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THE L’VOV-KAPLANSKY CONJECTURE FOR
MULTILINEAR POLYNOMIALS OF DEGREES FOUR TO SIX

SHENGYONG PAN

ABSTRACT. Let K be an algebraically closed field of characteristic zero. We
determine the images of ordinary multilinear polynomials of degrees four, five
and six on matrix algebras. For n > 3, a nonidentity has image s[, (K) when
its cyclic class is zero and M,, (K') otherwise. In these degrees the only nonzero
identity exception is the standard degree-six line on M3(K). The proof starts
with proper sextics and treats arbitrary sextics by unit restrictions and local
trace lifting. An image-preserving product substitution then gives degrees
four and five as consequences. We also give cyclic and matrix lifting results
applicable in arbitrary degree. The finite calculations are given by explicit
matrix-unit identities.
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INTRODUCTION

Let K be an algebraically closed field of characteristic zero. For a noncom-
mutative polynomial f, write Val,(f) for its set of values on M, (K). The
L’vov—Kaplansky conjecture asks whether this set is a vector space whenever f
is multilinear. The question appears under I. V. L’vov’s name in [12, Problem
1.98, p. 12]; a survey of matrix polynomial images is [13].

For 2 x 2 matrices, Kanel-Belov, Malev and Rowen [11, Theorem 2] proved
the four possible images {0}, K1, sly(K) and My(K). The degree-three case
was proved by Vitas [14, Theorem BJ. In degree four, traceless containment
for nonzero polynomials on M, (K), n > 3, was established by Buzinski and
Winstanley [15], with the correction in [16, Theorem 4.1]. Tang’s preprint [18,
Theorem 1.1] gives a proof of the degree-four conjecture under the same field
assumptions. Its quartic image classification agrees with the degree-four part
of Theorem A below. The methods share trace-pairing tests, scalar values
from clock-and-shift matrices, frozen-input linear maps, and cycle and block
constructions with exact minors. Tang’s main route uses traceful linear slices of
codimension at most two to meet nonscalar conjugacy classes [18, Corollary 2.5],
followed by quartic coefficient reductions and transfer from sizes two and three.
We first treat proper sextics by studying local fibers and corrected trace terms
at rank-one square-zero values. Unit deletions give the ordinary sextic case,
from which degrees four and five follow by product substitution. The proof of
the proper-sextic theorem is independent of lower-degree image classifications,
including Tang’s theorem.

Let P, be the ordinary multilinear component: every word contains each of
x1,...,2Tq once, with coefficients in K. Let 7 : P; — Cj identify words under
cyclic rotation. Its coordinates are the sums of coefficients in the cyclic orbits.
Put

sa(T1,...,7q) = Z Sgn(a)%(l) © To(d)-
0ESy
Our main result is the following.

Theorem A. Let d € {4,5,6}, f € P;, and n > 3. Define

. {KSG, (d,n) = (6,3),
" {0}, otherwise.
Then

{O}’ f € Id7n7

Val,(f) = ¢sb(K), f¢& I, andnf =0,

M,(K), =f#0.
For n = 2, the four image alternatives are determined by actual identity, cen-
trality and trace conditions, as specified in Corollary 8.12.

Here the image is the set of single evaluations, not its linear span or Zariski
closure. In particular, dominance alone does not prove the statement. We
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construct an open neighborhood of a nonzero rank-one square-zero value and use
conjugation and scalar multiplication to recover every nonscalar target. Scalar
targets in the traceful case are obtained independently from a homogeneous
matrix basis.

The paper is organized as follows. In Section 1, we fix notation and collect
results on cyclic words, proper components and local fibers. A polynomial is
proper if every single unit deletion annihilates it. The first two upper-triangular
symbols divide the proper sextics into a one-slot case, products of three com-
mutators, and a mixed two-slot case. Sections 2-7 treat these cases and prove
Theorem 7.16.

In Section 8, we use this theorem and image-preserving Lie substitutions
to determine the values of proper polynomials of lower degree. A maximal
nonzero unit restriction of a nonproper sextic is proper. Local trace lifting in
the original inputs then gives the ordinary sextic theorem. Replacing one input
by a product of fresh variables preserves the value set, so the degree-four and
degree-five classifications follow in Corollary 8.11. This product substitution is
distinct from the Lie substitutions used for proper polynomials.

In Section 9, we prove further lifting results applicable in arbitrary degree.
In Section 10, we describe the finite calculations as matrix-unit identities and
parameter factorizations. The arguments for arbitrary matrix size are given in
the preceding sections.
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1. PRELIMINARIES

Throughout the paper, K is algebraically closed of characteristic zero. All
varieties and tangent spaces are over K. Put H,, = {A € M,,(K) : A; =0} and
sl,={Ae M,(K) :tr A=0}. Weuse [A, Bl = AB—BAand ad4(B) = [A, B].
The space Py has basis the d! words z4(1) -+ Zy(a), 0 € Sq. For f € Py, set

Val,(f) = {f(A1, ..., Ag) : A; € M, (K)}.

The cyclic projection 7 : Py — Cy identifies words under cyclic rotation; its
coordinates are the sums of the coefficients in the cyclic orbits. A polynomial is
traceful on M, if its trace function is not identically zero. A proper multilinear
polynomial is killed, in the free algebra, when any one input is replaced by 1.
We denote the proper subspace of P; by I'y. Properness implies invariance under
adding any scalar matrix to an individual input. This definition agrees with the
usual multilinear proper component described by products of Lie commutators
through the Poincaré-Birkhoff-Witt decomposition [9].
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1.1. Unit deletions and proper components. For d > 2, deletion of z;

induces 0; : Cq — C’(gi_)l, where the superscript means that x; is omitted. For
fi = flz;=1 one has 7(f;) = d;n(f). The cyclic deletion kernel is

d
’Cd = ﬂ ker@i g Cd.

i=1
It is distinct from the proper word space 'y = N, ker(f — f;) C P;.

Proposition 1.1. For a nonempty subset B C [d], let L(B) denote the mul-
tilinear free Lie component on the variables indexed by B. Let I1>5(d) be the
set partitions of [d] without singleton blocks. Symmetrized multiplication gives
a natural Sg-module isomorphism

= @ QLB

WEHZQ(d) Ber

For m = {By,...,B.}, this map sends a tensor of Lie elements to
%desr loq) -+ Lo@ry; it is independent of the ordering of the blocks. Conse-
quently, with by =1,

4 (=1)

2
m€ll>o(d) BET J=0

Proof. The free associative algebra is the enveloping algebra of the free Lie al-
gebra L. In characteristic zero, PBW symmetrization is a natural multigraded
vector-space isomorphism Sym(L£) = U(L); see [9, Theorems 0.2 and 0.5; Sec-
tion 0.4.3]. Its multilinear part is the direct sum over all set partitions, including
singleton blocks.

Deleting x; kills every Lie factor of length at least two containing x;. On
a symmetrized product with singleton factor x;, deletion removes that factor:
its r 4+ 1 possible positions change the coefficient 1/(r 4+ 1)! into 1/r!. Distinct
remaining partition components are independent by PBW. Hence the kernel
of this deletion is precisely the sum of components without singleton block {i}.
Intersecting over 7 gives the asserted decomposition. Symmetrization commutes
with relabeling, proving equivariance.

For |B| = r, the multilinear Lie component has dimension (r — 1)!. In-
deed, fix one variable innermost on the right. The corresponding right-normed
brackets span by Jacobi; their associative expansions have distinct words end-
ing in that fixed variable, proving independence. This gives the partition sum.
Separating singleton supports in the full multilinear PBW decomposition gives

d = ;l:o (;l) bq—;. Binomial inversion yields the second formula. Ul

In degrees four and five the dimensions are 9 and 44. In degree six, the block
types (6), (4,2), (3,3), (2, 2,2) contribute respectively 120, 90, 40, 15, giving bg =
265. These are coefficient-space decompositions; they do not permit addition of
independently attained polynomial values.
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1.2. Detection by pairwise collisions. For d > 3 and 7 < j, let Cc(lij) be the
space spanned by cyclic words in which x;, z; have been replaced by one letter
D. The substitution defines a collision map

Pij : Cd — C’C(IZ])
It preserves total degree, although it reduces the number of distinct variables.

Proposition 1.2. Let d > 3 and let G be any connected graph on [d]. Then

| kerp; = {0, d even,
(@) Kﬂ_(sd)a d odd.

{i,j}€FE

In particular, this one-dimensional subspace is contained in Kq whenever d is
odd.

Proof. Fix 7 = (ij). A cyclic word with two occurrences of D has exactly two dis-
tinct multilinear lifts, interchanged by 7. They are distinct because at least one
other letter occurs exactly once: a rotation fixing that letter cannot interchange
the two labelled occurrences of D. Consequently, ker p;; = {{ € Cy : 7€ = —E}.
The edge transpositions of a connected graph generate S;: conjugating an edge
transposition along a path produces the transposition between its endpoints.
Thus the common kernel is the subspace on which every permutation acts by
its sign.

The action of S; on the cyclic-word basis is transitive. The stabilizer of
m(xy - xq) is generated by the d-cycle (12 ---d). In a sign eigenvector, all
coefficients are determined by one coefficient; this is consistent precisely when
the sign is trivial on that stabilizer. Since the sign of a d-cycle is (—1)?~1, there
is no such nonzero vector in even degree, and there is at most one independent
such vector in odd degree. For odd d, each cyclic orbit contributes d equal
signed terms to 7(sy), so this class is nonzero and spans the common kernel.

Finally, for odd d, we perform direct grouping according to the position of z;
to get

Sd(l‘b cos @i, Ly, 733d) = (—1)171&171(331, Ce T ;SUd)-

The cyclic class of the even-degree polynomial on the right is zero: cyclic rota-
tion reverses its alternating sign. Every deletion of 7(s,) therefore vanishes. [

Proposition 1.3. Let d > 3. Write I'y C P; for the common kernel of all
unit deletions. This is distinct from the cyclic deletion kernel Ky C Cy. For a
connected graph G on [d], let S;; be the word substitution x; = x; = D. Then

Ksg, d even,

ﬂ ker Si; = Ksq, ﬂ ker(Sij|r,) = {()’ d odd.

{i.7}€E(G) {i,J}€E(G)

Thus both this result and Proposition 1.2 require only the d—1 edges of a spanning
tree.
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Proof. A word containing two copies of D has exactly two multilinear lifts,
exchanged by (ij). Hence S;;f = 0 if and only if (ij)f = —f. The edge
transpositions generate Sy, and its action on the multilinear word basis is free
and transitive. The common kernel is therefore the one-dimensional alternating
subspace K's4. Grouping the terms of s; by the position of x; gives

) 0. d even,
z;=1 = (_1)i718d—1(I17 cee 7@7 o ,J]d), d odd.

Sd

The insertion signs alternate, with sum zero in even degree and one in odd
degree. The displayed free polynomial in odd degree is nonzero, which proves
the restriction to I'y. O

These are statements about free words and free cyclic classes. A nonzero
cyclic collision implies a traceful matrix specialization only after the matrix
identity quotient in Proposition 1.4 has been checked.

1.3. Trace, identities and hollow matrices.

Proposition 1.4. For every d > 1, rotation to the unique representative begin-
ning with x4 defines a vector-space isomorphism

@d : Cd — Pdfl, @d(ﬂ'(iﬂdw)) = w,
where the target uses x1,...,24-1 and Py = K. Put hy = O4(n(f)). Then
tr flu, =0 <= hy € Id(M,(K)).

In particular, if Tqn C Cy consists of classes with identically zero matriz trace,
then

Ca/Tin = Pa-r/(Paa N1d(M,(K))).

Proof. Every multilinear cyclic word contains z, exactly once, so rotation gives
the stated isomorphism. Cyclicity of trace gives

tr f(Ay,..., Ag) = tr(Adhf(Al, . ,Ad_l)).

Fix the first d—1 inputs and vary A,. Nondegeneracy of the matrix trace pairing
shows that the right side vanishes for every A, exactly when the displayed value
of hy is zero. This proves the equivalence and identifies the subspace defining
the quotient. O

Proposition 1.5. For1 <d <6, f € Py andn > 3, the identity tr f = 0 holds
on M, if and only if 1f = 0. There is no nonzero identity in these degrees when
n >4, nor in degrees at most five when n = 3. The ordinary multilinear sextic
identity space of M3 is K sg.

Proof. In Proposition 1.4, the polynomial h; has degree d — 1 < 2n. The
minimum-degree part of the Amitsur-Levitzki theorem gives h; = 0 whenever
it is an identity [1]. The same bound excludes the asserted polynomial identities.
In size three, uniqueness of the multilinear identity in minimum degree six
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gives K sg; see the recollection preceding Lemma 3.4 in [2]. This characteristic-
zero statement is unchanged by extension of the coefficient field. Indeed, the
multilinear identity space is the kernel of the finite evaluation matrix on tuples of
matrix units, with integer entries. Its rank and the line spanned by the integral
coefficient vector of s¢ are the same over every characteristic-zero field. U

Lemma 1.6. Fvery traceless matriz over K is similar to a hollow matriz. For
a diagonal D with distinct entries and every integer r > 1, the restriction of
adp, to H, is invertible.

Proof. We prove the first assertion by induction on n. A scalar traceless matrix
is zero. If T is nonscalar, choose v such that v,Tv are independent and a
functional ¢ with ¢(v) = 1 and ¢(Tv) = 0. In the decomposition Kv @ ker ¢,
the first diagonal entry is zero and the complementary compression has trace
zero. Induction makes its diagonal zero. Finally, (ad}, Z2);; = (d; — d;)"Zyj,
which proves the second assertion. O

1.4. Local fibers and polynomial values. For an ordinary multilinear poly-
nomial f which is not central-valued, put V; = sl,, when tr f =0, and V; = M,
otherwise. All open subsets below are Zariski open in this target vector space.

Lemma 1.7. Let V = M, or'V = sl,, and let S C V contain zero and be
invariant under simultaneous conjugation and scalar multiplication. If V = M,
assume also that KI C S. If S contains an open neighborhood of a nonzero
rank-one square-zero matrixz in V', then S = V. In particular this applies to
the actual value set of an ordinary multilinear polynomial with V = V;: in the
traceful case every scalar matriz is an actual value.

Proof. An ordinary multilinear value set contains zero and is invariant under
simultaneous conjugation and scalar multiplication. To verify its scalar condi-
tion in the traceful case, choose clock and shift matrices U,V with UV = (V U,
where ( is a primitive nth root of unity. The matrices U*V? form a homoge-
neous basis for the (Z/n)? grading of M,,; every component has dimension one,
and only the degree-zero component K I has nonzero trace. Expand a nonzero-
trace evaluation of f multilinearly in this basis. Some basis tuple has nonzero
output trace. Every word at this tuple has the same total degree, so the output
is a nonzero scalar. Scaling one original input gives every scalar. The same
scalar-value argument is recorded in [18, Lemma 2.2].

Let T be nonscalar. It has a similar representative B = (;, ) with v # 0:
otherwise every row covector would be an eigenvector for right multiplication
by T, forcing T' to be scalar. The polynomial curve

R(t) = (tngu th) :t<t; ?) B (é ?) (t#0)

has a nonzero rank-one square-zero limit. If T" is traceless, the whole curve is
traceless. All nonzero rank-one square-zero matrices are conjugate, so after a
fixed conjugation R(0) lies in the given open neighborhood. Its inverse image
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contains a nonzero parameter ¢. Undoing the scalar and conjugation gives 1" as
one actual evaluation. The assumed scalar condition completes the proof when
V = M,. In sl, the only scalar is zero. This also proves the stated ordinary
multilinear application. O

Corollary 1.8. Let f: (M,)* — V; be ordinary multilinear, and let f(a) = N
be nonzero rank-one square-zero. Either of the following suffices for Val,(f) =
Vf.'

(i) df, is onto Vy;

(ii) dim Op-1(ny,, = dn®* — dim V.
One may also use the differential of a simultaneous-conjugation saturation of
an actual restricted evaluation family, provided that its image remains in the
actual value set and has the required scalar targets.

Proof. A surjective differential between these smooth affine spaces makes f
smooth at a, hence open on a neighborhood [4]. In the second case source
and target local rings are regular and the source is Cohen—Macaulay. Miracle
flatness gives flatness at a [5]. Restricting to the open flat locus [6], openness
of flat morphisms locally of finite presentation gives a target neighborhood [7].
A nonempty finite-type fiber over a K-point has a K-point, so this is a neigh-
borhood of actual values. Apply Lemma 1.7. The same smoothness argument
applies to a saturated restricted family; the final assertion includes explicitly
the invariances and scalar condition used in Lemma 1.7. U

Proposition 1.9. Let h = tr f and g = f — (h/n)I. Suppose that f(a) = N
is nonzero rank-one square-zero and dg, is onto sl,,. Then f is flat at a if and
only if h is nonzero in the local ring of g~*(N) at a. Either condition implies

Val, (f) = M,.

Proof. The local ring R = Og-1(y),, is a regular local domain of dimension
dn? —n? + 1. Since h(a) = 0, a nonzero h|x is a nonunit nonzerodivisor, and
dim R/(h) = dn® —n?. If h|g = 0, this dimension instead remains dn* — n* + 1.
The fiber of f is cut out in this smooth fiber by h = 0. Miracle flatness and the
dimension formula for a flat local map give the equivalence. Corollary 1.8 gives
actual surjectivity. Completion is faithfully flat, so one may detect nonvanishing
by a formal expansion on the smooth fiber. Il

In particular, put K, = kerdg, and choose a linear right inverse R, of dg,.
The formal implicit function theorem gives ¢(u) = a+u+O(u?) with g(é(u)) =
N for u € K,. The relevant expression is h(¢(u)), including these corrections.
If dh, = 0, its quadratic and cubic terms are respectively

1 1 1 2
id ho(u,w), éd ho(w, w,u) — id ha(u, R.d ga(u,u)>.

Thus a nonzero uncorrected cubic alone does not establish flatness. All later
leading-term arguments either retain this correction or prove that every lower
ambient trace derivative vanishes.
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1.5. The first two upper-triangular symbols. Let

We = span{|x;, x;][xk, 1] [, 5] - {3, j, k, [,r, s} ={1,...,6}}.
The order of the three factors is arbitrary. We use the classical identity theorem
for upper-triangular matrices: in characteristic zero, the polynomial identity

ideal of UT, is generated as a T-ideal by a product of r commutators; see [3,
Theorem 2.1].

Proposition 1.10. For f € T's, there are scalars cs(f), 1 < s < 6, such that
f(D,...,X,,...,D) = ci(f)ad}, X.

Write c(f) = (c1(f),...,c6(f)). Then c(f) = 0 precisely when f is an identity
of UTy. In this layer, evaluation on UT3 has the form u" A(D)vE3, where u,v
collect the first and second superdiagonal input entries and A has zero diagonal.
Furthermore, A = 0 precisely when f € W.

Proof. Leave slot s free and put all other slots at independent diagonal matrices
D;. The coefficient of an entry X,, is multilinear in the five pairs (d;(r), d;(t)).
Adding a scalar to D; changes neither the evaluation nor this coefficient, by
properness. A linear translation-invariant expression in that pair is a multiple
of di(r) — d;(t). Thus the coefficient is ¢, [1;.5(di(r) — d;(t)). On the diagonal
it is zero, since a proper polynomial vanishes on commuting diagonal inputs.
Specializing all D; to D gives the first formula.

In UT,, a nonzero word contains at most one strictly upper-triangular input
factor. Its remaining factors are diagonal. The displayed one-edge coefficients
therefore detect the whole value, proving the UTy assertion. When all of them
vanish, a UTj3 value requires exactly a path 1 — 2 — 3. Multilinearity puts its
two edges in distinct original slots and yields u' A(D)vE}3, with zero diagonal
in A. This symbol vanishes exactly when f is a UTj identity. By the stated 7T-
ideal theorem, the multilinear component in the minimum degree six is spanned
by the ordered products of three commutators: substitutions of higher degree or
multiplication by nonconstant words would increase the degree. This is exactly
W. O

2. THE ONE-SLOT CASE

Theorem 2.1. Let f € T'g and ¢(f) # 0. For every n > 3,
L, K7 =Y,
Val, (f) = ¢ Sn(K), mf =0
Mo(K), nf £0.

In the traceful case there is a repeated-diagonal, rank-one nilpotent seed a at
which dg, is onto s, and the corrected trace germ on g~'(f(a)) has a nonzero
leading term of some order 1 <r <5. Here g = f —n~L(tr f)I. All coefficients
of f are allowed subject only to c(f) # 0 and the indicated cyclic condition.

Proof. Fix a slot s with ¢s(f) # 0. The repeated-diagonal identity is
f(D,.... X,,...,D) = c,(f)ad) X.
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For D with distinct diagonal entries this realizes every hollow matrix. Similarity
to a hollow matrix therefore gives sl,, C Val, (f). Together with Proposition 1.5,
this proves the trace-zero case. Assume from now on that 7 f # 0.

Step 1: a nonzero cyclic derivative and its first diagonal term. Rotate ev-
ery word so that x, comes first, then remove x;. This produces a multilinear
polynomial GG in the other five variables with

h =tr f = tr(x,G), G #0.
In the free algebra on D and independent variables Y; (i # s), write

G((D + 1Y;)izs) tha D;Y).

q=0

The constant term is zero: Gg is a scalar multiple of D5 and tr(XGp) =
tr(csad} X) = 0 for every D, X. Also G5 = G(Y) # 0. Let r € {1,...,5}
be the smallest index with G, # 0.

Step 2: the first term has a detectable off-diagonal value. The free polynomial
[D, G,] is nonzero. Indeed the centralizer of the single free generator D is K[D],
whereas G, has positive total Y-degree. The centralizer assertion follows directly
by comparing words: for homogeneous P of positive degree, DP = PD forces
every word of P to begin with D; removing that first D and repeating leaves
only powers of D.

Moreover [D,G,] is not an identity of M, for n > 3. For n > 4 its total
degree six is less than 2n. For n = 3, use also the uniqueness of the multilinear
identity in minimal degree: that degree-six space is K'sg; see [1] and the recol-
lection before Lemma 3.4 in [2]. If r < 4, choose a nonzero multihomogeneous
component of [D,G,]. It has D-degree 6 — r > 2. Its complete polarization in
D is nonzero, is symmetric in the new D variables, and would be a multilinear
degree-six identity. It cannot be a nonzero multiple of the alternating sg. If
r =5, [D,Gs] is multilinear in six variables, but all its words have D first or
last. Since sg has words with D in an interior position, it cannot be a multiple
of sg. This proves the assertion.

The nonvanishing locus of this commutator meets the dense open set where
D has distinct eigenvalues. After simultaneous conjugation take D diagonal.
Then G,(D;Y) has a nonzero off-diagonal entry. Relabel the basis so that one
such entry is (b, 1), b # 1. Choose zy, ..., 2, all nonzero with

X = zn: 5By, tr(XG(D;Y)) #0.

Jj=2

This is possible because the displayed trace is a nonzero linear form in the z;.
Let ay = X and a; = D for i # s. Then

f Xn: El]

is nonzero rank-one square-zero, with every indicated row entry nonzero.
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Step 3: the leading trace tensor survives restriction to the fiber. Minimality
of r gives d*h, = 0 for 0 < k < r. To see this for arbitrary source variations,
expand h = tr(zsG): a term varying k slots other than s comes from Gy; a
term also varying slot s comes from Gj_;. Repeated variations of a single slot
are zero by multilinearity. The same expansion, with the chosen Y, shows that
C =dh, #0.

Let W be spanned by all slot-s variations and simultaneous conjugation tan-
gents vy = ([H,a;]);. The restriction dg,|w is onto sl,: slot-s variations give
all hollow matrices, and the diagonal parts of [E};, N| give nonzero multiples of
E;; — E; for every j > 2. Consequently T,(M$) = kerdg, + W.

The symmetric tensor C' annihilates W in any argument. For slot-s di-
rections this follows from G,_; = 0. For conjugation directions differentiate
dh;(vg(z)) = 0 a total of r — 1 times. Its leading term is C'(vy(a),-,...,-); all
remaining terms involve derivatives of h of order less than r and vanish. This
includes r = 1 directly. It follows that the restriction of C' to (kerdg,)” is still
nonzero: otherwise decomposition of each argument modulo W would make C
zero everywhere.

The fiber Y = g~!(N) is smooth at a. In formal coordinates on Y,

d(u) = a+u+ O(u?), wu € kerdg,, h(g(u)) = :'C(u, Cu) + O,

All lower ambient derivatives vanish, so corrections cannot change this leading
term. In characteristic zero a nonzero symmetric tensor has a nonzero diagonal
polynomial. Therefore hly # 0, and Proposition 1.9 gives Val,(f) = M,,. O

3. THE FOUR-PARAMETER COLLISION FAMILY

3.1. Statement and conventions. Throughout K is algebraically closed of
characteristic zero. For D, E, A, B € M,,(K) set

P=|[D,E], Q=I[D,A4], R=I[F, B],
S=[D,B|, T=I[EA], Z=][A B],

L=PZ+ZP—-QR—-RQ+ST+TS=s4D,E,A, B),

C =P*Z+ZP?* - QPR — RPQ + SPT + TPS,
H,p~,(D,E A B)=aPL+ LP+~C.
Define additionally
T =s3(P,Q,R) +s3(P,S,T),  Faprs="Hapy+0T,
where s3 is the standard alternating polynomial in three variables.

Theorem 3.1. For every n > 3, the restricted value set of F on det[D, E] # 0
18

{0}7 (O‘76777 5) =0,
5[71([()7 5207 &+ﬁ+7:oa (a7ﬁ77>7£07
My (K), (a+B+7,0)#(0,0).
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We first prove the 6 = 0, v # 0, traceful branch, then treat the remaining
coefficient branches.

Matrix units £;; in the mathematical text are one based. Jacobian row and
column labels are zero based. All images below consist of single actual evalua-
tions. In particular, addition of unrelated values is never used.

Theorem 3.2. If v # 0 and a+ 3 + v # 0, then for every n > 3,
{Hu5 (D, E, A, B) : det[D, ] # 0} = M, (K).

Normalize a = a/y, b = /v and write F' = H,;;. Scaling A removes the
overall factor . Thus the parameter domain is a + b+ 1 # 0.

3.2. Smooth points and polynomial values.

Lemma 3.3. Suppose that for a fized size n the restricted map F on det P # 0
has a point with value a nonzero rank-one square-zero matriz and differential
of rank n?. Then its image contains every nonscalar matriz.

Proof. The Jacobian criterion makes the map smooth at the point, and a smooth
morphism is open. Consequently its image contains an open neighborhood of the
specified nilpotent value. The restricted image is invariant under simultaneous
conjugation and under scalar multiplication of A. For every nonscalar target
choose a similar representative W = (¢ %) with v # 0. For ¢ # 0 define

RQ)It(i; ?>VV<8 ?>::<;Z t%)'

Its value at zero is a nonzero rank-one square-zero matrix, hence conjugate to the
given value. After this conjugation the inverse image of the open neighborhood
is an open subset of Al containing zero, so it contains a nonzero t. Scale A by
t~1 and undo the conjugation. The condition det P # 0 is preserved. O

Lemma 3.4. For everyn > 3 and a+b+ 1 # 0, all scalar matrices are values
of F with P invertible.

Proof. Choose clock and shift matrices U,V with UV = ¢V U, where ¢ is a
primitive nth root of unity. Put

D=U E=V, A=U"' B=U'V2

Then P = (1 — ¢7')UV is invertible. All products in PL,LP,C have total
bidegree zero in U,V so these three matrices are scalar. Cyclicity of trace
gives tr C' = tr PL = tr LP, hence they are equal. Direct multiplication using
UV =qVU gives

(¢ —1)°(¢+1)

e

The coefficient is nonzero since ¢ # +1. Thus F' is a nonzero scalar at this tuple.
Scaling A gives every scalar, including zero. O

PL=LP=C=— 1.
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3.3. The three base sizes. All Jacobians in this section have row-major out-
put order. Their columns are the entries of D, E/; A, B, in this order and each
in row-major order. Column lists are zero based. All minors use every output
row.

3.3.1. Size three. Take
D =Fis+ Ey3+ Ey, E=FEy+2FEs3, A=UFE;, B=EFE;3.

Direct multiplication gives

1 0 0
P=|0 1 0|, PL=LP=0, C=—6Fs.
—2 0 -2

Thus P is invertible and the value is nonzero rank-one square-zero for every a, b.
Put z=a+b+1,u=a—-2b+1and v =2a—b—1. The following five column
lists give the indicated exact determinants:

columns determinant
(1,2,5,9,11,13,18,27,29) | —31104 bz(z + 1)

(0,1,2,5,9,11,20,27,31) | —62208 uzv
(0,1,2,5,9,11,20,27,29) | —124416 bz>v
(1,2,5,9,11,13,18,27,31) | —15552uz(z + 1)
(1,2,5,9,11,13,20,27,29) | 31104 bz W (a, b)

where W (a,b) = 2a*+ab—5a—b*—b+4. Suppose that z # 0 and the first three
determinants vanish. The second and third imply either v = 0 or u = b = 0;
the latter would give z = 0. Hence b = 2a — 1. The first determinant then gives
b=0or z+1 =0, leaving exactly

(a,b) = (1/2,0),  (a,b) = (—1/3,—5/3).

