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POSITIVITY OF CANONICAL BASIS MULTIPLICATION
IN MODIFIED QUANTUM GROUPS

QIYUE TANG

ABSTRACT. We prove the multiplication part of Lusztig’s positivity con-
jecture for symmetric Cartan data.

1. INTRODUCTION

Lusztig constructed the canonical basis of a half of a quantum group in
finite type A, D, ¥ by comparing the bases of Poincaré—Birkhoff-Witt type
attached to reduced expressions of the longest Weyl group element [14]. His
geometric construction used intersection cohomology on varieties of quiver
representations. In [15] he used induction and restriction of equivariant
sheaves to construct the basis for arbitrary symmetric Cartan data. In that
construction, the coefficients of multiplication and twisted comultiplication
record the multiplicities of shifted simple perverse sheaves. Consequently
they are Laurent polynomials with nonnegative integer coefficients [15, 11.5].
Kashiwara constructed global crystal bases using the crystal at parameter
zero and its lift to the quantum group [11]. Grojnowski and Lusztig com-
pared the global and geometric bases in symmetric type [9].

The two halves act together on integrable weight modules. In finite type
A, Beilinson, Lusztig and MacPherson obtained an idempotented algebra
from the stabilization of convolution algebras of pairs of partial flags [1].
Lusztig constructed the canonical basis of the modified quantum group in
general by studying tensor products of a simple integrable lowest-weight
module and a simple integrable highest-weight module [16]. The quasi-R-
matrix defines a bar on such a tensor product, and the canonical vectors are
its fixed lifts of ordinary tensors of canonical vectors. When both dominant
weight parameters increase with their difference fixed, the surviving canon-
ical vectors give compatible labels for a basis of the corresponding right
weight column of the modified algebra.

In [16, §11] Lusztig asked whether the multiplication and comultiplica-
tion coefficients for this basis have the same positivity as those of the half
algebra. The question appears as Conjecture 25.4.2 in [17]. Write v for
the indeterminate, U for the modified quantum group over Q(v), and B for
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its canonical basis. The modification uses mutually orthogonal idempotents
1, indexed by weights v. The column Ul, consists of elements with right
weight v. The conjecture asserts that multiplication in B and every weight
component of the modified comultiplication have coefficients in N[v, v,
the Laurent polynomials with nonnegative integer coefficients.

The flag realization supplies geometric models for multiplication in type
A. In affine type A, Schiffmann and Vasserot established compatibility of the
canonical basis with the geometric bases in affine Schur algebras [20]. Fu and
Shoji used the affine Schur algebras and the positive half of a larger affine
quantum group to prove multiplication positivity in the original modified
algebra [8]. Fan and Li proved positivity for its modified comultiplication
[7].

A categorical approach begins with the quiver Hecke algebras of Kho-
vanov and Lauda and Rouquier [12, 19]. For geometric parameters in char-
acteristic zero, Varagnolo and Vasserot identified the classes of normalized
indecomposable projectives with the half-algebra canonical basis [21]. In-
duction makes the product coefficients graded direct-summand multiplici-
ties. For the modified algebra, Li constructed a geometric realization using
double-framed quivers and formulated the identification of its geometric la-
bels with the canonical basis as a separate conjecture [13, Conjecture 6.11].
The diagrammatic category of the modified algebra also has an indecompos-
able basis. Webster identified it with Lusztig’s basis for finite type A, D, E
and obtained multiplication positivity in those types [22, Corollary B and
Corollary 8.10]. For arbitrary symmetric Cartan matrices his tensor-product
identification applies to tensor products of highest-weight modules [22, The-
orem 8.7]. The finite-type identification of the modified basis uses the longest
Weyl group element to pass from lowest—highest tensor products to that set-
ting.

Fang and Lan used framed diagrams to recover tensor-product canonical
bases of highest-weight modules from the canonical basis for a larger quan-
tum group [6]. Fang and He adjoin one framing vertex at each original vertex
and realize the canonical bases of lowest—highest Demazure tensor subspaces
using the canonical basis of the negative half of the enlarged quantum group
[5, Theorems 3.5 and 3.7]. They use this realization to prove the comultipli-
cation part of the conjecture and the related positivity of the bilinear form
for every symmetric Cartan datum. Their multiplication theorem applies
when one factor belongs to a parabolic subalgebra with a finite-type posi-
tive part, or to its image under exchange of the two halves [5, Theorem 6.6].

Theorem 1.1. Let U be associated with a symmetric Cartan datum and any
root datum of that type. For b,/ € B, the coefficients of the finite product
expansion satisfy

o' =" miy(v)e,  miy(v) € N, v .
ccB
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Corollary 1.2. Lusztig’s Conjecture 25.4.2 holds for every symmetric Car-
tan datum and every root datum of that type.

Proof. Theorem 1.1 gives multiplication positivity. Fang and He’s comul-
tiplication theorem gives the other assertion for the same Cartan and root
data [5, Theorem 6.3 and §6.6]. O

For a given simple root, the raising functor acts at the Demazure stages
where that root is a left descent. These stages are cofinal in Bruhat order.
We construct the functor on a quotient by an ideal of morphisms at each
such stage and prove compatibility with transition functors. This gives the
action of the full diagrammatic quantum group on the colimit. Specializing
the symmetric dot polynomials on the framing strands identifies the Hom
spaces in its positive-word corner with cyclotomic Hom spaces. This iden-
tification gives full evaluation, so an indecomposable in the diagrammatic
category evaluates to a single shifted canonical label or to zero. The fixed-
weight-difference comparison with Lusztig’s tensor bases then identifies the
diagrammatic basis in every right column.

2. WEIGHTS AND QUIVER HECKE CATEGORIES

Let I be a finite set and A = (a;)ijer @ symmetric generalized Cartan
matrix, so a;; = 2 and a;; is a nonpositive integer for 7 # j. A root datum has
a weight lattice X, its dual lattice Y = Hom(X, Z), and simple roots o; € X
and coroots h; € Y with (hs, oj) = a;;. Here (, ) is the evaluation pairing.
A weight is dominant if all its simple-coroot pairings are nonnegative. We
use the Bruhat order on the Weyl group W with simple reflections s;(\) =
A — (hi, A)a;. In this order w < vy means that a reduced expression for vy
contains a reduced expression for w as a subword.

Set A = Z[v,v~!]. For an integer h put

oh —vh -

W=t at =TI (@zo0).
v—v st

The empty product is 1. Let f be the negative-half algebra over Q(v), with
generators 0; and the quantum Serre relations

1—a;;

S0 T =0 (i), 0 =67/

r=0
Its integral form 4f is generated by the divided powers. Write B for Lusztig’s
canonical basis of this form. The positive and negative halves U™ and U~ of
the quantum group are copies of f, with generators E; and Fj, respectively.
For y € f, y~ denotes its image in U~. The idempotent 1, on a weight
module projects onto weight v. The modified algebra is the direct sum of the
spaces 1 uU’l,, with orthogonal weight idempotents 1,,. Its integral form AU

is generated by the weight idempotents and divided powers Ei(a) = E¢/[a]!
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and Fi(a) = F?/[a]! for @ > 0. The generators E;, F; change weight by
a;, —q;, respectively. We use the convention

(EiFj — FyE)1, = 8i[(hi, v)]1,.

We use the free abelian group on the root symbols «; to record formal
degrees, even if their images in X are dependent. The degrees of E;, F; in
this group are «;, —«;. For a homogeneous element y € f, its content |y| is
the negative of the formal degree of y~, so |6;| = «; and content is additive
under products. We use the same convention for the enlarged set of root
symbols below.

