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RATIONAL POINTS ON THE NON-SPLIT CARTAN MODULAR
CURVE OF LEVEL 121

SANTIAGO ARANGO-PINEROS, FILIP NAJMAN, AND DAVID ZUREICK-BROWN

ABSTRACT. We show that the modular curve X;f(121), attached to the normalizer of
a non-split Cartan subgroup of GL2(Z/121Z), has exactly 7 rational points, all of them
CM points. Together with the work of Rouse, Sutherland and Zureick-Brown, this
completes the classification of the possible 11-adic images of Galois of elliptic curves
over Q without complex multiplication. We do not use a model of X (121), which has
genus 511. Instead we use the map X,(121) — X[ (11), whose target is an elliptic
curve of rank 1, a descent with the cusps of X;;(11) and a Mordell-Weil sieve to reduce
the problem to 7 hyperelliptic curves of genus 5 over a number field of degree 15. We
deal with these curves by a version of Stoll’s Selmer group Chabauty method for the
isogeny 1 — (11 of their Jacobians.

1. INTRODUCTION

Let E be an elliptic curve over Q without complex multiplication (CM) and let ¢ be a
prime. Serre [14] proved that the image of the f-adic Galois representation pg s : Gg —
GL2(Z¢) is open, and that the mod ¢ representation pg , is surjective for all but finitely
many /. He asked whether the primes ¢ for which pg , is not surjective can be bounded
independently of E, and it is expected that over Q the bound 37 suffices (see [18]). For
¢ > 37, by the work of Mazur [8], Serre [14] and Bilu, Parent and Rebolledo [3], if pg , is
not surjective, then its image is contained in the normalizer of a non-split Cartan subgroup
of GLy(FFy), so this question becomes the question whether the modular curves X (¢) have
non-CM rational points.

Rouse, Sutherland and Zureick-Brown [10] determined, for every prime ¢, the possible
f-adic images of non-CM elliptic curves over Q, apart from the images contained in the
normalizer of a non-split Cartan subgroup of level £ > 19 and apart from the images
corresponding to rational points on finitely many explicit modular curves, whose rational
points they could not determine: the curves X (N) for N = 27,25,49,121, and two
curves of level 49 and genus 9 (see [10, Theorem 1.6]). Balakrishnan, Betts, Hast, Jha and
Miiller 2] have since determined the rational points on X5(27), Furio and Lombardo [6]
the rational points on X,(49), and Arango-Pifieros and Zureick-Brown [1] showed that the
two curves of level 49 and genus 9 have no non-CM rational points. The curve X, (121)
has genus 511, and Rouse, Sutherland and Zureick-Brown did not compute a model of it.
Using the map ¢ : X (121) — X;5(11) to an elliptic curve of rank 1, they showed with
a Mordell-Weil sieve that a non-CM rational point on X,(121) would map to a multiple

2020 Mathematics Subject Classification. 11G05, 11G18, 14G05, 11F80.

Key words and phrases. modular curves, non-split Cartan subgroups, Galois representations, Selmer
groups, Chabauty method.

F.N. was supported by the Croatian Science Foundation under the project no. IP-2022-10-5008, by the
project “Implementation of cutting-edge research and its application as part of the Scientific Center of
Excellence for Quantum and Complex Systems, and Representations of Lie Algebras”, PK.1.1.10.0004, co-
financed by the European Union through the European Regional Development Fund — Competitiveness
and Cohesion Programme 2021-2027, and by the European Union — NextGenerationEU through the
National Recovery and Resilience Plan 2021-2026, via an institutional grant of the University of Zagreb
Faculty of Science, IK IA 1.1.3, Impact4Math.

1


https://hexagonmath.org/abs/2611.00231v1

2 SANTIAGO ARANGO-PINEROS, FILIP NAJMAN, AND DAVID ZUREICK-BROWN

kP of a generator P with |k| > lem(1,2,...,233), and hence its j-invariant would have
height roughly 1079210 (see [10, Section 9.2]).

In this paper we determine the rational points on X, (121). Our main result is the
following theorem.

Theorem 1.1. The modular curve X (121) has exactly 7 rational points. All of them
are CM points, one for each of the discriminants

D€ {-3,-4,-12,—16,—27,—67, —163}.

Note that these are all the discriminants of imaginary quadratic orders of class number
1 in which 11 is inert, so the rational points on X, (121) are the ones that the theory of
complex multiplication predicts. We obtain the following corollary.

Corollary 1.2. Let E/Q be an elliptic curve without CM. Then pg121(Gg) is not con-
tained in a conjugate of the normalizer of a non-split Cartan subgroup of GLa(Z/121Z).
Hence pp11~(Gq) ts one of the groups described in [10, Theorem 1.6 (i) and (ii)].

Proof. If pg 121(Gg) were contained in such a group, then j(E) would be the j-invariant of
a non-CM rational point on X (121), contradicting Theorem 1.1. The second statement
now follows from [10, Theorem 1.6], as for £ = 11 we have just excluded case (iii) of that
theorem, and case (iv) occurs only for £ = 7. O

Thus the 11-adic images of Galois of non-CM elliptic curves over Q are now completely
determined. Of the curves listed in [10, Theorem 1.6|, this leaves only X (25). While
writing this paper, we became aware that Eray Karabiyik has determined the rational
points on X1(25) (private communication).

We now describe our methods. We never use a model of X,(121). The only information
about X (121) that we use is the moduli interpretation of the map ¢: X, (121) — X 5(11)
of degree 121, at the cusps and at the CM points. The curve X(11) is the elliptic curve

E:y?4+y=a®—2>—T2+10

of rank 1, with E(Q) = ZG, where G = (4,5). Its 5 cusps are defined over K = Q(¢11) T,
the maximal real subfield of Q((11), and they are points of order 11 on E. The proof has
three steps.

The first step is a descent with the cusps. If ¢ € X5 (121)(Q), then for every prime
q of K not above 11 and every cusp ¢ of X;5(11), the point p(¢) € E(Q) is congruent
to ¢ modulo g¢ only if it is congruent to ¢ modulo q* ¥/ ie. the intersection number
of ¢(§) and ¢ at q is divisible by 11 (Lemmas 4.2 and 4.3). This is the analogue for
X£(121) of the condition, used by Schoof and Tzanakis [13] to determine the points on
XE(11) with integral j-invariant, that ¢(£) does not meet the cusps at all. It follows
that certain functions on F whose divisors are supported on the cusps and the origin
take values in the finite group K (S,11), where S consists of the prime of K above 11. A
Mordell-Weil sieve with 6 primes then shows that ¢(£) = nG with n = ng (mod 4356) for
some ng € {—2,...,4}, and determines the values of these functions modulo 11-th powers
(Proposition 4.7). The 7 values of ng correspond to the 7 CM points, and since 121 divides
4356, it follows that n — ng is divisible by 121.

The second step reduces the problem to curves of genus 5 (Section 5). The values from
the first step show that z(nG — 3s) = a + §,,w't with w € K, where s € E(K) is a cusp
and a, 0, € K are explicit. Combined with a 2-descent on E over a cubic extension L of
K, this gives a point on one of 7 hyperelliptic curves nY? = X! 4+ b? of genus 5 over L,
which is a number field of degree 15. The CM point gives the point with w = 1.

The third step deals with these curves. Over F' = L((11) their Jacobians J have the
automorphism ¢ induced by X +— (11X, and A = 1 — ¢ is an isogeny of degree 11. We
use the idea of Stoll’s Selmer group Chabauty [16, Theorem 2.1 and Remark 2.2] for the
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isogeny A. Since 121 divides n—ny, the point [P —Py] € J(F'), where P is the point coming
from £ and Py the point coming from the CM point, is deep in the kernel of reduction at a
prime v above 11. As long as a point is deep enough, its image under the local A-Kummer
map is 0, and since the localization at v of the A-Selmer group turns out to be injective,
the point is divisible by A in J(F'). Repeating this, we arrive at a point of the kernel of
reduction whose leading term we know. Its image under the local Kummer map is not in
the image of the Selmer group, which is a contradiction (Propositions 8.3 and 9.2).

