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SUBRINGS OF 7Z" OF PRIME-POWER INDEX AND MODULAR FORMS

ANWESH RAY

ABSTRACT. Let f,(m) denote the number of unital subrings of index m in Z", with coordinate-
wise multiplication, and let g, (p©) count those whose reduction modulo p is the diagonal copy of
F,. Voll’s uniformity question asks whether the local subring zeta functions can be described
by a single rational function in p and p~°. Polynomial formulas for f,(p°) are known for e < 9.
We prove that neither fio(p'") nor gio(p'”) agrees with a polynomial in p for all sufficiently
large primes. We introduce new geometric and cohomological methods for this problem, moving
beyond the earlier combinatorial calculations. We compare the counts over Z, and F[[t]] and,
for all sufficiently large primes, express them as point counts on reductions of varieties over
Q. The Grothendieck—Lefschetz trace formula relates these counts to compactly supported
{-adic étale cohomology. We identify a contribution from Tate twists of the two-dimensional
Galois representation attached to the weight-twelve cusp form A. We show that this modular
contribution does not cancel when all parts of the count are combined. Consequently, there is no
polynomial P € Q[X] such that fio(p'?) = P(p) for all but finitely many primes p. This gives a
negative answer to Voll’s uniformity question even when finitely many exceptional primes are
allowed.

1. INTRODUCTION

1.1. Motivation. Given a group, module or ring, one may ask how many subgroups, submodules
or subrings respectively it has of a fixed finite index. Let A be a ring whose additive group is
free of finite rank over Z, and let a,, denote the number of unital subrings S of index [A : S] = n.
The subring zeta function of A is the Dirichlet series
Cf(s) = Z apn”°.

n>1
Its analytic properties can be used to determine the growth of f(x) := Y, < x an, the number
of such subrings of index at most X. Tauberian theorems relate the poles the zeta function
to the growth of f(x). Suppose that (§(s) has abscissa of convergence a > 0 and extends
meromorphically to a neighbourhood of the closed half-plane R(s) > «, with its only pole there
at s = a, of order b. Let ¢ = lims_, (s — a)°C%(s) be its leading Laurent coefficient. Then the
Ikehara—Delange Tauberian theorem implies that

c «a b—1
F@) ~ gy X o X)

as X — 0o. Analogous zeta functions have been studied to study subgroup growth and submodule
growth, cf. [28, 10]. The word growth series of a finitely generated group counts its elements by
word length with respect to a fixed finite generating set [16]. Representation zeta functions count
irreducible complex representations, up to isomorphism, by their dimension, provided there are
only finitely many in each dimension [26]. Such generating functions arise naturally in number
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theory. The prototype is the Dedekind zeta function of a number field K, whose coefficients
count ideals I by their norm.

The study of zeta functions associated to algebraic structures has led to many questions.
Grunewald, Segal and Smith [17, Section 3] showed that local factors of subgroup zeta functions
are p-adic integrals, and hence rational functions of p~* by the work of Denef [9]. On the other
hand, du Sautoy and Grunewald [11] studied the analytic properties of these functions, and Voll
[39, 41] studied the functional equations they satisfy. A natural question arises from the study
of local factors. For a fixed ring A, does there exist a rational function W(X,Y) € Q(X,Y)
such that Cip(s) = W (p,p—®) for every prime p? When such a function exists, the subring zeta
function of A is called uniform. For A = Z", this question was posed explicitly by Voll [41,
Question 3.7], and again by Atanasov, Kaplan, Krakoff and Menzel [3, Question 1.12].

Let A be a ring whose additive group is free of finite rank, and let f4(m) denote the number
of unital subrings of index m. Then (§(s) = 3,51 fa(m)m~* is the subring zeta function of A;
since f4 is multiplicative, it is an Euler product [], Cﬁp(s). For fixed n, uniformity is equivalent
to the assertion that, for every e > 0, there is a polynomial P, . with rational coefficients for
which f,,(p®) = Pp.c(p) for every prime p. Voll’s uniformity question can therefore be stated as
follows.

Question 1.1. For each fixed pair (n,e), does there exist a polynomial P, c Q[X] such that
fn(p%) = Ppc(p) for every prime p?

Work on this question has proceeded by establishing polynomial formulas for successively
larger exponents e. Liu [27] introduced a decomposition into irreducible subrings and obtained
formulas for e < 5. Atanasov, Kaplan, Krakoff and Menzel [3, Proposition 1.2 and Theorem 1.3]
extended these calculations to e < 8, correcting Liu’s formula for e = 5. Mishra and Ray [33,
Theorem 1.4] subsequently treated e = 9. These computations have supported the expectation
that the question has an affirmative answer.

These arguments are combinatorial in nature. Liu [27] represents each finite-index additive
subgroup of Z" by its unique Hermite normal form matrix, whose columns form a basis of the
subgroup. The product of the diagonal entries is the index. Thus, for index p®, the diagonal
entries are powers of p whose exponents sum to e. There are finitely many possible diagonals,
and for each diagonal the remaining matrix entries lie in prescribed finite ranges. To determine
which matrices give subrings, one checks that the subgroup contains the identity and that the
coordinatewise product of every pair of columns is an integer linear combination of the columns.

Isham [22] proves that the number of matrices satisfying any one multiplication condition is
polynomial in p. Here a multiplication condition requires the coordinatewise product of two
columns to belong to the lattice spanned by the columns. Isham’s calculations also illustrate a
difficulty with imposing several multiplication conditions simultaneously. In [21], Isham obtains
explicit lower bounds for f,(p¢) valid for e > n — 1. Using constructions of Brakenhoff, she
improves the earlier general lower bounds for the number of subrings of index at most X when
n > 7, and derives consequences for the convergence of the associated zeta functions.

A subring of Z" of p-power index is called irreducible if every element has all its coordinates
congruent modulo p. Let g, (p®) count the irreducible subrings of index p®. Liu [27, Theorem 3.4]
proves that every subring of p-power index decomposes uniquely as a product of irreducible
subrings on disjoint blocks of coordinates. Liu also proves the formula

n

fn(pe):Z(y_l)Zg] ) fr— J )7
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where fp(1) = 1 and fo(p®) = 0 for e > 0. Since the term with j = n is g, (p°), induction on
n shows that polynomiality of all the counts f,(p€) is equivalent to polynomiality of all the
irreducible counts g, (p).

1.2. Main results. Our main result gives a negative answer to Voll’s question even when finitely
many exceptional primes are allowed.

Theorem 1.2. The following assertions hold.
(i) No polynomial P € Q[T satisfies g1o(p'7) = P(p) for every sufficiently large prime p.
(ii) No polynomial P € Q[T] satisfies fio(p'") = P(p) for every sufficiently large prime p.

The obstruction can stated more precisely. For a composition o = (aq,...,a,—1) of e, let go(p)
count the irreducible subrings whose column Hermite normal form has diagonal (p®!,...,p*—1,1).
By uniqueness of the normal form, g, (p€) is the sum of g,(p) over all such compositions.

Theorem 1.3. Let n =10 and o = (3,3,2,2,2,2,1,1,1). There is no polynomial P € Q[T] for
which ga,(p) = P(p) for every sufficiently large prime p.

We obtain the following result for subring zeta functions.

Corollary 1.4. There is no rational function W (X,Y) € Q(X,Y) such that Cﬁo p(s) =W(p,p—*)
for every sufficiently large prime p.

1.3. Methodology. The key idea is to study the counting problem over F,[[t]]. For fixed n
and e, we prove that, for all sufficiently large primes p, the counts f,(p°) and g,(p°®) agree
with the corresponding counts of unital F,[[t]]-subalgebras of IF,[[t]]" (see Section 4). Every
such subalgebra contains t°F,[[t]]", so it is determined by its image in the finite-dimensional
algebra (Fp[t]/(t?))". Containment of the identity, stability under multiplication by ¢, and closure
under coordinatewise multiplication give polynomial conditions on this image. Thus there are
schemes over Z whose Fj,-points give the counts f,(p®) and g, (p®). Their reduced generic fibers
are varieties over Q, which we study using cohomology. For a variety X/Q and a prime ¢, the
compactly supported étale cohomology groups H, g(X@, Qy) are finite-dimensional vector spaces

with a continuous action of Gg = Gal(Q/Q). These Galois representations determine the point
counts. Indeed, if 2" is a model over Z[1/N], then, after enlarging N, the Grothendieck—Lefschetz
trace formula gives
#2 (Fy) = _(=1) Tr(Frob, | H(Xg, Q)
(2
for p{ N¢, where Frob,, denotes geometric Frobenius; see [31, §29].

Let x¢ : Gg — Z; be the f-adic cyclotomic character, defined by o({) = ¢xe(9) for every
root of unity ¢ of ¢-power order. The one-dimensional representation Q;(r) has Galois action
given by x}. Since x¢(Frob,) = p~! for geometric Frobenius at p # ¢, its action on Q(—r) is
multiplication by p”. We call X Tate if each of its compactly supported cohomology groups has a
filtration whose successive quotients are Tate representations. Its point count is then polynomial
in p. For the counting problem, however, it is the alternating sum of the cohomology groups
that matters and contributions in even and odd degrees may cancel. We show that there is a
non-Tate contribution that survives this alternating sum.

The relevant representation comes from the weight-twelve cusp form A(q) =3>-,,~1 7(m)g™
Its associated Galois representation Sis ¢ has dimension two and geometric—Frobeniusitrace 7(p)
(see [5]). It is irreducible, so it cannot be built from one-dimensional Tate representations. The
same holds for each Tate twist Si2¢(—7) = S120 ® Q¢(—7), whose Frobenius trace is p"7(p).

These representations enter through a locus describing smooth genus-one curves with ten
marked points, a degree-four line bundle, and a section nonzero at the markings. Its cohomology



4 A. RAY

contains the modular contribution associated to A, as described by Eichler—Shimura theory and
Getzler’s calculation [5, 15]. This is the crucial ingredient that shows that the point counts are
not eventually polynomial.

1.4. Organization of the paper. Section 2 is preliminary in nature and recalls basic com-
binatorial results and the relationship with the subring zeta function. The lattice reductions
and cohomological tools introduced here will be used throughout the article. We discuss Galois
representations on the étale cohomology of a variety and its compactly supported Euler classes in
the K group of representations. This trace of the geometric Frobenius at p on this class gives the
number of IF,,-points on the variety. Section 3 expresses the subring conditions as congruences
on the entries of Hermite normal form matrices. Separating the matrices according to their
diagonals gives the counts g, (p). We first study the composition oy = (3,3,2,2,2,2,1,1,1),
before returning to the full irreducible count. Section 4 proves that, for each fixed diagonal «,
the counts over Z, and F[[t]] agree for all sufficiently large primes. We express both counts as
local integrals defined by polynomial valuation conditions and use resolution of singularities to
compare them. The passage to Fp[[t]] is crucial since it allows us to describe f,(p®) and gy (p®)
as IF,,-point counts on varieties which depend only on 7 and e.

Section 5 constructs the parameter space for the Hilbert normal form diagonal ag. There is a
natural G,,-action on this space. We consider the fixed locus of this action. Its points correspond
to graded subalgebras, which have the form k1 @ tU @ t2V @ t3k[[t]]*°. Here 1 € U C V C k!9,
with dimU = 4 and dimV = 8. The product of two degree-one terms must belong to the
degree-two part, so every coordinatewise product of vectors in U must lie in V.

Section 6 explains how elliptic curves arise from these flags. The ten coordinate evaluations
on U define ten points in P3. If the quadratic forms vanishing at the ten points form a two-
dimensional space, their common zero locus is the intersection of two quadric surfaces. When
smooth, C' is a genus-one curve equipped with a degree 4 line bundle. Varying the degree-four line
bundle amounts to choosing an additional point on the curve. When this point is distinct from
the ten markings, the resulting data are parametrized by My 11, the space of smooth genus-one
curves with eleven ordered distinct marked points. Its cohomology contains a two-dimensional
Galois representation associated to the modular form A. The trace of geometric Frobenius at
p on this representation is the Fourier coefficient 7(p). This explains how the coefficients of A
enter our point counts.

Section 7 studies the part of the fixed locus outside the smooth elliptic-curve locus described
above. This includes configurations where some of the ten points coincide, where the quadrics
fail to cut out a smooth curve, or where the points satisfy more than two independent quadratic
relations. We show that the compactly supported Euler class of this boundary has no contribution
from any Tate twist of the representation attached to A. It therefore cannot cancel the modular
contribution from the smooth elliptic-curve locus.

In Section 8, we introduce the linear functional £12. On the compactly supported Euler class,
it counts each copy of a Tate twist of the representation attached to A with sign 41 in even
degree and —1 in odd degree, ignoring all other irreducible Galois constituents. Since every twist
is counted equally, its value is unchanged by Tate twisting.

Write X for the parameter variety and F' for its G,,-fixed locus. The complement X \ F
admits a finite partition into locally closed subsets G,, x Y;. Since [G,,] = L — 1, where L = [A!],
this gives [X] = [F] + (L — 1)[Y] for a suitable variety Y. Multiplication by L becomes Tate
twisting in cohomology, so the second term has zero €15 value. Sections 6 and 7 show that the
smooth elliptic-curve locus in F' contributes 56, while its complement contributes zero. Thus
e12(X4(X)) = e12(X4(F)) = 56. Since an eventual polynomial point count would force this value
to vanish, this proves Theorem 1.3.
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To study the full irreducible count, we construct a projective parameter space containing
every HNF diagonal of the given rank and index. Its G,,-fixed points are graded subalgebras,
described by nested subspaces specifying the coefficients allowed at successive powers of ¢. In
rank ten and colength seventeen, the scalar degree-zero part contributes nine to the colength.
The remaining codimensions sum to eight, so their nonincreasing sequences are indexed by the
twenty-two partitions of eight. The partition (6,2) gives the flag incidence variety already studied.
Section 9 treats the other twenty-one possibilities and shows that each has zero 15 contribution.
The value 56 therefore survives in gio(p'”), proving Theorem 1.2(i).

Section 10 establishes the corresponding vanishing results in lower ranks, which are needed
for Liu’s decomposition into irreducible subrings. Finally, Section 11 passes from irreducible
subrings to all subrings counted by fio(p'”). If a subring splits into two or more irreducible
factors, each factor involves at most nine coordinates. The exponents of their indices add up
to seventeen, so at most one factor can have index p® with a > 9. All the other factors fall
within the range covered by the known polynomial formulas. We combine these formulas with
the lower-rank results to show that the subrings which split contribute zero to £12. Adding them
to the irreducible count proves Theorem 1.2(ii).

1.5. Further questions. The failure of polynomiality raises the question of how the functions
fn(p®) can be described more precisely. For the case considered here, can one find polynomials
P,Q € Q[X] such that fi0(p'") = P(p) + Q(p)7(p) for all sufficiently large primes p? Our results
do not establish such a formula. The functional €19 records the total signed multiplicity of
the Tate twists of S ¢, but does not determine their individual multiplicities or exclude other
non-Tate constituents.

More generally, one can ask which modular forms occur as n and e vary. Can the functions
frn(p®) be expressed using polynomials in p and Fourier coefficients of a finite number of modular
forms? The marked elliptic curves appearing here explain the contribution of A. It would be
interesting to identify other geometric configurations that produce further modular forms. One
should also ask whether modular forms suffice to describe these counts, or whether larger values
of n and e involve Galois representations arising from other motives.

Similar questions can be posed for a wider range of algebraic structures. Examples include
finite-index subrings of other rings whose additive groups are free of finite rank, orders in number
fields, and finite-index subalgebras or ideals of Lie rings. There are already examples relating
local normal-subgroup zeta functions of nilpotent groups to point counts on elliptic curves; see
[10, Theorem 1.1].
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2. PRELIMINARIES

In this section, we discuss preliminary notions and set up notation which will be used throughout
the article.
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2.1. Combinatorial preliminaries on subrings of Z". Given a commutative ring A, multi-
plication on A™ is coordinatewise:

(1, @n) 0 (Y1y e oy Yn) = (T1YL,s -+, Tnln)-

All subrings contain the identity 1 = (1,...,1). For submodules U,V of A" let U oV be the
submodule spanned by u o v where v € U and v € V, and write U°? = U o U.

Let f,(m) count the subrings R C Z™ with #(Z"/R) = m. Associated with this arithmetical
function is the zeta subring zeta function

Fals) =Y falm)m™>.
m>1
Given a prime number p, let
Znp(T) =Y fu(p)T,
e>0
and set
(2 p(8) = Zunp(0™®).
It is easy to see that the function f,, is multiplicative. Hence
Fa(m) =TT fulp*™™)
plm
and consequently,

Czn(s) = [T ¢2h p(9)-

For n > 2, the series and product converge absolutely when $(s) > n — 1. To see this, each R
contains Z1, and R/Z1 has index m in Z"/Z1 ~ Z"'. If a,,_1(m) counts all subgroups of this
index, then f,(m) < ap—1(m) and

n—2
S fulm)m ™ < Y ani(m)m= = [[ (o — j) < 0
m>1 m>1 j=0

for 0 > n — 1. We refer to [3, Section 1.1, equation (1.2)] for further details. For n = 1 the
subring zeta function is 1.

Let O be a discrete valuation ring with uniformizer w and residue field k = O/(w). We set
q = #k. The main examples that we work with in this paper are Z, and k[[t]]. A full O-lattice
L C O" is a free rank-n submodule with finite-length quotient. Its colength is then defined
to be lengthy(O"/L). A quotient of length e has e composition factors isomorphic to k, its
cardinality is ¢¢. A full unital O-subalgebra of O™ is a full lattice containing 1, which is closed
under multiplication. Such an algebra is said to be irreducible if its image

R=(R+wmO")/wO™ C k"
is k1. Let gn(p®) be the number of index-p® irreducible unital full Z,-subalgebras of Zj.
Lemma 2.1. Let O be a discrete valuation ring with uniformizer w and residue field k. Set
N ={(z1,...,2p-1,0) : x; € O} C O".

The assignment
Mr— Ry =01 wM
s a bijection between full lattices M C N satisfying

w(MoM)C M
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and irreducible full unital O-subalgebras of O™. Its inverse is
R+—— Mp={x € N :wz € R}
For corresponding M and R, we have
lengthy(O"/R) = n — 1 + lengthy (N/M).
Proof. The proof of this result is straightforward and is thus ommitted. O

Lemma 2.2. Let N = O™ and let M be a lattice with w?N C M C N. Let U and V be the
k-vector spaces defined by
U=(M+wN)/wN

and

V={zxe N/wN :wzxe M}
Then U CV, and, forr =dimU and s =dimV,

lengthy(N/M) =2m —r — s.
Fiz a flag U CV CE™, with dimU = r and dimV = s. Choose a basis of k™ whose first r
vectors span U and whose first s vectors span V, and choose lifts of these basis vectors to N.

These choices give a bijection between the lattices w?N C M C N inducing this flag and

Homy (U, k™ /V).

This vector space has dimension r(m — s). Hence, exactly q""=%) lattices induce the prescribed
flag.

The multiplication condition depends only on the flag. Indeed, we have that w(M o M) C M
if and only if U°2 C V. Thus all ¢""%) lattices satisfy this condition when U°? CV, and none
do otherwise.

Proof. The containment w?N C M makes V well defined, and wM C M gives U C V. In the
short exact sequence

0 — wN/(MNwN) — N/M — N/(M +wN) — 0,

we have that

dimp wN/(M NwN)=m — s
and

dimy N/(M +wN)=m —r.
This proves the length formula.

Choose a basis uq, ..., u, of U, extend it to bases of V' and k™, and lift this basis to N. Every
desired lattice contains K = {wz : & € V'} and is generated modulo K by u; + wa; for 1 < i < r.
Because U C V, multiplying these generators by w gives elements of K. Thus the residues
of a; in k™ /V are arbitrary and determine the lattice uniquely: differences of two lifts of the
same u; belong to M NwN, whose image is @V modulo @w?N. These r residues give the stated
parameter space.

Finally, wz € M is equivalent to z € V for z € N. Apply this to products of elements of M,
whose reductions fill U, to obtain the closure criterion. O
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2.2. Grothendieck groups and Euler characteristics. A k-variety is a reduced separated
scheme of finite type over k. When a scheme X over k is not reduced, we replace it by its
reduced scheme before taking its variety X™4. Let Kar s = Ko(Vary) ®z Q be the Grothendieck
Q-algebra of k-varieties. It is generated by isomorphism classes [X], subject to the relation

[X]=[Z]+[X\ Z]
where Z C X is a closed subvariety. Multiplication is defined by [X][Y] = [X X Y], and the
identity 1 = [Speck|. A finite stratification of X is a decomposition X = | |, X; into locally closed
subvarieties. Applying the relation successively gives [X] = Y ,[X;].
Write A¢ for affine a-space, P{ for projective a-space, and G, = A}, \ {0}. We set L = [AL].
The decomposition of projective space into affine spaces gives
[A%] = L%, Gn]=L-1 and [P{=1+L+---+L"%
If k = F,, the rational point count defines a ring homomorphism Ky r, — Q defined by
[X] = #X(Fy). o
Fix a prime ¢ and set Gg = Gal(Q/Q). A continuous ¢-adic representation of Gg is a finite-
dimensional Q-vector space V with a continuous homomorphism Gg — GL(V'). We use the
rational Grothendieck ring
Kg = Ko(Rep&nt(GQ)) Kz Q
Its defining relations are
VI=[VT+[V"]
for every short exact sequence
0—V —V-—V"—0,

and its multiplication is induced by tensor product. A simple constituent of a representation
means a simple quotient in a composition series. Its multiplicity is independent of the series,
by the Jordan—Holder theorem. The class of a representation records these multiplicities, and a
virtual class records their signed multiplicities. ‘

For a variety X/Q, each compactly supported cohomology group H, é(X@, Qp) is such a repre-
sentation. We define o

VUX) = S (1) [HI(X5. Q)] € K.
i

This induces a ring homomorphism

Xﬁ : Kvar,(@ — Kg.

Indeed, for Z C X closed, the compact-support localization long exact sequence [30, Chapter III,
(1.30)] gives

l l l
The compact-support Kiinneth formula [30, Chapter VI, Section 8] gives

Xe(X X Y) = xe(X)xe(Y)
The localization sequence for A(l@ = }P’b \ {0} gives
Qf(_l)a = 27
0, i# 2,

as Gg-representations; see [30, Chapter III, (1.30)] and [31, Theorem 23.2]. Since degree two
contributes with positive sign,

Xe(IL) = [Qe(~1)].
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For ease of notation, we also set L := [Q(—1)]. The one-dimensional objects Qy(—r) and Q(—r),
for r € Z, are called Tate objects. A variety is said to be Tate if every simple constituent of
every H! is a Tate object. A wvirtual Tate class P(LL) is a finite rational linear combination of
Tate classes:

N .
P(L) =) aL".
1=0

Here, P(X) denotes the polynomial >, a; X € Q[X].

The Grothendieck—Lefschetz trace formula relates compactly supported cohomology to point
counts. Let X be a variety over I, where ¢ is a power of a prime different from ¢, and write
X=X XF, Fq. Then

#X(Fg) =Y (—1)" Tr(Frob, | HL(X,Qy));
(2

see [31, Theorem 29.8]. Here Frob, denotes geometric Frobenius, the inverse of the automorphism
x + 27 of F,. Arithmetic Frobenius acts on Qy(1) by g, so geometric Frobenius acts on Qu(—r)
by ¢". Consequently, the trace of geometric Frobenius on a virtual Tate class P(L) is P(q).
A virtual Euler class is an alternating sum of cohomology groups. Consequently, an equality
x4(X) = P(L) does not by itself say that each Hg(X@, Qy) has only Tate constituents, since
constituents in adjacent degrees may cancel. We distinguish this assertion from the stronger
statement that X is Tate.

For a variety X/Q, choose a model 2" over Z[1/N]. After increasing N, base change for
compactly supported cohomology gives

#2 (Fp) = Tr(Frob, | Xﬁ(X))

where p t N/; see [8]. The trace on a virtual representation is defined by extending the usual
trace linearly.
The Hodge Euler class on the other hand is defined as

Xe(X) = (-1)'[H(X(C), Q)]
1
in the Grothendieck ring of rational mixed Hodge structures. Additivity and the Kiinneth formula
make this a ring homomorphism, just as above; see [, 7]. We refer to this homomorphism and
to X' as the two realizations. The terminology “in both realizations” means one assertion about
mixed Hodge structures and a second assertion about Gg-representations. In these rings, L
denotes [Q(—1)] and [Q;(—1)], respectively.

