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Abstract
The spinless modular bootstrap bounds the dimension ∆1 of the lightest primary other

than the vacuum in a two-dimensional conformal field theory, using only modular S invariance
of the torus partition function at zero angular potential. For unitary, compact theories with
central charge c > 1 and no conserved currents beyond the Virasoro algebra, these bounds
read ∆1 ≤ c/Λ + o(c) at large c. The best slope Λ was known only to lie between 8.503 and
12, where the bound would reach the BTZ black hole threshold. We show that it is exactly
ΛV = 12π2/(π2 + 4 arcsinh21) ≈ 9.1266. No linear functional in a class that contains all finite
combinations of derivatives improves on c/ΛV by more than O(c1/3 log2/3 c), and an explicit
functional gives ∆1 < c/ΛV + 0.483 c1/3 +O(1) for all sufficiently large c. The value has an
electrostatic origin: as a function of a complexified dimension, c−1 log|g| of a functional g is
a two-dimensional potential with positive charges at the zeros of g. Positivity forces g to
fall as fast as the Cardy density of states grows, and the maximum principle bounds the
potential by an explicit harmonic function, which fixes ΛV . The field of this potential is the
spectral curve of a mean-field theory of the optimal functionals, and its charge density is the
distribution that the zeros of any functionals attaining ΛV must follow. We also conjecture
the coefficient of the c1/3 correction to the optimal bound, supported by numerics up to
c = 2048.
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1 Introduction

1.1 The question

Modular invariance of the torus partition function constrains the spectrum of every two-
dimensional conformal field theory (CFT), and the simplest question one can put to it is
how heavy the lightest state can be. Let ∆1 be the scaling dimension of the lightest primary of
the Virasoro algebra, other than the vacuum, in a unitary compact CFT of central charge c > 1.
Modular invariance bounds ∆1 from above by a function of c alone [1].

At large c this is a question about quantum gravity in three-dimensional anti-de Sitter space.
In that language the BTZ black holes [2] begin at ∆ = (c− 1)/12, the BTZ threshold. A theory
of pure gravity [3], in the sense of [4, 5], would have no primary below the black holes other
than the vacuum, so that ∆1 ≈ c/12. The known upper bounds on ∆1 sit well above this value,
and one would like to know how close to the BTZ threshold the consistency of the theory forces
its lightest state to be.

The spinless modular bootstrap is the simplest rigorous tool for this question. One sets the
angular potential to zero, so that the partition function depends on the inverse temperature β
alone, primaries are counted by their dimension whatever their spin, and of the modular group
only S : β → 1/β remains. To the resulting identity one applies a linear functional, for instance a
finite combination of derivatives with respect to β at the self-dual point β = 1. If the functional
has the right signs, the identity cannot hold when all primaries are heavier than some value, and
this value bounds ∆1 (section 2.2). At large c every bound obtained in this way has the form

∆1 ≤ c

Λ + o(c), (1.1)
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Λ, Virasoro Λ, U(1)c status (Virasoro)
functional of lowest order, every c > 1 6 [1] — proved
any fixed order, c → ∞ 6 [6] — heuristic, numerical
analytic functionals, c → ∞ 8.503 [10] 8.856 [10] proved
earlier numerical extrapolations 9.08 [11] 9.869 [12] numerical
our extrapolation, 24 ≤ c ≤ 2048 9.1263 ± 0.002 (section 5) — numerical
certified by an explicit functional for
all large c

ΛV = 9.1266 (Theorem 5) π2 [13]† proved,
computer-assisted

no functional in the class Ā beyond ΛV (Theorem 4) π2 [13]† proved
no functional of any kind beyond 12 [6, 7] 4π [14] proved (section 2.4)

Table 1: The ladder of slopes Λ in ∆1 ≤ c/Λ +o(c) from the spinless modular bootstrap, for the Virasoro
problem and for its twin with U(1)c characters (section 2.3). Entries that point to a section or a theorem
are results of this paper; the last column is the status of the Virasoro entry, and for our results it is the
tag of section 1.3, where the class Ā is introduced. †The status of [13] is described in the text; its bound
holds for every integrable eigenfunction, and the last row of the U(1)c column gives the limit that is
proved independently of it.

with a number Λ, the slope, that depends on how the functionals are chosen; a larger slope is a
stronger bound, and Λ = 12 would reach the BTZ threshold. The question of this paper is: what
is the best slope that this method can ever give, whatever functionals are used and whatever
the computing budget?

1.2 What was known

Table 1 is the ladder of slopes obtained so far. Hellerman [1] showed that every unitary compact
CFT with c > 1 and no conserved currents beyond the Virasoro algebra has ∆1 ≤ c/6 +O(1),
with the functional of lowest order that gives a bound at all (section 2.2): this is Λ = 6. Friedan
and Keller [6] made two observations. First, no functional can exclude a value of ∆1 below the
BTZ threshold, and so Λ ≤ 12; they obtain this by an argument of Friedan, Konechny and
Schmidt-Colinet [7]: under S a character below the threshold becomes a continuum of characters
above it, with positive density. In section 2.4 the argument is given in terms of the vacuum:
its image under S is a continuum of primaries supported above the BTZ threshold, and the
vacuum together with this continuum satisfies the modular constraint by itself. Second, they
derived heuristically, to leading order in 1/c and with numerics, that with any fixed number of
derivatives the slope stays at 6 as c → ∞: to improve on Hellerman the number of derivatives
must grow with c. This statement has been restated without proof, for example by Collier, Lin
and Yin [8]; the analogous statement for the U(1)c problem, described below, was proved by
Cohn, Dong and Gonçalves [9]; to our knowledge the Virasoro statement has not been proved.

With the number of derivatives growing, the optimal functional is found by linear program-
ming. Collier, Lin and Yin [8] saw the slope d∆1/dc of the resulting bound decrease with c
toward a value between 1

9 and 1
12 . Afkhami-Jeddi, Hartman and Tajdini [11] reached c = 1800.

Their best bound that involves no extrapolation is ∆1 ≤ c/8.956 at c = 1800; their extrapolation
to c = ∞, from a fit with a log c term, is Λ = 9.08. They state the estimate as ∆1 ≲ c/9.1 and
remark that the extrapolation “appears to be reliable, but strictly speaking it is impossible to
rule out a stronger bound as c → ∞”. Hartman, Mazáč and Rastelli [10] adapted to this problem
the analytic functionals of the four-point bootstrap on a line (see below), that is, functionals
given by a closed-form integral kernel in β rather than by finitely many derivatives at β = 1,
and obtained the slope 8.503. They also brought out the structure that we use throughout:
a functional is an eigenfunction of a Fourier transform, as already noted for Virasoro in [6,
App. C], and when the Virasoro characters are replaced by those of U(1)c the problem becomes
the −1 eigenfunction form of the linear program of Cohn and Elkies [15] for sphere packings in

3



dimension 2c (section 2.3).
This twin problem is better understood. Afkhami-Jeddi, Cohn, Hartman, de Laat and

Tajdini [12] found the slope 9.869 numerically and conjectured that it is π2; the analytic
functionals of [10] give 8.856. The slope π2 has since been proved in [13, Ch. 1]; we have read the
statements and the structure of that argument but have not independently verified it; nothing
in this paper depends on it logically.

For the Virasoro problem the state of the art before this work was 8.503 ≤ Λ ≤ 12 for the
best slope, with an ambiguous extrapolation: a fit with a c1/3 term in place of log c describes
the same data equally well and extrapolates to a different slope (section 5.2).

Related work. The method of linear functionals was introduced for four-point functions
in [16]. Applied to the torus partition function, it also bounds the dimensions of the next
primaries [17], the entropy and the number of marginal operators [18], the spectrum of sigma
models on Calabi–Yau manifolds [19] and the dimension of the lightest charged state [20, 21]; the
entropy of a conformal boundary is bounded in the same way [7]. Constraints that depend on
spin are studied in [8, 22–24]; in particular the twist gap is at most (c− 1)/12 [8, 23]. Integrality
of the degeneracies is imposed in [25, 26]. Modular invariance at genus two constrains the
three-point coefficients as well [27, 28]. At high energies invariance under S gives the Cardy
growth of the density of states [29]; Tauberian theorems make this rigorous and bound the
number of operators in a window of dimensions [30–32], and at large c with a sparse light
spectrum the Cardy growth holds for all ∆ ≥ c/6 [33]. The analytic functionals of [10] are
those constructed earlier for the four-point function of a conformal field theory on a line [34–36];
functionals of this kind have been extended to higher dimensions [37–39] and used as a basis
for numerics [40]. It is shown in [10] that in the twin problem at c = 4 and c = 12 they are
the parts with f̂ = −f of the functions with which Viazovska [41] and Cohn, Kumar, Miller,
Radchenko and Viazovska [42] proved that the E8 and Leech lattices are the densest sphere
packings in dimensions 8 and 24, and that the complete basis of [36] underlies the Fourier
interpolation formulas of [43], which followed the formula of Radchenko and Viazovska in one
dimension [44]. The linear program of Cohn and Elkies is always at least as strong [45] as the
bound of Kabatiansky and Levenshtein [46], which at large dimension is the slope 9.797 in the
present variables [12]. In the other direction, feasible points of the dual program built from
modular forms limit what the linear program can prove: it is not sharp in dimension 6 [47],
and it stays far from the densest known packings in several dimensions from 12 to 32 [48].
At large dimension the linear program cannot prove a density below 2−(0.7786...+o(1))d [49] (see
also [50]). For functions with f̂ = −f the twin problem is the −1 eigenfunction uncertainty
principle of Cohn and Gonçalves [51], the counterpart of the principle of Bourgain, Clozel and
Kahane [52, 53]: in dimension d the last sign change lies at a radius larger than

√
d/2πe [51],

and for d ≥ 5 at a radius of at least
√
d/4π [14], which with d = 2c and ∆ = r2/2 is the entry 4π

of table 1. Both bounds hold for every integrable eigenfunction, and the bound of [13, Ch. 1] that
gives π2 is stated in the same generality. Extremal functions exist and vanish at infinitely many
radii beyond the last sign change [51]. Free bosons on a torus, the Narain compactifications,
have the current algebra of the twin problem; their gap is bounded with spin at small c in [54],
and their average over moduli space is computed in [54, 55]. For conformal field theories in
higher dimensions on a spatial torus, a modular transformation gives a Cardy formula [56, 57],
with an extended range of validity at large N under conditions of sparseness [58].

1.3 Results

In one sentence: the best slope is ΛV = 9.1266 . . .. No functional in a class that contains all
those of finite order does better (Theorems 3 and 4), and an explicit functional does as well for
all sufficiently large c (Theorem 5, computer-assisted).
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The words of the problem. The terms are defined in section 2. We write c′ = c − 1,
a = c′/12 and t = ∆ − a (section 2.1), so that the BTZ threshold is t = 0 and the vacuum is at
t = −a. An admissible spectrum is one that obeys our hypotheses on the CFT: unitary, compact,
c > 1, invariant under S, no conserved currents beyond the Virasoro algebra (Definition 2.1).
A functional is a function g(t), its value on a primary of dimension t + a. It is feasible at T
if g ≥ 0 on [T,∞) and its value gvac on the vacuum is strictly positive, and weakly feasible if
gvac ≥ 0. Applied to the partition function term by term, a functional feasible at T shows that
∆1 < T + a (section 2.2); this is immediate for finitely many derivatives and is Theorem 2 in
general. The last sign change t1(g) of g is the gap bound that g certifies (Definition 2.3). The
numerically optimal functionals are negative on the lobe interval [0, t1), up to a sliver next to
the threshold, and have a band of double zeros beyond t1 (section 2.5, figure 1). The Cardy
weight V (t), which grows like e4π

√
at, is 1/2π times the density of primaries in the S-image of

the vacuum, and M [g] =
∫ ∞

0 |g|V dt is the Cardy-weighted mass of g (section 2.4). In a plot of
1
c′ log|g| against x =

√
3t/c′ the Cardy line is the straight line along which a functional decays

exactly as fast as this density grows (section 2.5). Each result carries a status tag (legend at the
end of this subsection).
Theorem 1 (the slope) [proved, computer-assisted]. Let Ā be the class of Definition 2.5:
the continuous integrable functions g that the Fourier transform of section 2.3 maps to −g
and that have finite Cardy-weighted mass M [g]. It contains every functional of finite order
(Lemma 2.6). Let ∆best

1 (c) be the best bound on ∆1 that feasible functionals in Ā certify
(section 2.6). Then

lim
c→∞

c

∆best
1 (c)

= ΛV = 12π2

π2 + 4 arcsinh2 1
= 9.12663 . . . . (1.2)

Equivalently, the best gap bound, measured from the BTZ threshold, is ξ∗
1 (c − 1) (1 + o(1)),

where 1/ΛV = 1
12 + ξ∗

1 and ξ∗
1 = (x∗

1)2/3 = 0.0262361, with x∗
1 = arcsinh(1)/π the solution

of sinh πx = 1. The hyperbolic sine comes from electrostatics on a strip of unit width in the
plane of complex x =

√
3t/c′: sinh πx = 1 is where the potential that bounds 1

c′ log|g| for every
functional in Ā first touches the Cardy line (section 1.4). On the word “best”: ∆best

1 (c) is at
most the limit, as the order P → ∞, of the order-P optimal gap bounds that numerical work
computes; equality is conjectural (section 2.6).
Theorem 2 (certification) [proved]. For c ≥ 40, every g ∈ Ā that is feasible at some T > 0
gives ∆1 < T + a for every admissible spectrum, although g need not be of finite order. Hence
∆best

1 is a bound on theories, not only the value of a linear program (sections 2.6 and 8).
Theorems 3 and 4 (optimality) [proved]. For every g ∈ Ā, whatever its signs, the part of
the Cardy-weighted mass M [g] that lies below t = (ξ∗

1 − ϵ) c′ is a fraction of M [g] exponentially
small in c, for every 0 < ϵ < ξ∗

1 and c ≥ 40 (Theorem 3). But a weakly feasible functional must
carry at least half of its mass below t1. Hence no weakly feasible functional in Ā, other than
zero, has t1 < ξ∗

1c
′ − 0.44 c′1/3 log2/3 c′ once c ≥ copt

0 (Theorem 4; both in section 6).
Theorem 5 (attainment) and Corollary 6 [proved, computer-assisted]. An explicit
functional in Ā, built from a product over prescribed zeros (section 7.2), is feasible at ξ∗

1c
′ +

0.483 c′1/3 +O(1) for c ≥ catt
0 (Theorem 5, section 7). Hence every admissible CFT with c ≥ catt

0
has ∆1 < c/ΛV + 0.483 c1/3 +O(1) (Corollary 6, section 8).
Theorem 7 (structure) [proved]. Any sequence of weakly feasible functionals in Ā that
attains ΛV has its zeros equidistributed according to one explicit law ρU (section 10); the
subscript refers to the extremal potential U of section 6, not to U(1).
Conjecture 1 (fine structure) [conjecture]. ∆best

1 (c) = c/ΛV + 0.27666 c1/3 +O(1), with
no log c term at order c1/3 or above, and the anatomy of the optimal functional (section 4.6).
Numerics for 24 ≤ c ≤ 2048 support it and extrapolate to Λmeas = 9.1263 ± 0.002 (section 5).
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What the result does and does not say. The window

c− 1
12 < ∆1 <

c− 1
12 + ξ∗

1 (c− 1), (1.3)

which is the lower 31%, in units of c/12, of the range c/12 ≤ ∆ ≤ c/6, is out of reach of spinless
S-invariance used through functionals in Ā, whatever the computing budget. Nothing is claimed
about whether conformal field theories live there, nor about constraints that depend on spin,
about integrality of the degeneracies, or about pure gravity. Four caveats apply. The central
charges copt

0 and catt
0 are not computed, and at every c accessible to numerics the numerical

bounds remain the best available. The attainment proof is computer-assisted, in the sense of
the legend. The constant 0.483 is not the best one. Finally, Theorems 3, 4 and 7 are statements
about the method, not about which conformal field theories exist.

Legend of the status tags. A tag on a statement or on a section applies to all of it.
[proved] Proved in this paper from classical facts that are cited to textbooks.
[proved,
computer-assisted]

Proved in this paper, modulo finitely many explicitly stated inequalities, inde-
pendent of c, for elementary functions of one variable and, in one case, integrals
of such functions, that are certified in interval arithmetic: rigorous floating-point
arithmetic with outward-rounded error bounds.

[conjecture] A precise statement, supported by heuristics and numerics, not proved.
[heuristic] A derivation with named uncontrolled steps.
[numerical] The result of a computation, with a stated error estimate.
[orientation] Explanatory material that no proof uses.
⟨cert⟩ A mark, not a tag, on an individual c-independent numerical inequality: it is

one of the certified inequalities, and it has a row in table 4 (appendix H).

1.4 The ideas in one page

(i) The problem (section 2). In the variable t = |r|2/2 a functional is a radial function in a
plane that the Fourier transform maps to minus itself. Because of this property its value on the
vacuum, which sits at negative t, equals minus its integral over t ≥ 0 against the Cardy density:
the vacuum acts on a functional as a continuum of heavy states. If g is feasible, its negative
part lies below t1 and must outweigh in this integral everything beyond, so it carries at least
half of the Cardy-weighted mass, (2.16). The weight grows like e4π

√
at, and a function that is its

own Fourier transform up to a sign resists falling that fast: this tension is the whole problem.

(ii) The heuristic picture (sections 3 and 4). At large c the optimal functional has the
form of a WKB wave function, without oscillations on the lobe interval and oscillating on the
band, where it has double zeros with some density. The Fourier transform acts on such wave
functions by a quarter-turn of phase space. That the functional is mapped to minus itself,
and that on the band it runs along the Cardy line, together fix the density of zeros through a
self-consistent equation of mean-field type; for U(1)c it is literally the Curie–Weiss equation of
a ferromagnet (Result H1). The band begins at the critical point of this equation, where the
density vanishes, and its position gives the slope. For Virasoro the solution is the curve

sinh πb = i sinh πp (1.4)

in the plane of b =
√

3t/c′ and its conjugate momentum p (Result H2); its critical point is
sinh πb = 1, that is, b = x∗

1 = arcsinh(1)/π and Λ = ΛV . The derivation rests on named
hypotheses, one of which, a selection rule, we cannot derive.
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(iii) Optimality (section 6). As a function of b, every functional in Ā continues analytically
to the strip |Im b| ≤ 1

2 , whose edges pass through the vacuum, b = ± i
2 (figure 2). There 1

c′ log|g|
is a two-dimensional electrostatic potential with positive point charges at the zeros of g, in
the sign convention, used throughout, in which the potential dips to −∞ at a positive charge.
Such a potential has no maximum inside a domain (the maximum principle); it is subharmonic.
Measure g in units of M [g]. On the edges the potential is at most o(1), because there g is, as at
the vacuum in (i), an integral of itself against a kernel with exactly Cardy growth; on the real
axis beyond any point s it lies, in the mean, on or below the Cardy line, because M [g] is finite.
The maximum principle then bounds it inside by an explicit harmonic function on the strip slit
along |x| ≥ s. For s = x∗

1 this function, the extremal potential U , has the p(b) of (1.4), up to a
constant factor, as its complex electric field; it lies strictly below the Cardy line for |x| < x∗

1
and first touches it at x∗

1. Since |g|V is the exponential of c′ times the height of the potential
above the Cardy line, a functional has exponentially little mass below any x < x∗

1, and by (i) its
last sign change cannot lie there. Signs enter only in this last step, and no computer is used.
The strategy is that of the proof for U(1)c in [13, Ch. 1]; its status is described in sections 1.2
and 6.1.

(iv) Attainment (sections 7 and 8). The potential U is produced by a definite density of
charge ρU on the slits, and this is a blueprint for a functional: we place zeros at the quantiles of
this density. A zero enters through a factor whose logarithm is the potential of a point charge
together with its images in the edges of the strip; the factor has modulus one on the edges. The
product h0 of these factors and of a fixed function without zeros is not an eigenfunction of the
Fourier transform, but g = 1

2(h0 − ĥ0) is, and ĥ0 is computable at large c by steepest descent
along an edge of the strip, where the size of h0 is known exactly and the zeros enter only through
a phase. On the band h0 ≥ 0, and g ≥ 0 reduces to an inequality between two numbers that
do not depend on c: the relative amplitude of ĥ0, about 1

2 , and the smallest value of h0 on the
band in the same units, which exceeds 1

2 once the zeros have been moved slightly off the real
axis in conjugate pairs. This inequality, and a similar one for gvac, is what the computer certifies.
The resulting functional is not of finite order; Theorem 2, proved by a convergence argument,
makes it a bound on conformal field theories. A second, quite different functional that attains
the slope, the imaginary part of a rotation of phase space by 45◦ applied to one real function, is
described in section 9; it needs no computer and gives no rate.

The curve (1.4) thus appears four times: as a heuristic spectral curve in (ii), as the field of
the extremal potential in (iii), and as the blueprint for the zeros in (iv). The fourth time it is
a necessity (section 10): limits of such potentials exist along subsequences, and a sequence of
functionals that reaches ΛV must converge to U , charges included.

Part I The problem

2 The spinless modular bootstrap
This section states the problem and fixes the language of the paper. It ends with the class of
functionals that we consider and the statements of the two main theorems (section 2.6).

2.1 Partition function and crossing equation

The idea is to keep, of modular invariance, only the one equation that involves scaling dimensions
alone, and to bring it to a form in which every primary other than the vacuum contributes a
single exponential with a positive coefficient.
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We consider a two-dimensional conformal field theory that is unitary and compact, with
central charge c > 1 in both chiralities, a unique normalizable vacuum and a discrete spectrum.
We assume that it has no conserved currents beyond the Virasoro algebra, so that every primary
other than the vacuum has weights h, h̄ > 0 and a Virasoro module without null states. Its
torus partition function is invariant under τ → −1/τ . We restrict to zero angular potential,
τtorus = iβ with β > 0 the inverse temperature. A state is then weighted by e−2πβ(∆−c/12) with
∆ = h+ h̄: the spin h− h̄ drops out, primaries of all spins are counted by their dimension ∆
alone—hence spinless—and of the modular group only S : β → 1/β survives.

Let q = e−2πβ and let η be the Dedekind function. A primary with h, h̄ > 0 contributes
q∆−(c−1)/12/|η(iβ)|2 to the partition function Z(β); the vacuum, whose descendants L−1|0⟩ and
L̄−1|0⟩ are null, contributes q−(c−1)/12(1 − q)2/|η(iβ)|2. The exponents carry c− 1 rather than c
because each factor 1/η brings its own q−1/24. Since |η(i/β)|2 = β |η(iβ)|2, multiplying Z by
|η(iβ)|2 strips off all descendants at the price of one power of β in the transformation law. We
set

c′ := c− 1, a := c′

12 , t := ∆ − a, (2.1)

and define the reduced partition function

Ẑ(β) := |η(iβ)|2Z(β) = e2πβa(
1 − e−2πβ)2 +

∑

n≥1
dn e

−2πβtn , (2.2)

where dn > 0 is the number of primaries with ∆ = tn + a. Modular invariance becomes the
crossing equation

Ẑ(β) = β−1 Ẑ(1/β) for all β > 0. (2.3)

The reduced partition function is the right object because (2.3) relates sums of pure exponentials
in which the unknowns dn enter linearly and are positive; nothing else about the theory will
be used. The central charge enters only through a. The vacuum sits at t0 := −a, and it
is the only term that is not a single positive exponential: its null states produce the factor
(1−e−2πβ)2 = 1−2e−2πβ +e−4πβ . The point t = 0, that is ∆ = (c−1)/12, is the BTZ threshold.1

The hypothesis on currents is what makes every dn multiply a single exponential. A
conserved current J of weights (s, 0) has the null descendant L̄−1J = 0; its module contributes
dJ (e−2πβtJ − e−2πβ(tJ +1)) to Ẑ and enters every sum rule below as dJ [g(tJ) − g(tJ + 1)], which
has no definite sign.

Definition 2.1. An admissible spectrum at central charge c is a countable family {(tn, dn)}n≥1
with dn > 0 and tn > −a (unitarity, ∆n > 0) that is locally finite (every bounded interval
contains finitely many tn) and such that Ẑ(β) in (2.2) is finite and satisfies (2.3) for every β > 0.
Primaries with tn < 0 are called light; there are finitely many of them. An admissible CFT is
one whose primaries form an admissible spectrum; its gap is ∆1 := a+ minn tn.

Remark 2.2 (orientation). In Liouville notation, c = 1 + 6Q2
L and h = Q2

L/4 + P 2
L, so that

h− c′/24 = P 2
L and a primary with momenta (PL, P̄L) has t = P 2

L + P̄ 2
L. For a scalar, the variable

b :=
√

3t/c′ that we use at large c (section 2.5) is b = PL/QL, and the vacuum, h = h̄ = 0, sits
at b = ±i/2. Thus b is a rescaled momentum; it is not the Liouville coupling.

2.2 Linear functionals, bounds, and duality

The idea is that a linear functional turns the crossing equation into a single linear relation, a sum
rule, among the values of one function g at the dimensions of the primaries. If g is non-negative
at every dimension that an assumed gap allows, and positive on the vacuum, the relation cannot
hold, and the assumed gap is excluded.

1The classical BTZ value is ∆ = c/12; the threshold (c− 1)/12 includes the one-loop shift c → c− 1.
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Let ω be a linear functional acting on functions of β, for instance a finite combination of
derivatives at a point (the general class is fixed in section 2.6). To ω we associate the function

g(t) := ω
[
Ξβ(t)

]
, Ξβ(t) := e−2πβt − β−1e−2πt/β, (2.4)

where Ξβ is the crossing kernel: (2.3) says that the vacuum and the primaries, weighted by dn,
sum to zero when inserted in Ξβ. Applying ω term by term therefore gives the sum rule

gvac +
∑

n≥1
dn g(tn) = 0, gvac := g(−a) − 2g(−a+ 1) + g(−a+ 2). (2.5)

The vacuum value gvac is what ω returns on the vacuum term of (2.2); it is a second difference
because the null-state factor spreads the vacuum over the three exponentials at t = −a, −a+ 1,
−a+2. For a functional of finite order the exchange of ω with the sum over primaries is termwise
differentiation of a convergent series of exponentials; for the general class it is the content of
Theorem 2. From now on we identify a functional with its function g.

Definition 2.3. Let T ∈ R. A functional g is feasible at T if g(t) ≥ 0 for all t ≥ T and gvac > 0.
It is weakly feasible at T if instead gvac ≥ 0. The number t1(g) := inf{T : g ≥ 0 on [T,∞)} is
the last sign change of g; we call it the gap bound certified by g. Without a named T , (weakly)
feasible means (weakly) feasible at some T .

If g is feasible at T and all primaries had tn ≥ T , the left side of (2.5) would be at least
gvac > 0. Hence some primary has tn < T , that is, ∆1 < T + a. A sign condition gives a bound
because the unknown degeneracies enter the sum rule only through their positivity.

Minimizing T over pairs (g, T ) is a linear program: g enters linearly, and there is one
inequality, g(t) ≥ 0, for each t ≥ T , together with gvac ≥ 0. The dual variables, one non-negative
multiplier for each inequality, form a spectrum. Concretely, the dual problem asks for points
tn ≥ T and weights dn > 0 that satisfy the sum rule (2.5) for every g in the search space: by the
argument above such a spectrum excludes every functional feasible at T , and at the optimal T
the best functional and this obstruction meet. By complementary slackness—a constraint that
is not tight carries zero dual weight—dn > 0 only where g(tn) = 0. At the optimum, therefore,
gvac = 0 and g vanishes on an extremal spectrum {tn} with positive weights dn [59]: it has a
simple zero at t1, where it changes sign, and double zeros beyond, because g ≥ 0 there. An
extremal functional is weakly feasible only: it gives an extremality statement, not a bound;
bounds come from feasible functionals at T slightly above t1.

In practice one uses derivatives at the self-dual point [1, 6, 8, 11], ω = ∑2P −1
k=1 ωk ∂

k
β

∣∣
β=1.

Each derivative of Ξβ at β = 1 is a polynomial in t times e−2πt; for instance ∂βΞβ

∣∣
β=1 =

(1 − 4πt)e−2πt = L1(4πt)e−2πt, with Lk the Laguerre polynomials. In general

g(t) = polP (t) e−2πt, polP ∈ span
{
L2k−1(4πt) : 1 ≤ k ≤ P

}
, (2.6)

for all real t, and we call P the order of the functional; why only odd Laguerre polynomials occur
is explained in section 2.3. We write t(P )

1 (c) for the infimum of t1(g) over feasible functionals of
order P (with the value +∞ if there are none), and ∆(P )

1 (c) := a+ t
(P )
1 (c) for the corresponding

bound on the gap; both are non-increasing in P , with limits t(∞)
1 (c) and ∆(∞)

1 (c).
As an example, at order P = 1 the only candidate, g = (4πt− 1)e−2πt, has gvac < 0 and gives

no bound. At order P = 2, pol2 is a cubic, a combination of L1(4πt) and L3(4πt); one of its two
coefficients is a normalization and the other is fixed by gvac = 0. The resulting cubic is positive
beyond its largest root t1, nearby combinations with gvac > 0 are feasible at T arbitrarily close
to t1, and

t1 = a+ 2
π

+ 2
e2π − 1 − ϵc, 0 < ϵc = O(1/c), so that ∆1 <

c

6 + 0.4737. (2.7)
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This is Hellerman’s bound [1], valid for every c > 1; its slope is c/∆1 → 6. Two exact optima
serve as anchors for conventions and numerics: at c = 4 and c = 12 the optimal gap bound is
exactly ∆1 ≤ 1 and ∆1 ≤ 2, and it is saturated by a solution of the crossing equation (2.3) with
positive dn and integer dimensions [10].

2.3 Functionals are Fourier eigenfunctions

The idea is that the crossing kernel is a Gaussian minus its own Fourier transform, provided t is
read as |r|2/2 for a point r of a plane. Every functional is then a radial function on the plane
that is odd under the Fourier transform, and the linear program becomes a problem about such
functions in which β no longer appears [6, 10].

Let r ∈ R2, t = |r|2/2, and take the Fourier transform in the convention

f̂(y) =
∫

R2
f(r) e−2πi r·y d2r, so that e−πβ|r|2 7−→ β−1e−π|y|2/β. (2.8)

The power β−1 is β−d/2 with d = 2, and it is the power of β in the crossing equation (2.3), which
came from the two Dedekind functions; this is what fixes the dimension of the plane. In the
variable t the Gaussian is e−2πβt and its transform is β−1e−2πs/β with s = |y|2/2. The crossing
kernel is thus a function minus its transform, and since the transform is an involution on radial
functions, Ξ̂β = −Ξβ. The functional ω acts on β and commutes with the transform, so

ĝ = −g, where ĝ(s) = 2π
∫ ∞

0
g(t) J0

(
4π

√
st

)
dt (2.9)

is the planar transform of a radial function written in the variable t, as we always write it.
The Laguerre functions

ψk(t) := Lk(4πt) e−2πt, ψ̂k = (−1)kψk, k = 0, 1, 2, . . . , (2.10)

are the rotation-invariant eigenstates of the two-dimensional harmonic oscillator, ψk carrying
2k quanta. The Fourier transform is the evolution of the oscillator through a quarter period, a
quarter-turn (r,p) 7→ (p,−r) of its phase space, which multiplies a state of N quanta by (−i)N ;
this is the eigenvalue in (2.10) (for a computation see section 8.2). The condition ĝ = −g selects
the odd ψk, and these are exactly the derivative functionals (2.6). The quarter-turn returns in
section 4.1 as the symmetry of the spectral curve.

Remark 2.4 (orientation). In the notation of Remark 2.2, r =
√

2 (PL, P̄L), and the planar
Fourier kernel e2πi r·r′ d2r′ is the product of the left and right modular S-kernels

√
2 e4πiPLP ′

L dP ′
L

on non-degenerate characters: one direction for each chirality, hence dimension 2 for every c.

The twin problem. For a theory with U(1)c current algebra the same steps, with characters
q∆/|η(iβ)|2c and ∆ the dimension of a U(1)c primary, give Ẑ(β) = 1 + ∑

n dne
−2πβ∆n =

β−cẐ(1/β). The power β−c is that of a Gaussian in R2c: functionals are radial functions f(∆),
∆ = |x|2/2, x ∈ R2c, with f̂ = −f ; the vacuum sits at the origin, and f proves ∆1 < T if
f(0) > 0 and f ≥ 0 on [T,∞). This is the −1 eigenfunction form of the linear program of Cohn
and Elkies for sphere packing in d = 2c dimensions [15]; that the two have the same optimum in
every dimension is their Conjecture 7.2, of which only the direction shown below is proved in
general. The dictionary is that of [10]:

Theorem (Cohn–Elkies)

Let h : Rd → R be a radial Schwartz function, not identically zero, and r > 0. If h(x) ≤ 0
for |x| ≥ r, ĥ(y) ≥ 0 for all y, and h(0) = ĥ(0) > 0, then every sphere packing in Rd has
density at most the volume of a ball of radius r/2.
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For such an h the function f = ĥ−h is radial, has f̂ = −f and f(0) = 0, and is non-negative for
|x| ≥ r: it is a weakly feasible functional of the U(1)c problem at T = r2/2. The two problems
differ in one respect. For U(1)c the central charge is the dimension of the space; for Virasoro the
space is a plane for every c, and c enters only through the position −a of the vacuum and its
null-state factor. Section 3 treats the twin problem as a warm-up.

2.4 The vacuum is a Cardy continuum

The vacuum enters the sum rule through values of g at negative t, where no sign condition is
imposed. The idea is that modular invariance converts them into an integral over t ≥ 0: the
S-transform of the vacuum is a continuum of non-degenerate characters with the Cardy density,
and acting with g on the vacuum is integrating −g against that density. Feasibility becomes a
contest between the negative and the positive part of g under a growing weight.

The continuum comes from the Laplace transform of a Bessel function. For α ≥ 0 and β > 0,

β−1e2πα/β = 2π
∫ ∞

0
Kα(t) e−2πβt dt, Kα(t) := I0

(
4π

√
αt

)
, (2.11)

so that the S-image of the vacuum term of (2.2) is

β−1e2πa/β(
1−e−2π/β)2 =

∫ ∞

0
ρC(t) e−2πβt dt, ρC := 2πV, V := Ka −2Ka−1 +Ka−2. (2.12)

This is a continuum of non-degenerate characters supported on t ≥ 0, that is, above the BTZ
threshold. Since I0(z) ≃ ez/

√
2πz, the Cardy kernel Kα grows like e4π

√
αt, and ρC is the Cardy

density of states [29] with all its corrections. For a ≥ 2 the Cardy weight V has a power series
with non-negative coefficients, because α 7→ αk is convex:

V (t) =
∑

k≥2

(4π2t)k

(k!)2
[
ak − 2(a− 1)k + (a− 2)k]

≥ 8π4t2. (2.13)

Thus V is positive and increasing on (0,∞); further properties are collected in Lemma B.2.
Now let g be a functional. The equation ĝ = −g reads g(s) = −2π

∫ ∞
0 g(t)J0(4π

√
st) dt for

s ≥ 0. For g of the form (2.6) both sides are entire functions of s, because J0(4π
√
st) is a power

series in st; the equation therefore persists at s = −α < 0, where J0(4π
√

−αt) = I0(4π
√
αt).

This is the eigen-identity

g(−α) = −2π
∫ ∞

0
g(t)Kα(t) dt, 0 ≤ α ≤ a. (2.14)

The values of g below the BTZ threshold are Bessel-weighted integrals of g above it. The general
statement, for the class of section 2.6 and for complex α in a parabolic region, is Lemma B.1.
Taking the second difference in (2.5),

gvac = −
∫ ∞

0
g(t) ρC(t) dt : (2.15)

acting on the vacuum is integrating −g against the Cardy density.
Let g± := max(±g, 0). If g is weakly feasible at t1 = t1(g), then g− is supported on [0, t1],

and (2.15) with gvac ≥ 0 says
∫
g−V ≥

∫
g+V . Adding

∫
g−V to both sides gives the half-mass

condition ∫ t1

0
g−(t)V (t) dt ≥ 1

2 M [g], M [g] :=
∫ ∞

0
|g(t)|V (t) dt, (2.16)

where M [g] is the Cardy-weighted mass of g. The negative part of g on [0, t1) must outweigh
everything beyond t1, although the weight grows like e4π

√
at. This is possible only if |g| falls at
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Figure 1: Anatomy of an optimal functional at moderate c: a schematic, drawn for c = 48 from the
leading-order formulas of section 4.6, not from data. Plotted is 1

c′ log|g|, normalized to g(t0) = 1, from
the vacuum down to the BTZ threshold along b = iy, then along the physical axis b = x (top axis: t).
The curve is solid where g > 0 and dashed where g < 0; zeros appear as downward cusps. The functional
is negative on the lobe interval [0, t1), except for a positive sliver between the BTZ threshold and the
interior zero tint ≈ 1/4π; it has a simple zero at t1 and a band of double zeros beyond, on which the local
upper envelope of |g| falls like e−c′L(x): it runs along the Cardy line (dashed straight line). At c = 48 the
corrections to the limit of large c are still large: x1 ≈ 0.39 lies well above its limit x∗

1 = 0.2805, and part
of the lobe lies above the Cardy line, whereas the limiting profile stays below it up to x∗

1 (figure 6(b)).

least as fast as the Cardy weight grows, and a function that is its own Fourier transform up to a
sign resists falling fast. This tension is the whole problem.

A first consequence is due to Friedan and Keller [6], who attribute the argument to Friedan,
Konechny and Schmidt-Colinet [7]. By (2.12) the vacuum together with the continuum ρC(t) dt
solves the crossing equation by itself, with nothing below t = 0. Accordingly, if g ≥ 0 on [0,∞)
then (2.15) gives gvac ≤ 0, with equality only for g ≡ 0: no nonzero functional is even weakly
feasible at T ≤ 0, no bound reaches below the BTZ threshold, and the slope of any bound
∆1 ≤ c/Λ + o(c) obeys Λ ≤ 12.

2.5 The large-c regime

Figure 1 is a schematic picture of a numerically optimal functional at moderate c. This subsection
introduces the variables in which its features do not depend on c, and then lists the features.

All limits are taken in the order P → ∞ at fixed c first, then c → ∞. The order matters: at
fixed P the slope of the optimal bound falls back to Hellerman’s 6 as c → ∞. This was derived
heuristically, to leading order in 1/c and with numerics, by Friedan and Keller [6]. In the limit
so defined the natural variable is

b :=
√

3t/c′ = x+ iy, t = c′b2

3 , G(b) := g
(
c′b2/3

)
, x1(g) :=

√
3 t1(g)/c′, (2.17)

with dimensions t ≥ 0 on the physical axis b = x ≥ 0. The reason for the square root is the
Cardy growth: with

L(x) := 2π
3 |x|, e4π

√
at = ec′L(x), lim

c→∞
1
c′ log V

(
c′x2/3

)
= L(x) (x > 0), (2.18)
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Figure 2: The t-plane and the b-plane, t = c′b2/3, b = x+ iy. (a) The parabolic region of the t-plane
whose vertex is the vacuum, t0 = −a, and whose focus is the BTZ threshold, t = 0. (b) Its image, the
strip S : |y| < 1

2 with edges E± : y = ± 1
2 . The vacuum is at b = ± i

2 ; the dashed segment is the range
−a < t < 0 below the BTZ threshold, and the physical axis is x ≥ 0. The band becomes the slits |x| ≥ x1
of the real axis, drawn here for x1 = x∗

1 of Theorem 1. Diamonds mark the saddle points b0 = ±v0(x) + i
2

on the edge E+ that govern a functional at a point x of the band (squares); see sections 4.2 and 7.3.

the exponent of the Cardy weight is linear in x and proportional to c′. In a plot of 1
c′ log|G|

against x we call the straight line −L(x) the Cardy line; a functional that decays exactly as
fast as the Cardy weight grows runs parallel to it. The vacuum, t = −a, sits at b = ± i

2 , off the
physical axis. Figure 2 shows the b-plane and the strip |Im b| ≤ 1

2 , on which the kernel of the
eigen-identity of section 2.4, continued to complex t, is bounded by Ka and so grows no faster
than the Cardy weight (Lemma B.1); it becomes the stage in section 4.2 and section 6. Finally,
a family of functionals, one for each c, that are feasible at T = t1(g) + o(c) with x1(g) → x1
certifies ∆1 ≤ c/Λ + o(c) with

1
Λ = 1

12 + ξ1, ξ1 = x2
1

3 . (2.19)

In these variables the optimal functionals found numerically have the following anatomy
(figure 1). On the lobe interval [0, t1) the functional is negative; this negative lobe carries the
half mass in (2.16). The one exception is a positive sliver next to the BTZ threshold: g > 0 on
(0, tint) with tint ≈ 1/4π, which is explained in section 4.6. At c = 12 this zero is already visible
in the numerics: it is the “additional single zero near ∆ ≈ 1” of [11, Figure 1] and the single
root at ∆ = 1 of [10, §2.5]. At t1 there is a simple zero. Beyond it lies the band of double zeros,
the extremal spectrum of section 2.2, and on the band |g| follows e−c′L(x): the functional runs
along the Cardy line. These are the features to be explained.

2.6 The class Ā, the best gap bound, and the main theorems

To speak of all functionals, of any order, one needs a class that contains all of them and in
which the vacuum value still makes sense. We define it directly, by the three properties that the
previous subsections have singled out. Standing assumption: in all rigorous statements c ≥ 40,
so that a ≥ 3.25. It is used through the Bessel inequalities of appendix B, and in Proposition 7.2,
where it keeps the poles of the comb of section 7 out of the closed strip.

Definition 2.5. Ā is the set of real continuous functions g on [0,∞) such that (i) g(|r|2/2) ∈
L1(R2), that is,

∫ ∞
0 |g| dt < ∞; (ii) ĝ = −g, with the transform (2.9); and (iii) M [g] < ∞. For
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g ∈ Ā the values below the BTZ threshold are defined by the eigen-identity (2.14), g(−α) :=
−2π

∫ ∞
0 gKα dt for 0 < α ≤ a, so that gvac = −

∫ ∞
0 g ρC dt; feasibility is then as in Definition 2.3.

Conditions (i) and (ii) say that g is a functional in the sense of section 2.3, and (iii) is exactly
the absolute convergence of the vacuum action (2.15); the integrals that define g(−α) converge
absolutely by (i), (iii) and Lemma B.2. Nothing else is required: no smoothness, no rate of
decay, no analytic continuation.
Lemma 2.6 (proved). Ā contains the function g of every functional ω that is a real distribution
of finite order with compact support in β ∈ (0,∞), with its values at t < 0 given by (2.4). In
particular it contains all derivative functionals (2.6), for every order P .
Proof. Let ω have order N and support in (βmin, βmax), 0 < βmin < βmax. Then g = ω[Ξβ] is
an entire function of t with |g(t)| ≤ C(1 + |t|)Ne−2π min(βmin,1/βmax) Re t for Re t ≥ 0, and likewise
for its derivatives, so g(|r|2/2) is a radial Schwartz function; ĝ = −g because Ξ̂β = −Ξβ. Since
V ≤ 2Ka ≤ 2e4π

√
at grows more slowly than any exponential, M [g] < ∞. Finally (2.11) gives

−2π
∫ ∞

0 ΞβKα dt = Ξβ(−α) for every α ≥ 0, and applying ω shows that the values defined by
the eigen-identity agree with the entire function.

The best gap bound is

TV (c) := inf
{
T : some g ∈ Ā is feasible at T

}
, ∆best

1 := TV + a, (2.20)

with the strict inequality gvac > 0 of Definition 2.3, and with the value +∞ if no g ∈ Ā is feasible
at any T ; by section 2.4, TV ≥ 0, and by Theorem 5, TV (c) < ∞ for all sufficiently large c. The
subscript V in TV and ΛV stands for Virasoro, as opposed to the U(1)c problem; the Cardy
weight V (t) never carries a subscript.
Theorem 1 (The slope; proved, computer-assisted). Let x∗

1 := arcsinh(1)/π = 0.2805499,
ξ∗

1 := (x∗
1)2/3 = 0.0262361 and ΛV := 1/( 1

12 + ξ∗
1) = 12π2/(π2 + 4 arcsinh2 1) = 9.1266340. Then

lim
c→∞

TV (c)
c′ = ξ∗

1 , or equivalently lim
c→∞

c

∆best
1 (c)

= ΛV . (2.21)

The constants x∗
1, ξ∗

1 and ΛV are defined here for the whole paper; Part II explains where
they come from. The theorem has two halves. The lower bound on TV , the optimality half, says
that no nonzero functional in Ā, even a weakly feasible one, does better; it is Theorem 4, proved
in section 6 by hand, with no computer. The upper bound, the attainment half, is Theorem 5,
proved in section 7: an explicit functional in Ā that is feasible at T = ξ∗

1c
′ +O(c′1/3). Its proof

uses finitely many inequalities between elementary functions of one variable, independent of c,
that are certified in interval arithmetic and listed in appendix H; this is the only input from a
computer and the reason for the tag.

Proof of Theorem 1 from Theorems 4 and 5. Let c ≥ copt
0 , and let g ∈ Ā be feasible at T .

Then g ̸≡ 0 because gvac > 0, g is weakly feasible, and T ≥ t1(g). So (6.3) gives T ≥
ξ∗

1c
′ − 0.44 c′1/3 log2/3 c′, and therefore TV (c) ≥ ξ∗

1c
′ − 0.44 c′1/3 log2/3 c′. For c ≥ catt

0 the function
g of Theorem 5 is feasible at t⋆ + 1, so TV (c) ≤ t⋆ + 1 = ξ∗

1c
′ + O(c′1/3) by (7.5). Dividing

by c′ gives the first limit in (2.21). Since ∆best
1 = TV + a and a = c′/12, it is equivalent to

∆best
1 (c)/c′ → ξ∗

1 + 1
12 = 1/ΛV ; since c/c′ → 1, this is the second limit.

Theorem 2 (Certification; proved). Let c ≥ 40. If g ∈ Ā is feasible at some T > 0, then every
admissible spectrum at central charge c contains a primary with tn < T (possibly a light one).
Consequently ∆1 ≤ TV (c) + a = ∆best

1 (c) for every admissible CFT.
Nothing about g beyond membership in Ā and feasibility is assumed. The idea of the proof

is to expand g in the odd Laguerre functions ψ2k−1, each of which is a derivative functional
that annihilates the crossing equation, and to control the resummation by positivity. The proof,
which uses no computer, is in section 8.
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What “best” means. Since Ā contains the functionals of order P for every P (Lemma 2.6),
TV (c) ≤ t

(∞)
1 (c), that is, ∆best

1 (c) ≤ ∆(∞)
1 (c), the limit of the truncated optimal gap bounds that

numerical work computes; equality is conjectural. Consequently the optimality half bounds, a
fortiori, every numerical truncation, uniformly in P . The attainment half is achieved by a function
that is not of finite order, and it is a bound on conformal field theories only through Theorem 2.
We do not claim that Ā contains every functional that has been considered: membership of the
analytic functionals of [10] is not checked here, and nothing depends on it. Nor do we claim that
the infima over gvac > 0 and over gvac ≥ 0 coincide; TV is defined with gvac > 0.

Part II The physical picture: a spectral curve for the optimal
functional
This Part is heuristic throughout. Its uncontrolled steps are four named hypotheses, (W), (A),
(B) and (Sel), stated in section 3.1. Its purpose is to show where ΛV , the strip of figure 2 and
the zero law ρU come from, and to formulate Conjecture 1. The proofs of sections 6 to 8 and 10
do not use it.

3 Warm-up: mean-field theory of the U(1)c problem
[heuristic] We learn the recipe on the twin problem with U(1)c characters (section 2.3), where
the equations are simplest and the answer, the slope π2, is known by other means: it was
conjectured from numerics in [12] and has since been proved in [13, Ch. 1], with the status given
in section 1.2. The picture is semiclassical, with 1/c in the role of ℏ: the optimal functional
is a WKB wave function, a sum of exponentials ec S whose momenta S ′ are the branches of a
spectral curve in phase space. The Fourier transform acts on it by a canonical transformation,
so f̂ = −f says that the curve is mapped to itself. The real zeros are the nodes where two
complex-conjugate branches interfere; there are of order c of them, so only their density matters,
as in mean-field theory, and it is a coordinate on the curve.

3.1 The problem, the data, and the four hypotheses

The functionals are radial functions on R2c, written f(∆) with ∆ = |r|2/2, that obey f̂ = −f
(the bootstrap normalization of section 2.3); the vacuum sits at the origin, and f proves that the
gap is below T if f(0) > 0 and f ≥ 0 for ∆ ≥ T . The optimal bound, written ∆1 in this section,
was computed up to c = 2048 in [12], which conjectured that ∆1/c → 1/π2. Beyond ∆1 the
numerically optimal f has a band of double zeros, as in figure 1. We name the four hypotheses
in words; their precise forms are given where the objects exist, in sections 3.2 to 3.4 for U(1)c

and in the box of section 4.1 for Virasoro.
(W) At large c the optimal functional is a finite sum of WKB exponentials, called sheets.
(A) On the band, its envelope is dictated by the continuum density that the vacuum demands.
(B) All sheets are branches of one analytic curve.

(Sel) A selection rule, made of a topological assumption and a boundedness assumption, picks
one curve among those allowed by (W), (A) and (B).

3.2 Sheets and the local modular parameter

In formulas, (W) says that

f(c ξ) ≍
∑

sheets
ec S(ξ), ξ := ∆/c, and we set τ := S ′(ξ)

2πi (3.1)
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on each sheet; ≍ keeps the exponential order only. Locally a sheet looks like e2πiτ∆, a character
at modular parameter τ , so we call τ , the momentum conjugate to ξ, the local modular
parameter of the sheet. The points (ξ, τ) of all the sheets form the spectral curve. On the
band, a function with real double zeros under a smooth envelope is locally the envelope times
cos2(πc

∫
ρdξ) = 1

2 [1 + cos(2πc
∫
ρdξ)], where ρ(ξ) is the number of double zeros per unit ∆

(ρ → 1 deep in the band). Writing the cosine as two exponentials gives three terms of the
form (3.1), that is, three sheets, a non-oscillating one with τ = iyE and two oscillating ones:

τ± = ∓ρ+ iyE , f ∝ exp
(
−2πc

∫
yE dξ

) [
1 + cos

(
2πc

∫
ρ dξ

)]
. (3.2)

Here yE(ξ) = Im τ±, the height of the oscillating sheets, is the rate of decay of the envelope.
The oscillating sheets differ by 2ρ, and their interference produces the real double zeros. The
non-oscillating sheet, the “1” in the bracket, is their common modulus and carries no independent
datum.

3.3 The Fourier transform on sheets, and the functional equation

In d = 2c dimensions the Fourier transform of e2πiτ |r|2/2 is (i/τ)c e2πi(−1/τ)|r|2/2: a character at
−1/τ , times a factor exponentially large in c that shifts the saddle point. We write f locally as
a superposition of characters, transform it term by term, and locate the saddle point again,

f(c ξ) =
∫
a(τ) e2πiτcξ dτ, a(τ) ≍ ec (S−2πiτξ)∣∣

ξ=ξ(τ), (3.3)

f̂(c ξ′) ≍
∫

exp
{
c
[
S − 2πiτξ + log i

τ
− 2πi ξ′

τ

]}
dτ, (3.4)

0 = −2πi ξ − 1
τ

+ 2πi ξ′

τ2 , (3.5)

the last line being stationarity in τ , with d(S − 2πiτξ)/dτ = −2πiξ. Hence the sheet map

ŜU(1) : (ξ, τ) 7−→
(
τ2ξ + τ

2πi , −1
τ

)
, ŜU(1) ◦ ŜU(1) = id. (3.6)

Sheets go to sheets; f̂ = −f says that this canonical transformation preserves their set.
Hypothesis (A) has three parts that must be kept apart. Let {∆n, dn} be the extremal
spectrum of section 2.2: the zeros of f , with the positive degeneracies of the dual optimum.
Forced: the smoothed extremal degeneracies are the continuum density,

dn

local spacing = ρ0(∆n) eo(c), ρ0(∆) := (2π)c ∆c−1

Γ(c) , (3.7)

where ρ0 is the S-image of the vacuum,
∫ ∞

0 ρ0 e−2πβ∆ d∆ = β−c. The reason: Poisson-resum∑
n dn e

2πiτ∆n over n, that is, write ∑
n F (n) = ∑

k

∫
F (n) e2πikn dn, with n(∆) the counting

function of the levels. The term k = 0, the smooth integral of dn/(local spacing) against e2πiτ∆,
is the only non-oscillating one, so it alone must reproduce the S-image of the vacuum. The
terms k = ±1, the first harmonics, carry the phase e±2πic

∫
ρ dξ, so they are of the form (3.1)

with Re τ = ±ρ. Assumed, and this is (A): reciprocity. On the band the local upper envelope
|f |env of the optimal functional is inverse to the degeneracies at exponential order,

dn |f |env(∆n) = eo(c) uniformly on the band. (3.8)

The reason offered: the first harmonics of the spectrum, the terms k = ±1 above, are sheets
τ = ±ρ+iy with y the height of 1/ρ0, that is y = 1

2πc d log ρ0/dξ = 1/(2πξ). If the two oscillating
sheets of f are their mirror images, with the same Im τ and the opposite Re τ (given the forced
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Figure 3: The tanh law against the zeros of the numerically optimal U(1)c functionals of [12]; no
parameter is fitted. (a) The number ρ of double zeros per unit ∆ against ξ = ∆/c. Curve: the largest
solution of ρ = tanh(π2ξρ) (Result H1); it vanishes at the Curie point ξ1 = 1/π2. Circles: the inverse of
the spacing of consecutive zeros, extrapolated to c → ∞ linearly in 1/c through three values of c. Inset:
graphical solution of the Curie–Weiss equation. (b) Magnitude of the relative deviation of the measured
1/ρ− 1 from the law at c = 256, . . . , 2048 (open symbols; all lie below the law) and after extrapolation
(filled): it decreases roughly like 1/c, and the extrapolated values are within 2.2 × 10−3 of the law.

part, this is (3.8)), then crossing is carried by these harmonics (“extremal and feasible implies
equality wherever there are zeros”: convincing, but not a proof). Consequence: |f |env ≍ 1/ρ0,
that is, yE = 1/(2πξ) (checked in section 3.5).
Skeleton of the consequence. With (A), τ± = ∓ρ+ i/(2πξ) on the band. We extend ρ from
a real density on the band to a complex coordinate on the whole curve by defining

ρ := i

2πξ − τ, w := π2ξρ, (3.9)

where w is the combination in which ŜU(1) becomes affine. Indeed, (3.9) gives τξ + 1
2πi = −ρξ,

so the image point in (3.6) has ξ′ = −ρξτ ; then ρ′ = i
2πξ′ + 1

τ = 1
ρτ

(
ρ − i

2πξ

)
= −1

ρ and
w′ = π2ξ′ρ′ = π2ξτ = iπ

2 − w. In the variables (ρ, w) the sheet map is the involution

ι : (ρ, w) 7−→
(
−1
ρ
,
iπ

2 − w
)
. (3.10)

By (B) the curve is a graph ρ = F(w) with F analytic. Invariance under ι gives F( iπ
2 −w) F(w) =

−1; exchanging the oscillating sheets, (ρ,w) 7→ (−ρ,−w), makes F odd. Hence

F
(
w + iπ

2
)

= 1
F(w) , with general solution F = tanh ·E, (3.11)

where E is even and obeys the same equation, because tanh is odd and tanh(w+ iπ
2 ) = 1/ tanhw.

3.4 Selection and the tanh law

We pass to the inverse function, w = W (ρ). The band and its image under the exchange of the
oscillating sheets make up the real segment |ρ| < 1, where w is real, ImW = 0; by (3.10) its
ι-image is |ρ| > 1, with ImW = π

2 . So ImW is known on the real axis. What the symmetry and
(A) leave free, the function E, is how W continues off the axis; the selection rule supplies this.
Hypothesis (Sel), U(1)c form. (Topology) W is single-valued and holomorphic on the upper
half of the ρ-plane. (Boundedness) ImW is bounded there.
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A bounded harmonic function with piecewise-constant boundary values is unique: ImW (ρ) is π
2

times the harmonic measure of {|ρ| > 1} seen from ρ, that is, the probability that Brownian
motion from ρ first hits the real axis there, which is 1

π times the angle that the set subtends at ρ:

ImW (ρ) = 1
2 arg 1 + ρ

1 − ρ
, W (ρ) = arctanh ρ, (3.12)

the real constant being zero because W is odd; that is, E ≡ 1. A bounded ImW stays between
its boundary values: on no sheet does the functional decay or grow faster than the rate |f | ≍ ∆−c

of (A). We stress that (Sel) is a hypothesis; it is not derived from the linear program.

Result H1 (The tanh law; heuristic). Assume (W), (A), (B) and (Sel). At leading order at
large c, the number ρ(ξ) of double zeros of the optimal U(1)c functional per unit ∆, at ∆ = c ξ,
is the largest solution of

ρ = tanh
(
π2ξρ

)
. (3.13)

A nonzero solution exists if and only if ξ > 1/π2. The band therefore begins at ξ1 = W ′(0)/π2 =
1/π2, that is, ∆1 = c/π2 + o(c): the slope is π2.

This is the Curie–Weiss equation for the magnetization of a ferromagnet at inverse temperature
π2ξ, hence “mean field”; the lower end of the band is the Curie point (inset of figure 3).

3.5 Checks, status, and what carries over

Near the Curie point (3.13) gives ρ ≃ π
√

3 (ξ − ξ1)1/2. Square-root vanishing gives Airy scaling:
∆1 = c/π2 + 0.352336 c1/3 + . . ., with 0.352336 = (π2√

3)−2/3|a1| and a1 the first zero of Ai.
Deep in the band ∆n = n + c [ξ1 +

∫ ∞
ξ1

(1 − ρ) dξ] + O(1) = n + c/8 + O(1), the offset of the
line ∆n = n+ (c− 4)/8 of [12, §4]. Against the data of [12]: the spacings follow (3.13) through
the band (figure 3); ∆1/c, extrapolated by us in c−2/3, tends to 0.10134 ± 0.00003, against
1/π2 = 0.101321; the degeneracies follow the continuum density, dn/(ρ0(∆n) × spacing) = 1 up
to a relative deviation falling from 2 × 10−2 at n = 2 to 10−6 deep in the band, which is the
forced part of (A), verified far beyond exponential order; and the envelope of f has the height
yE = 1/(2πξ) up to O(1/c), which is hypothesis (A) itself.

The slope π2 has since been proved in [13, Ch. 1]; we have read the statements and the
structure of that argument but have not independently verified it; nothing in this paper depends
on it logically. The derivation above is independent of that proof, and heuristic. What we carry
to Virasoro is the recipe: sheet map, (A), (B), (Sel). The rigorous part of this paper (section 6)
follows the strategy of the U(1)c proof, not the mean-field derivation; the attribution is made in
section 6.1.

4 The Virasoro spectral curve and the conjectured slope
[heuristic] We apply the recipe of section 3 (sheet map, (A), (B), (Sel)) to the Virasoro problem,
to explain where the constants of Theorem 1 come from. We suppose that at large c the optimal
functional is a WKB wave function, and ask on which curve in phase space its momenta can lie,
given that it is odd under the Fourier transform and that the vacuum imposes the Cardy density
on the extremal spectrum. Under four hypotheses the answer is an explicit curve in closed form,
Result H2; the band begins at its branch point, and this gives ΛV . Nothing in this section is
proved. Its leading-order consequences are proved without the hypotheses: the slope and the
strip |Im b| < 1

2 in sections 6 and 7, and the zero law, in a weak sense, in section 10; the finer
ones make up Conjecture 1 and are tested in section 5. “The optimal functional” is meant in
the order of limits of section 2.5: P → ∞ first, then c → ∞. The section can be read without
section 3.
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4.1 The hypotheses, and what changes: phase-space coordinates

The four hypotheses, in Virasoro form

(W) WKB form. At large c the optimal functional is a finite sum of WKB exponentials,

g(c′ξ) ≍
∑

sheets
ec′S(ξ), ξ := t

c′ , τ := S ′(ξ)
2πi , (4.1)

where ≍ keeps the exponential order in c only. Each term is a sheet, and τ is its local modular
parameter : near ξ the sheet looks like the character e2πiτt.
(A) Cardy envelope. On the band, the local upper envelope |g|env of the oscillating |g| is
inverse to the Cardy density ρC at exponential order. Section 4.2 separates what is forced in
this statement from what is assumed.
(B) One curve. All sheets are branches of one analytic curve Σ, the spectral curve.
(Sel) Selection. A topological assumption (C0) and a boundedness assumption (C1), stated
in section 4.4, pick one curve among those that (W), (A) and (B) allow.

What changes with respect to section 3 is the action of the Fourier transform on sheets. The
functionals are radial functions on the plane R2 for every c (section 2.3), with t = |r|2/2, and
the planar transform of the character e2πiτt is (i/τ) e2πi(−1/τ)t: a character at −1/τ , times a
factor of order one. We write a sheet as a superposition of characters, transform it term by term
and locate the saddle point in τ again, as in (3.3)–(3.5). The factor i/τ now drops out of the
saddle-point equation, which reads −2πiξ + 2πiξ′/τ2 = 0. The dimension stays 2, so there is no
large-d saddle and no factor (i/τ)c: the sheet map is the bare modular inversion,

Ŝ : (ξ, τ) 7−→
(
τ2ξ , −1

τ

)
, Ŝ ◦ Ŝ = id, (4.2)

and ĝ = −g says that the set of sheets is invariant under it. The central charge enters only
through the position of the vacuum, b = ± i

2 , and through the Cardy envelope.
The map Ŝ becomes linear on the double cover b =

√
3ξ of section 2.5. We define the

momentum
p := −τ b, so that 1

c′ ∂b log g = 2b
3 2πiτ = −4πi

3 p (4.3)

on each sheet, because dξ = 2
3b db: up to the constant, p is the WKB momentum conjugate to b.

The image of (ξ, τ) under Ŝ has b′2 = p2 and p′ = b′/τ , so its two lifts are (p′, b′) = (b,−p) and
(−b, p). In the coordinates (p, b) the Fourier transform is therefore the quarter-turn

R : (p, b) 7−→ (b,−p), R4 = id, (4.4)

whose inverse is the other lift and whose square, (p, b) 7→ (−p,−b), is the change of sign of the
square root. This is the oscillator rotation of section 2.3, acting on WKB data. From here on Σ
is a complex curve in C2

(p,b), invariant under R, and the sheets are its branches over the b-plane.

4.2 The Cardy envelope

We first say what the sheets are on the band, and then state (A). On the band g has real double
zeros under a smooth envelope, g ≈ |g|env cos2(

πc′∫ ξρV

)
, where ρV (ξ) is the number of double

zeros per unit t. Expanding the cosine gives three sheets,

τE = i yE , τ± = ∓ρV + i yE , yE := − 1
2πc′

d log|g|env
dξ , (4.5)

so yE is the rate of decay of the envelope. The sheet τE carries no independent datum; “the two
band sheets” always means the oscillating pair τ±, whose interference produces the zeros.

19



Hypothesis (A) has three parts that must be kept apart. Let {tn, dn} be the extremal spectrum
of section 2.2. Forced: the extremal spectrum is the Cardy continuum, discretized,

dn

local spacing = ρC(tn) eo(c). (4.6)

The reason: Poisson-resum ∑
n dn e

−2πβtn over n; the zero mode is the only non-oscillating term,
so it alone must reproduce the S-image of the vacuum,

∫
ρC e

−2πβt dt (section 2.4). Assumed,
and this is (A): reciprocity,

dn |g|env(tn) = eo(c) uniformly on the band. (4.7)

The reason offered: the first Poisson harmonics of the extremal spectrum are sheets of height
Im τ = 1

2πc′ d log ρC/dξ = 1/(2b), because ρC ≍ ec′L(x) with L(x) = 2π
3 x and x =

√
3ξ. If the

two oscillating sheets of g are their mirror images, with the same Im τ and the opposite Re τ
(given the forced part, this is (4.7)), then crossing is carried by these harmonics (“extremal and
feasible implies equality wherever there are zeros”: convincing, but not a proof). Consequence:
on the band the functional runs along the Cardy line of section 2.5,

|g|env ≍ e−c′L(x), that is, yE = 1
2b . (4.8)

Sensitivity: if we write yE = κ/(2b) with a constant κ, the Cardy height, then κ enters the
final answer as ξ∗

1 → κ2ξ∗
1 . So (A) is the hypothesis to test hardest; section 5.3 measures

κ = 1.0000 ± 0.0005.
In terms of the momentum, (4.5) and (4.8) say that the two band sheets are

p = ±v − i

2 , v := ρV b ∈ R, so that Im p = −1
2 , Im b = 0 (4.9)

on the band. The band arc γ0 := {v ∈ R} ⊂ Σ comprises both band sheets, joined at the branch
point v = 0, which is the lower end of the band, where ρV vanishes. By (4.4), R maps γ0 to the
arc (p, b) = (x,∓v + i

2), on which Im b = +1
2 and Im p = 0. The Fourier image of the band thus

lies on the line Im b = 1
2 , which passes through the vacuum b = i

2 (figure 2). This is the first
appearance of the strip of section 6 and of the edge integral of section 7.

4.3 Symmetries and boundary data

Two maps act on Σ. One is R. The other is the exchange of the two band sheets, which reverses
Re τ at fixed Im τ = 1/(2b); by (4.9) it is σ : (p, b) 7→ (−p− i, b), a holomorphic map that (B)
extends from the band to all of Σ. Applying R repeatedly to (4.9) we obtain four arcs γk := Rkγ0
on which the imaginary parts of both coordinates are constant,

(Im p, Im b) =
(
−1

2 , 0
)

on γ0,
(
0, 1

2
)

on γ1,
(1

2 , 0
)

on γ2,
(
0,−1

2
)

on γ3. (4.10)

Consecutive arcs meet at four points of Σ at ξ = ∞; for instance γ0 and γ1 share the end where
p and b tend to +∞ with p− b → − i

2 .
Where things live. The four arcs bound a region Ω̃ on the curve Σ (on its cover in the variable
b), not in the b-plane. It contains the real, non-oscillating sheet τ = iy (here and below y is
Im τ , not Im b) that carries g from the lower end of the band across the lobe interval [0, t1) of
section 2.5 to the BTZ threshold t = 0 and on to the vacuum (section 4.6). Concretely, a point
of Ω̃ is a pair (p, b): a value of b together with a choice of sheet. The region is mapped to itself
by R. Figure 4 shows Ω̃ and its image in the half-plane constructed next.
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Figure 4: The spectral curve. (a) The region Ω̃ on the curve Σ, drawn in the chart (Re b,Re p): a disk
bounded by the band arc γ0 (thick; both band sheets, joined at the branch point v = 0, the tip) and its
Fourier images γk = Rkγ0. Each arc is labeled with its values of (Im p, Im b), (4.10), and with the set in
which b lies. Consecutive arcs meet at the four points at ξ = ∞, and R is the quarter-turn about its fixed
point, the BTZ threshold (p, b) = (0, 0). The dotted segments are the real sheet, on which b is real (the
lobe interval) or imaginary (from the BTZ threshold to the vacuum b = ± i

2 ). (b) The image of Ω̃ under
the uniformization of section 4.4: the upper half-plane H ∋ z, with the fixed point at z = i, the arcs on
(−1, 0), (0, 1), (1,∞) and (−∞,−1), and the real sheet on the dotted semicircles. Below the axis: marked
points z with their images b(z); then, for each arc, the boundary values (Im p, Im b), which determine
p(z) and b(z), (4.11); the last row gives the boundary correspondences of b(z). For the reader coming
from section 6: panel (b) is the conformal map b(z) of Lemma 6.3, which sends H onto the strip S slit
along |x| ≥ x∗

1.

