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PRETORSION THEORIES AND IMAGE-CLOSED SUBCATEGORIES

HARUHISA ENOMOTO

ABSTRACT. A pretorsion theory generalizes a torsion pair by allowing its two components to
have a nonzero intersection, with morphisms factoring through the intersection playing the
role of zero morphisms. In the module category of a finite-dimensional algebra, the first and
second components of pretorsion theories are known to be the quotient-closed and submodule-
closed subcategories, respectively. We show that the intersections of the two components are
precisely the image-closed subcategories, namely those containing the image of every morphism
between their objects, and that the pretorsion theories form a complete lattice. For a linearly
oriented quiver of type A, we prove that the numbers of pretorsion theories and of image-
closed subcategories are the Genocchi and median Genocchi numbers, respectively. Counting
pretorsion theories by the number of indecomposable modules in their intersection, and image-
closed subcategories by their number of indecomposable modules, yields the Gandhi polynomial
refinements of Han and Zeng.
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1. INTRODUCTION

Let A be a finite-dimensional algebra over a field k, and consider full, additive subcategories of
mod A closed under isomorphisms and direct summands. We ask which subcategories can occur
as the intersection 7 N F of the two components of a pretorsion theory (7,F) in mod A. Recall
that a torsion pair (7, F) in mod A satisfies Homy (7, F) = 0, and every module X € mod A fits
into a short exact sequence 0 - T — X — F - 0 with T € T and F € F, where T' — X is a
kernel of X — F and X — F is its cokernel; in particular, 7 N F = 0. Pretorsion theories relax
this orthogonality condition by allowing the intersection Z = 7 N F to be nonzero: morphisms
factoring through Z replace zero morphisms both in the orthogonality condition between 7 and
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F and in the kernel and cokernel universal properties (Definition 2.2). Facchini and Finocchiaro
[10] introduced this notion for categories without a zero object—starting from the category of
nonempty preordered sets, where equivalence relations and partial orders form the two components
and sets equipped with equality form their intersection—and Facchini, Finocchiaro, and Gran [11,
Section 2] developed the theory for general categories.

Characterizing the intersections 7 N F in mod A brings together the study of quotient-closed
and submodule-closed subcategories in the author’s earlier work [8] and that of image-closed
subcategories in joint work with Sakai [9]. Indeed, Campanini, Fedele, and Yildirim [4, Lemma 2.6,
Proposition 2.8, and Section 3.2] proved that the subcategories occurring as first and second
components of pretorsion theories in mod A are precisely the quotient-closed and submodule-
closed subcategories, respectively. Earlier, Campanini and Fedele [3, Theorem 4.2] constructed
pretorsion theories whose intersections are prescribed Serre subcategories. Here we determine all
possible intersections, allowing subcategories that are not Serre.

A subcategory Z C mod A is image-closed if Im f € Z for every morphism f: X — Y with
XY € Z. Write Gen Z and Cogen Z for the subcategories consisting of the quotients and the
submodules, respectively, of finite direct sums of objects of Z. Auslander and Smalg [1, Propo-
sition 4.10(i)] proved that a subcategory Z is image-closed if and only if Z = Gen Z N Cogen Z.
Our first main result shows that although (Gen Z, Cogen Z) need not itself be a pretorsion theory
(Example 4.2), every image-closed subcategory Z is the intersection 7 N F of some pretorsion
theory (T, F).

Theorem A (= Theorem 4.4). Let A be a finite-dimensional algebra, and let Z be a subcategory
of mod A. The following are equivalent.

(1) Z is image-closed.
(2) Z = GenZnN Cogen Z.
(3) Z="TNF for a pretorsion theory (T,F) in mod A.

Theorem A may be compared with a result of the author and Sakai [9, Proposition 2.3], who
proved that the subcategories of mod A closed under both images and extensions are precisely the
intersections of a torsion class and a torsion-free class (which need not form a torsion pair).

To construct a pretorsion theory with a prescribed image-closed intersection, we use Theo-
rem 2.12, which characterizes when a quotient-closed subcategory 7 and a submodule-closed
subcategory F form a pretorsion theory by comparing, for each module, its largest submodule in
T (its trace) with its largest quotient in F (the quotient by its reject).

We next study the poset PT(A) of pretorsion theories in mod A, ordered by inclusion of first
components and reverse inclusion of second components. Complementing the complete lattices of
individual components studied in [4, Sections 3.1-3.2], we prove that PT(A) is a complete lattice
and describe its meet and join (Theorem 3.6). A pretorsion theory with intersection Z is called
a realization of Z. For each image-closed subcategory Z, its realizations form a complete lattice
with greatest and least elements (Corollaries 4.5 and 4.7), whose nonempty meets and joins agree
with those in PT(A) (Proposition 3.8). In particular, for Z = 0, the realizations are precisely
the torsion pairs, which form a complete sublattice containing the least and greatest elements of
PT(A) and isomorphic to the lattice of torsion classes (Corollary 3.9).

To study the poset Li,(A) of image-closed subcategories of mod A, ordered by inclusion, we
use convex geometry [7] to describe its generating sets and covering relations. Write ind A for a
set of representatives of the isomorphism classes of indecomposable A-modules, and ind C for those
belonging to C. The size of C is [ind C|, the number of isomorphism classes of its indecomposable
objects. Sending a subset of ind A to the indecomposable objects of the smallest image-closed
subcategory containing it defines a closure operator icl on ind A. Extending the corresponding
result for quotient-closed and submodule-closed subcategories in [8], we show that (ind A, icl) is
a finitary convexr geometry (Theorem 4.11): we have icl(@) = @, the closure of any subset is
the union of the closures of its finite subsets, and icl satisfies the anti-exchange property that
if C is image-closed and X,Y € indA \ indC are distinct, then X € icl(indC U {Y'}) implies
Y ¢icl(indCU{X}).
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As in the geometry of convex hulls and their extreme points, this convex-geometric structure
has direct consequences for L, (A) (Corollary 4.14). Every image-closed subcategory Z of finite
size has a unique smallest generating set of indecomposables, consisting of its extreme points—the
indecomposables in Z that do not belong to the image closure of the remaining ones. Proposi-
tion 4.13 identifies this set as the union of the splitting projective and splitting injective objects
of Auslander and Smalg [1, Section 2]: an indecomposable M € Z is splitting projective if every
epimorphism to M from an object of Z splits, and splitting injective if every monomorphism
from M to an object of Z splits. The existence of this smallest generating set also follows from
[1, Proposition 2.1 and Corollary 2.4(b),(d)], together with the description of image closure as
Gen N Cogen. Moreover, every covering relation in L;,(A) adds a single indecomposable module,
so Lim(A) is graded by size whenever A is representation-finite.

The linearly oriented quiver of type A. Campanini, Fedele, and Yildirim [4, Appendix A.2]
listed the 17 pretorsion theories for the linearly oriented quiver of type As. In the second half of
this paper, we consider the path algebra

Ap=k(l —2—---—n)
of a linearly oriented quiver of type A,, (with Ag = 0), and determine the numbers of pretorsion
theories and of image-closed subcategories in mod A,, for every n > 0, together with their natural
g-refinements. These enumeration formulas are established only for the linearly oriented quiver:
unlike the number of torsion pairs, the numbers of pretorsion theories and of image-closed sub-

categories for a quiver of type A,, depend on the orientation (Remark 8.8). For small values of n,
the cardinalities of PT(A,) and L, (A,,) are given in the following table.

n |01 2 3 4 5

IPT(A,)] |1 3 17 155 2073 38227
|ILim(A)| |1 2 8 56 608 9440

These are the sequences A110501 and A005439 in the OEIS [17, 18], given by the positive Genocchi
numbers go,+4 and the median Genocchi numbers Hay, 5. Following Han and Zeng [15, p. 63],
the positive Genocchi numbers go; and the median Genocchi numbers Ha,, 11 are defined by

2t ¢
1 :ZGiﬂa 92i = |Gal,

i>0

Hoypmi1 = Z (—1)'g2m—2i (227111— 1> (m > 1).

0<i<(m—1)/2

(1.1)

To refine these numbers to polynomials in ¢, we recall the g-Gandhi polynomials introduced by
Han and Zeng [14, 15].

Definition 1.1 ([14, p. 120, Equations (3)—(4)]). For a polynomial f € Z|q, =], put
_ (L +gx) — f(2)
Add @) =T

The q-Gandhi polynomials of the first and of the second kind are defined by B1(z,q) = C1(z,q) =1
and, for m > 2,

(1.2)

Bm(7,q) = Ag(2*Bin—1(x,q)), (1.3)
Cn(z,9) = (14 q2)Ag (2Cr—1(,q)). (1.4)

Since 1+ (¢ — 1)z = (1 4 gx) — x, the operator A, preserves Z[qg, z] and specializes at ¢ = 1
to the forward difference operator f(z) — f(z + 1) — f(z). The classical specializations are
B, (1,1) = gam+2 [14, p. 120, Equation (1)] and Cy,,(1,1) = Hapmy1 [15, pp. 63-64, Equation (2)].

The quotient—submodule equidistribution conjecture of [8] compares the numbers of quotient-
closed and submodule-closed subcategories of each size for a representation-finite algebra, predict-
ing that they agree. Counting subcategories by size in this way motivates our g-refinement, which
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enumerates pretorsion theories by the size of their intersections and image-closed subcategories by
their size.

Theorem B (= Theorems 7.5 and 8.5). For every n > 0,

S TR =B, (1),
(T, F)ePT(AL)

> ™M= 0).
CeELim(An)

Since Lim(Ay) is graded by size, Cp41(1,q) is its rank-generating polynomial. At ¢ = 1,
Theorem B gives |PT(Ayn)| = gontsa and [Lim(Ay)| = Hapys.

To prove Theorem B, we describe both families of subcategories combinatorially. Each indecom-
posable A,-module is determined by its support interval in {1,...,n}, and we show in Section 5
that the image-closed subcategories of mod A,, correspond bijectively to the families of intervals in
{1,...,n} closed under nonempty intersections (Theorem 5.5). Pilaud [19, p. 3] also obtained the
count Hy, 3 for these intersection-closed interval families. In Section 6, we parametrize quotient-
closed and submodule-closed subcategories of mod A,, by endpoints recording how far the support
intervals extend when one endpoint is fixed, and characterize which pairs form a pretorsion theory
(Theorem 6.5). Adjoining one vertex at a time in Sections 7 and 8, we then establish two-variable
refinements of Theorem B (Theorems 7.5 and 8.5) in which the auxiliary variable x records the
number of indecomposable modules whose support ends at vertex n, in 7 for B, t1(z,¢) and in C
for Cpt1(z, q).

For comparison, a Genocchi permutation of {1,...,2m} is a permutation o satisfying o(2i—1) >
2i — 1 and 0(2i) < 2i for 1 < i < m. Writing 0,44 and eyen for its subwords in odd and even
positions and inv for the number of inversions, Han and Zeng [14, Proposition 19 and Corollary 21|
show that B, (1, q) is the sum, over all Genocchi permutations o of {1,...,2m}, of the weights

qm2 —> 0(2i)—inv(ooaa)—inv(Geven) ,

and that restricting the sum to fixed-point-free Genocchi permutations gives Cy,(1,¢g). Our iden-
tifications in Theorem B are proved by recurrences, and no statistic-preserving bijection between
our subcategories and these permutation models is known to us.

Organization. Section 2 recalls pretorsion theories and proves the trace-reject criterion (Theo-
rem 2.12), and Section 3 shows that PT(A) is a complete lattice (Theorem 3.6). Section 4 proves
Theorem A and studies the convex geometry of image closure. Section 5 describes morphisms
between indecomposable A,-modules and characterizes the image-closed subcategories of mod A,
by their support intervals. Section 6 classifies the pretorsion theories in mod A,,. Sections 7 and 8
prove the two formulas of Theorem B.

Conventions and notation. Throughout this paper, k is an arbitrary field and A is a finite-
dimensional k-algebra. All modules are finite-dimensional right modules, and mod A denotes the
category of finite-dimensional right A-modules. Paths in a quiver are composed from left to right,
so A,-modules are representations of the quiver 1 -2 — -+ — n.

All subcategories of mod A are assumed to be full, additive, and closed under isomorphisms
and direct summands; 0 denotes the zero subcategory. For a collection of modules M, let add M
denote the subcategory of direct summands of finite direct sums of modules in M. We write ind A
for a fixed set of representatives of the isomorphism classes of indecomposable A-modules, and
ind C for the subset of representatives belonging to a subcategory C C mod A.

For integers a and d, the interval [a, d] denotes the set {a,a + 1,...,d}, which is empty when
a > d. Inequalities between integer vectors are understood coordinatewise.

Use of AI. The research was done under the author’s direction using GPT-5.6-Sol, which found
and developed most of the results and proofs presented here; GPT-6-Astra contributed further
results and checked the mathematics. The manuscript was drafted and revised with GPT-6-Astra,
Claude Opus 5.5, and Gemini 4 Argon, which were used heavily in writing, revising, and polishing
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the text. The author directed the research and the writing and is responsible for the mathematical
content and the final manuscript.

2. PRETORSION THEORIES, TRACE, AND REJECT

In this section, we recall the definition of a pretorsion theory in mod A and characterize it in
terms of the trace and the reject of its two components (Theorem 2.12).

Definition 2.1. A subcategory C C mod A is quotient-closed if every quotient of an object of C
belongs to C, and it is submodule-closed if every submodule of an object of C belongs to C. It is
image-closed if Im f € C for every morphism f: X — Y with X,Y € C. Write Lquot(A), Lsun(A),
and Ly, (A) for the sets of quotient-closed, submodule-closed, and image-closed subcategories of
mod A, each ordered by inclusion.

Every quotient-closed subcategory and every submodule-closed subcategory is image-closed,
because the image of a morphism f: X — Y is both a quotient of X and a submodule of Y. More
generally, if T € Lquot(A) and F € Lgup(A), every morphism f from an object of 7 to an object
of F satisfies

ImfeTnNF. (2.1)
In particular, T NF € Lim(A).
We now recall the relative kernel and cokernel conditions that define a pretorsion theory.

