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ApsTrACT. We state fifty-seven open problems drawn from the seven works of
the Grothendieckian Programme (34 volumes, 26,021 pages, released openly
in October 2026 as first drafts that have not been peer-reviewed). Thirty-five
come from the two works on the architecture of a reasoning system and twenty-
two from the five works that each take a named conjecture or programme as
research subject; no problem is one of those conjectures. Each problem is stated
in the words of its source, located by work, chapter and page, given the status
the source assigns it, and paired with a criterion that decides when it is solved,
a note on existing work and the date of a literature check. The problems are of
three kinds: twenty-five mathematical problems, nineteen machine problems
with success criteria fixed in advance, and thirteen formalization problems
for Lean 4 and Mathlib. Every quotation from the sources has been checked
against the published PDFs, and each problem has been checked against the
literature as of 28 October 2026; a machine-readable version accompanies the
paper.
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"All right, take 57.”
As told in A. Jackson, Notices Amer. Math. Soc. 51 (2004), p. 1196

1. Introduction

In a mathematical conversation, someone suggested to Grothendieck that
they should consider a particular prime number; asked whether that meant
an actual number, and told that it did, Grothendieck answered “All right, take
57 Allyn Jackson tells the story as “the legend of the so-called “Grothendieck
prime” ”, to illustrate how little his thinking relied on examples [Jac04, pp. 1196~
1197]. Fifty-seven is 3 x 19. We take the title of this paper from the story for a
second reason as well: a list of problems drawn from first drafts will contain
errors of its own, and the place to report them is given with every problem
below.

The fifty-seven problems are drawn from the seven works of the Grothendieck-
ian Programme [S01; S02; S03; S04; S05; S06; S07], with the overview [S00].
The works were released on Zenodo between 20 and 25 October 2026, under a
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CC BY-NC-ND 4.0 licence, as a Research Architecture Edition. Together they
comprise 34 volumes and 26,021 pages. They are first drafts and have not been
peer-reviewed. The first two works are on the architecture of a reasoning system
for mathematics: GAI-MUA: The Grothendieckian Machine [SO1] treats mathe-
matical worlds as typed, versioned objects that can be compared and carried
from one setting to another, and GM-Omega-Infinity: Topos-Native Intelligence
[S02] builds a reasoning kernel on sites, sheaves and descent. The other five
works each take a research subject — the Riemann Hypothesis, the conjecture of
Birch and Swinnerton-Dyer, the Hodge conjecture, the abc conjecture and the
Langlands programme — and record what a single method, carried out in full,
establishes about it, what it reduces to stated hypotheses, and what it leaves
open. None of the seven works claims a proof of any of these conjectures, and
none of the problems below is one of them.

This is the third of three papers released together. The first, The Grothendieckian
Programme: An Overview [Liu26a], describes the architecture of the Programme,
its five research subjects, its method and the series. The second, The Rising-Sea
Theses [Liu26b], states twelve theses on mathematics and machine reasoning
drawn from the same works. Each problem below is attached to one thesis; the
problems are the points at which the theses can be tested. Figure 1 shows the
fifty-seven problems in the seven works, with their kinds and levels.

1.1. Selection

The seven works state many items as open, conditional, conjectural or owed.
We extracted them by script from the sealed PDFs, using the status notation of
each work: 1,040 items in all (73 in [S01], 113 in [S02], 111 in [S03], 136 in [S04],
179 in [S05], 204 in [S06], 224 in [S07]). From these we selected fifty-seven by
four rules (Figure 2); the list of extracted items, with work, number, status and
page, is in the repository.

1. The problem is stated in the source. Each problem is an open problem,
conjecture, obligation, falsification test or question printed in one of
the seven works, and the card quotes the source wherever it gives the
source’s words. Where the problem below narrows or makes precise
the source’s statement, the card says so.

2. The problem is not a named conjecture. The Riemann Hypothesis and its
generalisations, the conjecture of Birch and Swinnerton-Dyer, the Hodge,
standard, Tate, abc, Szpiro and Vojta conjectures, Grothendieck’s section
conjecture and the Langlands correspondence appear in the cards only
as background. A problem whose solution would by itself prove one
of them is excluded. So are problems that turn on the disputed step
of inter-universal Teichmiiller theory, on which the sources record a
disagreement without adjudicating it [S06].

3. The problem is open as far as we can determine. Every problem was checked
against the literature on 28 October 2026 (see below). Seven candidates
were changed as a result: five were replaced by other problems from
the same works and two were narrowed; the changes and their reasons
are listed in Appendix B.

4. The problem has a decision criterion. Each card states what counts as a
solution, so that a solution can be checked by someone other than its
author and other than us.
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FIGURE 1 THE 57 GROTHENDIECKIAN PROBLEMS 57 = 35 + 22

SERIES 02
PART | - THE MACHINE PART Il - THE FIVE

Problems 1-35 1}':1'::;”::: RESEARCH SUBJECTS
9 Problems 36-57

the meta-reasoning kernel

SERIES 07 —(2: = SERIES 03

The Arithmetic Arithmetic Spectral
Topos Descent
Langlands programme Riemann Hypothesis - GRH
Problems 18-35

SERIES 01

The Grothendieckian
Machine
Problems 53-57 the core Problems 36-39

SERIES 06 SERIES 04

Strained Prismatic @ @ Fractured Adelic
Geometry Geometry

abc conjecture Birch-Swinnerton-Dyer

fea\
@)
\>. /== ;
/‘<£,> The Archimedean
Prism
Problems 49-52 Hodge conjecture Problems 40-43

Problems 44-48

() 25 MATHEMATICAL () 19 MACHINE (") 13 FORMALIZATION
11 ENTRY LEVEL - 35 RESEARCH LEVEL - 11 PROGRAMME LEVEL

The 57 Grothendieckian Problems - Vincent Liu - doi:10.5281/zenod0.23734427 - CC BY 4.0

Ficure 1. The fifty-seven problems in the seven works, in the honey-
comb of [S00, Figure 1]: Problems 1-35 (Part I) from [S01] and [S02],
Problems 36-57 (Part II) from the five works on research subjects.
Within each work the problems are grouped by kind; the dots under a
number give its level (one: entry, two: research, three: programme).
Each small cell links to its card.



4 ViINceNT Liu

FIGURE 2 HOW THE PROBLEMS WERE CHOSEN SECTIONS 1.1 AND 1.3
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Ficure 2. How the problems were chosen: the items extracted from
the seven works, the four rules below, the literature check of Section
1.3, whose changes are listed in Appendix B, and the problems by part
and by kind.

Thirty-five problems come from the two architectural works and twenty-two
from the five research subjects, four or five from each. By kind, twenty-five are
mathematical problems, nineteen are machine problems — a system to be built
or an experiment to be run, with its success criterion fixed in advance — and
thirteen are formalization problems. Eleven are marked entry level: a solution
needs no new theory. Thirty-five are research level. Eleven are marked programme
level: they are the problems on which the respective work depends as a whole.

1.2. What a card contains

Each problem is given in a fixed format. The heading of a card gives the
number and title of the problem, its kind and its level. Thesis names the thesis of
The Rising-Sea Theses to which the problem belongs. Source names the work, the
place in it and the page of the sealed PDF; the page is the printed folio. Status
in the source is the status that the source assigns, in its own notation. Statement
states the problem. What the source establishes records what has been proved or
specified, and what the source itself says about the gap. Proposed by names the
source of the problem and, where the problem or its subject has an earlier origin,
that origin. Background cites the standard literature on which the problem rests.
Solved when states the decision criterion. Literature check records what the check
of 28 October 2026 found. Figure 3 shows the card of Problem 49 in this format.

The words between quotation marks in a card are those of the source, on
the pages named; this has been checked by machine for every quotation. A
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FIGURE 3 WHAT A CARD CONTAINS
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Ficure 3. What a card contains, with the card of Problem 49 as the
example: on the left the heading and the first words of each field, on
the right what each field records. Below, what is published with every
card.

quotation from a work of the Programme is not a claim of this paper that the
quoted statement is correct.

1.3. The literature check

For each problem we ran two or more search strings against arXiv, OpenAlex,
zbMATH Open and Crossref, and, for the formalization problems, a code search
of the Lean 4 repository, of Mathlib and of the Formal Conjectures collection
[FLM+26]; we then read the results that bore on the problem. The searches,
their dates and their first results are published with the paper. A search can
show that something exists; it cannot show that nothing exists. The check is
therefore scoped to what was searched, and a problem that turns out to have
been answered elsewhere will be recorded as such. One finding is a correction
to a source: a construction that [S03] describes as unknown has been published
(Problem 38); it is recorded in the errata of the repository. The check also
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FI1GURE 4. Participation and credit: what can be submitted, where, how
it is checked, and where a solution and a correction are recorded.

narrowed Problem 34 to what remains open, since independent checkers for
Lean 4 now exist.

1.4. Participation and credit

A solution, a partial result, a counterexample to a problem as stated, a report
that a problem is already solved, or a correction to a card is submitted through
the repository of the paper. Each problem has its own discussion thread, named
in its card. A solution that meets the criterion of its card is recorded in the
next version of this paper and in the next edition of the work from which the
problem comes, under the solver’s name, and in a list of solutions kept with the
repository. No prize is attached to any problem (Figure 4).

The cards and a machine-readable file of all fifty-seven problems are released
under CC BY 4.0, and the statements of the formalization problems in Lean 4,
with the scripts that produced and checked this paper, under Apache-2.0, so
that they can be translated, adapted and used as a benchmark. The seven works
keep their own licence, and the quotations from them are reproduced under it
with attribution.
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ParT I

The Machine

The problems of this part come from the two works on the architecture
of a reasoning system for mathematics: Problems 1-17 from GAI-MUA: The
Grothendieckian Machine [SO1] and Problems 18-35 from GM-Omega-Infinity:
Topos-Native Intelligence [S02]. Page numbers in [S01] run through its six vol-
umes.

Problem 1 Theﬁrst rising—sea event MACHINE - PROGRAMME LEVEL

THesis. Thesis 8 (The rising sea).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. 111, §5.1, p. 8034,
and §5.8, p. 8039.

StaTUs IN THE SOURCE. S/R (source-grounded synthesis; falsifiable research
construction).

StateMment. Carry out one operational rising-sea event in the sense of [S01, Vol.
III, §5.1]. Such an event “must begin from an explicit obstruction or language
deficit, propose a typed extension, compile bounded probes, preserve or
explicitly surrender recovery, record costs and residuals, and submit any
status request to authority outside the producing engines.” The problem
asks for an event of this kind after which the original difficulty, stated before
the event, has become tractable in the extended setting without the question
having been changed.

WHAT THE SOURCE ESTABLISHES. The source fixes the sequence obstruction —
typed extension — bounded execution and checking — computed, partial or
failed — recovery and transport — external request, observes that “Each arrow
may fail”, and declines to promote the strategy: “Volume III does not turn
that strategy into a universal theorem of problem solving. It turns it into a
falsifiable campaign record.” It names four ways in which an extension changes
the question instead of answering it: an extension that “deletes the predicate
expressing a contradiction, forgets the invariant detecting failure, weakens
equality until disagreement disappears, or renames an unknown as a new
primitive has not resolved the original obstruction.” Section 5.8 specifies the
residual and non-equivalence records that a partial outcome must leave. No
event has been carried out.

Proposep By. The image of the rising sea is Grothendieck’s [McL07]; its opera-
tional form and this problem are from [SO01].

BackGrounp. [McL07]; [Lak76]; machine-guided discovery with an external
evaluator [DVB+21; RBN+24].

SoLvep wHEN. A campaign record is published that a third party can replay, in
which (i) every step of the §5.1 sequence is present as a typed artifact; (ii) the
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target statement, frozen before the campaign, receives in the extended setting
a kernel-checked proof, a kernel-checked refutation, or a reduction to named
hypotheses with their statuses recorded; and (iii) a reviewer independent of
the producing system certifies that none of the four failures of §5.1 applies. A
complete record of a failed campaign is listed as a partial result.

LITERATURE CHECK (28 OcTtoBER 2026). No published campaign record of this
form was found. Machine-guided discovery systems [DVB+21; RBN+24;
TWL+24] evaluate candidates externally but do not record the four failure
patterns or a separate status request.

Discussion. Issue 1 of the repository.

Problem 2 A bounded fixed point of the coupled world—language cycle

FORMALIZATION * PROGRAMME LEVEL

THesis. Thesis 10 (Discovery is recursive).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. 11, §75.17, pp. 9503—
9504; §75.11, pp. 9499-9500; §56.15, pp. 9130-9131.

Status IN THE sOURCE. O (obligation).

StateMENT. Give a formal transition model of the coupled world-language cy-
cle of [S01, Vol. III, Ch. 71-78] and prove, in a proof assistant, three properties
of it: (a) the obligation-preservation inclusion O, C O?}ﬁn v Ogifl U Oferm
of §75.11 holds for every accepted step; (b) the six conditions of §75.17 un-
der which “A cycle reaches BOUNDED_FIXED_POINT” are decidable from
the records; and (c) every run terminates, since “A conforming campaign

therefore carries a well-founded repair measure or a hard policy bound.”