At the first point the fourth determinant is —87480; at the second point the
fifth is 276480. Thus the Jacobian has rank nine for every allowed parameter.
The product rule in Section 10.1 specifies the full matrix. Lemmas 3.3 and 3.4
prove Theorem 3.2 in size three.

3.3.2. Size fOUT. Put J4 = E12 + E23 + E34 + E41 and take
D:diag(0,1,2,3), E = J4, A:EH, B:Egg.

Then det P = 3, PL = LP = 0 and C = F,, independently of a,b. The
columns

(1,2,4,5,6,7,8,11, 20, 36, 37, 38, 46, 50, 52, 62)

give determinant

—8Ba+b)(b—1)(a+b—1)(a+b+1)(3a—b—1).
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Outside its zero locus the assertion follows. The allowed part of that zero locus
is contained in four lines. The exact gcds of specified maximal minors on these
lines, up to nonzero rational factors, are:

(a,b) | ged | remaining condition
(x,1) T+ 2 a+b+1=0
(x,1—x) 1 none
(x,3x — 1) x a+b+1=0

(x,—3z) |2z—1 a+b+1=0

Every listed zero is excluded by a + b+ 1 # 0. Explicit minors and their
factorizations are given in Section 10.2. Univariate gcd 1 means that no common
zero is possible over any extension of Q; the same observation applies after
deleting the trace-zero factor. This verifies every parameter, not merely sampled
rational values. The two preceding lemmas prove the size-four assertion.

3.3.3. Size five. Put J5 = E19 + Fo3 + FE3y + Fu5 + E5; and take
D = diag(0,1,2,3,4), E=Js+ Es5, A=EFE;, B=EFEs.
Here det P =4, PL = LP =0, and C' = E}5. The columns
(1,2,5,6,7,8,9,10, 14, 15, 30, 55, 56, 57, 58,
62,66,67,72,77,78,79,80,92,97)
give determinant
384b(4a +b)*(b—1)(3b —2)(a+b—1)(a+ b+ 1)
-(2a =50+ 6)(3a —b—1).

The boundary factorizations in Section 10.2 give the following gcds, again up
to nonzero rational factors:

(a,b) ged zeros with a +b+1#0

(x,0) (x=2)(x+1) (2,0)

(z, —4x) (3z —1)(4z + 1)? (—1/4,1)

(x,1) (x4 2)(4x + 1)? (—1/4,1)
(x,2/3) 3z +5 none
(x,1—x) 1 none
(x, (2 +6)/5) Tr+ 11 none
(x,3x — 1) x none

For both remaining points replace £ by
E' = Js+ E35+ Eys5.

The equations det P = 4, PL = LP = 0 and C' = Ej5 remain true. At
(a,b) = (2,0) the columns

(1,2,5,6,7,8,9,10, 14, 15, 30, 52, 55, 56, 57,
66,67,72,77,78,79,80,83,90,97)
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give determinant —17043554304. At (a,b) = (—1/4,1) the columns
(2,5,6,7,8,9,10, 14, 15, 22, 30, 52, 55, 56, 57,
58,66, 67, 72, 77, 78, 80, 90, 97, 98)

give determinant 103950. Hence every allowed parameter is covered. As an
additional check, the unmodified size-five seed has determinant 7776000 in the
first column list at (a,b) = (—1,—1).

3.4. The block argument in arbitrary size.

Lemma 3.5. Suppose that every matriz in sizes r1,...,7y is a value of H, g
with P = [D, E] invertible. If (a+~,a+3,5+7) # (0,0,0), the same statement
holds in size ri + -+ + 1%

Proof. Write the target in block form (W;;). For each diagonal block, choose
a tuple (D;, E;, A;, B;) attaining W;; with P; invertible. Take D, E, B block
diagonal. Since H is linear in A, the map on each rectangular entry A;; = X is
independent of all other such entries.

Replace D; by s;D; and A; by s; 2A;. This keeps W;; unchanged, since the
polynomial has degree two in D and degree one in A. Replacing B; by B; + ¢;1
also keeps W;; unchanged. The resulting map on the (7, j) block is

M;i(X) + (¢; — i) Kiy (X)),
where M;; is independent of all ¢; and, with the scaled P,
Kij(X) = (a+7)PX + (a+ B)RXP; + (B +7) X P}

Before scaling, insert P, — s;P;, P; +— s;P;. If oo+ # 0, the top s;-coefficient
of det K;; is nonzero, because X +— P?X is invertible. If 3+~ # 0, use the top
s;-coefficient instead. If both coefficients vanish, a+ 5 # 0 and X — P, XP; is
invertible. Thus every det K;; is a nonzero polynomial in the scaling parameters.

Choose the finitely many nonzero s; simultaneously outside these zero sets.
For these fixed choices, each det(M;; + (¢; — ¢;) K;;) is a nonzero polynomial in
the ¢;, with nonzero leading coefficient in ¢; — ¢;. Choose the ¢; simultaneously
outside their zero sets. Each rectangular equation can now be solved for the
prescribed W;;. The block diagonal P remains invertible. U

Proof of Theorem 3.2. Sizes three, four and five were proved above. Every n >
6 is a sum of threes and fours: 6, 7,8 are the initial cases and adding three gives
all subsequent sizes. The three coefficients in Lemma 3.5 cannot all vanish
unless a = f = v = 0, in characteristic zero. Apply the lemma. Finally undo
the normalization by scaling A. U

3.5. The remaining traceful two-coefficient pencil.

Lemma 3.6. If a+ 3 # 0, then aPL+ BLP takes every value in M, (K) with
P invertible, for every n > 3.
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Proof. Normalize o« = x, § = 1 — x. The following seeds give exact parameter
coverage in sizes three, four and five. Write J, = Y/ E; ;11 and E(w) =
J2 + Z?;ll w; Fitq 4, and take D = J,,. The two seeds in each size are as follows:

n w A | B

3 (1,4) Ei3 | B+ B3

3 (5,4) E3 | —FE13 — Eo + E33

4 (1,4,9) Evy | —FEy + Eoy — B3y — Eiys

41 (2,9,28) | Eu| —FEun + Eoy — Esp — Eug

51 (1,4,9,16) | Es1 | =By — By — Ego + E5p — Es
51(2,9,28,65) | E51 | —E11 — Eyn — By + FEso — Ess

Their output values are, in the same order,
(10z — 8) 13, (12 — 27z) F13,
(24x — 30)E43 + (63 — 70x) 14,
(357x — 399)E13 + (672 — 720x) E14,
(289x — 17)Esy, (4489x — 134) Es;.

Thus all outputs have rank at most one and square zero. The determinants of
P in the three pairs are respectively

(—12,20), (—135,—7448), (—1680,—639730).

For each size, Section 10.3 gives two explicit full Jacobian minors, one at each
seed, whose ged is 1. Consequently every parameter has a seed with surjective
differential. The proof of Lemma 3.3 applies to a nonzero rank-one output. If a
selected output is zero instead, smoothness gives an open neighborhood of zero;
every line through zero meets it away from zero, so scalar multiplication gives
all matrices directly. Scalar targets are also supplied by the clock construction
in Lemma 3.4, whose value for the present pencil is nonzero. Finally Lemma 3.5
and the sums of sizes three and four give all n > 6. No limiting argument at
~v =0 is used. O

3.6. The trace-zero plane.
Lemma 3.7. For every n > 3, the restricted image of
(D,E,A,B) — [[D, El],s4(D, E, A, B)] on det[D, E] #0
is s, (K).
Proof. Put P = [D, E] and L = s4(D, E, A, B). Choose

n—1 n—1
D = Z Ei,i+17 E - Z iEi+1,’i7
=1 =1
n—1
A=) iE; i, B =diag(0*,1%,...,(n — 1)?).

i=1
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At this tuple,
n—2
P=1- nEm, L=14 Z Ei,i—‘rl — 2(7’L - 2)En—l,n'
i=1
Consequently det P = —(n — 1) # 0, and
[P,L] = —2n(n —2)E,_1,

is nonzero, rank one and square zero. We prove that the differential of [P, L] at
this same tuple is onto sl,,.

We compute the differential in the A directions. Set w; = i for 1 < i < n,
wy =w, = 0,0 =(G—-1)72%1t =2—1,and p; = w; — w;_,. With D,E, B
fixed and A replaced by U, write T(U) = s4(D, E,U, B), and write {X,Y} =
XY 4+ Y X. The identity

T(U)=A{PU, B} —{[D,U],[E,B]} +{[D, B], [E, U]}
gives
T(U)ij = ciiUij + w;(t; — t:)Uig 501
+ w1 (tj—1 — ti1) Uiz -1,
where out-of-range entries are zero and
Cij = (p,- +pj)(bj — bl) + wi_lti_1 + wit,- — Wj_1tj_1 — wjtj.

In particular this formula gives the displayed L by substituting U = Y ¢E; ;1.
For 1 <1 < n, set ¢; = ¢;,. Then

ci=-2n-2)—(n—-1-i)((n+2)i+n*—n—4)

is a strictly negative integer, hence is nonzero in characteristic zero. Since
¢ni = —c¢; and the upper-left (n — 1)-block of P is scalar, the same band formula
gives exactly

dA[P, L](Ezn) = TLCZ'EZ'n, dA[P, L](Enz) = nciEm.

Thus the differential contains every matrix unit joining the last coordinate to
the first n — 1 coordinates.

Let Z € M, annihilate the full differential under the trace pairing. The
preceding A directions force both off-diagonal blocks of Z relative to K" 1 @ K
to vanish; equivalently, [Z, P] = 0. For all variations of the original inputs,
therefore,

0 =tr(Zd[P, L]) = tx([L, Z]dP).

The differential dP = [dD, E| + [D,dE] is onto sl,. Indeed its trace-pairing
annihilator is the common centralizer of D, E. A matrix commuting with the
regular nilpotent D is a polynomial in D. If it also commutes with £, it com-
mutes with P = I — nkE,,; its last column then forces every positive-degree
coefficient of that polynomial to vanish. The common centralizer is exactly K 1.
It follows that [L, Z] is scalar; as a traceless commutator it is zero.
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All superdiagonal coefficients of L are nonzero, so L is regular nilpotent. Its
centralizer is K[L]. A polynomial in L that also commutes with P has all
positive-degree coefficients zero, by the same last-column argument. Hence Z
is scalar. The annihilator of the full differential is exactly K1, proving that its
rank is n? — 1.

Smoothness supplies an open neighborhood of this rank-one square-zero value
in sl,, still with P invertible. The restricted image is invariant under conjuga-
tion and scalar multiplication of A; it contains zero by taking A = 0. The
rank-one degeneration argument of Lemma 3.3, with target sl,,, now gives every
traceless matrix as a single actual value. U

Lemma 3.8. Ifa+ +~v=0 and (o, 5,7) # 0, then
{Hop~(D,E, A B):det P #0} =sl,(K)  (n>3).

Proof. Free cyclic-word expansion gives tr(PL) = tr(LP) = tr C, so the image
is contained in sl,,. If v = 0, the polynomial is a nonzero multiple of [P, L], so
Lemma 3.7 gives the assertion in every size. We may therefore suppose v # 0
and normalize («, 3,7) = (x,—z — 1,1). The three seeds used in the preced-
ing three-coefficient proof still have outputs —6Fs3,, F1o, and Ejo, respectively.
Delete the last diagonal output coordinate, identifying sl, with K n*=1 Sec-
tion 10.3 gives respectively 2,2, 4 explicit maximal minors whose gcds are all 1.
For example, in size three the determinants are

—3456(z + 1)(3z — 1),  —10368z(x + 1),
—10368z(22 + 3).

Their lack of a common root is immediate. The factorizations and the exclusion
of common roots in all three sizes are given in Section 10.3.

Apply the proof of Lemma 3.3 with target sl,, and rank n? — 1. The degen-
eration there remains inside sl,, since tr R(t) = ttrW = 0. Every nonzero
traceless matrix is nonscalar in characteristic zero. The value zero is obtained
by taking A = 0, keeping P invertible. This proves the base sizes.

For the block step first make the target hollow by similarity. For completeness,
a nonscalar traceless endomorphism has a vector u with u,Tu independent.
Choose a complementary hyperplane containing 7'u; the first diagonal entry is
zero and the complementary compression still has trace zero. Induction makes
its diagonal zero; a scalar traceless compression is already zero. Thus every
diagonal block of sizes three and four has trace zero. Realize these blocks by
the base cases and solve the rectangular equations by Lemma 3.5. Its coefficient
condition holds for every nonzero («, /3,7y). This proves the assertion in all larger
sizes. U

3.7. The branch with nonzero fourth coefficient. Put
T: 83(P7 QaR)+33<P7 S7T)7 ‘Faﬁ»%f; = Ha:ﬁﬂ’—i_é’]-’

where s3(U, V,W) =UVW + VWU + WUV —UWV —WVU — VUW. The
formula for T is part of the specification of the family.
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Lemma 3.9. For arbitrary o, 3,7 and 6 # 0, the restricted image of F is
My(K) in size four. For every n > 2 its restricted image contains all scalar
matrices.

Proof. Set B = A and write
\I/(DanA) - 83([D7E]7 [D7AL [E7A]>

Direct expansion gives PL = LP = C = 0 and 7 = 2W. Thus the restriction is
20V, independently of the first three coefficients.
For size four use

0 0 1 1 0 -1 10
0 1 0 0 1 0 10
D=179¢9 11" E=10o o oo A=En
0 0 1 0 1 0 00

Then det P = 3 and V = Fy — Eo3 + 2F5,. A full 16 x 16 differential minor of
U is —60. Section 10.4 gives the columns and proves their independence by a
sequence of homogeneous linear equations. Since the differential of a restriction
is a restriction of the full differential, this gives a smooth rank-one square-zero
value of F for every 6 # 0. The argument of Lemma 3.3 applies to F, which is
linear in A and therefore has a cone as its restricted image.

For scalar targets choose UV = qVU, U" = V" =1, and D =U, £ =V,
A = B =U"'V~! Exact multiplication yields

—_1)4 _1\4
30—V rp,p sy =01
q q

U(D,E,A) = I.

This is nonzero for a primitive nth root with n > 2, and P = (1 — ¢ ) UV
is invertible. Scaling B gives every scalar target, including zero, while P stays
invertible. Il

Lemma 3.10. Every matriz of size n > 4 is similar to a block matriz whose
first 2 x 2 diagonal block is scalar.

Proof. If the minimal polynomial has degree at least four, choose u, Tu, T?u, T3u
independent. Let U = (u,T?u) and choose a complement containing Tu, T?u.
The compression is zero. If the degree is three, take an invariant cyclic summand
of dimension three, a cyclic vector u in it, and an eigenvector w of eigenvalue
A in its invariant complement. The latter exists since n > 4. On (u, w) choose
a complement containing Tu — Au; the compression is Aly. If the degree is at
most two, an eigenspace has dimension at least two: this is immediate in the
semisimple case, while for (T'— AI)? = 0 the kernel has dimension at least [n/2].
Any two-dimensional subspace of that eigenspace works. Il

Lemma 3.11. Suppose the diagonal blocks of a target have been attained by F
with the corresponding P; invertible. Then the off-diagonal blocks can also be
attained, provided § # 0.
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Proof. Use block diagonal D, E, B and solve in the independent blocks of A. If
(cr, B,7) # 0, the proof of Lemma 3.5 still applies: central shifts of each B; do
not change the 7 contribution to any rectangular A;; equation, since R = [E, B]
and S = [D, B] remain unchanged.

It remains to treat the pure 67 case. On diagonal blocks replace B; by
B; — r;D;. This preserves T, since R; — R; + r;P;, S; is unchanged, and
s3(P;, Qi, P;) = 0. Now shift D; by d;I. These shifts also preserve all diagonal
values. For a rectangular block X = A;; the coefficient of d; — d;, apart from
the nonzero factor 4, is

Kij(X) = PXR; — RiXP; + [R;, P]X + X[R;, Pj].
After the preceding shear this becomes

KJ(X) + (rj =) X P;.

LY
Since F;, P; are invertible, its determinant is a nonzero polynomial in r; — r;.
Choose all r; simultaneously so that all these operators are invertible. Then
choose the d; outside the finitely many zero sets of the full rectangular deter-
minants, whose top coefficients are nonzero. Solve all equations independently.
The commutators P; have remained invertible throughout. U

3.8. A flat point in size three.
Lemma 3.12. Put
a=(D,E,A) = (E\3 — By, Enw+ E31 — Es3, Ei).

Then det|D, E] = 2 and ¥(a) = —E3y =: N. The morphism ¥ : M3(K)? —
M;3(K) is flat at a. Consequently its image on det|D, E] # 0 contains a Zariski-
open neighborhood of N.

Proof. At this tuple we have
P =2E), — Ey3 — Egyy — Ess, Q = Ey — By, R = Es,.

Direct multiplication gives det P = 2 and ¥(a) = N. Let 7 : Mz — KB
delete the (2,3) coordinate and put £(Y) = Y51 + Ya3. Then (7, /) is a linear
isomorphism. Write g = 7V and h = (V.

We first show that imdV¥, = ker?. Put Cy = Ej3 + Ej3z, so that ((Y) =
tr(CoY'). The trace gradients of ¢(s3(P, @, R)) at this tuple, with respect to
P, Q, R, are respectively 0,0, Cy. For example, the first is

[Q, R]Co + Go[Q, B + QCoR — RCyQ,

and the other two are obtained cyclically. Since [Cy, E] = [Cy, A] = 0, differ-
entiation of R = [FE, A] gives dh, = 0. Thus imdW¥, C ker/. Conjugation
equivariance gives

O = [Ms, N| = (E12, Es1, Esp, Egy — Es3) C imdV¥,.
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Four further derivative values are

input variation | dV¥, of that variation
E = Es —2FE5 — B33
E = Ey Ei3
A=En Ev —3E1 — B + 3E3
A= Foy —Fi3 + Ea1 — Eos.

Their classes form a basis of ker //O: they supply successively the remaining
FEo9, Es3 direction, Ei3, the E; direction, and Fy; — Fs3. In the first step the
two diagonal coefficient vectors have determinant —3 # 0. It follows that d¥,
has rank eight and g is smooth at a.

Consider the two triples

3 1
u = (2E23; —E — §E137 —E + E22) )

15 13 1 5
v = (_8E23’ §E13 + §E23, 4E11> .

Matrix multiplication gives
5/8 0 1/8
Ula+tu+t?v)=N+t33/2 —15/4 —1/2| +O(th),
0 0 —5/2
h(a + tu + t?v) = t3 + O(t4).

Choose eight fixed linear input directions on which dg, is invertible, and com-
plete them to affine coordinates on Mj. The formal implicit function theo-
rem corrects these eight coordinates by O(#%) to give a formal curve a(t) with
g(@(t)) = g(a). Since dh, = 0, this correction changes h only by O(t*). Thus
h(a(t)) =3 + O(t*).

The local ring of g7 (g(a)) at a is regular of dimension 27—8 = 19. The formal
curve shows that h is nonzero in its completion, and hence in the local ring
itself. Also h(a) = 0. This nonzero nonunit in a regular local domain cuts the
dimension down to 18 = 27 —9. Since (,¢) is a target-coordinate isomorphism,
this quotient is the local fiber of ¥ over N. Miracle flatness [5] therefore implies
that U is flat at a. Restrict to its open flat locus and to det[D, E] # 0. A flat
morphism locally of finite presentation is open [7], so its image contains an open
neighborhood of N. Every nonempty fiber over a K-point has a K-point, since
K is algebraically closed. This is therefore a neighborhood of actual values. All
displayed data and calculations are rational, so the argument holds over every
algebraically closed field of characteristic zero. O

Proposition 3.13. For n = 3 and every § # 0, independently of o, 3,7,
{Faprs(D,E,A B):det[D, E] # 0} = M;(K).

Proof. On B = A, the first three summands vanish and F = 20V¥. Lemma 3.12
puts an open neighborhood of 20V in the restricted image of F. This image is
invariant under simultaneous conjugation and under scalar multiplication, by
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scaling the independent input B. The degeneration in the proof of Lemma 3.3
therefore gives every nonscalar target. The clock substitution in Lemma 3.9
gives every scalar target, also with P invertible. U

Proposition 3.14. If ) # 0, then for every n > 3,
{Faprs(D,E, A B) : det P # 0} = M, (K).

Proof. The base sizes three and four are Proposition 3.13 and Lemma 3.9. For
n > 5, apply Lemma 3.10. The scalar block of size two is attained by the clock
substitution in Lemma 3.9; at ¢ = —1 its value is —964 15, and scaling B supplies
the prescribed scalar. The complementary block of size n — 2 > 3 is attained
by induction. All input commutators are invertible. Lemma 3.11 supplies the
rectangular blocks. Undo the similarity of the target. O

3.9. Proof of the classification.

Proof of Theorem 3.1. The zero coefficient vector gives the zero polynomial.
When 6 = 0 and o + 8 + v = 0, Lemma 3.8 proves the stated trace-zero
image for every nonzero coefficient vector. When § = 0 and the sum is nonzero,
use Theorem 3.2 if v # 0 and Lemma 3.6 otherwise. Proposition 3.14 handles
0 # 0. All statements preserve det P # 0. This includes every coefficient vector
in size three as well. U

We have tr T = 3tr(P[Q, R] + P[S,T]). The first trace functional tr(PL)
changes sign under A <> B, whereas trT is unchanged. Both are nonzero on
M,, for n > 3 by the two clock evaluations. Thus they are independent, and the
trace-zero locus is 0 =0, a + 8+ v = 0.

The remaining parameter calculations are explicit in Section 10.3; the size-
four alternating map is treated in Section 10.4. The commutator branch is
covered by the uniform band calculation in Lemma 3.7, and the size-three al-
ternating map by the normal cubic and flatness argument above.

4. CUBIC VALUES WITH ONE COMMON HOLLOW BASIS

The following result on a common diagonal will be used in the collision argu-
ment.

Theorem 4.1. Let n > 3, and write
q(z,y, 2) = axvyz + brzy + cyrz + dyzx + ezxy + Lzyx,
A=a+d+e, B=b+c+ /.
Then the set of single evaluations on three traceless matrices is
{0}, ¢=0,
q(s)={sl,, ¢#0, A=B=0,
M,, (A,B)#(0,0).
Consequently the same classification holds for

Fq = q<PvQ7R)7 P = [xlva]v Q = [1‘3,564], R= [3757556]-
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The same classification also holds for the shared-factor map
H,(D,X,Y,Z)=q([D,X],[D,Y],[D, Z]).

For every nonzero q, this map has an actual nonzero rank-one square-zero value
with differential onto s, if A = B = 0, and onto M, otherwise. Thus the
common factor imposes no additional image restriction for a cubic, in any size
n > 3.

Proof. Put D = diag(d;) and E = diag(e;). The multiplier of the first-slot map
on Fj; is

pij = (CL + b)djej + Cdi6j + €€idj + (d + E)dlez
Here the coefficient e in the third summand is the coefficient of zxy; the sub-
scripts distinguish the diagonal entries of E. If this four-variable polynomial
vanishes identically, then b = —a, c=e =0, { = —d, so

q(2,y,2) = azxly, 2] + dly, 2]
Its second-slot multiplier at (D, X, E) is (ad; + dd;)(e; — e;), which is nonzero
unless a = d = 0. Thus every nonzero g has an active slot with a nonzero
multiplier. Relabel the variables so that this is the first slot, and relabel the
coefficients accordingly. This preserves the condition A = B = 0.

For n > 3, the projection from traceless diagonal matrices to any two specified
diagonal entries is onto K?2. Therefore each p;;, i # j, remains a nonzero
polynomial after imposing > d; = >_ e; = 0. The product of these polynomials
is nonzero on the affine space of two traceless diagonal matrices. Choose D, E
there with every p;; # 0. The first-slot map on hollow matrices is then onto the
hollow matrices, so hollow similarity gives sl,, C q(s[>). Cyclicity of trace gives

trq(X,Y,Z) = Atr(XYZ) + Btr(XZY).
This proves the trace-zero case, including equality rather than just contain-
ment. The reverse implication for trace vanishing follows by using the triples
(E12, Eo3, E31) and (E1g, E31, Ea3), all of whose entries are traceless.

Now assume (A, B) # (0,0) and put S = A+ B. Let X = }7_, Ey;. At the
traceless input (X, D, F) the value

N_QXDE ZPUEU

is nonzero rank-one square-zero. The ﬁrst—slot derivative contains every hollow
matrix. Simultaneous conjugation gives all [H, N'] in the restricted differential

image. Modulo hollow matrices, H = Ej; gives p1;(Ej; — E11). Hence this
differential image contains sl,,. All these are legitimate tangent directions to
sl2.

If S # 0, additionally choose D, E so that die; # dyes. This is a nonempty
open condition on the same parameter space (for example use diagonal entries
(1,0,—1,0,...) for both matrices). Variation of X by FE;; — Es has output
trace S(dye; — dges) # 0. If S =0, then A= —B # 0 and trq = Atr(X[Y, Z]).
Additionally choose e; # eg; variation of Y by FEs; has output trace A(e; —eq) #
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0. In either case the differential of ¢ : s> — M, has rank n? at (X, D, E).
Smoothness produces an open image neighborhood of N’. The conjugation-
and-scaling argument in Lemma 1.7 consequently puts every nonscalar matrix
in q(sl).

Scalars can be obtained explicitly. If S # 0, let T be the cyclic permutation
matrix of size n. The three matrices T, T, T2 are traceless for n > 3, commute,
and have product I; their value is SI. If S = 0, choose Weyl matrices U, V with
UV = (VU, where ( is a primitive nth root of unity. The matrices U, V, (UV)~!
are traceless, the three cyclic words have value 7, and the three reversed words
have value (7*I. Thus the value is A(1 — (71)I # 0. Scaling one input gives
every scalar. This proves the restricted cubic classification.

Finally every traceless matrix is a commutator: after making it hollow by
similarity, fix a diagonal H = diag(h;) with distinct entries and solve [H, Z] = C
by Zi; = Ci;/(h; — h;) for i # j. The three pairs of variables are disjoint,
so the three commutators can be prescribed independently in one six-tuple.
Hence F,(M$) = q(sI2), as required for independent pairs. The shared-factor
assertion is proved after Lemmas 4.2 and 4.3; it needs compatible common-
commutator inputs, which are not furnished by three independent commutator
realizations. U

4.1. Compatible common-commutator lifts.
Lemma 4.2. Let (a,b,c) #0, P =[D, E], Q = [D, B], and
F = aP?Q + bPQP + cQP?, S=a+b+c.

For every n > 3, F has a rank-one square-zero value with differential onto s,
if S =0, and onto M,, if S # 0. Consequently its actual image is respectively
sl, or M,,.

Proof. First regard P,() as independent traceless inputs. Choose P =
diag(pi, ..., p,) generically subject to S p; = 0. We require p; # 0, all p?
distinct, and

kij = ap; +bpip; +cp; 0 (i # 7).
These are nonempty open conditions: any two coordinates on the trace-zero

diagonal hyperplane are independent for n > 3. Put () = uv, where u = e; and
v=(0,vg,...,v,) with all v; # 0. Then

j=2
The @ derivative gives every hollow matrix. Conjugation of N gives all traceless
diagonal directions modulo the hollow matrices. If S # 0, a traceless diagonal
variation of @Q also gives a nonzero trace, since tr F' = Str(P?Q) and the p?
are not all equal. This proves the desired differential assertion for independent
P, Q.

We realize this pair as common commutators so that
k:(D,E,B)— (D, E],[D, B])
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is a submersion onto sI2. Set V = kerv and choose

—DP3 P2
w =0, wy=——""—, wz=-——,
va(p2 — Pp3) v3(p2 — P3)

Thus vw = 1 and vPw = 0. Relative to Kw & V, the first diagonal entry of
P is zero and its compression A = (I — wv)P|y is traceless. Its characteristic
polynomial is

det(t — A) = (t —pa —p3) [ (t—py).

J#2,3
For generic p these roots are distinct. The vectors © and Pw are eigenvectors
of A with eigenvalues p; and ps + p3. Also ¢ = vP|y # 0 and ¢(Pw) =
—pop3 # 0. Choose an eigenbasis of A and apply the Fourier matrix of order
n — 1. Its diagonal becomes zero. Both u and Pw now have all coordinates
nonzero. Generic rescaling of the eigenvectors makes ¢ nonzero on every new
basis vector. Moreover all off-diagonal entries of A are nonzero for generic
eigenvalues: they are the nonconstant Fourier coefficients of its generic trace-
zero spectrum. Consequently, in this basis, P is hollow with every off-diagonal
entry nonzero, and () has only a first column, all of whose entries below the
diagonal are nonzero.

