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Abstract

We consider the advection—diffusion equation 0;60 +b - VO — kAf = 0 on the two-dimensional
torus T2, where b is a divergence-free velocity field constructed as in [AV25], Holder continuous
with an exponent « < 1/3 and built from shear flows alternating in direction at infinitely many
scales. We prove anomalous regularization: for every s below the Obukhov—Corrsin exponent
%(1 — a), with b depending on s, the solutions are bounded in C%#(T?) at positive times by a
constant times the L?(T?) norm of the initial data, uniformly in the diffusivity  in a union of
bands accumulating at 0. As a consequence, we obtain anomalous dissipation at a uniform rate:
solutions dissipate a fixed fraction of their variance in unit time, so that the variance decays
exponentially, with constants independent of x, of the initial datum and of the initial time. The
proof combines iterated quantitative homogenization with large-scale regularity: at each scale
the solution is compared with a solution of the homogenized equation of that scale. Since the
derivatives consumed by each comparison are regenerated at every scale, the Holder norm is
carried from the coarsest scale to the finest by induction. Each of our main results, together

with its proof, is fully formalized in the Lean 4 proof assistant.
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1. Introduction

We study the advection—diffusion equation

{at9+b-v9—m9:o in (tin, 00) x T2, 1)

H(tin, ) = b6 on T2

on the torus T? := R?/Z?, for a divergence-free velocity field b, a diffusivity x > 0, an initial time
tin € R and an initial datum 6;, € LQ(']TQ). The solution @ is a passive scalar, carried by b and
diffused with the molecular diffusivity . Since V - b = 0, the transport term conserves the L?(T?)
norm, and diffusion alone decreases it: for every ¢ > ti,,

10t 722y + 261V 01T (1,09 x12) = 10inl T2 012 -

We are interested in small x and in velocity fields which, like the velocity of a turbulent fluid, are
continuous but rough: b is Holder continuous with an exponent o« < 1. The question is how regular
the solutions are, uniformly in .

For the velocity of a turbulent fluid, whose increments over a distance scale like the power 1/3 of
the distance in Kolmogorov’s theory [Kol41|, Obukhov [Obu49| and Corrsin [Cor51| predicted by a
scaling argument that the increments of the scalar scale like the same power 1/3, over a range of
distances that depends on k. The same argument predicts the exponent %(1 —a) when the increments
of the velocity scale like the power a [AV25, Section 1.3]. We call 3(1 — a) the Obukhov-Corrsin
exponent of a velocity field which is Holder continuous with exponent .

In [AV25] we constructed, for every o < 1/3, a multiscale “fractal” velocity field b which is
continuous in time with values in C%%(T?). For this field, the solutions 6% of (1.1) with diffusivity &,
initial time ¢, = 0 and mean-zero initial data 6, € H'(T?) exhibit anomalous dissipation,

neiIléiv KZ”VGHH%2((O71)XT2) >c Hein ||%2(1r2) . (1.2)
Here Kay is a countable union of bands accumulating at 0, the permissible diffusivities of [AV25,
(3.43)], which is the set K of (2.18) for the value of ¢ fixed in [AV25], and the constant ¢ > 0 depends
on the ratio [|0inl|z2(12)/||Vinll £2(12) [AV25, Theorem 1.1 and the discussion after it]. In this paper
we prove that, for every exponent s below %(1 — «a) and a velocity field b of the same construction
depending on s, the solutions are uniformly Hélder continuous with exponent s at positive times, for
every datum in L?(T?), uniformly in & in the corresponding union of bands. Consequently, for this
velocity field, an estimate of the form (1.2) holds for every mean-zero datum in L?(T?) and from
every initial time, with a constant ¢ independent of the datum (Theorem B below).

1.1 Main results

Construction of the velocity field. The velocity field of [AV25] is built level by level. Level
m > 1 has a wavelength ,,, and the wavelengths decrease supergeometrically: &,,—1/e,, > A for
a large integer A, and &, is of the order of e!, _; for m > 2, for a parameter ¢ > 1. Level m adds
to the velocity field b,,_1 of the coarser levels short pulses of a shear flow of wavelength ¢, and
speed of order %, alternating between the two coordinate directions and written in the Lagrangian
coordinates of b,,_1. A fixed cutoff function ¢ of time switches the pulses on and off. The limit b of
the velocity fields b, is periodic in space and time, divergence free, and Holder continuous with
exponent « in space and time. The velocity field of this paper is that of [AV25] with one change: the



parameter g, which [AV25] fixes in terms of «, is here a free parameter, taken close to 1 depending
on « and on the exponent s of the main result (Section 2).

With =1+ « and v := (¢ — 1)8/(q + 1), the diffusivities that we allow are the permissible
diffusivities of [AV25, (3.43)| for the present ¢: the union K of the bands

ICM:[%agjw,%fjw], M>1,

defined in (2.18), which are disjoint and accumulate at 0. The exponent 7 corrects 8 in the exponent
of the effective diffusivities, described in the strategy below; since q(8 —v) = 8 + 7, a diffusivity
in KCas, M > 2, is of the order of 66\3;_71.

Interior regularity. Our main result is Theorem A, stated precisely in Section 3. Let a € (0,1/3)
and s € (0, %(1 —a)), let ¢ > 1, close to 1 depending on « and s, and the cutoff function ¢ be as in
Section 2, and let A be an integer at least a threshold Ag(«;, s, q,() > 128. Then the velocity field b
of Section 2, which depends on s through ¢, has the following property: for every 0 < tg < T there
exists C(a, s,q,(, A, to,T) < oo such that, for every t;, € R, k € K and 6;, € L%(T?), every weak
solution of (1.1) on (tin, tin + T) x T? satisfies

101l Loo ([t+-to,tin+T7:005 (12)) < CllOinllL2(T2) 5

where C%#(T?) is the space of Holder continuous functions with exponent s, normed by (3.1). Theo-
rem A is the anomalous regularization of the title: the solution operator maps L?(T?) into C%*(T?)
at every positive time, with a bound that does not degenerate as Kk — 0 in K. The exponent s may
be taken as close as desired to the Obukhov-Corrsin exponent, but as s increases to %(1 — a), the
bounds (2.1) force ¢ down to 1.

Uniform anomalous dissipation. Theorem B of Section 3 follows from Theorem A alone. In
the setting of Theorem A, there exists c(a, s,q,(,A) > 0 such that, for every tj, € R, k € K and
0in € L?(T?), with (6;iy)72 the mean of 6;,, every weak solution of (1.1) satisfies

R VOl 2ttt 1) x72) = ][00 — (ein)WH;(W) ’
and, for every t > t;y,
“9(757 ) = (bin)T2 HLz(qp) < 2exp(—c(t - tin))Hgin - (ein)’]I‘2HL2(T2) .

Over every unit of time, every solution thus dissipates a fixed fraction of its variance. The proof is
short: by Theorem A, the solution operator over a unit of time maps L?(T?) boundedly into C%%(T?),
and a positive operator with this property which preserves constants and integrals contracts the
functions of mean zero, with a fixed contraction constant (Lemma 9.4).

Local regularity. Theorem C, stated and proved in Section 9, localizes Theorem A. Consider a
solution of the advection—diffusion equation with x € IC, in the sense of distributions and with finite
energy, in a space-time tube that follows the trajectories of the velocity field b,,, of the first m levels
over the time 8,41 (with h,,11 the renewal time of level m 4 1, Subsection 2.2), with no lateral
data prescribed. Theorem C bounds its norm in C%* on the trajectories of a smaller concentric disc,
from a waiting time on, by a constant times its root mean square over the tube, and the constant
depends neither on x nor on the final time of the tube. The proof compares the solution with the
solution on the whole torus from a cut-off datum, to which Theorem A applies.



Vanishing diffusivity. Corollary D, also in Section 9, passes to the limit k — 0. Let s tend to 0
along a sequence K’ in I, and let 6” be the solutions, from a common initial time t;,, with data 6/
bounded in L?(T?). A subsequence converges locally uniformly on (¢, 00) x T? to a continuous
solution 6, of the transport equation 9,0, + V - (bf.) = 0, in the sense of distributions. The limit
takes the weak limit of the data along the subsequence as its initial value, weakly in L?(T?), satisfies
the bound of Theorem A with sup,.cxr |07 22(r2) in place of |[0in|2(12), and is Hélder continuous
in time with exponent s/(1 + s) on every set [ti, + to,tin + 1] x T2. Corollary D(b) is the local
form, in the tubes of Theorem C. The conclusion is subsequential: for the velocity field of [AV25]
with a > 1/67, vanishing diffusivity does not select a unique limit [AV25, Proposition 5.5]; see
also [CCS23, HT25].

1.2 Prior results on anomalous dissipation and the Obukhov—Corrsin exponent

If b is Lipschitz continuous in space, the transport equation 9;6+b-V68 = 0 is well posed, its solutions
conserve the L?(T?) norm, and, by the energy identity, the dissipation KHV@HH%Q((timtin‘i‘l)XT2)
tends to zero with x [AV25, Section 1.1|. Anomalous dissipation, the failure of this limit for
rougher velocity fields, was first discussed by Obukhov [Obu49]; it is a basic assumption of the
phenomenological theories of scalar turbulence, and it is supported by strong experimental and
numerical evidence [SS00, War00, DSY05]. Rigorous examples include the white-in-time stochastic
model of [Kra68, BGK98|, for which a quantitative proof of anomalous dissipation is given in [Row24],
and deterministic constructions. Those of [DEIJ22, CCS23, EL24| are built on alternating shear
flows or on mixing, up to a singular time at which all the dissipation takes place [CCS23, p. 4],
[EL24, Section 1.2.2|, [HCR25a, Remark 2.1]; those of [HCR25a, HCR25b]| iterate a construction
of this type and dissipate at countably many times. Related constructions exist for forced fluid
equations |[BDL23, BCC'24, Che24, HPZZ24]. Autonomous examples were obtained in [JS26a,
JS26D] (see also [BBDLM26]); the second of these uses the relation between spontaneous stochasticity
and scalar dissipation established in [DE17]. The velocity field of [AV25] has infinitely many active
scales at almost every time, and the proof of [AV25, Theorem 1.1] homogenizes these scales one at
a time, from the scale at which molecular diffusion acts up to the unit scale, where the effective
diffusivity is of order one.

The Obukhov—Corrsin exponent is a threshold for anomalous dissipation. As observed in [AV25,
Section 1.3], the commutator estimate of [CET94] shows that, for a velocity field which is continuous
in time with values in C%%(T?), solutions which are bounded uniformly in &, continuously in time, in
a Holder space of exponent larger than %(1 — «) dissipate no variance in the limit k — 0; see [DELJ22,
Theorem 4| for the scalar statement. Below the exponent, Colombo, Crippa and Sorella [CCS23]
obtained anomalous dissipation together with uniform Hélder bounds in the full range of exponents,
for a particular datum and in L? in time [AV25, Sections 1.1 and 1.3]. A construction with anomalous
dissipation for every nonzero smooth mean-zero datum and sharp time-integrated regularity bounds
was subsequently given in [EL24, Theorem 2|. In contrast, the estimate of Theorem A is in L in
time at positive times and holds for every datum in L?(T?), uniformly in & € K.

Regularization from rough data has also been proved for other velocity fields. In [HCR25b,
Theorem 1.5|, the deterministic construction mentioned above gives a positive Sobolev gain from
data in L?(T?), on the time interval [0, 1] from the initial time 0, measured in L? in time and uniformly
in the diffusivity. For rough white-in-time Kraichnan velocities, anomalous Sobolev regularization
was proved in [GGM26|, and expected Sobolev bounds at each positive time for L? data were
obtained in [DGP25, Theorem 1.3]. On the torus, uniform-in-diffusivity estimates for the expected
regularity yield bounds on the stationary scalar spectrum in [Row25|. The Sobolev threshold in these
white-in-time models is 1 — o, rather than the exponent (1 — «) for time-regular velocities [Row?25,



Remark 1.4]. For the elliptic, time-independent problem in self-similar random incompressible flows,
in a perturbative regime, iterated homogenization gives Holder estimates uniform in the molecular
diffusivity, with a random constant determined by a minimal scale [ABRK26, Theorem C]|. For
regularization in nonlinear models, see [CZ16, Dri22].

Burczak, Székelyhidi and Wu [BSW24]| combined the iterated homogenization of [AV25] with the
convex integration methods used in the proof of Onsager’s conjecture |Isel8, BDLSV 19|, and obtained
anomalous dissipation for every nonzero mean-zero datum in H'(T?) by Hélder continuous weak
solutions of the unforced incompressible Euler equations on T3, with any exponent below 1/3 [BSW24,
Theorem 1.1]. In [BSW26| they proved anomalous dissipation for mean-zero data with more
than (1 + ) derivatives in L?(T?), a class larger than H'(T?), together with uniform Hélder
bounds, along a sequence of diffusivities tending to 0. Their velocity fields are divergence free
on T?, with space-time Hélder exponent o < 1/3, and built, as they explain in [BSW26, Section 1.3],
essentially as in [AV25, BSW24]. Given s < 1(1 — a), their Hélder bound reads, in our notation, for
mean-zero data 6, € H'**'(T?) with s’ > s,

101l o< ((0,17:005 (2)) < Cllbinll grassr (p2y »

with C independent of the datum and of the diffusivity along the sequence [BSW26, Theorem 1.1].

In [BSW26, Section 1.2.1], the authors write that they “do not follow the ‘large scale regularity’
approach suggested” in [AV25]. Of a “naive approach to regularity”, they write that its second
difficulty, an order-one background transport against a vanishing diffusivity at the larger scales,
“seems to be a fundamental feature of our setup, prohibiting the use of ‘large-scale regularity’
techniques” [BSW26, Section 1.3]. Their proof transfers regularity from coarser homogenized
equations to finer ones, the mechanism described in [AV26, Section 4.1], by high-order corrector
expansions and estimates for systems of forced equations [BSW26, Theorems 6.10 and 7.2, started
separately for the Littlewood—Paley pieces of the datum [BSW26, Section 8.3].

For smooth data, their bound gives, for a velocity field depending on the exponent, the uniform
Holder regularity below the Obukhov—Corrsin exponent sought in [AV25, Section 1.3]. The interior
regularization announced at the end of [AV25, Section 1.3| is a bound of a different kind: a bound
at positive times of the Hélder norm of the solution by the norm of the datum in L?(T?2), for every
datum in L?(T?), with a constant that tends to infinity as the waiting time tends to 0. The bound
of [BSW26] propagates regularity: it holds up to the initial time, and its right side requires a datum
which is already Hoélder continuous.

Theorem A proves this interior regularization for every s < %(1 — «), with the velocity field
constructed here depending on s. Its proof carries out the large-scale regularity program announced
in [AV25, Section 1.3], by the induction described in [AV26, Section 4.1]. The comparison of
two levels, in L?(T?) at a high power of €,,_1, is read in C%*(T?) through representations, which
also measure derivatives at each wavelength, and the derivatives that the correctors consume are
regenerated at every level (Proposition 5.3); both are explained in the strategy below.

The constants in the lower bounds of [AV25, Theorem 1.1], [BSW24, Theorem 1.1] and [BSW26,
Theorem 1.1] depend on the datum through a ratio of its L? norm to a Sobolev seminorm of positive
order, while the constant of Theorem B is independent of the datum, of the initial time and of x € K.
Independence from the datum was announced in [AV25, Section 1.3] and [AV26, Section 4.1] as a
consequence of uniform regularity. Among deterministic velocity fields, dissipation uniform over the
initial datum was obtained by a different construction in [HCR25a, Corollary 1.3], which gives total
dissipation in the limit x — 0 for every mean-zero datum in L?(T?); for white-in-time velocity fields,
see [Row24, Row25]. A related construction gives accelerating exponential decay for its time-periodic
extension [HCR25b, Corollary 1.2]. These estimates are stated from the initial time 0, for velocity



fields constructed on a unit time interval, whose dissipation takes place at singular times [HCR25b,
Section 1.1]. Theorem B holds from every initial time ¢, € R, for a velocity field which is periodic
and Holder continuous in space and time, with infinitely many active scales at almost every time.

1.3 Strategy of the proof

The proof of Theorem A rests on nine propositions and one lemma, all stated in Part I; their logical
dependence is shown in Figure 3.1. We next outline the main ideas of the proof, and postpone the
technical estimates to Part II.

Reduction to finitely many scales. Let x € Kj;. The levels of b much finer than level M do
not matter: their stream functions are much smaller than k, a perturbation of the stream function
of size kw moves the solution by at most @||0in||2(r2) in L?(T?), and a Holder estimate for small
perturbations of the heat equation turns this into a bound in C'%*(T?). It therefore suffices to prove
the bound of Theorem A for the velocity field b1y, for a fixed number n of extra levels and for M
large; the finitely many remaining bands follow from the same Holder estimate directly (Section 4).

Effective diffusivities and three kinds of level. For k € s, the effective diffusivities
KM = Ky KM—1,- -, ko of [AV25] are defined by a recursion: k,,—1 is the diffusivity that the solution
feels once the pulses of level m, at diffusivity &,,, have been averaged out (Subsection 2.5). By
Taylor dispersion [Tay53| (see also [FP94, MK99]), the pulses of level m, whose stream function has
amplitude 5, add about 8%53{? /Km to the diffusivity (Proposition 2.1(a)). When the enhancement
dominates, Kpm_1Kkm = 5%&8, and the scaling k,, =< 5%”’ is consistent with this exactly when
q(B — ) = B+, which defines v. For k € Kjs this scaling holds at every level 1 < m < M,
independently of x (Proposition 2.1(b)). The restriction to the bands comes from an instability of
the recursion, which, according to [AV25, Section 3.3], does not appear to be an artifact of the proof.
The Péclet number 551 /Km then sorts the levels finer than a fixed top level my into three kinds,
crossed as described below:

levels Péclet number &, /km how they are crossed
mo <m < M =em > 1 homogenization cycles; Kpy—1 >> K
m=M = sX/[ <1 the terminal cycle; kK < kpr_1 < Ck

M<m<M+n aﬁn//i < C’qu:?v < 1 weak passages, at the diffusivity &

From L? to L™, scale by scale. The proof of anomalous dissipation in [AV25] compares the
solutions of the equations of the successive levels, with velocity field by, and diffusivity x,,. For
1 < m < M and a datum of unit norm, the energy identity at the diffusivity k,, shows that
the gradient of the solution of level m is at most of order H;—Ll/ ? = E;L(B /25 L?((tin, 00) x T?)
(Proposition 2.1(b)). If this bound held in L™ at every level 1 < m < M, the solution would be
Hoélder continuous with the exponent

B+~ 1—qa« 1—«
S8

1 =
2 1+g¢ 2

asql 1.

This heuristic (Subsection 5.1) is where the Obukhov—Corrsin exponent comes from, and why ¢ is
taken close to 1. The proof turns the L? information carried by the effective diffusivities into L™
information, one scale at a time. This is the mechanism of large-scale regularity in homogenization:
solutions are Lipschitz on scales larger than the microscopic scale, uniformly in the scale separation,



for periodic [AL87]| and random [AS16, AKM19, GNO20] coefficients. In the quantitative argument
the solution is compared on each scale, as in the classical proof of Schauder estimates, with a solution
of the homogenized equation, whose regularity improves the excess, the normalized L? distance of
the solution to the affine functions, on the next smaller scale. For a Holder estimate with exponent
s < 1, as here, the L? oscillation of the solution about its mean, divided by the scale to the power s,
plays this role. Here this idea must be repeated across the infinitely many scales of the problem, as
proposed in [AV26, Section 4.1] (compare [ABRK26], where on each scale the solution is compared
with a harmonic function): the homogenized equation of level m is the equation of level m — 1, which
is again fractal and must be homogenized in its turn. From one level to the next, separation of
scales gains (€, /€m_1)'* and the enhancement costs (Kpm_1/km)"?, the amplitude of the correctors
of level m relative to &,,; their product is at most Cel | for 2 < m < M, with the exponent

w=(¢g—1)(1 - @ — s) of (2.3) and (5.1), which is positive exactly when s < 1 — 'B?

The main difficulty. At every level, the velocity field b,,_1 of the coarser levels is of order one,
while the diffusivity is small at the fine levels: k,, < E§n+
this transport from the analysis of a level. The pulses of level m are written in the Lagrangian
coordinates of b,,_1, renewed on blocks of time of length h,,, the renewal time of level m, which is
short compared with the time scale 63,:_5 1 of by,—1. Within a renewal block the coordinates are close
to rigid, and the coarse flow carries the fine shear along instead of sweeping across it (Section 2). In
these coordinates the coarse transport disappears, and the Laplacian becomes a divergence-form
operator whose coefficient, the conductivity, is within Canéfl of the identity, where § > 0 is the small
exponent of (2.3). The correctors and the whole analysis of level m are written in these coordinates.
The other difficulty is that the correctors consume derivatives, while the datum is only in L?(T?) and
the induction cannot lose derivatives at each of infinitely many levels: the derivatives are regenerated
at every level, within one period of its pulses.

7 for 1 < m < M. The construction removes

Two dual cascades. Fix M and k € Kps. By the definition of the effective diffusivities, homoge-
nizing the pulses of level m < M turns the operator 0; + b, - V — kA of level m into the operator
of level m — 1; for m > M, the operator of level m has « in place of k,,. The proof is an induction
on the levels made of two dual cascades (Subsection 5.2), both run by Proposition 5.2 between the
levels M — 1 and mg. The homogenization cascade goes from fine to coarse, up the levels and forward
in time: the entry (Proposition 5.1) crosses the levels M +n,..., M, and then one cycle at a time
(Proposition 5.3), each in a short interval of time, crosses the levels M —1,...,mg + 1, up to a fixed
top level my, independent of M and k, at which the solution is smooth at a fixed scale. Each cycle
compares the solution of a level with one of the homogenized equation, the equation of the next
coarser level; this cascade carries the marked amplitude, a weighted L? norm taken in L™ in time
(Subsection 5.2). The regularity cascade goes from coarse to fine, back down the levels at one fixed
time: as in large-scale regularity, it transfers a Holder bound from the homogenized equation to the
heterogeneous one, one finer level at a time. Each cascade needs the other: the first produces the
homogenized solutions with which the second compares, and the second turns the L? control of the
first into a Holder bound.

Families of coupled equations. The comparison of a level with the next coarser one leaves
error terms that are not small and that carry derivatives of the coarse solution. They become new
unknowns, each solving the equation of its level with a source made of smoothed derivatives of earlier
unknowns, so that the object passed from one level to the next is a coupled system of equations
with the operator of its level, a family (Subsection 5.4). The marked amplitude of a solution of a



family, which weights the L? norms of its components, the unknowns of the system, is multiplied per
cycle by at most one plus a constant times a fixed positive power of ,,_1; since &, < A™"™, these
factors have a bounded product, uniformly in the number of levels.

The entry. At the levels finer than M, the enhancement of a level is small compared with k. A
weak passage (Subsection 15.2) therefore keeps the diffusivity k, carries the enhancement as a source
of the coarser family (Subsection 5.4), and regains derivatives on the quiet margins, the pulse-free
intervals of length 7,, at both ends of each block of time of length h,, on which the pulses of level m
are renewed (Section 2). Over a margin, molecular diffusion reaches the wavelength &,,_1. Level M
also has a small Péclet number, but its margins are too short for this, K7}, < 6%\4_1, o it is crossed
by a terminal cycle (Subsection 15.3), which passes to xj/—1 and produces the first family of the
homogenization cascade (Proposition 5.2), the seed (Subsection 5.4). The weak passages and the
terminal cycle form the entry (Section 15).

One homogenization cycle. A cycle has two parts. The first, the preparation (Section 12),
regenerates derivatives: within one period 4h,,, of the pulses, the solution of level m becomes, up to a
small error, smooth at the effective diffusion length p(m) = (Ky—1hm)"?, which lies between the two
wavelengths, €, < p(m) < emym—1 (Proposition 2.1(c) and Lemma 7.1(c)). The proof uses the Bloch
transform, the Fourier transform adapted to periodic coefficients. For the periodic elliptic theory
of corrector expansions and Bloch approximation, see [BLP78, CV97, COV02|. In the Lagrangian
coordinates of a renewal block, with the conductivity frozen at a point, the operator of level m is
periodic with period €,,, and Bloch waves split its evolution into evolutions on the period cell, one
for each frequency £. The principal branch of these evolutions, the one that continues the constants,
has, to leading order, the symbol —¢ - J&m ()€, where the averaged fluz J%m(t) is the diffusivity
matrix produced by the pulses through Taylor dispersion, enhanced along the direction of the active
pulses (2.16). Since every renewal block contains pulses of both directions, the real part of this
symbol, integrated over a block, is at most a negative multiple of x,,_1hn,|€|?, in every direction
and uniformly in the level: the principal branch is damped like a heat flow at the effective diffusion
length. At the small frequencies, the part of each of these evolutions off the branch decays at the
rate /2, of the cell problem, and at the remaining frequencies the whole evolution does.

The second part, the comparison (Section 13), builds from the solution of the next family, the
successor (Subsection 5.4), a lift to level m, in three steps (Subsection 5.5). It adds each new
component of the successor to its parent component (Subsection 5.4), with a small weight. It
undoes the oscillation in time of the averaged flux, which alternates between the two directions
of the pulses and has the average k,,—1/ over a period: it applies the truncated exponential of
the second-order operator T',,(t) : V2, where the covariance 'y, (t) is the accumulated difference
between J&m and k,,_11. Since |Ty,(t)] < Ced _p(m)?, each power of the covariance gains €2, ; on
functions that are smooth at the scale p(m), so the exponential can be truncated. Finally, it adds
the correctors of the pulses, which oscillate at the wavelength €,,. The errors that are not small
become the sources of the next family; the rest is a residual of the size of a fixed power of €,,1,
which the energy estimate for families converts into a bound on the difference between the solution
and the lift. A cycle that starts at a time ¢. is prepared by a time t,, within 4h,, of t., and the
comparison holds from ¢, on (Proposition 5.3).

Representations and the H6lder norm. The regularity cascade carries the Holder norm by
representations: decompositions of a solution of a family into a smooth base and oscillating profiles,
each measured at its wavelength (Subsection 5.6); the size of a representation plays the role of the
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excess. In terms of representations, a cycle is a passage (Proposition 5.4): from a representation of
the solution of level m — 1 at the wavelength &,,_1, it builds one of the solution of level m at the
wavelength €,,, at the same time. The old profiles are copied and never differentiated again; the
new ones are the parts of the lift and the error of the comparison. A passage multiplies the size of a
representation by at most one plus a constant times a fixed positive power of &,,_1, and adds at
most a constant times £,,_1 times the marked amplitude of the solution; the balance €&, above
pays for the correctors. Running the two cascades bounds the size of the representation at the finest
level, and with it the C%*(T?) norm, by the L? norm of the datum, uniformly in the number of
levels (Proposition 5.2). At the finest level, the lifts through the entry recover 6 from the solution of

the seed (Section 15).

Energy estimates and paired smoothing. The families are coupled systems of parabolic
equations, and their energy does not grow when the coupling is small (Proposition 6.2). The sources
that a homogenization cycle creates are smoothed by products of averages over two thin ellipses,
whose long axes come from the two orientations of the pulses; such pairs smooth in every direction,
uniformly in their eccentricity (Proposition 6.1). For the sources of the seed the two ellipses are
round discs.

1.4 Lean formalization

A formalization of this paper in the Lean 4 proof assistant is available at
https://github.com/scottnarmstrong/AVAnomalousRegularization.

It contains Theorems A, B and C, Corollary D and every statement of Part I; the propositions
and lemmas of Part II follow from its formal statements, directly or by elementary steps, or are
proved, where they are used, inside its formal proofs. A correspondence table, published with the
repository, maps every numbered statement and display of the paper to the formal statements that
prove it. Some results are stated here in a weaker form than their formal versions: for example,
where the paper bounds a norm in L in time, the formal statement gives the bound at every time.
Theorems A, B and C and Corollary D are also stated in a self-contained form, whose definitions
use only Mathlib and the statement definitions of the formalization of [AV25], with formal proofs
connecting these statements to the development. The formal proofs follow the arguments given
here; in some places the paper combines formally proved statements by elementary steps, such as an
induction or a sequence of inequalities, which the formal proof combines differently. The formalization
uses Lean 4 and Mathlib at version v4.35.0-rc2 and builds on the formalization of [AV25], available
at

https://github.com/scottnarmstrong/AVAnomalousDiffusion.

It contains no unproved placeholders and no custom axioms: the main theorems depend only on the
three standard axioms of Lean 4 (propext, Classical.choice and Quot.sound).

1.5 Use of artificial intelligence

The main ideas of this work were developed by the authors several years ago; the program was
announced in [AV25, Section 1.3] and described in [AV26, Section 4.1]. Starting from a detailed
outline of the proof written by the authors, a very long and unpolished manuscript (612 pages of
slop), in which every detail of the proof was filled in, was first produced by the authors together
with AT agents (Claude Opus 5.5 and GPT-6.1 Sol). This manuscript was then formalized in Lean
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by Al agents directed by the authors: Claude Opus 5.5 orchestrated the development throughout,
and the Lean code was written by Claude Opus 5.5 and Claude Sonnet 5.5, with parts written by
GPT-6.1 Sol and GPT-6 Luna. Only then was the present paper written. Its first draft was written
by Claude Opus 5.5 following the formalization, and Claude Sonnet 5.5 and GPT-6-Astra checked
its statements against the formal ones and reviewed it. The authors checked this draft and rewrote
parts of it themselves; the rest was rewritten by Claude Opus 5.5 agents under the direction of the
authors, over several rounds of revision and audit.

1.6 Organization of the paper

Part I (Sections 2-6) is a detailed outline of the proof, which can be read by itself. Section 2
constructs the velocity field and states the properties of its effective diffusivities, Section 3 states
Theorems A and B, and Section 4 reduces Theorem A to a velocity field with finitely many scales.
Section 5 explains the two dual cascades, defines families, lifts and representations, and states
the entry, the induction on the levels, one cycle and one passage. Section 6 states the two tools.
Part II (Sections 7-15) states the notions used in Part I in full and proves the statements of
Part I that are not proved there. Its sections treat the properties of the construction and of the
effective diffusivities, relying on [AV25|, and the flows and renewal charts (Section 7); the two
tools (Section 8); the reduction and the main results, including the statements of Theorem C and
Corollary D (Section 9); the cell problems of the pulses, which give the correctors and the averaged
flux (Section 10); admissible families (Section 11); the two parts of one cycle, the preparation and
the comparison (Sections 12 and 13); the passage and the induction on the levels (Section 14); and
the entry (Section 15).

Part I. A map of the proof

2. Construction of the velocity field

In this section we fix the parameters, define the scales, the velocity field b and the effective
diffusivities, and state their properties. The scales, shear streams, cutoff function and recursion are
those of [AV25], except for the parameter g, which [AV25, (2.2)] fixes as ¢ = (14 2(2‘%_’81)) Equation
and statement numbers of [AV25] refer to its arXiv version, arXiv:2305.05048v3.

2.1 Parameters

Throughout we fix
e a € (0,1/3), the Holder exponent of the velocity field b; we also set 8 :=1+ «;

1

e 5€(0,5(1 —a)), the Hélder exponent of the solutions in Theorem A;

e ¢ satisfying

17 1— 1-—
7 o S}’ (2.1)

1<qg< '{—, ,
4= mm 16" 200 " a+s

the supergeometric scale separation parameter; such a g exists because o < 1/3 and s < %(1 —a),
and the last two bounds make the exponents § and u below positive;

e an integer A > 128, the minimal scale separation;
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0<¢<1, D ¢(-k=1, ((t)?dt = — (2:2)

which switches the pulses on and off; the last condition fixes the constant 8% of Proposition 2.1,
and such a ¢ exists (Subsection 7.1).

Together with these we fix the exponents

_@-np 1 (20 +1)8
vt =gl n(i-5s0), 23
p=(qg—-1)1-s) —q, n::min{g,%}-

The exponent v solves ¢(8 — ) = 8 + v and gives the scaling of the effective diffusivities (Proposi-
tion 2.1(b)), and the small exponent § > 0 separates the time scales of Subsection 2.2. The exponents
>0 and n > 0 are used from Section 5 on, p as the exponent of the cost (5.2) of one level.

We write z < y if C~'y < 2 < Cy for a constant C' depending only on «, ¢, ¢, and, for m > 2,
we write < y, or y > z, if x < Ce,_,y for constants ¢ > 0 and C depending only on «,q, (.
Throughout, | -| is the absolute value of a number, the Euclidean norm of a vector, and the operator
norm, for the Euclidean norms, of a matrix, or of a multilinear map regarded as a linear map on
arrays. We denote by (¢)g = f5 g the average of a function g over a set E of finite positive measure.
On R? and C2 we also write | - |o for the largest modulus of a coordinate and, for a 2 x 2 matrix A,
|A|oo for its operator norm for | - |, the largest sum of the moduli of the entries of a row. For a
map or a vector field X, VX is its Jacobian matrix, (VX);; = 0y X;.

2.2 Scales

For m > 1, level m has the wavelength &,,, the renewal time h,,, the margin time 7,, and the pulse
time 7, defined by g := 1 and [AV25, (2.8), (2.12)—(2.14)]

" /g1)7-1 27%
— q q— - -—
Em = [A ] ) han = [5_(2_5“6)1 ’
m—1 (2.4)
7_/ — hm P hm
=, = — )
" Afe, 1] +1 (4,041 +1)?
Then, for every m > 2, e, < el |, and, for every m > 1, ep—1/em > A, 4[5;15_1} + 1= 5;6_1 and
— 1 — 1) — )
hm = ‘C:izfﬁl—i_2 ) T7/n = Efnfﬂl—"_3 ’ Tm = Eglfl+4 ’ (25>

so that 7, < 7/, < hy, for m > 2; the ratios 7/, /7, and hy, /7!, both equal 4[e2 ;] + 1.

2.3 Pulses and the slow cutoff
The slots of level m are indexed by k € Z, and slot k carries the shear stream [AV25, (2.19)—(2.20)]
B

Em sin(2myy fey,) if k €42 + 1,
V() = { el sin(2mya/ey) if k € AZ + 3, (2.6)
0 if k € 27,

13



so even slots are empty and the odd ones, the pulses, alternate between the two directions. Slot k is
active for a time of about 7, around k7,,, through the fast cutoff

t— ktm
Cnlt) = (). (2.7)
The renewal blocks are the intervals [(I — 1)hm, (I + 3)hm], | € Z; slot k lies in the block of
kTm + l(hm — Tm)
Ik = { 2 J . (2.8)

This is the label for which [AV25, (2.18)] holds: the slot [(k — 2)7, (k + 3)7] lies in the block
of I, 1 (Lemma 7.1(d)). The slow cutoff of the block of [ is

G () = H<—t - (ZT;%)hm 1) H(a - %)Zm o 1), (2.9)

where H is the smooth step with H=0 on (—o0,0], H=1 on [1,00) and

exp(—1/r)
exp(—1/r) +exp(=1/(1 - 7))
The slow cutoff vanishes within 7, of the ends of the block and equals one at distance at least 27,,

from them. Each block therefore has a pulse-free quiet margin of length 7/, at both ends, and the
envelope of slot k is

forO<r<1.

H(r) :=

Zm,k (t) = Em,lmyk (t) Cm,k’ (t) . (210)

Our slow cutoff (2.9) is one explicit choice among those of [AV25, (2.29), (2.31)], since Zm,l =

Zmp(- — lhy,), it has the support and the plateau stated above, and its derivatives satisfy the bounds
of Lemma 7.1(d). Figure 2.1 draws one block.

/

e e e ?"”\%
CANANANNNA A
(= 3)hm 2T (14 3)hm

Figure 2.1: One renewal block of level m, in time (not to scale: a block holds (4[¢° ] + 1)
slots). Shaded: the quiet margins, of length 7/, . Dashed: the slow cutoff Zm,l of (2.9). Solid: the
envelopes ka of (2.10) of the pulses k, which are 27, apart; the even slots are empty. The arrow
above a pulse is its direction of flow e(;) (Subsection 2.5): vertical for k € 4Z + 1, horizontal for

ke 4Z + 3.

2.4 The velocity field

Set ¢g == 0 and V* := (=0, 01). For m > 1, let X,,_1(t,z,t') denote the position at time ¢ of the
trajectory of b,,_1 = VHZ)m_l through x at time ¢’, that is, the solution of

{@Xm_l(t,x,t’) = b1 (t, Xppo1(t,z,t")) in R,

2.11
X (t,x,t) =z, ( )
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and define [AV25, (2.36)]

Sm(t,7) = -1t ) + > Gk () Yoo (X1 (bl 7,)), by = Vi . (2.12)
k€EZ

The level-m pulses are thus written in the Lagrangian coordinates of the coarser flow, renewed at
the centre lh,, of each block: within a block the variable is the position at time [h,, of the trajectory
of b,,,_1, so the coarse flow carries the fine shear along instead of sweeping across it. The coarse
velocity field satisfies ||Vby—1( foomxm2) < 0551:21 with an absolute constant C', and the renewal

. . . 2
time is short on the time scale 5mf1:

02 by < 272X (2.13)

Within a block, the gradient of the flow of b,,_1 differs from the identity by at most Ca?,f_l, with
an absolute constant C, so the flow barely deforms the shear [AV25, Corollary 2.4]. The coordinates
change only at the block boundaries, where the slow cutoff has switched the pulses off.

The velocity fields b,, are smooth, Z?-periodic in space and 1-periodic in time. The stream
functions ¢, converge to a stream function ¢ with V¢ = b, where b is the pointwise limit of

the by, and there exists C(a, q,(, A) < oo such that, for every m > 0,

¢ — dmll oo mxT2) < CEan ; b — bl oo mx12) < Cepyq - (2.14)

The velocity field b is bounded, Z?-periodic in space, 1-periodic in time, divergence free, and Hélder
continuous with exponent « jointly in time and space: there exists C(a, ¢, (, A) < oo such that, for
every t,t' € R and z,y € R?,

|b(t,z) — b(t',y)| < C(\t |+ |z — y\)a. (2.15)

This is the regularity stated in [AV25, (1.3)] for the choice of ¢ in [AV25]. This b is the velocity
field of Theorem A; it depends on «,q, A, (.

2.5 Effective diffusivities

For v > 0, the averaged fluz of the level-m pulses at diffusivity v is the matrix

~ 2 — / ~
J;jn(t) =vl+ 271’28%3)_2 Z Cm,k(t) (/_ exp(—w)gmk(t') dt/) €(k) & e(k) s (2.16)

t
% &
ke2Z+1

where e(;) = ez for k € 4Z + 1 and e(;) == ey for k € 4Z + 3. This is the spatial average of the flux
of the correctors of the level-m pulses [AV25, (3.15)], written explicitly as in [AV25, (3.17)—(3.18)]:
the shear dispersion of the pulses. Pulse k enhances diffusion in the direction e, of its flow, and
the time integral averages its envelope over the past at the rate 4w2v/c2, at which the diffusivity v
damps the modes sin(27y; /&,,,). For a pulse held on forever, the time integral equals €2, /(47%v) and
the enhancement is 5%3 /(2v), Taylor’s dispersion formula for the steady shear 1y, ;. The matrix

JV (t) is diagonal, satisfies
23
£
vl < IV (1) < (y+ %)I

and equals vI when no pulse is active. Since the number h,, /7, of slots in a block is odd, a shift
of time by 2h,, maps slot k to slot k + 2h,, /7, = k + 2 (mod 4) and exchanges the two diagonal
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entries; a shift by 4h,, leaves the matrix unchanged. Its average over every interval of length 4h,, is
the same scalar matrix [AV25, (3.16)]: for every t € R,

t+4hm, o o 1 4hm
][ Jr()dt' = K,(v) I, Kn(v) = 2][ tr IV (¢ dt’. (2.17)
t 0
The permissible diffusivities are the union K = (J;>, K of the bands [AV25, (3.43)]
K =[S, 265,77, (2.18)

which are disjoint and accumulate at 0. For k € KCps, we call M the terminal level, and the effective
diffusivities Kar, Kpi—1, - - -, ko are defined by the recursion [AV25, (3.42)]

KM =K, Km-1 = Km(km), m=MM-—1,...1. (2.19)

Thus Km,—1 is the diffusivity the solution feels once the pulses of level m, at diffusivity k,,, have been
averaged out.

Proposition 2.1 (Effective diffusivities and scales). There exist Ag(a, q,¢) > 128 and C(a, q,¢) < 0o
such that, for every A > Ao, M > 1, k € Ky and 1 < m < M, the following hold.

(a) At each level the recursion adds about sogm /nm

283 2
9 em ( m 1
X ve)
fom—1 = fom 80 K,m‘ B KmTm met
(b) If m < M, then Ky, =< e .
(c) If m > 2, then
2 1
€ Km—1\ Y2 _
Km S Km—1, L S C ﬁf 1> (Hm—lhm)l/2 = Ein+_’yl/2+67 (Ll) S Cgm({yl .
EmTm Km
If moreover m < M, then (Km_1/km)"? = e 1 and, if instead m = M, then fm—1 < Ckp,.

Part (a) is [AV25, Lemma 3.3|, and part (b) is the bound (3.45) of [AV25, Lemma 3.4] for
1 < m < M, both for the choice of ¢ in [AV25|. Idea of the proof. ( ) averages (2.16) over a
period: a quarter of the slots enhances each direction, each by about f]R 2dt = 0 times Taylor’s
enhancement 27 /(2k,,), which gives 2. Part (b) follows by induction on m, going up the levels
from kps € Kps. Part (c) follows from (b), (2.18), (2.5), the inequality K,,(r) > v of Lemma 7.10(iii)
and Lemma 7.1(a), (c).

Let M > 2 and k € Kps. Since ¢(8 —7) = 8+, we have k < 5']6\;_71, while K, = e for
1 <m < M by (b), independently of x. By (c¢), the enhancement is strong below the terminal level,
Km—_1 > Km for 2 < m < M, and bounded at level M, kps < kpr—1 < Crypg.

The scales of one level. Let 2 <m < M. On the time scale e 1 of the coarse velocity field b,;,_1
(before (2.13)), the cell diffusion time €2, /., of level m, the pulse time, the margin time and the

renewal time are 50 ., &40 3‘5_ and e%ﬁf_l times this time scale:

m—17 “m— 1’
2
€ 2—B+86 2—B+46 2—B+36 2—B+26
m o - I~
N Ema1 Tm X €, T X €1 hm <€, 77,
m

by (2.5), Proposition 2.1(b) and the identity ¢(2— 5 —+v) = 2—+8J of Lemma 7.1(c). The effective
diffusion length over one renewal time, p(m) = (Kp—1hm )72, lies between the two wavelengths:

14++/246

4
DH0p(m),  pm)=<en, 7T so em < plm) K em-1,

E€m =X Ep_q PUM

by Proposition 2.1(c) and the identity ¢ = 1+46+ (¢ + %)% which is Lemma 7.1(c) with2— 8 =1—«a.
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Why the time scales have these sizes. Three requirements fix them. The renewal time h,,
is short on the time scale sfn__ﬁ 1 of by,—1, by (2.13), so that the Lagrangian coordinates stay close
to rigid. The pulse time 7, is long compared with the cell diffusion time €2, /x,, of level m, by
Proposition 2.1(c), so that each pulse homogenizes. The margins of length 7,,, where the coordinates
are renewed, are long compared with a pulse and short compared with a block.

In the notation of [AV25], the renewal time h,, is 7;,,, the number 82 s am, the label 1, i, is I,
and the envelope Zm,k is the product Em,lkfm,k of the two cutoffs. The argument X,,,—1(lhy,, z,t) of
the shear is written X' | (¢, ,lhy,) there, and the matrix J¥, and the number K ,(v) are written
J% and K, with # = v. The effective diffusivities are the renormalized diffusivities of [AV25], and
the exponent 8 — ~ of the bands is written QTBl there. Section 7 proves the properties stated in this
section: Lemma 7.1 the relations between the scales, (2.5), (2.13) and the identities between the
exponents; Proposition 7.3 the bound on Vb,,_1, (2.14) and (2.15); Lemma 7.7(a) the bound on the
gradient of the flow within a block, for m > 2; Lemma 7.10 the properties of J/,; and Proposition 2.1
is proved in Subsection 7.5.

3. Main results

For a Z2-periodic function g we write

lg(z) — g(y)| (3.1)

)

Hcho,s(w) : SjlrlQP|9| + [g]covsmﬂ)a [g]coﬁs(W) : iil; iz — thp
for the Holder norm and seminorm, where |z —y/|2 is the distance on the torus. A weak solution of the
initial-value problem below is a function 6 € L% ((tin, tin+T); L2(T?)) with VO € L2((tin, tin+T) x T?),
weakly continuous from [tin, tin + 7] to L?(T?), which solves the equation in the sense of distributions
and takes the initial value. A weak solution on (tj,, 00) is a function that, for every T' > 0, is a weak
solution on (tin, tin +7T).

Theorem A (Interior regularity). Let o € (0,1/3), s € (0, 3(1 — ), g satisfy (2.1), and let ¢ be an
even function in Cg"((—%, %)) satisfying (2.2). There exists Ao(av, s,q,() > 128 such that, for every
integer A > Ay, the velocity field b of Section 2 has the following property. For every 0 < tq < T
there exists C(a, s,q,(, A, to, T) < 0o such that, for every ti, € R, k € K and 6, € L*(T?), every
weak solution 0 of the initial-value problem

00 +b-V0—kAO=0 in (tm tin+T) x T, (32)
e(tina ) = Oin on T? .
satisfies
101l Loo ([tn-to,tim+T7:005 (12)) < CllOinllL2(T2) - (3.3)

The constant C' is independent of x, and %(1 — «) is the Obukhov—Corrsin exponent of a C%®
velocity field [Obu49, Cor51]; Subsection 5.1 explains where it enters the proof.
Theorem A also implies that the variance is dissipated at a rate independent of xk € .

Theorem B (Uniform anomalous dissipation). Let «, s, q, ¢ and Ay be as in Theorem A, and let
A > Ag be an integer. For the velocity field b of Section 2, there exists c(a, s,q,(, A) > 0 such that,
for every tin € R, k € K and 0;, € L*(T?), every weak solution § of the initial-value problem

00 +b-VO—kAO=0 in (tin,o00) x T2,
{t Uin, 00) (3.4)

G(tin, ) = b6, on T2
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satisfies )
/‘fHV9||%2((tin,tin+1)xT2) zc Hgin - (Hin)TQHB(TZ) ’ (3.5)
and, for everyt > tin,

Hg(t, ) — (ein)rﬂ-z HLQ(’I[‘Q) < 26Xp(—C(t — t;n))HG;n — (ein)'H‘Q HLQ(’]P) . (3.6)

Theorem A
interior regularity

Proposition 4.1 Proposition 4.2 Lemma 4.3
truncated velocity field transfer perturbed heat equations

AN

Proposition 5.2
induction on the levels

Theorem B

uniform dissipation

Proposition 5.1
initialization

Proposition 5.4
passage between

consecutive levels
A

Proposition 5.3

one cycle
______ method
o T 3
. | Proposition 2.1 Proposition 6.1 Proposition 6.2 !
| scales paired smoothing energy !
: )

Figure 3.1: The statements and their uses. A solid arrow from one statement to another means that
the proof of the second uses the first. The dashed arrow means that the entry repeats the method of
the cycle at the terminal level. The two main steps are framed in bold. The dashed frame collects
Proposition 2.1 and the two tools of Section 6, whose uses are not drawn.

