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ABSTRACT

Optimization theory proves three kinds of theorems: that optimal points exist, that algorithms
converge to them, and that optimality can be certified by duality. We measure how much
mathematics each kind needs, using reverse mathematics, Weihrauch complexity and proof
mining, and assemble the answers, old and new, into one map stated in the language of
optimization. Compactness makes existence cost weak Kőnig’s lemma, but convexity (and, format
by format, tameness) makes it cheap: we show that RCA0 proves that convex functions on [0, 1]
attain their minima (and on [0, 1]𝑛 , for each fixed 𝑛, given a modulus of uniform continuity),
and that RCA0 proves linear programming duality and the minimax theorem for real data of
every size. Convergence costs more: it follows from results of Kohlenbach and Neumann that
convergence of gradient descent for convex smooth functions on R is equivalent to ACA0. We
explain this by a selection principle: what costs is the particular minimizer the algorithm selects,
and uniqueness or an error bound removes the cost. Below convergence lies finitary information.
Gradient descent in R𝑑 has at most 2𝐶𝑑𝐷/𝜀 fluctuations of size 𝜀, with 𝐶𝑑 depending only on
𝑑, which yields rates of metastability; no such bound is dimension-free, by the span-restriction
argument behind performance estimation; and the limits of gradient descent on computable
instances have d.c.e. coordinates, a proper subclass of the limit-computable reals. The map also
covers Ekeland’s variational principle (up to Π1

1-CA0), separation theorems, Kőnig duality (ATR0),
proof-mined rates for fixed-point iterations, and the feasible world, where local search captures the
NP search problems provably total in 𝑇1

2 and approximate stationary points of smooth functions
are complete for CLS = PPAD ∩ PLS. We close with five principles and open problems.
Keywords: reverse mathematics, Weihrauch complexity, proof mining, convex optimization, gradient descent,
metastability, duality, bounded arithmetic
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1 Introduction

Optimization theory proves three kinds of theorems. Existence theorems say that an optimal
point exists: a continuous function on a compact set attains its minimum; a coercive lower
semicontinuous convex functional on a Hilbert space has a minimizer. Convergence theorems say
that an algorithm reaches one: gradient descent, the proximal point method, the Krasnosel’skiı̆–
Mann and Halpern iterations. Certification theorems say that optimality can be verified:
Lagrange and Fenchel duality, separating hyperplanes, the minimax theorem, Kőnig’s theorem
and max-flow/min-cut. Optimizers know that these three kinds of statements behave differently.
Existence is cheap to state and often cheap to prove; convergence comes with rates for some
quantities and not for others; certificates are finite objects in finite dimensions and delicate
ones in infinite dimensions.

This paper makes the difference precise, using three rulers from mathematical logic:
• reverse mathematics [52, 80, 158], which measures the set-existence axioms a theorem

needs;
• Weihrauch complexity [29], which measures how hard it is to compute a witness uniformly

in the data;
• proof mining [98], which extracts the quantitative content (rates, bounds, metastability)

that a proof implicitly carries.
Each ruler has been applied to optimization before, often deeply. The extreme value theorem
is the textbook example of a statement equivalent to weak Kőnig’s lemma. Proof mining began
partly in Chebyshev approximation [93] and has produced explicit rates for Krasnosel’skiı̆–
Mann, Halpern, proximal point and other Fejér-type methods of convex optimization [100].
Neumann classified fixed-point problems for nonexpansive maps in the Weihrauch lattice [137],
Kohlenbach calibrated moduli of regularity in reverse mathematics [101], Fernández-Duque,
Shafer and Yokoyama calibrated Ekeland’s variational principle [58], and bounded arithmetic
characterized local search [32]. But these results are scattered over several literatures that rarely
cite each other, and they are stated in languages that optimizers do not use. What has been
missing is a single map on which the three kinds of theorems can be compared, in the language
of optimization, together with an explanation of the patterns on the map. This paper provides
both, and proves new results where the map had holes.

The map. Figure 1 places the main principles of optimization in the hierarchy of subsystems of
second-order arithmetic. Three patterns stand out, and each is the subject of a part of the paper.
1. Convexity and tameness collapse existence (Section 3). A continuous function on [0, 1] attains

its maximum; this is equivalent to WKL0, and there are computable functions with no
computable maximizer. A convex function on [0, 1] attains its minimum provably in RCA0,
and so does a convex function on [0, 1]𝑛 that comes with a modulus of uniform continuity
(Theorem 3.2); every computable convex function has a computable minimizer, and convex
minimization is Weihrauch equivalent to convex choice (Theorem 3.3). Existence of optima
for polynomial problems of fixed format is provable in RCA0 by Tarski transfer (Theorem 3.5).
At the other end, Ekeland’s variational principle, the engine of modern variational analysis,
is equivalent to Π1

1-CA0 in its general forms (Theorem 3.6).
2. Convergence costs a jump, because convergence selects (Section 4). Already in dimension one,
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RCA0

WKL0

ACA0

ATR0

Π1
1-CA0

existence convergence & selection duality & combinatorics

convex minimization on [0, 1];
on [0, 1]𝑛 given a modulus

IVT; polynomial optimization
of fixed format (folklore)

rates for 𝑓 (𝑥𝑘 ) and ∇ 𝑓 (𝑥𝑘 )

rates from moduli of
uniqueness or regularity

LP duality and minimax,
all sizes

matroid bases
(greedy algorithm)

extreme value theorem;
Brouwer; Peano

Hahn–Banach; separation of
open convex sets; Dilworth

Bolzano–Weierstrass; lsc
minima; Hilbert projections

existence of moduli
of regularity

gradient descent, PPA, KM
converge (on R)

Halpern, Tikhonov: projection
selection (implies ACA0)

strict separation from a
separably closed set (R2)

Hall (locally finite); shortest
paths; minimum spanning trees

Kőnig duality
(countable bipartite graphs)

Menger: at least ATR0,
exact strength open

Caristi for Borel maps
(strictly between

ATR0 and Π1
1-CA0)

Ekeland’s variational principle extended Kőnig and
Menger theorems

convexity, tameness

from values
to iterates

Figure 1. The map. Principles of optimization placed at the subsystem of second-order arithmetic to
which they are equivalent over RCA0 (in the bottom row: provable in RCA0). Solid boxes are equivalences
or provability results, dashed boxes are one-sided bounds, and orange boxes are results proved in this
paper (Theorems 3.2 and 6.1). The Weihrauch counterparts of the rows are, roughly: non-uniformly
computable problems such as IVT and XC𝑛 (RCA0), closed choice C[0,1] ≡sW WKL (WKL0), and lim (ACA0).
Several placements depend on how sets and functions are coded; see the text for exact statements and
sources.

convergence of gradient descent for convex 𝐿-smooth functions is equivalent to ACA0, the
strength of the monotone convergence theorem (Theorem 4.1, implicit in work of Kohlenbach
and Neumann). The reason is not that minimizers are hard to find, but that the algorithm
commits to a particular one, in dimension one the projection of its starting point onto the
solution set, and this selection is as hard as the halting problem; anchored methods make
the same choice in every dimension (Theorem 4.3). Uniqueness and error bounds remove
the cost (Theorem 4.4). Between rates and convergence, the iterates of gradient descent
carry a dimension-dependent but otherwise uniform bound on fluctuations (Theorem 4.7),
and in dimension at least two the coordinates of their limits on computable instances are
exactly the d.c.e. reals (Theorem 4.9).

3. Duality climbs the hierarchy with the infinitary content of the certificate (Section 6). Finite linear
programming duality is provable in RCA0 (Theorem 6.1); separation and Hahn–Banach
are equivalent to WKL0, and strict separation from a separably closed set to ACA0; Kőnig’s
duality theorem for countable bipartite graphs is equivalent to ATR0, and the extended
forms of Kőnig’s and Menger’s theorems reach Π1

1-CA0.
Two further parts complete the picture. Section 5 is a guide to proof mining in optimization

and explains, through Kohlenbach’s metatheorems, why dimension-free complexity bounds
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Result Nearest prior work What is added

Theorem 3.2(a): RCA0 proves
that convex functions on [0, 1]
attain their minima

informal remark of Friedman [66]; IVT and
the mean value theorem in RCA0 [79, 158]

a proof, without any modulus
hypothesis

Theorem 3.2(b): the same on
[0, 1]𝑛 , given a modulus

computable points of convex sets [122] reduction to dimension one; the
modulus is the remaining gap
(Theorem 8.1)

Theorem 6.1: LP duality and
minimax in RCA0, all sizes

Farkas⇔ LPO in BISH [17]; Weihrauch
degree of linear inequalities [142]

the sign-pattern argument;
uniform in the size

Theorem 3.5: Tarski transfer folklore (the reals of RCA0 form a real
closed field)

optimization corollaries for fixed
formats

Theorem 3.3: CMin𝑛 ≡sW XC𝑛 implicit in Neumann’s constructions [137] explicit statement and a direct
proof

Theorem 3.4: KKT1 ≡sW IVT BFT1 ≡sW IVT [28, 137] the exact KKT problem;
Theorem 8.3

Theorem 4.7: fluctuations and
dimension

path-length bounds [20, 46, 78]; norm
non-convergence in ℓ2 [9]

proof-mining reading;
finite-dimensional lower bound;
comparison with generic bounds

Theorem 4.9: limits of gradient
descent

[3, 137, 171] the characterization for gradient
descent

Table 1. Results proved in this paper and their nearest predecessors.

are so common in convex optimization: they are what proofs that never use compactness of the
ambient space must produce. Section 7 turns to the finite world, where bounded arithmetic
plays the role of second-order arithmetic: the NP search problems provably total in 𝑇1

2 are
exactly those reducible to local search problems [32], finding approximate stationary points
of smooth functions (equivalently, approximate fixed points of gradient descent) is complete
for CLS = PPAD ∩ PLS [54], and cutting planes, branch-and-cut and sum-of-squares are proof
systems.

What is new. The paper is partly a survey and partly a research article. The survey part restates
known calibrations in the language of optimization, with precise references; in particular
Theorems 4.1, 4.3 and 4.4 are known in substance from the work of Kohlenbach, López-Acedo,
Nicolae and Neumann. Table 1 lists the results that we prove, with the nearest prior result for
each, as far as we could determine it. The two that we regard as genuinely new theorems are
Theorem 3.2(a) and Theorem 6.1; the others are observations or corollaries whose interest lies
in the connections they make.

Five principles. The results suggest five principles, which we state informally and revisit in
Section 8.
P1. Convexity and tameness substitute for compactness. They lower the cost of existence from

WKL0 to RCA0 (for convex functions: in dimension one, and in each fixed dimension given
a modulus of uniform continuity; for polynomial problems: format by format), in classical
reverse mathematics as in Bishop’s constructive mathematics.

P2. Selection is the price of convergence. Gradient descent (in dimension one) and anchored
methods (in every dimension) choose a particular minimizer, the projection of the
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starting point or anchor, and this choice is lim-hard even when finding some minimizer is
non-uniformly computable.

P3. Uniqueness and regularity are computational resources. A modulus of uniqueness or regularity
is exactly the datum that turns convergence into a rate.

P4. Bounds on values are cheap, convergence of iterates is not. The uniform rates for function values
and gradients follow from finitely many inequalities and have Π0

1 proofs; convergence
of iterates is a Π0

3 statement and comes, in general, only with metastability. (This is a
heuristic, not a theorem: logical form alone does not decide whether a bound exists.)

P5. Dimension is the price of compactness. Bounds extracted from proofs that use compactness
of the space depend on its dimension, and for gradient descent this dependence is
unavoidable.

Organization. Section 2 introduces the logical toolkit for optimizers and the convex toolkit for
logicians. Sections 3 and 4 treat existence and convergence, Section 5 proof mining, Section 6
duality, and Section 7 the feasible world. Section 8 collects the principles and open problems.
Appendix A records formalization details, Appendix B the computations behind Fig. 2, and
Appendix C the full proof of Theorem 6.1.

AI disclosure. This paper was written with Claude Opus 5.5 (Anthropic), working as an agent in
Claude Code. The author posed the question of how reverse mathematics bears on optimization.
Claude chose the results, proved them, wrote the text and drew the figures. Separate Claude
agents searched the literature, checked the citations against their sources, attacked the new
results and reviewed the paper as referees, and the paper was revised to address their findings.
The constructions behind Fig. 2 and the staircase bound were checked numerically. No part of
this paper is formally verified. The author is responsible for the content.

2 Two toolkits

This section is written for two audiences. Sections 2.1 to 2.3 introduce the logical tools for
readers from optimization; Section 2.4 fixes the convex-analytic facts used throughout for
readers from logic. Experts can skip either part.

2.1 Reverse mathematics

Reverse mathematics, initiated by Friedman [65] and developed by Simpson and many others
[52, 80, 158], asks which set-existence axioms are needed to prove a given theorem of ordinary
mathematics. The setting is second-order arithmetic: variables range over natural numbers
and over sets of natural numbers, and every structure of interest (a real number, a continuous
function, a separable metric or Banach space, a countable graph) is coded by a set of naturals.
Theorems are compared over a weak base theory, and the remarkable empirical fact is that most
theorems are either provable in the base theory or equivalent to one of four stronger systems.
These five systems are:
RCA0 (recursive comprehension): Δ0

1 comprehension and Σ0
1 induction. Its minimal 𝜔-model

consists of the computable sets; it formalizes computable mathematics with classical logic.
WKL0 RCA0 plus weak Kőnig’s lemma: every infinite binary tree has an infinite path. This is

the compactness of Cantor space and of [0, 1].
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ACA0 arithmetical comprehension. Over RCA0 it is equivalent to the existence of the range
of every one-to-one function, i.e. to the existence of the halting set relative to any set [158,
Lemma III.1.3]. Its minimal 𝜔-model consists of the arithmetical sets.

ATR0 arithmetical transfinite recursion: arithmetical comprehension iterated along any count-
able well-ordering.

Π1
1-CA0 Π1

1 comprehension: the existence of the hyperjump.
Each system proves the previous one, and none proves the next. Real numbers are coded by
fast Cauchy sequences of rationals, and continuous functions between complete separable
metric spaces by countable sets of “neighbourhood conditions” [158, II.6]. Statements of the
form 𝑥 ≤ 𝑦 or 𝑓 (𝑥) ≤ 𝑐 about reals are Π0

1, and strict inequalities are Σ0
1; this simple fact controls

much of what follows.

2.2 Computable analysis and Weihrauch complexity

Reverse mathematics measures the axioms a theorem needs; computable analysis [25, 169]
measures how hard its existential quantifier is to witness. A real 𝑥 is computable if a machine
can output rational approximations with error 2−𝑛 on input 𝑛; left-c.e. (resp. right-c.e.) if it
is the supremum (infimum) of a computable sequence of rationals; d.c.e. if it is a difference
of two left-c.e. reals (these are called weakly computable in [3]; we avoid that name, which
has other meanings in the Weihrauch literature); and limit computable (Δ0

2) if it is the limit of
a computable sequence of rationals. The computable reals are exactly those that are both
left-c.e. and right-c.e., and {left-c.e.}∪{right-c.e.} ⊊ {d.c.e.} ⊊ {limit computable} [3]. A closed
set 𝐴 ⊆ [0, 1]𝑛 is co-c.e. if its complement is the union of a computable sequence of rational
open boxes; this is the information about 𝐴 that is available when 𝐴 is the solution set of a
computable optimization problem.

Weihrauch reducibility [29] compares computational problems, viewed as multivalued maps
from instances to solutions. A problem 𝑃 is Weihrauch reducible to 𝑄, written 𝑃 ≤W 𝑄, if there
are computable maps Φ,Ψ such that for every instance 𝑝 of 𝑃, Φ(𝑝) is an instance of 𝑄 and
Ψ(𝑝, 𝑞) is a solution of 𝑝 whenever 𝑞 is a solution of Φ(𝑝); for strong reducibility ≤sW, Ψ has no
access to 𝑝. The problems used in this paper are the following.

• lim: given a convergent sequence in Baire space (or in R), output its limit. It is the
Weihrauch counterpart of ACA0 (more precisely, of a single Turing jump).

• MCT: given a nondecreasing sequence in [0, 1], output its supremum. MCT ≡sW lim [27,
Fact 11.26].

• C𝑋 (closed choice): given a nonempty co-c.e. closed 𝐴 ⊆ 𝑋, output a point of 𝐴.
C[0,1] ≡sW WKL, and finding a maximizer of a continuous function on [0, 1] is strongly
equivalent to it [29, Theorems 7.23 and 8.3], [22].

• CC𝑋 (connected choice) and XC𝑛 (convex choice): C𝑋 restricted to connected sets, resp.
to convex subsets of [0, 1]𝑛 . Since the closed connected and the closed convex subsets
of [0, 1] are the closed intervals, XC1 = CC[0,1] ≡sW IVT [23, Theorem 6.2], [29, Theorem
7.34]. The hierarchy XC𝑛 was studied by Le Roux and Pauly [121] and Kihara and Pauly
[92].

