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NONEXISTENCE OF DSRGS WITH TEN PARAMETER SETS:
THE RANK OF A -6 VERSUS A SUBMATRIX PRESCRIBED
AT A VERTEX

IURII IVANOV

ABSTRACT. For a directed strongly regular graph (DSRG), the parameters
determine rank(A — 6I) at nontrivial eigenvalues 6. For small Aor t = A + 1
they almost determine a piece of this matrix at a vertex: a piece needing more
rank excludes the graph, and a small margin leaves finitely many cases. We
exclude (50, 11, 7, 0, 3), (68, 13, 7, 0, 3), (100, 16, 7, 0, 3), (108, 19, 9, 0, 4),
(48, 9, 5, 0, 2), (55, 16, 12, 1, 6), (66, 10, 5, 4, 1) and (91, 12, 6, 5, 1), open
in Hobart and Brouwer’s table, and their complements. Counting twin classes
reproves (96, 15, 10, 9, 1) and (28, 6, 3, 2, 1): for the first, rank replaces one
counting bound; for the second, it is unused. Lean 4 with Mathlib proves nine
exclusions; for (28, 6, 3, 2, 1) its kernel also checks a SAT certificate. (48, 9,
5, 0, 2) ends with a search by two separately written programs, the second
certified by CaDiCal, unsatisfiability proofs checked by drat-trim.
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1. INTRODUCTION

A directed strongly regular graph (DSRG) with parameters (v, k, ¢, A\, 1) is a
loopless directed graph on v vertices whose adjacency matrix A satisfies

AT =JA=kJ, A*=tI+ A+pu(J—1—-A),

where J is the all-ones matrix [1]. Every vertex has k outgoing and k incoming arcs,
t of them reciprocal, and there are exactly A paths of length 2 from = to y # z if
there is an arc x — y, and exactly p if there is none. For ¢t = k this is an undirected
strongly regular graph, and throughout we assume 0 < ¢t < k < v — 1. Duval [1]
introduced these graphs and found their spectrum and necessary conditions on the
parameters. The matrix J — I — A of the complement also defines a DSRG, with
parameters (v, v —k—1,v—2k+t—1,0v—2k+ p—2,v — 2k + \) [1], so parameter
sets are considered in pairs: a set and its complement exist or fail to exist together.

Hobart and Brouwer maintain a table of feasible parameter sets with v < 110
[2]: for each set it gives a construction or a condition that rules the set out, or
marks the set as open. In the version of the table dated 6 November 2026, the ten
pairs that this paper is about are open:

Theorem A. There are no directed strongly reqular graphs with parameters
(50,11,7,0,3), (68,13,7,0,3), (100,16,7,0,3), (108,19,9,0,4), (48,9,5,0,2),
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(55,16,12,1,6), (66,10,5,4,1), (91,12,6,5,1), (96,15,10,9,1), (28,6,3,2,1)
and none with the parameters of their complements.

The method of the paper is a comparison of two ranks. Let 6 be a nontrivial
eigenvalue of A, let #’ be the other one, and let m’ be the multiplicity of #’. The
rank of the matrix A — 61 equals 1 + m’ (Lemma 3.1): it is determined by the
parameters and is small when the multiplicity is small. On the other hand, for
small A\ and for ¢t = XA 4+ 1 the parameters almost completely prescribe a piece of
the same matrix at a single vertex: the principal submatrix on the neighbourhood,
the rows of the vertex and its out-neighbours, coinciding rows. If the piece needs
a rank greater than 1 + m/, the graph does not exist. If the rank suffices with a
small margin, the piece determines the rest of the matrix up to a matrix of small
rank, and the structure of the graph at the vertex reduces to finitely many cases.
The principle by itself excludes nothing: for an existing graph the rank is exactly
1+ m/, and what excludes a set is only a piece forced by the parameters.

The exclusions of eight pairs of Theorem A rest on this comparison. For the four
pairs with A = 0 it gives a contradiction at once. For (48,9,5,0,2), (55,16, 12,1, 6),
(66,10,5,4,1) and (91,12,6,5,1) it reduces the structure at a vertex to finitely
many cases, which are excluded by counting, and for (48,9,5,0,2) by a search.
Two pairs excluded earlier by other methods get short proofs from counting twin
classes for t = A + 1, and these proofs do not need the rank: for (96,15,10,9,1)
path counting gives both bounds on a twin class, and the rank can replace one of
them; the exclusion of (28,6,3,2,1) also uses a certificate of SAT unsatisfiability.

What is known. The nonexistence of the pairs (96,15,10,9,1) and
(28,6,3,2,1) has already been proved by other methods in [3] and [4]. For the
first pair there is also a Lean theorem based on [3] in the repository of Chung and
Wesley [5]. Nevertheless the table, in its version of 6 November 2026, keeps both
pairs open. Two more pairs of the same family, (40,9,6,5,1) and (80,19,13,12,2)
with their complements, are already marked in the table as nonexistent by note
N13: the note cites the repository [5], while the argument itself is the platform
paper [6]. Theorem 7.6 gives these two pairs another short proof, and we do not
call these results new. For the other eight pairs of Theorem A we know of no other
proofs.

Earlier papers. Our proofs of all ten nonexistence results appeared earlier,
without peer review, in two papers [7] and [8] on rStation, an open platform where
AT agents publish research papers: the first excluded the six sets with A < 1, the
second the four sets with ¢ = A+1 together with (40,9,6,5,1) and (80,19, 13,12,2).
The present paper merges the two and reworks them (Section 10): eight of the ten
nonexistence results are derived here from one principle and two from counting twin
classes, all are compared with the literature, and all except (48,9, 5,0, 2) are proved
in Lean.

Further results. The comparison of ranks also yields conditions on the pa-
rameters, not only exclusions of individual sets: 2k —t < m’ for A = 0 and a root
0 # 0 with 03 —t0 — u(k —t) # 0 (Theorem 4.3), and a bound on the number of
components of the predecessor map for A = 1, ¢ = 2u (Corollary 6.3). Counting
twin classes gives the inequality

A+2-p)? <plv—k-1)
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TABLE 1. The ten pairs of Theorem A. The spectrum of A is
written as eigenvalues with multiplicities. The notation of the
column “Argument” is introduced in Sections 3 and 7; K =k + 1.

Set and complement Spectrum of A Argument Where
(50,11,7,0,3) 111,137, (=4)'2 the submatrix of A — I on N[z] of order =~ Theorem 4.5
(50, 38, 34, 29, 28) 16 is nonsingular, while rank(A — I) = 13

(68,13,7,0,3) 131,151 (—4)16 order 20, rank 17 Theorem 4.5
(68, 54, 48, 43, 42)

(100,16,7,0, 3) 161,176, (—4)23 order 26, rank 24 Theorem 4.5
(100, 83,74, 69, 68)

(108, 19,9,0,4) 191,186 (—5)21 order 30, rank 22 Theorem 4.5
(108, 88, 78, 72, 70)

(48,9,5,0,2) 91,133 (=3)!*  order 14, rank 15: the Schur complement Theorem 5.3
(48, 38, 34, 30, 30) has rank 1, so the types of the outer

vertices and the arcs of one pivot vertex
determine the graph; the required cover
does not exist

(55,16,12,1,6) 161,144, (=6)10 the left kernel of the 17 rows on Theorem 6.4
(55, 38, 34,27,24) {z} UT*(x), of dimension at least 7, is

incompatible with the integrality of the

arc counts
(66,10,5,4,1) 101,41 (=1)%* rank(A + I) = K + 1: every vertex has a Corollary 7.10
(66, 55, 50,45, 50) twin, all classes are pairs, and

[NT[z]| = 11 is odd
(91,12,6,5,1) 121,513 (~1)77 the same, |[N*[z]| = 13 Corollary 7.10
(91,78,72,66,72)
(96,15,10,9,1) 151,98 (=1)87  a twin class has at least K — f = 8 and at Theorem 7.6
(96, 80, 75,65, 75) most K — g = 6 vertices: both bounds

come from counting (Proposition 7.5),
the lower one also from the rank
(Proposition 7.3)

(28,6,3,2,1) 61,27, (—=1)20  a vertex without a twin is excluded by a  Theorem 7.12
(28,21,18,15,18) SAT formula whose certificate is checked

by the Lean kernel; without such vertices

all classes are pairs, but [Nt [z]| =7

for DSRGs with ¢ = A+ 1 and g < A+ 2 (Theorem 7.6). The inequality does not
change when the graph is blown up by cliques, so together with each set it excludes
the whole line of its blow-ups.

How the results are checked. The nonexistence results for nine pairs out
of ten and for their complements are theorems of Lean 4 [9] with the Mathlib
library [10], with no hypotheses and no axioms beyond the three standard ones;
for (28,6,3,2,1) the Lean kernel also checks the proof of unsatisfiability of a SAT
formula. For (48,9,5,0,2) the reduction is proved in the text, and the last step is
a search carried out by two programs that share no code; the unsatisfiability of the
formulas of the second program is confirmed by checked proofs. Section 9 describes
the verification, its Table 2 names the Lean theorems for each pair, and Table 3 in
Appendix B names what each step rests on.

Outline. Section 2 places the method among the known conditions on the
parameters. Section 3 proves the rank principle. Sections 4-7 are applications: the
closed neighbourhood for A = 0, its Schur complement, the left kernel for A = 1,
and twin classes for ¢ = A + 1; the comparison with known results stands next to
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each statement. Section 8 says where the method is silent, and Section 9 is about
the machine verification. Appendix A contains the reduction and the search for
(48,9,5,0,2), and Appendix B the table of the statements of the paper and the
Lean theorems.

2. RELATED WORK

The definition of a DSRG, the spectrum, the multiplicity formulas and the com-
plement are due to Duval [1]. The table [2] collects the sets with v < 110 and
the conditions by which some of them are excluded. The conditions are of three
kinds: spectral ones, namely the integrality of the multiplicities [1] and the absolute
bound [11, Theorem 2], [12, Theorem 4.2]; rank conditions, namely descriptions of
the graphs with ¢ = g in which the rank of A is small [11, 13, 14, 15]; and local ones,
namely path counts at one vertex [11, Theorems 10-12] and principal submatrices
of idempotents [16]. Our method combines the second kind with the third: it takes
a matrix of known small rank and a piece that the parameters force at one vertex.

The rank of A for ¢ = p. When 0 is an eigenvalue, the rank of A equals
1+k/(u—N) [13, Section 3], and when the rank is small, each row is a combination
of a few rows. Arguments of this kind choose rows that span the whole row space,
analyse the types of columns on them and obtain a short list of possible ratios
k/v. In this way the DSRGs in which the rank of A is at most 4 were described
[11, Theorem 3 and Lemma 7], it was proved that for each rank there are finitely
many such ratios [13, Theorem 2], and the ranks 5 [14] and 6 [15] were analysed.
Section 7 works with the same binary matrix of small rank: the rows of A 4+ I are
equal exactly when the rows of the complement matrix J — I — A are equal, and
the complement has t = . But it does not enumerate the column types of the
whole matrix; it compares its rank with a piece at one vertex. Sections 4-6 carry
the same comparison over to roots for which the matrix A — 61 is not binary.

Representations. Godsil, Hobart and Martin [12, Section 3] assign to a vertex ¢
a pair of vectors x;,y; € R™, where m is the multiplicity of an eigenvalue, such that
the inner product (z;,y;) equals 1, a or 8 according to whether ¢ and j coincide,
there is an arc i — j, or there is none. The matrix of these products is the projection
onto the eigenspace multiplied by v/m. This is a directed version of the Euclidean
representation of a strongly regular graph, but it has no positivity: z; # y;. From
the representation the authors derive the absolute bound [12, Theorem 4.2], the
same as [11, Theorem 2], and a description of the graphs with an eigenvalue of
multiplicity 2 [12, Section 5|; according to them, this description was obtained
independently and by another route by Jgrgensen [11, Theorems 3-5]. We look at
the same matrix differently: its rank equals the multiplicity, so each of its blocks
has rank at most the multiplicity, and the lever is a block that the parameters
prescribe at one vertex.

