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Haagerup symmetry in a rank-six lattice
conformal field theory

Cédric Arhancet

Abstract

Let U be a positive strongly rational vertex operator algebra of central charge eight with
Rep(U) = Z(Hs). We show that its Cartan Heisenberg commutant 2 embeds conformally
into a lattice algebra Vi, where K has rank six, determinant 39 and root system A @ Ao @
A;. The diagonal theory of Vi has a unique vacuum and carries each of the three Haagerup
fusion categories through three nonconjugate embeddings of 2. We show that, up to
isomorphism fixing €, there are exactly five conformal extensions of €2 with positive strongly
rational target and global representation-category dimension 39, and that their images in
Vi form four conjugacy classes. We also determine the common invariant relevant spectrum
of the three canonical actions, their normalized cubic constants and their invariant genus-
zero field algebra. We work in the TFT framework of rational full conformal field theory.
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1 Introduction

Symmetries of a two-dimensional conformal field theory can be described by topological lines,
which can be moved across a correlation function until they meet a field insertion. Joining two
such lines gives their fusion product. Ordinary group symmetries give invertible lines, whereas
a general rational theory can also have noninvertible lines. Fixing a rational chiral algebra and
restricting to lines that preserve its left and right actions gives a finite category of lines and
junctions. In the TFT construction, these lines are described by bimodules over the algebra
specifying the full theory | , ]. For a simple such algebra, they form a fusion
category.

The Haagerup fusion categories arise from finite-index subfactors and provide a test for

realizing categorical symmetries in conformal field theory | , Section II]. In Hg3, the

noninvertible simple objects have fusion dimension 3+2V 13 whereas a simple line implementing

a group element has dimension one. The question is to construct a full theory whose lines
contain one of these categories, and to identify its fields and the action of the lines. Albert,
Honda, Kaidi and Zheng proposed Haagerup symmetries in the (eg); theory and suggested
related theories at central charges two and six, supported by modular bootstrap calculations
[ , Section III pp. 4-5]. We construct a theory at central charge six from a Haagerup
vertex operator algebra at central charge eight. Its full bulk space has a unique vacuum: the
space of states of weights (0,0) is one-dimensional. The theory is the diagonal theory of an
explicit rank-six lattice, and it carries all three Haagerup categories through different conformal
subalgebras.

The Haagerup lines preserve a conformal subalgebra Q on the left and right, but not the
maximal lattice algebra, whose representation category is pointed (Remark 5.1). The main step
is therefore the determination of this inclusion, including the multiplication of its extension
algebra. The relation between conformal extensions and categorical symmetries is discussed in
[ , Sections 7.1-7.4].

We call a vertex operator algebra U a Haagerup algebra if it is positive and strongly rational,
has central charge eight and admits a braided equivalence Rep(U) & Z(H3). Here Z(H3) is the
Drinfeld center of the Haagerup fusion category Hsz. We recall the definitions and conventions
in Section 2. The construction uses the rank-two associated lattice L of U and the common
Heisenberg commutant 2 of its two lattice realizations [ , Section 12]. A holomorphic
extension of U places L primitively in Eg. Taking its orthogonal complement produces a
conformal inclusion Q C V. The extension algebra of this inclusion is a Haagerup Lagrangian
algebra tensored with the unit of the remaining pointed factor. This factorization gives the
Haagerup lines at central charge six.

Theorem 1.1 Let U be a Haagerup algebra. Let b be a Cartan subalgebra of Uy, put Q@ =
Comy (M (h)) and let L be the associated lattice, defined by Comy (Q) = V. Then the following
assertions hold.

1. The vertex operator algebra § is positive, strongly rational and completely unitary of
central charge siz, and 2y = 0.

2. There is a positive-definite even lattice K of rank siz and determinant 39, with Gram
matriz (6.2). For each i € {1,2,3}, the holomorphic extension of U attached to H; gives
a conformal embedding v;: Q — V. Under the braided equivalence Rep()) = Z(Hs) K
C(L)™® of Section 3, its extension algebra is L; ¥ 1, where L; is the Lagrangian algebra
with Z(/Hg)[,i =H,;.



3. For each i, the diagonal theory of Vi, regarded as a theory over 1;(2) ® 1;(2), has central
charges ¢, = cr = 6, a unique vacuum and a category of topological lines preserving
this chiral algebra that contains a full fusion subcategory equivalent to H;. The three
embeddings are pairwise non-conjugate, even up to automorphisms of §2.

4. There are exactly five conformal extensions of Q with positive strongly rational target and
global module dimension 39, up to isomorphisms fixing 2. FEvery target is isomorphic to
Vi . There are exactly four Aut(Vi)-orbits of conformal subalgebras isomorphic to Q: the
three pure classes above and one mized class.

For each i, the noninvertible simple Haagerup lines do not preserve both chiral actions of any
full-rank finite-index lattice subalgebra Viy C Vi pointwise (Proposition 5.3).

The equality of the three complement lattices requires proof. The genus of K has two classes,
with different root systems (Proposition 6.2), so the discriminant form alone does not determine
the lattice. We identify the complement for all three holomorphic extensions, and give its Gram
matrix and explicit bases. More generally, every positive strongly rational conformal extension
of Q with global representation-category dimension 39 has twenty currents (Theorem 6.5). This
excludes the other lattice algebra in the genus. The fixed-source classification then gives five
extensions (Theorem 6.8). Current Weyl automorphisms identify the two mixed extensions after
a change of parametrization of the source, giving the four image classes of Theorem 6.11.

The invariant fields describe the perturbations compatible with the Haagerup lines of both
chiralities. They are determined through the representation of the fusion algebra of the lines
on the multiplicity spaces of the bulk fields (Lemma 7.1 and Proposition 7.2). For each of
the three embeddings, there are eight nonvacuum invariant relevant scalar fields, with scaling
dimensions %, % and % and multiplicities two, two and four. There is no invariant field of
weights (1,1) (Corollary 7.3 and Proposition 7.4). We determine their nonzero relevant cubic
couplings and fix their absolute values in unit two-point normalization (Proposition 7.8). The
three actions have isomorphic invariant full field algebras and the same normalized genus-zero
vacuum correlators (Proposition 7.9).

We also compare the invariant relevant fields with affine coset stresses of ). Four relevant
fields commute with an affine-coset stress of charge %, while four have nonzero weight for
this stress (Proposition 7.12). A unitary conformal endpoint that retains it as a commuting
conformal component has central charge at least 15—8 (Remark 7.13). This stress is itself the
sum of two commuting Virasoro vectors of central charges % and % [ , Theorem 10.5
p. 30], and the four fields of nonzero weight have nonzero weight for each of them. Using
the realization of Q with current levels (1,39), we find a second affine-coset stress, of charge
%0, which commutes with one pair of the four other relevant fields, and its conjugate by a
Weyl involution commutes with the last pair. Thus each of the eight invariant relevant fields
commutes with an affine-coset stress of charge at least 1—58 (Proposition 7.14). Corollary 7.15
shows that finite operator products of either single weak pair have zero coefficients on all six

other relevant lowest-weight lines. We do not construct a perturbed theory or an infrared fixed

point.

The existence of the initial Haagerup algebra is an input. The explicit algebra S of | ,
Theorem 10.10 p. 33] is a Haagerup algebra by | , Theorem 6.1 p. 25], see also | | for
a computer-assisted proof for an algebra isomorphic to S [ , Theorem 10.24 p. 42], and
[ , , | for the algebras whose currents have levels (1,39). Theorem 1.1 applies
to S and its twin, which have the same Heisenberg commutant | , Theorem 12.3(1) p. 64].

We work in the TFT construction of rational full conformal field theory. Its correlators
satisfy covariance and boundary and bulk factorization [ , Theorems 2.2 p. 7, 2.9 p. 16



and 2.13 p. 19]. The full center and bimodule descriptions are recalled in Section 2. The fourth,
mixed image class has a pointed bulk algebra with thirteen diagonal summands (Proposition
7.16). Its full defect category and the relation of its lines to the Haagerup categories remain
open.

Structure of the paper Section 2 recalls the definitions and constructions used below. Sec-
tion 3 describes the associated lattice and proves the positivity of €2. Section 4 identifies the
commutant and its extension algebra. Section 5 constructs the full theory and its lines, and
shows that the noninvertible Haagerup lines preserve no finite-index lattice subalgebra point-
wise. Section 6 gives the explicit lattice and its genus, and classifies the conformal extensions of
global dimension 39 and their images. Section 7 determines the invariant fields, their operator
products and the affine coset stresses which commute with them.

2 Preliminaries

Vertex operator algebras and commutants We write Y (v,2) = >, v(n)z_”_l for
the vertex operator of v, and Y (wy,z) = Y., o, Ly(n)z7""2 for the conformal vector of a
vertex operator algebra V. Its central charge is denoted by ¢(V). The algebra is of CFT
type if V = @n>0 V, and Vo = C1. We call V' strongly rational if it is simple, of CFT type,
self-contragredient, rational and Cs-cofinite. Self-contragredience means that the graded dual
V' =@, Vs is isomorphic to V as a V-module. Rationality means complete reducibility of
admissible modules, whose nonnegative integer grading is compatible with the modes. Here
Co(V) is the span of the vectors u(_syv, and Cy-cofiniteness means that V/Cy(V) is finite-
dimensional. An irreducible ordinary module has finite-dimensional L(0)-eigenspaces and a
lowest conformal weight h, with weights in h + N. The algebra is positive if every irreducible
ordinary module other than V has strictly positive lowest conformal weight. A holomorphic
algebra is a strongly rational algebra whose only irreducible ordinary module is itself. We use
the module and mode conventions of [ ]

A unitary structure consists of a positive definite invariant Hermitian form and a compatible
antilinear PCT involution, with ||1|| = 1. On a unitary module, L(n)* = L(—n) on the algebraic
direct sum of the conformal-weight spaces. We use complete unitarity in the sense of the
companion results quoted in Section 3. In particular, all irreducible ordinary modules are
unitarizable, and the representation category carries the compatible unitary tensor structure.
For the definitions of unitary vertex operator algebras and modules, see [ , Section 5.

An inclusion W C V is conformal if it preserves the vacuum and conformal vector. For a
vertex subalgebra W with a possibly different conformal vector wy, put

Comy (W) ={v eV :wyyv=0foral weWandn >0}

Whenever we give this commutant the conformal vector wy —wyy, we require that this difference
be a Virasoro vector belonging to Comy (W). Its field then commutes with all fields of W, in
particular with the Virasoro field of wyy, and the central charges add to ¢(V'). This condition
holds for the Heisenberg and affine Sugawara subalgebras used below, with their standard con-
formal vectors, by the coset construction | ]. A dual pair consists of two such subalgebras,
each equal to the commutant of the other.

For a conformal extension V' C T of strongly rational vertex operator algebras, the restric-
tion of T is a finite direct sum of ordinary V-modules. Indeed, rationality gives a direct-sum
decomposition, there are only finitely many irreducible V-modules, and the multiplicity of a



module of lowest weight h is bounded by the finite dimension of Tj,. Thus this restriction is an
object of Rep(V), as required by the extension correspondence used below | ]

Even lattices For an even positive-definite lattice L, put L’ = {x € L®z R : (z,L) C Z},

Ap = L'/L and qr(z + L) = @ + Z. The associated lattice vertex operator algebra Vi,
has central charge rank L. Its irreducible modules are V1, with fusion given by addition in
Ap, and their lowest weights are minye 41, % [ , Chapter 8], [ ], see also [ ,
Theorem 6.5.1 p. 240 and Theorem 6.5.20 p. 259]. We denote its pointed modular category
by C(L). The twist of the object labelled by x + L is exp(2wigr(x + L)). Even overlattices
of L correspond to isotropic subgroups of (A, ¢qr). A primitive sublattice and its orthogonal
complement in an even unimodular lattice have anti-isometric discriminant forms | ]

Fusion categories and algebra objects A fusion category is a finite semisimple rigid C-
linear tensor category with simple tensor unit. We write Irr(C) for its simple objects and
FPdim(X) for the Frobenius—Perron dimension. Its global dimension is

FPdim(C) = Y FPdim(X)>.
Xelrr(C)

In a unitary fusion category the canonical categorical dimensions are positive and equal to these
dimensions. An object is invertible if it has a tensor inverse, and a fusion category is pointed
if its simple objects are invertible. We write Z(C) for the Drinfeld center, whose objects are
objects of C equipped with a compatible half-braiding [ ]

A modular category is a ribbon fusion category with nondegenerate braiding. For a braided
category C, the notation C*" means that the braiding and twist are reversed. The notation C°P
used for tensor categories below means reversal of the order of the tensor product. The first
convention describes the opposite chiral orientation, and the second occurs in the composition of
module endofunctors. The tensor product of linear categories is denoted by X, and XV denotes
the dual of X.

An algebra object A in a braided fusion category is connected if dim Hom(1, A) = 1, and
étale if its multiplication is commutative and separable. Separability means that the multipli-
cation has an A-A-bimodule section. We denote the category of right A-modules by C4 and
its subcategory of local modules by C%. A right module (M, p) is local if its action is un-
changed by double braiding with A, that is, pca prear,a = p. For a connected étale algebra in
a nondegenerate braided fusion category,

FPdim(C)
FPdim(A)’

FPdim(C)

FPdim(CY) =

Such an algebra is Lagrangian if FPdim(A)? = FPdim(C), equivalently if C is the category of
finite-dimensional vector spaces. For an A-module M, its module dimension is FPdim¢, (M) =

%Cc((%). These facts and extension in stages are recalled in | , Sections 3 and 3.6].
A connected étale algebra with trivial twist and the VOA extension hypotheses determines a
conformal extension, whose ordinary modules are its local modules | ]. We apply this

correspondence to the extensions specified in the text.

A Frobenius algebra has multiplication p, unit 7, coproduct A and counit &, with Ay =
(I (Id® A) = (Id ® p)(A ®Id). It is special if uA and en are nonzero scalar multiples
of the respective identities, and symmetric if the two maps from A to its dual induced by the
invariant pairing ep agree. With multiplication and unit fixed, replacing the counit by te requires



replacing the coproduct by t~!A for t # 0. The algebraic normalized-special structures used
for full centers and their vacuum-normalized counits are distinguished explicitly in Subsection
7.4.

