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Abstract. In the 2020s, Marzantowicz and Michalak have introduced the

notion of system of smooth hypersurfaces and discussed Morse functions com-
patible with them: the hypersurfaces are regular level sets of the functions.

This is a kind of fundamental theory on Morse functions and related differential

topology and geometric topology.
We extend this to a certain case: we discuss systems of regular level sets

and critical level sets (regular fibers and singular fibers) of smooth functions

with isolated critical values.
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1. Introduction.

Theory of Morse functions is of classical and strong fundamental theory in math-
ematics, especially in geometry. Fundamental aspects of Morse functions are still
immature and developing. We discuss related differential topological theory and
geometric topological one. More explicitly, we discuss extending theory [11, The
4th section] of Marzantowicz and Michalak and [11, Theorem 4.15].

They have introduced the notion of system of hypersurfaces of manifolds and
Morse function compatible with this. The hypersurfaces are unions of some con-
nected components of regular level sets of the functions. They studied construction
and classifications of Morse functions compatible with this. This is explicitly pre-
sented later, as Theorem 1.

For Morse functions, refer to the textbooks such as [14, 15] and for related
singularity theory, refer to the textbook [6], for example. We also refer to the
paper [9] of the author for notions related to Morse functions such as their Reeb
(di)graphs, which are spaces realized as the quotient spaces of the manifolds of the
domains, whose underlying sets consist of all connected coponents of all level sets of
the functions, and which have been fundamental and strong tools in understanding
the manifolds ([16]). For a level set of a smooth function, we say it is critical
(regular) if it contains some critical points (resp. no critical point).

In the present paper, we extend Theorem 1. For this, we explain fundamental
theory of fibers of smooth functions and maps. A fiber is, in short a local smooth
map (germ) along a single point in the manifold of the target and if the single point
is a singular point of the map, it is a singular fiber, where it is a regular fiber in
the case the single point is not a singular point of the map. The notion is discussed
systematically, recently, in [19], in the story of so-called singularity theory of smooth
functions and maps, especially global theory and related differential topology and
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geometric topology. Related global theory is first discussed in [3, 17, 18] and original
higher dimensional studies of Morse functions have started in the 1950s, in [21, 22],
for example.

We consider regular fibers of smooth functions, and singular ones of smooth
functions with critical values being discrete, or critical fibers of them. Such a
singular fiber is also said to be an isolated critical fiber. One of our main result,
Theorem 2, is an extension for the case of systems of such fibers.

In the next section, we review [11] ([11, The 4th section]). We also review
fundamental notions such as Reeb space and Reeb (di)graph of a smooth function.
We explain fibers again and exhibit Theorem 2 with its proof, in the third section.
The fourth section is for our additional remark.

2. The theory of Marzantowicz and Michalak, systems of
hypersurfaces and Morse functions such that the hyper surfaces

are their regular level sets.

We review [11] ([11, The 4th section]). Let M be a compact and connected
manifold of dimension m ≥ 1 whose boundary ∂M may be non-empty. We consider

a finite family F := {
−→
Fj}lj=1 of l ≥ 0 mutually disjoint hypersurfaces, smooth

compact submanifolds of dimension m − 1 with no boundary of M − ∂M whose
underlying manifolds are Fj , whose normal bundles Fj × R are trivial, oriented,
and oriented naturally by the products Fj ×D1 = Fj × {−1 ≤ t ≤ 1} and D1. We
also identify Fj with Fj × D1 by the map mapping x ∈ Fj to (x, 0) ∈ Fj × Dj .
The family F is called a hypersurface system of M and it is normal if each Fj is
connected and M − ⊔l

j=1Fj is also connected.

