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Abstract

The spinless modular bootstrap bounds the dimension A;j of the lightest primary other
than the vacuum in a two-dimensional conformal field theory, using only modular S invariance
of the torus partition function at zero angular potential. For unitary, compact theories with
central charge ¢ > 1 and no conserved currents beyond the Virasoro algebra, these bounds
read Ay < ¢/A+ o(c) at large c. The best slope A was known only to lie between 8.503 and
12, where the bound would reach the BTZ black hole threshold. We show that it is exactly
Ay = 1272 /(72 +4arcsinh®1) ~ 9.1266. No linear functional in a class that contains all finite
combinations of derivatives improves on ¢/Ay by more than O(cl/ 3 logz/ 3 ¢), and an explicit
functional gives Ay < ¢/Ay 4 0.483 ¢!/3 + O(1) for all sufficiently large c. The value has an
electrostatic origin: as a function of a complexified dimension, ¢~*log|g| of a functional g is
a two-dimensional potential with positive charges at the zeros of g. Positivity forces g to
fall as fast as the Cardy density of states grows, and the maximum principle bounds the
potential by an explicit harmonic function, which fixes Ay . The field of this potential is the
spectral curve of a mean-field theory of the optimal functionals, and its charge density is the
distribution that the zeros of any functionals attaining Ay must follow. We also conjecture
the coefficient of the ¢'/3 correction to the optimal bound, supported by numerics up to
c = 2048.
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1 Introduction

1.1 The question

Modular invariance of the torus partition function constrains the spectrum of every two-
dimensional conformal field theory (CFT), and the simplest question one can put to it is
how heavy the lightest state can be. Let Ay be the scaling dimension of the lightest primary of
the Virasoro algebra, other than the vacuum, in a unitary compact CFT of central charge ¢ > 1.
Modular invariance bounds A; from above by a function of ¢ alone [1].

At large ¢ this is a question about quantum gravity in three-dimensional anti-de Sitter space.
In that language the BTZ black holes [2] begin at A = (¢ — 1)/12, the BTZ threshold. A theory
of pure gravity [3], in the sense of [4, 5], would have no primary below the black holes other
than the vacuum, so that Ay =~ ¢/12. The known upper bounds on A; sit well above this value,
and one would like to know how close to the BTZ threshold the consistency of the theory forces
its lightest state to be.

The spinless modular bootstrap is the simplest rigorous tool for this question. One sets the
angular potential to zero, so that the partition function depends on the inverse temperature 3
alone, primaries are counted by their dimension whatever their spin, and of the modular group
only S: 8 — 1/ remains. To the resulting identity one applies a linear functional, for instance a
finite combination of derivatives with respect to [ at the self-dual point 5 = 1. If the functional
has the right signs, the identity cannot hold when all primaries are heavier than some value, and
this value bounds A; (section 2.2). At large ¢ every bound obtained in this way has the form

Cc

A <
L=

+ o(c), (1.1)



A, Virasoro A, U(1)¢  status (Virasoro)

functional of lowest order, every ¢ > 1 6 [1] — proved

any fixed order, ¢ — oo 6 [6] — heuristic, numerical
analytic functionals, ¢ — oo 8.503 [10] 8.856 [10] proved

earlier numerical extrapolations 9.08 [11] 9.869 [12] numerical

our extrapolation, 24 < ¢ < 2048 9.1263 + 0.002 (section 5) — numerical

certified by an explicit functional for Ay = 9.1266 (Theorem 5) 72 [13]7  proved,

all large ¢ computer-assisted
no functional in the class A beyond Ay (Theorem 4) 72 [13]T  proved

no functional of any kind beyond 12 [6, 7] 47 [14] proved (section 2.4)

Table 1: The ladder of slopes A in Ay < ¢/A+o(c) from the spinless modular bootstrap, for the Virasoro
problem and for its twin with U(1)° characters (section 2.3). Entries that point to a section or a theorem
are results of this paper; the last column is the status of the Virasoro entry, and for our results it is the
tag of section 1.3, where the class A is introduced. TThe status of [13] is described in the text; its bound
holds for every integrable eigenfunction, and the last row of the U(1)¢ column gives the limit that is
proved independently of it.

with a number A, the slope, that depends on how the functionals are chosen; a larger slope is a
stronger bound, and A = 12 would reach the BTZ threshold. The question of this paper is: what
is the best slope that this method can ever give, whatever functionals are used and whatever
the computing budget?

1.2 What was known

Table 1 is the ladder of slopes obtained so far. Hellerman [1] showed that every unitary compact
CFT with ¢ > 1 and no conserved currents beyond the Virasoro algebra has Ay < ¢/6 + O(1),
with the functional of lowest order that gives a bound at all (section 2.2): this is A = 6. Friedan
and Keller [6] made two observations. First, no functional can exclude a value of A; below the
BTZ threshold, and so A < 12; they obtain this by an argument of Friedan, Konechny and
Schmidt-Colinet [7]: under S a character below the threshold becomes a continuum of characters
above it, with positive density. In section 2.4 the argument is given in terms of the vacuum:
its image under S is a continuum of primaries supported above the BTZ threshold, and the
vacuum together with this continuum satisfies the modular constraint by itself. Second, they
derived heuristically, to leading order in 1/c¢ and with numerics, that with any fixed number of
derivatives the slope stays at 6 as ¢ — co: to improve on Hellerman the number of derivatives
must grow with ¢. This statement has been restated without proof, for example by Collier, Lin
and Yin [8]; the analogous statement for the U(1)¢ problem, described below, was proved by
Cohn, Dong and Gongalves [9]; to our knowledge the Virasoro statement has not been proved.

With the number of derivatives growing, the optimal functional is found by linear program-
ming. Collier, Lin and Yin [8] saw the slope dA;/dc of the resulting bound decrease with ¢
toward a value between § and 5. Afkhami-Jeddi, Hartman and Tajdini [11] reached ¢ = 1800.
Their best bound that involves no extrapolation is A < ¢/8.956 at ¢ = 1800; their extrapolation
to ¢ = oo, from a fit with a log ¢ term, is A = 9.08. They state the estimate as A; < ¢/9.1 and
remark that the extrapolation “appears to be reliable, but strictly speaking it is impossible to
rule out a stronger bound as ¢ — co”. Hartman, Maza¢ and Rastelli [10] adapted to this problem
the analytic functionals of the four-point bootstrap on a line (see below), that is, functionals
given by a closed-form integral kernel in 8 rather than by finitely many derivatives at 5 = 1,
and obtained the slope 8.503. They also brought out the structure that we use throughout:
a functional is an eigenfunction of a Fourier transform, as already noted for Virasoro in [6,
App. C], and when the Virasoro characters are replaced by those of U(1)¢ the problem becomes
the —1 eigenfunction form of the linear program of Cohn and Elkies [15] for sphere packings in



dimension 2c¢ (section 2.3).

This twin problem is better understood. Afkhami-Jeddi, Cohn, Hartman, de Laat and
Tajdini [12] found the slope 9.869 numerically and conjectured that it is 72; the analytic
functionals of [10] give 8.856. The slope 2 has since been proved in [13, Ch. 1]; we have read the
statements and the structure of that argument but have not independently verified it; nothing
in this paper depends on it logically.

For the Virasoro problem the state of the art before this work was 8.503 < A < 12 for the
best slope, with an ambiguous extrapolation: a fit with a ¢/3 term in place of log ¢ describes
the same data equally well and extrapolates to a different slope (section 5.2).

Related work. The method of linear functionals was introduced for four-point functions
in [16]. Applied to the torus partition function, it also bounds the dimensions of the next
primaries [17], the entropy and the number of marginal operators [18], the spectrum of sigma
models on Calabi-Yau manifolds [19] and the dimension of the lightest charged state [20, 21]; the
entropy of a conformal boundary is bounded in the same way [7]. Constraints that depend on
spin are studied in [8, 22-24]; in particular the twist gap is at most (¢ —1)/12 [8, 23]. Integrality
of the degeneracies is imposed in [25, 26]. Modular invariance at genus two constrains the
three-point coefficients as well [27, 28]. At high energies invariance under S gives the Cardy
growth of the density of states [29]; Tauberian theorems make this rigorous and bound the
number of operators in a window of dimensions [30-32], and at large ¢ with a sparse light
spectrum the Cardy growth holds for all A > ¢/6 [33]. The analytic functionals of [10] are
those constructed earlier for the four-point function of a conformal field theory on a line [34-36];
functionals of this kind have been extended to higher dimensions [37-39] and used as a basis
for numerics [40]. It is shown in [10] that in the twin problem at ¢ = 4 and ¢ = 12 they are
the parts with f = —f of the functions with which Viazovska [41] and Cohn, Kumar, Miller,
Radchenko and Viazovska [42] proved that the Eg and Leech lattices are the densest sphere
packings in dimensions 8 and 24, and that the complete basis of [36] underlies the Fourier
interpolation formulas of [43], which followed the formula of Radchenko and Viazovska in one
dimension [44]. The linear program of Cohn and Elkies is always at least as strong [45] as the
bound of Kabatiansky and Levenshtein [46], which at large dimension is the slope 9.797 in the
present variables [12]. In the other direction, feasible points of the dual program built from
modular forms limit what the linear program can prove: it is not sharp in dimension 6 [47],
and it stays far from the densest known packings in several dimensions from 12 to 32 [48].
At large dimension the linear program cannot prove a density below 2~ (0-7786--+o(1))d [49] (see
also [50]). For functions with f = —f the twin problem is the —1 eigenfunction uncertainty
principle of Cohn and Gongalves [51], the counterpart of the principle of Bourgain, Clozel and
Kahane [52, 53]: in dimension d the last sign change lies at a radius larger than \/d/2me [51],
and for d > 5 at a radius of at least \/d/4m [14], which with d = 2c and A = r2/2 is the entry 47
of table 1. Both bounds hold for every integrable eigenfunction, and the bound of [13, Ch. 1] that
gives 72 is stated in the same generality. Extremal functions exist and vanish at infinitely many
radii beyond the last sign change [51]. Free bosons on a torus, the Narain compactifications,
have the current algebra of the twin problem; their gap is bounded with spin at small ¢ in [54],
and their average over moduli space is computed in [54, 55]. For conformal field theories in
higher dimensions on a spatial torus, a modular transformation gives a Cardy formula [56, 57],
with an extended range of validity at large N under conditions of sparseness [58].

1.3 Results

In one sentence: the best slope is Ay = 9.1266.... No functional in a class that contains all
those of finite order does better (Theorems 3 and 4), and an explicit functional does as well for
all sufficiently large ¢ (Theorem 5, computer-assisted).



The words of the problem. The terms are defined in section 2. We write ¢ = ¢ — 1,
a=c/12 and t = A — a (section 2.1), so that the BTZ threshold is t = 0 and the vacuum is at
t = —a. An admissible spectrum is one that obeys our hypotheses on the CFT: unitary, compact,
¢ > 1, invariant under S, no conserved currents beyond the Virasoro algebra (Definition 2.1).
A functional is a function ¢(t), its value on a primary of dimension t + a. It is feasible at T
if g > 0 on [T,00) and its value gy, on the vacuum is strictly positive, and weakly feasible if
Gvac > 0. Applied to the partition function term by term, a functional feasible at 7" shows that
A1 < T + a (section 2.2); this is immediate for finitely many derivatives and is Theorem 2 in
general. The last sign change t1(g) of g is the gap bound that g certifies (Definition 2.3). The
numerically optimal functionals are negative on the lobe interval [0,t1), up to a sliver next to
the threshold, and have a band of double zeros beyond t; (section 2.5, figure 1). The Cardy
weight V (t), which grows like ef™val is 1 /27 times the density of primaries in the S-image of
the vacuum, and M[g] = [5°|g| V dt is the Cardy-weighted mass of g (section 2.4). In a plot of
% log|g| against x = +/3t/c’ the Cardy line is the straight line along which a functional decays
exactly as fast as this density grows (section 2.5). Each result carries a status tag (legend at the
end of this subsection).

Theorem 1 (the slope) [PROVED, COMPUTER-ASSISTED]. Let A be the class of Definition 2.5:
the continuous integrable functions g that the Fourier transform of section 2.3 maps to —g
and that have finite Cardy-weighted mass M|[g|. It contains every functional of finite order
(Lemma 2.6). Let Ab**(c) be the best bound on A; that feasible functionals in A certify
(section 2.6). Then

c 1272
lim ——— = Ay = =90.12663... . 1.2
500 Abest(c) V' 72 4 darcsinh? 1 (12)

Equivalently, the best gap bound, measured from the BTZ threshold, is &} (¢ — 1) (1 + o(1)),
where 1/Ay = 15 + & and & = (27)?/3 = 0.0262361, with z} = arcsinh(1)/7 the solution
of sinhwx = 1. The hyperbolic sine comes from electrostatics on a strip of unit width in the
plane of complex x = /3t/c: sinh 7z =1 is where the potential that bounds % log|g| for every
functional in A first touches the Cardy line (section 1.4). On the word “best”: Abe(c) is at
most the limit, as the order P — oo, of the order-P optimal gap bounds that numerical work
computes; equality is conjectural (section 2.6).

Theorem 2 (certification) [PROVED]. For ¢ > 40, every g € A that is feasible at some T > 0
gives Ay < T + a for every admissible spectrum, although ¢ need not be of finite order. Hence
Abest is a bound on theories, not only the value of a linear program (sections 2.6 and 8).

Theorems 3 and 4 (optimality) [PROVED]. For every g € A, whatever its signs, the part of
the Cardy-weighted mass M|[g] that lies below ¢ = ({5 — €) ¢ is a fraction of M|[g] exponentially
small in ¢, for every 0 < e < & and ¢ > 40 (Theorem 3). But a weakly feasible functional must
carry at least half of its mass below ¢;. Hence no weakly feasible functional in A, other than
zero, has t; < &¢ —0.44¢1/310g?/3 ¢ once ¢ > ¢** (Theorem 4; both in section 6).

Theorem 5 (attainment) and Corollary 6 [PROVED, COMPUTER-ASSISTED|. An explicit
functional in A, built from a product over prescribed zeros (section 7.2), is feasible at ¢’ +
0.483 Y3 4+ O(1) for ¢ > 3™ (Theorem 5, section 7). Hence every admissible CFT with ¢ > ¢3t*
has A < ¢/Ay + 0.483¢'/3 4+ O(1) (Corollary 6, section 8).

Theorem 7 (structure) [PROVED]. Any sequence of weakly feasible functionals in A that
attains Ay has its zeros equidistributed according to one explicit law py (section 10); the
subscript refers to the extremal potential U of section 6, not to U(1).

Conjecture 1 (fine structure) [CONJECTURE]. AP(c) = ¢/Ay + 0.27666 ¢'/3 + O(1), with

no log ¢ term at order ¢!/? or above, and the anatomy of the optimal functional (section 4.6).
Numerics for 24 < ¢ < 2048 support it and extrapolate to Apeas = 9.1263 + 0.002 (section 5).



What the result does and does not say. The window

! + & (e—1), (1.3)

which is the lower 31%, in units of ¢/12, of the range ¢/12 < A < ¢/6, is out of reach of spinless
S-invariance used through functionals in A, whatever the computing budget. Nothing is claimed
about whether conformal field theories live there, nor about constraints that depend on spin,
about integrality of the degeneracies, or about pure gravity. Four caveats apply. The central
charges g and ™ are not computed, and at every ¢ accessible to numerics the numerical
bounds remain the best available. The attainment proof is computer-assisted, in the sense of
the legend. The constant 0.483 is not the best one. Finally, Theorems 3, 4 and 7 are statements

about the method, not about which conformal field theories exist.

Legend of the status tags. A tag on a statement or on a section applies to all of it.

[PROVED| Proved in this paper from classical facts that are cited to textbooks.
[PROVED, Proved in this paper, modulo finitely many explicitly stated inequalities, inde-
COMPUTER-ASSISTED] pendent of ¢, for elementary functions of one variable and, in one case, integrals

of such functions, that are certified in interval arithmetic: rigorous floating-point
arithmetic with outward-rounded error bounds.

[CONJECTURE] A precise statement, supported by heuristics and numerics, not proved.
[HEURISTIC] A derivation with named uncontrolled steps.

[NUMERICAL] The result of a computation, with a stated error estimate.

[ORIENTATION] Explanatory material that no proof uses.

(cert) A mark, not a tag, on an individual c-independent numerical inequality: it is

one of the certified inequalities, and it has a row in table 4 (appendix H).

1.4 The ideas in one page

(i) The problem (section 2). In the variable t = |r|?/2 a functional is a radial function in a
plane that the Fourier transform maps to minus itself. Because of this property its value on the
vacuum, which sits at negative t, equals minus its integral over ¢ > 0 against the Cardy density:
the vacuum acts on a functional as a continuum of heavy states. If g is feasible, its negative
part lies below ¢; and must outweigh in this integral everything beyond, so it carries at least
half of the Cardy-weighted mass, (2.16). The weight grows like 647“/0‘7, and a function that is its
own Fourier transform up to a sign resists falling that fast: this tension is the whole problem.

(ii) The heuristic picture (sections 3 and 4). At large ¢ the optimal functional has the
form of a WKB wave function, without oscillations on the lobe interval and oscillating on the
band, where it has double zeros with some density. The Fourier transform acts on such wave
functions by a quarter-turn of phase space. That the functional is mapped to minus itself,
and that on the band it runs along the Cardy line, together fix the density of zeros through a
self-consistent equation of mean-field type; for U(1) it is literally the Curie-Weiss equation of
a ferromagnet (Result H1). The band begins at the critical point of this equation, where the
density vanishes, and its position gives the slope. For Virasoro the solution is the curve

sinh77b = 4 sinh 7p (1.4)

in the plane of b = /3t/¢’ and its conjugate momentum p (Result H2); its critical point is
sinh7b = 1, that is, b = 2] = arcsinh(1)/m and A = Ay. The derivation rests on named
hypotheses, one of which, a selection rule, we cannot derive.



(iii) Optimality (section 6). As a function of b, every functional in A continues analytically
to the strip [Imb| < %, whose edges pass through the vacuum, b = +Z (figure 2). There  log|g|
is a two-dimensional electrostatic potential with positive point charges at the zeros of g, in
the sign convention, used throughout, in which the potential dips to —oo at a positive charge.
Such a potential has no maximum inside a domain (the maximum principle); it is subharmonic.
Measure ¢ in units of Mg]. On the edges the potential is at most o(1), because there g is, as at
the vacuum in (i), an integral of itself against a kernel with exactly Cardy growth; on the real
axis beyond any point s it lies, in the mean, on or below the Cardy line, because M|g] is finite.
The maximum principle then bounds it inside by an explicit harmonic function on the strip slit
along |z| > s. For s = z] this function, the extremal potential U, has the p(b) of (1.4), up to a
constant factor, as its complex electric field; it lies strictly below the Cardy line for |z| < z7
and first touches it at 7. Since |g| V is the exponential of ¢’ times the height of the potential
above the Cardy line, a functional has exponentially little mass below any x < z7, and by (i) its
last sign change cannot lie there. Signs enter only in this last step, and no computer is used.
The strategy is that of the proof for U(1)¢ in [13, Ch. 1]; its status is described in sections 1.2
and 6.1.

(iv) Attainment (sections 7 and 8). The potential U is produced by a definite density of
charge py on the slits, and this is a blueprint for a functional: we place zeros at the quantiles of
this density. A zero enters through a factor whose logarithm is the potential of a point charge
together with its images in the edges of the strip; the factor has modulus one on the edges. The
product hg of these factors and of a fixed function without zeros is not an eigenfunction of the
Fourier transform, but g = %(ho — ilo) is, and hg is computable at large ¢ by steepest descent
along an edge of the strip, where the size of hg is known exactly and the zeros enter only through
a phase. On the band hg > 0, and g > 0 reduces to an inequality between two numbers that
do not depend on c: the relative amplitude of ﬁo, about %, and the smallest value of hy on the
band in the same units, which exceeds % once the zeros have been moved slightly off the real
axis in conjugate pairs. This inequality, and a similar one for gyac, is what the computer certifies.
The resulting functional is not of finite order; Theorem 2, proved by a convergence argument,
makes it a bound on conformal field theories. A second, quite different functional that attains
the slope, the imaginary part of a rotation of phase space by 45° applied to one real function, is
described in section 9; it needs no computer and gives no rate.

The curve (1.4) thus appears four times: as a heuristic spectral curve in (ii), as the field of
the extremal potential in (iii), and as the blueprint for the zeros in (iv). The fourth time it is
a necessity (section 10): limits of such potentials exist along subsequences, and a sequence of
functionals that reaches Ay must converge to U, charges included.

Part I The problem

2 The spinless modular bootstrap

This section states the problem and fixes the language of the paper. It ends with the class of
functionals that we consider and the statements of the two main theorems (section 2.6).

2.1 Partition function and crossing equation

The idea is to keep, of modular invariance, only the one equation that involves scaling dimensions
alone, and to bring it to a form in which every primary other than the vacuum contributes a
single exponential with a positive coefficient.



We consider a two-dimensional conformal field theory that is unitary and compact, with
central charge ¢ > 1 in both chiralities, a unique normalizable vacuum and a discrete spectrum.
We assume that it has no conserved currents beyond the Virasoro algebra, so that every primary
other than the vacuum has weights h, h > 0 and a Virasoro module without null states. Its
torus partition function is invariant under 7 — —1/7. We restrict to zero angular potential,
Ttorus = 4 with 3 > 0 the inverse temperature. A state is then weighted by e=278(8=¢/12) with
A = h + h: the spin h — h drops out, primaries of all spins are counted by their dimension A
alone—hence spinless—and of the modular group only S: f — 1/ survives.

Let ¢ = e 2™ and let  be the Dedekind function. A primary with h,h > 0 contributes
¢~ (D12 /In(iB)|? to the partition function Z(8); the vacuum, whose descendants L_;]0) and
L_1|0) are null, contributes ¢~ (¢=D/12(1 — ¢)2/|n(iB)|?. The exponents carry ¢ — 1 rather than ¢
because each factor 1/n brings its own ¢~ /2%, Since |n(i/B8)|> = 8 |n(i3)|?, multiplying Z by
In(iB)|? strips off all descendants at the price of one power of 3 in the transformation law. We

set
/

f=c—1 ::c— t:=A— 2.1
c c—1, a:= 7, a, (2.1)
and define the reduced partition function
2(8) = nGBPZ(B) = (1 — ™)’ + 3 dy e, (22)
n>1

where d, > 0 is the number of primaries with A = ¢, + a. Modular invariance becomes the
crossing equation

Z(B)=p"12@1/8)  forall 8> 0. (2.3)

The reduced partition function is the right object because (2.3) relates sums of pure exponentials
in which the unknowns d,, enter linearly and are positive; nothing else about the theory will
be used. The central charge enters only through a. The vacuum sits at #y := —a, and it
is the only term that is not a single positive exponential: its null states produce the factor
(1—e 22 =1 —-2¢=2™ 4 ¢=4™3 The point t = 0, that is A = (c—1)/12, is the BTZ threshold."

The hypothesis on currents is what makes every d, multiply a single exponential. A
conserved current .J of weights (s,0) has the null descendant L_1.J = 0; its module contributes
dy (e 2Pts — e=276(t;+1)) to Z and enters every sum rule below as d[g(t;) — g(ts + 1)], which
has no definite sign.

Definition 2.1. An admissible spectrum at central charge c is a countable family {(¢,,d,)}n>1
with d,, > 0 and ¢, > —a (unitarity, A,, > 0) that is locally finite (every bounded interval
contains finitely many ¢,) and such that Z(8) in (2.2) is finite and satisfies (2.3) for every 8 > 0.
Primaries with ¢, < 0 are called light; there are finitely many of them. An admissible CFT is
one whose primaries form an admissible spectrum; its gap is Ay := a + min,, t,.

Remark 2.2 (orientation). In Liouville notation, ¢ = 1+ 6Q% and h = Q% /4 + P?, so that
h—c /24 = P? and a primary with momenta (P, Pr) has t = P} + P?. For a scalar, the variable
b:= /3t/c that we use at large ¢ (section 2.5) is b = Pr/Qr, and the vacuum, h = h = 0, sits
at b= £i/2. Thus b is a rescaled momentum; it is not the Liouville coupling.

2.2 Linear functionals, bounds, and duality

The idea is that a linear functional turns the crossing equation into a single linear relation, a sum
rule, among the values of one function g at the dimensions of the primaries. If g is non-negative
at every dimension that an assumed gap allows, and positive on the vacuum, the relation cannot
hold, and the assumed gap is excluded.

'The classical BTZ value is A = ¢/12; the threshold (c — 1)/12 includes the one-loop shift ¢ — ¢ — 1.



Let w be a linear functional acting on functions of 3, for instance a finite combination of
derivatives at a point (the general class is fixed in section 2.6). To w we associate the function

g(t) = w[Es(®)],  Ep(t) =P - gl A (2.4)

where 23 is the crossing kernel: (2.3) says that the vacuum and the primaries, weighted by d,,,
sum to zero when inserted in Z5. Applying w term by term therefore gives the sum rule

Gvac + Z dn g(tn) = 07 Gvac ‘= g(_a) - 29(_a + 1) + g(_a + 2)' (2'5)

n>1

The vacuum value gyae is what w returns on the vacuum term of (2.2); it is a second difference
because the null-state factor spreads the vacuum over the three exponentials at ¢t = —a, —a + 1,
—a+2. For a functional of finite order the exchange of w with the sum over primaries is termwise
differentiation of a convergent series of exponentials; for the general class it is the content of
Theorem 2. From now on we identify a functional with its function g.

Definition 2.3. Let 7' € R. A functional g is feasible at T if g(t) > 0 for all t > T and gyac > 0.
It is weakly feasible at T if instead gyac > 0. The number ¢1(g) := inf{T : g > 0 on [T, 00)} is
the last sign change of g; we call it the gap bound certified by g. Without a named T, (weakly)
feasible means (weakly) feasible at some T'.

If g is feasible at T" and all primaries had ¢, > T, the left side of (2.5) would be at least
Gvac > 0. Hence some primary has t, < T, that is, A1 < T + a. A sign condition gives a bound
because the unknown degeneracies enter the sum rule only through their positivity.

Minimizing T over pairs (g,T) is a linear program: g enters linearly, and there is one
inequality, g(t) > 0, for each ¢t > T', together with gyac > 0. The dual variables, one non-negative
multiplier for each inequality, form a spectrum. Concretely, the dual problem asks for points
t, > T and weights d,, > 0 that satisfy the sum rule (2.5) for every ¢ in the search space: by the
argument above such a spectrum excludes every functional feasible at 1", and at the optimal T
the best functional and this obstruction meet. By complementary slackness—a constraint that
is not tight carries zero dual weight—d,, > 0 only where g(t,,) = 0. At the optimum, therefore,
gvac = 0 and g vanishes on an extremal spectrum {t,} with positive weights d,, [59]: it has a
simple zero at t1, where it changes sign, and double zeros beyond, because g > 0 there. An
extremal functional is weakly feasible only: it gives an extremality statement, not a bound;
bounds come from feasible functionals at T slightly above ;.

In practice one uses derivatives at the self-dual point [1, 6, 8, 11], w = Zz};—l Wk 8]5’6:1'
Each derivative of Zg at f = 1 is a polynomial in ¢ times e~ 27t. for instance 8BEﬁ| by =

(1 — 47t)e= 2™t = Ly (4nt)e= >, with Lj the Laguerre polynomials. In general
g(t) = polp(t) e 2™, polp € span{Loj_1(47t) : 1 < k < P}, (2.6)

for all real ¢, and we call P the order of the functional; why only odd Laguerre polynomials occur
is explained in section 2.3. We write tgp) (¢) for the infimum of ¢;(g) over feasible functionals of
order P (with the value +o0 if there are none), and AEP)(C) =a+ tgp) (c) for the corresponding
bound on the gap; both are non-increasing in P, with limits tgoo) (c¢) and Agoo) (c).

As an example, at order P = 1 the only candidate, g = (47t —1)e™ 2™, has gyac < 0 and gives
no bound. At order P = 2, pol, is a cubic, a combination of Li(4nt) and L3(4nt); one of its two
coefficients is a normalization and the other is fixed by gvac = 0. The resulting cubic is positive
beyond its largest root t1, nearby combinations with gy,. > 0 are feasible at T arbitrarily close
to t1, and

2
e2m — 1

2
h=a+-+ — €, 0<e=0(1/c), sothat Ap< % +0.4737. (2.7)



This is Hellerman’s bound [1], valid for every ¢ > 1; its slope is ¢/A; — 6. Two exact optima
serve as anchors for conventions and numerics: at ¢ = 4 and ¢ = 12 the optimal gap bound is
exactly Ay <1 and A; <2, and it is saturated by a solution of the crossing equation (2.3) with
positive d,, and integer dimensions [10].

2.3 Functionals are Fourier eigenfunctions

The idea is that the crossing kernel is a Gaussian minus its own Fourier transform, provided ¢ is
read as |r|?/2 for a point r of a plane. Every functional is then a radial function on the plane
that is odd under the Fourier transform, and the linear program becomes a problem about such
functions in which 8 no longer appears [6, 10].

Let r € R?, t = [r|?/2, and take the Fourier transform in the convention

fy) = / J@)e Y dr, sothat e gTlemmIvIE, (2.8)
R

The power 3! is §~%?2 with d = 2, and it is the power of 3 in the crossing equation (2.3), which
came from the two Dedekind functions; this is what fixes the dimension of the plane. In the
variable ¢ the Gaussian is e~2™* and its transform is §~'e=2™/ with s = |y|?/2. The crossing
kernel is thus a function minus its transform, and since the transform is an involution on radial

functions, éﬁ = —Eg. The functional w acts on 3 and commutes with the transform, so
oo
§g=—g, where  §(s) = 277/ g(t) Jo(4mv/st) dt (2.9)
0

is the planar transform of a radial function written in the variable ¢, as we always write it.
The Laguerre functions

Ur(t) = Lp(drt) e 2™, iy = (=DF¢p,  k=0,1,2,..., (2.10)

are the rotation-invariant eigenstates of the two-dimensional harmonic oscillator, ¢, carrying
2k quanta. The Fourier transform is the evolution of the oscillator through a quarter period, a
quarter-turn (r,p) — (p, —r) of its phase space, which multiplies a state of N quanta by (—i)V;
this is the eigenvalue in (2.10) (for a computation see section 8.2). The condition § = —g selects
the odd 1y, and these are exactly the derivative functionals (2.6). The quarter-turn returns in

section 4.1 as the symmetry of the spectral curve.

Remark 2.4 (orientation). In the notation of Remark 2.2, r = /2 (Py, P), and the planar
Fourier kernel e2™ " d2y' is the product of the left and right modular S-kernels V2 edmiPLP (3 dPL
on non-degenerate characters: one direction for each chirality, hence dimension 2 for every c.

The twin problem. For a theory with U(1)¢ current algebra the same steps, with characters
¢®/In(iB)|* and A the dimension of a U(1)¢ primary, give Z(8) = 1+ 3, dpe 278 =
B~z (1/B). The power 3¢ is that of a Gaussian in R?¢: functionals are radial functions f(A),
A = [x|?/2, x € R*, with f = —f; the vacuum sits at the origin, and f proves A; < T if
f(0)>0and f >0 on [T,o00). This is the —1 eigenfunction form of the linear program of Cohn
and Elkies for sphere packing in d = 2¢ dimensions [15]; that the two have the same optimum in
every dimension is their Conjecture 7.2, of which only the direction shown below is proved in
general. The dictionary is that of [10]:

Theorem (Cohn—Elkies)

Let h: R? — R be a radial Schwartz function, not identically zero, and r > 0. If h(x) < 0
for [x| > r, h(y) > 0 for all y, and h(0) = h(0) > 0, then every sphere packing in R? has
density at most the volume of a ball of radius r/2.
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For such an h the function f = h — h is radial, has f = — f and f (0) = 0, and is non-negative for
|x| > r: it is a weakly feasible functional of the U(1)¢ problem at T = r2/2. The two problems
differ in one respect. For U(1)¢ the central charge is the dimension of the space; for Virasoro the
space is a plane for every ¢, and c enters only through the position —a of the vacuum and its
null-state factor. Section 3 treats the twin problem as a warm-up.

2.4 The vacuum is a Cardy continuum

The vacuum enters the sum rule through values of g at negative ¢, where no sign condition is
imposed. The idea is that modular invariance converts them into an integral over t > 0: the
S-transform of the vacuum is a continuum of non-degenerate characters with the Cardy density,
and acting with g on the vacuum is integrating —¢g against that density. Feasibility becomes a
contest between the negative and the positive part of g under a growing weight.

The continuum comes from the Laplace transform of a Bessel function. For o« > 0 and 8 > 0,

gle2molf —on /O T Ka()e T, Ko(t) = Ip(4nv/al), (2.11)

so that the S-image of the vacuum term of (2.2) is
5_162”“/’3(1 —6_2”/6)2 = /OOO pot) e 2™Ptdt, po=2aV, V=K, —2Ke_1+K, 5. (2.12)
This is a continuum of non-degenerate characters supported on ¢ > 0, that is, above the BTZ

threshold. Since Iy(z) ~ €*/v/2mz, the Cardy kernel K, grows like 64“‘/@, and p¢ is the Cardy
density of states [29] with all its corrections. For a > 2 the Cardy weight V has a power series

with non-negative coefficients, because o — o is convex:
(4rt)* k k 4,2
V(t):zw[a —2(a—1)"+ (a—2)"] > 8x*t°. (2.13)

k>2

Thus V is positive and increasing on (0, c0); further properties are collected in Lemma B.2.

Now let g be a functional. The equation § = —g reads g(s) = —2x [3° g(t)Jo(47/st) dt for
s > 0. For g of the form (2.6) both sides are entire functions of s, because Jo(47/st) is a power
series in st; the equation therefore persists at s = —a < 0, where Jo(4mv/—at) = 10(47r\/o?).
This is the eigen-identity

g(—a) = —2r /OOO g Kat)dt, O0<a<a. (2.14)

The values of g below the BTZ threshold are Bessel-weighted integrals of g above it. The general
statement, for the class of section 2.6 and for complex « in a parabolic region, is Lemma B.1.
Taking the second difference in (2.5),

Gvac = — /Ooo g(t) pc(t) dt : (2.15)

acting on the vacuum is integrating —g against the Cardy density.

Let g4+ := max(%g,0). If g is weakly feasible at t; = t1(g), then g_ is supported on [0, 1],
and (2.15) with gyae > 0 says [g-V > [¢g+V. Adding [ g_V to both sides gives the half-mass
condition

[Mowvea = 3, M= [TV (2.10
0 0

where M|g] is the Cardy-weighted mass of g. The negative part of g on [0,t;) must outweigh
everything beyond ¢1, although the weight grows like edmVal | Thig is possible only if |g| falls at

11
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Figure 1: Anatomy of an optimal functional at moderate ¢: a schematic, drawn for ¢ = 48 from the
leading-order formulas of section 4.6, not from data. Plotted is % log|g|, normalized to g(to) = 1, from
the vacuum down to the BTZ threshold along b = iy, then along the physical axis b = x (top axis: t).
The curve is solid where g > 0 and dashed where g < 0; zeros appear as downward cusps. The functional
is negative on the lobe interval [0,¢1), except for a positive sliver between the BTZ threshold and the
interior zero tiy, ~ 1/4m; it has a simple zero at ¢; and a band of double zeros beyond, on which the local
upper envelope of |g| falls like e=¢Z(®): it runs along the Cardy line (dashed straight line). At ¢ = 48 the
corrections to the limit of large c are still large: x; =~ 0.39 lies well above its limit 7 = 0.2805, and part
of the lobe lies above the Cardy line, whereas the limiting profile stays below it up to zj (figure 6(b)).

least as fast as the Cardy weight grows, and a function that is its own Fourier transform up to a
sign resists falling fast. This tension is the whole problem.

A first consequence is due to Friedan and Keller [6], who attribute the argument to Friedan,
Konechny and Schmidt-Colinet [7]. By (2.12) the vacuum together with the continuum pc(t) dt
solves the crossing equation by itself, with nothing below ¢ = 0. Accordingly, if g > 0 on [0, c0)
then (2.15) gives gvac < 0, with equality only for ¢ = 0: no nonzero functional is even weakly

feasible at T' < 0, no bound reaches below the BTZ threshold, and the slope of any bound
A1 <c¢/A+o(c) obeys A < 12.

2.5 The large-c regime

Figure 1 is a schematic picture of a numerically optimal functional at moderate c. This subsection
introduces the variables in which its features do not depend on ¢, and then lists the features.

All limits are taken in the order P — oo at fixed ¢ first, then ¢ — oo. The order matters: at
fixed P the slope of the optimal bound falls back to Hellerman’s 6 as ¢ — oco. This was derived
heuristically, to leading order in 1/c and with numerics, by Friedan and Keller [6]. In the limit
so defined the natural variable is

C/ 2
bim[31)¢ =z + iy, t:?b, G) = g(dB2/3),  w(g) = \[3t(g)/c, (2.17)

with dimensions ¢ > 0 on the physical axis b = x > 0. The reason for the square root is the
Cardy growth: with

/ 1
L(x) := 2—W|x\, edmVat — <L) lim 5 logV(d2?/3) = L(z) (x> 0), (2.18)

Cc— 00
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Figure 2: The t-plane and the b-plane, t = ¢/b?/3, b = 2 + iy. (a) The parabolic region of the t-plane
whose vertex is the vacuum, ty = —a, and whose focus is the BTZ threshold, ¢t = 0. (b) Its image, the
strip S: |y| < % with edges Fi:y = i%. The vacuum is at b = i%; the dashed segment is the range
—a < t < 0 below the BTZ threshold, and the physical axis is 2 > 0. The band becomes the slits || > x1
of the real axis, drawn here for 21 = 27 of Theorem 1. Diamonds mark the saddle points by = Fvo(z) + %
on the edge E that govern a functional at a point z of the band (squares); see sections 4.2 and 7.3.

the exponent of the Cardy weight is linear in x and proportional to ¢’. In a plot of % log|G]|
against = we call the straight line —L(x) the Cardy line; a functional that decays exactly as
fast as the Cardy weight grows runs parallel to it. The vacuum, t = —a, sits at b = j:%, off the
physical axis. Figure 2 shows the b-plane and the strip |[Imb| < i, on which the kernel of the
eigen-identity of section 2.4, continued to complex ¢, is bounded by K, and so grows no faster
than the Cardy weight (Lemma B.1); it becomes the stage in section 4.2 and section 6. Finally,
a family of functionals, one for each ¢, that are feasible at T = t1(g) 4 o(c) with z1(g) — 21
certifies Ay < ¢/A + o(c) with

11 x?
K*ﬁ"‘fia 51*3-

(2.19)

In these variables the optimal functionals found numerically have the following anatomy
(figure 1). On the lobe interval [0,t1) the functional is negative; this negative lobe carries the
half mass in (2.16). The one exception is a positive sliver next to the BTZ threshold: g > 0 on
(0, tint) with tin &~ 1/47, which is explained in section 4.6. At ¢ = 12 this zero is already visible
in the numerics: it is the “additional single zero near A ~ 1” of [11, Figure 1] and the single
root at A =1 of [10, §2.5]. At t; there is a simple zero. Beyond it lies the band of double zeros,
the extremal spectrum of section 2.2, and on the band |g| follows e~'L(*); the functional runs
along the Cardy line. These are the features to be explained.

2.6 The class A, the best gap bound, and the main theorems

To speak of all functionals, of any order, one needs a class that contains all of them and in
which the vacuum value still makes sense. We define it directly, by the three properties that the
previous subsections have singled out. Standing assumption: in all rigorous statements ¢ > 40,
so that a > 3.25. It is used through the Bessel inequalities of appendix B, and in Proposition 7.2,
where it keeps the poles of the comb of section 7 out of the closed strip.

Definition 2.5. A is the set of real continuous functions g on [0, 00) such that (i) g(|r|?/2) €
LY(R?), that is, [5°]g|dt < oo; (ii) § = —g, with the transform (2.9); and (iii) M[g] < co. For
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g € A the values below the BTZ threshold are defined by the eigen-identity (2.14), g(—a) :=
=27 [ gKodt for 0 < a < a, so that gyac = — [y g pc di; feasibility is then as in Definition 2.3.

Conditions (i) and (ii) say that g is a functional in the sense of section 2.3, and (iii) is exactly
the absolute convergence of the vacuum action (2.15); the integrals that define g(—a) converge
absolutely by (i), (iii) and Lemma B.2. Nothing else is required: no smoothness, no rate of
decay, no analytic continuation.

Lemma 2.6 (proved). A contains the function g of every functional w that is a real distribution
of finite order with compact support in 5 € (0,00), with its values at t < 0 given by (2.4). In
particular it contains all derivative functionals (2.6), for every order P.

Proof. Let w have order N and support in (Smin, Smax); 0 < Bmin < Pmax. Then g = w[=g] is
an entire function of ¢ with |g(t)| < C(1 4 [t|)Ne=27 min(Bmin,1/Bmax) Ret for Ret > 0, and likewise
for its derivatives, so g(|r|?/2) is a radial Schwartz function; § = —g because Z5 = —Z4. Since
V < 2K, < 2¢imVat grows more slowly than any exponential, M[g] < co. Finally (2.11) gives
—2m f(;)o ZgK, dt = Zg(—a) for every a > 0, and applying w shows that the values defined by
the eigen-identity agree with the entire function. O

The best gap bound is
Ty (c) := inf{T : some g € A is feasible at T'}, AP =Ty 4 q, (2.20)

with the strict inequality gyac > 0 of Definition 2.3, and with the value 400 if no g € A is feasible
at any T'; by section 2.4, Ty, > 0, and by Theorem 5, Ty (¢) < oo for all sufficiently large c. The
subscript V' in Ty and Ay stands for Virasoro, as opposed to the U(1)¢ problem; the Cardy
weight V(¢) never carries a subscript.

Theorem 1 (The slope; proved, computer-assisted). Let x} := arcsinh(1)/m = 0.2805499,
& = (27)?/3 = 0.0262361 and Ay := 1/(5 + &) = 1202 /(7% + 4arcsinh? 1) = 9.1266340. Then
Ty (c)

. . . . c
Clg(r)lo o= &, or equivalently Clggo 7A§"35t(c) = Ay. (2.21)

The constants z7, {§ and Ay are defined here for the whole paper; Part II explains where
they come from. The theorem has two halves. The lower bound on Ty, the optimality half, says
that no nonzero functional in A, even a weakly feasible one, does better; it is Theorem 4, proved
in section 6 by hand, with no computer. The upper bound, the attainment half, is Theorem 5,
proved in section 7: an explicit functional in A that is feasible at T = ¢/ + O(c/Y/3). Its proof
uses finitely many inequalities between elementary functions of one variable, independent of c,
that are certified in interval arithmetic and listed in appendix H; this is the only input from a
computer and the reason for the tag.

Proof of Theorem 1 from Theorems 4 and 5. Let ¢ > Cgpt, and let ¢ € A be feasible at T.
Then g # 0 because gyac > 0, g is weakly feasible, and T" > t1(g). So (6.3) gives T >
£5d —0.44 /3 10g?/3 ¢ | and therefore Ty (¢) > &5¢/ —0.44 /3 10g?3 ¢, For ¢ > & the function
g of Theorem 5 is feasible at t, + 1, so Ty (¢) < t, + 1 = & + O(<Y?) by (7.5). Dividing
by ¢ gives the first limit in (2.21). Since AY*' = Ty + @ and a = ¢//12, it is equivalent to
Abest(e)/d — & + & = 1/Av; since ¢/¢ — 1, this is the second limit. O

Theorem 2 (Certification; proved). Let ¢ > 40. If g € A is feasible at some T > 0, then every
admissible spectrum at central charge ¢ contains a primary with t, < T (possibly a light one).
Consequently A1 < Ty (c) +a = AY*Y(c) for every admissible CFT.

Nothing about g beyond membership in A and feasibility is assumed. The idea of the proof
is to expand ¢ in the odd Laguerre functions 9_1, each of which is a derivative functional
that annihilates the crossing equation, and to control the resummation by positivity. The proof,
which uses no computer, is in section 8.
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What “best” means. Since A contains the functionals of order P for every P (Lemma 2.6),
Ty (c) < t§°°)(c), that is, Abest(c) < A§°°>(c), the limit of the truncated optimal gap bounds that
numerical work computes; equality is conjectural. Consequently the optimality half bounds, a
fortiori, every numerical truncation, uniformly in P. The attainment half is achieved by a function
that is not of finite order, and it is a bound on conformal field theories only through Theorem 2.
We do not claim that A contains every functional that has been considered: membership of the
analytic functionals of [10] is not checked here, and nothing depends on it. Nor do we claim that
the infima over gyac > 0 and over gy, > 0 coincide; Ty is defined with gyac > 0.

Part II The physical picture: a spectral curve for the optimal
functional

This Part is heuristic throughout. Its uncontrolled steps are four named hypotheses, (W), (A),
(B) and (Sel), stated in section 3.1. Its purpose is to show where Ay, the strip of figure 2 and
the zero law py come from, and to formulate Conjecture 1. The proofs of sections 6 to 8 and 10
do not use it.

3 Warm-up: mean-field theory of the U(1)¢ problem

[HEURISTIC] We learn the recipe on the twin problem with U(1)¢ characters (section 2.3), where
the equations are simplest and the answer, the slope 72, is known by other means: it was
conjectured from numerics in [12] and has since been proved in [13, Ch. 1], with the status given
in section 1.2. The picture is semiclassical, with 1/c in the role of h: the optimal functional
is a WKB wave function, a sum of exponentials e°® whose momenta S’ are the branches of a
spectral curve in phase space. The Fourier transform acts on it by a canonical transformation,
SO f = —f says that the curve is mapped to itself. The real zeros are the nodes where two
complex-conjugate branches interfere; there are of order ¢ of them, so only their density matters,
as in mean-field theory, and it is a coordinate on the curve.

3.1 The problem, the data, and the four hypotheses

The functionals are radial functions on R2¢, written f(A) with A = [r|2/2, that obey f = —f
(the bootstrap normalization of section 2.3); the vacuum sits at the origin, and f proves that the
gap is below T"if f(0) > 0 and f > 0 for A > T. The optimal bound, written A; in this section,
was computed up to ¢ = 2048 in [12], which conjectured that A;/c — 1/7%. Beyond A; the
numerically optimal f has a band of double zeros, as in figure 1. We name the four hypotheses
in words; their precise forms are given where the objects exist, in sections 3.2 to 3.4 for U(1)¢
and in the box of section 4.1 for Virasoro.

(W) At large ¢ the optimal functional is a finite sum of WKB exponentials, called sheets.

(A) On the band, its envelope is dictated by the continuum density that the vacuum demands.

(B) All sheets are branches of one analytic curve.

(Sel) A selection rule, made of a topological assumption and a boundedness assumption, picks
one curve among those allowed by (W), (A) and (B).

3.2 Sheets and the local modular parameter

In formulas, (W) says that

f(c§) = Z ¢S &:=A/e, and we set T = () (3.1)

sheets
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on each sheet; = keeps the exponential order only. Locally a sheet looks like e2™72 | a character

at modular parameter 7, so we call 7, the momentum conjugate to &, the local modular
parameter of the sheet. The points (£, 7) of all the sheets form the spectral curve. On the
band, a function with real double zeros under a smooth envelope is locally the envelope times
cos?(mefpd€) = 3[1 + cos(2me[pdE)], where p(€) is the number of double zeros per unit A
(p — 1 deep in the band). Writing the cosine as two exponentials gives three terms of the
form (3.1), that is, three sheets, a non-oscillating one with 7 = iyg and two oscillating ones:

T+ = Fp +1YE, f x exp<—27rc/yE df) {1 + cos(27rc/pd§)}. (3.2)

Here yg (&) = Im 74, the height of the oscillating sheets, is the rate of decay of the envelope.
The oscillating sheets differ by 2p, and their interference produces the real double zeros. The
non-oscillating sheet, the “1” in the bracket, is their common modulus and carries no independent
datum.

3.3 The Fourier transform on sheets, and the functional equation

In d = 2¢ dimensions the Fourier transform of e2™I**/2 jg (i /)¢ 2mi(=1/DIxl*/2; 3 character at
—1/7, times a factor exponentially large in ¢ that shifts the saddle point. We write f locally as
a superposition of characters, transform it term by term, and locate the saddle point again,

_ 2miTc - c(8—2miTE)
£e§) = [amemmsar,  a(r)=<e lecetry (3.3)
fle€) = [ exp{els —2mire +10g L - T Y ar (3.4)
T T ' ’
1 2mi¢
0= —2mie— -+ mf : (3.5)
T T
the last line being stationarity in 7, with d(S — 27i7€)/dr = —27i{. Hence the sheet map
N T 1 N N .
Suay: (§&7)— (725 o —;), Sy © Sy = id. (3.6)
Sheets go to sheets; f = —f says that this canonical transformation preserves their set.

Hypothesis (A) has three parts that must be kept apart. Let {A,,d,} be the extremal
spectrum of section 2.2: the zeros of f, with the positive degeneracies of the dual optimum.
Forced: the smoothed extremal degeneracies are the continuum density,

(271')C Ac—l

d
n _ o(c) o
po(Ay,) e, po(A) == T

o 3.7
local spacing (37)

where py is the S-image of the vacuum, [;° po e~ 288 dA = B~°. The reason: Poisson-resum
S, dn €2TTA% over n, that is, write 3, F(n) = 3, [ F(n) 2™ dn, with n(A) the counting
function of the levels. The term k = 0, the smooth integral of d,,/(local spacing) against e2™74,
is the only non-oscillating one, so it alone must reproduce the S-image of the vacuum. The
terms k = +1, the first harmonics, carry the phase e£2mic [p € 5o they are of the form (3.1)
with ReT = 4+p. Assumed, and this is (A): reciprocity. On the band the local upper envelope
| flenv of the optimal functional is inverse to the degeneracies at exponential order,

oy | flenv (Ay) = €2©) uniformly on the band. (3.8)

The reason offered: the first harmonics of the spectrum, the terms & = +1 above, are sheets
T = +p+iy with y the height of 1/p, that is y = 5= dlog po/d¢ = 1/(2m€). If the two oscillating
sheets of f are their mirror images, with the same Im 7 and the opposite Re 7 (given the forced
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Figure 3: The tanh law against the zeros of the numerically optimal U(1)¢ functionals of [12]; no
parameter is fitted. (a) The number p of double zeros per unit A against £ = A/c. Curve: the largest
solution of p = tanh(n2£p) (Result H1); it vanishes at the Curie point £&; = 1/72. Circles: the inverse of
the spacing of consecutive zeros, extrapolated to ¢ — oo linearly in 1/¢ through three values of ¢. Inset:
graphical solution of the Curie-Weiss equation. (b) Magnitude of the relative deviation of the measured
1/p — 1 from the law at ¢ = 256, ...,2048 (open symbols; all lie below the law) and after extrapolation
(filled): it decreases roughly like 1/c, and the extrapolated values are within 2.2 x 1072 of the law.

part, this is (3.8)), then crossing is carried by these harmonics (“extremal and feasible implies
equality wherever there are zeros”: convincing, but not a proof). Consequence: |f|eny < 1/po,
that is, yp = 1/(27€) (checked in section 3.5).

Skeleton of the consequence. With (A), 7+ = Fp +i/(27) on the band. We extend p from
a real density on the band to a complex coordinate on the whole curve by defining

{

pi= e T, w = m2ép, (3.9)
where w is the combination in which S'U(l) becomes affine. Indeed, (3.9) gives 7€ + 2%” = —p,
so the image point in (3.6) has & = —p&7; then p = #5, +% = p%(p — 2;7) = —% and
w' = 72¢p = 72T = T — w. In the variables (p,w) the sheet map is the involution
v ( w)H(—l m_ ) (3.10)
* p7 p ) 2 *

By (B) the curve is a graph p = F(w) with F analytic. Invariance under ¢ gives F (X —w) F(w)
—1; exchanging the oscillating sheets, (p, w) — (—p, —w), makes F odd. Hence
]:(w"‘%r): F =tanh-F,

with general solution (3.11)

1
F(w)’
where E is even and obeys the same equation, because tanh is odd and tanh(w + %) = 1/tanhw.

3.4 Selection and the tanh law

We pass to the inverse function, w = W (p). The band and its image under the exchange of the
oscillating sheets make up the real segment |p| < 1, where w is real, Im W = 0; by (3.10) its
t-image is |p| > 1, with ImW = Z. So Im W is known on the real axis. What the symmetry and
(A) leave free, the function F, is how W continues off the axis; the selection rule supplies this.

Hypothesis (Sel), U(1)¢ form. (Topology) W is single-valued and holomorphic on the upper
half of the p-plane. (Boundedness) Im W is bounded there.
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A bounded harmonic function with piecewise-constant boundary values is unique: Im W (p) is
times the harmonic measure of {|p| > 1} seen from p, that is, the probability that Brownian
motion from p first hits the real axis there, which is % times the angle that the set subtends at p:

1+p
1—p’

ImW(p) = 5 arg W (p) = arctanh p, (3.12)
the real constant being zero because W is odd; that is, F = 1. A bounded Im W stays between
its boundary values: on no sheet does the functional decay or grow faster than the rate | f| < A™¢
of (A). We stress that (Sel) is a hypothesis; it is not derived from the linear program.

Result H1 (The tanh law; heuristic). Assume (W), (A), (B) and (Sel). At leading order at
large ¢, the number p(§) of double zeros of the optimal U(1)¢ functional per unit A, at A = c&,
is the largest solution of

p = tanh(7%¢p). (3.13)

A nonzero solution exists if and only if ¢ > 1/72. The band therefore begins at & = W'(0) /7 =
1/m2, that is, Ay = ¢/7* + o(c): the slope is w>.

This is the Curie-Weiss equation for the magnetization of a ferromagnet at inverse temperature
72¢, hence “mean field”; the lower end of the band is the Curie point (inset of figure 3).

3.5 Checks, status, and what carries over

Near the Curie point (3.13) gives p ~ 7v/3 (€ — &)'/2. Square-root vanishing gives Airy scaling:
Ay = ¢/m% +0.352336 ¢'/3 + ..., with 0.352336 = (72v/3)"2/3|as| and a; the first zero of Ai.
Deep in the band A, = n+c[é& + [57(1 = p)d€] + O(1) = n + ¢/8 + O(1), the offset of the
line A, =n+ (c—4)/8 of [12, §4]. Against the data of [12]: the spacings follow (3.13) through
the band (figure 3); A;/c, extrapolated by us in ¢=2/3, tends to 0.10134 + 0.00003, against
1/72 = 0.101321; the degeneracies follow the continuum density, d,,/(po(A,) x spacing) = 1 up
to a relative deviation falling from 2 x 1072 at n = 2 to 1079 deep in the band, which is the
forced part of (A), verified far beyond exponential order; and the envelope of f has the height
ye = 1/(2m€) up to O(1/c), which is hypothesis (A) itself.

The slope 72 has since been proved in [13, Ch. 1]; we have read the statements and the
structure of that argument but have not independently verified it; nothing in this paper depends
on it logically. The derivation above is independent of that proof, and heuristic. What we carry
to Virasoro is the recipe: sheet map, (A), (B), (Sel). The rigorous part of this paper (section 6)
follows the strategy of the U(1)¢ proof, not the mean-field derivation; the attribution is made in
section 6.1.

4 The Virasoro spectral curve and the conjectured slope

[HEURISTIC] We apply the recipe of section 3 (sheet map, (A), (B), (Sel)) to the Virasoro problem,
to explain where the constants of Theorem 1 come from. We suppose that at large ¢ the optimal
functional is a WKB wave function, and ask on which curve in phase space its momenta can lie,
given that it is odd under the Fourier transform and that the vacuum imposes the Cardy density
on the extremal spectrum. Under four hypotheses the answer is an explicit curve in closed form,
Result H2; the band begins at its branch point, and this gives Ay. Nothing in this section is
proved. Its leading-order consequences are proved without the hypotheses: the slope and the
strip [Imb| < % in sections 6 and 7, and the zero law, in a weak sense, in section 10; the finer
ones make up Conjecture 1 and are tested in section 5. “The optimal functional” is meant in
the order of limits of section 2.5: P — oo first, then ¢ — co. The section can be read without
section 3.
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4.1 The hypotheses, and what changes: phase-space coordinates

The four hypotheses, in Virasoro form

(W) WKB form. At large ¢ the optimal functional is a finite sum of WKB exponentials,

, t S'(§)
/€Y = § ' dS() — = 4.1
o) Sheetse , . d’ g omi (41)

where < keeps the exponential order in ¢ only. Each term is a sheet, and 7 is its local modular
parameter: near & the sheet looks like the character e2™7t.

(A) Cardy envelope. On the band, the local upper envelope |g|eny of the oscillating |g| is
inverse to the Cardy density pc at exponential order. Section 4.2 separates what is forced in
this statement from what is assumed.

(B) One curve. All sheets are branches of one analytic curve 3, the spectral curve.

(Sel) Selection. A topological assumption (C0) and a boundedness assumption (C1), stated
in section 4.4, pick one curve among those that (W), (A) and (B) allow.

What changes with respect to section 3 is the action of the Fourier transform on sheets. The
functionals are radial functions on the plane R? for every ¢ (section 2.3), with ¢ = |r|?/2, and
the planar transform of the character €27 is (i/7) €™ (=1/7)t: g character at —1/7, times a
factor of order one. We write a sheet as a superposition of characters, transform it term by term
and locate the saddle point in 7 again, as in (3.3)—(3.5). The factor i/7 now drops out of the
saddle-point equation, which reads —2mi¢ + 2mi¢’ /72 = 0. The dimension stays 2, so there is no
large-d saddle and no factor (i/7)¢: the sheet map is the bare modular inversion,

S & 1) — (7’25, —%), So08 = id, (4.2)

and § = —g says that the set of sheets is invariant under it. The central charge enters only
through the position of the vacuum, b = 45, and through the Cardy envelope.
The map S becomes linear on the double cover b = V/3& of section 2.5. We define the

momentum )
4mi

p:=—Tb, so that g Oplogg = %b 2miT = —?p (4.3)
on each sheet, because d§ = %b db: up to the constant, p is the WKB momentum conjugate to b.
The image of (¢,7) under S has b2 = p? and p/ = V' /7, so its two lifts are (p/, V') = (b, —p) and
(—b,p). In the coordinates (p,b) the Fourier transform is therefore the quarter-turn

R: (p,b) — (b, —p), R =id, (4.4)

whose inverse is the other lift and whose square, (p,b) — (—p, —b), is the change of sign of the
square root. This is the oscillator rotation of section 2.3, acting on WKB data. From here on X
is a complex curve in (C%p by invariant under R, and the sheets are its branches over the b-plane.