Full theories and topological lines We use the TF'T construction of rational full conformal
field theory [ ]. For a positive strongly rational chiral algebra V, a special symmetric
Frobenius algebra A in Rep(V') determines correlators, and its full center Zgepv)(A) is a
commutative algebra in Rep(V) & Rep(V)*" encoding the bulk fields [ ]. When A is
commutative and gives a local extension T of V', the extended left and right chiral algebras are
T , Section 5.5]. The full center is then a direct sum of objects M K ®(M), where M
runs over the simple local A-modules and ®(M) is the simple local module attached to M by
the contravariant equivalence of categories of local modules of | , Theorem 2.5.1 p. 1328].
For the extension algebras of Section 5 we show that ®(M) = M" and that the bulk algebra is
that of the diagonal theory of T" expressed over V@ V. Topological lines preserving the specified
chiral algebra correspond to A-A-bimodules, with fusion given by the relative tensor product
over A | ]. Note that a line preserving V ® V need not preserve T ® T, see Remark 5.1.

We distinguish the physical antiholomorphic notation from the categorical labels. For a
unitary chiral module M, the Hilbert-space notation M ® M denotes its diagonal left-right
sector. In Rep(V') K Rep(V)"V, we express the right factor using contragredient labels, so this
sector is written M X M"V.

For a simple object = in a specified unitary category of lines, let d, denote its positive
fusion dimension and let D, denote its closed defect operator. The invariant vectors are those
satisfying D,v = d,v for every simple . The dimension factor is the value of a contractible
z-loop. Thus invariance under a noninvertible line is expressed by its dimension eigenvalue.
The projector onto these vectors is given in Lemma 7.1.

A bulk field has left and right conformal weights (h, h), scaling dimension A = h + h and
spin h — h. A scalar field has h = h. A nonvacuum scalar is relevant if A < 2, and a field of
weights (1,1) is marginal. These conditions concern the spectrum of the unperturbed theory.
The additional hypotheses needed for a renormalization-group endpoint are stated in Remark
7.13.

3 The associated lattice and positivity

We use the lattice and commutant conventions of Section 2. In particular, C(L) denotes the
pointed modular category of the discriminant form (Ay,qr).

We use the following results of | , Section 12]. The pair (V,Q) is a dual pair in
U, that is, each of these two subalgebras is the commutant of the other, where L is an even
positive-definite lattice of rank two and determinant 39, and | , Proposition 12.2 p. 62]

(3.1) U= P e Vayr.

a€Ag

Here 7 is a ribbon-reversing equivalence from C(L) onto the full subcategory of invertible objects
of Rep(R?), the algebra ) is strongly rational of central charge six with ; = 0, and

(3.2) Rep(Q) = Z(H3) B C(L)™.

We fix the equivalence (3.2) as follows. The subcategory D = 7(C(L)) of invertible objects
is modular, so Rep(2) = D' X D by Miiger’s decomposition theorem | ], where D’ is



the centralizer of D. The algebra U is the extension of 2 ® Vi given by the graph algebra
G=P,7(a)Ra | ]. Since G is Lagrangian in D X C(L), the functor ¢ — ¢X G is a
braided equivalence from D’ onto the category of local G-modules, which is braided equivalent
to Rep(U) | ]. We identify D’ with Rep(U) = Z(H3) and D with C(L)"" through 7. In
a suitable basis, the two possible Gram matrices of L are | , Lemma 12.1 p. 61]

(3.3) E 210] and [g g}

corresponding to the levels (1,39) and (3,13) of the currents of U | , Theorem 8.5 p. 23
and Proposition 12.2(3) p. 62]. Replacing U by its twin exchanges these two lattices and leaves
the Heisenberg commutant unchanged | , Theorem 12.3(1) p. 64].

Every Haagerup algebra is completely unitary by [ , Theorem 8.6 p. 60]. All Cartan
subalgebras of U; are conjugate under inner automorphisms of U, and 2 and L do not depend
on this choice up to isomorphism [ , Section 12], | , D. 57]. For a Cartan subalgebra
stable under the PCT operator, the Heisenberg commutant 2 is completely unitary by | ,
Lemma 8.2 p. 57]. In particular, every irreducible ordinary Q-module is unitarizable, in the
sense of | , Section 5.

Lemma 3.1 LetV be a simple strongly rational vertex operator algebra with a unitary structure.
Suppose that every irreducible ordinary V-module is unitarizable. Then V is positive.

Proof : Let M be an irreducible ordinary module with an invariant positive definite Hermitian
form. Take a nonzero vector m in its lowest conformal-weight space, of weight h. Unitarity and
L]\/[(l)m =0 give

0 < [ Lar(=1)ml|* = (m|Lar(1) Las (=1)m) = 21 |m*.

Thus h > 0. If h =0, then Ly/(—1)m = 0. Fix a € V. If a¢,ym # 0 for an integer n > 0, take
n maximal, using lower truncation. The translation identity gives

0= Ly (—1)apinym — amery Ly (—=1)m = —(n + 1)agym,

a contradiction. Hence m is vacuum-like for every field of V. The map V' — M, a — a(_1ym, is

a nonzero module map | , Section 4.7]. Simplicity of V and irreducibility of M give M = V.
This proves the assertion. [ ]
For Q, the inequality h > 0 is also part 2 of | , Proposition 12.2 p. 62], which does

not use unitarity. The unitary structure is used to exclude h = 0. Lemma 3.1 applied to 2,
together with the facts recalled above, proves the first assertion of Theorem 1.1.

4 The holomorphic extensions and the commutant

By [ , Proposition 3.3 p. 16 and Theorem 3.9 p. 19], the algebra U has exactly three
holomorphic extensions By, By, B3 up to isomorphism, each of them is isomorphic to Vg,
and the algebra L; of Rep(U) attached to B; is the Lagrangian algebra with Rep(U)r, = H;.
The three fusion categories Hi, Ho, Hs are pairwise inequivalent, so Ay = L3 is the unique
Lagrangian algebra of Z(H3) whose category of right modules is equivalent to Hs.

Lemma 4.1 Let B be a holomorphic extension of U. There is an isomorphism B = Vg,
mapping b into the Cartan subalgebra Es @z C of (Vgy)1. For such an isomorphism, the lattice



L is a primitive sublattice of Eg. If K = ExN L*, then K is even, positive-definite, of rank siz
and determinant 39, with (Ax,qx) = (AL, —qr), and

(41) COH“@%(Vi)::Vk.
The induced inclusion Q2 C Vi is conformal.

Proof : Fix an isomorphism B = Vg,. As a U-module, B is a finite direct sum of irreducible
U-modules. Since Q® V7, is rational, each of them is a direct sum of irreducible  ® Vz-modules
02 ® Vyyr with v € L', since the irreducible Vz-modules are the modules V.4 | ]. For
x € b, the operator (o) acts on V., diagonalizably, with eigenvalues (z, u), 1 € v+ L, where
(-,+) is the normalized invariant form of U on h and L is regarded as a subset of h. Thus b
is a commutative subalgebra of the Lie algebra (Vg,); = es consisting of semisimple elements.
It is contained in a Cartan subalgebra, and the Cartan subalgebras of eg are conjugate under
the group generated by the automorphisms exp(ady) with y ad-nilpotent. Since each (Vg,)n
is a finite-dimensional es-module, y ) is locally nilpotent for such y, and the automorphisms
exp(y(0)) of Vg, induce these automorphisms on (Vg );. Composing with one of them gives the
first assertion.
Assume now that ) C Es ®z C. The normalized invariant forms of U and of Vg, coincide
on Uy, since both are given by a(;)b = (a,b)1. For x € L, the operator 7 (o) acts on Ce! C Vi,
by (z,p) for p € Eg, and by the preceding paragraph its eigenvalues on B are integers, since
(L,L") C Z. Hence (x,u) € Z for every pu € Eg, and 2 € Eg by unimodularity. Thus L C Eg
isometrically, and the real span of L is contained in Fg ®z R. .
Al

For A € L, the vector e* € V; has Heisenberg momentum A and conformal weight S

A lattice state contributing to its image in Vg, has a momentum pu € Eg whose orthogonal

projection onto the real span of L is A, and has conformal weight % + n with n > 0. Hence
1 1 1 1
—|N? = = |p)? = AP+ c|p— A7 .
SR = Il 4= SR = AR 4

Positive definiteness gives p = A and n = 0. Consequently the given lattice subalgebra of U is
the lattice vertex operator algebra of L C Eg. If the saturation of L in Eg has index k, then k2
divides det L = 39. This integer is squarefree, so k = 1.

Put K = Eg N L. Primitivity and unimodularity imply that the orthogonal projection
Es — L' is surjective with kernel K. Thus [Fg : L & K] = |Ar| = 39. The determinant identity
gives det K = 39, and the image of Fs/(L ® K) in A ® Ak is the graph of an anti-isometry,
because Eg is even and unimodular. The commutant of V7, in Vg, is contained in the commutant
of its Heisenberg subalgebra, which consists of the lattice momenta orthogonal to L and the
oscillators in their span, and Vx commutes with V7. This proves (4.1). Finally Q = Comy (V),
and the conformal vectors of {2 and Vi both equal wg, — wr, since B and U have the same
conformal vector. This proves the assertion. [ |

We now identify the extension algebra of 2 C Vi for the holomorphic extension Bs. Put
C = Z(H3), with D = C(L)™" as in Section 3. In the category £ = CKDK D™ = Rep(Q® VL),
consider the graph algebra

G= @T(a)@a and G=1.XG,
a€AL

where () € D and « € C(L) = D*. The simple objects of D are invertible. The graph algebra
is Lagrangian in D X D'V, and U is the extension of 2 ® V, corresponding to G | ]. Its



multiplication is determined up to isomorphism by the underlying object, since simple current
extensions are unique | , Proposition 5.3].

The equivalence C — (85)0 of Section 3 sends ¢ to ¢ W G. Its tensor constraint is induced
by multiplication of G through

(cRG) @z (HG) = (cad)XG.

Consequently, extension in stages sends the algebra Ay to the algebra Ay X G in £, by the
correspondence of commutative algebras over G with commutative algebras in (€ 5)0 [
Section 3.6 and Proposition 3.16 p. 12]. Its multiplication is pa,, K pe.

The vacuum Vz-module occurs in G precisely for v = 0. The commutant Comy,, (V1) is the
multiplicity space of the vacuum Vz-module in Vg, and the vertex operators of Vg, restrict to
it. In terms of algebras, it is the image of A3 X G under the lax tensor functor Homprev (1, —)
from C XD X D™ to C X D. This gives the algebra

)

(4.2) A=Ay K1p in Rep(Q)=ZCKD,

whose product is the restriction of p4,, X pq, that is, the product of A4y. By Lemma 4.1,
this is the extension algebra of 2 C V. Its category of right modules is Hz X D, and its
category of local modules is D, in accordance with Rep(Vi) = C(K) = C(L)*". This proves
the second assertion of Theorem 1.1, the Gram matrix being computed in Proposition 6.1. The
same argument applies to By and By, with A replaced by L1 and L.

5 The full theory and its topological lines

Let R = Rep(Q)) = Z(H3) X D. Consider the indecomposable R-module category M = H3 XD,
where Z(H3) acts through its forgetful functor | , Proposition 2.2(1) p. 10] and D acts by
its regular action. Equivalently, M is the category of right modules over the algebra A of (4.2).
This algebra is a connected étale algebra in the modular category R, with trivial twist and
positive dimension, hence a haploid special symmetric Frobenius algebra | , Section 3],
and it defines a rational full theory over Q ® Q | ]. Its bulk space is the full center Z(A)
[ ]. The simple local A-modules are the objects Ay X g, g € Irr(D), underlying the simple
Vik-modules. The left and right centers of the commutative algebra A are A, by their universal

property [ , Section 2.4 p. 1327]. Hence | , Theorem 2.5.1 p. 1328] gives
Z(A)2 P AnRg) R (AyRg),
g€lrr(D)

where Ay, X ¢’ is the simple local module attached to Az X g by the contravariant equivalence
of loc. cit.

On the other hand, Z(A) is the left center, which is the image of an idempotent, of the
algebra (AX 1) ® T, where T = @, x Kz over the simple objects z of R | , Definitions
2.4 and 2.6], | , Section 2.4 p. 1327]. In particular it is a subobject of (AK 1) ® T. The
summand (1Xg)X(1Xg’) occurs in (A®z)Xx" only for ¥ = 1Xg¢’, and then AQx = Ay Xg'Vv
contains 1 X g only if ¢’ = g¥. Thus Z(A) = @, 4, Varx B VY, i as an object.

Moreover the two parents of Z(A) are A, where the parents are its subalgebras in R X
1 and 1 X R | , Section 2.5]. Their inclusions and the multiplication give a unital
algebra morphism AX A — Z(A). The algebra AKX A is connected and separable. Hence its
regular bimodule is simple, since Hom qgajama(A X A, AKX A) is contained in Hom gp4(A X
A,AX A) =2 Hom(1,AX A), which is one-dimensional. The kernel of this unital morphism



is a proper two-sided ideal and must vanish. Thus this morphism identifies A K A with a
subalgebra of Z(A). Through | , Proposition 3.16 p. 12], it therefore corresponds to a
connected étale algebra in C(K)XC(K)™" with underlying object @, AKAY. The nondegenerate
pairing of this connected étale algebra gives nonzero products between opposite homogeneous
components. Associativity then forces every homogeneous multiplication component to be
nonzero. Its support is the diagonal subgroup, which is cyclic, and H?(Zsg, C*) = 0, so that
this algebra is isomorphic to the full center of the unit of C(K'). Hence this full theory is the
diagonal theory of the extended chiral algebra Vi, regarded as a theory over Q ® Q. The same
argument applies to the algebras L; X 1 of Corollary 6.3. The left and right central charges of
this theory are both six.

The algebra A is haploid. It is therefore simple, since the space Hom 4 4(4, A) is contained
in Hom4(A, A) = Hom(1, A). Hence Z(A) is haploid | , Proposition 2.7(ii)]. Thus the
vacuum object occurs in the bulk object with multiplicity one. In fact, the bulk space is
@)\GAK Varx @ Vark, and a vector of weights (0,0) lies in Vx ® Vi, since the conformal

2
weights of Vi1 are at least min,cxtx % > 0 for A ¢ K. Hence the physical vacuum is

unique.

By | ], the category of topological lines preserving Q ® Q is the category of A-A-
bimodules in R, that is, up to reversal of the tensor product, the dual category Fung (M, M).
Proposition 7.13.8 of | , p. 163] identifies the dual of Hz X H3” on Hs with Z(H3).
Applying the double-dual theorem [ , Theorem 7.12.11 pp. 156-157], we obtain the full
dual category, with composition as tensor product,

Fung (M, M) = (H3 K HZ") K DP.

Here op reverses the tensor product. The factor D°P comes from the identity R, o R, = Rypgg
for the right multiplications R, of D. The full fusion subcategory H3 X1 X 1 gives a fully
faithful tensor functor

(5.1) Hs — Fung (M, M).