WHAT THE SOURCE ESTABLISHES. The conditions are stated as contracts; none is
proved. Failure of the inclusion in (a) “is sufficient for refusal or quarantine,
regardless of the attractiveness of the new result.” The source limits what a fixed
point means: “This is not equality of world and language, global convergence,
consistency, optimality, or future stability.”

Proprosep BY. [S01].

BackGrounp. Transition systems and invariants in the style of [HW90]; mecha-
nised metatheory [BWO05].

Sorvep wHEN. A machine-checked development (Lean, Rocq, Isabelle or Agda)
that defines the model, documents its correspondence with §§75.11 and 75.17
clause by clause, and proves (a)—(c); or a machine-checked counterexample
showing that one of them fails in every model faithful to the source.

LiTERATURE cHECK (28 Octoser 2026). No formal model of this cycle was found;
the searches returned general work on invariants in refinement-based verifica-
tion only.

Discussion. Issue 2 of the repository.
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Problem 3 From obstruction to conjecture MACHINE - RESEARCH LEVEL

THesis. Thesis 10 (Discovery is recursive).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. 1V, §109.1, p. 11670,
and §109.5, p. 11675 (algorithm ALG-118).

Status IN THE SOURCE. ALG-R (research algorithm).

StateMmENT. Implement the obstruction-driven conjecture generator ALG-118
of [S01, Vol. IV, Ch. 109], which takes replayable, typed records of failed
constructions or proof attempts and returns scoped conjectures, each with at
least one executable falsifier, and run it until it produces a conjecture that is
then settled by others.

WHAT THE SOURCE ESTABLISHES. The source specifies the contract and its limits:
“An obstruction can explain why a particular construction, proof route, or fi-
nite experiment failed. It does not by itself establish the negation, necessity,
naturalness, or novelty of a conjecture inferred from that failure.” Status is not
affected by how a candidate looks: “Frequency, linguistic plausibility, retrieval
rank, model agreement, elegance, and apparent usefulness do not change its
epistemic status.” Falsifiers are part of the output, and “No finite search can
certify an unrestricted conjecture.” No implementation exists.

Proprosep BY. [S01].
BackGrounp. [Lak76]; automated conjecturing [Faj88; RGM+21]; [DVB+21].

SoLveD WHEN. An implementation run on a published set of typed obstruc-
tions, with the full record of every candidate and of its falsifiers, such that at
least one generated conjecture that is not in the frozen corpus (in the scoped
sense of [S01, Vol. IV, §110.8]) is afterwards proved, or refuted by a replayed
counterexample, by parties independent of the generator.

LITERATURE cHECK (28 OctoBer 2026). Theory exploration and conjecturing
systems were found [Faj88; RGM+21]; none takes typed obstruction records as
input or attaches falsifiers to each output.

Discussion. Issue 3 of the repository.

Problem 4 Minimal extension questions MACHINE - RESEARCH LEVEL

Tuesis. Thesis 1 (Worlds, not isolated theorems).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. 111, §24.10, pp. 8440—
8441.

Status IN THE sOURCE. O (obligation).

StateMeENT. “MinimalExtensionQuestion turns a diagnosed deficit into an
ordered search over semantic deltas.” For a declared class of mathematical
worlds and a declared partial order on deltas, give a procedure that, from an
independently checked obstruction, returns an extension that is minimal for
that order, consistent, conservative over the predecessor world, and reopens
the blocked obligation; or prove that no such procedure exists for the class.

WHAT THE SOURCE ESTABLISHES. The question belongs to the Topos New-Creation
Architecture (TNCA), the engine of [S01] that proposes successor worlds. The


https://github.com/AlienMuse/grothendieckian-problems/issues/3

10 ViINceNT Liu

source fixes the meaning of minimality — “Minimality is relative to that declared
partial order, not to implementation effort or textual brevity” — and gives the
two failure modes it must avoid (jumping to a stronger logic, and refusing an
extension that is needed). It states what is missing: “TNCA has not shown
existence, consistency, conservativity, or usefulness of any answer.”

Proprosep BY. [S01].

Backgrounp. Conservative extensions in logic and type theory; [Mac78] for
the categorical constructions involved.

Sorvep wHEN. A stated class of worlds (for example finitely axiomatised first-
order theories or finite presentations of categories), a declared order on deltas,
and a machine-checked proof that the procedure is correct on the class, with an
implementation evaluated on published obstructions; or a machine-checked
impossibility result for a class of comparable generality.

LiterATURE cHECK (28 OctoBer 2026). Work on conservative extension and
minimal extensions in logic was found; no procedure with the inputs and
guarantees of §24.10 was found.

Discussion. Issue 4 of the repository.

Problem 5 Targetﬁdelity MACHINE - RESEARCH LEVEL

ThEsts. Thesis 6 (A chain of non-implications).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. 111, §30.10, p. 8574,
and §64.17, p. 9294; Architectural Prospectus, p. 7966; Vol. 1V, §5.16, p. 9846.

Status IN THE sOURCE. O (obligation).

StateMmENT. A proof kernel checks a proof against a formal statement; it does
not check that the formal statement is the mathematics it was meant to ex-
press. In the source: “A named, pinned formal kernel may check a proof
term against a formal target; target fidelity and publication authority remain
separate obligations.” Give a certificate format and checker for the fidelity of
a formal statement to a statement in a source text, within a declared fragment
of mathematical language and a declared library.

WHAT THE SOURCE ESTABLISHES. The source treats every machine proof as a candi-
date “until source-target fidelity, kernel replay, and axiom-closure review pass
under the same canonical subject key”, and lists among the open obligations of
the formal layer to “verify that adapted definitions and rule candidates faith-
fully reflect the cited locators and declared deltas” and “target-fidelity theorems
connecting source constructs to generated declarations”.

Prorosep BY. [S01]; the question is shared with the autoformalization literature
[WJL+22; FLM+26].

BackGrounp. [BWO05]; [WJL+22]; misformalization records in [FLM+26].

Sorvep wHEN. A certificate format that binds a formal target, a source locator
and a declared map of definitions, and a checker that rejects every certificate in
a published adversarial suite of statement pairs with deliberately introduced
misformalizations (quantifier order, hypothesis loss, changed definitions)
while accepting the faithful pairs, with the suite, the checker and the results
released for independent replay.
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LITERATURE CHECK (28 OcroBEr 2026). Many 2025-2026 preprints measure faith-
fulness of autoformalization by scores or round-trip tests; none found issues a
fidelity certificate of the kind required here.

Drscussion. Issue 5 of the repository.

Problem 6 Verified encodings of universal properties ~ FORMALIZATION - RESEARCH LEVEL

THesis. Thesis 3 (A structured latent space).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. 111, §18.5, p. 8307,
and §21.16, item 8, p. 8370.

Status IN THE sOURCE. O (obligation).

StatemeNT. The component MUF-H (Motivic Universal Factorization
Algorithm—Hybrid) of [S01] solves universal-property constraints for finite
proxies of categories. “A solver that returns a satisfying assignment only
proves satisfiability of the encoded finite constraints if the encoding and
certificate are independently checked. It does not establish that the encoding
captures the intended universal property.” For finite categories given by their
composition tables, give an encoding of the statement that a cone (or cocone)
is a limit (colimit) of a finite diagram into constraints a solver can decide, and
prove the encoding correct.

WHAT THE SOURCE ESTABLISHES. The source requires that “Universality encodings
still require an independently checked correspondence between mathematical
quantifiers and constraints”, and that existence of mediating maps and their
uniqueness be recorded as separate obligations, since “Universality requires a
quantified mediating property and generally uniqueness at an explicitly stated
identity strength.”

Proprosep BY. [S01].
BackGrounDp. [Mac78]; [MM94].

Sorvep wHEN. A machine-checked theorem that, for every finite diagram in a
finite category, the solutions of the encoded constraints correspond bijectively
to mediating morphisms and that the uniqueness check is complete, together
with a verified checker for solver certificates.

LiTERATURE CHECK (28 OctoBEr 2026). General work on constraint solving and
finite model finding was found; no verified encoding of universal properties
was found.

Discussion. Issue 6 of the repository.

Problem 7 The AURORA-KO kernel, I: syntax and checking

FORMALIZATION * RESEARCH LEVEL

THEsts. Thesis 2 (Status is part of the type).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. 111, §70.19, pp. 9428—
9429 (obligations KO-META-001 to KO-META-009).

Status IN THE SOURCE. O (“Every item begins OPEN").

StateMeENT. Mechanise AURORA-KO, the small formal kernel of the experi-
mental calculus AURORA [S01, Vol. III, Ch. 70], and discharge the first nine


https://github.com/AlienMuse/grothendieckian-problems/issues/5
https://github.com/AlienMuse/grothendieckian-problems/issues/6

12 ViINceNT Liu

obligations of its registry, among them that the “Concrete grammar has unique
parsing after canonical Unicode normalization”, that “Substitution preserves
KO typing”, that “Registered reduction preserves typing”, that “Algorithmic
checking agrees with declarative KO rules”, and that the “Definitional equality
procedure is decidable for the declared finite fragment”.

WHAT THE SOURCE ESTABLISHEs. The registry lists each obligation with the evi-
dence required before its status may change, and rules out the shortcut: “No
row may become RECEIPT_BOUND merely because a checker returns success.”
No obligation is discharged.

Proprosep BY. [S01].

BackGrounp. The de Bruijn criterion and small kernels [BW05]; [MU21];
[Car24].

SoLvep wWHEN. A development in a proof assistant that defines KO as in the
exact edition of Chapter 70 and proves KO-META-001 to KO-META-009 using
no axioms beyond the assistant’s standard ones; a machine-checked coun-
terexample to any item also counts and is recorded as a correction to the
source.

LITERATURE CHECK (28 OcToBER 2026). Mechanised metatheory of type theories
is an established field; no mechanisation of KO was found.

Discussion. Issue 7 of the repository.

Problem 8 The AURORA-KO kernel, 11: a model and relative consistency

FORMALIZATION - RESEARCH LEVEL

THEsis. Thesis 2 (Status is part of the type).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. III, §70.19, pp. 9428—
9429 (obligations KO-META-010 to KO-META-012).

STATUS IN THE SOURCE.

O.

StateMEeNT. For the kernel KO of Problem 7, discharge the semantic obligations
of the registry: “At least one nontrivial model validates the rules”; “Relative
consistency, if pursued”, relative to a named base theory; and “Conservativity
over any source theory” for the source theories that the architecture embeds.

WHAT THE SOURCE ESTABLISHES. The registry requires an explicit model construc-
tion with independent validation, a proposition-exact metatheorem for relative
consistency, and an explicit interpretation with a conservativity proof, and
records all three as open.

Proprosep BY. [S01].
BackGrounp. Models of type theory; [Unil3]; conservativity results for exten-
sions of type theory.

Sorvep wHEN. A machine-checked model of KO that is not trivial in the sense
of §70.19, and machine-checked proofs of relative consistency and of conser-
vativity over at least one named source theory.

LiTERATURE CHECK (28 OctoBER 2026). Mechanised relative-consistency proofs
exist for other systems; none for KO was found.
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Discussion. Issue 8 of the repository.

Problem 9 The seven obligations of descent execution = FORMALIZATION - RESEARCH LEVEL

THEsis. Thesis 5 (Report failure; abstain without evidence).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. III, §56.15, pp. 9130—
9132, and §56.1, p. 9119.

STATUS IN THE SOURCE.

O.

StateMeNT. The Grothendieckian Descent Reasoning Architecture (GDRA)
of [SO01], the layer that executes local-to-global campaigns, exists to prevent
one error: “The central architectural error is to convert operational completion
into global meaning.” Give a formal transition model of GDRA campaigns
and prove the seven properties that §56.15 leaves open: “canonical serial-
ization must preserve identity; every accepted transition must preserve the
invariants; forbidden authority effects must be noninterfering; budget events
must conserve declared dimensions; event replay must converge to the same
eligible head under the stated delivery model; counterevidence closure must
be omission-resistant; and adapters must preserve the disjoint failure construc-
tors.”

WHAT THE SOURCE ESTABLISHES. The source states the seven properties and the
delivery model (at-least-once delivery with idempotent effects), and records:
“None has a supplied mechanized proof.”

Prorosep BY. [S01].
BackGrounDp. Noninterference [GM82]; linearizability [HW90].
Sorvep wHEN. Machine-checked proofs of all seven properties for a model

whose correspondence with Chapter 56 is documented clause by clause, or a
machine-checked counterexample to one of them.

LiteERATURE CHECK (28 OctoBer 2026). Noninterference and replay-safety proofs
exist for other systems; none for this model was found.

Discussion. Issue 9 of the repository.

Problem 10 NOH-SElf -authorization FORMALIZATION - RESEARCH LEVEL

THEsis. Thesis 7 (Machines propose; humans authorize).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. V, Proposition 1.3,
p- 11913; Proposition 5.1, p. 11940; Proposition 10.1, p. 11979.

Status IN THE sOURCE. D/O (definition; obligation).

