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Globally periodic rational difference equations of arbitrary order
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Abstract

A rational difference equation of order k with nonnegative coeflicients is globally periodic
if every solution with positive initial data repeats with a common period. Five such equations
have long been known, among them the Lyness equation z,12 = (1 4+ Zp41)/%s, and a
problem of Gasull asks whether every globally periodic equation of this kind is obtained
from one of the five by rescaling and unfolding. The answer was known to be yes for
ke {1,2,3,4,5,7,9,11}. Here I show that it is yes at every order. The proof rests on two
ideas. The first is a tropical degeneration: global periodicity forces an associated min-plus
recursion to be periodic, and this is refuted, for every choice of coefficients at once, by an
unbounded solution of the min-plus recursion linearised along a periodic orbit. The second
is the o-bump, a linearised solution whose existence reduces to a combinatorial condition on
residues modulo 2k; in the hardest case that condition comes down to a lemma on three-term
progressions under unit multipliers modulo 2k. The proof, including its finite computations,
has been formalised in the LEAN proof assistant.

Disclaimer: This manuscript, and the accompanying LEAN formalisation of the proof, have
been generated by Al. The validity of the proof has been extensively machine-checked, but the
proof is not fully understood by the human author.

1 Introduction

A difference equation is globally periodic if all of its orbits are periodic with a common period.
The celebrated example is the Lyness equation

Tpis = 1+ xn+17 (1)
T,
every positive solution of which repeats with period 5 [Lyness, 1942]. Global periodicity is a
fragile property, and equations that have it are rare. In a survey of open problems in low-
dimensional dynamics, Gasull [2021] records five globally periodic rational difference equations
with nonnegative coefficients,

o - _ Tnp+l . 1+ Tn+1 . 1+ Tpt1 + Tp2
Ip4+1l = Tn, Tptl = ;7 Tp42 = . Ln+2 = Ta Tn+3 = - s
n n n n
)

of periods 1, 2, 6, 5 and 8 respectively. The 8-cycle of the last was found by H. Todd [Koci¢ et al.,
1993, Lyness, 1945]. New examples can be made from these in two trivial ways: by rescaling,

Yn = ax, with a > 0, and by unfolding: multiplying every index in an equation of order k by
an integer £ > 1 gives an equation of order £k whose solutions are the interleavings of £ solutions
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of the original one, and which is therefore again globally periodic. Gasull’s Problem 11 asks
whether there are any others. More precisely, consider the equations of order k > 1,

Ao+ Az, + AQl’n+1 + -+ Akazn+k_1
Bo + Bizp + Bopy1 + -+ Brpak_1

Tp+k = (3)
with A;, B; >0,) . A; >0and ), B; > 0, acting on positive initial data. (Gasull also assumes
A? + B? # 0, so that the equation genuinely involves x,; I do not need this, because global
periodicity forces it, as the first step of the proof shows.) Is every globally periodic equation of
the form (3) obtained from one of (2) by rescaling and unfolding?

Here I show that the answer is yes at every order.

Theorem 1.1. Let (3) be globally periodic, that is, suppose there is a p > 1 such that every
positive solution satisfies Tnip = Tn. Then, up to multiplying the numerator and denominator
by a common positive constant, (3) is one of the following equations, written from the second
on with the denominator cleared:

~

the shift xpir = Tn;

2. Typtk Tn = a, with a > 0;

3. k=2m and Tniom Tn = bTnim, with b > 0;

4. k=2m and Tyyom T = b> + bTpim, with b > 0;

5. k=3m and Tpy3m Tn = 0> + b (Tpim + Tniom), with b > 0.

These are, respectively, the k-fold unfoldings of the first two equations of (2) and the m-fold
unfoldings of the last three, after rescaling; so every globally periodic equation of the form (3)
is equivalent to one of the five equations of (2).

Conversely, each equation in the list is globally periodic, with periods k, 2k, 6m, 5m and 8m
respectively, since it is an unfolding of a rescaling of one of (2); so Theorem 1.1 is a complete
classification.

The requirement of a common period loses nothing: if every orbit in (0,00)k is periodic,
the state map is a continuous bijection, hence a homeomorphism by invariance of domain, and
a pointwise periodic homeomorphism of a connected manifold is periodic [Montgomery, 1937];
often it can even be linearised globally [Cima et al., 2012]. (Discontinuous maps can be pointwise
periodic without being periodic [Cima et al., 2022].) This remark is not used in the proof.

The question has a long history. Essentially the same question was asked by Graham
et al. [1989, Research problem 1.24]; the generalisation that Graham had in mind for his Prob-
lem 1343 in Mathematics Magazine asks for equations of much the same form [Kocié¢ et al.,
1993, Remark 1]. A version of the question is posed by Grove and Ladas [2005, p. 161]; at
order two it is Conjecture 6.5.6 of Kulenovi¢ and Ladas [2000]. After partial results of Koci¢
et al. [1993], order two was settled by Barbeau et al. [1995], and Csornyei and Laczkovich
[2001] settled, even for complex coefficients, orders two and three and the reciprocal equa-
tions Zp45Ty = co + 25;11 Cj%n4; in which every c; is nonzero (the full support). Cima et al.
[2004] reduced the problem to a reciprocal family with palindromic coefficients, and showed,
using a continuum of 2-periodic points at odd order (Section 6), that the answer is yes for
ke {1,2,3,4,5,7,9,11}. The general case has remained open. Different approaches to the
global periodicity problem are surveyed by Cima et al. [2016]. Over the complex numbers and
with arbitrary coefficients, periodic linear fractional recurrences have been studied from the
point of view of birational geometry by Bedford and Kim [2006, 2014] at orders 2 and 3, and
Bedford and Kim [2011] show that for every k there are such recurrences of order k and period
4k; positivity of the coefficients, which is essential here, plays no role there.



The proof has two quite different halves. The first is analytic and short. A surjectivity
argument, followed by a Lyapunov function and the derivative at a fixed point, shows that a
globally periodic equation is either the shift or of the reciprocal form

xn+kmn:co+20jxn+j, >0, ¢j>0forjeSC{l,....k—1}, (4)
jeS

and linearising at the interior equilibrium shows that the coefficients are palindromic, ¢; = ¢j_;.
Throughout, 8§ = 1 if ¢g > 0 and 8 = 0 if ¢g = 0; most of the arguments treat both values at
once. Unfolding then lets me assume that the support S is primitive, ged(S U {k}) = 1. When
S has at most two elements, the problem reduces to equations of order at most three, which are
settled with the min-plus recursion described below (and, at order three with ¢y = 0, with the
linearisation), and to a spectral statement about the polynomial A¥ + 1 — ¢(\ 4 A\*=7), which
is settled with Kronecker’s theorem on algebraic integers whose conjugates all lie on the unit
circle.

The second half, which is most of the paper, deals with supports of three or more elements,
and it is combinatorial. The key observation is that global periodicity survives degeneration. If
the initial data are taken to be powers 0% of a small parameter J, the exponents of the solution
follow a piecewise-linear (min-plus) recursion that depends only on the support and on 6. For the
Lyness equation, for example, z,, & 6°* turns x, 12, = 1 + =41 into e,42+ €, = min(0, e,41),
and every integer solution of this recursion has period 5, just as the solutions of the equation
do. In general a globally periodic equation forces its min-plus recursion to be periodic. Because
all the coefficients are positive, there is no cancellation: each term of the solution behaves like a
positive multiple of a power of §, and these leading coefficients follow a recursion of their own,
which must also be periodic; this is what settles orders two and three when ¢y > 0. The passage
to a piecewise-linear recursion is the limiting procedure of Tokihiro et al. [1996], now called
ultradiscretisation and familiar from integrable systems [Inoue and Takenawa, 2008, Inoue et al.,
2012, Nobe, 2008]; for the full support it was already used by Csornyei and Laczkovich [2001].
Tropical versions also appear in the theory of cluster algebras, where Fomin and Zelevinsky
[2003] use them to prove the periodicity of Zamolodchikov’s Y-systems, of which the Lyness
equation is the case of type As; here the information flows the other way, from the equation to
its tropical version.

For larger supports, global periodicity of an equation is refuted, for every choice of positive
coefficients at once, by exhibiting an unbounded solution of the tangent recursion, the lineari-
sation of the min-plus recursion along a periodic solution. The idea is to perturb a periodic
orbit of the min-plus recursion slightly. Only the terms that attain the minimum see the per-
turbation, so it follows a recursion of the same kind, and if the perturbation can grow without
bound, the min-plus recursion, and with it the equation, cannot be periodic. For the supports
with at least three elements, the periodic orbits used have, except at order 6, a minimum that
is always negative, so that the constant term never attains it, and both values of 6 are refuted
at once.

I construct the unbounded tangent solutions explicitly, case by case (Table 1). Apart from
the full support and most supports at odd order, which have tangent solutions of their own,
the workhorse is the o-bump: a linearly growing tangent solution supported on two positions
in every block of k, whose existence reduces to a purely combinatorial condition on a set of
residues modulo 2k (Definition 3.11). The hardest case is even order with every element of
S odd, where the residues are chosen as a half-arc {y : vy mod 2k € [0,k)} for a suitable odd
multiplier v, and what is needed is a lemma about three-term arithmetic progressions under unit
multipliers modulo 2k, proved with the geometry of numbers in a plane lattice of determinant
2k and Jacobsthal’s function.

Several steps finish with a finite computation, for instance at small orders where the gen-
eral arguments do not yet apply; each is stated precisely in the text and listed in Table 1.



Every finite computation is carried out in exact integer arithmetic, and the whole proof, includ-
ing these computations, has been formalised and kernel-checked in the LEAN proof assistant
(Appendix C).

As far as I know, the following ingredients are new: the tangent recursion and the two-
scale pinning lemma (Lemma 3.5), which turn an unbounded solution of the linearised min-plus
recursion into a proof that the equation is not periodic; the use of such tangent solutions to
refute global periodicity for every choice of coefficients at once; the o-bump and its carriers
(the parity, band and half-arc carriers); and the theorem on three-term progressions under unit
multipliers (Theorem 9.1). Ultradiscretisation itself is not new, nor is the use of the leading
coefficients at orders two and three, which goes back to Csornyei and Laczkovich [2001]. I
am not aware of an earlier use of the derivative of a min-plus map along a periodic orbit to
show that the map is not periodic (“linearised” means something different in the ultradiscrete
literature, namely straight-line motion on a tropical Jacobian). A by-product is a purely tropical
statement: for every palindromic support with at least three elements, and either 8, no power
of the min-plus map is the identity (Corollary 10.1).

Section 2 reduces the problem to primitive palindromic supports of the reciprocal form
and Section 3 develops the min-plus machinery and the o-bump; Sections 4-9 treat the cases of
Table 1, Section 10 puts them together, and the appendices hold the finite range of Theorem 9.1
and the bounds on Jacobsthal’s function, the most mechanical case checks, and a description
of the formalisation. A reader who wants only the shape of the argument can read Sections 2
and 3, the statements of the main theorems of the later sections, and Section 10.

2 Reduction to the reciprocal family

Here I show that a globally periodic equation (3) is the shift or of the reciprocal form (8)
with palindromic coefficients, and that it is enough to treat supports with ged(S U {k}) =1
(Corollary 2.9).

Most of this is known. The reduction to the reciprocal form and palindromy are the Re-
duction Theorem (Theorem 2.4) of Cima et al. [2004], and Csornyei and Laczkovich [2001,
Theorem 4] proved |cj| = |cx—;| for complex coefficients. I follow the route of Cima, Gasull and
Marfiosas (preimages of a one-parameter family of states, a Lyapunov function, and the deriva-
tive at a fixed point), and give self-contained proofs because the linearisation is needed again in
Section 4 and palindromy follows from a short period-sum argument. That the linearisation of
a periodic recurrence at a fixed point has finite order goes back to Kurshan and Gopinath [1974,
Theorem 3.2]; it was used by Koci¢ et al. [1993], Csérnyei and Laczkovich [2001, Lemma 2] and,
with affine normal forms at order two, Rubié-Massegi and Manosa [2007].

2.1 The state map

Throughout, the coefficients of (3) are nonnegative, with Ao+ _,~; A; > 0and Bo+) ;51 Bi >
0. Note that A;11 and B;41 are the coefficients of x4, for 0 < ¢ < k — 1; in particular A; and
B; multiply the oldest term z,,. Write Q = (0,00)*, and for u = (u1,...,u) € Q put

_ A(] + Zle Aiui
By + Zle Bl-uz-’

g(u) F(u) = (uz, e, Uk g(u)) (5)

For u € Q the numerator and denominator of g(u) are both positive, since each contains a
positive coefficient multiplied by a positive number. So F maps €2 to itself, every positive
initial window (zg,...,2zx_1) extends to a unique positive solution of (3), and the window
(Zn, ..., Tprk—1) of that solution is F™(zg,...,zr_1). The equation is globally p-periodic (p > 1)
when every positive solution satisfies x,,4, = ,, for all n, and this holds precisely when F'? = id



case mechanism results used finite computations §
every support reduction to (8), Theorems 2.1, 2.2, 2.3, 2.4, none 2
palindromy, folding 2.5; Lemma 2.8
k=2 5={1} leading coefficients Theorem 4.1, from none 4
Theorems 3.2 and 3.3
k=3, leading coefficients; Theorem 4.2, from none 4
S=1{1,2} for ¢g = 0, the Theorems 3.2, 3.3 and (for
linearisation co=0) 24
two-term the linearisation and  Theorem 4.3, from none 4
supports Kronecker’s theorem  Theorem 2.4, Lemmas 4.4
{j,k—j} and 4.5
full support, a closed-form Theorem 5.1, from none 5
k>4 tangent solution on Lemmas 5.2 and 5.3 and
the carrier @ = {1} Theorem 3.6
odd k, X not a rays along the Theorem 6.11, from none 6.4
dilated interval alternating orbit Proposition 6.4, Lemma 6.5,
the lemmas of Section 6.3 and
Theorem 3.6
odd k, X a a o-bump Theorems 6.13 and 3.14, none 6.5
dilated interval Lemma 6.12
even k, some o-bumps on parity Theorem 7.1, from none 7
element of § carriers, or on two Theorems 7.7 and 7.12 and
even explicit carriers Corollary 7.15; Theorem 3.14
even k, all odd, o-bumps on small Proposition 8.4; Theorem 3.14 none 8
l1es explicit carriers
even k, all odd, o-bumps on half-arc Theorem 8.8 (all but five k < 22: five carriers of 8
1¢S5, |L|=1 carriers supports); Theorem 3.14 Table 4
even k, all odd, o-bumps on half-arc Proposition 8.13, Lemma 8.16; £ < 90 in 8,9
1¢S,|L|>2 carriers, with Theorem 8.19, Theorem 9.1; Theorem 8.19; twelve
Theorem 9.1 Theorem 3.14 carriers of Table 4; for
Theorem 9.1, the chord
table (C1), the chains of
Table 5, the certificate
(C2)—(C3) at the 127
orders 92 < k < 2730
with three or more odd
prime factors, and the
checks in Lemmas A.3
and A4
k=6, a tangent certificate Propositions 3.10 and 3.9; the certificate of 3
S =1{1,3,5} Theorem 3.6 Proposition 3.10

Table 1: The cases of the proof, the mechanism and results each uses, and the steps that rest on
a finite computation (“none” means that the case is proved by hand for all parameters). Every
case uses the reduction of the first row. Except in the rows for |S| < 2, |S| > 3, and S is not
the full support unless stated; @ is arbitrary throughout. At odd order k, X is the set of halved
even elements of S (Lemma 6.2); L = {s € S:2s < k}.



on €). In particular a globally periodic F' maps §2 onto itself. The first step of the reduction,
Theorem 2.1, uses only this surjectivity; the second, Theorem 2.2, uses periodicity itself.

2.2 The dichotomy

The idea is to ask for a preimage of a single one-parameter family of states, (1,...,1,¢) with
t > 0. That alone forces most of the coefficients to vanish.

Theorem 2.1 (dichotomy). Suppose F(2) = Q. Then one of the following holds:

(a) Ay =0, By =0 and B; = 0 for all i > 2, so that By > 0 and (3) reads BiTyp Ty =
Ao+ Asxpy1 + -+ ApTrk—1;

(b) B =0, Ay = 0 and A; = 0 for all i > 2, so that Ay > 0 and (3) reads x,ip =
Avzy/(Bo + Botpgt + -+ + Brngk-1)-

Proof. Fix t > 0. A preimage of (1,...,1,¢) under F' must have the form (u,1,...,1) with
u>0and g(u,1,...,1) =t. Writing A" =37, A; and B’ = }_,5, B; (both zero when k = 1),
the hypothesis therefore says that for every ¢ > 0 there is a u > 0 with

t(Bo—l-Blu—l-B,) = A0+A1U+A/. (6)

There are four cases, according to the signs of A; and Bj.

If Ay = By = 0, then u drops out of (6), and taking ¢ = 1 and t = 2 gives By + B’ =
Ag+ A’ =2(By + B'). Hence By + B’ =0, so all the B; vanish, which is excluded.

If Ay =0< By, then tByu = Ag+ A" — t(By + B’) with u > 0, so t(By+ B') < Ag + A’ for
every t > 0. Letting t — oo gives By + B’ <0, that is By = 0 and B; = 0 for ¢ > 2: this is case
(a).

If By =0 < Ay, then symmetrically Aju = t(By + B') — Ag — A’ with u > 0, s0 Ag+ A’ <
t(Bo + B') for every t > 0. Letting t — 0T gives Ag + A’ < 0, that is Ag = 0 and A; = 0 for
i > 2: this is case (b).

Finally, suppose A; > 0 and B; > 0, and put A = A;/B;. At t = X the terms in u
cancel from (6), leaving A\(By + B’) = Ag + A’. Subtracting this from (6) at ¢ = X\ + 1 leaves
(Byo+ B') + Byu = 0 for some u > 0, which is impossible.

In case (a) the denominator is Biz,, so By > 0; in case (b) the numerator is Ajx,, so
A1 > 0. ]

2.3 Branch (b) is the shift

Genuine periodicity, rather than surjectivity, now removes the rest of branch (b). Two simple
tools are used. The first is a Lyapunov function: the coordinate sum X(u) = ), u; changes
under one step by

N(F(u) = 35(u) = g(u) — u, (7)

so if g(u) < wy for every u € Q then X(FP(u)) < X(u) for every p > 1, and FP = id is
impossible; the same holds if g(u) > u; throughout. The second is the derivative at an interior
fixed point: if F'? =id and F(u*) = u*, the chain rule gives DF(u*)? = I.

Theorem 2.2 (branch (b) is the shift). A globally periodic equation of type (b) has Ay = By
and B; =0 for all i > 2; that is, it is the shift x4 = xn.

Proof. Let the equation be globally p-periodic, so that F'? = id on Q. In type (b), g(u) =
Alul/(B() + 2122 Bzuz) Write 5 = ZiZQ B;.

Suppose first that § = 0. Then By > 0 (the denominator is not zero) and g(u) = (A1/Bo)u;.
If Ay < By then g(u) < uy throughout €2, and if A; > By then g(u) > uy throughout; both are
excluded by (7). So A; = By, which is the conclusion.



Suppose next that 5§ > 0 and Ay < By. Then for u € € the denominator exceeds By > Aq,
s0 g(u) < uy throughout Q, which is again excluded.

There remains the case § > 0, Ay > By, which must be shown impossible. Here x* =
(A1 — By)/B > 0 satisfies By + Sx* = Ay, so the point u* = (z*,...,z*) is fixed by F. The map
F is rational, with a denominator that is positive on the open set €2, so it is smooth there, and
F? =id gives DF(u*)? = D(FP)(u*) = I by the chain rule. At «* the denominator of g equals
Ay, s0 9g/0uy =1 and dg/0u; = —x*B;/A; for i > 2; thus, with d; = B;z*/A; > 0,

DF(U*) w = (’wQ, ey WEy, W1 — Zdlwz)
i>2
Put ¢(\) = AE 43"~ ;AL Then ¢(0) = 0 and ¢(1) = 1+ Bz*/A; > 1, so by the intermediate
value theorem there is a A € (0,1) with #(A\) = 1. The vector v = (1,,...,A\*71) then
satisfies DF (u*) v = Ao, since the last coordinate of DF(u*)v is 1 — .o, d; A1 = A*. Hence
v = DF(u*)Pv = NPv, so AP = 1, which is impossible for 0 < A < 1. - O

2.4 The reciprocal form and its normalisation

Theorem 2.3 (reduction). Every globally periodic equation of the form (3) is either the shift
Tpik = Tn (that is, Ay = By > 0 and every other coefficient is zero), or satisfies Ay = By =0
and B; = 0 for v > 2, with By > 0. In the second case, dividing through by By, its positive
solutions are exactly the positive solutions of

mn+kxn:co+chxn+j, ¢; >0 forjeSC{l,....,k—1}, ¢ >0, (8)
JjES

where

A.
=22 ¢ = (1<j<k-1), S={je{l,....k—1}:A4,,1>0}, (9
B By

and S # () or cg > 0.

Proof. A globally periodic F' maps € onto itself, so Theorem 2.1 applies. In case (b), The-
orem 2.2 gives the shift. In case (a) the equation is Bix,xx, = Ao + Zf;ll Aj1Tp44, and
dividing by B1 > 0 gives (8) with the data (9), after dropping the terms with A;,1 = 0. The last
condition is the hypothesis that the numerator of (3) is not identically zero (recall A1 =0). O

From now on an equation of the form (8) is described by its normalised data: the order
k, the support S and the coefficients ¢y and ¢; (j € S); it is convenient to put ¢; = 0 for
jed{l,...,k—1}\' S, and 6 € {0,1} records whether ¢y > 0, as in the introduction. The
normalisation (9) is a division of numerator and denominator by Bj, not a change of variable,
so the normalised equation has the same solutions as the original one, and global periodicity
of the one is global periodicity of the other. When k = 1 the support is empty and (8) is
Tp+1Tn = Co.

2.5 The linearisation

The reciprocal family always has an interior equilibrium. Write s = jes G- Since s+ ¢o > 0,

2

the equation x* = ¢y + sz has exactly one positive root,

= %(s +Vs2+ 4co>, (10)
and the constant sequence z,, = z* is a solution of (8). Put
c = s ¢
j , 0
i=— (1<j<k-1), that E i=—=1-— <1, 11
€j xr* ( >J= ) SO tha = € x* *2 = ( )



with equality exactly when ¢y = 0. The linearisation of (8) at * is the linear recurrence

k—1
Yntk T Yn = Z €5 Yntj, (12)
j=1
whose characteristic polynomial is
k-1
XN =2 41-) e N (13)
j=1
Every initial window (yo,...,yr—1) extends to a unique solution of (12), and the window ad-
vances by the companion matrix I,
k—1
C(wy, ..., wg) = <w2, coey WE, —wW1 Zﬁjwjﬂ)-
j=1

Theorem 2.4 (linearisation). Suppose (8) is globally p-periodic. Then:
(i) TP =1, so every solution of (12) is p-periodic;
(ii) every complex root X of x satisfies \P = 1.

Proof. (i) By Theorem 2.3 the state map of (8) is F(u) = (ug,...,u, g(u)) with g(u) =
(co + Zj cjuj+1)/ u1, a rational map whose denominator is positive on 2, and it fixes u* =
(x*,...,2%). Using 2*? = ¢y + >_jciz”, the partial derivatives of g at u* are Jg/0u; =
—2*?/2*? = —1 and dg/0uji1 = cj/z* = €j, so DF(u*) = T. Since F'? = id on the open
set , the chain rule gives I'P = D(F'P)(u*) = I.

(ii) If x(\) = 0, then v = (1, A, ..., \*~1) satisfies T'v = \v, since the last coordinate of I'v
is —1+Zjej)\j = AF. Sov=TPy = NPy, and \P = 1. O

2.6 Palindromy

The first structural consequence of Theorem 2.4 is that the coefficients are palindromic. The
reason is that a linear map of finite order preserves a positive definite quadratic form, so its
inverse is its adjoint. Here the form can be written down explicitly: on p-periodic sequences
the period sum

is positive definite, and it is unchanged by shifting both sequences, ) <p Un+alnta = (u,v),
since n +— uyvy, is p-periodic. The recurrence (12) must therefore be the same when it is run
backwards, and that is palindromy.

< k-1

Theorem 2.5 (palindromy). If (8) is globally periodic, then c¢; = cp—j for 1 < j
i = A2 for

In particular the support is palindromic, S = k — S; in the notation of (3),
2<i<k.

Proof. Let the equation be globally p-periodic. By Theorem 2.4(i), every real solution of (12)
is p-periodic. For a solution v, put

k—1

Pn = VUn + Untk — g €5 Untk—j-
Jj=1



Let u be another solution, and expand |
k and the terms of the third by 7,

E Unvn:§ Un+kUn+k, § unvn+k—j:§ Un+5Un+k;

n<p UnpPn Nto three period sums. Shifting the first by

n<p n<p n<p n<p
so that
k—1
g UnPn = § Un+k (un-‘rk + up — g ejun—l-j) =0,
n<p n<p 7j=1

because u solves (12). On the other hand, using (12) for v to replace v, + v, 1, and reindexing
the sum j — k — j,

k—1
pn =D (€ = €—j) Vnij-
j=1

This is a linear combination of shifts of v, so p is itself a solution of (12). Taking u = p gives
Zn<p p2 =0, so p, =0 for n < p, and hence for all n by periodicity.

Now fix 1 < j < k—1 and let v be the solution with initial window v; = 1 and v; = 0 for the
other i« < k. Then 0 = py = €; — €,_;, and multiplying by z* gives ¢; = ¢,_;. The statement
about S follows because S = {j : ¢; > 0}, and the statement about the A; from (9). O]

2.7 Known types and primitive supports

The five equations (2) have a simple description in terms of normalised data. Recall that the
(-fold unfolding of an equation z, r = f(xn,Tni1,...,Tpek—1) of order k' is the equation
Ttk = [(Tn, Tpag, - .. ,$n+(k/_1)g) of order ¢k'; its solutions are exactly the sequences whose
¢ interleaved subsequences m — T4, (0 < 7 < £) each solve the original equation. (Gasull
[2021] describes this operation without a name, and uses the word unfold for the rescaled family
Yn = ax, instead.)