We review the Reeb (di)graph
−→
Rf of a Morse function f : M → R on a compact

and connected manifold M of dimension m ≥ 1 whose boundary ∂M may be
non-empty, contains no critical point of f , and is a disjoint union of connected
components of several level sets of f . More generally, we consider a smooth function
with finitely many critical values and with the same properties on the boundary
∂M . We call such a smooth function an admissible function. Reeb (di)graphs are
classical topological and combinatorial objects and they are also important tools in
theory of Morse functions. See [16] as a pioneering paper. We have an equivalence
relation∼f by the following rule, onM : p1∼fp2 if and only if p1 and p2 are in a same
connected component of a same level set of f . The quotient space Rf := M/∼f

is the Reeb space of f . We have the quotient map qf : M → Rf and the unique
continuous function f̄ : Rf → R satisfying f = f̄ ◦ qf . According to [18], defining
vertices by the following rule, this is the graph Rf and the Reeb graph of f : a point
v ∈ Rf is its vertex if and only if either the following holds.

• qf
−1(v) contains some critical point of f .

• qf
−1(v) is a connected component of ∂M .

By the following rule, it is also a digraph: an edge ev1,v2
is oriented as an edge

departing from v1 and entering v2 if and only if f̄(v1) < f̄(v2). The digraph
−→
Rf is

the Reeb digraph of f .
If we consider a circle-valued function f : M → S1 := {(x1, x2) ∈ R2 | x1

2+x2
2 =

1} whose singularities are as above and S1 is oriented in the counter clockwise way,
instead, then we can discuss samely and have the Reeb digraph Rf .
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We explain several terminologies for a (finite and connected) digraph
−→
G . This

is acyclic if it has no oriented cycle. A vertex v of
−→
G is a source (sink) if every

edge incident to it departs from (enters) v. A vertex which is not a source or
sink is a transit vertex. Two digraphs are equivalent if and only if there eixsts a
homeomorphism mapping the vertex set of a digraph onto that of the other digraph
and preserving the orientations. We call such a homeomorphism an isomorphism
between the digraphs. Two digraphs are weakly equivalent if and only if there
exists a homeomorphism mapping the vertex set of a digraph onto that of the other
digraph and preserving the orientations. We call such a homeomorphism a weak
isomorphism between the digraphs.

A vertex v of a digraph
−→
G incident to exactly nv,1 edges entering v and nv,2

edges departing from v is said to be an (nv,1, nv,2)-vertex of
−→
G .

Remark 1. For the graph structure of Rf , see [16] and see also [8] for the Morse
function case. In addition, see [10] for the Morse-Bott function case, where we
do not consider Morse-Bott functions here: for Morse-Bott functions, see [1] for
example.

Definition 1. We consider a quintuple (
−→
G,V−→

G,1,1,1
, V−→

G,1,1,2
, V−→

G,1,2,1
, V−→

G,1,2,2
) of a

finite and connected digraph
−→
G which has at least one edge and is not acyclic, and

four disjoint sets of vertices of degree 1, satisfying the following.

• Every source and every sink of the digraph must be of degree 1.
• The disjoint union V−→

G,1,1,1
⊔ V−→

G,1,1,2
⊔ V−→

G,1,2,1
⊔ V−→

G,1,2,2
is the set of all

vertices of degree 1.
• V−→

G,1,1,1
⊔ V−→

G,1,1,2
and V−→

G,1,2,1
⊔ V−→

G,1,2,2
are non-empty.

We call such a quintuple anM-digraph. Two M-digraphs (
−→
G1, V−→

G1,1,1,1
, V−→

G1,1,1,2
, V−→

G1,1,2,1
, V−→

G1,1,2,2
)

and (
−→
G2, V−→

G2,1,1,1
, V−→

G2,1,1,2
, V−→

G2,1,2,1
, V−→

G2,1,2,2
) are equivalent (weakly-equivalent) if

there exists an isomorphism (resp. weak isomorphism) between
−→
G1 and

−→
G2 and

mapping V−→
G1,1,i1,i2

onto V−→
G2,1,i1,i2

.

This is a fundamental theorem from [12]. See also [11], for example.

