) ;) = (cos 031 —isin0;;Q ® Q)A; ), since all other contributing blocks
have a larger value of 7 + j. If i < j, all four entries of By; ;) vanish by (44), and the 4 x 4 matrix
is invertible, so A; ;) = 0. If i = j, the entries of A(;; with f = 0 vanish, and the entries of
B;) with e = 0 vanish; in terms of the remaining entries this reads —isin#;; A;;;1 = 0 and
cos 0 Ajos1 = 0, so again A(i,i) = 0. This contradiction shows that A = 0; hence U = 0 and
T=0. O

Proof of Theorem 5.1(e). An element w € W, is a combination of the wqy with a,b € {£5; :
j <k}, and the hypothesis of (e) is that of Lemma B.2 with r = k and «; = o} = B;. O
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B.3. Zak coordinates. For ® € S(R?) let @) (z,n) = [ ®(x,y)e 2™ dy and
Zo(t) = ()" 8P (t —n - i,n).

neL
This is a continuous linear map S(R?) — S(R), and for T' € S'(R) we define ZT € S'(R?) by
ZT(®) =T(Z'®). For T € S(R), ZT(z,y) = >.,(=1)"T(x + n + 1)e~?™"; thus Z is the Zak
transform, recentred at the half-integers.

For a sequence n = (n;);>1 with 0 <n; <107'? and n; — 0 we put =, = {0} U {£n; : j > 1}.
We fix an even function x € C°(—1, }1) equal to 1 on [~107%,107%] and, for a distribution S
and ¢ € R, we call S.(¢) = S((x¥)(- — ¢)) the cluster of S at c¢. If S is locally atomic and its
only atoms in ¢+ supp x lie in ¢+ Ey, then Se =3, =, S{c+ x})o,

Lemma B.3. Let 1,1 be as above, let T € 8" be supported in % + &, + Z with FT supported in
% +Ey +Z, and put

V=ex(a)x(y) ZT,  gla,y) = e 2T
Then V is supported in =, x =, and for all p € C*°(R) and n € Z,

(45) V((x) M) = (1) T, (),
(46) (V) (€227 () = i(=1)" (FT),141 ().

Moreover, T(p) = V(Gy) for ¢ € S, where Gy(z,y) = S, (=1)"p(z + n + 3)e 2mitnt3)y  f
T € H_, for an integer p > 0, then

(47) V(@) < ColITI_, llallcze (g€ CF(R?)),

where the C*P norm is taken on supp x X supp x.

Proof. For T' € S, Poisson summation applied to ¢ — T'(z + % + t)e*Q’”t(y*%) gives

(48) ZT(x,y) = 7DD Z(FT)(y, —a),

and since both sides depend continuously on 7' € &', (48) holds on §'. Also ZT(z,y +1) =
ZT(z,y).

If ® € C°(R?) vanishes on N x R, where N is a 1-periodic open neighbourhood of =, + Z,
then Z!'® vanishes on % + N, which is a neighbourhood of suppT’; hence ZT is supported
in (£, +Z) x R. Applying this to FT and using (48), we see that ZT is also supported in
R x (Z,y 4+ Z). This gives the support of V

Let o € C°(—32,2) with o = 1 on [—1, 3] and >, o(y + k) = 1. Then [ o(y)e 2" dy =
dmo for m € Z, so for ¢p € C°(R) we have Z'(¢y ® Q@Qm”) = (=1)"p(- —n — }), that is,
ZT (Y ® 962”1"') = (-1)"T(¢(- —n— 3)). Since x = g near =,y + Z and ZT is supported in
R x (8, + Z), we may replace ¢ by x; with x1) in place of ¢ thls is (45). For (46), (48) gives
gV =ie™®x(x)x(y) Z(FT)(y, —x). After the change of variables (u,v) = (y, —z), and since x
is even, the left side of (46) becomes i Z(FT)((x)(u) x(v)e*™ ™), and the previous argument,
applied to FT' (whose Fourier transform T is supported in % + E, + Z, because £, is symmetric
and —5 = 5 modulo 1), gives (46).

For ¢ € S we have T(¢) = 3, T(x(- — n — 1)), because 3, x(- —n — 3) = 1 near supp T,
and by (45) the n-th term is (—1)"V (¢(z +n + %)62”1(’”%)1/). Summing gives T'(¢) = V(G,),
since the series defining G, converges in C*°(R?).

Finally, V(q) = T(2'®) with ® = e ™¥x(z)x(y)g. Since ® is supported in (—1,1)2, we
have Zi®(t) = (—1)"d@(t — n — 3.n) for [t —n — 1| < 3. For a+b < 2p we expand
(+n+3)" =<, (Dnl(@+ 5)*" and use nl®® (z,n) = (2m)—lalyq><2> (x,n) together with

, S CXi< 8gl/ 2@\, < Clidllze, and (47)

Parseval’s identity in y; this gives

follows from the norm equivalence.
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B.4. Newton moments and the gauge. Let n be a nonincreasing sequence with 0 < n; <
1072 and 7; — 0; zeros are allowed. Put

z(t) = 1 — cos 27t a; = z(n;), D; = H(z —ay),
(49) 1<i
¢i o = cos(mt) Dj, ¢iq = sin(wt) D; (i >0).

The function ¢; . vanishes at +n; for [ <i. It is a trigonometric polynomial with frequencies in
{£1,...,£(i+ 3)}, and its coefficients at the extreme frequencies i + 3 and —(i + 3) are h; and
h; if e = 0, and —ih; and ih; if e = 1, where h; = (—1)i27%"1. Since D; is a polynomial of degree
exactly 7 in cos 2, the ¢; . span the trigonometric polynomials with half-integer frequencies.

Given two such sequences, 7 for the variable z and 7’ for y, positive weights (w;) and (w}),
and x > 0, we define, for a distribution U on R? with compact support in (—1073,1073)2, the
moment array

U($ie(z) ¢ ¢ (y))

w; W kS
where ¢’ is built from 7. Write I = Ny x {0,1} and H = ¢2(I) @ ¢*(I) = (*(I x I).

Lemma B.4. IfU is a distribution with compact support in (—i, i)Q such that U(¢i,e®¢97f) =0
foralli,j,e, f, then U = 0.

Proof. The products ¢; ¢(x) 9 f(y) span the trigonometric polynomials in (z,y) with half-integer

(50) M(U)z’e,jf = (i, =0, e, f €{0,1}),

frequencies, so e™ @tV annihilates every e2mi(mz+m'y) ! e 7. Its periodization to R2 /72
therefore vanishes, and since its support lies inside a single period cell, em@ YT = 0. O

Lemma B.5 (Flags). Let ,6 be nonincreasing sequences with values in [0, 10712] tending to 0,
put aj = 5 —¢; and ol = 3—26j, and let T € N (Lo, Ly), where Lo, = {nta;:j>1, |n|>j}
as in Section 5 (if ; = 0, the corresponding points are half-integers). Let V be as in Lemma B.3
withn =¢ andn' =6, and let A = M(V) and B = M(gV), built with € in x and § in y, for
arbitrary weights and k. Then

(51) Aicjr =0 (i>3j), Bicjr =0 (j>1),
and, with t; = tan(ne;41) and t;, = tan(md;+1),
. it; . it!
(52) Ao = iti A1, Al = —;;Aio,io, Bio,i1 = —it;Bi1i0, Bi1i1 = /?;Bio,z'o