3. HERMITE NORMAL FORMS

We abbreviate the Hermite Normal form of a lattice by HNF. We always use the column
convention, i.e., the columns form a basis of the lattice, and the entries in row ¢ above the
diagonal are reduced modulo the ith diagonal entry.

Lemma 3.1. Let O be a discrete valuation ring with uniformizer w. For each a > 0, fiz a set

Ra C O of representatives for O/w®O, with Rog = {0}. Every full lattice L C O™ has a unique

basis matriz of the form

@ aip - A
0 w* Qom

Al |0 = |
0 -+ 0 wm
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where e; > 0 and a;; € R, fori < j. Here the columns of A form an O-basis of L, so L = AO™.
Moreover,
lengthy (O™/L) =e1 + -+ + em.

Proof. The normal-form assertion follows from the Hermite normal form theorem over a principal
ideal domain; see [1, Chapter 5, Theorems 2.9 and 2.13]. The colength formula follows from

length, (O™ /AO™) = ord(det A) = Z e
i=1

O

The exponents e; need not be increasing and are not, in general, the Smith exponents of L.
The HNF basis is unique after fixing the representative sets R,; it is this uniqueness that prevents
different bases from being counted as different lattices. Over Z, every full lattice L C Z™ is
represented uniquely by an HNF matrix

ar bz - bim

0 ay - boy
A=1 . . ) s

0 - 0 ap

where a; > 0, 0 < b;; < a; for @ < j. Its columns generate L, and
[Z™: Ll =detA=aj - an.

If this index is p®, each diagonal entry is a power of p. We may therefore write a; = p“¢, where
a; > 0and o + - + oy = €.

Let R C Z" be an irreducible subring of p-power index. In this integral setting, irreducibility
means that the image of R in I} is Fp1.

Since the identity belongs to R, its projection to the last coordinate is all of Z. Thus a, = 1.
Every preceding basis vector has last coordinate zero. By irreducibility, all coordinates of each
such vector are divisible by p. Hence a; = p® with «; > 1 for ¢ < n. The last column is 1 and
consequently the HNF matrix has the form

p* paiz -+ payp-1 1
0 pa2 paz n—1 1
A= : E (3.1)
0 -~ 0 p*1 1
0o -~ 0 0 1

where 0 < a;; < p®~1. Tt is a subring precisely when the product of every pair of basis columns
belongs to the lattice.

Definition 3.2. Let p be a prime and let a = (o, ..., ay—1) be a composition of e into n — 1
positive parts. Define g,(p) to be the number of matrices
P parz c-- parp—r 1
0 p* pagp—1 1
A= o ]
0o .- 0 po-1t1
0o - 0 0 1
with a;; € Z and 0 < a;; < p%~1 whose columns vy, ..., v, satisfy v; o vi € AZ" for 1 <i < j <

n — 1. Since v, = 1, products involving the last column already belong to AZ™".
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Extension of scalars L — L ®z Z, gives a bijection between lattices of p-power index in Z"
and full lattices in Z;.

We now fix ag = (3,3,2,2,2,2,1,1,1) and note that Y, ag; = 17. The corresponding matrix
is

w

p° paiz paiz paiy pais paig pair paig paig 1
0 p3 pass pazs pass Ppaze Ppasr pazs pazg 1
0 0 p®  pass pass pasg pasr pass pagy 1
0 0 0 p®  pass pass pasr Pass Pasg 1
a-10 0 0 0o p? pass Pas7 Pass Paso 1 (3.2)
0 0 0 0 0 p®  paegr pass pasy 1
o 0o o0 o o 0 p 0 0 1
0 0 0 0 0 0 0 D 0 1
0 0 0 0 0 0 0 0 p 1
0 0 0 0 0 0 0 0 0 1
Dividing the first nine columns of A by p and deleting the last row gives
p2 a12 a3z ai4 a5 daie a1y aig ai9
0 p* a3 asa ass ax agr ass asg
0 0 p a3 azs azgs azr ass asg
0 0 0 p a45 ag6 a47 asg Q49
B = 0 0 0 0 p ase a7 As8 asg | . (3.3)
0 0 0 0 0 p ag7 Aes AG9
0 o0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1
We write by, ..., by for the columns of B.

Lemma 3.3. The matriz (3.2) defines a subring if and only if
p(bj o by) € Col(B) (3.4)
for 1 < j <k <9, where Col(B) denotes the integral column lattice of B.

Proof. The first nine columns of A are the vectors pb;, with a zero tenth coordinate, and its last
column is 1. A linear combination of these columns has zero tenth coordinate only when the
coefficient of 1 is zero. Thus the product of columns j and k belongs to the lattice precisely
when p?(b; o bi) belongs to pBZ®, which is equivalent to (3.4). Products with the last column
preserve every column. O

Each entry above the diagonal in the first two rows of B is an integer between 0 and p? — 1. It
therefore has a unique base-p expansion

aij = Tij + PYij,
where x5, y;; € {0,...,p—1}. Here z;; is the remainder on division by p, and y;; is the quotient.
We regard both digits as elements of IF,,. The entries above the diagonal in rows 3,...,6 already
lie between 0 and p — 1, so each requires only one digit, which we denote by x;;. All entries
above the diagonal in the last three rows are zero.
The first two rows have 8 and 7 variable entries, respectively, each requiring two digits. The

next four rows have 6,5,4,3 variable entries, each requiring one digit. Thus the 33 variable
entries of B are specified by

2.842-7T4+6+5+4+3=48 (3.5)

elements of IF,,.
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Let K be a non-archimedean local field with residue field of cardinality ¢, valuation ring O,

and uniformizer w. Fix nonnegative integers d = (dy,...,dy,). For d = (dy,...,dn) € Zg”o, set
woh bia - bim
%d(K)Z . . . . :bijEOK fOI‘7,<j
0o -~ 0 win

The upper-unitriangular group is

I wg - uim
1 o usy,
Np(Ok) = _— . : tuij € Ok fori < j

It acts on %By(K) by right multiplication. The product BU is upper triangular and has the same
diagonal as B, so it again belongs to %;(K).

Lemma 3.4. Two matrices B, B’ € B4(K) have the same column lattice if and only if B’ = BU
for a unique U € Np,(Ok). Consequently the Ny, (O )-orbits are exactly the lattices admitting a
basis with the prescribed upper-triangular diagonal.

Give the m(m—1)/2 entries above the diagonal their product additive Haar measure, normalized
so that Ok has measure one. Every orbit in B4(K) has measure

m

q i:l(m_i)di, (3.6)
There are qzi(m_i)d" such orbits.

Proof. We refer to [23, Definition 5 and equation (6), p. 29]. The same calculation applies over
Og, with |@w|x = ¢~!. The assertion about the number of orbits then follows because %4(K)
has measure one. g

For our matrix B,
d=(2,2,1,1,1,1,0,0,0),
and the exponent in (3.6) is
9
> (9-i)di=8-2+7-2+6+5+4+3=48 (3.7)
i=1

4. COMPARISON BETWEEN CHARACTERISTIC ZERO AND CHARACTERISTIC P COUNTS

In this section, we show that irreducible subrings with a fixed HNF diagonal have the same
count over Z, and F,[[t]] for all sufficiently large primes p. We express these counts as local
integrals defined by the same polynomials with integer coefficients.

Let K be a non-archimedean local field with valuation ring O, maximal ideal mg, and
residue field k. Set ¢ = #kg and write ordg : K* — Z for its normalized valuation. Choose a
uniformizer w and normalize the valuation and additive Haar measure by ux(Ok) = 1. Thus
i (@?Ok) = ¢ for a > 0. On a Cartesian power of Ok we use product measure.

Fix a positive composition a = (aq, ..., ay,). We set

m m 1
di=a; =1, r=3%dj, E=Y (m—i)d; and b:m(m2)_
i=1 i=1
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For b = (bij)i<j S Ol}(, write

o™ by o bim
0 w® ... by
B(b) = .
0 ce 0 oim
Its determinant is @w”. Denote its columns by b1, ..., b,,.

Define D, (K) to be the set of tuples b such that, for every 1 < j < k < m, the system

C1,jk
€2,k

B(b) = w(b; o by,) (4.1)

Cm,jk
has a solution with all ¢; j € Og. Thus this condition requires each such product to be an

Ogk-linear combination of the columns of B.
Let

9a (1) = #{B(b)OR : b € Da(K)}.
Each lattice is counted only once, regardless of how many matrices represent it. This number is
finite by Lemma 3.4. For K = Q,, the correspondence between integral and p-adic HNF lattices,

together with Lemma 2.1, gives ggp (p) = 9a(p).
Proposition 4.1. One has
95 (@) = ¢" e (Da(K)). (4.2)

Proof. For M = Colp, (B), bilinearity makes (4.1) equivalent to w(M o M) C M. It therefore
depends only on the lattice. The locus D, (K) is a union of orbits, each of measure ¢~ by
Lemma 3.4. Adding their measures gives the formula. O

Let @ > 1 and s > 0, and let fo,...,fs € Z[X1,...,X,] be nonzero polynomials. Fix
nonnegative integers u, v, integer matrices

A € Maty s+1(Z) and B € Mat, s41(Z),

and vectors B € Z* and v € Z". We set

A:{WEZSZJ{)l Aw = 3, sz'y},
where the inequality is interpreted coordinatewise. Thus A specifies a fixed finite system of
integer linear equalities and inequalities. Let ux be additive Haar measure on K, normalized by
px (Ok) = 1, and use the product measure %" on K.

For z € O% such that f.(z) # 0 for every c, set

vi(z) = (ordk fo(z),...,ordk fs(x)).

Define
Sk ={x € O% : fe(x) #O0 for all ¢ and vg(z) € A}.
Lemma 4.2. With respect to notation above, there is a positive integer N such that
1 (Sk) = nii (Skr)

whenever kg ~ kg and their common characteristic does not divide N.
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Proof. We want to compare volumes of sets defined by polynomial divisibility conditions. We
use a resolution of the divisor D = V' (fy--- fs). The ambient affine space is already smooth, but
the components of D may be singular or meet nontransversally. The resolution arranges that the
components of its inverse image are smooth and meet like coordinate hyperplanes. In suitable
local coordinates, each f. o h is then a monomial times an invertible function. For a suitable
positive integer IV, the resolution and its monomial identities extend over Z[1/N] with the same
smoothness and normal-crossing properties. We then exclude residue characteristics dividing N
and check the conditions one variable at a time and calculate the volume explicitly. The volume
is shown to depend only on the global data fi,..., f. and the conditions defining A; cf. (1.4).
This explains why local fields with the same residue field give the same volume, once finitely
many residue characteristics are excluded.

Set f =1y fc and w = dX; A--- AdX,. By the embedded form of Hironaka’s theorem
[19, 20], we may choose a log resolution h : Y — Af of D. Here, Y is a a-dimensional variety
Y/Q and h is a proper morphism which is an isomorphism over Ag \ V/(f). Near each point of
Y, there are local étale coordinates y1,...,y, in which

foh=uy -y,

with 0 <t < a, N; > 1, where u is an invertible regular function. Thus the reduced inverse image
of V(f) is locally defined by y; ---y = 0. Write Ej, for i in a finite set I, for its irreducible
components. Write

div(f.oh) = ZNCZ-Ei, and div(h*w) = Z(ML - 1)E;. (4.3)

i i
Here N, > 0 and v; > 1.
The resolution extends to a proper morphism
h:% — A%,

over R = Z[1/N] with ¢'/R smooth and divisors &; having relative strict normal crossings.

We enlarge N so that h is also an isomorphism over the complement of V(f) and all the
divisor identities in (4.3) extend to this model. Thus the functions denoted by units in the local
expressions, including the Jacobian expression, remain units over R. There are only finitely many
equations and local descriptions to retain, so this requires inverting only finitely many further

integers.
Fix such a local field K, and write O = Ok, k = ki and ¢ = #k. For J C I, set

&y = (ﬂ 5) \U é,
ieJ i¢J
Ny = (Nci)()gcgs,
i€J
CJ:{HGZéIINJnEA},
where the empty intersection is #%'.

We now comsete the volume of the points of Sk whose lifts reduce to a fixed point of the
special fiber. Write O = Ok, m = mg, and ¢ = #k. We normalize Haar measure by ux(0) =1
and use the absolute value |z|x = ¢~ 9x(®), Fix 2 € &7k (k) and set t = |.J|. Choose an open
neighborhood U of z that meets no divisor &; with i ¢ J. On U, choose regular functions
(Yi)ies, w1, ..., Wq—¢ giving an étale map

¢:U — AP,
such that y; = 0 defines & N U for i € J. In particular, y;(z) = 0 in k. For each ¢, choose a lift
Wy € O of wy(z) € k.
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Let
T,={Pe#%(0):P ==z}
Given P € T, we find that y;(P) € m and w(P) € wy + m. Conversely, Hensel’s lemma gives
a unique point of T, for every tuple of coordinate values satisfying these congruences. Thus ¢

restricts to a bijection
a—t

T. = Q. :=m’ x [[ (@ + m).
=1
Write ¢, : Q, — T, for its inverse and set
H,=hot,:Q, — O

We shall calculate the volume of the image of H, and then sum over all choices of z. We shall
then get an expression which only depends on the residue field and the data fi,..., fs and the
sets Cy (which are defined in terms of A).

Fix n = (n;);es € Cj. Prescribing ord (y;) = n; amounts to restricting the coordinate tuple
to

a—t
Qon = H(m”l \ mithy x H('I:Dg +m).
ied (=1
Let T, n = 1,(; n). We first check that

Hz(Qz,n) — B(Tz,n) - SK«

On U, the resolution gives
fcoh:ucHyivCi, 0<c<s,
ieJ

where each u. is an invertible regular function. Consequently, u.(P) € O* for every P € T} n,
and 3

Ol"dK fc(h<P)) = Z ]chnz

ieJ
These valuations are finite, so none of the f.(h(P)) vanishes. Moreover, n € C; means precisely
that this valuation vector satisfies the equalities and inequalities defining Sg. This proves the
inclusion.
We next calculate the Haar measure of €2, ,, in the coordinate space K*. The ideal m" has

index ¢" in O. Its ¢" cosets have equal measure and partition O, so

T

pr(m’) =q"
It follows that
puc (P \ m ) = g7 g = (1 g g
Each of the other coordinate sets wy + m has measure ¢ !. Since (2, is a product of these sets,

its measure is
P (Qn) = O TJ(—q g™
i€
To obtain the volume of its image under H,, we must also calculate the Jacobian of this map.
Put w=dX1 A---NdX, on A}. In our chosen coordinates,

h*w = tuiVi_l (/\ dyi> Adwi A -+ A dwg_¢,

ieJ i€
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where v is invertible. The coefficient of the coordinate differential form is the determinant of the
Jacobian matrix of H,. Since |u(P)|x =1 and |y;(P)|x = ¢~ ™, we obtain

|det DH, | = q~ 2ies Wimni on €, n.

In particular, this absolute value is constant on the set under consideration.
The map H, is injective on €2, y. Indeed, its image avoids V'(f), and h is an isomorphism over
the complement of V'(f). The change-of-variables formula therefore gives

p (h(Tem)) = / |det DH.(v)|x du$®(v)
= qi ZieJ(l/«;*l)niq—(a—t) H(l _ q_l)q_”i
ied
=q %q— l)tqf ZiEJWni_

Thus the last expression is the volume, in the original space O%, of precisely those points whose
lifts reduce to z and satisfy ordg (y;) = n; for every i € J. When J = &, all products indexed by
J are interpreted as 1.

It remains to check that these images account for every point of Si. Let x € Sk. Since
f(x) # 0, the isomorphism away from V' (f) gives a unique lift of the generic point of Spec O to
% . The valuative criterion of properness for h extends this lift uniquely to a point P € & (O).
Its reduction is a unique point z on a unique stratum &7 . At P, the coordinates y; are nonzero,
and their positive valuations give a unique tuple n € C;. Hence = belongs to exactly one of the
images just measured. This proves that their measures may be summed.

Summation over the residue classes gives

HEA(SK) = q 3 #E5 (k) (g — DT ST g 2ies i, (4.4)
JCI neCy

The inner sums converge because v; > 1. For J = @, the inner sum is 1 if 0 € A, and 0 otherwise.
The right-hand side depends only on the residue field and the fixed integral data. It is therefore
unchanged when K is replaced by a local field with an isomorphic residue field. ([l

To apply Lemma 4.2, we express the lattice closure conditions using polynomials with fixed
integer coefficients. Introduce variables T" and b = (bij)1§i<j§m, and set

T b1y b1z -0 bim
0 T% by -+ bop
0 0 0 ce. Tdm

There are b = m(m — 1)/2 variables in b, and
det B(T,b) = T+ +dm — 7,
Write b;(7, b) for the jth column.
Suppose that T € Ok is nonzero and b € OY%. The columns of B(T,b) form a basis of K™.
Thus there are unique coefficients cji 1, ..., ¢jrm € K such that
T(bj o bk) = Cjk,lbl R Cjk,mbm‘

The vector on the left belongs to the column lattice B(T', b) O} precisely when all these coefficients
belong to Ok.
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We calculate the coefficients by solving
Cik,1
B(T, b) = T(bj Obk).
Cik,m
The adjoint matrix satisfies
Badj(B) = (det B)I,,.
Its entries are polynomials with integer coefficients in the entries of B. Consequently,

ij’,l(T7 b) = [ad.](B(T7 b)) T(b] (T7 b) o by, (Tv b))][ S Z[T7 b] (45)
forl1<j<k<mandl<I]<m,and
Cik,1 Fj1(T,b)
=T 5
Cjk:,m -ij,m (T7 b)

Here [-]; denotes the Ith coordinate of a column vector.
We now require ordg (7') = 1, so that T is a uniformizer. Since ordg (T") = r, the coefficient
T~ "Fji(T,b) belongs to O if and only if its numerator has valuation at least r. Therefore

T(bjoby) € B(T,b)OF if and only if ordg Fji;(T,b) > r for every I, (4.6)

where we have the convention ordg(0) = 4+o00. In particular, an identically zero polynomial
imposes no condition.

List the polynomials in (4.5) that are not identically zero as Fiy,...,Fs. The choices in
Lemma 4.2 are a = b+ 1, (X1,...,X,) = (T, (bij)i<j), fo =T, fn = Fp, for 1 < h < s. The
allowed valuation vectors form the set

A:{(wo,...,ws)eZs’Z‘gl:wozl, whzrforlghgs}.

Thus the equality wg = 1 requires T' to be a uniformizer, and the inequalities wy > r express the
lattice closure conditions.
With these choices, the set Sk in that lemma is

{(1,b) € O} TR(T,b) - Fy(T,b) #0, ordi(T) =1, ordg Fy(T,b) > 7 forall h}.

Consider the integral

Jx = /Ob*l Lordg (1)=1} H Liords By (T,b)>r} A1 dD, (4.7)
K h=1

where 14 is 1 on A and 0 elsewhere. This integral is the volume of the set satisfying the stated
valuation conditions. It also includes points where some Fj vanishes, whereas Sk excludes
them. After excluding the finitely many residue characteristics in which a polynomial becomes
identically zero, these zero sets have measure zero.

Hence

JK = ,u}e}(bJrl)(SK).

Lemma, 4.2 therefore applies to Jg.

The role of the variable T is to let the uniformizer vary inside the integral. All the polynomials
fn then have integer coefficients, as required by the lemma.

Lemma 4.3. One has
Jk=1-q e " gk ). (4.8)
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Proof. Write O = O and m = mg. For each uniformizer 7 € O, define
D, = {b e O :ordg Fjp (7, b) > r for all j, k,l}.

These are precisely the inequalities in (4.6), with T' = 7.

Put

M.y = B(1,b)O™.
By (4.6), membership in D, means that every vector 7(b; o by) belongs to M, . Since the
columns b; generate this lattice and multiplication is bilinear, this is equivalent to
be D, ifandonlyif 7(M;poM,p)< M, p.
In particular, when 7 = w, this is the condition defining D, (K) in (4.1). Hence Dy = D, (K),
b -E K
p% (D) = q "gi¥ (@)

by (4.2).

We next show that D, has the same volume for every uniformizer 7. Write 7 = uw, where
u € O*. For each entry in column j, make the substitution

b;j = ’U,_dj bij,
for ¢ < j. Then
B(7,b) = B(w, b') diag(u®, ..., udm).
Indeed, multiplication on the right multiplies column j by u%: its diagonal entry becomes 7%,
and its entries above the diagonal become u% b;j = bj.

The diagonal matrix on the right is invertible over O. The two matrices therefore generate the
same lattice, say M. Multiplication by a unit maps M bijectively to itself, so

T(MoM)C M ifandonlyif w(MoM)C M.

Thus b — b’ gives a bijection D, — D,. Each coordinate is multiplied by a unit, which preserves
additive Haar measure. Consequently,

b b -E K
i (Dr) = pi (D=) = 4~ P g5 (a)-
Finally, fix T'= 7 in the integral (4.7). If 7 is a uniformizer, the integral over b is exactly the
volume of D.; otherwise the integrand is zero. Fubini’s theorem therefore gives

Tie= [ D) dpsc(7).
m\m2

The integrand is constant by the preceding calculation. Moreover, the set of uniformizers has
measure
prm\m?) =q¢~" — ¢
It follows that
T = (0" =q)q Pl (@)= 1 —q g " g (a),

as claimed. O

Proposition 4.4. Fix a positive composition «. Outside a finite set of residue characteristics
depending on o, the count g% (q) depends only on the residue field of K.

Proof. Applying Lemma 4.2 with the polynomials fo =T, fi = F1,..., fs = Fs and the set A
specified above shows that Jx depends only on the residue field outside finitely many residue
characteristics depending on «. Lemma 4.3 gives

Kiy_ 4
ga(Q)_l_q_l

E+1

JK.
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Since ¥ depends only on « and ¢ is the cardinality of the residue field, the assertion follows. [J

Corollary 4.5. For all sufficiently large primes p,

9% (0) = 902D (p). (4.9)
Proof. The fields Q, and F,((t)) have residue field IF,,. Apply Proposition 4.4. O
Remark 4.6. Proposition 4.4 applies to every positive HNF composition. For a fixed rank and

colength there are only finitely many such compositions. A single finite set of excluded primes
therefore suffices for all of them.

5. THE EQUAL-CHARACTERISTIC HNF SCHEME AND LOOP ROTATION

The comparison in Section 4 allows us to work over k[[t]]. We write the HNF entries as
polynomials in ¢ and express closure under multiplication as polynomial equations in their

coefficients. The substitution ¢ — At, called loop rotation, induces a G,,-action on this scheme.

We use this action to show that, in Ky(Varg), the class of the resulting variety differs from that
of its fixed locus by a multiple of L — 1.
Recall from Section 3 that

Qo = (37372727272717171)7 dz = Qo — 1.
Over k|[[t]], the full HNF matrix corresponding to (3.2) is

t3 tblg tb13 tb14 tb15 tblﬁ tb17 tblg tblg 1
0 t3 tbgg tb24 tb25 tbQG tb27 tbgg tbzg 1
0 0 t? thyy thss thsg tbsy thsg thyg 1
0 0 0  t?  thys tbag tbay tbag thig 1
At) = 0 0 0 0 t? thsg tbsy tbsg thsg 1
0 0 0 0 0 t* thgy tbgs tbgy 1|’
0 0 0 0 0 0 t 0 0 1
0 0 0 0 0 0 0 t 0 1
0 0 0 0 0 0 0 0 t 1
0 0 0 0 0 0 0 0 0 1

where b;; = b;;(t). Dividing the first nine columns by t and deleting their last coordinate gives
the matrix B(t).