StateMmeNT. The rule that machines propose and humans authorise publication
is stated in [S01, Vol. V] as three propositions, each conditional on assump-
tions about capabilities. Proposition 1.3 concludes that “a non-root module
cannot, through a conforming Volume V interface, make its own output both
authoritative and active”; Proposition 10.1 that “adding a validated evidence
edge to an artifact cannot by itself increase the artifact’s epistemic class”. Give
a formal model of capabilities, signing and status transitions in which the
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hypotheses of Propositions 1.3, 5.1 and 10.1 are definitions, and prove the
three conclusions.

WHAT THE SOURCE ESTABLISHES. The propositions are argued informally and
marked D/O: “The proposition is conditional on correct capability isolation and
validator independence; those conditions are test obligations, not assumptions to
be hidden.” The negative cases (a worker writing to the status store, a signature
detached from the artifact hash) are listed.

Proprosep BY. [S01].
BackGrounp. [DV66]; [SS75]; [GMS82].

Sorvep wHEN. Machine-checked proofs of the three propositions in a published
model, and a test suite showing that each listed negative case is rejected by an
implementation conforming to the model.

LitERATURE CHECK (28 OctoBer 2026). Verified capability machines and separa-
tion kernels exist; no formalisation of these three propositions was found.

Driscussion. Issue 10 of the repository.

Problem 11 Ewvolution without authority FORMALIZATION - RESEARCH LEVEL

THesis. Thesis 7 (Machines propose; humans authorize).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. VI, §11.11, p. 13204;
Vol. I, §21.16, item 12, pp. 8370-8371.

Status IN THE sOURCE. O (obligation O-V6-11-04).

StaTEMENT. A self-improving component may propose changes to itself but
must not acquire authority. In [S01, Vol. VI] the obligation reads: “O-V6-11-
04 — prove that no composition of EvolutionContract ports reaches signing,
promotion, activation, root mutation, or rollback capabilities”. Prove it for a
formal model of the evolution interface.

WHAT THE SOURCE ESTABLISHES. In the released architecture “Evolution remains
inert: telemetry cannot evaluate candidates, adapt routing, update policy, ca-
nary, promote, deploy, or roll back.” The source does not claim more: “Until
these obligations are discharged, policy morphisms and version graphs are
precise governance objects, not a claim that safe whole-system evolution has
been solved.”

Prorosep By. [S01].

BackGrounp. [SS75]; reward hacking as the failure this obligation guards
against [SHKK22].

Sorvep wHEN. A machine-checked reachability theorem over all finite com-
positions of the ports of the published EvolutionContract model, with the
model’s correspondence to Vol. VI, Ch. 11 documented; or a composition that
reaches a forbidden capability.

LITERATURE CHECK (28 OctoBER 2026). Recent work studies privilege escalation
in Al agents empirically; no formal reachability proof for an evolution interface
of this kind was found.

Discussion. Issue 11 of the repository.
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Problem 12 Deterministic identity across implementations MACHINE - ENTRY LEVEL

THesis. Thesis 6 (A chain of non-implications).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. V, Proposition 2.2,
p- 11920, and Proposition 3.2, p. 11927.

STATUS IN THE SOURCE. D/O.

StateMENT. Build two independent implementations of the canonical serializa-
tion and replay profile of [S01, Vol. V] and show that they agree: identical
canonical bytes and identifiers for the same artifacts (Proposition 2.2), and
identical kernel judgments under identical inputs and environments (Proposi-
tion 3.2).

WHAT THE SOURCE ESTABLISHES. Proposition 2.2 is “an interoperability obligation
to be tested by cross-language fixtures.” For replay, “A disagreement is a first-
class incident”, and “The system does not choose the favorable result by majority
vote.” No second implementation exists.

Prorosep By. [S01].
BackGrounp. [LZ22]; [Nec97].

Sorvep wHEN. Two implementations in different languages by different au-
thors, and a published fixture suite (Unicode normalisation, exact numbers,
ordered and unordered collections, extension fields) on which they agree byte
for byte, with every disagreement found during development recorded as an
incident.

LiTERATURE CHECK (28 OctoBEr 2026). Reproducible-builds practice [LZ22] ad-
dresses the same property for software artifacts; no implementation of this
profile was found.

Discussion. Issue 12 of the repository.

Problem 13 A frozen benchmark for counterexample and proof discovery

MACHINE * ENTRY LEVEL

THesis. Thesis 12 (Judge a method by its open ledger).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. 1V, §113.1, p. 11744;
§113.12.12 to §113.12.15, pp. 11763-11764.

StaTUS IN THE SOURCE. D (specified, not run).

StaTeMENT. Release the first version of the benchmark specified in [SO01, Vol.
IV, Ch. 113]. “A benchmark is not merely a directory of examples and a
script that prints a score.” Before any run, it “must freeze the task, version,
population, split, metric, abstention policy, leakage boundary, resource model,
and reporting semantics”, and it must separate counterexample tasks into
strata A-F and proof tasks into the seven types of §113.12.13.

WHAT THE SOURCE ESTABLISHES. The specification is complete and unexecuted.
Its scoring rules include that “Stratum E evaluates whether the system reports
bounded unknown honestly; it does not reward a claim that the theorem is
true”, and that “Hidden proofs are protected evaluation assets, not canonical
solution paths.”
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Proprosep BY. [S01].
Backcrounp. [ZHP22]; [FLM+26].

SoLveDp WHEN. A release with the four boundaries of §113.1 frozen by digest,
at least one item in every counterexample stratum and every proof-task type,
a working challenge process (§113.12.15), and results for at least two systems
reported stratum by stratum.

LiTERATURE CHECK (28 OctoBER 2026). Benchmarks for formal and research
mathematics exist [ZHP22; FLM+26]; none found has the stratification, the
abstention strata or the frozen constitution of Ch. 113.

Discussion. Issue 13 of the repository.

Problem 14 The languageforge, end to end MACHINE + PROGRAMME LEVEL

THesis. Thesis 11 (Creating language).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. I1I, Preface, p. 7956;
§43.14, p. 8873; §44.16, pp. 8888-8889; §45.8, p. 8898.

STATUS IN THE SOURCE.

O.

StateMmeNT. “The language forge follows a deliberately articulated cycle: collect,
mine, name, notate, ground, reconstruct, axiomatize, grow, re-encode, and
validate.” Run the cycle of [S01, Vol. III, Ch. 41-48] end to end on a published
corpus and produce a new notation and language package for a declared
mathematical domain, with its metatheoretic obligations discharged.

WHAT THE SOURCE ESTABLISHES. The source specifies each stage and leaves com-
pleteness open: “The order organizes a bounded language-formation workflow
and leaves completeness as an open research question.” It requires that “Nota-
tion earns trust by declaring what it compresses, what it preserves, and what it
cannot recover”, and that “An obligation is not promoted because it is conven-
tional for a language family or appears plausible from examples.”

Proprosep BY. [S01].
BackGrounp. [Ganl3]; [CF09].

SoLvep wWHEN. A package for a declared domain in which every introduced
primitive is linked to the structural motifs and counterexamples that motivated
it, whose substitution, preservation and conservativity obligations (§44.16)
are machine-checked, and whose round trips (Ch. 43) pass on a held-out set
of statements from the domain.

LiTERATURE CHECK (28 OctoBer 2026). Work on mathematical concept forma-
tion and on the language of mathematics [Gan13] was found; no end-to-end
language-formation system with these obligations was found.

Discussion. Issue 14 of the repository.
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Problem 15 A preregistered test of typed base change MACHINE - ENTRY LEVEL

Tuesis. Thesis 1 (Worlds, not isolated theorems).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. 1, §11.12, p. 277
(Conjecture V1-CH-011-C001); definitions, pp. 275-276.

Status IN THE sOURCE. C (conjecture).

StatemenT. Test the conjecture of [S01, Vol. I, §11.12]: “For a corpus whose
categorical claims are already expressed as finite typed diagrams, requiring
an RCP/RCT pair for each use of “base change” will reduce orientation and
hypothesis errors relative to an untyped prose baseline.” Here an RCP (relative
change passport) records the bases, the base arrow and its variance, and an
RCT (relative claim trace) records the status and hypotheses of the claim made
after the change (Definitions V1-CH-011-D003 and D004).

WHAT THE soURCE EstaBLIsHEs. “This is a falsifiable editorial-engineering con-
jecture. It requires a preregistered corpus, error taxonomy, reviewers, and
comparison protocol; no performance result is claimed here.”

Proprosep BY. [S01].

BackGrounD. Preregistration [NEDM18].
Sorvep wHEN. A study whose corpus, error taxonomy, reviewer assignment
and analysis are registered before data are collected, with independent review-
ers, reporting the result in either direction.

LITERATURE CHECK (28 OcToBER 2026). No study of this question was found.

Discussion. Issue 15 of the repository.

Problem 16 A preregistered test of the four judgments of gluing

MACHINE * ENTRY LEVEL

THEsis. Thesis 5 (Report failure; abstain without evidence).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. 1, §15.12, p. 361
(Conjecture V1-CH-015-C001).

STATUS IN THE SOURCE.

C.

StateMEeNT. Test the conjecture of [SO01, Vol. I, §15.12]: “On a preregistered
corpus of local-to-global mathematical arguments, mandatory separation of
compatibility, effectivity, uniqueness, and property return will reduce false
“gluing succeeds” judgments relative to an untyped prose baseline.”

WHAT THE SOURCE ESTABLISHES. “Testing requires fixed cases, independent re-
viewers, and an error taxonomy; no empirical result is claimed here.”

Proprosep BY. [S01].
Backcrounp. [NEDM18]; descent in [SGA4].

SoLvep WHEN. A preregistered study as in Problem 15, reporting the result in
either direction.
LiterATURE cHECK (28 OctoBer 2026). No study of this question was found.
Discussion. Issue 16 of the repository.
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Problem 17 A preregistered test of obstruction records MACHINE - ENTRY LEVEL

THesis. Thesis 5 (Report failure; abstain without evidence).

Source. GAI-MUA: The Grothendieckian Machine [S01], Vol. I, Ch. 17, p. 404
(Conjecture V1-CH-017-C001).

STATUS IN THE SOURCE.

C.

StateMeNT. Test the conjecture of [S01, Vol. I, Ch. 17]: “For a fixed benchmark
of finite, fully enumerated lifting and gluing problems with independently
verified ground truth, requiring the fields of ObstructionRecordV1 will reduce
false “no solution” classifications relative to an otherwise identical checker
that stores only a Boolean success flag.”

WHAT THE SOURCE ESTABLISHES. “This is an empirical systems conjecture, not a
mathematical theorem.” The same section forbids the strengthening that every
failed construction determines a cohomology class whose vanishing solves the
problem.

Proprosep BY. [S01].

BackGgrounp. [NEDM18]; [Gir71] for obstruction classes.
SoLveDp WHEN. A preregistered comparison of the two checkers on a published
benchmark with enumerated ground truth, reporting the false-negative rates
of both with confidence intervals.

LITERATURE CHECK (28 OcToBER 2026). No study of this question was found.

Discussion. Issue 17 of the repository.

Problem 18 Discover ing the site MACHINE - PROGRAMME LEVEL

THEsis. Thesis 3 (A structured latent space).
Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], §1.2.5, p. 22.

StaTUS IN THE SOURCE. open (listed among “The five things we are least sure
of”).

StaTEMENT. In the architecture of [S02] a context is a site, the information
it supports is a sheaf, and a conclusion is a global section. The site itself is
supplied by hand: “The site must be imposed. We do not know how to discover
the evidence-atom locale from a corpus; we construct it.” Give a procedure
that constructs the evidence-atom locale, its refinement order and its covering
families from a corpus, with a stated sufficiency criterion, and show that the
result does not merely reflect the design of the procedure.

WHAT THE SOURCE ESTABLISHES. The source states the objection it cannot answer:
“a critic who says the invariants measure our design choices rather than the
model’s structure has a real point that we cannot fully answer.” Learned restric-
tion maps are studied elsewhere on a fixed graph [BDCLB22; DBDL24]; the
base space is not learned there.

Proprosep BY. [S02].
BackGrounp. [HG19]; [BDCLB22]; [DBDL24]; [MM9%4].
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SorLvep WHEN. A procedure and a published evaluation in which (i) planted
sites in synthetic corpora are recovered up to a declared isomorphism budget,
(ii) the site constructed from a natural corpus is stable under resampling
within that budget, and (iii) invariants computed on it survive the gaming
controls of [S02, §9.1] (terminal-site collapse, zero restrictions, filled nerve).

LiTERATURE CHECK (28 OcTOBER 2026). Sheaf neural networks with learned re-
striction maps on a given graph were found [BDCLB22; DBDL24]; no procedure
that learns the site itself was found.

Discussion. Issue 18 of the repository.

Problem 19 The Cllpability wager MACHINE - RESEARCH LEVEL

Tuesis. Thesis 4 (Attention as descent).

Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], Conjecture 3.6.17,
p.778;§1.2.5, p. 22.

StaTUS IN THE SOURCE. D (design-grade conjecture).

StateMmENT. On an orthogonal cellular sheaf the non-abelian holonomy ca-
pacity p of [S02] is either O or at least a constant c(d) depending only on the
stalk dimension. The wager is that § governs capability. In the words of the
source: “At matched parameters, data and compute, compare models with
CERTIFIED_VIRTUALLY_ABELIAN and CERTIFIED_FREE reports on tasks
requiring route-dependent evidence.” Decide the wager.