4.4 Selection and the curve

The boundary data (4.10) do not determine Σ: they say nothing about what happens between
the arcs. That is what the selection hypothesis supplies. It has two halves.
(C0) Topology. Ω̃ is simply connected: it is a disk bounded by the four arcs, which meet only at
their four ends. On it p and b are single-valued, and R has exactly one fixed point.
(C1) Boundedness. p and b are holomorphic on Ω̃ with bounded imaginary parts.
Hypothesis (Sel) is (C0) together with (C1): the same two halves, topology and boundedness, as
in section 3.4. Physically, by (4.3), 4π

3 Im p is the rate at which 1
c′ log|g| changes along real b; on

the band arc it is minus the Cardy rate L′ = 2π
3 . A bounded harmonic function stays between

its boundary values, so (C1) says that the complex decay rate never exceeds the Cardy rate.
Derivation. The idea is that (C0) lets us replace Ω̃ by the upper half-plane, where R is a
Möbius map and the arcs are intervals; (C1) then makes Im b and Im p bounded harmonic
functions with known, piecewise-constant boundary values, and such a function is unique. In
detail, map Ω̃ conformally onto H ∋ z (Riemann mapping theorem) with the fixed point of R at
z = i. An automorphism of H of order four that fixes i is R(z) = (1 + z)/(1 − z) (its inverse
gives the mirror image of the curve). The four ends of the arcs form one orbit of R on the
boundary of H. The rotations about i commute with R, and we use them to place one end at
z = −1. The orbit is then −1 → 0 → 1 → ∞, the arcs are γ0 = (−1, 0), γ1 = (0, 1), γ2 = (1,∞)
and γ3 = (−∞,−1), and no modulus remains. By (C1) and (4.10), Im b is a bounded harmonic
function on H with boundary values 0, 1

2 , 0,−
1
2 on these intervals. As in section 3.4 it is a sum

of angles, Im b = 1
2π

[
arg(z − 1) − arg z − arg(z + 1)

]
with all arguments in (0, π). So b is a sum

of logarithms up to a real constant, and likewise p; the two constants are fixed by b ◦ R = −p
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and p ◦ R = b. The result is

b(z) = 1
2π log z − 1

z (z + 1) , p(z) = i

2 + 1
2π log z + 1

z (z − 1) . (4.11)

Then p+ b = i
2 − 1

π log z and p− b = i
2 + 1

π log z+1
z−1 , which we exponentiate:

X := e−π(p+b) = −iz, Y := e−π(p−b) = −i z − 1
z + 1 . (4.12)

Eliminating z gives the curve.

Result H2 (The spectral curve; heuristic). Assume (W), (A), (B) and (Sel). At leading order
at large c, the sheets of the optimal functional are the branches of the curve

sinh πb = i sinh πp, equivalently Y = X + i

1 + iX
, or cosh 2πp+ cosh 2πb = 2,

(4.13)
where the last form, obtained by squaring, contains the curve together with its mirror image.
There is no free constant.

The curve is invariant under σ, as it must be. The fixed point z = i is (p, b) = (0, 0): the curve
passes through the BTZ threshold, and it does so with p ≃ −ib, that is, at the self-dual value
τ = i. The identically worded selection rule applied to the U(1)c data is (Sel) of section 3.4 and
returns Result H1, a law whose consequence, the slope π2, has since been proved in [13, Ch. 1]
(we have not verified that proof independently; see section 3.5). Hypotheses (W), (A) and (B)
alone admit rival curves; those we found have slopes between about 8.9 and 9.8. So (Sel) is a
genuine hypothesis, but one that is no longer needed after section 6.

4.5 The gap

The band begins where the density of zeros vanishes, which on the curve is the branch point
v = 0 of the band arc. On the band, b = x is real and p = ±v − i

2 , so sinh πp = ∓i cosh πv
and (4.13) becomes

cosh πv = sinh πx, v = ρV x, (4.14)

which has a real solution v if and only if sinh πx ≥ 1. The lower end of the band is therefore at
sinh πx∗

1 = 1:

x∗
1 = arcsinh 1

π
= 0.2805499, ξ∗

1 = (x∗
1)2

3 = 0.0262361, ΛV = 12π2

π2 + 4 arcsinh2 1
= 9.1266340.

(4.15)
The last number follows because the bound is a + t1 with a = c′/12 and t1 = c′ξ∗

1 + o(c):
(a+ t1)/c → 1

12 + ξ∗
1 = 1/ΛV . That ΛV is the exact leading slope of the best bound is Theorem 1.

4.6 Fine structure, and Conjecture 1

The curve contains more than the slope. We list six consequences of the curve and of the
hypotheses; together they are Conjecture 1 (the first two form its item (b)), and section 5.3 tests
them one by one.
Band density. By (4.14), ρV (ξ) = arccosh(sinh πx)/(πx) with x =

√
3ξ. Since dt = 2

3c
′xdx,

the double zeros have density c′ρU (x)/2 per unit x, where

ρU (x) := 4
3π arccosh

(
sinh π|x|

)
, ρV = 3 ρU

4x , (4.16)
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so that c′ρU counts zeros with multiplicity. It vanishes like (x − x∗
1)1/2 at the tips ±x∗

1. The
subscript refers to the extremal potential U of section 6.6, whose charge density ρU is, not to
U(1).
Profile off the band. Integrating (4.3) along a sheet,

1
c′ log|g| = const + 4π

3 Im
∫ b

p db′,





sin(πyb) = sinh(πb), p = −iyb, 0 < b < x∗
1,

sinh(πyb̃) = sin(πb̃), p = yb̃, b = ib̃, 0 < b̃ ≤ 1
2 ,

(4.17)
where the two cases are the real sheet τ = iy of (4.13) on the lobe interval and below the
BTZ threshold. On the lobe interval y rises from the self-dual value y(0+) = 1 to the value
yE(x∗

1) = 1/(2x∗
1) of (4.8) at the tip, where the sine reaches 1 and the branch ends: this is

sinh πx∗
1 = 1 seen from the lobe side. Section 6.6 identifies the profile (4.17) with the extremal

potential U .
Airy tip. Near the lower end of the band (4.14) gives ρ2

V ≃ B2
V (ξ − ξ∗

1) with B2
V =

3
√

2π2/ arcsinh3 1. A density of double zeros that vanishes like a square root, preceded by a
simple zero, is modeled locally by the Airy function, as in section 3.5: the first levels sit at
ξn = ξ∗

1 + |an|(πBV c)−2/3, where an are the zeros of Ai. Hence

∆best
1 = c

ΛV
+Aopt c

1/3 +O(1), Aopt = |a1| arcsinh 1
(3

√
2π4)1/3 = 0.27666, (4.18)

and (t2 − t1) c−1/3 → (|a2|/|a1| − 1)Aopt = 0.20705, where t2 is the second level of the extremal
spectrum. There is no log c term at order c1/3 or above. The reason: the curve depends on c only
through a = c′/12, and a power-law prefactor tα in ρC or in g shifts 1

c log ρC by α
c (log c+ log ξ);

the first term does not depend on ξ and leaves yE unchanged, and the second moves yE by
O(1/c), hence t1 by O(1). A term log c with a coefficient of order one, below the order c1/3, is
not excluded by this argument; the data bound it (section 5.3).
Deep band. Far from the tip the double zeros become equally spaced,

1 − ρV ≃ 2
πx

e−2πx, ξ∗
1 +

∫ ∞

ξ∗
1

(1 − ρV ) dξ = 1
24 , (4.19)

the second being an exact identity.2 Since the n-th level has n = c′∫ tn/c′

ξ∗
1

ρV dξ + O(1), it
follows that tn = n+ c/24 +O(1), that is, ∆n = n+ c/8 +O(1): the same offset as for U(1)c

(section 3.5). The offset itself is not new: numerically the spectrum follows the free fermion line
∆n = n+ (c− 4)/8 at large n. For Virasoro this is seen in [11, Figure 4] and [10, §7.4], where
convergence to the line is conjectured at fixed c; for U(1)c the distance from the line at large n
is conjectured in [12, Conj. 4.2] to be at most of order 2−c, and to vanish only for integers c ≡ 4
modulo 8. What is new here is the heuristic derivation of the offset from the band density.
Degeneracies. Hypothesis (A), sharpened from exponential order to order one, predicts
dn ≃ ρC(tn) · 1

2(tn+1 − tn−1) with the full three-Bessel density ρC of section 2.4.
Interior sign change. For t = O(1) the functional is carried by the real sheet through the
BTZ threshold, where y = 1: g = φ(t) e−2πt with φ varying on the scale c. Oddness at the
origin, ĝ(0) = 2π

∫ ∞
0 g dt = −g(0), is dominated by t = O(1), and with φ ≃ φ0 + φ1t it gives

φ1 = −4πφ0. So g(t) ∝ (1 − 4πt) e−2πt = L1(4πt) e−2πt for t = O(1), the lowest odd mode of
section 2.3. Hence g > 0 on (0, tint) and g < 0 on (tint, t1) with tint → 1/4π = 0.0796, and there
is no other zero between the vacuum and t1: this is the positive sliver of section 2.5.

2With u = πx and θ1 = arcsinh 1 = log(1 +
√

2) it reads θ2
1 + 2

∫ ∞
θ1

(u− arccosh sinhu) du = π2/8. The constant
follows from Landen’s identity

∑
k≥0(

√
2 − 1)2k+1/(2k + 1)2 = π2

16 − 1
4 log2(1 +

√
2), a special value of Legendre’s

chi-function of order 2.
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Conjecture 1 (conjecture). Let g be the optimal functional and {tn, dn} the extremal spectrum,
in the order of limits of section 2.5.
(a) ∆best

1 = c/ΛV +Aopt c1/3 +O(1) with Aopt as in (4.18); there is no log c term at order c1/3

or above; and (t2 − t1) c−1/3 → 0.20705.
(b) The double zeros of g have density c′ρU (x)/2 per unit x on the band, and on the lobe interval

and below the BTZ threshold 1
c′ log|g| is given by (4.17), up to o(1).

(c) Deep in the band tn = n+ c/24 +O(1) (cf. [11, Figure 4], [10, §7.4]).
(d) dn ≃ ρC(tn) · 1

2(tn+1 − tn−1), with relative error tending to zero away from the tip.
(e) Between the vacuum and t1 the functional g has exactly one zero, tint → 1/4π, with g > 0

on (0, tint) and g < 0 on (tint, t1).

The leading term of (a) is Theorem 1; Theorem 5 (hence Corollary 6) proves the upper bound
with 0.483 in place of Aopt; and the density and the profile of (b) are, in a weak sense, Theorem 7.
Item (a) concerns ∆best

1 ; the numerics of section 5 probe the limit P → ∞ of the order-P optimal
gap bounds, which bounds ∆best

1 from above, equality being conjectural (section 2.6).

5 Numerical evidence
[numerical] We compare section 4 with optimal functionals computed numerically: the slope,
then the items of Conjecture 1, then hypothesis (A) itself. No proof in this paper uses the data
of this section.

5.1 Method and convergence

We solve directly for the extremal spectrum {tn, dn} of section 2.2, the dual variables of the
functional problem (the “primal” formulation in the terminology of [11]); by the duality of
section 2.2 its lowest level is t(P )

1 (c). At order P the unknowns are P/2 levels tn and their
weights dn. They are found by Newton’s method [11, 12, 60], continued upward in P from a
linear-programming seed at small P . The solver works in Arb [61] ball arithmetic (interval
arithmetic in midpoint–radius form), used for its precision and not for its error bounds, at 768
bits or more (appendix H.2). Positivity of g above t1 and the pattern of double zeros are checked
afterwards at every (c, P ).

Coverage. We have full spectra at c = 64, 128, 256, 300, 384, 500, 512, 768, 1024, 1536, 2048,
with P up to 3072. For the gap alone a second, independent implementation of the same method
adds a grid c ∈ {24, . . . , 1800} with P up to 3000; where both ran, they agree to the 20–22 digits
recorded. The solver is calibrated on the exact optima at c = 4 and c = 12 (section 2.2).

Convergence in the order. Empirically, the order-P bound ∆(P )
1 (c) of section 2.2 and its limit

∆(∞)
1 (c) obey

∆(P )
1 (c) − ∆(∞)

1 (c) ≈ C e−k
√

P/c, k ≈ 4.7–5.7, (5.1)

a stretched exponential in P/c. Two things follow. One needs P ≳ c. And an extrapolation by a
pure exponential in P , as in [11], overestimates ∆(∞)

1 (c), that is, it biases Λ low. We extrapolate
with a stretched exponential whose exponent is free, and quote as uncertainty σ the spread to
cruder extrapolants; the rule is stated in appendix H.2.

5.2 The slope, and why earlier fits gave 9.08

Table 2 lists ∆(∞)
1 (c) for 24 ≤ c ≤ 2048, and figure 5 plots it. By Conjecture 1(a), t1/c =

ξ∗
1 +Aoptc−2/3 +O(1/c). A linear least-squares fit of t1/c in the basis {1, c−2/3, c−1, c−4/3} gives

ξ∗
1,meas = 0.026240 ± 0.000025, Λmeas = 9.1263 ± 0.002, (5.2)
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c Pmax/c ∆(∞)
1 (c) σ c/∆(∞)

1

24 25.00 3.440977 4.3 · 10−5 6.9748 II
48 18.25 6.244701 2.6 · 10−5 7.6865 II
64 16.00 8.086588 2.5 · 10−8 7.914339 I
96 8.33 11.736817 6.5 · 10−5 8.1794 II

100 8.00 12.190911 7.7 · 10−5 8.2028 II
128 16.00 15.359989 4 · 10−8 8.333339 I
192 6.25 22.560582 2.3 · 10−4 8.5104 II
256 8.00 29.724792 1.4 · 10−5 8.612339 I
288 4.86 33.297942 4.3 · 10−4 8.649 II
300 5.33 34.636636 4.6 · 10−4 8.661 II
384 8.00 43.992503 1.9 · 10−5 8.728760 I
400 5.00 45.772111 5.2 · 10−4 8.7389 II

c Pmax/c ∆(∞)
1 (c) σ c/∆(∞)

1

500 3.75 56.880799 1.4 · 10−3 8.790 II
512 6.00 58.212412 4 · 10−5 8.795375 I
600 3.33 67.970939 1.1 · 10−3 8.827 II
700 2.60 79.047416 2.0 · 10−3 8.855 II
768 4.00 86.573118 1.2 · 10−3 8.87111 I

1000 2.00 112.220831 3.0 · 10−3 8.911 II
1024 2.25 114.871949 2.8 · 10−3 8.91427 I
1200 2.50 134.304424 2.5 · 10−3 8.935 II
1400 2.14 156.370479 5.2 · 10−3 8.953 II
1536 2.00 171.367432 4.5 · 10−3 8.96320 I
1800 1.67 200.464339 8.0 · 10−3 8.979 II
2048 1.50 227.7834 1.0 · 10−2 8.9910 I

Table 2: The optimal gap bound extrapolated to P = ∞. Columns: the central charge; the highest
order reached, in units of c; ∆(∞)

1 (c); its uncertainty σ (appendix H.2: half the larger distance to two
cruder extrapolants, at least 10−7c; if Pmax/c ≥ 6, the spread of three tail fits); the ratio c/∆(∞)

1 (c); and
the implementation, I for the ball-arithmetic solver and II for the second, independent one. Rows with
Pmax/c ≥ 4 are converged: their extrapolation correction is below 3 · 10−6c. The others rest on (5.1).
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Figure 5: The slope. (a) The ratio c/∆(∞)
1 (c) of table 2 against c, on an axis that is linear in c−2/3, so

that c = ∞ is a point of the axis. Filled and open circles: implementations I and II. Solid: the two-term
law ∆best

1 = c/ΛV +Aoptc
1/3 of Conjecture 1, which has no fitted parameter; the data lie slightly above

it because of the O(1) remainder. Dashed: the logarithmic fit c/9.08 + 0.439 log c− 0.896 of [11]. Dotted
lines, star and square: the asymptotes ΛV and 9.08. Shaded: the window 300 ≤ c ≤ 700 of that fit. Inset:
all rows of the table. (b) The remainder ∆(∞)

1 (c) − c/ΛV −Aoptc
1/3, with error bars σ. It is of order one

and varies slowly, as (4.18) asserts. Dashed: the same quantity for the logarithmic fit, which follows the
data on its window and departs from them beyond it, by 0.22 at c = 2048, where σ = 0.010.

against ξ∗
1 = 0.0262361 and ΛV = 9.12663. The uncertainty is the spread over fit forms and over

the lower end of the fit window, not a statistical error. The value ξ1 = 0.02680 that corresponds
to Λ = 9.08 is not approached by any of the forms.
The 9.08 fit. The difference from [11] is in the fitting function, not in the data. We fit the form
used there, c/Λfit + γfit log c+ const, not to data but to the exact two-term law c/ΛV +Aoptc1/3.
On c ∈ [300, 700], the window of [11, §5.2], the fit returns (Λfit, γfit) = (9.085, 0.48), against the
published (9.08, 0.439). The reason is that c1/3 and log c are nearly collinear over a decade of c;
accordingly the result drifts with the window, from (9.02, 0.28) on [20, 300] to about (9.11, 0.71)
on [500, 4000]. The two other fitting functions of [11], c/A+B1 and c/A+B1 +B2/c, treated in
the same way return A = 9.004 and 9.043, against their 9.01 and 9.04. The published spread is
thus reproduced, to within 0.01 in each entry, by a law of slope 9.127: the earlier extrapolation
is explained, not contradicted.
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5.3 Fine structure

We check the items of Conjecture 1 in turn, and then (A). Item (a): the fitted coefficient of
c−2/3 in t1/c lies between 0.269 and 0.285, depending on the form and the window, against
Aopt = 0.27666; and a term γ log c allowed to compete with c1/3 comes out with γ between −0.07
and −0.005, compatible with zero. The first spacing (t2 − t1) c−1/3 decreases from 0.28963 at
c = 64 to 0.22369 at c = 768 and extrapolates, in the basis {1, c−2/3, c−1}, to 0.20700, against
0.20705 (two other correction forms give 0.2043 and 0.2085). Item (b): the spacings sn of the
double zeros, with sn − 1 extrapolated linearly in 1/c, agree with 1/ρV − 1 to within 0.1% for
0.06 ≤ ξ ≤ 0.20. Item (c): deep in the band the coefficient of c in tn −n is 1

24(1 ± 4 · 10−4). Item
(d): the ratio dn/

(
ρC(tn) · 1

2(tn+1 − tn−1)
)

is 1 − 10−6 deep in the band and 0.98 at n = 2; this
is the forced part of (A), (4.6), verified to far better than exponential order. Item (e): at every
(c, P ) there is exactly one zero between the vacuum and t1, with the predicted signs; it moves
from tint = 0.0803889 at c = 64 to 0.0796944 at c = 500, that is, tint = 1/4π + 0.058/c+ o(1/c).
The Cardy height. Hypothesis (A) itself is tested through its consequence (4.8), that is,
through the Cardy height κ of section 4.2. It can be read off the non-real zeros of the truncated
polynomials polP . At every (c, P ) these lie on one parabola in the complex t-plane, with
focus at the BTZ threshold t = 0, that is, on the lines |Im b| = κ

2 + O(1/c) in the variable
b =

√
3t/c′. A fit to the vertex of the parabola for 64 ≤ c ≤ 500, which does not involve ξ∗

1 ,
gives κ = 1.0000 ± 0.0005; for comparison, κ = 1.0107 would correspond to the slope 9.080. The
reason the zeros sit there is that the duality integral ĝ(s) = 2π

∫
g J0 of section 2.3, continued

to complex s = c′b2/3, converges absolutely exactly for |Im b| < 1
2 : the Bessel kernel grows like

e
4π
3 c′x|Im b|, and on the band g decays like e−c′L(x) = e− 2π

3 c′x. At finite P the zeros condense on
the boundary of this region. This is the strip of section 6.3, seen in the data.

Part III Optimality
Everything in this Part is proved, and no computer is used. It needs only section 2. The strip of
section 4.2 and the curve of section 4.4 reappear here as lemmas about a domain and a potential,
without hypotheses; a reader who skipped Part II loses nothing.

6 Optimality: nothing beyond ΛV

We show that the spinless bootstrap cannot give a slope better than ΛV , at any order and with
any functional in Ā. The mechanism is the tension described after (2.16). A functional that
certifies the gap bound t1 must carry half of its Cardy-weighted mass below t1; and we prove that
no function in Ā, feasible or not, carries more than an exponentially small fraction of its mass
below t = ξ∗

1c
′. The statements are in section 6.1. The proof is an electrostatics problem on the

strip of figure 2, described in section 6.2. Section 6.3 continues the functional to the strip and
bounds it on the boundary, section 6.4 collects the potential theory that we use, section 6.5 turns
the bounds on the boundary into a bound in the interior by a harmonic function, section 6.6
finds that function in closed form, and sections 6.7 and 6.8 draw the consequences. The technical
lemmas are in appendices B and C.

6.1 Statements

Theorem 3 (Concentration; proved). Let x∗
1 = arcsinh(1)/π. For every δ ∈ (0, x∗

1) there is a
constant Cδ < ∞ such that for all c ≥ 40 and every g ∈ Ā, with no condition on the sign of g,

∫ c′(x∗
1−δ)2/3

0
|g|V dt ≤ Cδ c

′ 4 e−κ(δ) c′
M [g]. (6.1)
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Here κ(δ) > 0 is the explicit Cardy deficit, given in closed form in Lemma 6.7. It satisfies

κ(δ) = 8
9

√
2
√

2π δ3/2(
1 +O(δ)

)
, κ(δ) ≥ 2.228 δ3/2 (0 < δ ≤ x∗

1), (6.2)

where 8
9

√
2
√

2π = 2.650, and Cδ ≤ Cconc δ−5 with an absolute constant Cconc.

In words: weighted by the density of states that the vacuum demands, any bootstrap function
has exponentially little mass below t ≈ 0.0262 c′.

Theorem 4 (Optimality; proved). Let ξ∗
1 and ΛV be as in Theorem 1, and call g weakly feasible

if it is weakly feasible at some T , hence at T = t1(g). For every Λ > ΛV there is c0(Λ) such that
for c ≥ c0(Λ) no weakly feasible g ∈ Ā, g ̸≡ 0, has t1(g) + a ≤ c/Λ. Quantitatively, there is a
central charge copt

0 , explicit in principle and not computed, such that

t1(g) ≥ ξ∗
1 c

′ − 0.44 c′1/3 log2/3 c′ (6.3)

for every weakly feasible g ∈ Ā, g ̸≡ 0, and every c ≥ copt
0 .

Proof of the first statement of Theorem 4 from Theorem 3. Let Λ > ΛV , that is, 1
Λ − 1

12 < ξ∗
1 ,

and choose δ ∈ (0, x∗
1) with 1

3(x∗
1 −δ)2 > 1

Λ − 1
12 . If t1(g)+a ≤ c/Λ, then t1(g) ≤ c′( 1

Λ − 1
12)+ 1

Λ ≤
c′(x∗

1 − δ)2/3 as soon as c is large. If moreover g is weakly feasible, g− is supported on [0, t1] and
the half-mass condition (2.16) makes the left side of (6.1) at least

∫ t1
0 g−V dt ≥ 1

2M [g], where
M [g] > 0 because g ̸≡ 0. Hence 1

2 ≤ Cδ c
′4e−κ(δ)c′ , which is false for large c. How large c must

be depends on Λ only.

The rate (6.3) is proved in section 6.8. Three remarks. First, the theorem quantifies over all of Ā,
and c0(Λ) does not depend on g. Since Ā contains the functionals of every order P (Lemma 2.6),
the statement is uniform in P : for c ≥ c0(Λ) no amount of computing produces a spinless bound
below c/Λ. Second, this is a statement about the method, the linear program of section 2.2, and
not about conformal field theories. Third, the informative content of the quantitative form is its
rate; the right side of (6.3) lies below the trivial floor t1 ≥ 0 of section 2.4 for c′ ≲ 414.

Attribution. The strategy is the following: continue the functional to a strip; control one part
of the boundary by the total mass and the other by the eigen-identity; bound the function inside
by its harmonic majorant, the harmonic function with the same boundary data, which lies above
it by the maximum principle; and conclude through the half mass of the negative part. This is
the strategy of the proof for the Cohn–Elkies problem at large dimension in [13, Ch. 1, Prop. 3.1
and Thm. 3.8]; we have read the statements and the structure of that argument but have not
independently verified it; nothing in this paper depends on it logically. There d → ∞ and the
strip is in the Mellin-transform variable, of half-width d/2; here d = 2 is fixed and the strip is
in the rescaled dimension b itself, its width being fixed by the requirement that the continued
kernel have exactly Cardy growth on the edge. The strip through the vacuum, the weight V ,
the slit geometry and the closed form are specific to Virasoro. The argument in position space
does not run for U(1)c. The argument in the Mellin variable does run for Virasoro: the strip is
then replaced by a domain with a free boundary (appendix A). The last step of the strategy, the
half mass of the negative part, goes back to Bourgain, Clozel and Kahane [52] (see also [53]);
Cohn and Gonçalves [51, §3.1] use it for the functions with f̂ = −f of the twin problem, and
(2.16) is the same step with the Cardy weight. A mass-concentration principle similar to that
of [13, Ch. 1] has since been proved for Delsarte’s linear program for binary codes [62].

6.2 Idea of the proof: an electrostatics problem

The stage is figure 2(b). In the variable b of (2.17) a functional g ∈ Ā becomes the function
G(b) = g(c′b2/3), and the proof has five steps.
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Conformal field theory Linear program Electrostatics on the strip
linear functional acting on
the crossing equation

the function g; G(b) = g(c′b2/3) potential ug = 1
c′ log(|G|/M [g])

dimensions of the extremal
spectrum

zeros of G positive point charges, 1/c′ each

Cardy density ρC that the
vacuum demands

Cardy growth of the weight,
V ≈ ec′L

applied linear potential −L(x)

— edges E± of the strip of analyticity grounded plates
the vacuum, ∆ = 0 the point t = −a the point b = i

2 on a plate
a gap bound, ∆1 ≤ t1(g) + a weak feasibility, through the

half-mass condition
contact with the Cardy line

slope ΛV of the best bound optimal slope, ξ∗
1 = (x∗

1)2/3 first point of contact, x = x∗
1

Table 3: The dictionary between the conformal field theory, the linear program and the electrostatics
problem of section 6.

(1) G continues analytically to the closed strip |Im b| ≤ 1
2 , with the vacuum on its edge

(section 6.3).
(2) On the edges |G| is bounded by M [g] up to a power of c (Lemma 6.1).
(3) On the real axis beyond any chosen point s, |G| is small in the Cardy-weighted mean:∫

|x|≥s|G| ec′L dx is at most M [g] up to a power of c (Lemma 6.2).
(4) ug = 1

c′ log(|G|/M [g]) is the potential of positive charges at the zeros of G, in the convention
in which a potential is −∞ at its positive charges (section 6.4). It is subharmonic, that is,
it obeys the maximum principle. We cut the strip along |x| ≥ s, so that this part of the
real axis becomes boundary, where step (3) applies, and the interval (−s, s), about which
nothing is assumed, stays inside. The value of a harmonic function inside is an average of
its boundary values, so a bound in the mean suffices: ug lies below the harmonic function
that is zero on the edges and −L on the slits, up to o(1) (Proposition 6.4).

(5) For s = x∗
1 that harmonic function is explicit, and it lies strictly below the Cardy line on

|x| < x∗
1 (Lemmas 6.5 and 6.7). Since |g|V ≈ ec′(ug+L)M [g], almost no Cardy-weighted

mass can sit there.
Table 3 is the dictionary. In its language the half-mass condition says that the potential of a
weakly feasible functional must come within o(1) of the Cardy line somewhere on |x| ≤ x1(g),
and the theorem says that the first point where this is possible is x∗

1.

6.3 Continuation to the strip

The idea is that the eigen-identity (2.14), which gives the values of g below the BTZ threshold
as integrals over t ≥ 0, makes sense for complex α as long as the kernel Kα grows no faster
than the Cardy weight. Since |I0(z)| ≤ I0(|Re z|), this is the case on the parabolic region
|Re

√
α| ≤

√
a, whose vertex is the vacuum and whose focus is the BTZ threshold (figure 2(a)):

by Lemma B.1 the integral g(−α) = −2π
∫ ∞

0 gKα dt converges absolutely there and is dominated
by 2π

∫ ∞
0 |g|Ka dt < ∞. In the variable b we have α = −c′b2/3 and |Re

√
α| =

√
c′/3 |Im b|, so

the region is the closed strip S̄ = {|Im b| ≤ 1
2}. Hence

G(b) := g
(
c′b2/3

)
= −2π

∫ ∞

0
g(t)K−c′b2/3(t) dt, |G(b)| ≤ 2π

∫ ∞

0
|g|Ka dt (b ∈ S̄) (6.4)

is well defined for every g ∈ Ā. By Lemma B.1, G is bounded and continuous on S̄ and
holomorphic on S. It is even, and real on the real axis and on the segment i[−1

2 ,
1
2 ]. For real

b = x it is the functional itself, G(x) = g(c′x2/3); in particular G ̸≡ 0 unless g ≡ 0. For a
functional of finite order G is the restriction of an entire function, but this plays no role.
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The landmarks are those of figure 2(b). The real axis is the spectrum above the BTZ
threshold, t ≥ 0. The segment b = iy, 0 ≤ y ≤ 1

2 , is the range −a ≤ t ≤ 0 below it. The
points b = ± i

2 are the vacuum, G(± i
2) = g(−a). On a line |Im b| = η the kernel is bounded by

K(2η)2a ≈ e2η c′L. This is smaller than the Cardy weight for η < 1
2 , equal to it for η = 1

2 , and
larger for η > 1

2 , where M [g] < ∞ no longer controls the integral. The vacuum sits on the edge
of the strip of analyticity that Cardy growth allows.

Lemma 6.1 (Edges; proved). For b = x± i
2 on E± and α = −c′b2/3 one has (Re

√
α)2 = a for

every real x, and therefore |Kα(t)| ≤ Ka(t) for all t ≥ 0: on the edges the continued kernel has
exactly Cardy growth. Since V/Ka is only polynomially small, there is an absolute constant C
such that for all c ≥ 40 ∣∣G(x± i

2)
∣∣ ≤ C a c′M [g] (6.5)

uniformly in x ∈ R and in g ∈ Ā, in particular in the order P .

The idea of the proof: the kernel bound is (B.1), so by (6.4) |G(x± i
2)| ≤ 2π

∫ ∞
0 |g|Ka dt. For

t ≥ 4/c′ one has Ka ≤ C a c′ V (Lemma B.2(b)). In the window t ≤ 4/c′ at the BTZ threshold,
where V ≃ 8π4t2 degenerates while Ka stays of order one, ĝ = −g bounds sup|g| by a multiple
of M [g] (Lemma B.3). The proof is in appendix C.4. At the exponential scale eO(c′) of the rest
of the problem the edges carry weight zero: ug ≤ (2 log c′ + C)/c′ there, in the notation (6.13)
below.

Lemma 6.2 (Slits; proved). On |x| ≥ x∗
1, that is, for t ≥ ξ∗

1c
′, one has V ≥ 0.9Ka. Hence for

all c ≥ 40 and every g ∈ Ā,
∫

|x|≥x∗
1

|G(x)|Ka
(
c′x2/3

)
dx ≤ 12

c′ M [g]. (6.6)

Proof. G is even. With t = c′x2/3 we have dx = 3 dt/(2c′x) ≤ 3 dt/(2c′x∗
1) for x ≥ x∗

1, and
V ≥ 0.9Ka there by Lemma B.2(c). Hence the left side of (6.6) is at most

3
c′x∗

1

∫ ∞

ξ∗
1c′

|g|Ka dt ≤ 3
0.9 c′x∗

1

∫ ∞

ξ∗
1c′

|g|V dt ≤ 11.9
c′ M [g].

On the slits G(x) = g(c′x2/3) is the functional in the region where a good functional is non-
negative. Nothing is known there pointwise, and an extremal functional vanishes there infinitely
often; (6.6) is a statement in the mean, and section 6.5 uses it as such.

Remark (Why c′ = c− 1 and not c; orientation). The scaling t = c′b2/3 puts the edge of the
strip through the true vacuum t = −a, where the kernel is bounded by Ka, which exceeds V
by a power of c′ only. With c in place of c′ the edge would pass through t = −c/12, where the
kernel is bounded only by Ka+1/12, which exceeds V by a factor growing like e(π/3)

√
3t/c. Since

feasible functionals of high order carry Cardy-weighted mass arbitrarily far out in t, the edge
bound would then depend on the functional, and the uniformity in g would be lost.

What is not used: sign information (positivity enters only through the half-mass condition, in
one line, at the very end); information about g near the BTZ threshold beyond integrability;
any property of optimal functionals. The inputs on Bessel functions are Lemmas B.1 to B.3.

6.4 Toolkit: potential theory in physicist’s terms

Steps (4) and (5) of section 6.2 are two-dimensional electrostatics. The box collects the notions
and the four formulas that we use, first in the language of charges and potentials and then
precisely. We use the sign convention in which a unit point charge at ζ has the potential log|b−ζ|.
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Toolkit: potential theory

Subharmonic functions. If G ̸≡ 0 is holomorphic, then

∇2 log|G(b)| = 2π
∑

ζ: G(ζ)=0
mζ δ

2(b− ζ) ≥ 0, (6.7)

with mζ the multiplicity: log|G| is the potential of positive point charges at the zeros of G,
and it is harmonic away from them. A function u with ∇2u ≥ 0 in the sense of distributions
is called subharmonic; precisely, u is upper semicontinuous with values in [−∞,∞) (it may
jump down, as at a charge, but not up), and u(b) is at most the mean of u over every small
circle around b. Such a function obeys the maximum principle: if h is harmonic on a bounded
domain and lim supu ≤ h at every boundary point, then u ≤ h inside [63, Thm. 2.3.1].
Adding positive charges lowers the potential.
Harmonic measure. For a domain Ω and a point b ∈ Ω, ωb(E) is the probability that a
Brownian path started at b first leaves Ω through the part E of the boundary. Equivalently,
b 7→ ωb(E) solves the Dirichlet problem with boundary values 1 on E and 0 elsewhere, and∫
φ dωb, the Poisson integral of φ, solves it with boundary values φ [63, §4.3]; for the upper

half-plane dωz = Im z dσ/(π|σ − z|2), the Poisson kernel. On the slit strip the two lips of a
slit are different boundary points, and dωb/dx denotes the density of ωb on a slit with the
two lips added. It is explicit through the conformal map of Lemma 6.3. Like the charge
density at the rim of a thin conducting plate, it has an inverse square-root singularity at the
tips.
Harmonic majorant. This is the solution h of the Dirichlet problem whose data are the
boundary values of a subharmonic u, that is, the potential with the same boundary values
and with all interior charges removed. By the maximum principle u ≤ h =

∫
u dωb [63, §4.1].

Poisson–Jensen. For G bounded and holomorphic on Ω, with boundary values taken
ωb-almost everywhere,

log|G(b)| ≤
∫

∂Ω
log|G| dωb. (6.8)

If G is holomorphic on a neighborhood of Ω̄, the right side minus the left side is ∑
ζ mζ gΩ(b, ζ),

where gΩ ≥ 0 is the Green’s function of Ω and the sum runs over the zeros of G in Ω [63, §4.5]:
each zero lowers the potential by the potential of a unit charge in the grounded domain. We
need (6.8) for a merely bounded function that may vanish on the boundary (Lemma C.3(a));
for the disk this is classical: removing the charges at the zeros, inside or on the boundary,
only raises the potential [64, Ch. II, Thm. 4.1 and Cor. 4.2], [65, Thms. 17.16–17.17].
Jensen’s inequality with entropy. On the slits we know only a weighted mean of |G|
(Lemma 6.2), whereas (6.8) asks for the mean of log|G| with respect to ωb. Let w be a
probability density on a set S of the real line and K > 0 a weight. Since the mean of a
logarithm is at most the logarithm of the mean [65, Thm. 3.3],

∫

S
w log|G| dx ≤ log

∫

S
|G|K dx −

∫

S
w logK dx +

∫

S
w logw dx. (6.9)

The change of reference density fromK to w costs the entropy
∫
w logw. WithK = Ka ≈ ec′L

the middle term is −c′ ∫
wL, which is how the Cardy line enters. For w proportional to

dωb/dx the entropy is finite despite the singularity at the tips; it is bounded in Lemma C.2,
together with its dependence on the distance from b to the tips.
Phragmén–Lindelöf. On an unbounded domain the maximum principle needs a growth
condition: on the strip S the function cosh(πx) cos(πy) is harmonic and vanishes on both
edges. A harmonic function on S that vanishes on the edges and is O(eα|x|) for some α < π
is zero [63, §2.3]. All our functions grow at most linearly in |x|. The form that we use is
proved in the proof of Lemma 6.5.
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Riesz measure. The charge distribution 1
2π ∇2u of a subharmonic function u is a positive

measure, its Riesz measure, and locally u is the logarithmic potential of that measure plus a
harmonic function [63, §3.7]. For ug of (6.13) it is, by (6.7),

ng := 1
2π∇2ug = 1

c′
∑

ζ∈S: G(ζ)=0
mζ δζ , (6.10)

the counting measure of the zeros of G in the strip, normalized so that a zero is a charge
1/c′.

6.5 The slit strip and the majorant

We now choose the domain on which the maximum principle is applied. For s > 0 let

Ds := S \ {x+ iy : |x| ≥ s, y = 0}, D := Dx∗
1
. (6.11)

Ds is simply connected. Its boundary consists of the two edges and of two slits, and each slit
has two lips, which count as different boundary points; the ends of the slits, b = ±s, are the tips.
We prove everything for D; the choice of s is discussed in section 6.6. The next lemma makes
harmonic measure on D explicit.

Lemma 6.3 (Conformal map; proved). The function

b(z) = 1
2π log z − 1

z (z + 1) , (6.12)

with the branch that is continuous on the upper half-plane H and has b(i) = 0, maps H conformally
onto D. It maps the intervals (0, 1) and (−∞,−1) onto the edges E+ and E−, and (−1, 0) and
(1,∞) onto the right and the left slit, each folded at its tip, b(1 ∓

√
2) = ±x∗

1, so that the two
halves of the interval give the two lips. Moreover b(

√
2 − 1) = i

2 , and the points −1, 0, 1,∞
correspond to the four ends of D (figure 4(b), last row of labels).

The proof is Lemma C.1(a),(b); part (c) of that lemma transports the Poisson kernel of H to
D and gives the density of ωb, its exponential decay along the slits and its first moment. The
map is the uniformization of section 4.4, (4.11); it is now a lemma about a domain and not a
hypothesis about a curve.

For g ∈ Ā, g ̸≡ 0, we write

ug(b) := 1
c′ log |G(b)|

M [g] (b ∈ S̄), (6.13)

which is subharmonic on S by (6.7), even, and symmetric under b 7→ b̄. The data on the
boundary of D are these. On the edges, ug ≤ (2 log c′ + C)/c′ by Lemma 6.1. On the lips of
the slits we have only the weighted L1 bound of Lemma 6.2. Jensen’s inequality (6.9) with
K = Ka, together with the finiteness of the entropy of harmonic measure, converts it into
ug ≤ −L(x) + o(1) in the mean with respect to ωb. The entropy is the one place where the
geometry of D, namely the square-root singularity of harmonic measure at the tips, has to be
examined by hand. Poisson–Jensen (6.8) then bounds ug(b) by the mean of these data, and the
mean of the data is a harmonic function of b.

Proposition 6.4 (Majorant; proved). For s > 0 let Us denote the harmonic function on Ds

that is continuous up to the edges, both lips of the slits and the tips, with

Us = 0 on E±, Us = −L(x) on both lips of the slits, |Us(b)| ≤ C
(
1 + |Re b|

)
. (6.14)
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For every compact set Q ⊂ D there is a constant CQ such that for all c ≥ 40, all g ∈ Ā with
g ̸≡ 0, and all b ∈ Q,

ug(b) ≤ Ux∗
1
(b) + CQ

1 + log c′

c′ . (6.15)

The linear growth at the four ends makes the solution of (6.14) unique (proof of Lemma 6.5,
part (d)); for s = x∗

1 it exists as a Poisson integral, Ux∗
1
(b) = −

∫
L dωb over the slits, (C.15), and

other s enter no proof. The proof of Proposition 6.4 is in appendix C.4. It inserts Lemma 6.1
and the Jensen bound into the Poisson–Jensen inequality on D and arrives, for every b ∈ D, at
the master inequality (C.14), in which the power of c′ and the entropy appear explicitly. The
technical lemmas are Lemma C.3 (Poisson–Jensen with zeros on the boundary) and Lemma C.2
(the entropy near a tip).

The picture is that of two grounded plates and, between them, two thin electrodes held at the
linearly decreasing potential −L. The function Us no longer knows anything about g or about
conformal field theory, and e

c′Ux∗
1

(b) is, up to a power of c′, a universal bound for |G|/M [g] on
compact subsets of D, in particular below the BTZ threshold and on the lobe interval. Nothing
is imposed on the interval (−s, s). That is where the mass of a would-be better functional has
to be, by the half-mass condition, and the point of the construction is that ug is small there all
the same.

6.6 Why s = x∗
1; the extremal potential in closed form; the zero law

[orientation] Why this slit. For any s the argument of section 6.5 gives the majorant Us on Ds,
and it bounds the Cardy-weighted mass wherever Us +L < 0 inside (−s, s). A harmonic function
on a slit domain generically has a square-root singularity at a tip: Us +L ≃ γtip(s)

√
s− |x| inside

the tips. The coefficient γtip changes sign exactly once, at s = x∗
1; numerically γtip = −0.16,

−0.02, ≈ 0, +0.02, +0.16 at s = 0.24, 0.275, x∗
1, 0.285, 0.32. For s < x∗

1 one finds Us +L < 0 on
all of (−s, s), and the method gives the weaker bound Λ ≤ 1/( 1

12 + s2

3 ); for instance s = 0.26
gives Λ ≤ 9.45. For s > x∗

1 the majorant rises above the Cardy line inside the tips and excludes
nothing there. Thus s = x∗

1 is the largest useful slit, characterized by tangency: Us + L vanishes
to order 3

2 at the tips, which is a free-boundary condition. None of this is used in the proofs.
For s = x∗

1 the Dirichlet problem (6.14) has a solution in closed form. The idea is to guess
the holomorphic function p whose imaginary part is 3

4π∂xU : since U = −L on the slits and U is
constant on the edges, Im p must be ∓1

2 on the slits and 0 on the edges.

Lemma 6.5 (Closed form; proved). On D let

p(b) := 1
π

arcsinh
(
−i sinh πb

)
(6.16)

with the principal branch of arcsinh, whose cuts are ±i[1,∞). It is single-valued and holomorphic
exactly on D, its cuts in the strip being the slits. Let

U(b) := U0 + 4π
3 Im

∫ b

0
p(b′) db′, U0 := −L(x∗

1) + 4
3

∫ x∗
1

0
arcsin(sinh πs) ds = −0.388748,

(6.17)
the integral being taken along any path in D. Then U is harmonic on D, continuous up to
the edges, the lips and the tips, equal to 0 on E± and to −L on both lips of both slits, and
|U(b)| ≤ 2π

3 |Re b| + C. It is the only harmonic function on D with this continuity and these
boundary values that grows at most linearly. In particular U = Ux∗

1
. On the axes,

U(x) = U0 − 4
3

∫ |x|

0
arcsin(sinh πs) ds (|x| ≤ x∗

1),

U(iy) = U0 + 4
3

∫ |y|

0
arcsinh(sin πs) ds (|y| ≤ 1

2).
(6.18)
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Figure 6: The extremal potential U of Lemma 6.5. (a) Equipotentials of U on the strip, in steps of
0.1, darker meaning lower. U = 0 on the edges, where the open circles are the two images b = ± i

2
of the vacuum; U = −L on the slits |x| ≥ x∗

1, y = 0, whose tips are the dots; and the dashed level
U = U0 = −0.3887 passes through the saddle at the BTZ threshold b = 0. (b) On the real axis U (solid)
lies below the Cardy line −L(x) = − 2π

3 x (dashed) and joins it tangentially at x∗
1; the vertical distance

at x = x∗
1 − δ is the Cardy deficit κ(δ) of Lemma 6.7. The ticks on the left axis are the values ug(0) of

numerically optimal functionals at c = 64, 128, 256, 512, which approach U0 from below (section 6.7). The
ticks on the bottom axis are the first zeros x1(g) = (3t1/c′)1/2 of the optimal functionals of table 2 at
c = 64, 128, . . . , 2048, which approach x∗

1 from above. Inset: the zero law ρU (x) of Definition 6.6 (solid),
its counting function N(x) (dashed) and the tip asymptote κtip(x− x∗

1)3/2 (dotted).

We call U the extremal potential. By (6.19) below its complex electric field is ∂xU−i ∂yU = −4πi
3 p,

and p is related to b by sinh πb = i sinh πp, which is the curve (4.13): the spectral curve of
section 4 is the complex electric field of the extremal potential.

Proof. We compute the boundary values of p, integrate them, and prove uniqueness by a barrier
argument; one identity between two integrals makes the constant on the edges vanish.

(a) The function p. The principal branch arcsinhw = log(w+
√

1 + w2) is the inverse of sinh
on the strip |Im ζ| < π

2 ; it is holomorphic on C\±i[1,∞). For b = x+ iy ∈ S the point −i sinh πb
lies on a cut if and only if sinh πb = sinh πx cosπy + i cosh πx sin πy is real and of modulus at
least one. Since |y| < 1

2 this means y = 0 and |sinh πx| ≥ 1, that is, b real with |b| ≥ x∗
1. So p is

holomorphic on D, with p(0) = 0, p(−b) = −p(b) and p(b̄) = −p(b). Furthermore |Im p| < 1
2 ,

and sinh πp = −i sinh πb gives sinh2(πRe p) ≤ |sinh πp|2 = sinh2 πx+ sin2 πy ≤ cosh2 πx, hence
|Re p(b)| ≤ |Re b| + 1. The values on the axes and on the boundary are

p(x) = − i
π arcsin(sinh πx) (|x| < x∗

1), p(iy) = 1
π arcsinh(sin πy), p(± i

2) = ±x∗
1,

p(x± i
2) = ± 1

π arcsinh(cosh πx), p(x± i0) = ± 1
π arccosh(sinh πx) − i

2 (x > x∗
1).

The first three hold because −i sinh πb equals −i sinh πx, sin πy and ± cosh πx at these points.
For the last, −i sinh π(x± iϵ) tends to the point −i sinh πx of the lower cut from the right and
from the left, and arcsinh(±η − iσ) → ± arccosh σ − iπ

2 as η ↓ 0, for σ > 1. On the left slit the
values follow from p(−b) = −p(b). In particular Im p = 0 on E±, Im p = −1

2 on both lips of the
right slit and Im p = +1

2 on both lips of the left slit; Re p(x+ i0) = 1
π arccosh(sinh π|x|) on the

upper lips of both slits; and p extends continuously to the edges, the lips and the tips.
(b) The function U . Since D is simply connected,

∫ b
0 p is a holomorphic function on D, so U

is harmonic, and
dU = 4π

3 Im(p db) = 4π
3

(
Im p dx+ Re p dy

)
. (6.19)

The symmetries of p give U(−b) = U(b) = U(b̄), and U is continuous up to the edges, the lips
and the tips because p is. Along the real axis, dU = −4

3 arcsin(sinh πs) ds for 0 ≤ s ≤ x∗
1; this
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is the first formula in (6.18), and U(x∗
1) = −L(x∗

1) by the choice of U0. Along the lips of the
right slit, dU = −2π

3 dx = −dL; hence U = −L there, and on the left slit by symmetry. Along
the imaginary axis, dU = 4

3 arcsinh(sin πs) ds, which is the second formula. Along E+, dU = 0,
so U is constant there and equal to U( i

2); by U(b̄) = U(b) it takes the same constant on E−.
Integrating (6.19) from 0 to i Im b and then horizontally to b, with |Re p(is)| ≤ x∗

1 and |Im p| ≤ 1
2 ,

gives |U(b)| ≤ 2π
3 |Re b| + C.

(c) The key identity. Substituting u = sinh πs in the first integral and u = sin πs in the
second,

∫ x∗
1

0
arcsin(sinh πs) ds+

∫ 1/2

0
arcsinh(sin πs) ds = 1

π

∫ 1

0

[ arcsin u√
1 + u2 + arcsinh u√

1 − u2

]
du

= 1
π

[
arcsin u arcsinh u

]1

0
= 1

2 arcsinh 1.
(6.20)

By (6.17) and (6.18), U( i
2) = −2π

3 x
∗
1 + 4

3 · 1
2 arcsinh 1 = 0, because πx∗

1 = arcsinh 1. So U = 0
on E±. This is the place where the number arcsinh(1)/π enters the rigorous argument.

(d) Uniqueness. Let d be harmonic on D and continuous up to the edges, the lips and the
tips, with boundary value 0 there, and let |d(b)| ≤ Cd(1+ |Re b|). We claim that d ≡ 0. For ϵ > 0
let dϵ(b) := d(b) − ϵ cosh(2 Re b) cos(2 Im b), which is harmonic on D. The subtracted term (the
barrier) is positive on S̄, where cos(2 Im b) ≥ cos 1 > 0, so dϵ ≤ 0 at the edges, the lips and the
tips. On the cross-cuts {|Re b| = X} ∩D we have dϵ ≤ Cd(1 +X) − ϵ cos 1 cosh 2X < 0 as soon
as X ≥ X(ϵ). The maximum principle on the bounded domains D ∩ {|Re b| < X} gives dϵ ≤ 0
on D. Letting ϵ → 0 we get d ≤ 0, and the same argument for −d gives d ≡ 0. Applied to the
difference of two solutions, this shows that (6.14) with s = x∗

1 has at most one solution. By (b)
and (c), U is a solution, and so is the Poisson integral −

∫
L dωb over the slits, by Lemma C.1(c)

(appendix C.4). Hence both are equal to Ux∗
1
, which is (C.15).

Definition 6.6 (The zero law). Extended across the slits by its boundary value −L, the function
U is continuous on S. By (6.19) its normal derivative ∂yU = 4π

3 Re p jumps across the slits by
8
3 arccosh(sinh π|x|) > 0, so ∇2U ≥ 0 in the sense of distributions (by Green’s formula on the two
half-strips; ∇U is locally bounded up to the slits and the tips, because p extends continuously
to them, see part (a) of the proof of Lemma 6.5): U is subharmonic on S, with a charge density
that lives on the slits. For |x| ≥ x∗

1 this density is

ρU (x) := 1
2π

[
∂yU(x+ i0) − ∂yU(x− i0)

]
= 4

3 Re p(x+ i0) = 4
3π arccosh

(
sinh π|x|

)
, (6.21)

and we call it the zero law. Its counting function is

N(x) := 1
2

∫ x

x∗
1

ρU (x′) dx′ ≃ κtip (x− x∗
1)3/2 (x ↓ x∗

1), κtip = 4 · 23/4

9
√
π

= 0.4217111. (6.22)

In the units of ug, see (6.10), ρU is a number of zeros per unit x and per unit c′, counted with
multiplicity. The function N counts sites: each site of section 7 carries two zeros, hence the
factor 1

2 . The density (6.21) is the function (4.16) of Part II, and the asymptote in (6.22) follows
from arccosh(sinh πx) ≃

(
2
√

2π(x − x∗
1)

)1/2. The zero law is used in section 7 as a blueprint:
the zeros of the functional constructed there are placed according to N ; and in section 10 as a
necessity: the zeros of every near-optimal functional follow it. The potential U , the law ρU and
N are drawn in figure 6.

6.7 The Cardy deficit and the proof of Theorem 3

On the lobe interval the extremal potential lies strictly below the Cardy line, and the distance
between the two is what Theorem 3 exponentiates.
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Lemma 6.7 (Deficit; proved). For |x| < x∗
1,

U(x) + L(x) = −4
3

∫ x∗
1

|x|

[π
2 − arcsin(sinh πs)

]
ds < 0. (6.23)

The function U + L is even and increases on [0, x∗
1] from U0 to 0. Hence, for 0 < δ ≤ x∗

1, the
Cardy deficit

κ(δ) := − max
|x|≤x∗

1−δ

(
U + L

)
(x) = −(U + L)(x∗

1 − δ) = 4
3

∫ x∗
1

x∗
1−δ

[π
2 − arcsin(sinh πs)

]
ds (6.24)

is positive. The integrand is ≃
(
2
√

2π(x∗
1 − s)

)1/2 as s ↑ x∗
1, so that κ(δ) = 8

9

√
2
√

2π δ3/2(1 +
O(δ)) = 2.650 δ3/2(1 +O(δ)), with the values κ(δ) = 0.0026, 0.029, 0.083, 0.23 at δ = 0.01, 0.05,
0.1, 0.2, and κ(x∗

1) = −U0 = 0.389. Moreover κ(δ) ≥ 2.228 δ3/2 for 0 < δ ≤ x∗
1.

Proof. By (6.18) and U(x∗
1) = −L(x∗

1) we have U(x) = −L(x∗
1) + 4

3
∫ x∗

1
|x| arcsin(sinh πs) ds, and

L(x∗
1) −L(x) = 4

3
∫ x∗

1
|x|

π
2 ds; this is (6.23). The integrand is positive for s < x∗

1, where sinh πs < 1,
which gives the sign and the monotonicity. Near the tip, sinh π(x∗

1 − u) = 1 −
√

2πu+ O(u2)
because cosh πx∗

1 =
√

2, and π
2 − arcsin(1 − ε) =

√
2ε (1 +O(ε)). The last inequality is proved

in appendix C.5, (C.17), with the constant 8
9
√

2π = 2.228 . . .

The exponent 3
2 is the Airy exponent of a soft edge, which appeared in section 4.6; the coefficient

is 2πκtip. By Proposition 6.4, ec′(U+L)(x) is, up to a power of c′, the largest value that |g|V/M [g]
can take at t = c′x2/3. Below the BTZ threshold U(iy) increases from U0 at y = 0 to 0 at the
vacuum, by (6.18) and (6.20).

Proof of Theorem 3. The integrand |g|V is at most majorant times weight, and the integral is
at most the supremum of the integrand times the length of the interval. We use Proposition 6.4
on the compact set Q = [−(x∗

1 − δ), x∗
1 − δ], in the form (C.16), in which the power of c′ and the

dependence on the distance to the tip are explicit.
There is nothing to prove for g ≡ 0. Let 0 < δ < x∗

1 and tδ := c′(x∗
1 − δ)2/3 ≤ ξ∗

1c
′. For

0 < t ≤ tδ the point x =
√

3t/c′ has x∗
1 − |x| ≥ δ, and Ux∗

1
= U by Lemma 6.5, so (C.16)

reads |g(t)| = |G(x)| ≤ eCδ−5c′3 ec′U(x)M [g]. The weight obeys V (t) ≤ 4π2t
a ec′L(x) for all t > 0

(Lemma B.2(d)). With (U + L)(x) ≤ −κ(δ) from Lemma 6.7,

|g(t)|V (t) ≤ eCδ−5 c′3 4π2t

a
ec′(U+L)(x)M [g] ≤ eCδ−5 c′3 4π2t

a
e−κ(δ)c′

M [g] (0 < t ≤ tδ).
(6.25)

Since
∫ tδ

0
4π2t

a dt = 2π2t2δ/a ≤ 24π2(ξ∗
1)2c′, integration gives (6.1) with Cδ = Cconc δ−5 and

Cconc := 24π2(ξ∗
1)2eC . The properties (6.2) of κ(δ) are part of Lemma 6.7.

Of the four powers of c′, the edges and the slits cost at most two between them (Lemma 6.1,
Lemma B.2(e); their weights in the Poisson–Jensen mean add up to one), stated as three
in (C.16), and t2δ/a ≤ Cc′ gives one more. The window of width O(1/c′) at the BTZ threshold
enters only through Lemma B.3, in the edge bound, because Lemma B.2(d) holds down to t = 0.

What this says about section 4. The composition of p with the map of Lemma 6.3 is the
function p(z) of (4.11), and sinh πb = i sinh πp. The curve has thus been recovered without
hypotheses, as the solution of the linear boundary-value problem (6.14). In section 4 it rests on
a selection rule and describes the best functional, conjecturally; here it bounds every functional.
[numerical] The profiles ug of the numerical optima of section 5 exceed U nowhere by more
than O(1/c′), and at the threshold they approach it from below: at (c, P ) = (64, 256), (128, 2048),
(256, 2048), (512, 2688) the difference U − ug at b = 0 is 0.053, 0.035, 0.022, 0.013 (figure 6).
The majorant is approached at leading order by the numerical optima. Whether it is provably
attained is the subject of Part IV.
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6.8 The effective rate

We prove (6.3). The idea is to let δ tend to zero with c in Theorem 3, as slowly as the
prefactor allows. For this one needs the dependence of Cδ on δ. Its only source is the entropy of
harmonic measure seen from a real point at distance δ from a tip, which is at most CH + 5 log 1

δ
by Lemma C.2(ii); exponentiated, this is Cδ ≤ Cconc δ−5, as the proof of Theorem 3 shows.
Everything else is uniform in δ.

Proof of the second statement of Theorem 4. Let g ∈ Ā, g ̸≡ 0, be weakly feasible and t1 = t1(g).
Let κ0 := 8

9
√

2π = 2.228 . . . be the constant of (C.17) and λ0 := 3.6, so that κ0λ0 > 8, and let

δ :=
(λ0 log c′

c′

)2/3
, so that κ(δ) c′ ≥ κ0 δ

3/2c′ = κ0λ0 log c′ > 8 log c′ (6.26)

by Lemma 6.7, provided δ < x∗
1; this holds for c′ ≥ 115. As before let tδ = c′(x∗

1 − δ)2/3, and
suppose that t1 ≤ tδ. The half-mass condition (2.16) and Theorem 3 with Cδ ≤ Cconc δ−5 give

1
2 ≤ Cconc δ

−5c′4e−κ(δ)c′
< Cconc δ

−5c′−4 ≤ Cconc c
′10/3−4 = Cconc c

′−2/3,

where we used δ−5 = (c′/λ0 log c′)10/3 ≤ c′10/3, valid because λ0 log c′ ≥ 1. This is false for
c′ ≥ (2Cconc)3/2. Hence for c ≥ copt

0 := max{116, 1 + (2Cconc)3/2} we have t1 > tδ, and

t1 >
c′

3 (x∗
1 − δ)2 ≥ ξ∗

1c
′ − 2

3 x
∗
1 δ c

′ = ξ∗
1c

′ − 2
3 x

∗
1λ

2/3
0 c′1/3 log2/3 c′,

2
3 x

∗
1λ

2/3
0 = 0.4393 ≤ 0.44.

The constant Cconc, and with it copt
0 , is a product of the absolute constants of appendices B

and C; it is explicit in principle, and we have not computed it. The theorem says that no weakly
feasible functional undercuts ξ∗

1c
′ by more than O(c′1/3 log2/3 c′), while Conjecture 1(a) says that

the best functional overshoots it by an amount of order c1/3. The logarithm comes from the
polynomial prefactor in (6.1) and is presumably not sharp.

Part IV Attainment
Section 7 is proved with computer assistance, and sections 8 and 10 are proved. Sections 7 and 8
use section 2 and, from section 6, in the proofs only Lemma 6.5 and Definition 6.6, the closed
form of U and the zero law; section 10 uses in addition Proposition 6.4 and Lemma 6.7. Section 7
builds a feasible g ∈ Ā at ξ∗

1c
′ +O(c′1/3); section 8 shows that any feasible g ∈ Ā bounds every

CFT. Section 9 describes a second functional that attains the slope, at a physicist’s level of
rigor; nothing else depends on it. Section 10 shows that a functional that comes close to the
bound has no choice: its zeros follow the zero law on which the functional of section 7 is built.

7 Attainment: an explicit functional reaching ΛV

We construct, for every large central charge, one explicit function g ∈ Ā that is feasible at
ξ∗

1c
′ +O(c′1/3). With Theorem 4 this proves the slope, Theorem 1. The function is an infinite

product of elementary factors, and its zeros are placed according to the zero law of Definition 6.6.
The construction is short (sections 7.1 and 7.2). The work is to prove that the product and its
Fourier transform combine to a function that is positive on the band and has a positive vacuum
value. Section 7.3 explains how this is done, without proofs. The proofs are in sections 7.4
to 7.10, and the long ones in appendices D to G, which may be skipped at first. The inequalities
verified by computer are marked ⟨cert⟩ and listed in table 4 of appendix H.
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7.1 Image charges on the strip, and the zero law as a blueprint

The idea is electrostatic. A zero of a holomorphic function is a unit charge for the logarithm
of its modulus, and by Proposition 6.4 the profile ug of every functional, (6.13), lies below the
potential U of a definite charge distribution on the strip S, up to O(log c′/c′). To certify the gap
bound x∗

1, the profile must touch the Cardy line −L where U does. This suggests building a
functional whose profile is U : charges on the slits at density ρU , and on the edges a modulus no
larger than Lemma 6.1 allows. (Theorem 7 shows that the profile of every attaining sequence is
U .) So we want zeros at density c′ρU on the band and modulus one on the edges, and we build
them out of the potential of one point charge between two grounded plates.

Glossary. A site χn is a point of the real b-axis at which a zero, or a conjugate pair of zeros,
is placed, and cell n is the interval (χn, χn+1). The comb is the product B of image-charge
factors over the sites. Detuning means moving a real double zero to a conjugate pair χn ± iεn.
The onset is the neighborhood of the first kept site χ2; the comb omits the first site of the law
(section 7.2). The Airy length ℓc = (κtipc′)−2/3 is the scale of the spacing of the first sites, and
the hand-off point xI = x∗

1 + c′−θon , with θon = 0.2, is where the onset (Region I) ends and
steepest descent takes over (Region II). Four functions that are defined in sections 7.5 and 7.6
appear already in section 7.3: the site index ν(x), which equals k − 2 at the site χk, with the
comb phase Ψ = 2πν − π; the envelope Env of the undetuned comb; the level Lev, the explicit
unit of all ratios; and the amplitude Amp of the transform.

Toolkit: image charges on the strip

One factor. For ζ with |Im ζ| < 1
2 let

Tζ(b) := tanh π(b− ζ)
2 tanh π(b+ ζ)

2 = cosh πb− cosh πζ
cosh πb+ cosh πζ . (7.1)

For real ζ, − log|Tζ(b)| is the Green’s function of the strip with poles at ±ζ: the potential
at b of unit charges at ±ζ between the two grounded plates E±. The zeros and poles of
Tζ are the successive mirror images of ±ζ in the plates (figure 7a). The map w = tanh πb

2
takes S onto the unit disk and turns Tζ into a product of two Blaschke factors [64]; Tζ is the
Blaschke factor of the strip. We use four facts.
(T1) Modulus. For real ζ, |Tζ | = 1 on both edges and |Tζ | < 1 in S. The same holds for
the product TζTζ̄ of a conjugate pair, ζ = χ+ iε with 0 < ε < 1

2 . A bounded holomorphic
function on S whose modulus is one on the edges is called inner ; a zero-free factor such as
sech2 πb

2 , which is determined by its modulus on the edges, is outer.
(T2) Pairs on the real axis. For real χ, 0 ≤ ε < 1

2 and real x,

Tχ+iε(x)Tχ−iε(x) =
∏

±

cosh π(x∓ χ) − cosπε
cosh π(x∓ χ) + cosπε ≥ Tχ(x)2,

and the left side is positive if ε > 0: lifting a double zero off the axis raises the modulus on
the axis.
(T3) Reflection. Tζ(b+ i) = 1/Tζ(b), and Tζ( i

2) = −1 for every ζ.
(T4) Zeros and poles. For Re ζ ≠ 0, Tζ has simple zeros at {±ζ} + 2iZ, simple poles at
{±ζ} + i(2Z + 1), and no others.
All four follow from (7.1). For (T1) note that cosh πb is imaginary on E±, so that numerator
and denominator have the same modulus when cosh πζ is real, and numerator and denomi-
nator of the pair are conjugate to each other in general; the maximum principle gives the
inequality inside.
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(b) the comb B: zeros and poles, with the sites computed for c′ = 8

Figure 7: Image charges on the strip. (a) One factor Tζ(b) = tanh π(b−ζ)
2 tanh π(b+ζ)

2 , here with ζ = 0.70:
zeros at ±ζ + 2iZ (dots) and poles at ±ζ + i(2Z + 1) (crosses), which are the successive images of ±ζ in
the edges E± (dashed lines: the image edges Im b = ± 3

2 ), so that |Tζ | = 1 on E±; the curves inside S are
the level curves |Tζ | = 0.2, 0.45, 0.8, 0.95. (b) The zeros and poles of the comb B of section 7.2. The
sites χn, c′N(χn) = n− 1

4 , are computed for c′ = 8, a value chosen only to make the pairs visible: the
simple zero at ±χ2, the pairs ±χn ± iεn (n ≥ 3) with εn = 1

4 (χn+1 − χn), and the omitted first site of
the law (open circle). All poles lie in |Im b| ≥ 1 − maxn εn >

1
2 , and |B| = 1 on E±. Diamonds mark the

saddle points b0 = ±v0(x) + i
2 of the edge integral for the band point x (square), as in figure 2.

The next lemma says that the zero law is the right density for these factors. It is the
continuum limit of every sum over sites in this section.

Lemma 7.1 (Riesz representation of U ; proved). For every b in the closed strip S̄,
∫ ∞

x∗
1

ρU (x′) log|Tx′(b)| dx′ = U(b), (7.2)

and the integral converges absolutely. In particular the left side vanishes on E± and equals −L(x)
at real b = x with |x| ≥ x∗

1.

The proof is in appendix D.1: both sides have the same charge on S, both vanish on the edges,
and both grow at most linearly; a potential with these three properties is unique. In words: a
continuum of factors Tx′ at the density of the law reproduces the Cardy decay e−c′L on the band
exactly, and is invisible in modulus on the edges.

Notation for the edge. On the edge E+ we write b = v + i
2 with v real. The function p of

Lemma 6.5 is real there, and we call

F (v) := p
(
v + i

2
)

= 1
π

arcsinh(cosh πv), cosh πv0(x) = sinh πx, ρU (x) = 4
3 v0(x), (7.3)

the edge function. It is even, convex, and increasing on [0,∞), with F (0) = x∗
1 and 0 < F ′ < 1

on (0,∞). Its inverse v0 : [x∗
1,∞) → [0,∞), F (v0(x)) = x, is given by the second formula, and

the third is (6.21): up to the factor 4
3 , the zero law is the inverse of the edge function. We write

b0(x) := v0(x) + i
2 for the point of the edge that corresponds to the band point x.

7.2 The functional and the theorem

The functional is the zero law made discrete. The sites are the quantiles of the counting function
N : the points χn > x∗

1 with c′N(χn) = n − 1
4 , for n = 2, 3, . . . ; the site n = 1 of the law is
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omitted. At χ2 we place a simple real zero. Every later site is lifted into a conjugate pair
χn ± iεn with εn := η0(χn+1 − χn) and η0 = 1

4 . We multiply by an outer factor, which makes
the product integrable, and antisymmetrize under the Fourier transform:

h0(b) := sech2 πb

2 B(b), B := Tχ2

∏

n≥3
Tχn+iεn Tχn−iεn , g := 1

2
(
h0 − ĥ0

)
. (7.4)

Here h0 is even in b and is read as a function of t = c′b2/3; for −a ≤ t < 0 the point b lies
on the imaginary axis. The hat is the transform (2.9). We also need the undetuned comb
B0 := Tχ2

∏
n≥3 T

2
χn

, which has double zeros at the sites n ≥ 3, and h0
0 := sech2 πb

2 B0. The zeros
and poles of B are drawn in figure 7(b).

Theorem 5 (Attainment; proved, computer-assisted). There is a central charge catt
0 ≥ 40,

explicit in principle but not computed, such that for every c ≥ catt
0 the function g of (7.4) has

the following properties.
(i) g ∈ Ā.
(ii) g(t) > 0 for all t ≥ t⋆ + 1, where

t⋆ := c′χ2
2

3 = ξ∗
1c

′ +A1 c
′1/3(

1 +O(c′−2/3)
)
, A1 = 2

3 x
∗
1 κ

−2/3
tip

(7
4
)2/3 = 0.483. (7.5)

(iii) gvac > 0.
Hence g is feasible at t⋆ + 1 in the sense of Definition 2.3, so that TV (c) ≤ ξ∗

1c
′ +A1 c′1/3 +O(1);

with Theorem 4 this proves Theorem 1. Moreover |g(t)| ≤ C(c) e−c′L(x)e−πx for t = c′x2/3 ≥ 0:
both h0 and ĥ0 decay faster than the inverse of the Cardy weight.