By Lemma 3.1, each entry in row ¢ above the diagonal is represented by a polynomial of degree
less than d;. Thus

zi +tyig, i=1,2,
bij(t) =  4j, 3<1<6, 1<j<9,
0, 7<i<8,
and explicitly
2 zio+tye Tz +tys Tiattyia T+ lyis Tie +tyie Tir +tar s + tyis

0 t2 23 +tyss o4 +1ly2a T25 +1tY2s Tos +ty2e Tor +1y2r X2y + tyos

0 0 t T34 x35 36 x37 38

0 0 0 t Z45 T46 T47 T48
B(t) = 0 0 0 0 t T56 57 58

0 0 0 0 0 t Te7 68

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 0 0

19 + ty19
T29 + ty2g
x39
T49
T59
T69
0
0
1
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Lemma 5.1. Every Ny(k[[t]])-orbit in Ba(k((t))) contains a unique matriz whose (i,j) entry,
fori < j, is a polynomial of degree less than d;.

Proof. Apply Lemma 3.1 over k[[t]], using the polynomials of degree less than d; as representatives
modulo t% in row i. g

There are 33 variables x;; and 15 variables y;;. Write z for their collection and set A = Z[z].
Let ¢ be a separate indeterminate. The matrix B(t) defined above belongs to Matg(A[t]).

The phrase the ag HNF chart will refer to this affine parameter space of 48 coefficients, with
the diagonal entries fixed as above. Its points specify the unique HNF representatives of the
corresponding column lattices. Imposing multiplicative closure cuts out the closed subscheme
Xq, defined below.

Write b; for its jth column. For each pair 1 < j < k <9, define

wji(t) = t(bj o bi) € AJt]",

and write wjy, »(t) for its rth coordinate.

To express wj, as a linear combination of by, ..., by, we start with the last row and work
upwards. At each row, we subtract the terms involving columns whose coefficients have already
been comseted, then divide by the diagonal entry.

For each fixed pair (j, k), define the following polynomials successively for r = 9,8,...,1. First
set

9
Rk (1) = wjg,r(t) — Z Bys(t)Cjg,s(t)- (5.1)
s=r+1
Then define the quotient and remainder coefficients by polynomial division:
dr—1

Rji . (t) = thCjkW(t) + Z Ejirqt?, where Cji,(t) € Alt] and Ejp,q € A.
q=0

This identity determines Cj, and the Ej.,. , uniquely.
At r =9, the first sum is empty and dg = 0, so

Rk o(t) = Ciro(t) = wjko(t).

For a polynomial P(t), write [t”]P for its coefficient of t*. We have the following relations

Cira(t) = > ([t Rk (1)1~ " (5.2)
v>dy
and
Ejkirq = [t Rjkr (). (5.3)

If every remainder vanishes, then Rj;, = tdr Cjk,r for every r. Hence

9 9
d
Wik = 7 Cirr+ D BrsCis = D BrsCirs,
s=r+4+1 s=1

since By, = t% and B,s = 0 for s < r. As B, is the rth coordinate of by, these coordinate
identities give
9
wjk = chk,s(t)bs-
s=1
Conversely, suppose that wj, = >0_; vs(t)bs with vs(t) € k[[t]]. The last row gives vg = Cjy.g. If
vs = Cj s for every s > r, the row-r equation gives

Ripr(t) = t™rv,(1).
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The coefficients of degrees less than d, on the right are zero, so all the remainder coefficients at
row 7 vanish. Dividing by td then gives v, = U}, since the quotient of the polynomial Ry , is
the polynomial already defined above. This completes the descending induction.

In summary, we find that wj, € Bk[[t]]° if and only if Eji.,., = 0 for every r,q.

Let I C A be the ideal generated by the polynomials Ejj.., for 1 <j <k <9,1<r <9, and
0 < ¢ < d,. Define

X, = Spec(A/I) C AFS.

Its k-points are precisely the coefficient choices satisfying the lattice closure conditions.

Proposition 5.2. For every finite field k,
#Xao (k) = g]oig(t))(#k)-

Proof. The proof of the result follows from the above discussion. Indeed, a coefficient choice
gives one HNF matrix, and the normal-form uniqueness shows that different choices give different
lattices. The obstruction equations hold exactly when every product of two basis columns lies in
the lattice. Products involving the last column already belong to it because that column is 1.

This gives the required bijection with the lattices counted by ggg(t))(#k). O
Setting 2" = (Xqg )red, We note that
42 () = #Xa (k) (5.4)
for every finite field k.
Corollary 5.3. For every sufficiently large prime p,
9o (P) = #Xay(Fp) = # 2 (Fp). (5.5)

Proof. Corollary 4.5 identifies the fixed-diagonal lattice counts over Q, and F,((t)) outside a
finite set of primes. Proposition 5.2 identifies the latter count with #X,,(F,), and (5.4) gives
the second equality. ]

For A € G,,, replace t by At and multiply column j by A\~%. This restores its pivot to t%.
For 7 < j, write

d;—1
Bij(t) = Z Zz(jy)ty
v=0

Thus z,g/) denotes the coefficient of t” in the (i, 7) entry of B(¢). In the notation introduced above,
(0) 1

z;; = xij and z;;" = y;;. Replacing ¢ by At and multiplying column j by A~% therefore gives

A zl-(]'-j) =\ zgj). (5.6)
The integer v — d; is the weight of this coordinate.
Lemma 5.4. Every obstruction polynomial satisfies
Ejkirq(A-2) = /\qidjidkilEjk;r,q(z)‘ (5.7)
Thus (5.6) defines a Gy,-action on X, and on 2 over Z.

Proof. Use a superscript A for the transformed expressions. The matrix entries and the product
vector satisfy

B)(t) = A" B,(),
Wi (8) = AT ().

The extra factor A~! in the second formula comes from the factor ¢ in w;j = t(b; o b).
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Suppose that the recursion has already given for s > r:

Ches(t) = AmB=d=10 ().

Each product B?SC;‘,% , then has the common factor A=%~4~1. Equation (5.1) gives
Ry () = A"~ R, (At).

7

Taking the coefficient of ¢4 proves (5.7). Removing the low-degree terms and dividing by t% gives

Cj\k,r (t) = )‘dridjidkilcjkﬂ%)‘t)?

which is the required formula for this row and completes the descending induction.
The defining ideal is homogeneous for the grading by these weights, so the action restricts to
Xa,- Its radical is homogeneous as well, and the action restricts to the reduced scheme 2. [

For ¢ = 1,2, write b;; = x;; + ty;;. For 3 <1 <6, write b;; = x;;. The list of weights is

coordinates ‘ weight ‘ number
I12 —2 1
xij with 3 Sj S 6, and Y12 -1 15
Tij with 7 <5 <9, andyij with 3 <5 <6 0 26
yijWith'?SjSQ 1 6

Only existing digit variables are included in this table: ¢ < j, x;; occurs for ¢ < 6, and y;; occurs
for i < 2.

Lemma 5.5. Let X be a reduced closed subvariety of A(g[ or P&fl preserved by a diagonal
G, -action with integer weights. There is a variety Y/Q such that

[X] = [(X®™)pea] + (L = D[Y] in Ko(Varg). (5.8)
Proof. First suppose that X C AM | with action
A (2’1, e ,ZM) = ()\alzl, e ,)\aMZM).

For each subset J C {1,..., M}, set
Ty={z=0fori¢ J, =z #0forje J},
X;=(XNTy)req.
The X ; form a finite decomposition of X into invariant locally closed subvarieties. Each T’ is a

torus with coordinates z;, j € J.
If a; = 0 for every j € J, the action on T is trivial. The corresponding X ; together give

precisely (X)) eq.
Suppose now that some aj, j € J, is nonzero. Set m = |.J| and

d=gecd(a; :j€J)>0.
Choose ¢ = (¢j)jes € Z7 such that > jesajc; = d, and let

L:{UEZJ:Zajuj:O}.

JjeJ
Then Z7 = Zc @ L: for every n € Z7,
n = 723'@ &%y c+ (n - Lje‘] el c)
d d ’

where the second term belongs to L, and the decomposition is unique.
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Choose a basis uV), ..., u(™Y of L. Define Laurent monomials
_ <

s = H z,

Jje€J
(0)

U

vy = H zjj
jeJ

for 1 < ¢ <m—1. Since ¢,u™, ..., u™ b form an integral basis, every z; is a Laurent monomial

in these new coordinates. They therefore identify
Ty =~ Gy x (Gp)™ 1,
with action
A (5,01, 1) = A, 01, 1),
Let Y7 C (G,,)™ ! be the reduced closed subvariety obtained by setting s = 1 in X ;. For any
s€Q”", choose A € Q° with A4 = s~1. We find that (s,v) € X;(Q) if and only if (1,v) € X;(Q)

if and only if v € Y;(Q). Thus X and G,, x Y; have the same Q-points. Since both are reduced
closed subvarieties of Ty, they are equal over Q. It follows that

[(X,] = (L -1)[Yy].

Taking Y to be the finite disjoint union of these Y; and adding the classes of all the strata proves
the affine case.

For the projective case, write the coordinates as zg, ..., zps, with weights ao, ..., aas. Decom-
pose ]P’g[ into the invariant affine strata
Ui={20="=2-1=0, 2 # 0},

for 0 <i < M. The coordinates z;j/z;, j > i, identify U; with Ag_i, and have weights a; — a;.
Apply the affine case to each reduced closed subvariety (X N U;)req C U;. Adding the resulting
identities gives (5.8), since these strata also decompose the reduced fixed locus. The required Y
is the disjoint union of the varieties obtained from the affine case. U

In what follows, we let X = Zg and set F' = (X Gm ) ed.

Proposition 5.6. There is a variety Y/Q such that
[(X] =[F]+([L-1)[Y] (5.9)
in Ko(Varg).
Proof. The affine variety X C Ag is reduced and is preserved by the diagonal action in (5.6).
Lemma 5.5 therefore gives (5.9). O
In the ap HNF chart, the loop-rotation weights in (5.6) give the fixed-point equations

25 =0 for 1<i<j<6, y12 = 0, (5.10)

and

Y17 = Y18 = Y19 = Y27 = Y28 = Y29 = 0. (5.11)
The remaining 26 coordinates have weight zero. The fixed matrix therefore has the block form

t2I, tY P
Br=| 0 tIy QJ,
0 0 I

where

Y = (yijhi<i<2, P =(zi)i<i<2, and Q= (wij)3<i<o-
35<6 759 759
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There are eight entries in Y, six in P, and twelve in Q.
For a finite-dimensional vector space W, the projective space P(W) parametrizes its lines and
Gr(r, W) parametrizes its r-dimensional subspaces. We have that

dim Gr(r, W) = r(dim W — r).

A flag variety parametrizes nested subspaces of prescribed dimensions. An affine paving of a
variety means a finite filtration by closed subvarieties whose successive differences are affine
spaces. For a Grassmannian or flag variety, one obtains such a filtration by ordering the Schubert
cells compatibly with their closure relations. In particular, the cohomology of these projective
varieties is Tate.

Let k be a field, set O = k[[t]], and write W = k'0. Let 1 = (1,...,1) € W. For u,u’ € W,
define their coordinatewise product by

wou = (wul, ..., urou]).
For a linear subspace U C W, set
U°? = Spang{uou : u,u’' € U}.

Consider coordinate projections 74 : W — k* defined by (ay, ..., a10) — (a7,as,ag,aip), and
7g : W — k8, given by (a,...,a10) — (as,...,a10). Let F1(4,8; W) denote the flag variety
parametrizing pairs of subspaces U C V C W with dimU = 4 and dimV = 8. Let C; be its
reduced closed subvariety defined by

1eU and UCV. (5.12)
Write C; for the open subvariety on which the restrictions
maly U — k' and mgly : V — k8 (5.13)

are linear isomorphisms. Thus, on Cg, a vector of U is uniquely determined by its last four
coordinates, and a vector of V' is uniquely determined by its last eight coordinates. Each condition
is the nonvanishing of the determinant of the indicated coordinate projection. These are the two
big-cell conditions used below. Equivalently, U is the graph of a linear map k789100 _y pA{L,....6}
and V is the graph of a linear map k319 — E{12} with the additional incidence and
multiplication conditions in (5.12).

Proposition 5.7. Let F}, be the reduced fixed locus of loop rotation on the ag HNF scheme over
k. There is an isomorphism of k-varieties

Fy, ~C;.
Under this isomorphism, a pair (U, V') € Cp corresponds to the lattice
Ryyv =k1otU @ t*V 301 C 017,

Proof. Let e, ..., e1o be the standard basis of k'°. For a matrix B, define
6
U; = €5 +Zﬂzije,~ for 7 S] < 9,
i=1

v; = ej +yije1 +ygie2 for 3 <5 <6.
The coordinate matrix of the ordered list eq, es, v3, v4, U5, Vg, U7, U, Uy, 1 is
ILb Y P 1,
0 Iy Q@ 14
0 0 I3 13’
0 0 0 1

H =
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where 1, denotes the column of a ones. This matrix is upper triangular with diagonal entries
equal to 1, so the listed vectors form a basis of k0.

Set

U = Spany,(u7,us,ug, 1) and V = Spany(vs,vy,vs, ve, uz, us, ug, 1).
Then 1 € U C V, with dimU = 4 and dim V' = 8. In these bases, the matrices of 74|y and 7g|y
are the lower-right 4 x 4 and 8 x 8 blocks of H, respectively. Both are upper triangular with
diagonal entries equal to 1. Thus the projection conditions (5.13) hold.

Let R C O'0 be the full HNF lattice. Its generators are t3eq, t3eq, t2vs, t2vy, t2vs, t2vg, tur, tus, tug, 1.
The constant vectors in this list form the basis given by H. Since each generator is multiplied
by a power of ¢t at most three, R contains t30'°. More explicitly, the coefficient of ¢° in an
element of R belongs to k1, the coefficient of ¢ belongs to U, and the coefficient of ¢? belongs to
V. Every choice of these three coefficients is obtained from the displayed generators, and all
higher coefficients are unrestricted. Hence

R=Ryy =klotU @tV o t*0".
In particular, its colength is
dimy,(O'°/R) = (10 — 1) 4 (10 — 4) + (10 — 8) = 17.

We now check multiplication. The vector 1 is the identity for coordinatewise multiplication,
so multiplication by an element of k1 preserves R. A product of terms whose degrees add to at
least three belongs to t2O'° C R. The only remaining products are

(tu) o (tu) = t2(u ou'),

for u,u’ € U. By the displayed decomposition of R, such a product belongs to R if and only if
wow' € V. Thus R is closed under multiplication if and only if U°2 C V. A point of F}, therefore
determines a point of Cy;.

Conversely, let (U,V) € Cy. Using the two projection isomorphisms, define

uj = (ma|v) H(malej)) for 7<5<09,

and
vj = (ms|y) L (ms(e;)) for 3<j<6.
The prescribed projections force these vectors to have the forms

6
U; = €5 + injei,
i=1

vj = €j t Y161 + yz5€2.
They uniquely determine the eighteen coefficients x;; and the eight coefficients y;;. Together
with 1, they give the bases of U and V used above: their projected coordinate matrices are the
same invertible triangular blocks of H.

These coefficients reconstruct a unique matrix Bp. Its full lattice is Ry, which is closed
under multiplication because U2 C V. It therefore defines a point of Fj,. The two constructions
are inverse.

Finally, these constructions are morphisms. In the forward direction, the basis matrices for U
and V have polynomial entries in the coefficients of Bp, and their indicated maximal minors
are equal to 1. They therefore define regular maps to the two Grassmannians. In the reverse
direction, the projection conditions express U and V as graphs of linear maps to the omitted
coordinates. The recovered x;; and y;; are entries of these graph maps, hence regular functions on
the stated charts. Thus the constructions give inverse morphisms between the reduced varieties
Fj, and Cj. [l
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Remark 5.8. The Smith exponents of a full lattice L C O™ are the integers a1 < - < a,
defined by

Om/L ~ @ O/(t").
=1

A basis adapted to k1 C U C V C k'° shows that Ry y has Smith exponents
(0,1,1,1,2,2,2,2,3,3).

Let Sk be the reduced locus in the oy HNF scheme defined by (5.10), without imposing (5.11).
Then S, ~ F}, x Ag. Indeed, after splitting off the scalar direction as in Lemma 2.1, the residue
flag has dimensions 3 and 7 in k. Lemma 2.2 parametrizes its lattice lifts by Homy(Ug, k% /Vp)
with dim Uy = 3 and dim Vy = 7. In the HNF bases, the six entries of this homomorphism are
precisely y;; with ¢ = 1,2 and j = 7,8,9. Multiplicative closure depends only on the residue flag,
so these six coordinates are unrestricted. Setting them equal to zero recovers Fj.

6. ELLIPTIC CURVES WITH MARKED POINTS

In this section, we consider flags 1 € U C V C k!0 with dimU =4, dimV =8, and U2 C V.
For the sake of discussion, first omit the projection conditions (5.13). Choose a basis 1, z,y, z of
U. The ten coordinate functionals on k'° give ten ordered points

Pi=[:x;:y 2z P

for 1 <4 < 10. A quadratic relation among the vectors 1,x,y, z, with multiplication taken
coordinatewise, is precisely a quadratic form vanishing at all the P;. Since Sym? U has dimension
ten and its multiplicative image U°? lies in the eight-dimensional space V, there are at least
two independent quadratic forms vanishing on these points. We study the locus where the ten
points are distinct, the space of quadratic relations has dimension exactly two, and the common
zero scheme of these quadrics is smooth. Their intersection is then a genus-one curve £ C P3 of
degree four, and the first marked point supplies an origin. This embedding is called an elliptic
normal quartic. On this locus, dim U°? = 8, so V = U°2. We show that this is described by
elliptic curves with ten ordered distinct markings, a degree-four line bundle L, and a projective
section [s] avoiding those markings.

Over finite fields, inclusion—exclusion counts the choices of (L, [s]). Summing over the marked
elliptic curves then expresses the point count through moments of their Frobenius traces up to
degree ten. Birch’s tenth-moment formula introduces the coefficient 7(p) of the weight-twelve
cusp form A. We subsequently impose the two HNF projection conditions (5.13) and show that
the excluded loci contribute no Tate twist of the object attached to A.

The multiplication map

py : Sym*U — k1O (6.1)

has image U°2. Its ith coordinate evaluates the corresponding quadratic form at P;. Hence
ker puy = H° (P?’a I{Pl,...,Plo} (2)) )

dim U°? = 10 — dim ker p;.
Here I is the ideal sheaf of the reduced finite set, so repeated points impose no additional
condition. A two-dimensional space of quadratic forms is called a pencil. The identification in
(6.2) uses the chosen basis of U. Intrinsically, the quadrics belong to Sym?U = HO(P(UV), O(2)),
and P; is the line in UV generated by the restriction of the ith coordinate functional. This

functional is nonzero because it takes the value 1 on 1. Changing the basis only changes the
projective coordinates; the kernel and its zero scheme are intrinsic to U.

(6.2)
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Let &4 be the locus of these flags for which the P; are distinct, dim ker uyy = 2, and the common
zero scheme of this pencil is a smooth curve. On & we have dim U°% = 8, so V = U°? and there
is no further choice of V. We use the characteristic-zero parameter space for cohomology and its
models over finite fields for point counts.

A smooth proper geometrically connected genus-one curve E with a point ¢y € FE(k) is
an elliptic curve. The map ¢ — Og(q — qo) identifies E with Pic’(E) (cf. [18, Chapter IV,
Theorem 4.11]; see also [37, Chapter III, Proposition 3.4(c)—(d)]). The space Pic?(E) parametrizes
degree-d line bundles; L +— L(—dqq) identifies it with Pic?(E). Riemann-Roch gives h°(E, L) = d,
hY(E, L) =0, where d = deg L > 0, and

1a M ~ OE,
0, M #Opg
when deg M = 0 (see [18, Chapter IV, Theorem 1.3 and Example 1.3.6]).

hO(E, M) = {

Lemma 6.1. A smooth complete intersection of two quadrics in P3 is a geometrically connected
genus-one curve of degree four. Conversely, a degree-four line bundle L on a smooth proper
geometrically connected genus-one curve E/k embeds E in P3. The multiplication map

Sym? H°(E, L) — H°(E, L?)

is surjective, with two-dimensional kernel, and the two quadrics in this kernel cut out E scheme-
theoretically.

Proof. These assertions may be checked after extending k& to an algebraic closure. The first
assertion follows from [13, Lemma 5.16(ii) and Proposition 5.10(i)], with n = 4.

Conversely, Riemann—Roch and [18, Chapter IV, Corollary 3.2(b)] show that L embeds F
in P3. The multiplication map is surjective by [13, Lemma 5.5]. Since h°(FE,L) = 4 and
h(E, L?) = 8, its kernel has dimension two. By [13, Proposition 5.3], these two quadrics generate
the homogeneous ideal of the image.

The assertions over k follow by faithfully flat descent and cohomology base change. More explic-
itly, for an extension K/k, the natural maps H°(E,L) @ K — H°(Ek, Lx) and H(E, L?) ®
K — HY(Ek, L) are isomorphisms. The multiplication map and its kernel therefore commute
with extension of scalars. If its cokernel becomes zero over k, it was already zero over k, since
k/k is faithfully flat. The morphism defined by L is a closed immersion for the same reason.
Indeed, being a closed immersion can be checked after faithfully flat base change. Finally, let Z
be the common zero scheme of the kernel quadrics. The inclusion £ C Z becomes an equality
over k, so its ideal quotient becomes zero after extension of scalars and is already zero over k.
This gives the asserted scheme-theoretic equality over k.

O

For n > 1, let Mj, denote the moduli stack of smooth proper geometrically connected
genus-one curves with n ordered distinct marked points. Choosing the first marking as the origin
identifies its objects with elliptic curves carrying n — 1 further ordered distinct nonzero points.
For n = 10,11, every automorphism is trivial, since a nonidentity elliptic-curve automorphism
fixes at most four points.

To obtain these spaces as varieties over k, choose N > 3 invertible in k. The full-level moduli
scheme Y (N) and its universal elliptic curve &y — Y (N) exist by [25, Corollary 4.7.2].

Let T,,(N) be the open subset of the (n — 1)-fold fiber product of Ex over Y (N) where the
chosen points are pairwise distinct and nonzero. Since £y is projective over the affine scheme
Y (N), this open subset is quasi-projective. For n = 10,11, changing the level structure gives a
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free action of GL2(Z/NZ), and
My ~T,(N)/GL2(Z/NZ).

The quotient is a scheme by [38, Tag 07S7]. Thus M; 10 and M 11 are fine moduli varieties.
Let B be a variety and let E be a locally free Op-module of rank m. We use the convention

P(E) = Projgz Sym(EY).

For a morphism ¢ : T — B, its T-points correspond to line subbundles £ C ¢g*FE. Here a
subbundle means a locally free subsheaf whose quotient is locally free. Thus the fiber over b € B
is the projective space of lines in Ej.

For integers 0 < 1 < --- <1y < m, the partial flag bundle Fl,, . (FE) represents the functor
assigning to g : T' — B the chains of subbundles

U C---CclUs C g*E with rankl; =r;.
The Grassmannian bundle Gr,(FE) is the case s =1 and r = r.
A torsor under a vector bundle F — B is a B-scheme which is Zariski locally isomorphic to F,
with E acting by translations. If F has rank a, such a torsor is therefore a Zariski locally trivial
bundle with fiber A%.

The following lemma gives [X] = [F][B] and describes the relative compactly supported
cohomology as sums of constant Tate sheaves.

Lemma 6.2. Let B be a variety over Q. Suppose that f : X — B is a Zariski locally trivial
affine-space bundle, a projective bundle, or a Grassmannian or partial flag bundle associated to a
vector bundle. Let F' be its standard fiber, and write Pp(T) = 3", T for the polynomial given
by its usual affine-cell decomposition. Then

[X] = Pp(L)[B].
In both realizations, every simple constituent of H.(X) is a Tate twist of a simple constituent of
HJ(B) for some j.

Proof. Choose a finite locally closed decomposition B = [[, B, over which the bundle is trivial.
The scissor relation gives

[X] = > [Ba][F] = Pr(L)[B].
(0%
~ Let f: X — B be an affine-space bundle of fiber dimension a. For every geometric point
b — B, compact-support base change identifies
(R/1Qq); ~ HI(X5,Qr) ~ HI(A, Q).