Proof. Since n + o5 = 7’L—|—%—€l and (n+1)—ag = n+%+sl, the cluster of T at n—l—% is
Yeez, T({n+ 5 +2})d,, where
(53) En={—-eg: <|In)}u{eg: I<|In+1]}
the clusters of FT' are described in the same way, with § in place of €. Expanding ¢;, 5 in
the exponentials 62“("‘%)9, —j—1 <n < j, and using (45), we see that V(¢;. ® ¢97f) is a
combination of the numbers Tn+;(¢i,e) with —7 — 1 < n < j. For these n the set =, contains
2
only points £¢&; with [ < j + 1, at which ¢; . vanishes if 7 > j + 1. This proves the first part of
(51); the second follows in the same way from (46), by expanding ¢;.(x) in the exponentials
6727ri(n+%)m’ 77/ _ 1 S n S Z
Now let 7 = j. Then ¢; . vanishes at every point of the sets =,, with —i —1 < n < except at

€i+1 € Z; and at —g;41 € E,i,l‘, and these two clusters are extracted by the extreme frequencies
+(it3) of ¢ ;. Put Xy = (=1)'T({i+3+ei11}), X- = (1) T({—i—5—ei11}), ¢ = cosmeiy,
s =sinme;y; and D = D;(g;41). By (45) and the values of the extreme coefficients,

V(dio ® ¢i0) = hicD(Xy + X ), V(dio ® ¢51) = —ihieD(Xy — X ),

V(i1 ® @) = hisD(Xy — X_), V(i1 ® ¢51) = —ihisD(Xy + X_),
and the first two relations of (52) follow after normalization. For B the roles of the variables are
exchanged. By (46), the frequency i+% of ¢; () extracts the cluster of FT at —i— %, whose only
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point not annihilated by (ﬁg’ 7 is —0di+1, and the frequency —(i+ %) extracts the cluster at z’—l—%, with
the point &;41. With Y, = i(—1)* FT({i+140;11}) and Y- = i(—1)" " FT({—i— 3 —6;41}), the
same computation gives (gV')(¢i1®¢} o) = ihic' D' (Y1 —=Y_), (gV)($io®¢; 1) = his' D' (Y1 —Y-),
(9V)(pio @ ¢ o) = hic' D'(Yy +Y_) and (gV)(din1 ® ¢; 1) = ihis'D' (Y4 + Y_), where ¢, s, D'
are formed with §;41. This gives the last two relations. O

Lemma B.6 (The gauge). In the setting of (50), suppose that wiy1 = \ip1w; with 0 < \; < 1073,
and let S be the backward shift on £2(Ng), (Su); = u;y1. Put

. . 0 2—-J
J = diag(ai+1) + diag(Ai+1) S, >= <J//<c N 0 ))

on (2(I) = (?(Ny) ®¢*(No) (parities 0 and 1), and define J' and s’ from 1’ and X in the same way.
Assume that [|s|, ||s'|| < 3, and put X = 3~ arcsins, X’ = ;- arcsins’ and E = exp(—27miX ® X').
Let K = [—-1072,1072]2, and let U be a distribution with compact support in (—1073,1073)?2
such that M(fU) € H and |[M(fU)llg < C | fllen k) for all f € C>(R?), for some C and N.

Then M(gU) =EM(U).
Proof. The identities
2D; = Dit1 + aiy1D;, sin(2nt) cos(mt) = (2 — z) sin(nt), sin(27t) sin(wt) = z cos(mt)
show that, entry by entry,
M(sin(2rz)U) = (s@ I)M(U), hence  M(p(sin2nz)U) = (p(s) @ )M (U)

for every polynomial p; the entries on the right are finite sums. On [-1072,1072] we have
2712 = arcsin(sin 27z), and the Taylor series of arcsin converges there in every CV norm, since
| sin 27mz| < 1—10; it also converges in operator norm at s. By the assumed continuity of f — M (fU)
in CN(K), M(2U) = (X @ )M (U); likewise M (yU) = (I ® X')M (U), and the same holds with
fU in place of U. The exponential series of g converges in every C(K) norm, and that of E in
operator norm, so
(=2mi)"

n!

M(gU) =)

n

(X @ X')\"M(U) = EM(U).

O

The kernel equation. We use the following subspaces of H, described by the index pairs
((i,e), (4, f)) they contain: H 4, the pairs with i < j and the diagonal pairs (i = j) of parity
ef € {00,01}; Hp, the pairs with ¢ > j and the diagonal pairs of parity ef € {00,10}; D and
G, the diagonal pairs of parity 00 and 11; and C = H4 ©D. Let Pa, P, Pp, P, Pg be the
orthogonal projections, and @Q = I — Pg, so that QH = C & G. Given sequences (t;) and (}),
define the graph maps ¥4 and X by

it; it!
12
and zero on all other basis vectors. Then (51) and (52) say exactly that A = (I + X4)P4A and
B = (I +Xp)PpB. If moreover B = FA, then, applying @) and using QPp = 0 and QX5 = ¥p,
we get QFA = XgPgFEA, that is,

(54) Ta=0, T:(Q—EBPB)E(I+ZA)|HA, a= P4A.

We write a = (u,c) with u = Ppa, identified with the sequence (u;) = (Ajo,0) € ¢*(Np), and
¢ = Pea. The operator T maps D& C to C & G, and Q|y, is the map (u,c) — (¢, 0).

How the kernel equation is used. The diagonal part v € D of the unknown is free, and its
remaining part ¢ € C is eliminated. Since 7T is a small perturbation of Q| ,, the equation splits
into two components:

. g/
YA €0 — _?eil,ila €0,i1 — 1t;€4140; XB 1 €00 €i1,i1,  €41,i0 — —1;€40,i1,

C-component: Tepu+ Tecc =0, Tec~I1 = cis determined by u;
G-component: Tgpu + Tgec =0 = one equation for u € £?(Ny).



COUNTABLE-DIMENSIONAL SPACES OF FOURIER QUASICRYSTALS 43

The dimension of the space of solutions is therefore decided by the G-component alone. In
Stage 1, with the weights w; = ¥, it becomes Ku = 0, where K is a perturbation of a multiple
of the backward shift, whose kernel is one-dimensional. In Stage 2, with weights that shrink as
fast as the clusters, its leading part is a positive diagonal operator, and it forces u = 0.

B.5. Stage 1: at most one dimension. Let € be a nonincreasing sequence with values in
[0,107"2] tending to 0, let 4§ = 1 —¢;, and consider L, = {n + 75+ j =1, [n| > j}. In this
subsection ¥ = 2712, and we use (50) with 7 =17/ = ¢, w; = W, = ¥ and kK = ¥/?; thus \; =9
in Lemma B.6, and t; = t; = tan(re;4+1) < 93 and a; < 95, For T € M, . welet V be as in
Lemma B.3, A = M(V) and B = M(gV).

Proposition B.7. In this setting A, B € H and B = EA, and there is a vector u = u(e) € £2(Np)
with ug = 1, depending only on €, such that u = (Ajo,i0)i>0 satisfies u = ug u for every T € M ..
If up =0, then T = 0; in particular dim My, . < 1. Finally [Jul| < % and ||A]| < 2|uol.

Proof. Membership. Let xo € C°(—1073,1073) equal 1 near [-1072,10712]. For |t| < 1073
we have z(t) < 2%t < 9/4, so |z(t) — @] < ¥/2, and the Leibniz rule gives ||xo®iellon <
Cn(1+4)N(9¥/2)". Since V has compact support, it has finite order N, and |M(fV);ejf| <
Cllfllor A+4)N(1+5)N2777 572 Hence M(fV) € H, continuously in f € C, and Lemma B.6
gives B = EA (the hypothesis ||s|| < 1 is verified below). By Lemma B.5 and (54), a = P4A
satisfies Ta =0, and A = (I + X 4)a.