Proposition 1. (1) For each M-digraph (
−→
G,V−→

G,1,1,1
, V−→

G,1,1,2
, V−→

G,1,2,1
, V−→

G,1,2,2
)

and any integer m ≥ 2, there exists some admissible Morse function or
circle-valued admissibe Morse function f : M → N with N := R or
N := S1, on some compact and connected manifold M of dimension m
with the decomposition ∂1M ⊔ ∂2M of ∂M as follows.

(a)
−→
Rf is equivalent to

−→
G through an isomorphism ϕ−→

Rf ,
−→
G

:
−→
Rf →

−→
G .

(b) qf
−1(ϕ−→

Rf ,
−→
G

−1(V−→
G,1,1,1

⊔V−→
G,1,1,2

)) is the set of all points yielding local

minimum of f . qf
−1(ϕ−→

Rf ,
−→
G

−1(V−→
G,1,2,1

⊔ V−→
G,1,2,2

)) is the set of all

points yielding local maximum of f .
(c) qf

−1(ϕ−→
Rf ,

−→
G

−1(V−→
G,1,i,2

)) = ∂iM for i = 1, 2.

(2) Conversely, for each admissible Morse function or a circle-valued one f :
M → N with N := R or S⊮ on an m-dimensional compact and connected
manifold M with the decomposition ∂1M ⊔∂2M of ∂M and with m ≥ 2, we

have an M-digraph (
−→
Rf , qf (Cl,m), qf (∂1M), qf (Cl,M), qf (∂2M)), where Cl,m

and Cl,M are the sets of all critical points of index 0 and that of index m.
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We review a main theorem from [11] ([11, Theorem 4.15]).

Theorem 1. Let M be a compact and connected manifold of dimension m ≥
2 whose boundary ∂M may be non-empty. Consider the situation as above and

suppose that F := {
−→
Fj}lj=1 is a normal hypersurface system of M .

Under this, for each M-digraph (
−→
G,V−→

G,1,1,1
, V−→

G,1,1,2
, V−→

G,1,2,1
, V−→

G,1,2,2
) such that

the 1st Betti number b1(G) of the underlying graph G is l, we have an admissible
Morse function f : M → R as in Proposition 1 (1) satisfying the following and with

the condition (1a) replaced by the weaker condition ϕ−→
Rf ,

−→
G

:
−→
Rf →

−→
G being a weak

isomorphism.

(1) Each Fi is a connected component of a regular level set of f .

(2) Each
−→
Fi, equipped with the oriented normal bundle Fi × D1 as above, is

mapped into the interior of an edge of
−→
Rf . The orientation of its image

induced canonically from the orientations of the bundle Fi ×D1 and D1 is

same as the orientation induced from the original orientation of
−→
Rf .

Definition 2. Let (
−→
G,V−→

G,1,1,1
, V−→

G,1,1,2
, V−→

G,1,2,1
, V−→

G,1,2,2
) be an M-digraph.

(1) If we have an admissible smooth function or a circle-valued one f : M → N

withN := R orN := S1 as in Proposition 1 (1), then (
−→
G,V−→

G,1,1,1
, V−→

G,1,1,2
, V−→

G,1,2,1
, V−→

G,1,2,2
)

is a realization of f .

(2) In (1) above, if we replace the isomorphism ϕ−→
Rf ,

−→
G

:
−→
Rf →

−→
G in the condi-

tion (1a) of Proposition 1 by a weak homeomorphism, then (
−→
G,V−→

G,1,1,1
, V−→

G,1,1,2
, V−→

G,1,2,1
, V−→

G,1,2,2
)

is a weak-realization of f .

Hereafter, let us use
−→
G for (

−→
G,V−→

G,1,1,1
, V−→

G,1,1,2
, V−→

G,1,2,1
, V−→

G,1,2,2
), unless we

need to clarify the sets V−→
G,1,i1,i2

.

3. Our main result, Theorem 2, and an application, Theorem 3.

For a smooth map f : M → N , (its) fiber (around p ∈ N) means a local map
(map germ) represented as the restriction of f to a small open nighborhood Uf−1(p)

of f−1(p) in M . If p is a regular value, then it is a regular (singular) fiber. Here,
we only consider cases of smooth functions whose critical values are isolated and
for such a function, a singular fiber is also an isolated critical fiber.