Definition 2.2 ([11, Definition 2.6], specialized to mod A). Fix a subcategory Z C mod A. A
morphism is Z-trivial if it factors through an object of Z. For composable morphisms

TS5 X5SF,
the morphism w is a Z-prekernel of v if vu is Z-trivial and every morphism v’: Y — X for which
vu' is Z-trivial factors as u’ = uh for a unique morphism h: Y — T. Dually, v is a Z-precokernel

of u if vu is Z-trivial and every morphism v': X — Y for which v'u is Z-trivial factors as v/ = hv
for a unique morphism h: F — Y. In diagrams,

T Y X Y F T Y X Y F
< e
\};\\\\ Tu' U/J ,//h/

. v
Y Y

where vu is Z-trivial, as are vu’ on the left and v'u on the right, and h is the unique morphism
making the respective triangle commute. The sequence T — X - F is short Z-preezact if u is a
Z-prekernel of v and v is a Z-precokernel of u.

A pretorsion theory in mod A is a pair (T, F) of subcategories of mod A such that, for Z = TNF,
the following two conditions hold.

(1) Every morphism from an object of T to an object of F is Z-trivial.
(2) Every module X € mod A occurs in a short Z-preexact sequence T'— X — F with T € T
and F € F.

The definition of a pretorsion theory in [11, Definition 2.6] and [4, Section 2] requires only full
subcategories closed under isomorphisms, without assuming closure under finite direct sums or
direct summands. The following result of Campanini, Fedele, and Yildirim [4] shows that these
closure properties hold automatically in mod A.

Proposition 2.3 ([4, Lemma 2.6 and Proposition 2.8; dual statement in Section 3.2]). Let (T, F)
be a pretorsion theory of full subcategories closed under isomorphisms in mod A. Then T is closed
under quotients and finite direct sums, and F is closed under submodules and finite direct sums.

Since any direct summand of a module is both a quotient and a submodule of it, the components
T and F are also closed under direct summands, and hence satisfy our standing subcategory
conventions. Thus the two conventions give the same pretorsion theories in mod A.
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We write PT(A) for the set of pretorsion theories in mod A, ordered by
(T.F)< (T, F) < TCT and F2F. (2.2)
When 7 N F = 0, Definition 2.2 reduces to the classical notion of a torsion pair.

Definition 2.4. A torsion pair in mod A is a pair (7, F) of subcategories such that Hom (7, F) =
0 and every module X occurs in a short exact sequence

0—T —X—>F—0
with T € T and F € F.

The following observation identifies the torsion pairs among pretorsion theories.

Proposition 2.5. A pair (T,F) of subcategories of mod A is a torsion pair if and only if it is a
pretorsion theory with T N JF = 0.
Proof. (=): If (T, F) is a torsion pair, then Homy (7, F) = 0 implies 7 NF = 0, and the defining
short exact sequences are short O-preexact sequences.

(«<): When Z = 0, a morphism is Z-trivial if and only if it is zero, so Z-prekernels and Z-

precokernels coincide with ordinary kernels and cokernels. Thus a pretorsion theory with 7NF =0
is a torsion pair. 0

Over Ay =k, one can list the pretorsion theories directly.

Example 2.6. The category mod A; has a single indecomposable module up to isomorphism,
namely the simple module S, so each of 7 and F is either 0 or mod A;. The pair (0,0) has
intersection 0, so by Proposition 2.5 it would have to be a torsion pair; however, S does not fit
into a short exact sequence 0 — 0 — S — 0 — 0. For (mod A;,mod A1), we have Z = mod A4, so
every morphism is Z-trivial and the identity maps give a short Z-preexact sequence

X5 X 25X
for every X € modA;. The remaining two pairs (0,mod A;) and (mod Ay,0) are the ordinary
torsion pairs, which are pretorsion theories by Proposition 2.5. Thus PT(A;) consists of the three
pairs
(0,mod A1), (mod Ay, mod Ay), (mod Aq,0),
whose intersections are 0, mod A, and 0, respectively.

We next recall the trace and reject constructions of Auslander and Smalg [1, Proposition 4.8
and Corollary 4.9].

Definition 2.7. Let C C mod A be a subcategory and let X € mod A. The trace of C in X and
the reject of C in X are the submodules

te(X)= > Imf, re(X)= () Kerg
YeC, f: Y—=X Yece, g: X=Y

of X, where the sum and the intersection range over all objects Y € C and all morphisms f: Y — X
and g: X —» Y.

Remark 2.8. The standard duality D = Homg(—, k) sends Z-prekernels to D Z-precokernels and
conversely, and therefore induces an order-reversing bijection

PT(A) — PT(AP), (T,F)— (DF,DT),

with respect to (2.2). We will use this bijection to deduce dual assertions in the proofs below.
The functor D also exchanges trace submodules with reject quotients:

D(te(X)) = DX/rpc(DX), D(X/re(X)) = tpe(DX).

These identifications follow by dualizing the sums of images and intersections of kernels in Defini-
tion 2.7.
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Although Definition 2.7 takes the sum and the intersection over all morphisms, the following
observation for modules of finite length shows that finitely many images or kernels suffice.

Lemma 2.9. FEvery sum or intersection of submodules of a module of finite length is the sum or
intersection of finitely many of them.

Proof. This follows from the ascending and descending chain conditions on submodules. O

We collect the basic properties of the trace and the reject when 7 is quotient-closed and F is
submodule-closed.

Proposition 2.10 ([1, Proposition 4.8 and Corollary 4.9]). Let T € Lquot(A), let F € Loun(A),
and let X € mod A.

1) t7(X) is the largest submodule of X belonging to T .

2) X/rz(X) is the largest quotient of X belonging to F.

3) X €T if and only if t7(X) = X, and X € F if and only if rz(X) = 0.
4) Both operations commute with finite direct sums:

(
(
(
(

t’T(Xl @Xg) ZtT(Xl)@tT(XQ), ’I‘].‘(XlEBXQ) :’/‘]:(Xl)@’r']:(X2). (23)
(5) t7(W) Ctr(X) and re(W) Crz(X) whenever W C X.

Proof. (1) This is [1, Proposition 4.8(a)]: by Lemma 2.9, the trace is a sum of finitely many
images of morphisms from objects of 7, hence a quotient of a finite direct sum of objects of T, so
it belongs to 7 and contains every 7T -submodule of X.

(2) This is dual to (1), or [1, Proposition 4.8(b)].

(3) This follows immediately from (1) and (2).

(4) By [1, Corollary 4.9], ¢t is right adjoint to the inclusion 7 < mod A, and X — X/rz(X)
is left adjoint to F < mod A. These additive functors preserve finite biproducts; taking kernels of
the quotient maps gives the assertion for rr.

(5) Composing any morphism ¥ — W (Y € T) with the inclusion W < X shows that
tr(W) C t7(X). For the reject, restricting any morphism g: X — Y (Y € F) to W gives
a morphism glw: W — Y, so r(W) C Ker(g|lw) C Kerg; intersecting over all such g yields
7”]:(W) g’l”]:(X) O

To describe short preexact sequences in terms of submodules and quotients, we use the following
property of their maps.

Lemma 2.11 ([11, Propositions 2.1-2.2]). Let Z C mod A be a subcategory. Every Z-prekernel
i mod A is a monomorphism, and every Z-precokernel is an epimorphism.

Not every pair (T,F) € Lquot(A) X Lgup(A) is a pretorsion theory. For any such pair, con-
dition (1) of Definition 2.2 holds automatically: by (2.1), each map factors through its image in
TNF. Thus only the existence of short (7 NF)-preexact sequences in condition (2) is at issue. The
following theorem characterizes the pairs that form pretorsion theories by two equalities relating
the trace and the reject.

Theorem 2.12. Let T € Lqyot(A) and F € Lown(A), and write t =t and r =rg. Then (T, F)
is a pretorsion theory if and only if

r(X) =rt(X)),  HX/r(X)) =tX)/r(X) (2.4)

for every X € mod A. Here the first equality implies r(X) C t(X), so that t(X)/r(X) is defined
and the second equality is an equality of submodules of X/r(X). When (2.4) holds, the subquotient
t(X)/r(X) belongs to T NF, and the canonical sequence

HX) — X — X/r(X)

is short (T N F)-preezact.
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Proof. Put Z =T NF. Under the identifications in Remark 2.8, dualizing either equality in (2.4)
gives the other equality for (DF, DT). We use this to pass between the two universal properties.

(«<): Suppose that (2.4) holds for X € mod A. The first equality gives r(X) = r(¢(X)) C t(X).
Moreover, t(X)/r(X) belongs to T as a quotient of ¢(X), and to F as a submodule of X/r(X).
Hence ¢(X)/r(X) € Z.

Let i: t¢(X) < X be the inclusion and p: X — X/r(X) the quotient map. The composite pi
has image t(X)/r(X) € Z and is therefore Z-trivial. If f: W — X is a morphism such that pf is
Z-trivial, choose a factorization pf = byay through an object Ny € Z:

f
| > 1(X) : X
Ny b, X/r(X)

Since Ny € Z C T and T is quotient-closed, we have Imb; € 7. By Proposition 2.10(1) and the
second equality in (2.4), it follows that

Im(pf) € Imby C t(X/r(X)) = t(X)/r(X).

Consequently, Im f C p~1(¢(X)/r(X)) = t(X), so f factors through i, uniquely because i is a
monomorphism. Thus ¢ is a Z-prekernel of p.

Dually, p is a Z-precokernel of i, by Remark 2.8 and the first equality in (2.4). Thus the
canonical sequence is short Z-preexact.

(=): Conversely, assume that (7,F) is a pretorsion theory, and choose a short Z-preexact
sequence

Tx % X 5 Fy
with Tx € T and Fx € F. By Lemma 2.11, u is a monomorphism and v is an epimorphism, so
we may identify Tx with Imu C X and Fx with X/ Kerv.

Since Imu is a quotient of Tx € T, we have Imu € T, and hence Imu C ¢(X). On the other
hand, the restriction of v to ¢(X) is a morphism from #(X) € T to Fx € F, so it is Z-trivial by
condition (1) of Definition 2.2. By the Z-prekernel property of u, the inclusion ¢(X) < X factors
through wu, giving #(X) C Imw. Thus Imu = ¢(X), and u is isomorphic over X to the inclusion
it t(X) = X.

Dually, Kerv = r(X), so we may take u=1i: #(X) = X and v =p: X — X/r(X).

Put U = t(X/r(X)) and P = p~1(U). Since U € T and U C X/r(X) € F, we have U € Z.
The composite P < X £ X/r(X) has image U € Z and is therefore Z-trivial; since i: t(X) < X
is a Z-prekernel of p, the inclusion P — X factors through 4, giving P C ¢(X). Conversely,
p(t(X)) is a quotient of ¢(X) € T, so it belongs to 7 and is therefore contained in U; hence
t(X) Cp Y (U)=P. Thus P =t(X), so r(X) C t(X) and ¢t(X/r(X)) = U = t(X)/r(X). Dually,
because p is a Z-precokernel of i, we obtain r(X) = r(¢(X)), completing (2.4). O

For pretorsion theories in a general category, Facchini, Finocchiaro, and Gran [11, Proposi-
tion 2.7] showed that any two of the three classes T, F, Z determine the third. Specializing [11,
Proposition 3.9] and its dual to mod A yields the following reconstruction formulas in terms of
the trace and the reject. We will use them to construct a pair with a prescribed intersection in
Section 4.

Corollary 2.13 ([11, Proposition 3.9 and its dual]). If (T,F) is a pretorsion theory and Z =
T NF, then

F={Y emodA:tr(Y) € Z}, T={Xe€modA: X/rr(X) e Z}. (2.5)

Proof. By Proposition 2.3, T € Lquot(A) and F € Lgyp(A), so Proposition 2.10 and Theorem 2.12
apply to (T,F). For Y € F, we have rz(Y) = 0, so rz(t7(Y)) = rz(Y) = 0 by Theorem 2.12,
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and hence t7(Y) € TNF = Z. Conversely, if t7(Y) € Z C F, then rz(Y) = rz(tr(Y)) =0, so
Y € F. This proves the first equality in (2.5).
The second equality follows dually. O

3. THE LATTICE OF PRETORSION THEORIES

In this section, we use Theorem 2.12 to prove that the poset PT(A), ordered by (2.2), is a
complete lattice whose nonempty meets and joins preserve a fixed intersection (Theorem 3.6 and
Proposition 3.8).

Campanini, Fedele, and Yildirim [4, Proposition 3.4 and Section 3.2] showed that the individual
first and second components of pretorsion theories, namely Lquot(A) and Lgun(A), form complete
lattices under inclusion. Here we study the pairs (7, F) forming pretorsion theories.

By Theorem 2.12, (7, mod A) is a pretorsion theory for every 7 € Lquot(A): the reject rmod a (X)
vanishes for every module X, so both equalities in (2.4) hold trivially. Dually, (mod A, F) is a
pretorsion theory for every F € Lgu,(A). Together with Proposition 2.3, these examples show
that the possible first and second components of pretorsion theories are precisely the members
of Lyuot(A) and Lgup(A), respectively. In particular, (0,mod A) and (mod A, 0) are the least and
greatest elements of PT(A), respectively.

To construct the meet of a nonempty family (7;, F;);cr in PT(A), we pair the intersection
(ic; Ti of its first components with the smallest subcategory JF containing every F; such that
(N, Ti, F) is a pretorsion theory. The existence of such a smallest F follows once we show that,
for a fixed T € Lquot(A), the subcategories F with (7,F) € PT(A) are closed under arbitrary
intersections (Proposition 3.2), since mod A always belongs to this collection. To prove that the
resulting pair is the greatest lower bound, we then show in Proposition 3.5 that if (7", F") is any
lower bound of the family, then ((,c; 7i, F") is also a pretorsion theory.

For two second components Fp, Fa with the same first component, the sum 7z, (X) + £, (X)
is contained in rx,nx,(X). We will repeatedly divide by these sums until the quotient belongs to
both second components. The next lemma shows that, for R(X) = rx, (X) + rx,(X), the trace
on X/R(X) is t7(X)/R(X). This allows us to recover the second equality in (2.4) at X from the
same equality at X/R(X).