Estimates. We have ||J|| <9 + 9% < 29 and, since 9/k = &, ||s| < k(2 + 20) < 3k. As the
Taylor coefficients of arcsin are nonnegative, || X|| < 5 arcsin(3x) < %, so that Zy = —2miX @ X
satisfies || Zo|| < Fx* < 20. Hence

1B —1] <39, |E—1-Z|l<49® |8l 26l <9,
and, writing T —Q = Q(E —I)(I +X4) + QX4 — XpPpE(I + X4) on Ha,
(55) 1T = Qlaall < 30(1 +97) + 9% + 9°(1 + 39) (1 + 9%) < 40.

The leading term. Write T in block form with respect to D®C — C & G. By (55), Tec is
invertible with HTCyH <2, and | Tepll, |Tecll < 49. If T(u,¢) = 0, then ¢ = —Tgs Tepu and
Ku = 0, where

K =Top = TocTee Tep = *(No) — £2(No),
D and G being identified with £2(Ng) through the diagonal index. For u € D we have (I+Y4)u =
u+ X qu with Y 4u € G, and Pgu = 0, so
7?_;Du = PgZ(]u + Pg(E —I— Zo)u + X u+ Pg(E — I)ZAU — PgZBPBE(I + EA)U,

where the last four terms have total norm less than 792 ||ul|. In PgZy|p only the block Xig
of X from parity 0 to parity 1 enters: (PgZou); = —2mi Y ;(X10)3u.. Now arcsins = sh(s?)
with h(w) = 32, () ey, and s* = U & U with ¥ = J(2 = J), so X19 = Y A(¥) with
Y = J/(27k). From ||¥| < 59 we get ||[h(¥)—I|| < ¢, and with [|Y|] < /3 this gives
| X10 — Y| < k9/3 and || X10|| < /2. For the entrywise squares M o M of bounded matrices,
|[MoM— NoN| <||[M—N||M+ N|, so replacing X19 by Y costs less than 29%; and the
entrywise square of Y = (95 + diag(ai41))/(27k) is (925 + diag(a?,))/(47%9). Altogether

i

27’
so that [|€]| /|co] < 2709 < 7. The leading term of K is thus a multiple of the backward shift.

The kernel. Let S* be the forward shift, so that S5* = I. Then KS* = ¢ol + £S5* is invertible.
If Ku = 0, write u = ugeg + S*Su; then ugkeg + KS*(Su) = 0, so Su = —up(KS*)~1Keg and
U = ugu with
(57) i = eg — S*(KS*) " Kep.

Since Seg = 0, ||Keo| = ||€eo||, and therefore |[@ — eo|| < [E]| /(Jco| — II€]]) < 15. If uo = 0,
then u = 0, hence ¢ =0, a = 0 and A = 0, so that V' = 0 by Lemma B.4; by (45) all clusters

(56) K=cS+E  c= €]l < 30% + 792 + 2 (49)% = 4202,
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of T vanish, and T' = 0 because T is supported in 3 + =. + Z. Finally, [c]| < 89 |ul|, so
Al < (1 +192)(1 + 89) 15 |uo| < 2|uol- O

Lemma B.8. In the setting of Proposition B.7:
(i) there is an absolute constant C, with ||u(e) — eol| < Cisup; &j;
(ii) for h >0 let e™ = (epy1,enqa,...); then (upii)iso = up a(e™), and the restriction of
A to the index pairs with max(i,j) > h has norm at most 2|uy|.

Proof. (i) For the zero sequence, J = .S annihilates ey, so X annihilates e( ), £ fixes ego,00,
and ¥4 = X = 0; hence Teg,00 = Qeoo,00 = 0, and K(0)eg = 0. In general ||J(e) — J(0)]| <
2r?sup; e3 and [|S4|, [|Ep]| < 4sup;e;/9. The operators X, E, T, Too' and K are obtained
from J, ¥4 and ¥ p by norm-convergent power series, products and inverses whose arguments
stay in fixed balls, so [[K(e) — K(0)]] < Csup;e; with an absolute constant C. By (57),
li(e) - eoll < (£ L]IK(e) — K(O))eoll < C- sup; e;.

(ii) The operators J and s, and hence X, F, ¥4, ¥p and 7, have the following property:
each entry of the image involves only entries at indices that are at least as large, coordinatewise.
Consequently the subarray (A (,4.4)e,(h+j)f)i,j>0 satisfies (51), (52) and B = EA for the sequence
elP | with the same weights, and its diagonal of parity 00 is (up+;)i>0. The proof of Proposition B.7
used only these relations, so (us;) = upta(el”). For the second assertion, let U, be the set of
index pairs with max(i,j) > h. By the same property, the restriction to U, of the equation
Tece = —Tepu involves only ¢|y, and (u;);>h, and the compression of Tee to Uy, is within 449 of the
identity. Hence [|c[u, || < 89 ||(w)izall < 99|up|, and [|[Aly, || < (1+9%) (15 +99)|up| < 2|up|. O

B.6. Stage 2: exclusion at low Hermite order. In this subsection p = 1072 and s = p'/4.

Let € and & be nonincreasing sequences of positive numbers tending to 0, and let the weights be
w; = H)\l, wé = H N, where ¢; < A\ < min{p, 64¢;}, & <\ < min{p, 649;}.
I<i I<j

These weights shrink as fast as the clusters do.

Proposition B.9 (Weighted contraction). Let A € H satisfy (51) and (52), with t; = tanme;41
and t, = tanwd;11, and suppose that B = EA satisfies them as well, where E is the operator of
Lemma B.6 for the present weights. Then A = 0.

Proof. Here J = DyJ; with Dy = diag(\;1+1) and J; = S + diag(a;+1/Ni+1); since a; < 27T26l2
and A; > ¢;, we have ||J1|| < 2 and ||J|| < 2p. Hence ||s|| < 3k, the operator ¥ = J(2 — J) has
norm less than 5p, and

. 1 2\ 0 KUl 2 T 0 .
X_%Sh(s)_(DA‘/i/li O)’ X —<0 T), T—D/\Wl,

with U = (2 — J)h(¥)/27, Vi = J1h(¥)/27 and Wy = J1(2 — J)h(¥)? /472, all of norm less
than 1; in particular || X|| < x and ||| < p. The same holds for X', with \'. Consequently
|E—I|| <™ —1<7/p, and ||[Z4], |25 < tan(rp)/x? < 4,/p. As in (55),

1T = Qlaall < do == 16y/p.
The key point is that the diagonal entries of parity 11 of (E — I)A carry the factor Aj;1 A, :

(58) Pg(E_I):’{_2D/\XZ7 ||Z|| <8a

where Dyy = diag(Ait1Aj,;). Indeed, in (X ® X')" an output of parity 11 arises, in the first
factor, through the block D\V;Y4/k (from parity 0) if n = 2¢+ 1, and through Y9 = D\W; Y9!
(from parity 1) if n = 2¢g > 2, and similarly in the second factor. In both cases the diagonal

factors Dy and D), appear on the left, and summing the exponential series gives (58) with
271. 2q+1p2q 27.[. 2qp2q 2

||Z|| < Zq>0 %q+1 'V”' Zq>1 ) < 8
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Now let a = (u,c) satisfy Ta = 0, as in (54). The C-component of this equation gives
lell < do(1 —do)~!|Jul|. For the G-component, note that Pga = 0, Pg¥4 = —idiag(t;/x?) Pp,
PpYa = 0and PgYpPp = idiag(t,/x?)Pp. Writing E = I+ (E — I) we obtain the exact identity

t; + t;
K2 >’
R = Pg(E — I)(I +X4) —idiag(t;/rx?)Pp(E — I)(I + X 4).

The diagonal operator Dy has positive entries but an unbounded inverse. However, t; > me;11 >
7Ait+1/64, similarly for t;, and AN /(A + X') < p/2, so

. !

diridin 04y

t; +t; 2

and by (58) the composition Dy 'R is bounded, with
|DF'R|| < (880 + 7y/P)(1 + 4yp) < 8/ = co.