4.2 The Cardy envelope

We first say what the sheets are on the band, and then state (A). On the band g has real double
zeros under a smooth envelope, g & |gleny cos?(mc’ [ Epv), where py (§) is the number of double
zeros per unit ¢t. Expanding the cosine gives three sheets,

1 dlog|gleny
2mc! d¢ ’

so yp is the rate of decay of the envelope. The sheet 7 carries no independent datum; “the two
band sheets” always means the oscillating pair 7+, whose interference produces the zeros.

TE = 1YE, T+ = Fpv +iyE, yp = — (4.5)
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Hypothesis (A) has three parts that must be kept apart. Let {t,,d,} be the extremal spectrum
of section 2.2. Forced: the extremal spectrum is the Cardy continuum, discretized,

dy,
= pa(tn) e, 4.6
local spacing poltn) € (4.6)

The reason: Poisson-resum Y, d,, 2™ over n; the zero mode is the only non-oscillating term,
so it alone must reproduce the S-image of the vacuum, [ pc e~2mBt At (section 2.4). Assumed,
and this is (A): reciprocity,

dy |gleny (tn) = € uniformly on the band. (4.7)

The reason offered: the first Poisson harmonics of the extremal spectrum are sheets of height
Im7 = 52 dlog pc/d¢ = 1/(2b), because pc = e L) with L(z) = 2y and x = /3C. If the
two oscillating sheets of g are their mirror images, with the same Im 7 and the opposite Re T
(given the forced part, this is (4.7)), then crossing is carried by these harmonics (“extremal and
feasible implies equality wherever there are zeros”: convincing, but not a proof). Consequence:
on the band the functional runs along the Cardy line of section 2.5,

/ 1
|g]eny = e~ ¢ L), that is, Ve = o (4.8)
Sensitivity: if we write yg = 5/(2b) with a constant s, the Cardy height, then s enters the
final answer as & — »2¢f. So (A) is the hypothesis to test hardest; section 5.3 measures
» = 1.0000 £ 0.0005.
In terms of the momentum, (4.5) and (4.8) say that the two band sheets are

p::tv—%, v:=pybeR, so that Imp:—%, Imb=0 (4.9)
on the band. The band arc v := {v € R} C ¥ comprises both band sheets, joined at the branch
point v = 0, which is the lower end of the band, where py vanishes. By (4.4), R maps 7o to the
arc (p,b) = (z,Fv + %), on which Imb = +% and Im p = 0. The Fourier image of the band thus
lies on the line Imb = %, which passes through the vacuum b = % (figure 2). This is the first
appearance of the strip of section 6 and of the edge integral of section 7.

4.3 Symmetries and boundary data

Two maps act on . One is R. The other is the exchange of the two band sheets, which reverses
Re T at fixed Im7 = 1/(2b); by (4.9) it is o : (p,b) — (—p — i,b), a holomorphic map that (B)
extends from the band to all of ¥. Applying R repeatedly to (4.9) we obtain four arcs v, := RFyq
on which the imaginary parts of both coordinates are constant,

(Imp,Imb) = (—3,0) on 7, (0,2) on 7, (3,0) on 7o, (0,—3) on 3. (4.10)

Consecutive arcs meet at four points of ¥ at £ = oo; for instance =g and 7y; share the end where
p and b tend to +oo with p — b — —3.

Where things live. The four arcs bound a region Q on the curve ¥ (on its cover in the variable
b), not in the b-plane. It contains the real, non-oscillating sheet 7 = iy (here and below y is
Im 7, not Imb) that carries g from the lower end of the band across the lobe interval [0,¢;) of
section 2.5 to the BTZ threshold ¢ = 0 and on to the vacuum (section 4.6). Concretely, a point
of Q) is a pair (p,b): a value of b together with a choice of sheet. The region is mapped to itself
by R. Figure 4 shows Q and its image in the half-plane constructed next.
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(a) 5, with (Im p, Im b) on each arc (b) the uniformization z € H; b(z) = 5-log z(zz:—ll)
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. . . . .
m:(0,3), be Ey Ll R(Z):1+Z
N -z
1| \\ vacuum b = % /" S (xpxl)
2 . '/ A e e
x; Seeel E__—" |
N 72: (5,0) ® Y0: (=3,0) //R
Q 0r @ (prommneond tip 1 g g
= b< —a} A \oza I e N :
% H
—z7| T S 1 Z_1-42 1-v2 V2-1 1+v2
1 // b _i \\ | b(z) f% +oo  z] 400 % —o0 —xy
2 [ = "3 ‘\\
’ arc Y3 Yo st Y2
3:(0,—3), be E_
s (0 —3), ‘ (Imp,Imb)  (0,~1) -50) (b (3,0)
I o) € B wfoo) By (=0, —a}]

£ =00 Reb =00

Figure 4: The spectral curve. (a) The region Q on the curve X, drawn in the chart (Reb, Rep): a disk
bounded by the band arc vy (thick; both band sheets, joined at the branch point v = 0, the tip) and its
Fourier images 7, = R¥7o. Each arc is labeled with its values of (Im p,Imb), (4.10), and with the set in
which b lies. Consecutive arcs meet at the four points at £ = 0o, and R is the quarter-turn about its fixed
point, the BTZ threshold (p,b) = (0,0). The dotted segments are the real sheet, on which b is real (the
lobe interval) or imaginary (from the BTZ threshold to the vacuum b = +1). (b) The image of  under
the uniformization of section 4.4: the upper half-plane H > z, with the fixed point at z = ¢, the arcs on
(—1,0), (0,1), (1,00) and (—oo, —1), and the real sheet on the dotted semicircles. Below the axis: marked
points z with their images b(z); then, for each arc, the boundary values (Im p,Imb), which determine
p(z) and b(z), (4.11); the last row gives the boundary correspondences of b(z). For the reader coming
from section 6: panel (b) is the conformal map b(z) of Lemma 6.3, which sends H onto the strip S slit
along |x| > «f.

4.4 Selection and the curve

The boundary data (4.10) do not determine X: they say nothing about what happens between
the arcs. That is what the selection hypothesis supplies. It has two halves.

(C0) Topology. ) is simply connected: it is a disk bounded by the four arcs, which meet only at
their four ends. On it p and b are single-valued, and R has exactly one fixed point.

(C1) Boundedness. p and b are holomorphic on € with bounded imaginary parts.

Hypothesis (Sel) is (C0) together with (C1): the same two halves, topology and boundedness, as
in section 3.4. Physically, by (4.3), 2% Imp is the rate at which 2 log|g| changes along real b; on
the band arc it is minus the Cardy rate L' = 2{ A bounded harmonic function stays between
its boundary values, so (C1) says that the complex decay rate never exceeds the Cardy rate.

Derivation. The idea is that (CO0) lets us replace Q by the upper half-plane, where R is a
Mobius map and the arcs are intervals; (C1) then makes Imb and Imp bounded harmonic
functions with known, piecewise-constant boundary values, and such a function is unique. In
detail, map conformally onto H > z (Riemann mapping theorem) with the fixed point of R at
z = i. An automorphism of H of order four that fixes 7 is R(z) = (1 + 2)/(1 — z) (its inverse
gives the mirror image of the curve). The four ends of the arcs form one orbit of R on the
boundary of H. The rotations about ¢ commute with R, and we use them to place one end at
z = —1. The orbit is then —1 — 0 — 1 — oo, the arcs are yo = (—=1,0), 71 = (0,1), v2 = (1, 00)
and y3 = (—o0, —1), and no modulus remains. By (C1) and (4.10), Im b is a bounded harmonic
function on H w1th boundary values 0, 550, —% on these intervals. As in section 3.4 it is a sum
of angles, Imb = - [arg(z — 1) — arg z — arg(z + 1)] with all arguments in (0, 7). So b is a sum
of logarithms up to a real constant, and likewise p; the two constants are fixed by boR = —p
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and po R = b. The result is

1 z—1 1 1 z+1
b(z) = —log ——— =—+ —log——. 4.11
@) =g5rle gy PR =gt rlee (4.11)
Thenp—i—b:%—%logz andp—b:%—i—%logjﬂ,which we exponentiate:
_ . —r(p— z2—1
X = "0F) — iz Y i=e ") = . (4.12)
z+1

Eliminating z gives the curve.

Result H2 (The spectral curve; heuristic). Assume (W), (A), (B) and (Sel). At leading order
at large c, the sheets of the optimal functional are the branches of the curve

X +i
14X

or cosh 27p + cosh 27b = 2,

(4.13)
where the last form, obtained by squaring, contains the curve together with its mirror image.
There is no free constant.

sinh b = ¢ sinh 7p, equivalently Y

The curve is invariant under o, as it must be. The fixed point z = i is (p,b) = (0,0): the curve
passes through the BTZ threshold, and it does so with p ~ —ib, that is, at the self-dual value
7 = 4. The identically worded selection rule applied to the U(1)¢ data is (Sel) of section 3.4 and
returns Result H1, a law whose consequence, the slope 72, has since been proved in [13, Ch. 1]
(we have not verified that proof independently; see section 3.5). Hypotheses (W), (A) and (B)
alone admit rival curves; those we found have slopes between about 8.9 and 9.8. So (Sel) is a
genuine hypothesis, but one that is no longer needed after section 6.

4.5 The gap

The band begins where the density of zeros vanishes, which on the curve is the branch point
v = 0 of the band arc. On the band, b = z is real and p = +v — %, so sinh mp = Fi cosh v
and (4.13) becomes

cosh mv = sinh 7z, v =pyz, (4.14)

which has a real solution v if and only if sinh 72 > 1. The lower end of the band is therefore at
sinh 7z} = 1:
arcsinh 1 (z1)? 1272

xT = —— = 0.2805499, fik = = 0.0262361, Ay = - = 9.1266340.
T 72 + 4 arcsinh? 1 ( )
4.15

The last number follows because the bound is a + t; with a = ¢//12 and ¢, = & + o(c):
(a+t)/c— & +& =1/Ay. That Ay is the exact leading slope of the best bound is Theorem 1.

4.6 Fine structure, and Conjecture 1

The curve contains more than the slope. We list six consequences of the curve and of the
hypotheses; together they are Conjecture 1 (the first two form its item (b)), and section 5.3 tests
them one by one.

Band density. By (4.14), py(€) = arccosh(sinh nz) /(7)) with « = /3. Since dt = 2z dx,
the double zeros have density ¢/ py(x)/2 per unit z, where

_3pu

4
pu(z) == . arccosh (sinh 7|z|), V= (4.16)
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so that ¢/py counts zeros with multiplicity. It vanishes like (z — x%)!/2 at the tips +a}. The
subscript refers to the extremal potential U of section 6.6, whose charge density py is, not to
U(1).

Profile off the band. Integrating (4.3) along a sheet,

sin(myb) = sinh(wb), p= —iyb, 0<b< x],
sinh(myb) = sin(nb), p=uyb, b=1ib, 0<b< 1,

(4.17)
where the two cases are the real sheet 7 = iy of (4.13) on the lobe interval and below the
BTZ threshold. On the lobe interval y rises from the self-dual value y(0") = 1 to the value
ye(z}) = 1/(227) of (4.8) at the tip, where the sine reaches 1 and the branch ends: this is
sinh 7z} = 1 seen from the lobe side. Section 6.6 identifies the profile (4.17) with the extremal
potential U.

Airy tip. Near the lower end of the band (4.14) gives p} ~ BZ (¢ — &) with BY =
3v2m?/arcsinh® 1. A density of double zeros that vanishes like a square root, preceded by a
simple zero, is modeled locally by the Airy function, as in section 3.5: the first levels sit at
€n = & + |an|(7Byc)~2/3, where a,, are the zeros of Ai. Hence

1 4 b
— log|g| = const + il Im/ pdb, {
c 3

_ |a1| arcsinh 1

R NG ETE = 0.27666, (4.18)

Abest — i +Agi B +0(1), A

and (ty — t1) Y3 = (|ag|/la1| — 1) Aopy = 0.20705, where t5 is the second level of the extremal
spectrum. There is no log ¢ term at order ¢'/? or above. The reason: the curve depends on ¢ only
through a = ¢/ /12, and a power-law prefactor t* in pc or in g shifts %log pc by <(logc +logé);
the first term does not depend on £ and leaves yr unchanged, and the second moves yg by
O(1/c), hence t; by O(1). A term logc with a coefficient of order one, below the order ¢'/3,
not excluded by this argument; the data bound it (section 5.3).

is

Deep band. Far from the tip the double zeros become equally spaced,

1

2 o0
1—py~ — 2 * / 1-— dé = — 4.19
PV er 5 51 + e ( pV) 5 247 ( )

the second being an exact identity.? Since the n-th level has n = ¢ é"/ C,pv d¢ + O(1), it
follows that ¢, = n+ ¢/24 + O(1), that is, A, =n+ ¢/8 + O(1): the same offset as for U(1)¢
(section 3.5). The offset itself is not new: numerically the spectrum follows the free fermion line
A, =n+ (c—4)/8 at large n. For Virasoro this is seen in [11, Figure 4] and [10, §7.4], where
convergence to the line is conjectured at fixed ¢; for U(1)¢ the distance from the line at large n
is conjectured in [12, Conj. 4.2] to be at most of order 27¢, and to vanish only for integers ¢ = 4

modulo 8. What is new here is the heuristic derivation of the offset from the band density.

Degeneracies. Hypothesis (A), sharpened from exponential order to order one, predicts
dp >~ po(tn) - %(tn_l,_]_ — tp—1) with the full three-Bessel density pc of section 2.4.

Interior sign change. For t = O(1) the functional is carried by the real sheet through the
BTZ threshold, where y = 1: g = ¢(t) e~2™ with ¢ varying on the scale c. Oddness at the
origin, §(0) = 27 [;° gdt = —g(0), is dominated by t = O(1), and with ¢ ~ g + @1t it gives
01 = —4mpg. So g(t) o< (1 — 4mt) e 2™ = Ly(4nt) e=2™ for t = O(1), the lowest odd mode of
section 2.3. Hence g > 0 on (0, tin) and g < 0 on (ting, t1) with i — 1/47 = 0.0796, and there
is no other zero between the vacuum and #;: this is the positive sliver of section 2.5.

*With v = 7z and 0, = arcsinh 1 = log(1++/2) it reads 67 +2 f;(u —arccosh sinh u) du = 7% /8. The constant

follows from Landen’s identity Y, . (V2 — 1)**"!/(2k + 1)* = 71’—2 — 1 log®(1 4 V/2), a special value of Legendre’s
chi-function of order 2. B
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Conjecture 1 (conjecture). Let g be the optimal functional and {t,,d,} the extremal spectrum,
in the order of limits of section 2.5.
(a) APt = c/Ay + Agpe ¢'/3 + O(1) with Agpy as in (4.18); there is no logc term at order ¢'/3
or above; and (ta —t1) c~/3 — 0.20705.
(b) The double zeros of g have density ¢ py(x)/2 per unit x on the band, and on the lobe interval
and below the BTZ threshold % log|g| is given by (4.17), up to o(1).
(¢) Deep in the band t,, = n +c/24 + O(1) (cf. [11, Figure 4], [10, §7.4]).
(d) dn = pc(ty) - 5(tnt1 — tn—1), with relative error tending to zero away from the tip.
(e) Between the vacuum and ty the functional g has exactly one zero, tin, — 1/47, with g >0
on (0,ting) and g < 0 on (ting, t1).

The leading term of (a) is Theorem 1; Theorem 5 (hence Corollary 6) proves the upper bound
with 0.483 in place of Agpt; and the density and the profile of (b) are, in a weak sense, Theorem 7.
Item (a) concerns APest; the numerics of section 5 probe the limit P — oo of the order-P optimal
gap bounds, which bounds A'feSt from above, equality being conjectural (section 2.6).

5 Numerical evidence

[NUMERICAL| We compare section 4 with optimal functionals computed numerically: the slope,
then the items of Conjecture 1, then hypothesis (A) itself. No proof in this paper uses the data
of this section.

5.1 Method and convergence

We solve directly for the extremal spectrum {¢,,d,} of section 2.2, the dual variables of the
functional problem (the “primal” formulation in the terminology of [11]); by the duality of
section 2.2 its lowest level is tgp)(c). At order P the unknowns are P/2 levels ¢,, and their
weights d,,. They are found by Newton’s method [11, 12, 60], continued upward in P from a
linear-programming seed at small P. The solver works in Arb [61] ball arithmetic (interval
arithmetic in midpoint-radius form), used for its precision and not for its error bounds, at 768
bits or more (appendix H.2). Positivity of g above ¢; and the pattern of double zeros are checked
afterwards at every (c, P).

Coverage. We have full spectra at ¢ = 64, 128, 256, 300, 384, 500, 512, 768, 1024, 1536, 2048,
with P up to 3072. For the gap alone a second, independent implementation of the same method
adds a grid ¢ € {24,...,1800} with P up to 3000; where both ran, they agree to the 20-22 digits
recorded. The solver is calibrated on the exact optima at ¢ = 4 and ¢ = 12 (section 2.2).

Convergence in the order. Empirically, the order-P bound Agp)(c) of section 2.2 and its limit

Agoo) (c) obey
AP () = APV o) m CetVEPIe, gk x475T, (5.1)
a stretched exponential in P/c. Two things follow. One needs P 2 ¢. And an extrapolation by a

pure exponential in P, as in [11], overestimates Agoo) (c), that is, it biases A low. We extrapolate
with a stretched exponential whose exponent is free, and quote as uncertainty o the spread to
cruder extrapolants; the rule is stated in appendix H.2.

5.2 The slope, and why earlier fits gave 9.08

Table 2 lists Agoo) (c) for 24 < ¢ < 2048, and figure 5 plots it. By Conjecture 1(a), t1/c =
£+ Aoprc 23+ 0(1/c). A linear least-squares fit of ¢ /c in the basis {1,¢=2/3, ¢~ ¢=%/3} gives

€5 meas = 0.026240 £ 0.000025,  Apeas = 9.1263 = 0.002, (5.2)
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¢ Pmax/c A§°°)(c) o c/A§°") ¢ Prax/c A§°°)(c) o c/A§°°)

24 25.00 3.440977 4.3-107° 6.9748 1T 500 3.75 56.880799 1.4-1073 8.790 II

48 18.25 6.244701 2.6-107° 7.6865 11 512 6.00 58212412 4-107° 8.795375 1

64 16.00 8.086588  2.5-107% 7.914339 1 600 3.33 67.970939 1.1-107% 8.827 1II

96 8.33 11.736817 6.5-107° 8.1794 1T 700 2.60 79.047416 2.0-107% 8.855 II
100 8.00 12.190911 7.7-107° 8.2028 11 768 4.00 86.573118 1.2-107% 887111 I
128 16.00 15.359989 4-1078 8.333339 1 1000 2.00 112.220831 3.0-107% 8.911 I
192 6.25 22.560582 2.3-107* 8.5104 1T 1024 2.25 114.871949 2.8-107% 8.91427 I
256 8.00 29.724792 1.4-107° 8.612339 I 1200 2.50 134.304424 2.5-1073% 8.935 11
288 4.86 33.297942 4.3-107* 8.649 1T 1400 2.14 156.370479 5.2-107% 8.953 1II
300 5.33 34.636636 4.6-10"% 8.661 1T 1536 2.00 171.367432 4.5-107% 8.96320 I
384 8.00 43.992503 1.9-107° 8.728760 I 1800 1.67 200.464339 8.0-10"3 8.979 11
400 5.00 45.772111 5.2-107% 8.7389 1T 2048 1.50 227.7834 1.0-1072 8.9910 I

Table 2: The optimal gap bound extrapolated to P = co. Columns: the central charge; the highest
order reached, in units of c; Agoo)(c); its uncertainty o (appendix H.2: half the larger distance to two
cruder extrapolants, at least 10~7¢; if Pax/c > 6, the spread of three tail fits); the ratio C/A:(LOO)(C); and
the implementation, I for the ball-arithmetic solver and II for the second, independent one. Rows with
Phrax/c > 4 are converged: their extrapolation correction is below 3 - 10=5¢. The others rest on (5.1).
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Figure 5: The slope. (a) The ratio C/Agoo)(c) of table 2 against ¢, on an axis that is linear in ¢=2/3, so

that ¢ = 0o is a point of the axis. Filled and open circles: implementations I and II. Solid: the two-term
law Abest = c/Ay + Aoptcl/3 of Conjecture 1, which has no fitted parameter; the data lie slightly above
it because of the O(1) remainder. Dashed: the logarithmic fit ¢/9.08 + 0.439log ¢ — 0.896 of [11]. Dotted
lines, star and square: the asymptotes Ay and 9.08. Shaded: the window 300 < ¢ < 700 of that fit. Inset:

all rows of the table. (b) The remainder Agoo)(c) — /Ay — Aopic!/?, with error bars o. Tt is of order one
and varies slowly, as (4.18) asserts. Dashed: the same quantity for the logarithmic fit, which follows the
data on its window and departs from them beyond it, by 0.22 at ¢ = 2048, where ¢ = 0.010.

against £ = 0.0262361 and Ay = 9.12663. The uncertainty is the spread over fit forms and over
the lower end of the fit window, not a statistical error. The value & = 0.02680 that corresponds
to A = 9.08 is not approached by any of the forms.

The 9.08 fit. The difference from [11] is in the fitting function, not in the data. We fit the form
used there, ¢/Agt + gt log ¢ + const, not to data but to the exact two-term law ¢/Ay + Aoptcl/g.
On ¢ € [300, 700], the window of [11, §5.2], the fit returns (Ag¢, vat) = (9.085, 0.48), against the
published (9.08, 0.439). The reason is that ¢!/3 and log ¢ are nearly collinear over a decade of ¢;
accordingly the result drifts with the window, from (9.02,0.28) on [20, 300] to about (9.11,0.71)
on [500,4000]. The two other fitting functions of [11], ¢/A + By and ¢/A + By + Ba/c, treated in
the same way return A = 9.004 and 9.043, against their 9.01 and 9.04. The published spread is
thus reproduced, to within 0.01 in each entry, by a law of slope 9.127: the earlier extrapolation
is explained, not contradicted.
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5.3 Fine structure

We check the items of Conjecture 1 in turn, and then (A). Item (a): the fitted coefficient of
¢ 23 in t1/c lies between 0.269 and 0.285, depending on the form and the window, against
Aopt = 0.27666; and a term -y log ¢ allowed to compete with ¢!/3 comes out with v between —0.07
and —0.005, compatible with zero. The first spacing (ty — t1) ¢~ /3 decreases from 0.28963 at
¢ =64 to 0.22369 at ¢ = 768 and extrapolates, in the basis {1, 23 ¢ 1}, to 0.20700, against
0.20705 (two other correction forms give 0.2043 and 0.2085). Item (b): the spacings s, of the
double zeros, with s, — 1 extrapolated linearly in 1/c, agree with 1/py — 1 to within 0.1% for
0.06 < £ < 0.20. Item (c): deep in the band the coefficient of ¢ in t, —n is 5;(1£4-107%). Item
(d): the ratio dy/(pc(tn) - 3 (tng1 — tn—1)) is 1 — 1076 deep in the band and 0.98 at n = 2; this
is the forced part of (A), (4.6), verified to far better than exponential order. Item (e): at every
(¢, P) there is exactly one zero between the vacuum and ¢1, with the predicted signs; it moves
from tint = 0.0803889 at ¢ = 64 to 0.0796944 at ¢ = 500, that is, tins = 1/47 + 0.058/c + o(1/c).

The Cardy height. Hypothesis (A) itself is tested through its consequence (4.8), that is,
through the Cardy height 3¢ of section 4.2. It can be read off the non-real zeros of the truncated
polynomials polp. At every (c, P) these lie on one parabola in the complex ¢-plane, with
focus at the BTZ threshold ¢t = 0, that is, on the lines [Imb| = ¥ + O(1/c) in the variable
b= +/3t/c. A fit to the vertex of the parabola for 64 < ¢ < 500, which does not involve &7,
gives 2 = 1.0000 4 0.0005; for comparison, » = 1.0107 would correspond to the slope 9.080. The
reason the zeros sit there is that the duality integral §(s) = 27 [ g Jy of section 2.3, continued
to complex s = ¢/b%/3, converges absolutely exactly for |Im b| < %: the Bessel kernel grows like

e%clmmb‘, and on the band ¢ decays like e=¢£(®*) = e~ 5T At finite P the zeros condense on

the boundary of this region. This is the strip of section 6.3, seen in the data.

Part III Optimality

Everything in this Part is proved, and no computer is used. It needs only section 2. The strip of
section 4.2 and the curve of section 4.4 reappear here as lemmas about a domain and a potential,
without hypotheses; a reader who skipped Part II loses nothing.

6 Optimality: nothing beyond Ay

We show that the spinless bootstrap cannot give a slope better than Ay, at any order and with
any functional in A. The mechanism is the tension described after (2.16). A functional that
certifies the gap bound ¢; must carry half of its Cardy-weighted mass below t1; and we prove that
no function in A, feasible or not, carries more than an exponentially small fraction of its mass
below t = &}¢’. The statements are in section 6.1. The proof is an electrostatics problem on the
strip of figure 2, described in section 6.2. Section 6.3 continues the functional to the strip and
bounds it on the boundary, section 6.4 collects the potential theory that we use, section 6.5 turns
the bounds on the boundary into a bound in the interior by a harmonic function, section 6.6
finds that function in closed form, and sections 6.7 and 6.8 draw the consequences. The technical
lemmas are in appendices B and C.

6.1 Statements

Theorem 3 (Concentration; proved). Let x7 = arcsinh(1)/m. For every ¢ € (0,z7) there is a
constant Cs < 0o such that for all ¢ > 40 and every g € A, with no condition on the sign of g,

c/(x*—5)2/3 ,
/ CU T glvar < o dte € ag). (6.1)
0
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Here k(0) > 0 is the explicit Cardy deficit, given in closed form in Lemma 6.7. It satisfies
k(0) = 5V/2v271 8¥2(1+ 0(5)),  w(8) >2.2288%% (0<d <a?), (6.2)

where %\/2@% = 2.650, and Cs < Ceone 6> with an absolute constant Cyone.

In words: weighted by the density of states that the vacuum demands, any bootstrap function
has exponentially little mass below ¢ ~ 0.0262 ¢’.

Theorem 4 (Optimality; proved). Let £ and Ay be as in Theorem 1, and call g weakly feasible
if it is weakly feasible at some T, hence at T' = t1(g). For every A > Ay there is co(A) such that
for ¢ > co(A) no weakly feasible g € A, g # 0, has t1(g) + a < ¢/A. Quantitatively, there is a
central charge cgpt, explicit in principle and not computed, such that

ti(g) > &5 ¢ —0.44Y310g?3 ¢ (6.3)
. n opt
for every weakly feasible g € A, g £ 0, and every ¢ > .

Proof of the first statement of Theorem 4 from Theorem 3. Let A > Ay, that is, % — % < &,
and choose § € (0,z}) with (2} —6)* > 1+ — 55. If t1(9)+a < ¢/A, then t1(g) < (1 — 55)+1 <
d(z% —6)?/3 as soon as c is large. If moreover g is weakly feasible, g_ is supported on [0, 1] and
the half-mass condition (2.16) makes the left side of (6.1) at least [I' g_V dt > +M|g], where
M]g] > 0 because g # 0. Hence % < C5 e "0 which is false for large ¢. How large ¢ must
be depends on A only. O

The rate (6.3) is proved in section 6.8. Three remarks. First, the theorem quantifies over all of A,
and co(A) does not depend on g. Since A contains the functionals of every order P (Lemma 2.6),
the statement is uniform in P: for ¢ > ¢o(A) no amount of computing produces a spinless bound
below ¢/A. Second, this is a statement about the method, the linear program of section 2.2, and
not about conformal field theories. Third, the informative content of the quantitative form is its
rate; the right side of (6.3) lies below the trivial floor ¢; > 0 of section 2.4 for ¢ < 414.

Attribution. The strategy is the following: continue the functional to a strip; control one part
of the boundary by the total mass and the other by the eigen-identity; bound the function inside
by its harmonic majorant, the harmonic function with the same boundary data, which lies above
it by the maximum principle; and conclude through the half mass of the negative part. This is
the strategy of the proof for the Cohn—Elkies problem at large dimension in [13, Ch. 1, Prop. 3.1
and Thm. 3.8]; we have read the statements and the structure of that argument but have not
independently verified it; nothing in this paper depends on it logically. There d — oo and the
strip is in the Mellin-transform variable, of half-width d/2; here d = 2 is fixed and the strip is
in the rescaled dimension b itself, its width being fixed by the requirement that the continued
kernel have exactly Cardy growth on the edge. The strip through the vacuum, the weight V|
the slit geometry and the closed form are specific to Virasoro. The argument in position space
does not run for U(1)¢. The argument in the Mellin variable does run for Virasoro: the strip is
then replaced by a domain with a free boundary (appendix A). The last step of the strategy, the
half mass of the negative part, goes back to Bourgain, Clozel and Kahane [52] (see also [53]);
Cohn and Gongalves [51, §3.1] use it for the functions with f = —f of the twin problem, and
(2.16) is the same step with the Cardy weight. A mass-concentration principle similar to that
of [13, Ch. 1] has since been proved for Delsarte’s linear program for binary codes [62].

6.2 Idea of the proof: an electrostatics problem

The stage is figure 2(b). In the variable b of (2.17) a functional g € A becomes the function
G(b) = g(¢'b?/3), and the proof has five steps.
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Conformal field theory Linear program Electrostatics on the strip

linear functional acting on  the function g; G(b) = g(c'b?/3) potential u, = % log(|G|/M|g))
the crossing equation

dimensions of the extremal  zeros of G positive point charges, 1/¢ each
spectrum

Cardy density pc that the Cardy growth of the weight, applied linear potential —L(x)
vacuum demands Vel

— edges F4 of the strip of analyticity grounded plates
the vacuum, A =0 the point ¢t = —a the point b = % on a plate

a gap bound, A; <t1(g)+a weak feasibility, through the contact with the Cardy line
half-mass condition

slope Ay of the best bound  optimal slope, & = (27)?/3 first point of contact, z = a7

Table 3: The dictionary between the conformal field theory, the linear program and the electrostatics
problem of section 6.

(1) G continues analytically to the closed strip [Imb| < I, with the vacuum on its edge
(section 6.3).

(2) On the edges |G| is bounded by M[g] up to a power of ¢ (Lemma 6.1).

(3) On the real axis beyond any chosen point s, |G| is small in the Cardy-weighted mean:
Jiozs1Gl eI dz is at most M[g] up to a power of ¢ (Lemma 6.2).

(4) ug = L log(|G|/M[g]) is the potential of positive charges at the zeros of G, in the convention
in which a potential is —oco at its positive charges (section 6.4). It is subharmonic, that is,
it obeys the maximum principle. We cut the strip along |z| > s, so that this part of the
real axis becomes boundary, where step (3) applies, and the interval (—s, s), about which
nothing is assumed, stays inside. The value of a harmonic function inside is an average of
its boundary values, so a bound in the mean suffices: u4 lies below the harmonic function
that is zero on the edges and —L on the slits, up to o(1) (Proposition 6.4).

(5) For s = 7 that harmonic function is explicit, and it lies strictly below the Cardy line on
|z| < 27 (Lemmas 6.5 and 6.7). Since |g|V ~ e sTL) M [g], almost no Cardy-weighted
mass can sit there.

Table 3 is the dictionary. In its language the half-mass condition says that the potential of a
weakly feasible functional must come within o(1) of the Cardy line somewhere on |z| < z1(g),
and the theorem says that the first point where this is possible is 7.

6.3 Continuation to the strip

The idea is that the eigen-identity (2.14), which gives the values of g below the BTZ threshold
as integrals over ¢t > 0, makes sense for complex « as long as the kernel K, grows no faster
than the Cardy weight. Since |Iy(z)| < Ip(|Rez|), this is the case on the parabolic region
|Re v/a| < y/a, whose vertex is the vacuum and whose focus is the BTZ threshold (figure 2(a)):
by Lemma B.1 the integral g(—a) = —27 [;° gK, dt converges absolutely there and is dominated
by 27 [5°]g|Kq dt < co. In the variable b we have o = —’b%/3 and |[Re v/a| = /c//3|Imb], so
the region is the closed strip S = {|Imb| < 1}. Hence

G(b) = g(¢$/3) = —21 /0 T U Kty dt,  |G(0)] < 2r /0 TlglKadt  (b€S) (6.4)

is well defined for every ¢ € A. By Lemma B.1, G is bounded and continuous on S and
holomorphic on S. It is even, and real on the real axis and on the segment i[—%, %] For real
b = z it is the functional itself, G(z) = g(c/z?/3); in particular G # 0 unless g = 0. For a
functional of finite order G is the restriction of an entire function, but this plays no role.
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The landmarks are those of figure 2(b). The real axis is the spectrum above the BTZ
threshold, ¢ > 0. The segment b = iy, 0 < y < %, is the range —a < t < 0 below it. The
points b = £ are the vacuum, G(£35) = g(—a). On a line [Im b| = 7 the kernel is bounded by
Koy)2q & e21¢L This is smaller than the Cardy weight for 1 < %, equal to it for n = %, and
larger for n > %, where M[g] < oo no longer controls the integral. The vacuum sits on the edge
of the strip of analyticity that Cardy growth allows.

Lemma 6.1 (Edges; proved). Forb=z+% on Ey and a = —'b*/3 one has (Re a)? = a for
every real x, and therefore | K, (t)| < Kq(t) for allt > 0: on the edges the continued kernel has
exactly Cardy growth. Since V/K, is only polynomially small, there is an absolute constant C
such that for all ¢ > 40

|Gz £ 3)| < Cad Mlg] (6.5)

uniformly in x € R and in g € A, in particular in the order P.

The idea of the proof: the kernel bound is (B.1), so by (6.4) |G(z + )| < 27 [;°|g|K, dt. For
t >4/ one has K, < CacdV (Lemma B.2(b)). In the window ¢ < 4/¢" at the BTZ threshold,
where V ~ 87%t? degenerates while K, stays of order one, § = —g bounds sup|g| by a multiple
of M[g] (Lemma B.3). The proof is in appendix C.4. At the exponential scale €?() of the rest
of the problem the edges carry weight zero: uy < (2logc’ + C)/c there, in the notation (6.13)
below.

Lemma 6.2 (Slits; proved). On |z| > zi, that is, fort > £{c’, one has V > 0.9 K,. Hence for
all ¢ > 40 and every g € A,
/9 12
Gla)| Ka(ca®/3) da < 22 M]g). (6.6)
|| >t c
Proof. G is even. With t = ¢2?/3 we have dz = 3dt/(2cz) < 3dt/(2cz%) for > %, and
V > 0.9 K, there by Lemma B.2(c). Hence the left side of (6.6) is at most

o0 11.9
/ lg| V dt < —— M[g]. O
gl c

5 /OO||K Qi<
dxy ng 0.9

On the slits G(z) = g(c’z?/3) is the functional in the region where a good functional is non-
negative. Nothing is known there pointwise, and an extremal functional vanishes there infinitely
often; (6.6) is a statement in the mean, and section 6.5 uses it as such.

Remark (Why ¢ = ¢ — 1 and not ¢; orientation). The scaling ¢t = ¢/b?/3 puts the edge of the
strip through the true vacuum ¢ = —a, where the kernel is bounded by K,, which exceeds V'
by a power of ¢’ only. With ¢ in place of ¢’ the edge would pass through t = —¢/12, where the
kernel is bounded only by K, 1,12, which exceeds V' by a factor growing like e(m/3)\/3t/c. Since
feasible functionals of high order carry Cardy-weighted mass arbitrarily far out in ¢, the edge
bound would then depend on the functional, and the uniformity in g would be lost.

What is not used: sign information (positivity enters only through the half-mass condition, in
one line, at the very end); information about g near the BTZ threshold beyond integrability;
any property of optimal functionals. The inputs on Bessel functions are Lemmas B.1 to B.3.

6.4 Toolkit: potential theory in physicist’s terms

Steps (4) and (5) of section 6.2 are two-dimensional electrostatics. The box collects the notions
and the four formulas that we use, first in the language of charges and potentials and then
precisely. We use the sign convention in which a unit point charge at ¢ has the potential log|b— (|.
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Toolkit: potential theory

Subharmonic functions. If G # 0 is holomorphic, then

Vog|Gb)|=2r > mcd*(b—¢) >0, (6.7)
¢:G(Q)=0

with m¢ the multiplicity: log|G| is the potential of positive point charges at the zeros of G,
and it is harmonic away from them. A function u with V2u > 0 in the sense of distributions
is called subharmonic; precisely, u is upper semicontinuous with values in [—o00, c0) (it may
jump down, as at a charge, but not up), and u(b) is at most the mean of u over every small
circle around b. Such a function obeys the maximum principle: if h is harmonic on a bounded
domain and limsupu < h at every boundary point, then u < h inside [63, Thm. 2.3.1].
Adding positive charges lowers the potential.

Harmonic measure. For a domain Q and a point b € €, wy(F) is the probability that a
Brownian path started at b first leaves (2 through the part E of the boundary. Equivalently,
b — wy(E) solves the Dirichlet problem with boundary values 1 on E and 0 elsewhere, and
J ¢ dwy, the Poisson integral of ¢, solves it with boundary values ¢ [63, §4.3]; for the upper
half-plane dw, = Im zdo /(7|0 — z|?), the Poisson kernel. On the slit strip the two lips of a
slit are different boundary points, and dwy/dz denotes the density of w, on a slit with the
two lips added. It is explicit through the conformal map of Lemma 6.3. Like the charge
density at the rim of a thin conducting plate, it has an inverse square-root singularity at the
tips.

Harmonic majorant. This is the solution h of the Dirichlet problem whose data are the
boundary values of a subharmonic u, that is, the potential with the same boundary values
and with all interior charges removed. By the maximum principle v < h = [udwy [63, §4.1].
Poisson-Jensen. For G bounded and holomorphic on €2, with boundary values taken
wp-almost everywhere,

log|G(b)| < / lolel] dls, (6.8)
o0

If G is holomorphic on a neighborhood of €2, the right side minus the left side is > cmegalb, C),
where go > 0 is the Green’s function of € and the sum runs over the zeros of G in 2 [63, §4.5]:
each zero lowers the potential by the potential of a unit charge in the grounded domain. We
need (6.8) for a merely bounded function that may vanish on the boundary (Lemma C.3(a));
for the disk this is classical: removing the charges at the zeros, inside or on the boundary,
only raises the potential [64, Ch. II, Thm. 4.1 and Cor. 4.2], [65, Thms. 17.16-17.17].
Jensen’s inequality with entropy. On the slits we know only a weighted mean of |G|
(Lemma 6.2), whereas (6.8) asks for the mean of log|G| with respect to w,. Let w be a
probability density on a set S of the real line and K > 0 a weight. Since the mean of a
logarithm is at most the logarithm of the mean [65, Thm. 3.3],

/ wlog|G|dx < log/ |G| K dx — / wlog K do + / wlogwdz. (6.9)
S S S S

The change of reference density from K to w costs the entropy [wlogw. With K = K, ~ ec'L
the middle term is —¢’ [‘wL, which is how the Cardy line enters. For w proportional to
dwyp/dzx the entropy is finite despite the singularity at the tips; it is bounded in Lemma C.2,
together with its dependence on the distance from b to the tips.

Phragmén—Lindeldf. On an unbounded domain the maximum principle needs a growth
condition: on the strip S the function cosh(mz) cos(my) is harmonic and vanishes on both
edges. A harmonic function on S that vanishes on the edges and is O(e®l*l) for some a < 7
is zero [63, §2.3]. All our functions grow at most linearly in |z|. The form that we use is
proved in the proof of Lemma 6.5.
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Riesz measure. The charge distribution %VQU of a subharmonic function « is a positive
measure, its Riesz measure, and locally w is the logarithmic potential of that measure plus a

harmonic function [63, §3.7]. For u, of (6.13) it is, by (6.7),
1, 1
Ng = %V Ug = — Z me 6§, (610)
CeS: G(¢)=0

the counting measure of the zeros of G in the strip, normalized so that a zero is a charge
1/c.

6.5 The slit strip and the majorant

We now choose the domain on which the maximum principle is applied. For s > 0 let
Dy :=S\{z+iy: |z|>s, y=0}, D = Dy:. (6.11)

Dy is simply connected. Its boundary consists of the two edges and of two slits, and each slit
has two lips, which count as different boundary points; the ends of the slits, b = +s, are the tips.
We prove everything for D; the choice of s is discussed in section 6.6. The next lemma makes
harmonic measure on D explicit.

Lemma 6.3 (Conformal map; proved). The function

1 z—1

— log et (6.12)

with the branch that is continuous on the upper half-plane H and has b(i) = 0, maps H conformally
onto D. It maps the intervals (0,1) and (—oo, —1) onto the edges E+ and E_, and (—1,0) and
(1,00) onto the right and the left slit, each folded at its tip, b(1 F /2) = +a3, so that the two
halves of the interval give the two lips. Moreover b(v/2 — 1) = %, and the points —1,0,1, co
correspond to the four ends of D (figure 4(b), last row of labels).

The proof is Lemma C.1(a),(b); part (c) of that lemma transports the Poisson kernel of H to
D and gives the density of wy, its exponential decay along the slits and its first moment. The
map is the uniformization of section 4.4, (4.11); it is now a lemma about a domain and not a
hypothesis about a curve.

For g € A, g # 0, we write
1. GO S

s los r (beS), (6.13)

ug(b) :=
which is subharmonic on S by (6.7), even, and symmetric under b — b. The data on the
boundary of D are these. On the edges, uy < (2logcd + C)/c¢ by Lemma 6.1. On the lips of
the slits we have only the weighted L' bound of Lemma 6.2. Jensen’s inequality (6.9) with
K = K,, together with the finiteness of the entropy of harmonic measure, converts it into
ug < —L(z) 4+ o(1) in the mean with respect to wy. The entropy is the one place where the
geometry of D, namely the square-root singularity of harmonic measure at the tips, has to be
examined by hand. Poisson-Jensen (6.8) then bounds u4(b) by the mean of these data, and the
mean of the data is a harmonic function of b.

Proposition 6.4 (Majorant; proved). For s > 0 let Us denote the harmonic function on Dy
that is continuous up to the edges, both lips of the slits and the tips, with

Us=0 on Ey, Us = —L(x) on both lips of the slits, |Us(b)] < C(1+ |Reb|). (6.14)
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For every compact set Q C D there is a constant Cg such that for all ¢ > 40, all g € A with

g#Z0, and all b € Q,
1+logd

ug(b) < Uy (b) + Cq ; (6.15)

C

The linear growth at the four ends makes the solution of (6.14) unique (proof of Lemma 6.5,
part (d)); for s = o7 it exists as a Poisson integral, Uy: (b) = — [ L dwj, over the slits, (C.15), and
other s enter no proof. The proof of Proposition 6.4 is in appendix C.4. It inserts Lemma 6.1
and the Jensen bound into the Poisson—Jensen inequality on D and arrives, for every b € D, at
the master inequality (C.14), in which the power of ¢ and the entropy appear explicitly. The
technical lemmas are Lemma C.3 (Poisson—Jensen with zeros on the boundary) and Lemma C.2
(the entropy near a tip).

The picture is that of two grounded plates and, between them, two thin electrodes held at the
linearly decreasing potential —L. The function U no longer knows anything about g or about
conformal field theory, and ec/U“”T ®) is, up to a power of ¢/, a universal bound for |G|/M|[g] on
compact subsets of D, in particular below the BTZ threshold and on the lobe interval. Nothing
is imposed on the interval (—s, s). That is where the mass of a would-be better functional has
to be, by the half-mass condition, and the point of the construction is that u, is small there all
the same.

6.6 Why s = z7; the extremal potential in closed form; the zero law

[ORIENTATION] Why this slit. For any s the argument of section 6.5 gives the majorant Us on Dy,
and it bounds the Cardy-weighted mass wherever Us+ L < 0 inside (—s, s). A harmonic function
on a slit domain generically has a square-root singularity at a tip: Us+ L =~ tip(s)+/s — || inside
the tips. The coefficient v, changes sign exactly once, at s = x7; numerically i, = —0.16,
—0.02, = 0, +0.02, +0.16 at s = 0.24, 0.275, =7, 0.285, 0.32. For s < z7] one finds Us + L < 0 on
all of (—s, s), and the method gives the weaker bound A < 1/(3; + %)7 for instance s = 0.26
gives A < 9.45. For s > x] the majorant rises above the Cardy line inside the tips and excludes
nothing there. Thus s = 7 is the largest useful slit, characterized by tangency: Us + L vanishes
to order % at the tips, which is a free-boundary condition. None of this is used in the proofs.

For s = z7 the Dirichlet problem (6.14) has a solution in closed form. The idea is to guess
the holomorphic function p whose imaginary part is %&EU: since U = —L on the slits and U is
constant on the edges, Im p must be $% on the slits and 0 on the edges.

Lemma 6.5 (Closed form; proved). On D let
1
p(b) := = arcsinh(—isinh 7b) (6.16)
T

with the principal branch of arcsinh, whose cuts are +i[1,00). It is single-valued and holomorphic
exactly on D, its cuts in the strip being the slits. Let

4 b 4 [
U():=Uy+ ?ﬂ Im/ p(b') v, Uy := —L(x7) + g/ 1.su"csin(sinh 7s)ds = —0.388748,
0 0
(6.17)

the integral being taken along any path in D. Then U is harmonic on D, continuous up to
the edges, the lips and the tips, equal to 0 on E+ and to —L on both lips of both slits, and
|U(b)| < %ﬂyRe bl + C. It is the only harmonic function on D with this continuity and these
boundary values that grows at most linearly. In particular U = Ugr. On the axes,

4 (=l
U(x) = U — §/ arcsin(sinh 7s)ds (Jz| < z7),
0

4 [yl (6.18)
Ul(iy) = Uy + g/ arcsinh(sinms)ds (|y| < %)
0
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y=Imb

x=Reb . . z

Figure 6: The extremal potential U of Lemma 6.5. (a) Equipotentials of U on the strip, in steps of
0.1, darker meaning lower. U = 0 on the edges, where the open circles are the two images b = :l:%
of the vacuum; U = —L on the slits |z| > 27, y = 0, whose tips are the dots; and the dashed level
U = Uy = —0.3887 passes through the saddle at the BTZ threshold b = 0. (b) On the real axis U (solid)
lies below the Cardy line —L(z) = —2?”1; (dashed) and joins it tangentially at x7; the vertical distance
at x = x7 — § is the Cardy deficit x(d) of Lemma 6.7. The ticks on the left axis are the values u4(0) of
numerically optimal functionals at ¢ = 64,128, 256,512, which approach Uy from below (section 6.7). The
ticks on the bottom axis are the first zeros x1(g) = (3t1/¢’')}/? of the optimal functionals of table 2 at
c=64,128,...,2048, which approach z7 from above. Inset: the zero law py(z) of Definition 6.6 (solid),
its counting function N(x) (dashed) and the tip asymptote rip(z — 27)%/2 (dotted).

We call U the extremal potential. By (6.19) below its complex electric field is 0, U —i 9,U = —% P,
and p is related to b by sinh7b = isinh7p, which is the curve (4.13): the spectral curve of
section 4 is the complex electric field of the extremal potential.

Proof. We compute the boundary values of p, integrate them, and prove uniqueness by a barrier
argument; one identity between two integrals makes the constant on the edges vanish.

(a) The function p. The principal branch arcsinh w = log(w + v/1 4+ w?) is the inverse of sinh
on the strip |[Im ¢| < F; it is holomorphic on C\ %i[1, 00). For b = x4y € S the point —isinh b
lies on a cut if and only if sinh 76 = sinh 7wz cos Ty + ¢ cosh wz sin 7y is real and of modulus at
least one. Since |y| < 3 this means y = 0 and [sinh x| > 1, that is, b real with [b] > 27. So p is
holomorphic on D, with p(0) = 0, p(—b) = —p(b) and p(b) = —p(b). Furthermore |Imp| < 3,
and sinh mp = —isinh 7b gives sinh?(7 Rep) < |sinh mp|? = sinh? 72 + sin® 7y < cosh? 7wz, hence
|IRep(b)] < |Reb| + 1. The values on the axes and on the boundary are

p(z) = —Larcsin(sinhwz) (|z] < 2}), p(iy) = Larcsinh(sinmy), p(xL) = *aj,
p(z £+ %) = £ 1 arcsinh(cosh mz), p(z £i0) = £1 arccosh(sinhwz) — & (2 > 7).

The first three hold because —isinh wb equals —¢ sinh 7z, sin 7y and + cosh wz at these points.
For the last, —isinh 7r(x 4 i€) tends to the point —isinh 7z of the lower cut from the right and
from the left, and arcsinh(+n —io) — + arccosho — % as n | 0, for o > 1. On the left slit the
values follow from p(—b) = —p(b). In particular Imp =0 on Ey, Imp = —% on both lips of the
right slit and Imp = +3 on both lips of the left slit; Re p(z + i0) = & arccosh(sinh 7|z|) on the
upper lips of both slits; and p extends continuously to the edges, the lips and the tips.

(b) The function U. Since D is simply connected, fé’ p is a holomorphic function on D, so U
is harmonic, and

4 4
dU = ?ﬂ Im(pdd) = g(lmpdx + Repdy). (6.19)

The symmetries of p give U(—b) = U(b) = U(b), and U is continuous up to the edges, the lips
and the tips because p is. Along the real axis, dU = —% arcsin(sinh 7s) ds for 0 < s < z7; this
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is the first formula in (6.18), and U(z}) = —L(x7) by the choice of Uy. Along the lips of the
right slit, dU = —%” dxr = —dL; hence U = —L there, and on the left slit by symmetry. Along
the imaginary axis, dU = %arcsinh(sin 7r§) ds, which is the second formula. Along E, dU = 0,
so U is constant there and equal to U(5); by U(b) = U(b) it takes the same constant on E_.
Integrating (6.19) from 0 to 4 Im b and then horizontally to b, with [Rep(is)| < z} and |Imp| < 3,
gives [U(b)| < 2F|Reb| + C.

(c) The key identity. Substituting u = sinh7s in the first integral and u = sinzs in the
second,

ot 1/2 1 /1 ; inh
/ 1:eurcsin(sinh 7s)ds +/ arcsinh(sin7s) ds = f/ {arcsmu 4 2 u]du
0 0 mJo LWWI+uZ2 V1—u? (6.20)
1

1
= — [arcsin u arcsinh u] = % arcsinh 1.
T 0

By (6.17) and (6.18), U(%) = —%Fa} + 3 - s arcsinh 1 = 0, because 7z} = arcsinh 1. So U =0
on F.. This is the place where the number arcsinh(1)/7 enters the rigorous argument.

(d) Uniqueness. Let d be harmonic on D and continuous up to the edges, the lips and the
tips, with boundary value 0 there, and let |d(b)| < C4(1+ |Reb|). We claim that d = 0. For e > 0
let de(b) := d(b) — ecosh(2Reb) cos(2Im b), which is harmonic on D. The subtracted term (the
barrier) is positive on S, where cos(2Imb) > cos1 > 0, so d. < 0 at the edges, the lips and the
tips. On the cross-cuts {|Reb| = X} N D we have d. < Cy(1 + X) —ecos1 cosh2X < 0 as soon
as X > X (e). The maximum principle on the bounded domains D N {|Reb| < X'} gives d. <0
on D. Letting e — 0 we get d < 0, and the same argument for —d gives d = 0. Applied to the
difference of two solutions, this shows that (6.14) with s = z7 has at most one solution. By (b)
and (c), U is a solution, and so is the Poisson integral — | L dwj, over the slits, by Lemma C.1(c)
(appendix C.4). Hence both are equal to U,:, which is (C.15). O

Definition 6.6 (The zero law). Extended across the slits by its boundary value —L, the function
U is continuous on S. By (6.19) its normal derivative 0,U = %’T Rep jumps across the slits by
8 arccosh(sinh 7r|z[) > 0, so V2U > 0 in the sense of distributions (by Green’s formula on the two
half-strips; VU is locally bounded up to the slits and the tips, because p extends continuously
to them, see part (a) of the proof of Lemma 6.5): U is subharmonic on S, with a charge density

that lives on the slits. For |z| > 27 this density is
1 . . 4 ) 4 .
pu () = 2—[8yU(x +10) — 0,U(x — ZO)} =3 Rep(z +1i0) = o arccosh (sinh 7|z|), (6.21)
s

and we call it the zero law. Its counting function is

N(z) .:1/xp (@) de’ = ke (z — 20)Y% (x| o) . :4.723/4
. 2 xT U — Ptip 1 1) tip 9ﬁ

In the units of ug, see (6.10), py is a number of zeros per unit  and per unit ¢, counted with
multiplicity. The function N counts sites: each site of section 7 carries two zeros, hence the
factor 5. The density (6.21) is the function (4.16) of Part II, and the asymptote in (6.22) follows

from arccosh(sinh 7x) ~ (2v/27(z — :cf))l/ ?. The zero law is used in section 7 as a blueprint:
the zeros of the functional constructed there are placed according to NV; and in section 10 as a
necessity: the zeros of every near-optimal functional follow it. The potential U, the law py and
N are drawn in figure 6.

= 0.4217111. (6.22)

6.7 The Cardy deficit and the proof of Theorem 3

On the lobe interval the extremal potential lies strictly below the Cardy line, and the distance
between the two is what Theorem 3 exponentiates.
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Lemma 6.7 (Deficit; proved). For |z| < x7,

U() + L) = -+ [ 2

—= — — arcsin(sinh TFS)}dS < 0. (6.23)
3 Jjz| L2
The function U + L is even and increases on [0, 23] from Uy to 0. Hence, for 0 < § < z7, the

Cardy deficit

i} 4 (% o
K(0) := — |x§3’{x—6(U +L)(z)=—(U+L)(z] —0) = 3 /x{& {5 — arcsin(sinh 71'5)}(18 (6.24)

is positive. The integrand is ~ (2v/27(x} — 5))1/2 as s Tz, so that k(6) = $1/2v2m &3/2(1 +
O(8)) = 2.650 6%/2(1 + O(0)), with the values x(5) = 0.0026, 0.029, 0.083, 0.23 at § = 0.01, 0.05,
0.1, 0.2, and x(z%) = —Uy = 0.389. Moreover k(6) > 2.228 6%/% for 0 < § < x}.

Proof. By (6.18) and U(z}) = —L(z}) we have U(x) = —L(z7}) + %fﬁ;l arcsin(sinh 7s) ds, and

L(z})— L(x) = %j"ﬁ 5 ds; this is (6.23). The integrand is positive for s < x7, where sinh 7s < 1,
which gives the sign and the monotonicity. Near the tip, sinh 7(z% — u) = 1 — /2 7u + O(u?)
because cosh 2} = /2, and Z — arcsin(1 — €) = v/2¢ (1 + O(e)). The last inequality is proved

in appendix C.5, (C.17), with the constant % 2 = 2.228 ... O

The exponent % is the Airy exponent of a soft edge, which appeared in section 4.6; the coefficient
is 2mktip. By Proposition 6.4, e W+L)(@) s up to a power of ¢/, the largest value that lg| V/M|g]
can take at t = ¢/z%/3. Below the BTZ threshold U (iy) increases from Uy at y = 0 to 0 at the
vacuum, by (6.18) and (6.20).

Proof of Theorem 3. The integrand |g| V' is at most majorant times weight, and the integral is
at most the supremum of the integrand times the length of the interval. We use Proposition 6.4
on the compact set @Q = [—(x} — 0), z] — 0], in the form (C.16), in which the power of ¢ and the
dependence on the distance to the tip are explicit.

There is nothing to prove for g = 0. Let 0 < § < x} and t5 := /(2] — 6)?/3 < &c/. For
0 <t < t5 the point = /3t/c’ has x] — 2| > 6, and U,; = U by Lemma 6.5, so (C.16)
reads |g(t)| = |G(x)] < €523 e’ U@ M[g]. The weight obeys V (t) < 47TT2t e L) for all t > 0
(Lemma B.2(d)). With (U + L)(z) < —k(6) from Lemma 6.7,

4%t 4t /
1g()| V(t) < eC677 3 20 dWUHD@ N p[g] < C675 3 " RO N[l (0 < t < t5).
(6.25)
Since [3° 47rthdt = 272 /a < 2472(£})%¢, integration gives (6.1) with C5 = Ceonc 67 ° and
Crone = 247%(€7)%eC. The properties (6.2) of x(8) are part of Lemma 6.7. O

Of the four powers of ¢/, the edges and the slits cost at most two between them (Lemma 6.1,
Lemma B.2(e); their weights in the Poisson-Jensen mean add up to one), stated as three
in (C.16), and ¢2/a < C¢’ gives one more. The window of width O(1/¢’) at the BTZ threshold
enters only through Lemma B.3, in the edge bound, because Lemma B.2(d) holds down to ¢t = 0.

What this says about section 4. The composition of p with the map of Lemma 6.3 is the
function p(z) of (4.11), and sinh b = isinh7p. The curve has thus been recovered without
hypotheses, as the solution of the linear boundary-value problem (6.14). In section 4 it rests on
a selection rule and describes the best functional, conjecturally; here it bounds every functional.
[NUMERICAL] The profiles u4 of the numerical optima of section 5 exceed U nowhere by more
than O(1/¢’), and at the threshold they approach it from below: at (¢, P) = (64,256), (128,2048),
(256,2048), (512,2688) the difference U — u4 at b = 0 is 0.053, 0.035, 0.022, 0.013 (figure 6).
The majorant is approached at leading order by the numerical optima. Whether it is provably
attained is the subject of Part IV.
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6.8 The effective rate

We prove (6.3). The idea is to let § tend to zero with ¢ in Theorem 3, as slowly as the
prefactor allows. For this one needs the dependence of Cs on §. Its only source is the entropy of
harmonic measure seen from a real point at distance ¢ from a tip, which is at most C'y + 5 log%
by Lemma C.2(ii); exponentiated, this is Cs5 < Ceonc 6°, as the proof of Theorem 3 shows.
Everything else is uniform in J.