A problem is non-uniformly computable if every computable instance has a computable solution.
IVT and all XC𝑛 have this property; WKL and lim do not.
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2.3 Proof mining

Proof mining, in Kohlenbach’s formulation [98, 100], extracts explicit quantitative information
from proofs that do not visibly contain it. Its tools are proof interpretations (Gödel’s functional
interpretation, Kreisel’s no-counterexample interpretation, and their monotone variants), and
its guarantees are logical metatheorems [69, 97]: if a statement of the form ∀𝑥 ∃𝑛 𝐴(𝑥, 𝑛), with 𝐴
suitably restricted and 𝑥 ranging over a (possibly abstract) metric, normed or Hilbert space,
is provable in a suitable formal system, then there is a computable bound on 𝑛 that depends
only on majorants of the data (norm bounds, Lipschitz constants, moduli), not on the data
themselves, and not on the space.

Convergence is not of this form. “(𝑥𝑘) is Cauchy” reads ∀𝜀∃𝑛 ∀𝑖 , 𝑗 ≥ 𝑛 ∥𝑥𝑖 − 𝑥 𝑗∥ ≤ 𝜀, a Π0
3

statement (the matrix ∥𝑥𝑖 − 𝑥 𝑗∥ ≤ 𝜀 is Π0
1), and a rate of convergence (a bound on 𝑛) is in general

not computable. Its no-counterexample interpretation is metastability, popularized by Tao [164]:
for every 𝜀 > 0 and 𝐹 : N → N there is 𝑛 with ∥𝑥𝑖 − 𝑥 𝑗∥ < 𝜀 for 𝑖 , 𝑗 ∈ [𝑛, 𝑛 + 𝐹(𝑛)]. This is
∀∃ in form, and metatheorems produce rates of metastability Φ(𝜀, 𝐹) that are uniform in the
above sense. Between rates and metastability lie bounds on fluctuations (see Section 4.4) and
learnability with bounded mind changes [5, 112]. Two further notions recur: a modulus of uniqueness
for 𝐹 with unique zero 𝑥∗ is a 𝛿 with |𝐹(𝑥)| < 𝛿(𝜀) ⇒ ∥𝑥 − 𝑥∗∥ < 𝜀 [93]; a modulus of regularity is
a 𝜌 with |𝐹(𝑥)| < 𝜌(𝜀) ⇒ dist(𝑥, 𝐹−1(0)) < 𝜀 [114].

2.4 Convex toolkit

Definition 2.1. Letℋ be R𝑑 or a separable Hilbert space and 𝐿 > 0. A convex 𝐿-smooth pair is
a pair of continuous maps 𝑓 : ℋ → R, 𝑔 : ℋ →ℋ such that for all 𝑥, 𝑦 ∈ ℋ

𝑓 (𝑥) + ⟨𝑔(𝑥), 𝑦 − 𝑥⟩ ≤ 𝑓 (𝑦) ≤ 𝑓 (𝑥) + ⟨𝑔(𝑥), 𝑦 − 𝑥⟩ + 𝐿
2 ∥𝑦 − 𝑥∥2. (1)

Classically, (1) holds if and only if 𝑓 is convex and differentiable with ∇ 𝑓 = 𝑔 and 𝑔 is
𝐿-Lipschitz [136, Theorem 2.1.5]. In second-order arithmetic, (1) quantifies over reals, but by
continuity it is equivalent, provably in RCA0, to the same inequalities for all rational points,
a Π0

1 condition on the codes; no theory of derivatives is needed. We write 𝑆 = argmin 𝑓 and
𝑓 ∗ = inf 𝑓 , and study gradient descent with step 1/𝐿:

𝑥𝑘+1 = 𝑥𝑘 − 1
𝐿 𝑔(𝑥𝑘). (2)

When 𝑆 ≠ ∅we write 𝐷 = dist(𝑥0 , 𝑆); in statements meant for RCA0, where this distance need
not exist as a real, we use ∥𝑥0 − 𝑧∥ for some 𝑧 ∈ 𝑆 instead.

Lemma 2.2. Let ( 𝑓 , 𝑔) be a convex 𝐿-smooth pair and let (𝑥𝑘) follow (2). Then:
(a) 𝑓 (𝑥𝑘+1) ≤ 𝑓 (𝑥𝑘) − 1

2𝐿∥𝑔(𝑥𝑘)∥2;
(b) for every 𝑧: ∥𝑥𝑘+1 − 𝑧∥2 ≤ ∥𝑥𝑘 − 𝑧∥2 + 2

𝐿

(
𝑓 (𝑧) − 𝑓 (𝑥𝑘+1)

)
;

(c) if 𝑧 ∈ 𝑆, then
∑𝑘
𝑗=1( 𝑓 (𝑥 𝑗) − 𝑓 ∗) ≤ 𝐿

2 ∥𝑥0 − 𝑧∥2 and 𝑓 (𝑥𝑘) − 𝑓 ∗ ≤ 𝐿∥𝑥0 − 𝑧∥2/(2𝑘);
(d) ∥𝑥𝑘+1 − 𝑥𝑘∥ is non-increasing, and ∥𝑔(𝑥𝑘)∥ ≤ 2𝐿∥𝑥0 − 𝑧∥/(𝑘 − 1) for 𝑧 ∈ 𝑆 and 𝑘 ≥ 2.

Items (a) and (b) hold, with 1/𝐿 replaced by 𝑡𝑘 , for variable steps 𝑡𝑘 ∈ (0, 1/𝐿]. Each item is
provable in RCA0.
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Proof. (a) is the right inequality of (1) with 𝑥 = 𝑥𝑘 , 𝑦 = 𝑥𝑘+1. For (b), expand ∥𝑥𝑘+1 − 𝑧∥2 =

∥𝑥𝑘 − 𝑧∥2 − 2
𝐿 ⟨𝑔(𝑥𝑘), 𝑥𝑘 − 𝑧⟩ + 1

𝐿2 ∥𝑔(𝑥𝑘)∥2, bound the middle term with the left inequality of (1),
⟨𝑔(𝑥𝑘), 𝑥𝑘−𝑧⟩ ≥ 𝑓 (𝑥𝑘)− 𝑓 (𝑧), and the last term with (a). For (c), take 𝑧 ∈ 𝑆 in (b), sum, and use that
𝑓 (𝑥 𝑗) is non-increasing. For (d), (1) implies co-coercivity, ⟨𝑔(𝑥) − 𝑔(𝑦), 𝑥 − 𝑦⟩ ≥ 1

𝐿∥𝑔(𝑥) − 𝑔(𝑦)∥2
(apply the right inequality of (1) to 𝑦 ↦→ 𝑓 (𝑦) − ⟨𝑔(𝑥), 𝑦⟩ as in [136, Theorem 2.1.5]), so
𝐼 − 𝑔/𝐿 is nonexpansive and the steps do not grow. With 𝑚 = ⌈𝑘/2⌉, (a) and (c) then give
(𝑘 − 𝑚)∥𝑔(𝑥𝑘−1)∥2/(2𝐿) ≤ 𝑓 (𝑥𝑚) − 𝑓 ∗ ≤ 𝐿∥𝑥0 − 𝑧∥2/(2𝑚), and 𝑚(𝑘 − 𝑚) ≥ (𝑘 − 1)2/4. In RCA0,
each item is a Π0

1 statement about reals proved by Π0
1 induction on 𝑘. ■

Taking 𝑧 in 𝑆 in (b) shows that the iterates are Fejér monotone with respect to 𝑆: ∥𝑥𝑘+1 − 𝑧∥ ≤
∥𝑥𝑘 − 𝑧∥ for every 𝑧 ∈ 𝑆. Taking 𝑧 to be a later iterate gives the self-contraction property of
Theorem 4.5.

3 Existence: what it costs to have a minimizer

The first question an optimizer asks is whether the problem has a solution. The classical answer
is compactness. This section shows that compactness is expensive, and that the two structural
assumptions that optimization relies on most, convexity and semialgebraic tameness, make
it unnecessary: convexity in dimension one, and in each fixed dimension once a modulus of
uniform continuity is given; tameness format by format.

3.1 The baseline: compactness costs weak Kőnig’s lemma

Fact 3.1.
(a) Over RCA0, WKL0 is equivalent to the maximum principle: every continuous 𝑓 : [0, 1] → R

attains its supremum [158, Theorem I.10.3 and §IV.2]. Each of “every such 𝑓 is bounded”
and “every such 𝑓 is uniformly continuous” is also equivalent to WKL0.

(b) Finding a maximizer of 𝑓 ∈ 𝐶[0, 1] is strongly Weihrauch equivalent to C[0,1] ≡sW WKL
[22], [29, Theorem 8.3]. There is a computable 𝑓 : [0, 1] → R that attains its maximum
only at non-computable points (Lacombe; Specker [162]).

(c) Brouwer’s fixed point theorem for [0, 1]𝑛 , 𝑛 ≥ 2, is equivalent to WKL0 [155] and to WKL
in the Weihrauch lattice [28]; for 𝑛 = 1 it is provable in RCA0 and Weihrauch equivalent
to IVT. Peano’s existence theorem for ordinary differential equations is equivalent to WKL0,
while the existence of Osgood’s maximal solution is equivalent to ACA0 [156].

Item (c) already shows a pattern that will recur: existence of some solution costs WKL0, while
existence of a solution that is extremal among all solutions (a selection) costs ACA0.

3.2 Convexity collapses the cost

For convex functions the situation changes completely. The minimizers of a convex function
form a convex set, and convex sets are much easier to hit than arbitrary closed sets.
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Theorem 3.2.
(a) RCA0 proves that every convex continuous function 𝑓 : [0, 1] → R attains its minimum.
(b) For each standard 𝑛 ≥ 1, RCA0 proves that every convex function 𝑓 : [0, 1]𝑛 → R with a

modulus of uniform continuity attains its minimum.

Here “for each standard 𝑛” means that there is a separate proof for each concrete number
𝑛 = 1, 2, 3, . . . ; the statement with 𝑛 as a variable is Theorem 8.1. Compare with Theorem 3.1(a):
in dimension one, convexity drops the logical cost from WKL0 to RCA0. In dimension 𝑛 ≥ 2
the modulus in (b) is a genuine hypothesis: for general continuous functions its existence is
equivalent to WKL0, and whether convexity alone provides it is part of Theorem 8.1. What (b)
shows is that, once a modulus is available, convexity removes every other use of compactness.
Friedman remarked informally that maximum principles become provable in RCA0 under
“geometric” hypotheses of this kind [66]; we did not find a published proof. A sibling result is
that the mean value theorem holds in RCA0 [79].

Proof. (a) A modulus. Let 𝑓 be convex and continuous on [0, 1]. Convexity gives 𝑓 ≤
𝑀+ := max( 𝑓 (0), 𝑓 (1)) and 𝑓 (𝑥) ≥ 2 𝑓 ( 12 ) − 𝑓 (1 − 𝑥) ≥ 2 𝑓 ( 12 ) − 𝑀+, so we can fix a rational
𝑀 ≥ max(1, 2(𝑀+ − 𝑓 ( 12 ))), which bounds the oscillation of 𝑓 . By the three-chord inequality,
𝑓 is (𝑀/𝛿)-Lipschitz on [𝛿, 1 − 𝛿]. The code of 𝑓 (in the sense of [158, II.6]) contains, for
every 𝜀, a neighbourhood condition witnessing continuity at 0; searching for it gives a
radius 𝑟0(𝜀) with | 𝑓 (𝑥) − 𝑓 (0)| < 𝜀 for 𝑥 ∈ [0, 𝑟0(𝜀)], and similarly 𝑟1(𝜀) at 1. Given 𝜀, put
𝛿 = min(12 , 𝑟0(𝜀/2), 𝑟1(𝜀/2)) and 𝜂 = min(𝛿/2, 𝜀𝛿/(2𝑀)), and let |𝑥 − 𝑦| < 𝜂. If min(𝑥, 𝑦) < 𝛿/2,
both points lie in [0, 𝛿] and | 𝑓 (𝑥) − 𝑓 (𝑦)| < 𝜀 by continuity at 0; the case max(𝑥, 𝑦) > 1 − 𝛿/2 is
symmetric; otherwise both points lie in [𝛿/2, 1 − 𝛿/2], where 𝑓 is (2𝑀/𝛿)-Lipschitz, and again
| 𝑓 (𝑥) − 𝑓 (𝑦)| < 𝜀. So 𝑓 has a modulus of uniform continuity, and 𝑚 = inf 𝑓 exists.

A minimizer. We argue by cases; the case distinction is classical logic, not comprehension.
If 𝑓 (𝑞) = 𝑚 for some rational 𝑞, we are done. Otherwise 𝑓 (𝑞) > 𝑚 for every rational 𝑞. For
rational 𝑞 consider the Σ0

1 statements

𝑅(𝑞) : ∃𝑟 ∈ Q ∩ (𝑞, 1] 𝑓 (𝑟) < 𝑓 (𝑞), Λ(𝑞) : ∃𝑟 ∈ Q ∩ [0, 𝑞) 𝑓 (𝑟) < 𝑓 (𝑞).

At least one holds, because 𝑓 (𝑞) > 𝑚 = inf𝑟∈Q 𝑓 (𝑟). They cannot both hold, because 𝑟1 < 𝑞 < 𝑟2
with 𝑓 (𝑟1), 𝑓 (𝑟2) < 𝑓 (𝑞) contradicts convexity. So {𝑞 : 𝑅(𝑞)} exists by Δ0

1 comprehension, and
bisection (𝑙0 = 0, 𝑢0 = 1; replace 𝑙 by the midpoint 𝑐 if 𝑅(𝑐), otherwise replace 𝑢 by 𝑐) gives
nested intervals with 𝑅(𝑙𝑘) and Λ(𝑢𝑘); note that 𝑅(0) and Λ(1) hold. Let 𝑥 be the common limit.
If 𝑓 (𝑥) > 𝑚, pick a rational 𝑟 with 𝑓 (𝑟) < 𝑓 (𝑥), say 𝑟 > 𝑥. For large 𝑘 we have 𝑢𝑘 < 𝑟, and Λ(𝑢𝑘)
gives 𝑟′ < 𝑢𝑘 with 𝑓 (𝑟′) < 𝑓 (𝑢𝑘); convexity on [𝑟′ , 𝑟] gives 𝑓 (𝑢𝑘) ≤ max( 𝑓 (𝑟′), 𝑓 (𝑟)), hence
𝑓 (𝑢𝑘) ≤ 𝑓 (𝑟), and in the limit 𝑓 (𝑥) ≤ 𝑓 (𝑟) < 𝑓 (𝑥), a contradiction. The case 𝑟 < 𝑥 is symmetric.

(b) By induction on the standard number 𝑛. Write points of [0, 1]𝑛 as (𝑡 , 𝑦) with 𝑡 ∈ [0, 1].
The function 𝜑(𝑡) = inf𝑦∈[0,1]𝑛−1 𝑓 (𝑡 , 𝑦) exists in RCA0 (it is computed from the modulus 𝜔
of 𝑓 by finite grids), has modulus 𝜀 ↦→ 𝜔(𝜀/2), and is convex, because partial minimization
preserves convexity. By (a), 𝜑 attains its minimum at some 𝑡∗, and 𝜑(𝑡∗) = inf 𝑓 . The function
𝑓 (𝑡∗ , ·) is convex on [0, 1]𝑛−1 with modulus 𝜔, so by the induction hypothesis it attains its
minimum at some 𝑦∗, and 𝑓 (𝑡∗ , 𝑦∗) = 𝜑(𝑡∗) = inf 𝑓 . ■
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The proof of (a) is the classical proof that the intermediate value theorem holds in RCA0 [158,
II.6.6], transplanted from sign changes to slopes. It is non-uniform in an essential way: whether
some rational is a minimizer cannot be decided from 𝑓 . The uniform content is measured by
Weihrauch reducibility, and here the answer can be read off from Neumann’s work on fixed
points of nonexpansive maps.

Proposition 3.3. Let CMin𝑛 be the problem of finding a minimizer of a convex 𝑓 ∈ 𝐶([0, 1]𝑛). Then
CMin𝑛 ≡sW XC𝑛 for every 𝑛 ≥ 1; in particular CMin1 ≡sW CC[0,1] ≡sW IVT. Consequently the
problems CMin𝑛 form a strictly increasing chain below WKL, and every computable convex function
on [0, 1]𝑛 has a computable minimizer.

Proof. (CMin𝑛 ≤sW XC𝑛 .) From 𝑓 one computes 𝑚 = min 𝑓 , and argmin 𝑓 = {𝑥 : 𝑓 (𝑥) ≤ 𝑚} is
co-c.e. closed, uniformly: its complement is the union of the rational boxes 𝐵 with min𝐵̄ 𝑓 > 𝑚,
which can be enumerated. It is nonempty and convex.