The equation PgTa = 0 reads iDyu = Ra. Dividing coordinatewise, u = —iD, 'Ra, so that
lul| < eo(|Jull + |lell) < eo(1 —do) ™t ||ul|l. Since eg < 1 — do, we get u = 0, then ¢ =0, a = 0 and
A=({I+%X4)a=0. O

Lemma B.10. Let € be as in (6), let m > 0 be an integer with 3m < b/(b—1), let T € Mg, and
let V be as in Lemma B.3 with n =1n' = e. Suppose that |V (q)| < C ||qllgm for all ¢ € C>(R?).
Then, for the weights \= X =&, M(fV) € H and |[M(fV)|lg < C'||fllgm for all f € C>®(R?).

PgT = —iDoPp+R,  Dy= diag(

Proof. We first show that V has no transversal derivatives along the isolated lines z = +¢;. Let
xo = x¢; and let ¥ € CF° equal 1 near zp, with support meeting =, only at z¢. The distribution
Y(x)V has compact support in the line {xo} xR, so ¢(x)V =3, - x 59(02) ® S, for some compactly
supported distributions S, on R [Hor03, Section 2.3]. By (45), the value of this distribution at
S&(x)627ri(n+%)
point masses. Hence Sr(e%i(”*%)') =0 for all n and r > 1, and since supp S, C (—1, 1), this
forces S, =0 for r > 1. Thus ¢(z)V = §;, ® So, and D;(x)y(z)V =0 if D;(z9) = 0. The same
argument, applied to gV with (46), handles the lines y = +¢;. Consequently D;(x)D;(y)V is
supported in =% x 227, where 2% = {0} U {&¢e; : | > i} C [~&i11,Ei11)-

For i > 1let x; € C° equal 1 near [—e;41,€;41] and be supported in [t| < (e + i41),
with HXET)‘ < Cr(es — €i41)", and let xo be as in Stage 1. Then (fV)(¢ie ® ¢;f) =

oo
V(f (Xidie ® Xj®j.f)). On the support of x; we have z(t) < a;, so |2(t) — aj| < a; < 2m%e? for
[ <, and differentiating one of the factors of D; costs at most a factor Ce; 2. Hence
IXi®iellom < Cm(148)™(e; — €i01) ™e; 2™ 20" [ [ €7,
1<i

and [M(fV)iejfl < Cllfllam £ 26iB; with §; = (14 49)™(g; — €iv1) ™e; 220 [[;<i&- Since
i —€ip1 > €i/2 and Y loge; = —d(b"t —b)/(b— 1) —ilog 16,

Y depends on ¢ only through ¢(z¢), because the clusters of T" are combinations of

b ,
log i < —d(—b_ T 3m)bZ +O(1+1),

so that (B;) € £? when 3m < b/(b— 1). O

Proof of Theorem 5.1(b). Let 1 < p < P and T € My N H_,. By (47), V satisfies the
hypothesis of Lemma B.10 with m = 2p, and 3m = 6p < 6P +1 =0/(b— 1). Hence the moment
arrays for the weights A = X = ¢ lie in H, continuously in the multiplier, and Lemma B.6 gives
B = FEA; by Lemma B.5 the hypotheses of Proposition B.9 hold, with § = ¢ (note that 1 < p).
Thus A =0, s0 V =0 by Lemma B.4, and T' = 0 by (45). O
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B.7. Stage 3: existence and admission. For N > 0 let W) = (€1,...,en,0,0,...), and let
L) = ngw) in the notation of Section B.5:

L(N):{n:tvj: <N, |n|>j}u{n+3: n>Norn<—-N-1}.

Thus L™N) consists of the points of L., with phase index at most N, together with the half-integers
outside [-N + 1, N — 1].

Lemma B.11. M ) is spanned by a crystalline measure Ty with FTn = —iTn and Tn = —Tn,
normalized so that its moment array in the weights of Section B.5 has ug = Ago,00 = 1.

Proof. For N = 0 the set L(9) consists of the half-integers, M) = Cwyjy 1/ by Lemma B.1, and
the assertions below about wy /9 1/ apply directly; solet N > 1. Let A = {+v; :j < N} U {%}, a
set of 2/N 41 numbers that are pairwise incongruent modulo 1. By Lemma B.1, every T' € M ()
is a combination ), jec 4 Ca,pWa,b, and such a combination belongs to M (v) if and only if neither
it nor its Fourier transform has mass at the 2N2 + 2N points of (A + Z) \ L&), These are
4N?% + 4N < (2N + 1)? linear conditions, so M) # {0}.

Let T'= 3" capwap € M) with ¢y/91/9 = 0. The masses of T" at the half-integers n + %
are ) y2q/9 ¢y /o pe™P
consecutive values —N < n < N — 1; hence ¢; /55 = 0 for all b. By (42) the masses of FT" at
the points n + 3 are D at1)2 Ca71/2€72ﬂ-1‘a(n+1/2)
T satisfies the hypotheses of Lemma B.2 with r = N and o; = ag- = 7, so T' = 0. Thus
T +— cy/2,1/2 1s injective on M), and dim M) = 1.

, a combination of 2N distinct characters which vanishes for the 2NV

, and the same argument gives ¢, /2 = 0. Then

Since LM is symmetric, M (v is invariant under F and under the reflection 7" T. By
(42), Fwy 12 = —iwy/a,1/2, and Wy/g1/9 = W_1/9 _1/2 = —W1/2,1/2, While neither operation
maps any other wgp, a,b € A, to a multiple of w5 1/9; comparing the coefficients of w51/
gives F1T' = —iT and T=-TforT e M (vy. Finally, Proposition B.7 applies to e soa
nonzero element of M vy has ug # 0, and we may normalize ug = 1. O

Lemma B.12. Let Viy be the distribution of Lemma B.3 for T, and let the ¢; . be built from
eWN) . Then, forall N, i,5 >0 ande, f,
|VN(¢i,e b2y ¢],f)’ < 2192—&-]0? H €l m = maX(ivj)a
I<m

where Cy is the constant of Lemma B.S.

Proof. By Lemma B.8, applied to e ™), |uji 1| = |up| [a(eN)H) | < C*sgi)l]uhh so that |up| <
ch [li<n &1, and every entry of A with max(i,j) = m is bounded by 2|u,|. Undoing the
normalization (50), with x < 1, gives the claim. O

To convert these moment bounds into bounds for Vi (f) with f smooth, we interpolate f on
the grid that supports V. We use C™" norms, which control the partial derivatives 8?8;" with
o, <.

Lemma B.13. Let ty >ty > -+ > t, > 0 with t;1 < %tl, let L > 1, and let G € CL([0,t1]).
Then, for all s and v with s +1i < n, the divided differences of G satisfy

4Gl ex
H;+ifL71 t

=S

|G[tsu s 7t5+i]| <

an empty product being 1.