The method works because the curves Y2 = X! 4+ b? have cuspidal reduction Y? =
(X +52)11 at the primes above 11. As a consequence, the formal groups of their Jacobians
at these primes are isomorphic to @2 via the formal logarithm (Lemma 6.1), and A acts
diagonally in the logarithmic coordinates, so the repeated divisions by A can be followed
explicitly. Note that our approach needs neither generators of the Mordell-Weil groups
of the Jacobians (which have rank 5 over L for 3 of the 7 curves, see Remark 5.3) nor a
bound on the height of the points. We do not assume the Generalized Riemann Hypothesis
(GRH). Tt is used only to find generators of groups of S-units, which are then shown to
be correct unconditionally.

We fix our notation in Section 2 and prove Theorem 1.1 in Section 10. The computations
are described in Section 11.

All the code used in the paper can be found at

https://github.com/F-Najman/Xns-121-

Data availability and reproducibility. The repository contains the code, the logs and
the certificates of all the computations in this paper, and a script that reruns all of them (in
about 4 minutes). This paper refers to the revision c12¢8¢3 of the repository, and the links
in the paper point to this revision. The README file there lists, statement by statement,
which script establishes each claim and which log it produced. In the digital form of this
article, the words reporting a computation, such as “we compute”, are hyperlinks to the
script that carries it out.

AT disclosure and comments. The mathematical content of this paper was produced
by AI models. Anthropic’s Claude Opus 5.5, OpenAl’s GPT-6.1 Sol and GPT-6 Astra
produced almost all of the mathematics of the first versions of the proofs and carried
out the computations. Claude Opus 5.5 also reviewed these proofs, reran all the compu-
tations, independently reimplemented the sieve, the Selmer group computations for the
even classes, the determination of the rational points above the CM points and the com-
putation of the genus, checked the references, wrote the manuscript and organized the
code repository. We have not yet fully checked the proofs.

2. NOTATION AND CONVENTIONS

Throughout the paper (11 denotes a primitive 11-th root of unity, and m = 1 — (1. For
a number field &, a finite set S of primes of £ and a prime p we write

k(S,p) ={a € k™ /E"*P : v4(a) =0 (mod p) for all primes q ¢ S}.

This is a finite dimensional [Fj-vector space, which we write additively. If k contains a
primitive p-th root of unity and CI(k)[p] = 0, then dimg, k(S,p) = 71 + 72 + #S, where
(r1,7r2) is the signature of k. For a finite extension [ of Q, we denote by v or v; the
valuation of [ normalized by v(I*) = Z, and by O its ring of integers.

Let € = 2, which is not a square modulo 11. The non-split Cartan subgroup Cps(121)
of GL2(Z/121Z) is the group of invertible matrices of the form

a ¢b
(b a), a,b € Z/121Z,


https://github.com/F-Najman/Xns-121-
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/sieve_bruteforce.m

4 SANTIAGO ARANGO-PINEROS, FILIP NAJMAN, AND DAVID ZUREICK-BROWN

which is the unit group of the subring Z/121Z[\/e| ~ Z11[\/€]/(121) of the matrix ring,
and its normalizer Nps(121) is generated by Cps(121) and <(1) _01> The modular curve
X5(121) is the modular curve attached to Nps(121), and X }(11) is defined in the same
way. Since —I € Nys(121) and det Nps(121) = (Z/1217)*, for an elliptic curve E’/Q with
J(E'") # 0,1728 the j-invariant j(E’) is the image of a rational point on X5 (121) if and
only if prr 121 (Gg) is contained in a conjugate of Nys(121) (see [18, Proposition 3.3|). More
generally, the points of X (121) above j(E’) (for any j(E’)) correspond to the subrings
of End(E’[121]) that are conjugate to Z/121Z[y/e], modulo the action of Aut(E’), and Gg
acts on them through pgs 191 (see [10, Section 2.3]).

We will denote by ¢: X;(121) — X, 5(11) the natural map, which is of degree 121.

For computations we use Magma [5].

3. THE CURVE X, (11) AND THE CM POINTS
Ligozat [7] showed (see [13, Section 4]) that X (11) is isomorphic to the elliptic curve
E:y*+y=2a®—2>—7z+ 10,

which is the curve 121b1 in Cremona’s tables and 121.b2 in the LMFDB [17|. We compute
that £(Q) = ZG, where G = (4,5) is a point of infinite order. We use the j-map j: E — P!
of degree 55 from the LMFDB (the modular curve with label 11.55.1.b.1). It can be written
as

. A(r) + B(x)y

]:Uun()a u=(z—4)(y—5)—11,
where A, B € Z|[x] have degrees 27 and 26 and are given in code/compact_jmap.m. Note
that after the substitution « — x 4+ 4, y — y + 5 the function v becomes the function
xy — 11 which appears in |13, Theorem 4.1].

Let K = Q(z), where 2° + 2* — 423 — 322 4 32 + 1 = 0. This is the field Q(¢11)™, and

the unique prime p of K above 11 is generated by 2 — z. Put

5= (—24 — 22422243243, —22* — 4234622+ 112+ 1) € E(K)
and let R = {1,3,4,5,9} be the set of non-zero squares modulo 11.

Proposition 3.1. a) The point s has order 11, the cusps of E ~ X[ (11) are the 5
points rs, r € R, and the function j has a pole of order 11 at each cusp. The
divisor of u is ), p(rs) — 5(0).

b) For every r € R, the element (A + By)(rs) € K is a unit at all the primes of K
not above 11.

c) Forn € {=2,...,4} the point nG is the unique rational point of E above j(nG),
and j(nQ) is the j-invariant of the CM order of discriminant D given in Table 1.

Proof. We compute a) and b), and we compute c) (see also code/model.m). O

TABLE 1. The points nG with n € {—2,...,4} and the corresponding CM points.

n nG D Jj(nQG)
-2 (2,-1) —27 —215.3.53
-1 (4,-6) —-16 23.3%.113
0 O —12 24.33.53
1 (4,5) —67 —215.33.5%.113
2 (2,0) —4 26 .33
3 (5/4,7/8) -3 0
4 (-2,3) —163 —218.33.53.233.293



https://www.lmfdb.org/EllipticCurve/Q/121/b/2
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/model.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/compact_jmap.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/sieve_bruteforce.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/cm_lifts.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/model.m
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Remark 3.2. We compute, from the action of SLy(Z) on the cosets of Nys(121) in
GLy(Z/121Z), that p: X (121) — X (11) has degree 121 and that X[ (121) has 55

cusps, 67 elliptic points of order 2, 1 elliptic point of order 3 and genus 511, in agreement
with [10, Table 2].

Lemma 3.3. Let O be an imaginary quadratic order in which 11 is inert, let Ey/Q be
an elliptic curve with CM by O, and let Ag C End(Ey[121]) be the image of O, and put
Ap = Ag/11Ag =~ Fia1. Let & be the point of X,(121) given by Ag. Let g € Fy5, with
¢°#O" £ 1, and suppose that an element of Gq acts on Ey[121] through an element of Af
whose image in Ag is g. Then &y is the only point of X5 (121) above p(&y) which is fived
by this element.

Proof. The points of X1(121) above (&) correspond to the subrings A C End(Fy[121])
conjugate to Ag with A = Ay (mod 11), modulo the action of Aut(FEy) = O*. For ¢ € Ag
write ¢ = c!! for its conjugate. Then My (F11) = Ag @ Age for some ¢ with wect™t = € for
c € Ap. Every such A is of the form (1 4+ 11X)Ag(1 + 11X)~!, where X is a lift of an
element of Aot ~ Ms(F11)/Ag (as the normalizer of Ag surjects onto the normalizer of
Ap), and this element is uniquely determined by A, since (1 4+ 11X)A(1 +11X)~! = A,
if and only if X commutes with Ag modulo 11. If h € Aj has image ¢ € Ap, then
h(14+11X)Ao(14+11X)"th~! corresponds to cXc™!, and for X =yt with y € Ag we have
cXc ! =(c/o)X.

It follows that a point corresponding to X # 0 is fixed by an element of Gg acting
through an element of AJ with image g only if g/g = u/u for some u € O*. Since u = u'!
and O* is cyclic of order #0* € {2,4,6}, the elements u/u = u~'° form the group of
(#0O* /2)-th roots of unity, and g/g = g~ '°. Hence this happens only if ¢°#©” = 1, which
is not the case. (]

Lemma 3.4. Let ng € {—2,...,4}. There is exactly one rational point on X,(121) above
noG, and it is a CM point with discriminant D as in Table 1.