Lemma 3.1. Let (T,F1) and (T, F2) be pretorsion theories, write t = t+ and r; = rx,, and put
R(X) =ri(X) +ro(X) for a module X. Then R(X) C ¢(X) and

H(X/R(X)) = #X)/R(X).
Proof. By Theorem 2.12, we have r;(X) C ¢(X) for i = 1,2, so R(X) C t(X). Since ¢(X)/R(X)
is a quotient of t(X) € T, it belongs to T and is therefore contained in ¢(X/R(X)) by Proposi-
tion 2.10(1).

For the reverse inclusion, we first divide by r1(X) and compare X/R(X) with a further quotient
whose trace is known from Theorem 2.12. Put Y = X/r(X), let p: X — Y be the quotient map,
and put K = p(R(X)) = p(r2(X)), so that X/R(X) = Y/K. Every morphism g: Y — G with
G € F; satisfies gp(r2(X)) = 0, so K C ro(Y). Applying Theorem 2.12 to (T, F;) at X and to
(T, F2) at Y gives

HY) =t(X)/r(X),  n@)CtY),  t(Y/ra(Y)) =t(Y)/r2(Y).

Let ¢: Y/K — Y/ro(Y) be the canonical quotient map. The image ¢(t(Y/K)) belongs to T and
hence is contained in t(Y/ro(Y)) = t(Y)/r2(Y). Thus the restriction of ¢ fits into the commutative
diagram

tY/K) ——— t(Y)/ra2(Y)
Y/K —2— Y/ry(Y).
Taking the inverse image under ¢ and using r2(Y") C ¢t(Y) yields
HY/K) C g (1Y) [ra(Y)) = (1Y) + r5(V)) /K = H(Y) /K.
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Under the canonical isomorphism Y/K = X/R(X), the submodule

tY)/K = (t(X)/r1(X)) /(R(X)/r1(X))
corresponds to t(X)/R(X). Consequently, t(X/R(X)) C t(X)/R(X), which gives the reverse
inclusion. U

We now show that the second components forming a pretorsion theory with a fixed 7 are closed
under arbitrary intersections.

Proposition 3.2. Let T be quotient-closed and let (T,F;), i € I, be a family of pretorsion
theories. Then (T,(;c; Fi) is a pretorsion theory.

Proof. For the empty family, (7, mod A) is a pretorsion theory by Theorem 2.12, since rmod A = 0.
Assume I # @. We first prove closure under finite intersections by repeatedly dividing out two
rejects, and then pass to arbitrary intersections using finite length.

Step 1: Finite intersections. Let I = {1,2}, and put 7/ = Fy N Fe, v/ = re, t = t7,
r; =1z, and R(M) =ri (M) +re(M) for M € mod A. Every morphism from M to an object of
F' vanishes on both r1 (M) and r3(M), and hence on R(M). Composing with the quotient map
wy: M — M/R(M) therefore identifies the morphisms from M/R(M) to objects of F’ with those
from M, so that

r'(M) = myt (r'(M/R(M))), M/v' (M) = (M/R(M))/r'(M/R(M)). (3.1)
We verify (2.4) for (T, F’) at every module X by induction on dimg X, using (3.1) to reduce to
X/R(X) whenever R(X) # 0. If R(X) =0, then r{(X) =73(X) =0,80 X € FyNFo = F by
Proposition 2.10(3); since F’ is submodule-closed, we also have t(X) € F',sor'(X) =r'(¢(X)) =0
and both equalities in (2.4) hold.

Suppose now that R(X) # 0, put V = X/R(X), and let 7: X — V be the quotient map. Since
dimg V' < dimg X, the equalities (2.4) hold for (7, F’) at V by the induction hypothesis, and
t(V) =t(X)/R(X) by Lemma 3.1. Moreover, r;(t(X)) = r;(X) for i = 1,2 by Theorem 2.12, so
R(t(X)) = R(X). The quotient map t(X) — ¢(X)/R(t(X)) therefore coincides with the restriction
e (X)) = (V) of m, fitting into the commutative square

tH(X) —— t(V)

| |

X —"—V
with 771(¢(V)) = ¢(X). Consequently, any submodule of ¢(V') has the same inverse image in X
under 7; and under 7. Applying (3.1) to M = X and to M = t(X) gives

r(X) =2 V), (X)) = (V).

Since (V) = r'(¢(V')) by the induction hypothesis at V, these two inverse images coincide, so
(X)) =7 (t(X)).

For the second equality, the isomorphism X /r'(X) = V/r'(V) from (3.1) carries ¢(X)/r'(X) onto
t(V)/r'(V), and t(V/r'(V)) = t(V)/r'(V) by the induction hypothesis at V. Hence t(X/r' (X)) =
t(X)/r'(X), completing the induction on dimy X. By Theorem 2.12, (T, F; N Fy) is a pretorsion
theory, and induction on |I| extends this to any finite index set I.

Step 2: Arbitrary intersections. Put F = (), ; F;, and for each finite subset J C I put
F1 =jesFj and r; = rz,. By the finite case, (7, F;) is a pretorsion theory for every finite
J C I. Fix a module X. Since r;(X) C r;(X) whenever J C J" and X is finite-dimensional, we
may choose a finite subset Jy C I for which dimy r s, (X) is maximal, and put N = r;,(X). For
every i € I, maximality gives r; 1 (X) = N, so X/N € Fjuqy € Fi by Proposition 2.10(2).
Thus X/N € F, which gives rz(X) C N; since F C F,, we also have N =r;,(X) Crz(X), and
hence rx(X) = r;(X) for every finite J O Jy. Choosing such a finite subset for X and another
for ¢(X), and taking their union J, we obtain rz(X) = r;(X) and rz(¢(X)) = rs(¢(X)). The
equalities (2.4) for (T, F;) at X therefore imply those for (7, F) at X, and Theorem 2.12 shows
that (7, F) is a pretorsion theory. O
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To construct meets in PT(A), we must also compare pretorsion theories with different first
components. The next lemma shows that the first equality in (2.4), combined with the second
reconstruction formula in (2.5), suffices for a pair (7, .F) to be a pretorsion theory.

Lemma 3.3. Let T € Lguot(A) and F € Loun(A), put Z=T NF, and writet =ty and r =rr.
Suppose that r(X) = r(t(X)) for every module X and that T = {X € modA : X/r(X) € Z}.
Then (T, F) is a pretorsion theory.

Proof. Fix X € mod A, put U = ¢(X/r(X)), and let P C X be the inverse image of U under the
quotient map X — X/r(X). Since r(X) = r(¢(X)) C t(X), the submodule ¢(X)/r(X) of X/r(X)
belongs to 7 and is therefore contained in U, so t(X) C P. Moreover, U belongs to 7 and is a
submodule of X/r(X) € F, so U € Z. By definition of P, we have a commutative diagram with
exact rows:

0 r(X) P U 0
| ] I
0 r(X) X X/r(X) —— 0.

Since t(X) C P C X, Proposition 2.10(5) gives r(¢(X)) C r(P) C r(X), and hence r(P) = r(X)
because r(¢(X)) = r(X). Consequently, P/r(P) = P/r(X) = U € Z, so the hypothesis on T gives
P € T and therefore P C ¢(X). Thus P = t(X) and t(X/r(X)) =U =t(X)/r(X), so (T, F) is a
pretorsion theory by Theorem 2.12. O

To apply Lemma 3.3 to an intersection of first components, we must recover membership in
each component from a quotient by the reject of a larger second component. The following lemma,
gives this implication.

Lemma 3.4. Let (T,F) be a pretorsion theory, let G € Lsyn(A) contain F, and let X be a module
with X/rg(X) € T. Then X € T.

Proof. Since F C G, we have rg(X) C rz(X), so X/rz(X) is a quotient of X/rg(X) € T and
therefore belongs to 7. By Theorem 2.12, X/rx(X) = t7(X/rz(X)) = t7(X)/rx(X), which
gives t7(X) = X and hence X € T by Proposition 2.10(3). O

Combining Lemmas 3.3 and 3.4, we show that a lower bound (77, F") of a nonempty family
(Ti, Fi)icr yields a pretorsion theory ((,c; 7i, F").

Proposition 3.5. Let (7;,F;), i € I, be a nonempty family in PT(A), and let (T",F") € PT(A)
be a lower bound of the family. Then ((,c; Ti, F") is a pretorsion theory.

Proof. Put T = Nicr Ti € Lquot(A), Z=Tn F", and r = rz.. We verify the two hypotheses of
Lemma 3.3 for (7\', F"). First, since T" C T, every morphism from an object of 77 to a module
X has image contained in t=(X), so t7+(t7(X)) = t7+(X). Applying Theorem 2.12 for (7", F")
to X and to t=(X) yields
r(X) = r(tr (X)) = r(tr (t2(X)) = r(tz(X)).

Second, if X € 7\', then X /r(X) belongs to T by quotient closure and to F” by Proposition 2.10(2),
so X/r(X) € Z. Conversely, if X/r(X) € Z, then X/r(X) € T; and F; C F” for every i € I, so
Lemma 3.4 gives X € 7T; for every i € I, that is, X € 7. Thus 7 = {X € mod A : X/r(X) € Z},
and Lemma 3.3 shows that (7, F") is a pretorsion theory. O

Propositions 3.2 and 3.5 together yield the complete lattice structure on PT(A).

Theorem 3.6. For every finite-dimensional algebra A, the poset PT(A) is a complete lattice. For
a nonempty family (T;, F;), i € I, its meet is

(nﬁ, ﬂ{}": (N, 75, F) € PT(A), F O F; for every 2}) (3.2)

el
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Its join is
(m{T: (T,N; Fi) € PT(A), T 2 T; for every i}, ;s ]-'i). (3.3)
The empty meet is (mod A, 0), and the empty join is (0, mod A).

Proof. Put T = Nicr Ti
mod A, so Proposition 3.2 shows that (T F ) € PT(A) for their intersection F. By construction,
(T, F) is a lower bound of the family (7;, Fi)ics. If (T",F") € PT(A) is any lower bound of the
family, then 77 C T, and Proposition 3.5 shows that (7, F”) € PT(A). Since F” D F; for every
i € I, the subcategory F” belongs to the family intersected in (3.2), so F”’ D F and therefore
(7", F") < (7A'7 ﬁ) Thus every nonempty family in PT(A) has a meet given by (3.2). Applying
formula (3.2) to A°P and using Remark 2.8 gives (3.3). The least and greatest elements give the
empty join and meet, respectively. O

. The set of second components in (3.2) is nonempty because it contains

We will use the following criterion both to construct meets with a fixed intersection and to
realize image-closed subcategories in Theorem 4.4.

Lemma 3.7. Let T € Lguot(A), F € Laun(A), Z=T NF, and t = ty. Suppose that
F={Y emodA:i(Y) e Z}, (3.4)
T ={E € mod A : every morphism E — F, F € F, is Z-trivial}. (3.5)
Then (T, F) is a pretorsion theory.

Proof. For X € modA, put K = rz(¢(X)). By Lemma 2.9, the quotient ¢#(X)/K embeds in a
finite direct sum of objects of Z, so ¢(X)/K € F since Z C F and F is submodule-closed; since
t(X)/K is also a quotient of ¢(X) € T, we have t(X)/K € TNF = Z. Put U = t(X/K) and let
E be the inverse image of U in X. Since ¢(X)/K € T, we have t(X)/K C U and hence ¢(X) C E.
We obtain a commutative diagram with exact rows:

0 K E U 0
0 K X X/K 0.

By (3.4), every morphism from #(X) to an object F' € F factors through ¢(F) € Z and therefore
vanishes on K. In particular, every morphism F — F with F € F vanishes on K C #(X) and
thus descends to a morphism U — F', which is Z-trivial by (3.5) because U € T. Hence every
morphism E — F' is Z-trivial, so (3.5) gives E € T. Consequently, F = ¢(X) and

HX/K) = t(X)/K € 2, (3.6)

which implies X/K € F by (3.4).

Since every morphism from #(X) or X to an object F € F vanishes on K, we have K C
rr(t(X)) and K C rz(X). Conversely, since t(X)/K € Z C F and X/K € F, we obtain the
reverse inclusions. Therefore rz(t(X)) = K = rz(X), and (3.6) then gives both equalities of
Theorem 2.12. (]

The lattice operations also preserve a prescribed intersection. For a subcategory Z, write
PTz(A)={(T,F) e PT(A): TNF=Z}.
Theorem 4.4 shows that this set is nonempty precisely when Z is image-closed.

Proposition 3.8. For every subcategory Z, the set PTz(A) is closed under all nonempty meets
and joins in PT(A).
Proof. Let (T;, Fi)icr be a nonempty family in PTz(A). Put 7 =(,; T;, t = t7, and

F={Y emodA:t(Y) e Z}.

We first show that (7, F) is a pretorsion theory with intersection Z, and then compare it with
the meet in PT(A). We repeatedly use the following observation: if a module M € T embeds
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in an object of Z, then for any ¢ € I we have M € T; and M € F; (because Z C F; and F; is
submodule-closed), so M € T, N F; = Z.

Step 1: Constructing a pretorsion theory with intersection Z. If Y/ C Y € F, then
t(Y') Ct(Y) € Z, so the observation gives ¢(Y’) € Z. Thus F is submodule-closed; additivity
follows from that of t. We have Z C TNF,and X € TNF implies X =t(X) € Z,s0 TNF = Z.
IfY € F;, then t(Y) C tr;(Y) € Z by (2.5); since ¢(Y) € T, the observation gives t(Y) € Z and
hence Y € F. Thus F; C F for every i € I.

To apply Lemma 3.7, it remains to verify (3.5). Every morphism 7' — Y with T € T and
Y € F factors through ¢(Y') € Z. Conversely, suppose that every morphism from a module E to
an object of F factors through Z. For each i € I, we have E/rr,(E) € F; C F, so the canonical
projection p;: E — E/rz,(E) is Z-trivial. By Theorem 2.12, the inclusion t7,(E) < FE is the
Z-prekernel of p;; the identity 1g therefore factors through ¢ (E), giving F € 7;. Since i € I was
arbitrary, £ € T.