WHAT THE sOURCE ESTABLISHES. The dichotomy is proved; the wager is not. “That
p governs capability is grade D and we have no proof. It is the most interesting
claim in the document and the least supported.” The comparison is set up so
that a negative result costs only the wager: “No theorem links the verdict to
capability; failure of the registered comparison removes the capability claim
while leaving the group theorem intact.”

Proprosep BY. [S02].
Backgrounp. The Tits alternative [Tit72]; uniform growth gaps [Brell];
[HG19].

SoLveD WHEN. A preregistered comparison at matched parameters, data and
compute, with certificates computed as in [S02, Ch. 3.6], published with its
outcome in either direction.
LITERATURE CHECK (28 OctoBER 2026). No study linking holonomy growth of
cellular sheaves to model capability was found.

Discussion. Issue 19 of the repository.
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Problem 20 Neruve baselines between GRPO and RLOO MACHINE - RESEARCH LEVEL

Tuesis. Thesis 4 (Attention as descent).

Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], §1.2.4, pp. 21-22
(claim C11 of Appendix A7).

STATUS IN THE SOURCE. open empirical question.

StateMeNT. The source proves that the group-relative advantage of group
relative policy optimisation (GRPO) [SWZ+24] equals AgR/||6oR]]> for the
0-Laplacian of the nerve of the sampling group, wherever ¢ > 0. This places
GRPO in “a family of graph baselines indexed by a nerve, of which the
complete-graph member is GRPO and the i.i.d. leave-one-out member is
RLOO.” (RLOQO is the leave-one-out REINFORCE baseline [ ACG+24].) De-
termine whether another member of the family reduces the variance of the
policy-gradient estimate at matched cost.

WHAT THE SOURCE ESTABLISHES. The identity is proved and the family defined;
“Whether any other member of that family reduces variance at matched cost is
an open empirical question, tested by claim C11 of A7 and unanswered here.”

Proprosep BY. [S02].

BackGrOUND. [SWZ+24]; [ACG+24]; recent baselines for reinforcement learn-
ing with verifiable rewards [ZZA+25].

Sorvep wHEN. A theorem identifying, under stated assumptions on rewards, a
nerve whose baseline has strictly smaller variance than both GRPO and RLOO
at matched sampling cost, or proving that no member of the family does; or
the registered experiment C11 with its outcome.

LiTERATURE CHECK (28 OctoBER 2026). Variance-reduction baselines for GRPO-
type methods are an active topic [ZZA+25]; no study of the nerve family was
found.

Discussion. Issue 20 of the repository.

Problem 21 Relative obstruction as a predictor of unsupported answers

MACHINE * RESEARCH LEVEL
THEsts. Thesis 5 (Report failure; abstain without evidence).

Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], §10.1.7.3, pp. 1854—
1855; instrument N5, §9.1.7, p. 1766.

StaTUs IN THE SOURCE. T for the mathematics; D for what remains; N5 withdrawn.

StatemeNT. For an evidence subdomain A C X, a coefficient sheaf F and
a partial section s4, the connecting class d(sa) € H I(X,A;F) is a genuine
obstruction to extending s4. Supply the typed record that the source requires
before this class may be used as an instrument, and test prospectively whether
it predicts unsupported answers of a language model.

WHAT THE SOURCE ESTABLISHES. The mathematics is proved; the instrument is not:
“N5 is therefore WITHDRAWN as a validation or falsification instrument.” Rein-
statement requires six items, including “at least one worked non-zero example,
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together with a zero control, computed before labels are revealed”. The remain-
ing task is stated as “What remains is the difficult empirical part: the evidence
sheaf must reflect factual support, the relative class must be approximated
at scale, and prospective prediction must beat entropy, retrieval sufficiency,
self-consistency and correctness probes without site collapse.”

Proprosep BY. [S02].
Backcrounp. [HG19]; [FKKG24]; [HRH24].

Sorvep wHEN. The six reinstatement items of §9.1.7 published for one bench-
mark, followed by a prospective comparison against entropy, sequence likeli-
hood, verbal confidence, retrieval sufficiency, self-consistency and a trained
correctness probe, reported in either direction.

LitERATURE CHECK (28 OctoBER 2026). Hallucination detectors based on entropy
and probes exist [FKKG24 ]; sheaf-based consistency rating has been proposed
[HRH24]; no instrument based on a relative connecting class was found.

Discussion. Issue 21 of the repository.

Problem 22 Topos-MoE against modern sparse mixture-of-experts

MACHINE * RESEARCH LEVEL

Tuesis. Thesis 4 (Attention as descent).

Source. GM-Omegua-Infinity: Topos-Native Intelligence [S02], §10.1.7.2, p. 1854;
instrument N7, §9.1.9, pp. 1768-1769.

STATUS IN THE SOURCE.

D.

StateMENT. In Topos-MoE, the mixture-of-experts layer of [S02], each expert is
an open sub-topos and routing constructs a sufficient cover. Run the registered
comparison N7 of [S02, §9.1.9] against a modern fine-grained sparse mixture-
of-experts at matched total and active parameters, executed FLOPs, wall time
and communication. “Coverage routing must beat top-k on quality and on
total cost; lowering its own deficiency score proves nothing about either.”

WHAT THE SOURCE EsTABLISHES. The descent typing is proved; the benefit is not.
In the released configuration the coverage router cannot yet be trained, and it
“may not report the coverage router as a trained component until that backward
exists and is finite-difference checked.” The thresholds are fixed in advance:
“Confirmation requires a 10 per cent relative reduction in multi-expert compo-
sition error or a 3-point absolute improvement, while remaining within 1 per
cent of the top-k baseline on single-expert tasks and within 10 per cent of its
throughput.”

Proprosep BY. [S02].

BackGrounp. [SMM+17]; [FZS22]; categorical approaches to architectures
[GLD+24; Mah25].

SoLveDp WHEN. A trainable coverage router with a finite-difference-checked
backward pass, and the N7 comparison executed under the registered protocol,
reporting confirmation or one of the registered null outcomes.
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LITERATURE CHECK (28 OctoBER 2026). Many routing variants for mixture-of-
experts were found; none uses sheaf-theoretic coverage routing with these
controls.

Discussion. Issue 22 of the repository.

Problem 23 A defence against a globally coherent falsehood

MACHINE - PROGRAMME LEVEL
THEsis. Thesis 5 (Report failure; abstain without evidence).
Source. GM-Omegua-Infinity: Topos-Native Intelligence [S02], §1.2.5, p. 22.

STATUS IN THE SOURCE. open (“we have no structural defence to propose”).

StateMENT. “Descent verification provably catches local inconsistency. Against
a globally coherent falsehood it offers nothing, and we have no structural
defence to propose.” Give a verification method that detects a stated class
of globally coherent falsehoods, or prove that no verifier with access only to
stated information can do so.

WHAT THE SOURCE ESTABLISHES. The source proves the local guarantee and records
the global gap as one of “The five things we are least sure of”; Part VI of [S02]
discusses reward hacking at length without proposing a defence.

Proprosep BY. [S02].
BackGrounp. [SHKK22]; selective prediction [EW10]; [FKKG24].

Sorvep wHEN. Either a method with a theorem stating which globally coherent
falsehoods it detects and at what cost, evaluated on a published adversarial
benchmark, or an impossibility theorem for a stated class of verifiers.

LITERATURE CHECK (28 OcToBER 2026). Consistency- and verification-based hal-
lucination detection was found; no structural defence or impossibility theorem
for globally coherent falsehoods was found.

Discussion. Issue 23 of the repository.

Problem 24 Compiled—to—streaming descent Stabilit]/ MATHEMATICAL - RESEARCH LEVEL
Tuesis. Thesis 4 (Attention as descent).

Source. GM-Omegua-Infinity: Topos-Native Intelligence [S02], Conjecture 2.2.15,
p. 104.

Status IN THE SOURCE. D/OPEN.

SratemenTt. Consider a session tower of finite certified sites and solid-valued
states (Cy, Py, Fn)nz0 with the site maps of [S02, §2.2]. Conjecture 2.2.15: “If
the cd-certificates are uniformly compatible under these site morphisms, the
density bound is uniform, the coefficient towers satisfy the required derived-
limit vanishing condition, and the finite probe systems form a conservative
filtered family, then the limit state satisfies Nisnevich descent with solid con-
densed coefficients.” Prove or refute it.

WHAT THE sOURCE EsTABLISHES. “The hypotheses are not discharged.” The source
explains which hypotheses fail in practice — “Uniform density generally fails
when new maximal atoms are added; derived-limit vanishing is not certified
by the runtime; and no conservative finite probe family has been proved for
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arbitrary state classes” — and that “The conjecture therefore cannot be used to
upgrade stagewise FINITE-ONLY certificates to a session-wide theorem.”

Proprosep BY. [S02].

BackGrounp. Nisnevich descent [MV99]; condensed and solid mathematics
[Sch19]; [Lur09].

Sorvep wHEN. A proof of the conjecture as stated, or a counterexample tower
satisfying the four hypotheses whose limit state fails Nisnevich descent.

LiTERATURE CHECK (28 OctoBER 2026). Work on descent for condensed and
syntomic coefficients was found; no result on limits of towers of finite certified
sites was found.

Discussion. Issue 24 of the repository.

Problem 25 The Beck—Chewtlley square 12.6.3 MATHEMATICAL - RESEARCH LEVEL

Tuesis. Thesis 4 (Attention as descent).

Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], §2.4.4, pp. 157-158
(Proposition 2.4.24, Theorem 2.4.25).

STATUS IN THE SOURCE. globally open.

StateMENT. For a context family Rep: Cref — Catw, transport along refine-
ments is coherent by straightening, but “Straightening supplies no Beck-
Chevalley comparison for that square” formed by a refinement arrow and
a cover restriction, and Proposition 2.4.24 shows that “The gap is real even
in discrete categories.” Characterise the families and covers for which the
comparison py o 11 = (r;): o pyy exists, is invertible, and satisfies the identity,
composition and overlap coherence laws, so that the conditional Theorem
2.4.25 applies.

WHAT THE SOURCE ESTABLISHES. Theorem 2.4.25 proves coverwise transport under
exactly these hypotheses, and Chapter 13.5 audits finite fixtures; the source calls
this “a scope restriction and conditional local closure, not a general solution.”
“The monograph does not close the gap globally.”

Proprosep BY. [S02].
BackGrounp. [Lur09]; [MM94]; [SGA4].

Sorvep wHEN. A theorem giving necessary and sufficient conditions, in a stated
generality, for the comparison of Theorem 2.4.25 to exist with its coherences,
or a proof that no condition weaker than the hypothesis itself suffices in that
generality.

LiTERATURE CHECK (28 OctoBER 2026). Recent work on Beck-Chevalley fibra-
tions concerns ambidexterity and norm squares; no result on refinement—cover
squares of this kind was found.

Discussion. Issue 25 of the repository.
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Problem 26 Sharp accumulation bounds for equivariance defects

MATHEMATICAL + RESEARCH LEVEL

THesis. Thesis 6 (A chain of non-implications).

Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], Question 11.11.18,
p. 2259.

STATUS IN THE SOURCE. X (Oopen question).

StateMeNnT. The accumulation bound of [S02, Theorem 11.9.28] for the equiv-
ariance defects of successive layers is tight in the worst case, but its use as a
certificate needs a lower bound on output norms that is not available. Ques-
tion 11.11.18 asks: “Is there a class of architectures with certified lower norm
control on which a usable ratio of bound to witness is O(1)? Failing that,
is there a sharper bound that tracks the direction of the equivariance defect
rather than only its magnitude, for instance by carrying a covariance rather
than a scalar?”

WHAT THE SOURCE ESTABLISHES. “Theorem 11.9.28 is tight in the worst case, with
both of its constants attained.” Without the lower-norm premise the gate leaves
the claim open: “A witness may still falsify a claim but cannot replace the
missing certificate.” The source suggests, without attempting it, that defects
may add in quadrature under a randomness assumption.

Proprosep BY. [S02].
BackGrounp. Error accumulation in composed computations [Hig02]; equiv-
ariance in deep learning [BBCV21].

Sorvep wHEN. Either a class of architectures with certified lower norm control
on which the ratio of bound to witness is proved O(1), or a direction-sensitive
bound strictly sharper than Theorem 11.9.28 on a stated class, with proof.

LITERATURE CHECK (28 OcToBER 2026). No result of this form for equivariance
defects was found.

Discussion. Issue 26 of the repository.

Problem 27 Local dynamics of the restriction-frame locus

MATHEMATICAL * RESEARCH LEVEL

Tuesis. Thesis 4 (Attention as descent).

Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], Table 13.16.13, entry
08, p. 3174.

StATUS IN THE SOURCE. OPEN.

StaTEMENT. Determine “whether the head-indexed restriction-frame embed-
ded locus is attracting, repelling or a saddle under unfrozen frame dynamics”,
the open entry O8 of the unproved register of [S02, Part P].