In words: a product of image-charge factors at the quantiles of the zero law, minus its own
Fourier transform, is a functional that certifies a gap within O(c1/3) of c/ΛV . The offset +1 is
cosmetic: the proof gives g > 0 already from t⋆ + o(1/c′) on (section 7.8). The next proposition
collects what is elementary about h0.

Proposition 7.2 (Elementary properties; proved). Let c ≥ 40, the standing assumption of
section 2.6. Then maxn εn <

1
2 , the product B converges locally uniformly on |Im b| < 1−maxn εn,

and:
(a) |B| ≤ 1 on S̄ and |B| = 1 on E±.
(b) B( i

2) = −1. Hence h0(t0) = −2 at the vacuum, and the second difference h0,vac :=
h0(t0) − 2h0(t0 + 1) + h0(t0 + 2) satisfies |h0,vac| ≤ 8.

(c) On the physical axis, h0 < 0 on the lobe interval [0, t⋆), h0 has a simple zero at t⋆, and
h0 > 0 for t > t⋆.

(d) On the edge, |h0(v + i
2)| = 2/ cosh πv exactly.

On the edge through the vacuum the comb is invisible in modulus, and all the information that
it carries is a phase.

Proof. First, maxn εn < 1
2 ; this places every pair under (T1) and keeps the poles of B out

of S̄. By (7.3), ρ′
U = 4

3/F
′(v0) ≥ 4

3 on (x∗
1,∞), so that ρU (y) ≥ 4

3(y − χn) for y ≥ χn. One
cell carries the charge 1 = c′N(χn+1) − c′N(χn) = c′

2
∫ χn+1

χn
ρU ≥ c′

3 (χn+1 − χn)2. Hence
χn+1 − χn ≤ (3/c′)1/2 ≤ 0.28 and εn ≤ 0.07 for c′ ≥ 39.

Everything else follows from (T1)–(T3) once the product converges. By (7.1), −Tζ =
1 − 2 cosh πb/(cosh πb+ cosh πζ), so a pair differs from 1 by O(eπ|Re b|e−πχn) away from its poles,
and ∑

n e
−πχn < ∞ because the number of sites below x is at most c′N(x) = O(c′x2); by (T4) the

poles lie at |Im b| ≥ 1−maxn εn. This gives the convergence. Part (a) is (T1) for each factor. For
(b), (T3) gives Tχ2( i

2) = −1 and the value (−1)2 for each pair, and sech2 πi
4 = 2; on the segment
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from the vacuum to the threshold |sech2 πb
2 | ≤ 2 and |B| ≤ 1, so each of the three values in h0,vac

is at most 2 in modulus (t0 + 2 ≤ 0 because a ≥ 2). For (c), the pairs are positive on the real
axis by (T2), and Tχ2(x) is negative for 0 ≤ x < χ2, vanishes to first order at χ2 and is positive
beyond. For (d), |B| = 1 on the edge and

∣∣cosh π
2 (v+ i

2)
∣∣2 = 1

2(cosh πv+ cos π
2 ) = 1

2 cosh πv.

What is fixed. The construction has free parameters: the number m ≥ 1 of omitted sites, the
node phase k∞ in c′N(χn) = n−k∞, and the detuning η0. Only the onset index n1 = m+1−k∞
enters the coefficient of c′1/3, which is Am = 0.3326n2/3

1 . Indeed N(x) ≃ κtip(x−x∗
1)3/2 by (6.22),

and c′N(χ2) = n1, so that

χ2 − x∗
1 ≃

( n1
κtipc′

)2/3
, t⋆ − ξ∗

1c
′ ≃ 2

3 x
∗
1 c

′ (χ2 − x∗
1), Am = 2

3 x
∗
1 κ

−2/3
tip n

2/3
1 . (7.6)

In this paper (m, k∞, η0) = (1, 1
4 ,

1
4), so n1 = 7

4 , and the outer factor is sech2. Neither the
constant 0.483 nor catt

0 is optimized, and nothing is claimed at finite c.
The remainder in (7.5) is obtained in the same way. Write χ2 = x∗

1 + ℓcς2 with the Airy
length ℓc, as in Lemma F.2(c). Then t⋆ = ξ∗

1c
′ + 2

3 x
∗
1 c

′ℓc ς2 + 1
3 c

′ℓ2cς
2
2 . Here c′ℓc = κ

−2/3
tip c′1/3,

and ς2 = (7
4)2/3(

1 +O(ℓc)
)

by (F.12), and the last term is O(c′−1/3). Since ℓc = O(c′−2/3), this
is (7.5) with A1 = 2

3 x
∗
1 κ

−2/3
tip (7

4)2/3.
The threshold catt

0 is named before it is fixed. Throughout this section and appendices D
to G, a statement made for c ≥ catt

0 , or for c large, holds for c above a threshold of its own,
which may depend on a parameter that is named there (r in Lemma 7.5, ϵ in Proposition 7.4).
The proof of Theorem 5 meets finitely many of these thresholds, each at a fixed value of its
parameter; none of them depends on a later one, and catt

0 is the largest of them. It is fixed at
the end of that proof, in section 7.10.

7.3 Idea of the proof

There are three things to prove: (i) g > 0 on the band t ≥ t⋆ + 1; (ii) gvac > 0; (iii) g ∈ Ā.
The relation ĝ = −g is automatic. Since h0 ≥ 0 on the band, everything in (i) reduces to one
statement: ĥ0 is smaller than h0 there. Figure 8 shows this at c = 256. The function h0 is
a train of positive bumps, one per cell. Its transform oscillates in lock-step with it, with an
amplitude of about 1

2 in units of the level Lev; this amplitude is about 0.29 of the height of the
bumps. The difference 2g = h0 − ĥ0 stays positive.

How ĥ0 is computed. The transform at a band point x is an integral of h0 times a Hankel
kernel along the edge E+ of the strip (section 7.4; figure 2). On the edge |h0| is explicit and
does not depend on the comb (Proposition 7.2(d)), and the kernel has modulus e−c′L(x). So the
size of the integrand is pinned at the Cardy level, and the comb enters through a phase only.
The phase has two stationary points ±v0(x) on the edge, and they exist exactly when x ≥ x∗

1:
this is how the band appears in the transform.

Three regimes. Three scales organize the proof, ℓc ≪ c′−θon ≪ c′−1/(4n1); they are drawn
at the bottom of figure 8. In Region II, x ≥ xI (sections 7.6 and 7.7), steepest descent gives
|ĥ0| ≤ Amp (1 + o(1)) with an explicit amplitude Amp ≤ 0.504 Lev, and the detuning gives a
floor h0 ≥ µLev with µ > 0.504. Positivity is one inequality between explicit functions that
does not involve c, and no information on the phase of ĥ0 is used. In Region I, χ2 ≤ x ≤ xI

(section 7.8), the two saddles coalesce and the asymptotics is not uniform. There we use only
the crude bound |ĥ0| ≤ C

√
c′ e−c′L, and the fact that near the onset the comb stands above the

Cardy level by a power of c′. We call this the overshoot. It is there because the charge of the
omitted site is missing from the comb. The two regions overlap, because the overshoot beats the
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sech2: the comb h0 (thin), its transform ĥ0 (dashed), and 2g = h0 − ĥ0 (thick gray), all divided by the
level Lev(x) and plotted against the site index ν(x), which is an integer at every site (top axes: x); dotted:
±Amp/Lev. (a) The onset, cells 2–9, beginning at the simple zero χ2 (t = t⋆ = 10.084): the transform is
below 0.4% of the level, so that 2g and h0 coincide to the width of the line. (b) Cells 102–105. (c) Cells
384–387, deep in the band: h0 oscillates between the floor sinh2 πη0 and cosh2 πη0, ĥ0 between ∓ 1

2 , in
lock-step, one period per cell and maxima on maxima, so that 2g stays near 5

4 . Bottom: the three scales
ℓc ≪ c′−θon ≪ c′−1/(4n1) of the onset, at their values 0.044, 0.33, 0.45 for c = 256, on a logarithmic axis
of x− x∗

1, with the inequality used on each stretch (the dotted segment continues the range on which the
overshoot beats the crude bound) and the positions of the three panels.

crude bound up to x− x∗
1 ≈ c′−1/(4n1), which is beyond xI . For the vacuum (section 7.9), gvac is

the mass of the lobe minus the mass of the band, up to O(1). Both are dominated by a window
of width ℓc around the onset, and the band is at most a fixed fraction Rvac < 1 of the lobe
(Proposition 7.13). The computer enters as follows. Once the factors that tend to one as c → ∞
are bounded by hand, each regime leaves inequalities that do not involve c, for explicit functions
of one real variable: for the amplitude and the floor in Region II, for finite products over the
first cells in Region I, and for a ratio of two integrals at the vacuum. These inequalities, marked
⟨cert⟩, are proved in interval arithmetic (appendix H.1); nothing that depends on c is computed.

Why each ingredient is there. Sites at the quantiles of the law. Besides the Cardy decay
|B| ≈ e−c′L on the band (Lemma 7.1), this makes the phase of the integrand on the edge
stationary exactly at the points ±v0(x) that correspond to band points x, where the phase of B
advances by 2π per site (D.13).

Detuning by η0 = 1
4 . The undetuned comb is |h0

0| = Env sin2 πν. It returns to zero in every
cell, while its transform does not, so g would be negative near every site. Lifting the zeros off
the axis creates a floor above 1

2Lev. It changes nothing on the edge, where a conjugate pair
is still unimodular, so the amplitude of the transform is untouched. The value matters: for
η0 = 0.2 the floor of Lemma 7.9 is below 0.45, which is not enough.

Why the amplitude is 1
2 . Write h0

0 = 1
2Env (1 + cos Ψ). The transform reproduces the

oscillating part 1
2Env cos Ψ. It cannot see the mean, which has no stationary phase.

The omitted site, m = 1. It makes the first zero simple. It produces the overshoot at the
onset. And it makes the vacuum lopsided in favor of the lobe. It costs A1c1/3 in the bound,
and nothing at the order of the slope. With no site omitted and the same node phase one finds
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numerically |Lobe|/Band ≈ 0.8 [numerical], and that comb is not feasible.
The node phase 1

4 . This is a convention and is not tuned. Placing nodes at the quantiles
of an equilibrium density is a Bohr–Sommerfeld rule, familiar from the choice of interpolation
nodes in the numerical bootstrap [66, Sec. 3.3]. Only n1 = 7

4 enters the certified constants. With
1
4 the phase of the transform coincides with that of the comb deep in the band (figure 8c).

The outer factor sech2 and the simple zero at χ2. The outer factor gives integrability and
membership in Ā, and it cancels from the ratio Amp/Lev up to the factor coth πx

2 . The zero is
simple because a feasible g must change sign once, at t1.

7.4 Three exact identities

Three identities turn the three claims into statements about h0 alone.

Lemma 7.3 (Three identities; proved). Let maxn εn <
1
2 . For (a) and (b) suppose in addition

that ĥ0 is continuous and that |h0(t)| + |ĥ0(t)| ≤ C(c) e−c′L(x)−πx for t = c′x2/3 ≥ 0; this is
proved in section 7.10, from Lemma 7.5(c), Lemma 7.10 and the bound (7.25), which uses (c)
but neither (a) nor (b).

(a) ĝ = −g.
(b) With the second difference h0,vac of Proposition 7.2(b),

gvac = 1
2

[
h0,vac − 2π

∫ ∞

0
h0 V dt

]
. (7.7)

(c) For every x > 0, with kx := 4π
3 c

′x,

ĥ0
(
c′x2/3

)
= 2πc′

3

∫

E+
h0(b)H(1)

0 (kxb) bdb. (7.8)

On the edge the Hankel function is, by (E.3) [67, (10.17.13)–(10.17.15)],

∣∣H(1)
0 (kxb)

∣∣ =
( 2
πkx|b|

)1/2
e−c′L(x) ∣∣1 + εH(kxb)

∣∣, |εH(z)| ≤ 0.33
|z|

(|z| ≥ 1), (7.9)

because kx Im b = 1
2kx = c′L(x) there.

Proof. We prove (c) first; it uses only Proposition 7.2 and (T4).
(c). By (2.9), with t = c′b2/3 and s = c′x2/3 we have 4π

√
st = kxb and dt = 2c′

3 bdb, so
ĥ0(s) = 4πc′

3
∫ ∞

0 h0(b)J0(kxb) bdb. On the positive axis J0 = 1
2(H(1)

0 + H
(2)
0 ), and H

(2)
0 (z) =

−H(1)
0 (zeiπ) [67, (10.11.5)]. Since h0 is even, the substitution b → −b in the term with H

(2)
0

gives ĥ0(s) = 2πc′
3

∫ ∞
−∞ I(b) db with I(b) := h0(b)H(1)

0 (kxb) b, the real axis being approached from
above at b = 0, where I = O(|b| log|b|). By (T4) the poles of B lie at |Im b| ≥ 1 − maxn εn >

1
2 ,

and those of sech2 πb
2 at |Im b| = 1, so I is analytic in 0 < Im b < 1 − maxn εn. On 0 ≤ Im b ≤ 1

2
we have |B| ≤ 1, |sech2 πb

2 | ≤ 4e−π|Re b| and |H(1)
0 (kxb)| ≤ C|kxb|−1/2 for |b| ≥ 1, so I decays

exponentially as |Re b| → ∞, uniformly in the height. Cauchy’s theorem moves the contour from
R to E+.

(a). By hypothesis h0 and ĥ0 are continuous and integrable on [0,∞), so Fourier inversion
for radial functions on R2 gives ˆ̂

h0 = h0, and ĝ = 1
2(ĥ0 − h0) = −g.

(b). The idea is to continue Fourier inversion analytically in α, from α ≤ 0 to 0 ≤ α ≤ a.
By Lemma B.2(e), Ka ≤ ec′L, so

∫ ∞
0 (|h0| + |ĥ0|)Ka dt < ∞ by the hypothesis. As in the

proof of Lemma B.1, the kernel bound (B.1) and dominated convergence then show that
α 7→ 2π

∫ ∞
0 ĥ0Kα dt is continuous on the parabolic region Da of that lemma and holomorphic in

its interior. For α = −s ≤ 0 it equals ˆ̂
h0(s) = h0(s). The function α 7→ h0|t=−α has the same
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regularity on Da, which is the image of S̄ under α = −c′b2/3. Two such functions that agree on α ≤
0 agree on Da. Since the values of g below the threshold are defined by the eigen-identity (2.14)
(Definition 2.5), for 0 ≤ α ≤ a we get g(−α) = −2π

∫ ∞
0 gKα dt = 1

2
[
h0|t=−α − 2π

∫ ∞
0 h0Kα dt

]
.

The second difference in α at a, a− 1, a− 2, with V = Ka − 2Ka−1 +Ka−2, is (7.7).

7.5 The comb on the real axis: site index, envelope, level

On the band, log|B(x)| is a sum over the sites of the potentials log|Tχk
(x)|. By Lemma 7.1 the

integral which this sum approximates is −c′L(x), corrected for the omitted charge. So h0 is the
Cardy decay, times the effect of the omitted charge, times a bounded function of the position of
x in its cell. This subsection names these pieces and states two-sided bounds for them. The
proofs are in appendix F. They use nothing about ĥ0.

Site index and envelope. For real a > 1
4 (as the index of a site, here and in appendices F

and G, the letter a is a real number and not c′/12) let χa be the point with c′N(χa) = a− 1
4 ;

the sites are the integer values of a. Let ℓn := χn+1 −χn be the length of cell n, and for x in cell
n let u := (x−χn)/ℓn ∈ (0, 1) be the position in the cell. The site index and the comb phase are

ν(x) := c′N(x) + 1
4 − 2, ν(χa) = a− 2, Ψ(x) := 2πν(x) − π, (7.10)

so that ν runs over (n− 2, n− 1) on cell n. Beyond χ2 the undetuned comb has its double zeros
exactly where sin2 πν has them. The envelope is therefore defined, for x > χ2, by

|h0
0(x)| = Env(x) sin2 πν(x) = 1

2 Env(x)
(
1 + cos Ψ(x)

)
, (7.11)

and is positive and smooth there. Off the sites, h0 = h0
0 Π with Π := |B|/|B0| ≥ 1 by (T2).

The absent charge, the end correction and the level. The comb lacks the charge which
the law places on [x∗

1, χ2]. Its total weight is c′ ∫ χ2
x∗

1
ρU = 2n1, and its potential is

c′P(x) := −c′
∫ χ2

x∗
1

ρU (x′) log|Tx′(x)| dx′ ≥ 0. (7.12)

By Lemma 7.1 the continuum over the range that is kept is c′ ∫ ∞
χ2
ρU log|Tx′(x)| dx′ = −c′L(x) +

c′P(x) for x ≥ x∗
1. The factor ec′P is the overshoot of section 7.3. We write PY for (7.12) with

χ2 replaced by Y . The simple zero at χ2 stands for the half cell of continuum between χ2 and
χ5/2. The difference is the end correction

Jend(x) := log|Tχ2(x)| − 2
∫ 5/2

2
log|Tχa(x)| da, 0 ≤ Jend(x) ≤ CJ (x ≥ χ3), (7.13)

with an absolute constant CJ ≤ 0.65 (Lemma F.8). The level is

Lev(x) := 4 sech2 πx

2 e−c′L(x) ec′P(x)+Jend(x),
h0

Lev = 1
4 |B| ec′L−c′P−Jend (x > χ2). (7.14)

The level is explicit, it is smooth on the cells n ≥ 3, and it does not oscillate. The factor 4 makes
Env/Lev close to one. The end correction is put inside the level because it enters the upper and
the lower bounds below in the same way, so that it cancels from h0/Lev and from Env/Lev. It
does not cancel from Amp/Lev, and there its sign is used (section 7.7).
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Hole functions. A hole function is the potential at x of the sites nearest to x, kept exactly,
minus that of the piece of continuum of the same charge which they replace. All other sites are
replaced by the continuum, by an inequality with a definite sign and no remainder: apart from
the sites far to the left of x, the summand a 7→ log|Tχa(x)| is concave on either side of x, and
for a concave function the trapezoid rule lies below the integral and the midpoint rule above it
(appendix F.2). For x in cell n and j ≥ 1, the upper bound (for B0) keeps the 2j + 2 nearest
sites with the weights 1, 2, . . . , 2, 1 and leaves H+

n,j(x); the lower bound (for B) keeps the 2j
nearest pairs with their exact moduli and leaves H−

n,j(x) ((F.39), (F.40); H±
n := H±

n,1). The two
charges are equal, so the length of the cell cancels: as n → ∞ the hole functions tend to explicit
functions h±

j of the position u in the cell alone, (F.41) and (F.42). For j = 1 we write h±
∞ := h±

1 :

h+
∞(u) = log(1 + u) + 2 log u+ 2 log(1 − u) + log(2 − u) − 2

∫ 2

−1
log|u− v| dv,

h−
∞(u; η0) = log

(
u2 + η2

0
)

+ log
(
(1 − u)2 + η2

0
)

− 2
∫ 3/2

−1/2
log|u− v| dv.

(7.15)

The rate is |H±
n,j − h±

j | ≤ Cj( 1
n + ℓn) on the cells n ≥ 2j + 4, where Cj = C j2 log(2j + 2)

with C absolute (F.45). Both eH± contain the factor 4 of the level: as j → ∞, eh−
j (u;η0) →

4(sin2 πu + sinh2 πη0). The extrema of h±
j are rows 3, 6, 7 and 8 of table 4. The sites far to

the left of x are not concave summands; for them the midpoint rule has an ordinary remainder
eL(x) ≥ 0 (F.23), whose supremum over the cells n ≥ 6 and c ≥ catt

0 is CL ≤ 0.006 (Lemma F.6(d);
row 5).
Proposition 7.4 says what the unit means, Env ≈ Lev; the proofs of positivity do not use it.

Proposition 7.4 (Envelope and level; proved, computer-assisted). Let c ≥ catt
0 and λ :=

Env/Lev. On the cells n ≥ 6,

0.819 e−2CL−C1( 1
n

+ℓn) ≤ λ(x) ≤ 1.278 e2CL+C1( 1
n

+ℓn). (7.16)

Here [0.819, 1.278] ⟨cert⟩ (row 6 of table 4) is the bracket that the limits h±
1 give, e±2CL is the

loss from the sites far to the left, and e±C1( 1
n

+ℓn) → 1 accounts for the displacement of the sites.
With h±

4 the bracket is [e−0.0422, e0.0749] ⟨cert⟩; hence, for fixed ϵ > 0 and c large depending on ϵ,
on the cells n ≥ ϵc′ we have λ ∈ [0.949, 1.089], where a factor 1 ± 0.01 absorbs all corrections.

The next lemma lists everything else that is used about the comb on the real axis. Item (a)
is the main statement; (b) and (d1) control the overshoot; (c) and (e) are upper bounds, for
integrability and for the vacuum; (d2) and (f) concern the vacuum only.

Lemma 7.5 (The comb on the band; proved, computer-assisted). Let c ≥ catt
0 . Let r > 0

be fixed, and let Cr denote constants which depend on r only; the statements on the far band
x ≥ x∗

1 + r are made for c ≥ c0(r), so large that χ6 ≤ x∗
1 + r/2.

(a) Two-sided bounds. For x in a cell n ≥ 6, with all functions evaluated at x,

c′P+Jend+H−
n −2CL ≤ log|B|+c′L, log|B0|+c′L ≤ c′P+Jend+H+

n +2CL. (7.17)

An upper bound for B costs in addition the detuning factor of (e).
(b) The overshoot. For x > χ2,

2n1
∣∣log|Tx∗

1
(x)|

∣∣ ≤ c′P(x) ≤ 2n1
∣∣log|Tχ2(x)|

∣∣. (7.18)

Consequently ec′P ≤ Cr on x ≥ x∗
1 + r; ec′P → 1 exponentially deep in the band; and

ec′P(x) ≥
(
2/(π(x− x∗

1))
)2n1, which is a power of c′ near the onset.

44



(c) Sup bound.

sup
x≥χ2

[
log|B| + c′L

]
≤ 4

3n1 log c′ + C, sup
x≥x∗

1+r

[
log|B| + c′L

]
≤ Cr. (7.19)

(d1) The Airy window. For x = x∗
1 + ℓcς with ς in a bounded set, ec′P(x) = ℓ−2n1

c ep2(ς)(1 +
O(ℓc log 1

ℓc
)
)
, with an explicit continuous function p2 that does not depend on c (F.19).

Hence Lev ec′L ≍ ℓ−2n1
c ≍ c′ 4

3 n1 on the part x ≥ χ3 of the window, and Lev ec′L ≍
(x− x∗

1)−2n1 for ℓc ≪ x− x∗
1 ≪ 1.

(d2) Lobe and band in the window. In the variable ς the integrands of the lobe and of the first
cells of the band have one common factor, proportional to c′ 4

3 n1− 1
6 : on the part x∗

1 ≤ x < χ2
of the lobe |h0|V dt is at least this factor times a function of ς, and on each of the first
N1 cells of the band, for any fixed N1, h0V dt is at most this factor times another. The
integrals of these functions differ by O(ℓc) from those of explicit functions that do not
depend on c. The precise statement is Lemma G.2. It is used in section 7.9 only.

(e) Upper bound with detuning. Since supu h
+
∞(u) = 6 − 4 log 3 ≤ 1.606 ⟨cert⟩ (row 7), on

the cells n ≥ 6 we have supcell e
H+

n ≤ 5.0 e94/n+Cℓn, and

|B(x)| ec′L(x) ≤ 5.0 (1 + 4η2
0)2 eCdetη2

0 e2CL+94/n+Cℓn ec′P(x)+Jend(x), (7.20)

with an absolute constant Cdet ≤ 16.6 (Lemma F.7). In particular |B| ec′L ≤ Cr on
x ≥ x∗

1 + r.
(f) The lobe. For 0 ≤ x < χ2, with all functions evaluated at x,

log|Tχ2 | + c′U + c′Pχ5/2 ≤ log|B| ≤ log|Tχ2Tχ3 | + c′U + c′Pχ3 + 4ζ(2) η2
0. (7.21)

Here ζ(2) = π2/6 is the value of Riemann’s zeta function, U = −L on [x∗
1, χ2), and no

certified constant enters.

Proofs. Item (a) and Proposition 7.4 are proved in appendix F.5; (b) and (d1) in appendix F.1;
(c), (e) and (f) in appendix F.4, with the detuning estimate of appendix F.3; and (d2) in
appendix G.2. The proof of (b) takes one line: for x > χ2 the function x′ 7→ |log|Tx′(x)||
increases on [x∗

1, χ2], and c′P(x) is 2n1 times an average of it over this interval. The last
consequence in (b) then follows from tanh z ≤ z.

7.6 The transform by steepest descent

We compute ĥ0 on the band by stationary phase in the edge representation (7.8). This needs
the phase of B on the edge (Lemma 7.6) and a saddle-point lemma with explicit remainders
(Lemma 7.7). The comb drops out of the amplitude Amp, which depends only on the outer
factor and on F .

Lemma 7.6 (Edge phase; proved). Let c be so large that maxn εn ≤ 1
8 . On the strip 1

4 ≤ Im b ≤ 3
4 ,

and for Re ζ ≥ x∗
1, |Im ζ| ≤ 1

8 , let φζ(b) := log
(
−Tζ(b)

)
be the normalized branch of (D.4): it is

continuous in (b, ζ), it tends to 0 as Re ζ → ∞, and φζ( i
2) = 0. Let Φ0(b) :=

∫ ∞
x∗

1
ρU (x′)φx′(b) dx′

as in (D.7), and let logB be the branch with logB( i
2) = iπ. Then, on E+,

logB = c′Φ0 + Φ1, Re Φ0 = 0, Φ0
(

i
2
)

= 0, ∂v Im Φ0
(
v + i

2
)

= −4π
3 F (v), (7.22)

where F is the edge function (7.3). Moreover Φ1 = iπ− 2n1φ̄+O(c′−2/3), where φ̄ is the average
of φx′ over the absent charge on [x∗

1, χ2]; Re Φ1 = 0 on E+; and Φ1, Φ′
1, Φ′′

1 are bounded on the
whole strip 1

4 ≤ Im b ≤ 3
4 , uniformly in c′ and in Re b.
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The proof is in appendix D.3 (Lemma D.2). The term c′Φ0 is the continuum of Lemma 7.1,
continued across the edge. The three parts of Φ1 are the sign of the simple zero, the absent
charge, and the O(c′−2/3) from the detuning and the discreteness of the sites. In words: on the
edge the comb is a pure phase eic′ Im Φ0 , up to a slowly varying factor, and the derivative of this
phase is the edge function.

The saddles. By (7.9) the phase of the kernel H(1)
0 (kxb) along b = v + i

2 is kxv plus slowly
varying terms. The phase of the integrand of (7.8) is therefore c′[Im Φ0(v + i

2) + 4π
3 xv

]
at

leading order, and by (7.22) it is stationary where F (v) = x. Since F is even and increases from
F (0) = x∗

1, there are two saddles v = ±v0(x) when x > x∗
1, which coalesce at v = 0 as x ↓ x∗

1, and
none when x < x∗

1. The curvature there is −4π
3 c

′F ′(v0), with F ′(v0) = (sinh2 πx−1)1/2/ cosh πx;
it vanishes like (x− x∗

1)1/2 at the tip, so the next lemma stops at xI .

Lemma 7.7 (The transform on the band; proved). Let θon = 0.2 and xI = x∗
1 + c′−θon; any

θon ∈ ( 1
4n1

, 2
3) would do. For c large and every x ≥ xI ,

ĥ0
(
c′x2/3

)
= Amp(x)

[
cos Ψ̂(x) + εsd(x)

]
, (7.23)

with a real phase Ψ̂, given in (E.11), and

Amp(x) ec′L(x) = 4
sinh πx

( |b0|
xF ′(v0)

)1/2(
1 +O(1/c′)

)
, |εsd(x)| ≤ C

c′ min{1, v0(x)}3 . (7.24)

Here b0 = v0(x) + i
2 , and 4/ sinh πx = 2|sech2 πb0

2 | by Proposition 7.2(d): the comb does not
appear in the amplitude. Moreover

∣∣ĥ0
(
c′x2/3

)∣∣ ≤ Cglob F
′(v0)−1/2 e−πv0(x) e−c′L(x) (x ≥ xI), Cglob = 25. (7.25)

The first formula of (7.24) is (E.14) with the outer factor sech2, and its O(1/c′) is at most
0.33/|kxb0|. The second is (E.31); it is O(1/c′) deep in the band and at most Cc′−(1−3θon/2) =
Cc′−0.7 at xI . The bound (7.25) is Corollary E.3. The general statement is Lemma E.1, which
deforms the edge into the two steepest-descent paths through ±b0; its hypotheses (SD1)–(SD4)
are verified for the comb in appendix E.4, where the condition θon <

2
3 enters.

[orientation] At leading order Ψ̂′ = Ψ′, by the eikonal identity (D.13), so ĥ0 oscillates once
per cell, in step with h0 (figure 8); this is not used, since section 7.7 uses |cos Ψ̂| ≤ 1 only.

7.7 Positivity on the band beyond the onset (Region II)

In Region II, x ≥ xI , both sides of ĥ0 < h0 are known in units of the level: |ĥ0| ≤ Amp (1 + |εsd|)
by Lemma 7.7, and by the detuning h0 stays above a multiple of Lev that is fixed up to factors
which tend to one. The first lemma computes Amp/Lev, the second gives the floor, and the
criterion compares them.

Lemma 7.8 (The amplitude in units of the level; proved, computer-assisted). For c large and
every x ≥ xI ,

ϱ := Amp
Lev ≤ ϱ∞

(
1 +O(1/c′)

)
, ϱ∞(x) := 1

2
( |b0|
xF ′(v0)

)1/2
coth πx2 e

−2n1|log|Tx∗
1

(x)||
. (7.26)

The function ϱ∞ is explicit and does not depend on c. It vanishes like (x− x∗
1)2n1− 1

4 at the tip,
it tends to 1

2 as x → ∞, and

ϱ∞ ≤ 0.5029 ⟨cert⟩ on (x∗
1, 3], ϱ∞ ≤ 0.504 on [3,∞), ϱ∞ ≤ 0.41 ⟨cert⟩ on (x∗

1, 1.33].
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Proof. We divide (7.24) by (7.14). Since (sinh πx)−1 cosh2 πx
2 = 1

2 coth πx
2 ,

ϱ(x) = 1
2

( |b0|
xF ′(v0)

)1/2
coth πx2 e−c′P(x)−Jend(x) (

1 +O(1/c′)
)

:

the outer factor has canceled up to the factor coth. For c large xI > χ3, because
χ3 − x∗

1 ≍ ℓc ≪ c′−θon . So Jend ≥ 0 by (7.13), and c′P ≥ 2n1|log|Tx∗
1
(x)|| by Lemma 7.5(b).

This is (7.26). At the tip F ′(v0) ≍ (x − x∗
1)1/2 and |Tx∗

1
(x)| ≍ x − x∗

1, which gives the power;
as x → ∞ every factor except 1

2 tends to one. The bounds 0.5029 and 0.41 are rows 1 and
2 of table 4. Row 1 is verified in interval arithmetic on [x∗

1 + 10−3, 3], where ϱ∞ is largest at
the right end, ϱ∞(3) = 0.50271, and row 2 on the part x ≤ 1.33 of the same covering. On
(x∗

1, x
∗
1 + 10−3] we have |Tx∗

1
(x)| ≤ π

2 (x − x∗
1), F ′(v0) = sinh πv0/ cosh πx ≥ 2(x − x∗

1)1/2 (as
sinh2 πv0 = sinh2 πx − 1 ≥ 2

√
2π(x − x∗

1) by convexity), (|b0|/x)1/2 ≤ 1.34 and coth πx
2 ≤

coth πx∗
1

2 = 1 +
√

2, which give ϱ∞ ≤ 6 (x − x∗
1)13/4 < 10−8. For x ≥ 3 the bound is by hand:

F ′(v0) ≥ 0.9999; v0 < x, so (|b0|/x)1/2 ≤ (1 + 1
4x2 )1/4 ≤ (1 + 1

36)1/4 ≤ 1.0069; coth πx
2 ≤ 1.0002;

and the exponential is at most one. Then 1
2 · 1.0069 · 1.0002 · 0.9999−1/2 ≤ 0.5036 < 0.504.

Lemma 7.9 (The detuned floor; proved, computer-assisted). Let c ≥ catt
0 , let j ∈ {1, 4} and let

x lie in a cell n ≥ 2j + 4. Then
h0(x)

Lev(x) ≥ 1
4 e

H−
n,j(x)−2eL(x) ≥ µj

[
1 − Cj

( 1
n + ℓn

)]
e−2CL , µj := min

0≤u≤1
1
4 e

h−
j (u;η0), (7.27)

with Cj as in section 7.5, and for η0 = 1
4

µ1 ≥ 0.536 ⟨cert⟩, µ4 ≥ 0.699 ⟨cert⟩.
The factor in brackets tends to 1 as n → ∞. On a cell where it is not positive only the first
inequality has content.
This is (F.53); the proof is in appendix F.6, and the two numbers are row 3 of table 4. Every
pair beyond the 2j nearest is bounded below by its undetuned value, by (T2), and then by the
continuum. The minimum over the cell is attained at the sites, u ∈ {0, 1}, where one pair is at
its least value. Keeping more pairs exactly removes more of the loss in the midpoint rule, which
is why µ4 > µ1; as j → ∞, µj → sinh2 πη0 = 0.7546, the floor seen in figure 8(c).

The criterion. Let x ≥ xI lie in cell n, and let j ∈ {1, 4}. Since 2g = h0 − ĥ0, Lemmas 7.7
to 7.9 give

2g(t)
Lev(x) ≥ µj

[
1 − Cj

( 1
n + ℓn

)]
e−2CL − ϱ∞(x)

(
1 + |εsd(x)|

)(
1 +O(1/c′)

)
. (7.28)

No information on the phase Ψ̂ has been used. The factors that tend to one are controlled as
follows. In Region II the cell index is ≳ c′1−3θon/2, because c′N(xI) ≃ κtipc′ c′−3θon/2 by (6.22),
and ℓn ≤ ℓc; so the factor in brackets tends to 1 uniformly on Region II, and n ≥ 2j + 4 holds
there. The factor 1 + |εsd| tends to 1 uniformly by (7.24). We take catt

0 so large that, for
c ≥ catt

0 and all x ≥ xI , the bracket is at least 0.995 and (1 + |εsd|)(1 + O(1/c′)) ≤ 1.1. Also
e−2CL ≥ 0.988, by Lemma F.6(d). We use j = 1 where x ≤ 1.33, and j = 4 where x ≥ 1.33:

2g
Lev ≥ 0.995 · 0.536 · 0.988 − 0.41 · 1.1 ≥ 0.07 (xI ≤ x ≤ 1.33),
2g

Lev ≥ 0.995 · 0.699 · 0.988 − 0.504 · 1.1 ≥ 0.13 (x ≥ 1.33).
(7.29)

The second line uses 0.504, which covers both the certified 0.5029 on (x∗
1, 3] and the bound by

hand beyond 3. With j = 4 the second line alone holds on all of Region II, because its bracket
also tends to one there; the first line is kept to show the margin with the smaller hole. The cells
are open intervals; since g is continuous (section 7.10) and Lev is continuous and positive on
(χ2,∞), the inequalities (7.29) hold at the sites as well. Hence g > 0 on Region II for c ≥ catt

0 .
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7.8 The onset (Region I)

In Region I, χ2 ≤ x ≤ xI , the two saddles are too close for Lemma 7.7. Instead we compare a
crude upper bound for ĥ0, which exceeds the Cardy level by

√
c′, with lower bounds for h0 that

contain the overshoot, a larger power of c′.
The cells 2, . . . , 5 lie in Region I for c large, because χ6 −x∗

1 ≍ ℓc ≍ c′−2/3 ≪ c′−θon . On them
nothing is replaced by a continuum to the left of x, and h0 is bounded below by an exact finite
product (Lemma 7.12). On the cells n ≥ 6 that meet Region I the floor times the overshoot
(Lemma 7.11) exceeds the crude bound (Lemma 7.10).

Lemma 7.10 (Crude bound; proved). For every x > 0 with c′L(x) ≥ 1,
∣∣ĥ0

(
c′x2/3

)∣∣ ec′L(x) ≤ C
√
c′/x, and |ĥ0(t)| ≤ Cc′ for all t ≥ 0. (7.30)

Proof. We take absolute values in (7.8). On E+, |h0| = 2/ cosh πv by Proposition 7.2(d), and
kx|b| ≥ 1

2kx = c′L(x) ≥ 1, so (7.9) applies with |1 + εH | ≤ 1.33. Hence

|ĥ0| ≤ 2πc′

3

∫ ∞

−∞

2
cosh πv

( 2
πkx|b|

)1/2
1.33 e−c′L(x) |b| dv ≤ C c′ (c′x)−1/2 e−c′L(x)

∫ ∞

−∞

|b|1/2

cosh πv dv,

and the last integral is a number. For the second bound we use |J0| ≤ 1 on the real axis in (2.9):
|ĥ0| ≤ 2π

∫ ∞
0 |h0| dt = 4πc′

3
∫ ∞

0 |h0(x)|xdx ≤ Cc′, because |h0(x)| ≤ 4e−πx.

Lemma 7.11 (Overshoot; proved, computer-assisted). Let c ≥ catt
0 . On the cells n ≥ 6,

|B(x)| ec′L(x) ≥ 32 η2
0 e

−C( 1
n

+ℓn)−2CL

( 2
π(x− x∗

1)
)2n1

≥ cT η
2
0
( 2
π(x− x∗

1)
)2n1

, (7.31)

with an absolute constant cT > 0. Only the positivity of cT is used.

This is (F.38), proved in appendix F.4. It follows from the lower bound of Lemma 7.5(a) with
Jend ≥ 0, from the last consequence in Lemma 7.5(b), and from minu e

h−
∞(u;η0) ≥ 32η2

0 ⟨cert⟩
(row 8 of table 4). The exponent in the middle is bounded because 1

n ≤ 1
6 and ℓn ≤ ℓc.

Now let x ≤ xI lie in a cell n ≥ 6. Then x− x∗
1 ≤ c′−θon , and sech2 πx

2 is bounded below, so
Lemma 7.11 and Lemma 7.10 give

h0 e
c′L ≥ C−1(x− x∗

1)−2n1 ≥ C−1c′ 2n1θon = C−1c′ 0.7, |ĥ0| ec′L ≤ C c′ 1/2,

and g > 0 for c large, because 2n1θon >
1
2 , that is, θon >

1
4n1

(figure 8).

Lemma 7.12 (First cells; proved, computer-assisted). Let c ≥ catt
0 . On the cells n = 3, 4, 5,

h0 ≥ Lev e−Jend µI
n

(
1 − Cℓc log 1

ℓc

)
, µI

3 ≥ 0.679, µI
4 ≥ 0.683, µI

5 ≥ 0.686 ⟨cert⟩, (7.32)

and on the whole of cell 2,

h0(x) ≥ Lev e−Jend µslope
x− χ2
χ3 − χ2

(
1 − Cℓc log 1

ℓc

)
, µslope = 0.686 ⟨cert⟩. (7.33)

On these cells Lev e−Jendec′L ≍ ℓ−2n1
c ≍ c′ 4

3 n1 ≫
√
c′.

The proof is in appendix F.7 (Lemma F.12), and the numbers are row 4 of table 4. Here all
the sites up to χn+4 are kept exactly, and the midpoint rule is used only beyond them. In the
Airy variable ς = (x− x∗

1)/ℓc the finite product becomes a function on each cell that does not
depend on c, and µI

n is its minimum (F.57). The unit is Lev e−Jend and not Lev because the
exact block reaches the end of the comb: there is no end term, and there is no loss e±2CL . Its
size is Lemma 7.5(d1). On cell 2 the function h0 vanishes at the left end, so the bound is a
multiple of the distance to the zero.
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Conclusion for Region I. On the cells 3, 4, 5 we have h0 ec′L ≥ C−1c′ 4
3 n1 against |ĥ0| ec′L ≤

C
√
c′, so g > 0 for c large. On cell 2,

2g ec′L ≥ C−1c′ 4
3 n1 x− χ2

ℓc
− C c′1/2,

which is positive as soon as x− χ2 ≥ Cℓc c
′ 1

2 − 4
3 n1 = C c′−5/2, that is, t− t⋆ ≥ Cc′−3/2. There is

no uniform margin at the simple zero; hence the offset in Theorem 5(ii), which is far larger than
needed. The bounds of Lemmas 7.11 and 7.12 are inequalities between continuous functions
of x; proved on the open cells, they hold at the sites χn, n ≥ 3, as well. With the cells n ≥ 6
treated above, g > 0 on t⋆ + o(1/c′) ≤ t ≤ c′x2

I/3.

7.9 The vacuum inequality

The vacuum value is a competition between the negative lobe of h0 below t⋆ and the positive
band beyond it, both weighted with the Cardy weight V . The lobe wins: the proof gives the
factor 1/Rvac ≥ 8. The omitted site is what makes it so: the stretch from the first site of the
law to χ2, which would otherwise be the first cell of the band, belongs to the lobe.

By Lemma 7.3(b) and Proposition 7.2(b),(c),

gvac = 1
2 h0,vac + π

(
|Lobe| − Band

)
, Lobe :=

∫ t⋆

0
h0 V dt, Band :=

∫ ∞

t⋆

h0 V dt, (7.34)

with Lobe < 0 < Band and |h0,vac| ≤ 8. The transform ĥ0 enters only through the hypothesis
of Lemma 7.3(b), which is verified in section 7.10. By Lemma 7.5(d1) both integrals are
dominated by a window of width O(ℓc) around x∗

1, where |B| ec′L is of order ℓ−2n1
c . In the

variable ς = (x − x∗
1)/ℓc the lobe and the first N1 cells of the band are one common factor,

proportional to c′ 4
3 n1− 1

6 = c′13/6, times integrals that do not depend on c (Lemma 7.5(d2)). The
later cells, up to a fixed distance from the tip, carry the same factor times a small number, because
the overshoot decays like ς−2n1 , and the rest of the band contributes O(

√
c′), by Lemma 7.5(e).

The common factor cancels from the ratio.

Proposition 7.13 (Vacuum inequality; proved, computer-assisted). There is a number Rvac < 1,
which does not depend on c, such that for c ≥ catt

0

Band ≤ Rvac |Lobe|, Rvac := R̂vac(N1)+δtail+0.01 ≤ 0.1021+0.02, N1 = 100, (7.35)

and |Lobe| → ∞ as c → ∞, at least like c′13/6. Hence gvac ≥ π(1 − Rvac)|Lobe| − 4 > 0.
Here R̂vac(N1) is the scaled vacuum ratio (G.15), the ratio of the c-independent integrals of
Lemma 7.5(d2) over the first N1 cells of the band and over the lobe, and R̂vac(100) ≤ 0.1021
⟨cert⟩ (row 11 of table 4); the term δtail := Ctail

ILobe

(N1− 1
4 )−5/3

2.5 ≤ 0.01 bounds the cells beyond them,
by hand, with the explicit constant Ctail of Lemma G.5 and the scaled integral ILobe over the lobe;
and 0.01 covers the corrections at finite c.

The proof is in appendix G, and the assembly is in appendix G.5. Besides Lemma 7.5(d2),(e),(f),
it uses the two-sided asymptote V = as(c′L) [(1 − e−4πx)2 + O(1/c′)] of the Cardy weight
(Lemma B.4, (B.7)). It matters that the asymptote is two-sided: the lobe is bounded below and
the band above, and both must be measured with the same weight; with the one-sided bound
V ≤ ec′L on the band the estimate of the ratio would be larger by the factor 1.92

√
c′, and would

exceed one (appendix G.5). Only Rvac < 1 is needed, so the margin is wide.

7.10 Membership, end of the proof, and a numerical illustration

It remains to check that g belongs to Ā, which also supplies the hypothesis of Lemma 7.3.
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Membership. On the real axis |h0| ≤ 4e−πx|B|. By Lemma 7.5(c), |B| ≤ C(c) e−c′L for
x ≥ χ2, and |B| ≤ 1 below χ2, where e−c′L is bounded below. So h0 is continuous and
|h0(t)| ≤ C(c) e−c′L(x)−πx for t ≥ 0. In particular h0 is integrable, so ĥ0 is continuous. Both are
real for t ≥ 0: Tχ2 is real on the real axis and the other factors of B come in conjugate pairs,
and the kernel of (2.9) is real. For x ≥ xI the bound (7.25) gives |ĥ0| ≤ C(c) e−c′L−πx: indeed
eπv0 ≥ cosh πv0 = sinh πx, so e−πv0 ≤ Ce−πx, and F ′(v0)−1/2 ≤ Cc′θon/4 there. For x ≤ xI

we have |ĥ0| ≤ Cc′ by Lemma 7.10, and e−c′L−πx is bounded below. This is the hypothesis
of Lemma 7.3(a),(b), and with it the decay stated in Theorem 5. Thus g = 1

2(h0 − ĥ0) is
real and continuous on [0,∞). The three conditions of Definition 2.5 follow. Condition (i) is
the integrability just shown. Condition (ii) is Lemma 7.3(a). For (iii), V ≤ (4π2t/a) ec′L by
Lemma B.2(d), so |g|V ≤ C(c) t e−πx, which is integrable.

End of the proof of Theorem 5. Part (i) is the preceding paragraph. For (ii), section 7.7
gives g > 0 for x ≥ xI , and section 7.8 gives g > 0 for t⋆ + o(1/c′) ≤ t ≤ c′x2

I/3; these cover
t ≥ t⋆ + 1. Part (iii) is Proposition 7.13. Let catt

0 be the largest of the finitely many thresholds
met on the way. Each of them is explicit in principle, and none has been computed.

A numerical illustration [numerical]. At c = 128, 256, 512, 1024 the smallest sampled
value of g, in units of h0 at the middle of the same cell, lies between +0.065 and +0.080; it is
attained at the first pair of detuned sites, and deep in the band the same ratio is about 0.35. Also
Band/|Lobe| ∈ [0.074, 0.081]. The proof uses none of these numbers. At c = 256 the functional
would give ∆1 ≤ a+ t⋆ + 1 = 32.3, against the numerical optimum 29.72 of table 2.

Three things are not claimed: that the optimal functional has this form; that 0.483 is the
best constant in (7.5); and anything at a specific finite c.

8 From functionals to CFT spectra
Theorem 5 supplies a feasible function in Ā. That such a function constrains every conformal
field theory is Theorem 2, which we prove in this section, without a computer; Corollary 6 then
follows at once.

8.1 The issue, the idea, and the statement

The sum rule (2.5) came from applying a functional to the crossing equation term by term.
For a functional of finite order with compact support in β this is termwise differentiation of a
series of exponentials that converges uniformly with all its derivatives. A function g ∈ Ā is only
continuous and integrable against the Cardy weight. If it comes from a functional ω at all, the
support of ω may reach the boundary of moduli space, β → 0 and β → ∞, and exchanging ω
with the sum over primaries is then a genuine condition, the analogue of the swapping conditions
for four-point functions [35, 36, 68]. Two things can go wrong. First, ∑

n dn g(tn) need not
converge absolutely: the primaries can sit anywhere, their number grows like the Cardy density,
and M [g] < ∞ controls |g| only in the mean. Second, the vacuum sits at t = −a, that is, at
b = ±i/2 in the variable of section 2.5, off the real axis, where g is not given but defined by the
eigen-identity (Definition 2.5); one must show that gvac = −

∫
g ρC so defined is what crossing

assigns to the vacuum.

The idea. We never construct ω. We expand g in the Laguerre functions ψk of (2.10). Because
ĝ = −g only odd k occur, and each odd ψk is a derivative functional of finite order at β = 1,
which annihilates the crossing equation. The Laguerre series of g cannot be summed against the
spectrum term by term, because its partial sums need not converge there. We therefore insert
a factor rk with 0 < r < 1 and consider the Abel mean Abrg = ∑

k r
kgkψk, where gk are the
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Laguerre coefficients of g. On the crossing kernel this regulator is a contraction of the modulus
toward the self-dual point: AbrΞβ is a multiple of Ξβr , where ϖ(βr) = r ϖ(β) in the variable
ϖ := (β − 1)/(β + 1), so that βr stays in the compact interval [1−r

1+r ,
1+r
1−r ]. Each Abel mean thus

behaves as a functional supported strictly inside moduli space, and the sum rule holds for Abrg
at every r < 1 at no cost beyond Ẑ(β) < ∞.

The content of the theorem is the removal of the regulator, r ↑ 1, which lets the support
reach the cusps where the Cardy growth lives. The Abel mean is an integral operator with a
positive, symmetric kernel, known in closed form, which concentrates on the diagonal as r ↑ 1.
The vacuum enters through its S-image, the Cardy continuum on t ≥ 0, and symmetry moves
Abr from g onto ρC . The kernel preserves the Cardy growth of ρC up to a constant factor,
uniformly in r (Lemma 8.1), so M [g] < ∞ is exactly the domination that dominated convergence
requires, and the vacuum side tends to

∫
g ρC = −gvac. On the primary side no domination is

available. Feasibility supplies a sign instead, and for non-negative terms Fatou’s lemma needs
none: the sum of the lower limits is at most the lower limit of the sum, ∑

n lim infr ≤ lim infr
∑

n.
It applies to the positive part g+. The negative part g−, the lobe, lives on [0, T ], below every
primary by hypothesis, and its leakage onto the primaries, a Gaussian tail of the kernel, vanishes
against the Cardy growth of their number. The outcome is 0 ≤

∑
n dn g(tn) ≤ −gvac < 0.

The statement. This proves Theorem 2: for c ≥ 40, if g ∈ Ā is feasible at some T > 0, then
no admissible spectrum (Definition 2.1) has all its primaries at tn ≥ T . The argument is by
contradiction from tn ≥ T > 0 for all n, so light primaries never enter it, while in the conclusion
the primary with tn < T may be a light one. The hypothesis that there are no conserved currents
beyond Virasoro (section 2.1) cannot be dropped within this framework: a current J enters
every sum rule as dJ [g(tJ) − g(tJ + 1)], a difference whose sign feasibility does not control.

8.2 Set-up

We list what section 8.3 uses, so that the proof can be checked line by line. Classical facts about
Laguerre polynomials are quoted from [69]; everything else is proved.

Conventions. Throughout this section u := 4πt and σ :=
√
u and likewise for u′; a function

of t ≥ 0 is regarded as a function of u without change of name, and Lp(du) refers to [0,∞).
Thus ψk = Lk(u)e−u/2. We write eβ(t) := e−2πβt = e−βu/2, so that Ξβ = eβ − β−1e1/β by (2.4);
r ∈ (0, 1) is the Abel ratio. For a spectrum {(tn, dn)} with all tn ≥ 0 the signed spectral measure
and its pairing with a function f on [0,∞) are

m :=
∑

n

dn δtn − ρC(t) dt, ⟨m, f⟩ :=
∑

n

dn f(tn) −
∫ ∞

0
ρC f dt, (8.1)

and |m| is the same measure with a plus sign. By (2.12) the vacuum term of Ẑ(β) equals
β−1 ∫ ∞

0 ρC e1/β dt, so the crossing equation (2.3) reads ⟨m,Ξβ⟩ = 0: the vacuum has been traded
for its S-image, and only t ≥ 0 occurs. Growth and decay are measured by the weights

Wq,ℓ(t) := (1 + u)q eℓσ (q, ℓ ∈ R), ℓa := 2
√
πa, 0 ≤ ρC ≤ CρW−1/4,ℓa

. (8.2)

Here eℓaσ = e4π
√

at = ec′L(x) is the Cardy factor. The upper bound on ρC , with Cρ = Cρ(a),
follows from ρC = 2πV ≤ 4πKa and Ka = I0(ℓaσ) ≤ 1.18 eℓaσ/

√
1 + ℓaσ (Lemma B.4(c));

ρC ≥ 0 by Lemma B.2(a). Since c is fixed, constants may depend on a; what matters is
uniformity in r.

Five facts about the spectrum. Let {(tn, dn)} be an admissible spectrum with all tn ≥ 0,
and NZ(R) := ∑

tn≤R dn its counting function.
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(Z1)
∫
e−2πβt d|m|(t) < ∞ for every β > 0: the sum over primaries is at most Ẑ(β), and the

integral is the right side of (2.12).
(Z2) ⟨m,Ξβ⟩ = 0 for every β > 0, with absolute convergence. (Z1) and (Z2) restate the

definition of an admissible spectrum.
(Z3) Cardy counting bound. NZ(R) ≤ CZ

√
R/a e4π

√
aR for all R ≥ a, where CZ := 1 + Ẑ(1).

Consequently NZ(t) ≤ CN (1 + σ) eℓaσ for all t ≥ 0, where CN := CZ e
4πa max(1, a−1/2).

(Z4) For every odd k, ∑
n dn|ψk(tn)| < ∞ and ⟨m, ψk⟩ = 0.

(St) Stieltjes summation. If ϕ ≥ 0 is C1 and non-increasing on [T0,∞), then ∑
tn≥T0 dn ϕ(tn) ≤

lim supR→∞ ϕ(R)NZ(R)+
∫ ∞

T0
NZ |ϕ′| dt. This is integration by parts in

∫
[T0,R] ϕ dNZ , with

the boundary term −ϕ(T0)NZ(T−
0 ) ≤ 0 dropped.

Proof of (Z3). This is Chebyshev’s inequality (a sum of positive terms bounds each of its parts)
for Ẑ(β) at small β, after crossing. For β′ ≥ 1, with ∆n = tn + a > 0, Ẑ(β′) e−2πaβ′ =
(1 − e−2πβ′)2 + ∑

n dne
−2πβ′∆n ≤ 1 + ∑

n dne
−2π∆n ≤ CZ . For R ≥ a put β :=

√
a/R ≤ 1. Every

term with tn ≤ R has e−2πβtn ≥ e−2πβR, so by (2.3)

NZ(R) e−2πβR ≤
∑

n

dn e
−2πβtn ≤ Ẑ(β) = β−1Ẑ(1/β) ≤ β−1CZ e

2πa/β = CZ

√
R/a e2π

√
aR,

and multiplying by e2πβR = e2π
√

aR gives the first claim. It implies the second for t ≥ a, because√
t/a ≤ a−1/2σ and 4π

√
at = ℓaσ; for t ≤ a use NZ(t) ≤ NZ(a) ≤ CZ e

4πa.

Laguerre functions. The generating function of the Laguerre polynomials [69, (5.1.9)] is∑
k≥0 Lk(u)wk = (1 −w)−1e−uw/(1−w) for |w| < 1. Multiply it by e−u/2 and put w = ϖ := β−1

β+1 ,
so that 1

2 + w
1−w = β

2 and 1 −ϖ = 2
β+1 ; the map β 7→ ϖ takes (0,∞) onto (−1, 1) and 1/β to

−ϖ. Then
eβ = (1 −ϖ)

∑

k≥0
ϖk ψk. (8.3)

The Laguerre functions are orthonormal [69, (5.1.1)],
∫ ∞

0 ψjψk du = δjk, so the coefficients
gk :=

∫ ∞
0 g ψk du of g ∈ L2(du) obey Bessel’s inequality ∑

k|gk|2 ≤ ∥g∥2
L2(du). Cauchy’s estimate

for the coefficient of wk in the generating function on the circle |w| = θ, where |1 − w| ≥ 1 − θ
and Re w

1−w ≥ − θ
1+θ , gives after multiplication by e−u/2 the Cauchy bound

|ψk(u)| ≤ θ−k

1 − θ
e−ϵθu, ϵθ := 1 − θ

2(1 + θ) > 0, 0 < θ < 1, k ≥ 0, u ≥ 0. (8.4)

The Fourier parity ψ̂k = (−1)kψk of (2.10) follows from (8.3). By (2.8) the transform of eβ is
β−1e1/β, and β−1(1 +ϖ) = 1 −ϖ. The series (8.3) converges in L1(R2) by (8.4) and may be
transformed term by term: ∑

k ϖ
kψ̂k = (1 −ϖ)−1β−1e1/β = ∑

k(−ϖ)kψk, the last step being
(8.3) at 1/β; now compare coefficients. The same computation expands the crossing kernel:

Ξβ = eβ − β−1e1/β = (1 −ϖ)
∑

k≥0

[
1 − (−1)k]

ϖkψk = 4
β + 1

∑

k odd
ϖk ψk. (8.5)

In particular an odd ψk is the coefficient of ϖk in β+1
4 Ξβ, a combination of the derivatives

∂j
βΞβ

∣∣
β=1 with 1 ≤ j ≤ k: it is a derivative functional (2.6).

Proof of (Z4). Let Υϖ := ∑
k oddϖ

kψk. Multiplying (Z2) by β+1
4 and using (8.5) gives∑

n dnΥϖ(tn) =
∫ ∞

0 ρCΥϖ dt for every ϖ ∈ (−1, 1). Fix θ ∈ (0, 1). By (8.4), ∑
k|ϖ|k|ψk(u)| ≤

(1 − θ)−1(1 − |ϖ|/θ)−1e−ϵθu for |ϖ| < θ, and e−ϵθu = e−4πϵθt is |m|-integrable by (Z1). Hence
for |ϖ| < θ both sides converge absolutely as double series and can be rearranged into power
series in ϖ, whose coefficients ∑

n dnψk(tn) and
∫ ∞

0 ρC ψk dt, with k odd, converge absolutely.
Two power series that agree on an interval have equal coefficients.
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The Abel mean. The Hille–Hardy formula [69, Theorem 5.1], [67, (18.18.27)] sums products
of Laguerre functions against a geometric weight: for 0 < r < 1 and u, u′ ≥ 0,

∑

k≥0
rk ψk(u)ψk(u′) = Kr(u, u′) := 1

1 − r
exp

(
− 1 + r

2(1 − r) (u+ u′)
)
I0

(2
√
r uu′

1 − r

)
, (8.6)

the series converging absolutely by (8.4) with θ = r1/4. The Abel kernel Kr is positive and
symmetric. By the Laplace formula (2.11) its total mass is mr(u) :=

∫ ∞
0 Kr(u, u′) du′ =

2
1+r exp

(
− 1−r

2(1+r)u
)
; thus 0 < mr < 2, and mr(u) → 1 as r ↑ 1. For measurable f with∫ ∞

0 Kr(u, u′)|f(u′)| du′ < ∞ the Abel mean is Abrf(u) :=
∫ ∞

0 Kr(u, u′)f(u′) du′. It is linear and
positive, so |Abrf | ≤ Abr|f |. For g ∈ L1(du) ∩ L2(du) it is the Abel-summed Laguerre series,
and it decays exponentially in u, whatever the decay of g:

Abrg =
∑

k≥0
rk gk ψk, |Abrg(u)| ≤

∥g∥L2(du)

(1 −
√
r)

√
1 − r

e−ϵ√
r u. (8.7)

For the first statement insert gk =
∫
g ψk du′ and sum under the integral by (8.6); this is permitted

because (8.4) with θ = r1/4 bounds rk|ψk(u)ψk(u′)| by (1 − r1/4)−2rk/2, and g ∈ L1(du). For
the second, bound |Abrg(u)| by ∑

k r
k|gk||ψk(u)| and use (8.4) with θ =

√
r, then the Cauchy–

Schwarz and Bessel inequalities. Finally, by (8.5) and orthonormality the coefficients of Ξβ are
4

β+1ϖ
k for odd k and zero for even k, so AbrΞβ = 4

β+1
∑

k odd(rϖ)kψk, which is (8.5) at the
modulus βr where ϖ takes the value r ϖ(β):

Abr Ξβ = 1 + βr

1 + β
Ξβr , βr := 1 + rϖ

1 − rϖ
, ϖ(βr) = r ϖ(β), βr ∈

[1 − r

1 + r
,
1 + r

1 − r

]
. (8.8)

The kernel on weighted spaces. The proof needs Abr to be bounded uniformly in r, and
to tend to the identity, on functions that grow or decay like the Cardy factor. These are (K1)
and (K3) of the next lemma; (K2) serves only to prove (K3). The proof is a Gaussian estimate
and can be skipped at first reading.

Lemma 8.1 (Abel kernel on Cardy weights; proved). Fix q, ℓ ∈ R. There is a constant
CK = CK(|q|, |ℓ|) such that for all r ∈ [1

4 , 1) and all u ≥ 0:
(K1) AbrWq,ℓ(u) ≤ CK Wq,ℓ(u);
(K2) for every ϵ > 0,

∫

|σ′−σ|≥ϵ
Kr(u, u′)Wq,ℓ(u′) du′ ≤ CK

[
Wq,ℓ(u) e− ϵ2

4(1−r) +
W|q|+ 1

2 ,|ℓ|(u)
1 − r

e
− max(u/4, 1)

4(1−r)
]
, (8.9)

which tends to 0 as r ↑ 1 at fixed u;
(K3) if f is continuous on [0,∞) and |f | ≤ Cf Wq,ℓ, then Abrf(u) → f(u) as r ↑ 1, for every

u ≥ 0.

Proof. We bound the kernel by a Gaussian in σ′ − σ of width of order (1 − r)1/2 and split the
integral into a near part, where the weight is comparable to its value at u, and a far part, where
the Gaussian wins. Let γr := 2

√
r/(1 − r), so that the argument of I0 in (8.6) is γrσσ

′. Since
1+r

2(1−r) = γr

2 + (1−√
r)2

2(1−r) ≥ γr

2 and I0(z) ≤ 1.18 ez/
√

1 + z (Lemma B.4(c)),

Kr(u, u′) ≤ 1.18
1 − r

(
1 + γrσσ

′)−1/2
e− γr

2 (σ−σ′)2
. (8.10)

For r ≥ 1
4 we have γr(1 − r) = 2

√
r ∈ [1, 2], hence γr ≥ (1 − r)−1 ≥ 1. Let s := σ′ − σ, so that

du′ = 2σ′ ds, and σ∗ := max(σ/2, 1); the near set is {|s| ≤ σ∗}, the far set its complement. In
this proof C denotes constants that depend only on |q| and |ℓ|.
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Near set. If σ ≥ 2 then σ′ ∈ [σ/2, 3σ/2] and (1 + u′)/(1 + u) ∈ [1
4 ,

9
4 ]; if σ ≤ 2 then σ′ ∈ [0, 3]

and (1 + u′)/(1 + u) ∈ [1
5 , 10]. Thus (1 + u′)q ≤ 10|q|(1 + u)q, while eℓσ′ ≤ eℓσe|ℓ||s|, and by (8.10)

∫

near
Kr Wq,ℓ du′ ≤ CWq,ℓ(u)

1 − r

∫

near
2σ′(1 + γrσσ

′)−1/2
e− γr

2 s2+|ℓ||s| ds. (8.11)

If γrσ
2 ≥ 1, then 2σ′(1+γrσσ

′)−1/2 ≤ 2
√
σ′/(γrσ) ≤ 2γ−1/2

r
(
1+

√
|s|/σ

)
≤ 2γ−1/2

r
(
1+γ1/4

r |s|1/2)
,

and the substitution s = z/
√
γr bounds the last integral by 2γ−1

r

∫
R(1 + |z|1/2) e−z2/2+|ℓ||z| dz. If

γrσ
2 < 1, then (1 + γrσσ

′)−1/2 ≤ 1 and 2σ′ ≤ 2(γ−1/2
r + |s|), and the same substitution gives

2γ−1
r

∫
R(1 + |z|) e−z2/2+|ℓ||z| dz. Either way the right side of (8.11) is at most CWq,ℓ(u)/

(
γr(1 −

r)
)

≤ CWq,ℓ(u).
Far set. There γr

2 s
2 ≥ γr

4 s
2 + γr

4 σ
2
∗, and 1 + σ′2 ≤ 2(1 + σ2)(1 + s2) gives 2σ′Wq,ℓ(u′) ≤

CW|q|+ 1
2 ,|ℓ|(u) (1+s2)|q|+ 1

2 e|ℓ||s|. Since γr ≥ 1, the integral of the last two factors against e−γrs2/4

is bounded uniformly in r; with (1 + γrσσ
′)−1/2 ≤ 1 in (8.10),

∫

far
Kr Wq,ℓ du′ ≤ CW|q|+ 1

2 ,|ℓ|(u) e
−γrσ2

∗/4

1 − r
. (8.12)

Now γrσ
2
∗/4 ≥ λ/(1 − r) with λ := max(σ2, 4)/16 ≥ 1

4 , and (1 − r)−1e−λ/(1−r) = e−λ (1 −
r)−1e−λr/(1−r) ≤ e−λ supx≥0(1 + x)e−x/4. Since W|q|+ 1

2 ,|ℓ|(u) e−λ ≤ CWq,ℓ(u), a Gaussian in σ

beating every weight, the far part is at most CWq,ℓ(u) as well. This proves (K1).
(K2). On the part of the near set with |s| ≥ ϵ we write e− γr

2 s2 ≤ e−γrϵ2/4 e− γr
4 s2 and repeat

the near estimate with γr/4 in place of γr/2; this changes only the constants and produces
the factor e−γrϵ2/4 ≤ e−ϵ2/4(1−r). On the far set, (8.12) already carries (1 − r)−1e−γrσ2

∗/4 ≤
(1 − r)−1e−σ2

∗/4(1−r) with σ2
∗ = max(u/4, 1).

(K3). Fix u and ϵ > 0, and let oscϵ := sup{|f(u′) − f(u)| : |σ′ − σ| ≤ ϵ}. Then |Abrf(u) −
mr(u)f(u)| ≤ oscϵmr(u)+

∫
|σ′−σ|≥ϵ Kr(u, u′)

(
Cf Wq,ℓ(u′)+|f(u)|

)
du′. As r ↑ 1 the integral tends

to 0 by (K2), applied to Wq,ℓ and to W0,0, and mr(u) → 1; hence lim supr↑1|Abrf(u) − f(u)| ≤
oscϵ, which tends to 0 with ϵ because f is continuous at u.

8.3 Proof of Theorem 2

Proof of Theorem 2. Let c ≥ 40, let g ∈ Ā be feasible at T > 0, and suppose that an admissible
spectrum has tn ≥ T for all n; it has no light primaries, so (Z1)–(Z4) and (St) apply. We derive
a contradiction in four steps: (i) the sum rule for the Abel means Abrg; (ii) the limit r ↑ 1 on
the continuum side, by dominated convergence; (iii) the vanishing of the leakage of the lobe;
(iv) Fatou’s lemma on the primaries.

Step (i): the sum rule for Abel means. By Definition 2.5,
∫ ∞

0 |g| dt < ∞, and ∥g∥∞ ≤
2π

∫ ∞
0 |g| dt by g = −ĝ and |J0| ≤ 1 in (2.9); so g ∈ L1(du) ∩ L2(du). Its Laguerre coefficients

vanish for even k: by ψ̂k = (−1)kψk, by
∫
R2 ĝ ψk =

∫
R2 g ψ̂k (Fubini’s theorem) and by ĝ = −g,

we have gk = (−1)k
∫ ∞

0 ĝ ψk du = −(−1)kgk. Let 0 < r < 1. The function Abrg obeys (8.7), so
⟨m,Abrg⟩ converges absolutely by (Z1). Moreover, by (8.4) with θ =

√
r, ∑

k r
k|gk|

∫
|ψk| d|m| ≤

(1 −
√
r)−1(∑

k r
k/2|gk|

) ∫
e−ϵ√

ru d|m| < ∞, so the series in (8.7) may be paired with m term by
term: ⟨m,Abrg⟩ = ∑

k odd r
kgk ⟨m, ψk⟩ = 0 by (Z4). Thus, with both sides absolutely convergent,

∑

n

dn Abrg(tn) =
∫ ∞

0
ρC Abrg dt for every r ∈ (0, 1). (8.13)

Step (ii): the continuum side. By the symmetry of Kr, Tonelli’s theorem, (8.2) and
(K1),

∫ ∞
0

∫ ∞
0 ρC(u) Kr(u, u′)|g(u′)| dudu′ =

∫ ∞
0 |g| AbrρC du′ ≤ CρCK

∫ ∞
0 |g|W−1/4,ℓa

du′. The
right side is finite. Indeed, by Lemma B.2(c) and (e), for t ≥ ξ∗

1c
′ we have V ≥ 0.9Ka ≥

0.9 e−2eℓaσ/
√
ℓaσ ≥ c∗W−1/4,ℓa

with a constant c∗ = c∗(a) > 0, so that
∫

t≥ξ∗
1c′ |g|W−1/4,ℓa

dt ≤
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c−1
∗ M [g] < ∞, while on [0, ξ∗

1c
′] the weight is bounded and g is integrable. Hence Fubini’s theorem

gives
∫
ρC Abrg dt =

∫
gAbrρC dt. As r ↑ 1, AbrρC → ρC pointwise by (K3), since ρC is continu-

ous and bounded by CρW−1/4,ℓa
, and |gAbrρC | ≤ CρCK |g|W−1/4,ℓa

, an integrable function that
does not depend on r ∈ [1

4 , 1). By dominated convergence,
∫ ∞

0 ρC Abrg dt →
∫ ∞

0 ρC g dt = −gvac
as r ↑ 1.