Definition 2.6. The normalised data (k, S, c) of an equation (8) is of known type if one of the
following holds:

(K1) S =0;
(K2) k=2m, S={m}, and cg =0 or ¢y = c%;
(K3) k=3m, S={m,2m}, ¢y = com and ¢y = c2

o
Lemma 2.7. If the normalised data of an equation of type (a) is of known type, then the
equation is equivalent, under a rescaling yn, = T /A (A > 0) and an unfolding, to one of the
equations (2). In terms of the coefficients of (3), with m as in Definition 2.6: in case (K1),
A; =0 for alli > 1; in case (K2), A; =0 fori ¢ {0,m+ 1}, and Ay =0 or AgBy = A?n_H; in
case (K3), A; =0 fori ¢ {0,m+1,2m + 1}, Apy1 = Aoy and AgBy = A2 4.

Proof. If  solves (8), then y,, = /A solves Y, xYn = co/A? + > jes(€i/A) Yntj. In case (K1),
co > 0 by Theorem 2.3; with A = /¢ the equation becomes y,, 1, = 1/y,, the k-fold unfolding
of Ynt1 = 1/yn. In case (K2), A = ¢, giVeS Yn+2mYn = Yntm OF Yn+2m¥Yn = 1+ Yn+m, the m-fold
unfoldings of y,+2 = yYn+1/yn and of the Lyness equation y,12 = (1 4+ yn+1)/yn- In case (K3),
A = Cpy 81VeS Ynt3mYn = L+ Yntm +Ynt2m, the m-fold unfolding of Y3 = (1 +Ynt1+Ynt2)/Yn-
The coefficient conditions follow from (9): ¢o = ¢Z, reads Ag/By = A% ,/B3. O

The last step of the reduction removes common factors from the support. If every element
of S and k itself are multiples of some ¢ > 1, then the equation only ever couples terms whose
indices agree modulo ¢, and it splits into ¢ independent copies of an equation of order k//,
as Cima et al. [2004] observe at order four, where they split a solution into its odd and even
subsequences. Call S primitive (at order k) when ged(S U {k}) = 1.



Lemma 2.8 (folding). Let (8) have normalised data (k,S,c), and let { = ged(S U {k}) (so
{=Fk when S=0). Put k' =k/t, S ={j/t:j€ S}, ¢, =co and c;-, =cji for j’ € S'. Then:

(i) equation (8) is the £-fold unfolding of the equation

Ttk Ty = €y + Z iy Ty jr (14)
j/es/

of order k', which has the same 0;
(i) if (8) is globally p-periodic, then so is (14);

(iii) S’ is primitive at order k', and if ¢; = cp—j for all j, then c;», = cﬁg,_j, for all j' (in
particular S is palindromic);

(iv) if the data (K',S’, ) is of known type, then so is (k,S,c).

Proof. (i) Every element of S is a multiple of ¢, and so is k. Writing n = mé+r with 0 <r < ¢
and j = j'¢, equation (8) at n reads

/ /
L(m+k ) +r Tml+r = Co + E Cjr T (mA4-j') 41>
j/eS/

which is (14) at m for the subsequence m +— 4.

(ii) Let 2 be a positive solution of (14), and put x,, = z|,,/¢. Each subsequence m = Ty,
equals z, so by (i) x is a positive solution of (8), and it is therefore p-periodic, hence also
pl-periodic. SO 2y ip = Tpmeypr = Tme = 2z, for every m.

(iii) and (iv) are immediate from the definitions: ged(S’ U {k'}) = ged(S U {k})/¢ =1, and
for (iv) one replaces m by m/ in Definition 2.6. O

Corollary 2.9. Suppose that every globally periodic equation (8) whose support S is primitive
and whose coefficients satisfy c; = ci—; for all j has normalised data of known type. Then every
globally periodic equation of the form (3) is either the shift T, = xn, or is equivalent, under
a rescaling and an unfolding, to one of the equations (2), with coefficients as in Lemma 2.7.

Proof. Let (3) be globally p-periodic. By Theorem 2.3 it is either the shift or has the normalised
form (8), which is globally p-periodic. In the second case, Theorem 2.5 gives ¢; = ¢j—;, and
Lemma 2.8 gives a globally p-periodic folded equation (14) with primitive support and palin-
dromic coefficients. By hypothesis its data is of known type, so by Lemma 2.8(iv) the data of
(8) is of known type, and Lemma 2.7 finishes the proof. O]

The remaining sections therefore work with a primitive palindromic support S, coefficients
cj = cx—j > 0 on S, and either value of 6, and show that global periodicity forces known type.

3 The min-plus map and the o-bump

Throughout this section the equation is (8), with support S C {1,...,k — 1} and 6 as in the
introduction; since the numerator is nonzero, S # () or § = 1. The section sets up the min-plus
recursion and its leading coefficients (Theorems 3.2 and 3.3), the tangent solutions that refute
periodicity (Theorem 3.6), and the o-bump (Theorem 3.14). It ends with a vocabulary for
checking the conditions of a o-bump (Section 3.5) and the mirror lemma (Lemma 3.15), both
used in the later sections.
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3.1 The min-plus recursion and its periodicity
It is convenient to treat the constant term as a slot. Let
Sp=SuU{0}if =1, Sp=851if 60 =0,
so that Sy # (). For a sequence (fy,)n>0 of real numbers, an index n > 0 and a slot j € Sy, write

0, Jj=0, ) .
My, = minv,(f, 7).
s JES, (f) min (f.7)

'Un(fvj) = {
Thus v, (f, j) is the value read by slot j from the window starting at n, and the constant slot
always reads 0. The slots j € S are called taps.

Definition 3.1. An integer sequence (e,)n>0 is a solution of the min-plus recursion (for k, S,
0) if

Ent+k +€n =my(e) = min({O if0=1}U{ent;:Jj € S}) for all n > 0. (15)
Every integer window (ep,...,ex_1) extends uniquely to a solution. The min-plus map T :
7ZF — 7 is the corresponding window map, T'(eq,...,ex—1) = (e1,...,ex—1, mo(e) — ). The

attaining sets of a solution e are
An=Ap(e) ={j € S : vn(e,j) =mnle)}  (n=>0);
ties are allowed, so A,, may have several elements.

Each term of the orbit of (8) started from x; = §% behaves like C,,§°" as § — 0T, where the
exponents e, follow the min-plus recursion and the leading coefficients C), follow a recursion
that keeps, in each step of (8), only the terms whose exponent attains the minimum.

Theorem 3.2 (leading coefficients). Let e be an integer solution of (15). For ¢ > 0 let x() =
(xn(0)) be the solution of (8) with initial window x;(6) = 6% (0 <i < k). Define C, by C, =1
forn <k and
CoskCn=co[0 € An(e)l + > ¢ Cryj  (n20), (16)
JEAR(e)NS

where [0 € A, (e)] is 1 if the constant slot attains the minimum and O otherwise. Then Cyp > 0
and

lim z,(0)6 % =C, for every n > 0.

§—0+t
Proof. First, z:(0) is a positive solution: the numerator of (8) is a sum of nonnegative terms, at
least one of them positive. Likewise C), > 0 by induction, since A, (e) is nonempty and every
term on the right of (16) is a positive coefficient times a positive number.

The limit is proved by induction on n; for n < k, x,(6)6~° = 1. Suppose it holds at

n,n+1,...,n+k—1, and write M = m,,(e). Multiplying (8) at n by 6= gives

Ty gk (0) 6tk - (8) 67" = o6 M + ZCJ' Ty (8) 5 Cnts . §enti—M,
jes

because e, + e, = M. Consider the terms on the right one at a time. For j € S the
exponent e,;; — M is a nonnegative integer, which is 0 exactly when j € A,; so the term
tends to ¢;C,4; if j € A, and to 0 otherwise. If § = 1, then M < 0, and co0~M tends to cg
if M = 0, that is if 0 € A,,, and to 0 otherwise; if # = 0 the term is absent. The right-hand
side therefore tends to the right-hand side of (16), and dividing by x,(6)0~* — C,, > 0 gives
Tpik(0)0n+k — Cpyg. O
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Theorem 3.3 (periodicity of the degeneration). Suppose the equation (8) is globally p-periodic.
Then every integer solution e of the min-plus recursion (15) satisfies enip = ey for all n > 0;
equivalently, T? = id on ZF. Moreover the leading coefficients of Theorem 3.2 satisfy Cryp =Ch
for all n > 0.

Proof. Let z(0) and C), be as in Theorem 3.2. By periodicity ,4,(0) = x,(5) for every 6 > 0,
SO

6en+p*€n — xn(é) 6:€n N Cn (5 N OJr)
Tnip(6) 07 +» Chyp
The limit is positive and finite, whereas §* tends to 0 for an integer a > 0 and to infinity for
a < 0. Hence e, = e,, and then the left-hand side is 1, so Cy4p, = C,,. O

The first part of Theorem 3.3 is a condition on (.5, 6) alone; the leading coefficients retain
a little information about the c¢;, which is what is needed at orders 2 and 3. Positivity of the
coefficients is essential to both theorems: the terms attaining the minimum cannot cancel. For
the full support, Csoérnyei and Laczkovich [2001, Lemma 8| pass to the same piecewise-linear
recursion (with max in place of min), taking initial data of the form z% with exponents ¢; that
are linearly independent over Q. At orders 2 and 3 the recursion for the leading coefficients is
the device of Csornyei and Laczkovich [2001, Lemma 5], and Theorem 3.2 is its general form.

3.2 Tangent solutions

To use Theorem 3.3 one needs an integer solution of (15) that is not p-periodic. Searching for
such orbits directly is awkward, because a non-periodic orbit has to be followed for ever. It
is much easier to start from a periodic orbit and look at how nearby orbits move. Since T is
piecewise linear, nearby orbits are governed by a second recursion of the same kind, read only
from the slots that attain the minimum.

Definition 3.4. Let e be an integer solution of (15), with attaining sets A, = Ap,(e). An
integer sequence (dy,)n>0 is a tangent solution along e if

dpyr + dp = m1'14n vn(d, j) for all n > 0. (17)
JEAnR

The right-hand side of (17) is the one-sided derivative of the minimum: for small 7 > 0,
mp(e+7d) = mp(e)+7minjea, va(d, j), because slots outside A,, are beaten by a fixed margin.
The following lemma, the heart of the method, is the integer version of this observation.

Lemma 3.5 (two-scale pinning). Let e be an integer solution of (15) and d a tangent solution
along e. Let N > 0, let D > 0 be an integer with |d,| < D for alln < N, and let kK > 2D be
an integer. Let g be the integer solution of (15) with initial window g; = ke; +d; (0 <1i < k).
Then

Gn = Ken + dy, for all 0 <n < N.

Proof. By induction on n; the case n < k is the definition of g. Let & < n < N and write
n = m+ k, so that the claim holds at m,m+1,...,m+k — 1, all of which are smaller than N.
Then for every slot j € Sy,
Um(gaj) = /{Um(evj) + Um(daj)a

and |vp,(d, j)| < D (the constant slot reads 0 for every sequence). Put M = m,,(e). For
j € Ay, the value is kKM + v,,(d, j) < kM + D. For j ¢ A,, the integer vy, (e, j) exceeds M, so
vm(e,j) > M + 1, and the value is at least kM + k — D > kM + D. Hence the minimum over
Sy is attained inside A,,, and

M (g) = kM + Iéljln Um(d, j) = K (emtk + em) + (dmsk + dim),
J m

by (15) for e and (17) for d. Since gmir = Mmm(9) — gm and gn = Ken + dip, this gives
Jn = Ken + dy. O

12



Theorem 3.6 (tangent solutions). Let T' be the min-plus map for (S,0).

(i) If TP = id on ZF, then every integer tangent solution d along every integer solution e of
15) satisfies dp1p = dy, for all n > 0; in particular it is bounded.
+p

(i) Consequently, if some integer solution of (15) carries an unbounded integer tangent solu-
tion, then no power of T is the identity on ZF, and no equation (8) with support S and
this 0 s globally periodic, for any choice of positive coefficients and any period.

Proof. (i) Fix ng > 0. Take N = ng + p + 1, an integer D > 0 bounding |d,| for n < N,
and kK = 2D 4+ 1. By Lemma 3.5 the integer solution g with initial window xe; + d; satisfies
gn = ken +d, for n < N. As TP =id, both e and g are p-periodic, so

dngtp = Gnot+p — KEng+p = Gng — K€ng = dny-

A p-periodic sequence is bounded.
(ii) By (i) no power of T' is the identity. If an equation with support S and this 6 were
globally p-periodic, Theorem 3.3 would give TP = id on Z*. O

Definition 3.7. A tangent solution d is a ray if there are an integer ¢ > 1 and a ¢-periodic
integer sequence u, not identically zero, such that d,,4, = d,, + u,, for all n > 0.

A ray grows linearly, since dijtmq = d; + mu,; for all ¢,m > 0, and in particular it is
unbounded. The certificates below produce rays, as do the o-bump of Definition 3.11 (with
q = 2k), the tangent solution for the full support (Section 5, with ¢ = 8k) and the tangent
solutions at odd order (Remark 6.6).

3.3 Certificates

Theorem 3.6 becomes a finite check when e is periodic and the tangent solution grows linearly.
To make the tangent recursion linear one designates, at each step, one attaining slot w; € Ay
and runs

fevr + fr = ve(f,wy), (18)

which is a linear recursion: f is determined by its initial window and the word (w;), and sums
and integer multiples of solutions are solutions. A solution of (18) is a tangent solution provided
wy also minimises vy(f, ) over A; at every step. The point of the following definition is that this
margin condition need only be checked over one period, on two vectors.

Definition 3.8. A tangent certificate for (k,S,0) consists of a period ¢ > 1, three integer
windows E,V,W € ZF with W # 0, and a word (wy, ..., w,_1) of slots in Sp. Let e be the
solution of (15) with initial window E, and let d and u be the solutions of (18) for 0 <t < ¢
with initial windows V and W. The certificate is valid if

1. for every 0 <t < q: wy € Ai(e), and v(d, wr) < ve(d, j) and ve(u, wr) < ve(u, j) for every
j e At(e);

2. the windows return:
(etb"'?eq-‘rk—l) =FE, (dqw-'»dq-l—k—l) =V+W, (uqa--'auq+k—1) =W.

Checking validity means running q steps of three explicit integer recursions, which can be
done by hand for small q.

Proposition 3.9. If (k, S,0) has a valid tangent certificate, then no equation (8) with support
S and this 0 is globally periodic, for any choice of positive coefficients.
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Proof. Extend the word g-periodically, wy = W mod ¢, and extend d and u to all t > 0 by (18).
Since e is determined by its window and (eq,...,eq15—1) = E, e is g-periodic, and so are the
attaining sets: A;4, = A;. The shifted sequence (u;44); solves (18) (the word is g-periodic)
with initial window W, so w44 = w; for all t. Likewise (d¢y4): and (d¢ + u¢): both solve (18)
with initial window V + W, so di44 = d; + us. By induction,

dt+mq = dt + mug (t,m > 0)

Now let n = t + mq with 0 < t < ¢q. Then A, = Ay, w, = w;, and for every slot 7,
vn(d,j) = ve(d, j) + mve(u, j) (both sides are 0 for the constant slot). Multiplying the margin
for u at time t by m > 0 and adding the margin for d gives v, (d, wy,) < v,(d, j) for every j € A,,.
Together with w,, € A,, and (18) this says that d satisfies (17): it is a tangent solution along e.

Finally, W # 0, so u; # 0 for some ¢ < k, and djymq = d; + mu; is unbounded in m.
Theorem 3.6 completes the proof. O

In this paper certificates are needed only once, for the support {1,3,5} at order 6, which
carries no o-bump (see Section 8). A single certificate serves both values of 6.

Proposition 3.10. Let k = 6 and S = {1,3,5}. For both § = 0 and 0 = 1, a valid tangent
certificate is given by q¢ = 15,

E=(-1,0,-1,0,0,-1), V =(-1,-1,0,0,0,1), W =(0,—1,-1,0,—1,1),

and
(we)iy =5,1,5,1,3,5,1,5,5,3,5,1,5, 1, 3.

Consequently no equation (8) of order 6 with support {1,3,5} is globally periodic, for either 0
and any positive coefficients.

The orbit e is periodic with period 5, repeating —1,0,—1,0,0, so it returns to F after 15
steps.

Proof. The consequence follows from Proposition 3.9, so only validity needs checking. The run
is listed in Table 2. Each row t gives the first entries e, d;, u; of the three windows at time ¢,
the minimum m¢(e) over the taps, the taps j € S attaining it and the designated slot w;. For
0 = 0 one checks, row by row, the recursions for e, d and u and the margins of Definition 3.8
over the listed taps, and that the windows at time 15 are B, V + W = (—1,-2,-1,0,—1,2)
and W.

Now let § = 1. Every minimum m(e) in the table is at most 0, so adding the constant slot,
which reads 0, does not change the orbit e, and it changes the attaining set only at t = 3,8, 13,
where m;(e) = 0 and slot 0 joins the attaining set. At these three times the designated tap
reads (ditw,, Ut+w,) = (0,—1), (—=2,—1) and (—3, —2) respectively, all at most the value 0 read
by the constant slot, so the margins still hold. The rest of the check is unchanged. O

3.4 Carriers and the o-bump

Certificates have to be found one support at a time. For most supports a single explicit con-
struction does the job instead, and it reduces the dynamics to a combinatorial condition on
residues: the periodic orbit takes only the values —1 and 0, arranged anti-periodically with
period 2k, and the unbounded tangent solution is supported on two residues modulo k.

Definition 3.11. Let k> 2 and S C {1,...,k—1}.
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t N di  u;y my attaining taps wy
0o -1 -1 0 -1 {5} 5
1 0o -1 -1 -1 {1} 1
2 -1 0 -1 -1 {3,5} 5
3 0 0 0 0 {1,3,5}* 1
4 0 0 -1 -1 {1,3} 3
5 -1 1 1 -1 {5} 5
6 0 2 1 -1 {1} 1
7T -1 1 0 -1 {3,5} 5
8 0 1 1 0 {1,3,5}* 5
9 0 0o -1 -1 {1,3} 3
10 -1 1 1 -1 {5} 5
11 0 0 0 -1 {1} 1
2 -1 -1 -1 -1 {3,5} 5
13 0o -2 -1 0 {1,3,5}* 1
14 0o -3 -2 -1 {1,3} 3

Table 2: The certificate of Proposition 3.10 for £ = 6, S = {1,3,5} (¢ = 15). Times
15,...,20 carry the windows e = (-1,0,—-1,0,0,—1), d = (-1,—-2,-1,0,—1,2) and u =
(0,—1,-1,0,—1,1). At the starred rows m; = 0, and when § = 1 the constant slot also
attains the minimum.

1. A set P C Z/2k is anti-periodic if n +k € P <= n ¢ P for every n. It is determined
by @=PnN{0,....k—1}: for0<i<k, i€ Piffie @,and k+i€ Piff i ¢ Q. For an
integer n > 0, “n € P” means that the residue of n modulo 2k lies in P. An anti-periodic
set P, or the set @ that codes it, is also called a carrier.

2. The orbit of P is the sequence E, = —1 if n € P and E,, = 0 otherwise.
3. Let 0 € S. The pair (o, P) is a o-bump for S if P is anti-periodic and

(B1) PN ({0}uS) ={o};

(B2) for every 0 < i < k there are j,j' € S with i +j € P and i + j' ¢ P (membership of
P refers to residues modulo 2k), such that neither i + j nor i 4+ j' is congruent to 0
or to o modulo k.

When such a pair exists, S is said to carry a o-bump. The two taps j and j’ in (B2) are
necessarily distinct, since one of the positions i+ j, 7+ ' lies in P and the other does not;
this is used, at ¢ = 1, in the proof of Lemma 3.13.

4. The bump with parameter o is the integer sequence defined, for n = ¢k + ¢ with £ > 0 and

0<i<k, by
—/ ¢ even 2 ¢ even
d — ) b d o — b ) 19
o {H 1, £ odd, tht {—2, ¢ odd, (19)

and dgp,; =0 for i #0,0.

The orbit of a carrier is a solution of the min-plus recursion as soon as every window of taps
meets the carrier, and then the constant slot plays no role.

Lemma 3.12. Let P C Z/2k be anti-periodic, and suppose that for everyn > 0 some j € S has
n+j € P. Then the orbit E of P is a solution of the min-plus recursion (15) for both values
of 0, with m,(E) = —1 and

An(E)={jeS: n+jeP} for every n > 0.

In particular the constant slot never attains the minimum, and the tangent recursion (17) along
E is the same for 8 =0 and § = 1.
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Proof. Since E takes only the values —1 and 0, and some tap reads —1, it follows that m, (E) =
—1 for every n, whether or not the constant slot (which reads 0) is present, and that the
attaining sets are as stated. By anti-periodicity exactly one of n and n + k lies in P, so
Ep i+ E,=—-1=my,(F). O

Conditions (B1) and (B2) are constraints on the k bits of @), and checking them involves
no dynamics at all. Their meaning is as follows. (B1) says that at the start of each block of
length k& the orbit E attains its minimum at the single tap o (in even blocks) or at every tap
except o (in odd blocks). (B2) says that inside a block, whichever parity of block one is in,
some attaining tap reads a position where the bump vanishes.

Lemma 3.13. Let (o, P) be a o-bump for S. Then for everyn >0 some j € S hasn+j € P,
so the orbit E of P is a solution of the min-plus recursion as in Lemma 3.12. The bump d of
(19) is a tangent solution along E, for both values of 0, and domr = —2m for every m > 0.

Proof. First, every window meets P. Write n = ¢k + ¢ with 0 < ¢ < k. Shifting by an even
multiple of k preserves membership of P, and shifting by an odd multiple reverses it. If ¢ =0
and / is even, n+ o € P by (B1). If i = 0 and ¢ is odd, take j € S\ {o}, which exists because
the two taps provided by (B2) at i = 1 are distinct; by (B1) j ¢ P,son+j€ P. If 0 <i <k,
(B2) gives j with i+ j € P and j' with i+ j ¢ P,son+j € P when £ is even and n+ j' € P
when / is odd.

Next, the left-hand side of (17). For n = ¢k + i a direct check from (19) gives

2, =0 and { even,

dpak +dn =
E {0, otherwise.

Indeed, at i = 0 the sum is d(pq1), +dop = (€ +2) —€=2for Leven and —({+ 1)+ (£ +1) =0
for fodd;at i =0 it is —2+2 =0 or 2 — 2 = 0; and elsewhere both terms vanish.

Then, the negative entries of d lie off P. They are dy. with £ > 2 even, at positions = 0
(mod 2k), and dyi+, with £ odd, at positions = k+ o (mod 2k). By (B1),0¢ P and o € P, so
k + o ¢ P by anti-periodicity. Hence

dp, >0 whenever n € P. (20)

Now compute the right-hand side of (17), using the attaining sets A,, = {j € S:n+j € P}
of Lemma 3.12; the constant slot never attains, so the computation is the same for both 4. Let
n =0k +1i.

e i=20,¢even. Thenn+j € Piff j € P, so A, = {0} by (Bl), and the minimum is

dppto = 2.
e i=0,fodd. Thenn+je Piff j ¢ P,so A, =5\ {o} by (B1). This set is nonempty,
and every read is dy; with j # 0, 0, which is 0.

e 0 <i< k. Everyje A, reads d,+; > 0 by (20). On the other hand (B2) gives a tap
j € A, withi+j # 0,0 (mod k) (the tap j of (B2) if £ is even, the tap j' if £ is odd),
and for it d,,1; = 0 because n+ j =i+ j (mod k). So the minimum is 0.

In every case the right-hand side equals the left-hand side. Finally do,,x = —2m by (19). O

Theorem 3.14. If S C {1,...,k — 1} carries a o-bump for some o € S, then no equation (8)
with support S is globally periodic, for either value of 6 and for any choice of positive coefficients.

Proof. By Lemma 3.13 the orbit E of P is an integer solution of (15), and the bump d is an
integer tangent solution along it; both statements hold for § = 0 and 6§ = 1. Since do,,,;x. = —2m,
d is unbounded, and Theorem 3.6 applies. O

The full support never carries a o-bump; it is treated in Section 5.
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3.5 Reading a carrier

Conditions (B1) and (B2) are checked many times in Sections 7 and 8, so I fix a vocabulary
for them. Let S C {1,...,k — 1}, and fix ¢ € S and an anti-periodic set P, coded by @ =
Pn{0,...,k—1},sothat for 0 <y < k

yeP < yeq, y+keP — y¢Q. (21)

Since (B1) forces 0 ¢ @, I shall describe carriers by @ and speak of the pair (o, @), for which
(B1) reads Q NS = {o}. An index is an integer i with 0 < i < k, and, as before, a tap is an
element j € S. At the index 7 the tap j reads the position p = i+ j, an integer with 0 < p < 2k,
whose residue is y = p mod k. The tap is deleted at i if y = 0 or y = o, and otherwise it
survives; a surviving tap reads 1 if p € P and reads 0 if not. So (B2) says that at every index
some surviving tap reads 1 and some surviving tap reads 0, and when this holds at a particular
index ¢ I shall say that the clause at i holds. The tap, and the position it reads, are unwrapped
if p < k, so that y = p, and wrapped if p > k, so that y = p — k; the tap with p = k is deleted.
By (21), a surviving tap reads

1[y € Q] if it is unwrapped, 1[y ¢ Q] if it is wrapped. (22)

A position p, or a residue y with 0 < y < k, is a pin if its residue lies in S, and free if its
residue lies outside S U {0}. A pin read by a surviving tap has its residue in S \ {o}, outside
@, and (22) gives

an unwrapped pin reads 0, a wrapped pin reads 1. (23)

The reads of pins are therefore fixed by S and o alone, and choosing a carrier amounts to
choosing which free residues to put in Q.

As an example, take k¥ = 6, S = {1,2,4,5}, 0 = 1 and Q = {1,3}, so that P =
{1,3,6,8,10,11} modulo 12. Then @ N ({0} U S) = {1}, which is (B1). The only free residue
is 3, and the carrier puts it in Q. The following table names, at each index, one surviving tap
reading each value, with the position it reads; a star marks a wrapped tap.

indexi | 1 2 3 4 5
tap readingl1 | 2—-+3 1—-3 5—8" 4—-8 5—10*
tap reading0 | 1 -2 2—-4 1—-4 1—-5 4—09*

The unwrapped reads of 1 are of the free residue 3 € @), and the wrapped ones are pins; the
reads of 0 are unwrapped pins, except at ¢ = 5, where the wrapped tap 4 has residue 3 € Q). So
(B2) holds, and (1, Q) is a o-bump; Figure 1 shows the orbit and the bump in space and time.