We compare Theorem B with [AV25, Theorem 1.1|, recalled in Subsection 5.1, which concerns the
velocity field of [AV25] and gives a lower bound for limsup,,_,q x[|V67(|3, ((0.1)xT2) for mean-zero data
in H'. The restriction to the bands and a lower bound for every & in them are already in [AV25]: the
discussion after [AV25, Theorem 1.1| states the lower bound for every & in an explicit union of bands,
the permissible diffusivities [AV25, (3.43)], with a constant depending on the datum. For the velocity
field of this paper, Theorem B gains three things: the datum is only in L?(T?); the constant c is
independent of the datum and of the initial time ¢;,, whereas the constant in [AV25] depends on
the ratio [|0in||z2(12)/[|Vinll2(12); and the variance decays exponentially, at a rate independent of .
As a consequence, since the bands accumulate at 0, for every mean-zero 6, € L?(T?) the weak

solutions 0" of (3.4) with ¢, = 0, one for each x € KC, which are unique (Section 9), satisfy

ng%ligeflc'fHVQHH%%(OJ)xW) = gg,fcﬂ||V9KHQL2((o,1)xT2) > c[|6inl|72r2) -
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with the constant ¢ of Theorem B: a lower bound on the limit inferior, where [AV25, Theorem 1.1]
bounds the limit superior.

Idea of the proof of Theorem B. Fix t;, and k. The solution operator S, which maps 6;, to
O(tin + 1,), is linear, positive by the maximum principle, and preserves constants and integrals.
Theorem A on (tin, tin + 1), With ¢g = 3, bounds it from L*(T?) into C%*(T?) by a constant C' > 1
independent of ¢, and x € K. With N the least integer such that N® > C, Lemma 9.4 gives
HSG,nHLQ T2) < < (1—1/(2N%)||6in]|32 (12) for every mean-zero 0, € L?(T?), and the energy identity
turns thls drop into (3.5), with ¢ = 1/(4N4), and into a contraction by 1—2c of ||6(t, -) — (6in) 12 ||%2(11‘2)

over each unit of time, which gives (3.6). The proof is in Subsection 9.6.

4. Reduction to a velocity field with finitely many scales

For k € Ky, the levels of b much finer than level M are irrelevant to the solution: their stream
functions are much smaller than s, and molecular diffusion averages them out. In divergence form, a
perturbation of the stream function of size kw is a skew-symmetric perturbation of relative size w
of the diffusion matrix £/, and it moves the solution by at most @||6in|;2(r2) in L*(T?) (Lemma 9.2,
as in the comparison of § with 6y, in [AV25, Section 5.4]). Proposition 4.2 turns this into a bound
in C%$(T?), at a cost which is bounded once the levels finer than M + n are removed, for a fixed
number n of extra levels. We therefore prove the estimate for the smooth velocity field by, which
has finitely many scales (Proposition 4.1, proved in Section 5), and transfer it to b.

Proposition 4.1 (Regularity for the truncated velocity field). There ezists Ao(a, s,q,() > 128
such that, for every integer A > Ag, integer n > 1 and 0 < tog < T, there exist M1(c, s,q,(, A, n, to,
T) €N and C(ay s,q,(, A,n, tg, T) < oo with the following property. For every M > My, k € Ky,
tin € R and 6;, € LQ('JIQ), every weak solution 0 of

(4.1)

00 +brin - VO — KA =0 in (tin, tin + T) x T2,
0( iny ) - eln on TZ

satisfies
101l Loo ([t+-to,tin+T7:005 (12)) < CllOinllL2(T2) -

Proposition 4.2 (Transfer to the full velocity field). There exist wo(s) > 0 and C(s) < oo with the
following property. Let ®,®: R x R? — R be Z?-periodic in x, with ® continuous and C' in x, V+®
bounded and continuous, and ® smooth. Let k >0, 0 < r < 1/8 and w > 0 satisfy

12 = Pl oo @) < hw, @+ — [Vl poo@mxr2) < w0

Let tin, t1,to € R with tiy <t —12/k and t; < ta, let O;, € L*(T?), and let 6 and 0 be weak solutions
of

OO +VrED-VO— kA =0, 90+V D -VO—rkAI=0 in (tin,t2+r>/k) x T2,

0( iny )_9( |n7'):‘9in on T2.
Let = > 0 be such that _

101 Loo ([t1 =12 /1, tar2 m]s0005(T2)) < E-
Then
1611 oo ([tr 2005 (12)) < C (B4 @™ % 16inll z2(r2)) -
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The power 7175 converts the L?(T?) deviation w||9m||L2(11‘2) into a deviation in C%*(T?). Idea

of the proof. In a cylinder of radius r moving with VJ*I) after rescaling, 6 solves the equation of
Lemma 4.3: ® — ® gives the skew part, of size at most @, and the variation of vid gives the drift,
of size at most 7“2||V2<I>||Loo rx12)/k- On the rescaled cylinder, the L? norm of 6 — g is at most

Cwor™H|0in | 12(72), and f stays within CZr® of a constant, by the bound on 6 and its equation tested
with a fixed bump in the moving frame. So Lemma 4.3 places 6(t, -) within C(wwr 1|6, | 22(T2y + Er®)

of 6(t, ), and bounds its increments over distances p < 7 by this quantity times (p/r)(1+5)/2; since
2(1+s) > s, the two bounds give the bound in C%*(T?) at all distances (Step 4 of the proof in
Subsection 9.2).

Lemma 4.3 (Holder estimate for perturbed heat equations). There exist wi(s) > 0 and C(s) < 0o
with the following property. Let Dy == {z € R? : |z| < 1} and D)y = {z € R* : |z] < i1

and let HCO,(1+5)/2 be the Hélder seminorm on (7%70] X Dy for the parabolic distance
par

((—5:01xD1/2)
|z —y| + |t —t'|'*. Let a and b, be measurable functions on (—1,0) x Dy with a— I skew-symmetric,
b.(t,-) divergence free in the sense of distributions for almost every t, and |a—I|+ |by| < wy almost
everywhere, and let U € L°°((—1,0); L3(D1)) with VU € L*((—1,0) x Dy) be a weak solution of

(U —V-(aVU) +b,-VU =0 in (—1,0) x D;.

Then U(t,-) converges in L*(Dy5) as t 10, and, with this limit as U(0,-),

[U]c;’*aﬂ”s)”((—i,mxDm)+”U_( (= 10>XD1HL°° ((—2,01x Dy 5)

1/2
= C(][ ‘U(t,l') - (U)(fl,O)xledl'dt) .
(=1,0)xD1

Idea of the proof. Since a — I and b, are small, U is close in L? to a caloric function, a solution of
the heat equation, on every smaller cylinder, and Campanato’s characterization of Holder continuity
by the decay of these L? distances gives the bound. The proof is in Subsection 9.1.

Idea of the proof of Theorem A. For k € Kp; with M large, we continue 6 to (tin, tin + 7 + 1), as
Proposition 4.2 uses the solutions after {3, and compare 1t with the solution 6 of (4.1), with ® = ¢
and ® = @p74p; Proposition 4.1 bounds 6 in LOO([t,n + 3to, tin —|— T + 1];C%%(T?)). By (2.14) and
Proposition 7.3(ii), we may take w a multiple of 5M+n+1/” and 72 a small multiple of KS?\ZER, and a
choice of n depending only on «, s,q makes cr~1=* bounded (Step 2 of the proof in Subsection 9.3).
The remaining finitely many bands lie in a compact subinterval of (0, 2]; there the Holder continuity
of b makes the drift small at the scale x!/# along its trajectories, and Lemma 4.3 applies in a frame
moving along a trajectory of b (Lemma 9.1).

5. Iterated homogenization

This section reduces Proposition 4.1 to four propositions, proved in Part II, by an induction on the
levels of bpsy,, which are homogenized one at a time, from the finest to a fixed coarse level.

5.1 From L? to L™, scale by scale

This subsection is heuristic, except for the definition of the corrector amplitude and the inequal-
ity (5.2), which is proved here and used in the proof; the statements of the proof begin in Subsec-
tion 5.2.
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Anomalous dissipation in [AV25]. For the velocity field of [AV25], that is, for the choice of ¢
made there, [AV25, Theorem 1.1] states that the scalar variance is dissipated anomalously: for every
mean-zero 6, € H'(T?) with ;, # 0, the solutions 6~ of

20" +b - VO — kA® =0 in (0,1) x T?,
6%(0,-) = 6in on T2

satisfy
lim sup /<;||V9"‘H2Lz((0 =2y > 0,
Kk—0 ’

with a lower bound depending only on |[[0i||z2(r2) and the ratio [|0inllz2(r2)/I|VOinll£2¢r2). The
proof compares, for K € Ky, the solutions 6,, of the equations of level m, with velocity field b,,,
diffusivity k,, and the same initial datum, and shows that the dissipation HmHVHmH%z((o 1)xT2)
is multiplied only by 1 + O(¢%, ;) from one level to the next, at all levels finer than a threshold
depending on the initial datum [AV25, Proposition 5.2].

The expected regularity. By the energy identity, the dissipation of each level satisfies
I{mHvemH%Q((O,OO)XTz) < %HH;nH%Q(TZ). Heuristically, 6,, is the solution seen at the scale &,
with the oscillations of smaller wavelength averaged out, so at the scale &, the gradient of the
solution is of size at most > = et % in L2((0,00) x T?), for 1 < m < M, by Proposition 2.1(b).
If the gradient of 6, were of this size pointwise in (0, 00) x T2, the solution would oscillate by at
most &, - efn(’g /2 over a distance Em, at every level 1 < m < M: it would be Holder continuous
with exponent 1 — %(,8 + 7). Since B+ =2q8/(q+ 1),

Bty _1-gqa 1-

1 =
2 1+q/l 2

B+
asqll,  p=(a-D0-s5)-qy = (- (1-"7=s). (5.1)

The limit is the Obukhov—Corrsin exponent, and p is ¢ — 1 times the margin by which s lies below
the heuristic exponent. Theorem A makes this heuristic rigorous, for ¢ close to 1. The cost of
one level is read off from its correctors. Let a function be bounded in C%*(T?) and smooth at the
wavelength €,,_1, so that its gradient is of size 5;3;11. The correctors of level m add to it a function
that oscillates at the wavelength &,,, of size the corrector amplitude &, == €y (Km—1/ Iim)l/ 2 times
this gradient; for 2 < m < M the corrector amplitude is, up to a constant, €, times the Péclet
number £5, /Km, of level m, by Proposition 2.1(b) and &, < el ;. A function that oscillates at the
wavelength &, has a C%%(T?) norm of order ¢,° times its supremum. So, for 2 < m < M, the
correctors of level m cost, relative to the C%*(T?) norm,

1—s 1N\ Y2 _ o
aremenh= () (Tr) s o=k (5.2)
m— m

by Proposition 2.1(c), the terminal level included, and by &, =< 6?71_1. Separation of scales gains
(Em/€m—1)1 "%, enhancement costs (K, 1/ Iim)l/ 2 and their balance p > 0 is the condition that s lies
below the exponent in (5.1).

Large-scale regularity. In the quantitative argument of large-scale regularity recalled in Sub-
section 1.3, the homogenization errors are summed over the scales in an iteration of Campanato
type, in L? in [AKM19] and in L* in [AS16]. Here the comparison is made once per level, on
the whole torus. The seminorm A9 -] ceer (12 (see (5.12)) of a solution, bounded by the size of
a representation (Subsection 5.6) at the wavelength A, plays the role of the excess at the scale A,
and (5.2) is the cost of one level.
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5.2 Overview: two dual cascades

Fix M, k € Ky and a weak solution € of (4.1). For each level m < M the effective diffusivity k,,
was defined so that, once the pulses of level m are homogenized, the operator 0 + by, - V — K, A of
level m becomes the operator of level m — 1, with b,,,_1 and k,,_1. The proof runs two dual cascades
on the levels (Figure 5.1). The homogenization cascade goes up the levels one at a time, from M
to a fixed top level mg, toward coarser levels and forward in time; the regularity cascade then goes
back down, toward finer levels, at one fixed time. The proof has four stages, and Proposition 5.2
runs both cascades between the seed and the top level.

N mo I lsmooth at the scale p(mo + 1)
mg + 1 :
TE m—1 jarked amplitude lsize x(1+Ce}_y)
< m . X (1 + 06371 + C’s‘fnfl) Y + Cep—1 - marked amplitude
§ : entry
M—-1 seed i
terminal cycle !
M 1 ift through the entry
: weak passages X
M4n Yo(t) in C%*(T?)
} f f f —> ¢/
tin te tin + to t te=tin+ 7T
< 1t

Figure 5.1: The induction of Subsection 5.2, levels against time t' (not to scale), coarser levels
higher. The homogenization cascade, up the levels and forward in time: the entry (Proposition 5.1)
takes 0, at level M 4+ n and time t;,, to the seed, at level M — 1 and time t.; each up arrow is then a
cycle (Proposition 5.3), with the factor of (5.3), and the cycles end less than %to after to. Grey: the
solution Uy, of each family, on [t(,,),tt]. The regularity cascade, back down the levels at one time
t € [tin + to, tin + T): each down arrow is a passage (Proposition 5.4), with the bound (5.4), and the
dashed arrow is the lift through the entry. Dotted: levels not drawn.

1. The entry (Proposition 5.1) disposes of the levels M + n,..., M. At the levels finer than M,
the Péclet number z—:;Bn /k is small and molecular diffusion over the quiet margins smooths at the
wavelength of the next coarser level, so these levels are crossed at the same diffusivity . At
level M a full homogenization cycle passes to ka;_1. The output is a system at level M — 1, the
seed, whose solution, lifted back to level M + n, reproduces 6 up to a small error in C%*(T?).

2. The homogenization cascade (Proposition 5.2) then homogenizes the levels M —1,...,mg+ 1
one at a time. Each step up is a homogenization cycle (Proposition 5.3).

3. At the top level my, a fixed level independent of M and k, the solution is smooth at a fixed
scale.

4. The regularity cascade (Proposition 5.2) then goes back down the levels mg +1,..., M — 1 at
one fixed time. Each step down is a passage (Proposition 5.4), and the lifts through the entry
(Proposition 5.1) carry the Holder bound from the seed to 6.
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What the homogenization cascade carries up the levels. A cycle compares the solution at
level m with a solution at level m — 1, regenerating derivatives and keeping the marked amplitude,
defined below, up to the factor in (5.3). The object passed from level m to level m — 1 is a
coupled system of equations with the operator of its level, a family (Subsection 5.4). Starting
from the seed, the cycles produce families G,,, with solutions U, on time windows [t(m),tf] that
end at a common final time ¢¢, where ¢(5,_;) = te and, for m < M — 1, #(,,) is the preparation
time ¢y, of the cycle at level m + 1 (Proposition 5.3). The marked amplitude of U, is its norm

A, = ||Um||Loo([t(m>7tf];L% (12))> Where || - ||LQG (12) is the marked norm of Gy, (Subsection 5.4). One
cycle costs

Am—1 < [14+C(e_) +€b 1)]An, (5.3)
where 57?%1 is the accuracy of the comparison and €, ; is the cost of the retained trace, from

which the solution of the successor starts (Subsection 5.5); Proposition 6.2 prevents growth along a
family. The exponent @), the order N,¢; below and the other parameters of the proof are fixed in
Subsection 5.3.

What the regularity cascade carries back down. The C%%(T?) norm is carried by a represen-
tation: a smooth base plus oscillating profiles, each measured at its wavelength (Subsection 5.6). A
representation is a Hélder bound together with bounds on derivatives at the scale of the current
wavelength, which the correctors of the next finer level use. Read on representations, a cycle is a
passage: it carries a representation of U,,_1(t) at wavelength &,,_1 to a representation of U,,(t) at
wavelength &,,,, and the profiles of the representation of U,,_1(t) are copied into that of U,,(t) by a
constant map (Proposition 5.4). With R,,(t) a representation of U,,(t), one passage costs

sizez,, (R (t)) < (14 Ce)l _y) sizez,,_, (Rm—1(t)) + Cem—1Am (5.4)

where 7 is the exponent of (2.3). The factor collects the readout (Subsection 5.5), the exponential part
of the lift and the correctors of the passage, which cost (5.2), with n < u/4; the additive term collects
the comparison error of Proposition 5.3 and what the lift adds to the high frequencies of U,,_1(t)
(the idea of the proof of Proposition 5.4; Table 14.1). At the top level, the size of a representation of
Unm, (t) is at most a constant, depending on mg, times the marked amplitude A, +1: the third bound
of Proposition 5.3(b) at level mg + 1 gives Nyet derivatives of Uy, (t) at the scale p(mg + 1), and
these bound the size at the wavelength €,,, by Sobolev embedding, since Nyet > Nyep + 2 by (14.3).

Why the products converge. Since ¢g = 1 and €,—1/e,, > A > 128 for m > 1, we have
em < A7, sothesums ), 5%-17 e yand Y], e’ | arebounded independently of the number
of levels, and so are the products [[,, (1 + 05371 +Cel,_1) and [],,(1+ Ce]l_,). Iterating (5.3)
along the homogenization cascade and (5.4) along the regularity cascade therefore bounds the size of
the representation at the finest level by a constant times the norm |[|g||z2 (r2) of the seed’s datum g,
uniformly in the number of levels, hence in M and x (Proposition 5.2); this norm is the marked

norm, since the markers of a seed are 1.

5.3 Parameters

Fix A > Ay, with Ag as in Proposition 4.1, an integer n > 1 and 0 < tg < T. The proof fixes the
following parameters, all depending only on «, s,q,(, A, n,tg, T

e the corrector order Ncop, the largest degree of the correctors added by a lift (a corrector of
degree j carries j derivatives, of the field or of the coefficients);
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e the truncation order p of the exponential in a lift;

e the order Nyt > Neor + 2p up to which a cycle controls the derivatives of the solution of a
successor, and the order Noy; := Nyet + 4p of the preparations;

e the order Nyep of the representations, which is fixed by the entry (Section 15);

e the order Ny > 2 of the source terms of the families;

e an accuracy exponent ¢ > 0;

e the bounds on generation and word length of the successors (Subsection 5.4);

e the top level my > 2, chosen after the others: the largest of the thresholds on the level in

Sections 11-14 (item (4) of Subsection 11.1).

Table 11.1 lists them, with the parameters of Part II, in the order in which they are chosen. The
preparations of level m are smooth at the effective diffusion length over one renewal time (Section 2),

p(m) = (Fm—1hmn) 2. (5.5)

The notions of family, admissible family, lift and representation below use these choices, families use
the effective diffusivities of k € Kps, and time windows have length at most T'.

5.4 Families

A comparison between levels m and m — 1 leaves error terms carrying derivatives of the coarse
solution. Estimating them would cost derivatives at every level, which the induction cannot afford,
so they become new unknowns, each solving the equation of its level forced by smoothed derivatives
of earlier unknowns. These new sources are the higher-order terms of the averaged equation that
the lift of Subsection 5.5 produces: the defect of the averaged flux, the means of the lift along the
paths of sources of the family, and their conjugates by the truncated exponential. They, and the old
sources carried over through their cell averages, are listed in Definition 11.3.

Families and their solutions. A family is the data of a system of linear equations of level m, one
for each of its components, coupled through smoothed derivatives; a solution is a vector of functions
on [t1,ts] x T?, one for each component. Precisely, a family G of level m consists of

e a finite index set V', whose elements are the components (labels, which are words in the families
of the proof, as described below), with masses w, > 0 and markers ¥, > 1, v € V;

e finitely many sources o, each from a component v’ to a component v (written o: v — v; there
may be several sources, or none, from v’ to v), with a linear smoothing operator S, (t) of width
re > 0, and coefficients A, 4, 2 < d < Ngpe;

e constants ¢; > 0 such that the operators S,(t), which commute with derivatives, satisfy, for
every source o, time ¢, f € L?(T?) and j < Ny — 2,

IV So(t) fll2erey < cjrs? | fllpecr2) -
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A datum of G is g = (gv)vev € L*(T?)V, and the solution of G from g at time ¢, on a time window
[t1,t2] on which the hypotheses of Proposition 6.2 hold, is the solution U = (U,),ey of

Uy + by, - VU, — kAU,
NSI‘C

=V > Y A VS, Uy) in (t,t) x T2, vevV, (5.6)
v'eV o: v'—v d=2

Uy(ti,) = g on T2,

in the class of Proposition 6.2, where the inner sum runs over the sources from v’ to v, so that the
right side collects all the sources into v; this is (6.3) with ¢, and k,, in place of ® and v. The
smoothing operators are products of two smoothings along ellipses (Proposition 6.1). For the sources
that a cycle creates at level m the ellipses are thin. The averaged flux of a pulse is enhanced only
along its direction of flow, and the two ellipses follow the averaged flux of a horizontal and of a
vertical pulse, so that their axes are in a ratio of order (k,/ /@m_l)l/ 2. which is small below the
terminal level M (Proposition 2.1(c)); together they smooth in every direction.

Norms. Fields of G are measured in the norms

9 ) HQvH%z('p)
HQHLg(TQ) = Z o
veV v
\1’121 ||gv||%2(11‘2)

lgllF2 g2y = D ————, (5.7)

w
veV v

)

2 2
9 o v HQUHHKJ)V(W)
ol oy = 37— T

veV Wy
where, for p > 0 and an integer N > 0,
2j
9y ooy = 3 Gy 19 ey (5.8)
J<N
measures N derivatives at the length scale p. The norm || - || 12,12 1s the marked norm.

The coupling matrix. The coupling of the components is measured by the coupling matriz of G
on a time window [t1, ta],

NSYC
(W \ V2 SUD[1,t2] x T2 | Aodl /
B’UU’ — ( We ) E E Cd—2 Ko, rf,liQ 5 v,V € v ) (59)

with the constants ¢; of G. By Schur’s test, the operator norm of (B,,) on RY with the Euclidean
norm is at most the geometric mean of its largest row sum and its largest column sum. By
Proposition 6.2, if all the row and column sums of the coupling matrix are at most %, then the
energy [U(t)| 12 r2y does not grow. Indeed, testing the equation for U, with U,/w, and writing
V=18, U, = V4 25,VU, , we bound the contribution of the sources from v to v by Ky Byy To Ty,
where z, = WfL)_l/2||VUU||L2('I[‘2). By Schur’s test the coupling is then at most one eighth of the
dissipation K, >, ¢y 2. The coupling matrix for the masses w,/¥?2 is (5.9) with w,/¥2 in place
of wy; with these masses the norm || - ||z2 (12) is the marked norm.
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Successors. A cycle turns a family G of level m into a successor G’ of level m — 1. Each
component v of G is kept and becomes the parent of new components, its children, labelled by words
whose letters name the source terms the comparison creates. A new component has mass w, times a
positive power of €,,—1 and marker ¥, times a negative power of €,,_1, so the markers grow with
the generation (the number of creations). A successor is a family of Definition 11.3, which gives its
letters, the words of its components and its sources; it keeps the components of bounded generation
and bounded word length. The solution is controlled in the marked norm, so the components of high
generation are small in || - |2 (2) and the flux into the discarded ones is negligible (Lemma 13.9);
components with longer words are small because each letter carries a positive power of €,,_1.

Seeds and admissible families. A seed is a family whose components have generation 0 and
marker 1. A family G of level m is admissible on a time window if it descends by cycles from an
admissible seed, a seed whose coefficients obey the bounds of Part II (Definition 11.2), each cycle,
at a level m/, moving the start of the window forward by 37, (Definition 11.4). Its coefficients
then obey the bounds of Part IT (Proposition 11.5), and the row and column sums of its coupling
matrices, for the masses w, and w,/¥2, are at most a constant times a fixed positive power of &, 1.

5.5 Lifts

Let G’ be a successor of a family G of level m. The lift Y¥ of a field Y of G’ to the components
of G is built in three steps:

(ThY)o=Yot+ Y. vy, Y1) = Corrylexp, (Tm(t) : V2) T,,Y ()], (5.10)
v’ child of v

where the sum runs over the children of v (Subsection 5.4), #v’ is the number of letters of the word
of v/, n is the exponent of (2.3), and Corr,, is the corrector operator of Definition 10.8, described
below. First, the readout Y,, adds each new component to its parent with a weight that is a positive
power of &,,_1. Second, the truncated exponential of T'y,(t) : V2 = > i (Lm)iir (¢)0;01 is applied,
where

1

exp,, (:I:F = l

VZ) Con(t) = /t(anm(t’)—ﬁmll) dt’.  (5.11)
0

P
1=0
The covariance Ty, (t) of the level-m pulses is the accumulated surplus of their averaged flux J%m over
its average Kpmm—11. Since O 'y, (t) = JEm(t) — Kky—11 and operators with constant coefficients in space
commute, the full exponential exp(I',,(¢) : V) would turn solutions of d; — k1A into solutions
of & — Jtm(t) : V?; as [, (t) is symmetric and in general indefinite, this operator is unbounded
on L?(T?), so the lift truncates it. The covariance is small at the scale p(m): by Lemmas 10.3(b)
and 13.7(iii), for every ¢,

T (t)] < Chim—17y, < Cefn—lp(m)Qa
.2 9 .
| (exp, (£Lm(t) : V?) — I)FHH%)(TQ) < Csm_luFuHﬁx,,(W) ;

this is the origin of the term € | in the first bound of Proposition 5.3(b). Third, Corr,, (Defini-
tion 10.8) adds on each pulse the correctors of degrees up to Neor, which oscillate at the wavelength &,
in the Lagrangian coordinates of the pulse; they change a field by the corrector amplitude &, times
its derivatives. The retained trace at time t,, of a datum g of G is the datum of G’ given by the
truncated inverse of the second step, exact up to terms of degree at least p + 1 in I'y, (¢pr) : V2 it is

exp, (—Lm (tpr) V?2) g, on each component v of G and 0 on the new components.
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5.6 Representations

Fields U of a family take values in RY, normed pointwise by |U ()|, = (3, wy 'U,(2)?)"/?, and || -
|| oo (12) denotes the supremum of this pointwise norm; the Holder norm and seminorm (3.1) of such
fields use it in place of | - |. For an integer N > 1,0 < A < 1 and F € C¥(T?)V we use the norm
and seminorm at the scale A

167 FHLoo T2)
[Floy e = Sl IFllon 2y = 1 Fll Lo (r2) + [Flow (r2) » (5.12)
1<|71<N

where j = (ji1, j2) runs over multi-indices, |j| = j1 + j2 and j! = j1!jo!. A representation R of U at
wavelength A, is a decomposition into functions in CVe»(T2)V | a base E and a finite collection P of
profiles P (repetitions allowed), each with a wavelength Ap € [As,1], such that U = E + ) p_p P
Its size is

sizes, () = [1Bll ez + [Elom(zs) + X2 Bl ggien o) + 3 A IPlgtiongay - (5:13)
PeP

Then [|Ul|co.s(r2) < 3sizey, (R), by Lemma 14.2(a). The readout Y,y, like every constant linear map,
maps a representation R of a field Y of G’ to a representation of 1,,Y" of size at most |, |sizey, (R),
where |Y,,| is its operator norm for the norms | - |,,. Each profile keeps its wavelength: measured at
A < Ap, its term AL || P|| oo (72 would grow by the factor (Ap/A«)*.

5.7 Initialization and induction

Proposition 5.1 (Initialization from rough data). There exist M.(«,s,q,(, A, n,ty,T) € N and
C(a, s,q,(, Ay, tg, T) < oo with the following property. For every M > M,, k € Ky and tj, € R,
with ty == tin + T, there exist te € [tin, tin + %to] and an admissible seed G of level M — 1 on [te, tf]
such that the following holds. For every 0, € L*(T?) and every weak solution 6 of (4.1), there exists
a datum g of G with ||g|| 1z (12) < Cl|0inllz2(12) such that the solution U of G' from g at time t. has
the following property: for every interval [t1,ta] C [tin + ito,tf] and every 2 > 0, if, for almost every
t € [t1,t2], there exists a representation R(t) of U(t) at wavelength epr—1 with size.,, ,(R(t)) < E,
then
161 oo (61 )00 (12)) < C(E A+ [16inll 2(12)) -

Idea of the proof. At the levels m € (M, M + n] the Péclet number 5m//-$ is at most C’s(q+2)

and molecular d1ffus10n over a quiet margin reaches the wavelength e,,_1 of the next coarser level.
g2 /(k7h) < Cem 1, with v > 30. So a weak passage compares the solution with a family of
level m — 1 at the same diffusivity, which keeps the enhancement of level m as a source instead of
adding it to the diffusivity, and regains derivatives on the margins. After n of them the sources are
smoothed once, by isotropic paired convolutions of width slightly below ;. At level M a margin
is too short, k1), < 5%}1?36 < 5%4_1, and a terminal cycle, prepared over a time of order hy; by
the method of Proposition 5.3, passes to ka—1 € [k, Ck] and yields the seed. For Proposition 4.1, 0
is, up to Cedy_ [|0inl p2(r2) in L®([tin + to, tin + T); C%%(T?)), the lift of U through the terminal
cycle and the n weak passages (variants of (5.10), defined in Section 15), and these lifts carry a
representation at ep7_1 to one at epr4,, with fewer than Nye, derivatives, at a constant cost.

Proposition 5.2 (Induction on the levels). There exists C(«,s,q,(, A, n,tg,T) < oo with the
following property. Let mg < m < M and k € Ky, let ts, tr € R with tg + %to <t <tsg+T, let G
be an admissible seed of level m on [ts,ts], let g be a datum of G, and let U be the solution of G
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from g at time ts. Then, for almost every t € [ts + $to, t¢], there exists a representation R(t) of U(t)
at wavelength €,, such that

sizee,, (R(t)) < Cllgllrz (12) -

The constant is independent of m, that is, of the number of cycles. Idea of the proof. This is the
induction of Subsection 5.2: we apply Propositions 5.3 and 5.4 to G and its iterated successors, which
gives (5.3) and (5.4), with G = G, G' = Gpo1, U = Uy, Y = U1, tpr = tm—1), R = Ry () and
R' = R,,—1(t). The times of the cycles are chosen recursively (Step 2 of the proof in Subsection 14.4),
and they are less than tg + %to, since my is chosen so that Z;n:m0+1(37'j +4h;) < %to.

Proof of Proposition 4.1. Let Ao(a, s,q,() > 128 be at least the thresholds of Proposition 2.1 and
of the statements of Part II; this choice is the first row of the table of the order of the parameters
in Subsection 11.1. Let A > Ag, n > 1 and 0 < ty < T be given. Let M, be as in Proposition 5.1,
with mg the top level of Subsection 5.3, and let M > M; := max{M,, my+ 2}. Let G be the seed of
Proposition 5.1 and ¢ its datum. Proposition 5.2 applies to G and g at level M — 1, with tg = ¢,
and tf = t;, + T, since mg < M — 1 < M, te—l—%to < tin+%to <tin+T and tin +T < te + T it
gives for almost every ¢ € [te + %to,tin + T D [tin + to, tin + T a representation R(t) of U(t) at
wavelength €71 with sizec,, , (R(t)) < Cl|gllz2(r2) < C||0inllr2(12). Proposition 5.1 then applies
with [tl,tQ] = [tin + %o, tin + T] and = = CHeinHLQ(’HQ), and bounds HHHL°°([tin—i-to,t;n—i-T];CO’S(’IFQ)) by
CllOinll 2 (T2)- O

5.8 One homogenization cycle and the passage to the next level

A cycle at level m has two parts (Subsection 5.2): the preparation, part (a) below, regenerates
derivatives within one period 4h,,, and the comparison, part (b), bounds the difference between the
solution and the lift of the solution of a successor. Proposition 5.4 reads the cycle on representations.

Proposition 5.3 (One homogenization cycle). There exists C(a, s,q,(, A,n,to, T) < co with the
following property. Let M > 1, k € Kpr and mo < m < M, let ta,te,tr € R with ta + 37, < t. and
te + 4hy, < tg, let G be an admissible family of level m on [ta,t¢], and let G' be a successor of G.
There ezist tyy € [te,te + 4hm] and a linear map 1: L?(T?)V — HNowt(T2)V such that, for every
datum g of G, the solution U of G from g at time t. and the solution Y of G’ from the retained trace
of Ilg at time ty satisfy the following.

a) The preparation llg approximates U(tyy), s almost no larger than the datum, and has Ny
P
derivatives at the scale p(m):

Mg — U (tpr)l 12, (12) < 05371’\91\%@2) ; ITLgl L2, (z2) < (1 + Ce ) 190l 22, (12) »
HHQHH;\E?;;’G(T2) < Cllgllrz,(r2) -

(b) The successor G’ is admissible on [ta + 3Tm, t¢|, and

1Y N oo sz, 727y < (1 Clemay + b)) llglliz o)
U = Y ooty tefsnz (12)) + BNV U = Y L2((tprte)in2 (12)) < ngz—ngHLQG(’]I‘Z) ;

< .
||YHLOO([tPr7tf];Hl]7\i§:‘t)’Gl (T2)) = CHgHLé(Tg)

In (a), the preparation time ¢, is chosen so that the velocity added at level m vanishes near
it: by, = b1 on [tpr — Thys tpr + 70,] x T2 (Proposition 12.1(1)), so that Corry,, adds no corrector
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at tpy and Y(ty) = exp, (Do (tpr) = V2) exp,(—Ton(tpr) © V?)Ilg (Lemma 13.1). Since Ilg has
Nout = Nyet + 4p derivatives and the retained trace uses 2p of them, Nyet + 2p remain; on [ty te]
the third bound of (b) gives Nye derivatives of Y, at least the 2p 4+ N¢o, that its lift uses (2p for the
truncated exponential and Ngo, for the correctors).

Idea of the proof. (a): in the Duhamel expansion of U in the sources, each term alternates free
evolutions under the operator of level m with single applications of a source. The Bloch transform
splits a free evolution, in the Lagrangian coordinates of a renewal block and with the conductivity
frozen at a point, into evolutions on the period cell, one for each frequency. The principal branch
of these cell evolutions dissipates over a complete renewal block inside [tc,t. + 4h,,] at a rate
proportional to the square of the frequency, in every direction and uniformly in the level, and the two
orientations of the pulses damp the high frequencies. (b): the correctors cancel the leading terms of
(0t + by, - V — K, A)YE. The errors from switching the correctors on and off in the intervals between
consecutive pulses are exponentially small, the errors of the smoothing operators are small by the
estimates of Proposition 6.1, and the energy estimate with forcing at order zero (Proposition 8.3(a)
at N = 0) bounds the error by the residual, which is controlled by the derivatives of (a). The
coefficients of the successor are explicit combinations of those of G, each carrying a power of &,,_1.

Proposition 5.4 (Passage between consecutive levels). There exists C(a, s,q,(, A,n,tg,T) < 0o
with the following property. For every M > 1, k € Ky, mo < m < M and every G and G’ as in
Proposition 5.3 at level m, there exist ty, and I1 satisfying (a) and (b) of Proposition 5.3 with this C
such that, for every datum g of G, with U and Y as there, and every t € [ty, t¢], the following hold:
U(t) and Y (t) are of class CNrer on T2, and for every representation R' of Y (t) at wavelength €,_1
there exists a representation R of U(t) at wavelength e, such that

sizec,,(R) < (1+ Cey,_y) sizec,,_, (R') + Cem1lgl 12,2 -

Proposition 5.3 is proved in Sections 12 and 13, and Proposition 5.4 in Section 14. Idea of the
proof. Let S be a smoothing below the scale p(m). Then U is the sum of Y,,Y (old profiles copied
by a constant map), the exponential and corrector parts of the lift of SY and of (I — S)Y, and the
error U — Y%, On SY the corrector part costs (5.2) and the exponential part a power of £,,_1. On
(I —S)Y the moments of S (Proposition 6.1) make both parts small, and U — Y*, which is small
in L2 (T?) by Proposition 5.3(b) and smooth at the molecular radius pyo(m) of (11.1), is small at
the wavelength &, by interpolation (Step 6 of the proof in Section 14).

6. Energy estimates and paired smoothing

Fix a smooth function u > 0 of integral one supported in the unit disc, and, for an integer £ > 1,
let W, be the kernel with Fourier transform

W) =1- (1-fae/@)f?) . cer. (61)

It is smooth, supported in the unit disc, of integral one, with vanishing moments of orders 1 to 2¢ —1,
and W, takes values in [0,1]. For a linear map €2 of R? and r > 0, the operator

Stangl) = [ W) oly — r0) ds (6.2)

takes the mean of g over the ellipse {y — rQz : |z| < 1} (a segment or a point if  is singular) with
the signed weight W,.
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Proposition 6.1 (Paired smoothing in eccentric geometry). Let £ > 1 and 1 < Ny < Ny be integers
with Ny < 2¢. There exists C(u,f, N1, No) < oo with the following property. Let Cq > 0, and
let Q1,99 be invertible linear maps of R? with Q|00 < Cq whose vectors Quey, Qaea are uniformly
transverse, in the sense that the matriz with these columns has an inverse of | - |s-norm at most 2.
Then, for every p > 0,0 <1 < p and g € HN'(T?), the operator S = Ser.01S0,r0, satisfies

p N27N1
1890 vz epny < C(E) ™ Mol s 1590 g < N9l oy
VAR
lg = Sollzzry < CC3" (5) ol sy

The third bound holds for all linear maps Q1,Qs of R? with |l < Cq and all ryp > 0. The
constant of the third bound depends only on u and Nj.

Two ellipses whose vectors §21e1, {does are transverse together smooth in every direction, whatever
their eccentricity; in the applications these vectors are the long axes. For the sources of a seed the
ellipses are round discs. Idea of the proof. Each 0; is a combination of the derivatives along €21eq
and ez, and along each of these vectors the corresponding smoothing gains one power of p/r per
derivative, while its vanishing moments give the approximation.

Proposition 6.2 (Energy of coupled systems). Let v > 0 and t; < ta, let Ny > 2 be the order
of Subsection 5.3, let ® be Z2-periodic and smooth in x, with V+® bounded and Borel measurable
in (t,x), and let V be a finite set with masses w, > 0. Let finitely many sources o: v — v,
v,v" €V, be gien, with coefficients Ay 4, 2 < d < Ny, that are Borel measurable in t and bounded,
continuous and periodic in x, and linear operators Sy(t) on L*(T?) that commute with derivatives
and such that t — Sy(t)g € L?(T?) is Borel measurable for every g € L*(T?). Let constants
cj > 0 and widths r, > 0 be such that, for every o, t € [t1,t2], g € L*(T?) and j < Ng. — 2,
V7S5 (t)gll 212y < cjr;j||g||L2(T2). Consider the problem

o,U, +V+td .- VU, — vAU,
NSI‘C

=V D D AcaVIHSUy) i (1) x T2, veV. (6.3)

v eV o v'—=v d=2

Uv(tla'):gv on T2,

If all row and column sums of the coupling matrix

N,
, 1/2 src su A J
va’ = <wv > Z ch_Q p[’51:t2}><']1’2 | o, ‘

d—2
w
v o: v —v d=2 Vla

are at most %, then, for every datum g = (gy)vev € L2(T?)V, there ewists a unique solution
U € C([t1,t2]; LA(T*)V) N L2((t1,t2); HY(T?)V) of (6.3) (in the integrated sense of (8.3), without
forcing), and, for every t',t € [t1,ta] with t’ <t,

IU@ 72 2y + v VU2 412 2y < IUE) 72 72y -

Idea of the proof. We test the equation for U, with U,/w, and bound the coupling by Schur’s
test, as after (5.9). Its analogue at higher order, Proposition 8.3, gives the derivatives of Y used
after Proposition 5.3 and the CNrer regularity in Proposition 5.4.

30



Part II. The proofs

7. Properties of the velocity field: flows and effective diffusivities

This section proves the properties of the construction that Section 2 states without proof, and
Proposition 2.1. Other sections use the flows of Subsection 7.3: the short flows carry the tubes of
Theorem C, and the renewal charts are the coordinates of Sections 10-13.

Throughout, A > 128 is an integer, and C' and ¢ denote positive constants depending only on
a, q,(, unless another dependence is stated; they may change from line to line. Matrices and arrays
are normed as in Section 2.

7.1 Scales and cutoffs

Lemma 7.1 (Scales and cutoffs). For every integer m > 1 the following hold.
(a) Wavelengths. e,,—1/€m > A and e,y < A™™. If m > 2, then %5%1_1 <em <2l .
(b) Times. 4e.,° | <4[e;% 1 +1<9e.° ,; (2.5) and (2.13) hold, and &, < 257,
(c) Exponents. ¢(8—v)=8+7,¢2-8-7)=2-8+80, (¢—1)(B+7) =2q7, 30 <, and
—(2-B+40)=a+(¢g+ %)y >0.

(d) Cutoffs. Let k,l € Z and let j > 0 be an integer. There exist C((,j) and C(j) such that
167 G gl Loy < C(G, J) w! and 0G| Loy < C(G) (7). The fast cutoff G vanishes
outside [(k — *)Tm, (k + 2)Tm]. At each time at most two fast cutoffs are nonzero, and at most
one with k odd. The slow cutoff satisfies 0 < Cm,l <1 and

L= Dhmr2rhy, (4 Dhm—2r0] S Smd S LoD htorty, (142 b —14) (7.1)

where 1 is the indicator of a set E. The slot [(k — 5)Tm, (k + 3)7m) lies in the block [(mx —
Finally, for a,s > 0 a number q satisfying (2.1) exists if and only ifa < 3 and s < %(1 —a); and
forq>1,86>0if and only if ¢ < 12_0?‘, while p > 0 if and only if g <

a+s

Proof. (a) Let m > 1. Since A9"/(4=1) > AV(@=1) >1og A/(q — 1) and AT "1 — 1> (¢ —1)logA,
A=) A A @) g Aqm/(q—l)(Aqm—l —1) > A(log A)® > A.

So Aeg;t < A(A"/a7D) 11) < 5;111 by (2.4); with g = 1 and ;' > A%(@~D > A the first two
bounds follow. For m > 2, A?"/(4=1) > 128, so its ceiling is at most 122 times it, and (133)7 < 2
gives e, 9, < 2A9"/(@=1) Hence ¢, < A~¢"/(0=1) < 2¢9  “and ¢, > > 1A~ a"/(g=1) > sed |, since
the ceiling of a number at least 1 is at most twice the number. (b) By (2.4), hy, = 272° /[, _(2 B+25)]7
and 7/, and 7, are h,, divided once and twice by 4[¢° ;] + 1, so the bounds y < [y] < 2y for

y > 1 give the first bounds, (2.5), hy,, < 272 ?n ,81+267 which is (2.13), and 7,,, > 2_2653r;ﬂ1+45/81.
For m > 2, (a) and (c) then give g, < 2e! | < 2£znfl+45 <27, form=1,e <A1 <2%n
(c) and the equivalences are algebra on (2.1) and (2.3). (d) follows from (2.2), (2.7), (2.9) and
the properties of H; the centres of odd slots are 27, apart, and ¢, has support of length %Tm
Finally, Ay, /7m is the odd integer (4[° |7+ 1), so k + 5(hm/Tm — 1) is an integer, and (2.8) gives
b — % (hin — Tim) < kTin < L khan + 2 (e — 7). O
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In particular, the envelope ka = Zme’k(m’k of slot £ vanishes outside the block of /,, ; and

within 7, of its ends. Cutoffs as in (2.2) exist: for 0 < w < £3,

[0,2 —w], to 0 on [§ + w, 00) and affine in between, convolved with an even mollifier of width

the even function equal to 1 on
1

1000
satisfies the first two conditions and lies in Cgo((—%, %)), its square integral is continuous in w,
above 1% at w = %0 and at most 1 — %fw < % at w = %, hence equal to % in between.

Reliance on [AV25]. The proofs of [AV25, Proposition 2.2 and Corollary 2.4] use the scales
and the cutoffs only through the facts of Lemma 7.1. These facts hold for every ¢ satisfying (2.1),
every integer A > 128 and every ( as in Section 2, so those proofs apply to our construction, with
em < 2397, of Lemma 7.1(b) in place of the exponent that [AV25] computes in [AV25, (2.61)] from
its choice of q. We write out the arguments that differ.

7.2 The velocity field

The functions ¢, and b, of Lemma 7.2 are well defined and smooth by Proposition 7.3(i), whose
proof does not use Lemma 7.2.

Lemma 7.2 (Increments of the stream functions). There exists C(a,q,(,A) < oo such that, for
every m > 1 and i,7' € {1,2},

”Qsm - Qsm—l”LOO(RXTQ) < 105?}17 "8Z(¢m - ¢m—1)HL°°(R><T2) < 320¢y,, (7 2)
10:0i (9m — bm—1) | Lo mxr2) < 3650052, |
and, for every t,t' € R and x,y € R?,
(b = by 1)(t,2) — (b — b 1)(t' )] < C(It — ¥ + |1 — )2 (73)

Proof. The bounds (7.2) are [AV25, Proposition 2.2, (2.39)]: the norm [AV25, (1.21)] at the radius
27 /e, bounds each partial derivative of order j by j!(27/e,,)7 /(5 + 1)? times the norm, so the
bound 104, gives 320ey, and 36500e5, 2. The bound (7.3) follows from them and from the bound
|0t (D, — br—1)| < Cel7? in the proof of [AV25, Proposition 2.2|, after [AV25, (2.61)]; the first term
of that bound, ngfzem/Tm, is at most 235Cel, ? by Lemma 7.1(b). O
Proposition 7.3 (The velocity field). The following hold.

(i) For every m >0, ¢, is well defined, smooth and 7 x Z2-periodic, and by, is divergence free.

(ii) For every m > 0,

Vbl o @x12) = IV 0m| poo mx72) < 7800072 (7.4)

(iii) As m — 00, ¢ and by, converge uniformly on R x R? to functions ¢ and b. The function ¢
is continuous, Z2-periodic in x and 1-periodic in t; for every t € R, ¢(t,-) € C*(R?) and
V4o(t,) =b(t,-); and (2.14) holds.

(iv) b is bounded, continuous, Z*-periodic in x and 1-periodic in t; for every t € R, the field b(t,-)
is divergence free in the sense of distributions, and (2.15) holds.