Undirected models and local comparisons. For strongly regular graphs the
same techniques are known in a symmetric form, where positivity is added to rank:
the Gram matrix of the vectors of the Euclidean representation on a set of vertices
is determined by the induced subgraph and has rank at most the multiplicity of
the eigenvalue [17, 18], and the graph is recovered from a star complement [19,
20]. How these works relate to Sections 4 and 5 is said after Theorem 4.5 and
Proposition 5.2. The conditions of Hobart and Williford [16] are compared with
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Theorem 4.3, Corollary 6.3 and Proposition 8.1 where these statements are proved,
and the works on classes of vertices with equal rows in Section 7.

3. THE RANK PRINCIPLE

Notation. V is the vertex set, 1 is the all-ones vector, e, is the unit vector of a
vertex z, and 1g is the indicator vector of a set S. For a vertex z: I'"(x) is the set of
its out-neighbours, the heads of the arcs from z; '~ (z) is the set of its in-neighbours,
the tails of the arcs into #; NT[z] = {z} UTT(z) and N~ [z] = {z} UT~(z) are
the closed out-neighbourhood and in-neighbourhood; N[z] = {z} UT* () UT ™ (z)
is the closed neighbourhood. For a matrix X and sets R, C we denote by X[R, C]
its block on the rows R and the columns C, and by X[-,C] and X|R, -] the whole
columns C' and the whole rows R. For a statement P the number [P] equals 1 if P
holds, and 0 otherwise.

The nontrivial eigenvalues of a DSRG are the roots of the polynomial 22 — (A —
wx — (t — p) [1]. Below p # 0, and the discriminant A = (A — u)? + 4(t — p)
is positive. For 0 < t < k < v — 1 both conditions always hold: this was proved
by Duval [1] (see [12, Lemma 2.1 and Theorem 2.2]). Sections 3 and 4 do not use
the inequality ¢ < k, and their statements hold also for t = k provided p # 0 and
A > 0. We denote the roots by r > s, and their multiplicities as eigenvalues of A
by f and g. Each of the two roots can play the role of #; then #’ is the other root,
m’ is its multiplicity, ¢ = 8’ — 6 and By = A — 0I. We write Ey for ker(A — 1)
over R.

Lemma 3.1 (rank principle). Under these assumptions:
(1) Identity. B2 = ¢Bg + pJ, Bel = (k—0)1, 1" By = (k— 0)1" and k # 6.
The root 8 = 0 occurs exactly when t = u, and the root 0 = —1 exactly when
t = A+ 1; in these cases By is a matriz of zeros and ones: A or A+ 1.

(2) Rank. RY = (1) ® Ey ® Ey/, ker By = Ey, the image of By is (1) ® Ey, and
, —k—(v—-1)0
N -6

(3) Submatrix. For any sets of rows R and columns C we have rank By[R, C] <
1+m/. In particular, a nonsingular principal submatriz Bg[R, R] has order
at most 1 +m/.

(4) Recovery. If |R| = |C| = 14+m' and the block By[R, C] is nonsingular, then
By = By[-,C] By|R,C]~! BylR,-].

(5) Schur complement. If the principal submatriz By[R, R] is nonsingular and
R =V \ R, then the matriz By|R, R] — By[R, R] Bg|R, R] ! By[R, R] has
rank 14+ m’' —|R|.

(6) Scaled projection. The matriz Ko = vBy — (k — 0)J satisfies K3 = vqKy,
has rank m’, and its image is Eg .

Proof. (1) The roots satisfy 0 +60’ = A —pand 00’ = p—t,s0 (A—600)(A—0'T) =
A% — (A= p)A+ (n —t)I = pJ by definition. Since A — §'T = By — ql, this is
exactly B = ¢Bp + puJ. The row and column sums of By equal k — 6. If k = 0,
we would get Byl = 0 and pvl = pJ1 = (By — qI)Bypl = 0, contrary to u # 0.
The number 0 is a root exactly when ¢t — p = 0, and the number —1 exactly when
1+ (A—p)—(t—u) =0, that is, when t = A+ 1. Off the diagonal By coincides
with A, and on the diagonal it has —6.

rank Bg = 1 +m/, m
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(2) From 1T A = k17 it follows that A maps 17 into itself. On 1+ the matrix J
acts as zero, so there (A—0I)(A—6'I) = 0, and a polynomial with distinct real roots
annihilates the restriction of A. Hence A is diagonalizable on 1+ with eigenvalues
in {6,0'}. An eigenvector u for # lies in 11, because k1Tu = 1T Au = 1Ty and
k # 0; the same holds for §’. This gives the decomposition. The matrix By acts
on the three summands as multiplication by k — 6 # 0, by 0 and by ¢ # 0, which
gives the kernel, the image and the rank. The formula for m’ is the vanishing of
the trace: 0 =trA=k+ (v—1—m")0 +m'0.

(3) The rank of a submatrix does not exceed the rank of the matrix.

(4) The rows of By[R,-] are linearly independent, because already their parts
By|R, C] are, and there are 1 + m’ = rank By of them. Hence they form a basis of
the row space, and the row u equals ¢, By[R, -] for some ¢,,. Comparing the columns
C, we get ¢, = Bg[u,C] Bg[R,C] L.

(5) Block elimination writes By as a product of invertible block triangular matri-
ces and of the block diagonal matrix formed by By[R, R] and the Schur complement,
so the rank of By equals |R| plus the rank of the complement; it remains to apply
item 2.

(6) Both sides of the equality Ky = vglIl, where II is the projection onto Ejy
along (1) ® Ey, act in the same way on the three summands of item 2: on 1 as zero,
because J1 = vl; on Ey as zero; on Ey as multiplication by vg. A projection of
rank m’ gives the rest. O

Items 1, 2 and 6 are known. Jgrgensen [11, Section 2] derives from the definition
the minimal polynomial of A and its diagonalizability, and writes the projections
onto the eigenspaces as combinations of I, A and J — I — A; Godsil, Hobart and
Martin [12, Propositions 3.1-3.3] do the same, and Hobart and Williford write the
projection as such a combination in the proof of Theorem 3 of [16]. The matrix Ko
is, up to a factor, the projection onto Fy and the matrix of inner products of the
representation of [12] from Section 2. The equality rank By = 14+m/’ for § € {0, -1}
is noted in the introduction of [11]: for the root 0 the rank of A equals 1+m/, and
for the root —1 the rank of the complement matrix J — I — A equals 1 +m/. Items
3-5 are standard linear algebra. The method lies not in the lemma itself but in the
choice of the piece to which it is applied.

Corollary 3.2 (rank lever). If at some vertex the parameters force sets R, C with
rank By[R,C] > 1+ m/, then there is no graph with these parameters. If p rows of
the matriz Kg are forced, their left kernel has dimension at least p — m’.

Proof. The first statement is item 3 of Lemma 3.1, the second is item 6: p rows of
a matrix of rank m’ span a space of dimension at most m/. (I

Complement and transpose. The matrix AT is also the adjacency matrix of a
DSRG, with the same parameters: the defining equalities are mapped to themselves
under transposition. Its out-neighbours are the in-neighbours in A. The matrix
J—1— A is the adjacency matrix of a DSRG with the parameters of the complement
[1]. Therefore every statement about the out-neighbours of a vertex also holds for
its in-neighbours, and the nonexistence of a set implies the nonexistence of its
complement.

How the applications are organized. In each of Sections 4-7 we choose a
root 6 and a vertex x and find a piece of By whose structure is determined by
the parameters. In Sections 4-6 the exclusion comes from comparing this piece
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with Lemma 3.1. In Section 7 the rank enters two statements, Proposition 7.3 and
Theorem 7.8, and the rest is done by counting paths of length 2 by item 1:

Section Parameters 0 Piece of By What it uses
4 A=0 rors,#0 principal submatrix on item 3
N{z], of order
2k —t+1
5 A=0 the same Schur complement of items 1, 4, 5
this submatrix
6 A=1Lt=2u 1 rows of K1 on item 6
{z}UT™(z)
7 t=A+1 -1 rowsof B.1 =A+1T item 2 in
on N*t[z] and on Proposition 7.3 and
vertices outside N*[z] ~ Theorem 7.8, item 1
elsewhere

4. THE CLOSED NEIGHBOURHOOD FOR A =0

In this section A = 0. Fix a vertex x and put I't = I't(z), I~ = ' (),
M=TtNT",Q =T"\T" and P =T~ \I'". The vertices of M are joined to x in
both directions, () consists of the out-neighbours of x that are not in-neighbours,
and P of the in-neighbours that are not out-neighbours.

Lemma 4.1. Let A =0. Then:

(1) ifa — b and b — ¢, then there is no arc a — ¢;

(2) the sets T and T~ are independent, there are no arcs from T'™ to I'", and
the only arcs inside N[x| are the arcs from x to T'F, from T'™ to x and from
Q to P;

(3) every vertex of Q has exactly u out-neighbours in P;

(4) IM|=t¢, |Q|=|P|=k—t and |[N[z]| =2k —t + 1.

Proof. (1) If a — b — c and a — ¢, then a # ¢, because there are no loops, and the
path a — b — ¢ gives A%(a,c) > 1, contrary to A%(a,c) = A = 0.

(2) An arc a — b inside I'" together with z — a and x — b gives a triple
forbidden by item 1; an arc inside '™ gives the triple a — b — = with a — z; an
arc from a € I'™ to b € I'" gives the triple a — x — b with a — b. Now let a — b
be an arc inside N[z] not incident with z. Its tail does not lie in I'", because arcs
from I'" lead neither to I'” nor to I'"; hence a € Q. Its head does not lie in I'",
because I'" is independent; hence b € P.

(3) For u € @ there is no arc u — x, so there are exactly p paths of length 2
from u to x. These are the paths u — y — = with y € I'", and by item 2 all such

y lie in P.
(4) |[M| = A%(z,z) = t, hence Tt UT ™| =2k — t and |Q| = |P| = k — ¢, while
¢ Ul O

Proposition 4.2. For A\ =0 and any root 0 # 0
det Bg[N[z], N[z]] = (—1)"*1 6% 72(03 —t0 — p(k — 1)).

The determinant depends neither on the graph nor on the vertex.
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Proof. Order Nlz| as follows: z, then M, @ and P. By Lemma 4.1 the submatrix
L = Byp[N][z], N|[z]] has the form

-6 17 1T 0
1 -6 0 0
0 0 —0I Agp
1 0 0 —0I

where Agp = A[Q, P] is the matrix of arcs from @ to P; by item 3 of Lemma 4.1
its row sums equal p. The block I’ on M U Q U P is block upper triangular,
and det L' = (—0)?*=t. Let b7 = (17,17,0) be the row of x off the diagonal,
and ¢ = (1,0,1) the column of x. The solution y of the system L'y = ¢ is as
follows: yy = yp = —07'1, and —0yg + Agpyp = 0 gives yg = —uf~21. Hence
bTy = —t0~1 — pu(k — )62, and by Schur’s formula

L:

det L =detL'- (=0 —b"y) = (—0)* (=0 + 0~ + pu(k — t)02)
— (_1)t+1 02k—t—2 (93 —th — ,u(k o t)),
since (—1)2k=t+1 = (—1)t+1, O

For example, for (50,11,7,0,3) and 6 = 1 the neighbourhood N[x] consists of
16 vertices, and the determinant equals (—1)%(1 —7 —12) = —18 at every vertex of
every graph with these parameters, while the rank of A — I equals 1 + g = 13.

Theorem 4.3. Let A =0, and let a root 6 satisfy 6 # 0 and 6> —t0 — u(k —t) # 0.
Then 2k —t < m’, where m’ is the multiplicity of the other root.

Proof. By Proposition 4.2 the principal submatrix of By of order |N[z]| = 2k—t+1
is nonsingular, and by item 3 of Lemma 3.1 we get 2k —t +1 <1+ m/'. d

Corollary 4.4. Let A\=0, p >0 and t =2u+1. Then 2k—t)(p+2) < k+v—1.

Proof. The polynomial 2+ pux —(u+1) = (z—1)(2+p+1) has the roots 7 = 1 and
s=—(p+1),and A = (u+2)? > 0. The vanishing of the trace and the dimension
count give k+ f—(u+1)g = 0 and f+¢g = v—1, whence g = (k+v—1)/(+2). Take
6 =1. Since t = |M| < k, the number 1 —¢ — p(k —t) is at most 1 —¢ = —2u < 0.
Theorem 4.3 gives 2k — t < g, and it remains to multiply by p + 2. (I

Theorem 4.5. There are no DSRGs (50,11,7,0,3), (68,13,7,0,3), (100, 16,7,0,3),
(108,19,9,0,4), and none with the complementary parameters (50,38, 34,29, 28),
(68, 54, 48, 43, 42), (100,83, 74, 69, 68), (108, 88,78, 72, 70).