Take D diagonal with any distinct entries in this basis, and solve [D, E] = P,
[D, B] = Q entrywise. To verify smooth lifting, let (L, M) annihilate dx under
the trace pairing. Variation of FE, B forces L, M to commute with D, hence
they are diagonal. Variation of D gives

[E,L) + [B, M] = 0.

The first row, using £y; # 0 and By; = 0 for j > 1, forces all diagonal entries
of L to agree. The first column, using Bj;; # 0, then forces all entries of M to
agree. Scalars are zero in the dual of sl,, so dk is onto. Thus the preceding
differential assertion holds at a realization of the pair by common commutators.

For S = 0 the local characterization in sl,, gives the whole trace-zero space.
For S # 0 it gives every nonscalar matrix. To include scalars, take P =
diag(1,¢,...,¢" ') and Q = P72, where ( is a primitive nth root. Both are
traceless for n > 3 and F(P,Q) = SI. The same Fourier basis makes both
hollow, so they are common commutators with a regular diagonal D. Scaling
B gives all scalars. U

Lemma 4.3. For every n > 3 the polynomial
V(D,E,A,B) = 33([D7E]7 [DvA]v [DvBD
has an actual nonzero rank-one square-zero value with differential rank n?.

Proof. Put k =n — 1. In the lower £ x k corner take
k—1 k—1
Y= Fin, Z=) zEin;,  H=[Y,Z]=dag(h), hi=z—2,,
i=1 i=1
where zp = 2z = 0. Embed them in M, with first row and column zero,
and put X = 7 5 Ey;. Choose the 2; generically so every h; # 0. Then
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s3(X,Y,Z) = XH = N is rank-one square-zero with every entry of its first
row outside the diagonal nonzero. A diagonal D with distinct entries realizes
X, Y, Z independently as [D, E], [D, A] and [D, B].

For a hollow variation U of X the derivative is

L(U)=UH+ HU + ZUY —YUZ.

Its first row and column are arbitrary. On the rth upper diagonal in the lower
corner its matrix is tridiagonal, of size k — r, with

(L)is = hi + higr, (Ly)iie1 = zie1, (Ly)ijit1 = —Zigr-

For r > 2 this matrix is generically invertible. Indeed set z; = t*. The diagonal
entry has leading degree i 41 except at the last position, where it has leading de-
gree k — 1 and negative leading coefficient. In the tridiagonal determinant every
adjacent transposition has strictly smaller degree than the two corresponding
diagonal terms. Thus the diagonal product is the unique highest-degree term.
For r = 1 the row sums vanish, while its upper-left minor of size £ — 2 has a
nonzero leading diagonal product. Hence its rank is £ — 2. The nonzero upper
and lower off-diagonal entries force both endpoints of a left null vector to be
nonzero. The lower diagonals have the same ranks: the weighted transpose
interchanging Y and Z intertwines L.

It remains to fill one cokernel direction on each first off-diagonal of the lower
corner. A variation of Y by the last matrix unit in the first column gives —e,x 2
in that corner, where z = (1,...,1). It has only a last row, zero diagonal, and
nonzero last subdiagonal entry. A variation of Z by the first matrix unit in
the first column gives e;xY, with only a first row, zero diagonal, and nonzero
first superdiagonal entry. These fill the two cokernels. All hollow matrices
are therefore in the differential image. Conjugation of N supplies all traceless
diagonal directions. Finally, varying Z by the second matrix unit in the first
column gives trace 3x; = 3 # 0. All these are permitted common-commutator
variations or simultaneous conjugation directions in the original inputs, so dV/
is onto M,,. O

Completion of Theorem j.1: shared-factor cubics. Write S = A+ B, with A, B
the two cyclic coefficient sums of ¢. If all three pair identifications in ¢ vanish
as polynomials, polarization makes ¢ antisymmetric in every pair of variables.
Thus ¢ is a multiple of s3. For a nonzero multiple, Lemma 4.3 gives the asserted
full-rank nilpotent point.

Otherwise relabel the cubic slots so that

J(P,Q) = q(P.P,Q) = d'P*Q + VPQP + {QF* # 0.

The sum o’ + b + ¢ is S. Lemma 4.2 supplies an actual common-commutator
point P = [D,E|, Q = [D, By|, with nilpotent value N = J(P,Q), and the
required differential if either S # 0 or A = B = 0. Its tangent directions are
also tangent directions of H, on the subspace where the first two commutator
inputs agree.
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The only remaining case is S = 0 and A = —B # 0. Retain the smooth
common-commutator realization from Lemma 4.2. Before its change of basis,
P is diagonal with distinct entries and @ = €1(0,vs, ..., v,), all v; # 0. There-
fore [P, @] is nonzero rank-one nilpotent. The common factor D is regular
semisimple, so

K =[[P.Ql. D] #0:
a matrix commuting with D is diagonal in its eigenbasis and cannot be nonzero
nilpotent. At the actual shared-factor input (D, XY, Z) = (D, E, E, By) the
value is already N. The restricted map J gives all sl,, tangent directions there.
Independently vary the first input X by L. Cyclicity gives

trq([D, L], P,Q) = Atr([D, L|[P,Q]) = Atr(LK).

This is a nonzero linear functional of L. Hence the differential of H, at this
same actual point is onto M,,. No separate realizations of its trace and traceless
parts have been combined.

The image of H, is conjugation invariant and conical, by scaling one of X, Y, Z.
The degeneration in Lemma 1.7, applied to the obtained open neighborhood of
N, therefore gives every nonscalar target in sl,, or M, respectively.

For completeness all scalars in the traceful case have a common-factor real-
ization as well. Take a primitive nth root (, the cyclic shift T, and a diagonal
A with TA = (AT. Set

U=T, V=AT, W=(UV)"

Their cyclic offsets are 1,1, —2, all nonzero modulo n > 3. Thus all three are
hollow in this same basis. The cyclic cubic words are I, and the reversed words
are (11, giving

qU, VW) = (A+ (" 'B)I.

At least one of the two distinct primitive roots ¢,(~! makes the coefficient
nonzero when (A4, B) # (0,0). For any regular diagonal D, solve [D, X] = U,
[D,Y] =V and [D, Z] = W entrywise. Scaling X gives all scalars in one shared-
factor evaluation. Together with the trace-zero identity when A = B = 0, this
completes the common-D classification in every size n > 3. U

4.2. Values on hollow matrices in one basis.

Corollary 4.4. Let n > 3 and V,, = {A € M, : A; = 0 for every i}. For
a nonzero multilinear cubic g, the similarity saturation of g(V;2) is sl, if g is
identically traceless, and M, otherwise. In particular every traceless target is
similar to one actual value on three matrices hollow in the same basis.

Proof. Apply the shared-factor construction in Theorem 4.1. Its proof gives
a smooth nonzero rank-one nilpotent value with the common input D regu-
lar semisimple: this is explicit in Lemmas 4.2 and 4.3. Restricting the input
space to the open locus where D is regular semisimple preserves smoothness
and hence the image neighborhood. This restricted image remains conjugation
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invariant and conical, with scaling performed in X, not in D. The local de-
generation therefore gives every nonscalar target in the appropriate space. The
scalar construction in the proof of Theorem 4.1 also uses regular diagonal D. Di-
agonalizing D makes each of [D, X], [D,Y],[D, Z] hollow in one common basis.
Conversely, any three hollow matrices have these three commutator realizations
for any fixed regular diagonal D. This proves precisely the stated saturated
image, including the scalar targets in the traceful case. There is no reliance on
an ordinary unrestricted cubic image theorem. U

Corollary 4.5. For any fixed reqular diagonal D and n > 3, the similarity
saturation of g([D, A], [D, B], D, C]) has the same full-target classification.

Proof. For fixed regular diagonal D, the map adp : V,, — V,, is an isomorphism.
Apply the preceding corollary; simultaneous similarity conjugates all inputs,
including D. U

5. DOUBLE COLLISIONS AND PRODUCTS OF THREE COMMUTATORS

5.1. Repeated variables and coefficient detection.

Proposition 5.1. Let W be an S,,-submodule of the multilinear free associative
component or its cyclic-word quotient, and write

W: @SA(@MA
AFm

For a partition p = m and a set partition P of type u, let Tp identify the
variables in each block of P. Then

ﬂ keer:@S)‘@)M,\,
P of type p AFu

where A\ > u denotes dominance of partitions.

Proof. Let Hp permute the variables within the blocks of P, and let ep =
|Hp| ™t Ye mp h. Complete polarization, separately in the repeated letters, gives

Tp(w) =0 <= epw=0.

Substitution and polarization descend to cyclic words, so this argument applies
to both stated spaces. The intersection over all conjugates is an S,,-submodule.
On a simple module S it is the whole module precisely when (S*)#7 = 0,
and is zero otherwise. By Young’s rule this invariant space has dimension K),,
which is nonzero precisely when A > p; see [8]. The group algebra acts trivially
on the multiplicity factor. Equivalently, its two-sided ideal generated by ep is
the whole matrix algebra on each detected simple factor. The same conclusion
therefore holds with arbitrary multiplicities. O
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5.2. Arbitrary mixtures of three pair commutators. Write Wy for the
span of the ninety ordered products of three disjoint pair commutators. The
result of this section applies to one arbitrary linear combination of all ninety
products. Define

K = (ker(R,|w,),  R.P=P(D,D,E,E,A,B),

where ¢ runs over the forty-five choices of two disjoint pairs, with the remaining
variables relabelled A, B.

Theorem 5.2. For every P € Wg and n > 3, the actual image is

{0}, P=0or(n=3and P € Ksg),
Val,,(P) =S sl,(K), 7P =0 and P is not an identity of M,,
M,(K), 7P #0.

All coefficients across the fifteen pairings and six factor orders are arbitrary.
The double-collision kernel satisfies

dimK =11, 7K=0, K~ 29@L000 g guLLLLY,

Its last summand is K sg: it is an identity for n = 3, and every nonzero member
has image sl,, for n > 4.

The proof uses Lemmas 4.2 and 4.3, together with the collision constructions
below. No image assertion is inferred by adding separately obtained polynomial
values.

We repeatedly use the following parameter observation. Suppose Fj is poly-
nomial in ¢ and its matrix inputs, Fy(a) = N, and d(Fp), is onto a target vector
space. The map (¢,z) — (¢, Fi(x)) is smooth at (0,a). Restrict its source to
the open set of surjective matrix Jacobians. Its image contains an open neigh-
borhood of (0, V), hence contains (¢, V) for some t # 0. Thus F; has an actual
full-rank point over N. The original map therefore has such a point if, for ¢ # 0,
F} is obtained from it by invertible input transformations and invertible output
transformations fixing V.

Lemma 5.3. Every double collision of a member of Wy lies in the span
W = (P*Z,PZP,ZP?, perm(P,Q, R), perm(P,S,T)),
with P,Q,R,S,T,Z as in Theorem 3.1. Fvery traceful member of VW has an

open image neighborhood of a rank-one square-zero matrixz. Every nonzero trace-
zero member has image sl,. Both assertions hold for all n > 3.

Proof. The displayed spanning property follows by listing the three possible
pairing types after the collision: two P factors and Z, or one each of P,Q, R,
or one each of P, S,T. This is a fifteen-dimensional space. For precision, write
its coefficients as ag, a1, as and b,,c, for 7 = 123,132,213,231,312,321. The
four substitutions A = D, F and B = D, E are common-factor cubics from
Lemma 4.2. Their joint polynomial kernel is exactly

H =aPL+ SLP +~C+ 0T +nU, U=s3(P,Q,R)— s3(P,S,T).
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This assertion requires only coefficient elimination. The three coefficients of
each substituted cubic, with an irrelevant overall sign suppressed in the third
row, are

A=D| ag— ciz2 — C312 a1 — C123 — C321 G — C213 — C231
A=F | ao+bias +bas  ai+ bz + bas as + bs12 + b3y
B=D| ap+ bz +bsia  ai+ biaz+ b3 as + ba13 + bag
B=FE| —ag+cia3+c213 —ap+ci32 + Ca31 —a2 + C312 + C321

Setting these entries to zero gives a = (ap + a1 — a2)/2, f = (a1 + az — ap)/2,
v = (ap + az — a1)/2, and two free alternating coefficients § + n, § — . This
proves the stated kernel expression directly. It is five-dimensional: the three
trace functions of PL,T,U are independent (as verified by the trace-coordinate
matrix below), while the coefficients of DEDEAB and DEDAFEB separate
PL — LP and C — PL by the matrix (% 9). The same argument also verifies
independence of the fifteen spanning products.

If all four polynomial substitutions vanish, use this kernel expression. The
first four terms are invariant under £ — E + tD, while

UD,E+tD,A B) =U(D,E, A B)+2tV(D,E, A, B).

For n # 0, Lemma 4.3 and the parameter observation applied to eH(D, E +
e~ 'D, A, B) give a full-rank nilpotent point for H. For nonzero ¢ the factor €
is absorbed by the invertible substitution B — ¢B. For n = 0, Theorem 3.1
applies. The trace-zero kernel members have n =9 =0 and a+ 8+ v =0, so
that theorem also proves their assertion.

Suppose now that one substituted polynomial is nonzero. If H is trace zero,
the corresponding common-factor cubic is nonzero and trace zero; Lemma 4.2
supplies every traceless target in the image of H. If H is traceful and one
substitution is traceful, the same lemma supplies a full-rank nilpotent point. It
remains to consider traceful H for which all four substitutions are trace zero
and at least one is a nonzero polynomial. Relabel so that

J(D,E,B) = H(D,E,D,B) # 0.

This is a trace-zero common-factor cubic.
The five independent trace coordinates of W are

0 =trP?Z, 17 =trPQR, 1 =trPRQ, 73=trPST, 71,=trPTS.

Their independence can be checked by rotating A to the front and reading the
coefficients of the remaining words DDEEB, DEDEB, DEDBE, DEBDE,
DBDFEE. Their coefficient matrix is

0 0 -1 0
1 0 1 0
0 0 -1 1 . det = 1.

_ o O OO
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Write h = tr H = ) k;7;. The four trace-zero substitutions give
ko + k1 + ko = 0, ko — ks — ky = 0.

Let K be the cyclic derivative with respect to A, so h = tr(AK). Direct cyclic
rotation gives

K = ko[B, P?] + k1 [RP, D] + ko[PR, D] + k3[PS, E| + k4[SP, E].

Choose the nilpotent seed for J from Lemma 4.2, retaining its smooth lift, a
hollow dense P, and a regular diagonal D in the common basis. Here S = [D, B|
is the rank-one matrix denoted () in that lemma. The eigenvalues of D remain
freely selectable.

Put 0 = kg + k1 — k3. Replacing £ by E + AD leaves P, S and the map
J(D, E, B) unchanged and changes K by

M[[S, P], D).

If 0 # 0, this coefficient is nonzero: [S, P] is a nonzero rank-one nilpotent, and
cannot commute with the regular semisimple D. Thus one can arrange K # 0
without changing the nilpotent value of J.

If & = 0, the trace is a linear combination h = atr(PL) + btrT, with
(a,b) # (0,0). Replacing B by B + uD? still leaves S, hence J, unchanged.
The coefficient added to K is

p{a([D?, P? + 2[PDP, D]) + 3b[D, [D, P?]]}.

It is nonzero for a generic choice of the diagonal entries d; of D. Indeed the
(1, 7) entry of the first summand, without a, is

¢

For a # 0, choose distinct 4, j, ¢; dense hollowness of P makes the coefficient
of dy nonzero, while the second summand depends only on d;,d;. For a = 0,
the simple spectrum of P? prevents it from commuting with D: otherwise P, a
polynomial in P?, would be both diagonal and hollow. Thus the second sum-
mand is nonzero. In either case choose u so that K # 0. These diagonal shifts
preserve the smooth-lift first-row and first-column conditions of Lemma 4.2.

Return directly to the actual point (D, E, A, B) = (D, E, D, B). Its value is
J(D,E,B) = N. Varying D, E, B with A = D gives all sl,, tangent directions
from J. An independent A variation L has output trace tr(LK), which is
nonzero for some L. Consequently dH at this same point is onto M,. This
proves the remaining case. U

Proof of Theorem 5.2. The ninety products form a basis: a word has a unique
decomposition into its ordered adjacent pairs, and each product has eight dis-
joint word terms. As an Sg-module this is the multilinear part of (A% V))®3. The
Pieri rule gives

WG ~ S(3,3) D 25(3,2,1) D 35(2,2,1,1) D S(S,l,l,l) D S(2,2,2) D 25(2,1,1,1,1) D 5(16).
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Apply Proposition 5.1 with pattern (2,2,1,1). In the displayed decomposition
only (2,1%) and (19) fail to dominate this pattern. Thus the joint kernel consists
exactly of these summands. Their dimensions are 5 and 1, so dim & = 2-5+1 =
11.

For completeness, its trace vanishing also has a direct cyclic-word explanation.
Modulo cyclic permutation of the three factors there are thirty formal products.
Each cyclic word of length six appears in exactly two products, obtained by the
two possible parities of adjacent pair cuts. Their coefficient matrix is a signed
incidence matrix on thirty vertices. The graph is connected: the pair swaps
and a one-place cyclic shift generate Sg. Its kernel is therefore at most one-
dimensional; the alternating sg supplies that kernel. Equivalently, the trace
quotient is the cyclic-factor coinvariant space modulo Ksg. The elementary
symmetric/exterior Pieri decompositions

2 6 3 2
Symg(/\ V)= S,V @ Se2inV @ /\ V, /\(/\ V)= Si1,1,)V @ S22V

then identify that quotient as SG3) @ §22LD @ §G.LLY gy §(2.22) " [ particular
mIC = 0 and the cyclic rank is 54+ 9+ 10 + 5 = 29.

If 7P # 0, some double collision H has nonzero cyclic projection: otherwise
polarization in the trace quotient and the preceding Young rule would put its
cyclic class in a zero joint kernel. Such an H has an open image neighborhood at
a rank-one nilpotent by Lemma 5.3. Its image is contained in that of the original
multilinear P. The local characterization, including its multilinear scalar lemma,
gives Val,(P) = M,. If 7P = 0 and P ¢ K, some double collision is nonzero
and trace zero. Lemma 5.3 gives sl, in the image of P; trace vanishing gives
equality. Finally S (1) = Ksgg is an identity of M3 by Amitsur—Levitzki. The
following subsections complete K in size three and in every larger size. U

5.2.1. Completion of the residual module in size three. In this subsection only,

index the variables by 0,...,5. Let Alts; mean the unnormalized signed sum
over permutations of x1,..., x5, leaving x( fixed, and put

Fy = Alts [z, 21][22, 23] [74, 5],

Fy = Alts[xs, 23] (w0, 21][24, 25],

Fy = Alts[zy, z3][24, 75)[20, 21],
A:Fl—Fg, BZQFQ—Fl—Fg.
Set Ag = A, By = B, and A; = —(0 s)A, By = —(0 s)B for s > 0. These

elements have
5 5
SSA=SB,=0, K=(A,B,:0<s<5)® Ksg.
s=0 s=0

To prove this basis description, observe that alternation in five variables kills ev-
ery double collision. The orbit of each alternant is a quotient of the sign-twisted
six-point permutation module. The full alternating projections of F, Fy, F3
agree, so A, B have no sign component; the displayed sums vanish. Fach
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nonzero orbit therefore affords S@1. The two Ss-alternating vectors A, B
are linearly independent: their coefficients at the words 012345 and 120345 are
respectively (4, —4) and (0,8). They therefore generate two different copies of
that irreducible module. Together with sg their dimension is eleven, equal to

dim K.

Since sg vanishes on M3, it remains to consider

5 5
Py =3 a,A.+ > b.B.
s=0 s=0

Adding a constant to all the ag, or to all the b, does not change this polynomial.
Variable permutations act by the same permutation of the coefficient indices and
an overall sign.

First fix the five inputs in slots 1,...,5 to be

H, K, Eiy, Ess, Es, H, K arbitrary traceless diagonal matrices. (C)

The linear map in slot zero preserves every root space K E;;. Write m;;(H, K)
for its multiplier. Expansion of the three commutators, followed by alternation,
gives the following exact conditions for a multiplier to vanish identically in H, K:

ij | my; = 0 if and only if

12 ap = as

23 ag = Qg

31 ap = Qs (CO)
13 ayp = asy, blzbg, 2a0—a2—a3—a4+a5+31)3—364:0

21 ayp = asy, blzbg, 2a0—a2+a3—a4—a5—|—3b4—3b5:0

32 a; = ag, blzbg, 2a0—a2—a3+a4—a5—3b3+365:0

These are linear coefficient identities, not checks at a single choice of H, K. For
example, expand H = h; diag(1, —1,0)+ hy diag(0, 1, —1) and similarly K; each
condition is obtained by setting the four coefficients of h;k; to zero.

Suppose the ag are not all equal. Select an a-value with minimum multiplicity
r < 3, put one of its indices in slot zero, and assign the remaining indices to the
five fixed slots as follows. If » = 2, put the other occurrence and an index with
a different a-value in slots 1,2. All three remaining a-values differ from ag, and
a; # ag; thus none of (CO) holds. If » = 1 and the five remaining pairs (as, bs)
are not all equal, put two different such pairs in slots 1,2. Again no multiplier
vanishes. If those five pairs are equal, the last three equations in (C0) reduce to
2(ag—ay) # 0. If r = 3, the a-values split into two triples. If b is nonconstant on
either triple, choose the active index in that triple so that its other two b-values
differ, and put these in slots 1, 2. Otherwise b is constant on each triple; use the
other two members of the active triple in slots 1,2. The last three equations in
(C0) then reduce to the difference of the two a-values, which is nonzero. This
covers every nonconstant a, with arbitrary b.

For constant a, remove it using > A, = 0 and fix instead

H, E127 E217 E1237 E32 in slots 1,...,5. (P)
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For pure B the four multipliers on Fo, Fa1, Fa3, 3o vanish identically precisely
when, respectively, by = by, bg = by, by = by, bs = by. With t = (by + b1)/2, the
other two vanish precisely as follows:

13| by + 3by = 4t, by + 3bs = 4t,

31| 3by + by = 4¢,  3by + by = AL, (PO)

Assume some b-value has multiplicity at most two and place it in slot zero. If
its multiplicity is two, put its other occurrence in slot one; then bo,..., b5 all
differ from by = ¢. If its multiplicity is one, choose slot one so that the other
four values are not all ¢: if an initial choice fails, interchange that slot with one
of the four equal values. In both cases the four remaining values differ from b,
and are not all ¢.

Among four numbers not all £, there are two, say u, v, with u + 3v # 4t and
3u + v # 4t. Indeed, subtract t. A zero and a nonzero offset give such a pair.
If all offsets are nonzero and every pair failed, their ratios would all belong to
{—=3,—1/3}, which is impossible already for three offsets in characteristic zero.
Put w, v in slots 2, 3. All six multipliers are now nonzero polynomials by (P0).

In either successful construction, choose diagonal parameters outside the
union of the six multiplier zero sets. Varying the single active slot then realizes
every hollow 3 x 3 matrix in one evaluation. Every traceless matrix is similar
to a hollow matrix: for a nonscalar matrix choose independent vectors v, Tv to
make its first diagonal entry zero, then continue on the remaining trace-zero
compression; a scalar trace-zero compression is zero. Conjugation equivariance
therefore gives every member of sl; as an actual value of F, ;.

The only coefficients left are constant a and two different constant b-values
on complementary triples. Modulo constants and scaling, these give ten lines,
one for each unordered 3 + 3 partition. All are variable permutations, up to
sign, of

G = —(B, + By + Bs).

1
L
They are settled by one explicit smooth point. At

(I‘O, L1,T2,T3,Ly4, ZU5) - (E317 E137 E217 E127 dlag(07 ]-7 _]-)7 E23>)

one has G = —5FEy3. Its differential has the following eight values; the unlisted
slots of each tangent vector are zero:

slot variation dG
0 E3; —5FEn93
0 Esy —6F13
1 dlag(l,—l,O) —5E21
1 E32 —7E31 (J)
2 E31 d1ag(4, —3, —1)
2 E3o FEio
4 E32 d1ag(—2,4, —2)
5 FEs TE39
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The six off-diagonal matrix units and two independent traceless diagonals span
sl3. Thus dG has rank eight over a rank-one square-zero value. Scaling and
conjugation normalize that value to Ej5, and Corollary 1.8 completes these ten
lines. If both a and b are constant the polynomial is zero modulo Ksg. Together
with the preceding proof outside IC, this proves the size-three classification in
Theorem 5.2.

5.2.2. A single collision in arbitrary size. Continue the variable numbering
0,...,5. Let p identify slots zero and one, and retain the notation Ay, B, of
Section 5.2.1. Alternation immediately gives

pP.y = (agp — a1)pA+ (b — b1)pB.

The terms with distinguished index at least two vanish, and pA; = —pA,,
pB1 = —pBy. After a variable permutation some such collision is nonzero
unless both coefficient vectors are constant. A multiple of sg is killed by every

collision.
For U =[D,X], V =[D,Y], W = [D, Z], direct alternation gives

(G,A + bB)(Da Dv D27 Xa Ya Z) = _4Qa+3b,—a+3b(D; Ua V> W)?
where
Qrs(D: UV, W) = Altyyw (rDUVW +sUDVW —rUVDW —sUVWD). (Q)

One way to verify the identity without a long word expansion is to follow a
path through four vertices with diagonal entries d;, d;, di, d;. The coefficients
of A and B, after removing the three factors (d; — d;)(d; — di)(dy — d;), are
respectively —4(d; — d;j — di + d;) and —12(d; + d;j — d, — d;). The change of
coefficients (a, b) — (r,s) = (a + 3b, —a + 3b) is invertible.

Lemma 5.4. For every (r,s) # (0,0) and n > 4, the actual values of (Q)),
with D regqular diagonal and U, V, W hollow, after simultaneous conjugation, fill
s, (K).

Proof. Every value is traceless. Indeed

QI,O - Z[Dv [U’ VHVV: QOJ = Z U[D’ [Vvu WH7

cyc cyc

and cyclicity of trace reduces both traces to the Jacobi identity.
First suppose rs # 0. Write n = 1+ k, index the lower block by 1,..., k, and
take

k k—1 k—1
D= diag(do, e ,dk), U= Z E()j, V = Z Ei,i—i—la W = Z ZiEH—l,i'
j=1 =1 i=1

Use zp = 2 = 0. The output has only its first row nonzero, with entries
Noj = r{zj(do — dj11) — zj—1(do — dj—1)}-

An absent boundary term is omitted. All these entries are nonzero for generic
parameters, so N is a rank-one square-zero matrix. The U derivative covers the
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first row and column: their respective multipliers are the preceding expression
and
S{Zi<di+1 - do) - Zifl(difl - do)}'
On the lower off-diagonal band j — ¢ = h, the same derivative is tridiagonal.
Its diagonal, forward and backward coefficients are

Cij = r{zj(di = dj1) — zj-1(ds — dj1) } + s{zi(di1 — dj) — zima(di — dj) },
Aij = —z{r(di — dj1) + 5(dis — d;)},
Bi]‘ = Zi_l{T(di — dj_l) + S(di_l — dj)}

For h > 2, specialize z; = t'. Every diagonal coefficient except the last has
unique leading term 7z, p,(d; — d;1p+1); the last has leading term —7rzj_1 (dg_p —
dg—1). In a tridiagonal determinant every adjacent transposition has strictly
smaller t-degree than the corresponding diagonal pair. Thus the leading diago-
nal product is unique and nonzero. Negative bands follow by transposition and
diagonal rescaling of the shifts, interchanging r, s.

On the first upper band the rows sum to zero, and its upper-left (k — 2)-
minor is generically nonzero by the same leading-term argument. Its rank is
k —2. Both off-diagonals are nonzero, so both endpoints of a left null vector are
nonzero. The first lower band has the same properties. Varying V' by Ejq gives
a hollow lower-block output supported in its last row, whose (k, k — 1) entry is
—$zg—1(do —dg—1) # 0. Varying W by Ejq gives a hollow output in its first row,
whose (1, 2) entry is s(do —dz) # 0. These fill the two remaining band cokernels.
All hollow output directions are therefore covered. Conjugation of N supplies
every traceless diagonal direction modulo the hollow matrices. The saturated
derivative is onto sl, over N, and Corollary 1.8 applies.

It remains to treat rs = 0. Transposition interchanges r, s, and nonzero
scaling is harmless, so take (r,s) = (1,0). Here a regular zero is available. Set

k k—1
D =diag(0,1,...,k), U=> Ey, V=Y Ey., W=V (2
=1 =1

Since [V, W] is diagonal, (Q) is zero at this point. We show that its derivative
in hollow U, V, W alone is onto sl,. The U derivative covers the entire first row:
its multipliers are —2 for 7 < k and k — 1 for 7 = k. Lower-block variations of
V, W give only a first column, namely

[D, [V, W]+ [V,W]]1e].

They cover that column. In fact W = Eyy gives 2eq, V= Ej ;-1 gives 2ey, and
V= E; iy gives —e; + e;41 for 1 <7 < k — 2. This uses exactly &k > 3.