2.1. Framing and a fixed right weight. Adjoin I’ = {i’ : i € I}. Each
7’ is joined by a single edge to 7, and there are no edges among the primed
vertices. For n = |I| the enlarged matrix and the chosen weight lattice are
't A I r
i- (_In o ) Pz
The simple coroots on P are the coordinate functions and the simple roots
are the columns of A. Using the lower-rlght block 21,,, we obtain det A=
2" det(A — 11,,) = det(24 — I,) = 1 (mod 2). Thus the simple roots are
independent, and we identify the formal root group with their integral span
in P. The symmetric rational form on P with matrix A~ has (ay,v) =
(h;,v) for all vertices. We first prove the theorem for the datum with weight
lattice P and simple roots and coroots indexed by 1.
Write f and B for the enlarged half and its canonical basis. Fix a right
weight ¢ € P. For a vector m = (m;);ec; of nonnegative integers define

m:HHZ(,mi), ’ym:Zmiai/, Mm = (0,m) € P.
il icl
The factors in 6, commute. Choose m; > max(0, (h;,()) for each i € I.
The weights As = —v,, and Ay = —( — 7, are dominant for I, with simple-
coroot pairings m; and m; — (h;, (), respectively, and satisfy Ao — A1 = (.
For w € W put p, = —wA;1. The subspace used for the thickening is

F,, = f0,,f C f,
where the right side denotes the linear span of the indicated products.

2.2. Geometric projectives. All categories are over k = C. Choose a
total order on ILII" and orient all edges from smaller to larger vertices, with
—aj; edges between 4, j for distinct vertices. Use the entries of A when a
vertex is primed. Write R(f3) for the quiver Hecke algebra of nonnegative
formal content S for these vertices. A word of content 5 is a sequence of
colors whose root symbols sum to 8. For such a word i = (i1,...,iy), write
e(i) for the word idempotent, x, for the dot at position 1 < r < N, and
7, for the crossing at 1 < r < N which exchanges positions r,r + 1. Their
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respective degrees on that word are 0,2, —(a,, @;,,,). We use the geometric
KLR relations in [21, Remark 3.3(c)], with

7—1? (1) = QirirJrl (mh xT‘-‘rl)e(i)?

Qij(ur, up) = (—1)FETON 2T (g — )™ (i £ §), Qi =0.
Thus Q;;(u1, u2) = Qji(u2,ur). We use the dot slides for distinct colors, the
nilHecke relations for equal colors, and the braid relation whose correction
term is zero when the first and last colors of the three strands differ.

For contents (1, B2, let e(31, B2) be the sum of word idempotents whose
first block has content 7 and second block has content 85. Concatenation
embeds R(f1) ® R(B2) into this corner of R(51+ f2). For projectives Py, Po
at the two contents their induction P; P is

R(B1 + B2)e(B1, B2) @r(s)err(8:) (P1 @k Pa).

The restriction Resg, g, (M) is e(f1, f2) M, viewed as a module over the two
block algebras. Both functors preserve finitely generated projectives. For re-
striction this follows from the KLR PBW basis, grouping permutations into
a permutation within each block and a shuffle of the blocks. The category
P75 is the direct sum over 3 of the categories of finitely generated graded
projectives. The subcategory &7; uses only unprimed content. Write |P|
for the content of a homogeneous object P;, Fp, for induction by P; on the
left, and F; for Fr(,,). We use Fp, also for the functor defined by the cor-
responding negative diagrams in an idempotent-complete 2-representation,
by splitting the idempotent for each projective summand. A morphism
f: Py = P, induces the natural transformation Fy : Fp, — Fp,.

For d,j € 7Z, the shift satisfies (M(d)); = M;_q. Ordinary morphisms
have degree zero, and HOM?(M, N) = Hom(M(d), N) consists of maps
raising degree by d. Write HOM for the direct sum of these spaces over d.
We use the split Grothendieck group Ky, generated by isomorphism classes
with the direct-sum relations. Multiplication by v means shifting by (1).

The geometric categorification gives normalized projectives P, indexed
by b € B, and an algebra isomorphism

Ko(P;) — af, [P+ b

For each f3, [21, Theorem 3.6] identifies the algebra with the Ext algebra
of the sum Sg of flag pushforwards, in the derived category equivariant
for changes of basis at the vertices. The flag complexes are shifted by the
dimensions of the varieties of pairs consisting of a representation and a
compatible flag. The shift in that paper is M([r]; = M;i,. Its action of
v on the group is therefore our shift by (—1). Compose their map from
the projective Grothendieck group to the half algebra with the algebra bar,
which is semilinear for v — v~! and fixes 6;. This gives an A-linear map
for our shift and retains every label b, since each b is bar invariant. The
normalization means that all indecomposable projectives are the Py(d), with
no duplicate labels or shifts.
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The projective P, corresponds to Ext®(Sg,1Cy) for a simple equivariant
perverse sheaf IC;, [21, §§4.6-4.7]. Each such perverse sheaf is a summand of
a shift of Sg. Graded Yoneda on those shifts and their summands identifies

HOMY(P,, P.) = Ext(IC},IC,.).

The right side is zero for d < 0. For d = 0 it is k if b = ¢ and zero
otherwise. The geometric calculation includes parallel edges. In the Euler-
class calculation in [21, Lemma 3.8(b)], a torus weight is counted once per
occurrence among the arrow-space summands. The inversion-set identity
used there matches multiplicities for each arrow separately, hence matches
the full products of weights. For e = 1, —1, let r. send 6; to 0, ®1+1®6;, with
tensor multiplication twisted by v<(=2b¥1) on (21 ® 29)(y1 ® y2). With the
present convention, restriction induces r_1. In the Mackey filtration for the
restriction of a product the crossing of the middle blocks of contents |z2| and
ly1| has degree —(|x2l, |y1]). This gives the indicated twist, and restriction
of one strand gives the formula on 6;. For a € f and homogeneous a1, as,
the two coproducts are related by

r_1(a) = 7(r1(a)), (a1 ® ag) = v~ Uarkla2D) g & gy

For homogeneous a, b, ¢, d, the exponent of v obtained by applying 7 to the
ri-twisted product of a ® b and ¢ ® d is

(10}, |el) = (lal + lcl, [b] + [d]) = =(lal, |6]) = (¢], |d]) = (|al, |d])-

This is the exponent of the r_;-twisted product of 7(a®b) and 7(c®d). Since
7 fixes the primitive coproduct of each 6;, the two maps agree as asserted.

Lemma 2.1. Suppose a graded k-linear additive category has objects which
are finite sums of shifts of objects P, with HOM%(Py, P.) = 0 for d < 0 and
HOMO(Pb7 P.) = 0pck. For a homogeneous, shift-stable ideal of morphisms,
the surviving Py(d) in the quotient are pairwise nonisomorphic indecompos-
ables. The idempotent completion adds no other indecomposable labels.

Proof. An object whose identity belongs to the ideal is zero in the quotient.
Delete such summands from a given finite sum and order the remaining
summands by shift. A degree-zero map from Py(d) to P.(e) has degree
d — e between the unshifted objects. Hence the endomorphism algebra of
the sum in degree zero is block triangular, with a matrix block for each
repeated label at a common shift. An element of the ideal with a nonzero
diagonal block entry would put the identity of that summand in the ideal, by
composing with its inclusion and projection and scaling. Thus the quotient
endomorphism algebra modulo its strictly triangular ideal is the product of
those matrix blocks. The strictly triangular ideal in the quotient is nilpotent,
since each factor in a nonzero composite in it strictly changes the shift.

For an idempotent e in the quotient, conjugate its diagonal matrices to
matrices projecting onto coordinate subspaces by a block-diagonal automor-
phism. The corresponding coordinate-summand projection p has e—p in the
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nilpotent strictly triangular ideal. Then u = ep+ (1 —e)(1 — p) is congruent
to 1 modulo that ideal, so it is invertible, and eu = up. This identifies the
image of e with the coordinate summand. For individual surviving shifts,
the degree-zero endomorphism algebra is k. Between distinct shifts at least
one Hom direction vanishes, and between different labels at a common shift
both directions vanish. These facts give the claimed indecomposability and
distinguish the labels. O

2.3. Cyclotomic projectives. For a dominant weight A\ write Ay for the
simple integrable highest-weight module and “ A, for its twist interchanging
E;, F; and negating weights. The cyclotomic algebra R*(f) is the quotient

of R(53) by the relations fvg\},“’)‘>e(i) = 0 on words i of length N > 0 with last
color i. Set R*0) = R(0) = k. The last strand is adjacent to the cyclic
object in the induction order. The cyclotomic theorem identifies the split
Grothendieck group of its projectives with the integral form of A, taking
the content-zero projective to the highest vector [10, Theorem 6.2]. The
lowest-weight action is obtained by composing the two diagram reflections
in [18, Propositions 2.6.4-2.6.5]. The two reversals of composition cancel,
the weights change sign, and the lowest-weight induction operators are the
E;. Tts split Grothendieck group is the integral form of “Ay with the class
at content zero the lowest vector [4, Remark 4.22].