The constants in (2.14) and (2.15) depend only on a,q,C, A.

Proof. (i) By induction on m: if ¢,,_1 is smooth and Z x Z2-periodic, its flow X,,_1 exists, is smooth,
and, by uniqueness, commutes with the translations by Z? and satisfies X,,,_1(t + 1,2,t +1) =
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Xm—1(t,z,t"). By Lemma 7.1(d), finitely many terms of (2.12) are nonzero near each time, and
each v,  is Z2-periodic, since ;! is an integer; so ¢y, is smooth and Z2-periodic in z. It is 1-periodic
in ¢ because 1/h,, and 1/7,, are integers divisible by 4, by (2.4): a shift of time by 1 shifts k by
1/Tm and lp, i, by 1/hp,, and keeps the class of £ modulo 4. Finally, b, = V<t ém is divergence free.

(i) As ¢o = 0, Lemma 7.2 gives [0;0y | < 36500 327,_, €772 and &2 < A@-B)(m'=m) L2 <
16™ ~me2 2 by Lemma 7.1(a),since2—f=1—a > % gives A278 > 1282/3 > 16. So every entry of
V2¢,, is at most % - 36500 5,&_2 < 39000 5?{2 in absolute value. The norm of a 2 x 2 matrix is at
most twice its largest entry, and Vb, is V2¢,, composed with a rotation, which gives (7.4).

(iii) By Lemma 7.2 and &,,y41 < A~'e,,7, the sums Y omrsm | Omi = Oy —1land Y- o by =Dy |
are at most 105i+1/(1 — APy and 2-320£%,,,/(1 — A=), uniformly in (¢,z). Hence ¢y, and by, =
V1 ¢,, converge uniformly, and (2.14) holds. The limit ¢ is continuous; since ¢, (¢, -) and its gradient
converge uniformly, ¢(t,-) is C! with V¢ = b; and the periodicities persist.

(iv) By (iii), b is continuous and periodic, and |[b| < 37 ,-,640¢%, < C. Each by,(t,-) is
divergence free, and this passes to the uniform limit in the sense of distributions. For (2.15), let
t,t' € Rand z,y € R2. If (t,2) = (¢, y) there is nothing to prove, and if |t — /| + |z — y| > 1, (2.15)
follows from the bound on b. Otherwise, let m > 1 be the least level with ez < [t — /| + |z — y|.
We write b= 3"~ (byy — byy_1), bound the terms with m’ < m by (7.3) and those with m’ > m
by (7.2) at each of the two points:

b(t,z) = bt y)| < C(|t—t|+ |z —yl) D e?+1280 > 5,

1<m/<m m'>m
< Ot =¥+ o — yl) el + O < O (1t — ¥ + 1 — )"

since f — 2 = a — 1, the two sums are geometric (Lemma 7.1(a)) and e < [t — /| + |2 — y| < em—1;
for m = 1 the first sum is empty. This is (2.15). O]

7.3 Flows and renewal charts

Lemma 7.4 (Short flows). Let m > 0 and let t,t1 € R satisfy |t — tllefn_Q < 2722 Then
y = Xm(t,y,t1) is a smooth, volume-preserving diffeomorphism of R? commuting with the translations
by 72, with inverse x — Xy, (t1,x,t), and, for every z,y € R?,

|Vme(t,y,t1)—I| < %v ’vam(tl,:E,t) _I| < %; (75)
in particular both maps are 2-Lipschitz. This applies when |t — t1]| < 8hmt1, by (2.13).

Proof. By Proposition 7.3(i), b, is smooth, bounded, Z2?-periodic and divergence free, so the two
maps are smooth, mutually inverse by the group law of the flow, commute with the translations
by Z? by uniqueness, and preserve Lebesgue measure by Liouville’s theorem. The derivative solves
O VyXm(t,y,t1) = Vb, (t, Xon(t, y, t1)) Vy X (t, v, t1), so Gronwall’s inequality and (7.4) give

IVy X (t,y,t1) — 1] < exp(780005, 2|t —t1]) — 1 < exp(g) —1< 4,

and likewise for VX, (t1,x,1t). O
Complex extensions. Section 11 bounds the derivatives of its families in their parameters by
Cauchy’s estimates, which needs holomorphic extensions of the flows to complex labels; they come

from those of the velocity fields. For a vector of C2, Im is its imaginary part, taken coordinatewise,
| - |1 is the sum of the moduli of its coordinates, and | - |~ is as in Section 2, on vectors and on
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matrices. On the strips {|Imz|; < cep,}, for a small fixed ¢, the shear streams e, sin(27y;/em,)
stay below 2851, so Cauchy’s estimates return the real Lipschitz scale 57@52; the imaginary part of
a trajectory grows at most at this rate, so for 22155[2\75 -t < % trajectories started in a slightly
narrower strip stay in the strip. Complex trajectories X, (t,y,t') are defined by (2.11).

Proposition 7.5 (Analytic velocity fields). For every m > 0 and t € R, the field by, (t,-) extends to
a holomorphic map on the strip {x € C?: [Imx|; < ,,/50}, which is continuous in (t,z), real at
real points, and satisfies, for every x,z’ in the strip,

by (t, ) — by, (t,2') |1 < 22l 2 — 2|, . (7.6)

Lemma 7.6 (Complex flows). Let m > 0, t1 < to with ty —t1 < ghm+1, and t,t',t" € [t1,ts]. For
every y € C? with |Imy|; < (1 —2%ep, p- 2(t2 —11)) 10005m, the trajectory of by, through y at time t'
exists on [t1,ta] and satisfies the first of the bounds
’ | Imy|y
| Im X (,9,t)1 < B2

1— 2212ty — 1) (7.7)
IV X (t,y, 1) = I]oo < 102218721t — /| < 2B55721t — 1|,

and, if the inequality on |Imy|; is strict, also the second. The map (t,t',y) — X (t,y,t") is
continuous for t,t' € [t1,ta] and these y, extends the real flow and, where the inequality on |Imyl|; is
strict, is holomorphic in y.2 If | Tmy|; < ( — 2l (ty —1))? T505Em, then X (t, X (8", y, V), t") =
Xon(t,y,t). Since 222eb % (ty — t1) < & by (2.13), these domains contain {|Imy|y < t5isem} and
{|Imy|; < %am}, respectively, and the factor in the first bound is at most 35

Proof of Proposition 7.5 and Lemma 7.6. Since by = 0, both follow from two implications: Proposi-
tion 7.5 at level m implies Lemma 7.6 at level m, and Proposition 7.5 and Lemma 7.6 at level m — 1
imply Proposition 7.5 at level m.

Lemma 7.6 at level m. Since b, is real at real points, (7.6), comparing by, (¢, z) with by, (¢, Re x),
gives | Im by, (¢, z)[1 < < 22185 ?|Im z|;. By induction, every Picard iterate of the trajectory equation,
started from the constant y, therefore has |[Im-|; < |Imyly/(1 221 (tQ —t1)) < 1(1)3057% < &m/50
on [t1,t2]. Since the first increment is bounded (as by, is bounded at real points, hence on the strip
by (7.6)), the iterates converge uniformly by (7.6), geometrically with ratio 22'ef; 2(ty — t1). Their
limit is the trajectory, unique by (7.6); it satisfies the first bound in (7.7), and it is continuous in
(t,t',y) and holomorphic in y, since the iterates are. Their derivatives in y solve the linearized iteration
and converge; since [Vby,|so < 2221602 by (7.6) (cach entry is at most 221eh, 2), Gronwall’s
inequality bounds them by exp(2 - 43—0) < 5, and their distance to I by 10 - 22155172|t —t'|. At real
points the trajectory is the real one, since b, is real there. The group law holds by uniqueness,
since, by the first bound, X,,(t”,y,t') lies in the domain of existence.

Proposition 7.5 at level m > 1. For |t — lm7khm| < %hm, Lemma 7.6 at level m — 1 extends
x = Xy 1(lm khm, x,t) holomorphically, and continuously in (t,z), to {|Imz); < &,/25}, since
Em/25 < Tisem—1, with values Where | Im-|; < €m/25 The shear streams (2.6) are entire, and, as
|sin z| < exp(|Imz|), [Vmk] < el exp(2r - ) < 24, there. By Lemma 7.1(d), only the pulses with
Ly s, Within 1hm of t contribute to (2.12), finitely many near each time, so ¢y, — ¢m—1 extends to
a function on R x {|Imz|; < €,,,/25}, holomorphlc in z, continuous in (¢, z) (with its derivatives, by
Cauchy’s integral formula) and bounded by 2Em, since » Cm r < 1. Cauchy’s estimate on polydiscs
of radius &,,/300 about the points of {|Imzx|; < &,,/50}, which lie in the strip of width &,,/25,
bounds the second derivatives of ¢, — dm_1 at these points by 2 - 225,(300/e,,)% = 36000025, 2,

34



which gives the Lipschitz bound 7200005, > for V4 (¢m — dm—1) on {|Imz|; < &,/50}. Since
772 < el72/16, the field by, = by, 1 + V(¢ — 1) satisfies (7.6) with 221 /16 4 720000 < 221.
At real points the extension is b,,, so it is real there. O

Renewal charts. Let m > 1 and [ € Z. In the block of I, the pulses of level m are written in the
variable y = X,,,_1(lhpm, x,t) of (2.12). We call y the Lagrangian label of = at time ¢, the inverse
map y — Xpm—1(t,y, lhy,) the renewal chart of the block at time ¢, and the chart of the block of [,
the chart of pulse k. The conductivity of the chart is

K (t,y) = (VyXmo1 (b4, ) ™ (Vy X1 (b9, 1)) (7.8)

the coefficient of the diffusion term in these coordinates (Lemma 7.9). For m = 1 the chart is the
identity, since bg = 0, and K;; = I.
Lemma 7.7 (Renewal charts). Let m > 2 and | € Z.

(a) Let |t — lhm| < hy,. Lemma 7.4 applies to Xp,—1 with t1 = lhy,, and, for every integer j > 0,
there exists C(j) such that, for every z,y € R?,

& VI (Vy Xoi (g, th) — 1) |+ &) [V (Kot y) — T)| < C() 2y, 79)
sm_l\vgj Xm_l(lhm,x,t)‘ < C(j).
(b) For everyt € R and y € R?, with y' = Xp_1(lhm,y, (1 + 1)hp),
Xm—l(ta Y, (l + 1)hm) = Xm—l(t) y/, lhm) )
Km,l-i—l(ta y) = (vyy/)_l Km,l(t7 y,) (vyy,)_T ) (710)

and the map y — y' preserves area.

(c) Lemma 7.6 at level m — 1 applies on the interval [lhy, — 2, lhy + 2hi] (of length Shy,) about
the centre of the block, to y — Xp—1(t,y,t'), in particular to the chart (t' = lhy,) and to its
inverse (t = lhp,).

Proof. Lemmas 7.4 and 7.6 apply in (a) and (c), since hms 1 < 272 by (2.13). Next, [AV25,
Proposition 2.2, (2.40)] bounds V,X,,—1 (¥, z,t") — I, for every palr of tlmes t' ¢ with |t —t"| <
97252 ’B , in the norm [AV25 (1.21)] at the radius 211/€m 1 by 2Bt — t”\ s 2 read as in the proof
of Lemma 7.2, this is & |VI(Vo X1 (8, 2,t") — )| < C(G) |t' — t"| 772 With (¢, ") = (£, lhm)
and (lhp,,t), and hamel ™% < 27%5¢ 20 this gives the bounds on V Xm 1(t,y,lhy) — I and on

m—1

Xm—1(lhp, z,t) in (7.9). Since det V yXm—1 =1, the inverse of V, X, is its adjugate, so K, ; — I
is a quadratic polynomial without constant term in the entries of Vme_l — I, and the Leibniz rule
bounds its jets. Finally, in (b), the first identity of (7.10) is the group law, the second follows from
it by the chain rule, and y — 9 preserves area by Liouville’s theorem. O

For m > 1, the stream of the level-m pulses [AV25, (3.3)] is

= ) Gk Ymi() (7.11)

ke2Z+1

Lemma 7.8 (The level-m stream in a chart). Let m > 1 and | € Z.
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(i) For every t € [(I — 3)hm, (I + 3)hm] and y € R?,

(¢m - ¢m—1)(t7 Xm—l(t7 Y, lhm)) = wm(ta y) >

7.12
(VX1 (t, 4, thm)) ™ (b — by 1) (b, Xon1(8, 9, thim)) = Vb (t,) (7.12)

(ii) Let k be odd with Ly, =1, and let t,t' € R with |t — k7| < §7m and |t/ — k7| < §7m. Then,
for every x € R%, with y == X, 1(lhum, 7,1),

Xon(t',2,8) = Xpnos (t’, Y+ ( /t ’ Gk (") dt“)vwm,k(y), th) . (7.13)

Proof. (i) By Lemma 7.1(d), at a time ¢ of the block only the pulses with [,,, ; = [ contribute to (2.12),
and for them X,,—1(Ihm, Xm—1(t,y,lhy),t) = y by the group law. This is the first identity. The
second follows from it, since det V,X,,,_1 = 1 gives (? _Ol)(Vme_l)T = (Vme_l)_l([l) _01), SO
that V;- of a function composed with X,,, 1 (¢, -, lhy,) is (Vme,l)*l times its V+ at X, 1 (¢, v, lhm).

(ii) Let t" lie between ¢ and ¢/, and 2” € R2. No pulse other than k is active at ¢’: for odd k' # k,
the cutoff ¢, j» vanishes outside [(k' — %) 7, (k' + 2)7,], which is at distance at least 37, from k7,
while [t — kTyp,| < 37m. If ¢ lies in the block of , (i) gives

(b = by 1), 2") = ke ") Vy Xon 1 (84" 1) Vi (), " = X1 (Lhm, 2", ) .

Otherwise, by Lemma 7.1(d), t” lies within 27, < 57, < 7/, of an end of the block, where
all slow cutoffs vanish, and both sides vanish. Now consider the curve t" — X, 1(t",y +
(ftt” Zm,k)vlzpm’k(y), lhy). By (2.6), VLz/JmJg is a multiple of e that depends only on the coordi-
nate of its argument orthogonal to e(y), so it takes the value Vl@bm’k(y) at the displaced label. By the

chain rule, the derivative of the curve is b,,_1 at the curve plus gmyk(t”)Vme_l(t”, . lhm)VHﬂm’k
at the displaced label, which is the label y” of the point of the curve by the group law; by the
previous display, the second term is b,, — b,,—1 at the curve. The curve passes through x at time ¢,
so it is ¢ — X, (¢, 2, t). O

Shear displacements and phases. We call y — y + (ftt/ Gt () A" YV 4h 1 (y) in (7.13) the
shear displacement of pulse k; it acts at the Lagrangian label y and depends on y only through y/e,,
modulo Z?2, its phase. Section 11 composes the shear displacements across levels, with labels and
phases as parameters.

Lemma 7.9 (The equation in a chart). Let m > 1,1 € Z, (I — %)hm <t <ty <(l+ %)hm and
v>0. Let F € L?((t1,t2) x T3, R?), FO € L?((t1,t2) x T?) and g € L*(T?). A function 6 solves

00 +b,, -VO—vAl =V -F+FY in (t;,t5) x T2,
O(t1,") =g on T?
if and only if U(t,y) = 0(t, X;n—_1(t,y,lhy)) solves

U + Vb, - VU — vV - (K, VU)
=V ((VyXmo1) "F(t, Xpno1)) + FOt, Xpne1)  in (t1,t2) x T2, (7.14)
Utr,) = 9(Xm-1(t1, -, lhim)) on T2,

where Xpm—1 and Vy X1 are evaluated at (t,y,lhy,), and V acts iny. Solutions are energy solutions,
as in (8.3).
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In the chart the drift b,,_; disappears, the identity in the diffusion term becomes the conductiv-
ity K, which is Close to I by Lemma 7.7, and the pulses become the explicit shears (7.11). Since,
for U € HY(T?), -V - (¢, VIU) = V4, - VU, the equation in (7.14) can equally be written in
divergence form, with the matrix vK,, ; + wm( 10 )

Proof. By Proposition 7.3(i) and as in the proof of Lemma 7.4, at each time the chart is a
smooth, volume-preserving diffeomorphism commuting with the translations by Z2, so the change
of variables preserves the class of solutions and the weak formulation: for ¢ € C*(T?) and
o1 = @(Xm—1(lhm, -, 1)), (U(t), ©) r2(r2y = (0(t), 1) 12(T2), 80 the equation for U tested against ¢ is
the equation for 6 tested against ;. As ¢y is transported by by,—1, Orpr + by—1 - Vo = 0, so the
drift b,,—1 is absorbed into the time derivative of U. Since V,U = (VyX;—1)TVO(t, X;1—1), the sec-
ond identity of (7.12) turns (b, —b,—1) - VO into V>4, - V,U. Finally, since det VX1 = 1, the
Piola identity (the rows of the cofactor matrix of a Jacobian matrix are divergence free) gives, for C'*
fields and, in the weak formulation, for fields in L2, (V- F)(t, X;n—1) = V- (VyXm-1) 1 F(t, X;m-1)).
Applied to F and to vV0 = v(V,X,,—1) "V, U, it gives the forcing and the term vV - (K, ,VU). O

7.4 The averaged flux

Lemma 7.10 (The averaged flux). Let m > 1 and v > 0.

(i) For everyt € R, JY(t) is diagonal, vI < J%,(t) < (v+e2 /(2v))1, and, if ka( ) =0 for every
odd k, then J¥ (t) = vI.

ii) Foreveryt € R, J¥ (t+2h,,) s J¥ (t) with its two diagonal entries exchanged, and J¥ (t+4h,,) =
m m m

(iii) (2.17) holds, and K, (v) > v.

Proof. (i) The matrices e(;) ® e are diagonal, and 0 < Emk < 1, so the time integral in (2.16) lies
between 0 and f exp(—4n?u(t —t')/e2)) dt’ = 2, /(47v). At most one pulse is active at each
time (Lemma 7.1(d)), so 0 < J¥, () — vI < 272en, 26-2 g2 /(4r?v) I = 6%3/(21/) I

(i) Let j € 2Z. Since hy, /T, is an integer, (2.8), (2.7) and (2.9) give b, ks jh /rm = lmk +J and
Zm,k‘-f—jhm/’rm (t+ jhm) = vak(t), so the terms of J¥ (t + jhy,) are those of J¥ (¢) with k replaced by
k + jhm/Tm. The integer hy, /T, is odd, so for j = 2 the shift keeps k odd and exchanges 47 + 1
and 47 + 3, hence e; ® e1 and es ® ey, and for 7 = 4 it fixes the classes.

(iii) By (ii), J¥, is 4hp,-periodic and a shift by 2h,, exchanges its diagonal entries. So its averages
over [t,t+4hy,| and [t + 2h.,, t+ 6h,,] are equal and have exchanged entries; by (i) they are diagonal,
hence half their trace times I, which is (2.17); and K,,(v) > v. O

Section 10 identifies J}, with the spatial average of the flux of the correctors of the level-m pulses.
The bands (2.18) are dlSJOlIlt and accumulate at 0: by Lemma 7.1(a), 255/[ To<2A~ e ’B T <

5’16\)47, since 3 —y =28/(g+1) > 32 and A > 128.

7.5 Effective diffusivities

This subsection proves Proposition 2.1; its part (a) holds for every A > 128, with C depending only
on (.

Proof of Proposition 2 Z(a) Fix m > 1 and v > 0. By the recursion (2.19), we must show that
Ko (v) is within C(e2 /v)(e 2 J(wrm) +€5 1) ofy—i—sog?f/y
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Step 1: The time integral. Each pulse acts on the averaged flux as if it were held at its current
value. Let k be odd. By Lemma 7.1(d) and 7, < 7/, |(9tka\ < C/7m, s0

4t —t €2, ~ c [* 42t Ce},
V‘“ Aroli—t) U%uwﬁ- gmwsltﬁﬂ S )dt <

e2, 42y Tm 2 V2T,

As tr(egy ®epy) =1,0 < ka < 1 and at most one pulse is active at a time, (2.16) gives, for every

t eR,

2
smﬁ 2,

trJ;’n()—2u—— > G =c

ke2Z+1

(7.15)

vV UTy

Step 2: The average of the squared envelopes. The function ), o, | Cfmk is 27,-periodic, and
its integral over a period is 7, fR ¢ = %Tm by (2.2). Since h,, /T, is an integer, its average over
[0,4h,,] is exactly 2%: half of the slots are odd, and each carries %. The slow cutoffs change this sum
only where (p,,, , (t) <1 for an active pulse k. By Lemma 7.1(d), the slot of pulse k lies in its block

and (, r vanishes outside the slot enlarged by %Tm < 27]; so this happens only within 27/, of the
ends of blocks, a fraction at most 47, /hy, of [0,4h,,]. As both sums lie in [0, 1], Lemma 7.1(b) gives

4h /

. 9 4 4

‘][ D Cmp(®)?dt— | < hTm — <&l . (7.16)
0 reaz41 Afe,q]+1

Step 3: Conclusion. By (2.17), K, (v) is half the average of tr J¥, over [0, 4hy,], so (7.15) and (7.16)
give

28 23
— Em 9 sm € 5
K . Em 7’ (7"1 ) ’
’ m(¥) —v 4v 201 — v \vT, tEm
28 23
and 2 - 2% = %%. This is (a). O

Proof of Proposition 2.1(b). We may assume M > 2. Going up from M, we bound the logarithm of
the ratio sy, = rm/((9/80)" 253?”), uniformly in m. This normalization is the one a level reproduces:
by (7.17) and (7.18) below, s,, = 1 gives s;,—1 ~ (Em/E;]n_l)B_'y(l + &27), a number close to 1.
Step 1: One level. Let 2 < m < M. By (a), since ky, + g€ ﬁ/l-{m > 805%/’{7“’
2

RKm—1 5
1‘ < 0( b ) (7.17)
Km + 8%637»'?//41”1 RmTm m-l

Since q(8 —v) = S+~ (Lemma 7.1(c)), the comparison value satisfies the exact identity

Km + 805m 5 Jkm _( Em \PTV( oy 1
sy, = (G) (e ). T

So, up to the factor (g,,/e? )?~7 and the error in (7.17), a level maps s, to e2sm 4+ 1/5m,
essentlally 1/sm, and inversion preserves |log |: precisely, |log(emsm + 1/sm)| < |10gSm| + a7, since
e2lsm 4 1/, lies between 1/s,, and (1 + e57 ) max{sy,, /sy, } and log(1 + 5%1) < €27, Moreover:
e The error of (a). By Lemma 7.1(a)~(c), 5 T < 253nf1+85 and 7, > 0531;8?46, s0 €2, /(KmTm) =
(e "™/ ) (e /1im) < CER_1 /5.
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o The factor. |(em/el )P — 1] < Cep—1: with X = A"/ amY) el and g, are the

ceilings of A™1 and of A9, s0 &,,/e% | = [A71]9/[A79] lies between (1 + A9)~! and (1 + \),
and A < 2e,,_1.
If the right side of (7.17) is at most 3, then, since the logarithm of a number in [$, 3] is at most
twice its distance to 1 in absolute value, (7.18) gives

1
|logsm—1| < |logsm| + Cem_1 + 27 + C(l + S—)efn,l . (7.19)

Step 2: The start. Let m = M. Since %5?}7 <kpu < 25']6\)/;7, the two terms of the sum on the
right side of (7.18) lie in [3(80/9)"2,2(80/9)"%] C [1.49,5.97) and in [0,2(9/80)"/%c77] C [0,0.68],
and the factor (epr/e%, )77 lies in [27%/3,2%/3], by Lemma 7.1(a) and 0 < 8 — vy < 3. By
the first bullet, if A > C, the right side of (7.17) is at most 0535\4—1 < % So sp/—1 lies in
[1.274/3.1.49,3 . 24/3 . (5.97 + 0.68)] C [exp(—4), exp(4)].

Step 3: Up the levels. The constants C of Step 1 come from (a) and Lemma 7.1 and do not
depend on A, and the start bound 4 is absolute; so we fix the bound 5 = 4 + 1 first and Ay last. We
choose Ay > 128 so large that, for A > Ag: the requirement A > C of Step 2 holds; for every m > 2,

C(1 + exp(5))(en0_y +€p,_1) < 35 and

3 (Ca-m,l Lo+ exp(5))g;5n_1) <1,

m>2

which is possible since £,y < A~ by Lemma 7.1(a). We prove by induction on m, for m =
M—1,M —2,...,1 in turn, that
M—1
|logsy,| <4+ Z (Cgm/_l + 53,3, +C(1+ exp(5))5fn,_1) .
m’=m+1
For m = M — 1 this is Step 2. If it holds at some m > 2, then |logs,,| < 5 by the display above, so
the right side of (7.17) is at most %, and (7.19) with 1/s,, < exp(5) gives it at m — 1. Since the sum
is at most 1, [logs,,| <5 for 1 <m < M — 1: this is (b). O

Proof of Proposition 2.1(c). Let 2 < m < M. First, ky, < Kpp(km) = Km—1 by Lemma 7.10(iii).
Since 1 <m—1< M, (b) gives kp,—1 < 7 and (2.5) gives the bound on (kp—1hy,)"? Ifm < M,

m—1’

then (b) gives km < ey 7, and Lemma 7.1(a)—(c) give
2 2—B—v Bty
Em <C Em < q(2—B—)—(2—p+40) _ C 46 Fm-1 _ Em—1 _ 2qy
P T =Uena =L&m-1> P ~  q(B+y) =&m-1-
mTm m m €
m—1
If m = M, then kp > %56_7 = %5’?}75]}[%’, so the same computation gives €2,/(kp7ar) <
054]1\21-21117 < 064]1\271. Moreover Ky =< 5’]6\)4_7 = 5?\25:17) = Eé\gjjl = Ky—1, 50 ky—1 < Ckpr and
(kar—1/ka)? <O < Cerf7 . O

8. Energy estimates for families and paired smoothing

In this section we prove Propositions 6.1 and 6.2. We prove Proposition 6.2 in the form at higher
order announced after it, Proposition 8.3, together with its analogue for sources without smoothing,
Proposition 8.6; Sections 12-15 use these two.
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Arrays and coefficients. For a function g on T? with values in a Euclidean space, V/g is the array
of its 27 ordered partial derivatives of order j, with the Euclidean norm, as in (5.8). A coefficient
is a function A on T?, or on [t1,ts] x T?, whose values are linear maps between Euclidean spaces,
normed as in Section 2. Its derivatives are measured by

|VIA(z)| = sup{|Vj(Az)(x)| 2| < 1},

where Az is the function x — A(z)z for a fixed z. For the drift, the norm |V/V-L®(z)| of the j-linear
map of Section 2 equals this norm for the coefficient z — V+® - z, since the two matrices, acting on
arrays, are transposes of each other. For functions g, on T?, v € V, masses w, > 0 and g = (g, )vev,
we write

19012 5

901l (2
2 — P (T2) —
lgl3ea, (1) = ;ev o IIQIIHW 2y = ;EV P (8.1)

the second for integers N, > 0; for N = 0 the first is the norm ||g|| 2 (r2) of (5.7).

8.1 Products and derivatives in H [J,V

Lemma 8.1 (Products and derivatives at the scale p). Let N > 0 be an integer and p > 0.

(a) For every coefficient A of class CN on T? and every g € HY (T?) with values in the domain
of A,

N .
o .
1Al sy ) < (; Crsup V741 gl )

(b) For every integer i > 0 and every g € HNT4(T?), |]Vig|]Hé\r(T2) < p_i((N+’L')!/N!)”g||HKJ)V+i(T2).

Proof. (a) The weights turn the Leibniz rule into a convolution: there are (Z) ways to let i of the j
derivatives of V/(Ag) fall on A, each giving an array of norm at most [V*A| [V/ ™" g| at every point, and
(Z)p]/j' = (p'/i"(p’~/(j—i)!). So the sequence (p’/;! )\|Vj(Ag)||L2(T2) is bounded by the convolution
of (p'/i!)suppe |[VEA| and (p/i!)||Vig|| 12 (2), and Young’s inequality for a summable sequence
convolved with a square-summable one gives (a). (b) For j < N, p//j! = p=¢(( +4)!/5") p? T/ (5 +1)!
and (j +)!/j! < (N +1i)!/NL O

8.2 Paired smoothing

The kernel. We prove the properties of W, stated before Proposition 6.1. With uy(z) =
(20)?u(2¢z), the autocorrelation u * uy(— - ) has Fourier transform |i(¢/(2¢))|?, so expanding the
power in (6.1) gives W, = Zgzl(—l)jJrl (f) (ug * ug(—-))*, where (-)* is the j-fold convolution.
The autocorrelation is smooth with support in the disc of radius 1/¢, so Wy is smooth with sup-
port in the unit disc, and [p, Wy = WE(O) = 1. Since u > 0 has integral one, 0 < |u]? < 1,
so W, takes values in [0,1]. The smooth function 1 — || vanishes at its minimum, the origin, so
1—W, = (1 —a(¢/(20)1?)" = O(|€[*), and the derivatives of W, of orders 1 to 2¢ — 1, which are
constant multiples of the moments of W), vanish at the origin. Consequently, each average Sy, o
multiplies the Fourier coefficient of a function on T? at the frequency ¢ by Wg(TQTf) € [0,1]: it
commutes with derivatives and, by Plancherel’s theorem, contracts every H /])V (T?).

Proof of Proposition 6.1. Step 1: Derivatives along 21e1 and Qoeo. Each of these derivatives falls on
one average and costs 7!, whatever the short axes of the ellipses (Figure 8.1). Let Oy = ep -V
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Figure 8.1: The two thin ellipses {y — rQ1z : |2| < 1} and {y — rQaz : |2| < 1}, centred at y, over
which the two averages of Sy, o, S¢rq, are taken, and the vectors r{2ie; and r{lses.

and (g = Qgez - V. On y = g(y — rz), 9y is —r~19,,, and integration by parts in 21 in (6.2)
gives

OySerng(y) =1 /}R2 IWi(2) g(y — rfhz)dz,

and, by Minkowski’s inequality, for every j > 0, "8{1)Sg7r791g”L2(T2) < ’I”_jHa{WgHLl(RQ)HQHLQ('EQ);
similarly for 0y, Se,r0, and d2. The pair (J1), d(2)) is the image of (01, 2) under the transpose of
the matrix with columns 21e1, {22e3, so each 9; is a combination of 91y and J(9) with coefficients
that are entries of the inverse of that matrix, of absolute value at most its | - |oo-norm, hence at
most 2. An ordered derivative of order j is‘thus a sum of 27 products of j derivatives d1) or O(2),
with coefficients of absolute value at most 2/. The two averages commute with each other and with
derivatives; letting 9(qy act on Sy, and 92y on Si,q, gives, for every j > 0,

HVjSQHL?(T?) <g¢j T_ngHLQ(’Jl’Q)v

where ¢; depends only on u, ¢ and j. Proved for smooth g, this bound extends to every g € L?(T?)
by density, as the averages are bounded on L?(T?).

Step 2: The first two bounds. The averages contract H év 1(T?), which gives the second bound and
the terms of order j < N of the first. For N; < j < Ny, VISg = VI=NM8§VNg so Step 1 applied
to the entries of VN1g, with » < p and N;! < j!, gives the following bound, whose squares summed
over j < Ny give the first bound:

,Oi ) p\I—MN le N P\ Ne—M
ﬁHV]SQHLmP) < Gji-N (;) N71!HV 'gllzz(r2) < -y (;) ||g||HéVl (T2) *

Step 3: The approzimation. We use the vanishing moments in Fourier form. As 1 — [@|? is smooth,
with values in [0, 1], and vanishes at its minimum, the origin, 1 — [4|*> < C,| - |? with C, depending
only on u; so, by (6.1), 2¢ > Ny and supy. (Cu/(462))" = exp(v/Cy/e), for every ¢ € R?,

<1700 = (1 ()] )' <o (S} <o (L)

Let i € {1,2}. As Sy, q, multiplies the Fourier coefficient at & by Wg(TQ;rf), and Q€] < V2[4 0|€],

Plancherel’s theorem gives

Cy N N Ny (T
lg = Seroglizm < exp( %) (V2rCe) IV glay < COY (7) gl oy
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with C' depending only on w and Ny. Since g — Sg = (9 — Ser0.9) + Ser0,(9 — Ser0,9) and
0< /Wg < 1, this gives the third bound with the constant 2C'. This step uses neither the invertibility
of €;, nor the transversality of (21e; and )ses, nor r < p, which proves the last sentence of the
proposition. O

Lemma 8.2 (Time-dependent paired smoothing). Let ¢ > 1 and r > 0, and let Q1(t), Qa(t),
t € R, be invertible linear maps of R%, Borel measurable in t, such that, for every t € R, the
matriz with columns Q1 (t)e1, Qa(t)es has an inverse of | - |oo-norm at most 2. Then the operators
S(t) = Sr.0.(t)Se,r00(1) cOmmute with derivatives; for every g € L3(T?), t v S(t)g € L*(T?) is
Borel measurable; and there exist constants cj(u, () such that, for everyt € R, j >0 and g € L*(T?),
IVIS(t)gllr2er2) < ¢jr|gllp2erz). Thus S(t) is a smoothing operator of width r (Subsection 5.4
and the hypotheses of Proposition 6.2), with no bound on |Q;(t)|.

Proof. Step 1 of the proof of Proposition 6.1 at the time ¢ gives the bound, and the multiplier
form of S(t) gives the commutation. The multiplier at each frequency depends continuously on the
matrices, so t — S(t)g is Borel measurable, by Plancherel’s theorem and dominated convergence. [

8.3 Energy of coupled systems

We keep the setting of Proposition 6.2, without its condition on B, except that U, g, and FY may
take values in a finite-dimensional Euclidean space E, (E, = R for families), and F, in E2; A, 4
maps arrays of order d — 1 over E, to E2, S,(t) acts on each coordinate, and, in the component v,
L?(T?) and HN(T?) stand for L?(T?; E,) and HY(T?; E,). We consider, for v € V,

o,U, +V+d - VU, — vAU,
NSI‘C

=V- (Z Z Z Ag,dvdil(SJUv’) + Fv) + Fq[)) in (tlﬂtQ) X T2, (8.2)

eV o v —v d=2

Uv(tla’) = Gv on TQ,

with a flux forcing F,, and a scalar forcing FV. A solution of (8.2) is a function U € C([t1,ts];
LA(T%HV) N L2((t1, t2); HY(T?)V) such that, for every v € V and ¢ € [t1, 2],

t
Us(t) — g0 = / (—vch VU, + VAU, +V - (Z A aV (S, Uy + F) n F;}) (") dt". (8.3)

t1 v ,o,d

Here V41(S,U,) = V425,VU, is measurable in time (by the linearity of S,(¢), its bound
and the measurability of ¢ — S,(f)h), with norm at most cd_grg_dHVUv/||L2((t17t2);L2(T2)) in
L2((t1,t2); L2(T?)); (8.3) is an identity in H~1(T?).

For an integer N > 0 and p > 0, the coupling matriz of order N at scale p is

N, N
Wy \ /2 ) o’ »
BYr = (—v) E E E — sup |V/A,4l, v, eV. (8.4)
v wy /G G ()T -

For N = 0 and every p, it is the coupling matrix B of Proposition 6.2.

Proposition 8.3 (Energy of coupled systems at higher order). In the setting of (8.2), let N >0 be
an integer and p > 0, and assume the following.
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(i) For every (t,z) € [t1,t2] x T? and every integer 1 <i < N,
P VIVt 2)| < 272l
(ii) For everyt € [t1,ts], the coefficients Ay 4(t,-) are of class CN on T?, and, for every j < N,
VjA(,,d is bounded on [ty,t3] x T2,

(ili) All row and column sums of BN are at most 3.

Then, for every datum g and forcing F, FY such that, for every v € V, g, € HN(T?), F, €
L2((t1,t2); HN(T?)?) and F? € L'((ty,t2); HN(T?)), there exists a unique solution U of (8.2). It
belongs to C([t1,ta]; HN (T?)V) N L2((t1,t2); HNTY(T?)Y), and the following hold.

(a) The solution satisfies

8 2
U oo 111 1 my,m2) g HVUHL?(tl o), (T2)) S 2H9HHN 2y + o E W2 6y ), 72y

0
101 F T ey tagsmry, (12))

b) Without forcing, for every t; < t' <t <ts,
g )

10y r2y + 2 10 ey cray < 10 By ey -
(c) Without forcing, the components satisfy, each with a separate supremum in time,

1
;wv(”Uv\Iiw([tl,m;H,éer?)) IOy ony) < 2ol ooy

By (i), the velocity gradient times the diffusion time p?/v of the scale p is at most %. The sources
cost at most an eighth of the dissipation 2v||VU||?,y (12) (Lemma 8.4), and the drift a quarter
Pw

(Lemma 8.5).

Lemma 8.4 (The source term). Let N >0, p >0 and 9 > 0, assume (ii) of Proposition 8.3, and
assume that all row and column sums of B™N'? are at most V. Then, for every t € [t1,ts] and every
U = (Uy)wey with U, € HNT1(T?),

(> Aaﬁd(t)vd_l(sg(t)w))veVH%(Tz) < 0 VU o)

v ,o,d
Under (iii) of Proposition 8.3, this holds with ¥ = 3.

Proof. Fix : v — v and d; we omit ¢. Since S, commutes with derivatives, its bound in L?(T?)
holds in H[])V(']IQ), and with Lemma 8.1(a),

N .
_ P’ ;
HAJ,dVd I(SO'UU/)HHN(T > (Zi sup v]Amd|)HVUU’HH})\’(?F?) :
P O’ =0 . tl,tz}X'ﬂQ
So the v-th component of the source term, divided by wa/ ®. has norm in Hév (T?) at most
Uy le}\;,/p w;,l/QHVUU/HH})V(Tz), and Schur’s test (Subsection 5.4) gives the lemma. O
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Lemma 8.5 (The drift commutator). Let N > 1, p > 0 and t € [t1,t2], and assume (i) of
Proposition 8.3 at t. Then, for every smooth g on T2, with ® taken at the time t,

N . N o
Z(ﬂ)Q ‘<v1(v ®.Vg) -V @-V(Vﬂg),wg>
j=1

14
< S IVl ez -

L2(T2)

Proof. By the Leibniz rule, as in the proof of Lemma 8.1(a), the commutator is the sum over
1<i<jof (i) arrays in which i derivatives fall on V1+® and j — i on Vg, each of norm at most
|ViVL®| |[Vi~i+1g| at every point. Since (7)p?/(j!)? is the product of p™*1/(i! j), p~*/(j — 4)! and
p~1/(j — 1)!, the hypothesis and 1/j < 1 bound the contribution of i to the term of j by

9—i-2,, . P [oéaas P!

LA (A v/
G —9)! 9llz2(r2) G- 1) 1A% QHLZ(W) .

For each i, the sum over j of these products is at most 27 ~2v||Vg||?

HY (T2)’
inequality, and >°,-, 272 = 1. -

by the Cauchy—Schwarz

Proof of Proposition 8.3. Step 1: The energy inequalities. Let U be a solution without forcing that
is smooth in x, or one of the Galerkin system of Step 3 (the system projected onto trigonometric
polynomials). We apply V7, j < N, to the equation of U, and take the inner product in L?(T?)
with (p%/(51)?)ViU,: the transport term (V+® .V (VIU,), Vij>L2(T2) vanishes because V4@ is
divergence free, the commutator is bounded by Lemma 8.5 applied to U, (t), and the source term
pairs with VU, after an integration by parts. Summing over j, we obtain

d 3 _
OO By + 5V IVU Gy oy < 2 (0 Aa¥V (S U0) V0 ] (85)

v o,d

HN (T2)

with the inner product of the norm (5.8). Divided by w, and summed over v, the right sides are at

most 4[|VU (t)H%I;)Yw (12)) by the Cauchy—Schwarz inequality and Lemma 8.4, so

d )
&”U(t)nzgw(m) 1Y ||VU(t)||§1gw(1r2) <0. (8.6)

Integrating (8.6) over [t/,t] gives (b). For (c), we integrate (8.5) over [ti,t], drop its dissipation, take
the supremum in ¢, divide by w, and sum. By the bound of the right sides above, and then by (8.6)
integrated over [t1,t2], the left side of (c) is at most

5
2 2 2
oWz, r2) + 3 ¥ INUNZ2 (1 00, n2y) = 29y, o2y -

Step 2: The forced estimate. With forcing, the computation of Step 1, summed over v, has the
further terms —2(F, VU>HéVw(T2) and 2(FY, U>H/§VW(T2), with the inner product of the norm (8.1).

Bounding the first by ZHVUH%{/%(TQ) + %HFH?{‘JZVW(TQ) and integrating gives, for every t € [t1, to],

4
OO, 2y + Y INUN L2 ey, 2y < Nallzz, oy + — WL s 0y, 2
+2|U poo (i als 2y, (r2) [ FC 1t (e sy 7)) - (8:7)

Young’s inequality absorbs the last term, in two stages. On the right side of (8.7), let Y be the sum

of the first two terms and X and Z the two norms in the last, and let D := VHVUH%Q((tl b2) Y (T2))"
’ yHplw
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The supremum in ¢ of (8.7) gives the first line below, and this supremum plus half of (8.7) at ¢t =t
gives the second, which is (a), with the first line in its last step:

1
X2§Y+2XZ§Y+§X2+QZQ, so  X?2<2Y 4472,

1 3 3 1
X2+§D§§Y+3XZ§§Y+ZX2+922§2Y+10Z2.

Step 3: FEuxistence, uniqueness and reqularity. By the standard Galerkin argument, with the
Fourier truncations P,, which are self-adjoint and commute with derivatives, Steps 1 and 2
hold for the Galerkin approximations uniformly in n, and a subsequence converges weakly-x
in L>®([ty,ta]; HN(T?)V) N L2((t1,t2); HYT(T?)Y) to a solution U. For j < N, 9, VU, lies in
L2((t1,te); H-Y(T?)) + LY((t1,t2); L2(T?)), by (i), Lemma 8.4 and the classes of F and F?; testing
with Fourier truncations then gives the energy identity for VU, hence U € C([t1, to]; HN (T?)V)
and Steps 1 and 2 at order N (Lemma 8.5 extends to HV*1(T?) by density), and so (a)-(c). At
order 0 the same lines apply to every solution, with only the boundedness of V1®, so the difference
of two solutions vanishes by Step 1 with N = 0, since (i) is then void and B%" < BN+, O]

By the uniqueness at order 0 (Step 3), the restriction of a solution to [t/,t3] is the solution
from U(¢') with the restricted forcing, as it satisfies (8.3) there and Proposition 8.3 applies on [t/ ta].

Proof of Proposition 6.2. Take N = 0 in Proposition 8.3, without forcing and with real components:
(i) is void, (ii) is the boundedness of the coefficients, BY# = B, and (b) is the energy inequality. [

Proposition 8.6 (Systems without smoothing). In the setting of (8.2), let p > 0, let N, > 0,
v €V, be integers, and assume (i) of Proposition 8.3 at the order max, Ny. Let Ayy g, for v,v' € V
and finitely many d > 2, be coefficients as in Proposition 6.2 and in (ii) of Proposition 8.3 at the
order Ny, vanishing unless Ny > Ny, + d — 2, such that all row and column sums of the matriz with
entries

d—2
Nyl p * [t1,t2]x T2

(“:}U’)l/QZWZp] sup |V/ Aw/d‘ v,v' €V,
v d

are at most ]% Then, for every g, F, F0 such that, for every v € V, g, € HN*(T?), F, €
L%((t1,t2); HN*(T2)?) and F? € L'((t1,t2); HN*(T?)), the problem, for v € V,

U, + VLo - VU, — vAU, = V - (Z 3" Ay aV U+ F) FEY in (b)) x T2,

v'eV d
Uy(t1,-) = gu on T?
has a unique solution U (as in (8.3)) with U, € C([t1,t2); HN*(T?)) N LQ((tl,tQ)'HNUJ’_l(Tz)), and
2 v 2
01 e g crrioceny 2 IV ey < 20900z + I ey

0
+10 H HL1 ((t1,t2); H(N”)(']I'Q))

The system (8.2) with every S, replaced by the identity is of this form, with A, 4 = > Ag.d-

o:v'—v

Proof. The proof is that of Proposition 8.3, for each U, at the order NNV, and with uniqueness by (a)
for differences, except for the source term: by Lemma 8.1, with ¢ = d — 2,

N,
i p NN rd—2)
HAvv’,dv UU/”H’J)V’U(HQ) < (jz:: F [tlzllfx)w ‘VJA'UUI,CZ‘) -Nv!—Pd_2 HVUUI|’H‘L]7VU+CI—2(T2) )
and, when A, 4 # 0, “VUU/"HéVU+d 2(p2y < HVUU/H Nyt g2y’ ; Schur’s test concludes. O
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9. Reduction and proofs of the main results

In this section we prove Lemma 4.3 and Proposition 4.2, deduce Theorem A from them and
Proposition 4.1, state and prove Theorem C and Corollary D, and prove Theorem B.

Conventions. Throughout, C' and ¢ denote positive constants depending only on «,s,q,(, A
and on the quantities named in each statement. We write D,.(z) :== {y € R? : |y — x| < r} and
D, := D,(0); for E C R?, ||gllco.s () and [g]co.s(p) are defined by (3.1), with E in place of T? and
|z — y| in place of |x — y|r2. We fix Cy(a, s,¢q,(,A) > 1 such that, for every m > 0,

I = Pmll Lo mx2) < 005§n+1a [b = bl Le®xT2) < Cogmst ||V2¢m”Loo(Rx1r2) < 00551_(27 )
9.1
by (2.14) and Proposition 7.3(ii). A disc of radius at most 3 meets at most four translates of the
unit cell, so, for every periodic ¢, y € R? and r < %, fDr(y) g(z)?dx < 4Hg\|%2(T2).
Weak solutions are those of Section 3, and a weak solution on (t,,c0) is one on every (tin, tin + 7).
For a bounded, measurable, Z2-periodic and divergence-free velocity field and & > 0, the initial-value

problem (3.2) has exactly one weak solution on every (tin, tin + T); its restriction to (!, tin + 1) is
the weak solution with datum 6(¢/ ,-) at time ¢/, and, for every t € (tin, tin + 1),
2 2 2
10CE; 2 (r2y + 2RIV O L2 (11,0 xm2) = (000l T2(72) - (9-2)

These facts are standard (Galerkin approximation, Lions—-Magenes), and so is the first assertion
below; the second follows from it, since the balls of C%*(T?) are weakly closed in L?(T?): for every
[tl, tQ] C [tin, tin + T] and t € [tl, tg],

0 € C([tin, tin + T]; L*(T?)), 10(t, )l co.s(r2)y < 01 Loo (18205005 (T2)) - (9.2")

So the limit in L2 _ of 6(¢/,-) as t' 1 ¢, when it exists, is (¢, -).
For an open set O C R x R? with time sections O, := {x : (t,z) € O}, a local weak solution of
040 +b-VO — kA = 0 in O is a function § € L2 _(O) such that, for almost every ¢, §(¢t,-) has a

loc

weak gradient on O, with V@ € L2 (O), and, for every g € C°(0),

loc
/ (=009 + (b-Vb)g+ KVl -Vg)dtdr =0. (9.3)
o

A weak solution on (¢, tin + 1)) is a local weak solution in (tin, tin + T') x R2.