This proves the third assertion of Theorem 1.1 for ¢ = 3. The other two cases are proved in
Corollary 6.3.

Remark 5.1 The lines corresponding to a noninvertible simple object X of H3 do not preserve
Vi ® Vi. Indeed, the diagonal theory of Vi is the Cardy case of the TFT construction over
Vi ®V, so its lines preserving Vx ®Vi correspond to the objects of Rep(Vi) = C(K) | ]
This category is pointed, so every such line is a finite direct sum of invertible lines, and its defect
operator acts on the vacuum by a positive integer. Let Mx denote the A-A-bimodule attached
to X € Hs. The vacuum eigenvalue of its defect operator is

. FPdimg (Mx) . 3+ V13
FPd Myx)=———"-——--=FPd X)=——7"
fm g4 (Mx) FPdimp (A) i, (X) 2
by the bimodule dimension formula | ]. Thus the lines attached to the noninvertible

simple objects of H3 preserve 2 ® Q but not Vi @ V. Note also that Rep(£2) is not equivalent
to Z(H3), because of the nontrivial pointed factor D of (3.2).

Pointwise preservation of finite-index lattice algebras We now show that the noninvert-
ible Haagerup lines do not preserve pointwise the two chiral actions of any full-rank finite-index
lattice subalgebra of V.
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A topological defect of a full theory whose bulk contains the chiral algebra W @ W preserves
the two W actions pointwise if it is transparent to all fields of W ® W, that is, if these fields can
be moved across the defect without change, with the identity gluing on both sides. In the TFT
construction over W with algebra A, these defects are the A-A-bimodules in Rep(W), and the
dimension of a defect is the vacuum eigenvalue of its defect operator | ].

Lemma 5.2 Let B be a pointed unitary fusion category with abelian group D of simple objects.
Let A = @y h be a connected separable algebra supported on a subgroup H C D, whose
multiplication between each pair of homogeneous components is nonzero. Then every simple
A-A-bimodule has positive integer Frobenius—Perron dimension in the bimodule fusion category.

Proof : Write the underlying object of a bimodule M as € gep Mg ® g, with ordinary finite-
dimensional multiplicity spaces M,. The action of each h € H maps a component to the
component with label g + h. This map is invertible: compose it with the action of —h and use
the module axiom, the nonzero multiplication h® (—h) — 1 and the unit axiom. The associator
introduces only a nonzero scalar. Thus the dimensions of the M, are constant on every coset
of H. A sum over one coset is stable under both module actions. If M is simple, its support is
exactly one coset g + H, and all its nonzero multiplicity spaces have the same positive integer
dimension r. Hence FPdimpg(M) = |H|r, while FPdimg(A) = |H|. The normalized dimension

formula for the bimodule category | ] gives FPdimy 4(M) = %’Z(&? = r. This

proves the assertion. |

Proposition 5.3 Let K be an even positive-definite lattice and let N C K have full rank and
finite index. In the rational TFT construction of the diagonal Vi theory over Vi, every nonzero
topological defect preserving the two Vi actions pointwise has positive integer dimension. Conse-
quently a unitary topological line of irrational dimension cannot have this preservation property
for any such N.

Proof : The representation category of Vy is pointed, with group D = N’/N. The extension
VN C Vi has algebra A = @) o, /N h, with nonzero homogeneous multiplication. The defects
preserving the two Vi actions pointwise are the A-A-bimodules. The lemma proves integrality
for every simple defect, and dimensions are additive under finite direct sums. This proves the
assertion. [ ]

This proposition concerns defects preserving the two specified lattice chiral actions pointwise
in the above sense. It makes no assertion about gluing through automorphisms or about defects
preserving a smaller nonlattice chiral algebra. For the three Haagerup categories, all nonin-
vertible simple dimensions are irrational, so none of their noninvertible lines in the rank-six
realization can preserve any such Vy pointwise on both sides.

6 The rank-six lattice and the extensions of

By [ , Proposition 4.1 p. 11 and Theorem 8.5 p. 23], after an automorphism, U is contained
in Vg, where Q = Es @ A, and its Cartan subalgebra is spanned by one of the two pairs of
vectors of (6.1) below. By | , (2.8) p. 13 and Theorem 3.9(2) p. 19], the extensions By and
B3 are the two lattice extensions of Vg to VE8i7 with Egi as below. The automorphisms of Vg
used in | ] are generated by zero modes of (V)1, hence extend to both lattice extensions.
The root convention and Cartan coordinates are fixed in [ , Section 10.1 p. 27 and the
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proof of Lemma 10.26 p. 44]. Fix an ordered root basis ey, ..., es of @ with all norms equal to
two. The nonzero off-diagonal scalar products are —1 on the edges

{13}, {2,4}, {3,4}, {4,5}, {5,6}, {7,8}.

Write G for this Gram matrix and put g = %(4, 3,5,6,4,2,2,1)T. The two even unimodular

overlattices are Ef = Q + Zg and Ey = Q + Zs(g), where s exchanges the last two root
coordinates. The Cartan columns in the two cases are

hi hy
(6.1) I (0,0,0,1,0,0,0,0) (8,10,14,19,14,8,2,2)
I1|(0,-1,1,0,1,0,0,0)  (4,5,7,10,7,4,2,2)

The columns h; and % form a basis of L | , Proposition 12.2(3) p. 62], with Gram
matrices (3.3), respectively.

Proposition 6.1 For either Cartan embedding in (6.1) and either overlattice Eét, the orthog-
onal complement of L is isometric to the even lattice with Gram matrixz

2 -1 0 0 0 -1
-1 2 0 0 0 0
0O 0 2 -1 0 -1
(6.2) Gk=19 0o -1 2 0 o0
O 0 0 0 2 -1
-1 0 -1 0 -1 4

It has determinant 39, discriminant form qi(9x) = % +Z on a generator g of order 39, and
root system Ao @ As B A;.

Proof : In E;r , use the following columns in the two cases:

1 1 -2 1 1 0
0 0 0 -3 0 0
2 -1 -1 -1 -1 3
0 0 0o -3 0 3
3
0
0

1
(6.3) By = 31-2 1 1 -2 1 '
-1 2 2 -1 -1
-1 -1 -1 2 -1
1 -2 1 1 1 =3
[1 1 -1 2 =2 1]
0O 0 0 3 0 -3
-1 2 -2 4 -1 -1
110 3 0 3 0 -6
(6.4) Bu = 311 1 2 2 1 =5
-1 2 1 1 2 -1
-1 -1 1 -2 -1 2
|1 -2 -1 -1 1 1]

Each column belongs to Q + Zg. Direct matrix multiplication gives, for v = 1,11,

(6.5) BJGohy = BJGghy =0, B)GgB, = Gk.
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The upper left block G of size five in (6.2) is the Gram matrix of R = Ay ® Ax ® A;. It

has determinant 18, and its Schur complement in Gk is %. Hence Gy is positive-definite

and det Gx = 39. Since h; and % lie in Q and det L = 39 is squarefree, L is a primitive
sublattice of Egr , and its orthogonal complement has determinant 39, as in the proof of Lemma
4.1. Consequently the columns of B, span that complement, with index one. The isometry s
fixes both Cartan columns in (6.1) and sends Eg to Eg . It therefore identifies their orthogonal
complements.

Let ky,. .., ke be the basis in (6.2). The first dual vector has coordinates

_1
39

2= 3

It has order 39 modulo K, and %|gK = 35- Since [Ag| = 39, it generates the discriminant

group. If gy is the first dual vector for either matrix in (3.3), then its order is 39 and its
quadratic value is % in case I and % in case II. The assignments g;, — 2gx and g1, — 5gx,
respectively, give explicit anti-isometries of the discriminant forms.

Finally write a lattice vector as x + zkg, with € R and z € Z. Completing the square in
its norm gives a nonnegative term in the first five coordinates and 16—322. If z # 0, its norm is
strictly greater than two. Thus all roots lie in R, which has fourteen roots. This proves the

assertion. m

The vector v = 4kq + 2ko + 4k3 + 2k4 + 3ks5 + 6kg is orthogonal to R and has norm 78. Thus
R @ Zv has index six in K. The weight-one Lie algebra of Vi is

9K (34,17,8,4,6,12)T.

(V)1 Zsls @ sls dsly @ C.

There are 14, 96 and 156 vectors of norms two, four and six in K. Therefore its vacuum
character begins )
chy, (q) = ¢~ 7 (14 20g + 207¢* + 1208¢° + - - -).

The scripts accompanying this paper verify these matrix identities, shell counts and discriminant
forms in exact arithmetic.

Proposition 6.2 1. The genus of K consists of exactly two isometry classes, K and a lattice
K" whose 30 roots form a root system of type As. The orders of the orthogonal groups
are |O(K)| = 288 and |O(K”)| = 2880.

2. For each i € {1,2,3} and each isomorphism B; = Vg, as in Lemma 4.1, the lattice
K; = Es N L+ is isometric to K.

Proof : 1. Put K® equal to the lattice with Gram matrix

2 -1 -1 1 -1 -1
-1 2 1 0 0 1
-1 1 2 0 0 0

1 0 0 2 -1 -1
-1 0 0o -1 2 0
-1 1 0 -1 0 8

The two displayed Gram matrices are positive definite and have determinant 39. For K, the
first dual basis vector has order 39 and quadratic value :1,)—7 For K’ the second dual basis vector
has the same properties. The signature and discriminant form therefore put them in the same
genus | , Corollary 1.9.4]. Their numbers of roots are 14 and 30, so they are not isometric.
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We compute the mass of this genus with the mass formula [ , (2) and (3) p. 263]. Write
x(a) = (&) and Bs(z) = 2® — 222 + 1. The exact finite sum gives

39
39
a 27T3B3
B, = 392 B (7>:528, L(3,y) = 2= 23
3,x ;X(a) 3 39 ( X) 3. 395/2
Here the value of L(3, ) is the generalized Bernoulli number formula, see | , Section 8
p. 267]. By | , (7) p. 266 and Table 3 p. 267], the standard mass is ng’ogg). By | , (9)

p. 266], (_30(3) is the sum of x(m)m ™% over the odd integers m > 1, since (=22 (%) for

odd m by quadratic reciprocity. As x(2) = 1, we obtain {_39(3) = (1 -272)L(3,x) = %L(3, X)-
The mass is the standard mass multiplied by the ratios mpU) gy p € {2, 3,13}, where std, (K)

std, (K)
is given by | , (6) p. 266] with e = 0. At p =2, the for?n K ®Zs is unimodular of type II, of
dimension six and determinant 39 = —1 modulo 8. Hence its octane value is 0, it is free and its
species is 6+ | , Table 1 p. 264 and p. 265]. By | , (3) p. 263 and (5) p. 265], ma(K) is
1

the diagonal factor sa-na_=na—z=7 multiplied by the type factor 276. At p € {3,13}, the

group A being cyclic of order 39, the Jordan constituents of K ® Z, have dimensions five and

one, with scales 1 and p. Their diagonal factors are 2(1*17*2—%(1*17*4) and %7 and the cross-term
is p? | , (3) p. 263 and (5) p. 265]. Since std,(K) = W for ¢ € {2,3,13}, we
obtain . .
K 2- 1 K 2
m2( ) _ = mp( ) — E’ P c {3, 13}
stdo(K) 1—273 56" stdy(K) 2

Consequently the mass is

36073 56 4 138240 2880°

§L(3,x) 1 392 By, 11

For a Gram matrix G, the image u; of its j-th basis vector under an isometry satisfies ujTGuj =
ij and
() [* < Gy(G™ )

We enumerate the integral vectors within these finite bounds, and retain the ordered tuples
satisfying u] Gu; = G;;. The resulting matrix M satisfies MTGM = G, so taking determinants
gives det M = +1. Thus this procedure enumerates every integral isometry and no extra
matrices. Applied to the two Gram matrices, it gives |O(K)| = 288 and |O(K®)| = 2880. Their
contributions K}s + ﬁ exhaust the mass. Every further class would contribute positively, so
these are all the classes in the genus.

2. By Lemma 4.1, K; is even, positive-definite, of rank six and with discriminant form
isometric to (AL, —qr), hence in the genus of K. We have Vi, = Comp, (M (b)), so that (Vk,)1
is the space of vectors = € (B;); with yyz = 0 and y(;)z = 0 for all y € h. As a U-module, B; is
the sum of U and of modules M., z € {b, a, ¢o }, with multiplicities given by L; Z 0©bD a D ¢y,

Ly Z20®b®2aand Ly Z 0B b D 2¢ | , Corollary 3.8 p. 18]. The lowest conformal
weight of M, is one [ , (4.1) p. 11], and its lowest weight space R, is the U;-module
given in [ , Table 2 p. 24]. The vectors of Uy of h-weight zero form b, on which y() is

given by the nondegenerate normalized form. For x € R., we have y)z € (M.)o = 0. Since
the irreducible sly @ slp-module V(a,b) has a nonzero vector of weight zero if and only if @ and
b are even, in which case this vector is unique up to scalar, Table 2 of | | gives zero-
weight spaces of dimensions 6 for Ry and 7 for R, and R.,, in both cases (I) and (II). Hence
dim(Vg,)1 =6+ 7+7=6+2-7 = 20 for each i. Since dim(Vkg;,); is six plus the number of
roots of K;, the lattice K; has 14 roots. By part 1, K; is isometric to K. [ |
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For i € {2,3}, part 2 agrees with Proposition 6.1. For ¢ = 1, the extension B; has no
vertex subalgebra strictly between U and By | , Theorem 3.9(3) p. 19], in particular no
intermediate copy of V(, so that the coordinates of Proposition 6.1 are not available, and K;
is identified by part 2 only.

Corollary 6.3 For each i € {1,2,3}, there is a conformal embedding Q C Vi whose extension
algebra is L; ® 1 under (3.2). For this embedding, the diagonal theory of Vi, regarded as a
theory over Q ® Q, has a unique vacuum, and its category of topological lines preserving Q ® Q
contains a full fusion subcategory equivalent to H,;.