The normalizations follow from the half-algebra projectives. Base change
along R(B) — RM(B) is surjective on graded morphisms between projec-
tives, by the lifting property of a projective source. Every projective over
the quotient is a summand of a sum of shifts of the image of R(5). Thus
its projective category is the idempotent completion of this Hom quotient,
and Lemma 2.1 gives its indecomposables. On classes the quotient map is
b — b7 n\, where 7, is the highest vector. Indeed the quotient is gener-
ated by induction on the content-zero projective, with each word acting as
the corresponding product of divided powers and generators under the cate-
gorification isomorphism. Lusztig’s based projection theorem [17, Theorem
14.4.11] identifies the nonzero images with the distinct normalized basis la-
bels of A). Reading the induction words at the lowest vector and applying
the twist gives the same conclusion there.

Write Z(—A;1) for the original lowest-weight projective category. Let
L., be its normalized projective of class &,,, the extremal canonical vector
of weight . Write L;rm for the highest-weight projective of the enlarged

module Knm. If e is the identity in W, then L. is the projective over R(0) =
k.

Along a length-increasing step u — s;u in a reduced expression, the
extremal vector at u, is at the lower end of an i-string with pairing —r,

where r» > 0. The normalized nilHecke summands Ei(r) and Fi(r) carry L,
to Lg,,, and back. The rank-one divided-power formula gives the equality of

classes, and freeness of the split group on indecomposable shifts gives the
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isomorphisms. At this weight the shift (7 + (h;, 1)) of the left adjoint FZ-(T)
of Ei(r) is zero [18, Lemma 2.6.14]. Therefore

HOM(Ly,u, Ls,u) & HOM(F" L ., L) = HOM(Ly, Ly,).

Induction gives HOM(L,,, L,,) = k in degree zero. If s;w < w, the extremal
vector at pu, is at the upper end of its i-string. Thus (h;, py) > 0, and
FE;L,, = 0 since its class is zero.

2.4. The thickening maps. For w € W let “V,,(A\1) = U7¢,, be the
opposite Demazure submodule of “Ay,. Here and below E; is used on this
submodule only when s;w < w, in which case the submodule is stable under
E;. Denote by n), the highest vector of Ay,. The tensor coproduct used
here has

AF)=F®K p,+1®F, A(E;) =E;®1+ Ky, ® E;,

where Kj, acts on weight v by v**). The tensor bar applies the two module
bars and then Lusztig’s quasi- R-matrix [17, §24.1]. The latter is the inter-
twiner from the factorwise bar of the coproduct action to the action with the
algebra bar, normalized to have constant term 1 ® 1. The tensor canonical
vector of an ordinary tensor label is fixed by the tensor bar and is congruent
to that label modulo v~! times the Z[v~!]-span of the ordinary tensor basis.

To apply Fang—He’s thickening results with the lattice P, send a weight
to its tuple of original simple-coroot pairings. This gives the weights of their
simply connected original datum. The highest- and lowest-weight module
constructions depend on these pairings: the first cyclic vector is assigned
the weight, subsequent weights are obtained by root shifts, and the E;, F;
actions use only the resulting simple-coroot pairings. The module bars,
tensor bar and canonical vectors are transported by these identifications. In
the enlarged Verma realization the original F;, F; actions likewise depend
only on the original coroot pairings of the Verma highest weight. Thus we
may retain the full weights in P throughout the construction.

The subspace F,, is spanned by B N F),, by [6, Proposition 4.3]. By [5,
Proposition 1.5 and Theorems 3.5, 3.7], the maps

Gy - f—)wVw()\l), yr—>y_€,m, Dy Iy —>wVw()‘1)®A>\2

send canonical basis elements to canonical basis elements or zero. In both
cases the maps are surjective and the killed labels span the kernel. Thus
each target label has a unique preimage label: two distinct surviving labels
with the same image would have a difference in the kernel. Let M, , be
the Verma module with highest vector u of weight p,,, identified as a vector
space with f by y — y~u. Before the Demazure projection, the thickening
map is an isomorphism F,, — M, ® Ay, [5, Lemma 2.2]. Its inverse 1
satisfies the following formulas, where wt(z) is the weight of a homogeneous
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vector x € Ay,:

(1) V(Y u® ) = Omy,

(2) Yy u® Fiz) = Fp(y u® x) — v~ PV @ly(Fy~u @ z).

On the right F; acts by left multiplication by 6;. The second identity follows
by applying the inverse map to the coproduct action of F; on y~u ® x, then
moving the Fiy~u ® K_j,x term to the other side. The map ®,, sends 0,,
to &, ® N, Its value on z0,,y, for z,y € f, is obtained by applying =~ to
yif,uw & TIg-

Write u,,, for the enlarged highest vector. The vector 0, u,,, is nonzero:
the primed vertices are pairwise orthogonal, and the primed highest-weight
module generated by wu,,, is the product of the simple rank-one strings of
lengths m;. Each factor in 6, takes its string to the lower endpoint. The
original E; commute with every primed Fj, so 0,,u,,, is highest for I. Its
weight 7,, — 7 has original pairings m;. It generates the simple integrable
highest-weight module for those pairings. Sending 7, to 0,,u,,, therefore
defines an injection ¢ : Ay, — 7\% intertwining the original FE;, F;, and
shifting weights by 7.

Lemma 2.2. The labels in BN F,, surviving evaluation on uy,, are exactly
b0, with b € B and b=n)y, # 0.

(my)

Proof. For b € B, multiply on the right successively by 6, *’. At each step
the input has zero content at i’. The right-string formula [17, §14.4] gives
a canonical label of right string length m; plus terms of greater right string
length. The latter vanish because the whole product has i'-content m;. Here
right string length at " is the largest r for which the label lies in the subspace
?GZ(/T ). Thus the final product is a canonical label.

Every original right factor of positive content annihilates u,,,. Thus the
image of F), is exactly U~0,,uy,, = t(A),), where the action uses original
colors. The images of the specified b0, form a basis of that image by the
based projection for Ay,. The enlarged highest-weight projection sends dis-
tinct surviving canonical labels to distinct canonical basis vectors. Hence
the listed labels exhaust the survivors. O

In the framing content of F;,, a label cannot lie in f'@f,m i) dince its i/

content is m;. Thus the highest-weight projection kills exactly the labels
lying in some f6; for i € I, and Lemma 2.2 gives the comparison used in [5,
Equation (3.4)].

For an original content v and enlarged content v, write (r1(2))~,o for the
projection onto the tensor factors of these respective contents. Define the
map on that component by

a®@b——b"§,, ®a uy,.

Summing its values on (71(2)),o gives (1®¢)®Py,(2) by [5, Lemma 2.1]. The
powers in this formula follow from the map b ® a — b~ @ K_pja™, where
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K ,=K_ S, nih for o = ), njoy. It sends the primitive coproduct of each
generator to A(F;). For homogeneous a, b, ¢, d, the identity

(K_ppja™ ) (K_jgd™) = o~ WbV R 010y (ad)

shows that it intertwines the r_i-twisted product with the ordinary tensor
product. The flip 7 from 71 to 7_; supplies v~(®7). This cancels v(*7) from
K_, on a”uy,,, because the original coroots pair to zero with 1,,. On z0,,y
the surviving terms put y in the first evaluated factor and 6,, in the second,
followed by the tensor action of z~.

3. THE DEMAZURE QUOTIENTS

Define ev,,(P) = FpL,, for P € &), with the action FyL,, on a map f.

Its graded kernel I, is stable under shifts. Let fw be the shift-stable homo-
geneous ideal of &7 generated by idz f for f € I, and Z a homogeneous
object of &7, with juxtaposition denoting induction also on maps. Set

Ay = Kar(23/1,).

Here Kar denotes idempotent completion. Give an object of content 8 weight
pw — B. Let Cy be the full additive subcategory closed under shifts and
summands generated by the images of P, for b € B N F,.