Finally, by Lemma 7.4 and (2.13), for every m > 0 and |t — t¢| < 8hy,+1, the map y — X, (¢, y, tf)
of (2.11) is a smooth, volume-preserving diffeomorphism of R? commuting with the translations
by 72, with inverse & — X, (¢, z,t), and both maps are 2-Lipschitz, since

IVy X (t,y, ) —I| < 3, VaXm(te,z,t) — 1| < L. (9.4)

9.1 Perturbed heat equations and moving cylinders

Proof of Lemma 4.3. We adapt Campanato’s method of [Gia83, Chapter III, Section 2| to parabolic
equations, with caloric comparison functions and the energy estimates of [LSU68|. In this proof, C
depends only on s. We write Q,(t,z) := (t — r2,t) x D,(z) and Q, := Q,.(0,0), and take w; < 1.

Step 1: Energy and a caloric comparison function. Testing the equation with (U — (U)o, )g?, for
a cutoff g equal to 1 on Q3,4 and vanishing near the parabolic boundary of Q;, gives

/ |VU|? dtdz < C/ U - (U)g,|* dtda : (9.5)
Q3/4 A
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the skew part has no principal term, since VU - (a — [)VU = 0, and the divergence-free drift
contributes only 3 [(U — (U)g,)?bs - Vg?dtdz. Since b, - VU = V- (U — (U)g, )b), U solves
OU—AU =V -F with F = (a—I)VU — (U —(U)g, )b, and |F| < wi(|VU|+|U - (U)g,|). Let W
solve this forced heat equation in Q3,4 with zero data, and set Uca) == U — W. Then Uca — (U)o, is
caloric in Qg/4, and by the energy estimate and (9.5)
/ W2dtda < C yFPdtda:gcw%/ U — (U)o, |*dtda.
Q3/4 Q34 A

Step 2: One step of decay. By the heat kernel representation of a cut-off caloric function, for

CVery (t,.%'), (tla .f/) S <_i7 0] X D1/27

|Ucat(t, ) — Ueat (', )| < Ot = | + |2 — x'\)/ ‘Ucal(’l', z) — (U)Ql|d7dz.

Q3/4

With Step 1 and |Q1]/|Q,| = r*, this gives, for every 0 < r < %,

g U - (U)o, |*dtdz < C(r? + wir™) g U — (U)o, |* dtdz. (9.6)
r 1

Step 3: Iteration. Since 1 + s < 2, we may fix rg € (0, %] with Crg < %ré"’s and then tw; with

Cw%ro_4 < %ré“; then, at r = rg, the constant on the right side of (9.6) is at most ré“’. For
(t,z) € Rx R? and 0 < r < 1, the rescaled function (7,z) — U(t + r?7,z 4 r2) solves an equation of
the same form, with the drift multiplied by r» < 1. We iterate with the radii %ré, j > 1, starting from
Q1/2(t, ) C Q1, with a constant depending only on rq for the first step and for the radii between
two consecutive ones, and obtain, for every (t,z) € (—3,0] X Dyjp and 0 <r < 3,

][ U(r,2) = (U) g, m | drdz < C7“1+8][ U(r,2) — (U)g,|*drdz. (9.7)
Q’I‘(tyx) Q1

Step 4: Hélder continuity. By (9.7), the averages of U over Q,(t,r) and Q, 5(t,r) differ by at
most CT(HS)/Q(J[QI U — (U)g,[>)*. So the averages over Q,-i(t,z) converge uniformly in (¢, )
to U, which is within C' times this bound of (U)g, (t,+)- One comparison of (U)Qm(t,z) with (U)g,
gives the L™ term of Lemma 4.3. Comparing averages over Qo.(t,z) D Q,(t,z'), at the radius
r = |z — /| + [t — ¢'|'/ for the points (¢,z) and (¢,2’) with # < ¢, gives the seminorm for r < 1,
where (9.7) applies at the radius 2r. For r > % the seminorm follows from the L term, since
|U(t,z) — U, 2")| <2|U — (U)QIHLOO((_%’O]MI/Q) and 1 < (4r)(1+9)/2_ The uniform continuity

of U on (—i, 0] X Dy gives the convergence of U(t,-) as t 1 0. O]

A trajectory of b on a time interval is a C! curve X with 9y X (#') = b(#, X(¢')); since b is
bounded and continuous, a trajectory ends at every point at every time.

Lemma 9.1 (Hélder bounds along moving cylinders). There exist ccy1 > 0 and C' < oo, depending
only on v, s, q, C, A, with the following property. Let k > 0, let O C RxR? be open, let 0 be a local weak
solution of 0,0 +b-VO—rkAd=0in O, and letZ=>0,t R, ECR? and 0 < r < min{%,ccyml/ﬁ}.
Assume that, for almost every t' € R and every disc D, (y) C Oy, fDr(y) O(t', ") da’ < =2, and that,
for every x € E and every trajectory X of b on [t — r?/k,t] with X (t) = x, the moving cylinder
{(ty) :t—r?/k <t <t |ly— X&) <r} liesin O. Then, for every x € E, 0(t',-) converges
in L*(D, (%)) as t' 1 t; the limit 0(t,-) is continuous on \J,cp Dy/a(x), and

16(t, M cos(my < Cr ' *E. (9.8)
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Proof. Fix € E and a trajectory X of b on [t — 7?2 /k,t] with X (¢) = z, and set

2 2
Iy = L L ' _
U(tay)-—9<t+HtaX<t+ﬁt)+Ty), (t',y) € (=1,0) x Dy .

Then U solves the equation of Lemma 4.3 with a = I and b,(t',y) = L[b(t",X(t") + ry) —
b(t", X(t"))], t" = t 4+ r?t'/k: the frame moves with b at its centre. This drift is divergence
free, and by (2.15) |b.| < Cr'**/k < @y once cey is small. Since the discs D, (X (t”)) lie in Oy,
f(fl,o)xDl U(r,2)*drdz < E2/(wr?). Lemma 4.3 bounds U on (—1,0] x Dy 9; since X (") — x as
t" 1 t, its Holder bound gives the convergence of (", ) to U(0, (- —x)/r), uniformly on D, ,(x) and
locally uniformly on D, /5(x), and, on D, j5(), the limit 6(¢, -) satisfies the bounds [0(t,-)| < C=/r
and |0(t,z) —0(t,2")| < CEr _1(\2 —2!|/r)(1+9)/2; the limits from different cylinders agree on overlaps.
For z,2 € E with |z — 2/| < %, the cylinder at z gives [0(t, z) — 0(t,2")| < C2r~17%|z — 2/|*, since

<i(l+s);for [z —2| > % the bound on |6(¢,-)| gives the same. O

9.2 Transfer to the full velocity field

Lemma 9.2 (Stream comparison). Let ® and ® be as in Proposition 4.2, and let k > 0 and w > 0
with ||® — ®|| o0 ®x12) < Kw. Let tin €ER, T >0, 0 € L2(T2), and let 6 and 0 be weak solutions on
(tin, tin + T) of the two equations of Proposition 4.2, with the datum 0;, at time ti,. Then

16— 5HL°°([tin,tin+T];L2(T2)) < @ ||0inll L2(T2) -
Proof. Since VX(® — ®)- V0 = —V - (& — ®)V16), the difference 6 — 6 solves
80— 0) + ViD- V(0 —0) — kA6 —0) =V - (@ — B)V4H)
with zero datum. Its energy identity, Young’s inequality and (9.2) for 0 give, for tij, <t <t + 7T,
H(G - 9)( HL2 T2) < "’iw2HV‘9H%2((timt)er2) < WQHQinH%mpy [

Proof of Proposition 4.2. Let wq = w1, the constant of Lemma 4.3, and fix t € [t1,t2].

Step 1: The inputs. By Lemma 9.2 with t;, + T = to + r?/k, ||0 — Ol oo ([ tar2 /n)sL2(T2)) <
@||0in | L2(T2); by (9.2'), the bound = on 6 holds at every time of [t; — r%/k, ta + r?/k].

Step 2: A cylinder moving with V+®. Fix z € R? and the trajectory X of V& with )Z'(t) =z,
and set, for (¢,y) € (=1,0) x Dy and " := t + r?t'/(4k),

U y)=0", X(t") +5y),  UE,y)=00"X(t")+5y).
By the identity in the proof of Lemma 9.2, applied to 6, U solves the equation of Lemma 4.3 with

@-6(0 —1

a—J = . 0 ) ’ b*(t’,y) — i[vL (t” X( //) T ) VL(I)(t// X( //))]

K

the first evaluated at (", X (t") + Zy); a—1I is skew with |a — I| < w, and b, is divergence free with
b < &= HV2<1>HL00(RX1T2 s0 |a — I| + |by| < @o: U solves it with a = I; and ¢’ € (t; — r2/k, ta).
Step 3: Closeness to a constant. By Step 1, U(t’ ,-) oscillates on D; by at most Zr°. The function

up = 4u(2-), with u fixed at the start of Section 6, is smooth, nonnegative, of integral one and
supported in Dy /5. Testing the equation of U with it gives, in the sense of distributions in ',

GO0 1y = /D (T(E) = T(E.0) (A + .- V() dy,
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because (A + b, - V)u; has integral zero (V- b, = 0). Hence the pairing varies by at most C=r® over
(=1,0), and U stays within C=r® of (U(0,),u1)12(p,). By Step 1 and the four translates of the
unit cell, fDl U — U, y)dy < 167"_2732”9;””%2@2): normalizing the L? deviation to the cylinder

costs r~1. Altogether,

<]{—1,0)><D1

Step 4: All distances. Since X(t") — x as t” 1 ¢, Lemma 4.3 and (9.9) give that 6(”,-)
converges to U(0,2(- — x)/r) in L (D,/4(x)), and, by (9.2'), this limit is 0(¢,-). It is within

loc \ "

C’(wr_lHG;nHLz(Tz) + =r*) of the constant in (9.9), hence of 8(¢,z) = U(0,0), and its increments over

2 1/2
U, 9) = (00, ),us) gy | A dy) ™ < Clr™ nlzae) +207). (9:9)

|z — 2| < % are at most C(wr™||0inll 2(12) + Zr®) (|2 — 2| /r)(1+9)/2 Since x is arbitrary,

l6(t,-) — o, N poe(r2) < C(wr_lHGinHL?(Tz) +Er%) .

For [z—2'|p2 < § the increment bound gives |0(t, 2)—0(t, 2')| < C(wr™%||0inl| 2(12)+E)|2— 2 [52; for

|z—2'|12 > %, the comparison with 6(t,-) and the bound on 6 give the same, since 1 < 45|z — 2/[5,.
Hence [|0(t, -)[|co.s(r2) < C(E + WT_l_SHHinHLQ(W)), since r < 1; and t € [t1, 2] is arbitrary. O

9.3 Proof of Theorem A

Proof of Theorem A. We choose the number n of extra levels (Step 1); for the bands far out,
Proposition 4.1 bounds the solution for the truncated velocity field bys1,, and Proposition 4.2
transfers this bound to 6 (Step 2); the finitely many remaining bands follow from Lemma 9.1 (Step 3).
Let Ay be the threshold of Proposition 4.1, and fix A > Ay and 0 < tg < T'; the constants below
are independent of t,, x, i, and . We continue 6 to the weak solution on (tin, tin + 71 + 1) with
datum 6;,, which agrees with it on (tin, tin + 7).

Step 1: The number of extra levels. The bracket 5q — %(1 +5)(2— p) is positive, since fg > ( and,
as B=1+aand s<i(l—a), (1+5)(2-8) <33 —a)(l—a)<28. Fix an integer n > 1 with
W49C=p)y_ =26+

2 2 -

q" (ﬂq - (9.10)
it depends only on «, s, gq.
Step 2: The bands far out. Let k € Ky, so that %56\34_7 <K< 2554_7. We apply Proposition 4.2,

whose regularity hypotheses hold by Proposition 7.3(i), (iii) and (iv), with ® = ¢, ® = ¢pr4,, and

B
- (wO"f)l/Q (2-8)/2 o Coerrint

200 M+n ’ ' K ’

q
m—1

n+1 n . . _
we have eprini1 < Cs?\/[ and epfyq, > ce?w, with constants depending on n, and, as k > %sf/f 2

2 .
so that, by (9.1), |¢ — ¢rr4nllLeemxr2) < K and %||v2¢M+n||Loo(RXT2) < $wo. Since &, < €

o < O, B2 A2 ¢ o G- (/=G < o

by (9.10). Moreover r < 05%77)/2, r?/k < CE?M_’B and w < Csﬁnﬂf(’b}*w tend to zero as M — oo,

uniformly in k € Kps; we fix My, depending only on «,s,q,(, A, tg, T, such that, for M > My,
r< %, r? /K < min{%to, 1}, w < %wo, and M is at least the threshold M7 of Proposition 4.1 for the
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times %to < T + 1. For such M, Proposition 4.1 bounds the solution 0 of (4.1) on (tin, tin + T + 1)
in L ([tin + %to,tin + T + 1]; C%3(T?)) by C’||9in||L2(T2), and, by Proposition 4.2 with ¢ = i, + &g
and ty = ti, + 71, we obtain ”9HLOO([tin—&-to,tin—&—T];COvS(11'2)) < C||0in”L2(T2).

Step 8: The remaining bands. If kK € KCpy with M < My, then k > %5@;:_1. Let t € [tin+to, tin+T

and 1 1 /8 /1 i
_ _ 2
ri= min{g, ccyl(isﬁhﬂy_l) , (ng/[:—lto) }
Then r < ccyml/ B and r?/k < %to, so every moving cylinder ending at time ¢ lies in O =
(tin, tin+T+1) xR2. By (9.2) and the four translates of the unit cell, the disc bound of Lemma 9.1 holds
with 2 = 2/|0in|l12(r2). By the lemma with E = R?, we obtain [|0(t,-)||co.s(r2y < Cr™ 5|0l 212
(for periodic functions the norms on R? and T? agree), and r depends only on «, s,q,(, A, to, T. O

9.4 Local regularity in tubes: Theorem C

For an integer m > 0, a radius ryupe > 0 and a final time t; € R, the tube is
T = {(t, Xo(t, y, tr)) s tr — Bhmgr <t <tg, Y| < reuve} (9.11)

the disc D, . carried by the trajectories (2.11) of by, over the time 8hy,41. For k > 0, a local energy
solution of 9,0 +b - V0 — kA# = 0 in T is a function § € L?(T) such that, for every g € C°(T),

/ 0 (drg+b-Vg+rAg)dtdz =0, (9.12)
-
which is the equation, written as 00 + V - (bf) — kA# = 0 since V - b = 0, and such that, in

the coordinates y, U(t,y) == 0(t, X;m(t,y, t;)) satisfies U € L®((ty — 8hymt1,tt); L?(Dy,,,..)) and
VU € L*((tf — 8hyt1,te) X Dy,,.). No lateral data are prescribed.

Ttube

Theorem C (Local interior regularity). In the setting of Theorem A, with Ay as there, let A > Ay
be an integer. There exists C1(a, s,q,(, A) > 1 with the following property. Let m > 0 be an integer
and let riupe Satisfy

1
Cimax{e% 1 hm+1, (Amy1sup IC)I/Q} < Ttube < 3 (9.13)

For every 0 < rops < %Ttube and 4hpy41 < to < 8hpmy1 there exists C(ay s,q,C, A, M, Ttube, Tobss to) <
oo such that, for every ty € R, every k € K and every local energy solution 0 of 0:0 +b - VO —
KAO = 0 in the tube T of (9.11), with U(t,y) = 0(t, X;n(t,y,ts)), the following hold. For every
t € [tr — 8hma1 +to,te], U(t,-) converges in L*(D,.,.) ast' 1t to a continuous function U(t,-), and

Tobs

2 /2
||U|’L00([tf—8hm+1+to,tf];CO,s(DTObS)) < C(][ 0(t,z) dtd:c) )

-

The bound holds from a time after the middle of the tube up to its end. At the end, where
Xn(te,y,tr) = y, the limit of U(t',-) defines 0(t;, ) = Ult,-) on D, /5. Since K is bounded
and hy,11 — 0 and €,,41 — 0 as m — oo, the range (9.13) is nonempty for all large m. Since
Xon(t, -, t¢) and its inverse are 2-Lipschitz by (9.4), Theorem C bounds 6(t,-) in C%* on the moving
disc Xy (t, Dy, ., t¢), with 2C in place of C. The proof compares 6 with the solution on the whole
torus from a cut-off datum, to which Theorem A applies; the localization error is exponentially small
in 72 /(Khm+1), and this offsets the smoothing at the radius r < ce16/? of Lemma 9.1.

50



Lemma 9.3 (Localization). In the setting of Theorem A, with Ay as there, let A > Ao be an integer.
There exist C1 > 1, C < 0o and ¢ > 0, depending only on «, s, q,(, A, with the following property. Let
m >0, let Toype < % satisfy Crep,  1hmt1 < Toube, let ty € R, let k> 0 satisfy Cl(ﬁhmH)I/Q < Ttube,
let 0 be a local energy solution in T, and let ti, = tf — %hm+1. There exists 6;, € Lz(']I'z) with
”HinHL2(T2) < Crtube(fTG(t, x)?dt d:L’)l/2 such that the weak solution 0P of (3.2) on (tin, tin +5hm1)

with datum i, satisfies, with UP*"(t,y) == P (t, Xy (t, y, 1)),

U -U perHLoo((tin,tf);Lz(Drmbe/fs

9 1/2 cr? b
) < Criube <][ O(t,x)=dt dx) exp(—ﬁ> ) (9.14)
T Khm11
Proof. Step 1: The equation in the coordinates y. For ty — 8hy, 11 < t < t¢, changing variables by the
volume-preserving map y — X, (¢, y, t¢), whose time derivative is b,,, turns (9.12) into

oU =V, - ("MV,U — Ub,)

B _ ~ (9.15)
M = (VyX0) (Ve X)), bu= (VX)) " (b= b)(t, Xon(t, 9, %))
in (tg — 8hm1,te) X Dy, where V, Xy, is evaluated at (¢, vy, t¢), and UP® solves it in (tin, tf) x R2.
Since det V,X,, = 1, the Piola identity (the cofactor matrix of a smooth map is divergence free)
gives V- b, = (V- (b—by,)) 0 X;, =0, and, applied to V6 in place of b — b,,, it puts the equation
in this divergence form. By (9.1) and (9.4), |b.| < 2Cpe;, ., and, as det V, X, = 1, M has the
eigenvalues of (V,X,,)"VyX,,, which lie in [£, ].
Step 2: Energy after the start of the tube. Let g € C°(Dy,,,.) With 0 < g <1 and |Vyg| < C/7tupe-
Testing (9.15) with ¢°U times a time cutoff that rises on (tf —8him+1, tin) shows that gU is continuous

in time with values in L?(D,,, ) on [ti,tf] (Lions—Magenes) and, since f( U? =

Ttube tf_8hm+1’tf) ><Drtube

87rhm+1rfubef7 62 by volume preservation,

<o Lo f

Ul corrr o1,
19U N Zoo (tt t11:22(D P41 Tope  Ttube

Ttube ))

) / 92dtdxgcr§ube]l Q2dtdr,  (9.16)
T T

by the hypotheses on rype and k, with C; > 1. We apply (9.16) with ¢ = g1 and with g = g2, where
91(y) = H(3 —4[y|/rtube) equals 1 on D, 5 and 0 outside Dg,. =~ 4, and ga(y) == H(7 — 8[y|/rtube)
equals 1 on D3, . 4 and 0 outside D7, . /s.

Step 3: The datum. The function giU (¢, -) is supported in D3, ./a C D1yg, so its translates
by 7?2 have disjoint supports. Let 6, be their sum, composed with = — X, (¢, z,tn). It is Z2-
periodic, UP* (tin, -) equals ¢1U (tin, ) on D, .., and HeinHL?(’]I‘?) < Crtube(fTHQ)W by (9.16) with
g = g1. By (9.2) and the four translates of the unit cell, since X,,(¢, Dy,.,t) lies in a disc of radius
2riube < 5 BY (94), 1UP e (4 1010020y, ) S AlinllZ2(r2) < Criipedr 6

Step 4: Ezxponential separation. We use energy estimates with an exponential weight of the form
used in [Dav87, Section 2|. For a length ' > 0, the weight

(e -3)
exp|— H - =

8r’ T'tube 2
equals 1 on D, = g, equals exp(—rube/(8r')) outside Ds,, /g, and the gradient of its logarithm is
at most C'/r’. Testing the equation of U — UP®" shows that the integral over D,, of the square
of this weight times go(y)*(U — UP)(t,y)? grows at most at the rate C(k/r* + €2 ,/r'): the
derivatives of the weight cost 1/r" against the diffusion and the divergence-free drift, and Young’s

inequality absorbs the rest into the dissipation. The other terms contain derivatives of go, which
vanish on Ds, 4, so they carry the factor exp(—riupe/(47')), the square of the weight outside
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Ds,., ../s- After Young’s inequality, which keeps go in front of the gradient of U — UP®, their integral
in time is at most C(k/r2,. + €% .41/Ttube) times the integral of U2 + (UP*)% over (tin,tr) X Dryy.
which is at most Chm+1rt2ubef7' 6% by Steps 2 and 3; and (H/T’gube + e 1/Toube)Pmy1 < 2 by the
hypotheses. The initial value is bounded by (9.16) with g = g, since at time t;, the difference
U —UP" = (1~ g1)U(tin,-) vanishes on D, . Since t; —tip = %hmH, Gronwall’s inequality gives,
for t;, <t < ty,

(U = UP)(t,y)* dy < CTtQube][ O(t',z)? dt’ dz - exp (C(m/r’2 + epi1 /T ) g1 — lel;k;e) '
D'r‘nube/8 T

With 7/ :== C'khyt1/Ttube, and C' and then Cj large, the exponent is at most —cr?, /(Khm+1),
using C1e5, 1 hmy1 < Ttube for the drift term. This proves (9.14). O

Proof of Theorem C. Let C; be that of Lemma 9.3; for k € K, (9.13) gives its hypotheses. Fix rgpg,
to, t¢, k and 0, and let t;,, 6;, and OP°" be as in Lemma 9.3.

Step 1: The comparison solution. By Theorem A on (tin,tin + 5hm41), with the waiting time
to — 4hmt1 € (0,4hp,41), we obtain

1/2
16PN oo ([t1y-+t0—4hum 1, tin 5 11:005(T2)) < Cllinll2(12) < Creune <][T 0(t,x)* dt dx) ;

at every time of this interval, by (9.2"), which contains [tf — 8hm+1 + to, ts).

Step 2: The difference. In the open set O = {(t, Xp(t,y,tr)) : tin < t < tg, |y| < %Ttube},
f — 0" is a local weak solution (the weak gradients are those of U and UP®', in the coordinates y).
By volume preservation and (9.14), fot/ (6 — 0P (¢, )2 < =2 for almost every ' € (tin, t;), with

E = Criube(f7 027 exp(—cri o/ (Khm+1))-
Step 3: Moving cylinders stay in O. Let

1 1
. . 1 gTtube — Tobs 1/8 . to — 4hm+1 g7tube — T'obs /2
T = min Y, Ceyik 7, | Kmin ) ,

8’ 8 2 7 24(1+ Coedy
so that ) )
r 1/1 r to — 4h +1
2r + 6006%_;'_1; S 5 (grtube - TObS) y ; S % . (917)
Let t € [tf — 8hm+1 + to, te), Er = Xm(t, Dr,_,t¢), and let X be a trajectory of b on [t — 1?/k, 1]

ending in E;. The second bound in (9.17) gives t—r2//£ > tf—6hm+1+%t0 > tin. In the coordinates y,
the point X (¢') moves with the velocity b, of (9.15), which equals V. X,, (¢, z,t')(b — by,) (¢, x)
at © = X(t') and has size at most 3Cpe2 _; by (9.1) and (9.4), so it stays within 3Coe%, ,r?/k
of D, _, a quarter of the term GCoaf‘nHrQ/ka allowed by (9.17); and z — X, (tf, x,t’) is 2-Lipschitz.
By the first bound in (9.17), the moving cylinder of radius r around X lies in O.

Step 4: The bound before the end of the tube. Lemma 9.1 applies to 6 — 6P" in O at every t € [ty —
8hm+1+to, te), with £ = FE; and = of Step 2, and gives ||(0—60P) (2, -)[|co.s () < Cr~'=%Z. The power
of k in r~17% is absorbed by the exponential in Z, since & — k~+9)/Bexp(—cr2 | /(khp41)) and
k> k-2 exp(—er?,  /(khm+1)) are bounded on (0,00): r~179E < Cf 62)" with C' depend-
ing on m, Tube, Tobs and to. With Step 1, 0(t, -) is continuous on Ey and [|0(t, -)[|co.s g,y < C(f 62)"/2.
Since y — X, (t,y,t¢) is 2-Lipschitz by (9.4), U(t,-) is continuous and ||U(¢, .)HCo’S(DTObS) <
2°(10(t, )|l co.s () the convergence of U(t,-) to U(t,-) in L*(Dy,,, ) as t' 1 t follows from that
of Lemma 9.1 for # — P, the continuity in time of P" and the continuity of X,,.

Step 5: The end of the tube. By Step 2 of the proof of Lemma 9.3, U(#', ) converges in L*(D,, )

as t' 1 t¢; by the uniform bound of Step 4, the limit is continuous and satisfies the same bound. [
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9.5 Vanishing diffusivity: Corollary D
As V- b = 0, the transport equation reads 9;0 + V - (bf) = 0, meaningful for continuous 6.

Corollary D (Vanishing-diffusivity limits). In the setting of Theorem A, with Ay as there, let
A > Ag be an integer.

(a) There exist constants C(«, s,q,(, A, to,T), for 0 < tg < T, with the following property. Let
tin €R, let K' C K be an infinite subset with 0 as its only accumulation point, and, for k € K/,
let 0 € L*(T?) with Ag := sup,cicr |05 12(12) < 00, let 6% be the weak solution of

010" +b - V0" — kAO® =0 in (ti,00) x T2,
0" (tin, -) = 6 on T?,

and, with M such that k € Ky, let 0% be the weak solution of the same problem with bys in
place of b. Then every 0% is continuous on (tin,00) x T2, and there exist an infinite subset
K" C K, Oinx € L*(T?) and a continuous function 6, on (tin,o0) x T2 such that:

(i) 0F — 6. weakly in L*(T?), and 0% — 0, locally uniformly on (tin,00) x T2, as k — 0
in K" ;

(ii) O« + V - (bb,) = 0 in the sense of distributions on (tin,00) x R?, and 0.(t,) — Oin .
weakly in L*(T?) as t | tin;

(iil) for all such to and T, (|0 Loo ([ti+to,tm+T1:005(12)) < C'(t0, T) Ao, and 0. is Hélder continu-
ous in time on [tin + to, tin + T] x T2, uniformly in space, with exponent s/(1 + s);

(iv) 6% — 6% — 0 in the sense of distributions on (tin, o) X R2 as k — 0 in K.

(b) Let C1, m, riupe, t¢ and the tube T be as in Theorem C, and let T' = {(t, Xm(t,y,tt)) :
tr — dhpmy1 < t < tg, |yl < %Ttube}. There exist constants C(a, s,q,, A, M, Ttube, Tobs, £0),
for 0 < rops < %rtube and 4hp,y1 < tog < 8hyy1, with the following property. Let K' C K
be an infinite subset with 0 as its only accumulation point, and let 0%, k € K', be local
energy solutions in T with sup,ci JCT 0% (t,x)? dtdz < co. Then every 0% is continuous on T,
and there exist an infinite subset K" C K' and a continuous function 6, on T' such that
0% — 0, uniformly on the compact subsets of T' as k — 0 in K"; the function 0, satisfies
00 + V - (bb,) = 0 in the sense of distributions in the interior of T' and, for every such rops
and to, with U (t,y) = 0.(t, X (t,y,t¢)),

1/2
K 2
U Loo ((tr—8hm i1 -+t0, ;005 (D, ) < C:g]g,(]{re (t,z) dtd«’ﬂ) -

Proof. (a), compactness. For 0 < tg < T and every t € [tin + to, tin + T'], Theorem A, with (9.2'),
bounds 0% (t,-) in C%*(T?) by CAg. Let x € T2, t,t' € [tin + to,tin + T] and 0 < r < 1. We average
0% (t,-) against 7 2u(r~!(z — -)), with u the function fixed at the start of Section 6. The average
differs from 0% (¢, z) by at most Cr®Ay; testing the equation with this function and using the bound
of 0% in L at the times between t' and ¢, we obtain

’/ (9“(t, ') — 0" (¢t x’)) r*2u(r*1(:c — a:’)) do'| < Ot — | (HbHLoo(RxTz)rfl + m“*2)A0 .
RQ

Since K’ is bounded, for |t — /| < 1 the choice = [t — ¢/|'/(%2) gives a modulus C|t — ¢/|*/(5+2) in
time, uniform in x; for |t —¢'| > 1 the bound C'Ag on the slices gives it. So every 6" is continuous,
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and the 6% are bounded and equicontinuous on every [ti, + to, tin + 7] x T2; the theorem of Arzela
and Ascoli with a diagonal argument, and the weak compactness of the balls of L2(T?), give (i).

(a), the limit. For g € C°((tin,00) x R?), [0%(0ig + b - Vg + kAg) = 0; since bd* — bb,
uniformly on the support of g as k — 0 in K", the limit is (ii). The bound of (iii) passes to the limit
pointwise, and the computation above with & = 0, for 0., and r = |t — ¢/|'//(0+9) for |t — /| < 1 give
the exponent s/(1 + s). For the initial trace, let g be smooth and Z2?-periodic. By the weak form of
the equation, the Cauchy—Schwarz inequality and (9.2), for ¢ > ¢,

i/TZ (eﬂ(ta :E) - 9::1(1:))9('7:) dl“ < (t - tin)AOHb ’ v.g + HAgHL“’((t;n,t)x'Jl‘Q) .

Letting first x — 0 in K" and then t | tiy gives [ 04(t,-)g — [ Oin«g; since [|0x(t, )| 2(12) < Ao, this
extends to every g € L%(T?).

(a), part (iv). Each finite union of bands is bounded away from zero, so M — oo as k — 0 in K,
where k € Kps. Lemma 9.2, with ® = ¢, P = ¢y and, by (9.1) and Kk > 155\347,

005'16\}4“ aB—B+ (q+2)v
K

w = —0,
where (¢ — 1) = (q + 1), gives, for every T' > 0, ||0" — gﬁ||Loo([timtin+T];L2(T2)) < wAy, hence (iv).
(b). This is the same argument in the tube, with Theorem C in place of Theorem A. The sets
{(t, X (t,y,tr)) 1t = 8hypyr +to <t < Ly, |y| < robst, for rops T %Ttube and to | 4hpm 1, exhaust 77,
and Theorem C bounds the % in C%® on each of them, uniformly in & and in time, up to ¢;. The
averages of (a), centred at a point x = X,,,(t,y,t¢) of such a set and with » and ¢t — ¢’ > 0 small,
depending on m, %rtube — robs and tg — 4h,, 41, are supported in a slightly larger such set at every
time 7 € [t', t], since, for z € Dy (z), [Xm(tt,2,7) — y| < 2(r + [bm|| oo mxr2) (t — 7)) by (9.4). They
give the same modulus in time for ¢ < t¢, and, by the limit of Theorem C at the end of the tube, for
t = ty. 0

9.6 Uniform anomalous dissipation: Theorem B

Lemma 9.4 (Positive Holder-smoothing operators contract). Let N > 1 be an integer, and let S
be a linear map from L?(T?) to the continuous functions on T? such that S1 = 1 and, for every
f € L3(T?) )s Jp2 Sf(x dx—fw z)dz, [|Sfllcosrzy < N°|fllp2er2y and, if f >0, Sf > 0. Then,
for every f € L*(T?) with Jp2 f( dx =0,

1
2 2
1S F1%202) < (1= 577 ) 1122y

Proof. Step 1: Rows. For every x € T?, f + Sf(z) is bounded on L?(T?), so, by the Riesz
representation theorem, Sf(z) = (Sz, f)2(r2) for some S, € L?(T?), the row of S at x. The
Holder bound gives ||Sp — Syllp2(12) < N°|z — y[fe- Positivity gives Sy > 0, since 0 < S(S; )(x) =
_HS;H%Q(TQ) for S, = max{ S:,0}; 81 =1 gives [ Su(2) dz = 1, hence [|S;||r2(r2) > 1; and the
preservation of integrals gives fTQ Sydx = 1.

Step 2: The kernel of S§*. The function (S, Sy)r2(12) is continuous, symmetric and nonnegative,
for every z its integral in y is 1, and, by polarization, it equals %(HSJ;H%Q(TQ) + ”SyH%%m) —
ISz — Sy||%2(1r2)) >1- %N25|$ — y|25, which, if |z — y|r2 < 1/N, is at least % The adjoint is
S*g = [2 9()S, dz, and expanding HS*QH%Q(W) gives, for continuous g,

1

1911720p2) = 1S* 917272y = 3 / (Ses Sy) 1212y l9(2) — g(y)[* dz dy. (9.18)
T2xT?2
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Step 3: A Poincaré inequality by translations. Let g be continuous, periodic and of mean zero.

Then the average over z € [—3, )% of [1. [g(z + 2) — g(2)|*dz is 2||g||%2(ﬂ,2). Writing g(-+ Nz) — g
as a sum of N increments by z, Cauchy-Schwarz bounds the integral at Nz by N? times the integral

at z, and the change of variables from Nz to z gives

2”9“%2@2) < N* lg(z + 2) — g(z)|* dzdz.

[— 5k o5 )2 X T2
For z € [—ﬁ, ﬁ)Q, |z| < 1/N, so, by Step 2 and the change of variables y = x + z in (9.18), the
right side of (9.18) is at least %‘f[iﬁ’ﬁ)zxrﬂg lg(x + 2) — g(z)|?dzdx > ﬁHgH%Q(WY

Step 4: Conclusion. Let fTQ f =0and g = Sf, which is continuous and of mean zero. Then
”9”%2(@2) = (£.8* 9 r2r2) < | flzr2) 1S* gl z2erey < (1= 5a2) 1 fl 22y |9l 22y by Step 3. O

Proof of Theorem B. Fix ti, € R and k € K, and let S6;, = 0(t;n + 1, ), with 6 the weak solution
with datum 6;,. By uniqueness, § is linear; constants are solutions, so S1 = 1; testing the equation
with a function of time only gives fTQ Sbin = fTQ Oin, since V - b = 0. The operator S is positive by
the maximum principle: if 6;, > 0, testing the equation with min{é,0} (Stampacchia’s truncation)
gives [0 min{é(t,-),0}? dz < [, min{#in,0}* dz = 0 for every ¢ > tj,: the diffusion term has a sign,
and the transport term vanishes, as V- b = 0.

By Theorem A on (tin, tin + 1) with tg = 3 and (9.2'), S is bounded from L?(T?) into C%*(T?),
and, by Lemma 9.4 with N the least integer such that N® is at least the constant of Theorem A, we
obtain, with ¢ := 1/(4N%),

||Sg||%2(qr2) <(1- 2C)Hg”%2(T2) for every g € L?(T?) with / g(x)dz =0.
T2
Since the constant of Theorem A is independent of ¢;, and of k € I, so are N and c. Since constants
are solutions, 6 — (i) is the weak solution with datum 6, — (6in)2, and 0(tin + 1,) — (Oin)2 =
S(6in — (Oin)12). The energy identity (9.2) for 0 — (0in)12 gives

2"f||V9H%2((tin,tin+1)xqr2) = [|6in — (ein)’]I‘QHiz(Tz) —||S(6in — (9in)T2)H2L2(T2)

> 2¢||6in — <9in)T2Hi2(T2) ’

which is (3.5). For t/, > tin, the restriction of 6 to (t,,00) is the weak solution with datum
6(t!,,-), whose mean is (6in)r2. So the contraction, with ti, + k in place of tin, gives ||0(tin + k +
1,:) — (Qin)TgH%Q(Tg) < (1 —20)||0(tin + k,-) — (Hin)pH%z(Tg) for every integer k > 0, and, by (9.2),

10(t,) = (6in)12|| £2(T2) does not increase in ¢. Hence, for every t > tj5, as 1 — 2¢ < exp(—2c) and
¢ < 1, we obtain (3.6):

166t ) = (B2 2 g2y < (1=2) 10!

Oin — (Oin) 12 Hi%'ﬂ‘z) < dexp(—2¢c(t—tin))||6in — (Bin) 72 Hiz(Tz) :
O

10. Cell problems and the averaged flux

In this section we construct, on each pulse, the finite lift of a system with sources: correctors of every
degree up to N¢or, which oscillate at the wavelength &,,, and the means they leave behind, the sources
of the successor. In the chart of its block (Section 7), a pulse of level m is a single shear, whose
cell problems are one-dimensional and explicitly solvable. The first correctors are those of [AV25,
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Section 3.2|. Throughout, A > 128 is an integer, and C', ¢ denote positive constants depending only
on a, s, q,C, unless another dependence is stated. For M > 1, k € Ky and 1 < m < M, recall that
Em = Em(Km_1/Km)"? is the corrector amplitude of Subsection 5.1, and p(m) = (Km_1hm)"? is the
effective diffusion length (5.5).

The window of a pulse. Let m > 1 and k be odd, and let e(Lk) ==¢; for k € 4Z + 1 and e(Lk) = e9
for k € 4Z + 3, the coordinate vector other than eq. By (2.6), ¥ k(y) = b sin(2my - eé)/sm) and

Vi i(y) = £2me " cos(2my - esy /em) ey » (10.1)

with 4 for k € 4Z + 1 and — for k € 4Z + 3. The window of pulse k and the time cutoff of k are

61 5 2/t — k1|
— < — = -_— .
|t kTm’ > 48Tm7 Hm,k(t) H<2 )7 (10 2)

Tm

with H of (2.9), which is 0 on (—o0,0] and 1 on [1, oo) As the envelope Zm i satisfies 0 < Em k< Cmk
(by (2.2), Lemma 7.1(d)), it vanishes for [t — k7| > 27,,; as the centres of odd slots are 27, apart, no
other pulse is active on the window of pulse k, where therefore 1, (t,y) = Cm,k( V() (see (7.11)).
The cutoff Hp,, is 1 for |t — k7| < 27, hence where ka # 0; it vanishes for |t — k7| > 27,,; and
> keazs1 Hmp = 1, since H(z) + H(1 —2) = 1. By Lemma 7.8(i), in the chart y — Xy _1(£, y, Ly ko)
of k the velocity added at level m is V1 4),,(t,%) in the block of k, and it vanishes on the rest of the
window; the chart and K,, L AT€ data on the whole window.

A two-scale form on the window of pulse k is a function A(t,y, z) of ¢ in the window and y, z € R?,
1-periodic in the fast variable z, read at z = y/em; it is transverse if it depends on z only through
z - eék). We write (A)g2(t,y) f[o 12 A(t,y, z) dz for its average in z, and, for a transverse form,

.Z(t, y; &) for its &-th Fourier coefficient in z - e(Lk,), ¢ € 7Z, as in Section 11.

10.1 The corrector of a pulse and the averaged flux

Lemma 10.1 (The corrector of a pulse). Let m > 1, v > 0 and k odd, and let

Cust) = =( [ (=5 ) onalt = )8 ) T ba). (10.3)

(a) x¥ . 45 Z2-periodic and smooth in y, continuously differentiable in t, of mean zero over [0,1]2,

parallel to ey, a function of y - e(Lk), and it solves, componentwise,

OeXom e + GtV Ve - VX = VAN = ~ GV Umg in R x R,
X =0 on (—oo, (k — 2)7n] x R?,
(10.4)
whose transport term vanishes identically.

(0) s ll o 2y < e/ (2m0).

(¢) If m > 2, there exist Ao(a, s,q,() > 128 and C(«, s,q,() < oo such that, for every A > Ao,
M >m and k € Ky,
e

oS < 20Rm-1, ||Xm ol Lo rxT2) < C&n < Cgm 1p(m). (10.5)
m
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This is the corrector of [AV25, (3.6)]; (b) sharpens [AV25, (3.10)], and (c) bounds x;" by a
constant times the corrector amplitude &, of Part I.

Proof. (a) The integral in (10.3) is f exp(—4r?v(t — t’)/efn)gm,k(t’)dt’; it vanishes before
the pulse, and its derivative is ka( ) minus 472v/e2 times itself. By (10.1), —vAV14,, , =
(420 /2 )V 1, which gives the equation; the transport term vanishes because the gradi-
ent of a function of y - e@) is orthogonal to e(y. (b) The integral is at most €2 /(47%v), and
|V ] < 2meh ! () By Proposition 2.1(a) and (c), and as e,_1 < A~! (Lemma 7.1(a)), for Ag
large,

9 5 5 52'8 1 52'8
RKm—1 Z (@ — CE;lnil — Cgmf].) - 2 270 a
B+1 28 1
cm Em (Eﬂ> /2/4,;1/2 < C’z—:m(ﬁm_l) " =Cégp, :
Km Km Km,

the first line is the first bound of (10.5), and the second, with (b), gives the second. The third follows
from (km—1/km)"? < Ce, T, p(m) > 051+7/2+5 (Proposition 2.1(c)), &, < 2e%,_; (Lemma 7.1(a))
andq—q7—1—7—5—35 by (2.3). O
Lemma 10.2 (The averaged flux is the flux of the correctors). Let m > 1 and v > 0.

(a) For every odd k, t € R and e € R?, with the term k of (2.16) on the right,

]{0 » (yI + G () 1 (y) ((1] —01)> (e + V(e xult, ) dy

— [e’e} 4 t/
— V6+27T2E%32Cm’k(t)(/ exp( v )ka(t—t)dt>( ek )®e(k))e.
0 Em

(b) The glued corrector Xy, = yeozi1 Hmk Xy, ) satisfies, for everyt € R and e € R?,

0 _1 v 124
f o (1 nitw) )(e+ Ve xnltn) dy =T, (106)
and there ezxists C(a, q,() < oo such that
v 1 v v 1 _ / v
O+ VY = VAN A Vi =D X
CsrﬁnJrl 2 (10.7)

VT,
H oxY H < ex (— m)
HZkE2Z+1 m e Xim. L®(RxT2) ~  UTpy P 3e2,

The integrand of (10.6) is the flux of the corrected coordinate y - e + e - x¥, (the divergence form
after Lemma 7.9, with I in place of K, ;; [AV25, (3.15), (3.18)]), and the glued correctors solve the
cell problem up to (10.7) (JAV25, (3.11)—(3.13)]).

Proof. (a) Let k € 4Z + 1 (the other case is symmetric) Then vy, = b sin(27y1/em), and

Xo i V(e-xt, ) are —2meh ! cos(2myy Jem)ea and Ar2el 2 sin(2my1 /em) (e - e2)er times the integral
n (10.3) Only the product of ¢, ; and V(e - x%, ;) has nonzero mean; since (! ')e; = ez and
f sin? = 1, its mean is 272} 25— 2§m k(t) times the integral times (e - e2)ea, and ey = ea.

(b) If wm( -) # 0, exactly one pulse k is active, H,, x(t) = 1 and the other cutoffs vanish at ¢,
as |t — k'Ti| > 57, for odd k' # k; so x4, (t) = Xim x(t); and (a) gives (10.6). Otherwise both sides
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are ve (Lemma 7.10(i)). The product rule and (10.4) give the equation, since H,, ; = 1 where
Gm,k # 0 and the transport term vanishes. Finally, H' , # 0 only for irm < |t — k7| < §Tm, where
IH},,.1l < C/7m and either x;, , = 0 or the pulse ended at least £7,, earlier; after the pulse the

integral in (10.3) decays at the rate 472v/e2,, so [x%, k< (8 /271'1/) exp(—7m2v7,/(3€2,)) there. [

10.2 The covariance

Lemma 10.3 (The covariance). (a) There ezists C(() < oo such that, for everym > 1, v > 0 and
t,t' € R,

t 28 2
‘ / (32,(t") = Ko (v)I) dt"| < O%(n’n + %hm). (10.8)
t/

VUTm

(b) There exist Ao(a, s,q,¢) > 128 and C(a,s,q,() < oo such that, for every A > Ao, M > 2,
k€K, 2<m< M and t,t' € R, the covariance (5.11) satisfies

Do ()] + [T () = Tin(#)| < Chim-170, < Ced_1p(m)?. (10.9)
The matrices are diagonal (Lemma 7.10(i)); Section 15 uses the two-time form (b).

Proof. (a) We compare J¥, with the flux J4™" .= T + (27 /2v) D keazi1 G (k) © eky of pulses
held at their current value and without slow Cutoffs. By Step 1 of the proof of Pr0p081tlon 2.1(a),
holding the pulses changes J?, by at most C (5%,? /v)e2,/(vTm) at each time; removing the slow cutoffs
changes it only within 27/, of the ends of the blocks where the slow cutoffs differ from 1 by (7.1),
as in (7.16). So [|J¥, — VfaSt\ < C(e ﬁ/V)(T —|— €2 hm/(vTm)) over every interval of length 4h,,.
The fast flux is 47,,-periodic with mean (v + 80 2k / v)1, since each period holds two odd slots, one
for each direction ey, and f]R mk = 1907'm, so its centred primitive is at most C(e 'B/V)Tm The
flux J¥ is 4h,,-periodic with mean K,,(v)I (Lemma 7.10), and 4h,, is a multiple of 47,,, so the
two means differ by at most (4h,,)"! times the integral above. The left side of (10.8) is unchanged
when t or ¢ moves by 4h,,, since the integral of J“, — K,,(v)I over a period vanishes; so it suffices
to bound the centred primitive over one period. Adding the errors, with 7,,, < 7/, gives (10.8).