Proof : By Lemma 4.1 and Proposition 6.2, we have {2 C Vi, conformally with K; isometric
to K. An isometry K; — K induces an isomorphism of vertex operator algebras Vi, — Vi,
since a lattice vertex operator algebra does not depend, up to isomorphism, on the choice of
the central extension of the lattice | , Proposition 6.5.5 p. 244]. The arguments of Sections
4 and 5 apply with A3 replaced by L;, the category of right modules being H; X D. Since
Z(H3)r, = H;, the free module functor gives a braided equivalence Z(Hjz) = Z(H;) under
which the action on H; is given by the forgetful functor [ , Proposition 2.2(1) p. 10].
Hence the dual category is (H; W H;”) X D°P, as in Section 5, and it contains #; K1X1. ®

For i € {1,2,3}, let ¢;: Q@ — Vi be the embedding of Corollary 6.3. These three embeddings
are pairwise non-conjugate, even up to automorphisms of 2. Indeed, suppose that ¢; = got;0¢
with g € Aut(Vk) and ¢ € Aut(2). Then g is an isomorphism of algebras in Rep(2) from the
extension algebra of ¢; o ¢, which is the image of L; X1 under the braided autoequivalence ¢* of
Rep(Q2) given by twisting with ¢, onto the extension algebra L;X1 of ¢;. The autoequivalence ¢*
preserves the invertible objects, hence D and its centralizer Z(H3)X 1. Thus ¢*(L; K1) =2 LK1
for a Lagrangian algebra £ of Z(H3) with Z(H3)z = H;. Since £ = L;, we obtain H; = H;,
that is, i = j.

6.1 Conformal extensions with global dimension thirty-nine

Put C = Z(Hs3) and P = C(Z/39Z,q), where ¢(p) = % + Z. We use the factorization
Rep(©2) = CXP obtained from (3.2), where the pointed factor D = C(L)"¥ = C(K) is identified
with P through the generator gx of Proposition 6.1. The labels 0,b, a, cg, c1,¢2,d1,...,dg of C
are those of | , Section 2]. Recall that d = 3*27@ and FPdim(H3) = 6 + 9d.

Lemma 6.4 Let A be a connected étale algebra with trivial twist in C X P, and suppose that
the category of local A-modules has Frobenius—Perron dimension 39. Then its underlying object
is one of

(6.6) Li X1, LK1, L3K1, (0X0)@ (bXO0)® (1 X13) D (c; X 26),

where the underlying objects of the three Lagrangian algebras are L1 = 0GbBadcy, Lo = 06bEB2a
and Ly =08 b P 2¢ [ , Corollary 3.8 p. 18].

Proof : The dimension formula for local modules [ , Corollary 3.32 p. 15] gives

FPdim(A) = 6 + 9d. The simple objects of trivial twist in C X P are exactly
(an)a (b7 0)7 (CL,O), (0070)3 (Clv 13)a (01726)'

Indeed, the twists of the first four central labels are one, and ¢(p) = 0 implies p = 0. For ¢;, the
vanishing of the thirteenth-primary part forces p = 13s. Then ¢(p) = % + Z, which cancels
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the twist of ¢; exactly for s = £1 and never cancels the twist of co. For d;, cancellation would
force p = 3r and 6I%2 4+ 12r? = 0 modulo 13. This is impossible for 1 < I < 6, since —2 is a
nonsquare modulo 13.

Let  be the multiplicity of (b,0) and let s be the sum of the multiplicities of the remaining
four nonvacuum objects. Their dimensions are 1+ 3d and 2 + 3d, respectively. Connectedness
and the irrationality of d give r +2s = 5 and r + s = 3, hence r = 1 and s = 2. An étale
algebra is self-dual | , Remark 3.4 p. 7]. The two summands (c;, 13) and (¢1,26) are
dual, whereas the other four objects are self-dual. This gives precisely (6.6). [ ]

We shall also use the uniqueness, up to algebra isomorphism, of a connected étale algebra
with underlying object 0 @ b in C, which we now prove. Let Ag be the algebra of the extension
U C Vggqpa,- It is a connected étale algebra with underlying object 0@ b, and L9 and L3 contain
it, whereas L does not | , Proposition 3.5(3) p. 17]. Let A’ be any connected étale algebra
with underlying object 0 @ b. Then C9, is Witt equivalent to C and has dimension nine. It is a
Drinfeld center by [ , Propositions 5.4 and 5.8 pp. 22-23]. Choose a Lagrangian algebra
in this center and lift it through the correspondence of | , Proposition 3.16 p. 12]. This
embeds A’ into a Lagrangian algebra L; of C. By | , Theorem 4.10 p. 18], the connected
étale subalgebras of L; correspond to the fusion subcategories of H;, and A’ corresponds to one
of dimension gi% = 3, since the two dimensions multiply to FPdim(#;) [ , Proposition
2.2(3) p. 10]. The category H; has no such subcategory, and Ho and Hsz each have exactly one,
their pointed subcategory [ , Proposition 2.1(4) p. 9]. Hence i € {2,3}, and A’ and Ay
are the subalgebras of L; attached to the same fusion subcategory. Thus A’ is isomorphic to
Ap.

Let Q = Eg @ As in the fixed lattice realization, and put N = Q N hL. The extension of
corresponding to Ag W 1 is V. To check the algebra structure, let G be the graph algebra in
PR C(L) defining U over Q ® V. The equivalence from the centralizer C to local G-modules
sends an algebra Ay to the algebra Ay X G. The algebra of Q ® Vi, C Vg is therefore Ag X G.
Taking the Vp-vacuum multiplicity space, equivalently the Heisenberg commutant, gives AgX1.
The induced multiplication is exactly that of Ag. The Heisenberg commutant of Vi is Vg .
In case (IT), N has Gram matrix

4 -1 -2 -2 -1 -1
-1 4 -1 -1 2 2

-2 -1 4 1 -1 -1
(6.7) -2 -1 1 4 1 1
-1 2 -1 1 4 1
-1 2 -1 1 1 4

It has determinant 351 and no roots. There are exactly four even overlattices of N of index
three. Their generating classes, written as v + N in the basis of (6.7), are

(6.8) (1,0,2,0,1,2), (1,0,2,0,2,1), (1,1,2,1,1,2), (1,1,2,1,2,1).

) ) ) ) 9

Each overlattice has fourteen roots. These assertions follow by enumerating the vectors v €
{0,1,2}5 such that Gyv € 3Z° and vTGyv € 18Z, modulo multiplication by —1. For com-
pleteness of the root count, a vector x of norm two in a lattice of Gram matrix G satisfies
|7;1?2 < 2(G71)4. The exact coordinate bounds and root lists are included in the accompanying
certificate, together with bases in ). The same calculation in case (I) gives the same root
counts.

Theorem 6.5 Let T be a positive strongly rational conformal extension of Q. Suppose that
FPdim(Rep(T)) = 39. Then dim T} = 20.
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Proof : The extension algebra A of Q C T is connected étale with trivial twist, and Rep(T") &

Rep(2)Y, by [ ] and | , Lemma 2.3 p. 12]. We apply Lemma 6.4.
Assume first that A is supported on C X 1. Then it is a Lagrangian algebra of C, so its
multiplication is isomorphic to one of the three L; by | , Proposition 3.3 p. 16]. The

lowest-weight-one spaces of the Q-modules with labels (b,0), (a,0) and (cg,0) have dimensions
six, seven and seven. These are the zero-Cartan-weight spaces in the lowest weight spaces of
My, M, and M,,, as read from | , Table 2 p. 24]. The positive Heisenberg modes vanish
on these lowest spaces. Since ; = 0, each of the three underlying objects in (6.6) supported
at p = 0 therefore gives dim 77 = 20.

Now assume that A has the fourth underlying object. Write A = @p A(py for its decom-
position according to the pointed label, so that Ay = (0@ b) X 0. The multiplication maps
Ay ® Agg) to Aptq). Hence Agg) is a commutative subalgebra, connected since A is. Let
€: A — 1 be the projection with en = Id;. The pairing eu of A is nondegenerate | ,
Remark 3.4 p. 7], and it vanishes on A,y ® A, unless p + ¢ = 0, since the unit lies in degree
zero. Its restriction to A g is therefore nondegenerate. The categorical dimension of A o) equals
FPdim(A)) = 2 + 3d # 0, since the ribbon structure of Rep(Q2) is unitary, and 64, = Id.
Hence A g is rigid in the sense of | , Definition 1.11 p. 10], and its category of modules is
semisimple by | , Theorem 3.3 p. 17], whose proof uses the trivial twist. For a commutative
algebra, left and right modules are equivalent. Thus A is separable | , Proposition
2.7 p. 5], hence connected étale. By the uniqueness just proved, it is isomorphic to Ao X 1, and
its extension is V. _

The extension algebra of Vi C T has dimension %m = 3. The module category of
Vi is pointed, so connected étale algebras of dimension three correspond to isotropic subgroups
of order three of N’/N. The lattice extension construction identifies 7' with the lattice vertex
operator algebra of the corresponding even overlattice of N [ , ]. Here the subgroup
is cyclic, so the multiplication is unique up to isomorphism, since H?(Z3z,C*) = 0. The four
possibilities are exactly (6.8). Each has fourteen roots and rank six, hence dim 7} = 6+14 = 20.
This proves the assertion. |

Corollary 6.6 Let K be the lattice of rank siz and determinant 39 with thirty roots described
above. There is no conformal embedding Q2 — Vi .

Proof : The lattice algebra is positive and strongly rational, and FPdim(Rep(Vy»)) = 39. Its
weight-one space has dimension 6 + 30 = 36, contrary to Theorem 6.5. [ ]

6.2 The five conformal extensions with fixed source

An extension of Q will mean a pair (7, ¢), where T is a positive strongly rational vertex operator
algebra and ¢: 2 — T is a conformal embedding. Two such extensions are isomorphic if there
is a vertex operator algebra isomorphism f: T — T’ with fi = /. Thus the source Q is fixed
in this equivalence relation.

Lemma 6.7 Let C be a braided fusion category and let Ay be a connected étale algebra with
underlying object 1 @ b, where b is simple, b % 1 and FPdim(b) > 1. Then Autag(Ao) = {1d}.

Proof : We omit the associativity and unit constraints in the following identities. Let e: Ag — 1
be the projection with e = Idy. The pairing i is nondegenerate by | , Remark 3.4
p. 7]. Since b % 1, its restriction e: b® b — 1 is nonzero. Every algebra automorphism acts by
the identity on 1 and by a scalar A on b. Multiplicativity on the component b ® b — 1 gives
A2 =1.
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Assume that A = —1. The component of p from b ® b to b then vanishes. Associativity
on b b®Db gives e ® Id, = Idy, ® e. By semisimplicity, choose ¢: 1 — b ® b with ec = Id;.
Composing the associativity identity with ¢ ® Id; gives (Idp ® e)(c ® Id,) = Id,. Tensoring the
same identity by Id, on the left and composing with ¢ ® Id, ® Id; gives

Idpgs = (Idp ® € @ 1d) (¢ ® Idy, @ 1dp) = (Idp ® Id, @ €)(c ® Id, ® 1dy) = ce.

Consequently e and c¢ are inverse isomorphisms between b® b and 1. But FPdim(b) > 1. Hence
A =1, which proves the assertion. [ ]

Recall the connected étale algebra Ay with underlying object 0® b in C = Z(H3), unique up
to isomorphism, and the corresponding extension €2 C Vi constructed above. Its nonvacuum
summand has dimension 1 + 3d, where d = % The correspondence between conformal
extensions and their commutative algebra objects | | identifies the automorphisms of Vi
fixing ) pointwise with the automorphisms of Ay X 1. The lemma therefore gives

(6.9) Aut(Vy /Q) = {Id}.

Theorem 6.8 Up to isomorphism fizing ), there are ezxactly five positive strongly rational
conformal extensions (T, ) with FPdim(Rep(T)) = 39. Three have extension algebras L; K 1,
i € {1,2,3}, and the other two have underlying object

(6.10) (0K 0)® (bR 0) & (c; K 13) & (c1 K 26).

All five target vertex operator algebras are isomorphic to Vi . Ezactly four of the five exten-
stons contain the extension Vy of Q, and its embedding over ) is unique in each of these four
extensions. Consequently, there are exactly five orbits of conformal embeddings Q0 — Vi under
postcomposition by Aut(Vi).

Proof : We use Lemma 6.4 and the identification of the degree-zero algebra in the proof of
Theorem 6.5. The three pure extension algebras are the three L; X 1 by | , Proposition
3.3 p. 16 and Theorem 3.9 p. 19]. The algebras Lo and L3 contain Ay, whereas L; does not
[ , Proposition 3.5(3) p. 17]. Every mixed extension algebra contains its pointed-degree-
zero algebra, isomorphic to Ay X 1, as proved above.

In each of the three pure objects and in (6.10), the summands (0,0) and (b,0) have multi-
plicity one. It follows that any algebra embedding of Ay X 1 has the same underlying image,
namely the sum of these two summands. If two such embeddings exist, they differ by an
automorphism of Ay W 1. This automorphism is the identity by (6.9). Thus the intermedi-
ate extension Vyy is unique whenever it exists. Moreover, every isomorphism of the resulting
-extensions intertwines these embeddings of V.

The correspondence of algebras in stages | , Proposition 3.16 p. 12] now identifies
the extensions containing Vi with the extensions of Vi having algebra dimension three. Since
Rep(Vy) is pointed, their supports are isotropic subgroups of order three in N'/N. There are
exactly four, listed in (6.8). Each subgroup is cyclic, so its multiplication is unique up to algebra
isomorphism, since H?(Z3,C*) = 0. The lattice extension construction | , | gives
one positive strongly rational extension for each subgroup. Its determinant is 3:% =39, so it
has the required global module dimension. Distinct subgroups give distinct extensions fixing
Vi, and hence, by uniqueness of the intermediate embedding, distinct extensions fixing €.

Two of these four extensions are the ones attached to Lo and Ls. Neither can be the Ly
extension, which does not contain Ay. The other two therefore both have the mixed underlying
object (6.10). This proves that there are four extensions containing Vy, together with precisely
one further extension, attached to L.
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Each of the four even overlattices of IV has determinant 39 and fourteen roots. Its discrim-
inant form is ¢+ /¢, where / is the corresponding isotropic line of N'/N. Under the isometry
N'/N =2 Ag @ Ak given by (6.11) below, the thirteen-primary part of £ /¢ is that of (Af, qr),
and its three-primary part is generated by a class of quadratic value % = gk (13), as one checks
on the four lines of the proof of Theorem 6.11. Thus the four overlattices are in the genus
of K | , Corollary 1.9.4], and they are isometric to K by Proposition 6.2, since K’ has
thirty roots. The accompanying script also checks these isometries directly. Their target vertex
operator algebras are therefore all isomorphic to Vi. The target attached to L, is also Vi, by
Corollary 6.3.

Finally, every conformal embedding €2 — Vi is an extension of the type just classified,
since FPdim(Rep(Vk)) = 39. On extensions with the fixed target Vi, isomorphism fixing € is
postcomposition by Aut(Vk). This proves the assertion. [ ]

Precomposition by Aut(£2) defines a coarser equivalence relation on the five embeddings. It
is determined in Subsection 6.3.