Proof. Let Ey/Q be an elliptic curve with j(Ey) = j(noG). It has CM by the order O
of discriminant D, and 11 is inert in O. The subring Ay = O/1210 of End(Ep[121]) is
conjugate to Z/1217Z[/¢€], and it is normalized by pg, 121(Gg), since Go(v/p) acts through

A and complex conjugation acts on O as the non-trivial automorphism. Hence Ay gives
a rational point &y on X (121) above j(Ep). Its image in X;}(11) is a rational point above
j(FEy), so it is ngG by Proposition 3.1 ¢).

For each ng we find a prime p which splits in @(\/5) such that the Frobenius element
g € Fio1 of p, a root of 22 — ap(Ep)x + p, satisfies ¢°#9" £ 1. The primes are p =
7,5,7,5,7,17,41 for D = —3,—4,—12,—16,—27, —67, —163, respectively (see code/cm_
lifts.m). Note that this condition does not depend on the choice of Ej, as a twist
changes g by an element of O*. A Frobenius element at p acts on Ep[121] through an
element of Aj with image ¢ in Fi9, so by Lemma 3.3 the point & is the only rational
point above nyG. O

4. DESCENT WITH THE CUSPS

Lemma 4.1. Let a € Z/1217Z. If the matriz <(1) Cf) is conjugate in GLo(Z/1217Z) to an
element of Nyps(121), then a = 0.

1 a
01
11 of a conjugate of Nps(11), which is impossible as #Nys(11) = 240. Suppose now that

Proof. Let U = < ) Suppose first that 11 1 a. Then U reduces to an element of order


https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/genus.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/cm_lifts.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/cm_lifts.m
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/
a = 11a’ with 11 { o’. Then U = I + 11M with M = 8 ‘(‘)
nilpotent modulo 11. Since U = I (mod 11), and the elements of Nys(121) not in Cpg(121)
are not congruent to I modulo 11, a conjugate of U lies in the kernel I +11-Fq1[/€] of the
reduction Cps(121) — Cys(11). This is impossible, as F11[y/2] ~ F121 contains no non-zero
nilpotent elements. O

, which is non-zero and

Lemma 4.2. Let £ € X5(121)(Q) be a non-cuspidal point and let p # 11 be a prime with
vp(j(€)) < 0. Then 121 divides vy(j(£)).

Proof. Let E'/Q be an elliptic curve with j(E') = j(§). Since v,(j(E’)) < 0, we have
J(E') # 0,1728, so pgr121(Gg) is contained in a conjugate of Ny(121). Over Q,, the
curve E’ is a quadratic twist of a Tate curve with parameter ¢ satisfying v,(q) = —v,(j(€)).
As p # 11, inertia at p acts on the 121-torsion of the Tate curve through the matrices

(é 61L>, a € vy(q)Z/1217Z, and all of these occur. Since the twist changes the action by

+1, the image of inertia contains & <é UP§Q)>, and hence its square ((1) 2U}1((Z)>' By
Lemma 4.1, 121 divides 2v,(q), and hence v,(q). O

We denote by t = z/y the usual parameter of £ at O. For a prime q of K not above
11, the curve E has good reduction at q. For points P,Q € E(K) we denote by (P - Q)q
the intersection number of the sections P and @ on the smooth model of E over Ok 4 (the
largest integer i such that P = @Q modulo q°).

Lemma 4.3. Let q be a prime of K not above 11 and let P € E(K) be a point which is
not a cusp. If P does not meet a cusp at q, then vy(j(P)) > 0. If P meets the cusp rs at
q for some r € R, then vq(j(P)) = —11(P - rs)q.

Proof. The functions z, y, u, A(x) and B(z) have integral Laurent expansions in ¢, and
the leading coefficient of u is +=1. Hence the divisor of u on the smooth model of E over
Ok ,q has no vertical component, and it is equal to ) . p(rs) —5(O) by Proposition 3.1 a).
The cusps are distinct modulo g, since they differ by points of order 11. The expansion
of j = (A(z) + B(z)y)t*®/(ut®)! at O is integral, so vq(j(P)) > 0 if P = O (mod q).
Otherwise P is g-integral, vq(u(P)) = > cr(P - 78)q, and if P meets the cusp rs, then
(A + By)(P) = (A + By)(rs) (mod q) is a g-unit by Proposition 3.1 b). The lemma
follows. (]

For m € {1,2,3} and r € R let a;,,» € {1,...,10} be such that a,,, = r™ (mod 11).
We have >, cp@myr =22 and Y, cpamsr = > . cp 7™ =0 (mod 11), so the divisors

Z amr(rs) —22(0) and 11(s) —11(0)

reR
are principal. Let f1, f2, f3 and fr be the functions in K (F) with these divisors, normalized
by the condition that the leading coefficient of their expansions in ¢ is 1. We will need the
following well-known lemma.

Lemma 4.4. Let k be a field of characteristic 0, E'/k an elliptic curve, ty a parameter of
E' at O, Ty € E'(k) a point of order m, and f € k(E') a function with divisor m(Tp) —
m(O) such that the leading coefficient of the expansion of f in ty is in k*™. Then the
map E'(k)\ {O,To} — k*/k*™, P — f(P)k*™, extends to a homomorphism E'(k) —
k* kX,

Proof. Multiplying f by an m-th power, we may assume that the leading coefficient of f
is 1. The divisor [m]*(Tp) — [m]*(O) is defined over k and principal, so it is the divisor
of some g € k(E'), and g™ = ¢f o [m] for some ¢ € k™. Since g has a simple pole at O
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and f o [m] has the leading coefficient m~"", it follows that ¢ € lcxm, so we may choose
g such that ¢" = fo[m]. Let P € E'(k)\ {O,Tp} and @ € E'(k) with m@Q = P. Then
f(P) =g(Q)™, and for T € G}, we have

T(9@) _9@Q+Qr) _ | where O = (O — o
O EC) = em(Qr,Tp), where Q: =7(Q) — Q € E'[m]

and e,, is the Weil pairing (see [15, Section I11.8]). Hence the image of f(P) in H'(k, w,,) ~
k> /E*™ is the image of the Kummer class of P under the map H!(k, E'[m]) — H'(k, u,,)
induced by the Gg-equivariant homomorphism e, (+,7p), and the lemma follows. O

Corollary 4.5. Let £ € X;(121)(Q) and P = ¢(£). Then P € E(Q), and if P # O, then
fm(P) € K(S,11) for m € {1,2,3}, where S = {p}.

Proof. The cusps of X} (121) map to cusps of X, (11), which are not rational, so ¢ is not
a cusp. Let q be a prime of K not above 11. By the normalization, the divisor of f,, on
the smooth model of E over O 4 has no vertical component, so

Uq(fm(P)) = Zam,r(P -1r8)q — 22(P - O)g.
reR
If (P-7s)q >0, then vq(j(P)) = —11(P - rs)q by Lemma 4.3, and as 11 is the only prime
that ramifies in K, 121 divides v,(5(&)) = vq(j(P)) by Lemma 4.2, where p is the rational
prime below q. It follows that 11 divides (P - rs)q, and vq(fm(P)) =0 (mod 11). O

For P € E(Q) with f,,(P) € K(S,11) we denote by v, (P) € K(S,11) the class of
fm(P), and we put v,,(0O) = 0. The group K(S,11) has dimension 5, with basis 2 — z and
the fundamental units of K.

Let [ be a prime of K not above 11 such that 11 divides #F, where [F| is the residue field
of [. Fixing a primitive 11-th root of unity in Fy, the 11-th power residue symbol defines
a homomorphism x;: F* — Fy1, and since every element of K (S,11) has a representative
which is a unit at [, also a linear map x;: K(S,11) — Fy;.

Lemma 4.6. Let [ be a prime of K not above 11 such that 11 divides #F, let m €
{1,2,3}, and let P € E(Q) be such that f,,(P) € K(S,11) or P = O. Denote by P the
reduction of P modulo [.

a) gf is neither O nor the reduction of a cusp, then x((ym(P)) = x1(f,,(P)), where
[ 18 the reduction of fm, modulo [.
b) 1P = O, then xu(ym(P)) = 0.

Proof. Part a) is clear, as f,,(P) is a unit at [. For b) we may assume P # O. Then t(P)
has positive valuation at [, and since f,,t%? is a power series in ¢ with l-integral coefficients
and constant term 1, we have f,,(P) = t(P) 22w with w = 1 (mod [). The class v, (P)
is represented by w = f,,(P)(t(P)?*)!, and y(w) = 0. O

Proposition 4.7. Let ¢ € X (121)(Q) and write ¢(§) = nG. Then there exists ng €
{—2,...,4} such that n = ng (mod 4356) and vy, (nG) = Vm(noG) for m € {1,2,3}.