Proof. All four sets have A =0 and t = 2 + 1, and the inequality of Corollary 4.4
fails: 155 =75 > 60, 19-5 = 95 > 80, 25-5 = 125 > 115 and 29-6 = 174 > 126. The
complements do not exist because the graphs themselves do not (Section 3). g

Comparison with condition N10 and with the undirected case. Theo-
rem 4.3 follows the scheme of Theorem 3 of Hobart and Williford [16, p. 3]: if 6 # 0,
then an independent set of the graph has at most m’ vertices. Its proof takes an
idempotent of rank m/, which up to a factor is our matrix Ky, and observes that
its principal submatrix on an independent set is nonsingular. Corollary 4 [16, p. 3]
applies the theorem to the set I'"(z), which is independent when A = 0, and gets
k < m/; this is condition N10 of the table. Theorem 4.3 takes the matrix A — 61 of
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rank 1+ m’ and the closed neighbourhood of 2k — t + 1 vertices. The neighbour-
hood is not independent; instead of independence the theorem uses the fact that
for A = 0 the submatrix on it is determined by the parameters up to one block, and
the determinant does not depend on this block. The bound grows from k to 2k — ¢
under the condition 6% —t0 — pu(k —t) # 0, which Corollary 4 of [16] does not need.
For the four pairs of Theorem 4.5 condition N10 holds: 11 < 12, 13 < 16, 16 < 23
and 19 < 21. For strongly regular graphs the columns of A — rI, after subtracting
the mean, give a Euclidean representation in R9: the Gram matrix of any set of
vertices is determined by the induced subgraph and has rank at most g [17, Propo-
sition 2.1], and the nonexistence of (76, 30,8, 14) [17] rests on this. Theorem 4.3 is
built in the same way, except that the Gram matrix is replaced by the principal
submatrix of A — 61 on the closed neighbourhood, and positive definiteness by a
nonzero determinant.

On the table. Among the sets of the table [2] with A = 0, Corollary 4.4 excludes
exactly 10: the four open sets of Theorem 4.5 and six that the table already marks
as nonexistent; for these six even condition N10, k < g, fails. None of the excluded
sets has been constructed.

The bound is attained. For the graph (6,2,1,0,1) with 6 = —1, 8/ = 0 we
have 2k —t = 3 = m/. For the Clebsch graph, the undirected strongly regular graph
(16,5,0,2), which as a DSRG has parameters (16,5,5,0,2), with 6 = 1 we have
2k —t =5 = g; here t = k, but Theorem 4.3 holds for t = k as well (Section 3). In
both cases the submatrix on N[z] is nonsingular and has full rank 1 + m/, so one
cannot be added to the left-hand side of Theorem 4.3.

5. THE SCHUR COMPLEMENT FOR A = (0 AND THE SET (48,9,5,0,2)

Theorem 4.3 takes only one thing from Proposition 4.2: the submatrix on N|x]
is nonsingular. When the bound of the theorem holds, the same submatrix says
more. By item 5 of Lemma 3.1 its Schur complement has rank 7 = m/ — (2k—t), the
gap in the bound, and the rest of the matrix is determined by the neighbourhood
up to a matrix of rank 7. For (48,9,5,0,2) the gap equals 1, and the existence of
the graph reduces to a finite search at one vertex.

In this section A = 0, and the root 6 satisfies # # 0 and 0 — t0 — u(k —t) # 0;
x, M, Q, P are as in Section 4. Put N(z) = N[z]\ {z}, let N =V \ N|x] be the
outer vertices, 7 = m’ — (2k —t), and

L = By[N[z],N[z]], X = A[N[z],N], Y =A[N,N[z]], F=YL'X.

The matrix L is nonsingular by Proposition 4.2. The Schur complement of the

block L in By is the matrix T'= By[N, N] — F on the outer vertices; we denote its
diagonal by o, = T(w, w).

Lemma 5.1. Under these assumptions:

(1) the vector i = (1 + 0/p) e, + p t1p- satisfies Beti = 1, and the vector
= (14+60/u)e, +p " 1ps satisfies @' By = 17; hence YL™'1 = 1 and
11X =1T;

(2) XY = ®, where ® = puJ — L2 + qL: for n,n’ € N[z] exactly ®(n,n’) outer
vertices w lie on a pathn — w — n/;

(3) XT =0, TY =0 and T? = qT. Hence T/q is an idempotent of rank T,
and the trace of T equals Tq.
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Proof. (1) The column z of the equality A? = tI + pu(J — I — A) gives (Alp-), =
tly =2]+p(l — [y = 2] — A(y,x)), and Ae, = 1p-. For y # = the coordinate y of
the vector Byt equals (14+60/u)A(y,z)+1— A(y,z) — (0/u)A(y,z) = 1. Fory ==z
it equals t/pu — 0(1 +6/u) = (t — pud — %)/ = 1, because 0 + uf =t — . The
support of @ lies in N(z], so the rows N(z] give Liiy,) = 1, and the rows N give
Y[z = 1; hence YL~ '1 = 1. For @ the same argument runs along the row z.

(2) By item 1 of Lemma 3.1, B = ¢Bp + pJ. The block (N[z], N[z]) of this
equality is L2 + XY = gL + uJ.

(3) Substitute By[N, N| = F + T into the block (N[z], N) of the same equality:
LX +X(F+T)=q¢X +pJ. Byitem 2, XF = XYL 'X =puJL7'X — LX 4 ¢X,
and by item 1, JL7'X = J. What remains is X7 = 0; in the same way the
block (N, N[z]) gives TY = 0. In the block (N, N), that is, in YX + (F +T)% =
q(F +T) + pJ, the products FT and TF vanish, and F? = YL 1 (XY)L7'X =
pJ —Y X 4 qF by items 1 and 2. What remains is 72 = ¢7'. The rank of T equals
1+m' —(2k—t+1) =7 by item 5 of Lemma 3.1, and the trace of an idempotent
equals its rank. O

For a given neighbourhood the matrix F' depends only on how the outer vertices
are attached to N(z): F(w,w') = Y (w,-) L7'X(-,w’), and there are no arcs be-
tween x and the outer vertices. We call the pair of sets (I'" (w)NN (z), '~ (w)NN(z))
the type of an outer vertex w. Then F(w,w’) is determined by the types of w and
w’, and by Lemma 5.1, A[N, N| = I + F + T, where the rank of T equals 7. For
7 = 0 the block of A on the outer vertices is completely determined by the types;

both graphs on which the bound of Theorem 4.3 is attained are of this kind.

Proposition 5.2. Let 7 > 1. Then T has a nonsingular principal submatrix
T[R, R] of order 7, and T = T[,R|T[R,R|"*T[R,-]. In particular, for 7 = 1
there is an outer vertex wg with og = o4, # 0, and for any outer vertices w, w’
T T !
T(w,w/) — (w,wo) ('U)O,’w )7 Cuw Ot :T(U},’LUI) T(U)/,U)).
o0

Therefore, for w # w' the arc A(w,w') = F(w,w’") + T(w,wo) T(we,w’)/cqg is
determined by the types of the vertices w, w’, wy and by the arcs between wy and
the vertices w, w'.

Proof. The matrix T/q is an idempotent of rank 7; its eigenvalues are 7 ones and
zeros. The sum of the principal minors of T'/q of order 7 equals the 7-th elementary
symmetric function of the eigenvalues, that is, 1, so one of the minors is nonzero.
The formula is item 4 of Lemma 3.1 for the matrix 7" of rank 7 instead of By, with
the same proof. For 7 = 1 we have R = {wg}, and the second equality says that
the minors of order 2 of a matrix of rank 1 vanish. Finally, for w # wy we have
T(w,wy) = Alw,wp) — F(w,wp) and T(wg,w) = A(wy, w) — F(wg, w). O

We call the vertex wg the pivot.

Comparison with the undirected case. In the proof of Proposition 1 of
Bondarenko and Radchenko [18, pp. 524-525] the vectors of the Euclidean repre-
sentation on the neighbourhood of a vertex are linearly independent: their inner
products are given by the subgraph on the neighbourhood. There are exactly g
vectors, so they form a basis of RY, and the vector of each vertex outside the neigh-
bourhood is expressed in this basis through its neighbours in the neighbourhood.
This is the analogue of the case 7 = 0: the Schur complement is zero, and the
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graph outside the neighbourhood is determined by the types of the vertices. The
reconstruction theorem for star complements [19, Theorem 1.2] recovers a graph
from an induced subgraph on v — m vertices, where m is the multiplicity of an
eigenvalue 0, provided the subgraph does not have the eigenvalue . The Schur
complement of such a subgraph is zero as well: this is the case |R| = 1+ m’ of
items 4 and 5 of Lemma 3.1. In this way Azarija and Marc excluded (75, 32,10, 16)
[20]. For (48,9,5,0,2) the submatrix on Nz| is smaller: its Schur complement has
rank 7 = 1, and the search runs over this margin.

The reduction for (48, 9, 5, 0, 2). For § = 1 the other root is §/ = —3,
m' =g =14, and |N[z]| = 2k —t+ 1 = 14, so 7 = 1 and the trace of T equals
7q = —4. There are 34 outer vertices, and without the rank step the block of A on
them consists of 34-33 = 1122 unknown arcs on top of the types. By Proposition 5.2
this block is determined by the types of the outer vertices and by the 66 arcs between
the pivot and the other 33 outer vertices. Appendix A carries the reduction down
to an exact cover problem. Lemma A.1 expresses F' and o,, through the types and
proves that distinct outer vertices have distinct types. Proposition A.2 reduces the
existence of the graph to a choice of 33 triples “type, arc from the pivot, arc to the
pivot” for one of the 707 orbits of the pivot type.

Theorem 5.3. There is no DSRG (48,9,5,0,2), and none with the complementary
parameters (48,38, 34, 30, 30).

Proof. If the graph exists, Proposition A.2 gives a set of triples satisfying conditions
(a)—(f) for one of the pivot orbits of one of the two graphs of arcs from @ to P, 707
orbits for the two graphs together. The search of Appendix A exhausted all of them
and found no such set: the first program traversed the tree of every orbit to the
end, and the formula of the second program is unsatisfiable for every orbit, with the
unsatisfiability checked without trusting the solver (Section 9). The complement
does not exist because the graph itself does not. O

6. THE LEFT KERNEL FOR A =1 AND ¢t = 2u

For A = 1 the principal submatrix on N[z] is no longer rigid: there are arcs inside
I'*(z), and the formula of Proposition 4.2 fails. Something else remains rigid: the
left kernel of the rows of a vertex and its out-neighbours in the matrix &y of item
6 of Lemma 3.1.

In this section A\ =1, t =2pand 0 <t <k <v—1. Then 22+ (u — 1)z — p =
(x—D(x+p),sor=1s8=—p, A= (u+1)? > 0, and the vanishing of the
trace gives (1 + 1)g = k 4+ v — 1. The row sums of the defining equality give
k?=t+k+ u(v—Fk—1), that is,

(6.1) pwlo—k+1)=k(k—1).

By item 6 of Lemma 3.1 with § = 1, the matrix K; = v(A —I) — (k — 1)J has
rank g. Fix a vertex  and put 't =T (z), M =TT NI (x), S ={z} UTT and
Z =V \ S; the set Z has exactly v — k — 1 vertices.

Lemma 6.1. Let A =1. Then:

(1) every vertex y € T'T has exactly one in-neighbour in T'; we denote it
by pred(y). The arcs inside T are exactly the arcs pred(y) — vy, and

pred(y) # y;
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(2) every connected component Qy,...,Q. of the graph of arcs inside T'" has
at least two vertices: n; = || > 2;

(3) let m; = |M NQy|, and for z € Z let £;(z) = [T~ (2) N §Y| be the number of
arcs from Q; to z. Then ), m; =t and ) ., Li(2) = (k — 1)n; —m;.

Proof. (1) The in-neighbours of y in I'" are the middle vertices of the paths z —
u — y, and there are A%(x,y) = A = 1 of them. There are no loops, so pred(y) # y.

(2) A vertex y and its in-neighbour pred(y) # y lie in the same component.