WHAT THE SOURCE ESTABLISHES. Proposition 13.11.46 proves a parameter-specific
departure from the locus and refutes universal invariance, but does not classify
the local dynamics. The register names the missing tool: “a Lyapunov, centre-
manifold or other local-dynamics argument for the frame manifold”.

Proprosep By. [S02].


https://github.com/AlienMuse/grothendieckian-problems/issues/26

The 57 Grothendieckian Problems 25

BackGrounp. [Car81]; optimisation on matrix manifolds [AMSO08].

Sorvep WHEN. A proof classifying the locus as attracting, repelling or a saddle
(possibly depending on stated parameters) under the dynamics of Chapter
13.11.

LITERATURE CHECK (28 OctoBER 2026). Work on Stiefel-manifold training dynam-
ics was found; no classification of this locus was found.

Discussion. Issue 27 of the repository.

Problem 28 A base-change bound for the descent solve ~ MaTHEMATICAL - RESEARCH LEVEL

Tuests. Thesis 4 (Attention as descent).

Source. GM-Omegua-Infinity: Topos-Native Intelligence [S02], Table 13.16.13, entry
014, pp. 3174-3175.

STATUS IN THE SOURCE. Open.
StaTEMENT. Prove “a base-change bound for the descent solve”: a bound relat-

ing the outputs of the descent solve of [S02, Ch. 13.10] at two bases, on which
every cross-base stability statement of the book depends.

WHAT THE SOURCE ESTABLISHES. The register records where the argument stops:
“no bound relates the solve at two bases; the available Jacobian square measures
a different quantity”.

Proprosep BY. [S02].
BackGrounD. Spectral theory of sheaf Laplacians [HG19]; perturbation bounds
[Hig02].

Sorvep wHEN. A proved bound, with explicit constants, on the difference of
the descent solves at two bases in terms of a stated distance between the bases,
or a family of examples showing that no such bound holds.

LITERATURE CHECK (28 OcToBER 2026). Work on sheaf diffusion and its stability
was found; no base-change bound for this solve was found.

Discussion. Issue 28 of the repository.

Problem 29 The training-to-serving deviation MATHEMATICAL - RESEARCH LEVEL

THEsis. Thesis 6 (A chain of non-implications).
Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], Table 13.16.13, entry
O16, pp. 3174-3175.

STATUS IN THE SOURCE. open.

StateMENT. Prove that “the training-to-serving deviation is bounded” for the
forward map of [S02, Ch. 13.10-13.11], or remove the failure: the register asks
for “a proved bound, or a tie-break that removes the failure”.

WHAT THE SOURCE ESTABLISHES. Bitwise equality between training and serving is
proved under stated contracts and fails outside them: “equality fails through
the tie-break under rounding; no bound on the output difference is proved”.

Prorosep BY. [S02].

Backgrounp. [IEEE19]; [Hig02]; deterministic inference across parallel config-
urations [ZDY+25].
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Sorvep wHEN. A proved bound on the output difference between training and
serving under the rounding model of Chapter 13.11, or a tie-break rule with a
proof that it restores equality.

LiTERATURE cHECK (28 OcroBER 2026). Engineering work on deterministic in-
ference was found [ZDY+25]; no proved bound for this forward map was
found.

Discussion. Issue 29 of the repository.

Problem 30 Monotone refinement budgets MATHEMATICAL - RESEARCH LEVEL
THesis. Thesis 5 (Report failure; abstain without evidence).
Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], Question 11.11.19,
p. 2259.
STATUS IN THE SOURCE.

X.

StateMeNT. The recomputed refinement budget of [S02, Proposition 11.9.20]
is not monotone along refinement. Question 11.11.19: “Is there a natural
class of covers — closed under the refinements one actually performs — on
which some useful instrument is monotone?” The source names two candidate
classes, nerve-preserving refinements and split-only refinements.

WHAT THE SOURCE ESTABLISHES. For both candidates the needed facts are un-
proved, and “No such theorem is currently available.” A proved monotone
direction would let the diameter of a totally ordered class be read at its end-
points.

Proprosep BY. [S02].

Backgrounp. Cellular sheaves and their cohomology [HG19].

Sorvep wHEN. A theorem identifying such a class and an instrument monotone
on it, or a proof that each of the two named classes admits no useful monotone
instrument.

LITERATURE CHECK (28 OctoBER 2026). No result on monotone instruments under
cover refinement was found.

Driscussion. Issue 30 of the repository.

Problem 31 How many ambiguity axes are there? MATHEMATICAL - RESEARCH LEVEL
THesis. Thesis 2 (Status is part of the type).

Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], Question 11.11.20,
p. 2259.

STATUS IN THE SOURCE.
X.

StateMeNnT. The indeterminacy calculus of [S02, Ch. 11.9] separates the ways
a reported number can depend on arbitrary choices. “Chapter 11.9 opened
with three and closed with four: the comparison link of Definition 11.9.42 was
found only after the first three had been written up, which is evidence that the
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enumeration is incomplete.” Determine whether routing tie-breaking is a fifth
axis with useful exact invariants, and whether the enumeration is complete.

WHAT THE sOURCE ESTABLISHES. “Whether tie rules form a separate typed trans-
formation family with useful exact invariants remains open; no fifth calculus
is asserted.” Simplicial orientation and numerical precision are examined and
dismissed with reasons.

Proprosep BY. [S02].

BackGrounp. Gauge and presentation invariance [BBCV21]; [HG19].

Sorvep WHEN. A typed transformation family for tie rules with its exact invari-
ants, or a proof that tie rules reduce to the four existing axes; a completeness
theorem for a stated class of instruments also solves the problem.

LiTeRATURE CHECK (28 OcToBgR 2026). No result on this classification was found.
Discussion. Issue 31 of the repository.

Problem 32 Second-order disagreement without engineering

MATHEMATICAL + RESEARCH LEVEL

THEsis. Thesis 5 (Report failure; abstain without evidence).

Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], §1.1.13, p. 15; §1.2.5,
p.22;89.1.7, p. 1766.

STATUS IN THE SOURCE. open.

StratemeNT. “On a graph, and under standard top-k routing, H2 vanishes
identically.” The degree-two (gerbe) theory of disagreement among experts is
therefore vacuous unless the cover is built for it: “The minimal non-vacuous
configuration is four experts arranged as dA3, and it must be engineered
deliberately.” Determine whether covers produced by a data-driven routing
or cover-construction procedure, on natural tasks, carry non-zero second
cohomology with the coefficient data of [S02].

WHAT THE SOURCE ESTABLISHES. The source proves the vanishing results and
warns that “engineering a structure into existence in order to measure it is
a move that deserves suspicion.” A gerbe diagnostic is “vacuous unless the
cover has a deliberate, data-justified sparse nerve with genuine two-dimensional
cycles and explicitly defined coefficient data.”

Proprosep BY. [S02].

Backcrounp. [Gir71]; [HG19].
Sorvep wHEN. A procedure, not tuned to produce two-cycles, whose covers
on a published natural task carry a certified non-zero class in degree two; or

a theorem that a stated class of procedures always yields vanishing second
cohomology.

LITERATURE CHECK (28 OctoBEr 2026). No result on second cohomology of rout-
ing nerves was found.

Discussion. Issue 32 of the repository.
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Problem 33 Formalizing uniform circuit classes FORMALIZATION - RESEARCH LEVEL

Tuesis. Thesis 9 (State what is not established).

Source. GM-Omegua-Infinity: Topos-Native Intelligence [S02], Open Problem
13.15.B, p. 3135; cut ledger, Table 13.15.7, p. 3133.

StATUS IN THE SOURCE. OPEN.

Sratement. “Formalise L-uniform circuit families and the AC” many-one re-
duction convention of Definition 2.14.5 to the point where clauses 4 and 5
of Theorem 13.13.24 become statable, and decide whether the Barrington
construction of Chapter 2.14 is within reach of a proof term.”

WHAT THE SOURCE ESTABLISHES. The source’s separation results use L-uniform
circuit classes and Barrington’s theorem on paper; the machine-checked part
stops at statements, and the cut ledger records that “a Barrington formalisation
is a project in itself”.

Proprosep BY. [S02].

BackGrounp. [Bar89]; [BIS90]; a recent Lean formalisation of the non-uniform
PARITY lower bound [Wes26].

Sorvep wHEN. A Lean (or other assistant) library defining L-uniform circuit
families and AC? many-one reductions in which clauses 4 and 5 of Theorem
13.13.24 are stated, together with either a formal proof of Barrington’s theorem
or a documented estimate of what such a proof requires.

LiTERATURE CHECK (28 OcTtoBEr 2026). The non-uniform PARITY lower bound
has been formalised in Lean [Wes26]; uniformity and Barrington’s theorem
were not found in mathlib or in formal-conjectures (GitHub code search).

Discussion. Issue 33 of the repository.

Problem 34 A second kernel FORMALIZATION - ENTRY LEVEL
THEsis. Thesis 6 (A chain of non-implications).

Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], Open Problem
13.15.D, p. 3135.

Status IN THE source. OPEN / D.

StateMeNT. “Establish whether an independent type-checker covers the fea-
tures used by the 13.11 and 13.13 developments, and if so make REPLAYED
require two kernels rather than two machines.” Independent checkers for Lean
4 now exist [Car24; nanoda|; the problem is to elaborate the Lean declarations
of [S02, Table 13.15.1] at a pinned toolchain and replay them under Lean’s
kernel and under an independent checker.

WHAT THE SOURCE ESTABLISHES. In the release no declaration was elaborated, and
the source says of its replay status: “The present definition of REPLAYED is
weaker than the name suggests, and this is stated rather than hidden.”

Prorosep BY. [S02].
Backgrounp. [BWO05]; [MU21]; [Car24]; [nanoda].
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Sorvep wHEN. The declarations elaborated at a pinned toolchain and replayed
by two independent kernels, with a report of the features used and of any
declaration that one kernel rejects.

LitERATURE CHECK (28 OcToBER 2026). Independent Lean 4 checkers were found
[Car24; nanoda]; the Lean 4 repository contains a replay checker and an ex-
port format (src/LeanChecker.lean, src/LeanExport; GitHub code search, lean-
prover/lean4). No replay of these declarations was found.

Discussion. Issue 34 of the repository.

Problem 35 The computational-univalence bridge FORMALIZATION - PROGRAMME LEVEL
THesis. Thesis 4 (Attention as descent).

Source. GM-Omega-Infinity: Topos-Native Intelligence [S02], Hypothesis 4.7.26,
p. 1103.

STATUS IN THE SOURCE.
X.

StatemenT. Build the checker of Hypothesis CU-MJ of [S02]: “There exists
an approved external checker that: 1. represents proof-relevant paths and a
univalent universe independently of Lean equality; 2. computes coercion along
equivalences using cubical composition or an equivalent certified mechanism;
3. checks the higher coherences required by the transported family; 4. emits a
replayable term rather than a Boolean success flag;” and 5. binds that term
to the canonical target, equivalence, site, cover, universe and checker of the
justification being transported.

WHAT THE SOURCE EsTABLISHES. “No such integrated component is supplied by
this chapter, so CU-M] is graded X.” Every theorem that assumes it is conditional;
the finite branch of the chapter does not need it.

Proprosep BY. [S02].

Backgrounp. [CCHM18]; [VMA21]; [Unil3].

SorLvep WHEN. A checker satisfying the five clauses, and one transported jus-
tification from [S02, Ch. 4.7] checked end to end with its replayable term
published.

LITERATURE CHECK (28 OctoBER 2026). Cubical proof assistants and proof-transfer
tools exist [ CCHM18; VMAZ21]; no checker bound to Lean targets in the sense
of clause 5 was found.

Discussion. Issue 35 of the repository.
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Part II

The Five Research Subjects

Each of the five works of this part takes a named conjecture or programme
as its research subject and records what its method establishes about it. The
problems below are drawn from those records. None of them is the named
conjecture, and a solution of any of them would not by itself prove one.
Arithmetic Spectral Descent (research subject: the Riemann Hypothesis)

Problem 36 Polarization of a cyclotomic spectrum MATHEMATICAL - RESEARCH LEVEL

THesis. Thesis 8 (The rising sea).

Sourck. Arithmetic Spectral Descent [S03], Problem 24.18, p. 539 (restated as
Problems 29.8 and 30.16); Criterion 57.5, p. 1145.

StaTUS IN THE SOURCE. O (open).

StateMmeNT. Define a polarization of a cyclotomic spectrum: extra data on Real
topological Hochschild homology (THR) (THR(R), O(2), {@5}), generalising
an ample class or a Kdhler form, such that (i) it induces a real quadratic
form on 7,(THR(R)"©@) through a trace state; (ii) “the form is definite on
primitive parts with respect to a Lefschetz decomposition”; and (iii) for X
smooth projective over F, with an ample line bundle, “it recovers the Hodge
index theorem on crystalline cohomology / the positivity underlying the Weil
conjectures.”

WHAT THE SOURCE ESTABLISHES. The source explains why (iii) is already delicate:
crystalline cohomology carries no real structure, and the Katz—Messing com-
parison transports eigenvalues but not the positivity mechanism. Criterion 57.5
fixes a test: a proposed polarization solves the problem only if, applied to the
topological Hochschild homology THH(C) of a curve C over F, of genus ¢ > 1,
it proves |a;| = /g for the inverse roots of the numerator of Z(C, t) without
invoking Weil’s theorem, Riemann—Roch on C X C or the Hodge index theorem.