Proof of the second statement of Theorem 4. Let g € A, g # 0, be weakly feasible and t; = t1(g).
Let kg := % 2w = 2.228 ... be the constant of (C.17) and \g := 3.6, so that koA\g > 8, and let
log ¢\ 2/3

§:= (M> , so that Kk(8) ¢ > ko 632¢ = KkoAologd > 8log ¢! (6.26)

C/

by Lemma 6.7, provided 6 < z7; this holds for ¢ > 115. As before let t; = /(] — §)?/3, and
suppose that ¢; < t5. The half-mass condition (2.16) and Theorem 3 with Cs < Ceonc 575 give

1 —5 14 _—r(6)c -5 /1—4 /10/3—4 1—2/3
5 < Ceonc 6 °ce r(8)e < Ceonc 0 ¢ < Ceonc € / = Ceonc € / 5

where we used 67° = (¢ /Aglogd)'/? < ¢19/3 valid because A\glog¢ > 1. This is false for
¢ > (2Ceone)*’?. Hence for ¢ > cgpt = max{116, 1 + (2Cconc)*?} we have t; > t;, and

/

2
t > %( 6% > ¢&d — f:cl 5 =¢&d - §x1>\2/30'1/310g2/30', 3 *)\2/3 = 0.4393 < 0.44.
O

The constant Ceone, and with it cgpt, is a product of the absolute constants of appendices B
and C; it is explicit in principle, and we have not computed it. The theorem says that no weakly
feasible functional undercuts &*¢/ by more than O(¢/*/310g?? ¢’), while Conjecture 1(a) says that
the best functional overshoots it by an amount of order ¢/3. The logarithm comes from the
polynomial prefactor in (6.1) and is presumably not sharp.

Part IV Attainment

Section 7 is proved with computer assistance, and sections 8 and 10 are proved. Sections 7 and 8
use section 2 and, from section 6, in the proofs only Lemma 6.5 and Definition 6.6, the closed
form of U and the zero law; section 10 uses in addition Proposition 6.4 and Lemma 6.7. Section 7
builds a feasible g € A at &¢’ + O(c 1/ 3); section 8 shows that any feasible g € A bounds every
CFT. Section 9 describes a second functional that attains the slope, at a physicist’s level of
rigor; nothing else depends on it. Section 10 shows that a functional that comes close to the
bound has no choice: its zeros follow the zero law on which the functional of section 7 is built.

7 Attainment: an explicit functional reaching Ay

We construct, for every large central charge, one explicit function g € A that is feasible at
&d+0(d 1/ 3). With Theorem 4 this proves the slope, Theorem 1. The function is an infinite
product of elementary factors, and its zeros are placed according to the zero law of Definition 6.6.
The construction is short (sections 7.1 and 7.2). The work is to prove that the product and its
Fourier transform combine to a function that is positive on the band and has a positive vacuum
value. Section 7.3 explains how this is done, without proofs. The proofs are in sections 7.4
to 7.10, and the long ones in appendices D to G, which may be skipped at first. The inequalities
verified by computer are marked (cert) and listed in table 4 of appendix H.
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7.1 Image charges on the strip, and the zero law as a blueprint

The idea is electrostatic. A zero of a holomorphic function is a unit charge for the logarithm
of its modulus, and by Proposition 6.4 the profile u, of every functional, (6.13), lies below the
potential U of a definite charge distribution on the strip S, up to O(log¢’/c’). To certify the gap
bound «7, the profile must touch the Cardy line —L where U does. This suggests building a
functional whose profile is U: charges on the slits at density pr7, and on the edges a modulus no
larger than Lemma 6.1 allows. (Theorem 7 shows that the profile of every attaining sequence is
U.) So we want zeros at density ¢ py on the band and modulus one on the edges, and we build
them out of the potential of one point charge between two grounded plates.

Glossary. A site x, is a point of the real b-axis at which a zero, or a conjugate pair of zeros,
is placed, and cell n is the interval (xn, xn+1). The comb is the product B of image-charge
factors over the sites. Detuning means moving a real double zero to a conjugate pair y, =+ icy,.
The onset is the neighborhood of the first kept site x2; the comb omits the first site of the law
(section 7.2). The Airy length £, = (rkpc’) %/ is the scale of the spacing of the first sites, and
the hand-off point x; = z7 + ¢ ~Pon with 0y, = 0.2, is where the onset (Region I) ends and
steepest descent takes over (Region II). Four functions that are defined in sections 7.5 and 7.6
appear already in section 7.3: the site index v(x), which equals k — 2 at the site xx, with the
comb phase ¥ = 27wv — 7; the envelope Env of the undetuned comb; the level Lev, the explicit
unit of all ratios; and the amplitude Amp of the transform.

Toolkit: image charges on the strip

One factor. For ¢ with [Im (| < % let

(b= ¢)

Tg(b) := tanh T tanh TI'(b + C) . cosh b — cosh 71'C

2 cosh7b+ coshn(’

(7.1)

For real ¢, —log|T¢(b)| is the Green’s function of the strip with poles at +(: the potential
at b of unit charges at +( between the two grounded plates E+. The zeros and poles of
T¢ are the successive mirror images of (¢ in the plates (figure 7a). The map w = tanh %b
takes S onto the unit disk and turns T into a product of two Blaschke factors [64]; T¢ is the
Blaschke factor of the strip. We use four facts.

(T1) Modulus. For real ¢, |T¢| = 1 on both edges and |T¢| < 1 in S. The same holds for
the product 1T of a conjugate pair, ( = y +ie with 0 < e < % A bounded holomorphic
function on S whose modulus is one on the edges is called inner; a zero-free factor such as
sech? %b, which is determined by its modulus on the edges, is outer.

(T2) Pairs on the real axis. For real x, 0 < e < 1 and real z,

cosh w(z F x) — cos e

> TX(:E)2’

Toric(z) D —ic(@) — H coshm(x F x) +cosme —

=

and the left side is positive if € > 0: lifting a double zero off the axis raises the modulus on
the axis.

(T3) Reflection. T;(b+ i) = 1/T¢(b), and T¢ (%) = —1 for every (.

(T4) Zeros and poles. For Re( # 0, T¢ has simple zeros at {+(} + 2iZ, simple poles at
{£(} + i(2Z + 1), and no others.

All four follow from (7.1). For (T1) note that cosh b is imaginary on Ey, so that numerator
and denominator have the same modulus when cosh 7( is real, and numerator and denomi-
nator of the pair are conjugate to each other in general; the maximum principle gives the
inequality inside.
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(a) one factor T¢ (b) the comb B: zeros and poles, with the sites computed for ¢’ = 8

\
2+ . . Z€eros poles of B: |[Imb| > 1 — maxy, &, > %
I S i e A e e xR R EEREX
i B|=1on E+ i
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Figure 7: Image charges on the strip. (a) One factor T, (b) = tanh Tr(b;C) tanh Tr(b;o, here with ¢ = 0.70:

zeros at £¢ + 2iZ (dots) and poles at £¢ + i(2Z + 1) (crosses), which are the successive images of £( in

the edges E1 (dashed lines: the image edges Imb = :I:%)7 so that |T;| =1 on E4; the curves inside S are

the level curves |T¢| = 0.2, 0.45, 0.8, 0.95. (b) The zeros and poles of the comb B of section 7.2. The

sites Xn, ¢ N(xn) = n — 1, are computed for ¢’ = 8, a value chosen only to make the pairs visible: the

simple zero at 42, the pairs +x,, £ ig, (n > 3) with £, = 3 (xn11 — Xn), and the omitted first site of
the law (open circle). All poles lie in [Imb| > 1 — max, €, > 5, and |B| = 1 on E.. Diamonds mark the
saddle points by = +vg(z) + % of the edge integral for the band point = (square), as in figure 2.

The next lemma says that the zero law is the right density for these factors. It is the
continuum limit of every sum over sites in this section.

Lemma 7.1 (Riesz representation of U; proved). For every b in the closed strip S,
o0
[ poe!) toglT(b)] da’ = U ) (72)
3
and the integral converges absolutely. In particular the left side vanishes on Ey and equals —L(x)
at real b = x with |z| > z7.

The proof is in appendix D.1: both sides have the same charge on S, both vanish on the edges,
and both grow at most linearly; a potential with these three properties is unique. In words: a
continuum of factors T, at the density of the law reproduces the Cardy decay e~ on the band
exactly, and is invisible in modulus on the edges.

Notation for the edge. On the edge F; we write b = v + % with v real. The function p of
Lemma 6.5 is real there, and we call

, 1
Fv):=pv+3) = - arcsinh(cosh 7v), cosh mvg(z) = sinh 7z, pu(z) = 3vo(x), (7.3)

the edge function. It is even, convex, and increasing on [0, 00), with F(0) =27 and 0 < F’ <1
on (0,00). Its inverse vg: [z],00) — [0,00), F'(vo(x)) = , is given by the second formula, and
the third is (6.21): up to the factor %, the zero law is the inverse of the edge function. We write
bo(z) := vo(x) + § for the point of the edge that corresponds to the band point z.

7.2 The functional and the theorem

The functional is the zero law made discrete. The sites are the quantiles of the counting function
N: the points x,, > x] with ¢ N(x,) =n — %, for n = 2,3,...; the site n = 1 of the law is
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omitted. At yo we place a simple real zero. Every later site is lifted into a conjugate pair
Xn £ ien with €, := no(Xn+1 — Xn) and 1y = %. We multiply by an outer factor, which makes
the product integrable, and antisymmetrize under the Fourier transform:

b N
ho (D) := sech? 5 Bl),  B:=Ty, I Tvosicn Tan—icn, 9= 3(ho — ho). (7.4)

n>3

Here hq is even in b and is read as a function of t = ¢'b?/3; for —a < t < 0 the point b lies
on the imaginary axis. The hat is the transform (2.9). We also need the undetuned comb
BY:=T,, [I>3 Tfn, which has double zeros at the sites n > 3, and h := sech? %b BO. The zeros
and poles of B are drawn in figure 7(b).

Theorem 5 (Attainment; proved, computer-assisted). There is a central charge ' > 40,
explicit in principle but not computed, such that for every ¢ > &% the function g of (7.4) has
the following properties.

(i) g € A.

(ii) g(t) > 0 for allt > t, + 1, where

/

2
b= 52 =6+ AP0, A =Faieg () = 0483 (75)

(i) gvac > 0.
Hence g is feasible at t, + 1 in the sense of Definition 2.3, so that Ty (c) < &5 + A1 V3 4+ 0(1);
with Theorem, 4 this proves Theorem 1. Moreover |g(t)| < C(c) e ¢ F@e=m for t = ¢x2/3 > 0:
both ho and hg decay faster than the inverse of the Cardy weight.

In words: a product of image-charge factors at the quantiles of the zero law, minus its own
Fourier transform, is a functional that certifies a gap within O(c'/3) of ¢/Ay. The offset +1 is
cosmetic: the proof gives g > 0 already from ¢, + o(1/¢’) on (section 7.8). The next proposition
collects what is elementary about hg.

Proposition 7.2 (Elementary properties; proved). Let ¢ > 40, the standing assumption of
section 2.6. Then max, e, < %, the product B converges locally uniformly on |Imb| < 1—max, &,,
and:

(a) |B|<1onS and|B|=1 on Ex.
(b) B(%) = —1. Hence ho(to) = —2 at the vacuum, and the second difference hoyvac =
ho(to) — 2h0<t0 -+ 1) + ho(to + 2) satisfies ’hO,vac| < 8.
(¢c) On the physical azis, hg < 0 on the lobe interval [0,t.), ho has a simple zero at t,, and
ho > 0 fort > t,.
(d) On the edge, |ho(v+ %)| = 2/ cosh v ezactly.
On the edge through the vacuum the comb is invisible in modulus, and all the information that
it carries is a phase.

Proof. First, maxy e, < %; this places every pair under (T1) and keeps the poles of B out
of S. By (7.3), py = 3/F'(vo) > 3 on (z},00), so that py(y) > 3(y — xn) for y > x». One

cell carries the charge 1 = ¢ N(xnt1) — I N(xn) = %/ ooy > (Xt — Xn)?. Hence

Xntl — Xn < (3/0’)1/2 < 0.28 and ¢, < 0.07 for ¢ > 39.

Everything else follows from (T1)-(T3) once the product converges. By (7.1), —T; =
1 — 2 cosh b/ (cosh b + cosh (), so a pair differs from 1 by O(e™Reble=™xn) away from its poles,
and Y, "™ < oo because the number of sites below z is at most ¢/ N(x) = O(c'z?); by (T4) the
poles lie at [Im b| > 1 —max,, £,. This gives the convergence. Part (a) is (T1) for each factor. For
(b), (T3) gives Ty, (%) = —1 and the value (—1)? for each pair, and sech® Z! = 2; on the segment

[
3

39



from the vacuum to the threshold |sech? Z2| < 2 and |B| < 1, so each of the three values in g vac
is at most 2 in modulus (9 + 2 < 0 because a > 2). For (c), the pairs are positive on the real
axis by (T2), and Ty, (z) is negative for 0 < & < x2, vanishes to first order at x» and is positive

beyond. For (d), [B| =1 on the edge and |cosh 5 (v + %)|2 = % (coshmv+cos §) = 1 coshmv. O

What is fixed. The construction has free parameters: the number m > 1 of omitted sites, the
node phase ko in ¢ N(x,,) = n— koo, and the detuning 79. Only the onset index ny = m+1— koo
enters the coefficient of ¢/*/3, which is A,, = 0.3326 n%/g. Indeed N () = kgip(z —21)3/2 by (6.22),
and ¢ N(x2) = ni1, so that

ni \2/3 x —2/3 2/3
! ) , te — & = 2atd (x2 — 27), Ay =22tk /nl/. (7.6)

*N
X2—3?1—( tip

KtipC
In this paper (m, koo, n0) = (1, %, %), so np = Z, and the outer factor is sech?. Neither the
constant 0.483 nor ¢t is optimized, and nothing is claimed at finite c.

The remainder in (7.5) is obtained in the same way. Write x2 = z} + f.2 with the Airy

length £, as in Lemma F.2(c). Then t, = & + 227 leco + 3 0263, Here (. = m;§/3c’1/3,
and ¢ = ($)?3(1+ O(£.)) by (F.12), and the last term is O(c'~1/3). Since £, = O(c/=/3), this
is (7.5) with Ay = 2af sy 2 (1)2/3,

The threshold 3 is named before it is fixed. Throughout this section and appendices D
to G, a statement made for ¢ > &', or for ¢ large, holds for ¢ above a threshold of its own,
which may depend on a parameter that is named there (r in Lemma 7.5, € in Proposition 7.4).
The proof of Theorem 5 meets finitely many of these thresholds, each at a fixed value of its
parameter; none of them depends on a later one, and ' is the largest of them. It is fixed at

the end of that proof, in section 7.10.

7.3 Idea of the proof

There are three things to prove: (i) g > 0 on the band t > ¢, + 1; (ii) gyac > 0; (iii) g € A.
The relation § = —g is automatic. Since hy > 0 on the band, everything in (i) reduces to one
statement: iLo is smaller than hg there. Figure 8 shows this at ¢ = 256. The function hyg is
a train of positive bumps, one per cell. Its transform oscillates in lock-step with it, with an
amplitude of about % in units of the level Lev; this amplitude is about 0.29 of the height of the

bumps. The difference 2g = hg — ho stays positive.

How fzo is computed. The transform at a band point x is an integral of hg times a Hankel
kernel along the edge E of the strip (section 7.4; figure 2). On the edge |hg| is explicit and
does not depend on the comb (Proposition 7.2(d)), and the kernel has modulus e~¢L(*) S0 the
size of the integrand is pinned at the Cardy level, and the comb enters through a phase only.
The phase has two stationary points +vg(z) on the edge, and they exist exactly when = > z7:
this is how the band appears in the transform.

Three regimes. Three scales organize the proof, £, < ¢ =P <« ¢=1/(4n1). they are drawn
at the bottom of figure 8. In Region II, x > xj (sections 7.6 and 7.7), steepest descent gives
|ho| < Amp (1 + o(1)) with an explicit amplitude Amp < 0.504 Lev, and the detuning gives a
floor hg > pLev with p > 0.504. Positivity is one inequality between explicit functions that
does not involve ¢, and no information on the phase of flo is used. In Region I, xo < x < zj
(section 7.8), the two saddles coalesce and the asymptotics is not uniform. There we use only
the crude bound |}AL0’ < OV e L and the fact that near the onset the comb stands above the
Cardy level by a power of ¢/. We call this the overshoot. It is there because the charge of the
omitted site is missing from the comb. The two regions overlap, because the overshoot beats the
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Figure 8: The functional of Theorem 5 at ¢ = 256, with (m, koo, n1,70) = (1, i, I 4) and outer factor

sech?: the comb hq (thin), its transform ho (dashed), and 2g = hg — ho (thick gray), all divided by the
level Lev(z) and plotted against the site index v(z), which is an integer at every site (top axes: x); dotted:
+Amp/Lev. (a) The onset, cells 2-9, beginning at the simple zero xs (¢t = t, = 10.084): the transform is
below 0.4% of the level, so that 2¢ and hg coincide to the width of the line. (b) Cells 102-105. (c) Cells
384-387, deep in the band: h oscillates between the floor sinh? 7o and cosh? ™0, flo between I%, in
lock-step, one period per cell and maxima on maxima, so that 2¢g stays near g. Bottom: the three scales
b, < P <« /=1/(4n) of the onset, at their values 0.044, 0.33, 0.45 for ¢ = 256, on a logarithmic axis
of x — a7, with the inequality used on each stretch (the dotted segment continues the range on which the
overshoot beats the crude bound) and the positions of the three panels.

crude bound up to z — z7 ~ ¢~1/(4n1) " which is beyond z;. For the vacuum (section 7.9), gyac is
the mass of the lobe minus the mass of the band, up to O(1). Both are dominated by a window
of width /. around the onset, and the band is at most a fixed fraction Ry, < 1 of the lobe
(Proposition 7.13). The computer enters as follows. Once the factors that tend to one as ¢ — oo
are bounded by hand, each regime leaves inequalities that do not involve ¢, for explicit functions
of one real variable: for the amplitude and the floor in Region II, for finite products over the
first cells in Region I, and for a ratio of two integrals at the vacuum. These inequalities, marked
(cert), are proved in interval arithmetic (appendix H.1); nothing that depends on ¢ is computed.

Why each ingredient is there. Sites at the quantiles of the law. Besides the Cardy decay
|B| = e=“L on the band (Lemma 7.1), this makes the phase of the integrand on the edge
stationary exactly at the points +vg(z) that correspond to band points x, where the phase of B
advances by 27 per site (D.13).

Detuning by no = +. The undetuned comb is |h)| = Envsin? 7v. It returns to zero in every
cell, while its transform does not, so g would be negative near every site. Lifting the zeros off
the axis creates a floor above %Lev. It changes nothing on the edge, where a conjugate pair
is still unimodular, so the amplitude of the transform is untouched. The value matters: for
no = 0.2 the floor of Lemma 7.9 is below 0.45, which is not enough.

Why the amplitude s % Write h) = %Env(l + cos ¥). The transform reproduces the
oscillating part %Env cos U. It cannot see the mean, which has no stationary phase.

The omitted site, m = 1. It makes the first zero simple. It produces the overshoot at the
onset. And it makes the vacuum lopsided in favor of the lobe. It costs A1¢'/3 in the bound,
and nothing at the order of the slope. With no site omitted and the same node phase one finds
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numerically |Lobe|/Band ~ 0.8 [NUMERICAL]|, and that comb is not feasible.

The node phase i. This is a convention and is not tuned. Placing nodes at the quantiles
of an equilibrium density is a Bohr—Sommerfeld rule, familiar from the choice of interpolation
nodes in the numerical bootstrap [66, Sec. 3.3]. Only ny = % enters the certified constants. With
7 the phase of the transform coincides with that of the comb deep in the band (figure 8c).

The outer factor sech® and the simple zero at xo. The outer factor gives integrability and
membership in A, and it cancels from the ratio Amp/Lev up to the factor coth %5*. The zero is
simple because a feasible g must change sign once, at 1.

7.4 Three exact identities

Three identities turn the three claims into statements about hg alone.

Lemma 7.3 (Three identities; proved). Let max,e, < 3. For (a) and (b) suppose in addition
that ho is continuous and that |ho(t)| + |ho(t)] < C(c) e @)= for t = /22 /3 > 0; this is
proved in section 7.10, from Lemma 7.5(c), Lemma 7.10 and the bound (7.25), which uses (c)
but neither (a) nor (b).

(a) §=—g.
(b) With the second difference hovac of Proposition 7.2(b),

1 o]
Gvac = 5 [hO,Vac - 271'/ ho th} . (77)
0

(c) For every z >0, with k, := Fc'z,

/
2T [ o (b) HSY (ko) b b (7.8)
Ey

ho(c2?/3) =

On the edge the Hankel function is, by (E.3) [67, (10.17.13)—(10.17.15)],

2
k0]

0.33
2|

/2,
|H§Y (k)] = ( ) e O N ey (k)] fen(2)] < (I 21),  (7.9)

because k; Imb = 3k, = ¢/L(x) there.

Proof. We prove (c) first; it uses only Proposition 7.2 and (T4).

(c). By (2.9), with t = ¢'b?/3 and s = /z%/3 we have 47\/st = k,b and dt = 2?clbdb, S0
ho(s) = 43¢ [ ho(b) Jo(kzb) bdb. On the positive axis Jo = 3(H" + HY), and HP (2) =
—H(gl)(zem) [67, (10.11.5)]. Since hg is even, the substitution b — —b in the term with HéQ)
gives ho(s) = 27:3’6, 250 Z(b) db with Z(b) := ho(b)H(()l)(kzb) b, the real axis being approached from
above at b = 0, where Z = O(|b|log|b|). By (T4) the poles of B lie at [Imb| > 1 — max, &, > 3,
and those of sech? %b at |[Imb| = 1, so T is analytic in 0 < Imb < 1 — max, &,. On 0 <Imb < %
we have |B| < 1, [sech? 22| < 4e~"Rebl anqd \Hél)(k:xb)] < Clkzb|=/2 for |b| > 1, so T decays
exponentially as |[Reb| — oo, uniformly in the height. Cauchy’s theorem moves the contour from

R to E+.
(a). By hypothesis hy and hg are continuous and integrable on [0, 00), so Fourier inversion

for radial functions on R? gives ho = ho, and § = %(iLO — ho) = —g.

(b). The idea is to continue Fourier inversion analytically in «, from o < 0to 0 < a < a.
By Lemma B.2(e), K, < e“F, so [5°(|ho| + |ho|) Ko dt < oo by the hypothesis. As in the
proof of Lemma B.1, the kernel bound (B.1) and dominated convergence then show that
o 21 [° hoK, dt is continuous on the parabolic region D, of that lemma and holomorphic in

its interior. For o = —s < 0 it equals ho(s) = ho(s). The function o — ho|—_q has the same
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regularity on Dy, which is the image of S under @ = —¢’b%/3. Two such functions that agree on o <
0 agree on D,. Since the values of g below the threshold are defined by the eigen-identity (2.14)
(Definition 2.5), for 0 < a < a we get g(—a) = =27 [° Ko dt = J[Rholi=—a — 27 [5° ho Ko dt].
The second difference in « at a,a — 1,0 — 2, with V = K, — 2K, 1 + K49, is (7.7). O

7.5 The comb on the real axis: site index, envelope, level

On the band, log|B(x)| is a sum over the sites of the potentials log|T), (x)|. By Lemma 7.1 the
integral which this sum approximates is —c¢’L(z), corrected for the omitted charge. So hg is the
Cardy decay, times the effect of the omitted charge, times a bounded function of the position of
x in its cell. This subsection names these pieces and states two-sided bounds for them. The
proofs are in appendix F. They use nothing about il().

Site index and envelope. For real a > % (as the index of a site, here and in appendices F
and G, the letter a is a real number and not ¢’/12) let y, be the point with ¢/ N(x,) = a — %;
the sites are the integer values of a. Let £, := xpn+1 — Xxn be the length of cell n, and for x in cell
nlet u = (x — xn)/ln € (0,1) be the position in the cell. The site index and the comb phase are

v(z) = N(z)+ 1 -2, v(Xe) = a — 2, U(z) = 2nmv(x) — , (7.10)

so that v runs over (n —2,n — 1) on cell n. Beyond y2 the undetuned comb has its double zeros
exactly where sin? 7v has them. The envelope is therefore defined, for > x2, by

|hg(2)| = Env(z) sin® mv(z) = § Env(z) (1 + cos ¥(2)), (7.11)

and is positive and smooth there. Off the sites, hg = hY I with I1 := |B|/|B°| > 1 by (T2).

The absent charge, the end correction and the level. The comb lacks the charge which
the law places on [z7, x2]. Its total weight is ¢/ f;z? pu = 2n1, and its potential is

X2
dP(z) = —¢ / pu(2') log| Ty ()| dz’ > 0. (7.12)
o
By Lemma 7.1 the continuum over the range that is kept is ¢’ [ pu log| Ty ()| d2’ = —c'L(x) +

d'P(x) for z > x}. The factor e is the overshoot of section 7.3. We write Py for (7.12) with
x2 replaced by Y. The simple zero at xo stands for the half cell of continuum between yo and
X5/2- The difference is the end correction

5/2
Tona() 1= log| Ty @) =2 [ loglTy (@) o, 0< Tona@) SCy (@2 xa),  (7.13)

with an absolute constant C; < 0.65 (Lemma F.8). The level is

ho

Lev(z) :=4 sech? T g=¢/'L(@) eCIP(I)Jrje“d(z), —
Lev

= LBl L=ePTend (1> xy). (7.14)
The level is explicit, it is smooth on the cells n > 3, and it does not oscillate. The factor 4 makes
Env/Lev close to one. The end correction is put inside the level because it enters the upper and
the lower bounds below in the same way, so that it cancels from hy/Lev and from Env/Lev. It
does not cancel from Amp/Lev, and there its sign is used (section 7.7).
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Hole functions. A hole function is the potential at x of the sites nearest to x, kept exactly,
minus that of the piece of continuum of the same charge which they replace. All other sites are
replaced by the continuum, by an inequality with a definite sign and no remainder: apart from
the sites far to the left of z, the summand a — log|T), (x)| is concave on either side of z, and
for a concave function the trapezoid rule lies below the integral and the midpoint rule above it
(appendix F.2). For z in cell n and j > 1, the upper bound (for B®) keeps the 2j + 2 nearest
sites with the weights 1,2,...,2,1 and leaves HZ]‘ (x); the lower bound (for B) keeps the 2j
nearest pairs with their exact moduli and leaves H,, ;(z) ((F.39), (F.40); HE = Hil). The two
charges are equal, so the length of the cell cancels: as n — oo the hole functions tend to explicit
functions hf of the position u in the cell alone, (F.41) and (F.42). For j = 1 we write hE := h7:

2

hi (u) = log(1 4+ u) + 2logu + 2log(1 — u) + log(2 — u) — 2/ log|lu — v| dv,
—1

32 (7.15)

hoo(u;no) = log(u? +n3) +log((1 — u)* +nd) — 2/ ) log|u — v| dv.
~1/2

The rate is ]Hf] - h;t\ < Cj(L +¢,) on the cells n > 2j + 4, where C; = C j%log(2j + 2)

with C absolute (F.45). Both e** contain the factor 4 of the level: as j — oo, es (4m0) _
4(sin? mu + sinh? 7). The extrema of h;-t are rows 3, 6, 7 and 8 of table 4. The sites far to
the left of z are not concave summands; for them the midpoint rule has an ordinary remainder
er(z) > 0 (F.23), whose supremum over the cells n > 6 and ¢ > @ is C, < 0.006 (Lemma F.6(d);
row 5).

Proposition 7.4 says what the unit means, Env ~ Lev; the proofs of positivity do not use it.

Proposition 7.4 (Envelope and level; proved, computer-assisted). Let ¢ > A" and X\ :=
Env/Lev. On the cells n > 6,

0.819 ¢ 202=C1(GHn) < N\(z) < 1.278 e2CetCi(ttn), (7.16)

Here [0.819,1.278] (cert) (row 6 of table 4) is the bracket that the limits hi give, e¥2CL is the

loss from the sites far to the left, and eEC1GHm) 3 1 accounts for the displacement of the sites.
With hf the bracket is [e=0-0422 ¢0-0T49] (cert); hence, for fized € > 0 and c large depending on e,
on the cells n > e’ we have X € [0.949,1.089], where a factor 1 4+ 0.01 absorbs all corrections.

The next lemma lists everything else that is used about the comb on the real axis. Item (a)
is the main statement; (b) and (d1) control the overshoot; (c¢) and (e) are upper bounds, for
integrability and for the vacuum; (d2) and (f) concern the vacuum only.

Lemma 7.5 (The comb on the band; proved, computer-assisted). Let ¢ > 3. Let r > 0
be fized, and let C, denote constants which depend on r only; the statements on the far band
x > xF +r are made for ¢ > co(r), so large that x¢ < a7 +71/2.

(a) Two-sided bounds. For x in a cell n > 6, with all functions evaluated at x,
Pt Tenat+H, =20 < log|Bl+cL,  log|B|+¢'L < ¢P+Tena+H;) +2C1. (7.17)

An upper bound for B costs in addition the detuning factor of (e).
(b) The overshoot. For xz > xa,

2y [log| Ty ()] < ¢Plx) < 2y [log|Ty ()] (7.18)

Consequently P < C, onx > xy+r; P 51 exponentially deep in the band; and
e“P@) > (2/(r(x — aff)))Zm, which is a power of ¢ near the onset.
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(¢) Sup bound.

sup [log|B| + L] < 4nylogd + C, sup [log|B|+ L] < C,. (7.19)

T>X2 T>x]+r

(d1) The Airy window. For x = x} + £os with s in a bounded set, e¢P®) = g-2mep2(9) (1 4
O(Lclog é)), with an explicit continuous function py that does not depend on ¢ (F.19).

4
Hence Leve d3™ on the part © > x3 of the window, and Leve®t =

(z—a) ™2™ forl. <z — a2} < 1.

(d2) Lobe and band in the window. In the variable s the integrands of the lobe and of the first
cells of the band have one common factor, proportional to 3MT5: on the part x7 < x < X2
of the lobe |ho|V dt is at least this factor times a function of s, and on each of the first
Ny cells of the band, for any fixed N1, hoV dt is at most this factor times another. The
integrals of these functions differ by O(L.) from those of explicit functions that do not
depend on c. The precise statement is Lemma G.2. It is used in section 7.9 only.

(e) Upper bound with detuning. Since sup, hl (u) = 6 — 4log3 < 1.606 (cert) (row 7), on
94/n+Cly,

L _ p—2n1
= 2m =

the cells n > 6 we have supq et <d3.0e , and

|B(z)| o L(z) < 5.0(1+ 4773)2 eCdemg e2CL+94/n+Cly, ec/fp(a:)-i,-jend(m)7 (7.20)

with an absolute constant Cqey < 16.6 (Lemma F.7). In particular |B|eft < C, on
x>+
(f) The lobe. For 0 < x < x2, with all functions evaluated at x,

log|Ty,| + ¢'U + ¢ Py,,, < log|B| < 1og|Ty,Tys| + U+ dPyy +4¢(2) m5. (721

Here ((2) = 7%/6 is the value of Riemann’s zeta function, U = —L on [x}, x2), and no
certified constant enters.

Proofs. Item (a) and Proposition 7.4 are proved in appendix F.5; (b) and (d1) in appendix F.1;
(c), (e) and (f) in appendix F.4, with the detuning estimate of appendix F.3; and (d2) in
appendix G.2. The proof of (b) takes one line: for x > x2 the function 2’ — [log|T,/(x)||
increases on [z, x2|, and ¢P(z) is 2ny times an average of it over this interval. The last
consequence in (b) then follows from tanh z < z.

7.6 The transform by steepest descent

We compute hg on the band by stationary phase in the edge representation (7.8). This needs
the phase of B on the edge (Lemma 7.6) and a saddle-point lemma with explicit remainders
(Lemma 7.7). The comb drops out of the amplitude Amp, which depends only on the outer
factor and on F'.

Lemma 7.6 (Edge phase; proved). Let ¢ be so large that max,, &, < %. On the strip % <Imbd < %,
and for Re¢ > a7, |Im (| < 3, let ¢ (b) :=log(—T¢(b)) be the normalized branch of (D.4): it is
continuous in (b, ), it tends to 0 as Re{ — oo, and ¢¢(%) = 0. Let ®o(b) := f;}o pu (2") @ (b) da’

as in (D.7), and let log B be the branch with log B(%) = iw. Then, on E,

. , 4
logB=c®o+®;, Re®g=0, Do(i)=0, ,Tmdo(v+%)= —% F(v), (7.22)
where F is the edge function (7.3). Moreover ®, = im —2n1@ + O(c=%/3), where @ is the average
of pur over the absent charge on [x7, x2]; Re®1 =0 on Ey; and @1, ), ®Y are bounded on the
whole strip % <Imb < %, uniformly in ¢ and in Reb.
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The proof is in appendix D.3 (Lemma D.2). The term ¢'® is the continuum of Lemma 7.1,
continued across the edge. The three parts of ®; are the sign of the simple zero, the absent
charge, and the O(¢/~2/3) from the detuning and the discreteness of the sites. In words: on the
edge the comb is a pure phase ¢ ™®0 yp to a slowly varying factor, and the derivative of this
phase is the edge function.

The saddles. By (7.9) the phase of the kernel H(gl)(kxb) along b=v+ % is kzv plus slowly
varying terms. The phase of the integrand of (7.8) is therefore ¢/[Im ®o(v + 5) + Fav] at
leading order, and by (7.22) it is stationary where F'(v) = . Since F is even and increases from
F(0) = z7, there are two saddles v = +vp(x) when x > x7, which coalesce at v = 0 as = | x7, and
none when x < z}. The curvature there is —4F¢'F’(vy), with F’(vg) = (sinh? 7z — 1)*/2/ cosh 7z;
it vanishes like (z — z7)'/? at the tip, so the next lemma stops at ;.

Lemma 7.7 (The transform on the band; proved). Let 6o = 0.2 and x; = x5 + % any

Oon € (ﬁ, %) would do. For ¢ large and every x > xy,

ho(c'z?/3) = Amp(x) [cos U (x) + eqq()], (7.23)

with a real phase \Tl, given in (E.11), and

Amp(z) e @) = A (

sinh

[bol
x F'(vg

C
¢ min{1,vo(x)}

5. (7.24)

1/2 ,
;) 0/, o) <
Here by = vo(x) + %, and 4/sinhwz = 2[sech? 2| by Proposition 7.2(d): the comb does not
appear in the amplitude. Moreover

|ho(d2?/3)| < Cgion, F' (1) 1/2 e7m00(@) g=¢'L(@) (x > xy), Cylob = 2°. (7.25)

The first formula of (7.24) is (E.14) with the outer factor sech?, and its O(1/c) is at most
0.33/|kybo|. The second is (E.31); it is O(1/¢’) deep in the band and at most C¢'~(1=3%n/2) =
Cc %7 at 27. The bound (7.25) is Corollary E.3. The general statement is Lemma E.1, which
deforms the edge into the two steepest-descent paths through =+bg; its hypotheses (SD1)—(SD4)
are verified for the comb in appendix E.4, where the condition 6,, < % enters.

[ORIENTATION] At leading order U’ = ¥, by the eikonal identity (D.13), so ho oscillates once
per cell, in step with hg (figure 8); this is not used, since section 7.7 uses |cos \i/\ <1 only.

7.7 Positivity on the band beyond the onset (Region II)

In Region II, 2 > 7, both sides of hg < hg are known in units of the level: |ho| < Amp (1 + |esq|)
by Lemma 7.7, and by the detuning hg stays above a multiple of Lev that is fixed up to factors
which tend to one. The first lemma computes Amp/Lev, the second gives the floor, and the
criterion compares them.

Lemma 7.8 (The amplitude in units of the level; proved, computer-assisted). For ¢ large and
every x > xj,

_ Amp 1/ Jbo| /2 TL  —2n4|log| T, ()]
() com T2 et 7

0= < 0o (1H0Q/), o) =5,

Lev 2

The function o @s explicit and does not depend on c. It vanishes like (x — a:’{)Q”l_i at the tip,

it tends to % as x — 00, and

000 < 0.5029 (cert) on (27,3, 000 < 0.504 on [3,00), 000 < 0.41 (cert) on (z7,1.33].
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Proof. We divide (7.24) by (7.14). Since (sinh wz)~!cosh? Z¥ = £ coth ZF,
o(x) = ;(xF[j(ZLO))lm coth%x e ¢P@=Ima(@) (1 4+ 0(1/¢)) :

the outer factor has canceled up to the factor coth. For ¢ large x; > x3, because
X3 — 2% X Lo < 7% So Jeng > 0 by (7.13), and /P > 2n1[log|Ty: (z)|| by Lemma 7.5(b).
This is (7.26). At the tip F'(vg) =< (z — 2})*/? and T (x)| < @ — 27, which gives the power;
as © — oo every factor except % tends to one. The bounds 0.5029 and 0.41 are rows 1 and
2 of table 4. Row 1 is verified in interval arithmetic on [z} 4+ 1073, 3], where g, is largest at
the right end, 05(3) = 0.50271, and row 2 on the part z < 1.33 of the same covering. On
(21,2} + 107%] we have |T,: (z)] < §(x — a}), F'(vo) = sinhmvg/ coshmz > 2(x — )12 (as
sinh? rvg = sinh? 7z — 1 > 2v/27 (2 — 2f) by convexity), (|bo|/z)*/? < 1.34 and coth % <
cothgﬁ =1+ /2, which give go < 6(x — 27)'¥/* < 1078, For 2 > 3 the bound is by hand:
F'(vp) > 0.9999; v < z, s0 (|bo|/z)1/? < (1+ 22)Y4 < (14 )Y/ < 1.0069; coth ZF < 1.0002;
and the exponential is at most one. Then 1 - 1.0069 - 1.0002 - 0.9999~/2 < 0.5036 < 0.504. [

Lemma 7.9 (The detuned floor; proved, computer-assisted). Let ¢ > &%, let j € {1,4} and let
x liein a celln > 25+ 4. Then

ho(l’) 1 H . (x)—2er(x 1 —2C . 1 h; (g
Ty = O 2 [ O )]0y i e O, (r2)
1

with C; as in section 7.5, and for no = 3
p1 > 0.536  (cert), pa > 0.699 (cert).

The factor in brackets tends to 1 as n — oo. On a cell where it is not positive only the first
inequality has content.

This is (F.53); the proof is in appendix F.6, and the two numbers are row 3 of table 4. Every
pair beyond the 2j nearest is bounded below by its undetuned value, by (T2), and then by the
continuum. The minimum over the cell is attained at the sites, u € {0,1}, where one pair is at
its least value. Keeping more pairs exactly removes more of the loss in the midpoint rule, which
is why 14 > p11; as j — oo, puj — sinh? 7ty = 0.7546, the floor seen in figure §(c).

The criterion. Let x > z lie in cell n, and let j € {1,4}. Since 29 = hy — fzo, Lemmas 7.7

to 7.9 give
29(1)
Lev(z)

> [1 - Cj(% + En)}eﬂcL — 00o(®) (1 + |esa()]) (1 + O(1/c)). (7.28)

No information on the phase ¥ has been used. The factors that tend to one are controlled as
follows. In Region IT the cell index is > ¢! =30n/2 because ¢/ N(z1) = wyipc’ ¢/ ~30n/2 by (6.22),
and ¢, < {.; so the factor in brackets tends to 1 uniformly on Region II, and n > 25 + 4 holds
there. The factor 1 + |eyq| tends to 1 uniformly by (7.24). We take &" so large that, for
c > 3" and all x > zy, the bracket is at least 0.995 and (1 + |egq])(1 + O(1/c)) < 1.1. Also
e 2L > 0.988, by Lemma F.6(d). We use j = 1 where z < 1.33, and j = 4 where 2 > 1.33:

2
=0 > 0.995-0.536-0.988 —0.41-1.1 > 0.07 (z; <=z < 1.33),

L2ev (7.29)
LTgv > 0.995-0.699 - 0.988 — 0.504-1.1 > 0.13 (z > 1.33).

The second line uses 0.504, which covers both the certified 0.5029 on (x7, 3] and the bound by
hand beyond 3. With j = 4 the second line alone holds on all of Region II, because its bracket
also tends to one there; the first line is kept to show the margin with the smaller hole. The cells
are open intervals; since g is continuous (section 7.10) and Lev is continuous and positive on

(x2,00), the inequalities (7.29) hold at the sites as well. Hence g > 0 on Region II for ¢ > 3.
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7.8 The onset (Region I)

In Region I, xo <z <=z Ly, the two saddles are too close for Lemma 7.7. Instead we compare a
crude upper bound for ho, which exceeds the Cardy level by v/¢/, with lower bounds for kg that
contain the overshoot, a larger power of ¢’.

The cells 2, ..., 5 lie in Region I for ¢ large, because xg — 2% =< £, =< ¢~2/3 < ¢/~%n. On them
nothing is replaced by a continuum to the left of x, and hg is bounded below by an exact finite
product (Lemma 7.12). On the cells n > 6 that meet Region I the floor times the overshoot
(Lemma 7.11) exceeds the crude bound (Lemma 7.10).

Lemma 7.10 (Crude bound; proved). For every x > 0 with ¢'L(x) > 1,
]ﬁo(c/x2/3)| ¢L(z) d/x, and lho(t)] < C for allt > 0. (7.30)

Proof. We take absolute values in (7.8). On E., |ho| = 2/ cosh v by Proposition 7.2(d), and
kg|bl > ks = ¢ L(z) > 1, so (7.9) applies with |1+ ep| < 1.33. Hence

o b2

2rc [ 2 ( 2

hol <
[hol < Tk |b|

1/2 , )
) ") 336t bl dv < C¢ (da) /2 e L) /

3 J_oo coshmv o cosh v

and the last integral is a number. For the second bound we use |Jy| < 1 on the real axis in (2.9):

|ho| < 27 [5°]hol dt = 27¢ [°|ho(x)| x dz < C¢/, because |ho(z)| < 4e~™. O

Lemma 7.11 (Overshoot; proved, computer-assisted). Let ¢ > ™. On the cells n > 6,

) 9 2nq 2 2n1
B c L((E) > 32 2 —C(%+£n)—2CL [ > 2(_ = 7.31
[B(a)| ™M) > 3205 e Ga—m) =z anlpo) @3

with an absolute constant ey > 0. Only the positivity of cr is used.

This is (F.38), proved in appendix F.4. It follows from the lower bound of Lemma 7.5(a) with
Jend = 0, from the last consequence in Lemma 7.5(b), and from min,, e (%m0) > 32132 (cert)
(row 8 of table 4). The exponent in the middle is bounded because l <1 5 and £, < L.

Now let # < zy lie in a cell n > 6. Then z — 2] < ¢/~ Oon and sech2 % is bounded below, so
Lemma 7.11 and Lemma 7.10 give

hoel > O Mz —zt) 2 > Ol 2mbon — =107, |?Lo! L < 0d?
and g > 0 for ¢ large, because 2n16y, > %, that is, 0oy > ﬁ (figure 8).
Lemma 7.12 (First cells; proved, computer-assisted). Let ¢ > c&". On the cells n = 3,4,5,
ho > Leve Jend ;yl (1 — Ol log i), ps > 0.679, ph >0.683, pul > 0.686 (cert), (7.32)

and on the whole of cell 2,

ho(z) > Leve Jend Lslope ;3__>;22 (1—Cl.log é), Lsiope = 0.686  (cert). (7.33)

On these cells Lev e~ Jende¢'l = (72m = ¢ > /.

The proof is in appendix F.7 (Lemma F.12), and the numbers are row 4 of table 4. Here all
the sites up to xn44 are kept exactly, and the midpoint rule is used only beyond them. In the
Airy variable ¢ = (z — 27) /. the finite product becomes a function on each cell that does not
depend on ¢, and yl, is its minimum (F.57). The unit is Leve~7end and not Lev because the
exact block reaches the end of the comb: there is no end term, and there is no loss e*2¢L . Its
size is Lemma 7.5(d1). On cell 2 the function hg vanishes at the left end, so the bound is a
multiple of the distance to the zero.
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Conclusion for Region I. On the cells 3,4,5 we have hg e’ > Cc1c/zm against |ho| el <
CV¢, s0 g > 0 for ¢ large. On cell 2,

29 oL > Cc-1/5m z ; X2 0611/2’

c

which is positive as soon as z — ya > Cl. Jd2mEm = C =52 that is, t — t, > C¢~3/2. There is

no uniform margin at the simple zero; hence the offset in Theorem 5(ii), which is far larger than
needed. The bounds of Lemmas 7.11 and 7.12 are inequalities between continuous functions
of x; proved on the open cells, they hold at the sites x,, n > 3, as well. With the cells n > 6
treated above, g > 0 on t, + o(1/¢) <t < d2%/3.

7.9 The vacuum inequality

The vacuum value is a competition between the negative lobe of hg below ¢, and the positive
band beyond it, both weighted with the Cardy weight V. The lobe wins: the proof gives the
factor 1/Ryac > 8. The omitted site is what makes it so: the stretch from the first site of the
law to 2, which would otherwise be the first cell of the band, belongs to the lobe.
By Lemma 7.3(b) and Proposition 7.2(b),(c),
Ty )

Jvac = % hovac + 7(|Lobe| — Band), Lobe := ho V dt, Band := hoV dt, (7.34)
0 te

with Lobe < 0 < Band and |hgvac| < 8. The transform ho enters only through the hypothesis
of Lemma 7.3(b), which is verified in section 7.10. By Lemma 7.5(d1) both integrals are
dominated by a window of width O(£.) around %, where |B| e’ is of order £2". In the
variable ¢ = (z — z7)/l. the lobe and the first N; cells of the band are one common factor,
proportional to ¢/3™~5 = ¢13/6  times integrals that do not depend on c (Lemma 7.5(d2)). The
later cells, up to a fixed distance from the tip, carry the same factor times a small number, because
the overshoot decays like ¢~2"1, and the rest of the band contributes O(v/¢/), by Lemma 7.5(e).
The common factor cancels from the ratio.

Proposition 7.13 (Vacuum inequality; proved, computer-assisted). There is a number Ryae < 1,

which does not depend on c, such that for ¢ > ci%

A

Band < Ry |Lobe|,  Ryac := Ruac(N1)+04n+0.01 < 0.1021+0.02, Ny =100, (7.35)

and |Lobe| — oo as ¢ — oo, at least like dB/6 Hence gyac > (1 — Ryac)|Lobe| — 4 > 0.
Here Ryac(N7) is the scaled vacuum ratio (G.15), the ratio of the c-independent integrals of
Lemma 7.5(d2) over the first Ny cells of the band and over the lobe, and Ry,:(100) < 0.1021

_1y-5/3
(cert) (row 11 of table 4); the term Opaq := % % < 0.01 bounds the cells beyond them,
by hand, with the explicit constant Ciay of Lemma G.5 and the scaled integral It one over the lobe;

and 0.01 covers the corrections at finite c.

The proof is in appendix G, and the assembly is in appendix G.5. Besides Lemma 7.5(d2),(e),(f),
it uses the two-sided asymptote V = as(c'L) [(1 — e~%™)2 4+ O(1/¢’)] of the Cardy weight
(Lemma B.4, (B.7)). It matters that the asymptote is two-sided: the lobe is bounded below and
the band above, and both must be measured with the same weight; with the one-sided bound
V < €L on the band the estimate of the ratio would be larger by the factor 1.92v/¢/, and would
exceed one (appendix G.5). Only Ry, < 1 is needed, so the margin is wide.

7.10 Membership, end of the proof, and a numerical illustration

It remains to check that ¢ belongs to A, which also supplies the hypothesis of Lemma 7.3.
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Membership. On the real axis |ho| < 4e~™*|B|. By Lemma 7.5(c), |B| < C(c)e L for
x > x2, and |B] < 1 below x2, where e=“L is bounded below. So hg is continuous and
|ho(t)] < C(c) e F@)=m for £ > 0. In particular hg is integrable, so ho is continuous. Both are
real for ¢ > 0: T, is real on the real axis and the other factors of B come in conjugate pairs,
and the kernel of (2.9) is real. For > z; the bound (7.25) gives |ho| < C(c) e~ F~™: indeed
e™0 > coshvy = sinh7z, so e~ ™0 < Ce~ ™ and F'(vg)~ Y% < C¢%n/* there. For x < xg
we have \ﬁ0| < C¢ by Lemma 7.10, and e~¢L~" is bounded below. This is the hypothesis
of Lemma 7.3(a),(b), and with it the decay stated in Theorem 5. Thus g = %(ho - ﬁo) is
real and continuous on [0,00). The three conditions of Definition 2.5 follow. Condition (i) is
the integrability just shown. Condition (i) is Lemma 7.3(a). For (iii), V < (472t/a) e " by
Lemma B.2(d), so |g|V < C(c)te™™, which is integrable.

End of the proof of Theorem 5. Part (i) is the preceding paragraph. For (ii), section 7.7
gives g > 0 for x > z, and section 7.8 gives g > 0 for t, + o(1/¢') < t < /z?/3; these cover
t > t, + 1. Part (iii) is Proposition 7.13. Let &' be the largest of the finitely many thresholds
met on the way. Each of them is explicit in principle, and none has been computed. O

A numerical illustration [NUMERICAL]. At ¢ = 128, 256, 512, 1024 the smallest sampled
value of g, in units of hg at the middle of the same cell, lies between 4+0.065 and 40.080; it is
attained at the first pair of detuned sites, and deep in the band the same ratio is about 0.35. Also
Band/|Lobe| € [0.074,0.081]. The proof uses none of these numbers. At ¢ = 256 the functional
would give Ay < a+t, + 1 = 32.3, against the numerical optimum 29.72 of table 2.

Three things are not claimed: that the optimal functional has this form; that 0.483 is the
best constant in (7.5); and anything at a specific finite c.

8 From functionals to CFT spectra

Theorem 5 supplies a feasible function in A. That such a function constrains every conformal
field theory is Theorem 2, which we prove in this section, without a computer; Corollary 6 then
follows at once.

8.1 The issue, the idea, and the statement

The sum rule (2.5) came from applying a functional to the crossing equation term by term.
For a functional of finite order with compact support in S this is termwise differentiation of a
series of exponentials that converges uniformly with all its derivatives. A function g € A is only
continuous and integrable against the Cardy weight. If it comes from a functional w at all, the
support of w may reach the boundary of moduli space, 3 — 0 and 8 — oo, and exchanging w
with the sum over primaries is then a genuine condition, the analogue of the swapping conditions
for four-point functions [35, 36, 68]. Two things can go wrong. First, Y, d, g(t,) need not
converge absolutely: the primaries can sit anywhere, their number grows like the Cardy density,
and M[g] < oo controls |g| only in the mean. Second, the vacuum sits at t = —a, that is, at
b = +i/2 in the variable of section 2.5, off the real axis, where g is not given but defined by the
eigen-identity (Definition 2.5); one must show that g = — [ g pc so defined is what crossing
assigns to the vacuum.

The idea. We never construct w. We expand g in the Laguerre functions v, of (2.10). Because
g = —g only odd k occur, and each odd vy, is a derivative functional of finite order at 5 = 1,
which annihilates the crossing equation. The Laguerre series of g cannot be summed against the
spectrum term by term, because its partial sums need not converge there. We therefore insert
a factor ¥ with 0 < r < 1 and consider the Abel mean Ab,g = 3, r*gribr,, where g are the
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Laguerre coefficients of g. On the crossing kernel this regulator is a contraction of the modulus
toward the self-dual point: Ab,=Z3 is a multiple of Zg_, where w(f,) = rw(f) in the variable
w:= (—1)/(B+1), so that 3, stays in the compact interval H—jr;, $2]. Each Abel mean thus
behaves as a functional supported strictly inside moduli space, and the sum rule holds for Ab,g
at every r < 1 at no cost beyond Z(8) < oc.

The content of the theorem is the removal of the regulator, r 1 1, which lets the support
reach the cusps where the Cardy growth lives. The Abel mean is an integral operator with a
positive, symmetric kernel, known in closed form, which concentrates on the diagonal as r 1 1.
The vacuum enters through its S-image, the Cardy continuum on ¢ > 0, and symmetry moves
Ab, from g onto pc. The kernel preserves the Cardy growth of po up to a constant factor,
uniformly in 7 (Lemma 8.1), so M[g] < oo is exactly the domination that dominated convergence
requires, and the vacuum side tends to [ g pc = —gvac- On the primary side no domination is
available. Feasibility supplies a sign instead, and for non-negative terms Fatou’s lemma needs
none: the sum of the lower limits is at most the lower limit of the sum, ), liminf, <liminf, )", .
It applies to the positive part g;. The negative part g_, the lobe, lives on [0, 7], below every
primary by hypothesis, and its leakage onto the primaries, a Gaussian tail of the kernel, vanishes
against the Cardy growth of their number. The outcome is 0 < 3" dy, g(tn) < —gyac < 0.

The statement. This proves Theorem 2: for ¢ > 40, if g € A is feasible at some T > 0, then
no admissible spectrum (Definition 2.1) has all its primaries at ¢,, > 7. The argument is by
contradiction from ¢, > T > 0 for all n, so light primaries never enter it, while in the conclusion
the primary with ¢, < T' may be a light one. The hypothesis that there are no conserved currents
beyond Virasoro (section 2.1) cannot be dropped within this framework: a current J enters
every sum rule as ds[g(ts) — g(t; + 1)], a difference whose sign feasibility does not control.

8.2 Set-up

We list what section 8.3 uses, so that the proof can be checked line by line. Classical facts about
Laguerre polynomials are quoted from [69]; everything else is proved.

Conventions. Throughout this section u := 47t and o := y/u and likewise for u’; a function
of t > 0 is regarded as a function of u without change of name, and LP(du) refers to [0, 00).
Thus 1 = Li(u)e™™/2. We write eg(t) := e 2™ = e=P%/2 50 that Zp = eg — B lei g by (2.4);
r € (0,1) is the Abel ratio. For a spectrum {(t,,d,)} with all £, > 0 the signed spectral measure
and its pairing with a function f on [0, c0) are

mi=Y dydy, —pc(t)dt,  (m,f):= dnf(tn) - /0Oo pc fdt, (8.1)

and |m| is the same measure with a plus sign. By (2.12) the vacuum term of Z(5) equals
B 57 pe €15 dt, so the crossing equation (2.3) reads (m,Z) = 0: the vacuum has been traded
for its S-image, and only t > 0 occurs. Growth and decay are measured by the weights

Woe(t) = (1+u)?e” (qleR), Llo:=2Vma, 0=<pc<CoW_yuy,. (8.2)

Here efa? = edmVat — ¢'L(@) jg the Cardy factor. The upper bound on pc, with C, = C,(a),
follows from pc = 27V < 47K, and K, = Iy({,0) < 1.18¢%%/\/T+ f,0 (Lemma B.4(c));
pc > 0 by Lemma B.2(a). Since c is fixed, constants may depend on a; what matters is

uniformity in 7.

Five facts about the spectrum. Let {(¢,,d,)} be an admissible spectrum with all ¢,, > 0,
and Nz(R) := Y2, <pdn its counting function.
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(Z1) [e 2™t d|m|(t) < oo for every B > 0: the sum over primaries is at most Z(3), and the
integral is the right side of (2.12).

(Z2) (m,=g) = 0 for every § > 0, with absolute convergence. (Z1) and (Z2) restate the
definition of an admissible spectrum.

(Z3) Cardy counting bound. Nz(R) < Cz\/R/a eA™VaR for all R > a, where Cy =1 + Z(1).
Consequently Nz(t) < Cy (14 o) efa® for all t > 0, where Cy := Cz e*™* max(1,a~/?).

(Z4) For every odd k, >, dn|tk(t,)| < oo and (m, ) = 0.

(St)  Stieltjes summation. If ¢ > 0 is C* and non-increasing on [Tp, 00), then >, sq dn G(tn) <
limsupp_, oo ¢(R)Nz(R)+ [1 Nz |¢'| dt. This is integration by parts in iy, r) @ ANz, with
the boundary term —¢(To)Nz(T, ) < 0 dropped.

Proof of (Z3). This is Chebyshev’s inequality (a sum of positive terms bounds each of its parts)
for 2(5) at small 8, after crossing. For 8/ > 1, with A, = t, +a > 0, Z(f)e 27" =
(1—e 272 45 d,e 220 <143 dpe 2™ < Cy. For R > a put f:= /a/R < 1. Every
term with ¢, < R has e 2™tn > ¢=270R g4 by (2.3)

Nz (R) e 2R < S d, e=20tn < 7(8) = 571 2(1/B) < 7' C *™/? = Oy \/R/a &™VF,

and multiplying by e*™#F = e2mVaR gives the first claim. It implies the second for ¢ > a, because
Vt/a < a"'2¢ and 4nv/at = L,0; for t < a use Nz(t) < Nz(a) < Cye*m. O

Laguerre functions. The generating function of the Laguerre polynomials [69, (5.1.9)] is
Skso Li(u) wh = (1 - w)~Lemww/(1=w) for |w| < 1. Multiply it by e=%/2 and put w = w := %,
so that % + 10 = g and 1 —w = %; the map 5 — w takes (0,00) onto (—1,1) and 1/ to
—w. Then

eg=(1—w) Z w" Yy (8.3)

k>0

The Laguerre functions are orthonormal [69, (5.1.1)], [5° ¥, du = d;i, so the coefficients
gk = [5° g du of g € L*(du) obey Bessel’s inequality > |gx|* < HgH%g(du). Cauchy’s estimate
for the coefficient of w* in the generating function on the circle |w| = 0, where |1 —w| > 1—6

and Re = > —%e, gives after multiplication by e~%/2 the Cauchy bound

o—F 1-6
< —— e G0 = <1, k> > 0. A4
|¢k(u)’—1_9€ ’ €0 2(1+9)>0’ 0<0<1, >0, u>0 (8 )
The Fourier parity ¢, = (—1)F;, of (2.10) follows from (8.3). By (2.8) the transform of eg is
Btei)p, and f71(1 + @) = 1 — w. The series (8.3) converges in L'(R?) by (8.4) and may be
transformed term by term: >, k), = (1-— w)_lﬁ_lel/ﬁ = Y .(—@)*y, the last step being
(8.3) at 1/8; now compare coefficients. The same computation expands the crossing kernel:

Eg=es— B leyp=(1—w) > [L— (-1 whyy, = 54+1 > @F . (8.5)

k>0 k odd

In particular an odd vy, is the coefficient of @ in %Eg, a combination of the derivatives
%Eg!BZl with 1 < j < k: it is a derivative functional (2.6).