6.3 Conformal images and current Weyl automorphisms

We now allow precomposition by automorphisms of §2. In this equivalence relation, two confor-
mal embeddings have equivalent images if an automorphism of Vx maps the image of one onto
the image of the other.

Lemma 6.9 There is an involution o € Aut(2) and an involution w € Aut(Vy) extending o
such that the induced permutation of the simple Vi -modules, under

(6.11) Rep(Vy) = €%, B P = Rep(Vy) X P,
is the identity on Rep(Vg) and inversion on P.

Proof : Choose current triples e;, f;, hj, j € {1,2}, for the two commuting affine sly-algebras
in U C V. Their zero modes act locally finitely on each homogeneous space of V5. Hence

2

W = [T exp((e;) o) exp(~(f3)0)) expl(e5) o))

Jj=1

is an automorphism of both U and V. The two factors commute and each sends h; to —h;.
Thus W preserves the Cartan Heisenberg algebra, its commutants €2 and Vi, and the associated
lattice algebra Vi, = Comy (). Put w = W]y, and 0 = W|q.

The square of each Weyl representative on a finite-dimensional slo-module is exp(7i(h;)o))-
Every vector of Viy has zero Cartan momentum, since Vy is the Heisenberg commutant. Con-
sequently w? =Id and o2 = Id.

We check the action in (6.11) on the vertex operator algebra extensions. The restriction of
W to Vi, sends its Heisenberg currents to their negatives, so it sends the simple lattice module
of class o € L' /L to the module of class —a. The branching rule of U over 2 ® V, therefore
shows that o sends the pointed 2-module of label p to that of label —p. Induction through the
algebra Ag X 1 embeds this same pointed factor into Rep(Vy), with objects Ag K p. Since w
extends o, twisting by w sends the module induced from an 2-module M to the module induced
from the twist of M by o. Hence w acts by inversion on this induced factor. It also preserves
its braided centralizer, which is C}_ .
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The extension Vy ® Vi, C Vg has graph algebra 1o X G, where G is the graph algebra in
0
P XC(L). Condensation gives the braided equivalence

Ch — Rep(Vg), 22— 2zKG.

This equivalence intertwines the actions of w and W. Indeed, its equivariance is supplied by
the automorphism W of the extension Vi, which preserves both Vi and V7, and hence its graph
algebra with its multiplication.

Finally the action of W on Rep(Vy) is tensor naturally isomorphic to the identity. On every
ordinary Vg-module, the same finite products of current-zero-mode exponentials implement
the twist by W. These operators are compatible with intertwining operators: for a current
x and an intertwining operator ), the zero-mode commutator is [z, (v, 2)] = V(z(0)v, 2),
and exponentiation gives the required compatibility coefficient by coefficient. The equivalence
above therefore identifies the action on C%o with the identity on simple objects. Together with
inversion on P, this proves the assertion. [ |

Proposition 6.10 Let x: Aut(Q) — O(P) be the action on the pointed module labels by trans-
port of structure. Then x admits a section. More precisely, the two current Weyl representa-
tives give commuting involutions 01,09 € Aut(Q)) whose actions on p € Z/397 are respectively
p+— 14p and p — 25p.

Proof : Use the current realization with levels (3,13) of the common Heisenberg commutant.
Let W; = exp((e;)(0)) exp(—(f5)(0)) exp((e;)(0)) and put o; = Wj|q. The argument of Lemma
6.9 applies to each factor separately. Each W} preserves U and normalizes the Cartan Heisenberg
algebra, hence preserves Q. Its square is exp(mi(h;) o)), which is the identity on €. The two
representatives commute because the current algebras commute.

In the case (3,13) coordinates, a Cartan momentum (m, n) has pointed label p = 26m+21n
modulo 39. The first representative changes m to —m and the second changes n to —n. Since

14-26 = -26, 14-21=21, 25-26=26, 25-21=-21 (mod 39),

their actions on the pointed labels are multiplication by 14 and 25.

An isometry of (Z/397Z,q) is multiplication by a unit u with u? = 1 modulo 39. The four
solutions are 1,14,25,38. The commuting involutions o1, 09 therefore define a group homo-
morphism s: O(P) — Aut(Q2) by s(14) = o1 and s(25) = o3, and xs = Id. This proves the
assertion. The actions 14 and 25 of the two Weyl reflections on L’/L and the surjectivity of

X are also in [ , Lemma 12.1(4) p. 61 and Theorem 12.3(2) p. 64], and the proposition
adds an explicit splitting by Weyl involutions of €. Note that the involution ¢ of Lemma 6.9 is
0109 = $(38), which acts by inversion on the pointed labels. [ ]

Theorem 6.11 There are exactly four Aut(Vk)-orbits of conformal vertex subalgebras of Vi
isomorphic to Q. Three are represented by the extensions L; X1, i € {1,2,3}, and the fourth is
represented by either of the two mized extensions of Theorem 6.8.

Proof : By Theorem 6.8, there are five classes when the source ) is fixed. Passing to images
amounts to allowing precomposition by Aut(€2). We first show that the two mixed classes are
identified by this action. ‘

Write the discriminant form of Q = Fg @ As as # on (Z/37Z)%. With z = t + e and

y =t — e, this is Z/. The three-primary part of P is generated by the class 13, of quadratic

value % Thus the three-primary part of Rep(Vx) has quadratic form

xy + 222
a(v,y,2) = B + Z.
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Its four isotropic lines are generated by (1,0,0), (0,1,0), (1,1,1) and (1,1, —1). The first two
are the pure extensions attached to Lo and L3, while the latter two are the mixed extensions.
Lemma 6.9 makes the action of w on this group (z,y,z) — (x,y, —z). Hence it fixes the two
pure lines and exchanges the two mixed lines.

The connected étale algebra supported on each of these cyclic isotropic lines is unique up to
isomorphism. Twisting a mixed Vy-extension by w therefore gives the other mixed extension.
By the correspondence of vertex operator algebra extensions and their algebra objects, there
is an isomorphism between their target algebras restricting to w on Vj, hence to ¢ on (.
Identifying both targets with Vi shows that their images of Q are conjugate.

The three pure classes remain distinct even after precomposition by Aut(Q2), by the argu-
ment following Corollary 6.3. Moreover a mixed class cannot become pure. The full pointed
subcategory P C Rep(f2) is intrinsic: it consists of all invertible objects. Every automorphism
of Q preserves P and its braided centralizer C W 1. A pure extension algebra lies in this cen-
tralizer, whereas a mixed extension algebra has the nonzero pointed components +13. Twisting
by an automorphism preserves this distinction. Thus the five fixed-source classes give precisely
three pure image classes and one mixed image class. This proves the assertion. [ ]

7 Invariant fields and operator products

We keep the notation C = Z(H3) and P = C(Z/39Z, q) of Section 6, with ¢(p) = % + 7 and
P = C(K). This section determines the fields invariant under the three Haagerup actions of
Corollary 6.3, their operator products, and the affine coset stresses which commute with them.

7.1 The invariant fields of the three canonical actions

Put H = Hs. Write Q, , for the simple modules in the factorization Rep(Q2) = C K P, and let
E, denote the simple Vi-module of label p. The diagonal bulk space is S = @p E,® Fp.

For i € {1,2, 3}, the lines preserving ¢;(Q2) ® ;(2) are the (L; K 1)-bimodules in CKP. Since
L; X1 is an external product, they form the category Cyr, |z, P, where Cr, |1, is the category of
L;-L;-bimodules in C. By Section 5 and Corollary 6.3, the category Cy, |z, is generated by the
two canonical Haagerup factors H;K1K1 and 1XH; X1 of the dual category (H;XH;")XKDP.
We put

Gi=Cpr,1, X1

A bulk field v is invariant under G; if Dxv = dxv for every simple object X of G;, where Dy is
the defect operator of X and dx its positive dimension. Since X +— Dx is multiplicative, this
means invariance under the simple lines of both canonical factors. We write s#%:H: for the
space of invariant fields.

Lemma 7.1 Let C be a unitary modular category and let L be a Lagrangian algebra in C, a
haploid special symmetric Frobenius algebra as in Section 5. Put n, = dim Hom¢(z, £) and

M, .o =Homg (2 @7 L& 2"V, L)

for simple objects z, 2’ of C, where z@% L&~ 2"V is the L-L-bimodule of [ , Section 2.2].
In the TFT construction for (C,L), let Dx be the defect operator of an L-L-bimodule X on the
bulk fields and let dx be its dimension. Then

Ml,lg(C, Z:Z/:].,

{v € M, : Dxv =dxv for every simple X} = {O therwi
, otherwise.
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Moreover, with dim(Cziz) = > x d% , the operator m >y dxDx is an idempotent whose
range is this space on each M, ..

Proof : We use the following facts of the TF'T construction.

1. The space M, - is the multiplicity space of the bulk fields of type (z,2’) | , Section
2.2], with the convention of Section 2 for the right label. Its dimension is the multiplicity
of z ¥ 2’V in the full center Z(L) | ]. Since £ is commutative, its left and right
centers are £, and its only simple local module is £, in C as in C*¥. Hence Z(L) &
LKL ] , Theorem 2.5.1 p. 1328], and £ = LV | , Remark 3.4 p. 7]. Thus
dim M, ,» =n,n,.

2. The map X — Dx is a representation, on each M, ., of the complexified fusion algebra
KC of the fusion category Cp|. of £-L-bimodules | , Section 2.3].

3. The operators Dx, for X simple, are linearly independent on @, ., M. ... Indeed, the
proof of | , Proposition 2.8], which applies since L is simple, is linear in the multi-
plicities of the simple bimodules and rests on the nondegeneracy of the matrix of | ,
Lemma 2.10], so that it applies to complex linear combinations.

4. The number of simple £-L-bimodules is tr(ZZ") = 3 _,(dim M, .)* | , Remark
5.19(ii))].
5. The operator Dx acts on the vacuum field by dx = i‘lnr;(()g)) [ , Lemma 4.1], which

is the Frobenius—Perron dimension of X in Cz|z, as in Remark 5.1.

The algebra K is semisimple, since C|. is a unitary fusion category, and its dimension is the
number of simple bimodules. Write K = @, End(Sk) with s, = dim Sk, so that dim K = >~ s3,
and let m ./, be the multiplicity of Sy in M, ... By 3, the representation on @Z’Z, M, . is
faithful, so that every k occurs in some M, ... By 4,

dim K = Z(Z mz,zgksk>2 = ZZmzz,ksi > Zsi = dim K.
k k

z,2' z,z! k

Hence both inequalities are equalities. Consequently, every nonzero M, ., is irreducible, and
two distinct nonzero spaces M., .- and M, . are not isomorphic. Since £ is connected, My 1 is
one-dimensional, spanned by the vacuum, and by 5 it carries the character X — dx. A nonzero
vector v of M, ., with Dxv = dxv for every X spans a subrepresentation isomorphic to this
character. Thus (z,2') = (1,1).

For the last assertion, write [X] for the basis element of K attached to X. Frobenius
reciprocity gives >y dy N4y = dxdz, so that I = m > dx[X] satisfies [X]II = dxII =
II[X] and I12 = II. Its range in any representation consists of the vectors on which every [X]
acts by dx. This proves the assertion. [ |

Proposition 7.2 Leti € {1,2,3}, and identify the simple Vi -modules with p € 7./39Z through
the local modules of L; X 1. Then

(7.1) M = D Q1,00
pEZ/397Z

as conformally graded spaces, where Q0 , is the summand of E, of label (1,p). The invariant
fields in Vik @ 1 form 1;() @ 1. The graded space (7.1) does not depend on i.
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Proof : Since L; ¥ 1 is an external product, the structures of the TFT construction for
(CRP,L; ®1) are external products of those for (C,L;) and (P,1). The multiplicity space
of the bulk fields of type ((z,p),(2,p')) is M, . ® Mip” where sz, = Homp(p @ p'V,1),
since bimodule morphisms over L; X 1 between external products factor. The defect operator
of X X1 is Dy ® Id. Indeed, a defect operator is given by an explicit morphism built from
the bulk morphism, the actions of the bimodule, braidings and dualities | , equation
(4.14)]. For C ® P these structures are componentwise, and for the trivial algebra and the
trivial bimodule of P the second component is the identity. By Lemma 7.1 applied to (C, L;), a
nonzero bulk field of type ((z,p), (2/,p’)) is invariant under G; if and only if z = 2/ = 1. Since

M;? p is one-dimensional for p’ = p and zero otherwise, the invariant fields are the fields of type

((1,p), (1,p)), which occur with multiplicity one. In E, ® E,, they form 1 ,® 4 ,. This proves
(7.1). A field of Vx ® 1 has type ((2,0), (1,0)), and it is invariant if and only if z = 1, that is,
if it lies in ¢;(Q2) ® 1. The right-hand side of (7.1) is defined in terms of the fixed factorization
of Rep(Q2) only. This proves the assertion. [ ]

The identifications of the local module labels used in Proposition 7.2 may differ from a
fixed discriminant labeling of Vi . This difference is an isometry of (Z/39Z, q), where ¢(p) =

% +7Z. Every such isometry is multiplication by a unit u satisfying > = 1 modulo 39, hence
u € {1,14,25,38}. These four permutations preserve the sets {£13}, {£3} and {£4,+17}.
Thus the following spectral conclusions also hold with a fixed lattice discriminant labeling.
The same four isometries permute the sector triples of Proposition 7.6 among themselves and
preserve the subgroups 3Z/39Z and 13Z/39Z, so that the statements below do not depend on
the labeling.

Corollary 7.3 For each i, no nonzero vector of (Vi)1 ® 1 or of JA 1 1s invariant under G;.
In particular, no nonzero Narain tangent vector is invariant under these lines.

Proof : If a Vk-module E, contains a vector of integral weight, then its twist is one, so
39 divides 17p?. Since 39 is squarefree and coprime to 17, this forces p = 0 modulo 39.
Hence 41 = (Vk)1 ® (Vk)1. By Proposition 7.2, the invariant vectors of Ey ® Eq lie in
ti(2) ® 1;(Q), whose spaces of weights (1,0) and (1,1) vanish since ; = 0. Current-current
Narain perturbations form a subspace of # ;. This proves the assertion. [ |

Proposition 7.4 For each i € {1,2,3}, the nonvacuum scalar states of M of scaling
dimension less than two have precisely the following dimensions:

(h,h) | A | dime 247
3.3 |3 2
(15 13) | 15 2
(55:5) | 5 4.