For two smooth maps f1 : M1 → N1 and f2 : M2 → N2, a fiber of f1 around
p1 ∈ N1 and that of f2 around p2 ∈ N are defined to be equivalent if there exists
a local (smooth) diffeomorphism (a germ of a (smooth) diffeomorphism) Φp1,p2

mapping f1
−1(p1) onto f2

−1(p2) and one ϕp1,p2
mapping p1 to p2 with the local

relation ϕp1,p2
◦ f1 = f2 ◦ Φp1,p2

. If we can choose ϕp1,p2
as a diffeomorphism

preserving the orientations, then the two fibers are defined to be oriented-equivalent.
In Theorem 1, each element of F is identified with a regular fiber of f around

a point of R. In situations of Theorem 1, an element
−→
Fj :=

−−→
F1,j1 of F := F1 and

an element
−→
Fj :=

−−→
F2,j2 of F := F2 are equivalent if and only if the underlying

manifolds F1,j1 and F2,j2 are diffeomorphic. They are also oriented-equivalent if
and only if the orientations of D1 of the normal bundles F1 ×D1 and F2 ×D1 are
same. This is, essentially, implicit function theorem.
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Hereafter, we consider fibers for proper smooth functions f : M → R or f :
M → S1 on manifolds with no boundary around p ∈ R such that the level sets
f−1(p) are connected. For the isolated critical fiber case, the fiber is identified
with an admissible smooth function f |−−−−−−→

Vf−1(p),p

on a small connected and compact

neighborhood
−−−−−→
Vf−1(p),p ⊂ M of f−1(p) in M which has exactly one critical value.

Furthermore, the function is regarded to be an admissible smooth function whose

Reeb digraph
−−−−−−−→
Rf |−−−−−−−−→

V
f−1(p),p

has at most one transit vertex.

Definition 3. We consider a finite family F := {
−−−−−−−→
Vfj−1(pj),pj

}lj=1 of l ≥ 0 mutually
disjoint, smooth compact and connected submanifolds of dimension m of M − ∂M

each of whose underlying manifolds is
−−−−−−−→
Vfj−1(pj),pj

and regarded to be a regular or

an isolated critical fiber of a smooth function fj :
−−−−−−−→
V

jf−1(pj),pj
→ R around pj ∈ R

or pj ∈ S1. The family F is called a regular or isolated critical fiber system of M ,

or an RICF system of M . If for an RICF system F := {
−−−−−−−→
Vfj−1(pj),pj

}lj=1 of M ,

M − ⊔l
j=1

−−−−−−−→
Vfj−1(pj),pj

is connected, then F is normal.

The definition is regarded to be an extension compatible with the case all−−−−−−−→
Vfj−1(pj),pj

being regular fibers.

Theorem 2. Let M be a compact and connected manifold of dimension m ≥ 2

whose boundary ∂M may be non-empty. Suppose that F := {
−−−−−−−→
Vfj−1(pj),pj

}lj=1 (l > 0)
is a normal RICF system of M as above, satisfying the following.

• Let 0 ≤ lr ≤ l be the number of all regular fibers
−−−−−−−→
Vfj−1(pj),pj

(of fj around

pj) in F := {
−−−−−−−→
Vfj−1(pj),pj

}lj=1 .

•
−−−−−−−−−→
Rfj |−−−−−−−−→

V
fj

−1(p),p

has one transit vertex vj which is also an (nvj ,1, nvj ,2)-vertex

if and only if
−−−−−−−→
Vfj−1(pj),pj

is not a regular fiber. In the case
−−−−−−−→
Vfj−1(pj),pj

is a
regular fiber, let nvj ,1 = nvj ,2 = 1.