On each lower-block band of distance h > 2, the U derivative has deter-
minant (h — 1)¥7". For the upper band its tridiagonal matrix has diagonal
(=2,...,—2,h — 1), superdiagonal h + 1 and subdiagonal —(h — 1); the deter-
minant formula follows by the two-term tridiagonal recurrence. Reversal gives
the lower-band formula. The first upper and lower bands each have rank k — 2,
with cokernel coordinates respectively (k — 1,k) and (2,1).
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It remains to cover the k lower diagonal entries and these two coordinates;
the top diagonal is determined by trace zero. Write V = egv’, W = equw’.

Their lower-block output is
[D_, 10" )W — [D_, 1wV + D_(Wlv" —Viw"), D_ =diag(l,...,k).
Its diagonal entries are
ti = —LickUig1 + 11i>00; — 1Lisow;—1 — 11wy,

and the two cokernel coordinates are 2(v; —wy) and (k—1)(vx — wy). This map
has rank k£ + 2. To check it, let a linear relation have diagonal coefficients ¢;
and two further coefficients. The coefficients of vy and wj, first kill the latter
two. The coefficients of w; and vy then give ¢ = —c¢; and ¢; = 2¢9, hence
c¢1 = ¢ = 0 in characteristic zero. Successive coefficients give all other ¢; = 0.
Together these variations cover sl, at the zero value (Z). Smoothness gives an
open image neighborhood of zero. The image is a cone, so its intersection with
every target line contains a nonzero point; scaling gives the entire target space.
This proves the boundary case as well. U

Applying this lemma to a nonzero single collision proves the assertion for
every member of K\ Ksg, including an arbitrary added multiple of sg, for all
n > 4.

5.2.3. The standard direction and compatible block construction. It remains to
treat Ksg. We first compute minors in the base sizes and then prove the result
in arbitrary size by a block construction. This argument does not use a general
sextic inclusion theorem.

For ¢ = 3,4, 5, use a hub indexed by zero and a lower block of size ¢q. Take

117 .
o=, o) Yi=08B (1<j<5),

with the five lower matrices listed below. Put H, = s5(By, ..., Bs). Multiplica-
tion of matrix units gives the exact identities

q| (Bi,Bs,Bs,By,Bs) | 1TH, | det H, | Jacobian minor
3 | (Erg, Fag, Es1, Eq1, Eas) | (—2,-2,—1) —4 1024
4 | (Erg, Fag, Esy, Ey1, E1q) (2,1,1,1) 2 256

The output is a nonzero rank-one square-zero matrix supported in the hub row.
The minors use row-major coordinates with the last diagonal coordinate omit-
ted, which are coordinates on sl;;,. Section 10.6 gives the column lists and a
triangular path proof of their nonzero determinants. Thus local surjectivity, in-
vertibility of H,, and nonvanishing of a chosen output coordinate are nonempty
open conditions on the local star parameters (By, ..., Bs, 7).
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For arbitrary n > 4, write n — 1 = ¢ + --- + ¢, with ¢; € {3,4,5}. On
K & @, K% use the one star family

1 ’,"1 PR Tt

00 --- 0 |
o=1. . . vi=0eBhe-eB, (1<j<5)

00 --- 0

There is an additional open condition for each directed rectangle between two
distinct lower blocks: the Y} derivative there must be invertible. Its determinant
is a nonzero polynomial. To see this, set all five matrices on the left block to
zero and use the displayed base tuple on the right block. The rectangle map
becomes T,,(X) = X H,, whose determinant is (det H,)* # 0. Interchange
left and right to verify the reverse rectangle. These specializations establish
polynomial nonvanishing; they need not themselves satisfy the local Jacobian
conditions.

The full parameter space is affine and irreducible. The finite product of
the nonzero local-minor, H,-determinant, rectangle-determinant and output-
coordinate polynomials is nonzero. Hence one actual input satisfies all require-
ments simultaneously. Its output is

N =eo(riHg,...,mHy,),

again nonzero rank one and square zero. At this same input, a trace-pairing
annihilator of the full derivative has its hub rectangles zero: the two Y rectangle
maps are w — wH,, and v — —Hyv. The invertible lower rectangle maps then
kill all off-diagonal lower blocks of the annihilator. It remains h Cy & --- & Cy.
Embed the variations of the local (1 + ¢;)-dimensional Jacobian into the global
slots. The only additional output entries lie in rectangles already annihilated;
no other lower diagonal block receives a contribution. Local surjectivity onto
sly44, therefore forces h @ C; to be scalar, so C; = hl,, for every ¢. The entire
annihilator is the scalar line. The global derivative is onto sl,, over N.

Every sg value is traceless, since a cyclic word rotation reverses its sign. Corol-
lary 1.8 now proves Val, (s¢) = sl,, for every n > 4. Together with the preceding
subsection and the size-three argument, this completes Theorem 5.2 on all of
W.

6. TRACEFUL PROPER SEXTICS ON THREE BY THREE MATRICES

Throughout this section K is algebraically closed of characteristic zero. All
polynomials are ordinary noncommutative polynomials with coefficients in K,
multilinear in their indicated original variables. The image means the set of
single values, not its linear span, its additive closure, or its Zariski closure. A
polynomial is proper if replacing any original variable by the identity matrix
makes it zero. Write B = UT3(K), N = Ej3, and s = sl3(K).
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Theorem 6.1. If f € K(xy,...,x6) is proper and multilinear and tr f is not
identically zero on M3(K)S, then

F(M3(K)®) = Ms(K).

The proof separates actual original-slot arguments from full-differential argu-
ments. In particular, the rank of the full differential at a triangular tuple is never
used as the rank of an original slot. We first prove the two original-slot results
needed below. These results have no degree-six or properness assumption.

6.1. Division descent and an original slot of rank at least six.

Lemma 6.2. Let h be ordinary multilinear, and select an original slot. Its
generic full rank and every nonempty Zariski-open condition on its actual back-
grounds can be transported to a degree-three, period-three division algebra. After
splitting, the transported background is still generic in all of the original matrix
entries. If tr h # 0, the transported slot has nonzero reduced-trace row.

Proof. Put Fy = K((s))((t)), choose a primitive cube root (, and take
Dy = (s,t)3 = Fy(u,v | v® = 5,0° = t,vu = Cuv).

The nine monomials u®v®, 0 < a,b < 3, have distinct classes of fractional values
in the rank-two valuation group modulo Z2. In a nonzero linear combination its
term of least value is unique, and least values add under multiplication. Thus
there are no zero divisors. The symbol algebra is central simple of dimension
nine, so it is a central division algebra of degree three. Its Brauer period divides
three and is not one, hence equals three.

Choose a basis ey, ..., eq of Dy. For every frozen original input use indepen-
dent variables z;; and put

9
F = Fy(zu), D = Dy ®p, F, By =Y zuey.
=1

Pure transcendental extension preserves division: the rational extension em-
beds in an iterated formal Laurent series division ring over Dy, and finite-
dimensionality over its center then makes it division. In particular D still has
period three.

Choose a finite splitting field Lo/ Fy before adjoining the z;, for example by
adjoining cube roots of s,t. Over Ly, the matrices representing e, are a basis
of M3(Ly). Changing each block (21, ..., zi9) to the corresponding nine matrix
entries is therefore an invertible linear substitution over L, independent of
the variables. It preserves whether a polynomial minor is identically zero and
takes the generic point to the generic point. It also preserves a nonempty
open background condition after base change, including conditions imposed
by projective incidence. Finally, the trace row of the selected slot is nonzero
whenever tr h is a nonzero polynomial, by multilinearity in that slot. The same
change of coordinates proves the reduced-trace assertion. U
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We use one standard Severi-Brauer fact in an explicit form: if a central
simple algebra has period three, every divisor on its Severi-Brauer surface has
geometric degree divisible by three. This is the Picard—Brauer exact sequence:
the obstruction to descending Opz(1) is the Brauer class. The opposite algebra
has the same period, so the choice of left or right ideals is immaterial. A source
is Colliot-Thélene and Skorobogatov, The Brauer—Grothendieck group, Section
6.1, equation (6.1) [10].

Lemma 6.3. Let D/F be the division algebra just constructed, let E be an
algebraic closure of F, and identify Dg with M3(E). For an F-subspace T C D
with basis Ty, ..., T} consider

Mrp(x) = [Tz | - - | Tzl (7] € P4,

For k = 2 this matrix has generic rank two and only finitely many rank-drop
points. For k = 3 ils generic rank is three. For k = 4 its generic rank is three
and its rank-drop set is finite. If moreover 1 € T and k = 4, its rank is at least
two everywhere.

Proof. A nonzero element of D is invertible, so its evaluation column never
vanishes. If two independent columns were everywhere dependent, their propor-
tionality coefficient would be a global regular degree-zero function on P?, hence
constant. This contradicts independence. The common divisorial part of their
nonzero quadratic minors descends to the Severi-Brauer surface: twisted Ga-
lois acts on all columns by one common invertible semilinear left transformation
and on x by the corresponding projective transformation. Thus it preserves the
rank ideal and its canonical codimension-one divisor. Its degree is at most two,
so the period-three fact forces that divisor to be empty. The rank-drop locus is
consequently finite.

For three columns choose two first. If the third were generically in their
span, its two uniquely determined coefficients would be regular functions of
degree zero away from the finite rank-drop locus. Normality of P? extends
these functions across codimension two. They are constant, again contradicting
operator independence.

For four columns, generic rank three follows. If the four cubic maximal minors
had a nonconstant greatest common divisor g, its canonical divisor would de-
scend. Its degree must then be three. The signed cofactor vector consequently
has the form gc for a constant nonzero ¢ € E*. The cofactor identity gives
Mr(z)c = 0 identically, a constant relation among the four operators. This is
impossible. There is again no divisorial rank-drop locus.

Finally suppose 1 € T and evaluation had rank one at [x]. Then Tgx = Ex.
The unital F-subalgebra A C D generated by T is itself a division algebra:
an inverse of a nonzero element is polynomial in that element by its minimal
equation. Since D is a finite left A-vector space, dimp A divides nine. It is
at least four, hence equals nine. Thus A = D, whereas T would generate a
subalgebra preserving Ex. This contradicts Dy = M3(FE). O
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Lemma 6.4. For a four-dimensional F-subspace U C D, the map
{R € My(E) :rank R =1} — Uy, R+ (T~ tr(TR))
is surjective, including over the zero functional.

Proof. Write R = xy'. Let A;(z) be the four signed cubic maximal minors of
My (z). For a prescribed nonzero functional d = (dy,...,d,), at a rank-three
point solvability of y!T;x = d; is equivalent to

Z d;A;(z) = 0.

If this cubic is zero identically, any full-rank point works. Otherwise its projec-
tive zero set is a nonempty curve. By Lemma 6.3, this curve cannot be contained
in the finite rank-drop locus. At a rank-three point on it the linear system is
consistent; its solution has y # 0 because d # 0. For d = 0, the projective
rank-one variety P? x P? C P® has dimension four. Four homogeneous linear
conditions meet it by the projective dimension theorem. Any representative
gives a nonzero rank-one preimage of zero. U

Theorem 6.5. Let h be ordinary multilinear of any degree on M;z(K),
with trh # 0. If one original full slot has generic rank at least siz, then
h(M3(K)™) = M3(K). In particular one actual background at which that full
slot has rank at least siz suffices.

Proof. Use Lemma 6.2 and choose a six-dimensional F-subspace S of the
division-slot image on which reduced trace is nonzero. Put P = St for the
reduced-trace pairing. Then dim P =3, 1 ¢ P, and U = F'1@® P has dimension
four. For any A, u € E prescribe on Ug the functional

d(1)=p,  d(T)=-Xte(T) (T € Pp).

Lemma 6.4 supplies a nonzero rank-one R with tr R = p and A\l + R € Sg.
Nonzero rank-one matrices of a fixed trace are similar: for u # 0 they are
similar to diag(u,0,0), and for g = 0 they are rank-one square-zero matrices.
Therefore the conjugation saturation of Sg contains every scalar plus a nonzero
rank-one matrix, including all translates of the rank-one nilpotent orbit.

It remains to cover cyclic matrices. Set W = S Nker Trd, so dimW = 5, and
on W put

q(X) = Trd(X?), d(X) = Nrd(X).

The quadratic q is not identically zero: after splitting, the trace form on sl3 is
nondegenerate of dimension eight, and a totally isotropic subspace has dimen-
sion at most four. The cubic d is anisotropic over F' because D is division. It
is irreducible over F': a reducible homogeneous cubic has a linear factor over F,
whose kernel in the five-dimensional W has a nonzero F-point, contradicting
anisotropy. In characteristic zero its distinct geometric irreducible factors form
one Galois orbit. If the F-defined nonzero quadratic ¢ shared one, it would
share all, forcing d | ¢. Thus ¢, d are geometrically coprime. They form a regu-
lar sequence on Wg, and their common zero scheme is pure of dimension three.
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Since a trace-zero 3 x 3 matrix has characteristic polynomial t*—q(X)t/2—d(X),
this is exactly the nilpotent section of Sg.

The rank-at-most-one part of this section has dimension at most one. In-
deed its nonzero members are xy' satisfying y'Tz = 0 for T' € Ug. The four-
dimensional space U contains 1; its evaluation rank is three outside finitely
many [z], and at least two everywhere, by Lemma 6.3. Each exceptional [z]
therefore allows at most a one-dimensional vector space of y’s. Fixing a repre-
sentative x gives a single vector line of matrices; there is no additional scaling
parameter for x. A finite union of such lines has dimension at most one.

The three-dimensional nilpotent section consequently contains a regular nilpo-
tent Ny. Near it every nilpotent in the section is regular, so the intersection
with its orbit has local dimension three. Consider

¢ : GL3(E) x Sp — M3(E), (g,5) — gsg .

Its local fiber at (I, Np) has dimension 3 + 3 = 6: projection to Sg N Oy, has
fibers the three-dimensional centralizer of a regular nilpotent. The source and
target are smooth of dimensions 15 and 9. Miracle flatness [5] gives flatness
at (I, Np), and openness of a flat morphism of finite presentation [7] gives an
actual-image open neighborhood of Ny. Each E-point of this open image has a
nonempty finite-type fiber, hence an E-point because E is algebraically closed.

Conjugate this neighborhood to contain J = Fs 4+ E35. For any companion
matrix and ¢ # 0 one has

0 0 Co 0 0 t3CO
C=110 ¢/, tdiag(1,¢t7,¢72)C diag(1,t,t*) = [1 0 #3¢
01 Co 0 1 tCQ

The displayed curve has value J at zero. Its inverse image of the open neigh-
borhood contains a nonzero parameter. The saturation of Sg is invariant under
scalars and conjugation, so undoing these operations puts C' itself in it. Every
cyclic matrix is similar to such a companion matrix. Every nonscalar noncyclic
3 x 3 matrix has minimal polynomial of degree two and is scalar plus a nonzero
rank-one matrix: the two-root case has multiplicities two and one, and the
one-root case is a scalar plus a rank-one square-zero matrix. Those cases were
already covered.

Fix now any nonscalar target T € M3(K). We have T = gsg~! with s € Sg
and g € GL3(F). Since S lies in one original-slot image, a free-slot input
produces s at the same frozen division background. Split and conjugate the
whole original tuple by g. This is one actual evaluation of h equal to T" over E.
The affine equations h(X7, ..., X,,) = T have coefficients in K and a solution
over E, so their ideal is proper. The weak Nullstellensatz gives a solution over
K. This descends each complete fixed-target fiber; no specialization of a chosen
generic solution is asserted.

Finally traceful ordinary multilinearity supplies all scalars. In the clock—shift
basis Z¢X?, (a,b) € (Z/37Z)?, each basis tuple has its value in one homogeneous



44 SHENGYONG PAN

line, and only the zero-grade line K[ has nonzero trace. Expanding a nonzero-
trace tuple multilinearly therefore yields a nonzero scalar value on a basis tuple.
Scaling one original input gives every scalar, including zero. This proves the
theorem. U

6.2. A five-dimensional original-slot criterion.

Theorem 6.6. Suppose an ordinary multilinear h has one actual original full-
slot image S C M3(K) such that

dim § =5, I1¢5s, S Nsl3(K) contains no nonzero rank-one matriz.
Then h(Ms(K)™) = M;3(K).

Proof. The hypotheses force tracefulness. Otherwise P(S), of dimension four,
would meet the projective rank-one nilpotent variety, of dimension three, in
P(sl3) = P7. This contradicts the stated avoidance. The selected slot has
generic rank at least five. If it is at least six, apply Theorem 6.5. Otherwise it
is exactly five.

On its rank-five background open set the images form a rank-five subbundle of
the trivial matrix bundle. Tracefulness is open. On the traceful open, the trace-
zero sections form a rank-four subbundle. Identity exclusion is open, being the
nonvanishing of the section of the quotient bundle represented by I. Rank-one
avoidance is also open: the closed incidence of the projectivized rank-four bundle
with the fixed projective rank-one nilpotent variety has closed image under its
proper projection to the background base. The given actual background lies in
their common nonempty open set. Hence these geometric conditions hold at
the generic background and transfer by Lemma 6.2 to a five-dimensional space
Sp C D. This does not assert that an arbitrary split five-space has a division
form.

Write S for this division space, P = S+, U = F1 ® P, and W = S N ker Trd;
their dimensions are 5,4, 5,4, respectively. Over E consider the rank-at-most-
one cone C] and

p:C1—Up, R (T tx(TR)).

Its zero fiber is precisely C1NWg = {0}. The five homogeneous linear projection
coordinates form a homogeneous system of parameters in the five-dimensional
standard graded Segre cone ring: their common zero is its vertex, so their
quotient has finite dimension. Graded induction makes that ring finite over
the subalgebra generated by the five coordinates. Equality of dimensions then
makes these coordinates algebraically independent. Thus p is finite and surjec-
tive. Every nonzero functional has a nonzero rank-one preimage, but the zero
functional has only the zero matrix.

Prescribe d(1) = p and d(T) = —Atr(T) for T' € Pg. Since 1 ¢ S, the
restriction of trace to P is nonzero; hence this functional is zero exactly when
A = pu = 0. The preceding projection consequently puts in the saturation of
SE every scalar-plus-rank-one class except the pure rank-one nilpotent class. In
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particular, taking (\, ) = (1, —3) gives A = [ + R € Wy with R? = —3R, and
therefore
tr(A*) =3 —-6+9=6.

Thus ¢ = Trd(X?)|w is nonzero. The norm cubic on W is anisotropic and
irreducible over F', and geometrically coprime to ¢, by the same linear-factor
and Galois-orbit arguments as above. The nilpotent section ¢ = d = 0 is
pure of dimension two. Every nonzero point is regular nilpotent because Wg
contains no nonzero rank-one matrix. At any such point the saturation mor-
phism GL3 xS — M3 has local fiber dimension 3 +2 =5 = 14 — 9. Miracle
flatness [5] and the companion contraction in the proof of Theorem 6.5 give
every cyclic matrix. The degree-two-minimal-polynomial classification gives ev-
ery other nonscalar matrix except the pure rank-one nilpotent class. Nonzero
scalars are also missing from this fixed saturation because 1 ¢ S.

These two missing classes are supplied by the original polynomial at other
backgrounds. A noncentral multilinear polynomial attains a nonzero multiple of
a matrix unit £;;, ¢ # j. Indeed conjugate a nonscalar actual value until it has
a nonzero off-diagonal entry, and expand all inputs in matrix units. At least one
matrix-unit tuple has that off-diagonal output entry nonzero. A nonzero word
on such a tuple is a directed path; its total edge imbalance fixes its two end-
points. Thus every nonzero word at that tuple has the same ordered off-diagonal
endpoints, and the entire value is a nonzero multiple of F;;. Scaling and conju-
gating supply the rank-one nilpotent orbit. Noncentrality here follows from the
five-dimensional slot. The clock—shift argument supplies all scalars. For every
fixed remaining K-target, the extension-field evaluation descends by its whole
affine input fiber and the weak Nullstellensatz, exactly as in Theorem 6.5. No
addition of values is involved. O

6.3. The triangular symbol and differential ranks. Write I's for the
proper multilinear sextic space and Wy for the span of the ninety ordered prod-
ucts of three disjoint pair commutators. We use the classical upper-triangular
identity theorem: Id(UT,) is generated as a T-ideal by a product of r pair
commutators. In particular UT5 has no nonzero polynomial identity of degree
less than six. One precise reference is Gonzales Gargate and de Mello, Images
of multilinear polynomials on n X n upper triangular matrices over infinite
fields, Theorem 2.1 [3]. Only this standard PI input is used in the next lemma.

Lemma 6.7. There are scalars cs(f) such that for independent diagonal matri-
CEeS Dl = diag(dﬂ, di2; d23) and a # b,

f(Dla cee >Eab7 cee 7D6) = Cs(f) H(dia - dib)Eab-
i#£s
In particular f(D, ..., X,,...,D) = c,(f)ad’ X. Moreover
kerc = FG N Id(UTQ), F6 N Id(UTg) = W6-
If c(f) =0 and f ¢ W, then on triangular tuples
a; = D; + u;Erg + v Fa3 + w; Fhs, f(a) = W' A(D)v B3, (6.1)
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where A is a nonzero 6 X 6 polynomial matriz with A; = 0. Its entries have
degree four and do not depend on the diagonal coordinates in either of their two
occupied original slots.

Proof. Properness implies invariance under adding a scalar matrix to any in-
put. A word with the sole off-diagonal factor E,, visits only vertices a,b. Its
coefficient is multilinear in each pair (d;q, d;) and invariant under simultaneous
translation of that pair. Each pair therefore contributes its difference, leaving
a scalar. Diagonal inputs all commute and their value is zero. This proves the
first assertions, including the full-slot formula by linearity in X.

For inputs D; + z;E15 in UT,, terms with two strictly upper factors vanish.
The surviving expression is exactly the sum of the one-exception formulas. It
vanishes identically if and only if ¢ = 0. The stated T-ideal theorem gives
the UTj assertion: in multilinear degree six a substituted product of three pair
commutators can have only linear substitutions and scalar outside multipliers.
Its component is exactly W.

If ¢ = 0, both adjacent UT, corner quotients vanish, so f(B°) lies in K F3.
A single F3 factor gives zero by diagonal rigidity. The only possible remaining
upper path is 1 — 2 — 3, with an E}5 in one slot and an FEs3 in another. This
gives (6.1), the zero diagonal, and independence from the two occupied diagonal
slots. Its matrix is nonzero because f ¢ Id(UT3). O

Lemma 6.8. Let all vector spaces in the following assertions be over an infinite
characteristic-zero field.

(1) Suppose a bilinear map T(u,v) takes values in a fized space U C F™
of dimension at most two. Write its coefficients as 7,5, where k is the
output coordinate. If repeated-index coefficients vanish and the nonzero
support is cyclic,

Tijk%o < Tjki%o S Tkij#o,

then T = 0.

(2) Let B:V — Z and C : U — Z have the same rank r > 2. Assume
r >3, 0orr =2andimB # imC. If a bilinear T satisfies T(u,v) €
span(Cu, Bv) generically, then

T(u,v) = B(u)Bv + a(v)Cu
for fixed linear forms B and a.

Proof. For (1), let t;; € U be the coefficient vector of w;v;. If 7,5, # 0, cyclic
support makes the three coordinate functionals ¢, €;, €, nonzero on U. In di-
mension one, ¢;; # 0 cannot be killed by ¢;. In dimension two, its annihilation
by €;,€; makes these two nonzero functionals proportional. The functional e,
which does not kill ¢;;, is not proportional to them. But 7;;; # 0 similarly forces
€¢; and €, proportional, a contradiction.

For (2), quotient first by the line F'Cu for generic u. The induced map
B has rank at least two. Two linear maps which are pointwise collinear, one
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of rank at least two, are scalar multiples: the first vanishes on the second’s
kernel by perturbing with two vectors having independent images; the induced
endomorphism on the image preserves every line and hence is scalar. Therefore

T, = B(u)B + (Cu)ay,.

Choose generic uy, us with Cuy, Cus independent and im B not contained in
their plane. Such pairs exist under the stated hypotheses. Additivity of T" and
reduction modulo that plane give additivity of S on generic pairs. Independence
of C'uy, Cug then gives au,, = iy = Quuy4u,- Varying pairs gives a fixed a. Now
T, — (Cu)a is linear in u and is a scalar multiple of the fixed nonzero map B,
so the scalar ( is linear. The polynomial identities extend from the dense open
set. O

Proposition 6.9. Suppose f € T, ¢(f) =0, f ¢ Ws, and tr f # 0. On a
nonempty open subset of B, f(a) = AE3 # 0, the three full differential rows

(df )21, (df )32, d(tr f)

are independent, and the full differential has rank seven or eight. Its output 31
row vanishes identically on B°.

Proof. Work over the field ' = K(d;,) and use the independent u,v,w coor-
dinates. Put r = rankp A > 1 and let I, J be the nonzero row and column
supports of A. Path weights show that only input FEj3; directions can produce
output 21 or 32. On their amplitude vector z the two rows are

B(v) = v Ay, C(u) = (Aqu)’,

where A;, Ay are obtained from A by cyclic permutations of the three diagonal
labels. These matrices have rank r and exactly its zero-entry pattern. The rows
are generically independent: for » > 2 the independent parameters u, v can give
independent vectors; for r = 1, writing A = af3!, the zero diagonal forces the
nonempty supports [, J to be disjoint, and the two row supports are disjoint.
The 31 row is zero: a single negative-root variation could give that weight only
through an Es3; with all other inputs diagonal, and that one-exception coefficient
is zero.

At a nonzero value AFE;3, covariance supplies the four-dimensional orbit tan-
gent

(Ehs, Erg, Eog, By — Es3) C imdf.

It remains to show that trace is independent of the two negative rows. Its full
differential is nonzero generically on B%: cyclically rotate an original variable z
to the front in the trace expression and delete it. The resulting cyclic derivative
G is a nonzero degree-five ordinary polynomial when the cyclic class of f is
nonzero. Tracefulness implies that nonzero cyclic class. By the UTj identity
theorem, GG, cannot vanish on all triangular backgrounds. The nondegenerate
trace pairing detects it by a full-matrix variation of z,.

Suppose nevertheless that the trace row were generically in the span of the
21,32 rows. Its derivatives on FEsq, F35 inputs would be zero, since those two
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rows vanish there. Its derivatives on upper inputs already vanish. On an Fj;
input, the trace can come either from one background E\3, or from one Ej5 and
one Fy3. Vertex permutation identifies the former coefficients with the already
vanishing two-vertex trace-cycle coefficients. Thus its remaining row has the
form

T(u,v) = 7ijn(D)uvy, T # 0.
1,]

Repeated-index coefficients are zero by ordinary multilinearity. Cyclically per-
muting the matrix vertices preserves the nonzero support of 7, under (i, j, k) —
(J, k,i). The actual coefficients are related by field automorphisms, not asserted
equal. Our assumption says T'(u,v) € span(B(v), C(u)).

For r =1, or for r = 2 with equal two-dimensional images of the maps B, C,
all coefficients of T lie in one fixed space of dimension at most two. Lemma 6.8(1)
gives T = 0. Otherwise its part (2) gives T' = [(u)B(v) + a(v)C(u). The
coeflicient of uiv; in output k is B (A1) ;x because (As)p, = 0; hence B, = 0 for
k € J. Similarly o = 0 for k € I. A nonzero 7,;;, must satisfy at least one of

(a) i¢J, jel, kel
(b) ied, j¢1I, kel

These patterns cannot persist through all cyclic orders. If (a) holds for (i, j, k),
the next order must satisfy (b), forcing j € J, k ¢ I, i € I. The third order
then satisfies neither pattern. If no cyclic order satisfies (a), all three satisfy
(b), forcing an index simultaneously in and outside I. This again gives T' = 0,
a contradiction.

The three rows are therefore independent. They vanish on the four orbit
directions just displayed. Thus the full rank is at least seven and at most eight.
All nonvanishing and independence conditions hold on one common nonempty

open subset of the irreducible triangular parameter space, which has K-points.
O

6.4. Normal Hessians and the fixed lower source space. The following
calculations will be used in both generic-rank branches. They are made over the
generic triangular parameter field, and all nonzero conditions can subsequently
be realized on a common nonempty open set of K-points. Put
Wo = {(2iEa1+yiEs2){_, }, g31(z,y) = 2P folz 4y, z+Yy))s1 = ytA(Dre(v)l’,)
6.2

where D™V reverses vertices 1,3. The equality follows from the sole path 3 —
2 — 1. No upper background factor can occur in that quadratic, by root weight.
Its bilinear matrix rank is r, and its quadratic rank is 2r.