Proof. Let ¢ € {23,53,353,3301,12101,15731}. All these primes split completely in K,
except 53, which is inert, and 11 divides #F for every prime [ of K above £. The
orders of G modulo these 6 primes are 33, 12, 11, 33, 1089 and 726, respectively, and
their least common multiple is 4356 = 22 - 32 . 112. By Corollary 4.5 and Lemma 4.6, for
each prime [ above ¢ and each m, either nG reduces modulo [ to a cusp, or x((ym(nG))
is a value which depends only on n modulo the order of G modulo ¢, and which we can
compute. For a fixed residue class of n modulo 4356, these conditions, for all the 26 primes
[ above the 6 primes ¢, form 3 systems of linear equations over [F1; for the coordinates

of 71(nG),y2(nG),v3(nG) in our basis of K(S,11). We compute that for n # —2,...,4


https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/sieve_bruteforce.m
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(mod 4356) at least one of these systems has no solution, and that for n = ny (mod 4356)
with ng € {—2,...,4} each of the 3 systems has a unique solution, equal to the coordinates
of Ym(noG). O

Remark 4.8. Lemma 4.6 b) is essential here. If we do not use it, and impose no condition
at the primes [ at which nG reduces to O, then the same 6 primes leave 10 residue classes
modulo 4356, namely those of —396, —2,—1,0,1,2,3,4,1782 and 2178 (see code/sieve_
bruteforce.m).

Put a = 2(2s) = 2* — 23 — 322 + 32+ 2 and, for ng € {-2,...,4},
Ony = x(noG — 3s) —a € K*.

Corollary 4.9. Let ¢ € X (121)(Q), (&) = nG, and let ng be as in Proposition 4.7.
Then there is a w € K™ such that

z(nG — 3s) = a + dpow't, (4.1)
We have w = 1 if and only if n = nyg.

Proof. We compute that there is a function h € K(F), with divisor supported on the
cusps and O, such that
(P —3s) —« 7 £10 £6 £3711
e = S

as functions of P € E, and that both sides take the value 1 at O. The left-hand side has
divisor (s) + (5s) — 2(3s). The function fr satisfies the conditions of Lemma 4.4 with
m = 11 and the parameter ¢, and since 11 divides n — ng, the classes of fr(nG) and
fr(noG) in K> /K> are equal (if ng = 0, the class of f7(nG) is trivial). Evaluating the
identity at nG and at noG (and taking leading coefficients at O if one of them is O), and
using Proposition 4.7, we obtain that z(nG — 3s) —a and z(noG — 3s) —a = J,, have the
same class modulo K*!. Note that #(nG — 3s) # «, as nG — 3s # +2s.

Finally, w = 1 if and only if nG — 3s = £(ngG — 3s). As 6s ¢ E(Q), this happens only
if n = ny. O

5. THE CURVES OF GENUS 5

Let § € Q be a root of 2% — 22 — 7x + 41/4. Then (6, —1/2) is a point of order 2 on
E. Let L = K(0). We compute that L is a number field of degree 15 with discriminant
—210. 1113, that 4 — 6 is not a square in L, and that o — § = 2 for some 3 € L. For
ng € {—2,...,4} put n,, = 1 if ng is even and 7, = 4 — 0 if ny is odd. We compute that

2(noG — 35) = 6 = g iy
for some py, € L, and we put
a=0n/B? €L, b=a® Chy:nY?=X"+0%

The curve C,, is a hyperelliptic curve of genus 5 over L. We suppress the dependence of
a and b on ng from the notation.

Let ' = L((11) and B = F(v/4 —0). We compute that F' is a number field of degree
30 with discriminant —220 - 1127 that it has a unique prime above 2 and 3 primes above
11, whose completions are all isomorphic to Q11((11), and that the ideal generated by a
in F' is the square of the prime above 2. In particular, a and b are units at all the primes
of F not above 2. The field B is a number field of degree 60 with discriminant 260 . 1156,
and it has a unique prime above 2 and 3 primes above 11. At 2 of the 3 primes v of F’
above 11 we have v(4 — 0) = 5, and B/F is ramified, and at the third one v(4 — 6) = 10,
and B/F is unramified. As B has only 3 primes above 11, it follows that 4 — @ is not a
square in F,, for any prime v of F' above 11.


https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/sieve_bruteforce.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/sieve_bruteforce.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/setup.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/setup.m
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Let k be a field of characteristic 0 containing (11 and let b € k*. We denote by C the
curve Y2 = X 402 over k, by J its Jacobian, by o the automorphism (X, Y) — (¢11X,Y)
of C, and we put A\ =1 —0. As C/{oc) ~ P!, we have 1 + o +---+ 0! =0 on J, so
Z|o] ~ Z[(11] acts on J, and A is an isogeny of degree 11. The point T = [(0,b) —oc] € J (k)
is fixed by o and is non-zero, so J[A] = (T'). For a non-square n € k* we denote by J" the
Jacobian of the quadratic twist nY? = X! 4 b2 of C, by 7 the non-trivial automorphism
of k(\/n)/k, and we identify J"(k) with {D € J(k(\/n)) : (D) = —D}. The isogeny A
commutes with 7 and induces an isogeny of J7, which we also denote by A. For a field
k D F we always take b to be the element a® defined above, and n = 4 — . Then C = Cp,
if ng is even, and J" is the Jacobian of Cy, if ng is odd. For k = F' the automorphism 7
is the non-trivial automorphism of B/F'.

Proposition 5.1. Let £ € X, (121)(Q), ¢(£) = nG, and let ng and w be as in Corol-
lary 4.9. Then there exists p € L™ such that

P = <aw, a;p> € Cp,y(L),

and X(P) = a if and only if n = ng. The point

a5 n.
P0:<a, ZO>

lies on Cyy. If ng is even, then [P — Py| € J(F). If ng is odd, then the images of P and Py
under the isomorphism Cp, — C, (X,Y) — (X,\/nY), over B, which we again denote
by P and Py, satisfy [P — Py] € J'(F).

Proof. The function z — # has divisor 2(#, —1/2) — 2(O) and leading coefficient 1, so by
Lemma 4.4, Q + x(Q) — 6 induces a homomorphism E(L) — L*/L*?. Since n = nyg
(mod 2), the points nG —3s and noG —3s differ by an element of 2E(L), so z(nG—3s)—0 =
Nnep? for some p € L*. Combining this with (4.1) we get

no? = B2 + bpgu'! = G2(1 + aw'h),

and multiplying by a'?/3? we obtain that P € Cy,(L). The claim about Py is the case
n = ng, and X(P) = a if and only if w = 1, so the second statement follows from
Corollary 4.9. If ng is even, then Cp, = C and [P — Fy] € J(L) C J(F). If ng is odd,
then 7(P) and 7(Fy) are the images of P and Py under the hyperelliptic involution, so
([P = R]) = =[P — Ry). 0

Lemma 5.2. Let k be a field of characteristic 0 containing (11, let b € k>, let J be the
Jacobian of C: Y2 = X' + b2 over k, let A\ =1 — o, where 0(X,Y) = ((11X,Y), and let
T =1[(0,b) — o0].
a) The map
s J(R) NI (k) — kX /X1, [an} - [T @) -y,

i

where Y, n;P; runs through the divisors of degree 0 whose support does not con-
tain (0,b0), and where Y — b takes the value 1 at oo, is a well-defined injective
homomorphism, and pi(T') is the class of 1/(2b).

b) Letn € k* be a non-square, let J" be the Jacobian of nY? = X' 42, let T be the
non-trivial automorphism of k(\/n)/k, and identify J"(k) with {D € J(k(y/n)) :
7(D) = —D}. Then JTA|(k) =0, and py(, /) induces an injective homomorphism

prs JR)AT(R) = (k(v/m)* k() <) ™,

where the superscript — denotes the subspace on which T acts as —1.
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Proof. The curve C is the cyclic cover X! = (Y —b)(Y +b) of the Y-line, and the function
Y —b has divisor 11((0,b)) — 11(c0) and leading coefficient 1 with respect to the parameter
X3/Y at co. Hence the first statement of a) is [12, Theorem 2.3 and Section 3] (with the
roles of X and Y interchanged, and with the polynomial Y2 — b? of degree 2, which is
prime to 11). Since T' = —[(0, —b) — oo] and —1 is an 11-th power, ug(7T') is the class of
1/(2b).

