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PERIOD RELATIONS AS PERIOD TERMS: LINEAR INDEPENDENCE AT
CM AND BETA PERIODS

SHAWN KRISMAN

ABSTRACT. We prove linear independence results for periods of CM abelian va-
rieties and Beta values by using a known relation between periods as the period
term in the algebraic subgroup theorem. For example, 1, B(%, %), B(%, %) and
B (%, %) / B(%, %) are linearly independent over Q, and families of such relations
attached to the CM types of Q({xn) give the linear independence of 1, a common
ratio and x > 2 periods. The same method proves Waldschmidt’s Conjecture 42
at six classes of CM ratios (for instance, p(log2/w) and p(log3/w) are not both
algebraic on the lemniscatic curve) and several four exponentials statements at
CM periods. All results are explicit consequences of theorems of Waldschmidt
and of Roy and Waldschmidt.

1. INTRODUCTION

Waldschmidt’s algebraic subgroup theorem with period term [28, Thm. 4.1] bounds the rank
of a group of logarithms of algebraic points lying on a subspace V', with a saving « for the periods
that lie on V; the theorem of Roy and Waldschmidt [23] puts it in a form with number-field
coefficients. A period on V comes from a relation among periods. In the companion note [16]
the period data come from the choice of the slope (for instance the period (27i,2ic2) on the

line of slope ¢§2/7) and from Legendre’s relation and its analogue P,P5 € 7Q" for CM abelian
varieties. Here we use quadratic relations among first-kind periods of four different eigen-slots,
which exist on CM abelian varieties of dimension > 3 by Deligne’s theorem in the form of Koblitz
and Ogus, and, in the other results, the quotients of periods of two different eigen-slots. Each
relation, placed on the line, is the period term of the count.

Notation. Let Q be the algebraic closure of Q in C, L ={z € C: ¢* € @X} and £ = Q + QL.
For an elliptic curve E: y? = 423 — gox — g3 with g9, 93 € Q we write g, ( for its Weierstrass
functions, Ag for its period lattice, n(\) = ((z + ) — ((z) for the quasi-periods, and L = {u €
C:u € Ag or p(u) € Q}. We use two curves throughout:

Ei:y2=4$3_4x7 A:TDZM, w:I‘Q(li\//%za n(w)zg’
3
Ep: y2 = 4.%'3 —4, A= QPZ[p]v QP = %’ T](Qp) - \/ggp'

(The quasi-periods follow from the Legendre relation and ((iz) = —i((z), {(pz) = p((z). The
real periods are Beta integrals, @ = [{°(23—2)"1/2dz = 1B(}, 1) and Q, = [[7(23-1)"1/2dz =
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1 B((l)., %) and the I'-forms follow from the reflection and duplication formulas; these are instances
of the Chowla—Selberg formula [10].)

Let A/Q be a simple abelian variety with complex multiplication by a CM field F' of degree
2g, with CM type ®. For an embedding o of F, an eigen-differential is a class w, € Hiz (A/Q)
with [z]*w, = o(z)we; it is of the first kind (holomorphic) iff o € ®. An eigen-period is a
nonzero number P, = f7 Wy, v € H1(A,Z). By Riemann’s bilinear relations P, P5 € W@X. For
a CM abelian variety that is not simple, every nonzero eigen-period is an algebraic multiple
of an eigen-period of a simple factor, of the same kind (§3.1). For N > 3 and 0 < a,b < N
with a + b # N, the Beta value B(a/N,b/N) = I'(a/N)T'(b/N)/T((a + b)/N) is, up to Q~, an
eigen-period of a CM abelian variety (a factor of the Jacobian of the Fermat curve of degree N),
of the first kind iff a + b < N (§3.1).

The level-seven example. Products of CM abelian varieties involving a simple factor of di-
mension > 3 can have homogeneous quadratic relations among first-kind periods of four different
eigen-slots (Remark 4.10). On the Jacobian A of C: y” = z(1 — x) (genus 3, CM by Q((7)),
with E an elliptic curve with CM by Q(1/—7), the Beta cocycle and one reflection give

sin(37/7)

B BE.Y = o) B D B,

where B(j/7,5/7) (j = 1,2,3) are the periods of the holomorphic eigen-differentials dx/y"~7 on

C and B(1/7,2/7) € Q Qg (Chowla-Selberg [10]). Theorem 4.2 (§4) uses such a relation as
the period term. On y” = x(1 — z) it gives:

Corollary 1.1 (Corollary X7). (a) For O,Q € C(Q) with Q — O of infinite order in A,

Qdx ; (9 dx B(3/7,3/7)
Ll 7177
(b) The numbers 1, B(7,7) B(7,7) (% 3%)

B(1/7,1/7)
/B (% 7) are linearly independent over Q;
equivalently, so are 7, T'(2)*T'(2), T'(3)T'(2)?,

N%()/N)

Corollary 1.1 is Corollary 4.7(a), (c). The relation is the period term in the following sense.
Let 21, 29, z3 be the eigen-coordinates on Lie(A) dual to dz/y%, dx/y®, dz/y*, with periods P;j €

X

Q" B(L,1). On G = A x E x G2 read the map ¥ = (21 + zp + q1, 23 + 22 + ¢2): Lie(G) — C?
and the line V' = C(P;, P3). The relation puts two elements of the K-span of ¥(2(G)) on V,
linearly independent over a number field K, and the theorem of Roy and Waldschmidt then
allows no further logarithm of an algebraic point on V' (Theorem 4.6); Corollary 1.1 follows by
specialising the logarithms. The general statement, for four distinct first-kind eigen-slots with

P,P, € Q" P.P,, is Theorem 4.2.

Several parallel pairs. At level N, let 7 € (Z/N)* \ {£1} and let T(7) be the set of CM
types ® of Q({x) with 1,7 € ®; it has k = 2972 elements, where 29 = ¢(NN). Replacing 7
by —7 in each ® gives a partner type @', and by Deligne’s theorem the ratios Pg//Pg of the
corresponding first-kind periods all lie in one class @Xr. Theorem 4.14 places all x pairs on one
line and gives: 1, r and the k periods Py are linearly independent over Q, and the same for
every subfamily. For x = 1 this follows from Wiistholz’s analytic subgroup theorem (multiply
by m/Pg); the point is k > 2, i.e. ¢ > 3. For instance, at N = 15, 7 = 2 (k = 4), the numbers

)

B(s.45), Bl 15), B(&. 1), BG.

Wl

cn‘w
Lol
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are linearly independent over Q. Levels 9 and 24 give analogues of Corollary 1.1 with elementary
proofs of the relations (Theorem 4.12): for instance 1, @, B(oy, 1), B(sq, 13)/B(%: 51) are
linearly independent over Q.

Products of periods are in general not 1-periods, so these statements are outside the period
theorem of Huber and Wiistholz [11], which describes the Q-linear relations among 1-periods.
They would reduce to it if a single Gamma monomial multiplied every number of the list into
@X times a 1-period. In the Koblitz—Ogus dictionary there is no such multiplier for the lists of
Corollary 1.1, Corollary 4.13 and the example above (Remark 4.9, [Computed]).

Other results. The same method, with the quotient of the periods of two different eigen-slots
as the slope of the line, gives the following (§§5-8).

e Waldschmidt’s Conjecture 42 at CM ratios (Theorem 7.1). For instance g;(log2/w) and
©i(log3/w) are not both algebraic, nor are p;(£2,log2/7) and p;(£2,log3 /7).

e Strong elliptic four exponentials at t € Q" (' /Q)FUQ™ (7 /Q)E! for two non-isogenous
CM curves (Corollary 5.2), and on eigen-coordinates of CM abelian varieties at t €
Q" (P'/P,)*! (Theorem 5.5). For instance ©i(Qp/w) and p;(2,u/w) are not both alge-
braic for every u € L, \ {0}.

o Four exponentials for quasi-logarithms (Theorem 6.2). For instance, if u1,us € Lg, and
w are linearly independent over Q(4), then (@ /€Q,)(;(u1) and (w/€Q,)(;(u2) are not both
Q-linear combinations of 1 and quasi-logarithms ¢;(u).

e Collinearity of period points of three CM curves with distinct CM fields (Theorem 8.1),
a codimension-two application.

e Imaginary quadratic multiplication of signature (r,s) (Theorem 8.4): on a simple Pi-
card Jacobian, the abelian integrals [ P ax /Y2, 1l Pydx /y? are proportional, with factor
log a/27i, to the two periods along one cycle only if P is torsion and « a root of unity.

Position. All of this is an explicit application of published theorems: Waldschmidt’s subgroup
theorem with period term [28, Thm. 4.1], its hyperplane case [28, §5d], and the theorem of
Roy and Waldschmidt [23, Théoréme], used with the weight of the quotient group that appears
inside its proof (§2). We claim no new method. Several results are direct instances of the
theorem of Roy and Waldschmidt as printed: Theorem 5.1(1), Theorem 5.5 for elliptic curves,
Theorems 4.6, 4.12(1), the families of Theorem 4.14 (and through them Theorem 4.12(2)), and
rows (iii), (iv) of the line form of Theorem 7.1 (Remark 2.4). What we contribute is the choice
of the period relation placed on the line, the explicit statements and examples, and the proofs
written out at these periods: the group, the map, the line, the period datum, the quotient, and
either the exclusion of every algebraic subgroup or the computation of the weight. Theorems 8.1
and 8.4 use Waldschmidt’s theorem on subspaces of codimension > 2, subgroup by subgroup.
As far as we found, none of these statements is in print, with the following exceptions and
partial overlaps (§9.1). For Theorem 4.14 with x = 1 the independence statement is Wiistholz’s

theorem in substance. Theorem 6.2 in the class @X Ot is of degree one by Laurent’s identity,
and we expect it to follow from the analytic subgroup theorem [Heuristic]. The cases t € Q of
(U1), (U3) follow easily from Wiistholz’s theorem. Corollary 7.2(b) follows from known results
and complex conjugation when loga,log 8 and their complex conjugates span a Q-space of
dimension > 3; what is new is the conjugation-stable case, such as (log2,log3). Likewise the
conclusion of Theorem 5.5, and that of Corollary 5.2, follow from the elliptic and abelian strong
six exponentials theorems of Roy and Waldschmidt and complex conjugation when Qy; + Qs
is not stable under complex conjugation (for Theorem 5.5 we checked this only at the level of a
proof sketch). Our examples lie in the conjugation-stable cases.
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Conventions. Unless labelled otherwise, every statement is proved here given the published
theorems cited; we use the labels [Lit], [Proof sketch]|, [Heuristic] (depending on the period
conjecture or the Rohrlich-Lang conjecture), [Numerical] and [Computed] (exact combinatorics
by a script). Every result relies on Waldschmidt’s Theorem 4.1 as printed, including the one
step of its proof that [28] indicates by reference to other papers (§2.1). The results were found
with substantial use of Al tools, and all review so far is by Al referees; no human expert has
checked the proofs. §9 says which statements are checked in Lean.

Organisation. §2 states the published theorems and the shape of the arguments, §3 the linear
algebra of CM abelian varieties and of universal vector extensions. §4 proves Theorem 4.2 and its
instances at levels 7, 9, 24 and Theorem 4.14; §5 the strong elliptic and eigen-slot statements, §6
four exponentials for quasi-logarithms, §7 Conjecture 42 at CM ratios and §8 the codimension-
two applications. §9 is on formal verification and the literature.

2. THE PUBLISHED THEOREMS
2.1. Waldschmidt’s subgroup theorem.

Theorem 2.1 (28, Thm. 4.1, pp. 385-386]). Let G = G% xG% x Gy be a connected commutative
algebraic group over Q of dimension d = do+di+do > 1, with projections my, w1 onto the first two
factors (do,d1 need not be mazimal). Let V C T(C) be a subspace of dimension N < d, W CV
a subspace defined over Q, and Y C V a finitely generated subgroup with T' = exp, Y C G(Q);
put k = rkyz(Y Nkerexpy). Then there is a connected algebraic subgroup G' # G defined over
Q such that, with § = dim G/G’, 6y = dim G¥ /7o(G"), 61 = dim G /71 (G"), 62 = 6 — dg — 61,
A=1kzT/(T'NG") and 7 = dim W/(W NTg), one has 6 > 7 and

(1) (A+0614+25)(d—N) < (6§ —7)(d1 + 2d2 — k).

(G" = 0 is allowed.) The proof [28, §§6-7] combines an auxiliary function [28, Prop. 6.1] with
Philippon’s zero estimate [20]. Prop. 6.1 asks for a polynomial that vanishes with multiplicity
> T along W at the points of exps (Y (S)), with the saving ~ in the parameters. Waldschmidt
says [28, p. 396] that this is proved in [27, Prop. 2.4] when W = 0 and the exponent b is 1, and
that the estimates for the derivatives are provided by Bertrand’s Lemma 7 [26, App. I], and he
says to compare with Bertrand [3] and Philippon—Waldschmidt [21]. So for W # 0 the printed
proof only indicates this step. All our direct applications of Theorem 2.1 have W # 0 and k > 0,
and so do the instances of it behind Theorem 2.3 below. We use Theorem 2.1 as printed. Put

(2) 2N > dy + 2dy + k.

This is not a hypothesis of Theorem 2.1; it is the range in which this step has been checked
outside print. For G = G x G4 x Ey X - - - X Ey,, with Ej elliptic curves, Theorem 2.1 under (2)
is proved in Lean [14, 15]. For other groups, in particular for CM abelian varieties of dimension
> 2 and for universal vector extensions, we rely on the printed theorem; no human expert
has checked this step. Every direct application of Theorem 2.1 below satisfies (2), and each
such proof says so. Theorem 2.1 is stated for any dy (p. 385); Waldschmidt himself applies its
consequence [28, Thm. 1.1] with dy = 2, W # 0, kK = 0 in the proof of [28, Cor. 2.1]. When
dp > 1 the printed proof uses an exponent b > 1 in the case 6 = 7 (p. 397), which belongs to the
same step. Several of our applications (Theorem 5.1(1), Proposition 4.1, Theorem 4.14) have
dy = 2.

2.2. The hyperplane case.
Theorem 2.2 ([28, Thm. 1.1, pp. 375-376, under (5.4) of §5d, p. 394]). Let G = G¥ x G& x Gy

be a connected commutative algebraic group over Q of dimension d > 1, with dy, di mazximal
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and dy = d —dy —dy. Let V' be a hyperplane of Ta(C), W C V a subspace of dimension t > 0
defined over Q, andY = Zy1 + -+ + Zym C V a subgroup of rank m with expg Y C G(Q). Put
k =1kz(Y Nkerexpg). If

(5.4) m > (dy + 2ds — k)(d—1—1),

then V' contains a mnonzero algebraic Lie subalgebra of Te(C) defined over Q, that is, Tgw CV
for some connected algebraic subgroup G' # 0 of G defined over Q.