Proof of (Z4). Let Yo = Yk oqqa @ ¢r. Multiplying (Z2) by % and using (8.5) gives
S dnYo(tn) = [5° pc Yo dt for every w € (—1,1). Fix 0 € (0,1). By (8.4), Xp|w|*|vx(u)| <
(1—0)"1(1 — |w|/0) " te " for |w| < 0, and e~ " = e~ ™! is |m|-integrable by (Z1). Hence
for || < 6 both sides converge absolutely as double series and can be rearranged into power
series in w, whose coefficients 3, dntx(tn) and [5° pc ¥y dt, with k odd, converge absolutely.
Two power series that agree on an interval have equal coefficients. O
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The Abel mean. The Hille-Hardy formula [69, Theorem 5.1], [67, (18.18.27)] sums products
of Laguerre functions against a geometric weight: for 0 < r < 1 and u,u’ > 0,

1 1+7r )> IO<2W), (8.6)

Zrk Y (u) wk(u') = ICT(u,u’) = T exp(—2(1 = (u+

k>0

the series converging absolutely by (8.4) with 8 = r'/4. The Abel kernel K, is positive and

symmetric By the Laplace formula (2.11) its total mass is m,(u) = [5°K;(u,u’)du/ =
1+7~ exp(— 2(1+T) u); thus 0 < m, < 2, and m,(u) — 1 as r T 1. For measurable f with
Joo Kr(u, )| f(u')| du’ < oo the Abel mean is Ab, f(u) := [5° Ky (u,u’) f(u) du'. Tt is linear and
positive, so |Ab, f| < Ab,|f|. For g € L*(du) N L?(du) it is the Abel-summed Laguerre series,
and it decays exponentially in u, whatever the decay of g:

191l 22 (aw) _
Abrg = Tk 9k Uk, |Abrg(u)‘ < e vt (87)
2 (NN

For the first statement insert gy = [ ¢ ¢, du’ and sum under the integral by (8.6); this is permitted
because (8.4) with 6§ = r/* bounds 7* |y, (u)Y(v))| by (1 — r/*)=27%/2 and ¢ € L'(du). For
the second, bound |Ab,.g(u)| by 3 7¥|gx||1(u)| and use (8.4) with § = \/r, then the Cauchy—
Schwarz and Bessel inequalities. Finally, by (8.5) and orthonormality the coefficients of =g are
4-w” for odd k and zero for even k, so Ab,Z5 = ﬁ Sk oda(r@)*1y, which is (8.5) at the

B+1
modulus (3, where w takes the value r w(3):

146 - l+rw {1—7“ 1+7r

Ab,Eg = 1+ 8 =B Br = @(Br) =rw@(pB), Br € T+ 1-r

](&&

1—rw’

The kernel on weighted spaces. The proof needs Ab, to be bounded uniformly in r, and
to tend to the identity, on functions that grow or decay like the Cardy factor. These are (K1)
and (K3) of the next lemma; (K2) serves only to prove (K3). The proof is a Gaussian estimate
and can be skipped at first reading.

Lemma 8.1 (Abel kernel on Cardy weights; proved). Fiz q,{ € R. There is a constant
Ck = Ck(|ql,|¢|) such that for allr € [},1) and all u > 0:

(K1) Ab, Wy e(u) < Cr Wy (u);
(K2) for every e > 0,

2 W ( ) max(u/4,1)
[ Kl W) daf < O [ Wy e 7 4 TS 2258852 g
|o’—o|>€ -r
which tends to 0 as r T 1 at fived u;
(K3) if f is continuous on [0,00) and |f| < Cy Wy, then Ab, f(u) = f(u) asr 11, for every
u > 0.

Proof. We bound the kernel by a Gaussian in ¢’ — o of width of order (1 — 7“)1/ 2 and split the
integral into a near part, where the weight is comparable to its value at u, and a far part, where
the Gaussian wins. Let v, := 24/r/(1 — r), so that the argument of I in (8.6) is y,00’. Since

(11+7’T) z 4+ (1( f)) > 2 and Iy(z) < 1.18¢7/y/1+ z (Lemma B.4(c)),

118 — / _’\/77‘(0__0./)2‘

Kr(u,u') < (14 ~r00”) 12,

T (8.10)

For r > % we have 7.(1 —r) = 2/r € [1,2], hence v, > (1 —r)~! > 1. Let s := 0/ — 0, so that
du’ = 20’ ds, and o, := max(c/2,1); the near set is {|s| < 0.}, the far set its complement. In
this proof C' denotes constants that depend only on |¢| and |¢].
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Near set. If o > 2 then o’ € [0/2,30/2] and (1+u/)/(1+u) € [§,9]; if o < 2 then o’ € [0, 3]
and (1+/)/(1+u) € [£,10]. Thus (1 +w/)? < 109(1 + )9, while e?" < e*@el’llsl, and by (8.10)
CcWw, - r
I Wy pdu' < q’Z(u)/ 20" (1 + yr00”) 2= +lMlsl g, (8.11)
near

near 1—r

If v.0% > 1, then 20’ (1+7y,00") "1/ < 2/0"[(y,0) < 27771/2(1+\/|s|/0) < 27;1/2(1—1—%}/4|s|1/2),
and the substitution s = z/,/7, bounds the last integral by 2yt [ (1 + |z|*/2 e~ /2+I=l 4z Tf
r R

vro? < 1, then (1 +y.00")" Y2 < 1 and 20’ < 2(7;1/2 + |s]), and the same substitution gives
291 fo(1 4 |2]) e=/2+ 2l 42, Either way the right side of (8.11) is at most C Wy ¢(u)/ (- (1 —
’I“)) < CWq’g(u).

Far set. There %s? > %5 + 202 and 14 0 < 2(1 + 02)(1 + s?) gives 20’ Wy o(u') <
CWgst g (w) (1+52)‘q|+%e|£”5|. Since 4, > 1, the integral of the last two factors against e~77s*/4

27

is bounded uniformly in r; with (14 ~,00’)~%/2 < 1 in (8.10),

6_’%0—3/4

Kr Wogdu' < CWigp g () —5— =

(8.12)

far
Now y,02/4 > A/(1 —r) with X\ := max(c?,4)/16 > %, and (1 — r)"le M=) = emA (1 —
r)leAM/0mr) < emA sup,>o(1 + x)e~%/*, Since VV\QH%,\Z\(U) e A < CW,(u), a Gaussian in o
beating every weight, the far part is at most C W, ¢(u) as well. This proves (K1).

(K2). On the part of the near set with |s| > € we write e~ %5 < e/ e~ and repeat
the near estimate with 7, /4 in place of ~,/2; this changes only the constants and produces
the factor e~ 7<*/4 < ¢~/41=7) On the far set, (8.12) already carries (1 — r)~le=7o%/4 <
(1 —7)~Le=o2/40=7) with 02 = max(u/4,1).

(K3). Fix u and € > 0, and let osc. := sup{|f(u) — f(u)| : |0’ — o] < €}. Then |Ab, f(u) —
my () f(w)] < 0sce my () + flor_ g5 Kr(u, w') (Cr W e(u')+|f(u)]) du'. As7 1 1 the integral tends
to 0 by (K2), applied to W, ; and to Wy o, and m,.(u) — 1; hence lim sup,.4; |Ab, f(u) — f(u)| <
osce, which tends to 0 with € because f is continuous at u. O

8.3 Proof of Theorem 2

Proof of Theorem 2. Let ¢ > 40, let g € A be feasible at T' > 0, and suppose that an admissible
spectrum has ¢,, > T for all n; it has no light primaries, so (Z1)-(Z4) and (St) apply. We derive
a contradiction in four steps: (i) the sum rule for the Abel means Ab,g; (ii) the limit » T 1 on
the continuum side, by dominated convergence; (iii) the vanishing of the leakage of the lobe;
(iv) Fatou’s lemma on the primaries.

Step (i): the sum rule for Abel means. By Definition 2.5, [;°|g|dt < oo, and ||g]jcc <
21 [¢°lg|dt by g = —§ and |Jo| <1 in (2.9); so g € L' (du) N L?*(du). Its Laguerre coefficients
vanish for even k: by ¥y, = (—1)*yy,, by Jr2 Gk = Jgo g ¥y, (Fubini’s theorem) and by § = —g,
we have g, = (—1)* [° g du = —(—1)kgy. Let 0 < r < 1. The function Ab,g obeys (8.7), so
(m, Ab,.g) converges absolutely by (Z1). Moreover, by (8.4) with 0 = /7, 3, 7%|gx| [|vx| djm| <
(1 — /1), 72| gr]) [ e v djm| < o0, so the series in (8.7) may be paired with m term by
term: (m, Ab,g) = >k oqq 779k (M, ) = 0 by (Z4). Thus, with both sides absolutely convergent,

Zdn Ab,g(t,) = / pc Ab,gdt for every r € (0,1). (8.13)
- 0

Step (ii): the continuum side. By the symmetry of K,, Tonelli’s theorem, (8.2) and
(K1), Jo7J5" pe(u) Kr(u,w)|g(u)| dudu’ = [§®|g| Abrpcdu’ < CpCk [5% |9 W_1/4,, du’. The
right side is finite. Indeed, by Lemma B.2(c) and (e), for t > &f¢’ we have V > 0.9 K, >
0.9e 2l /\/lyo > cxW_1 /40, with a constant c. = c«(a) > 0, so that ftzqc'|g| W_i/40,dt <
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cy 1 M[g] < oo, while on [0, £} ¢/] the weight is bounded and g is integrable. Hence Fubini’s theorem
gives [ pc Abrgdt = [ gAb,pcdt. Asr 11, Ab,pc — pc pointwise by (K3), since p¢ is continu-
ous and bounded by C,W_, /4 4,, and |g Ab,pc| < C,Ck|g| W_144,, an integrable function that
does not depend on r € [1,1). By dominated convergence, [5° pc Ab,gdt = [5° pc gdt = —gvac
asr T 1.

Step (iii): the leakage of the lobe. The lobe lives on [0, T, the primaries on [T, 00), and what
the kernel carries from the one to the others vanishes as r 1 1: below 7"+ 1 by (K3), and beyond
T + 1 because across the gap the Gaussian tail of the kernel beats the Cardy growth of N.
Let g+ := max(+g,0), so that g = g + g—. Both are continuous with 0 < g1+ < ||g//0, and
supp g— C [0,T] because g > 0 on [T, 00). Let up := 4xT, o7 := \Jur, € := \/4n(T +1)—or >0
and Cy := 1.18 ur||g||oc. For t > T and v’ < ur we have (0 — 0’)2 > (o — o7)?, so (8.10) gives
Abrg— () < llglloo Jo Kr(u,v/) du/ < (1) := Cy(1 = r)~e” @77 and ¢, is C* and non-
increasing on [T, 00). The primaries in [T, T 4 1) carry total degeneracy at most Nz (T +1) < oc;
at each of them 0 < Ab,g_ () < ||g|lccmr < 2||g|lcc and Ab,g_(t,) = g—(t) = 0 by (K3) with
q=10=0,s%0 Y 7 1dnAbrg_(t,) — 0 by dominated convergence. For those in [T"+ 1,00)
we use (St) and (Z3): Y, spyqdn Abrg(t,) < limsupg ¢r(R)NzZ(R) + [75, Nz |¢)|dt. The
first term vanishes: ¢, is a Gaussian in o and Nz at most exponential in . In the second,
|pr| dt = Cy(1—7) "1y, (0—07) e~ 591 dg. Withs :=o—0p > eand e 35" < e 1 /e=s%/4,
which holds because v, > 1 for r > %,

| Nzl < ¢ e 0l OOy [T (L or ) sl s, (8.14)
Tl 1—7r 0

and C’ does not depend on r. Since (1 —r)~! < 5, — oo, this tends to 0 as r 1 1. Hence
> dn Abrg_(t,) — 0 as r 1 1, and the sum is finite for each r € [1,1).

Step (iv): Fatou’s lemma on the primaries. Since K, > 0, the function Ab,g; = Ab,.g+Ab,g_
is non-negative, and at every primary Ab, g4 (tn) = g+(tn) = g(t,) by (K3). By (8.13) and steps
(ii) and (i), =, dp Abrgy(tn) = [5° pc Abrgdt+3, dn Abrg—(tn) = —gvac. Fatou’s lemma [65,
1.28] for the positive measure ), dyd;,, along any sequence r; 1 1, now gives

0< > dngltn) =) dn jlggo Ab, gy (tn) < li]n_lngdn Abr gy (th) = —Gvac <0,  (8.15)

a contradiction. Hence some primary has t, < 7. For the last assertion of Theorem 2,
given € > 0 choose g € A feasible at some T" < Ty (c) + ¢; then T" > 0 by section 2.4, so
A1 <T+a<Ty(c)+a+ e for every admissible CFT, and ¢ is arbitrary. O

[ORIENTATION] If g € A obeys |g(t)| < C(1 + t)~9e4mVal for some ¢ > 1, the same steps give
a two-sided statement, whether or not ¢ is feasible: on every admissible spectrum without
light primaries, >, d,|g(ts)| < 00 and gyac + >, dn g(tn) = 0. Indeed (St) and (Z3) then make
W_q,—¢, integrable against |m|, and (K1), (K3) allow dominated convergence on both sides of
(m, Ab,g) = 0. The function of Theorem 5 decays in this way, for every ¢; Theorem 2 does not
need it.

8.4 Consequences

By Theorem 2, Ay < Ty(c) + a for every admissible CFT with ¢ > 40: the quantity that
Theorem 4 bounds from below is a bound on theories, not only the value of a linear program.
The two halves of Theorem 1 still say different things: attainment, with Theorem 2, is a statement
about the spectra of actual theories, while optimality is a statement about the reach of the
method—no functional in A does better—and says nothing about the existence of theories with
a gap near Abest,
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Corollary 6 (proved, computer-assisted). For ¢ > c¢i™ the function g = 5(ho — ho) of Theorem 5
is feasible at t, + 1. Hence every admissible CFT with central charge ¢ > &' has

Ay < att,+1 = Ai+A1 ABLOM), Ay =0.483. (8.16)
14

Proof. Theorem 5 states that ¢ € A and that g is feasible at t, + 1; Theorem 2, which
applies because ¢ > 40, then gives a primary with ¢, < t, + 1. By Theorem 5, t, =
gid + A1 VB3 (1 4+ 0(¢7%/3)), and a + ¢ = //Ay by the definition of Ay in Theorem 1;
replacing ¢ = ¢ — 1 by ¢ changes the right side by O(1). O

The tag is inherited from Theorem 5; the step from the functional to theories is by hand.
The coefficient 0.483 belongs to one explicit construction and is not claimed to be the best;
Conjecture 1 predicts Aqpy = 0.27666 for Abest. Nothing is said about the size of ¢ or about
finite ¢: at every central charge accessible to numerical work (8.16) is weaker than the numerical
bounds (section 7.10). What Corollary 6 adds is that the slope Ay is reached by a bound on
actual theories.

Remark (the case gyac = 0; proved). Only the last step of (8.15) used gyac > 0. If g € A s
weakly feasible at 7' > 0 with gyac = 0, steps (i)—(iv) give >, dp g(tn) < 0 for every admissible
spectrum with all ¢,, > T'; since each term is non-negative, such a spectrum is supported on the
zeros of g in [T, 00). This is the extremality statement of section 2.2, and by itself it bounds
nothing.

9 A second route to attainment: one transform of one real
function

Theorem 5 attains the slope with a functional g = %(ho — iLo), where hg is a product whose
zeros sit at the quantiles of the zero law py. It is positive on the band because lAzo is smaller
there than hg itself; this, with a similar inequality for the vacuum value, is where a computer
certifies finitely many inequalities. That proof gives a rate, T/ (c) < £f¢/ + 0.483 /3 + O(1),
and it shows how the extremal potential U is a blueprint for a functional.

This section describes a second, quite different way to build a functional that certifies
A1 <c¢/Ay + o(c). It gives less and costs much less. Its building block is minus the imaginary
part of a rotation of phase space by 45° applied to one real, positive function: |r/|? times a bell
that is a product of two double sine functions. The functional itself is the same transform of one
real function, a combination of a few such blocks and of Gaussians. Its construction needs no
positivity on an oscillating band and no computer. It gives the slope Ay but no rate, and it is
far from the optimal functional. Nothing outside this section depends on it.

For every x, > ] there is ¢o(z4) > 40 such that for every ¢ > ¢o(z4) there is a functional
g € A that is feasible at T = c’xg /3. By Theorem 2 every admissible CFT with ¢ >
co(zg) then has Ay < a+ z2/3. Hence limsup,_,, Tv(c)/¢ < &, and with Theorem 4,
lime o0 ¢/ APt (¢) = Ay. No computer is used.

What is not obtained: a rate (the statement is o(c) only), a value of cy(z4), and any information
about the optimal functional. The strategy has three steps.

(i) Every real function gives a functional (section 9.1). The Fourier transform is a quarter-turn
of phase space (section 2.3). Let R be the eighth-turn, its square root. For every real radial
function ¢ the imaginary part of R[¢] is mapped to minus itself by the Fourier transform.
So there is no constraint left to solve, and all the content is in the choice of ¢.
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(i) A seed whose image is a bump (sections 9.2 and 9.3). We choose for ¢ the factor |r'|? times
a positive bell with a Gaussian core and exponential tails. At large c its image g, is a
bump: it is negative on a window that contains its peak, its Cardy-weighted size |g,|V is
concentrated at exponential order around one point z., its vacuum value is positive and
of the same exponential order as the peak, and beyond the peak it decays faster than
the Cardy weight grows. A parameter v € (0, 7) moves the peak over the whole interval
] <wy < % between the optimal gap bound and Hellerman’s point. In terms of ¢ the bump
at central charge c is the critical member v = 7 of the family at the larger central charge
c, = (n/ 7)2c; read against the weaker Cardy growth of the lighter theory, it acquires a
margin.

(iii) From bumps to a feasible functional (section 9.4). One bump with its peak just above z7}
already has the right vacuum value and a negative lobe in the right place. Beyond z, it is
exponentially small compared with the inverse Cardy weight, but its sign is not known.
We add, with an exponentially small coefficient, the negatives of bumps whose peaks cover
[zg, %] they form a positive plateau that lies just below the Cardy line and dominates
everything of unknown sign. Beyond x = % the crossing kernels Zg with 8 < 1 do the same
job.

Level of rigor. The aim is to explain the strategy and the functional. Exact statements are
marked as such. The large-c statements are leading-order saddle-point estimates; we state what
they give and why, without uniform bounds on the remainders. For this reason Result S1 and
Result S2 do not carry the tag [PROVED] of section 1.3, and the status of Theorem 1, Theorem 5
and Corollary 6 does not rest on this section.

Notation. It is that of section 2: t = |r|?/2 and b = z + iy = /3t/c’ (2.17); a functional is
a real radial function g of r € R?, written as a function of ¢, with § = —g for the transform
(2.9); 1 are the Laguerre functions (2.10); the Cardy weight V grows like e¢L(®) (2.18),
and pc = 27V; for ¢ € A the vacuum value is gyac = — ¥ g pc dt (Definition 2.5), and
feasibility is as in Definition 2.3; Z3 is the crossing kernel (2.4). The extremal potential U and
Uy = U(0) = —0.388748 are those of Lemma 6.5, with U’(z) = —% arcsinsinh 7z on |z| < 7.
The letters v, b, @, G, s, w, g, n, K are local to this section.

9.1 Every real function gives a functional: the eighth-turn

For a radial function ¢ on R? let
R[p)(r) == V24 e~ imirl? - o(r') e~ il g2miv2rr’ g2y (9.1)
a chirp, a Fourier transform dilated by v/2, and a chirp. In the variables ¢t = |r|?/2, ' = |r'|?/2,
RIGI(t) = 2v/2 7 e/ /0 TG e ) o (4/2087) A (9.2)

Three exact properties are all that we need.

Gaussians. For ReT > 0, a Fresnel integral gives

— \Eeiﬂ—/[l e*?ﬂ'ﬁ(‘l‘)ﬁ
T+

14t 27 4i(r? - 1)

’ Blr) = T+i 1+72 (9:3)

R [6727r7't’] (t)

For real 7 > 0 the image is a Gaussian at a complex inverse temperature on the unit circle,
|B] =1, Re 8 > 0: it is a Gaussian times a chirp. As 7 runs from 0 to oo, 3(7) runs from —i
through 1 to +1.
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Laguerre functions. Inserting 7 = (14 2)/(1 — 2) in (9.3) and using the generating function
S k()2 = (1 — 2)~le=2mt(1+2)/(1=2) " one finds that R maps the generating function at z to
the one at iz. Hence

Ry =iy,  sothat R%p=¢ (9.4)

on radial functions. In the language of section 2.3, 9 is a state of the planar oscillator with 2k
quanta, the Fourier transform is the evolution through a quarter period, and R is the evolution
through one eighth of a period (in the opposite sense; on radial functions either sense squares
to the Fourier transform). On WKB data the Fourier transform is the quarter-turn R of phase
space (4.4), and R is a rotation by 45°.

Real seeds. Let ¢ =3, cptby, with real ¢;. By (9.4) and (2.10), @ =Yg en(=1)Fike, = R[4)].
Therefore

—

Q[¢] :==ImR[¢| = Z(—l)j 2541 V2541 is real, radial, and Qo] = —Qg). (9.5)

Jj=0

Every real radial function ¢ gives a functional Q[¢]. In words,  discards the even Laguerre
components of the seed, which the Fourier transform leaves alone, and keeps the odd ones with
alternating signs. Only the part %(¢ - é) of the seed matters, and a seed with qg = ¢, for instance
e 2™ gives zero.

The sum rule, seen directly. Apply (9.3) to the reduced partition function (2.2) term by

A

term. The Gaussian seed e~ 2™ produces ‘/ETEEMZ (8) with 8 = (7) on the unit circle, where

1/8 = B. There the crossing equation (2.3), Z(B) = 5*12(1/6), continued to Re 8 > 0, reads
Z(B) = B~'Z(B): it says that Y/2Z(f) is real. Since B(r) = i(r —i)/(7 + i), the coefficient
in (9.3) is /2/(1+ 72) B2 a positive multiple of the principal square root of 3. So R of a
real superposition of Gaussians, applied to Z, is real provided the superposition converges on
Z, and its imaginary part vanishes: this is the sum rule for Q[@]. The bell G of section 9.2 is
a superposition of Gaussians e 2™ 7 > 0, with positive weights (the product over its zeros
and poles shows that G is a completely monotone function of 72), and the factor |r'|> = 2t' of
the seed is —7 10, acting on them. So the seed is a real superposition, which converges on A
for v < 7, and its functional acts on Z along the unit semicircle in the g-plane, which is the
set fixed by S followed by complex conjugation. The crossing kernels are of this form too: for
0 < B <1, Eg is a multiple of {2 applied to the real part of a complex Gaussian. In the proof
of Result S1 we do not use this paragraph; Theorem 2 handles the sum rule for every feasible
g € A.

9.2 The seed and the functional

Fix a deformation parameter v € (0, ). Let
= om Qbrg 0= Su(§ i Se(§—in) = 15§+ in)f, (0.0)
=g\ @ = b r) = Sp(F +ir) Sp(F —ir) = |Sp(F +ir)|", .
where Sp(z) = I'b(2)/I'p(Q — 2) is the double sine function familiar from Liouville theory [70, 71];

the letter b is its parameter and has nothing to do with the variable b of (2.17). All that is
needed about it follows from the integral representation

[ dv sinh(Qv/2) Q Q
log G(r) _/0 o [sinh(bv) sinh(v/b) cos(2rv) — 20| Imr| < T (9.7)
The seed and the functional are
/ / g !
by (1) o= o' gﬂ‘(f))‘), gy = — Ofd,] = —TmR[,]. (9.5)
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The argument of G is the radius in the plane, and ¢ enters only through b. By (9.5), §y = —g,
/|2 _

= (o — 1) and

exactly, for every ¢ and every 7. As v — 0 the seed becomes |r’/ \26*”“

G~y — %wl, the lowest derivative functional of section 2.2.

The seed at large c. Let s:= /3t//c’ be the rescaled radius of the seed, so that s is to r’
what  is to r, and let w := v/2~s = 27b|r’|. Expanding (9.7) at small b,

o0 [V27s
= ¢/ hy(s) — 2 logcoshw + O(1/c), hy(s) == _ﬁ/ gd(w’)dw’,  (9.9)
e Jo

log g
Gg(0)

uniformly on |[Imw| < § — €, where gdw = arctansinhw = [’ sech is the Gudermannian.

—27t!

Thus G is a positive bell. For w <« 1 it is the Gaussian e , because h, ~ —2%32. For

w > 1 it has the exponential tail e*d(ﬁﬁ/?’”)s, because gd — 7. It is analytic in the strip
|Tm s| < 7/(2v/27); the first pole of G, at 7 = iQ/4, lies on the imaginary axis just outside it, at
Ims = (1 +b?)7/(2v/27). Nothing else about S, is used. In particular the elementary function
r’|?(coshw)~1/4e¢m(%) could serve as the seed as well, since exactness comes from (9.5) and
not from the seed; G is the completion of this expression to all orders in 1/¢’ (section 9.5). The
factor |r'|? is there to make the imaginary part the larger part of R[¢.].

9.3 At large ¢ the functional is a bump

Classical data. For 0 <y <mand 0 <z < xy let

arcsin sinh arcsinh 1 1
o (z) = resinsinh(he) - aresinhl_w oL L simhsin D, (9.10)
gl gl gl gl 2
The function ¢, increases from 0 to 7/27v at the turning point x¢, and g, (x,) = % The profile of
the bump is
AT [ Am [T

Uy(z):=—-my— — | qy(2')da, My 1=
0

5/, (3 —q,) dz, (9.11)

where the constant m, is chosen so that U, +L has the maximum 0; the maximum is at x.,, because
U, = —%’Tqv equals —L' = —%’r there. In the language of section 4.1, p = —igy is the imaginary
momentum (4.3) of a wave function under a barrier, ¢,(x)/x is its local inverse temperature
(the Im 7 of section 4.1), and (b, p) lies on the curve sinhyb = isinh yp, which is the spectral
curve (4.13) with m replaced by v. Since (U, + L)” = —4 cosh y (1 — sinh? yx)~1/2 < —a

Uy(z) 4+ L(z) < —%ﬁ (x — x,)? (0 <z <umy). (9.12)

At v = 7 one has z, = zy = 2], my = —Up = 0.388748 and U, = U on [0, z7] (6.18). For general
7,

2

Uy (z) +my = (%) [U(%) ~Up|,  thatis, ¢ [Uy(@)+my] =, [U@) - U] (9.13)
with ¢/ = (x/7)?¢ and & = ,/3t/¢,, = yx/m: at a given ¢, the profile is the critical one of the
heavier theory. This is exact for the functional itself: b depends on v%/¢’ only, so g, at ¢’ and
gr at c’7 are the same function of ¢. As 7 decreases from 7 to 0, the peak x., increases from z7
to %, the distance xy — x, from the peak to the turning point increases from 0 to oo, and m,
increases from 0.3887 to 7/6. Figure 9(a) shows U, + L.
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Figure 9: Drawn from the leading-order formulas of sections 9.3 and 9.4, not from data. (a) The
Cardy-weighted profile U, 4 L of the bump g,, that is, the large-c limit of 5 10g(|§W\V). It has its
maximum 0 at the peak z, (dots), which moves from z7 to % as v decreases from 7 to 0. Solid: up to
the turning point z; dotted: beyond it, where by (B2) |g.| falls at least with the slope —2m? /3, steeper
than the Cardy line. The critical member v = 7 is the extremal potential U of section 6; beyond z7 it
runs along the Cardy line. (b) The assembly of section 9.4; margins and heights are schematic, chosen for
visibility. Black: the main bump g.,, negative near its peak; its tail (dotted) has unknown sign but lies

below the Cardy line by 7; or more beyond z,. Blue: the negated bumps —e_cl”g% (light blue, drawn
near their peaks), positive on their windows, whose upper envelope is a plateau at height —n over [z, %]
Green: crossing kernels Zg with 8 < 1, which take over beyond xz = % The sum is non-negative on the
shaded region = > z,.

The saddle point. Putt = cz%/3 and t' = ¢’s?/3 in (9.2). For z > i, > 0 the argument
of the Bessel function is large except near s = 0. Since the seed is even and analytic in s, one
may replace Jy on the half line by %Hél) on a line just above the real axis, and H(gl)(z) ~
V2/mz =/ With (9.9) the integrand becomes a slowly varying amplitude times e, where

O(s;x) := —%( 2 —2v215 4 5%) + hy(s). (9.14)

The first term is the generating function of the rotation by 45°, and the second is the WKB
exponent of the seed. The saddle-point equation 9,0 = 0 reads gd(v/27ys) = iy (2 — /2s). It
is solved with the identity gd(A 4 iB) = B + iA, valid whenever sinh A = sin B with |B| < 7:
take A = yo and B = yg,(x). The saddle is at

_r+igy(x)

s«(z) = —a where  O(sy(x);z) = Uy(x) + m, (9.15)

and 020 = —4Z (i + sech y(z + ig,)), whose real part is negative. The value at the saddle holds
because both sides vanish at x = 0 and %@(s*(x);x) = 8x@|8* = —%(:c —V/25,) = —%’rqy(a:).
The transform samples the real, positive seed at a complex radius, and the rotation turns its
bell into a tunnelling profile. The saddle lies inside the strip of analyticity of the seed as long
as ¢y(x) < m/2v, that is, * < x: it reaches the edge of the strip, which to leading order is the
height of the first pole of the seed, exactly at the turning point. There also 9?0 = 0: two saddles
coalesce. On a horizontal line Re © is concave in Re s, because Resechw > 0 for [Imw| < F; so

on the line through s, the maximum of [e¢©| is at s,. Laplace’s method gives the first of the
following three properties.

60



Result S2 (the bump)

Fix v € (0,7), 0 < &min < 0.18,0 < § < %(l‘t —xy) and T € (z, 2 — 6]. As ¢ — oo:
(B1) Window. Uniformly for xmi, <z < ay — 0,

RI6,1(¢2/3) = ¢ Ay (@) 1) 0@ (14 O ), (9.16)

with the phase ¢, = 3arctan(¢y/z) — % and the amplitude A4, = 25 (22 +
q§)5/4z_1/2(1 —sinh? y2)~Y4 > 0. Since 1 < ¢, /z < 1/(22}) = 1.782, the phase lies in
[5,2.26] and sin ¢, > 0.77. Hence g, < 0 on the window, and —g, = e Ur(@)+myto(1)],
(B2) Tuail. For x > Z, |g,(cx?/3)| < ¢ [U5(@)+my=F45(@)(@=2)+0(V)]. the slope is steeper than
that of the Cardy line, since g,(Z) > 3. Also |g,| < C for all t > 0.
(B3) Vacuum. gyvac = — J3° gy po dt = e ImFel > 0,

For (B2) one keeps the contour at the height Ims = ¢,(z)/v/2 for all > Z; on that line
ReO(-;z) = ReO(- ;f)—%”qu(f)(x—:f) exactly, by (9.14). The bound |g,| < C'is |Jp| < 1in (9.2).
For (B3), by (B1) the integrand —g,pc is positive on the window and equals e [Uy+Ltmy+o(1)]
which is e¢Imr o] at the peak; the rest of the window is smaller by (9.12), the tail by
(B2), and the region 2 < xy,, contributes at most C'¢’ e Llrmin)  which is negligible because
L(%min) < 0.38 < m,. By (B2), M[g,] < o0, so g, € A.

In what follows we use the normalized bump g, := g/gyvac- It has vacuum value 1. On the
window, —g, = e¢'Ur(@)+oM)] which touches the inverse Cardy weight e~ at z~ and lies below
it elsewhere. With z := x, + 26 < 2y — 0, (B1), (9.12) and (B2) give

1G,(c'2?/3)| < e CE@Fms—oM] (p > 5 14),  pyi= 2482 (9.17)

Beyond Z the bump carries in addition the factor e~ ¢o(@=7) with ¢ := %’r(q,y(it) — %) > 0, by
(B2). A bump is thus a functional that, per unit of vacuum value, delivers the Cardy rate at one
point z, € (z7, %) of our choice, with the negative sign, and is exponentially smaller than the
Cardy rate beyond it.

9.4 From bumps to a feasible functional

Crossing kernels beyond Hellerman’s point. Let 2/ > % and 8 = 1/(22') < 1. Then
Ep(t) > et > 0 for t >t := log(2/B)/[2m(B~! — B)], which does not depend on ¢, and the
vacuum value of =3 is negative with —Zg yae < B le2ma/f — 22/e3¢L@) | Since 2wt = wc'x? /32
and 2’ + 22 /2’ =2z + (x — 2)? /2, for t = 2% /3 > t5

Ep(dx?/3) 1 2

> — exp{—c' [L(l’) + M} } (9.18)

= - / !
—Z=8,vac 4x 3z

Per unit of vacuum cost, the kernel =; /5., delivers the Cardy rate at z = x’, with the positive
sign. But it does so only for 2/ > %, because Zg with 8 > 1 is negative at large ¢. This is why
a positive plateau at the Cardy rate can be made of crossing kernels with real 8 only beyond
Hellerman’s point x = %, that is, A ~ ¢/6; the bumps reach the Cardy rate on the remaining
interval (z7,3).

Consequently, let | f(c'z?/3)| < e~ L@+ for o > z, > %, with the extra factor e—colz—ay)
o > 0, for x > xp. Then, for all sufficiently large ¢, f is dominated there by a combination
R = Y ;a;E3 with a;j > 0 and 8; < 1: R > |f| for x > z,, R > 0 for t > tg with tg
independent of ¢, and —Ryae < e '/4. On the compact range [z4, zp| one takes finitely many
nodes a:; > %, bounded away from %, at a spacing small compared with /7, with the coefficients
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o = 6_5/”//2/( Eg;vac): by (9.18) the node next to x gives more than e~ ¢[L@)+1"] and each
node costs e~ ¢"/2 of vacuum value. On the tail z > z; one takes equally spaced nodes whose
coefficients decrease from node to node by the factor that f loses, so that their costs form a
geometric series. We call R a repair of f.

The functional. Fix z, € (2}, 3). The map v — z, is a decreasing bijection of (0, ) onto

(1) Main bump. Choose g with 7 < z., < 4. By (9.12) and (B2), used with Z between x.,
and min(z,, ), there is 71 > 0 with |g,,| < e=¢E@+m=oM] for 2 > 2.

(2) Margins. Let 4 be the value of v with z, = x4, and let 0 be a third of the distance xy — x4
at 4. This distance grows as v decreases, so § < (:zrt — x.) for every bump with its peak
in [24,1). Let K bound |(Uy + L)"| on the Wlndows [ min, £ + 0] of all these bumps; it
is finite because (U, + L)” depends on vz only, and vz < v4(zy + 0) < arcsinh1 there.
Choose a mesh € < §/2 and n > 0 with 1 + Ke? < min(n1, 1s).

(3) Plateau. Choose y; > --- > vy whose peaks 2 .=z, form a grid of [z, 1) of mesh at
most €, with (1 < x4+ € and @) > % -

(4) Repairs. Let Rg be a repair of g, on 2 > %, and Ry, a repair of g,, on z > max(3, 2 k) +5);
what a repair needs is supplied by step (1 ), by (9.17) and by the remark after it.

All these choices are made before ¢ — oco; for the repairs this means their nodes, hence tg, while
their coefficients depend on ¢. The functional is the flat sum

=Gy + Ro+e” C"Z —Gry, + Ri). (9.19)

It is drawn in figure 9(b).

Why it is feasible at T = ¢/ 51:3 /3. Onzyg<az< % The repairs are non-negative there, since

’1‘3/3 > tp for large . A bump with z < z®) + § has z in its window, where —GJ~, > 0 by
(B1); the one whose peak is within e of z contributes at least e~ EL@+n+Ke+o()] - A hump with
x> z®) 4§ contributes at most e~ [L@)+1+1—o(] in modulus, by (9.17). With step (1),

g(¢a?[3) > MO [CrHRE o) _ ~em—ol) _ y ~<lrim—o)] 50 (9.20)

for large ¢, by step (2). On x > 1 . Here gy, + Ry > 0; and for each k either z is in the window
of the k-th bump and —g,, > 0 or z > z®) 4+ § and —Gv, + R > 0. Vacuum. By linearity
Guae > 1 —2e=Mm/* — N e~ (14 0(1)) > 0. Class. Each term is in A. The tail repairs are
infinite sums; they converge in L' and in the norm M[-], because M[Zg] < 257 1e2/5 the
quantity that bounds the vacuum cost. So g € A.

Thus g € A is feasible at ¢ :L‘?] /3 for all sufficiently large ¢, which is Result S1. Everything
rests on one feature of the bumps: all windows begin at the same point xyi, < x]. At any
xr > x4 a negated bump is either inside its window, and then positive, or beyond it, and then
exponentially below the Cardy line. So all the negated bumps can enter with the same coefficient
e~¢". and no positivity of an oscillating function is ever needed.

By linearity, g = Q[¢] for a single real seed,

N
o= —éw + e~ Z &w@ + (real parts of complex Gaussians), gﬁ, = Oy /Gyvac : (9.21)

the functional is one transform of one real function. For z, near z7 the corrections to —qZ;VO are
exponentially small on the real axis; they matter only after continuation to the complex radius
S« at which the transform samples the seed.
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9.5 Remarks

Comparison with the functional of Theorem 5. The functional of Theorem 5 is built
to have the profile U: its zeros are placed by the zero law, it runs along the Cardy line on the
band, and the difficulty is to show that the oscillating function hy — ho stays positive there. The
functional (9.19) avoids the band altogether. On [z, 3] it lies below the Cardy line by the fixed
margin 7 (figure 9(b)), so it is positive for a crude reason, and it is far from extremal. The price
is that the margins 71, 15, 1 go to zero as x4 — =}, while the estimates hold for ¢'n > 1; this is
why no rate comes out. The two constructions share the potential U and nothing else. A third
construction, in Mellin space, is sketched in appendix A.

Consistency with the optimality theorem. Theorem 3 forbids a function in A whose
Cardy-weighted mass sits below 7. Accordingly the peaks obey x, > x7. At v = 7 the peak,
the turning point and x7 coincide, and to leading order the tail falls at the Cardy rate: |gr|V is
flat at exponential order along the whole band, and the critical member has no margin. (It is
still in A: the first pole of G is at Im 7 = /4 and not at 1/4b, so its tail beats the Cardy weight
by the factor e™*/2, which does not depend on ¢; M{g,] = oo only for v > 7(1+ b2).) For fixed
~v > m the tail is slower than the Cardy rate. Taking v < 7 is what creates the margins, and by
(9.13) it amounts to borrowing the critical function of a heavier theory.

Why this seed [HEURISTIC]. On WKB data a function that the Fourier transform maps to +
itself lives on a curve invariant under the quarter-turn, and the relevant one is sinh vb = ¢ sinh yp.
It is exponential in both b and p, and an exponential of a momentum is a finite shift, so its
quantization is a difference equation rather than a differential one. In the rotated coordinates
s = (b—p)/V2, ps = (b+p)/V/2 the curve is a graph, ps = —(i/v/27) gd(v/27s), with the
momentum normalized as in (4.3): this is the saddle-point relation (9.15) read backwards, and
c'h, is the corresponding WKB exponent. On a graph the quantized equation is of first order,
and its normalizable solution is G: a first-order difference equation with trigonometric coefficients
is solved by double sine functions, as f(z + 1) = zf(2) is solved by the Gamma function. The
expansion (9.9) is its WKB form to one loop. The function G is moreover equal to its own Fourier
transform in one dimension, a special case of the Fourier transformation formula of [70, 71],
which reflects the invariance of the curve; we do not use this. So the bell G is the wave function
of the quantized, deformed spectral curve in the rotated polarization, and the bump is the same
state in the polarization of section 4. The passage to the plane, with the radius as the argument
and the factor |r'|?, is a recipe that works because the centrifugal term is invisible at leading
order; we have not derived it. We know of no meaning in conformal field theory of the shift
by ib, and at v = 7 the parameter is not that of Liouville theory at the same central charge
(b? = 3/4¢, against 6/c).

Zeros. The functional (9.19) is strictly positive on [z4, 3]; it has no band of double zeros. If
g — x7 slowly as ¢ — oo, it is a sequence that attains Ay . By Theorem 7 its profile then tends
to U, and its zeros in the strip have the density ¢’ pyy within any fixed distance of the slits. These
zeros lie off the real axis; we have not located them.

10 What near-optimal functionals must look like

This section is proved throughout, and no computer enters. It uses Proposition 6.4, Lemma 6.5,
Definition 6.6 and Lemma 6.7 and, only to know that attaining sequences exist, Theorem 5.
Nothing outside this section depends on it.

Theorems 3 and 4 are inequalities at finite ¢: they bound what a functional can certify. Here
we ask the converse question: what must a functional look like that comes close to the bound?
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The tool is a limit. Along a sequence g; € A at central charges ¢j — oo the profiles ug, are
functions on one and the same strip S, which does not depend on c. If the sequence attains
the slope Ay, the limit is the extremal potential U, and the zeros of g; follow the zero law prs
(Theorem 7).

10.1 Limits of potentials

Let g € A\ {0}. By section 6.3, G(b) = g(¢'b*/3) is even and holomorphic on S, and bounded
and continuous on S; and the profile (6.13), with its Riesz measure (6.10),

L 1G] L oo
ug(b) = —log ———=, ng=—Vu, =— m¢ ¢, (10.1)
g ¢ M[g] 97 on 9" CeS;%%C):O ¢9¢

is the potential of positive point charges m¢/c’ at the zeros of G in the strip: ng is the zero-
counting measure of G divided by ¢’. For a sequence we write u; := u,, and c} i=c¢;— 1. Asin
Theorem 4, g is called weakly feasible if it is weakly feasible at some T', hence at T' = t1(g), and
z1(g9) = /3t1(g)/c as in (2.17). The idea is that the three facts on which section 6 rests pass
to the limit: limits of subharmonic functions are subharmonic; the majorant of Proposition 6.4,
whose error is O(log ¢/ /'), becomes exact; and weak feasibility, which enters through the half-
mass condition (2.16), becomes contact with the Cardy line. The notions needed to say this are
in the box; the proofs are in appendices 1.1 to [.3.

Toolkit: limits of potentials

Let u; be potentials of positive charges n; = ;V%j on S (subharmonic functions).
Convergence in Llloc is convergence of the potentials in the mean on every compact set,
Jx|uj —u| dA — 0; pointwise convergence is too much to ask, because a potential is —oco at
its charges, but the logarithm is integrable in two dimensions. Vague convergence n; — n is
convergence of the charge distributions when tested against continuous functions of compact
support; then n;(K) — n(K) for every compact K whose boundary carries no charge of n.
Compactness [72, Thms. 3.2.12-3.2.13]: potentials that are bounded above on compact sets,
uniformly in j, and do not run off to —oo carry a bounded charge on every compact set, and
along a subsequence potentials and charges both converge. Upper semicontinuity: at a point
a limit potential can jump up, never down; the form that we use is (I.1). Superharmonic,
strong minimum principle, circle means: 6 is superharmonic if —@ is subharmonic; on a con-
nected open set a non-negative superharmonic function is identically zero or strictly positive,
and its mean over a circle is at most its value at the center [72, §3.2], [63, Thm. 2.3.1].

Lemma 10.1 (Compactness; proved). Let ¢; — oo and g; € A\ {0}. After passing to a
subsequence, either (i) ug, — —oo uniformly on every compact subset of S, or (ii) ug, — u in
L%OC(S) for a subharmonic function uw # —oo on'S, and ng, — %VQU vaguely on S.

A function u that arises in (ii) is called a limit profile of the sequence.

Lemma 10.2 (Majorant; proved). Every limit profile satisfies u < U on all of S, where U is
extended across the slits as in Definition 6.6: it is continuous, equal to —L on the slits, and
subharmonic with charge density py(x)dx there. In particular u <0 on'S, and u < —L on the
real axis.

Proposition 10.3 (Contact; proved). Let ¢; — oo, and let g; € A\ {0} be weakly feasible with
21(9j) = oo < 00. Then alternative (i) of Lemma 10.1 does not occur, and every limit profile u
has a contact point zg € [x], Too|, at which u(xo) = U(xg) = —L(x0). In particular ro > 7,
which is the qualitative statement of Theorem J once more.
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In the dictionary of section 6.2: a limit profile lies below the extremal potential, and the last
sign change of the functionals leaves a mark on it, a point not beyond . at which the profile
touches the Cardy line; by Lemma 6.7 this point lies on a slit.

10.2 Rigidity of the zeros

Theorem 7 (Rigidity of the zero law; proved). Let ¢c; — oo, and let g; € A\ {0} be weakly
feasible and attain the slope Ay, that is, x1(g;) — 7. (By Proposition 10.3 it suffices that
limsup; 71(g;) < x7; such sequences exist by Theorem 5.) Then:

(a) ug, = U in L (S), along the whole sequence.
(b) The normalized zero-counting measures converge vaguely on S to the zero law py(z) =

- arccosh(sinh 7r|z|) of Definition 6.6, carried by the slits:

1
o ch d¢ — pu(zr)de @ dy—o on |z| > z7. (10.2)
7 <

ﬂgj =

Concretely, counting zeros with multiplicity: in every compact subset of S disjoint from the
slits Gj has o(c}) zeros, and for 27 < x4 < xp and 0 < yp < :

#1{zeros of G in x4, 2] X [=y0,y0]} = ¢} /xb pu(x) dz 4 o(c)). (10.3)

(c) In the variable t: the number of zeros of gj, with multiplicity, in the image of that rectangle
under b — cb*/3 (a lens [Im t| < %c}xbyo around [cx2 /3, i [3]) is ¢ fib 2pv (§) d€+o(c)),
where &€ = 2%/3, &, = 22 /3, & = x2/3, and py = 3py/(4x) is the band density of (4.16).
In words, near [t,t + dt] there are 2py (t/c') dt zeros.

Item (c) reproduces, counted with multiplicity, the density of the band of double zeros of
Conjecture 1(b), and item (a) is the profile stated there, in the mean. Of what section 4 derived
from the hypotheses (W), (A), (B) and (Sel), the band density and the profile thus follow, at
leading order and in the weak sense of (a) and (b), from attainment alone; the finer statements
of Conjecture 1 are not obtained in this way. The hypotheses themselves, which concern the
semiclassical sheets of the optimal functional, are not thereby derived. The theorem also turns
the blueprint of section 7.1 into a necessity.

What the theorem does not say. It does not say that the zeros near the band are real, or
that they come in pairs; whether an attaining functional must oscillate there, as the numerical
optima do, is not decided. It says nothing about individual positions, the Airy layer at the tip,
the boundary layer at the vacuum, the phase of the comb, zeros on the edges or outside the
closed strip, or rates.

Idea of the proof (appendix 1.4). Let u be a limit profile. By Lemma 10.2 the deficit
0 := U — u is non-negative; it is superharmonic on the slit strip D, where U is harmonic; and by
Proposition 10.3 with ., = 2] it vanishes at the tip z7, a boundary point of D. By the strong
minimum principle either # = 0 on D, which is the claim, or # > 0 on D. Had the contact point
been inside D, this would end the proof; at a point of the open slit it would not; the tip is the
borderline case, and it is decided by a competition of exponents. If § > 0 on D, then near the
tip # dominates a multiple of the harmonic measure of an arc in a disk slit along a radius. The
square-root map that opens the slit shows that this harmonic measure vanishes at the tip only
like the square root of the distance, so the mean of 6 over a circle of radius € about the tip is
> €/2. On the other hand u is subharmonic across the slit and u(z}) = U(x?%), so the circle
means of § are at most those of U — U(z7), which the Poisson—Jensen formula expresses through
the charge of U near the tip. Since py ~ /x — 7, they are at most Ce*/2. For small e the two
bounds contradict each other: the tip decides.
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Part V. Outlook

11 Discussion

11.1 Theorem, conjecture, open

In terms of the legend of section 1.3, the results stand as follows. Proved: the slope Ay (Theo-
rem 1), in its two halves, optimality with a rate (Theorems 3 and 4) and attainment (Theorem 5);
and certification (Theorem 2), which turns attainment into a bound on conformal field theories
(Corollary 6). Only attainment and what rests on it, that is, the second half of Theorem 1,
Theorem 5 and Corollary 6, use computer assistance. Also proved, without a computer, is the
rigidity of the zero law (Theorem 7). Conjectured: everything finer (Conjecture 1), in particular
the coefficient Aypt = 0.27666 of /3 the profile of the optimal functional, and the offset c/24
in the positions of its zeros (seen numerically in [10, 11]; section 4.6). Ezplained but not proved:
the origin of the earlier extrapolation to the slope 9.08 [11] (section 5.2).

11.2 Three-dimensional gravity; Virasoro versus U(1)*

Invariance under S at zero angular potential, used through functionals in A, certifies A; <
¢/9.1266 at large ¢ and no more: the window (1.3) is closed to it. This is a statement about the
method. It neither supports nor threatens pure gravity [3], and it does not say which spectra
with A; in the window are realized. To reach the BTZ threshold one needs spin [8, 23, 24],
integrality of the degeneracies [25, 26], or data from correlation functions. Arguments through
the elliptic point of order three, 7 = ¢2™/3 which is fixed not by S but by ST and so involves
spin [73-76], aim at the BTZ threshold itself; the present results neither use them nor bear on
them. The same holds for the bound A; < (¢ —1)/12 + 0.23 on what [76] calls the spinless gap:
it rests on the kernel of ST'S, and so on T as well as S, and it concerns spectra in which every
non-vacuum primary has spin zero, whereas here primaries of every spin are counted.

Virasoro versus U(1)°. The two problems have the same architecture and different numbers,
9.1266 against 72. The slope 72 is proved in [13, Ch. 1]; we have read the statements and the
structure of that argument but have not independently verified it; nothing in this paper depends
on it logically. That proof works on a strip in the Mellin variable, in dimension d = 2¢ — oo.
Here the dimension d = 2 is fixed, the strip is in the position-like variable b, and ¢ enters through
the position of the vacuum; the version in the Mellin variable, where the strip becomes a domain
with a free boundary, is sketched in appendix A. There is no analogue here of the condition
f(0) = 0 on the functional of section 2.3, which the U (1) proof uses to cancel a pole of the
Mellin transform on the edge of the strip and to make the integral of the functional vanish. Two
different objects should be kept apart. The exact optimizers of both problems, as computed
numerically, have a band of double zeros (sections 3.1 and 4.6), whereas the asymptotically
attaining functions constructed in [13, Ch. 1, Thm. 4.1] are free of real zeros on the whole
constrained region. For Virasoro a functional that attains Ay must carry zeros at density ¢ py
near the real axis, by Theorem 7, though not necessarily on it; this freedom is what the detuning
of section 7 exploits.

Note added. After this paper was completed, Chang, Liu and Ma [77] constructed modular-
invariant torus partition functions with a unique vacuum, integer spins and positive integer
degeneracies whose gap is A; = (1 + &)(c — 1)/12, for small fixed x > 0 at every sufficiently
large c¢. These are partition functions, not full conformal field theories. We have not verified this
construction; if it stands, the lower end of the window (1.3) passes every constraint of the torus
partition function, spin and integrality included, so that A < 12 for every bound that uses this
function alone, and reaching the BTZ threshold requires data beyond it. Perlmutter [78] has
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shown, for theories whose spectral counting fluctuations are logarithmically rigid, that A; —
(c —1)/12 < o(c), apart from at most one exceptional value of the scalar gap at each sufficiently
large c. Salmon [79] has determined the asymptotic rate of Delsarte’s linear programming bound
for binary and spherical codes, with lower bounds from potential theory through an obstacle
problem solved in closed form, as in appendix A.

11.3 Open problems

Effective constants. More useful than the values of cgpt and &', which are explicit in principle

and not computed, would be certificates in interval arithmetic of the explicit functional at fixed c.

The coefficient of ¢'/3. A proof of Agpt needs the comb with no site omitted (the construction
of section 7 omits the first site of the zero law), the Airy layer at the tips, and the balance
between lobe and band in the vacuum inequality. Apply the edge representation of section 7.4
to a numerically optimal functional, whose transform is § = —g. It suggests that on the band §
is the sum of two parts. One oscillates, with relative amplitude % and in antiphase with the
oscillation of g, so that the zeros are doubled rather than lifted off the axis. The other is a mean,
which is manufactured near the vacuum point of the edge; the construction of section 7 does not
attempt this. A proof of A, would have to control both. We do not claim it.

Further problems. To remove the logarithm in Theorem 4, that is, to prove t1(g) > &¢/ —
O(c'/3), the scale of Conjecture 1. To find a convex dual of the linear program of section 2.2
with the extremal potential U as its value function, which would explain why the potential of
section 6 is the curve of section 4. To bound Ty (c) from below at a given ¢: numerics bound it
from above only (section 2.6), and Theorem 4 starts at cgpt. To derive from the linear program
the selection rule (Sel) of section 4.4, on which Conjecture 1 rests. To find what replaces the

extremal problem of section 6 in the bootstrap with spin [8, 23].

A Mellin space approach

The proofs of sections 6 and 7 work in the variable b = /3t/¢/, in which a functional is
holomorphic on a strip. This appendix sketches a second derivation of the slope, Theorem 1, in
which a functional is studied through its Mellin transform. It gives both halves: no functional in
A certifies more than Ay, and functionals exist that come arbitrarily close. The Mellin transform
is the tool of the proof for the U(1)¢ problem in [13, Ch. 1], where the transform of a functional
is controlled on a strip. The attaining functions of [13, Ch. 1, Thm. 4.1] are likewise built in
Mellin space, by multiplying the Mellin transform of a Gaussian by factors that respect the
Fourier symmetry and reading the signs from saddle points, and the functional of appendix A.6
has this form, with a symbol whose zeros come from the solution of the free-boundary problem
described below. (The Mellin transform of the auxiliary functions of the sphere-packing linear
program, with its functional equation and its relation to their Taylor coefficients, appears in
Cohn and Miller [80, §5], for smooth and rapidly decreasing radial functions in any dimension.
Properties (i) and (i) of (A.3) follow from their formulas in dimension two with f = —f when
f(z) = g(2%/2) is smooth and rapidly decreasing: with M(s) = [5° f(x) 2°*dz one has
mg(z) = 2n*M(22)/I'(2).) What is new for Virasoro is that the vacuum sits at t = —a < 0, off
the half line over which the transform is taken. It then enters through all the integer moments
of g at once, and the problem on a strip becomes a free-boundary problem in the plane: an
obstacle problem, which we solve in closed form. The curve sinh 7b = isinh mp appears once
more, now as the solution of the free-boundary condition, and the threshold z7 is fixed by the
point of the contact set that is nearest to the axis of the reflection z — 1 — z, which is what the
Fourier transform becomes.

What this appendix has in common with the main text is not repeated. The problem, the
class A and the vacuum value are those of section 2, and a feasible g € A bounds every conformal
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field theory by Theorem 2. The two results are the following.

Result M1 (optimality)

For every & € (0,z%) there is C5 < oo such that for all ¢ > 40 and every g € A, with no
condition on the sign of g,

c'(a:*l‘—é)Q/S o P
/ GVt < Gt e @9 Mgl ryg(6) = WS —6) >0, (A1)
0

where W is the explicit function of appendix A.3. Consequently, by the half-mass condition
(2.16), for every xp < xf there is co(xr) such that for ¢ > co(xr) no g € A other than zero
is weakly feasible at T' = ¢ x?p /3. No computer is used.

Result M2 (attainability)

For every z, > 7} there is co(x4) > 40 such that for every real ¢ > co(xy) there is g. € A

with g. > 0 on [¢ xg /3,00) and (gc)vac > 0; moreover g. decays faster than e~dmvat for
every o > 0. So g, is feasible at T' = ¢/ mg /3, and by Theorem 2 every admissible CFT with
¢ > co(xg) has Ay < a+ /3.

Together they give lim._,o, Ty (¢) /¢ = &7, that is, Theorem 1, once more. Result M1 is Theorem 3
with a smaller exponent, £ (6) ~ 3.73 62 against x(5) ~ 2.65§%/2 (appendix A.4), and it contains
the first statement of Theorem 4. Result M2 is Result S1 of section 9, by a third construction.
Neither gives a rate, and the central charges ¢y are not explicit.

The plan is as follows. Appendix A.1 recasts the constraints in Mellin space: the Fourier
transform becomes a reflection, and the vacuum becomes a series over the integers with positive
coefficients, each of which bounds the transform on a vertical line. Appendix A.2 takes the
scaling limit of these bounds, the obstacle, and explains why the threshold is the tip of the
set where the largest subharmonic function below the obstacle touches it. Appendix A.3 finds
this set and this function in closed form, and appendix A.4 turns the heuristic argument into
Result M1. Appendices A.5 to A.7 construct the functionals of Result M2: the zeros of the
Mellin transform are placed along four arcs inside the contact set, the functional is recovered by
Mellin inversion, and its signs come from a saddle-point analysis in which one real saddle point
dominates. Appendix A.8 is a dictionary between the Mellin plane and the strip of section 6.

Level of rigor. The results of this appendix have been verified rigorously, but the write-up
is informal: the steps are stated and the estimates behind them are omitted. For this reason
Result M1, Result M2 and Result M3 carry no status tag. One step, the univalence of a conformal
map (appendix A.5), uses five inequalities that were checked in interval arithmetic [61]; they are
listed there and are not part of table 4. Nothing outside this appendix depends on it.

Notation. It is that of section 2: ¢ =c—1,a=/12,t = A —a, b=z + iy = /3t/;
B is the inverse temperature; V is the Cardy weight (2.12), po = 27V, L(x) = 2%|:L"|, and
Mgl = [5°|g| V dt; gvac = — [y~ 9 pc dt and feasibility are as in Definitions 2.3 and 2.5. The
extremal potential U, its value Uy = U(0) = —0.388748, the momentum p and the zero law py
are those of Lemma 6.5 and Definition 6.6. The Mellin variable is z, and w = u + iv is the
rescaled variable of (A.8); in this appendix w is not the linear functional of section 2.2. The
letters my, 6, 0, U, T, N, My, ¢, A and the calligraphic letters B, U, W, K, N, €, C, H are local
to this appendix. C' stands for constants that do not depend on ¢, on t or on the point w.



A.1 The Mellin symbol and the vacuum inequality
For g € A we call

_ @m)* e —
my(2) = T /O g dt (Rez > 0) (A.2)

the Mellin symbol of g. The integral converges because ¢ is bounded (Lemma B.3) and all its
moments are finite, by (A.6) below. Three properties are used.

(i) mg extends to an entire function, and my(1 — 2) = —my(2);

)+l oo
(ii) mg(n+1):(2)+/0 gt®dt,  mg(—n) = (=2m) g™ (©O)  (n=0,1,2,...);

n!
(QW)RQZ

I0(2)]

(A.3)
For (i), the Laplace transform F(3) := f(foge*%ﬁt dt obeys F(3) = -8 1F(1/8), by § = —g
and (2.8). For 0 < Rez < 1 its Mellin transform in 3 is [;° F(8)8°71dB = my(1 — 2)/(2sinz),
by the reflection formula for I"; so the substitution 8 — 1/ turns the functional equation of
F into mgy(1 — z) = —mgy(z) on the strip, and this relation continues my to the whole plane.
The division by I' is what makes the symbol entire: in Mellin space the Fourier transform is
the reflection z — 1 — z, and a functional is an entire function that is odd under it. The first
formula in (ii) is the definition; the second is the Taylor series of g at ¢ = 0, where g is analytic
by Lemma B.1, read through (i). In particular my(0) = g(0). Item (iii) is the trivial bound
together with (i).