For b), note that 7(T') = T, so if hT € J"(k) for some h € Z, then hT = —hT, and
hence hT" = 0. The map py( ) commutes with 7, as b € k, so it maps J(k) to the
subspace on which 7 acts as —1. If D € J"(k) and py( ) (D) = 0, then D = AD’ with
D' € J(k(y/n)) by a), s0 2D = X\(D'—7(D")) with D' —7(D") € J"(k). Since 11 is divisible
by A in Z[o], we have 11D € A\J"(k), and it follows that D =6-2D — 11D € AJ"(k). O

For a field K O F we call the maps u; of Lemma 5.2 (for our b and n = 4 — 6) the
Kummer maps. For a number field k O F we denote by Sel*(J/k) C k* /k*'* the A-Selmer
group, which is the set of classes whose localizations lie in the images of the local Kummer
maps at all places. It contains py(J(k)/AJ(k)). The curve C has good reduction at all
the primes not above 2 and 11, since b is a unit at these primes, so Sel*(J/k) C k(Sk, 11),
where Sy is the set of primes of k above 2 and 11. For odd ng we define Sel*(J"/F) in
the same way, and it is contained in B(Sp,11)".

Remark 5.3. Our arguments do not use the ranks of J(F) and J"(F'), but we can
determine some of them. For odd ng the Selmer group Sel*(J"/F) has dimension 1 and
contains the non-zero class pup([Pp — oo|) (Proposition 7.3). As J"(F') is a Z[(11]-module
with no A-torsion, it follows that it has rank 1 over Z[(;;] and rank 10 over Z. The non-
trivial automorphism of F'/L acts on the 1-dimensional Q((;1)-vector space J7(F) @ Q
semilinearly with respect to (11 — Cﬁl, so its fixed space J"(L) ® Q has dimension 5 over
Q, and the Jacobian of Cy,, has rank 5 over L. For even ng we get that the rank of J(F)
is at most 40, 40, 30 and 30 for ng = —2,0,2,4 (Proposition 7.4).

6. FORMAL GROUPS

Let [ be a finite extension of Q1 containing (11 and with residue field Fy;, and let
b € Of. For such a pair (I,b) we use the following notation, with C, J, ¢ and X as in
Section 5. Let w be a uniformizer of [ and e = v(w), so v(11) = 10e. Let C be the closure
of C in the weighted projective plane P(1,6,1) over O;. This is a proper flat model of C
over ;. Its special fiber is the curve Y? = (X +52)11, which is geometrically integral and
has a unique singular point (—52, 0), and the point oo is a smooth point of both fibers.
The differentials
B X/—ldx
YiT Ty
form a basis of HO(C,wc/@l), and o*w; = Cfle.
The identity component of the relative Picard functor of C over O; is represented by

a smooth separated group scheme, whose generic fiber is J (see [4, 9.3/1], which applies
as C is projective and flat over O; with geometrically reduced and irreducible fibers). Let

j=1,...,5,

J be its formal group, which is a formal group of dimension 5 over (; whose invariant
differentials correspond to the wj. Its points J(wO;) form an open subgroup of finite index
of J(I). The automorphism o of C acts on J, and since o is the identity on C modulo m,

its action on J is the identity modulo .

Lemma 6.1. Let [ be a finite extension of Q11 containing (11 and with residue field Fq1,
and let b e O]
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a) The formal logarithm log = (logy,...,logs) of J, normalized by dlog; = wj, has
coefficients in O; (with respect to suitable formal coordinates over O;), and

log: J(w®)) = (w®,)?

is an isomorphism of groups.

b) For m > 1 put H,, = log™'((w™O;)?). Then X\ acts on the logarithm by log;
(1-— C{l) log;, and X\ maps Hy, isomorphically onto Hy, .

c) The logarithm extends uniquely to a homomorphism log: J(I) — I°, whose kernel
is the torsion subgroup of J(l), which is finite. For points P,Q in a disc of C(I)
on which the integrals of the w; converge, log[P — Q] = f(f;(wl, ce,Ws).

Proof. Choose formal coordinates Z1,..., Zs of J over O, such that dZ; and w; agree
at the origin. The power series of [o] is congruent to the identity modulo , so all the
coefficients of the power series of [\] = [1 — o] are divisible by 7. Since 11/719 is a unit of

Z[(11], the endomorphism [11] is the composition of [A])® with an automorphism of J, and
as the composition of power series without constant terms whose coefficients are divisible
by 7 and 7% has coefficients divisible by 7%*%, all the coefficients of [11] are divisible by
719 and hence by 11. Write [11](Z) = 11g(Z), where g(Z) = Z + (higher terms) has
coeflicients in O;.

We prove that the coefficients ¢; of log (where I is a multi-index) are integral by
induction on the total degree |I|, the case |I| = 1 being clear. Comparing the terms of
total degree M > 2 in log(11g(Z)) = 11log(Z), we get

(11 — 117)c Z 117 - (integral coefficients),
[I'|\<M

and the right-hand side is divisible by 11 by the induction hypothesis. As (11 — 11M)/11
is a unit, c¢7 is integral. Since log(Z) = Z + (higher terms), its inverse exp also has
integral coefficients, so log is an isomorphism of formal groups J = G5 over Oy, and in
particular log: J(w®;) — (w®;)? is an isomorphism. This proves a). As ¢* wj = anj,
the endomorphism A acts on log; by 1 — Cfl, which has valuation e, and b) follows.

As J| (wO;) has finite index in J(I) and is torsion free by a), the logarithm extends
uniquely to a homomorphism J(I) — [, whose kernel is the torsion subgroup of J(I),
and this subgroup injects into J(1)/ J(w®,). For P,Q in a disc on which the integrals
converge, both sides of the last formula vanish for P = @) and have the same derivative,
which proves c). O

Note that by Lemma 6.1, Hm/HmH ~ F?, via D + log(D)/@w™ mod ww. We call
the image of D € Hy, \ Hm+1 in IFll its leading vector, and m its depth. Note also that

(1—(11)/7r—1+C11+ STl _j (mod 7).

Lemma 6.2. Letl be a finite extension of Q11 containing (11 and with residue field Fqq,
letbe OF, let f(X) = X" +b% and let Q = (Xg,Yq) € C(I) with Xg,Yg € O,

a) Suppose Yo € O). Let P € C(l) be such that Xp = Xq and Yp = Yy (mod w),
and put t = Xp — X¢g and d =v(t). Then [P — Q| € Hy and

X7t

Q d
log[P - Q] =t ( oG ) iy (mod w??).

EEREE)
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b) Suppose e =2, v(Yg) =1 and Xg = - (mod w). Let P = (Xg+1t,Yp) € C(I)
with d = v(t) > 28 and Yp/Yy =1 (mod w). Then [P — Q] € Hg_1 \ Hy and

o= b (i d
loglP — Q] = 5 (XQ )j:l,”_’5 (mod w?).

Proof. For a) note that ) and P are Oj-points of the smooth locus of C with the same
reduction, so the class of the line bundle O(P — @) is trivial on the special fiber, and
[P—-Q] € J (wOy). The function X — X¢ is a parameter of C at the reduction of @, and
the map P +— [P — Q] from the residue disc of @ to Jis given by power series in t with
coefficients in O;. Thus log[P — Q] = 3", <, gnt" with g, € O}, and g1 = (Xé;l/(QYQ))j
is the value of (w;/dX); at Q. This proves a).