(XC𝑛 ≤sW CMin𝑛 .) This direction is implicit in Neumann’s proof that convex choice reduces
to the Browder–Göhde–Kirk fixed point problem [137, Theorem 5.1]: his map 𝑔 =

∑
𝑘 2−𝑘−1𝑃ℎ𝑘 ,

a weighted average of projections onto half-spaces with intersection 𝐴, equals 𝐼 − ∇Φ for the
convex 1-smooth function Φ =

∑
𝑘 2−𝑘−1 1

2 dist(·, ℎ𝑘)2, whose minimizers are exactly the points
of 𝐴. For completeness we give a direct construction. Let 𝐴 ⊆ [0, 1]𝑛 be nonempty, closed and
convex, given by an enumeration𝑈0 , 𝑈1 , . . . of rational open boxes with union [0, 1]𝑛 \ 𝐴. The
set 𝐾𝑠 = [0, 1]𝑛 \ (𝑈0 ∪ · · · ∪𝑈𝑠) is a finite union of closed, possibly degenerate, rational boxes
(cut every axis at all box end points), so 𝑃𝑠 = conv𝐾𝑠 is the convex hull of finitely many rational
points. The 𝑃𝑠 decrease and contain 𝐴. They also shrink to 𝐴: given 𝛿 > 0, compactness gives
𝑠 with 𝐾𝑠 ⊆ 𝐴𝛿 := {𝑥 : dist(𝑥, 𝐴) ≤ 𝛿}, and since 𝐴𝛿 is convex, 𝑃𝑠 ⊆ 𝐴𝛿. Let

𝑓 (𝑥) =
∑
𝑠≥0

2−𝑠−1 dist(𝑥, 𝑃𝑠).

Each summand is convex and 1-Lipschitz, and the distance from a rational point to a rational
polytope is computable exactly (it solves a convex quadratic program with rational data), so 𝑓

is computable, uniformly in the enumeration. Moreover 𝑓 ≥ 0 and 𝑓 (𝑥) = 0 iff 𝑥 ∈ ⋂𝑠 𝑃𝑠 = 𝐴,
so every minimizer of 𝑓 lies in 𝐴.

The remaining statements are known facts about convex choice: XC1 = CC[0,1] ≡sW IVT [23,
Theorem 6.2], [29, Theorem 7.34]; XC𝑛 <W XC𝑛+1 [121]; and every nonempty co-c.e. closed
convex subset of R𝑛 contains a computable point [122, Theorem 5.2]. For a computable convex
𝑓 on [0, 1]𝑛 , the last statement also follows from Theorem 3.2(b): such an 𝑓 has a computable
modulus of uniform continuity, so (b) applies in the 𝜔-model of computable sets, whose reals
are the computable reals. ■

The first-order optimality condition behaves in the same way. We record it here, although it
is the computable counterpart of the problem studied in Section 7.2.

Proposition 3.4. Let KKT𝑛 be the problem: given 𝑓 ∈ 𝐶1([0, 1]𝑛) together with its gradient, find
𝑥 ∈ [0, 1]𝑛 with 𝑥 = 𝑃[0,1]𝑛 (𝑥 − ∇ 𝑓 (𝑥)), i.e. a Karush–Kuhn–Tucker point of min[0,1]𝑛 𝑓 . Then
KKT1 ≡sW IVT, and KKT𝑛 ≤sW BFT𝑛 for all 𝑛.
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Proof. KKT𝑛 ≤sW BFT𝑛 : the KKT points are the fixed points of the continuous self-map
𝑥 ↦→ 𝑃[0,1]𝑛 (𝑥 − ∇ 𝑓 (𝑥)) of the cube. KKT1 ≤sW IVT: the function 𝐺(𝑥) = 𝑥 − 𝑃[0,1](𝑥 − 𝑓 ′(𝑥))
is continuous with 𝐺(0) ≤ 0 ≤ 𝐺(1), and its zeros are the KKT points. Extend 𝐺 linearly to
[−1, 2] with 𝐺(−1) = −1 and 𝐺(2) = 1; the extension is negative on [−1, 0), positive on (1, 2],
and changes sign strictly, so IVT applies. IVT ≤sW KKT1: given ℎ with ℎ(0) < 0 < ℎ(1), let
𝑓 (𝑥) =

∫ 𝑥

0 ℎ. Then 0 and 1 are not KKT points ( 𝑓 ′(0) < 0, 𝑓 ′(1) > 0), and the interior KKT
points are the zeros of ℎ. ■

So in dimension one the exact KKT problem is as easy as finding a zero, and every computable
instance has a computable solution. Since BFT𝑛 ≡sW WKL for 𝑛 ≥ 2 [28], while gradient fields
are very special vector fields, it is natural to ask whether KKT𝑛 is strictly below BFT𝑛 in
higher dimensions, as CLS is (conjecturally) strictly below PPAD in the finite world. This is
Theorem 8.3.

3.3 Tameness collapses the cost too

A second structural assumption makes compactness unnecessary for a completely different
reason. Polynomial and semialgebraic optimization problems of fixed format are statements of
first-order real algebra, and Tarski’s theorem turns them into consequences of finitely many
algebraic axioms, each of which RCA0 can verify.

Proposition 3.5 (Tarski transfer; folklore). Let 𝜃 be a sentence in the first-order language of ordered
rings that is true in R. Then RCA0 proves 𝜃, with its quantifiers interpreted over the coded real
numbers. In particular, for each standard 𝑛 and 𝑑, RCA0 proves:

(a) every polynomial of degree at most 𝑑 in 𝑛 variables attains its minimum on [0, 1]𝑛 , and, for
each standard 𝑘, on every nonempty bounded set defined by at most 𝑘 non-strict polynomial
inequalities of degree at most 𝑑;

(b) linear programming duality, and von Neumann’s minimax theorem, for real data of size
𝑚 × 𝑛, for each standard 𝑚;

(c) every finite game with at most 𝑛 players and 𝑛 pure strategies each has a mixed Nash
equilibrium.

Proof. The theory RCF of real closed fields is complete [165], so RCF ⊢ 𝜃. A formal derivation
uses finitely many axioms of RCF: the ordered field axioms, the existence of square roots of
non-negative elements, and the existence of roots of polynomials of finitely many odd degrees.
RCA0 proves each of these for its real numbers (the last two by the intermediate value theorem,
which holds in RCA0 [158, II.6.6]). Equality of reals is a congruence for +, × and < provably in
RCA0, so the derivation can be replayed in RCA0 with first-order quantifiers read as quantifiers
over codes of reals. Statements (a)–(c), for fixed sizes, are first-order sentences true in R. ■

The proposition is a meta-theorem: it gives one proof for each format, and says nothing
about the statements with 𝑛 and 𝑑 as variables, which are not first-order sentences. For linear
programming we prove the uniform statement in Theorem 6.1; for polynomials and games the
uniform question is open (Theorem 8.1). The fact behind the proposition, that the reals of RCA0
form a real closed field, is standard; we record the optimization corollaries because they show
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that tameness, like convexity, replaces a compactness argument, here by a finite algebraic one.

3.4 Uniqueness

Uniqueness makes solutions computable. A unique point of a co-c.e. closed subset of a
computably compact space is computable, uniformly in the set [23, Corollary 8.9]; so a
continuous function on [0, 1]𝑛 with a unique minimizer has a computable minimizer, uniformly.
In reverse mathematics the situation is more delicate: WKL0 proves that a function with at
most one zero has a modulus of uniqueness, and already for Lipschitz functions on [0, 1]
with exactly one zero the uniform uniqueness statement implies WKL0 [101, Theorem 4.1]. In
Bishop’s constructive mathematics, the existence of minima of uniformly continuous functions
with at most one minimum point is equivalent to the fan theorem [12, 18], and for quasi-convex
functions it is provable outright [16]. Uniqueness is also the classical source of explicit rates,
through Kohlenbach’s moduli of uniqueness [93]; we return to this in Sections 4.3 and 5.5.

3.5 Beyond compact spaces and continuous functions

Optimization in infinite dimensions, with lower semicontinuous objectives or with constraints
given only by negative information, climbs the hierarchy quickly.

Fact 3.6. Over RCA0:
(a) Lower semicontinuity. “Every lower semicontinuous 𝑓 : [0, 1] → [0,∞) attains its

minimum” is equivalent to ACA0, for lower semicontinuous functions coded by labelled
rational balls as in [58] (combine Theorem 8.2, Proposition 9.3 and Lemma 7.2 there); the
calibration depends on this coding.

(b) Projections. The existence of the orthogonal projection onto every closed subspace (the
closure of the span of a sequence) of a separable Hilbert space is equivalent to ACA0; the
existence of the distance 𝑑(𝑥, 𝑀) is equivalent to the existence of the projection 𝑃𝑀𝑥, provably
in RCA0 [6, Theorems 12.3 and 12.5]. The existence of the norm of every bounded linear
functional, which is the optimal value sup∥𝑥∥≤1| 𝑓 (𝑥)|, and the Riesz representation theorem
are each equivalent to ACA0 [6, Theorem 13.4].

(c) Ekeland’s variational principle [53]. For a lower semicontinuous potential 𝑓 on a complete
separable metric space, the principle has a weak (“free”) form, asserting 𝜀-critical points, and
a strong (“localized”) form, asserting them below a given point. Fernández-Duque, Shafer
and Yokoyama [58, Section 11] prove: the free form for continuous 𝑓 on compact spaces
is equivalent to WKL0; weakening the localized form in exactly two of the three ways (free,
compact space, continuous 𝑓 ), or restricting it to compact spaces alone, gives ACA0; and
the free form, the localized form, and even the localized form for continuous functions are
equivalent to Π1

1-CA0.
(d) Caristi’s fixed point theorem, a close relative of Ekeland’s principle, is equivalent to WKL0

or ACA0 in restricted forms, and for Baire or Borel maps to the transfinite leftmost path
principle TLPP0, which lies strictly between ATR0 and Π1

1-CA0 [59, 144, 167].
(e) Games. ACA0 proves that every continuous game on compact spaces has a mixed Nash

equilibrium, and weak compactness of probability measures on compact spaces is equivalent
to ACA0 [143].
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Item (c) is the most striking calibration in the area. The localized Ekeland principle for
continuous functions is, in the authors’ words, the first statement about continuous functions
stemming from analysis that is equivalent to Π1

1-CA0. Since Ekeland’s principle is the engine
of much of modern variational analysis (existence of approximate minimizers with sharp
optimality conditions, subdifferential calculus, the Bishop–Phelps theorem), its strength is a
measure of how far variational analysis is from the predicative mathematics of ACA0. Item (b)
shows a phenomenon that we meet again in Theorem 4.4: for strictly convex problems, the
optimal value determines the optimal point effectively.

3.6 The constructive picture

Bishop-style constructive mathematics measures the same theorems by intuitionistic logic and
omniscience principles, and its results run parallel to the ones above. That every uniformly
continuous positive function on [0, 1] has a positive infimum is a well-known equivalent of a
form of Brouwer’s fan theorem (it fails in recursive mathematics [90]; see [15] and its references);
for quasi-convex functions on compact convex subsets of R𝑛 this is provable without the fan
theorem [14], and convexity yields a “convex fan theorem” (co-convex bars are uniform) [15].
A separating hyperplane theorem for convex sets and the fundamental theorem of asset pricing
are each equivalent to Markov’s principle [13], and Farkas’ lemma as an exclusive alternative
is equivalent to LPO, although enough of it survives to give constructive versions of linear
programming optimality criteria and of the minimax theorem [17]. The common moral is
principle P1 of the introduction: convexity does the work that compactness, or omniscience,
does in general.

4 Convergence: what it costs to get there

Section 3 showed that for convex problems the existence of a minimizer is almost free. This
section shows that convergence to a minimizer is not. The main character is the plainest algorithm
there is: gradient descent (2) with constant step 1/𝐿 on a convex 𝐿-smooth function. Every
optimizer knows that it converges to a minimizer when one exists (in finite dimensions; weakly
in Hilbert space), and that 𝑓 (𝑥𝑘) − 𝑓 ∗ ≤ 𝐿𝐷2/(2𝑘) with 𝐷 = dist(𝑥0 , argmin 𝑓 ). The contrast
between these two statements is the subject of this section. The rate for 𝑓 (𝑥𝑘) − 𝑓 ∗ is uniform: it
depends only on 𝐿, 𝐷 and 𝑘. For the iterates themselves there is no rate depending only on 𝐿,
𝐷 and 𝜀, and, as we shall see, not even a computable one in general.

The first three results below are known in substance. Their key constructions and arguments
are due to Kohlenbach [101], to Kohlenbach, López-Acedo and Nicolae [114] and to Neumann
[137], who work with moduli of regularity and with Picard and Krasnosel’skiı̆–Mann iterations
of firmly nonexpansive maps; the formulation as convergence theorems for gradient descent
and anchored methods, and some of the reversals (for instance the one for the Tikhonov path),
are ours. In one dimension firmly nonexpansive maps are exactly the gradient-descent maps:
𝑇 : R→ R is firmly nonexpansive if and only if it is nondecreasing and 1-Lipschitz, if and only
if 𝑇 = 𝐼 − 1

𝐿 𝑓
′ for a convex 𝑓 with 𝐿-Lipschitz derivative. We restate these three results in the

language of optimization because their meaning for optimization is the point of this paper, and
we give short proofs, since the one-dimensional instance makes the mechanism transparent.
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4.1 Gradient descent is arithmetical comprehension

Theorem 4.1 (Kohlenbach; Neumann). Over RCA0 the following are equivalent.
(1) ACA0.
(2) For every 𝑑 ≥ 1, every convex 𝐿-smooth pair ( 𝑓 , 𝑔) on R𝑑 that has a minimizer, and every

𝑥0 ∈ R𝑑, the gradient-descent sequence (2) converges.
(3) Statement (2) for 𝑑 = 1.
(4) For every nondecreasing nonexpansive 𝑇 : R→ R that has a fixed point and every 𝑥0, the

Picard sequence (𝑇 𝑘𝑥0)𝑘 converges.
Moreover, the limit problem GDLim𝑑 : ( 𝑓 , 𝑔, 𝐿, 𝑥0) ↦→ lim𝑘 𝑥𝑘 satisfies GDLim𝑑 ≡sW lim for every
𝑑 ≥ 1.

The reversal (3)⇒(1) is contained in Kohlenbach’s proof that moduli of regularity require
ACA0 [101, proof of Theorem 4.4], which uses the map 1

2 (𝐼 + 𝑇) for the map 𝑇 below, that is,
gradient descent on the same function with step 1/4; the Weihrauch statement for Krasnosel’skiı̆
and Krasnosel’skiı̆–Mann iterations on [0, 1] is [137, Proposition 3.20 and Corollary 3.18]. The
function that drives all the lower bounds in this section is

𝑓𝑦(𝑥) =
∑
𝑠≥0

2−𝑠−1 ((𝑦𝑠 − 𝑥)+)2 +
(
(𝑥 − 1)+

)2
, (3)

built from a nondecreasing sequence (𝑦𝑠) in [0, 1]. It is convex and 𝐶1 with 𝑓 ′𝑦 (𝑥) = −
∑
𝑠 2−𝑠(𝑦𝑠−

𝑥)+ + 2(𝑥 − 1)+, which is 2-Lipschitz, and argmin 𝑓𝑦 = [𝛼, 1] with 𝛼 = sup𝑠 𝑦𝑠 . All of 𝑓𝑦 is
computable from the data, but the late data enter the gradient with weight 2−𝑠 : gradient
descent feels a jump that occurs at stage 𝑠 only through a pull of order 2−𝑠 . This is why no
computable rate can exist.

Proof. (1)⇒(2). Work in ACA0. Fix a minimizer 𝑧. By Theorem 2.2(b) the distances ∥𝑥𝑘 − 𝑧∥ do
not increase, so the sequence is bounded. By the Bolzano–Weierstrass theorem, which holds in
ACA0 [158, III.2], a subsequence 𝑥𝑘𝑖 converges to some 𝑥̄. By Theorem 2.2(c), 𝑓 (𝑥𝑘) → 𝑓 (𝑧), so
𝑓 (𝑥̄) = 𝑓 (𝑧) by continuity and 𝑥̄ is a minimizer. By Theorem 2.2(b) with 𝑧 = 𝑥̄, the distances
∥𝑥𝑘 − 𝑥̄∥ do not increase and have lim inf 0, hence tend to 0.

(2)⇒(3) is trivial. (3)⇔(4). Adding the two lower inequalities of (1) at (𝑥, 𝑦) and (𝑦, 𝑥)
shows that 𝑔 is nondecreasing, and adding the two upper ones shows that 𝑔 is 𝐿-Lipschitz;
at a minimizer 𝑧, the upper inequality with 𝑦 = 𝑧 − 𝑔(𝑧)/𝐿 gives 𝑔(𝑧) = 0. So 𝑇 = 𝐼 − 𝑔/𝐿 is
nondecreasing and 1-Lipschitz and fixes the minimizers. Conversely, given such a 𝑇, put 𝐿 = 1,
𝑔 = 𝐼 −𝑇 and 𝑓 (𝑥) =

∫ 𝑥

0 𝑔; then 𝑓 (𝑦) − 𝑓 (𝑥) − 𝑔(𝑥)(𝑦 − 𝑥) =
∫ 𝑦

𝑥
(𝑔(𝑡) − 𝑔(𝑥)) 𝑑𝑡 ∈ [0, (𝑦 − 𝑥)2/2],

so ( 𝑓 , 𝑔) is a convex 1-smooth pair, and a fixed point of 𝑇 is a minimizer of 𝑓 . Riemann integrals
of Lipschitz functions exist in RCA0.