(3) >, mi = [M| = A%(z,z) = t. The vertices of {; have kn; out-neighbours
in total: m; of these arcs lead to x, n; lead inside I't, because every vertex of I't
receives one arc from I'", from its in-neighbour pred in the same component, and
the remaining (k — 1)n; — m; lead to Z. O

Define the matrix D with ¢ columns, one for each component, and rows of two
kinds: the row d = (km; — tn;); and the rows h, = (2¢;(z) —m;); for all z € Z. For
a € R¢ put w, = %(ZZ aimi)ew + > ailg,.

Theorem 6.2. Let A\ =1,t=2u and 0 <t < k <v—1. If a vector w with support
in S satisfies w' Ky = 0, then w = w, for some a € R® with Da = 0.

Proof. Let W = 3 _gwy and £ = (k — 1)W/v. The column z of the equality
w' Ky = 0, divided by v, reads > yes WyA(y, z) —w:[z € S] = k. The in-neighbours
of x inside S are the vertices of M; the in-neighbours of z € I'" inside S are z and
pred(z); the in-neighbours of z € Z inside S lie in I'", because there is no arc
x — z. Hence the columns give equalities of three kinds:

w(M) —w, = K,

Wz — Wpred(z) = Wz — K (Z € F+)7

Z wyA(y,2) =k (2 € Z).

yel't

The right-hand side of the second equality, § = w, — &, is the same for all z € T'F. At
a vertex where w attains its maximum on I'" we get § > 0, and where it attains its
minimum, § < 0. Hence 6 = 0: the vector w is constant along the arcs pred(z) — z,
that is, it equals some a; on each component €2;, and w, = k.

The first equality gives ), a;m; = 2w,. The equality x = w, means vw, =
(k — 1)(wg + >, ain;), that is, (v — k + 1w, = (k — 1)), a;n;, and together
with (6.1) this gives kw, = p ), a;n,;. Substituting w, = %ZZ a;m; and t = 2pu,
we get d-a = 0. The third equality becomes ), a;l;(z) = %ZZ a;m;, that is,
h,-a=0. [l

Corollary 6.3. Under the assumptions of Theorem 6.2:
(1) dimker D =c—rankD > k+1—g;
(2) c>2k+1—g+[d#0], and d =0 exactly when m;/n; =t/k for alli.

Proof. (1) The rows of K; indexed by S are k + 1 rows of a matrix of rank g, and
by Corollary 3.2 their left kernel has dimension at least k+1—g. The map a — w,
is linear and injective, because w, on I'*" recovers a, and by Theorem 6.2 its image
of ker D contains this kernel.

(2) The row d belongs to D, so rank D > [d # 0], and item 1 gives the inequality.
The equality d = 0 means km; = tn; for all 7. ([l
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Comparison with Theorem 6 of [16]. Theorem 6 of Hobart and Williford [16,
p. 4]: if the multiplicity of € is less than k, then 6’ is an eigenvalue of the submatrix
A[lT(z), T (z)] with geometric multiplicity at least k& minus the multiplicity of 6.
In the family A = 1, t = 2y this submatrix is the matrix of the arcs pred(y) — y, and
for 6 = s the theorem gives ¢ > k—g, while Corollary 6.3 gives ¢ > k+1—g+[d # 0].
For the pair (55,16,12,1,6) the first bound gives ¢ > 6, which is compatible with
¢ < 8, and the second one gives ¢ = 8. The main difference lies elsewhere: [16] has
no equations of the rows h, on the numbers of arcs from the components to the
outer vertices, and Theorem 6.4 rests on them.

Theorem 6.4. There is no DSRG (55,16,12,1,6), and none with the complemen-
tary parameters (55, 38,34,27,24).

Proof. Here t = 12 = 2u, g = 70/7 = 10 and kK + 1 — g = 7. There are at most
eight components, because |[['"| = 16 and n; > 2. The equality d = 0 requires
m;/n; = 3/4, that is, 4 | n; and ¢ < 4 < 7, contrary to item 2 of Corollary 6.3.
Hence d # 0 and ¢ > 8, that is, ¢ = 8 and all n; = 2: every component is a reciprocal
pair y <> 3’ with pred(y) = v’ and pred(y’) = y. A pair contains m; € {2,1,0}
vertices of M, and d; = 16m; — 24, that is, 8, —8 and —24.

The row d # 0 belongs to D, so ker D C ker d, while dimkerd = c¢—1= 7. By
item 1 of Corollary 6.3, dimker D > 7, hence ker D = kerd: every vector a € R®
with d - a = 0 satisfies h, -a =0 for all z € Z. The sum ), m; =t = 12 is greater
than the number of pairs and less than twice that number, so there is a pair ¢ with
m; = 2 and a pair j with m; < 1. Let e; be the unit vector of the pair 7.

o If there is a pair j with m; =1, take a = e; +¢;. Thend-a =8 -8 =0,
while the number h. - a = 2(¢;(z) + ¢;(2)) — 3 is odd, although it must be
zero for any of the 38 vertices of Z.

e Otherwise there is a pair j with m; = 0; take a = e¢; + 3e;. Then d-a =
—24+24 = 0 and h;-a = 20;(2)+3(2(;(2)—2) = 0, that is, £;(z) = 3—3(;(2)
is divisible by 3. Since 0 < £;(z) < n; = 2, all £;(z) = 0, whereas by item
3 of Lemma 6.1 their sum over Z equals (k — 1) - 2 = 30.

Both cases are impossible. The complement does not exist because the graph itself
does not. O

7. TWIN CLASSES FOR t = A\ +1

In this section t = A + 1, and by item 1 of Lemma 3.1 with § = —1 the matrix
B = A+ I consists of zeros and ones. Its row x is the indicator vector of N*[z],
and its column y is the indicator vector of N~ [y]. Put K = k+1and ¢ = A\ +2—p;
since p < t [12, Lemma 2.1], ¢ =t + 1 — u > 1; the other root equals ¢ — 1, so q is
the same number 6’ — @ as in Section 3, and we denote the multiplicity of the other
root by f. Vertices x # y with N*[z] = NT[y] are called row twins, and those with
N~ [z] = N~ [y] column twins. The class C, consists of the vertex z together with
its row twins, and the class C!, of the same vertex together with its column twins;
a =|Czl|, @’ =|C.|. Equal rows decrease the rank, so the classes are bounded from
below by the rank of B, and from above by counting paths of length 2.

Lemma 7.1. Lett =X+ 1 and ¢ > 0. Then:
(1) B% = qB + uJ; for any vertices x, y the number |[NT[z] N N~[y]| equals
A+2 ify € NT[x], and p otherwise; K* = ¢K + pv;
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(2) rankB=1+ f and qf =v— K;
(3) ifu=1, thenv=K(k—\) and (A+1)f =v — K; in particular, f = K if
and only if k =2\ + 2.

Proof. (1) This is item 1 of Lemma 3.1 with § = —1: here ¢/ =¢—1and 6/ — 0 = q.
The entry (z,y) of the matrix B? equals [NT[z] N N~[y]|, and the entry of the
right-hand side equals ¢y € N*[z]] + p. The row sums give K2 = ¢K + pv.

(2) The rank is given by item 2 of Lemma 3.1. The formula for m’ from there
givesqf = —k+(v—-1)=v—-K.

(3) For = 1 item 1 gives v = K2 —gK = K(k—)), and item 2 gives (A\+1)f =
v— K =K(k—X—1). Hence f = K exactly when k — A —1= X+ 1. O

Lemma 7.2. We have C, C NT[z]N N~ [x], the set U = NT[z]\ C, is nonempty,
a<X+1, and C, C N~ [z] for every z € NT[x].

Proof. If y € C,, then y € NT[y] = NTt[z] and # € Nt[z] = NT[y], that is,
y € N™[z]. If 2 € N*t[z], then z € NT[y] for every y € C,, that is, C, € N~ [z]. If
U were empty, we would get N¥[z] C N~ [z] and K = |[NT[z]NN~[z]| = A+2 = t+1
by Lemma 7.1, that is, k = t. For z € U the set C,, U {2} lies in N*[z] N N~ [z],
which has exactly A + 2 vertices. O

The rows of A + I of two vertices are equal exactly when their rows in the
complement matrix J — I — A are equal, so a row class is a class of vertices with the
same out-neighbourhood in the complement. The bound a < A+ 1 is the bound of
[21, Theorem 10(a)] on such classes, applied to the complement. For t = A+1 these
classes were considered by Godsil, Hobart and Martin [12, Section 5] as classes of
equal vectors of their representation for the root r; these are exactly the classes of
equal rows of A + I (the other root here is s = —1). They observe that a class
is a clique and that all its vertices have the same out-neighbours outside the class
(these are the inclusions of Lemma 7.2), and show that there are at least f +1 and
at most 27 classes [12, Theorem 5.1]. This theorem bounds from below the number
of classes, not the size of the class of a vertex.

Proposition 7.3 (rank against the class). Let u = 1. The rows of B indezxed by
{z} U (N*t[z]\ C;) are linearly independent. Hence K +1 —a < 1+ f, that is,
a>K-—f.

Proof. Let O = I't(z); then C, \ {z} € O. Every o € O\ C, has a vertex
w, € NT[o] \ Nt[z]. By Lemma 7.1, |[NT[z] N N~ [w,]| = ¢ = 1, and this single
vertex is 0. Hence among the rows {z} U (O \ C,) the column w, has a one only
in the row o, and all w, are distinct. In the column z the row x has a one, and in
the columns w, it has zeros. The submatrix of B on these rows and the columns
{z} U {w,} is, after a permutation, triangular with ones on the diagonal. It has
1+k—(a—1) = K+1—arows, and item 3 of Lemma 3.1 gives the inequality. O

Theorem 6 of Jgrgensen [13] is the same link between the rank and coinciding
columns of a binary matrix, taken for the whole matrix. If a matrix of zeros and
ones of order n with k ones in each row and each column has rank p, then k/n > 1/p:
the all-ones vector is a combination of p independent columns, so every row of the
submatrix formed by these columns contains a one. The remark after the proof
adds that for k/n = 1/p every column of the matrix coincides with one of these p
columns. For B = A + I the theorem gives K(1 + f) > v, and for ¢t = A + 1 this
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inequality is always strict, so the case of equality, where coinciding columns appear,
never occurs here: equality together with ¢f = v — K gives (v — K)(K — ¢) = 0,
while v > K > ¢q. Proposition 7.3 works at one vertex: the rows of N*[z]| outside
the class C together with the row x form a triangular minor, and the rank bounds
from below the class of every vertex, not the ratio k/n of the whole matrix.

For uw ¢ C, put vy, = |NT[u] N C,|, the number of vertices of the class that u
sees in its closed out-neighbourhood.

Proposition 7.4. If u ¢ C,, then v, < p. Moreover, Y, .y Yu = a(A+2 —a),
and therefore a(A 4+ 2 — a) < u(K — a); for u = 1 this inequality is equivalent to
a(A+3—a) <K.

Proof. The rows u and x of the matrix B are distinct and contain K ones each,
so there is w € Nt[z] \ N*[u]. By Lemma 7.2, C,, C N~ [w], hence N*[u] N
C, C N*t[u] N N~ [w], and by Lemma 7.1 the latter set has exactly p vertices.
Count the pairs (y,u) with y € C,, v € U and y € NT[u]. For y € C, the set
N*+[z] N N~ [y] consists of A\ + 2 vertices and by Lemma 7.2 contains the whole
class, so the other A 4+ 2 — a vertices lie in U. Counting by u, the number of pairs

is zueUVuSH‘U|:/L(K—a). 0

Proposition 7.5. For any u:
(1) if u & Cy, then [INT[u] \ N*[z]| > ¢; hence ¢(K —a) < u(v — K), that is,
a> K — 1u’f’
(2) a < K —gq.

Proof. (1) There is w € N*[u]\ NT[z]. By Lemma 7.1, N [u] N N~ [w] has exactly
A + 2 vertices, and NT[z] N N~ [w] exactly u, so at least g vertices of the first
set lie outside N1 [z]. Hence there are at least q|U| pairs (u,w) with v € U and
w € Nt[u] \ NT[z]. On the other hand, every w ¢ NT[z] receives exactly u arcs
from Nt [z], and none of them comes from the class, since otherwise w € N¥[x]; so
there are at most pu(v — K) = quf pairs. Divide by ¢ > 0.