Thus their total complexr dimension is eight. The real vector space of Hermitian such scalar
fields has dimension eight.

Proof : By (7.1), it suffices to determine the spaces of §; , of weight less than one. For p =0
only the vacuum occurs in this range. For p # 0, put ¢, = % modulo Z, with 0 < ¢, < 1.

Strict positivity and the twist show that any weight of €2, , below one must equal gj,.
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Use the case (3,13) realization. In momentum coordinates (m,n), the dual lattice is given
by m,n € Z with m = n modulo two, and its Heisenberg energy is

m?  n?

e(m, TL) = ﬁ + 572
For the first dual generator of L, the second dual generator has class 24 times that generator.
Under the anti-isometry sending the first dual generator to 5gx, the pointed label of this
momentum is therefore

m-+n

p(m,n) =5 <m +24 ) (mod 39).

Every class has a representative of energy at most }—g‘ The complete list of minima is obtained by
enumerating |m| < 3, |n| < 8, subject to the parity condition and e(m,n) < 13. These bounds
are exhaustive, since any vector under this energy bound satisfies m? < % and n? < 64. The
supplied rational-arithmetic script lists all thirty-nine classes. The only classes with minimum

energy at least one are

p ‘ mine ‘ chosen minimum representatives
+4, +17 % (£1,+£7)
+12 ¥ (£3,£5).

For the first row all four signs give the four distinct pointed classes. For the second row the
four momenta belong to the two indicated classes. These are chosen representatives attaining
the minima. The other minimizing momenta are (+2,+6) for the first row and (0, £8) for the
second row. The argument below applies to any minimizing momentum, and the multiplicities
one and zero of the weights (£2,46) and (0, £8) in Us, coming from the primary type V(2,6)
and from the bound b < 6 on the second labels of summands whose first label is even, agree
with those found below.

Let e, be a minimum and choose a momentum attaining it. The branching decomposition
of U contains the entire module € ;, tensored with its corresponding lattice module. At total
grade n, = e, + qp, its weight space at this fixed momentum is exactly the weight-g, space
of Q1 ,: any Heisenberg oscillator or positive-grade {2 descendant would force a smaller, and
hence negative, weight with the same fractional part. Here n, is one or two. Consequently that
ambient weight multiplicity determines whether g, occurs and determines its dimension.

If e, < 1and p # 0, then n, = 1. The only nonzero root weights in Uy are (£2,0) and
(0,4£2). They give p = +13 with ¢, = %, and p = +3 with ¢, = %, respectively, each with
multiplicity one.

For the six remaining classes, n, = 2. In case (3,13) the affine-primary types in Us are

(0’4)7 (1’1)’ (1’3)’ (1’5)7 (177)’ (272)’ (276)? (373)7

each with multiplicity one, by [ , Theorem 10.5 p. 30]. The affine descendants have types
(4,0), (2,0), (0,4), (0,2), (2,2) and twice (0,0), while the affine commutant contributes two
further trivial copies. Thus each weight (£1,47) occurs once, and no weight (3, £5) occurs.
This gives the four additional one-dimensional spaces at p = +4, £17, of weight %, and excludes
p=+12.

No other class can contribute below one. These spaces are lowest-weight spaces and are
one-dimensional, so (7.1) gives the displayed scalar multiplicities. Hermitian conjugation in-
terchanges p and —p. The eight sectors form four pairs, and each pair contributes two real
dimensions of Hermitian fields. This proves the assertion. [ |
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The three spaces """ are subspaces of the same bulk space J# with the same graded
dimensions, although the images of the embeddings ¢; are pairwise non-conjugate under Aut(Vig)
by Theorem 6.11. We do not determine their intersections.

7.2 Operator products for the canonical H3; action

In this subsection and the next one we fix the canonical Hj action, with the case (3,13) real-
ization used for the pointed labels, and we write ®,, for the invariant fields below.

For p € {£3,£4,£13,£17} C Z/39Z, choose a nonzero scalar lowest-weight field @, in
Q1 p @ p, with ®_ ), = <I>IT,. The chiral lowest-weight spaces are one-dimensional by Proposition
7.4. We denote their weights by h,. Thus hi3 = %, hi13 = % and h4y = hg17 = %.
Lemma 7.5 The joint invariant state space in (7.1) is closed under the bulk operator product.
Its multiplication has a nonzero component from sectors p,q to sector p 4+ q for every p,q €
Z/39Z. A three-point function of fields in sectors p,q,r vanishes unless p+ q+r = 0.

Proof : The extension algebra in Rep(Q2) = C X P is Ay K 1. Regrouping the factors in the
two chiral representation categories, its full center is the external product of the full center of
Az in C and the diagonal algebra in P X P™V. The joint invariant part in the first factor is its
unit, by Proposition 7.2. Multiplication restricts to this unit, so the invariant bulk algebra is
the image of the diagonal pointed algebra under the unit of the first full-center factor.

The simple objects €2y ;, are invertible and satisfy 2, , Mg 21 4 = Q4 p1q. In the diagonal
pointed algebra, every such multiplication component is nonzero: its two chiral factors are
the corresponding mutually dual isomorphisms between invertible simple objects. This proves
closure and the assertion about multiplication. Finally a three-point function pairs the product
with the vacuum. Its sector can be zero only when p + ¢ +r = 0. This proves the assertion. W

Proposition 7.6 Up to permutation, the only nonzero three-point functions among the eight
nonvacuum joint invariant relevant fields have sector labels

(13,13,13), (—13,—13,—13), (4,—17,13), (—4,17,—13).

Moreover, each of these four permitted three-point functions is nonzero. Every three-point func-
tion among the eight fields involving ®3 or ® _3 vanishes.

Proof : The sector condition of Lemma 7.5 gives the four displayed triples by addition in
7/39Z. 1t remains to prove that their coefficients on the lowest-weight vectors are nonzero.

We first treat (4, —17,13). Use the case (3, 13) realization of U. Let e, f, ' be the level-three
current triple, so [e, f] = ' and [h/,e] = 2e. By | , Theorem 10.5 p. 30], Uz contains an
affine-primary summand of type V(1,7) with multiplicity one. Choose a highest-weight vector
u in this summand, of Cartan weight (1,7), and put a = f(yu, of weight (—1,7). The doublet
relation gives egya = u.

Let 8 be a nondegenerate invariant bilinear form on U. The form pairs the irreducible
summand V'(1,7) nondegenerately with itself. Choose b in its weight space (—1,—7) such that
B(b,u) # 0. Both a and b are Virasoro-primary of weight two: positive Virasoro modes commute
with the current zero modes and would map this summand to the absent type V(1,7) in Uy or
Up. Invariance and skew-symmetry give

Blagyb, e) = B(b, aye) = —B(b,eya) = —B(b,u) # 0.
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Indeed, the correction terms in agye = —e(gya vanish because a is affine-primary and e(,ya = 0
for n > 1. The vector a()b belongs to the weight space (—2,0) in Uy, which is spanned by f.
Thus its coefficient on f is nonzero.

The pointed label of a momentum (m,n) is 26m + 21n modulo 39, by the calculation in
Proposition 7.4. Therefore a, b, f have pointed labels 4, —17, —13, respectively. The Heisenberg
ground-state energies of a, b, f are %, %, % Their Q-weights are %, %, % In the Heisenberg
factorization, the component just found is the product of the nonzero Heisenberg ground-state
coefficient and the coefficient on the lowest-weight vector of {21 _;3. Hence the latter coefficient
is nonzero. The PCT operator of U reverses the momenta and maps a, b, f to vectors of
labels —4, 17, 13, so the conjugate coefficient, which enters the antiholomorphic factor, is also
nonzero. Lemma 7.5 now gives a nonzero bulk three-point function for (4, —17,13). Hermitian
conjugation gives the triple (—4,17, —13).

For (13,13,13), the current e has pointed label 13 and factors into a lowest-weight vector
of Q1,13 and the Heisenberg ground vector of momentum A = %, In the simple affine algebra
at level three, e%fl)l is nonzero. For example, its squared Hermitian norm, with the usual root
normalization, is 2-3- (3 — 1) = 12. Its Heisenberg momentum is 2, of energy %, while its total
weight is two. Its Q-weight is therefore % Since 2A + L = —\ + L, this is the lowest-weight
vector of €0y, _13, with nonzero coeflicient in the product of two lowest-weight vectors of €2; 13.
The bulk three-point function is nonzero by the same factorization argument. Conjugation gives

(—13,—13,—13). This proves the assertion. [ |

Corollary 7.7 Put W = spang{®4, ®_4, P17, P_17}. There is a nonzero constant cyy such
that, for a Hermitian field

X = 94Ps + g2 ®_4 + g17P17 + g17P_17,

the relevant lowest-weight terms in X (z,Z)X(0) are

__ 100 -
2|7 739 (2eyw 94917 P 13 + 265 G1917P13) -

Consequently the nonvacuum relevant projection of this product is zero if and only if g4 =0 or
g17 = 0. In particular, W is not closed under the relevant projection of the operator product.

Proof : The only sums of two labels in {+4, £17} which belong to the relevant set are 4 — 17 =
—13 and —4 4+ 17 = 13. Their coefficients are nonzero by Proposition 7.6. The two ordered
products give the factor two. The radial power is % — 2% = —%. Hermitian conjugation gives
the displayed coefficients. The two output lines are linearly independent, and ¢y, # 0, so both

coefficients vanish precisely when g4g17 = 0. This proves the assertion. [ ]

The mixed term gives a power divergence in a cutoff integral: the radial integral is propor-
tional to fER r_%dr, whose leading term is proportional to £~ 3. Thus this nonzero operator-
product coefficient gives a power-law ultraviolet contribution, and not a logarithmic coefficient
of a renormalization-group equation.

7.3 Normalized invariant three-point functions

We fix the canonical H3 action and the pointed labels used in Proposition 7.6. We normalize
the scalar fields by

(7.2) (@, (2,2)B_,(0)) = 2| M, ®_, = @],
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The vacuum has norm one. For p in the relevant set {£3,+4,4+13, £17}, the lowest-weight
space of 2y, ® m is one-dimensional. For nonzero vectors V¥, in these lines, let G, be the
coefficient of the two-point function of ¥, and ¥_,. For p, ¢ and p + g in the relevant set, let
myp.q(¥) be the coefficient of ¥4, in the leading term of the operator product of ¥, and ¥,.
Put

(7.3) Pog = mp,q(‘p)m—n—q(q’)Gpﬂ_

’ GpGy

Multiplying each ¥, by a nonzero scalar does not change p, ,. For fields normalized by (7.2),
the coefficient m, , is the three-point constant Cp 4 _p,—,, and Hermitian conjugation gives
M_p _q = Mpq, hence p, o = |Cp 4. —p—q|*. Here Hermitian conjugation is that of the diagonal
lattice theory of Vi, transported through the identification below. On each chiral factor we
use the positive definite Hermitian forms of the unitary modules V,x of the unitary vertex
operator algebra Vi | , Theorem 4.12 p. 24]. This Hermitian structure is used only to
pass from py, 4 to |Cp 4. —p—q|- Thus the normalized absolute values are determined by the bulk
operator product and its vacuum functional, and they can be computed in any realization of
these data. The same expression defines p, , for nonzero vectors of a vertex operator algebra,
with the vacuum coefficient of the product of ¥, and ¥_, in place of G,.

We compute these quantities in lattice realizations. Put J, = € ;, the invariant summand
of B, = rept K (Proposition 7.2). Let B be the holomorphic extension of U attached to Hs,
realized as Vg, D Vk ® Vi, as in Lemma 4.1. Fix a bimultiplicative map €% : K x K — {+1}
with €% (z,9)e% (y,2) = (—1)@¥), put ex(x,x") = €% (39%,39x") on K’ x K’', and define e,
on L' x L' in the same way. Let Vi be the operator on P,  x /K Vetrk given by the lattice
vertex-operator formulas | , (6.4.62) p. 233 and (6.4.68) p. 234] for the rational lattice K’,
with the central extension of K’ by {£1} defined by ek, and define )y, in the same way. The
map e restricts to €} on K x K. It also satisfies the mixed commutator identity

ex(z, k)

— (-1 392<z,n) — (-1 (z,k) K K/
exc(n. ) (=1) (=1) (re K, ke K'),

since (x,k) € Z and 392 is odd. By the first identity, this central extension satisfies the
condition [ , (6.4.87) p. 237], so that the restrictions of Vi give the standard Vi-module
structures on the cosets Viix | , Theorem 6.5.20 p. 259]. The same argument applies
to L. Since 39% is odd and (K',K’) and (L',L') lie in 357, the map e(k + A\, &' + X) =
ex(k, ke (X, N) is a bimultiplicative cocycle on Eg with commutator (—1){*#) for a, 8 € Fg.
We realize Vg, with this cocycle, which changes it only up to isomorphism | , Proposition
6.5.5 p. 244]. The exponential factors, the Heisenberg modes and the operators z* factor for
the orthogonal decomposition of Eg ®z R into K ®z R and L ®z R. Hence, for a € V1 and
a' € Vyyp with K+ X € Eg, the vertex operator of a ® a’ in B is Yk (a,2) ® Y (d', z). Likewise,
the diagonal theory of Vi is the lattice full vertex algebra Fj, , of the even self-dual lattice
Ax = {(a,8) € K’ ® K'(-1) : « — € K}, where p is the orthogonal projection onto the
positive definite subspace (K’ @ 0) @z R | , Theorem 4.14 p. 43 and Section 5.4 p. 52].
Its lattice vertex operators are products of left and right factors given by the same formula,
in z and in Z, since the left and right Heisenberg modes commute and the right-moving form
—(p+,p-) is positive definite [ , (4.2) and the definition of e*(z), pp. 39-40]. The map
(e, B), (&, B") = ek (a, o’ )ex (B, 8') is a cocycle on Ak with the required commutator, by the
same parity argument. Identifying each right-moving Fock space with the corresponding left-
moving one, the vertex operator of a ® b, for a,b € V4, is therefore Vi (a, z) ® Vi (b,Z). The
algebra of this full vertex algebra in C(K) X C(K)*V | ] is commutative, with underlying
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object @p pXpY and nonzero homogeneous products. Its support is cyclic and H?(Z3g, C*) = 0,
so that it is isomorphic to the full center of the unit, as is the bulk algebra of Section 5. The
resulting isomorphism of full field algebras is linear over Vi ® Vk. It therefore preserves the
lines .J, ® J, and rescales each of them by a nonzero scalar, which does not change (7.3).