Proof. For i < L this is the mean value bound |G|ts, ..., ts1i]| < HG@ /il. For i > L we use
o

Glts, .- tsyi) = (Glts, ... tspio1) — Gltsg1, ..., tsti])/(ts — tesi) and ts — topq > 3ts, and argue

by induction on i. The second term contributes at most 2-4°~! ||G|| oz / TI;T7 757 #;, and so does

the first, because its bound 241 || G| oz /(ts T[T 7572 1)) is at most this, as ts > tsi 1. O
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Lemma B.14. Let L > 1 and ¢ = 155. Bvery f € C**F12HY([—c ]?) can be written on
[_Ca C]z as f(xay) = Ze,e’E{O,l} Se(x)sel(y)Gee’(z(x)vZ(y))7 with sg = cosm-, s1 = sinw and
1Geerlloreoz(o2) <

Proof. In one variable, write f = fy+ f1 with fy even and f; odd. Then fj/sq is even and of class
C?+1 and f1/s1 = (fi(z)/x)(z/sin ) is even and of class C?F, since fi(z)/x = fol f1(ox) do.
An even function v € C?£([—c, c]) is of the form v(a;) = W(z?) with IWllez o,z < C llvlleae,

as one sees by induction from W'(2?) = v/(z)/2z = 3 Olv”(azn) do. Finally z(x) = 2sin® 7z is a

function of 22 with nonvanishing derivative at 0, so it is a smooth change of variables. In two
variables we apply these operations in each variable separately; they are linear and commute
with differentiation in the other variable. (]

Proposition B.15. Let L > 1 be an integer with b* > 4. Then supy 1IN (2p42) < o©-

Proof. Let f € C*®(R?), and write f = 3 5¢(2)se (y)Gee (2(7), 2(y)) as in Lemma B.14. The
distribution Vi is a finite combination of point masses at the points of Z_v) x Z_(v): indeed
Ty is a combination of combs w3, and Poisson summation in y shows that Zwg is a sum of
point masses on (a— 3 +2Z)x (b+ 3 +Z). The z-coordinates are a; > -+ > ay > an41 = 0,
and a1 < 2al by (40). On these points Gee coincides with its tensor Newton interpolant
>ij<n IV ¢ D;(2)Dj(y), where Nee is the divided difference of G at the nodes aq,...,a;41 in
the first Varlable and aq,...,aj41 1n the second; and s.D; = ¢; .. Applying Lemma B.13 in each
variable, and Lemma B.14,

max(i.j)
’Nee | < C'16 HfHCQL+1,2L+1 Hq _ Hal-

Wiory, Mgony, 7 i<
Since aq; < 1, II; decreases with ¢; with m = max(7, j) and Lemma B.12 we obtain
[Li<me
V(P < XS ING | Wir(@se © 630)] < C 1w 3 (2m+ D(I6C.)" 5=
e.e i,j m2>0 (m—L)+

Since a; > 85l2, the logarithm of the m-th term is at most >, loge; — 4%, 1 loge; +
O(1+4+m) = —dgﬁrl (1 —4b=%) + O(1 + m), and the series converges because b > 4. Thus
Vn(f) <C ”fH02L+1,2L+1([_Cyc}2), uniformly in N.

Now let ¢ € S and r» = 2L + 1. By Lemma B.3, Ty (¢) = Vn(G,), and for a, o/ <7,

10202 Gz, 1)) < 3 (27(In] + 1) sup |0z +n+ 1)
n lz|<c o<1

)oc’—&-l(P(a-i-U)‘

2’

by the Sobolev inequality on unit intervals and the Cauchy—Schwarz inequality. Since (o +
1) + (o +1) < 2(r + 1), the norm equivalence bounds the right side by C'|¢||, ;. Hence
TN ()] < C ¢l for all N. O

Proof of Theorem 5.1(a) and (c). Let L = 9P. Then bl = (14 55)°F > (£)? > 4, by the
monotonicity of (1 + 1/z)*. By Proposition B.15, a subsequence of (Tx) converges weakly
in H_(3149) to some T hence Ty — T and FIn — FT' in S’ along the subsequence. Let
I be a bounded open interval. For large N, LN) N[ = L, NI, because the half-integers in
L) have modulus at least N + % and the points of L, in I have bounded phase index. The
distributions on I that are combinations of the point masses at the finitely many points of
L, N1 form a finite-dimensional, hence closed, subspace. Therefore T' and FT' are locally
atomic on L., and T' € My . By Lemma B.3, 1 = ug = Vy(cosmzcosmy) = Tn(Pg) with
Dy = Z'(e ™y(x)x(y) cosmacosTy) € S, so T(Pg) = 1 and T # 0; moreover FT = —iT
and T = —T, by Lemma B.11. By Proposition B.7, applied to ¢ itself, dim My < 1. Hence
My, = CT C H_(13p42), which proves (a) and (c). O
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B.8. Stage 4: the head. Recall that v/ = (81, ..., Bk, 71,72, .- ). Let

pk(x) — H( ( — ,8] Z ce27r1lz

J<k 1<k

a real even trigonometric polynomial with ci; = (—%)k , whose zeros are exactly the points of
{£B; : j < k} + Z, all of them simple. Put AT = p,T and BT = F Y ppFT) = 3, anT.
Since py, is 1-periodic, Ay and By commute, and since py, is even, F A, = B F and FBy = AL F.
Let R = AyBy, so that FR = RF. We write A®! = {n+~;: |n| > k+ j}, the part of L,/ with
phases ;.

Lemma B.16. R maps My, injectively into My, , and |RT||_, < Cp[[T|_,, for every integer
p=>0.

Proof. The bound follows from Section B.1. Let T' e M L, The measure A;T has no mass on

{£B;} + Z, so it is locally atomic on A®%l and By, translates it by integers [ with |I| < k. Since
In — 1| > j when |n| > k+ j, RT = By AT is locally atomic on L.. Since FT € ML’Y, and
FRT = RFT, the same holds for FRT. Thus RT € My, .

Suppose that RT = 0, and put H = AT, so that ByH = 0. For a phase +v; let t(n) be the
mass of H at n £ ;. Then >, ¢t(n + 1) = 0 for all n, a recurrence of order 2k with nonzero
extreme coefficients, and ¢(n) = 0 for |n| < k, because |n| < k+j. Hencet =0and H =0, ie. T
is supported in {£4;} +Z. Then By FT = FA,T = 0, and the same recurrence argument shows
that 7T has no mass at the points n4-y;, so FT is also supported in {£/3;} +Z. By Lemma B.1,
T € Wy, and T satisfies the hypothesis of Theorem 5.1(e), since L., does not contain the points
n £ f; with |n| < j. Hence T' = 0. O

Lemma B.17. Let D = ngk T, where ), quw' has 2k simple zeros on the unit circle. There
are bounded sequences (g, )i>r and (g; )i<—k such that, as formal Laurent series,

(o) (Saivt) =1 = (Sew') (5 ).

Let x4+ + x— = 1 be a smooth partition of unity with x+ = 0 on (—oo, _i] and x4 = 1 on [%,00),
and put
OQH = " gi nlx+H)+ Y gf n(x-H) (HeS).
i<—k t>k
Then Q is continuous on S’, DQ = I, Q commutes with multiplication by 1-periodic smooth

functions, and || QH||_,, < Cp ||H||_,, for every integer p > 0.

Proof. Let q(w) = w* 3, qw!, a polynomial of degree 2k with ¢(0) # 0 and simple zeros on the
unit circle. By partial fractions, the Taylor coefficients of 1/q at 0 and its Laurent coefficients at
oo are bounded; after the shift by w” they give ¢g* and g~. The translates 7 (xH), t < —k,
are supported in [|t| — 1,00), and the 7(x_H), t > k, in (—oo, — t], so both sums are
locally finite, and DQH = x+H + x—H = H by the two formal identities. Multiplication
by a l-periodic function commutes with integer translations and with multiplication by yi.
The transpose of Q is Qv = x4 Y ye 1 g5 (- — ) + x_ Sysr g7 @(- —t). For the first sum,
the term x“x(f) (2)p=9) (x + |t]), with a + b < 2p, is supported where z > —1; there, with
y =+ [t], we have 1 + || < C(1 + |y|) and 1 + [t| < C(1 + |y|), so its L? norm is at most

O +16)72 [+ 2|
over ¢, and treating the second sum in the same way, gives ||Q"¢||, < C'[|¢l|,,;y; this proves the
continuity of @ and, by duality, the bound. O

Proof of Theorem 5.1(d). By Lemma B.16 it remains to show that every H € V,,(Ly) is RT for
some T' € V,4o(L.). Let Qp be the operator of Lemma B.17 for D = By, and Q4 = F1OgpF.
Since FAR,F~! = By, we have B,Qp = I and A;,Q4 = I; moreover Q4 commutes with

< CQA+[t)? llgll,,, by the norm equivalence. Summing
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By, = F~'p,F, because Qp commutes with multiplication by py. Put Ty = Q4 QpH € H_ (12
Then

ATy = QpH, BTy = QaBrQpH = QaH, RTy = AxQaH = H.
Since L, has no points in [—3, 3], x+H is the restriction of H to {£z > 0}. An atom of H at
n £ v; with n > j is moved by Qp to the points n + |t| & 7;, t < —Fk, and an atom with n < —j
to the points n —t & ~y;, t > k; all of these lie in A% Thus QpH is locally atomic on A% and
sois FQaH = QpFH, since FH € M.