Proposition 3.1. The normalized indecomposable objects of Cy, are labeled
by the canonical basis of “Vi (A1) ® Ay, via Dy .

Proof. The kernel ker a,, is a left ideal of f spanned by its canonical labels.
Under M,,, = f, the kernel of the Demazure tensor projection is (kera,,) ®
Ay,. For y € ker ay, the base case (1) gives 0,y € fkeray,. In (2), the first
term stays in this left ideal and the second does as well because 6,y € ker a,,.
Induction on the length of negative words applied to 7, gives ker ®,, C
f ker Ay - é canonical label b in ker ®,, must then occur in some product zc
with z € B and ¢ € BN kera,. Thus P, up to shift is a summand of P,P..
Since Fp, L., = 0, the ideal kills P, P. and hence P,.

For the converse, for each pair of output contents («, ) with o unprimed,
consider the additive functor

Doy = (v Mevy, ) Resq v,

where evy, (Q) = FoL,;, . The domain of Dy, - consists of projectives of
content « + «y. Its target is the idempotent completion of sums of exter-
nal products in the two cyclotomic projective categories, at the two weights
thy — v and 1, —y. The functor X applies the two evaluations to the factors
and takes their tensor product on graded Hom spaces. It extends to sum-
mands by splitting idempotents. The external products of the normalized
cyclotomic projectives have vanishing negative Hom and scalar degree-zero
endomorphisms, because the Hom spaces in the two factors have those prop-
erties. Distinct products are orthogonal in degree zero. Lemma 2.1, with
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zero ideal, shows that these labels and their shifts account for all summands.
The split group therefore has the basis of ordinary tensor labels. Write D,,
for the direct sum over output contents, finite at each input content.

Take f : P — P» in I, of unprimed content p. The Mackey filtration
of Resy (ZP;) has steps indexed by minimal double-coset representatives.
Each associated graded piece is a natural direct sum over compatible matri-
ces of contents with row sums |Z|, p and column sums «, [18, Proposition
2.4.4]. If any of p enters the second output, that output evaluates to zero be-
cause its rightmost unprimed factor annihilates L;]“m. Thus the only possible

surviving matrix is
a—p 7
p 0)°

This matrix occurs only if a — p is nonnegative. Its block heights determine
its double-coset representative. Its summand has P; in the first factor and
the content-zero unit in the second. The induced map on the first factor
contains FyL,, = 0. The subquotients are projective by PBW restriction
and projective induction. Taking a linear extension of Bruhat order gives
short exact sequences that split in graded modules. Evaluation preserves
these sequences. At the unique possibly nonzero step, the preceding object
evaluates to zero, and every following inclusion evaluates to an isomorphism.
Naturality identifies the evaluated map on the whole filtration with the map
on the surviving summand. It is zero, so D,, annihilates I,.

The class of Dy (P) is obtained from (r_1(b))a,y by applying a®b’
a”&u, ® (V') uy,,. The coproduct identity r_; = 7r; gives, with the weight
components relative to these two extremal vectors,

[Duwsan(B)] = v (@) ((1 ® L)(I)w(b))a,v'

The two factor weights distinguish the formal contents because the enlarged
simple roots are independent in P. Thus ®,,(b) # 0 implies D,,(P;) # 0, so
the identity of P, survives. Lemma 2.1 now identifies the indecomposable
objects. O

3.1. Transition functors. The restriction of fw to Y1 is exactly I,. In-
deed content is nonnegative, so an ideal generator with primed content can-
not contribute to the unprimed subcategory. The kernel I, is already stable
under unprimed left induction. Denote the pure unprimed subcategory of
Ay by AL Tts evaluation into .Z(—\;) is faithful.

For w < wvg in W, the inclusion of opposite Demazure modules sends
&, to a vector in “V, (A1). By the based projection ay,, there is a unique
dyow € B whose action sends §MO to &, Its root content is fiy, — L.
Equality of classes in the cyclotomic projective category gives a degree-zero
isomorphism
Lo 5 L.

Tyow + FPde

Choose one such isomorphism, taking the identity for vg = w. If f € I, then
f idpdvow € I,, by naturality of Fy with respect to 7,,,. Thus a generator
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idg f of I, is sent to idZ(fidpdvow) € E,O. Right induction defines T, :
Ay — Ay,. It commutes with left induction and preserves weights because
| Py | = Hv — ftw- On Fyy, one has

Dy, (Zdvow) = inc(q)w(z>)>

where inc is the tensor of Demazure inclusion with the identity. It suffices
to check this on z = z6,,y, where it follows from the action of d,,, on the
extremal vector. The products zd,,, remain in Fy,, so their projectives
decompose into shifts of labels in F,,,. Proposition 3.1 identifies the class of
such a projective after taking the quotient with the displayed tensor image.
The Demazure inclusions are based [5, Proposition 1.6]. For a surviving
label this image is a single normalized label, so equality in the split group
gives the corresponding degree-zero isomorphism in C,.

For w < vp < u, consider the two pure objects Py, ,Fa,,, and Fg,, in
.Ai. The image of each at L, is isomorphic to L,, by the chosen 7’s. Pure
evaluation at L, sends each surviving normalized pure projective to a dis-
tinct normalized Demazure basis label by the based map a,. It follows that
the two pure objects are isomorphic in Al since in each case the decom-
position into surviving shifts has one term, of shift zero and with the same
label. There is a unique isomorphism

Cu,vo,w - Pdvowpduvo Pduw
such that

Tuw © €Vy (Cuwo,w) = Togw © FPdUOw (Tuv )-

Indeed the degree-zero isomorphisms of the evaluated objects form a k*-
torsor because the degree-zero endomorphism algebra of L,, is k. Rescale
any chosen isomorphism to get this equality. Faithfulness of pure evaluation
gives uniqueness. Left induction by an object of A,, applied to ¢y vy« gives
a natural comparison between T, Ty,w and Ty, with units fixed by our
choice of Tyy.

For w < vp < u < ¢, the two comparison maps from Py, , Pa,,, P, to
Py, are

Ctu,w © (Cu,vo,w idetu )7

Ctawpw © (1dPy, , Craw)-

After evaluating at L; and composing with 7, both maps are
Tugw © FPdUOw (Tuvy) © FPdvow dem,o (Ttu)-

For the first comparison, use naturality of the map on the first two factors
with respect to 74, then use the defining equality for ¢, v,,w. For the second,
use the defining equality for ¢; 4 4, inside Fp g The two comparisons agree
by faithfulness. Inducing them on the left gives the associativity equation
for the transition functors.
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4. SINGLE-ROOT ACTIONS ON THE QUOTIENTS

Fix a raising color ¢ € I. At an object X of weight A put h = (h;, \).
The degree-zero right adjoint of F; on weight A is E;(1+ h). With the shifts
suppressed, its unit and counit are

nx : X — BFX, ex FiE X — X

of degrees 1 — h and 1 + h. In particular the shift of the right adjoint on
F;X is (h — 1). Throughout this section diagrams are composed from right
to left.

Write F' = F;, E = F; and T' = F};, with j any lowering color, including
a primed color in the enlarged algebra. Let 7 : FT' — TF be the negative
crossing. Its mixed mate is

(3) ox :(ETEX)O(ETEX)OWTEX :TEX — ETX.

At TEX the coroot pairing is h 4+ 2 — a;5. The three degrees in (3) are
—1 — h + aij, —a;j,1 + h, so ox has degree zero. For i # j it is required to
be invertible. For n > 0 write

n—1
X =P X(n-1-2r), [0]X =0
r=0

For ¢ = j the required isomorphisms are

() My : FEX @ [h|X — EFX, h>0,

Nx :FEX — EFX @ [-h]X, h<O.
Their FEX — EFX component is ox. Let z : F — F denote the dot
of degree two. The unit column of My for 0 < r < h is E(x?{l_r) onx,
of degree h — 1 — 2r before shifting its source. The counit row of Nx for
0 <r < —hisexoxhy, of degree 1+h+2r before shifting its target. These
are the maps of the dual presentation in [18, Theorem 2.6.7(2)].