(i) |my(=)] = |my(1 — 2)] < [lglRetar (Res > 0),

The vacuum. For a > 2 the Cardy weight has the power series (2.13) with positive coefficients,

n n 1
O :=1-2(1-1)"+(1-2)", 53 St <1,

V(t) = Z v U = O 2 92 =

n>2
(A.4)
so that v, is (472a)™/(n!)? up to a factor polynomial in a, which is invisible on the exponential
scale. Integrating gvac = —27 [5° g V dt term by term, which is allowed because M|g] < oo, and
using (ii),
n
Gvac = — Z 0y, (27:;) mg(n + 1) : (A5)

n>2

the vacuum is a series over the integer points z = n + 1, with positive weights. Since every term
of the series for V is positive, each absolute moment of g is bounded separately:

o [ lgltndt < Mlgl (0 >2)
0
T (A.6)
and Mlg] <2 / lg| V dt if g is weakly feasible at T,
0

the second being the half-mass condition (2.16). Inserting the first in (iii) at Rez = n + 1 gives,
for every integer n > 2,

(27T)”+1

B M]yg] (Rez=n+1). (A7)

[mg(2)] = Imy(1 = 2)| <
Positivity beyond T and the vacuum condition thus bound the symbol, on all the lines Re z = n+1
and on their reflections, by the Cardy-weighted mass that g carries below T'. This is the starting
point. In the strip of section 6 the vacuum is one point on an edge; here it is a bound on every
vertical line through an integer.
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A.2 The obstacle

The coefficient in (A.7) has an exponential order when n and Im z are of order c¢. We write
z:%—i—c'w, W=+ iv, (A.8)

so that 2z - 1 — z is w — —w, and use Stirling’s formula in a form that is uniform in the
imaginary part: for Rew > 0, w # 0, log|['(3 + w)| = Re[wlogw — w] + % log 21 — e(w) with
0 < €(w) < 1log2. (The remainder is minus the real part of a function that is bounded and
holomorphic in the half-plane, so it is the Poisson integral of its boundary values, which are
explicit because |['(3 + is)|? = 7/ coshs.) The main term is elementary: for w = p + iv with
p >0, Re[wlogw —w] = plogu — p — D,y (v), where

2 00
— v p vey . ds
D,(v) := varctan ] log<1 + E) = /0 (1 —cossv)e M = >0 (A.9)
is the price, in the exponent, of moving off the real axis along the line Rew = u. It is homogeneous
of degree one in (1, v), and D, (v) = Z|v| as p — 0. On the line Re 2 = n+1 we have n+3 = c/p.
The factor (n!)? of 1/v,, the factor (27)"(4w2a)~™ and the factor 1/|T'(n + 1 + ic'v)| contribute
2c ulog 0/7“ — dplog %Cl — dulog 017“ + Du(v) to the logarithm of the coefficient; the scale ¢/
cancels from the logarithms because 2wa = %c’ exactly, and what remains is ¢’ times the obstacle

B(p+iv) := |ul|log Ol + Dy (v) (n#0), B(iv) := g|1/|, (A.10)

e

extended to y < 0 by the reflection. It is continuous on C and even in y and in v. Hence, for
every g€ A, g Z0,
L 1og 72 )]

—1
¢ % Mg

log ¢/ 5
< Bw)+0(=5=)  forlul >3, (A.11)
with an error that is uniform in w and in g; between two consecutive lines one interpolates with
Holder’s inequality, because the moments are log-convex in their order. In the central strip
|u| < 3, that is, —2 < Rez < 3, no moment of g is controlled by M[g], and all one has there

is a bound |m,| < Cy e™"1/2 with a constant that depends on g. In the variable w this strip
shrinks to the imaginary axis.

For p > 0,

6p” - 6p* 2 2
B(w) = plog — — Re[wlogw], 20,8 = 0,8 —1i0,B =log —, VB=-. (A.12)
e Tw I
Away from the imaginary axis B is smooth and strictly subharmonic. On it B is not smooth:
OB — Foo as pu — 0% with v # 0 fixed, so the imaginary axis is a concave ridge. On the positive
real axis B(u) = plog ?T—’é. We shall also need the harmonic function in the right half-plane that

is even in v and agrees with B on the positive real axis,

ReYTr=B-2D,(v), Tr(w) ::wlog%u —w (> 0). (A.13)

The obstacle problem. The inequality (A.11) is not the best that one can say. Since
myg is entire, the left side is a subharmonic function of w [63]. If B were itself subharmonic
nothing would be gained. It is subharmonic on either side of the ridge, but not across it, and a
subharmonic function cannot follow a concave ridge from below. At exponential order the left
side of (A.11) therefore lies below

U = sup{u : wu subharmonic on C, u < B}. (A.14)
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To find the largest subharmonic minorant of a given function is the obstacle problem [81]; in the
plane it is the equilibrium problem of weighted potential theory [82]. We use (A.14) only as a
guide to the formulas of appendix A.3: Result M3 does not assert that the function defined there
is the largest minorant, and neither of the two main arguments needs it. The general theory
says what to expect. The plane splits into the open non-contact set N' = {U < B}, where U is
harmonic, since otherwise it could be increased locally, and the closed contact set K = {U = B}.
Where the obstacle is smooth, I/ is C'' across the free boundary 0K, that is, Vi{ = VB there, and
this is the equation that determines OXC. The solution is even in p and in v. The ridge belongs
to NV, because the mean of B over a small circle centered on it is smaller than the value at the
center. Hence K =K+ U(—=K4) with K4 a closed subset of {y > 0}. Finally, on K the Riesz
measure ;=V2U is 5= V2BdA = dA/(r|p|), an area measure; this will matter in appendix A.5.

Why the tip of the contact set is the threshold. Let g € A be weakly feasible at T =

c'r2./3, so that it carries at least half of its mass below T, (A.6). On the other hand g is recovered
from its symbol by Mellin inversion along any line Rez = n+1, g(t) = 55 [ mgy(2)T(2)(2mt) *dz.
Insert [mgy| < M[g] e“U+°() and (27) "~ (2)| = e~ B+l Jy,:

/
up t" g(t)] < Mlg] ;t/exp{ dW(u+iv)+o(d)} d, W:=B-U>0, dp=n+3.

(A.15)
The obstacle has reappeared with the opposite sign, and only the difference is left. For given
t we choose for n the index of the largest term of the series V' (t) = > v,t™; this puts the line
through the real saddle point of the inversion integral. The largest term is at n ~ 2mv/at, that
is, on the line

= gx, x =/3t/c, (A.16)
and V (t) = %y, t". For t < T the line lies in |y < Z g, and integration over [0, T'] gives
T / / / / T
/ lg|Vdt < M[gle ¢rtole) < gecrtole) / lg| V dt, k:= inf W. (A.17)
0 0 |ul<mar /3

If the closed strip |u| < a7 lies in N, and & > 0, this forces g = 0 for large c. If the strip meets
K then x =0 and nothlng follows. The threshold is where the strip first touches the contact set,
T = %,u* with p, := min{u : p+iv € K4 }. We call the points £u, of K the tips.

A.3 The free boundary and the solution in closed form

It remains to find A" and U. We expect N to be a simply connected neighborhood of the ridge
and write 4/ = Re T in N with T holomorphic. The symmetries make T’ odd and real on N’ NR.
Instead of Y’ we use the pair of variables
bqg= 3—w, b = eT/(“), that is, b = S T/(w), ¢ = sw e~ '), (A.18)
27 q o 27

Here b? and ¢? are holomorphic in N, and the common sign of (b, q) is fixed by b,q > 0 on the
real segment (0, /). The first variable is an old one: for a symbol m, = e THo(@) the integrand
z;ret}}, and it is stationary at 27t = dw e, that
is, at t = ¢'b?/3. So b is the variable b of (2.17), evaluated at the saddle point that belongs to w.
Its partner ¢ will turn out to be ip, with p the momentum (6.16).

On 0K the contact is C!, so Y/ = 20, = 20,,B = log % by (A.12). In (A.18) this gives
b2 = (3u/7)?, hence the free-boundary condition

of the inversion integral is exp{c/[T(w) + w log =~

3 w 1 v
b:7,Ul’ q:—:——i—

. 20 = 2 ﬂ; in particular Imb=0, Req= % on IK+. (R)
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In the variables (b, q) the nonlinear condition VU = VB has become linear; this is the reason
for introducing them. The reflection w — —w acts as (b,q) — (ig,b), because Y’ is odd, so
that on —9K; the conditions read Req = 0 and [Imb| = %: there b is on an edge of the strip
S. The reflections in the lines Req = 0 and Req = % compose to the translation ¢ — ¢ + 1,
those in Imb =0 and Imb = % to b — b+ i, which suggests a solution that is periodic in both
variables. Consider therefore the function cosh 27b + cos 2mwq of w. It is an entire function of
(b2, ¢%), hence holomorphic in A. It is even, because w — —w exchanges its two terms. It is real
on 0K, by (R), since cos 277(% +is) = — cosh 2ws, and hence on all of N. So its imaginary
part is harmonic in N and vanishes on ON. Assume that it is bounded in N. Then it is a real

constant, by the Phragmén—Lindel6f principle, and the value at w = 0, where b = ¢ = 0, is 2:
cosh 27b + cos 2wq = 2, equivalently sin mq = sinh 7b,

. . _ . . (A.19)
that is, sinh7wb = isinh7p with ¢ = ip,

since the first equation is sinh? 7b = sin? mq and the sign is fixed on (0, iz,). This is the curve
(1.4). (With b = iX the first form is the energy surface cos2wX + cos2mq = 2 of Harper’s
equation [83].) Together with bg = 3w/27 it determines b and ¢, hence Y, as functions of w:

2 1
w = % bg, sin wq = sinh 7b; on (0,us): ¢= —arcsinsinhwb = ip(b). (A.20)
T

The rescaled Mellin variable is the action, w = % bp, on the curve of section 4.
At the tip, where 0K, crosses the real axis, (R) gives ¢ = § and b = 3p. /7, and (A.19)
becomes sinh 7b = 1:

3
b= x7, e = %x*{ = farcsinh 1 = 0.2937912, Tr = —py = T, (A.21)
T

which is the threshold of Theorem 1. On the rest of 0K, (R) and sin(5 + %) = cosh 37 turn
(A.19) into cosh 55 = sinh3p:

2
v =tv,(p), vi(p) := i arccosh (sinh 3p), > s (A.22)
71'

where sinh 3p > 1 precisely for p > p.. Since v, (u) = %pz — O(pe=®"), the non-contact set is a
parabolic neighborhood of the ridge (figure 10(a)).

The solution. We now turn the outcome into definitions, which no longer depend on how
they were found. Let

Ki={p+iv: p=p, v <wp)}, K=K U(=Ky), N:=C\K,
b w
T(w) = loga (weN), Uw) = B(us) +Re [ YT/(W)do' (weN), U:=B on Kk,
Hox
(A.23)
where b and ¢ are the functions on N defined by (A.20) through part (i) below, the logarithm

is the branch that vanishes at w = 0, and the path runs in N'U {u.}. Put W := B — U and
NT:=Nn{v>0}

Result M3 (the solution of the obstacle problem)

(i) The relations (A.20) define g as a conformal map of N’ onto the half-strip {0 < Req <
%, Imgq > 0}. The side Req = % corresponds to the upper arc of K, the side Img =0
to the segment (0, 1), and the side Req = 0 to (—ps, 0] followed by the upper arc of
—0K . Hence Y’ is single-valued and holomorphic on .

(ii) U € CY(C); it is harmonic in N, equal to B on K, and even in y and in v.
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Figure 10: (a) The plane of w = p + iv, where z = % + w is the Mellin variable. Shaded: the contact
set K = K4 U (—K,). White: the non-contact set N, which contains the ridge ;1 = 0 of the obstacle.
Solid: the free boundary v = tv,(|u|) of (A.22), whose four arcs meet at the tips w = p,. On the arcs
bis real and > 7, and v.(§2) = T2 py(z): the width of the contact set is the zero law. Dashed: the four
creases of appendix A.5, which leave the tips at 45° and carry the skeleton. (b) The obstacle B and the
solution U on the positive real axis. They agree, with their first derivatives, for p > p.; for 0 < p < p.
one has W =B —U > 0, and U(0) = Uy, the value of the extremal potential of section 6 at b = 0.

(iii) W > 0 in N, and W(u +iv) < W(0) + 5|v| on C. In the quadrant p,v > 0 of N,
0 W—2logﬂ|b| < 0and 9,WW = 2argb > 0.

(iv) vy is 1ncreasmg on [p, 00) with v (us) = 0; hence {|u| < p1} C N for every pi < pus;
and 4 < Z(1+ |v]) on the closure of V.

These properties are checked directly from the formulas, without the assumption made above. For
(i) one uniformizes with o := sinh? b = sin? 7rq, so that w = f(0) := 3% arcsinh y/o arcsin /o on
the plane cut along (—oco, —1] and [1,00). For Im o > 0 one finds 0 < argb < arg /o < argq < 7,
from tanh s < s < tan s, and then Re f’ > 0; since a half-plane is convex, f is one-to-one there,
by the criterion of Noshiro and Warschawski [84, Thm. 2.16]. The upper and lower lips of the
cut [1,00) go to the two arcs of K, those of (—oo, —1] to the arcs of —0K,, and the branch
points 0 = %1 to the tips. For (ii), on the upper arc b = 3u/7 is real and ¢ = 3w/(27d), so

that Re Y’ = log 2 g = log ﬂj' = 0,8 and —Im Y’ = argq = argw = 9, B, by (A.12); the values
match as well, because the path in (A.23) may run along the arc, where Re(20,8dw) = dB.
For (iii), (A.12) and |w| = 2F|b||q| give the two components of VW; their signs follow from
3u = 2w Re(bg) < m|b| and from the ordering of the arguments; and one integrates, along
horizontal segments from the free boundary, where W = 0, and up the imaginary axis from
w = 0, where 9,V < 7. Part (iv) is elementary: 6M2 %L‘“hl,u <wvi(p) < g,u?.

The value at the or1g1n is that of the extremal potential of section 6. Indeed, by (iii) on the

real segment, where 3u = 27wbq, and by an integration by parts,

¥ 4
—/0 ' 2log(2q) d {— bq i / bdg = — (1 —2q) db = —Ujy = 0.388748,

(A.24)
by (6.23) at = 0, with ¢ = %arcsin sinh 7b; the boundary terms vanish because 2¢ = 1 at the
tip and bglogq — 0 at the origin. So U(0) = Uy = U(0). The reason is that m4(0) = g(0): at
exponential order eV bounds |¢(0)|/M|[g] by Proposition 6.4 at b = 0, and e““(©) does so by
(A.27) below at w = —1/2¢, the point z = 0; the two bounds are the same. Figure 10(b) shows
B and U on the real axis.
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A.4 Optimality at finite central charge

Result M1 is the argument of appendix A.2 carried out at finite c. Fix zp = 27 — ¢ and
T =cx2/3. Forge A, g #0, let

pg(w) == log|my(% + cw)| — log(2rM|g)), (A.25)

which is subharmonic on C and even in 4 and in v. There are four steps.

The obstacle inequality. For all ¢ > 25 and d|u| > 2, py(w) < IB(w) + ke with k, =
%log(327r2a5) + 1—10 < %log . What matters is that k, depends neither on g nor on w, be-
cause the inequality is used on all of ON and on entire vertical lines. It follows from (A.7) with
0, > 1/2a? uniformly in n; from Holder’s inequality between consecutive integer moments, where
replacing a chord of the concave function n + log[(472a)™/(n!)?] by the function costs at most
%03 and from Stirling’s formula with its exact remainder. Because ¢’ = 12a exactly, the main
terms are exactly ¢ B(w). Had we scaled with ¢ instead of ¢/, the right side would contain the
additional term || clog -4, which is unbounded on N.

The comparison step. The obstacle inequality is sharp on N and wasteful inside N. Let Q be
an open set whose closure lies in a parabolic region {u? < A3(1 + |v|)} and whose boundary lies
in {¢'|u| > 3}, and let u be continuous on the closure of  and harmonic in Q, with u > B on

0 and B — u bounded by a power of 1+ |w|. Then
pg < du+k, on the closure of (2, (A.26)

with the same k,. Indeed p; — d'u — k, is subharmonic in €2 and non-positive on 0€2. In an
unbounded domain one needs in addition that it does not grow too fast. This is the one delicate
point, because the only bound available in the central strip is not uniform in g and ¢. No uniform
bound is needed: the difference grows at most like a power of |v|, with a constant that depends
on g and ¢, whereas a parabolic region is so thin that it carries positive harmonic functions that
grow like exp(C+/|v]), for instance Re cosh(57%-v1 — i) + Re cosh(57-v/1 + iw) plus a constant.
Subtracting € times such a function, applying the maximum principle on bounded pieces and
letting e — 0 gives (A.26), and the constant has disappeared from the conclusion. The first
application is Q = N, uw = U, which is allowed by Result M3 (ii)—(iv), since ¢/|u| > 244, > 7 on
ON:

py(w) —d B(w) < —dW(w) + ke (weN). (A.27)

The second application controls the tails of the inversion integral, where Result M3 gives no
lower bound for W: with € the strip |u| < 1 and u the harmonic function in it that equals B on
its two sides, which is explicit by (A.9), one finds p; — ¢/B < kq 4 ¢/(0.68 — 1y log|v|) for [v] > 1
and |u| < Far, with g = (1 — %JJT)/ cosh 1 and ¢'n; > 7: along a vertical line the integrand of
(A.15) decays like a power |v|~¢™, uniformly in g and c.

Mellin inversion at the saddle point. Put z = % + (€ +iv) in the inversion formula, multiply by
V(t) < eAmVat and use Stirling’s formula. The exponents that depend on ¢ combine to a function
of ¢ that is non-positive and vanishes, to second order, only on the line (A.16), { = §; := §z; on
this line they cancel, and

VOl € Mgl L), L= [ BEman (a)
R

The times 0 <t < T' correspond to 0 < & < Zxr, and integrating /2

fOT\g\ Vdt < Mg] T SUPO<e<ray/3 I,(8).

Conclusion. By Result M3 (iv) the closed strip |u| < S lies in N, This is the only place where
xr < x7 is used, and it is essential: for x7 = 2] the line Rew = %xT touches the contact set at

over this range gives

its tip, where W = 0, and there is no exponential gain. Split /; at |v| = Ry := e!08/m  On the
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inner part (A.27) gives an integrand at most efe=¢% where & is the minimum of W over the
box {|u| < Fz7, |v| < Ro}; by the signs in Result M3 (iii) this minimum is attained on the real
axis at 4 = a7, so that k = k(). The outer part is smaller than e, With eFe < /2 this
is (A.1), with Cs = 3Ry. Finally, if g is weakly feasible at T, the half-mass condition and (A.1)

give 0 < M[g] < 2C; ¢*e="M) M[g], which is absurd for large c.

Comparison with Theorem 3. The inequality (A.1) is (6.1) with s in place of the Cardy
deficit k. The two agree at the far end, ks (z7) = W(0) = —Up = k(27) by (A.24), and nowhere
else: kpr(0) = 0.00037, 0.0090, 0.036, 0.16 at 6 = 0.01, 0.05, 0.1, 0.2, against x(J) = 0.0026,
0.029, 0.083, 0.23. Near the tip the contact of I/ with the obstacle is C, so that W vanishes to
second order, W(u) = (px — p1)?/pis + ..., and

- 37;* 52(1+0(8)) =3.730%(1+ 0(5)),  whereas  (J) = 2.6505°/2(1 + O(6)).
1
(A.29)

The reason is that (A.28) integrates along the line through the saddle point of the Cardy weight,
and not through that of the functional. Used in this way the Mellin argument gives the first
statement of Theorem 4, but in place of (6.3) only a correction of order J1/? logl/2 d. At

exponential order nothing is lost on the other line: for 0 <z < 27,

Kar(9)

2

U(z) =U(u) + plog at p = 3¢ q(z), the point where b(u) = z, (A.30)

2me x2

because the right side is stationary in p there, both sides equal Uy at x = 0, and both have the
derivative —%”q(x). The right side is the exponent that (A.15) produces for |g(¢)|/M|[g] on the
line through this point, where the integrand is largest at ¥ = 0 because 9,V > 0. So that line
gives |g| V < M[g] e¢UH+E+o(¢)  that is, the Cardy deficit #(6) itself. We have not carried this
out at finite c.

A.5 The skeleton of the contact set

A functional that attains the bound should have a symbol m. with % log|m.(3 + cw)| — U(w)
in V. Its zeros then have the density ¢ times the Riesz measure of the limit. For the limit
U itself this is the area measure dA/(m|pu|) on K, which gives no control of signs: for ¢t > T
with x7 > 27 the line (A.16) crosses K4, and the integrand of (A.15) has constant modulus
along the whole segment |v| < v, (). But only the values of the limit in A enter the threshold.
Inside K the measure may therefore be rearranged, as long as the potential stays below B and is
unchanged in N. Swept together as far as possible it becomes the potential-theoretic skeleton of
K [85], a positive measure on four arcs, the creases, which issue from the tips (figure 10(a)). It
is constructed by continuing ¢ harmonically from N across the free boundary into KX, on a
second sheet, until the continuation meets the elementary harmonic function Re Yr of (A.13)
along a curve.

The second sheet. By Result M3 (i), ¢ is a conformal coordinate on A’ in which the upper
arc of the free boundary is the line Req = % We move the origin to the image of the tip and put
1 21'19)

. 1
¢=5+—, sothat  sinhmb=coshd,  w(¥)=g (i) (1 + ==

A.31
14+ e 2 4 /146620 40 ( )

wb(¥) = ¥ + log 5

Then N is the half-strip {Re? > 0, 0 < Im®) < §}, the upper arc of 9K is the ray ¢ > 0, the
tip is ¥ = 0, and the second sheet is reached through Im ¥ < 0. The map w(?) is holomorphic in
a full neighborhood of ¥ = 0, which is the reason for using ¥). On the negative imaginary axis
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q>3 Land b= arcsmh sin g are real, and w = qarcsinh(sin mq) continues the segment (0, z1)
beyond the tip 1nt0 KC. It increases up to a Inaleum 0.34818 at ¥ = —idy, ¥y = 0.520059, and
then decreases: the map folds the real axis back onto itself. We therefore work in the convex
wedge

{19:191—i1922 %1 > 0, 0<192<191+79f}, (A32)

whose closure avoids the branch points of b(¢J), because ¥y < § — arcsinh 1 = 0.689.

The step checked in interval arithmetic. Functions of ¥ on the second sheet are single-
valued functions of w in the upper half of Kt only if w(¥) covers it exactly once. It does: on the
closed wedge, the corner —i); excepted,

Re(e~™/4 4/ (9)) > 0, and Imw < 0 <Rew on the slanted side 99 = 91 + ;. (A.33)

The first statement gives injectivity, again by the criterion of Noshiro and Warschawski; the
rotation is needed because argw’ fills the interval (=7, 5) on the wedge The second shows that
the image contains the open upper half of K. The corner, where w’ vanishes, and the far part
Y1 > 3 of the wedge are treated by hand, with w” in a cone around w”(—is) = 0.491 > 0 at the
corner and with 7b(9) — 9 = O(e~2"1) in the far part. What remains is compact, and it was
checked in interval (ball) arithmetic with Arb [61], by bisection into boxes on each of which the
enclosure of the function satisfies the inequality:

(I0) the location of the fold, [d9; — 0.52005880928750816] < 10739,

(I1) |argw”| < Z on the square {0 < ¥y < o, |92 — Iy| < 55}

(I2) the first inequality of (A.33) on the part ¥; < 3 of the closed wedge outside that square
(2380 boxes; the smallest value is about 0.009, next to the corner);

(I3) the second inequality of (A.33) for 55 < 91 < 3, and Rew > 0. 287 for 91 < 55

(I4) [N(¢)| < 2.18 for |[Re (]|, Im (| < €75, where A(¢) = log 3[(1 — ¢) + /1 — 6( + (?] is the
logarithm in (A.31) at ¢ = —e~2Y; this bounds the far part.

This is the only place in this appendix where a computer is used. A consequence that is needed
below is that argb € (—,0) and argq € (0, 5) on the wedge, with argw = argb + arg g for the
principal values.

The continuation and the crease. On the first sheet T/ =log(b/q), and this expression is
holomorphic in ¥ across the ray ¢ > 0 and in the whole wedge. Hence

b
Tr(w)=log—| Yrr(ps) = Blus);

1 ’ﬁ(“) ) (A.34)

EimTn-Tu, & =2loge).  £w)=TEE Lol )
defines the analytic continuation Y ;7 of T across the upper arc, and through a full neighborhood
of the tip, to the upper half of ;. We have used T’; = log % b — Jog(2b) + log(2q); the double
zero of € at the tip is the C! contact of U with the Obstacle. There are now two harmonic
functions in the upper half of X, and their order follows from the signs of the arguments. First,
0,(B—ReYyr) =2argh < 0, and Re Y7 = B on the arc, so that Re T;; < B below it. Next,
0y Re& = 2log|2¢| > 0 and 9, Re& = —2argq < 0, while Re€ = —2D, (v« (1)) < 0 on the arc
and Re& = B —Re Y > 0 on the real ray p > p.. On each vertical segment Re £ therefore has
exactly one zero, and

log|2
C = {RGEZO}Z{V:VC(H)’ M>'u,*}, 0 < ve < vy, Vé(u) = C;%’g;”

>0, (A.35)
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is a real-analytic curve, the crease, which leaves the tip at 45°. Heuristically it is an anti-Stokes
line: a function that behaves like e Y% + Y17 is dominated by one exponential on either side
of it and has its zeros along it. We define

U on the closure of N,
Ug := { max(ReYg,Re Y r) on the upper half of K, (A.36)
B on the real rays |p| > i,

continued by the symmetries under w — —w and w — @. Thus Usx = Re T between the free
boundary and the crease, and Us, = Re T g between the crease and the real axis. It is continuous,
harmonic away from the four creases, subharmonic on C, equal to &/ on N, and

U < B on C, with equality on the real rays |u| > p.. (A.37)

The skeleton, parametrized by its mass. The Riesz measure ng := %Wusk is carried by
C and its three mirror images. Across C the gradient jumps by |€’|, so that dng = X[log2q|ds
with respect to arc length, a positive real-analytic density that vanishes linearly at the tip. Along
C the function £ is purely imaginary, and the mass between the tip and a point of C is Im £/27
there; it is unbounded. We parametrize the crease by its mass,

E(wi(r)) =2miT (7 >0), Wi(T) = o + €™ N2 (14+0(7)) (7 —0), (A.38)

so that ng is the sum of the images of d7 under +w, and +w,. Jensen’s formula and (A.37)
give ng{|lw| < r} < Crlog(2 + r), hence [3°|w.|72dT < oo, and then, as in the Hadamard
factorization, Uy is the potential of its mass. With the normalization Uy (0) = U(0) = Uy,

2 2

Use(w) — Up = /OOO log| (1 - ﬁ) (1- ﬁ) |dr. (A.39)

The error estimates of appendix A.7 need quantitative control of w,(7), which one obtains from
Wl =im/log(2q) and from the explicit far field 7b & 9. The crease does not return to the real
axis at any scale: Imw, > ag(Rew, — p«) with a constant ag € (0, 1], so that the creases stay out
of the sector {y > ps, V| < ao(pe— ps)}. Chord and arc are comparable, because argw), € (0, §).
Up to a constant factor the speed |w)| decreases, but no faster than Y2 which is its rate at
the square-root tip; and |w!| < C|w’|/7. The delicate point is the far field, where the margin in

the monotonicity of the speed is only logarithmic.

A.6 The functional

What is wanted, and what the skeleton provides. Suppose that a symbol has \mc(% +
dw)| = e“H@ol) By Stirling’s formula the modulus of the integrand T'(z)m.(z)(2nt) "% of

the inversion integral at z = 1 + ¢/(u +iv) is

exp{c [B(1) +H (1) — plog(42?)] +o(c)} x exp{c [H(u+iv) —H(p) — D, (V)] }, x =4/3t/c,

(A.40)
its value at the real point times its variation along the vertical line, and the weights of the vacuum
series (A.5) are e~ ¢B+o(¢) at n = ¢y Thus the saddle point lies where (B+H) (1) = log(4x?);
it dominates its line if H(u +iv) — H(u) < Dy(v) for v # 0; and the vacuum series is dominated
by the terms near the maximum of ‘H — B on the positive axis.

The potential H. := Usx — Uy of the skeleton has all this, but only marginally. In the sector
free of creases it is Re T r plus a constant, so that the saddle point for x > z7 is on the real axis
at p = Fx. By (A.37), Hu(p +iv) — Hi(p) < B(p +iv) — B(u) = Dyu(v) for p > ., but with
equality on the free boundary: there Re T; contributes a conjugate pair of saddle points, which
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by (R) lie on the same vertical line as the real one and have the same modulus, because Usx = B
at all three points. Hence V' g = r1 4 13 cos O(t) with a real phase © and positive amplitudes
r1, T2 of the same exponential order, whose ratio is not determined at this accuracy: the sign
of g is marginal. Likewise H. — B = —Uj is constant on [u,, 00), so that all the terms of the
vacuum series beyond the tip, which have the wrong sign, are of the same exponential order as
the largest one.

The design. A margin is created by thinning and dilating the skeleton. Let n € (0,1), 7, > 0
and ¢ > 0 be three small parameters, and put

H(w) :== (1 —n) A Hi(w/N), Ai=e™ (227)77,

L (A.41)
ps = A, o= (L4 3 psy o= (14 0) ps

The Riesz measure of H is the image of d7 under the four arcs +wqy, +wg, where wq(T) =
Awy(7/(1 —n)A), and the regularity properties of appendix A.5 hold for wy with the same
constants, because they are invariant under dilations. Since AB(w/\) = B(w) — |u|log A and
AD,/x(v/A) = D,(v), the properties of Us, become the following.

(D1) H is subharmonic, finite and C! on the real axis, and even in ; and in v; its Riesz measure
is carried by four arcs that issue from the points dpus, the tips of the design.

(D2) Corridor. In the sector {u > up, |v| < ao(p — up)}, which is free of mass, H = (1 —
n) Re[wlog 8 — w] + const.

(D3) Strict damping. H(p +iv) — H(p) < (1 —n)Dy(v) for all p > ps and all real v.

(D4) Strict vacuum dominance. (H — B)' () = —nlog ﬁ — 1y < —ny for g > ps. Hence there
are a point i, € [Lig, 15) and go > 0 with (H — B) (1) < (H — B)(1) — 20 — mo(i — 1)
for all pu > ps.

The three parameters have three jobs. The reduction by 1 — n makes the damping strict,

but by itself it destroys (D4): for A = 1 one finds (H — B)'(u) = —nlog 67“, which is positive

just to the right of u, because %u* = 227 < 1. The dilation restores (D4), with the margin

Ny = log A + nlog(2x7); this requires A > (227)~" > 1, so the tip moves outward, to Au, as it

must by Result M1. Finally ¢ keeps the saddle points that are used, u > 4, away from the tip,

where the zeros accumulate and no lower bound on the symbol is available. By (D2) the saddle
points u > ug belong to x > x,, where

6fig\ 2~
4x§ = (%) 77/\_(1_77), that is,

zp = (27)?e™ (227) 7 (L + 07" — (27)* as (n,m0,0) = 0.

(A.42)

The symbol. The Riesz measure of ¢'H is ¢/dr along each arc. We cut every arc into cells of
unit mass, replace the mass of each cell by a unit point mass at its midpoint in mass, and let
these points be the zeros:

[\
)

wj ::wd(j C,%) G=12...), P=[[01-5)01-%)

me(3 +dw) == w (w? — p2) Pe(w).

(A.43)

There is no integrality condition, so ¢ is an arbitrary real number. By (A.39), log|FP,| is the
midpoint rule, with step 1/¢/, for the integral ¢H. The set of zeros is invariant under w — —w
and w — W, so P, is even, real on the real axis and positive there. The zero at w = 0 makes the
symbol odd, and the pair +u; puts its only sign change on the positive axis at the tip of the
design. What the rest of the argument uses is the following list, in which 6. = C'/¢’.

(P1) m. is entire, real on R, and m.(1 — z) = —m.(2).
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(P2) log|m(3 + dw)| < ¢ [H(w) + 6c(1+ |wl)] for all w with pu > ps, and > ¢/[H(w) — de(1 + |w|)]
in the corridor of (D2) and on a real interval around p,.

(P3) me(2+cp) > 0 for real p > 15, and me(n+1) < 0 for the integers n > 1 with n+ 3 < /.

(P4) |T(2)me(z)] < C.eaelmzl for —2 <Rez <1+, and [Imz| > 1, with a. > 0.

The upper bound in (P2) is needed in the whole half-plane to the right of the tip, the arcs

included, on which the zeros lie; the lower bound only away from the zeros. (P1) and (P3) are

read off from the product. (P2) and (P4) are the subject of appendix A.7; the content is that

the error of the midpoint rule is O(1 + |w|), with no factor ¢'.

From the symbol to the functional. For ¢ > 0 let

ge(t) := ! /Rezso(27rt)zf(z) me(z) dz, (A.44)

© 2mi

which by (P4) does not depend on sy > 0, and is real by (P1). Moving the line to Rez = —%

one crosses the pole of ' at z = 0 and finds g.(t) = m.(0) + O(t'/?), so g, is continuous on
[0,00). Next, o = —gc: the Laplace transform of g. is F(3) = 5 fRez:l/Q s Me(2) ’8;—;1 dz,
the substitution z — 1 — z preserves the line and sin 7z and changes the sign of m,, hence
F(1/B8) = —BF(B), which is g. = —g. by (2.8). In Mellin space the Fourier constraint costs
nothing: every odd symbol with enough decay gives a functional, and all the work is in the signs.
Finally the decay. For every so > 0, |g(t)| < (2mt)=%J(so) with J(so) := 5= [[T'me|(so + iy) dy.
By (P2) and (D3), |I'm.| decays exponentially along the lines to the right of the tip as soon as
8. < n/8, and since H(p) = (1—n)ulog pp+O(p) one finds log J (5 +c'p) < [(2—n)plog p+Chpl.
This is smaller than log[I'(2so)(8ma) ~*] at sg = 5 + c/pu for every o > 0, up to a constant that
depends on a and ¢, and the choice 2sy = 47v/at then gives

19:(t)] < Cae e~dmVal for every a > 0. (A.45)

In particular [5°|g.|dt < oo and M[g.] < oo, because V < efmVat, g e A Here n > 0 is
essential twice. Without the margin nD,(v) the error ¢é.|v| that (P2) allows would make the
bound non-integrable along the line; and for 7 = 0 the symbol would grow at the critical rate
wlog p, for which one obtains (A.45) only up to some finite a.

The sign of g.. Fix cand ¢, and let I(w) := I'(2)m.(z)(27t) "7, so that g.(t) = % Jr I(p+iv)dy
for every u > 0; by (P3), I > 0 on the real axis for u > us. If = is confined to a compact
set this is a standard problem with the large parameter ¢/. What is delicate is that positivity
is required for all ¢ > T at fixed ¢: as t — oo the saddle point u; moves off to infinity, the
only large parameter is ¢/u, and the errors ¢6.(1 + |w|) that (P2) allows are not small. The
resolution is that everything is invariant under dilations of w: the corridor is a sector, the error
is relative, and the profile in (D2), like Stirling’s exponent, is homogeneous of degree one up
to terms linear in w. The saddle-point expansion at p then has 1/+/cp as its only parameter,
uniformly for g > po. In the corridor logm,. is holomorphic and real on the axis, and the
difference Q. between Z log m, and the holomorphic profile of (D2) has [Re Q.| < 0c(1 + |w]). A
disc of radius proportional to p around p > g lies in the corridor, and the gradient estimate for
harmonic functions and Cauchy’s estimates give |Q".| < C4., |Q”| < C6./p and |Q"'| < C6../u?
there. It follows that the equation 0, logl = 0 has exactly one solution jp; > p, for every
t > Ty(c) := 52 exp|C(d, + ¢2)], that —92log I lies between ¢’ /2y and 3¢/ there, and
that the third derivative is at most C'¢’/u? on the disc. It is essential to expand at this exact
saddle point: the saddle point of the limit profile differs from it by O(d.u), which exceeds the
width /p/c of the Gaussian as p — co. On the window |v| < ru, with a small constant r,
the integrand is a Gaussian up to a relative error O((c/sz)~'/2). On the tails |v| > 7 one
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leaves the corridor and has only upper bounds; (D3), (P2) and D,(v) > v?/2(u + |v|) give
[T (e +iv)| /I (pe) < V2exp(—cy|v|) with v > 0. Altogether

d 27 1/2 C 1
(t)=—1 _— 1+ e.(t)], ()] < < = for all t > T (c),
9et) = 52100 (g gy) 1) el < o= <5 forall 2T
(A.46)
and g.(t) > 0 because I(p:) > 0.
The sign of the vacuum value. By (A.5) and Stirling’s formula,
o—¢Blun) 1, _n+tgy 1
(gc)vac = vy 720 [—mc(§ + )], JIES T 0<ep, <35log2.
(A.47)

All the terms with u, < us are non-negative by (P3). We keep the one nearest to pu,; by
the lower bound in (P2) it is at least exp{c'[(H — B) () — 0c(1 + )] — C'}. The terms with
Wn > ps have the wrong sign. By (P2) and (D4) the modulus of such a term is at most
exp d[(H — B)(pw) — €0 + 0c(1 + ps) — (ny — 6c) (in, — ps)]; the points p, have spacing 1/¢, so
this is a geometric series, and its sum is at most 1 + 2/n, times its first term. Hence (gc)vac > 0
as soon as 0¢(2 + iy + ps) < %50: the wrong-sign terms are smaller by the factor e=¢=0/2,

Conclusion. Let z, > z]. By (A.42) we choose 7, 7, and ¢, depending only on x4, such
that z, < %(:Uf + z4). This fixes the design, its p, and €g, and then all the constants above.
Since 0. — 0, there is cy(x4) such that for ¢ > ¢o(z4) the smallness conditions on 6. hold
and Ty(c) < ¢ SL‘; /3. For every such real ¢ the function g. of (A.44) lies in A, is positive on
[¢/z2/3,00) and has (ge)vac > 0. This is Result M2.

A.7 Discretization of the skeleton

It remains to justify (P2) and (P4). In electrostatic language, ¢H is the potential of a line
charge of density ¢/dr in the mass parameter of the arcs, and log|P,| is that of unit point charges
at the mass midpoints of the cells. The claim is that the difference is O(1), uniformly in ¢ and
in the point of observation:

log| Pe(w)| < dH(w) + C for all w € C, log| Pe(w)| > dH(w) — C if dist(w,ares) > C 4y,

(A.48)
where /; is the length of the j-th cell, and ¢; < C¢~1/2 — 0. The upper bound holds everywhere,
also on the arcs, where the zeros lie; the lower bound cannot, since P, vanishes there. For one
arc and a point w let

wj —w -1
ej(w) := c /Ij log‘m‘ dr, I; = [‘] " ,%}, (A.49)
be the error made when the mass of the j-th cell is concentrated at its midpoint in mass. There
are three regimes. Near cells, the cell nearest to w and its two neighbors: no cancellation is
needed, because a logarithmic singularity is integrable against a mass that is spread evenly;
chord and arc being comparable and the mass per unit length being at most C'/¢;, one finds
—log(1+¢;/|wj —w|) < ej(w) < C for every cell and every w. Far cells: e;(w) is the error of
the midpoint rule for 7+ log(wy(7) — w); the linear term of the Taylor expansion about the
midpoint integrates to zero, and the second derivative, with |w/j| < C|w]|/T, gives

1 Ej 52]

) <Ol 3+

(7 >2), d; := dist(w, cell j). (A.50)
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The second term is the quadrupole field of the cell. The first is a residual dipole, present because
the mass midpoint of a cell is its center of mass only if the speed is constant along it. Since
the speed decreases no faster than 7=/2, the lengths of the cells between the j-th and the
one nearest to w are comparable with ¢; in the sense that ¢;/d; < C [J%l + 7], where k is the
number of cells in between, and this is square-summable, uniformly in w and c. The tip: there
wa — f1s X /7, and |w’1| o< 773/ is not integrable, so (A.50) has no analogue for the first cell,
however far w is from it. This is harmless, because the bound for near cells holds for every cell
and uses no second derivative; the first cell is always counted among the near ones. Summing
over the cells and over the four arcs gives (A.48).

With the prefactor w(w? — p?), which is at most (us + |w|)® and is bounded below in the
corridor and near pu,, (A.48) is (P2) with §. = C/, for all ¢ so large that C/¢; is smaller
than the distance from the arcs to the corridor and to the interval around p,. For (P4),
the dilated form of (A.37) and D,(v) < F|v| give H(w) < (1 —n)F|v| + C for |u| < pg, and
IT(2)] < C(14 |Im z|)Re#=1/2e=7lm21/2. 56 T'(2)m,(2) decays like e~ ' 2l/2 up to a power. Here
again 7 > 0 is indispensable: it is the only margin against the decay of the Gamma function.

A.8 A dictionary, and remarks

The strip and the Mellin plane. The arguments of section 6 and of appendix A.4 have the
same skeleton: a holomorphic function attached to g, a bound on part of a boundary that comes
from the vacuum, the maximum principle for the logarithm of the modulus, and the half-mass
condition. They are carried out in conjugate variables. In section 6 the function is G(b) on the
strip S, and the variable is b. Here it is m4 on the plane, and the variable is the action w = %bp
(A.20), as one expects of a Mellin transform, which diagonalizes dilations. The two profiles,
ug(b) of (6.13) and the left side of (A.11), are related at exponential order by the saddle point
of the Mellin transform, that is, by a Legendre transformation in logt¢. The correspondence is as
follows.

o The Fourier transform is the quarter-turn (p,b) — (b, —p) of section 4 on the strip, and the
reflection w — —w, which acts as (b, q) — (ig,ib), in the plane.

e The vacuum is the point b = % on an edge of the strip, and gives the boundary value 0 on
the edges (Lemma 6.1). In the plane every Taylor coefficient of the Cardy weight gives a
bound on a vertical line; together they are the obstacle B.

o The Cardy line —L on the slits |x| > z] corresponds to the obstacle on the contact set. The
tips b = +x7 of the slits are the tips w = £5x7 of K; on the free boundary b is real and runs
over the band x > ¥, and ¢ = ip(z + i0) there. The edges [Imb| = % of the strip appear as
the free boundary of —/C,.

o The extremal potential U corresponds to U, and U(0) = U(0) = Uy (A.24). The exponents
differ away from that point, (A.29): at the tips U + L vanishes to order %, and W to order 2.

o The charge of U sits on the slits, with the density py of (6.21). The charge of U is the area

measure dA/7|u| on I, and the two have the same projection: by (A.22),

ve(1r) dp 4 . ™
/ — dp = —; arccosh(sinh 3p) dp = py (v) dz at u= - . (A.51)
—vi(p) TH @ 3

Zeros. By Theorem 7 the zeros of GG in the strip, for any sequence that attains Ay, follow the
one law py. The zeros of the symbol are not rigid in this sense: the argument of appendix A.2
fixes their limiting distribution only up to rearrangements inside X that leave the potential in
N unchanged, and appendix A.5 uses this freedom. The two statements concern the zeros of
different functions.

Three functionals. The functional of Theorem 5 places the zeros of G on the band, along the
Cardy line, where positivity is an inequality between two numbers that a computer certifies; it is
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sharp to order ¢}/3. The functional of section 9 places no zeros at all; it is one transform of one
real seed, and it stays below the Cardy line by a fixed margin. The functional of this appendix
places the zeros of the Mellin symbol on the creases; the constraint § = —g¢ is automatic, and
positivity comes from one real saddle point that dominates a conjugate pair by the margin n. In
the last two constructions the margin is bought in the same way, by moving the tip outward: the
deformation v < 7 of section 9 borrows the extremal profile of a heavier theory, with ¢’ replaced
by (7/v)2c (9.13), and so does the dilation of (A.41), since /A H.(w/A) is the potential of the
skeleton with ¢ replaced by A/, at the same z. Neither gives a rate.

The problem on a strip. In the U(1)¢ problem the vacuum sits at the origin, on the boundary
of the half line of the Mellin transform, and the proof of [13, Ch. 1] works on a strip in the
Mellin variable, whose width is the dimension. Here the vacuum sits at ¢ = —a, off the half
line. It cannot be reached by the transform, and enters only through the expansion (A.4) of its
S-image; the strip is replaced by the unknown set A/, and the value of the slope is fixed by a
free-boundary condition. In the variable b the same vacuum is a boundary point of a fixed strip
(section 6.3), and no free boundary has to be found, although the largest useful slit is again
characterized by tangency (section 6.6).

B Bessel functions and the Cardy weight

This appendix collects the properties of the Cardy kernel K, (t) = Io(4mv/at) and of the weight
V=K,—2K, 1+ Ky 9, pc =27V, that the proofs of Parts III and IV use: the continuation
of the eigen-identity below the BTZ threshold (Lemma B.1), the comparison of V' with K, and
with e¢'? (Lemma B.2), the window at the threshold where V degenerates (Lemma B.3), and
two-sided asymptotes of Iy and V' with explicit remainders (Lemma B.4). The first three are used
from section 6.3 on; the fourth is needed in section 7.9, appendix G and section 8.2. Everything
is proved by hand from the integral representation, the power series and the recurrences of I,, [67,
§§10.25, 10.29, 10.32]. Throughout, ¢ > 40, that is ¢ > 39 and a = ¢//12 > 3.25, which enters
only through the numerical values in the proofs. We write w, = 47v/at and t = 22 /3 with
z >0, so that w, = ¢ L(z), L(z) = Z|z|.

B.1 Continuation of the eigen-identity

Since K, (t) = Y j>o(4n2at)k /(k!)? is entire in «, the eigen-identity of section 2.4 makes sense
for complex o. We show that it converges on a parabolic region, with vertex at the vacuum
—a = —a and focus at the threshold, on which K, dominates the kernel; in the variable b of
section 2.5, @ = —'b?/3, this region is the closed strip [Imb| < 1.

Lemma B.1 (proved). Let D, = {a € C : |Rev/a| < Va}, the closed region Rea < a —
(Im )2 /4a bounded by a parabola; it contains (—oo,a]. For a € D, and t >0,

[Ka(t)] < K(ge a2 (t) < Ka(t). (B.1)
For g € A the integral in
o o
g(—a) = —27T/ g K, dt, lg(—a)| < 27r/ lg| Ko dt < 2m(87+78ac)M[g], (B.2)
0 0
converges absolutely, uniformly in o € D,. It defines a function that is continuous on Dy,

holomorphic in the interior, and equal to the given g(s) at a« = —s < 0. In particular gyac =
g(—a) —2g9(—a+ 1)+ g(—a+2) = — [5° g pc dt, with an absolutely convergent integral.
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Proof. The representation Io(z) = 1 [Fe*c>?dg [67, §10.32] gives [Io(z)| < Io(|Rez|);
since Re(4mvat) = 4mv/t Rey/a and Ij increases on [0,00), this is (B.1). For the rest
we use Lemmas B.2 and B.3 below, whose proofs do not use the present lemma. By
Lemma B.2(b), K, < 214 on [0,4/c] and K, < 310amax(1,t 1)V < 78ac'V on [4/c, ),
so that [;°|g|K,dt < 214 fo4/cl|g|dt + 78ac M|g]. This is finite, because M[g] < oo and
Jolgldt = %Hg(|r[2/2)HL1(R2) < oo by the definition of A (section 2.6), and Lemma B.3 bounds
the first term by 87M[g]. By (B.1) the integrand in (B.2), which is entire in «, is dominated by
|g| K, for all @ € D, at once; dominated convergence gives the uniform absolute convergence, the
continuity and the holomorphy in the interior. Finally, K_4(t) = Jo(47/st) for s > 0, and (B.2)

at o = —s is the relation § = —¢g written as a Hankel transform of order zero (section 2.3). [

B.2 The weight

The weight V is a second difference of o — K, (t) with unit step, yet it is comparable to the
single kernel K,: up to a polynomial factor as soon as t > 4/¢’, and up to the factor 0.9 beyond
t =&, where K,_1 and K, are exponentially smaller than K,. The proof writes V as an
average of 92K, a multiple of I, and compares Bessel functions at the nearby arguments wy,
Wq—1, Wq—2 through the logarithmic derivative I /Ij.

Lemma B.2 (proved). Let ¢ > 40, t > 0 and x = /3t/c.

(a) The weight obeys

4t 4t
I _9) < <
a—9 Q(U]a 2) S V(t) S a

Ir(wy), (B.3)

and V() = 3 oo vit® with v, > 0, vy = 874, hence V is positive and increasing on (0, 00),
and V(t) > 8n*t2.

) Kao(t) < In(4n/V/3) < 214 fort < 4/c, and K,(t) < 310amax(1,t~ 1)V (¢) fort > 4/c.
(c) V(t) > 0.9K,(t) fort> .

) V(t) < 4T K, (t) < ATt e L),

) log K,(t) < L(z) for all z, and log K,(t) > ¢ L(z) — $log(c'L(z)) — 2 for x > 7.
Proof. We use four facts about I,(w), w > 0, which follow from I,(w) = % [ e3¢ cos nf df
and from the recurrences Iy = I, I{f = In + Ii/w, In — Iy = (2/w)l; [67, §§10.29, 10.32].
(i) 0 < I < Iy < e¥; hence (1 —2/w)ly < Iy < Iy, and Iy < 21 for w > 4. (ii) log Iy is
convex, Iy being the Laplace transform of a positive measure on [—1,1], and its derivative
I /Iy lies in [0,1); hence e~ (=) [(w) < Ip(w') < e~ (@=w)(W/T0)®") [ () for 0 < w' < w.
(iil) Iy (w)/Io(w) > 1 — 1/w for w > 10. (iv) Tp(w) > e¥~/2/(m\/w) for w > 1, as one sees by
restricting the integral to 0 < # < w~'/2, where cosf > 1 — 1/2w. To prove (iii) we substitute
u =1 — cos@ in the integrals for Iy — I1 and Ij:

Lw) _ Jpue ™ (u(2—u)"?du _ YT 32 4 3emw
Dw) — f§em (w2 —u)"2du ~ J5(V/w—e/w)

In the numerator we use (2 —u)~"/2 < 1 on [0,1], and e~** < e, [?/u/(2 —u)du < 3 on
[1,2]; in the denominator, (2 —u)~"/2 > 272 on [0,1] and [°e "4~ "2 du < e~ /w. The
right-hand side is 0.071 at w = 10, and w times it decreases for w > 10.
(a) Fix t and let f(a) = Ko (t) = Ip(wg). Since pwa = wa /2, the recurrences give
I
Iy(uwy) = 6arie2 2(0)

2
o w§

1—

w;,
402

f(a)

>0,

(1f(wa) - Il(wa)) _

We,

which is non-decreasing in « because I5(s)/s? = Zk20(5/2)2k/(4 k! (k + 2)!) is non-decreasing
in s. Since V(t) = Lll(l — |u]) f"(a — 14 u) du is a weighted mean of f” over [a — 2, a], (B.3)
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follows. The power series of K, gives vy = (472)F(k!)72[a* — 2(a — 1)¥ + (a — 2)*], which
vanishes for k = 0, 1, equals 87* for k = 2, and is non-negative because a — o is convex on
[a —2,a] C [0,00).

(b) K, increases with ¢, and w, = 47//3 at t = 4/’ = 1/3a, where I(47/\/3) = 213.6.
For t > 4/¢ we have wg_2 > 4m\/(1 —2/a)/3 > 4.49 because a > 3.25, so (B.3) and (i)
give V. > dn’t %Io(wa,g) > 2’ K,—9. By (ii), K, < eWe a2, o with w, — wg—2 =

a—2 - a

8mv/t/a /(1 + /1 —2/a). For 4/¢ <t <& =12¢& a this difference is at most 8m/12&F/(1 +
V1 —2/3.25) <87 -0.5611/1.62 < 8.71, and €371 /272 < 308, so K, < 308 (a/t) V. For t > &,
(c) gives K, < V/0.9. In both ranges this is at most 310 amax(1,t~1)V.

(c¢) Since Kq—2 > 0, we have V > K, — 2K, 1 = K,(1 — 29) with ¥ = Ip(we—1)/Io(w,) <
exp(—(wg — wa—1) (I1/1o)(we—1)) by (ii). For t > & = 12&fa we have w, — we—1 =

vt/ (Va + Va—1) > 2my/t/a > 27\/12& > 3.525 and w,—; > 4m\/12& a(a—1) > 19,
so that (I1/1y)(we—1) > 0.947 by (iii). Hence ¢ < e=333 < 0.036 and 1 — 2¢ > 0.9.

(d) This is the upper bound in (B.3) with I < Iy < e from (i) and w, = ¢'L(z).

(e) K,(t) = Ip(w) with w = ¢ L(x), and Ip(w) < e®. For x > 2} we have w > ¢/ L(x}) > 22,
and (iv) gives log Ip(w) > w — %logw — % —logm > w — %logw — 2. O

B.3 The window at the BTZ threshold

Near the threshold the weight degenerates, V (t) ~ 874¢2, while K, stays of order one, so M|g]
does not control [|g|K, dt there through V. The control comes from the eigen-identity itself: g
is minus its own Hankel transform, so sup|g| is bounded by the L' norm of g, and the part of
that norm which comes from a fixed neighborhood of ¢ = 0 can be absorbed.

Lemma B.3 (proved). For every g € A,

o0 4 8
[ lglar < S il suplg(o)] < - Mg, (B.1)
0 ™ t>0 ™

and consequently f04/c/|g| Ko dt <214 2% M[g] < 87 M[g] for ¢ > 40.

Proof. Write ||g|l1 = [3°|g| dt, which is finite by the definition of A. The relation § = —g of
Definition 2.5, in the form (2.9), gives suplg| < 27|/g|l1 because |Jo| < 1. We split ||g||1 at
t. = 1/4m. Below, [y*|g|dt < tysuplg| < 3llglli. Above, V(t) > V(t.) > 8r't2 = 7%/2 by
Lemma B.2(a), so [®[g|dt < %M [9]. Adding the two and rearranging gives the first bound
of (B.4), the second follows from sup|g| < 27]|g||1, and the last statement from Lemma B.2(b). [

B.4 The two-sided Bessel asymptote

The vacuum inequality of section 7.9 needs V' to relative accuracy O(1/¢’) on both sides of the
tip, from below on the lobe and from above on the band, and section 8.2 needs an upper bound
on Iy valid for all arguments. We write as(z) = e*/v/27z. The two-sided bound on Iy comes
from the integral representation with u = 1 — cos#,

(B.5)

e? 2 e FU
0= [
ol2) T Jo Vu(2—u) "
by bounding (2 — u)_1/2 below by its value at u = 0 and above by a chord; the asymptote of V/
follows by expanding w,_1 and w,_9 around wy.

Lemma B.4 (proved). (a) For z > 2,

(1 —e *)as(z) < Ip(z) < (1 + @)as(z) + %
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b) Let ¢ > 40 and t = 'z?/3 with x > x%/2, in particular with = in the window |z — x}| < 0.1.
1 1
Then, with an absolute constant Cy/,

V() = as(@L@) [ ™) 4 ey @], vl < (B.7)

(c) Forall z>0, Ip(z) <1.18€¢*/y/1+ z.

Proof. (a) Lower bound: (2 — u)~/? > 27Y2 in (B.5) gives Ip(z) > Tf\;i[\/w/z —
[ e Y2 du], and [° e u 2 du < e7%/(2v/2) < /7 /z e~ for > 1/27. Upper bound:
on 0 < u < 1 the convex function (1—u/2)~"/2? = /2 (2—u)~'/2 lies below its chord 1+ (v/2—1)u,
so this part of (B.5) is at most neji T(1)z12 + (V2 - DI(3)27%?] = as(z)(1 + %) <
as(z)(1+%3%); on 1 < u <2 we use e* < e~ and f12(u(2 —u))"2du < f12(2 —u)" 2 du =2,
which contributes at most 2/7.

(b) Let zg = ' L(x), q¢; = 125 /¢ < 24/39 and zj; = wa—j = 20,/1 — ¢ for j = 0,1,2, so that
V = Iy(z0) — 2Io(z1) + Io(22). Since zpq;/2 = 4mjx,

Zoq]2~ B 127 52
1—gqj) J—125’

zj =29 —4mjx — 6 Ogéj:zo[l—%* 1*Qj]§8(

and z; > 2z > 0.62z) > 1.29¢x > 0.18¢ > 7. Thus (a) applies to each z;: Iy(z;) =
as(z;)(1 + Aj) + r; with —e 2% < X\; < 0.36/z; and 0 < r; < 2/m. Moreover as(zj) =
as(z0) e 4% e % (1 — ¢;) V4, and 1 < (1 — ¢;)~Y/* <14+ 11/¢ for ¢ > 39. Therefore

4/m
as(20)

2

aséo) = ]go(l)” G e ™" (1+G)+R,  14G =e 5 (1—g) / (1+2)),  [R|<
The sum without the ¢; is (1 — e *™)% so [ey| < 32, (?)ei4ﬂjx\(j| + |R|. The three factors of
1+¢j liein [1—-6;,1], [1,14+11/c] and [1—e™2%2,140.36/22], whence |{;| < §;+11/¢'+1/25. Each
contribution is at most an absolute constant times 1/¢, uniformly in « > x7/2: 1/29 < 1/(0.18¢);
e~4mizs; < 12152 x e 4% /(0.38 ¢) with ze ™% < 1/(4mej) for j = 1,2, while §y = 0; and
as(zo) > zp > 0.18 ¢, because e* > V2 232 for 2 > 2.

(c) For 0 < z < 2, the series In(2) = S po0(22/4)F /(D2 < 2*/* and I+ z < €*/2 give
e *Io(2)VIF 2z < e *272)/4 < 1. For z > 2, In(z) = 1 [Fers?dg and 1 — cosf > 262 /n? on
[0, 7] give Io(z) < < [5° e 2/7* 49 = ¢*\/7/8z, so that e *Iy(2)v/1+ 2z < /7(l +2)/82 <
V/31/16 < 1. Thus e *Iy(z)y/1 + z < 1 for all z > 0, which is more than (c) asserts. O

C Potential theory on the slit strip

This appendix proves the lemmas of potential theory behind sections 6.5 to 6.8: the conformal
map and the harmonic measure of D, the entropy of that measure, the Poisson—Jensen and
Jensen inequalities on D, the edge bound, Proposition 6.4, and the last inequality of Lemma 6.7.
Appendix I uses Lemma C.4 and (C.15) again. From appendix B we take Lemmas B.1 to B.3.
Throughout, ¢ > 40, D = D+, G(b) = g(c'v?/3) with g € A, and C is an absolute constant
whose value may change from line to line.