Consequently, by Theorem 3.14, no equation x, 46T, = co+C1Zn+1+C2Tnt2+C4Tn1a+C5Tn15
with positive ¢y, c2, ¢4, ¢5 is globally periodic.

3.6 The mirror

Let S C {1,...,k—1} be palindromic. If Q) satisfies (B1) for o, its reflection Q" = k — Q satisfies
(B1) for k — o, and the reflection turns a read of 1 at the index k — i for (k — o, Q') into a read
of 0 at the index i for (o, Q). This halves the work: to check (B2) for (o, @) it is enough to find
a surviving tap reading 1 at every index, both for (o, @) and for (k — o, Q).

Lemma 3.15 (the mirror). Let S be palindromic, o € S, and let Q,Q" C {1,...,k — 1} satisfy
yeQR <= k—yeqQ for0<y<k. If at the index k — i the tap j' survives for (k — o,Q")
and reads v, then at the index i the tap k — j' survives for (o,Q) and reads 1 — v.

17



=0 2
= 2 | -2
=2 -2 2
= 4 | -2
—4 | 2

{= 6 | —2

Figure 1: The o-bump of the example at k = 6, with S = {1,2,4,5}, 0 = 1 and @ = {1, 3}.
Row £ holds the positions n = 6£4i, 0 < ¢ < 6, so time runs left to right and then down. Shaded
cells are the positions in the anti-periodic set P, where the orbit E equals —1; elsewhere £ = 0.
Each row is the complement of the one above, so the pattern repeats every two rows, that is,
with period 2k = 12. The numbers are the nonzero values of the bump d of (19); blank cells
have d,, = 0. In column 1 the bump alternates between 2 and —2, while in column 0 it grows
without bound, dy2,, = —2m. Every negative entry lies in an unshaded cell, as (20) requires.

Proof. Let P and P’ be the anti-periodic sets of @ and Q’. The tap k—j’ lies in S by palindromy.
At 7 it reads the position p = i+k—7j’, and at k—1 the tap 7’ reads the position p’ = k—i+j', so
p+p' = 2k. Hence p = —p' (mod k), and since 0 = —(k—0), the tap k—j' is deleted at i exactly
when 5’ is deleted at k — 4. For the reads, let r = p’ mod k, which is nonzero as j’ survives. If
p=r,thenp=(k—r)+k,soby Q) peP <= k—1¢Q < r¢Q < p ¢P. If
p=r+kthenp=k—randpeP < k—reQ < re@ <= p ¢ P. Either way
the two reads are complementary. O

4 Supports with at most two elements

This section deals with the supports with at most two elements. By Theorem 2.5 a globally
periodic equation of the form (8) has a palindromic support, and by Lemma 2.8 it suffices
to treat primitive supports. A palindromic support with at most two elements is 0, {k/2} or
{j,k — 7} with 1 < j < k/2, since k/2 is the only index paired with itself. Primitivity then
leaves three cases:

e S = (), which is primitive only at & = 1. There the reciprocal form is x, 12, = ¢y with
co > 0, which is of known type, so there is nothing to prove.

e S = {k/2}, which is primitive only at k = 2: the support S = {1} of order two (Theo-
rem 4.1).

o S={j,k—j} with ged(j,k) = 1. The case k = 3j forces j = 1, and is the support {1, 2}
of order three (Theorem 4.2); every other case is settled by Theorem 4.3.

At orders two and three with ¢y > 0 neither the linearisation nor the min-plus recursion can
decide the question: at order two the characteristic polynomial A2 — e; A + 1 has roots of unity
whenever €; = 2cos(2mq/p) for integers ¢ and p > 1, and with § = 1 the min-plus recursion
is itself periodic, with period 5 at order two and 8 at order three [Csornyei and Laczkovich,
2001, Theorem 9]. What decides it is the second half of Theorem 3.3: once round a cycle of the
min-plus recursion the leading coefficients are multiplied by a fixed factor, which must be 1.
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4.1 Order two
At k =2 with S = {1} the equation (8) reads
Tp42Tn = Co + C1Tn41, c1 >0, ¢ >0. (24)

The substitution x, = c¢1y, turns it into

Yn+2Yn = ¢+ Yn+t1, o = z(% >0, (25)
and it preserves positivity and periodicity of solutions. For a = 1 this is the Lyness equation
[Lyness, 1942], of period 5; for @ = 0 it has period 6. The following theorem is known: Kocié¢
et al. [1993] showed that the periods 5 and 6 occur only for & = 1 and o = 0, and the theorem
itself was proved by Barbeau et al. [1995] on the whole real plane, by Csérnyei and Laczkovich
[2001] with complex coefficients, and by Cima et al. [2004, Theorem 3.1]. I sketch the proof,
which is essentially that of Csérnyei and Laczkovich [2001, Lemma 5] and of a remark of Barbeau
et al. [1995, Section 3|, because it is the model for order three, where the details are given. The
formalisation (Appendix C) contains a complete proof along the lines of the sketch.

Theorem 4.1 (order two). If (24) is globally periodic, then co = 0 or co = c3.

Sketch of proof. Let ¢g > 0, so that a > 0 and 6§ = 1. The min-plus recursion e, o + €, =
min(0, e,,+1) started from (eg,e1) = (1,0) runs through the 5-cycle 1,0,—1,—1,0. Following
the leading coefficients (16) of Theorem 3.2 once round this cycle, with ¢; = 1 and constant
term «, multiplies Cs¢41 by a: the first two steps give Css14 = 1/Css41, and at n = 5s + 4 the
constant slot alone attains the minimum, so Css16 = a/Cs544 = @ Cs541. Hence Css41 = .
By Theorem 3.3 the period p is a multiple of 5, and C},11 = Cy gives oP/> =1, thatisa=1. O

4.2 Order three

At k = 3 with S = {1,2}, Theorem 2.5 gives ¢; = ¢ for a globally periodic equation, so the
equation is
Tpt3Tn = o + C1(Tpt1 + Tniy2), c1 >0, ¢ >0. (26)

The substitution x, = c1y, turns it into
Yn+3Yn = O+ Ypt1 + Yn+2, o= > 0. (27)

For a = 1 this is the period-8 equation of (2). The following theorem is also known. With
complex coefficients it follows from Theorems 1 and 4 of Csérnyei and Laczkovich [2001], and
with nonnegative coefficients it is the case m = 1 of Cima et al. [2004, Theorem 4.1]; Koci¢ et al.
[1993] had shown that the period 8 occurs exactly when ¢y = ¢2. For ¢y > 0 the proof below is
that of Csornyei and Laczkovich [2001, Lemma 5(ii)], written in the language of Theorem 3.2.

Theorem 4.2 (order three). If 431, = co + c1Tpt1 + C2Tpy2, with c1,co > 0 and ¢y > 0, is
globally periodic, then ¢y = ca and ¢y = c%. In particular co > 0.

Proof. Suppose the equation is globally p-periodic with p > 1. By Theorem 2.5, ¢; = c¢o, so it
has the form (26). The two values of # are handled separately.

First suppose ¢p > 0, so that (27) is globally p-periodic with o > 0. The argument follows
the sketch for order two. The min-plus recursion is e,4+3 + e, = min(0, €,41, €,+2), and the
solution with initial window (eg, e1,e2) = (1,0, —1) is 8-periodic, with

nmod8[ 0 1 2 3 4 5 6 7T
en 1 0 -1 -2 -2 -1 0 1 .
An o [{20 {20 (L2 {1} {1} {0,1} {0} {0,2}
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The period is exactly 8, so Theorem 3.3 gives p = 8r with r > 1. If Cgs = £, Css+1 = 1 and
Css12 = (, the eight steps n = 8s,...,8s+ 7 of (16) give in turn

+1 1 +1
Cgst3 = g, Cgota = ;;7, Cgst5 = %, Cgst6 = p Cysy7 = UT,
aon+1
Cgsts = 5(77711)7 Cgsrg = an, Cgsy10 = (.

For example, at n = 8s 4+ 2 both taps attain, so Cgs4+5Css+2 = Csst3 + Cgstq. Since C = 1,
induction gives Cgs41 = a®, and Theorem 3.3 gives o = C,11 = C1 = 1. Hence a = 1, that is
co = C%.

Now suppose ¢y = 0, so the equation is &, 132, = ¢1(Tpt+1 + Tnt2). Its positive equilibrium
is 2* = 2¢1, S0 €1 = € = 1 in (11), and the characteristic polynomial of Theorem 2.4 is

) = X = 3N = A L= (A D2 - A+ 1),

By Theorem 2.4 every root of x is a p-th root of unity. Let A be a root of the quadratic factor.
Its discriminant is negative, so its two roots are A and A, and A\ = 1; hence A + A\~! = % But

A is a root of unity, hence an algebraic integer, and so is A™!; so % would be a rational algebraic
integer, that is, an integer. This contradiction shows that ¢y = 0 is impossible. O

4.3 Two-term supports
The remaining small supports are the two-term supports {j,k — j} at every order.

Theorem 4.3 (two-term supports). Let 1 < j, 25 < k, ged(j,k) = 1 and k # 3j, and let
S ={j,k—j}. Then no equation (8) with support S is globally periodic, for either value of 6.

Note that ged(S U {k}) = ged(j, k), so the hypothesis ged(j, k) = 1 is exactly primitivity
of S; and for primitive S the condition k # 3j only excludes (k,j) = (3,1), the order-three
support of Theorem 4.2.

Throughout this subsection, for ¢ € C I write

xe(A) = A1 —t (W + N, (28)

which is the characteristic polynomial of Theorem 2.4 for the support {j, k—j} with ¢; = ,_; =
t. Let m,...,m be its roots, listed with multiplicity, and let s, = Zle n; be their power sums.

The first step is to compute a few power sums. Because x; has only four terms, Newton’s
identities collapse to a short recursion.

Lemma 4.4 (power sums). Let 1 < j and 2j < k. Then
1. for1<r<k—j, s, =jt"7 if j|r, and s, = 0 otherwise;
2. sp—j=(k—j)t+tsg_aj;
3. sp=1t(sp—j +s5)— k.

Proof. Write x¢(\) = AF+a; \¥*~14- - .+ay. Since 1 < j < k—j < k, the only nonzero coefficients
are aj = ay—; = —t and ay = 1. Newton’s identities s, + a1s,-1 + -+ a,_151 +ra, = 0, for
1 < r <k, therefore read

sp=ts [ <rlH+ts_gjylk—j<rl+rtir=jl+rtir=Fk—j —k[r=Ek,

where [-] is 1 if the condition holds and 0 otherwise. For r < k— j only the first and third terms
can be present, so s, =ts,_; for j <r <k —j, s; = jt and s, = 0 for r < j; part 1 follows by
induction on r. Parts 2 and 3 are the cases r = k — j and r = k, using k — (k — j) = j. O
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The power sums replace a delicate analysis of where the roots of x; leave the unit circle: if
every |n;| = 1 then |s,| < k for every r, and for a suitable r the power sum s, is an explicit
function of ¢ that grows too fast.

Lemma 4.5 (interval bound). Let 1 < j, 2j < k, ged(j, k) =1 and k # 37, and let t € C. If
every root of x¢ has modulus 1, then t is real, |t| < 2 and t < /2.

Proof. First, t is real. The polynomial x; is self-reciprocal, A¥x;(1/A) = x¢()\), and x;(0) = 1,

e =M1/ = [[a=nd) =[] [[TO -0 =T](x =),

1 7 7 (]
since [[;(—n:) = x¢(0) = 1. So the inverses 1; ! are the roots of x; again, with multiplicity. As
Ini| =1, 17;1 = 7);, and therefore s; =, n;j =
real.

Second, |s.| < >, |ni|" = k for every r. Suppose j > 2. Then 0 < k —2j < k — j, and
J 1 k—2j, since otherwise j | k and j = ged(j, k) = 1. By Lemma 4.4, s,_9; = 0, sp—; = (k—j)t,
sj = jt and

> ﬁij = 5;. By Lemma 4.4, s; = jt,sot =1 is

sk=t((k—j)t+jt) —k =kt —1).

So k[t? — 1| < k, whence t? < 2, and [t| < v/2.

Suppose instead j = 1. Then & > 2 and k # 3, so k > 4, and Lemma 4.4 gives s;_o
and sp_1 = (k — 1)t +tsp_o = (k — 1)t +t*71. From the first, [t|*2 < k < 282 (as k > 4),
so [t|] < 2. From the second, if ¢ > 1 then s;_y > (kK — 1) + 1 = k, which is impossible; so
t<1<+2. O

— k2

The last ingredient is Kronecker’s theorem [Kronecker, 1857]: if L is a number field and
¢ € L is a nonzero algebraic integer with |p(¢)| < 1 for every field embedding ¢ : L — C, then
¢ is a root of unity; for a modern account see Bombieri and Gubler [2006, Theorem 1.5.9].

Proof of Theorem /.3. Suppose that an equation (8) with support S = {j,k — j} is globally
p-periodic. By Theorem 2.5, ¢; = ¢p—j, 50 €j = €;_; =: €, and (11) gives 2¢ = €; + €4—; < 1.
Thus

0<e<L %,

and by Theorem 2.4 every root n; of x¢ is a p-th root of unity. The idea of the proof is that
€ = ¢+ ¢! for a root of unity (. The bound 0 < e < % forces ¢ to have order at least 9, and
then some conjugate of € is larger than v/2, which Lemma 4.5 forbids.

Step 1: € is C + (L for a root of unity ¢. The coefficient of \¥~7 in y, = I[L=m) is —e,
and it is also (—1)7 times the j-th elementary symmetric function of 71, ..., n;. Roots of unity
are algebraic integers, so € is an algebraic integer. Let ¢ be a root of 22 — ez + 1; then ( is an
algebraic integer (a root of a monic polynomial whose coefficients are algebraic integers), ¢ # 0,
and e = ( + ¢t Let L = Q(¢,m1,...,Mk), a number field containing e. Let ¢ : L — C be an
embedding. Applying ¢ to the coefficients of x. = [[;(A — m:) gives x, () = [[;(A — »(m:)), and
each o(n;) is again a p-th root of unity, so of modulus 1. By Lemma 4.5, r = ¢(€) is real with
7| < 2. Now ©(C) is a root of 22 — rz + 1, a real quadratic with discriminant r? — 4 < 0; its
two roots are therefore complex conjugates (or equal to +1) with product 1, so |¢(¢)| = 1. By
Kronecker’s theorem, ( is a root of unity.

Step 2: the order of C. Let ng be the order of ¢. Since |¢| =1, (7! = (, s0 € = 2 cos(2nb/ng)
for some integer b coprime to ng, and I may take 0 < b < ny/2. Since cos is decreasing on [0, 7],
with cos(57/12) = (V6 — v/2)/4 > % and cos(m/2) = 0, the condition 0 < e < 3 forces

5 _b _1
24 no 47
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that is, bng < 24b < 6ng. If ng < 8 then 24b < 48, so b = 1 (as b = 0 is excluded), and
5ng < 24 < 6ng has no integer solution. Hence ng > 9.

Step 3: a large conjugate. The cyclotomic polynomial ®,,, is irreducible over Q, so it is the
minimal polynomial of ¢, and €2™/™0 is another of its roots. There is therefore a field embedding
of Q(¢) into C sending ¢ to e2m/m0 and since ¢ € L it extends to an embedding ¢ : L — C.
Then

p(e) = 9(Q) + ()7 = /"0 4 7/ = 2 cos(2m/ny),

and, as in Step 1, Lemma 4.5 gives 2 cos(27/ng) < v/2. But ng > 9 gives 0 < 27/ng < /4, so
2 cos(2m/ng) > 2cos(w/4) = +/2. This contradiction proves the theorem. O

5 The full support

The full support S = {1,...,k — 1} never carries a o-bump. Indeed, (B1) forces Q = {o}, and
then at ¢ = k — 1 every position i+ j with j € S lies in {k,...,2k — 2}, where the only position
that can lie outside P is k + o, which (B2) excludes. So the full support has to be treated
on its own. It is also the classical case: the full-support recursion, in which every term of the
window appears in the numerator, was settled, even for complex coefficients, by Csornyei and
Laczkovich [2001]. They also passed to its piecewise-linear shadow and showed, by exhibiting
a non-periodic real solution at every order other than these, that it is periodic only at order
2 and, with ¢g > 0, at order 3 (their Theorems 9-11). The periods of the shadow at order 4
with ¢g > 0 are determined by Linero Bas and Nieves Roldan [2021], and, with ¢y > 0, every
solution with monotone initial data has period 3k — 1 [Golomb and Callan, 1992]. The carrier
Q = {1} satisfies (B1) with o = 1 but fails (B2), so the bump is not a tangent solution along
it; but every window of the full support meets this carrier, so Lemma 3.12 applies, and here I
give a different unbounded tangent solution along its orbit, written down in closed form and
checked by hand.

Theorem 5.1. Let k > 4. No equation (8) with full support S = {1,...,k — 1} is globally
periodic, for either value of @ and for any choice of positive coefficients.

The bound k > 4 is sharp: at kK = 2 and k& = 3 the full supports {1} and {1,2} carry the
period-6, Lyness and period-8 equations of (2).
5.1 The carrier

Throughout this section £k > 4 and S = {1,...,k — 1}. Let P C Z/2k be the anti-periodic set
coded by @ = {1} (Definition 3.11), that is

P={1,k}U{k+2,k+3,...,2k—1},

and let E be its orbit. Write every n > 0 asn =/fk+1¢ with £ > 0 and 0 <17 < k, and call £ the
block and i the column of n.

Lemma 5.2. The orbit E is a solution of the min-plus recursion for both values of 0, with
my(E) = —1, and its attaining sets are

{1}, { even, i =0,
Apoii(E) = {k—ifu{k+2—i,....k—1}, l even, i > 1,
et a {277k_1}7 f Odd, ’LZO,

{1,....k=1-dU({k+1-i}NnS), ¢ odd, i>1.
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r Qr br Cr Zr ar + Ar41 br + br—i—l Cr + Cry1 Zr + Zr41
(i=0) (i=1) 2<i<k-2) (i=k—1)
0 -1 0 -m 0 1 1 1
1 1 1 m+1 1 1 1 0 0
2 0 0 -m—1 -1 0 0 0 0
3 0 0 m—+1 1 1 1 1 1
4 1 1 -m 0 1 0 0 0
5 0 -1 m 0 0 0 0 1
6 0 1 —m 1 1 1 1 1
7 1 0 m+1 0 0 0 0 0

Table 3: The ray of Lemma 5.3. Left: the value of d,, at n = 8km + rk + 7, by column class.
Right: the left-hand side d,,1x + d,, of the tangent recursion, by column class; for » = 7 the next
block is block 0 with m replaced by m + 1.

Proof. Let 1 <j<k—1.If liseven,n+j=i+j (mod 2k), with 1 <i+ j <2k —2. When
i+ 7 < k this lies in P only if i +j = 1, that is ¢ = 0 and j = 1; when ¢ 4+ j > k it lies in P
exactly wheni+j=kori+j>k+2 Iflisodd,n+j=k+i+j (mod 2k). Wheni+j <k
this lies in P exactly when i + j £ 1, which for j > 1 means ¢ > 1 or j > 2; when i + j > k the
residue is i +j — k € {0,...,k — 2}, which lies in P only if i + j = k + 1. This gives the four
sets {j € S :n+j € P} listed, and each of them is nonempty (it contains 1, k — 4, 2, and 1 or
2 respectively). So Lemma 3.12 applies. O

In words, a tap j at n = £k + ¢ reads column ¢ + j of block ¢ if i + j < k, and column
i+ j — k of block ¢ + 1 otherwise. So in an even block the attaining taps read column 1 of the
same block (if @ = 0), or column 0 and columns 2, ...,7 — 1 of the next block (if # > 1). In an
odd block they read columns i+ 1,...,k — 1 of the same block (columns 2,...,k —1if i = 0),
and also column 1 of the next block when ¢ > 2. For example, at £ = 5 the columns read by
the attaining taps are as follows, a prime marking a column of the next block:

column ¢ of n ‘ 0 1 2 3 4
¢ even 1 0’ 0 0,2 0,2,3
¢ odd 2,3,4 2,3,4 3,41 4,1 1/

Here the middle columns are 2 and 3.

5.2 The ray

Write the block as £ = 8m + r with m > 0 and 0 < r < 8, so that n = 8&m + rk + ¢. Define
d, by Table 3: its value depends on r, on m, and on the column only through the four classes
i=0,1=1,2<i<k—2 (the middle columns) and i = k— 1, which are distinct and nonempty
because k > 4. Write a,., b, ¢, and z, for the entries of row r in these four classes. Only the
middle entries depend on m: they are f — m in even blocks and f 4+ m in odd blocks, for a
constant f given by the row. Block 8, which is block 0 of the next group, has ag = ag, bg = bo,
zg = zp and cg = —(m+1). So d is a ray (Definition 3.7) with ¢ = 8k: passing from m to m+ 1
changes only the middle entries, by —1 in even blocks and by +1 in odd ones.

Lemma 5.3. The sequence d of Table 3 is a tangent solution along E, for both values of 0, and
dgkm+2k+2 = —1 —m for every m > 0.

Proof. Let n = £k + ¢ with £ = 8m + r. The left-hand side d,, 1 + d, is the sum of the entries
of rows r and r + 1 in the class of column ¢. In the middle class the terms in m cancel, and the
four sums are the right-hand half of Table 3.

Now the right-hand side, the minimum of d,,; over j € A,(F). Note first that in every odd
row ¢, > a, and ¢, > z., since m > 0. By the description after Lemma 5.2, the middle columns
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are read only from odd blocks, and always alongside a column whose entry is no larger: in an
even block ¢ at i > 3 they are read from block ¢ + 1 together with its column 0, and in an odd
block at i < k — 3 they are read together with column k& — 1 of the same block. So the middle
reads never lower the minimum and can be ignored, and the right-hand side is:

e for r even: b, if i =0, and a,4q if i > 1;
e for r odd: z, if i € {0,1}, min(z,,by41) if 2 <i <k —2,and byy; if i =k — 1.
The tangent recursion (17) therefore reduces to the identities

reven: ap+arp1 =bp,  br b1 =+ Crp1 = 20 + 2rp1 = Qg

rodd:  ar+arp1 =br +bry1=2-, crtCpp1= min(zr, br+1)7 2r + 2p41 = bry1.

These are read off Table 3. For the even rows r = 0,2,4,6 the values (b;;a,41) are (0;1),
(0;0), (1;0) and (1;1), and for the odd rows r = 1,3, 5,7 the values (z,; min(z,, by11); by+1) are
(1;0;0), (1;1;1), (0;0;1) and (0;0;0); each matches the corresponding sums. By Lemma 5.2
the attaining sets, and hence this computation, are the same for both 6.

Finally, column 2 is a middle column because k > 4, so dggmt2kt+2 = c2 = —1 — m. ]

Proof of Theorem 5.1. By Lemma 5.2 the orbit F is an integer solution of the min-plus recur-
sion, and by Lemma 5.3 it carries an unbounded integer tangent solution, for both values of 6.
Theorem 3.6 applies. O

6 Odd orders

At odd order the palindromic supports have a rigid shape, and this section uses it to dispose of
every one of them except the full support.

Theorem 6.1 (odd orders). Let k be odd, and let S C {1,...,k—1} be primitive and palindromic
with |S| >3 and S # {1,...,k — 1}. Then no equation (8) with support S is globally periodic,
whatever its positive coefficients and for either value of 6.

Write k = 2h + 1. Each pair {j,k — j} contains exactly one even number, so a palindromic
support is determined by its even elements; halving them gives a set X C {1,...,h} with

S={2z, k—2z : v€X}. (29)

Two quite different mechanisms are needed, according to whether or not X is a dilated interval,
that is X = u-{1,..., M} for some integers p, M > 1. If X is not a dilated interval (Section 6.4),
an unbounded tangent solution along a fixed periodic orbit, which alternates between low values
at odd positions and high values at even ones, can be written down in closed form; whether
it exists turns on rigidity statements about translates and reflections of X modulo k, which
fail only for dilated intervals. If X is a dilated interval (Section 6.5), the support carries a
o-bump. The first mechanism cannot simply be replaced by the second. At k = 7 there are
exactly two primitive palindromic supports with a non-dilated X, {1,2,5,6} and {1,3,4,6},
and neither carries a o-bump, as one can check by running through the four choices of ¢ and
the 27 anti-periodic sets; this explains the choice of method, but it is not used in the proof
and is not formalised. The tangent solutions along the alternating orbit give a short uniform
argument instead, and the o-bump is used only where rigidity fails, for the dilated intervals.
The alternating orbit has a precedent in the work of Cima et al. [2004]. At odd order a
palindromic equation has a one-parameter family of 2-periodic solutions, equal to ¢ at even
and (st + c)/(t — s) at odd positions, where t > s = 3 ¢ . o ¢ji along it the eigenvalues
of the derivative of the second iterate must be constant roots of unity [Cima et al., 2004,
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Proposition 2.6], which gives polynomial conditions on the coefficients that they solve at k =
5,7,9,11. Taking t — s a fixed multiple of 4% and letting 6 — 0T gives the 2-periodic min-plus
solution equal to 0 at even and —3 at odd positions, and the alternating orbit below changes it at
two positions in each period 2k. The mechanism here is different, however: the tangent recursion
along the alternating orbit depends only on S, so it disposes of every choice of coefficients at
once.

Throughout, &k = 2h+1 is odd, and residues modulo & are identified with their representatives
in {0,...,k—1}; for a residue n and a set X of residues, n+ X and n — X denote the translate
and the reflection of X taken modulo k. The set X always lies in the lower half {1,... A}, and
two elementary facts about such sets are used repeatedly: for xz,y € X,

r+y#0 (mod k), and —z=k—xe€{h+1,...,2h} lies outside X U{0}, (30)

because 2 < z+y < 2h < k. I write 1[-] for the indicator of a statement, equal to 1 if it is true
and 0 otherwise, and 17(y) = 1[y € U] for the indicator function of a set U.