This proves (3.5), so Lemma 3.7 gives (T, F) € PT(A).

Step 2: The ambient meet and join. By (3.2), the meet in PT(A) has the form (7, G), where
Fi € G C Ffor every i € I. Fixing ¢ € I, we obtain

Z=TNFCTNGCTNF=2%2,

so T NG = Z and the meet belongs to PTz(A). The assertion for nonempty joins follows by
duality (Remark 2.8). O

When Z = 0, Proposition 3.8 shows that torsion pairs form a complete sublattice of PT(A).

Corollary 3.9. The torsion pairs form a complete sublattice containing the least and greatest
elements of PT(A). Sending a torsion pair to its first component identifies this sublattice with the
lattice of torsion classes ordered by inclusion.

Proof. By Proposition 2.5, the torsion pairs in mod A are the elements of PTy(A). Proposition 3.8
gives closure under nonempty meets and joins, and the greatest and least elements (mod A, 0) and
(0,mod A) of PT(A) also belong to PTg(A). Finally, the reconstruction formula (2.5) at Z = 0
gives F = {Y € mod A : Homa(7,Y) = 0}. Thus T determines F, and 73 C 75 implies F; O Fo,
so the projection (7, F) — T is an order isomorphism. O

4. IMAGE-CLOSED SUBCATEGORIES AS INTERSECTIONS OF THE TWO COMPONENTS

In this section, we prove Theorem A by characterizing the subcategories of mod A that occur
as intersections of pretorsion theories, and we construct the greatest and least pretorsion theories
with a prescribed intersection. We call a pretorsion theory (7, F) with 7 NF = Z a realization
of Z.

Definition 4.1. For a subcategory Z C mod A, let Gen Z consist of the quotients of finite direct
sums of objects of Z, and let Cogen Z consist of the submodules of such direct sums.

For an image-closed subcategory Z, Theorem 4.4 below shows that the quotient-closed sub-
category Gen Z and the submodule-closed subcategory Cogen Z have intersection Z, but the pair
(Gen Z, Cogen Z) need not itself be a pretorsion theory.

Example 4.2. Let Ay = k(1 — 2) and let Z be the subcategory of semisimple As-modules.
Then Gen Z = Cogen Z = Z. Writing t = tz and r = rz, we see that for the indecomposable

representation X = (k EN k), both t(X) and r(X) are equal to the simple submodule Sy = (0 — k),
whereas r(S3) = 0 because Sy € Z. Thus r(X) # r(¢(X)) =0, so (£, Z) is not a pretorsion theory
by Theorem 2.12.

To obtain a pretorsion theory with intersection Z, we enlarge the first component. If (7, F)
is a pretorsion theory with 7 N F = Z, then for any morphism f: X — N with X € 7 and
N € Z C F, the image Im f lies in 7 by quotient closure and in F by submodule closure, and
hence belongs to Z. This necessary condition on T, together with the reconstruction formula (2.5)
for F, motivates the following construction.
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Construction 4.3. For an image-closed subcategory Z C mod A put
TH(Z)={X €modA :Im f € Z for every f: X — N with N € Z},
F(Z2)={Y €modA: tT+(Z)(Y) € Z}.

The superscripts anticipate the extremality proved in Corollary 4.5: among realizations of Z,
TT(Z2) is the largest possible first component and F~(Z) the smallest possible second component.

The equivalence of (1) and (2) in the following theorem is due to Auslander and Smalg [1,
Proposition 4.10(i)]. We include its short proof before showing that (7 (2),F~(Z)) is a pretor-
sion theory with intersection Z.

Theorem 4.4. For a subcategory Z C mod A, the following are equivalent.
(1) Z is image-closed.
(2) Z = Gen Z N Cogen Z.
(3) Z=TnNUF for a pretorsion theory (T,F).

Proof. (1) = (2): Let X € Gen Z N Cogen Z. By Definition 4.1, there exist finite direct sums Ny
and Ny of objects of Z, an epimorphism N; — X, and a monomorphism X < Ny:

N1 —» X «— No.

Since Z is additive, both N7 and N» belong to Z. The composite morphism N7 — N> has image
X, s0 X € Z because Z is image-closed. The reverse inclusion Z C Gen ZNCogen Z is immediate.

(2) = (1): For any morphism f: X — Y with X, Y € Z, the image Im f is a quotient of X
and a submodule of Y, so Im f € Gen Z N Cogen Z = Z.

(3) = (1): If (T, F) is a pretorsion theory with TNF = Z, then T € Lqyot(A) and F € Lgyp(A)
by Proposition 2.3, so Z =7 N F is image-closed by (2.1).

(1) = (3): Assume that Z is image-closed, and consider the pair (7 (Z),F (Z)) of Con-
struction 4.3. We first verify the closure properties of the two components and show that their
intersection is Z, and then apply Lemma 3.7.

Step 1: Closure properties and the intersection. Write ¢ = t7+(z). We first verify that
TH(2) € Lquot(A), F~(Z) € Lsun(A), and both subcategories contain Z.

Let X1, X5 € TT(Z) and let f: X1 ® X3 — N be a morphism with N € Z. The images of the
two components f;: X; — N (i = 1,2) belong to Z, and factoring each f; through Im f; yields a
commutative triangle

X190 Xy —» Im f1 & 1Im fo

N,

where ¢;: Im f; < N is the inclusion. The vertical morphism has source Im f; ®Im f5 € Z, target
N € Z, and image Im f, so Im f € Z because Z is image-closed. Thus X; ® X3 € TT(Z). Clearly
0 € TH(Z), and TH(2) is closed under isomorphisms. If X € TH(2) and 7: X - X/K is a
quotient map, then any morphism f: X/K — N with N € Z satisfies Im f = Im(fn) € Z. Thus
T+(2) is quotient-closed and in particular closed under direct summands, so 71 (Z) € Lquot(A).
Next, we record the identity

TH(2)N Cogen Z = Z. (4.1)
Indeed, if X € TT(Z) N Cogen Z, there is a monomorphism X < N into a finite direct sum N
of objects of Z; since N € Z and X € T1(Z), the image X of this monomorphism belongs to Z.
Conversely, image closure of Z implies Z C 7 (Z), and clearly Z C Cogen Z.

We now check that F~(Z) € Lgup(A). Since t commutes with finite direct sums by Proposi-
tion 2.10(4) and Z is additive and closed under direct summands, F~(Z) is additive and closed
under direct summands. If W C Y with ¥ € F~(Z), then t(W) C t{(Y) € Z by Proposi-
tion 2.10(5), so t(W) € Cogen Z; since t(W) € T (Z) by Proposition 2.10(1), equation (4.1) gives
t(W) € Z, and thus W € F~(Z). Hence F(2) € Lsup(A).

Finally, since Z C T+ (Z), every N € Z satisfies t(N) = N € Z by Proposition 2.10(3), so Z C
F~(Z) as well. Conversely, if X € TT(Z)NF(Z), then X =¢(X) € Z,50 TT(Z)NF (2) = Z.
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Step 2: The pretorsion property. The definition of F~(Z) gives (3.4). For (3.5), every
morphism from an object of 7T (2) to Y € F~(2) factors through ¢(Y) € Z. Conversely,
suppose that every morphism from F to an object of F~(Z) is Z-trivial. If Y € Cogen Z, then
t(Y) € TH(Z2) N Cogen Z = Z by (4.1), so Cogen Z C F(Z). For a morphism f: E — N with
N e Z put I =Imf. Since I € CogenZ C F~(Z), the epimorphism E — I factors through
an object of Z, giving I € GenZ. Thus I € Gen Z N CogenZ = Z by (2), and E € TH(2).
Lemma 3.7 now shows that (71 (2),F(2£)) is a pretorsion theory. O

The realizing pair (7 (Z),F~(Z)) has the following extremal property in PT(A).

Corollary 4.5. Let Z be image-closed. Then (T (Z2),F~(Z2)) is the greatest pretorsion theory
with intersection Z, in the order (2.2).

Proof. Let (T,F) € PT(A) satisty TNF = Z. For X € T and N € Z, the image of every map
X — N belongs to TNF = Z. Hence T C T1(Z) by Construction 4.3. If Y € F~(Z), then
tr(Y) Ctrrz)(Y) € 2 C F. Since F is submodule-closed, we obtain t7(Y) € TNF = Z, and
Corollary 2.13 gives Y € F. Thus F(Z) C F, so (T, F) < (TH(2),F (2)). O

For example, when Z is the subcategory of semisimple As-modules in Example 4.2, every
morphism to a semisimple module has semisimple image, so T1(Z) = mod Ay and F~(Z2) = Z;
thus (mod Ag, Z) is the greatest realization of Z.

The dual construction yields the least realization.

Construction 4.6. For an image-closed subcategory Z C mod A, put
FH(Z)={Y €modA:Img € Z for every g: N — Y with N € Z},
T (Z2)={X €modA: X/rri(z(X) € Z}.

Corollary 4.7. Let Z be image-closed. Then (T (Z2),F*(Z)) is the least pretorsion theory with
intersection Z. Every pretorsion theory (T, F) with T NF = Z satisfies

(T7(2),F7(2)) < (T.F) <(T(2), F(2)).

Moreover, PTz(A) is a complete lattice: its nonempty meets and joins agree with those in PT(A),
and its empty meet and join are the greatest and least realizations above.

Proof. Applying Corollary 4.5 to the image-closed subcategory DZ C mod A°P and using Re-
mark 2.8 shows that (7 (Z),F1(Z2)) is the least realization of Z. Proposition 3.8 gives closure
under nonempty meets and joins in PT(A), while the greatest and least realizations provide the
empty meet and join. O

4.1. The convex geometry of image closure. We now study Li,(A) as a complete lattice and
use convex geometry to describe its generating sets and covering relations. While meets in Lip, (A)
are intersections, forming joins requires the smallest image-closed subcategory containing a given
family, described by the image closure of Auslander and Smalg [1, Proposition 4.3].

Definition 4.8. For a subcategory C C mod A, its image closure is
iclC = GenC N CogenC.
Corollary 4.9 ([1, Proposition 4.3]). Let C be a subcategory of mod A. Then iclC is the smallest

image-closed subcategory of mod A containing C. In particular a subcategory is image-closed if and
only if it equals its own image closure.

Proof. Since GenC is quotient-closed and CogenC is submodule-closed, their intersection iclC is
image-closed by (2.1), and clearly C C iclC. If D € Ly, (A) contains C, then GenC C GenD and
CogenC C Cogen D, so the equivalence of (1) and (2) in Theorem 4.4 gives

iclC C GenD N CogenD = D.

Thus iclC is the smallest image-closed subcategory containing C, and C € L, (A) if and only if
C =iclC. O
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The theory of convex geometries on finite sets goes back to Edelman and Jamison [7]; we use
the following finitary formulation.

Definition 4.10 ([8, Definitions 2.1 and 2.2]). A closure operator on a set E is a map c: 2F — 2F
such that S C ¢(.9), ¢(S) C ¢(S’) whenever S C S’; and ¢(¢(S)) = ¢(S) for all S,8" C E. A subset
C C E is closed if ¢(C) = C. The operator c is finitary if ¢(S) is the union of ¢(Sp) over all finite
subsets Sy C S, and it satisfies anti-exchange if

recCU{yl) = y¢c(Cu{z})

for every closed subset C' C F and all distinct z,y € E\ C. A convex geometry is a pair (E,c)
where c¢ is a closure operator on F satisfying ¢(@) = @ and anti-exchange; it is a finitary convex
geometry if ¢ is also finitary. For a closed subset C' C E, the set of extreme points of C is

ex(C)={xeC:ax¢c(C\{z})}
For S Cind A, put

qcl(S) = ind Gen(add S), scl(S) = ind Cogen(add S), (4.2)
icl(S) = ind(Gen(add S) N Cogen(add S)) = qcl(S) N scl(S). (4.3)
Thus icl(S) = ind(icl(add S)); we use the same symbol icl for the operator on subcategories and
for the induced operator on subsets of ind A. Under the bijection C + ind C between subcategories
of mod A and subsets of ind A, the closed sets of qcl correspond to Lguot(A), since GenC is the
smallest quotient-closed subcategory containing C. Dually, the closed sets of scl correspond to

Lsub(A), and the closed sets of icl correspond to Lin(A) by Corollary 4.9.
On a finite ground set, the pointwise intersection of two closure operators of convex geometries

is again the closure operator of a convex geometry, by Edelman and Jamison [7, Theorem 5.1].
We verify the finitary version directly from (4.3).

Theorem 4.11. Let A be a finite-dimensional algebra over a field. Then (ind A,icl) is a finitary
convex geometry whose closed sets correspond via C — indC to the image-closed subcategories of

mod A.

Proof. By Corollary 4.9, icl is a closure operator on ind A whose closed sets correspond to L (A),
and icl(@) = & because the zero subcategory is image-closed.

To see that icl is finitary, let X € icl(S). Then X is a quotient of a finite direct sum of modules
in S and a submodule of another such finite direct sum; if So C S is the finite set of modules
appearing in these two direct sums, then X € icl(Sp).

For anti-exchange, recall from [8, Proposition 2.13 and Corollary 2.14] that both qcl and scl
satisfy anti-exchange. Let C' C ind A be icl-closed, and suppose for contradiction that there exist
distinct z,y € ind A\ C with

x €ic(CU{y}), y €ic(CU{z}).
Since z ¢ C' = qcl(C) N'scl(C), choose ¢ € {qcl, scl} with x ¢ ¢(C). There are two cases.
Case 1: y € ¢(C). Then ¢(C U {y}) = ¢(C), contradicting x € icl(C U {y}) C ¢(C U {y}).
Case 2: y ¢ ¢(C). The two assumed inclusions imply = € ¢(c(C) U{y}) and y € ¢(c(C) U {z}),

contradicting anti-exchange for ¢ at the closed set ¢(C').

To describe the extreme points of icl, we recall the splitting projective and splitting injective
objects introduced by Auslander and Smalg [1, Section 2].

Definition 4.12 ([1, Section 2]). Let C C mod A be a subcategory and let X € indC. Then X
is splitting projective in C if every epimorphism N — X with N € C splits, and splitting injective
in C if every monomorphism X — N with N € C splits. Write Py(C) and Zy(C) for the sets of
splitting projective and splitting injective objects in ind C.