Step (iii): the leakage of the lobe. The lobe lives on [0, T ], the primaries on [T,∞), and what
the kernel carries from the one to the others vanishes as r ↑ 1: below T + 1 by (K3), and beyond
T + 1 because across the gap the Gaussian tail of the kernel beats the Cardy growth of NZ .
Let g± := max(±g, 0), so that g+ = g + g−. Both are continuous with 0 ≤ g± ≤ ∥g∥∞, and
supp g− ⊂ [0, T ] because g ≥ 0 on [T,∞). Let uT := 4πT , σT := √

uT , ϵ :=
√

4π(T + 1)−σT > 0
and Cg := 1.18uT ∥g∥∞. For t ≥ T and u′ ≤ uT we have (σ − σ′)2 ≥ (σ − σT )2, so (8.10) gives
Abrg−(t) ≤ ∥g∥∞

∫ uT
0 Kr(u, u′) du′ ≤ ϕr(t) := Cg(1 − r)−1e− γr

2 (σ−σT )2 , and ϕr is C1 and non-
increasing on [T,∞). The primaries in [T, T + 1) carry total degeneracy at most NZ(T + 1) < ∞;
at each of them 0 ≤ Abrg−(tn) ≤ ∥g∥∞mr ≤ 2∥g∥∞ and Abrg−(tn) → g−(tn) = 0 by (K3) with
q = ℓ = 0, so ∑

tn<T +1 dn Abrg−(tn) → 0 by dominated convergence. For those in [T + 1,∞)
we use (St) and (Z3): ∑

tn≥T +1 dn Abrg−(tn) ≤ lim supR ϕr(R)NZ(R) +
∫ ∞

T +1 NZ |ϕ′
r| dt. The

first term vanishes: ϕr is a Gaussian in σ and NZ at most exponential in σ. In the second,
|ϕ′

r| dt = Cg(1−r)−1γr (σ−σT ) e− γr
2 (σ−σT )2dσ. With s := σ−σT ≥ ϵ and e− γr

2 s2 ≤ e−γrϵ2/4e−s2/4,
which holds because γr ≥ 1 for r ≥ 1

4 ,
∫ ∞

T +1
NZ |ϕ′

r| dt ≤ C ′ γr

1 − r
e−γrϵ2/4, C ′ := CgCN

∫ ∞

0
(1 + σT + s) s eℓa(σT +s)−s2/4 ds, (8.14)

and C ′ does not depend on r. Since (1 − r)−1 ≤ γr → ∞, this tends to 0 as r ↑ 1. Hence∑
n dn Abrg−(tn) → 0 as r ↑ 1, and the sum is finite for each r ∈ [1

4 , 1).
Step (iv): Fatou’s lemma on the primaries. Since Kr > 0, the function Abrg+ = Abrg+Abrg−

is non-negative, and at every primary Abrg+(tn) → g+(tn) = g(tn) by (K3). By (8.13) and steps
(ii) and (iii), ∑

n dn Abrg+(tn) =
∫ ∞

0 ρC Abrg dt+ ∑
n dn Abrg−(tn) → −gvac. Fatou’s lemma [65,

1.28] for the positive measure ∑
n dnδtn , along any sequence rj ↑ 1, now gives

0 ≤
∑

n

dn g(tn) =
∑

n

dn lim
j→∞

Abrjg+(tn) ≤ lim inf
j→∞

∑

n

dn Abrjg+(tn) = −gvac < 0, (8.15)

a contradiction. Hence some primary has tn < T . For the last assertion of Theorem 2,
given ε > 0 choose g ∈ Ā feasible at some T ≤ TV (c) + ε; then T > 0 by section 2.4, so
∆1 < T + a ≤ TV (c) + a+ ε for every admissible CFT, and ε is arbitrary.

[orientation] If g ∈ Ā obeys |g(t)| ≤ C(1 + t)−qe−4π
√

at for some q > 1, the same steps give
a two-sided statement, whether or not g is feasible: on every admissible spectrum without
light primaries, ∑

n dn|g(tn)| < ∞ and gvac + ∑
n dn g(tn) = 0. Indeed (St) and (Z3) then make

W−q,−ℓa integrable against |m|, and (K1), (K3) allow dominated convergence on both sides of
⟨m,Abrg⟩ = 0. The function of Theorem 5 decays in this way, for every q; Theorem 2 does not
need it.

8.4 Consequences

By Theorem 2, ∆1 ≤ TV (c) + a for every admissible CFT with c ≥ 40: the quantity that
Theorem 4 bounds from below is a bound on theories, not only the value of a linear program.
The two halves of Theorem 1 still say different things: attainment, with Theorem 2, is a statement
about the spectra of actual theories, while optimality is a statement about the reach of the
method—no functional in Ā does better—and says nothing about the existence of theories with
a gap near ∆best

1 .
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Corollary 6 (proved, computer-assisted). For c ≥ catt
0 the function g = 1

2(h0 − ĥ0) of Theorem 5
is feasible at t⋆ + 1. Hence every admissible CFT with central charge c ≥ catt

0 has

∆1 < a+ t⋆ + 1 = c

ΛV
+A1 c

1/3 +O(1), A1 = 0.483. (8.16)

Proof. Theorem 5 states that g ∈ Ā and that g is feasible at t⋆ + 1; Theorem 2, which
applies because catt

0 ≥ 40, then gives a primary with tn < t⋆ + 1. By Theorem 5, t⋆ =
ξ∗

1c
′ + A1c′1/3(

1 + O(c′−2/3)
)
, and a + ξ∗

1c
′ = c′/ΛV by the definition of ΛV in Theorem 1;

replacing c′ = c− 1 by c changes the right side by O(1).

The tag is inherited from Theorem 5; the step from the functional to theories is by hand.
The coefficient 0.483 belongs to one explicit construction and is not claimed to be the best;
Conjecture 1 predicts Aopt = 0.27666 for ∆best

1 . Nothing is said about the size of catt
0 or about

finite c: at every central charge accessible to numerical work (8.16) is weaker than the numerical
bounds (section 7.10). What Corollary 6 adds is that the slope ΛV is reached by a bound on
actual theories.

Remark (the case gvac = 0; proved). Only the last step of (8.15) used gvac > 0. If g ∈ Ā is
weakly feasible at T > 0 with gvac = 0, steps (i)–(iv) give ∑

n dn g(tn) ≤ 0 for every admissible
spectrum with all tn ≥ T ; since each term is non-negative, such a spectrum is supported on the
zeros of g in [T,∞). This is the extremality statement of section 2.2, and by itself it bounds
nothing.

9 A second route to attainment: one transform of one real
function

Theorem 5 attains the slope with a functional g = 1
2(h0 − ĥ0), where h0 is a product whose

zeros sit at the quantiles of the zero law ρU . It is positive on the band because ĥ0 is smaller
there than h0 itself; this, with a similar inequality for the vacuum value, is where a computer
certifies finitely many inequalities. That proof gives a rate, TV (c) ≤ ξ∗

1c
′ + 0.483 c′1/3 + O(1),

and it shows how the extremal potential U is a blueprint for a functional.
This section describes a second, quite different way to build a functional that certifies

∆1 ≤ c/ΛV + o(c). It gives less and costs much less. Its building block is minus the imaginary
part of a rotation of phase space by 45◦ applied to one real, positive function: |r′|2 times a bell
that is a product of two double sine functions. The functional itself is the same transform of one
real function, a combination of a few such blocks and of Gaussians. Its construction needs no
positivity on an oscillating band and no computer. It gives the slope ΛV but no rate, and it is
far from the optimal functional. Nothing outside this section depends on it.

Result S1

For every xg > x∗
1 there is c0(xg) ≥ 40 such that for every c ≥ c0(xg) there is a functional

g ∈ Ā that is feasible at T = c′x2
g/3. By Theorem 2 every admissible CFT with c ≥

c0(xg) then has ∆1 < a + c′x2
g/3. Hence lim supc→∞ TV (c)/c′ ≤ ξ∗

1 , and with Theorem 4,
limc→∞ c/∆best

1 (c) = ΛV . No computer is used.

What is not obtained: a rate (the statement is o(c) only), a value of c0(xg), and any information
about the optimal functional. The strategy has three steps.

(i) Every real function gives a functional (section 9.1). The Fourier transform is a quarter-turn
of phase space (section 2.3). Let R be the eighth-turn, its square root. For every real radial
function ϕ the imaginary part of R[ϕ] is mapped to minus itself by the Fourier transform.
So there is no constraint left to solve, and all the content is in the choice of ϕ.
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(ii) A seed whose image is a bump (sections 9.2 and 9.3). We choose for ϕ the factor |r′|2 times
a positive bell with a Gaussian core and exponential tails. At large c its image gγ is a
bump: it is negative on a window that contains its peak, its Cardy-weighted size |gγ |V is
concentrated at exponential order around one point xγ , its vacuum value is positive and
of the same exponential order as the peak, and beyond the peak it decays faster than
the Cardy weight grows. A parameter γ ∈ (0, π) moves the peak over the whole interval
x∗

1 < xγ <
1
2 between the optimal gap bound and Hellerman’s point. In terms of t the bump

at central charge c is the critical member γ = π of the family at the larger central charge
c′

γ = (π/γ)2c′; read against the weaker Cardy growth of the lighter theory, it acquires a
margin.

(iii) From bumps to a feasible functional (section 9.4). One bump with its peak just above x∗
1

already has the right vacuum value and a negative lobe in the right place. Beyond xg it is
exponentially small compared with the inverse Cardy weight, but its sign is not known.
We add, with an exponentially small coefficient, the negatives of bumps whose peaks cover
[xg,

1
2 ]: they form a positive plateau that lies just below the Cardy line and dominates

everything of unknown sign. Beyond x = 1
2 the crossing kernels Ξβ with β < 1 do the same

job.

Level of rigor. The aim is to explain the strategy and the functional. Exact statements are
marked as such. The large-c statements are leading-order saddle-point estimates; we state what
they give and why, without uniform bounds on the remainders. For this reason Result S1 and
Result S2 do not carry the tag [proved] of section 1.3, and the status of Theorem 1, Theorem 5
and Corollary 6 does not rest on this section.

Notation. It is that of section 2: t = |r|2/2 and b = x+ iy =
√

3t/c′ (2.17); a functional is
a real radial function g of r ∈ R2, written as a function of t, with ĝ = −g for the transform
(2.9); ψk are the Laguerre functions (2.10); the Cardy weight V grows like ec′L(x) (2.18),
and ρC = 2πV ; for g ∈ Ā the vacuum value is gvac = −

∫ ∞
0 g ρC dt (Definition 2.5), and

feasibility is as in Definition 2.3; Ξβ is the crossing kernel (2.4). The extremal potential U and
U0 = U(0) = −0.388748 are those of Lemma 6.5, with U ′(x) = −4

3 arcsin sinh πx on |x| < x∗
1.

The letters γ, b, Q, G, s, w, σ, η, K are local to this section.

9.1 Every real function gives a functional: the eighth-turn

For a radial function ϕ on R2 let

R[ϕ](r) :=
√

2 eiπ/4 e−iπ|r|2
∫

R2
ϕ(r′) e−iπ|r′|2 e2πi

√
2 r·r′ d2r′, (9.1)

a chirp, a Fourier transform dilated by
√

2, and a chirp. In the variables t = |r|2/2, t′ = |r′|2/2,

R[ϕ](t) = 2
√

2π eiπ/4
∫ ∞

0
ϕ(t′) e−2πi(t+t′) J0

(
4π

√
2tt′

)
dt′. (9.2)

Three exact properties are all that we need.
Gaussians. For Re τ > 0, a Fresnel integral gives

R
[
e−2πτt′](t) =

√
2 eiπ/4

τ + i
e−2πβ(τ) t, β(τ) := 1 + iτ

τ + i
= 2τ + i(τ2 − 1)

1 + τ2 . (9.3)

For real τ > 0 the image is a Gaussian at a complex inverse temperature on the unit circle,
|β| = 1, Reβ > 0: it is a Gaussian times a chirp. As τ runs from 0 to ∞, β(τ) runs from −i
through 1 to +i.
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Laguerre functions. Inserting τ = (1 + z)/(1 − z) in (9.3) and using the generating function∑
k ψk(t)zk = (1 − z)−1e−2πt(1+z)/(1−z), one finds that R maps the generating function at z to

the one at iz. Hence
Rψk = ik ψk, so that R2ϕ = ϕ̂ (9.4)

on radial functions. In the language of section 2.3, ψk is a state of the planar oscillator with 2k
quanta, the Fourier transform is the evolution through a quarter period, and R is the evolution
through one eighth of a period (in the opposite sense; on radial functions either sense squares
to the Fourier transform). On WKB data the Fourier transform is the quarter-turn R of phase
space (4.4), and R is a rotation by 45◦.
Real seeds. Let ϕ = ∑

k ckψk with real ck. By (9.4) and (2.10), R̂[ϕ] = ∑
k ck(−1)kikψk = R[ϕ].

Therefore

Ω[ϕ] := Im R[ϕ] =
∑

j≥0
(−1)j c2j+1 ψ2j+1 is real, radial, and Ω̂[ϕ] = −Ω[ϕ]. (9.5)

Every real radial function ϕ gives a functional Ω[ϕ]. In words, Ω discards the even Laguerre
components of the seed, which the Fourier transform leaves alone, and keeps the odd ones with
alternating signs. Only the part 1

2(ϕ− ϕ̂) of the seed matters, and a seed with ϕ̂ = ϕ, for instance
e−2πt, gives zero.

The sum rule, seen directly. Apply (9.3) to the reduced partition function (2.2) term by
term. The Gaussian seed e−2πτt′ produces

√
2eiπ/4

τ+i Ẑ(β) with β = β(τ) on the unit circle, where
1/β = β̄. There the crossing equation (2.3), Ẑ(β) = β−1Ẑ(1/β), continued to Reβ > 0, reads
Ẑ(β) = β−1Ẑ(β): it says that β1/2Ẑ(β) is real. Since β(τ) = i(τ − i)/(τ + i), the coefficient
in (9.3) is

√
2/(1 + τ2) β1/2, a positive multiple of the principal square root of β. So R of a

real superposition of Gaussians, applied to Ẑ, is real provided the superposition converges on
Ẑ, and its imaginary part vanishes: this is the sum rule for Ω[ϕ]. The bell G of section 9.2 is
a superposition of Gaussians e−2πτt′ , τ > 0, with positive weights (the product over its zeros
and poles shows that G is a completely monotone function of r2), and the factor |r′|2 = 2t′ of
the seed is −π−1∂τ acting on them. So the seed is a real superposition, which converges on Ẑ
for γ < π, and its functional acts on Ẑ along the unit semicircle in the β-plane, which is the
set fixed by S followed by complex conjugation. The crossing kernels are of this form too: for
0 < β < 1, Ξβ is a multiple of Ω applied to the real part of a complex Gaussian. In the proof
of Result S1 we do not use this paragraph; Theorem 2 handles the sum rule for every feasible
g ∈ Ā.

9.2 The seed and the functional

Fix a deformation parameter γ ∈ (0, π). Let

b := γ

2π

√
3
c′ , Q := b + 1

b , G(r) := Sb
(Q

4 + ir
)
Sb

(Q
4 − ir

)
=

∣∣Sb
(Q

4 + ir
)∣∣2, (9.6)

where Sb(z) = Γb(z)/Γb(Q− z) is the double sine function familiar from Liouville theory [70, 71];
the letter b is its parameter and has nothing to do with the variable b of (2.17). All that is
needed about it follows from the integral representation

log G(r) =
∫ ∞

0

dv
v

[ sinh(Qv/2)
sinh(bv) sinh(v/b) cos(2rv) − Q

2v

]
, |Im r| < Q

4 . (9.7)

The seed and the functional are

ϕγ(r′) := |r′|2 G(|r′|)
G(0) , gγ := − Ω[ϕγ ] = − Im R[ϕγ ]. (9.8)
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The argument of G is the radius in the plane, and c enters only through b. By (9.5), ĝγ = −gγ

exactly, for every c and every γ. As γ → 0 the seed becomes |r′|2e−π|r′|2 = 1
2π (ψ0 − ψ1) and

gγ → 1
2πψ1, the lowest derivative functional of section 2.2.

The seed at large c. Let s :=
√

3t′/c′ be the rescaled radius of the seed, so that s is to r′

what x is to r, and let w :=
√

2 γs = 2πb|r′|. Expanding (9.7) at small b,

log G
G(0) = c′ hγ(s) − 1

4 log coshw +O(1/c′), hγ(s) := − 2π
3γ2

∫ √
2γs

0
gd(w′) dw′, (9.9)

uniformly on |Imw| ≤ π
2 − ϵ, where gdw = arctan sinhw =

∫ w
0 sech is the Gudermannian.

Thus G is a positive bell. For w ≪ 1 it is the Gaussian e−2πt′ , because hγ ≃ −2π
3 s

2. For
w ≫ 1 it has the exponential tail e−c′(

√
2π2/3γ) s, because gd → π

2 . It is analytic in the strip
|Im s| < π/(2

√
2γ); the first pole of G, at r = iQ/4, lies on the imaginary axis just outside it, at

Im s = (1 + b2)π/(2
√

2γ). Nothing else about Sb is used. In particular the elementary function
|r′|2(coshw)−1/4ec′hγ(s) could serve as the seed as well, since exactness comes from (9.5) and
not from the seed; G is the completion of this expression to all orders in 1/c′ (section 9.5). The
factor |r′|2 is there to make the imaginary part the larger part of R[ϕγ ].

9.3 At large c the functional is a bump

Classical data. For 0 < γ ≤ π and 0 ≤ x ≤ xt let

qγ(x) := arcsin sinh(γx)
γ

, xt := arcsinh 1
γ

= π

γ
x∗

1, xγ := 1
γ

arcsinh sin γ2 . (9.10)

The function qγ increases from 0 to π/2γ at the turning point xt, and qγ(xγ) = 1
2 . The profile of

the bump is

Uγ(x) := −mγ − 4π
3

∫ x

0
qγ(x′) dx′, mγ := 4π

3

∫ xγ

0

(1
2 − qγ

)
dx, (9.11)

where the constantmγ is chosen so that Uγ+L has the maximum 0; the maximum is at xγ , because
U ′

γ = −4π
3 qγ equals −L′ = −2π

3 there. In the language of section 4.1, p = −iqγ is the imaginary
momentum (4.3) of a wave function under a barrier, qγ(x)/x is its local inverse temperature
(the Im τ of section 4.1), and (b, p) lies on the curve sinh γb = i sinh γp, which is the spectral
curve (4.13) with π replaced by γ. Since (Uγ + L)′′ = −4π

3 cosh γx (1 − sinh2 γx)−1/2 ≤ −4π
3 ,

Uγ(x) + L(x) ≤ −2π
3 (x− xγ)2 (0 ≤ x ≤ xt). (9.12)

At γ = π one has xγ = xt = x∗
1, mπ = −U0 = 0.388748 and Uπ = U on [0, x∗

1] (6.18). For general
γ,

Uγ(x) +mγ =
(π
γ

)2[
U

(γx
π

)
− U0

]
, that is, c′ [

Uγ(x) +mγ
]

= c′
γ

[
U(x̃) − U0

]
(9.13)

with c′
γ = (π/γ)2c′ and x̃ =

√
3t/c′

γ = γx/π: at a given t, the profile is the critical one of the
heavier theory. This is exact for the functional itself: b depends on γ2/c′ only, so gγ at c′ and
gπ at c′

γ are the same function of t. As γ decreases from π to 0, the peak xγ increases from x∗
1

to 1
2 , the distance xt − xγ from the peak to the turning point increases from 0 to ∞, and mγ

increases from 0.3887 to π/6. Figure 9(a) shows Uγ + L.
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Figure 9: Drawn from the leading-order formulas of sections 9.3 and 9.4, not from data. (a) The
Cardy-weighted profile Uγ + L of the bump gγ , that is, the large-c limit of 1

c′ log
(
|ḡγ |V

)
. It has its

maximum 0 at the peak xγ (dots), which moves from x∗
1 to 1

2 as γ decreases from π to 0. Solid: up to
the turning point xt; dotted: beyond it, where by (B2) |gγ | falls at least with the slope −2π2/3γ, steeper
than the Cardy line. The critical member γ = π is the extremal potential U of section 6; beyond x∗

1 it
runs along the Cardy line. (b) The assembly of section 9.4; margins and heights are schematic, chosen for
visibility. Black: the main bump ḡγ0 , negative near its peak; its tail (dotted) has unknown sign but lies
below the Cardy line by η1 or more beyond xg. Blue: the negated bumps −e−c′η ḡγk

(light blue, drawn
near their peaks), positive on their windows, whose upper envelope is a plateau at height −η over [xg,

1
2 ].

Green: crossing kernels Ξβ with β < 1, which take over beyond x = 1
2 . The sum is non-negative on the

shaded region x ≥ xg.

The saddle point. Put t = c′x2/3 and t′ = c′s2/3 in (9.2). For x ≥ xmin > 0 the argument
of the Bessel function is large except near s = 0. Since the seed is even and analytic in s, one
may replace J0 on the half line by 1

2H
(1)
0 on a line just above the real axis, and H

(1)
0 (z) ≃√

2/πz ei(z−π/4). With (9.9) the integrand becomes a slowly varying amplitude times ec′Θ, where

Θ(s;x) := −2πi
3

(
x2 − 2

√
2xs+ s2)

+ hγ(s). (9.14)

The first term is the generating function of the rotation by 45◦, and the second is the WKB
exponent of the seed. The saddle-point equation ∂sΘ = 0 reads gd(

√
2γs) = iγ (2x−

√
2s). It

is solved with the identity gd(A+ iB) = B + iA, valid whenever sinhA = sinB with |B| < π
2 :

take A = γx and B = γqγ(x). The saddle is at

s∗(x) = x+ i qγ(x)√
2

, where Θ
(
s∗(x);x

)
= Uγ(x) +mγ (9.15)

and ∂2
s Θ = −4π

3
(
i+ sech γ(x+ iqγ)

)
, whose real part is negative. The value at the saddle holds

because both sides vanish at x = 0 and d
dxΘ(s∗(x);x) = ∂xΘ

∣∣
s∗

= −4πi
3 (x−

√
2s∗) = −4π

3 qγ(x).
The transform samples the real, positive seed at a complex radius, and the rotation turns its
bell into a tunnelling profile. The saddle lies inside the strip of analyticity of the seed as long
as qγ(x) < π/2γ, that is, x < xt: it reaches the edge of the strip, which to leading order is the
height of the first pole of the seed, exactly at the turning point. There also ∂2

s Θ = 0: two saddles
coalesce. On a horizontal line Re Θ is concave in Re s, because Re sechw > 0 for |Imw| < π

2 ; so
on the line through s∗ the maximum of |ec′Θ| is at s∗. Laplace’s method gives the first of the
following three properties.
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Result S2 (the bump)

Fix γ ∈ (0, π), 0 < xmin < 0.18, 0 < δ ≤ 1
3(xt − xγ) and x̄ ∈ (xγ , xt − δ]. As c → ∞:

(B1) Window. Uniformly for xmin ≤ x ≤ xt − δ,

R[ϕγ ]
(
c′x2/3

)
= c′Aγ(x) ec′[Uγ(x)+mγ ] eiφγ(x)(1 +O(c′−1/2)

)
, (9.16)

with the phase φγ = 5
2 arctan(qγ/x) − π

8 and the amplitude Aγ = 23/4

6 (x2 +
q2

γ)5/4x−1/2(1 − sinh2 γx)−1/4 > 0. Since 1 ≤ qγ/x ≤ 1/(2x∗
1) = 1.782, the phase lies in

[π
2 , 2.26] and sinφγ ≥ 0.77. Hence gγ < 0 on the window, and −gγ = ec′[Uγ(x)+mγ+o(1)].

(B2) Tail. For x ≥ x̄, |gγ(c′x2/3)| ≤ ec′[Uγ(x̄)+mγ− 4π
3 qγ(x̄)(x−x̄)+o(1)]: the slope is steeper than

that of the Cardy line, since qγ(x̄) > 1
2 . Also |gγ | ≤ C for all t ≥ 0.

(B3) Vacuum. gγ,vac = −
∫ ∞

0 gγ ρC dt = ec′[mγ+o(1)] > 0.

For (B2) one keeps the contour at the height Im s = qγ(x̄)/
√

2 for all x ≥ x̄; on that line
Re Θ(· ;x) = Re Θ(· ; x̄)−4π

3 qγ(x̄)(x−x̄) exactly, by (9.14). The bound |gγ | ≤ C is |J0| ≤ 1 in (9.2).
For (B3), by (B1) the integrand −gγρC is positive on the window and equals ec′[Uγ+L+mγ+o(1)],
which is ec′[mγ+o(1)] at the peak; the rest of the window is smaller by (9.12), the tail by
(B2), and the region x ≤ xmin contributes at most Cc′ec′L(xmin), which is negligible because
L(xmin) < 0.38 < mγ . By (B2), M [gγ ] < ∞, so gγ ∈ Ā.

In what follows we use the normalized bump ḡγ := gγ/gγ,vac. It has vacuum value 1. On the
window, −ḡγ = ec′[Uγ(x)+o(1)], which touches the inverse Cardy weight e−c′L at xγ and lies below
it elsewhere. With x̄ := xγ + 2δ ≤ xt − δ, (B1), (9.12) and (B2) give

|ḡγ(c′x2/3)| ≤ e−c′[L(x)+ηδ−o(1)] (x ≥ xγ + δ), ηδ := 2π
3 δ2. (9.17)

Beyond x̄ the bump carries in addition the factor e−c′σ(x−x̄) with σ := 4π
3

(
qγ(x̄) − 1

2
)
> 0, by

(B2). A bump is thus a functional that, per unit of vacuum value, delivers the Cardy rate at one
point xγ ∈ (x∗

1,
1
2) of our choice, with the negative sign, and is exponentially smaller than the

Cardy rate beyond it.

9.4 From bumps to a feasible functional

Crossing kernels beyond Hellerman’s point. Let x′ > 1
2 and β = 1/(2x′) < 1. Then

Ξβ(t) ≥ 1
2e

−2πβt > 0 for t ≥ tβ := log(2/β)/[2π(β−1 − β)], which does not depend on c, and the
vacuum value of Ξβ is negative with −Ξβ,vac ≤ β−1e2πa/β = 2x′e

1
2 c′L(x′). Since 2πβt = πc′x2/3x′

and x′ + x2/x′ = 2x+ (x− x′)2/x′, for t = c′x2/3 ≥ tβ

Ξβ(c′x2/3)
−Ξβ,vac

≥ 1
4x′ exp

{
−c′

[
L(x) + π(x− x′)2

3x′

]}
. (9.18)

Per unit of vacuum cost, the kernel Ξ1/2x′ delivers the Cardy rate at x = x′, with the positive
sign. But it does so only for x′ > 1

2 , because Ξβ with β > 1 is negative at large t. This is why
a positive plateau at the Cardy rate can be made of crossing kernels with real β only beyond
Hellerman’s point x = 1

2 , that is, ∆ ≈ c/6; the bumps reach the Cardy rate on the remaining
interval (x∗

1,
1
2).

Consequently, let |f(c′x2/3)| ≤ e−c′[L(x)+η′] for x ≥ xa ≥ 1
2 , with the extra factor e−c′σ(x−xb),

σ > 0, for x ≥ xb. Then, for all sufficiently large c, f is dominated there by a combination
R = ∑

j αjΞβj
with αj ≥ 0 and βj < 1: R ≥ |f | for x ≥ xa, R ≥ 0 for t ≥ tR with tR

independent of c, and −Rvac ≤ e−c′η′/4. On the compact range [xa, xb] one takes finitely many
nodes x′

j >
1
2 , bounded away from 1

2 , at a spacing small compared with
√
η′, with the coefficients
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αj = e−c′η′/2/(−Ξβj ,vac): by (9.18) the node next to x gives more than e−c′[L(x)+η′], and each
node costs e−c′η′/2 of vacuum value. On the tail x ≥ xb one takes equally spaced nodes whose
coefficients decrease from node to node by the factor that f loses, so that their costs form a
geometric series. We call R a repair of f .

The functional. Fix xg ∈ (x∗
1,

1
2). The map γ 7→ xγ is a decreasing bijection of (0, π) onto

(x∗
1,

1
2).

(1) Main bump. Choose γ0 with x∗
1 < xγ0 < xg. By (9.12) and (B2), used with x̄ between xγ0

and min(xg, xt), there is η1 > 0 with |ḡγ0 | ≤ e−c′[L(x)+η1−o(1)] for x ≥ xg.
(2) Margins. Let γg be the value of γ with xγ = xg, and let δ be a third of the distance xt − xγ

at γg. This distance grows as γ decreases, so δ ≤ 1
3(xt − xγ) for every bump with its peak

in [xg,
1
2). Let K bound 1

2 |(Uγ + L)′′| on the windows [xmin, xγ + δ] of all these bumps; it
is finite because (Uγ + L)′′ depends on γx only, and γx ≤ γg(xg + δ) < arcsinh 1 there.
Choose a mesh ϵ < δ/2 and η > 0 with η +Kϵ2 < min(η1, ηδ).

(3) Plateau. Choose γ1 > · · · > γN whose peaks x(k) := xγk
form a grid of [xg,

1
2) of mesh at

most ϵ, with x(1) ≤ xg + ϵ and x(N) ≥ 1
2 − ϵ.

(4) Repairs. Let R0 be a repair of ḡγ0 on x ≥ 1
2 , and Rk a repair of ḡγk

on x ≥ max(1
2 , x

(k) + δ);
what a repair needs is supplied by step (1), by (9.17) and by the remark after it.

All these choices are made before c → ∞; for the repairs this means their nodes, hence tR, while
their coefficients depend on c. The functional is the flat sum

g := ḡγ0 +R0 + e−c′η
N∑

k=1

(
−ḡγk

+Rk

)
. (9.19)

It is drawn in figure 9(b).

Why it is feasible at T = c′x2
g/3. On xg ≤ x ≤ 1

2 . The repairs are non-negative there, since
c′x2

g/3 ≥ tR for large c. A bump with x ≤ x(k) + δ has x in its window, where −ḡγk
> 0 by

(B1); the one whose peak is within ϵ of x contributes at least e−c′[L(x)+η+Kϵ2+o(1)]. A bump with
x > x(k) + δ contributes at most e−c′[L(x)+η+ηδ−o(1)] in modulus, by (9.17). With step (1),

g
(
c′x2/3

)
≥ e−c′L(x)

[
e−c′(η+Kϵ2+o(1)) − e−c′(η1−o(1)) −N e−c′(η+ηδ−o(1))

]
> 0 (9.20)

for large c, by step (2). On x ≥ 1
2 . Here ḡγ0 +R0 ≥ 0; and for each k either x is in the window

of the k-th bump and −ḡγk
> 0, or x ≥ x(k) + δ and −ḡγk

+ Rk ≥ 0. Vacuum. By linearity
gvac ≥ 1 − 2e−c′η1/4 − N e−c′η (1 + o(1)) > 0. Class. Each term is in Ā. The tail repairs are
infinite sums; they converge in L1 and in the norm M [ · ], because M [Ξβ] ≤ 1

πβ
−1e2πa/β, the

quantity that bounds the vacuum cost. So g ∈ Ā.
Thus g ∈ Ā is feasible at c′x2

g/3 for all sufficiently large c, which is Result S1. Everything
rests on one feature of the bumps: all windows begin at the same point xmin < x∗

1. At any
x ≥ xg a negated bump is either inside its window, and then positive, or beyond it, and then
exponentially below the Cardy line. So all the negated bumps can enter with the same coefficient
e−c′η, and no positivity of an oscillating function is ever needed.

By linearity, g = Ω[ϕ] for a single real seed,

ϕ = −ϕ̄γ0 + e−c′η
N∑

k=1
ϕ̄γk

+ (real parts of complex Gaussians), ϕ̄γ := ϕγ/gγ,vac : (9.21)

the functional is one transform of one real function. For xg near x∗
1 the corrections to −ϕ̄γ0 are

exponentially small on the real axis; they matter only after continuation to the complex radius
s∗ at which the transform samples the seed.
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9.5 Remarks

Comparison with the functional of Theorem 5. The functional of Theorem 5 is built
to have the profile U : its zeros are placed by the zero law, it runs along the Cardy line on the
band, and the difficulty is to show that the oscillating function h0 − ĥ0 stays positive there. The
functional (9.19) avoids the band altogether. On [xg,

1
2 ] it lies below the Cardy line by the fixed

margin η (figure 9(b)), so it is positive for a crude reason, and it is far from extremal. The price
is that the margins η1, ηδ, η go to zero as xg → x∗

1, while the estimates hold for c′η ≫ 1; this is
why no rate comes out. The two constructions share the potential U and nothing else. A third
construction, in Mellin space, is sketched in appendix A.

Consistency with the optimality theorem. Theorem 3 forbids a function in Ā whose
Cardy-weighted mass sits below x∗

1. Accordingly the peaks obey xγ > x∗
1. At γ = π the peak,

the turning point and x∗
1 coincide, and to leading order the tail falls at the Cardy rate: |gπ|V is

flat at exponential order along the whole band, and the critical member has no margin. (It is
still in Ā: the first pole of G is at Im r = Q/4 and not at 1/4b, so its tail beats the Cardy weight
by the factor e−πx/2, which does not depend on c; M [gγ ] = ∞ only for γ > π(1 + b2).) For fixed
γ > π the tail is slower than the Cardy rate. Taking γ < π is what creates the margins, and by
(9.13) it amounts to borrowing the critical function of a heavier theory.

Why this seed [heuristic]. On WKB data a function that the Fourier transform maps to ±
itself lives on a curve invariant under the quarter-turn, and the relevant one is sinh γb = i sinh γp.
It is exponential in both b and p, and an exponential of a momentum is a finite shift, so its
quantization is a difference equation rather than a differential one. In the rotated coordinates
s = (b − p)/

√
2, ps = (b + p)/

√
2 the curve is a graph, ps = −(i/

√
2γ) gd(

√
2γs), with the

momentum normalized as in (4.3): this is the saddle-point relation (9.15) read backwards, and
c′hγ is the corresponding WKB exponent. On a graph the quantized equation is of first order,
and its normalizable solution is G: a first-order difference equation with trigonometric coefficients
is solved by double sine functions, as f(z + 1) = zf(z) is solved by the Gamma function. The
expansion (9.9) is its WKB form to one loop. The function G is moreover equal to its own Fourier
transform in one dimension, a special case of the Fourier transformation formula of [70, 71],
which reflects the invariance of the curve; we do not use this. So the bell G is the wave function
of the quantized, deformed spectral curve in the rotated polarization, and the bump is the same
state in the polarization of section 4. The passage to the plane, with the radius as the argument
and the factor |r′|2, is a recipe that works because the centrifugal term is invisible at leading
order; we have not derived it. We know of no meaning in conformal field theory of the shift
by ib, and at γ = π the parameter is not that of Liouville theory at the same central charge
(b2 = 3/4c′, against 6/c).

Zeros. The functional (9.19) is strictly positive on [xg,
1
2 ]; it has no band of double zeros. If

xg → x∗
1 slowly as c → ∞, it is a sequence that attains ΛV . By Theorem 7 its profile then tends

to U , and its zeros in the strip have the density c′ρU within any fixed distance of the slits. These
zeros lie off the real axis; we have not located them.

10 What near-optimal functionals must look like
This section is proved throughout, and no computer enters. It uses Proposition 6.4, Lemma 6.5,
Definition 6.6 and Lemma 6.7 and, only to know that attaining sequences exist, Theorem 5.
Nothing outside this section depends on it.

Theorems 3 and 4 are inequalities at finite c: they bound what a functional can certify. Here
we ask the converse question: what must a functional look like that comes close to the bound?
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The tool is a limit. Along a sequence gj ∈ Ā at central charges cj → ∞ the profiles ugj are
functions on one and the same strip S, which does not depend on c. If the sequence attains
the slope ΛV , the limit is the extremal potential U , and the zeros of gj follow the zero law ρU

(Theorem 7).

10.1 Limits of potentials

Let g ∈ Ā \ {0}. By section 6.3, G(b) = g(c′b2/3) is even and holomorphic on S, and bounded
and continuous on S̄; and the profile (6.13), with its Riesz measure (6.10),

ug(b) = 1
c′ log |G(b)|

M [g] , ng = 1
2π∇2ug = 1

c′
∑

ζ∈S: G(ζ)=0
mζ δζ , (10.1)

is the potential of positive point charges mζ/c
′ at the zeros of G in the strip: ng is the zero-

counting measure of G divided by c′. For a sequence we write uj := ugj and c′
j := cj − 1. As in

Theorem 4, g is called weakly feasible if it is weakly feasible at some T , hence at T = t1(g), and
x1(g) =

√
3 t1(g)/c′ as in (2.17). The idea is that the three facts on which section 6 rests pass

to the limit: limits of subharmonic functions are subharmonic; the majorant of Proposition 6.4,
whose error is O(log c′/c′), becomes exact; and weak feasibility, which enters through the half-
mass condition (2.16), becomes contact with the Cardy line. The notions needed to say this are
in the box; the proofs are in appendices I.1 to I.3.

Toolkit: limits of potentials

Let uj be potentials of positive charges nj = 1
2π ∇2uj on S (subharmonic functions).

Convergence in L1
loc is convergence of the potentials in the mean on every compact set,∫

K |uj − u| dA → 0; pointwise convergence is too much to ask, because a potential is −∞ at
its charges, but the logarithm is integrable in two dimensions. Vague convergence nj → n is
convergence of the charge distributions when tested against continuous functions of compact
support; then nj(K) → n(K) for every compact K whose boundary carries no charge of n.
Compactness [72, Thms. 3.2.12–3.2.13]: potentials that are bounded above on compact sets,
uniformly in j, and do not run off to −∞ carry a bounded charge on every compact set, and
along a subsequence potentials and charges both converge. Upper semicontinuity: at a point
a limit potential can jump up, never down; the form that we use is (I.1). Superharmonic,
strong minimum principle, circle means: θ is superharmonic if −θ is subharmonic; on a con-
nected open set a non-negative superharmonic function is identically zero or strictly positive,
and its mean over a circle is at most its value at the center [72, §3.2], [63, Thm. 2.3.1].

Lemma 10.1 (Compactness; proved). Let cj → ∞ and gj ∈ Ā \ {0}. After passing to a
subsequence, either (i) ugj → −∞ uniformly on every compact subset of S, or (ii) ugj → u in
L1

loc(S) for a subharmonic function u ̸≡ −∞ on S, and ngj → 1
2π ∇2u vaguely on S.

A function u that arises in (ii) is called a limit profile of the sequence.

Lemma 10.2 (Majorant; proved). Every limit profile satisfies u ≤ U on all of S, where U is
extended across the slits as in Definition 6.6: it is continuous, equal to −L on the slits, and
subharmonic with charge density ρU (x) dx there. In particular u ≤ 0 on S, and u ≤ −L on the
real axis.

Proposition 10.3 (Contact; proved). Let cj → ∞, and let gj ∈ Ā \ {0} be weakly feasible with
x1(gj) → x∞ < ∞. Then alternative (i) of Lemma 10.1 does not occur, and every limit profile u
has a contact point x0 ∈ [x∗

1, x∞], at which u(x0) = U(x0) = −L(x0). In particular x∞ ≥ x∗
1,

which is the qualitative statement of Theorem 4 once more.
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In the dictionary of section 6.2: a limit profile lies below the extremal potential, and the last
sign change of the functionals leaves a mark on it, a point not beyond x∞ at which the profile
touches the Cardy line; by Lemma 6.7 this point lies on a slit.

10.2 Rigidity of the zeros

Theorem 7 (Rigidity of the zero law; proved). Let cj → ∞, and let gj ∈ Ā \ {0} be weakly
feasible and attain the slope ΛV , that is, x1(gj) → x∗

1. (By Proposition 10.3 it suffices that
lim supj x1(gj) ≤ x∗

1; such sequences exist by Theorem 5.) Then:
(a) ugj → U in L1

loc(S), along the whole sequence.
(b) The normalized zero-counting measures converge vaguely on S to the zero law ρU (x) =

4
3π arccosh(sinh π|x|) of Definition 6.6, carried by the slits:

ngj = 1
c′

j

∑

ζ

mζ δζ −→ ρU (x) dx⊗ δy=0 on |x| ≥ x∗
1. (10.2)

Concretely, counting zeros with multiplicity: in every compact subset of S disjoint from the
slits Gj has o(c′

j) zeros, and for x∗
1 < xa < xb and 0 < y0 <

1
2

#
{
zeros of Gj in [xa, xb] × [−y0, y0]

}
= c′

j

∫ xb

xa

ρU (x) dx+ o(c′
j). (10.3)

(c) In the variable t: the number of zeros of gj, with multiplicity, in the image of that rectangle
under b 7→ c′

jb
2/3 (a lens |Im t| ≤ 2

3c
′
jxby0 around [c′

jx
2
a/3, c′

jx
2
b/3]) is c′

j

∫ ξb
ξa

2ρV (ξ) dξ+o(c′
j),

where ξ = x2/3, ξa = x2
a/3, ξb = x2

b/3, and ρV = 3ρU/(4x) is the band density of (4.16).
In words, near [t, t+ dt] there are 2ρV (t/c′) dt zeros.

Item (c) reproduces, counted with multiplicity, the density of the band of double zeros of
Conjecture 1(b), and item (a) is the profile stated there, in the mean. Of what section 4 derived
from the hypotheses (W), (A), (B) and (Sel), the band density and the profile thus follow, at
leading order and in the weak sense of (a) and (b), from attainment alone; the finer statements
of Conjecture 1 are not obtained in this way. The hypotheses themselves, which concern the
semiclassical sheets of the optimal functional, are not thereby derived. The theorem also turns
the blueprint of section 7.1 into a necessity.
What the theorem does not say. It does not say that the zeros near the band are real, or
that they come in pairs; whether an attaining functional must oscillate there, as the numerical
optima do, is not decided. It says nothing about individual positions, the Airy layer at the tip,
the boundary layer at the vacuum, the phase of the comb, zeros on the edges or outside the
closed strip, or rates.
Idea of the proof (appendix I.4). Let u be a limit profile. By Lemma 10.2 the deficit
θ := U − u is non-negative; it is superharmonic on the slit strip D, where U is harmonic; and by
Proposition 10.3 with x∞ = x∗

1 it vanishes at the tip x∗
1, a boundary point of D. By the strong

minimum principle either θ ≡ 0 on D, which is the claim, or θ > 0 on D. Had the contact point
been inside D, this would end the proof; at a point of the open slit it would not; the tip is the
borderline case, and it is decided by a competition of exponents. If θ > 0 on D, then near the
tip θ dominates a multiple of the harmonic measure of an arc in a disk slit along a radius. The
square-root map that opens the slit shows that this harmonic measure vanishes at the tip only
like the square root of the distance, so the mean of θ over a circle of radius ϵ about the tip is
≳ ϵ1/2. On the other hand u is subharmonic across the slit and u(x∗

1) = U(x∗
1), so the circle

means of θ are at most those of U −U(x∗
1), which the Poisson–Jensen formula expresses through

the charge of U near the tip. Since ρU ∼
√
x− x∗

1, they are at most Cϵ3/2. For small ϵ the two
bounds contradict each other: the tip decides.
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Part V Outlook

11 Discussion

11.1 Theorem, conjecture, open

In terms of the legend of section 1.3, the results stand as follows. Proved: the slope ΛV (Theo-
rem 1), in its two halves, optimality with a rate (Theorems 3 and 4) and attainment (Theorem 5);
and certification (Theorem 2), which turns attainment into a bound on conformal field theories
(Corollary 6). Only attainment and what rests on it, that is, the second half of Theorem 1,
Theorem 5 and Corollary 6, use computer assistance. Also proved, without a computer, is the
rigidity of the zero law (Theorem 7). Conjectured: everything finer (Conjecture 1), in particular
the coefficient Aopt = 0.27666 of c1/3, the profile of the optimal functional, and the offset c/24
in the positions of its zeros (seen numerically in [10, 11]; section 4.6). Explained but not proved:
the origin of the earlier extrapolation to the slope 9.08 [11] (section 5.2).

11.2 Three-dimensional gravity; Virasoro versus U(1)c

Invariance under S at zero angular potential, used through functionals in Ā, certifies ∆1 ≲
c/9.1266 at large c and no more: the window (1.3) is closed to it. This is a statement about the
method. It neither supports nor threatens pure gravity [3], and it does not say which spectra
with ∆1 in the window are realized. To reach the BTZ threshold one needs spin [8, 23, 24],
integrality of the degeneracies [25, 26], or data from correlation functions. Arguments through
the elliptic point of order three, τ = e2πi/3, which is fixed not by S but by ST and so involves
spin [73–76], aim at the BTZ threshold itself; the present results neither use them nor bear on
them. The same holds for the bound ∆1 ≤ (c− 1)/12 + 0.23 on what [76] calls the spinless gap:
it rests on the kernel of ST 1S, and so on T as well as S, and it concerns spectra in which every
non-vacuum primary has spin zero, whereas here primaries of every spin are counted.

Virasoro versus U(1)c. The two problems have the same architecture and different numbers,
9.1266 against π2. The slope π2 is proved in [13, Ch. 1]; we have read the statements and the
structure of that argument but have not independently verified it; nothing in this paper depends
on it logically. That proof works on a strip in the Mellin variable, in dimension d = 2c → ∞.
Here the dimension d = 2 is fixed, the strip is in the position-like variable b, and c enters through
the position of the vacuum; the version in the Mellin variable, where the strip becomes a domain
with a free boundary, is sketched in appendix A. There is no analogue here of the condition
f(0) = 0 on the functional of section 2.3, which the U(1)c proof uses to cancel a pole of the
Mellin transform on the edge of the strip and to make the integral of the functional vanish. Two
different objects should be kept apart. The exact optimizers of both problems, as computed
numerically, have a band of double zeros (sections 3.1 and 4.6), whereas the asymptotically
attaining functions constructed in [13, Ch. 1, Thm. 4.1] are free of real zeros on the whole
constrained region. For Virasoro a functional that attains ΛV must carry zeros at density c′ρU

near the real axis, by Theorem 7, though not necessarily on it; this freedom is what the detuning
of section 7 exploits.

Note added. After this paper was completed, Chang, Liu and Ma [77] constructed modular-
invariant torus partition functions with a unique vacuum, integer spins and positive integer
degeneracies whose gap is ∆1 = (1 + κ)(c − 1)/12, for small fixed κ > 0 at every sufficiently
large c. These are partition functions, not full conformal field theories. We have not verified this
construction; if it stands, the lower end of the window (1.3) passes every constraint of the torus
partition function, spin and integrality included, so that Λ < 12 for every bound that uses this
function alone, and reaching the BTZ threshold requires data beyond it. Perlmutter [78] has
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shown, for theories whose spectral counting fluctuations are logarithmically rigid, that ∆1 −
(c− 1)/12 ≤ o(c), apart from at most one exceptional value of the scalar gap at each sufficiently
large c. Salmon [79] has determined the asymptotic rate of Delsarte’s linear programming bound
for binary and spherical codes, with lower bounds from potential theory through an obstacle
problem solved in closed form, as in appendix A.

11.3 Open problems

Effective constants. More useful than the values of copt
0 and catt

0 , which are explicit in principle
and not computed, would be certificates in interval arithmetic of the explicit functional at fixed c.

The coefficient of c1/3. A proof of Aopt needs the comb with no site omitted (the construction
of section 7 omits the first site of the zero law), the Airy layer at the tips, and the balance
between lobe and band in the vacuum inequality. Apply the edge representation of section 7.4
to a numerically optimal functional, whose transform is ĝ = −g. It suggests that on the band ĝ
is the sum of two parts. One oscillates, with relative amplitude 1

2 and in antiphase with the
oscillation of g, so that the zeros are doubled rather than lifted off the axis. The other is a mean,
which is manufactured near the vacuum point of the edge; the construction of section 7 does not
attempt this. A proof of Aopt would have to control both. We do not claim it.

Further problems. To remove the logarithm in Theorem 4, that is, to prove t1(g) ≥ ξ∗
1c

′ −
O(c1/3), the scale of Conjecture 1. To find a convex dual of the linear program of section 2.2
with the extremal potential U as its value function, which would explain why the potential of
section 6 is the curve of section 4. To bound TV (c) from below at a given c: numerics bound it
from above only (section 2.6), and Theorem 4 starts at copt

0 . To derive from the linear program
the selection rule (Sel) of section 4.4, on which Conjecture 1 rests. To find what replaces the
extremal problem of section 6 in the bootstrap with spin [8, 23].

A Mellin space approach
The proofs of sections 6 and 7 work in the variable b =

√
3t/c′, in which a functional is

holomorphic on a strip. This appendix sketches a second derivation of the slope, Theorem 1, in
which a functional is studied through its Mellin transform. It gives both halves: no functional in
Ā certifies more than ΛV , and functionals exist that come arbitrarily close. The Mellin transform
is the tool of the proof for the U(1)c problem in [13, Ch. 1], where the transform of a functional
is controlled on a strip. The attaining functions of [13, Ch. 1, Thm. 4.1] are likewise built in
Mellin space, by multiplying the Mellin transform of a Gaussian by factors that respect the
Fourier symmetry and reading the signs from saddle points, and the functional of appendix A.6
has this form, with a symbol whose zeros come from the solution of the free-boundary problem
described below. (The Mellin transform of the auxiliary functions of the sphere-packing linear
program, with its functional equation and its relation to their Taylor coefficients, appears in
Cohn and Miller [80, §5], for smooth and rapidly decreasing radial functions in any dimension.
Properties (i) and (ii) of (A.3) follow from their formulas in dimension two with f̂ = −f when
f(x) = g(x2/2) is smooth and rapidly decreasing: with Mf (s) =

∫ ∞
0 f(x)xs−1 dx one has

mg(z) = 2πzMf (2z)/Γ(z).) What is new for Virasoro is that the vacuum sits at t = −a < 0, off
the half line over which the transform is taken. It then enters through all the integer moments
of g at once, and the problem on a strip becomes a free-boundary problem in the plane: an
obstacle problem, which we solve in closed form. The curve sinh πb = i sinh πp appears once
more, now as the solution of the free-boundary condition, and the threshold x∗

1 is fixed by the
point of the contact set that is nearest to the axis of the reflection z → 1 − z, which is what the
Fourier transform becomes.

What this appendix has in common with the main text is not repeated. The problem, the
class Ā and the vacuum value are those of section 2, and a feasible g ∈ Ā bounds every conformal
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field theory by Theorem 2. The two results are the following.

Result M1 (optimality)

For every δ ∈ (0, x∗
1) there is Cδ < ∞ such that for all c ≥ 40 and every g ∈ Ā, with no

condition on the sign of g,
∫ c′(x∗

1−δ)2/3

0
|g|V dt ≤ Cδ c

′ 4 e−κM (δ) c′
M [g], κM (δ) := W

(
π
3 (x∗

1 − δ)
)
> 0, (A.1)

where W is the explicit function of appendix A.3. Consequently, by the half-mass condition
(2.16), for every xT < x∗

1 there is c0(xT ) such that for c ≥ c0(xT ) no g ∈ Ā other than zero
is weakly feasible at T = c′x2

T /3. No computer is used.

Result M2 (attainability)

For every xg > x∗
1 there is c0(xg) ≥ 40 such that for every real c ≥ c0(xg) there is gc ∈ Ā

with gc > 0 on [c′x2
g/3,∞) and (gc)vac > 0; moreover gc decays faster than e−4π

√
αt for

every α > 0. So gc is feasible at T = c′x2
g/3, and by Theorem 2 every admissible CFT with

c ≥ c0(xg) has ∆1 < a+ c′x2
g/3.

Together they give limc→∞ TV (c)/c′ = ξ∗
1 , that is, Theorem 1, once more. Result M1 is Theorem 3

with a smaller exponent, κM (δ) ≃ 3.73 δ2 against κ(δ) ≃ 2.65 δ3/2 (appendix A.4), and it contains
the first statement of Theorem 4. Result M2 is Result S1 of section 9, by a third construction.
Neither gives a rate, and the central charges c0 are not explicit.

The plan is as follows. Appendix A.1 recasts the constraints in Mellin space: the Fourier
transform becomes a reflection, and the vacuum becomes a series over the integers with positive
coefficients, each of which bounds the transform on a vertical line. Appendix A.2 takes the
scaling limit of these bounds, the obstacle, and explains why the threshold is the tip of the
set where the largest subharmonic function below the obstacle touches it. Appendix A.3 finds
this set and this function in closed form, and appendix A.4 turns the heuristic argument into
Result M1. Appendices A.5 to A.7 construct the functionals of Result M2: the zeros of the
Mellin transform are placed along four arcs inside the contact set, the functional is recovered by
Mellin inversion, and its signs come from a saddle-point analysis in which one real saddle point
dominates. Appendix A.8 is a dictionary between the Mellin plane and the strip of section 6.

Level of rigor. The results of this appendix have been verified rigorously, but the write-up
is informal: the steps are stated and the estimates behind them are omitted. For this reason
Result M1, Result M2 and Result M3 carry no status tag. One step, the univalence of a conformal
map (appendix A.5), uses five inequalities that were checked in interval arithmetic [61]; they are
listed there and are not part of table 4. Nothing outside this appendix depends on it.

Notation. It is that of section 2: c′ = c − 1, a = c′/12, t = ∆ − a, b = x + iy =
√

3t/c′;
β is the inverse temperature; V is the Cardy weight (2.12), ρC = 2πV , L(x) = 2π

3 |x|, and
M [g] =

∫ ∞
0 |g|V dt; gvac = −

∫ ∞
0 g ρC dt and feasibility are as in Definitions 2.3 and 2.5. The

extremal potential U , its value U0 = U(0) = −0.388748, the momentum p and the zero law ρU

are those of Lemma 6.5 and Definition 6.6. The Mellin variable is z, and ω = µ + iν is the
rescaled variable of (A.8); in this appendix ω is not the linear functional of section 2.2. The
letters mg, θn, σ, ϑ, τ , η, ηv, ι, λ and the calligraphic letters B, U , W, K, N , E , C, H are local
to this appendix. C stands for constants that do not depend on c, on t or on the point ω.
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A.1 The Mellin symbol and the vacuum inequality

For g ∈ Ā we call
mg(z) := (2π)z

Γ(z)

∫ ∞

0
g(t) tz−1 dt (Re z > 0) (A.2)

the Mellin symbol of g. The integral converges because g is bounded (Lemma B.3) and all its
moments are finite, by (A.6) below. Three properties are used.

(i) mg extends to an entire function, and mg(1 − z) = −mg(z);

(ii) mg(n+ 1) = (2π)n+1

n!

∫ ∞

0
g tn dt, mg(−n) = (−2π)−ng(n)(0) (n = 0, 1, 2, . . . );

(iii) |mg(z)| = |mg(1 − z)| ≤ (2π)Re z

|Γ(z)|

∫ ∞

0
|g| tRe z−1 dt (Re z > 0).

(A.3)
For (i), the Laplace transform F (β) :=

∫ ∞
0 g e−2πβt dt obeys F (β) = −β−1F (1/β), by ĝ = −g

and (2.8). For 0 < Re z < 1 its Mellin transform in β is
∫ ∞

0 F (β)βz−1dβ = mg(1 − z)/(2 sin πz),
by the reflection formula for Γ, so the substitution β → 1/β turns the functional equation of
F into mg(1 − z) = −mg(z) on the strip, and this relation continues mg to the whole plane.
The division by Γ is what makes the symbol entire: in Mellin space the Fourier transform is
the reflection z → 1 − z, and a functional is an entire function that is odd under it. The first
formula in (ii) is the definition; the second is the Taylor series of g at t = 0, where g is analytic
by Lemma B.1, read through (i). In particular mg(0) = g(0). Item (iii) is the trivial bound
together with (i).

The vacuum. For a ≥ 2 the Cardy weight has the power series (2.13) with positive coefficients,

V (t) =
∑

n≥2
vn t

n, vn = θn
(4π2a)n

(n!)2 , θn := 1 − 2
(
1 − 1

a

)n +
(
1 − 2

a

)n
,

1
2a2 ≤ θn ≤ 1,

(A.4)
so that vn is (4π2a)n/(n!)2 up to a factor polynomial in a, which is invisible on the exponential
scale. Integrating gvac = −2π

∫ ∞
0 g V dt term by term, which is allowed because M [g] < ∞, and

using (ii),
gvac = −

∑

n≥2
θn

(2πa)n

n! mg(n+ 1) : (A.5)

the vacuum is a series over the integer points z = n+ 1, with positive weights. Since every term
of the series for V is positive, each absolute moment of g is bounded separately:

vn

∫ ∞

0
|g| tn dt ≤ M [g] (n ≥ 2),

and M [g] ≤ 2
∫ T

0
|g|V dt if g is weakly feasible at T ,

(A.6)

the second being the half-mass condition (2.16). Inserting the first in (iii) at Re z = n+ 1 gives,
for every integer n ≥ 2,

|mg(z)| = |mg(1 − z)| ≤ (2π)n+1

vn |Γ(z)| M [g] (Re z = n+ 1). (A.7)

Positivity beyond T and the vacuum condition thus bound the symbol, on all the lines Re z = n+1
and on their reflections, by the Cardy-weighted mass that g carries below T . This is the starting
point. In the strip of section 6 the vacuum is one point on an edge; here it is a bound on every
vertical line through an integer.
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A.2 The obstacle

The coefficient in (A.7) has an exponential order when n and Im z are of order c. We write

z = 1
2 + c′ ω, ω = µ+ iν, (A.8)

so that z → 1 − z is ω → −ω, and use Stirling’s formula in a form that is uniform in the
imaginary part: for Rew ≥ 0, w ̸= 0, log|Γ(1

2 + w)| = Re[w logw − w] + 1
2 log 2π − ϵ(w) with

0 ≤ ϵ(w) ≤ 1
2 log 2. (The remainder is minus the real part of a function that is bounded and

holomorphic in the half-plane, so it is the Poisson integral of its boundary values, which are
explicit because |Γ(1

2 + is)|2 = π/ cosh πs.) The main term is elementary: for w = µ+ iν with
µ > 0, Re[w logw − w] = µ logµ− µ− Dµ(ν), where

Dµ(ν) := ν arctan ν
µ

− µ

2 log
(
1 + ν2

µ2

)
=

∫ ∞

0

(
1 − cos sν

)
e−µs ds

s2 ≥ 0 (A.9)

is the price, in the exponent, of moving off the real axis along the line Rew = µ. It is homogeneous
of degree one in (µ, ν), and Dµ(ν) → π

2 |ν| as µ → 0+. On the line Re z = n+1 we have n+ 1
2 = c′µ.

The factor (n!)2 of 1/vn, the factor (2π)n(4π2a)−n and the factor 1/|Γ(n+ 1 + ic′ν)| contribute
2c′µ log c′µ

e − c′µ log πc′
6 − c′µ log c′µ

e + c′Dµ(ν) to the logarithm of the coefficient; the scale c′

cancels from the logarithms because 2πa = π
6 c

′ exactly, and what remains is c′ times the obstacle

B(µ+ iν) := |µ| log 6|µ|
πe

+ D|µ|(ν) (µ ̸= 0), B(iν) := π

2 |ν|, (A.10)

extended to µ < 0 by the reflection. It is continuous on C and even in µ and in ν. Hence, for
every g ∈ Ā, g ̸≡ 0,

1
c′ log

∣∣mg(1
2 + c′ω)

∣∣
M [g] ≤ B(ω) +O

( log c′

c′

)
for c′|µ| ≥ 5

2 , (A.11)

with an error that is uniform in ω and in g; between two consecutive lines one interpolates with
Hölder’s inequality, because the moments are log-convex in their order. In the central strip
c′|µ| < 5

2 , that is, −2 < Re z < 3, no moment of g is controlled by M [g], and all one has there
is a bound |mg| ≤ Cg e

πc′|ν|/2 with a constant that depends on g. In the variable ω this strip
shrinks to the imaginary axis.

For µ > 0,

B(ω) = µ log 6µ2

πe
− Re

[
ω logω

]
, 2 ∂ωB = ∂µB − i ∂νB = log 6µ2

πω
, ∇2B = 2

µ
. (A.12)

Away from the imaginary axis B is smooth and strictly subharmonic. On it B is not smooth:
∂µB → ∓∞ as µ → 0± with ν ̸= 0 fixed, so the imaginary axis is a concave ridge. On the positive
real axis B(µ) = µ log 6µ

πe . We shall also need the harmonic function in the right half-plane that
is even in ν and agrees with B on the positive real axis,

Re ΥR = B − 2 Dµ(ν), ΥR(ω) := ω log 6ω
π

− ω (µ > 0). (A.13)

The obstacle problem. The inequality (A.11) is not the best that one can say. Since
mg is entire, the left side is a subharmonic function of ω [63]. If B were itself subharmonic
nothing would be gained. It is subharmonic on either side of the ridge, but not across it, and a
subharmonic function cannot follow a concave ridge from below. At exponential order the left
side of (A.11) therefore lies below

U := sup
{
u : u subharmonic on C, u ≤ B

}
. (A.14)
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To find the largest subharmonic minorant of a given function is the obstacle problem [81]; in the
plane it is the equilibrium problem of weighted potential theory [82]. We use (A.14) only as a
guide to the formulas of appendix A.3: Result M3 does not assert that the function defined there
is the largest minorant, and neither of the two main arguments needs it. The general theory
says what to expect. The plane splits into the open non-contact set N = {U < B}, where U is
harmonic, since otherwise it could be increased locally, and the closed contact set K = {U = B}.
Where the obstacle is smooth, U is C1 across the free boundary ∂K, that is, ∇U = ∇B there, and
this is the equation that determines ∂K. The solution is even in µ and in ν. The ridge belongs
to N , because the mean of B over a small circle centered on it is smaller than the value at the
center. Hence K = K+ ∪ (−K+) with K+ a closed subset of {µ > 0}. Finally, on K the Riesz
measure 1

2π ∇2U is 1
2π ∇2B dA = dA/(π|µ|), an area measure; this will matter in appendix A.5.

Why the tip of the contact set is the threshold. Let g ∈ Ā be weakly feasible at T =
c′x2

T /3, so that it carries at least half of its mass below T , (A.6). On the other hand g is recovered
from its symbol by Mellin inversion along any line Re z = n+1, g(t) = 1

2πi

∫
mg(z)Γ(z)(2πt)−zdz.

Insert |mg| ≤ M [g] ec′U+o(c′) and (2π)−n−1|Γ(z)| = e−c′B+o(c′)/vn:

vn t
n |g(t)| ≤ M [g] c′

2πt

∫

R
exp

{
−c′ W(µ+iν)+o(c′)

}
dν, W := B−U ≥ 0, c′µ = n+ 1

2 .

(A.15)
The obstacle has reappeared with the opposite sign, and only the difference is left. For given
t we choose for n the index of the largest term of the series V (t) = ∑

vnt
n; this puts the line

through the real saddle point of the inversion integral. The largest term is at n ≈ 2π
√
at, that

is, on the line
µ = π

3 x, x =
√

3t/c′, (A.16)

and V (t) = eo(c′)vnt
n. For t ≤ T the line lies in |µ| ≤ π

3xT , and integration over [0, T ] gives
∫ T

0
|g|V dt ≤ M [g] e−c′κ+o(c′) ≤ 2 e−c′κ+o(c′)

∫ T

0
|g|V dt, κ := inf

|µ|≤πxT /3
W. (A.17)

If the closed strip |µ| ≤ π
3xT lies in N , and κ > 0, this forces g = 0 for large c. If the strip meets

K then κ = 0 and nothing follows. The threshold is where the strip first touches the contact set,
xT = 3

πµ∗ with µ∗ := min{µ : µ+ iν ∈ K+}. We call the points ±µ∗ of K the tips.

A.3 The free boundary and the solution in closed form

It remains to find N and U . We expect N to be a simply connected neighborhood of the ridge
and write U = Re Υ in N with Υ holomorphic. The symmetries make Υ′ odd and real on N ∩R.
Instead of Υ′ we use the pair of variables

b q = 3ω
2π ,

b

q
= eΥ′(ω), that is, b2 = 3ω

2π e
Υ′(ω), q2 = 3ω

2π e
−Υ′(ω). (A.18)

Here b2 and q2 are holomorphic in N , and the common sign of (b, q) is fixed by b, q > 0 on the
real segment (0, µ∗). The first variable is an old one: for a symbol mg = ec′Υ+o(c′) the integrand
of the inversion integral is exp{c′[Υ(ω) + ω log c′ω

2πet ]}, and it is stationary at 2πt = c′ω eΥ′ , that
is, at t = c′b2/3. So b is the variable b of (2.17), evaluated at the saddle point that belongs to ω.
Its partner q will turn out to be ip, with p the momentum (6.16).

On ∂K+ the contact is C1, so Υ′ = 2∂ωU = 2∂ωB = log 6µ2

πω by (A.12). In (A.18) this gives
b2 = (3µ/π)2, hence the free-boundary condition

b = 3µ
π
, q = ω

2µ = 1
2 + iν

2µ ; in particular Im b = 0, Re q = 1
2 on ∂K+. (R)
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In the variables (b, q) the nonlinear condition ∇U = ∇B has become linear; this is the reason
for introducing them. The reflection ω → −ω acts as (b, q) → (iq, ib), because Υ′ is odd, so
that on −∂K+ the conditions read Re q = 0 and |Im b| = 1

2 : there b is on an edge of the strip
S. The reflections in the lines Re q = 0 and Re q = 1

2 compose to the translation q → q + 1,
those in Im b = 0 and Im b = 1

2 to b → b+ i, which suggests a solution that is periodic in both
variables. Consider therefore the function cosh 2πb + cos 2πq of ω. It is an entire function of
(b2, q2), hence holomorphic in N . It is even, because ω → −ω exchanges its two terms. It is real
on ∂K+ by (R), since cos 2π(1

2 + is) = − cosh 2πs, and hence on all of ∂N . So its imaginary
part is harmonic in N and vanishes on ∂N . Assume that it is bounded in N . Then it is a real
constant, by the Phragmén–Lindelöf principle, and the value at ω = 0, where b = q = 0, is 2:

cosh 2πb+ cos 2πq = 2, equivalently sin πq = sinh πb,
that is, sinh πb = i sinh πp with q = ip,

(A.19)

since the first equation is sinh2 πb = sin2 πq and the sign is fixed on (0, µ∗). This is the curve
(1.4). (With b = iX the first form is the energy surface cos 2πX + cos 2πq = 2 of Harper’s
equation [83].) Together with bq = 3ω/2π it determines b and q, hence Υ′, as functions of ω:

ω = 2π
3 b q, sin πq = sinh πb; on (0, µ∗) : q = 1

π
arcsin sinh πb = i p(b). (A.20)

The rescaled Mellin variable is the action, ω = 2πi
3 b p, on the curve of section 4.