From pi Ty = QpH we read off the support of Ty. Away from the zeros of pi, Ty = plleBH is
locally atomic on A Near a zero zg € {xB;} + Z, the right-hand side vanishes, because Atall
lies within €1 of the half-integers and 3; < % — ﬁ; since xq is a simple zero of pg, Ty is a multiple
of &z, near xo. Thus Ty is locally atomic on AU ({4:3;} +Z), and the same argument, applied
to prF1y = FBy1Ty = FQaH, shows that so is FTy. The only points of this set outside L./ are
the points n + 8; with |n| < j, which give 4k coordinates on the two sides. By Theorem 5.1(e)
and dim W}, = 4k?, the map recording the masses of w € W}, and of Fw at these points is
bijective, so there is a unique w € Wj with the same masses there as Ty and F1p; it depends
linearly on these masses, which are bounded by C'|[To||_(,;2). Since Ayw = Bpw = 0, the

distribution 1" = Ty — w belongs to M, N H_(,19), RT = H, and ||T]|_(p+2) <C|H||_, O

APPENDIX C. PROOF OF LEMMA 6.5

Proof. Conjugating by e~™#/@ turns the antiperiodic difference operator 7 + I into a nonzero

multiple of the ordinary difference operator 7., — I, so it suffices to treat (7 — I)2T1U =0 on
the w-periodic open set R\ II. There, the distribution Y = (7, — I)2U/(A! w?) is w-periodic.
Choose xo € CZ° with >, c7 Xw(z + nw) = 1, and let va be the periodization }°, 7o of
Xo (Tw — I)AU/(Al'w?). Tt is a w-periodic tempered distribution which agrees with Y on
R\ II. Since (7, — I)*(2?v) = Alw®v for w-periodic v, the distribution U — 22va satisfies
(7o — D)?(U — 2”vp) = 0 on R\ II. We descend in the degree, undo the conjugation, and put
W =U — 3, "v,, which vanishes on R\ II.

All operations used are translations by at most 24p, multiplication by a compactly supported
smooth function, periodization, modulation, and multiplication by z”. The transpose of periodiza-
tion is ¢ — x=(z) >, @(x + nw), whose local derivatives are bounded by Schwartz seminorms
with weight 2, uniformly for @ € [%, 2]; by the norm equivalence of Section 3, periodization loses
at most three Hermite orders, and multiplication by " loses at most r + 1. The total loss is at

most 6p + Ziipo(r +4)=T72p? +60p +4 < my. The constants are independent of II and of the
spacing of its points; in particular no division by a flat annihilating function occurs. O

APPENDIX D. PROOFS OF THE TECHNICAL RESULTS OF SECTION 6
D.1. Separation and selectors.

Proof of Lemma 6.2. Pairs with |z — y| > 1 satisfy (13) with ¢s = 1. For K > 0 consider the
pairs with £ # ¢/, 25K <14 |z| < 25+ and |z — y| < 1, and write = = tyu, y = tpv with u € C;,
v € Cy. Then |ul, |v| < 2543, s04,i’ < K +3, and by Proposition 5.3(iv) the number of possible
quadruples (¢,u,¢',v) is at most CK2?16%. For each of them we bound the probability that
|teu — tpv| < 6. If i # 4, condition on all scales except s;; the map s; — tyu has derivative of
modulus at least |u[/4 > & on [1,2], so the probability is at most 165. If i = i, then ¢/ = ¢*
and tyu — tpv = +(s;u' —v'/s;) with {u/,v'} = {u,v}; if «' and v’ have opposite signs this
has modulus at least |u/| > %, and otherwise its derivative in s; has modulus at least [u/| > 1,
so the probability is at most 44 for § < %. With 6 = 2755 the probability that some pair
in the K-th window violates |z — y| > df is at most CK?216%27% which is summable. By
the Borel-Cantelli lemma, almost surely only finitely many windows contain a violation; in
the remaining finitely many windows there are finitely many pairs, and each exact coincidence
tou = tpv has probability zero by the same derivative bounds. Since 275 > (1 + |z|)~° in the
K-th window, (13) follows. O
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Proof of Lemma 6.3. Let X = Jycp 'y and Y = A\ X. Let (¢x)kx>0 be a smooth partition
of unity with ¢y supported in {2871 <1 4 |z| < 2K+1} (K > 1) and |¢K | < C;277K. By
(13), points of X and of Y in {1 + |z| < 252} are at distance at least c42~ 6(K+3) = 8rg,
where 7y = ¢g2760K+3) /8 Let ¢ be a nonnegative mollifier supported in [—1, 1] with [¢ =1,
¢r = r1¢(-/r), and let fx be the convolution of ¢, with the indicator function of the
2r -neighbourhood of X. Then, in {1 + |z| < 25+1}) frr = 1 near X and fx = 0 near Y,
and |fi0)] < ||t
XE = >k Yk fi. Near a point of X every term with ¥ # 0 has fx =1, so xg = 1; similarly
XE = 0 near Y. The Leibniz rule gives the derivative bounds. For (14), by duality it suffices to
|<,0H6p. For a + b < 2p, ‘J;aab(XE@) L <CYiw H(l + \x|)a+6j3b—j¢‘ Lo
and a4+ 65 4+ (b—j) < a+ b+ 5b < 12p; by the norm equivalence of Section 3 this is at most
Cllellgy- a

’Ll < er[_(j; this bound does not depend on the number of points. Put

show |[xzell, < Cp.s

D.2. Sublevel sets and nonresonance.

Lemma D.1. Let ¢ > 1 and let f be a complezx polynomial in (o1, ...,04) of degree at most 2
in each variable, one of whose coefficients has modulus at least § > 0. Then, for u > 0,

{o € [1,2)7: [f(0)| < u}| < Cymin{l, (u/5)/ @D},
with Cy depending only on q.