The compactly supported cohomology of affine space is
Qf(_a)v q = 2a,
0, q # 2a,

where ¢ # char(k); see [4, §4, Example (iv)]. Thus every geometric stalk of R?f,Q, vanishes when
q # 2a, and consequently R?fiQ, = 0 in these degrees.
Consider the relative trace map

HI(AL, Q) = {

Try : R*fiQu(a) — Qup
of [2, Exposé XVIII, Théoréme 2.9]. Its compatibility with base change identifies its map on the
stalk at b with
HZ(AF,Qe(a)) = Qy,
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the affine-space trace isomorphism constructed in [2, Exposé XVIII, (2.8.1)]. A morphism of
étale sheaves is an isomorphism if it is an isomorphism on every geometric stalk. Hence the
relative trace is an isomorphism, giving R?®fiQ, ~ Q¢ B(—a).

Now apply the compact-support Leray spectral sequence

EP? = HP(B, R1£iQ) = HT(X,Qy).
All rows except ¢ = 2a vanish. In total degree 4, the only surviving term is therefore
Ey 2% = H7(B,Qup(—a)) = HL (B, Qr)(—a).

There are no nonzero differentials, and the resulting filtration has only one nonzero graded piece.
This proves ' ‘
Hé(X7 Qﬁ) = H(i_mz(B’ @é)(_a)'

Since the trace and base-change maps are defined over Q, this isomorphism respects the Gg-action.

For projective and Grassmannian bundles, the cohomology of each fiber has a basis obtained
by restricting algebraic classes on X. These are powers of the hyperplane class for projective
bundles and Schubert classes for Grassmannian bundles; see [14, Proposition 14.6.5]. Pullback
from B, followed by cup product with these classes, gives

H(X) = D H. ' (B)(—r)®,

where Pp(T) = ., ¢,T". Over an open set where the bundle is trivial, this is the Kiinneth
formula. The compact-support Mayer—Vietoris sequence then gives the isomorphism over B;
compare [31, Theorem 23.2]. Because the classes are algebraic and defined over Q, the resulting
maps respect mixed Hodge structures in Betti cohomology and the Galois action in ¢-adic

cohomology.
A partial flag bundle is a tower of Grassmannian bundles, so its formula follows by applying
the Grassmannian formula at each stage. 0

Proposition 6.3. The unrestricted locus 4 parametrizes isomorphism classes of data

(Ea q1, - --,410; L7 [S])v
where (E;q1, ..., q10) € Mi10, L € Pic*(E), and [s] € PHO(E, L) satisfies s(q;) # 0 for every i.

Proof. Let (U,V) € &4 and choose a basis 1,z,y,z of U. Write Xy, X1, X2, X3 for the corre-
sponding homogeneous coordinates on P(UV). By definition, the two quadrics in ker py cut out
a smooth curve F. By Lemma 6.1, this is a geometrically connected genus-one curve of degree
four. Set L = Og(1), ¢; = P; and s = Xy|g. The points ¢; are distinct by the definition of &,.
Since P; = [1 : z; : y; : 2;], the section s does not vanish at any ¢;. Changing the chosen basis
of U, with 1 still first, changes the projective coordinates and carries F, its markings, and the
section s to the corresponding objects in the new coordinates. Thus the isomorphism class of
(E5q1, ... ,q10; L, [s]) is independent of the chosen basis.
Conversely, suppose that such data are given. By the Riemann—Roch theorem,

dim H*(E, L) = 4.

Consider the map
evs: HY(E,L) — k',

_ (olq) o(qi0)
evg(o) := (S(ql)’”" S(qm)> .

defined by
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If evg(o) = 0, then o vanishes at all ten marked points. A nonzero section of a degree-four line
bundle has a zero divisor of degree four, so this is impossible unless ¢ = 0. Hence evy is injective.
Its image U has dimension four and contains 1 = evg(s).
To determine U°2, also consider
eve : HY(E, L?) — k'°,
This map is injective for the same reason. Indeed, since deg L?> = 8, we find that a nonzero
section cannot vanish at ten distinct points. Moreover,
evg(o) oevg(T) = evge(oT)
for all 0,7 € HY(E, L). By Lemma 6.1, the multiplication map
pr - Sym? HY(E, L) — H°(E, L?)
is surjective. Thus every section of L? is a linear combination of products of sections of L, and
the preceding identity gives
U*? =evpe(H(E, L?)).
The Riemann—Roch theorem then gives dim HY(E, L?) = 8. Since ev,: is injective, we obtain
dim U°? = 8.
We next study the quadratic relations. The isomorphism evy : H°(E, L) = U implies that

py o Sym?(evy) = evgz opuy,.

For Q € Sym? H°(E, L), injectivity of ev,> therefore implies that py (Sym?(evs)(Q)) = 0 if
and only if p(Q) = 0. Consequently, ker u; corresponds exactly to ker uy,. The latter is the
two-dimensional space of quadrics vanishing on the embedding

i E— P(HY(E,L)Y)
defined by the complete linear system of L. By Lemma 6.1, these two quadrics cut out ¢1,(FE).

The coordinate points are recovered as well. Choose a basis s, 01, 09,03 of H*(E,L). The
corresponding basis of U is 1, z,y, 2z, where

xi:ffl(qz‘)7 yi:ffz(qz') and 2 =

5(gi)

Hence
Pi=1zyi:zi] = [s(q) : 01(q) : 02(a) : 03(qi)] = to(ai)-

In particular, the P; are distinct. The first coordinate section restricts to s, and the hyperplane
bundle restricts to L, so this construction recovers the markings, L, and [s]. Since 1 € U, every
u € U equals 1 o u and therefore belongs to U°2. Taking V = U°? gives a flag in &j.

Finally, start with a flag (U, V') € &. The restrictions of Xy, X1, X2, X3 to its curve E form
a basis of H°(E, L). Indeed, a linear relation among these restrictions would vanish at every
P;, and hence give a linear relation among 1, z,y, z in k'°. They are therefore independent, and
dim H°(E, L) = 4. We then find that

evs(Xolp) =1, evs(Xi|p) =z, evg(Xo|lp) =y and evy(X3|p) = 2.

Thus the reconstructed subspace is exactly U. On & we have V = U°2, so V is recovered too.
The two constructions are therefore inverse. [l

Set B = Mj 1. Thus B parametrizes smooth genus-one curves with ten ordered distinct
marked points (F;qi,...,q10). The universal curve C — B has fiber E over this marked curve,
and each marking gives a section ¢; : B — C. We use ¢; as the origin on each fiber. The relative
degree-four Picard scheme P* — B parametrizes the additional choice of an isomorphism class
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of degree-four line bundle L on E. Its fiber over a marked curve is Pic*(E). The superscript
records the degree of the line bundle.

The relative Grothendieck ring Ko(Var /B) is generated by classes [Y — B]| of varieties
equipped with a morphism to B, and its defining relation is

Y - B]=[Z— B]+[Y\Z— B]

for a closed subvariety Z C Y. Multiplication is given by fiber product over B. We suppress the
structure maps and write [Y]. The class [B] is the multiplicative identity, and L = [B x A! — B].
In particular, L"[Y] is the class of A" x Y over B. The projective-bundle formula gives [Y] =
(I1+L+4---+L*[S] for a projective bundle Y — S with fiber P%. Set

By(T) = T3 — 9T* + 36T — 84.
Lemma 6.4. In Ky(Var /B), we have

[€4] = B4(L)[P*] + 210[B]. (6.3)
For the compactly supported Euler classes of the total spaces, this gives
Xc(&4) = B4(L)XC(M1,11) + (10B4(L) + 210))(0(./\/11710). (6.4)

Moreover, let E/F, have ten ordered distinct rational markings, and set Np = #E(F),). The
number of pairs (L, [s]) over this fived marked curve, with deg L =4 and s(q;) # 0 for every i, is

NgBy(p) + 210. (6.5)

Proof. Put B = M 10. By Proposition 6.3, £ is obtained from the projective bundle of pairs
(L, [s]) over P* by removing the ten loci s(g;) = 0.

For J C {1,...,10}, set Dy =3, ;q;. If |[J| < 3, Riemann—Roch and cohomology and base
change show that sections vanishing along D form a projective bundle with fiber P3~I/I over P*.

If |J| = 4, such a section exists precisely when L ~ Og(Dj) and is then unique up to scalar.
The corresponding locus is a copy of B, given by O(Dj) and its canonical section. If |J| > 5, the
locus is empty.

Inclusion—exclusion therefore gives

[€4] = [PY([P?] — 10[P?] + 45[P'] — 120) + 210[B].
The expression in parentheses is By (L), proving (6.3).

The map q — Og(q + 3q1) identifies P* with the universal curve over B. Its ten marked
sections are disjoint copies of B, and their complement is M 11. Hence

[P4] = [My,11] + 10[B].

Substituting this identity, forgetting the maps to B, and applying either compactly supported
realization proves (6.1).

Finally, the same inclusion—exclusion calculation over IF,, replaces each projective-space class by
its rational point count. Since # Pic*(E)(F,) = Ng, it gives NgBy(p) + 210, proving (6.5). O

Write
Alg)=q]JA =)= 7(r)d"
r>1 r>1

for the normalized cusp form of weight 12 and level one.

For an integer a > 0, write (X), = X(X —1)--- (X —a+ 1), with (X)o = 1. For E/F,, set
tg =p+1—#E(F,) and

ty
M; (p) [E}%:p | Aut]pp (5.0)] .
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The sum runs over isomorphism classes of elliptic curves with their origins. The denominator
is the group of automorphisms defined over IF,, which fix the origin. Let d; ; denote the delta
function, equal to 1 if ¢ = j and 0 otherwise.

Lemma 6.5. There are polynomials my, ..., mig € Z|T] such that, for every prime p > 5,

M;(p) = m;(p) — d;,107(p)
for 0 < j < 10. For odd j, both M; and m; are zero. Thus the only moment containing a

cusp-form coefficient is the tenth. In our normalization, Mo(p) = 42p°% — 90p* — 75p3 — 35p? —
9 —1—7(p).

Proof. These are the consequences of Birch’s moment formulas in [24, Theorem 1]. Their
probability measure assigns mass 1/(p| Autg, (£,0)|) to £, so their expectation satisfies pE, (t%;) =
M;(p). In this normalization the moments below degree ten are polynomials, and the tenth is a
polynomial minus 7(p). Quadratic twisting changes tp to —tg and preserves the automorphism-
group order, so the odd moments vanish. ]

Proposition 6.6. There is a polynomial Py € Z[T)] such that

#E4(Fp) = Pa(p) — Ba(p)7(p) (6.6)
for every sufficiently large prime p.

Proof. Use q as the origin and set Ng = #E(F,). The remaining markings have (Ng — 1)g
choices, and Lemma 6.4 counts (L, [s]) over each choice. For p > 5, an origin-preserving
automorphism has the form (z,y) — (u?z,u®y) on a short Weierstrass model. If it is nonidentity,
it fixes at most four points: when u? = 1 its affine fixed points have y = 0, and otherwise they
have z = 0. Its action on ten distinct markings is therefore free. Proposition 6.3 gives

_ (Ng — 1)9(NgBa(p) + 210)
#E4(Fp) = [E%%Fp Atz (5,0)

The correspondence in that proposition holds over Z[1/Ny] for a suitable Ny, so this formula
comsetes the point count of our parameter space for all sufficiently large primes. The use of
projective sections and the moduli correspondence already removes section scalars and basis
choices.

(6.7)

Set
F(T,X) = Ba(T)(X)10 + 210(X — 1)y,
F(T, T+1-Y)= icj(T)Yj.
j=0

Here ¢; € Z[T]. Since (X)i0 is monic of degree ten and (X — 1)g has degree nine, c¢19(T") = B4(T)).
Substituting Np = p+ 1 — tg into (6.7) gives

10
#E4(Fp) = > ¢j(p)M;(p).
=0

By Lemma 6.5, this is Py(p) — Ba(p)7(p), where Py(T) = 2}20 c;(T)m;(T) € Z[T. O
We use the trace formula as recalled in Section 2:
#X(Fy) =) (~1) Tr(Froby | Ho(Xg,, Q0)), (6.8)
i
for £t q. Here Frob, is geometric Frobenius. Its action on Q,(—r) is ¢", so P(q) is the trace of
P(L).
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Lemma 6.7. Let V € K, be unramified outside finitely many primes. If Tr(Frob, | V) =0 for
every sufficiently large prime p, then V = 0. In particular, let X be a separated finite-type model
over Z[1/N] of a variety X/Q. If #Z (F,) = P(p) for all sufficiently large primes and some
P € Q[T], then x4(X) = P(L) in K,.
Proof. We clear denominators and write

DV =[VT] - [V7]
with VT, V™~ semisimple representations. The Chebotarev density theorem implies that the
Frobenius conjugacy classes outside any finite set are dense. Continuity extends their trace
equality to every element of Gg. The Brauer-Nesbitt theorem then gives V' ~ V= hence V = 0;
see [306, Chapter I, Section 2.2, Corollary 2(a), and Section 2.3].

For the second assertion, enlarge N so that the compactly supported cohomology sheaves of
2 — SpecZ[1/N/] are lisse. Then (6.8) gives

#2 (Fp) = Tr(Frob, | Xﬁ(X))
for p{ N{. Subtract the trace of P(L) and apply the first assertion. O

A rational mixed Hodge structure consists of a finite-dimensional Q-vector space H, a finite
increasing weight filtration W, on H, and a finite decreasing Hodge filtration F'* on He = H ®¢C.
Each graded piece GrTV,‘L/ H =W,,H/W,,_1H, with its induced Hodge filtration, is a pure Hodge
structure of weight m. Explicitly, it has a decomposition

(Gl Hye = @) H,
pt+g=m
HE? = HZP with
F(Gry H)c = € HE™ .
p>a
Thus the weight filtration separates the different weights, while the Hodge filtration describes
the Hodge types within each weight; see [0, §2.3].

Deligne’s theory equips both H*(X, Q) and H(X,Q) with canonical mixed Hodge structures
for every complex algebraic variety X. For smooth projective X, these structures are pure of
weight 4; see [0, 7]. The one-dimensional Tate structure Q(—r) has Hodge type (r,r) and weight
2r. Tensoring with Q(—r) shifts every Hodge type (p,q) to (p+ r,q+ r), and therefore preserves
the differences p — q.

The Hodge level of a mixed Hodge structure H is the largest |p — ¢| among the Hodge types
occurring in its weight-graded pieces; we set lev(0) = 0. For a Hodge-Tate representation, its
Hodge—Tate spread is the difference between its largest and smallest Hodge—Tate weights. We
use the convention that Qy(—1) has Hodge—Tate weight 1. Both Hodge level and Hodge—Tate
spread are unchanged by Tate twists.

Let Si2 be the rank-two object attached to A. The form A spans the level-one cusp forms of
weight 12; there are none of smaller weight. Its Hodge types are (11,0), (0,11), and its ¢-adic
realization, denoted by Si2¢, has Hodge-Tate weights 0,11 and geometric-Frobenius polynomial

X% - 7(p) X -f—pn

for p # £.
For a virtual realization W, let m, (W) denote the signed multiplicity of the simple object

Sia(r) in W. Put
[W]512 = Z mT’(W) SlQ(T)’

reZ
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Thus we retain the contributions of Sis and its Tate twists, with their multiplicities and signs.
In the (-adic realization, we use Siay in place of Si2. In particular, [x.(Z)]s;, = 0 is a statement
about the alternating sum of the cohomology groups. For each twist, it says that the sum of its
multiplicities in even degrees equals the sum in odd degrees. The stronger assertion that no such
twist occurs in any cohomology group will be stated explicitly when it is used.

Proposition 6.8. In the Grothendieck group of rational mixed Hodge structures, we have
[Xe(M110)]s1, =0 and  [xe(Mi1)ls,, = =S (6.9)

Proof. These identities follow from Getzler’s calculation of the compactly supported Serre
characteristic; see [15, Corollary 5.4 and equation (5.6)]. His formula expresses x.(Mji,10) as a
polynomial in I, and x.(Mi,11) as a polynomial in . minus S12. Taking the Syo-parts gives the

result. 0
Corollary 6.9. In the rational Grothendieck group Ky,
X5(E1) = Py(L) — By(L)Si2,0. (6.10)
In either realization, the unrestricted smooth elliptic-quartic locus satisfies
[Xc(E4)]sy, = —Ba(LL)Sha. (6.11)

Proof. The trace formula, (6.6), and the Frobenius trace 7(p) on Si2, show that x%(&;) and
Py(L) — B4(L)Si2,¢ have equal traces at every sufficiently large prime. Lemma 6.7 proves (6.10),
hence its Sio-part. In the Hodge realization, apply (6.4) and (6.9): the M 19 term contributes
zero and the My 11 term contributes —By(IL)S12. O

For a variety B/Q of dimension at most d, the Hodge indices of H:(B) lie in [0,d]?, and
every simple (-adic constituent has Hodge—Tate weights in {0,...,d}. To see this, stratify B
into smooth affine varieties and choose smooth projective compactifications with simple normal
crossings boundary, using [19, 20]. Localization and the Mayer—Vietoris complex of the boundary
reduce the assertion to smooth projective varieties of dimension at most d. The bounds then
follow from Hodge theory and the Hodge-Tate comparison theorem; see [6, 7, 34] and [35,
Corollary 1.8]. In particular, lev H:(B) < d.

Lemma 6.10. Let 7w : B' — B be finite étale of constant degree h > 0. For coefficients A in
either realization, pullback gives a split injection

HYB,A) — H.(B' ,7*A).

Proof. Pullback followed by trace is multiplication by h, so h~! Tr, is a retraction. These maps
respect the Hodge structures and, in the ¢-adic realization, the Gg-action. U

For f : X — B, the stalk of R f| at a geometric point b is H?(X}3). A constant Tate object on
B is pulled back from Q(—r) or Q(—7) on the ground field. In the ¢-adic case, this includes the
arithmetic Galois action.

Lemma 6.11. Fiz either realization, and let f : X — B be defined over Q, with dim B < d.
Suppose B admits a finite stratification such that, on each stratum, the objects R" fi have finite
filtrations whose quotients become sums of constant Tate objects after finite étale covers defined
over Q.

Then every simple constituent of H.(X) is a subquotient of a Tate twist of HI(B') for some
variety B'/Q of dimension at most d. Consequently, in the Hodge realization, lev H:(X) < d. In
the (-adic realization, each simple constituent has Hodge—Tate spread at most d.

The same conclusions hold if X has a finite stratification by varieties satisfying these hypotheses.
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Proof. Work first over one stratum. Let A be a filtration quotient, and choose a finite étale
cover m : B’ — B on which it becomes a sum of constant Tate objects. Lemma 6.10 makes
HY(B,A) a direct summand of H*(B’,7*A). The latter is a sum of Tate twists of H*(B’), and
dim B’ = dim B < d.

The filtrations and the compact-support Leray spectral sequence

H!(B,R"fi) = Hy"™(X)

give the asserted constituent bound. Tate twists preserve Hodge level and Hodge—Tate spread,
so the dimension bounds above apply. Localization combines the finitely many strata. O

Lemma 6.12. Suppose a variety Z/Q satisfies
[Z) = R(L)[B)]
i

in Ko(Varg), where P; € Z[T], dim B; < 10. Then [x.(Z)]s,, = 0 in either realization. Thus for
each integer 1, the total multiplicity of S12(r) in even-degree compactly supported cohomology
equals its total multiplicity in odd-degree cohomology. In the (-adic realization, we use Sia¢(r)
instead.

Proof. The dimension bounds exclude every Tate twist of Si2 from the cohomology of each
B;: these twists have Hodge level and Hodge—Tate spread eleven. Apply the realization map.
Multiplication by P;(L) introduces only Tate twists, so every summand has zero Sya-part. O

Under the identifications U ~ H(E, L) and V ~ H°(E, L?), the kernels of the two coordinate
projections in (5.13) are HY(E, L(—q7 — -+~ — q10)) and H°(E,L?(—q3 — - - - — q10)), respectively.
Dividing evaluations by the nonzero values of s or s? does not change these kernels.

The projection conditions in (5.13) require the last four coordinates to determine a vector of
U uniquely, and the last eight coordinates to determine a vector of V' uniquely.

To express the first condition in coordinates, choose a basis u1,...,us of U. Form the 4 x 4
matrix whose jth column consists of coordinates 7,8,9,10 of u;. This is the matrix of the
projection U — k{789:10} g5 the projection is an isomorphism precisely when its determinant
is nonzero. Similarly, choosing a basis of V' and retaining coordinates 3,...,10 gives an 8 x 8
matrix whose determinant must be nonzero. For the spaces constructed from (F, L, [s]), these
matrix entries are the normalized evaluations of sections described above.

Changing either basis multiplies the corresponding determinant by a nonzero scalar, so these
conditions depend only on U and V. They define open subsets of the two Grassmannians, usually
called their standard big cells.

Both line bundles have degree zero, and each projection has source and target of the same
dimension. Since a degree-zero line bundle has a nonzero section precisely when it is trivial, the
first projection fails to be an isomorphism exactly when

L~ Og(q7 + g8 + 99 + q10), (6.12)
and the second fails exactly when

L? ~ Og(gs+ -+ quo)- (6.13)
Proposition 6.13. Let Efig C F be the smooth elliptic-quartic locus satisfying both HNF' big-cell

conditions. In either realization,
[Xe(E3"®)]s12 = [xe(€n)s1 = —Ba(L)She. (6.14)

Proof. Let By, By C P* be the loci defined by (6.12) and (6.13), and set Byy = By N By. On
By, the markings determine L, so By =~ M 19. The map Pic*(E) — Pic®(E) given by L + L?
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is, after identifying both Picard schemes with E using the origin, multiplication by two. In
characteristic zero it is finite étale of degree four. Hence By is finite étale of degree four over
M 10. Thus By, By, and Byy all have dimension at most ten.

The elliptic curve varies in a one-dimensional moduli space, and the nine further marked points
each add one parameter. Removing the diagonals and the origin does not change this dimension
and we find that dim M ;0 = 10. A finite étale cover has the same dimension as its base, and a
closed subvariety cannot have larger dimension. This explains why both projection conditions
fall within Lemma 6.12, even though P* itself has dimension 11.

For any of these bases B, let Zp parametrize the projective sections [s] nonzero at all ten
markings. For each four-element subset J, set

By=<beB: L~ OEb<qu(b))
Jj€J
The inclusion—exclusion calculation of Lemma 6.4, applied to the family over B, gives

[Zp] = BA(L)[B] + ) _ [By].
|J|=4
Here the four-point intersections occur precisely over B;. Each By is closed in B and has
dimension at most ten. Therefore Lemma 6.12 gives [x.(Zp)]s,, = 0.
The excluded locus is Zp,, U Zp,,, with intersection Zp,,,,. Additivity shows that its Syo-part
is zero. The result follows from (6.11). O

7. THE COMPLETE BOUNDARY OF THE FIXED LOCUS

The preceding section computes the Sis-part of the smooth elliptic-quartic locus &Elg. To
obtain the contribution of the complete fixed locus F', we must account for its complement. We
show that this complement has zero Siz-part in its compactly supported Euler class. In what
follows, the boundary means the reduced closed complement F'\ 5}13 e

The description by flags turns this into a question about ten points in projective three-space
and the quadratic equations they satisfy. The smooth locus considered above has exactly two
independent quadratic relations, cutting out a smooth elliptic quartic, and the ten points are
distinct. The remaining configurations have more quadratic relations, a singular intersection,
a common plane, or coincident points. We treat these possibilities separately. In each case,
the class formulas reduce the calculation to parameter spaces of dimension at most ten. This
dimension bound excludes the contribution of Si2, whose Hodge level and Hodge—Tate spread
are eleven. Dimension estimates and classifications of geometric components may be checked
after extending the ground field to an algebraic closure.

Lemma 7.1. Let X/Q admit a finite stratification whose strata are affine-space or projective-
space bundles over varieties of dimension at most d. Then lev H:(X) < d, and every simple
£-adic constituent has Hodge—Tate spread at most d. If d < 10, these cohomology groups contain
no Tate twist of Sio in either realization.