(b) By (5.11), [ (0) = 0 and T (t) — Dp(t) = [(TEm (") — k1) dt”. We take v = ki,
in (a), so that K,,(km) = km—1 by (2.19), and it suffices to bound the right side of (10.8) by
Chim-17),. By (10.5), Proposition 2.1(c) and Lemma 7.1(b), e2 /i < Chim—1 and 2, b/ (KmTm)
C’ef‘,‘f_lhm < C7],, because hp, /7, = 4(5m ] +1 < 9 o - and Rm—1Tp, < %fffn_l/ﬁm—lhm

m—1>
%521—19(7”)27 as p(m) = (Km—1hm)"*,

O I IA

10.3 The cell inverse, the finite lift and the means

In this subsection and the next one, M > 2, k € Kps, 2 < m < M, k is odd, Neor > 1, and K(t,y)
is a conductivity on the window of pulse k: a symmetric matrix, measurable in ¢, smooth in y,
with 27 < K < 21, for instance K, . (Lemma 7.7(a), A large). The cell operator is the part of
Ot + Vi, -V — 6,V - (KV), applied to a form A read at z = y/e,,, without derivative in y:

LoA =0 A+ e (Vi) (t emz) - VoA — ke 2V, - (KV,A) . (10.10)
On transverse forms its shear term vanishes by (10.1), and £y = 0, — limsgf(e%}f) : Ke(Lk))(e(Lk) V.)2:
the cell problems across the pulse are one-dimensional heat equations.
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Lemma 10.4 (The cell inverse). Let FO and F be transverse forms of zero average in z, measurable
in t, of class C? and C® in z respectively, whose derivatives in z up to these orders are bounded on
[(k—61/48)Ty, (k+61/48)7,,] x R2xR2. There exists exactly one energy solution A, a transverse form
of zero average in z with, for everyy € R%, V,A(-,y,-) € L*([(k — 61/48) Ty, (k +61/48)7,] x [0,1]?)
and A(,y,-) € C([(k — 61/48)7m, (k + 61/48)7,,]; L?([0,1]%)), of the following problem, in the

wntegrated form in t tested against smooth periodic functions of z, for every y:

{/;0,4 =F0 4+ e@) -V.,F in (( - %)TW (k+ %)Tm) xR x R?, (10.11)

A=0 on {(k — ).} x R? x R?;

it is the cell inverse of FY + eé) -V.F. For every £ € Z\ {0}, y € R? and t € [(k — 61/48) 7, (k +
61/48) 7],

. t 47.‘.252/{ t _ N
A(t, y;€) = / em(—% / ety - K" v)eg, dt”) (FO +2miéF) (¢, y; &) dt’
(k—61/48) 7, €m t
(10.12)
2
~ Em P
H-A('ay?f)||L°°([(k;—61/48)7m,(k+61/48)7m]) < mHFO('ay?f)HL°°([(k—61/48)7-m,(k+61/48)rm])

2e2
+ WHF(-, Y f)HL°°([(k761/48)7'm,(k+61/48)7-m}) .

If K is instead a complex symmetric matriz, measurable in t, whose entry eé) -Keé;g) 1s bounded

with real part at least % (as in Section 11), the right side of (10.12) defines a transverse form A of
zero average in z, the cell inverse at K, with the same bound. The cell inverse of —(V>ty,)(t, emz)
is the corrector in the conductivity K, written xx(t,y,2); x1(t,y,2) = X, (t, em2).

Proof. On the mode &, Lo is 0y + (47r2§2/€m/5%1)e(%€) . Ke(lk): Duhamel’s formula gives (10.12); for a
conductivity, the energy identity in z gives uniqueness. As Re e(Lk) . Ke(lk) > %, the exponential is
at most exp(—3m2&2k, (t — t')/e2,), of integral in ¢’ at most €2, /(372¢%K,,), which gives the bound.
The source F° + eé;c) -V, F is of class C? in z with bounded derivatives, so its modes are O(¢~2) and,
by (10.12), those of A are O(£~%); the series of A converges with two derivatives in z, continuously

in t with values in L%(]0,1]?), and is an energy solution. For K = I, (10.12) on the modes ¢ = +1

is (10.3), since the pulse starts at (k — 2)7,,, inside the window. O

A system on the window of pulse k has finitely many components v, with masses w, > 0, and
finitely many sources o: v’ — v. A source has a birth order 2 < d, < Ny, its order when created
(Subsection 11.1), a factor fac(o) > 0, a majorant maj(c) > 0, and transverse two-scale forms A, 4,
2 < d < d,, whose values are coefficients from arrays of order d — 1 to R? (Section 8); we set Agqg =0
for d > d,. The system acts on fields Y = (Y,), by

Yy + Vi, - VY, — £,V - (KVY,)
do _ _
> D, Vo (Bmen 2 fac(0) Agalt, y, y/em) VT Yy); (10.13)

for the families of Section 11 these are the coefficients (11.2) in the chart of k. A path o1 ---0; is a
sequence of sources, each starting where the previous one ends; the empty path () has i = 0. We
assume that every path has at most Npae, sources, as for the families of Section 11. On a form A
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read at z = y/em, the chain rule V =V, + 1V, splits (10.13) by the number of derivatives in y
into £0,

L1A = (V) (t, em?) - VyA — kmep! (V.- (KVyA) +V, - (KV.A)),
LoA = —knVy - (KV,A), (10.14)

and the terms —L5[o], where the source parts L5[o] are the parts with exactly j derivatives in y
of the term of ¢ in (10.13) without its minus sign, those that fall on A, 4 included.

The finite lift below collects by degree the terms of the operator (10.13) applied to the sum of
Vjlo1---0;]Y over the degrees and the paths, for a field Y that solves the averaged equation stated
after Proposition 10.6. The time derivative falls on the coefficients of the correctors, which is the
term 0y of Ly, and on Y, where the averaged equation replaces it; this gives the last sum of (10.16),
in which a path splits at the component where the mean ends and the corrector begins. The proof
of Lemma 13.2 carries out this computation. In M; 4, as in A, 4 and in the coefficients of (5.6),
the order d counts the derivatives on the field together with the outer divergence, while in V; 4 it
counts the derivatives on the field. The means start at d = 2: in (10.15) the field Y appears only
differentiated, since Vy[()]Y = Y appears only under a derivative and the correctors of positive degree
annihilate constants (Proposition 10.6(a)).

Definition 10.5 (The finite lift on a pulse). The finite lift of a system on the window of pulse k
assigns to every path o;---0; and every degree 0 < j < Ngor, the number of derivatives in y
it carries (on the field or the coefficients), a corrector Vj[oi---0;], a linear map from smooth
fields Y (y) to transverse two-scale forms, Vj[oq---0;]Y = Zézo V;alor---0;]VEY, and to every
degree 2 < j < Neor + Nare the means M qloq -+ 03](t,y), 2 < d < j, arrays symmetric in the order
of the derivatives. With Vy[0)] := I, Vylo1---0;] =0 for i > 1, and Vj[oy---0y] := 0 for j < 0 and
7 > Ncor, they are defined by induction on ¢, then on j. The means are the coeflicients in

J
Z ./\/lj,d[O'l . ~al-]Vd‘1Y = l{j:27i:0}I€mKVY — ((VLI,ZJm)(t, smz) Vj,1[01 s Ui]y)?l‘?

d=2
do;
+ <the part with j — 1 derivatives in y of Z Fmed =2 fac(oi) Ag, ar(Vy + e v, )1
d'=2
NCOr
S Vilor- -~a,-_1]Y)T2, (10.15)
§=0

where, for i = 0, the last term is absent, and V;» counts as j” derivatives in y. For every 1 < j < Neor,
Vjlo1---0y] is the cell inverse, coefficient by coefficient, of the part of zero average in z of

min{j,Ngrc }
— (ﬁlvj_l[al e 0g)Y + LoV gloy - oy]Y — Z L5 oilVi—jloy - Ji_l]Y>
§'=0

i=2 i j—j"
=D Vploi o]V (Z M;_jndlo - ~-0’i/]Vd_1Y>, (10.16)
d=2

37=0i'=0

with, for ¢ = 0, no source sum; the parenthesis, for any j > 1, is the bracket of degree j. The finite
lift of the system (10.13) itself is (10.15)—(10.16) read for matrices over the components, with the
source sum over the sources into each component and matrix products in the last sum.
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As L§¢ acts along a shorter path and the means of degree j use only lower degrees or shorter
paths, the induction is well founded. The definition extends to any cell operator with an inverse as
in Lemma 10.4; the statements below are for transverse forms.

Proposition 10.6 (The finite lift and its means). There exists Ao(c, s,q,() > 128 with the
following property. Let A > Ay and N > 0, and consider a system on the window of pulse k
whose majorant matrix, with the entries (wy/wy)"? >, . ., fac(c) maj(o) as in (11.3), has row
and column sums at most 1, and whose conductivity and forms are measurable in t and satisfy,
with constants C(j1), C(j1,j2), for every t in the window of pulse k, y,z € R?, 2 < d < Nge,
J1 <N+ 4(Npath + 1)(Nc0r + ]Vsrc)2 and jo < N + 2+ Npatthrc + 2Ncor + 2Ngye,

hIVIKE Y| < CG), e [VIVEAat,y, 2)] < Cj1, j2) maj(o). (10.17)

Then:

(a) Existence and means. The correctors of positive degree ezist, are unique, transverse, of zero
average in z, zero at the start of the window of pulse k, and annihilate constants, and the
means are N + 1 times differentiable in y. For every path oy ---0; and 1 < j < Neor + Ngre,
the average in z of the bracket of degree j along it is —V - (Zé:z M qloq - Ji]Vdle), and,
for j =1, it vanishes.

(b) The cell equations. For every 1 < j < Neor, (10.16) has zero average in z, and Vj[o1---0;]Y
solves (10.11) with right side (10.16). The means of degree j > Neor + 2 along O vanish.

(c) The averaged flux. If K = I, then Mos[0] = I3 (t). If, for every t in the window of pulse k,
y € R? and jy as in (10.17), 21 [|[VIH(K —1)| < C(j1)e2_,, with C(j1) of (10.17), then there

exists C, depending only on o, s,q,(, Neor, Nsre, N and the constants of (10.17), such that, for
every such t and y and every j1 < N, €/l ||V (Mas[0] — IEm (1)) < Chyp16%

m—1-

(d) Quiet times. Let N > Ng.—2, and let t be a time of the window of pulse k at which Emk =0 and
the forms do not depend on z. Then, at t: Mas[0] = K, K; for every path o of one source, every
degree 2 < j < Neor+Nare and every smooth field Y, M ;[o]VI7Y = K 2 fac(o) Ay ;VITLY;
and all other coefficients of the means vanish.

(e) Quiet vanishing. Let t be in the window of pulse k. If, at all times of the window up to t,
Cmk = 0 and the forms do not depend on z, then, for every 1 < j < Neor and every path
010y, Vj[O’l--'O'i] =0 att.

(f) The system. The finite lift of the system (10.13) has from v’ to v the correctors and means
Y- Vjloi---0i] and Y- M;qlor - - - 04, summed over the paths o1 ---0; from v' to v.

So, up to the cell tail (Section 13), the averaged equation of the finite lift is 0;Y, = > V -
(M alor -+ 0;]VE1Y,), over j, d and the paths, with the sign of (5.6).

Proof. Centring. The average in z of a derivative in z vanishes, and (V1y,)(t, £,,2) does not depend
on y. So, for a transverse form A of zero average in z, (L1A)2 = V - (V) (t, mz)A) 2 and
(L2A)12 = 0, while (£1Y)g2 = 0 and (L2Y )2 = —k,,V - (KVY). A source part is V,, + £,,,!V..
applied to a flux, with average V- of the averaged flux.

(a), (b). By induction on i and then on j. The centring and (10.15) give the average of the
bracket of degree j. At j = 1 every term vanishes: along () since the shear has mean zero; along
a path of positive length since L£§¢ is a divergence in z and, on Vy, which does not depend on z,
the part of a source flux with no derivative in y vanishes, as d’ > 2. So in (10.16) the term j” = 0,
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to which only 7/ = 4 contributes, cancels the average of the bracket, and the terms 7” > 1 have
zero average: (10.16) has zero average in z. It is transverse, since K does not depend on z, and
Lemma 10.4 gives Vj[oq - - 0y] and (b). On constants, L1, L2 and every L£5°[o] vanish, hence so do
the correctors of positive degree. The regularity of the means is that of Proposition 10.7, which also
gives the derivatives in y of the lower correctors and means used to form (10.16). Existence and
these bounds are proved together, by the induction of its proof.

(c). Along 0, at j = 1 the bracket is (V4,,)(t,em2) - VY, 50 V1[0]Y = xk - VY and, by (10.15),
Mos[l] = kK — (Vi) (t,emz) @ xk)12. For K = I, x; = Xy (£, €m2), and the mean of
cos? is 3, 50 Ma[0)] is kI plus the term k of (2.16), that is, J&(¢). For general K, by (10.12)
the modes £ = +1 of yk and x; differ by the integral of Emk against the difference of two
exponentials, at most (4m2k,,/e2)(t — t')sup |K — I|exp(=3m2km(t — t')/2,), of integral in ¢/
at most (4e2,/97%k,,) sup [K — I|. With [V, 1] < 2mel, ' and (10.5), [Maao[0] — I5m(t)] <
Cbim + €20 Jki) sup |[K — I| < Chim—1620_|; derivatives in y fall on K and cost Ce, ! | each.

(d), (e). At a time as in (d), the shear term of (10.15) vanishes, and so does the average of the
source flux of a corrector of positive degree; what remains is k,, KVY and the sources applied to
Wl0]Y =Y, of degree d for the order d. For (e), by induction: if the lower correctors of positive
degree vanish up to ¢, then, up to ¢, the bracket is LoY (for i = 0 and j = 2), a source part applied
to Y (for ¢ = 1), or zero, and it does not depend on z. The terms j” > 1 of the last sum of (10.16)
vanish, and its term j” = 0 does not depend on z. So (10.16), of zero average by (b), vanishes up
to ¢, and (10.12) gives Vj[oy--- 0] =0 at t.

(f). The definition is linear and the cell inverse unique. In the finite lift of the system, a term
carrying i sources is a product of the forms along one path, in order; its source parts extend a shorter
path by its last source, and its products split a path at one point. So the sums over paths satisfy the
definition for the system. Its equations are triangular in the length of the longest path into v, which
is at most Npatn. At degree j, the source part £ [o] of a source o: w — v couples the corrector
from v’ to v to the corrector from v’ to w at the same degree, and the longest path into w is shorter
than that into v. So the definition for the system has exactly one solution, and uniqueness gives (f).

Paths and the threshold. The system along a path (its components, one source per step) satisfies
the same hypotheses, and (a) along the path is (a) for it. The threshold Ay is the larger of that of
Lemma 10.1(c¢) and the one beyond which &,, < p(m) < &,,—1, by (10.5) and Proposition 2.1(c). O

10.4 Bounds on the correctors and the means

For a transverse form A and integers N, j1 > 0, the Wiener norm

- Z N||vit 4(. ..
AN, = (L4 1EDV IV ACS - 5)HL°°([(k:—61/48)7m7(k+61/48)7m]><R2) (10.18)
€€z

is summed over the entries for arrays. For every jo < N, it bounds (27)7/2 times the norm
of VI'V2 A in L®([(k — 61/48)7y, (k 4 61/48)7,,] x R? x R2), and obeys the Leibniz rule, as
T+ 1€+ <A+ +[€]). A matrix over the components is bounded in row and column sums
if the sum of its entries over each row and over each column is.

Normalized variables. In the time k,,t/c2, and the slow variable y/p(m), (¢2,/km)Lo has the
diffusivity e(Lk) . Ke(Lk) € [2,2] in the fast variable. Relative to (2, /kp)Lo and to the derivatives in
the slow variable, (€2,/km)L1, (2,/km)La, (8%1/,%7”)5;1,“[0] have the sizes of the powers 1,2, j" of
Em/p(m) < Ce_: the drift e, (Kmkm—_1)" 7>V by, of £ is at most C by (10.5), and the sources

carry (eq,/p(m))’, smaller as ki, < K1
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Proposition 10.7 (Sizes). In the setting of Proposition 10.6, there ezists C, depending only on
@, 8,4, C, Neor, Nsre, Npath, N and the constants of (10.17), such that, with sums over the paths
o1-+-0; from v to v:

(a) for every 1 <d < j < Neor and j3 < N, in row and column sums over the components v, v,

(%) ehea [ Vil

(b) for every 2 < d < j < Neor + Nge and j1 < N, in row and column sums as in (a),

<%I> th Z Mjalor---ai Lo°([(k—61/48) T, (k+61/48) Ty ] x R2)

< Chiy 185724 (10.20)

m—

< Celetd (10.19)

= m—17

Najl

(C) Jor every path o1 ---0;, 2<d < j < Neor + Ngre and j1 < N + 1,

IV MG alon - - 0il | Lo ([(6—61/48) r, (5-+61/48)rn] < R2)
< C'fac(o1) maj(oy) - - fac(oq) maj(o7) km_185 257, . (10.21)
Proof. By induction on the length of the paths and then on the degree; for (c), the majorant matrix
is replaced by the entries fac(o) maj(o) of the sources of the path.
The inverse and the four products. By Lemma 10.4, in the norms (10.18) with the weights 5m 1, the
cell inverse costs Ce2, /k,, and returns two derivatives in z on F and one on F of (10.11). The cross

terms of £ on a transverse form B have the form eé;g) -V.F,as V.- (KV,B) = e@) -V, (e(Lk) -KV,B)
and V, - (KV.B) = eék) -V.V,- (Keék)B). A derivative in y of the exponential of (10.12) brings
down —(47%€2k,, /%)) ftt, eé) . VyK(t”,y)eé) dt”, of size at most (472K, /e2,)(t — t') sup |V, K|.
So j1 derivatives bring down products of at most j; such terms, with j; derivatives on K in all. After
the integration in ¢ each derivative costs Ce, ! |, as fooo(aT)le_3aT/4 dr =1!(3)""1/a for a > 0. Each
term of (10.16) is a lower corrector or mean times one of four coefficients, which the inverse turns into
powers of the corrector amplitude; by (10.5), the definition of &, and &, < &,, (Proposition 2.1(c)),
the four products satisfy

2 2 2 2
1S _ _ e Rm 1S o -/ €m Km—1 _

mefl < Cgy, g e 2l Tmye g2 =& . (10.22)
Rm Rm Em Rm m Km

The step. Assume the bounds along shorter paths, and along the same path at lower degrees.
In each term, a derivative in y raises the order of the derivatives of Y or falls on a coefficient,
at the cost am 1> which keeps the power edm 1- The shear term of £1V;_1, of size 27r5£1 ! with
two modes, gets the first product; the cross terms of £1V;_1, with one derivative in z that the
inverse returns, the second; £5V; 5 the third, with j' = 2. A term £5°[03]V;_j[01 -+ - 05-1] has the
coefficient e 2 fac(0;) Ay, @ and d' — j' derivatives in z, each costing €}, so it gets the third
product times C fac(o;) maj(o;). A product term of (10.16) with j” > 1 carries kpy—1 and j — 2
powers of the corrector amplitude, and the fourth product turns £,,—1 into two more. This gives (a)
at j.

The means. By (10.15), the means are kmK, at most 3 7fm—1, at the degree 2, plus two averages.

For the shear term, sﬁflém = (Km— s //<am)1/2 < Ckm—1 by (10.5), so the bounds of the induction

on Vj_1, those of (a) with the N 4 1 derivatives in y of its reserve and, for (c), along the path,
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give (b) and (c). For the source term, the part with j" derivatives in y of a source applied to V;,
G+ § =7 — 1,18 kmed, fac(o;) maj(o;) times the bound of the induction for Vjn, and this is at
most the bound (b): by &, < &, if 5/ > 1, and by (km/em)ém = (kmfm—1)"?> < km_1 if 7/ = 0.

Components and orders. Over the components, each term is a product of the majorant matrix
and of lower correctors and means; row and column sums are submultiplicative, and at most 1 for
the majorant matrix. The derivatives are counted by reserves: the induction at path length ¢ and
degree j carries bounds on the correctors with

N 4+ 14 (Neor + Nere — j) derivatives in y and N 424 (Npath — ) Nsre + 2(Neor + Nere — 7) in 2,

its reserves at (i,7), and on the means, which do not depend on z, with N + 2 + (Neor + Ngre — 7)
derivatives in gy, one more than a corrector of the same degree. A reserve r in z is carried in the
Wiener norm (10.18) of order r — 2, as the cell inverse acts mode by mode. A form with r bounded
derivatives in z has this norm, since (1 4 [€])"|A(€)] < 2 (||A]| = + (27T)7TH(€&) V)" Al L) and
Yeen(1+1€])7* < 00. So the bases N + 1 and N + 2 give the N + 1 derivatives in y of (c) and
the Wiener norms (10.18) of order N. Lowering the degree by j’ raises the reserve in y by j' and
that in z by 2j’, and shortening the path by one raises the reserve in z by Ng.. A source part
L3oi], i 21,0 < j" < min{j, Ny}, puts at most j' derivatives in y and Nge — j' in 2z on its
predecessor, of path length ¢ — 1 and degree j — j', whose reserves exceed those at (7, ) by j' in y and
by Ngre + 27" > Nge — j' in 2. The terms with £1 and L9 put at most j' derivatives in y and 25’ in 2
on V;_js, j' = 1,2, whose reserves exceed those at (4, j) by exactly these numbers. By (10.15), a mean
of degree j asks of V;_1 the reserve in y of the means at j, which is that of V;_1, and of a source part
with j’ derivatives in y on Vj», j” + j' = j — 1, that reserve plus j', which is that of V;». The term
kmXK of (10.15) asks at most N + Neop + Ny derivatives of K. In a product term with j” > 1 (the
term j” = 0 does not depend on z, and the part of zero average removes it), the path splits into two
paths, of total length i, with the degrees j” and j — j”, both below j. By Leibniz’s rule, the mean, of
degree 7 — j”, receives at most j” + 1 derivatives in y beyond those of the target, and its reserve in y
exceeds that of the correctors at (i,7) by exactly j” + 1. The corrector, of degree j”, receives at most
those of the target, within its reserve, and both have reserves in z at least those at (i,7). So the
induction closes. This induction runs together with that of Proposition 10.6(a): at (4, j), the bounds
at the lower stages bound (10.16) in the Wiener norm of order r — 4, with r > N + 2 + 2Ng. > 6
the reserve in z at (4,7), so that (10.16), as a scalar source, has the two bounded derivatives in z
that Lemma 10.4 assumes. The largest reserves, at (0,0), are N + 2 + Npath Nore + 2Neor + 2Ngrc
in z, which is the order in z of (10.17), and N + 1 + Neor + Ngre < N + 4(Npagh + 1) (Neor + Nare)?
in y, since Ng > 2, which is within its order in y. O

10.5 The corrector operator and the mean flux

Let G be a family of level m, 2 < m < M (Subsection 5.4), whose sources have coefficients (11.2)
satisfying the hypotheses of Proposition 10.6 on the window of every pulse k, in its chart, with
K =K, ,- Let Vj[o1---0i] and M 4[o1 - - - 0;] be the correctors and means of its finite lift on the

window of pulse k, and, for a field Y on the components of G, let ffk(t, y) =Y, Xn—1(t, y, L kham))-

Definition 10.8 (The corrector operator and the mean flux). For a field Y as above, a component v,
t € R and € R?, with y .= X1 (L ghm, 2, 1), VyXm—1 taken at (t,y, Ly rhm) and Vj[oq - - - oyl
M 4o - - - 0;] those of the window of pulse &, in the term of &k, with the sums over the paths oy - - - 0}
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ending at v, from the component v/,

Neor
(Corrp 1Y)y Z Z ka )(t, Y,Y/em), Corry,Y = Z Hp i Corrp 1 Y,
ke2Z+1
Necor+Nsre
(MY ), = > Huk(t) Vy X Z ZZ o1 0]V (ty) . (10.23)
ke2Z+1

The operator Corrm is that of (5.10). In (10.23), the term of k& vanishes outside the window of ,
where H,,, 1, = 0, as Z < 48, and Vd_lY;w/ is taken in the label y. The mean flur M,, glues the
means, carried to Eulerian coordinates by the Piola identity of Lemma 7.9, under which a flux in the
chart is multiplied by V,X,,_1. By Propositions 10.6(c) and 10.7(b) and Lemma 7.7(a), the part
along the empty paths is close to J&m (¢)V; the difference, of all orders, is the defect of the averaged
flux, a source of the successor (Section 13).

11. Admissible families

In this section we define the admissible families, those that descend from an admissible seed by
cycles (Subsection 5.4), and prove by induction along the cycles that they satisfy the invariant of
Definition 11.1 (Proposition 11.5), whose clauses (a2)—(a4), (a6), (b)—(d) are used in Sections 12-14.

11.1 Parameters and sources

Parameters. The following parameters depend only on «, s, q,(, A, n,tg,T. With those of Subsec-
tion 5.3 and Section 14, they are fixed in the order of Table 11.1, which omits only the absolute
constant c,, of Subsection 11.3 and computed orders such as Ny and Nyorq. The orders of the
entry, among them Nge and Noyte, and the bound B on the paths of the seed are defined in
Subsection 15.1, in (15.3), item (3) there and (15.7).

(1) The orders of the entry, which fix Part I's Nyep, and the seed’s bounds (Section 15): orders at
most Ngrc e, and at most B sources on a path. Then, with the other parameters of Subsection 5.3
and the orders of Section 14: Ngen, the number of generations kept; Ngc; the width exponent ©
of (14.1); Nien, the length of the longest word kept, and Npath; Nmom, the moment order of the
smoothings, with 2/ —1 > Nyom and the conditions of (13.5); Neoef, the order of the derivative
bounds, at least Nyet and the orders at which the preparation uses these bounds (Section 12). A
generation adds at most 2Nco; + 4p + 4 to the orders and multiplies the number of components
on a path by at most Nje, + 2; this gives the orders Ny, at generation Nge, + 1 and the path
bound Npaen at generation Ngen (the paragraph after Definition 11.4), and © is small:

)
Nsrc = src,e+(Ngen+1)(2Ncor+4p+4)7 Npath = (B+1)(Nlen+2)Ngen_1a (Nsrc_2)@ < é .
(2) The constant ¢yl € (0,1] of the molecular radius
Pmol(M) = ¢mol mln{am, mma )1/2} (11.1)

the scale at which a solution of a family of level m has derivatives after the time pyo1(m)%/km;
Cmol 18 fixed in Section 12, before the orders of item (1). Then the seed’s orders and constants
(Section 15): its derivative order, at least max{Ngoef, Nout,c} and large enough in terms of the
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orders of item (1); its weight order (the exponent of 1 + |£| in (11.9)), at least its derivative
order; the offset Nog > n of the analytic norm (Subsection 11.3; used in Definition 15.3);
Cseed > 1 (its mass, coefficients and majorant sums); and its constants of the kinds in item (3).

(3) The invariant’s constants, weaker than the seed’s (constants larger; orders smaller): Cqo > 3
(| - |oo-norms of the matrices of the smoothings and of the inverses of their long axes); c;
(the smoothings); Cyiq (the widths); Cger, Cjet(j) (the derivative bounds); the weight order
Nan > Neoer of the analytic norm. They are so large that Steps 6 and 7 of the proof of

Lemma 11.7 close; in particular, the ¢; are at least the ¢;(u,¢) of Lemma 8.2 for the kernel
orders in use.

(4) Cadm > Cseed, the constant of the majorant and coupling sums, and Cyaj, the factor that a
cycle applies to majorants, both large enough given item (3) (Lemma 11.6; Step 5 of the proof
of Lemma 11.7); the carrier level mc, the coarsest level of the chart parameters (11.19); the top
level mg > max{me¢, 2} of Subsection 5.3, the largest of the thresholds on the level in Sections 11—

(rlrffi i>mo (37 + 4h;) <

%to (Lemma 11.8(iv)), and that the fresh smoothings (those of the sources a cycle creates,

Definition 11.3(iv)) created at the levels finer than mg have matrices of long axes with inverses

of | [se-norm < 2. Also, Ciyaj is large enough given the constants of Lemma 15.4(b) and of

Steps 4 and 5 of the proof of Lemma 11.7 for the terminal cycle (Proposition 15.10).

14, in particular so large that Cogme < % for every m > myg, that

Sources. A source o: v — v carries a birth order dy, its order when created, and a current order,
beyond which its coefficients vanish; transports keep both, and only for a seed’s source may the
current order be below d,. It also carries a birth radius py; a factor fac(o) > 0, the constant in front
of its two-scale forms in (11.2); and a majorant maj(c) > 0, which bounds its two-scale forms, so
that fac(o) maj(o) bounds the source. The generation gen(v) counts the cycles that created v.

Two-scale forms. On the window [t — k7| < SL7,,, of a pulse k of level m (Section 10), o acts in
the chart of k (Section 7), at the label y, through the coefficients

kmel 2 fac(o) Agq <t,y, Ei) , 2<d<d,, (11.2)
m

with two-scale forms Ay q(t,y, z) in the sense of Section 10, periodic in the fast variable z, with

values indexed by the two coordinates of the flux and the entries of V¢~!. They also depend on

chart parameters, the shears of the coarser levels (precise form (11.7)), and (11.2) uses those of

the chart of k. The A, 4 of (5.6) are the sums over k, with time cutoffs, of the transports of the

coefficients (11.2) from y to z, order d giving orders 2, ...,d (precise form (11.8)).

A two-scale form A has an analytic norm || A|an,w, a weighted sum over its Fourier modes in z of
its suprema over a complex neighbourhood of the chart parameters that shrinks by a fixed step per
generation of v (precise form (11.9)). Cauchy’s estimate bounds the derivatives of a cycle at the cost
of this step, for at most Ngen generations. The majorant matriz and its priced form are

(wor )2y
(v fw0) >

the price compensates for the d — 2 derivatives that (5.9) puts on the kernel of width r,; for the
masses w, /W2, with the markers W, of Subsection 5.4, the entries are multiplied by W, /W, .

e fac(o) maj(o),

fac(o) max{1, (ps /7o )% "2} maj(c); (11.3)

o:v'—v
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chosen, in this order uses conditions, where stated

Ao(a, s,¢,¢) > 128 a,s,q,C at least the threshold Ag(«, s, ¢, () of every
statement that declares one (Theorem A)

A>A,n>1,0<to<T given (Subsection 5.3); the proof of Theorem A
takes n depending only on «, s, ¢, in (9.10)

Cmol € (0,1] a,s,q,C, A (12.1)

Neorws Menw (15.1)

Qe; then Neore, Pe, Nene, Nele; then Neor,w (15.2), (15.3)

Nisrces Oc

Niep; the seed’s bounds on its orders
and path lengths

Z; then @

Ng6117 Ncor, p, Ncl

Ngrc; then ©

Nien; then the path bound Npacn
Nmom

Naep; then Nput

Niet; then Noyt

the internal orders of

Lemmas 12.8-12.15 and
Proposition 12.7; then Ngoet

Nmom,W7 Nmom,e

the kernel orders ¢ of Sy and of the
smoothing of the new sources of
Section 15

Nide; then Nous,e; then Nipw

the seed’s constants

the invariant’s constants; then Caqm,
Crnaj

Ncor,W7 Ncor,c, Pe,
Nsrc,67 Nlcn,ca Nlcn,w
Nrcp

the seed’s bounds,
Ngen7 Ncoh D, Nrep
Q, the seed’s bounds,
Ngen

Q, 0

Q? NS[‘C) Nmom
the orders above

the orders above

the orders above

Nmom,w, Nmom,ea

Nmom

the orders above

all the orders

the seed’s constants

(15.4); Subsection 15.1, item (3)

(14.2); Q > 4 + 2¢Z in (14.3)
their conditions in (13.5)
item (1): Ngrc, and (Ngre — 2)0 < §/8; (14.4)
(13.5); item (1)

(13.5), which gives the first condition of (12.2);
the kernels of the smoothings have

20 —1 > Nmom (clause (cl), (14.9))

(12.2)

the floors (13.6) and (14.3); Nout = Nret + 4p
(Section 13)

Neoot at least Niot, Npur and these orders
(item (1)), among them the numbers of fast
derivatives of the insertions of Lemmas 12.12
and 12.15 (Subsection 12.6, derivative counts)
(15.5)

2¢ — 1 > max{Nmom,w; Nmom }

(Subsection 15.3) and

20—-12> maX{Nmom,e7 Nmom}

(Definition 15.9(iii))

Nid,e > nNeor,w + 5 and (15.6); then (15.7);
Nir,w also at least the order that Section 12
reads at the terminal level to produce II

at Nout,e and 2Nya,e + 2 (Subsection 15.1,
item (4))

item (2): weight order > derivative order

> maX{Ncoef,Nout,e}; Nog > n; Cseed > 1
items (3)—(4): Ca > 3, ¢j, Cwia, Cder, Cjet(4),
Nan 2 Ncoef; Cadm 2 Cseed

the carrier level mc
mo

M,; then M; = max{M,,mo + 2}

everything above the
double line, and m.

everything above

(11.19)

item (4), with mo > mec; every level finer
than mg satisfies the inequalities used in
Sections 11-14, (14.19) included, and mo > 2
Proposition 5.1, last; the proof of
Proposition 4.1

Table 11.1: The order in which the parameters of Parts I and II are chosen. Each row may use
the rows above it; the middle column names the earlier choices it uses (in the first three rows, the
parameters it uses). The local paragraphs (Subsection 5.3, the items above, Sections 12-15) say why
each condition is needed. Everything above the double line depends only on «;, s, q,(, A, n,tg, T and
is fixed before the levels M, m and the diffusivity x; below it are thresholds on the levels, chosen
after everything above and changing none of it, each so large that the inequalities of the proofs hold
beyond it. The constants cy,, o, Cdis, chi Oof Section 12 are absolute.
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11.2 Definitions and the main proposition

Each clause is stated here in words; its precise form, given in Subsection 11.3, is the definition.

Definition 11.1 (The invariant). A family of level m satisfies the invariant on [ta, t¢] if, with the
constants of items (1), (3) and (4) of Subsection 11.1 (for a seed: its constants, its derivative order
(item (2)) in place of Neger in (b2), (b2'), (¢3) and (d), and Cseed for Cagm):

(a) Cell structure (cycles solve one-dimensional cell problems; charts exact; precise forms (11.10)—
(11.13)):

(al)

(a7)

the two-scale forms are built from the construction’s functions and the family’s cell solutions
(built from the solutions of its two-dimensional cell problems) by sums, products, derivatives,
averages and primitives in z, the cell inverse across the pulse and changes of chart;

on the window of pulse k, at all chart parameters, the two-scale forms of k are transverse
(Section 10), that is, independent of the coordinate of z along e();

at every t € [ta,t] with |t — k7| < 37, the forms of all pulses whose windows contain ¢
are invariant along eyy;

at every t € [ta,ts] such that the velocity added at level m vanishes on [t — 5%,t 4 52, the
forms of every pulse whose window contains ¢ do not depend on z;

an integer shift of the base label does not change the forms;

where the velocity added at level m vanishes, consecutive charts describe one coefficient:
the change of chart maps (11.2) of one to the next’s, with z fixed;

near each chart parameter, a pulse’s forms depend only on the flow over its history.

(b) Majorants (the derivative bounds of Sections 12-13). Here || - || foo(j¢, ¢;)) 18 the norm of (11.14),
and (b2)—(b3) hold for both masses.

(b1)

(b2)

(b2")

(b3)

for every source o: v" — v and 2 < d < d,, the entries of A, 4 extend as in (11.9) and
(5m/p0)d_2”“40,d”an,v < maj(o);

for every v, v/, in each pulse’s chart, the sum

do . L,
(wy Jwy) 2 ZU; ., fac(o) Zd:2 Zj’j,SNmef em-1IVIVE Avall oo aagy (11:4)

is at most Cye, times the entry (v,v’) of the majorant matrix;

for every N,j < Neoef, the sums of (8.4) of order N at scale ppmol(m) for (11.2), after j
more slow derivatives (in y), are at most Cjet(j) €,,7 ; times the majorant matrix (precise
form (11.15));

. . . 6/4
the priced majorant matrix has row and column sums at most C’adm€7,4 .

(c) Smoothing (the c¢; of Subsection 5.4; moments; small widths), for every source o:

(c1)

(c2)
(c3)

So(t) = Str0.00(6)%r4,0:(t) a8 I (6.2) (£, Q; depending on o), 20 —1 > Nyom, (% Borel
measurable in ¢, |Q2;(t)| < Cq, and the matrix of long axes Q1 (t)e1, Qa(t)es is invertible,
with inverse of | - |so-norm < Cgq;

To < Cwidpmol(m) 5% and re < Cwid)O(m) 5#5—1;

for every t € [ta,te], p > 0, N < Neoer and j < Nge — 2, ||VjSJ(t)g||Hé\r(Tz) <

Cj’l";ngHH’])\I(TQ) (precise form (11.16)).
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(d) Coupling (for Proposition 8.3): for every N < Noef and both masses, the coupling matrices (8.4)

on [ta,ts] of order N at scale pye1(m) have row and column sums at most Cyqme

qd/4

m—1-

Definition 11.2 (Admissible seed). An admissible seed of level mg < M on [tg, t¢], tr —tg < T, is a
family of level mg whose components have generation 0 and marker 1, such that:

(i)

(i)

(iii)

(iv)

its total mass is at most Cgeeq; its paths of sources and current orders obey the seed’s bounds;
its widths are at most &,,4, and so are the birth radii of its sources of birth order at least 3;

for every source o, 0 < p < g5, N at most the seed’s derivative order (item (2)) and 2 < d < d,,

the sum of (8.4) satisfies >,y ?—]! SUD 1,4, x T2 (VI Ay d| < Cseed Maj(o)kmg pd=2;

its cell solutions are built from finitely many two-dimensional cell problems, each solved once
on the window of its pulse, and are unchanged when the phases move along the pulses (precise
form (11.17));

it satisfies the invariant on [tg, tf], also with the supremum in time in (b2) (precise form (11.17)).

Definition 11.3 (Successor). Let G be a family of level m > mg with finite lifts along its paths
of sources (Section 10). A successor G’ of G, of level m — 1, is a family that the comparison of
Section 13 constructs with the lift (5.10), solving no new two-dimensional cell problem; its data are:

(i)

(i)

(iii)

(iv)

Letters: the defect letter (the defect of the averaged flux at level m; birth order Neop +1+4p); for
every 3 < d < Ng¢ — Neor — 4p — 4 and every nonzero path length up to the path bound Npan,
a mean letter (birth order d) for the means of degree d of the lift along paths of that length
(for a path of one source, less the cell average of that source in the order d, which its transport
carries); for every 2 < d < Nge — Neor — 4p — 4, every nonzero path length up to Npaen and
every 7,7 < p with j+ j' > 1, a covariance letter (birth order d + 2(j + j')) for the means of
degree d along paths of that length, with no subtraction, conjugated by (T, : V2)7/5! on the
left and (T, : V2)7' /4! on the right (summed over j, 5’ < p, the term j = j’ = 0 included, these
give the mean times the truncated exponentials (5.11) on both sides, as in the flux (13.20)).

Components: those of GG, with their masses and markers, and their children v/, labelled by
nonempty words of letters, with gen(v’) = gen(v) + 1 < Ngen, #V' < Njep and

1—12872

-n/8
w = gy — e, W= e "8y, (11.5)

m—1

where Nyorq counts the nonempty words of length < Ny, + 1.

Old sources, in each word: the transport of the cell average (the average in z) of every source,
in its orders d > 3 (the same factor, width, smoothing, birth radius, birth order and current
order; majorant times Ciyaj); the mean of degree 2 along each nonempty path of sources (birth
order 2; width, smoothing and birth radius of its widest source; product of factors; Cpajx
product of majorants).

New sources: for each letter and path it labels (each component, for the defect letter), a source
from the first component’s word to the last one’s word plus the letter: coefficients multiplied

by €, , the fresh smoothing (14.9) with the ellipses of (11.18), birth radius p(m), the let‘%er’s
-1
m—1

birth order, factor the path’s product of factors (1 for the defect letter), majorant Cpaje
times the product of the majorants along the path.

The components of G’ are thus the pairs (v, w) of a component v of G and a word w of length at
most Niep, with gen(v) < Ngen if w is nonempty (the empty word gives v, a nonempty one a child
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of v). In each word w, a source of (iii) along a path from v’ to v (one source, for a transport) goes
from (v, w) to (v,w), and a source of (iv) of a letter £ along such a path (with v' = v for the defect
letter) from (v, w) to (v,wf). The children of word length Nje, + 1 or generation Ngen + 1 are created
with the masses and markers of (11.5), then dropped with the sources at them (Subsection 13.3).

Definition 11.4 (Admissible family). A family G of level m > myg is admissible on [ta, t¢] if there
exist an admissible seed Gy,g of level mg > m, mg > my, on [tg, tf] with tg + %to < tf, and families
(m) (ms) ._

Gmg—1y---,Gm = G, each G;_1 a successor of G, such that ty =)/, where t, ~’ = tg and, for
every m < ¢ < mg,
5 =0 3 <t — 4 (11.6)
A — YA i > Uf 7 - .

The path bound. For a family G and g > 0, let P;(G) be the largest number of sources on a path
of G whose components have generation at most g. We claim that in the families G; of Definition 11.4
no source goes to a smaller generation and P;(G;) < B + gNje, for every g; so every path of G;
has at most B 4 NgenNien < Npath sources. This holds for the seed (generation 0) and passes to a
successor G’ of G. A component (u,w) of G’, with u a component of G and w a word, has generation
gen(u) + 1 if w is nonempty and gen(u) otherwise; an old source goes from (u,w) to (u”,w), and a
new one from (u,w) to (u”,wf), along a nonempty path of G from u to u”, or with «” = u for the
defect letter (Definition 11.3). So an old source adds the same 0 or 1 to both generations, and a new
one ends at generation gen(u”) + 1 > gen(u) + 1, by the claim for G. Along a path of G’ the word
only grows, by a letter at each new source, so the path has at most N, new sources; it projects
onto a path of G, each old source onto at least one source. If it ends at generation at most g with
an empty word, its sources are all old, at most P(G); with a nonempty word, the projected path
ends at generation at most g — 1, so lies in the generations at most g — 1 by the monotonicity in G,
and the path has at most Py_1(G) + Nien sources. Thus Py(G’) < max{P,(G), Py—1(G) 4+ Nien}

Proposition 11.5 (Admissible families). An admissible family of level m on [ta,ts] satisfies the
invariant with the constants of items (1), (3) and (4) of Subsection 11.1, which depend only on a, s,
q,C, Ay, to, T. Moreover, for its sources with a fresh smoothing the inverse in (c1) has | - |so-norm
< 2, so that the long axes are uniformly transverse in the sense of Proposition 6.1, and (¢3) holds

with the constants cj(u,l) of Lemma 8.2; and the sums in (d) are at most Cadmsggfll < %.
In the main estimate of the proof, the recursion for (b3), a new source gains e, ", loses

_377/8_(Nsrc_2)
Em—1

456/64
m—1

§/4

% to its masses, markers and price, and keeps ¢ <1, asm, (Nage—2)0 < 6/8.

11.3 Precise form of the admissibility conditions

Pulses and chains. The chart of a pulse k of level m is used where its time cutoff H,, j, (10.2) is
positive; quiet times are those at which the velocity added at level m vanishes; cu, = 1/20000 is the
strip constant.

(11.7) Chart parameters. A chain C of k consists of a level m" < m, pulses k; of the levels m’ <i < m,
km = k, each k;1q with its chart used in the window of k;, a base label y(mlfl) € R?, and, for
each m' < i < m, a centre y(i) € R? and a phase 20 e R2, With t_“g = l; 1h;, the centre of the
block of a pulse k of level i, and ¢; := ;,, its flows &; and centre points z; are X,y == X;_1,
Zpy—1 =y D and, for m' <i<m, & = X (tig1, Tim1 + y(i),t_i) and

t/ ~ . .
Xi(t', - t) == X1t 1) [y =y + (/ Gi, (") dt“) Vg (v + 2D — 71 — y(z))}
t

o Xi—1(ti,-,1);
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at the matched phase €;2() = z;_; + y(i) the bracket is the shear displacement of Section 7. The
chain is allowed if m’ > me, the carrier level, and, for every m/ < i < m, |[y®|; < 3canei/4. The
chain Cl recentred by y € R? has the centre point Z,,_; + y: it moves the base label if m’ = m,
and otherwise the last centre, keeping €,,_12("~ 1 — y(™=1) fixed. For m’ = m the chain is the chart
of k with base label y(™~1). The two-scale forms of k depend also on the chain: each is a function
A(t,C, z) of t in the window of k, an allowed chain C of k and z, whose value at the chain with
m’ = m and base label y (the chain without shear) is the two-scale form A(t,y, z) of Section 10
in (11.2). The history of k is the smallest interval containing its window, ¢,, and the histories
of the pulses of level m + 1 whose charts are used in the window of k (at the finest level M + n
of basip: its window and ¢,,). For ¢ in the window of &, a chain C of k, a pulse & of level m + 1 with
Hont14(t) > 0 and z € C? in the strip of the phases of (11.9), the chain extended at (t,z) has the
data of C, ky.1 = &/, the phase 2™ = z and the centre y(™) = (ftt’”’“rl ka(t”) A"V, g (em2).
Its centre point at the time ¢ is that of C, as the shear over [f,,41,t] moves Zp,—1 + 3™ to Zp,_1; the
centre is along ey, depends on z only through z - eé;c), and has |y™)|; < 4-10 %cae,, by (11.19), as
[t — tms1| < %hm+1 + %Tm_i'_l. At £,,2 = Tp,_1 its map on the history of &’ is the shear displacement
of (7.13).

(11.8) Transport. Let x +— y be an area-preserving change of variables. The Piola identity writes the
divergence in y of a vector field F' as V. - ((me)*lF ), and the chain rule, applied one derivative
at a time in the order of an entry of Vg_l, writes that entry as a combination of the entries of
Vi, ..., Vi=l. Substituting both into Vy- (coeﬂicient-vg‘f1 g) for the orders 2 < d < d, and collecting
the terms in each entry of each Vg/_lg gives the transported coefficients, of orders 2 < d' < d,,
indexed by the entries of V&~ (not symmetrized).

(11.9) Analytic norm. For a component v, the reserve res(v) = (Ngen +2—gen(v))/(Ngen +2+ Nogr),
with Nyg the offset of item (2). Let D, be the set of complex chart parameters, with the discrete data
of an allowed chain, such that |Imy™ Y|} < (1 +res(v)/4) ev—1/100 and, for every m’ < i < m,

1+ res(v)
4

_l’_

res(v) i)
1 64 Can ,

]y(i)h < Can€i » \Imz(i) -eé;v,)] < <3+

with eJ;C of Section 10; the outer domain is defined with 2 in place of res(v), and its real points are
the allowed chains. If the entries of a two-scale form A of k extend holomorphically to the outer
domain (for each ¢; Borel measurable in ¢, locally bounded uniformly in ¢; periodic in the phases and
independent of their coordinates along the pulses), then

[l = 32 exp(Brcanlé)) (1 + €)Y sup [A(t,C; )]

entries {€Z

with .,Zl\(t,C;g) the &-th Fourier coefficient in z - eé;g), Nan the weight order of item (3), and the
supremum over the pulses k of level m, ¢ in the window of k£ and C € D,,.