Lemma 6.2 (coordinates). Let S C {1,...,k — 1} be palindromic, and put X = {s/2: s €
S even}. Then X C{1,...,h}, (29) holds, and |S| = 2|X|. In particular|S| > 3 forces | X| > 2,
and then S contains at least two odd elements.

Proof. By palindromy S is the union of pairs {j,k — j}, each consisting of one even element
2x < 2h and one odd element k — 2z, and these 2| X | numbers are distinct. O

6.1 The alternating orbit and the reduced recursion

The periodic orbit used below alternates, low on odd positions and high on even ones, except
for a single raised value at one odd position of each period 2k, compensated a half-period later.
For n > 0 put

—2 nodd, n=1 (mod 2k),

B = -3 nodd, n#1 (mod 2k), (31)
—1 neven, n=k+1 (mod 2k),

0 meven, n#k+1 (mod 2k).
I call E the alternating orbit.

Lemma 6.3 (the alternating orbit). Let S be palindromic with at least two odd elements. Then
FE is a 2k-periodic integer solution of the min-plus recursion with support S, for either value of
0: B,k + En, = —3 for every n, the minimum over the slots at time n is —3, and it is attained
exactly at the taps

Ap,={j€eS : n+jodd n+j#1 (mod2k)}; (32)
the comstant slot, when 0 = 1, never attains.

Proof. As k is odd, n and n + k have opposite parities, and n = 1 exactly when n+ k=k +1
(mod 2k); so the two exceptional values —2 and —1 are always paired, and E, ., + F, = —3
in every case. Every value of E is at least —3, with equality exactly at the odd positions other
than those =1 (mod 2k), and the constant slot is worth 0 > —3. It remains to see that A, is
nonempty. If n is even, A, consists of the odd taps j with n+ j # 1; there are at least two odd
taps and at most one of them has n + j =1 (mod 2k). If n is odd, the same argument applies
to the even taps, of which there are as many as odd ones. ]

The tangent recursion along F is

dp+k + dp = min dp (n>0), (33)
JEAR
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and every tap in A, reads d at an odd position. So the values of d at odd positions should
determine everything, and they do. Write v; = day1, and use the coordinates (29). At the
odd time n = 2t + 1 the attaining taps are the even ones, j = 2z, which read dy(4 )11 = Vit
and are absent when 2(t + ) + 1 =1 (mod 2k), that is when ¢t + 2 = 0 (mod k). At the even
time n = 2t + 1 4+ k they are the odd ones, j = k — 2z, which read v;;_, and are absent when
t—x =0 (mod k). This motivates the two read sets, of the time 2¢t+1 and of the time 2t+1+k
half a period later,

Rit)={t+z : ze€X, t+x#0}, R.(t)y={t+k—2 :zeX, t—x#0}, (34)

with congruences modulo k; these are sets of positive integers. Modulo k, R4 (t) lies in the
translate ¢t + X and R_(¢) in the reflection t — X, which explains the signs. Each is nonempty
when | X| > 2, since at most one x € X can satisfy ¢ £ 2 = 0. Note that no read ever lands on
a multiple of k: the tap that would have done so is exactly the one that is absent. The reduced
recurston is
Vipp — Uy = min v, — min v t>0). 35

+ i vy = min vy (t=0) (35)
Proposition 6.4 (reduction to the odd positions). Let S be palindromic with |S| > 3, with X
as in Lemma 6.2. If the reduced recursion (35) has an unbounded integer solution (vi)i>0, then
no equation (8) with support S is globally periodic, for any positive coefficients and either 6.

Proof. Define d,, for n > 0 by doi+1 = vy at odd positions, and at even positions by

dyp = min dpyj — dpyi (n even);
JEAR

the right-hand side involves only odd positions (n+j for odd j, and n+k), so this is a definition.
Then (33) holds at every even n by construction. At an odd time n = 2t + 1 the position n + k
is even, so by the definition and the description of the attaining taps above,

dntk = min dpygy; —d = min v, —v
. J n+2k Y t+k>
JE€EAn+k yER_(2)

and hence dpyk + dp = ming_ ;) v — Veyp + vy = ming, y v = minjea, dny; by (35). So d is
an integer solution of the tangent recursion along the alternating orbit E of Lemma 6.3, which
applies because | X| > 2; and d is unbounded because v is. The conclusion is Theorem 3.6. [

6.2 Rays

The unbounded solutions of the reduced recursion used below are rays of the reduced recursion:
they satisfy vy = vy + A(t mod k) for a fixed function A on Z/k, not identically zero. Only
residues modulo k£ matter for the read sets (34): the residues of R () and R_(t) are

Ry(r) = (r+ X)\ {0}, R_(r)=(r—X)\ {0}, r =t mod k, (36)

the punctured translate and the punctured reflection of X. For a set U C Z/k, say that r is
reflection-blocked if R_(r) C U, and translate-blocked if R, (r) C U.

Lemma 6.5 (indicator rays). Let | X| > 2 and U C Z/k \ {0}, and define A : Z/k — Z by
A(r) = 1[r reflection-blocked| — 1[r translate-blocked]. (37)

Suppose that 0 is translate-blocked and not reflection-blocked, that no r # 0 is translate-blocked,
and that every reflection-blocked r lies in U. Suppose also the vanishing condition: every blocked
read set, that is R_(r) for r reflection-blocked and R, (r) for r translate-blocked, contains a
residue at which A vanishes. Then

vy = 1y(t mod k) — 1[t = 0] + [t/k] A(t mod k) (t>0)

solves the reduced recursion (35), and vy, = —1 —m, so v is unbounded.
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Proof. The hypotheses say that A(0) = —1, that A > 0 elsewhere, and that A = 0 outside
U U{0}. Clearly vyyr — vy = A(t mod k), and vy, = —1 — m because 0 ¢ U. Now look at the
value of v at a read y, whose residue p = y mod k is never 0, by (34). If p ¢ U then A(p) =0
and vy, = 0. If p € U then vy, = 1+ |y/k]A(p) > 1, with equality when A(p) = 0. Hence the
minimum of v over a read set is 0 if some read lies outside U, and is exactly 1 if all reads lie in
U, that is, if the read set is blocked; in that case the vanishing condition supplies a read with
A(p) = 0. So the right-hand side of (35) is 1[r reflection-blocked | —1[r translate-blocked | with
r =t mod k, which is A(r). O

Remark 6.6 (the tangent solution is a ray). This remark is not used in the proof of Theo-
rem 6.1. For a solution v as in Lemma 6.5, the tangent solution d built from v in the proof
of Proposition 6.4 is a ray in the sense of Definition 3.7, with ¢ = 2k. At odd positions,
doti1+9k = Verk = v+ A(t mod k). At an even position n, write n+ k = 27+ 1; there d,, is the
minimum of v over a read set, less d,,1x = v,. By the proof of Lemma 6.5, that minimum is 0
or 1 and depends only on the residues read, which do not change when n increases by 2k; so
dptor = dp — A(T mod k). Thus dy o = dy, + u, with u 2k-periodic, and u is not identically
zero since A(0) = —1.

The whole difficulty is to choose U so that the blocking hypotheses hold, and for that

one needs to know when a punctured translate or reflection of X can lie inside X or a slight
enlargement of it.

6.3 Rigidity of translates and reflections

Say that X is symmetric about j € Z/k if j — X C X (equivalently j — X = X), and that
W = X U{0} is symmetric about z if z € X and z —x € X for every z € X \ {z} (equivalently
z — W =W). The first three statements below conclude that X is a dilated interval.

Lemma 6.7 (translate rigidity). Let® # X C {1,...,h} and( £ 0 (mod k). If(+X C XU{0}
modulo k, then X is a dilated interval.

Proof. Take 0 < ¢ < k. If ¢ < h, then for xyax = max X the integer pyax + ¢ lies in (zpax, 2h],
so modulo k it is neither 0 nor an element of X; hence ( > h. Put u =k —¢ € {1,...,h}, so
that translation by ¢ is * — z — p modulo k. For x € X with & < u, the residue z — p + k lies
in {h+1,...,2h} and is neither 0 nor in X; so every € X has > pand z — p € X U {0}.
By induction every element of X is a multiple of u, and stepping down from max X = My by
w stays inside X until it reaches 0; so X = - {1,..., M}. O

Lemma 6.8 (translates of a symmetric set). Let § # X C {1,...,h} be symmetric about j,
and let ( Z0. If (+ X C X U{0,7}, then X is a dilated interval.

Proof. The translate can leave X only at 0 and at j. It cannot leave at both: if z1 +( =0
and xo + ¢ = j with 21,29 € X, then y = j — 22 € X and y = ( = —x, against (30). If
it never leaves at j, Lemma 6.7 applies directly. If it leaves only at j, reflect: for y € X put
x=j—y€ X. Eitherx+( € X,and theny—(=j— (z+ () € X; or x + { = j, and then
y—C¢=0. So —¢+ X C X U{0}, and Lemma 6.7 applies to —(. O

Lemma 6.9 (uniqueness of the centre of W). Let ) # X C {1,...,h}. If W = X U {0} is
symmetric about two distinct residues z and z', then X is a dilated interval.

Proof. Put ( = 2/ — 2 £ 0; I check ( + X C X U {0} and apply Lemma 6.7. For z = z,
r+(=2€eX. Forx#z,y=z—xliesin X, and v + ( = 2/ — y; this is 0 if y = 2/, and lies
in X otherwise, by the symmetry of W about z’. O

Finally, reflection blocking against X itself is always a symmetry.
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Lemma 6.10 (reflection blocking). If (r — X) \ {0} C X, then X is symmetric about r or W
18 symmetric about r.

Proof. If r ¢ X then no r — x vanishes, and r — X C X. If r € X then r — z # 0 for every
x € X\ {r}, sor—z € X for all such z, which is the symmetry of W about r. O

6.4 The non-dilated sets

Theorem 6.11 (non-dilated sets). Let S be palindromic with |S| > 3, and suppose that the
set X of Lemma 6.2 is not a dilated interval. Then no equation (8) with support S is globally
periodic, for any positive coefficients and either 6.

Proof. By Proposition 6.4 and Lemma 6.5 it suffices to exhibit U satisfying the hypotheses of
Lemma 6.5. Here |X| > 2 by Lemma 6.2. If X is symmetric about some j, then j # 0, since
—X is disjoint from X by (30), and j ¢ X, since otherwise 0 = j — j € X; take U = X U {j}.
Otherwise take U = X. In both cases 0 is translate-blocked, since Ry (0) = X, and no r # 0 is
translate-blocked: blocking would mean r+ X C U U{0}, and Lemma 6.7 or Lemma 6.8 would
make X a dilated interval. It remains to find the reflection-blocked residues and to check the
vanishing condition.

U = X U{j}. Reflection blocking happens exactly at » = j, which lies in U. Indeed
R (j))=j—X=XCU. Atr=0, R (0) = —X has at least two elements, none in X, so
they cannot all equal j. At r ¢ {0,5}, put ( =r —j # 0; for y € X, the residue z = j — y
lies in X and y + ¢ = r — z, so reflection blocking at r would give ( + X C X U {0, 7}, and
Lemma 6.8 would make X a dilated interval. So A = 151 — 14, and the two blocked read sets
are R_(j) = X and R4 (0) = X, on which A vanishes.

U = X. The residue 0 is not reflection-blocked, since —X is disjoint from X. If r is
reflection-blocked, Lemma 6.10 makes X or W symmetric about r; the first is excluded, so W
is symmetric about r, which puts r in X = U. By Lemma 6.9 there is at most one such r. So
A vanishes on all of X except at most one point, and R, (0) = X, having at least two elements,
contains a zero of A. If z is reflection-blocked, then for x € X with x # 2 theread z—z € R_(2)
is neither 0 nor z, so A(z — ) = 0; such an = exists as |X| > 2, so R_(z) also contains a zero
of A. This is the vanishing condition. O

6.5 Dilated intervals
When X = p-{1,..., M} the support is

S={2ui, k—2pi : 1<i< M}, 2uM < 2h <k, (38)

and the rigidity lemmas of Section 6.3 no longer rule out blocking. These supports carry a
o-bump with o even. Since k is odd, every residue modulo 2k is uniquely of the form 2u or
2u + k with u € Z/k, so an anti-periodic set is the same thing as a function on Z/k, and (B1)
and (B2) become conditions on translates and reflections of X.

For s € Z/k, the translate s + X and the reflection s — X are called the two runs at s.

Lemma 6.12 (carriers on Z/k). Let S be palindromic, with X as in Lemma 6.2, and let xg € X
and o = 2xg. Fory:Z/k — {0,1} let P, be the set of residues modulo 2k of the form 2u with
y(u) =1 or 2u + k with y(u) = 0. Then Py is anti-periodic, every anti-periodic set is P, for
exactly one vy, and (o, Py) is a o-bump for S if and only if

(F1) v(0) =0, v(zo) =1, y(x) =0 for x € X \ {zo}, and y(—x) =1 forx € X;

(F2) for every s € Z/k \ {0}, the values y(u) for u in the run s + X and 1 — ~v(u) for u in the
run s — X, with u ¢ {0,x0}, include both 0 and 1.
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Proof. As k is odd, u — 2u is a bijection from Z/k onto the even residues modulo 2k, and
u +— 2u + k onto the odd ones. Write g(n) = 1[n € P] for a set P of residues modulo 2k.
For P = P,, g(2u) = y(u) and g(2u + k) = 1 — v(u), so P, is anti-periodic. Conversely, if P
is anti-periodic, then with y(u) = g(2u) one gets g(2u + k) = 1 — y(u), so P = P,, and ~ is
determined by P.

(B1). The position 0 = 2 -0 lies in P, iff 4(0) = 1, the even tap 2z lies in P, iff y(z) =1,
and the odd tap k — 2z = 2(—x) + k lies in P, iff y(—x) = 0. So P, N ({0} U S) = {o} says
exactly (F1).

(B2). Let 0 < i < k, and let s € Z/k be the residue with 2s =4 (mod k); then s # 0, and
i — s is a bijection from {1,...,k — 1} onto Z/k \ {0}. By the Chinese remainder theorem
i = 2s (mod 2k) if i is even and i = 2s + k if 7 is odd. So for x € X the tap 2z reads the
position i + 2z = 2(s+z) or 2(s+x) + k, and the tap k —2x reads i + k — 2z =2(s—x) + k or
2(s — ). When i is even the reads are therefore (s + ) and 1 — (s — ), and when i is odd
they are the complements of these. The tap 2x is deleted when i + 2z =0 or i + 2x = 0 = 2z
(mod k), that is when s + 2 = 0 or xg, since 2 is a unit modulo k; likewise the tap k — 2z is
deleted when s —xz = 0 or zg. Complementing every read does not change whether both values
occur, so (B2) at i is (F2) at s. O

A unit modulo k carries the conditions (F1) and (F2) from one set to another. Indeed, let
be a unit modulo k, let X’ = uX and x}, = pxg, and put 7/(u) = y(u"'u). The map u — p~lu
fixes 0, carries x, to zo and X’ to X, and carries the runs s + X’ to the runs p~'s £ X, with
pls # 0 when s # 0. So if v satisfies (F1) and (F2) for (X, ), then 7/ satisfies them for
(X', x5). This reduces the dilated intervals to X = {1,..., M} and zo = 1, where the following

explicit function works.

Theorem 6.13 (the interval carrier). Let k = 2h+1 be odd and M > 2 with 2M + 3 < k, and
represent the residues modulo k by u € [—h, h]. Define v : Z/k — {0,1} by

¥0)=0, ~(1)=1, A(u)=0Q2<u<M), ~(-u)=1(1<u<M),

Yu)=1Nu=M+1 (mod 2)], Y(—u) =1—(u) (M <u<h).
Then v satisfies (F1) and (F2) for X = {1,...,M} and zo = 1.

Proof. Here h > M + 1 > 3, so the five sets {0}, [1,M], [-M,—1], I+ = [M + 1,h] and
I_ = [—h,—M —1] partition [—h, h|, and -y is well defined. Condition (F1) holds by construction.
Call the residues 0 and 1 ezcluded; they are the residues removed in (F2). The function v has
three properties.

(i) v(—u) =1 —v(u) for 2 < u < h: for u < M both sides are 1, and for v > M this is the
definition.

(ii) ~ changes value between M and M + 1, between —M — 1 and —M, and between h and
h+1= —h. Indeed v(M) =0and y(M +1) =1, y(—M) =1 and v(—M — 1) = 0 by (i),
and 7(—h) = 1 —(h) by (i)

(iii) ~ takes both values on any two consecutive residues of I, since exactly one of them is
=M +1 (mod 2), and likewise of I_, by (i).

Also y(—1) =1#0=~7(2).

Going round Z/k, the residues fall into the consecutive arcs [2, M|, Iy, I, [-M, —1], fol-
lowed by the excluded pair {0, 1} and then [2, M] again. By (ii) and the last remark, v changes
value between the last residue of each of the four arcs and the first residue of the next (across
the excluded pair, between —1 and 2). So if 7 is constant on the non-excluded elements of a
run R of M consecutive residues, then R meets only one of the four arcs, since an arc of fewer
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than k residues that meets two of them contains a boundary pair. It cannot lie in 11, by (iii),
as M >2;s0 RC [—M,1] or R C [0, M].

Suppose now that (F2) fails at s # 0. Then ~ is constant on the non-excluded elements of
both runs. The run s+{1,..., M} lies in [-M, 1] or in [0, M], which forces s € [-M —1,1— M]
or s € {—1,0}; the run s — {1,..., M} likewise forces s € {0,1,2} or s € {M, M +1}. All these
residues lie in [-M — 1, M + 1], whose 2M + 3 < k elements are distinct modulo k. The first
list lies in [-M — 1, 0] and the second in {0} U[1, M + 1], so the only residue in both is 0. This
contradicts s # 0. g

6.6 Proof of Theorem 6.1

Proof of Theorem 6.1. Let k = 2h+1 and S be as in the theorem, and let X be as in Lemma 6.2,
so that |X| > 2. If X is not a dilated interval, Theorem 6.11 applies. Otherwise X = p -
{1,..., M}, and S is (38), with M = |X| > 2 and 2uM < 2h. Every element of S is 2ui or
k — 2ui, so ged(p, k) divides every element of S U {k}, and primitivity gives ged(u, k) = 1. If
u=1and M = h, then S is the full support, which is excluded. If 4y =1 and M < h — 1, then
2M 4+ 3 < k. If p > 2, then 4M < 2uM < k, and 2M + 3 < 4M < k since M > 2. In either
of the last two cases Theorem 6.13 gives a function satisfying (F1) and (F2) for {1,...,M}
and 1; multiplying its argument by ! modulo &, as above, gives one for X and zy = p, and
Lemma 6.12 turns it into a 2u-bump for S. Theorem 3.14 now shows that no equation with
support S is globally periodic, for any positive coefficients and either 6. O

7 Even orders: supports with an even element

Throughout this section the order k is even. With Theorem 3.14, the following theorem disposes
of every support at even order, other than the full support, that is not all-odd. Reads are
described in the vocabulary of Section 3.5, in particular (22) and (23), and Lemma 3.15 turns
reads of 1 into reads of 0.

Theorem 7.1. Let k be even and let S C {1,...,k — 1} be primitive and palindromic, not the
full support, and containing an even element. Then S carries a o-bump (o, P).

The natural carriers at even order are the parity carriers: o together with every free residue
that has the parity of 0. Because k is even, the reflection y — k — y preserves parity, and the
argument splits along the two parity classes. Under (B1) the reads of the pins are fixed by
(23), and a parity carrier puts every free position of one class into @, so an unwrapped tap
that lands on a free position of that class reads 1. A clause can therefore fail, for o or (by a
reflection) for k — o, only at an index ¢ where every unwrapped tap of the right class lands back
in S, so that S is almost closed under adding i. If ¢ = min S is even, a failure of the odd class
forces a gap in the even part of S, and taps reading into that gap make the even class work for
every even o (Theorem 7.7). If a is odd and both classes fail for every o, the failures force a
rigid progression structure (Theorem 7.12), which carries one of two explicit carriers at o = a
(Lemmas 7.13 and 7.14). On a first reading one can take Lemmas 7.9, 7.10 and 7.11 on trust.

7.1 Parity carriers

Write Sy and S for the even and odd elements of S, and refer to the residue of an integer
modulo 2 as its class. Since k is even, s = k — s (mod 2) for every integer s, so Sy and S; are
each palindromic, and a nonempty class S, has largest element k¥ — min S.. If S is primitive
then S7 # (), since otherwise 2 would divide every element of S U {k}.

Definition 7.2. For o € S, the parity carrier of o is

Qs ={otU{ye{l,....k—1}: y¢ S, y=0 (mod2)}.
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An index i is silent for (), if no surviving tap reads 1 at ¢. For an index i and a class ¢, write
C¢(1) for the statement

JeES, i+j<k, i+j=c (mod2) = i+j€S. (39)

Lemma 7.3 (reads of a parity carrier). Let k be even, S palindromic, o € S, and let ¢ be the
class of o.

(a) Qs NS ={c}, so (B1) holds.
(b)) Y€ Qp—o < k—y € Qs for 0 <y<k.

(c) A surviving tap whose position has residue y reads 1 if and only if either it is unwrapped,
y is free and y = ¢; or it is wrapped and y € S or y % c.

(d) If (0,Qs) is not a o-bump, then for o' = o oro’ =k —o (so o’ €S and o' = o) some
index is silent for Q.

(e) If i is silent for Q, then C.(i) holds, and every wrapped tap at i reads a position with
residue in Q.

Proof. (a) is the definition. (b) holds because y = k — 0 <= k —y = o, because y is free
exactly when k — y is (palindromy), and because y = k —y and k — o = 0. (c) is (22), using
that a surviving tap has y # o.

(d) By (a), the pair fails (B2) at some index 4. If no surviving tap reads 1 at i, take ¢’ = 0.
Otherwise no surviving tap reads 0 at 4, and then by (b) and Lemma 3.15 no surviving tap
reads 1 at the index k — ¢ for Q_,; take 0/ = k — 0. In both cases ¢/ = o since k is even.

(e) Let je Swithi+j<kandi+j=c Ifi+j=o0theni+je€ S. Otherwise the tap j
survives, and since it does not read 1, (c) says that ¢ 4+ j is not free. For a wrapped tap whose
position has residue y: if y = o then y € Q,; otherwise the tap survives, and since it does not
read 1, y is free and y = c. O

For the rest of the section, S is palindromic at even k with an element of each class, a =
min S, and b is the least element of the class not containing a. Then max S = k — a, the class
of b has largest element £ — b, and b < k — b. Since also a < b,

2a < k, a+b<k. (40)

The next three lemmas say where a silent index can be. Near the start, the taps £k — a and
k — min S, read unwrapped positions above the largest element of their class, which are free.

Lemma 7.4 (the top taps). Let o € S, of class ¢. An index i is not silent for Q. if either
(i) i <a andi=a+c (mod 2); or
(1) i is even and i < min S,.

Proof. (i) The tap k —a reads the position y = i+k—a, with k—a < y < k. So it is unwrapped,
y is free because it exceeds max S, and y = i + a = c¢. Being free, y # o, so the tap survives,
and it reads 1 by Lemma 7.3(c). (ii) Put m = minS.. The tap k — m reads the position
y=i+k—m, withk—m <y <k, and y = m = c since ¢ and k are even. As y is of class ¢
and exceeds max S. = k — m, it is free, and the tap reads 1 as before. O

Beyond a the wrapped taps take over. Every element of @), has the class of o, and the
wrapped taps k — a and k — b then confine a silent index to one parity and to the interval (a, b].

Lemma 7.5 (the parity dichotomy). Let o € S, of class ¢, and let i > a be silent for Q.. Then
i=a+c (mod 2) and i <b.
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Proof. All elements of @, have class c¢. The tap k — a wraps at i (as ¢ > a), and its position
has residue i — a, so by Lemma 7.3(e) i —a = ¢, that is i = a + ¢. If i > b, the tap k — b also
wraps, and in the same way ¢ = b + ¢; but b # a. ]

Finally, a containment C,(i) at an odd index empties an interval of the other class.

Lemma 7.6 (the gap). Let i be odd with C.(i), and suppose S. # 0. Then S has no element
of class 1 — ¢ in the open interval (i, i + min S,).

Proof. Let s € S have class 1 —cand s > 4. Then k—s € Shasclass1 —¢, i+ (k—s) < k and
i+ (k—s) =csince i is odd. By Cc(i), i+ k—s € Sc,s0i+k—s <maxS, =k —minS,, that
is § > i+ min S. ]

7.2 Even minimum

Theorem 7.7 (parity carriers at even minimum). Let k be even and S primitive and palindromic
with a = min S even. If (01,Qs,) is not a o-bump for some odd o1 € S, then (09,Qs,) is a
o-bump for every even oo € S. In particular S carries a o-bump on a parity carrier.

Proof. Since S is primitive, S; # ), so b = min S; exists, and a < b. By Lemma 7.3(d) some
index 4, is silent for Q,/, with ¢’ € S odd. Lemma 7.4 with ¢ = 1 excludes i; < a odd (by (i),
as a + 1 is odd), and i; < a even (by (ii), as minS; = b > a). So i1 > a, and Lemma 7.5 gives
i1 odd and 77 < b. By Lemma 7.3(e) C1(i1) holds, and Lemma 7.6 gives

So N (il, i1+ b) =0. (41)

Now fix an even o € S. I claim that every index i has a surviving tap reading 1 for Q..
There are four cases.

i < a, i even. Lemma 7.4(i) applies, as i = a.

i1 < a, 1 odd. The tap b reads the unwrapped position i + b < a + b < k. The position ¢ + b
iseven and i1 <b<i+b<a+b<iy+b, soby (41) it is not in S. It is therefore free, of class
0, and not o, and the tap reads 1.

i = a. Suppose a is silent. Then Cy(a) holds by Lemma 7.3(e). Let s be the largest element
of Z={y € Sy: y+i1 <k}, which contains a because a+1i; < a+b < k. By C1(i1), s+1i1 € S,
and it is odd, so s +i; < maxS; =k —b. Thena+s < k—b— (i1 —a) < k, so Cy(a) puts
a+se€Sp;anda+s+ip <a+k—b<k. Soa+s€ Z, against the maximality of s.

1 > a. Suppose ¢ is silent. By Lemma 7.5 ¢ is even and ¢ < b, so @ < b since b is odd; and
Co(7) holds. Let x be the largest element of Sy with x < i; (such elements exist, as a < i1).
Then = + 1 < i1 +b < 2b <k, so Cy(i) gives  + i € Sp. By the maximality of x, x + i > i1, so
x + 1 lies in the interval (41), a contradiction.