C.1 The map and harmonic measure

For z € H let b(z) = 5= [log(z — 1) — log z — log(z 4 1)], with all three arguments in (0,7), be
the map of Lemma 6.3. We write o for a point of the real axis bounding H, and o, := 1 — /2,
o* := 14 /2, so that

1 1 1 1 z—0x)(z—0"
{ }:_( ) )

b'(z):% oz 21z (22 = 1)

_ 1
z—1 2z z+1 (C.1)
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Lemma C.1 (proved). (a) The map b is a conformal bijection of H onto D. The preimage zy
of w € D is the unique root in H of

€202 4 (2™ — 1)z +1 = 0. (C.2)

(b) b extends continuously to R\ {—1,0,1} and realizes the boundary correspondence stated in
Lemma 6.5. It is monotonic on (0,1) and on (—oo, —1), and it maps each of (—1, 0] and [oy,0)
monotonically onto [x7,00), the two intervals giving the two lips of the right slit; likewise (1,0*],
[0*,00) and the left slit.

(¢) For b € D let wy be the image under this map of the Poisson measure | |2 do of H

seen from zp. It is the harmonic measure of D seen from b, a probability measure on 0D in
which the two lips of a slit count separately. On the slits it has the positive density (the two lips
added)

/ . dwb . -
w(e) = gy @) = o —mf P Wl jo—alo—o] P

Z Im 2, 1 1 2r|o||o? — 1]
c€R: b(o)=x

and on an edge the same with the single preimage. For every X > |Reb|, and with an absolute
constant Cyy,

wy({b€ dD : |Reb| > X}) < 2v2e 35X —Rebl) /8 (1+ [Reb|) dwy(b) < Car(1 + [Reb|).
(C.4)

Proof. For (a) we turn b(z) = w into the quadratic (C.2) and count its roots in H by continuity
in w: a root can leave H only through the real axis, which happens exactly when w is on a slit.

(a) For fixed z € H the angle arg(z — o) € (0, 7) increases with 0 € R, so 7 > arg(z — 1) >
argz > arg(z+1) > 0 and 27 Im b(z2) = arg(z—1) —arg z —arg(z+1) € (—m, 7): b maps H into S.
For w € S, b(z) = w is equivalent to Z(ZZ;EU = €™ which is (C.2) (the imaginary parts then agree,
27 Im b(z) and 27 Im w being congruent modulo 27 and both in (—m,7)). The two roots depend
continuously on w and stay finite. A real root o (necessarily o # 0,+1) forces e — 0270111)
to be real, hence positive because [Imw| < 3, and the discriminant (2™ — 1)? — 4e?™ to be
non-negative, that is 2™ ¢ ((v/2 — 1)2, (v/2 + 1)?); since €*™1 = (v/2 + 1)?, this says that w is
real with |w| > x7, and then both roots are real. Hence the number of roots in H is constant on
the connected set D, where it equals its value 1 at w = 0 (22 + 1 = 0), and it is 0 on the slits: b
is a bijection of H onto D.

(b) On (0,1), (—1,0), (1,00), (—o0, —1) the angles (arg(c — 1), arg o, arg(a—i— 1)) are (m,0,0),
(m,m,0), (0,0,0), (m,7,7), so Imb = %,0,0, —%. On (—1,0) the modulus ‘ a+1 | decreases from
+00 to its minimum (1 + v/2)? at o, and increases back, so Re b sweeps [331, o0) twice; by (C.1)
b’ has opposite signs on the two halves, and since b preserves orientation, points of H near
the two halves go to opposite sides of the slit. The interval (1, 00) is treated in the same way,
with the maximum (v/2 — 1)2 of the modulus at ¢*. On (0,1) and (—oc, —1), &’ # 0 and Reb
runs monotonically over R. Finally i(i + 1) =4 — 1 gives b(i) = 0, and at o = /2 — 1 one has
lo—1|=2-V2=0(c+1),s0b=~%.

(c) Composition with the map takes harmonic functions on D to harmonic functions on
H (equivalently, Brownian paths to Brownian paths), so by Poisson’s formula on H, [ ¢ dwy
solves the Dirichlet problem on D with boundary values ; this is the definition of harmonic
measure [63, §4.3]. The density (C.3) is the change of variables x = b(o) on each of the two
intervals that cover a slit. For the tails we compare with an explicit harmonic function (a
barrier): ¢x(w) := cosh(§ Rew) cos(§ Imw)/(cos § cosh FX) is harmonic and non-negative
on S, and is > 1 where [Rew| = X. The exit probability w — w,({|Reb| > X}) is harmonic
on D, lies in [0,1], and vanishes on the part of D where |Reb| < X; by the maximum
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principle on the bounded domain D N {|Rew| < X} it is at most ¥ x there, and ¥x(b) <
V2cosh(3 Reb)/ cosh(3X) < 2v/2 e~ 2 (X=IRebl) " Using this for X = |[Reb| +n, n > 1, we get
[(1+|Reb|)dwy < (24 |Reb]|) +3,51(2+[Reb|+n)2v2 e~™/2 which is the second bound. [J

C.2 Entropy

Jensen’s inequality in appendix C.3 costs the entropy of harmonic measure on the slits, which
we bound here. We write log™ ¢ := max(logt,0).

Lemma C.2 (proved). (i) For every compact QQ C D there is a constant C’b < oo such that for
allbe @
d d
/| 49 11 wb‘dx < Ch. (C.5)

|z dT

(ii) There is an absolute constant C' such that for every real b € (—x¥, x}), at distance 6 := x5 —|b|

from the nearer tip,
dwb

/|x23:*f % log™ . dz < Cy + 5log (15 (C.6)
Proof. By (C.3), wy is the Poisson kernel times the Jacobian 1/]0'|. The Jacobian has an inverse
square-root singularity at each tip: the map folds the real axis there, so r := z — x] is quadratic
in 0 — 0,. At the ends it decays like e 2™. Since r~/2logr is integrable, (i) follows as long
as the Poisson kernel is bounded. In (ii) it is not, because z, approaches the real axis when b
approaches a tip, and we keep track of Im z.

The Jacobian on the right slit. For o € (—1,0) we have |o||0? — 1| < 1 and |0 —o*| > 1+ /2,
so 1/t (0)] < 2.61/|c — o«|. If |0 — 04| < 0.3, every u between o, and o has |u| > 0.114,
|u? — 1] > 0.48 and |u — o*| < 3.14, so |b'(u)| < 9.5|u — 04| by (C.1) and, integrating, r =
b(o) —b(0.) < 4.75 (0 — 0,)%. Therefore 1/|V ()| < 5.7r= /2 if |0 — 0, < 0.3, and 1/|¥/(o)| < 8.7
otherwise. At the ends 0 — 0~ and ¢ — —17 one reads off z = %logﬁ + O(1), resp.

%IOgTiu +O(|o +1|), and 1/]b'| < Cla|, resp. C|o + 1|; in both cases 1/[b/(0)| < Ce™2™2.

(i) For b € @ the preimage z;, stays in a compact subset of H, so the Poisson kernel is at most
Co(l+ 0?)71, and the Jacobian bounds give 0 < wj(z) < o (r~Y21,<1 + e727®) on the right
slit. Where wy < 1 we use wj|logw| < \/;g < CH (r=1/* 4 ™), which is integrable; the set
where wy > 1 lies in a bounded neighborhood of the tip, where wj logw; < Cér_l/Q log(Cg/7) is
integrable. The left slit is the mirror image, because b(—1/z) = —b(z).

(ii) By the same symmetry we may take 0 < b < x%. Put A := €™ ¢ [1,\;) and

= (v/24 1)2. The discriminant of (C.2) is (A — A )(A — A_) < 0, the two roots are complex
conjugate with product 1/A < 1, and

VO =N =) 1— A

=" < . <I <1. .
)\ , Re z ) <0, 0.3V/6 <Imz, < (C.7)

Im Zp =

The lower bound holds because Ay — A = A (1 —e2™) > A\, - 0.46 - 27§ > 16.8§ (the chord of
the concave function 1 —e™" over [0,27x7]), A—A_ > 1—A_ > 0.82 and 2\ < 2\ < 11.7. The
Poisson kernel is at most 1/(7Im 2;), so adding the two preimages of © = x] + r and using the
Jacobian bounds,

1
m Im 2z

1 1
wh(z) < W(r) := (114772 4174),  logt W(r) < log — +log*t ~+3.(C8)

Since log™ is non-decreasing and w, < W, wj log™ wj < wj log™ W; and since wy, has total mass
L,

/> ) wplogt wydr < log + 3+ 5 /> logJr daz. (C.9)
r>x] >z
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We split the last integral at r = (Imz,)2 < 1. Below it we use w; < W and compute, with
yi=TImz <1, [ Wilogldr = L[228y(2log! +2) +17.49>(2log L + 1)] < 15log L + 25
(using ylog% <e71). Above it, log™ % < 2log ﬁ Altogether the left side of (C.9) is at most
1010gﬁ +16 < 5log £ + 29 by (C.7). On the left slit, where o > 1, we have |0 — 2| > o
because Rez, < 0, so the Poisson kernel is at most 1/(wo?) whatever § is; the Jacobian on
(1,00) has the same structure as on (—1,0) (the tip at ¢*, the ends at 1 and oco). Hence
wpy(z) < C(lz + xf|_1/21|z+x;|g1 + e~ 27l#l) there, with an absolute C, and as in (i) the left slit
contributes an absolute constant. O

C.3 Poisson—Jensen and Jensen on the slits

Lemma C.3 (proved). Let g € A\ {0}, b € D, and w, = dwy,/dx as in (C.3).
(a) (Poisson—Jensen.) The potential at b is at most the mean of its boundary values over
harmonic measure,

log|G(b)| g/ log]G|dwb:/ log]G(m)\w{,(x)dx+/ log|G|dwy,  (C.10)
oD |z|>z* ELUE_

2Ty

whether or not G has zeros in D or on 0D.
(b) (Jensen on the slits.) Let my, := wy({|z]| > x7}) € (0,1) be the probability of exit through
a slit. Then, with an absolute constant C,

/ log|G| wy, dx < —c’/ Lwy,dz + mylog M|g] + wp, log wy dx
x>} x>} [z[>z] (C.11)
+ ?logcl + C(1+ |Reb|).
Proof. (a) We move the problem to the unit disk, where G becomes a bounded holomorphic
function, to which the classical fact quoted after (6.8) applies. Let F(w) := G(b(i112)) for
|w| < 1, the inner map being the Mébius map of the disk onto H. By section 6.3, G is bounded
and continuous on S, so F' is bounded and holomorphic; and F # 0, because G is holomorphic
on the connected set S and G(x) = g(c/x?/3) does not vanish identically on the real axis. For
such F' the radial limits F™* exist almost everywhere on the unit circle, log|F™*| is integrable, and
F = Fy Fout, where |Fiy| < 1 (this factor carries the zeros) and log|Foys| is the Poisson integral
of log|F*| [64, Ch. II, Thm. 4.1 and Cor. 4.2], [65, Thms. 17.16-17.17]. Hence log|F(w)| is at
most that Poisson integral. By Lemma C.1(b) the composite map extends continuously to the
circle minus four points, so F* is the composition of G with it almost everywhere, and carrying
the Poisson measure of the disk to D gives wp by Lemma C.1(c).
(b) This is Jensen’s inequality (6.9) with w = wj/m;, and K = K, with the constants tracked.
On the slits put £(z) := log K,(¢'z?/3) and write log|G| = log(|G|e’/w}) — £ + logw,. Jensen’s
inequality for the probability measure wydz/my, followed by Lemma 6.2, gives

¢ 1
/ log |G|/€ Wl/) dz < my log(—/ |G| K, dx)
lz[>2} Wy mpy J || >z} (C.12)

12 1
< my log M|[g] + my log - < my log M|[g] + o

since 12/¢’ < 1 and mlog & < e~1. By Lemma B.2(e), —¢(z) < —'L(z) + 3 log(c'L(x)) + 2 for
|z| > 7, and, since log L < L = 2F|z|, Sz (3log(d'L)+2)w) dz < %t log '+ [5p (245 L) dwy, <
Belogd + C(1+|Reb|) by (C.4). The term logwy, gives the entropy, which converges absolutely
by Lemma C.2(i). Adding the three contributions gives (C.11). O

88



C.4 The edge bound and the proof of the majorant proposition

Lemma C.4 (proved). This is Lemma 6.1, with the supremum taken over the closed strip.
There is an absolute constant C' such that for all ¢ > 40, all g € A and all real z,

|Gz £ 4)| < 27?/0 lg| Kodt < Cad Mlg], hence log|G(z =+ )| <log M[g]+2logc +C,
(C.13)

uniformly in x and in g (in particular in the order P). The same bound holds for sups|G|.

Proof. Let b € S and a := —cb?/3, so that G(b) = g(—a). Then \/a = +i\/d/3b and
(Re/a)? = %(Im b)? < % = qa, with equality on the edges b = x + %, for every real x. So
« lies in the region D, of Lemma B.1, where |K,| < K, by (B.1), and (B.2) gives |G(b)| <
27 [57 19| Ko dt < 27m(87 + 78 ac’)Mg] < C'ac M[g]. The polynomial factor comes from K, <
78ad V for t > 4/¢ (Lemma B.2(b)) and from fo4/c/\g| K, dt < 87M|g] on the window at the
BTZ threshold (Lemma B.3). Finally log(C ac’) = 2log ¢’ + log <. O

Proof of Proposition 6.4. The idea is described in section 6.5. Let h(b) := _flar\zwf L dwy.

Inserting (C.11) and (C.13) (with wy(E4UE_) = 1—my) into (C.10), and using tmy+2(1—my) <
2 for the coefficient of log ¢/, we get for every b € D, every g € A\ {0} and every ¢ > 40

log|G(b)| < ¢ h(b) + log M|g] + wplogwy, dz + 2log ¢ + C(1 + |Red|). (C.14)

|| =2}

It remains to recognize h. By Lemma C.1(c), hob is the Poisson integral on H of the function equal
to —L(Reb(c)) on (—1,0) U (1, 00) and to 0 on (0,1) U (—oo, —1). This function is continuous on
R\ {—1,0,1}, in particular at o, and ¢*, and, by (C.4), integrable against the Poisson measure.
Hence h is harmonic on D, takes the boundary values —L on both lips of the slits and at the
two tips and 0 on the edges, continuously, and grows at most linearly, |[h(b)| < 2X2Cy(1 + [Reb)).
It is therefore the function Ugs of Proposition 6.4, which these properties determine uniquely
(part (d) of the proof of Lemma 6.5, where it is also shown that Upr = U):

Uy (b) = f/ L(x)dw(z) <0 (be D). (C.15)
|z[>2]

For b in a compact set @ C D the entropy in (C.14) is at most Cg, by Lemma C.2(i) and [Red|

is bounded; dividing by ¢ gives uy(b) < Uyx(b) + Co(1 +logc’)/c’ with Cg := max(2, Cf, +

C'supg(1 + [Reb|)), which depends on @ only. O

Dependence on the distance to the tip. For real b = z € (—x7,2}) we use Lemma C.2(ii)
in (C.14) instead, the entropy being at most [ wjlog™ wj dz. With Uzr = U this gives, with an
absolute constant C' and for all ¢ > 40 and g € A\ {0},

log|G(z)| < ¢ U(x) + log M[g] + 5log +3logd + C (lz] < 7). (C.16)

2~ o]

The argument gives 2log ¢’; we state 3log ¢/, as in the count of powers of ¢’ in section 6.7.

C.5 Strict deficit

We prove the last inequality of Lemma 6.7. By that lemma, () = % foé[g — arcsin(sinh (2} —
w))]du for 0 < ¢ < 27, and we bound the integrand from below by its square-root behavior at
the tip. First, § — arcsiny = arccosy > 1/2(1 —y) for 0 <y < 1: both sides vanish at y = 1,

and diy arccosy = —(1 —y) V21 +y)71/2 < —(2(1 —y))"V/2 = %\/2(1 —y). Second, since
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sinh 7z} = 1, we have 1 — sinhw(z] —u) = f;iuwcosh(wv) dv > mu for 0 < u < z]. Hence the
1
integrand is at least v/2mu, and

9
K(6) > i\/QTr/O Judu = L;” §2=9998. 2 (0<s<al).  (C.I7)

D The zero law on the strip

This appendix proves the two statements of section 7 that tie the comb B to the extremal
potential U: the Riesz representation (Lemma 7.1; on the real axis it is the continuum limit of
the sums of appendix F) and the edge-phase lemma (Lemma 7.6; its sharper form Lemma D.2
is what verifies (SD2) in appendix E.4). A Poisson identity (Lemma D.1) links the two, and
appendix D.4 derives the eikonal identity of section 7.6.

Throughout, b = z 4 iy, and b = v + % on F,; A< Bmeans A < CB with C depending at
most on the width d; of appendix D.3. Besides U we use the complex potential of Lemma 6.5,

;b

U) :=Up — ? ; p(v)av, RelU = U, dU = 2 (Impdz + Repdy), (D.1)
analytic on D, with p continuous up to Ey and p(v + %) = F(v). We recall from Lemma 6.5
and Definition 6.6 that U is harmonic on D, continuous on S, zero on E4, equal to —L on
both lips of the slits, and |U(b)| < L(|z|) + C; and that U is subharmonic on S with charge
=AU = py(|z|) dz ® do(dy) in the sense of distributions (across the slits U is continuous, VU
is locally bounded, and 9,U jumps by 2mpy(|z|)). We also use 0y, log tanh ¥ = 7/ sinh 7w and,
for real u, 0, |sinh 7(u + i0)|? = sinh? 7u + sin? 76.

D.1 Riesz representation of U

Proof of Lemma 7.1. Plan. The superposition u of the kernels log|T,/| at density py has the
charge, the edge values and the growth of U; so U — w is harmonic, and vanishes by Phragmén—
Lindelof.

The kernel. By (T1) and (T4), b + log|T,s(b)| = log|tanh ﬂ(bTﬁl” + log|tanh ”(bTm‘ is
harmonic on S\ {£2'}, vanishes on E, and has unit logarithmic poles at +a’: it is minus the
Green’s function of S with poles at +2’ (b — tanh %b maps S conformally onto the unit disk).
From T, = (cosh b — cosh 7z’) /(cosh b 4 cosh '),

log| T (b)]| S e ™= =12l (b e§, |2 - |z]]

Y

1). (D.2)

The superposition. Since py(x’) < 1+ 2, the integral u(b) := f;i? pu (2) log| T, (b)| da’
converges absolutely and locally uniformly on S (the logarithmic singularity at 2/ = |z|, y = 0
is integrable). Hence u is subharmonic on S with the same charge as U, continuous on S with
u=0on F; (dominated convergence), and |u(b)| < C(1 + |z|) by (D.2).

Uniqueness. The difference d := U — u satisfies Ad = 0 in the sense of distributions, so
it is harmonic on S (Weyl’s lemma [63, §3.7]); it is continuous on S, vanishes on E, and
|d(b)| < C'(1 + |z|). For € > 0 the function d — € cosh 2z cos 2y is harmonic on S, is < 0 on F1
because cos1 > 0, and is negative on the cross-cuts || = X once X is large; by the maximum
principle it is < 0 on S. Letting ¢ — 0, and repeating the argument with —d, we get d = 0. [

D.2 The Poisson identity

Lemma D.1 (Poisson identity; proved). For every real v,

27 /;o N'(a")[sech (v — 2') + sech w(v + 2')]d2’ = — F(v). (D.3)
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Proof. Plan. Both sides are the normal derivative 9,U at the point v+% of E, taken from inside
the strip: the right side from the closed form (D.1), the left side from the Riesz representation.

By (D.1), 0,U = %’T Repon D and p is continuous up to £, so limyy o 9, U (v+iy) = 4{F(v).
By (T4) each kernel log|T,/| is harmonic on 0 < y < 1, with 9, log|T,/| = Re[i 0y log T,/] and
Oy log Ty (b) = 7/ sinh (b — 2’) + 7/sinh w(b+2’). On 1 <y < 3 the latter is at most 2v/2 7 in
modulus and is < e~ 17l for |2/ — |z|| > 1; as N'(2') < 1+ 2/, the integral u of appendix D.1
and its first derivatives converge there locally uniformly. So u extends harmonically across F

i

and may be differentiated under the integral sign: at b = v+%, sinhw(vFa’+%) = i cosh m(vFa’)

gives 0y log|T,| = w[sech 7(v — 2') + sech w(v + 2')], the inward normal derivative of the Green’s
function at the edge, and with py = 2N’ (Definition 6.6) the value dyu(v + 3) is the left side
of (D.3). As U =u on S by Lemma 7.1 and u is C! across E, the two values agree. O

D.3 The edge phase

Fix 6; € (0, 1] and let Ny, := {b: |y — 3| < 61} be the thin two-sided strip about E, as in (E.2).
For Re¢ > z7 and |Im (| < % the factor T¢ has neither zeros nor poles at distance less than L

8
from N, , by (T4), and Ty — —1 as Re{ — co. We write
T T
@c(b) :=log(—T¢(b)), Opc(b) = e —e + (D.4)

sinhw(b+ ()’

for the branch on N, that is continuous in (b, () and tends to 0 as Re( — oc. It is analytic in b
and in ¢, Re ¢ = log|T¢|, and ¢¢(5) = 0 by (T3). Since [sinh7(u + i0)| > [sin7f|, on N5, both
|Oppc| and |O¢p¢| are at most 27/ cos (61 + [Im (|), and

lpc(®)] S min(1, e ™ D) {3f0lpc (b)] S R (1 <it < a). (D.5)

As v — Foo at fixed ¢, Ty — +1 and ¢ — Fim, so only the derivatives decay on both sides. In
the comb, €, < no(xs—x2) S ¢ —2/3 (the spacings decrease along the band because N’ increases),
and we take ¢ large enough that max, e, < é. On N, we fix the branch

log B :=log Ty, + Z [Oxn-tien + Pxn—ien) log Ty, == im + Py, (D.6)
n>3

that is, log Ty, (%) = im (T3); the sum converges absolutely and locally uniformly by (D.5).
Lemma 7.6 is the restriction to F, of the following statement.

Lemma D.2 (Edge phase; proved). On N, let
o (b) = / " (') pur(b) da’. (D.7)
7

(a) ®¢ is analytic on N5, Re®y =0 on E, @0(%) =0, and

41

ot fiy) = - FOw+iy)  (weR | <d, j=0,...3) (D3)
in particular 9, Im ®g(v + 4) = =22 F(v). Here F(w) = X arcsinh(coshrw) is analytic in

Imw| < 3; it is even, F(0) =%, F” >0 on R and 0 < F' < 1 on (0,00). The constants
Cy = supy; |@0'| and C3 := SUp v, |®0"| are finite and depend on 01 only.
(b) On Ns,, log B = ®y+ &1 with

Oy =im — 210 + Adet + REM, Adet = [Pxnticn + Pxn—icn — 20xn),  (D.9)
n>3

in this order the sign of the simple zero (B(%) = —1), the charge of the law that is absent
from the comb (ny sites spread over [}, x2]), the detuning, and the discreteness of the sites;
@:=N(x2) ! f;‘f N'(2') ppr Az’ = gz + O((n1/¢)?*/3), and Ry is defined in (D.11).
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(c) Re®; =0 on Ey, and supN§1|Re<I>1| < My, supN51|<I>’1] < M;, supN61\<I)’1’| < M with
constants depending on (ni,m9,01) only, given in (D.12). Moreover, with C and Cgm
depending on 81 only, uniformly in x = Reb,

AD | <congd=23, IR < Camd™?  (i=0,1,2; beNj,). (D.10)
In particular ®1, ®} and ®} are bounded on Ny, uniformly in c .

Proof. Plan. Part (a) is the Poisson identity read along the edge, together with the Riesz
representation, which identifies ®¢ with U continued across E. Part (b) is Euler-Maclaurin
summation in the continuous site index. Part (c) bounds the terms of ®; one by one from the
decay (D.5) of the kernel and the behavior of N at the tip.

(a). By (D.5) and py(z') < 1+4/, the integral (D.7) and its b-derivatives converge absolutely
and locally uniformly on N, so @ is analytic there. On E, Rep, = log|T,y| = 0 by (T1),
so Re ®g = 0; and ¢,/ (%) = 0 gives ®o(5) = 0. By (D.4), Oppur (v + 5) = —im[sechm(v — 2') +
sech (v + 2')], whence <I>’ o(v+35) = —427 (v) by Lemma D 1. Next Re®y = U = Re U on
N5, NS by Lemma 7.1; this set does not meet the slits, as §; < 7, and two analytic functions with
equal real parts differ by an imaginary constant, so ®g = U +WO and o) = —@p there: ®g i is the
complex potential continued across F. This continues p analytically to Ngl, with p(w + )
F(w) for |Imw| < &, which is (D.8). Differentiating, F'(w) = sinh 7w (1 4 cosh? 7rw)_1/2 and
F"(w) = 27 cosh mw (1 + cosh? mw)~3/2, as in (E.30), which for real w gives the sign statements.
In [Imw| < § the only singularities of F' are where cosh mw = =i, on |Imw| ;50 F” and
F"" are contlnuous on |Imw| < &y, they tend to 0 as |Rew| — oo, and Cy = sup|1mw|<5l\F l,
Cy =11 - SUD|m w|<s, | | are finite.

(b). Let x(n) := N~1((n — §)/c) for real n > 2, so that y(n) = x, at integers and
X'(n) =1/(¢N'(x(n))); as (n — §)/c > n1/c > 0 the tip is avoided, and f(n) := 2, (,)(b) is
smooth and decays with its derivatives like e-"(x(m)—lz) By (D.6) and the definition of Aget,
log B =im — ¢y, + 2 p>o f() + Ader. The second-order Euler-Maclaurin formula gives

> fn)= /;ofdnﬂL;f(?)-FREM, Rpm = _T12f,(2)+R2’ (D.11)

n>2
with |Re| < 15 [5°|f”| dn, and the substitution 2’ = x(n), dn = ¢’ N’(z’) dz’ turns the integral
into ¢ [V 2N"p,r da’ = ¢ ®g — 2¢'N(x2) ¢ = /o — 2n1p. With $£(2) = ¢y, this is (D.9). The
estimate for @ follows from |9y@,| < 2w/ cosmd; and x2 — 2% = (ny/¢)?/3. For the latter we

use no certified constant. Part (d) of the proof of Lemma F.2 shows that ® := p?, has ®(z}) = 0,
¥ (x}) = 9k, and 0 < ®” < % on [z}, 00). Hence

9/~§fjpr < pU(x’{+7")2 < 9/<;tlp7“—|— 16,.2 (r > 0),

and 16 r2 < 5 9/€t1p7“ for r < 1, because 16/(81/1@) =7/(2v2) < 5 . Integrating N/ = 2,oU, we
get mtlpr3/ S N(z7 4 r) for every r > 0, and N(z] + 1) < thlpr3/2 for r < 1. We use this at
r = x2 — 2}, where ¢’ N(x2) = ny; the first bound gives r < nf/?’fc, which is at most 1 for ¢ > 5.

c). ach term o .9) 1s analytic on N, . irst, ¢ 1s an average Ol @, Over T, SO

Each f (D.9) i lyti N, . Fi Qi ge of ¢ !
b(2n10)| < ny - 47/ cosmd an n19)| < nisup,s sup ©z|. Second, each summan

O(2n1p)| < mq -4 61 and |02 (2n19)| < 2 SUP;, 205 Second, each d
of Aget is a second difference in ¢ of the analytic function ¢ + @¢(b): ©ytic + Ox—ic — 20y =
— Jo (e = 8)[0Z o ris + OFpy—is] ds, which with up to two b-derivatives is < e2e~mIx=l=ll by (D.5).
With e, = 70(Xnt+1 — Xn) and Xn41 — Xn < X3 — X2 < ¢ 72/3,

‘Aget |< Zg e~ hnlel <77 (X3—X2)Z(Xn+1—x ) ~mhen=lell <772 '~ 2/3
n>3 n>3
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the last sum being, up to the factor €™ < e™ with s = x3 — x2 the largest spacing, a Riemann
sum for [e ™' ~l#llda’ < 2/7. Third, the remainder: at 2’ = x(n), f'(n) = 20y@w /(¢ N)
and f"(n) = 202 @ /(I N')? — 20,0 N"/(?N"). Near the tip N'(z') =< (2 — 2})'/? and
IN"(2")| < (2 — x7)~ /2, deep in the band N’(z') =< 2’ (for 0 < 2’ — 1'1 < 1 by the bounds for
p} in part (b) of this proof and by (F.13), since N’ = py and N” = £py (log prr)'; beyond, by
(6.21)), and x2 — 2} =< 4., so ¢ N'(x2) < JO* = ¢2/3 and |£'(2)] < ¢~2/3. Likewise, by (D.5),

1/2

2 LD "
/ |f”|dn— |f”|CN/ dz’' < = / [|6 /80x|+|8:r90x||N |}dx 140l SC/_2/3
X2 X2

N/ N/2 ~ C/

uniformly in z, the integrand being < (2/ — 2%)~Y2 + (' — 2%)73/2 for 2/ < 2% + 1 and
< e~ Iz’ ~lzll /x’ beyond. The same computation with 9, 85 applied under the sums and integrals
bounds Ry, and Rfy; this is (D.10), with Cgy the resulting constant. Adding the contributions
and using ¢~%/3 < 1, the bounds of the statement hold with

4dm
My = (n1 + l)CO + Cng + Cgm, My := Miéq, (D12)

S 7['51
and likewise for M{ with sup|202¢,| in place of 47/ cos 781 (the +1 is a crude allowance for the
simple zero, which contributes only the constant im); ®; itself is bounded by (D.9), |p.| <1
and (D.10). Finally Re®; = 0 on Ey, because Relog B = log|B| = 0 there (Proposition 7.2) and
Re ®y = 0 by (a); integrating ®7 vertically from the edge, |Re ®1(v+5+iy’)| < Myly'| < My. O

D.4 The eikonal identity

[ORIENTATION] At order ¢’ the phase of the integrand of the edge representation (Lemma 7.3(c))
is /[Im ®o(v + §) + Zav]; by (D 8) it is stationary where F(v) = z, that is at v = $vo(x).
Along the saddle by(z) = vo(z) + %, with k, = 4Tz,

ddx {c Im ®¢(bo) + k vo] = (c’f)v Im @ (vo + %) + kz>06 + 4?7(—6/1}0 =ncdpy(x) = ¥ (z), (D.13)
the bracket vanishing by stationarity, and the last two steps being vy = % pv and ¥ =27y — 71
with v/ = N’ = 3dpy. Since vo(z}) = 0, ®o(4) = 0 and N(z}) = 0, the integrated form is
' Tm @ (bo(z)) + kyvo(x) = 27 N(z) for & > 5. The omitted sites and the node phase live in
®; and do not enter.

E Two-saddle steepest descent with a uniform remainder

This appendix proves Lemma 7.7: for band points # > 7, ho(cz%/3) is the sum Amp cos ¥ of
two saddle-point contributions, up to a relative remainder £¢q that is bounded explicitly and
tends to zero uniformly in z (Lemma E.1, Corollary E.2), and obeys a global bound that decays
in « (Corollary E.3). The comb enters only through the edge representation of Lemma 7.3(c)
and the edge phases ®¢, ®; of Lemma 7.6, which we abstract into hypotheses (SD1)-(SD4) and
verify in appendix E.4.

The idea. On FE, the integrand of the edge representation is e~¢L(*) times an integrable
proﬁle times a pure phase el® )+ k=2l where ©¢(v) := ¢/ Im (v + §) has O = —4T¢'F and
ke = 2Tz, The phase is stationary at v = Fwg(z), where F(vy) = x, with second derivative
Flag, a, = 4; F'(vg). The two contributions are complex conjugates, and ordinary stationary
phase gives their sum as Amp cos ¥ with

27rc

2m ;
Ev b0:v0+%7 (El)

L Amp(z) €' = (bo) HSY (kpbo) by e~/
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up to relative corrections that are O(1/c’) at fized x. Toward the tip, however, the two points
coalesce at v = 0 and a, — 0, whereas section 7.7 needs the corrections small on all of [z}, c0),
with z; — 2] as ¢ — 0o. The proof therefore uses an explicit contour: at height u above the
edge the oscillating factor has modulus exp(3Fc'u[F(v) — z]) up to a cubic error, so running
above the edge between the saddles and below it outside them gains a factor exponentially
small in ¢/, at rates given by the chord slope sg and the curvature a,. At the saddle the
first-order terms are odd and cancel, leaving terms of order 1/(cak), k = 1,2,3, with explicit
constants. Near the tip vy, a,; and s¢, vanish like (z — a:’f)l/ 2 and the remainder is governed by

¢ min{1,v9}3 = ¢ (x — x7)3/2.

E.1 Setting and hypotheses

Throughout, ¢ > 39, §; € (0, 1] is fixed, and k, = 4Tz, so that k,/2 = ¢ L(z); a band point is
an z > F(0), with F as in (SD2) below. Near the upper edge we write

b=v+i(2+u), ov=Reb, u=Imb—1,  Ny:={b: |ul <7}, (E.2)

so that w is the height above E; and Nj is a thin two-sided strip around it (the letters u, r, ¢, ¢
have this meaning in this appendix only). For Im z > 0 and on principal branches,

2 i(z—m z
HVE) = T 1 en (), Jen()l S e/ S 258 (a2 ), (B9

by [67, (10.17.13)—(10.17.15)] with v = 0 and one term. Let hy have the following properties.

(SD1) Edge representation and symmetry. The function hg is even, real on RUiR and analytic on a
neighborhood of SUNj, , and |ho(b)| < Ce~#Retl for some p1 > 0 on N5, NS = {3—6 <Imb< 1}

(Nothing is assumed as |[Reb| — oo above E, where for the comb |hg| grows like e5F (W)u

With Z(b) := ho(b) HS" (kzb) b,

2rcd = =

ho(d'z?/3) = Z(b)db,  I(=b)=ZI(b) (be Ey). (E.4)

3 Je,

(SD2) Phase—amplitude split. On Ng,, hog = + e“®0e®1 £ with a fixed sign, where ®¢, ®; and
the outer factor £ are analytic, £ has no zeros, and: (a) Re®y = 0 on Ey; (b) the function
F(v) := 2£&((v + %), which is real for real v by (a), is even, strictly increasing and convex
on [0,00), tends to infinity, satisfies T¢'F'(0) > 11, and extends analytically to [Imwv| < d1; (c)
Cy = supy;, |®f/| =47 SUP |1 v| <o, | F'| and C3 := SUp |®0"| are finite; (d) M; := SUp | D] |
and M] := sup N, |®| are finite and independent of ¢; (¢) Re®; =0 on E4 (used only to drop

Re ®1(bo)

the factor e =1 from the amplitude).

(SD3) Outer factor. Mg := SUP |E'/E| and M := SUpP |(E'/€)] are finite.
(SD4) Saddle, curvature and chord slope. With vy = vo(x) > 0 the unique solution of F(vg) = =,
A x — F(0)

bo := vo + %, Qg = gF/(U()) >0, Sch 1= B > 0. (E.5)

In appendices E.1 to E.3 the letters F' and vg refer to (SD2) and (SD4); for the comb they
are the edge function and the map of section 7.1, and F(0) = x}. The dependence on ¢’ that is
not in e“®0 or in the exponential of the Hankel function is collected in the amplitude, defined
on Ny, (where Imb > %) with the principal square root by

Ab) :=+ED) e O pY2(1 4 ep(kyb)), M >sup|A'/A|, M >sup|(A'/A)|. (E.6)
N§ Né

1 1
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One may take M = Mg + My + 2+ C and M’ = M{ + M/ + 8 + C with an absolute constant
C, so that M and M’ do not depend on z or on ¢: the square root contributes 1/(2]b]) < 2
and 1/(2]b?) < 8, and the Hankel factor at most C/k, to each. Indeed the reference for (E.3)
bounds e, continued analytically, by C/|z| in the larger sector —5 < phz < 37”, which contains
the disk of radius |z|/2 about every z with Im z > 0; Cauchy’s estimate then bounds |22¢/;(2)]
and |z%¢7;(z)| by an absolute constant, and |kzb| > k; /4 = Zdz > Z</F(0) > 11 on N, at every
band point, by (SD2)(b).

E.2 Statements
Lemma E.1 (Two-saddle steepest descent; proved). Assume (SD1)—(SD4). Put
¢ :=min{1, V261, vo, ay/Ca, 2v271se/Co, 1/M, 1/\/@}, ug := /2, (E.7)
and 1 :=min{¢, (6/(c¢'C2))'/3}, and suppose that ¢’ is so large that
(i) 2 dugsen > M, (ii) agug > 2M, (iii) da, > 8. (E.8)
Then
ho(a?/3) = Awp(e)[cos B(@) +ewa(@)],  Jesale)] < Esale) = Cooret 260+ Emia+ etaes (B.9)

where g4 is real and, with Oy(v) = ¢ Im @o(v + %),

1/2
1% ) (E.10)

zF' (vo)
U(z) = Og(vo) + kavo — & + arg A(bo), (E.11)
arg A(bg) = arg(£1) +Im @1 (by) + arg £(by) + 5 arctan 2 +arg(1 + ep(kzbo)),

Amp(z) = 2@ |£(bg)| R P18 |1 4 &4 (Kubo)] (

and the four parts of the remainder, from the core of the saddle, the transition to the valleys, the
middle piece and the far pieces of the contour, are, with K4 := 4.5M? + 1.625M’,

K | §Cs+3MCot KaCy | (0.57+0.52M)C3
day da? das

(E.12)

Ecore =
36M€ e—c’azr%/?) 3€Mu0 e~ 3¢ schug e—¢ amu0/4
Etr = —,  Emid = . , Efar = M“O - (E13)
Vor rmy/dayg 27 2w’ Sehuo Vla,
Here Amp and U contain the exact e (kybo) and obey (E.1) identically; by (SDZ)(e), (E.3),

cdL(x) _ |b ’ 1/2 /
Amp(a) M) = 21800)|(p,) OO/, o0/ o (B14)

Corollary E.2 (Uniformity; proved). Assume in addition that SUP[0,00) F' < oo, and let
01,Co,Cs, M, M'" be fized. Suppose that along a family of band points x > x1(c) one has
d min{ay, sen, v0}> > &7 for some v > 0. Then for ¢ large the conditions (E.8) hold on
[x1(c),00), and Esq — O uniformly there as ¢ — oo, at the rate

1 Cs  C3
da, daZ2  dad

/v/3

| +Cee”, (E.15)

faa <K (1+ M2+ M)

with K absolute and C,c, > 0 depending only on v, sup F' and the fized constants.
Corollary E.3 (Global band bound; proved). Under the hypotheses of Corollary E.2, for ¢

large and every x > x1(c),
[bol
xF'(vg)

For the comb, where & = sech? %b and F' is the edge function of section 7.1, the right-hand side
—-1/2 p—mvo ,—c'L(z)

[ho(c'2?/3)| < Amp() (1 + &sa) < 2(1 + &) € (bo) )1/ (14 0(1/¢)) @) (E.16)

is at most Cgiop F'(vo) with Cglo, absolute; Cglon, = 2% will do once Esq < 1.
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E.3 Proofs

Proof of Lemma E.1. Plan. On Nj, we factor the integrand into e ?, which carries the depen-

dence on ¢, and an amplitude A, and keep Reb > 0 by symmetry (Step 1); read off from (SD2)

how |e'?| behaves off the edge (Step 2); choose the contour and justify the deformation (Step 3);

bound the pieces away from the saddles (Step 4); expand at a saddle (Step 5); assemble (Step 6).
Step 1: factorization and symmetry. By (SD2), (E.3) and (E.6), for b € Nj,,

2
ks

. ! 4 ) i
e k2 AV A), p(b) = Dolb) + (b 5), (B.17)

Z(b) =
since ¢ = @ + ik, (b — 5). The symmetry in (E.4) extends from E. to N, by the identity
theorem, and on a contour b(v) whose height u(v) is even in v one has b'(—v) = b/(v), so that
the part with v < 0 contributes the complex conjugate of the part with v > 0. Hence, for every
such contour I' C N, to which E can be deformed,

~ 2rc 2 . /
ho(cdz2/3) = %,/ﬁ ehe/2 2Re[e™™AL], Ty = / e“PAdb.  (E.18)
x I'n{Reb>0}

Step 2: the phase near the edge. By (SD2)(a),(b), on E one has Rep =0 and ¢'(v+ ) =
% (x — F(v)). Thus |e“¥| =1 on F, the critical points of ¢ there are by and its mirror image

—by, and ¢"(by) = —ic,. For real v the k-th derivative of u — Re (v +i(% + u)) is Re[i*o¥)].

At u = 0 the function vanishes, its first derivative is 4(F(v) — x), and its second derivative is
zero because ¢” (v + &) = —4ZLF'(v) is imaginary; its third derivative is bounded by |®{'| < Cs.
By Taylor’s theorem, for |u| < 41,
.1 4m 1 3
Rep(v+i(5 +u)) = — u[F(v) — z] + Rs, |R3| < g Ca|ul”. (E.19)

3

So |e“#?| decreases above the edge where |v| < vy and below it where |v| > vp: two valleys, which
meet at the saddles. By convexity the chord slope (F'(vg) — F(v))/(vo — v) increases with v, so
its infimum over [0, vp) is Scn, and the graph of F' lies above its tangent at vg:

2—F(v) > sen (vo—v) (0 <v<wg), F(v)—z > F'(vg)(v—10) = 2% (v—10) (v > vp). (E.20)
Finally, by Taylor’s theorem at by, for by + w € N, and ¢>3(w) := @(by + w) — p(bo) + i%zw ,
lp>3(w)| < 2Co|wl?, lp>3(w) — 20" (bo)w?| < 4 Cslw|*. (E.21)

+
1—‘far’

Fmid7 F+

o where

Step 3: the contour. Let I' run from left to right through I'; , T’

far’ * loc?

Ii.: b=v+i(3—u), Fv> v+ uo; Thoet b=—bo+re™ rel-(1]
Tiia 0 b=v+i(3+uo), [v] < wo— uo; I o b=by+re ™ rel-t,1).

loc *

(E.22)

It follows the valleys at distance ug from the edge, crosses the two saddles along their directions
of steepest descent, and lies above E only on the bounded piece I'iy;q and the adjacent halves
of Fljgc. The pieces join, since by F le /4 = (vo F ug) + z(% + ugp); the local pieces do not
overlap, since ¢ < wvp; the height is even in v; and I' C N,, C Nj,, where Z is analytic
by (SD1) (the Hankel function and b'/? are analytic in Imb > 0). The region between

and I' is bounded apart from two half-strips in {—up < u < 0} C S. On their closing
segments Reb = £X one has ]Hél)(kxb)b\ < C|b|*/? by (E.3), so these contribute at most
CugX1/? SUP_y<u<olho(£X +i( +u))| = 0 as X — oo, by the decay in (SD1). By Cauchy’s
theorem [p Zdb= [.Zdb, and (E.18) holds for I'.
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Step 4: the middle and far pieces. Put G := |A(bg)|v/27/(c'az). On I'ypig with 0 < v < vg—uyg
let s :=vp —v. Then (E.19) and (E.20) give ¢ Rep < —4Fugsen s + $¢/Coud, and integrating
A’/ A from by along a path of length s+ wug gives |A(b)| < |A(bg)| eMs+Muo. Condition (i) absorbs
eMs into half of the linear decay, and ug < 27se /C4 gives éc’ C’gug < %c’ schu%, so that

o0
‘/ ecl“”Adb’ < |A(bo)| eM“f’*%C/SC"ug/ e~ 5 Cu0sen s
[mid, v>0 1o
(E.23)
3
= |A(by)| “————— = Gemia-
|A(bo)| e santin G emia

3 eMuo— Ec’schug

On T let s:=v — vy > ug. The second bound of (E.20) gives ¢/ Rep < —cazug s + %C/CQU(%,

and |A(b)| < |A(bg)| eMsTMuo By condition (ii) and §Couf < jazud (from ug < € < a,/Cy),

/ M 1 2 [ 1. 26Mu07ic,azug
’/ e S"Adb‘ < |A(bg)|eMHotac 0‘1“0/ e 2¢%U0%ds = | A(by)] . = Gegar. (E.24)
F?z;r uo C Oz UQ
Step 5: the saddle. On ngc we have b = by + w with w = re~/4 and —MT“wQ = —%awrz is

real. By (E.21) and ¢ < a,/Cy, with ¢(r) := ¢ ps3(re”/4),
c [p(b) — p(bo)] = —%c/aITQ +q(r), lg(r)] < %0/02’7‘|3 < %c’aﬂj, (E.25)

so that Rec[p — ¢(by)] < —3capr? on the whole segment. We split it into the core [r| < rq,
where |g| < $¢/Cor} < 1, and the transition part ry < |r| < £. On the latter |A| < |A(bg)|eM*, so

—c’agcrf/?)

/ S /
/ e’ [”*‘p(bo)]Adr‘ < 2\A(bo)]eM£/ e~ /3y < ]A(b0)|eM€3€

1<|r|<e r1 cagry

= Qatr. (E26)

On the core, integrating A’/A twice along the segment gives A(by + w) = A(by) exp(ajw + ra)
with a; := A'(bo)/A(bo), |a1] < M and |ro| < 1M'r2. As |r| < ¢ < min{1/M,1/VM'}, the
exponent z has |z| < 3 and |22 < (2M2 + I M')r?, and |e* — 1 — 2| < L[2[%el?l < 2.25[2? gives
A/A(by) = 1+ajw+ap with |ag| < [$M'+2.25(2M%+ $M")]r? = Kr?. Likewise e = 14+q+go
with |gz| < £lg[?, and g = £/¢" (bo)w? + g4 with |qs| < 5;¢'Csr? by (E.21). So

€ lp(b)—¢(bo)] A(b) = 6_0/%72/2{1 + [aqw + %c’gp”'(bo)w?)] + Rest(r)}, (E.27)

where the bracket is odd in r and integrates to zero over [—ry, 7], and where

|Rest| < K72+

dCsrt  MJCor* e (dC)%r6 e\ KadColr® e M(dCy)2|r|”

24 6 72 2 6 72 ’
the terms are, in order, az; q4; a1w¢q; q2; az(q + g2), with [g 4+ q2| < (1 + §)lq| for |¢] < 1;
and ajw¢qz. We integrate against e=¢/2 gyer R, using [p P2 2dp = V21 /s (2n —
1)!'s™ and fR]r|2”+le_s"2/2dr =n!(2/s)"*! with s = da,. Relative to \/27/(ca,), the four
even terms give Ka/(c'ay), 1C3/(ca2), $MCs/(ca?) and ££C3/(cal), and the two odd
terms give 2.51 (day) V2K Co/(ca2) and 1.45 (<o)~ Y2MC3/(c'a?), which condition (iii)

x

bounds by K4Cs/(c'a2) and 0.52 MC3/(c'a2); the sum is core. Completing the Gaussian costs
Jiri>m e=¢0ar?/2qp < 2e7Cam/2 /() < /21 /(o) er. Altogether, with db = e~i™/4dr,

! / . 2
/+ e“YAdb = e° ‘p(bo)A(bo) 6_1”/4’ / ,i (1+ €10c), |€10c] < €core + 2€4r- (E.29)
Floc Cag

Step 6: assembly. Let Z := e~ ™/2e¢'#(0) A(by) /21 /(d'ay), so that |Z| = G, as |e?P0)| = 1.
By (E.23), (E.24) and (E.29), e "™/4J, = Z(1 + €1o¢) + R with |R| < G(emid + €far), hence
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2Re[e™ /%], ] = 2G[cosarg Z + e4q] with ey real and ]55d| < Eu. Then (E.18) gives (E.9)
with Amp = 2”5 2/(mky) e k+/2 . 9G and ¥ = arg Z = ¢ Imgo(bo) 5 + arg A(bo), which

is (E.11) because do(by) = cq)o(bo) + ikyvo. With k, = 'z and aw = 4T F'(vo) this is
Amp =2e~ IL|A bo) ]/\/xF’ (vo), and (E. 10) and the express10n for arg A(by) follow from (E.6)

with arg bo/ 5 arctan . Finally 2Amp et 27“ times the prefactor of (E.17) times ¢/ Z,
which is (E.1). O

Proof of Corollaries E.2 and E.3. Plan. We bound the window ¢ from below by the controlling
quantity and inspect (E.12)—(E.13). Let m := min{ay, Sen, v0o} and m := min{1,m}. By (E.7),
¢ > cym with ¢y = min{l,ﬁél,l/Cg,l/M, 1/v/M'}, and the hypothesis gives ¢/'m?® > ¢
(we may take v < 1), so that ¢'m? and ¢'m tend to infinity and (E.8) holds. In (E.12) we use
Ca/a2 < L(1/a,+C3/a3) and M < 2(1+M?); this gives the bracket of (E.15). The exponents in

(E.13) are éc agry, T (e 'sent? and & axZQ Those with £ are at least %c% ¢m3, and when r; < £ the

first equals % - 62/3(ca/CH'V3 > Cy 2/?’(c’m?’)l/?’; so all three are at least 2¢,¢?/3 for a suitable
cx > 0. The prefactors of e, and &g, are bounded, because eMt < ¢ and riv/dag, uox/c’ Qu are
the square roots of multiples of the exponents; that of £,,;q is at most a power of ¢/, because
oy < %’r sup F' and squug > cpm?/v/2 with m > ¢=(=2/3 and a power of ¢ times e ~20,7/3 is at
most Ce=¢""* This proves Corollary E.2. The first inequality of (E.16) follows from (E.9) and
|cos W 4 e4q| < 1+ 44, the second from (E.14). For the comb, |sech? ”2@\ = 2/ cosh vy < 4e~ 70
(Proposition 7.2); F(v) > v gives vg < x, so that |bo|/z < (1 4+ 1/(4(z})?))"/? < 2.05; and
1+ é&sq < 2once &g < 1. Hence 2-2-4-+/2.05(1+ O(1/c)) < 25. O

E.4 Verification for the comb

We verify the hypotheses for the function hy = sech? %b B of section 7.2, with §; = %, & = sech? %b
and the phases @, ®; of Lemma 7.6.

(SD1). Each factor T¢ is even, and the zeros are real or form conjugate pairs, so hq is even
and real on R UiR. By (T4) the poles of B lie at [Imb| > 1 — max, &, > % for ¢ large,
since £, < ¢~%/% (appendix D.3); those of &£ lie on [Imb| = 1. The edge representation is
Lemma 7.3(c), and the symmetry follows from ho(—b) = ho(b) and H(l)( 7) Hé )( ). For
the decay, [cosh Z(v +iy)|? = (cosh v + cosy) > 4 coshmv for + <y <% and [B|<1onS
(Proposition 7.2) give |hg| < 2/ coshmv < 4e~71"l on Nijgn S, so ,u =T.

(SD2), with the sign +. We use Lemma 7.6 in the form of Lemma D.2, which holds on the
two-sided strip N /4 and not only on E,. By its part (a), ®¢ is analytic on N; /4, with Re ®g =0

and ®) = —2I F(v) on E4, where F(v) = L arcsinh(cosh v) is analytic in [Imv| < £, and C,
C3 are finite. This F' is even, F(0) = x} with Zcx] > 1372t > 11, and

sinh v 27 cosh v

_ ST c0,1) (v>0), F”
V1 + cosh? mv O ) ) (1 4 cosh® 7v)3/2

so F is strictly increasing and convex, with F'(v) > v and sup F’ = 1. By (T4) the zeros of B
lie at heights 0 and +¢,, modulo 2, none of them in N1/4, so that ®1 = log B — ¢ ® is analytic

F'(v) =

>0, (E.30)

there; the sign of the simple zero, B(%) = —1, is the constant i7 in ®1, which is why the sign in
(SD2) is +. Part (c) bounds ®} and @7 on N/, uniformly in ¢ and Reb, so that M; and Mj
depend on (n1,7p) only. Finally Re®; = 0 on E because |B| = 1 and Re &y = 0 there.

(SD3). The factor £ is analytic and zero-free in [Imb| < 1, with E’/é’ = -7 tanh ’Tb. As

tanh Z (v + iy)|? = (cosh v — cos y)/(cosh v + cos wy), Mg = mtan 3 and M} = sec2 3.

(SD4) and the hand-off. Here vy is given by cosh vy = sinhwz. Since F'(0) = 0, F"(0) =
7/v/2 > 0 and F' is positive and increasing, the ratios F’(v)/v and - [’ F’ are bounded below
n (0,1], and F'(v) and 1 [’ F” are increasing for v > 1; hence min{ay, Sen, vo} > cpmin{1, vo}
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with an absolute ¢ > 0. Near the tip vy ~ (2(z —x%)/F"(0))!/2, so that ¢ min{1, v}? is at least
a positive multiple of ¢/ 1=30n/2 op [x1,00), and Corollary E.2 applies with any v < 1 — %HOD,
provided 6y, < % With o := ¢ min{1,vo}3, every term of £y is then at most a multiple of 1/c:
for ecore this is (E.15), and in (E.13), where oy =< sy < up < min{l, v}, the exponents are

bounded below by multiples of /3, ¢, o, the prefactors are bounded for o > 1, and ge=cxo'/?
is bounded. Thus, with C' depending on (n1,79) only and for ¢ > ¢(n1, 10, fon ),
_ C
lesa(z)] < Esa(z) < (x> x7), (E.31)

¢ min{1, vg(x)}?

which is O(1/¢’) deep in the band and O((¢(z — 2%)%/?)7!) toward the onset, at most
Cc/=(1=300/2) at z;. With (E.9), (E.14) and Corollary E.3 this is Lemma 7.7. At x; the term
ey decays only like exp(—const - ¢/ (1=300n/2)/ 3), which is why 6, is taken well below %

F The comb on the real axis

This appendix proves the statements of section 7.5 about the comb on the real axis, namely
Proposition 7.4 and Lemma 7.5(a)—(c), (d1), (e), (f), and from them the floor of Lemma 7.9,
the overshoot bound of Lemma 7.11 and the first-cell bounds of Lemma 7.12; appendix G takes
appendices F.1 to F.4 and Lemmas F.8 to F.10 as input. Each statement carries its own tag, and
a statement that contains or uses a certified constant names the row of table 4 on which it rests.

As in section 7.5, the logarithm of the comb is a sum over the sites of the site weight f,
of (F.1), a Riemann sum of unit step in the site index for the potential U = —L (Lemma 7.1).
On either side of x, apart from the sites far to the left of x, the summand is concave along the
sites, so the trapezoid and midpoint rules bound the sum by the integral with no remainder.
What is left over is explicit: the potential ¢'P of the charge 2n; below the first kept site, the
half cell Jong there, and the few sites nearest to x. Appendices F.1 to F.3 provide the tools,
appendix F.5 the two-sided bounds, and appendices F.4, F.6 and F.7 the consequences. The
constants that appendix G needs are explicit: C; < 0.65 (Lemma F.8), Cyet < 16.6 (Lemma F.7),
and the coefficient 94 of 1 in (F.46).

Notation. Throughout, (m,ke,n1,m0) = (1, i, g, %), the outer factor is sech?(wz/2), and

c > ™. The letter C' denotes an absolute constant, which may change from line to line; a
subscript records a dependence. We recall the zero law py(y) = %r arccosh(sinh 7y) on y > x3
and its counting function N(y) = %fxyi pu- For x > 0 the site weight is

(x

Q—w‘ + log tanh T Y

fo(y) := log|T, (x)| = log|tanh U <0, y>0. (F.1)
The site map a — Xq, @ > %, is defined by ¢ N(xq) = a — %. It interpolates the sites, starts at
X1/4 = 7, and satisfies

2

Tl T ~(xa)* (log )’ (xa), (F.2)

da = pur(xa)dxa,  Xo=
where a prime on x4 is a derivative in a. We write p(a) := f;(xq) when z is fixed, € := Xk+1— Xk
for the spacing, and ¢, = 1ol for the heights of the detuned zeros. A point x of cell n,
Xn < & < Xn+1, has the position u := (x — xp)/ln € (0,1) in its cell. The index k always labels
a site, j is the number of pairs kept exactly on each side of z, and a, a’ are real site indices (in
this appendix a never denotes ¢//12). The product formula reads

log|B®(x)| = fa(x2) +2 ) folxk),  log|B(z)| = falx2) + D log qi(x), (F.3)
k>3 k>3
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where, with ~ := cos ey,

()] = [ S2hmloue F ™) ~ (F.4)

qx(x) == Ty tic, () Ty, —i
() = | Ty rier, () Ty —icy " cosh(xx F ) + vk

is the modulus of a detuned pair; for e, = 01t is Ty, (). Since cosh 2z—cos 2v = 2(sinh? z+sin? v)

and cosh2z + cos2v = 2(cosh?z — sin?v), each of the two factors of ¢ equals (sinh?z +

sin?v)/(cosh® z — sin?v) with z = Z(xx F #) and v = Ze;. Both sums converge, because

|fe(y)| < Ce~™W=2) for 4y > x4 1. On the real axis hg = sech?(rz/2) B(z) with t = ¢z2/3, and
B < 0on [0,x2), B> 0 beyond. The continuum counterparts of the sums are

Y
V= [T htwdd =5 [Toutedy. Pr@)=- [ Ly z0, (F3)

so that P = Py, and ¢ f;%“ pudy = 2(a — 1), which is 2ny for a = 2. Since U(z) =
J pu(y)log|Ty(x)| dy is the potential of the law, Lemma 7.1 gives

21, (a) = U (z) + Py, (z), U(z) = —L(z) for x > z]. (F.6)
Finally, in this notation the end correction, the level and the normalized comb of section 7.5 are

5/2 ’ ’
Tend(z) = fz(x2) — 212 v(a) da, Lev = 4 sech? Te LtcP+Tena

ho
Lev

(F.7)
= %’B| ec L—c ,P*jend (JU > X?)

The conditions on the size of ¢ are conditions on the Airy length ¢. (notation of Lemma F.2).
We take c3' so large that three of them hold for ¢ > ¢3*'. Statements in the Airy window are
made under the hypothesis £.¢nax < 0.3 and are applied in this appendix with ¢pax < {19 < 4.57,
so that we require £.$19 < 0.3; this implies xg — x2 > £, which is used for (F.36). The far-left
loss requires £.¢go2 < 0.24, where {goo < 71.3, and C4. < 0.004 with an absolute constant C
which we do not evaluate (Lemma F.6(d)). The remaining conditions depend on a parameter. A
statement on a far band x > x] +r with r > 0 fixed is made for ¢ so large, depending on r, that
X6 < x] + r/2; the band then lies in the cells n > 6. The bracket for j = 4 in Proposition 7.4

holds on the cells n > ec’ for ¢ large depending on e.