The printed Theorem 1.1 has the hypothesis m > (di + 2d2)(d — 1 — t), without «; [28, §5d]
proves it under the weaker hypothesis (5.4) (p. 394 prints x = £ —m, a misprint for m —¢). That
proof applies Theorem 2.1 to G and then again to an auxiliary subgroup [28, Lemma 5.1]. Since
a(G) = di + 2dy for a maximal decomposition (§2.3), Theorem 2.2 is, in contrapositive form,
the case K = Q, ¥ = id of Theorem 2.3 below for hyperplanes V' (stated for a finitely generated
Y, with s the rank of its periods). Theorems 2.1 and 2.2 are stated for literal products. Every

connected commutative G over Q is isogenous to GgO(G) X anl(G) x (9 (a surjection onto Gy,
resp. G, restricts onto a G,, resp. a subtorus, of the linear part, which splits off up to isogeny),
and both statements are invariant under isogeny (as [28, p. 389] notes), so we apply them to
groups that are only isogenous to such a product.

2.3. The theorem of Roy and Waldschmidt. Let G be a connected commutative algebraic
group over Q, T its tangent space at the origin with its Q-structure, Q(G) = ker exp; its periods
and A(G) = expal(G (Q)) the logarithms of its algebraic points. For a number field K of degree
n, Qx(G) and Ag(G) are the K-spans of Q(G) and A(G) in T(C). Fix a basis 6 = (61,...,6,)
of K/Q and let pg: Ton = T7; — T, (25) — 32, 052;. Let do(G) (resp. di(G)) be the largest d
with a surjection G — G¢ (resp. G — G) over Q, and a(G) = 2dim G — 2do(G) — d1(G). Let
€ be a finite-dimensional complex vector space with a Q-structure, ¥: Tg(C) — £ a Q-rational
linear map, and Wy = W opy. Let Hy (resp. Hy) be the largest connected algebraic subgroup of
G" with pg(TH,) = 0 (resp. Th, C ker Wy), and put

ax(G) = a(G"/Hy)/n [23, p. 360], agw(G) = a(G"/Hy)/n (the inner weight);

neither depends on 6 (a change of basis induces an isogeny of G"), and ak w(G) < akg(G) [23,
p. 364]. Finally Sk (G) is the set of subspaces py(Tg/) of Ti, for G’ an algebraic subgroup of
G".

Theorem 2.3 ([23, Théoreme, (i)=-(iii), p. 363, with the inequality of step (b), p. 364]). Let
V C & be a complex subspace containing no nonzero ¥(S), S € Sk(G), and W C V a subspace
defined over Q. Put k = dimg (V N ¥ (Qx(G))). Then VNV (Ak(G)) is a finite-dimensional

K -vector space, and
dimg (VN U (A (G))) < (akw(G) — k) dime(V/W) < (ak(G) — k) dime(V/W).

Roy and Waldschmidt state the second inequality, for every connected commutative G over
Q, every number field K and every V. Their proof has two steps. Step (b) (p. 364) reduces
to K = Q, ¥ = id on G"/Hy; it is written in full, and the inequality obtained before its
last line (“On peut aussi majorer a(G’) par nax(G)”) is the first inequality above. (Step (b)
also applies (a) to ker ¥, to get equalities in its (4); the inequality needs only the surjections
there, and that instance is in any case Wiistholz’s theorem.) Step (a) (p. 363) is the case
K =Q, ¥ =id. It follows formally from [28, Thm. 4.1] by Roy’s categorical method [22, §6]:
Roy shows that the statements of his Proposition 2.1 hold with the period-carrying function
d(X) = a(G) — k(Y NQ(G)) [22, p. 266], and step (a) outlines how the bound follows from
them. In the proofs, Theorem 2.3 is used only with & = C2, ¥ onto, V a line and W = 0 (the



6 SHAWN KRISMAN

remarks of §8 also use the case K = Q, ¥ = id, i.e. Theorem 2.2 and [28, Thm. 4.1] directly);
then the subspace of T(gn,p, to which step (b) reduces is a hyperplane, and for hyperplanes
[23, Remarque 2] cites step (a) from [28, Thm. 1.1], i.e. Theorem 2.2. By [23, Remarque 1], the
condition on V holds whenever V has no nonzero Q-rational point (and then W = 0); this is
the only case we use. We call ak v(G) the inner weight.

Upper bounds for the inner weight. For a connected algebraic subgroup H of a connected
commutative group G one has a(G/H) < a(G), since a(H) + a(G/H) < a(G) [22, Lemme 4.3]
and o(H) > 0. If U C G™ is a connected algebraic subgroup with Ty C ker Wy, then U C Hy,
so G"/Hy is a quotient of G"/U and

agw(G) < a(G"/U)/n.

Moreover a(G") < 2dim G” — 2a — b whenever G” admits surjections onto G¢ and onto G%,. So
an explicit U and explicit surjections bound the inner weight from above, and an upper bound
is all that the applications need.

2.4. The shape of the arguments. Every result of §§4-7 has the following shape. There are
a group G (a product of copies of G,, Gy,, CM elliptic curves, simple CM abelian varieties and
their universal vector extensions), a Q-rational map ¥: Tg — C? (onto), a line V = C(1,s)
(or Cw) whose slope is transcendental, and W = 0. So the condition of Theorem 2.3 holds
by [23, Remarque 1], and dim V/W = 1. A period relation gives a period datum on V, so
k > 1 (for Theorem 4.2 two periods on V give > 2, and « pairs give k for Theorem 4.14),
and a counterexample to the statement gives further vectors on V', K-independent of the period
data. Their total number is bounded by ak w(G) — k < a(G”)/n — k for an explicit quotient
G" = G"/U. The table lists the numbers (for n = [K : Q] large enough; “data” counts the
period data together with the vectors a counterexample would give).

result G" a(G")/n Kk data bound
Prop. 4.1 (Thms. 4.2, 46, 4.12) G2 x [[, A7 1 2 3 2

Thm. 4.14 (k pairs) G2 x [1; A7 2K k k+1 &

Thm. 5.1(1), Thm. 5.5 (EA) G2 x A x Al x A" 3 13 2

Thm. 5.1(2), Thm. 5.5 (EA%) Ga x AY x AY x Q" 3+2/n 1 3 2+42/n
Thm. 6.2 (X = Gy) Q1 x G™ x Q3 3+4/n 1 3 2 +4/n
Prop. 7.3, rows (iii), (iv) Gn ox A" x A" 3 1 3 2

Prop. 7.3, rows (i), (ii), (v), (vi) G x A” x Q" 3+2/n 1 3 2+2/n

Here the A” are abelian varieties of dimension n/2 for every g: reading one eigen-coordinate kills
all but n/2 dimensions of A" (Lemma 3.1); and Q", Q1, Q3 are extensions of such an abelian
variety by G,, of dimension n/2 + 1. In each row the bound is below the number of data for n
large enough (n > 3, resp. n > 5 for Theorem 6.2), which is the contradiction.

We give two kinds of proofs. In the direct proofs (Proposition 4.1, Theorems 4.14, 5.1(1), 6.2,
and row (iv) of Proposition 7.3 in Remark 7.4) we apply Theorem 2.1 once, to G’ = G"/Hy,
and exclude every connected algebraic subgroup by an explicit case check, with (2) checked at
G". In these applications V" = U"=1(V) is a hyperplane, N = d — 1, and W” = ker U, so that
7 =30+ —2 where ' = dim V"’(T¢); thus only G’ with ' < 1 can satisfy § > 7, and then
d — 7 =2 —1'. In the other proofs (Theorem 5.5, hence Theorem 5.1(2), and Proposition 7.3)
we apply Theorem 2.3 with the upper bound for the inner weight of §2.3, which needs only an
explicit U, the dimension of G" /U and k. The direct proofs show which subgroups are tight and
by how much; the others are shorter. Theorems 8.1 and 8.4 (§8) are not of this shape: there V"
has codimension > 2.
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Remark 2.4 (The printed weight). For several results the printed weight ax of Theorem 2.3
already suffices, on the group G itself, with the weights of §3.3: (i) Theorem 5.1(1), and Theo-
rem 5.5 for elliptic curves: ag(Gax ExXG,x ExE') = 3, k > 1; (ii) Proposition 4.1 when the four
slots are all the first-kind slots of the varieties involved (levels 7 and 9): ag(G) =) ,dim A =4,
k = 2 (Remark 4.5); (iii) Theorem 4.14 for a whole family T'(7): ax = 2x; through it, and the
slot-splitting step of §4.3, Theorem 4.12(2) and every subfamily of Theorem 4.14 (the paragraph
after the proof of Theorem 4.12); (iv) rows (iii), (iv) of Proposition 7.3: ag(GaxGuxEXE') = 3,
k > 1. With Wiistholz’s and Masser’s theorems for the final deductions, these results are di-
rect instances of [23, Théoréme (iii)] as printed. For Theorem 5.5 with max(g,g’) > 2, The-
orem 5.1(2), the fibre rows of Proposition 7.3 and Theorem 6.2, the printed weight on the
groups used here gives no conclusion (for instance ag (G, x A x G, x A x A’) = 29+ ¢/, and
ax(Gy x E% x E) =4+ 2/n by Lemma 3.3), and the inner weight is used.

3. CM ABELIAN VARIETIES AND UNIVERSAL VECTOR EXTENSIONS

This section gives the linear algebra of CM abelian varieties of any dimension g and of their
universal vector extensions (§§3.1-3.2), and the weights (§3.3). Most of it is also in [16, §3].

3.1. CM abelian varieties. Let A/Q be a simple abelian variety of dimension g with CM by
the CM field F, [F : Q] = 2g, with (primitive) CM type ®. For 0 € ® let z,: Lie(A) — C be
the Q-rational eigen-coordinate dual to a holomorphic eigen-differential w,, so that z,([x]v) =
o(x)zs(v) for x € Op. Since Hi(A, Q) = Fry for any 0 # vy € Q2(A), we have z,(zvyy) = o(x) P,
with P, = z5(70), 80 25(2(A)) C o(F)P,.

Reduction to the simple case. A CM abelian variety over Q is isogenous to [[, B** with B;
simple CM abelian varieties of primitive type, with CM fields F;. By its CM algebra we mean
any commutative semisimple Q-subalgebra € C End’(A) of degree 2dim A (so £ = [[; & with
& 2 F; maximal commutative in M,,, (F;)), and eigen-differentials of A are taken with respect
to &; the argument below does not depend on this choice. Being maximal commutative, &
contains the centre [[, F; of End”(A) and its central idempotents. An eigen-character £ — Q
is nonzero on exactly one of these, so the eigen-differential lives on one isotypic part B;"*, and
the character restricts to an embedding oy of F;, which acts on B;" diagonally. An eigen-
differential is therefore, on that part, a og-eigen class for Fj, i.e. a Q-combination of pull-backs
Priws, of one op-eigen differential of B;, of the same kind. So every nonzero eigen-period lies in

Qoo(Fi)Pyy(Bi) \ {0} = Q" P,,(By), as stated in the introduction.

Lemma 3.1 (Lemma K’). Let F C K, where K is a number field containing the Galois closure
of F, n = [K : Q], and let 01,...,0, be a basis of K/Q. For an embedding o: F — K put
VYo(m) = >, 0i0(m;) on F". Then (¢g)s: F" — K?9 is a Q-linear bijection, each 1, is o-
semilinear and onto K, and for every set 3 of embeddings the common kernel of (Vs )sex is an
F-subspace of F-dimension n — |X|n/(2g).

Proof. F" = F ®g K viam — > m; ®0;, and F ®g K & K% via 2 ® y — (0(2)y),, since
K contains the Galois closure; the composite is (1y),. Semilinearity is clear. The common
kernel is the preimage of {0}* x K29~1¥I of Q-dimension (2g — |¥|)n, i.e. of F-dimension (2¢ —
X[)n/(29)- O

For ¢ = 1, F = k is an imaginary quadratic field, 1iq and ¢— are the maps v, ¢ below, and
Lemma 3.1 becomes the following lemma, which we use throughout for CM elliptic curves (we
keep its direct proof).

Lemma 3.2. Let k C K be an imaginary quadratic field inside a number field of degree n,
01,...,0n a basis of K/Q, and on k™ put y(m) = > 0;m;, ¢p(m) = 0;m;. Then (¢, ¢): k™ —
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K x K is a Q-linear bijection; kerv and ker ¢ are k-subspaces of dimension n/2, and ker N
ker¢ = 0.

Proof. k" = K ®q k via m +— Y 6; @ m;, and K ®g k = K x K via x ® y — (xy,zy);
the composite is (¢, ¢). 1 is k-linear and ¢ is k-semilinear, and both are onto K, which has
k-dimension n/2. O

An eigen-slot is a pair (A4,0) with A/Q a simple CM abelian variety and ¢ an embedding of its
CM field; its periods are the eigen-periods P, of w, (on A% if o ¢ ®). Two eigen-slots are equal
iff the abelian varieties are isogenous and the embeddings correspond under the isogeny. An
eigen-slot is of the first kind iff ¢ € ®, and of the second kind otherwise. We use the following
standard facts.

(S1) [Lit] (standard; see Shimura [24]). End®(A™) = M,,(F), and Hom between non-isogenous
simple abelian varieties is 0. Abelian subvarieties of A™ are the Bg, S C F™ an F-
subspace, with dim Bg = gdimp S and T(Bg) = {(¢(M)uy)ses : uy, € CI™SY in
the eigen-coordinates (M a matrix whose columns span S). On T(Bg) the form 6"z,
vanishes iff ¥,(S) = 0, and different o € ® carry independent .

(P) [Proved] Every connected algebraic subgroup of G¢ x G%, x B, B an abelian variety, is a
product (H'NG2) x (H'NGY,) x B; subgroups of G2 are Q-subspaces and of G2, rational
subtori. (The image of H' in B is an abelian subvariety B’, and H'/(H' N M), M the
linear part, maps to the linear group M/(H' N M) trivially; so H' = (H' N M)° x B’ by
dimension, and H' N M splits since Hom(G,, Gy) = Hom(Gp, G,) = 0.)

(Ch) By Dedekind’s independence of characters, the vectors (o(x))sce, * € F, span KY
over K. Hence Ag(A), read in the eigen-coordinates, is [[,c4 K 25 (A(A)), and likewise
for Qg (A): the slot coordinates of K-combinations of logarithms (or periods) can be
prescribed independently.

(W) [Lit] (Wiistholz [37]). The numbers 1, 7 and nonzero periods of pairwise distinct eigen-
slots (first or second kind, on one or several simple CM abelian varieties) are linearly
independent over Q. In particular P, ¢ Q and P, /7 ¢ Q. A nonzero eigen-period of A
(resp. a second-kind eigen-period of A“) is not in QL.