There are forced symbol kernels. Conjugating a one-step tuple D; 4 v; Eo3 by
I + tFEq5, and then a tuple D; + u; E5 by I + tFEs3, shows

(dip —di2)iA=0, A(dig — diz); = 0.
The new F43 entries cannot contribute. Consequently the two fixed lower vectors
P21 = ((du - di2)E21)i7 P32 = ((dz’2 - di3)E32)i (6-3)
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lie in the radical of ¢33 on W,. They are the lower parts of simultaneous-
conjugation tangents and satisfy, modulo K i3,

df (p21) = AEas, df (ps2) = —AE1s. (6.4)

We next check the correction terms in the normal quadratics. Since the 31
row of the full differential vanishes identically on the triangular family, differen-
tiation in any triangular direction gives

(dea(b7 g))31 =0 (b € BG?f € M??) (65)

For a moving normal ¢ in a constant-rank triangular family, differentiate

{(a)df,(€) = 0 along b € BS. The result is
@) Fa(b,€) + (A0)a(b)df(€) = 0.
The second term vanishes when & € ker df,, and only then is it discarded. Thus
((a)d® f,(B° ker df,) = 0. (6.6)

Also df,(B%) = K E\3, because its image is contained in that line and scaling one
input differentiates to f(a) # 0. If a raw lower vector z satisfies df,(z) € K Ejs3,
choose an upper b so z + b € ker df,. Equations (6.6) and f(B%) C KE3 give

(d? fu(z, 2) = Ld? fu(2 + b, 2 + D).

The same holds for polarizations. Hence lower representatives compute the
quadratic terms on the full kernel, without unproved invariance under arbitrary
source corrections. Fixing independent output controls and formally eliminating
their source coordinates has these same normal quadratic initial forms.

For later use define the two-cycle matrix M by the output 11 coefficient of
u;r; in the Eia, Eay corner, with all other inputs diagonal. Set d, = (d;;)?_;,
the vector of diagonal entries at vertex ¢. Path expansion gives

M(dl,dg) == A(dl,d27d1>, Mz == 0, M22 == O'(M)t, (67)

where Msy denotes the output 22 coefficient matrix, and o swaps diagonal labels
1,2. Properness makes each entry of M a homogeneous degree-four polynomial
in the differences d;; — dj. Therefore o(M) = M and My = M'. Every
two-cycle diagonal jet is a vertex permutation of this one.

6.5. Generic rank seven with vanishing two-cycle jets.

Proposition 6.10. Under the hypotheses of Proposition 6.9, suppose the
generic triangular differential rank is seven and M = 0. Then f is flat at a
triangular point over a nonzero multiple of Fis.

Proof. Besides the constant 31 normal, choose a second normal in the form
0Y) = a(Yi1 + Yas) + bYas + Yoy + dYas.

The orbit directions force this form. Its coefficients can be chosen in F(u,v),
independently of w. Indeed upper source directions give only Fi3; FEsi, F3o
directions have no non-upper outputs because their two-cycle diagonal jets van-
ish; on FEj3; directions the negative rows depend only on wu,v. The possible
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w-dependent diagonal terms are 13 two-cycle jets, also zero by vertex permu-
tation. Thus the entire non-upper differential matrix is independent of w, and
so is its one-dimensional annihilator. The independence of the trace row gives
0 =a—0b# 0: otherwise ¢ would be a linear combination of the three indepen-
dent rows trace, 21, and 32.

Let L, = (df mod K E13)|w,. Since M = 0, its image is (F1q, Ea3). By (6.4),
with Ry = (po1, p32), one has

Wg = ker Lw D Ro.

Put q,(z) = 50d?fu(z, 2). Tts coefficients have w-degree at most one: two nega-
tive adjacent-root insertions can contribute to a diagonal output using one FEi3
or two adjacent upper entries, and can contribute to outputs 21, 32 without any
E 5 factor.

We need the exact projection correction. For Cr = ([T, a;]);, differentiating

covariance gives
(d? f,(Cr, z) = ([T, df .(2)].

The omitted term is in imdf, and is killed by ¢. For T" € (FEs, E33) and a
raw z € ker L,,, the right-hand side vanishes since df,(z) € KEy3 and [T, E3]
is strictly upper. Writing Cr = pr + by with by upper, and correcting z by
an upper vector to the full kernel, equation (6.6) shows that the upper part
contributes zero as well. Hence Ry and ker L,, are orthogonal for ¢,. For two
conjugation directions, the same covariance identity and the vanishing on two
upper directions give

[SEQl + tE32, [SEgl + tE32, E13H = st dlag(l, —2, 1),
qe(spa1 + tpsa) = Adst.

The upper parts do not change this calculation: their pairing with C7 equals
([T, df (br)], which is zero since df (by) is a multiple of Ejs.
Write Lz = puw(2)E12+ qu(2) E2s. The projection to its kernel along the fized
complement is
Gu(2) (2)

Pw
M,z =2z — .
z=2z A\ P21 + \ P32

Orthogonality and the preceding double bracket give the exact formula

Qé,w(z> = qf(HwZ> = QE(Z) + f\pw(z)qw(z), Q31(sz) = Q31(Z)' (6'8)

Both moving-kernel forms have now been pulled back to the same Wj,.

The homogeneous w part of p,, is the path 1 — 3 — 2, a bilinear expression in
w and y; that of ¢, is the path 2 — 1 — 3, bilinear in x and w. Their matrices
are vertex-permuted copies of A, so both are nonzero. Choose a generic fixed
wy for which both are nonzero and put w = twy. The coefficient of t? in (6.8) is

5
Xp&f (y)al (x), (6.9)

a nonzero product of two linear forms. There is no t? contribution from g;.
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If » > 2, the fixed ¢3; has quadratic rank at least four and is irreducible
over the algebraic closure of the coefficient field. It cannot be proportional to
the product in (6.9). Therefore Qg+, is not a rational-function multiple of
q31: comparison of a nonzero coefficient of ¢3; would make that multiplier a
polynomial in ¢ of degree at most two, and its leading coefficient would force
the prohibited proportionality. The two quadrics are coprime. For r = 1, write
A = af! with disjoint supports I,.J. The factors of ¢3; involve respectively yr
and z;, whereas the factors of (6.9) involve y; and xy. Neither factor of g3
divides that product. Divisibility over the rational function field in ¢ would force
divisibility of every polynomial coefficient, so coprimality holds in this case too.

The pullback Wy — ker L,, is surjective, hence the quadrics on ker L,, are co-
prime. The same is true on the full differential kernel: a common positive-degree
homogeneous factor would restrict either to a common positive-degree factor,
or to zero and make both nonzero restricted quadrics zero. Both alternatives
are impossible. Choose seven independent output controls. Their fixed-value
local fiber is smooth by the Jacobian criterion [4] of dimension 54 — 7 = 47. Its
two remaining equations have these coprime normal quadratic initial forms by
Section 6.4. Coprime quadrics form a regular sequence in the associated graded
polynomial ring; the regular initial-form criterion gives a regular sequence in
the completed local ring. Explicitly, for a germ with nonzero initial form in this
regular local ring, the associated graded quotient by the germ is the polynomial
ring modulo its initial form. Since the second initial form is a nonzerodivisor
in that quotient, its germ is a nonzerodivisor as well; separation and complete-
ness of the maximal-ideal filtration justify passage from successive orders to the
germs. Thus the full fiber has dimension 45 = 54—9. Miracle flatness [5] applies.
Clearing denominators and taking the common nonempty open set realizes all
calculations at actual K-points. Il

6.6. Generic rank seven with nonzero two-cycle jets.

Lemma 6.11. Under the hypotheses of Proposition 6.9, if the generic triangular
rank is seven and M # 0, then M = M*.

Proof. The rows u!M, utM* must be generically collinear. Otherwise the 12
corner supplies two independent diagonal directions, and the orbit direction
E11 — E33 supplies a third. Along with the three upper directions and the two
independent negative-output rows, they force full rank at least eight. A rank-
one M = ab® cannot satisfy collinearity: M;; = 0 makes the nonempty supports
of a,b disjoint, so u!M and u'M?" lie on two distinct lines. Thus rank M > 2.
The pointwise-collinearity argument used in Lemma 6.8 gives M* = pM for one
scalar in F'; transposition gives p*> = 1. If p = —1, the two adjacent corners
give the two traceless diagonal lines. Together with the three upper directions
they fill a five-dimensional subspace of the kernel of outputs 21, 32. The image
has dimension seven and those two rows are independent, so that kernel is
exactly this five-space and trace vanishes on it. Trace would consequently be
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a linear combination of the 21,32 rows, contrary to Proposition 6.9. Therefore
=1. U

Choose original slots ¢ # j with M;; # 0. Then both A;; and A;; are nonzero,
since their closed-path specializations are M;; = Mj;. Keep precisely these two
original inputs free, ; = X, z; =Y, fixing the other four to diagonal matrices.
Diagonal parts of either free input give zero: the other input is then the sole
off-diagonal exception and ¢ = 0. Direct word paths therefore give, for hollow
X,Y and distinct r, s, t,

F(X, Y)Tt = U5t Xps Yt + brstY;sXsta (610)
and for each unordered pair {r, s} the diagonal contribution
krs(er}/sr + Y;"sXsr)(Err + Ess)- (611)

Here the two equal endpoint coefficients use M = M" and (6.7). The off-
diagonal coefficients are vertex-permuted copies of A;;, A;;, and the closed co-
efficients are copies of M;;. All belong to the same polynomial ring in the
four frozen diagonal inputs; none depends on a diagonal coordinate in the two
occupied slots. Each is nonzero as a polynomial. One actual choice off their
finitely many zero loci makes every a,g, b,st, krs nonzero simultaneously. Equa-
tions (6.10)—(6.11) are then an exact restriction of f on full XY, not just an
equality of triangular symbols. In particular X = Ej5, Y = FEa3 gives a nonzero
rank-one nilpotent actual value.

Proposition 6.12. Any ordinary traceful multilinear polynomial with the ex-
act actual restriction (6.10)-(6.11), with all displayed weights nonzero, has full
image on Ms.

Proof. Fix hollow Y with all six entries nonzero and write z,s = X,s/Y,s. The
three pair-diagonal matrices

D, = Eyy + By, Dy = Eyy + Ejsa, D3 = E33 + Eqiy

are independent: their determinant in the diagonal basis is two. Thus zero
diagonal output is equivalent to zs. = —z,,. With x = 215,y = 293, 2 = 231, the
forward off-diagonal zero equations are

1237 + b1azy = 0, a231Y + bag12 = 0, asi2z + bgpz = 0.

Together with the other three they are six equations whose coefficients are
independent of Y, after cancellation of its nonzero entry products. The first
two rows are independent, so their common kernel has dimension at most one.
Hence the original X-slot has rank five or six. A rank-six instance is covered
by Theorem 6.5.

In the remaining case the reduced six-equation matrix has rank two. Its
kernel vector (hi2, hos, hs1) has every coordinate nonzero, since a zero propagates
through the three forward equations. Set hy. = —h,s. For every Y in the six-
edge torus, F(H ®Y,Y) = 0, where ® is entrywise multiplication. This is
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a polynomial identity, hence holds for every hollow Y. The invertible input
change gives an alternating bilinear map

T(Z,Y)=FH®ZY).

Its diagonal coefficients are v,s(ZsYsr — YrsZsr) Dys, With v = kpshys # 0; its
off-diagonal entries are

T(Z7 Y)Tt - nrst(Z'rsY:et - }/'rsZst)a Nrst = arsthrs 7é 0.

The second equality of coefficients follows from a,sh,s + brsths = 0.

Orient the cycles as (12,23,31) and (21,32,13) and write Z = (x,y),Y =
(u,v) accordingly. The opposite-cycle output is an invertibly weighted copy of
x X u, and the other-cycle output is an invertibly weighted copy of y x v. The
diagonal is

3

> Yol eve — ueye) Dy

=1
At Yy with w = (1,1,1),v = 0, the image Sy, is the direct sum of all diago-
nals and a two-plane in the opposite directed cycle. That plane contains no
coordinate axis: its defining linear equation has all coefficients nonzero, as does
the plane perpendicular to (1, 1,1) before the invertible coordinate weights. It
follows that Sy, Nsls contains no nonzero rank-one matrix. In fact two nonzero
diagonal entries of a rank-one matrix force both opposite off-diagonal entries
nonzero, while this support permits only one. A traceless rank-one member
therefore has all diagonal entries zero. A matrix on one directed three-cycle has
rank equal to its number of nonzero entries. Rank one would then require a
coordinate axis, which the two-plane excludes.

To obtain identity exclusion, take w,v with every coordinate nonzero. Zero
off-diagonal output forces x = au,y = Pv, so the diagonal output is (o —
B) 3 YeupveDy. Since I = (D1 + Do + D3)/2, its membership in the image
requires

YUV = YUV = 7Y3U3V3.
It fails, for example, at v = (1,1,1), v = (v7, 275,375 ). At this point the
kernel is precisely K'Y, and the rank is five.

Because T is alternating, every frozen map has rank at most five (the zero
background has rank zero). Thus the rank-five traceful locus 2 is a nonempty
open subset of the irreducible hollow Y-space, containing Y, and the latter ex-
ample. Its images form a rank-five bundle and its trace-zero images a rank-four
bundle. Identity exclusion is a nonempty open condition. Rank-one avoidance
is another nonempty open condition by the proper projective-incidence argu-
ment in Theorem 6.6, witnessed by Yj. They intersect in this same irreducible
2, and that intersection has an actual K-point. At that one background the
original X-slot therefore satisfies all three hypotheses of Theorem 6.6. The the-
orem also handles the possibility that its unrestricted generic rank, away from
this diagonal chart, is larger than five, by applying the rank-six theorem.  [J
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6.7. Generic rank eight and symbol rank at least two.

Proposition 6.13. Under the mized triangular setup, if the full differential
has generic rank eight and r = rank A > 2, the unique corrected 31 normal
quadratic is nonzero at generic triangular points. Consequently there is a flat
point over a nonzero multiple of Ei3.

Proof. Work first over F' = K (D) and then with independent u, v, w. On Wy =
X @Y let ¢ = g3 and let T be the diagonal part of the differential. Path
weights give

T(z,y) = (pu(2), hu(z) + ko (y), 50(y))- (6.12)

Here p,, h,, depend linearly on u, and k,, s, linearly on v, and no w occurs. The
two corner maps have the same generic rank ¢ € {0, 1,2} by vertex permutation.
The two vectors (6.3) lie in ker T', are radical for ¢, and remove the 12, 23 controls
by (6.4). Every vector of ker T" can therefore be moved to ker(df mod K E\3)|w,
without changing ¢, and then corrected by an upper vector to the full differential
kernel, again without changing ¢ by (6.5). It suffices to find a nonzero restriction
of ¢ to ker T', unless an F3; direction is explicitly needed below.

Suppose first » > 3. If ¢ < 1, then rank 7' < 2. Restricting a quadratic form
to codimension at most two lowers its rank by at most four, so rank(q|xerr) >
2r —4 > 0. If c =2 and ¢q|kerr = 0, restrict to Xy @ Yy = kerp, @ kers,. The
restrictions hg, ko are both nonzero, and the pure bilinear quadratic ¢y vanishes
on hg + ko = 0. Hence gy = (ho + ko)(a(x) + b(y)). Its pure bidegree (2,0) part
hoa and pure bidegree (0,2) part kgb vanish. Therefore « = b = 0 and ¢y = 0.
A bilinear form vanishing on ker p, x ker s, has the form

q= puB + CSU?

so its matrix rank is at most two, a contradiction. This proves the assertion for
r>3.

Now let » = 2 and assume, seeking a contradiction, that the quadratic van-
ishes on the entire full differential kernel generically. In particular it vanishes
on ker T'. If the corner matrix M is zero, then T = 0 and ¢ # 0, a contradiction.
For M # 0 the endpoint rows p,, s, are nonzero. If ¢ = 2, the same bidegree
argument shows

Q|kerpu><kersu =0. (613)

If ¢ = 1, the middle rows are multiples of the endpoint rows and kerT =
ker p, X ker s, so the same conclusion holds.

A fixed bilinear form of matrix rank two cannot satisfy (6.13) for indepen-
dent generic u,v unless the spans of the p, and the s, each have dimension
one. Indeed, fix generic v. For y € ker s,, the functional ¢(-,y) belongs to the
line F'p, for every generic u. If those lines span dimension at least two, their
intersection is zero, forcing ¢( -, kers,) = 0 and matrix rank at most one. The
symmetric argument applies to s,. This reasoning can be made over indepen-
dent transcendental parameter copies, so it is a generic identity over F', not a
choice of incompatible specializations. It follows that rank M = 1.
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Write M = ab', with disjoint nonempty supports I = suppa, J = suppb,
since M; = 0. The other corner row is obtained from o(M), so its fixed
support is I while that of the first row is J. Thus both corner jets actually have
rank two. We may write

pu=ca(wp,  sy=0(v)s,  q(z,y) =p)Bly)+Clx)s(y),  (6.14)
where p, s, B, C are defined over F', p has support J, s has support I, and «, ¢
are nonzero. Since ¢ has matrix rank two, B is not proportional to s and C' is
not proportional to p. The row h,, is independent of p, and k, of s. Consequently
T has rank three; its kernel projects onto all of kerp in X and all of ker s in Y.
Introduce the F3; source amplitudes z. The two negative rows on them are

Bu(2) = ADEM)z,  y(2) = SADOD)u

They are independent, since the full image at rank eight is precisely the hyper-
plane with 31 coordinate zero. Set Z = ker 3, Nker v, a codimension-two space
over F'(u,v), independent of w.

The following mixed equivariance identities hold for every full source vector
&

(@ falp21,€))a1 = —(dfal)az, (& fa(ps2, €)1 = (dful)ar- (6.15)
They follow by differentiating covariance with Fs; or E3s and taking output
31. The extra differential term has zero 31 coordinate; the upper part of the
conjugation tangent contributes nothing by (6.5). Thus both p directions are
radical for the normal Hessian restricted to Wy & Z. They can remove upper
controls without altering any pairing used below. Subsequent upper source
corrections also alter no such pairing.

For z € Z, the diagonal part of df,(zFE3;) is affine-linear in w. Its homoge-
neous w part occurs only at endpoints 11,33 and is the 13 two-cycle jet. Write
its vertex-relabeled rank-one matrix as M = a'3(b'3)! and let o3 swap labels
1,3. These two endpoint terms are

dy(w, 2) = (w'a'®)((b")"2),

dz(w, z) = (w'o13(b"))(013(a'?)"2).
Their two w forms have disjoint supports I,J and are independent. Their
corresponding z forms have supports J, I.

Choose a right inverse of the surjective map T over F(u,v), independent of
w, and solve

(6.16)

T(z(w),y(w)) = —diag(df,(zF31)).
The solutions are affine-linear in w. Their homogeneous parts 1, y; satisfy

ap(xy) = —di(w, 2), ds(y1) = —dz(w, 2), hu(x1) 4+ ky(y1) = 0.

After the control adjustments justified by (6.15), the direction zFs3; +x(w)+y(w)
is in the full kernel. Likewise each k = (ky, k) € ker T, chosen independently
of w, has a full-kernel lift preserving the pairings.

By our contradiction assumption their polarized normal pairing is zero. The
raw pairing between zFs3; and k contains no w: an F31, Fo; pair requires an E
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background edge to end at 31, and an E3;, F3o pair requires an Foz. Taking the
homogeneous w coefficient in the pairing and using (6.14) therefore gives

~di(w, 2) _ ds(w, 2)

0 = p(x1)B(ky) + C(kz)s(yr) = B(ky) TC(I{I). (6.17)

Here p(k,) = s(k,) = 0 explains the absent two polarized terms. The control
corrections vanish by (6.15) and (6.5). Independence of the w forms in (6.16),
the surjective projections of ker T, and the nonproportionality of B, s and C,p
show that both b3 and oy3(a'?) annihilate Z. They are independent; hence

span (B, v.) = R := span(b™®, o13(a"?)), (6.18)

a fixed plane over F with one nonzero J-supported vector and one nonzero
I-supported vector.

Pass to the quotient by this fixed plane. Since 3, and =, depend linearly on
independent variables, each coefficient vanishes in the quotient. Their coefficient
matrices have rank two, so their row spaces equal R. Their path formulas,
followed by the inverse diagonal-label field automorphisms, show that both row
and column supports of A lie in U .J, and its row space contains both a nonzero
I-supported vector and a nonzero J-supported vector. Only preservation of zero
coordinates under field automorphisms is used; no invariance of the plane R is
assumed. On the other hand reversing the path in (6.14) yields

A=nVI+ U,

where 7 has precisely support I and 6 precisely support J. The zero diagonal
forces V; = 0 for i € I and U; = 0 for j € J. If L is the complement of I U J,
absence of L-columns and L-rows forces V; = U, = 0 for £ € L (use any nonzero
entry of 7 or #). Thus A is supported only in I x J. Its row space is wholly
J-supported, contrary to (6.18). This contradiction proves the nonvanishing of
the full-kernel quadratic when r = 2.

Finally choose the eight independent non-31 output controls. Their local
fixed-value fiber is smooth by the Jacobian criterion [4] of dimension 54 —8 = 46.
The remaining corrected equation has nonzero quadratic initial term, so it is
a nonzero nonunit in a regular local domain and cuts dimension by one. The
full fiber has the expected dimension 45; miracle flatness applies. All generic
conditions hold on a common nonempty open set, providing an actual triangular
K-point as claimed. O

6.8. Original slots for rank-one symbols.

Proposition 6.14. If the mized two-step symbol A has rank one, one actual
ortginal full slot has rank at least siz. This conclusion is independent of the
generic triangular differential rank and of the two-cycle jets.

Proof. Write A = a8t over F. Its zero diagonal forces disjoint nonempty sup-
ports I = suppa and J = suppf. Choose i € I,7 € J. Then the polyno-
mial A;; is nonzero and Aj; = 0 identically. Keep precisely the original slots
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r; = X,x; =Y free and fix the other four to diagonal matrices. The poly-
nomial A;; is independent of diagonal coordinates in slots ¢, 7. Thus all six
vertex-permuted coefficients

Crst = Ajj (D(T’S’t)), r, s, t distinct,

are nonzero in the same polynomial ring of the other four diagonal inputs. Their
product is nonzero. Choose one actual background where all six are nonzero
simultaneously.

On hollow X, Y, a word path with off-diagonal output (r,¢) must use the third
vertex s and the two free edges. Its reverse-order coefficient is the corresponding
permutation of Aj;, which is zero. Hence the exact off-diagonal output is

f("'7X7"'7Y7“')Tt = CrotXps Yt

Closed two-vertex paths contribute only to diagonal outputs. Freeze this actual
Y to have all six hollow entries equal to one and diagonal zero. On the six
hollow matrix units of the original X slot, the hollow projection is

Ey = cro3lhs, Eis v cisoFh2, B+ 1303,
Eos = ca31 91, B3+ c310B30, Esg — c391E3:.

In the order (12, 13,21, 23,31, 32) its determinant is

—C123C132C213C231C312C321 7’é 0.

Therefore the full original-slot map has rank at least six. The hollow projection
only certifies its rank; it is not substituted for the full-slot map in Theorem 6.5.
Tracefulness and that theorem give full actual image. Nothing here asserts
triangular flatness, which need not hold for rank-one symbols. O

6.9. Proof of the image theorem in size three.

Lemma 6.15. Let h: M3(K)™ — M3(K) be ordinary multilinear and traceful.
If it is flat at a point with value NE13 # 0, then its actual image is all of M3(K).

Proof. The flat locus is open [6], so restrict to a flat open source neighborhood.
A flat morphism of finite presentation is open [7], and its target-open image
contains AFi3. Every K-point of this open image has a nonempty finite-type
fiber, hence a K-point by algebraic closedness. Thus it is an actual-image
neighborhood. The image is invariant under scalar multiplication (scale one
original input) and conjugation (conjugate all inputs). Conjugating the open
set, assume it contains E\3.

For a nonscalar target By, choose v with v, Byv independent; otherwise every
vector is an eigenvector and By is scalar. Use Byv as first basis vector and v as
third. The conjugate C' has Ci3 = 1. For t # 0, put

[(t) = t*diag(t™, 1,t)C diag(t, 1,t71).

Its entry exponents are 2 + e; — e; with (e, e2,e3) = (—1,0,1); they are non-
negative and only the 13 exponent is zero. This polynomial curve therefore has
I'(0) = Ey3. Its inverse image of the open neighborhood contains some nonzero
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to. Undoing the scalar multiplication and conjugation gives C' and then By as
actual values. This treats every nonscalar Jordan type, not just cyclic matri-
ces. The traceful clock—shift argument in the proof of Theorem 6.5 supplies all
scalars. U

Proof of Theorem 6.1. If ¢(f) # 0, choose an original slot s with ¢; # 0 and
an actual regular diagonal D. The slot c,ady, : My — M; has exactly the
six-dimensional hollow image. Theorem 6.5 applies.

If ¢(f) = 0 and f € Ws, apply the arbitrary-Ws traceful classification, The-
orem 5.2. Its hypothesis of nonzero cyclic class follows from tr f # 0. This
invokes the theorem for arbitrary simultaneous coefficients across all ninety or-
dered products, not a sum of independently attained values or a single-pairing
special case.

Otherwise Lemma 6.7 supplies a nonzero symbol A. Proposition 6.9 puts
the generic full triangular rank R in {7,8}. If r = 1, use Proposition 6.14,
regardless of R. For R = 7 and M = 0, Proposition 6.10 and Lemma 6.15
apply. For R =7 and M # 0, Lemma 6.11 and the exact two-free-slot restric-
tion yield Proposition 6.12. Finally, for R = 8 and r > 2, Proposition 6.13
and Lemma 6.15 apply. These alternatives exhaust all possibilities. All conclu-

sions concern actual K-valued original tuples, with every extension-field target
descended through its full affine fiber. O

7. TWO FREE ORIGINAL INPUTS AND THE MIXED PROPER-SEXTIC LAYER

Throughout this section K is algebraically closed of characteristic zero, f €
K(xy,...,x6) is ordinary multilinear and proper, and f € Id(UT3) but f ¢
Id(UT3). Proper means that every original unit substitution is the zero free
polynomial. The standard triangular-identity filtration identifies this layer with
c(f) =0and f ¢ Ws. Write H,, for the vector space of hollow n x n matrices.
All statements about images concern single actual evaluations over K.

7.1. Local images and two-input restrictions.

Lemma 7.1. Let p be an ordinary multilinear polynomial. If its actual image
contains an open neighborhood of a nonzero rank-one square-zero matriz in M,,
and tr p is not identically zero, then its image is M,,. If p is identically traceless
and its itmage contains such a relative open neighborhood in sl,,, its image is sl,.
A smooth evaluation chart, or a flat point of the full evaluation map, over that
matrixz supplies the required actual open neighborhood.

Proof. Conjugate and scale the neighborhood to contain Fj,. For a nonscalar
matrix A, choose v with v, Av independent and a basis making the (1,2) entry
of a conjugate B equal to one. The curve

t*diag(t~',¢,1,...,1)Bdiag(t,t*,1,...,1)
extends to ¢t = 0 with value Ejs: all entry exponents are nonnegative and

only position (1,2) has exponent zero. The inverse image of the actual open
neighborhood contains some nonzero t. Undoing conjugation and absorbing the



MULTILINEAR VALUES IN DEGREES FOUR TO SIX 59

scalar into one original multilinear input gives A. In the traceless case every
nonzero target is nonscalar, and zero is obtained by setting one original input
to zero.

In the traceful case use the clock-shift homogeneous basis Z*X"° (a,b) €
(Z/n)*. Expand a nonzero-trace evaluation multilinearly in this basis. Some
basis tuple has nonzero-trace output. Every word has the same total grade, and
only the degree-zero component K I has nonzero trace. Thus p attains a nonzero
scalar, and original-slot scaling gives every scalar. Smooth maps and flat locally
finitely presented maps are open near the specified point. A nonempty finite-
type fiber over a K-point has a K-point, so this openness concerns actual values,
not only geometric image closures. U

The triangular restriction has the form
F(Di+ wEr2 + v By + wiE3) = u' A(D)vEss, A#0,

and A;; = 0 by original multilinearity. Choose original slots i, j, leave their
inputs X, Y free, and make the other four inputs diagonal.

Lemma 7.2. The resulting actual map Fp(X,Y') ignores the diagonal parts of
X, Y. For distinct matriz vertices its coordinates are

(FD)T‘t = Z (a’rsterY:st + brstY;sXst)a (71)
s#r,t
(FD)TT‘ = Z Qrs (aXTsYsr + 5Y;’5Xsr>a (72)
S#T
Qrs = H (dlr - dls) = (sr- (73)
1g{ij}

Here ays, byst are vertex relabelings of A;;, Aji. Their closed-path coefficients are
respectively aq,s, Bqrs. Fach nonzero symbol gives nonzero polynomials for all
its distinct-vertex relabelings, and these may be made nonzero simultaneously at
one actual diagonal background.

Proof. 1f one free input is diagonal and the other is a matrix unit, every surviving
word visits at most two vertices. After relabeling this is a UT» evaluation, hence
zero. Linearity proves the first assertion. Two off-diagonal factors can reach
(r,t) only along a path r — s — t, in one of the two orders of the original
free slots; closed paths give the diagonal formula. There is no third off-diagonal
factor. Properness permits an independent scalar translation in each passive
diagonal input. Its closed coefficient is linear in that input’s two vertex entries
and translation invariant, hence contains their difference. Multiplying the four
differences leaves constants «, . Their number is even, giving ¢.s = ¢s.. A
distinct-vertex relabeling is an injective renaming of independent coordinates.
The finite product of the nonzero weights is nonzero in one polynomial ring, so
a common actual background exists. O
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Lemma 7.3. An m x m matriz with zero diagonal and off-diagonal entries
CrsYrs, Where every c.o # 0 and m > 2, has nonzero determinant as a polynomial
in the independent 1.