Under this, for each M-digraph (
−→
G,V−→

G,1,1,1
, V−→

G,1,1,2
, V−→

G,1,2,1
, V−→

G,1,2,2
) such that the

1st Bett number b1(G) of the underlying graph G is b1(G) = Σl
j=1(nvj ,1+nvj ,2−1)

and that the following are satisfied, we have its weak-realization f : M → R which

is Morse outside M − ⊔l
j=1

−−−−−−−→
Vfj−1(pj),pj

.

(1) There exists a family of l − lr distinct vertices V−→
G,F,s

of
−→
G each of which

is an (nvj ,1, nvj ,2)-vertex for an isolated critical fiber
−−−−−−−→
Vfj−1(pj),pj

. Further-
more, distinct members of the set V−→

G,F,s
correspond to mutually distinct

isolated critical fibers
−−−−−−−→
Vfj−1(pj),pj

in F .

(2) G− V−→
G,F,s

is connected.

We have Proposition 2 from the proof of [11, Theorem 4.15] or Theorem 1.

Proposition 2. Let M be a compact and connected manifold of dimension m ≥ 2
with the decomposition ∂1M ⊔∂2M of ∂M each ∂iM of which consists of exactly ni

connected components. Let (
−→
G,V−→

G,1,1,1
, V−→

G,1,1,2
, V−→

G,1,2,1
, V−→

G,1,2,2
) be an arbitrary

M-digraph such that the size of V−→
G,1,i,2

is ni and that the underlying graph G is

a tree. Let {∂i,j′M}ni

j′=1 be an arbitrary label by the first ni positive integers on
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the set of all connected components of ∂iM and an arbitrary one {v1,i,2,j′}ni

j′=1 on
the set of all vertices of V−→

G,1,i,2
, we have its weak-realization f : M → R which is

Morse and satisfies qf (∂i,j′M) = {v1,i,2,j′} for every i and j′.

A proof of Theorem 2. We first (re)construct a local map onto a small connected
and compact neighborhood N(v−→

G,F,s,j
) of each vertex v−→

G,F,s,j
∈ V−→

G,F,s
. More

precisely, we reconstruct an isolated critical fiber oriented-equivalent to the fiber−−−−−−−→
Vfj−1(pj),pj

such that the quotient map onto the Reeb digraph is regarded to be a

surjection onto the connected and compact neihborhood N(v−→
G,F,s,j

) of the vertex
v−→
G,F,s,j

.

By the assumption that G− V−→
G,F,s

is connected and that b1(G) = Σl
j=1(nvj ,1 +

nvj ,2 − 1), from G, we can remove the interiors of small connected and compact
neghborhoods N(v−→

G,F,s,j
) of v−→

G,F,s,j
∈ V−→

G,F,s
, and we can choose and remove

l − lr additional distinct points which are not vertices of G and their small open
neighborhoods, homeomorphic to {t | −1 < t < 1}. The resulting remaining set
GV−→

G,F,s
,l−lr ⊂ G− V−→

G,F,s
is compact and still connected. The resulting set is also

a tree and canonically an M-digraph.

We reconstruct a regular fiber oriented-equivalent to the fiber
−−−−−−−→
Vfj−1(pj),pj

such
that the quotient map onto the Reeb digraph is regarded to be a surjection onto a
small connected and compact neighborhood of each of the l − lr additional points,
which is homeomorphic to {t | −1 ≤ t ≤ 1} and whose interior is regarded to be
the open neighborhood removed above.

For the M-digraph
−−−−−−−−→
GV−→

G,F,s
,l−lr := GV−→

G,F,s
,l−lr and the manifoldM−⊔l

j=1

−−−−−−−→
Vfj−1(pj),pj

,

we apply Proposition 2 and construct a weak-realization of the M-digraph
−−−−−−−−→
GV−→

G,F,s
,l−lr

on M − ⊔l
j=1

−−−−−−−→
Vfj−1(pj),pj

being also Morse.
By gluing the regular fibers and the isolated critical fibers above and this weak-

realization of the M-digraph
−−−−−−−−→
GV−→

G,F,s
,l−lr together suitably and naturally, we have

a desired function. This completes the proof. □

Definition 4. In Theorem 2, we call the resulting function f : M → R an F-

admissible function. Each element
−−−−−−−→
Vfj−1(pj),pj

∈ F is said to be an (nvj ,1, nvj ,2)-
fiber.