Proof. Replacing f by its real or imaginary part and ¢ by 6/1/2, we may assume f real. Let
g = 1, and let S be the sublevel set, of measure A > 0. Using the distribution function of §
one finds 09 < 01 < 02 in § with 041 —0j > A/4. By Lagrange interpolation at these points,
every coefficient of f is at most 192u/)\2 in modulus, so A < (192u/8)'/2. For q > 2 write
=324 flo Jog with ¢’ = (01,...,04-1); some fe, has a coefficient of modulus at least J. For
0 < 7 < 4, the set where | fe, (0’| S 7 has measure at most Cy_1(7/)'/(24=2) by induction, and
for the other ¢’ the section of the sublevel set has measure at most (192u/7)Y2. If u < 4, the
choice 7 = §(u/8)(9=1)/9 and Fubini’s theorem give the bound with C, = Cy_1 + v/192; if u > &
there is nothing to prove. (Much sharper multidimensional sublevel estimates are known, see
[CCW99]; this crude bound suffices here.) O

Proof of Lemma 6.4. Write z = ty(n + ) with £ = (i,0), and y = tpu with v € Cy. Multiplying
y +wg — 2z by [[j<pr 85, and by sy if i > M, gives a polynomial f in at most M + 1 of the
scales, of degree at most 2 in each. We claim that, if (y, k) is not expected, some coefficient
of f has modulus at least min{dys, 1}. The term —t,(n + ) and the term k; ,t; of wy produce
the same monomial, and no other term does: the terms of wy attached to other coordinates,
and the term y if ¢ # ¢, have a different degree in s; or in s;. Hence if ¢/ # ¢ this coefficient is
ki » —n—0, of modulus at least the distance from 6 to Z, which is at least dps. If ¢ = ¢ and some
coordinate of £ other than k; , is nonzero, that integer is the coefficient of its own monomial.
Otherwise y + wy — 2z = ty(n + ki —n+ 6 — 0) with u = n’ + ¢’; this is a nonzero integer
multiple of ¢, if &' = € (the pair being unexpected), and has coefficient of modulus at least dy; if
¢’ # 6. This proves the claim. Since []s; < 2M+1 Lemma D.1 gives, for each unexpected tuple,
P(ly 4+ wp — 2| < €) < Cpr1(2MH e/ min{dys, 1})Y/ M+2),

Fix a dyadic L. Only base atoms u with |tpu] < |z] + |wg| + 1 can give |y + wi — 2| < 1;
there are Oy ((1 + L)?log(2 + L)) of them, uniformly over all continuations with R; > 2%,
and there are Op((1 4 L)?M) vectors k and Opr(1) targets. With € = cp(1 + L)~ we

have £/(M+2) — C}V/[(ZMH)(I + L)~(M+6) 55 the probability of a violation at level L is
OM(CM(QMH)(I + L)"*log(2 + L)). Summing over dyadic L and choosing cj; small enough

gives the claim. O

For L > 1 put gp(L) = min{1, cpr(3 +2L)"#}/10. On Ay, every unexpected distance with
|kl < L is at least 100a7(L), since a dyadic L' with L < L’ < 2L + 1 may be used in (18).



COUNTABLE-DIMENSIONAL SPACES OF FOURIER QUASICRYSTALS 51

The event Ajs depends on the whole set A, but its probability bound and cj; do not depend on
the radii chosen later.

D.3. Translation and phase errors.

Lemma D.2. Let m,A,N >1 and M' > 1. For v < N let w, € [%,2} and let v,0,...,v,A €

H_, satisfy T, Vyr = —vur; put A =max,, [|v.||_, andV =3, dor<a® vy, Let o € CZF
with supp ¢ C [-M', M']. For h > 1 let h, € [0,2w,) with h — h, € 2w, Z. Then
WAV (e =2 vaalel = h)| < Ch 7 Allgllcan.

and, for v € H_mm and |a|,|a’| < 4, Iv(w(' —a)) —v(p(- = d))| < Cla—ad| |[vll_y, [#llcamr,
where C depends only on m, A, N, M’.

Proof. We have v(z"¢(x — h)) = (m0)((x + R)"p) = X<, (’;)hr_i(Thv)(xigo), and TpU,, =
Th, Uy because v, is 2w,-periodic. Multiplying by h*A, the terms with r = A, ¢ = 0
give 3, v, A(p(- — hy)), and all other terms carry a factor A"~ < h~l. Each of them is
bounded by (%) [[vyr || _,, |(z — hu)io(@ — hy)||,, < CA @]l c2m, since the norm ||-||,,, of a function
supported in a fixed compact set is bounded by its C?™ norm. The second estimate follows from

lo(- = a) = ¢(- = a)ll,,, < la = d'[sup <4 [|€'(- = 1)]],5,- O
Parameter depends on used in
Ry all parameters of stage M (P4)
¢s, Cjs, Cps s (fixed at the end) Lemmas 6.2, 6.3
Cl]\/[7 CM ﬁM Rl,...,RM Lemma 6.4
Ly, diy ey Bus g1y 9m (P1), Step 1
YM d]‘{{ Ri,...,Ry (P2), Step 3
RKM,j, JM kl,...,k]w (P3), Step 2
mp, Np P Lemmas 6.5, D.2
hoass v partition, kj; (P3), Step 2
har by, v, Riy ..., R (P3)

TABLE 5. The parameters of the construction.

D.4. Proof of Proposition 6.6. The choices are made recursively in M ; the choices at stage
M depend only on Ry, ..., Ry, never on an element of My or on radii chosen later.

Separation of the pemodzc sets. For every pair of labels the sets K, ¢ and K, ¢ are disjoint for
almost every s: a coincidence x/t; = o' /ty with z € K; + Z, 2/ € Ky + Z (both nonzero) is
a nontrivial equation in one scale, and there are countably many of them. Let Djs(s) be the
minimal distance between the sets KyN [-M —3, M +3], £ of index < M; it is a Borel function of
(s1,...,50) and is almost surely positive. Choose vy € (0,1/M] with P(Dyy < ) < 27M-4
let Bys = {Dasr > v}, and put df, = var/10.

Partition and translation budgets. Choose a smooth partition of unity (ks )<, of [—M, M]
by functions whose supports have diameter less than min{1/M, min;<s 1/(100k;)}. Then choose
hy > M +1 and na € (0,1/(1000kas)] so that, by Lemma D.2 with m = m,, N = 2M and
M' = M, the left-hand side of (22) is at most 2™ A/(1 + Jys) whenever h > hy; and h — a, €
2w Z + [—na1, M), for every p < M; this is possible because ||kar,j1|| pemp+1 < Cor [|9]] v -

Kronecker nets. For almost every s the 2M numbers t;/2, ¢ of index < M, are linearly
independent over QQ, since an integer relation becomes a nontrivial polynomial equation after
clearing denominators. Then, by Kronecker’s theorem, the image of the half-line [hj;, 00) under
h + (h mod 2wy), is dense in the torus [[, R/2w,Z. Let Hys(s,h) be the covering radius of the
image of [hyy, hl; it is a Borel function, nonlncreasmg in h, and tends to 0 almost surely. Choose
har with P(H s (-, har) > nar/4) < 27 4 and let Cps be the complementary event.

Nonresonance and the Fourier tail. Let cpr, Bpr and Aps be as in Lemma 6.4. Choose Ly > M
so large that (21) holds for every p < M and every bump f of radius oy (Lys) centred at a

)
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target, and put df/[ = om(Lar). This is possible because the Hj,, norm of such a bump grows at
most like a fixed power of Ly, while the coefficients Ajs(k) decay faster than any power.

The next radius. Choose an integer Rpsy1 > max{2M*1 2Ry 6(hy + M + 2)} so large that
(23)—(25) hold for every p < M. The families of test functions in (23) and (25) are bounded in
S uniformly for (s1,...,sn) € [1,2]M; in (24), integration by parts with the fixed number N, of
derivatives gives uniform polynomial decay of the Fourier transforms, with enough margin for
the Hg, norm. Since all parameters of stage M are already fixed, each left-hand side tends to
zero uniformly as R — oo. Constants depending on M are paid for by a larger radius, never by
more regularity of a fixed test function. We start with Ry = 2. -

The good set. Let Qg be the event of full measure on which (13) holds and all the sets K are
pairwise disjoint, and put © = QoN>1 (AxrNBaNCas). Then P(Q) > 1-33,, 2~ M4 = 13/16.
The bound for Aj; applies to the finally chosen sequence of radii because it holds for every
continuation. On Ay the first part of (P1) holds with d4;, = oar(Lar); (P2) holds on Bjy; and
(P3) holds on Cyy, since a covering radius at most n,,/4 provides the required h. The constants
cs, Cjs and Cj s of Lemmas 6.2 and 6.3 depend on s; they enter only as fixed multiplicative
factors in estimates that tend to zero as M — oo, and the deterministic choices above do not
depend on them. O

APPENDIX E. THE FORMAL DEVELOPMENTS

The existence statements of Theorems A and B have formal counterparts in Lean 4 on top of
Mathlib, with all dependencies pinned to fixed commits: the existence statement of Theorem A(i),
for Fourier quasicrystals, in the development [Mar26], recorded in Palomar as [Pal26c¢; and the
existence statement of Theorem B(i), for all crystalline measures and without the symmetry
of A, in the development [MS26], recorded in Palomar as [Pal26b]. A Palomar record certifies
that the formal proof of the statement of record has been machine-checked; as the registry itself
states, it does not certify novelty, nor that the formal statement matches an informal one. We
therefore record the relevant data and describe each statement of record explicitly. According to
the two records, the proofs were rechecked during registration by the kernel checkers nanoda
and con-ron, and copies of the source and dependency repositories at the verified commits are
retained in Palomar’s archive.