Lemma 4.1. Let two graded additive categories have negative quiver Hecke
actions with common weights and parameters, and the shifted adjunction
and isomorphisms (3)—(4) for a fized color i. Denote the target functors by
FI E', and its unit and counit by n',¢'. Let H be a graded k-linear additive
functor preserving weights and shifts. Suppose it has degree-zero natural iso-
morphisms a; : HF; — FJ’H compatible with shifts and intertwining negative
dots and crossings. Suppose the source is generated by an object V. under
negative words, finite sums, shifts and summands, and EV = E'HV = 0.
Then the right mate HE — E'H of ai_l 1s invertible and makes H preserve
the adjunction and the specified isomorphisms.

Proof. Write a = a; and F’ = F]. The mate at X is

px = E'H(ex) o E/(agﬁ() o NHEX-
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Its two adjunction maps have degrees 1+ h and —1 — h, since EX has weight
A+ a;. By the triangle identities and naturality,

) eux o Fl(px) oapx = H(ex),
E'(ax)oprx o H(nx) = 1px-
The first identity is the defining transpose of px. For the second, substitute
the formula for ppx. Naturality of 1’ moves H(ny) past that unit, and
naturality of a gives

H(epx)oagpy o F'H(nx) = H(erx o F(nx)) o ax' = ax'.
Applying E’ and then composing with E’(ax) gives the second identity.

Put 7" = F} and b = a;. Write o’ for the target mixed mate. Then
(6) E'(bx)oprxoH(ox)=0cyxoT (px)obex.
To see this, transpose the left-hand side by F’ 4 E’ at the indicated weights.
Naturality of the counit, the first equation of (5), and naturality of a give
the transpose
bX (e} H(&TX o F(O'X)) @) CL;EX
Since erx o F(o0x) = T(ex) o TEx, naturality of b rewrites this as
T’H(Ex) @] bFEX @) H(TEX) (¢] aj_ﬂlEX.
Negative crossing compatibility says
T/(CLEX) o bFEX o H(TEX) = T;{EX o F,(bEX) ocargpx.
Substituting it and then (5) gives
T'(elx)oT F'(px)otypx oF (bex) = T'(ehx)oTprux oF T (px) o F' (bex).
The last equality is naturality of 7/. By the definition of the target mate,
the last expression is the transpose of the right-hand side of (6).
For j # i, invertibility of both mixed maps in (6) gives invertibility of
pr;x whenever py is invertible. For j =i, put
xx = E'(ax) o prx, Yx = F'(px) oagpx.

Equation (6) compares the FEX — EFX components. For a unit column,
naturality of p at %y and ax o H(zx) = 2/ 0 ax give

xx o H(E(z) onx) = E'((zyx)") © E'(ax) o prx o H(nx)

= E'((«x)") © g x-

For a counit row, the same dot relation at £ X, naturality of 2’ at px, and
the first identity of (5) give

€ux © (@ px)" 0vx = epx oYx o H(ax) = H(ex o ).
Consequently

Xx o H(Mx) = Mpxo(bx&1) (h=>0),
(xx ®1) o H(Nx) = Npx o tx (h <0).
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These identities imply invertibility of yx from invertibility of px. In the
second case the first diagonal component of the inverse of x x @1 is an inverse
of xx. Thus prx is invertible as well.

At V', py is an isomorphism between zero objects. Induction gives in-
vertibility on negative words, and naturality gives it on shifts, sums and
summands. The comparison preserves the unit, counit and required isomor-
phisms by the identities above.

If H, K have negative comparisons a,a® and a degree-zero natural
transformation ¢ : H — K intertwines them, then (E'¢x) o pif = pK o épx.

The first transpose is £x o H(ex) o (ally)~!. Naturality of ¢ at ex and
K

a’E(X olppx = F'(épx) o agX rewrite it as K(ex) o (a,EX)*1 o F'(¢px),
the other transpose. For composable functors, the consecutive mate com-
parisons preserve the counit of the composite by applying (5) twice. They
therefore agree with the mate of the composite negative comparison. ([

Fix w € W and 7 € I with s;w < w. Put n = (h;, ty). Then n > 0,
E;L, =0, and HOM(L,, Ly,) is k in degree zero. By (4), E;F;L,, ~ [n]L,,.
The shifted adjunction identifies

HOM(F, Ly, FiLyy) = HOM(Ly, [0] Ly (n — 1)).

For n = 0 the right-hand side vanishes, so F;L,, = 0. Otherwise its degrees
are 2n — 2 — 2r for 0 < r < n, because HOM(L,,, L,,) is concentrated in
degree zero. The dot z; on F;L,, has degree two, so its n-th power is zero.

For either the pure or the thickened quiver Hecke algebra, write Ag for
the quotient imposing this relation at the rightmost strand:

(7) Ag = R(B)/(R(B)ze(B — i, ))R(B)) (N =htS>1).

Here ht 5 is the number of simple-root summands with multiplicity, xy is
the dot in the last position, and e(S — a;, i) sums the idempotents for words
of content 8 ending in i. Set that idempotent to zero if the set is empty,
and set Ag = k. On projectives, F} is induction along the left-end inclusion
selecting words beginning in j. On a projective X of content 8 and weight
M — /Ba

(8) Eine(’i,,B—()éi)X<—1— (hi,,uw—@}.

The idempotent selects words beginning in ¢, with the other strands carrying
the Ag_q,-action. The functor is zero if there is no such strand.

For this choice of parameters, [18, Definition 2.8.2 and Theorems 2.8.16—
2.8.18] give the indicated functors on finitely generated graded projectives,
the negative diagrams by right multiplication, the induction—restriction ad-
junction with the shift in (8), and the invertibility in (3)—(4). The cy-
clotomic exponent is prescribed only at ¢. Thus all the mixed maps with
j # i, including primed j in the thickened algebra, are covered. The pro-
jectivity of the restriction bimodule follows from the intertwiner sequence

and its monic central annihilator, in the left-end induction convention of
[18, Proposition 2.8.14 and Theorems 2.8.15-2.8.16]. The displayed maps of
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Theorem 2.8.18 are the counit F'EZ — 1 and the unit 1 — E'F for the shifted
adjunction.

Lemma 4.2. The adjunction and (3)—(4) descend to A, and E; preserves
Cw. Fvaluation on the pure corner and transitions between stages satisfying
s;w < w preserve the descended data.

Proof. On pure words, evaluation at L,, annihilates the two-sided ideal in
(7). The generating relation is the n-th dot power on F;L,,, with any pre-
ceding negative word applied on the left. Thus evaluation factors on word
projectives through the quotient by the relation. By taking finite sums, shifts
and splitting idempotents in the target, it extends to all Ag-projectives. The
negative comparisons persist on these summands. The source vacuum is the
projective k of content zero and is killed by E;. Its image is L,,, also killed
by E;. Lemma 4.1 gives the E;-comparison.

For a pure map f € I,,, apply Ej; to its image in the pure Ag-projective
category. The resulting objects lift to pure negative projectives. Indeed,
extension of scalars from R(f3) to Ag is surjective on Hom between original
projectives: a map to Ag ®p(g) @ lifts through the surjection from @ by
projectivity of its source, also in each degree. Its essential image contains
the word projectives and all their shifts and finite sums. The idempotent
completion of the image is all projectives over the quotient, and Lemma 2.1
gives a lift for each of its objects. Consequently FE;f lifts to a pure map
between these lifts. That map evaluates to zero by the E;-comparison, so it
lies in I,.

In the thickened Ag-projective categories, let J be the image ideal of
I,. The relation defining Ag is already in fw, because it comes from x}
in the pure corner by left induction and composition. The preceding lift
argument shows that F; sends the pure generators of J into J. The maps
f € J with E;f € J form a graded ideal. To see that it is closed under
F;, for j # i conjugate E;F;f to FjE;f by the mixed isomorphism. For
j =1, if the current weight has coroot pairing h > 0, conjugate E;F;f by
M to FE;f @ [h]f. If h < 0, N presents E;F;f as a component of F;E; f
after inclusion and projection. All these maps belong to J, since it is closed
under left induction and is an ideal. Every left induction by a projective is
a summand of a finite sum of shifted word inductions. Closure under Fj,
shifts and compositions therefore gives the same closure under projectives.
The graded ideal contains every generator of J, so equals J. Thus E; and
its specified natural transformations descend, and extend to the idempotent
completion.