Parts (1) and (2) of the next proposition follow from Auslander and Smalg [1, Proposition 2.2]
and apply to arbitrary subcategories; combining them yields a characterization of the extreme
points of an image-closed subcategory.
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Proposition 4.13. Let C C mod A be a subcategory and let X € indC.
(1) X ¢ qcl(indC\ {X?}) if and only if X € Py(C).
(2) X ¢scl(indC\ {X}) if and only if X € Zy(C).
If C is image-closed, so that indC is icl-closed, the following are equivalent.

(3) X € ex(indC) with respect to icl.
(4) add(indC \ {X}) is image-closed.
(5) X e PO(C) UI()(C)

Proof. (1) We prove both directions by contraposition. If X ¢ Py(C), choose a nonsplit epimor-
phism M — X with M € C, and write M =2 X" @ M’ where X is not a direct summand of
M’, so that M’ € add(indC \ {X}). By Auslander and Smalg [1, Proposition 2.2(a)], the exis-
tence of a nonsplit epimorphism M’ @ X™ — X with X indecomposable implies the existence
of an epimorphism (M’)™ — X for some m > 1, whence X € qcl(indC \ {X}). Conversely, if
X € qcl(indC \ {X}), there is an epimorphism f: M — X with M € add(indC\ {X}) CC. If f
split, then X would be isomorphic to a direct summand of M, contradicting the Krull-Schmidt
theorem; thus f does not split and X ¢ Py(C).

(2) This is dual to (1).

(3) & (4): Since C is image-closed, we have icl(indC \ {X}) C indC, so icl(indC \ {X}) equals
either indC \ {X} or indC. Thus X ¢ icl(indC \ {X}) if and only if icl(indC \ {X}) =indC\ {X},
which by Corollary 4.9 means that add(indC \ {X}) is image-closed.

(3) & (5): By (4.3), we have

icl(indC \ {X}) =qcl(indC\ {X}) Nscl(indC \ {X}).

Hence X ¢ icl(indC \ {X}) if and only if X ¢ qcl(indC \ {X}) or X ¢ scl(indC \ {X}), which is
equivalent to X € Py(C) UZy(C) by (1) and (2). O

The closed sets of any closure operator form a complete lattice, giving part (1) below directly
from Corollary 4.9. The convex geometry of Theorem 4.11 gives parts (2) and (3).

Corollary 4.14. Let A be a finite-dimensional algebra over a field.
(1) Lim(A) is a complete lattice, in which the meet of a family (Z;)icr is its intersection and
the join is icl(add |, Z;).
(2) If Z is an image-closed subcategory with finitely many indecomposable objects, then there
is a unique smallest subset S C ind Z with icl(S) = ind Z, namely S = Py(Z) UZy(Z).
(3) If 2/ C Z is a covering relation in Liy,(A), then ind Z\ ind Z’ has ezactly one element. If
A is representation-finite, then Lin(A) is graded by the size Z — |ind Z|.

Proof. (1) Any intersection of image-closed subcategories is image-closed and is therefore the meet,
while icl(add |J, Z;) is the smallest image-closed subcategory containing every Z; by Corollary 4.9
and is therefore the join.

(2) Since C' = ind Z is finite and icl-closed, restricting icl to subsets of C defines a finite
convex geometry. By Edelman and Jamison [7, Theorem 2.1(d)—(e)], we have C' = icl(ex(C)),
and every subset S C C with icl(S) = C must contain ex(C) because no z € ex(C) belongs to
icl(C'\ {z}). Thus ex(C) is the unique smallest generating set of C, and ex(C) = Py(Z) UZy(Z)
by Proposition 4.13.

(3) Put C =ind 2’ and D =ind Z. For every z € D\ C, we have C C icl(C U{z}) C D; since
Z' C Z is a covering relation in Liy, (A), it follows that icl(C U {z}) = D. If D\ C contained two
distinct elements x and y, we would have y € icl(C' U {z}) and z € icl(C' U {y}), contradicting the
anti-exchange property at C. Thus |D \ C| = 1, and when ind A is finite, Z — |ind Z| is a rank
function on Ly (A). O

5. IMAGES AND CLOSURE CONDITIONS FOR INTERVAL MODULES

In this section, we characterize image-closed subcategories for A,,, with arrows 1 — 2 — - .- = n,
in terms of support intervals (Theorem 5.5), reducing the second count in Theorem B to an
enumeration of interval families.
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Definition 5.1. For 1 < a < d < n, the interval module M]a,d] is one-dimensional at the
vertices a,a + 1,...,d, zero at all other vertices, and has identity maps along the arrows between
consecutive vertices in [a,d]. By convention, we also set M[a,a — 1] =0for 1 <a<n+1. We
call the modules with fixed left endpoint a row a, and those with fixed right endpoint d column d.

The nonzero interval modules MJa,d] (1 < a < d < n) form a complete set of representatives
of the isomorphism classes of indecomposable A,-modules, and we often identify Ma, d] with its
support interval [a,d]. The modules in row a and in column d are

row a: Mla,a], M[a,a+1],..., M[a,n],
column d: M][l,d],M[2,d],...,M][d,d].

LN

/\/

B OON

ANV

Ve \
/\ /\

FIGURE 1. The Auslander-Reiten quiver of mod A4. A stack . denotes M]a,d],

d
with top S, and socle Sg. Solid arrows are irreducible maps; dotted arrows point
from a nonprojective module X to 7X.

Rows and columns are the two families of sectional paths in Figure 1: row arrows are the
quotients Ma, d] — M][a,d—1], and column arrows are the inclusions M[a+1,d] — M]a, d]. Dia-
grams of a single subcategory show the full ambient Auslander—Reiten quiver, with black vertices
for indecomposable modules in the subcategory and open vertices for the remaining indecompos-
able modules. The quivers for A and A3 use the same arrangement, restricted to composition
factors 1,2 and 1,2, 3, respectively.

5.1. Morphisms and images of interval modules. We compute morphisms and their images
from the endpoints of the source M|c,d] and target M]a, b].

Proposition 5.2 ([21, Proposition 6.1]). For two indecomposable modules M[c,d] and M]|a, b,

1, a<c<b<d,

0, otherwise.

)

dimg Homy , (M|e, d], Ma, b)) = {

When Homp , (M|e, d], Ma, b]) # 0, every nonzero morphism M|c,d] — Ma, b] has image M|c,b],
the interval module supported on [c,d] N [a, b].

Proof. At each vertex ¢ € [c,d] N [a,b], a morphism M][c,d] — M]a,b] acts by a scalar, and by
commutativity along the arrows ¢ — i+1 on the overlap, all these scalars are equal. Commutativity
at the arrows entering max(a, ¢) and leaving min(b, d) requires a < ¢ and b < d for this scalar to
be nonzero, in which case the image is supported on [¢, b] = [¢,d] N [a, b]. O

5.2. Closure conditions on support intervals. We translate the three closure conditions of
Definition 2.1 into conditions on support intervals.

A submodule of Ma, d] is spanned by a subset of its nonzero vertex spaces that is closed under
the arrows i« — ¢ + 1, and is therefore supported on a suffix [¢,d] of [a,d]; the corresponding
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quotient is supported on the complementary prefix [a, ¢ — 1]. Consequently, the nonzero quotients
and submodules of Ma, d] are indecomposable and form chains:

indecomposable quotients of M|[a,d] : Mla,f] (a<{¢<d),
indecomposable submodules of Ma,d]: MI[{,d] (a <{<d).

Thus, if a quotient-closed subcategory contains M|a, d], it contains M]a, ¢] for every a < ¢ < d;
dually, if a submodule-closed subcategory contains M|a, d], it contains M ¢, d] for every a < ¢ < d.
In Figure 1, the indecomposable modules in a quotient-closed subcategory therefore form a prefix
Mla,al,...,Mla,b] in each row a, and those in a submodule-closed subcategory form a suffix
Mle,d],...,M|d,d] in each column d.

To apply these interval chains to arbitrary direct sums, we use the following reduction to a
single summand, noted by Campanini, Fedele, and Yildirim [4, Section 4.4] and in the proof of [8,
Theorem 4.2].

(5.1)

Lemma 5.3. Let Y be an indecomposable Ay, -module and let X = @, X; be a finite direct sum
of Ay,-modules.

(1) If Y is a quotient of X, then'Y is a quotient of some X;.

(2) If Y is a submodule of X, then Y is a submodule of some X;.

Proof. By (5.1), the submodules of Y form a finite chain under inclusion and therefore have a
largest and a smallest member in any nonempty collection.

(1) Let g: X — Y be an epimorphism. The images g(X;) are submodules of ¥ whose sum is
Y, so the largest of them equals Y and the restriction of g to the corresponding summand X; is
an epimorphism.

(2) Let h: Y — X be a monomorphism with components h;: ¥ — X;. The kernels Ker h;
are submodules of Y whose intersection is Ker h = 0, so the smallest of them is zero and the
corresponding h; is a monomorphism. O

We now characterize image-closed subcategories of mod A,, by their families of support intervals.

Definition 5.4. For a subcategory C C mod A,,, write
Z(C) = {[a,d] : Mla,d] € indC}
for its family of support intervals. A family D of intervals is intersection-closed if
1,JeD, INnJ#£o = InJeD.

The empty family is intersection-closed.

Theorem 5.5. Let C be a subcategory of mod A,,. Then C is image-closed if and only if Z(C) is
intersection-closed.

Proof. (=): Suppose that C is image-closed, and let I,J € Z(C) satisfy I NJ # &. If one of T
and J contains the other, then I N .J is already one of them and belongs to Z(C). Otherwise, after
interchanging I and J if necessary, we may write

I =la,b], J = e, d], a<c<b<d.

Since a < ¢ < b < d, Proposition 5.2 gives a nonzero morphism M|ec,d] — M][a,b] with image
M]e, b]. Because M|c,d], M]a,b] € C and C is image-closed, we obtain M|c,b] € C,so INJ =
[c,b] € Z(C).

(«<): Assume that Z(C) is intersection-closed, let f: X — Y be a morphism with X,Y € C, and
let MJa,b] be an indecomposable direct summand of Im f. Composing the canonical epimorphism
X — Im f with the projection onto M{a, b] exhibits M a, b] as a quotient of X. Writing X = @, X;
with each X; € indC, we see from Lemma 5.3(1) and (5.1) that MJa,b] is a quotient of some
X; = MJa,d] with d > b, so [a,d] € Z(C).

Dually, composing the inclusion of MJa,b] into Im f with Im f < Y exhibits MJa,b] as a
submodule of Y. Writing Y = P, Y; with each Y; € indC, we see from Lemma 5.3(2) and (5.1)
that M|[a,b] is a submodule of some Y; = M]ec, b] with ¢ < a, so [¢,b] € Z(C).
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Since ¢ < a < b < d, the intersection
[a,d] N [c,b] = [a, b

is nonempty and therefore belongs to Z(C), which means Ma, b] € C. Since every indecomposable
direct summand of Im f belongs to C, we conclude that Im f € C. O

For n = 2, Theorem 5.5 imposes no restriction on a subset of ind As.

Example 5.6. The category mod Ay has three indecomposable modules up to isomorphism: the
simple modules M[1,1] and M]2,2], and the projective-injective module M[1,2]. Every subset
of {[1,1],[1,2],[2,2]} is intersection-closed because the only nonempty intersections of distinct
intervals in {1,2} are inclusions. Hence Liy,(A2) is the Boolean lattice of subsets of a three-
element set and has 23 = 8 elements.

For n = 3, Theorem 5.5 restricts which families of intervals can occur, as the next example
shows.

Example 5.7. In mod A3, the subcategory C = add{M][1, 2], M[2, 3]} has support family Z(C) =
{[1,2],[2,3]}. Since [1,2]N[2,3] = [2,2] ¢ Z(C), Theorem 5.5 shows that C is not image-closed,;
indeed, the nonzero morphism AM][2,3] — M][1,2] has image M[2,2] ¢ C. Adjoining M2, 2]
produces the image closure iclC = add{M|1, 2], M[2,2], M[2, 3]}.

Table 1 lists all image-closed subcategories of mod A3, grouped by size. Following the convention
of Figure 1, each diagram has M1, 3] at the top, M2, 3] and M1, 2] in the middle from left to right,
and M(3,3], M[2,2], M[1,1] along the bottom. Among the six indecomposable modules, the only
restriction is that including both M|[1,2] and M|2, 3] requires M2, 2], while the remaining three
modules can be chosen independently; thus the table has (8 — 1) - 8 = 56 entries. The numbers of
image-closed subcategories of sizes 0,1,...,6 are 1,6,14,17,12,5, 1, so their generating polynomial
by size is

1+6q+14¢% + 17¢° + 12¢* + 5¢° + ¢°.
By Theorem B, this equals Cy4(1, q), whose coeflicients are also listed in Table 3.

Table 1: All 56 image-closed subcategories of mod Ag, grouped by
size.

Size Subcategories

I%XKAJQ&O%%O/Q\/Q&O :
NN
PAAN S FAVaN AN NN S
%i,j i: @/\o/%i@o/@/\o
PN NN N




PRETORSION THEORIES AND IMAGE-CLOSED SUBCATEGORIES 21

Size Subcategories

5 K A A S A
A0

6. CLASSIFICATION OF PRETORSION THEORIES BY CUTOFF COORDINATES

Having characterized the image-closed subcategories of mod A,, by their support intervals, we
now classify the pretorsion theories that realize them. We parametrize the quotient-closed and
submodule-closed subcategories of mod A,, by cutoff coordinates on the rows and columns of Fig-
ure 1—where row a fixes the left endpoint of M|a,d] and column d fixes its right endpoint—and
characterize which pairs form pretorsion theories (Theorem 6.5).

6.1. Row and column cutoffs for quotient and submodule closure. The parametrization
in [8, Theorem 4.2(1)—(2)] specializes here to choosing an endpoint on each row or column of
Figure 1, as follows.