Proprosep BY. [S03].
Backcrounp. [NS18]; [DMPR21]; [Del74].
Sorvep wHEN. A definition satisfying (i)—(iii), with the test of Criterion 57.5

passed for every curve over a finite field. The bound |a;| = /7 is a theorem
(Weil); the problem is to obtain it from the new structure.

LITERATURE CHECK (28 OctoBER 2026). Work on Real topological Hochschild
homology and its cyclotomic structure was found [DMPR21]; no notion of
polarization of the required kind was found.

Discussion. Issue 36 of the repository.
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Problem 37 Construction Problem A1l on the syntomic stack

MATHEMATICAL + RESEARCH LEVEL
THEsis. Thesis 8 (The rising sea).
Source. Arithmetic Spectral Descent [S03], Problem 22.9, p. 483.
STATUS IN THE SOURCE.

O.

SratemeENnT. Construct, on quasi-coherent sheaves on the syntomic stack Z;yn
(equivalently on F-gauges over Z,), a C-linear endomorphism © of the
underlying object after ®y,C such that (Al.1) on the Hodge-Tate locus

O = _lgg; Osen for objects pulled back from F,; (A1.2) q© = Fr;, for F-gauges

coming from smooth proper X/F;; (Al.3) © is C-linear, which “rules out
semilinear operators”; and (A1.4) the regularized determinant det.,(s — ©)
on motivic cohomology converges and equals C(X, s).

WHAT THE SOURCE ESTABLISHES. The source isolates the difficulty in (A1.3): the
Frobenius part of © is semilinear over W, and over Z, no power of ¢ is W-linear.
“The syntomic stack exists, but the operator on it does not—yet.”

Proprosep BY. [S03].

BackGgrounp. [BS22]; [BL22]; [Dri20].

SoLveDp WHEN. A construction satisfying (A1.1)—-(A1.4), or a proof that no
endomorphism with (A1.1)-(A1.3) exists.

LITERATURE CHECK (28 OctoBER 2026). The Sen operator on the Hodge-Tate stack
is known [BL22; Dri20]; no operator with (A1.1)-(A1.4) was found.

Discussion. Issue 37 of the repository.

Problem 38 Archimedean Frobenius from quaternionic THH

MATHEMATICAL * RESEARCH LEVEL
THesis. Thesis 8 (The rising sea).

Sourcke. Arithmetic Spectral Descent [S03], Problem 28.13, p. 604; Construction
28.14, p. 605.

Status IN THE sOURCE. O (first half answered since; see the literature check).

StaTeMENT. Problem 28.13 of [S03] asks two questions. The first — whether
there is “a lift of THH to genuine Pin(2)-spectra rather than O(2)-spectra”
— has been answered: quaternionic topological Hochschild homology THQ,
defined for rings with twisted Cs-action, carries a Pin(2)-action [AMP26].
The second remains: is its Pin(2)-homotopy fixed-point theory “the correct
@ oo for symplectically self-dual motives, with O(2) handling the orthogonal
ones?” Concretely, determine whether THQ(R)""™?) carries an operator O,
satisfying the analogue of requirement (C’1) of Construction 28.14 — its half-
line spectrum, with Hodge multiplicities, gives the archimedean local factors
of symplectically self-dual motives by detw((s — O)/27).

WHAT THE SOURCE ESTABLISHES. The source calls the question “a well-posed ques-
tion in equivariant stable homotopy theory, independent of RH”, and states
that “No existing construction is known”; that statement is corrected here (it is
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recorded in the errata of the repository). Construction 28.14 lists the require-
ments (C'1)—(C’4) for the orthogonal case.

Proprosep BY. [S03].

BackGrounp. [AMP26]; [DMPR21]; [Manl16]; [NS18].

Sorvep wHEN. An operator on THQ(R)""? for a stated class of rings with
the required structure, with a proof of the analogue of (C’1) for symplectically
self-dual motives in that class; or a proof that no natural operator can satisfy
it.
LITERATURE CHECK (28 OctoBEr 2026). Found: Angelini-Knoll, Merling and
Péroux construct THQ with its Pin(2)-action (arXiv:2409.18187, 2024; Adv.
Math. 2026) [AMP26]. This answers the first question of Problem 28.13; no
work on the second was found.

Discussion. Issue 38 of the repository.

Problem 39 A certified inertia for the pole-removed Weil form — macHINE - ENTRY LEVEL
Tuesis. Thesis 9 (State what is not established).

Sourck. Arithmetic Spectral Descent [S03], Criterion 58.9 (falsification predicate
F2), p. 1169; Proposition 46.5 and Remark 46.13, pp. xxxv, 919.

StATUS IN THE SOURCE. E (finite measurement) / O.

StateMENT. For sixty-three cubic-spline test spaces Vrn (0.15 < T < 3,4 <
N < 64) the source measured, in floating point with tolerance 1077, that the
pole-removed Weil form By = Wy — Py has inertia (N — 1,1). Certify this
measurement in interval or exact arithmetic for each configuration — certify
N — 1 positive eigenvalues and exhibit a vector z with a certified enclosure of
Bn(z, z) < 0 — or show for some configuration that the certified inertia differs,
which is falsification predicate F2 of [S03, Criterion 58.9].

WHAT THE sOURCE EstaBLISHES. Under RH the full Weil form is positive semi-
definite and n_(By) < 1 (Corollary 46.11); the lower bound n_(By) > 1 is not
proved conditionally or otherwise (Warning 46.12). The measurement is finite
evidence: “What the data exclude is a large second negative direction. What
they do not exclude is a small one.” F2 asks for “the computation certified in
interval arithmetic”.

Proprosep BY. [S03].

BackGrounp. Weil positivity at the archimedean place [CC21]; interval arith-
metic [Joh17]; certified computation of zeta zeros [PT21]; certification for other
finite truncations of the Weil form [Gro26].

Sorvep whEN. Certified inertia for all sixty-three configurations of Proposition
46.5, with the code and the enclosures published; a configuration whose
certified inertia is not (N — 1, 1) also solves the problem, by firing F2. The
result is a statement about finitely many matrices; it is not evidence for or
against RH.

LitERATURE CHECK (28 OcTtoBER 2026). A certification rule and an interval fac-
torization for the Galerkin truncations of the Weil quadratic form of Connes,
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van Suijlekom, Consani and Moscovici were found [ Gro26]; no certified compu-
tation of the inertia of the Gram matrices of these sixty-three test spaces was
found.

Discussion. Issue 39 of the repository.

Fractured Adelic Geometry (research subject: the conjecture of Birch and
Swinnerton-Dyer)

Problem 40 The Tamagawa factor as a local term MATHEMATICAL - RESEARCH LEVEL
Tuesis. Thesis 9 (State what is not established).

Source. Fractured Adelic Geometry [S04], Problem 22.7.1, p. 173; §2.8.1, p. 19;
§56.3, p. 437.

StAaTUS IN THE SOURCE. OPEN.

StateMeNT. The source proposes three constructions of the bad-prime term
cp of the conjecture of Birch and Swinnerton-Dyer: a vertical intersection
multiplicity on the arithmetic surface, a Lefschetz—Verdier term of a fixed-
point stack, and a determinant defect of the prismatic/Néron component
lattice. Problem 22.7.1: “Construct the three local objects just described and
prove that each has Euler characteristic c_p, compatibly with change of model,
Frobenius action, and the integral orientation of the fundamental line.”

WHAT THE sOURCE EsTaBLIsHES. The identification of ¢, as a Lefschetz—Verdier
local term is listed among the book’s novelties, and the source fixes the test:
“This is a particularly useful falsification test. Tate’s algorithm gives c_p in-
dependently for every database curve. If a proposed prismatic or fixed-point
formula disagrees even once, that local construction is wrong. No appeal to
BSD can repair such a disagreement.” The book lists this among the items that
are “testable now, independently of BSD.”

ProposeD BY. [S04].
BackGrounp. [Tat75]; [BK90]; [BS22].

Sorvep wHEN. The three constructions with proofs that each has Euler char-
acteristic c, with the stated compatibilities; or a curve and a prime at which
a proposed construction disagrees with Tate’s algorithm, which refutes that
construction. The problem concerns local terms and does not bear on the truth
of BSD.

LiTERATURE CHECK (28 OctoBEr 2026). No prismatic or fixed-point formula for
the Tamagawa factor was found.

Driscussion. Issue 40 of the repository.
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Problem 41 The arithmeticﬂow MATHEMATICAL - PROGRAMME LEVEL

THesis. Thesis 8 (The rising sea).

Source. Fractured Adelic Geometry [S04], Problem 53.2.4 (Obstruction IV), p. 416;
Problem 4.5.1, p. 37.

StaTUS IN THE SOURCE. OPEN.

StateMeNT. Construct a strongly continuous flow on a cohomology theory
over Spec Z whose primitive closed orbits are the primes, the orbit at p having
length log p, with no spurious orbits and with a generator satisfying the
weight adjunction. In the form of Problem 4.5.1: a foliated or laminated space
with a flow and a leafwise cohomology admitting duality and regularized
determinants, whose Lefschetz trace formula is the explicit formula.

WHAT THE SOURCE ESTABLISHES. “The flow ®t is postulated, not built. No R>0-
action has ever been constructed on any cohomology theory over SpecZ whose
primitive closed orbits are the primes with lengths log p”. For Problem 4.5.1:
“No object satisfying these requirements is presently known.” The cyclotomic
structure of THH supplies 1, at each prime; the interpolation to a continuous
action is missing.

Prorosep BY. Deninger [Den98]; restated, with the source’s axioms, in [S04].
BackGrounp. [Den98]; [NS18].

SoLvep WHEN. A construction with the stated properties, or a no-go theorem
showing that no Rxg-action of the required kind exists on any cohomology of
SpecZ (item (ii) of the refutation list of [S04, §2.8.1]).

LiTERATURE CHECK (28 OctoBer 2026). Trace formulas for foliated flows and
regularized-determinant formulas in Deninger’s framework were found; no
construction over Spec Z was found.

Discussion. Issue 41 of the repository.

Problem 42 Sub-conductor rank detection MATHEMATICAL - RESEARCH LEVEL

THesis. Thesis 12 (Judge a method by its open ledger).
Sourck. Fractured Adelic Geometry [S04], Question 46.2.1, p. 354.

StATUS IN THE SOURCE. OPEN.

StatemENT. Does there exist a natural family Fx of elliptic curves, a function
P(X) = X°M, and explicit statistics Sx depending only on {ay(E) : p < P(X)},
such that the conditional laws of Sx for analytic rank 0, 1 and at least 2 have
distinct non-degenerate limits after the root number and all known local
confounders are matched?

WHAT THE SOURCE ESTABLISHES. The source explains the clause on confounders:
“The matching clause matters. Without it, a classifier may merely learn the
functional-equation sign or a database convention.” Either answer is informative:
“A positive answer would ask for a new family trace formula; a negative answer
would also be informative by locating the finite-sample origin of the observed
signal.”

ProposeD BY. [S04].
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Backgrounp. [HLOP22]; [Zub23]; [BKLPR15]; neural rank prediction from
Frobenius traces [BCD+26].

SoLvep wHEN. A theorem establishing distinct limits for a stated family and
statistic with P(X) = X°1, or a theorem that no statistic of this kind separates
the ranks after matching.

LITERATURE CHECK (28 OctoBER 2026). Machine-learning prediction of analytic
rank from Frobenius traces has been reported with high accuracy [BCD+26]
and murmurations studied [HLOP22; Zub23]; no theorem of the requested
form, with the matching clause, was found.

Discussion. Issue 42 of the repository.

Problem 43 Murmurations from the flow: a falsification test ~ macHINE - ENTRY LEVEL

Tuesis. Thesis 9 (State what is not established).
Sourck. Fractured Adelic Geometry [S04], Conjecture 36.4.6, pp. 276-277.
Startus IN THE soUurRce. OPEN (a falsifiable prediction).

Statement. If the framework of [S04] is correct, the murmuration density
arises as a transition term in its Lefschetz—Verdier localisation, and three
computable predictions follow: (i) ¥ = p/N is the natural coordinate, and no
other combination of p and N appears in the leading term; (ii) the density for
elliptic curves, if it exists, has the same oscillation frequencies as the modular-
form density My; (iii) the rank-conditioned densities are governed by the
same density with the root number replaced by the Selmer fixed-point class.
Carry out the tests.

WHAT THE sOURCE EsTABLISHES. “Each clause is falsifiable by computation. Clause
(i) fails if any family shows a leading term depending on p and N other than
through p/N; clause (ii) fails if the observed elliptic-curve frequencies differ
from those of M2.” The protocol is in Chapter 55.

ProposeD BY. [S04].

Backgrounp. [HLOP22]; [Zub23]; [SS25]; [Cow24].
Sorvep wHEN. The tests of clauses (i) and (ii) carried out under the protocol of
[S04, Ch. 55] against the densities of [Zub23] and [SS25], with data and code

published and the outcome reported in either direction; clause (iii) when the
Selmer class is computable.