(3)⇒(1). Over RCA0, ACA0 is equivalent to the existence of the range of every one-to-one
ℎ : N→ N [158, Lemma III.1.3]. Given ℎ, let 𝑦𝑠 =

∑
𝑖≤𝑠 2−ℎ(𝑖)−1, a nondecreasing sequence in

[0, 1), and consider 𝑓 = 𝑓𝑦 with 𝐿 = 2. The pair ( 𝑓 , 𝑓 ′) exists in RCA0 (the series converge
uniformly on bounded sets with explicit moduli), and 1 is a minimizer since 𝑓 ≥ 0 = 𝑓 (1). Let
𝑥𝑘 be the gradient-descent sequence from 𝑥0 = 0, and 𝑇 = 𝐼 − 𝑓 ′/2, which is nondecreasing. By
(3), 𝑥𝑘 → 𝑥∞.
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• 𝑇𝑥∞ = 𝑥∞ by continuity, so 𝑓 ′(𝑥∞) = 0, which forces 𝑦𝑠 ≤ 𝑥∞ ≤ 1 for all 𝑠.
• If 𝑇𝑧 = 𝑧 and 𝑧 ≥ 0, then 𝑥𝑘 ≤ 𝑧 for all 𝑘, by Π0

1 induction: 𝑥0 = 0 ≤ 𝑧 and 𝑥𝑘+1 = 𝑇𝑥𝑘 ≤
𝑇𝑧 = 𝑧.

• Suppose 𝑦𝑠 ≤ 𝑥∞ − 𝜀 for all 𝑠. Then 𝑧 = 𝑥∞ − 𝜀 satisfies 𝑧 ≥ 𝑦0 > 0 and 𝑓 ′(𝑧) = 0, so 𝑇𝑧 = 𝑧,
and the previous item gives 𝑥∞ ≤ 𝑥∞ − 𝜀, which is absurd. Hence 𝑦𝑠 → 𝑥∞.

Now 𝑚 ∈ ran(ℎ) if and only if 𝑚 ∈ {ℎ(0), . . . , ℎ(𝑛)} for any 𝑛 with 𝑥∞ − 𝑦𝑛 < 2−𝑚−1, because
a later value ℎ(𝑖) = 𝑚 would add 2−𝑚−1 to the sum. Such an 𝑛 is found by a Δ0

1 search
(Appendix A), so ran(ℎ) exists.

Weihrauch. GDLim𝑑 ≤sW lim because the iterates are uniformly computable from the input
and converge. Conversely, given a nondecreasing sequence (𝑦𝑠) in [0, 1], the function 𝑓𝑦 is
uniformly computable and gradient descent from 0 converges to sup𝑠 𝑦𝑠 by the argument
above. So the monotone convergence problem satisfies MCT ≤sW GDLim1 ≤sW GDLim𝑑, and
MCT ≡sW lim [27, Fact 11.26]. ■

Remark 4.2 (What the theorem says, and what it does not).
(a) The constructed function has a whole interval [𝛼, 1] of minimizers. This is forced: if

the minimizer is unique, the limit and a rate are computable (Theorem 4.4).
(b) For a computable increasing sequence with non-computable supremum (a Specker

sequence [161]), the iterates have no computable rate of convergence, although 𝑓 (𝑥𝑘) −
𝑓 ∗ ≤ 𝐿𝐷2/(2𝑘) and | 𝑓 ′(𝑥𝑘)| ≤ 2𝐿𝐷/(𝑘 − 1) hold as always [114, Remark 4.10], [137,
Corollary 3.19]. Figure 2 shows what this looks like: after a late jump of the data, every
standard certificate of near-optimality is tiny while the iterate is still far from its limit.

(c) The equivalence depends on the coding of real numbers. Freund, Pischke and Uftring
[64] code reals by Cauchy sequences without a rate; in their setting RCA0 proves the
monotone convergence theorem [64, Corollary 7.6], and they discuss when iterates of
continuous maps exist [64, Corollary 7.15]. We expect, but have not checked, that the
one-dimensional case of (3) becomes provable in RCA0 in their coding. The equivalence
with ACA0 is a statement about the existence of limits with a modulus, which is what a
numerical analyst would call “knowing the limit”.

(d) The same proofs apply to the proximal point algorithm (which is gradient descent on
the Moreau envelope), to Krasnosel’skiı̆–Mann iterations of firmly nonexpansive maps,
and to projected gradient methods. An earlier calibration of the same kind concerns
linear averaging: the mean ergodic theorem for nonexpansive linear maps on Hilbert
space is equivalent to ACA0 [6, Theorem 14.1].

4.2 The selection principle

Theorems 3.2 and 4.1 look contradictory at first sight: a minimizer of a convex function is
cheap to have but expensive to reach. The resolution is that a convergent algorithm does more
than find a minimizer: it selects one, namely its limit, as a function of the data. In the proof of
Theorem 4.1, gradient descent from 0 selects the left end point 𝛼 of argmin 𝑓𝑦 = [𝛼, 1], which is
the projection of the starting point onto the solution set, and that end point carries the halting
problem. Neumann proved the general form of this observation for fixed-point iterations on
[0, 1]: computing the projection of a point onto the fixed-point set of a nonexpansive map,
computing the limit of a large class of iterations, and computing a rate of convergence for them,



The Logical Anatomy of Optimization 16

100 101 102 103 104 105

stage s / iteration k

0.200

0.225

0.250

0.275

0.300

0.325

0.350

0.375 limit x∞ = sup
s
ys

ys

xk

(a)  data ys and iterate xk

100 101 102 103 104 105

iteration k

10−12

10−10

10−8

10−6

10−4

10−2

100 |xk − x∞|

f(xk) − f ¤
|f ′(xk)|

LD2/2k

(b)  uniform rates vs. no rate

Figure 2. Gradient descent on the function 𝑓𝑦 of (3) for data 𝑦𝑠 that start with a jump at stage 0 and receive
late jumps at stages 𝑠 = 30, 300, 3000, 30000, computed in 80-digit arithmetic (Appendix B). (a) The data
𝑦𝑠 (plotted against 𝑠) and the iterate 𝑥𝑘 (plotted against 𝑘). (b) The value gap and the gradient obey the
uniform bounds and are below 10−4 after the first step, yet the iterate stays at distance about 0.12 from
its limit: the jump at stage 30 pulls with weight 2−30, and crossing it alone takes more than 109 steps.

are all Weihrauch equivalent to lim [137, Proposition 3.20].
Anchored methods make the selection explicit. They converge strongly, even in Hilbert space,

and their limit is the projection of the anchor 𝑢 onto the solution set: the Halpern iteration
𝑥𝑘+1 = 𝛽𝑘+1𝑢 + (1 − 𝛽𝑘+1)𝑇𝑥𝑘 with 𝛽𝑘 → 0,

∑
𝑘 𝛽𝑘 = ∞ and

∑
𝑘 |𝛽𝑘+1 − 𝛽𝑘 | < ∞ (Wittmann’s

theorem [170]), and Tikhonov regularization 𝑥𝜆 = argmin{ 𝑓 + 𝜆
2 ∥· − 𝑢∥2} as 𝜆 ↓ 0.

Theorem 4.3 (Selection; after Neumann). On the class of convex 2-smooth functions on R with a
minimizer, the following problems are strongly Weihrauch equivalent to lim: given 𝑓 and 𝑢, find
𝑃argmin 𝑓 (𝑢); find the limit of the Halpern iteration with 𝛽𝑘 = 1/(𝑘 + 1), anchor 𝑢 and starting
point 𝑥0 = 𝑢 for 𝑇 = 𝐼 − 1

2 𝑓
′; find lim𝜆↓0 𝑥𝜆, where 𝑥𝜆 = argmin{ 𝑓 + 𝜆

2 (· − 𝑢)2} is the Tikhonov
path. Over RCA0, the convergence of either of the last two (for all such 𝑓 and 𝑢) implies ACA0.

Proof. Use 𝑓𝑦 with 𝑢 = 𝑥0 = 0, so that 𝑃argmin 𝑓𝑦 (0) = 𝛼 = sup𝑠 𝑦𝑠 . All three limits are 𝛼, and
the upper bounds are as in Theorem 4.1; each point 𝑥𝜆 of the Tikhonov path is the unique
zero of the 𝜆-strongly increasing function ℎ = 𝑓 ′ + 𝜆(𝐼 − 𝑢), which is found uniformly by
trisection (since ℎ(𝑚 + 𝛿) − ℎ(𝑚 − 𝛿) ≥ 2𝜆𝛿, one of the strict tests ℎ(𝑚 − 𝛿) < 0, ℎ(𝑚 + 𝛿) > 0
succeeds), so the path exists in RCA0. For the reverse-mathematical statement we cannot use
the classical identification of the limit with 𝛼, since 𝛼 need not exist in RCA0; instead we repeat
the comparison argument of Theorem 4.1. For Halpern with 𝑥0 = 𝑢 = 0: if 𝑇𝑧 = 𝑧 ≥ 0 then
𝑥𝑘 ≤ 𝑧 for all 𝑘, since 𝑥𝑘+1 = (1 − 𝛽𝑘+1)𝑇𝑥𝑘 ≤ (1 − 𝛽𝑘+1)𝑧 ≤ 𝑧; and |𝑥𝑘+1 − 𝑇𝑥𝑘 | ≤ 𝛽𝑘+1|𝑇𝑥𝑘 | → 0,
so a limit 𝑥∞ is a fixed point. For Tikhonov: 𝑓 ′+𝜆𝐼 is increasing and non-negative at every fixed
point 𝑧 ≥ 0 of 𝑇, so 0 ≤ 𝑥𝜆 ≤ 𝑧 ≤ 1; and 𝑓 ′(𝑥𝜆) = −𝜆𝑥𝜆 → 0, so a limit 𝑥∞ satisfies 𝑓 ′(𝑥∞) = 0.
In both cases the remaining two items in the proof of Theorem 4.1 go through unchanged. ■
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Together, Theorems 3.2, 4.1 and 4.3 isolate the cost of convergence: it is the cost of the
particular choice an algorithm makes. A convergent method defines a map ( 𝑓 , 𝑥0) ↦→ lim𝑘 𝑥𝑘 ,
which is a realizer of convex minimization. Finding some minimizer is cheap: the multivalued
problem CMin1 is equivalent to IVT (Theorem 3.3), and on the hard family 𝑓𝑦 the constant choice
1 is a minimizer. No single-valued realizer is as cheap as the problem itself (a single-valued map
below C2N is computable [26]), and the realizers computed by gradient descent in dimension
one and by anchored methods in every dimension select the projection of the starting point or
of the anchor onto the solution set, which is as complex as the halting problem. (In dimension
𝑑 ≥ 2 the limit of gradient descent need not be that projection, but the one-dimensional case
already embeds.) This is principle P2 of the introduction, in the precise form that Theorems 4.1
and 4.3 prove; whether every limit-computable realizer of convex minimization is lim-hard
is Theorem 8.2. Kohlenbach’s recent work on moduli of regularity, which shows how such
moduli compute zeros and, for convex zero sets, the zero of minimal norm [106], is closely
related.

4.3 What restores computability: uniqueness and regularity

There are two classical ways to remove the choice: make the minimizer unique, or make the
distance to the solution set controlled by the objective. In proof mining these are the modulus of
uniqueness [93] and the modulus of regularity [114]; in optimization they are strong convexity
and error bounds (Hölder, Łojasiewicz, Kurdyka–Łojasiewicz, Hoffman).

Proposition 4.4 (Kohlenbach, López-Acedo, Nicolae; Kohlenbach). Let ( 𝑓 , 𝑔) be a convex 𝐿-smooth
pair on R𝑑 with 𝑆 = argmin 𝑓 ≠ ∅, and 𝐷 = dist(𝑥0 , 𝑆).

(a) If 𝑆 = {𝑥∗}, then 𝑥∗ and a rate of convergence of (2) are computable from ( 𝑓 , 𝑔, 𝐿, 𝑥0),
uniformly on the class of such instances.

(b) If 𝜌 is a modulus of regularity, i.e. 𝑓 (𝑥) − 𝑓 ∗ < 𝜌(𝜀) implies dist(𝑥, 𝑆) < 𝜀 (a modulus of
uniqueness when 𝑆 is a singleton), then ∥𝑥𝑘 − lim𝑗 𝑥 𝑗∥ < 𝜀 for all 𝑘 > 𝐿𝐷2/(2𝜌(𝜀/2)).

(c) Over RCA0, the existence of a modulus of regularity for every Lipschitz 𝐹 : [0, 1] → R
with a zero is equivalent to ACA0, while the mere regularity statement (without a modulus)
is equivalent to WKL0; the modulus-of-regularity problem is Weihrauch equivalent to
L̂PO ≡W lim [27, Fact 3.5], and the modulus-of-uniqueness problem is computable [101].
(In RCA0 the existence of a modulus of uniqueness needs WKL0, as in Section 3.4: the
compactness of [0, 1] costs WKL0 in RCA0, but is free for computable functions in the
Weihrauch setting.)

Proof. (a) If 𝑆 is bounded and nonempty, all sublevel sets of 𝑓 are bounded [151, Corollary
8.7.1]. Search for a rational 𝑅 with min{ 𝑓 (𝑦) : ∥𝑦 − 𝑥0∥ = 𝑅} > 𝑓 (𝑥0); the condition is Σ0

1 and
some 𝑅 satisfies it, and by convexity { 𝑓 ≤ 𝑓 (𝑥0)} ⊆ 𝐵̄(𝑥0 , 𝑅). On this ball 𝑥∗ is the unique point
of a co-c.e. closed set, hence computable [23, Corollary 8.9]. A rate is 𝜀 ↦→ the first 𝑛 found with
∥𝑥𝑛−𝑥∗∥ < 𝜀; it is valid for all 𝑘 ≥ 𝑛 because ∥𝑥𝑘−𝑥∗∥ does not increase. (b) is [114, Theorem 4.1]
with the rate 𝑓 (𝑥𝑘)− 𝑓 ∗ ≤ 𝐿𝐷2/(2𝑘) of Theorem 2.2(c): once dist(𝑥𝑘 , 𝑆) < 𝜀/2, Fejér monotonicity
gives ∥𝑥𝑚 − 𝑃𝑆𝑥𝑘∥ ≤ dist(𝑥𝑘 , 𝑆) for all 𝑚 ≥ 𝑘, hence ∥𝑥𝑘 − 𝑥∞∥ ≤ 2 dist(𝑥𝑘 , 𝑆) < 𝜀. ■

Three comments place this in the optimization landscape. First, the rate in (a) is computable
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but not bounded in terms of 𝐿, 𝐷 and 𝜀 alone: 𝑓 (𝑥) = 𝜇𝑥2/2 shows that no bound in terms of 𝐿,
𝐷 and 𝜀 alone exists. Uniform bounds are exactly what moduli provide: strong convexity with
constant 𝜇 is a modulus of uniqueness 𝛿(𝜀) = 𝜇𝜀2/2; a Hölder error bound 𝑓 − 𝑓 ∗ ≥ 𝑐 dist(·, 𝑆)𝑝
is a modulus of regularity 𝜌(𝜀) = 𝑐𝜀𝑝 ; for least squares, Hoffman’s bound [84] gives 𝑝 = 2.
Kohlenbach, López-Acedo and Nicolae show that weak sharp minima, metric subregularity
and error bounds are all instances [114, Section 3]. Second, uniqueness is not necessary for
computability of a given instance (a solution interval with rational end points gives computable
limits); the precise statements are the uniform ones in (a) and (c), and the existential ones in
Theorem 4.2(b). Third, o-minimal geometry explains why regularity is common in practice.
Definable (for instance semialgebraic) functions satisfy the Kurdyka–Łojasiewicz inequality
[21, 118], which is a modulus of regularity in disguise, and this is the basis of the convergence
theory of descent methods for tame problems [4]. Model theory thus guarantees, for a
large class of problems, the existence of exactly the datum that Theorem 4.4(c) shows to be
non-computable in general. It does not make the datum computable from the data: on the
tame family 𝑓𝑐(𝑥) = 𝑐

2𝑥
2, 𝑐 ∈ [0, 1], with 𝐿 = 1 and 𝑥0 = 1, the limit is 0 for 𝑐 > 0 and 1 for 𝑐 = 0,

so even here the limit operator computes LPO.

4.4 Between convergence and rates: fluctuations and metastability

When no rate of convergence exists, proof mining asks for weaker, finitary information
[5, 112, 164]. A sequence (𝑥𝑘) has 𝑁 𝜀-fluctuations if there are 𝑖1 < 𝑗1 ≤ 𝑖2 < 𝑗2 ≤ · · · ≤ 𝑖𝑁 < 𝑗𝑁
with ∥𝑥𝑖𝑙 − 𝑥 𝑗𝑙∥ ≥ 𝜀 for each 𝑙. A rate of metastability is a function Φ(𝜀, 𝐹) such that for every
𝜀 > 0 and every 𝐹 : N → N there is 𝑛 ≤ Φ(𝜀, 𝐹) with ∥𝑥𝑖 − 𝑥 𝑗∥ < 𝜀 for all 𝑖 , 𝑗 ∈ [𝑛, 𝑛 + 𝐹(𝑛)].
Metastability is the Kreisel no-counterexample interpretation of the Cauchy property, and
by Kohlenbach’s metatheorems it can be extracted from proofs of convergence. A bound on
the number of fluctuations is stronger: it yields a rate of metastability, and it makes the limit
learnable with a bounded number of mind changes.