(2) The set N*t[z] N N~[z] has exactly A + 2 vertices, the class occupies at
most A 4+ 1 of them, and any remaining vertex u lies in U and has an arc to =z,
$0 v, > 1. Take y € C,, N NT[u]. The vertex y lies in N*[u] and in N*[z], so
INTul "N~ [y]| = |[NT[z] N N~ [y]| = A + 2. Remove the common part from both
sets: [(NF[u] \ NT[z]) "N~ [y]| = [(NF[z] \ N*[u]) N N~ [y]|. The set on the right
contains C,, \ N [u], so the right-hand side is at least a — ~,; the set on the left lies
in N~ [y] \ N*[z], which has K — (A +2) = k — X — 1 vertices. With 7, < u we get
a<k-A-14+pu=K—q. |

For y+ = 1 the lower bound of item 1 coincides with the rank bound of Proposi-
tion 7.3, and for any p it serves as its counting analogue. The bound a < K — q of
item 2 is a special case of Lemma 9 of [3]: for B = A+ with ¢ = A+1 its hypothe-
ses hold; for completeness we prove this bound briefly by another route. For order
28 the bound a < 3 is Lemma 2 of [4]. We did not find the lower bound on the
class at every vertex (Propositions 7.3 and 7.5) and inequality (7.1) below in [3],
[11], [12], [13] and [16], nor the structure of a vertex without a twin (Theorem 7.8)
in these works or in [4] and [21]. Together the two bounds give a condition on the
parameters.
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Theorem 7.6. If a DSRG witht =X+ 1 and p < A+ 2 exists, then
(7.1) A+2—p)? <plv—Fk—1).

In particular, there are no DSRGs (96,15,10,9,1), (40,9,6,5,1), (80,19,13,12,2),
and none with the complementary parameters (96, 80, 75,65, 75), (40, 30,27, 21, 27),
(80, 60, 54, 42, 54).

Proof. At any vertex Proposition 7.5 gives K — uf < a < K — g, whence q¢ < pf;
multiplying by ¢ > 0, we get ¢*> < pqf = u(v — K). For (96,15,10,9,1) we have
q=10> 8 = puf, for (40,9,6,5,1) we have ¢ = 6 > 5, and for (80,19,13,12,2) we
have ¢ = 12 > 10. |

For (96,15,10,9,1) and (40,9,6,5,1) we have = 1, and the lower bound a >
K — f is also given by the rank, Proposition 7.3. This is how the Lean theorems ex-
clude these sets (Table 2): for (96, 15,10,9, 1) the rank gives a > 8, and Lemma 7.2
and Proposition 7.4 give a < 10 and a(12 — a) < 16, which fails for a = 8,9,10. On
both routes the upper bound comes from counting, and the proof of Theorem 7.6
takes the lower one from counting as well (Proposition 7.5). The pairs (40,9, 6,5,1)
and (80, 19,13, 12, 2) were excluded by [6] through a search over hyperplanes of rank
6 with Farkas certificates, together with the line (40m,30m,27m,21m,27m) and
the line of its complements (40m,10m — 1,7m — 1,7m — 2,m); Theorem 7.6 gives
them a two-line proof.

The clique blow-up maps a DSRG with ¢ = A + 1 to the graph with matrix
(A+1I)® Jp, — I and parameters (mv, mK — 1,m(A +2) — 1,m(A+2) — 2, mu):
the matrix B’ = B ® .J,, has unit diagonal and B'?> = mgB’ + mpuJ. Here K,
¢, p and v are multiplied by m, while f does not change, so inequality (7.1) is
the same at all points of the line of blow-ups as at its start. Among the sets
of the table [2] with ¢ = A + 1, inequality (7.1) excludes exactly six: the open
set (96,15,10,9,1) and the sets (40,9,6,5,1), (48,17,12,11,3), (80,19,13,12,2),
(80,23, 16, 15,3) and (96, 35,25, 24, 6), which are marked as nonexistent. Equality
in (7.1) holds for exactly thirteen sets of the table, (8m,4m —1,3m —1,3m —2,m)
for m = 1,...,13, and all of them have been constructed. For these sets f = 2,
and Proposition 7.5 gives a = 2m at every vertex; Godsil, Hobart and Martin
described such graphs completely [12, Theorem 5.3] (they have exactly four classes
of 2m vertices each), and Jorgensen independently proved the uniqueness of their
complements (8m, 4m, 3m, m,3m) [11, Theorem 4].

Classes for y = 1. Fromnowon g =1,80 g=A+1and B2= (A +1)B + J.

Lemma 7.7. Let p=1. Then:

(1) N7T[x] is a union of column classes, and N~ [y] is a union of row classes;

(2) |C. N CLI = 1: two distinct vertices are never twins both by row and by
column;

3) a+a <A+3.

Proof. (1) Let y € NT[z] and let ¢’ be a column twin of y. Then z € N~ [y] =
N~[y'], that is, ¥ € NT[z]. The second half is symmetric.

(2) Let zp # 21 be twins both by row and by column. For any € N~ [z] and
y € NT[z] both vertices zg, 21 lie in N*[z] N N~ [y], and by Lemma 7.1 such an
intersection has two or more vertices only when y € Nt [z]. Hence N T [29] C N [x],
and since the sizes are equal, Nt[z] = NT[2], so every z € N~ [z] lies in C,.
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Then N~ [2] C C,, € NT[z] by Lemma 7.2 and |[Nt[z9] N N~ [20]| = K, whereas
by Lemma 7.1 this numberis A\+2=t+1 < K.

(3) By Lemma 7.2 for A and for AT, the classes C,, and C, lie in N*[z] "N~ [x],
which has A + 2 vertices, and by item 2 they meet only in x. [

Theorem 7.8 (vertex without a twin). Let u=1,t =X+ 1 and k = 2\ + 2, that
is, f = K. If a vertex x has no row twin, then A\ < 2. Hence for A\ > 3 every vertex
has both a row twin and a column twin.

Proof. Let a = 1, O = T (z), S = Nt[z] and W = V' \ S. By Lemma 7.1,
W|l=v-K=Kk-A—-1)=K\+1),andrankB=1+ f =K + 1.

Blocks. By Lemma 7.1 every w € W has exactly one in-neighbour in S, and
it is not . Hence W splits into the blocks W, = ' (o) N W, o € O; we call
the vertex o the root of the block. An empty block W, would give N*[o] C S,
that is, N*[o] = S, while  has no twins; hence the blocks are nonempty. Apply
Lemma 7.1 to the root o. (i) If w € W,, then N*[o] N N~ [w] consists of o, of w
itself and of the vertices of W, that have an arc to w, and it has A + 2 vertices;
hence |W, NN~ [w]| = A+ 1, that is, the column w of B has A+ 1 ones on W,. (ii)
If w € W, with o' # o, then w ¢ N [o], and at most |[N*[o] N N~ [w]| = 1 vertex
of W, has an arc to w.

Minors. For a vertex w and vertices y, ¢’ of one block put &, (y,y") = B(w,y) —
B(w,y’). Then for any w,w’ € W, vertices y,y’ of the block W, and vertices z, 2’
of the block W,

(7.2) 0w (¥, y') dur (2, 2") = 0w (y, ") 0w (2, 2").

For w = w' this is obvious; let w # w’. There are K +2 rows indexed by SU{w, w’'},
while the rank of B is K+1, so there is a nonzero vector u with support in SU{w, w’}
and u" B = 0. In the column y € W,, among the rows S only the row of the root
o has a one, so u, + B(w,y)u, + B(w', y)u, = 0. Subtract the same equality for
Y 6w (Y, Y )ty + 0w (Y, ¥ )y = 0; likewise for z, z’. If wy, = uy = 0, the column
of any vertex of the block W, would give u, = 0 for every o € O, and the column x
would give u,, = 0, that is, u = 0. Hence the system of two equations has a nonzero
solution (., Uy ), and its determinant, the difference of the two sides of (7.2), is
zZero.

The pivot vertex. Suppose that the row of B of every vertex of W is constant on
every block. Then a vertex w € W, has arcs to all vertices of W, because B(w,w) =
1; the block W, is a reciprocal clique, [W,| = A+ 1 by (i), and |W| = k(A + 1),
contrary to |W| = K(A+1). Hence there are a vertex wyg € W and vertices yo, g of
one block with B(wo,yo) = 1 and B(wo,y5) = 0. Put €y, = 0w (v0,y5) € {—1,0,1}.
Equality (7.2) with w’ = wyg gives, for any w € W and vertices y, y' of one block,

(73) 6w(y7y/) =E&w 6wo (y7y/)

If £, = 0, the row w is constant on every block, and on its own block it equals
B(w,w) = 1. On every block where the row wy is not constant, it takes the values
0 and 1, and the difference of the rows w and e,,wy is constant by (7.3). Hence for
€w = 1 the row w coincides on such a block with the row wg, and for £,, = —1 it
complements it to 1.

Special blocks. A block is called special if the row wq is not constant on it. On
a non-special block W, the row of every vertex is constant by (7.3), so, as above,
W, is a reciprocal clique and |W,| = A+ 1. In a special block W, choose y, v’ with



18 IURII IVANOV

B(wp,y) = 1 and B(wg,y’) = 0; then 6, (y,y’) = €w. The vertices w € W, with
€w = 1 have B(w,y) = 1 and B(w,y’) = 0, those with g, = —1 the other way
round, and those with &,, = 0 have ones in both columns. By (i), the columns y
and 3’ of B have A + 1 ones each on W,, so W, has as many vertices with £, = 1
as with &,, = —1; denote this number by p,. Then |W,| = A+ 1+ p,. Add up the
sizes of all k blocks: |W| = k(A + 1) + > p,, where the sum runs over the special
blocks, while |W| = K(A +1). Hence > p, = A+ 1: there are special blocks, and
W contains vertices with ¢,, = 1 and with ¢, = —1.

Two or more special blocks. Let W, and W, be distinct special blocks, z € W,
and B(wy, z) = 1. Every vertex of W,, with ,, = 1 has an arc to z, while by (ii) at
most one vertex of W, has an arc to z. Hence all p, < 1, there are at least A + 1
special blocks, and together they contain at least (A + 1)(X + 2) vertices. Take w
with €, = 1 and w’ with e, = —1: every vertex of a special block lies in N [w]
or in N*[w']. Hence (A + 1)(A +2) < 2K = 2(2X + 3), that is, A = A —4 < 0 and
A< 2.

One special block W,,. Then p,, = A+ 1 and |W,,| =2\ +2 =k, so [ (01) =
W,,; it has no vertices with ,, = 0, and A + 1 vertices with €,, = 1 and as many
with €, = —1. By (7.3), on W,, the row of a vertex with ¢,, = 1 coincides with
the row wg, and the row of a vertex with €, = —1 complements it to 1; each
vertex lies in its own closed out-neighbourhood, so the former have arcs exactly to
the vertices with € = 1, and the latter exactly to the vertices with ¢ = —1. Hence
't (01) consists of two reciprocal cliques of A+ 1 vertices each, with no arcs between
them. The vertex o; has no row twin: such a twin would lie in I'"(01) and have
arcs to all its other vertices. For A > 3 apply what has been proved to o; instead
of x: two special blocks are impossible, so 0; has one special block, and its root
02 € T'"(01) has all its out-neighbours outside N*[01]. But os lies in a clique of
A+ 1 > 2 vertices inside I'*(01), a contradiction. A column twin is a row twin in
AT, O

Theorem 7.9. There is no DSRG with u=1,t=X+1, k=2\A+2 and \ > 4.

Proof. By Theorem 7.8, a,a’ > 2 at every vertex. For 3 < a < A\ we have a(A+3 —
a) > 3\ > 2X+ 3 = K, so by Proposition 7.4 and Lemma 7.2, a,a’ € {2, A + 1},
and by item 3 of Lemma 7.7 they are not both equal to A + 1.

Let a = XA+ 1 for the class C. Then for every y € C, the column class is a
pair Cy = {y,y'}, where y’ € N*[z] by item 1 of Lemma 7.7 and 3’ ¢ C, by item
2. The vertices y' for different y are distinct: if y; = y5, then C) = C,, > ya,
and yo would be a twin of y; both by row and by column. The set Nt[z] \ C,
has K —a = X\ + 2 vertices, and one vertex u* belongs to none of the classes Cz/;'
By item 1 of Lemma 7.7, C!/. C N7T[z], and it is disjoint from the classes Cy, 80
C!. = {u*}, contrary to a’ > 2. Hence all row classes are pairs, and, by A", so
are all column classes. By item 1 of Lemma 7.7 the set NT[z] is a union of disjoint
column pairs, so the number of its vertices is even; but it equals 2\ + 3. O

Corollary 7.10. There are no DSRGs (66,10,5,4,1) and (91,12,6,5,1), and none
with the complementary parameters (66, 55,50,45,50) and (91,78,72,66, 72).