Proof. Apply Lemmas 6.2 and 6.11. Tate twists preserve Hodge level and Hodge—Tate spread,
whereas every Tate twist of S12 has both invariants equal to eleven. ]

Let €] : k9 — k be the ith coordinate functional. For a four-plane U containing 1, set
¢ = [ef|v] € P(UY). These points are well defined because ef(1) = 1.
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Lemma 7.2. Fiz an ordered quadruple I = (ig,i1,i2,43) of labels. The four-planes U C k'°
containing 1 for which these four coordinate evaluations are independent are parametrized by siz
points in the affine hyperplane

{(Xo,Xl,XQ,Xg) c k4 : X() —|—X1 —|—X2 —|—X3 = 1}

The points with labels in I are the coordinate vertices; the remaining sixz points may coincide.
Equivalently, these four-planes parametrize labelled projective configurations with the four
specified points independent, together with a hyperplane avoiding all ten points, up to projective
transformations.
In these coordinates, set

H = Span; {X,Xg:0 < a < <3}
Set Ky = ker(Sym? U — k'0) C H. Then,
dim Ky = 10 — dim U2 (7.1)
These identifications are reqular and hold in families.

The word ezact means that Ky contains all the quadratic relations among the ten evaluation
points. We are not choosing a subspace of their relations. In particular, specifying A = Ky
requires both that every member of A vanish at the points and that there be no further
independent quadratic relation.

Proof. Choose the basis fo, ..., fs of U dual to the four specified evaluations. The evaluation
matrix has identity rows at the labels in I. Since 1 = fy + --- + f3, every row has coordinate
sum one.

Conversely, a matrix whose rows indexed by I form the identity matrix has rank four. If every
row sums to one, the sum of its columns is 1. Its column space therefore contains 1, and the
projection 77 : U — k! is an isomorphism.

These constructions identify the matrices above with the open subset of Gr(3,k'%/k1) on
which 77 is invertible. Both maps are regular. Taking the column space gives the forward map,
while the inverse is obtained by choosing the unique basis of U whose projections are the standard
basis of k. After fixing the four identity rows, each of the six remaining rows has three free
entries, with the fourth determined by its row sum. Thus this open subset is isomorphic to A,lgg.

The hyperplane associated to U is {¢ : (1) = 0}, which avoids every ¢;. Conversely, send
the four independent points to the coordinate vertices. The avoided hyperplane then has four
nonzero coefficients. A unique diagonal change of coordinates, modulo scalar, makes its equation
Xo+ -+ X3 = 0. Each remaining point has a unique representative with coordinate sum
one. This recovers the preceding matrix. The normalizations divide only by quantities assumed
nonzero, so they are regular in families.

The quadratic evaluation map has image U°2. A quadric vanishing at the four vertices has no
square terms, so its kernel lies in H. Rank-nullity gives (7.1). O

For the HNF chart, take I = (7,8,9,10). The remaining six points give its eighteen affine
coordinates. Define

Ks.10={Q € H:Q(g3) =--- = Q(gs) = 0},
K110 ={Q € K3.10: Q(q1) = Q(g2) = 0} = Ky.
The conditions at gz,...,qio already hold for every Q) € H.

Lemma 7.3. Put a = dimK;_ 19 = 10 — dim U°2. There exists an eight-dimensional space
V D U°? whose projection onto coordinates 3, ...,10 is an isomorphism if and only if

Ks..10 = Ki1...10- (7.2)
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When this holds, the choices of V' form an affine space of dimension
2(a —2). (7.3)

On a locus where the kernel equality holds and a is constant, these spaces form a Zariski locally
trivial affine-space bundle.

Proof. Put R = U°?, and let p: k'0 = k? @ k® — k® be the projection onto coordinates 3, ..., 10.
The full evaluation map p : Sym? U — k' has image R and kernel KC1_19. The kernel of pu
is K3..10: vanishing at the four vertices first forces a quadric to lie in H, and the remaining
conditions are vanishing at g3, ..., qs. Hence

ker(p|r) ~ K3..10/K1...10-
Thus (7.2) is equivalent to injectivity of p|g.
Every eight-plane with the required projection is the graph of a map ¢ : k® — k2. If p|g
is injective, R is the graph of a map ¢g : p(R) — k2, and the required choices are exactly its
extensions to k. They form an affine space under

Hom(ks /p(R), kz) :

of dimension 2(a — 2), since dimp(R) = 10 — a.

On a constant-rank locus, p(R) is a vector subbundle. Locally choose a complement and
extend ¢g by zero on it. This identifies the family of extensions locally with the displayed Hom
bundle. O

For a > 3, let B, be the locus of six affine points for which
A= K110 = Ks..10,

and dim A = a. These are locally closed matrix conditions. Indeed, use the six monomials
spanning H as a basis. Evaluation at gs,..., g gives a matrix with four rows and six columns,
and evaluation at qi,...,qs gives a matrix with six rows and six columns. The two kernels
already have the required inclusion. Thus the conditions defining B, say that both matrices
have rank 6 — a. A specified rank is expressed by the vanishing of all larger minors and the
nonvanishing of at least one minor of that rank.

By Lemma 7.3, the choices of V' form an affine-space bundle of rank 2(a — 2) over B,. For a
space A of quadrics, its curve part is the union of the one-dimensional components of the reduced
common zero locus Z(A). Thus C is a reduced curve and does not include any isolated base
points or any multiplicity carried by the equations. Its degree is the sum of the degrees of its
irreducible components. The isolated base points will be counted separately.

Lemma 7.4. Suppose dim A > 3 and the quadrics in A have no common plane. Let C be their
curve part. Then deg C < 3.

If deg C = 3, then, over an algebraic closure, C is a twisted cubic, a conic together with an
incident line outside its plane, a nonplanar chain of three lines, or three noncoplanar concurrent
lines. In each case, dim H°(I¢(2)) =3, A= H'(Ic(2)) and Z(A) = C.

Proof. We work over an algebraic closure. There is no common quadratic factor, since that would
make A one-dimensional, and no common linear factor by hypothesis. We may therefore choose
Q1, Q2 € A with no common factor: after fixing ()1, avoid the finitely many proper subspaces of
elements divisible by one of its irreducible factors.

Their intersection D is a complete intersection of degree four, so degC' < 4. If degC' = 4,
every component of D occurs with multiplicity one and there are no other components. Thus D
is generically reduced. A complete intersection is Cohen—Macaulay, and a generically reduced
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Cohen—Macaulay scheme is reduced; see [38, Tags 02JN and 031R]. Hence D = C. The Koszul
resolution gives h’(Ip(2)) = 2, contradicting dim A > 3. Therefore deg C' < 3.

Suppose degC = 3. If C' were planar, every containing quadric would contain its plane,
contrary to the hypothesis. An irreducible nonplanar cubic is a twisted cubic, whose ideal is
generated by three quadrics; see [12, Theorem 1 and §1, p. 6].

For reducible C, first exclude three pairwise skew lines. Using the first two as complementary
two-dimensional subspaces, their quadrics are the bilinear forms z*My. The third line is the
graph y = ¢x of an invertible map. Vanishing on it requires M ¢ to be alternating, leaving only
one independent quadric.

Every other reduced nonplanar cubic has the form C' = Cy U [, where Cj is a plane conic,
possibly a pair of intersecting lines, and [ lies outside its plane. To see that these are all the
remaining reducible possibilities, note that a reduced reducible cubic has either components
of degrees two and one or three line components. In the latter case, unless the three lines are
pairwise skew, two of them meet and form a planar conic. The third lies outside that plane
because C' is nonplanar.

Write the plane as X3 = 0 and the conic equation as () = 0. Its containing quadrics are
XgL —+ CQ.

If [ meets the plane outside Cj, vanishing at that intersection forces ¢ = 0. Vanishing along [
then forces L|; = 0, leaving only two independent quadrics. This case is also excluded.

If I meets Cy, choose coordinates with [ = {X; = X9 = 0}. Then @ € (X1, X3) and

Ic = (X3,Q) N (X1, X3) = (Q, X3X1, X3X5).

Indeed, modulo (X7, X2), multiplication by X3 is injective. The three displayed quadrics are
independent and generate the union ideal. When Cj is reducible, this gives either a nonplanar
chain or three noncoplanar concurrent lines.

In every admissible case, H°(I¢(2)) has dimension three and generates I. Since it contains
A, whose dimension is at least three, the two spaces are equal. Thus Z(A) = C, with no residual
points. ]

Proposition 7.5. Fiz an ordered quadruple I of labels. Let X, 1 parametrize four-planes U C Q'O
containing 1 for which these four coordinate evaluations are independent, the exact quadratic
kernel A = Ky has dimension a > 3, and the quadrics in A have no common plane. Then
dim X, ; < 10.

Over every locally closed sublocus B C X, 1, the choices of an eight-plane V' O U°? form a
Grassmannian bundle with fiber Gr(a—2,a). Its compactly supported Euler class has zero Si2-part
in both realizations. The same holds for the HNF affine bundle over the no-common-plane part

of Byg.

Proof. We make the dimension estimates over Q. Choose four coordinate labels I = {i, 42, i3,i4}
such that the coordinate projection 77 : U — Q! is an isomorphism. The spaces U satisfying
this condition form an open Grassmannian chart. On this chart, choose the unique basis whose
coordinates at these four labels form the identity matrix. The corresponding four projective
evaluation points are then the coordinate vertices of P3. Let H be the six-dimensional space of
quadrics through the four vertices.

For each configuration, A C H is the full space of quadrics vanishing at all ten points. Thus
a quadric belongs to A precisely when it vanishes at every evaluation point. We shall use this
exactness to restrict the possible configurations.

If the common zero set Z(A) is finite, first choose A € Gr(a, H). Each of the six remaining
points then has only finitely many choices. The resulting incidence has dimension at most
a(6 —a) <9, and the same bound holds for its image in X, ;.
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Suppose now that Z(A) has a curve part. Let C' be the union of its reduced one-dimensional
components. By Lemma 7.4, we need only consider a line, a reduced planar conic, two skew lines,
or a curve of degree three.

We first treat a line or planar conic. Fix which of the four coordinate vertices lie on C, and let
their number be k. Put

We =H(Ic(2)NH,  m=dimW.

Thus W¢ consists of the quadrics vanishing on C' and at all four fixed vertices. Let Dy be an
upper bound for the dimension of the family of possible curves C.

Let Z}, , denote the incidence locus of choices of C, of an a-plane A C W, and of the six
remaining evaluation points, with A the exact quadratic kernel and C' its entire reduced curve
part. Choosing C and then A contributes at most Dy + a(m — a) parameters.

To count the remaining point choices, fix which of the six labels lie outside C, and let their
number be b. Once C' and A have been chosen, these outside points lie in the finite residual base
locus Z(A) \ C. The other 6 — b points lie on C, so each contributes at most one parameter.

There is also a lower bound on b. Every quadric in W¢ already vanishes at the four vertices

and at the variable points on C. Thus the evaluation map Wg — @b at the outside points has
kernel exactly A. Its rank is m — a, and therefore b > m — a. Consequently,

dimZ,, < Dp+alm—a)+6—(m—a)=Di+6+(a—1)(m—a). (7.4)

There are finitely many choices of the outside labels. Forgetting the curve and the kernel maps
these incidences onto the corresponding configuration loci, so the same dimension bound applies
to those loci.

We now compute D and m. A line contains at most two coordinate vertices. The family of
all lines has dimension four, the lines through one fixed point form P2, and two points determine
a line. Thus Dy, =4 — 2k for 0 < k < 2.

Quadrics through a line form a seven-dimensional space. The 4 — k vertices outside the line
impose independent conditions on this space. Indeed, for each such vertex e;, choose a linear
form /¢; vanishing on the line but not at e;. The quadric X;¢; vanishes on the line and at every
other coordinate vertex, but not at e;. It follows that m =7 — (4 — k) =3 + k.

For a reduced planar conic, let £ = 0 be its plane and let () be a quadratic equation restricting
to its equation in that plane. Every quadric through the conic has a unique expression £L + c(,
where L is linear and ¢ is a scalar. This space has dimension five.

A fixed vertex in the plane but outside the conic would force ¢ = 0 for every quadric in A. All
members of A would then be divisible by ¢, giving the common plane excluded in the statement.
Hence every fixed vertex in the conic plane lies on the conic. At each of the other 4 — k vertices,
¢ is nonzero, and the vanishing condition independently determines the corresponding coordinate
value of L. Thus m =5 — (4 —k) =1+ k. Since a < m and a > 3, we have k > 2. The four
vertices are noncoplanar, so k < 3.

The planes through the k specified vertices form a family of dimension 3 — k. Within such
a plane, conics through those vertices form a family of dimension 5 — k: the conditions are
independent because the specified vertices are noncollinear. Therefore Dy < 8 — 2k.

Substituting these values into (7.4) gives

C k| Dp|m a dimension bound
line 0| 4 |3 3 10
line 112 4] 3,4 10,8
line 2|1 0 |513,4,5 10,9,6
planar conic | 2| 4 | 3 3 10
planar conic |3 | 2 | 4 | 3,4 10,8
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In particular, all these loci have dimension at most ten.

Next suppose that the curve part consists of two skew lines L1, Ls. Choose coordinates [z : y],
with z and y each having two coordinates, such that L; = {y = 0} and Ly = {& = 0}. The
quadrics vanishing on both lines are exactly the bilinear forms in z, y, and form a four-dimensional
space.

There can be no base point outside these two lines. Indeed, at such a point [z : y] both z
and y are nonzero. For every quadric @ € A, bilinearity gives Q(sz,ty) = stQ(z,y) = 0. Thus
the entire joining line {[sx : ty] : [s : t] € P!} would lie in Z(A). It is distinct from Ly and Lo,
contradicting the assumption that they form the entire curve part.

All ten evaluation points therefore lie on Ly U Lo. Every quadric through these lines vanishes
at all ten points, so exactness forces A to be their full four-dimensional quadratic ideal. Hence
a = 4. Each line contains at most two of the four fixed vertices, so each must contain exactly
two and is determined by them. There are finitely many such pairs. The six remaining points
contribute at most six parameters.

Finally, suppose deg C' = 3. Lemma 7.4 gives A = H°(I¢(2)) and Z(A) = C. In particular, all
ten evaluation points lie on C.

We first bound the families of possible curves before fixing the four vertices. Twisted cubics
form a family of dimension 15 — 3 = 12: PGL4 acts transitively, with stabilizer PGLs. A conic
and an incident line outside its plane form a family of dimension at most eleven. Indeed, the
conic contributes eight parameters, its intersection point with the line contributes one, and the
line through that point contributes two. The remaining cubic types in the lemma are unions of
three lines, whose families have dimension at most 3dim Gr(2,4) = 12.

Let F be any one of these PGLy-invariant families, of dimension d < 12. Consider the incidence
of a curve in F together with four ordered independent points on it. Its dimension is at most
d+4. The space of independent ordered quadruples in P? is an open subset of (P3)*, of dimension
twelve.

The projection from the incidence to this space is equivariant for PGL4. If the incidence
is nonempty, transitivity on independent quadruples makes this projection surjective, with
isomorphic fibers. Its fiber over our four fixed vertices, which parametrizes the curves through
them, therefore has dimension at most d + 4 — 12 < 4. Choosing the six remaining points on the
curve adds at most six parameters. Thus the cubic case also has dimension at most ten.

These estimates cover X, ;. There are only finitely many curve types and label assignments,
so dim X, 5 < 10.

It remains to include the choices of V. Let B be a locally closed stratum of X, ;. Quadratic
evaluation has constant rank 10 — a, so its image R is a vector subbundle of the trivial rank-ten
bundle on B. The condition R C V, with dim V' = 8, is equivalent to choosing an (a — 2)-plane
in the rank-a quotient. The Grassmannian bundle formula gives

[flags over B] = [Gr(a — 2,a)][B].

For the HNF calculation, restrict B to the locus satisfying the kernel-equality condition of
Lemma 7.3. That lemma gives an affine bundle of rank 2(a — 2), and hence the class L2(¢~2)[B].
Every such base still has dimension at most ten. Both fiber factors are polynomials in L, so
Lemma 6.12 gives the asserted vanishing in both realizations. ([l

Proposition 7.6. The compactly supported Euler class of the common-plane part of By, together
with its choices of V', has zero Si2-part in both realizations.

Proof. Write A = (W, where £ = 0 defines a plane IT and W is an a-dimensional space of linear
forms. Its reduced base is IIU Z(W), and a = 3 or 4. Multiplication by the nonzero linear form
¢ identifies W with A. Since the space of linear forms on P3 has dimension four, the assumption
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a > 3 leaves only these two possibilities. When a = 3, if the point Z(W) lay on II, the whole
reduced base would lie in II. This is excluded by the four independent evaluation points.

If a = 4, the base is II, which cannot contain the four independent vertices. If a = 3, then
Z(W) is a point r outside II. Exactly one vertex equals r; the other three determine II. Thus
there are four possibilities, each with A = ¢HY(I,(1)). In the fixed affine chart, its base is
A% U {r}.

Let T4 parametrize gs, ..., qg in this base for which the quadratic kernel, together with the
four vertices, is exactly A. This is locally closed in (A2 LI {r})%, so dim T4 < 8. The remaining
points q1, go may be chosen arbitrarily in the same base: they impose no further condition on the
already exact kernel. The choices of V' form an affine bundle of rank two. Hence the resulting
locus Z 4 has class

(Za) = LA(L? + 1)*[T).
Apply Lemma 6.12 and sum over the four possibilities. O

Let Qq, Q1 be linearly independent quadratic forms on P3. Their span is called a pencil of
quadrics: its members, up to scalar, are the forms aQq + bQ; indexed by [a : b] € PL. The base
of the pencil is the closed subscheme defined by Qg = @1 = 0. Its points lie on every quadric in
the pencil, and its definition is independent of the chosen generators.

We call the pencil proper if Qp and Q1 have no common surface component, or equivalently,
no nonconstant common factor. Their intersection is then a complete intersection curve of degree
four. This curve need not be smooth or reduced.

The configurations considered below consist of a pencil together with ten ordered points in its
base. Two configurations are projectively equivalent if a projective transformation carries one
pencil to the other and carries each marked point to the point with the same label. We want
parameter spaces in which equivalent configurations are counted once.

To construct these spaces, first send four specified independent points to the coordinate
vertices of P3. The remaining coordinate changes are diagonal transformations, with three
independent scaling parameters, since a common scaling acts trivially on projective space. Under
the hypotheses of the following lemma, we can divide the configurations into finitely many locally
closed strata and use three nonzero coordinate ratios to fix these remaining scalings uniquely.
The resulting normalized locus is called an algebraic slice. Each projective equivalence class in
the stratum has exactly one representative on this slice. The normalization is regular because all
coordinate ratios used in its construction are invertible on the chosen stratum.

Lemma 7.7. Let Z be a PGLy-invariant locally closed locus, defined over Q, of pencils in P3
with ten ordered points in their bases. Require that the pencil be the exact quadratic kernel and
that a fized ordered quadruple of labels be independent.

If dim Z < 25, the configurations modulo projective transformations admit a finite stratification
by algebraic slices of dimension at most ten. After adjoining a hyperplane avoiding all ten points,
their compactly supported Fuler classes have zero Sis-part in both realizations. By Lemma 7.2,
the same holds for the corresponding U -loci.

These conclusions remain valid after imposing further projectively invariant locally closed
conditions defined over Q, including ranks of evaluation maps on subsets of labels.

Proof. Send the four independent points to the coordinate vertices, and let Zy be the resulting
locus. Independent ordered quadruples form a twelve-dimensional homogeneous space for PGLy4,
SO

dim Zy = dim Z — 12 < 13.
The residual coordinate changes form the three-dimensional diagonal torus D = (G,)?/Gyp,.
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Stratify Zgy by the nonzero coordinate positions of the marked points. On each stratum, form
a graph on {0, 1,2, 3}, joining two indices when some marked point has both coordinates nonzero.
This graph is connected. Otherwise every point would be supported in one connected component,
and all cross monomials between different components would vanish at every point. A nontrivial
partition of four indices gives at least three such independent quadrics, contradicting the exact
kernel dimension two.

Choose a spanning tree of this graph and a marked point witnessing each edge. Orient the tree
from a root, and let r;; be the ratio of its jth to its 7th coordinate at the chosen point. Under a
diagonal transformation,

Tij — (tj/ti)mj.
Set the root coordinate equal to one and recursively choose t; = t;/r;;. This gives the unique
element of D making the three chosen ratios equal to one. It is regular on the stratum, since the
ratios are invertible regular functions.

If Y is the locus with these ratios equal to one, this normalization gives an isomorphism from
the support stratum to D x Y. Thus dimY < 13 — 3 = 10, and each orbit meets Y exactly once.
The finitely many support strata therefore give the required slices, all defined over Q. Indeed, let
t(z) € D be the unique normalizing element just constructed for a point z of a support stratum.
The product decomposition sends z to (t(z)~!,#(2)z) € D x Y; its inverse sends (d,y) to dy.
Both maps are regular because the chosen coordinate ratios never vanish on this stratum. This
also explains why subtracting the three-dimensional torus orbit is legitimate.

It remains to adjoin the avoided hyperplane. On a slice Y, let W = Q* and let L; CW® 0Oy
be the line represented by the jth point. For each subset J, stratify by the rank r; of

WY o0y — @@Ly
jeJ
There are finitely many simultaneous rank strata B. On each, hyperplanes containing the points
indexed by J form a projective bundle with fiber P3~77, interpreted as empty when r; = 4.
Consequently, the locus Zg of hyperplanes avoiding all ten points satisfies

Zs)=[B] Y (~)MIE)
JC{1,...,10}
with rank-four terms zero. The sum is a polynomial in I and dim B < 10. Apply Lemma 6.12.
Lemma 7.2 identifies these data with the corresponding U-loci. Further invariant locally closed
conditions restrict the same slices and rank strata. 0

Proposition 7.8. Fiz an ordered independent quadruple among ten ordered points in P3, and
require their exact quadratic kernel to be a pencil A. Each of the following incidence loci has
dimension at most 25:

(1) A is proper and its base is singular;

(2) A is nonproper;

(8) the base is smooth and proper, and two labels coincide.

After imposing any further projectively invariant locally closed conditions defined over Q, the
configurations modulo projective transformations admit finite algebraic slices of dimension at
most ten. Adjoining an avoided hyperplane gives zero Sia-part in both realizations, as do the
corresponding U -loci.

For configurations only required to span P3, the same conclusions hold after stratifying by the
first independent quadruple in a fixed ordering.
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Proof. Pencils form Gr(2,10), of dimension sixteen. The required bounds are

pencil locus ‘ pencil parameters ‘ point parameters ‘ total
proper singular 15 10 25
nonproper 7 18 25
proper smooth with a collision 16 9 25

By Bertini’s theorem, smooth complete intersections of two quadrics form a nonempty open
locus; see [38, Tag OFD6]. One can also check nonemptiness directly. Choose distinct rational
numbers by, ..., b3 and take the pencil spanned by 3, X2 and >, b;X2. At a singular point
of their intersection, dependence of the two gradients would force all nonzero coordinates to
have the same b;. There would then be at most one nonzero coordinate, which is incompatible
with ), Xi2 = 0. Hence this pencil has smooth base over Q. Since Gr(2,10) is irreducible, the
complement of the nonempty open locus of smooth complete intersections has dimension at most
fifteen.

Thus proper singular pencils have parameter dimension at most fifteen. Their reduced bases
are curves, so ten labels add at most ten parameters.

A nonproper pencil has the form A = ¢M, where { = 0 defines a plane II and the two-
dimensional space M of linear forms vanishes on a line [. Its reduced base is II U[. Choosing the
plane and line uses at most 3 + 4 = 7 parameters. Independence of four labels excludes | C II.

There must be two distinct marked points outside II. Otherwise the four-dimensional space
¢HO(P3,O(1)) would satisfy at most one independent vanishing condition outside II, leaving
at least three quadrics in the exact kernel. Choose two labels at distinct outside points. They
contribute at most two parameters on [, and the other eight contribute at most sixteen on IT U [.
This gives the bound eighteen for the point choices.

For a smooth proper pencil, a collision between two specified labels leaves at most nine point
parameters on the curve. Taking the finite union over pairs of labels gives the third row.