F.1 The law near the tip

We prove that the site weight is monotone and concave along the sites (Lemma F.1), expand the
law at the tip (Lemma F.2), and deduce the form of the comb in the Airy window, which gives
Lemma 7.5(b) and (d1). Near the tip the law is the square-root density of a soft edge: the sites
sit at ¢ ~ (k — 7)2/ 3 and the logarithm of each Blaschke factor is that of a scaled distance plus
log . plus a constant. Rows 9 and 10 of table 4 are used.

Lemma F.1 (Monotone and concave summands; proved, computer-assisted). Let x > 0.
(a) Fory>0,y#u,

Oyfely) =Y ———

+

coshm(y + z)

o2 2
Oyfaly) = — sinh? w(y £ z)

. F.
sinh 7 ( y:l::v) <0 (F-8)

Thus f, is increasing and concave on (x,00), and decreasing and concave on (0,x). For
0 <y <, |0 fs] <1/(x—y) and |0 f4|/10yfe| = 7 cothm(x — y) > max{r,1/(z — y)}.
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(b) pu is positive, increasing and concave on (x},00), and p¥ /N is non-increasing there.
Hence a — X, is increasing and concave, the spacings {y, decrease, U < X}, and £ > X;<;+17
the mean spacing (xa — 23)/(a — %) decreases in a, and

/ , r_11/2
1< Xa _ pu(Xa') < (CL 4) (% <a<a). (F.9)

Xy pu(Xa) a—1%

(c) ¢ is increasing and concave on {a : Xq > x} and decreasing on {a : xo < x}. It is concave
on{a: ymr(x) < xo < x}, where

*

Yene(T) = min{af{ + %39317 max{z] + 0.18, x — 1}} (x > 7). (F.10)
Proof. (a) The derivatives follow from (logtanhz) = 2/sinh2z. For y > z both terms of
Oy f2 are positive; for 0 < y < z the term with y — x is —7w/sinh7(z — y) and exceeds the
other in modulus, since z +y > = — y. This also gives |0y fz| < n/sinh7w(z —y) < 1/(z —y),
while |8§fx| > 72 coshm(x — y)/sinh? 7(z — y); the quotient is at least mcoth (2 — y), and
coth z > max{1,1/z}.

(b) With w = 7y, p}; = 3 coshw (sinh?w — 1)7%/2 > 0 and - [coshw (sinh? w — 1)7/2] =
—2sinh w (sinh? w — 1)73/2 < 0, so py is increasing and concave, and it vanishes at x]. Fix
y = 2] +r and put p = py(y), s = py(y). The tangent at y lies above the graph, so
N(y) <L [5lp—s(r—r")]dr' = 3(pr — 3sr?); and 7 := sr/p < 1 because the chord from the
tip is steeper than the tangent. Hence 4Ns < 2p%7(1 — 7/2) < p?, that is (log(pf/N)) =
20 /pu — pu/(2N) < 0. The statements on x, follow from (F.2): x/, > 0 and x/, < 0; a chord
of a concave function has a slope between the derivatives at its ends; the chord from a = % has
decreasing slope; and (F.9) is p?(xa)/(a — 1) > p¥(xa)/(a’ — 1) together with the monotonicity
of PU -

(c) We have ¢ = 8, f, X, and ¢ = (x,)?[02 fs—0y f (log prr)'], both evaluated at y = x,. For
Xa > « the bracket is negative by (a), since (log pyy)’ > 0. For x, < & we have ¢’ < 0, and ¢” <0
if and only if |92 f, /|0y f=| > (log pur) (xa); by (a) it suffices that (log prr)'(y) < max{m,1/(x—y)}
at y = Xq. Let r:=y —z3. Row 9 of table 4 contains two facts: (log py)' (23 +r) < 3.10 < 7 for
r > 0.18 (cert), and 1.37 (log pr)’ (] +7) < 0.95 for 0 < r < 0.64 (cert). If r > 0.18 the first fact
suffices. If r < 0.18, then y < max{z} + 0.18,x — 1}, so y > yn,(x) forces y > zf + (v — x7)/2.3,
that is z — y < 1.3 7, and the second fact gives (log py) (y) < 0.95/(1.3r) < 1/(z —y). O

Lemma F.2 (The law near the tip; proved, computer-assisted). Let uj := arcsinh1 = 7z7,
Ftip 1= 4 - 28/%/(9/71) and L := (kyipc’)"2/3, s0 that /@tipc’ég/z =1.
(a) (Table 4, row 10.) arccoshsinh(u; + §) = 23/46Y/2(1 + § e1(8)) with e1(5) € [0.0589, 0.105]
for 0 < <2 (cert).
(b) For 0 <r <0.63,

3reipr/? < pu(i+1) < 3kuprt/2(140.337), kipr/ 2 < N(2547) < rapr® 2(140.27).

(F.11)

(¢) Let g4 := (xa — x7)/lc be the scaled sites and &, == (a — i)2/3 their nominal positions. If
0.8, < 0.63, then

6(1(1 - 0145(:6(1) < Sa < é\a- (F12)

(d) For every r > 0, and with no certified constant,

1 < (o ),( ‘i) < 1 n s ™ <0
— x]+r — 4+ —, — <0.
op = g pPU 1 = 2 T 42 14/2

Proof. (b) With § = mr < 2, (a) gives py(z] + 1) = %23/4(7rr)1/2(1 +7rer) = 3kupr/2(1 +
mrey(nr)), because %23/‘%1/2 = 3ktip; and 0 < mep < 0.1057 < 0.33. Integrating, N(x] +1r) =

56. (F.13)
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3 kip Jg 7"V (1+ 71" er) dr' lies between kigipr/? and reipr®/2(1+ 2.0.33r). (c) Since N increases
and ¢ N(z} +0.63) > (0.63/£.)3/2 by (b), the hypothesis £.¢, < 0.63 implies xq — 2} < 0.63.
By (b) and ﬂtipc’ﬁi’ﬁ =1, a—3 =dNx) = gg/Q( 1+ 6) with 0 < 6 < 0.24.5,. Hence
Ga=Ca(1+ 9)—2/3 <épand (1+60)723>1-20>1-0.140,,.

(d) Let @ := pf = 16 ;A% with A = arccosh sinhw and w = 7y, so that cosh A = sinhw and
dA/dw = coshw/ smhA Then @' = 22 Acoshw/sinh 4, and with cosh?w = 1 + cosh? A we
find ®” = 32K (A), where K(A) := [(1 + cosh? A) sinh A — 24 cosh A]/sinh® A. Here K <1 is
the inequality tanh A < A, and K > 0 because (1 + cosh? A) tanh A — 2A vanishes at A = 0 and
has the derivative 2sinh? A —tanh? A > 0. At the tip A = 0 and coshw = v/2, so ®(x%) = 0 and
' (x7) = 32\/5 = 9k, Since @ is convex, ®(z] +r) > 9kf,r, and rd’ — & =[5 D" (2} +5)ds

lies in [0, 1967“2] the functions being evaluated at «} + r. Hence (log py)’ — o= = (r® — ®)/(2r®)
lies between 0 and 8/(81k%,) = 7/(4v2). O

Lemma F.3 (A Blaschke factor in the window; proved, computer-assisted). We have —22/3 <
log(|tanh z|/|z]) < 0 for all real z # 0, and (table 4, row 10) 0 < (logtanhz)" < 1.24 for
z > uy — 0.25 (cert). Consequently, let Lesmax < 0.3, © = x7 + les and y = xf + L5’ with
_%Qnax < ¢ < Gmax and 0 < " < Gax. Then

T
f2(y) = logls — ¢'| + log . + log —= + R(s,<’), |R| < 4.30cSmax- (F.14)
2v/2
Moreover, for a pair k > 3 with g1 < Smax, and with Ay, = g1 — Sk, so that e = Nl Ay,
log qi () = log[(s — sx)? + n2A2] + 2log l. + 2log ﬁ + Ry (s), |R| < 8.6 lcSmax- (F.15)

Proof. Both sides of the first inequality are even; let z > 0. The upper bound is tanh z < z. For
the lower bound g(z) :=log(tanh z/2) + 2?/3 tends to 0 as z — 0, and ¢/(z) = 25 — 14+ 22 =

sinh 2z

2 (Smhy -1+ ) with y = 2z. This is non-negative: for y?> > 6 evidently, and for y? < 6 because
(26 + 1) > 6 gives sinhy = Sy v/ (26 + ! <y TmoW2/6)* = /(1 — 12/6).

The first logarithm in (F.1) is log(§/c|s — <'[) + log(|tanh z|/|2]) with |z| = §Lc[c —¢'| < 0.71.
The second is log tanh uy = —log V2 plus the increment of log tanh from wy to uy + %Ec(g +<') >
uy; — 0.25, whose modulus is at most 1.24 74.|¢ 4 ¢|. Since [¢ —¢'| < %gmax and —%gmax <
¢+ <" < 2¢max, the first term lies in [—0.56, 0] £.Gmax and the second in [—0.98,3.9] eGax. This
gives (F.14).

For the pair we use the second form of g given after (F.4), with v = Fnol.Ap < 0.12,

= Zle(sk — <), |2-] < 0.71, and zy = ug + 3le(s + k) > wp — 0.25; note that 22 + v? =
(5Lc)?[(s — sk)? + ngAZ]. For positive numbers, (A + b)/(Ag + bo) lies between A/Ag and b/by.
Since 1 < sinh?z/2% < *°/3 and cosh2 z < e* (compare the power series: (2k + 1)! > 6"k! and
(2k)! > 2Fk!), and 1 — $v? < sin?v/v? < 1, the numerator sinh? z_ +sin?v is 22 + v? times a

number in [1— évZ e” /3], and the denominator cosh? z_ —sin?v lies in [1 —v?, 622—}. So the factor

with z_ is (22 + v )e with —22 —0.3412 <6< %zz +1.01v2. The factor with z is tanh? z
times (1 + sin? v/ sinh? ;) /(1 — sin? v/ cosh? z) € [1, €29°], because sinh?(u; — 0.25) > 0.454;
and log tanh? 2, is —log 2 plus twice an increment of the kind just bounded. As Ay < Guax, We
have 22 < 1.67 £eGmax and v2 < 0.047 £oGmax, and Ry, lies in [—3.7,8.6] LeSmax- O

Proof of Lemma 7.5(b) [PROVED|. Let x > x3. By Lemma F.1(a), |fz(v)| = —fz(v)

increases with y on |2}, x2], and P (z) = Xf dpu(y)|fz(y)| dy with fxf dpy = 2ny is 2n; times

an average of it over this interval. Hence

2n1|log|Tps ()| < P(z) < 2naflog|Ty, ()]]. (F.16)
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(a:+xl)

Here tanh z < z and log tanh <0 give |fz(27)| > log ( 75y 50 that

’ 2 2m
i > X2)- F.17
R e B D) (F.17)
Since | fz(y)| decreases in x for = > y, for fixed r > 0 and ¢ so large that x2 < x] + /2, which is
possible because ¢’ N(x2) = n1, we get ¢'P(x) < 2n1|fur (27 +7/2)| =: C; on @ > x] +r. For
z—y>1,|fe(y)] = 4cosh(my) e ™ (1 + O(e~2"@=9))) 50 P tends to 1 exponentially deep in
the band. O

Lemma F.4 (Window asymptotics: Lemma 7.5(d1); proved, computer-assisted). Let {cGmax <
0.3, x = 7 + L5 with f%gmax < ¢ < Gmax, and let a > i be real with {5 < Gmax, S0 that S < Gmax
by (F.12); part (c) concerns a = 2. Put we(s') == pr(x} +Les’) [ (3ktip(Les’)/?) € [1,1+0.33 £es]
and F(s, A) := fOA ¢V2log|c — <'|ds’. For ¢ >0 the latter is elementary: —3F (s, A) is the right
side of (G.8) with A in the place of &, since both vanish at A =0, are continuous in A, and
have the A-derivative —3AY?log|s — A| for A # .

(a) ¢puly)dy = 3¢ 2w (') ds’ along y = o} + £s/, and
2xf

/1/2

(") logls — ¢'| d¢’ — Ra(2), (F.18)

Py (z) =2(a— 1) log

with |Rq| < 2(a — %) - 4.3 LeSimax-
(b) With the c-independent function pa(s) := 2(a — 1) log 2Y 2v2 — 3F(s,¢4), which is continuous
mg,
| Pya(z) —2(a — 1) log é — Pa(9)] < Caemax bcl0g é. (F.19)
For a = 2 the coefficient of log é is 2ny: e€P@) = 072mer26) (1 4 O, (L. log i))

(¢) On the window, 4sech2(%‘”)ecl73 = Leve Jendef'L < -2m = 3™ and Leve?t = (72m
on its part x > x3, with constants that depend on ¢max only. For every x with 2¢f. <
x— 27 <0.9, in the window or not,

2 (z — x2)?
12

, 2 2n —
€ Pz) _ ((7) 169(90)’ 0 <0 <2nq|log il
T —

p L +log v2 +
m(x — x7) 2

|<c

(F.20)
so that Lev el = (x — %)™ for f, < = — x} < 1.

Proof. (a) By (F.11), dpydy = 3/€tipc’€g/2§’1/2wc d¢’ = 3¢""2w,d¢’, and this measure has
mass 2(a — ) on [0,¢,). Inserting (F.14) into /Py, = — [ py fo dy gives (F.18) with R, =
I 3¢"2w,Rd¢’. (b) Replacing w, by 1 changes the integral in (F.18) by at most 0.33/, -
3 Jmex 3/2|log|s — ¢'|| ds” < O, Le- Replacing the upper limit ¢, by ¢, changes it by at most

3¢l/? fI|log|g ¢’|| ds” over an interval I of length |I| < 0.14£.¢2 by (F.12), and [;|log|s —¢’||ds’ <
\I\ (1+1log 2 m + 21og(1 + 26max)), because |logr| = —logr + 2log™ r Wlth log™t r := max(log, 0),
and |¢ — ¢’| <1+ 2¢nax- The function p, is continuous because the logarithmic singularity is
integrable. (c) On the window 4 sech? 5" lies between two positive constants, and eP? is bounded
above and below on the compact range of ¢; this gives the first statement, and the second follows
from 0 < Jong < Cjy on & > x3 (Lemma F.8). For (F.20) the lower bound is (F.17). For the
upper bound we use (F.16) and, with z = Z(z — x2), the bound [logtanhz| < logi + % of
Lemma F.3 and tanh W > tanh u; = 272, the first logarithm in 6 is at most log 2 because
x—ax7 >2(x2 — x7). O

103



F.2 One-sided Euler—Maclaurin

Where the summands are concave along the sites, that is, except far to the left of x, the sums
in (F.3) are bounded on both sides by the integrals I, with no remainder (Lemma F.5). Far to
the left of x the summands are smooth and small, and the ordinary midpoint remainder applies;
its total is the loss C, (Lemma F.6). Rows 5, 9 and 10 of table 4 are used.

Lemma F.5 (One-sided Euler-Maclaurin; proved). Let x > 0, p(a) = fz(xa), and let K, Ky <
K1 be integers > 2.
+ 21, (K ).

(a) Trapezoid, beyond z. If x < xr, then 23 5 (k) < o(K)
) > 21, (K — ) In particular, on

(b) Midpoint, beyond . If x < xg_1/2, then 23 >k p(k
the lobe 0 < x < x3 both hold with K = 3.

(¢) A concave block below z. If ¢ is concave on [Ko — 1, K1 + 3], which by Lemma F.1(c) is
the case when Yo () < XK,—1/2 and X, +1/2 < T, then

K1+1/2 1 Kq
2 pda <23 pk) < 2[ pdat o) el (F21)
Ko—1/2 “ Ko
the second inequality needs concavity on [Ky, K] only.
(d) Monotone summands. If g is monotone on [Ko—3%, K1+3], then |Zk Ko (k) II((()1+11//22 | <
39Ky + %) — 9(Ko — 3)| and [39(Ko) + Xeoernera 9(k) + 39(F1) — [} gl < $lg(K1) -

9(Ko)|.
1

Proof. For a concave ¢ the chord lies below the graph and the tangent above it, so 5[¢(k) +

ok +1)] < ,f“go and (k) > :jll//; . By Lemma F.1(c), ¢ is concave on {x, > x}.

Summing the first inequality over k > K gives 3¢(K) + > o ¢(k) < I(K), which is (a);
summing the second gives (b); the same two sums over a finite block give (c). For (d) let g

increase. Then g(k) — fk+11//229 lies between —3[g(k + %) — g(k)] and 3[g(k) — g(k — 3)], and
3lg(k) + g(k +1)] — kk+1 g lies between F3[g(k + 1) — g(k)]. These are increments of g over
disjoint intervals, so their sums over k are at most the total increment of g. O

The far left. Below yin () the summands need not be concave. Let

ko(w) :=min{k > 3: Xp_1/2 > yene(®)} (F.22)

be the first site from which Lemma F.5(c) applies, and let
1 ko(z)—1
er(z) := 5 > sup  |¢"(a)] (F.23)
k=3 k—3<a<k+j;
be the total midpoint remainder of the sites 3 < k < kg; it vanishes when ko = 3.
Lemma F.6 (The far-left error; proved, computer-assisted). Let x lie in cell n > 6.
ko—1/2
a) S0 (k) - [y pda] < es(a).

(b) ko(x) < [Z + n—g%/ﬂ. Hence kg <n —2, and kg < n — j whenevern >2j+4, j > 1.
(¢) T —xq >0.37(x — x}) for all a < ko — 3 when ko > 4, and

£, )3/2+ L.

er(z) < C[( . —JUT} (x —a] <1), er(x) <Cl. (x—a] >1). (F.24)

T —

In particular e, = O,(</=2/3) uniformly on x > xf +r.
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(d) (Table 4, row 5.) For 0 < ¢, < let pc(a) :=log(s — &) be the summand with the site at
its nominal position, so that ¢! (a) = % (6 —38) & 2(s — &) 72, and for ¢ >3 let

ko(s)—1
ko(s) :== min{k > 3 : Sp—1/2 > 1.026/2.3}, er(s) == i Z sup | (a)l.
k=3 k—3<a<kts

(F.25)
This is er, in the limit ¢ — oo at fivred ¢ = (x — x7)/Lc, except that the factor 1.02 enlarges
the block of sites; it absorbs the displacement of the true sites from the nominal ones.
Then ér(s) < 0.00186 for 3 < ¢ < <goo (cert). Consequently, if .2 < 0.24, then
er(z) < 0.00186 + Cl. for every x in a cellmn > 6. We take & so large that £.Seo2 < 0.24
and Cl. < 0.004 for ¢ > ™. Then Cp, := super(x) < 0.006, the supremum being over
c> cgtt and over x in the cells n > 6, and e~20L > (0.988.

Proof. (a) For a C? function, ¢(k) — Ifjll//; ¢ = —¢" (&) with [& — k| < 1.

(b) Let z = x3 with n < b < n+ 1, and let x4+ = 2] + (z — 27)/2.3. The mean spacing
from the tip decreases (Lemma F.1(b)), so (xa+ — 2})/(a* — 1) > (z — 27)/(b — 1), that is
a* — 1 < (b—1)/2.3. Since yin(x) < Xar, We get ko < max{3, [a* + 3]} < [3 + (n+ 2)/2.3].
For n = 6,7 this is 4, 5; in general it is less than 2.08 + 0.435 n, which does not exceed n — 2 for
n>8norn—jforn>2j+4.

(c) If ko = 3, then e = 0. Let kg > 4. By minimality xx,—3/2 < yene(z) < 27 + (2 — 27)/2.3,
and the mean spacing from the tip gives xx,—1/2 —27 < %(Xko_g/g —z}) < 2 (z—2})/23 <
0.629 (z — a7). Hence x — x, > d := 0.37 (z — 27) for a < ko — 3. For such a, Lemma F.1(a),
the bound cosh z/sinh? z < 272 + C and = +y > 227 give |9, f,| < 1/d and |8§fm| <d?+4+C at
Y = Xa, SO that

1 1 '(xa
/(@) < ()2 [ + 0 WP R)) g, (F.20)
by the formula for ¢” in the proof of Lemma F.1. Both x/, and (log py) (x4) decrease in a,
because py is increasing and concave; so G decreases, G(k — %) < ::31/22 G da for k > 4, and
ko—1 ko—3/2
24e, < > Gk—13) < G5+ G da.
k=3 5/2

On the range of integration r := x, — 2] < (x — 27)/2.3, by the minimality of ky. By (F.2),
(xa)?da = Zpu(y)~'dy with y = xa, and [(x;)*(log pv)'(xa) da = — [ xq da < X5 -
Let first x — 27 < 1, and let 4. < 0.08; this holds for ¢ > 3*, because then £, < 0.3/$10.

Put ¢ := (v — 1) /L, so that d = 0.37 /5. By (F.12), ¢5/2 > G5/2(1 — 0.14 - 0.085,5) > 1.68.

Since pu (¢} +7) > 3rypr!'/? by (F.11) and 2 = 2f€tipf§/2, we have X, < %50%_/12/2 and

2[5 pulay+r)"tdr < %63/27’1/2, which we use with r = £.c/2.3 < 0.44; and (log prr)’ (x5/2) <
0.95/(1.3£c55/2) by row 9. Inserting these in [ G da and in G(%), we get

Uer(z) <643¢ 32+ 1717 +1.94¢ 2+ 0032 (z—ai <1, £,<0.08).  (F.27)

Here 6.43 > %-2.3_1/2 -0.3772 belongs to the term d~2 of the integral; 1.71 > % (0.374/1.68)71 +%-
995 (0.37-1.68%) ! to the terms with (log py)’ in the integral and in G(5); 1.94 > 5 (1.68-0.37%) !
to the term d—2 of G(%); and the two terms with the constant C of (F.26) add up to at most
Ce3? Since ¢ > g5 > 1 and £, < le/(x — x7), the first bound of (F.24) follows.

Let now  — 2} > 1, so that d > 0.37. The cells [k — 3,k + ] on which r < 0.63 are treated
as before, with r < 0.63 in the place of r < (x — 27)/2.3, and contribute at most C¢.. On every
other cell 7 > 0.63— /. > 0.5, because Xj41/2— Xip—1/2 < X/5/2 < £.. There we use (log py)’ < 3.10
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and, since z —y > 0.37, the exponential bounds |9y, f,| + |92 f.| < Ce~™(==Y) from (F.8), so that
l¢"(a)| < G(a) := C(x,)?e @ Xa) The function G is not monotone; but over one cell y, varies
by at most ¢, and, by (F.9), x/, by a factor of at most 2, so supey G < C [, G da. The sum
over these cells is therefore at most C [ G'da = & [e ™ ™@ ¥ py(y)~tdy < C/¢ < CL, because
pu > pu(z] +0.5) there.

(d) The certified function. For fixed ¢ the function h(t) := (¢ — 3t)t~2(¢ — t)_2 decreases on
0 <t <g,because h'(t) = —(9t? =Tt +2¢2) t3(¢—t) "3 and 92 — 7t +2¢2 = 9(t—1—8§) +§2§2 > 0.
Hence g?)” (a) decreases in a, and the supremum in (F.25) is the larger of the two numbers
|¢”(k £ 3)|. For ¢ >3 and K = ko(s) we have Sk—1/2 < 0.58¢: if K = 3 because {5/, < 1.72,
and if K > 4 because {x_1/3 < (%)2/3@(,3/2 < (1@3)2/3 1.02¢/2.3. Thus €, is a finite sum of
explicit functions of ¢, which jumps upward where ko does. Row 5 bounds it on subintervals
that cover [3, {go2]; since ]%0 is non-decreasing and the summands are non-negative, l%o is replaced
on each subinterval by its value at the right end. With the factor 1 in the place of 1.02 the
supremum is 0.0016439; it is approached as ¢ decreases to 2.3¢5/ = 3.949. .., between ¢g and G,
where kg jumps from 3 to 4.

Large . For the rest of the proof let £.{go2 < 0.24, so that £, < 0.08, and let ¢ = (x — z7) /L.
The right side of (F.27) decreases in ¢, and at ¢ = {go2 = 71.27... its first three terms add up
to less than 24 - 0.00147. Hence ey, < 0.00147 + 062/2 for ¢ > {e02,  — 2] < 1; and e, < C¥,
for x — 27 > 1 by (F.24). Both are at most 0.00186 + C¢.. The values of e;, on successive
cells are not monotone, so that the range of large ¢ cannot be reduced to the certified one by
monotonicity; it is the right side of (F.27) that decreases.

The range 3 < ¢ < 2. Let x lie in a cell n > 6. Then ¢ > ¢4 > 3 by (F.12), and it
remains to treat ¢ < {gg2, so that x — a7 = . < 0.24. Let K = ]2;0(§). Since éK,l/g < 0.58¢,
(F.12) gives sx_1/a > i 1/a(1 — 0.14 - 0.58es) > 1.02(1 — 0.0195)¢/2.3 > ¢/2.3, that is
XK-1/2 = 27 + (z — 27)/2.3 > Yy (). Hence ko(x) < ko(), and every site a < ko — $ has
Sy < 0.58¢. For such a write D := ¢ — ¢, and D= ¢ — ¢, so that D > D > 0.42¢ > 1.2. Since
Xa = ZU){ + {eSa,

" 927 1\2 a2 " All . (61/1) étlll
30 (a) - gc(ga) 8yfx(xa) + Ecga 8yf:v(Xa)a @g ((1) - D2 l")

Each of the five quantities — (¢ D)282fm(xa) —0eD Oy f2(Xa), Sa/Sa, S,/S, and ¢!/ /<) differs from
1 by at most C/.q: the first two by (F 8), because ml.D < ml.s and = + xq > 2x7; the third
by (F.12), which also gives 0 < D — D = &, — ¢, < Cles D; the fourth by (F.2) and (F.11),
which give ¢/, = 3<a 1/2(1 +6)7! with 0 < 6 < 0.330ccq; and the fifth by (F.2) and (F.13),
which give ¢/ = —(s})% L.(log pr) (Xa) = —(s1)*(1 + 6")/(254) with 0 < @' < 1.12/.5,. On the
present range ¢, 1/¢, and 1/D are bounded and £.s < {oale, so that |¢”(a) — @7 (a)] < Cl.; and
the number of summands is bounded. As ko(z) < ko(s) and all summands are non-negative,
er(x) <ér(s) + Cl. <0.00186 + C¢.. No continuity in x or in ¢ is used: the jumps of ko(z) are
covered by ko(x) < ko(s). The factor 1.02 is needed for this: since ¢, < &, the true index ko ()
jumps slightly before the nominal one does, and there e, exceeds its nominal value by a whole
summand. O

F.3 Detuning costs O(n3)

Lifting a double zero off the axis to the heights +¢; raises the modulus of its factor at a point
of the axis at a distance D > ¢, by the relative amount O(g2/D?) only, and ¢y, is 7o times the
local spacing. Thus lower bounds for B° are lower bounds for B, and upper bounds for BY
become upper bounds for B at the cost of the two pairs which flank x, which are kept exactly,
and of a factor eCaet with Caet < 16.6. No certified constant is used.
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Lemma F.7 (Detuning; proved). Let x > 0, k > 3 and A4 := coshn(xx Fx). Then

TXk (1‘)2 < Qk(l') < TXk ($)2 exp ( 45% qk H (A:t - ’Yk)(A:I: + 1) (F28)

xe—w)? T (Ax+ ) (A — 1)

There is an absolute constant Cyet < 16.6 such that, for x in cell n > 2 and for 0 < x < x2
(where no pair is excluded),

qr () 2
0 §k>3 kz log T (@) < Cdet My (F.29)
= ¢n7n+1 k

and the pairs beyond the cell contribute at most 4¢(2)n3 of this. In particular 11 := |B|/|B°| =
k>3 qk/T)%k > 1. For the flanking pairs,

X 2 n x 5
g (e pared, PG < (e pipjarod. e

Proof. The product formula in (F.28) is (F.4) divided by its value at 7, = 1. For A > 1 and
0<~vy<1,

} for v = cos e,

A— A-—1 L 24d~ 24(1 — 2
log v __]/ dry c ﬁ% ( 7)}<:{0 (me)
Y

Aiy g1~ ) 2oam A2 1 A1
since 1 — cosme < $(me)? and A/(A+1) < 1. With A, — 1 = 2sinh? w > 172 (i F 2)?
the two factors contribute at most 2% /(xx — z)? + 263/ (xx + )2, which gives (F.28).

For a pair beyond the cell, k > n+2, the spacings decrease, S0 xx — & > Xt — Xn+1 > (k—n—
1)k, and &), = noly,; the pair contributes at most 4n3/(k —n —1)2, and these sum to 4¢(2)n3. On
the lobe the same holds with xx—x > xx—x2 > (k—2)¢x. For a pair below the cell, 3 < k <n—1,

we have z — xj, > (n — k)€,—_1, and by Lemma F.1(b) €;/€,—1 < X}/X0 < (R — 1)/ (k — %))1/2.
The pair contributes at most 4n3 (n—1)/[(k—2)(n—k)* = 4nd[(n—k) 2+ (k— )" (n—k)~1].
The first terms sum to at most ((2). By the Cauchy—Schwarz inequality the second terms sum to
amnmm(g@)g@zgk—iyﬂ)”2g(%qz»v2§086ﬁmme§kzdk—iyﬂgggg@—iyﬁdt:g
by convexity. Hence (F.29) holds with Cyet := 4[2¢(2) + 0.86], and 4¢(2) < Cyet < 16.6.

For (F.30), the factor with A_ = cosh(x, — @) is (1 + 42%) /114::71; here =12 < &2 /(x —
Xn)? = n3/u?, and the second quotient, as well as the factor with A, is 1+ O(e2). For k =n+1

we use in addition £, 1 < £, ]

F.4 Corollaries

We collect the bounds of Lemma 7.5(c), (e), (f) and the overshoot bound of Lemma 7.11. Each
is one application of Lemma F.5 on each side of x, with the sites next to « kept exactly. The

bounds on the cells n > 6 use Lemma F.9, which is proved in appendix F.5 from appendices F.1
to F.3 alone. Rows 5, 7, 8, 9 and 10 of table 4 are used.

The lobe: Lemma 7.5(f) [PROVED|. Let 0 <z < x2. All sites lie beyond z, so Lemma F.5(a),
(b) with K = 3, the inequality g > T)%k, Lemma F.7 and (F.6) give

fx(xg)+c’U+c’73X5/2 < log|B°| < log|B]

o ) (F.31)
< fa:(XQ) =+ fx(X3) +cU+c PX3 + 4C(2)7707

all functions being evaluated at x; on 27 < z < x2, U = —L.
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Upper bound on every cell. Let x lie in cell n > 2. The pairs k > n + 2 lie beyond z; we
write log gr = 2fz(x%) + log(qk/Tik) for them. By Lemma F.5(a) with K =n + 2, (F.6) and
Lemma F.7,

n+1
log|B(z)| + ¢ L(z) < folxa) + > logqr(x) + fa(Xn+2) + ¢ Py, pn (@) + D),
k=3 (F.32)
Y e ()) e [0, 4¢@)3).
k>n+2 Xk

The exact factors on the right carry the total weight 1 + 2(n — 1) + 1 = 2n, and the continuum
term carries 2(n +2 — 1) = 2n + 2n4.

Upper bound on the cells n > 6 and on the far band: Lemma 7.5(e) [PROVED,
COMPUTER-ASSISTED|. Let z lie in cell n > 6. By Lemma F.9 with j = 1, Lemma F.6(d) and
Lemma F.7,

qndn+1
T2 T2

Xn~ Xn+1

1Og|B| + C/L < C/’P + u7end + ’H;L + lo og + Cdetn(2] + 2CL- (F'33)

By (F.46), #} < hi(u) + 2 + Cl,, where hi (u) = log(1 + u) + 2logu + 2log(1 — u) +
log(2 —u) — 2 le log|lu — v| dw. Each of the three pieces log[(1 + u)(2 — u)], 2log[ (1 — )] and
—2 2, log|u — v|dwv is largest at u = 3; the last because its derivative is 2log 274 1. Hence (table 4,
row 7)

sup hd (u) = hl (3) =6 —4log3 < 1.606 (cert), SO  sup eMi < 5.0/ +Ctn, (F.34)
0<u<1 cell
With the flanking pairs, (F.30) replaces the middle piece by log P(u(1 — u)) + O(¢2), Where
P(p) = p* + (1 = 2p) + 15 is (u? +15) (1 — w)* + ng) written in p = u(l —u) € [0,3]. A
convex quadratic is largest at an end of the interval, and P(1) = (5 +n2)? > P(0) = 8( +n3)

precisely when 73 < %. So for ng = % the supremum is again at « = % and exceeds (F.34) by

2
21og(1 + 4n3):
|B(z)]e” ") < 5.0 (1 + 4178)260‘16”73 . 20194/ +Cln o P(2)+Tena (@) (F.35)

On the far band = > 27 + r we have ¢P < C, by Lemma 7.5(b), Jonqg < Cy by Lemma F.8,
n>dN(zi +7r)—1and £, <C,/c;so |Blet < C, there.

The sup bound: Lemma 7.5(c) [PROVED, COMPUTER-ASSISTED|. On z > z} + r the
bound C, has just been proved. On the cells n > 6, (F.35) gives log|B| + ¢L < ¢P + C,
and P < 2n4|f(x2)| by (F.16). Here x — x2 > x6 — x2 > {c for ¢ > & by (F.12). If
x — x2 < 0.9, the estimate used for (F.20) gives |fz(x2)| < logﬂ(%_xz) +C < log% + C;
otherwise |f(x2)| < C. Hence P < 2n; - %log d+C = %nl logcd +C. Onthecells2<n <5
we use (F.32) in the window with ¢nax = ¢s. By (F.14) and (F.15) (row 10) each site factor is at
most C/,. and each pair modulus at most C¢2, because the scaled distances are bounded; and
Pypia < (2n+2n1)log é + C by (F.19). The powers of £, combine to £_ 2", so log|B| +¢'L <
%nl log ¢ + C on these cells as well. Together,

sup [log|B(z)| + ¢ L(z)] < gnilogd + C, sup [log|B(z)| + ¢ L(z)] < C. (F.36)

r2>X2 >z +r
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The overshoot bound: Lemma 7.11 [PROVED, COMPUTER-ASSISTED|. Let z lie in cell
n > 6. The lower bound of Lemma F.9 with j = 1, together with Jopq > 0 (Lemma F.8) and
er, < Cr, gives log|B| + L > P +H,, —2Cr. By Lemma F.10, H,, > hy(usno) — C(+ + 4y),
with ho(u;no) = log(u? + n3) + log((1 — u)? +n3) — 2f 1/2 log|u — v|dv. Row 8 of table 4 is

Or<nl£11 hy (u;mo0) > 2logng + log(1 + n3) + 3.476 (cert) (0 <mo <0.3), (F.37)
u

the minimum being attained at the ends u € {0,1}. The certiﬁcate rests on three facts which are

proved by hand. Let s :=n3 < 0.09, h := hy (-;n0) and I(u f3{§2 loglu—v|dv =4—-2(u+
3) log(u+3)—2(3 —u)log(3 —u). (i) I(0) = I(1) = 4—3log 3+4log2 = 3.4767 .. ., so that h(0 ) =
h(1) = 2log o +log(1+13) +1(0). (ii) h(u) = h(0) = log(1+u?/s) +log(1— “Z- u))+f( )= 1(0).
The first term decreases in s; the second increases in s, because 0 < u(2 — u) <1, and it is
2log(1 —u) at s = 0. Hence h(u) —h(0) > G (u) := log(1+ u2/0.09) +21og(1 — u) +I(u) —1(0),
and G1(0) = 0. (iii) Since h(u) = h(1 —u), also h(u) — h(1) > Gr(u) := GL(1 —u). Row 8
certifies that G, > 0 on [0, 1] and Gz, > 0 on [1, 3], and the mirror statements for Gg. Hence
G, > 0 on (0, 2] and Gg > 0 on [1,1), so that b > h(0) = h(1) on (0,1); and I(0) > 3.476 is
certified as well. Since 3476 > 32 (F.17) gives

, 2n 2n
|B($)’eCL($) > 3277(%60(71#%”)20]4(2)) ! > CTU8(2)> ! (F38)

m(x — a3 - m(x — a3

<

on the cells n > 6, with an absolute constant ¢y > 0: the exponent is bounded, because %

and £, < x5 < /. by Lemma F.1(b) and (F.11). Only the positivity of cp is used.

[:]mh—t

F.5 Two-sided bounds on the envelope, and the level

This subsection proves Lemma 7.5(a) and Proposition 7.4. We apply Lemma F.5 on either side
of x, but keep exactly the 25 + 2 sites nearest to = in the upper bound, and the 25 detuned pairs
nearest to x in the lower bound. The difference between these exact sites and the continuum
integral over their index range is the hole function. Sites and continuum carry the same total
charge, so all scales cancel, and as n — oo the hole function tends to an explicit function of the
position w in the cell alone. The rows used are 5, 6 and 9, and row 10 in the window clause of
Lemma F.8.
For j > 1 and z in cell n > 25 + 4 the hole functions are

n+j n+j+1

'H:;](CU) = fe(Xn—j) +2 Z fo(xr) + fo(Xn+jt1) — 2/ A ¢(a) da, (F.39)
k=n—j+1 n—j
n+tj n+j+1/2
Hoj(@) = > loga(x)=2[  ¢(a)da, (F.40)
k=n—j+1 n—j+1/2

and HF = Hil. The first does not depend on 7. Its sites carry the weights 1,2,...,2,1, of
sum 45 + 2, and its integral has the same weight 2(2j + 1); the second has the weight 45 on
either side. Their limits are

: "
hj( u) :==log(u+j) + 2 Z log|lu —i| +log(j + 1 —u) —2/ loglu —v|dv, (F.41)

1=—j+1
J j+1/2
hy (uimo) == Z log((u —i)* +nd) — 2/ log|lu — v| dv, (F.42)
=41 i+1/2

and hEf := hi. The integrals are elementary: ff log|lu — v|dv = F(u — a) — F(u — ) with
F(t) = tlog|t| —t.
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Lemma F.8 (The end correction; proved, computer-assisted). For x > x5/2, 0 < Jena(7) <
%sup2§a§5/2|g0’(a)|. Consequently 0 < Jena < Cy onx > x3 with an absolute constant C; < 0.65;
this uses no certified constant. Moreover Jenda(z) < C/(s = 5/2) for x = 27 + Les in the window
(row 10, through (F.11)).

Proof. For & > x5/, the function ¢ decreases on [2, 3], 50 Jena = 2f5/2[ (2) — p(a)] da lies
between 0 and 2f01/2tdt sup|g0| By Lemma F. 1(a), | (a)] < x4/(x — xq). For x > x3 and
03,7 Xa 2 X3~ Xoj2 2 3xh and X < xb < (5)!2xh by (9), so [¢f| < 2(7)17 < 26
and CJ -2.6 = 0.65. In the window x5 < 4. by (F.11) and = — x4 > £e(s — 65/2)- O

Lemma F.9 (Two-sided bounds; proved, computer-assisted). Let j > 1 and let x lie in cell
n>2j+4. Then

log|B(z)| + ' L(z) > ¢P(x) + Jena(z) + H,, ;() — 2eL(x), (F.43)
log| BY(z)| + ¢ L(z) < dP(x) + Jena(z) + H;j (x) + 2er(x). (F.44)

For j =1 and n > 6, together with e;, < Cp, and (F.29), this is Lemma 7.5(a): the lower bound
is for B, the upper bound for B®, and log|B| < log|B°| + log % + Cyetp-

Proof. We split the sites &k > 3 into four blocks: the far left 3 < k < kg, where the midpoint
rule holds up to er; the concave block from kg to the hole; the hole, kept exactly; and the sites
beyond the hole, which lie beyond x. We then account for the pieces of 21,(2) = —¢'L + P
that no block has used. By Lemma F.6(b), kg <n — j.

Upper bound. By Lemma F.6(a), 22:0 31 o(k) < 2fk° 1/2g0 + 2er. The function ¢ is
concave on [kg,n — j], where y,, < Xa < , so the trapezoid inequality of (F.21) gives
23 io Lo(k) + p(n — j) < 2 [io ) ¢ 4 @(ko). Beyond the hole, Lemma F.5(a) with K =
n+j+1gives p(n+j+1)+23 k5,140 9(k) < 21 (n+ j+ 1). The remaining site terms are
on—7j)+2 ZZJFZL _ir19(k) +@(n+j+ 1), the sites of H, .. The three integrals cover [3

20 )
except [ko — 3, ko] and [n — j,n + j + 1]. With (F.3) and (F.6),

5/2
log|BY| < =L+ P+ ¢(2) — 2 o+ @(ko) —2/ /¢+H+.+26L,
ko—1/2
_/_/
Jend <0

and the second brace is non-positive because ¢ decreases on [ko — 3, ko). This is (F.44).
Lower bound. By (F.28), logqgr > 2p(k) for the pairs outside the hole. For these,

221120 31 ok) > 2f5k/°2 1/2g0 — 2er; the midpoint inequality of (F.21) on the concave

block gives 23,7 i P(k) > 2f” JJ;H ¢, where x,_j11/2 < ¥; and Lemma F.5(b) with

K=n+j+1gives 23>, i1 0(k) > 2L(n+j+ %), where x < Xp1j11/2- The integrals

cover [g,oo) except [n — j + %,n +j+ %], and the pairs n — j < k < n + j are kept. Hence
log|B| > —c'L + P + Jena + M, ; — 2eL. O

Lemma F.10 (Limits of the hole functions; proved). Let j > 1, = in celln > 2j + 4 and
u=(x— xn)/ln. Then

_ _ 1 . .
max{ [, ;@) = hf ()], [H ;@) =h5 ()|} < Ci(S4),  Cji=C 57 log(2j+2), (F.45)

with an absolute constant C'. More explicitly, the left side of (F.45) is at most

8j(j+1)+285(j+1)log(25 + 2)
n

4
+Cjly, which for j =1 is at most % + C4,. (F.46)
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The same bounds with 2 added, so 2L + Ct,, for j = 1, hold for H,, jlno=0 — log(4 sin? v (z))
against h; (u;0) — log(4 sin? u), and for 7-[2"]- likewise; here v(z) = ¢ N(z) + 1 — 2 is the site
index of section 7.5, so that v(x,) = a — 2.

Proof. There are three steps: the scales cancel up to O(j¢,,); the displacement of the sites and of
the continuum from an equally spaced lattice costs O(j21og(2j +2)/n); and sin? 7v is compared
with sin? mu.

Scales. For a in the hole write f;(xq) = log % + [log % + log tanh x| + g1(a) + g2(a)

™

with g1 = log(|tanh z|/|z|), 2 = 5 (2 — Xa), and g2 = logtanh w —log tanh mx. The bracket
does not depend on a; it cancels between the sites and the integral, which carry equal weights.
The function g2 is monotone with total variation at most §(xn+j+1 — Xn—j) < Cjly over the
hole, because (logtanhz) = 2/sinh2z < 1/v/2 for z > u; and £,—; < 24, by (F.9). The
function g; is monotone on either side of x, with variation at most Cj¢, there, and |g;| < C¢2
on the cells adjoining x, because |(log(tanh z/2))’| < C'min{|z|,1}. By Lemma F.5(d), applied
on either side of these cells, the contribution of g; and gs to Hif ; is at most Cjl,. For
a pair of the hole, the second form of g given after (F.4), with v = Fep < mnoly, gives

log g, = log % +2[+] + 291 (k) + 2g2(k) + O(¢2). Thus, up to O(jty,), Hrjzt,j are given by
(F.41), (F.42) with u — i replaced by u — p(i), u — v by u — p(v), and 79 by 10ln+i/ln, Wwhere
p(v) == (Xn+v — Xn)/ln for —j <v <j+1.

Displacement: the map p. The function p is increasing and concave with p(0) = 0 and
p(1) = 1. By (F.2), —p"/p' = x,(logpu)'(xa) at @ = n +v. Since p¥ /N is non-increasing

(Lemma F.1(b)), (log prr)’ < pu/(4N), and with x}, = 2/('py) and ¢ N(xa) = a — 1,

< (=i <v<j+1), (F.47)

1
n

because a > n —j > 5 4 2. There is a point vy € (0,1) with p’(vg) = 1. Hence [logp'(v)| <
lv —wol/n < (j+1)/n < 3, and since |e? — 1| < 2|¢| for |t < 1,

1
P (v

) - 1)< 225D,

%(E%)

2(5 +1 .
i< Ly s
The remainder formula for linear interpolation, p(v) — v = Lv(v — 1) p”(&,) with &, between 0, 1
and v, and p” < 0 give

v(l —w)

W=D J6ED (g 0,1),  o<pe)—vs Y 0<os),
n n n
(F.49)
Displacement: the sites. For i = 0,1 we have p(i) = i, and nothing changes. For —j <1i < —1,
u—p(i) >u—1i>|i],s0 0 <log(u—p(i)) —log(u—1i) < (i—p(i))/(u—1) < (|i| +1)/n by (F.49).
For 2 <i < j+1, p(i) —u > p(i) — p(1) > e /2(i — 1), s0 0 < log(i — u) — log(p(i) — u) <
(i — p(i))/(p(i) — u) < eY%i/n. In either case the logarithm of a site factor changes by at
most 2(j + 1)/n. For the pairs we use that, for positive numbers, (A 4+ b)/(Ap + bp) lies
between A/Ag and b/by. With A = (u — p(i))?, Ao = (u — )%, b = 93 (ln1i/ln)?, bo = 13, and
bnvifln = p(i+1) —p(i) € [e=UFtD/7 el+1)/7] the logarithm of a pair factor changes by at most
4(7 4+ 1)/n; for i = 0,1, where A = Ag, the same holds, and for 1y = 0 a pair factor is a squared
site factor. The sites ¢ = 0,1 do not move; the remaining weights in (F.41) add up to 4j — 2,
and there are 2j pairs in (F.42), so the sums over the sites change by at most 85(j + 1)/n.
Displacement: the continuum. Let (a, 8) = (—j,j+1) or (—j+3,j+3). The substitution s =

p(v) gives ff log|lu — p(v)|dv = f&f)) log|u — s ﬁ. By (F.49) and j/n < %, [p(a),p(B)] C

[—24,7 + 1], on which [|loglu — s||ds < 2 [T [logt| dt < 6j1og(2j + 2). By (F.48), replacing
the density 1/p’ by 1 changes the integral by at most 12j(5 + 1) log(2j + 2)/n. It remains to

0<v—pv) <
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move the endpoints from p(«),p(8) to a, 5. Each moves by at most j(j + 1)/n, and on the
interval in between % < |u—s| <2j+1 at the left end, and %6_1/2 <pB)—1<|u—s]<j+1
at the right end, so that |log|u — s|| < log(2j+2). Hence Uf log|u —p(v)|dv —ff loglu—v|dv| <
145(4 4+ 1)log(2j + 2)/n. The integral enters h;ﬁ with the factor 2, so the terms in % add up
to [85(7 + 1) + 285(j4 + 1)log(25 + 2)]/n, which for j = 1 is (16 + 56log4)/n < 94/n. This
proves (F.45) and (F.46).

The comb factor. Let x = X1y with 0 < o' < 1. Then v(z) = n—2+/, so sin® 7v = sin® v/,
and u = p(u'), s0 0 < d = u—u < (1 —1u)/n by (F.49). We have sinmu/sinmu’ =
cosmd + cot(mu') sinwd. Since |cot t| < 1/(mt(1 —t)) for 0 < t < 1 (by symmetry let t < 1
then tan 7t > 7t > wt(1 —t)), the second term is at most 1/n in modulus, and 0 < 1 — cosmd <
%(Wd)Q < 1/n% With n > 6 this gives |logsin® 7v — log sin? mu| < 3/n, uniformly on the cell, its
ends included. O

2 2

[ORIENTATION] The constant 94 is far from sharp: to first order in 1/n the difference ’Hi i~ hji
has the size 2j2/(3(n — 1)), which is 0.13 for j = 1 and n = 6. This is not used.

The extrema of row 6. At 7y = 0 the differences hjc(u) —log(4sin? u) are continuous on
[0, 1], since the double zeros of the sites i = 0, 1 are those of sin? 7u. Row 6 of table 4 contains
their extrema, which are attained at u € {0,1}:

j=1: mgx[hf — log(4sin? u)] < 0.2449, muin[hl_(- ;0) — log(4sin? u)] > —0.1991 (cert),

j=4: mgx[hj{ — log(4sin? u)] < 0.0749, m&n[hl(- ;0) — log(4sin? mu)] > —0.0422 (cert),

(F.50)
so that [e=0-1991 ¢0-2449]  [0.819,1.278], and e~%-0422(1 —0.01) > 0.949, €*9749(1+0.01) < 1.089.
Proof of Proposition 7.4 [PROVED, COMPUTER-ASSISTED]|. In this appendix 7y = % is
fixed. The two lemmas used here, Lemmas F.9 and F.10, hold with the same proofs and the
same constants for every 0 < ng < i: their proofs use 79 only through (F.28) and through
€ = Mol < %Ek, and the value ng = 0 is treated explicitly in the last clause of Lemma F.10 and
in the step on the sites of its proof. We apply the two lemmas with 17y = 0. Then ¢, = T%k
and B = BY, and by definition sech?(%£)|B°| = |h]| = Envsin? rv. With (F.7), A = Env/Lev
satisfies 4\ sin? 7 = |B0|ec/L_CIP_*70nd; note that Junq is inside Lev and drops out. Lemma F.9
at g = 0 gives, on every cell n > 25 + 4,

/H;z,j‘nozo —2¢;, < 10g(4)\si1r12 ) < 7—[;]- + 2er. (F.51)

We subtract log(4sin? 7v) and apply Lemma F.10 and (F.50):

log \ € [—0.1991—5,171, 0.2449+5n71] (j=1), logie [—0.0422—5n,4, o.o749+5n,4] (j =4),

(F.52)
with &,; := 2er, + Cj(£ 4+ ¢,) and C; as in (F.45). For j = 1 and n > 6 this is the first
statement of Proposition 7.4: A € [0.819,1.278], widened at both ends by e*2¢Z and by the
site-displacement factor eiCl(%M"), which tends to 1 as n — oo and in which C1(% + /) may be
replaced by 2 4+ C¥,, (the 94 of (F.46) and the 3 of the comb factor); these two factors are kept
outside \. For j = 4 let n > ec/ with € > 0 fixed. Then z — 27 > 7(€) > 0, so eg, = O.(¢"2/3) by
(F.24), £ < L and ¢, < C./c. Hence 6,4 — 0. For ¢ large depending on ¢ we have ¢4 < 1.01,

'’ n — ec

which is the allowance (1 +0.01) of row 6, and therefore A € [0.949, 1.089]. O

F.6 The detuned floor

We prove Lemma 7.9, the floor (F.53): on every cell n > 25 + 4 the comb hy stays above a
positive multiple of the level. The floor is the smallest value, over the position u in the cell, of
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the exact contribution of the 25 detuned pairs nearest to x divided by that of the continuum
which they replace; all other pairs are bounded below by their undetuned values, and these by
the continuum through the midpoint rule. Keeping more pairs exactly removes a larger part of
the midpoint loss, which is why g4 > p1. The rows used are 3 and 5, and row 9 through iy,

Lemma F.11 (The detuned floor; proved, computer-assisted). Let j € {1,4} and let = lie in
cellm > 25+ 4. Then

hO(«T) Ho . (x)—2er(z Y] ) b (u:
Tev(z) = P72 > (1= Cy(d 4+ 0a) )0,y i= min feh () (5.53)

with C; as in (F.45), and for no = % (table 4, row 3)
p1 > 0.536 (cert), pa > 0.699 (cert), (F.54)

the minima being attained at w € {0,1}. The factor 1 — C’j(% + 0,) tends to 1 as n — oo; where
it is not positive the second inequality says nothing, and the first one remains.

Proof. For x > x2 we have B(z) > 0 and hg/Lev = i[B|eC/L_C/7)_‘7€nd by (F.7); the end correction
Jend is inside Lev. Since n > 2j + 4, (F.43) holds: log|B| + 'L — P — Jena > H,, ; — 2er. In it
the 25 pairs n — 57 < k < n+ j enter through their exact moduli g, and every other pair through
qr > T fk [(T2), Lemma F.7]: detuning is used only in so far as it does not lower a factor. The
sites 3 < k < kg cost 2ey,. This is the first inequality of (F.53). For the second, ey (z) < Cp,
by Lemma F.6(d) (row 5), as n > 6; H,, ;(z) > h; (u;mo) — Cj(% +¢,) by Lemma F.10, and

et >1—t; and iehi— (uimo) > j by definition. The values (F.54) and the location of the minima
are row 3. n

[ORIENTATION] We note without proof that p; — sinh? 77y = 0.7546 as j — oo; this is not used.
The reason is that [[;cz((u — )% 4+ n3), divided by the continuum in the sense of (F.42), tends
to 4|sin (u + ing)|? = 4(sin? 7u 4 sinh? 7mg) as j — oo, whose minimum over w is 4 sinh? 7r7q.

F.7 The first cells

On the cells 2,...,5 the point x is within a few Airy lengths of the tip, there are at most three
sites to its left, and nothing is gained by replacing them by a continuum. We therefore keep all
the sites up to xp+4 exactly and apply the midpoint rule only beyond them. No end term and
no loss ey, arise, which is why the unit is Leve~7end. In the Airy variable the resulting finite
product is a c-independent function on each cell, and its minimum is certified (table 4, row 4;
row 10 for the passage to the Airy variable).

For x in cell n > 2 let

n+4

n+9/2
H (@) = folx2) + 3 log gi(x) — 2 / o(a) da, (F.55)
k=3

in which the sites and the integral both carry the weight 2n + 5.
Lemma F.12 (First cells: Lemma 7.12; proved, computer-assisted). (a) If x lies in cell n >
2, then log|B| + /L > P + HL at x, and hence hg > iLev e~ Jend THn there.
(b) Let Mg := 1o(Sk+1 — Sk) and
R n+4
H (<) := log|s — & + > log((s — )% +01) — 3[F (S, Sugoye) — Fls, &) (F.56)
k=3
For2<n <5 andx =z} 4l # xo in cell n, H.(x) —log|s — | = HL () — log|s — &| +
O(l.log eic), uniformly in x and n; at ¢ = & the right side is understood as its continuous
extension.
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(c) (Table 4, row 4.) With ul, := min %e#ﬂ(g) over &, < ¢ < {1,
1 >0.679 L >0.683 L >0.686 t F.57
pz = 0.679,  py >0.683,  p5>0. (cert), (F.57)

and on cell 2, which adjoins the simple zero,
ieﬁé(g) > [islope % forall & < ¢ < ¢, Uslope = 0.686 (cert). (F.58)
3 — G2

The inequality (F.58) holds on the whole cell and binds at its right end: the quotient of its
left side by (s —<$2) /(S5 — <o) is 1.550 at the zero, rises to 3.774 at the relative position 0.350
in the cell, and decreases from there to its least value 0.6924, which it takes at ¢ = {3.

(d) Consequently, for ¢ > ci*, on the cells 3,4,5, hg > Leve Jendpl (1 — Cl.log i), and
on the whole of cell 2, ho( ) > Lev e_jenduslope X2 (1 — O, log i) On these cells

X3—X2
/
Lev e Jendel < g72m1 = d3m s (/e

Proof. (a) By (F.28) and Lemma F.5(b) with K = n + 5, for which x < Xnt1 < Xn+o/2,
S kons5108dk = 25 snis 0(k) = 2L(n + 9), and 2L, (n + 3) = 21,(2) — 2 P o = ~¢L +
P — 2f2n+9/2 ¢ by (F.6). Inserting this into (F.3) gives the first statement, and the second
follows from (F.7).

(b) We take ¢nax = <10 in Lemmas F.3 and F.4; the site 2 is given by (F.14) and the pairs
3<k<n+4<9by (F.15). The constants log¢. + log ﬁ cancel because the weights are equal,

and the remainders R, R, contribute O(E ). By (F.6) the term —2 fn+9/2 18 Py, 92— Pxa» tO
which (F.19) applies with @ = n+ 3 < 22 and with a = 2. For the pairs, (s —c;)? +ngA7 > ndA?
is bounded below, so its logarlthm is Llpschltz in the sites, which move by O(¢.) by (F.12). The
singular factor of the simple site is kept exact on both sides. All these remainders are bounded
uniformly in ¢ € [0, 0], and hence in z and n.

(c) is the content of row 4; the certificate evaluates F by its closed form (Lemma F.4).

(d) Let R, := HL —log|s — &, which is (F.56) without its first term; it is continuous on [0, o).
It has the modulus of continuity Cdlog 3 there. Indeed, with A(r) := rlog|r| — r, a primitive
of log|r|, integration by parts gives F(s, A) = —AY2A(¢ — A) + %f(f‘ A(s — t)t~Y2dt, and
|A(a) — A(b)| < Clog 3 for |a—b] <6 < 1 and |al,|b] < <10, by the estimate of f1|log\g —<'||d¢’
in the proof of Lemma F.4(b). Hence |F(s, A) — F(¢', A)| < 2412 C5log + for ¢,¢’, A in [0 S10)
with |¢ —¢/| <. The pair terms of (F.56) are Lipschitz in ¢, because (¢ — &) + A7 > A7 > 0.

In the variable ¢ cell n is [¢,, Sp+1]- By (F.12), ¢p41 < $pp1 and 0 <&, — g, < dy, := O 14£c§n
So the true cell is the nominal cell [$,, $,41], on which (c) holds, shortened on the right, and
extended on the left by a stretch of length at most d,,. For ¢ in the true cell let ¢* := max{s, <, }-
It lies in the nominal cell, and 0 < ¢* — ¢ < d,,. By (b) and the modulus of continuity, for

T # X2,

1 ’H%(x) _

. L A
1€ = %(§ - %) 6Rn(<)+o(£c log 7:) > i(g - ) eltn(s™) (1 — Cl.log i)

On the cells 3,4,5 we have ¢ — ¢ > ¢ — & > (67 — &) (1 — dy, /(S5 — $2)), because g2 < & and
¢t —& > & —&. Since %(g —&)e Bn(s) — %eﬁa(ﬁ) > ML by (c), this and (a) give the first
statement. On cell 2, (F.58) says that 4eR2 > fsiope/ (S3 — 2) on ($2,¢3], and this holds at ¢ by

H (2) > < S—=¢ _— TTX2 ,$3—%2
E\Ztlfllrglt—yggHénche— ig — ds. Xstb;ej_ ;(‘tl)otfil(i(e)f éf)t{;l)(: 362c0<n§ st;ft?eﬁ:ri gngalr?lsh. X%Bézsi;%_gf
Leve Jendef'L is Lemma F.4(c). O
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G The vacuum inequality

[PROVED, COMPUTER-ASSISTED| This appendix proves Proposition 7.13: Band < Ry,c|Lobe|
with Ryac < 0.1021 4 0.02, and |Lobe| — oo; on the way it proves Lemma 7.5(d2). It is used
in section 7.9 only, and it takes Lemmas B.2 and B.4, Proposition 7.2, Lemma 7.3(b) (whose
hypothesis is verified in section 7.10), appendices F.1 to F.4, Lemma F.9, Lemma F.10 and
Lemma F.8 as input.