Write [k] for the class of the content-zero projective at weight . For a
word ji,...,jn on thickened colors, (3) gives commutation on classes with
the letters j,. # i. The class identities from (4) give E;F; — F;E; = [(hi, \)]
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at weight A\. Commuting FE; through the word until it kills [k] yields

Ei(Fjy - FiK) = Y Whispw = ooy i)l Fjy -+ Fj, - Fjy [K]-

1<r<N

Jr=i
A hat omits that factor. This is also the deletion formula on the negative
half of the enlarged Verma module at p,,. On x6,,y each omitted letter
lies in = or y, so this formula preserves F;,. On a homogeneous y € f,
the formula at 6,,y only deletes letters in y, with the same coefficients as
on y~&u,. The map @, therefore intertwines E; there, since ®,(0,,y) =
Y &uw @ M, and Eijmy, = 0. The source and target weights there are both
tw—Ym— |y|. The equality propagates through left multiplication by original
generators using the commutator and the fact that ®,, intertwines F;. This
gives the FEj-action on the full Demazure tensor subspace. The surviving
normalized projectives form a basis of the split Grothendieck group. Because
FE; preserves the span of the labels from F;,, its value on such a projective
has no summand labeled outside F,,,. This proves stability of C,,. For F}
with j € I, stability follows from left multiplication on F,.

Suppose w < vg, s;w < w and s;vg < vg. The transition T, sends
the vacuum to the pure object represented by Py with evaluation iso-
morphic to L,,. The pure evaluation at vg is faithful and preserves F; by
the first part of this proof. Since E;L,, = 0, the identity of E; Py, , evalu-
ates to zero, so EiPdUOw = 0 in the quotient. The hypothesis on the image
vacuum in Lemma 4.1 now holds, and the transition preserves E; and the
specified maps. The coherence proved in that lemma applies to the natural
comparisons for composable transitions and to the comparisons with pure
evaluation. All comparisons are degree zero, since every transition preserves
the full weight u,, — 8 and hence the adjunction shifts determined by that
weight. O

5. THE ACTION ON THE BRUHAT COLIMIT

The Bruhat order on W is directed. The Demazure product w * v,
obtained by multiplying w on the right by successive simple reflections in
a reduced word for vy whenever the length increases, dominates w and vg
by the subword description of Bruhat order. For each i € I, the subset
W, ={w e W : sjw < w} is cofinal and directed. An upper bound u can
be kept if s;u < u and replaced by s;u if s;u > wu.

Form A, with objects (w, P), P € A,, and Hom spaces

HOM 4, ((w,P), (vo, Q)) = h%m HOM 4, (T P, Ty Q)-

u>w,vg
A map f: TywP — Ty, Q goes at t > u to
(ldQ Ct,u,vo) © Ttu(f) © (1dP Ct,u,w)_l-

The associativity of the comparisons ¢ makes this a directed system. Compo-
sition, sums and shifts are computed at a common stage. For an idempotent,
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move a representative to a stage where its idempotent equation holds and
split it there. The pure corner A and the full subcategory Co, on the
Cw have the same construction. The weight of (w, P) is that of P in A,,
preserved by the transitions.

The negative diagrams act on the colimit because the transitions inter-
twine all of them. To define E; on an object, choose its representative at a
stage in W,” and apply E; there. For a morphism, move the chosen source
and target representatives and the morphism to a common stage in W™,

then apply E; to that morphism. The comparison maps in Lemma 4.2 idén—
tify the resulting objects and transport the morphism back to the chosen
representatives. Their composition compatibility makes the result indepen-
dent of the stage. It also ensures preservation of identities and composition
by using a single common stage for any finite diagram. Units, counits and
mixed and same-color inverses pass to the colimit by the same argument. In
particular the mixed maps with the primed lowering colors remain invertible.

For the original colors use the dual presentation of the categorified quan-
tum group U: the negative quiver Hecke diagrams, the shifted adjunctions
F; 4 E;, and the inverses in (3)—(4). This is the full-color case of [18,
Theorem 2.6.7(2)], compared with the Rouquier-Brundan and cyclic pre-
sentations in [3, 2]. We use the native adjunctions of that presentation
throughout. In particular the upward dot and crossing operators mean the
right mates of the downward dot and crossing, with the adjunction shifts
removed. Each inverse requirement involves one raising color ¢ and holds
at a stage in W,”. The negative quiver Hecke relations hold at every stage.
Thus the data define the full original-color action. The pure evaluation com-
parisons preserve the defining generators by Lemma 4.2. Their coherence
gives a functor Al — Z(—\;) intertwining the action. It is faithful: a pure
representative with zero evaluation belongs to I,, at the stage where it is
represented.

The subcategory Co, is stable under the original action. Its normalized
labels are the union of the canonical bases of “V,,(A1)®A,. The union is the
canonical basis of “Ay, ® Ay,. Indeed the Demazure modules exhaust the
lowest-weight module and their tensor inclusions are based, so every tensor
vector is a linear combination of labels at one stage. At a common stage two
normalized labels have no negative-degree morphisms. In degree zero the
Hom space is k& times the identity for identical labels and zero for distinct
labels. The transition maps preserve each surviving identity, so taking the
directed limit preserves these assertions. Every object is a finite sum of shifts
of these labels, which therefore form a basis of the split Grothendieck group
over A. The calculation in Lemma 4.2 identifies its original FE;, F;-action
with the tensor action.
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6. SPECIALIZATION OF THE FRAMING CENTER

Fix the framing multiplicities m;. Let © = Py be the product of the
normalized primed divided-power projectives, and use the same symbol for
left induction by this projective. For a pure projective P, the class [©OP] =
0, [P] lies in F,. This subspace is spanned by a subset of canonical labels,
so each summand of ©P has a label in F,,,. Thus ©P lies in C,, after passing
to the quotient. Put

S = ® k[zi’l, RN Z@mi]gmi, Sm7+ = @(Sm)d
il d>0

Here z;, denotes the dot on the a-th strand of color i, of degree 2, and
S,,, permutes these variables. The factor with m; = 0 is k. The ideal
Sm,+ is the kernel of evaluation at zero. A polynomial in S, acts on each
word by evaluating it on the indicated dots. The dot slides commute with
this action across distinct colors, and the nilHecke divided difference of a
symmetric polynomial is zero across equal colors. Thus S, acts centrally.

The transition functors append only original strands, so they preserve
this central action. The induction bimodule for F; and the restriction bi-
module for F; carry identical left and right actions of the primed symmetric
dot polynomials. For E; this follows from the idempotent description (8),
since the removed strand has original color 7. These identities descend from
the single-root stages to the colimit. Thus Fj, E; preserve the ideal of maps
Sm,+ HOM(X,Y), and the original 2-action descends to

CO - Coo/(Sm,+)

Write C) for the same specialization at stage w. If X is a normalized inde-
composable, the degree-zero part of Sy, + HOM(X, X) vanishes: a homoge-
neous polynomial of positive degree would have to multiply a negative-degree
endomorphism of X. Lemma 2.1 implies that these quotients are idempotent
complete and retain the same normalized labels, with the same degree-zero
orthogonality and negative-degree vanishing.

Lemma 6.1. For P,Q € &, left induction induces an isomorphism
These isomorphisms commute with the transition functors and give a fully
faithful functor © : AL — C°.

Proof. Both Hom spaces vanish if P,(Q are homogeneous of distinct formal
contents, and the general case is obtained by finite sums. Consider the same-
content case, with common original content 5. Before taking any quotient,
the map given by juxtaposition of diagrams identifies

HOM»_(OP,0Q) = S, @ HOM, (P, Q).

In fact, for word projectives with the primed block on the left, every per-
mutation matching the boundary colors preserves the two blocks. Choose
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reduced expressions for these permutations inside the blocks. The KLR
PBW basis then consists of products of the two block bases. Cutting by the
primed divided-power idempotents replaces the primed nilHecke algebra by
its symmetric polynomial corner S,,. Taking summands and shifts of the
original word projectives gives the displayed identification.