Proposition 6.1. There are bijections

[[{a—1.a,....n} — Lquot(An), B — Ts,
a=1
[T{12.....d+1} — Lan(An), o — Fa,
d=1
where
Mla,d| € Tz <<= d<p,, (6.1)
Mla,dl € Fy <<= aq<a. (6.2)

The values By, = a — 1 and ag = d + 1 specify an empty row and an empty column, respectively.
Moreover,

Ts CTp = pB<F, Fo D Fw = a<d.

Proof. By (5.1), a set of indecomposable modules is closed under nonzero quotients if and only
if its intersection with each row is an initial segment [a,al,...,[a, B.], and closed under nonzero
submodules if and only if its intersection with each column is a final segment [ag,d],...,[d,d].
Lemma 5.3 extends both characterizations to finite direct sums, giving the two bijections, and the
inclusion relations follow directly from these segments. O

Definition 6.2. For 73 in Proposition 6.1, the coordinate 3, is the row cutoff of row a: it is the
right endpoint of the last interval of row a belonging to 73, with 5, = a — 1 when row a contains
no object of 73. For F,, the coordinate g is the column cutoff of column d: the intervals in
column d belonging to F, have left endpoints ag,aq + 1,...,d, with ag = d + 1 when column d
contains no object of F,,. We call (8, «) the pair of cutoff coordinates of (T3, Fa). When ag > 1,
we call e = ag — 1 the pivot row in column d: it is the last row excluded from F, in that column,
and Theorem 6.5 compares it with the row cutoffs of 7.

By Proposition 6.1, the order (2.2) on PT(A,,) corresponds to the coordinatewise order on cutoff
coordinates (3, «). However, the coordinatewise minimum and maximum of two cutoff pairs in
PT(A,) need not define pretorsion theories, so the meet and join of Theorem 3.6 are not given by
coordinatewise minimum and maximum in general (see Example 6.9).

Next, we express the trace and the reject of an interval module in terms of cutoff coordinates.
For a vector § and 1 < d < n, put

Eisp)={a<d: B, >d}. (6.3)
By (6.1), Eq(8) is the set of row indices a < d such that Mla,d] € T3.
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Lemma 6.3. Let X = M[c,d]. For T =T,

_ JM[u,d]; w=min(Eq(f) N [c,d]),
triX) = {0, E4(B) N e, d] = @.
For F = F,,
re(X)=M[b+1,d], b=max({j € [c,d]: aj < c}U{c—1}).

Here b = d gives M[d + 1,d] = 0 by Definition 5.1, while b = ¢ — 1 gives rx(X) = X when no
nonzero quotient of X belongs to F.

Proof. By Proposition 2.10(1), ¢t7(X) is the largest submodule of X belonging to 7. By (5.1),
the nonzero submodules of X = M]|c,d] are the modules M|a,d] with ¢ < a < d, and Mla,d] € T
if and only if @ € E4(8). Among these submodules, the largest has the smallest left endpoint u,
giving the formula for ¢t7(X).

Dually, by Proposition 2.10(2), X/rz(X) is the largest quotient of X belonging to F. The
nonzero quotients of X are the modules M|c, j| with ¢ < j < d, and M]c, j] € F if and only if
a; < c. The largest such quotient has the greatest right endpoint b and kernel r#(X) = M[b+1, d;
when no such quotient exists, X/rz(X) =0 and rx(X) = X, which corresponds tob=c—1. O

6.2. Cutoff pairs defining pretorsion theories. We characterize the cutoff pairs of pretorsion
theories one column at a time, using the earliest row whose cutoff is d — 1.
For 1 < d < n, define

sq(B) =min({a: B, =d—1}U{d+1}). (6.4)

Since B, > a—1 > d for all a > d, any row a with 5, = d—1 satisfies a < d. For a < d, the equality
B4 = d — 1 means that MJa,d — 1] is the last module of row a in Tg; for a = d, it means that row
d is empty in 7. When no row has cutoff d — 1, we have sq(8) = d + 1. If 3, > d, then Ma,d]
belongs to Tg, whereas if 5, < d—1, row a already ends before column d —1. The new obstruction
in column d therefore comes from rows with cutoff 8, = d — 1: for such a row, MJa,d] ¢ Tz while
its quotient MJa,d — 1] belongs to T, which can cause the equality ¢(X/r(X)) = t(X)/r(X) to
fail for X = M|a, d].
The following example exhibits this failure for a row preceding the pivot.

Example 6.4. In mod Ay, take 8 = (1,2) and o = (1, 3), so that 7 = T = add{M[1, 1], M[2, 2]}
and F = F, = add M1, 1]. In column 2, the pivot row is e = as — 1 = 2 € E»(), but the earlier
row a = 1 has cutoff 51 =1 =2 —1. Writing ¢t = ¢t and r = rx, we find from Lemma 6.3 that
X = M1, 2] satisfies

HX) =r(X) =r(t(X)) = M[2,2],  #(X/r(X)) =t(M[1,1]) = M[1,1] # 0 = ¢(X) /r(X),
so the second equality in (2.4) fails.

For a pair (73, Fa), if aq = e+ 1 > 1, then every Mla,d] with a > e belongs to F,, so

both equalities in (2.4) hold automatically on these modules. The criterion in column d therefore
concerns only the pivot row e and the rows preceding it.

Theorem 6.5. The pair (T3, Fa) is a pretorsion theory if and only if, for every 1 < d < n, either
ag =1, or the row e = ag — 1 has cutoff at least d while no earlier row has cutoff exactly d — 1:

Be > d, BaFd—1 (1<a<e). (6.5)

Equivalently,
ag€{1}U{e+1:eec EyB), e <sq4(B)}. (6.6)

Remark 6.6. For a fixed 3, each allowed set in (6.6) depends only on 8 and d, so the second
components F, for which (73, F,) is a pretorsion theory, ordered by reverse inclusion, form the
product of these chains of allowed values; see Example 6.7.

Before proving Theorem 6.5, we illustrate the condition (6.5) for n = 2 and n = 3.
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Example 6.7. In mod A, fix
B=(21), Ts = add{M]|1,1], M[1, 2]},

so that row 1 of 73 is full (51 = 2) and row 2 is empty (f2 = 1). In column 1, we have E;(8) = {1}
and s1(8) = 2 since no row has 8, = 0; in column 2, we have Ey(8) = {1} and s2(8) = 2 since
B2 = 1. Because 1 < s4(8) for d = 1,2, condition (6.6) permits oy € {1,2} in both columns,
yielding four pretorsion theories with first component 7g:

« ‘ Fo, ‘ Ta N Fo
(1,1) mod Ao add{M|1,1], M[1,2]}
(2,1) | add{M[1,2], M[2,2]} add M1, 2]
(1,2) | add{M[1,1], M[2,2]} add M([1,1]
(2,2) add M2, 2] 0
The product of the two chains {1,2} in Remark 6.6 gives a Boolean square in PT(A3):

(2,2)

T
(2, 1) (172)
. N e

Campanini and Fedele [3, Remark 6.3] use the pair with a = (1,2) to exhibit a pretorsion theory
whose second component, add{M|[1, 1], M[2, 2]}, is not closed under extensions.

Example 6.8. Figure 2 displays the pretorsion theory in mod A3 with cutoff coordinates 8 =
(3,2,2) and @ = (2,1,2). Column 2 has as = 1, while columns 1 and 3 have pivot row e =
ag — 1 =1 with f; = 3 > d and no earlier rows, so (6.5) holds in every column.

TNnF

PN S

FIGURE 2. The pretorsion theory with 8 = (3,2,2) and a = (2,1, 2); black ver-
tices mark membership in each subcategory, and open vertices mark the remaining
indecomposables.

Proof of Theorem 6.5. Put T = Tz, F = Fo, t = t7, and r = rr. By Theorem 2.12, (T, F) is a
pretorsion theory if and only if r(X) = r(¢(X)) and ¢(X/r(X)) = t(X)/r(X) for every module X.

(=): Suppose that (T,F) is a pretorsion theory, and fix a column d with e = ag — 1 > 0.
For X = M|e,d], we have X ¢ F by (6.2), whereas every nonzero proper submodule M]e,d]
(e+1 < ¢ < d) belongs to F. If t(X) € X, then ¢(X) € F, so r(t(X)) = 0 # r(X) by
Proposition 2.10(3), contrary to (2.4). Hence ¢(X) = X, which gives 8. > d.

Suppose next that 1 < a < e and 8, = d — 1. For X = M]Ja,d], we have X ¢ T since
Bo =d—1 < d, and X ¢ F since a < e < ag. By Proposition 2.10(3) and the equality
r(X) =r{#t(X)) in (2.4), it follows that

0#47r(X)CHX)<CX.
Thus X/r(X) = MJa,b] for some a <b<d—1=pj,, so X/r(X) € T. Consequently,
HX/(X)) = X/r(X) £ 1(X)/r(X),
again contradicting (2.4). This proves condition (6.5).

(«<): Suppose that condition (6.5) holds in every column d with cg > 1. Since ¢ and r commute
with finite direct sums by Proposition 2.10(4), it suffices to verify (2.4) for each indecomposable
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module X = M|e,d]. If X € F, then t(X) € F by submodule closure, so r(X) = r(¢(X)) = 0 and
both equalities in (2.4) hold.

Assume now that X = M|e,d] ¢ F, so that ag > ¢. The pivot row e = ag — 1 in column d
satisfies ¢ < e < d and 8. > d, so e € E4(8) N [c,d]. We may therefore put

u = min(Eq(B8) N e, d]), b=max({l € [c,d] : ay < c}U{c—1}),

and Lemma 6.3 gives

t(X) = Mlu,d|, r(X)=M[b+1,d],
with b < d because ag > c¢. We first show that 8; < b for ¢ < i < u, ruling out a trace contribution
starting before u in the quotient X/r(X) = MJc,b]. We then use this bound to verify the reject
equality and the trace equality.

Step 1: Excluding earlier rows. If a row before u reached column b, it would end in some
column j — 1 < d, and condition (6.5) in column j would produce an even earlier row with a larger
cutoff. We use this observation to show that

Bi <b (c <i<u). (6.7)
Suppose for contradiction that (6.7) fails, choose @ € [¢,uw— 1] with 8; maximal, so that 3; > b, and
put j = B; + 1. By the minimality of u, we have i ¢ E4(8) and hence §5; < d, so b < j < d; since
b > c¢—1, we also have j > ¢. The definition of b then gives a; > ¢, so the pivot row ¢/ = a; — 1
in column j satisfies ¢/ > ¢ and B > j. Since 8; = j — 1 and S > j > f;, condition (6.5) in
column j implies €’ < 4. Thus €’ € [c,u — 1] and S > j > f3;, contradicting the maximality of 5;
and proving (6.7).

Step 2: The equality r(¢(X)) = r(X). From (6.7), we obtain u < b+ 1: this is immediate
if u = ¢, while if u > ¢, the bound 8, > a—1ata =u—1 gives u —2 < 8,1 < b. Hence
r(X) = Mb+ 1,d] C M[u,d] = ¢(X). To compute r(¢(X)), note that for b < j < d we have
a; > ¢; if we also had a; < u, the pivot row ¢/ = o; — 1 in column j would satisty ¢ < €’ < u
and S > j > b, contradicting (6.7). Thus a; > u for all b < j < d, so no quotient Mu, j] of
t(X) = M[u,d] with j > b belongs to F. If b > u, then a;, < ¢ < w, so M[u,b] € F;if b=u— 1,
no nonzero quotient of Mu,d] belongs to F. In both cases, Lemma 6.3 gives

r(t(X)) = M[b+1,d =r(X).

Step 3: The equality ¢(X/r(X)) = t(X)/r(X). We have X/r(X) = M|c,b] (which is zero
when b = ¢ —1). If b > u, then (6.7) shows that i ¢ Ep(5) for ¢ < i < u, whereas 8, > d > b
gives u € Ep(B), so t(M]c,b]) = M[u,b] by Lemma 6.3. If b = u — 1, then (6.7) gives 8; < b for
every ¢ < i <b, so Ey(8) N e, b = @ and t(M|c,b]) = 0. With the convention M[u,u — 1] = 0 of
Definition 5.1, both cases give

HX/r(X)) = t(M]c, b)) = MTu,b] = ¢(X)/r(X).

This establishes (2.4), so (7, F) is a pretorsion theory.
Finally, for g = e + 1 > 1, the inequality 8. > d means that e € E4(3). Since sq(8) ¢ Eq(5),
the absence of an earlier row a < e with 5, = d—1 is equivalent to e < s4(/5). This proves (6.6). O

6.3. All pretorsion theories for two vertices. The complete list for Ay displays both the
realizations of each image-closed subcategory and the order on pretorsion theories. Table 2 groups
all 17 pretorsion theories by their intersection Z, marking the least and greatest realization from
Corollaries 4.5 and 4.7. The eight groups correspond to the eight subcategories in Example 5.6,
and Figure 3 gives the Hasse diagram. In each diagram the vertices, from left to right, are
M]I2,2], M[1,2], M[1,1], with M]1,2] at the apex, as in Figure 1; the membership colours are
explained in Table 2.
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TABLE 2. All pretorsion theories of As, grouped by their intersection. Blue:
only; red: F only; blue top half and red bottom half: 7 N F; open: neither.

and G mark the least and greatest realization of each intersection.
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9 ./\ 2,1) (2,1) L G

17

< e
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The following example computes a meet and a join in Figure 3.

Example 6.9. Let P; denote entry No. i of Table 2. The coordinatewise minimum of
Py ((072)7(1a3))7 Py : ((23 1)7(272))

is ((0,1),(1,2)), which violates (6.5) in column 2, since its pivot e = 1 has $; = 0 < 2. Their
meet is instead Py, as seen in Figure 3. Similarly, the coordinatewise maximum of P, and Pj :
((1,1),(2,1)) is ((1,2),(2,3)), which violates (6.5) in column 2 because its pivot row e = 2 is
preceded by row 1 with 8y =1 =2 — 1. Their join is Ps.

7. ENUMERATION OF PRETORSION THEORIES BY ADJOINING VERTICES

In this section, we use the cutoff classification of Theorem 6.5 to prove the first identity of
Theorem B (Theorem 7.5) by adjoining one vertex at a time.