All of these follow from Wiistholz’s theorem on G, X Gy, x [, AE (resp. with G}, added), applied
to the point with coordinates 1, 27i (resp. the logarithms) and the cycles, as in the following
example. For example, P/m ¢ Q: otherwise the point (v, 2mi) of Lie(A x Gy,) lies in a Q-
hyperplane z, = ax; the smallest algebraic subgroup whose Lie algebra contains it is A X Gy,
(A is simple and the subgroup is a product by (P)), whose Lie algebra is not in the hyperplane.

Universal vector extension. For o ¢ ® the eigen-coordinate w, lives on Lie(A%). We use the
following facts. The input from the literature is [Lit] (Mazur—Messing [19]): Lie(A%) = H}y(A)Y
functorially, and A" is universal among extensions of A by vector groups (every such extension
of B by U is the push-out of B along a unique linear map Wz — U, where Wp is the fibre of
BP). The rest is [Proved] by the one-line arguments given.

(F1) Lie(A%) = H};(A)Y with functorial Op-action. In the dual eigenbasis (e;) the fibre
Lie algebra is @, ¢4 Cer, and w, (o ¢ @) is nonzero exactly on e,, which lies in the
fibre. Proof: the Lie algebra sequence of 0 — V — A! — A — 0 is the dual of 0 —
HO(A,Q'Y) — Hi(A) = H'(A,0) — 0, so the fibre is the annihilator of H(A, Q) =
GBTECI) QWT‘

(F2) For B C A", B® — (A™)" is injective on fibres and 7' (B) = B% + V™ (V the fibre).
Proof: on fibres the map is dual to the restriction H'(A", ©) — H'(B, ©), which is onto



PERIOD RELATIONS AS PERIOD TERMS 9

because B is a direct factor of A™ up to isogeny (Poincaré reducibility); and B* maps
onto B.

(F3) Ext(B,G,) = H'(B,0) and Hom(B,G,) = 0: a connected H over B with given inter-
section W’ with the fibre exists iff W/ O W, and then H = B? + W' is unique. Proof:
such an H is a splitting over B of 7~!(B)/W’, which by (F2) and universality is the
push-out of B! along Wg — V™ /W’; it splits iff this map is 0, i.e. W C W', and the
splitting is unique since Hom(B, V" /W') = 0.

(F4) T(Bg) =@, 7(5) ® C and Wy = @,¢47(5) ® C. Proof: under the comparison
isomorphism H}y(Bs)Y = Hy(Bs, Q) ® C, with Hy(Bg,Q) = Sy C F™yy, the T-eigen
component is 7(S5) ® C; the fibre part is 7 ¢ ® by (F1).

The periods of A% satisfy Q(A%) ® Q = F3y with w,(27) = o(2)P,, and the values w,(A(A%))
(“o-fibre values”) are second-kind abelian integrals [ w, + Q.

Beta values [Lit] (Weil [35]; Rohrlich’s appendix to [10]; Koblitz—Ogus [12]). For N > 3 and
0 <a,b< N witha+b # 0mod N, B(a/N,b/N) is, up to Q”, the period of an eigen-differential
on the Fermat curve of degree N, with Koblitz-Ogus label ®,;, = {u € (Z/N)* : (ua/N) +
(ub/N)+ (u(N —a—0b)/N) = 1} (after reducing a/N,b/N to lowest common denominator); the
corresponding isotypic factor of the Jacobian is a power of a simple CM abelian variety, and
the differential is of the first kind iff a + b < N. Deligne’s theorem (stated by Koblitz—Ogus
[12]; it rests on Deligne’s theorem that Hodge cycles on abelian varieties are absolutely Hodge
[6]) gives: if 14, + 19, = 1o, + 1o, on (Z/N)*, then P, P, € @XPCPd. Together with the rule
that 7 corresponds to the constant function 1, and 14 + 1_¢ = 1, the same dictionary contains
P,P; € ﬂ'@x. That these are all multiplicative relations is the Rohrlich—-Lang conjecture, used
below only in remarks labelled [Heuristic].

3.2. CM elliptic curves and their universal vector extensions. For a CM elliptic curve
E let E" be its universal vector extension, with base coordinate z and conjugate-eigen fibre
coordinate w: O = End(E) acts on T(E") = Hlgz(E)V by its identity character on z and by the
conjugate character on w (the eigenline of H, éR for @ is spanned by x dx/y + cdx/y with ¢ € Q,
so these coordinates are rational; this is (F1) for g = 1). In these coordinates the periods are
(A n*(N), A € Ap, where n*(\) = n(\) — k1A satisfies n*(aX) = an*(\); the logarithms of points
of E%(Q) are (u,(*(u) +t) with u € L, t € Q and ¢* = ¢ — s1id. On E; and E,, k1 = 0. Since
the characters a — a,a of k are K-independent for K D k,

(3) Qi (E") = KXo x Kn*(Xo)  (Ap®Q = ko).

We call fibre values the w-coordinates of A(E?), that is, ¢*(u)+Q for u € Lg\Ag and n*(\)+Q
at lattice points, and write Fib for the set of fibre values. By Legendre and n*(a\) = an*()),

Qn* () € Q" for every CM period €.

3.3. Weights. ax(G,) =0, ag(Gy) = 1, and for an elliptic curve ax(F) =1 if E has CM by
k and K D k, else 2 [23, Lemme, p. 361]; more generally ax(A) = ¢ for a simple CM abelian
variety A of dimension g when K contains the Galois closure of its CM field ([23, Lemme, p. 361];
it is also Lemma 3.1 with ¥ = ®); ak is additive on products [23, (2)]. For the universal vector
extension E? of a CM curve and K D k (used only to say when the printed weight gives no
conclusion) we have:

Lemma 3.3. ax(E%) =2 +2/n.

Proof. In the coordinates (z,w) of §3.2, let H C (E%)™ be connected with pg(Ty) = 0, with
abelian image B C E". Then B = Bg for a k-subspace S C k™ on which both ¢ (base) and ¢
(fibre) of Lemma 3.2 vanish; since kery Nker¢ = 0, B = 0. Hence H lies in the fibre G, and

a’
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the largest such H is the rational hyperplane ) 6;t; = 0, of dimension n — 1. The quotient has
dimension n + 1 and admits no surjection to G, or Gy, (it is a non-split extension of E" by G,),
soa=2(n+1)and ax =2+ 2/n. O

Laurent’s identity. We use it only in remarks, to say which statements are linear among periods.
Let Ap = QZ[a] (a sublattice of finite index suffices), and write Masser’s relation [18] as n(af2) =
an(Q) + ¢Q with ¢ € Q. Legendre’s relation gives (o — @)n(Q) — cQ = 27i/Q, and f(2) =
((az) — a(z) — cz is an elliptic function defined over Q. With the third-kind period A(u,Q) =
Q¢(u) — n(2)u one obtains, for u € L not a pole of f,

2miu _
() U Aw0) ~ Maw @)+ 0f (), f(u) €T
On Ej; this reads 2n(w)u = iA(iv, @) — A(u, @) (cf. [17, §9, p. 160], where the general CM
form is derived; the display above is its case = 14). So Q2¢*(u) and n*(Q)u are, up to Q-linear
combinations, periods of 1-motives; the identity concerns a period and a logarithm of the same
curve.

4. FIRST-KIND PERIOD RELATIONS AS PERIOD TERMS

4.1. Set-up. A first-kind slot is an eigen-slot of the first kind (§3.1), written j = (A;,0;) with
A;/Q a simple CM abelian variety (CM field Fj, primitive type ®;) and o; € ®;; z; is the
corresponding eigen-coordinate on Lie(A;) and P; = zj(y;) # 0 for a fixed v; € Q(4;), so
zj(QUA;)) C o (F;)P;. As in §3.1, two slots are equal iff the abelian varieties are isogenous and
the embeddings correspond; distinct slots of one A have distinct embeddings. By (W), periods
of distinct slots are Q-linearly independent. Let a, b, ¢, d be four pairwise distinct first-kind slots
(distinct in the sense just defined, i.e. up to isogeny) with a first-kind relation

(5) PPy =puP.P;,  pneQ.

Let G = [[4 A x G2, the product over the isogeny classes among Ag, Ay, A., Ag, each taken
once (so the factors A are pairwise non-isogenous; a slot z; on an A; isogenous to the chosen

representative A is read on A through an isogeny, which rescales P; and z;(A(4;)) by Q%), let
BeQ” and
U = (za + 24+ q1, 2c+ 2 +q2): Te — C2, V =Cw, w=(F,,pBP,),

where q1, g2 are the Gy-coordinates. Then w' := (Py, Py/u) = (Pg/P,) w by (5). Let K be a
number field containing the Galois closures of all Fj, p and 3, and n = [K : Q]. By (Ch) and
zj((Ay)) C o;(E5) Py,

U(Qx(G)) = P = (KP, + KPy) x (KP. + KP,),
so w,w € ¥(Qk(G)), and they are K-independent since Py/P, ¢ Q.
Proposition 4.1. VN U (Ax(G)) = Kw + Kw'.

Theorem 4.2 (Theorem X). In the set-up above, let v; € QA(4;) for j = a,b,c,d and q1,q2 € Q
satisfy

(6) (Za(va) + Zd(vd) + Q1> - BP. = (Zc(vc) + Zb(vb) + QQ) - Py
Then q1 = g2 = 0 and zj(v;) € QP; for each j. If vj € A(A;), then expy, (vj) is a torsion point.

When several of the slots lie on the same A (as in §4.4), the v; may be logarithms of different
points: by (Ch), a single element of Ax(A) has slot coordinates z;(v;) for any prescribed v;.
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4.2. Proof of Proposition 4.1. Suppose v € VNV (Ag(G)), v ¢ Kw+ Kw'. Let 0, py and
Wy = WU o py be as before.

The group. For each isogeny class A let 3 4 be the set of slots on A used by ¥. By (P) and (S1),
the largest connected subgroup with tangent space in ker Wy is U =[] 4 Brer(vs)s esy X {0Tq) =
0Tgy = 0}, and G” = G"/U = G2 x A" with dim A” =, |$4|n/2 = 2n by Lemma 3.1. So
d=2n+2, dy=2,d =0,dy =2n. The induced ¥”’: Tgn — C? is onto, V" = ¥"~1(V) is a
hyperplane (N = 2n + 1), and W” = ker ¥” C V" is Q-rational of dimension 2n.

The data. Let Y be generated by the images of lifts of D6,w, DOpw’ (in Q(G™)) and v,
h =1,...,n. Since U is connected, (G”) is the image of Q(G™), so ¥/ (Q(G")) C P, and
VNP = Kw+ Kuw (Lemma 4.4 with L = 0). Hence tkY” = 3n, kK = 2n exactly, and
I' = expY” has rank n. Since d; + 2da — k =2n and d — N =1, (1) reads

(7) A+25 < (2—7") - 2n.

Lemma 4.3 (Lemma S’). Every connected algebraic subgroup of G” is L x B with L a Q-subspace
of G2 and B an abelian subvariety of A”. W"(Tg) is spanned by the target directions of the slots
on which B is not killed: it is 0 iff B = 0; it is C C(1,0) iff the slots ¢,b are killed, and then
dim B < n; similarly for C(0,1) (slots a,d killed); otherwise it is C2.

Proof. The product decomposition is (P). By (S1) the slot forms 7z, on T(Bg) involve inde-
pendent vectors u,, and each slot feeds exactly one target coordinate, so ¥/ (Ts) is a coordinate
subspace; it is 0 only for B = 0 by maximality of U. If only the slots of one target survive,
S/ ker embeds into K? via the two surviving 15, so dim B < 2-n/2 = n (Lemma 3.1). O

Lemma 4.4 (Lemma L'). For L € {0, C(1,0), C(0,1)} one has VN (L+ P) = Kw+ Kw'.

Proof. It L # C(1,0) and éw € L+ P, then (P, € KP, + KPy, s0 £ = x +yP;/P, (z,y € K)
and éw = zw +yw'. If L = C(1,0), then (8P, € KP.+ KPy,s0 { =x+yP,/P. =x+yuP,;/P,
and fw = zw + yuw'. O

The case check. Let G' = L x B with v’ = dim V" (Tr) < 1, e = dim B. Then 62 = 2n — e.

If ¥"(Ter) € {0,C(1,0),C(0,1)}, then A = n: if exp(>_ cpyn) € G’ for the lifts gy, of O,v, then
xv € V' (Te) + P with 2 = cpb, € K, so 2 =0 by Lemma 4.4.

G X (7) reads holds?
0 0 n n < 4n never
B # 0, image an axis (e <n), L € {0,same axis} 1 n  5n—2e<2n never (e <n)
L an axis, B=0 1 n on < 2n never
L a non-axis line, B =10 1 >0 A+4n<2n never

r=2 8 > 7 fails

So no connected G’ # G” satisfies the conclusion of Theorem 2.1, for any n; the minimum excess
(left side minus right side) is n, attained at G’ = 0 and at axis subgroups with e = n. Condition
(2) reads 4n+2 > 2n+4; dp = 2 is allowed (§2.1). This contradiction proves Proposition 4.1. [

Remark 4.5 (Second derivation). Waldschmidt’s [28, §5d] (k-refined Theorem 1.1, hyperplane
case) applies to (G”, V", W" Y") directly: condition (5.4) there reads m = 3n > (dy + 2dy —
k)(d—1—1t) = 2n, and V" contains no nonzero Lie algebra of an algebraic subgroup, by
Lemma 4.3 and P./P, ¢ Q. Here m = rkY"; p. 394 of [28] prints “s = £ — m”, which must be
read m — ¢ (¢ = kT, cf. pp. 392-393), as noted after Theorem 2.2.

Relation to [23, Théoreme (iii)]. With the weights of §3.3, ax(G) = > ,dim A > 4, with
equality exactly when the four slots are all the first-kind slots of the varieties involved. In that
case (levels 7 and 9 below) Theorem 2.3 with k = 2 gives dimg (VNY(Ax(G))) < (4—2)-1 =2,
so Proposition 4.1 already follows from it (Remark 2.4); otherwise (level 24 below) the printed
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weight on G itself is larger, and Theorem 2.3 with the inner weight ax ¢ = 4 is used (§2.4).
But the level-24 quadruple consists of two of the four pairs of a full family of Theorem 4.14, so
Theorem 4.2 at level 24 follows from that family by the slot-splitting step of §4.3 (the paragraph
after the proof of Theorem 4.12).