At the tip, where ∂K+ crosses the real axis, (R) gives q = 1
2 and b = 3µ∗/π, and (A.19)

becomes sinh πb = 1:

b = x∗
1, µ∗ = π

3 x
∗
1 = 1

3 arcsinh 1 = 0.2937912, xT = 3
π
µ∗ = x∗

1, (A.21)

which is the threshold of Theorem 1. On the rest of ∂K+, (R) and sin(π
2 + iπν

2µ ) = cosh πν
2µ turn

(A.19) into cosh πν
2µ = sinh 3µ:

ν = ±ν∗(µ), ν∗(µ) := 2µ
π

arccosh
(
sinh 3µ

)
, µ ≥ µ∗, (A.22)

where sinh 3µ ≥ 1 precisely for µ ≥ µ∗. Since ν∗(µ) = 6
πµ

2 −O(µe−6µ), the non-contact set is a
parabolic neighborhood of the ridge (figure 10(a)).

The solution. We now turn the outcome into definitions, which no longer depend on how
they were found. Let

K+ := {µ+ iν : µ ≥ µ∗, |ν| ≤ ν∗(µ)}, K := K+ ∪ (−K+), N := C \ K,

Υ′(ω) := log b
q

(ω ∈ N ), U(ω) := B(µ∗) + Re
∫ ω

µ∗
Υ′(ω′) dω′ (ω ∈ N ), U := B on K,

(A.23)
where b and q are the functions on N defined by (A.20) through part (i) below, the logarithm
is the branch that vanishes at ω = 0, and the path runs in N ∪ {µ∗}. Put W := B − U and
N + := N ∩ {ν > 0}.

Result M3 (the solution of the obstacle problem)

(i) The relations (A.20) define q as a conformal map of N + onto the half-strip {0 < Re q <
1
2 , Im q > 0}. The side Re q = 1

2 corresponds to the upper arc of ∂K+, the side Im q = 0
to the segment (0, µ∗), and the side Re q = 0 to (−µ∗, 0] followed by the upper arc of
−∂K+. Hence Υ′ is single-valued and holomorphic on N .

(ii) U ∈ C1(C); it is harmonic in N , equal to B on K, and even in µ and in ν.
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Figure 10: (a) The plane of ω = µ+ iν, where z = 1
2 + c′ω is the Mellin variable. Shaded: the contact

set K = K+ ∪ (−K+). White: the non-contact set N , which contains the ridge µ = 0 of the obstacle.
Solid: the free boundary ν = ±ν∗(|µ|) of (A.22), whose four arcs meet at the tips ω = ±µ∗. On the arcs
b is real and ≥ x∗

1, and ν∗( π
3x) = π

2x ρU (x): the width of the contact set is the zero law. Dashed: the four
creases of appendix A.5, which leave the tips at 45◦ and carry the skeleton. (b) The obstacle B and the
solution U on the positive real axis. They agree, with their first derivatives, for µ ≥ µ∗; for 0 ≤ µ < µ∗
one has W = B − U > 0, and U(0) = U0, the value of the extremal potential of section 6 at b = 0.

(iii) W > 0 in N , and W(µ + iν) ≤ W(0) + π
2 |ν| on C. In the quadrant µ, ν > 0 of N ,

∂µW = 2 log 3µ
π|b| < 0 and ∂νW = 2 arg b > 0.

(iv) ν∗ is increasing on [µ∗,∞) with ν∗(µ∗) = 0; hence {|µ| ≤ µ1} ⊂ N for every µ1 < µ∗;
and µ2 ≤ π

3 (1 + |ν|) on the closure of N .

These properties are checked directly from the formulas, without the assumption made above. For
(i) one uniformizes with σ := sinh2 πb = sin2 πq, so that ω = f(σ) := 2

3π arcsinh
√
σ arcsin

√
σ on

the plane cut along (−∞,−1] and [1,∞). For Im σ > 0 one finds 0 < arg b < arg
√
σ < arg q < π

2 ,
from tanh s < s < tan s, and then Re f ′ > 0; since a half-plane is convex, f is one-to-one there,
by the criterion of Noshiro and Warschawski [84, Thm. 2.16]. The upper and lower lips of the
cut [1,∞) go to the two arcs of ∂K+, those of (−∞,−1] to the arcs of −∂K+, and the branch
points σ = ±1 to the tips. For (ii), on the upper arc b = 3µ/π is real and q = 3ω/(2πb), so
that Re Υ′ = log b

|q| = log 6µ2

π|ω| = ∂µB and − Im Υ′ = arg q = argω = ∂νB, by (A.12); the values
match as well, because the path in (A.23) may run along the arc, where Re(2∂ωB dω) = dB.
For (iii), (A.12) and |ω| = 2π

3 |b||q| give the two components of ∇W; their signs follow from
3µ = 2πRe(bq) < π|b| and from the ordering of the arguments; and one integrates, along
horizontal segments from the free boundary, where W = 0, and up the imaginary axis from
ω = 0, where ∂νW ≤ π

2 . Part (iv) is elementary: 6
πµ

2 − 2 arcsinh 1
π µ ≤ ν∗(µ) < 6

πµ
2.

The value at the origin is that of the extremal potential of section 6. Indeed, by (iii) on the
real segment, where 3µ = 2πbq, and by an integration by parts,

W(0) = −
∫ x∗

1

0
2 log(2q) d

[2π
3 b q

]
= 4π

3

∫ x∗
1

0
b dq = 2π

3

∫ x∗
1

0

(
1 − 2q

)
db = −U0 = 0.388748,

(A.24)
by (6.23) at x = 0, with q = 1

π arcsin sinh πb; the boundary terms vanish because 2q = 1 at the
tip and bq log q → 0 at the origin. So U(0) = U0 = U(0). The reason is that mg(0) = g(0): at
exponential order ec′U(0) bounds |g(0)|/M [g] by Proposition 6.4 at b = 0, and ec′U(0) does so by
(A.27) below at ω = −1/2c′, the point z = 0; the two bounds are the same. Figure 10(b) shows
B and U on the real axis.
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A.4 Optimality at finite central charge

Result M1 is the argument of appendix A.2 carried out at finite c. Fix xT = x∗
1 − δ and

T = c′x2
T /3. For g ∈ Ā, g ̸≡ 0, let

pg(ω) := log
∣∣mg

(1
2 + c′ω

)∣∣ − log
(
2πM [g]

)
, (A.25)

which is subharmonic on C and even in µ and in ν. There are four steps.
The obstacle inequality. For all c ≥ 25 and c′|µ| ≥ 5

2 , pg(ω) ≤ c′B(ω) + ka with ka =
1
2 log(32π2a5) + 1

10 < 5
2 log c′. What matters is that ka depends neither on g nor on ω, be-

cause the inequality is used on all of ∂N and on entire vertical lines. It follows from (A.7) with
θn ≥ 1/2a2 uniformly in n; from Hölder’s inequality between consecutive integer moments, where
replacing a chord of the concave function n 7→ log[(4π2a)n/(n!)2] by the function costs at most
1
10 ; and from Stirling’s formula with its exact remainder. Because c′ = 12a exactly, the main
terms are exactly c′B(ω). Had we scaled with c instead of c′, the right side would contain the
additional term |µ| c log c

c−1 , which is unbounded on N .
The comparison step. The obstacle inequality is sharp on ∂N and wasteful inside N . Let Ω be
an open set whose closure lies in a parabolic region {µ2 ≤ A2

0(1 + |ν|)} and whose boundary lies
in {c′|µ| ≥ 5

2}, and let u be continuous on the closure of Ω and harmonic in Ω, with u ≥ B on
∂Ω and B − u bounded by a power of 1 + |ω|. Then

pg ≤ c′ u+ ka on the closure of Ω, (A.26)

with the same ka. Indeed pg − c′u − ka is subharmonic in Ω and non-positive on ∂Ω. In an
unbounded domain one needs in addition that it does not grow too fast. This is the one delicate
point, because the only bound available in the central strip is not uniform in g and c. No uniform
bound is needed: the difference grows at most like a power of |ν|, with a constant that depends
on g and c, whereas a parabolic region is so thin that it carries positive harmonic functions that
grow like exp(C

√
|ν|), for instance Re cosh( π

2A0

√
1 − iω) + Re cosh( π

2A0

√
1 + iω) plus a constant.

Subtracting ε times such a function, applying the maximum principle on bounded pieces and
letting ε → 0 gives (A.26), and the constant has disappeared from the conclusion. The first
application is Ω = N , u = U , which is allowed by Result M3 (ii)–(iv), since c′|µ| ≥ 24µ∗ > 7 on
∂N :

pg(ω) − c′ B(ω) ≤ −c′ W(ω) + ka (ω ∈ N ). (A.27)

The second application controls the tails of the inversion integral, where Result M3 gives no
lower bound for W : with Ω the strip |µ| < 1 and u the harmonic function in it that equals B on
its two sides, which is explicit by (A.9), one finds pg − c′B ≤ ka + c′(0.68 − η1 log|ν|) for |ν| ≥ 1
and |µ| ≤ π

3xT , with η1 = (1 − π
3xT )/ cosh 1 and c′η1 > 7: along a vertical line the integrand of

(A.15) decays like a power |ν|−c′η1 , uniformly in g and c.
Mellin inversion at the saddle point. Put z = 1

2 + c′(ξ + iν) in the inversion formula, multiply by
V (t) ≤ e4π

√
at and use Stirling’s formula. The exponents that depend on t combine to a function

of ξ that is non-positive and vanishes, to second order, only on the line (A.16), ξ = ξt := π
3x; on

this line they cancel, and

V (t) |g(t)| ≤ M [g] c′ t−1/2 Ig(ξt), Ig(ξ) :=
∫

R
e(pg−c′B)(ξ+iν) dν. (A.28)

The times 0 < t ≤ T correspond to 0 < ξt ≤ π
3xT , and integrating t−1/2 over this range gives∫ T

0 |g|V dt ≤ M [g] c′ 2
√
T sup0<ξ≤πxT /3 Ig(ξ).

Conclusion. By Result M3 (iv) the closed strip |µ| ≤ π
3xT lies in N . This is the only place where

xT < x∗
1 is used, and it is essential: for xT = x∗

1 the line Reω = π
3xT touches the contact set at

its tip, where W = 0, and there is no exponential gain. Split Ig at |ν| = R0 := e1.68/η1 . On the
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inner part (A.27) gives an integrand at most eka−c′κ, where κ is the minimum of W over the
box {|µ| ≤ π

3xT , |ν| ≤ R0}; by the signs in Result M3 (iii) this minimum is attained on the real
axis at µ = π

3xT , so that κ = κM (δ). The outer part is smaller than e−c′ . With eka < c′5/2 this
is (A.1), with Cδ = 3R0. Finally, if g is weakly feasible at T , the half-mass condition and (A.1)
give 0 < M [g] ≤ 2Cδ c

′4e−κM (δ)c′
M [g], which is absurd for large c.

Comparison with Theorem 3. The inequality (A.1) is (6.1) with κM in place of the Cardy
deficit κ. The two agree at the far end, κM (x∗

1) = W(0) = −U0 = κ(x∗
1) by (A.24), and nowhere

else: κM (δ) = 0.00037, 0.0090, 0.036, 0.16 at δ = 0.01, 0.05, 0.1, 0.2, against κ(δ) = 0.0026,
0.029, 0.083, 0.23. Near the tip the contact of U with the obstacle is C1, so that W vanishes to
second order, W(µ) = (µ∗ − µ)2/µ∗ + . . . , and

κM (δ) = π

3x∗
1
δ2(

1 +O(δ)
)

= 3.73 δ2(
1 +O(δ)

)
, whereas κ(δ) = 2.650 δ3/2(

1 +O(δ)
)
.

(A.29)
The reason is that (A.28) integrates along the line through the saddle point of the Cardy weight,
and not through that of the functional. Used in this way the Mellin argument gives the first
statement of Theorem 4, but in place of (6.3) only a correction of order c′1/2 log1/2 c′. At
exponential order nothing is lost on the other line: for 0 ≤ x ≤ x∗

1,

U(x) = U(µ) + µ log 3µ
2πe x2 at µ = 2π

3 x q(x), the point where b(µ) = x, (A.30)

because the right side is stationary in µ there, both sides equal U0 at x = 0, and both have the
derivative −4π

3 q(x). The right side is the exponent that (A.15) produces for |g(t)|/M [g] on the
line through this point, where the integrand is largest at ν = 0 because ∂νW > 0. So that line
gives |g|V ≤ M [g] ec′(U+L)+o(c′), that is, the Cardy deficit κ(δ) itself. We have not carried this
out at finite c.

A.5 The skeleton of the contact set

A functional that attains the bound should have a symbol mc with 1
c′ log|mc(1

2 + c′ω)| → U(ω)
in N . Its zeros then have the density c′ times the Riesz measure of the limit. For the limit
U itself this is the area measure dA/(π|µ|) on K, which gives no control of signs: for t ≥ T
with xT > x∗

1 the line (A.16) crosses K+, and the integrand of (A.15) has constant modulus
along the whole segment |ν| ≤ ν∗(µ). But only the values of the limit in N enter the threshold.
Inside K the measure may therefore be rearranged, as long as the potential stays below B and is
unchanged in N . Swept together as far as possible it becomes the potential-theoretic skeleton of
K [85], a positive measure on four arcs, the creases, which issue from the tips (figure 10(a)). It
is constructed by continuing U harmonically from N across the free boundary into K+, on a
second sheet, until the continuation meets the elementary harmonic function Re ΥR of (A.13)
along a curve.

The second sheet. By Result M3 (i), q is a conformal coordinate on N + in which the upper
arc of the free boundary is the line Re q = 1

2 . We move the origin to the image of the tip and put

q = 1
2 + iϑ

π
, so that sinh πb = coshϑ, ω(ϑ) = 1

3 πb(ϑ)
(
1 + 2iϑ

π

)
,

πb(ϑ) = ϑ+ log 1 + e−2ϑ +
√

1 + 6e−2ϑ + e−4ϑ

2 .

(A.31)

Then N + is the half-strip {Reϑ > 0, 0 < Imϑ < π
2 }, the upper arc of ∂K+ is the ray ϑ ≥ 0, the

tip is ϑ = 0, and the second sheet is reached through Imϑ < 0. The map ω(ϑ) is holomorphic in
a full neighborhood of ϑ = 0, which is the reason for using ϑ. On the negative imaginary axis
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q > 1
2 and b = 1

π arcsinh sin πq are real, and ω = 2
3 q arcsinh(sin πq) continues the segment (0, µ∗)

beyond the tip into K. It increases up to a maximum 0.34818 at ϑ = −iϑf , ϑf = 0.520059, and
then decreases: the map folds the real axis back onto itself. We therefore work in the convex
wedge {

ϑ = ϑ1 − iϑ2 : ϑ1 > 0, 0 < ϑ2 < ϑ1 + ϑf

}
, (A.32)

whose closure avoids the branch points of b(ϑ), because ϑf <
π
2 − arcsinh 1 = 0.689.

The step checked in interval arithmetic. Functions of ϑ on the second sheet are single-
valued functions of ω in the upper half of K+ only if ω(ϑ) covers it exactly once. It does: on the
closed wedge, the corner −iϑf excepted,

Re
(
e−iπ/8 ω′(ϑ)

)
> 0, and Imω < 0 < Reω on the slanted side ϑ2 = ϑ1 + ϑf . (A.33)

The first statement gives injectivity, again by the criterion of Noshiro and Warschawski; the
rotation is needed because argω′ fills the interval (−π

4 ,
π
2 ) on the wedge. The second shows that

the image contains the open upper half of K+. The corner, where ω′ vanishes, and the far part
ϑ1 ≥ 3 of the wedge are treated by hand, with ω′′ in a cone around ω′′(−iϑf ) = 0.491 > 0 at the
corner and with πb(ϑ) − ϑ = O(e−2ϑ1) in the far part. What remains is compact, and it was
checked in interval (ball) arithmetic with Arb [61], by bisection into boxes on each of which the
enclosure of the function satisfies the inequality:
(I0) the location of the fold, |ϑf − 0.52005880928750816| ≤ 10−30;
(I1) |argω′′| < π

8 on the square {0 ≤ ϑ1 ≤ 1
20 , |ϑ2 − ϑf | ≤ 1

20};
(I2) the first inequality of (A.33) on the part ϑ1 ≤ 3 of the closed wedge outside that square

(2380 boxes; the smallest value is about 0.009, next to the corner);
(I3) the second inequality of (A.33) for 1

20 ≤ ϑ1 ≤ 3, and Reω ≥ 0.287 for ϑ1 ≤ 1
20 ;

(I4) |λ′(ζ)| ≤ 2.18 for |Re ζ|, |Im ζ| ≤ e−6, where λ(ζ) = log 1
2 [(1 − ζ) +

√
1 − 6ζ + ζ2] is the

logarithm in (A.31) at ζ = −e−2ϑ; this bounds the far part.
This is the only place in this appendix where a computer is used. A consequence that is needed
below is that arg b ∈ (−π, 0) and arg q ∈ (0, π

2 ) on the wedge, with argω = arg b+ arg q for the
principal values.

The continuation and the crease. On the first sheet Υ′ = log(b/q), and this expression is
holomorphic in ϑ across the ray ϑ ≥ 0 and in the whole wedge. Hence

Υ′
II(ω) := log b

q

∣∣∣
ϑ(ω)

, ΥII(µ∗) := B(µ∗);

E := ΥR − ΥII , E ′ = 2 log(2q), E(ω) = (ω − µ∗)2

µ∗
+O

(
|ω − µ∗|3

) (A.34)

defines the analytic continuation ΥII of Υ across the upper arc, and through a full neighborhood
of the tip, to the upper half of K+. We have used Υ′

R = log 6ω
π = log(2b) + log(2q); the double

zero of E at the tip is the C1 contact of U with the obstacle. There are now two harmonic
functions in the upper half of K+, and their order follows from the signs of the arguments. First,
∂ν(B − Re ΥII) = 2 arg b < 0, and Re ΥII = B on the arc, so that Re ΥII < B below it. Next,
∂µ Re E = 2 log|2q| > 0 and ∂ν Re E = −2 arg q < 0, while Re E = −2Dµ(ν∗(µ)) < 0 on the arc
and Re E = B − Re ΥII > 0 on the real ray µ > µ∗. On each vertical segment Re E therefore has
exactly one zero, and

C := {Re E = 0} = {ν = νc(µ), µ > µ∗}, 0 < νc < ν∗, ν ′
c(µ) = log|2q|

arg q > 0, (A.35)
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is a real-analytic curve, the crease, which leaves the tip at 45◦. Heuristically it is an anti-Stokes
line: a function that behaves like ec′ΥR + ec′ΥII is dominated by one exponential on either side
of it and has its zeros along it. We define

Usk :=





U on the closure of N ,

max
(
Re ΥR,Re ΥII

)
on the upper half of K+,

B on the real rays |µ| ≥ µ∗,

(A.36)

continued by the symmetries under ω → −ω and ω → ω̄. Thus Usk = Re ΥII between the free
boundary and the crease, and Usk = Re ΥR between the crease and the real axis. It is continuous,
harmonic away from the four creases, subharmonic on C, equal to U on N , and

Usk ≤ B on C, with equality on the real rays |µ| ≥ µ∗. (A.37)

The skeleton, parametrized by its mass. The Riesz measure nsk := 1
2π ∇2Usk is carried by

C and its three mirror images. Across C the gradient jumps by |E ′|, so that dnsk = 1
π |log 2q| ds

with respect to arc length, a positive real-analytic density that vanishes linearly at the tip. Along
C the function E is purely imaginary, and the mass between the tip and a point of C is Im E/2π
there; it is unbounded. We parametrize the crease by its mass,

E
(
ω∗(τ)

)
= 2πi τ (τ ≥ 0), ω∗(τ) = µ∗ + eiπ/4√

2πµ∗ τ
(
1 +O(

√
τ)

)
(τ → 0), (A.38)

so that nsk is the sum of the images of dτ under ±ω∗ and ±ω̄∗. Jensen’s formula and (A.37)
give nsk{|ω| ≤ r} ≤ Cr log(2 + r), hence

∫ ∞
0 |ω∗|−2dτ < ∞, and then, as in the Hadamard

factorization, Usk is the potential of its mass. With the normalization Usk(0) = U(0) = U0,

Usk(ω) − U0 =
∫ ∞

0
log

∣∣∣
(
1 − ω2

ω∗(τ)2

)(
1 − ω2

ω̄∗(τ)2

)∣∣∣ dτ. (A.39)

The error estimates of appendix A.7 need quantitative control of ω∗(τ), which one obtains from
ω′

∗ = iπ/ log(2q) and from the explicit far field πb ≈ ϑ. The crease does not return to the real
axis at any scale: Imω∗ ≥ a0(Reω∗ −µ∗) with a constant a0 ∈ (0, 1], so that the creases stay out
of the sector {µ > µ∗, |ν| < a0(µ−µ∗)}. Chord and arc are comparable, because argω′

∗ ∈ (0, π
2 ).

Up to a constant factor the speed |ω′
∗| decreases, but no faster than τ−1/2, which is its rate at

the square-root tip; and |ω′′
∗ | ≤ C|ω′

∗|/τ . The delicate point is the far field, where the margin in
the monotonicity of the speed is only logarithmic.

A.6 The functional

What is wanted, and what the skeleton provides. Suppose that a symbol has |mc(1
2 +

c′ω)| = ec′H(ω)+o(c′). By Stirling’s formula the modulus of the integrand Γ(z)mc(z)(2πt)−z of
the inversion integral at z = 1

2 + c′(µ+ iν) is

exp
{
c′[B(µ)+H(µ)−µ log(4x2)

]
+o(c′)

}
×exp

{
c′[H(µ+ iν)−H(µ)−Dµ(ν)

]}
, x =

√
3t/c′,

(A.40)
its value at the real point times its variation along the vertical line, and the weights of the vacuum
series (A.5) are e−c′B(µ)+o(c′) at n = c′µ. Thus the saddle point lies where (B+H)′(µ) = log(4x2);
it dominates its line if H(µ+ iν) − H(µ) < Dµ(ν) for ν ̸= 0; and the vacuum series is dominated
by the terms near the maximum of H − B on the positive axis.

The potential H∗ := Usk − U0 of the skeleton has all this, but only marginally. In the sector
free of creases it is Re ΥR plus a constant, so that the saddle point for x ≥ x∗

1 is on the real axis
at µ = π

3x. By (A.37), H∗(µ+ iν) − H∗(µ) ≤ B(µ+ iν) − B(µ) = Dµ(ν) for µ ≥ µ∗, but with
equality on the free boundary: there Re ΥII contributes a conjugate pair of saddle points, which
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by (R) lie on the same vertical line as the real one and have the same modulus, because Usk = B
at all three points. Hence V g = r1 + r2 cos Θ(t) with a real phase Θ and positive amplitudes
r1, r2 of the same exponential order, whose ratio is not determined at this accuracy: the sign
of g is marginal. Likewise H∗ − B = −U0 is constant on [µ∗,∞), so that all the terms of the
vacuum series beyond the tip, which have the wrong sign, are of the same exponential order as
the largest one.

The design. A margin is created by thinning and dilating the skeleton. Let η ∈ (0, 1), ηv > 0
and ι > 0 be three small parameters, and put

H(ω) := (1 − η)λH∗(ω/λ), λ := eηv (2x∗
1)−η,

µs := λµ∗, µb := (1 + ι
2)µs, µa := (1 + ι)µs.

(A.41)

The Riesz measure of H is the image of dτ under the four arcs ±ωd, ±ω̄d, where ωd(τ) :=
λω∗

(
τ/(1 − η)λ

)
, and the regularity properties of appendix A.5 hold for ωd with the same

constants, because they are invariant under dilations. Since λB(ω/λ) = B(ω) − |µ| log λ and
λDµ/λ(ν/λ) = Dµ(ν), the properties of Usk become the following.
(D1) H is subharmonic, finite and C1 on the real axis, and even in µ and in ν; its Riesz measure

is carried by four arcs that issue from the points ±µs, the tips of the design.
(D2) Corridor. In the sector {µ > µb, |ν| < a0(µ − µb)}, which is free of mass, H = (1 −

η) Re
[
ω log 6ω

πλ − ω
]

+ const.
(D3) Strict damping. H(µ+ iν) − H(µ) ≤ (1 − η) Dµ(ν) for all µ ≥ µs and all real ν.
(D4) Strict vacuum dominance. (H − B)′(µ) = −η log µ

µs
− ηv ≤ −ηv for µ ≥ µs. Hence there

are a point µv ∈ [1
2µs, µs) and ε0 > 0 with (H − B)(µ) ≤ (H − B)(µv) − ε0 − ηv(µ− µs)

for all µ ≥ µs.
The three parameters have three jobs. The reduction by 1 − η makes the damping strict,
but by itself it destroys (D4): for λ = 1 one finds (H − B)′(µ) = −η log 6µ

π , which is positive
just to the right of µ∗ because 6

πµ∗ = 2x∗
1 < 1. The dilation restores (D4), with the margin

ηv = log λ+ η log(2x∗
1); this requires λ > (2x∗

1)−η > 1, so the tip moves outward, to λµ∗, as it
must by Result M1. Finally ι keeps the saddle points that are used, µ ≥ µa, away from the tip,
where the zeros accumulate and no lower bound on the symbol is available. By (D2) the saddle
points µ ≥ µa belong to x ≥ xa, where

4x2
a =

(6µa

π

)2−η
λ−(1−η), that is,

x2
a = (x∗

1)2 eηv (2x∗
1)−2η (1 + ι)2−η −→ (x∗

1)2 as (η, ηv, ι) → 0.
(A.42)

The symbol. The Riesz measure of c′H is c′dτ along each arc. We cut every arc into cells of
unit mass, replace the mass of each cell by a unit point mass at its midpoint in mass, and let
these points be the zeros:

ωj := ωd

(j − 1
2

c′

)
(j = 1, 2, . . . ), Pc(ω) :=

∏

j≥1

(
1 − ω2

ω2
j

)(
1 − ω2

ω̄2
j

)
,

mc
(1

2 + c′ω
)

:= ω (ω2 − µ2
s)Pc(ω).

(A.43)

There is no integrality condition, so c is an arbitrary real number. By (A.39), log|Pc| is the
midpoint rule, with step 1/c′, for the integral c′H. The set of zeros is invariant under ω → −ω
and ω → ω̄, so Pc is even, real on the real axis and positive there. The zero at ω = 0 makes the
symbol odd, and the pair ±µs puts its only sign change on the positive axis at the tip of the
design. What the rest of the argument uses is the following list, in which δc = C/c′.
(P1) mc is entire, real on R, and mc(1 − z) = −mc(z).
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(P2) log|mc(1
2 + c′ω)| ≤ c′[H(ω) + δc(1 + |ω|)] for all ω with µ ≥ µs, and ≥ c′[H(ω) − δc(1 + |ω|)]

in the corridor of (D2) and on a real interval around µv.
(P3) mc(1

2 +c′µ) > 0 for real µ > µs, and mc(n+1) ≤ 0 for the integers n ≥ 1 with n+ 1
2 < c′µs.

(P4) |Γ(z)mc(z)| ≤ Cc e
−ac|Im z| for −1

2 ≤ Re z ≤ 1
2 + c′µa and |Im z| ≥ 1, with ac > 0.

The upper bound in (P2) is needed in the whole half-plane to the right of the tip, the arcs
included, on which the zeros lie; the lower bound only away from the zeros. (P1) and (P3) are
read off from the product. (P2) and (P4) are the subject of appendix A.7; the content is that
the error of the midpoint rule is O(1 + |ω|), with no factor c′.

From the symbol to the functional. For t > 0 let

gc(t) := 1
2πi

∫

Re z=s0
(2πt)−z Γ(z)mc(z) dz, (A.44)

which by (P4) does not depend on s0 > 0, and is real by (P1). Moving the line to Re z = −1
2

one crosses the pole of Γ at z = 0 and finds gc(t) = mc(0) + O(t1/2), so gc is continuous on
[0,∞). Next, ĝc = −gc: the Laplace transform of gc is F (β) = 1

2πi

∫
Re z=1/2

π
sin πz mc(z) βz−1

2π dz,
the substitution z → 1 − z preserves the line and sin πz and changes the sign of mc, hence
F (1/β) = −βF (β), which is ĝc = −gc by (2.8). In Mellin space the Fourier constraint costs
nothing: every odd symbol with enough decay gives a functional, and all the work is in the signs.
Finally the decay. For every s0 > 0, |gc(t)| ≤ (2πt)−s0J(s0) with J(s0) := 1

2π

∫
|Γmc|(s0 + iy) dy.

By (P2) and (D3), |Γmc| decays exponentially along the lines to the right of the tip as soon as
δc ≤ η/8, and since H(µ) = (1−η)µ logµ+O(µ) one finds log J(1

2 +c′µ) ≤ c′[(2−η)µ logµ+Cµ].
This is smaller than log[Γ(2s0)(8πα)−s0 ] at s0 = 1

2 + c′µ for every α > 0, up to a constant that
depends on α and c, and the choice 2s0 = 4π

√
αt then gives

|gc(t)| ≤ Cα,c e
−4π

√
αt for every α > 0. (A.45)

In particular
∫ ∞

0 |gc| dt < ∞ and M [gc] < ∞, because V ≤ e4π
√

at: gc ∈ Ā. Here η > 0 is
essential twice. Without the margin ηDµ(ν) the error c′δc|ν| that (P2) allows would make the
bound non-integrable along the line; and for η = 0 the symbol would grow at the critical rate
µ logµ, for which one obtains (A.45) only up to some finite α.

The sign of gc. Fix c and t, and let I(ω) := Γ(z)mc(z)(2πt)−z, so that gc(t) = c′
2π

∫
R I(µ+iν) dν

for every µ > 0; by (P3), I > 0 on the real axis for µ > µs. If x is confined to a compact
set this is a standard problem with the large parameter c′. What is delicate is that positivity
is required for all t ≥ T at fixed c: as t → ∞ the saddle point µt moves off to infinity, the
only large parameter is c′µt, and the errors c′δc(1 + |ω|) that (P2) allows are not small. The
resolution is that everything is invariant under dilations of ω: the corridor is a sector, the error
is relative, and the profile in (D2), like Stirling’s exponent, is homogeneous of degree one up
to terms linear in ω. The saddle-point expansion at µ then has 1/

√
c′µ as its only parameter,

uniformly for µ ≥ µa. In the corridor logmc is holomorphic and real on the axis, and the
difference Qc between 1

c′ logmc and the holomorphic profile of (D2) has |ReQc| ≤ δc(1 + |ω|). A
disc of radius proportional to µ around µ ≥ µa lies in the corridor, and the gradient estimate for
harmonic functions and Cauchy’s estimates give |Q′

c| ≤ Cδc, |Q′′
c | ≤ Cδc/µ and |Q′′′

c | ≤ Cδc/µ
2

there. It follows that the equation ∂µ log I = 0 has exactly one solution µt ≥ µa for every
t ≥ TH(c) := 1

3c
′x2

a exp[C(δc + c′−2)], that −∂2
µ log I lies between c′/2µt and 3c′/µt there, and

that the third derivative is at most Cc′/µ2 on the disc. It is essential to expand at this exact
saddle point: the saddle point of the limit profile differs from it by O(δcµ), which exceeds the
width

√
µ/c′ of the Gaussian as µ → ∞. On the window |ν| ≤ rµt, with a small constant r,

the integrand is a Gaussian up to a relative error O((c′µt)−1/2). On the tails |ν| ≥ rµt one
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leaves the corridor and has only upper bounds; (D3), (P2) and Dµ(ν) ≥ ν2/2(µ + |ν|) give
|I(µt + iν)|/I(µt) ≤

√
2 exp(−c′γ|ν|) with γ > 0. Altogether

gc(t) = c′

2π I(µt)
( 2π

−∂2
µ log I(µt)

)1/2[
1 + ϵc(t)

]
, |ϵc(t)| ≤ C√

c′µa
≤ 1

2 for all t ≥ TH(c),

(A.46)
and gc(t) > 0 because I(µt) > 0.

The sign of the vacuum value. By (A.5) and Stirling’s formula,

(gc)vac = 1√
π2c′/3

∑

n≥2
θn e

ϵn e−c′B(µn) [
−mc

(1
2 + c′µn

)]
, µn :=

n+ 1
2

c′ , 0 ≤ ϵn ≤ 1
2 log 2.

(A.47)
All the terms with µn < µs are non-negative by (P3). We keep the one nearest to µv; by
the lower bound in (P2) it is at least exp{c′[(H − B)(µv) − δc(1 + µv)] − C}. The terms with
µn ≥ µs have the wrong sign. By (P2) and (D4) the modulus of such a term is at most
exp c′[(H − B)(µv) − ε0 + δc(1 + µs) − (ηv − δc)(µn − µs)]; the points µn have spacing 1/c′, so
this is a geometric series, and its sum is at most 1 + 2/ηv times its first term. Hence (gc)vac > 0
as soon as δc(2 + µv + µs) ≤ 1

2ε0: the wrong-sign terms are smaller by the factor e−c′ε0/2.

Conclusion. Let xg > x∗
1. By (A.42) we choose η, ηv and ι, depending only on xg, such

that xa <
1
2(x∗

1 + xg). This fixes the design, its µv and ε0, and then all the constants above.
Since δc → 0, there is c0(xg) such that for c ≥ c0(xg) the smallness conditions on δc hold
and TH(c) ≤ c′x2

g/3. For every such real c the function gc of (A.44) lies in Ā, is positive on
[c′x2

g/3,∞) and has (gc)vac > 0. This is Result M2.

A.7 Discretization of the skeleton

It remains to justify (P2) and (P4). In electrostatic language, c′H is the potential of a line
charge of density c′dτ in the mass parameter of the arcs, and log|Pc| is that of unit point charges
at the mass midpoints of the cells. The claim is that the difference is O(1), uniformly in c and
in the point of observation:

log|Pc(ω)| ≤ c′H(ω) + C for all ω ∈ C, log|Pc(ω)| ≥ c′H(ω) − C if dist(ω, arcs) ≥ C ℓ1,
(A.48)

where ℓj is the length of the j-th cell, and ℓ1 ≤ Cc′−1/2 → 0. The upper bound holds everywhere,
also on the arcs, where the zeros lie; the lower bound cannot, since Pc vanishes there. For one
arc and a point w let

ej(w) := c′
∫

Ij

log
∣∣∣ ωj − w

ωd(τ) − w

∣∣∣ dτ, Ij =
[j − 1
c′ ,

j

c′

]
, (A.49)

be the error made when the mass of the j-th cell is concentrated at its midpoint in mass. There
are three regimes. Near cells, the cell nearest to w and its two neighbors: no cancellation is
needed, because a logarithmic singularity is integrable against a mass that is spread evenly;
chord and arc being comparable and the mass per unit length being at most C/ℓj , one finds
− log(1 + ℓj/|ωj − w|) ≤ ej(w) ≤ C for every cell and every w. Far cells: ej(w) is the error of
the midpoint rule for τ 7→ log(ωd(τ) − w); the linear term of the Taylor expansion about the
midpoint integrates to zero, and the second derivative, with |ω′′

d | ≤ C|ω′
d|/τ , gives

|ej(w)| ≤ C
[ 1
j − 1

ℓj
dj

+
ℓ2j
d2

j

]
(j ≥ 2), dj := dist(w, cell j). (A.50)
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The second term is the quadrupole field of the cell. The first is a residual dipole, present because
the mass midpoint of a cell is its center of mass only if the speed is constant along it. Since
the speed decreases no faster than τ−1/2, the lengths of the cells between the j-th and the
one nearest to w are comparable with ℓj in the sense that ℓj/dj ≤ C[ 1

j−1 + 1
k ], where k is the

number of cells in between, and this is square-summable, uniformly in w and c. The tip: there
ωd − µs ∝

√
τ , and |ω′′

d | ∝ τ−3/2 is not integrable, so (A.50) has no analogue for the first cell,
however far w is from it. This is harmless, because the bound for near cells holds for every cell
and uses no second derivative; the first cell is always counted among the near ones. Summing
over the cells and over the four arcs gives (A.48).

With the prefactor ω(ω2 − µ2
s), which is at most (µs + |ω|)3 and is bounded below in the

corridor and near µv, (A.48) is (P2) with δc = C/c′, for all c so large that Cℓ1 is smaller
than the distance from the arcs to the corridor and to the interval around µv. For (P4),
the dilated form of (A.37) and Dµ(ν) ≤ π

2 |ν| give H(ω) ≤ (1 − η)π
2 |ν| + C for |µ| ≤ µa, and

|Γ(z)| ≤ C(1+ |Im z|)Re z−1/2e−π|Im z|/2; so Γ(z)mc(z) decays like e−ηπ|Im z|/2 up to a power. Here
again η > 0 is indispensable: it is the only margin against the decay of the Gamma function.

A.8 A dictionary, and remarks

The strip and the Mellin plane. The arguments of section 6 and of appendix A.4 have the
same skeleton: a holomorphic function attached to g, a bound on part of a boundary that comes
from the vacuum, the maximum principle for the logarithm of the modulus, and the half-mass
condition. They are carried out in conjugate variables. In section 6 the function is G(b) on the
strip S, and the variable is b. Here it is mg on the plane, and the variable is the action ω = 2πi

3 bp
(A.20), as one expects of a Mellin transform, which diagonalizes dilations. The two profiles,
ug(b) of (6.13) and the left side of (A.11), are related at exponential order by the saddle point
of the Mellin transform, that is, by a Legendre transformation in log t. The correspondence is as
follows.
• The Fourier transform is the quarter-turn (p, b) 7→ (b,−p) of section 4 on the strip, and the

reflection ω → −ω, which acts as (b, q) → (iq, ib), in the plane.
• The vacuum is the point b = i

2 on an edge of the strip, and gives the boundary value 0 on
the edges (Lemma 6.1). In the plane every Taylor coefficient of the Cardy weight gives a
bound on a vertical line; together they are the obstacle B.

• The Cardy line −L on the slits |x| ≥ x∗
1 corresponds to the obstacle on the contact set. The

tips b = ±x∗
1 of the slits are the tips ω = ±π

3x
∗
1 of K; on the free boundary b is real and runs

over the band x ≥ x∗
1, and q = ip(x+ i0) there. The edges |Im b| = 1

2 of the strip appear as
the free boundary of −K+.

• The extremal potential U corresponds to U , and U(0) = U(0) = U0 (A.24). The exponents
differ away from that point, (A.29): at the tips U +L vanishes to order 3

2 , and W to order 2.
• The charge of U sits on the slits, with the density ρU of (6.21). The charge of U is the area

measure dA/π|µ| on K, and the two have the same projection: by (A.22),
∫ ν∗(µ)

−ν∗(µ)

dν
πµ

dµ = 4
π2 arccosh(sinh 3µ) dµ = ρU (x) dx at µ = π

3 x. (A.51)

Zeros. By Theorem 7 the zeros of G in the strip, for any sequence that attains ΛV , follow the
one law ρU . The zeros of the symbol are not rigid in this sense: the argument of appendix A.2
fixes their limiting distribution only up to rearrangements inside K that leave the potential in
N unchanged, and appendix A.5 uses this freedom. The two statements concern the zeros of
different functions.

Three functionals. The functional of Theorem 5 places the zeros of G on the band, along the
Cardy line, where positivity is an inequality between two numbers that a computer certifies; it is
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sharp to order c1/3. The functional of section 9 places no zeros at all; it is one transform of one
real seed, and it stays below the Cardy line by a fixed margin. The functional of this appendix
places the zeros of the Mellin symbol on the creases; the constraint ĝ = −g is automatic, and
positivity comes from one real saddle point that dominates a conjugate pair by the margin η. In
the last two constructions the margin is bought in the same way, by moving the tip outward: the
deformation γ < π of section 9 borrows the extremal profile of a heavier theory, with c′ replaced
by (π/γ)2c′ (9.13), and so does the dilation of (A.41), since c′λH∗(ω/λ) is the potential of the
skeleton with c′ replaced by λc′, at the same z. Neither gives a rate.

The problem on a strip. In the U(1)c problem the vacuum sits at the origin, on the boundary
of the half line of the Mellin transform, and the proof of [13, Ch. 1] works on a strip in the
Mellin variable, whose width is the dimension. Here the vacuum sits at t = −a, off the half
line. It cannot be reached by the transform, and enters only through the expansion (A.4) of its
S-image; the strip is replaced by the unknown set N , and the value of the slope is fixed by a
free-boundary condition. In the variable b the same vacuum is a boundary point of a fixed strip
(section 6.3), and no free boundary has to be found, although the largest useful slit is again
characterized by tangency (section 6.6).

B Bessel functions and the Cardy weight
This appendix collects the properties of the Cardy kernel Kα(t) = I0(4π

√
αt) and of the weight

V = Ka − 2Ka−1 +Ka−2, ρC = 2πV , that the proofs of Parts III and IV use: the continuation
of the eigen-identity below the BTZ threshold (Lemma B.1), the comparison of V with Ka and
with ec′L (Lemma B.2), the window at the threshold where V degenerates (Lemma B.3), and
two-sided asymptotes of I0 and V with explicit remainders (Lemma B.4). The first three are used
from section 6.3 on; the fourth is needed in section 7.9, appendix G and section 8.2. Everything
is proved by hand from the integral representation, the power series and the recurrences of Iν [67,
§§10.25, 10.29, 10.32]. Throughout, c ≥ 40, that is c′ ≥ 39 and a = c′/12 ≥ 3.25, which enters
only through the numerical values in the proofs. We write wα = 4π

√
αt and t = c′x2/3 with

x ≥ 0, so that wa = c′L(x), L(x) = 2π
3 |x|.

B.1 Continuation of the eigen-identity

Since Kα(t) = ∑
k≥0(4π2αt)k/(k!)2 is entire in α, the eigen-identity of section 2.4 makes sense

for complex α. We show that it converges on a parabolic region, with vertex at the vacuum
−α = −a and focus at the threshold, on which Ka dominates the kernel; in the variable b of
section 2.5, α = −c′b2/3, this region is the closed strip |Im b| ≤ 1

2 .

Lemma B.1 (proved). Let Da = {α ∈ C : |Re
√
α| ≤

√
a}, the closed region Reα ≤ a −

(Imα)2/4a bounded by a parabola; it contains (−∞, a]. For α ∈ Da and t ≥ 0,

|Kα(t)| ≤ K(Re
√

α)2(t) ≤ Ka(t). (B.1)

For g ∈ Ā the integral in

g(−α) = −2π
∫ ∞

0
g Kα dt, |g(−α)| ≤ 2π

∫ ∞

0
|g|Ka dt ≤ 2π

(
87 + 78 a c′)M [g], (B.2)

converges absolutely, uniformly in α ∈ Da. It defines a function that is continuous on Da,
holomorphic in the interior, and equal to the given g(s) at α = −s ≤ 0. In particular gvac =
g(−a) − 2g(−a+ 1) + g(−a+ 2) = −

∫ ∞
0 g ρC dt, with an absolutely convergent integral.
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Proof. The representation I0(z) = 1
π

∫ π
0 e

z cos θ dθ [67, §10.32] gives |I0(z)| ≤ I0(|Re z|);
since Re

(
4π

√
αt

)
= 4π

√
t Re

√
α and I0 increases on [0,∞), this is (B.1). For the rest

we use Lemmas B.2 and B.3 below, whose proofs do not use the present lemma. By
Lemma B.2(b), Ka < 214 on [0, 4/c′] and Ka ≤ 310 amax(1, t−1)V ≤ 78 a c′V on [4/c′,∞),
so that

∫ ∞
0 |g|Ka dt ≤ 214

∫ 4/c′
0 |g| dt + 78 a c′M [g]. This is finite, because M [g] < ∞ and∫ ∞

0 |g| dt = 1
2π ∥g(|r|2/2)∥L1(R2) < ∞ by the definition of Ā (section 2.6), and Lemma B.3 bounds

the first term by 87M [g]. By (B.1) the integrand in (B.2), which is entire in α, is dominated by
|g|Ka for all α ∈ Da at once; dominated convergence gives the uniform absolute convergence, the
continuity and the holomorphy in the interior. Finally, K−s(t) = J0(4π

√
st) for s ≥ 0, and (B.2)

at α = −s is the relation ĝ = −g written as a Hankel transform of order zero (section 2.3).

B.2 The weight

The weight V is a second difference of α 7→ Kα(t) with unit step, yet it is comparable to the
single kernel Ka: up to a polynomial factor as soon as t ≥ 4/c′, and up to the factor 0.9 beyond
t = ξ∗

1c
′, where Ka−1 and Ka−2 are exponentially smaller than Ka. The proof writes V as an

average of ∂2
αKα, a multiple of I2, and compares Bessel functions at the nearby arguments wa,

wa−1, wa−2 through the logarithmic derivative I1/I0.

Lemma B.2 (proved). Let c ≥ 40, t > 0 and x =
√

3t/c′.
(a) The weight obeys

4π2t

a− 2 I2(wa−2) ≤ V (t) ≤ 4π2t

a
I2(wa), (B.3)

and V (t) = ∑
k≥2 vkt

k with vk ≥ 0, v2 = 8π4; hence V is positive and increasing on (0,∞),
and V (t) ≥ 8π4t2.

(b) Ka(t) ≤ I0(4π/
√

3) < 214 for t ≤ 4/c′, and Ka(t) ≤ 310 amax(1, t−1)V (t) for t ≥ 4/c′.
(c) V (t) ≥ 0.9Ka(t) for t ≥ ξ∗

1c
′.

(d) V (t) ≤ 4π2t
a Ka(t) ≤ 4π2t

a ec′L(x).
(e) logKa(t) ≤ c′L(x) for all x, and logKa(t) ≥ c′L(x) − 1

2 log
(
c′L(x)

)
− 2 for x ≥ x∗

1.

Proof. We use four facts about In(w), w > 0, which follow from In(w) = 1
π

∫ π
0 e

w cos θ cosnθ dθ
and from the recurrences I ′

0 = I1, I ′
1 = I2 + I1/w, I0 − I2 = (2/w)I1 [67, §§10.29, 10.32].

(i) 0 ≤ I1 ≤ I0 ≤ ew; hence (1 − 2/w)I0 ≤ I2 ≤ I0, and I0 ≤ 2I2 for w ≥ 4. (ii) log I0 is
convex, I0 being the Laplace transform of a positive measure on [−1, 1], and its derivative
I1/I0 lies in [0, 1); hence e−(w−w′)I0(w) ≤ I0(w′) ≤ e−(w−w′) (I1/I0)(w′) I0(w) for 0 < w′ ≤ w.
(iii) I1(w)/I0(w) ≥ 1 − 1/w for w ≥ 10. (iv) I0(w) ≥ ew−1/2/(π

√
w) for w ≥ 1, as one sees by

restricting the integral to 0 ≤ θ ≤ w−1/2, where cos θ ≥ 1 − 1/2w. To prove (iii) we substitute
u = 1 − cos θ in the integrals for I0 − I1 and I0:

1 − I1(w)
I0(w) =

∫ 2
0 u e

−wu (u(2 − u))−1/2 du
∫ 2

0 e
−wu (u(2 − u))−1/2 du

≤

√
π

2 w−3/2 + 3e−w

1√
2
(√

π/w − e−w/w
) .

In the numerator we use (2 − u)−1/2 ≤ 1 on [0, 1], and e−wu ≤ e−w,
∫ 2

1
√
u/(2 − u) du ≤ 3 on

[1, 2]; in the denominator, (2 − u)−1/2 ≥ 2−1/2 on [0, 1] and
∫ ∞

1 e−wuu−1/2 du ≤ e−w/w. The
right-hand side is 0.071 at w = 10, and w times it decreases for w ≥ 10.

(a) Fix t and let f(α) = Kα(t) = I0(wα). Since ∂αwα = wα/2α, the recurrences give

f ′′(α) = w2
α

4α2

(
I ′

1(wα) − I1(wα)
wα

)
= 4π2t

α
I2(wα) = 64π4t2

I2(wα)
w2

α

≥ 0,

which is non-decreasing in α because I2(s)/s2 = ∑
k≥0(s/2)2k/(4 k! (k + 2)!) is non-decreasing

in s. Since V (t) =
∫ 1

−1(1 − |u|) f ′′(a− 1 + u) du is a weighted mean of f ′′ over [a− 2, a], (B.3)
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follows. The power series of Kα gives vk = (4π2)k(k!)−2 [ak − 2(a − 1)k + (a − 2)k], which
vanishes for k = 0, 1, equals 8π4 for k = 2, and is non-negative because α 7→ αk is convex on
[a− 2, a] ⊂ [0,∞).

(b) Ka increases with t, and wa = 4π/
√

3 at t = 4/c′ = 1/3a, where I0(4π/
√

3) = 213.6.
For t ≥ 4/c′ we have wa−2 ≥ 4π

√
(1 − 2/a)/3 ≥ 4.49 because a ≥ 3.25, so (B.3) and (i)

give V ≥ 4π2t
a−2 · 1

2I0(wa−2) ≥ 2π2t
a Ka−2. By (ii), Ka ≤ ewa−wa−2Ka−2 with wa − wa−2 =

8π
√
t/a /(1 +

√
1 − 2/a). For 4/c′ ≤ t ≤ ξ∗

1c
′ = 12 ξ∗

1a this difference is at most 8π
√

12 ξ∗
1/(1 +√

1 − 2/3.25) ≤ 8π · 0.5611/1.62 ≤ 8.71, and e8.71/2π2 ≤ 308, so Ka ≤ 308 (a/t)V . For t ≥ ξ∗
1c

′,
(c) gives Ka ≤ V/0.9. In both ranges this is at most 310 amax(1, t−1)V .

(c) Since Ka−2 ≥ 0, we have V ≥ Ka − 2Ka−1 = Ka(1 − 2ϑ) with ϑ = I0(wa−1)/I0(wa) ≤
exp

(
−(wa − wa−1) (I1/I0)(wa−1)

)
by (ii). For t ≥ ξ∗

1c
′ = 12 ξ∗

1a we have wa − wa−1 =
4π

√
t/(

√
a +

√
a− 1) ≥ 2π

√
t/a ≥ 2π

√
12 ξ∗

1 ≥ 3.525 and wa−1 ≥ 4π
√

12 ξ∗
1 a(a− 1) ≥ 19,

so that (I1/I0)(wa−1) ≥ 0.947 by (iii). Hence ϑ ≤ e−3.33 ≤ 0.036 and 1 − 2ϑ ≥ 0.9.
(d) This is the upper bound in (B.3) with I2 ≤ I0 ≤ ew from (i) and wa = c′L(x).
(e) Ka(t) = I0(w) with w = c′L(x), and I0(w) ≤ ew. For x ≥ x∗

1 we have w ≥ c′L(x∗
1) ≥ 22,

and (iv) gives log I0(w) ≥ w − 1
2 logw − 1

2 − log π ≥ w − 1
2 logw − 2.

B.3 The window at the BTZ threshold

Near the threshold the weight degenerates, V (t) ≃ 8π4t2, while Ka stays of order one, so M [g]
does not control

∫
|g|Ka dt there through V . The control comes from the eigen-identity itself: g

is minus its own Hankel transform, so sup|g| is bounded by the L1 norm of g, and the part of
that norm which comes from a fixed neighborhood of t = 0 can be absorbed.

Lemma B.3 (proved). For every g ∈ Ā,
∫ ∞

0
|g| dt ≤ 4

π2 M [g], sup
t≥0

|g(t)| ≤ 8
π
M [g], (B.4)

and consequently
∫ 4/c′

0 |g|Ka dt ≤ 214 · 4
π2 M [g] ≤ 87M [g] for c ≥ 40.

Proof. Write ∥g∥1 =
∫ ∞

0 |g| dt, which is finite by the definition of Ā. The relation ĝ = −g of
Definition 2.5, in the form (2.9), gives sup|g| ≤ 2π∥g∥1 because |J0| ≤ 1. We split ∥g∥1 at
t∗ = 1/4π. Below,

∫ t∗
0 |g| dt ≤ t∗ sup|g| ≤ 1

2∥g∥1. Above, V (t) ≥ V (t∗) ≥ 8π4t2∗ = π2/2 by
Lemma B.2(a), so

∫ ∞
t∗ |g| dt ≤ 2

π2M [g]. Adding the two and rearranging gives the first bound
of (B.4), the second follows from sup|g| ≤ 2π∥g∥1, and the last statement from Lemma B.2(b).

B.4 The two-sided Bessel asymptote

The vacuum inequality of section 7.9 needs V to relative accuracy O(1/c′) on both sides of the
tip, from below on the lobe and from above on the band, and section 8.2 needs an upper bound
on I0 valid for all arguments. We write as(z) = ez/

√
2πz. The two-sided bound on I0 comes

from the integral representation with u = 1 − cos θ,

I0(z) = ez

π

∫ 2

0

e−zu

√
u(2 − u)

du, (B.5)

by bounding (2 − u)−1/2 below by its value at u = 0 and above by a chord; the asymptote of V
follows by expanding wa−1 and wa−2 around wa.

Lemma B.4 (proved). (a) For z ≥ 2,

(
1 − e−2z)

as(z) ≤ I0(z) ≤
(
1 + 0.36

z

)
as(z) + 2

π
. (B.6)
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(b) Let c ≥ 40 and t = c′x2/3 with x ≥ x∗
1/2, in particular with x in the window |x−x∗

1| ≤ 0.1.
Then, with an absolute constant CV ,

V (t) = as
(
c′L(x)

)[(
1 − e−4πx)2 + εV (x)

]
, |εV (x)| ≤ CV

c′ . (B.7)

(c) For all z ≥ 0, I0(z) ≤ 1.18 ez/
√

1 + z.

Proof. (a) Lower bound: (2 − u)−1/2 ≥ 2−1/2 in (B.5) gives I0(z) ≥ ez

π
√

2
[√
π/z −

∫ ∞
2 e−zuu−1/2 du

]
, and

∫ ∞
2 e−zuu−1/2 du ≤ e−2z/(z

√
2) ≤

√
π/z e−2z for z ≥ 1/2π. Upper bound:

on 0 ≤ u ≤ 1 the convex function (1−u/2)−1/2 =
√

2 (2−u)−1/2 lies below its chord 1+(
√

2−1)u,
so this part of (B.5) is at most ez

π
√

2
[
Γ(1

2)z−1/2 + (
√

2 − 1)Γ(3
2)z−3/2]

= as(z)
(
1 +

√
2−1
2z

)
≤

as(z)
(
1 + 0.36

z

)
; on 1 ≤ u ≤ 2 we use e−zu ≤ e−z and

∫ 2
1 (u(2 −u))−1/2 du ≤

∫ 2
1 (2 −u)−1/2 du = 2,

which contributes at most 2/π.
(b) Let z0 = c′L(x), qj = 12j/c′ ≤ 24/39 and zj = wa−j = z0

√
1 − qj for j = 0, 1, 2, so that

V = I0(z0) − 2I0(z1) + I0(z2). Since z0qj/2 = 4πjx,

zj = z0 − 4πjx− δj , 0 ≤ δj = z0
[
1 − qj

2 −
√

1 − qj
]

≤
z0 q2

j

8(1 − qj) = 12πx j2

c′ − 12j ,

and zj ≥ z2 ≥ 0.62 z0 ≥ 1.29 c′x ≥ 0.18 c′ ≥ 7. Thus (a) applies to each zj : I0(zj) =
as(zj)(1 + λj) + rj with −e−2zj ≤ λj ≤ 0.36/zj and 0 ≤ rj ≤ 2/π. Moreover as(zj) =
as(z0) e−4πjx e−δj (1 − qj)−1/4, and 1 ≤ (1 − qj)−1/4 ≤ 1 + 11/c′ for c′ ≥ 39. Therefore

V

as(z0) =
2∑

j=0
(−1)j(2

j

)
e−4πjx (1+ζj)+R, 1+ζj = e−δj (1−qj)−1/4(1+λj), |R| ≤ 4/π

as(z0) .

The sum without the ζj is (1 − e−4πx)2, so |εV | ≤
∑

j

(2
j

)
e−4πjx|ζj | + |R|. The three factors of

1+ζj lie in [1−δj , 1], [1, 1+11/c′] and [1−e−2z2 , 1+0.36/z2], whence |ζj | ≤ δj +11/c′+1/z2. Each
contribution is at most an absolute constant times 1/c′, uniformly in x ≥ x∗

1/2: 1/z2 ≤ 1/(0.18 c′);
e−4πjxδj ≤ 12πj2 x e−4πjx/(0.38 c′) with x e−4πjx ≤ 1/(4πej) for j = 1, 2, while δ0 = 0; and
as(z0) ≥ z0 ≥ 0.18 c′, because ez ≥

√
2π z3/2 for z ≥ 2.

(c) For 0 ≤ z ≤ 2, the series I0(z) = ∑
k≥0(z2/4)k/(k!)2 ≤ ez2/4 and

√
1 + z ≤ ez/2 give

e−zI0(z)
√

1 + z ≤ e−z(2−z)/4 ≤ 1. For z ≥ 2, I0(z) = 1
π

∫ π
0 e

z cos θ dθ and 1 − cos θ ≥ 2θ2/π2 on
[0, π] give I0(z) ≤ ez

π

∫ ∞
0 e−2zθ2/π2 dθ = ez

√
π/8z, so that e−zI0(z)

√
1 + z ≤

√
π(1 + z)/8z ≤√

3π/16 < 1. Thus e−zI0(z)
√

1 + z ≤ 1 for all z ≥ 0, which is more than (c) asserts.

C Potential theory on the slit strip
This appendix proves the lemmas of potential theory behind sections 6.5 to 6.8: the conformal
map and the harmonic measure of D, the entropy of that measure, the Poisson–Jensen and
Jensen inequalities on D, the edge bound, Proposition 6.4, and the last inequality of Lemma 6.7.
Appendix I uses Lemma C.4 and (C.15) again. From appendix B we take Lemmas B.1 to B.3.
Throughout, c ≥ 40, D = Dx∗

1
, G(b) = g(c′b2/3) with g ∈ Ā, and C is an absolute constant

whose value may change from line to line.

C.1 The map and harmonic measure

For z ∈ H let b(z) = 1
2π

[
log(z − 1) − log z − log(z + 1)

]
, with all three arguments in (0, π), be

the map of Lemma 6.3. We write σ for a point of the real axis bounding H, and σ∗ := 1 −
√

2,
σ∗ := 1 +

√
2, so that

b′(z) = 1
2π

[ 1
z − 1 − 1

z
− 1
z + 1

]
= −(z − σ∗)(z − σ∗)

2π z (z2 − 1) . (C.1)
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Lemma C.1 (proved). (a) The map b is a conformal bijection of H onto D. The preimage zw

of w ∈ D is the unique root in H of

e2πwz2 +
(
e2πw − 1

)
z + 1 = 0. (C.2)

(b) b extends continuously to R \ {−1, 0, 1} and realizes the boundary correspondence stated in
Lemma 6.3. It is monotonic on (0, 1) and on (−∞,−1), and it maps each of (−1, σ∗] and [σ∗, 0)
monotonically onto [x∗

1,∞), the two intervals giving the two lips of the right slit; likewise (1, σ∗],
[σ∗,∞) and the left slit.

(c) For b ∈ D let ωb be the image under this map of the Poisson measure Im zb
π|σ−zb|2 dσ of H

seen from zb. It is the harmonic measure of D seen from b, a probability measure on ∂D in
which the two lips of a slit count separately. On the slits it has the positive density (the two lips
added)

ω′
b(x) := dωb

dx (x) =
∑

σ∈R: b(σ)=x

Im zb

π|σ − zb|2
1

|b′(σ)| ,
1

|b′(σ)| = 2π|σ| |σ2 − 1|
|σ − σ∗| |σ − σ∗|

, (C.3)

and on an edge the same with the single preimage. For every X > |Re b|, and with an absolute
constant CM ,

ωb

(
{b̃ ∈ ∂D : |Re b̃| ≥ X}

)
≤ 2

√
2 e− π

2 (X−|Re b|),
∫

∂D

(
1 + |Re b̃|

)
dωb(b̃) ≤ CM

(
1 + |Re b|

)
.

(C.4)

Proof. For (a) we turn b(z) = w into the quadratic (C.2) and count its roots in H by continuity
in w: a root can leave H only through the real axis, which happens exactly when w is on a slit.

(a) For fixed z ∈ H the angle arg(z − σ) ∈ (0, π) increases with σ ∈ R, so π > arg(z − 1) >
arg z > arg(z+1) > 0 and 2π Im b(z) = arg(z−1)−arg z−arg(z+1) ∈ (−π, π): b maps H into S.
For w ∈ S, b(z) = w is equivalent to z−1

z(z+1) = e2πw, which is (C.2) (the imaginary parts then agree,
2π Im b(z) and 2π Imw being congruent modulo 2π and both in (−π, π)). The two roots depend
continuously on w and stay finite. A real root σ (necessarily σ ̸= 0,±1) forces e2πw = σ−1

σ(σ+1)
to be real, hence positive because |Imw| < 1

2 , and the discriminant (e2πw − 1)2 − 4e2πw to be
non-negative, that is e2πw /∈

(
(
√

2 − 1)2, (
√

2 + 1)2)
; since e2πx∗

1 = (
√

2 + 1)2, this says that w is
real with |w| ≥ x∗

1, and then both roots are real. Hence the number of roots in H is constant on
the connected set D, where it equals its value 1 at w = 0 (z2 + 1 = 0), and it is 0 on the slits: b
is a bijection of H onto D.

(b) On (0, 1), (−1, 0), (1,∞), (−∞,−1) the angles
(
arg(σ− 1), arg σ, arg(σ+ 1)

)
are (π, 0, 0),

(π, π, 0), (0, 0, 0), (π, π, π), so Im b = 1
2 , 0, 0,−

1
2 . On (−1, 0) the modulus

∣∣ σ−1
σ(σ+1)

∣∣ decreases from
+∞ to its minimum (1 +

√
2)2 at σ∗ and increases back, so Re b sweeps [x∗

1,∞) twice; by (C.1)
b′ has opposite signs on the two halves, and since b preserves orientation, points of H near
the two halves go to opposite sides of the slit. The interval (1,∞) is treated in the same way,
with the maximum (

√
2 − 1)2 of the modulus at σ∗. On (0, 1) and (−∞,−1), b′ ≠ 0 and Re b

runs monotonically over R. Finally i(i+ 1) = i− 1 gives b(i) = 0, and at σ =
√

2 − 1 one has
|σ − 1| = 2 −

√
2 = σ(σ + 1), so b = i

2 .
(c) Composition with the map takes harmonic functions on D to harmonic functions on

H (equivalently, Brownian paths to Brownian paths), so by Poisson’s formula on H,
∫
φdωb

solves the Dirichlet problem on D with boundary values φ; this is the definition of harmonic
measure [63, §4.3]. The density (C.3) is the change of variables x = b(σ) on each of the two
intervals that cover a slit. For the tails we compare with an explicit harmonic function (a
barrier): ψX(w) := cosh(π

2 Rew) cos(π
2 Imw)

/(
cos π

4 cosh π
2X

)
is harmonic and non-negative

on S̄, and is ≥ 1 where |Rew| = X. The exit probability w 7→ ωw({|Re b̃| ≥ X}) is harmonic
on D, lies in [0, 1], and vanishes on the part of ∂D where |Re b̃| < X; by the maximum
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principle on the bounded domain D ∩ {|Rew| < X} it is at most ψX there, and ψX(b) ≤√
2 cosh(π

2 Re b)/ cosh(π
2X) ≤ 2

√
2 e− π

2 (X−|Re b|). Using this for X = |Re b| + n, n ≥ 1, we get∫
(1+ |Re b̃|) dωb ≤ (2+ |Re b|)+∑

n≥1(2+ |Re b|+n) 2
√

2 e−πn/2, which is the second bound.

C.2 Entropy

Jensen’s inequality in appendix C.3 costs the entropy of harmonic measure on the slits, which
we bound here. We write log+ t := max(log t, 0).

Lemma C.2 (proved). (i) For every compact Q ⊂ D there is a constant C ′
Q < ∞ such that for

all b ∈ Q ∫

|x|≥x∗
1

dωb

dx
∣∣∣log dωb

dx
∣∣∣ dx ≤ C ′

Q. (C.5)

(ii) There is an absolute constant CH such that for every real b ∈ (−x∗
1, x

∗
1), at distance δ := x∗

1−|b|
from the nearer tip, ∫

|x|≥x∗
1

dωb

dx log+ dωb

dx dx ≤ CH + 5 log 1
δ
. (C.6)

Proof. By (C.3), ω′
b is the Poisson kernel times the Jacobian 1/|b′|. The Jacobian has an inverse

square-root singularity at each tip: the map folds the real axis there, so r := x− x∗
1 is quadratic

in σ − σ∗. At the ends it decays like e−2πx. Since r−1/2 log r is integrable, (i) follows as long
as the Poisson kernel is bounded. In (ii) it is not, because zb approaches the real axis when b
approaches a tip, and we keep track of Im zb.

The Jacobian on the right slit. For σ ∈ (−1, 0) we have |σ| |σ2 − 1| ≤ 1 and |σ−σ∗| ≥ 1 +
√

2,
so 1/|b′(σ)| ≤ 2.61/|σ − σ∗|. If |σ − σ∗| ≤ 0.3, every u between σ∗ and σ has |u| ≥ 0.114,
|u2 − 1| ≥ 0.48 and |u − σ∗| ≤ 3.14, so |b′(u)| ≤ 9.5|u − σ∗| by (C.1) and, integrating, r =
b(σ)−b(σ∗) ≤ 4.75 (σ−σ∗)2. Therefore 1/|b′(σ)| ≤ 5.7 r−1/2 if |σ−σ∗| ≤ 0.3, and 1/|b′(σ)| ≤ 8.7
otherwise. At the ends σ → 0− and σ → −1+ one reads off x = 1

2π log 1
|σ| + O(1), resp.

x = 1
2π log 2

|σ+1| +O(|σ+ 1|), and 1/|b′| ≤ C|σ|, resp. C|σ+ 1|; in both cases 1/|b′(σ)| ≤ Ce−2πx.
(i) For b ∈ Q the preimage zb stays in a compact subset of H, so the Poisson kernel is at most

C ′′
Q(1 + σ2)−1, and the Jacobian bounds give 0 < ω′

b(x) ≤ C ′′
Q

(
r−1/21r≤1 + e−2πx

)
on the right

slit. Where ω′
b ≤ 1 we use ω′

b|logω′
b| ≤

√
ω′

b ≤ C ′′
Q

(
r−1/4 + e−πx

)
, which is integrable; the set

where ω′
b ≥ 1 lies in a bounded neighborhood of the tip, where ω′

b logω′
b ≤ C ′′

Qr
−1/2 log(C ′′

Q/r) is
integrable. The left slit is the mirror image, because b(−1/z) = −b(z).

(ii) By the same symmetry we may take 0 ≤ b < x∗
1. Put λ := e2πb ∈ [1, λ+) and

λ± := (
√

2 ± 1)2. The discriminant of (C.2) is (λ− λ+)(λ− λ−) < 0, the two roots are complex
conjugate with product 1/λ ≤ 1, and

Im zb =
√

(λ+ − λ)(λ− λ−)
2λ , Re zb = 1 − λ

2λ ≤ 0, 0.3
√
δ ≤ Im zb ≤ 1. (C.7)

The lower bound holds because λ+ − λ = λ+(1 − e−2πδ) ≥ λ+ · 0.46 · 2πδ ≥ 16.8 δ (the chord of
the concave function 1 − e−u over [0, 2πx∗

1]), λ− λ− ≥ 1 − λ− ≥ 0.82 and 2λ ≤ 2λ+ ≤ 11.7. The
Poisson kernel is at most 1/(π Im zb), so adding the two preimages of x = x∗

1 + r and using the
Jacobian bounds,

ω′
b(x) ≤ W (r) := 1

π Im zb

(
11.4 r−1/2 + 17.4

)
, log+W (r) ≤ log 1

Im zb
+ 1

2 log+ 1
r

+ 3. (C.8)

Since log+ is non-decreasing and ω′
b ≤ W , ω′

b log+ ω′
b ≤ ω′

b log+W ; and since ωb has total mass
1, ∫

x≥x∗
1

ω′
b log+ ω′

b dx ≤ log 1
Im zb

+ 3 + 1
2

∫

x≥x∗
1

ω′
b(x) log+ 1

r
dx. (C.9)
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We split the last integral at r = (Im zb)2 ≤ 1. Below it we use ω′
b ≤ W and compute, with

y := Im zb ≤ 1,
∫ y2

0 W log 1
r dr = 1

πy

[
22.8 y(2 log 1

y + 2) + 17.4 y2(2 log 1
y + 1)

]
≤ 15 log 1

y + 25
(using y log 1

y ≤ e−1). Above it, log+ 1
r ≤ 2 log 1

Im zb
. Altogether the left side of (C.9) is at most

10 log 1
Im zb

+ 16 ≤ 5 log 1
δ + 29 by (C.7). On the left slit, where σ ≥ 1, we have |σ − zb| ≥ σ

because Re zb ≤ 0, so the Poisson kernel is at most 1/(πσ2) whatever δ is; the Jacobian on
(1,∞) has the same structure as on (−1, 0) (the tip at σ∗, the ends at 1 and ∞). Hence
ω′

b(x) ≤ C
(
|x+ x∗

1|−1/21|x+x∗
1|≤1 + e−2π|x|) there, with an absolute C, and as in (i) the left slit

contributes an absolute constant.