Fix nonzero vectors w,, in the lowest-weight lines of the modules J,. Let a, 4 be the compo-
nent of Vi (wp, z)wy along wyy4, and let g, be the vacuum component of Vi (wp, z)w_,, both
at the leading power of z. The quantity

Qp,q0—p,—q9p+q

K
p =
p.q gpgq

does not change when the vectors wy, are rescaled. In U, choose momenta A, ¢ € L’ in the classes
attached to p and ¢, and consider the vectors w4, ® et Wig @ et and Wi (ptq) ® et
where e” is the Heisenberg ground vector of momentum v. The component of Y7 (e*, z)et along
its Heisenberg ground space is SL()\,M)Z<)"“>6>‘+”, and its vacuum component for g = —X\ is
er(A, —)\)z_')“21. The coefficients of Vi (wp, 2)wq lie in Jp44. Indeed, the vertex operators of
U restrict to an intertwining operator of 2 ® Vr-modules from J, ® Va4 and J, ® V41 to U,
which is Y ® Y, by the factorization above. Since J,MqJ, = Jpyq and Vay WV, = Vagutr,
its image lies in the summand J,yq ® Vay,qr of U, which occurs once in (3.1). Taking the
component along e*T#, whose coefficient e7,(, /L)ZO"“> is nonzero, proves the claim. The six
vectors in U are indexed by their momenta +X, £u and £(A + u), and not only by their
pointed residue classes. In particular, when p + ¢ = —p, the output momentum A + u need
not equal the input-pairing momentum —A. We define pgi ,, using the multiplication coefficients
for these three chosen momentum lines and their three vacuum pairings. It is invariant under
independent rescaling of the six chosen vectors, by the same cancellation as in (7.3). Since U
is a vertex subalgebra of B, factorization and bimultiplicativity give

. er( A pen(=A, —p)er(A +p, —A — p) s
o e(A, =Ner(p, —p) -

=er(\ wen(p Moy

The additional factor belongs to {1,—1}. In the bulk theory, the fields w, ® w,, where W,
denotes w, in the right-moving copy, give in the same way pp 4 = (pﬁq)?

Finally we use the unitarity of U. Let ¢, , be the coefficient of a unit vector z,,, of the
above form in the product of unit vectors x, and x, of the above form. These vectors are
quasi-primary. The notation ¢, , refers to the chosen momentum representatives and to these
three lines in U. Since pg’ L does not depend on the scaling, we may compute it by choosing
in each of the three opposite momentum lines the PCT conjugate of its chosen unit vector,
independently. We denote the PCT operator by . We choose § stable under 6, as in Section 3.
Then 6 acts by —1 on the Hermitian currents of h, so that it reverses the Heisenberg momenta.
The antilinear automorphism 6 makes the coefficient for the three opposite momentum lines
equal to ¢, 4. Let (-, -) be the invariant bilinear form of U determined by the Hermitian form and
0, so that (z,0(z)) = ||z||* for any z € U | , Section 5]. For a quasi-primary vector z of
weight h and any y € Up, the invariance of (-,-) shows that the vacuum coefficient of Y (z, z)y
at the power 2~ 2" is (—1)"(z,y). Consequently the vacuum coefficient of the product of z,, and
0(z,) is (—1)" ||:vp||2 = (—1)", where h € {1,2} is the weight of z, in U. Hence py)u = +|cp.q]?
In particular pﬁ{’ ., and pff) o are real, and we obtain

Pp,g = (ﬂfq)g = |Cp7q|4-
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This equality uses the unitary structure of U and no Hermitian structure on the bulk theory.
Since pp.q = |Cp.q,—p—q|? for the Hermitian structure fixed above, we obtain

(7.4) |Cp.q,—p—al = Icp,q

Proposition 7.8 In the notation (7.3), we have p1313 = % and ps,—17 = %. With the normal-

ization (7.2) and the Hermitian structure fized above, and up to permutation of the insertions,
the absolute values of the four nonzero relevant three-point constants are

2

4 1

|Ci3,13,13] = |C-13,-13,—13] = 3 |Ca,—17,18] = |Ca,17,—13] = 3

All three-point constants whose label triples are not permutations of the displayed triples vanish

among the eight nonvacuum relevant fields. The phases of the fields can be chosen, compatibly
with Hermitian conjugation, so that the four displayed constants are positive.

Proof : For the mixed triple, choose a unit affine-primary highest-weight vector u of type V (1,7)
in Uy, and put @ = f(gyu. The level-three doublet relation and unitarity give ||a| = 1. Choose
the unit vector b in the opposite extreme weight so that |5(b, u)| = 1, using the PCT conjugate
of u and the normalized invariant bilinear form . The Ward calculation in Proposition 7.6

gives |B(a)b, €)| = 1. Since |3(f,e)| = 3 and || f|| = V/3, the coefficient on the unit output %

3
The three unit states a, b and % are of the form w, ® e* above, with p = 4, —17, —13.
Hence |cq,—17]| = %, and (7.4) gives the bulk value 1.

has absolute value %

(5]

For the cubic order-three channel, take the two unit inputs The vector 6%71)1 has

sy

squared norm 12, so the coefficient on its unit normalization is Y2 = % Its momentum is

3
%h/ and its  factor is the one-dimensional lowest-weight space of J_13. Factoring the unit
Heisenberg ground vector and using (7.4) gives the bulk value %. Hermitian conjugation gives
the two conjugate constants. The vanishing statements are those of Proposition 7.6. The values
p13.13 = |(:13713\4 = % and pg 17 = |cs—17]* = % follow from the same computations and from
the equality pp, 4 = |cp4|* established before the proposition.

Finally, multiplying ®13, ®4 and ®17 by '3, ¢'¥4 and €'¥17 multiplies the two independent
constants by e3%13 and e!(#4=#17+¢13)  These two phases can be prescribed independently.
Choosing the conjugate phases for the negative labels makes all four constants positive. This

proves the assertion. |

In this phase convention, the relevant lowest-weight part of the product of the Hermitian
weak field from Corollary 7.7 is

2 _10, __ _
§|Z| 39 (gag17P_13 + G2g17P13) .

In terms of the level £k = 3 of the current algebra containing e and f, the two constants of

2
Proposition 7.8 are 2(k,;1) and £, by the norm He%_l)lH = 2k(k —1) and the values |3(f,e)| =

I£1I” = k used in its proof.

7.4 The invariant bulk algebra for the three actions

Proposition 7.9 For i € {1,2,3}, let F; be the full bulk algebra attached to the extension
algebra L; ® 1 and let FI™ be its joint invariant subobject for the two canonical Haagerup
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factors. Then there are isomorphisms of unital algebras

Fiinv ~ 7 déf 1e X 1orev X Zp(l)

(7.5) ~ P Q,R,.

pEZ/39Z

Here Zp(1) has its diagonal algebra multiplication, not merely its underlying module object.
These isomorphisms preserve the invariant bilinear forms after normalization of the vacuum
two-point function to one. Consequently the invariant conformal full field algebras, and their
normalized genus-zero vacuum correlation functions under these identifications, are isomorphic
for the three actions.

Proof : Write Z; = Z¢(L;) and Z = Zp(1). The full-center construction respects external
tensor products, so after regrouping the factors we have an algebra isomorphism F; = Z; X Z.
Indeed, in the construction Z(A) = C;(R(A)) of | , Definition 2.6 p. 9], the right adjoint R,
its multiplication and the left-center idempotent all factor for an external product of modular
categories. The image of the tensor product of the two idempotents is the external tensor
product of their images. The induced multiplication and unit also factor. The isomorphism
respects the canonical normalized-special Frobenius structures by | , Lemma 2.3(iii) p. 6].

The algebra L; is simple, so Z; is haploid by | , Proposition 2.7(ii) p. 9]. Its unique
tensor-unit subobject is therefore the image of its unit 7;. The joint invariant condition selects
the unit label in C on both chiral sides by Proposition 7.2. Hence its invariant subobject is
precisely the image of j;, = n; K1dz: I’ — Z; ¥ Z. The unit relation gives mz, (n; @ n;) = ;.
Thus j; is a monomorphism of unital algebras, and its image has the multiplication of Z.
This proves (7.5). The last direct sum is the diagonal algebra of | , equation (2.8) p. 8],
restricted to the pointed category P.

We verify the normalization explicitly. Let ¢z, and €z be the counits of the canonical
normalized-special Frobenius structures. Recall that €44 = dim A in this normalization.
Proposition 2.7(ii) of | ] gives dim Z; = Dim(C) and dim Z = Dim(P) = 39. Consequently,
with £, = g, we obtain

£z;Mi 1

(7.6) F)i T fim Z, dm Z 2 39

Ez.

This is independent of 7. If Az denotes the normalized-special coproduct of Z, the Frobenius
structure determined by the restricted vacuum-normalized bilinear form has counit %5 z and
coproduct 39A z. Here j; is a homomorphism for multiplication and unit. Since j; intertwines
the multiplications, the normalized bilinear form &g, mp, restricts to 3—195 zmz on I'. The latter
is nondegenerate. The correspondence between algebra objects and conformal full field algebras
in [ , Theorem 3.11 p. 49 and Theorem 4.15 p. 62] therefore identifies their products
and invariant bilinear forms. Iterated products paired with (7.6) give the same normalized
genus-zero vacuum correlation functions. This proves the assertion. [ ]

Remark 7.10 These isomorphisms depend on the fixed chiral algebra 2 and on the chosen
factorization of Rep(2), they do not identify the invariant subspaces inside a fixed copy of the
lattice theory, and they concern genus-zero data only.

The normalized absolute constants of Proposition 7.8 hold for each of the three canonical
actions, under the common pointed labeling. Indeed, the isomorphisms of Proposition 7.9
preserve the products and the normalized bilinear forms, hence the quantities (7.3), which are
the squares of these absolute values.
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7.5 Intermediate algebras of invariant fields

Fix i € {1,2,3} and let .Z be the finite-energy part of """, We use the pointed coordinates
in which

(7.7) F= B Z Fo=0,00,.

PEZ/39Z

An intermediate algebra of fields means a linear subspace & with %y C & C %, stable under
the two Q actions and closed under every coefficient of the bulk operator product. We work
with algebraic finite-energy spaces. Each .#, is an irreducible module for the two commuting
chiral actions, and these modules are pairwise inequivalent.

For p € {4,17} and a Hermitian field X = gv, 4+ gv_, with g # 0 and v_, = v}, put
FZ0 = Z,. Let Z!! be the submodule generated by %, and X. Recursively, let .Z[" be the
submodule generated by the coefficients of products of a state of .Z!"~1l with a state of .Z.
Thus neutral chiral fields and their modes are allowed throughout the filtration.

Proposition 7.11 1. The intermediate algebras of invariant fields are exactly

(7.8) Fu =@ F, He {{0}, 132/39Z, 37/39Z, 7./39L}.
pEH

Each is closed under Hermitian conjugation, and inclusion of these algebras agrees with
inclusion of their supporting subgroups.

2. Let p € Z/39Z and let v, € %, be nonzero. The algebra of fields generated by Fy and v,
is Fipy- If p# —p and v_p, = ’U;E, the same holds for the Hermitian field X = gv, + gv_,
whenever g # 0. In particular, every nonzero Hermitian combination from either one of
the pairs {®4, ®_4} and {@17,P_17} generates F over Fy, a field in sector 13 generates
the three-sector intermediate algebra, and a field in sector 3 genmerates the thirteen-sector
intermediate algebra. These two algebras together generate F .

3. For p € {4,17}, the filtration defined above satisfies, for every integer n > 0,

(7.9) F = @ Z. L(r)=minf{|k|: k€ Z, kp=r inZ/39Z}.
r€Z/39Z
Lp(r)<n

ar

Consequently F1) = F whereas F18 is proper.

Proof : 1. The decomposition (7.7) is multiplicity-free. Since {2 is strongly rational, every sub-
module of this finite direct sum is a sum of the displayed simple modules. Thus an intermediate
algebra has the form & = P, 5%, for a subset S C Z/39Z containing zero.

The multiplication component from .%#, and %, to .%#,, is nonzero. For the canonical H3
action this is Lemma 7.5. The same statement holds for each of the other two actions: the full-
center factorization for L; X1 restricts on the joint invariant block to the unit of the first factor
and the diagonal pointed algebra in the second factor. Its multiplication between invertible
simple components is nonzero.

If p,g € S, closure under the operator product therefore gives a nonzero vector in %p4,.
Stability under the two chiral actions and irreducibility give .%#,,, C &. Hence S+ S5 C S. A
finite subset of a group containing zero and closed under addition is a subgroup: for p € S,
repeated addition contains (ord(p) — 1)p = —p. Conversely, the sector-addition rule shows that
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Fu is closed under products whenever H is a subgroup. Conjugation maps %, to %_,, so it
preserves each such algebra. The cyclic group of order 39 = 3-13 has exactly the four subgroups
in (7.8).

2. The smallest intermediate algebra containing v, contains .%#,, by irreducibility. Part 1
identifies its support with the smallest subgroup containing p, which is (p).

For the Hermitian field X, its projections onto the inequivalent simple modules .#, and .#_,
are both nonzero. The chiral submodule generated by X is therefore their direct sum. The first
assertion applies. Finally 4 and 17 are units modulo 39, while 13 and 3 have orders three and
thirteen, respectively. The last assertion follows from (3,13) = Z/39Z.

3. For n = 0 the assertion is the definition. For n = 1, the two inequivalent projections of X
generate %, ®.%_,, so the assertion follows. Suppose that it holds at n —1. The sector-addition
rule bounds the support of ™ by the residues kp with |k| < n. Conversely, every residue in
this set is a sum of a residue jp with |j| < n—1 and one of 0, p, —p. The nonzero multiplication
component between the corresponding entire modules has image generating the simple target
module. This proves (7.9) by induction.

Since p is a unit modulo 39, the residues kp for —19 < k < 19 are all distinct and exhaust
Z/39Z. Restricting to —18 < k < 18 leaves two residues absent. This proves the assertion. M

For a product containing only n insertions from the lowest-weight pair ®,, ®_,,, the sector

rule gives the necessary bound n > £,(r) for an output in sector r. For p € {4,17}, these bounds
on the other relevant sectors are

initial pair | output sectors | necessary number of insertions
+4 +3 9
+4 +13 13
+4 +17 14
+17 +3 9
+17 +13 13
+17 +4 14.

Indeed, the inverses of 4 and 17 modulo 39 are 10 and 23. These values give the table by taking
the least absolute residue.

The filtration (7.9) allows arbitrary neutral chiral insertions and modes, so its equality
uses products of complete simple modules. It does not identify a nonzero lowest-weight scalar
coefficient of a product containing only n copies of the original weak fields. The table gives
necessary sector bounds for such products. For products of a single weak pair, the corresponding
lowest-weight coefficients vanish for every number of insertions, by Corollary 7.15.