4.3. Proof of Theorem 4.2 from Proposition 4.1. Enlarge K to contain ¢, g2 and the
coeflicients of the v;, so that v; € K'A(A;); the proposition holds for every such K. When several
slots lie on one A, (Ch) gives a single element of Ax(A) with the prescribed slot coordinates
zj(v;). So hypothesis (6) says that the point ¥(vq,...,vq4,¢1,¢2) lies in V N VU (Ag(G)), and
Proposition 4.1 gives x,y € K with

za(Va — #Ya) + za(va — y7a) + @1 = 0,
and similarly in the second coordinate. Slot splitting. Write v, — 27y, and vg — yyq as K-
combinations of finitely many w1, ..., u, € A(A) (for each isogeny class A involved). The point
€ = (1,(u;);) € Lie(G, x []4 A™) has exp¢ algebraic, and the displayed relation is a Q-linear
form ¢ vanishing at £&. By Wiistholz’s theorem [37], the smallest algebraic subgroup H whose Lie
algebra contains § has Ty C ker . By (P) and (S1), H = L x [[4 Bs,, and L = G, because the
Ga-coordinate of £ is 15 so (1,0) € Ty and ¢ = 0. On T'(Bg) the slot forms involve independent
vectors u, (S1), and the slots a, d are distinct; so each slot form vanishes on Ty separately, and
2a(Vq) = Py, zq(vg) = yPy. Likewise qo = 0, z.(v.) € KP, and z,(vp) € KP,. Torsion. Let
vj € A(A;) with z;j(vj) = 2;P;. If z; = 0, Wiistholz on the simple A; gives v; = 0. Otherwise
the smallest algebraic subgroup of AJQ- whose Lie algebra contains (v;,7;) is a proper abelian
subvariety Bg (its tangent space lies in ker(z; @ —x;z;)) that projects onto the second factor.
So dimp S = 1 and Bg is the graph of some a € F; = End"(A;); hence v; € Fjy; C QQ(A4;)
and exp(v;) is torsion. O

4.4. The level-seven instance. Let C: 3" = z(1 — x). It has genus 3 (branch points 0, 1, 00),
and dz/y* is holomorphic exactly for k = 4,5,6 (orders 6 — k at 0 and 1, 2k — 8 at o). The
automorphism y — Cy (¢ = €2™/7) multiplies dx/y5, dz/y°, dx/y* by ¢, (2, ¢, so A = Jac(C)
has CM by Q(¢7) with type {1,2,3}, which has trivial stabiliser in (Z/7)*; so A is simple. Let
21, 22, 23 be the eigen-coordinates dual to dz/y%, dz/y°, dz/y*. On the closed cycle v = (lift of
[0,1] to the sheet y > 0) minus (its image under y — (y),

dx ) o '
= 0-OBEh=F (=123
Y

Let E = E_; be an elliptic curve over Q with CM by Q(v/=7); by Chowla—Selberg [Lit] [10]
it has a period Q € @XB(1 2). The Beta cocycle B(x,y)B(z +y,2) = B(y, 2)B(x,y + 2) at

T
(%, %, %) and one reflection give, exactly,

B(1,7)B(3,3) =B(3.9)B(3.3).  BG.3)=nBG.3),

_TH(E)  sin(3n/7)

r(ArE)  sin(x/7)

so PPy € Q" P50, a relation (5) with a = 21, b = 29, ¢ = z3, d = E. (In Koblitz-Ogus labels:

{1,2,3} +{1,4,5} = {1,3,5} + {1, 2,4}; the label {1,2,4} is induced from Q(v/—7).) No use of
Deligne’s theorem is needed at this level.

= 1+200827’T,

Theorem 4.6 (Theorem X7). Let v1,ve,v3 € A(A), u € Lg, q1,q0 € Q and B € Q. If
(z1(v1) +u+q1) - BPs = (23(v3) + 22(v2) + q2) - P,

then q1 = g2 = 0 and exp(v1), exp(va),exp(vs), expg(u) are torsion points.
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This is Theorem 4.2 (with € normalised so that Py P, = ¢/ P3Q and p/ € K); here n is a multiple
of 6 and the margin is n. Since z1, 22, z3 are all the first-kind slots of A, Proposition 4.1 for
these slots already follows from Theorem 2.3 (ax (A x E x G2) = 3+ 1, k = 2; Remark 4.5,
Remark 2.4).

Corollary 4.7. (a ) For every non-torsion point exp(v) € A(Q): 22(v)/z1(v) ¢ Q- P3/ P =
Q-B(2,2)/B(3,1). In particular Corollary 1.1(a) holds.

(b) For every non-torsion u € Lg and every v € A(A): z3(v)/u ¢ Q° - p3/P.
(c) PPy, PP3, Py, P3 are Q-linearly independent; equivalently, Corollary 1.1(b).

That (c) is not a consequence of the analytic subgroup theorem is [Heuristic] (Remark 4.8).

Proof. (a) Datav; =ve =v,v3=0,u=0,q =q2 =0, f=7: if z2(v) = 7 2z1(v)P3/ P, then the
hypothesis of Theorem 4.6 holds, so exp(v) is torsion. The values 0 and oo of the ratio do not
occur for v # 0: z;(v) = 0 forces v = 0 by Wiistholz on the simple A. For O, Q € C(Q), z; of the
Abel-Jacobi logarithm of Q) — O is fOQ of the dual differential. (b) Data vs = v, u, =7 € @X,
all others 0. (¢) Substituting (5) into a1 P; Po 4+ o Py Ps+ a3 Py +ay Py = 0 gives (ao Py +aqp/Q +
a4)-P3 = (—a3)-P;. So, with f =1and K 3 o, v = (e Pi+ a1/ Q+auy, —az) € VNV (Ag(G)),
and Proposition 4.1 gives v = (zP; +yQ, 2P3 +yP/u') with z,y € K. The Q-independence of
1, Py, Py (W) gives © = y = a3 = 0, and then that of 1, P, gives a1 = ag = ag = 0. Dividing
the four numbers by P; gives P, P3, 1, P3/P;, which are B(7, 2),B(2, 7), 1,B(2,2)/B(%,1) up
to factors in Q(¢7)*. The Gamma form follows from B(2,1) =T'(1)2/I'(2) (the deﬁn1t10n) and,
by the reflection formula, B(2,2) = ['(2)?I'(2)sin(3Z)/7 and B(2,2) = ['(2)’I'(3)sin(Z )/77
after multiplying by .

NN

No hidden symmetry. C is hyperelliptic: (2z —1)? =1 —4y”, and = + 1 — x is the hyperelliptic
involution, acting as [—1] on A and multiplying z1, 22, 23 by —1 together. Aut(C) = Z/14 and
End’(A) = Q(¢7) acts diagonally, z;([z]v) = 0;(z)zj(v); so no symmetry links 21, 22, 23 of one
point in a way that could produce P3/P; in (a).

4.5. Remarks: linearisation and other relations.

Remark 4.8 (Not linearisations). [Heuristic] By an abelian analogue of Laurent’s identity (4),
which we do not reproduce, each ¢; := 7z;(v)/P; is a Q-combination of 1-periods; it linearises
only products Psz, of a period with the logarithm of the conjugate slot on the same variety.
Dividing (6) by P,FP. and using (5) gives

Py @ Bquy
o= Bla+ B (uly —Bla) +7(35 — 5) =0,

where the ratio P/ P, of periods of two different slots multiplies a combination of 1-periods.
Unless uly, = ¢4 this is not a Q-linear relation among 1-periods, so the analytic subgroup
theorem does not apply as it does to (4). For (¢): P3/P; € Q  PsP;/7 has Koblitz-Ogus
function 1y 3 53 —1412,3), which takes three values, while every slot period and 7 have functions
with at most two values; under the Rohrlich-Lang (or period) conjecture, P3/P; is not in
the Q-span of 1-periods, and Wiistholz’s theorem does not decide (c). Chudnovsky’s theorem
gives the algebraic independence of 7 and Q_7 ~ F(%)F (2)/T'(2), which does not suffice, since
(a)—(c) involve Py, Py, P3s. By the period conjecture (the Mumford-Tate group of A is a 4-
dimensional torus and 2 adds no transcendence degree), Theorem 4.6 is a consequence of the
period conjecture.

Remark 4.9 (No Gamma-monomial multiplier). [Computed] In the dictionary of Koblitz and
Ogus (8§3.1), a product of values I'(a/N) and of a power of 7 corresponds to a Q-valued function
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on (Z/N)*, with T'(a/N) — (t = 1 — (ta/N)) and 7 — 1, products going to sums; by Deligne’s
theorem, products with the same function have an algebraic ratio. The numbers 1, 7 and the
eigen-periods, of either kind, attached to the CM types of Q((x) correspond (up to @X) to the
functions 0, 1 and the indicators of the half-sets ® C (Z/N)* with ® U (—®) = (Z/N)*. An
exact computation (a Python script of about fifty lines) checks, for each of the following lists,
that there is no function g on (Z/N)* such that g+ f is one of these functions for every member
f of the list:

e 1,B(%,2), B(2,2), B(2,2)/B(%, 1) (Corollary 4.7(c));

o 1, B(,2), B(%,2), B(3, 3, %) (Corollary 4.13(2));

e 1, @, B(g, 1), B(sq, 75)/Bla5. 5;) (Corollary 4.13(4), with w = $B(3,1));

e the six numbers of the example after Theorem 4.14 (N =15, k = 4).
Since each list contains 1, g itself must be one of these functions, so the search is finite. As
controls, the list 1, r, Py of a single pair at N = 15 and the list 1, P3/P; at N = 7 do admit
such a g. The classical Gamma identities (reflection, multiplication, the Beta cocycle) preserve
these functions, so no Gamma monomial can be shown by them to turn all the numbers of one
of these lists into @X—multiples of 1, m or CM eigen-periods at once; under the Rohrlich-Lang
conjecture no Gamma monomial does [Heuristic]. So no reduction of this kind to Wiistholz’s
theorem or to the period theorem for 1-periods of Huber and Wiistholz [11] can be obtained
from the classical Gamma identities; under the Rohrlich-Lang conjecture none exists [Heuristic].
This is more than Remark 4.8, which concerns P3/P; alone.

Remark 4.10 (Where first-kind relations occur). Elliptic slots. Among CM elliptic slots (any
number of non-isogenous curves) the relations of Deligne’s theorem are only the Legendre rela-
tions [Proved]: the indicators are (14 xy)/2 with xx odd quadratic characters, which are linearly
independent. (That there are no other relations is the Rohrlich-Lang conjecture, [Heuristic].) So
for products of CM elliptic curves, the two-curve statements of [16, §6] (two Legendre relations
on a line) are the only constructions of this kind.

Labels. [Proved] (elementary combinatorics). For CM types of Q({x) containing 1, a first-
kind partner of (®,, ®p) exists iff ®,, P, differ on at least two +-pairs: with A = Ay, the
partners are (®, N ®;) U X and (&, N P,) U (A \ X), X one element from each £-pair in A,
X ¢ {®,\ Py, Dy \ P,}. Hence first-kind relations among labels exist at every level N with
©(N)/2 > 3. The passage from labels to periods is Deligne’s theorem [Lit] (§3.1 for Beta values;
in general [6]).

Ezamples. The smallest levels are N = 7 and N = 9, with one relation each: at N = 7
the instance above; at N = 9 one with slots of a simple CM 3-fold with CM by Q({9) and of

27 /9 )
E,, B(3,$)B(3,3) = 31/3S;$(W//9))B(9, 2)B(3, %) ([Proved], Lemma 4.11, from Gauss’s mul-
tlphcatlon formula and the reflection formula). At N = 24 there is one whose slots are

two CM elliptic curves (CM by Q(v/—6) and Q(i)) and two slots of a simple CM 4-fold:

B(31,9;)B(3, %) € Q" B(31,15)B(4, 3) ([Proved], Lemma 4.11). Both give instances of The-

orem 4.2 (§4.6).

4.6. Levels 9 and 24, and several pairs.

§) = 3% Htre B(5.8) B3 3). and B(5.5) B(3.5) =

Lemma 4.11. (1) B( sin(m/9)
372

16 sin(g) sin (@”)B(%,%)B %,%)
(2) B(: 51) B(55.3) = poa B(3, %)B(i4 1), where

8
sm(107r/24) sin(6m/24)

124
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Both sides of each identity also agree numerically to 60 digits [Numerical].

Proof. We use Euler’s reflection formula I'(2)I'(1 — z) = 7/sin7z and Gauss’s multiplication
formulas I'(2)['(z + §) = 2172 /7 T(22) and T'(2)['(z + §)[(z + 2) = 27 31/2-321(32).

(1) With g = I'(k/9) and s = sin(kn/9), the case m = 3 at z = 1/9,2/9 gives g19497 =
2w 3/6gs and gagsgs = 2737 /6¢g, and reflection gives gigs = w/s1, 9297 = m/s2. Hence
g1 =233 gag3/g1 and g5 = 2-371/5s1 g1g6/go, and the first ratio equals g3gs96/(939395) =
3'/3s5/s1. The second identity follows from the first combined with B(3,2)/B(3,2)=2- 31/65,
and B(%,3)/B(3,3) = sa/s1 (consequences of the same formulas) and 8s1s254 = V/3.

(2) With g = T'(k/24) the left side divided by (24, 112)3(214, 8) is 919496/ (g2g7). Write Ry,
for reflection at z = k/24, D, for duplication at z and T, for triplication at z. The combination
Rg — R7 — Rg + R1o — D324 + D3jos + T j24 — To /24 (exponents of the g, added) has exponent
vector e; = eq4 = eg = 1, e = —2, ez = —1, all others 0; its constants multiply to po4 (the
powers of 7 cancel; the powers of 2 give 275/643/4 = 9-1/12 thoge of 3 give 33/8-1/4 = 31/8). g

The slots [Lit] (Koblitz-Ogus labels [12]; §3.1; Chowla-Selberg [10]). At level 9, B(3, 3), B(2,2),

B (%, %) are, up to factors in Q((y)*, periods of three distinct first-kind eigen-differentials dx /y®,
dz/y", dz/y® of the curve Cy: y? = (1 — z) (genus 4), whose Jacobian is isogenous to Ag x E,,

with Ag a simple CM threefold (CM by Q({y), type {1,2,4}), and B(1 1) S @pr is the period

of dz/y®, which comes from E,. At level 24, B(3,5;) € Q*Q_¢ and B(24, 1) € Q w are

periods of CM curves E_g, E; with CM by Q(v/—6) and Q(i), and B(3;, 15), B(g;, ) are, up
to @X, periods P., P; of two distinct first-kind eigen-coordinates z., zq of a simple CM fourfold
Asy (CM by Q((a4)). By Lemma 4.11, PPy € Q" P2Q, and Q_gw € Q" P.Py, so Theorem 4.2

applies to both quadruples.