For b), @ reduces to the singular point of the special fiber, so we argue analytically.
Put A(t) = (f(Xg +1) — f(XQ))/YQ2 Since v((lhl)) =20 for 1 < h <10 and ’U(Yé) =2,
the coefficient of t" in A has valuation at least 18 for A < 10 and is YQ_ 2 for h = 11. For
v(t) > 1 the series Y (t) = Yo (1 + A(t))Y/2 converges, and it gives the points of C' near Q
with Y/Yy =1 (mod w). The binomial coefficients of (1 + A)~/2 are 11-integral, so the
coefficient of t" in (X¢ +¢)771/(2Y (t)) has valuation at least —2h — 1. Integrating term

by term, the term with "1 in I;(t) = fOt(XQ +u)?~tdu/(2Y (u)) has valuation at least
(h+1)d—2h—1-20v11(h+1)>d—1 forh=>1,

since d > 28 and 20v11(h + 1) < 2h. Hence I(t) = (I1(t),...,I5(t)) € (w?1O;)® and
I(t) = (t/(2YQ) (X5 Y); (mod w?). By Lemma 6.1 a), exp(I(t)) € Hg_1. By Lemma 6.1
c), log[P — Q] = I(t) = logexp(I(t)), so the maps ¢t — [P — Q] and ¢ — exp(I(t)), which
are rigid analytic on the disc v(t) > 28 and take the value 0 at ¢ = 0, differ by a torsion

point of J(I). As the torsion of J(I) is finite, the two maps are equal. The first coordinate
of I(t) has valuation d — 1, so [P — Q] ¢ Hy. O

Lemma 6.3. Let | be a finite extension of Q11 containing (11 and with residue field Fq1,
and let b € O]

a) Suppose e = 1, so |l ~ Qq1(C11), take w = m, suppose that b = 1, and let p; be
the map of Lemma 5.2 a). Then p(H2) = 0, and for D € Hy with leading vector
(c1,...,c5) we have

where ky is the class of 1+ mt in 1 /11t and

X—h
lo+ 0 X+ +4uX = ] T:1+2X+2X2+X3+9X4€IF11[X].

he{2,3,4,8}

b) Suppose that | = k(,/n), where k ~ Q11(C11), 1,0 € k and vi(n) is odd, so e = 2.
Let T be the non-trivial automorphism of 1/k, let J" be the Jacobian of nY? =
XY 402 with J1(k) identified with {D € J(I) : 7(D) = —D}, and let puy be
the map of Lemma 5.2 b) for J" over k. Choose w with 7(w) = —w, and put
H, ={D e H,, : 7(D) = —D}. Then Hy = Hy; = XH{, ux(Hy ) =0, and the
restriction of px to Hy factors through the isomorphism H; /H, ~ F3, given by
the leading vector.

Proof. a) By Lemma 6.1 b), Hy = AHy C AJ(l), so pu;(H2) = 0. Let Qo = (0,—b) and

Qi = (X;,Y;) for (X1,...,X4) = (2,3,4,8), where Y; € O, is a square root of X} + b2,
which exists as X; + 1 is a square modulo 11. For t = (tg,...,ts) € (70;)® let Q;(t;) be
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the point of C(I) with X-coordinate X (Q;) + t; in the residue disc of @);. By Lemma 6.2
a), the map ¢t — log >, [Qi(t;) — Qi) is given by integral power series whose linear part is
t Y t(X(Qi)71/(2Y(Q1)));, which is invertible modulo 7 (as the X (Q;) are distinct
modulo 7). Hence t — >,[Qi(t;) — Q;] is a bijection (7O;)®> — Hj, and the leading vector
c of 3,[Qi(t:) — Q] satisfies > w; (X (Q;)71/(2Y(Q:))); = ¢, where t; = mu;. Using
Lagrange interpolation we get g = 2Y (Qo) > li—ie = —2b > li—1cj.

We have 1 (3_;[Qi(t:) — Qi]) = [T;,(Y(Qi(t:)) — b)/(Y(Qs) — b). Fori > 1,

11
f(Xs +mwy) — f(X;) =l <10Xi10ui + u111> = (-7 + %) =0 (mod 7'?),
T

where f(X) = X' + 8%, as 11/7'% = —1 (mod 7) and v((})7") > 12 for 2 < h < 10
Since Y (Q;) and Y (Q;) — b are units, it follows that (Y (Q Z( )) b)/(Y(Q;) —b) =
)

(mod 7'2). For i = 0 we have Y (Qo(to)) = —b(1 + t§!/b*)Y/2, so
Y(On(te)) — b 11,11 =
(Q0_<202)51+7r4;” 51+7r11:b02 (mod 7'?).

Finally, 14 7120; C I*!! (using log and exp on 1+ 72(;), and the class of 1+ 7'ly is Fx;
for y € O;. Putting these together proves a).

b) Since the model C and the differentials w; are defined over O, the logarithm
commutes with 7. If logD = w™y, then log7(D) = (—1)"w™7r(y) = (—1)"w™y
(mod @™*1), as 7 acts trivially on the residue field. Thus 7 acts as (—1)" on Hy,/Hp i1
If D € H, , then the image of D in Hy/Hg equals its negative, so D € Hz. By Lemma 6.1
b), A maps H; isomorphically onto Hs3, and it commutes with 7, so H; = AH;, and
pir(Hs ) = 0. Finally, the map H; — H;/H> is surjective, since for D € H1 the element
6(D — 7(D)) € H; has the same image in H;/H> as 12D, which is the image of D. Its
kernel is Hy . O

7. SELMER GROUPS

Lemma 7.1. Let Sp and Sp be the sets of primes of F' and of B above 2 and 11.

a) The 11-parts of the class groups of F' and B are trivial.

b) We have dim F(Sp,11) = 19, dim B(Sp,11) = 34 and dim B(Sp,11)” = 15,
where the superscript — denotes the subspace on which the non-trivial automor-
phism T of B/F acts as —1.

Proof. The root discriminants of F' and B are (220.1127)1/30 < 19 and (260.1156)1/60 < 19.
Suppose M is an unramified cyclic extension of degree 11 of F' or of B. Then M is a totally
complex field of degree N > 330 with the same root discriminant, which is less than 19.
On the other hand, the unconditional bound of Odlyzko [9, Table 4|, with the parameter
b =09, gives |dys| > 20.710Ve=24001 (the constants in the table are rounded in the safe
direction, see the description of the tables in [9]), so the root discriminant of M is larger
than

330

which is a contradiction. We verify the discriminants and the inequalities. This proves a).

The fields F' and B are totally complex of degrees 30 and 60, they contain (11, and Sg
and Sp both have 4 elements (see Section 5). By a) we get dim F/(Sp,11) = 15+4 =19
and dim B(Sp,11) = 30 + 4 = 34. Since [B : F] = 2, the subspace of B(Sg, 11) fixed by
7 is the image of F(Sp,11), so dim B(Sp,11)” = 15. O

24.001
20.710 ~24001/330 5 90 710 (1 _ 2400 ) > 19,

For a place v of a number field k and a class ¢ € kX /X!

in kX /kX

we denote by loc,(c) its image


https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/class_groups.m
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Lemma 7.2. Letng € {—2,...,4} and let v be a prime of F above 11. Then the image of
the Kummer map ur, of J has dimension 6. If ng is odd, then the image of the Kummer
map pr, of J7, where n =4 — 0, has dimension 5.

Proof. For an isogeny ¢: V' — V of an abelian variety over a finite extension k£ of Q, we
have
#V (k) [OV (k) = #V[Y](k) - |det ¢ (0)[

where 1’(0) is the action of 1) on the tangent space at the origin and |- | is the normalized
absolute value. This is [11, Lemma 3.8] in the case of an isogeny from V' to itself, in
which the orders of the groups of components that appear there cancel. We have F,, ~
Q11(¢11) (see Section 5), and the determinant of A on the tangent space of J and of J" is
H?:l(l — ¢{,), which has valuation 5 in F,. As J[\(F,) = (T), and as J"[\|(F,) = 0 by
Lemma 5.2 b) (4 — € is not a square in F},), the lemma follows from the injectivity of the
Kummer maps (Lemma 5.2). O

Proposition 7.3. Let ng € {—1,1,3} andn =4 — 0. For a prime v of F' above 11 let ©
be the prime of B above v, and let W, C (B /Bgll)_ be the image of the Kummer map
of J" over F,. Let

S ={ce B(Sp,11)” :locy(c) € W, for all v | 11}.

a) We have Sel*(J"/F) C S, and S is 1-dimensional, spanned by pp([Py — 00]).

b) Let v be one of the two primes of F' above 11 with v(4 — 0) odd, and let k,; € W,
be the image under the Kummer map of an element of H, with leading vector
(1,4,9,6,3), where H;{ and the leading vectors are taken for the pair (Bg,b) and a
uniformizer w of By with T(w) = —w (see Lemma 6.3 b)). Then k; # 0, locy(S)
is 1-dimensional, and K, ¢ locy(S).