For Fejér monotone sequences in totally bounded spaces, which include gradient descent
and the proximal point algorithm in R𝑑, Kohlenbach, Leuştean and Nicolae extracted rates of
metastability and bounds on mind changes governed by the modulus of total boundedness; for
plain Fejér monotonicity in a ball of radius 𝑏 in R𝑑 the number of mind changes is of order
(8
√
𝑑 𝑏/𝜀)𝑑 [113, Theorem 5.1 and Example 2.8]. The structure of gradient descent gives a

bound that is linear in 𝐷/𝜀. Since the constant 𝐶𝑑 below may itself grow exponentially in 𝑑,
the honest gain is that the degree in 𝐷/𝜀 drops from 𝑑 to 1; for 𝐷/𝜀 small compared with 𝑑
the generic bound can be better. Throughout, 𝐶𝑑 denotes the constant in the length bound
for self-contracted curves recalled below; it depends only on 𝑑, and for gradient descent with
step 1/𝐿 an explicit admissible value can be read off from the path-length bound of Gupta,
Balakrishnan and Ramdas [78], which is of order 2𝑂(𝑑2). The key fact is geometric.

Lemma 4.5 (Self-contraction [20, 78]). Let 𝑓 be convex and 𝐿-smooth on a Hilbert space and
𝑥𝑘+1 = 𝑥𝑘 − 𝑡𝑘∇ 𝑓 (𝑥𝑘) with 0 < 𝑡𝑘 ≤ 1/𝐿. Then ∥𝑥 𝑗 − 𝑥𝑘∥ ≤ ∥𝑥𝑖 − 𝑥𝑘∥ for all 𝑖 ≤ 𝑗 ≤ 𝑘. The same
holds for the proximal point algorithm with any parameters [20, Corollary 3.8] (see also [46]). No
minimizer is needed.

Proof. For 𝑚 < 𝑘 we have 𝑓 (𝑥𝑘) ≤ 𝑓 (𝑥𝑚+1), so Theorem 2.2(b) with 𝑧 = 𝑥𝑘 gives ∥𝑥𝑚+1 − 𝑥𝑘∥ ≤
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∥𝑥𝑚 − 𝑥𝑘∥; chain these for 𝑚 = 𝑖 , . . . , 𝑗 − 1. ■

Self-contracted curves were introduced by Daniilidis, Ley and Sabourau [45], and Daniilidis,
David, Durand-Cartagena and Lemenant [46, Theorem 3.3] proved, without any continuity
assumption, that a bounded self-contracted curve in R𝑑 has length at most 𝐶𝑑 times its diameter;
Gupta, Balakrishnan and Ramdas [78] and Böhm and Daniilidis [20] used this to bound the
path length of gradient descent. Read through the lens of proof mining, the length bound
becomes a uniform fluctuation bound, and its failure in infinite dimensions becomes a lower
bound.

The proof of Theorem 4.7(c) below uses the following observation.

Lemma 4.6 (Finite-dimensional reflection). Let 𝑓 be convex and 𝐿-smooth on a Hilbert spaceℋ ,
let (𝑥𝑘) follow (2), let 𝑧 be a minimizer and 𝐾 ∈ N, and let 𝑉 = span{𝑥0 , . . . , 𝑥𝐾 , 𝑧}. Then 𝑓 |𝑉 is
convex and 𝐿-smooth on 𝑉 � Rdim𝑉 with gradient 𝑃𝑉∇ 𝑓 , 𝑧 minimizes 𝑓 |𝑉 , and gradient descent
for 𝑓 |𝑉 from 𝑥0 produces 𝑥0 , . . . , 𝑥𝐾 .

Proof. For 𝑥, 𝑦 ∈ 𝑉 , ⟨∇ 𝑓 (𝑥), 𝑦 − 𝑥⟩ = ⟨𝑃𝑉∇ 𝑓 (𝑥), 𝑦 − 𝑥⟩, so (1) holds for ( 𝑓 |𝑉 , 𝑃𝑉∇ 𝑓 ). The
point 𝑧 ∈ 𝑉 minimizes 𝑓 on ℋ , hence on 𝑉 . For 𝑗 < 𝐾, ∇ 𝑓 (𝑥 𝑗) = 𝐿(𝑥 𝑗 − 𝑥 𝑗+1) ∈ 𝑉 , so
𝑃𝑉∇ 𝑓 (𝑥 𝑗) = ∇ 𝑓 (𝑥 𝑗) and the two iterations agree. ■

Proposition 4.7 (Fluctuations and dimension). Let 𝑓 be convex and 𝐿-smooth on R𝑑 with a
minimizer, 𝐷 = dist(𝑥0 , argmin 𝑓 ), and (𝑥𝑘) given by (2) (or by the proximal point algorithm).

(a) For every 𝜀 > 0, (𝑥𝑘) has at most 2𝐶𝑑𝐷/𝜀 𝜀-fluctuations.
(b) Φ(𝜀, 𝐹) = 𝐹̃(𝑁)(0), with 𝐹̃(𝑛) = 𝑛 + 𝐹(𝑛) and 𝑁 = ⌊2𝐶𝑑𝐷/𝜀⌋, is a rate of metastability; it

depends on 𝑓 , 𝐿 and 𝑥0 only through 𝐷.
(c) There is no dimension-free bound: no function 𝐵 : (0,∞) → N satisfies, for all 𝑑, all convex

1-smooth 𝑓 on R𝑑 with a minimizer 𝑧, all 𝑥0 and all 𝜀 > 0, that (2) has at most 𝐵(∥𝑥0− 𝑧∥/𝜀)
𝜀-fluctuations. Likewise, no rate of metastability depends only on ∥𝑥0 − 𝑧∥, 𝜀 and 𝐹.

Proof. (a) By Fejér monotonicity every 𝑥𝑘 lies in 𝐵̄(𝑧, 𝐷) for 𝑧 = 𝑃argmin 𝑓 (𝑥0), so the orbit
has diameter at most 2𝐷, and by Theorem 4.5 and [46] its length is at most 2𝐶𝑑𝐷. If
𝑖1 < 𝑗1 ≤ · · · ≤ 𝑖𝑁 < 𝑗𝑁 witness 𝑁 𝜀-fluctuations, then 𝜀 ≤ ∥𝑥𝑖𝑙 − 𝑥 𝑗𝑙∥ ≤

∑
𝑖𝑙≤𝑘< 𝑗𝑙∥𝑥𝑘+1 − 𝑥𝑘∥, and

these index ranges are disjoint, so 𝑁𝜀 ≤ 2𝐶𝑑𝐷.
(b) Let 𝑛0 = 0 and 𝑛𝑙+1 = 𝐹̃(𝑛𝑙). If no 𝑛𝑙 with 𝑙 ≤ 𝑁 works, each interval [𝑛𝑙 , 𝑛𝑙 + 𝐹(𝑛𝑙)]

contains 𝑖𝑙 < 𝑗𝑙 with ∥𝑥𝑖𝑙 − 𝑥 𝑗𝑙∥ ≥ 𝜀, and 𝑗𝑙 ≤ 𝑛𝑙+1 ≤ 𝑖𝑙+1. These are 𝑁 + 1 𝜀-fluctuations,
contradicting (a).

(c) Bauschke, Matoušková and Reich [9], building on Hundal [86], give two closed convex
sets 𝐾, 𝐻 in ℓ 2 with 0 ∈ 𝐾 ∩ 𝐻 and a point 𝑥0 such that the iterates of the averaged projection
1
2 (𝑃𝐾 + 𝑃𝐻) do not converge in norm. Since 𝑥 − 𝑃𝐶𝑥 = ∇ 1

2𝑑
2
𝐶
(𝑥), we have 1

2 (𝑃𝐾 + 𝑃𝐻) = 𝐼 − ∇ 𝑓
with 𝑓 = 1

4 (𝑑2
𝐾
+ 𝑑2

𝐻
), a convex function with 1-Lipschitz gradient and argmin 𝑓 = 𝐾 ∩ 𝐻 ∋ 0;

so these iterates are (2) with 𝐿 = 1 (see the proof of [20, Proposition 4.4]). A sequence that
is not Cauchy has, for some 𝜀 > 0, infinitely many 𝜀-fluctuations. If 𝐵 existed, choose 𝐾 so
large that 𝑥0 , . . . , 𝑥𝐾 contain 𝐵(∥𝑥0∥/𝜀) + 1 of them. By Theorem 4.6 with 𝑧 = 0, these are
also the first 𝐾 + 1 iterates of gradient descent for a convex 1-smooth function on a space of
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dimension at most 𝐾+2 with minimizer 0, a contradiction. For metastability, suppose Φ(𝜀, 𝐹, 𝑏)
were a dimension-free rate, valid whenever ∥𝑥0 − 𝑧∥ ≤ 𝑏. For every 𝜀 and 𝐹, reflect the first
𝐾 = Φ +max𝑛≤Φ 𝐹(𝑛) iterates of the ℓ 2 sequence; this shows that Φ is a rate of metastability for
the ℓ 2 sequence itself, which is therefore Cauchy, a contradiction. ■

That gradient descent in ℓ 2 can fail to converge in norm, and hence admits no fluctuation
bound there, follows from [9] and the proof of [20, Proposition 4.4]; it is also known that
self-contracted curves in Hilbert space can have infinite length [163]; the restriction to the span
of the iterates is the standard device of performance estimation [166]. Theorem 4.7(c) combines
them into a finite-dimensional, quantitative statement: the constant 𝐶𝑑 in (a) must tend to
infinity, and so must any rate of metastability. An explicit family shows how the number of
fluctuations grows with the dimension.

Proposition 4.8 (Staircase). For every 𝑑 ≥ 1 and 𝜀 > 0 there are a separable convex 1-smooth
function on R𝑑 with unique minimizer 0 and a point 𝑥0 with ∥𝑥0∥ = 2

√
𝑑 𝜀 such that gradient

descent has at least 𝑑 𝜀-fluctuations. Consequently 𝐶𝑑 ≥
√
𝑑/2.

Proof. Let 𝑎 = 2𝜀, 𝑠𝑖 = 𝑎2−𝑖 and 𝑓 (𝑥) = ∑𝑑
𝑖=1 ℎ𝑠𝑖 (𝑥𝑖), where ℎ𝑠 is the Huber function with

ℎ′𝑠(𝑡) = max(−𝑠,min(𝑠, 𝑡)). From 𝑥0 = (𝑎, . . . , 𝑎), gradient descent moves coordinate 𝑖 by 𝑠𝑖
per step and reaches 0 exactly at step 𝑇𝑖 = 2𝑖 . During the steps 𝑘 ∈ [𝑇𝑖−1 , 𝑇𝑖] (with 𝑇0 = 20 = 1)
only the coordinates 𝑗 ≥ 𝑖 move, each by 𝑎2𝑖−1−𝑗 , so ∥𝑥𝑇𝑖−1 − 𝑥𝑇𝑖∥2 = 𝑎2 ∑𝑑

𝑗=𝑖 4𝑖−1−𝑗 ≥ 𝑎2/4. The 𝑑
consecutive windows give 𝑑 𝜀-fluctuations. Since all coordinates decrease monotonically, the
orbit has diameter exactly ∥𝑥0∥ = 2

√
𝑑 𝜀, so its length is at least 𝑑𝜀 and at most 𝐶𝑑 · 2

√
𝑑 𝜀; hence

𝐶𝑑 ≥
√
𝑑/2. ■

The lower bound 𝐶𝑑 ≳
√
𝑑 matches the known lower bound for path lengths of gradient

descent; the best known upper bounds are of the form 2𝑂(𝑑 log 𝑑) for gradient flow and for
gradient descent with steps of order 1/(𝐿

√
𝑑), and 2𝑂(𝑑2) for step 1/𝐿 [78]. The gap is part of

Theorem 8.4.
Theorem 4.6 is the device behind performance estimation problems [51, 166]: the first 𝐾 steps

of a first-order method see only a (𝐾 + 2)-dimensional space. Theorem 4.7 thus makes precise,
for gradient descent, a phenomenon that the proof-mining metatheorems explain in general
terms (Section 5.1): bounds extracted from proofs that do not use compactness of the ambient
space are dimension-free, and bounds from proofs that do use it (the Bolzano–Weierstrass
step in Theorem 4.1, or the length of self-contracted curves) depend on the dimension, here
necessarily. The Halpern iteration, by contrast, converges strongly in Hilbert space by a proof
that uses no norm compactness of the space (only weak sequential compactness or projections,
which are available uniformly in every Hilbert space), and accordingly it has dimension-free
rates of metastability [99, 107].

4.5 What gradient descent can converge to

Theorem 4.1 is a uniform statement: the limit operator of gradient descent is as hard as lim.
Finite path length has a second, non-uniform consequence, which locates the values of this
operator precisely. Recall from Section 2.2 the left-c.e., right-c.e. and d.c.e. reals. Ambos-Spies,



The Logical Anatomy of Optimization 21

Weihrauch and Zheng [3] showed that the d.c.e. reals form a field and are exactly the limits of
computable sequences of rationals with finite total variation; they form a proper subclass of
the limit-computable (Δ0

2) reals, which are the possible values of lim on computable inputs.
The following corollary is a direct consequence of known results: part (b) combines self-

contraction with the characterization just quoted, and part (a) is in substance contained in
the work of Zheng, Rettinger and Barmpalias on monotonically computable reals [171] and in
Neumann’s constructions [137, Corollary 3.18]. We state it because it gives a sharp answer to a
natural question about gradient descent that, as far as we know, has not been asked.

Corollary 4.9 (The limits of gradient descent). Call an instance ( 𝑓 , 𝑔, 𝐿, 𝑥0) of (2) computable if 𝑓 ,
𝑔 and 𝑥0 are computable, 𝐿 is rational, and 𝑓 has a minimizer.

(a) In dimension 1, the limits of gradient descent on computable instances are exactly the reals
that are left-c.e. or right-c.e.

(b) In every dimension 𝑑, every coordinate of the limit of a computable instance is d.c.e.
(c) In every dimension 𝑑 ≥ 2, every d.c.e. real is the first coordinate of the limit of a computable

instance.
Every computable instance has a computable minimizer, while the limit may be non-computable.

The step size matters in (b): if 𝐿 is allowed to be a non-computable real, the limit can be far
more complex. For instance, for 𝑓 (𝑥) = 1

2 ((𝑥1)+)2 + 1
10 ((𝑥1 + 2𝑥2)+)2 and 𝑥0 = (1, 1), every 𝐿 in

[1 + 5−1/2 , 8/5] is admissible and the limit has first coordinate 2
5 − 4

5𝐿 , which has the Turing
degree of 𝐿.

Proof. (a) In dimension one 𝑇 = 𝐼 − 1
𝐿 𝑔 is nondecreasing, so the iterates are monotone,

and a computable monotone sequence of computable reals has a left-c.e. or right-c.e. limit.
Conversely, let 𝛼 be left-c.e. and fix rationals 𝑐 < 𝛼 and 𝜆 > 𝛼 − 𝑐. Then 𝛼 = 𝑐 + 𝜆 sup𝑠 𝑦𝑠
for a computable nondecreasing sequence of rationals 𝑦𝑠 ∈ [0, 1). With 𝑓𝑦 from (3), the
function 𝜑(𝑢) = 𝜆2 𝑓𝑦((𝑢 − 𝑐)/𝜆) is convex with 2-Lipschitz derivative, and gradient descent
with step 1/2 from 𝑢0 = 𝑐 satisfies 𝑢𝑘 = 𝑐 + 𝜆𝑥𝑘 , where 𝑥𝑘 is gradient descent for 𝑓𝑦 from 0. So
𝑢𝑘 → 𝑐 + 𝜆 sup𝑠 𝑦𝑠 = 𝛼. Right-c.e. reals are handled by 𝑢 ↦→ −𝑢.

(b) By Theorem 4.5 and the length bound for self-contracted curves [46], the iterates have
finite length. Replacing each coordinate 𝑥(𝑖)

𝑘
by a rational 𝑟𝑘 with |𝑟𝑘 − 𝑥(𝑖)𝑘 | < 2−𝑘 gives a

computable sequence of rationals with finite total variation and the same limit, so the limit is
d.c.e. [3].

(c) Write 𝑎 = 𝐴 − 𝐵 with 𝐴, 𝐵 left-c.e. Let 𝜑 be a one-dimensional instance from (a) with
limit 5

3𝐴, and 𝜓 one with limit − 5
4𝐵, both with 2-Lipschitz derivative. The matrix 𝑄 = 1

5
( 3 4

4 −3
)

is orthogonal and 𝑄2 = 𝐼. Let 𝐹(𝑥) = 𝜑(𝑢) + 𝜓(𝑣), where (𝑢, 𝑣) = 𝑄𝑥. Then 𝐹 is convex
with 2-Lipschitz gradient, and since an orthogonal change of variables commutes with (2)
and a separable function decouples, gradient descent for 𝐹 from 𝑥0 = 𝑄(𝑢0 , 𝑣0) converges to
𝑄(53𝐴,−5

4𝐵), whose first coordinate is 1
5 (3 · 5

3𝐴 − 4 · 5
4𝐵) = 𝐴 − 𝐵. For 𝑑 > 2, add 1

2∥·∥2 in the
remaining coordinates.