Proof. A derangement exists. Its determinant term has nonzero coefficient, and
different permutations have different directed-edge monomials. Thus that term
cannot cancel. O

7.2. Leading trace tensors and two low-degree detectors.

Lemma 7.4. Let h = trf and g = f — hi/n. Suppose an actual tuple a
has f(a) = N nonzero rank-one square-zero. Suppose a source control space W
maps onto sl, under dg,. If, for somer > 1, all ambient derivatives d%h, vanish
for g < r and the nonzero tensor C' = d"h, annihilates W in any argument, then
f is flat at a. Consequently its image is M,.

Proof. The tangent space is ker dg, + W, so C' remains nonzero on (kerdg,)".
The fiber g~ () is smooth of dimension 6n* — (n? — 1) = 5n? + 1. A formal
parametrization is a + u + O(u?) with u € ker dg,. Since every lower ambient
trace jet vanishes, the leading corrected trace term is exactly C(u,...,u)/r!,
which is nonzero in characteristic zero. Thus the trace germ is a nonzerodivisor
in the regular local ring of this fiber. The full f-fiber has local dimension 5n?,
the expected dimension. Miracle flatness applies to the smooth ambient source
and target. Lemma 7.1 finishes the proof. U

Lemma 7.5. Let n > 4. Let P be an ordinary multilinear polynomial of degree
five, with k > 2 inputs arbitrary and the other 5 — k inputs diagonal. If all
values of this restriction are diagonal, the restriction is zero.

Proof. First let k < n. Expand the arbitrary inputs in matrix units. A diagonal
word value requires a closed Euler trail on their & labeled directed edges and
hence uses at most k vertices. Fix an output vertex r and choose an unused
vertex t. Partition the surviving word contributions by their last arbitrary-input
edge. If their sum is nonzero, one subtotal is nonzero. Change the terminal
vertex of that last edge from r to . Any surviving path from r to ¢ now uses
that edge last, since ¢t has no outgoing arbitrary-input edge. On identifying
every passive diagonal entry at t with its entry at r, the resulting off-diagonal
coefficient is exactly the chosen subtotal. It is therefore nonzero, a contradiction.
This works for every matrix-unit tuple and output coordinate.

Only two situations remain. For k = 5, all inputs are arbitrary; diagonal-
valuedness and equivariance force scalar values. Thus [z, P| is an identity of
degree six on M,,. Since 6 < 2n, it vanishes freely; the center of a free algebra
is K, contradicting positive degree unless P = 0. For n = 4,k = 4, write the
single diagonal input as D. Diagonal-valuedness gives [D, P(D,Yy,...,Y,)] =0
for diagonal D. Conjugation and density extend this to all D, making it a
degree-six identity of M, and hence a free identity. The free centralizer of D is
K|[D], incompatible with positive degree in the Y inputs. O
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Lemma 7.6. Suppose that, for all X,Y and independent diagonal Dy,
tr f(X,Y; Dq,...,Dy4) =0.

Ezxpand all four passive inputs as D;+tZ;, and let H, be the first nonzero trace
coefficient. For n > 4, after possibly interchanging the two original active slots,
H, is nonzero on the family

X:thElta Y:O@W, WEanl.

t=2

All diagonal backgrounds and perturbations remain variable.

Proof. Choose a nonzero component indexed by r perturbed slots. There are
k = r+ 2 free labeled inputs and 6 — k diagonal inputs. Rotate each trace word
to start at X. Group coefficients by the cyclic order ¢ of the free letters and
by the allocation of diagonal letters to its k£ gaps. Diagonal letters within a gap
commute; let P, be the resulting polynomial in gap-vertex diagonal coordinates.
If every such polynomial were zero, every matrix-unit evaluation would be zero:
a closed word follows one such cyclic order and identifies some of its gap vertices.
Thus some P, # 0.

A simple directed k-cycle, with its labeled edges in order o, has that unique
cyclic Euler order and detects P,. Whenever k < n, use it. Of the distinct X,Y
edges, at least one choice of row edge has a tail avoided by both endpoints of
the other edge; otherwise a cycle of length at least three would have just those
two edges. Relabel the row tail as vertex one.

For n = 4,k = 5, the single diagonal letter makes P, a nonzero linear form
in five gap coordinates. Contract one of the three Z-labeled edges to a loop.
A directed four-cycle with one loop still has a unique cyclic Euler order. This
identifies the two gap coordinates at that edge. A linear form vanishes on
this identification precisely when it is a multiple of their difference. The three
permitted edges give three distinct difference lines, whose intersection is zero. At
least one contraction preserves the coefficient. The X, Y edges remain distinct
nonloop cycle edges and can be oriented as required.

For n =5,k = 6, P, is a nonzero constant, and contracting any Z edge to a
loop suffices. For n = 4,k = 6, choose two nonadjacent edges among the four
Z edges and contract them. The two loops lie at distinct vertices of a directed
four-cycle. Its cyclic Euler order is unique: each loop must be traversed at the
visit to its vertex before leaving along the cycle. Starting at a loop vertex and
traversing its loop last only rotates the same order. Thus the same constant
survives. Again X, Y remain nonloop cycle edges. These cases exhaust k£ < 6.
They prove polynomial nonvanishing on one of the asserted irreducible row
families; no claim that both orientations work is needed. Il

Lemma 7.7. In the situation of Lemma 7.6, let an actual row seed have H, # 0.
Then every ambient trace derivative below order r vanishes there, and d"h anni-
hilates both original active-slot tangent spaces and all simultaneous-conjugation
tangents.



62 SHENGYONG PAN

Proof. Every passive-slot derivative of smaller order is a coefficient of an identi-
cally zero lower H,. Varying an active slot differentiates such a zero coefficient
and uses still fewer passive variations. Repeated variation of a single original
slot is zero by multilinearity. The same argument at order » with one active-
slot variation proves the asserted annihilation. The nonzero value of H, makes
d"h # 0. For the conjugation field ve(z) = ([C,x]);, differentiate the global
identity dh,(ve(x)) = 0 a total of r —1 times. Every term except d"h(ve(a),. . .)
contains a lower derivative of h and vanishes. This also covers r = 1 directly. [

7.3. Directional symbols and zero closed paths.

Theorem 7.8. If A;; # 0 and Aj; = 0, then every traceful f in the mizved layer
has image M, for everyn > 4.

Proof. In the exact chart b = 0. Choose all a,s; # 0. For a fixed Y, the
hollow projection of the original X-slot acts separately in each row r by the
(n — 1)-square matrix

rsYtsa t>
(Br>st: {a st S?é S,t#?”.
0, s =1,

Lemma 7.3 and a common nonempty open make all B, invertible simultaneously.
The original full slot then has rank n? — n, since it kills diagonal inputs. This
rank alone is not used as an unproved higher-size surjectivity criterion.

If @ # 0, choose also every ¢.s # 0. Let o(s) = s+ 2 cyclically and set
Ys.0(s) = 1, all other entries zero. Each source X, s # r, controls just output
(r,o(s)), with nonzero path coefficient. The only missing position in row r is
(r,o(r)). No diagonal or first-superdiagonal position of an upper Jordan matrix
is missing for n > 3. Solve those coordinates individually and put all unused
source entries zero. This gives every Jordan form exactly, and conjugation gives
every target.

Now let @« = 0. The chart has zero diagonal output. Write h = tr f =
tr(X @) and expand the other four passive inputs as D;+tZ;, leaving Y arbitrary.
The constant G is zero by the trace pairing, and some G, # 0, 1 < r < 4,
since the top coefficient is the nonzero ordinary quintic cyclic polynomial. By
Lemma 7.5, after separating perturbed-slot components, GG, has a nonzero off-
diagonal entry. Its nonvanishing and all det B, # 0 hold at a common point of
the same irreducible (D,Y, Z) parameter space. Relabel so (G,)p # 0. Choose
X on the first hollow row with tr(XG,) # 0 and with every entry of Fp(X,Y)
on that row nonzero. Both are complements of finitely many proper linear
hyperplanes because B is invertible.

The value N is rank-one square-zero. The original X-slot supplies all hollow
directions and the orbit directions [E;;, N] supply the n — 1 independent trace-
less diagonal directions. The minimality of r kills every lower ambient trace
derivative, including derivatives in Y, and the first tensor kills the X-slot and
conjugation controls. The same differentiation argument as Lemma 7.7 applies.
Lemma 7.4 proves the assertion. Il
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Lemma 7.9. On an index set B of size m > 2, let all a,g,b.s for distinct
indices and all ¢y for v # t be nonzero scalars. For hollow W, H and vectors
T,z set

TW<H)rt = Z (arstHrsWst + brstWrsHst)v Rx('z)rt = CrtrTy.
s#r,t

On a nonempty open set of (W,x) the map (H,z) — Tw(H) + R.(2) is onto
Hon.

Proof. For m = 2, T = 0 and R is onto when both z entries are nonzero.
Inductively write B = By U {v} and specialize W = W, & 0. Old controls
cover old outputs. The new row is independently controlled by H,s through
(@pstWst)s ey, and the new column by H,, through (b,5,W;s)rsep,. Their de-
terminants are nonzero by Lemma 7.3. These opens meet the old surjectivity
open in one irreducible parameter space. First prescribe old outputs, then cor-
rect any new-row/column leakage using these cross controls; the latter alter no
old output. This exhibits a nonzero maximal minor. Its nonvanishing is open
for unrestricted W. U

Theorem 7.10. Suppose A;; # 0 and both closed-path coefficients o, B are zero.
If f is traceful, its image is M, for every n > 4.

Proof. The directional case is Theorem 7.8. Otherwise choose one diagonal
background with all a,b nonzero, and put

X =Y nEy, Y=0&W, Nu= Y arqz;Wy.

t=2 s#Lt

The value has just its first row. Variations of that row of X give its entire first-
row output through a generically invertible weighted hollow matrix. Variations
of the first column of X give the entire first-column output through (b,s;W,s).
Both determinants are nonzero by derangements. Hollow lower-block variations
H of X and variations z, = §Y, give lower hollow output

TW(H)T‘t + brltzrxta

which is onto by Lemma 7.9. These variations create no first row or column;
possible closed-path diagonal terms are zero. All minors and all Ny; # 0 hold
on one nonempty open. Thus the two original slots give the whole hollow target
at a rank-one row seed; conjugation gives the remaining traceless diagonals.
The trace is identically zero on this two-input chart. Expand the four passive
slots and choose its first nonzero trace coefficient. By Lemma 7.6 it is nonzero
on one of these same row families. Swap the active slots if necessary; both
directional symbols remain nonzero. Intersect this trace open with all rank and
weight opens in (D, W,z, 7). At the resulting actual point, Lemma 7.7 and
Lemma 7.4 apply. Il
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7.4. Nonzero closed paths and a reduced-target induction. At a row
seed X = Yo By, Y = 0@ W, write N = > ;5o pFy,. Variations of the
first row and first column of X have only the corresponding first-row/column
output, with weighted hollow matrices as above. Let @), be the quotient target
represented by all diagonal coordinates and the hollow lower (n — 1)-square
block; let QY be its trace-zero subspace. Reduced source controls are hollow
lower-block variations H of X, z, = 0Y,1, and orbit directions o, = [E,1, N].
Their diagonal and lower-row contributions are

Ryt q1rxr(aE11 + /BET'T)a (Zr)rt = brltajt (t 7£ r, t Z 2)7
O : pr(Err - E11)7 (OT‘)T‘t =Dt (t 7£ r, b2 2)

Lemma 7.11. Suppose both directional symbols are nonzero. If 5 # 0 and a
nonempty open row-seed family has surjective reduced controls onto Qg for some
d > 3, then such a family exists in every sizen > d. If a = —f # 0, the same
assertion holds with Q°. In either case one may impose, at the same actual
point, invertibility of both first-row/column slot matrices and p, # 0 for every t.

Proof. Adjoin one lower vertex v and specialize W = Wy & 0, with z, # 0.
Work only in the reduced target at this specialization. Old controls cover all
old reduced entries, possibly with leakage into the new lower row or column.
Those are independently controlled by H,s, H, through the two weighted hollow
matrices (a,Wy) and (b.s,W,.s) on the old lower vertex set. Its size is d —1 >
2, so both determinant polynomials are nonzero. Their opens intersect the
old reduced-surjectivity open. These cross controls change neither old reduced
entries nor any diagonal entry, because the new row and column of W vanish.

The control z, has nonzero new diagonal coefficient $¢;,x,. Its additional 11
entry is absorbed by old controls in the full-target case. In the trace-zero case
its diagonal contribution is traceless; after prescribing the new diagonal, the old
remaining diagonal target has trace zero and is covered by old controls. Cross
controls remove its other contributions. Thus the enlarged reduced target is
covered.

This gives a nonzero reduced maximal minor for unrestricted W. This does
not imply invertibility of the full first-row/column matrices at Wy @ 0. Each
of those determinant polynomials is separately nonzero by Lemma 7.3. Their
opens, the reduced open, and the open p; # 0 intersect in the same irreducible
parameter space. Thus the required conditions hold simultaneously in the next
size.

For general diagonal-dependent symbols, perform the induction over the
rational-function field of all passive diagonal entries. An old nonzero minor
remains nonzero after adjoining the new vertex coordinates, and all new rela-
beled weights are nonzero in that field. The final finite open conditions special-
ize to a K-point. No possibly exceptional fixed old background is presumed to
extend automatically. For a monomial common-D chart with nonzero weights
at D, = diag(0,1,...,n — 1), the same induction may instead keep that D,
fixed. Il
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Theorem 7.12. If o # (3 for some original pair, every traceful f has image
M, for alln > 4. If a = —p # 0, the two-input chart has a smooth rank-one
value as a map to sl, already for n > 3.

Proof. A zero directional symbol is covered by Theorem 7.8. Otherwise all
distinct-vertex weights can be chosen nonzero. For the base size three write
To=x, x3=1yY, Woy=u, Wi =1, p=azppyv, q=asru.

In coordinates (11,22,33,23,32) the two lower-X directions are nonzero multi-
ples of
<O7(X?/87070)7 (07ﬁ7a7070)'

The 25, z3 and orbit controls are
2 = (aq127, Bq127, 0, 213y, 0),
z3 = (aq13y, 0, Bq13y, 0, ba127),
02 = (=p,p.0,¢,0), 03 =(=¢,0,4,0,p).
If o® # (32, the first two controls span Esy, F33. Modulo them, 25,0, span
coordinates (11,23) on a nonempty open: their determinant is
120123770 + a132b213y°0 # 0

as a polynomial. Its monomials are distinct, and the second coefficient is
nonzero. Then z3 supplies coordinate 32. Hence ()3 is covered. After swap-
ping the slots if necessary, 8 # 0, and Lemma 7.11 gives a smooth full-target
rank-one chart in every size. Lemma 7.1 applies.

If « = —f8 # 0, the lower controls give K (Fa — E33). Modulo that line in QY,
the same determinant and 23 give the remaining three directions. The induction
gives smooth sl,, controls for every n > 3. When the original polynomial f is
traceful, the chart trace still vanishes identically. For n > 4, Lemma 7.6 detects
the first nonzero passive trace jet on this same row family. Intersect its open
with all rank conditions and apply Lemmas 7.7 and 7.4. No uncorrected higher
derivative is used. U

7.5. Equal nonzero closed coefficients: rigidity and a common base.

Theorem 7.13. If o = 3 # 0 for an original pair, then the actual image of f
is M, for everyn > 4.

Proof. Both symbols a,b are nonzero because their closed specializations are
nonzero. At a size-three row seed normalize one lower-X control to (0,1, 1,0,0).
Put
U=aqzr, V=aqsy, C=busy, FE=Dbsnz.
The five columns
(0,1,1,0,0), (U,U,0,C,0), (V,0,V,0,E), (—p,p,0,q,0), (—q,0,q,0,p)

have determinant

2pg(CE — UV) = 2pqzy(bazbsiz — 042(112(]13)- (7.4)
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If its last parenthesis is a nonzero polynomial, intersect its open with the
nonzero-weight and row-seed conditions. This gives a smooth M; row chart.
Lemma 7.11, now with § = a # 0, gives every larger size. Interchanging the
two original slots gives the identical test for a.

It remains that both tests vanish identically. For the path » — s — ¢ put,
for each of the four passive slots,

Pl = dlr - dl57 Ql = dls - dlt-

Independent scalar translations show a,b € K[P,Q,..., P, Q4], separately
homogeneous of degree one in each pair. These eight gap variables are inde-
pendent: adjoining the middle entries gives an invertible linear change from
the twelve diagonal coordinates. Reversing endpoints sends (P, @) to (—Q, —P)
and hence, at total passive degree four, to (@, P). Equation (7.4) therefore says

a(P,Q)a(Q, P) = > [ PQi, b(P,Q)b(Q, P) = [[ PQ:. (7.5)

This is an identity in eight independent variables, not on a special one-parameter
set.

The polynomial ring is a UFD. Every irreducible factor of a or b must be one
of the eight coordinate variables. Separate degree one forces exactly one choice
per pair. Closed specialization () = —P fixes the scalar. Thus, for subsets
S, T CA{1,2,3,4},

a(P,Q) = (-l T AT @ (7.6)

les ¢S
b(P,Q) = ()" J[ A T] Q. (7.7)
IET  1gT

Neither subset is empty or full. To prove this, make all four passive diagonals
have equal entries at r, s. They commute with E, s + ¢E,,., which is semisimple
for € # 0. These five commuting semisimple inputs are simultaneously diagonal-
izable. With the sixth input arbitrary, the UT; identity makes the evaluation
zero. Polynomial dependence allows ¢ = 0. Taking the other active edge to be
Eg proves a(P, Q) = 0 when all P, = 0. The analogous argument with the other
edge proves vanishing when all (); = 0. The same holds for b. Consequently
s = |S|,t = |T| belong to {1,2,3}.

Now set all four passive diagonal matrices equal to D. The entire chart,
including its diagonal entries, becomes exactly

Fou(D,X,Y) = a((~1)*adj(X) ad}; *(V) + (=1)'ad}, (V) ad) (X)) (7.8)

Indeed all distinct-vertex coefficients agree by (7.6)—(7.7), all closed coefficients
agree by specialization, and diagonal source parts vanish. Only two off-diagonal
factors are possible in this original chart, so these formulas include every term
of f.

Put A = adp on the hollow matrices, where D = diag(0, 1,2, 3). This opera-
tor is invertible on that space. Make the invertible changes in the two original
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slots
U= (-1)0AX, V=A%, h=s+t—4.
Their inverses are X = (—=1)*A7°U and Y = A*1V. After division by a,
equation (7.8) becomes
O, (U, V) =UV + (=1)"AM(V)A(U).
We construct the required chart for every integer h. For this calculation number
the four vertices 0,1,2,3, with d; = 4. Indices in {1,2,3} are read cyclically.
Take
U:E01+E02+E03, V:E12+E23+E31.

Then &,(U,V) = U =: N, a nonzero rank-one square-zero matrix. All hol-
low U,V wvariations correspond to variations of the two original slots. Orbit
directions arise from simultaneous conjugation of all six original inputs.

The first-row U variations give the whole first row by multiplication by the

cyclic permutation matrix V. The first-column U variations give the whole first
column by a weighted cyclic permutation whose weights are

h
d — d:
(_1>h ( (3 Z+1> # 0
dia
It remains to control the ten-dimensional quotient consisting of the four diagonal
entries and the hollow lower block.

The reverse-edge variations U = FE,;y1; give F; + Eiiq,41. Their lower-
diagonal coefficient matrix is the unsigned incidence matrix of a triangle, with
determinant 2. Hence all three lower diagonal entries can be prescribed inde-
pendently. Work modulo these directions, and put

e; = d; — djtq, B; = (_1)h(ei/€i+1)h-
The forward-edge variations U = ¥, &iEi i1 have only reverse-edge lower out-
put, with coefficients

(Lr&)i = & + Biliya, det L, =1+ HBi =1+ (=)™

Write z; for the output of V = Ejy and o; = [Ejy, N]. Direct multiplication gives
2 = Foo + By + Z(di/dj)hEij; 0; = —Foo + By + Z Ei;,
J#i J#i
where both sums range over the lower vertices. The o; independently prescribe
the three forward-edge lower entries. The combinations

K=z — (di/diJrl)hOi

leave those entries unchanged. Modulo the lower diagonal entries, K; has root-
diagonal coefficient R; = 1 + (d;/d;1)" and one reverse-edge coefficient

Ci = (di/dir)" — (di/dia)".

If h is even, Ly, is invertible and R; = 1 + 27" #£ 0. Thus K, prescribes the
root diagonal, and Lj removes its reverse-edge output.
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If h is odd, Lj has rank two: its first two rows and columns have determinant
one, and its left kernel is spanned by (e;”, e5™ e3™). After using its image,
the remaining coordinates are the root diagonal and the reverse-edge functional

i€ .. On these coordinates K 1, K5 have matrix

<R1 R2> Ri=1+2"" Ry=1+(2/3)",
b b)) =27 3h gy = (2/3)h — 2",

Its determinant Rfy — Ryf; is nonzero. Indeed R;, Ry are positive rational
numbers. For h > 0 we have ¢; > 0 > {5, whereas for h < 0 the signs reverse.
This proves nonvanishing in Q, hence in every characteristic-zero field.

The reduced controls therefore have rank ten for every integer h. Together
with the six first-row and first-column controls, they give rank sixteen for the
full original evaluation map at the same rank-one square-zero value. These are
variations of two original slots together with simultaneous conjugation of the
original inputs.

Apply Lemma 7.11 starting at size four. For (7.8) keep D,, = diag(0,1,...,n—
1); all its distinct-vertex and closed weights are nonzero products of powers of
distinct differences. This supplies actual smooth rank-one charts for every n > 4.
Lemma 7.1 proves the result. Tracefulness is automatic here from the nonzero
symmetric closed pair. O

7.6. Images in the mixed layer.

Theorem 7.14. Let f be ordinary multilinear proper of degree six, an identity
of UTy but not of UTs, with nonzero cyclic projection. Then f(M?S) = M, for
every n > 4.

Proof. The nonzero cyclic derivative has degree five, below 2n, so f is traceful
in each stated size. If every closed coefficient is zero, choose a nonzero A;; and
use Theorem 7.10, including its directional subcase. Otherwise choose M;; # 0.
If M;; # Mj; use Theorem 7.12; if they are equal use Theorem 7.13. The
closed coefficients have the common four-difference form, so these are exactly
the alternatives o #  and o = [ # 0. This proves the assertion in all cases. [

Theorem 7.15. Under the same proper and triangular hypotheses, if the cyclic
projection is zero, then f(MP) = sl,, for every n > 3.

Proof. The whole polynomial is trace zero. Equation (7.2) with X = E,,Y =
E,. gives B = —a for every pair. If A;; # 0,45 = 0, then a« = 8 = 0. Fix
X generically. For each target column the map in the hollow entries of Y has
the weighted hollow coefficient matrix (a,s¢X,s)r szt By derangements all these
matrices are invertible simultaneously at one actual background. Thus every
hollow target is one chart value, and every traceless target is its conjugate.

If both directions of a selected nonzero pair survive and its closed coefficients
vanish, the hollow-control proof of Theorem 7.10 applies already in size three:
Lemma 7.9 has base m = n — 1 = 2. The two original slots give all hollow
directions at a rank-one row seed; conjugation gives all traceless diagonals. No
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trace detector is needed because the whole f is traceless. If any closed coeffi-
cient is nonzero, the skew branch of Theorem 7.12 gives the same smooth sl,
conclusion, with its size-three base and all-size induction. These cases exhaust
the nonzero symbol. Lemma 7.1, applied relatively in sl,, proves equality. [

7.7. Completion of the proper classification.
Theorem 7.16. Let f € I's and n > 3. If f is not an identity of M,, then

[na = U,
Valn(f>={jw g #8‘

The identity case is f =0 when n >4, and f € Ksg when n = 3.

Proof. The identity statements and the trace test are Proposition 1.5. If ¢(f) #
0, apply Theorem 2.1. If ¢(f) = 0 and f € W, apply Theorem 5.2, including
its explicit M3 identity exception. Otherwise Proposition 1.10 puts f in the
nonzero mixed layer. In the trace-zero case, Theorem 7.15 applies for every
n > 3. In the traceful case use Theorem 6.1 for n = 3 and Theorem 7.14 for
n > 4. These are all cases of the proper filtration. None of these results uses a
classification of nonproper sextics or of lower-degree images. U

8. NONPROPER SEXTICS: UNIT RESTRICTIONS AND TRACE LIFTING

Throughout this section n > 3. We use the notation and properness conven-
tion of Section 1. We now apply Theorem 7.16, whose proof is independent of
this section and of lower-degree image classifications.

We use the standard minimum-degree facts that a nonzero polynomial iden-
tity of M, has degree at least 2n, and a nonzero polynomial identity of UT3 has
degree at least six. We also use that the centralizer of a free generator D in a
free associative algebra is K[D]. The geometric steps below use miracle flatness
and openness of flat morphisms locally of finite presentation. The only special
M3 image input is the preceding original-slot theorem 6.5.

8.1. Image-preserving Lie substitutions.

Lemma 8.1. Let g be a nonzero proper multilinear polynomial of degree d,
where 2 < d < 5. There is a proper ordinary multilinear sextic Q) such that

Val,,(Q) = Val,(q) (n>2).

Consequently, by Theorem 7.16, for n > 3 this common image is M, if q is
traceful and is sl,, if g has identically zero trace.

Proof. For r > 2 use the explicit right-normed polynomial

Lo(z1,. . 20) = 21, [22, -+, [2r1, 2] -+ ]

Its image is exactly sl,. Indeed, every value is traceless. Conversely, Lemma 1.6
and L,(D, ..., D, Z) = ad};" Z realize every hollow target and then every trace-
less target by simultaneous conjugation.



70 SHENGYONG PAN

Set r = 7 — d and replace, for example, the first slot of ¢ by L, on fresh
disjoint variables:

Q(z1y- -y 2m X2y ooy xq) = q(Lp(21, .oy 20), X, oo, Tg).
It is ordinary multilinear of degree r4+d—1 = 6 and proper: a unit in a new leaf

kills the Lie word, and a unit in an untouched slot kills g. One image inclusion
is immediate from substitution. Conversely, for every actual input tuple,

tr A
q(Al,Ag,...,Ad)zq(Al— !

n
Realize the displayed traceless first input as one L,-value. This realizes the
original g-value as one (J-value, proving equality of actual sets.

For n > 3, the free nonzero ¢ is an actual nonidentity since d < 5 < 2n.
Image equality makes () an actual nonidentity too. In particular, when n =
3, ) cannot fall into the degree-six identity line. Tracefulness or trace-zero
image is preserved. Applying the already proved proper-sextic theorem to this
nonidentity @) gives the asserted alternatives. No classification through degree
five is being assumed here. U

I,AQ,...,Ad>.

8.2. Local trace lifting.

Lemma 8.2. Let f : (M,)% — M, be ordinary multilinear and traceful, put
h =trf and g = f — (h/n)l. Suppose that at an actual input a the value
N = f(a) is nonzero rank-one square-zero. Suppose also that there is a linear
control space W in the source tangent space such that dg,(W) = sl,, and an
integer v > 1 satisfying

d°he =0 (s <), C=dh,#0, CW,—,...,—)=0.
Then f is flat at a, and Val,(f) = M,.

Proof. The map g is submersive at a and its fiber through a is smooth of local
dimension 6n%—(n?—1) = 5n?+1. Since the source tangent space is ker dg, +W,
the nonzero symmetric tensor C' restricts nontrivially to (kerdg,)”. In formal
local coordinates on the smooth fiber, its parametrization is a +u -+ O(u?), with
u € kerdg,. All lower ambient trace derivatives vanish. Thus the first term
of the corrected trace is C(u,...,u)/r!, which is nonzero in characteristic zero.
The trace therefore cuts the regular local fiber by one nonzerodivisor. The local
f-fiber has dimension 5n%, the expected dimension. Miracle flatness makes f
flat at a.

Restrict to a flat source neighborhood. Flat openness supplies a Zariski-open
neighborhood of N in the actual image. More precisely, a K-point in this target
open has a nonempty fiber of finite type over the algebraically closed field K,
hence an actual K-point. Conjugate the neighborhood to contain Ejs.

If A is nonscalar, it has a conjugate B with By = 1: choose a vector v for
which v, Av are independent and take these as the second and first basis vectors.
For e = (—1,1,0,...,0), the curve

t* diag(t*) B diag(t )
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extends polynomially to ¢ = 0 with value E19; every other entry has a strictly
positive power of t. Its inverse image of the target open contains some nonzero
t. Ordinary multilinearity makes the value set a cone, and simultaneous con-
jugation preserves it, so undoing these operations gives A itself as an actual
value.