Proof. The inclusion in a) is clear from the definitions. We compute the rest as follows.
We find 15 elements of B(Sp,11)~ of the form g/7(g), with g an S-unit in one of the
fields L(v/4 — 0) and L(y/—11(4 — 0)) of degree 30 (computed under GRH), and we check
that their valuations outside Sp are divisible by 11 and that their localizations at the
3 primes above 11 are linearly independent. By Lemma 7.1 b), they form a basis of
B(Sp,11), and this does not depend on GRH. At each of the 3 primes v above 11 we
compute the images of the classes 6[P — 7(P)] for points P € C(By) until they span a
space of dimension 5, which is then equal to W, by Lemma 7.2. Then we compute S and
check that it contains the class pp([Py — 00]), which is non-zero. For b) we construct an
explicit element of H; with the given leading vector, as in the proof of Lemma 6.3 a).
We take 6 3°,[QF — Q; ], where QF are the points of C(Bj) with X-coordinates h; + wu;,
for h; € {0,2,3,4,8}, such that T(Qj) = @, , and where the u; are chosen such that the
leading vector is (1,4,9,6,3). We compute its image x, under the Kummer map, and

check that k; # 0 and k, ¢ locy(S). O

Proposition 7.4. Let ng € {—2,0,2,4}. For a prime v of F above 11 let W, C F*/F)1!
be the image of the Kummer map of J over F,, and let

S ={ce F(Sp,11) : loc,(c) € Wy, for all v | 11}.

a) We have Sel*(J/F) C S, and dimS = 5,5,4,4 for ng = —2,0,2, 4, respectively.
b) Let v be one of the two primes of F' above 11 with v(4 — 0) odd, and let K, be the
class of 1 + 7't in FX/FY. Then loc, is injective on S, and k, ¢ loc,(S).

Proof. The inclusion in a) is clear from the definitions. We compute the rest. We find 19
generators of F'(Sp,11) under GRH, and we check that their valuations outside Sp are
divisible by 11 and that their localizations at the primes above 11 are linearly independent,
so they form a basis by Lemma 7.1 b). At each of the 3 primes v above 11 we compute


https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/odd_selmer.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/single_place.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/even_selmer.m
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the images Y (P) — b of the classes [P — oo] for points P € C(F,), together with ug (T),
until they span a space of dimension 6, which is then equal to W, by Lemma 7.2. Then
we compute S, and check b). O

Remark 7.5. Imposing also the local conditions at the prime of F' above 2 does not make
the spaces S of Proposition 7.4 smaller (see code/even_selmer.m). In Propositions 7.3
and 7.4 the statements b) hold for both primes v with v(4 — #) odd, but not for the third
prime above 11 (for ny = 2, the localization at the third prime is not injective on §).

Lemma 7.6. Let A be an abelian variety over a number field k, let 1 be an isogeny from
A to itself defined over k, and let v be a place of k. Suppose that the map A(k)/VA(k) —
A(ky) /Y A(ky) is injective and that A[](k,) = A[Y](k). If D € A(k) and D' € A(ky)
satisfy wD' = D, then D' € A(k).

Proof. The image of D in A(k,)/®¥A(k,) is 0, so by the injectivity D = 9Dy for some
Dy € A(k). Then Dy — D" € A[](ky) = A[Y](k), so D' = Dy — (Dg — D') € A(k). O

Lemma 7.7. Let v be one of the two primes of F' above 11 with v(4 — ) odd.

a) If ng € {—2,0,2,4}, then the Jacobian J over F, the isogeny A and the place v
satisfy the hypotheses of Lemma 7.6.

b) If ng € {—1,1,3}, then the Jacobian J" over F, where n = 4 — 6, the isogeny A
and the place v satisfy the hypotheses of Lemma 7.6.

Proof. a) Let D € J(F) be such that its image in J(F,) lies in AJ(F,). Then
loc,(pp(D)) = pp, (D) = 0. Since pp(D) € Sel*(J/F) C S, where S is as in Proposi-
tion 7.4, and loc, is injective on S by Proposition 7.4 b), we get pup(D) = 0,80 D € AJ(F)
by Lemma 5.2 a). As J[\| = (T) and T € J(F'), we have J[\(F,) = J[A\|(F).

b) Let D € J"(F') be such that its image in J"(F,) lies in AJ"(F},), and let ¥ be the prime
of B above v. Then loc;(up(D)) = pp, (D) = 0. Since up(D) € Sel*(J"/F) C S, where
S is as in Proposition 7.3, and S and loc;(S) are both 1-dimensional by Proposition 7.3,
we get up(D) = 0, so D € AJ"(F) by Lemma 5.2 b). As 4 — 6 is not a square in Fj,
Lemma 5.2 b) gives J"[\|(F,) = J'A|(F) = 0. O

8. THE ODD CLASSES

Let vy be the valuation of K at the prime p above 11. Then v,(2—2) = 1 and v,(11) = 5.

Lemma 8.1. Let ng € {—2,...,4}, let n = ng (mod 4356) with n # ngy, and let w € K*
be such that x(nG — 3s) = a + dp,w't. Put v =v11(n —ng) > 2. Then

vp(w — 1) = 5v —3 if ng is odd,
i " 5v—4  ifng is even.

Proof. Over the completion Ky, put 2’ = (z —4)/(2 — 2)? and ¥/ = (y + 1/2)/(2 — 2)3.
Then

y/2 — x/S 4

1n o, 33 , 12
e—22" T =
is a Weierstrass model of E with integral coefficients. Let ¢/ = —a’/y’. We have t'(2G) =
4(2 — z) (see code/even_geometry.m), so 2G lies in the kernel of reduction of this model.
As 1 > v,(11)/10, the formal logarithm is an isomorphism preserving valuations on the
points with vy (') > 1 (see [15, Section IV.6]), and since n — ng = 4m with vi1(m) = v,
we get v (t'((n —no)Q)) = vp(t'(2G)) + vp(2m) = 1+ 5v.

Let qo = noG — 3s. Writing the addition law in the formal parameter, 2’'(¢o + Q) is a
power series in #'(Q) with coefficients in Z[z'(q0), % (q0), 11/(2—2)2,33/(2—2)*,121/(4(2—
2)®)] whose linear term is 2y/(qo)t'(Q). We compute that v,(2'(g0)) = vy(y'(g0)) = 1 and


https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/single_place.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/even_selmer.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/even_geometry.m
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Vp(0ny) = 2 if ng is odd, and we compute that vy(2'(go)) = vp(¥'(g0)) = 0 and vy (dn,) = 2
if ng is even. Hence for Q = (n — no)G,

S5v+4 if ng is odd,
5v 4+ 3 if ng is even,

Up (x(nG —3s) — a:(qo)) =2+ (DU’(QO +Q) — x'(qo)) = {

as the higher terms have valuation at least 2(1+5v). By assumption, (nG —3s) —xz(qo) =
Sno (Wt — 1), so vy(w! — 1) equals 5v + 2 or 5v + 1. In particular w =1 (mod p), and if
vp(w — 1) = h, then in the expansion of w!' — 1 in powers of w — 1 the term 11(w — 1),
of valuation 5 + h, has smaller valuation than all the others, so vy(w!! —1) =5+ h. The
lemma follows. U

Lemma 8.2. Let ng € {—1,1,3} andn=4—0, let v be one of the two primes of F above
11 with v(4—0) odd, let k = F,, and let | = By be the completion of B at the prime ¥ above
v. Let Hy and the leading vectors be taken for the pair (1,b) and a uniformizer w of | with
T(w) = —w, and let H ={D € Hy : 7(D) = —D}. Then there is no D € J"(F) whose
image in J"(k) lies in H{ and has leading vector a non-zero multiple of (1,4,9,6,3).
Proof. Suppose the opposite, and let D be such a point. Changing the uniformizer w to
another one with the same property multiplies @ by an element of O}, and hence the
leading vectors of the elements of H; by a non-zero scalar, so we may assume that w is
the uniformizer used in Proposition 7.3 b). By Lemma 6.3 b), ux(D) is a non-zero multiple
of k5. On the other hand, (D) = locs(pur(D)) € locs(S), as pup(D) € Sel*(J"/F) C S.
This contradicts Proposition 7.3 b). U
Proposition 8.3. Let ng € {—1,1,3}, let £ € X(121)(Q), and suppose p(£) = nG with
n =ng (mod 4356). Then n = ny.