The idea is described in section 7.9. The Cardy-weighted masses of the negative lobe of hg
below t, and of the positive band beyond both come from a window of width O(¥.) at the tip,
and in the variable ¢ = (z — z7)/{. each is a common factor, proportional to J3M—% = 13/6,
times a c-independent integral. The ratio of the two integrals is certified to be at most 0.1021
when the band is cut after its first hundred cells; the finite-c corrections and the band beyond

these cells are bounded by hand, with explicit constants wherever a constant enters Ryac.

G.1 Statement and reduction

Throughout, (m, ke, n1,1m0) = (1, 1, %, 1), ho(t) = sech?®(wb/2) B(b) with b = /3t/c’, and on the
real axis t = ¢'2%/3, dt = %c’x dz. By Proposition 7.2, hg < 0 on (0,t,), ho has a simple zero at
t, = c'x3/3, and hg > 0 beyond; V > 0 by Lemma B.2. We set

ty 00 C/Xi+1/3
Lobe := / hgV dt <0, Band:= hoV dt = Z Band,,, Band, := / , hoV dt > 0,
0 to n>2 cx3/3

(G.1)
so that Band,, is the contribution of cell n, x, < & < xn+1. With pc = 27V, Lemma 7.3(b) and
the bound |hg vac| < 8 of Proposition 7.2 give

Gvac = 3hovac + m(|Lobe| — Band) > m(|Lobe| — Band) — 4. (G.2)

Proposition 7.13 follows from (G.2) once Band < Ry,c|Lobe| with Ry, < 1 and |Lobe| — oo are
shown; the transform hg enters only through the hypothesis of Lemma 7.3(b).

Input from appendix F. We use the notation of appendix F: the site weight f,(y) =
log|Ty(z)| < 0 (F.1); the site map a — x, for real a > %, /N(xq) = a — 1 (F.2), whose integer
values a > 2 are the sites; the modulus g of the detuned pair at x (F.4), for which g > T%k
on the real axis (F.28); and, for Y > z7, the potential at = of the charge which the law places
below Y (F.5),

Y
Py(a)i== [ pu(@) fula)do’ 20, (G3)

so that P = P,,. Two bounds of appendix F.4 are used, in both of which the sites next to x
are kept exactly. On the part zj < x < x2 of the lobe, the first inequality of (F.31), which is
Lemma 7.5(f), reads

log|B(x)| + ¢ L(x) > fu(x2) + C'PX5/2 (). (G.4)

On cell n > 2, (F.32), which is behind Lemma 7.5(e), reads

n+1

log| B(w)| + ¢ L(z) < falx2) + D _logqr() + fa(xnt2) + ¢ Py, pn(2) + Du(w),  (G.5)
k=3

where Dy, =315, 10 log(qk/Tgk) is the detuning of the pairs beyond the cell. By Lemma F.7,
0 < D,, < 4¢(2)n3; we keep Dy, as it stands.
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G.2 The Airy window

Let ¢ := (x — 2%) /€, with £ = (r4ipc’)~%/3, s0 that ntipc’ﬂg’/z = 1. As in Lemma F.2(c) we write,
for real a > % and for integer k,
o = Xa T = (a—

2/3 A . .
TR Sa ) / ; Ak = Sgy1 — Sk, A = Cey1 — Sk (G.6)
Cc

W=

for the true and the nominal scaled positions and spacings; thus e = nol.Ar and & = ”1/ We
fix an integer N1 > 6, put ¢max := Sn,+2, and take ¢ so large that /.gnax < 0.1. The window is
2] <o <} 4 LeSmax, and o denotes the scaled position of a point 2’ = 27 + f.0 of the window.

Lemma G.1 (Window dictionary; proved, computer-assisted). With these conventions, and
with €5 = 4.30:Smax -

(i) Sites. u(1—0.140c8,) < 6o <& for 3 <a < Ny +2.

(i) Law. ¢py(2') da’ = 30" 2w.(0) do with 1 < w.(o) <14 0.33/.0.

WZC

(iii) Factors. For z,x’ in the window, |Ty(x)| = |§ oleft with |R| < ey; for a pair

3<k<Ni+1, () = (;rfﬁ) [(c — )? +773Ai] F with |R'| < 2ey.
(iv) Continuum potential. For ; < a < Ny +2 and x in the window,

2f

(0)logls —o]do —Ra(z), [Ral <2(a—7)ew.
(G.7)

Proof. These are statements of appendix F.1, applied with the present ¢pax: (i) is (F.12); (ii) is
Lemma F.4(a), with the weight w, defined there; (iii) is (F.14) and (F.15); and (iv) is (F.18).
Their hypotheses hold because £.¢nax < 0.1, because ¢, < ¢nax for a < Nj + 2, and because a
pair k < N1 + 1 has ¢x41 < $vy+2 = Smax by (i). The numerical constants rest on row 10 of
table 4, through Lemma F.2(a) and Lemma F.3. O

The scaled comb. For a > 1 let Q,(c) := 3]5‘1 1/21og|sc — o| do be the potential of the
Airy density 30'/2 carrying the Charge 2(a — 7) It is elementary (the proof is in Lemma F.4):
with A = ¢, and ¢ > 0, ¢ # A, and by continuity at ¢ = A,

Qu(s) = —24%2log|A — | + 2A3/2 4 4¢AY/? 4 263/ \ (G.8)

log‘ \F

The scaled comb consists of the functions, on 0 < ¢ < & and on §, < ¢ < {q1 for n > 2
respectively,

L(s) == [s — G| €252, (G.9)
n+1
~ . A . 2 A2
Bn(s) == 1lc — &l [][(s = &)* +mA%] s — Gural [] {1 + c 1o ’“) ] eQn+2(9), (G.10)
k>n2 Sk =S

They do not depend on c. The factors of B, are, in this order: the simple zero y2; the pairs
kept exactly; the half-weight site at which the trapezoid rule starts; the detuning of the pairs
beyond it; the continuum. We denote by L9 and Bgf) the same expressions at finite c¢: with the
true <, ¢q, A in place of the nominal ones, with the weight w,. inserted in the integral defining
Q,, and with e”~(®) in place of the infinite product.

Lemma G.2 (Lobe and band in the window: Lemma 7.5(d2); proved, computer-assisted). Let
N1 > 6, and let

2\[)2711

—1/2 2dz}
—
7l ¢

Ke:=V, ( Vei=(1- 674’“;)2 (2mcd L(x})) ech? %, (G.11)
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so that K. is a c-independent constant times J3m=s, There are constants Cyw and Ceont,
depending on Ny only, such that the following holds with R := Cyl. + 3Cy /', whenever
LeSmax < 0.1 and R < 1. The integrands of (G.1) obey

lho| Vdt > K.e L) ds (0 < <),

. (G.12)
hoVdt < Kee®BE()ds  (sn < <nr1, 2<n < Ny),
and
<2 Sn4+1 §n+1
‘/ L(C)dg _/ Ldg‘ + Z / C)dg / B, dg‘ < Ceont Le- (G13)
0 0 =2 Y Sn Sn

Proof. Measure. By Lemma B.4, V(t) e=¢L(®) = (2r¢ L(z)) ="/ [(1—e*™*)? +¢y] in the window,
with |ey| < Cy /¢ and (1 — e 4™)2 > (1 — 6_4”‘”T)2 = 0.94199... > 0.9. Each of the ratios
L(z)/L(x}) = x/x = 1+ Lcs /2], ( — e 4m)2 /(1 — e=4771)2 and sech2 2= / sech? 21 lies between
e~ Clesmax and ecz&mx and dt = 3c il (14 Les/ ml) ds. Hence, with an absolute constant Ch,
and since Cy /c <1 3

Cy

o (G

V(t) e =) sech2 LAt =V.(1+Ry(s))ds, |Rv| < Conlesmax + ~——
Powers of £.. By Lemma G.1(i) all sites and endpoints which occur lie in the window. We

insert (iii) and (iv) into (G.4). There is one site factor and the charge is 2(5— 1) =3, so the

power of 2v/2/7l, is § —1 = 2ny: |B(x)| e > (2v2/ml )2”1 L) (s ) 2 In (G.5) there are
142(n—1)+1 = 2n site factors and the charge is 2(n+2—1) = 2n+1I, so the power is again 2n;

for every n: |B(x)| e H®) < (2¢/2/m,)?™ B (<) e(n+3)ew The number of site factors minus the
continuum charge removed is always —2n;, the absent charge; this is why the lobe and all cells
carry the same factor. Multiplying by (G.14) gives (G.12) with Cy := [18(N1 + 2) + 2Cm | Smax,
since |ho|V dt = |Ble¢L - Ve=¢'L sech? Zdt, 4.3 (AN, + 2) < 18(Ny +2), and e < 1 —7
1+r<e for0<r< %; here 7 = |Ry|, and 2|Ry| < 20w esmax + 3Cy/d < R < 1.
Continuity. On the lobe and on each cell n < Ny the functions L(C), Bgf) are obtained from
L, B,, by moving the positions by at most 0.14 £.c2., by (i); by changing the weight by at most
0.33 £eSmax, by (ii); and by replacing the infinite product by e”». Every factor is bounded, and
it is Lipschitz in the positions uniformly over the cell, because the points at which a factor
is singular, namely ¢ for k¥ > n + 2 and the endpoint ¢,42 of the continuum, or ¢/, for the
lobe, stay at least half a nominal cell away from ¢. The integral in (G.7) changes by at most
Clc(1 + [log|s — &,|), where the logarithm is bounded for the same reason. For D,, we use the
second form of g given after (F.4). With u = 5 (xx — ) = §le(sk — <) and v = Fep = FnoleAy,
it gives, for every k > n + 2, qk/T2 = (1 + sin?v/sinh? u) % with 0 < ), < 5v?/ cosh? u. For
the pairs with y; — 27 < 0.2, (F. 11) and (F.12) still hold. The spacings are compared through
the derivative of the site map, since the error 0.14 chk of the positions is not small against Ay,
for large k: by (F.2), (F.11) and (F.12), 26.é /2 (1-0.330:8,) < X4 = 2/(¢pur(xa)) < 2besa '/,
and integration over [k, k + 1] gives Ap(1 —0.330:Spr1) < Ap < Ap(1—0.144,G,11) /2. For the
distances, ¢ < 3(N142)(¢—¢) for k > n+2and ¢ < Gq1, 50 that ¢ —¢ = (Ge—¢) (1+O(N1£eSr))
by (F.12). The relative correction is at most 0.06 in modulus: for ¢, < 2¢uax because R < 1
implies 18(N1 + 2)lcmax < 1, and for > 2¢nax because then ¢ < 2(, — <) and 4., < 0.21.
Hence sin?v/sinh®u = (n2A2/(& — ¢)?)(1 + O(€.4,)), with a constant that depends on Ni;

these terms are O(k2) and & < k%3, so the errors sum to O(£,), and 3 0 = O( 2’/2). The
pairs with yr — 27 > 0.2 are at distance at least 0.1 from x and have g, = O(1/¢); since
S ek/sinh? Z(x — ) is bounded, they contribute O(1/c’) to D,,. The corresponding factors

of the product in (G.10) contribute O(3, . ,-s/> k2) = O(£§/2). Finally the endpoints of the

¢-integrals move by O(/.), and the integrands are bounded. To combine: on the common part of
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the true and the nominal cell the two integrands differ by at most C¢.; the two cells differ by
intervals of total length at most 0.28 /.62, ., on which the integrands are bounded; and there are
Nj terms. This gives (G.13) with a constant Ceopne that depends on Ny only. O
G.3 The scaled vacuum ratio

Definition G.3 (Scaled vacuum ratio). With the scaled comb (G.9), (G.10),

Ny

62 €n+1 A 1
Tiobe == /0 Lds,  Ip:= / Bods,  Ruac(N)) =
Sn

== I,.. (G.15)
Lobe ,,—9

The ratio depends on (m, koo, 7o), which fix the scaled comb, and on the number Ny of cells,
but not on ¢. We drop the part 0 < x < z7j of the lobe, on which |ho|V > 0. Integrating (G.12)
and using (G.13), the factor K. cancels in the ratio:

N1 N
5 1 E 1,1 +O tf »
Lobe| > K.e ®(ILobe — Ceontl Y Band, < =2=2-" comtze 2R (.16
| [6] e| = c€ ( Lobe cont c), |L0be| P and, < ILobe _ Ccontgc e ( )

As ¢ — oo the first right-hand side tends to infinity and the second to f%vaC(Nl).

Lemma G.4 (proved, computer-assisted). For (m, koo,n0) = (1, i, %) and N1 = 100,

A

Ryac(100) < 0.1021 (cert), Itobe > 94.47  (cert). (G.17)

For Ny = 30 the certified bound is f%vac(?)O) < 0.1020; the cells 31 < n < 100 add less than 102,

Proof. This is table 4, row 11. The integrals of (G.15) are enclosed in interval arithmetic, over a
covering of the lobe and of each cell by subintervals and in the mean-value form of appendix H.1;
the potentials Q, are evaluated through (G.8). Of the product over the pairs k > n + 2 the first
3000 factors are evaluated, up to K :=n + 3001; the remaining factors exceed one, and the sum
of their logarithms, which decrease like k=2, is at most an explicit U,, < 1.5 x 107°. Indeed, for
k> K and ¢ < ¢, 41 the logarithm is at most n%Az/(ék —¢)2, and A}, < %(k; — %)—1/3 because
a &, is concave. So it is at most ¢(k — 1) with ¢(u) := gn} u=2/3(u?/3 — ¢)~2, which decreases
in u. The substitution w = u2?/3 and w12 < 6;1/2 give > o Ok — %) < f?flﬂgbdu <
%773 6;(1/2(61( —¢)~ !, which is largest at ¢ = &, y1; this value is U,. For 2 < n < 100 it is largest
at n = 100, where it is 1.4961 x 10~°. The bound for ]:Evac is the upper end of the enclosure of
> In divided by the lower end of that of Iy,ope. O

G.4 The far cells and the far band

Beyond cell Nj no site is kept exactly, and the upper bound of Lemma 7.5(e) takes over; its
constants are explicit, because they enter Ry,.. Let rg := 0.3.

Lemma G.5 (proved, computer-assisted). Let Ny > 6. For ¢ large enough,

hOth S ]Cc C(tail

/ (G.18)
XNy +1ST<z]+10

/ hoV dt < Char V¢, (G.19)
x>xi+T0

where Ctyy does not depend on ¢, and Cla = Ciait(N1) is the number (G.20), which decreases as
Ny grows; Ciay(100) < 282.
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Proof. The plan is to bound |B|e“" by a constant times e“”, to bound P by the potential
of a single point charge ni at x2, and to integrate against the Cardy measure. The points
* > XN, +1 lie in the cells n > Ny +1 > 6. There (F.35), which is Lemma 7.5(e) and rests on
rows 5, 7 and 9 of table 4 (and on row 10 through (F.12) in Lemma F.6), holds, and Jeng < Cy
(Lemma F.8). Its factor e?4/"+tCn hag 94 < N +1 and ¢, < L., so it is at most €%/ as soon as
Ct. < % - m» this is one of the condltlons on the size of c. Hence |B(z)| e ®) < Cyp e“P®)
with Cyp := 5.0 9N (1 4 4n2)2 eCae5+Cr+2C0L < 49 75 94/N1 | because 19 = 1, Caer < 16.6,
Cy < 0.65 and O < 0.006 (appendix F) give 5.0 - 1.5625 - ¢!:0375+0.65+0.012 < 49 75 = Thus
Cyp < 110 for Ny = 100. Next, ¢P(z) < 2n;|log|Ty,(x)|| by (F.16), which is Lemma 7.5(b).

For (G.18) let xn,+1 < @ < #7470, and write | Ty, (x)| = tanh 2z tanh z; with z = §(z—x2) =
Tle(s —g2) € (0,5r0] and 2z = T(x + x2) > ui. The first inequality of Lemma F.3, which
holds for all real z, gives tanh z > e /3 > ze‘”2T<2J/12, and tanh z; > tanhwu; = 1/\5 For
S > Sny+1 we have ¢ — ¢ > ¢ (1 — q@2/cn 1) = < (1 — & /<y, ), because ¢o < & by (F.12), and
because ¢y, +1 > <n, for ¢ large, again by (F.12). Hence

oo < i 8 G
1

For the measure we use Lemma B.4 on zj < x < z} + rg, with (1 — 6_4”)2 +ey <1+
Cy /¢ In the quotient of Ve L sech? ™ dt by V. ds the factors (L(x})/L(z))"/? and x /], the
latter from dt, combine to (z/z3)/2 < (1 + ro/2%)'/2, and sech? T < sech? % Therefore
Ve <L sech? dt < (1+Cy/d) (1 — e )21 + ro/a})/2 V. ds, and we take c so large
that Cy /¢ < 0.01. Multiplying the three bounds, the left-hand side of (G.18) is at most

Ke Crait [y, §7" ds < Ke Cran Sy, 2™ /(201 — 1), with &y, = (N1 — 3)*/% and
o e 2r2/6 So \~2m Aty —2 7o\ 1/2
Crant(N1) = 101 Cypy ™™ 78/6(1 = 22) 77 (1 — o747y 2 (14 29 77, (G.20)

SNy 1

For Ni = 100 the five factors after 1.01 are at most 110, e%2591 < 1.296, (1—1.4522/21.508)"7/2 <
1.278, 1.062 and 2.06941/2 < 1.439, and 1.062 - 1.439 < 1.53; so Ct,i1(100) < 1.01 - 110 - 1.296 -
1.278 - 1.53 < 282. For N; = 30 the same computation gives about 3500, because e94/30 23,
For (G.19) let ¢ be so large that x2 < zj 4+ 0.05 and that the cells meeting = > =7 + ro
have n > 6. Since |log|T,/(z)|| increases with 2/ < z and decreases with = > 1/,
dP(x) < 2mflog|Terro05(2 + o)l < 2.2n1 for @ > 2] + ro.  This makes the far-
band statement of Lemma 7.5(e) explicit: |[Ble®t < Cype*?™ there. By Lemma B.4,
V < (1+ Cy/d)as(dL) for x > xf. Therefore the left-hand side of (G.19) is at most
Cup €22 (1 + Cy/d) [ < (21 Lz ))~1/2 sech? =& %dx, and this integral is v/¢/ times a
convergent integral whlch does not depend on c. O

G.5 Why the Bessel asymptote must be two-sided; assembly

The lobe must be bounded from below and the band from above, and both carry the weight V';
this is why the asymptote of Lemma B.4 has to be two-sided (section 7.9). With the one-sided
bound V < K, < e“F for the band (V < K, by the monotonicity of K, in «, and Lemma B.2(e)),
and the true size V ~ (1 — e=%"*)2 as(¢'L) for the lobe, the two measures would differ at the
tip by the factor e%/as(¢'L) = \/2m¢ L(x%) = 1.92V/¢, about 15 at ¢ = 64 and about 61 at
¢ = 1024, and the bound for Band/|Lobe| would exceed one. With Lemma B.4 the same measure

V. ds appears in both integrals, up to the factor 1 4+ Ry of (G.14), and cancels in the ratio, as
do the power £,2™ of Lemma 7.5(d1) and the outer factor sech?.
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Proof of Proposition 7.13. We take N7 = 100 and split the band into the cells n < Ny, the
cells beyond them up to =7 + g, and the rest. By (G.16), (G.18) and (G.19),

— g —o2n _
Band < ZnN;Q In + Ccontgc 627?, + C'tail €R (Nl - i) 3(1 2n1) + Ofar CR\/E .
\Lobe| - It.obe — Ceontle It.obe — Ceontle 2n1 — 1 K. (ILobe — Cco?éc) )
21

As ¢ — oo the first term tends to Rvac(loo) < 0.1021, by Lemma G.4, and the third is
O(c’%fgnﬁé) = O(c'~%/3). The second term tends to a number that does not depend on ¢,

Chail (N1—%)75/3 L. 282
Itobe 2.5 = 94.47

Stail 1= 1.9%x 107 < 6x 1074,
by (G.20), by the lower bound for Ipgpe in (G.17), and because 99.75-%/3/2.5 < 1.9 x 10~%; any
Ciail < 5067 would give i, < 0.01. We do not take N7 = 30, although Evac(30) is no larger:
there Ciay ~ 3500 and 29.757%/3/2.5 < 0.0015 make the proved &g,y about 0.05, while the cells
beyond the thirtieth in fact add only 10~* [NUMERICAL].

Let 3™ be so large that, for ¢ > 3, the conditions of Lemmas G.2 and G.5 hold, the three
terms of (G.21) together exceed the sum f?vac(l()()) + O¢aq1 Of their limits by at most 0.01, and
|Lobe| > 2 by (G.16). Then

Band < Rysc |[Lobe|,  Ruyac i= Ryac(100)+ 6ai +0.01 < 0.102140.01+0.01 = 0.1021 +0.02,

(G.22)
and (G.2) gives gvac > (1 — Ryac)|Lobe| —4 > 27 - 0.877 — 4 > 0. The constants Cy,, Ceont,
Cy, Chyr and the unnamed constants C enter c%tt only, and |Lobe| grows at least like ¢/ 13/6 by
(G.16). Since only Ry,. < 1 is needed, neither the third digit of Ryace nor the allowance 0.02 is

delicate. O

H Certified constants and numerical methods

We say what a certified inequality is, list all of them in table 4, and complete the description of
the numerical methods of section 5.

H.1 What “certified” means

An inequality marked (cert) bounds an explicit elementary function of one real variable, or a
ratio of two integrals of such functions, or a quantity that the row reduces to finitely many
such functions (rows 5 and 8), on a stated range; it does not involve ¢. The inequality is
proved in interval arithmetic on a covering of the range by finitely many subintervals. A
real number is represented by an interval with floating-point endpoints that contains it, and
every operation returns an interval, rounded outward, that contains all values which the exact
result can take; rounding errors widen the result and cannot make it wrong. The function
is evaluated on each subinterval X as a whole, and the largest upper endpoint obtained is
a proven upper bound on the range (likewise for lower bounds); table 4 records it as the
bound obtained, which lies slightly beyond the true extremum. Where needed we use the
mean-value form f(X) C f(m)+ f(X) (X —m), with m the midpoint of X and f/(X) an
enclosure of the derivative on X; in the same form, the integral of f over X, of length h, lies in
h f(m) + $h?[—w, w], with w the length of f’(X), and these enclosures are added (row 11). An
unbounded part of the range is bounded by hand, as the row records. This, together with the
legend of section 1.3, is the only meaning of “computer-assisted” in this paper.

A point at which the function is singular, or is a quotient of two vanishing quantities, is
removed analytically first. In row 4 the simple zero at the left end of cell 2 is divided out. In row 6
the terms 2log u+2log(1—wu) of h;ﬁ and log(4 sin? mu) combine to —2log 27 —2 log[sin wu/ (ru(1—
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u))], and for 0 < u < 1 we use log[sin mu/(7mu)] = — 34 ((2k) u?* /k, truncated at k = 60 with
the tail bounded by ((122) u'??/(61(1 — u?)); for u > 3 we use the symmetry u — 1 —u. Rows 9
and 10 reach the tip. With u; = arcsinh 1 let ¢ := sinh(u;40)—1 = 2sinh? %+\/§sinh 0,q:=1/4,
q1:= (q—v/2)/(v/26) and b := (q/v/2)"/2; let ¢(v) := arcsinh(y/v)//v and ¢1(v) := (1—¢(v))/v.
Then arccosh(1 +t) = v/2t ¢(t/2), and therefore

a1 bg ‘ 1ok B cosh(uy + 9)
a0 S, rlosp)i e = S OREES

Tbhl 2

with e; as in row 10. Here ¢, ¢ and ¢ are power series in § with positive coefficients, so they
increase, as do b and cosh(u; + 0); ¢ and ¢, decrease, being the integrals over 0 < s < 1 of
(14 vs?)~1/2 and of s%g(vs?), where g(x) = (1 — (1 + x)~%/?)/z is the slope of a chord of a
concave function. At § = 0 the seven functions take the values 0, v/2, 1/(2v/2), 1, v/2, 1 and
%, in this order. On a subinterval each is enclosed by its values at the two ends, and the right
sides are evaluated on these enclosures; this works on subintervals that begin at § = 0, where
e1(07) = v/2/24 and the second function is 3.

We use the Arb library [61] through its Python interface python-flint. The precision is 80,
100, 128 or 200 bits, as the row says. Each computation has been checked independently, line
by line, against the formulas as they are printed in this paper. Rows 3, 6 and 8 have also been
certified a second time, by a computation written independently (row 6 through logI' and the
digamma and trigamma functions).

Table 4 is a closed list: a c-independent constant carries the mark (cert) in section 7
and appendices F and G only if it has a row. Constants obtained by hand within a proof, and
the orientation values of section 7.3, are not certified and are not listed. Absent by choice are the
absolute constants of the c-dependent remainders, such as the Hankel remainder of appendix B
and the steepest-descent constants of appendix E; they stay symbolic and enter only through
3™, All rows feed Theorem 5, hence the attainment half of Theorem 1, and Corollary 6; no row
feeds Theorems 2 to 4 or Theorem 7.

(6 =7r),

H.2 Numerical methods for the optimal functionals

[NUMERICAL] We complete section 5.1; nothing here is certified. At order P the functional is
the unique p(t)e~?™ with p in the truncated basis of [11], that has a simple zero at t; and
double zeros at tg,...,tp;5. We scale the rows of the truncated crossing equations by the
vacuum functional. A Newton step is accepted or damped by a monotonicity test on successive
corrections, not by the size of the residual, which is a poor guide at large c.

Precision. Arb serves here for its arbitrary precision and not for its error bounds: the
radii grow through the Laguerre recurrence until they carry no information. We work with the
midpoints and establish the accuracy by solving again at 1.5 to 2 times the precision. On the
levels that were solved twice, at least 31 digits agree in ¢1, and at least 20 in every level and
weight that we report; the highest orders, P > 2304, are judged by the Newton residual instead.
The working precision is 768-1600 bits on most levels, and at least one bit per unit of P at the
highest orders.

Extrapolation in P. For each ¢ we fit Agp)(c) = Ao + Ae HP/O° with s free, to the levels

with P/c > 0.8; the fits return s = 0.57-0.58. The fitted A is our estimate S of Agoo) (c). Its
uncertainty is o := %max{\S —T,1S — Si/2|}, with a floor of 10~ 7¢, where S /2 is the same fit
with s = % fixed, and T is a fit in which the dependence on P/c is taken from a fully converged
chain, ¢ = 48. When Ppax/c > 6 we subtract instead from Agpm‘“)(c) a tail fitted, with s free,
to the top levels (at most six), and o is the spread of the fits with s = %, s =1 and s free. For
Phax/c > 4 the whole correction is at most 3 - 10~ 6¢. We tested the estimator on ten chains
with 64 < ¢ < 512 that reach P/c > 5, by cutting each at a smaller P/c and extrapolating again.
When the cut is at P/c > 2, the error is below 10~5¢ and below ¢ in every case. When the cut
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Inequality

How it is obtained

Used in

00c < 0.5029 on (z7, 3], for the
phase-free ratio poo of Lemma 7.8
with its exact prefactor |bo|'/ 2212,

0oo < 0.41 for 27 < x < 1.33; the
value at the switch point z = 1.33 is
0.394.

p1 > 0.536 and pa > 0.699 at o = i,

. h (u;
where p; = minp<u<1 ie i (wimo)

(F.53).

First cells, in the Airy variable:
pl, > 0.679, 0.683, 0.686 for

n =3,4,5 (F.57); on the whole of
cell 2 the slope form (F.58) with
Listope = 0.686.

é1(s) < 0.00186 for 3 < ¢ < &2, for
the far-left remainder with the sites
at their nominal positions (F.25).
Hence C, < 0.006 and

e~2°r > 0.988 (Lemma F.6(d)).

At no =0, over 0 < u <1 (F.50):
hi —log(4sin® mu) < 0.2449 and

hi —log(4sin® ru) > —0.1991, so

A € [0.819,1.278] for j = 1. With hi
the bounds are 0.0749 and —0.0422,
so A € [0.949,1.089] for j = 4, the
allowance (1 & 0.01) included.

SUPg<y<1 h;—o (“) = hio(%) =

6 —4log3 < 1.606, so

SUPcert M < 5.0/ (F.34).
Detuning adds 2log(1 + 4n?) for the
two flanking pairs and Cyeené for the
far pairs (appendix F.3).

IA, 80 bits, 20000 subintervals of [z} + 1072, 3];
bound obtained 0.502833, near x = 3, where
0o = 0.50271. By hand (proof of Lemma 7.8):
0oc < 6(x— xT)13/4 <1078 on (x},z7 + 1077,
and oo < 0.504 for x > 3.

The covering of row 1 restricted to = < 1.33, in
the same computation; bound obtained 0.39368.
By hand: the tip, as in row 1.

TA, 128 bits, 16000 subintervals of [0, 1],
mean-value form; h; is explicit (F.42). Its
derivative has a fixed sign on [0, ] and on [, 1],
and in between h; exceeds its end values. So the
minimum is attained at u € {0, 1}:

w1 = 1764/1728 = 0.53713 and pa = 0.70097. By
hand: the factor 1 — Cj(% 4 £,) of (F.53) on cell
n.

TA, 100 bits, 4000 subintervals per cell, mean-value
form, for (F.56), which does not involve ¢ and is
in closed form (Lemma F.4). Bounds obtained for
ph: 0.6978, 0.7027, 0.7063 for n = 3,4,5. On cell 2
the quotient of the two sides of (F.58) is least at
¢ = &3, where it is 0.6924. By hand: the passage
to the Airy variable (Lemma F.12(b),(d); row 10).

TA, 100 bits, 136856 subintervals of [3, ¢s02],

Ss02 = 71.28; bound obtained 0.0018523. By hand
(proof of Lemma F.6(d), which also describes the
covering): ¢ > {go2, where (F.27) gives 0.00147;
the passage from é;, to ey at finite ¢, which costs
Cl..

TA, 128 bits, 16000 subintervals, mean-value form,
after the cancellation of appendix H.1. The
extrema are attained at u € {0,1}, as in row 3:

6 — 3log2 — 2log 2w = 0.24480 and

I(0) — 2log 2w = —0.19900 (I(0) as in row 8) for
j =1;0.07487 and —0.04216 for j = 4. By hand:
the factors e+2°L and e+Ci (i ten) of (F.52), which
lie within 1 £ 0.01 for j = 4 on the cells n > ¢’
once c is large, and are kept outside A for j = 1.

Closed form, by hand: each of the three pieces of
hd is largest at u = % No covering is needed; the
two numbers, 6 — 4log 3 = 1.60555 and

e'006 = 49828 ... < 5.0, are evaluated in IA at
128 bits. Cget < 16.6 by hand (Lemma F.7).

Lemma 7.8

Lemma 7.8;
criterion of
section 7.7

Lemma 7.9; F.6

Lemma 7.12; F.7

F.2;
Proposition 7.4,
Lemma 7.5(a),
Lemma 7.9,
Lemma G.5

Proposition 7.4;
F.5

Lemma 7.5(e);
F.4, G.4

Table 4: The certified inequalities, for (m, keo, n1,10) = (1, i, %, i) and the outer factor sech? (section 7.2).

TA: interval arithmetic on a covering of the stated range; bound obtained: the endpoint that the
computation returns (appendix H.1). By hand: estimated without the computer. C' and C; are the
absolute constants of (F.45), and 94 is the constant of (F.46). In rows 7 and 8, hZ (u;79) are the limits
of the hole functions with j = 1 as n — oo, at fixed position u € [0,1] in the cell (section 7.5). In the last
column E.2 stands for appendix F.2, and so on.
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Inequality

How it is obtained

Used in

For 0 < np < 0.3 the minimum of

hz(u;no) over 0 < u < 1 is attained

at u € {0,1}, where its value is
2logno + log(1 + n3) + 1(0) with
1(0) =4 —3log3 + 4log2 =
3.4767...> 3.476 (F.37). Hence

- 1
etn > 32n2 e~ (a4 which enters

(F.38). Only ¢z > 0 is drawn from

this row.

1.37 (log pv )’ (z} + 1) < 0.95 for

0<r<0.64, and

(log pu)' (z + 1) < 3.10 < 7 for

r > 0.18.

By hand (after (F.37)): monotonicity in 7o
reduces the claim to G > 0 on (0, 3] and Gr > 0
on [1,1), for two explicit functions; the end value
is a closed form. IA; 128 bits, 16000 subintervals
of [0,1], mean-value form: G, > 0 on [0, 5],

Gr >0 on [$, 3], the mirror statements for Gg,
and 1(0) > 3.476.

TA, 128 bits. First bound: 4000 subintervals of
[2719)0.64], and [0,27'°] in the regularized form
of appendix H.1, where the left side lies within
0.65 = 0.002; bound obtained 0.9212. Second
bound: 4000 subintervals of [0.18, 8]; bound
obtained 3.0656. By hand: for r > 8, (log pr)’
decreases (Lemma F.1(b)).

Lemma 7.11; F.4

F.1 (F.10); F.2
(Lemma F.6(c))

10 Tip expansions, with u; = arcsinh1:  (a) IA, 200 bits, 125 subintervals of [0,2], in the F.1
(a) arccoshsinh(ui + 0) = regularized form of appendix H.1; (Lemmas F.2
23/451/2 (1 + 661(6)) with e1(0%) = v/2/24 = 0.058926, and the enclosures  and F.3), and
e1(d) € [0.0589,0.105] for 0 < § < 2; obtained lie in [0.058906,0.104993]. (b) is proved through these
(b) _é <log % <0 for all real by hand (Lemma F.3) and carries no mark. (c) F.2,F.4, F.5,
2 #0; (c) 0 < (logtanh z)’ < 1.24 for (logtanh z)’ = 2/ sinh 2z decreases, and its value  F.7, G.2, G.4

2> uy — 0.25. at z = w1 — 0.25 is 1.22992; also IA, 2000
n subintervals of [u; — 0.25,4].

Ruac(100) < 0.1021 and Irobe > 94.47
(G.17), and Ryac(30) < 0.1020
(Lemma G.4), for the scaled vacuum
ratio Ryac(N1) and the scaled lobe
integral I1obe of (G.15). With the
finite-c corrections and the cells
beyond the hundredth,

Ryac < 0.1021 + 0.02 (G.22); this is
by hand and carries no mark.

11 TA, 80 bits; the integrals are enclosed in the
mean-value form of appendix H.1, on 20000
subintervals of the lobe and 27400 of the cells
2,...,100. Of the product over the pairs k > n+ 2,
3000 factors are explicit, and the rest lies in
[1,eY"] with the U, < 1.5 x 107° of the proof of
Lemma G.4. Obtained: Irobe € [94.4736,94.4737],

Ruae(30) € [0.101916,0.101919],

Ruac(100) € [0.102004, 0.102007]. By hand
(appendix G.5): the finite-c corrections, and the
cells beyond the hundredth with Ctain(100) < 282

(G.20).

Proposition 7.13;
G.3, G.5

For reference, not certified (closed forms): ryp = 4 - 23/4/(94/7) = 0.4217111, and
(U + L)(x7 — 6) = —2.649689 (53/2(1 + 0(5)) as d | 0, with coefficient 27k¢ip (Lemma 6.7).

Table 4: (continued)

is at P/c = 1.5, the reach of the chain ¢ = 2048, the two test chains with five levels left in the
window err by at most 5 x 10~ 7¢, a tenth of the o quoted for ¢ = 2048.

I Limit profiles: proofs for section 10

This appendix proves the statements of section 10: three inequalities at finite ¢, which carry
all the input from section 6 (appendix I.1); Lemma 10.1, which is a quotation (appendix I1.2);
Lemma 10.2 and Proposition 10.3 (appendix 1.3); and Theorem 7 (appendix 1.4). Beyond
appendix I.1 only the potential theory of subharmonic functions in the plane is used [63, 72].

Throughout, the notation is that of section 10.1, dA is the area measure in the b-plane, and
U is the extremal potential extended across the slits. We use these properties of U (Lemma 6.5,
Definition 6.6, Lemma 6.7 and (C.15)): it is continuous on S and harmonic on D; U < 0; U = —L
on the slits and U < —L on (—z7¥, z7); and it is subharmonic on S, its charge %V2U being the
measure py(x) dz @ dy—g on the slits |z| > «7], with the density py of (6.21).
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I.1 Three inequalities at finite c

Lemma I.1 (proved). Let ¢ > 40 and g € A\ {0}.

(a) supgug < (2logd + C)/c, with an absolute constant C.
b) For every compact Q C D, u, < U + Co(1 +1logc)/c on Q, with the constant Co of
g Q Q
Proposition 6.4.
(c) If g is weakly feasible and x1(g) < Tmax, then 21(g) > 0 and maxXo< <z, (g) (ug(x) + L(x)) >
—(log ¢ +log(32m%at . /3)) /.

Proof. (a) is Lemma C.4 on the closed strip, supg|G| < C'acM|[g], after taking the logarithm
and dividing by ¢. (b) is Proposition 6.4, with U,x = U by Lemma 6.5. (c) Both sides are
unchanged when g is multiplied by a positive constant, so let M[g] = 1. Write ¢t = t1(g);
it is positive, because no nonzero functional is weakly feasible at 7" < 0 (section 2.4). The
half-mass condition (2.16) says that fél g-Vdt > . By Lemma B.2(d), at t = /2?/3 > 0
we have g_V < |g|V < 4”T2t e“L@)|G(x)| = 4”T2t e (Wa@HL@)  Let m := maxgz, () (ug + L),
which is a maximum because |G| e“’L is continuous. Bounding the integrand by its supremum on
(0,t1], and using t; = ’z1(g)?/3 and a = ¢/ /12, we get 3 < t; - % M = % d x1(g)tef™ <

1672 /.4 ec'm

5= ¢ Thax , and taking the logarithm gives (c). O

1.2 Proof of Lemma 10.1

We check that the profiles are uniformly bounded above, quote the compactness theorem for
subharmonic functions, and pass from potentials to charges by integrating by parts.

The theorem quoted [72, Thms. 3.2.12-3.2.13]. Let X C R? be open and connected, and
let u; # —oo be subharmonic functions on X, bounded above on every compact subset of X
uniformly in j. Then either u; — —oc uniformly on every compact subset of X, or a subsequence
converges in Li (X). If u; — win L{ .(X), then u is almost everywhere equal to a subharmonic

loc
function, again called u, and for every compact K C X and every continuous f: K — R

lim sup sup (u; — f) < sup (u — f). (I.1)
jooo K K
Proof of Lemma 10.1. Each u; is subharmonic on S and not identically —oo, since G is holo-
morphic and not identically zero, and, for j so large that ¢; > 40, supgu; < (2log c;. + C')/c;»
by Lemma I.1(a). So the u; are uniformly bounded above from some j on, and the theo-
rem applies with X = S, which is connected. Either (i) holds, or there is a subsequence
with u; — w in L (S) and u subharmonic; u # —oo because u is locally integrable. For
the charges write n; := ng, and n, := %VQ’U,. For a smooth ¢ of compact support in S,
[odn; = & [u; VipdA — &£ [uV2pdA = [@dn,. Choosing ¢ > 0 with ¢ > 1 on a
compact K shows that sup;n;(K) < oo, and then the convergence extends from smooth to
continuous ¢ of compact support by uniform approximation: n; — n, vaguely. ]

We record the standard consequence that is used for Theorem 7(b); it follows by testing
against continuous functions that decrease to 1x and, for the second statement, also against
ones that increase to the indicator of the interior of K. For compact K C S,

lim sup n;j(K) < ny,(K), and n;(K) = ny(K) ifn,(0K) =0. (I.2)

Jj—0o0

1.3 Proofs of Lemma 10.2 and Proposition 10.3

For the majorant we pass Lemma I.1(b) to the limit almost everywhere and remove the exceptional
set by averaging over small disks. For the contact point we follow the points at which Lemma I.1(c)
holds and use (I.1): a limit cannot lose what the u; have at nearby points.
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Proof of Lemma 10.2. Let uj — u in L (S). A subsequence converges almost everywhere, so
Lemma I.1(b) gives u < U almost everywhere on every compact @ C D. Hence u < U almost
everywhere on S, because the slits have zero area. For b € S and small r the sub-mean-value
property of u on the disk B(b,r) gives u(b) < #fB(b’T) udA < W—}QIB(b,T) UdA — U(b) as
r — 0, since U is continuous on S. The rest follows from U < 0, U = —L on the slits and
U < —L on (—z7,x7). O

Proof of Proposition 10.5. By Lemma 1.1(c) with zpax = oo + 1, for large j there are points
zj € [0,21(g5)] with w;(x;) + L(x;) > —ej, where € := (log ¢ +1og (327 (200 + 1)*/3)) /¢j — 0.
Let K := [0, zoo+1], which contains x; for large j. If alternative (i) held, then u;(z;) < supg uj; —
—00, in contradiction with u;(z;) > —L(z;) — € > —%’r(moo +1) — 1. So (i) does not occur. Let
u be a limit profile. Passing to a further subsequence, u; — u in L{ (S) and z; — z¢ € [0, Too).
Fix r € (0, 3) and apply (L.1) with K, := B(2o,r) and f(b) := —L(Reb), which we write —L.
Since z; € K, for large j, supy, (u+ L) > limsup, supy, (u; + L) > limsup; (u;(x;) + L(x;)) > 0.
As r ] 0 the left side decreases to u(zo) + L(zg), because u + L is upper semicontinuous. With
Lemma 10.2, —L(x0) < u(zo) < U(xo) < —L(z0), so all three are equal. Finally U(zo) = —L(z0)
fails for 0 < xg < 27 by Lemma 6.7, so ¢ > 7. U

1.4 Proof of Theorem 7

We reduce the theorem to the claim that every limit profile u of the sequence is equal to U,
and prove the claim for the deficit § := U — w in three steps: a dichotomy on the slit strip D
(Step 1), the exclusion of § > 0 by two incompatible bounds on the means of 6 over small circles
about the tip (Step 2), and the points of the slits (Step 3).

Reduction. By Proposition 10.3 with z, = ], every subsequence has a further subsequence
that converges in L (S) to a limit profile u whose contact point lies in [z}, 23], that is, u(z}) =
U(x}). Suppose that every such u is equal to U. Since convergence in L] (S) is convergence in
a metric, the whole sequence then converges to U, which is (a). The integration by parts in the
proof of Lemma 10.1, applied to the whole sequence, then gives n; — %VQU = py dxr ® dy—o
vaguely, which is (10.2). This measure gives no mass to a compact set disjoint from the slits,
and none to the boundary of a rectangle [x4,zp] X [—0, 0], since it has a density on the real
axis. So (I.2) gives the two counting statements of (b), after multiplication by c}. For (c), the
map b +— c;-b2/3 is injective and holomorphic on Reb > 0, and G;(b) = gj(cng/B), so the zeros
of G in the rectangle and the zeros of g; in its image correspond, with multiplicities. The
image of x + iy is Cgj(av2 -y + %c}xy. With ¢ = 22/3, do = % d¢ and py = 3py /4x we have
[t pu(z)de = [0 2py(§) d€.

It remains to prove the claim. Let u be a limit profile with u(z}) = U(x7), and 6 := U —u on
S. By Lemma 10.2, § > 0. It is lower semicontinuous (—6 is upper semicontinuous: at a point 6
can jump down, never up), with values in [0, +-00], it is not identically +o0, and §(z}) = 0. On D
it is superharmonic, because there U is harmonic. Let ¢ := x7/2, so that the disk B := B(z7, ro)
lies in S and does not meet the left slit.

Step 1: dichotomy. Since D is connected, the strong minimum principle [63, Thm. 2.3.1]
says that a non-negative superharmonic function on D that vanishes at one point of D vanishes
identically. So either 6 =0 on D, or 6 > 0 at every point of D.

Step 2: > 0 on D is impossible. Suppose that § > 0 on D. Let Qy := B\ [z], 2] + r0), a
simply connected subdomain of D, and let A := {a% + roe™ : 150< %T”}, a compact arc in D.
Since 6 is lower semicontinuous and positive on A, 4 := min(1, ming4 #) lies in (0, 1]. The local
coordinate w := /b — z7, with arg(b — z7) € (0,27), maps g conformally onto the half-disk
Hy := {|lw| < R, Imw > 0}, R := ,/r. It extends continuously to the boundary, maps the two
lips of the slit and the tip to the diameter [~ R, R], and maps A to A" := {Re?: £ < ¢ < 3T}
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For |w| < R let

w(w) == 1/%/8(1%2 — |wl?) 1 — 1 do (1.3)
|Re'® —w|?  |Re™® —wl2] "’

the Poisson integral in the disk |w| < R of the boundary function that is +1 on A’, —1 on the
mirror image of A’ in the real axis, and 0 elsewhere. It is harmonic, and odd under w — w, so
it vanishes on the diameter. On Hj it satisfies 0 < w < 1: the bracket is non-negative there,
because |Re™ — w|? — |Re'® — w|?> = 4Rsin¢ Imw > 0, and its first term alone gives the
Poisson integral of an indicator function. It tends to 0 at every boundary point of Hy outside
A'. Let h(b) := 04 w(w(b)) on Qo; it is H4 times the harmonic measure of A in ). Now 6§ — h
is superharmonic on €0y, and its lower limit at every boundary point of €}y is non-negative: at
points of A because 6 > 04 > h and 0 is lower semicontinuous; elsewhere because 6 > 0 and
h — 0, the two lips of the slit being approached separately. By the minimum principle ([63,
Thm. 2.3.1] applied to h — 6 on the bounded domain ), § > h on Q.

Lower bound. Let |w| < R/2 and Imw > 0. In (L3) we have R* — |w*> > 3R? and
|Re*® — w| < 3R, so the bracket is at least 4Rsin¢ Imw/(3R)*. Integrating sin¢ over
[Z,37] gives w(w) > & - 3R? 4R Imw(cos§ — cos 3)/(3R)? = ¢, Imw/R, where ¢ =
8(cos T — cos 2T )/(277r) = 0. 0510 On the circle b = o} +€e’®, 0 < ¢ < 27, with 0 < € < 79/4, we
have |w| = €'/2 < R/2 and Imw = €'/?sin(¢/2). Since 6 >h =04 4w and fo sin(¢/2) d¢ = 4,
the mean of # over this circle is at least 64 (co/R)€'/? - 2=, which is the first inequality in (1.4).

Upper bound. Since u is subharmonic on S, u(acl) is at most the mean of u over the circle
of radius € about z7; and u(z]) = U(z}). Hence the mean of § over that circle is at most
the mean of U minus U(z]). The latter is given by the Poisson-Jensen formula at the center
(63, §4.5]: it equals [ u(o) do /o, where p(o) is the charge 5-V2U of the disk B(z},0), that

is, u(o) = féﬁg pu dz for o < rg. On [z}, 2] + ro] we have sinh7z — 1 < ko(x — 27) with
Ko 1= 7TCOSh( (;1:1 + 719)), because sinh7z}j = 1; and arccosh(l + §) < /26 for § > 0. So

S 3-1/2K (x — 1) and pu(o) < %\/2/@ 03/2, and the mean of § is at most Cy €3/2 with
C’ : % 9@ 9. Together,

261402 1/2 1 2 * ip
< <
€ /0 9(%1 + €e ) dgf)

57 (0<e<rp/4), (L.4)

which is false for small . So § =0 on D.

Step 3: the slits. We have u = U on D. At a point x of a slit, upper semicontinuity of u
and continuity of U give u(x) > limsup,_,, pepu(b) = U(x), and u(z) < U(z) by Lemma 10.2.
Hence v = U on all of S, which is the claim. This completes the proof of Theorem 7.

Notation index

Central charge, weights, variables. At the right: the place of definition (§: section or subsection).
cd,a,t,to c—1;c/12; A — a, so that the BTZ threshold is at ¢ = 0; position —a of the vacuum  (2.1), §2.1

B Z, dn inverse temperature, and nothing else; reduced partition function; degeneracies, d,, > 0 (2.2)
Ay gap of an admissible spectrum, a + min,, t,; primaries with t,, < 0 are light Def. 2.1
b=z +1iy; G 4/3t/c, not the Liouville coupling; physical axis b = > 0, vacuum at :t%; G(b) = g('b?/3) (2.17)
rcR? plane with ¢ = |r|>/2, in which a functional is radial and § = —¢ (2.8), (2.9)
Pr, Pr, Q1 Liouville momenta and background charge, in two remarks only Rems. 2.2, 2.4
& &, A A/cin §3, t/c *b2/3 from §4 on; a certified slope A has 1/A = % + &1, & = 27/3 (4.1), (2.19)
L(x) 22|, so e° eA™Vat: the Cardy line is the graph of —L against z (2.18)
S, Ex; v strip |y| < 1 of the b- plane its edges y = +1; edge coordinate, b = v + % §2.5, (7.3)
H>z upper half-plane; it uniformizes the curve and the slit strip (4.11), (6.12)

Functionals, kernels, the linear program
w; Eg, eg functional on functions of 8 (§2 only); crossing kernel eg — 67161/5, eg = e 27Ht (2.4), §8.2
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95 Gvac a functional, as the function w[Z3(t)] of ¢; its vacuum value, — fooo gpcdt (2.5), (2.15)

t1(g), z1(g) last sign change of g, the gap bound that g certifies; 1/3t1 /¢’ Def. 2.3, (2.17)
P, polp; tgp), Agp) order, polynomial in g = pol(t)e™>""; inf ¢1(g) at order P; a—l—tgp) (P = oco: limits) (2.6), §2.2
U Laguerre functions Ly (4nt)e ™2™, ), = (—1)*yy, (2.10)
Ko, V, pc Cardy kernel Io(47r\/a)7 weight K, — 2K,_1 + Ka—2 (no subscript), density 27V (2.11), (2.12)
as(2); ev, Cv Bessel asymptote e*/+/27z; remainder of V against as(¢'L), |ev| < Cv /¢ §B. 4 (B.7)
g9+, M[g]  max(=£g,0); Cardy-weighted mass foo|g\ Vdt (2.16)
A; Ty, AY** class of functionals; least T at which some g € A is fea51ble and Ty +a (V: Virasoro) Def. 2.5, (2.20)
o}, &, Ay arcsinh(1)/7 = 0.2805499; (27)?/3 = 0.0262361; 1272 /(7 +4arc51nh2 1) = 9.1266340 Thm. 1
tint; ©(t) interior zero of the optimal functional below #;; prefactor in g = pe 2™ at t = O(1) §2.5, §4.6

The curve and its endpoint (Part IT)
S, 7; yE, » WKB exponent; local modular parameter S’ /2mi; Im 74+ (band); Cardy height 2byp (4.1), (4.5), (4.8)
p, po, w, t, W, F, E §3 only: double zeros per unit A; S-image of the vacuum; w2¢p; Su(1) in (p,w); the curve as

w = W(p) or p = F(w); even factor of F (3.2), (3.7), (3.9)—(3.12)
S'U(1), S; 3 sheet maps, the Fourier transform acting on WKB sheets; the spectral curve (B) (3.6), (4.2)
p; R, o WKB momentum —7b, on ¥ the function (6.16); quarter-turn (p,b) — (b, —p); exchange (p,b) —
(=p —4,b) of the band sheets (4.3), (4.4), §4.3

Yk, € X, Y band arc v and its images R¥~o, the region they bound on ¥; coordinates e~ ™®*") (4.10), (4.12)
Aopt, Am; L2 c*/3 coefficients: conjectured optimum 0.27666; comb with m omitted sites; second extremal
level (4.18), (7.6)
Asis, a5 Ameas, &1, meas Parameters of a logarithmic fit; measured slope and endpoint §5.2, (5.2)
Potential theory (Part III)
D, Us; D, U, Uy strip slit along |z| > s, with tips +s; harmonic function on it, 0 on E+ and —L on the slits; the
case s = z7, U being the extremal potential; U(0) = —0.388748 (6.11), (6.14), (6.17)
ug; Co profile % log(|G|/M][g]); constant in uy < U + Cq(1+logc’)/c’ on a compact Q C D (6.13), (6.15)
wy(E), dws/dz harmonic measure of a boundary set E seen from b; its density on a slit, both lips added  §6.4

ng; ¢, m¢  Riesz measure 5= V7uy; a zero of G, its multiplicity (6.10), (6.7)
pU; PV zero law = arccosh(sinh|z|), |z| > #}: charge of U (not U(1)), zeros per unit  and ¢’; i”—;’, double
Zeros per unit ¢ Def. 6.6, (4.16)

N, Ktip; Ysip N(z) = %f; pu =~ Kuip(z — 27)%/? counts sites, kup = 4 - 23/4/(94/7) = 0.4217111; coefficient of
1

Vs —|z[inUs + L (6.22), §6.6
k(6); Cs, Ceonc, C Cardy deficit —(U 4 L)(z] — d); constant in (6.1), < Cleoncd ™ %; entropy constant (6. 24), (C.6)
co(A), P, 3 central charges from which Thm. 4 (first part; rate), Thm. 5 hold; not computed; 3 > 40 §6.8
The functional of Part IV and its comb
T, (b) Blaschke factor of the strip, zeros ¢, facts (T1)—(T4); T with a point as subscript is always this (7.1)
F, v, bo edge function p(v + %) = %arcsinh(cosh mv); its inverse, py = %vo; saddle vg + % (7.3)
Xn, Un, €n, u sites: ¢ N(xn) =n — 3; length of cell n = (xn, Xn+1); detuning height noln; (z — Xn)/ﬁ §7 2, §7.5
m, koo, N1, no omitted sites, node phase, onset index m + 1 — koo = ¢’ N(x2), detuning; fixed to (1, 4, 4, 4) §7.2

B, ho, g; B°, h3 comb, seed sechg(%b)B7 functional %(ho — ﬁo) of Thm. 5; the same at o = 0 (7.4)
e, Ars Loy s IX3/3 =61 + AidY3 + ... Ay = 0.483; Airy length (kupc)™2/3; (x — 27)/Le (7.5), §7.1, Lem. 7.5
Oon, T1 onset exponent 0.2; hand-off point 2} + ¢'~%n between Regions I and II §7.1
v, U; O site index ¢/ N(z) + % — 2, comb phase 27 — 7; phase of hg (7.10), (E.11)
Env, II exact envelope, |h| = Envsin® 7v; detuning factor |B|/|B°| > 1 (7.11)
P, Py; Jend, Cs potential of the absent charge on [z, x2], on [z],Y]; end correction, 0 < Jena < Cy <

0.65 (7.12), (7.13)
Lev, A level 4 sech®(ZZ )e_C/L+°/P+‘7€“d the unit of all certified ratios; Env/Lev (7 14), (7 16)
Hf], ; C; hole functions of cell n, with j palrs kept on each side of x; their limits (hE if j = 1); |’H - h | <

Ci(L+¢,), C; = Cj*log(2j +2); L+ Ct, if j =1 (F.39)~(F.42), (F. 45) (F.46)
er, Cr; Caet; cr midpoint remainder of the far-left sites, its supremum on the cells n > 6, Cr < 0.006

(Lemma F.6(d)); detuning constant, Caet < 16.6; overshoot constant, of which only c¢r > 0 is

used (F.23), Lem. F.7, (7.31)
Py, &1; Cem edge phases, log B = ¢ <I>0 —|— ®;; Euler-Maclaurin constant (7.22), (D 10)
ke, €1} z, Scn Hankel wavenumber 2F¢’z, remainder; curvature, chord slope of the phase (7.8), (7.9), (E.5)
Amp, e.4; Calob amplitude of ho, remamder under (SD1)—(SD4) (§E.1); global constant 2° (7.23)—(7.25)
0, Oco ratio Amp/Lev and its c-independent majorant (7.26)
s lh, Hslope Hoor constants, j pairs kept exactly on each side; floors near the onset (7.27), (7.32), (7.33)
Lobe, Band; Ryac integrals of hoV over (0,t.) and (¢4, 00); vacuum ratio, Band < Ryac|Lobe| (7.34), (7.35)

Certification (§8)
m; Nz, Cz signed spectral measure » . dnd:, —pc dt, facts (Z1)-(Z4), (St); counting function, 1+2(1) (8.1), §8.2

w; Ab,, B ﬁ+1’ Abel mean of ratio r < 1, contracted modulus with @ (8,) = rw(8) (8.3), (8.6), (8.8)
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Wa.e, La weights (1 + 47t)%*Y*™; Cardy exponent 2v/7a (8.2)
ZToo, To; 6 limit of z1(g;) along a sequence g;, contact point; deficit U — u of a limit profile uw Prop. 10.3, §10.2
Letters with two meanings. j: pairs kept (§7, App. F), sequence index (§10, App. I). §: distance below the
tip (§6, App. C), above it in the variable 7z (§F.1). r: Abel ratio (§8), distance from a tip (Lem. 7.5). y: Im T,
the height of a sheet (§3, §4), Imb (elsewhere). E: boundary set, edges E4, factor E(w). a, u, o: also a real
label in x,, and 4xt, v/4xt in §8. Distinct: W(p), Wa.e; eg, er, e1(8); w, wp; k(5), Keip, 2. Bare €, e: local to a
statement; n: Dedekind function (§2.1 only); o: a ratio, not a density; fraktur letters: measures.

Asymptotic relations. A ~ B: A/B — 1 in the limit indicated. A < B in a proof (§7, the appendices):
C71B < A < OB with a constant C' > 1 that does not depend on ¢ or on the point z; it may depend on the fixed
parameters of the construction, and on a parameter that is named at that place. A < B: A < CB with such a C
(in App. D it may depend on 61); A 2 B: B < A. In §3 and §4, < keeps the exponential order in ¢ only. With
explicit numbers on the right (¢’ < 414), < reads “at most, approximately”.

Status tags (legend at the end of §1.3). [PROVED|, [PROVED, COMPUTER-ASSISTED], [CONJECTURE], [HEURISTIC],
[NUMERICAL], [ORIENTATION], on a statement or a section; (cert) marks a certified inequality, a row of Table 4.

Terminology. Gap: A1 only; two sites bound a cell. BTZ threshold: t = 0 only; a functional certifies a gap bound.
Feasible at T', weakly feasible: Def. 2.3. Lobe interval [0,t1), with the negative lobe of g; band: beyond ¢, (§2.5).
Envelope: |glenv of an oscillating |g|, and Env; U is a majorant of profiles. Edges: E+ only; the slits end at tips.
Onset: near the first kept site x2 (§7.1); onset index: ni. Optimality, attainment: the halves of Thm. 1 (§2.6).
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