7.6 The affine coset stress and the relevant fields

Use the case (3,13) realization of U, and let ws, w3 be the Sugawara conformal vectors of its
two simple affine current algebras. Let wp 3,wr 13 be the two Cartan Heisenberg conformal
vectors. Put

Wp =Wy —Ww3 —Wwi13, Wp3=WwW3 —WH3, Wp13=Wi3 —WH,13.

The last two vectors are the conformal vectors of the parafermion algebras K(sly,3) and
K (sl5,13) in Q.
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Proposition 7.12 The vectors wp,wp,3,wp,13 belong to ), are pairwise commuting unitary
Virasoro vectors and satisfy

18 4 8
wQ =wp +wp3+wp13, ¢B=—, Cp3=rT, Cpl3= T-
5 5 5
On the chiral lowest-weight vectors of the eight invariant relevant scalar fields, their respective

zero-mode eigenvalues are

P Lp(0) | Lp3(0) | Lpi3(0)
+13 0 2 0
+3 0 0 12
4 7
+4, +17 5 i =-

The four fields with labels £3, 13 have reqular operator product with the left and right spectator
stresses wg,wg. Among the eight-dimensional invariant relevant space, these four lines are
precisely the joint kernels of Lp(0) and Lp(0).

Proof : The affine subalgebras commute. Their Sugawara conformal vectors have central
charges g and 1??, and their Cartan Heisenberg vectors have central charge one. The affine
coset vector wp commutes with both affine subalgebras, as in | , Corollary 9.2 p. 26].
Each parafermion vector commutes with both Cartan Heisenberg algebras. Thus the three
displayed vectors lie in §2, commute with one another, and sum to wg. The central charges
follow by subtraction. The PCT operator of U preserves the normalized invariant form on Uz,
hence each simple ideal of Uy, since the two levels are distinct. It also preserves h. Hence it
fixes the Sugawara and Cartan Heisenberg conformal vectors, and therefore the three displayed
vectors. These vectors are quasi-primary, so that their modes satisfy L(n)* = L(—n) | ,
Section 5].

The fields with labels p = +13 are obtained by factorizing the level-three root currents,
which belong to the affine subalgebra Lg,(3,0). The spectator modes Lg(n), n > —1, vanish
on these currents, since wp commutes with this affine subalgebra. Factoring out the Cartan
Heisenberg ground vectors gives the same vanishing on their Q factors. Their K (sls,3) weight
is1—3 = %, while their K (sly, 13) weight is zero. This proves the first row and regularity with
wp. Applying the same argument to the level-thirteen root currents proves the second row,
with parafermion weight 1 — 1—13 = %

For the four remaining fields, use the unique affine-primary type V(1,7) in Us. Its Sugawara
weight is

1(1+2) 7(7+2) 3 21 6

43+2) " 4(1312) 20 20 5

Consequently its spectator weight is 2 — g = 1. Its four extremal weights (£1,£7) give the rel-

— 5
evant labels £4,+17. Subtracting the Cartan energies gives parafermion weights 23—0 — % = 1—15

and % — é—g = %. These sum with % to %, as required. These are simultaneous eigenvec-
tors because the affine-primary decomposition and Cartan factorization diagonalize all three
operators. The same calculation holds in the anti-holomorphic factor.

The first four relevant lines have spectator weight zero, and the remaining four have spectator
weight %. Their direct-sum decomposition therefore gives the asserted joint kernel. This proves

the assertion. m
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Remark 7.13 Let wio; be the conformal vector of a unitary theory containing wp as a commut-

ing conformal component, that is, such that wi.4 — wp is a unitary Virasoro vector commuting

with wp. Then the squared Hermitian norm of wioy — wp is %(cmt — 1—58)7 so that ciop > %.

In particular, a unitary infrared endpoint at which this spectator stress survives as such a
component cannot have central charge two.

Proposition 7.12 is an identity in the undeformed vertex operator algebra. It identifies the
four-dimensional subspace of relevant invariant fields which commute with a charge—l?)8 spectator
stress. The weak fields of scaling dimension % have nonzero spectator weight and hence supply
the relevant invariant directions which can break this spectator condition.

The coset vector admits a finer decomposition. By | , Theorem 10.5 p. 30], we have
wp = wp,1 +wp,2, where wp 1 and wp > are commuting Virasoro vectors of central charges %
and %7 and their weights are % and 1% on each of the primary lines of types V(1,7) and V' (2, 6)
in Uy. These two vectors commute with the affine subalgebra, hence belong to 2. They act on
the whole affine-primary summand of type V' (1, 7) by these scalars, hence on the Q factor of each
of its extremal weight vectors. Consequently, on the chiral lowest-weight vectors with labels
+4,+17 the operators Lp 1(0) and Lp2(0) have the cigenvalues 32 and 1y, whose sum is 7,
whereas on the labels +3, £13 both vanish, as in the proof of Proposition 7.12. Thus each of the
two components separately distinguishes the four weak fields from the four other relevant fields.
If only one of the two components survives as a commuting unitary conformal component, the

argument of Remark 7.13 gives only ciot = % O Ciot = %, and both bounds are smaller than

two. A second spectator stress, of central charge %, is described in Proposition 7.14.
A second spectator stress By | , Theorem 12.3(1) and (3) p. 64], the algebra Q is

the Heisenberg commutant of a Haagerup algebra whose currents have levels (1,39), namely U

or its twin. We denote it by U? in this subsection. Let wi and wgg be the Sugawara conformal

vectors of its two simple affine current algebras and put w% = Wt —wi — wgg. As in the proof of

Proposition 7.12, this vector commutes with both affine subalgebras, hence belongs to €2, and

it is a Virasoro vector of central charge 8 — 1 — 14—117 = % [ , Corollary 9.2 p. 26]. We

write L% (n) for its modes.

Proposition 7.14 On the chiral lowest-weight vectors of the eight invariant relevant scalar
fields, the operator LhB (0) vanishes on exactly one of the two contragredient pairs of weight %.

It has the eigenvalue % on the other pair of weight % and on the pair of weight %, and the
etgenvalue % on the pair of weight % The two fields of the first pair have reqular operator

product with w% and w%. Consequently, each of the eight invariant relevant fields has reqular
operator product with the left and right copies of a Virasoro vector of 2 of central charge at
least L8,

5

Proof : We use the momentum coordinates (m,n) given by the weights of the level-one and
level-39 Cartan currents of U%. The dual lattice of the associated lattice consists of the pairs
with m = n modulo two, and the Heisenberg energy is

m? n?

i - 4

ef(m,n) 1 + 56
For the first Gram matrix in (3.3), the second dual generator has class 37 times the first one.
Under the anti-isometry sending the first dual generator to 2¢x, the pointed label of (m,n) is
therefore 2(m +37™4%) = —2n modulo 39. This labeling differs from that of Subsection 7.1 by
an isometry of (Z/39Z,q). Such an isometry preserves the sets {£13}, {£3} and {£4,+17},
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but it may exchange {+4} and {£17}. The argument of the proof of Proposition 7.4 identifies
the lowest-weight space of €)1, with the weight space of U % at a minimizing momentum of the
class p, in the total grade ef, + gp.

The level-39 root currents have momenta (0, £2), energy % and labels F4. Hence their €2

factors span the lowest-weight spaces of a contragredient pair of weight %. Since w% commutes

with the affine subalgebras, the modes LhB (n), n =2 —1, vanish on these currents and on their
factors. This gives the vanishing of LEB (0) and the regularity for this pair.

For the labels +£13 and 17, the minimal energies are % and %, attained exactly at (£1, +13)
and (£1,411), and the total grade is two. By | , Table 2 p. 24], the affine-primary type
V(1,13) occurs once in U2h. It is the only type in U2h containing these weights, since the other
types have a first label in {0, 2} or a second label at most 7. Hence these lowest-weight vectors
are the Q) factors of vectors of this summand, on which L%(O) acts by

1~3_13~15_2 1 195 23

12 164 4 164 41°

For the labels +3, the minimal energy is %, attained only at (0,£18), and the total grade is

three. A positive current mode maps a vector of momentum (0, £18) to a vector of grade at
most two whose second Cartan label has absolute value at least 16. Such a vector vanishes,
since the second labels in U1h and U2h are at most 2 and 13 | , Table 2 p. 24]. Thus the
one-dimensional weight space is spanned by an affine-primary vector. Its type is V(0,b) with

b even and b > 18, by integrability at level one and the parity of m = 0. There is no vector

of momentum (0,20) in Ug: its Heisenberg energy would be % and its pointed label —1. A

positive Heisenberg oscillator grade would leave a negative Q2 weight. Thus its Q factor would
have weight %, contrary to Proposition 7.4. The same argument excludes momentum (0, —20).
If b > 20, the finite-dimensional module V(0,b) would contain such a weight at grade three.
Hence b = 18. The spectator eigenvalue is therefore 3 — % = %.

Finally, the involution o7 of Proposition 6.10 acts on the pointed labels by multiplication by
14, which exchanges {£4} and {£17}. For an Q-module M, let M o o7 denote the same space

with the vertex operators Yas(o1(a), z). Since o = Id, the vector oy (w%) acts on M o oy as

w% acts on M. Hence o, (w%) is a Virasoro vector of central charge % with regular operator

product with the fields of the other pair of weight %. Together with Proposition 7.12 for the

labels +3 and £13, and the inequality 1—58 < %, this proves the assertion. [ ]

The argument of Remark 7.13 uses only the unitarity of the complementary Virasoro vector
wiot — S for a spectator stress s. It therefore applies to s = wjhg and to s = oy (w?g), and gives the
bound % for an endpoint at which one of them survives as a commuting conformal component.
The kernels of the two spectator stresses on the invariant relevant space are different.

Corollary 7.15 Fiz one of the two weak pairs {®4, ®_4} or {®17,P_17}. Every coefficient of
every finite iterated bulk operator product made from this pair and the vacuum has its nonvacuum
relevant projection in the span of the same pair. In particular, its coefficients on the six other
invariant relevant lowest-weight lines vanish. The same conclusion holds if the fields are replaced
by their derivatives.

Proof : Choose s equal to w% or o1 (w%) so that the chosen pair has regular operator product

with s and s, as in Proposition 7.14. Let %5 be the space of finite-energy bulk states with this
regularity property. The mode commutator identity gives, for v € €5, commutation of its full
vertex operator with all modes of s and 5. Consequently %5 contains the vacuum and is closed
under bulk operator-product coefficients and under the two translations. It contains all the
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iterated coefficients in the assertion. These coefficients are also in the joint invariant algebra,
by Lemma 7.5.

On the invariant relevant space, the joint kernel of L4(0) and L¢(0) is exactly the chosen
pair. Indeed, Proposition 7.14 gives the eigenvalues 0 on this pair, % on the other weak pair
and on the pair of weight %, and % on the pair of weight % For the conjugate stress the two
weak pairs are exchanged. The chiral stress modes preserve the pointed sectors and commute
with the total conformal grading. The projection onto the relevant lowest-weight lines therefore

preserves this joint kernel. This proves the assertion. [ ]

Corollary 7.15 concerns undeformed operator products without additional neutral chiral
insertions, unlike the filtration of Proposition 7.11. In particular, the necessary insertion counts
9, 13 and 14 of the table following that proposition are not sufficient: the corresponding lowest-
weight coefficients vanish for every number of insertions of a single weak pair.

7.7 The pointed bulk part of the mixed extensions

Proposition 7.16 Let A be either of the two mized extension algebras in € = Rep(2) = CKP,
and write X, = 1cXp for p € Z/39Z. The mazimal subobject of the full center Zg(A) belonging
to PR P s

(7.10) P xxx,).
pE3ZL/39Z

It is a subalgebra, isomorphic to the diagonal algebra of the order-thirteen pointed subcategory
of P. The nonvacuum scalar states in this pointed bulk part of scaling dimension less than two
have labels p = 3 and scaling dimension %, with total complex dimension two and Hermitian
real dimension two.

Proof : Let F(X) = X ® A be the free right A-module and let For be the forgetful functor.
Adjunction gives Homg, (F(X,), F(X,)) = Home(X,, X, ® A), of dimension §, 4, since only
the tensor unit in A has trivial central label. Thus the F(X,,) are simple and pairwise inequiv-

alent. By | , Lemma 3.15 p. 11], F(X,) is local if and only if X, centralizes A. The
monodromy on its two nonzero pointed degrees is exp(:|:27ri347p), so locality is equivalent to

p € 3Z/39Z.

If a simple local module M contains X, upon restriction, adjunction and simplicity force
M = F(X,). Its pointed restriction is therefore exactly X,, with multiplicity one. Since F is
monoidal, the modules F(X,,), p € 3Z/39Z, form the subgroup of order thirteen of the group
of simple local modules, which is cyclic of order 39 by Theorem 6.8. The left and right centers
of the commutative algebra A are A, so that | , Theorem 2.5.1 p. 1328] gives

Zg(A)= @ For(M)X For(®(M)),
Melrr(€9)

where ®(M) is the local A-module in £ attached to M by the contravariant monoidal equiv-
alence of loc. cit. The local A-modules in £V have the same simple objects and fusion rules
as in £. The induced bijection of the group of simple local modules respects the group law up
to inversion, so that it preserves the subgroup of order thirteen. Hence the maximal subobject
of Ze(A) in PRP™ is 57,307 Xp B Xy (p) for a bijection ¢ of 3Z/39Z. On the other hand,
Zg(A) is the image of an idempotent of the algebra (AX1)® T, where T = @, xXz" | ,
Definitions 2.4 and 2.6], | , Section 2.4 p. 1327]. A summand (A ® x) Xz contains an
object of PP only for = X, and then its pointed part is X, X X;’, since only the tensor
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unit in A has trivial central label. Thus X ,) = X/, which proves (7.10). Put R, = X, K X /.
Since R, ® Ry = R4, this subobject is closed under multiplication. The nondegenerate pairing
of the connected étale full center gives a nonzero product R, ® R_, — 1 | , Remark
3.4 p. 7]. Associativity with R_, then forces every product R, ® R, — Rp14 to be nonzero. Its
cyclic isotropic support and H?(Z;3,C*) = 0 identify the resulting algebra with the diagonal
algebra of the order-thirteen pointed subcategory.

Finally, the nonvacuum pointed labels of lowest weight less than one are {43, £4, +13, £17},
by Proposition 7.4. Their intersection with 3Z/397Z is {+3}. The two lowest-weight spaces are
one-dimensional of weight %, and their bulk lines are exchanged by Hermitian conjugation.
This proves the assertion. [ |
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