This proves the claim. The same claim for the even element k& — o, with Lemma 7.3(b) and
Lemma 3.15, gives a surviving tap reading 0 at every index for QQ,. With Lemma 7.3(a), (0, Q)
is a o-bump.

For the last sentence: either (0,Q,) is a o-bump for some odd o, or it fails at o3 = b and
then (a,Q,) is one. O

7.3 0Odd minimum: where the failures sit

From now on ¢ = min S is odd and Sy # ), so that b = min Sy in the notation above. Then
a<b<k-—b max$S; =k —a and maxSy = k — b. Note that a + b < k, and that an odd
number at most b is less than b.

Lemma 7.8 (localisation). (a) If 0 € S is even and i is silent for Q, then Cy(i) holds and
either © = a, or ¢ is odd with a < i < b.
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(b) If 0 € S is odd and i is silent for Q5, then C1(i) holds and either i is odd with i < a, or
1 1s even with a < i <b.

Proof. The containments are Lemma 7.3(e). (a) An even ¢ < a is excluded by Lemma 7.4(ii),
asi < a < b=min Sp; an odd i < a by Lemma 7.4(i), as i = a. If i > a, then Lemma 7.5 makes
i odd with ¢ < b, hence ¢ < b. (b) An even i < a is excluded by Lemma 7.4(i), as i = a+ 1; and
i = a is odd. If ¢ > a, then Lemma 7.5 makes ¢ even with ¢ < b. ]

So a silent index of the even class sits at the end ¢ = a or in the odd part of the inner range
(a,b), and a silent index of the odd class at an odd end i < a or in the even part of the inner
range (a,b]. When both classes fail, three of the four pairings are impossible, and the fourth is
rigid.

Lemma 7.9 (no inner failure of the even class). Let iy be odd with a < ig < b and Cy(ig), and
let i1 satisfy C1(i1), with either iy odd and i1 < a, or iy even and a < i1 < b. This is impossible.

Proof. By Lemma 7.6 with ¢ = 0, S has no odd element in (ig, ig + b).

If i1 is odd and i; < a, then b+ i; < 2b < k is odd, so Cj(i1) puts it in S; but ig < b <
b+ 11 < b+ 1.

If 41 is even, let = be the largest odd element of S with z < iy (such elements exist, as
a < ig). Then z+i; < 2b < kis odd, so x+1i; € S by C1(i1), and z+1i1 > ip by the maximality
of . It cannot lie in the gap, so x + i1 > 19 + b, which with x < iy forces 47 = b. But then
a+ b € S in the same way, and ig < a+ b < ig+ b. O

The pairing of the two end failures is excluded by primitivity, and this is where the full
support appears as the one obstruction. This proof and the next use an elementary observation.
Say that a finite set W with largest element w is closed under the step r > 0 if y +r € W for
every y € W with y # w. Then, for every y € W, the sequence y,y + r,y + 2r, ... stays in W
until it reaches w, which it must do because W is bounded by w; sor | w—y, and y,y+7,...,w
all lie in W.

Lemma 7.10 (two end failures). Let S be primitive, and suppose Cy(a) and C1(i1) hold with
i1 odd and i1 < a. Then S is the full support.

Proof. Put r = a + i1. Composing the two containments makes each class closed under a step,
and the two steps turn out to be the same.

The odd class has step r. Let y € S1 with y <k —a. Then a+y < k is even, so a+y € Sy
by Cy(a), whence a+y < k—b. Then a+y+i; < k (as i3 <b) is odd, so y+r € S; by Ci(i1).
So Sj is closed under the step r, with top k — a; every y € S has r | Kk —a —y, and in particular
r|k—2a.

b =r. The position k — b+ i; < k is odd, so it lies in S; by C1(i1), and k —b+i; < k — a.
If the inequality were strict, Cp(a) would put the even position a + i; + k — b < k in Sy, above
maxSy=k—b. Sok—b+i, =k —a, thatisb=r.

The even class has step b. Let y € Sy with y < k—0b. Then y+14; < kis odd, so y+1i; € 51
by Ci(i1); and y + i3 < k—b+1i; =k —a,soa+y+i <k is even and lies in Sy by Cy(a).
That is, y +b € Sy. So Sy is closed under the step b, with top k — b, and every y € Sy has
b|k—0b—y;at y=n>this gives b | k.

Collapse. Now b | k and b =1 | k — 2a, so b | 2a; since b > a, b = 2a, and a | k. Every odd
s € Shas2a | k—a— s and every even s € S has 2a | k — 2a — s, so a divides every element
of SU{k}, and primitivity gives a = 1. Then r = 2, and the chain from a = 1 puts every odd
number in [1,k—1] in S; and for even y € (0,k), y—1 € Sisodd with 1+ (y—1) < k,soy € S
by Cy(1). So S is full. O

Lemma 7.11 (end against inner range). Suppose Co(a) and Cy(i1) hold with iy even and
a<iyp <b. Theni; =b,b|k—2a, and Sy ={a, a+0b, a+2b, ..., k—a}.
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Proof. By Lemma 7.6 with ¢ = @ and ¢ = 0, S has no odd element in (a,a + b). The position
a+i <a+b<kisodd, soitliesin S by Ci(i1), hence a + i1 > a+ b and i1 = b. Now let
y € S1 with y < k —a. Then k —y € 57 exceeds a, so k —y > a+b, that is y + b < k — a; and
y + b is odd, so it lies in S; by C1(b). So S is closed under the step b, with top k — a: every
element of S7 is = k — a (mod b), and the whole progression from a to k — a lies in S;. Hence
b |k — 2a and S is that progression. O

Theorem 7.12 (the both-failing structure). Let k be even and S primitive and palindromic,
not the full support, with a = min S odd and Sy # 0; put b = min Sy. Suppose that (o, Qy) is
not a o-bump for any o € S. Then

k=2a+ Mb for an integer M > 1, a <b<2a,
Si={a+mb: 0<m< M}, 2a+mbe S for0<m< M.

Proof. By Lemma 7.3(d) applied at ¢ = b, some index i is silent for @), with og even, and at
o = a some index i; is silent for ,, with o1 odd. Lemma 7.8 locates both, and Lemma 7.9
rules out iy # a. So Cp(a) holds.

Next, let 0 € S be odd and let i be any index silent for ,. By Lemma 7.8(b) and
Lemma 7.10 (with Cp(a) and since S is not full), ¢ is even with a < ¢ < b, and then Lemma 7.11
gives

i =0, b|k—2a, S1={a,a+0,...,k—a}. (42)

Applying this to i; gives the description of Sy, with M = (k — 2a)/b. Here M > 1 because
2a < k by (40). For 0 < m < M, the odd element a+mb has a+ (a+mb) < 2a+ (M —1)b < k,
so Co(a) puts 2a +mb in S. At m =0, 2a € Sp, so b < 2a.

It remains to exclude b = 2a; suppose it holds. If M = 1 then k = 4a, S; C {a,3a} and
So C [b, k—b] = {2a}, so a divides every element of SU{k}. Primitivity gives a =1, k = 4, and
S D {a,b,a+ b} ={1,2,3} is full, against the hypothesis. If M > 2, then 3a = a + b € S1, and
by Lemma 7.3(d) some index i3 is silent for Q,, with o3 € {3a,k — 3a}. By (42) i3 = b = 2a.
But there the tap k — a is wrapped and reads the pin k + a, of residue a, and a # o3 (as
k — 3a = a would mean k = 4a, that is M = 1). So the tap survives and reads 1 by (23), and
13 is not silent. O

7.4 Carriers for the both-failing supports

The structure of Theorem 7.12 leaves the even elements of S strictly inside (b, k — b) largely
undetermined. Both carriers below are built to be insensitive to them.

Lemma 7.13 (the case M = 1). Let a be odd and b even with a < b < 2a, put k = 2a+ b, and
let S C{1,...,k— 1} be palindromic with a,b € S, with every odd element in {a,a + b} and
every even element in [b,2a]. Then o = a with

Q=1{a, 3a, b—alU{ye{l,....k—1}: y even, y¢ S}
s a o-bump.

Proof. By palindromy a+b =k —a and 2a = k — b lie in S. The positions 3a < kand b—a >0
are odd and differ from a and a + b (since b # 2a), so Q@ NS = {a}, which is (B1). An odd
position lies in () exactly when it is one of a, 3a, b — a; an even position lies in () exactly when
it is free, and in particular every even position in (0,b) U (2a, k) lies in Q.

For (B2) it suffices, at each index 7, to name two surviving taps among a, b, 2a, a + b whose
reads differ. The indices fall into twelve ranges, six of even and six of odd indices, cut out by
the numbers a, b, 2a, a + b, 2b and 3a, and in each range the same two taps serve. The table
of these taps, and the check that they survive and read different values, are in Section B.1. O
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For M > 2 the carrier is the band carrier: a together with every free position strictly
between a and k — a.

Lemma 7.14 (the case M > 2). Let S have the structure of Theorem 7.12 with M > 2, and
let

B={y¢S: a<y<k—a}.
Then o = a with Q = {a} UB is a o-bump.

The idea is that at an index ¢ > a the tap k — a reads the position ¢ — a, wrapped, and so
reads 1 unless ¢ — a lies in B; when it does, the gaps of S, which are shorter than a, supply an
element j of S just below ¢, and the tap k — j reads a position below B. The mirror then gives
the reads of 0.

Proof. (N1) For 1 <m < M, mb=k—(2a+ (M —m)b) € S, by palindromy and the last clause
of the structure.

(N2) An odd y € [a,k — a] with y — a not a multiple of b is free, since S; = {a + mb}.

(N3) Ifa<xz<k—a,some j€Shasx <j<z+a.

For (N3), I first show that every s € S with s < k —a = a + Mb has an element of S in
(s,s+a]. Write s = gb+r with0 <r < b. Ifr < a, thenq < M (asgb < s < a+Mb < (M+1)b),
and a+¢b € S liesin (s,s+a]. If r > a, then ¢b+a < s < a+ Mb gives ¢ < M, and (¢+1)b € S
by (N1); it lies in (s,s + a] because (¢ +1)b—s=b—r <b—a < a. Now, given z, let s be the
largest element of S below z (there is one, a). Then s < k — a, so some j € S lies in (s, s + a],
and j > x by the maximality of s, while j < s+ a < x + a.

The set B consists of free positions, so @ NS = {a}, which is (B1). By palindromy B is
symmetric under y — k —y, so Q' = {k — a} U B is the reflection of Q.

Reads of 1. Let z € {a,k —a} and Q* = {z} U B; I show that every index ¢ has a surviving
tap reading 1 for (z,Q%). As z € S, z ¢ B, and a tap whose position lies in B survives.

e If i < a and i is even, the tap a reads i 4+ a, which is odd, lies in (a,2a) C (a,k — a), and
has (i +a) —a =1 € (0,b). By (N2) it lies in B, and the tap, being unwrapped, reads 1.

e If i < a and i is odd, the tap b reads i + b, which is odd, lies in (b,a+b) C (a,k — a), and
has (i +b) —a € (b—a,b) C (0,b). So it lies in B and reads 1.

e If i = a, the tap 2a € S reads 3a, which is odd, has 3a — a = 2a € (b,2b), and lies in
(a,k — a), since 2a < 2b < Mb. So it lies in B and reads 1.

e If i > a, the tap k — a is wrapped, with residue y =i —a € (0,k —a). If y ¢ B and y # z,
it survives and reads 1.

e Ifi>aandi—a =z then z # k —a, so z = a and i = 2a. The tap k — b is wrapped (as
2a > b), with residue 2a — b € (0, a), which is neither in B nor z; so it survives and reads
1.

elfi>aandi—a€ B, thena <i—a<k—a,and (N3) with x =14 — a gives j € S with
i—a < j <i. The tap k — j is wrapped, with residue y = ¢ — j € (0, a], which is not in B.
If y =2z, then z < a < k — a forces z = a, so j =i — a € B, which is impossible as j € S.

So y # z, and the tap survives and reads 1.
With z = a this gives a read of 1 at every index for (a,Q). With z = k — a at the index k — 1,
Lemma 3.15 gives a surviving read of 0 at ¢ for (a, Q). So (B2) holds. O

Corollary 7.15 (the both-failing supports). Under the hypotheses of Theorem 7.12, S carries
a o-bump at 0 = a.

Proof. If M > 2 this is Lemma 7.14. If M = 1, then k = 2a+b, the odd elements of S are a and
a+ b, and every even element s has b < sand b < k— s, so s € [b,2a]. This is Lemma 7.13. [
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7.5 Proof of Theorem 7.1

Proof of Theorem 7.1. Let a = min S. If a is even, Theorem 7.7 gives a o-bump on a parity
carrier. If a is odd, either (0,Q,) is a o-bump for some o € S, or S satisfies the hypotheses
of Theorem 7.12, since it is primitive, palindromic, not full and has an even element; and then
Corollary 7.15 gives a g-bump at ¢ = a. O

By Theorem 3.14, no equation (8) whose support satisfies the hypotheses of Theorem 7.1 is
globally periodic, for either value of 6.

8 Even orders: all-odd supports

This section treats the supports at even order all of whose elements are odd, the hardest supports
for the o-bump, because the clauses of Definition 3.11 then split by parity (Section 8.1).

Theorem 8.1 (all-odd supports). Let k be even, and let S C {1,...,k — 1} be primitive and
palindromic, with every element odd and |S| > 3. Suppose that (k,S) # (6,{1,3,5}). Then S
carries a o-bump.

The support {1,3,5} at & = 6 carries no o-bump at all: condition (B1) leaves only ¢ €
{1,3,5} and the two free positions 2 and 4 of @, and in each of the twelve cases (B2) fails. It
is treated separately in Proposition 3.10.

Supports containing 1 are handled in Section 8.2 by small explicit carriers. For the others,
with @ = min S > 3, the carrier is a half-arc: a free position y is put in () when the phase
vy modulo 2k (shifted by ¢ € {0,k} if y is odd) lies in the lower half [0, k), for a suitable odd
multiplier v. At the index i the reads of free positions are then governed by the translate vi+vS
of the phase set, and the clause at ¢ can fail only if that translate lies in one half of the circle,
apart from pins and deleted taps. At odd indices there are no pins, and the phases of .S, being
symmetric under z — k — z, are spread too evenly to fit into one half once v separates two
elements of S below k/2 (Section 8.3). At even indices, for a unit v, failures for both choices of ¢
would make vS contain a whole coset of a subgroup of Z/2k, which is impossible (Section 8.5);
the one gap is the index 2a, closed by a three-point condition (T) on v, which a lemma on
three-term progressions, Theorem 9.1, supplies (Section 8.6). The supports {a, k/2, k—a}, with
a single element below k/2, get an explicit v (Section 8.4), and seventeen supports at orders
k < 42 escape these arguments and are given a carrier in a table. On a first reading one can
skip the case-by-case proofs and the finite checks.

8.1 The parity split

Throughout this section k is even, S C {1,...,k — 1} is palindromic, and reads are described
in the vocabulary of Section 3.5, in particular (22) and (23).

Suppose now that every element of S is odd. Then at an odd index every tap reads an even
position, and at an even index an odd one. Two consequences are used repeatedly. First, the
clauses at odd indices involve only the even elements of (), and those at even indices only the
odd ones. Second, at an odd index no position is a pin, and since ¢ is odd the only deleted tap
is k — i (when it lies in S), which reads the position k. At an even index no position is = 0
(mod k), and the deleted taps are those reading o or o + k.

8.2 Supports containing 1

When 1 € S the taps 1 and k — 1 read the two neighbours of every position, and very small
carriers suffice.
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Lemma 8.2 (a three-point carrier). Let k be even and S palindromic and all-odd, with 1 € S,
and let b€ S with 5 <b<k/2. Theno=b and Q ={b—1,b,b+ 1} form a o-bump for S.

Proof. (B1) holds because b £ 1 are even and 0 ¢ ). Note that £ > 2b > 10, and that
1,b,k — b,k — 1€ S; only these four taps are used.

FEven indices. Here every position is odd, and the only odd element of @ is b = ¢. So a
surviving unwrapped tap reads 0 and a surviving wrapped tap reads 1. For a 1: the tap £k — 1
reads ¢ + k — 1, which is wrapped and is deleted only if i + k — 1 =k + b, that isi = b+ 1; at
i =0b+1 the tap k — b reads k+ 1, wrapped and not deleted. For a 0: the tap 1 reads ¢+ +1 < k,
deleted only if i +1 = b; at ¢ = b — 1 the tap b reads 2b — 1 < k, not deleted.

Odd indices. Here every position is even and the only deleted position is k. For a 1: at
1 > 3 the tap k — 1 reads the wrapped position ¢ + k — 1, of residue 7 — 1, which reads 1 unless
i —1=>5bx1. The remaining cases are ¢ = 1, where the tap b reads b+ 1 € Q; i = b, where
the tap 1 reads b+ 1; and @ = b+ 2, where the tap k — b reads k + 2, of residue 2 ¢ @ (as
b—12>4). For a 0: unless i = k — 1 the tap 1 reads the unwrapped position i 4+ 1, which reads
0 unless ¢ +1 = b+ 1. The remaining cases are ¢ = k — 1 and ¢ = b, where the taps b and k — 1
respectively read k+b— 1, of residue b—1 € @; and ¢ = b — 2, where the tap b reads 2b—2 < k,
not in ) because b > 5. O

Lemma 8.3 (a carrier when 3 € S). Let k > 8 be even and S palindromic and all-odd, with
1,3€S. Then o =3 and Q ={2,3,6} form a o-bump for S.

Proof. Since k > 8, Q C {1,...,k—1}, and (B1) holds because 2 and 6 are even. Only the taps
1,3,k —3and k — 1 are used.

Even indices. As in Lemma 8.2, every position is odd and the only odd element of Q is o,
so a surviving tap reads O if unwrapped and 1 if wrapped. For a 1: the tap k — 1 reads the
wrapped position ¢ + k — 1, of residue ¢« — 1, which is deleted only at i = 4; there the tap k — 3
reads k + 1, wrapped and not deleted. For a 0: the tap 1 reads ¢ + 1 < k, deleted only at ¢ = 2;
there the tap 3 reads 5 < k, not deleted.

Odd indices. Every position is even, the only deleted position is k, and the even elements of
@ are 2 and 6. So a surviving tap reads 1 exactly when it is unwrapped with residue in {2, 6},
or wrapped with residue outside {2,6}. For a 1: at ¢ = 1 the tap 1 reads 2; at ¢ = 3 the tap 3
reads 6; at ¢ = 7 the tap k — 3 reads k+ 4, of residue 4; and at every other odd index, which has
i>5andi#7, the tap k — 1 reads k+1i — 1, of residue ¢ — 1 ¢ {0,2,6}. For a 0: at i = 1 the
tap 3 reads 4; at ¢ =5 and at ¢ = k — 1 the taps k — 3 and 3 respectively read k 4 2, of residue
2; and at every other odd index, which has i < k — 3 and 7 # 1,5, the tap 1 reads i + 1 < k, of
residue ¢ + 1 ¢ {0,2,6}. O

Proposition 8.4 (all-odd supports containing 1). Let k be even and S C {1,...,k — 1} palin-
dromic and all-odd, with 1 € S, |S| >3 and (k,S) # (6,{1,3,5}). Then S carries a o-bump.

Proof. If 3 € S, then k > 8: for k < 6 the odd elements of {1,...,k — 1} are among 1, 3,5, so
|S| > 3 would force the excluded support (6,{1,3,5}). So Lemma 8.3 applies. If 3 ¢ S, then
k —3 ¢ S either, by palindromy, and S has an element other than 1 and k — 1; that element or
its mirror is an odd b € S with 5 < b < k/2, and Lemma 8.2 applies. O

8.3 Half-arc carriers and the odd indices

From here on 1 ¢ S. Write a = min S, so that a > 3 and ¢ = a throughout, and write
L ={s e S:2s <k} for the lower half of S. Since S is palindromic, S = L U (k — L), together
with k/2 when k/2 € S; and a € L unless S = {k/2}.

For integers v, y and z write

H(z) =1z mod 2k < k], H,(y) = H(vy), (43)
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where z mod 2k denotes the representative in {0,...,2k —1}. So H,(y) records in which half
of Z/2k the phase vy lies. Two elementary facts about the phases are used throughout. If v is
odd then vk = k (mod 2k), so for every integer z and y

Hiz+K)=1-H(z), Hy+k) =1-H@) (44)
If also y is odd, then vy is odd, so vy # 0,k (mod 2k), and
Hy(-y)=1-Hy(y), H,(k—y)=H(y), (45)

the second because v(k —y) = k — vy, and z — k — z maps each of the open halves U =
{1,...,k—1}and V ={k+1,...,2k — 1} of Z/2k to itself.

Definition 8.5 (half-arc carrier). Let v be odd and ¢ € {0, k}, and for an integer y put ¢, =0
if y is even and ¢, =t if y is odd. The half-arc carrier Q(v;t) of S consists of a together with
every y € {1,...,k—1}\ S with H(vy +t,) = 1.

So the even free positions follow the half-arc of v, and the odd ones the same half-arc shifted
by ¢. By construction QN ({0}US) = {a}, so (B1) holds at ¢ = a. The point of the construction
is that a tap reading a free position reads the half-arc pattern, wrapped or not.

Lemma 8.6 (free reads). Let Q = Q(v;t) with v odd, and let 0 < p < 2k be a free position.
Then p € P if and only if H(vp +t,) = 1.

Proof. If p < k this is the definition, since p # a. If p > k, put p’ = p — k, which has the parity
of p and lies outside SU{0}. Then p € P iff p' ¢ Q iff H(vp' +tp) =0iff H(vp' +t, + k) =1,
by (44), and vp’ + k = vp (mod 2k). O

The clauses at odd indices read only even positions, and all of these are free except the
deleted position k. They are settled by the following lemma, whose idea is that the phases of
S are spread round the circle Z/2k too evenly to fit into one half, even after one of them is
removed.

Lemma 8.7 (odd indices). Let S be all-odd, let v be odd and t € {0,k}, and suppose that
H,(u) # H,(v) for some u,v € L. Then, for 0 = a and Q = Q(v;t), the clause at every odd
index holds.

Proof. Let i be odd. As noted in Section 8.1, the only deleted tap is k — 4 (if it lies in .S), and
every other tap j reads a free even position p = i + j, whose read is H(vp) = H(vi + vj) by
Lemma 8.6. So the clause fails exactly when the phases vj mod 2k of the surviving taps all lie
in {-vi,...,—vi+k—1}orallin {—-vi+k,...,—vi+ 2k —1}.

First I locate the phases. They are odd, so each lies in U or in V| and by (45) the tap k — j
has phase k —vj, which lies in the same half as vj. Since H,(u) # H,(v) both halves occur. Let
x_ be the least phase in U, attained at the tap ug, and y_ the least in V', attained at vg. The
taps k —ug and k —vg have the phases k —x_ € U and 3k —y_ € V,s0 2z_ < k and 2y_ < 3k.
Going round the circle, each of the four phases x— <k —z_ <y_ <3k — y_ is followed by the
next at distances k —2x_, x_ +y_ —k, 3k —2y_ and x_ 4+ y_ — k respectively. Each distance is
at most k, and equals k only if z_ = k/2 and y_ = 3k/2; so at most k — 1 consecutive residues
avoid all four phases, and k£ — 1 only in that case. If m consecutive residues contain all four
phases, the other 2k — m residues are consecutive and avoid them, so 2k — m < k — 1. Hence:

(a) no k consecutive residues contain all four phases;

(b) if k+ 1 consecutive residues contain them, then z_ = k/2 and y_ = 3k/2, and then every
phase is k/2 or 3k/2 (a phase z € U has z > z_ and k — z > z_, and similarly in V).
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If k—i ¢ S, nothing is deleted and the clause holds by (a). Suppose instead that so = k—i €
S. Then vi = k — vsg, and by (44) the tap j # sg reads 1 — H(vj — vsp). If these reads were all

0, every phase would lie in the k consecutive residues {vsy,...,vso+k — 1}, which (a) excludes.
If they were all 1, every phase other than vsy would lie in {vsg + k,...,vso + 2k — 1}, and
with vsg itself every phase would lie in the k 4+ 1 consecutive residues {vsg + k, ..., vsg + 2k};

so (b) gives every phase in {k/2,3k/2}, and then the tap j # so reads 0 when vj = vsg and
1 otherwise. The taps u and k — u are distinct (as 2u < k) and share one phase; v and k — v
share the other. At most one of the four taps is sg, so the pair with the phase of sy contains
a surviving tap reading 0, and the other pair a surviving tap reading 1. This contradicts the
assumption that the reads were all 1. O

8.4 Supports with one element below k/2

If 1 ¢ S and L = {a}, then |S| > 3 forces S = {a,k/2,k — a}, with k/2 odd. Here Lemma 8.7
does not apply, since L has a single element, and a specific multiplier is used instead.

Theorem 8.8 (three-element supports). Let k = 2h with h odd, and S = {a,h,k — a} with
3<a<h odd and ged(a,h) = 1. Let B € {2,4} with f =a+ h (mod 4), suppose that 33 < h
(that is, h>T7 if B=2 and h > 13 if 3 =4), and let v = a~'(3h + ) (mod 2k). Then o = a
and Q = Q(v;0) form a o-bump for S.

Proof. All residues in this proof are modulo 2k = 4h. Since a is odd and prime to h, it is a
unit, so v is well defined and va = 3h + 3. Asa®? =1 (mod 4) and 3h + =3h+a+h=a
(mod 4), one has v = a(3h + ) =1 (mod 4); so v is odd and vh = h. The phases of the three
taps are therefore

va = 3h + 3, vh = h, vik—a)=k—va=3h-p.

(B1) holds by construction. By Lemma 8.6, a tap reading a free position p reads H(vp) =
H(vi+ vj), where j is the tap.

Deletions and pins. The deleted positions are k, a and k + a; the pins are h and k — a, which
read 0, and k + h and 2k — a, which read 1 (the pins a and k + a are deleted). Solving i +j =p
for j € S, p in this list and 0 < ¢ < k shows that a tap is deleted or reads a pin only at the
seven indices

a, h, k—a, h—a, k—2a, h+a, 2a.