Theorem 4.12 (Theorems X9 and X24). (1) (Level 9.) On Ag let z1, 22, z4 be the coordi-
nates dual to the eigen-differentials dx/y®, dx/y", dx/y with periods Pj € Q" (9, 9)
If vi,ve,08 € A(Ag), u € Lg,, q,q20 € Q, B € Q" and (z1(v1) + u + ¢1)BP2 =
(22(v2) + 24(va) + g2) P1, then g1 = g2 = 0 and all of exp(v;), expg, (u) are torsion.
(2) (Level 24.) Ifu € Lp_,, u' € LE,, ve,vq € AMAs), q1,02 € Q, B € Q" and (u+ zg(vg) +
q1)BP. = (ze(ve) + 4/ + q2)Q—¢, then ¢1 = q2 = 0 and all exponentials are torsion.

Corollary 4.13. (1) For every non-torsion point exp(v) € Ag(Q), the ratio z4(v)/z1(v) is
not in QB(% %)/3(9,9) B
(2) The numbers 1, B(3,3), B(,3), (9, 2)/B(3, %) are linearly independent over Q.
(3) For non-torsion u € Lg_, and every u' € Lg,: u'Ju ¢ Q*B B(sy.5)/B(34, 57)-
(4)

The numbers 1, @, B(4;, 15), B(sg: 15)/B(ag. 51) are linearly independent over Q.

That (2) and (4) are not consequences of the analytic subgroup theorem is [Heuristic], as for
Corollary 4.7(c) (Remark 4.8).

Proof of Theorem 4.12 and Corollary 4.13. As for Theorem 4.6 and Corollary 4.7, taking for
(a,b,c,d) the slots (21,24, 22, E,), vesp. (E_¢, Ej, 2, zq) in the relation (5) and in (6). The case
analysis of Proposition 4.1 uses only that the four slots are distinct and of the first kind, the
relation (5), and dim A” = 2n, which holds here (3n/2+n/2, resp. n+n/2+n/2, by Lemma 3.1).
In (3), Theorem 4.12(2) makes u torsion, so no condition on u’ is needed. O

At level 9 the slots 21, 29, z4 are all the first-kind slots of Ag, so, as at level 7, Proposition 4.1
for them already follows from Theorem 2.3 (ax = 3+ 1, K = 2; Remark 4.5). At level 24 only
two of the four first-kind slots of Agy are used (g = 4+ 1+ 1), so the printed weight on its
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own group gives the bound (6 —2) -1 = 4 and no conclusion; Theorem 2.3 with the inner weight
applies (§2.4). Moreover its two pairs are two of the four pairs of the full family 7'(11) at N =24
of Theorem 4.14 below: in Koblitz-Ogus labels [12], B(3;, 214) < {1,5,7,11} » B(34, &) «
{1,5,7,13} (E— — Aga) and B(5y, 1) ¢ {1,5,11,17} = B(, 1) « {1,5,13,17} (Aas — Ey);
the other two pairs are {1,7,11,19} — {1,7,13,19} (Agy to a curve with CM by Q(v/—3)) and
{1,11,17,19} — {1,13,17,19} (a curve with CM by Q(v/—2) to As4). So it follows from item
(iii) of Remark 2.4 by the slot-splitting step of §4.3: (Ch) moves a point of Ax of the level-24
group into Ag of the group of T'(11) with the same U-image (after rescaling the second target by

a constant in @X, which keeps it an instance), Theorem 4.14 applies, and Wiistholz’s theorem
splits the slots, which kills the coefficients of the two unused pairs. This is the same kind of input
as the Wiistholz and Masser steps used for the other direct instances. Hence Theorem 4.12(2)
and Corollary 4.13(3) also follow from the printed form [23, Théoreme (iii)] (with Wiistholz’s
theorem, and Deligne’s theorem for the common slope of T'(11) as in the proof of Theorem 4.14),
and Corollary 4.13(4) is part of the independence statement of Theorem 4.14 for T'(11) (there

reQ B B(31,35)/B(3, 51), and the Py include B(gy, -5) and B(g;, %) € Q"w). The same
applies to every proper subfamily of Theorem 4.14. What is ours at level 24 is the elementary

proof of the relation (Lemma 4.11(2)), which avoids Deligne’s theorem.

Theorem 4.14 (Theorem X": several pairs). Let N > 3, Gy = (Z/N)* of order 2g, T €
Gn \ {F1}, and let T(1) be the set of CM types ® C Gy with 1,7 € ® (so k= |T(7)] =2972).
For ® € T(1) put ® = (®\ {r}) U{—7}, and let Py, Py be periods of the corresponding first-
kind slots (the eigen-slot at the embedding 1 of a CM abelian variety with CM by Q({n) of type
O, resp. ®'). Then the 2k slots are distinct, there are Bg € @X and r with Be Py = rPs for
all ®, and with G = G2 x [[ A (each isogeny class once), ¥ = (34 26 + q1, g Boze + q2),
V =C(1,r) and every number field K 2 (@(CN) containing the Bg:

VNnwo AK @ KPcp 1, T‘
T (1)

Consequently 1, r and the k numbers Py are linearly independent over Q. The same holds for
every subfamily of T'(T).

Proof. Distinctness. ® > 7, ® # 7, and ® — @' is injective, so the 2k labels are distinct;
distinct labels give distinct slots, since Agp, ~ Agp forces @3 = Pu and then the 1l-eigenline of
Ag, is the uTl-eigenline of Ag, another embedding unless u € Stab ®. For an induced type the
slot lives on the simple factor B with CM field Fy = Q((y)5**P® and primitive type ®q (the
factors A of G are these simple factors, each isogeny class once). Isogenous simple factors have
equal abelian CM fields Fy C Q(Cw), so By ~ Ba, forces @ = ®guo, and the embedding 1|,

O /1S U, Fy, ONn oy, WNICH 1S Fy On 1I ug (S a 0= SO d1IStinc pes ive distinc
f By, is ug'|r, on Ba,, which is 1|, only if ug € Stab®, = 1; so distinct types give distinct

slots in this case too. Common slope. 1¢: — 1 = d_, — §, for all ®, so Pq)/l Py, € @XP¢1P¢/2:
for Fermat labels by Deligne’s theorem [6] in the form of [12] (§3.1), and in general by the
linearity in ® of Shimura’s period symbol, proved by Blasius [5] (via Deligne’s theorem on
absolute Hodge cycles) and, for abelian CM fields, by Anderson [1]. The count. The proof of
Proposition 4.1 goes through with x pairs: G” = G2 x A” with dim A” = kn (Lemma 3.1);
the periods contribute xn to rk(Y” Nkerexp); one extra datum gives m = (k + 1)n; every slot
occurs in one target only, and distinct slots (several on one A are distinct embeddings) carry
independent coordinates on T (S1), so ¥”(Tg) € {0,C(1,0),C(0,1),C2}; and for an axis image
LVNU+Y(Q(G))) = @y KPo(1,7) (as in Lemma 4.4), whence A = n. Condition (1) then
reads n + 2kn < 2xkn for G' = 0, n + 2(kn — e) < kn with e < kn/2 for axis images, and
A+ 2xkn < kn for a non-axis line in G2: never (margin n). Condition (2): 2kn + 2 > kn + 4.
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Independence. A relation ag+air+ Y v$ Py = 0 (K containing the coefficients) gives the point
(a1,—ao— > vePs ) = a1(1,r) of VN (Ag(G)), whose first coordinate must lie in > K Pg; so
a; = 0 by (W), and then v = 0, ap = 0 by (W). O

Remark 4.15. For one pair (k = 1, i.e. ¢ = 2, or a one-pair subfamily) the independence
statement follows from Wiistholz’s theorem alone (multiply by 7/ Pg/, which makes every mem-
ber a 1l-period); for k > 2 we know no common Gamma-monomial multiplier that does this
(Remark 4.9 excludes one for the example below), and we do not know a linear proof. (That
there is none is [Heuristic], as in Remark 4.8.) For the whole family 7'(7) the theorem already
follows from the printed form [23, Théoréme (iii)] [Proved]: every CM type contains exactly one
of 7,—7, so the 2k types ®, &’ are all the CM types of Q(¢x) containing 1, and the 2« slots
are all the first-kind slots of the simple varieties involved; hence ag(G) =", dim A = 2k, and
Theorem 2.3 gives dimg < (26 — k) -1 = k (Remark 2.4). This covers the example below. For a
proper subfamily the printed weight on its own group can be larger, but the subfamily follows
from its full family 7'(7) by the slot-splitting step of §4.3, and its independence statement is
part of that of the full family (as at level 24, after the proof of Theorem 4.12).

Example 4.16. N = 15, 7 = 2: the four pairs B({, &) — B(5t, 15), B(3, ) = B(5s. 15),
B(1257 15) = B(157 15) B(115, 15) — B(é, :1,)) form the whole family T'(2) (k = 4; their common

slope class was also checked exactly), so 1, B(st, 15)/B(55, &), B(&, %), B(&, &), B(&, %),

B(3, 3) are linearly independent over Q.
5. STRONG ELLIPTIC FOUR EXPONENTIALS ON EIGEN-SLOTS

In this section the strong four exponentials statement is read on a CM curve or on one eigen-
coordinate of a CM abelian variety instead of on G,,. Let E, E’ be elliptic curves over Q with
complex multiplication by k, k', ©, Q' nonzero periods, n = n*(Q2) and ' = n*(Q') the conjugate-
eigen quasi-periods (Qn, Yy’ € Q 7T) Write L = Q + QLEg, and Fibg, Fibgs for the sets of
fibre values (§3.2; Fibg contains Q, the values (*(u), u € Lg, and 1). Two CM curves are
isogenous iff k = k'.

Theorem 5.1 (Theorems SE, SEU). Let c € @X and y1,y2 € ZE with Q, y1,ys linearly indepen-
dent over Q.

(1) (SE) If k # k' and t = V' /2, then ty1,tys are not both in Q + QL + QL.

(2) (SEY) Ifk # k' and t = cnf /S, then ty1,tys are not both in QLE + QFibgy.

The analogue at t = ¢n/Q € Q" 7/Q2, with tyy, tys not both in QL + QFibg, is Theorem SEq
of [16, Thm. 5.7], which also gives Corollary 5.2 below in the classes Q" (7/Q2)%! [16, Cor. 5.8].

Corollary 5.2 (Strong elliptic four exponentials). Let k' # k, and let t € Q" (V' /Q)* or
te @X (m/QONEL. Ify1, 40 € Lp are linearly independent over Q, then ty; and tys are not both
in Lg. In particular, if ui,uz € Lg are linearly independent over k, then pg(tuy) and pg(tus)
are not both algebraic.

Lemma 5.3. () ¢ Lg and ¢ L if K # k; in particular t ¢ Q in both cases of Theorem 5.1.

Proof. [Lit: Wiistholz [37]] If Q' = By + > 8il; with ¢; € Lg, the vector (1,¢,€) of Lie(G, x
E" x E') lies in a Q-hyperplane; the smallest algebraic subgroup through it is H x B x E’
(Hom(E, E') = 0), whose tangent space is not in the hyperplane. For 7/ use G, x E" x E"': the
smallest subgroup contains 0x 0 x E’ (its image in G, x E"f maps onto E’ and has G,-coordinate
1, so it is G, x E'; the kernel part cannot mix since Hom(E', E) = 0 and Hom(G,, E") = 0),
and the fibre direction is not in the hyperplane. O
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Proof of Corollary 5.2. The statement is invariant under ¢ — ~t (y € @X) and under ¢ — 1/t
(replace y; by ty;), and Qm/QQ = Q 9/ It Q € Qyi + Qua then tQ € L, ie. Q or 1f
lies in £ g; this is excluded by Lemma 5.3. So Theorem 5.1 applies, since Lp lies in each of its
targets (Q C Fibgr). For the last sentence: p(z) € QU {oo} means z € L, and k-independent
elliptic logarithms of a CM curve are Q-independent (Masser [18]). O

Proof of Theorem 5.1. Let K 2O kk'(c) contain all coefficients; then n = [K : Q] > 4. Let 0 be
a Q-basis of K, and ¢(m) = > 0;m;, ¢(m) = >_6;m; on k", with kernels of k-dimension n/2
(Lemma 3.2). By Lemma 5.3, t ¢ K.

(1) G =Gy x EXGy X EXE', UV = (a1 + 21,02 + 22+ 72'), V= C(1,t). Then G" =
G2 x A x As x A" with each abelian factor of dimension n/2 (dy = 2, dy = 0, da = 3n/2); the
data are w = (Q, ?’) and v; = (y;,ty;), som = 3n and k = n (a period in Y has first coordinate
in KQ). Connected subgroups are H x B1y x B’ (Hom(E, E') = 0); for B1a C A x A the image
U"(Tp,,) is K-rational, and dim B3 < n/2 when it is a line. For v/ = dim V" (T) = 1, (1) reads
rk Yo +2dim B > 4n (B the abelian part of G’), and for G’ = 0 it reads 6n — k < 2(3n— k), i.e.
n < 0 since k = n: excluded, with margin n. Image C(0,1) gives rk Yy < n and dim B < n; a
non-K-rational line from H gives rk Y» < 3n, B = 0; a K-rational line ¢ # C(0, 1) gives dim B <
n/2 and tk Y5 < 2n, because v; € £ + ¥(Q(G)) for j = 1,2 would give y; € KQ + KQ?/Q
if £ = C(1,0), and y;(1 —pt) € KQ+ KO = Q(K + Kt) if £ = C(p,1) (the period datum is
O =tQ/c,and 1 — pt # 0 as t ¢ K); either way Q,y1,y2 would be K-dependent. No subgroup
satisfies (1); the minimum margin is n. Condition (2): 3n +2 > 4 + n.

(2) This is the case g = ¢’ = 1 of Theorem 5.5 (EA%) below: take A = E, 0 = id, A’ = E’, and
for & the conjugate embedding of k’, read on E” through its conjugate-eigen fibre coordinate
w' (§3.2). Then P’ =1, z,(A(E)) = Lg, ws(A(E")) = Fibg and L, = Lp. (Likewise (1) is
the case ¢ = ¢’ = 1 of Theorem 5.5 (EA), so the proof of Theorem 5.5 gives a second proof of

(1)) O

Example 5.4. With E = E; (period w) and E’ = E, (period Q,): for every u € L, \ {0}, e.g.
the logarithm of (2,1/24), the numbers p;(Q,/w@) and p;(Q,u/w) are not both algebraic. This
is Corollary 5.2 in the class Q'/Q, with (y1,%2) = (1,u), which are Q-independent since u # 0 is
transcendental; it is a consequence of Theorem 5.1(1).

Provenance. Theorem 5.1(1) is a direct instance of [23, Théoreme (iii)] as printed (Remark 2.4);
the proof above applies Theorem 2.1 directly and shows that the tight subgroups have margin
n. For (2) the printed weight gives no conclusion on the group used here, and the proof uses the
inner weight. As far as we found, neither (1) nor (2) is stated in print; for spans Qy; + Qys that
are not stable under complex conjugation, Corollary 5.2 also follows from the elliptic strong six
exponentials theorem [23, Cor. 1] on G, x E and complex conjugation, since Lg is conjugation-
stable for CM E (§9.1).