Finally, a computable instance with a minimizer has one in some rational box 𝐵; the restriction
of 𝑓 to 𝐵 is a computable convex function whose minimizers are minimizers of 𝑓 , so Theorem 3.3
gives a computable minimizer. The instance from (a) built from a non-computable left-c.e. real
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has a non-computable limit, while argmin 𝑓𝑦 ∋ 1. ■

Theorem 4.9 separates the two faces of Theorem 4.1. Uniformly, the limit operator of
gradient descent is as hard as lim; but on computable inputs its values are confined to the
d.c.e. reals, a class strictly below the limit-computable ones, and the reason is geometric:
self-contracted orbits have finite length. In Hilbert space orbits need not have finite length, and
whether the restriction persists for norm-convergent instances is Theorem 8.5. Combined with
Theorem 4.7(a), the corollary also says that for gradient descent in R𝑑 the passage from the
computable data to the limit costs at most two monotone limits per coordinate, with at most
2𝐶𝑑𝐷/𝜀 changes of mind at precision 𝜀.

5 Proof mining: uniformity as complexity

Reverse mathematics tells us which convergence statements cannot come with computable rates.
Proof mining tells us what can be extracted anyway, and how. This section is a guide to the
parts of Kohlenbach’s program that concern optimization; for full accounts see [98, 100, 105].

5.1 The logical form of a complexity bound

A typical worst-case bound of first-order convex optimization reads: for every Hilbert space
ℋ , every convex 𝐿-smooth 𝑓 onℋ , every 𝑥0 and every minimizer 𝑥∗ with ∥𝑥0 − 𝑥∗∥ ≤ 𝐷, and
every 𝜀 > 0, there is 𝑘 with 𝑓 (𝑥𝑘) − 𝑓 (𝑥∗) < 𝜀; moreover 𝑘 ≤ 𝑁(𝐿, 𝐷, 𝜀). The first half is a ∀∃
statement over an abstract Hilbert space. The general logical metatheorems of Kohlenbach
and Gerhardy–Kohlenbach [69, 97] say that whenever such a statement is proved in a suitable
formal system (roughly: classical analysis in all finite types with an abstract Hilbert space
added as a base type, plus dependent choice, but without axioms that make the space compact
or separable), the second half follows automatically, with a bound 𝑁 that depends only on
majorants of the data: here 𝐿, 𝐷 and 𝜀. Three features of optimization practice, long known
from the theory of oracle complexity, are thus explained by logic.

(i) Dimension-freeness. Bounds do not depend on the dimension, because the abstract space
has none.

(ii) Oracle-model uniformity. Bounds do not depend on 𝑓 beyond its constants, which is the
premise of the oracle complexity theory of Nemirovski and Yudin [130].

(iii) Independence of the solution. Bounds depend on 𝑥∗ only through 𝐷.
The metatheorems also indicate where their uniformity guarantee stops: if the proof uses
compactness of the space (the Bolzano–Weierstrass step in Theorem 4.1), the extracted bound
depends on a modulus of total boundedness, and if the statement is Π0

3 (convergence), the
extractable content is a rate of metastability. Metatheorems give sufficient conditions and
cannot by themselves show that a better bound is impossible; Theorems 4.1 and 4.7 show that,
for gradient descent, both limits are genuine.

Theorem 4.6 is a complement. Performance estimation problems [51, 166] compute exact
worst cases of 𝐾 steps of a first-order method by optimizing over Gram matrices of size 𝐾 + 2;
they are exact for every dimension at least 𝐾+2, because the iterates of a first-order method span
a small subspace. Logically, this is a finite-dimensional reflection principle for first-order methods:
if some instance in a Hilbert space violates a property of the first 𝐾 steps, then some instance in
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dimension 𝐾 + 2 violates it. Metatheorems explain why bounds are dimension-free; reflection
explains why the worst cases can be computed in finite dimension, and (Theorem 4.7(c)) why
infinite-dimensional pathologies leave finite-dimensional traces.

5.2 A case study: rates for Halpern and Krasnosel’skĭı–Mann iterations

The history of rates for the two basic fixed-point iterations shows how the two communities
have interacted.

Krasnosel’skiı̆–Mann. For 𝑥𝑛+1 = (1−𝜆𝑛)𝑥𝑛+𝜆𝑛𝑇𝑥𝑛 with𝑇 nonexpansive on a bounded convex
set 𝐶 of a normed space, Baillon and Bruck [7] proved ∥𝑥𝑛 − 𝑇𝑥𝑛∥ ≤ diam(𝐶)/

√
𝜋𝜆(1 − 𝜆)𝑛 for

constant 𝜆, and conjectured a bound of the form 𝜅 diam(𝐶)/
√∑

𝑖≤𝑛 𝜆𝑖(1 − 𝜆𝑖) for general steps.
Kohlenbach [95, 96] extracted from a proof of Borwein, Reich and Shafrir a rate of asymptotic
regularity for general steps that depends on 𝐶 only through a bound on its diameter and is
independent of 𝑥0 and 𝑇 (exponential in 1/𝜀). For general steps in Banach spaces this was the
only known rate until Cominetti, Soto and Vaisman [40] proved the Baillon–Bruck conjecture
with 𝜅 = 1/

√
𝜋, crediting the uniformity to proof mining; the constant is sharp [30].

Halpern. For 𝑥𝑛+1 = 𝛽𝑛𝑢 + (1− 𝛽𝑛)𝑇𝑥𝑛 , the first rate of asymptotic regularity was obtained by
proof mining (Leuştean [125], exponential in 1/𝜀), improved to a quadratic rate by Kohlenbach
[99] and Kohlenbach–Leuştean [107] together with uniform rates of metastability for the
strong convergence. (In this subsection a rate is called linear or quadratic according to the
dependence of the number of iterations on 1/𝜀; a linear rate means ∥𝑥𝑘 − 𝑇𝑥𝑘∥ = 𝑂(1/𝑘), not
geometric convergence.) A linear rate was then found by Sabach and Shtern [152], the tight
bound ∥𝑥𝑘 − 𝑇𝑥𝑘∥ ≤ 2∥𝑥0 − 𝑥∗∥/(𝑘 + 1) in Hilbert space by Lieder [128] using performance
estimation, and the optimal rate over all Mann-type iterations in normed spaces by Contreras
and Cominetti [41]. Lieder notes explicitly that the first result of this type came from proof
mining; conversely, the Sabach–Shtern lemma was imported back into proof mining to obtain
linear rates in𝑊-hyperbolic spaces [36, 37].

The pattern is instructive. Logical methods reliably deliver uniformity and first bounds, often
in generality (normed or geodesic spaces, general step sizes) that the optimization literature
reaches later. Optimization methods (potential functions, performance estimation) deliver
optimal constants. The two are complementary, and they meet in the dimension-freeness of the
bounds: the metatheorems predict it, and performance estimation exploits it by computing
worst cases in dimension 𝐾 + 2.

5.3 Fejér monotonicity, regularity and metastability

Most convergence proofs in convex optimization have the same skeleton: the iterates are Fejér
monotone with respect to the solution set, some residual tends to zero, and a compactness
or regularity argument finishes the proof. Proof mining has analysed this skeleton once
and for all. Kohlenbach, Leuştean and Nicolae extracted uniform rates of metastability for
(generalized) Fejér monotone sequences whenever the convergence proof uses compactness,
covering the proximal point algorithm and iterations of firmly nonexpansive, asymptotically
nonexpansive and strictly pseudo-contractive maps in𝑊-hyperbolic spaces [113]. Kohlenbach,
López-Acedo and Nicolae showed that a modulus of regularity turns the same skeleton into a
rate of convergence, and conversely that a uniform rate of convergence yields a modulus of
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regularity [114]; Pischke extended this to a general notion of Fejér monotonicity [146], and
Kohlenbach and Pinto revisited it recently [110]. In this light, Theorem 4.4 is the specialization
to gradient descent of a general theorem, and Theorem 4.7 is a case where the specific geometry
of an algorithm beats the general bound in its dependence on 𝐷/𝜀: for gradient descent in R𝑑

the number of fluctuations is linear in 𝐷/𝜀, whereas the general compactness-based bound is
of order (8

√
𝑑 𝐷/𝜀)𝑑.

Proof mining has also produced explicit rates for many specific methods: Halpern-type
proximal point algorithms [102, 104, 126], the proximal point algorithm in uniformly convex
spaces [103], abstract proximal point algorithms [127], multi-parameter and viscosity schemes
[50, 109], inconsistent feasibility problems [159], subgradient methods for equilibrium problems
[147], set-valued monotone and accretive operators, for which new logical metatheorems were
needed [111, 145], and continuous-time quasi-Fejér monotone dynamical systems such as
gradient flows [63].

5.4 Stochastic optimization

Stochastic approximation is the newest frontier. Its convergence theorems rest on the Robbins–
Siegmund theorem for almost-supermartingales, which implies Doob’s convergence theorem
and therefore admits no computable rates in general. Neri and Powell gave a quantitative
Robbins–Siegmund theorem with explicit, learnable rates of uniform (metastable) convergence
[133], building on their analysis of crossings and fluctuations of stochastic processes [132]. Neri,
Pischke and Powell turned this into an abstract effective convergence theorem for stochastic
approximation, covering Dvoretzky’s theorem and stochastic quasi-Fejér monotone sequences
[134], and into generalized fluctuation bounds under compactness [135]. Pischke and Powell
obtained linear rates of asymptotic regularity for stochastic Halpern and Krasnosel’skiı̆–Mann
schemes and translated them into oracle complexity bounds [148]; see [131] for an overview of
proof mining in probability theory. The logical classification of the underlying almost-sure
convergence theorems is still open (Theorem 8.9).

5.5 The origins: best approximation

Proof mining began, in part, with optimization. Best Chebyshev approximation by polynomials
of degree ≤ 𝑛 is a convex minimization problem with a unique solution, and the classical
uniqueness proofs are ineffective. Kohlenbach [93, 94] extracted from them explicit moduli of
uniqueness, which are uniform a priori estimates for the constants of strong unicity, improving
the known estimates of Bridges by a factor 𝑛 in the exponent; Kohlenbach and Oliva [108]
carried out the analysis for 𝐿1-approximation. In both cases the extracted moduli have the
optimal dependence on 𝜀 [105]. In the language of Theorem 4.4, these are moduli of uniqueness
for specific convex programs. A modulus of uniqueness 𝛿 turns any rate for the objective
values into a rate for the iterates: if 𝑓 (𝑥𝑘) − 𝑓 ∗ ≤ 𝑟(𝑘) and 𝑟(𝑘) < 𝛿(𝜀), then ∥𝑥𝑘 − 𝑥∗∥ < 𝜀;
Theorem 4.4(b) is the special case of gradient descent.
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6 Duality and certificates

Duality theorems assert the existence of a certificate: a dual solution, a separating hyperplane, a
vertex cover, a cut. They are, formally, existence theorems, and the existence of a certificate
behaves like the existence of an optimal solution: cheap in finite dimensions, expensive when
the certificate is an infinite object chosen among infinitely many candidates.

6.1 Finite-dimensional duality

Finite linear programming is the base case. With real data it is not computable in any uniform
sense: solving a bounded feasible system of linear inequalities, and finding a Nash equilibrium
of a bimatrix game, are both Weihrauch equivalent to AoUC∗[0,1], the finite parallelization of
all-or-unique choice (for linear inequalities [142, Theorems 37 and 38] with [29, Proposition
7.60]; for Nash equilibria [142, Corollary 40] and [29, Theorem 8.5]), and no Banach–Mazur
computable map produces maximizers of linear programs with computable data [123]. In
Bishop’s constructive mathematics, Farkas’ lemma as an exclusive alternative is equivalent to
LPO [17]. Classical reverse mathematics is kinder. We did not find the following statement in
the literature.

Theorem 6.1. RCA0 proves linear programming strong duality: for all 𝑚, 𝑛 and all real 𝐴 ∈ R𝑚×𝑛 ,
𝑏 ∈ R𝑚 , 𝑐 ∈ R𝑛 , if {𝑥 ≥ 0 : 𝐴𝑥 ≤ 𝑏} and {𝑦 ≥ 0 : 𝐴⊤𝑦 ≥ 𝑐} are nonempty, then there are 𝑥∗ and
𝑦∗ in them with 𝑐⊤𝑥∗ = 𝑏⊤𝑦∗. Consequently RCA0 proves von Neumann’s minimax theorem for
real matrix games of every size.

Proof sketch. Appendix C gives the details. Write the primal in equality form with slack
variables, [𝐴 𝐼] (𝑥, 𝑠) = 𝑏. First obtain the signs of the 𝑏𝑖 (by the comprehension step described
below) and multiply the rows with 𝑏𝑖 < 0 by −1; Phase I then adds 𝑚 artificial variables and
minimizes their sum. For each phase let 𝑀 be the bordered matrix formed by the constraint
matrix of that phase, the right-hand side, and the cost row of that phase. For a basis 𝐵, every
entry of the simplex tableau, including the reduced costs and the objective value, is a quotient
𝜇/Δ𝐵 of minors of 𝑀, where Δ𝐵 ≠ 0 is the basis determinant. Every test that the two-phase
simplex method with Bland’s rule [19] performs is therefore the sign of a minor, or of an
expression 𝜇1𝜇2 − 𝜇3𝜇4 in minors (a ratio test, after multiplying out positive denominators; ties
are tests “= 0”). Let (𝑣𝑖)𝑖<𝑁 be the finite list of all these reals, for both phases; its length 𝑁 is
bounded by an explicit function of 𝑚 and 𝑛.

The only non-constructive step is the following. The reals 𝑣𝑖 are computed from the data
by explicit polynomial expressions, so the sequence (𝑣𝑖)𝑖<𝑁 exists in RCA0 and “𝑣𝑖 > 0” is Σ0

1
uniformly in 𝑖. By bounded Σ0

1 comprehension, which is provable in RCA0 [158, II.3], the finite
sets {𝑖 < 𝑁 : 𝑣𝑖 > 0} and {𝑖 < 𝑁 : 𝑣𝑖 < 0} exist, so RCA0 has the complete sign pattern 𝜎 of
(𝑣𝑖) as a finite object. The simplex method can now be run symbolically on 𝜎: each tableau
is represented by its basis, and each decision is read off 𝜎. Because 𝜎 is the true sign pattern,
this symbolic run is a genuine run of the simplex method on the real data. Bland’s anticycling
argument is a finite combinatorial argument about the run, valid in every ordered field and
formalizable with Σ0

1 induction, so each phase stops after at most
(
𝑛+2𝑚
𝑚

)
pivots. At the end of

Phase I the optimal value is 0, since the primal is feasible, and artificial variables that remain
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basic at level zero are pivoted out, which is possible because [𝐴 𝐼] has rank 𝑚. Phase II cannot
report unboundedness, since by weak duality any dual feasible 𝑦 bounds the objective. So it
stops at an optimal basis 𝐵, where Cramer’s rule gives 𝑥∗ and 𝑦∗⊤ = 𝑐⊤

𝐵
𝐵−1 as explicit quotients

of minors with non-zero denominators. Non-negative reduced costs say that 𝑦∗ is dual feasible,
and 𝑐⊤𝑥∗ = 𝑐⊤

𝐵
𝐵−1𝑏 = 𝑏⊤𝑦∗ is an algebraic identity between explicitly given reals. Nothing

beyond Σ0
1 induction and bounded Σ0

1 comprehension is used. For the minimax theorem, shift
the payoff matrix by a rational constant that makes all entries positive and use the standard
linear programming formulation of the game; the reduction is uniform in the size. ■

The proof makes the three calibrations of finite duality fit together. Reverse mathematics,
which has classical logic, obtains the finitely many signs it needs for free; constructive
mathematics must assume them (whence LPO); and the Weihrauch degree measures how
much discontinuous information about signs a uniform algorithm needs, which is a finite
parallelization of a principle strictly below LPO. We expect that the same method, applied to
Lemke–Howson pivoting [124] with lexicographic degeneracy resolution, shows that RCA0
proves the existence of Nash equilibria of bimatrix games of every size, but we have not written
out the details. For games with three or more players, whose equilibria can be irrational
algebraic numbers of high degree, Theorem 3.5 gives the statement for each fixed format, the
uniform statement is provable in WKL0 via Brouwer’s theorem, and the exact strength is open
(Theorem 8.1). Berger and Svindland note that their constructive separation theorem and
fundamental theorem of asset pricing can also be proved in RCA0 [13, Remark 2].