Generic indices. At any other index all three taps read free positions, with phases vi +
{3h + B, h, 3h — 8}. Going round the circle, the three points h < 3h — 8 < 3h + [ cut it into
arcs of lengths 2h — 3, 2 and 2h — 3, all less than 2h, so no half {c,...,c+ 2h — 1} contains
all three phases, and the reads are not all equal.

The special indices. At each of the seven special indices one names a tap reading 0 and a
tap reading 1, using the rule that the phase of a position is the sum of the phases of the index
and the tap, and that the position reads 1 exactly when its phase lies in {0,...,2h — 1}. The
seven cases, and the check that every tap named survives, are in Section B.2. 0

8.5 The even indices with a unit multiplier

Now let v be a unit modulo 2k. Multiplication by v is then a bijection of Z/2k, and it is
convenient to work entirely with phases. Put

® = {vsmod 2k : s € S}, a = va mod 2k.

The elements of ® are odd, and ® = k — ® by (45). Moreover H,, is non-constant on S exactly
when ® meets both U and V.
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Let t € {0,k} and @ = Q(v;t). Let 0 < i < k be even, and put ¢ = vi mod 2k. Then ¢ is
even, and ¢ ¢ {0, k} because v is a unit and ¢ # 0,k (mod 2k); the same holds for ¢ + k. The
tap j reads the odd position p = i+ j, of phase vp = ¢+ vj. Since p > j > a, the tap is deleted
exactly when p = a + k, that is, when the phase of p is a 4+ k. Because p — vp is a bijection,
p is an unwrapped pin iff vp € &, and a wrapped pin iff vp € ® 4+ k. So a surviving tap whose
position has phase z reads

1[z e U], t=0,

1z e V], t=k, (46)

0if z € ¥; lif z € ® + k; otherwiseH(z—i—t):{

by Lemma 8.6; here z is odd, so it lies in U or in V. The phases read at i form the read set
¢+ @, less the point a+k when that point is the phase of a deleted tap. For a residue 7 consider
the two conditions

Cy(r): (1+®)NU C P, Cy(r): (1+®)NV C .

Lemma 8.9 (failing read sets). With the notation above, suppose that the clause at the even
index 1 fails.

(i) If every surviving tap reads 1, then Cy(¢ + k) holds when t = 0, and Cy (¢ + k) when
t=kF.

(ii) If every surviving tap reads 0, then Cy(¢) holds whent = 0, and Cy (¢) when t = k, unless
some tap is deleted at i and o+ k lies in U (for t = 0), respectively in V' (for t = k).

(i1i) If some tap is deleted at i and i # 2a, then some surviving tap reads 1.

Proof. (i) Take t = 0. Let x € ® with 2z = ¢+ € V. If z is the deleted point then
z=oa+k € ®+ k. Otherwise z reads 1; by (46) it is not in ®, and since z ¢ U it must lie in
®+Ek. So(p+P)NV C &+ k, and adding k gives Cy (¢ + k). The case t = k is the same with
U and V exchanged.

(ii) Take t = 0. Let x € ® with z = ¢ + z € U, and suppose z is not the deleted point; this
is automatic unless a tap is deleted and o+ k € U. Then z reads 0, so z ¢ ®+ k, and as z € U
(46) forces z € ®. The case t = k is the same.

(iii) The deleted tap is jo =a+k —i. Thetap k —a € Sreads i+ k —a=k+ (k — jo), a
wrapped pin, since k — jg € S. It is deleted only if k — jo = a, that is i = 2a. So for i # 2a it
reads 1. O

Two failures of opposite type, one in U and one in V, are incompatible. The reason is that
together they force ® to contain a whole coset of a subgroup, which a set of the form v.S cannot
do.

Lemma 8.10 (no coset). Let v be a unit modulo 2k and S C {1,...,k —1}. Then ® = vS
contains no coset ¢ + gZ/2kZ with g | 2k and 0 < g < 2k.

Proof. Multiplication by ! is an automorphism of Z/2k, so it maps such a coset onto a coset

S0 + gZ/2kZ, which would then lie in S (read modulo 2k). Since g | 2k and g < 2k, g < k. The
integers sg, so + ¢, so + 29, . .. start below k and increase in steps of at most &, so one of them
lies in {k,...,2k — 1}; its residue is in the coset but not in S. O

Lemma 8.11 (two failures force a coset). Let k be even, and let ® be a set of odd residues
modulo 2k with ® = k — ® that meets both U and V. Let ¢, ¢’ be even residues not in {0, k},
and suppose that Cy(¢) and Cy(¢') hold. Then ® contains a coset ¢ + gZ/2kZ with g | 2k and
0<g<k.
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Proof. Reductions. Cy(¢) implies Cy(—¢): if z € ® and z =2 — ¢ € U, then k —x € ¢ and
o+ (k—xz)=k—2€U,s0k—2z¢€ ®and z € &. Likewise Cy(¢') implies Cy(—¢'), since
2z — k — z also maps V to itself. So I may take 0 < ¢, ¢’ < k. The set ® + k again consists of
odd residues, satisfies ® + k = k — (® 4+ k) and meets U and V, and Cy (1) for @ is Cy (1) for
® + k and conversely. So passing from ® to ® + k swaps Cy and Cy: the hypotheses Cy (o)
and Cy (¢') for ® become Cy(¢') and Cy (¢) for ® + k, which are the hypotheses of the lemma
for ® + k with ¢ and ¢ interchanged. A coset in ® + k gives one in ®, by adding k. So if ¢ > ¢/
I may replace ® by ® + k, and I may therefore also take ¢ < ¢/'.

Translation into (0,k). Put Yy = ®NU and Y_ = {2z : 2+ k € &NV}, two nonempty
sets of odd integers in (0,k). By ® = k — ® both are closed under z — k — z (for Y_:
k— (m+ k)= (k—m)+ k). The hypotheses give four rules:

(Gl) if pe Yy and p+ ¢ < k, then p+ ¢ € Yy (by Cy(9));

(G2) if m € Y_ and m < ¢, then ¢ —m € Yy (the point 2k — m = k — (m + k) of & moves to
¢—meU);

(G3) if m e Y_ and m + ¢’ < k, then m + ¢’ € Y_ (by Cy(¢'));
(G4) if pe Yy and p < ¢, then ¢’ —p € Y_ (the point k — p of ® moves to k+ ¢ —p e V).

Call a set II of integers in (0, k) n-periodic if p € I, 0 < z < k and z = p (mod n) imply z € II.
The proof uses one mechanism twice.

The engine. Let II be n-periodic, n > 0, and suppose that for every p € II there is p’ € 11
with p’ = p+ f (mod n). Then II is ged(n, f)-periodic. Indeed, write g = ged(n, f) and choose
y>0withyf =g (modn). lf pell,0< z< kand z=p (mod g), then z = p+ jg (mod n)
for some j > 0; applying the hypothesis jy times gives p” € Il with p” = p+ jyf = 2 (mod n),
and so z € II.

Step 1: Y, is vy-periodic, where v = ged(¢, ¢'). By (G1) and the symmetry of Y, (p — ¢ =
kE— ((k—p)+ ¢)), Yy is closed under +¢ inside (0, k), so it is ¢-periodic. Let p € Y, and
po = pmod ¢; it is odd, so 0 < pg < ¢ and pg € Y;. Let r > 0 be largest with pg + r¢ < ¢'.
By (G1), po + ¢ € Y4, and by (G4), m = ¢' —po—r¢ € Y_. Now 0 < m < ¢, and m is odd,
som < ¢, and (G2) gives ¢ —m € Y. Since (¢ —m)+ ¢ =po+ (r+1)¢ =p (mod ¢), every
p € Y has some p’ € Y, with p’ +¢ = p (mod ¢). Applying this to k — p and reflecting, every
pe Yy hasp” =k —p' € Y, with p” =p+ ¢’ (mod ¢). The engine with n = ¢, f = ¢’ proves
Step 1.

Step 2: if 0 < z < k is odd and z + p = 0 (mod ) for some p € Y, then z € Y_. Let
20 = z mod ¢', which is odd, so 0 < zg < ¢'. Then ¢/ — 20 = —2 =p (mod v), so ¢’ — 2z € Y,
by Step 1, and (G4) gives 29 € Y_. Applying (G3) repeatedly, z = 2o + q¢’ € Y_.

Step 3: Yy is g-periodic, where g = ged(v,2k). Let p € Y, and let z = (k + p) mod ~; it is
odd, so 0 < z <y < ¢. Since (k —2) +p =0 (mod ~), Step 2 gives k —z € Y_, hence z € Y_,
and (G2) gives p—z € Y, , hence k—op+z€ Y. Asy | p, k—d+2=k+2z=p+2k (mod 7).
The engine with n =, f = 2k proves Step 3.

Step 4: the coset. The number g is even, divides 2k, and 0 < g < ¢ < k. Fix ¢ € Y and let
w be any residue = ¢ (mod g), represented in [0, 2k); it is odd. If w < k then w € Yy C ® by
Step 3. If w > k, put 2 = w — k, so that —z = k — ¢ (mod g). Let 2/ = (—z) mod ~, which is
odd with 0 < 2/ <y < k. Since 2’ =k — ¢ (mod g) and k — ¢ € Y, Step 3 gives 2’ € Y, and
z4 2 =0 (mod ), so z € Y_ by Step 2; that is, w € ®. So ¢+ gZ/2kZ C . O

The coset lemma disposes of every pair of failures except one: the all-0 failure of a read set
that has lost its deleted point. By Lemma 8.9(iii) this can only happen at the index 2a. The
following condition on v, which asks for an element of L and a free position read at the index
2a, both in the half opposite to a, prevents it there.
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Definition 8.12 (the three-point condition). Let 1 ¢ S and a = minS. A unit v modulo 2k
satisfies the three-point condition (T) if

(Ta) some x € L\ {a} has H,(z) # H,(a), and
(Tb) some j € S\ {k —a} with (2a + j) mod k ¢ S has H,(2a + j) # H,(a).

Proposition 8.13 (the half-arc carrier under (T)). Let S be all-odd with 1 ¢ S, and let v be a
unit satisfying (T). Then fort =0 or fort =k, 0 = a and Q(v;t) form a o-bump for S.

Proof. (B1) holds by construction, and the clauses at odd indices hold for both values of ¢ by
Lemma 8.7, applied with v = = from (Ta) and v = a. It remains to show that for one of the
two values of ¢ the clause holds at every even index.

By (Ta), 2a < 2z < k, so 2a is an index, and ® meets U and V. Suppose that both choices
of t fail, at the even indices ig (for ¢ = 0) and i; (for t = k).

I claim first that the failure at iy gives Cy(7) for some even 7 ¢ {0,k}. By Lemma 8.9(i)
and (ii) this holds with 7 € {vip, vip + k}, unless every surviving tap at ig reads 0, some tap is
deleted there, and a + k € U. In that case iy = 2a by Lemma 8.9(iii). Moreover o € V, that is
H,(a) = 0. Take j from (Tb). The tap j is not deleted at 2a, since 2a + j # a + k, and it reads
a free position. By Lemma 8.6 its read is H(v(2a + j)) = H,(2a + j) = 1, a contradiction. In
the same way the failure at iy gives Cy (7') for some even 7" ¢ {0, k}. Here the exceptional case
has a« + k € V, so H,(a) =1, and the tap j reads H(v(2a+j)+k)=1— H,(2a+ j) = 1.

Lemma 8.11 now puts a coset ¢ + gZ/2kZ, 0 < g < k, inside ®, and Lemma 8.10 says that
there is none. O

8.6 The three-point condition

It remains to find a unit satisfying (T). For k£ > 90 there are two routes. Either some z € L\ {a}
gives (T) through a unit that witnesses the progression 2a — x, a, =, provided z < 2a or
x —2a ¢ S (Lemma 8.15(i)); or L is the chain a,3a,...,(2m + 1)a, and Theorem 9.1, applied
to the rescaled triple (k; 1,2m + 3), supplies the unit. Triples with ged(a, z, k) > 1 may have no
witness, but these are rescaled copies of the 59 failures at orders up to 90 listed in Lemma 8.16
(see Lemma 8.17), and Lemma 8.18 shows that they cannot block both routes, except for a = 15
at k = 120, which is settled by hand. The orders k& < 90 are a finite check.

Definition 8.14 (witnesses and admissible triples). Let k be even and let a,x be integers. A
unit ¥ modulo 2k witnesses the triple (k;a,x) if

H,(2a —z) = Hy(a) # H,(x), (47)

and (k;a,x) has a witness if some unit does. The triple is admissible if a < x are odd positive
integers with 2z < k, x # 3a and ged(a, x, k) = 1. (The triple with = 3a never has a witness,
since then 2a —x = —a and H,(—a) = 1 — H,(a) for every odd v, by (45).)

Note that 2a — x, a and = form a three-term progression, so a witness separates the pro-
gression after its middle term but not before it. The main input of this section is Theorem 9.1,
proved in Section 9: every admissible triple (k;a,x) with k > 90 has a witness.

Lemma 8.15 (the progression route). Let S be primitive and all-odd with 1 ¢ S.

(i) Let x € L\ {a}, and suppose that v < 2a or x —2a ¢ S. Then every unit v witnessing
(k;a,x) satisfies (T).

(ii) Suppose that |L| > 2 and that every x € L\ {a} has © > 2a and x —2a € S. Then
ged(a, k) = 1, and there is m > 1 with 2(2m + 1)a < k, (2i+1)a € S for 0 < i <m, and
(2m+3)a¢ S.
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Proof. (i) (Ta) holds with this z, since H,(x) # H,(a). For (Tb) take j = k—x € S, which differs
from k —a. If 2 < 2a, then (2a+j) mod k = 2a—x € (0, a), which is not in S by the minimality
of a. If x > 2a (equality is excluded by parity), then 2a + j = k — (x — 2a) < k, which lies in S
only if z —2a does. Finally, by (44), H,(2a+j) = H,(2a—z+k) =1—H,(2a—x) = 1— H,(a).

(ii) BEach x € L\ {a} has x — 2a € L, and descending from x by steps of 2a stays in L
until it reaches a. So every element of L is = a (mod 2a), in particular divisible by a. Let
f = ged(a, k), which is odd. It divides every element of L, every k — x with « € L, and k/2 (as
f is odd and divides k). So f divides ged(S U {k}) = 1. Let (2m + 1)a be the largest element
of Ly m > 1 since |L| > 2, and the descent shows (2i + 1)a € S for 0 < i < m. Suppose
y = (2m+ 3)a € S. Then 2y < k contradicts the maximality, 2y = k gives a | k, and 2y > k
puts kK —yin L, so a | k —y and again a | k. But @ > 3 and ged(a, k) = 1. O

Up to order 90 some admissible triples have no witness, and these failures propagate upwards
by scaling.

Lemma 8.16 (small orders). Let (n;a,x) be admissible with n < 90. Then (n;a,x) has a
witness unless it is one of the 59 triples

n | (a,z)

12| (1,5) (3,5)

16 | (1,5) (1,7) (3,7)

20| (1,7) (3,5) (7,9)

22 | (15) (1.9) (5.7)

24 | (1,5) (1,11) (3,7) (5,7) (5,9) (1,9)

28 | (1,7) (3,13) (7,9)

30 | (1,11) (1,13) (7,13)

36 | (1,7) (1,15) (1,17) (5.11) (5.13) (7,17) (11,15)
40 | (1,5) (1,15) (3,15) (5,17) (7,19) (9,13) (15,19)
42| (1,5) (1,9) (1,17) (3,19) (5,7) (11,15) (11,19) (13,15)
48 | (3,11) (15,23)

60 | (1,23) (11,13) (13,27) (19,21)

70 | (1,17) (3,25) (9,13) (13,15)

90 | (1,83) (17,21) (19,41) (23,39)

Denote this list by F.

Proof. This is a finite check: for every admissible triple with n < 90 not in F, a search over the
units ¥ modulo 2n finds a witness. O

Lemma 8.17 (lifting). If (n;a,x) has a witness, then so does (gn;ga, gx) for every g > 1.
Consequently, let k > 90 and let (k;a,x) satisfy every condition of admissibility except perhaps
ged(a, z, k) = 1. If (k;a,x) has no witness, then, with g = ged(a, z, k), the triple (k/g;a/g,z/g)
lies in F.

Proof. Let v be a unit modulo 2n witnessing (n;a,z). Reduction Z/2gn — Z/2n maps units
onto units, so there is a unit Y modulo 2gn with v/ = v (mod 2n). For every integer v,
V' gy mod 2gn = g (vy mod 2n), which is less than gn exactly when vy mod 2n < n. So H,/(gy)
at order gn equals H,(y) at order n, and v/ witnesses (gn; ga, gz).

For the second part, g divides the odd number a, so it is odd; hence k/g is even, and
(k/g;a/g,x/qg) is admissible. It has no witness, by the first part. If k/¢g > 90 this contradicts
Theorem 9.1, so k/g < 90, and Lemma 8.16 puts the triple in F. O

Above order 90 the lifted failures can still occur, but only in a way that the three-point
condition can absorb.
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Lemma 8.18 (failures above order 90). Let k > 90 be even, and let S be primitive and all-odd
with 1 ¢ S and (k,a) # (120,15). Suppose that every x € L\ {a} for which (k;a,x) has a
witness satisfies x > 2a and x — 2a € S; that is, route (i) of Lemma 8.15 is available for no x.
Then (k;a,z) has a witness for every x € L\ {a, 3a}.

Proof. Suppose that (k;a,z) has no witness for some xy € L\ {a,3a}; I derive a contradiction.
Let M be the set of orders n such that (n;a’,2’) € F for some o', 2’ with n | k and a = (k/n)d’,
and let £ =lem M. For y € L\ {a,3a} write g, = ged(a,y, k). If (k;a,y) has no witness, then
Lemma 8.17 gives (k/gy;a/gy,y/9y) € F, so k/g, € M. In particular M is nonempty (take
y = x0). Every element of M divides k, so ¢ | k; write k = {f. For every n € M, n | {, so f
divides k/n; hence f | g, whenever (k;a,y) has no witness. In particular f | g5, | a, so f is odd.

I claim that f divides every y € L, by induction on y. For y = a this was just shown. For
y # a there are three cases. If (k;a,y) has a witness, then y — 2a € L by hypothesis, f | y — 2a
by induction, and so f | y. If it has none and y = 3a, then f | a | y. If it has none and y # 3a,
then f | g, | y. Since f is odd and divides k, it also divides k/2 and every k — y; so f divides
ged(SU{k}) = 1. Hence ¢ = k.

It remains to see that £ = k is impossible. Each n € M comes from a failure (n;a’,2') € F
with a//n = a/k, so all the orders in M carry failures with one and the same ratio a’/n.
Inspecting F, a ratio occurs at two different orders only three times: 3/12 = 7/28, 3/24 = 5/40
and 1/16 = 3/48. So either M is a single order, and ¢ < 90, or ¢ divides lem(12,28) = 84,
lem(24,40) = 120 or lem(16,48) = 48. As £ = k > 90, this leaves k = 120 with a/k = 1/8, that
is, a = 15, which is excluded. ]

Theorem 8.19 (the three-point condition). Let S be primitive and all-odd, with 1 ¢ S and
|L| > 2, and not one of the supports listed in Table 4. Then some unit v modulo 2k satisfies

(T)-

Proof. Orders k > 90. If some = € L\ {a} has a witness for (k;a,z) and satisfies < 2a or
x —2a ¢ S, Lemma 8.15(i) gives (T). Otherwise, if (k,a) # (120, 15), Lemma 8.18 applies, and
every = € L\ {a,3a} has a witness, so it satisfies x > 2a and = — 2a € S; so does = = 3a, since
a € S. So Lemma 8.15(ii) applies. It gives ged(a,k) = 1 and m > 1 with (2 + 1)a € S for
i<m,22m+1a<kand 2m+3)a ¢ S. Asa>3,2(2m+3) <6(2m+1) <2(2m+ 1)a <
k, so the triple (k;1,2m + 3) is admissible, and by Theorem 9.1 some unit v; witnesses it:
Hy, (—(2m+1)) = Hy, (1) # Hy, (2m+3). By (45), Hy, (2m—+1) = 1~ Hy, (—(2m-+1)) £ H,, (1),
Since a is odd and prime to k, it has an inverse a modulo 2k. Put v = rja, a unit, so that
vya = 1y (mod 2k) and H,(ya) = H,, (y) for every integer y. Let j = (2m + 1)a, which lies
in L\ {a}. Then (Ta) holds with = = j, since H,(j) = H,,(2m + 1) # H,,(1) = H,(a). For
(Th),j#k—aand 2a+j=(2m+3)a <2(2m+1)a < k,so (2a+j) mod k = (2m+3)a ¢ S,
and H,(2a+ j) = H,,(2m +3) # H,,(1) = H,(a).

The order k = 120 with a = 15. Suppose again that route (i) of Lemma 8.15 is available for
no x, so that every € L\{a} with a witness has x > 30 and x—30 € S. Let x € L\{15,45} have
no witness. By Lemma 8.17, (120/g;15/g,x/g) € F with g = ged(15,x,120), and g # 1 since
the orders in F are at most 90. The only entries of F of the forms (40;5, -), (24;3,-) and (8;1,-)
are (40;5,17) and (24;3,7), so z € {35,51}. Every element of L therefore lies in {15, 35,45, 51},
by induction: an x € L with a witness has x —30 € L, and x — 30 € {15, 35,45,51} with < 60
forces + = 45. If 35 ¢ L, then 3 divides every element of L, hence every element of S (as
k/2 =60 is even, S = LU (k — L)), contradicting primitivity; so 35 € L, and in the same way,
with 5 in place of 3, 51 € L. Now the unit v = 11 satisfies (T), with residues modulo 240. First
Hy1(15) =0, as 11 - 15 = 165. (Ta) holds with = 51, since 11 - 51 = 81. For (Th), if 45 ¢ S
take j = 15, so that 2a + 7 =45 ¢ S and 11 - 45 = 15; if 45 € S take j = k — 35 = 85, so that
2a+7=115¢ S5 (as 5 < a) and 11 - 115 = 65.

Orders k < 90. These are a finite check; since 1 ¢ S and |L| > 2, k > 12. For each such k
it has three steps.
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kS v t kS v t
10 {3,5,7} 3 0 22 {9,11,13} 7 0
14 {5,7,9} 5 k 24 {5,9,15,19} 3 k
16 {3,7,9,13} 3 0 30 {7,13,17,23} 3 0
18 {7,9,11} 5 k 30 {7,13,15,17,23} 3 0
22 {3,9,13,19} 11k 36 {5,13,23,31} 3 k
22 {3,9,11,13,19} 3 0 40 {3,9,31,37} 5 k
22 {5,7,15,17} 1 0 40 {7,19,21,33} 3 0
22 {5,11,17} 5 k 40 {9,13,27,31} 1 0

42 {5,15,27,37} 3 k

Table 4: The supports of Lemma 8.20, with the parameters (v,t) of a half-arc carrier Q(v;t)
that, with ¢ = min S, forms a o-bump. The multiplier v is an odd residue modulo 2k, not
necessarily a unit. Five have three elements, of the form {a,k/2,k — a} with 38 > k/2 in the
notation of Theorem 8.8, and the other twelve have |L| > 2.

1. Let Fj be the set of the pairs (a,3a) with 6a < k, which have no witness by (45),
together with the pairs (ga’,g2’) with g odd and (k/g;d’,2') € F; for instance Fyy =
{(1,3),(3,9),(5,15),(7,21)}. For every odd pair a < = < k/2 not in Fj, a witness of
(k;a,x) is found by a search over the units ¥ modulo 2k.

2. By Lemma 8.15(i), S then satisfies (T) unless every x € L\ {a} has (a,z) € F} or
x — 2a € L. The lower halves L with this property are enumerated, for each odd a > 3
(as 1 ¢ S) with 2a < k, starting from L = {a} and adding the candidates x in increasing
order. Each is completed to a support with and without k/2 (when k/2 is odd), and the
supports that are not primitive or have |L| < 2 are discarded. This leaves 411 supports.!

3. For each of these 411 supports except the twelve with |L| > 2 in Table 4, a unit v satisfying
(T) is recorded.

O]

8.7 Proof of Theorem 8.1

The seventeen supports that escape the arguments above are listed in Table 4, each with a
half-arc carrier. The multiplier v is a residue modulo 2k, and it need not be a unit. Indeed, for
the supports {3,9,13,19} and {5,7,15,17} at k = 22 and {7,13,17,23} at k = 30 there is no
half-arc carrier with a unit multiplier: for every unit ¥ modulo 2k and both ¢t € {0, k}, the pair
(min S, Q(v;t)) fails to be a o-bump. Several entries of the table use non-units; for these three
supports, with v = 11, 11 and 3, no unit would do.

Lemma 8.20 (seventeen small supports). For each of the seventeen supports S of Table 4, with
the listed v and t, 0 = min S and Q(v;t) form a o-bump.

Proof. This is a finite check of (B1) and (B2) for seventeen explicit pairs (o, Q). O

Proof of Theorem 8.1. If 1 € S, Proposition 8.4 applies. Assume 1 ¢ S, and let a = min S > 3;
then a € L, since otherwise S = {k/2}. If S is listed in Table 4, Lemma 8.20 applies. Otherwise
there are two cases.

|L| > 2. Theorem 8.19 gives a unit v satisfying (T), and Proposition 8.13 gives the o-bump
(a,Q(v;t)) with t € {0, k}.

1Counts such as this one, and the numbers of triples and orders quoted in Section 9 and Appendix A, describe
the size of the finite checks. They are not themselves formalised; what is formalised is that every case met by
each check passes it (Appendix C).
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|L| = 1. Then L = {a}, and since |S| > 3, S = {a,k/2,k — a} with h = k/2 odd. Any
common divisor of a and h divides a, h, k — a and k, so ged(a,h) = 1 by primitivity, and
3 <a < h. Let 8 be as in Theorem 8.8. If 38 > h, then h < 11, and (h,a) is one of (5,3),
(7,5), (9,7), (11,5) and (11,9), all with 8 = 4 (for 8 = 2 the only candidate order, h = 5,
has no suitable a); so S would be listed in Table 4. Hence 35 < h, and Theorem 8.8 gives the
o-bump. O

9 Three-term progressions under unit multipliers

The all-odd case of Section 8 needs one purely arithmetic fact, about how multiplication by a
unit moves a short arithmetic progression around the cycle Z/2k. Cut Z/2k into the two halves
{0,...,k—1} and {k,...,2k — 1}. Given odd a < = with z < k/2, so that both lie in the first
quarter {0,...,k/2 — 1} of the cycle, is there a unit v that sends a and 2a — z to the same half
and x to the other? Note that 2a — x, a and x form a three-term progression with difference
e = & — a, so the question asks for a unit that separates the progression after its middle term
but not before it. Here I show that, when ged(a, z, k) = 1, the answer is yes at every even order
k > 90, with one obvious exception.