Proof. Suppose the opposite, that n # ng, and let v = v11(n—ng). Let v be one of the two
primes of F" above 11 with v(4 —0) odd, let k = Fj,, and let | = Bj be the completion of B
at the prime ¢ above v. Then [ = k(,/7) is a ramified quadratic extension of k& ~ Q11(C11),
so e = 2 for the pair (I,b), and @ = /f/7? is a uniformizer of [ with 7(w) = —w.

Let P and Py be the points of C'(B) from Proposition 5.1, and put D = [P — Py €
J1(F). We compute that a = —1 (mod v) (so b =30 =1and X(Py) = —52) and that
v (Y (Py)) = 1. Replacing p by —p in Proposition 5.1 if necessary, which replaces P by its
image under the hyperelliptic involution, we may assume that Y (P)/Y (Fy) =1 (mod w),
as Y(P)2 - Y (Py)? = f(X(P)) — f(a), where f(X) = X' +b% has valuation larger than
2. By Corollary 4.9 and Lemma 8.1,

d:=v(X(P)—a)=v(a(w—1)) =4(bv —3) = 20r — 12 > 28,
so by Lemma 6.2 b), the image of D in J"(k) lies in H; ; and log D = (t/(2Y (P)))(a’ 1),
(mod w?), where t = X (P) — a.

Let N =10v—7,s0d—1—2N = 1. By Lemma 6.1 b), with e = 2, for 0 < i < N there
is a unique D} € Hy_1_9; with AX'D = D, and AD/ 41 = Dj. The logarithm commutes with
7, as C and the w; are defined over O, so 7(D}) € Hq_1_9;, and as X'7(D}) = 7(D) = —D,
the uniqueness gives 7(D}) = —D,. Hence D, € J"(k). By Lemmas 7.6 and 7.7 b), applied
N times, DYy is the image of a point of J"(F'), and it lies in H; . By Lemma 6.1 b),

t .
2V (Py)r™
using (1—¢{;)/m =37 (mod 7), a = —1 (mod w) and v;(t/(2Y (Py)7™)) =d—1-2N = 1.
As N =3 (mod 10), the leading vector of D/ is a non-zero multiple of

((_1)j_1j_3)j:17...’5 = (1347 9,6, 3) € F?lv

which contradicts Lemma 8.2. |

log; v=0- {1)_N log; D = N(—l)j_1 (mod w2),


https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/even_geometry.m
https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/odd_singular_reduction.m
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9. THE EVEN CLASSES

Lemma 9.1. Let ng € {—2,0,2,4}, let v be one of the two primes of F above 11 with
v(4—0) odd, and let | = F,, with H,, and the leading vectors taken for the pair (I,b) and
w =m. Let D € J(F) be such that its image in J(1) lies in H1\ Ho and has leading vector
(c1y...,¢5). Then 25-: lj_1c; =0, where Ly, ..., Ly are as in Lemma 6.3 a).

Proof As b = a°, where a is a unit at v, and the residue field of I is Fy;, we have

b = = 1. By Lemma 6.3 a), u(D) = —(2b)~ (Zj lj_1cj)ky. On the other hand,

MZ(D) = loc,(up(D)) € loc,(S), where S is as in Proposition 7.4, as pp(D) € Sel*(J/F) C
S. Since k, ¢ loc,(S) by Proposition 7.4 b), and in particular s, # 0, it follows that

Zj Ej_lcj =0. O

Proposition 9.2. Let ng € {—2,0,2,4}, let £ € X(121)(Q), and suppose p(£) = nG
with n = ng (mod 4356). Then n = ny.

Proof. Suppose the opposite, that n # ng, and let v = v11(n — no) Let v be one of the
two primes of F' above 11 with v(4 — ) odd and let | = ~ Q11(¢11), so e = 1 for
the pair (I,b) and we can take w = 7. Let P, Py € C(F) be as in Proposition 5.1 and
D=I[P—-PR)| e JF) We compute that a = 8 (mod v) and that Y (P) is a unit at v.
As Y (P)?2 - Y(Ry)? = f(X(P)) — f(a), where f(X) = X! + b2 has positive valuation,
replacing p by —p in Proposition 5.1 if necessary, we may assume that Y (P) = Y (Fp)
(mod 7). By Corollary 4.9 and Lemma 8.1,
d:=v(X(P)—a)=20bv—4)=10v —8 > 12,

so by Lemma 6.2 a), D € Hy and logD = (t/(2Y (Py)))(a’1); (mod 72¢), where ¢t =
X(P) —a.

By Lemma 6.1 b), with e = 1, for 0 < ¢ < d — 1 there is a unique D} € H,_; with
NDi = D, and AD,, = D}. By Lemmas 7.6 and 7.7 a), applied d — 1 times, D/, , is the

+1
image of a point of J(F'), and it lies in H;. By Lemma 6.1 b),

i \—(d— 3 (d—1)qj—
log] ‘D(/i—l = (]. — C{l) (d-1) IOg] D= W] (d 1)8'] ! (mOd 7T2)a

and v(t/(2Y (Py)m?1)) = 1. Asd—1=10v — 9 = 1 (mod 10), the image D} | lies in
Hy \ Hj, and its leading vector is a non-zero multiple of (871/4);. Since

gi~1
Z@ 1= = 1846 +TH5 =540 inFu,

this contradicts Lemma 9.1. O

10. PrROOF OF THEOREM 1.1

Let £ € X5(121)(Q). By Corollary 4.5 £ is not a cusp, and ¢(¢) = nG for some
n € Z. By Proposition 4.7 there is an ng € {—2,...,4} with n = ng (mod 4356), and by
Propositions 8.3 and 9.2 we have n = ng. By Lemma 3.4, £ is the unique rational point
above ngG, which is a CM point with the discriminant D given in Table 1. Conversely,
by Lemma 3.4 these 7 CM points are rational, which proves the theorem.

11. COMPUTATIONS

All the computations were done in Magma V2.30-1 [5], on the Mordell server at the
Department of Mathematics, University of Zagreb, which has an AMD EPYC 9175F
processor with 16 cores (32 threads) and 384 GB of RAM. All of them can be rerun
with the script run_all.sh, which also checks that every computation reaches its success


https://github.com/F-Najman/Xns-121-/blob/c12c8c3705ed0b6b52254df69bd5ffe84542d568/code/even_geometry.m
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marker, in about 4 minutes of wall time and 10 minutes of CPU time (with at most 3
Magma processes at a time). The longest computations are the Selmer groups for the
odd classes (2 minutes for all 3 classes at the 11-adic precision of 160 digits) and the
supplementary checks below (2 minutes).

The local computations at the primes above 11 were done with p-adic precision 160, and
the Selmer groups for the odd classes also with precision 80, with the same results. We
use the image of a local element under the Kummer map only when we know it to relative
precision at least 2v(11) + 2. This is enough, since 1+ w@™O; C [*! for m > 11v(11)/10.

GRH was used only to find the generators of the groups F(Sp,11) and of the groups
of S-units of the degree 30 subfields of B. As explained in the proofs of Propositions 7.3
and 7.4, these generators are then shown to be correct unconditionally, using Lemma 7.1.

The first version of the proof and of the computations was done with different code,
which is archived in the repository. We have rerun all of these computations with Magma
V2.30-1 and obtained the same results. Independently of them, we have recomputed the
sieve of Proposition 4.7 with a different implementation. In the first version the functions
fm were recomputed over each residue field and the residue classes modulo 4356 were
lifted one prime at a time, while in code/sieve_bruteforce.m we reduce the functions
fm computed over K and run through all the residue classes modulo 4356. We have
also recomputed the Selmer groups of Proposition 7.4 using only the standard Magma
intrinsics, while the first version used a modified copy of Magma’s implementation of
descent on cyclic covers [12]. Both computations of the even Selmer groups give the same
dimensions 5, 5,4, 4. The Selmer groups of Proposition 7.3 were computed only once, with
the code code/odd_selmer.m, but with two different precisions.

We also ran the following supplementary checks, which the proofs do not need. For
ng € {—1,1,3} and n = ng + 4356 and n = ng + 11 - 4356 we computed the solutions w
of (4.1) in the completions of K, and checked that the valuations of X (P) — a and the
leading vectors after the divisions by A in the proof of Proposition 8.3 are as predicted
(see code/odd_depth_examples.m). We checked that the points [Py — oo] have infinite
order (see code/nontorsion.m).
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