6.2 Separation and Hahn–Banach

In infinite dimensions, certificates of optimality are continuous linear functionals, and their
existence is the Hahn–Banach theorem. Over RCA0, the Hahn–Banach theorem for separable
Banach spaces (with ∥ 𝑓 ∥ ≤ 1, not = ∥ 𝑓 ∥) is equivalent to WKL0 [31], and so are the separation of
an open convex set from a disjoint separably closed convex set and the strict separation of two
disjoint open convex sets [85, Theorem 4.4]. Strict separation of a compact convex set from a
disjoint separably closed convex set is equivalent to ACA0, already in R2 [85, Theorem 5.1]: the
difficulty is not the dimension but the coding: RCA0 cannot prove that a set given as the closure
of a sequence is closed in the coded sense, and this is where arithmetical comprehension enters.
The existence of the norm of a functional, which is the value of an optimization problem, is
again ACA0 [6, Theorem 13.4]. In the Weihrauch lattice the Hahn–Banach theorem is equivalent
to WKL [24, 70], and in Bishop’s mathematics it is equivalent to LLPO [87].

These results resonate with a familiar experience in convex analysis: duality theorems are
cheap when a constraint qualification provides an interior point (open sets, Slater’s condition)
and delicate when it does not. We conjecture that the logical counterpart of this experience is
the gap between WKL0 and ACA0 that the separation theorems exhibit; making this precise for
Lagrange and Fenchel duality is Theorem 8.6.

6.3 Infinite combinatorial optimization

Combinatorial optimization on countable structures provides the highest calibrations of all,
and the most instructive. Table 2 collects them.
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Principle (countable version) Strength over RCA0 Source

Matroid basis, decidable dependence (greedy algorithm) RCA0 [83]
Hall’s theorem, bounded marriage problems WKL0 [82]
Hall’s theorem, each boy knows finitely many girls ACA0 [82]
Hall’s theorem under the 𝐵-bounded Hall condition RCA0 (sequential: ACA0) [68]
Dilworth’s theorem (width 𝑘), Mirsky’s theorem WKL0 [34, 81]
Stable marriage: highly bounded and effectively listed / listed
/ ordered

WKL0 / ACA0 / ATR0 [34]

Shortest paths; minimum spanning trees (bounded weight) ACA0 [39]
Bases of countable vector spaces; e-matroid bases ACA0 [67, 83]
Perfect matchings (Steffens), locally finite / bounded ACA0 / WKL0 [62]
Kőnig’s duality theorem (bipartite graphs) ATR0 [1, 157]
Extended Kőnig duality; extended Menger theorem Π1

1-CA0 [1, 154]
Menger’s theorem (countable graphs) between ATR0 and TLPP0 [154, 167]

Table 2. Reverse mathematics of combinatorial optimization on countable structures.

Three features of the table deserve comment. First, the role of a bounding function (a function
bounding the neighbours of each vertex, or the preferences of each agent) is exactly the role of
compactness in analysis: with it, existence is WKL0; without it, ACA0. Second, for matchings
the step from ACA0 to ATR0 happens at duality: Hall’s theorem asserts only a matching,
while Kőnig’s theorem asserts a matching and a cover that certify each other, and Aharoni,
Magidor and Shore built a computable bipartite graph all of whose Kőnig covers are above
every computable iterate of the Turing jump [1]. In the Weihrauch lattice, Kőnig’s theorem is
arithmetically equivalent to the two-sided problem ATR2 [71, Section 9]. A primal–dual pair is
a far more rigid object than either half. (Stable marriage reaches ATR0 as well, but only in its
“ordered” form, which encodes the comparability of well-orderings [34].) Third, the greedy
algorithm is the combinatorial analogue of convexity: when it applies (matroids with decidable
dependence), existence costs nothing.

Several natural cells are empty: countable max-flow/min-cut [2], matroid intersection for
countable matroids [89], and the exact strength of Menger’s theorem, which is open [154, 167].
Each of them generalizes Kőnig’s theorem, so any formalization strong enough to imply it is at
least ATR0.

7 The feasible world: bounded arithmetic, TFNP and proof systems

Second-order arithmetic measures infinitary content. For finite optimization problems the
right yardstick is complexity, and the logical counterpart is bounded arithmetic, where Cook’s
program of bounded reverse mathematics pairs complexity classes with weak theories and
propositional proof systems [42, 138]. The correspondences in this section are tighter than in
second-order arithmetic: they identify classes of search problems with exactly the existence
principles that a theory can prove.
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7.1 Local optimality is the strength of 𝑇1
2

A local search problem asks for a local optimum of a cost function over a neighbourhood
structure, both given by polynomial-time algorithms. Johnson, Papadimitriou and Yannakakis
[88] collected these problems into the class PLS. The principle “every finite optimization
problem has a local optimum” is a ∀Σ𝑏1 statement provable in Buss’s theory 𝑇1

2 , which has
induction for NP properties, and Buss and Krajíček proved the converse: the Σ𝑏1-definable
multifunctions of 𝑇1

2 are exactly the projections of PLS problems [32]; equivalently, the NP
search problems provably total in 𝑇1

2 are exactly those reducible to PLS. Beckmann and Buss
extended this up the hierarchy, characterizing, for 1 ≤ 𝑖 ≤ 𝑘+1, the Σ𝑏

𝑖
-definable multifunctions

of 𝑇 𝑘+1
2 by local search over Π𝑝

𝑘
-definable feasible sets [11], and Kołodziejczyk, Nguyen and

Thapen characterized the NP search problems provably total in the weak second-order theory
𝑉1

2 by an exponentially blown-up local improvement principle [116]. In this precise sense, local
optimality is the existence principle of 𝑇1

2 , just as compactness is the existence principle of WKL0.
A global optimum, by contrast, cannot in general be recognized in polynomial time, so, unless
P = NP, finding one is not an NP search problem.

Feasible versions of real analysis exist as well. Ferreira’s theory BTFA and its extension by a
form of weak Kőnig’s lemma for trees given by bounded formulas have the polynomial-time
functions as their provably total functions [60], and BTFA proves the intermediate value
theorem, so that its real numbers form a real closed field [56].

7.2 Continuous local search and gradient descent

The continuous analogue of PLS is the class CLS of Daskalakis and Papadimitriou [47],
designed to capture problems solvable by gradient-type local improvement, such as finding
stationary points of smooth functions. Fearnley, Goldberg, Hollender and Savani proved
that CLS = PPAD ∩ PLS, and that finding an 𝜀-KKT point of a 𝐶1 function with Lipschitz
gradient on [0, 1]2, given by arithmetic circuits, is complete for this class, as are the problems
of finding approximate fixed points of gradient descent [54, Theorems 5.1 and 6.1]. Even KKT
points of quadratic programs over [0, 1]𝑛 are CLS-complete [55]. Two neighbouring results
calibrate the surroundings: approximate local min-max points of nonconvex–nonconcave
smooth functions on polytopes are PPAD-complete [49], like Brouwer fixed points and Nash
equilibria [35, 48, 140]; and approximate second-order stationary points are PLS-complete on
the square according to a recent preprint [117].

The finite and the computable worlds agree in dimension one, where KKT points are found by
bisection on the derivative. In the computable world the analogue of the KKT problem is exact
rather than approximate, and in dimension one it is as easy as finding a zero: KKT1 ≡sW IVT
(Theorem 3.4). Whether the exact KKT problem stays strictly below the Brouwer problem in
higher dimensions, as CLS is believed to stay strictly below PPAD, is Theorem 8.3.

7.3 Proof systems as optimization methods

Most classical TFNP classes now have characterizations by propositional proof systems in
the black-box (query) model, the main exceptions being PPP and UEOPL: PLS corresponds
to Resolution (of polylogarithmic width), PPA to Nullstellensatz over F2, PPAD to unary
Nullstellensatz, PPADS to unary Sherali–Adams, and EOPL = PLS ∩ PPAD to Reversible
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Resolution with Terminals, whose power is that of Resolution and unary Nullstellensatz
together [33, 72–74]. Since gradient descent is complete for CLS = PLS∩PPAD in the white-box
model [54], Reversible Resolution with Terminals is the natural proof-system counterpart of
gradient descent, with the caveat that the two results live in different models. In the other
direction, optimization algorithms are proof systems:
• Cutting planes. Chvátal’s closure of a polytope under rounded linear combinations [38] is a

proof system for integer infeasibility [43]. Pudlák proved exponential lower bounds for it
by interpolation with monotone real circuits [149].

• Branch and cut. The Stabbing Planes system formalizes branch-and-cut [10]. Dadush and
Tiwari showed that Tseitin formulas have quasi-polynomial cutting-plane refutations and
bounded the coefficients needed in branching proofs [44], and Fleming et al. proved the
first exponential lower bounds for Stabbing Planes with bounded coefficients [61]. The
proof system that certifies the dominance reasoning of pseudo-Boolean optimization solvers
simulates the quantified propositional proof system 𝐺1 [115].

• Sum of squares. The Positivstellensatz proof system of Grigoriev and Vorobjov [77] is the
proof system behind the Lasserre and Parrilo hierarchies for polynomial optimization
[119, 141]; its degree lower bounds [76, 153] yield integrality gaps for the sum-of-squares
hierarchy, and its bit complexity is subtle [8, 139, 150].

The last item closes a circle with Section 5. Artin’s solution of Hilbert’s 17th problem is
non-constructive; Kreisel’s analysis of it, which gave primitive recursive degree bounds, is one
of the founding examples of his program of “unwinding” proofs, from which proof mining
descends, and Daykin gave another constructive proof. Lombardi, Perrucci and Roy pushed this
line to an elementary recursive bound (a tower of five exponentials) for the Positivstellensatz
[129], explicitly by turning proofs into certificates. Effective degree bounds for certificates of
positivity are the logical side of a question that is central for sum-of-squares hierarchies: how
high a level is needed to certify a given bound.

Finally, weak theories prove the correctness of classical optimization algorithms. Le and
Cook formalized in the polynomial-time theory VPV Hall’s and Berge’s theorems, weak duality
for weighted bipartite matching, the min-max characterization of maximum-weight matchings,
and a version of the Hungarian algorithm [120]; Fernández and Soltys proved Kőnig’s min-max
theorem, and with it the finite theorems of Menger, Hall and Dilworth, in a weak theory
of linear algebra [57]. We found no formalization of general linear programming duality in
bounded arithmetic; Theorem 6.1 suggests that a theory able to reason about determinants,
such as those of Soltys and Cook [160] or of Tzameret and Cook [168], is the natural candidate.

8 Synthesis and open problems

Table 3 collects the calibrations discussed in this paper in one place.

8.1 Five principles, revisited

P1. Convexity and tameness substitute for compactness. Compactness is what makes general
existence theorems cost WKL0: the extreme value theorem, Brouwer’s fixed point theorem, the
Hahn–Banach theorem. Convexity makes existence cheap again (Theorem 3.2), for a reason that
is visible in the proof: a convex function cannot hide a minimizer behind a local maximum, so a
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Principle Reverse
mathematics

Weihrauch Constructive (BISH)

Existence
Maximum of a continuous 𝑓 on [0, 1] WKL0 ≡sW WKL positive infimum

⇔ FAN
Minimum of a convex 𝑓 on [0, 1] / on [0, 1]𝑛
with a modulus

RCA0 (3.2) ≡sW XC𝑛 (3.3) quasi-convex: no FAN
needed

Polynomial minimum, fixed format RCA0 (3.5) non-unif. computable
Unique minimizer: modulus of uniqueness WKL0 computable existence⇔ FAN;

convex: free
Brouwer fixed point, 𝑛 ≥ 2 WKL0 ≡sW WKL
Minimum of an lsc 𝑓 on [0, 1] ACA0
Projection onto a closed subspace; norm of a
functional

ACA0

Ekeland: free, continuous 𝑓 , compact space WKL0
Ekeland: two of the three weakenings, or
compact space alone

ACA0

Ekeland: free; localized; localized for
continuous 𝑓

Π1
1-CA0

Caristi for Borel maps TLPP0

Convergence
Rates for 𝑓 (𝑥𝑘) − 𝑓 ∗ and ∇ 𝑓 (𝑥𝑘) RCA0 computable, uniform constructive
Gradient descent, PPA, KM converge (on R) ACA0 (4.1) limit ≡sW lim
Projection of an anchor onto the solution set
(Halpern, Tikhonov)

implies ACA0
(4.3)

≡sW lim

Modulus of regularity exists / regularity ACA0 / WKL0 ≡W L̂PO ≡W lim
Mean ergodic theorem ACA0
Gradient descent in R𝑑 : at most 2𝐶𝑑𝐷/𝜀
𝜀-fluctuations (4.7)

(quantitative) limits on computable
instances d.c.e. (4.9)

Duality
LP duality, minimax (real data, all sizes) RCA0 (6.1) linear inequalities:

≡W AoUC∗[0,1]

Farkas⇔ LPO

Nash equilibria, bimatrix / 𝑛 players ≤ WKL0 ≡W AoUC∗[0,1] / open existence not
constructive

Hahn–Banach; separation of open convex
sets

WKL0 HB: ≡W WKL HB⇔ LLPO; a
separation form⇔MP

Strict separation from a separably closed set ACA0
Kőnig duality (countable bipartite graphs) ATR0 arithm. ≡ ATR2
Menger (countable graphs) ATR0 ≤ · ≤

TLPP0

Feasible world
Local optima: PLS, the NP search problems provably total in 𝑇1

2 . Approximate KKT points of smooth functions on
the square (given by circuits): CLS = PPAD ∩ PLS. Nash, Brouwer, local min-max: PPAD. Exact KKT points on
[0, 1]: KKT1 ≡sW IVT (3.4).

Table 3. An atlas of the calibrations discussed in this paper. Numbers refer to results of this paper;
sources for the other entries are given in Sections 3, 4, 6 and 7. Empty cells are not claims of anything;
several are open. “Non-unif. computable” means that computable instances have computable solutions.
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one-dimensional search never has to backtrack. In dimension one this is a complete answer; in
higher dimensions we need a modulus of uniform continuity, and whether convexity provides
it in RCA0 is open (Theorem 8.1). Tameness makes it cheap for a different reason: fixed-format
semialgebraic statements follow from finitely many algebraic axioms (Theorem 3.5). The same
phenomena appear in Bishop’s constructive mathematics, where convexity replaces the fan
theorem [14–16], in Weihrauch complexity, where convex choice sits strictly below closed choice
[92, 121], and in combinatorial optimization, where the greedy algorithm makes matroid bases
free [83].

P2. Selection is the price of convergence. Theorems 4.1 and 4.3 show that what costs ACA0 is
not existence but commitment. The limit of a convergent method is a realizer of convex
minimization, a function of the data and the starting point; finding some minimizer is non-
uniformly computable, but the realizers computed by gradient descent in dimension one and
by anchored methods in every dimension select the projection of the starting point or anchor
onto the solution set, and this selection is lim-hard (Theorems 4.1 and 4.3; Neumann [137]
proved this for projections and for a large class of fixed-point iterations). This explains why
the strength of convergence theorems does not depend on whether the algorithm is a descent
method, a fixed-point iteration or an anchored scheme: each of them makes a choice of this
kind, at least on one-dimensional instances. The same pattern appears in existence theorems
that ask for an extremal solution: Peano’s theorem is WKL0, but Osgood’s maximal solution is
ACA0 [156].

P3. Uniqueness and regularity are computational resources. A unique minimizer is computable,
and so is a rate (Theorem 4.4). A modulus of uniqueness or regularity is a uniform rate. This
is Kohlenbach’s observation for best approximation [93], and it is the logical content of the
many “error bound implies convergence rate” theorems of optimization: the error bound
is a modulus of regularity, and the theorem is its quantitative unwinding. (Theorem 4.4(b)
applies the modulus once; the familiar geometric rates come from applying a linear modulus
repeatedly along the iteration.) Conversely, a uniform rate of convergence yields a modulus of
regularity [114], and the existence of such moduli is equivalent to ACA0 [101]; together these
show that uniform rates for the iterates exist exactly under a regularity assumption, which is
not available in general. O-minimality explains why regularity is so often available, though not
why it should be computable from the data.

P4. Bounds on values are cheap, convergence of iterates is not. Every uniform rate in Theorem 2.2
follows from finitely many instances of (1): it has a proof that uses no compactness and
no induction beyond Π0

1, and the metatheorems guarantee that such a proof yields bounds
depending only on 𝐿, 𝐷 and 𝑘. Convergence of iterates is a Π0

3 statement whose proofs use
compactness; metastability is what is left after Kreisel’s no-counterexample interpretation, and
fluctuation bounds are what is left when, in addition, the geometry cooperates (Theorem 4.7).
The principle is a heuristic: what makes the values uniform is the existence of a simple proof of
a bound, not the logical form of the convergence statement as such.

P5. Dimension is the price of compactness. The rates of Theorem 2.2 hold in every Hilbert space;
the fluctuation and metastability bounds of Theorem 4.7 depend on 𝑑 and cannot be made
dimension-free. The dividing line is the use of compactness (Bolzano–Weierstrass, or the
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length of self-contracted curves) in the convergence proof, which proof mining detects as a
dependence on a modulus of total boundedness. The Halpern iteration converges strongly in
Hilbert space by a proof that uses no norm compactness (only weak sequential compactness or
projections, available uniformly in every Hilbert space), and accordingly it has dimension-free
metastability rates [99, 107].