Apply the Mackey filtration of D, to © P. All primed strands must enter
the second factor, and any original strand sent to that factor would occur to
the right of the primed block and annihilate L,J{m. The only surviving piece
has all of P in the first factor and all of © in the second factor. The shuffle
crosses contents -y, and (8, so that piece is

(FpLuw ¥ FoLy, ) (=(ym. ).

The analogous piece for () has the same shift. The primed colors are pair-
wise disconnected, and their cyclotomic projective category is the external
tensor product of the rank-one projective categories at highest weights m;.
The divided power of length m; takes the highest projective to the oppo-
site extremal projective, with graded endomorphisms k in degree zero. This
follows from the rank-one extremal equivalence used in Section 2. Hence
F@L;m has graded endomorphisms k, and S, acts on it by the augmenta-
tion. On the surviving Mackey piece a juxtaposed map s ® f acts by the
augmentation of s on the primed factor and by ev,(f) on the original fac-
tor. This follows from the naturality of the Mackey piece for block maps.
Evaluation kills the other pieces, so the surviving piece computes the entire
map. N N

By construction, Sy, ® I,,(P, Q) lies in I,(©P,0Q). Since D,, kills I,
the corner of I,, lies in the kernel of augmentation tensored with ev,,, which
is

S+ @ HOMg, (P, Q) + Sp @ L (P, Q).

Specialization adds the first summand to the ideal. Thus the ideal in the
specialized corner is exactly this sum, which proves the formula. Left in-
duction commutes with right induction by each transition tail, and the iso-
morphism is induced by left induction. Passing to the colimit proves full
faithfulness. U

Pure evaluation gives an equivalence Al — Z(—\;). It is faithful by
the definition of I,,. Positive words on L, their shifts, sums and summands
generate the lowest-weight cyclotomic projective category. The Hom spaces
between words are corners of cyclotomic quiver Hecke algebras, spanned by
upward diagrams [4, Remark 4.22]. The presentation comparison rescales
the dot and crossing generators by units, so the mates of Section 5 also
generate these spaces. The action comparison lifts them to the pure colimit.
The induced isomorphism on endomorphisms of word sums lifts idempotents,
which split in the colimit. Composing lifts on word sums with the lifted
idempotents gives fullness between the summands. We also write L. for the
empty word at stage e of the pure colimit.
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7. FULLNESS OF THE EVALUATION

We compare the upward diagrams on L. and Xy = ©L, before special-
izing the center, in the colimit Ay, with all framing degrees. The weight of
Xo is pte = Ym = (. Let P = F}, --- F}, be a negative word on the original
colors with root content 5 = Zﬁzl o;,, and let T" be a negative word on
the primed colors with root content y. Composition applies the rightmost
factor first. Crossing the two blocks gives

bP,T : PT — TP, deg bp7T = —(,8,”)/).
For an original negative KLR diagram f : P — @ and a primed one g : T" —
T’, the dot-slide and braid relations give
9) bor(fT) = (Tfbpr,  (9P)bpr = bpr(Pg).
For a generating crossing, the correction in the braid relation vanishes be-
cause its first and last colors lie in disjoint color sets. This applies also when
the two strands of the generating crossing have the same color.

Let Rp be the shifted right adjoint of P, with degree-zero unit np and
counit ep. Juxtaposition with functors denotes whiskering, and composi-
tions are read from right to left. The right mate of the block crossing is

BP,T = (RpTEp)(prp,TRp)(inRp) :TRp — RpT.
Equivalently its transpose under P -+ Rp is characterized by

(10) (é“pT)(PBRT) = (TEP)(bRTRP).
For f: P — @, its right mate is
f" = (Rpeq)(RpfRQ)(npRq) : Rg — Rp.
Its transpose satisfies ep(Pf") = eg(fRg). We claim that
(11) bpr(Tf") = (fTbor,  (Rpg)bpr = bpr(9Rp).
Under P - Rp, the first left-hand side transposes to
(Tep)(bprRp)(PTf") = (Te@)(T fRq)(brrRq)
= (Teq)(bo,rRq)(fTRq).
The first equality uses naturality of the crossing in its argument and the
transpose identity for f". The second is (9). The first right-hand side
transposes to
(£QT)(fRQT)(Pbo,r) = (T)(Qbo,r)(fTRq),
which is the same by (10). The two sides for g transpose to g(Tep)(bprRp)
and (T"ep)(bpRp)(PgRp). These agree by the second identity of (9) and
naturality of g.

For an original negative word () and a primed negative word U, the
chosen block crossings satisfy

bpor = (bp1Q)(Pbg.1), bpru = (Tbpu)(bprU).
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The composite right adjoint is Rpg = RgRp, with counit ep(PegRp).
Then

(12) bpo.r = (Robpr)(bo.rRp), bpru = (bprU)(Thpy).

For the first identity, transposing its right-hand side under PQ 4 RgRp
gives

(epT)(PeqRpT)(PQRobpT)(PQbo T Rp)
= (epT)(Pbpr)(PeqTRp)(PQbg T Rp)

= (Tep)(bprRp)(PTeqRp)(PborRoRp)
= (Tepq)(brgrRoRP).

The second equality uses (10) for P,T and Q,T. The other equalities use
naturality and the factorization of the block crossing. For the second iden-
tity, the transpose under P - Rp is

(epTU)(PbprU)(PTbpy) = (TepU)(bprRpU)(PTbpy)
= (TepU)(TPbpy)(bprURp)
= (TU&P) (bpyTURp).

This proves both identities.
Put PV = E;,--- E;,. At input weight A the degree-zero right adjoint of
F; is E;(1 + (hi, \)). Hence

Rply = PY1)(cp(N)),

¢
cg(N) = Z(l + (aia,)\—FZaib)) = (ﬁ’f) + (B, \).

a=1 b<a

The unit and counit used in the mate have degree zero, so ZV)P7T has degree
—(,7). The target shift minus the source shift is cg(A—7)—cg(A) = —(8,7).
Removing the shifts gives a degree-zero map

SPT - TPV —>PvT

For original ¢ and primed r, let 7;,. : F; F,, — F,.F; be the downward crossing
and let 7;, e; be the unshifted unit and counit for ¢ from Section 4. Then

spyF, = (EiFreq) (Bt ;) (0 Fr E;).

This is the mixed isomorphism (3). The two factorizations in (12) also hold
for s. For original contents /3,0, the shifts compose according to cgys(\) =
cg(X) + cs(A + B). Thus each spr is a composite of mixed isomorphisms.
Empty words give identities.

For a negative diagram f : P — () the words have the same content.
Removing the common shifts from f" gives fV : Q¥ — PV, and the first
identity in (11) becomes

spr(TfY) = (f'T)sq,r.
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We use the upward dots and crossings in the native mate normalization of
Section 5. They are the fV for negative generating dots and crossings. Ap-
plying the second identity in (11) to the primed divided-power idempotents,
and applying their normalization shifts, gives

kg, : OE, — E,0

for every positive word E,, where o denotes its word of original colors. The
preceding identity intertwines the upward diagrams with respect to these
isomorphisms. All identities were formed from the negative diagrams and
the adjunctions preserved by the right-tail comparisons. They hold in the
colimit, and on pure input they lie in the fixed framing and survive its center
specialization.

Lemma 7.1. For positive words E,, Eg on original colors, evaluation of
upward KLR diagrams at Xo surjects onto HOMeo(EoXo, EgXo).

Proof. Lemma 6.1 and the pure evaluation identify this Hom space with
HOM g (_»,)(EaLe, EgLe).

The map from the latter space sends f to kg, O(f )/'i;;i For an upward dia-
gram the mate identities identify this image with the action of the same dia-
gram at Xg. The cyclotomic KLR corners of the pure category are spanned
by upward diagrams, giving the surjection. ([

Proposition 7.2. Fvaluation at Xg is a full functor
evem :ZJlC — Y

Here Ulg is the category of 1-morphisms with source ¢ in the idempotent
completion of the original 2-category.

Proof. Consider two words Fy, E,, and FgEjs, with each subscript denoting a
word of original colors. Write Rr, for the actual shifted right adjoint of Fy,.
Adjunction identifies the Hom space of their evaluations with

HOMco (B, Xo, Rr, FgEsXo).