The proof is by the geometry of numbers. The pairs (va, ve), reduced modulo 2k, are the
points of a planar lattice of determinant 2k, and a lattice point with v a unit in one of four
open triangles yields a witness. The triangles cover a quarter of the square [0,2k)2, which
contains 2k lattice points, so one expects about k/2 lattice points in them; the difficulty is to
make this rigorous for every lattice, including very skewed ones whose points lie on a few widely
spaced lines, and to find a unit point. Along a lattice line the multipliers form an arithmetic
progression, so Jacobsthal’s function J(n) bounds how far one must go along a line to reach a
unit. A short vector of the lattice then settles the question: either it is long enough that a whole
band of lines crosses the incircle of a triangle, or it is one of finitely many short directions, for
which chords inside the triangles are tabulated once and for all. Above order 2730, elementary
bounds on J(n) and this chord table finish the proof (Section 9.6). At orders 92 < k < 2730
with at most two odd prime factors a direct argument applies (Section 9.7), and at the other
orders up to 2730 a finite certificate does (Appendix A). On a first reading one can skip the
proofs of the lemmas and Appendix A.

9.1 Statement

The functions H and H, are those of (43), and witnesses and admissible triples are as in
Definition 8.14. For an integer y write (y) € {0,...,2k — 1} for its residue modulo 2k, so that
H(y) = 1 exactly when (y) < k; recall also that H(y + k) = 1 — H(y), by (44).

Theorem 9.1 (three-term progressions). Every admissible triple (k;a,z) with k > 90 has a
witness.

Both restrictions are genuine. If x = 3a then 2a — x = —a, and since va is odd it is neither
0 nor k£ modulo 2k, so H,(—a) = 1 — H,(a) for every v. The bound on k cannot simply be
dropped either: the triple (90;1, 33) satisfies every other condition, but it has no witness, as a
direct check of the 48 units modulo 180 shows.

It is convenient to work with the pair (a,e), e = x — a, and to allow any integer pair. Since
2a —x =a—e and x = a + e, a unit v witnesses (k; A, A + F) exactly when

H(v(A—FE)) =H(vA) # H(v(A+ E)), (48)

and I shall say that a pair (A, E)) of integers has a witness if some unit v satisfies (48). Since H
depends only on residues modulo 2k, this depends only on A and £ modulo 2k. Theorem 9.1
states that (a,z — a) has a witness.
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Throughout the rest of the section (k;a, x) is admissible with &£ > 90, unless stated otherwise,
and e = x — a. Then

aodd, eeven, 0<e, a+e<k/2, e#2a, gcd(a,e, 2k)=1. (49)

The last condition holds because a prime dividing a, e and 2k is odd (as a is odd), so it divides
k,a and x = a + e.

9.2 The target region

The condition (48) only involves the residues (vA) and (VE), so it describes a region of the
square [0,2k)2. It is enough to use four open triangles inside that region. Let

A ={(X,Y)eR?: k/2< X <k, |[Y —k/2| <X —k/2}, Ay = Ay + (k,0),

Az ={(X,)Y)eR?: 0< X <k/2, |Y —3Kk/2| <k/2- X}, Ay = Az + (k,0),

and R = A; UAyUA3UA, C (0,2k)2. The triangle A; has vertices (k/2,k/2), (k,0) and
(k,k); it is right-angled and isosceles, with legs k/+/2 and hypotenuse k, so its inradius is

p=3(k/V2+k/V2—k)=1(V2-1)k, (50)

and its incentre is O = (k — p,k/2). The other three triangles are congruent to it. Figure 2
shows the four triangles inside the square, together with the lattice of the next subsection.

Lemma 9.2 (the target region). If ged(v,2k) =1 and ((vA), (VE)) € R, then v satisfies (48),
so (A, E) has a witness.

Proof. Write X = (vA) and Y = (vE), so that H(vA) = H(X) and Hwv(A+FE)) = HX+Y).
F(X,)Y)eAjthenk—X <Y <X,500< X -Y<2X—-k<kand k< X+Y <2X < 2k;
hence H(X —Y)=1=H(X)and HX+Y)=0. If (X,Y) € Agthen k+ X <Y <2k — X,
so X —Y lies in (2X — 2k, —k), which is (2X, k) modulo 2k, and X + Y lies in (k + 2X, 2k);
hence again H(X —Y)=1= H(X) and H(X +Y) = 0. Finally, replacing X by X + k adds
k to each of X and X + Y, which reverses all three values of H and so preserves the pattern
H(X-Y)=H(X)# H(X +Y). This covers Ay and Ay. O

9.3 The lattice

The pairs (va,ve) modulo 2k are the points of a lattice. It is simplest to define it by a single
congruence:
A ={w=(wi,ws) € Z*: 2k | wie —waa}.

Since ged(a, e, 2k) = 1, fix integers &1, &2, &3 with &1a + {ae + 2k€3 = 1, and define the label of
w € Z2% as Mw) = &wy + &ws. For w,w’ € R? write w x w' = wiw} — wow) and w - w' for the
dot product.

Lemma 9.3 (labels). (a) A is a subgroup of Z* containing 2kZ? and (va, ve) for everyv € 7Z,
and every w € A satisfies w = Mw) (a,e) (mod 2k). In particular A = Z(a,e) + 2kZ?,
and X is additive.

(b) If w,w’ € A then 2k | w x w'.
(c) If w e A, ged(A(w),2k) =1 and ((w1), (wa)) € R, then (a,e) has a witness.
Proof. (a) The first claims are clear. If wije — woa = 2kc then
w1 — AMw)a = w1 (§2e + 2kE3) — Spaws = & - 2ke + 2kE3w,

and similarly wy — A(w)e = —&; - 2kc+ 2k&3ws. (b) By (a), wx w' = AMw)A(w') (a,€) x (a,e) =0
modulo 2k. (c) By (a), (A(w)a) = (w;) and (A(w)e) = (ws), so Lemma 9.2 applies with
v = Aw). O
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Figure 2: The geometry of Lemma 9.2 and Proposition 9.8, drawn to scale for £k = 128 and
(a,e) = (9,20). The square is [0,2k]? and the shaded triangles are Ay,...,A4. The dots are
the 2k points ((va), (ve)) of A in the square, filled for the unit points (¥ odd) and open for the
others. A shortest vector is v = (11, —4), of length I = /137, and w = (a, ) has v x w = 2k; the
grey lines are the lines Ly, ..., L14, a distance 2k/l ~ 21.9 apart. The circle is the incircle of Ay,

with centre O and radius p. The line £4 passes within 0.06 £ of O, and its chord across the disc
(thick) contains the points with v = 208,67, 182,41; the two unit points among them (circled)

show that (9,20) has a witness. Here ¢ = 1 and n = 2, and both hypotheses of Proposition 9.8
hold.
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Call w € A a unit point if ged(A(w),2k) = 1. By Lemma 9.3(c), the task is to find a unit
point of A in R+ 2kZ?. The next lemma collects what a shortest vector of A provides; part (b)
is Hermite’s bound in dimension two.

Lemma 9.4 (a shortest vector). Let v be a nonzero vector of A of least Euclidean length | = |v|,
let g = ged(vi,v2) and w = (p,q) =v/g. Then:

(a) there is w € A with v x w = 2k;

(b) 31* < 16k?;

(c) g2k, gq is even, and mu ¢ A for 0 <m < g;

(d) g | A(v), and every common divisor of A(v) and 2k divides g;
(e) ged(AMw),g) =1 for every w as in (a).

Proof. (a) Write vie — vea = 2kp and ¢ = ged(vy,va, ). Then v/c € A is nonzero, so ¢ = 1
by minimality. Take integers puq, o, us with pivr + pove + use = 1 and put w = (—2kug +
psa, 2kpy + pge). Then w € A (it is us(a,e) plus a vector of 2kZ?), and v x w = 2k(pvy +
Hove) + us(vie — voa) = 2k.

(b) Replacing w by w +tv with ¢ € Z does not change v x w, so I may assume |v - w| < [?/2.
Since w # 0, |w| > I. Lagrange’s identity (v x w)? + (v - w)? = |v|?|w|? gives 4k? > I* — */4.

(c) Let ¢ = ged(2k,g) = (12k + (29. Then g'u = (1(2ku) + (v € A is nonzero, so
J'|ul > 1= glul|, and ¢’ = g; thus g | 2k. If 0 < m < g then mu is nonzero and shorter than v,
so mu ¢ A. Finally vea = vie (mod 2k) with e and 2k even, so vea is even, and since a is odd,
v9 = gq is even.

(d) Mv) = g(&1p + £2q). If ¢ divides A(v) and 2k, then by Lemma 9.3(a) it divides v; and
v9, hence g.

(e) For every z € R?, (v x w)z = (2 x w)v + (v x z)w (both sides are linear in z and
agree at z = v and z = w). Take z = (a,e) € A: by Lemma 9.3(b) both z x w and v x z are
multiples of 2k = v x w, so (a,e) = ;v + cow with ¢1,c2 € Z. Applying the additive map A,
1 —2k& = &1a+ e = c1A(v) + ceA(w). Since g divides 2k and A(v), it is prime to AM(w). O

Replacing (v, w) by (—v, —w) changes none of these properties, so I may and do assume that
u is normalised: p > 0, or p = 0 < ¢q. Eight short directions never occur.

Lemma 9.5 (eight excluded directions). With v = gu as in Lemma 9.4 and u = (p,q) nor-
malised, (g;p,q) is none of

(1;1,0), (1;1,2), (2;0,1), (2;1,0), (2;1,1), (2;1,-1), (2;1,-2), (40,1).

Proof. Each case says that 2k divides g(pe — ga), and each contradicts (49). For (1;1,0): 2k | e,
but 0 < e < k. For (1;1,2): 2k | e — 2a with |e — 2a| < k, so e = 2a. For (2;0,1): k| a, but
0 <a <k For (2,1,0): k|e For (2;1,£1): k | e F a, which is odd while k is even. For
(2;1,-2): k|e+2a,but 0 <e+2a=x+a<k. For (4,0,1): k/2|a, but 0 < a < k/2. O

9.4 Lattice lines and Jacobsthal’s function

For n > 1, Jacobsthal’s function J(n) is the least m such that every m consecutive integers
include one prime to n [Jacobsthal, 1960a,b,c]. It depends only on the set of primes dividing
n, and J(n') < J(n) whenever every prime factor of n’ divides n. Deep asymptotic bounds are
known, such as J(n) < w(n)?log?w(n), with w(n) the number of distinct prime factors of n
[Iwaniec, 1978], but the elementary bounds proved below suffice here.
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Fix v = gu and w as in Lemma 9.4, and write A\, = A(v) and A\, = A(w). For j € Z let
Lj={jw+tv: teR}

(see Figure 2). Since v X (jw + tv) = 2kj, the line £; lies at signed distance 2kj/l from Lo;
consecutive lines are 2k/l apart. The points jw + iv with i € Z lie in A, a distance [ apart, and
their labels jA, + i\, form an arithmetic progression.

Lemma 9.6 (unit points on a line). Let n > 1 divide 2k, with ged(n,g) = 1 and every prime
factor of 2k dividing n or g (for instance, n the product of the primes of 2k that do not divide
g). If ged(j, g) = 1, then among any J(n) consecutive points jw+iv of L; there is a unit point.

Proof. A common divisor of A, and n divides 2k, so it divides g by Lemma 9.4(d), and it
is 1 since ged(n,g) = 1. Choose ¢ with tA, = 1 (mod n). Then jA, + iAy, = A\(i + tjAy)
(mod n), and as @ runs through J(n) consecutive integers so does i + tjAy; so for one of them
JAw + iy is prime to n. A prime ¢ dividing ¢ divides A\, (Lemma 9.4(d)) but neither j nor A,
(Lemma 9.4(e)), so it does not divide jA, + i\,. Every prime of 2k divides n or g, so this label
is prime to 2k. ]

Lemma 9.7 (chords). Let n be as in Lemma 9.6, gcd(j,g) = 1, A one of Ay,...,Ay and
2 €72 Ifty <ty, t1 —tg > J(n) and jw +tv € A+ 2kz for all t € (tg,t1), then (a,e) has a
witness.

Proof. The integers i, ...,i0 + J(n) — 1 with ig = [to] + 1 lie in (to,to + J(n)] C (to,t1). By
Lemma 9.6 one of the points jw -+ iv with such ¢ is a unit point. It lies in A 4+ 2kz, and since
A C (0,2k)? its residues modulo 2k lie in A C R. Now apply Lemma 9.3(c). O

9.5 Two ways to find a chord

The first way uses a band of lines through the incircle of Ay, and works when the shortest vector
is long.

Proposition 9.8 (the band). With v = gu as in Lemma 9.4 and n as in Lemma 9.6, suppose
that
J(g) < 0.1021 and J(n)l < 0.3604 k.

Then (a,e) has a witness.

Proof. Let D be the open disc of radius p about the incentre O of Ajp; it lies in Ay. Put
7 = (v x O)/2k, so that O is at signed distance 2k7/l from Ly. The J(g) consecutive integers
|T—J(9)/2]+1,...,|7—J(9)/2]+J(g) include one, j, prime to g, and every one of them satisfies
|7 — 7| < J(g)/2. So the distance from O to L; is at most (2k/1) J(g)/2 = J(9)k/l < 0.102 k.
The line £; therefore meets D in an open segment of length greater than 2./p? — (0.102 k)2.
By (50), p* = (3 — 2v2)k? > 0.04289 k2, and (0.102k)? = 0.010404 k?, so the segment is
longer than 21/0.03248 k > 0.3604 k > J(n)!l. In terms of the parameter ¢ of £; (in which the
lattice points sit at the integers) the segment has length greater than J(n), and it lies in Aj.
Lemma 9.7 completes the proof. ]

The second way handles the short directions. Its key feature is that the geometry does not
depend on k, a or e once everything is scaled by 2k. Scale the triangles: let A; = A;/2k, so
that
1:{(XaY):%<X<%a |Y_i|<X_%}a 32:81_‘_(
3:{(XaY):O<X<i7 |Y_%|<%_X}7 84233_‘_(

70)7
,0).

N—= N
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For a primitive u = (p, ¢), an integer g > 1 and j € Z, consider the line
J
Lj(g,u) = {7 (—a,p) +su: se R}-
’ glul?

If v = gu and w are as in Lemma 9.4, then (—¢,p) - w = u X w = 2k/g, and decomposing w
along u and (—q,p) gives

J(u-w)
2k|ul? -

Jw+tv g
2k gluf?

(—q,p) + (s* + it)u, 5y = (51)

2k

So L;/2k = Ej(g,u), and a change of s by v is a change of ¢ by 2k /g.

Definition 9.9. A chord witness for (g;p,q) consists of an integer j with ged(j,g) = 1, an
index i € {1,2,3,4}, a vector z € Z? and rationals sy < s1 such that the point of £;(g,u) with
parameter s lies in A; + z for every s € (sg, s1). Its length is ¢ = s1 — sp.

A chord witness is checked by evaluating finitely many signs. Each 32 + z is the intersection
of three open half-planes {f > 0} with f affine. If, for each of the three functionals, f > 0 at
the two points with parameters sy and s; and f > 0 at one of them, then f > 0 on the open
segment between them, because along the segment f is a combination of its two end values with
positive weights. These are nine rational sign conditions.

Proposition 9.10 (a tabulated chord). With v = gu as in Lemma 9.4 and n as in Lemma 9.6,
suppose (g;p,q) has a chord witness of length 1 with 2ky > J(n)g. Then (a,e) has a witness.

Proof. By (51), jw + tv € A; + 2kz for all ¢ in an open interval of length 2ky/g > J(n).
Lemma 9.7 applies. O

When neither proposition applies directly, the lattice can be pinned down completely. Since
gu € A, the pair (a,e) is, up to a unit, one of at most g2 explicit pairs.

Lemma 9.11 (lattice classes). Let v = gu be as in Lemma 9.4 and ny = 2k/g. There are a
unit n modulo 2k and integers 0 < s,t < g (unrelated to the line parameters above) such that,
with (A, E) = (p + nos, q + not),

n(a,e) = (A, E) (mod 2k).

Moreover gcd(A, E,2k) = 1, and 2k t m(pE — qA) for 0 < m < g. In particular, if (A, E) has
a witness then so does (a,e).

Proof. By Lemma 9.4(d), A, = A(v) = g\*, and ged(A\*,ng) = 1: if ¢ divides both then gc
divides 2k and A, hence g, so ¢ = 1. By Lemma 9.3(a), g(p,q) = v = g \*(a,e) (mod 2k), so
M (a,e) = (p,q) (mod ng). Every unit modulo ng lifts to a unit modulo 2k: take n = A\* 4+ ngr,
with 7 the product of the primes of 2k that divide neither ng nor A\*. Indeed, let ¢ be a prime
dividing 2k. If £ | ng, then n = A* £ 0 (mod ¢), as ged(A*,ng) = 1. If £{ ng and £ | \*, then
¢4 r,and n = nor Z 0. If ¢ divides neither, then ¢ | r, and n = A* # 0. Then na = p + noK;
and ne = q + ngK>s for some integers K7, Ko, and with s,t the residues of K, K5 modulo g one
gets n(a,e) = (A, E) (mod nog), as claimed.

If ¢ divides A, E and 2k, it divides na and ne, hence n(§1a + {ae + 2k€3) = n, and ¢ = 1. If
2k | m(pE — qA), then 2k | mn(pe — qa), so 2k | m(pe — ga), that is mu € A; this is impossible
for 0 < m < g by Lemma 9.4(c). For the last statement, if a unit v satisfies (48) for (A4, F),
then vn is a unit, and it satisfies (48) for (a, e) because vn(a,e) = v(A, E) (mod 2k). O

The two conditions on (A, E) in Lemma 9.11 are used in reverse: a class (s,t) for which
ged(A, E,2k) > 1, or for which 2k | m(pE — qA) for some 0 < m < g, cannot arise from an
admissible (a, e) with shortest vector gu, and needs no witness.
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9.6 The chord table and orders above 2730

The two propositions of the last subsection settle every large order. The band (Proposition 9.8)
needs a long shortest vector, and the short ones are covered once and for all by a table of chords.

Let V be the set of triples (g;p,q) with ¢ > 1, (p,q) primitive and normalised, gq even,
g*(p® + ¢%) < 6400, and (g;p, q) not one of the eight triples of Lemma 9.5. By Lemma 9.4(c)
and Lemma 9.5, a normalised shortest vector v = gu of A with I < 80 gives a triple (¢g;p,q) € V
with g | 2k. The following finite computation is the first part of the certificate for Theorem 9.1;
the other two parts, (C2) and (C3), are in Appendix A.

(C1) The chord table. For each of the 5012 triples of V a chord witness is given and its nine
sign conditions are verified (after clearing denominators). That the table lists exactly the
elements of V is checked by enumerating all g < 80 and all (p,q) with 0 < p < 80/g and
lg| < 80/g. Only lower bounds on chord lengths are used, so the witnesses need not be
the longest chords. Every entry has

g < 339.84), (52)

where v is the length of its chord witness; the extreme entry is (76;1,0), with ¢ = 17/76
and g/v = 339.76 . . ..

Say that an even order k satisfies the tail condition with bound m if
17.8m?> <k and  169.9m <k, (53)

that is, 178 m? < 10k and 1699m < 10k in integers. The first inequality is what the band
(Proposition 9.8) needs, J(n)l < 0.3604 k, after Hermite’s bound 1?2 < 4k/+/3; the second is
what a tabulated chord (Proposition 9.10) needs, 2ky > J(n)g, after (52). The bounds on
Jacobsthal’s function used below are proved in Section A.2 (Corollary A.5).

Proposition 9.12. Let k be even and satisfy the tail condition (53) with bound m = J(2k).
Then Theorem 9.1 holds at the order k. The tail condition with m = J(2k) holds for every even
k > 2730.

Proof. For the last statement, write J = J(2k). By Corollary A.5(a), 17.8J2 < k. If J > 10
this gives 169.9.J < 178 J < 17.8 .J? < k, and if J <9 then 169.9J < 1530 < k.

Now let v = gu be a normalised shortest vector of A, and n the product of the primes of 2k
not dividing g, so that n satisfies the conditions of Lemma 9.6 and J(n) < J. By hypothesis,
17.8 J < k and k > 169.9 J.

Short vectors, 1> < 6400. Then (g;p,q) € V by Lemma 9.4(c) and Lemma 9.5, and (52)
gives 2k > kg/169.9 > Jg > J(n)g, so Proposition 9.10 applies.

Long wvectors, | > 80. By Corollary A.5(b), either J(g) < 8 < 0.102 - 80 < 0.1021, or
J(g) < 0.102g < 0.1021. By Lemma 9.4(b), I2 < 4k//3, so

k 4k
J(n)?1? < —— - —= < 0.12975 k*
R TV ’
and J(n)l < 0.36021 k. So Proposition 9.8 applies. O

9.7 Orders with at most two odd primes

When k has at most two odd prime factors, Theorem 9.1 has a direct proof, with no lattice. It
covers 1193 of the 1320 orders 92 < k < 2730, so that the finite certificate is needed only at the
127 orders with three or more odd prime factors. The idea is that one term of the progression
is then a unit; normalising it to 1 leaves a one-parameter problem, which explicitly located
multipliers solve. Throughout, if ¢ is a unit and v satisfies (48) for the pair (cA,cE), then vc
satisfies it for (A, E); so (A, E) has a witness as soon as (cA, cF) does.
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case chain mj* mg? - - - K

3,51k 9V 5030 92
3| k;5,7,11,13,194k 1197950193132 7! 96
5| k;3,7,111k 907027311130 100
15 | k 11979192111 498437 315193132 71 120
21| k 119191 171 59193 234173 112 126
33|k 130251 7050132 71 132
39|k 110191 17150193234 173 112 156
57 | k 1107950295132 71 114
35|k 90171232131 111 3° 140
55 | k 907019217230 110

Table 5: The chains used in the proof of Proposition 9.14, for even k > 92 with at most two odd
prime factors; m® stands for the pair (m,i). In each case K is the least such order, so k > K,
and every multiplier is a unit.

Lemma 9.13 (two normal forms). Let k be even.

(a) If m is a unit with 0 < m < k and k+m < (mD) < 2k —m, then m satisfies (48) for the
pair (1, D).

(b) Ifvis a unit with 0 < v <k, (WA) =r <k and (2r —v) > k, then v satisfies (48) for the
pair (A, A —1).

Proof. (a) Write Y = (mD). Then H(m) = 1. Next, m(1 + D) = m + Y with k + 2m <
m+Y <2k, so Hm(1+ D)) =0; and m(1— D) =m —Y + 2k with 2m <m —Y + 2k < k, so
H(m(1-D))=1. (b)Here H(v) =1 = H(vA),and v(2A—1) = 2r—v,so H(v(24A-1)) =0. O

The multipliers for a unit middle term come in chains. A chain is a list (m1,41),...,(my,iN)
of odd multipliers m; and integers i; > 0, with a threshold K, such that

211+1+ 1 <

1 g+l 1242 1 2iy+2 1 _ 1
mi K

1
= - = > 54
87 mi1 K m; K’ my K 27 ( )

the middle condition for j =1,..., N —1. The pair (m;, ;) serves when D/k lies roughly in the
interval ((2i; + 1)/mj, (2i; + 2)/m;), where m;D falls in the window ((2i; + 1)k, (2i; + 2)k);
the three conditions say that, with a margin 1/K, these intervals overlap and together cover
[1/8,1/2]. Table 5 lists ten chains, one for each pattern of small primes dividing k; their
conditions (54) are checked in exact rational arithmetic.

Proposition 9.14 (two odd primes). Let k > 92 be even, with at most two odd prime factors.
Then every admissible triple (k;a,x) has a witness.

Proof. The units modulo 2k are the odd integers prime to the odd primes of k, of which there
are at most two. So if three odd integers are such that no prime factor of k divides two of them,
one of them is a unit. Write e = x — a, so that (49) holds. An odd prime of k dividing two of
a—e, a, a+ e divides a and e, which (49) excludes, so one of these three is a unit.

The case where a is a unit. Let a be its inverse modulo 2k and D = (ae), which is even. It
suffices to find a witness for (1, D). Since aD = e, the values D = 0,2,k — 2,k k + 2,2k — 2
would give e = 0, 2a, k — 2a, k, k + 2a, —2a (mod 2k), which (49) excludes (as 0 < e, e # 2a and
e +2a < k). By Lemma 9.13(a) it suffices to find a unit m with 0 < m < k and

(2i+1)k+m<mD < (2i+2)k—m for some integer i. (55)

If £k < D < 2k, then m = 1 works, with ¢ = 0. For odd m, if m satisfies (55) for k — D with
some i, then it satisfies it for D with i replaced by (m — 3)/2 — i, since mD = mk — m(k — D).
So it may be assumed that 4 < D < k/2.
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If 8D < k, every m in the interval I = (k/(D — 1), 2k/(D 4 1)) has m(D — 1) > k and
m(D + 1) < 2k, which is (55) with i = 0, and m < 2k/5. The length of I is k(D — 3)/(D? — 1),
which exceeds 6: for D < 11 because k > 92, and for D > 12 because k > 8D and 8D (D — 3) —
6(D? —1) =2D(D —12) 4+ 6 > 0. So I contains three consecutive odd integers. Their pairwise
differences are 2 and 4, so no odd prime divides two of them, and one of them is a unit.

If 8D > k, take the chain of Table 5 for the case of k; the cases are exhaustive, and in each
the multipliers are units, because k has at most two odd primes. The first multiplier satisfies the
left inequality of (55), as m1D > m1k/8 > (2i1 + 1)k +mik/K > (2i1 + 1)k +mq, since k > K.
If m; satisfies the left inequality but not the right one, then D/k > (2i; +2)/m; — 1/k, and
(54) gives the left inequality for m;;. The right inequality cannot fail for my, as D/k < 1/2.
So some m; satisfies (55).