The independence, exact-kernel, and additional rank conditions only restrict these incidence
loci. Apply Lemma 7.7. If the points are only required to span, stratify by the first independent

quadruple. O
Let Z denote the locus of spanning configurations (g1, . .., qio). Order the four-element subsets
of {1,...,10} as I1,..., Is19. Choose nonzero homogeneous representatives v; € k* of the points

gi- For I = {i1 < ig <i3 <4}, set Ay = det(vj,, iy, vig, vi, ). Thus Ay # 0 precisely when the
four points indexed by I are independent.
For 1 < a < 210, define

Zo={2z€Z:A,(2) #0, A, (z) =0 for every b < a}.

Each Z, is locally closed. Rescaling the representatives or applying a projective transformation
multiplies each determinant by a nonzero scalar, so these conditions are well defined and
projectively invariant. Since the configurations span P2, at least one determinant is nonzero.
Each configuration therefore belongs to exactly one Z,, indexed by its first nonzero determinant.
Hence Z = | *19 Z,.

a=

Proposition 7.9. The compactly supported Euler class of the part of F'\ Ejfig with dim Ky = 2
has zero Sio-part in both realizations.

Proof. Apply Proposition 7.8 with independent labels 7,8,9,10. Impose also that quadratic
evaluation on labels 3, ..., 10 have rank eight. Since the full kernel is a pencil, this is equivalent
to (7.2). It is a projectively invariant locally closed condition.
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Lemma 7.2 recovers U, and Lemma 7.3, with a = 2, gives a unique V. Outside Ef ig, the pencil
is proper singular, nonproper, or proper smooth with coincident labels. These are precisely the
three cases covered by the proposition. O

Corollary 7.10. The complete fixed locus satisfies
Xe(F)]s1, = —Ba(L)S12. (7.5)

Proof. Put a = 10 — dim U°2. Since U°?2 C V and dimV = 8, we have a > 2. For a > 3,
Propositions 7.5 and 7.6 give zero Sio-part, according to whether the kernel has a common plane.
For a = 2, Proposition 7.9 gives the same conclusion outside Sf '8, Additivity for these finite
stratifications, together with (6.14), proves (7.5). O

8. FROM THE FIXED LOCUS TO IRREDUCIBLE COUNTS

The preceding section identifies a contribution from the modular form A in the fixed locus. In
the remainder of this article, we use this contribution to rule out a polynomial counting formula
for f1o(p'"). Such a formula would make the compactly supported Euler class a polynomial in
L. We define a linear functional which vanishes on these Tate classes but detects the modular
contribution. Its value is unchanged by Tate twists, which allows us to pass from a parameter
space to its loop-rotation fixed locus.

There are two counts to consider. The variety X records the single HNF composition «y,
and its fixed locus F' gives the non-polynomiality of that count. To treat gio(p'”), we must also
include every other HNF composition. We therefore construct one projective parameter space for
all irreducible lattices of the given rank and colength. Its fixed points are homogeneous lattices,
described by finite filtrations of Q9.

Here the profile of such a lattice is the sequence of positive codimensions 10 — dim Fj, for ¢ > 1,
with the final zero terms omitted, where Fy = Q1 C F; C --- are the spaces of the associated
filtration. Since the spaces are nested, the profile is a partition, and its parts sum to e — (n — 1),
which is 8 in the case at hand. The profile (6,2) gives the incidence variety C considered below,
without the two projection conditions imposed on F’; the later sections show that the other
profiles have zero Si2-augmentation.

Let €12 : Ky — Q be the linear functional which assigns value 1 to each simple class [L"S12 4],
r € Z, and value 0 to every other simple class. The twists are simple and pairwise nonisomorphic,
since their determinants differ. Every virtual class has finite support, so the functional is well
defined.

We shall call this sum of signed multiplicities the Si2-augmentation. Thus an augmentation of
56 is a value of the linear functional €19; it is not the dimension of a cohomology group. The
product identity below concerns multiplication by a Laurent polynomial in .. We do not use
multiplicativity of 19 on arbitrary classes.

Tensoring by I permutes the simple classes and preserves the chosen Tate-twist orbit. Hence,
for V€ Ky;and P € Q[T, T~ 1,

612((L — 1)V) =0 and 612(P(]L)V) = P(1)€12(V). (8.1)

In particular, €15 vanishes on virtual Tate classes. By Lemma 6.11, it also vanishes on the
cohomology covered by that lemma when d < 10. For a variety Z, we abbreviate £12([Z]) =

512(X€(Z))-
Apply (8.1) to (5.9). Corollary 7.10 then gives

e12(xe(X)) = er2(xe(F)) = —Ba(1) = 56. (8.2)
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Proof of Theorem 1.5. Suppose that g, (p) = P(p) for every sufficiently large prime, where P €
Q[T]. Corollary 5.3 gives #.2 (F,) = P(p) for the same primes. By Lemma 6.7, x4(X) = P(L).
Applying €12 gives zero, contrary to (8.2). O

For n > 2, the uniqueness of the HNF implies that

In(p°) = Z 9o (p)- (8.3)
QlyeeyQp—121
aptetan—1=e
The sum is empty when e < n — 1. In rank one, g;(1) = 1 and g;(p®) = 0 for e > 0.
Fix e > 1 and set A, . = (Z[t]/(t°))" and N = ne. The algebra A, . is free over Z with basis
t"e;, where 1 <i <n and 0 <r < e. Its multiplication is coordinatewise.
Put Ay = A, ®zk = (k[t]/(t?))". A k-point of G = Gr(N —e, A, o) is a subspace S C A, Qzk
of dimension N — e. We want to parametrize those subspaces satisfying

1e85, tS C S, uov € S for every u,v € S. (8.4)

Thus .S must contain the unit, be preserved by multiplication by ¢, and be closed under coordi-
natewise multiplication.

These conditions define a closed subscheme 2,, . C G, as follows. The universal subbundle S
and quotient bundle T fit into the exact sequence

0 —S8S— 4,020 —T —0.

At the point represented by S, their fibers are S and (A, . ®z k)/S, respectively. An element
belongs to .S precisely when its image in this quotient is zero.

On an open subset of G where both bundles are trivial, choose a basis u1,...,uny_. of S. Take
the images in 7 of 1, tu; for 1 <i < N —eand ujou; (1<i,j <N —e). Their coordinates in
a basis of T are regular functions. Define 2, . by setting all these functions equal to zero. The
equations require exactly (8.41); since these requirements are independent of the chosen bases,
the local equations define a closed subscheme of G.

To require that an element of Ay belong to S, we require its image in A /S to be zero. This
allows us to express the algebra conditions by maps to 7. Define 2,, . C G as the common zero

locus of
Og — T givenby 1~ 1modS,

S5 Ape®O0g — T, (8.5)

S@S‘O%An,e@)OG—)T-
We impose one further condition to define .#, .. The ambient reduction map Ay — k™ is defined
by
(1), fa(®) = (f1(0),.. ., fn(0)).

We require its image on S to lie in the diagonal line k1. This means that the composite
S—7Z"®0c — (Z"]71) ® O¢ (8.6)

is zero. We define .#, . as its zero locus inside 2, ..

Each map defined is a morphism of vector bundles. After choosing local bases, its vanishing
is given by setting all entries of its matrix equal to zero. Hence these conditions define closed
subschemes of G. Since the Grassmannian is projective over Z, both 2,, . and .#, . are projective
over Z.

For e =0, set 2,0 = SpecZ, I, 0 = @ for n > 1, and ¥ o = Spec Z.
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Lemma 8.1. Let k be a field and e > 1. The points of 2,, (k) correspond to the unital k[[t]]-
subalgebras of k[[t]]"™ of colength e. The subset %, (k) corresponds to those whose reduction
tmage is k1. For fized n,e and every sufficiently large prime p,

9n(p°) = #ﬂn,e(Fp)- (8.7)

Proof. The result follows from the above construction. In greater detail, set O = k[[t]] and let
m:O" — (0O/(t¢))"™ = Ay be the quotient map. If R C O™ has colength e, the elementary-divisor
decomposition of O"/R has the form @, O/(t%), where a; > 0 and Y, a; = e. Since each a; < e,
this quotient is annihilated by t¢. Hence t*O™ C R, and S = w(R) is a subspace of Ay of
codimension e. The algebra conditions on R descend to the three conditions on S above.

Conversely, let S satisfy those conditions and set R = m~!(S5). Stability under ¢t makes S a
k[t]/(t¢)-submodule, so its inverse image is an O-submodule. It contains O™, and O"/R ~ Ay/S
has k-dimension e. Thus R is a full lattice of colength e. The unit and multiplication conditions
on S imply the same conditions on R, because 7 is an algebra homomorphism. These two
constructions are inverse. Since e > 1, the kernel O™ has zero reduction modulo ¢; the reduction
images of R and .S therefore agree.

For fixed n, e, there are only finitely many positive compositions in (8.3). Proposition 4.4
identifies the counts over Q, and F,((t)) for all of these compositions outside one finite set of
primes. Summing over them proves (8.7). This proof concerns lattices over fields and their
rational points. We do not require the same truncation assertion for lattice families over arbitrary
nonreduced bases. g

Loop rotation gives an action on A4, . by
e—1 e—1
O <Z t’ﬂm) = Z Nt'z,.
r=0 r=0
It gives an action on both 2, . and .#, .
Replacing ¢t by At fixes 1, respects multiplication, and preserves t-stable subspaces. It also
leaves constant terms unchanged, so both 2, . and .#), . are preserved.
To apply Lemma 5.5, use the Pliicker embedding of G. Rotation multiplies each basis vector
t"e; by A". It therefore multiplies a wedge of these vectors by A1+ T"N-c where the r; are their
exponents. Thus each Pliicker coordinate is scaled separately, giving the required diagonal action

on the ambient projective space.
Set Ine = (Fn,e@)red- Lemma 5.5 and (8.1) give

e1a (X)) = E12 (X2 )rea)) - (88)

Proposition 8.2. For e > 1, the reduced fized locus of I, . is the finite disjoint union of the
reduced projective varieties of filtrations
Fo=Q1CFHC---CF.=Q",
e—1
8.9
FioF; C Fiy; and Z(n—dimFT) =e, (89)
r=0
where F. = Q" for r > e. The positive terms of ¢, = n —dim F,., r > 1, form a partition of
e — (n—1), with each part at most n — 1.

Proof. The weight decomposition of A, ¢ q is @ﬁ;é t"Q™. Over any base with trivial G,,-action,
an invariant subbundle and its locally free quotient decompose into weight subbundles; see [38,
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Tag OEKL]. Hence every invariant subbundle has the form

e—1
S=EptF,,
r=0

where each F, is a subbundle of the trivial rank-n bundle. For fixed ranks f,, these are
parametrized by Hi;é Gr(f-,Q").

The unit and reduction conditions give Fy = Q1, while t-stability gives F,, C F,1;. For
i+j < e, multiplication is (t'z) o (/y) = t'7/(z0y), so closure is exactly F;o F; C F;;;. Products
of degree at least e vanish. Finally, the codimension of S is >, (n — f;).

These are closed conditions on tautological bundles over the product of Grassmannians.

The ranks of the weight subbundles are locally constant. Fixing these ranks therefore gives
disjoint open and closed pieces of the fixed-point scheme. On such a piece, the inclusions and
product conditions just described are precisely the vanishing of maps to the tautological quotient
bundles. This explains both why the filtration varieties are projective and why their classes may
be added without overlapping pieces.

The constructions are inverse in families, giving the asserted identification after reduction.

The term Fy contributes n — 1 to the codimension sum. The remaining codimensions are
nonincreasing integers between zero and n — 1, with sum e — (n — 1). Deleting their zero tail
gives the stated partition. In particular, the fixed locus is empty when e < n — 1. O

For n = 10 and e = 17, these partitions have sum 17—9 = 8. There are twenty-two possibilities,
whose filtration dimensions are listed in Section 9. The partition (6, 2) gives dimensions (1,4, 8, 10).
Write U = F} and V = F;. Its only multiplication condition not already implied by the flag is
Ue2cCv.

Let € be the closed subscheme of the flag variety of four-planes inside eight-planes in Z°
along with the conditions 1 € U and U°? C V. These are vanishing conditions for the maps from
the scalar line to O°/U and from Sym? U to OY/V, s0 € is projective over Z. For a field k, set
Ck = (% )rea and write

1cUcCV cCkl,
C(k) = Cilk) = {(U’ V): GimU=4, dmv=8 U2CV } (8.10)

We write C = Cg when taking cohomology. This is the reduced fixed-locus piece with profile
(6,2).

Recall that C parametrizes flags 1 € U C V C Q' with dimU =4, dimV =8, and U2 C V.
The smooth elliptic-quartic locus &, is an open subvariety of C. We now show that its contribution
accounts for the entire Sio-part of x.(C).

Proposition 8.3. In both realizations one has [xc(C)]s,, = —Ba(L)Si2, and consequently
e12(xe(C)) = —Ba(1) = 56.

Proof. We prove the result in three steps. The flags are stratified according to the number of
independent quadratic relations among the ten coordinate evaluations. In the first step we
show that the Sio-part vanishes on every stratum outside the elliptic locus and outside the
common-plane locus. In the second step, the common-plane locus is identified with an explicit
variety, built on a smaller ambient space. In the third step, a count of parameters shows that
this variety has zero Sio-part as well.

Let R = U°? and r = dim R, and let Ki; be the kernel of the multiplication map Sym? U — Q1°
which sends uv to u o v; set « = dim Ky = 10 — r. Since 1 € U, every u € U is of the form 1 o u,
and it follows that U C R. The defining condition of the flag gives R C V', hence r < 8 and
a> 2.
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For a fixed U, the spaces V that occur are precisely the eight-planes containing R, that
is, the (8 — r)-planes V/R in Q°/R. On a stratum on which R has constant dimension,
and is therefore a vector subbundle, these choices form a Grassmannian bundle with fiber
Gr(8—r,Q°/R) ~ Gr(a—2,a). We may thus study the possible spaces U first, and then account
for the choices of V' by the bundle formula.

To interpret Ky, let ¢; : U — Q be the i-th coordinate evaluation and put P; = [¢(;] € P(UY).
Each ¢; is nonzero because £;(1) = 1, and the ¢; span U"; hence the ten points P; span P(UV) ~ P3.
The elements of K7 are exactly the quadratic forms vanishing at all of these points, so that a is
the number of independent quadratic relations among the coordinate evaluations.

We stratify the U-locus by the first independent quadruple of evaluations, with respect to
a fixed ordering of the quadruples. Lemma 7.2 identifies each stratum with the corresponding
normalized projective configurations together with an avoided hyperplane, which is the form in
which the boundary results proved earlier apply.

Suppose first that ¢ > 3 and that the quadrics in Ky have no common plane. Proposition 7.5
then gives a zero Sis-part, including the Grassmannian choices of V' above. If a = 2, the quadrics
form a pencil, and Proposition 7.8 shows that its contribution vanishes unless the pencil cuts
out a smooth elliptic quartic and the ten marked points are distinct. This remaining locus is &4.
Here 7 = 8, so V = R is uniquely determined, and Corollary 6.9 gives [x.(€4)]s,, = —Ba(LL)S12.
It remains to treat the common-plane locus with a > 3.

Assume therefore that every quadric in Ky vanishes on a plane IT = {A = 0}. Then every such
quadric is divisible by A, and we may write Ky = AW for an a-dimensional space W of linear
forms on P(UY). Since the space of linear forms has dimension four, a < 4. If a = 4, then W is
the whole space of linear forms and the common zero set of Ky is the single plane II; this is
impossible, since the points P; lie in that zero set and span P3. Therefore a = 3.

The three independent linear forms in W have a unique common zero g, and the reduced
common zero set of Ky is IT U {¢q}. Moreover ¢ ¢ II, since otherwise all the P; would again
lie in II. Observe also that II is unique: if all quadrics of Ky vanished on a second plane
as well, each of them would be a scalar multiple of the product of the two plane equations,
contradicting dim Ky = 3. A pair (II, ¢) thus determines a well-defined partition of the labels
into I = {i: P, € II} and J = {i : P; = ¢}, and distinct label partitions give disjoint pieces. Both
sets are nonempty, since the points P; span P3: if all of them lay in II, or if all of them were
equal to ¢, this would fail.

The normalization ¢;(1) = 1 is useful here, since projectively equal evaluations with this
normalization are equal as linear functionals. In particular, every vector of U has a common
coordinate value on J. Viewed as an element of U, the form A vanishes on I and takes a common
nonzero value ¢ on J; thus A = ¢l;, and 15 € U. Subtracting from a vector its common value on
J times 1 leaves a vector supported on I, and therefore U = U; @ Q1;, where U; = U N Q' and
Q! ¢ Q' denotes the subspace of vectors vanishing outside I. We have dim U; = 3 and 17 € Uj.
Products between the two summands vanish, since their supports are disjoint, and 1;01; = 1;
hence R = Up? ® Q1,. As a = 3 means that dim R = 7, it follows that dim U;? = 6.

Conversely, let Uy C Q! be a three-plane containing 17 with dim U}’Q =6,andset U = Ur®Q1,.
Choose a basis z1,x3,x3 of Uy and write y = 1;. The three elements yx; of Sym2 U are killed
by coordinatewise multiplication, the six products coming from Sym? U; have independent
images, and the image of y? has support disjoint from theirs. It follows that Ky is spanned by
yz1, yxre, yxs3, and that its common zero set is the plane y = 0 together with the point [0:0: 0 : 1].
This recovers exactly the common-plane configuration with label partition (1, .J).

These two constructions identify the U-locus with a variety: the forward map is the coordinate
projection to Q!, of constant rank three, and the inverse is the direct sum with Q1 ;. Both maps
are regular.
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Let m = |I|. The equality dim Uf2 = 6 requires m > 6, since U}’z C Qf, whereas J # @ gives
m < 9. The unital three-planes in Q! form the Grassmannian G; = Gr(2,Q’/Q1;), and the
locus required here is G\ Dy, where Dy is the closed subvariety of G consisting of those Ur for
which dim U}’Q < 5; it is closed because it is defined by a rank condition on the multiplication
map.

We bound dim D; by counting the parameters in a nonzero quadratic relation. Choose three
coordinate evaluations that are independent on Uy, and use the unique basis of Ur in which they
are the three coordinate vertices of P2. With respect to this basis, 1 is the sum of the three
basis vectors, and hence every other evaluation point lies in the affine plane X7 + X9 + X3 = 1.
A quadratic relation must vanish at the three coordinate vertices, and is therefore of the form
aX1 X+ X1 X3+7X2X3; the nonzero relations up to scalar form a P2. Once a relation is chosen,
each of the remaining m — 3 evaluation points must lie on its affine conic, and thus contributes at
most one parameter; the resulting incidence surjects onto Dy on this chart. Note that a nonzero
homogeneous quadratic form cannot vanish identically on the affine plane X; + Xo + X3 = 1:
by homogeneity it would then vanish on the dense open set X; + X2 + X3 # 0, and hence be
zero. The incidence thus has a two-dimensional parameter space for the relation and at most
one parameter for each remaining label, and since finitely many choices of the three evaluations
cover G, we obtain dimD; <2+ (m—3)=m —1<8.

For these spaces U we have a = 3, and the fiber of choices of V is a P2. The class of the piece
indexed by (I, J) is therefore [P?]([G[] — [D;]). The Grassmannian class is a polynomial in L,
whereas dim D; < 8, and Lemma 6.12 therefore shows that this expression has zero Syo-part.
Here we argue with classes rather than with dimensions, since the dimension of G\ Dy itself need
not be at most ten. Indeed, the term [G] is Tate by its Schubert decomposition, while [D;] has a
base of dimension at most eight, and multiplying either term by [P?] = 1+ L + L2 introduces only
Tate twists. Their difference therefore has zero Sie-part in the alternating compactly supported
Euler class, which is the assertion needed here.

Summing over the finitely many label partitions proves the same assertion for the whole
common-plane locus. We have thus treated the complement of £ in C, and its Sye-part is zero,
so that additivity gives [xc(C)]s,, = —Ba(IL)S12. Finally, e12(x%(C)) = —B4(1) = 56. O

9. THE REMAINING 21 PROFILES

Recall that the profile of a homogeneous lattice is the sequence of positive codimensions
10 — dim F;, for ¢ > 1, with the final zero terms omitted. We call (6,2) the critical profile
because it is the one contributing the elliptic-quartic term. The preceding section identifies a
non-Tate contribution coming from a twist of S from the fixed locus corresponding to the
profile (6,2). The full irreducible count includes twenty-one other profiles, and we must show that
their contributions cannot cancel it. We prove that none of these profiles contains a Tate twist
of S1o in its compactly supported cohomology. Most cases reduce to Grassmannians or spaces of
isotropic subspaces for quadratic forms. In the remaining cases, we bound the dimension of the
spaces over which these bundles vary. The bounds are at most ten, whereas S12 has Hodge level
and Hodge Tate spread eleven. We then apply the loop-rotation identity to deduce that gio(p'")
is not eventually polynomial in p.

Put A = Q'°, with coordinatewise multiplication. For subspaces of QY , write

BC = Spang{boc:be B, ce C},
and '
U’ = Spang{uy o---owuy;:u; € U}.
The profile of a homogeneous lattice is the sequence of positive codimensions 10 — dim Fj, for
i > 1, with the final zero terms omitted. Since the spaces F; are nested, these codimensions are
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nonincreasing. Repeated parts therefore mean repeated spaces in consecutive degrees. We call
(6,2) the critical profile because it is the one contributing the elliptic-quartic term; the other
profiles are called noncritical.

For a partition ¢ = (cy, ..., ¢) of 8, let 7. parametrize filtrations Fp = Q1 C F; C---C F, C A
with dim F; = 10 — ¢; and F;F; C F;1;, where F; = A for i > [. Thus only products with 4,j > 1
and ¢ + j <l impose conditions.

The parameter space 7. is the reduced closed subvariety of the corresponding partial flag
variety defined by these product inclusions. For example, the inclusion F;F; C F;|; means that
the multiplication map from the two tautological subbundles has zero image in the quotient
bundle A/F; ;. Repeated dimensions in a flag force equality of the corresponding spaces. This
explains why repeated parts of ¢ give the algebra and stability conditions used below.

We first treat conditions of the form U? C T, where T is a hyperplane. Recall that a subspace
P is totally isotropic for a symmetric bilinear form b if b(x,y) = 0 for every x,y € P.

Lemma 9.1. Let W be a split nondegenerate quadratic space over Q. The variety OG(a, W)
of totally isotropic a-planes has only Tate cohomology. This includes both components when
dim W = 2a.

Here "split” means that W is an orthogonal sum of hyperbolic planes, with one additional
nondegenerate line if dim W is odd. A hyperbolic plane has a basis e, f with b(e,e) =b(f, f) =0
and b(e, f) = 1. The variety OG(a, W) is a closed subvariety of Gr(a, W): its defining condition
1s that the form restrict to zero on the tautological subbundle.

Proof. Each connected component is a projective homogeneous space for the split special orthog-
onal group. The Bruhat decomposition for its parabolic quotient gives a paving by affine spaces
defined over Q; see [29, §21h]. Localization therefore gives the assertion. In the even-dimensional
maximal case, apply this to each of the two components. O

Let F — B be a vector bundle and L — B a line bundle. A symmetric bilinear form on F
with values in L is an Op-linear map

b: E®o, E— L,
such that b(u,v) = b(v,u).

Lemma 9.2. Let E — B be a vector bundle with a symmetric bilinear form taking values in a
line bundle, and suppose dim B < d. Let Z — B parametrize its totally isotropic a-planes. Every
simple constituent of HX(Z) is a subquotient of a Tate twist of the cohomology of a variety of
dimension at most d.

Consequently its Hodge level and individual Hodge—Tate spread are at most d. If d < 10, no
Tate twist of S12 occurs.

Proof. We trivialize the line bundle in which the form takes values, and stratify B by the rank of
the resulting map £ — EV.

The strata are given their reduced induced structures. On a constant-rank stratum, elementary
row operations on an invertible minor identify the kernel and image with locally free summands.
Thus the radical used below is a vector bundle. We may replace a finite open cover by a finite
disjoint decomposition into locally closed pieces, so all subsequent local choices can be combined
by localization. On each rank stratum, its kernel

R ={v e FE:bv,w)=0 for every w € E}

is a vector subbundle, called the radical. Locally choose a complementary subbundle M, so that
E =R ® M. The restriction of the form to M is nondegenerate, because its entire radical has
been removed.
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After a further finite decomposition, we may trivialize R and choose an orthogonal basis
mi,...,m, of M, with b(m;, m;) = a; invertible and b(m;, m;) = 0 for i # j. This is the usual
diagonalization of a symmetric form, carried out locally where each chosen diagonal coefficient is
invertible.