For completeness, scalar values are obtained independently. Choose a prim-
itive nth root of unity and the clock—shift homogeneous basis U*V?, (a,b) €
(Z/n)?*, of M,. Each homogeneous component is one-dimensional; only its
degree-zero component K[ has nonzero trace. Expand a nonzero-trace eval-
uation of f in this basis. Multilinearity gives a homogeneous-basis tuple whose
output has nonzero trace. Its output belongs to the degree-zero component and
is a nonzero scalar. Scaling an original slot gives every scalar, including zero.
Hence the whole actual image is M,,. U

The tensor hypotheses in Lemma 8.2 will arise as follows. Select one or
two original active slots, and keep the other original slots at diagonal or unit
base values. Expand all passive original slots, including every unit slot, by
arbitrary matrix perturbations. If r is the first nonzero trace coefficient on this
parameter family, every ambient trace derivative of order below r vanishes at
its base tuples. Indeed, a derivative in an active slot differentiates an identically
zero lower coefficient, and multilinearity separates the subsets of passive slots.
The order-r tensor annihilates every active-slot direction for the same reason.
It also annihilates every simultaneous-conjugation tangent: differentiate the
identity dh,(vg(x)) = 0 a total of r — 1 times. All terms involving lower trace
derivatives vanish, leaving only C(vg(a), —,...,—) = 0. These are statements
about the full original source, not a source with its unit slots removed.

8.3. Two elementary trace detectors.

Lemma 8.3. Let n > 4. Restrict an ordinary multilinear polynomial of total
degree at most five by leaving at least two inputs arbitrary and making all others
diagonal or equal to I. If every restricted value is diagonal, then the restricted
polynomial is zero.

Proof. Delete the fixed unit letters. Let k£ be the number of arbitrary inputs.
First suppose k < n. Expand these inputs into labeled matrix units. A nonzero
diagonal output requires a closed directed Euler walk with £ labeled edges,
hence uses at most k vertices. Choose an unused vertex t. For a nonzero output
at (s, s), partition its word contributions by the labeled arbitrary edge used last.
Some subtotal is nonzero. Redirect the end of that last edge from s to ¢t. In
any surviving path from s to t this modified edge must be last, because t has
no outgoing arbitrary edge. After setting each fixed diagonal entry at ¢ equal
to its entry at s, the resulting off-diagonal coefficient is exactly that nonzero
subtotal. This contradicts the assumed diagonal-valuedness.

It remains that £ > n. If all retained inputs are arbitrary, equivariance forces
every value to be scalar. The commutator with a fresh letter is then a matrix
identity of degree at most six, less than 2n. It vanishes freely, forcing the original
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polynomial into the center K of the free algebra, impossible in positive degree
unless it is zero. The only other case is n = 4, k = 4, with one diagonal letter D.
Diagonal output gives [D, P(D,Y1,...,Ys)] = 0 for diagonal D. Equivariance
extends this to diagonalizable D, then density to all D. It is a degree-at-most-
six identity of My, hence a free identity. The free-generator centralizer is K[D],
incompatible with positive multilinear degree in the Y;. Thus this restriction is
zero too. U

Lemma 8.4. Consider a linear combination H of single traces of ordinary
multilinear words, with k distinct arbitrary letters, including selected X,Y , and
j distinct diagonal letters, where 3 < k < 6 and k + 7 < 6. Fized unit let-
ters have been deleted. Fach retained letter occurs exactly once in every word;
products of traces are not included. If H is not identically zero on the indi-
cated arbitrary/diagonal input space, then, after possibly interchanging X,Y,
1ts restriction to

X:ZfEtEm Y=08W, WeH, 1,
t#1
is monzero for every n > 3.

Proof. Rotate each trace word to start with X and group by its cyclic order
o of the k arbitrary letters. Allocating the diagonal letters among the k£ gap
vertices gives a polynomial P,, separately linear in the coordinate set of each
diagonal letter. Some P, is nonzero: otherwise every matrix-unit evaluation,
which identifies some gap vertices of one such cyclic walk, would vanish.

Number the free edges in order by 0, ..., k—1, with X edge zero and Y edge y.
For a partition a = (aq, . .., ax_1) with a; € {0, 1,2}, give edge i the matrix unit
Eo; ., cyclically. We use partitions for which X,Y" are nonloops, one of their
tails is avoided by both endpoints of the other, and the only directed labeled
Euler circuit beginning at edge zero is (0,1,...,k — 1). The tail-avoidance
condition gives precisely one of the required row /lower-block orientations. Euler
uniqueness isolates P,, with its gap coordinates identified according to a.

For k = 3, use 012. The following lists suffice for the other values:

vertex partitions
0120, 0121, 0122
0112, 0120, 0121
0102, 0112, 0122
01210, 01220, 01221
01120, 01122, 01210
01120, 01220, 01221
01022, 01102, 01122
012210

011220

012210

011220

011022

SHY O Oy O O UL Ot UL U = = |
U W N WD =W R
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Each graph is a directed triangle with loops, or two directed two-cycles shar-
ing a vertex, with the displayed loops. Its circuit is unique: a loop must be
traversed before the last departure from its vertex; at a shared vertex, taking
the edge which closes the current outer cycle before its other excursion would
leave unused edges unreachable. This also verifies the listed edge order directly.
Inspection of the two designated edges gives the required tail-avoidance orien-
tation in each case.

We show that these restrictions detect every coefficient. For k& = 3, no gap
vertices are identified. For k = 4, the three single-pair identifications are respec-
tively the edges of the trees

{03,13,23},  {12,03,13},  {02,12,23}

on the four gap vertices. In each diagonal-variable set, the three tree edge
differences are linearly independent. The kernel of restriction along an edge e
is the ideal generated by that edge difference in each of the j diagonal-variable
sets. After an invertible linear change to tree coordinates, the three edge ideals
use disjoint sets of variables. Their intersection is their product, which has no
nonzero term of total degree below three. But P, has total degree j < 2. It
cannot vanish under all three restrictions.

For k = 5, the only nonconstant possibility is P, = 3.7, cid;. The following
five available class sums, for the four successive positions of Y, have determi-

nants 1,1, —1, —1 in the coefficients ¢, . . ., ¢4:
Y ‘ class sums
Ilco+cs c1+c3 o 1 Co
2 co+cy c1+cy c3 Co 1+ c3
3 Co+cC4 Cp+Cy C3 C1 Co
4 Co+Cy C1 ca3+c4 Ccop+c3 ¢+

Thus simultaneous vanishing forces every ¢; to be zero. For k = 6, P, is constant
and any listed graph preserves it. Constants in the smaller cases are preserved
as well.

This argument uses at most three vertices. In size n > 3, use the same matrix
units on three vertices, with zero arbitrary inputs outside that corner. Every
word contains arbitrary edges, so other vertices contribute nothing. Thus the
very same trace-coefficient detection works in every n > 3. This is a direct
evaluation of the trace expression in size n, not an inference from an M3 image
theorem. U

Restriction matrices. The restrictions in the preceding proof can also be writ-
ten as matrices. Index the coefficients of P, by gap assignments (t1,...,t;) €
{0,...,k—1}9. For every listed partition a and output monomial v € {0, 1,2},
the restriction matrix entry is

J
Ria)(trty) = L1 Lay,=ve-
(=1
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It has column rank k7. At maximal j, actual square-minor determinants are
1,1 for (k,j) = (3,3), 1,—1,1 for (4,2), 1,1,—1,—1 for (5,1), and five copies
of 1 for (6,0). The thirty cases, including smaller j, comprise eight, nine, eight
and five cases for k = 3,4,5,6. These integer minors express the independence
of the class sums and the unique labeled Euler orders used in the proof. The
passage to arbitrary n is the explicit three-vertex construction in the proof, and
the passage from the detector to a full image uses the separate controls and
trace lift below.

8.4. The two-free-slot trace-zero charts. Let ¢ be a nonzero proper trace-
zero unit restriction of f, of degree d < 5. If all one-edge coefficients of ¢
vanish, then ¢ € Id(UTy). It is not an identity of UTs, by the degree bound,
so it has a nonzero two-step symbol. Choose two original surviving slots X,Y
with directional coefficient C' # 0, and denote the opposite coefficient by E.
Freeze all other surviving inputs at independent diagonal matrices and retain
the deleted original inputs at I. The resulting actual chart ignores the diagonal
parts of X|Y. Indeed a term involving only one arbitrary off-diagonal edge
is an upper-triangular two-vertex evaluation and vanishes by the UTy identity.
For distinct vertices, its exact off-diagonal formula is

F(X7 Y)rt = Z (arsterY;t + brstY;"sXst)- (81)

s#Ert
Every a,q is a relabeling of the same nonzero polynomial C' in the remaining
diagonal entries; the b, are relabelings of E. Because q is trace zero, the closed
contribution of X, .Y, is

kvs(Epn — Ess). (8.2)
This follows by taking the trace of that single matrix-unit evaluation. It holds
in every degree: no even-degree sign convention is imposed. Either all k,.; vanish
polynomially, or all are nonzero relabelings. A finite product in the common
diagonal-background polynomial ring shows that all nonzero path coefficients
can be made nonzero simultaneously at one actual background. If ' = 0, trace
zero forces all k., = 0.

Lemma 8.5. Let B have size m > 2, with all displayed coefficients nonzero.
For hollow W, H and vectors x,z on B, put

TW(H)rt - Z (arstHrsWst + brstWrsHst)a Rx(z)rt = Crt2r Ty (7” 7& t)
s#Ert

Generically in (W, x), (H,z) — Tw(H) + R.(z) is onto H,.

Proof. For m = 2, R, alone is onto if both entries of = are nonzero. For
induction write B = By U {v} and specialize W = W, @ 0. The old outputs are
the smaller map. The new row is controlled by H,s through the weighted hollow
matrix with entries a,4Ws, and the new column by H,, through the matrix
with entries b,s,W,s. Each determinant is nonzero: a derangement exists on By,
and different permutations give different monomials in the independent entries
of Wy. Their opens meet the old surjectivity open in the same irreducible space.
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Prescribe old outputs first using old H, z, then correct the new row and column
independently by these cross H entries. Such corrections do not change old
outputs. This gives one surjective specialization; a nonzero maximal minor
gives the asserted open for unrestricted W. U

Lemma 8.6. Suppose both C' and E are nonzero in (8.1), with the trace-zero
closed terms (8.2). There is a nonempty open of actual row seeds

X:thElta YZO@W B:{Q,...,TL}, WEHTL717
teB
at which N = F(X,Y) has every first-row off-diagonal entry nonzero, and the
two original slot spaces together with simultaneous conjugation map onto sl,.
The assertion holds in either orientation of the two selected slots.

Proof. The value is a single hollow row:

Ny = Z a15t0s Wit
seB\{t}

The matrix taking z to this row is generically invertible by the derangement
argument. The first-row and first-column variations of X likewise give all first-
row and first-column outputs on a common nonempty open; the latter matrix
has entries b, W,s.

If every k,.s = 0, lower-block variations H of X and first-column variations
2, = 0Y,1 give the hollow lower block

TW(H)rt + brltzrxt'

Lemma 8.5 makes this onto. These controls do not create first-row or first-
column output. Thus the two slots give all hollow directions. The conjugation
directions [Fy;, N| have diagonal parts Ny;(Ey — Eiyp), supplying the missing
traceless diagonals.

Now suppose the k., are nonzero. Work modulo the already controlled first
row and column. The target consists of trace-zero diagonals and hollow lower-
block entries. The controls are lower hollow H, first-column z, and the conju-
gation directions E,;. Start with n = 3, writing

X =aFly +yEs, W = uFs3 + vEs,
N =pEis + qE3, p=aiyv, qo= a37u.

The lower H controls give the line K(FEs — E33). Modulo this line, z5 and the
E5; conjugation direction have coordinates on (11,23) respectively

(k12z, ba13y), (=P qo)-
Their determinant is
k12a1232° 0 + a132b213y°v # 0
as a polynomial, since the monomials are distinct and both coefficients are
nonzero. The z3 direction then supplies coordinate 32 through bsox # 0, its
other coordinates being removable by the preceding controls. This proves the
reduced surjectivity in size three.
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For induction add a lower vertex v and specialize W = W, & 0. The old
controls supply the old reduced target. Cross H entries give the new hollow
row and column through the two invertible weighted hollow matrices from the
preceding induction; they change neither old outputs nor diagonals. The control
z, contributes k1,2, (E1; — E,, ), nonzero modulo the old diagonal space. Absorb
its remaining old trace-zero diagonal part with old controls and its hollow part
with cross controls. This adds exactly the required new diagonal direction. The
reduced map is therefore onto at one specialization and on a nonempty open
for unrestricted W'.

Finally intersect this open with the first-row/column determinant opens and
with the open where all entries of N in its row are nonzero. All are nonempty
opens in the same irreducible parameter space. Since both directional coeffi-
cients are nonzero, the argument is unchanged on interchanging the original
slots. U

8.5. The original-input trace lift.

Proposition 8.7. Let f be an ordinary multilinear traceful sextic on M,, n > 3.
Suppose it has a nonzero proper trace-zero unit restriction q of degree 2 < d <'5.

Then Val,,(f) = M,,.

Proof. Every unit slot below remains an original input, and all its tangent and
higher-jet directions are retained.
A nonzero one-edge coefficient. Properness gives the exact two-vertex formula

q(Dy+ wErs) = cous [[(doy — dia) Eho.
s l+#s

Indeed each passive diagonal variable enters linearly, and its unit substitution
kills the coefficient; hence its scalar-coordinate polynomial is divisible by that
variable’s two-vertex difference. Suppose ¢, # 0. Keep its original slot X free,
take every other surviving input equal to a common regular diagonal D, and
retain the deleted inputs at I. The exact original X-slot is, up to a fixed
harmless sign, c, addD_l, an isomorphism on H,. For n = 3 this is an original
full-slot minor of rank six, so Theorem 6.5 finishes the proof.

For n > 4 write h = tr f = tr(XG), with G multilinear of degree five in
the other original inputs. Expand all five of those inputs about their D or [
base values as base +tZ. The constant coefficient G is zero, since trqg = 0
for every full X. The top coefficient is the original nonzero cyclic gradient, so
let 7 > 1 be the least nonzero coefficient G,. It has an off-diagonal value for
some regular diagonal D. Otherwise [D, G,] = 0 for diagonal D, hence for every
diagonalizable D by covariance and for every D by density. This is a polynomial
identity of degree at most six, less than 2n, and is therefore zero freely. But the
centralizer of D is K[D], whereas every component of G, has positive degree in
the independent Z variables. This forces G, = 0, a contradiction. Components
with different perturbed-slot subsets can be separated by their Z multidegrees.

Choose one actual regular D and perturbation tuple for this nonvanishing,
and relabel so that (G,), # 0 for some b # 1. Choose a hollow first-row X
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avoiding the trace hyperplane tr(XG,) = 0 and the finitely many hyperplanes
on which one output row entry vanishes. Then N = f(a) is a full nonzero
hollow row. The original X-slot gives all hollow controls, and conjugation gives
all traceless diagonal controls. The minimal-jet argument preceding Lemma 8.3
supplies exactly the tensor hypotheses of Lemma 8.2, proving full image.

No one-edge coefficient: a one-direction pair. Then ¢ € Id(UTs) but not
Id(UT3), so the two-step chart described above exists. Suppose first that C' # 0
and £ = 0. All closed terms vanish by trace zero. For fixed hollow Y, the
original hollow X-slot acts row by row through matrices

Br = (arst}/;t)s,tyér7 (Br)ss =0.

Each determinant is nonzero as a polynomial in Y: derangements exist since
n—1 > 2, and distinct permutations give distinct monomials. The product of all
these determinants is nonzero, so one actual Y makes the slot an isomorphism
of H,, onto itself. When n = 3 this gives an original rank-six minor, and the
rank-six theorem applies.

For n > 4, again write h = tr(X ), now retaining Y arbitrary and expanding

the other four original slots, including the unit slots, about their independent
diagonal or unit backgrounds. Let r > 1 be the first nonzero coefficient GG,.. Each
component has at least the two arbitrary letters Y and one perturbed slot, and
after deleting fixed unit letters has total degree at most five. Lemma 8.3 implies
that G, has a nonzero off-diagonal value. This nonvanishing open intersects all
the determinant opens in the same irreducible (D,Y, Z) space. Choose a row
X with tr(XG,) # 0 and every output row entry nonzero. The original slot
and orbit again give sl,, controls. Minimality kills all lower ambient trace jets,
including those varying Y or an original unit input, and makes the first tensor
annihilate the control space. Lemma 8.2 applies.
A bidirectional pair. Finally suppose C;E # 0. Use the row family from
Lemma 8.6. On the full two-free-slot chart, h(X,Y;D,I) = trq = 0 for all
full X,Y. Expand all four passive original inputs, including the unit inputs.
Let r > 1 be the least nonzero trace coefficient H,. It exists because the
fourth coefficient is the original trace with all passive slots arbitrary. Take a
nonzero perturbed-slot component, and delete its unperturbed unit letters. It
has k = r+2 > 3 arbitrary letters, including X, Y, and j < 6—k actual diagonal
letters. Lemma 8.4 shows that H, is nonzero on one of the two row orientations.
Both orientations have the smooth-control open of Lemma 8.6. On that same
irreducible parameter family, intersect the nonzero trace coefficient, the control
minor, and the conditions that all output row entries are nonzero. This gives
one actual tuple a satisfying every requirement simultaneously.

Let W be the sum of the two active-slot tangent spaces and the orbit space.
Its image under dg, is sl,. Minimality of r gives every lower ambient trace
derivative zero and a nonzero order-r tensor annihilating both original active
slots and every orbit tangent. In particular this is a statement on all 6n? source
coordinates, including the inputs whose base value was I. Apply Lemma 8.2.
This exhausts the cases. U
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8.6. Completion of the nonproper classification.

Theorem 8.8. Let f be a nonproper ordinary multilinear sextic over K. For
every n > 3,
M,, trf#0,

Valu(f) = {5[ trf=0.

Proof. Choose an inclusion-maximal set S of original slots whose unit deletion
leaves a nonzero free polynomial ¢q. Nonproperness provides a nonempty such
set. If all six slots are deleted, the coefficient sum ¢ is nonzero; setting all but
one original input to I gives cX, so the image is full. Otherwise maximality
makes ¢ proper of positive degree at most five. Degree one is impossible, since
a nonzero linear polynomial has nonzero unit deletion. Thus 2 < d < 5. The
minimum matrix-identity degree separately shows that this free nonzero ¢ is an
actual nonidentity of every M,, n > 3.

If ¢ is traceful, Lemma 8.1, applied only after the proper sextic theorem,
gives Val,(q) = M,,. Every such value is an actual value of f by the chosen unit
substitution. If f is trace zero, then ¢ is trace zero, and the same lemma gives

sl, = Val,(¢) C Val,(f) C sl,,.
These are inclusions of actual values, not spans. The only remaining case is
traceful f with trace-zero ¢, exactly Proposition 8.7. O

8.7. The ordinary sextic theorem and small sizes.

Theorem 8.9. The degree-six classification in Theorem A holds for every n >
3.

Proof. For proper polynomials this is Theorem 7.16. Every nonproper polyno-
mial is covered by Theorem 8.8. Proposition 1.5 identifies the trace condition
with the cyclic projection and specifies the identity exception in each size. [

Lemma 8.10. Let 1 < d<e and f € Py. Set

F(zy,...,2e) = f(T1,. .., Tag1,TaTasr1 - Te)-
Then F € P, and Val,,(F) = Val,(f) for every n > 1. Moreover, F =0 as a
free polynomial if and only if f = 0.

Proof. Every value of F'is a value of f, by multiplying its last e — d + 1 inputs.
Conversely set 4.1, ...,%. equal to the identity. This gives every value of f
as one value of F'. Expanding a word of f replaces its unique z, by the fixed
ordered block x4 - - x.. Different words give different expanded words, so the
coefficient map is injective. This proves the final assertion. O

Corollary 8.11. Let d € {4,5} and f € P;. For everyn > 3,
{0}, f=0,
Valn(f) = 5[n(K)7 f#0and 7f =0,
M, (K), nf #0.
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Proof. Apply Lemma 8.10 with e = 6, after Theorem 8.9. If f # 0, then
f is not an identity on M, because d < 2n. Equality of actual value sets
therefore makes F' a nonidentity too; in particular F' ¢ Ksg when n = 3.
Tracefulness is preserved by the same equality. Proposition 1.5 identifies it with
the nonvanishing of the cyclic class in each degree. Apply the ordinary sextic
classification to F' and transfer its value set back to f. O

Corollary 8.12. Let d € {4,5,6} and f = X ,c5, GoTo(1) - Toa). Forn =1
put ¢ = X cq, G0, the total word coefficient of f. Its image is {0} when ¢ = 0
and is K otherwise. For n = 2, the image is {0} for an identity, Ky for a
nonidentity central polynomial, sly for a noncentral trace-zero polynomial, and
M, for a noncentral traceful polynomial.

Proof. The size-one evaluation is cxy - - - 4. The size-two assertions are the pub-
lished ordinary multilinear image theorem of Kanel-Belov, Malev and Rowen [11,
Theorem 2|, whose field hypotheses are satisfied here. Its alternatives are dis-
tinguished by the actual identity, centrality and trace conditions. The free
cyclic projection alone cannot replace those conditions on Ms: for example,
S4(w1, T2, 3, T4)T5T6 is an identity of My although its cyclic class is nonzero. In
degree four the equivalence tr f = 0 <= «nf = 0 still holds on Ms: in Propo-
sition 1.4, hy has degree three, below the identity bound four. This does not
decide identity or centrality. In degrees five and six even the trace equivalence
fails; x5s4 gives the corresponding degree-five example. U

9. FURTHER LIFTING RESULTS

In this section, we give several lifting results applicable in arbitrary degree.
We use the notation of Section 1. These results are independent of the proof of
Theorem 7.16.

9.1. Root-space lifting and cyclic compatibility.

Proposition 9.1. Let ®(D, A, Z) be a word polynomial linear in A. For diag-
onal D,C, write ®(D, E;;,C) = m(d;,dj;ci,c;)Eij, © # j. If m is a nonzero
polynomial, then some nonempty open set of reqular diagonal pairs makes this
map an automorphism of H,.

Proof. The product of the finitely many multipliers and the eigenvalue differ-
ences is a nonzero polynomial in the diagonal coordinates. Its nonvanishing
gives the assertion. This only controls root-space coordinates; diagonal equa-
tions must be solved separately. U

Proposition 9.2. Letr > 2, with indices modulo r, and let (Lz); = a;zi+ 521,
where all o, B; are nonzero. Put h = [[;(—B;/a;). If h # 1, then L is invertible.
If h =1, thenrank L =r — 1, and Lz =t is solvable exactly when

a.
> Lit; =0, biv1 = ———1;,
i o Bi1
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where £ is any nonzero solution of this recurrence. In the constant-coefficient
case L = pl +qS, with (Sz); = z;_1, its eigenvalues are p+ qw for w”™ = 1. Thus
it is invertible exactly when p" # (—q)", including cases in which one coefficient
18 zero.

Proof. The homogeneous equations give z; = (—f;/;)z;_1. Going once around
the cycle gives zg = hzy. If h # 1, the kernel is zero. If h = 1, one nonzero initial
coordinate determines a nonzero kernel vector, so the kernel is one-dimensional.
The equations for the left kernel are ¢;a; + ¢;118;11 = 0. They likewise have
a one-dimensional solution space, and orthogonality to this space is necessary
and sufficient for membership in im L. Finally, S has the r distinct rth roots of
unity as eigenvalues in characteristic zero. Alternatively, the identity

(pI + ¢5) ip“l"“(—Q)kS'“ =" = (—q)")I

k=0
gives its inverse whenever the scalar is nonzero. U

Lemma 9.3. Let F: M,,(K)" — M, (K) be a polynomial map equivariant for
simultaneous conjugation, and put T = F(a). With orthogonal complements
taken for the trace pairing, one has

[M,,T] CimdF,, dF, is surjective <= Z(T)N (imdF,)" = 0.

If T is regular, meaning its minimal polynomial has degree n, then surjectivity
is equivalent to the existence of tangent vectors vy, ..., v, such that
i—1
det (tr(T dFa(vj))>1§i7j§n £0.
No semisimplicity assumption on T is required. Surjectivity implies that the
image of F' contains a Zariski-open neighborhood of T .

Proof. Differentiating conjugation equivariance gives
dF,([X,a41],...,[X,a.]) = [X,T].

Moreover, tr(Y[X,T]) = tr((TY — YT)X), so nondegeneracy of trace gives
(M, T)* = Z(T). f W = imdF,, then W+ C Z(T), and the first criterion
follows.

For regular T', choose a cyclic vector v. Every commuting matrix is de-
termined by its value on v, which is uniquely p(7)v with degp < n. Thus
Z(T) = KIT]. Trace induces a perfect pairing between M,,/[M,,T] and Z(T).
The functionals [Y] +— tr(T"'Y) therefore identify that quotient with K™.
Since W already contains [M,, T}, its image in the quotient is full exactly when
the displayed determinant is nonzero for some directions. Finally a surjective
differential between these affine spaces makes F' smooth near a by the Jacobian
criterion; openness of smooth morphisms gives the asserted neighborhood [17,
Tags 00T6, 00T7 and 056G]. O

For a regular nonsemisimple 7' the argument uses the quotient pairing, not
the generally false direct-sum identity M, = [M,,T] @& K[T]. In particular it
applies to a regular nilpotent matrix.
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Remark 9.4. The existence of an open subset of values does not prove
F(M,(K)") = M,(K). Scalar matrices and exceptional Jordan classes still
require exact constructions. Even containment of all traceless matrices would
not settle a traceful image, for which every traceful target must also be attained.
The criterion alone therefore does not establish a full-image theorem.

9.2. Cycle supports in arbitrary degree. For ¢ > 0, let
®(D,A,Z)= > (ra.D*AD"ZDC + $,4,,D"ZD"AD"),

a+b+c=q
and put R(z,y,2) = X raper®y’2¢ and S(x,y,2) = 3 Saper®y’2¢.

Lemma 9.5. Let D = diag(dy,...,d,), let 0 € S, and choose a; € K* for
1 <i<n. PutA=3Y7" a;li.0),Y% = 0:ilsa),;,7(1,7) = (0(i),0(j)). For
every 1,7, ®(D, A, 2);; = ujyi; + Bijyr—1(5), where az; = R(d;, dy),d;) and
Bi; = =0 §(d;, dy-1(j),dj). On a T-orbit O the determinant is

)
To=1()
Ao =[] ac+ (D) ] B..

ecO ecO
Proof. For an A-before-Z word, (D*ADZD¢);; = dfdg(i)djyij. For a Z-before-
A word, (D*ZDYAD®);; = ‘;‘%gdgdg,l(j)djyﬂ(i,j). Summing gives the entry
formula. Ordering the variables cyclically on O produces a cyclic bidiagonal
matrix, whose determinant is the displayed two-product expression. U

If every orbit determinant is nonzero, Z — ®(D, A, Z) is surjective onto
M, (K), since Z — (y;;) is an invertible coordinate change. On an orbit of
length at least two with nonzero coefficients, Proposition 9.2 gives the exact
compatibility condition when the determinant vanishes. The determinant for-
mula itself also allows zero coefficients and singleton orbits; for a singleton it
reads a + f3.

9.3. Scalar values and smooth unit-deletion lifting.

Theorem 9.6. Let f be multilinear and let T be a nonempty set of r active slots.
Assume that f; is identically traceless on M,(K) for every nonempty J C I,
where f; sets exactly those slots equal to the identity. Put g = fr. Suppose an
actual tuple YO for the remaining slots satisfies

gY)=N#0, N?*=0, rankN =1, im(dg)yo = sl,(K),

and the multilinear scalar function H(Xz) = tr f(Xz,Y°) is nonzero. Then
f(Mn(K)) = My (K).

Proof. Scalar targets follow from the scalar-value argument of Lemma 1.7. For
a nonscalar target choose a similar representative T' = (¢ }) with b # 0. This
is possible because a nonscalar transpose has a non-eigenvector. For S; =
diag(t~t, I,_1) put

e €D

R(e) = € 5.TS" = (6 a b ) .
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The value at zero is a nonzero rank-one square-zero matrix. Conjugate Y so
g(Y?) = R(0). The complete translated evaluation

F(e,X,Y) = f((I+€X,)ier,Y)

satisfies F/(0,X,Y) = g(Y) and tr F(e, X, Y) = € tr f(X,Y): every other term
has a nonempty deletion inside Z. No mixed matrix term is discarded.

Fix all but one active input so that H is a nonzero linear functional in that
input. Choose X° with H(X?) = trT and dxH # 0. Writing m(Z) = Z —
tr(Z)1I,/n, consider

mo(F (e, X,Y) — R(e)) = 0, tr f(X,Y)=trT.