LITERATURE CHECK (28 OctoBER 2026). A conjectural explicit murmuration den-
sity for elliptic curves ordered by height has been given [SS25], and murmura-
tions have been derived from ratios conjectures [ Cow?24]; these supply what
clause (ii) is tested against. No test of the three clauses was found.

Discussion. Issue 43 of the repository.

The Archimedean Prism (research subject: the Hodge conjecture)
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Problem 44 The Hodge decomposition in Lean FORMALIZATION - PROGRAMME LEVEL

Tuesis. Thesis 9 (State what is not established).

Sourck. The Archimedean Prism [S05], Problem 71.11.1, p. 1027; dossier, p. 1034;
The five volumes, p. xv.

STATUS IN THE SOURCE. open.

SratemenT. “Formalise the Hodge decomposition for compact Kdhler mani-
folds in Lean 4 with mathlib, the single largest absent prerequisite identified
in Chapter 64.”

WHAT THE SOURCE ESTABLISHES. The source records the verdict that “the Hodge
conjecture cannot presently even be stated in Lean 4 with mathlib”, and estimates
the formalisation “as an effort on the order of the Liquid Tensor Experiment.”
Its dossier limits what success means: “Success would enable formal statements
of the later conjectures; it would prove none of them by itself.” Problem 71.11.2
(Chow groups and the cycle class map) is the other missing prerequisite.

Proprosep BY. [S05].
BackGrounp. [Voi02b]; [mC20]; [Sch22].
Sorvep wHEN. A Lean 4 development, accepted into Mathlib or released as a

library building against it, that defines compact Kdhler manifolds and proves
the Hodge decomposition of their de Rham cohomology.

LiTERATURE CHECK (28 OctoBer 2026). GitHub code search (2026-10-28) found in
mathlib a Hodge star on exterior powers and algebraic Kéhler differentials, but
no Kihler manifolds and no Hodge decomposition; formal-conjectures contains
no Hodge-theoretic statement.

Discussion. Issue 44 of the repository.

Problem 45 No é-structure on the archimedean prism — MATHEMATICAL - RESEARCH LEVEL
Tuesis. Thesis 9 (State what is not established).
Source. The Archimedean Prism [SO05], Problem 71.3.4, p. 1023; dossier, p. 1029.

STATUS IN THE SOURCE. open.

StateMENT. “Make precise, as a no-go theorem, the claim that the archimedean
prism carries no 6-structure and hence no literal Frobenius lift.”

WHAT THE sOURCE EsTABLISHES. “Chapter 16 argues the analogy with prismatic
cohomology is structural only; a no-go theorem would settle the point rather
than assert it.” The dossier sets the standard: “A no-go theorem must quantify
over all functorial candidate operations and identify an invariant they cannot
satisfy; observing that the current construction lacks one is not enough.”

Prorosep BY. [S05].

BAckGrROUND. d-rings [Joy85; Bui05]; prisms [ BS22].
SoLveDp WHEN. A theorem that quantifies over all functorial operations on the
archimedean prism of [S05, Ch. 13-17] in a stated sense and proves that none
is a d-structure (or a Frobenius lift), by exhibiting an invariant that every such

operation would have to satisfy and does not; or a functorial é-structure, which
would refute the claim.
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LiTERATURE CHECK (28 OctoBer 2026). No result on é-structures for archimedean
or real Hodge-theoretic analogues of prisms was found.

Drscussion. Issue 45 of the repository.

Problem 46 Independence of the twelve prism axioms MATHEMATICAL - ENTRY LEVEL

THEsis. Thesis 12 (Judge a method by its open ledger).
Source. The Archimedean Prism [SO05], Problem 71.8.1, p. 1026; dossier, p. 1032.

STATUS IN THE SOURCE. Open.

StatemeNT. “Prove that the twelve prism axioms AP1-AP12 are logically inde-
pendent by exhibiting, for each, a model satisfying the other eleven and failing
it.”

WHAT THE SOURCE ESTABLISHES. “Theorem 46.4.1 states the axioms; their indepen-

dence is asserted but not demonstrated.” The dossier: “The twelve axioms are
individually motivated, but motivation does not prove logical independence.”

Proprosep BY. [S05].
BackGrounp. Hodge theory [Del71]; the axioms and their sources are in [S05,
Ch. 46].

Sorvep wHEN. Twelve models, the k-th satisfying every axiom except APk,
each verified against the definitions of [S05, Ch. 46]; or a proof that one axiom
follows from the others, which is a correction to the source.

LiteraTURE cHECK (28 OctoBer 2026). No work on these axioms outside [S05]
was found.

Discussion. Issue 46 of the repository.

Problem 47 Descent beyond the polarized case MATHEMATICAL - RESEARCH LEVEL

THEsts. Thesis 5 (Report failure; abstain without evidence).
Source. The Archimedean Prism [SO05], Problem 71.3.3, p. 1023; dossier, p. 1029.
STATUS IN THE SOURCE. Open.

StateMmeNT. “Determine whether the descent theorem Theorem 15.4.2 holds

for non-polarisable mixed Hodge structures, or exhibit the first obstruction to

it.”
WHAT THE sOURCE ESTABLISHES. In the source, “descent along the prism is proved
only in the polarised pure case.” The dossier explains what changes: “Non-
polarisable mixed structures have nonsemisimple extension data and weight
filtrations that need not split; automorphism groupoids can cease to be re-
ductive”, and notes that the answer may be a counterexample rather than an
extension theorem.

Prorosep BY. [S05].

BackGrounp. [Del71]; [Sch73]; [CDK95].

Sorvep wWHEN. A proof of the descent theorem for non-polarisable mixed
Hodge structures in a stated class, or an explicit mixed Hodge structure for
which descent fails, with the obstruction identified.
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LiTERATURE CHECK (28 OctoBer 2026). No result on descent along the
archimedean prism was found outside [S05].

Discussion. Issue 47 of the repository.

Problem 48 A prism reading of Voisin’s counterexample =~ MATHEMATICAL - ENTRY LEVEL

Tuesis. Thesis 9 (State what is not established).
Source. The Archimedean Prism [S05], Problem 71.6.6, p. 1025; dossier, p. 1031.
STATUS IN THE SOURCE. Open.

StateMmenTt. “Compute the prism obstruction class of Voisin’s 2002 Weil-torus

counterexample and verify that it is exactly the projectivity obstruction, not a
new one.”

WHAT THE SOURCE ESTABLISHES. “Theorem 37.2.4 predicts the counterexample
strikes at the projectivity step; an explicit computation would confirm the nega-
tion of falsifier F8.” Voisin’s examples [ Voi02] show that the Hodge conjecture
fails for compact Kadhler manifolds that are not projective.

Prorosep BY. [S05].
Backcrounp. [Voi02]; [Voi02b].
SoLvep WHEN. An explicit computation of the prism obstruction class for the

tori of [V0i02], showing that it is the projectivity obstruction of [S05, Theorem
37.2.4]; a computation showing that it is a different class refutes the prediction.

LiTERATURE CHECK (28 OcToBER 2026). No prism-theoretic analysis of Voisin’s
examples was found outside [S05].

Discussion. Issue 48 of the repository.

Strained Prismatic Geometry (research subject: the abc conjecture)

Problem 49 Close theformal algebm leaf FORMALIZATION - ENTRY LEVEL
Tuesis. Thesis 9 (State what is not established).

Sourck. Strained Prismatic Geometry [S06], Problem 62.1.5 (rank 2 of the critical
path), p. 1275.

StaTUSs IN THE SOURCE. OPEN.

SrateMenT. With pinned Lean and Mathlib versions, “Discharge PO-090 with
definitions whose types separate a p-derivation from an ordinary deriva-
tion, proofs of the sum and product identities including p = 2, compatibility
with the induced Frobenius lift, executable regression examples, no admit-
ted declarations, and an axiom report containing only the approved logical
foundations.”

WHAT THE sOURCE EsTABLISHES. “This ranks second because the mathematics is
known and the acceptance test is finite.” Failures of tooling do not count against
the mathematics: “A library or elaboration failure is an engineering result, not a
refutation.” The repository gives the statements in Lean (formal/Grothendieck-
ianProblems/P49.lean).

ProposeD By. [S06].
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BackGrounp. [Joy85]; [Bui05]; [BS22]; [mC20].

Sowvep WHEN. Proofs of the statements in formal/GrothendieckianProb-
lems/P49.lean, with no sorry, no new axioms, and the regression examples of
PO-090, checked at the pinned toolchain.

LITERATURE CHECK (28 OctoBer 2026). GitHub code search (2026-10-28) found
no d-ring or p-derivation in mathlib.

Discussion. Issue 49 of the repository.

Problem 50 Toward an algorithm for prismatic cohomology — MACHINE - RESEARCH LEVEL

THesis. Thesis 12 (Judge a method by its open ledger).
Sourck. Strained Prismatic Geometry [S06], Obstruction 49.6.6, pp. 1029-1030.

StATUS IN THE SOURCE. OPEN.

StateMENT. “There is presently no general terminating algorithm which, from
equations for an arbitrary p-adic formal scheme, computes its absolute pris-
matic cohomology together with derived completion, Nygaard filtration, Frobe-
nius, and effective descent as an F-gauge”. “The frontier relevant to this book
has five layers”: absolute descent; integral semistable gauges for curves with
bad reduction, including the primes 2 and 3; the Habiro—prismatic compari-
son; archimedean assembly; and the global strain trace. Give a terminating,
certified algorithm for one layer.

WHAT THE SOURCE ESTABLISHES. The companion package of [S06] supplies finite
inputs and hard failure states, and “implements none of these by renaming a
local matrix.”

ProroseDp BY. [S06].
Backcrounp. [BS22]; [BL22].
SoLvep wHEN. A terminating algorithm for one of the five layers on a stated

class of inputs, with a proof of correctness and an implementation whose
outputs agree with known computations.

LiTERATURE CHECK (28 OctoBEr 2026). Explicit computations of prismatic and
syntomic cohomology in special cases were found; no general algorithm for any
of the five layers was found.

Drscussion. Issue 50 of the repository.

Problem 51 The real—place gauge MATHEMATICAL - RESEARCH LEVEL
THesis. Thesis 8 (The rising sea).

Sourck. Strained Prismatic Geometry [S06], Problem 62.1.7 (rank 4 of the critical
path), p. 1276.

StaTUS IN THE SOURCE. OPEN.

StatEMENT. In the analytic-stack and condensed setting of [S06, Ch. 17], “Con-
struct the gauge stack of PO-017; prove the uniqueness, finite-place compati-
bility, coherent all-place gluing, Arakelov degree comparison, and exceptional-
operation functoriality of PO-018-PO-022; and settle the archimedean coeffi-
cient overlap and dualisability issues represented by PO-097-PO-098.”
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WHAT THE SOURCE ESTABLISHES. The target is typed but no existence theorem is
available. The source gives the falsifier: “A non-zero principal-rescaling defect,
failure of real descent, or failure of dualisability for the required leg destroys
this version of the all-place assembly.”

Proprosep BY. [S06].
Backgrounp. [Sch19]; [BS22]; [Efi24].

SoLvep WHEN. A construction with proofs of PO-017-PO-022 and PO-097-PO-
098, or an instance of one of the three named falsifiers.

LiteraTURE CHECK (28 OctoBER 2026). No construction of an archimedean gauge
stack of this kind was found.

Discussion. Issue 51 of the repository.

Problem 52 The gluing problem for the global substrate

MATHEMATICAL - PROGRAMME LEVEL
THesis. Thesis 8 (The rising sea).
Source. Strained Prismatic Geometry [S06], Problem 18.1.5, p. 352.
STATUS IN THE SOURCE. Open.
StateMmeNT. Construct an analytic stack © with morphisms &, — S for every
place v of Q and a morphism SpecZ — & such that (i) D(S) maps to D(S,)
for every v, compatibly with the rational realisations; (ii) the local structures

— Frobenius and Nygaard filtration at finite v, weight filtration and dilation at
oo — are matched by the comparison data; and (iii) & is not terminal.

WHAT THE SOURCE ESTABLISHES. “Condition (iii) is what makes the problem
non-trivial: a terminal object satisfies (i) and (ii) vacuously.” The legs can be
compared only through Q (Remark 18.1.4), and Obstruction 18.1.6 shows that a
Frobenius datum on a glued object degenerates at infinity.

ProroseDp BY. [S06].

BackGrounp. [Sch19]; [BL22]; [Dri20].
SoLvED WHEN. A construction satisfying (i)—(iii), or a proof that every analytic
stack satisfying (i) and (ii) is terminal.

LiTERATURE CHECK (28 OctoBeR 2026). No construction of this kind was found.

Discussion. Issue 52 of the repository.

The Arithmetic Topos (research subject: the Langlands programme)

Problem 53 The multiplicative—group gate MATHEMATICAL - RESEARCH LEVEL

Tuesis. Thesis 9 (State what is not established).
Source. The Arithmetic Topos [S07], Criterion 1.26, p. 28.
Starus N THE SOURCE. FORMAL TARGET.
StateMENT. Let Bunf] be the arithmetic Picard stack of the global arithmetic

curve Xz of [S07] and Gauge its category of gauge sheaves. Construct them
and prove or refute that ((TC(® | Gauge(Bung )),s) = n=S/2T (s /2)C(s), the
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completed Riemann zeta function, with the archimedean factor produced by
the archimedean chart and not inserted.