For an invertible function a;, adjoining a square root u; gives a finite étale cover: the equation
is u? = a4, and its derivative 2u; is invertible. Take the fiber product of these covers and also
adjoin v with v?> = —1. Denote the resulting cover by B’ — By, where By is the piece under
consideration. Rescaling m; by u; ! makes every diagonal coefficient equal to one. Using v, each

pair of these coordinates becomes a hyperbolic plane. Thus, over B’, the form is isometric to
Ep = R® (Mo ®q Op),

where R is trivial and My is a fixed split nondegenerate quadratic space over Q.

We now describe the isotropic a-planes for this form. Fix a point of B’ and an isotropic plane
P,and set D = PN R and Q = im(P — Mj). Stratify by ¢ = dim D. Then dim @ = a —¢. The
form vanishes on R, so P is isotropic exactly when @ is isotropic in My. There is no restriction
on the c-plane D C R.

For fixed D and @, the projection P/D — @ is an isomorphism. Consequently P/D is the
graph of a unique linear map ¢ : Q — R/D. Conversely, every such map gives the isotropic
plane

Py={(r,q) e R®Q:rmod D = ¢(q)}.
It has intersection D with R and image @ in My. Thus the choices of P with fixed D, Q form
the vector space Hom(Q, R/D).

Writing p = rank R, the stratum with intersection dimension ¢ is a vector bundle of rank

(a —¢)(p — ¢) over

B’ x Gr(c, p) x OG(a — ¢, My).
The last two factors have Tate cohomology. The vector-bundle formula and Kinneth therefore
show that every simple constituent of the cohomology of this stratum comes from a Tate
twist of HJ(B'). Localization over the finitely many values of ¢ gives the same conclusion for
Z'=2Zxp, B'.

Finally, p : Z' — Z|p, is finite étale. Its pullback and trace satisfy Trop* = (degp)id. With
rational coefficients, pullback therefore identifies H(Z|p,) with a direct summand of HE(Z').
These maps respect the Hodge structures and the arithmetic Galois action. Applying localization
once more to the pieces By proves the asserted description of the constituents of H} (7).

Each finite cover B’ has dimension at most d. The dimension bounds established earlier
therefore give Hodge level and individual Hodge-Tate spread at most d. Since Tate twists
preserve these quantities and Sio has level and spread eleven, its Tate twists are excluded when
d < 10. O

Lemma 9.3. Let N > 2 and 1 <d < N — 1. Define
Xna={UT):1eUCTCQ", dimU =d, dimT =N —1, U*C T}.

Every simple constituent of HX(Xn q) is a subquotient of a Tate twist of the cohomology of a
variety of dimension at most N — 2. In particular, no Tate twist of S1o occurs if N < 12.

Proof. Write T' = ker \. The hyperplanes containing 1 form
B=P{\c QY)Y :\1)=0} ~PN2

The form by(x,y) = A(z o y) takes values in Op(1). On T, the vector 1 belongs to its radical, so
the form descends to 7/Q1. The condition U? C T says exactly that U/Q1 is a totally isotropic
(d — 1)-plane in this quotient. Apply Lemma 9.2. O
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Let m = {I1,..., I} be a partition of {1,..., N} into nonempty disjoint blocks. Its coordinate-
partition algebra is

Hy={zeQ" :z; = x; whenever 4, j belong to the same block}.

Thus a vector in H; has one common value on I;, another on Is, and so on. For example, the
partition {{1,3},{2,4,5}} gives H; = {(a,b,a,b,b) : a,b € Q}. Coordinatewise addition and
multiplication preserve these equalities, so H; is a unital subalgebra of Q" .

For a block I, let 1; denote the vector whose ith coordinate is 1 if ¢ € I and 0 otherwise.
Every vector in H, has a unique expression

r=a1ly +---+aply,,

where a; is its common coordinate value on I;. Hence the block indicators form a basis of Hx,
and dim H; = h. We may identify H, with Q" as an algebra.

For a subspace U C H, write Q[U] for the smallest unital subalgebra of H containing U; it
consists of finite Q-linear combinations of products of elements of U, including the empty product
1. A subspace V C QY is H-stable if hov € V for every h € H and v € V.

Lemma 9.4. Every unital subalgebra of QV is a coordinate-partition algebra. In particular,
there are finitely many such algebras. Given an algebra H, set

AjH)={UCH:1€U, dimU =d, QU] =H}.
Then Aq(H) has only Tate cohomology. The same holds for the varieties of H-stable spaces.

Proof. The classification follows from [32, Lemma 2.7]. In particular, H has only finitely many
proper unital subalgebras, say Hi, ..., Hy,.

To study Ay(H), begin with the Grassmannian G = Gr(d — 1, H/Q1) of all unital d-planes
in H. Such a plane fails to generate H precisely when it is contained in one of the H;. Thus,
setting Y; = Gr(d — 1, H;/Q1), we have A4(H) = G\Y, where Y = |J; Y;. For every nonempty
set of indices J,

(Y;=Gr|d—1,|()H,|/Q1],
jeJ jeJ
or the intersection is empty. Every such intersection therefore has Tate cohomology, by the
Schubert decomposition.
We first show that Y has Tate cohomology. For two closed subvarieties, the compact-support
Mayer—Vietoris sequence contains

e HT'(YMNYs) — HA(Y1UYs) — HYY1) @ HY(Ys) — - .
By exactness, every simple constituent of the middle group occurs in one of the adjacent groups.
Hence the union has only Tate constituents whenever both pieces and their intersection do.
Applying this argument inductively proves the assertion for Y. At each step, the intersection of
the new piece with the preceding union is itself a union of intersections of the Y;, so the same
induction applies.
Now use the localization sequence

e HTYY) — HY(Ag(H)) — H(G) — - .
The adjacent groups have only Tate constituents, and exactness gives the same conclusion for
Hi(Aq(H)).
For the assertion about H-stable spaces, the block idempotents separate the choices on the
individual coordinate blocks. Indeed, if the blocks of H are I, ..., I, stability gives V' = @?:1 Vi,

where V; =1,V C Q’i. The condition H C V is equivalent to 1 1; € Vj for every j. Thus, for
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prescribed dimensions v; = dim Vj, the choices form []; Gr(v; — 1, [I;| — 1). These are products
of Grassmannians and therefore have Tate cohomology.

If an H-stable space V' is not required to contain H, the same decomposition gives [] j Gr(vj,|1;])
instead. Taking the finite union over the possible block dimensions proves the assertion for all
H-stable spaces. The version with Gr(v; — 1, |I;| — 1) is the one used when H C V.

O

Lemma 9.5. Let 1 € B C C C QY and set H = Q[B]. Then BC C C if and only if C is
H-stable. In this case H C C and B? C C.

For fired H and prescribed dimensions, the choices of B generating H and of H-stable C
containing H are independent and have only Tate cohomology.

Proof. If multiplication by B preserves C, so does multiplication by every sum of products of
elements of B. These elements form H. Since 1 € C, this also gives H C C. The converse is
immediate. For fixed H, the parameter space is the product of Agi, g(H) with the H-stable-space
variety in Lemma 9.4. O

For a subspace R C QV, set Stab(R) = {a € QV : aR C R}. This is a unital subalgebra.
Thus Stab(R) consists of the vectors whose coordinatewise multiplication maps preserve R. The
notation refers to this algebra of multiplication operators, with the vector 1 acting as the identity.

Lemma 9.6. Let T' = ker A contain 1, and set S = {i: \; # 0} and s =|S|. Then
Hg := Stab(T) = {z € Q" : z; is constant for i € S}

and dim Hg = N + 1 — s. Further, Hg C T and rad(by|r) = Hg. The hyperplanes with support
S form

BS = {[)\i]z‘ES : ZiES )\z’ = 0, )\i 7é 0 fO?“ 1€ S}
Here s > 2, and Bg is a hyperplane-arrangement complement in PS=2 with only Tate cohomology.
A totally isotropic d-plane for by satisfies

d< N —s+[s/2]. (9.1)

Proof. The condition 7" C T says that y — A(x oy) is a scalar multiple of A. Thus \jz; = c\;
for every i. This gives the description of Hg. It also gives A(z) = ¢> ;cgAi =0, s0 Hg CT. The
same calculation describes the radical of the restricted form.
The assertion about Bg follows by removing coordinate hyperplanes from ) ,cg A; = 0 in Ps—1,
All their intersections are projective linear spaces, so localization gives Tate cohomology.
Finally, the radical of by on Q" has dimension N —s. Its nondegenerate quotient has dimension
s, and an isotropic subspace of that quotient has dimension at most |s/2|. This proves (9.1). O

Lemma 9.7. Let N > 2,1 <d < N -1, and r > 1. Consider multiplicative filtrations with
h=U,Fr=---=F41 =T,dimU =d, and dimT = N — 1. Their cohomology has Hodge
level and individual Hodge—Tate spread at most N — 2. If r > 2, it has only Tate cohomology.

Proof. Recall that Fy = U, that Fy, ..., F,,1 are all equal to T, and that every later term is Q" .
Thus only products whose indices sum to at most r + 1 impose a condition.

For r = 1, the proper terms are U,T. The only required product inclusion is F1F; C Fb,
namely U? C T. The parameter space is therefore X N,d, and Lemma 9.3 applies.

For r = 2, the proper terms are U, T,T. Besides U? C T, we require F1Fy C Fy, or UT C T.
This says that multiplication by every element of U preserves T'.

Write T' = ker A and fix the support S of A. By Lemma 9.6, the condition UT C T is equivalent
to U C Hg. Since Hg is an algebra contained in 7', this also gives U2 C Hg C T. Thus no
separate square condition remains.
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For fixed S, the algebra Hg is fixed and has dimension N + 1 — s, where s = |S|. We may
therefore choose T' € Bg and, independently, a unital d-plane in Hg. The resulting parameter
space is

BS X Gr(d— 1,H5/Q1) ~ BS X Gr(d— l,N — S).
It is empty if d > N 4+ 1 — s. Both factors have Tate cohomology.

For r > 3, the term F is still 7. Hence FoFy C Fy requires T2 C T. Since T contains 1, it is
a unital subalgebra, and therefore one of finitely many coordinate-partition hyperplanes. For
each such T', any unital d-plane U C T is allowed: all products among U and T already lie in 7.
Its choices form Gr(d — 1, N —2). Thus these cases also have Tate cohomology. O

Lemma 9.8. Let N > 5 and 1 < d < N —2. Consider multiplicative filtrations with proper terms
UV,T,...,T, where T occurs k > 2 times, L c U CV CT CQV, and (dimU,dim V,dim T) =
(d,N —2,N —1). Every simple cohomology constituent is a subquotient of a Tate twist of the
cohomology of a variety of dimension at most N — 3. In particular, no Tate twist of S12 occurs
if N <13.

Proof. For k = 2, the conditions reduce to U2CV,UT CTand V2 CT. Write T = ker A
and fix its support S. The last condition makes V' an isotropic (N — 2)-plane for by. By (9.1),
N—-2<N-—s+|s/2],s02<s<4. We have that U C Hg.

If s = 2, then Bg is a point and T = Hg ~ QV~! as an algebra. The remaining condition is
U? C V, giving Xn-1,4- Lemma 9.3 gives the bound N — 3.

If s = 3, the form on T'/Hg is a nondegenerate form on a line. It has no nonzero isotropic
vectors, so V' = Hg. The choices of U form Gr(d — 1, N — 3) over the one-dimensional base Bg.

If s = 4, the form on T'/Hg is nondegenerate of dimension two. An isotropic (N — 2)-plane V'
must contain Hg and choose an isotropic line in this quotient. These lines form a finite étale
double cover of Bg, of dimension two. Over this cover, U is any unital d-plane in Hg, with
choices Gr(d — 1, N —4). Its square lies in Hg C V. Thus the required constituent bound follows
from the bundle formula. The double cover need not itself have Tate cohomology.

For k = 3, the additional condition is VI' C T'. It forces V C Hg, so only s = 2,3 remain. For
k > 4, the condition T2 C T also appears, forcing s = 2. The preceding descriptions remain
valid. Localization over the finite support decomposition proves the assertion. O

Lemma 9.9. Let 1 <u<qg< N, andlet 1 € UQQN satisfy dimU = u and r =dimU? < q.
Set H = Stab(U?), h=dim H, W = HU, and d = dim W. Then

r>2d—h and max(u,h)<d<r<gq. (9.2)
Fiz the coordinate blocks of H, of sizes n1,...,ny, and the dimensions w; of the corresponding
summands of W. The locus of these U has dimension at most
h
> (wy = 1)(nj —wy) + (u—1)(d —u) < Enu(h, d), (9.3)
j=1

where
Oy yu(h,d) = (d—h)(N —d)+ (u—1)(d— u).
Fizing these ranks and algebras gives a finite locally closed stratification.

Proof. Put R = U?. Since 1 € U and HR = R, we have Uy H C W C R and W? = H?U? = R.
Apply [32, Theorem 3.3] to W, W to obtain r > 2d — h. This proves (9.2).

The reason for enlarging U to W = HU is that multiplication by H then preserves W, while
the square remains R. Indeed, H contains 1, so H2 = H and W? = H?U? = HR = R. The
stabilizer in the cited inequality is therefore precisely the algebra H already chosen.
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For fixed H, the choices of W form []; Gr(w; — 1,n; — 1). For fixed W, the unital u-planes
form Gr(u —1,d —1). The dimension of this incidence is the first expression in (9.3).

Here every wj is at least one, since W contains the block indicator 17;. The factors have
dimensions (w; — 1)(n; —w;) and (u — 1)(d — u), respectively. We count all such pairs (U, W),
allowing pairs that do not have the prescribed square or stabilizer. This can only increase the
dimension and hence gives an upper bound for the required locus.

Since -, (wj —1) =d — h and 3_;(n; —w;) = N —d, it is at most ®n y(h, d).

To apply this bound to the actual U-locus, first fix the rank of Sym?U — QV. Its image
R then varies as a vector subbundle. The stabilizer is the kernel of QV — Hom(R, Q" /R)
sending a to the linear map x — a o x mod R. On constant-rank strata it varies regularly and
takes values among finitely many coordinate-partition algebras. Fixing H and the ranks of
its block projections on U makes W = HU vary regularly as well. The graph of U — W lies
in the incidence just counted. This proves both the dimension bound and the stratification
assertion. (Il

Lemma 9.10. The loci
Ds={UCA:1€U, dimU =5, dimU? <7},
De={UCA:1€U, dimU =6, dimU? <7}
satisfy dim D5 < 10 and dim Dg < 5.

Proof. In Lemma 9.9, take N =10 and ¢ = 7. Then v < d <7 and h > 2d — 7. For fixed d, the
bound @19, (h,d) decreases with h, giving

u ‘ d ‘ (1)10,u(2d - 7, d)

515,6,7 10,8,8
6| 6,7 4,5.
Take the maximum over the finitely many strata. O

Proposition 9.11. The profiles (5,3) and (4,3,1) contain no Tate twist of Sia or Sizy in
compactly supported cohomology.

Proof. For (5,3), the proper terms have dimensions (5,7) and the only condition is U? C V. On
the stratum where r = dim U? < 7, the choices of V form Gr(7 — r, A/U?). Its base lies in Dj
and has dimension at most ten.

For (4,3,1), the proper dimensions are (6,7,9), with conditions U? C V and UV C T. If
dim U? = 7, then V = U? and the base of choices of U lies in Dg, of dimension at most five. If
dim U? = 6, then U? = U, so U is one of finitely many partition algebras; the choices of V form
P(A/U) = P3.

In either case, stratify by s = dim UV. The hyperplanes T containing UV form P((A/UV)Y),
or the empty set if s = 10. Since 1 € U, we have V C UV, so this also imposes V C T. The
bundle formula and Lemma 6.11 give the required exclusions. O

The next argument treats three-step flags. When the first space is two-dimensional, its
products are controlled by four elementary moment equations.

Lemma 9.12. For s > 3, let M parametrize pairs ([\], P), where [\] € P((Q%)Y), P is a
two-plane containing 1, and \(P3) = 0. Then
dim M, < max{s —3,2s — 7}.

Proof. Write P = (1, z). Stratify by the partition of the coordinate labels on which the values
of z agree, and let v > 2 be the number of blocks. Replacing z by az + b1 does not change P.
Normalize its values on two specified blocks to 0 and 1.
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More precisely, two choices z, 2’ spanning P with 1 satisfy 2z’ = az + b1 with a # 0. On a fixed
equality partition, choose two of its blocks in a fixed order. Their values are distinct, so there is
a unique such change giving values 0 and 1 on those two blocks. The remaining block values are
then genuine coordinates for P on this stratum.

The remaining distinct block values then vary in an open subset of AV72.

The condition on A is .

> izl =0
i=1

for 0 < j < 3. The coefficient matrix has rank min(4,v), by the Vandermonde determinant.
Thus the projective space of possible A is empty or has dimension s — min(4,v) — 1. The stratum

has dimension at most
-3 2<v<3
v—24+s—min(4,v) — 1= T =U="
s+v—7<2s—7, v>4.

There are finitely many equality partitions. g

Lemma 9.13. Let N >4 and 2 < d < N — 2. Define
levcvcrcaQy,
Yyna =1 (U,V,T): (dimU,dim V,dimT) = (d, N — 2,N — 1),
U’Ccv, UVCT

Every simple constituent of H}(Ynq) is a subquotient of a Tate twist of the cohomology of a
variety of dimension at most

L(N,d) = max{N — 3,2N — 2d — 3}.
In particular, no Tate twist of S12 occurs if L(N,d) < 10.

Proof. Write T' = ker A and fix its support S, of size s. Put P = prg(U) and ¢t = dim P. Under
the ordinary coordinate pairing, UV C T means

diag(\)U C V.
The two sides have dimensions ¢ and two, respectively. Since 1g € P, we have t = 1 or 2. These

are locally closed rank conditions.
Suppose first that ¢ = 2. The inclusion is then an equality, so

V = (diag(\)P)*
is uniquely determined. The condition U? C V says exactly A\(P3) = 0. If P = (1g, 2), these are
Z )\izf =0. (94)
€S
They also ensure U CV C T.

To see the equivalence, a vector uj o ug lies in V' exactly when A(uj o ug o ug) = 0 for every
ug € U. The restrictions of the u; to S fill P, so these are precisely the cubic moment conditions.
Taking one of the u; equal to 1 also gives U C V; taking uz = 1 in the definition of V' gives
VCT.

The case s = 2 is empty, since then P = Q2 and A\(P) = 0 forces A\ = 0.

For s > 3, the pair ([A], P) lies in the open part of M, where every supported coefficient is
nonzero. Also D = U NQ%° has dimension d — 2, so s < N —d + 2. Lemma 9.12 gives the bound

dim{([A], P)} < max{s —3,2s — 7} <2N —2d — 3.
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Over this pair base, choose D € Gr(d — 2,Q%). Modulo D, a lift U is the graph of a map

¢ : P — Q% /D satisfying

?(1lg) = 1gc mod D.
These maps form an affine torsor of rank N — s — d 4+ 2: a prescribed map on the line Q1g
extends locally to P.

The difference of two extensions vanishes on Q1g, so these extensions form a torsor under
Hom(P/Q1s,Q° /D). The first bundle has rank one and the second has rank N — s — d + 2.
This gives the stated rank and also proves Zariski local triviality of the choices of lifts.

There are no further conditions, since the multiplication equations depend only on the supported
coordinates. Grassmannian and affine bundles therefore add only Tate twists of the cohomology
of the pair base.

Now suppose t = 1. Put E = Qlg ® Q%  and M = N+ 1 —s. Then E = Hg is a fixed
coordinate-partition algebra and U C E. Since E stabilizes T, the condition UV C T is
automatic.

If E C V, the condition U? C V is automatic too. The choices are U € Gr(d — 1, M — 1) and
a hyperplane V/E in T/E. These give Grassmannian and projective bundles over Bg, and hence
Tate cohomology.

This case is empty when s = 2, because then £ = T and an (N — 2)-plane cannot contain E.
For s > 3, the quotient T'/FE has rank s — 2, so its hyperplanes form a projective bundle with
fiber P*=3. This is the projective factor in the preceding description.

Otherwise, set W = V N E. It is a hyperplane in E, and (U, W) belongs to X4 after
identifying E with Q™. Conversely, every such pair extends to a flag: the choices of V/W are the
complements to the line E/W in T/W. They form an affine torsor of rank dim(7/E) = s — 2.
Thus this stratum is an affine bundle over Bg X X7 4.

The variety Bg has only Tate cohomology. Lemma 9.3 therefore gives the constituent bound
M —2< N —3. If d= M, this second stratum is empty. Combining the two projection-rank
cases and the finitely many supports proves the lemma. O

Lemma 9.14. Let N >3 and2<v <N —1. The flags1 € U CV C T C QN with
(dimU,dim V,dimT) = (2,v, N — 1),

U? C V, and UV C T have the constituent bound of Lemma 9.15 with base dimension max{N —

3,2N — 7}. In particular, no Tate twist of S1a occurs if N < 8.

Proof. Write T = ker A\. The product conditions imply A(U?) = 0, so (U, [A]) lies in My. Over
this base, set K = (diag(A\)U)*. The moment condition gives U? C K, and 1 € U gives K C T.

Stratify by ¢ = dim U? and ¢t = dim diag(A\)U. On each stratum these spaces vary as vector
bundles, and the admissible V form Gr(v— g, K/U?), or the empty set. Apply the bundle formula
and Lemma 9.12. g

Proposition 9.15. The profile (5,2,1) contains no Tate twist of Si2 or Siae in compactly
supported cohomology.

Proof. Tts proper dimensions are (5,8,9), and its conditions are U? C V and UV C T. Thus it is
Y105 Lemma 9.13 gives L(10,5) = 7. g

It remains to treat the profiles with repeated terms. Equalities among consecutive spaces often
force a space to be an algebra, or force the next space to be stable under that algebra.

Proposition 9.16. For every partition ¢ of 8 other than (8), (7,1), (6,2), (5,3), (5,2,1), and
(4,3,1), the compactly supported cohomology of T contains no Tate twist of S12 or Siay.
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Proof. First consider the seven profiles (4,4), (3,3,2), (3,3,1,1), (2,2,2,2), (2,2,2,1,1),
(2,2,1,1,1,1), and (1%). Here 1" denotes r successive parts equal to one. In each case
Fy =F,=U,soU? CU and U is one of finitely many coordinate-partition algebras.

For (4,4), (2,2,2,2), and (1%) there are no further choices. For (3,3,2), the final space
V is an arbitrary eight-plane containing the seven-plane U, with choices P2. For (3,3,1,1)
and (2,2,2,1,1), the remaining condition is UV C V. Lemma 9.4 gives products of block
Grassmannians. For (2,2,1,1,1,1), the condition is V2 C V, so both spaces are partition
algebras. All seven profiles therefore have Tate cohomology.

The five profiles (8 —r,1"), with 2 < r < 6, have a first space followed by a hyperplane repeated
at least twice. Lemma 9.7 gives Tate cohomology for these as well.

For (4,2,2), the proper terms are U,V,V, of dimensions 6,8,8. The conditions reduce to
UV C V, which also implies U2 C V. Fix H = Q[U]. By Lemma 9.5, the choices of U generating
H and of H-stable V' containing H are independent and have Tate cohomology. There are finitely
many possible H.

For (3,2,2,1), the proper terms are U, V, V, W of dimensions 7,8,8,9. The conditions reduce
to UV C V and V2 C W. Again set H = Q[U]. Then H C V, so h = dim H is seven or eight.
For fixed H, omit the remaining product equations. The choices are contained in the incidence

with U € Gr(6,h — 1), V/H € Gr(8 — h,10 — h) and W/V € PL. Its dimension is

3, h=T1,
7, h=S8.

The actual locus has dimension at most seven, so Lemma 7.1 applies.