8.2 Open problems

Problem 8.1. Does RCA0 prove that for every 𝑛, every convex function on [0, 1]𝑛 with a modulus
of uniform continuity attains its minimum? The proof of Theorem 3.2(b) is an external
induction on 𝑛. Does RCA0 prove that every continuous convex function on [0, 1]2 has a
modulus of uniform continuity? Similarly, does RCA0 prove, with 𝑛 and 𝑑 as variables, that
polynomials of degree 𝑑 attain their minima on [0, 1]𝑛 , or that finite games of every size have
Nash equilibria (Theorem 3.5)? Does the method of Theorem 6.1, applied to Lemke–Howson
pivoting, give bimatrix Nash equilibria of every size in RCA0?
Problem 8.2. Is every limit-computable single-valued realizer of CMin1 Weihrauch equivalent
to lim? Theorems 4.1 and 4.3 show this for the projection-type selections computed by gradient
descent and anchored methods, while the multivalued problem CMin1 itself is only IVT.
Problem 8.3. Determine the Weihrauch degree of KKT𝑛 . By Theorem 3.4, KKT1 ≡sW IVT
and KKT𝑛 ≤W BFT𝑛 ≡sW WKL for 𝑛 ≥ 2. Does every computable 𝐶1 function on [0, 1]2
have a computable KKT point? A positive answer would make KKT𝑛 a natural continuous
counterpart of CLS = PPAD ∩ PLS, sitting strictly below the Brouwer problem. We found
no example of a computable 𝐶1 function on the square without a computable KKT point. A
counterexample must be degenerate at its interior KKT points, since non-degenerate zeros of
computable vector fields are computable [75]; co-c.e. planar continua without computable
points [91] are a possible starting point.
Problem 8.4. Let 𝑀𝑑(𝑅) be the largest number of 𝜀-fluctuations of gradient descent on convex
1-smooth functions on R𝑑 with dist(𝑥0 , argmin 𝑓 ) ≤ 𝑅𝜀. Theorem 4.7 and Theorem 4.8 give
𝑀𝑑(2

√
𝑑) ≥ 𝑑, 𝑀𝑑(𝑅) ≤ 2𝐶𝑑𝑅 and sup𝑑𝑀𝑑(𝑅0) = ∞ for some 𝑅0. Let 𝑐GD

𝑑
be the best constant

𝑐 such that every gradient-descent orbit (step 1/𝐿) of a convex 𝐿-smooth function on R𝑑 has
length at most 𝑐 𝐷. Determine the growth of 𝑐GD

𝑑
, which lies between

√
𝑑/2 (Theorem 4.8)

and 2𝑂(𝑑2) [78], and the threshold 𝑅∗ = inf{𝑅 : sup𝑑𝑀𝑑(𝑅) = ∞}.
Problem 8.5. Which reals are coordinates of limits of gradient descent on computable convex
𝐿-smooth functions on ℓ 2 when the iterates converge in norm? Are all limit-computable reals
possible? Over RCA0, is weak convergence of gradient descent in separable Hilbert spaces
equivalent to ACA0? Under the rate-free coding of reals of [64], does RCA0 prove convergence
of gradient descent in R𝑑, as the finite-length argument behind Theorem 4.9(b) suggests
(Theorem 4.2(c) discusses dimension one)?
Problem 8.6. Calibrate the duality theorems of convex optimization in separable Banach
spaces: Fenchel–Rockafellar duality, Lagrange duality under Slater’s condition, and the
existence of subgradients. The separation theorems suggest WKL0 when an interior point is
available and ACA0 otherwise. In the finite world, is linear programming duality provable in
a bounded-arithmetic theory of linear algebra?
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Problem 8.7. The generic proof-mined bounds for Fejér monotone sequences in R𝑑 are of order
(
√
𝑑 𝐷/𝜀)𝑑 [113]; Theorem 4.7 gives 𝑂𝑑(𝐷/𝜀). Is there a logical metatheorem that explains

the improvement, for instance one that treats self-contractedness as a monotonicity principle
with linear fluctuation bounds?
Problem 8.8. Determine the exact strength of Menger’s theorem for countable graphs (between
ATR0 and TLPP0 [154, 167]), of max-flow/min-cut for countable networks [2] and of matroid
intersection for countable matroids [89].
Problem 8.9. Calibrate the almost-sure convergence theorems of stochastic approximation
(Robbins–Siegmund, stochastic gradient descent) in reverse mathematics and Weihrauch
complexity, in the spirit of the quantitative results of Neri, Pischke and Powell [133, 134].
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Appendix
The Logical Anatomy of Optimization

A Formalization notes

We record the points at which the proofs of Theorems 4.1, 4.3 and 6.1 use facts about RCA0 that
are standard but easy to overlook.
1. Iterates exist. By (1), 𝑔 is 𝐿-Lipschitz (add the two upper inequalities at (𝑥, 𝑦) and (𝑦, 𝑥) and

use co-coercivity). So an approximation of 𝑥𝑘+1 to precision 2−𝑛 needs only an approximation
of 𝑥𝑘 to precision 2−𝑛−𝑐 , for a constant 𝑐 depending on 𝐿, and one value of 𝑔 at a rational
point. The iterates are therefore defined by primitive recursion on a Δ0

1 table of values of 𝑔,
and no Π0

2 induction is needed to show that they exist. “The gradient-descent sequence
converges” then refers to this sequence.

2. The function 𝑓𝑦 . For 𝑥 in a bounded interval, the series defining 𝑓𝑦 and 𝑓 ′𝑦 converge uniformly
with an explicit modulus (the tail after 𝑠 terms is at most 2−𝑠 times a bound on (𝑦𝑠 − 𝑥)2),
so the pair ( 𝑓𝑦 , 𝑓 ′𝑦 ) exists as a pair of codes of continuous functions in RCA0, and (1) with
𝐿 = 2 holds because it holds for every partial sum and is preserved under limits.

3. Comparison arguments. The statements “𝑥𝑘 ≤ 𝑧 for all 𝑘” in the proofs of Theorems 4.1
and 4.3 are Π0

1 and are proved by Π0
1 induction, which is available in RCA0.

4. The final search. To decide 𝑚 ∈ ran(ℎ) from 𝑥∞, search for 𝑛 with 𝑥̂ − 𝑦𝑛 < 2−𝑚−2, where 𝑥̂ is
the approximation of 𝑥∞ to precision 2−𝑚−3 supplied by its code. The search terminates
because 𝑦𝑛 → 𝑥∞, and any 𝑛 found satisfies 𝑥∞ − 𝑦𝑛 < 2−𝑚−1.

5. Bounded comprehension. In Theorem 6.1, the sign pattern of finitely many reals is obtained
by bounded Σ0

1 comprehension, which is provable in RCA0 [158, II.3]; everything else is
first-order reasoning about finitely many explicitly given reals.

B The computations behind Fig. 2

The instance in Fig. 2 is gradient descent with step 1/2 from 𝑥0 = 0 on the function 𝑓𝑦 of
(3), for the data 𝑦𝑠 =

∑
𝑟≤𝑠 𝑏𝑟 , where 𝑏𝑟 = 10−4(𝑟 + 1)−3/2 plus a jump 2−𝑚−1 at stages 𝑟 =

0, 30, 300, 3000, 30000 with 𝑚 = 1, 3, 4, 5, 6. The background term keeps (𝑦𝑠) strictly increasing;
the late jumps imitate the enumeration of small elements of a computably enumerable set. All
quantities are computed in 80-digit decimal arithmetic. The series for 𝑓𝑦 and 𝑓 ′𝑦 are truncated
after 210 terms, which changes them by less than 10−63; the limit 𝑥∞ = sup𝑠 𝑦𝑠 is computed
from the data, including the tail of the background term. Over the 105 steps shown, 𝑓 (𝑥𝑘) − 𝑓 ∗
stays far below the bound 𝐿𝐷2/(2𝑘) of Theorem 2.2(c), and the gradient decays to about 10−10,
while 𝑥∞ − 𝑥𝑘 stays at 0.117. The scripts are available with the source of this paper.
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C Linear programming duality in RCA0: the details

This appendix expands the proof of Theorem 6.1. Throughout we work in RCA0; the sizes
𝑚 and 𝑛 are arbitrary natural numbers, possibly non-standard, and the data 𝐴, 𝑏, 𝑐 are finite
sequences of reals, coded as usual by a single set. OnlyΣ0

1 induction (equivalently Π0
1 induction)

and bounded Σ0
1 comprehension are used.

Step 1: formal polynomials and their values. Integer polynomials in finitely many variables are
finite objects, coded by natural numbers. Evaluation at a finite sequence of reals is defined
by primitive recursion on the polynomial, and RCA0 proves, by Π0

1 induction on the size of
the polynomials involved, that evaluation is a ring homomorphism: the value of 𝑝 + 𝑞 is the
sum of the values, and similarly for products. (Each of these is a statement ∀𝑝, 𝑞Π0

1, because
equality of reals is Π0

1.) Consequently every identity between integer polynomials that holds
formally, i.e. that is a true equality of finite objects after expansion into monomials, transfers
to the corresponding identity between reals. The determinant of an 𝑟 × 𝑟 matrix is the value
of the Leibniz polynomial, a sum of 𝑟! terms; this is a finite sum and exists for every 𝑟. The
identities we need are formal identities with the size 𝑟 as a parameter: expansion along a row or
column, multilinearity, Cramer’s rule in the form det(𝐵) 𝑥𝐵 =

(
det 𝐵(𝑖←𝑏)

)
𝑖
, and the description

of the entries of a simplex tableau as quotients of minors of the bordered matrix. Their usual
proofs are combinatorial arguments about finite objects: they are Δ0(exp) identities proved
by bĳections and sign-reversing involutions on the symmetric group 𝑆𝑟 , so IΔ0 + exp, which
is contained in IΣ1, the first-order part of RCA0, suffices (compare the much finer analysis
of linear algebra in weak theories by Soltys and Cook [160]). This is also why the textbook
proofs of duality by induction on 𝑚 + 𝑛 cannot be used directly: for non-standard sizes such
an induction would range over formulas that quantify over real vectors, i.e. over sets, and
RCA0 has no induction for them. The sign oracle below replaces that induction by a single
application of comprehension.

Step 2: the sign oracle. Put the primal problem in equality form with slack variables, [𝐴 𝐼] (𝑥, 𝑠) =
𝑏, (𝑥, 𝑠) ≥ 0. Let ℰ be the finite list of integer polynomials in the entries of (𝐴, 𝑏, 𝑐) consisting
of: the entries 𝑏𝑖 ; all minors of the bordered matrices of Phase I (constraint matrix with rows
multiplied by ±1 and artificial columns, right-hand side, Phase I cost row) and of Phase II
(constraint matrix, right-hand side, cost row), for every choice of the row signs; and all
expressions 𝜇1𝜇2 −𝜇3𝜇4 with 𝜇1 , . . . , 𝜇4 such minors. The length of ℰ is bounded by an explicit
(exponential) function of 𝑚 + 𝑛. The values 𝑣𝑒 (𝑒 ∈ ℰ) form a finite sequence of reals, and
“𝑣𝑒 > 0” and “𝑣𝑒 < 0” are Σ0

1 uniformly in 𝑒. By bounded Σ0
1 comprehension [158, II.3] the

finite sets {𝑒 : 𝑣𝑒 > 0} and {𝑒 : 𝑣𝑒 < 0} exist, so the sign function 𝜎 : ℰ → {−1, 0, 1} with
𝜎(𝑒) = sign(𝑣𝑒) exists as a finite object. This is the only point at which the proof is not uniform
in the data.

Step 3: the symbolic run. The two-phase simplex method with Bland’s smallest-index rule [19]
is a primitive recursive procedure that takes 𝜎 (and 𝑚, 𝑛) as input and manipulates bases, i.e.
finite sets of column indices. At a basis 𝐵 every quantity the method inspects is the sign of a
tableau entry, of a reduced cost, or of a difference of two ratios in a ratio test; by Step 1 each of
these signs equals 𝜎(𝑒) or 𝜎(𝑒)𝜎(𝑒′) for explicitly computable 𝑒 , 𝑒′ ∈ ℰ (for ratios, multiply out
the positive denominators). Ties are decided by 𝜎(𝑒) = 0, and Bland’s rule breaks them by the
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smallest index. So the run, a finite sequence of bases 𝐵0 , 𝐵1 , . . . together with the outcome, is
defined by primitive recursion from 𝜎. By Δ0

0 induction (in the parameter 𝜎) on 𝑡, the sign data
of 𝐵𝑡 certify feasibility: 𝜎(Δ𝐵𝑡 ) ≠ 0 and 𝜎(𝜇𝑖)𝜎(Δ𝐵𝑡 ) ≥ 0 for the minors 𝜇𝑖 that give the basic
variables by Cramer’s rule; the induction step is the usual verification that a pivot chosen by
the ratio test preserves feasibility, which is an identity between quotients of minors together
with the signs supplied by 𝜎. Because 𝜎 agrees with the true signs, each 𝐵𝑡 is a basis that is
feasible for the real data.

Step 4: termination. Bland’s proof that his rule never revisits a basis considers a hypothetical
cycle, the largest index that enters and leaves in it, and two tableaux of the cycle; the identity
that the cost row of one tableau is orthogonal to the direction defined by the entering column of
the other, together with the signs forced by the rule, gives a contradiction. All of this concerns
finitely many reals given by quotients of minors and their signs, so it is available in RCA0 by
Steps 1 and 3. Hence no basis repeats, and by the finite pigeonhole principle (provable in IΣ1)
each phase stops after at most

(
𝑛+2𝑚
𝑚

)
pivots.

Step 5: Phase I. Multiply the rows with 𝜎(𝑏𝑖) = −1 by −1 and add one artificial variable per
row. The artificial basis is feasible, and Phase I minimizes the sum of the artificial variables.
Phase I cannot be unbounded, since an improving ray would make the sum of the non-negative
artificial variables negative. Its optimal value is 0, because the primal is feasible and the value
is a lower bound for the sum of artificials at any feasible point. Artificial variables that remain
basic at level 0 are pivoted out by degenerate pivots on non-zero entries of their rows in original
columns; such entries exist because [𝐴 𝐼] has rank 𝑚, and their non-zeroness is again read off
𝜎. This yields a feasible basis of the sign-flipped system, which is also a basis of the original
system [𝐴 𝐼] with the same basic solution; Phase II is run on the original, unflipped system, so
that the dual vector below is expressed in the original coordinates.

Step 6: Phase II and the conclusion. Phase II stops either at an optimal basis, where no column
can improve the objective, or with an improving column 𝑗 whose entries are all non-positive. In
the second case the column yields a ray 𝑟 ≥ 0 with 𝐴𝑟 ≤ 0 along which the objective increases
without bound. This contradicts weak duality: for a dual feasible 𝑦 ≥ 0 and every primal
feasible 𝑥, 𝑐⊤𝑥 ≤ 𝑦⊤𝐴𝑥 ≤ 𝑦⊤𝑏, an inequality between finitely many reals. In the first case
let 𝐵 be the final basis. Cramer’s rule gives the basic solution 𝑥∗ and 𝑦∗⊤ = 𝑐⊤

𝐵
𝐵−1 as explicit

quotients of minors; the optimality condition on the reduced costs says exactly that 𝐴⊤𝑦∗ ≥ 𝑐
(structural columns) and 𝑦∗ ≥ 0 (slack columns), and 𝑐⊤𝑥∗ = 𝑐⊤

𝐵
𝐵−1𝑏 = 𝑏⊤𝑦∗ is a formal identity.

Step 7: minimax. Let 𝑃 ∈ R𝑚×𝑛 , 𝑚, 𝑛 ≥ 1, be a payoff matrix (the row player maximizes 𝑝⊤𝑃𝑞,
the column player minimizes it). Choose a rational 𝑡 > 1 +max𝑖 𝑗 |𝑃𝑖 𝑗 | (from approximations
of the entries) and put 𝑄 = 𝑃 + 𝑡, which has positive entries. The linear programs max{1⊤𝑥 :
𝑄𝑥 ≤ 1, 𝑥 ≥ 0} and min{1⊤𝑦 : 𝑄⊤𝑦 ≥ 1, 𝑦 ≥ 0} are dual to each other and both feasible (𝑥 = 0,
and 𝑦 a large multiple of 1), so by Steps 2–6 they have optimal solutions with a common value
𝜃, and 𝜃 > 0 because 𝑄⊤𝑦∗ ≥ 1 forces 𝑦∗ ≠ 0. Then 𝑞 = 𝑥∗/𝜃 and 𝑝 = 𝑦∗/𝜃 are mixed strategies
with 𝑝⊤𝑄 ≥ 𝜃−11⊤ and 𝑄𝑞 ≤ 𝜃−11, so the game 𝑄 has value 𝜃−1 and the game 𝑃 has value
𝜃−1 − 𝑡, attained by 𝑝 and 𝑞. All steps are uniform in 𝑚 and 𝑛. ■
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Remark. Fourier–Motzkin elimination gives an alternative route: one application of bounded
Σ0

1 comprehension to the pre-enumerated (doubly exponential) list of the polynomials that
Fourier–Motzkin elimination produces yields Farkas’ lemma in RCA0, and duality follows by
the usual homogenization. It avoids Phase I and anticycling at the cost of a larger list.
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