(11.10) Clause (al). Every entry of a two-scale form of & is built from: the Jacobian of X,,—1(¢, -, t:)
at Tm—1, its inverse, the conductivity (as for the renewal charts of Section 7) and the strain (the
time derivative of the Jacobian times its inverse); the same for the chain extended at (¢, z) (end
of (11.7)) toward a pulse k" of level m + 1 whose chart is used in the window of k, where the Jacobian,
its inverse and the conductivity take their identity values outside the support of the time cutoff
of k’; the drift of the cell problem of k; the time cutoffs; the matrices J;* of (2.16) and T'; of (5.11);
constants; and the family’s cell solutions. The operations are sums, products, derivatives in z across
the pulse, in the phases and along recentring, averages and transverse primitives in z, the inverse
of the one-dimensional cell operator across the pulse (zero at the start of the window), and the
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evaluation of an entry built in this way for a pulse k' as above, at the level m + 1 and independent
of the fast variable of £/, at the chain extended at (¢, 2) toward k', where the time cutoff of ¥’ is
positive, times that cutoff.

(11.11) Clauses (a2)-(a5). They hold at all allowed chains; in (a5), the base label moves in Z?2.
(11.12) Clause (a6). If k' # k is in the block of k or the next one and ¢ € [ta, t¢] is quiet in both
windows, then at ¢t the forms of k, k" at chains without shear do not depend on z, and, as coefficients
of symmetric arrays V471, (11.2) of k' at o/ is the transport of that of k by y = Xp—1(Emk, ¥ tmpr)-
(11.13) Clause (a7). If allowed chains C, C" of k have the same map y — Xp,—1(t, Tm—1 + Y, tm) 01
the history of k, then, for y near 0 and every t, z, their two-scale forms at Cl% and €' agree.

(11.14) Clause (b2). In (11.4), the norm is [| - [ oo ([t4 4]), the essential supremum over ¢ € [ta, t]
of the supremum over the pulses k whose window contains ¢, the allowed chains C of k£ with all
lyD|; < canei/4 and z € R?, summed over the entries; and V, differentiates A@d(t,C[y}, z)aty =0
(for a chain without shear, this is the V,, of (11.4)).

(11.15) Clause (b2 ). For both masses, every v, v' and every N,j < Nioef, the sum (11.4), with
| | zoo(fta,te]) @and Vy, as in (11.14) and with the inner double sum of (11.4) replaced by
Z (N + d— 2)' pmol(m)j1+j2+2_d
N jy! gl gdzt2d

IV} V2 Ag |

L ([tasts]) »
J1+j2<N

is at most Cjet(J) 5;3_1 times the entry (v,v’) of the majorant matrix.

(11.16) Clause (¢3). The operators S, (t) commute with derivatives, ¢ — S, (t)g is Borel measurable
for every g € L?(T?), and, for every g € HéV(TZ), the bound holds.

(11.17) Seeds, (iit)—(iv). (iii) Each cell solution of the seed is given by an expression built as
in (11.10) from finitely many two-dimensional cell problems, each solved once on the window of its
pulse, in the cell time tkyin{in) /522 of its level ¢, from its initial value, and depending, among the
pulses of level i 4+ 1, only on those whose charts are used in that window. It is unchanged when
the phases of an allowed chain move along their pulses, and any two functions given by the same
expression agree on the window and the allowed chains. (iv) In (11.15) at m = mg, the essential
supremum in time is replaced by the supremum.

(11.18) Fresh smoothings (Definition 11.3(iv)). The averaged flux Jim is diagonal and 4h,,-periodic,
with its entries exchanged by a shift of 2k, (Lemma 7.10). For | € Z, let thor € [(I1+ 5)hum, (L+5) )
be a time at which the first entry of J% is largest, ¢yer the time of this interval at distance 2h,, from
it, where the second entry is largest, and lyor, lver the blocks containing them. The fresh smoothing
of the successor of a family of level m is (14.9) with, for (I + 2)hm <t < (I 4 2)hp,

Ql(t) = Vmefl(ta Yhor, lhorhm) (K;nl_l']%m (thor)) 1/27 Yhor ‘= Am—1 (lhorhm, 07 (l + %)hm) )
QQ (t) = vamfl(ta Yver, lverhm) (”;nl_lanm (tver)) 1/27 Yver = mel (lverhma 0, (l + %)hm)v

with entrywise square roots. These are the ellipses of the averaged flux at its horizontal and vertical
maxima, in the label of their block, carried to the time ¢ by the coarse flow.

11.4 The induction

Proposition 11.5 is proved by induction along the cycles of Definition 11.4: Lemma 11.6 starts it at the
seed, and Lemma 11.7, proved in Subsection 11.6 with the complex chains of Subsection 11.5, passes
the invariant to the successor, at the cost of the time 37,,. Lemma 11.8 records what Sections 13
and 14 use about successors. In Subsections 11.4-11.6, C' and ¢ denote positive constants depending
only on «, s,q,(, A, n,tg, T, fixed before my > m., beyond which the inequalities below hold.
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Lemma 11.6 (Seeds). An admissible seed of level mg > mq on [ts, tf] with tg + %to <ty satisfies
the invariant on [tg, t¢] with the constants of items (1), (3) and (4) of Subsection 11.1.

Proof. By Definition 11.2(iv), the seed satisfies the invariant with its constants. Each clause of
Definition 11.1 other than (d) weakens when a constant grows or an order decreases (in (b1), a smaller
weight order decreases the analytic norm, and the reserves are the same, since the offset is), and (d)
is increasing in the ¢;. As the constants of families are weaker than the seed’s (items (1)—(3)), this
gives the invariant except for the sums of (d); for the sums of (b3), C’seedsi{: < Cadm5%§ . By (bl)
for the seed, the coefficient (11.2) of order d of a source o is at most kg pd =2 fac(o) maj(o). Its
transport to x gives the orders d’ < d at the cost Eﬁ;gfl < pg/*d: for d’ < d the birth order of o is
at least 3, so py < g by Definition 11.2(i). Hence the argument of Step 8 of Subsection 11.6, at
the level mg in place of m — 1 and with the Cauchy estimates of Step 6, shows that the coupling
matrices of (d), formed with the ¢; of families, are at most C' times the priced majorant matrix,
entry by entry. By Lemma 7.1(a) and as Cuqp is large given item (3), their sums are at most
Cyc(seedgfr{;1 < 26/4CCseed€g,fS/i1 < Cadm5q6/4 O

mg—1 "

Lemma 11.7 (One cycle). Let m > mg and ta + 37y, + 4hy < ts. Let G be a family of level m
obtained by successors from an admissible seed on [ts, ts], with tg < ta, that satisfies the invariant
on [ta,te] with the constants of items (1), (8) and (4) of Subsection 11.1, and let G' be a successor
of G. Then G’ satisfies the invariant on [ta + 37m, t¢] with the same constants.

Proof of Proposition 11.5. Let G be admissible of level m on [ta,t¢], with the seed G, and the
families G; of Definition 11.4. By Lemma 11.6, G4 satisfies the invariant on [t&mS),tf] = [ts, tg],
and for i = mg,...,m+ 1 in turn Lemma 11.7 passes it from G; on [t(Ai),tf] to G;_1 on [tgi_l),tf],
since © > my, tg < tx) and tX) + 37, + 4h; <t by (11.6). The fresh smoothings of the sources of G
were created above m > my, so Step 7 of Subsection 11.6 gives the inverse bound 2 and (c¢3) with
the constants of Lemma 8.2; the bound § holds by item (4). O

Lemma 11.8 (Successors). Let G be a family of level m > mg obtained from an admissible seed by
successors, and let G' be a successor of G.

(i) Each component of G is one of G', with the same masses and markers.
(ii

) The total mass of G' is at most twice that of the seed.
(iii) The readout (5.10) satisfies |Tp| <14 N2 g/
)

word~m—1-
(iv) For every admissible seed G,y of level mg > mg on [tg,tf] with ts + %to < t¢, there ewist
families Gpg—1,...,Gmg, each Gi_1 a successor of Gy, for which (11.6) holds with m = my.

In particular, each G; is an admissible family of level © on [tX),tf].

Proof. (i) A component of G is labelled in G’ by the empty word and has generation at most Ngen, s0
Definition 11.3(ii) keeps it with its mass and marker. (ii) By (11.5), a cycle at level i gives
each component v at most Nyorq children, of total mass at most %(1 — 1287/ 2)5?1 QIwU, and
gi-1 < 128=0~1 by Lemma 7.1(a). So the cycles multiply the total mass by at most exp(%(l -
12877/2) Do 128~ =D1/2) < exp(1/2) < 2. (iii) In the coordinates scaled by the masses to the
power —%, the readout (5.10) is the identity on the components of G plus a matrix with one entry

&?Zf_vll (wyr Jwy)? < 5;171 Li, by (11.5), for each component v and child v’ of v. A row has at most Nyorq

entries and a column one, so Schur’s test (Subsection 5.4) bounds this matrix by N;V/jrdz—:i?ﬁ. (iv)
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By Proposition 11.5 and the setting of the lift (Section 13), where (bl), (b3), Cauchy’s estimate
and (7.9) give the hypotheses of Proposition 10.6, an admissible family of a level finer than my has
finite lifts up to ¢ on the windows that start at or after ¢4, as the cell inverse is solved forward
from the start of the window (11.10); these include every window that meets [tA + 37y, t], of length
2 1 L < 37y by (10.2). So Section 13 constructs its successor. As Proposition 11.5 for G; uses only
Gmg, - - GZ, the families are constructed one level at a time, up to Gy, as long as (11.6) holds, and

it holds: as ¢\ A =1tg+ Y s, 37y, item (4) gives, for every mg < i < msg,

=141
ty + 37+ 4k Sts+ > (37w +dhy) < ts+ 3o <t -

i’ >myg

11.5 Holomorphic extension of the flows

The analytic norm takes suprema over complex chart parameters, so the flows X; of a chain (11.7)
must extend holomorphically to the outer domain. They are compositions of a coarse flow, extended
by Lemma 7.6, with entire shear displacements. The domains close because the renewal times of a
chain are short, which the carrier level provides: m, satisfies, for every level i > m. — 1,

Efi2h@'+1 S 10_6Can, 48 hi+2 < Ti+1 s (11.19)

and such a level exists, by (2.13) and, for the second bound, by (2.5) and ;11 < 27, as ¢(2 — 8+
20)—(2—-p+40)=(¢g—1)(1 - 2q€-2) +2¢d > 0 by (2.3). For a chain of a pulse & of level m and
m’' —1 < i< m—1, the flow X; is anchored at the centre t;11 of the block of k; 11 (kn, = k); we call
[t —tiv1] < %hi+1 the interval of X;, and write Z;(t) :== X;(t, T;, t;+1) for the centre point at time ¢.

The intervals of the flows and the histories of the pulses are nested. Let ¢ > m¢, and let a
pulse k;41 of level 1+ 1 have its chart used at a time s of the window of a pulse k; of level i, so that
|s — kit1Tig1] < 5741 and |s — k7| < 87 by (10.2). The time of a pulse of level j is within 3h;
of the centre of its block (Lemma 7.1(d)), and 7; < h;/25 by (2.4). Hence, by the second bound
of (11.19) at the level i —1 > m. — 1 and induction on the level, starting from the finest level (where

a history is the window and fa74,), the interval [t — ;1 14, ,| < £hiy1 and the history of ki1 lie
within
3 1 5 6 T; 1 61 T; 3 _
(g + §>hi+1 + ZTiJrl 5hl+1 < ﬁ of s, hence within hi + Z8Ti + ZE) < ghz of ti,k‘ia

as § 4+ 5= (% + &) < 2; so does the history of k;.

Lemma 11.9 (Complex chains). Fiz the levels and pulses of a chain of a pulse k of level m, with
m’ > me. For everym/ —1 < i < m — 1, the maps X;(t',y,t), for t,t' in the interval of X;, and
the centre points ;(t) defined above extend from the allowed chains to the parameters of the outer

domain of (11.9) and to the points y with |y — Z;(t)|co < 8can€i, holomorphically in the parameters
and in y, such that, for every t,t',t" in the interval of X; and every y with |y — Z;(t)|co < 8Can&;:

(i) Xi(t,y,t) =y and |V, Xi(t,y,t) — I]ao < 2272t — t|;

(i) X', zi(t),t) = z;(t'), and, if |y — Ti(t)|oo < 2¢anti, then X;(t", X;(t',y,t),t") = X;(t",y,1).
By (i), (ii) and 2%°¢ 5 2 6h1+1 < 100, from (11.19), the map X;(¢', -, t) sends every ball about Z;(t)
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of radius at most 806“[15Z into the ball about Z;(t) of 100 times that radius, and, by Cauchy’s estimate,
its derivative is Lipschitz on the ball of radius 4ca,e;, with constant at most 1/(4cang;).
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Proof. By induction on i. The first level. We apply Lemma 7.6 at the level m’ — 1 on the interval of
X1 = Xy 1, of length to —t1 = ghm/, where Z,,_1(t) = Xm/,l(t,y(m/_l),fm/). By (11.19), the
number 1 — 2217 e 1(tg — t1) of that lemma satisfies
122072 S > 1 - 8.921 1070, > 0.9998.

In units of &,,,_1/1000, in which cape—1 = 20, Lemma 7.6 with this bound gives holomorphy
and (7.7) where |Im yl1 < 0.9998 - 19, and the group law where |Imy|; < 0.99982 - 19. In the outer
domain |Tmy™ D]y < 15, so |Tm Zm_1 (t)]1 < 15/0.9998 < 15. 2by (77). As |- |1 < 2] |, the
balls about Z,, _1(t) of radii 8canep/—1 and 2c¢apeny—1, that is, 5 and ﬁ, lie in [Imy|; < 16 and
|Imy|; < 15.4. This gives (i), as 10 - 22! < 2% and, with the group law at the base label, (ii).

From i — 1 to i. As the chart of k;1 is used in the window of k;, the interval of X lies
within %h of t;, inside that of X;_1, by the nesting above (i > m’' > m.). For t,¢' in it, (11.7)
composes X;_1(t;, -, t), the shear map (the bracket in (11.7)) and X;_1(¢,-,%;). The shear V14, 4,
is entire and depends on its argument only through the coordinate along eéi), which the shear
map therefore does not change. Where the imaginary part of this coordinate is less than 15ca,é;,
the shear is at most 27‘(‘6?71 exp(307can) and its derivative at most 471'26?72 exp(307can), by (2.6).
As 0 < Zlkl <1 by (2.2) and (2.10), (11.19) shows that the shear map over an interval of length
at most ghi_i,_l moves each point of the strip by at most ghi+1 . 27rsz-’3_1 exp(30mcan) < 10 %canei.
The point Z;_; + 3, and its image under the shear map over [f;41,t], which X;_;(t,-,%;) maps
to z;(t) by (11.7) and (ii) for X;_;, lie within ( +107%)cangi < 2cangi—1 of i1 = Fi_1(%;), as
[y < 3cangi. So |Zi(t) — Tio1(t)|oo < 18(3 + 107%)canei < canti, by (i) for i1, and all points
below lie within 10c,,e; < 11208 Can€i—1 Of Z;—1(t) or Z;_1, in the balls of (i), (ii) and of the Lipschitz
bound for X;_;. Hence X;_1(t;,-,t) sends the ball |y — Z;(t)|co < 8can&; into the ball of radius

%8(1) 8can€; about the image of z;(t), which is Z;—1 + y moved along e(k;) by a shear map. For Y

in the image ball, the bound on Im z(® . Géig,) of the outer domain gives

Tm (' + giz® — 7 —y®). e(Lki))‘ < % - 8Can€i + <3 + = L + 64>Can€i < 12¢am6; :
the argument of the shear stays in the strip, and X; and Z;(t) are holomorphic. At ' =t the shear
map is the identity, and the shear maps over [t,#'] and [t',"] compose to the one over [t,t"], since
the integrals of (;x, add and the shear map does not change the coordinate along eé;%); with (i),
(ii) for X;_1, this gives the identities of (i), (ii). By the chain rule and the group law (ii) for &X;_1,
VyXi(t',y,t) — I is the sum of three terms: V,X;_1(t',y,t) — I, bounded by (i) for X;_1; the change
of VyXi_1(t',-,t;) over the shear displacement (at most [t — ¢| 27r6ﬁ exp(307can)), bounded by
the Lipschitz bound above, times V,X;_i(%;,y,t), of norm at most 18(1), and ftt/ ZM (t")dt”, at
most [t' — ¢|, times the derivative of the shear between two matrices of norm at most 18(1) As

5?__12 < 1285*252@_2 < %85_2, since2—-f=1—-a> %,

‘vai(t/7 Y, t) - I‘OO
|t — 1|

101 2775 ! exp(307can) N (@
100 4Can5i—1 100

< (2% +10%)7 2,

R ) 472772 exp(30mcan)

which is at most 22581-6 ~2_ At real parameters the extensions are given by the formulas (11.7). O

11.6 Proof of Lemma 11.7

Proof of Lemma 11.7. Each clause for G/, of level m — 1, is read off its explicit data (Definition 11.3),
those of G and the invariant of G, on [tA + 37, tf], the time window of Proposition 5.3(b). At a
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time ¢, the forms of G’ read those of G at the pulses k of level m with H,, () > 0 (Step 1) at times
of the window of k up to ¢, the lift being solved forward on it (11.10), and only the flows of the
chains, functions of the construction, reach back along the histories; for t > ta + 37, these times lie
in [ta, tf], where G satisfies the invariant, as in the proof of Lemma 11.8(iv). Step 3, the recursion
for (b3), is the main estimate. It comes before (b1) because the majorants of G’ are numbers fixed by
Definition 11.3, so (b3) is a recursion on numbers, while (b1) says that the forms obey them, which
needs the analytic calculus of Step 4. Step 5 proves (bl), and (b2), (b2'), (d) follow. Components
of G are written v,v’; a component v of G’ over v is v or a child of v.

Step 1: (al)-(a4). By Definition 11.3 and Section 13, the forms of a source of G’ at a pulse k' of
level m — 1 are of four kinds: transports (11.8) of cell averages of forms of G; means of the lift along
paths of sources of G; these means conjugated by powers of ', : V2; and the defect of the averaged
flux, with the commutator of the covariance with b,,_1, of flux (13.17). At a time ¢ of the window
of k', they read the construction’s functions and the forms of G at the pulses k of level m with
Hpnx(t) > 0, at the chains of k extended at (¢, z) from those of k' (end of (11.7), one level lower),
whose phase z is the fast variable of k’; as the forms of G may contain evaluations toward the level
m + 1, these evaluations are nested, which (11.10) allows. The lift of Section 10 is built from these
forms by the cell inverse across the pulse, derivatives and averages in the fast variable of level m,
products and slow derivatives. So the forms of G’ are built as in (11.10) from the construction’s
functions and the cell solutions of the seed, and no two-dimensional cell problem is solved: this
is (al). They depend on z only through the coordinate along eé;c,) of the phase of the shear of k’: so
do the shear map and the centre of the extended chain, and so do the forms of GG, since forms of
finite analytic norm do not depend on the coordinates of the phases along the pulses (11.9). So the
forms of G’ are transverse: this is (a2). The same argument, with (bl) for G, shows that they are
periodic in the phases and independent of their coordinates along the pulses, as (11.9) requires.

For (a4), let ¢, in the window of &/, be as in (a4) at the level m — 1. The forms of k' at ¢ read
those of G at the pulses k of level m with H,, (t) > 0 on their histories, within ghm < Tz=t of t by
the nesting after (11.19) at the level m — 1 > me. There the shear of £’ vanishes, so the extended
chains have centre 0 and their maps on the history of k£ and centre points do not depend on z;
by (a7) for G, neither do the forms of G and the correctors at these chains, nor the forms of k" at ¢.
For (a3), let |t — k'7pn—1| < 2711 the forms of k' are transverse by (a2), and the window of another
pulse meets this interval only where |t — k'7p,—1] > %Tm_l, and there no pulse is active within 775;1
of t, as (;,—1,k~ vanishes outside |t — k" 7p—1| < 27,1 (Lemma 7.1(d)), so that (a4) applies. The
commutator term of the defect letter reads no form of G: in its flux (13.17), Vb,,_; read in the
chart of k' is the strain of X,,—2 plus Vy,(VyXm—2w) (VyXm—2)~!, with w the drift of k', which
depends only on z - e@,) and vanishes at the times of (a4) and (a6). So this term is built as in (11.10)
and is transverse; at those times it is the strain, the transport of the one Eulerian coefficient Vb,,,_1,
which gives (a4) and (a6); and, a function of the flow, it satisfies (a5) and (a7).

Step 2: (a5)—(a7). Moving the base label by an integer vector commutes with every operation
of (11.10): the flows commute with the translations by Z? (Lemma 7.4), the arguments of the shear
streams and the centres of the extended chains do not change, the cutoffs do not depend on the
label, and the forms of G are invariant by (ab) for G: this gives (a5). Clauses (a6) and (a7) follow
from (a7) for G, as a form of G" at £’ is built from forms of G over the histories of the pulses of
level m whose charts are used in the window of &', which lie in the history of k’. For (a7), two
allowed chains of k&’ with the same map over this history, extended at the same (¢, z), have the same
centre, which depends only on k’, k, ¢, z, and the same maps over these histories; so the forms of G
agree there near the chain, by (a7) for GG, and so do the correctors, solved from zero, and the forms
of G'. For (a6), the windows of two pulses k', k" of level m — 1 meet only if their indices differ

by 2, and their overlap lies at distance at least ( % — D= T”fg L from the supports of both fast

3
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Tm 1

cutoffs, so both shears vanish within of a time ¢ of the overlap, and, as in Step 1 and by (a7)
for G, the extended chains reduce to the charts of ¥’ and k”, related by Lemma 7.7(b); the forms
of G" at k', k" are then transports of the same forms of G through the two charts, and transport
composes exactly, as the chain rule taken one derivative at a time is associative: this is (11.12).

Step 3: the recursion for (b3). Fix one of the two masses. By (b3) for G, every row and column
sum of the priced majorant matrix (11.3) of G is at most Cadm6%4, at most 3 for m > mg by item (4)
and Lemma 7.1(a). For a path of sources of G from v’ to v, the product of the corresponding entries
of this matrix is at least (w, /wy)”?[] sepath fac(0) maj(o): the mass ratios telescope, and every price
is at least 1. Their sums over the paths of a given length into or out of a component are at most the
row or column sums of a power of the matrix, so over all nonzero lengths at most ZC’adms%4.

Old sources. Each word contains a copy of G (Definition 11.3(iii)), its sources joining the
components of the word over v/ and v, whose masses and markers are those of v’ and v times
numbers depending only on the word (Lemma 11.8(i), (11.5)); so the masses in the entries are those
of G. A transported source keeps its factor, birth radius, birth order and width, and its majorant is
multiplied by Cpaj; a second-order mean has birth order 2, hence price 1, factor the product of the
factors and majorant Cyy,; times the product of the majorants. Counting transports as paths of one

source, the copies into or out of a component of a word contribute at most QC’majC’ade%4 per kind.
New sources. A letter labelling a path from v' to v (v/ = v for the defect letter) gives a source
from the component of a word over v’ to the child over v of the extended word. By (11.5), the square

root of its mass ratio is at most Ce,, "/ (wyr /wv)l/ 2 and its marker ratio at most s;n_/f U, /W, Its

birth radius is p(m), its width r,, = p( )e® | by (14.1), and its birth order at most Ny, so its
—(Nsrc—2)©

price is at most €, 7 . Its entry is thus at most

times the product along its path. Into or out of a component, the entries of one letter add up to at
most twice this, by the bound on path sums.

The recursion. Adding over the at most Nyoq + 1 words and over the letters, every row and
column sum of the priced majorant matrix of G’ is at most

€m—1

with C' depending on 7, Nyerd, the number of letters and Ciyaj, and
_%n_(Nsrc_ )@> 456> 1

as 1, (Nge — 2)O© < 6/8 by (2.3) and item (1). In the second term, et < oe (q 1)6/4 5/4 . by
Lemma 7.1(a): the old sums gain one step of the scales. So, for m > my, both terms of (11.20) are

5/4

at most %Cadmgm L

mo being chosen after Cpam, Cmaj and the exponents: this is (b3). For the

masses w, /P2, the markers appear only through the ratio Em 77/ of a first letter, counted above.
Step 4: analytzczty. The construction’s functions extend to the outer domain: the flows of the
chains and their centre points by Lemma 11.9; the shear streams are entire; the cutoffs, Ji™ and I'y,
depend on time only; and the Jacobians, their inverses, the conductivity and the strain are built from
the flows. The strain is defined on the complex domain, as 9;V,X; = Vb;(t, X;)V,X; is continuous
in ¢ and holomorphic in y (Proposition 7.5, Lemma 7.6), and so are the compositions of (11.7), with
C! time weights f(l k;; near T;(t), the strain of A; is the limit of h=1(V,, X (t+h,t)—1I)ash—0,

S0 its |- |so-norm is at most 22°¢ f 2 by Lemma 11.9. As 2%%¢ 5 2 6h < 100 by (11.19), on the outer
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domain and in the window of k the Jacobian of X1 (t,,p,) is within 155 of I, by Lemma 11.9(i),

and its inverse within g5. The conductivity of the chain is (VyXm—1)" (VyXn_1)7T, as in (7.8),
with the transpose and no complex conjugation, so that it is holomorphic; its entry across the pulse,
the only one the cell inverse uses, is the sum of the squares of the entries of the row of the inverse
along eé;c), within % of eé;c) in |-, so it is within % + ﬁ < 1% of 1 and has real part at least 1%.
Let v be a component of G and © one of G’ over v, so that res(0) > res(v) — 1/(Ngen + 2+ Nog). As
sources never go to a smaller generation (Subsection 11.1), the forms of the sources on a path into v
are bounded on D, by their analytic norms. We split the step 1/(Ngen + 2 4+ Nog) of the reserve
into Ng equal parts, one for each slow derivative a cycle takes; D and || - ||an are those of (11.9) at
the level of the form, with a number r in place of the reserve where written. The extension at (¢, 2)

of a chain of Dj at the level m — 1, with |Im z - e(Lk,,)| <3+ 6—14)can, keeps the lower parameters and

has a centre of | - [;-norm at most 4 - 107 5¢anem—1, below all radii of centres, so it lies in Dy at the
level m, hence in D,,.

A slow derivative costs one part. Let A have finite analytic norm at the reserve res(v), and
let res(0) < res(v) — 1/(Nere(Ngen + 2 + Nog)). For a chain C in Dy, the recentred chains cll
with [y]eo < Can€m—1/(9Nsrc(Ngen + 2 + Nog)) lie in D,. Indeed, recentring moves the base label
by y if m’ = m; otherwise, by the group law of Lemma 11.9(ii), it moves the last centre by
w = Xm—2tm-1,Tm-1+Y,tm) — Xm—2(tm—1, Tm—1,tm) and the last phase by w/e;,—1, with |w|s <
(1+a)|yloo, a=2%-2.1075¢,, < 2-1073, by Lemma 11.9(i) and (11.19) at the level m — 2, as
[tm — tm—1] < %hm_l by the nesting after (11.19) and the segment from Z,,—1 to Zy,—1 + y lies
within caném—1 of Tp—2(ty,) (proof of Lemma 11.9). By (11.9), the radii of D, exceed those of Dy
by CanEm—1, Can and e,,—1/100 times 1/(4Ngc(Ngen + 2 + Nog)), and 2(1 +a)/9 < %. Cauchy’s
estimate in y1, mode by mode, gives

-~ 9Ngre(V, 2+ N, ~
5m,1]8y1A(t,C[y];§)\ . < src( gen + 2+ off) sup’.A
Can Dy

y=

(tv';§)|7

and likewise in ya, so that &,—1]|VyAlans < 18Nae(Negen + 2 + Noft)Cant || Al an,o-

A transverse primitive costs nothing. On a transverse form with zero average in z, it multiplies
the mode £ # 0 of z - eé;c) by (27i€)~!, of modulus at most %, and keeps the mode 0 at zero.
The other operations of (11.10) cost nothing, a constant or one part, by the same two mechanisms.
Products cost a constant, the Fourier weights exp(3mcan|€])(1 + |€])Van of the analytic norm being
submultiplicative in £; the average in z keeps the mode 0; the cell inverse of Section 10 maps
the mode ¢ of a flux written (ﬁm/sgn)e@) - V. F to that of the gradient of the solution by a time

integral of 472€2k,, / 57271 times exponentials whose exponents have real parts at most —372¢2k,,/ sgn
times the elapsed time, as the real part of the entry across the pulse is at least 1% > %, so with a
constant at most %; on a scalar source it costs the power 2, /(37%¢2k,,) of Lemma 10.4, which the
proof of Proposition 10.7 pairs with the coefficients of (10.16). A derivative in the fast variable of
level m multiplies its mode by 27i&, which the polynomial weight absorbs: a cycle takes at most
2 + Npath Nere + 2Neor + 2Ngre of them, the order in z of (10.17) at N =0, and Nan > Negef > Nret
(items (1) and (3)) exceeds this number by (13.6). A derivative in a centre costs one part. After the
averages in the fast variable of level m, the Fourier weights of the analytic norm of G’ are restored:
its fast variable is the phase of level m —1 of the chains of G, in which the forms of GG are holomorphic
on | Im z(m~1) -eé/)\ < (34 g1)can, so their modes in it decay faster than exp(—6mcan|¢]). Transports
and second-order means use only operations that cost nothing or a constant. A letter takes at most
Ngre — 2 slow derivatives and goes to a child, so its forms have analytic norms at res(?) bounded by
constants times those of forms of G at res(v). With P := Ng¢(Ngen + 2 + Nog) and D(r) the set D
of the level m with r in place of the reserve, these costs give, for a path o1 --- oy of sources of G
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into v, r =res(v) and 2 < d < j < Neor + Nge with j — d < Nge — 2,

d—j
m—1 -

sup }./\/lj,d[o*l e 01'” < C'fac(o1) maj(oq) - - - fac(o;) maj(o;) fim,le_ﬂl_Qs
D(r—(j—d)/P)

This is the proof of Proposition 10.7(c), with Lemma 10.4 in its complex form (it uses only
Re e(k) Ke(k) > %), the costs above for derivatives, and the monotone generations along the

path; Proposition 10.6(c) passes in the same way to complex conductivities, as [e™® — 7| <
la — b| max{|e~?|,|e~*|} for complex a, b. Their hypotheses (10.17) hold on every window by (b1)
for G, as in Step 6.

Step 5: (b1). For a source o’ of G' into ¥ we check, kind by kind, that the forms satisfy
(em—1/Po") 2| Ao dllans < maj(c’); the constants produced by Step 4 are at most Cpyaj, which is
large given item (3). Each form of G’ at k' is, at a time ¢, a sum over the at most two pulses k of
level m with H,, x(¢) > 0 of the transport of a form at k by the maps of Lemma 11.9, with the Piola
factor of (10.23); this costs a constant (Lemma 11.9, Cauchy’s estimate on its balls), the coefficient
of order d’ from the order d carrying 5m Ull, so we bound the forms at k. The birth radius of a source
of G of birth order at least 3 is at most ,,: for one of the seed by Definition 11.2(i), and for one
created at a level i > m since p(i) < C’eHV/QM < gij_1 by (14.7), as i > my.

Transports. Let o be a source of G. Its coefficients (11.2) of orders d > 3, averaged in z, are
transported to the chart of k’; the order d gives the orders d' < d, with the d — d’ derivatives
of the change of variables at the scale ,,_1 (Lemma 11.9). Writing the result of order d' as
Fim—16% ~2 fac(0)Ayr 1, we obtain, by (bl) for G, km < km_1 (Proposition 2.1(c)) and py < e,

o

Em—1\9 2 K d—d' ;e\ d—2 ‘
(=) Moalws <o >0 (L) () Modllne < Cmajlo).

— Em—
Po m—1 d—max{3,d'} m—1 Po

Second-order means are at most C' times the product of the fac(c) maj(c) along their path (Section 10),
in the analytic norm with no loss of reserve, as averages of products of forms and correctors (Step 4).
Mean letters. Let o’ be the source of a mean letter of birth order d,» > 3 along a path of G

into v. By Proposition 10.7(c), the coefficient of order d < d,+ of the mean of degree d,s along the

path is km_1607" 257"1 %' times a form bounded by C'[yepatn fac(o) maj(o). Its recursion takes
dy — d slow derivatives and otherwise the operations of Step 4, so the bound holds in the analytic

norm at the reserve of ©. By Definition 11.3(iv), Ay g is 5;1711 times this coefficient divided by
Fm_16972 [Iepamn fac(o), and por = p(m) < epm—1, by (14.7) as m > my, so

i1\ d—2 -~ dgr—2
( m 1) HAU,’dHan,ﬁ < Cgm"_l( ) H maj(o) < C’e H maj(o

!
Po o€path UEpath

The last step is the smallness of the correctors: by (10.5), &, < CeX_,p(m), so the ratio in
parentheses is at most Ce3%_,, and 3§ (dyr —2) > 4. For a path of one source o, the letter subtracts
its cell average, at most Ce, " | (Km/km—1) maj(c) by the transport bound and p, < &, < py/; and
Fom [ Fom—1 < Ce211 | < C’em 1, by Proposition 2.1(c) (m < mg < M) and 36 < 7.

Covariance letters (43" > 1) are identical, with the mean conjugated: each operator I',, : V2 adds
two orders and a coefficient |T',(t)] < Ced _p(m)? (Lemma 10.3(b)), so the gain (]Fm|/p§,)j+j/ <

Ce’® | replaces that of the correctors, and derivatives on a coefficient cost p,s/em—1 < 1 each.

m—1>

The defect letter has no path. Its forms are e 7 | times the defect of the averaged flux at level m

(Section 13), normalized by kK, — 1ed “,: the diagonal means of the lift less J7"V, and the commutator
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of the covariance with the coarse velocity, conjugated by the truncated exponentials. Each part is small
by a separation of scales. With the conductivity I, the second-order diagonal mean is exactly JJm
(Proposition 10.6(c)); in a chain the conductivity differs from I by at most Ce 2 i < Ce¥_
by Step 4 and (2.13), which changes the mean by at most Cy,_12 (Proposmon 10.6(c)). The
Piola factor VyX,,_1 of (10.23), on the left and, through the gradient of Yk, transposed on the right,
changes it by at most C|V,Xp,—1 — I||[J5m| < Clim_le’;‘m 1, by Lemma 7.10(i) and (10.5). The
diagonal means of degrees 3 to Neor + 1 gain Ce | as above. The commutator is at most [T, (¢)]
times the straln of the chain, which is Vb,,_; at a real chain with matched phases and has |- |s-norm
at most 2%%¢ '8 2 on the outer domaln (Step 4), its derlvatlves costing Ce,;! | each (Cauchy’s estimate).

So the commutator is at most C’em lﬁm 171 < Ckp—162°_1, by Lemma 10.3(b) and (2.13), and the
truncated exponentials cost at most (1 + C|T',,|/p(m)? )2p < C, derivatives on a coefficient costing
at most 1 each. So the coefficient of order d of the defect is at most Ce% _1xm—1p(m)?2 in the

analytic norm, and with the birth radius p(m) this is (b1l) with the majorant C’majsfn 1

Step 6: (b2) and (b2 ), in their precise forms (11.14) and (11.15) at the level m — 1. Let C be an
allowed chain with all [y®|; < 1¢anci. Every component has reserve at least 2/(Ngen + 2 + Nogt),
so D; contains a complex neighbourhood of C and of its recentrings by |y|s at most a fixed multiple
of e;—2. Cauchy’s estimate in y, and the weight exp(3mcan|€|) in z, give, for all j and j/, with C

depending also on j and j’, by (bl) and p, < &,,—1 when d > 3,

, L, d—2
e | V4V Aot ] < Ol Asrdllans < €(L7=)" " maj(o’) < Cmaj(o’).

1 ([ta+3Tm,te]) = Em—1

Summing with the weights of (11.4) gives (b2), as Cger > C. In (11.15) at level m — 1, slow
and fast derivatives cost (pmol(m — 1)/em—2)"t <1 and (pmot(m — 1)/em—1)"2 < 1, and the power
(em—1/pmor(m — 1))4=2 is absorbed by (b1) if every source of G’ of current order at least 3 has birth
radius at most pme1(m — 1). A transported source keeps its birth radius < &,,,; a new one has p(m).
By Lemma 7.1(a), (c¢), Proposition 2.1(b) (m —1 < M) and (14.7),

14y/246 14+/2
em <261, p(m) < Csm+j1/ + , Pmol(m — 1) > ce, ] +7/ ,

and ¢ — 1 — 3 = 40 + ¢ (Lemma 7.1(c)), so, for m > myg, both birth radii are at most pme1(m — 1).
Hence (b2'); for the masses w, /P2, both sides gain the factor ¥, /¥,

Step 7: (c). A transported source keeps its smoothing, and a second-order mean takes that of its
widest source, so (c1) and (c3) are inherited, and (c2) follows from (c2) for G, since ppe1(m)ed, <
pmol(m - 1)5;5”71 and P(m)ﬁfq < P(m - 1)5;1372 (gm <ém-1, im < Bm-1 < K2, hyp < hm—1)~

The new sources have the fresh smoothing (14.9), of width r,,, with the ellipses of (11.18).
Then Qy, Qy are piecewise continuous in ¢, and [€;(t)|ec < C < Cq, by Lemma 7.4 (|t — lhorhm ], |t —
lyerhin| < Shi), Lemma 7.10(i) and Proposition 2.1(a), (c). Both are invertible, as det VyX,,—1 = 1
(Lemma 7.4) and Jim > Kk, I (Lemma 7.10(i)). The long axes Q4 (t)e1, Qa(t)eq are the columns e,
ez of Jacobians within Ce?’ | of I (proof of Lemma 7.4, (2.13)), times square roots of maxima of
the diagonal entries of K;Ll_lJ km - at least 1 as these entries have average 1 over a period by (2.17)
and (2.19). So the matrix of long axes is within Ce2°_; of I times a diagonal matrix with entries
> 1, and, for m > my, its inverse has | - |o-norm at most (1 — Cafr‘f_l)*l <2< Cq.

This gives (cl), with 2¢ — 1 > Npom by item (1). Lemma 8.2 gives the bound of (c3) with its
constants, which the ¢; of item (3) dominate; the bound passes to H, /])V (T?) since S(t) commutes
with derivatives. The widths follow from (14.1), (14.7), em—1 < 2%, and 46 < ¢ — 1 (Step 6):

1+ +5+@
T < C’ < Cpmol(m - 1) 8%161 < Cwidpmol(m - 1) 5(:)171 ’
- 246)+qO
rm < Cp(m —1) sfg_é)(l*ﬁ Jra < Cyiap(m —1)ep)_,
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Step 8: (d). The coupling matrix (8.4) of G’ of order N at scale pmoi(m — 1) is at most C' times
the priced majorant matrix, entry by entry, for both masses. Indeed, by (bl), the coefficient (11.2) of
order d of a source o’ is at most f,—1p% % fac(c’) maj(o’). Its transport to « gives the orders d’ < d
at the cost 6%:3 < pgl,_d; if d < d, then d > 3, so ¢/ has current order at least 3 and p, < g,,_2,
by Step 6. Its derivatives at the scale ppe1(m — 1) < &,,-1 cost constants, as in Step 6: by the chain
rule, V7 of the transported coefficient, at z = y/e,,—1, combines V4! VZ* of the form, j; + j2 < j, at
the cost 5;{125;1{21, as the derivatives of order j+ 1 of X, —o(t, -, tn—1) and of its inverse are at most
Ce;Lj_ 5 (Lemma 11.9(i), Cauchy’s estimate), and at most two time cutoffs are positive at once. So

1 ] ' y : |
Cq'—2 Z pmol(Tr.l' ) sup |¥ UAU’,d" < Cfac(o’) J( /)( ) )
<N j [t +37'm t ]X '
< A U T

and the last power is at most the price max{1, (py'/74/)% =2}, which compensates for the coefficient
cd/,gri,_d of the kernel. So the row and column sums of the coupling matrix are at most C

times (11.20). As in Step 3, with one more step of the scales (sfn/il < 25?7;5142), for m > mg, myg

being chosen after C', Caqm and Chaj, both terms are at most %C’admsgfé 42: this is (d). O

12. Smoothing within one period: Bloch wave analysis

This section proves part (a) of Proposition 5.3, the preparation, by Bloch wave analysis; part (b) is
proved in Section 13, for the time ¢, and the map IT constructed here. Part (a) says that within one
period 4h,,, of the pulses the solution of an admissible family of level m becomes, up to a small error,
smooth at the scale p(m), with bounds by the L? norm of the datum. This scale is the distance
over which the coarse diffusivity k,,_1 spreads in one renewal time; below the terminal level it is
far larger than the distance that molecular diffusion reaches in that time. So the smoothing must
come from the homogenization of the pulses of level m, and it must hold to the accuracy 5%71 of
the cycle, uniformly in the contrast, and without any derivative of the datum.

We obtain it from an exact decomposition of the evolution. In the chart of a renewal block, with
the conductivity frozen at a point, Bloch waves split the evolution into evolutions on the period cell,
one for each frequency (Subsection 12.2). At small frequencies, the cell mean of the principal branch
of these evolutions evolves at a scalar rate, the symbol (Subsection 12.3). To leading order the
symbol is the homogenized operator of the pulses; as a block carries pulses of both orientations, over
one block the principal branch is damped by a Gaussian in the frequency at the scale 1/p(m), which
is the smoothing we need (Subsection 12.4). Everything else decays at the cell rate, the inverse of
the time that molecular diffusion takes to cross a period cell, and over a block its norm is multiplied
by a number smaller than any power of €,,_1 (Subsection 12.5). Subsections 12.6-12.9 add the
sources of the family, which take derivatives of the solution. We expand the solution in its sources
by Duhamel’s formula, freeze the coefficients on patches of size p(m), and estimate each term by
duality, against solutions of the adjoint cell evolutions, which carry the derivatives that the sources
take, except near the ends of a block (Lemma 12.12(iii)). On the principal branch a source then
costs, over a block, at most a power of 1 + p(m)|¢|, which the Gaussian absorbs; everything else is
damped. Subsection 12.10 assembles the proof.

Conventions. In Subsections 12.2-12.5 every constant of a statement is named in it, and C
is absolute in the proofs of Subsections 12.2 and 12.3; Subsection 12.6 states the conventions of
Subsections 12.6-12.9. Elsewhere, C' and ¢ denote positive constants depending only on «, s, ¢, C,
A, n,ty, T and on the orders and constants fixed in Subsection 11.1 and below, which may change
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from line to line; C(j) depends also on j, and C(J) and ¢(J) on J. The corrector amplitude
Em = em(Km_1/km)"? of (5.2), with the contrast km_1/km, is at most Ce3°_, p(m), by (10.5). The

m
cell rate is kp,/2,. Two identities, from the definition of &,, and (5.5), translate between cell units
and the coarse scale:
2 h
Km _2 p(m)” _ Emhm

— &y, — Km—1 =
2 ~m m=1> =2 2
€m €m €m

in cell units the homogenized equation damps the frequency ¢ at the rate (£,,/¢|)?, and a renewal
block lasts (p(m)/&m,)? cell diffusion times.

The constant c¢p,,. The constant ¢y € (0, 1] of the molecular radius (11.1) is fixed here, after A:
it is at most a threshold depending only on «;, s, q,(, A, below which, for every M, x € Ky and
2<m< M,

pmol(m)jJrl ijb

mll oo erzy < 2702 B (2 1),

pumol () (12.1)

< 9-1 2 Pmol(m)2 < 920
em ’ m Em

The first condition is (i) of Proposition 8.3 for the velocity by, at the scale pyo(m) and every
order. It holds for small ¢, Proposition 7.5 and Cauchy’s estimate on polydiscs of radius &,,/100
give [|Vibp, || poo(rxr2) < C7(j — 1)! 57177 with an absolute C, and (11.1) bounds the left side by
ciﬁC’j (7 — 1)! k. The last condition makes the molecular time ppo1(m)? /Ky, short compared with

the strain time 2, ° of by, (7.4).

The order of choices. The depth Ngcp of the Duhamel expansion (Subsection 12.6) is the least
integer with the second condition below, Ny is the order of the molecular smoothing, and the

moment order Npom of the smoothings satisfies the first condition (item (1) of Subsection 11.1,
Table 11.1):

a0
4
The integers introduced in Subsections 12.6-12.9 depend only on these orders, on Ng., ) and Ngyt,
and Ngoer is at least each of them and Ny,e. The top level my is fixed after cpo.

q(SNmom > Q+3’ (Ndep+1) > Q+3’ Nbuf = (Ndep+1)(Nsrc_2)+Nmom- (122)

12.1 Statements

The preparation runs over the interval of Figure 12.1. From ¢. the solution runs for the molecular
time, which gives it derivatives at the scale ppo1(m) (Lemma 12.17), and from the end ¢; of the
molecular interval it is expanded in its sources. The rest of the block of t; may carry pulses of
one orientation only; the next, complete, block smooths, and ¢, is its end, inside a quiet margin.
Proposition 12.1 gives four further properties of ¢, and II. By (i) the comparison of Section 13 starts
at tpr, where the lift adds no corrector (Lemma 13.1); (iii) gives the derivatives that the passage of
Section 14 spends; and (iv) bounds the datum of the successor, the retained trace of Ilg.

Proposition 12.1 (Further properties of the preparation). There ezists C(c, s,q,(, A,n,tg, T) < 0o
such that, for every M, Kk, m, ta, tc, tr, G and G' as in Proposition 5.3, the time t,, and the map 11
of Proposition 5.3 can be chosen, satisfying (a) and (b) with this C, such that also the following hold.

(i) The time tyy comes after the molecular time, and the velocity added at level m vanishes near it:

pmol(m)2
Rm

te + <tpr, by =bp1 on [ty — Th, tpr + 7] x T2.
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(ii) IT maps every field of G whose components are constant functions to itself.

(iii) For every datum g, the solution U of G from g at time t. satisfies

HU||Loo([tpr’tf];H2Nrep+4 (T2)) < CHQHLQG(TQ) :

Pmol ™)«
(iv) For every datum g,

| epr(_Fm(tpr) : VQ) HgHH;\é T2) < CHgHLé(TQ) :

t
my,al

old partial block one complete renewal block, of length h,,
te tq :
N | i | R
T T [ ‘ g
— to tpr
Pmol(M)*/tim

at most 4h,,

Figure 12.1: The preparation of a cycle, in time (not to scale): the molecular interval from t. to ¢1,
the rest of the block containing ¢ (the old partial block), and one complete renewal block, from the
block boundary to to t,,. Vertical strokes: pulses, solid and dotted for the two orientations. Shaded:
the quiet margins around ¢y and tp,, of half-width 7,,.