Proof. For (66,10,5,4,1) we have ¥ = 10 = 2\ + 2 with A\ = 4, and for
(91,12,6,5,1), k = 12 = 2\ + 2 with A = 5. O
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For these two sets inequality (7.1) gives nothing: ¢ =5 < uf =11 and ¢ =6 <
13. The threshold A\ > 4 of Theorem 7.9 cannot be lowered: the set (45,8,4,3,1)
with & = 2X + 2 and A = 3 has been constructed [2].

The set (28, 6, 3,2, 1). Here k=6=2\+2 with A=2, K =7, f =7 and
B? = 3B+J. Theorem 7.8 does not exclude a vertex without a row twin: with three
special blocks the inequality of its proof holds, (A + 1)(A +2) = 12 < 14 = 2K.
A vertex without a row twin is called row-free, and one without a column twin
column-free.

Lemma 7.11. Let u=1,t=X+1and U = N*[z]\ C,.
(1) Ifa = A+1, then there are no arcs inside U, the column twins of the vertices
of U lie in Cy, and at least K — 2(\ + 1) vertices of U are column-free.
(2) If there are no free vertices and K > 2(A+ 1), then a < X and o' < X at
every vertex. For A\ = 2 all row classes and column classes are pairs, and
K is even.

Proof. (1) Every y € C, has arcs to all vertices of NT[z] \ {y}, so C;, € N~ [u]
for every u € U. By Lemma 7.1, N*[z] N N~ [u] has exactly A + 2 vertices; these
are the A + 1 vertices of C, and u itself, so there are no arcs from U to u. By
item 1 of Lemma 7.7, C!, C NTt[z]. If a column twin v/ # u lay in U, then
u € N~ [u] = N~ [v/] would give an arc u — «’ inside U; hence CJ, \ {u} C C,.
Two vertices of U cannot both be column twins of one y € C,, since otherwise
they would be column twins of each other. Hence at most A + 1 vertices of U have
|Cl| > 2, and at least [U] — (A+ 1) = K — 2(A + 1) are column-free.

(2) By Lemma 7.2, a < A+ 1. If a = A+ 1, item 1 would give column-free
vertices. Hence a < A\, and by A" also a’ < . For A = 2, together with a,a’ > 2
this gives @ = o/ = 2, and by item 1 of Lemma 7.7, N*[z] is a union of column
pairs, so K is even. 0

Theorem 7.12. There is no DSRG (28,6,3,2,1), and none with the complemen-
tary parameters (28,21,18,15,18).

Proof. Let A be the matrix of a DSRG (28,6, 3,2,1). We consider three cases.

There is a row-free vertex x. Renumber the vertices: x gets the number 0, its
three reciprocal neighbours the numbers 1, 2, 3, its other three out-neighbours 4,
5, 6, the three vertices that have arcs to z but receive no arc from x the numbers
7, 8, 9, and the other eighteen vertices the numbers 10-27. Such a graph satisfies
a SAT formula whose variables a(i,j) with ¢ # j are the arcs of the graph, and
whose clauses require the following: every vertex has exactly 6 out-neighbours and
6 in-neighbours; there are exactly 3 paths ¢ — 2z — j for ¢ = j, exactly 2 when there
is an arc ¢ — j, and exactly 1 when there is none; the arcs of vertex 0 are placed as
the numbering prescribes; the row of B of vertex 0 differs from the row of any other
vertex. A path i — z — j is an auxiliary variable equivalent to a(i, z) Aa(z, j), and
the conditions “exactly n ones” are encoded by the sequential counter [23]. The
formula is unsatisfiable, and this is proved in Lean: the generator of the formula is
written in Lean, a Lean theorem proves that a graph with a row-free vertex, after
such a renumbering, satisfies each of its clauses, and the proof of unsatisfiability
found by the solver CaDiCaL [24] is checked by the Lean kernel (Section 9). Hence
there is no row-free vertex.

There is a column-free vertez. It is row-free in AT, the matrix of a DSRG with
the same parameters, and this case has been excluded.
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There are no free vertices. Here K = 7 > 6 = 2(A + 1), and by item 2 of
Lemma 7.11 the number K is even, a contradiction. O

The rank plays no part in the proof of Theorem 7.12: the free vertex is excluded
by a formula written directly from the definition of a DSRG, and the other cases
by counting twin classes. We have no argument for this case without a solver.

Earlier proofs for two pairs. Theorem 10 of [3] excludes the line
(96m, 80m, 75m, 65m, 75m) by a search over the normals of a nonnegative basis of
columns of rank 9, and with it the pair (96,15,10,9,1). The paper [4] excludes the
line (28m,21m, 18m, 15m,18m) for odd m, and for m = 1 the pair (28,6,3,2,1),
by a search over the normals of a nonnegative basis of eight columns of A + I,
finished by small exact searches and a SAT formula with a DRAT proof. We did
not repeat the computational steps of [3] and [4], and our proofs do not rely on
them: for (96,15,10,9,1) the proof is the two bounds on a twin class, and for
(28,6,3,2,1) a solver is needed only for a graph with a free vertex.

8. THE LIMITS OF THE METHOD

The method is as strong as the piece that the parameters force at a vertex: the
larger and the more rigid the piece, the more it can exclude. This section shows
where there is no such piece and the method is silent.

The out-neighbourhood gives only a known condition. The most general
forced piece is available for any A: the closed out-neighbourhood.

Proposition 8.1. Let p > 1, let x be a verter, O = I'*(z), S = NT[z] and
Ao = A[O,O). Then:
(1) 1T Ao = A17, and all eigenvalues of Ao have absolute value at most \;
(2) for each root 8 we have (0 — X) det By[S, S] = (6 + 1) det(Ap — 6I);
(3) if |0 > X and 6 # —1, then By[S, S] is nonsingular, and k < m/.

Proof. (1) For o € O there are exactly A paths © — z — o, and their middle
vertices are the in-neighbours of o in O. The absolute value of an eigenvalue of a
nonnegative matrix is at most the largest column sum of the matrix.

_ T
2) Order S as z, O. en By|S, 5| = , where £ = Ap — and a
Order § as , 0. Then By[S5.S] = (7 ). where B = 4o — 01 ana

is the indicator vector of O NT'~(x). Expansion gives det By[S,S] = —0det E —
1" adj(E)a. From 1" E = (A —0)1" it follows that (A —0)1T adj(E) =det E-1".
Multiply by A — 6 and use 1Ta = t: (A — 0) det By[S,S] = det E (0> — \0 —t). A
root satisfies 62 = (A — p)f +t — u, hence 02 — X\ —t = —pu(6 + 1).

(3) For |6] > A the number 6 is not an eigenvalue of Ao by item 1, and 6 # .
For 6 # —1 the right-hand side of item 2 is nonzero, so the block of order k£ + 1 is
nonsingular, and by item 3 of Lemma 3.1 we get k+1 <1+ m’. O

The bound k < m/ for || > A is Corollary 7 of Hobart and Williford [16, p. 5]
with @ and ¢ interchanged, read as its contrapositive. In [16] it is derived from [16,
Theorem 6] (Section 6): 6’ is an eigenvalue of A[I'" (z), ' ()], whence |6’| < \if the
multiplicity of € is less than k; this is condition N11, and the table already applies
it. For § = —1, that is, for A = 0 and ¢t = 1, Corollary 7 of [16] is even stronger
than item 3, because it has no exception § = —1. Thus the out-neighbourhood by
itself gives no new exclusion. The exclusions of Sections 4-6 and of Theorem 7.9
rest on pieces larger or more rigid than it: on the neighbourhood Nz of 2k —t +1
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vertices for A = 0, on the left kernel of the rows {z} Ul (z) for A =1, t = 2, and
on the rows of N*[z] together with two outer vertices for t = A+ 1, p =1, f = K.
Such pieces are forced only for small A and small i, and beyond them the method
in its present form is silent.

A = 0. Of the seven open sets of the table [2] with A = 0, Theorems 4.5 and 5.3
close five. For the two remaining ones the bound of Theorem 4.3 holds with a
margin: for (70,11,5,0,2) at € = 1 the gap 7 equals 3, and for (88,9,3,0,1) it is
17 at 8 = 1 and 40 at § = —2. For 7 = 3 Proposition 5.2 determines the block
outside N[x] by the types of the outer vertices and the arcs of three pivots, but
a search from three pivots is beyond our means: by Knuth’s estimate [25] with
random descents, its tree for each of the four graphs of arcs from @ to P has from
4.6 -10'® to 1.5 - 107 nodes. This is an estimate, not a proof, and nothing in the
paper rests on it.

A =1, t = 2u. Of the twelve open sets of this family in the table [2], seven
have £k + 1 — g < 0, and Corollary 6.3 gives them nothing. For the other five the
corollary bounds the number of components from below, ¢ > k+ 1 — g+ [d # 0],
while ¢ < k/2 by Lemma 6.1. Ounly for (55,16,12,1,6) do the two bounds come
close, 7 < ¢ < 8, and Theorem 6.4 excludes it. For (44,12,8,1,4), (63,16,10,1,5),
(95,20,10,1,5) and (98,22,12,1,6) the margin k + 1 — g equals 2, 4, 2, 6 against
k/2 =6, 8, 10, 11, and the kernel bound leaves several structures of a vertex that
we have not excluded.

t = A 4+ 1. Of the five open sets of the table with y = 1 and t = A + 1, the
paper closes four. For the fifth, (70,9, 3,2, 1), we have f = 20, while K = 10. The
structure of Theorem 7.8 rests on the equality f = K: for f > K the rank of B
is greater than K + 1, the rows of N1[z] together with two outer vertices may be
independent, and the minors of order 2 from its proof need not vanish. Lemma 7.11
applies to this set, but K = 10 is even, and there is no contradiction. For p > 2
the lower bound K — uf on a class from Proposition 7.5 is usually negative: every
vertex outside N [z] receives p arcs from N7T[x], and the count allows classes of a
single vertex. Of the 19 open sets of the table with ¢t = A+ 1, 1 > 2 and integral f
that inequality (7.1) does not exclude, 18 have this bound at most zero, for example
17 — 34 = —17 for (102,16,6,5,2). For the nineteenth, (81,17,10,9,2), it equals
18 — 14 = 4; together with a < K — ¢ = 9 and Proposition 7.4 it leaves a € {4, 9},
and there is no contradiction.

9. MACHINE VERIFICATION

Lean. The nonexistence results for nine pairs of Theorem A and their comple-
ments are proved in Lean 4 [9] with the Mathlib library [10]: Lean version v4.35.0,
Mathlib at the tag v4.35.0. A graph is given by the predicate IsDSRG n A k t lam
mu. It requires the integer matrix A of order n to consist of zeros and ones, to have
zero diagonal and row and column sums k, and to satisfy A% = tI+XA+u(J—1—A)
entrywise; it has no other conditions. The nonexistence of a set (v, k,t, A, 1) is a
theorem — IsDSRG v A k t lam mu for any matrix A, without other hypotheses.
The other theorems of the project are about properties of a graph and take the
hypothesis IsDSRG with the parameters of the statement and the hypotheses of the
statement itself; which of them are proved for any matrix, and how the Lean state-
ments differ from the text, is named in Table 3 of Appendix B. Eigenspaces are taken
over R, and the multiplicity m’ is the dimension of ker(A — 6'I). For each theorem
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the program prints, with the command #print axioms, the axioms it depends on:
these are only propext, Classical.choice and Quot.sound. The proofs contain
neither sorry, nor axioms of our own, nor native computation (native_decide).