Eigen—slqvts. Let A/Q be simple with CM by F and primitive type ®, ¢ € ®, P, # 0 a period of
2o, and L, = Q + Qz,(A(A)).

Theorem 5.5 (Theorems EA, EAR). Let (A’,0’) be another first-kind slot (A" = A, o' # o
allowed), resp. (A',) a second-kind slot (& ¢ ®', read on A" through ws; A’ = A allowed), where

an A’ isogenous to A is replaced by A (this rescales P’ and the target by Q”; then either A’ = A
or Hom(A, A") = 0, and we require o’ # o under the induced identification of the F-actions),
with period P', and t = ¢cP'/P,, ¢ € @X. If y1,y9 € Za and Py, y1,y2 are linearly independent
over Q, then ty,tys are not both in Lo + Qzy(A(A)), resp. in Qzy(A(A)) + Qug(A(A")).

Consequently, fort € @X (P'/P,)*! and Q-independent yi,ys € Za, ty1,tys are not both in L.
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The slot convention matters: if A’ is isogenous to A but not equal to it, then without the
convention ¢ can be algebraic and the statement fails.

Proof. We apply Theorem 2.3 with the upper bound for the inner weight of §2.3. Let K be a
number field containing the Galois closures of F' and F”, the number ¢ and all coefficients needed
below, with n = [K : Q] > 4, and let 6 be a basis of K/Q. For EAlet G =G, X AXx G, x Ax A’
and ¥ = (a1 + z,, ag + zo + 2o7), where the first z, is read on the first factor A, the second on
the second factor A, and z,» on A’ (if A’ = A, the last factor is a third copy of A). For EA? let
G=GyxAxAx A% and ¥ = (a + z,, 2, + ws), read in the same way. Let V = C(1,t) and
W =0.

The condition on V. P" and P, are periods of distinct eigen-slots (by the slot convention), so
t ¢ Q by (W). Hence V has no nonzero Q-rational point, and Theorem 2.3 applies.

The data. Ak (G) is the product of the K-spans of the logarithms of the factors, and Ax (G,) =
Q. So U(Ak(GQ)) is (Q + K2,(A(A))) x (Q + Kzy(A(A)) + Kz, (A(A"))) for EA and (Q +
K25(A(A))) x (K25 (A(A)) + Kws(A(A"))) for EA®. Suppose that 3y, are as in the statement
and that ty;,tys lie in the target. Since K contains the coefficients, v; = (y;,ty;) lies in
VNY(Ag(G)) for j = 1,2. The period datum w = (P,,cP’) lies in V N ¥(Qx(G)), since
P, = z,(70) for a period vy of A, P’ = z,(v) for a period v of A’ (resp. P’ = ws(7) for a
period 7] of A, §3.1), and ¢ € K. So k > 1. The first coordinates P,,y1,y2 of w, vy, vy are
linearly independent over @, hence over K, so dimg(V N U (Ax(G))) > 3.

The inner weight. By Lemma 3.1, ker ¢, C F™ has F-dimension n —n/(2g), so Byery, C A"
has dimension gn — n/2, and by (S1) the form 7z, vanishes on its tangent space; likewise for
o’ on A™. For EA put

U= {9 ca] = 0} X Bkeer X {(9 Qg = 0} X Bkerwg X Bkerq/;o/-

Then U is connected, Ty C ker WUy, and G /U = G, x A} x G, x AJ x A” with three abelian
varieties of dimension n/2; it has dimension 3n/2 4+ 2 and surjects onto G2, so a(G"/U) <
3n 44 — 4 = 3n. For EA% let t5 be the -coordinate of the fibre of (A™)" and put

U={0a=0}x Bierys, X Buerv, X (B, + {07t = 0}).

By (F1) and (F4), §Tws vanishes on the tangent space of the last factor, and the quotient Q"
of (A")™ by it is an extension of A"/ By, (dimension n/2) by Ga, of dimension n/2 41 (the

fibre part Wpg/ of B{fer 4y Of dimension gn —n/2, lies in {#Tt; = 0}; compare [16, proof of
Thm. 4.6]). So G"/U = G, x A x A x Q" has dimension 3n/2 + 2 and surjects onto G,, and
a(G"/U)<3n+4—-2=3n+2.

Hence o w(G) < 3, resp. < 3+2/n, and Theorem 2.3 gives dimg (VN Y (Ax(G))) < 2, resp.
< 2+42/n < 3, a contradiction. For the consequence: the statement is symmetric under ¢ — 1/t
(replace y; by ty;); if P, € Qu1 +Qys, then cP' = tP, € Eg, which Wiistholz’s theorem excludes
(as in the proof of Lemma 5.3, on G, x A" x A, resp. G, x A" x A", using (S1) and, for A’ = A,
that the slot forms of distinct embeddings involve independent parameters); otherwise the first

part applies, since Ea lies in both targets. O
Example 5.6. On A = Jac(y” = z(1 — )) with z; dual to da/y" 7 and P; € @XB(%, %) (§4.4),
put t = B(2, %)/B(%, 1). For every non-torsion exp(v) € A(Q) (then P, 1, z(v) are Q-linearly
independent, by Wiistholz’s theorem on G, x A as in §4.3), the numbers ¢ and tz(v) are not
both in Q + Qz1(A(A)) + Qza(A(A)).

For ¢ = ¢ = 1, EA with non-isogenous curves is Theorem 5.1(1), EA? with A’ = E’ non-
isogenous to E is Theorem 5.1(2), and EA? with A’ = E, & = & is Theorem SEg of [16].
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For g > 2 or ¢ > 2 the proof uses the inner weight. As far as we found, Theorem 5.5 for
max(g,g’) > 2 is not in print.

6. FOUR EXPONENTIALS FOR QUASI-LOGARITHMS

Let E have CM by k, Q # 0 a period, n = 7*({2), and Fibg the set of fibre values of F' (§3.2:
constants, quasi-logarithms (*(u) + Q, u € L, and n*(Ag)). The following lemma describes
the mixed subgroups of two fibre factors.

Lemma 6.1 (Fibre images are rational). Let K D k have degree n, 0 a Q-basis of K, ¢(m) =
Y- 0;mj on k™, and Q = (Eu)”/(Blh{em—i—{HTw = 0}), with fibre coordinate ¢ = 0Tw (the quotient
Q" of the proof of [16, Thm. 4.3]). Put Q1 = Q3 = Q. If H C Q1 X Q3 1is a connected algebraic
subgroup which is not a vector group and (s1,3)(TH) is a line £, then £ is spanned by a vector
of K%, and the abelian image of H has dimension at most n/2.

Proof. Let H C (E%)?" be the connected preimage, with abelian image Bg, S C k?", and
let M be a matrix over O} whose columns span S. Since O acts on Lie(E") by diag(a,a),
Lie(Bg) = {(Mu, Mu)}, and H D Bg by the universal property of vector extensions ((F3) for
g = 1). The fibre vectors (0, Mu') have fibre coordinates (¢(Mi)u', ¢(Ms)u'), which span the
K-rational space Rg = span{(¢(s1),¢(s3)) : s € S}; Rs = 0 exactly when S C ker ¢ & ker ¢,
i.e. when H is a vector group. So 0 # Rg C ¢ and £ = Rg. The map S/(ker¢)? — K2,
s+ (¢(s1), ¢(s3)), is injective with image in the K-line /N K2, whence the dimension bound. [

Theorem 6.2 (Theorem QL). Let py be one of: 2wi; a period Q' of a CM curve E' (E' = E
allowed); the quasi-period n' = n*(Y) of a CM curve E' with CM field k' # k; a first-kind
eigen-period P of a simple CM abelian variety A. Let Xo be the corresponding set of values L,
Lp, Fibgr, z,(A(A)). Let c € Q" andt = cp2/n. If f1, f2 € QFibg and 0, f1, f2 are linearly
independent over Q, then tfi and tfs are not both in QFibg + QXo.

Corollary 6.3. Let t € Q" {Q, QO /x, Q/V, QP/x}*, with ', P as in Theorem 6.2 (in the
class Q/Q the curve E' has CM field k' # k). If f1, f» € QFibg are linearly independent over
Q, then tfi,tfs are not both in QFibg. For example (class Q/Q with E = E;, E' = E,), if
ut,ug € Lg, and w are linearly independent over Q(i), then (w/Q),)¢(uw1) and (w/Q,)Ci(u2)
are not both Q-linear combinations of 1 and quasi-logarithms (;(u), u € Lg, \ wZ]i].

In the class Q Q! (p; = 2mi) the statement is of degree one: by Laurent’s identity (4),
QC*(v) = Mu, Q) + nu with nu € Q” (7/Q)u a Q-combination of third-kind periods, so the
hypothesis ¢ f1,tfy € QFibg is a pair of Q-linear relations among periods of 1-motives, and that
case is within reach of the analytic subgroup theorem (we keep it in Theorem 6.2 as a calibration
case). The bilinear content is in the other three classes, where a period of another slot multiplies
a fibre value, as in the example.

Proof of Theorem 6.2. Let K be a number field of degree n > 6 containing k, ¢, the CM field
of the second factor (the Galois closure of F' if X5 comes from A) and all coefficients needed
to write f; € QFibg and tf; € QFibg + QXs (j = 1,2), so that v; € U(Ag(G)). Take
G = E" x X x E" with X = G, E/, E", A respectively, U = (w1, x5 + w3) (wy, w3 the fibre
coordinates, 29 the coordinate of X read by X») and V = C(1,t). If X = Ef, the two fibre
coordinates read in the second target are first merged (the vector subgroup {6Tw’ + 6Twsz = 0}
lies in the kernel). Then G” = Q1 x X" x Q3 with Q1,Q3 as in Lemma 6.1 (for X = E':
Q1 x (X" xQ3)/D, D = {¢' + ¢3 = 0}, with one fibre G, over the abelian part of X" x Q3).
The data are w = (1, ¢p2) and v; = (f;,tf;); m = 3n, kK = n (a period in Y has first coordinate
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in Kn), and ¥(Q(G)) = Kn x (Kn+ Kps). Here t ¢ K: t € Q would put ps in Qn C QFibg,
which Wiistholz’s theorem [37] excludes. For ' = 1, (1) reads rk Yg + 1 + 2dim(G’/T") > 4n,
where T” is the torus part of G’ and | = dim7”. Subgroups with image C(0,1) have rk Y < n
and [ + 2dim(G’'/T") < 2n + 2. Subgroups of @1 have image C(1,0), dimension < n/2+ 1 and
rk Yo < 2n. Mixed subgroups of Q1 x Q3 that are not vector groups have, by Lemma 6.1, a
K-rational image line, dimension < n/2 + 1, and rk Yy < 2n: if vi,v9 € £+ U(Qx(G)) with
¢ = C(p,1), p € K, then f;(1 —pt) € Kn+ Kps = n(K + Kt) (period datum p, = tn/c),
and if £ = C(1,0) then tf; € n(K + Kt); either way 1, f1, f2 lie in a 2-dimensional K-space,
against their K-independence. Vector lines have dimension 1 and rk Yo < 3n. These cases are
complete. If X” has an abelian part isogenous to the base of E (E’ = E, or A isogenous to
a power of E), abelian subvarieties may mix Q1, X” and Q3 (and, for X = E’%, Q1 and the
merged factor); if the abelian image of G’ projects nontrivially to X" (resp. to the E’-part of
the merged factor), its image contains (0, 1), so r’ = 1 forces image C(0, 1), hence ¢(S1) = 0 and
G’ C X" x Q3, which is the case of image C(0, 1) above; otherwise Lemma 6.1 applies verbatim
(to @1 x Q3, resp. to Q1 and the merged factor). So every subgroup with ' = 1 has total at
most 3n + 2 < 4n. For G’ = 0 the inequality fails with margin n —4 > 0, since n > 6 (it
obstructs exactly for n < 4); this is the minimum margin. No subgroup satisfies (1). Condition
(2) holds (dp =0, 2N =2d—2>3n+2>d; + K). O

Proof of Corollary 6.3. The statement is invariant under ¢ — ~t (y € @X) and under ¢t — 1/t
(replace f; by tf;). By Qn € Q"7 and 'y € Q"x, the classes Q pa/n of Theorem 6.2
are Q°Q, Q QY /x, Q°Q/Q and Q QP/x. 1f n € Qf; + Qfa, then tf1,tfs € QFibg gives
cp2 = tn € QFibg, which Wiistholz’s theorem [37] excludes; otherwise Theorem 6.2 applies.
For the example: t = w/Q, € @an/ni is the class Q pa/n with py = 7/ = n(Q,) of E' = E,,
whose CM field Q(p) differs from Q(i); and f; = (;(u;) € Fibg, (k1 = 0 on E;). By Wiistholz’s
theorem on (Ez-h)?’, whose smallest algebraic subgroup through ((w,n;), (u1,Ci(u1)), (ue, Gi(u2)))
is (EE)3 when @, u1, us are Q(i)-independent, the numbers 7;, (;(u1), (;(u2) are Q-independent,
so in particular fi, fo are. Finally QFibg, is the Q-span of 1 and the ¢;(u), u € Lg, off the
lattice, since n; = 2¢;(ww/2) and n(A) C Q(i)n;. O

Remark 6.4. Without Lemma 6.1 a mixed line C(u, 1) with ¢ ¢ K would only give rk Y < 3n,
which is an obstruction. The same lemma, with 5 in place of ¢ and K O &(F), gives, by (F1)—
(F4), the analogue for second-kind eigen-coordinates of CM abelian varieties (not written out).

7. CONJECTURE 42 AT CM RATIOS

In this section F/Q has CM by k, Q # 0 is a period, n* the eigen quasi-period (§3.2), so
n*(Q) € Q"7 /Q; Fibg is the set of fibre values; £ = Q + QL. A CM curve E’ “not isogenous to
E” is defined over Q with CM field k&’ # k, and €' is a nonzero period of E’.

Waldschmidt’s Conjecture 42 [31, p. 173] asks that a rank-one matrix (“1 logo”) with u; €

u2 log ag
Lg, logaj € L have Q-proportional rows; equivalently, the middle inequality §(e*, p(tz)) < 1 of
Ramachandra’s d-conjecture in the form of [33, §2(a)]. Theorem M of [16, Thm. 6.1] is its CM
case with a period row.

Theorem 7.1 (Theorem C42). Let p € Rp = Q°-{Q, o, 7/, A/Q, x/Q2, n/(QQ)}. If
ut,ug € Lg \ {0} satisfy pui, pus € L, then uz/ui € k. If moreover pu; € L (j = 1,2), then
’LL2/U1 € Q.