Definition 7.1. For m > 1 and any subcategory C C mod A,,, let

pm(©) = {a € {1,....,m} : Mla,m] € C}| (7.1)
be the number of indecomposable modules in C whose support ends at vertex m, and set po(0) = 0.
To each pretorsion theory (7, F) € PT(A,,), we assign the weight

P (T) gl ind(TOF)]

For T = Tz C mod A,,, the bound 8, < m gives pp,(T3) = |En(8)] = {a € {1,...,m} : 8o =
m}|. In a fixed column d, the membership rule (6.2) and the pivot row of Definition 6.2 determine
how many indecomposable modules in column d belong to 73 N Fy. If ag = 1, then every Ma, d]
with a € E4(8) belongs to Tz N Fq; if ag = e+ 1 > 1, then precisely the modules M]a, d] with
a € E4(8) and a > e belong to Tg N F,. Thus the number of indecomposable modules in column

d of Ts N Fy is
BB —
{|{aeEd(ﬁ)5a>€}|7 ag=e+ 1. (7.2)

For n = 1, the three pretorsion theories of Example 2.6 have cutoff coordinates

(B,a) =(0,1), (1,1), (1,2).
In the first pair, E1(8) = &, so p1(T) = 0 and T NF = 0; in the second, p1(7) = 1 and
lind(T N F)| = 1; in the third, p1(7) = 1 and T N F = 0. Their weights are 1, zq, and z,
respectively, and, by (1.3), their sum is

14+ (1+¢)x = B2(x,q). (7.3)

To pass inductively from Ag_1 to Ag for d > 1, identify mod A;_1 with the full subcategory of
mod A4 consisting of modules supported on {1,...,d—1}. The restriction of (T, F') € PT(Ay) is

(T, F) = (T/ NmodAg_1, F' N mod Aa—1).

It is a pretorsion theory over Ay_q, and we call (77, F’) an extension of (T,F). To describe all
extensions of a fixed (7,F) € PT(A4—1) to Ag, let

p1 <. <Dpg

be therows a € {1,...,d—1} for which M[p;,d—1] € T, so that k = ps_1(7T). In cutoff coordinates,
restricting a pretorsion theory (75, Fo) € PT(Aq) to mod Agz—; deletes 84 and aq and replaces each
Ba (1 <a<d-—1) by min(8,,d — 1), by (6.1) and (6.2). Because each row of a quotient-closed
subcategory is a prefix, any extension (7g, Fy) of (T, F) satisfies E4(8) C {p1,...,pk,d}. We say
that row p; is continued to column d when 3,, = d, that is, when M|[p;,d] € T3.

Lemma 7.2. Restriction defines a surjection PT(Ag) — PT(Ag—1). The extensions of a pretor-
sion theory (T, F) € PT(Ag—1) to Agq correspond bijectively to the choices of which rows among
Pl,. .., Pk are continued to column d, whether M[d,d] is included in the first component, and a
value of ag permitted by (6.6). Moreover, the indecomposable modules in the intersection of an
extension are those in ind(TNF) together with those in column d belonging to both new components.
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Proof. For any module X supported on {1,...,d — 1}, its largest 7’-submodule and its largest
F’-quotient are also supported on {1,...,d — 1}, so its trace and reject with respect to (77, F’)
agree with those with respect to the restricted components (7, F), which remain quotient-closed
and submodule-closed. Restriction therefore preserves (2.4) and maps PT(Ag) into PT(Ag—1).
For any column j < d, continuing a row p; from cutoff d — 1 to d changes neither the condition
Ba > j nor the condition 8, = j — 1, and therefore leaves both E;(3) and s;(8) unchanged. The
new row d also changes neither E;(3) nor s;(5), since j < d. By Theorem 6.5, a pair (73, Fa) €
Lauot(Ag) X Leub(Ag) restricting to (T, F) belongs to PT(Ag) if and only if oy satisfies (6.6).
In particular, continuing no row p;, omitting M|d,d], and setting ag = 1 yields an extension
of (T,F), so restriction is surjective. Distinct choices of continued rows, of M[d,d], and of ay4
produce distinct cutoff coordinates (3, &) and hence distinct pretorsion theories. Finally, for j < d,
we have 8, > j if and only if min(f5,,d — 1) > j, while ¢ is unchanged, so a module M|a, j| with
j < d belongs to Tg N F, if and only if it belongs to 7 N F. O

We enumerate extensions for arbitrary k = pg—1(7) > 0, using the g-integers
Mlg=1+q+---+¢ " (r=1). (7.4)
Fix (T,F) € PT(Ag—1) with pg—1(T) = k, and sum over all extensions (7',F') € PT(Aq) of
(T, F):
dr ]:(337 Q) _ Z .’)Spd(Tl)ql ind(T'NF")|—| ind(TNF)| (7_5>
(T".F")
By Lemma 7.2, the exponent |ind(7' N F’)| — |ind(7T N F)| is the number of modules in column d
belonging to 7' N F’, given by (7.2).
We record two elementary identities used in the recurrences of this section and Section 8. For
an indeterminate w, put U = 1+ qw and let A, act on w. By the binomial theorem,

ZT: (Z) (qu)" = Z (Z) (qu)™"=U" (r=0), (7.6)

v=0 v=0

and since U —w = 14 (¢ — 1)w is the denominator of A, in (1.2), the geometric sum formula gives

L L gt
ZwZUZ_Z = — = Aq (w“l) (E > O) (77)
‘ U—-w
=0
The next lemma evaluates ®7 r(x,q) in terms of A,. In [14, p. 132, Lemma 13], Han and Zeng
obtain a recurrence by summing weights over the fibres of a restriction map; we use the same
method for the restriction of pretorsion theories from Ay to Ag_1.

Lemma 7.3. For (T,F) € PT(Ag—1), the sum &7 r(z,q) in (7.5) depends only on k = pa_1(T).
Writing ®(z,q) for this common value, we have

ila,q) = Ag(a+?). (7.8)
Consequently, if
f(l‘) _ Z xpd—l(T)ql i"d(Tﬁ]‘-)\7
(T, F)EPT(Ag—1)
then _
Z xpd(T)q\md(Tﬁf)l — Aq(x2f(a:)). (7.9)
(T, F)EPT(Aq)

Proof. Fix (T,F) and put k& = pg—1(7). We first compute @7 r(z,¢q) by summing over all
extensions in column d, and then simplify the resulting expression.

Step 1: Counting the extensions. We compute &7 z(z,q) by partitioning the extensions
according to the first row among p1, ..., pr that is not continued to column d. First, suppose that
all k rows p1,...,px are continued to column d. If M|d,d] is added to T”, then no row has cutoff
d—1, s0 sq4(B) = d+1; if M[d,d] is not added, then row d is the first row with cutoff d — 1,
50 sq4(B) = d. In either case, every row e € E4(f3) satisfies e < s4(8), so ag = e + 1 is allowed
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by (6.6). When M|d, d] is added, |E4(8)| = k + 1 and the k + 2 choices of ag yield k+ 1,k,...,0
modules in column d of 7/ NF’, contributing z*+1[k + 2],; when M|d, d] is not added, |Eq4(8)| = k
and the k + 1 choices of ay contribute z*[k + 1],.

Second, suppose that p; (1 < j < k) is the first row among pi, ..., py that is not continued to
column d, and that v of the k — j later rows p;11,...,p are also not continued to column d; there
are (k;]) ways to choose these v rows. Here sq4(8) = pj, so the permitted values of ag in (6.6)
are cig = 1 and ag = e + 1 for the continued rows e = p1,...,p;_1 preceding p;. If M|d,d] is not
added, then |Eq(8)| = k —1 —v. The k — j — v continued rows a > p; satisfy a > e for every
allowed choice ag = e + 1 and therefore belong to 7/ N F’ for every choice of oy, contributing
a factor of ¢*~7=?, while the j choices of oy leave j — 1,7 —2,...,0 of the rows py, ... ,Dj—1 in
T'NF', contributing [j],. Thus the contribution when M|d, d] is not added is

k_j k—j—vr,s k—1—v
(7)ot

When M[d,d] is added, d > p; for every i < j, so M|d,d] also belongs to both components for
every choice of og. This increases both pg(7”’) and the number of modules in column d of 7' NF’

by 1, contributing
k— i .
( . ]>qk]v+1[j]quv.

The resulting sum depends only on k, proving the first assertion. Denoting it by ®(z,q), we
obtain

Op(x,q) = 2"k + 2]y + 2"k + 1],
k

_ <k , j)q’””mq(x’“” +qz" ). (7.10)

Step 2: Evaluating the sum. Put U = 1+ gz. In the double sum in (7.10), we factor
oF1=v 4 gk v = Ui =12% =7~ and apply (7.6) with w = x and r = k — j to obtain

- k- _
Z[J]q(l + QCC) Z ( ; >qkjvzk1v
Jj=1 v=0
& ; .
= U |jlga’ U
j=1
Consequently,

k
O = 2"k + 20y + 2 [k + 1, + U D _[jlgz’ U (7.11)
j=1

For k = 0, equation (7.11) gives ®y = 1+ (1 + ¢)x. For k > 1, subtracting U®j_; from (7.11)
cancels the terms with 1 < j < k in the sum as well as the j = k term U:Uk’l[k]q, leaving

Oy — Uy = 2"k + 2], + 2"k + 1], — UsF[k + 1],
= ght! ([k+2]g —qlk+1]q) = kL,
Thus ®,, satisfies the recurrence
Oy =Udy_y + 2" (k>1). (7.12)

On the other hand, by (7.7), Ay(zF2) = (U2 — 2*+2) /(U — 2) equals 1+ (1 + ¢)z for k =0
and satisfies the same recurrence:
Ukt _ gkt Uk+2 _ gkt 4 ka(U — ) Uk+2 _ ph+2
) NI _
U—-=z U—=zx U-—-zx
Hence @ (z,q) = A, (z*+2) for every k > 0.

U
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By Lemma 7.2, every pretorsion theory (77, F') € PT(A,) is an extension of a unique (T, .F) €
PT(Ag_1). Summing ¢! i"d(T”]’-”CI)pd_l(T) (z,q) over all (T, F) € PT(A4_1) and using (7.8) together
with the Z[g]-linearity of A, yields (7.9). O

Example 7.4. By Lemma 7.3 and (7.3), the weighted count for n = 2 is A, (2?Ba(z,q)) =
Bs(z,q). Applying (7.7) with U = 1 + qz gives

A@)=U+z=1+1+qz, A2*)=U?+Uzs+2%>=1+2¢+ )z +(¢*+q+1)2?,
and hence
By(z,q) = Ay (2 + (1 4+ ¢)a”) = 2+ ¢) +2(1 + )’z + (1 + ¢)(¢* + ¢ + 1)a*.
Setting = = 1 yields
Bs(1,q) =5+ Tq+4¢° + ¢°,
so among the 17 pretorsion theories in mod As, there are 5 torsion pairs (intersection size 0), 7

pretorsion theories with intersection of size 1, 4 with intersection of size 2, and 1 with intersection
of size 3, as can also be read from Table 2.

Iterating Lemma 7.3 identifies the weighted generating polynomial of PT(A,;,) with the ¢-Gandhi
polynomial of the first kind.

Theorem 7.5. Let By, (x,q) be the polynomials of (1.3). For every n > 0,

S Mg TO Z B (2, q). (7.13)
(T, F)EPT(An)

In particular,

Z g T A = B, 11(1,q). (7.14)
(Ta]:)ePT(An)

Proof. We proceed by induction on n > 0. For n = 0, we have mod Ay = 0, so PT(Ag) consists of
the single pair (0,0), which has weight 1 = B;(x,q) by Definition 7.1. For n > 1, Lemma 7.3 with
d = n and the induction hypothesis show that the left-hand side of (7.13) equals A (2% B, (z,q)) =
Bpi1(z,q) by (1.3). Evaluating (7.13) at = 1 gives (7.14). O

Remark 7.6. By Proposition 2.5, the constant term of B,41(1,¢) counts the torsion pairs in

mod A,,. By Corollary 3.9, these pairs are in bijection with torsion classes. Thomas [21, section

“Torsion classes in rep A,,”] identifies their poset with the Tamari lattice on bracketings of n + 2
1

letters, so this constant term is the Catalan number Cat,;11 = m(%;ff). At the opposite

extreme, the coefficient of ¢"("*1/2 is 1, contributed only by (mod A,,, mod A,,). Unlike size on
Lim(Ay) (Corollary 4.14(3)), however, the intersection size |ind(7 N F)| is not a rank function on
the lattice PT(A,,): already for n = 1, the three pretorsion theories of Example 2.6 form a chain
(0,mod A1) < (modAj,modA;) < (modAyq,0) in the order (2.2), with intersection sizes 0,1, 0.
Table 3 lists the coefficients of B,,11(1,¢) and of the rank-generating polynomial C,,41(1,q) from
Theorem 8.5 for n < 4.

TABLE 3. Coefficients in ascending powers of q.

n  Bnii(l,q) Cnt1(1,9)

0 1 1

1 2,1 1,1

2 57,41 1,331

3 14, 36, 45, 35, 18, 6, 1 1,6,14, 17,12, 5, 1

4 42, 165, 330, 440, 433, 330, 198, 93, 33, 8, 1 1, 10, 40, 90, 132, 137, 105, 60, 25, 7, 1
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The identity B,,(1,1) = gam+2, conjectured by Gandhi [13], was proved by Carlitz [5] and by
Riordan and Stein [20]; see also Barsky [2, Section 1, Lemma 1] and Han and Zeng [14, p. 120,
Equation (1)] for the indexing used here. Thus (7.14) at ¢ = 1 gives

|PT(An)| = 92n+4- (715)

8. ENUMERATION OF IMAGE-CLOSED SUBCATEGORIES BY ADJOINING VERTICES

In this section, we prove the second identity of Theorem B (Theorem 8.5) by adjoining one
vertex at a time, parallel to Section 7.