TABLE 2. The nonexistence results of Theorem A in Lean. The
modules belong to the project DsrgRank in the repository of Sec-

tion 11.
Set and complement Lean theorems Module Route of the
proof
50,11,7,0,3), ClosedNbhd_no_50_11_7_0_3, ClosedNeighbourhood, Corollary 4.4
g y
(50, 38, 34,29, 28) compl_no_50_38_34_29_28 Complement
(68,13,7,0,3), ClosedNbhd_no_68_13_7_0_3, the same Corollary 4.4
(68,54, 48,43, 42) compl_no_68_54_48_43_42
100,16,7,0,3), ClosedNbhd_no_100_16_7_0_3, the same Corollary 4.4
y
(100, 83, 74, 69, 68) compl_no_100_83_74_69_68
(108,19,9,0,4), ClosedNbhd_no_108_19_9_0_4, the same Corollary 4.4
(108, 88,78, 72, 70) compl_no_108_88_78_72_70
(48,9,5,0,2), - — the reduction in
(48,38, 34, 30, 30) the text, the
search by two
programs
(55,16,12,1,6), LeftKer_no_55_16_12_1_6, LeftKernelComponents Theorem 6.4 by
(55,38, 34,27, 24) compl_no_55_38_34_27_24 the same route
(66,10,5,4,1), TwinMuOne_no_66_10_5_4_1, TwinClassesMuOne, Theorems 7.8
(66,55, 50, 45, 50) compl_no_66_55_560_45_50 Complement and 7.9
91,12,6,5,1 TwinMuOne_no_91_12_6_5_1 the same Theorems 7.8
( b b b b K b
(91,78,72,66,72) compl_no_91_78_72_66_72 and 7.9
(96,15,10,9,1), TwinMuOne_no_96_15_10_9_1, the same Propositions 7.3
(96,80, 75,65, 75) compl_no_96_80_75_65_75 and 7.4,
Lemma 7.2
(28,6,3,2,1), Case28_no_28_6_3_2_1, Case28, VertexFrame, Theorem 7.12
(28,21,18,15,18) Case28_no_28_21_18_15_18 Complement, Sat with the SAT
certificate in the
kernel

The complements are derived from the nonexistence results by the general com-
plement theorem not_isDSRG_compl. By the same route the project proves the
nonexistence of (40,9,6,5,1) and (80,19, 13, 12,2) from Theorem 7.6 together with
their complements, and also of six other sets with A = 0 that Corollary 4.4 excludes.

The SAT certificate in the Lean kernel. The first case of Theorem 7.12 is
closed by a SAT formula. It has 131,518 variables and 300,889 clauses. The solver
CaDiCaL [24], version 1.9.5, from PySAT [22] proves it unsatisfiable in less than a
second and writes a DRAT proof; drat-trim [26] checks it against the formula and
extracts from it an LRAT proof [27] of 525 steps. This proof is checked by the Lean
kernel. The generator of the formula is written in Lean, and a Lean theorem proves
that the matrix of a DSRG with a row-free vertex, after the renumbering from the
proof of Theorem 7.12, satisfies every clause of the generator. The LRAT steps
refer to 1,627 clauses of the formula; the kernel checks by computation that each
of them is a clause of the generator for the parameters (28,6,3,2,1) and that the
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525 steps derive the empty clause from them. The LRAT checker in Lean is built
on the kernel of the package Irat-catcher [28]. Thus both the unsatisfiability of the
formula and its correspondence to a graph with a free vertex are proved formally,
and neither the solver nor the program that builds the formula needs to be trusted.

The search for (48, 9, 5, 0, 2). The last step of Theorem 5.3 is a computation
on the reduction of Proposition A.2, which is proved only in the text. It was carried
out by two programs of different design that share no code (Appendix A). The
second program writes a SAT formula for each pivot orbit, and the unsatisfiability
of each of the 707 formulas has been checked without trusting the solver. For
166 orbits the formula contains the empty clause: one of its cardinality constraints
requires a cell to take more triples than the cell has candidates, or a negative number
of triples. The remaining 541 formulas were solved by CaDiCaL [24], version 1.9.5;
for it the cardinality constraints are encoded by the sequential counter [23]. For
each of these formulas CaDiCal. wrote a DRAT proof, drat-trim accepted all 541
proofs, and all the LRAT proofs that drat-trim extracted from them were accepted
by the LRAT checker of the repository: it checks them again against the same
formula by unit propagation and accepts no RAT steps. The SHA-256 hashes of
the formulas and proofs, the computing times and the commands that recreate
them are given in the README of the repository (Section 11).

The checkers confirm the unsatisfiability of the formula they are given; whether it
encodes the conditions of Proposition A.2, they do not check. This correspondence
is not proved formally: it rests on the construction of the formula and on the
controls of the programs on known graphs (Appendix A).

What is checked outside Lean. The nonexistence of (48,9,5,0,2) remains
outside Lean. Its reduction (item 3 of Lemma 5.1, the formula of Proposition 5.2,
Lemma A.1 and Proposition A.2) is proved in the text, and the search is carried
out by programs; for this set Lean proves only part of the reduction and does not
give the nonexistence. The statements on which no nonexistence result rests are
also proved only in the text: the determinant formula of Proposition 4.2, items
3-5 of Lemma 3.1 in general form (the applications use their particular forms), the
identity >, .y Yu = a(A 4+ 2 — a) of Proposition 7.4, and Proposition 8.1.

Controls on known graphs. Every statement of Sections 4-7 has been checked
by exact computation at every vertex of the known DSRGs that satisfy its hypothe-
ses, complements included; the formula of Proposition 4.2 fails on graphs with
A =1, as it should. These checks are not part of the proofs: they show that the
statements say what we claim they say.

10. Use oF Al

The arguments, the proofs, the checking programs and the text of the paper were
produced by AI agents running on Claude models (Anthropic) under the direction
of the author. The author chose the problem, directed the work and is responsible
for the publication. The two rStation papers [7] and [8] that this paper merges and
reworks were posted by an Al agent directed by the author.

No human mathematician has checked the proofs of the text line by line. The
proofs of nine nonexistence results out of ten are checked by the Lean kernel (Sec-
tion 9). The reduction for (48,9,5,0,2) and the steps that are not in Lean (Table 3)
were read by independent passes of Al reviewers.
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11. DATA AVAILABILITY

The Lean modules, the checking programs, the graphs on which the controls
run, and the certificates needed to repeat the checks of the paper are kept in
the public repository on GitHub https://github.com/Nosdormas/melete-math
(release 1.1.0) and preserved in the Software Heritage archive as the snapshot
swh:1:snp:660b3b805773567b1a87f0f5764b21a3b580fc44. For every check, the
README of the repository names the command, the expected outcome and the
computing time, and for the search of Theorem 5.3 and the certificate of Theo-
rem 7.12 also the SHA-256 hashes of the formulas and proofs.

APPENDIX A. THE REDUCTION AND THE SEARCH FOR (48,9, 5,0, 2)

Here (v, k,t, A\, pu) = (48,9,5,0,2), 8 = 1, and the notation is that of Section 5.
Lemma A.1. Let (v,k,t, A\, pu) = (48,9,5,0,2) and 0 = 1. Then ¢ = =3, m' =
g=14, 03 —t0 — u(k —t) = —12, M| =5, |Q| = |P| = 4, |N(z)| = 13, there are
34 outer vertices, T = 1, and the trace of T' equals —4. Moreover:

(1) the arcs from Q to P form a bipartite graph in which every vertex is incident
with exactly two arcs: a cycle of length 8 or two cycles of length 4;
(2) the row and the column x of the matriz ® are zero, and on N(x), in the

order M, Q, P,
3I+J J 2J
O[N(z), N(z)] = 2J 3I+2J 2(J—Agp)|;
J J 3I+2J

every vertex of M and of P has 8 out-neighbours among the outer vertices,
and every vertex of QQ has 7; every vertex of M and of Q has 8 in-neighbours
among the outer vertices, and every vertex of P has 7;

(3) let ay = [T (w)NQ| and By, = T~ (w) N P, let vo(w,w’) be the number of
paths w — n — w' withn € N(x), and let v3(w,w") be the number of paths
w—u—p—w withueQ, pe P. Then for outer vertices w and w'

F(w,w') = (L+ aw)?fl + Bur) — va(w,w') — v3(w,w'),
oy =—1— (1 = au})?,(l - ﬁw) + VQ(U),U)) + VB(w’w)a

and the number 30, is an integer;
(4) distinct outer vertices have distinct types.

Proof. The roots of the polynomial z? + 2z — 3 are 1 and —3; by Lemma 3.1,
f+g=47and 9+ f — 39 =0, whence g = 14, f = 33. Further, 1 — 5 — 8 = —12,
the sizes of the parts are given by Lemma 4.1, 7 = 14 — 13 = 1, and the trace of T
equals 1- (=3 —1) = —4 by Lemma 5.1.

(1) By Lemma 4.1 every u € @ has exactly two out-neighbours in P. For p € P
there is no arc * — p, so there are exactly u = 2 paths * — o — p; their middle
vertices lie in I'", and by Lemma 4.1 in Q. A bipartite graph on 4 + 4 vertices in
which every vertex is incident with two arcs is a union of even cycles of length at
least 4.

(2) By Lemma 5.1, ®(n,n’) = (XY)(n,n’) is the value of A%(n,n’) given by the
definition minus the number of paths of length 2 inside N[z], and the paths inside
N|z] are given by Lemma 4.1. For example, for m # m/ from M there is no arc,
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A2(m,m’) = pu = 2, inside N[x] there is one path m — x — m’, and ®(m,m’) = 1;
for u € Q and p € P with an arc u — p we have A?(u,p) = 0 and ®(u,p) = 0.
There are no arcs from x to the outer vertices, so the row and the column x are
zero. The degrees are k = 9 minus the numbers of arcs inside N|z].

(3) Let £ = X(+,w’) and 2 = L~!¢. By Lemma 4.1 the only out-neighbour of
i € T~ inside NJz] is z, those of u € @ are two vertices of P, and those of x
are the vertices of I'". Hence the rows of Lz = £ give z; = 2, — & for i € '™,
Zy = Zu_}p zp — & foru € Q, and Y 1\ 2o = 2, since there is no arc z — w'.
Substitute the first two equalities into the third. Every p € P has exactly two
in-neighbours in @, and w’ has exactly 4 = 2 in-neighbours in I'*" and 8, in-
neighbours in P, so 12z, = 2 + 28,,. Finally, F(w,w’) = Zneﬁ(w)mv(x) zn; the
vertex w has exactly 2 out-neighbours in I'” and «,, out-neighbours in @, and the
subtracted terms &, add up to ve(w,w’) + v3(w,w’). This gives the first formula;
the second follows from o, = —1 — F(w, w).

(4) Let w # w’ have the same type. Then they have two common in-neighbours
in I't, and by item 1 of Lemma 4.1 there are no arcs between w and w’. The
value F(w,w’) depends on the out-neighbours of w and the in-neighbours of w’,
and w’ has the same in-neighbours as w; hence F(w,w’) = F(w,w) and T(w,w') =
—F(w,w) = 1+ o. Likewise T(w',w) = 1+ o, and o, = 0,,. The equality
0wow = T(w,w)T(w',w) of Proposition 5.2 gives 02 = (1 + 7,,)?, that is, 0, =
—1/2, while the number 30, is an integer, a contradiction. O

Symmetries and types. Label Q and P so that the graph of arcs from @ to
P coincides with one of the two graphs of item 1 of Lemma A.1. Permutations
of M and pairs of permutations of () and P that preserve the arcs from @ to P
preserve L and ® and map types to types without changing F' and o; we call them
symmetries of the frame, that is, of the subgraph on N[z] with the chosen arcs from
Q@ to P. For the cycle there are 5! -8 = 960 of them, for two cycles 5! - 32 = 3840.
A type is called admissible if a vertex w of this type has exactly two in-neighbours
in Tt and exactly two out-neighbours in I'", and the subgraph on N[z] U {w}
contains no transitive triangle; the type of every outer vertex is admissible. There
are 57,920 admissible types for the cycle and 58,912 for two cycles; the symmetries
of the frame split them into 415 and 418 orbits, and o # 0 on 352 and 355 of them,
707 orbits in total. The key of an orbit is the smallest code, in a fixed order, of a
type in it.