12.2 The frozen operator and its Bloch waves

In the chart of a renewal block (Lemma 7.9) the coarse velocity is gone: what remains is the periodic
shear of the pulses and a conductivity close to the identity that varies only on the scale €,,,—1, much
larger than p(m). As a point of the datum influences, over one block, a neighbourhood of size
about p(m), we freeze the conductivity at a point yp; Subsection 12.9 bounds the error. The frozen
operator has periodic coefficients, and Bloch waves reduce it to one evolution on the period cell for
each frequency, the fibre equation (12.5).

Standing hypotheses. Throughout Subsections 12.2-12.5, let A > Ag, where Ag(a, s,q,() > 128
is at least the thresholds of Proposition 2.1 and Lemma 10.1 and is so large that

A2 K T, s
—— >0, Emo1 < 6

5 forevery M > 2, k€ Kpr, 2<m <M (12.3)
em

(by Proposition 2.1(c)). Fix M > 2, k € Ky, 2 <m < M, | € Z, a point 39 € R? and a measurable
map K from R to the symmetric 2 x 2 matrices with [[K — I ooy < g% 1. In the applications
K(t) = K, (t,90) for |t — lhy| < hy,, the conductivity of the chart of the block of [ frozen at
the label yo, and K(t) = I otherwise; by (7.9), [|[K — I||pe(r) < Ce? | <& | for Ag large. By
Lemma 7.9, the level-m operator in the chart of the block is 9y + V¥ ¢y, - V — 6,V - (K, V+), with
Y of (7.11). With its conductivity frozen at yp, it becomes the frozen operator

O+ Viu(ty) V -k V- (KH)V-)  onRxR?, (12.4)

whose coefficients are e,,-periodic in y (Section 2).
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Fibres. We write z := y/e,, for the fast variable, as in Section 10. The velocity (V9,)(t, emz)
is 1-periodic in z, divergence free and of mean zero over the cell. On C? the dot is bilinear,
€-m = &my + Eama, so that €2 = ¢ - & For € € C?, the function exp(i& - (y — y0))U (t,y/em), with U
periodic in z, is annihilated by (12.4) if and only if U solves the fibre equation at &,

U = 'ZTm(v +iemd) - K()(V +iené)U — }(vwmxt,emz) (V+ien)U  (12.5)

on T2, with V in z and V+4),, the velocity of (12.4), in y. Solutions are energy solutions, one
for each datum. The real frequencies with €,,|{|cc < 7 form the (Brillouin) zone. For real £ the
transport term of (12.5) is skew-adjoint, as the velocity is divergence free, so

2Km

HU )HL2 (T2) = €T<K(t)(v +iem&)U, (V +iené)U >L2 (T2) = <0, (12.6)

m

and, by Fourier series, for real £ in the zone and every U € H'(T?),

I(V + iem&)Ullp2(r2) = max{em|é] |U|2r2), 7IU = (U)r2llp2er2) } (12.7)

since 277 + emé| > em|€| for every j € Z2, and > 7 for j # 0.

Bloch sums. Fields g = (g,)yev on R? carry the masses w,, of (5.7), and their moments about o
at the scale p(m) are measured by
H( L= yo|2>N /2 |
g

p¥
G2 IV glzz ey (12.8)

i

H9HL2 : L2.(R2)

lgllF~
pw,N J<N

the centre yg is always the point of the frozen operator. For a measurable field g on R? with
||g||Lz ,(R2) < 00, its Bloch sums about yo are the sums

Bg(&,2) = Y exp(—i& - (em(z + 1) — v0))g(em(z + 7)), (12.9)

jEZ2

periodic in z. At every real ¢ they converge absolutely for almost every z, and in L?(T?), by the
Cauchy-Schwarz inequality against the weight (1 + |y — yo0|?/p(m)?)~2, which is summable over
the points y = e (2 + j), j € Z2. Their mean over T? is €,,2G(€), where §(€) = [p2 exp(—i& - (y —
0))g(y) dy is the Fourier transform about yo. They satisfy B(Vg) = ¢,,1(V + ien&)Bg, with V
in y on the left and in z on the right, and B(a(-/en)g) = aBg for every 1-periodic function a. The
following lemma, Plancherel’s identity for Bloch sums, returns bounds proved at each frequency to
the plane.

Lemma 12.2 (Bloch sums). Let g be a measurable field on R? with ||g|| ;2 ,(®2) < 00. Then the
Bloch sums of g satisfy 7

| 1B ey d = el ey

zone

Proof. For almost every z, Bg(¢, z) is a complex number of modulus one times the trigonometric
series Z]EZQ exp(—iemé - 7)g(em(z + 7)) of the cell frequency ,& € [—m, 7]?, and Parseval’s identity
gives [ |Bg(&,2)|?d¢ = (2m)%e,2 > ilalem(z + 4))|?; integrating in z gives the identity. O
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We write Ly for the cell operator (10.10) with the conductivity K(¢) of the standing hypotheses,
at every t € R. The next subsection constructs the principal branch as a fixed point of the cell
problem forced at all times, which Lemma 12.3 solves with a constant independent of the velocity:
the transport is skew and drops out of the energy, and the diffusion damps functions of mean zero
at the cell rate. For a Banach space X, forcings and solutions with values in X are measured over
intervals of one cell diffusion time €2, /i,

t+5$n/nm 1/2

K

1Pl o =sup(5 [ IF@)Bear)
u teR M€ t

m
and the space L*°(R; L*(T?)) N L2 (R; H'(T?)) carries the norm ||w]| oo (g;r2(r2)) + HVU)HLQI(R;L2(T2)).
Lemma 12.3 (Bounded solutions at every time). Let FO and F be measurable on R x T2, with

values in C and C?, with finite L% (R; L*(T?)) norms. Then the problem

LoU = :Tm(po_ (FO2 +V-F)  inRxT?

m

has exactly one energy solution U € L>®(R; L?(T?)) with (U(t))g2 = 0 for every t, and
Ul oo v;z2(m2)) + IVU Il L2 (R; L2 (T2)) < 100(HF0HL31(R;L2(T2)) +IF g2, @2 () -

Proof. We measure time in units of €2, /Ky, so that the coefficients ,, /¢2, disappear. Testing with U
and using K > 11 and Poincaré’s inequality || VU || r2(12) = 27||U|| 1212y for mean-zero U, we obtain

d
QHUH%%T?) + 7T2||U”%2(11‘2) + iHVUH%?(T?) < 4(HFOH%2(T2) + ||FH%2(T2))‘

Summing over intervals of unit length, we find that every energy solution on [, 00) satisfies

24 gl 1/9

U@ r2erzy < e COPNU )| p2re) + 2'01(”F0H%ﬁ1(R;L2(’H‘2)) + |’FH%31(R;L2(T2))) "
and the first display, integrated over an interval of unit length, then bounds VU. The solutions
from zero at the times ' = —1,—2,... converge to one with the bound, and two bounded solutions
coincide (let ¢ — —o0). O

12.3 The principal branch at small frequencies

At £ = 0 the constants solve the fibre equation (12.5), and every other solution approaches its cell
mean at the cell rate. We show that this splitting persists at small frequencies. As the coefficients
depend on time, there is no eigenvalue to continue. We seek instead a cell function R¢(t) of mean
one and a scalar rate Z¢(t) such that R¢, multiplied by a scalar function of time that grows at the
rate Z¢, solves (12.5); in the plane this is a plane wave corrected at the cell scale. Averaging the
fibre equation over T?, with the velocity of mean zero, gives the symbol

Ze=—km & KE—i& (V) (tem) (Re = 1)) pa s (12.10)

and its part of mean zero is the graph equation

Lo(Re—1) = 21’::”V (K& (Re — 1))
- 1(5 : (vlwm)(tafm') Re — (€ (Vme)(t,am-) (Rﬁ - 1))T2)
TR~ 1)(E - (Vo) 2m) (Re — 1)) (12.11)
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This is the cell problem of Lemma 12.3 for R¢ — 1, with a forcing that is small in cell units when
Em €| is small: whatever the Péclet number (the velocity in cell units), the transport term on a mode
of frequency &£ has relative size

€2 27r56+1\§]

/{Tm ”Vme”LW(RXR?) €] < < C&p (12.12)
m

m

with an absolute C' (Step 1 of the proof of Proposition 12.4). So the graph equation has exactly one
small solution of mean zero, and Ry is the principal branch, the branch that continues the constants.
By (a) below it differs from 1 by the relative size of the first corrector of a plane wave, and by (b)
the symbol is at most of the size of the rate of the homogenized equation at the frequency &.

Proposition 12.4 (The principal branch). There exist absolute constants cpy € (0,1] and Cyy such
that, under the standing hypotheses, there exist Re(t) € L*(T?) and Z¢(t) € C, fort € R and & € C?
with £,|&| < cpr, power series in &, such that for every such & the following hold.

(a) For everyt € R, (Re(t))r2 =1, and
[Re — 1l oo r;r2(12)) < Conmlé] -

(b) Z¢ = Zj22 Z¢ i, where Z¢ ; is homogeneous of degree j in &, and for every j > 2

Km, <2§m]§\)j‘

Z wo®r) < O
126 mm < O (5

(c) For every t' € R, the function t — Re(t) exp ft’ Z¢(t")dt") solves the fibre equation (12.5) o
[t',00).

(d) For every &€ € R? with &,|¢| < cpy and every t' < t,

S C’br'

t
’exp ( Ze(t") dt”)
tl

() Re — 1 is the only solution of the graph equation (12.11) that has mean zero at every time and
norm at most one in L>®(R; L*(T?)) N L2 (R; HY(T?)), and Z¢ is given by (12.10).

Proof. Step 1: The branch and the symbol. As ||VL¢Jm||Loo(RXR2) < 2meb ! and €2 /kpm < 20Km_1
(Lemma 10.1(c)), the constant of (12.12) is absolute. The right side of the graph equation (12.11) is the
cell rate times F* — (F0)2 + V- F, where F = 2ie,, K¢ (Re — 1) and FU is €2, /iy, times the transport
terms, with | Fllpaqre) < 42l [Re — Llpagme) and [[Flamz) < Conll(] + [Re — L para)?,
by (12.12) and €, [¢| < &n]€|. So Lemma 12.3 makes the map that sends a mean-zero function, put
in place of R¢ — 1 on the right side, to the bounded mean-zero solution of (12.11) a contraction
of the unit ball of L (R; L*(T?)) N L% (R; H(T?)) when &,,|¢| < cpy, with an absolute ¢y, < 15 its
fixed point has norm at most C&,,|¢|. The map is a polynomial in ¢ and in the function, so its
Picard iterates are polynomials in £ and converge uniformly on the complex ball &,,|¢| < cp,;: Rg
and Z¢ are power series in £. For &[] < cbr/2, | Z¢| is at most an absolute constant times k,,/e2,,
by (12.10) and (12.12); we take Cp, > 2, at least this constant and the constant of the bound on the
fixed point, which gives the bound of (a). Cauchy’s estimate on the ball of radius cp,/2 bounds the
term of degree j by (2&,,|€|/cpr)’ times the supremum, which gives (b); the terms of degree 0 and 1
vanish, as R¢ — 1 is of degree at least one in (12.10). A mean-zero solution of (12.11) in that unit
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ball is a fixed point of the map, by the uniqueness in Lemma 12.3; this is (e), and (c) and the mean
in (a) hold by construction.
Step 2: Real frequencies. By (12.6), and by (a) with cp, < % and C},, > 2, respectively,

exp </t,t Zg(t”) dt”)

which gives (d). O

IRe@)l12(72) S IRe()llzzrzy, 1< [Rellzzre) < 14 Confmlé| < Cr,

12.4 Dissipation of the branch: the averaged flux

The quadratic part of the symbol is given by the averaged flux of Part I, up to an error small relative
to Km_1]¢|?, from the conductivity and from switching the pulses on and off, because the first-order
part of the branch is the corrector of Section 10. At each time the averaged flux enhances diffusion
only along the flow of the active pulse; a block, however, carries pulses of both orientations, and
over a block the averaged flux integrates to at least a constant times p(m)? in every direction. So
over one block the branch is damped by the Gaussian exp(—cqisp(m)?|€]?), by (b) below: this is
the homogenized equation of level m — 1 seen over the time h,,. Item (c) also covers intervals that
are not complete blocks: the symbol is at most 72/16 times the cell rate, so the branch changes
more slowly than diffusion damps functions of mean zero on the cell, and frequency derivatives of
its integral, at the scale 1/p(m), cost only powers of 1+ p(m)|£|. Below, the core of a pulse k is
[(k = §)Tm, (k + 3)7m]; it is complete if the slow cutoff of its block is 1 on it.

Proposition 12.5 (Dissipation of the branch). There exist Ag(a, s,q,() > 128, C(«a, s,q,() and
absolute constants ¢y, € (0, cpy /8] and cqis > 0 such that, under the standing hypotheses with this Ay,
the following hold.
(a) For every & € C2,
[Ze2 + € I €|| oo ) < Cemrtim-1lE[>

(b) For every ' € Z, every £ € R? with &,|€] < 21, and every integer N > 2, on the renewal block
[ty t1] = [(1' = §)hm, (' + 3) D],

Ly

ty N
Re Ze(t) dt < —cais p(m)?[€]? Re/ D Zej(t)dt < —cqis p(m)?[E[
t_ .
Jj=2

t
(c) For every & € C? with £,|€| < 210,

1 2K
Chi& < = Zellpoom) < —n .
br[‘:m’f‘ =3 H §HL R) = 16E72n
For every interval [t',t"] of length at most 2h,, and every & € R? with &,|¢| < 2¢10, with Vg

the array of the derivatives of order j and C(j) depending only on j, the following hold for
every integer j > 1:

ioi [© C(Wpm)le], =1,
oy =2% Zg(t)dt%{cux j>e.

and

p(m) IV exp(:l: /tu Ze(t) dt)‘ <O +p(m)|§‘)j‘exp(:|: t,t” Ze(t) dt) ‘

t/
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Proof. Step 1: The quadratic part. The solution operator of Lemma 12.3 is linear and independent
of £&. So the term R¢ ; of degree one in & of the branch is the bounded mean-zero solution of (12.11)
with R¢ 1 in place of R¢ — 1 on the left side and with the part of degree one of the right side,
—i€ - (VY9)(t, emz), on the right. By (12.10),

Zeg=—km & KMOE—i(& (Vm)(tem) Rea) g - (12.13)

Step 2: Comparison with the averaged fluz. In this step C depends only on «;, s, ¢q,(, as in (a).
We use the glued corrector x%m of Lemma 10.2(b). For e € R, since (¢y,)r2 = 0, (V(e- x&m))p2 =0
and V1, = ( )Vwm, an integration by parts in (10.6) gives the exact identity

T (e = tme = VH0(t) (e X () do. (12.14)

so that —€ - JEm& = —kp &+ €+ f12(€- V) (€ x5 ) dy for every € € C?, by bilinearity. By (10.7),
read in the fast variable, i§ - x5 (¢, e,2) solves the equation of R¢ 1 at K = I up to the switching
residual. Hence R¢ 1 — if X&m (t,emz) is the bounded mean-zero solution of Lemma 12.3 with
FO = —(&2 [km) i€ - S H kX (£, Em2), with Hy - the derivative of Hnr in ¢, and F = (K —

V(i€ - Xt (t,emz)). The gradient in z of xfm (t,em2) is at most 8 km, by (10.3), (10.1) and
> & Hmx = 1; with (10.7) and Lemma 12.3,

€g1+1 82 5

. m

HR§,1 - 15 : X,:n ( Em: HLoo RLQ(TQ ) < C’é“ ( + 5m71>'
m m!'m

The averages over T? in z are those over T? in y, as the functions are e,,-periodic; so (12.13)
and (12.14) give

Zea+ &I = —rm & (K(t) — )€ — i<€ (V) (tem:) (Rea — i€ - X (t, eme )))W ;
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the last by £ < Km—1, 5%?//-@7,1 < 20K,—1 and €2, /(kmTm) < Ce¥® | (Proposition 2.1(c) and (10.5)).
This is (a).
Step 3: Coercivity over a block. We show, with cgis == (1 — exp(—2))/192,
ty

§- Inm ()€t > 2cais km—1hm|E[7 (£ €R?). (12.15)

t_

On a complete core Zm,k = 1, since (- — k) is the only term of the partition (2.2) that is nonzero

there. So for t € [k, (k+ 5 )Tm] the time integral of (2.16) is at least me/ exp(—4m2k,t/e2,) dt >
(1 — exp(—2))e2, /(472 k), by (12.3), and (2.16) gives
e2b

m
ek) - Jrm (t)e(k) > Km + (1 — exp(—Z))% .
A block has hy, /7 = (4]0 ;] 4 1)? slots, and only those within 27/, + 7,,, of its ends fail to have
complete cores (Lemma 7. 1(d)) so the complete cores are those of hy, /7, — 47, /Tm consecutive
integers, with 7/, /7, = 4[.% |14+ 1 > 65 by (12.3), and it has at least h,,/(327,) complete cores of
each orientation. Since Jim is diagonal and at least x,,/ (Lemma 7.10), for e € {e1, e}

b+ . hm  Tm 28 28
5 e-Jrmedt > Kpyhm + 327’m 5 (1 — exp(—Q))m > 2¢qishm (Iim + %) > 2¢qishmBm—1 »
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because Fm_1 = Km(km) < Fim + 22 /(26m) (Lemma 7.10(i) and (2.17)). This is (12.15).

Step 4: The block integral. For real £ with &,,|¢| < e, /4, by (a), (12.15), Proposition 12.4(b) and
K = 2 2
ﬁ(amm) = km-1/€[*,

ty o '
Re Ze(t) dt < —(2cqis — Ced, 1) Em—1hm €] + Cbrhm%;n €m|§|>J
- €m >3 Chbr
160 .

br

We choose ¢, := min{cp, /8, cbrcdls/(64C'br) chr/(BZCbr ),1/(6Ch;)}, and Ag so large that CE
cais/2. Then the right side, and that of every truncation, is at most —cqisp(m)?|€|? for &, €] < 2(:10.
Step 5: Frequency derivatives. By Proposition 12.4(b), summing a geometric series of ratio at
most 2 NZer || oo r) < 16Cycp 25 - 2 (£, [€'[)? for complex & with &, |¢'| < 2epy; as 210 < by, the last
two entrles of the minimum defining ¢}, give the first sentence of (¢). There the integral over [¢',t"] is
holomorphic and at most 32Ch,c;2p(m)?|¢'|?, as " — ' < 2h,, and &2,kphm/e2, = p(m)?. Cauchy’s
estimates on the polydiscs about a real & of radii ¢y, /(16&,,) and |£|/4 give the bounds of (c) on this
integral for j > 2 (as p(m)?/&2, = kphm/e2, > 1) and j =1 (at £ = 0 the gradient vanishes, as Z¢
has no term of degree one). Faa di Bruno’s formula gives the last bound. O

12.5 The other frequencies: two orientations

At the frequencies with &,,|¢| > ¢, the whole fibre must decay at the cell rate. If the contrast
is bounded, as only at the terminal level, the inequality (12.7) suffices. If it is large, then at
the frequencies with €,,|¢| < 1 molecular diffusion alone damps the cell mean, the plane wave of
frequency &, far more slowly than at the cell rate. The damping comes instead from the shear: a
pulse flowing along eo moves the cell mean into the first cell harmonic, at a rate at least comparable
to the cell rate once &,,|£2] > ¢1o/2, and diffusion damps the harmonic. Such a pulse does not see
the frequencies along e, as it moves functions of y; along their level lines; so both orientations are
needed, and a block has many pulses of each.

Proposition 12.6 (Damping of the other frequencies). There exist absolute constants cpi, Cp; > 0
such that the following holds under the standing hypotheses, with m above a level depending only on
a,s,q,(, N. For every l' € Z, every & € R? in the zone with &,|&| > 1o and every solution U of the
fibre equation (12.5) on the renewal block [t—,t4] = [(I' = L) hm, (' + L) hum)],

KmNm
1)l z2r2) < exp(—ew =5 ) IU(E-) 2 -

m

If moreover Kp, < $km—1, then, for every interval [t',t"] C [t_,t4] of length at least ACwie?2, /K, that
lies in a complete core of a pulse k with &y,|§ - eqy| > c10/2,

IUE) 22y < 51U E ) L2r2) -
Proof. By (12.6) the norm never grows. We distinguish two cases.
Bounded contrast, Ky, > $km—1. Then e[| > 2728,,|€] > c10/2, and (12.6), (12.7) and K > 31

give %HU”%Q(W) < —';T;: o HU”L2(T2) whatever the velocity. For m large, this case is m = M
(Proposition 2.1).

Large contrast, /{m < %/ﬂm,l. Then k-1 = Kp(km) < km + e?nﬁ/(%im) (Lemma 7.10(i)
and (2.17)) forces et /K,m > Km-1. One of the coordinates of &, say &, has &,|&| > ao/2.
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Let k € 4Z + 1 be a pulse, whose flow direction is e, with a complete core. On the core only pulse k
is active and (m 1 =1, so by (10.1) the velocity of (12.5) is the stationary shear 2met, * cos(2mz1 )es.
The shear couples the cell mean (U)p2 to the first harmonic (v/2 cos(2721)U)pe: testing (12.5) with 1
and with v/2 cos(2721), and integrating by parts in z and, where derivatives fall on the test function,
in z1, we obtain

d
dt
V2 cos(2mz ) U )2 = —iv2mel 1y (U)g2 4 a remainder

(U)pz = —km & - K(t)E (U)p2 — i\/§7r€7’8n71§2(\6 cos(2m21)U ) s »
(12.16)
i
dt
with the remainder at most C(sﬁfl o] + Km /E2)|U — (U) 72 | £2(r2) for an absolute C, as K does not
depend on z and &, [¢| < v2m; here |(v2cos(2m21)U)qz2| < |[U — (U)g2 || 12(12), since the harmonic
has mean zero. Hence the imaginary part of (U)g2 (v/2 cos(2721)U )2 has the derivative V2rel e
(1(VZ cos(2m2)U) P = [(U)2 ) wp t0 Cleli €] + hin /22)|(U) s [T = (U )l oy the damping
of the first line included, as &,,|¢| < v/27. We integrate over an interval [/, "] of the core; at its ends

the imaginary part is at most &(|U(¢')|| 72(r2)> 8s the norm does not increase, and Young’s inequality
on the error gives

B t// B Hm 2 t//
e 1’§2|/t, |(U)g2]?dt < C||U(t/)||%2(1r2) +Cepy 1|f2|(1 + 55+1|£|) /t, U — (U)'JTQH%Q(T?) dt.
m 2

By (12. 6) and (12.7), the mean-free part satisfies 72 (k,, /€2, ft’ |U—( TQHLQ 72y dt < |U (¢ )HL2 T2)"
Now et |§2\//€m25m|§2\ > c0/2, by €mﬂ//€m2/€m 1, so that

(em €2l ™! = (ki /(e M €aD) €m/bim < (2/€10) €00/ Fom -

Dividing the first bound by eh; '[&| and adding the two bounds, we obtain ftt,” \U H%Q(TQ) dt <
Chi(e2,/km)||U#)||? 12 TQ with an absolute Cl;, as ¢, is absolute; and since the norm does not

increase, ||U (")l r2(r2y < QHU(t,)HL2(T2) as soon as t” —t' > 4Cy;e2, /km. This is the last assertion
of the proposition for k € 47 + 1; for k € 4Z + 3 we exchange the coordinates.

A core has length 2 5Tm, and /@me/e — oo with m (Proposition 2.1(c)); for m large, each
complete core of the rlght orientation halves the norm at least s, 7m/(12Chie2,) times. The block
has at least hy,/(327,,) such cores (Step 3 of the proof of Proposition 12.5), so the norm decreases
by the factor exp(—chifimhm/c2,), with cpi :== min{log 2/(384C};), ¢, /8}. O

12.6 The Duhamel expansion and the adjoint equation

In a family, sources couple the components, and a source of order d takes d derivatives. The
preparation expands the solution in its sources by Duhamel’s formula, and as the sources are small,
finitely many terms suffice (Subsection 12.10). Proposition 12.7, the main result of Subsections 12.6—
12.9, prepares their sum. A direct estimate of each term would lose derivatives of the datum and,
through the transport, powers of the contrast; the map IT of that proposition loses neither, and only
its error, of size aQtl, uses derivatives of the datum, at the molecular scale.

The Duhamel expansion of a family G of level m from a datum g at a time ¢; is the sequence

Uty ity . of solutions of

0 .7:07

O + by - V — kA UMY =
@ ) {V S0 Lo vore Lot AaVIUY Y 2 1
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with U{%(t;) = g and UV} (#;) = 0 for j > 1: the system (5.6) with its sources applied one at a
time and without the smoothing operators Sy. The terms exist in C([ty, t¢]; HNour=I(Nsre=2)(T2)V')
for j < Ngep +1 when g € HNeut (T2)V | by Proposition 8.6, whose condition at the scale pye1(m)
is (b2') of Definition 11.1 with majorant sums at most 035%4.

Proposition 12.7 (Preparation of the Duhamel expansion). Let C, > 1. There exist C' and a
level, both depending only on «, s,q,(, A, n,tg, T and Cy, such that the following holds for every M,
k € Ky and every m < M above this level, the terminal level included. Let G be a family of level m
that satisfies the invariant (Definition 11.1) on [ta,ts], with Cy in place of the constants Cq, c;
(7 < Nac —2), Cyid, Cders Ciet(J) (7 < Neoet) and Cagm of items (3)—(4) of Subsection 11.1, and
whose majorant matriz has nonzero entries that, as arrows between components, form no path of
more than Npan arrows, let t1 € [ta,ty — 2hy,], and let tye be the end of the block that follows the
block containing ty: with (I — %)hm <ty <(I+ %)hm and to == (I + %)hm

tor = to + P, B < tpr — t1 < 2Ry, . (12.17)
Then the velocity added at level m vanishes near ty,,
by =bpm_1 on [ty — Thy, tor + 7] x T2,

and there exists a linear map 11: L2(T2)V — HNow (T2)V that maps fields with constant components
to themselves, such that, for both choices w, and w,/V? of the masses and for every g € HNout (T2)V
with UV} the Duhamel expansion of G from g at ti,

||H9|| < Cligllrz (2,

out (’]1‘2)

dep

H Z U{J} (tpr) Hg‘

With the masses w, /W2, these norms are those of L% and HN e (5.7).

The plan. The proof (end of Subsection 12.9) cuts the datum into pieces within p(m)/4 of their
centres yo and freezes the conductivity and the forms of the sources at yo as Taylor polynomials,
which become insertions, operators inserted between free evolutions. Each term of the expansion
becomes a finite sum of Duhamel terms of the frozen operator (12.4), across the old partial block,
the change of chart at t2, and one complete block (Figure 12.1); Lemma 12.15 gives the model of
each and its error.

Sources moved onto tests. In the bounds that determine the model, the derivatives that the
sources take are never taken of a term of the expansion: we pair the term with a test, a solution of
the adjoint fibre equation run backward from the final time, and move each source onto the test,
which carries all of them. Against the principal branch R, a source in divergence form acts at
most at a constant times the sum of the rate x,,_1|¢|? of the homogenized equation and one over
the length h,, of a block (Lemma 12.10), and over a block it costs at most a power of 1 + p(m)[¢],
which the Gaussian of Proposition 12.5(b) absorbs. These bounds lose no power of the contrast.
Everything else decays over a block by a factor smaller than any power of €,,_1; it is estimated with
losses polynomial in the contrast factor and in the number of cell times €2, /k,, in a block, and it
goes into the error.

Q+3
<C )
£2(T2) ~ ol B o (T2)

Conventions for Subsections 12.6—12.9. The standing hypotheses hold with m < M, the
terminal level included, and m above a level that is at least that of Proposition 12.6 and that each
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lemma may enlarge; [ € Z is fixed, and the block is [(I — 2)hm, (I + 3)hp). Unless a statement says
otherwise, ¢’ < ¢” lie in the block, £ is real with &,,|¢| < 2¢),, and insertions have strength at most
one; for insertions of any strengths, every bound on a Duhamel term or its moment terms holds
with its constant multiplied by the product of the strengths of its insertions, as these terms are
linear in each insertion. The constants C, C(N), ¢ > 0, the integers Ny, N2, N3 and the level of a
statement depend only on a, s, q,(, A, n,t9,T, on Npan and on the integers that the statement fixes:
the lengths of its Duhamel terms, the orders and Taylor degrees of their insertions, the moment
order Ny, and its Sobolev orders and weight exponents. Proofs measure time in cell units x,,t/e2,.
Quiet times are those of Section 11, at which no pulse of level m is active; no pulse is active within
7)., > 5Ty, of the ends of the block, its quiet margins. Windows of pulses are those of (10.2), and
complete cores those of Subsection 12.4. We call (1 + ém/sm) =1+ (nm_l/nm)I/Q the contrast
factor, and we write |[f|| g5 (r2) = || f|| g7 (r2) for the norm (5.8) at p = 1.

Insertions. After freezing, the sources become insertions; by (12.18), in cell units an insertion of
order d is the cell rate times an operator of order d in z, with coefficients bounded in z and polynomial
in y — yo. The frozen operator (12.4) acts componentwise on fields of a finite set V' of components
with masses w,; we write (f, f') r2(r2) = (f f/)2 and (U, U2y = Y, wy YUy, Ul) 12(12). An
insertion is an operator ZU = V - Y % A;V4=1U between such fields with coefficients

Ag(t,y) = kme > Ag (t, Y, }) , (12.18)

where Aq(t,y,2) = >, ((y — yo)/p(m))*Aga(t, 2), the sum over the multi-indices a € N? with |a| at
most the Taylor degree, has coefficients A4, that are two-scale forms (Section 10) independent of y,
measurable in ¢. On the block they satisfy:

(i) the structure clauses (a2)—(a4) of Definition 11.1: transverse (independent of z - e()) on the
window of each pulse k, invariant along e(;) where [t — k7| < %Tm, and independent of z at
times with no pulse active within 7,,/24;

(ii) the derivative bound: with My, = 32;> 2, > HVJ;'(Ad,a)vU,HLoo, the sum over j' up to the
derivative counts below, the matrix of entries (w,, /wv)l/ M, has row and column sums at
most the strength;

(iii) either this matrix is diagonal and .44 has no term of degree 0 in y — yo, or its nonzero entries, as
arrows between components, form no path of more than Ny, arrows. The sources of Section 11
satisfy the second alternative, and the conductivity insertions the first.

The order is the largest d with A; # 0. We sum the forms of a source over the pulses, with their
time cutoffs, each replaced by its Taylor polynomial at 19 and written in the chart of the block by
clause (a6) of Definition 11.1. On the block, extended by zero outside the interval of the Duhamel
term, this sum is an insertion of strength C' times its majorant sums. The Taylor polynomial at gy of
the conductivity minus its value gives diagonal insertions of order 2 and strength Ce2° | p(m)/em_1
on fields supported near yg, each power of (y — y0)/em—1 costing one moment at the scale p(m).

Duhamel terms. A Duhamel term of length N on an interval [t1,¢2] of the block from a datum g
is the sequence U, ... U of energy solutions of (12.4) on [t,ts] with U(t;) = ¢ and, for
1 < j < N, the forcing IjUU_” and UUl(t;) = 0, where Zi,...,Zy are insertions of orders
dy,...,dyn. It is centred at yp when the conductivity of (12.4) is frozen at yo and the insertions
are polynomials in y — y9. For an integer K > 0, let Dx be the class of fields g on R? with
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Vg e LaK(RQ)V for every b < dj +---+dn — 2N, with the moments of (12.8). For data in Dy,
with K the sum of the Taylor degrees of the insertions, the Duhamel term exists and is unique, by
the energy of Proposition 8.6 with the moment weights (the estimate of Lemma 8.5 is pointwise).
Along the sequence the orders decrease by d; — 2 and the weights by the Taylor degree of Z; at

step j.
Tests. For real £, a test on [t/,t"] is an energy solution UT of the adjoint fibre equation

K . : 1 .
—oUT = ET"L(V +iem€) - K()(V +ien&)UT + g—viz/;m(t, emz) - (V +ign&)UT (12.19)
m m
on [t',#"] x T? with a datum at #” (componentwise for fields): the fibre equation (12.5) run backward
in time with the velocity reversed. The transport term is skew-adjoint and the diffusion self-adjoint,
so for every solution U of (12.5) with a forcing F,

%(U(t), UT(t)>Lm2) = (F(1), UT(t)>L3(T2). (12.20)

As Re(t) exp(ftt, Z¢(t) dt) solves (12.5) (Proposition 12.4(c)), exp(ftf Ze(t) dt) (Re(t), UJ(t)>L2(T2) is
constant. A test is off-branch at t if (Re(t), UJ(t))Lz(Tz) = 0 for every v; it is then off-branch at every
earlier time, and it reads only the part of a solution off the branch. For a time ¢” of the block with
no pulse of level m active within 7,,,/24 of it, the branch test UbTr is the test with UbTr(t”) = 1; paired
with a Bloch sum at ", it reads the cell mean, that is, by (12.22) below, the Fourier transform.

Moment terms. The coefficients of insertions are polynomials in y — gy, which do not act fibre
by fibre; so we carry the moments of the Duhamel terms as further unknowns. A power of y — g
then maps moment terms to higher ones, every coefficient becomes periodic in the fast variable,
and Bloch sums decouple the fibres. The moments are also the frequency derivatives of the Fourier
transform (12.22), which localize the model near . Let U%, ... U™ be a Duhamel term on [t1, ts],
let N7 > 0, let N’ be Ny plus the sum of the Taylor degrees of its insertions, and let its datum
lie in Dyv42. For a multi-index i € N? with |i| at most N; plus the sum of the Taylor degrees of
Zis1,---,In, the moment term (j,4) is UV == ((y — yo)/p(m))'UVL. Tts degree is |i| plus the sum
of the Taylor degrees of Zy,...,Z;, at most N’; a moment term is lower than (j,1) if its degree
is smaller, or equal with a smaller j, and the moment terms with given j and |i| form a group.
Commuting the weight with the frozen operator, we obtain

(8 + V4 - V — 5V - (K(H)V -)) UL

_ <y - yo)inU[j—n +3 :('nj)(vwm e~ 2 K(t)e - V) UL

p(m)

i-e)(i-e—e-é€ e
+ Fm Y ( )(p(m)2 e K(t)e Ubi—e=el (12.21)

(the sums over e, e’ € {ey, e2}; without the first term for j = 0). Moving the weight through Z;,
whose coefficients are polynomials in (y — y0)/em—1 = (p(m)/em—1)(y — y0)/p(m), makes the first
term a sum of operators of order at most d; on the moment terms (j — 1,4’), |¢| at most |i| plus
the Taylor degree of Z;, with coefficients bounded as those of Z; and p(m)~! per derivative on the
weight. All moment terms on the right are lower than (j,1).

By the rules for Bloch sums after (12.9), BUV-U(t), short for B(UV(t))(€, ), solves (12.5) forced
by the sum over the lower (j',i") of I(jvi%(jgi/)(t)BUU/ﬂ (t), the fibre forms of the terms of (12.21);
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e i,)(t) is the adjoint for (-,-)z2r2). As the mean of a Bloch sum is g2 times the Fourier
transform (Subsection 12.2), with Vé = (’38 ag,

p(m) FIVETUI(1)(€) = (—1)1TD (1) () = (1) 2, (BUI (1)) s (12.22)

The moment terms have two further moments: at step 7 the weight available, N/ + 2 minus the
Taylor degrees of 7y, ...,7;, exceeds the largest |i| by two. So, by the moment-weighted energy of
the Duhamel term, each UV its gradient (in L? in time) and the flux of its forcing lie in L?UQ(RQ),
their Bloch sums converge (paragraph of (12.9)), and Lemma 12.2 applies. For an array of tests
Ut =(U (TM)) indexed by a group, and for a lower group, Z*UT is the array indexed by the lower

group with entries Z(j ) Iz‘j el Z.,)U(Tj i) Arrays are normed by the square sums of the norms of
their entries; for a function f on T? and a field or array U, |(U, f)| = |{f,U)] is the square root of

the sum over the entries and components of w, ! [(Usy, f) r2(12)*.

Derivative counts. The proofs below differentiate the coefficients of the insertions of a Duhamel
term at most 2(N; + N +dy + -+ - +dy + 2) + max{dy,...,dy} + 2 times in the fast variable, and,
for a Duhamel term across the renewal (Lemma 12.15), at most 2(3Ny +dy + -+ +dy_4n, +4) +
max{dy,...,dN_4+nN +} + 2 plus twice the sum of the Taylor degrees; Noef is at least these counts.

12.7 Estimates for the adjoint equation

Tests carry the derivatives that the sources take, and in cell units the velocity of the fibre equation
has the size of the Péclet number, at most a constant times the contrast factor, by (12.12) with
|€] = 1/em; so a derivative of a test may cost a power of the contrast factor. Lemma 12.8 gives the
bounds that accept this loss, for the parts that decay at the cell rate. The bounds without loss,
Lemma 12.9, rest on a feature of shears: on the window of a pulse, a function independent of the
coordinate along its flow is not transported, and on such functions the adjoint fibre equation is a
heat equation with a potential of the size of &,,|{|, whatever the contrast. Lemma 12.10 says how
insertions act on tests.

Halving intervals. For real £ in the zone with &,,|¢| > ¢, a halving interval is an interval of
the block of length max{4Cl;, 1601:)2}52” /Km, contained, if K, < %/ﬁm,l, in a complete core of a
pulse k with &,|€ - €| > c10/2. Solutions of (12.5) lose at least half of their L?(T?) norm across
each (Proposition 12.6, and for k,, > %lim_l the first case of its proof), and so do tests, as by (12.20)
their map from the right end to the left end is the adjoint of the solution map. The block contains
Ckmhm/€2, disjoint ones (the count at the end of that proof). If #[t',¢"] is the largest number of
disjoint halving intervals in [¢/,¢"] (and 0 if &,,|§| < ¢10), then #[t/,t] + #[t,t"] > #[t',t"] — 1, and
shortening [t', "] by a cell time €2, /k,, at either end lowers it by at most 2.

In Lemma 12.8, (a) and (b) say that the fibre evolution propagates and creates derivatives at the
cell scale ((b) over one cell time, from a datum of negative order and with a forcing), at the cost
of a power of the contrast factor, which the decay of Proposition 12.6 over a block absorbs; by (c),
without pulses each cell mode evolves separately, and the part of mean zero decays with constant
one. The negative norm of (b) is HfHH,J/(TQ) = sup{|(f, V) L2(12)| : H19||HJ/(T2) <1}.

Lemma 12.8 (The fibre evolution smooths). For every choice of integers J,J' > 0 there exists C
such that, for every real & in the zone, every solution U of (12.5) on [t',t"] satisfies the following.
Tests satisfy the same bounds with UT(t') on the left side and UT(t") on the right side.
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(a) Long times.
HU(t//)”HJ(Tg) < C’(l + E_m/Em)C2_#[t/’t”]
xmin{[[U ()] s re), (mind L, (¢ = ) /5, )2V} -

(b) One cell time. Let ki, (t" —t') < €2,, and let U have a forcing F°, possibly zero. Then

m>’

Hm(t// _ t/) _J+J

10 g2y < C(1+ Em/em)  (mind JUE) g2y, )@ o}

e
t/l 0
+/t/ I PO ey dt)

(¢) Quiet stretches. If no pulse of level m is active on [t',t"], then, with constant 1,

t”

")z = exp(—im | € KOEd) U ())re,

JUE ~ U5 o ey < =N UW) — (U)o )

Proof. (a) The L?(T?) norm does not increase, by (12.6), and halves across halving intervals. When we
differentiate (12.5), only the terms in which derivatives fall on the velocity, of size C(J)(1 + &n/em),
are neither skew nor dissipative. In cell time and in the zone, as [27n + £,,&| > %|27rn] for n € 72
and K > %I ,

VU2 ey < IV +iem€) VU [ Tapey < 2V U 22y + 472 (VU T2 e
VU (F20p2) < =RV +iemé) VIU |72 g2y

+CG) (1 +Emfem) Y IV +iemé) VU | 22 VU || p2r2) -

1<j

4
dt

_ 2 : i A
So, for t —t' < ¢(J)/(1 4 &m/em)”, the weighted energy > j<s 87705 Lt — t')]HVJU(t)H%Q(TQ) does
not increase, and the unweighted one at most doubles, by Young’s inequality on the cross terms:

(t =) WU s r2y < CONU O Z2erzy s WU sy < CONUE) 5o r2) -

Longer intervals use the L? bound up to ¢ — ¢(J)/(1 + &/ em)2, which loses at most two halving
intervals and so gives a constant multiple of 2*#[’5/”5”], and then the first of these bounds, which
costs (1 + Em/sm)‘].

(b) Forcings are added by Duhamel’s formula. For a datum of negative order, we pair U at the
midpoint with the tests from L?(T?), by (12.20), and smooth after it.

(c¢) The coefficients do not depend on z: the mode exp(27in - z), n € Z2, is multiplied by

exp(—5 [} (2 + £,08) - K(t) (270 + £,,6) dt), and |27 + £,€] > 7 for n # 0, with K > 17, O

Activity. A test transverse to a pulse, that is, independent of the coordinate z - e(; along its flow,
has derivatives bounded without loss on the window of the pulse. The rest of a test does not: the
shear turns its dependence along the flow into gradients across it, larger by at most a power of the
Péclet number, which diffusion damps after about C'log (1 +ém/ €m) cell times. The activity weight
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carries a power of the contrast factor on this part over that time. For ¢ in the block, tac(t) is the
supremum of the times of the block up to ¢ at which a pulse of level m is active, ey is the flow
direction of the pulse k with |taet(t) — k7| < %Tm (any direction if there is none), and (U)e,,, is the
average of U along the lines parallel to e(). For integers J, Nacy > 0, the activity weight and the
weighted norm are

3K (t = tact(t)) ) } |

2
8ez,

”UTHH"(T?);Nact,t = H(UT)%) HHJ(’]I‘Q) + wNact(t)HUT - (UT)%) HHJ(TQ)

W, (1) = max{l, (1+ ém/{—:m)Nact exp( .

(masses for fields, square sums for arrays), with wy,_, (¢) := 1 if no pulse is active in the block before ¢.
The norm is at least HUT||HJ(T2), as (*)e, is an orthogonal projection in HY(T?).

In Lemma 12.9 no constant depends on the contrast. By (a), a transverse test has the bounds of
a heat equation over two cell times, and from 1 it stays within a constant times &,,|¢| of 1. By (b),
an off-branch test has a small cell mean and decays backward at a rate comparable to the cell rate,
and in the norm (12.23) it does so with Ny fewer powers of the contrast factor in the weight at the
earlier time, which compensates for crossing a pulse. By (c), the branch test is, up to a relative error
of the size of &,,|£], the complex conjugate of the scalar evolution of the branch, run backward.

Lemma 12.9 (Three kinds of tests). For every integer J > 0 there exists an integer Ny and, for
every integer Nact > 0, a constant C' such that the following hold.

(a) Transverse tests. Let k be a pulse such that V1, (t,-) is a multiple of V-, for every
t € [t',t"], as it is on the window of k, and let the test UT be transverse at t". Then it is
transverse on [t',t"], and

IO ey if " — 1) <

2
Em s
CIUTEL2rzy  if €7 < (" — ') < 26

U @) g1 (2 < {

2.,
If moreover UT(t") = 1 and ki, (t" —t') < 222, then
U (') = 1l (r2) < CEmlé]-
With a transverse forcing F°, the first two bounds hold with C’ftf" ||F0(t)||HJ(T2) dt added to

their right sides.
(b) Off-branch tests. Let U be off-branch at t", and Nue; > N

act

> N,

a

ot + No, N)o > 0. Then

_7r2f€m "yt 2
U ()| 2(r2) < e =S T )| L2(rey »
— 2k (8t 2
HUT(t/)HHJ(’]I‘Q);N’ v < Ce (t"—t )/(ng)||UT(t//)HH‘I(T2);N” o

act? act?

(¢) The branch test. For every time t” of the block with no pulse of level m active within 1,,,/24 of
it, every 0 < N}, < Nyt and every t < t” of the block,

(Re(t). U (0) 150y = oo "z,

t”

< Cém\ﬂ‘exp( t Ze(t) df)‘.

oo e[ 2600 |,

act’
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Proof. Time is in cell units, so that 7,,, stands for k,, 7, /€2, and Z for €2, Z¢ /ky; tests run backward,
and “before” and “after” refer to ¢. On the window of & the velocity is a shear parallel to e(;) depending
on z - eé;é) (paragraph of (10.2)); it vanishes outside the active intervals [t — k7| < 275,

(a) If Ut is transverse, (k) - VU' = 0, so on transverse functions (12.19) is the heat equation
with a potential

—QUT = (V + iemg) CK(V + i &)Ut + ifﬂg (V) (t em2) UT,
HW( e V)| ey < @RV CERlEL (20),

by (10.1) and (12.12); it maps transverse functions to transverse ones, and its energy estimates over
two cell times (with the standard weight (¢’ —t)7 for the second bound) do not see the contrast;
from 1, Ut —1 is forced by —e2,& - K¢ plus the potential, of size C&,,|¢|. With a transverse forcing F©,
Duhamel’s formula gives the forced bounds: for #' < ¢ < " the test from the datum FO() at ¢
is at most C’HFO(f)HHJ(Tg) in H'(T?) at ', by the first bound if f — # < 1 and by the second if
1<t—t' <2

(b), Step 1: the L? rate. By Propositions 12.4(a) and 12.5(c), then (12.6), (12.7) and K > 127,
for each component,

1 d 1572 8
|(UD 2| = (UL, 1= Re) pagrey| < gHUJHm(T?), &HUJH%%T?) 2 §”UJH%2(T2)'

Step 2: two bounds. Let Ny be the least integer at least the exponent C' of (1 +§m/€m) in
Lemma 12.8(a) for J. For UT off-branch at #”,

C(1+ e /o) Ve U 15y (crude),

Uty < “m/ 12.24
|| ( )”HJ(T?) = {geﬁ(t —t )/2HUT(t//)HHJ(T2) (quiet), ( )

the second if no pulse is active on [/, ¢"]: by Lemma 12.8(a) on [t/, min{¢' + 1,¢"}] and Step 1, and
by Lemma 12.8(c), the mean being at most half the mean-free part (Step 1). An off-branch datum U
at a time f. splits along e into off-branch parts:

Utr;:(U)e(k>—<(U)e<k),Rg(t*)>L2(T2), U = U g1z < HU )e(k)HHJ(TQ), (12.25)

componentwise, since <(U)e(k),R5>L2(T2) = —(U = (U)epy» Re)r2(r2y and [|Rellz2(r2y < 3

e(k)7

Step 3: the windows. Let ko be the pulse of t,.¢(t”) (if there is none, (12.24) sufﬁces) and for
7 >1 let k‘Z = k:g — 2 and {; (k + 12)Tm, a quarter of 7, after the activity of kz, to :==t". On
[tiv1, L] the velocity is a multlple of Vlw B for i > 1 no pulse is active on [t;, #; + 12Tm] and, as

Tm > CE, 1 and (1 + 5m/5m) < Ce, " (Proposition 2.1(c)), weights of exponent at most Nyct + Ny
are 1 for m large where the dlrectlon in (12.23) is not €(i;)- We normalize the right side of (b) to 1.