Identifying mod A4—1 with the subcategory of Ag-modules supported on {1,...,d—1}, we define
the restriction of a subcategory C’ € mod A4 to be C’'Mmod Ay_1. Since the image of any morphism
between modules supported on {1,...,d—1} is again supported on {1, ...,d—1}, restriction maps
Lim(Ag) into Lim(Ag—1). An extension of C € Lin(Ag—1) to Ay is an image-closed subcategory
C' € Lim(Ag) whose restriction to mod Ag_y is C; it is obtained by adjoining a subset of the
indecomposable modules MJa,d] (1 < a < d) in column d.

By Theorem 5.5, we may work with the intersection-closed families of intervals in Definition 5.4.
Whether a new interval [a, d] can be adjoined to an intersection-closed family D in {1,...,d — 1}
without generating new intervals in {1,...,d — 1} is governed by the following condition on the
left endpoint a.

Definition 8.1. Let D be an intersection-closed family of intervals in {1,...,d — 1}. Define its
set of admissible starts for vertex d by

Admy(D)={ae{l,...,d}: [0, €D, b<a<{=[a,l] € D}. (8.1)
Thus a € Admg(D) if and only if every interval in D containing a has its suffix beginning at a in
D. In particular, d € Admy(D) always holds vacuously because no interval in D contains d.

The following example illustrates how an inadmissible start arises.

Example 8.2. Let d = 3. For the intersection-closed family
D ={[1,2]}

in {1,2}, we have Adm3(D) = {1,3}: the start a = 2 is not admissible because 2 € [1,2] €
D whereas [2,2] ¢ D. Thus one may adjoin [1,3], [3,3], or both while preserving intersection
closure and keeping the restriction to {1,2} equal to D, whereas adjoining [2, 3] would require the
intersection

[1,2]N[2,3] =[2,2]
to belong to the family, altering its restriction to {1,2}. By contrast, for D = {[1,2],[2, 2]}, all
three starts 1,2, 3 are admissible.

8.1. Extensions of an intersection-closed interval family. We first parametrize all subcat-
egories of mod A4 with a prescribed restriction to mod A4_1, and then characterize which of them
are image-closed and compute the admissible starts of the resulting family.

Construction 8.3. Let C € Liy(Ag—1), put D = Z(C), and choose a subset J C {1,...,d}.
Define a subcategory C; C mod Ay by

Z(C;) =Dy =DU{a,d] : a € J}. (8.2)
Every subcategory of mod A; whose restriction to mod Ay—; is C has the form C; for a unique
subset J C {1,...,d}.

The next lemma characterizes these extensions and computes the admissible starts for the next
vertex. This update will let us iterate the count using only the number of admissible starts.

Lemma 8.4. Let D be an intersection-closed family in {1,...,d—1} and write Admgy(D) = {c1 <
e Ck}
(1) Dy is intersection-closed if and only if J C Admg4(D).
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(2) Suppose J C Admy(D). If J = &, then
Admgi1(Dy) = Admg(D) U {d + 1}. (8.3)
If J # @ and min J = ¢;, then
Adma1(Dy) = {c1,. .., ¢ U (I N{cjq1s- - an}) U{d + 1} (8.4)

Proof. (1) The nonempty intersection of two intervals in D already belongs to D, and the intersec-
tion of two intervals [a,d] and [d/, d] ending at d is [max(a,a’), d], which belongs to D; whenever
a,a’ € J. For [b,¢] € D and [a,d] with a € J, their intersection is nonempty if and only if a < ¢,
and when a < b it equals [b, ¢] € D; when b < a < ¢, it equals

[b,£] N [a,d] = [a, €],

which belongs to Dy if and only if [a,£] € D. Thus Dy is intersection-closed if and only if every
a € J satisfies the condition in (8.1), that is, J C Admg(D).

(2) Recall that ¢, = d € Admy(D). If a € {1,...,d} \ Admy(D), there exists [b,f{] € D C D,
with b < a < £ and [a, ] ¢ D, and since ¢ < d —1 we still have [a,£] ¢ Dy; hence a ¢ Admg11(Dy),
so Admg41(Dy) € Admy(D) U {d + 1}. If J = &, then D; = D and every ¢; € Admy(D) remains
admissible for vertex d + 1, proving (8.3).

Suppose now that J # @ and minJ = ¢;. Every old interval containing c¢; already has its
suffix beginning at ¢; in D C Dy, since ¢; € Admgy(D). It remains to check the new intervals. For
1 <i < j, any new interval [a,d] (a € J) containing ¢; satisfies a < ¢; <¢; =minJ <a,s0a=¢;
and the suffix [¢;, d] belongs to Dy; thus ¢y, .. . ,Cj € Admgi1(Dy). For j < i <k, the new interval
[cj,d] € Dy contains ¢;, so ¢; belongs to Admg1(Dy) if and only if its suffix [¢;, d] belongs to D,
that is, ¢; € J. Finally, d + 1 belongs to Admgy1(D;) vacuously. This proves (8.4). O

Figure 4 illustrates the update rule (8.4): any admissible start ¢; after ¢; = min J that is not
included in J is no longer admissible at the next step.

Admgy(D) Admg41(Dy)
OE®O® — @ @ (@
first chosen chosen

FIGURE 4. The update of admissible starts when J = {¢a,¢4} and ¢5 = d. Red
crosses mark starts that cease to be admissible.

8.2. A recurrence counting intersection-closed families. We enumerate interval families by
their size and number of admissible starts, then recover the statistic p, by substitution.
For m > 0, define

Qulz,q) = 3 gDl Admnr (P, (8.5)
D

where the sum ranges over all intersection-closed families D of intervals in {1,...,m}. For m = 0,
the only family is D = &, which has Adm;(@) = {1}, so Qo(z,q) = z. Adjoining vertex n to
families on {1,...,n— 1} will express the generating polynomial for Li,(Ay) as Qrn—1(1+4qz,q) =
C’fb-i-l (337 q)

Fix d > 1 and an intersection-closed family D in {1,...,d — 1} with |Adm4(D)| = k. By
Lemma 8.4, the extensions Dy of D to {1,...,d} correspond to subsets J C Admg(D). The choice
J = @ has |Dg| = |D| and |Admg;1(Dgy)| = k + 1, contributing ¢!P12F*! to Qu(2,q). For J # @,
let minJ = ¢; (1 < j < k) and choose v of the k — j later elements ¢;j11,...,cx, to belong to J;
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there are (k;J) such subsets J, each having |J| = 1 + v and |Admg41(Dy)| = j +v + 1 by (8.4).
Summing over all J C Admy(D) shows that the extensions of D contribute q'P! times

k k—j . k

Sl (k _])q1+vzj+v+1 = M 022N (] 4 ga)Ed

= 2P 1 22 A(29), (8.6)

where the first equality uses (7.6) with w = z and » = k — j, and the second uses (7.7) with

w=zand { =k —1 (with A, acting on z). Summing (8.6) over all D in {1,...,d — 1} gives the
recurrence

Qa(z,q) = 2Qa—1(2,q) + qz°AgQa-1(2, q). (8.7)

Recall from Definition 7.1 that p,(C) counts the indecomposable modules in C whose support

ends at n. By Construction 8.3, Lemma 8.4(1), and Theorem 5.5, every C' € Lin(A,) with

n > 1 is of the form C; for a unique C € Ly (A,—1) and a unique subset J € Adm,,(Z(C)), with

pn(Cy) = |J| and |indCy| = |indC| + |J|. Summing over C € Lin(An—1) and J € Adm,,(Z(C))

therefore yields
Z mpn(C')q\indC'\ _ Z glindcl Z (qx)lJl.
C'E€Lim(An) CELim(An_1) JCAdm,, (Z(C))

Since the inner sum equals (1 + gz)!Adm= ()l comparing with (8.5) gives
ST 2@l = Q, (14 qa,q). (8.8)
Ce[rim(An)

In the proof of the following theorem, we verify that substituting z = 1 + qx in (8.7) gives the
defining recurrence (1.4) for the ¢-Gandhi polynomials of the second kind.

Theorem 8.5. Let C,,(z,q) be defined by (1.4). For every n > 0,
Z aPn@glindCl — ¢ (2, q). (8.9)
CeLim(Ap)

In particular, the rank-generating polynomial of the graded lattice Lim(Ay,) is

Yo g™ = Chi(1,q). (8.10)
CELim(An)
Proof. We first prove by induction on d > 1 that
Qa-1(1+ qz,q) = Cas1(2,q). (8.11)

For d = 1, both sides equal 1 + gz since Qu(z,¢) = z and Ca(z,q) = (1 + gz)A4(z) =1+ qz.
For the induction step, assume (8.11) for d, and put U = 1+ gz and V =14+ (¢— 1)z =U —z.
Applying (8.11) at = and at U gives

Qdfl(U7 q) = Cd+1($, q)v Qdfl(l +qU, q) = Cd+1(Uv q)'
Since 1+ (¢ — 1)U = ¢V, evaluating A;Qq—1(z,¢q) at z = U yields

_ U,q) — Qu-1(U. C U,q) — C
q(AgQa-1)(U,q) = Qa 1(1—11—1(7(](1) 1)%1 (Ga) = a1 ,q)v 41(2.0)

Substituting z = U into (8.7) and using V — U = —z, we obtain

Qa(U,q) = UCqy41(z,q) + U? Cat1(U, q) ‘; Cas(2,q)
_ U2Cd+1(U; Q) ‘;UxC’d_H(x’q) (812)

= UAy(2Cq41(2,q)) = Casa(z,q),
completing the induction for (8.11).
For n > 1, combining (8.8) with (8.11) at d = n gives (8.9); for n = 0, both sides of (8.9) equal 1.
Setting x = 1 gives (8.10), where |ind C| is the rank function of Ly, (A,) by Corollary 4.14(3). O




34 H. ENOMOTO

Grouping pretorsion theories by their intersection Z = 7 NF relates B,1+1(1,¢) and Cp11(1,q)
through the number |PTz(A,,)| of realizations of each Z € Li;, (Ay,):

Bn+1(17q) = Z |PTZ(An)|q|indZ‘7 Cn+1(17q) = Z qli”dz‘.
Zeﬁim(/\n) ZELixn(An)

In Table 2, for instance, the eight image-closed subcategories for n = 2 have 5,3,1,3,1,2,1,1
realizations.
We also check Theorem 8.5 directly for n = 2, recovering the count of Example 5.6.

Example 8.6. By Example 5.6, every subset of the three intervals [1,1],[1,2],[2,2] in {1,2} is
intersection-closed. Because [1,2] and [2,2] end at vertex 2 while [1,1] does not, choosing each
interval independently yields

Z 2P2(©glindCl — (1 4 ¢)(1 + qa)2.
CeLim(AZ)

From the recurrence (1.4), we have Cz(z,q) = 1 + gz and, using Ay(2?) =1+ (1 + q)z,
Cs(z,q) = (1 + qx)Ag(z + g2°) = (1 + q2) (L + ¢ + (1 + ¢)z) = (1 + ¢)(1 + gz)*.
At z = 1, this specializes to C3(1,¢q) = (1 + ¢)3.

Using the classical identity C,,(1,1) = Hap41 [15, pp. 63-64, Equation (2)], equation (8.10) at
q =1 gives
|£1m(An)| - H2n+3- (813)

Remark 8.7. Han and Zeng [15, Section 4, Equation (17)] prove that (1+ ¢)™ divides Cp,+1(1, q)
and define the polynomial ¢,41(q) = Cnt1(1,9)/(1 + ¢)". Feigin [12, Corollary 2.4] identifies
Cnr1(q) = ¢""V/2h,. (¢ 1), where h, is the Poincaré polynomial of the degenerate complete flag
variety for C" (with cohomological degrees divided by two), and Cerulli Irelli, Feigin, and Reineke
[6, Proposition 2.7] realize these degenerate flag varieties as quiver Grassmannians for linearly
oriented quivers of type A.

Remark 8.8. The counts of pretorsion theories and image-closed subcategories depend on the
orientation of the quiver. The table below was computed over Fs from the Hom spaces and images
of interval modules by testing Theorem 2.12 on every pair of a quotient-closed and a submodule-
closed subcategory. By Theorem 4.4, the distinct intersections of these pretorsion theories give the
|Lim| column, while by Proposition 2.5 the pairs with zero intersection give the column of torsion
pairs. The resulting counts hold over every field, for the reason given below. Each word in L and
R records the orientation of the arrows between consecutive vertices 1,...,n, with R denoting
i — i+ 1 and L denoting i < ¢ + 1; orientations with equal counts are grouped together.

n  Orientations |[PT| |Lim| Torsion pairs
1 empty word 3 2 2
9 L,R 17 8 5
3 LL,RR 155 56 14
LR,RL 163 64 14
4 LLL,RRR 2073 608 42
LLR,LRR,RLL,RRL 2297 784 42
LRL,RLR 2441 880 42

For any orientation of A,, and any base field, the indecomposable modules are the thin interval
representations, with a one-dimensional vector space at each vertex of their support and identity
maps along the arrows of the support. A nonzero morphism between two such representations is
a scalar multiple of the identity on the overlap of their supports; whether such a morphism exists
depends only on the arrow orientations, and its image and kernel are coordinate subspaces. Con-
sequently, the trace and the reject of any set of indecomposables, evaluated on an interval module,
are sums and intersections of fixed coordinate subspaces, and both they and the resulting submod-
ules and quotients (which decompose into thin interval modules) are independent of the field. By
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Proposition 2.10(3), membership in the quotient closure of a set is detected by whether its trace
is the whole module, and membership in its submodule closure by whether its reject vanishes;
moreover, Proposition 2.10(4) reduces the trace-reject equalities on arbitrary modules to those on
interval modules. Thus the quotient-closed and submodule-closed subcategories, the pairs satisfy-
ing Theorem 2.12, and—by Theorem 4.4—their intersections, the image-closed subcategories, are
all independent of the field.

Extending the Fy computation to all orientations with n < 6 shows that, in this finite range,
the linearly oriented quivers have the smallest numbers of pretorsion theories and image-closed
subcategories, whereas the alternating orientations have the largest. In contrast, for every n and
every orientation of A,, the number of torsion pairs is Cat,,+1: over an algebraically closed field
this follows from the bijection between torsion classes and noncrossing partitions [16, Theorem 1.1],
and the argument above showing independence of the field extends the count to arbitrary fields.
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