The Fourier quasicrystals of Theorem A. The development [Mar26] was registered in
Palomar on 8 October 2026 [Pal26c].

e Toolchain: leanprover/leand:v4.35.0-rc3, with Mathlib and the other dependencies
pinned in lake-manifest. json.

e Statement of record: the theorem strongCardinalClaim in the file Challenge.lean, proved
in Solution.lean from the theorem exists_stronglyTemperedMeyerSpace_rank_alephO
of the module OriginalClassicalStrongCountable.

e Build and check: lake exe cache get Challenge.lean Solution.lean, then lake
build Challenge Solution and python3 scripts/check.py. A configuration file
restricts the axioms of the main theorem to propext, Classical.choice and Quot.sound.

In the notation of this paper the statement of record asserts: there is A C R meeting every
bounded interval in a finite set such that dim¢ /\/lf\tr = Ng. Here Mi\tr is defined as the linear span
of the tempered distributions 7" such that 7" and FT" are given on compactly supported Schwartz
functions by local atomic formulas on A whose coefficients a, satisfy 3 cp laz|(1+ |z]) ™V < o0
for some N (possibly different for 7" and FT'), and the statement includes that this span consists
exactly of such T'. Since Xy (A) € Xn41(A), this is the space Uy Xn(A) of Section 3.5. The
Fourier transform is that of Mathlib, with kernel e~

The statement of record concerns the rank only: it does not identify a basis, and the finite
dimension of every layer Xy (A), although proved in the development, is not part of it. The
formal witness is a union of a coarse cone and of blocks of the kind used in Section 4, with
the same slope /5 (Section 4.1), the same scale ¢ = 21/4 and the same Lee—Yang factors p,. It
differs from the set of Theorem 4.12 in the choice of the remaining data: the sheet number
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of a block at the prime m is the least s with 2m?* < s, the parameters are taken in disjoint
dyadic intervals, and the formal proof follows the corresponding, less simplified, route. The
radii are obtained from a compactness statement, as in Lemma 4.11, and are then selected by
classical choice (Remark 4.13). Thus the set A of Theorem 4.12, parts (ii) and (iii) of Theorem A
and Proposition 4.9 as stated here are not part of this formal statement. The following table
indicates, by module name (in the directory MeyerGeneralProblem/Cardinal/Strong), where
the formal proof establishes analogues of some of the main steps; since the two routes differ in
their parameters, the correspondence is only approximate.

Paper Modules

Lemma 4.1 ParityContinuants, ParityLimit, ParityBarrier,
QuarterPhase

Lemma 4.4 ReturnMassGrowth

Proposition 4.7 OriginalStrongNoReturn, OriginalNoReturnGeometry

Lemma 4.8 ScheduledOriginalChartLocalSplitting,
ScheduledOriginalGlobalSplitting

Lemma 4.11, Theorem 4.12 OriginalClassicalAdaptiveRadii

OriginalClassicallLayerExhaustion,
ScheduledOriginalIndependentSources
OriginalClassicalStrongCountable

The crystalline measures of Theorem B. The development [MS26] consists of roughly four
hundred files. It was submitted to Palomar on 30 September 2026 [Pal26b].

e Toolchain: leanprover/lean4:v4.35.0-rc3.

e Statement of record: the theorem exhaustiveCardinalClaim in the file Challenge.lean,
proved in Solution.lean.

e Build and check: as above, with the same restriction on the axioms of the main theorem.

In the notation of this paper the statement of record asserts: there is A C R meeting every
bounded interval in a finite set such that dimc My = Ny, such that membership in M, , defined
as the annihilator of the Schwartz functions vanishing on A together with the analogous condition
for the Fourier transform, is equivalent to the two local atomic formulas, and such that for some
sequence (g,) every element of M, is a unique finite linear combination of the g,. Tempered
distributions and the Fourier transform are those of Mathlib.

Of the results on the spaces M, in Sections 5-8, the symmetry of A, parts (ii)—(iii) of Theo-
rem B, Theorem C, Section 7 and Section 8 are not part of this formal statement. The following
table indicates, by module name (in the directory MeyerGeneralProblem/Cardinal/Adaptive),
where the main steps of the proof for the profile P; = i are formalised. It is meant as a guide for
the reader; the statement of record is the one described above.
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Paper

Modules

Theorem 5.1(a)—(c)

ActualSmallTailUniqueness, SeamCompleteKernel,

EndpointUniformAdmission, RapidNativeAdmission,
RapidNativeExclusion, RapidCompletelLine
CriticalHeadInverse, CriticalForwardMap,
CriticalGreenInverse, BlockTailEquivalence
FiniteHoleExchange, ActualHoleExchange,
ConcreteHoleCarriers, FiniteHeadExhaustion
HighOrderGapLines

SectorSeparation, QuantitativeSectorSeparation,
SmoothSelectors, ActualSourceSplitting
PolynomialSublevel, QuadraticSublevel,
CatalogueNonresonance, CatalogueEvents
AntiperiodicLift, PeriodicLift, SinglePhaselLift,
LeadingTranslationErrors, PhaseTranslationErrors
StagePhaseParameters, TorusPhaseNets,
FiniteSmoothPartition, ActualRecursion, ActualGoodScales,
ProbabilityBudget

ActualConvolutionVanishing, PolynomialSupportDescent,
ActualPolynomialSupport, ActualAtomRecovery,
IsolatedMassRecovery

ConstructedFiniteExhaustion, ConstructedGenerators,
SectorIndependentFamily, ConstructedAlgebraicBasis
ConstructedNativeUpperBound

Theorem 5.1(d)
Lemma 5.2, Theorem 5.1(e)

Proposition 5.3
Lemmas 6.2, 6.3

Lemmas D.1, 6.4
Lemmas 6.5, D.2

Proposition 6.6

Sections 6.4-6.6

Theorem 6.1, Corollary 6.7

PROVENANCE AND USE OF AI TOOLS

The result on all crystalline measures (Theorem B, Part II) was obtained by GPT-5.6 Sol,
working in Codex, on 15 September 2026. It was found mostly autonomously, using a custom
auto-research harness that the author developed to make autonomous discovery more efficient.
The Lean formalisation of its existence assertion (Theorem B(i), without the symmetry of A) was
updated five days later, on 20 September 2026, and was submitted to Palomar on 30 September
2026 [Pal26b]. The results on Fourier quasicrystals (Part I, the main result, Section 4) were
obtained with the same harness on 3 October 2026, and the formalisation of the existence
statement of Theorem A was registered in Palomar on 8 October 2026 [Pal26¢]. The paper was
written by Claude Opus 5.5.

The author is not a professional mathematician. The author has reviewed the paper as
carefully as possible but, as a non-specialist in this area, has limited ability to check it beyond
the verification tooling described in Appendix E. The author takes full responsibility for its
content.
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