In the source, Rp, FgEs is a summand of a finite sum of shifted words
of the form F,F,. Order words by their number of pairs consisting of a
positive letter and a negative letter to its right, followed by their length.
At an adjacent such pair, exchange the letters using the following relations.
Distinct colors exchange by the mixed isomorphism. For equal colors and
current weight pairing h > 0, E; F; is F; E; plus the prescribed shifted identity
summands. For h < 0, E;F; is a specified summand of F;FE;. The exchanged
term has one fewer such pair, and deleting the pair to form an identity
term also decreases this order. Induction gives the stated presentation with
inclusions and projections in the source.

For a term F, F,(d) of the sum, write L, for the degree-zero left adjoint
of F,,. For one letter F; at target weight A it is E;(—1 — (hs, A)) [18, Lemma
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2.6.14]. For a word, compose the left adjoints in reverse order, taking each
shift at the weight at which its functor is applied. Adjunction gives

HOMco(Ey X0, FuEyXo(d)) = HOMeo (L, By Xo, EyXo(d)).

Both words on the right are positive up to shift. The shifts are represented
in the source, so Lemma 7.1 lifts every homogeneous map in these spaces.
Composing with the source adjunctions and the source projections and inclu-
sions gives a lift between the original words. Arbitrary words are summands
of finite sums of words in the same order F,,E, by the same reordering.
Fullness extends to sums, shifts and idempotent summands by composing
lifted maps with the source idempotents. O

8. IDENTIFICATION OF THE CANONICAL BASIS

The diagrammatic Grothendieck group surjection is
v AU — Ko(U).

It sends divided powers and weight idempotents to their diagrammatic
classes and uses the shift (1) for multiplication by v [4, §3.5, (3.16)]. The
split Grothendieck group is the direct sum over pairs of boundary weights,
with product induced by composition and zero for incompatible weights.

Proposition 8.1. The map v is an isomorphism. Each original canonical
basis element corresponds to the class of an indecomposable 1-morphism,
uniquely up to isomorphism with the shift fixed by that class.

Proof. The normalized labels of C* identify its split Grothendieck group with
the integral lattice spanned by the canonical basis of “Ay, ® Ay,. Denote the
composite of v and evaluation on the column 4Ul; by m¢ p,. It has value

mem(®) = 2(Ex; ®1,)-
The action of F;, F; on classes was computed at the descent stages, and the
class of X corresponds to the displayed tensor vector. Specialization pre-
serves the normalized classes and intertwines the action. Thus the formula
holds on words in the generators. After scalar extension to Q(v) it also holds
on divided powers by division by [r]!. The target split group is free over A,
so the integral formula follows.

For a nonzero a € AUlg, choose all m; sufficiently large that the finitely
many canonical basis elements in its support have distinct nonzero tensor
canonical images. Lusztig’s separation theorem applies since Ay — A\ = ¢
and all original simple-coroot pairings of both weights grow with m [17,
Theorem 25.2.1]. These images are linearly independent, so 7¢,(a) # 0
and v(a) # 0. This proves injectivity on each column and hence on their
direct sum.

The diagrammatic spanning set consists of finitely many reduced bound-
ary diagrams decorated with dots and positive-degree bubble monomials
[12, Proposition 3.11]. Dots and bubble variables have positive degrees,
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with finitely many bubble variables in each degree. This gives a lower de-
gree bound and finite dimension in each degree for fixed boundaries. The
same bounds hold for summands. The degree-zero endomorphism algebra
of each object is finite-dimensional, so a decomposition of its identity into
primitive orthogonal idempotents gives a finite decomposition into objects
with local endomorphism rings. The source is therefore Krull-Schmidt. For
an indecomposable object, fullness makes the degree-zero endomorphism al-
gebra of its image a quotient of its local endomorphism algebra. If the image
is nonzero, the quotient is local and the image is indecomposable.
Now let P be indecomposable in the source column and expand

77LP] = Z ap(v)b
beT

with 7" the finite canonical support and a;(v) € A nonzero for b € T'. Choose
m so that the elements of T" have distinct nonzero images. The class of the
evaluation of P is nonzero, and Proposition 7.2 implies that its evaluation is
indecomposable. Thus it is a shift of one normalized tensor canonical label
¢, giving

Z ay(v)mem(b) = ve

beT
for some s € Z. Comparing coefficients gives T'= {b} and ap(v) = v®. Shift
orbits of indecomposables freely generate the source Grothendieck group
over A. A nontrivial periodic shift would give endomorphisms in arbitrarily
negative degrees and is excluded by the degree bound. If two distinct shift
orbits corresponded to the same canonical element, suitable shifts of their
classes would be equal, contradicting freeness. If a canonical element were
omitted, it could not be in the span of the images of the shift orbits, con-
tradicting surjectivity. Thus the correspondence is bijective. Shifting the
representative by —s gives the asserted normalization. O

For composable canonical basis elements b, b, let P,, P,y be the normal-
ized indecomposables from Proposition 8.1. Their composite has a finite
decomposition

PPy = P Pe(s)®",  mes €N,

where ¢ ranges over canonical basis elements with the resulting boundaries
and s over integers. Taking classes gives ) n. v as the coefficient of ¢ in
bt'. If the boundaries are incompatible, bb’ = 0. This proves multiplication
positivity for the regular realization.

9. CHANGE OF ROOT DATUM

Let X now be the weight lattice of an arbitrary root datum with Cartan
matrix A. For a formal root degree 6 = ), ; n;a;, write px () and pp(9)
for the respective sums of the corresponding simple roots in X and P. Fix
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v € X and choose v € P with (h;, V) = (h;,v) for every i € I. Such a choice
exists because the original coroots on P are coordinate functions.

The simply connected weight lattice for A is Z!, with simple coroots the
coordinate functions and simple roots the columns of A. Both v and ¥ have
the same image in this lattice, given by their coroot pairings. The change-
of-datum isomorphism on a fixed right column [17, 23.2.5 and 25.2.2-25.2.4]
sends each element uTu~1, to the same expression with the image of v as
right weight, and sends the canonical label indexed by a pair of half-algebra
canonical vectors to the label indexed by the same pair [5, §6.6]. Here u™ and
u~ belong to the positive and negative halves, respectively, which depend
only on A. Composing the comparison from X with the inverse comparison
from P gives a basis-preserving linear isomorphism

T,7:Ul, — Uply.
The subscript P indicates the original-color datum on P. In particular
T,p(uTu"1,) =utu 1.

This isomorphism intertwines left multiplication by each E;, F;. To check
it, put a word in the two kinds of generators in positive-then-negative order.
Each exchange of Fj, F; either commutes them or contributes a quantum
integer determined by the weight at that position in the word. If the suffix
at that position has formal degree d, the two weights there are v+ px (0) and
U+ pp(9). Their simple coroot pairings agree because the two simple-root
maps give the same Cartan integers. The exchanges therefore give identical
ordered expressions in the two columns. Since these expressions span, the
claim follows for any left multiplication by a word in the E;, F;.

Proof of Theorem 1.1. Section 8 proves the theorem for P. If the right
weight of b differs from the left weight of ¢/, their product is zero. Otherwise
let b have right weight v, left weight A, and formal degree ¢’. Canonical
basis elements are homogeneous for the formal root grading [17, 25.2.1(e)
and 25.2.4], so A = v+ px(0’). Take X =0+ pp(8'). Write b = uly with u a
linear combination of words in the E;, F;. Then TA,X(b) = uls, and T, 5(V)

has left weight \. The intertwining just proved yields

T,5(bb") = T, 5(b) T, 5(b).

The column isomorphism sends distinct canonical labels to distinct canonical
labels. The product coefficients therefore agree with those for P.

For a symmetric Cartan matrix presented with a positive integral sym-
metrizing integer d on a connected component, the quantum integers in that
component are those for the parameter v%. The presentations and canonical-
basis characterizations on the component are obtained from the normalized
ones by the scalar substitution v — v?. In the simply connected datum, right
columns factor over the connected components. Their canonical bases fac-
tor as well, by the tensor-product characterization of the column bases and
the factorization of the quasi- R-matrix over the components. Each product
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coefficient is thus a product of nonnegative Laurent polynomials after the
substitutions for its components. The column comparison transfers those
coefficients to X. O
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