C.3 Poisson–Jensen and Jensen on the slits

Lemma C.3 (proved). Let g ∈ Ā \ {0}, b ∈ D, and ω′
b = dωb/dx as in (C.3).

(a) (Poisson–Jensen.) The potential at b is at most the mean of its boundary values over
harmonic measure,

log|G(b)| ≤
∫

∂D
log|G| dωb =

∫

|x|≥x∗
1

log|G(x)|ω′
b(x) dx+

∫

E+∪E−
log|G| dωb, (C.10)

whether or not G has zeros in D or on ∂D.
(b) (Jensen on the slits.) Let mb := ωb({|x| ≥ x∗

1}) ∈ (0, 1) be the probability of exit through
a slit. Then, with an absolute constant C,

∫

|x|≥x∗
1

log|G|ω′
b dx ≤ − c′

∫

|x|≥x∗
1

Lω′
b dx+mb logM [g] +

∫

|x|≥x∗
1

ω′
b logω′

b dx

+ mb

2 log c′ + C
(
1 + |Re b|

)
.

(C.11)

Proof. (a) We move the problem to the unit disk, where G becomes a bounded holomorphic
function, to which the classical fact quoted after (6.8) applies. Let F (w) := G

(
b
(
i1+w

1−w

))
for

|w| < 1, the inner map being the Möbius map of the disk onto H. By section 6.3, G is bounded
and continuous on S̄, so F is bounded and holomorphic; and F ̸≡ 0, because G is holomorphic
on the connected set S and G(x) = g(c′x2/3) does not vanish identically on the real axis. For
such F the radial limits F ∗ exist almost everywhere on the unit circle, log|F ∗| is integrable, and
F = FinFout, where |Fin| ≤ 1 (this factor carries the zeros) and log|Fout| is the Poisson integral
of log|F ∗| [64, Ch. II, Thm. 4.1 and Cor. 4.2], [65, Thms. 17.16–17.17]. Hence log|F (w)| is at
most that Poisson integral. By Lemma C.1(b) the composite map extends continuously to the
circle minus four points, so F ∗ is the composition of G with it almost everywhere, and carrying
the Poisson measure of the disk to ∂D gives ωb by Lemma C.1(c).

(b) This is Jensen’s inequality (6.9) with w = ω′
b/mb and K = Ka, with the constants tracked.

On the slits put ℓ(x) := logKa(c′x2/3) and write log|G| = log
(
|G|eℓ/ω′

b

)
− ℓ+ logω′

b. Jensen’s
inequality for the probability measure ω′

bdx/mb, followed by Lemma 6.2, gives
∫

|x|≥x∗
1

log |G|eℓ

ω′
b

ω′
b dx ≤ mb log

( 1
mb

∫

|x|≥x∗
1

|G|Ka dx
)

≤ mb logM [g] +mb log 12
c′mb

≤ mb logM [g] + 1
e
,

(C.12)

since 12/c′ < 1 and m log 1
m ≤ e−1. By Lemma B.2(e), −ℓ(x) ≤ −c′L(x) + 1

2 log
(
c′L(x)

)
+ 2 for

|x| ≥ x∗
1, and, since logL ≤ L = 2π

3 |x|,
∫

|x|≥x∗
1

(1
2 log(c′L)+2

)
ω′

b dx ≤ mb
2 log c′+

∫
∂D

(
2+ 1

2L
)
dωb ≤

mb
2 log c′ +C(1 + |Re b|) by (C.4). The term logω′

b gives the entropy, which converges absolutely
by Lemma C.2(i). Adding the three contributions gives (C.11).
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C.4 The edge bound and the proof of the majorant proposition

Lemma C.4 (proved). This is Lemma 6.1, with the supremum taken over the closed strip.
There is an absolute constant C such that for all c ≥ 40, all g ∈ Ā and all real x,

∣∣G(x± i
2)

∣∣ ≤ 2π
∫ ∞

0
|g|Ka dt ≤ C a c′M [g], hence log

∣∣G(x± i
2)

∣∣ ≤ logM [g] + 2 log c′ + C,

(C.13)
uniformly in x and in g (in particular in the order P ). The same bound holds for supS̄|G|.

Proof. Let b ∈ S̄ and α := −c′b2/3, so that G(b) = g(−α). Then
√
α = ±i

√
c′/3 b and

(Re
√
α)2 = c′

3 (Im b)2 ≤ c′
12 = a, with equality on the edges b = x ± i

2 , for every real x. So
α lies in the region Da of Lemma B.1, where |Kα| ≤ Ka by (B.1), and (B.2) gives |G(b)| ≤
2π

∫ ∞
0 |g|Ka dt ≤ 2π(87 + 78 a c′)M [g] ≤ C a c′M [g]. The polynomial factor comes from Ka ≤

78 a c′ V for t ≥ 4/c′ (Lemma B.2(b)) and from
∫ 4/c′

0 |g|Ka dt ≤ 87M [g] on the window at the
BTZ threshold (Lemma B.3). Finally log(C a c′) = 2 log c′ + log C

12 .

Proof of Proposition 6.4. The idea is described in section 6.5. Let h(b) := −
∫

|x|≥x∗
1
Ldωb.

Inserting (C.11) and (C.13) (with ωb(E+∪E−) = 1−mb) into (C.10), and using 1
2mb+2(1−mb) ≤

2 for the coefficient of log c′, we get for every b ∈ D, every g ∈ Ā \ {0} and every c ≥ 40

log|G(b)| ≤ c′ h(b) + logM [g] +
∫

|x|≥x∗
1

ω′
b logω′

b dx+ 2 log c′ + C
(
1 + |Re b|

)
. (C.14)

It remains to recognize h. By Lemma C.1(c), h◦b is the Poisson integral on H of the function equal
to −L(Re b(σ)) on (−1, 0) ∪ (1,∞) and to 0 on (0, 1) ∪ (−∞,−1). This function is continuous on
R \ {−1, 0, 1}, in particular at σ∗ and σ∗, and, by (C.4), integrable against the Poisson measure.
Hence h is harmonic on D, takes the boundary values −L on both lips of the slits and at the
two tips and 0 on the edges, continuously, and grows at most linearly, |h(b)| ≤ 2π

3 CM (1 + |Re b|).
It is therefore the function Ux∗

1
of Proposition 6.4, which these properties determine uniquely

(part (d) of the proof of Lemma 6.5, where it is also shown that Ux∗
1

= U):

Ux∗
1
(b) = −

∫

|x|≥x∗
1

L(x) dωb(x) ≤ 0 (b ∈ D). (C.15)

For b in a compact set Q ⊂ D the entropy in (C.14) is at most C ′
Q by Lemma C.2(i) and |Re b|

is bounded; dividing by c′ gives ug(b) ≤ Ux∗
1
(b) + CQ(1 + log c′)/c′ with CQ := max

(
2, C ′

Q +
C supQ(1 + |Re b|)

)
, which depends on Q only.

Dependence on the distance to the tip. For real b = x ∈ (−x∗
1, x

∗
1) we use Lemma C.2(ii)

in (C.14) instead, the entropy being at most
∫
ω′

b log+ ω′
b dx. With Ux∗

1
= U this gives, with an

absolute constant C and for all c ≥ 40 and g ∈ Ā \ {0},

log|G(x)| ≤ c′ U(x) + logM [g] + 5 log 1
x∗

1 − |x|
+ 3 log c′ + C (|x| < x∗

1). (C.16)

The argument gives 2 log c′; we state 3 log c′, as in the count of powers of c′ in section 6.7.

C.5 Strict deficit

We prove the last inequality of Lemma 6.7. By that lemma, κ(δ) = 4
3

∫ δ
0

[
π
2 − arcsin

(
sinh π(x∗

1 −
u)

)]
du for 0 < δ ≤ x∗

1, and we bound the integrand from below by its square-root behavior at
the tip. First, π

2 − arcsin y = arccos y ≥
√

2(1 − y) for 0 ≤ y ≤ 1: both sides vanish at y = 1,
and d

dy arccos y = −(1 − y)−1/2(1 + y)−1/2 ≤ −(2(1 − y))−1/2 = d
dy

√
2(1 − y). Second, since
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sinh πx∗
1 = 1, we have 1 − sinh π(x∗

1 − u) =
∫ x∗

1
x∗

1−u π cosh(πv) dv ≥ πu for 0 ≤ u ≤ x∗
1. Hence the

integrand is at least
√

2πu, and

κ(δ) ≥ 4
3

√
2π

∫ δ

0

√
u du = 8

√
2π

9 δ3/2 = 2.228 . . . δ3/2 (0 < δ ≤ x∗
1). (C.17)

D The zero law on the strip
This appendix proves the two statements of section 7 that tie the comb B to the extremal
potential U : the Riesz representation (Lemma 7.1; on the real axis it is the continuum limit of
the sums of appendix F) and the edge-phase lemma (Lemma 7.6; its sharper form Lemma D.2
is what verifies (SD2) in appendix E.4). A Poisson identity (Lemma D.1) links the two, and
appendix D.4 derives the eikonal identity of section 7.6.

Throughout, b = x+ iy, and b = v + i
2 on E+; A ≲ B means A ≤ CB with C depending at

most on the width δ1 of appendix D.3. Besides U we use the complex potential of Lemma 6.5,

U(b) := U0 − 4πi
3

∫ b

0
p(b′) db′, Re U = U, dU = 4π

3
(
Im p dx+ Re p dy

)
, (D.1)

analytic on D, with p continuous up to E+ and p(v + i
2) = F (v). We recall from Lemma 6.5

and Definition 6.6 that U is harmonic on D, continuous on S̄, zero on E±, equal to −L on
both lips of the slits, and |U(b)| ≤ L(|x|) + C; and that U is subharmonic on S with charge
1

2π ∆U = ρU (|x|) dx⊗ δ0(dy) in the sense of distributions (across the slits U is continuous, ∇U
is locally bounded, and ∂yU jumps by 2πρU (|x|)). We also use ∂w log tanh πw

2 = π/ sinh πw and,
for real u, θ, |sinh π(u+ iθ)|2 = sinh2 πu+ sin2 πθ.

D.1 Riesz representation of U

Proof of Lemma 7.1. Plan. The superposition u of the kernels log|Tx′ | at density ρU has the
charge, the edge values and the growth of U ; so U − u is harmonic, and vanishes by Phragmén–
Lindelöf.

The kernel. By (T1) and (T4), b 7→ log|Tx′(b)| = log
∣∣tanh π(b−x′)

2
∣∣ + log

∣∣tanh π(b+x′)
2

∣∣ is
harmonic on S \ {±x′}, vanishes on E±, and has unit logarithmic poles at ±x′: it is minus the
Green’s function of S with poles at ±x′ (b 7→ tanh πb

2 maps S conformally onto the unit disk).
From Tx′ = (cosh πb− cosh πx′)/(cosh πb+ cosh πx′),

∣∣log|Tx′(b)|
∣∣ ≲ e−π|x′−|x|| (

b ∈ S̄, |x′ − |x|| ≥ 1
)
. (D.2)

The superposition. Since ρU (x′) ≲ 1 + x′, the integral u(b) :=
∫ ∞

x∗
1
ρU (x′) log|Tx′(b)| dx′

converges absolutely and locally uniformly on S̄ (the logarithmic singularity at x′ = |x|, y = 0
is integrable). Hence u is subharmonic on S with the same charge as U , continuous on S̄ with
u = 0 on E± (dominated convergence), and |u(b)| ≤ C(1 + |x|) by (D.2).

Uniqueness. The difference d := U − u satisfies ∆d = 0 in the sense of distributions, so
it is harmonic on S (Weyl’s lemma [63, §3.7]); it is continuous on S̄, vanishes on E±, and
|d(b)| ≤ C ′(1 + |x|). For ϵ > 0 the function d− ϵ cosh 2x cos 2y is harmonic on S, is ≤ 0 on E±
because cos 1 > 0, and is negative on the cross-cuts |x| = X once X is large; by the maximum
principle it is ≤ 0 on S. Letting ϵ → 0, and repeating the argument with −d, we get d ≡ 0.

D.2 The Poisson identity

Lemma D.1 (Poisson identity; proved). For every real v,

2π
∫ ∞

x∗
1

N ′(x′)
[
sech π(v − x′) + sech π(v + x′)

]
dx′ = 4π

3 F (v). (D.3)
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Proof. Plan. Both sides are the normal derivative ∂yU at the point v+ i
2 of E+, taken from inside

the strip: the right side from the closed form (D.1), the left side from the Riesz representation.
By (D.1), ∂yU = 4π

3 Re p on D and p is continuous up to E+, so limy↑1/2 ∂yU(v+iy) = 4π
3 F (v).

By (T4) each kernel log|Tx′ | is harmonic on 0 < y < 1, with ∂y log|Tx′ | = Re[i ∂b log Tx′ ] and
∂b log Tx′(b) = π/ sinh π(b− x′) + π/ sinh π(b+ x′). On 1

4 ≤ y ≤ 3
4 the latter is at most 2

√
2π in

modulus and is ≲ e−π|x′−|x|| for |x′ − |x|| ≥ 1; as N ′(x′) ≲ 1 + x′, the integral u of appendix D.1
and its first derivatives converge there locally uniformly. So u extends harmonically across E+
and may be differentiated under the integral sign: at b = v+ i

2 , sinh π(v∓x′ + i
2) = i cosh π(v∓x′)

gives ∂y log|Tx′ | = π[sech π(v− x′) + sech π(v + x′)], the inward normal derivative of the Green’s
function at the edge, and with ρU = 2N ′ (Definition 6.6) the value ∂yu(v + i

2) is the left side
of (D.3). As U = u on S by Lemma 7.1 and u is C1 across E+, the two values agree.

D.3 The edge phase

Fix δ1 ∈ (0, 1
4 ] and let Nδ1 := {b : |y− 1

2 | ≤ δ1} be the thin two-sided strip about E+, as in (E.2).
For Re ζ ≥ x∗

1 and |Im ζ| ≤ 1
8 the factor Tζ has neither zeros nor poles at distance less than 1

8
from Nδ1 , by (T4), and Tζ → −1 as Re ζ → ∞. We write

φζ(b) := log
(
−Tζ(b)

)
, ∂bφζ(b) = π

sinh π(b− ζ) + π

sinh π(b+ ζ) , (D.4)

for the branch on Nδ1 that is continuous in (b, ζ) and tends to 0 as Re ζ → ∞. It is analytic in b
and in ζ, Reφζ = log|Tζ |, and φζ( i

2) = 0 by (T3). Since |sinh π(u+ iθ)| ≥ |sin πθ|, on Nδ1 both
|∂bφζ | and |∂ζφζ | are at most 2π/ cosπ(δ1 + |Im ζ|), and

|φζ(b)| ≲ min
(
1, e−π(Re ζ−|x|)),

∣∣∂i
b∂

j
ζφζ(b)

∣∣ ≲ e−π|Re ζ−|x|| (1 ≤ i+ j ≤ 4). (D.5)

As x → ±∞ at fixed ζ, Tζ → +1 and φζ → ∓iπ, so only the derivatives decay on both sides. In
the comb, εn ≤ η0(χ3 −χ2) ≲ c′−2/3 (the spacings decrease along the band because N ′ increases),
and we take c large enough that maxn εn ≤ 1

8 . On Nδ1 we fix the branch

logB := log Tχ2 +
∑

n≥3

[
φχn+iεn + φχn−iεn

]
, log Tχ2 := iπ + φχ2 , (D.6)

that is, log Tχ2( i
2) = iπ (T3); the sum converges absolutely and locally uniformly by (D.5).

Lemma 7.6 is the restriction to E+ of the following statement.

Lemma D.2 (Edge phase; proved). On Nδ1 let

Φ0(b) :=
∫ ∞

x∗
1

ρU (x′)φx′(b) dx′. (D.7)

(a) Φ0 is analytic on Nδ1, Re Φ0 = 0 on E+, Φ0( i
2) = 0, and

Φ(j+1)
0

(
v + i

2 + iy′) = −4πi
3 F (j)(v + iy′) (v ∈ R, |y′| ≤ δ1, j = 0, . . . , 3); (D.8)

in particular ∂v Im Φ0(v + i
2) = −4π

3 F (v). Here F (w) = 1
π arcsinh(cosh πw) is analytic in

|Imw| < 1
2 ; it is even, F (0) = x∗

1, F ′′ > 0 on R and 0 < F ′ < 1 on (0,∞). The constants
C2 := supNδ1

|Φ′′′
0 | and C3 := supNδ1

|Φ′′′′
0 | are finite and depend on δ1 only.

(b) On Nδ1, logB = c′Φ0 + Φ1 with

Φ1 = iπ − 2n1φ̄+ ∆det +REM, ∆det :=
∑

n≥3

[
φχn+iεn + φχn−iεn − 2φχn

]
, (D.9)

in this order the sign of the simple zero (B( i
2) = −1), the charge of the law that is absent

from the comb (n1 sites spread over [x∗
1, χ2]), the detuning, and the discreteness of the sites;

φ̄ := N(χ2)−1 ∫ χ2
x∗

1
N ′(x′)φx′ dx′ = φx∗

1
+O((n1/c′)2/3), and REM is defined in (D.11).
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(c) Re Φ1 = 0 on E+, and supNδ1
|Re Φ1| ≤ M0, supNδ1

|Φ′
1| ≤ M1, supNδ1

|Φ′′
1| ≤ M ′

1 with
constants depending on (n1, η0, δ1) only, given in (D.12). Moreover, with C and CEM
depending on δ1 only, uniformly in x = Re b,

∣∣∆(i)
det

∣∣ ≤ Cη2
0 c

′−2/3,
∣∣R(i)

EM
∣∣ ≤ CEM c′−2/3 (i = 0, 1, 2; b ∈ Nδ1). (D.10)

In particular Φ1, Φ′
1 and Φ′′

1 are bounded on Nδ1 uniformly in c′.

Proof. Plan. Part (a) is the Poisson identity read along the edge, together with the Riesz
representation, which identifies Φ0 with U continued across E+. Part (b) is Euler–Maclaurin
summation in the continuous site index. Part (c) bounds the terms of Φ1 one by one from the
decay (D.5) of the kernel and the behavior of N at the tip.

(a). By (D.5) and ρU (x′) ≲ 1+x′, the integral (D.7) and its b-derivatives converge absolutely
and locally uniformly on Nδ1 , so Φ0 is analytic there. On E+, Reφx′ = log|Tx′ | = 0 by (T1),
so Re Φ0 = 0; and φx′( i

2) = 0 gives Φ0( i
2) = 0. By (D.4), ∂bφx′(v + i

2) = −iπ[sech π(v − x′) +
sech π(v + x′)], whence Φ′

0(v + i
2) = −4πi

3 F (v) by Lemma D.1. Next, Re Φ0 = U = Re U on
Nδ1 ∩S by Lemma 7.1; this set does not meet the slits, as δ1 ≤ 1

4 , and two analytic functions with
equal real parts differ by an imaginary constant, so Φ0 = U + iγ0 and Φ′

0 = −4πi
3 p there: Φ0 is the

complex potential continued across E+. This continues p analytically to Nδ1 , with p(w + i
2) =

F (w) for |Imw| ≤ δ1, which is (D.8). Differentiating, F ′(w) = sinh πw (1 + cosh2 πw)−1/2 and
F ′′(w) = 2π cosh πw (1 + cosh2 πw)−3/2, as in (E.30), which for real w gives the sign statements.
In |Imw| ≤ 1

2 the only singularities of F are where cosh πw = ±i, on |Imw| = 1
2 ; so F ′′ and

F ′′′ are continuous on |Imw| ≤ δ1, they tend to 0 as |Rew| → ∞, and C2 = 4π
3 sup|Im w|≤δ1 |F ′′|,

C3 = 4π
3 sup|Im w|≤δ1 |F ′′′| are finite.

(b). Let χ(n) := N−1(
(n − 1

4)/c′) for real n ≥ 2, so that χ(n) = χn at integers and
χ′(n) = 1/(c′N ′(χ(n))); as (n− 1

4)/c′ ≥ n1/c′ > 0 the tip is avoided, and f(n) := 2φχ(n)(b) is
smooth and decays with its derivatives like e−π(χ(n)−|x|). By (D.6) and the definition of ∆det,
logB = iπ − φχ2 + ∑

n≥2 f(n) + ∆det. The second-order Euler–Maclaurin formula gives

∑

n≥2
f(n) =

∫ ∞

2
f dn+ 1

2f(2) +REM, REM := − 1
12f

′(2) +R2, (D.11)

with |R2| ≤ 1
12

∫ ∞
2 |f ′′| dn, and the substitution x′ = χ(n), dn = c′N ′(x′) dx′ turns the integral

into c′ ∫ ∞
χ2

2N ′φx′ dx′ = c′Φ0 − 2c′N(χ2) φ̄ = c′Φ0 − 2n1φ̄. With 1
2f(2) = φχ2 this is (D.9). The

estimate for φ̄ follows from |∂x′φx′ | ≤ 2π/ cosπδ1 and χ2 − x∗
1 ≍ (n1/c′)2/3. For the latter we

use no certified constant. Part (d) of the proof of Lemma F.2 shows that Φ := ρ2
U has Φ(x∗

1) = 0,
Φ′(x∗

1) = 9κ2
tip and 0 ≤ Φ′′ ≤ 32

9 on [x∗
1,∞). Hence

9κ2
tip r ≤ ρU (x∗

1 + r)2 ≤ 9κ2
tip r + 16

9 r
2 (r > 0),

and 16
9 r

2 ≤ 5
4 · 9κ2

tipr for r ≤ 1, because 16/(81κ2
tip) = π/(2

√
2) ≤ 5

4 . Integrating N ′ = 1
2ρU , we

get κtipr3/2 ≤ N(x∗
1 + r) for every r > 0, and N(x∗

1 + r) ≤ 3
2κtipr3/2 for r ≤ 1. We use this at

r = χ2 − x∗
1, where c′N(χ2) = n1; the first bound gives r ≤ n

2/3
1 ℓc, which is at most 1 for c′ ≥ 5.

(c). Each term of (D.9) is analytic on Nδ1 . First, φ̄ is an average of φx′ over x′, so
|∂b(2n1φ̄)| ≤ n1 · 4π/ cosπδ1 and |∂2

b (2n1φ̄)| ≤ n1 supx′ supNδ1
|2∂2

bφx′ |. Second, each summand
of ∆det is a second difference in ζ of the analytic function ζ 7→ φζ(b): φχ+iε + φχ−iε − 2φχ =
−

∫ ε
0 (ε− s)[∂2

ζφχ+is + ∂2
ζφχ−is] ds, which with up to two b-derivatives is ≲ ε2e−π|χ−|x|| by (D.5).

With εn = η0(χn+1 − χn) and χn+1 − χn ≤ χ3 − χ2 ≍ c′−2/3,
∣∣∆(i)

det(b)
∣∣ ≲

∑

n≥3
ε2

ne
−π|χn−|x|| ≤ η2

0 (χ3 − χ2)
∑

n≥3
(χn+1 − χn) e−π|χn−|x|| ≲ η2

0 c
′−2/3,
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the last sum being, up to the factor eπs ≤ eπ with s = χ3 − χ2 the largest spacing, a Riemann
sum for

∫
e−π|x′−|x||dx′ ≤ 2/π. Third, the remainder: at x′ = χ(n), f ′(n) = 2∂x′φx′/(c′N ′)

and f ′′(n) = 2∂2
x′φx′/(c′N ′)2 − 2∂x′φx′ N ′′/(c′2N ′3). Near the tip N ′(x′) ≍ (x′ − x∗

1)1/2 and
|N ′′(x′)| ≍ (x′ − x∗

1)−1/2, deep in the band N ′(x′) ≍ x′ (for 0 < x′ − x∗
1 ≤ 1 by the bounds for

ρ2
U in part (b) of this proof and by (F.13), since N ′ = 1

2ρU and N ′′ = 1
2ρU (log ρU )′; beyond, by

(6.21)), and χ2 − x∗
1 ≍ ℓc, so c′N ′(χ2) ≍ c′ℓ1/2

c ≍ c′2/3 and |f ′(2)| ≲ c′−2/3. Likewise, by (D.5),
∫ ∞

2
|f ′′| dn =

∫ ∞

χ2
|f ′′| c′N ′ dx′ ≲

1
c′

∫ ∞

χ2

[ |∂2
x′φx′ |
N ′ + |∂x′φx′ ||N ′′|

N ′2

]
dx′ ≲

1 + ℓ
−1/2
c

c′ ≲ c′−2/3

uniformly in x, the integrand being ≲ (x′ − x∗
1)−1/2 + (x′ − x∗

1)−3/2 for x′ ≤ x∗
1 + 1 and

≲ e−π|x′−|x||/x′ beyond. The same computation with ∂b, ∂2
b applied under the sums and integrals

bounds R′
EM and R′′

EM; this is (D.10), with CEM the resulting constant. Adding the contributions
and using c′−2/3 ≤ 1, the bounds of the statement hold with

M1 := (n1 + 1) 4π
cosπδ1

+ Cη2
0 + CEM, M0 := M1δ1, (D.12)

and likewise for M ′
1 with sup|2∂2

bφx′ | in place of 4π/ cosπδ1 (the +1 is a crude allowance for the
simple zero, which contributes only the constant iπ); Φ1 itself is bounded by (D.9), |φx′ | ≲ 1
and (D.10). Finally Re Φ1 = 0 on E+, because Re logB = log|B| = 0 there (Proposition 7.2) and
Re Φ0 = 0 by (a); integrating Φ′

1 vertically from the edge, |Re Φ1(v+ i
2 +iy′)| ≤ M1|y′| ≤ M0.

D.4 The eikonal identity

[orientation] At order c′ the phase of the integrand of the edge representation (Lemma 7.3(c))
is c′[Im Φ0(v + i

2) + 4π
3 xv]; by (D.8) it is stationary where F (v) = x, that is at v = ±v0(x).

Along the saddle b0(x) = v0(x) + i
2 , with kx = 4π

3 c
′x,

d
dx

[
c′ Im Φ0(b0) + kxv0

]
=

(
c′∂v Im Φ0

(
v0 + i

2
)

+ kx

)
v′

0 + 4π
3 c′v0 = πc′ρU (x) = Ψ′(x), (D.13)

the bracket vanishing by stationarity, and the last two steps being v0 = 3
4ρU and Ψ = 2πν − π

with ν ′ = c′N ′ = 1
2c

′ρU . Since v0(x∗
1) = 0, Φ0( i

2) = 0 and N(x∗
1) = 0, the integrated form is

c′ Im Φ0(b0(x)) + kxv0(x) = 2πc′N(x) for x ≥ x∗
1. The omitted sites and the node phase live in

Φ1 and do not enter.

E Two-saddle steepest descent with a uniform remainder
This appendix proves Lemma 7.7: for band points x ≥ xI , ĥ0(c′x2/3) is the sum Amp cos Ψ̂ of
two saddle-point contributions, up to a relative remainder εsd that is bounded explicitly and
tends to zero uniformly in x (Lemma E.1, Corollary E.2), and obeys a global bound that decays
in x (Corollary E.3). The comb enters only through the edge representation of Lemma 7.3(c)
and the edge phases Φ0,Φ1 of Lemma 7.6, which we abstract into hypotheses (SD1)–(SD4) and
verify in appendix E.4.

The idea. On E+ the integrand of the edge representation is e−c′L(x) times an integrable
profile times a pure phase ei[Θ0(v)+kxv], where Θ0(v) := c′ Im Φ0(v + i

2) has Θ′
0 = −4π

3 c
′F and

kx = 4π
3 c

′x. The phase is stationary at v = ±v0(x), where F (v0) = x, with second derivative
∓c′αx, αx = 4π

3 F
′(v0). The two contributions are complex conjugates, and ordinary stationary

phase gives their sum as Amp cos Ψ̂ with

1
2 Amp(x) eiΨ̂(x) = 2πc′

3 h0(b0)H(1)
0 (kxb0) b0 e

−iπ/4
√

2π
c′αx

, b0 = v0 + i
2 , (E.1)
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up to relative corrections that are O(1/c′) at fixed x. Toward the tip, however, the two points
coalesce at v = 0 and αx → 0, whereas section 7.7 needs the corrections small on all of [xI ,∞),
with xI → x∗

1 as c → ∞. The proof therefore uses an explicit contour: at height u above the
edge the oscillating factor has modulus exp

(4π
3 c

′u[F (v) − x]
)

up to a cubic error, so running
above the edge between the saddles and below it outside them gains a factor exponentially
small in c′, at rates given by the chord slope sch and the curvature αx. At the saddle the
first-order terms are odd and cancel, leaving terms of order 1/(c′αk

x), k = 1, 2, 3, with explicit
constants. Near the tip v0, αx and sch vanish like (x− x∗

1)1/2, and the remainder is governed by
c′ min{1, v0}3 ≍ c′(x− x∗

1)3/2.

E.1 Setting and hypotheses

Throughout, c′ ≥ 39, δ1 ∈ (0, 1
4 ] is fixed, and kx = 4π

3 c
′x, so that kx/2 = c′L(x); a band point is

an x > F (0), with F as in (SD2) below. Near the upper edge we write

b = v + i
(1

2 + u
)
, v = Re b, u = Im b− 1

2 , Nδ := {b : |u| ≤ δ}, (E.2)

so that u is the height above E+ and Nδ is a thin two-sided strip around it (the letters u, r, ℓ, q
have this meaning in this appendix only). For Im z ≥ 0 and on principal branches,

H
(1)
0 (z) =

√
2
πz

ei(z−π/4)(1 + εH(z)
)
, |εH(z)| ≤ 1

4|z|
e1/(4|z|) ≤ 0.33

|z|
(|z| ≥ 1), (E.3)

by [67, (10.17.13)–(10.17.15)] with ν = 0 and one term. Let h0 have the following properties.
(SD1) Edge representation and symmetry. The function h0 is even, real on R∪iR and analytic on a
neighborhood of S̄∪Nδ1 , and |h0(b)| ≤ Ce−µ|Re b| for some µ > 0 on Nδ1 ∩S̄ = {1

2 −δ1 ≤ Im b ≤ 1
2}.

(Nothing is assumed as |Re b| → ∞ above E+, where for the comb |h0| grows like e 4π
3 c′F (v)u.)

With I(b) := h0(b)H(1)
0 (kxb) b,

ĥ0(c′x2/3) = 2πc′

3

∫

E+
I(b) db, I(−b̄) = I(b) (b ∈ E+). (E.4)

(SD2) Phase–amplitude split. On Nδ1 , h0 = ± ec′Φ0eΦ1 E with a fixed sign, where Φ0, Φ1 and
the outer factor E are analytic, E has no zeros, and: (a) Re Φ0 = 0 on E+; (b) the function
F (v) := 3i

4π Φ′
0(v + i

2), which is real for real v by (a), is even, strictly increasing and convex
on [0,∞), tends to infinity, satisfies π

3 c
′F (0) ≥ 11, and extends analytically to |Im v| ≤ δ1; (c)

C2 := supNδ1
|Φ′′′

0 | = 4π
3 sup|Im v|≤δ1 |F ′′| and C3 := supNδ1

|Φ′′′′
0 | are finite; (d) M1 := supNδ1

|Φ′
1|

and M ′
1 := supNδ1

|Φ′′
1| are finite and independent of c; (e) Re Φ1 = 0 on E+ (used only to drop

the factor eRe Φ1(b0) = 1 from the amplitude).
(SD3) Outer factor. ME := supNδ1

|E ′/E| and M ′
E := supNδ1

|(E ′/E)′| are finite.
(SD4) Saddle, curvature and chord slope. With v0 = v0(x) > 0 the unique solution of F (v0) = x,

b0 := v0 + i
2 , αx := 4π

3 F ′(v0) > 0, sch := x− F (0)
v0

> 0. (E.5)

In appendices E.1 to E.3 the letters F and v0 refer to (SD2) and (SD4); for the comb they
are the edge function and the map of section 7.1, and F (0) = x∗

1. The dependence on c′ that is
not in ec′Φ0 or in the exponential of the Hankel function is collected in the amplitude, defined
on Nδ1 (where Im b ≥ 1

4) with the principal square root by

A(b) := ± E(b) eΦ1(b) b1/2(
1 + εH(kxb)

)
, M ≥ sup

Nδ1

∣∣A′/A
∣∣, M ′ ≥ sup

Nδ1

∣∣(A′/A)′∣∣. (E.6)
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One may take M = ME +M1 + 2 + C and M ′ = M ′
E +M ′

1 + 8 + C with an absolute constant
C, so that M and M ′ do not depend on x or on c: the square root contributes 1/(2|b|) ≤ 2
and 1/(2|b|2) ≤ 8, and the Hankel factor at most C/kx to each. Indeed the reference for (E.3)
bounds εH , continued analytically, by C/|z| in the larger sector −π

2 ≤ ph z ≤ 3π
2 , which contains

the disk of radius |z|/2 about every z with Im z ≥ 0; Cauchy’s estimate then bounds |z2ε′
H(z)|

and |z3ε′′
H(z)| by an absolute constant, and |kxb| ≥ kx/4 = π

3 c
′x ≥ π

3 c
′F (0) ≥ 11 on Nδ1 at every

band point, by (SD2)(b).

E.2 Statements

Lemma E.1 (Two-saddle steepest descent; proved). Assume (SD1)–(SD4). Put

ℓ := min
{
1,

√
2 δ1, v0, αx/C2, 2

√
2πsch/C2, 1/M, 1/

√
M ′}, u0 := ℓ/

√
2, (E.7)

and r1 := min
{
ℓ, (6/(c′C2))1/3}

, and suppose that c′ is so large that

(i) 2π
3 c′u0sch ≥ M, (ii) c′αxu0 ≥ 2M, (iii) c′αx ≥ 8. (E.8)

Then

ĥ0(c′x2/3) = Amp(x)
[
cos Ψ̂(x)+εsd(x)

]
, |εsd(x)| ≤ ε̄sd(x) := εcore +2εtr +εmid +εfar, (E.9)

where εsd is real and, with Θ0(v) = c′ Im Φ0(v + i
2),

Amp(x) = 2 e−c′L(x) |E(b0)| eRe Φ1(b0) ∣∣1 + εH(kxb0)
∣∣
( |b0|
xF ′(v0)

)1/2
, (E.10)

Ψ̂(x) = Θ0(v0) + kxv0 − π
2 + argA(b0), (E.11)

argA(b0) = arg(±1) + Im Φ1(b0) + arg E(b0) + 1
2 arctan 1

2v0
+ arg

(
1 + εH(kxb0)

)
,

and the four parts of the remainder, from the core of the saddle, the transition to the valleys, the
middle piece and the far pieces of the contour, are, with KA := 4.5M2 + 1.625M ′,

εcore = KA

c′αx
+

1
8C3 + 1

2MC2 +KAC2
c′α2

x

+ (0.57 + 0.52M)C2
2

c′α3
x

, (E.12)

εtr = 3eMℓ

√
2π

e−c′αxr2
1/3

r1
√
c′αx

, εmid = 3eMu0

2π

√
αx

2πc′
e− π

3 c′schu2
0

schu0
, εfar =

√
2
π
eMu0 e

−c′αxu2
0/4

u0
√
c′αx

. (E.13)

Here Amp and Ψ̂ contain the exact εH(kxb0) and obey (E.1) identically; by (SD2)(e), (E.3),

Amp(x) ec′L(x) = 2 |E(b0)|
( |b0|
xF ′(v0)

)1/2(
1 +O(1/c′)

)
, |O(1/c′)| ≤ 0.33

|kxb0|
. (E.14)

Corollary E.2 (Uniformity; proved). Assume in addition that sup[0,∞) F
′ < ∞, and let

δ1, C2, C3,M,M ′ be fixed. Suppose that along a family of band points x ≥ xI(c) one has
c′ min{αx, sch, v0}3 ≥ c′γ for some γ > 0. Then for c large the conditions (E.8) hold on
[xI(c),∞), and ε̄sd → 0 uniformly there as c → ∞, at the rate

ε̄sd ≤ K (1 +M2 +M ′)
[ 1
c′αx

+ C3
c′α2

x

+ C2
2

c′α3
x

]
+ C e−c∗c′γ/3

, (E.15)

with K absolute and C, c∗ > 0 depending only on γ, supF ′ and the fixed constants.

Corollary E.3 (Global band bound; proved). Under the hypotheses of Corollary E.2, for c
large and every x ≥ xI(c),

∣∣ĥ0(c′x2/3)
∣∣ ≤ Amp(x)

(
1 + ε̄sd

)
≤ 2

(
1 + ε̄sd

)
|E(b0)|

( |b0|
xF ′(v0)

)1/2(
1 +O(1/c′)

)
e−c′L(x). (E.16)

For the comb, where E = sech2 πb
2 and F is the edge function of section 7.1, the right-hand side

is at most Cglob F
′(v0)−1/2 e−πv0 e−c′L(x) with Cglob absolute; Cglob = 25 will do once ε̄sd ≤ 1.
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E.3 Proofs

Proof of Lemma E.1. Plan. On Nδ1 we factor the integrand into ec′φ, which carries the depen-
dence on c′, and an amplitude A, and keep Re b > 0 by symmetry (Step 1); read off from (SD2)
how |ec′φ| behaves off the edge (Step 2); choose the contour and justify the deformation (Step 3);
bound the pieces away from the saddles (Step 4); expand at a saddle (Step 5); assemble (Step 6).

Step 1: factorization and symmetry. By (SD2), (E.3) and (E.6), for b ∈ Nδ1 ,

I(b) =
√

2
πkx

e−iπ/4 e−kx/2 ec′φ(b)A(b), φ(b) := Φ0(b) + 4πi
3 x

(
b− i

2
)
, (E.17)

since c′φ = c′Φ0 + ikx(b− i
2). The symmetry in (E.4) extends from E+ to Nδ1 by the identity

theorem, and on a contour b(v) whose height u(v) is even in v one has b′(−v) = b′(v), so that
the part with v < 0 contributes the complex conjugate of the part with v > 0. Hence, for every
such contour Γ ⊂ Nδ1 to which E+ can be deformed,

ĥ0(c′x2/3) = 2πc′

3

√
2
πkx

e−kx/2 · 2 Re
[
e−iπ/4J+

]
, J+ :=

∫

Γ∩{Re b>0}
ec′φA db. (E.18)

Step 2: the phase near the edge. By (SD2)(a),(b), on E+ one has Reφ = 0 and φ′(v + i
2) =

4πi
3 (x− F (v)). Thus |ec′φ| = 1 on E+, the critical points of φ there are b0 and its mirror image

−b̄0, and φ′′(b0) = −iαx. For real v the k-th derivative of u 7→ Reφ(v + i(1
2 + u)) is Re[ikφ(k)].

At u = 0 the function vanishes, its first derivative is 4π
3 (F (v) − x), and its second derivative is

zero because φ′′(v + i
2) = −4πi

3 F ′(v) is imaginary; its third derivative is bounded by |Φ′′′
0 | ≤ C2.

By Taylor’s theorem, for |u| ≤ δ1,

Reφ
(
v + i(1

2 + u)
)

= 4π
3 u

[
F (v) − x

]
+R3, |R3| ≤ 1

6 C2|u|3. (E.19)

So |ec′φ| decreases above the edge where |v| < v0 and below it where |v| > v0: two valleys, which
meet at the saddles. By convexity the chord slope (F (v0) − F (v))/(v0 − v) increases with v, so
its infimum over [0, v0) is sch, and the graph of F lies above its tangent at v0:

x−F (v) ≥ sch (v0−v) (0 ≤ v ≤ v0), F (v)−x ≥ F ′(v0)(v−v0) = 3αx
4π (v−v0) (v ≥ v0). (E.20)

Finally, by Taylor’s theorem at b0, for b0 + w ∈ Nδ1 and φ≥3(w) := φ(b0 + w) − φ(b0) + iαx
2 w2,

∣∣φ≥3(w)
∣∣ ≤ 1

6C2|w|3,
∣∣φ≥3(w) − 1

6φ
′′′(b0)w3∣∣ ≤ 1

24C3|w|4. (E.21)

Step 3: the contour. Let Γ run from left to right through Γ−
far,Γ

−
loc,Γmid,Γ+

loc,Γ
+
far, where

Γ∓
far : b = v + i

(1
2 − u0

)
, ∓v ≥ v0 + u0; Γ−

loc : b = −b̄0 + r eiπ/4, r ∈ [−ℓ, ℓ];
Γmid : b = v + i

(1
2 + u0

)
, |v| ≤ v0 − u0; Γ+

loc : b = b0 + r e−iπ/4, r ∈ [−ℓ, ℓ].
(E.22)

It follows the valleys at distance u0 from the edge, crosses the two saddles along their directions
of steepest descent, and lies above E+ only on the bounded piece Γmid and the adjacent halves
of Γ±

loc. The pieces join, since b0 ∓ ℓe−iπ/4 = (v0 ∓ u0) + i(1
2 ± u0); the local pieces do not

overlap, since ℓ ≤ v0; the height is even in v; and Γ ⊂ Nu0 ⊂ Nδ1 , where I is analytic
by (SD1) (the Hankel function and b1/2 are analytic in Im b > 0). The region between E+
and Γ is bounded apart from two half-strips in {−u0 ≤ u ≤ 0} ⊂ S̄. On their closing
segments Re b = ±X one has |H(1)

0 (kxb) b| ≤ C|b|1/2 by (E.3), so these contribute at most
Cu0X1/2 sup−u0≤u≤0|h0(±X + i(1

2 + u))| → 0 as X → ∞, by the decay in (SD1). By Cauchy’s
theorem

∫
E+

I db =
∫

Γ I db, and (E.18) holds for Γ.
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Step 4: the middle and far pieces. Put G := |A(b0)|
√

2π/(c′αx). On Γmid with 0 ≤ v ≤ v0−u0
let s := v0 − v. Then (E.19) and (E.20) give c′ Reφ ≤ −4π

3 c
′u0sch s+ 1

6c
′C2u3

0, and integrating
A′/A from b0 along a path of length s+u0 gives |A(b)| ≤ |A(b0)| eMs+Mu0 . Condition (i) absorbs
eMs into half of the linear decay, and u0 ≤ 2πsch/C2 gives 1

6c
′C2u3

0 ≤ π
3 c

′schu
2
0, so that

∣∣∣
∫

Γmid, v≥0
ec′φA db

∣∣∣ ≤ |A(b0)| eMu0+ π
3 c′schu2

0

∫ ∞

u0
e− 2π

3 c′u0sch s ds

= |A(b0)| 3 eMu0− π
3 c′schu2

0

2πc′schu0
= G εmid.

(E.23)

On Γ+
far let s := v − v0 ≥ u0. The second bound of (E.20) gives c′ Reφ ≤ −c′αxu0 s+ 1

6c
′C2u3

0,
and |A(b)| ≤ |A(b0)| eMs+Mu0 . By condition (ii) and 1

6C2u3
0 ≤ 1

4αxu
2
0 (from u0 ≤ ℓ ≤ αx/C2),

∣∣∣
∫

Γ+
far

ec′φA db
∣∣∣ ≤ |A(b0)|eMu0+ 1

4 c′αxu2
0

∫ ∞

u0
e− 1

2 c′αxu0sds = |A(b0)|2e
Mu0− 1

4 c′αxu2
0

c′αxu0
= Gεfar. (E.24)

Step 5: the saddle. On Γ+
loc we have b = b0 + w with w = re−iπ/4, and − iαx

2 w2 = −1
2αxr

2 is
real. By (E.21) and ℓ ≤ αx/C2, with q(r) := c′φ≥3(re−iπ/4),

c′[φ(b) − φ(b0)
]

= −1
2c

′αxr
2 + q(r), |q(r)| ≤ 1

6c
′C2|r|3 ≤ 1

6c
′αxr

2, (E.25)

so that Re c′[φ − φ(b0)] ≤ −1
3c

′αxr
2 on the whole segment. We split it into the core |r| ≤ r1,

where |q| ≤ 1
6c

′C2r3
1 ≤ 1, and the transition part r1 < |r| ≤ ℓ. On the latter |A| ≤ |A(b0)|eMℓ, so

∣∣∣
∫

r1<|r|≤ℓ
ec′[φ−φ(b0)]A dr

∣∣∣ ≤ 2|A(b0)|eMℓ
∫ ∞

r1
e−c′αxr2/3dr ≤ |A(b0)|eMℓ 3e−c′αxr2

1/3

c′αxr1
= Gεtr. (E.26)

On the core, integrating A′/A twice along the segment gives A(b0 + w) = A(b0) exp(a1w + r2)
with a1 := A′(b0)/A(b0), |a1| ≤ M and |r2| ≤ 1

2M
′r2. As |r| ≤ ℓ ≤ min{1/M, 1/

√
M ′}, the

exponent z has |z| ≤ 3
2 and |z|2 ≤ (2M2 + 1

2M
′)r2, and |ez − 1 − z| ≤ 1

2 |z|2e|z| ≤ 2.25|z|2 gives
A/A(b0) = 1+a1w+a2 with |a2| ≤ [1

2M
′ +2.25(2M2 + 1

2M
′)]r2 = KAr

2. Likewise eq = 1+q+q2
with |q2| ≤ e

2 |q|2, and q = 1
6c

′φ′′′(b0)w3 + q4 with |q4| ≤ 1
24c

′C3r4 by (E.21). So

ec′[φ(b)−φ(b0)] A(b)
A(b0) = e−c′αxr2/2

{
1 +

[
a1w + 1

6c
′φ′′′(b0)w3]

+ Rest(r)
}
, (E.27)

where the bracket is odd in r and integrates to zero over [−r1, r1], and where

|Rest| ≤ KAr
2 + c′C3r4

24 +Mc′C2r4

6 + e (c′C2)2r6

72 +
(
1+ e

2
)KAc

′C2|r|5

6 + eM(c′C2)2|r|7

72 ; (E.28)

the terms are, in order, a2; q4; a1w q; q2; a2(q + q2), with |q + q2| ≤ (1 + e
2)|q| for |q| ≤ 1;

and a1w q2. We integrate against e−c′αxr2/2 over R, using
∫
R r

2ne−sr2/2dr =
√

2π/s (2n −
1)!! s−n and

∫
R|r|2n+1e−sr2/2dr = n! (2/s)n+1 with s = c′αx. Relative to

√
2π/(c′αx), the four

even terms give KA/(c′αx), 1
8C3/(c′α2

x), 1
2MC2/(c′α2

x) and 15e
72 C

2
2/(c′α3

x), and the two odd
terms give 2.51 (c′αx)−1/2KAC2/(c′α2

x) and 1.45 (c′αx)−1/2MC2
2/(c′α3

x), which condition (iii)
bounds by KAC2/(c′α2

x) and 0.52MC2
2/(c′α3

x); the sum is εcore. Completing the Gaussian costs∫
|r|>r1

e−c′αxr2/2dr ≤ 2e−c′αxr2
1/2/(c′αxr1) ≤

√
2π/(c′αx) εtr. Altogether, with db = e−iπ/4dr,

∫

Γ+
loc

ec′φA db = ec′φ(b0)A(b0) e−iπ/4
√

2π
c′αx

(
1 + εloc

)
, |εloc| ≤ εcore + 2εtr. (E.29)

Step 6: assembly. Let Z := e−iπ/2ec′φ(b0)A(b0)
√

2π/(c′αx), so that |Z| = G, as |ec′φ(b0)| = 1.
By (E.23), (E.24) and (E.29), e−iπ/4J+ = Z(1 + εloc) + R with |R| ≤ G(εmid + εfar), hence
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2 Re[e−iπ/4J+] = 2G[cos arg Z + εsd] with εsd real and |εsd| ≤ ε̄sd. Then (E.18) gives (E.9)
with Amp = 2πc′

3
√

2/(πkx) e−kx/2 · 2G and Ψ̂ = arg Z = c′ Imφ(b0) − π
2 + argA(b0), which

is (E.11) because c′φ(b0) = c′Φ0(b0) + ikxv0. With kx = 4π
3 c

′x and αx = 4π
3 F

′(v0) this is
Amp = 2e−c′L|A(b0)|/

√
xF ′(v0), and (E.10) and the expression for argA(b0) follow from (E.6)

with arg b1/2
0 = 1

2 arctan 1
2v0

. Finally 1
2Amp eiΨ̂ is 2πc′

3 times the prefactor of (E.17) times eiπ/4Z,
which is (E.1).

Proof of Corollaries E.2 and E.3. Plan. We bound the window ℓ from below by the controlling
quantity and inspect (E.12)–(E.13). Let m := min{αx, sch, v0} and m̄ := min{1,m}. By (E.7),
ℓ ≥ cℓm̄ with cℓ := min{1,

√
2δ1, 1/C2, 1/M, 1/

√
M ′}, and the hypothesis gives c′m̄3 ≥ c′γ

(we may take γ ≤ 1), so that c′m̄2 and c′m̄ tend to infinity and (E.8) holds. In (E.12) we use
C2/α2

x ≤ 1
2(1/αx+C2

2/α
3
x) and M ≤ 1

2(1+M2); this gives the bracket of (E.15). The exponents in
(E.13) are 1

3c
′αxr

2
1, π

6 c
′schℓ

2 and 1
8c

′αxℓ
2. Those with ℓ are at least 1

8c
2
ℓ c

′m̄3, and when r1 < ℓ the
first equals 1

3 · 62/3(c′α3
x/C

2
2 )1/3 ≥ C

−2/3
2 (c′m̄3)1/3; so all three are at least 2c∗c′γ/3 for a suitable

c∗ > 0. The prefactors of εtr and εfar are bounded, because eMℓ ≤ e and r1
√
c′αx, u0

√
c′αx are

the square roots of multiples of the exponents; that of εmid is at most a power of c′, because
αx ≤ 4π

3 supF ′ and schu0 ≥ cℓm̄
2/

√
2 with m̄ ≥ c′−(1−γ)/3, and a power of c′ times e−2c∗c′γ/3 is at

most Ce−c∗c′γ/3 . This proves Corollary E.2. The first inequality of (E.16) follows from (E.9) and
|cos Ψ̂ + εsd| ≤ 1 + ε̄sd, the second from (E.14). For the comb, |sech2 πb0

2 | = 2/ cosh πv0 ≤ 4e−πv0

(Proposition 7.2); F (v) ≥ v gives v0 ≤ x, so that |b0|/x ≤ (1 + 1/(4(x∗
1)2))1/2 ≤ 2.05; and

1 + ε̄sd ≤ 2 once ε̄sd ≤ 1. Hence 2 · 2 · 4 ·
√

2.05 (1 +O(1/c′)) ≤ 25.

E.4 Verification for the comb

We verify the hypotheses for the function h0 = sech2 πb
2 B of section 7.2, with δ1 = 1

4 , E = sech2 πb
2

and the phases Φ0,Φ1 of Lemma 7.6.
(SD1). Each factor Tζ is even, and the zeros are real or form conjugate pairs, so h0 is even
and real on R ∪ iR. By (T4) the poles of B lie at |Im b| ≥ 1 − maxn εn > 3

4 for c large,
since εn ≲ c′−2/3 (appendix D.3); those of E lie on |Im b| = 1. The edge representation is
Lemma 7.3(c), and the symmetry follows from h0(−b̄) = h0(b) and H

(1)
0 (−z̄) = −H(1)

0 (z). For
the decay, |cosh π

2 (v + iy)|2 = 1
2(cosh πv + cosπy) ≥ 1

2 cosh πv for 1
4 ≤ y ≤ 1

2 and |B| ≤ 1 on S̄
(Proposition 7.2) give |h0| ≤ 2/ cosh πv ≤ 4e−π|v| on N1/4 ∩ S̄, so µ = π.
(SD2), with the sign +. We use Lemma 7.6 in the form of Lemma D.2, which holds on the
two-sided strip N1/4 and not only on E+. By its part (a), Φ0 is analytic on N1/4, with Re Φ0 = 0
and Φ′

0 = −4πi
3 F (v) on E+, where F (v) = 1

π arcsinh(cosh πv) is analytic in |Im v| < 1
2 , and C2,

C3 are finite. This F is even, F (0) = x∗
1 with π

3 c
′x∗

1 ≥ 13πx∗
1 > 11, and

F ′(v) = sinh πv√
1 + cosh2 πv

∈ (0, 1) (v > 0), F ′′(v) = 2π cosh πv
(1 + cosh2 πv)3/2 > 0, (E.30)

so F is strictly increasing and convex, with F (v) ≥ v and supF ′ = 1. By (T4) the zeros of B
lie at heights 0 and ±εn modulo 2, none of them in N1/4, so that Φ1 = logB − c′Φ0 is analytic
there; the sign of the simple zero, B( i

2) = −1, is the constant iπ in Φ1, which is why the sign in
(SD2) is +. Part (c) bounds Φ′

1 and Φ′′
1 on N1/4 uniformly in c′ and Re b, so that M1 and M ′

1
depend on (n1, η0) only. Finally Re Φ1 = 0 on E+ because |B| = 1 and Re Φ0 = 0 there.
(SD3). The factor E is analytic and zero-free in |Im b| < 1, with E ′/E = −π tanh πb

2 . As
|tanh π

2 (v + iy)|2 = (cosh πv − cosπy)/(cosh πv + cosπy), ME = π tan 3π
8 and M ′

E = π2

2 sec2 3π
8 .

(SD4) and the hand-off. Here v0 is given by cosh πv0 = sinh πx. Since F ′(0) = 0, F ′′(0) =
π/

√
2 > 0 and F ′ is positive and increasing, the ratios F ′(v)/v and 1

v2
∫ v

0 F
′ are bounded below

on (0, 1], and F ′(v) and 1
v

∫ v
0 F

′ are increasing for v ≥ 1; hence min{αx, sch, v0} ≥ cF min{1, v0}
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with an absolute cF > 0. Near the tip v0 ≃ (2(x−x∗
1)/F ′′(0))1/2, so that c′ min{1, v0}3 is at least

a positive multiple of c′ 1−3θon/2 on [xI ,∞), and Corollary E.2 applies with any γ < 1 − 3
2θon,

provided θon <
2
3 . With σ := c′ min{1, v0}3, every term of ε̄sd is then at most a multiple of 1/σ:

for εcore this is (E.15), and in (E.13), where αx ≍ sch ≍ u0 ≍ min{1, v0}, the exponents are
bounded below by multiples of σ1/3, σ, σ, the prefactors are bounded for σ ≥ 1, and σe−c∗σ1/3

is bounded. Thus, with C depending on (n1, η0) only and for c ≥ c(n1, η0, θon),

|εsd(x)| ≤ ε̄sd(x) ≤ C

c′ min{1, v0(x)}3 (x ≥ xI), (E.31)

which is O(1/c′) deep in the band and O
(
(c′(x − x∗

1)3/2)−1)
toward the onset, at most

Cc′−(1−3θon/2) at xI . With (E.9), (E.14) and Corollary E.3 this is Lemma 7.7. At xI the term
εtr decays only like exp(−const · c′(1−3θon/2)/3), which is why θon is taken well below 2

3 .

F The comb on the real axis
This appendix proves the statements of section 7.5 about the comb on the real axis, namely
Proposition 7.4 and Lemma 7.5(a)–(c), (d1), (e), (f), and from them the floor of Lemma 7.9,
the overshoot bound of Lemma 7.11 and the first-cell bounds of Lemma 7.12; appendix G takes
appendices F.1 to F.4 and Lemmas F.8 to F.10 as input. Each statement carries its own tag, and
a statement that contains or uses a certified constant names the row of table 4 on which it rests.

As in section 7.5, the logarithm of the comb is a sum over the sites of the site weight fx

of (F.1), a Riemann sum of unit step in the site index for the potential U = −L (Lemma 7.1).
On either side of x, apart from the sites far to the left of x, the summand is concave along the
sites, so the trapezoid and midpoint rules bound the sum by the integral with no remainder.
What is left over is explicit: the potential c′P of the charge 2n1 below the first kept site, the
half cell Jend there, and the few sites nearest to x. Appendices F.1 to F.3 provide the tools,
appendix F.5 the two-sided bounds, and appendices F.4, F.6 and F.7 the consequences. The
constants that appendix G needs are explicit: CJ ≤ 0.65 (Lemma F.8), Cdet ≤ 16.6 (Lemma F.7),
and the coefficient 94 of 1

n in (F.46).

Notation. Throughout, (m, k∞, n1, η0) = (1, 1
4 ,

7
4 ,

1
4), the outer factor is sech2(πx/2), and

c ≥ catt
0 . The letter C denotes an absolute constant, which may change from line to line; a

subscript records a dependence. We recall the zero law ρU (y) = 4
3π arccosh(sinh πy) on y ≥ x∗

1
and its counting function N(y) = 1

2
∫ y

x∗
1
ρU . For x ≥ 0 the site weight is

fx(y) := log|Ty(x)| = log
∣∣∣tanh π(x− y)

2
∣∣∣ + log tanh π(x+ y)

2 ≤ 0, y > 0. (F.1)

The site map a 7→ χa, a ≥ 1
4 , is defined by c′N(χa) = a− 1

4 . It interpolates the sites, starts at
χ1/4 = x∗

1, and satisfies

da = c′
2 ρU (χa) dχa, χ′

a = 2
c′ρU (χa) , χ′′

a = −(χ′
a)2 (log ρU )′(χa), (F.2)

where a prime on χa is a derivative in a. We write φ(a) := fx(χa) when x is fixed, ℓk := χk+1 −χk

for the spacing, and εk = η0ℓk for the heights of the detuned zeros. A point x of cell n,
χn < x < χn+1, has the position u := (x− χn)/ℓn ∈ (0, 1) in its cell. The index k always labels
a site, j is the number of pairs kept exactly on each side of x, and a, a′ are real site indices (in
this appendix a never denotes c′/12). The product formula reads

log|B0(x)| = fx(χ2) + 2
∑

k≥3
fx(χk), log|B(x)| = fx(χ2) +

∑

k≥3
log qk(x), (F.3)
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where, with γk := cosπεk,

qk(x) :=
∣∣Tχk+iεk

(x)Tχk−iεk
(x)

∣∣ =
∏

±

cosh π(χk ∓ x) − γk

cosh π(χk ∓ x) + γk
(F.4)

is the modulus of a detuned pair; for εk = 0 it is Tχk
(x)2. Since cosh 2z−cos 2v = 2(sinh2 z+sin2 v)

and cosh 2z + cos 2v = 2(cosh2 z − sin2 v), each of the two factors of qk equals (sinh2 z +
sin2 v)/(cosh2 z − sin2 v) with z = π

2 (χk ∓ x) and v = π
2 εk. Both sums converge, because

|fx(y)| ≤ Ce−π(y−x) for y ≥ x+ 1. On the real axis h0 = sech2(πx/2)B(x) with t = c′x2/3, and
B < 0 on [0, χ2), B ≥ 0 beyond. The continuum counterparts of the sums are

Ix(a) :=
∫ ∞

a
fx(χa′) da′ = c′

2

∫ ∞

χa

ρUfx dy, PY (x) := −
∫ Y

x∗
1

ρU (y)fx(y) dy ≥ 0, (F.5)

so that P = Pχ2 and c′ ∫ χa

x∗
1
ρU dy = 2(a − 1

4), which is 2n1 for a = 2. Since U(x) =∫
ρU (y) log|Ty(x)| dy is the potential of the law, Lemma 7.1 gives

2Ix(a) = c′U(x) + c′Pχa(x), U(x) = −L(x) for x ≥ x∗
1. (F.6)

Finally, in this notation the end correction, the level and the normalized comb of section 7.5 are

Jend(x) = fx(χ2) − 2
∫ 5/2

2
φ(a) da, Lev = 4 sech2 πx

2 e−c′L+c′P+Jend ,

h0
Lev = 1

4 |B| ec′L−c′P−Jend (x > χ2).
(F.7)

The conditions on the size of c are conditions on the Airy length ℓc (notation of Lemma F.2).
We take catt

0 so large that three of them hold for c ≥ catt
0 . Statements in the Airy window are

made under the hypothesis ℓcςmax ≤ 0.3 and are applied in this appendix with ςmax ≤ ς̂10 ≤ 4.57,
so that we require ℓcς̂10 ≤ 0.3; this implies χ6 − χ2 ≥ ℓc, which is used for (F.36). The far-left
loss requires ℓcς̂602 ≤ 0.24, where ς̂602 ≤ 71.3, and Cℓc ≤ 0.004 with an absolute constant C
which we do not evaluate (Lemma F.6(d)). The remaining conditions depend on a parameter. A
statement on a far band x ≥ x∗

1 + r with r > 0 fixed is made for c so large, depending on r, that
χ6 ≤ x∗

1 + r/2; the band then lies in the cells n ≥ 6. The bracket for j = 4 in Proposition 7.4
holds on the cells n ≥ ϵc′ for c large depending on ϵ.

F.1 The law near the tip

We prove that the site weight is monotone and concave along the sites (Lemma F.1), expand the
law at the tip (Lemma F.2), and deduce the form of the comb in the Airy window, which gives
Lemma 7.5(b) and (d1). Near the tip the law is the square-root density of a soft edge: the sites
sit at ςk ≈ (k − 1

4)2/3, and the logarithm of each Blaschke factor is that of a scaled distance plus
log ℓc plus a constant. Rows 9 and 10 of table 4 are used.

Lemma F.1 (Monotone and concave summands; proved, computer-assisted). Let x ≥ 0.
(a) For y > 0, y ̸= x,

∂yfx(y) =
∑

±

π

sinh π(y ± x) , ∂2
yfx(y) = −π2 ∑

±

cosh π(y ± x)
sinh2 π(y ± x)

< 0. (F.8)

Thus fx is increasing and concave on (x,∞), and decreasing and concave on (0, x). For
0 < y < x, |∂yfx| ≤ 1/(x− y) and |∂2

yfx|/|∂yfx| ≥ π coth π(x− y) ≥ max{π, 1/(x− y)}.
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(b) ρU is positive, increasing and concave on (x∗
1,∞), and ρ2

U/N is non-increasing there.
Hence a 7→ χa is increasing and concave, the spacings ℓk decrease, ℓk ≤ χ′

k and ℓk ≥ χ′
k+1,

the mean spacing (χa − x∗
1)/(a− 1

4) decreases in a, and

1 ≤ χ′
a

χ′
a′

= ρU (χa′)
ρU (χa) ≤

(a′ − 1
4

a− 1
4

)1/2
(1

4 < a ≤ a′). (F.9)

(c) φ is increasing and concave on {a : χa > x} and decreasing on {a : χa < x}. It is concave
on {a : ythr(x) ≤ χa < x}, where

ythr(x) := min
{
x∗

1 + x− x∗
1

2.3 , max{x∗
1 + 0.18, x− 1}

}
(x > x∗

1). (F.10)

Proof. (a) The derivatives follow from (log tanh z)′ = 2/ sinh 2z. For y > x both terms of
∂yfx are positive; for 0 < y < x the term with y − x is −π/ sinh π(x − y) and exceeds the
other in modulus, since x + y > x − y. This also gives |∂yfx| ≤ π/ sinh π(x − y) ≤ 1/(x − y),
while |∂2

yfx| ≥ π2 cosh π(x − y)/ sinh2 π(x − y); the quotient is at least π coth π(x − y), and
coth z ≥ max{1, 1/z}.

(b) With w = πy, ρ′
U = 4

3 coshw (sinh2w − 1)−1/2 > 0 and d
dw

[
coshw (sinh2w − 1)−1/2]

=
−2 sinhw (sinh2w − 1)−3/2 < 0, so ρU is increasing and concave, and it vanishes at x∗

1. Fix
y = x∗

1 + r and put ρ = ρU (y), s = ρ′
U (y). The tangent at y lies above the graph, so

N(y) ≤ 1
2

∫ r
0 [ρ − s(r − r′)] dr′ = 1

2(ρr − 1
2sr

2); and τ := sr/ρ ≤ 1 because the chord from the
tip is steeper than the tangent. Hence 4Ns ≤ 2ρ2τ(1 − τ/2) ≤ ρ2, that is (log(ρ2

U/N))′ =
2ρ′

U/ρU − ρU/(2N) ≤ 0. The statements on χa follow from (F.2): χ′
a > 0 and χ′′

a < 0; a chord
of a concave function has a slope between the derivatives at its ends; the chord from a = 1

4 has
decreasing slope; and (F.9) is ρ2

U (χa)/(a− 1
4) ≥ ρ2

U (χa′)/(a′ − 1
4) together with the monotonicity

of ρU .
(c) We have φ′ = ∂yfx χ

′
a and φ′′ = (χ′

a)2[
∂2

yfx−∂yfx (log ρU )′], both evaluated at y = χa. For
χa > x the bracket is negative by (a), since (log ρU )′ > 0. For χa < x we have φ′ < 0, and φ′′ ≤ 0
if and only if |∂2

yfx|/|∂yfx| ≥ (log ρU )′(χa); by (a) it suffices that (log ρU )′(y) ≤ max{π, 1/(x−y)}
at y = χa. Let r := y− x∗

1. Row 9 of table 4 contains two facts: (log ρU )′(x∗
1 + r) ≤ 3.10 < π for

r ≥ 0.18 ⟨cert⟩, and 1.3 r (log ρU )′(x∗
1 +r) ≤ 0.95 for 0 < r ≤ 0.64 ⟨cert⟩. If r ≥ 0.18 the first fact

suffices. If r < 0.18, then y < max{x∗
1 + 0.18, x− 1}, so y ≥ ythr(x) forces y ≥ x∗

1 + (x− x∗
1)/2.3,

that is x− y ≤ 1.3 r, and the second fact gives (log ρU )′(y) ≤ 0.95/(1.3r) ≤ 1/(x− y).

Lemma F.2 (The law near the tip; proved, computer-assisted). Let u1 := arcsinh 1 = πx∗
1,

κtip := 4 · 23/4/(9
√
π) and ℓc := (κtipc′)−2/3, so that κtipc′ℓ3/2

c = 1.
(a) (Table 4, row 10.) arccosh sinh(u1 + δ) = 23/4δ1/2(

1 + δ e1(δ)
)

with e1(δ) ∈ [0.0589, 0.105]
for 0 < δ ≤ 2 ⟨cert⟩.

(b) For 0 ≤ r ≤ 0.63,

3κtipr
1/2 ≤ ρU (x∗

1+r) ≤ 3κtipr
1/2(1+0.33 r), κtipr

3/2 ≤ N(x∗
1+r) ≤ κtipr

3/2(1+0.2 r).
(F.11)

(c) Let ςa := (χa − x∗
1)/ℓc be the scaled sites and ς̂a := (a− 1

4)2/3 their nominal positions. If
ℓcς̂a ≤ 0.63, then

ς̂a
(
1 − 0.14 ℓcς̂a

)
≤ ςa ≤ ς̂a. (F.12)

(d) For every r > 0, and with no certified constant,

1
2r ≤ (log ρU )′(x∗

1 + r) ≤ 1
2r + π

4
√

2
,

π

4
√

2
≤ 0.56. (F.13)

Proof. (b) With δ = πr ≤ 2, (a) gives ρU (x∗
1 + r) = 4

3π 23/4(πr)1/2(1 + πr e1) = 3κtipr1/2(1 +
πr e1(πr)), because 4

3π 23/4π1/2 = 3κtip; and 0 ≤ πe1 ≤ 0.105π ≤ 0.33. Integrating, N(x∗
1 + r) =
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3
2κtip

∫ r
0 r

′1/2(1 +πr′e1) dr′ lies between κtipr3/2 and κtipr3/2(1 + 3
5 · 0.33 r). (c) Since N increases

and c′N(x∗
1 + 0.63) ≥ (0.63/ℓc)3/2 by (b), the hypothesis ℓcς̂a ≤ 0.63 implies χa − x∗

1 ≤ 0.63.
By (b) and κtipc′ℓ3/2

c = 1, a − 1
4 = c′N(χa) = ς

3/2
a (1 + θ) with 0 ≤ θ ≤ 0.2 ℓcςa. Hence

ςa = ς̂a(1 + θ)−2/3 ≤ ς̂a, and (1 + θ)−2/3 ≥ 1 − 2
3θ ≥ 1 − 0.14 ℓcς̂a.