Corollary 7.2. (a) Congecture 42 of [31] holds for every rank-one matriz whose column
ratio log aj /u; lies in Rg.
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(b) Ifloga,log 8 are linearly independent over Q and
teQ”-{1/Q, 1/Q, O /x, /U, O/x, QO /x},
then pp(tloga) and pp(tlogB) are not both algebraic (a pole counts as algebraic). For
instance p;(log2/w) and p;(log3/w) are not both algebraic, nor are p;(2,log2/m) and
©i(Qplog3/m). B
(¢) For p € Rp and k-independent uy,us € L, pui and puy are not both in L; e.g. e

and e®"2 are not both algebraic for Q(i)-independent ui,us € Lg,, nor are e’”‘j/w2,
Qpu;/w
e Pt/ @,

wul

nor

Proof of Corollary 7.2. (a) and (c) are restatements. For (b) put p = 1/t and u; = tlogay; if
both values are algebraic then u; € Lg and pu; € L, so log 5/ log o = us/ui € Q. O

The line form. Each class of p is a cell o1 |02 + 03: a factor o7 read into the first coordinate of
C?, two factors o9, 03 read into the second, a slope r = c¢ps/p1 with p; the period of o;, and the
set

Sk ={ € Ak(o1): 7A€ Ax(02) + Ak (o3)},
where AK(Gm) = K,C, AK(E) = K,CE and AK(ﬁbre) = K - Fib.

row o1 Oo o3 sloper p1 > TP1

(i) Gu fibreof E E  ¢/Q 2mi — Q ()
(i) Gy fibreof B/ E ¢/ 2mi = Q ()
(i) Gm FE E /r 27 v 2iclY

(iv E FE G 2/Q Q= QY

(v) E fibreof E G cn/Q2 Qe Q 97 (Q)

(

fibre of B/ Gy er/(QQ) Qs Q n”(Q)

with p = 1/r in rows (i)—(iii) and p = r in rows (iv)—(vi).

Proposition 7.3 (Line form). In each row, for every number field K D kk'(i,c) with [K : Q] >
4, dimg Sk < 2, and p1 € Sg. The same holds with a factor G, added to the coordinate that

carries the ordinary logarithms (target 1 in rows (i)-(iii), target 2 in rows (iv)-(vi)), i.e. with
KL replaced by K + KL.

=
=
=

Proof. We apply Theorem 2.3 with the upper bound for the inner weight of §2.3. Fix a row,
let n = [K : Q] and let 6 be a basis of K/Q. Let G be the product of three groups carrying
the three factors: G,; E or E’, read through the base coordinate z, resp. z/; E' or E', read
through the conjugate-eigen fibre coordinate w, resp. w’, of §3.2. (In rows (i) and (v) the curve
E occurs twice, as F and as E7 these are two different factors of G.) Let ¥: Tg — C2 read
o1 into the first coordinate and the sum of o2 and o3 into the second, V = C(1,r) and W = 0.
Since Ag(G) is the product of the K-spans of the logarithms of the factors, V(Ax(G)) =
AK(Ul) X (AK(02> + AK(O';),)), and so

VN \IJ(AK(G)) = {()\,TA) D AE SK}, dimg S = dimK(V N \I’(AK(G)))

The condition on V. Up to Q" ris 1/Q, 1/Q, /' /m, Q' /Q, n*(Q)/Q or n*(V)/Q (rows
(i)—(vi); recall n*(Q) € Q" 7/). None of these is algebraic, by (W): Q, €, n*(Q), n* (') are
periods of four distinct eigen-slots, and periods of distinct slots are linearly independent over Q
together with 1 and 7. So V has no nonzero Q-rational point, and Theorem 2.3 applies.

The period datum. By Legendre’s relation and n*(aX) = an*(\), Qn*(Q) € mi k*: if A\j, g =
TA1 is a basis of Ap with Im7 > 0, then n* (A1) A2 — n*(A2) A1 = 27 gives (7 —T)A1n* (A1) = 27,
and Qn*(Q) = aa \in*(\1) for Q = a\y, a € k*. Likewise for E’. Since K D kk'(i,c), in
each row rpp lies in the K-span of the periods of o2: Kn*(Q), Kn* (), KQ', KQ', Kn*(Q),
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Kn* () (here n*(Q) is the fibre coordinate of the period of EF above 2, §3.2). And p; € Q(o7).
So (p1,rp1) € VNY(Qk(Q)), p1 € Sk (periods are logarithms), and x > 1.

The inner weight. Let 1, ¢ (resp. 1/, ¢') be the maps of Lemma 3.2 for k (resp. k). In E™ the
abelian subvariety By has dimension n/2 and 7z vanishes on its tangent space. In (E%)",
put U = Bﬂew + {0Tw = 0}: the tangent space of Bg is {(Mwu, Mu')} for a matrix M whose
columns span S ((F4) for g = 1), so 87w = ¢(M)u' vanishes on it for S = ker ¢, and the
quotient (E)"/U"% is an extension of E™/Bye ¢ (dimension n/2) by G, of dimension n/2+1 (as
in [16, proof of Thm. 4.3]). The same holds for E’ with ¢/, ¢'. Let U C G™ be the product of
these subgroups in the factors E, E’, E%, E’®, and of 0 in the factor G?,. Then U is connected,
Ty C ker Wy, and

G"JU =G} x A" x A" (rows (iii), (iv)), G" /U =G xA"xQ" (rows (i), (ii), (v), (vi)),

with dim A” = dim A” = n/2 and dimQ"” = n/2 + 1. It surjects onto G, so a(G"/U) <
2:-2n—n=3n,resp. <2(2n+1) —n =3n+2.

Hence dimg Sk < agw(G) —k <3 —1=2in rows (iii), (iv), and <3 +2/n —1 < 3 in the
other rows, since n > 4; so dimg S < 2.

Affine variant. Add a factor G, to G, read into the coordinate that carries Gy, and add
{0-a =0} to U. Then Ag(G,) = Q D K, the quotient G"/U acquires a factor G,, which raises
2dim by 2 and 2dy by 2, so the bound for a(G™/U) is unchanged; the condition on V" and the
period datum are as before. So {\ € Q + KL : 7\ € Ax(02) + Ax(03)} in rows (i)-(iii), and
Sk with Ax(Gy,) replaced by Q + K £ in rows (iv)—(vi), have K-dimension < 2, which contains
the statement. 0

Remark 7.4 (A direct proof of row (iv)). Let G = E x E' x Gy, with coordinates (z,z’, ),
U(z,2'x) = (2,7 +2), V=C(l,r), n = [K : Q], 0, pg, ¥y as in §2.3. Connected algebraic
subgroups of E™ x E™ x G}, are products Bg x By, x T, (Hom(E, E') = 0), and such a subgroup
has tangent space in ker Wy iff ¥(S) = 0, ¢/(S') = 0 and L = 0. So U = Byeryp X Bl’(ew,,
and G = G"/U = A" x A” x G with dim A” = dim A” = n/2: dy = 0, di = n, dy = n,
d = 2n, weight 3n. U” is onto C2?, V" is a hyperplane and W” = ker ¥”. The period datum is
w = (Q,c) € V(Qx(G)). Suppose Q,u;,up € Sk are K-independent, put v; = (uj, ru;), and
let Y be generated by lifts of Déjw, 6,v1, 6,v2: then m = 3n, and k = n (a period of G” has first
coordinate in KQ, which kills the v-parts). Withd—N =1and d—7 =2—7', 7' = dim V" (T ),
an obstruction needs (m —rk Yy )+ (3n—wt G') < (2—1')-2n, where Yor = Y" N (T + Q(G")).
Since U is maximal, a nonzero B” has image C(1, 0) and a nonzero B"” x Ty, has image containing
C(0,1); so ' < 1leaves: G' =0 (5n < 4n fails, margin n); G’ = B"” x Ty, # 0 with image C(0, 1)
(rk Yo < n, so the left side is > 3n > 2n); G’ = B” # 0 with image C(1,0): an element of Y
has U”-image (X,rX) with rX € KQ' 4+ K -27i, i.e. X € KQ+ K -27iQ)/(c€)'), a 2-dimensional
K-space, so tkYs < 2n and the left side is > n + 2n > 2n. No G’ satisfies (1). (2) reads
2(2n — 1) > 2n. The minimum margin is n, for every even n.

Proof of Theorem 7.1. Take K large (containing the coefficients needed below). Rows (i)—(iii).
xj = puj € L C K+ KL and re; = uj € KLg, so 2mi,x1,29 € Sk (affine variant) and
a-2mi+bry 4 xy = 0 with (a,b,c’) # 0. If a # 0, then buy +c'ug = —2mia/p is a nonzero element
of Q° n*(Q), Q" n* () or Q lying in QLp. This is impossible by Wiistholz’s theorem [37]:
QLENQR*(Q) = 0 (apply it to (uy, ..., ur, (,7%(Q))) in E” x E%: the smallest algebraic subgroup
whose tangent space contains this point contains the conjugate-eigen part of E% (F3), which
carries the fibre coordinate w independently of the coordinates z(u;), so a form », Bz (u;) —yw
with v # 0 does not vanish on it), QL NQn* = 0 (on E x E%) and QL NQY =0 (on E x E').
So a = 0. Rows (iv)—(vi). Q,ui,us € Sk (affine variant in target 2), so aQ + buy + 'ug = 0;
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if a # 0 then p(buy + cug) = —apQ) € L, but pQ e Q" {Y,n*(Q),n” ()}, none of which lies
in £ (Wiistholz on G, x GY x E/, xE% xE™). So a = 0. In all rows uy, us are Q-dependent,
so ua/ui € k by Masser’s theorem [18]. If pu; = loga; and us = ~yu; with v € k, then
log ag = vlog ay # 0, and the Gel’fond—Schneider theorem forces v € Q. O

Provenance. Rows (iii), (iv) of Proposition 7.3 are direct instances of [23, Théoreme (iii)] as
printed (Remark 2.4); for the fibre rows the printed weight gives no conclusion on the groups
used here, and the inner weight is used. The linearisation filter: on a CM curve only n* - u and
Q- ¢*(u) are periods of 1-motives (Laurent’s identity (4)), so p € Q" 7/ (Theorem M of [16,
Thm. 6.1]) is the unique linearisable CM ratio, and we do not expect Theorem 7.1 to follow from
the analytic subgroup theorem [Heuristic]. On what is known: all six classes satisfy p/p € @X
and E is isogenous to E, so a datum u gives a second datum u. Write V(a, 3) for the Q-span
of log a, log B, log o, log B. If dim V(c, B) = 4, Corollary 7.2(b) already follows [Proof sketch]
from the Lang—Ramachandra mixed six exponentials theorem [31, Thm. 24] plus conjugation
(Ramachandra; Diaz [7]); if dim V (e, ) = 3, it is a one-line consequence of Theorem 2.3 on
E x Gy (ax =2, K = 0) plus conjugation [Proof sketch]. As far as we found, the conjugation-
stable case dim V' (a, ) = 2 (for instance «, 8 real), which contains all our examples, is not in
print. Corollary 7.2(b) is the inequality d(e?, p(tz)) < 1 of Ramachandra’s §-conjecture in the
form of [33, §2(a)], at six CM classes of ¢; the best bounds listed there are § < 3 in general and
6 < 2 at the slope of Theorem M, with no case of § < 1.

8. APPLICATIONS IN CODIMENSION > 2

The two results of this section live on subspaces V" of codimension > 2, where Theorem 2.1
applied subgroup by subgroup is stronger than the uniform bound of Theorem 2.3: at G’ = 0,
(1) divides the threshold by d — N [28, (4.2)]. In the configurations we use, Theorem 2.3 gives
no conclusion or a weaker one (bound 3 against 2 data for Theorem 8.1, k < g — 2 for (Ul), and
its condition on V fails when K contains the imaginary quadratic field of Theorem 8.4). We
apply Theorem 2.1 as printed, subgroup by subgroup; both applications satisfy (2). The other

application of this kind we know is Theorem P of [16, §7]. Notation: £ = Q+QL; a CM curve is
an elliptic curve over Q with complex multiplication, and 77 is the conjugate-eigen quasi-period

of a period §; (83.2), so i} € @Xw/Qj.

8.1. Collinearity of period points.

Theorem 8.1 (Theorem CL4). Let Ey, By, E3 be CM elliptic curves over Q with pairwise dis-
tinct CM fields ki1, ko, k3, and ; a nonzero period of E;. If s,t € C satisfy

s+2mit€ QL and s+ Qte€QLg, (j=1,2,3),

then s = 0. Equivalently, if the four points (2mi,x), (Q;,y;) of C* with x € QL, y; € @EE]. lie
on one line, the line passes through the origin. The same holds with Gy, replaced by a fourth
CM curve Eg with a CM field distinct from the others.

Corollary 8.2. Put X = Q1(27Ti — QQ)/(Ql — QQ) and Y = Ql(Qg — Qg)/(Ql — Qz) Then €X
and pp,(Y) are not both algebraic.

Proof. Take y1 = Qq, y2 = 0: then t = Q1 /(21 — Q) and s = —Qat # 0, and the theorem forbids
x = X € L together with y3 =Y € Lg,. (Some such proviso is needed: y; = §;/2 gives s = 0,
T = mi.) O
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Proof of Theorem 8.1. Let K D kiksks(i), n =[K : Q] > 8, G = Gy, X By X By x E3, ¥ =id
(one slot per coordinate). Subgroups of G™ are products, U = 0 X Byeryy, X Bierys X Brkerws,
and G" = Gy, x A] x Ay x A3 with dim A} = n/2: d = 5n/2, dy = 0, di = n, dy = 3n/2,
weight 4n. Put w = (1,1,1,1), p = (27i,Q1,Q2,Q3), V = Cw @ Cp, W = Cw (Q-rational).
So V" = ¥"=1(V) has codimension 2 and W” = ¥”~1(W) is Q-rational of dimension d — 3. A
datum v = sw + tp with s # 0 lies in ¥(Ag(G)); Y is generated by lifts of Df,p and 0,v, so
m = 2n.

k =n. A K-period vector on V is s'w + t'p with s’ 4+ 2mit’ € K - 2mi and s’ + Q;t’ € KQ,;.
Writing s’ = 2mi(a —t') = Q;(b; —t') and eliminating ¢’ between j = 1,2 gives (b1 — b2)/(2mi) —
(b1 —a)/Q + (b —a)/Q = 0; as 1/Q; € @Xn;‘/ﬂ, this is a Q-linear relation among 1, 77,75,
trivial by Wiistholz’s theorem on G, x EE X Eg Soby =by =a,s =0,and VNI (Qx(G)) = Kp.

Lemma S: if three of the four coordinates of a datum v = sw + tp are K-periods, then s = 0.
If they are the FEj-coordinates, s = Q;(b; —t) for j = 1,2,3; eliminating t pairwise gives
(by — b3)/Q1 + (b1 — ba)/Q3 + (b3 — b1)/Q2 = 0, a Q-relation among 7}, n3, 75 (after multiplying
by ), trivial by Wiistholz on EE X Eg X Eg; S0 by = by = b3 =t and s = 0. If they include the
Gm-coordinate, the computation of x applies. (The eliminations use 27i ¢ QQ; and /9 ¢ Q.)