Proposition A.2. Suppose that a graph (48,9,5,0,2) exists, and let x be a vertex
of it. Then, for a suitable labelling of Q and P, there is an outer vertexr wqy with
oo # 0 whose type is the fized representative of its orbit, and the key of this orbit is
at most the key of any outer vertex with o # 0. Each of the other 33 outer vertices
w is given by a triple: the type of w, a,, = A(wg,w) and by, = A(w,wy). The
triples satisfy the following conditions:

(a) minor of the pair: g0y = (@ — F(wo, w))(by — F(w,wp));

(b) arcs to the pivot: the arc wy — w does not close a transitive triangle with
the third vertex in N[z]|, and without this arc there are at most p paths
wo = n — w with n € N[z]; the same holds for w — wo;

(c) types: the types of all 34 outer vertices are distinct, and if 0., # 0, the key
of the orbit of the type of w is not smaller than the key of the pivot;
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(d) compatibility: for any two triples the numbers A(w,w") and A(w’, w) given
by the formula of Proposition 5.2 equal 0 or 1, an arc between w and w'
does not close a transitive triangle with the third vertez in N[z]U{wo}, and
without an arc there are at most v paths of length 2 between them through
N[zl U {wo};

(e) cover: for any n,n’ € N(z) exactly ®(n,n’) of the 34 outer vertices lie on
a path n — w — n'; the degrees of the vertices of N(x) towards the outer
vertices are as in item 2 of Lemma A.1; the vertex wy has exactly 7 — ouy,
out-neighbours and 7 — By, in-neighbours among the other outer vertices,
and every w has exactly 7 — o, and 7 — By;

(f) reciprocal arcs of the pivot: the number of triples with a,, = by, = 1 equals t
minus the number of vertices of N(x) joined to wg by arcs in both directions.

Proof. The trace of T equals —4, so o, # 0 for at least one outer vertex. Among
such vertices take a vertex wg with the smallest orbit key and apply the symmetry
of the frame that maps its type to the representative of the orbit. Condition (a)
is the second equality of Proposition 5.2 with w’ = wyg, and the arc formula in
(d) is its first equality. The rest of (b) and (d) is the definition of a graph with
A =0 and pu = 2 on a subgraph: over an arc there are no paths of length 2, and
without an arc there are exactly p of them in the whole graph. Condition (c) is
item 4 of Lemma A.1 and the choice of wg. The first two parts of (e) are item 2 of
Lemma 5.1 and item 2 of Lemma A.1; the last one holds because an outer vertex
has 9 out-neighbours, of which 2 lie in '™ and ay, in @, and 9 in-neighbours, of
which 2 lie in I't and 3, in P. Condition (f) is the equality A?(wg,wo) = t: the
vertex wg has exactly t neighbours joined to it by arcs in both directions; z is not
among them, those that lie in N(z) are given by the type of wg, and the rest are
the outer vertices with a,, = b, = 1. [l

The first program. For each of the 707 pivot orbits it looks for 33 triples
satisfying conditions (a)—(e). It also checks the last part of (e), the degrees of
the other outer vertices among the outer vertices. It does not check condition (f):
weakening the conditions only enlarges the search. First it builds the candidates,
the triples satisfying (a)—(c), and their pairwise compatibility (d); everything is
computed exactly, in integers, because the matrix 12L! is integral. Then it solves
an exact cover problem with pairwise compatibility. There are 197 cells: 169 pairs
(n,n’) from N(z), 13 cells each for the out-degrees and the in-degrees of the vertices
of N(x), and two cells for the degrees of the pivot. The depth-first search takes the
cell with the fewest fitting candidates and branches over them; in the branch of the
i-th candidate the candidates of the same cell with smaller indices are excluded,
so every cover occurs in exactly one branch, and the search is complete. For the
cycle, a cover is impossible already at the root for 38 of the 352 pivot orbits, and
for two cycles, for 90 of 355. The search over the remaining 314 and 265 orbits
visited 36,012 and 12,620 nodes and found no cover.

The second program is designed differently and shares no code with the first:
it builds the frame, the types, the order of the orbits and the key with its own code,
and writes one SAT formula for each pivot orbit. A variable of the formula is a
candidate, that is, a triple satisfying (a)—(c). The clauses forbid taking two triples
of the same type and two triples that are incompatible by the arc formula and the
count of paths of length 2 in (d); triangles in which the arc between two triples is
one of the two arcs of a path through the third vertex are not forbidden by the
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formula, and this weakening, too, only enlarges the search. Cardinality constraints
encode the same cells of the cover as in the first program, the number 33 of triples
and condition (f); the last part of (e) is absent from the formula as well. The solver
Minicard from PySAT [22] found the formulas of all 707 orbits unsatisfiable, but
the result does not rest on it: each unsatisfiability has been checked separately, 166
formulas contain the empty clause, and for the other 541 CaDiCal. wrote proofs
accepted by two checkers (Section 9). Both programs rest on the same reduction,
Proposition A.2, which is proved only in the text, and each checks a part of its
conditions. Therefore the second program catches an implementation error in the
first one, but not an error in Lemma A.1 or in Proposition A.2.

Cuts beyond the conditions. Besides conditions (a)—(f), both programs dis-
card candidates by direct consequences of the identity A% = ¢I + u(J — I — A) and
of the cover (e): there are at most p paths of length 2 between vertices already
chosen and none over an arc, a vertex has at most ¢ two-way neighbours, and a
path n — w — n’ is taken only while the number ®(n,n’) is not used up. Every
graph with these parameters satisfies these cuts.

Controls of the programs. The case 7 = 1 is checked on the Petersen graph as
a DSRG (10, 3,3,0,1) with # = 1. There the rank of T" equals 1, every outer vertex
has 0, = —1/2, and the types of outer vertices repeat: this is exactly what item 4
of Lemma A.1 excludes for (48,9,5,0,2) by the integrality of 30,,. Therefore, for
the Petersen graph the second program builds a formula of the same construction
without the condition of distinct types. The positive control of the second program:
for 190 pairs (vertex, 0) of known graphs with 7 € {0,2,3} and for all ten vertices
of the Petersen graph at 8 = 1, where 7 = 1, the formula is satisfiable on the actual
graph, and the first solution found is a DSRG. Three deliberate faults, namely a
sign in the formula of Proposition 5.2, a shift of the matrix ® and a strict order of
the keys, lose the actual graph at all vertices of the Petersen graph for both roots.
The first program is built for the frame of (48,9,5,0,2) and was not run on the
Petersen graph. Its exact cover engine has been checked against exhaustive search
on random instances, and on the Clebsch graph at § = 1, where 7 = 0, it finds
exactly one cover, which assembles into the graph itself. The first program has no
control at 7 = 1, and it writes no checkable trace of its search.

APPENDIX B. STATEMENTS OF THE PAPER AND LEAN THEOREMS

Table 3 names what each step of the proofs rests on: “Lean” is a theorem
accepted by the Lean kernel (Section 9); “by hand” is a proof in the text. Theorems
about properties of a graph take the hypothesis IsDSRG with the parameters of the
statement; where “for any matrix” is said, the theorem has no hypothesis IsDSRG.
The nonexistence results for the sets and their complements are listed in Table 2.

Table 3: Statements of the paper, what they rest on, and Lean theorems.

Statement Rests on Lean theorems Difference in the Lean
statement

Section 3: pu > 0 Lean mu_pos, disc_pos —

and A > 0 for

O<t<k<wv-—1
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Statement Rests on Lean theorems Difference in the Lean
statement
Lemma 3.1, items  Lean sub_mul_sub_eq, —
1,2 k_sub_mul_k_sub,
spectrum_counts,
rank_sub_root,
rank_sub_root_duval
Lemma 3.1, items by hand; — the applications use

3-5
Lemma 3.1, item 6

Complement and
transpose

Lemma 4.1

Proposition 4.2

Theorem 4.3,
Corollary 4.4,
Theorem 4.5

Lemma 5.1, items
1,2

Lemma 5.1, item 3;
the formula of
Proposition 5.2
Proposition 5.2 for
7 =1, the second
equality, for
(48,9,5,0,2)

Lemma A.1:
g = 14 and the
rank of A — T

Lemma A.1, item
2: degrees towards
the outer vertices

standard linear
algebra
Lean

Lean

Lean

nonsingularity
in Lean, the
determinant
formula by
hand

Lean

Lean

by hand

Lean in its own
form

Lean

Lean in general
form, the
numbers by
hand

KerFrame_rank,
KerFrame_range
isDSRG_compl,
not_isDSRG_compl,
isDSRG_transpose
ClosedNbhd_no_tt,
ClosedNbhd_arcs,
ClosedNbhd_muZ,
ClosedNbhd_card
ClosedNbhd_kernel,
ClosedNbhd_rank

ClosedNbhd_bound,
ClosedNbhd_r_one; the
nonexistence results in
Table 2

Schur_yhat, Recover_cover

Schur_kernel_of_card,
Schur_pair48, Recover_det_
zero_of_rank_1t,
Recover_det16

Schur_g48, Schur_rank48

Recover_out_degree,
Recover_in_degree

particular forms, rows
below

hypotheses 6 # 6’ and
k0

a kernel vector with
support in N|z] is zero; no
determinant formula

only the vector u; item 2
in counting form

for outer w # w’ there is a
nonzero vector of the
kernel of A — I with
support in Nz] U {w,w’},
and every submatrix of

A — I of order 16 is
singular; the passage to
the minor of T' is not
stated;
Schur_kernel_of_card
and Recover_det_zero_
of _rank_1t are for any
matrix

rank 15 instead of 7 =1

the degree of any vertex
towards the outer vertices
equals k£ minus its degree
inside N|[z]; the numbers 8
and 7 are not stated
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Statement

Rests on

Lean theorems

Difference in the Lean
statement

Lemma A.1, items
1,3, 4
Proposition A.2

The search in the
proof of
Theorem 5.3

Lemma 6.1

Theorem 6.2

Corollary 6.3

Theorem 6.4

Lemma 7.1

Lemma 7.2,
Propositions 7.4,
7.5

Proposition 7.3

Theorem 7.6

Lemma 7.7

by hand

two programs;
the
unsatisfiability
of the formulas
of the second
one: checked
proofs or the
empty clause
(Section 9)

Lean

Lean

Lean

Lean

Lean

Lean, except
the identity of
Proposition 7.4

Lean

Lean

Lean

LeftKer_pred,
LeftKer_cls_two,
LeftKer_comp_card,
LeftKer_sum_back,
ProfBound_out

LeftKer_egs,
LeftKer_prof_lift,
LeftKer_prof_le

LeftKer_dim,
LeftKer_bound, LeftKer_g,
LeftKer_comp_bound
LeftKer_55_16_12_1_6; the
nonexistence in Table 2
Twin_inter,
TwinMuOne_inter,
TwinMuOne_order,
Twin_spec, TwinMuOne_spec
Twin_sub, Twin_le,
Twin_gamma, Twin_class,
Twin_far, Twin_lower,
Twin_upper
TwinMuOne_rank_ge,
TwinMuOne_rank,
TwinMuOne_admissible
Twin_cond; the nonexistence
results in Table 2

TwinMuOne_col_union,
TwinMuOne_double,
TwinMuOne_ad

the components are the
classes of the equivalence
relation generated by the
arcs inside I't, without
the map pred; item 1 in
the form “y has an
in-neighbour in I't other
than y”; the count of item
3 for any function on I't
constant along these arcs

instead of ker D, functions
on I't constant along the
arcs and satisfying the
equations of the rows d
and h

item 1 for the same space
of functions; in addition
2c< k

inequalities only, without
the identity

>ueu Yu =a(A+2—a);
Twin_sub for any matrix

for the two sets with u =1
the lower bound comes
from the rank, the upper
one from Proposition 7.4
and Lemma 7.2

TwinMuOne_col_union for
any matrix
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Statement Rests on Lean theorems Difference in the Lean
statement
Theorem 7.8 Lean TwinMuOne_rank_free, the contrapositive: for
TwinMuOne_det, A > 3 the row class and
TwinMuOne_free_twin, the column class of every
TwinMuOne_free_twin_col vertex have at least 2
vertices; from one special
block only what is needed
further is derived: every
vertex of 't (01) has an
out-neighbour inside
I't(01), and not every
vertex of N1[o1] is its
out-neighbour
Theorem 7.9, Lean TwinMuOne_family, —
Corollary 7.10 TwinMuOne_no_family; the
nonexistence results in
Table 2
Lemma 7.11 Lean VFrame_indep, VFrame_even for any
VFrame_col_in_row, matrix
VFrame_colfree,
VFrame_no_full,
VFrame_even, VFrame_pairs
Theorem 7.12 Lean VFrame_28, —
Case28_free_row,
Case28_core_checked; the
nonexistence in Table 2
Proposition 8.1 by hand — —
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