(d) Let Φ := ρ2
U = 16

9π2A
2 with A = arccosh sinhw and w = πy, so that coshA = sinhw and

dA/dw = coshw/ sinhA. Then Φ′ = 32
9πA coshw/ sinhA, and with cosh2w = 1 + cosh2A we

find Φ′′ = 32
9 K(A), where K(A) := [(1 + cosh2A) sinhA− 2A coshA]/ sinh3A. Here K ≤ 1 is

the inequality tanhA ≤ A, and K ≥ 0 because (1 + cosh2A) tanhA− 2A vanishes at A = 0 and
has the derivative 2 sinh2A− tanh2A ≥ 0. At the tip A = 0 and coshw =

√
2, so Φ(x∗

1) = 0 and
Φ′(x∗

1) = 32
√

2
9π = 9κ2

tip. Since Φ is convex, Φ(x∗
1 + r) ≥ 9κ2

tipr, and rΦ′ − Φ =
∫ r

0 sΦ′′(x∗
1 + s) ds

lies in [0, 16
9 r

2], the functions being evaluated at x∗
1 + r. Hence (log ρU )′ − 1

2r = (rΦ′ − Φ)/(2rΦ)
lies between 0 and 8/(81κ2

tip) = π/(4
√

2).

Lemma F.3 (A Blaschke factor in the window; proved, computer-assisted). We have −z2/3 ≤
log(|tanh z|/|z|) ≤ 0 for all real z ̸= 0, and (table 4, row 10) 0 < (log tanh z)′ ≤ 1.24 for
z ≥ u1 − 0.25 ⟨cert⟩. Consequently, let ℓcςmax ≤ 0.3, x = x∗

1 + ℓcς and y = x∗
1 + ℓcς

′ with
−1

2 ςmax ≤ ς ≤ ςmax and 0 ≤ ς ′ ≤ ςmax. Then

fx(y) = log|ς − ς ′| + log ℓc + log π

2
√

2
+R(ς, ς ′), |R| ≤ 4.3 ℓcςmax. (F.14)

Moreover, for a pair k ≥ 3 with ςk+1 ≤ ςmax, and with ∆k := ςk+1 − ςk, so that εk = η0ℓc∆k,

log qk(x) = log
[
(ς − ςk)2 + η2

0∆2
k

]
+ 2 log ℓc + 2 log π

2
√

2
+R′

k(ς), |R′
k| ≤ 8.6 ℓcςmax. (F.15)

Proof. Both sides of the first inequality are even; let z > 0. The upper bound is tanh z ≤ z. For
the lower bound, g(z) := log(tanh z/z) + z2/3 tends to 0 as z → 0, and g′(z) = 2

sinh 2z − 1
z + 2z

3 =
2
y

( y
sinh y − 1 + y2

6
)

with y = 2z. This is non-negative: for y2 ≥ 6 evidently, and for y2 < 6 because
(2k + 1)! ≥ 6k gives sinh y = ∑

k≥0 y
2k+1/(2k + 1)! ≤ y

∑
k≥0(y2/6)k = y/(1 − y2/6).

The first logarithm in (F.1) is log(π
2 ℓc|ς − ς ′|) + log(|tanh z|/|z|) with |z| = π

2 ℓc|ς − ς ′| ≤ 0.71.
The second is log tanh u1 = − log

√
2 plus the increment of log tanh from u1 to u1 + π

2 ℓc(ς+ ς ′) ≥
u1 − 0.25, whose modulus is at most 1.24 π

2 ℓc|ς + ς ′|. Since |ς − ς ′| ≤ 3
2 ςmax and −1

2 ςmax ≤
ς + ς ′ ≤ 2ςmax, the first term lies in [−0.56, 0] ℓcςmax and the second in [−0.98, 3.9] ℓcςmax. This
gives (F.14).

For the pair we use the second form of qk given after (F.4), with v = π
2 η0ℓc∆k ≤ 0.12,

z− = π
2 ℓc(ςk − ς), |z−| ≤ 0.71, and z+ = u1 + π

2 ℓc(ς + ςk) ≥ u1 − 0.25; note that z2
− + v2 =

(π
2 ℓc)2[(ς − ςk)2 + η2

0∆2
k]. For positive numbers, (A+ b)/(A0 + b0) lies between A/A0 and b/b0.

Since 1 ≤ sinh2 z/z2 ≤ ez2/3 and cosh2 z ≤ ez2 (compare the power series: (2k + 1)! ≥ 6kk! and
(2k)! ≥ 2kk!), and 1 − 1

3v
2 ≤ sin2 v/v2 ≤ 1, the numerator sinh2 z− + sin2 v is z2

− + v2 times a
number in [1− 1

3v
2, ez2

−/3], and the denominator cosh2 z− −sin2 v lies in [1−v2, ez2
− ]. So the factor

with z− is (z2
− + v2)eθ with −z2

− − 0.34 v2 ≤ θ ≤ 1
3z

2
− + 1.01 v2. The factor with z+ is tanh2 z+

times (1 + sin2 v/ sinh2 z+)/(1 − sin2 v/ cosh2 z+) ∈ [1, e2.9v2 ], because sinh2(u1 − 0.25) ≥ 0.454;
and log tanh2 z+ is − log 2 plus twice an increment of the kind just bounded. As ∆k ≤ ςmax, we
have z2

− ≤ 1.67 ℓcςmax and v2 ≤ 0.047 ℓcςmax, and R′
k lies in [−3.7, 8.6] ℓcςmax.

Proof of Lemma 7.5(b) [proved]. Let x > χ2. By Lemma F.1(a), |fx(y)| = −fx(y)
increases with y on [x∗

1, χ2], and c′P(x) =
∫ χ2

x∗
1
c′ρU (y)|fx(y)| dy with

∫ χ2
x∗

1
c′ρU = 2n1 is 2n1 times

an average of it over this interval. Hence

2n1
∣∣log|Tx∗

1
(x)|

∣∣ ≤ c′P(x) ≤ 2n1
∣∣log|Tχ2(x)|

∣∣. (F.16)
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Here tanh z ≤ z and log tanh π(x+x∗
1)

2 ≤ 0 give |fx(x∗
1)| ≥ log 2

π(x−x∗
1) , so that

ec′P(x) ≥
( 2
π(x− x∗

1)
)2n1

(x > χ2). (F.17)

Since |fx(y)| decreases in x for x > y, for fixed r > 0 and c so large that χ2 ≤ x∗
1 + r/2, which is

possible because c′N(χ2) = n1, we get c′P(x) ≤ 2n1|fx∗
1+r(x∗

1 + r/2)| =: Cr on x ≥ x∗
1 + r. For

x− y ≥ 1, |fx(y)| = 4 cosh(πy) e−πx
(
1 +O(e−2π(x−y))

)
, so ec′P tends to 1 exponentially deep in

the band.

Lemma F.4 (Window asymptotics: Lemma 7.5(d1); proved, computer-assisted). Let ℓcςmax ≤
0.3, x = x∗

1 + ℓcς with −1
2 ςmax ≤ ς ≤ ςmax, and let a > 1

4 be real with ς̂a ≤ ςmax, so that ςa ≤ ςmax
by (F.12); part (c) concerns a = 2. Put wc(ς ′) := ρU (x∗

1 + ℓcς
′)/(3κtip(ℓcς ′)1/2) ∈ [1, 1 + 0.33 ℓcς ′]

and F(ς, A) :=
∫ A

0 ς ′1/2 log|ς − ς ′| dς ′. For ς ≥ 0 the latter is elementary: −3F(ς, A) is the right
side of (G.8) with A in the place of ς̂a, since both vanish at A = 0, are continuous in A, and
have the A-derivative −3A1/2 log|ς −A| for A ̸= ς.

(a) c′ρU (y) dy = 3ς ′1/2wc(ς ′) dς ′ along y = x∗
1 + ℓcς

′, and

c′Pχa(x) = 2
(
a− 1

4
)

log 2
√

2
πℓc

− 3
∫ ςa

0
ς ′1/2wc(ς ′) log|ς − ς ′| dς ′ − Ra(x), (F.18)

with |Ra| ≤ 2(a− 1
4) · 4.3 ℓcςmax.

(b) With the c-independent function pa(ς) := 2(a− 1
4) log 2

√
2

π − 3F(ς, ς̂a), which is continuous
in ς, ∣∣c′Pχa(x) − 2

(
a− 1

4
)

log 1
ℓc

− pa(ς)
∣∣ ≤ Ca,ςmax ℓc log 1

ℓc
. (F.19)

For a = 2 the coefficient of log 1
ℓc

is 2n1: ec′P(x) = ℓ−2n1
c ep2(ς)(1 +Oςmax(ℓc log 1

ℓc
)
)
.

(c) On the window, 4 sech2(πx
2 )ec′P = Lev e−Jendec′L ≍ ℓ−2n1

c ≍ c′ 4
3 n1, and Lev ec′L ≍ ℓ−2n1

c

on its part x ≥ χ3, with constants that depend on ςmax only. For every x with 2ς2ℓc ≤
x− x∗

1 ≤ 0.9, in the window or not,

ec′P(x) =
( 2
π(x− x∗

1)
)2n1

eθ(x), 0 ≤ θ ≤ 2n1
[
log x− x∗

1
x− χ2

+ log
√

2 + π2(x− χ2)2

12
]

≤ C,

(F.20)
so that Lev ec′L ≍ (x− x∗

1)−2n1 for ℓc ≪ x− x∗
1 ≪ 1.

Proof. (a) By (F.11), c′ρU dy = 3κtipc′ℓ3/2
c ς ′1/2wc dς ′ = 3ς ′1/2wc dς ′, and this measure has

mass 2(a − 1
4) on [0, ςa]. Inserting (F.14) into c′Pχa = −

∫
c′ρUfx dy gives (F.18) with Ra =∫ ςa

0 3ς ′1/2wcR dς ′. (b) Replacing wc by 1 changes the integral in (F.18) by at most 0.33 ℓc ·
3

∫ ςmax
0 ς ′3/2|log|ς − ς ′|| dς ′ ≤ Cςmaxℓc. Replacing the upper limit ςa by ς̂a changes it by at most

3ς̂1/2
a

∫
I |log|ς−ς ′|| dς ′ over an interval I of length |I| ≤ 0.14 ℓcς̂2

a by (F.12), and
∫

I |log|ς−ς ′||dς ′ ≤
|I| (1 + log 2

|I| + 2 log(1 + 2ςmax)), because |log r| = − log r+ 2 log+ r with log+ r := max(log r, 0),
and |ς − ς ′| ≤ 1 + 2ςmax. The function pa is continuous because the logarithmic singularity is
integrable. (c) On the window 4 sech2 πx

2 lies between two positive constants, and ep2 is bounded
above and below on the compact range of ς; this gives the first statement, and the second follows
from 0 ≤ Jend ≤ CJ on x ≥ χ3 (Lemma F.8). For (F.20) the lower bound is (F.17). For the
upper bound we use (F.16) and, with z = π

2 (x − χ2), the bound |log tanh z| ≤ log 1
z + z2

3 of
Lemma F.3 and tanh π(x+χ2)

2 ≥ tanh u1 = 2−1/2; the first logarithm in θ is at most log 2 because
x− x∗

1 ≥ 2(χ2 − x∗
1).
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F.2 One-sided Euler–Maclaurin

Where the summands are concave along the sites, that is, except far to the left of x, the sums
in (F.3) are bounded on both sides by the integrals Ix with no remainder (Lemma F.5). Far to
the left of x the summands are smooth and small, and the ordinary midpoint remainder applies;
its total is the loss CL (Lemma F.6). Rows 5, 9 and 10 of table 4 are used.

Lemma F.5 (One-sided Euler–Maclaurin; proved). Let x ≥ 0, φ(a) = fx(χa), and let K,K0 ≤
K1 be integers ≥ 2.

(a) Trapezoid, beyond x. If x < χK , then 2 ∑
k≥K φ(k) ≤ φ(K) + 2Ix(K).

(b) Midpoint, beyond x. If x < χK−1/2, then 2 ∑
k≥K φ(k) ≥ 2Ix(K − 1

2). In particular, on
the lobe 0 ≤ x < χ2 both hold with K = 3.

(c) A concave block below x. If φ is concave on [K0 − 1
2 ,K1 + 1

2 ], which by Lemma F.1(c) is
the case when ythr(x) ≤ χK0−1/2 and χK1+1/2 < x, then

2
∫ K1+1/2

K0−1/2
φ da ≤ 2

K1∑

k=K0

φ(k) ≤ 2
∫ K1

K0
φ da+ φ(K0) + φ(K1); (F.21)

the second inequality needs concavity on [K0,K1] only.
(d) Monotone summands. If g is monotone on [K0− 1

2 ,K1+ 1
2 ], then

∣∣∑K1
k=K0

g(k)−
∫ K1+1/2

K0−1/2 g
∣∣ ≤

1
2 |g(K1 + 1

2) − g(K0 − 1
2)| and

∣∣1
2g(K0) + ∑

K0<k<K1 g(k) + 1
2g(K1) −

∫ K1
K0

g
∣∣ ≤ 1

2 |g(K1) −
g(K0)|.

Proof. For a concave φ the chord lies below the graph and the tangent above it, so 1
2 [φ(k) +

φ(k + 1)] ≤
∫ k+1

k φ and φ(k) ≥
∫ k+1/2

k−1/2 φ. By Lemma F.1(c), φ is concave on {χa > x}.
Summing the first inequality over k ≥ K gives 1

2φ(K) + ∑
k>K φ(k) ≤ Ix(K), which is (a);

summing the second gives (b); the same two sums over a finite block give (c). For (d) let g
increase. Then g(k) −

∫ k+1/2
k−1/2 g lies between −1

2 [g(k + 1
2) − g(k)] and 1

2 [g(k) − g(k − 1
2)], and

1
2 [g(k) + g(k + 1)] −

∫ k+1
k g lies between ∓1

2 [g(k + 1) − g(k)]. These are increments of g over
disjoint intervals, so their sums over k are at most the total increment of g.

The far left. Below ythr(x) the summands need not be concave. Let

k0(x) := min{k ≥ 3 : χk−1/2 ≥ ythr(x)} (F.22)

be the first site from which Lemma F.5(c) applies, and let

eL(x) := 1
24

k0(x)−1∑

k=3
sup

k− 1
2 ≤a≤k+ 1

2

|φ′′(a)| (F.23)

be the total midpoint remainder of the sites 3 ≤ k < k0; it vanishes when k0 = 3.

Lemma F.6 (The far-left error; proved, computer-assisted). Let x lie in cell n ≥ 6.

(a)
∣∣∑k0−1

k=3 φ(k) −
∫ k0−1/2

5/2 φ da
∣∣ ≤ eL(x).

(b) k0(x) ≤
⌈3

4 + n+3/4
2.3

⌉
. Hence k0 ≤ n− 2, and k0 ≤ n− j whenever n ≥ 2j + 4, j ≥ 1.

(c) x− χa ≥ 0.37 (x− x∗
1) for all a ≤ k0 − 1

2 when k0 ≥ 4, and

eL(x) ≤ C
[( ℓc
x− x∗

1

)3/2
+ ℓc
x− x∗

1

]
(x− x∗

1 ≤ 1), eL(x) ≤ Cℓc (x− x∗
1 ≥ 1). (F.24)

In particular eL = Or(c′−2/3) uniformly on x ≥ x∗
1 + r.

104



(d) (Table 4, row 5.) For 0 < ς̂a < ς let φ̂ς(a) := log(ς − ς̂a) be the summand with the site at
its nominal position, so that φ̂′′

ς (a) = 2
9 (ς − 3ς̂a) ς̂−2

a (ς − ς̂a)−2, and for ς ≥ 3 let

k̂0(ς) := min
{
k ≥ 3 : ς̂k−1/2 ≥ 1.02 ς/2.3

}
, êL(ς) := 1

24

k̂0(ς)−1∑

k=3
sup

k− 1
2 ≤a≤k+ 1

2

∣∣φ̂′′
ς (a)

∣∣.

(F.25)
This is eL in the limit c → ∞ at fixed ς = (x− x∗

1)/ℓc, except that the factor 1.02 enlarges
the block of sites; it absorbs the displacement of the true sites from the nominal ones.
Then êL(ς) ≤ 0.00186 for 3 ≤ ς ≤ ς̂602 ⟨cert⟩. Consequently, if ℓcς̂602 ≤ 0.24, then
eL(x) ≤ 0.00186 + Cℓc for every x in a cell n ≥ 6. We take catt

0 so large that ℓcς̂602 ≤ 0.24
and Cℓc ≤ 0.004 for c ≥ catt

0 . Then CL := sup eL(x) ≤ 0.006, the supremum being over
c ≥ catt

0 and over x in the cells n ≥ 6, and e−2CL ≥ 0.988.

Proof. (a) For a C2 function, φ(k) −
∫ k+1/2

k−1/2 φ = − 1
24φ

′′(ξk) with |ξk − k| ≤ 1
2 .

(b) Let x = χb with n < b < n + 1, and let χa∗ = x∗
1 + (x − x∗

1)/2.3. The mean spacing
from the tip decreases (Lemma F.1(b)), so (χa∗ − x∗

1)/(a∗ − 1
4) ≥ (x − x∗

1)/(b − 1
4), that is

a∗ − 1
4 ≤ (b − 1

4)/2.3. Since ythr(x) ≤ χa∗ , we get k0 ≤ max{3, ⌈a∗ + 1
2⌉} ≤ ⌈3

4 + (n+ 3
4)/2.3⌉.

For n = 6, 7 this is 4, 5; in general it is less than 2.08 + 0.435n, which does not exceed n− 2 for
n ≥ 8 nor n− j for n ≥ 2j + 4.

(c) If k0 = 3, then eL = 0. Let k0 ≥ 4. By minimality χk0−3/2 < ythr(x) ≤ x∗
1 + (x− x∗

1)/2.3,
and the mean spacing from the tip gives χk0−1/2 −x∗

1 ≤ k0−3/4
k0−7/4(χk0−3/2 −x∗

1) ≤ 13
9 (x−x∗

1)/2.3 ≤
0.629 (x − x∗

1). Hence x − χa ≥ d := 0.37 (x − x∗
1) for a ≤ k0 − 1

2 . For such a, Lemma F.1(a),
the bound cosh z/ sinh2 z ≤ z−2 +C and x+ y ≥ 2x∗

1 give |∂yfx| ≤ 1/d and |∂2
yfx| ≤ d−2 +C at

y = χa, so that
|φ′′(a)| ≤ (χ′

a)2
[ 1
d2 + C + (log ρU )′(χa)

d

]
=: G(a), (F.26)

by the formula for φ′′ in the proof of Lemma F.1. Both χ′
a and (log ρU )′(χa) decrease in a,

because ρU is increasing and concave; so G decreases, G(k − 1
2) ≤

∫ k−1/2
k−3/2 G da for k ≥ 4, and

24 eL ≤
k0−1∑

k=3
G(k − 1

2) ≤ G(5
2) +

∫ k0−3/2

5/2
G da.

On the range of integration r := χa − x∗
1 ≤ (x − x∗

1)/2.3, by the minimality of k0. By (F.2),
(χ′

a)2 da = 2
c′ ρU (y)−1dy with y = χa, and

∫
(χ′

a)2(log ρU )′(χa) da = −
∫
χ′′

a da ≤ χ′
5/2.

Let first x − x∗
1 ≤ 1, and let ℓc ≤ 0.08; this holds for c ≥ catt

0 , because then ℓc ≤ 0.3/ς̂10.
Put ς := (x − x∗

1)/ℓc, so that d = 0.37 ℓcς. By (F.12), ς5/2 ≥ ς̂5/2(1 − 0.14 · 0.08 ς̂5/2) ≥ 1.68.
Since ρU (x∗

1 + r) ≥ 3κtipr1/2 by (F.11) and 2
c′ = 2κtipℓ

3/2
c , we have χ′

5/2 ≤ 2
3ℓcς

−1/2
5/2 and

2
c′

∫ r
0 ρU (x∗

1 + r′)−1dr′ ≤ 4
3ℓ

3/2
c r1/2, which we use with r = ℓcς/2.3 ≤ 0.44; and (log ρU )′(χ5/2) ≤

0.95/(1.3 ℓcς5/2) by row 9. Inserting these in
∫
G da and in G(5

2), we get

24 eL(x) ≤ 6.43 ς−3/2 + 1.71 ς−1 + 1.94 ς−2 + Cℓ3/2
c (x− x∗

1 ≤ 1, ℓc ≤ 0.08). (F.27)

Here 6.43 ≥ 4
3 ·2.3−1/2 ·0.37−2 belongs to the term d−2 of the integral; 1.71 ≥ 2

3 (0.37
√

1.68)−1+ 4
9 ·

0.95
1.3 (0.37·1.682)−1 to the terms with (log ρU )′ in the integral and in G(5

2); 1.94 ≥ 4
9 (1.68·0.372)−1

to the term d−2 of G(5
2); and the two terms with the constant C of (F.26) add up to at most

Cℓ
3/2
c . Since ς ≥ ς6 ≥ 1 and ℓc ≤ ℓc/(x− x∗

1), the first bound of (F.24) follows.
Let now x− x∗

1 ≥ 1, so that d ≥ 0.37. The cells [k − 1
2 , k + 1

2 ] on which r ≤ 0.63 are treated
as before, with r ≤ 0.63 in the place of r ≤ (x− x∗

1)/2.3, and contribute at most Cℓc. On every
other cell r ≥ 0.63−ℓc ≥ 0.5, because χk+1/2 −χk−1/2 ≤ χ′

5/2 ≤ ℓc. There we use (log ρU )′ ≤ 3.10
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and, since x− y ≥ 0.37, the exponential bounds |∂yfx| + |∂2
yfx| ≤ Ce−π(x−y) from (F.8), so that

|φ′′(a)| ≤ G̃(a) := C(χ′
a)2e−π(x−χa). The function G̃ is not monotone; but over one cell χa varies

by at most ℓc and, by (F.9), χ′
a by a factor of at most 2, so supcell G̃ ≤ C

∫
cell G̃da. The sum

over these cells is therefore at most C
∫
G̃da = C

c′
∫
e−π(x−y)ρU (y)−1 dy ≤ C/c′ ≤ Cℓc, because

ρU ≥ ρU (x∗
1 + 0.5) there.

(d) The certified function. For fixed ς the function h(t) := (ς − 3t) t−2(ς − t)−2 decreases on
0 < t < ς, because h′(t) = −(9t2−7ςt+2ς2) t−3(ς−t)−3 and 9t2−7ςt+2ς2 = 9(t− 7

18 ς)2+ 23
36 ς

2 > 0.
Hence φ̂′′

ς (a) decreases in a, and the supremum in (F.25) is the larger of the two numbers
|φ̂′′

ς (k ± 1
2)|. For ς ≥ 3 and K = k̂0(ς) we have ς̂K−1/2 ≤ 0.58 ς: if K = 3 because ς̂5/2 ≤ 1.72,

and if K ≥ 4 because ς̂K−1/2 ≤ (13
9 )2/3ς̂K−3/2 < (13

9 )2/3 1.02 ς/2.3. Thus êL is a finite sum of
explicit functions of ς, which jumps upward where k̂0 does. Row 5 bounds it on subintervals
that cover [3, ς̂602]; since k̂0 is non-decreasing and the summands are non-negative, k̂0 is replaced
on each subinterval by its value at the right end. With the factor 1 in the place of 1.02 the
supremum is 0.0016439; it is approached as ς decreases to 2.3 ς̂5/2 = 3.949 . . ., between ς̂8 and ς̂9,
where k̂0 jumps from 3 to 4.

Large ς. For the rest of the proof let ℓcς̂602 ≤ 0.24, so that ℓc ≤ 0.08, and let ς = (x− x∗
1)/ℓc.

The right side of (F.27) decreases in ς, and at ς = ς̂602 = 71.27 . . . its first three terms add up
to less than 24 · 0.00147. Hence eL ≤ 0.00147 + Cℓ

3/2
c for ς ≥ ς̂602, x − x∗

1 ≤ 1; and eL ≤ Cℓc
for x − x∗

1 ≥ 1 by (F.24). Both are at most 0.00186 + Cℓc. The values of eL on successive
cells are not monotone, so that the range of large ς cannot be reduced to the certified one by
monotonicity; it is the right side of (F.27) that decreases.

The range 3 ≤ ς ≤ ς̂602. Let x lie in a cell n ≥ 6. Then ς ≥ ς6 ≥ 3 by (F.12), and it
remains to treat ς ≤ ς̂602, so that x − x∗

1 = ℓcς ≤ 0.24. Let K = k̂0(ς). Since ς̂K−1/2 ≤ 0.58 ς,
(F.12) gives ςK−1/2 ≥ ς̂K−1/2(1 − 0.14 · 0.58 ℓcς) ≥ 1.02 (1 − 0.0195) ς/2.3 ≥ ς/2.3, that is
χK−1/2 ≥ x∗

1 + (x − x∗
1)/2.3 ≥ ythr(x). Hence k0(x) ≤ k̂0(ς), and every site a ≤ k0 − 1

2 has
ς̂a ≤ 0.58 ς. For such a write D := ς − ςa and D̂ := ς − ς̂a, so that D ≥ D̂ ≥ 0.42 ς ≥ 1.2. Since
χa = x∗

1 + ℓcςa,

φ′′(a) = ℓ2c(ς ′
a)2 ∂2

yfx(χa) + ℓcς
′′
a ∂yfx(χa), φ̂′′

ς (a) = −(ς̂ ′
a)2

D̂2
− ς̂ ′′

a

D̂
.

Each of the five quantities −(ℓcD)2∂2
yfx(χa), −ℓcD∂yfx(χa), ςa/ς̂a, ς ′

a/ς̂
′
a and ς ′′

a/ς̂
′′
a differs from

1 by at most Cℓcς: the first two by (F.8), because πℓcD ≤ πℓcς and x + χa ≥ 2x∗
1; the third

by (F.12), which also gives 0 ≤ D − D̂ = ς̂a − ςa ≤ Cℓcς D̂; the fourth by (F.2) and (F.11),
which give ς ′

a = 2
3 ς

−1/2
a (1 + θ)−1 with 0 ≤ θ ≤ 0.33 ℓcςa; and the fifth by (F.2) and (F.13),

which give ς ′′
a = −(ς ′

a)2 ℓc(log ρU )′(χa) = −(ς ′
a)2(1 + θ′)/(2ςa) with 0 ≤ θ′ ≤ 1.12 ℓcςa. On the

present range ς, 1/ς̂a and 1/D̂ are bounded and ℓcς ≤ ς̂602ℓc, so that |φ′′(a) − φ̂′′
ς (a)| ≤ Cℓc; and

the number of summands is bounded. As k0(x) ≤ k̂0(ς) and all summands are non-negative,
eL(x) ≤ êL(ς) +Cℓc ≤ 0.00186 +Cℓc. No continuity in x or in c is used: the jumps of k0(x) are
covered by k0(x) ≤ k̂0(ς). The factor 1.02 is needed for this: since ςa ≤ ς̂a, the true index k0(x)
jumps slightly before the nominal one does, and there eL exceeds its nominal value by a whole
summand.

F.3 Detuning costs O(η2
0)

Lifting a double zero off the axis to the heights ±εk raises the modulus of its factor at a point
of the axis at a distance D ≫ εk by the relative amount O(ε2

k/D
2) only, and εk is η0 times the

local spacing. Thus lower bounds for B0 are lower bounds for B, and upper bounds for B0

become upper bounds for B at the cost of the two pairs which flank x, which are kept exactly,
and of a factor eCdetη2

0 with Cdet ≤ 16.6. No certified constant is used.
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Lemma F.7 (Detuning; proved). Let x ≥ 0, k ≥ 3 and A± := cosh π(χk ∓ x). Then

Tχk
(x)2 ≤ qk(x) ≤ Tχk

(x)2 exp 4ε2
k

(χk − x)2 ,
qk

T 2
χk

=
∏

±

(A± − γk)(A± + 1)
(A± + γk)(A± − 1) . (F.28)

There is an absolute constant Cdet ≤ 16.6 such that, for x in cell n ≥ 2 and for 0 ≤ x < χ2
(where no pair is excluded),

0 ≤
∑

k≥3, k ̸=n,n+1
log qk(x)

Tχk
(x)2 ≤ Cdet η

2
0, (F.29)

and the pairs beyond the cell contribute at most 4ζ(2)η2
0 of this. In particular Π := |B|/|B0| =∏

k≥3 qk/T
2
χk

≥ 1. For the flanking pairs,

qn(x)
Tχn(x)2 ≤

(
1 + η2

0
u2

)
(1 + Cℓ2n), qn+1(x)

Tχn+1(x)2 ≤
(
1 + η2

0
(1 − u)2

)
(1 + Cℓ2n). (F.30)

Proof. The product formula in (F.28) is (F.4) divided by its value at γk = 1. For A > 1 and
0 ≤ γ ≤ 1,

log A− γ

A+ γ
− log A− 1

A+ 1 =
∫ 1

γ

2A dγ′

A2 − γ′2 ∈
[
0, 2A(1 − γ)

A2 − 1
]

⊂
[
0, (πε)2

A− 1
]

for γ = cosπε,

since 1 − cosπε ≤ 1
2(πε)2 and A/(A+ 1) ≤ 1. With A± − 1 = 2 sinh2 π(χk∓x)

2 ≥ 1
2π

2(χk ∓ x)2

the two factors contribute at most 2ε2
k/(χk − x)2 + 2ε2

k/(χk + x)2, which gives (F.28).
For a pair beyond the cell, k ≥ n+2, the spacings decrease, so χk −x ≥ χk −χn+1 ≥ (k−n−

1)ℓk, and εk = η0ℓk; the pair contributes at most 4η2
0/(k−n− 1)2, and these sum to 4ζ(2)η2

0. On
the lobe the same holds with χk −x ≥ χk −χ2 ≥ (k−2)ℓk. For a pair below the cell, 3 ≤ k ≤ n−1,
we have x− χk ≥ (n− k)ℓn−1, and by Lemma F.1(b) ℓk/ℓn−1 ≤ χ′

k/χ
′
n ≤

(
(n− 1

4)/(k − 1
4)

)1/2.
The pair contributes at most 4η2

0 (n− 1
4)/[(k− 1

4)(n−k)2] = 4η2
0
[
(n−k)−2 + (k− 1

4)−1(n−k)−1]
.

The first terms sum to at most ζ(2). By the Cauchy–Schwarz inequality the second terms sum to
at most

(
ζ(2) ∑

k≥3(k− 1
4)−2)1/2 ≤ (4

9ζ(2))1/2 ≤ 0.86, since ∑
k≥3(k− 1

4)−2 ≤
∫ ∞

5/2(t− 1
4)−2 dt = 4

9
by convexity. Hence (F.29) holds with Cdet := 4 [2ζ(2) + 0.86], and 4ζ(2) ≤ Cdet ≤ 16.6.

For (F.30), the factor with A− = cosh π(χn − x) is
(
1 + 1−γn

A−−1
) A−+1

A−+γn
; here 1−γn

A−−1 ≤ ε2
n/(x−

χn)2 = η2
0/u

2, and the second quotient, as well as the factor with A+, is 1 +O(ε2
n). For k = n+ 1

we use in addition ℓn+1 ≤ ℓn.

F.4 Corollaries

We collect the bounds of Lemma 7.5(c), (e), (f) and the overshoot bound of Lemma 7.11. Each
is one application of Lemma F.5 on each side of x, with the sites next to x kept exactly. The
bounds on the cells n ≥ 6 use Lemma F.9, which is proved in appendix F.5 from appendices F.1
to F.3 alone. Rows 5, 7, 8, 9 and 10 of table 4 are used.

The lobe: Lemma 7.5(f) [proved]. Let 0 ≤ x < χ2. All sites lie beyond x, so Lemma F.5(a),
(b) with K = 3, the inequality qk ≥ T 2

χk
, Lemma F.7 and (F.6) give

fx(χ2) + c′U + c′Pχ5/2 ≤ log|B0| ≤ log|B|
≤ fx(χ2) + fx(χ3) + c′U + c′Pχ3 + 4ζ(2)η2

0,
(F.31)

all functions being evaluated at x; on x∗
1 ≤ x < χ2, U = −L.
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Upper bound on every cell. Let x lie in cell n ≥ 2. The pairs k ≥ n+ 2 lie beyond x; we
write log qk = 2fx(χk) + log(qk/T

2
χk

) for them. By Lemma F.5(a) with K = n + 2, (F.6) and
Lemma F.7,

log|B(x)| + c′L(x) ≤ fx(χ2) +
n+1∑

k=3
log qk(x) + fx(χn+2) + c′Pχn+2(x) +Dn(x),

Dn(x) :=
∑

k≥n+2
log qk(x)

Tχk
(x)2 ∈

[
0, 4ζ(2)η2

0
]
.

(F.32)

The exact factors on the right carry the total weight 1 + 2(n− 1) + 1 = 2n, and the continuum
term carries 2(n+ 2 − 1

4) = 2n+ 2n1.

Upper bound on the cells n ≥ 6 and on the far band: Lemma 7.5(e) [proved,
computer-assisted]. Let x lie in cell n ≥ 6. By Lemma F.9 with j = 1, Lemma F.6(d) and
Lemma F.7,

log|B| + c′L ≤ c′P + Jend + H+
n + log qnqn+1

T 2
χn
T 2

χn+1

+ Cdetη
2
0 + 2CL. (F.33)

By (F.46), H+
n ≤ h+

∞(u) + 94
n + Cℓn, where h+

∞(u) = log(1 + u) + 2 log u + 2 log(1 − u) +
log(2 − u) − 2

∫ 2
−1 log|u− v| dv. Each of the three pieces log[(1 + u)(2 − u)], 2 log[u(1 − u)] and

−2
∫ 2

−1 log|u−v|dv is largest at u = 1
2 ; the last because its derivative is 2 log 2−u

1+u . Hence (table 4,
row 7)

sup
0<u<1

h+
∞(u) = h+

∞(1
2) = 6 − 4 log 3 ≤ 1.606 ⟨cert⟩, so sup

cell
eH+

n ≤ 5.0 e94/n+Cℓn . (F.34)

With the flanking pairs, (F.30) replaces the middle piece by logP (u(1 − u)) + O(ℓ2n), where
P (p) := p2 + η2

0(1 − 2p) + η4
0 is (u2 + η2

0)((1 − u)2 + η2
0) written in p = u(1 − u) ∈ [0, 1

4 ]. A
convex quadratic is largest at an end of the interval, and P (1

4) = (1
4 + η2

0)2 ≥ P (0) = η2
0(1 + η2

0)
precisely when η2

0 ≤ 1
8 . So for η0 = 1

4 the supremum is again at u = 1
2 and exceeds (F.34) by

2 log(1 + 4η2
0):

|B(x)|ec′L(x) ≤ 5.0 (1 + 4η2
0)2eCdetη2

0 · e2CL+94/n+Cℓn ec′P(x)+Jend(x). (F.35)

On the far band x ≥ x∗
1 + r we have c′P ≤ Cr by Lemma 7.5(b), Jend ≤ CJ by Lemma F.8,

n ≥ c′N(x∗
1 + r) − 1 and ℓn ≤ Cr/c

′; so |B|ec′L ≤ Cr there.

The sup bound: Lemma 7.5(c) [proved, computer-assisted]. On x ≥ x∗
1 + r the

bound Cr has just been proved. On the cells n ≥ 6, (F.35) gives log|B| + c′L ≤ c′P + C,
and c′P ≤ 2n1|fx(χ2)| by (F.16). Here x − χ2 ≥ χ6 − χ2 ≥ ℓc for c ≥ catt

0 by (F.12). If
x − χ2 ≤ 0.9, the estimate used for (F.20) gives |fx(χ2)| ≤ log 2

π(x−χ2) + C ≤ log 1
ℓc

+ C;
otherwise |fx(χ2)| ≤ C. Hence c′P ≤ 2n1 · 2

3 log c′ + C = 4
3n1 log c′ + C. On the cells 2 ≤ n ≤ 5

we use (F.32) in the window with ςmax = ς̂8. By (F.14) and (F.15) (row 10) each site factor is at
most Cℓc and each pair modulus at most Cℓ2c , because the scaled distances are bounded; and
c′Pχn+2 ≤ (2n+ 2n1) log 1

ℓc
+C by (F.19). The powers of ℓc combine to ℓ−2n1

c , so log|B| + c′L ≤
4
3n1 log c′ + C on these cells as well. Together,

sup
x≥χ2

[
log|B(x)| + c′L(x)

]
≤ 4

3n1 log c′ + C, sup
x≥x∗

1+r

[
log|B(x)| + c′L(x)

]
≤ Cr. (F.36)
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The overshoot bound: Lemma 7.11 [proved, computer-assisted]. Let x lie in cell
n ≥ 6. The lower bound of Lemma F.9 with j = 1, together with Jend ≥ 0 (Lemma F.8) and
eL ≤ CL, gives log|B| + c′L ≥ c′P + H−

n − 2CL. By Lemma F.10, H−
n ≥ h−

∞(u; η0) − C( 1
n + ℓn),

with h−
∞(u; η0) = log(u2 + η2

0) + log((1 − u)2 + η2
0) − 2

∫ 3/2
−1/2 log|u− v| dv. Row 8 of table 4 is

min
0≤u≤1

h−
∞(u; η0) ≥ 2 log η0 + log(1 + η2

0) + 3.476 ⟨cert⟩ (0 < η0 ≤ 0.3), (F.37)

the minimum being attained at the ends u ∈ {0, 1}. The certificate rests on three facts which are
proved by hand. Let s := η2

0 ≤ 0.09, h := h−
∞( · ; η0) and I(u) := −2

∫ 3/2
−1/2 log|u−v| dv = 4−2(u+

1
2) log(u+ 1

2)−2(3
2 −u) log(3

2 −u). (i) I(0) = I(1) = 4−3 log 3+4 log 2 = 3.4767 . . ., so that h(0) =
h(1) = 2 log η0 +log(1+η2

0)+I(0). (ii) h(u)−h(0) = log(1+u2/s)+log
(
1− u(2−u)

1+s

)
+I(u)−I(0).

The first term decreases in s; the second increases in s, because 0 ≤ u(2 − u) ≤ 1, and it is
2 log(1 −u) at s = 0. Hence h(u) −h(0) ≥ GL(u) := log(1 +u2/0.09) + 2 log(1 −u) + I(u) − I(0),
and GL(0) = 0. (iii) Since h(u) = h(1 − u), also h(u) − h(1) ≥ GR(u) := GL(1 − u). Row 8
certifies that G′

L > 0 on [0, 1
4 ] and GL > 0 on [1

4 ,
1
2 ], and the mirror statements for GR. Hence

GL > 0 on (0, 1
2 ] and GR > 0 on [1

2 , 1), so that h > h(0) = h(1) on (0, 1); and I(0) > 3.476 is
certified as well. Since e3.476 ≥ 32, (F.17) gives

|B(x)| ec′L(x) ≥ 32 η2
0 e

−C( 1
n

+ℓn)−2CL

( 2
π(x− x∗

1)
)2n1

≥ cT η
2
0
( 2
π(x− x∗

1)
)2n1

(F.38)

on the cells n ≥ 6, with an absolute constant cT > 0: the exponent is bounded, because 1
n ≤ 1

6
and ℓn ≤ χ′

2 ≤ ℓc by Lemma F.1(b) and (F.11). Only the positivity of cT is used.

F.5 Two-sided bounds on the envelope, and the level

This subsection proves Lemma 7.5(a) and Proposition 7.4. We apply Lemma F.5 on either side
of x, but keep exactly the 2j + 2 sites nearest to x in the upper bound, and the 2j detuned pairs
nearest to x in the lower bound. The difference between these exact sites and the continuum
integral over their index range is the hole function. Sites and continuum carry the same total
charge, so all scales cancel, and as n → ∞ the hole function tends to an explicit function of the
position u in the cell alone. The rows used are 5, 6 and 9, and row 10 in the window clause of
Lemma F.8.

For j ≥ 1 and x in cell n ≥ 2j + 4 the hole functions are

H+
n,j(x) := fx(χn−j) + 2

n+j∑

k=n−j+1
fx(χk) + fx(χn+j+1) − 2

∫ n+j+1

n−j
φ(a) da, (F.39)

H−
n,j(x) :=

n+j∑

k=n−j+1
log qk(x) − 2

∫ n+j+1/2

n−j+1/2
φ(a) da, (F.40)

and H±
n := H±

n,1. The first does not depend on η0. Its sites carry the weights 1, 2, . . . , 2, 1, of
sum 4j + 2, and its integral has the same weight 2(2j + 1); the second has the weight 4j on
either side. Their limits are

h+
j (u) := log(u+ j) + 2

j∑

i=−j+1
log|u− i| + log(j + 1 − u) − 2

∫ j+1

−j
log|u− v| dv, (F.41)

h−
j (u; η0) :=

j∑

i=−j+1
log

(
(u− i)2 + η2

0
)

− 2
∫ j+1/2

−j+1/2
log|u− v| dv, (F.42)

and h±
∞ := h±

1 . The integrals are elementary:
∫ β

α log|u − v|dv = F (u − α) − F (u − β) with
F (t) = t log|t| − t.
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Lemma F.8 (The end correction; proved, computer-assisted). For x ≥ χ5/2, 0 ≤ Jend(x) ≤
1
4 sup2≤a≤5/2|φ′(a)|. Consequently 0 ≤ Jend ≤ CJ on x ≥ χ3 with an absolute constant CJ ≤ 0.65;
this uses no certified constant. Moreover Jend(x) ≤ C/(ς − ς5/2) for x = x∗

1 + ℓcς in the window
(row 10, through (F.11)).

Proof. For x ≥ χ5/2 the function φ decreases on [2, 5
2 ], so Jend = 2

∫ 5/2
2 [φ(2) − φ(a)] da lies

between 0 and 2
∫ 1/2

0 tdt sup|φ′|. By Lemma F.1(a), |φ′(a)| ≤ χ′
a/(x − χa). For x ≥ χ3 and

a ≤ 5
2 , x − χa ≥ χ3 − χ5/2 ≥ 1

2χ
′
3 and χ′

a ≤ χ′
2 ≤ (11

7 )1/2χ′
3 by (F.9), so |φ′| ≤ 2 (11

7 )1/2 ≤ 2.6
and CJ := 1

4 · 2.6 = 0.65. In the window χ′
2 ≤ ℓc by (F.11) and x− χa ≥ ℓc(ς − ς5/2).

Lemma F.9 (Two-sided bounds; proved, computer-assisted). Let j ≥ 1 and let x lie in cell
n ≥ 2j + 4. Then

log|B(x)| + c′L(x) ≥ c′P(x) + Jend(x) + H−
n,j(x) − 2eL(x), (F.43)

log|B0(x)| + c′L(x) ≤ c′P(x) + Jend(x) + H+
n,j(x) + 2eL(x). (F.44)

For j = 1 and n ≥ 6, together with eL ≤ CL and (F.29), this is Lemma 7.5(a): the lower bound
is for B, the upper bound for B0, and log|B| ≤ log|B0| + log qnqn+1

T 2
χn

T 2
χn+1

+ Cdetη
2
0.

Proof. We split the sites k ≥ 3 into four blocks: the far left 3 ≤ k < k0, where the midpoint
rule holds up to eL; the concave block from k0 to the hole; the hole, kept exactly; and the sites
beyond the hole, which lie beyond x. We then account for the pieces of 2Ix(2) = −c′L + c′P
that no block has used. By Lemma F.6(b), k0 ≤ n− j.

Upper bound. By Lemma F.6(a), 2 ∑k0−1
k=3 φ(k) ≤ 2

∫ k0−1/2
5/2 φ + 2eL. The function φ is

concave on [k0, n − j], where ythr ≤ χa < x, so the trapezoid inequality of (F.21) gives
2 ∑n−j−1

k=k0
φ(k) + φ(n − j) ≤ 2

∫ n−j
k0

φ + φ(k0). Beyond the hole, Lemma F.5(a) with K =
n+ j + 1 gives φ(n+ j + 1) + 2 ∑

k≥n+j+2 φ(k) ≤ 2Ix(n+ j + 1). The remaining site terms are
φ(n− j) + 2 ∑n+j

k=n−j+1 φ(k) + φ(n+ j + 1), the sites of H+
n,j . The three integrals cover [5

2 ,∞)
except [k0 − 1

2 , k0] and [n− j, n+ j + 1]. With (F.3) and (F.6),

log|B0| ≤ −c′L+ c′P + φ(2) − 2
∫ 5/2

2
φ

︸ ︷︷ ︸
Jend

+φ(k0) − 2
∫ k0

k0−1/2
φ

︸ ︷︷ ︸
≤0

+ H+
n,j + 2eL,

and the second brace is non-positive because φ decreases on [k0 − 1
2 , k0]. This is (F.44).

Lower bound. By (F.28), log qk ≥ 2φ(k) for the pairs outside the hole. For these,
2 ∑k0−1

k=3 φ(k) ≥ 2
∫ k0−1/2

5/2 φ − 2eL; the midpoint inequality of (F.21) on the concave
block gives 2 ∑n−j

k=k0
φ(k) ≥ 2

∫ n−j+1/2
k0−1/2 φ, where χn−j+1/2 < x; and Lemma F.5(b) with

K = n + j + 1 gives 2 ∑
k≥n+j+1 φ(k) ≥ 2Ix(n + j + 1

2), where x < χn+j+1/2. The integrals
cover [5

2 ,∞) except [n − j + 1
2 , n + j + 1

2 ], and the pairs n − j < k ≤ n + j are kept. Hence
log|B| ≥ −c′L+ c′P + Jend + H−

n,j − 2eL.

Lemma F.10 (Limits of the hole functions; proved). Let j ≥ 1, x in cell n ≥ 2j + 4 and
u = (x− χn)/ℓn. Then

max
{∣∣H+

n,j(x)−h+
j (u)

∣∣,
∣∣H−

n,j(x)−h−
j (u; η0)

∣∣
}

≤ Cj

( 1
n

+ℓn
)
, Cj := C j2 log(2j+2), (F.45)

with an absolute constant C. More explicitly, the left side of (F.45) is at most

8j(j + 1) + 28j(j + 1) log(2j + 2)
n

+ C j ℓn, which for j = 1 is at most 94
n

+ Cℓn. (F.46)
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The same bounds with 3
n added, so 97

n + Cℓn for j = 1, hold for H−
n,j |η0=0 − log(4 sin2 πν(x))

against h−
j (u; 0) − log(4 sin2 πu), and for H+

n,j likewise; here ν(x) = c′N(x) + 1
4 − 2 is the site

index of section 7.5, so that ν(χa) = a− 2.

Proof. There are three steps: the scales cancel up to O(jℓn); the displacement of the sites and of
the continuum from an equally spaced lattice costs O(j2 log(2j + 2)/n); and sin2 πν is compared
with sin2 πu.

Scales. For a in the hole write fx(χa) = log |x−χa|
ℓn

+
[
log πℓn

2 + log tanh πx
]

+ g1(a) + g2(a)
with g1 = log(|tanh z|/|z|), z = π

2 (x− χa), and g2 = log tanh π(x+χa)
2 − log tanh πx. The bracket

does not depend on a; it cancels between the sites and the integral, which carry equal weights.
The function g2 is monotone with total variation at most π

2 (χn+j+1 − χn−j) ≤ Cjℓn over the
hole, because (log tanh z)′ = 2/ sinh 2z ≤ 1/

√
2 for z ≥ u1 and ℓn−j ≤ 2ℓn by (F.9). The

function g1 is monotone on either side of x, with variation at most Cjℓn there, and |g1| ≤ Cℓ2n
on the cells adjoining x, because |(log(tanh z/z))′| ≤ C min{|z|, 1}. By Lemma F.5(d), applied
on either side of these cells, the contribution of g1 and g2 to H±

n,j is at most Cjℓn. For
a pair of the hole, the second form of qk given after (F.4), with v = π

2 εk ≤ πη0ℓn, gives
log qk = log (x−χk)2+ε2

k
ℓ2

n
+ 2[ · ] + 2g1(k) + 2g2(k) +O(ℓ2n). Thus, up to O(jℓn), H±

n,j are given by
(F.41), (F.42) with u − i replaced by u − p(i), u − v by u − p(v), and η0 by η0ℓn+i/ℓn, where
p(v) := (χn+v − χn)/ℓn for −j ≤ v ≤ j + 1.

Displacement: the map p. The function p is increasing and concave with p(0) = 0 and
p(1) = 1. By (F.2), −p′′/p′ = χ′

a(log ρU )′(χa) at a = n + v. Since ρ2
U/N is non-increasing

(Lemma F.1(b)), (log ρU )′ ≤ ρU/(4N), and with χ′
a = 2/(c′ρU ) and c′N(χa) = a− 1

4 ,

0 ≤ −p′′(v)
p′(v) ≤ 1

2(a− 1
4)

≤ 1
n

(−j ≤ v ≤ j + 1), (F.47)

because a ≥ n − j ≥ n
2 + 2. There is a point v0 ∈ (0, 1) with p′(v0) = 1. Hence |log p′(v)| ≤

|v − v0|/n ≤ (j + 1)/n ≤ 1
2 , and since |et − 1| ≤ 2|t| for |t| ≤ 1

2 ,

|p′(v) − 1| ≤ 2(j + 1)
n

,
∣∣∣ 1
p′(v) − 1

∣∣∣ ≤ 2(j + 1)
n

, p′(v) ≥ e−1/2, |p′′(v)| ≤ 2
n
. (F.48)

The remainder formula for linear interpolation, p(v) − v = 1
2v(v − 1) p′′(ξv) with ξv between 0, 1

and v, and p′′ ≤ 0 give

0 ≤ v − p(v) ≤ v(v − 1)
n

≤ j(j + 1)
n

(v /∈ (0, 1)), 0 ≤ p(v) − v ≤ v(1 − v)
n

(0 ≤ v ≤ 1).
(F.49)

Displacement: the sites. For i = 0, 1 we have p(i) = i, and nothing changes. For −j ≤ i ≤ −1,
u− p(i) ≥ u− i ≥ |i|, so 0 ≤ log(u− p(i)) − log(u− i) ≤ (i− p(i))/(u− i) ≤ (|i| + 1)/n by (F.49).
For 2 ≤ i ≤ j + 1, p(i) − u ≥ p(i) − p(1) ≥ e−1/2(i − 1), so 0 ≤ log(i − u) − log(p(i) − u) ≤
(i − p(i))/(p(i) − u) ≤ e1/2i/n. In either case the logarithm of a site factor changes by at
most 2(j + 1)/n. For the pairs we use that, for positive numbers, (A + b)/(A0 + b0) lies
between A/A0 and b/b0. With A = (u − p(i))2, A0 = (u − i)2, b = η2

0(ℓn+i/ℓn)2, b0 = η2
0, and

ℓn+i/ℓn = p(i+ 1) − p(i) ∈ [e−(j+1)/n, e(j+1)/n], the logarithm of a pair factor changes by at most
4(j + 1)/n; for i = 0, 1, where A = A0, the same holds, and for η0 = 0 a pair factor is a squared
site factor. The sites i = 0, 1 do not move; the remaining weights in (F.41) add up to 4j − 2,
and there are 2j pairs in (F.42), so the sums over the sites change by at most 8j(j + 1)/n.

Displacement: the continuum. Let (α, β) = (−j, j+1) or (−j+ 1
2 , j+ 1

2). The substitution s =
p(v) gives

∫ β
α log|u− p(v)| dv =

∫ p(β)
p(α) log|u− s| ds

p′(p−1(s)) . By (F.49) and j/n ≤ 1
2 , [p(α), p(β)] ⊂

[−2j, j + 1], on which
∫

|log|u− s|| ds ≤ 2
∫ 2j+1

0 |log t| dt ≤ 6j log(2j + 2). By (F.48), replacing
the density 1/p′ by 1 changes the integral by at most 12j(j + 1) log(2j + 2)/n. It remains to
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move the endpoints from p(α), p(β) to α, β. Each moves by at most j(j + 1)/n, and on the
interval in between 1

2 ≤ |u− s| ≤ 2j + 1 at the left end, and 1
2e

−1/2 ≤ p(β) − 1 ≤ |u− s| ≤ j + 1
at the right end, so that |log|u−s|| ≤ log(2j+2). Hence

∣∣∫ β
α log|u−p(v)| dv−

∫ β
α log|u−v| dv

∣∣ ≤
14j(j + 1) log(2j + 2)/n. The integral enters h±

j with the factor 2, so the terms in 1
n add up

to [8j(j + 1) + 28j(j + 1) log(2j + 2)]/n, which for j = 1 is (16 + 56 log 4)/n ≤ 94/n. This
proves (F.45) and (F.46).

The comb factor. Let x = χn+u′ with 0 ≤ u′ ≤ 1. Then ν(x) = n−2+u′, so sin2 πν = sin2 πu′,
and u = p(u′), so 0 ≤ d := u − u′ ≤ u′(1 − u′)/n by (F.49). We have sin πu/ sin πu′ =
cosπd + cot(πu′) sin πd. Since |cotπt| ≤ 1/(πt(1 − t)) for 0 < t < 1 (by symmetry let t ≤ 1

2 ;
then tan πt ≥ πt ≥ πt(1 − t)), the second term is at most 1/n in modulus, and 0 ≤ 1 − cosπd ≤
1
2(πd)2 ≤ 1/n2. With n ≥ 6 this gives

∣∣log sin2 πν − log sin2 πu
∣∣ ≤ 3/n, uniformly on the cell, its

ends included.

[orientation] The constant 94 is far from sharp: to first order in 1/n the difference H±
n,j − h±

j

has the size 2j2/(3(n− 1)), which is 0.13 for j = 1 and n = 6. This is not used.

The extrema of row 6. At η0 = 0 the differences h±
j (u) − log(4 sin2 πu) are continuous on

[0, 1], since the double zeros of the sites i = 0, 1 are those of sin2 πu. Row 6 of table 4 contains
their extrema, which are attained at u ∈ {0, 1}:

j = 1 : max
u

[
h+

1 − log(4 sin2 πu)
]

≤ 0.2449, min
u

[
h−

1 (· ; 0) − log(4 sin2 πu)
]

≥ −0.1991 ⟨cert⟩,

j = 4 : max
u

[
h+

4 − log(4 sin2 πu)
]

≤ 0.0749, min
u

[
h−

4 (· ; 0) − log(4 sin2 πu)
]

≥ −0.0422 ⟨cert⟩,
(F.50)

so that [e−0.1991, e0.2449] ⊂ [0.819, 1.278], and e−0.0422(1 − 0.01) ≥ 0.949, e0.0749(1 + 0.01) ≤ 1.089.

Proof of Proposition 7.4 [proved, computer-assisted]. In this appendix η0 = 1
4 is

fixed. The two lemmas used here, Lemmas F.9 and F.10, hold with the same proofs and the
same constants for every 0 ≤ η0 ≤ 1

4 : their proofs use η0 only through (F.28) and through
εk = η0ℓk ≤ 1

4ℓk, and the value η0 = 0 is treated explicitly in the last clause of Lemma F.10 and
in the step on the sites of its proof. We apply the two lemmas with η0 = 0. Then qk = T 2

χk

and B = B0, and by definition sech2(πx
2 )|B0| = |h0

0| = Env sin2 πν. With (F.7), λ = Env/Lev
satisfies 4λ sin2 πν = |B0|ec′L−c′P−Jend ; note that Jend is inside Lev and drops out. Lemma F.9
at η0 = 0 gives, on every cell n ≥ 2j + 4,

H−
n,j

∣∣
η0=0 − 2eL ≤ log

(
4λ sin2 πν

)
≤ H+

n,j + 2eL. (F.51)

We subtract log(4 sin2 πν) and apply Lemma F.10 and (F.50):

log λ ∈
[
−0.1991−δn,1, 0.2449+δn,1

]
(j = 1), log λ ∈

[
−0.0422−δn,4, 0.0749+δn,4

]
(j = 4),

(F.52)
with δn,j := 2eL + Cj( 1

n + ℓn) and Cj as in (F.45). For j = 1 and n ≥ 6 this is the first
statement of Proposition 7.4: λ ∈ [0.819, 1.278], widened at both ends by e±2CL and by the
site-displacement factor e±C1( 1

n
+ℓn), which tends to 1 as n → ∞ and in which C1( 1

n + ℓn) may be
replaced by 97

n +Cℓn (the 94 of (F.46) and the 3 of the comb factor); these two factors are kept
outside λ. For j = 4 let n ≥ ϵc′ with ϵ > 0 fixed. Then x− x∗

1 ≥ r(ϵ) > 0, so eL = Oϵ(c′−2/3) by
(F.24), 1

n ≤ 1
ϵc′ and ℓn ≤ Cϵ/c

′. Hence δn,4 → 0. For c large depending on ϵ we have eδn,4 ≤ 1.01,
which is the allowance (1 ± 0.01) of row 6, and therefore λ ∈ [0.949, 1.089].

F.6 The detuned floor

We prove Lemma 7.9, the floor (F.53): on every cell n ≥ 2j + 4 the comb h0 stays above a
positive multiple of the level. The floor is the smallest value, over the position u in the cell, of
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the exact contribution of the 2j detuned pairs nearest to x divided by that of the continuum
which they replace; all other pairs are bounded below by their undetuned values, and these by
the continuum through the midpoint rule. Keeping more pairs exactly removes a larger part of
the midpoint loss, which is why µ4 > µ1. The rows used are 3 and 5, and row 9 through ythr.

Lemma F.11 (The detuned floor; proved, computer-assisted). Let j ∈ {1, 4} and let x lie in
cell n ≥ 2j + 4. Then

h0(x)
Lev(x) ≥ 1

4 e
H−

n,j(x)−2eL(x) ≥ µj

(
1 − Cj

( 1
n + ℓn

))
e−2CL , µj := min

0≤u≤1
1
4e

h−
j (u;η0), (F.53)

with Cj as in (F.45), and for η0 = 1
4 (table 4, row 3)

µ1 ≥ 0.536 ⟨cert⟩, µ4 ≥ 0.699 ⟨cert⟩, (F.54)

the minima being attained at u ∈ {0, 1}. The factor 1 − Cj( 1
n + ℓn) tends to 1 as n → ∞; where

it is not positive the second inequality says nothing, and the first one remains.

Proof. For x > χ2 we have B(x) > 0 and h0/Lev = 1
4 |B|ec′L−c′P−Jend by (F.7); the end correction

Jend is inside Lev. Since n ≥ 2j + 4, (F.43) holds: log|B| + c′L− c′P − Jend ≥ H−
n,j − 2eL. In it

the 2j pairs n− j < k ≤ n+ j enter through their exact moduli qk, and every other pair through
qk ≥ T 2

χk
[(T2), Lemma F.7]: detuning is used only in so far as it does not lower a factor. The

sites 3 ≤ k < k0 cost 2eL. This is the first inequality of (F.53). For the second, eL(x) ≤ CL

by Lemma F.6(d) (row 5), as n ≥ 6; H−
n,j(x) ≥ h−

j (u; η0) − Cj( 1
n + ℓn) by Lemma F.10, and

e−t ≥ 1 − t; and 1
4e

h−
j (u;η0) ≥ µj by definition. The values (F.54) and the location of the minima

are row 3.

[orientation] We note without proof that µj → sinh2 πη0 = 0.7546 as j → ∞; this is not used.
The reason is that ∏

i∈Z((u− i)2 + η2
0), divided by the continuum in the sense of (F.42), tends

to 4|sin π(u+ iη0)|2 = 4(sin2 πu+ sinh2 πη0) as j → ∞, whose minimum over u is 4 sinh2 πη0.

F.7 The first cells

On the cells 2, . . . , 5 the point x is within a few Airy lengths of the tip, there are at most three
sites to its left, and nothing is gained by replacing them by a continuum. We therefore keep all
the sites up to χn+4 exactly and apply the midpoint rule only beyond them. No end term and
no loss eL arise, which is why the unit is Lev e−Jend . In the Airy variable the resulting finite
product is a c-independent function on each cell, and its minimum is certified (table 4, row 4;
row 10 for the passage to the Airy variable).

For x in cell n ≥ 2 let

HI
n(x) := fx(χ2) +

n+4∑

k=3
log qk(x) − 2

∫ n+9/2

2
φ(a) da, (F.55)

in which the sites and the integral both carry the weight 2n+ 5.

Lemma F.12 (First cells: Lemma 7.12; proved, computer-assisted). (a) If x lies in cell n ≥
2, then log|B| + c′L ≥ c′P + HI

n at x, and hence h0 ≥ 1
4Lev e−Jend+HI

n there.
(b) Let η̂k := η0(ς̂k+1 − ς̂k) and

ĤI
n(ς) := log|ς − ς̂2| +

n+4∑

k=3
log

(
(ς − ς̂k)2 + η̂2

k

)
− 3

[
F(ς, ς̂n+9/2) − F(ς, ς̂2)

]
. (F.56)

For 2 ≤ n ≤ 5 and x = x∗
1 + ℓcς ≠ χ2 in cell n, HI

n(x) − log|ς − ς2| = ĤI
n(ς) − log|ς − ς̂2| +

O(ℓc log 1
ℓc

), uniformly in x and n; at ς = ς̂2 the right side is understood as its continuous
extension.
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(c) (Table 4, row 4.) With µI
n := min 1

4e
ĤI

n(ς) over ς̂n ≤ ς ≤ ς̂n+1,

µI
3 ≥ 0.679, µI

4 ≥ 0.683, µI
5 ≥ 0.686 ⟨cert⟩, (F.57)

and on cell 2, which adjoins the simple zero,

1
4e

ĤI
2(ς) ≥ µslope

ς − ς̂2
ς̂3 − ς̂2

for all ς̂2 ≤ ς ≤ ς̂3, µslope = 0.686 ⟨cert⟩. (F.58)

The inequality (F.58) holds on the whole cell and binds at its right end: the quotient of its
left side by (ς− ς̂2)/(ς̂3 − ς̂2) is 1.550 at the zero, rises to 3.774 at the relative position 0.350
in the cell, and decreases from there to its least value 0.6924, which it takes at ς = ς̂3.

(d) Consequently, for c ≥ catt
0 , on the cells 3, 4, 5, h0 ≥ Lev e−JendµI

n

(
1 − Cℓc log 1

ℓc

)
, and

on the whole of cell 2, h0(x) ≥ Lev e−Jendµslope
x−χ2

χ3−χ2

(
1 − Cℓc log 1

ℓc

)
. On these cells

Lev e−Jendec′L ≍ ℓ−2n1
c ≍ c′ 4

3 n1 ≫
√
c′.

Proof. (a) By (F.28) and Lemma F.5(b) with K = n + 5, for which x < χn+1 < χn+9/2,
∑

k≥n+5 log qk ≥ 2 ∑
k≥n+5 φ(k) ≥ 2Ix(n + 9

2), and 2Ix(n + 9
2) = 2Ix(2) − 2

∫ n+9/2
2 φ = −c′L +

c′P − 2
∫ n+9/2

2 φ by (F.6). Inserting this into (F.3) gives the first statement, and the second
follows from (F.7).

(b) We take ςmax = ς̂10 in Lemmas F.3 and F.4; the site χ2 is given by (F.14) and the pairs
3 ≤ k ≤ n+ 4 ≤ 9 by (F.15). The constants log ℓc + log π

2
√

2 cancel because the weights are equal,
and the remainders R, R′

k contribute O(ℓc). By (F.6) the term −2
∫ n+9/2

2 φ is c′Pχn+9/2 −c′Pχ2 , to
which (F.19) applies with a = n+ 9

2 ≤ 19
2 and with a = 2. For the pairs, (ς− ςk)2 +η2

0∆2
k ≥ η2

0∆2
k

is bounded below, so its logarithm is Lipschitz in the sites, which move by O(ℓc) by (F.12). The
singular factor of the simple site is kept exact on both sides. All these remainders are bounded
uniformly in ς ∈ [0, ς̂10], and hence in x and n.

(c) is the content of row 4; the certificate evaluates F by its closed form (Lemma F.4).
(d) Let R̂n := ĤI

n − log|ς− ς̂2|, which is (F.56) without its first term; it is continuous on [0, ς̂10].
It has the modulus of continuity Cδ log 1

δ there. Indeed, with Λ(r) := r log|r| − r, a primitive
of log|r|, integration by parts gives F(ς, A) = −A1/2Λ(ς − A) + 1

2
∫ A

0 Λ(ς − t) t−1/2 dt, and
|Λ(a) − Λ(b)| ≤ Cδ log 1

δ for |a− b| ≤ δ ≤ 1
4 and |a|, |b| ≤ ς̂10, by the estimate of

∫
I |log|ς − ς ′||dς ′

in the proof of Lemma F.4(b). Hence |F(ς, A) − F(ς ′, A)| ≤ 2A1/2Cδ log 1
δ for ς, ς ′, A in [0, ς̂10]

with |ς − ς ′| ≤ δ. The pair terms of (F.56) are Lipschitz in ς, because (ς − ς̂k)2 + η̂2
k ≥ η̂2

k > 0.
In the variable ς cell n is [ςn, ςn+1]. By (F.12), ςn+1 ≤ ς̂n+1 and 0 ≤ ς̂n − ςn ≤ dn := 0.14 ℓcς̂2

n.
So the true cell is the nominal cell [ς̂n, ς̂n+1], on which (c) holds, shortened on the right, and
extended on the left by a stretch of length at most dn. For ς in the true cell let ς+ := max{ς, ς̂n}.
It lies in the nominal cell, and 0 ≤ ς+ − ς ≤ dn. By (b) and the modulus of continuity, for
x ̸= χ2,

1
4e

HI
n(x) = 1

4(ς − ς2) eR̂n(ς)+O(ℓc log 1
ℓc

) ≥ 1
4(ς − ς2) eR̂n(ς+)(1 − Cℓc log 1

ℓc

)
.

On the cells 3, 4, 5 we have ς − ς2 ≥ ς − ς̂2 ≥ (ς+ − ς̂2)
(
1 − dn/(ς̂3 − ς̂2)

)
, because ς2 ≤ ς̂2 and

ς+ − ς̂2 ≥ ς̂3 − ς̂2. Since 1
4(ς+ − ς̂2) eR̂n(ς+) = 1

4e
ĤI

n(ς+) ≥ µI
n by (c), this and (a) give the first

statement. On cell 2, (F.58) says that 1
4e

R̂2 ≥ µslope/(ς̂3 − ς̂2) on (ς̂2, ς̂3], and this holds at ς̂2 by
continuity. Hence 1

4e
HI

2(x) ≥ µslope
ς−ς2
ς̂3−ς̂2

(1−Cℓc log 1
ℓc

) for χ2 < x ≤ χ3, and ς−ς2
ς̂3−ς̂2

= x−χ2
χ3−χ2

· ς3−ς2
ς̂3−ς̂2

with ς3 − ς2 ≥ ς̂3 − ς̂2 − d3. At x = χ2 both sides of the second statement vanish. The size of
Lev e−Jendec′L is Lemma F.4(c).
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G The vacuum inequality
[proved, computer-assisted] This appendix proves Proposition 7.13: Band ≤ Rvac|Lobe|
with Rvac ≤ 0.1021 + 0.02, and |Lobe| → ∞; on the way it proves Lemma 7.5(d2). It is used
in section 7.9 only, and it takes Lemmas B.2 and B.4, Proposition 7.2, Lemma 7.3(b) (whose
hypothesis is verified in section 7.10), appendices F.1 to F.4, Lemma F.9, Lemma F.10 and
Lemma F.8 as input.