Obstructions. Connected subgroups are G’ = T, X By x By x Bjg; every nonzero factor maps
onto its coordinate line (U is maximal), so ¥”(T) = C% for the set S of nonzero factors, and
d—17=3—|S+[S ={0,1,2,3}]. (1) reads (A +4n —wtG') -2 < (6 —7)-3n: for S = 0,
A =n and 10n < 9n fails; for one slot, wt < n and A = n (by Lemma S, the datum’s other
three coordinates are not all periods), so 8n < 6n fails (without Lemma S, A = 0 would give
6n < 6n); for two slots the left side is > 4n > 3n; for three or four slots § > 7 fails. Condition
(2): 2(bn/2 —2) > 2n. So no datum with s # 0 exists. The four-curve version has the same
table (weight 4n, Lemma S with any three of the four n*’s, (2) 4n —4 > n). O

Controls. With W = 0, or without x, one datum is allowed; a non-CM Ej3 gives G’ = 0 at
equality. Theorem 2.3 on this plane (ax =4, K = 1, dim V/W = 1) gives the bound 3 against
2 vectors, hence nothing.

8.2. A unitary source of the period term. Let K C C be imaginary quadratic, ¢ the
inclusion, and A/Q an abelian variety of dimension g, simple over Q, with Ox C End(A4).
Then Lie A = L, ® L;, where [a] acts by «¢(a) on L, and by (a) on L;; both are Q-rational.
The signature is (r,s) = (dim L,,dim L;); for A simple and r > 2 we have s > 1. Examples:
Picard curves 3> = f4(z) (signature (2,1); dz/y?, xdx/y* span one eigenspace) and 3> = f¢(z)
(signature (3, 1)), whose Jacobians are simple for generic f (simplicity must be checked for each
curve). These are generically not of CM type. For z € Lie A write x = =, + z7.

Lemma 8.3. Assume r > 2. For a nonzero period w of A, w, # 0 and wy # 0. If r > s (for
instance if s = 1) and w,w’ are periods with w, € Cw,, then w' € Kw in Q(A) @ Q.

Proof. If w € Lz, then (K®R)w is a complex line spanned by the rank-2 lattice Okw, an elliptic
curve in A, impossible for A simple of dimension > 2. For the second claim with s = 1: if w,w’
are K-independent with w/ = tw,, take 6; € K ® R with ¢(6;) = t; then 0 # o’ — 6w € Ug N L;
for U = Kw + Ko, and Ug N L; is a K ® R-submodule, on which K ® R acts through z by all
complex scalars; so it is a nonzero complex subspace of the line Ly, and L; C Ug. As g > 3, U
lies in the kernel of a nonzero K-linear ¢: Q(A)g — K, whose extension kills L; and is complex-
linear on L,, hence is a holomorphic 1-form with periods in ¢(K); the K-span of Tr o ¢ is a
2-dimensional rational sub-Hodge structure of H', i.e. an elliptic quotient of A, a contradiction.
For s > 2, r > s: Theorem 2.1 with Y = Ogw + Okw' as in the proof below (k =4, A = 0, and
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d— N =r—12>1since r > 2) gives 2g(r — 1) < r(2g — 4), i.e. r < s, a contradiction; here (2)
holds strictly. O

The first claim needs only g > 2. In the second, r > 2 is what makes “s = 1”7 imply r > s: the
formulation “if s =1 or r > s” would fail at (r,s) = (1,1), g = 2, where L, is a line, so w] € Cw,
holds for all periods w,w’, while Q(A) ® Q has K-dimension 2. (The proof uses g > 3 for s = 1,
and d — N > 1 for s > 2.) Theorem 8.4 assumes r > 2.

Theorem 8.4 (Theorem U). Let A be as above, of signature (r,s) with r > 2, and w a nonzero
period.

(Ul) If r > s+ 2 and u € A(A) has u, € Cw,, then exp4(u) is torsion.

(U2) The u € A(A) with u, € Cw, form a group whose image in A(Q)/tors is an Ox-module
of rank < |s/(r —1)| (<1 for Picard curves).

(U3) If r > s+ 1 and u € A(A) has u, = tw, with 2mit € L+ (1)L (Ox = Z[7]), then t € K
and exp ,(u) is torsion; in particular v, = (loga/27i) w, with a € Q" forces a to be a
root of unity.

(U4) If r > s+ 1, E is a CM curve with CM by Ok (acting on Lie E through ) with period
Q, and u € A(A), v € Lg satisfy u, = (v/Q) w,, then expp(v) and exp(u) are torsion.

Concretely, on a simple Picard Jacobian,

P P
(J ] )= (L [ )

only for P torsion and a a root of unity: the unitary analogue of p(w log a/7) ¢ Q ([16, Cor. 6.2,
(M2)]).

Proof. Let G = A x E* x T (a,b € {0,1}; T = G, ® Ok, a split torus of dimension 2), so
d=g+a+2b,dy=0,d; =2b,dy = g+a, weight 2g+2a+2b. L,(G) = L,(A) @ Lie E*® C? has
dimension R = r+a+b, and L;(G) = L;(A) @ C? has dimension S = s+ b; both are Q-rational.
Let w = (w, Q% (27mi ® 1)®) be the period vector, and

V=Cuw&L(G), W=L(G), N=1+S, t=S5, d-N=R-1.

Since [a] acts on L,(G) by the scalar «(a), Oxw C V, and every datum below lies in V.

Data. A datum is y € A(G) with y, = t'w,;; put Y = Ogw + Zj Oxy;. If a component
of y is torsion, the datum is trivial: e.g. if its torus component is torsion then ¢ € +(K) and
y—[c]w € W for some ¢ € K, a Q-rational subspace containing a logarithm of an algebraic point,
so by Wiistholz’s theorem it lies in the Lie algebra of an algebraic subgroup inside L;(G), which
is 0; if the A-component is torsion and r > s, Lemma 8.3 gives ¢’ € K. So for nontrivial data
each orbit Oky; has rank 2 modulo Okw, k = 2, and for G’ C G, A(G') > 2 per independent
datum unless G’ contains all factors of the datum (a rational line [ C T meets an orbit Oz of
a non-torsion z in rank < 1).

Subgroups. A and E are simple, Hom(A4, F) = 0, and there are no homomorphisms be-
tween abelian varieties and tori; so G’ = A" x E' x T, with A’ € {0,A4}, E' € {0,E},
Ty, € {0,T,arational line I}, and 7 = S — dim(W N T) with W N T = Li(A") + (C; if
T, =1T).

The inequality. G’ obstructs iff § > 7 and (A + 01 +262)(R—1) < (6§ — 7)(20 + 29 + 2a — 2).
For G = A (a=0b=0), G =0 and k data: A\ = 2k, 6 = g, 7 = s, and the inequality is
(2k +2g9)(r — 1) < r(2g — 2), ie. k(r — 1) < s. So k data are excluded iff & > s/(r — 1);
with G’ = A one has § = 0. This gives (Ul) (k =1, r > s+ 2) and (U2). For (U3), (U4)
take G = A x T, resp. A x E, and one nontrivial datum y. Then d — N = R—1 = r and
dy + 2ds — k = 2¢g in both cases, and A = 2 for every G’ in the table below except A x [, by the
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remark on orbits above (for G’ = [ a point of I' N G’ has torsion A-component). The tangent
line of a one-dimensional subtorus [ C 7" is not an eigenline of Ok (it comes from a rank-one
subgroup of the cocharacters, which is not an Okg-module), so W N7T; = 0. The proper connected
subgroups are:

G G’ ) 01 Iy T (A+01+202)r (0—7)-2¢
AXT 0 g+2 2 g s+1 (29+4)r 2g(r+1)
A 2 20 1 dr 2
T g 0 g s (29 + 2)r 2gr
l g+1 1 g s+1 (2g+3)r 2gr
Axl 1 1 0 0=
AXE 0 g+1 0 g+1 s (29 +4)r 2g(r+1)
A 1 0 1 0 dr 2
E g 0 g s (29 + 2)r 2gr

A subgroup obstructs iff the left column is at most the right one. Since g = r + s, both
(29 +4)r <2g(r+1) and 4r < 2g are equivalent to < s, and the rows T, I, E never obstruct.
So for r > s+ 1 no subgroup satisfies (1). For Picard (2,1) (¢ = 3) the rows read 20 > 18,
8 > 6,16 > 12, 18 > 12 for A x T" and 20 > 18, 8 > 6, 16 > 12 for A x E. Condition
(2): 2425 > 2b+ 2, strict as s > 1. For (U3), t € K and loga = 2mi(c1 + covV/—D) give
la| = e=272VD and Gel'fond-Schneider forces ¢y = 0. O

Controls. With the period term deleted, or with W = 0, the count obstructs; for Picard (2, 1)
one datum is allowed (8 < 8 at G’ = 0); for a non-simple A = B x E, of signature (3,1), (Ul)
is false and the count finds the obstruction G’ = B. Provenance. (U2) for r = 2 (Picard curves
included) is also the case K = Q, ¥ = id, G = A, V a hyperplane, of Theorem 2.3, i.e. of
Theorem 2.2 (aw = 2g, k = 2, 50 2+ 2k < 2g—2,i.e. k < s). For r > 3, and for (U1), (U3), (U4),
V has codimension r — 1 > 2 in T (resp. R — 1), and the subgroup-by-subgroup count gives
more than Theorem 2.3; for K O K the condition on V' in Theorem 2.3 fails, since L; € Sk (A).
The relation u, || w, is bilinear in a logarithm and a period of the same abelian variety; it is
Q-linear only for algebraic ¢ [Heuristic: not linearisable].

9. FORMAL VERIFICATION AND LITERATURE

Formal verification. Two statements of this paper have been checked in Lean 4 with Mathlib,
both relative to explicit hypotheses; everything else is not formalised.

e Theorem 4.6, with its torsion clause, and Corollary 4.7(a), (b) (for Abel-Jacobi inte-
grals) and (c) are checked in the certificate [13] (declarations CM4E. AbVar . thmX7, thmX7_
torsion, x7a_AJ, x7b_AJ, x7c) conditionally on a named instance of Waldschmidt’s the-
orem for the genus-three group (Thm11KappaX7), which neither [13] nor [14] proves, and
on named inputs (Chowla—Selberg at level seven, and forms of Wiistholz’s theorem; for
the torsion clause and the Abel-Jacobi forms also a named torsion step). Lean has no
Jacobians: the logarithms of A enter as a parameter set, and Abel-Jacobi integrals with
endpoints at the branch points are not covered. The generic Theorem 4.2, without the
torsion clause, is checked conditionally in the same way (AbVar.XSetup.thmXA). In the
terminology of [15, §12] these are of status W (verified conditionally on a named form
of [28] that is not proved).

e Theorem 5.1(1) for (E,E') = (E;,E,), at t = c¢Q,/w (c € Q”), is checked (CM4E.
Unconditional.thmSE varpi_omegaRho) with no form of [28] assumed: the instance of
Waldschmidt’s theorem it uses is proved in the Lean project [14] described in [15], and
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the one hypothesis left is that g3 of the lattice 2,Z[p] is algebraic (g3 = 4 is classical but
not formalised). This is status I of [15, §12].

In both cases the Lean proofs go through the hyperplane theorem (Theorem 2.2), not through
our case checks, and the group models are hand-written and reviewed, not derived in Lean.
Theorems 4.12, 4.14, 5.1(2), 5.5, 6.2, 7.1, 8.1, 8.4 and their corollaries are not formalised.

9.1. What we read. Quadratic relations. Gao, Ullmo and Yafaev [9] and Gao and Ullmo [§]
describe algebraic relations among holomorphic CM periods beyond the linear ones as largely
open, apart from cases reducible to the linear case such as 66'/7 ¢ Q [9, Cor. 3.1], and ask
whether all quadratic relations are elementary [9, Question 1.3]; the relations used in Theo-
rems 4.2 and 4.14 are elementary in their sense. Wolfart and Wiistholz [36] determine the
Q-linear relations among Beta values; Corollary 1.1(b) involves the quotient B(2,2)/B(1, 1),
whose Koblitz—Ogus function takes three values, so it is not covered. Huber and Wiistholz [11]
prove the period conjecture for 1-periods; they exclude products of periods explicitly ([11, Re-
mark 13.2], and the Prologue), and their Beta material is linear. By Remark 4.9, no Gamma
monomial reduces our lists to theirs within the Koblitz—Ogus dictionary.

The other results. For Theorem 7.1: Waldschmidt’s survey [31] (Conjecture 42 and Thm. 24),
the account of Ramachandra’s d-conjecture in [33], and §3.5 of [25] (one-parameter subgroups;
mixed E x Gy, is not treated there, and there is no CM refinement). For Theorems 5.1, 5.5: [23,
Cor. 1] (elliptic and abelian strong six exponentials) and the conjugation arguments of Diaz [7]
and Waldschmidt [32, Cor. 2.7, Thm. 4.1], which give the non-conjugation-stable cases as said
in the introduction; [30, Thms. 4.2, 4.3], which need many more data and involve no period
slope. For Theorem 6.2: Laurent [17], whose results are of degree one. For Theorem 8.1: the
count [28, (4.2), Cor. 4.3] and [30, Thm. 4.2] (mixed G, x Gy, x E, seven columns, no CM);
the numbers in Corollary 8.2 are artificial, and the content is the mechanism. For Theorem 8.4:
[28, 27, 23] (for signature (r,s) with r,s > 1 the weight of [23] is ax(A) = 2g, with no saving)
and [11], which gives only the case t € Q. Roy’s Luminy paper [22] (read in full) has only general
bounds, not statements at particular periods. We also looked in Waldschmidt’s survey [34] (read
in full) and in [30, 32], and searched arXiv for 202426 papers stating four exponentials or a
subgroup-theorem count at CM, Beta or abelian periods, without finding any.

Not consulted. We could not consult Bertrand [4] (Schneider-Lang theorems on abelian va-
rieties with endomorphisms; the most likely earlier source for Theorem 8.4), Waldschmidt [29],
Baker-Wiistholz [2, §6.2], Ramachandra’s papers in Acta Arith. 14 (1968), or the MathSciNet
citation lists of [23] and [28] (the zbMATH lists we saw are nearly empty). Any of these might
contain some of our statements. Every result here is a specialisation of the same published
theorems, so this residual risk is shared by all of them.

Review. All review so far is by Al referees; no human expert has reviewed the definitions
or the proofs. The results and proofs were found and written with substantial use of Al tools.
Recent literature in this area includes unreviewed, partly Al-generated preprints; we cite none
of them.
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