The case where a — e is a unit. Let y = 2a — x = a — e, g its inverse and A = (ya). Then
ye = A—1, so it suffices to find a witness for (A, A—1). It may be assumed that a is not a unit.
Let f = ged(A,2k) = ged(a, k). Itisodd and 1 < f <a < k/2, so k/f is even and at least 4.
Write A = fAg and M = 2k/f, so that Ag is prime to M, and let vy € (0, M) be its inverse
modulo M. Every v = cvg (mod M) has vA = fc (mod 2k). The lifts v = 1y (mod M) are
odd and prime to M, and by Lemma 9.13(b) with r = f, every lift that is a unit and lies in
(2f,k) is a witness, since (2f —v) = 2k +2f —v > k. A prime of k dividing a lift does not
divide M, so it divides f.

If f > 15, then 2f + 3M < k, so the interval (2f, k) contains three lifts v, v + M and
v 4+ 2M; their pairwise differences divide 2M, to which v is prime, so one of them is a unit.
If 5 < f <13, then f is a power of a single prime ¢, and 2f + 2M < k (using k > 92 when
fe{5,7}), so (2f, k) contains two lifts v and v + M; a lift that is not a unit is divisible by ¢,
and ¢ cannot divide both, as v is prime to M. If f =3 and 9 | k, then 3 | M, so every lift is
prime to 3 and a unit, and 2f + M < k gives one in (6, k).

There remains f = 3 with 31 M, so that k = 3¢ with ¢ even, 31 ¢ and ¢ > 32, and M = 2gq.
A number prime to M is then a unit when it is prime to 3, and vy is odd. If 6 < 1y < g, the lifts
v and v+ M both lie in (6, k), and one is prime to 3. If vy > g and 3 t vy, take v = vy. If 1y > ¢
and 3 | v, take ¢ = ¢ — 3 and v the residue of cvy modulo M, so that vA = 3c = k — 9. Here
v is prime to M, since a common prime factor of ¢ — 3 and ¢ divides 3. As vy is odd, quvy = ¢
(mod M), so v = q — 3wy, and as ¢ < vy < 2q, v is bg — 3y or 7q — 3vp, which is prime to 3.
Then (2(k—9) —v) =2k — 18 —v > k, since v < M < k —18. Finally, if vy < 6, the lift vy + M
lies in (6, k), and is a witness unless it is divisible by 3. In that case vy € {1,5} and ¢ = 1y
(mod 3). Let s =5if 51 k; if 5 | k, then 5 | M, so vy = 1, and let s = 11, which does not divide
k, as 3 and 5 do. Take ¢ = q— s and v = ¢ — sy = cvy (mod M), so that vA = 3¢ =k — 3s.
A common prime factor of v and ¢ divides sy, and none does; v = (1 —s) Z 0 (mod 3); and
2k — 6s — v > k, since 2q > 64 > s(6 — vg). In each case Lemma 9.13(b) gives the witness.

The case where a + e is a unit. Suppose finally that neither a nor a — e is a unit, so that
Yy =a+e=xis. With ¢ its inverse and A’ = (7'a), e =1 — A’, so it suffices to find a witness
for (A’,1— A’), whose progression is 24’ — 1, A’, 1. Let A = A’ + k. For a unit v, which is odd,
H(vA)=1—HWwA’) and v(2A—1) = v(24" — 1), so v satisfies (48) for (A, A—1) exactly when
it does for (A’,1 — A"). Since A" is odd and k even, ged(A, 2k) = ged(A’, 2k) = ged(a, k), and
the previous case, applied to A, gives the witness. O

Proof of Theorem 9.1. If k has at most two odd prime factors, Proposition 9.14 applies. Oth-
erwise, if £ > 2730, Proposition 9.12 applies, and if k£ < 2730, k is one of the 127 orders of the
finite certificate of Proposition A.1 in Appendix A. O

For 92 < k < 2730 the theorem can also be confirmed directly, independently of the cer-
tificate: a direct search over the units v modulo 2k finds a witness for each of the 100435 222
admissible triples (k;a, ) in this range.
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10 Proof of the main theorem

By Corollary 2.9 it is enough to show the following: if an equation (8) is globally periodic,
its support S is primitive and its coefficients satisfy c¢; = cj_;, then its normalised data is of
known type (Definition 2.6). So let such an equation be given. Since ¢; = ¢, its support is
palindromic.

|S] < 2. By the case analysis at the start of Section 4, either S = (), which is case (K1);
or k =2 and S = {1}, where Theorem 4.1 gives case (K2); or k = 3 and S = {1,2}, where
Theorem 4.2 gives case (K3); or Theorem 4.3 shows that the equation is not globally periodic,
a contradiction.

|S] > 3. I show that no such equation is globally periodic, which leaves only the three
cases above. If S is the full support {1,..., &k — 1}, then & > 4 and Theorem 5.1 applies. So
suppose S is not the full support. If k is odd, Theorem 6.1 applies. If k =6 and S = {1, 3,5},
Proposition 3.10 applies. Otherwise k is even and (k, S) # (6,{1,3,5}), and S carries a o-bump:
by Theorem 7.1 if S has an even element, and by Theorem 8.1 if every element of S is odd. In
either case Theorem 3.14 shows that no equation with support S is globally periodic.

So every globally periodic equation (8) with primitive support and palindromic coefficients
has normalised data of known type. By Corollary 2.9, a globally periodic equation (3) is therefore
the shift or has the coefficients listed in Lemma 2.7, and these are exactly the equations listed
in Theorem 1.1. This completes the proof of Theorem 1.1. O

The argument for supports with three or more elements never uses the coefficients, and it
therefore also proves a statement about the min-plus recursion alone, extending the result of
Csornyei and Laczkovich [2001] for the full support (Section 5).

Corollary 10.1 (the min-plus map is not periodic). Let S C {1,...,k — 1} be palindromic
with |S| > 3, and let 6 € {0,1}. Then no power of the min-plus map T of Definition 3.1 is the
identity: for every p > 1 there is an integer window w € ZF with TP?(w) # w.

Proof. Suppose first that S is primitive. The proof of Theorem 1.1 above provides an integer
solution e of the min-plus recursion (15) for (k, S, ) that carries an unbounded integer tangent
solution d: for the full support by Lemma 5.2 and Lemma 5.3; at odd order by the construction
in the proof of Proposition 6.4, with the solutions of the reduced recursion given in the proof
of Theorem 6.11, or by a o-bump; for {1,3,5} at order 6 by the construction in the proof of
Proposition 3.9; and otherwise by a o-bump and Lemma 3.13. None of these constructions
involves the coefficients ¢;, so Theorem 3.6(ii) applies.

If S is not primitive, let £ = ged(S U {k}), and let S" and &’ be as in Lemma 2.8; then S’
is primitive and palindromic, with |S’| = |S| > 3. As in the proof of Lemma 2.8(ii), if z is an
integer solution of the min-plus recursion for (', 5’,0), then x,, = 2|,, /4| is one for (k, S, ). So
if TP = id, every such z is p-periodic, and 2z, +p = Timetpe = Tme = 2m; that is, the min-plus
map for (k¥',5’,60) has p-th power the identity, against the primitive case. O

Since ZF < RF, the min-plus map is not periodic on R* either. Note that the corollary
asserts only that 7' is not periodic. Unlike the theorems of Csornyei and Laczkovich for the full
support, it does not exhibit a single non-periodic orbit, since the window w depends on p. The
hypothesis |S| > 3 cannot simply be dropped: with # = 1 the min-plus maps for S = {1} at
order 2 and S = {1,2} at order 3 are periodic, with periods 5 and 8 (Section 4).

The corollary leaves the two-term supports {j,k — j} open, since the proof of Theorem 1.1
settles them with the linearisation. For k = 4 and S = {1,3} the tangent certificates (Defini-
tion 3.8) with £ = (—1,—1,—1,—1) and

f=1: ¢q=11, V =(-1,-1,0,—1), W =(0,0,1,1), (w;) =1,1,1,3,0,1,3,3,3,3,1,
0=0: ¢=66, V=(-1,-1,0,0), W = (4,0,0,0), (w;) = 193°153°16351°361°301°3°
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(16 stands for six consecutive entries 1) are valid along the 11-periodic solution with window
E, so, by the argument above, no power of the min-plus map for (4, {1, 3}, ) is the identity, for
either 8. Whether this holds for every two-term support other than {m,2m} at order 3m with
f# = 1, where the map is periodic by unfolding the order-3 case, and which non-palindromic
supports have a periodic min-plus map, I leave open.

Acknowledgements

This proof was Al-generated with fairly limited input from the human author. The models used
were Claude Opus 5.5 and Fable 5.1.

A The finite range of the progression theorem

This appendix completes the proof of Theorem 9.1. It gives the certificate for the 127 orders 92 <
k < 2730 with at least three odd prime factors, the only ones not covered by Proposition 9.14
or Proposition 9.12, and proves the two bounds on Jacobsthal’s function used in Section 9.6 for
the orders above 2730. The notation is that of Section 9.

A.1 The orders up to 2730 with three or more odd primes

By Lemma 9.4(b), (c) and Lemma 9.5, the normalised shortest vector of A at an order k& < 2730
gives a triple in V with ¢ | 2k and 3[* < 16k?: indeed I* < 16 - 2730%/3 gives ? < 6304 < 6400,
so | < 80. Besides the chord table (C1) of Section 9.6, the finite certificate has two more parts.

(C2) Jacobsthal values. A list of 224 pairs (n,m) with J(n) < m. Each is checked over one
period: for every residue y modulo n some 0 <4 < m has ged(y +i,n) = 1.

(C3) The per-order certificate. For each of the 127 even k with 92 < k£ < 2730 that have
at least three odd prime factors, either (C2) contains a pair (n,m) with n the product
of the primes of 2k such that k satisfies the tail condition (53) with bound m (the tail
alternative), or, for each (g;p,q) € V with ¢ | 2k and 3(92(])2 + q2))2 < 16k2, one of the
following is verified:

i) a pair (n,m) from (C2) with n | 2k, ged(n,g) = 1, every prime of 2k dividing ng,

(i) a pair (n,m) ged(n, g y P g ng
and 2kiy > mg, where v is the length of the chord witness in (C1); or

(ii) for each of the g% pairs 0 < s,t < g, with (4, E) = (p+ Q—gks, q+ %kt): a unit v < 100
satisfying (48), or ged(A, E,2k) > 1, or an m with 0 < m < g and 2k | m(pE — gA).

The tail alternative of (C3) holds at 65 of these 127 orders, and alternative (ii) is needed only
at 18 orders, all at most 924.

Proposition A.1. Theorem 9.1 holds at the 127 even orders 92 < k < 2730 with at least three
odd prime factors.

Proof. If the tail alternative of (C3) holds, then J(2k) = J(n) < m and k satisfies the tail
condition with bound m, hence with bound J(2k), and Proposition 9.12 applies. Otherwise,
let v = gu be a normalised shortest vector of A. As noted above, (g;p,q) € V, g | 2k and
31* < 16k?, so (C3) applies to it. In case (i), J(n) < m and 2k > J(n)g, and Proposition 9.10
shows that (a,e) has a witness; the conditions on n are those of Lemma 9.6. In case (ii), let
(s,t) be the class given by Lemma 9.11. Its two exclusions are ruled out by that lemma, so
the certificate gives a unit v showing that (A, F) has a witness, and then so does (a,e), by
Lemma 9.11. O
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A.2 Elementary bounds on Jacobsthal’s function

This subsection proves Corollary A.5, the two inequalities for Jacobsthal’s function used in
Proposition 9.12, by a union bound and a progression trick.

Lemma A.2. (a) Suppose every m consecutive integers include at least ¢ that are prime to
N, and T is a finite set of primes with 3 .r[m/p| < c. Then J(n) <m for everyn > 1
whose prime factors divide N or lie in T .

(b) If ged(f,N) =1 then J(fN) < fJ(N).

Proof. (a) Among m consecutive integers at most [m/p| are multiples of p. So fewer than ¢ of
them are divisible by a prime of T, and one of the ¢ integers prime to N escapes; it is prime to
n.

(b) Given arun y,y +1,...,y+ fJ(N) — 1, choose 0 <r < f with y +7 =1 (mod f), and
consider y; = y +r + fi for 0 < i < J(N), all in the run. Each y; is prime to f. With f’ an
inverse of f modulo N, f'y; = f'(y+r)+¢ (mod N) runs through J(NN) consecutive integers,
so some y; is prime to N, hence to fN. O

Let w; < g < -+ < wg be the primes 17,19, 23,29, 31,37,41,43 and II,, = w; - - - w, (with
IIp = 1), and recall that w(n) is the number of distinct prime factors of n.

Lemma A.3 (at most eight prime factors). Let n > 1 with w(n) < 8. Let B be the product of
the primes p < 13 dividing n, and r the number of primes p > 13 dividing n. Then BIL, < n,
and there is an m with J(n) < m such that

(i) if B is even, 178 m* < 10 max (BIL,, B(|2730/B] + 1));
(i) m <8, or 1000m < 102 BII,.

The maximum in (i) is the better of two lower bounds for an order k to which the lemma
will be applied: k > BII,, and, as k is a multiple of B above 2730, k£ > B(|2730/B| + 1). So
(i) gives the first inequality of the tail condition, and (ii) gives J(g) < 8 or J(g) < 0.102g¢, as
needed for the band.

Proof. The i-th smallest prime above 13 is w;, so the primes p; < - -+ < p, of n above 13 satisfy
pi > w;. Hence n > Bpy---p, > BlIl,, and ), [m/p;] < > ,[m/w;] for every m.

The rest is a finite table. For each of the 64 sets P of primes < 13, with product B, and
each r with 0 < r < 8 — |P|, there is an entry; this gives 384 pairs (B,r). For each the table

supplies integers m and c such that

(P1) every m consecutive integers include at least ¢ that are prime to B;
(P2) Yii[m/wi] <c

(P3) (i) and (ii) hold for this m.

Condition (P1) is checked by sliding a window of length m over one period {0,...,B — 1} of
the starting point; (P2) and (P3) are arithmetic. The largest m needed is 84. Given the table,
(P1), (P2) and the inequality above give exactly the situation of Lemma A.2(a), with N = B
and 7T the primes of n above 13, so J(n) < m. O

Lemma A.4 (at least nine prime factors). Let n have w = w(n) > 9 distinct prime factors. Let
B be the product of the primes p < w dividing n, and R the product of the remaining r primes
of n. Then BR <mn, J(n) < B(r+1), and

178 B(r + 1)2 < 10R, 1000(r + 1) < 102R.
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Proof. Every prime of R exceeds w > r, so r 4+ 1 consecutive integers include at most one
multiple of each, and Lemma A.2(a) (with N =1, ¢c=m =1r+ 1) gives J(R) < r + 1. Since
ged(B, R) = 1, Lemma A.2(b) gives J(BR) < B(r+ 1), and J(n) = J(BR).

For the inequalities, the r primes of R are distinct integers above w, so R > (w + 1)(w +
2)-++(w+7). The other w —r primes are at most w, so B divides the primorial w# = [[,.,p
and 7 > w — m(w). If w < 63, it suffices to check that 178 (w#)(r + 1) < 10[]_;(w + i) and
1000(r+1) < 102]];_, (w+1i) for every 9 < w < 63 and w —7(w) < r < w, a finite computation.
If w > 64, use the classical bound w# < 4% and the count 7(w) < w/2+1 (the odd primes up to w
are distinct odd numbers in [3,w]). The bound on w# holds for w < 2 by inspection and follows
by induction: for even w > 2, w# = (w— 1)#; for w = 2m + 1, the primes in (m + 1,2m + 1] all
divide (2"77;“1), which is at most 4™ because it and (27;":11) are equal and sum to at most 227+
so (2m+1)# < (m+1)#4™ < 4mF4™ Thenr > w/2—1> 31, w < 2r+2, [[1_; (w+1i) > 64
and B < 4¥ < 16 167, so 178B(r + 1)2 < 167 - 2848(r + 1)2 < 16" - 10 - 4" = 10 - 647, using
2848(r + 1)2 < 10 - 4" for r > 8 (true at r = 8, and the right side grows faster). The second
inequality is then immediate. O

Corollary A.5. (a) Every even k > 2730 satisfies 178 J(2k)? < 10k, that is, 17.8 J(2k)? < k.
(b) Every g > 1 satisfies J(g) < 8 or 1000 J(g) < 102g¢.

Proof. (a) Note J(2k) = J(k). If w(k) < 8, apply Lemma A.3 to n = k. Then B is even, and
k > BIl,; also k is a multiple of B exceeding 2730, so k > B(|2730/B| +1). So 178J(k)? <
178m? < 10k. If w(k) > 9, Lemma A.4 gives 178.J(k)? < 178B2(r + 1)2 < 10BR < 10k. (b)
If w(g) < 8, Lemma A.3(ii) gives J(g) < m < 8 or 1000J(g) < 1000m < 102BII, < 102g. If
w(g) = 9, Lemma A.4 gives 1000J(g) < 1000B(r 4+ 1) < 102BR < 102g. O

B Detailed case checks

This appendix contains two elementary case checks that complete proofs in the main text.

B.1 The case M =1 of the both-failing supports

This completes the proof of Lemma 7.13, in the notation of that proof and with the description
of Q given at its start.

At each index 7 the table names two taps among a, b, 2a, a + b whose reads differ, both
surviving. It lists them in twelve numbered rows, with the residue of the position each reads
(not the position itself, as in the example of Section 3.5), a star marking a wrapped tap; reads
follow from (22) and (23).

index ¢ tap reading 1 tap reading 0
1 even
(1) i<b 2a — i+ 2a € (2a,k) a— 1+ a, odd
(2) i=b b—2be (2a,k) a—a+bes
3) b<i<a+b i#2a a+b—*i—a,odd a — i+ a, odd
(4) i=2a a — 3a 2a —* 2a—b e (0,b)
(5) i>a+b,i#2b a—=*i—a—-b€ (0,a),odd b—*i—2a€(0,b)
(6) i=2b a+b—*2b—a, odd b—*2b—2a € (0,b)
i odd
(7) i<a a+b—i+a+be (2a,k) 2a — i+ 2a € (2a,3a), odd
8) i=a 2a — 3a a—2a€S
(9) ae<i<a+bd a—i+ac€ (2a,k) a+b—=*i—a€(0,b)
(10) i=a+Dd a+b—=*be S b—=*b—a
(11) i>a+b,i+# 3a b—o*i—2a€(b—a,b),odd a—*i—a—be (0,a)
(12) i=3a a+b—*2a€S a—*2a—be(0,b)
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Positions not described as odd or as elements of S are even, and every even position named lies
in (0,6) U (2a, k), so it is free and lies in ). An element of S other than a reads 0 unwrapped
and 1 wrapped. For the odd positions: among the reads of 1, the unwrapped odd position is
3a € @ and the wrapped ones (i —a, i —a—b, 2b—a, i — 2a) are not in {a, 3a,b—a}; among the
reads of 0, the unwrapped odd positions (i + a, i 4+ 2a) are not in {a, 3a,b— a} and the wrapped
oneisb—a € Q.

These memberships are checked with a < b < 2a and k = 2a+b. Inrow (1) i+a € (a,a+Db)
is not 3a as ¢ < b < 2a, and exceeds b — a. In row (3) i —a € (b —a,b), so it is not b — a or 3a,
and it is not a as i # 2a; and i+ a € (a+ b, k) is not 3a as i # 2a. Inrow (5) i —a—b € (0,a)
is not b — a because i # 2b. In row (6), 2b — a is not a, 3a or b — a since b # a, 2a,0. In row (7),
i+ 2a € (2a,3a). In row (11), i — 2a € (b — a,b) is not a because i # 3a, and is less than 3a.
Since 2a < a+b < 3a < k and a + b < 2b < k, the cases are exhaustive, and every tap marked
with a star does wrap while the others do not. Finally, no residue named is 0 or ¢ = a, so every
tap named survives.

This proves (B2), and with it Lemma 7.13.

B.2 The special indices of the three-element supports

This completes the proof of Theorem 8.8, in its notation (residues modulo 4h; the phases, pins
and the rule for reads are as stated in that proof).

In each case below, every position named that is not called a pin is free, and no tap used is
deleted; this is checked after the list. The inequality 35 < h, a hypothesis of the theorem, puts
every phase below strictly inside one half.

e | = a, phase 3h + 8. The tap a reads 2a, of phase 6h + 23 = 2h + 23, a 0; the tap h reads
a+ h, of phase 4h + 5=, a 1.

1 = h, phase h. The tap a reads a + h, a 1; the tap k — a reads k + h — a, of phase 4h — j3,
a 0.

i = k — a, phase 3h — 3. The tap h reads k + h — a, a 0; the tap k — a reads 2k — 2a, of
phase 6h — 25 = 2h — 20, a 1.

e { = h — a, phase vh — va = 2h — 3. The tap a reads the pin h, a 0; the tap k — a reads
3h — 2a, of phase bh — 26 =h — 23, a 1.

e i = k — 2a, phase 2h — 2(3h + 3) = —23. The tap a reads the pin k — a, a 0; the tap h
reads 3h — 2a, of phase h — 2f3, a 1.

e | = h+a, phase 5. The tap k — a reads the wrapped pin k+ h, a 1; the tap a reads h+ 2a,
of phase 3h + 20, a 0.

1 = 2a, phase 2h + 23. The tap a reads 3a, of phase 5h + 38 = h + 38, a 1; the tap h
reads h + 2a, of phase 3h + 23, a 0.

The positions 2a, a + h, k + h — a and 2k — 2a are even and # 0 (mod k), hence free. The
positions 3h — 2a, h + 2a and 3a are odd and lie in (0, 2k); reduced modulo k, equality with a,
h or k — a would force one of h = a, h = 3a, h = 2a or 3a = 2h, and these are excluded by
a < h, ged(a,h) =1 (with a > 3) and the oddness of a and h. None of these seven positions,
nor the pins h, k —a, kK + h and 2k — a, is k, a or k + a, by the same comparisons, so none of
the taps used is deleted.

So the clause holds at each of the seven special indices, which completes the proof of Theo-
rem 8.8.
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C The formalisation

The proof of Theorem 1.1 has been formalised in the LEAN 4 proof assistant, using the MATHLIB
library. The formal statement is, in the notation of (3),

if every positive solution of (3) satisfies Tpip = xy, for some fixed p > 1, then (3)
is one of the equations listed in Theorem 1.1,

with each of the five cases written out as explicit conditions on the coefficients A;, B;, exactly
as in the theorem. The formal proof has no hypotheses beyond those of the theorem, and
it depends on no axioms other than the three standard ones of LEAN’s logic (propositional
extensionality, the axiom of choice and the soundness of quotients). The converse, that each
of the equations listed in Theorem 1.1 is globally periodic, is formalised as well, so that the
formal statement is an equivalence: (3) is globally periodic if and only if it is one of the listed
equations. The main theorem and the equivalence are, respectively,

PeriodicDifference.Problemll.problemll_complete and
PeriodicDifference.Problemll.probleml1_iff.

The tropical Corollary 10.1 is formalised too, as
PeriodicDifference.Trop.trop_nonperiodic,

which I state for the window map of Definition 3.1, with the constant slot 0 added to S when
f = 1. The formalisation and the data for its finite computations are at https://github.com/
johnrudge/periodic_difference.

The formalisation follows the structure of this paper result by result, including the period-
sum proof of Theorem 2.5. In a few places the formal proof takes a different, usually more
elementary, route:

e Linearisation (Theorem 2.2 and Theorem 2.4). Instead of the chain rule for F'P, the
formal proof uses an exact identity F'(u* + ew) = u* + € Gc(w), where G is an explicit
map that depends continuously on € and Gy = DF(u*) is linear. Global periodicity gives
GP =id for € > 0, and letting € — 0 gives G’ = id.

e Order three with co = 0 (Theorem 4.2). Instead of the algebraic-integer step, a root A of
A2 — %)\ + 1 satisfies A = ayp\ + By with rational ag,, Bm and 27 'a,, an odd integer
for m > 1; so oy, # 0 and, as A is not real, A" £ 1.

e Small orders in Theorem 4.3. Step 2 of the proof (that ng > 9) is replaced by the same
kind of expansion: with (2 —e( +1 = 0, (" = P.()¢ + Q.(¢) for polynomials P,,Q,,
and (" = 1 would force P,.(¢) = 0, which is checked to be impossible for 1 < r < 8 and
0<e< %

e 0dd indices (Lemma 8.7). Instead of the argument with the gaps between phases, the
formal proof is local: if Hy,(u) # H,(v), then at every odd index the four taps u, k — u,
v, k — v, less the deleted one, already read both values, which is a case analysis on the
residues vi, vu and vv modulo 2k.

e The band (Proposition 9.8). To stay in rational arithmetic, the incircle of A; is replaced
by a slightly smaller disc inside A1, of radius 0.207 & about a rational point close to the
incentre. With the same band half-width 0.102 & its chords are longer than 0.36024 k rather
than 0.3604 k, and the bound J(n)! < 0.36021 k obtained in the proof of Proposition 9.12
still suffices.
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Every finite computation in the paper is carried out in exact integer arithmetic inside LEAN’s
kernel by the decide tactic, so no step of the proof relies on compiled code or on an external
program. In some the kernel finds the required objects itself by search (or none are needed); in
the others they were produced outside LEAN and are imported as data, which the kernel only
checks:

found by the kernel imported as data and checked

units witnessing the triples of Lemma 8.16 the seventeen carriers of Table 4

outside F, and in step 1 of the proof of

Theorem 8.19 outside Fj, (search over the units

modulo 2n or 2k)

the enumeration of lower halves in step 2 of the certificate of Proposition 3.10

that proof

the ratios of F in Lemma 8.18, and the entries  the list F and the sets Fj

of F used at k = 120 in Theorem 8.19

the orders of Proposition 9.14 (a divisor test), the units satisfying (T) in step 3 of the proof of

and the per-order check (C3) for Theorem 9.1 Theorem 8.19

at the others, which looks up the pairs of (C2)

and finds the units v < 100 of alternative (ii)

by search

the check 9 < w < 63 in Lemma A 4 the chord table (C1), the Jacobsthal pairs
(C2), and the table of Lemma A.3

The case tables of Appendix B and the chains of Table 5 hold for all values of the parameters,
and they are formalised as case analyses.
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