The idea is described in section 7.9. The Cardy-weighted masses of the negative lobe of h0
below t⋆ and of the positive band beyond both come from a window of width O(ℓc) at the tip,
and in the variable ς = (x− x∗

1)/ℓc each is a common factor, proportional to c′ 4
3 n1− 1

6 = c′13/6,
times a c-independent integral. The ratio of the two integrals is certified to be at most 0.1021
when the band is cut after its first hundred cells; the finite-c corrections and the band beyond
these cells are bounded by hand, with explicit constants wherever a constant enters Rvac.

G.1 Statement and reduction

Throughout, (m, k∞, n1, η0) = (1, 1
4 ,

7
4 ,

1
4), h0(t) = sech2(πb/2)B(b) with b =

√
3t/c′, and on the

real axis t = c′x2/3, dt = 2
3c

′x dx. By Proposition 7.2, h0 < 0 on (0, t⋆), h0 has a simple zero at
t⋆ = c′χ2

2/3, and h0 ≥ 0 beyond; V > 0 by Lemma B.2. We set

Lobe :=
∫ t⋆

0
h0V dt < 0, Band :=

∫ ∞

t⋆

h0V dt =
∑

n≥2
Bandn, Bandn :=

∫ c′χ2
n+1/3

c′χ2
n/3

h0V dt ≥ 0,

(G.1)
so that Bandn is the contribution of cell n, χn < x < χn+1. With ρC = 2πV , Lemma 7.3(b) and
the bound |h0,vac| ≤ 8 of Proposition 7.2 give

gvac = 1
2h0,vac + π

(
|Lobe| − Band

)
≥ π

(
|Lobe| − Band

)
− 4. (G.2)

Proposition 7.13 follows from (G.2) once Band ≤ Rvac|Lobe| with Rvac < 1 and |Lobe| → ∞ are
shown; the transform ĥ0 enters only through the hypothesis of Lemma 7.3(b).

Input from appendix F. We use the notation of appendix F: the site weight fx(y) =
log|Ty(x)| ≤ 0 (F.1); the site map a 7→ χa for real a ≥ 1

4 , c′N(χa) = a− 1
4 (F.2), whose integer

values a ≥ 2 are the sites; the modulus qk of the detuned pair at χk (F.4), for which qk ≥ T 2
χk

on the real axis (F.28); and, for Y ≥ x∗
1, the potential at x of the charge which the law places

below Y (F.5),

PY (x) := −
∫ Y

x∗
1

ρU (x′) fx(x′) dx′ ≥ 0, (G.3)

so that P = Pχ2 . Two bounds of appendix F.4 are used, in both of which the sites next to x
are kept exactly. On the part x∗

1 ≤ x < χ2 of the lobe, the first inequality of (F.31), which is
Lemma 7.5(f), reads

log|B(x)| + c′L(x) ≥ fx(χ2) + c′Pχ5/2(x). (G.4)

On cell n ≥ 2, (F.32), which is behind Lemma 7.5(e), reads

log|B(x)| + c′L(x) ≤ fx(χ2) +
n+1∑

k=3
log qk(x) + fx(χn+2) + c′Pχn+2(x) +Dn(x), (G.5)

where Dn := ∑
k≥n+2 log(qk/T

2
χk

) is the detuning of the pairs beyond the cell. By Lemma F.7,
0 ≤ Dn ≤ 4ζ(2)η2

0; we keep Dn as it stands.
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G.2 The Airy window

Let ς := (x− x∗
1)/ℓc with ℓc = (κtipc′)−2/3, so that κtipc′ℓ3/2

c = 1. As in Lemma F.2(c) we write,
for real a > 1

4 and for integer k,

ςa := χa − x∗
1

ℓc
, ς̂a :=

(
a− 1

4
)2/3

, ∆k := ςk+1 − ςk, ∆̂k := ς̂k+1 − ς̂k (G.6)

for the true and the nominal scaled positions and spacings; thus εk = η0ℓc∆k and ς̂2 = n
2/3
1 . We

fix an integer N1 ≥ 6, put ςmax := ς̂N1+2, and take c so large that ℓcςmax ≤ 0.1. The window is
x∗

1 ≤ x ≤ x∗
1 + ℓcςmax, and σ denotes the scaled position of a point x′ = x∗

1 + ℓcσ of the window.

Lemma G.1 (Window dictionary; proved, computer-assisted). With these conventions, and
with ϵw := 4.3 ℓcςmax:

(i) Sites. ς̂a
(
1 − 0.14 ℓcς̂a

)
≤ ςa ≤ ς̂a for 1

4 < a ≤ N1 + 2.
(ii) Law. c′ρU (x′) dx′ = 3σ1/2wc(σ) dσ with 1 ≤ wc(σ) ≤ 1 + 0.33 ℓcσ.
(iii) Factors. For x, x′ in the window, |Tx′(x)| = πℓc

2
√

2 |ς − σ| eR with |R| ≤ ϵw; for a pair
3 ≤ k ≤ N1 + 1, qk(x) =

( πℓc

2
√

2
)2[

(ς − ςk)2 + η2
0∆2

k

]
eR′ with |R′| ≤ 2ϵw.

(iv) Continuum potential. For 1
4 < a ≤ N1 + 2 and x in the window,

c′Pχa(x) = 2
(
a− 1

4
)

log 2
√

2
πℓc

− 3
∫ ςa

0
σ1/2wc(σ) log|ς −σ| dσ− Ra(x), |Ra| ≤ 2

(
a− 1

4
)
ϵw.

(G.7)

Proof. These are statements of appendix F.1, applied with the present ςmax: (i) is (F.12); (ii) is
Lemma F.4(a), with the weight wc defined there; (iii) is (F.14) and (F.15); and (iv) is (F.18).
Their hypotheses hold because ℓcςmax ≤ 0.1, because ς̂a ≤ ςmax for a ≤ N1 + 2, and because a
pair k ≤ N1 + 1 has ςk+1 ≤ ς̂N1+2 = ςmax by (i). The numerical constants rest on row 10 of
table 4, through Lemma F.2(a) and Lemma F.3.

The scaled comb. For a > 1
4 let Qa(ς) := −3

∫ ς̂a
0 σ1/2 log|ς − σ| dσ be the potential of the

Airy density 3σ1/2 carrying the charge 2(a− 1
4). It is elementary (the proof is in Lemma F.4):

with A = ς̂a and ς ≥ 0, ς ̸= A, and by continuity at ς = A,

Qa(ς) = −2A3/2 log|A− ς| + 4
3A

3/2 + 4ςA1/2 + 2ς3/2 log
∣∣∣
√
A− √

ς√
A+ √

ς

∣∣∣. (G.8)

The scaled comb consists of the functions, on 0 ≤ ς ≤ ς̂2 and on ς̂n ≤ ς ≤ ς̂n+1 for n ≥ 2
respectively,

L(ς) := |ς − ς̂2| eQ5/2(ς), (G.9)

Bn(ς) := |ς − ς̂2|
n+1∏

k=3

[
(ς − ς̂k)2 + η2

0∆̂2
k

]
|ς − ς̂n+2|

∏

k≥n+2

[
1 + η2

0∆̂2
k

(ς̂k − ς)2

]
eQn+2(ς). (G.10)

They do not depend on c. The factors of Bn are, in this order: the simple zero χ2; the pairs
kept exactly; the half-weight site at which the trapezoid rule starts; the detuning of the pairs
beyond it; the continuum. We denote by L(c) and B(c)

n the same expressions at finite c: with the
true ςk, ςa,∆k in place of the nominal ones, with the weight wc inserted in the integral defining
Qa, and with eDn(x) in place of the infinite product.

Lemma G.2 (Lobe and band in the window: Lemma 7.5(d2); proved, computer-assisted). Let
N1 ≥ 6, and let

Kc := Vc

(2
√

2
πℓc

)2n1
, Vc :=

(
1 − e−4πx∗

1
)2 (

2πc′L(x∗
1)

)−1/2 2c′x∗
1

3 ℓc sech2 πx
∗
1

2 , (G.11)
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so that Kc is a c-independent constant times c′ 4
3 n1− 1

6 . There are constants Cw and Ccont,
depending on N1 only, such that the following holds with R̄ := Cwℓc + 3CV /c

′, whenever
ℓcςmax ≤ 0.1 and R̄ ≤ 1. The integrands of (G.1) obey

|h0|V dt ≥ Kc e
−R̄ L(c)(ς) dς (0 ≤ ς < ς2),

h0 V dt ≤ Kc e
R̄ B(c)

n (ς) dς (ςn < ς < ςn+1, 2 ≤ n ≤ N1),
(G.12)

and
∣∣∣
∫ ς2

0
L(c)dς −

∫ ς̂2

0
L dς

∣∣∣ +
N1∑

n=2

∣∣∣
∫ ςn+1

ςn

B(c)
n dς −

∫ ς̂n+1

ς̂n

Bn dς
∣∣∣ ≤ Ccont ℓc. (G.13)

Proof. Measure. By Lemma B.4, V (t) e−c′L(x) = (2πc′L(x))−1/2[
(1−e−4πx)2+εV

]
in the window,

with |εV | ≤ CV /c
′ and (1 − e−4πx)2 ≥ (1 − e−4πx∗

1)2 = 0.94199 . . . ≥ 0.9. Each of the ratios
L(x)/L(x∗

1) = x/x∗
1 = 1+ ℓcς/x

∗
1, (1−e−4πx)2/(1−e−4πx∗

1)2 and sech2 πx
2 / sech2 πx∗

1
2 lies between

e−Cℓcςmax and eCℓcςmax , and dt = 2
3c

′x∗
1ℓc (1 + ℓcς/x

∗
1) dς. Hence, with an absolute constant Cm,

and since CV /c
′ ≤ 1

3 ,

V (t) e−c′L(x) sech2 πx

2 dt = Vc
(
1 +RV (ς)

)
dς, |RV | ≤ Cmℓcςmax + CV

0.9 c′ . (G.14)

Powers of ℓc. By Lemma G.1(i) all sites and endpoints which occur lie in the window. We
insert (iii) and (iv) into (G.4). There is one site factor and the charge is 2(5

2 − 1
4) = 9

2 , so the
power of 2

√
2/πℓc is 9

2 −1 = 2n1: |B(x)| ec′L(x) ≥ (2
√

2/πℓc)2n1 L(c)(ς) e− 11
2 ϵw . In (G.5) there are

1+2(n−1)+1 = 2n site factors and the charge is 2(n+2− 1
4) = 2n+ 7

2 , so the power is again 2n1

for every n: |B(x)| ec′L(x) ≤ (2
√

2/πℓc)2n1 B(c)
n (ς) e(4n+ 7

2 )ϵw . The number of site factors minus the
continuum charge removed is always −2n1, the absent charge; this is why the lobe and all cells
carry the same factor. Multiplying by (G.14) gives (G.12) with Cw :=

[
18(N1 + 2) + 2Cm

]
ςmax,

since |h0|V dt = |B|ec′L · V e−c′L sech2 πx
2 dt, 4.3 (4N1 + 7

2) ≤ 18(N1 + 2), and e−2r ≤ 1 − r,
1 + r ≤ er for 0 ≤ r ≤ 1

2 ; here r = |RV |, and 2|RV | ≤ 2Cmℓcςmax + 3CV /c
′ ≤ R̄ ≤ 1.

Continuity. On the lobe and on each cell n ≤ N1 the functions L(c), B(c)
n are obtained from

L, Bn by moving the positions by at most 0.14 ℓcς2
max, by (i); by changing the weight by at most

0.33 ℓcςmax, by (ii); and by replacing the infinite product by eDn . Every factor is bounded, and
it is Lipschitz in the positions uniformly over the cell, because the points at which a factor
is singular, namely ςk for k ≥ n + 2 and the endpoint ςn+2 of the continuum, or ς5/2 for the
lobe, stay at least half a nominal cell away from ς. The integral in (G.7) changes by at most
Cℓc

(
1 +

∣∣log|ς − ς̂a|
∣∣), where the logarithm is bounded for the same reason. For Dn we use the

second form of qk given after (F.4). With u = π
2 (χk − x) = π

2 ℓc(ςk − ς) and v = π
2 εk = π

2 η0ℓc∆k

it gives, for every k ≥ n+ 2, qk/T
2
χk

=
(
1 + sin2 v/ sinh2 u

)
eθk with 0 ≤ θk ≤ 5 v2/ cosh2 u. For

the pairs with χk − x∗
1 ≤ 0.2, (F.11) and (F.12) still hold. The spacings are compared through

the derivative of the site map, since the error 0.14 ℓcς̂2
k of the positions is not small against ∆̂k

for large k: by (F.2), (F.11) and (F.12), 2
3ℓcς̂

−1/2
a (1 − 0.33 ℓcς̂a) ≤ χ′

a = 2/(c′ρU (χa)) ≤ 2
3ℓcς

−1/2
a ,

and integration over [k, k+ 1] gives ∆̂k(1 − 0.33 ℓcς̂k+1) ≤ ∆k ≤ ∆̂k(1 − 0.14 ℓcς̂k+1)−1/2. For the
distances, ς̂k ≤ 3

2(N1+2)(ς̂k−ς) for k ≥ n+2 and ς ≤ ς̂n+1, so that ςk−ς = (ς̂k−ς)
(
1+O(N1ℓcς̂k)

)

by (F.12). The relative correction is at most 0.06 in modulus: for ς̂k ≤ 2ςmax because R̄ ≤ 1
implies 18(N1 + 2)ℓcςmax ≤ 1, and for ς̂k ≥ 2ςmax because then ς̂k ≤ 2(ς̂k − ς) and ℓcς̂k ≤ 0.21.
Hence sin2 v/ sinh2 u =

(
η2

0∆̂2
k/(ς̂k − ς)2)(

1 + O(ℓcς̂k)
)
, with a constant that depends on N1;

these terms are O(k−2) and ς̂k ≤ k2/3, so the errors sum to O(ℓc), and ∑
k θk = O(ℓ3/2

c ). The
pairs with χk − x∗

1 ≥ 0.2 are at distance at least 0.1 from x and have εk = O(1/c′); since∑
k εk/ sinh2 π

2 (χk − x) is bounded, they contribute O(1/c′) to Dn. The corresponding factors
of the product in (G.10) contribute O(∑

k≳ℓ
−3/2
c

k−2) = O(ℓ3/2
c ). Finally the endpoints of the

ς-integrals move by O(ℓc), and the integrands are bounded. To combine: on the common part of
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the true and the nominal cell the two integrands differ by at most Cℓc; the two cells differ by
intervals of total length at most 0.28 ℓcς2

max, on which the integrands are bounded; and there are
N1 terms. This gives (G.13) with a constant Ccont that depends on N1 only.

G.3 The scaled vacuum ratio

Definition G.3 (Scaled vacuum ratio). With the scaled comb (G.9), (G.10),

ILobe :=
∫ ς̂2

0
L dς, In :=

∫ ς̂n+1

ς̂n

Bn dς, R̂vac(N1) := 1
ILobe

N1∑

n=2
In. (G.15)

The ratio depends on (m, k∞, η0), which fix the scaled comb, and on the number N1 of cells,
but not on c. We drop the part 0 ≤ x < x∗

1 of the lobe, on which |h0|V ≥ 0. Integrating (G.12)
and using (G.13), the factor Kc cancels in the ratio:

|Lobe| ≥ Kc e
−R̄(

ILobe − Ccontℓc
)
,

1
|Lobe|

N1∑

n=2
Bandn ≤

∑N1
n=2 In + Ccontℓc
ILobe − Ccontℓc

e2R̄. (G.16)

As c → ∞ the first right-hand side tends to infinity and the second to R̂vac(N1).

Lemma G.4 (proved, computer-assisted). For (m, k∞, η0) = (1, 1
4 ,

1
4) and N1 = 100,

R̂vac(100) ≤ 0.1021 ⟨cert⟩, ILobe ≥ 94.47 ⟨cert⟩. (G.17)

For N1 = 30 the certified bound is R̂vac(30) ≤ 0.1020; the cells 31 ≤ n ≤ 100 add less than 10−4.

Proof. This is table 4, row 11. The integrals of (G.15) are enclosed in interval arithmetic, over a
covering of the lobe and of each cell by subintervals and in the mean-value form of appendix H.1;
the potentials Qa are evaluated through (G.8). Of the product over the pairs k ≥ n+ 2 the first
3000 factors are evaluated, up to K := n+ 3001; the remaining factors exceed one, and the sum
of their logarithms, which decrease like k−2, is at most an explicit Un ≤ 1.5 × 10−5. Indeed, for
k > K and ς ≤ ς̂n+1 the logarithm is at most η2

0∆̂2
k/(ς̂k − ς)2, and ∆̂k ≤ 2

3(k − 1
4)−1/3 because

a 7→ ς̂a is concave. So it is at most ϕ(k− 1
4) with ϕ(u) := 4

9η
2
0 u

−2/3(u2/3 − ς)−2, which decreases
in u. The substitution w = u2/3 and w−1/2 ≤ ς̂

−1/2
K give ∑

k>K ϕ(k − 1
4) ≤

∫ ∞
K−1/4 ϕdu ≤

2
3η

2
0 ς̂

−1/2
K (ς̂K − ς)−1, which is largest at ς = ς̂n+1; this value is Un. For 2 ≤ n ≤ 100 it is largest

at n = 100, where it is 1.4961 × 10−5. The bound for R̂vac is the upper end of the enclosure of∑
n In divided by the lower end of that of ILobe.

G.4 The far cells and the far band

Beyond cell N1 no site is kept exactly, and the upper bound of Lemma 7.5(e) takes over; its
constants are explicit, because they enter Rvac. Let r0 := 0.3.

Lemma G.5 (proved, computer-assisted). Let N1 ≥ 6. For c large enough,

∫

χN1+1≤x≤x∗
1+r0

h0V dt ≤ KcCtail

(
N1 − 1

4
) 2

3 (1−2n1)

2n1 − 1 , (G.18)
∫

x≥x∗
1+r0

h0V dt ≤ Cfar
√
c′, (G.19)

where Cfar does not depend on c, and Ctail = Ctail(N1) is the number (G.20), which decreases as
N1 grows; Ctail(100) ≤ 282.
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Proof. The plan is to bound |B|ec′L by a constant times ec′P , to bound P by the potential
of a single point charge n1 at χ2, and to integrate against the Cardy measure. The points
x ≥ χN1+1 lie in the cells n ≥ N1 + 1 ≥ 6. There (F.35), which is Lemma 7.5(e) and rests on
rows 5, 7 and 9 of table 4 (and on row 10 through (F.12) in Lemma F.6), holds, and Jend ≤ CJ

(Lemma F.8). Its factor e94/n+Cℓn has 94
n ≤ 94

N1+1 and ℓn ≤ ℓc, so it is at most e94/N1 as soon as
Cℓc ≤ 94

N1
− 94

N1+1 ; this is one of the conditions on the size of c. Hence |B(x)| ec′L(x) ≤ Cup ec′P(x)

with Cup := 5.0 e94/N1 (1 + 4η2
0)2 eCdetη2

0+CJ +2CL ≤ 42.75 e94/N1 , because η0 = 1
4 , Cdet ≤ 16.6,

CJ ≤ 0.65 and CL ≤ 0.006 (appendix F) give 5.0 · 1.5625 · e1.0375+0.65+0.012 ≤ 42.75. Thus
Cup ≤ 110 for N1 = 100. Next, c′P(x) ≤ 2n1|log|Tχ2(x)|| by (F.16), which is Lemma 7.5(b).

For (G.18) let χN1+1 ≤ x ≤ x∗
1+r0, and write |Tχ2(x)| = tanh z tanh z+ with z = π

2 (x−χ2) =
π
2 ℓc(ς − ς2) ∈ (0, π

2 r0] and z+ = π
2 (x + χ2) ≥ u1. The first inequality of Lemma F.3, which

holds for all real z, gives tanh z ≥ z e−z2/3 ≥ z e−π2r2
0/12, and tanh z+ ≥ tanh u1 = 1/

√
2. For

ς ≥ ςN1+1 we have ς − ς2 ≥ ς (1 − ς2/ςN1+1) ≥ ς (1 − ς̂2/ς̂N1), because ς2 ≤ ς̂2 by (F.12), and
because ςN1+1 ≥ ς̂N1 for c large, again by (F.12). Hence

ec′P(x) ≤ en1π2r2
0/6

(
1 − ς̂2

ς̂N1

)−2n1(2
√

2
πℓc

)2n1
ς−2n1 .

For the measure we use Lemma B.4 on x∗
1 ≤ x ≤ x∗

1 + r0, with (1 − e−4πx)2 + εV ≤ 1 +
CV /c

′. In the quotient of V e−c′L sech2 πx
2 dt by Vc dς the factors (L(x∗

1)/L(x))1/2 and x/x∗
1, the

latter from dt, combine to (x/x∗
1)1/2 ≤ (1 + r0/x∗

1)1/2, and sech2 πx
2 ≤ sech2 πx∗

1
2 . Therefore

V e−c′L sech2 πx
2 dt ≤ (1 + CV /c

′) (1 − e−4πx∗
1)−2(1 + r0/x∗

1)1/2 Vc dς, and we take c so large
that CV /c

′ ≤ 0.01. Multiplying the three bounds, the left-hand side of (G.18) is at most
KcCtail

∫ ∞
ςN1+1

ς−2n1 dς ≤ KcCtail ς̂
1−2n1
N1

/(2n1 − 1), with ς̂N1 = (N1 − 1
4)2/3 and

Ctail(N1) := 1.01 Cup e
n1π2r2

0/6
(
1 − ς̂2

ς̂N1

)−2n1(
1 − e−4πx∗

1
)−2(

1 + r0
x∗

1

)1/2
. (G.20)

For N1 = 100 the five factors after 1.01 are at most 110, e0.2591 ≤ 1.296, (1−1.4522/21.508)−7/2 ≤
1.278, 1.062 and 2.06941/2 ≤ 1.439, and 1.062 · 1.439 ≤ 1.53; so Ctail(100) ≤ 1.01 · 110 · 1.296 ·
1.278 · 1.53 ≤ 282. For N1 = 30 the same computation gives about 3500, because e94/30 ≈ 23.

For (G.19) let c be so large that χ2 ≤ x∗
1 + 0.05 and that the cells meeting x ≥ x∗

1 + r0
have n ≥ 6. Since |log|Tx′(x)|| increases with x′ < x and decreases with x > x′,
c′P(x) ≤ 2n1|log|Tx∗

1+0.05(x∗
1 + r0)|| ≤ 2.2n1 for x ≥ x∗

1 + r0. This makes the far-
band statement of Lemma 7.5(e) explicit: |B|ec′L ≤ Cupe2.2n1 there. By Lemma B.4,
V ≤ (1 + CV /c

′) as(c′L) for x ≥ x∗
1. Therefore the left-hand side of (G.19) is at most

Cup e2.2n1(1 + CV /c
′)

∫ ∞
x∗

1+r0
(2πc′L(x))−1/2 sech2 πx

2
2c′x

3 dx, and this integral is
√
c′ times a

convergent integral which does not depend on c.

G.5 Why the Bessel asymptote must be two-sided; assembly

The lobe must be bounded from below and the band from above, and both carry the weight V ;
this is why the asymptote of Lemma B.4 has to be two-sided (section 7.9). With the one-sided
bound V ≤ Ka ≤ ec′L for the band (V ≤ Ka by the monotonicity of Kα in α, and Lemma B.2(e)),
and the true size V ≃ (1 − e−4πx)2 as(c′L) for the lobe, the two measures would differ at the
tip by the factor ec′L/as(c′L) =

√
2πc′L(x∗

1) = 1.92
√
c′, about 15 at c = 64 and about 61 at

c = 1024, and the bound for Band/|Lobe| would exceed one. With Lemma B.4 the same measure
Vc dς appears in both integrals, up to the factor 1 +RV of (G.14), and cancels in the ratio, as
do the power ℓ−2n1

c of Lemma 7.5(d1) and the outer factor sech2.
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Proof of Proposition 7.13. We take N1 = 100 and split the band into the cells n ≤ N1, the
cells beyond them up to x∗

1 + r0, and the rest. By (G.16), (G.18) and (G.19),

Band
|Lobe|

≤
∑N1

n=2 In + Ccontℓc
ILobe − Ccontℓc

e2R̄ + Ctail e
R̄

ILobe − Ccontℓc

(
N1 − 1

4
) 2

3 (1−2n1)

2n1 − 1 + Cfar e
R̄√

c′

Kc (ILobe − Ccontℓc)
.

(G.21)
As c → ∞ the first term tends to R̂vac(100) ≤ 0.1021, by Lemma G.4, and the third is
O

(
c′ 1

2 − 4
3 n1+ 1

6
)

= O(c′−5/3). The second term tends to a number that does not depend on c,

δtail := Ctail
ILobe

(
N1 − 1

4
)−5/3

2.5 ≤ 282
94.47 · 1.9 × 10−4 ≤ 6 × 10−4,

by (G.20), by the lower bound for ILobe in (G.17), and because 99.75−5/3/2.5 ≤ 1.9 × 10−4; any
Ctail ≤ 5067 would give δtail ≤ 0.01. We do not take N1 = 30, although R̂vac(30) is no larger:
there Ctail ≈ 3500 and 29.75−5/3/2.5 ≤ 0.0015 make the proved δtail about 0.05, while the cells
beyond the thirtieth in fact add only 10−4 [numerical].

Let catt
0 be so large that, for c ≥ catt

0 , the conditions of Lemmas G.2 and G.5 hold, the three
terms of (G.21) together exceed the sum R̂vac(100) + δtail of their limits by at most 0.01, and
|Lobe| ≥ 2 by (G.16). Then

Band ≤ Rvac |Lobe|, Rvac := R̂vac(100)+δtail +0.01 ≤ 0.1021+0.01+0.01 = 0.1021+0.02,
(G.22)

and (G.2) gives gvac ≥ π(1 − Rvac)|Lobe| − 4 ≥ 2π · 0.877 − 4 > 0. The constants Cw, Ccont,
CV , Cfar and the unnamed constants C enter catt

0 only, and |Lobe| grows at least like c′13/6 by
(G.16). Since only Rvac < 1 is needed, neither the third digit of R̂vac nor the allowance 0.02 is
delicate.

H Certified constants and numerical methods
We say what a certified inequality is, list all of them in table 4, and complete the description of
the numerical methods of section 5.

H.1 What “certified” means

An inequality marked ⟨cert⟩ bounds an explicit elementary function of one real variable, or a
ratio of two integrals of such functions, or a quantity that the row reduces to finitely many
such functions (rows 5 and 8), on a stated range; it does not involve c. The inequality is
proved in interval arithmetic on a covering of the range by finitely many subintervals. A
real number is represented by an interval with floating-point endpoints that contains it, and
every operation returns an interval, rounded outward, that contains all values which the exact
result can take; rounding errors widen the result and cannot make it wrong. The function
is evaluated on each subinterval X as a whole, and the largest upper endpoint obtained is
a proven upper bound on the range (likewise for lower bounds); table 4 records it as the
bound obtained, which lies slightly beyond the true extremum. Where needed we use the
mean-value form f(X) ⊂ f(m) + f ′(X) (X − m), with m the midpoint of X and f ′(X) an
enclosure of the derivative on X; in the same form, the integral of f over X, of length h, lies in
h f(m) + 1

8h
2[−w,w], with w the length of f ′(X), and these enclosures are added (row 11). An

unbounded part of the range is bounded by hand, as the row records. This, together with the
legend of section 1.3, is the only meaning of “computer-assisted” in this paper.

A point at which the function is singular, or is a quotient of two vanishing quantities, is
removed analytically first. In row 4 the simple zero at the left end of cell 2 is divided out. In row 6
the terms 2 log u+2 log(1−u) of h±

j and log(4 sin2 πu) combine to −2 log 2π−2 log[sin πu/(πu(1−
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u))], and for 0 ≤ u ≤ 1
2 we use log[sin πu/(πu)] = −

∑
k≥1 ζ(2k)u2k/k, truncated at k = 60 with

the tail bounded by ζ(122)u122/(61(1 − u2)); for u ≥ 1
2 we use the symmetry u → 1 − u. Rows 9

and 10 reach the tip. With u1 = arcsinh 1 let t := sinh(u1+δ)−1 = 2 sinh2 δ
2 +

√
2 sinh δ, q := t/δ,

q1 := (q−
√

2)/(
√

2 δ) and b := (q/
√

2)1/2; let ϕ(v) := arcsinh(
√
v)/

√
v and ϕ1(v) := (1−ϕ(v))/v.

Then arccosh(1 + t) =
√

2t ϕ(t/2), and therefore

e1(δ) = q1
b+ 1 − b q

2 ϕ1
(

t
2
)
, r (log ρU )′(x∗

1 + r) = cosh(u1 + δ)√
2 q (2 + t)1/2 ϕ(t/2)

(δ = πr),

with e1 as in row 10. Here t, q and q1 are power series in δ with positive coefficients, so they
increase, as do b and cosh(u1 + δ); ϕ and ϕ1 decrease, being the integrals over 0 ≤ s ≤ 1 of
(1 + vs2)−1/2 and of s2g(vs2), where g(x) = (1 − (1 + x)−1/2)/x is the slope of a chord of a
concave function. At δ = 0 the seven functions take the values 0,

√
2, 1/(2

√
2), 1,

√
2, 1 and

1
6 , in this order. On a subinterval each is enclosed by its values at the two ends, and the right
sides are evaluated on these enclosures; this works on subintervals that begin at δ = 0, where
e1(0+) =

√
2/24 and the second function is 1

2 .
We use the Arb library [61] through its Python interface python-flint. The precision is 80,

100, 128 or 200 bits, as the row says. Each computation has been checked independently, line
by line, against the formulas as they are printed in this paper. Rows 3, 6 and 8 have also been
certified a second time, by a computation written independently (row 6 through log Γ and the
digamma and trigamma functions).

Table 4 is a closed list: a c-independent constant carries the mark ⟨cert⟩ in section 7
and appendices F and G only if it has a row. Constants obtained by hand within a proof, and
the orientation values of section 7.3, are not certified and are not listed. Absent by choice are the
absolute constants of the c-dependent remainders, such as the Hankel remainder of appendix B
and the steepest-descent constants of appendix E; they stay symbolic and enter only through
catt

0 . All rows feed Theorem 5, hence the attainment half of Theorem 1, and Corollary 6; no row
feeds Theorems 2 to 4 or Theorem 7.

H.2 Numerical methods for the optimal functionals

[numerical] We complete section 5.1; nothing here is certified. At order P the functional is
the unique p(t)e−2πt, with p in the truncated basis of [11], that has a simple zero at t1 and
double zeros at t2, . . . , tP/2. We scale the rows of the truncated crossing equations by the
vacuum functional. A Newton step is accepted or damped by a monotonicity test on successive
corrections, not by the size of the residual, which is a poor guide at large c.

Precision. Arb serves here for its arbitrary precision and not for its error bounds: the
radii grow through the Laguerre recurrence until they carry no information. We work with the
midpoints and establish the accuracy by solving again at 1.5 to 2 times the precision. On the
levels that were solved twice, at least 31 digits agree in t1, and at least 20 in every level and
weight that we report; the highest orders, P ≥ 2304, are judged by the Newton residual instead.
The working precision is 768–1600 bits on most levels, and at least one bit per unit of P at the
highest orders.

Extrapolation in P . For each c we fit ∆(P )
1 (c) = ∆∞ +Ae−k(P/c)s , with s free, to the levels

with P/c ≥ 0.8; the fits return s = 0.57–0.58. The fitted ∆∞ is our estimate S of ∆(∞)
1 (c). Its

uncertainty is σ := 1
2 max{|S − T |, |S − S1/2|}, with a floor of 10−7c, where S1/2 is the same fit

with s = 1
2 fixed, and T is a fit in which the dependence on P/c is taken from a fully converged

chain, c = 48. When Pmax/c ≥ 6 we subtract instead from ∆(Pmax)
1 (c) a tail fitted, with s free,

to the top levels (at most six), and σ is the spread of the fits with s = 1
2 , s = 1 and s free. For

Pmax/c ≥ 4 the whole correction is at most 3 · 10−6c. We tested the estimator on ten chains
with 64 ≤ c ≤ 512 that reach P/c ≥ 5, by cutting each at a smaller P/c and extrapolating again.
When the cut is at P/c ≥ 2, the error is below 10−5c and below σ in every case. When the cut
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Inequality How it is obtained Used in

1 ϱ∞ ≤ 0.5029 on (x∗
1, 3], for the

phase-free ratio ϱ∞ of Lemma 7.8
with its exact prefactor |b0|1/2x−1/2.

IA, 80 bits, 20000 subintervals of [x∗
1 + 10−3, 3];

bound obtained 0.502833, near x = 3, where
ϱ∞ = 0.50271. By hand (proof of Lemma 7.8):
ϱ∞ ≤ 6 (x− x∗

1)13/4 < 10−8 on (x∗
1, x

∗
1 + 10−3],

and ϱ∞ ≤ 0.504 for x ≥ 3.

Lemma 7.8

2 ϱ∞ ≤ 0.41 for x∗
1 < x ≤ 1.33; the

value at the switch point x = 1.33 is
0.394.

The covering of row 1 restricted to x ≤ 1.33, in
the same computation; bound obtained 0.39368.
By hand: the tip, as in row 1.

Lemma 7.8;
criterion of
section 7.7

3 µ1 ≥ 0.536 and µ4 ≥ 0.699 at η0 = 1
4 ,

where µj = min0≤u≤1
1
4e

h−
j

(u;η0)

(F.53).

IA, 128 bits, 16000 subintervals of [0, 1],
mean-value form; h−

j is explicit (F.42). Its
derivative has a fixed sign on [0, 1

4 ] and on [ 3
4 , 1],

and in between h−
j exceeds its end values. So the

minimum is attained at u ∈ {0, 1}:
µ1 = 17e4/1728 = 0.53713 and µ4 = 0.70097. By
hand: the factor 1 − Cj( 1

n
+ ℓn) of (F.53) on cell

n.

Lemma 7.9; F.6

4 First cells, in the Airy variable:
µI

n ≥ 0.679, 0.683, 0.686 for
n = 3, 4, 5 (F.57); on the whole of
cell 2 the slope form (F.58) with
µslope = 0.686.

IA, 100 bits, 4000 subintervals per cell, mean-value
form, for (F.56), which does not involve c and is
in closed form (Lemma F.4). Bounds obtained for
µI

n: 0.6978, 0.7027, 0.7063 for n = 3, 4, 5. On cell 2
the quotient of the two sides of (F.58) is least at
ς = ς̂3, where it is 0.6924. By hand: the passage
to the Airy variable (Lemma F.12(b),(d); row 10).

Lemma 7.12; F.7

5 êL(ς) ≤ 0.00186 for 3 ≤ ς ≤ ς̂602, for
the far-left remainder with the sites
at their nominal positions (F.25).
Hence CL ≤ 0.006 and
e−2CL ≥ 0.988 (Lemma F.6(d)).

IA, 100 bits, 136856 subintervals of [3, ς̂602],
ς̂602 = 71.28; bound obtained 0.0018523. By hand
(proof of Lemma F.6(d), which also describes the
covering): ς ≥ ς̂602, where (F.27) gives 0.00147;
the passage from êL to eL at finite c, which costs
Cℓc.

F.2;
Proposition 7.4,
Lemma 7.5(a),
Lemma 7.9,
Lemma G.5

6 At η0 = 0, over 0 ≤ u ≤ 1 (F.50):
h+

1 − log(4 sin2 πu) ≤ 0.2449 and
h−

1 − log(4 sin2 πu) ≥ −0.1991, so
λ ∈ [0.819, 1.278] for j = 1. With h±

4
the bounds are 0.0749 and −0.0422,
so λ ∈ [0.949, 1.089] for j = 4, the
allowance (1 ± 0.01) included.

IA, 128 bits, 16000 subintervals, mean-value form,
after the cancellation of appendix H.1. The
extrema are attained at u ∈ {0, 1}, as in row 3:
6 − 3 log 2 − 2 log 2π = 0.24480 and
I(0) − 2 log 2π = −0.19900 (I(0) as in row 8) for
j = 1; 0.07487 and −0.04216 for j = 4. By hand:
the factors e±2eL and e±Cj ( 1

n
+ℓn) of (F.52), which

lie within 1 ± 0.01 for j = 4 on the cells n ≥ ϵc′

once c is large, and are kept outside λ for j = 1.

Proposition 7.4;
F.5

7 sup0<u<1 h
+
∞(u) = h+

∞( 1
2 ) =

6 − 4 log 3 ≤ 1.606, so
supcell e

H+
n ≤ 5.0 e94/n+Cℓn (F.34).

Detuning adds 2 log(1 + 4η2
0) for the

two flanking pairs and Cdetη
2
0 for the

far pairs (appendix F.3).

Closed form, by hand: each of the three pieces of
h+

∞ is largest at u = 1
2 . No covering is needed; the

two numbers, 6 − 4 log 3 = 1.60555 and
e1.606 = 4.9828 . . . < 5.0, are evaluated in IA at
128 bits. Cdet ≤ 16.6 by hand (Lemma F.7).

Lemma 7.5(e);
F.4, G.4

Table 4: The certified inequalities, for (m, k∞, n1, η0) = (1, 1
4 ,

7
4 ,

1
4 ) and the outer factor sech2 (section 7.2).

IA: interval arithmetic on a covering of the stated range; bound obtained: the endpoint that the
computation returns (appendix H.1). By hand: estimated without the computer. C and Cj are the
absolute constants of (F.45), and 94 is the constant of (F.46). In rows 7 and 8, h±

∞(u; η0) are the limits
of the hole functions with j = 1 as n → ∞, at fixed position u ∈ [0, 1] in the cell (section 7.5). In the last
column E.2 stands for appendix F.2, and so on.
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Inequality How it is obtained Used in

8 For 0 < η0 ≤ 0.3 the minimum of
h−

∞(u; η0) over 0 ≤ u ≤ 1 is attained
at u ∈ {0, 1}, where its value is
2 log η0 + log(1 + η2

0) + I(0) with
I(0) = 4 − 3 log 3 + 4 log 2 =
3.4767 . . . ≥ 3.476 (F.37). Hence
eH−

n ≥ 32 η2
0 e

−C( 1
n

+ℓn), which enters
(F.38). Only cT > 0 is drawn from
this row.

By hand (after (F.37)): monotonicity in η0
reduces the claim to GL > 0 on (0, 1

2 ] and GR > 0
on [ 1

2 , 1), for two explicit functions; the end value
is a closed form. IA, 128 bits, 16000 subintervals
of [0, 1], mean-value form: G′

L > 0 on [0, 1
4 ],

GL > 0 on [ 1
4 ,

1
2 ], the mirror statements for GR,

and I(0) > 3.476.

Lemma 7.11; F.4

9 1.3 r (log ρU )′(x∗
1 + r) ≤ 0.95 for

0 < r ≤ 0.64, and
(log ρU )′(x∗

1 + r) ≤ 3.10 < π for
r ≥ 0.18.

IA, 128 bits. First bound: 4000 subintervals of
[2−10, 0.64], and [0, 2−10] in the regularized form
of appendix H.1, where the left side lies within
0.65 ± 0.002; bound obtained 0.9212. Second
bound: 4000 subintervals of [0.18, 8]; bound
obtained 3.0656. By hand: for r ≥ 8, (log ρU )′

decreases (Lemma F.1(b)).

F.1 (F.10); F.2
(Lemma F.6(c))

10 Tip expansions, with u1 = arcsinh 1:
(a) arccosh sinh(u1 + δ) =
23/4δ1/2(

1 + δ e1(δ)
)

with
e1(δ) ∈ [0.0589, 0.105] for 0 < δ ≤ 2;
(b) − z2

3 ≤ log |tanh z|
|z| ≤ 0 for all real

z ≠ 0; (c) 0 < (log tanh z)′ ≤ 1.24 for
z ≥ u1 − 0.25.

(a) IA, 200 bits, 125 subintervals of [0, 2], in the
regularized form of appendix H.1;
e1(0+) =

√
2/24 = 0.058926, and the enclosures

obtained lie in [0.058906, 0.104993]. (b) is proved
by hand (Lemma F.3) and carries no mark. (c)
(log tanh z)′ = 2/ sinh 2z decreases, and its value
at z = u1 − 0.25 is 1.22992; also IA, 2000
subintervals of [u1 − 0.25, 4].

F.1
(Lemmas F.2
and F.3), and
through these
F.2, F.4, F.5,
F.7, G.2, G.4

11 R̂vac(100) ≤ 0.1021 and ILobe ≥ 94.47
(G.17), and R̂vac(30) ≤ 0.1020
(Lemma G.4), for the scaled vacuum
ratio R̂vac(N1) and the scaled lobe
integral ILobe of (G.15). With the
finite-c corrections and the cells
beyond the hundredth,
Rvac ≤ 0.1021 + 0.02 (G.22); this is
by hand and carries no mark.

IA, 80 bits; the integrals are enclosed in the
mean-value form of appendix H.1, on 20000
subintervals of the lobe and 27400 of the cells
2, . . . , 100. Of the product over the pairs k ≥ n+ 2,
3000 factors are explicit, and the rest lies in
[1, eUn ] with the Un ≤ 1.5 × 10−5 of the proof of
Lemma G.4. Obtained: ILobe ∈ [94.4736, 94.4737],
R̂vac(30) ∈ [0.101916, 0.101919],
R̂vac(100) ∈ [0.102004, 0.102007]. By hand
(appendix G.5): the finite-c corrections, and the
cells beyond the hundredth with Ctail(100) ≤ 282
(G.20).

Proposition 7.13;
G.3, G.5

For reference, not certified (closed forms): κtip = 4 · 23/4/(9
√
π) = 0.4217111, and

(U + L)(x∗
1 − δ) = −2.649689 δ3/2(

1 +O(δ)
)

as δ ↓ 0, with coefficient 2πκtip (Lemma 6.7).

Table 4: (continued)

is at P/c = 1.5, the reach of the chain c = 2048, the two test chains with five levels left in the
window err by at most 5 × 10−7c, a tenth of the σ quoted for c = 2048.

I Limit profiles: proofs for section 10
This appendix proves the statements of section 10: three inequalities at finite c, which carry
all the input from section 6 (appendix I.1); Lemma 10.1, which is a quotation (appendix I.2);
Lemma 10.2 and Proposition 10.3 (appendix I.3); and Theorem 7 (appendix I.4). Beyond
appendix I.1 only the potential theory of subharmonic functions in the plane is used [63, 72].

Throughout, the notation is that of section 10.1, dA is the area measure in the b-plane, and
U is the extremal potential extended across the slits. We use these properties of U (Lemma 6.5,
Definition 6.6, Lemma 6.7 and (C.15)): it is continuous on S and harmonic on D; U ≤ 0; U = −L
on the slits and U < −L on (−x∗

1, x
∗
1); and it is subharmonic on S, its charge 1

2π ∇2U being the
measure ρU (x) dx⊗ δy=0 on the slits |x| ≥ x∗

1, with the density ρU of (6.21).
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I.1 Three inequalities at finite c

Lemma I.1 (proved). Let c ≥ 40 and g ∈ Ā \ {0}.
(a) supS ug ≤ (2 log c′ + C)/c′, with an absolute constant C.
(b) For every compact Q ⊂ D, ug ≤ U + CQ(1 + log c′)/c′ on Q, with the constant CQ of

Proposition 6.4.
(c) If g is weakly feasible and x1(g) ≤ xmax, then x1(g) > 0 and max0≤x≤x1(g)

(
ug(x) +L(x)

)
≥

−
(
log c′ + log(32π2x4

max/3)
)
/c′.

Proof. (a) is Lemma C.4 on the closed strip, supS̄|G| ≤ C a c′M [g], after taking the logarithm
and dividing by c′. (b) is Proposition 6.4, with Ux∗

1
= U by Lemma 6.5. (c) Both sides are

unchanged when g is multiplied by a positive constant, so let M [g] = 1. Write t1 = t1(g);
it is positive, because no nonzero functional is weakly feasible at T ≤ 0 (section 2.4). The
half-mass condition (2.16) says that

∫ t1
0 g−V dt ≥ 1

2 . By Lemma B.2(d), at t = c′x2/3 > 0
we have g−V ≤ |g|V ≤ 4π2t

a ec′L(x)|G(x)| = 4π2t
a ec′(ug(x)+L(x)). Let m := max[0,x1(g)](ug + L),

which is a maximum because |G| ec′L is continuous. Bounding the integrand by its supremum on
(0, t1], and using t1 = c′x1(g)2/3 and a = c′/12, we get 1

2 ≤ t1 · 4π2t1
a ec′m = 16π2

3 c′ x1(g)4 ec′m ≤
16π2

3 c′ x4
max e

c′m, and taking the logarithm gives (c).

I.2 Proof of Lemma 10.1

We check that the profiles are uniformly bounded above, quote the compactness theorem for
subharmonic functions, and pass from potentials to charges by integrating by parts.

The theorem quoted [72, Thms. 3.2.12–3.2.13]. Let X ⊂ R2 be open and connected, and
let uj ̸≡ −∞ be subharmonic functions on X, bounded above on every compact subset of X
uniformly in j. Then either uj → −∞ uniformly on every compact subset of X, or a subsequence
converges in L1

loc(X). If uj → u in L1
loc(X), then u is almost everywhere equal to a subharmonic

function, again called u, and for every compact K ⊂ X and every continuous f : K → R

lim sup
j→∞

sup
K

(uj − f) ≤ sup
K

(u− f). (I.1)

Proof of Lemma 10.1. Each uj is subharmonic on S and not identically −∞, since Gj is holo-
morphic and not identically zero, and, for j so large that cj ≥ 40, supS uj ≤ (2 log c′

j + C)/c′
j

by Lemma I.1(a). So the uj are uniformly bounded above from some j on, and the theo-
rem applies with X = S, which is connected. Either (i) holds, or there is a subsequence
with uj → u in L1

loc(S) and u subharmonic; u ̸≡ −∞ because u is locally integrable. For
the charges write nj := ngj and nu := 1

2π ∇2u. For a smooth φ of compact support in S,∫
φdnj = 1

2π

∫
uj ∇2φdA → 1

2π

∫
u∇2φdA =

∫
φdnu. Choosing φ ≥ 0 with φ ≥ 1 on a

compact K shows that supj nj(K) < ∞, and then the convergence extends from smooth to
continuous φ of compact support by uniform approximation: nj → nu vaguely.

We record the standard consequence that is used for Theorem 7(b); it follows by testing
against continuous functions that decrease to 1K and, for the second statement, also against
ones that increase to the indicator of the interior of K. For compact K ⊂ S,

lim sup
j→∞

nj(K) ≤ nu(K), and nj(K) → nu(K) if nu(∂K) = 0. (I.2)

I.3 Proofs of Lemma 10.2 and Proposition 10.3

For the majorant we pass Lemma I.1(b) to the limit almost everywhere and remove the exceptional
set by averaging over small disks. For the contact point we follow the points at which Lemma I.1(c)
holds and use (I.1): a limit cannot lose what the uj have at nearby points.
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Proof of Lemma 10.2. Let uj → u in L1
loc(S). A subsequence converges almost everywhere, so

Lemma I.1(b) gives u ≤ U almost everywhere on every compact Q ⊂ D. Hence u ≤ U almost
everywhere on S, because the slits have zero area. For b ∈ S and small r the sub-mean-value
property of u on the disk B(b, r) gives u(b) ≤ 1

πr2
∫

B(b,r) udA ≤ 1
πr2

∫
B(b,r) U dA → U(b) as

r → 0, since U is continuous on S. The rest follows from U ≤ 0, U = −L on the slits and
U < −L on (−x∗

1, x
∗
1).

Proof of Proposition 10.3. By Lemma I.1(c) with xmax = x∞ + 1, for large j there are points
xj ∈ [0, x1(gj)] with uj(xj) + L(xj) ≥ −ϵj , where ϵj :=

(
log c′

j + log(32π2(x∞ + 1)4/3)
)
/c′

j → 0.
LetK := [0, x∞+1], which contains xj for large j. If alternative (i) held, then uj(xj) ≤ supK uj →
−∞, in contradiction with uj(xj) ≥ −L(xj) − ϵj ≥ −2π

3 (x∞ + 1) − 1. So (i) does not occur. Let
u be a limit profile. Passing to a further subsequence, uj → u in L1

loc(S) and xj → x0 ∈ [0, x∞].
Fix r ∈ (0, 1

2) and apply (I.1) with Kr := B̄(x0, r) and f(b) := −L(Re b), which we write −L.
Since xj ∈ Kr for large j, supKr

(u+L) ≥ lim supj supKr
(uj +L) ≥ lim supj

(
uj(xj)+L(xj)

)
≥ 0.

As r ↓ 0 the left side decreases to u(x0) + L(x0), because u+ L is upper semicontinuous. With
Lemma 10.2, −L(x0) ≤ u(x0) ≤ U(x0) ≤ −L(x0), so all three are equal. Finally U(x0) = −L(x0)
fails for 0 ≤ x0 < x∗

1 by Lemma 6.7, so x0 ≥ x∗
1.

I.4 Proof of Theorem 7

We reduce the theorem to the claim that every limit profile u of the sequence is equal to U ,
and prove the claim for the deficit θ := U − u in three steps: a dichotomy on the slit strip D
(Step 1), the exclusion of θ > 0 by two incompatible bounds on the means of θ over small circles
about the tip (Step 2), and the points of the slits (Step 3).

Reduction. By Proposition 10.3 with x∞ = x∗
1, every subsequence has a further subsequence

that converges in L1
loc(S) to a limit profile u whose contact point lies in [x∗

1, x
∗
1], that is, u(x∗

1) =
U(x∗

1). Suppose that every such u is equal to U . Since convergence in L1
loc(S) is convergence in

a metric, the whole sequence then converges to U , which is (a). The integration by parts in the
proof of Lemma 10.1, applied to the whole sequence, then gives nj → 1

2π ∇2U = ρU dx⊗ δy=0
vaguely, which is (10.2). This measure gives no mass to a compact set disjoint from the slits,
and none to the boundary of a rectangle [xa, xb] × [−y0, y0], since it has a density on the real
axis. So (I.2) gives the two counting statements of (b), after multiplication by c′

j . For (c), the
map b 7→ c′

jb
2/3 is injective and holomorphic on Re b > 0, and Gj(b) = gj(c′

jb
2/3), so the zeros

of Gj in the rectangle and the zeros of gj in its image correspond, with multiplicities. The
image of x+ iy is c′

j

3 (x2 − y2) + 2i
3 c

′
jxy. With ξ = x2/3, dx = 3

2x dξ and ρV = 3ρU/4x we have
∫ xb

xa
ρU (x) dx =

∫ ξb
ξa

2ρV (ξ) dξ.
It remains to prove the claim. Let u be a limit profile with u(x∗

1) = U(x∗
1), and θ := U −u on

S. By Lemma 10.2, θ ≥ 0. It is lower semicontinuous (−θ is upper semicontinuous: at a point θ
can jump down, never up), with values in [0,+∞], it is not identically +∞, and θ(x∗

1) = 0. On D
it is superharmonic, because there U is harmonic. Let r0 := x∗

1/2, so that the disk B := B(x∗
1, r0)

lies in S and does not meet the left slit.
Step 1: dichotomy. Since D is connected, the strong minimum principle [63, Thm. 2.3.1]

says that a non-negative superharmonic function on D that vanishes at one point of D vanishes
identically. So either θ ≡ 0 on D, or θ > 0 at every point of D.

Step 2: θ > 0 on D is impossible. Suppose that θ > 0 on D. Let Ω0 := B \ [x∗
1, x

∗
1 + r0), a

simply connected subdomain of D, and let A := {x∗
1 + r0eiϕ : π

4 ≤ ϕ ≤ 3π
4 }, a compact arc in D.

Since θ is lower semicontinuous and positive on A, θA := min(1,minA θ) lies in (0, 1]. The local
coordinate w :=

√
b− x∗

1, with arg(b − x∗
1) ∈ (0, 2π), maps Ω0 conformally onto the half-disk

H0 := {|w| < R, Imw > 0}, R := √
r0. It extends continuously to the boundary, maps the two

lips of the slit and the tip to the diameter [−R,R], and maps A to A′ := {Reiϕ : π
8 ≤ ϕ ≤ 3π

8 }.
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For |w| < R let

ω(w) := 1
2π

∫ 3π/8

π/8

(
R2 − |w|2

)[ 1
|Reiϕ − w|2

− 1
|Re−iϕ − w|2

]
dϕ, (I.3)

the Poisson integral in the disk |w| < R of the boundary function that is +1 on A′, −1 on the
mirror image of A′ in the real axis, and 0 elsewhere. It is harmonic, and odd under w 7→ w̄, so
it vanishes on the diameter. On H0 it satisfies 0 ≤ ω ≤ 1: the bracket is non-negative there,
because |Re−iϕ − w|2 − |Reiϕ − w|2 = 4R sinϕ Imw ≥ 0, and its first term alone gives the
Poisson integral of an indicator function. It tends to 0 at every boundary point of H0 outside
A′. Let h(b) := θA ω(w(b)) on Ω0; it is θA times the harmonic measure of A in Ω0. Now θ − h
is superharmonic on Ω0, and its lower limit at every boundary point of Ω0 is non-negative: at
points of A because θ ≥ θA ≥ h and θ is lower semicontinuous; elsewhere because θ ≥ 0 and
h → 0, the two lips of the slit being approached separately. By the minimum principle ([63,
Thm. 2.3.1] applied to h− θ on the bounded domain Ω0), θ ≥ h on Ω0.

Lower bound. Let |w| ≤ R/2 and Imw > 0. In (I.3) we have R2 − |w|2 ≥ 3
4R

2 and
|Re±iϕ − w| ≤ 3

2R, so the bracket is at least 4R sinϕ Imw/(3
2R)4. Integrating sinϕ over

[π
8 ,

3π
8 ] gives ω(w) ≥ 1

2π · 3
4R

2 · 4R Imw (cos π
8 − cos 3π

8 )/(3
2R)4 = c2 Imw/R, where c2 :=

8(cos π
8 − cos 3π

8 )/(27π) = 0.0510. On the circle b = x∗
1 + ϵeiϕ, 0 < ϕ < 2π, with 0 < ϵ ≤ r0/4, we

have |w| = ϵ1/2 ≤ R/2 and Imw = ϵ1/2 sin(ϕ/2). Since θ ≥ h = θA ω and
∫ 2π

0 sin(ϕ/2) dϕ = 4,
the mean of θ over this circle is at least θA (c2/R) ϵ1/2 · 4

2π , which is the first inequality in (I.4).
Upper bound. Since u is subharmonic on S, u(x∗

1) is at most the mean of u over the circle
of radius ϵ about x∗

1; and u(x∗
1) = U(x∗

1). Hence the mean of θ over that circle is at most
the mean of U minus U(x∗

1). The latter is given by the Poisson–Jensen formula at the center
[63, §4.5]: it equals

∫ ϵ
0 µ(σ) dσ/σ, where µ(σ) is the charge 1

2π ∇2U of the disk B(x∗
1, σ), that

is, µ(σ) =
∫ x∗

1+σ
x∗

1
ρU dx for σ ≤ r0. On [x∗

1, x
∗
1 + r0] we have sinh πx − 1 ≤ κ2(x − x∗

1) with
κ2 := π cosh

(
π(x∗

1 + r0)
)
, because sinh πx∗

1 = 1; and arccosh(1 + δ) ≤
√

2δ for δ ≥ 0. So
ρU (x) ≤ 4

3π

√
2κ2(x− x∗

1) and µ(σ) ≤ 8
9π

√
2κ2 σ3/2, and the mean of θ is at most C4 ϵ3/2 with

C4 := 2
3 · 8

9π

√
2κ2. Together,

2 θA c2
πR

ϵ1/2 ≤ 1
2π

∫ 2π

0
θ
(
x∗

1 + ϵeiϕ)
dϕ ≤ 16

√
2κ2

27π ϵ3/2 (0 < ϵ ≤ r0/4), (I.4)

which is false for small ϵ. So θ ≡ 0 on D.
Step 3: the slits. We have u = U on D. At a point x of a slit, upper semicontinuity of u

and continuity of U give u(x) ≥ lim supb→x, b∈D u(b) = U(x), and u(x) ≤ U(x) by Lemma 10.2.
Hence u = U on all of S, which is the claim. This completes the proof of Theorem 7.

Notation index
Central charge, weights, variables. At the right: the place of definition (§: section or subsection).
c′, a, t, t0 c− 1; c′/12; ∆ − a, so that the BTZ threshold is at t = 0; position −a of the vacuum (2.1), §2.1
β; Ẑ, dn inverse temperature, and nothing else; reduced partition function; degeneracies, dn > 0 (2.2)
∆1 gap of an admissible spectrum, a+ minn tn; primaries with tn < 0 are light Def. 2.1
b = x+ iy; G

√
3t/c′, not the Liouville coupling; physical axis b = x ≥ 0, vacuum at ± i

2 ; G(b) = g(c′b2/3) (2.17)
r ∈ R2 plane with t = |r|2/2, in which a functional is radial and ĝ = −g (2.8), (2.9)
PL, P̄L, QL Liouville momenta and background charge, in two remarks only Rems. 2.2, 2.4
ξ; ξ1, Λ ∆/c in §3, t/c′ = b2/3 from §4 on; a certified slope Λ has 1/Λ = 1

12 + ξ1, ξ1 = x2
1/3 (4.1), (2.19)

L(x) 2π
3 |x|, so ec′L = e4π

√
at; the Cardy line is the graph of −L against x (2.18)

S, E±; v strip |y| < 1
2 of the b-plane, its edges y = ± 1

2 ; edge coordinate, b = v + i
2 §2.5, (7.3)

H ∋ z upper half-plane; it uniformizes the curve and the slit strip (4.11), (6.12)
Functionals, kernels, the linear program
ω; Ξβ , eβ functional on functions of β (§2 only); crossing kernel eβ − β−1e1/β , eβ = e−2πβt (2.4), §8.2
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g; gvac a functional, as the function ω[Ξβ(t)] of t; its vacuum value, −
∫ ∞

0 g ρC dt (2.5), (2.15)
t1(g), x1(g) last sign change of g, the gap bound that g certifies;

√
3t1/c′ Def. 2.3, (2.17)

P , polP ; t(P )
1 , ∆(P )

1 order, polynomial in g = polP (t)e−2πt; inf t1(g) at order P ; a+t(P )
1 (P = ∞: limits) (2.6), §2.2

ψk Laguerre functions Lk(4πt)e−2πt, ψ̂k = (−1)kψk (2.10)
Kα, V , ρC Cardy kernel I0(4π

√
αt), weight Ka − 2Ka−1 +Ka−2 (no subscript), density 2πV (2.11), (2.12)

as(z); εV , CV Bessel asymptote ez/
√

2πz; remainder of V against as(c′L), |εV | ≤ CV /c
′ §B.4, (B.7)

g±, M [g] max(±g, 0); Cardy-weighted mass
∫ ∞

0 |g|V dt (2.16)
Ā; TV , ∆best

1 class of functionals; least T at which some g ∈ Ā is feasible, and TV +a (V : Virasoro) Def. 2.5, (2.20)
x∗

1, ξ∗
1 , ΛV arcsinh(1)/π = 0.2805499; (x∗

1)2/3 = 0.0262361; 12π2/(π2 + 4 arcsinh2 1) = 9.1266340 Thm. 1
tint; φ(t) interior zero of the optimal functional below t1; prefactor in g = φe−2πt at t = O(1) §2.5, §4.6
The curve and its endpoint (Part II)
S, τ ; yE , κ WKB exponent; local modular parameter S ′/2πi; Im τ± (band); Cardy height 2b yE (4.1), (4.5), (4.8)
ρ, ρ0, w, ι, W , F , E §3 only: double zeros per unit ∆; S-image of the vacuum; π2ξρ; ŜU(1) in (ρ,w); the curve as

w = W (ρ) or ρ = F(w); even factor of F (3.2), (3.7), (3.9)–(3.12)
ŜU(1), Ŝ; Σ sheet maps, the Fourier transform acting on WKB sheets; the spectral curve (B) (3.6), (4.2)
p; R, σ WKB momentum −τb, on Σ the function (6.16); quarter-turn (p, b) 7→ (b,−p); exchange (p, b) 7→

(−p− i, b) of the band sheets (4.3), (4.4), §4.3
γk, Ω̃; X, Y band arc γ0 and its images Rkγ0, the region they bound on Σ; coordinates e−π(p±b) (4.10), (4.12)
Aopt, Am; t2 c1/3 coefficients: conjectured optimum 0.27666; comb with m omitted sites; second extremal

level (4.18), (7.6)
Λfit, γfit; Λmeas, ξ∗

1,meas parameters of a logarithmic fit; measured slope and endpoint §5.2, (5.2)
Potential theory (Part III)
Ds, Us; D, U , U0 strip slit along |x| ≥ s, with tips ±s; harmonic function on it, 0 on E± and −L on the slits; the

case s = x∗
1, U being the extremal potential; U(0) = −0.388748 (6.11), (6.14), (6.17)

ug; CQ profile 1
c′ log(|G|/M [g]); constant in ug ≤ U + CQ(1 + log c′)/c′ on a compact Q ⊂ D (6.13), (6.15)

ωb(E), dωb/dx harmonic measure of a boundary set E seen from b; its density on a slit, both lips added §6.4
ng; ζ, mζ Riesz measure 1

2π
∇2ug; a zero of G, its multiplicity (6.10), (6.7)

ρU ; ρV zero law 4
3π

arccosh(sinhπ|x|), |x| ≥ x∗
1: charge of U (not U(1)), zeros per unit x and c′; 3ρU

4x
, double

zeros per unit t Def. 6.6, (4.16)
N , κtip; γtip N(x) = 1

2

∫ x

x∗
1
ρU ≃ κtip(x − x∗

1)3/2 counts sites, κtip = 4 · 23/4/(9
√
π) = 0.4217111; coefficient of

√
s− |x| in Us + L (6.22), §6.6

κ(δ); Cδ, Cconc, CH Cardy deficit −(U +L)(x∗
1 − δ); constant in (6.1), ≤ Cconcδ

−5; entropy constant (6.24), (C.6)
c0(Λ), copt

0 , catt
0 central charges from which Thm. 4 (first part; rate), Thm. 5 hold; not computed; catt

0 ≥ 40 §6.8
The functional of Part IV and its comb
Tζ(b) Blaschke factor of the strip, zeros ±ζ, facts (T1)–(T4); T with a point as subscript is always this (7.1)
F , v0, b0 edge function p(v + i

2 ) = 1
π

arcsinh(coshπv); its inverse, ρU = 4
3v0; saddle v0 + i

2 (7.3)
χn, ℓn, εn, u sites: c′N(χn) = n− 1

4 ; length of cell n = (χn, χn+1); detuning height η0ℓn; (x− χn)/ℓn §7.2, §7.5
m, k∞, n1, η0 omitted sites, node phase, onset index m+ 1 − k∞ = c′N(χ2), detuning; fixed to (1, 1

4 ,
7
4 ,

1
4 ) §7.2

B, h0, g; B0, h0
0 comb, seed sech2( πb

2 )B, functional 1
2 (h0 − ĥ0) of Thm. 5; the same at η0 = 0 (7.4)

t⋆, A1; ℓc, ς c′χ2
2/3 = ξ∗

1c
′ +A1c

′1/3 + . . . , A1 = 0.483; Airy length (κtipc
′)−2/3; (x− x∗

1)/ℓc (7.5), §7.1, Lem. 7.5
θon, xI onset exponent 0.2; hand-off point x∗

1 + c′−θon between Regions I and II §7.1
ν, Ψ; Ψ̂ site index c′N(x) + 1

4 − 2, comb phase 2πν − π; phase of ĥ0 (7.10), (E.11)
Env, Π exact envelope, |h0

0| = Env sin2 πν; detuning factor |B|/|B0| ≥ 1 (7.11)
P, PY ; Jend, CJ potential of the absent charge on [x∗

1, χ2], on [x∗
1, Y ]; end correction, 0 ≤ Jend ≤ CJ ≤

0.65 (7.12), (7.13)
Lev, λ level 4 sech2( πx

2 )e−c′L+c′P+Jend , the unit of all certified ratios; Env/Lev (7.14), (7.16)
H±

n,j , h±
j ; Cj hole functions of cell n, with j pairs kept on each side of x; their limits (h±

∞ if j = 1); |H±
n,j − h±

j | ≤
Cj( 1

n
+ ℓn), Cj = Cj2 log(2j + 2); 94

n
+ Cℓn if j = 1 (F.39)–(F.42), (F.45), (F.46)

eL, CL; Cdet; cT midpoint remainder of the far-left sites, its supremum on the cells n ≥ 6, CL ≤ 0.006
(Lemma F.6(d)); detuning constant, Cdet ≤ 16.6; overshoot constant, of which only cT > 0 is
used (F.23), Lem. F.7, (7.31)

Φ0, Φ1; CEM edge phases, logB = c′Φ0 + Φ1; Euler–Maclaurin constant (7.22), (D.10)
kx, εH ; αx, sch Hankel wavenumber 4π

3 c
′x, remainder; curvature, chord slope of the phase (7.8), (7.9), (E.5)

Amp, εsd; Cglob amplitude of ĥ0, remainder under (SD1)–(SD4) (§E.1); global constant 25 (7.23)–(7.25)
ϱ, ϱ∞ ratio Amp/Lev and its c-independent majorant (7.26)
µj ; µI

n, µslope floor constants, j pairs kept exactly on each side; floors near the onset (7.27), (7.32), (7.33)
Lobe, Band; Rvac integrals of h0V over (0, t⋆) and (t⋆,∞); vacuum ratio, Band ≤ Rvac|Lobe| (7.34), (7.35)
Certification (§8)
m; NZ , CZ signed spectral measure

∑
n
dnδtn −ρC dt, facts (Z1)–(Z4), (St); counting function, 1+Ẑ(1) (8.1), §8.2

ϖ; Abr, βr
β−1
β+1 ; Abel mean of ratio r < 1, contracted modulus with ϖ(βr) = rϖ(β) (8.3), (8.6), (8.8)
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Wq,ℓ, ℓa weights (1 + 4πt)qeℓ
√

4πt; Cardy exponent 2
√
πa (8.2)

x∞, x0; θ limit of x1(gj) along a sequence gj , contact point; deficit U − u of a limit profile u Prop. 10.3, §10.2
Letters with two meanings. j: pairs kept (§7, App. F), sequence index (§10, App. I). δ: distance below the
tip (§6, App. C), above it in the variable πx (§F.1). r: Abel ratio (§8), distance from a tip (Lem. 7.5). y: Im τ ,
the height of a sheet (§3, §4), Im b (elsewhere). E: boundary set, edges E±, factor E(w). a, u, σ: also a real
label in χa, and 4πt,

√
4πt in §8. Distinct: W (ρ), Wq,ℓ; eβ , eL, e1(δ); ω, ωb; κ(δ), κtip, κ. Bare ε, ϵ: local to a

statement; η: Dedekind function (§2.1 only); ϱ: a ratio, not a density; fraktur letters: measures.
Asymptotic relations. A ≃ B: A/B → 1 in the limit indicated. A ≍ B in a proof (§7, the appendices):
C−1B ≤ A ≤ CB with a constant C ≥ 1 that does not depend on c or on the point x; it may depend on the fixed
parameters of the construction, and on a parameter that is named at that place. A ≲ B: A ≤ CB with such a C
(in App. D it may depend on δ1); A ≳ B: B ≲ A. In §3 and §4, ≍ keeps the exponential order in c only. With
explicit numbers on the right (c′ ≲ 414), ≲ reads “at most, approximately”.
Status tags (legend at the end of §1.3). [proved], [proved, computer-assisted], [conjecture], [heuristic],
[numerical], [orientation], on a statement or a section; ⟨cert⟩ marks a certified inequality, a row of Table 4.
Terminology. Gap: ∆1 only; two sites bound a cell. BTZ threshold: t = 0 only; a functional certifies a gap bound.
Feasible at T , weakly feasible: Def. 2.3. Lobe interval [0, t1), with the negative lobe of g; band: beyond t1 (§2.5).
Envelope: |g|env of an oscillating |g|, and Env; U is a majorant of profiles. Edges: E± only; the slits end at tips.
Onset: near the first kept site χ2 (§7.1); onset index: n1. Optimality, attainment: the halves of Thm. 1 (§2.6).
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