Finally, (4,2,1,1) and (3,2,1,1, 1) have proper dimensions (6,8,9,9) and (7,8,9,9,9). Apply
Lemma 9.8 with (N, d, k) = (10,6,2) and (10,7, 3). Both have constituent bound seven.

These groups account for all sixteen profiles in the statement. Localization over their finite
decompositions proves the assertion.

In each decomposition used here, the ranks of the multiplication maps are fixed before taking
a Grassmannian or projective bundle. Their images and quotients are therefore vector bundles.
The bundle formulas apply on each such stratum. Localization then shows that every simple
constituent for the whole profile occurs among those of its strata; it cannot introduce a new
simple constituent. Thus the argument excludes the twists in each cohomological degree, as
asserted. 0

6(h—7)+2(8—h)+1—{

Proposition 9.17. For every partition ¢ of 8 other than (6,2), the compactly supported coho-
mology of T. contains no Tate twist of S12 or Siay.

Proof. For (8), the only proper term is a unital two-plane, with parameter space P®. For (7,1),
the proper dimensions are (3,9) and the only condition is F# C Fy. This is X 10,3, so Lemma 9.3
applies.

Proposition 9.11 treats (5,3) and (4,3, 1), and Proposition 9.15 treats (5,2,1). The sixteen
remaining noncritical profiles are covered by Proposition 9.16. These are all twenty-one partitions
other than (6,2). O

Theorem 9.18. Let 119,17 be the projective parameter variety over Q defined in the preceding
section. Then

e12(xXe(l10,17)) = 56.
Consequently no polynomial in Q[T agrees with gio(p'7) for every sufficiently large prime p.

Proof. The loop-rotation identity (8.8) and Proposition 8.2 give
er2(Xe(hoar)) = Y e (Xe(Te)).-

cH8
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By Proposition 9.17, only ¢ = (6,2) can contribute. Proposition 8.3 gives its contribution as
—By(1) = 56.

For sufficiently large primes, Lemma 8.1 gives g10(p'7) = #.#10,17(F,). If these counts agreed
with a polynomial P(p), the trace criterion of Lemma 6.7 would give x%(I1017) = P(L). The
right side is a virtual Tate class and has e12-value zero, contradicting the value 56. O

10. LOWER-RANK IRREDUCIBLE COUNTS

To pass from irreducible subrings to arbitrary subrings, we must also consider irreducible
factors of ranks less than ten. We show that, up to colength seventeen, these lower-rank spaces
have zero £1s-value. This will ensure that the contribution found in rank ten survives when we
sum over all decompositions into irreducible factors.

As before, we work with the graded fixed loci. Most of them have dimension at most ten,
which excludes every Tate twist of S12. Some have larger dimension but are Grassmannian
bundles over smaller bases, or are covered by the hyperplane and moment calculations of the
preceding section. The estimates below keep track of both the choices of the first space U and
the choices of the spaces containing its square.

Proposition 10.1. For 1 <n <9 and 0 <e < 17, we have

€12 (Xﬁ([n,e)) =0.
For n <6, the same assertion holds for every e > 0.

We first record the dimension estimates used in the proof. Write U = F}, u = dimU, R = U?,
and ¢ = dim R. Since 1 € U, we have U C R. Every term from F5 onward contains R. On a
constant-square-rank stratum, omitting the remaining multiplication conditions therefore gives a
partial flag bundle in Q"/R.

If the distinct dimensions in this quotient are d; < --- < dj, its relative dimension is

l
Sy —djo1)(n—q—dj) < (” ) q>, do = 0. (10.1)
j=1

Indeed, choose the first subspace and then choose each successive quotient subspace. The
summands are the corresponding Grassmannian dimensions. The upper bound is the dimension
of a complete flag variety in Q™ 9. Further multiplication conditions define closed loci, so these
are also upper bounds for the dimensions of the multiplicative loci.

For unital three-planes, we shall use

dim{U CQ":1 €U, dimU =3, dimU? <5} <n— 1. (10.2)

This is the conic incidence argument used in the proof of Proposition 8.3. Choose three
independent coordinate evaluations and normalize them to the coordinate vertices of P2. A
nonzero quadratic relation through these vertices is parametrized by P2. Each of the remaining
n — 3 evaluation points lies on its affine conic and contributes at most one parameter. The
resulting incidence covers the locus in (10.2), giving the bound 2+ (n —3) =n — 1.

We also use the Kneser estimate of Lemma 9.9. For square rank at most ¢, its integers h, d
satisfy max(u,h) < d < q and h > 2d — ¢q. For fixed d, the bound ®,, ,,(h,d) decreases with h.
Thus we may take h = max{1,2d — ¢} and check the finitely many integers u < d < ¢. Ounly two
of the bounds needed below require an additional geometric argument.

Lemma 10.2. Let U C Q° be a unital four-plane. The loci with dimU? = 6 and dimU? = 7
have dimension at most eight and ten, respectively.
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Proof. Choose four independent coordinate evaluations and normalize them as in Lemma 7.2.
Four evaluation points are then the coordinate vertices of P2, and the other five lie in the affine
chart where the coordinate sum is one. Put K = ker(Sym?U — Q°) and ¢ = dim K. For square
ranks six and seven, we have a = 4 and a = 3, respectively. The kernel lies in the six-dimensional
space of quadrics through the four vertices.

If its common zero set is finite, choose K € Gr(a,6) and then choose the five remaining points
in that finite set. This gives the bound a(6 — a), namely eight for @ = 4 and nine for a = 3.

Suppose next that the quadrics have a curve in their common zero set but no common plane.
The possibilities and their incidences were treated in Lemma 7.4 and Proposition 7.5. We recall
how the number of additional labels enters that calculation.

For a line or planar conic C, let Dy be the dimension of its family through k& of the designated
vertices, and let m be the dimension of the space of quadrics through all four vertices and C.
Choosing K contributes a(m — a) parameters. At least m — a of the five additional labels must
lie off C' to make K the exact kernel. Those points lie in the finite residual base; each remaining
point contributes at most one parameter. The resulting bound is

Dy +5+ (a—1)(m —a).

For a line, (Dg,m) = (4 —2k,3 + k) with 0 < k < 2; for a planar conic, (D, m) = (8 — 2k, 1+ k)
with 2 < k < 3. Substitution gives at most eight when a = 4 and at most nine when a = 3.

A cubic base occurs only for a = 3. Its family through the four vertices has dimension at most
four, and the five additional points give a total bound of nine. A pair of skew lines occurs only
for a = 4. Each line contains two of the four vertices, so there are finitely many such pairs; the
remaining points contribute at most five parameters.

Finally, suppose that the quadrics have a common plane. The argument in the proof of
Proposition 8.3 applies with nine labels. It forces a = 3 and gives U = Uy & Q1;, where I, J are
nonempty and U is a unital three-plane in Q. For each label partition, this locus is contained
in Gr(2,|I| —1). Since |I| < 8, its dimension is at most 2(|I| — 3) < 10.

Taking the maximum over these possibilities gives the two asserted bounds.

O

Together with the Kneser estimate, this gives the following bounds for the square-rank loci
needed below. Each column specifies (u, q).

nl| (4,5 (4,6) (4,7 (5,6) (57 (6,7
8| 4 8 - 4 - - (10.3)
9] 5 8 10 4 8 5

The dashes mark cases that will not be needed. For example, when (u,q) = (4,5), the Kneser
inequalities allow (h,d) = (3,4), (4,4), (5,5), whose bounds are n — 4,0, 3. This gives four in rank
eight and five in rank nine. The other Kneser entries are obtained in the same way. In rank eight
the maxima for (u,q) = (4,6) and (5,6) are max{8,6,6} = 8 and max{3,4} = 4, respectively.
In rank nine, the maxima for (5,6), (5,7), and (6,7) are max{4,4} = 4, max{8,7,8} = 8, and
max{3,5} = 5. The entries for the four-planes of square ranks six and seven in rank nine use
Lemma 10.2, rather than the weaker Kneser estimates.

Proof of Proposition 10.1. We prove that every graded fixed locus under consideration contains
no Tate twist of Sj in its individual cohomology groups, in either realization. Equation (8.8)
then gives the asserted Euler-class vanishing for I, ..

In rank one, I is a point and I; . is empty for e > 0. For n > 2, scalar reduction gives a
surjection O"/L — k™ /k1 for every irreducible lattice L. Hence its colength is at least n — 1,
and I, . is empty if e <n — 1.
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For n < 6, every graded profile is a closed subvariety of a partial flag variety in Q"/Q1. Its
dimension is at most (n — 1)(n — 2)/2 < 10. Lemma 7.1 therefore applies for every colength.

Assume now that 7 < n <9 and e < 17. The positive codimensions ¢; = n — dim Fj, for ¢ > 1,
form a partition of e — (n — 1). We call (¢g,cs,...) its tail. Since ¢; = n — u, the tail has sum at
most 18 — 2n + w. Indeed, its sum is e — (n — 1) — (n — u) = e — 2n + 1 4+ u. The bound follows
from e < 17. The parts in the tail are positive and nonincreasing, and each is at most ¢;. Thus
the lists below are lists of partitions subject to this sum bound. Equal successive parts represent
the same subspace, so they do not add choices to the corresponding flag variety.

Two cases can be treated uniformly. If F5, = Q", the only choice is the unital space U, so
the profile is a Grassmannian. This includes the empty profile. If F, is a hyperplane, every
later proper term equals that hyperplane. Lemma 9.7 applies. We may therefore restrict the
remaining case analysis to ¢ < dim Fp <n — 2.

We shall also repeatedly use the case ¢ = u. Then U? = U, so U is one of finitely many
coordinate-partition algebras. If n — u < 5, the remaining flag lies in a quotient of dimension at
most five. Its multiplicative locus has dimension at most (g) =10 by (10.1).

Consider first rank seven. If u = 1, then U = Q1 and the tail has sum at most five. A tail of
length at most two gives an unconstrained partial flag variety: products involving F} impose
only the existing inclusions, and products of two later terms have degree at least four, where the
filtration is already full.

After the hyperplane cases treated above, the longer tails are (3,1,1), (2,2,1), (2,1,1), and
(2,1,1,1). For the first three, the only additional condition is Fy C Fy. They give X74 0r X735,
so Lemma 9.3 applies. For (2,1,1,1), put A = Fy and T' = F3 = Fy = F5. The conditions are
A%2 C T and AT C T. This is the incidence of Lemma 9.7 with (N, d,r) = (7,5, 2).

Suppose u = 2. Writing U = (1, z) gives U2 = (1,2,22), so ¢ = 2 or 3. The case q = 2 was
covered by the finite-algebra observation. For ¢ = 3, the U-base is P> with finitely many algebra
points removed. The quotient Q7 /R has dimension four. Its complete flag variety has dimension
six, while every proper partial flag variety has dimension at most five.

A complete flag in this quotient requires tail codimensions 3,2, 1. Their sum exhausts the tail
budget of six, so the only possible eleven-dimensional ambient incidence has profile ¢ = (5, 3,2, 1),
at colength seventeen. Its base is geometrically irreducible of dimension five and its flag fiber
is geometrically irreducible of dimension six. Here the base is the complement of finitely many
points in P°, namely the unital two-planes which are already algebras. On the square-rank-three
locus, R is a rank-three vector subbundle. The incidence is the complete flag bundle of its
rank-four quotient. This bundle is Zariski locally trivial with irreducible fiber, so its total space
is geometrically irreducible and has dimension 5 + 6 = 11.

The condition U F> C F3 is a proper closed condition on this incidence. To see this, choose

distinct rational numbers x1,...,x7 and put z = (z1,...,27). The Vandermonde determinant
shows that 1,z,...,2% are independent. Take

U=(1,x),

Fy=(1,z,2% %), (10.4)

F3 = <1,(L‘,£E2,CL'3,CL‘5>,

and extend F3 to any six-plane Fj. This is a flag in the ambient incidence, but z* € UF; does
not belong to F3. Thus the multiplicative locus is contained in a proper closed subset of an
irreducible eleven-dimensional variety, and has dimension at most ten. Every other profile with
u = 2,q = 3 already has ambient dimension at most 5+ 5 = 10.

For u > 3, the cases ¢ = u have been treated. The remaining pairs are (u,q) = (3,4),(3,5),
and (4,5). For the first two, (10.2) bounds the U-base by six; the extension flags have dimensions
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at most three and one, respectively. For (4, 5), the Kneser bound is three and the extension flag
has dimension at most one. All these loci have dimension at most nine. This completes rank
seven.

Now take rank eight. For u > 4, the cases ¢ = u again have dimension at most ten. The
remaining pairs are (4,5), (4,6), (5,6). The bounds in (10.3), together with (10.1), give total
dimensions at most seven, nine, and five, respectively.

Let uw = 3. The tail has sum at most five. For the one-term tail (2), the choices of F, are
Grassmannian bundles over square-rank strata in Gr(2,7). Each base has dimension at most ten,
so Lemma 6.11 applies. The tail (2,1) gives Y3 3, with constituent bound seven by Lemma 9.13.
For (2,2), the equation UFy C F5 allows us to apply Lemma 9.5. The tails (2,1,1) and (2,1, 1,1)
are covered by Lemma 9.8, with bound five.

The remaining tail beginning with two is (2,2, 1). Its proper terms are U, V, V, T', of dimensions
3,6,6,7, and UV C V. Put H = Q[U]. Then H C V, and there are finitely many possible H.
For fixed h = dim H, with 3 < A < 6, omit the remaining product conditions. Choosing a unital
three-plane in H, a six-plane containing H, and then a hyperplane containing that six-plane
gives the dimension bound 2(h —3) +2(6 —h) +1 =T7.

If the tail begins with at least three, then dim F5 < 5 and ¢ < 5. The case ¢ = 3 is a
finite-algebra case. For ¢ = 4, the Kneser estimate bounds the U-base by five. The tail budget
permits at most one further distinct space after Fy, and (10.1) bounds the extension choices by
five. In greater detail, a tail beginning with at least three and having sum at most five is one
of (3), (3,1), (3,1,1), (3,2), (4), (4,1), and (5). When ¢ = 4, the last case is empty, since it
would require R C F5 with dim F5 = 3. In the rank-four quotient, the largest remaining flag has
subspace dimensions (1, 3) or (1,2), both of dimension five. This gives the stated bound.

For ¢ = 5, the conic estimate bounds the base by seven. Here F» = R, and the remaining
choices have dimension at most two. Thus these loci have dimensions at most ten and nine.

If u = 2, the tail has sum at most four. The square rank is two or three. The rank-two locus
consists of finitely many partition algebras, and its complement in P has Tate cohomology by
localization. Consequently, tails of length one give Grassmannian bundles with Tate cohomology.
After the hyperplane cases, the longer tails are (2,1),(3,1),(2,2), and (2,1,1). Lemma 9.14
treats the first two, with bound nine. Lemma 9.5 treats (2,2), and Lemma 9.8 treats (2,1,1).

Finally, if u = 1, the tail has sum at most three. Outside the hyperplane cases it has length at
most two. As in rank seven, all remaining product conditions are automatic, so the varieties are
partial flag varieties. This completes rank eight.

It remains to consider rank nine. For u > 5, the finite-algebra cases have already been treated.
The remaining pairs are (5,6),(5,7), (6,7). Adding the complete-flag dimensions (95‘1) to the
bounds in (10.3) gives total dimensions seven, nine, and six.

For w = 4, the tail has sum at most four. Outside the hyperplane cases, the possible profiles
are

(5,2), (5,3), (5,4), (5,2,1), (5,3,1), (5,2,2), (5,2,1,1).
For a second space of dimension v, its choices over a square-rank-q base have dimension (v —
q)(9 — v). Using the bounds above, the three two-step profiles have dimensions at most ten,
eight, and five, respectively. Repeating the second space, as in (5,2, 2), adds no parameter; the
extra product conditions define a closed locus in the same dimension-ten incidence. For (5,3,1),
a hyperplane containing the six-plane F5 adds two parameters to the dimension-eight incidence.
Thus this profile also has dimension at most ten.

The profile (5,2,1) is Yy 4 and has constituent bound seven by Lemma 9.13. The profile
(5,2,1,1) has proper dimensions (4, 7,8,8) and is covered by Lemma 9.8, with bound six.
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For u = 3, the remaining profiles are (6,2),(6,3), and (6,2,1). To treat the first two, put
G = Gr(2,8) and let D C G be the closed locus with dim U? < 5. By (10.2), dim D < 8. The
Grassmannian G has Tate cohomology, so localization excludes every Tate twist of Sio from the
cohomology of G\ D, the square-rank-six locus. The lower-square-rank strata lie in D and have
dimension at most eight. We stratify D by the exact value of the square rank before forming
these bundles. On each stratum, the image of the multiplication map is a vector subbundle,
so the quotient by this image is a vector bundle. Its Grassmannian parametrizes precisely the
second spaces containing U?. These are two-step profiles, so there are no further multiplication
conditions to cut down these Grassmannian bundles.

Over each of these strata, the second-space choices are Grassmannian bundles. The bundle
formula therefore gives the required exclusion for both two-step profiles. The third profile is Yy 3,
with constituent bound nine.

For u = 2, the only remaining profile is (7, 2). Its U-base is P7, with square rank two at finitely
many partition algebras and square rank three on their complement. Both strata have Tate
cohomology, and the second-space choices are Grassmannian bundles. For u = 1, the tail has sum
at most one, so the profile was already treated among the Grassmannian and hyperplane cases.

This exhausts the profiles in ranks seven, eight, and nine. The dimension criterion and the cited
bundle and incidence lemmas exclude every Tate twist of S1o from their cohomology. Applying
(8.8) proves the proposition. O

11. ORDINARY TOTAL COUNTS

An arbitrary subring decomposes uniquely into irreducible subrings supported on disjoint
sets of coordinates. We express this decomposition as an identity of compactly supported Euler
classes. The preceding lower-rank vanishing result will then remove the contributions from proper
decompositions in rank ten and colength seventeen.

One further input is needed. The known formulas for indices up to p® show that the corre-
sponding Euler classes are virtual Tate. Since two factors of colength at least nine would already
have total colength at least eighteen, every decomposition at colength seventeen has at most one
factor outside this range. This is what allows us to use the Tate-twist identity for €1s.

We work in K, and write F,, o = Xﬁ(Qn,e) and G, . = Xﬁ(In,e); where Qpn e = (Zn.e,0)red- Thus
Qn. parametrizes all unital equal-characteristic subalgebras, while I, . imposes scalar reduction.
Put an(e) = €12(Gpe). Recall from (8.1) that

e12(P(L)W) = P(1)e12(W) (11.1)
for every Laurent polynomial P and W € K.
Let II,, denote the set of partitions of the labelled set {1,...,n}.

Proposition 11.1. Forn >1 and e > 0,

@) = > > T 95 (11.2)

well, ep>0 (BEW) Bem
ZB e¢p=¢

For every sufficiently large prime p,

fn(pe) = #gn,e(Fp)- (113)
The corresponding identity in Ky is

Fre= > > R Gples- (11.4)
nell, eg>0 (Berw) Benm

peB=¢
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Proof. The decomposition over Z, is Liu’s irreducible decomposition [27, Theorem 3.4]; see also
[3, Theorem 2.6]. We explain why the same decomposition works over k[[t]].

Let O be either valuation ring, with residue field & and uniformizer w, and let R C O™ be a
unital subalgebra of finite colength. Reducing coordinates modulo w carries R to a k-subalgebra
R C k™, which contains 1 because R does.

The subalgebras of k™ which arise in this way have a very restricted shape. As a subring
of a product of copies of k, the algebra R is reduced, and since it is finite-dimensional over k
it is a product of finite field extensions of k. Projection to a single coordinate is a k-algebra
homomorphism to k, hence injective on each of these factors, so that each factor is k itself. It
follows that R consists precisely of the vectors which are constant on the blocks of a partition 7
of the set {1,...,n}; such an algebra is called a coordinate-partition algebra.

The partition is determined by R, since two indices i and j lie in the same block exactly when
z; = zj for every x € R. This is the precise sense in which the blocks record which coordinates
agree on all of R, and it is the uniqueness asserted in [32, Lemma 2.7]. The irreducible case, in
which R = k1, is the partition with a single block.

Choose b with @w?O™ C R. The reduction map R/ w?O™ — R has nilpotent kernel. Its kernel
consists of the classes of elements of R N w®™. A product of b such elements lies in @®O™, so
the bth power of this kernel is zero. This is the nilpotence needed for the idempotent-lifting
statement.

Each block indicator therefore lifts uniquely to an idempotent, by [38, Tag 00J9]. In the
ambient ring (O/w®)", this lift is the constant block indicator. Since R contains w’O", the
indicator 1p itself belongs to R.

We find that R decomposes as a product R = [[gc, Rp of subalgebras Rp C OB one for each
block B, and correspondingly the quotient splits as a direct sum, O"/R ~ @pc, OB /Rp. Each
factor has scalar reduction, and the colengths add. Conversely, the partition and its irreducible
factors recover R. The factor Rp is 15 R, viewed on the coordinates in B; its identity is 15. The
labels determine its embedding in O". Thus no ordering of the blocks is chosen, and no extra
factorial occurs in the partition formula.

Counting proves (11.2) over Z,, using the integral-p-adic correspondence, and gives the same
formula over F[[t]].

For fixed n, e, there are finitely many partitions and colength assignments. Lemma 8.1 identifies
the mixed- and equal-characteristic irreducible counts in every term outside a finite set of primes.
Excluding the union of these finite sets identifies the total counts as well. The equal-characteristic
total is #2, .(Fp), proving (11.3).

Finally, spread the finitely many varieties in (11.4) over a common Z[1/N]. After enlarging N,
their Euler-class Frobenius traces agree with their point counts at every prime outside N/. The
trace of a tensor product is the product of the traces. The equal-characteristic partition formula
therefore equates the traces of the two sides of (11.4). Lemma 6.7 gives the identity in K.

This last argument requires the equality of counts over the finite fields for all sufficiently large
primes. It does not require an isomorphism between the parameter schemes for families over
arbitrary base schemes. The resulting identity is an identity of virtual Galois representations,
which is the form used below. O

Lemma 11.2. For everyn > 1 and 0 < e < 8, the classes F,, . and G, . are virtual Tate. In
particular, a,(e) = 0 in this range.

Proof. For fixed n, the formulas in [3, Proposition 1.2 and Theorem 1.3] give a polynomial P, .
satisfying f,,(p®) = P e(p) for 0 < e < 8. By (11.3) and the trace criterion, F,, . = P, ¢(L).

We recover G,, . by induction on n. In rank one, the only nonempty space is a point at colength
zero. For larger n, isolate the one-block term Gy, in (11.4). Every other term is a tensor product
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of irreducible classes of smaller ranks and colengths at most eight. These are virtual Tate by
induction. Subtracting them from F,, . proves the assertion for G, .. The final claim follows
because €19 vanishes on virtual Tate classes.

Only the Euler classes are asserted to be virtual Tate here. Contributions of non-Tate
constituents in different cohomological degrees could cancel in an Euler class; the polynomial
point-count formulas alone do not exclude this. The induction and the final argument use the
virtual classes throughout.

O

Proof of Theorem 1.2. Part (i) is Theorem 9.18, which gives a19(17) = 56.

Apply (11.4) with (n,e) = (10,17). In a proper-partition term, every block has rank at most
nine. If all its colengths are at most eight, the term is virtual Tate by Lemma 11.2 and has zero
e19-value.

Otherwise, exactly one factor has colength at least nine. The product of all the other factors
is a virtual Tate class P(L). The remaining factor has rank at most nine and colength at most
seventeen, so its e1g-value is zero by Proposition 10.1. Equation (11.1) therefore makes the whole
term vanish under £15.

The restriction to colength seventeen is used at this step: it leaves at most one factor whose
Euler class is not known to be virtual Tate. Therefore the other factors may be collected into the
single polynomial P(LL) before applying (11.1). The argument does not require €12 to preserve
arbitrary products.

Only the one-block term remains, giving

512(F10717) = 512(G10717) = a10(17) = 56. (11.5)

Suppose that a polynomial P € Q[T] satisfies fio(p'") = P(p) for every sufficiently large prime
p. By (11.3) and Lemma 6.7, we would have Fig17 = P(LL). Its e12-value would then be zero,
contradicting (11.5). This proves part (ii). O
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