WHAT THE SOURCE EsTaBLISHEs. The source calls this “the primary go/no-go test
for the framework”: “If the framework yields anything else — in particular, if
it yields C(s) without the I'-factor, or with a I'-factor of the wrong argument —
then it is wrong, and no amount of repair at higher strata will save it.” “This
criterion is designated for formal verification; its current status is recorded in
Appendix E.”

Proprosep BY. [S07].

BackGrounDp. Archimedean factors as regularized determinants [Den98];
[CC21]; [NS18].

SorLvep wHEN. A construction of the objects in the abelian case and a proof of
the displayed identity, or a proof that the construction yields a different func-
tion, which refutes the framework as stated. The completed zeta function and
its functional equation are classical; the problem is whether this construction
produces them.

LiTERATURE CHECK (28 OctoBER 2026). No construction of the arithmetic Picard
stack of this framework was found outside [S07].

Discussion. Issue 53 of the repository.

Problem 54 The first falsification test for GL MATHEMATICAL + RESEARCH LEVEL

Tuesis. Thesis 9 (State what is not established).
Source. The Arithmetic Topos [S07], Problem 28.28, pp. 1108-1109.
Status N THE sOURCE. CONJECTURE (a falsification test).

StateMenT. “For the standard GL2 monoid over Q, construct a global distribu-
tion on the rank-one stratum whose local normal residue is the coefficient of”
Proposition 28.16 of [S07], “and prove that its spectral expansion is exactly the
sum of the trivial, special, and maximal-parabolic terms removed in Altug’s
Poisson reorganisation.”

WHAT THE SOURCE ESTABLISHES. A mismatch of coefficients would refute the sim-
plest form of the source’s Conjecture 28.20. The problem precedes functoriality
on purpose: “It asks whether the diagnosis reproduces a known rank-one cal-
culation without changing its constants. A framework that cannot pass this
comparison has no claim on the general problem.”

Prorosep BY. [S07]; the rank-one calculation is Altug’s [Alt15].
BackGrounp. [Altl5]; [EEKW24].

Sorvep whEN. The distribution constructed and its spectral expansion proved
equal to the terms removed in [Alt15], or a proof that the coefficients differ.

LITERATURE CHECK (28 OctoBER 2026). Altug’s Beyond Endoscopy computations
for GL; over the rationals [ Alt15] and their extension to totally real fields, which
removes the trivial and special representations by Poisson summation on the
regular elliptic terms [EEKW24 ], were found; no boundary-resolution reading
of them was found.

Discussion. Issue 54 of the repository.
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Problem 55 Ambidexterity over the arithmetic base  MATHEMATICAL - PROGRAMME LEVEL

THesis. Thesis 8 (The rising sea).
Source. The Arithmetic Topos [S07], Problem 40.11, p. 1603.
Status IN THE sOURCE. CONJECTURE.

StatEMENT. Let q: Bung(Xz) — pt be the structure map. Prove or refute that
q1 = g. on Shv y(Bung(Xz)) after Whittaker renormalisation; if the equivalence
holds only after a renormalisation, identify it explicitly and determine whether
it is canonical.

WHAT THE SOURCE EsTABLISHES. “This is the load-bearing hypothesis of the entire
framework.” Over a curve the corresponding statement, miraculous duality, is
a theorem of Drinfeld and Gaitsgory; over Xz the local finiteness its proof uses
is unavailable. “It is also the gap about which the least can currently be said.”

Proposep By. [S07]; over a curve the source cites miraculous duality as a theorem
of Drinfeld and Gaitsgory; see [Gail8] and [ AGK+20].

Backcrounp. [DG15]; [Gail8]; [AGK+20].

Sorvep wHEN. A proof or a refutation of the equivalence, with the renormali-
sation identified if one is needed.

LITERATURE CHECK (28 OctoBER 2026). Miraculous duality and duality for au-
tomorphic sheaves over curves were found [Gail8; AGK+20]; no arithmetic
analogue was found.

Driscussion. Issue 55 of the repository.

Problem 56 Construct the global arithmetic curve =~ MATHEMATICAL - PROGRAMME LEVEL
THesis. Thesis 8 (The rising sea).

Source. The Arithmetic Topos [S07], Problem 40.10, p. 1602.

Status IN THE sourRCE. CONJECTURE.

StateMENT. Exhibit a condensed analytic stack over the sphere spectrum satis-
fying the eight clauses of the definition of the global arithmetic curve Xz [S07,
Definition 10.15] — finite syntomic charts, an archimedean chart, a restricted
adelic halo with a rational diagonal, the gluing as a homotopy fibre product,
an absolute Frobenius, a gauge map to Al/G,,, a place map to SpecZ, and a
fundamental class in degree three — prove it unique up to canonical equiva-
lence, and equip it with a six-functor formalism with proper base change and
Verdier duality.

WHAT THE soURCE EsTaBLISHES. “What exists at present is a specification and two
of its charts.” The finite charts are theorems of Bhatt—Lurie and Drinfeld; the
archimedean chart is stipulated. “The obstacle is not the charts. It is the gluing,
and the reason is specific. Adelic descent along a restricted product is not a
standard operation in any existing formalism.”

Proprosep BY. [S07].

BackGrounp. [BL22]; [Dri20]; [BL95]; [FS21]; [Sch19].
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SoLvep WHEN. A construction with the eight clauses, the uniqueness statement
and the six-functor formalism, or a proof that no object satisfies the eight
clauses.

LiTERATURE CHECK (28 OcToBER 2026). No construction of this kind was found.
Drscussion. Issue 56 of the repository.

Problem 57 COh€7’€1’lC€fO}’ arithmetic modes FORMALIZATION - RESEARCH LEVEL

THesis. Thesis 11 (Creating language).
Source. The Arithmetic Topos [S07], Problem 6.29, p. 228.
Status IN THE SOURCE. CONJECTURE.

StateMENT. For the modal directed type theory TT;OII{]n P of [S07, Ch. 6], con-
struct a finite presentation of its mode two-category and “prove a coherence
theorem deciding equality of generated two-cells”, while retaining the Beck—
Chevalley, projection-formula, place-commutation, Frobenius and b 4 § struc-
tures of the chapter.

WHAT THE SOURCE ESTABLISHES. “A positive solution would not construct the
semantic functors, but it would make their formal composites manageable. A
negative solution would force a proof-relevant representation of coherence cells
in the kernel and would weaken the decidability prospect.”

Proprosep BY. [S07].
Backcrounp. [GKNB21]; [Gra22]; [RS17].

Sorvep WHEN. A finite presentation and a coherence theorem with a deci-
sion procedure for equality of generated two-cells, mechanised or proved on
paper with all cases, or a proof that equality is undecidable for every finite
presentation retaining the listed structures.

LITERATURE CHECK (28 OctoBER 2026). Multimodal type theory [GKNB21] and
its normalization theorem, which reduces conversion to the conversion problem
of the mode theory and gives decidable type checking for a decidable mode
theory [Gra22], were found; no coherence theorem for these modes was found.

Discussion. Issue 57 of the repository.
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A. The problems by thesis and by work

Figure 5 places each problem by its thesis and its work. The first table below
lists the problems of each thesis, the second counts the problems of each work

by kind.

FIGURE 5

THESIS

Worlds, not isolated
theorems

Status is part of the
type

A structured latent
space

Attention as descent

Report failure; abstain
without evidence

A chain of
non-implications

Machines propose;
humans authorize

The rising sea

State what is not
established

10 Discovery is recursive
11 Creating language

12 Judge a method by its
open ledger
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Ficure 5. The problems by thesis and by work. Each small cell is a
problem, tinted by kind and linked to its card; the totals are by row

and by column.

Thesis Problems
1. Worlds, not isolated theorems 4,15

2. Status is part of the type 7,8,31

3. A structured latent space 6,18

4. Attention as descent
5. Report failure; abstain without
evidence

19, 20, 22, 24, 25, 27, 28, 35
9,16,17, 21,23, 30, 32, 47
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Thesis Problems

6. A chain of non-implications 5,12, 26,29, 34

7. Machines propose; humans 10, 11

authorize

8. The rising sea 1,36,37,38,41, 51,52, 55,56

9. State what is not established 33,39, 40, 43, 44, 45, 48, 49, 53, 54
10. Discovery is recursive 2,3

11. Creating language 14, 57

12. Judge a method by its open ledger 13, 42, 46, 50

Work Problems Mathematical Machine Formalization

S01 1-17 0 10 7
S02  18-35 9 6 3
S03  36-39 3 1 0
S04 4043 3 1 0
S05  44-48 4 0 1
S06  49-52 2 1 1
S07  53-57 4 0 1
All 1-57 25 19 13

B. Changes made by the literature check

The selection approved before the literature check was changed in seven
places. The replaced problems are listed so that the reasons can be checked.

Problem Approved candidate Change and reason

26 Robust exact group scan Replaced by Question
[S02, Open Problem 11.11.18 of [S02].
2.14.C] Without the numerical

setting of [S02, Ch. 2.14],
the problem reduces to
multiplying permutation
matrices, which
floating-point arithmetic
performs exactly; stated
on its own it would be

misleading.
34 A second kernel [S02, Narrowed and moved to
Open Problem 13.15.D]  entry level. Independent
type checkers for Lean 4

exist [Car24; nanoda];
the remaining task is to
replay the declarations
of [S02] under two of
them.
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Problem

Approved candidate

Change and reason

38

39

40

Pin(2)-twisted
topological Hochschild
homology [S03, Problem
28.13]

A certified finite-height
computation [S03,
Problem ].38]

The Construction
Problem [S04, Problem
54.1.1]

Narrowed. The first
question of the source,
whether a
Pin(2)-equivariant lift of
THH exists, has been
answered by
quaternionic THH
[AMP26]; the second
question is kept. The
source’s statement that
no construction is
known is listed in the
errata.

Replaced by falsification
predicate F2 [S03,
Criterion 58.9]. Certified
computation of the zeros
of the zeta function to
great height is
established [PT21], and
the source’s problem
asks for a computation
of a related kind with no
decision criterion
beyond it.

Replaced by Problem
22.7.1 of [SO4]. The
source records that its
axiom F12 carries
essentially the whole
arithmetic content of the
conjecture of Birch and
Swinnerton-Dyer [S04,
Remark 56.2.1], so the
original would fall
under the exclusion of
problems whose
solution proves a named
conjecture.
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Problem Approved candidate Change and reason
45 The certification Replaced by Problem
boundary [S05, Problem 71.3.4 of [S05]. In the
71.9.3] form stated, the
impossibility of

certifying a relation from
finite-precision data
follows from the
undecidability of
equality of computable
real numbers, a standard
result of computable
analysis.

47 The Rigidification Replaced by Problem
Conjecture in rank two ~ 71.3.3 of [S05]. The
[SO5, Problem 71.6.3] relation of the rank-two

case to known results,
including the Lefschetz
(1,1) theorem, needs an
expert reading before it
can be posed as open.

C. The machine-readable file

problems. json in the repository contains, for each problem, the fields of
its card and the identifiers of its source (work, DOI, pages, status), its thesis, its
kind and level, the date of its literature check and the path of its Lean statement
where one exists. The file is generated from the same source as this paper, and
the two are checked to agree field by field.

Declarations

Use of Al tools. The main ideas and the architecture of the Grothendieckian
Programme are the author’s and come from the author’s research at WiseMo-
tif.ai. In the seven works, Al tools assisted with drafting and with part of the
literature collation; all of the text was reviewed by the author. Lean verifica-
tion of the seven works is incomplete. Because of their size, the works are first
drafts (Research Architecture Edition 1) and have not been peer-reviewed; they
need review by experts and further work on the programme. They are released
openly for that purpose, in the hope of further contributions and of more re-
cursive mathematical discovery in Al for mathematics. For the present paper,
statements were extracted from the published works by script and checked
against the PDFs; Al tools assisted with drafting and with literature collation;
the author selected the theses and problems and reviewed every statement.

Funding and competing interests. No external funding. The author is
affiliated with WiseMotif.ai.

Data availability. The source texts are the sealed PDFs of the seven works
and of the overview, each with a Zenodo DOI given in the references. The
extraction scripts and the list of extracted items, the record of the literature
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check, the reference check, the Lean statements, the figures with their data
and sources, and the machine-readable file of the paper are in the repository
https://github.com/AlienMuse/grothendieckian-problems.

Licence. This paper, its figures and its data are released under the Creative
Commons Attribution 4.0 International licence (CC BY 4.0); the code in the
repository — the Lean files, the scripts and the source code of the figures —
under the Apache License 2.0. The seven works and the overview are released
under CC BY-NC-ND 4.0, and the quotations from them in this paper are
reproduced under that licence with attribution.

Name. The adjective Grothendieckian names a mathematical method used in
the seven works. It carries no attribution of design or endorsement to Alexander
Grothendieck or to any other mathematician whose work is cited; no problem
in this paper was posed by Grothendieck unless the card says so.
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