We present another application.
Let GF,l denote the free group of rank l ≥ 0.
We discuss the epimorphism represented as the composition of qf ∗ : π1(M) →

π1(Rf ) with some isomorphism ϕM,F,qf for an admissible Morse function f : M →
R as in Theorem 1. This is first discussed in [11, The sections 2 and 4].

Let M be a compact and connected manifold of dimension m ≥ 2 whose bound-

ary ∂M may be non-empty. Suppose that F := {
−→
Fj}lj=1 (l > 0) is a normal

hypersurface system of M . We have an epimorphism ϕM,F : π1(M) → GF,l up to
isomorphisms of the groups of the targets, by a certain rule and it is represented
as the composition of qf ∗ : π1(M) → π1(Rf ) with some isomorphism ϕM,F,qf for
an admissible Morse function f : M → R as in Theorem 1.

We consider a circle-valued case f : M → S1 instead and discuss qf ∗ : π1(M) →
π1(Rf ). Related to Theorem 2,we also consider the case of a certain simple general
RICF system F .
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Related to this, we review studies on Reeb digraphs of circle-valued Morse-Bott
functions. [4, 5] are on Reeb digraphs of circle-valued Morse-Bott functions on
closed surfaces and closed manifolds whose dimensions are greater than 2. In stud-
ies of existence and construction of non-singular extensions of smooth functions
(Morse functions), in other words, studies on extending a smooth function to an-
other smooth function with no critical point on a compact manifold whose boundary
is the original manifold such as [2], Reeb graphs are fundamental and important
tools and in [7], a certain circle-valued case is discussed.

We go back to our problem. We prove Theorem 3.

Theorem 3. Let M be a compact and connected manifold of dimension m ≥ 2

whose boundary ∂M may be non-empty. Suppose that {
−→
F } is a normal RICF sys-

tem of M consisting of the single element
−→
F which is an (nv,1, nv,2)-fiber. Suppose

that there exists an F-admissible function f0 : M → R. For each positive integer
l′, we have a smooth admissible function f0,l′ : M → S1 satisfying the following.

(1) The two M-digraphs
−−→
Rf0 and

−−−→
Rf0,l′ are equivalent.

(2) qf0,l′ ∗ : π1(M) → π1(Rf0,l′ ) is an epimorphism onto π1(Rf0,l′ ), isomorphic

to GF,nv,1+nv,2−1.

(3) There exists a family {gM,j′}
nv,1+nv,2−1
j′=1 ⊂ π1(M) of exactly nv,1 +nv,2 − 1

elements satisfying the following.
(a) The subgroup generated by the set of these elements is mapped onto

π1(Rf0,l′ ).

(b) Under a natural identification of π1(S
1) and the integer group Z, the

value of f0,l′∗ : π1(M) → π1(S
1) at gM,j′ is l′.

Proof. A main ingredient is removing (the interior of)
−→
F from M and regluing this

in a bit different way. From the construction, we have the presented properties.
We embed the target space R of the function f0 : M → R into S1 first and we

have a circle-valued smooth admissible function. The image of the function f0|−→F
is represented by the form {(cosu, sinu) | u0 ≤ u ≤ u1} with 0 ≤ u0 < u1 < 2π.
We remove this. Roughly, we add a rotation of l′ times along S1 in the counter
clockwise way and we reglue this revised map into S1.

More precisely, we rescale the function in the following way. A point which is by
the original function f0|−→F mapped to u (u0 ≤ u ≤ u1) is changed to a point which

is mapped to u0 + (l′ + 1)(u− u0).
The construction and the theory [11, The sections 2 and 4] complete the proof.

□

With a little effort, this theorem can be presented in a more general way and for
simplicity, we present the theorem in this way.
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