At (0, X° Y9 their Jacobian in X,Y has rank n? the first equations have
surjective Y-differential dg and zero X-differential, while the last equation has
nonzero X-differential. Choose a nonzero n2-minor of this relative Jacobian.
On its nonvanishing locus the solution scheme is standard smooth over the e-
line. Its image is open and contains zero, hence contains some € # 0 [17, Tags
00T6, 00T7 and 056G]|. Algebraic closedness supplies an actual K-point in this
nonempty fibre. The trace identity recovers the full equation F' = R(e). Scale
one input by €~" and conjugate all inputs to obtain 7. U

Corollary 9.7. Let g(Y) = f(I,Y) be identically traceless. If g(Y°) is nonzero
rank-one square-zero, dgyo is onto sl,, and X ~ tr f(X,Y?) is nonzero, then f
is surjective on M,(K). No conditions on the other unit deletions are needed.

Proof. Apply Theorem 9.6 with the singleton active set. O
9.4. Kernel sections and compatibility.

Lemma 9.8. Let M(t) be a matriz of rational functions regular at t = 0, with
constant rank r on a Zariski neighborhood of zero. Set k = dimker M (0). If
a constant linear map N to K* restricts to an isomorphism on ker M (0), then,
after shrinking the neighborhood, each b € K* determines a unique rational
section x(t) satisfying M (t)x(t) = 0 and Nx(t) = b. It is reqular at zero. The
same assertion applies to the left kernel by using M (t)T.

Proof. Select r independent rows of M(0) and append the k rows of N. The
resulting square matrix is invertible at zero: its kernel is ker M (0) Nker N = 0.
Its inverse is regular wherever its determinant is nonzero. Solve these selected
equations with right side (0,b). The selected r rows span the full row space
wherever the rank remains r, so the solution satisfies every row equation. This
also proves uniqueness. In particular, if M (—t) is obtained by conjugating input
and output coordinates by involutions, and the normalization is fixed by the
input involution, uniqueness gives the corresponding parity of z(t). Il

10. MATRIX-UNIT IDENTITIES AND PARAMETER COVERAGE

We collect the algebraic rules behind the finite-dimensional arguments.
Matrix-unit paths determine the coefficient and differential matrices; polyno-
mial common factors describe the exceptional parameters. The extension to
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arbitrary matrix size is furnished by the block and band arguments proved in
the preceding sections.

10.1. Word paths and differential coordinates. For an associative word,
matrix multiplication gives

r—1
Eijy - Bi, = <H 5j5,z's+1> Eiyj, . (10.1)
s=1

Thus an entry of a word evaluation is the sum of the weights of its compos-
able labeled paths. Its trace is obtained by retaining the closed paths. These
statements follow by induction from FE;;Ey = ;L.

For a polynomial map GG in m matrix inputs, order its outputs and each input
in row-major order, and order the inputs as X, ..., X,,_1. Define

JG<X)m+j,£n2+an+b - [t] G(XO, cee aXé + tEa+1,b+1> cee ,mel)i+1,j+1,

where 0 < 7,7,a,b < n and 0 < ¢ < m. Here the matrix-unit subscripts are
one based, whereas row and column labels of Jg; are zero based. If the output
is traceless, we delete row n? — 1. The remaining coordinates identify sl,, with
K™~L: the omitted diagonal entry is the negative sum of the other diagonal
entries.

Every column is determined by the product rules

(UV)=UV+UV, [UV]=[UV]+[UV]. (10.2)
For example, for the four-parameter family one first forms
P=[D,E)+[D,F], Q=[D,Al+[D,A], R=|[E,B]+|[E, B,
S=[D,B+[D,B, T=[E A+I[E,A, Z=][ADB]+|[A B).

One then differentiates the displayed expressions for L,C and 7 by (10.2). In
particular,

d(aPL +bLP +C) = a(PL + PL) + b(LP + LP) + C.

Together with (10.1), this specifies every entry of the matrices used below using
additions and multiplications in Q[z].

Lemma 10.1. Let Ji(z),..., Js(x) be polynomial matrices with r rows. Choose
finitely many r X r minors among these matrices, and let g(x) be their greatest
common divisor in Q[z]. At every & € K with g(§) # 0, at least one J;(§) has
rank r. In particular, g =1 gives coverage of every parameter.

Proof. Write the chosen minors as dy,...,d;. The Euclidean algorithm gives
polynomials u; € Q[z] with g = 3=, u;d;. If every selected minor vanished at &,
then g(¢) = 0. Conversely, every zero of g is a common zero of all d;, since g
divides each d;. These identities remain valid in every characteristic-zero field.
No restriction to rational parameters is involved. ]
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10.2. Boundary parameters for the three-coefficient family. Let ' =
aPL+bLP+C'. We use the size-four and size-five tuples in Section 3, without the
two size-five modifications unless they are explicitly mentioned. Write J,,(a, b)
for the full Jacobian of F' at the indicated tuple. The following identities give
the boundary coverage used there. All column labels are zero based. In each
paragraph a common set C, and the additional sets Uy,...,U, are displayed.
Put C; = C, UUj, in increasing order, and

dj(x) = det J,,(a(z), b(x))[:, Cy].

The notation p = ¢ means p = cq for some ¢ € Q*. Such constants have
no effect on a common zero set. Thus the factorizations below retain exactly
the information needed for the rank assertion. They follow by substituting
the tuples in the product rule above and expanding the specified determinants.

Their common factors follow by the Euclidean algorithm in Qlz].
Size 4: (a,b) = (z,1).

C, ={2,4,5,6,7,8,18,37, 38,46, 50, 52, 62}

iU
11{1,20,55
2 | {11,34, 36}

dy = (z — 1)(3z — 2)(z + 2)*(3z + 1)?
dy = z(x +2)(3x + 2) (2 — 222 + v — 1)

The common factor is « + 2, up to a nonzero scalar.
Size 4: (a,b) = (x,1 — ).

C,={1,2,5,6,7,8,37,38,46, 50,52, 55,62}.

jlU;

74, 18,20}
2 | {11, 20,36}
3| {4,11,34)

di=(r—-1)(2z—-1)2x + 1)(4x + 1)
dy = x(2x —1)(2z + 1)
ds = (v — 1)z(82" — 202° 4+ 9z — 3)
The common factor is 1, up to a nonzero scalar.
Size 4: (a,b) = (x,3z — 1).
C,=1{1,2,4,5,6,7,37,38,46, 50, 52, 62}.
| U;
{11, 20, 34,36}
{8,11, 34,55}
{8,18, 34,36}
{8,11,36,39}

=W N .
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dy = (22 — 1)(3z — 2)2*(122% + 62 — 1)

dy = (3z — 2)(x — 1)%2%(122% + 62 — 1)

ds = (v — 1)z(2x — 1)(122% 4 62 — 1)

dy = (x — 1x(2z — 1)(3x — 2)(62 — 1)(84x — 25)
t

The common factor is x, up to a nonzero scalar.

Size 4: (a,b) = (z, —Sx).

C, = {4,5,6,7,8,11,37,38, 46, 50, 52, 621}

iU
1 {1,20 36,45}
2| {1,2,34,55)

3| {2,18,34,36)

dy = (22 — 1)(22 + 1)(3z + 1)(6x — 1)(97 + 2)
dy = (x — 1)(3z + 1)(222 — 7)2* (22 — 1)?
ds = 2z — 1)(2z + 1)(3z + 2)(222 — 7)2®

2x—1

The common factor i
Size 5: (a,b) = (z,0).

C, ={1,6,7,8,9,10,14, 15,55, 56, 57, 62, 63,66, 67, 72, 77, 78, 80,92, 97}

i |U;

145,30, 71,83}
2 | {2,30,79,83}
31 {2.5,52,79}

di=(x—-2)(x—1(z+1)(x+3)(z+4)3x — 1)(dz + 1)
dy = (v — 2)x(z + 1)(3z — 1) (42 + 1)(22* + 112 + 16)
ds = (. — 2)(x — 1)(z + 1)(z + 3)2*(22* — 3x — 1)

The common factor is (x — 2)(x 4 1), up to a nonzero scalar.
Size 5: (a,b) = (x, —4x).

C,=1{1,5,6,7,8,9,10,14, 15,56, 57,62, 67,72,77,78,80, 83,92,97}.

j|U;
(30,55, 63,66, 71}
12,52, 58, 66, 79}
12,52, 55,58, 79}

85
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di = (x—2)(x+4)Bx — 1)(3x + 1)(6z + 1)(7z — 1)(11z + 3)
- (162 + 3)(4x + 1)?
dy = (3z — 1)(62 + 1)(37z — 13)(4x + 1)%2°
- (482° + 552% — 267 — 7)
ds = (3z — 1)(3z + 1)(37z — 13)(4x + 1)*2°
(227 + 97 + 2)

(3z—1)(4z+1)?

The common factor is TS

Size 5: (a,b) = (x,1).
C,=1{1,2,5,6,7,8,9,10, 15, 27,56, 57, 58,62, 66,67,72,77,78,79,80,92,97}.

, up to a nonzero scalar.

dy = (v —1)(z +2)(3z — 2)(4r + 1)*(42® + 13z — 4)
dy = (2 4+ 2)(27 + 1) (4 + 1)*(82° — 122° 4 9z — 8)

(z4+2)(4z+1)2

G , up to a nonzero scalar.

The common factor is
Size 5: (a,b) = (x, 2).

3

C.=1{1,2,5,6,7,8,9,10, 14, 15,56, 57, 58,62,67,72,77,78,79, 80, 84,92,97}.

di = 3z +5)(4x 4+ 1)(6z 4+ 1)(9z — 5)
- (7022° + 21152% — 14492 — 1294)
dy = (3z — 1)(3z + 5)(62° + 37 + 2)
- (1082* — 1622? + 33z — 47)
The common factor is &”T*E’, up to a nonzero scalar.

Size 5: (a,b) = (z,1 — x).
C,=1{1,2,6,7,8,9,10,15,56,57,62,67, 72,77,78,79,80,92,97}.

Uj

15,27, 30, 53, 66, 831
{14, 30, 55, 63, 66, 83}
(5,14, 52, 58, 66, 83}
(5,14, 30, 58, 83, 84}
{5,14, 30, 58, 66, 84}

T W N .
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dy = (22— 1)(3z — 1)(3x + 1)(4x + 1)(5z + 1)(z — 1)?
- (152% 4 47z — 4)
do = (x—2)x(2x —1)(3x — 1)z + 1)(4x + 1)
- (152* + 472 — 4)
ds = z(3x — 1)(4z + 1)(x — 1)*(152% + 472 — 4)
- (102® — 232% + 13z — 4)
dy = 222 — 1)(3z + 1)(4z + 1)(z — 1)?
- (6527 + 189z + 14)
ds = x(22 — 1)(3z — 1)(3z + 1) (z — 1)?
- (602 + 1792% 4 562 + 7)

The common factor is 1, up to a nonzero scalar.
Size 5: (a,b) = (z, % + £).

C, ={1,2,5,6,7,8,9,10, 15,56, 57, 62, 67,72, 78,79, 80,92, 97}.

Uj

114, 30,55, 58, 66, 841
{14, 30,55, 63, 66, 83}
(27,30, 55, 58, 66, 83}
{14, 30, 55, 58, 77, 83}
{14, 30, 58, 66, 77, 83}
(14,52, 55, 58, 66, 83}

O U W N .

di = (. +3)(3x +4)(7x + 1)(7z + 11)(11z + 3)(13z — 11)
(22 +1)?

dy = (22 +1)(3z +4)(4x + 1)(Tx + 1)(7x + 11)(11z + 3)
(132 — 11) (z — 2)?

ds = (r —2)(x+3)(3x +4)(4x + 1)(7Tx + 1)(7Tx + 11)(9z + 2)
- (11z + 3)(13x — 11)

dy = (x—2)(x+3)(2x 4+ 1)(4x + 1)(bx — 2)(Tx + 1)(7Tz + 11)

(11z + 3)(13z — 11)

ds = (r —2)(x +3)(2x + 1)(3x + 4)(4x + 1)(7x + 11)
(11 + 3) (132 — 11)(872* + 827 — 337)

de = (z —2)(x +3)(2x + 1)(3z + 4)(4x + 1)(Tx + 1)(7x + 11)
- (5922% — 1972% + 334z — 741)

Tx+11

The common factor is :

, up to a nonzero scalar.
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Size 5: (a,b) = (x,3z — 1).
C,=1{1,2,5,6,7,8,9,15,56,57,62,67, 72,77,78,79,80,92,97}.

Uj

714, 30, 52, 55, 58, 66
110, 14, 52, 58, 66, 83}
(10,27, 52, 55, 58, 66}
{10, 14,52, 55,63, 66}
{10, 14,52, 55, 58, 83}
{10, 14, 55, 58,59, 66 }

S U W N .

di = (2x —1)(3z —2)(3z — 1)(7Tx — 1)(92 — 5)(13z — 11)
- 2?(220% — 52 4+ 1)
dy = (z — D)z(3z — 2)(3z — 1)(4x + 1)(9x — 5)
- (222% — 5z + 1)(532* — 382 — 67z + 48)
ds = (r — Dz(z+3)(2z —1)(3z — 1)(7x — 1)(9z — 5)
- (132 — 11)(222% — 5z + 1)
dy = (x—2)(z — 1)z(2x — 1)(3z — 2)(Tz — 1)(9x — b)
- (132 — 11)(222% — 5z + 1)
ds = (zr — Dz(2x — 1)(3z — 2)(3x — 1)(4dx + 1)
- (152° 4 31z — 38)(222% — 5z + 1)
de = (z — D)z(2z — 1)(3z — 2)(3x — 1)(9z — 5)(13z — 11)
- (1522 — 45)(Tz — 1)?
The common factor is x, up to a nonzero scalar.
For size four, these common factors vanish only where a +b+ 1 = 0. For size
five, their zeros with a+b+ 1 # 0 are exactly (a,b) = (2,0) and (—1/4,1). The
replacement E' = Js; + Fs35 + E15 and the two nonzero determinants displayed

in Section 3 cover those points. Together with the generic minors there, these
identities cover every parameter with a + b+ 1 # 0.

10.3. The traceful and trace-zero pencils. Let I',(z) = PL + (1 —x)LP
and Z,(z) = PL — (x + 1)LP + C. The seeds for these pencils are those
displayed in Lemmas 3.6 and 3.8, respectively. For I',, the seed index ¢ = 0,1
selects the first or second displayed seed of size n. For Z, use the unique seed
of that size. For a column list I let A; be the corresponding maximal minor,
retaining all output rows for I';, and omitting the last diagonal output coordinate
for Z,. The notation f = g means f = cg for some ¢ € Q*. Only these nonzero
constant factors are suppressed below. Every determinant is specified by the
displayed inputs and columns, so the product rule above determines it without
auxiliary data.
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The traceful pencil. The following two minors for each size are coprime. Put
¢(r) = 11762 — 1709 + 605,
qu(x) = 50667184292 — 76309385142
+ 27382748852% — 52653960z + 340216.

Size 3.
e=0, Iz =(0,3,4,56,1518,19,24),
A, =227 + 1) (52 — 1)(Tz — 6)(Tz — 3)(5x — 4)°.
e=1, LBZ:(Q1;x46Ja1&1&2@,
Agey, = (1 —1)(32 — 2)(3z + 1) (62 — 5) (97 — 5)(9x — 4)*.
Size 4.

e=0,  Jon=0(0,1,2,4,589,10,12,13,24,28, 32,
36,37, 40),
A, = 2x+1)(2x + 3)(2x 4+ 5)(4x — 3)(4e — 1)(4z + 1)(10x — 9)(10x — 1)
- (14x — 9)a gy ().
e =1, layo = (0, 1,2,4,5,6,8,9,12,13,28, 32, 36,
38,40, 56),
A, = (22 +19)(4z + 19) (5 — 4)(5z — 1)(5x + 2)(12x + 7)(15x — 14)
(152 — 1)(172 — 19)(17x + 2)(47z — 28)(x — 1)%.
Size 5.
e=0, Iz =(0,1,2,3,4,7,9,10,12,14,28,29, 50,
51, 52,53, 54, 55,56, 57, 58, 59, 60, 61, 79),
Afgs, = (22— 7)(22 — 5)(22 — 3) (20 4+ 3) (22 + 5)(4x — 7)(4z — 5)(4z + 3)
(62 — 7)(152 + 1) (172 — 16)(17z — 9)(172 — 1)(19z — 16)
- (21z — 16)(23z — 16)q4(x).
e =1, lgso = (0,1,2,3,4, 7,9,10,11,12, 28,29, 50,
51, 52,53, 54, 55,56, 57, 58, 59, 60, 61, 79),
A, = (5 — 7) (122 — 19) (122 + 7) (172 — 19)(18x — 37)(18z + 19)
- (302 — 37)(30z + 7)(352 — 37) (352 + 2)(63 + 2)(67x — 65)
(672 — 2)(72z — 65)(842 — 65)(102z — 65)(134z — 69)
(107972 — 130)(z — 1)2.
In each size the rational roots of the displayed linear factors in the first minor

are disjoint from those in the second. The only nonlinear factors in the first
minors are ¢ and ¢4, and neither has a rational root. Indeed the discriminant of
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o is 74761, strictly between 273% and 2742. Modulo 5, ¢4 becomes —x* + 3 + 1,
whose values at 0,1, 2, 3,4 are respectively 1,1, 3,2,4. Its leading coefficient is
a unit modulo 5, so a rational root would have denominator prime to 5 and
would reduce to a root modulo 5. Thus the two minors have no common zero
over Q. Bézout’s identity over Q[x] shows that they have no common zero
in any characteristic-zero field. This proves the required surjectivity for every
parameter, including the zero-output parameters.

The trace-zero pencil. For the same output coordinates, the following minors
suffice:

Size 3.
I3 = (1,2,5,9,11,13,27,29),

Ar, = (z+1)(3z —1).
Izs = (0,1,2,5,9,11,29,31),
A, = x(2z + 3).
Size /.
Iza = (1,2,4,5,6,7,8,11,34, 36,37, 38, 46,
52,62),
Ap,, = (@+2)2z+1)(42® —z +1).
Izio = (1,2,4,5,6,7,8, 18,20, 36,37, 38, 46,
52,62),
Ar,, =x(2x —1)(4z + 3).
Size 5.
Iz51 = (1,2,5,6,7,8,9,10,14,15,30,55,56,
57,62,63,66,67,72,78,79,80,92,97),
Ar,., = (v —2)2(3z + 5)(z + 2)*(3z — 1)
L5 = (1,2,5,6,7,8,9,10,15,27,30,55,56,
57,58,62,66,67,77,78,79,80,92,97),
Ar,., = (x — Da(xr +1)(3x + 5)(5z + 3)(3z — 1)
I53 = (1,2,5,6,7,8,9,10,14,15,52,55,56,
57,58, 62,66, 67, 72,78, 80,83,92,97),
Ar,., = (x4 1) (z +4)(3z + 5) (4o + 1) (z + 2)%(102° + 322 — 1).
Iysa = (1,2,5,6,7,8,9,10,14,15,30,55,56,
57,58,62,67,72,77,78,79,80,92,97),
Ar,., = x(x + 1) (2 +2)(3z — 1)*(22° + 3z + 4).
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For size three, the roots of the two displayed minors are disjoint. For size four,
the second minor has roots 0,1/2, —3/4, and the first is nonzero at each of them.
In size five the common roots of the first two minors are exactly 0,1/3, —5/3.
The third minor is nonzero at 0 and 1/3, and the fourth is nonzero at —5/3.
Consequently the displayed minors have no common zero in any characteristic-
zero field, again by Bézout’s identity over Q[z]. These calculations prove all
three trace-zero base sizes. The block arguments in the text, rather than any
further finite calculation, supply every larger size.

10.4. A kernel calculation for the size-four alternating map. For

U(D,E,A) = s3(P,Q,R), where P = [D,E], Q = [D, A] and R = [E, A], the

product rule gives
dpV(X)
dpV(X)
da¥(X)

s3([X, E],Q, R) + s3(P, [ X, A], R),
53([D,X]7Q, R) + 33(Pa Q, [Xv A]),
53(P7 [DvX]7R) + 33(P7 Qv [EaX])

We prove surjectivity at the size-four tuple displayed in the proof of Lemma 3.9
by solving a homogeneous system. Use the ordered Jacobian columns

(0,1,5,8,9,13,29, 32,33, 34, 35,37, 40,41, 42, 43)

and let wvg,...,v15 be their coefficients in a linear relation. Index output
rows from zero in row-major order. The displayed product-rule identities and
EwEcq = O0peFqq give the following successive consequences of vanishing output:

output row(s) | equation after the preceding relations
9, 13 —vg — 4U13 = 0, —Ug + V13 = 0
12 V12 = —V14
15 Vg = 0
14 Uy = 0
1 V11 = V14
8 Vs = 0
0 V10 = V15
5 Vg = V14
10 3U14 =0
2, 11 V1 + 2’015 = O, V1 + U5 = 0
3 Vy4 = 0
4 V3 = 0
7 2'112 =0
6 Vo = 0

The first pair gives 5v;3 = 0, hence vg = v13 = 0. The next eight rows give
the displayed substitutions and then vy = 0. The pair of rows 2,11 gives
v; = vy = 0. All sixteen coeflicients therefore vanish. Thus the selected
columns are independent and dW is onto M,. This establishes exactly the full-
rank fact used in the proof, by integer equations alone.
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For completeness the determinant value can be recovered from the same elim-
ination. Order rows as

(9,13,12,15,14,1,8,0,5,10,2,11,3,4,7,6)
and order the sixteen coefficient positions as
(8,13,12,9,7,11,5,10,6,14,1,15,4,3,2,0).

The first block has determinant —5. Eliminating it and each subsequent pivot
gives scalar pivots

(-1,-1,1,-1,-1,1,-2,-3,1,1,-1,—1,2,1).

Their product with —5 is —60. Both the row permutation and the column
permutation are even, so the original minor is —60.
The normal cubic in size three. At the tuple a and along the curve a + tu + t%v
of Lemma 3.12, the normal functional is h(Y) = U (Y )y; + ¥(Y)s3. The same
multiplication rule gives
9 g 31, 75 . 975 ¢

h(a+tu+tv) =t +16t 16t +256t'
In particular its first nonzero term is cubic. The differential has rank eight, not
nine. The eight tangent directions and the formal correction in that lemma show
that the cubic remains nonzero on the smooth fiber of the other eight target
coordinates. The ensuing local-dimension and flatness argument, rather than
a maximal-minor assertion, gives the open neighborhood of actual size-three
values.

10.5. Collision kernels and cyclic coefficients. The ranks used for W
are consequences of the module decomposition and the cyclic-path description,
rather than additional size tests. There are fifteen pair partitions and six orders
of each triple of commutators. Their ninety products have disjoint supports of
eight associative words, so they are linearly independent. By Proposition 5.1,
the double-collision kernel is

K~25@" g s QimkK=2-5+1=11.

Consequently the stacked collision map has rank 90 — 11 = 79.

For the cyclic projection, the thirty products modulo cyclic permutation of
their three factors form the vertices of the signed incidence graph described
in the proof of Theorem 5.2. Each cyclic word belongs to the two vertices
obtained from the two parities of adjacent pair cuts. Connectedness leaves a
one-dimensional kernel, generated by s¢. The cyclic rank is therefore 30 — 1 =
29. Tts irreducible constituents have shapes (3,3),(2,2,1,1),(3,1,1,1),(2,2,2),
all of which dominate (2,2,1,1). Thus double collisions detect every nonzero
cyclic class, and the joint cyclic-collision kernel is exactly the cyclic kernel. In
particular 7/C = 0.

The residual alternants Ay, B, satisfy the two relations >, Ay, = >, By = 0.
Each orbit affords S@1Y: the coefficients at 012345 and 120345, displayed in
Section 5.2.1, distinguish the two copies. Their joint span has dimension ten,
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and adjoining sg gives dimension eleven. At the exceptional 3 + 3 point, the six
off-diagonal values in (J) have nonzero coefficients, and its two diagonal values

are independent because
4 =2
det ( 3 4 ) =10 # 0.

This proves the asserted rank eight directly.

The same path rule also explains the single-trace detector. A diagonal letter
contributes the coordinate of the vertex at which it is inserted. Identifying
vertices therefore replaces gap variables by their class sums. For four gaps, the
three tree-edge ideals have product of degree at least three, whereas only two
diagonal letters are available. For five gaps the five displayed class sums have
nonzero determinant, and for six gaps there are no diagonal variables. These
are exactly the three cases proved in Lemma 8.4. They concern polynomial
identities in all diagonal parameters; the use of a three-vertex corner then works
unchanged in every larger matrix algebra.

10.6. Triangular path matrices for the standard direction. We give a
finite matrix-unit proof of the three base cases used in Section 5.2.3. It involves
only triangular matrices and one four-by-four determinant.

For an ordered set [ = {iy < --- <i,} € {0,...,5}, write St = s,.(Y;,,...,Y:,)
and Sy = [,,. The following two identities determine every matrix entry needed

below:

Sy = Z( 1)1y, ST\ ) (10.3)
j=1
dysg(X) = > e(A k,B)S4XSp. (10.4)
AUB={0,...,5}\{k}

In the second sum both A and B are written increasingly, and €(A, k, B) is
the sign of their concatenation (A, k, B). The first identity groups alternating
words by their first letter; the second groups them by the letters before and
after the varied letter. Thus they follow directly from the definition of sg. For
matrix units, they can equivalently be read from the path rule

Ea1b1 : a,br (H 5b],a]+1) a1b,-

These formulas give both the zero entries and the signs below.
Use precisely the three tuples Y in Section 5.2.3. The closed paths in the five
lower matrix units give

H3 :dlag(—Q,—Q,—l), H4 :diag(Q,l,l,l), H5 = I5.

For example, in the five-cycle case there is one cyclic traversal starting at each
vertex; all five cyclic rotations have positive sign. In the four-cycle case the loop
at vertex 1 gives two traversals starting there and one at each other vertex. In
the three-cycle case the loops at vertices 1 and 2 give respectively two, two and
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one traversals, all of negative sign. Since Y is a hub row, a nonzero six-letter
path must start with Y. Consequently

86(Y) = (8 1TOI_L1> .

Let J, be the Jacobian at this tuple, with the last diagonal output row deleted.
The row and column labels are those of Section 10.1. In this subsection the full
matrix coordinates are numbered 0, ..., n—1, with the hub at 0. In particular, a
column label kn*+ an + b means the variation E,1 41 in slot k. The following
lists R,,C, are ordered lists, not sets. Applying the path rule to J,[R,, C,]
gives upper triangular matrices for n = 4, 5:

Ry = (9,12,13,14,0,8,11,4,5,6,1,2,3,7, 10),
Cy = (24,12,28, 36,40, 8,20,4,72,68,1,2,3,52,84),
diag Jy[R, Ca] = (2,1,1,2,-1,2,1,2,2,2, -2, -2, —1,2,2).
Rs = (17,11,23,12,18,20,21,22,0,5,8, 10, 13, 15,
1,2,3,4,6,7,9,14,16,19),
Cs = (65, 35,80, 18,12, 20,45, 70,90, 5, 8, 10, 85, 15,
1,2,3,4,130,55,105, 30, 16, 60),
diag J5[Rs,Cs] = (-1,-1,-2,-1,1,—-1,—-1,-1,1,-2, -2, -1, -1, —1,
2,1,1,1,-2,-2,-2,—1,2,—1).
For n = 6, take
Rs = (7,14,21, 28,13, 20,27, 34, 30, 31, 32, 33,0, 12, 15, 16,
18,19, 22, 24, 25,26, 1,2,3,4,5,6,8,9, 10, 11, 17, 23, 29),
Cs = (21,28,14,7,48,90, 132,174, 30,66, 102, 138, 168, 12, 120, 156,
18,54, 162, 24, 60,96, 1,2, 3, 4,5, 6,78, 114, 150, 186, 42, 84, 126).
The matrix is block upper triangular. Its first diagonal block is

1 -1 -1 0
-1 1 0 1

B = 0 -1 1 -1l det B =—1,
1 0 —1 1

and its other diagonal blocks are one by one, in order
<_1> _17 _17 _17 _17 _17 _17 _17 17 _17 _17 _17 _17 _17 _17 _17
-1,-1,1,1,1,1,1,-1,-1,-1,-1,-1,—-1, -1, —1).

For clarity, the assertion of triangularity means that each derivative in a column
of C), has zero coordinates in all subsequent rows of R,,, apart from the displayed
first four-by-four block when n = 6. It follows by retaining only composable
paths in (10.4); no row operation or division is involved. The four-by-four
determinant follows, for instance, by replacing row two by row two plus row one
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and row four by row four minus row one, then expanding in the first column.

0 -11
The remaining three-by-three matrix is (—11 1 -1 ), whose determinant is —1.

The products of these diagonal blocks are respectively 1024, —256,1. The
signs of the row permutations are +, —, —, and the signs of the column per-
mutations relative to their increasing orders are all +. Hence the minors in
increasing row and column order are 1024, 256, —1. In particular all three dif-
ferentials have rank n? — 1. This proves the finite base cases; the compatible
hub argument in Section 5.2.3 proves every larger size.
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