With UT = UT, let UT (UZT ()" along € (i) DY (12.25), ¢ > 0. With the same letters for the
tests from these data,

Ut(t) Z 1 — t) (t<t), UiT transverse to e on [tiv1, ] .
Three mechanisms bound the parts at the rate 72/8, without compounding constants.
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e The part UT — Ug not transverse at t”. After t,(t") the weight grows backward at the rate
3m2/8 and the quiet bound gains 7?/2 = 372 /8 4 72/8; before it, the crude loss (1 + e_m/z—:m)No
is absorbed by N/, > N/ + No:

act
wN;ct (t) 6_37T2 (t"—t)/8 S ngCt (t”) (t > tact (t//>) ’

(1 + gm/gm)NE/iCtJ’_NO673772(t”7tact(t//))/8 < Wy (t”)

act ?

so wy: (O (UT - Ug)(t)”HJ(T?) < Cem 08,

e The parts UZ«T_1 — UiT, i > 1, by induction on ¢ (the third item for U;r_l bounds it at the end of
the stretch; the C below is fixed before the level). At £;, after the quiet stretch, the part of Ull
not transverse to € (k) is mean-free (at ti, L?_l is transverse to €l 1) L €(h;)> SO its average
along e, is its mean) and damped by e=5™ /2% (Lemma 12.8(c)); with the crude bound,

H(Ug—l _ UZT>(t)“HJ(T2) < C(l + ém/gm)No6—57r27-m/3267ﬂ-2(t//,t)/8.

Nact —7r2(t”—t)/8

There are at most C'e;nzfl of them, so their sum times (1 + ém/em) is at most e

for m large.

e The transverse parts. By (a), ||U;r(t)||HJ(T2) is at most C' times ||UZ.T(t + 1)l z2(r2) (or times
||UJ(£¢)||HJ(T2) near t;; by (12.25) and IRellz2(r2) < % this is at most % for i = 0, and at most
%”U;_l(ii)HHJ(T2) < CHUJ_I(fi + D[22y for i > 1, by (a), as ti_1 —t; > 1 for m large), and
||U1.T||L2(Tz) < ||UTHL2(T2) + D i< ||U;r,71 — UZT,HHJ(TQ) < Qe (t"-1)/8 by Step 1 and the two
items above: every step returns to the L? bound. With (12.23) this gives (b).

(c), Step 1: the identity and the L? bound. The first line below, for #' <t < ", follows from
Proposition 12.4(c) and (12.20); we call it the identity. Let Ugr = Ugr - (Ugr)Tz; it vanishes at ¢”
and solves the mean-free part of (12.19), forced by the mean and damped at the rate %71’2. The
identity and Proposition 12.4(a) give the other two lines:

exp (/tt Zs) (Re(), U (D) o2y = €xP (/

t//

t
zg) ,

” Ze) (Re(t"),1) a(s) = e </

t/

t

7
‘(UbTr(t))Tz - eXp(/t Zﬁ)‘ S Cbrém‘ﬂHUgr(t)HLQ(’ﬂ‘?) s
" }
HUgr(t)HLQ(TQ) S C§m|£‘ / 6—157r2(t—t)/16‘(UbTr(i’))Tz‘ dt~
t

As the scalar factor changes at most at the rate 72/16 (Proposition 12.5(c)), a bootstrap in the ratio
of ||UngL2(']1'2) to it (closing since &p|¢| < 1, Cién|¢| < 3 and the constant of (12.12) is at most
2m/20) gives (c) in L?(T?), for every such ¢”.

Step 2: the pulses. If no pulse is active in the block before t”, then the velocity vanishes on the
block up to t”, Ugr(t) is the constant exp fttN Z¢, by the identity, and the left side of the second line
of (c) vanishes. Otherwise, with k;, #; as in (b), Step 3, let Ug”. be the branch test from the quiet
time ¢;; it is transverse on [fi+1, t;]. Its difference from the conjugate scalar factor, zero at ;, is forced
transversally with size C&,,|¢| times the scalar factor, as | Z¢| < C(£,,|¢])? by Proposition 12.4(b).
By Step 1 at t 4 1 and the forced bounds of (a) on [t, ¢ + 1] (from the datum 0 at #; when ¢ 4+ 1 > £;),
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over which the scalar factor changes in modulus by at most e™ /16 (Proposition 12.5(c)), with Ci,
independent of the contrast,

HUbTr,i(t) — exp (/tt Z&) HHJ(TQ) < Cuéml¢] ’eXp (/t

The remainder U;rﬁ ; below is off-branch at t;, by the identity, and U ;rff o =0:

t;
Zé')‘ (f1 <t < ).

Uof“ = Ugr — exp(/{ju Zg) Ugm"
o0 —es( [ 2) = Ulg, 0+ e [ 2) Uk e[ 26))
By (b), with its constant Cyg (exponents N,

!« + No at t;, where the weight is 1, and N/, at t; at
most Nuet + No, for which the level is taken), and Proposition 12.5(c),

t”
20 ; ‘epr Zﬁ‘
U Ol aszyne o < 2C0oe™ " (ti=6)/16 ||U;rff7i(ti)||HJ( )
\expf Ze|
Step 3: the induction. As t; — t; 1 > %Tm, for m large:
T ) t//
1030y < ACuEnlelfesn( [ 22) (true for i = 0)
= (c) at t holds with (SC’OHCtre_” (ti—)/16 4 2Ctr) for C' on [tj11,1;], by Step 2
t//
~ _ 2
— U aps G o < ACucmlellesn( [ 2c)|  att =i, a5 aCupe 2 < 1
tit1
0

Insertions against tests. In a Duhamel term an insertion acts at each time on the previous term,
and the result is evolved by the frozen operator; by (12.20), the pairing of the next term with a
test is therefore an integral in time of the pairing of the previous term with the adjoint insertion Z*
applied to the test. So what matters is what Z* does to a test at one time: how many derivatives it
takes, and how large a multiple of the branch test its output contains. The pairing with R measures
that multiple; the rest of the output is orthogonal to R¢, and the test it starts decays at the cell rate
(Lemma 12.9(b)). The insertion acts at the cell rate, and its pairing with R is at most Cky, /€2,
times the factor &,,(|¢| + p(m)~1), the corrector amplitude divided by the length on which the field
varies. Indeed, paired with 1, the outer divergence of the insertion leaves only €,,£ times a cell mean,
R differs from 1 by the size of the corrector, and the commutators of (12.21) carry the corrector
amplitude, or &,,, divided by p(m). If the test is itself nearly constant, as the branch test is, the
innermost derivative of the insertion gives a second factor, at most the same one. The factor, and
the rate at which an insertion acts when it carries the factor twice, satisfy

1

g-m(\§!+p(1m)§1, Ko 1|€] + +oo S img-? (\gy ()) §2(nm_1§\2+};> (12.26)

by (10.5) for m large, which gives &,/p(m) < 2, by &,|¢| < 2¢1, < 1, and, for the bounds on the
rate, by the identities of the Conventions. So over a block the rate (12.26) integrates to at most
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2(1+p(m)|€|)2. A single factor is the cost of passing between the branch test and the tests orthogonal
to Re¢. These decay faster than the scalar factor of the branch changes (Proposition 12.5(c)), so
leaving the branch and returning cost the factor twice over about one cell time, at most a constant
times the cost of one cell time on the branch.
Lemma 12.10(a),(b) makes these bounds precise, and (c) is the forward bound used in
Lemma 12.12(iii). The map Z* keeps the norm (12.23), as, near a pulse, insertions do not
depend on the coordinate along its flow.

Lemma 12.10 (Insertions against tests). Consider the moment terms of a Duhamel term on [ty,t2],
with moment order Ni. Let a group and a lower group be given, let d be the order of the terms
of (12.21) that connect them (the order of the insertion that connects them, or 1 for the commutator
terms), and let J, Nact > 0 be integers, with J+d—1 at most the derivative counts of Subsection 12.6.
There exists C' such that, for almost every t € [t1,ts], every real & in the zone, every array Ut of
fields in H/T4(T?)V indexed by the group and every 0 < N!.. < Nae, the following hold.

(a) Mapping, and the pairing with Re¢. The first bound below holds; if moreover &y, €| < 2¢1, and
J+d>max{dy,...,dv}+ 3, so does the second:

IZ* UM s o2y,

act 7

¢ < C*HUTHHHd (T2);N/

act’
m
Rm _

(Re(t),T°UT)| < O3 5m<|§| + ﬁ) 1T Nl gr+acr2) -

(b) The branch test. Let &,|¢] < 20, let t” >t be a time as in Lemma 12.9(c), and let every
entry of Ut be the branch test of that lemma at t times a constant vector of CV, these vectors
having square sum one in |- |,. Then

(Re(t). U] < € (e + 1) e / Ze(B)di)|

| o (12.27)
f , <clre ‘ T ’
170 s < Ot (€14 s exo [ 2e(@)ai).

(¢) Forward. For every array U’ in H'+t4(T?)V indexed by the lower group and every (j,i) in the

group,
H Z L), OV,
(3"58")

Rm, y
HJ(']I‘Q) S C%HU ||HJ+d(T2) .

Proof. We bound one entry and sum by Schur’s test in the components with the weighted row
and column sums of the matrices of the strengths, so that C' does not depend on the number of
components. Recall €,,, < &,, by Proposition 2.1(c), and &,/p(m) < 2 (paragraph of (12.26)).

(a), the mapping, and (c). In cell time the insertion part of an entry of Z* is, up to sign and
terms with &,,/p(m) in place of a derivative,

Y (VHiend) " (A(V +iend) )

d'<d

with coefficients bounded with their z-derivatives by clause (ii) of the insertions and p(m) < Cepy—1;
the commutator part has coefficients &,,,/p(m), (m/p(m))? and at most C&,,/p(m), with their
z-derivatives, by (12.12) and the display in the proof of Lemma 12.9(a). The forward operator
of (c) is the adjoint of this one, with the same conjugated matrix and at most J+1 < J+d—1
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derivatives on the coefﬁcients of an insertion. For the weights, let k& be the pulse of (12.23) at ¢,
With [tact(t) — k7| < 2 5Tm. Where the activity Welght exceeds 1, ¢ lies within Clog( +Em /sm)
cell times after the actwlty of k, so |t — k7| < 37, for m large, and there the coefficients do not
depend on z - e(y), by item (i) of the insertions, the velocity being parallel to e(); hence

|zUt — (Ut ol ||UT oh

et (1) = e(k)HHHd(T?)'

Where the weight is 1, the bound is the plain one, by the last sentence after (12.23); elsewhere Z*
commutes with the average along e,).
(a), the pairing with Re. For one entry, the mean of a divergence is that of its zeroth-order part:

(Re, UMY = (T*UN)pe + (Re = 1,T°UT),  ((V+iemé) - F)po = iemé - (F)g2,

for a vector field F' on T2, and the other terms carry e,,/p(m), &n/p(m) or Cp&pn|€]. The first
bound with J =0 and N/, = 0 gives HI*UTHLz(Tg) < C':TT:”UTHHd(TQ), so only HUTHHd(T2) appears.
(b) Let a be the array of the constant vectors, so that

Ul = a(Ugr(t) - exp(/tt” Zg)) + aexp(/tt” Zg) .

By the first bound of (a) and Lemma 12.9(c) at the order J + d with the exponent N,

-, the image
. _ ! .

under Z* of the first part is at most C?T:n”em\fﬂ exp [, Z¢| in the norm || - || gs(g2)n7_ ;- On the

second part, the innermost derivative of an insertion term gives ie,,§, or €,,/p(m) stands in its place;

the commutator terms carry (e,,/p(m ))emlf\ Ca’m/,o( ) and (g,,/p(m))?. So the image of the

second part is at most C'Z5* em (&l + 2om expft Z¢| in H/(T?); where the weight exceeds 1 this

field is invariant along ey, so its Welghted norm is at most /2 times this in every case. This is the
second line of (12.27). For the first, in the mean a term of order d’ carries d’ > 2 quantities among
eml€|, em/p(m) and the bound C&,, ||| exp j;t” Z¢| of (V—l—iemf)Ugr(t) given by Lemma 12.9(c). The
commutators carry (€,,/p(m))em|€é| and (e,,/p(m))?, and the drift, of mean zero against a constant,
carries (&,,/p(m))Em|€|; against R¢ — 1 the second line gains Chép|€|. We conclude with (12.26).
The derivative count. In H”(T?), the product rule puts at most J 4+ d — 1 derivatives on the
coefficients of an insertion of order d, as d — 1 of the derivatives stand outside them. O

12.8 Duhamel terms over a renewal block

We follow one Duhamel term of the frozen operator, centred at g, over a segment that ends at a
block boundary, and look at the Fourier transform of its last term at the end of the segment, at the
low frequencies. There, by (12.22), it is €2, times the pairing with the branch test, which is 1 at the
end, and Lemma 12.11 follows this pairing across the segment.

Over a complete block, Lemma 12.12 splits the term into a model Iy, g, smooth at the scale p(m),
and an error smaller than any power of £,,_1; the model is the last term at the end of the block, cut
off smoothly to low frequencies, which is its part in the principal branch. The low-frequency cutoff
is HI (€)== H(2 — &,]¢| /1), where H is the smooth step of (2.9) and ¢, the absolute constant of
Proposition 12.5: the cutoff is 1 where &,,[§| < ¢ and 0 where &,,[§| > 2¢)0. For a field F' on R? (or
any function of ¢ with values in CV in place of F ) and a datum g, we write

Flmee = 3 SO o= 3 (52 o))

J<N1 [i] <N

L2(12)’
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* g branch
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® off-branch
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ty to

Y

Figure 12.2: The proof of Lemma 12.11 in cell time. Tracks: pairings with the branch test (1
at ty) and with off-branch tests; arrows from g: the split of the datum; ticks: insertion times;
dots: insertions within a track; vertical arrows: passages between the tracks; labels: the power of
Em(|€] + p(m)~1) each costs; thick lower segments: decay at the cell rate.

with Vg the array of the derivatives of order j in &, and |c|2 = Y, wyt|cy|? for ¢ € CV; the second
is the moment data of g at &.

Without insertions, the left side of (12.28) is, up to the corrector, the Fourier transform of the
datum, whose frequency derivatives are its moments. By Lemma 12.11, insertions of any orders
change this only by a polynomial factor in p(m)|{|, with no power of the contrast, on a segment
that may be a whole block or arbitrarily short. In the proof (Figure 12.2) we pair the moment terms
with the branch test and with off-branch tests: insertions act on the branch with the square of the
factor &,,(|€] + p(m)~1) of (12.26), a passage between the branch and the off-branch part costs the
factor once, and off-branch tests decay at the cell rate, so a triangular Gronwall inequality closes
with a polynomial loss in p(m)|£|. The part of the datum off the branch is read by tests of norm at
most one, which is why no derivative of the datum enters.

Lemma 12.11 (The Fourier transform on a segment). Let ty :== (I + %)hm, t1 € [ta — hm, ta] and
N1 > 0 an integer, and let Ul . UM be a Duhamel term on [t1,t2], centred at yo, from a datum
g € Hht+dn=2N RV wyith compact support, with N’ as for the moment terms. There exist C
and an integer Na such that the function of £ inside the norm on the left of (12.28) is Ny times
differentiable and

to —

!exp(—t Ze(t) dt ) Wi, UV (1) < C(L+ p(m) [€)N2E2, gl pgmy o - (12:28)

)p(m),w,Nl;S -

Proof. Fix &, and let BUU (t) be the Bloch sums at £ of the moment terms with Nj.

Step 1: Coordinates. Let Ugr be the branch test of Lemma 12.9(c) with ¢ = t2, which lies in the
quiet margin at the end of the block. Each moment term (j,7) gets a test order N;; and an exponent
of the weight, fixed in Step 7; the norm (12.23) of this order and exponent is the weighted norm of
(7,1). The branch coordinate and the off-branch seminorm of (j,4) at t are, with the supremum over
the U off-branch at t of weighted norm at most one,

|(BUUA(¢), US ()]
|exp [ Z¢l

supgrt [(BUV(£),UT) 2 (72| ‘
|exp f), Zl ’

BUA (1)1 = o IBUYA ) log s =

the scalar factors normalize the branch: on the solution R () exp( fttl Z¢) the branch coordinate is 1
and the off-branch seminorm 0.
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Step 2: The branch inequality. Fix a constant vector of C¥ of norm one in |- |,,. By (12.20), the
derivative of the pairing of BUU with Ugr times this vector is the sum over the lower (j,7’) of
the pairings of BUV 0" with I( 0. applied to it. We split the latter, component by component,

into a multiple of Ugr( t) and a rest off-branch at ¢: by Lemmas 12.9(c) and 12.10(b) and the chain
n (12.26), the multiples are at most C' times the square of the factor &,,(|¢| + p(m)~!), and the rest
at most C' times the factor times | exp fth Z¢| in the weighted norm of (j/,4’). As the scalar factors
multiply, integrating gives, with the sum over the terms on the right of (12.21),

BUY () e < [BUD (1) o,

1 1 -
_2 - [.7 ’L] ! , _ L [J ,’L] ’ ) /‘
+C/t1(§/ / |£|+ m )) [BUY (1) e 1 +sm(|£|+p(m>>||BU (t)||oﬂ7t)dt

Step 3: The off-branch inequality. Let UT be the test on [t1,t] from a field off-branch at ¢ of
weighted norm at most one for (j,4). By Lemma 12.9(b) it stays off-branch, and, for every term (j', ')
on the right of (12.21), its norm of order N;; and exponent Nj/ Ny at t’ is at most Ce~m™(t=)/8,
By (12.20) its pairing with BUV(t) is that at ¢; plus the integral of the pairings of the lower terms
with Z*UT. We split Z*U*(¢') as in Step 2: by Lemma 12.10(a), the multiples of Ugr(t') are at
most C' times the factor &, (|¢| + p(m)™!) times e~ (¢=1) /8/| exp ft Z¢|, and the rest is at most
Ce ™ (t=1)/8 in the weighted norm. With |exp(— [i Ze)| <em *(t=)/16 (Proposition 12.5(c)),

|BUBA(#) ot < Ce™ S BULD (1) 3 o)

e / tt)/mz( (\§|+—))\BU“(’>\br,t/+HBU“’%/)HW)dt’:

the coupling between off-branch parts has no small coefficient.
Step 4: Data. For j > 1 the moment terms vanish at ¢. For j = 0, ||U|Ir(t1)||Lz(T2) < Clexp fttf Ze|
by Lemma 12.9(c), and the norm (12.23) is at least the L? norm; so

BUCA (1) b, + 1BU (1) [t < Cllgllp(m) o -

Step 5: The triangular Gronwall inequality. We claim that, at ¢, the branch coordinate and the
off-branch seminorm of (j,i) are at most ||g|| ()., n7;¢ times, respectively,

Cji (1 +¢& (]é\ + L> (t — t1)>NN , the same times <§m(|§\ + L) + efﬂz(t*tl)/?’z) ,
p(m) p(m)
C},i depending only on IV;; and the fixed integers. The off-branch seminorm, a supremum over tests
that change with ¢, is not integrated in ¢: Steps 2-3 hold with any continuous functions above the
lower quantities. We prove the claim by induction on Nj;, inserting the majorants of the lower terms,
which are the terms on the right of (12.21), of test orders lower by at least one (Step 7). In Step 2
the square of the factor times the first majorant and the factor times the second integrate to at most
the first majorant, as [ e~™t'/32 Q¢ < 4 and the factor is at most 1. In Step 3 the integrand is the

—m2(t' —t1 w2 (t—t')/16

same power times twice the factor plus e )/32  which against e” gives at most the
second majorant. Over the segment ¢ — t; < Kb,/ sfn, and t — t; times the square of the factor is
at most 2(1 + p(m)|¢])? by (12.26).

Step 6: Output. The function of ¢ in (12.28) is N; times differentiable, as UN(t3) has Ny + 2
moments and fttf Z¢ is analytic on the support of H%% (Proposition 12.4). At ty the branch test is 1,
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so, by (12.22) and Step 5, for |i|] < Ny,

. T ) t2
p(m) VLN (12)(6) |, = 2,/ (BUN(12),1)] < €2 [exp( / Ze) |1+ p(m) N gl

t1

By Leibniz’s rule, the derivatives in (12.28) are sums of products of these, of derivatives of
Hl°  bounded at the scale p(m) since &, < p(m), and of derivatives of exp(— fttf Z¢), normal-
ized as in (12.28), at most C(1 + p(m)|&))™M | exp(— ttf Z¢)| by Proposition 12.5(c); the factors
| exp(=+ fttf Z¢)| cancel, and N3 is the power above plus Nj.

Step 7: Test orders. The moment term (j, i) gets the test order N;; == max{dy,...,dy}+3+d1+
<-4 d; plus its degree, and the exponent of the weight N;; Ny, with Ny the largest of the integers
of Lemma 12.9(b) for these orders (the statement of (b) holds with any larger integer); Lemmas 12.9
and 12.10 are applied with N,¢ the largest of these exponents. Along (12.21) the test order drops
by at least the order d of the connecting terms: by at least d; from (j,4) to the terms (j — 1,4’),
as |7’| is at most |i| plus the Taylor degree of Z;, and by at least 1 to the commutator terms. So
Lemma 12.10 applies to tests of order IN;; with J = Nj/ ;s, the test order of the lower term, and the
exponents drop by at least Ny, as Step 3 requires. Lemma 12.10 differentiates the coefficients at
most J +d—1<N,; —1<max{di,...,dv} +2+di +---+dy + N’ times, within the derivative
counts of Subsection 12.6; the constants C; are fixed in the order of the test orders. O

Over a complete block the scalar factor | exp fttlz Z¢| is at most the Gaussian of Proposition 12.5(b),
and Lemma 12.11 gives (ii): the model IIpg is smooth at the scale p(m) and localized near yg by its
moments. Item (iii) bounds the rest, which the block damps at the cell rate, with losses in powers
of (1 +&m/ z—:m) and of the number of cell times, and with derivatives taken forward over the last
cell time; the damping, smaller than any power of €,,_1, absorbs these losses.

Lemma 12.12 (Duhamel terms over a renewal block). Let Ny > 0 be an integer, and let ulol .. ]

be a Duhamel term over the block [t1,ta] = [(I — 3)hm, (I + 3)hm), centred at yo, with N' and the
class Do of its data as for the moment terms. There exist C, ¢ > 0, an integer Ny and a linear
map Iy, independent of the datum g, such that:

(i) for every g € Dyiyo, Mg is smooth, and H/b@(g) = 0 for every & with £,|&| > 2ci0;

(ii) for every g € Dy/yo and every real &,
— _ 20612
T | p(m) otz < C(LA+ p(m)[€)N2e™ P EE R 1G]] pomy o

(iii) for every g € Dy N HM Tt Fdy—2N ROV

UM (ty) — T, v
U (t2) IIHp;Ol(m)ywle(RQ)
Kol \ V2 _ N ClmT, 3
< O(14+ 22 " (U emfem) ™ exp (5 gz ey < Coalglzz e -
m m ’ ’

Proof. The map. For g € D49 let m(f) be HI (6)N'+1 times U[/N](\tg)(f) It is linear, with the
Fourier support of (i), and smooth since its Fourier transform has compact support.

(ii). Lemma 12.11 over the block, times H!° (&)Y, bounds the derivatives of exp(— fttf Zf)m(ﬁ)
for compactly supported g € HH++dn=2N(R2)V: those of exp(fttf Z¢) of order j, times p(m)~7,
are at most C(5)(1 + p(m)|¢])decasr(m* € 1y Proposition 12.5(b),(c), and Leibniz’s rule gives
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the bound with ¢ = cqjs, the power of 1 + p(m)[¢| rising by Nj. It extends to g € Dnr1o by the
limit ") == x((y — y0)/r)g = g in Dyr49 as r — 00, x a smooth cutoff equal to 1 near 0: by the
moment-weighted energy, U{Eﬂ (t2) — Ug[N] (t2) in Li N o(R?), so the Fourier transforms converge

in CN1(R?); and the moment data of g(") converge to those of g at every & (paragraph of (12.9),
with two extra moments).

(iii), Step 1: Against tests. Let £ be in the zone and N;; the test orders of the proof of
Lemma 12.11. For every moment term, ¢ € [ti,to] and UT € HNii(T2?)V | no orthogonality required,

— C
sage| < €14 TN e e YO0 T gl

" (12.29)
Indeed, by (12.20) the pairing is that at ¢; with the test from U t. plus the integral of the pairings
of the lower moment terms with Z* of the test, which Lemmas 12.8(a) and 12.10(a) bound by
C(l +§m/5m)c2*#[t/’t] in HNi' (T?). By induction, with o~ #ttlg—#t'1 < 9. 9=#1 each
pairing is a nested integral over a simplex of insertion times, of volume polynomial in the cell
duration, with every derivative on a smooth test: there is no short-time singularity.

Step 2: The full field. On N + N’ +1 equal parts of the last cell time of the block, Lemma 12.8(b)
smooths the moment terms one after the other, from the negative order of (12.29) for the part without
forcing and with the forcing for the Duhamel part, to the forward order of (j,i): N1 +dji1+---+dn
plus N; plus the Taylor degrees of Zji1,...,Zy minus |i|. The rank of (j,i), j plus its degree,
lies in {0,..., N + N’} and drops by at least one along every arrow of (12.21), as the degree does
not increase from (j,4) to the terms (j — 1,4') and drops along the commutator terms; so the
terms of rank r are smoothed on the part r + 1, their forcings being smooth from its start. The
forward order drops along (12.21) by at least the order of the connecting terms, so the forcing
lies in the next forward order by Lemma 12.10(c), which differentiates the coefficients at most
Ni+ N +dy+---+dy +max{dy,...,dy} — 1 times here, within the derivative counts. So every

(N, i) is at most C(1 4 Kphm/e2,)¢ (1 + ém/em)CHng(m)7w7N/;5 in HN(T?) at ts.
Step 3: The discarded frequencies. The Fourier transform of U (ty) — Hypg is (1 —

Hlo ()N T UINI(t5)(€), supported where &,|&| > c1o; we split it by the smooth step H(2 — 4e,, |€]/7),
which is 1 for &,,|¢] < w/4 and O for &,,|¢| > 7/2. At moderate frequencies, e, [¢| < 7/2, (12.22)
makes p(m)*m\VéU[m (t2)(€)]o equal to 2, [(BUW:(ty),1)|, which (12.29), with the test 1 and the
cKmhm /€2, halving intervals of the block, bounds by

‘<BU[J'J] (1), UT>

Kmhm 2

¢ _ c _
) (14 o) e g -

Cs%(l +

As pmoi(m)|€| < m/2 on this band, Plancherel’s identity, Leibniz’s rule on the two cutoffs and
Lemma 12.2 give the bound of (iii) for this part. At high frequencies, &,,|¢| > /4, we use the modes
of Bloch sums: for h with [|A|z2  (m2) < oo, ¢ in the zone and n € Z?, by Poisson’s summation

formula,
) —27min-yo/em __ 2
/ —27in-z _ € / T
[ Bh(E2)e de= "y G - ). (12.30)

and the translates of the zone by 277Z%/e,, tile R%2. So, with ¢ the frequency of the zone with
em(€ — &) € 2nZ2, UN:l(t9)(€) is €2, times a unimodular number times the mode e (€=¢)% of the
Bloch sum at &’. Let ¢ be the start of the quiet stretch, of length at least 1), — 73,,/24, that ends the
block. By (12.29) with this test,
. . . AN K h C _ C L.
(BUSA)(E ), e € D2) < O (1 225 ) (1 Emfem) (1 el o o

m
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Across the stretch the velocity vanishes and the insertions do not depend on z, by clause (i) of the
definition of insertions, so each mode evolves separately and is damped at the rate %S%K 2> n?/32
(the proof of Lemma 12.8(c)). The triangular forcing costs a polynomial in the length of the stretch,
and, summed over the modes, the Gaussian damping in €,,|¢| absorbs the growth (1 + &,,[¢])"¢ and
leaves the factor e=“mTm/m in HN1(T2) at t5. We return to the plane: by (12.30), V + ie,n&’ acts
on the mode n of Bh(¢',-) as ie,&, with £ = & + 27n/e,,, so, by Parseval’s identity,

/ 1V +ieme Y BR(E', )| g r2y 4’ = (2m) %23~V h 132 ()

whenever the left side is finite, and V7 then lies in L2(R?). We apply this with h = ((y —
y0)/p(m))*UWN(ty), |a| < Ny, and commute the weight with pye1(m)V at the cost pmer(m)/p(m) < 1,
the derivatives at the scale pyo(m) < &, costing a constant. As h,, > 7, > T, this is the first
bound of (iii) for g € Dy/4o.

Step 4: The power of €,,—1. By Proposition 2.1(c) and (2.5), kmTm /€2, > ce 2, Em/em < Ce, 9,
and kpmhm/e2, < p(m)?/e2, < Cs;iql as km < Km—1, p(m) < 1 and &, > 3! _; (Lemma 7.1(a)).

So the first bound of (iii) is at most Ce, ¢, exp(—c&“;f_‘sl) < ngt?i for m large. O

12.9 The change of Lagrangian coordinates, and the proof of Proposition 12.7

The old partial block, from t; to the block boundary ¢, may be short and carry pulses of one
orientation only (Figure 12.1): it need not damp the frequencies away from the branch, and its scalar
factor has no Gaussian. At ¢2 the chart changes, by an area-preserving map that does not keep
the support of the Fourier transform. So the old term is carried across to at low frequency, where
it is bounded only in negative norms, and the next block, the complete future block, smooths it
(Figure 12.3): its model sees its datum only through the zone part below, and its Gaussian absorbs
any power of 1+ p(m)[¢|.

Let to == (I 4+ %)hm and tpy = to + Ay, as in (12.17), let y( be a label of the chart of the block of
[+1, and let yo == Xyp—1(lhm, y), (I + 1)hyy,) be the label of the same point in the chart of the block
of [ (Lemma 7.7(b)). A Duhamel term across the renewal of lengths N_, N4, from a datum g at
a time t1 € [ty — hp, to], is the sequence U, ... UIN-+N+] in which UL, ... UN-]is a Duhamel
term on [t1, 2] for the block of I, centred at yo, from g, with the old insertions Zi,...,Zy_, of orders
di,...,dy_; UN-1 continues on [t2,tpe] Dy the frozen operator of the block of [ 4 1, centred at y,
from UN-1(t2) 0 Xy 1 (IR, -, (I + 1)hyy); and UWN=-FU UIN-+N+] start from zero at to, forced
by Ny future insertions Zy_y1,...,Zn_4n, of the block of [ +1, of orders dy_41,...,dn_4n, . Here
and below, UV-1(ty) always denotes the value at to in the chart of the block of 1.

The low-frequency part and the zone part of a field F on R? are given, with F a function of the
labels of a chart and the Fourier transform about its centre, by

o) = Wi ©F(©),  Fae(e) = H(a - ) pey

the second multiplier, the zone multiplier, is 1 for e, €| < 37/8 and 0 for €,,,|€| > 7/2, so the Fourier
transform of F°"¢ is supported in the zone &,,|¢|oc < m. The zone part is taken after the change of
chart.

Negative norms. Fix an integer N7 > 0, the moment order of the output, and let N’ be that
of the future block: Nj plus the sum of the Taylor degrees of the future insertions. For an integer
N >0 and p € {ey, p(m)}, over Schwartz fields ¥,

1l oy = sup{ |(F,9) 13 z2)| : 1l 0@ < 1},
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Iy
zone part > [lieng

A
transport, (c)

{low—frequency part} _

rest of the future block

1 1 1
T I T

t1 to tpr

Y

old partial block, chart of yq future block, chart of y|,

Figure 12.3: The first renewal (Lemmas 12.13-12.15). At ty, in the quiet margin (shaded), UN-1(t,)
splits into its low-frequency part, transported to the chart of the future block and cut to its zone
part, and the rest. Solid: the model Il e, g; dashed: its two errors; (a)—(c): the items of Lemma 12.13;
IT;: the model of the future block.

with (F,9) 2 g2) = ., w, ' [ge Foddy dy, and with the weight (14|y—ys|?/p(m)?)~N'+2)/2 in (12.8),
Y« the centre of the chart of F', about which the moments are taken. A larger N or the scale p(m)
in place of g, gives a smaller norm. The negative order Nypeg = N1 +dy + -+ dn_ + 2 exceeds the
number of derivatives that the old insertions put on a test field.

In Lemma 12.13, (a) bounds the old term with losses, and (b) its low-frequency part without loss
but, with no Gaussian to absorb the polynomial factor of Lemma 12.11, only in a negative norm
at the scale p(m). By (c) the change of chart preserves these norms, and the high frequencies, far
above 1/p(m), gain a power of &,,/p(m) at that scale, which absorbs the losses of (a).

Lemma 12.13 (The old block, carried across). In the setting above (a Duhamel term across the
renewal from g at t1), there exist C, an integer N3 and, for every integer N > 0, a constant C(N)
such that:

(a) In a negative norm. For every g € Fhttdy —2N- (R%V with compact support,

[N_] ’imhm N3 _ N3
HU (tQ)HH;er%VUﬂ(Rz) < C<1 + 8%1 > (1 + Em/Em) HQHLEJ,Ns(RZ) .

(b) At low frequency, for the same g, with no loss in the contrast or the number of cell times:
[N_] lo
H(U (t2)) HH;(]T\’SMN,JFZ(R% < C”QHLEJ’%(R?)'
¢) Transport and the cutoff. For every F € L*(R?)V, every N and p € {em, p(m)}, with F in the
p P
chart of the block of I,
1 0 Xinor (s, (U D) v oy SCODIF x| gy

JN/ 42

> N
1 = Ol v oy < COD () N e

p(m),w,N’+2 p(m em,w,N/+2

Proof. (a) By (12.20), the pairing of UN-(t,) with a Schwartz field of norm one in Hg:‘f _(N'+2) (R2)
is a sum of nested integrals, over a simplex of insertion times, of the pairing of g with this field
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run backward by the adjoint frozen operator on R? and acted on by the adjoint old insertions,
each costing its order in derivatives and its Taylor degree in the weight. The simplex volume,
the cost of the adjoint evolution in these weighted norms, and the rate from the transport of the
moment weight w, by V¢, - Vw = =V - (¢, Vtw) and the Cauchy-Schwarz inequality against
the dissipation (a constant over to — t1 < h,,, by Gronwall’s inequality), are

1 Rty — 1)\ N- _ c Fm(t2 — 1)\ © Clm> _ C
v Crae) (e ST e S

the last as W}m|2 < CE?,? and 53,? /Km < 20Ky,—1; there is no short-time singularity, as at the scale
€m/(0(1 + Em/sm)) the field V11, satisfies (i) of Proposition 8.3, whose energy holds with the
weight on R?, its commutator estimate being pointwise.

(b) Let N3 be even, at least No+N'+2, at least the exponents of 1+ #,,hp, /€2, and of (1 + ém/em)
in the proof of (a), and at least N’ 4 2 plus the sum of the Taylor degrees of the old insertions, the
weight used in (a), with Ny the integer of Lemma 12.11 with N’ 4 2 in place of N;. That lemma
on [t1,t2], and Propositions 12.5(c) and 12.4(d) for the scalar factor (no Gaussian, but no growth
either), give

—

O] e < OO+ pOMIED 22 gl v

As Nj is even, (1 — p(m)2A)N3/2 moves onto the test fields of the negative norm at the cost C, and
the factor (1 + p(m)?|€|2)~N3/2 it leaves absorbs the power of 1 + p(m)|€|; by Plancherel, moments
becoming &-derivatives, and Lemma 12.2 summing over &,

1/2
O )|, (®2) S Cern (/ 191150m) 0,516 dg) < Cllgllzz, -

p(m),w,N'+2 zone

(¢) The map Xp,—1(lhm, -, (I + 1)hy,,) preserves area, maps y; to yo, and has a gradient within
Ce¥ | of the identity, with derivatives at the scale &,_1 > p(m) ((7.9), Lemma 7.7(b)); by
duality, the first bound follows from the chain rule for the inverse map, as the moment weights
1+ [ X1 (I, y, (14 D) — yol?/p(m)? and 1+ |y — yj|?/p(m)? are comparable. The Fourier

transform of F' — F° is supported in &,[¢| > cio; as p(m)? = Kp_1hm,
AT) _ (talm ) (12.31)
Em e2, ’ '
By duality it suffices that 1 — HI%(—iV) maps H N+ Nocg (R?) to H Mneg (R?), whose
m p(m)vwv_(N/+2) p(m),w,—(N'+2) )

norm exceeds that at the scale &,,, with norm C(N)(&,/p(m))". The kernel of H(—iV) is a
Schwartz function at the scale &,,/c|, with integral 1 and vanishing moments, as HIT?L = 1 near 0;
so (1 — Hl9(—iV))9 is its integral against the Taylor remainder of order N of 9, of size |j|V|VV4)|.
Peetre’s inequality moves the moment weight through the shift by § at the cost (14 |g|/p(m))V'+2,
and Minkowski’s inequality gives the coefficient C(N)(&,,/p(m))V. O

By Lemma 12.14(a), the future model maps the zone part from negative norms at the scale p(m)
to positive ones, the Gaussian of Lemma 12.12(ii) absorbing every power of 1 + p(m)|{|; by (b), the
future block differs from this model by losses times a coefficient smaller than any power of &,,_1.

Lemma 12.14 (The future block). In the setting above, let 11, be the map Hyy of Lemma 12.12 for
the future block, centred at y(,, with the future insertions and Ny. There exist C, ¢ > 0, an integer N3
and, for every integer N > 0, a constant C(N) such that:
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(a) The future model on negative norms. For every F € L?>(R*)V with finite right side,

[T ) gy < CODIF

2a
p(m)w R?)

Jeont 4l
(b) The rest of the future block. Let F satisfy VPF € LZJV, (R2)Y forb < Ny +dn_41+ -+

dy_4n, — 2N and HF||L2 1o(R2) < o0, and let U[NH

over the block of | + 1 from tg, wzth the future insertions. Then

be the last term of its Duhamel term

[N4] z
03 ) = I s

Kmhm \ V3 Ns —cx
m2m> (1+6m/€m) eme me/EmHFH —Nneg

m smwN+2

<o (R2)

Proof. (a) As the zone multiplier has a Schwartz kernel at the scale €, and the right side is finite,
F7°n¢ and its derivatives have finite moments of order N’ + 2, by Peetre’s inequality; so F?°"¢ lies in
the class Dysyo of the future block, and Lemma 12.12(ii) applies. At £ in the zone its Bloch sums
are constants, by (12.30), as |e,,¢ + 2mn| > 7 for n € Z2\ {0}:

g

VAN il
B((i)(ﬁ%{)) onne)(g’.) T

So Plancherel’s identity and Lemma 12.12(ii), with its integer No, the Gaussian absorbing (1 +
p(m)[€)N 22, give

VEF©m(E).

Iy SO0 S [ (14 pom?1e?) o) [ .

p(m),w, li| <N
The zone multiplier has derivatives bounded at the scale &, < p(m), so F' may replace F*°" on the
right; by Plancherel this is at most C'(N) times the sum over |i| < N’ of the squared H ¥ () o, o(R?)
norms of ((y — yb)/p(m))*F, and, as multiplication by ((y — y)/p(m))* maps Hé\(fm) ..0(R?) into
Hé\([m)’%_(N,Jrz)(R?), duality gives (a). .
(b) The Duhamel terms from F#°"¢ and FM := F — F#°"¢ exist, as both lie in the class of (b) (F#°n®
by Peetre’s inequality, as in (a)), and by linearity U Z[;N+] —1II (F7°"€) is the sum of U I[TZ;L]Q — I (F7ome)

and U},hl . Asin (a), at the scale e, ||FZ°ne||Li R S ClFl, “Nacs (g2 so Lemma 12.12(iii)
bounds the first term at ¢,,;. For the second we use the quiet streteh [tg, ql, tq = to + 7}, — Tim /24,

the first part of the quiet margin of the block of [ + 1. As 7/, > 57, its length in cell units lies
between ., 7/, /(2¢2,), which is at least 1 for m large, and K, hy, /e2,. Let U }[ghl] be the moment terms
of the Duhamel term of F™ over the block of [ + 1, centred at y}.

The quiet stretch. On [t2,tq] no pulse is active within 7, /24, so 1, = 0 and the coefficients of the
insertions do not depend on z, by clause (i) of the definition of insertions; once the weight is moved
through as in the sentence after (12.21), they do not depend on y either. So at each frequency 7
the system (12.21) for the Fourier transforms of the U I[ﬁ;“] is triangular, with the common diagonal
—kmn - K(t)n and off-diagonal entries #,,/c2, times polynomials in &,,7 with bounded coefficients
(the commutator terms carry e,,/p(m) and (g,,/p(m))?, and &, < p(m) < &5,-1). As the terms
with 7 > 1 vanish at ¢,

tq
OB (0. m) = exp( i [ nKenar) 3 Py enmU S 2.,
to .
[¢/|<N’
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with Pj; i (x) a linear map on CV, polynomial in the length of the stretch, whose norm on (CV, |- |.)

is at most C(1 + kmhm/e2,)¢ (1 + |2)¢. By (12.22), U}[?hl](tQ,T]) = i|i/|p( )*W'Vi/ﬁ(n), which
vanishes for e,,|n| < 37/8. As K > 15[ the exponential is at most exp(—22k,,7/,|n|?): half of the
exponent absorbs (1 + e, |n))C, as k), /€2, > 2, and the other half is at most exp(—k,, 7, /(4€2,))

where e,,|n| > 37/8. Each V, that falls on the zone multiplier costs €, < p(m), and multiplication
by ((y — ybh)/p(m))", |i'| < N’, maps H. “eﬁo(RQ) into H_" Nues (N,+2)(]R2), as in (a) at the scale
em < p(m). So

Nne
> / (1 b o)™

The same formula, with up to two further n-derivatives, shows that the moment terms have at tq
every derivative with two moments, so their Bloch sums are defined; the moments persist for ¢ > ¢
by the moment-weighted energy (paragraph Duhamel terms), and the Bloch sums solve the fibre
system, by the paragraph of (12.9).

From the plane to the fibres. Let h be a field on R? with two moments and & in the zone. The modes
of Bh(&,-) are given by (12.30), and, as |,,£|> < 272, the weights 1 + [27n|? and 1 + [27n + £,,¢|?
are comparable with the constant 2 + 472. So, componentwise and then with the masses, for every
integer K > 0, with || - || -« (r2) the norm dual to HE(T?) for (-, ) L2,(T2)5

UR a2 an < (14 5 exp (2T R

2
m 2 €m m,w,N'+2

(R2)

| 1BbE By ds < OO [ (14 hlnl) TR .

The rest of the block. Let t € [ty,tp], let & be in the zone, and let UT € HNiitNoeg (T2)V The
induction of Step 1 of the proof of Lemma 12.12(iii), started at ¢4 with a data term for each moment
term and at the test orders raised by Nyeg, gives

7 m t—1 ¢ —
(BUEI0),U1) 1y o] < C(1+ ”(eq)) (1 + Em/em) N0 gy, Mo oy

« I s

the sum over the moment terms (j', ') equal to or lower than (j,4), with the coefficients differentiated
within the derivative counts for a Duhamel term across the renewal. Step 2 of that proof, on Ny +N'+1
equal parts of the last cell time of the block, which lies in [tq, t,;], from the negative order raised
by Nyeg, bounds every (Ny,i), |i| < Ny, in HN(T?) at tp, by C(1 + Kphum/e2,)¢ (1 +ém/5m)c
times the same sum. We square and integrate over the zone: the Parseval identity of Step 3 of that
proof on the left side, and the bound from the plane to the fibres with K = Ny, and the bound

at tq on the right side, give, the powers z-:fn and 5;14 cancelling and as 7, > T,
U[N+ < C(l m m) 14 ¢ < Ui m) ne .
H Johi (tpr HHNl oy ) = + 2 ( +€m/€m) exp | H N,w,%\”+2(R2)

This is (b) for the second term, and Lemma 12.12(iii) for the future block gives (b) for the first, for ¢
at most i and the ¢ of that lemma, and N3 at least the exponents above and its Ns. O

Lemma 12.15 assembles the two lemmas along Figure 12.3: its model is bounded without loss,
and the losses in its two errors, the future block less its model and the high frequencies of the old
term, are offset by the damping of the future block and the gain of Lemma 12.13(c).
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Lemma 12.15 (The first renewal). Let J > 0 be an integer, and consider a Duhamel term across
the renewal from a datum g € HN1+d1+"'+dN7+N+_2(N*+N+)(R2)V supported within distance p(m)
of yo. There exist C' and a linear map Ilyen, independent of g, such that, with the moments about y,
on the left sides,

HHreng”H;)](m) r2) < Cllgllzre) »

U=+ (1) — Tyengl| aM
Pmol
Proof. Let N3 be the larger of the integers of Lemmas 12.13 and 12.14; both hold with it. The
model is the solid path of Figure 12.3,

ﬁw,N1(

0+3
< .
_— 1(R2) = Cem—lHQHL%(R%

Hreng = H+ (((U[N,](tQ))lo o mel(lhm, . (l + 1)hm))zone) ‘

It is linear, and ||g|| 2 (R S 2N3/2| g\ 12 (r2) by the support of g. By Lemma 12.14(a) at the order
w,N3 w
max{.J, N3}, and Lemma 12.13(c) at the scale p(m) and Lemma 12.13(b), HHrengHHJ< o, (B2) <
p(m),w,Nq

CHQHLEJ(RQ)'

The error. U[N—+N+}(tpr) is the last term at ¢, of the Duhamel term over the block of I 41
from F == UN-)(t5) o Xpn_1(lhim, -, (I + 1)hy,), which lies in the class of Lemma 12.14(b): as g
has compact support, the weighted energy of Proposition 8.6 with the moment weights gives finite
moments to U[N*](tg) and to its derivatives of order at most N1 +dn_41+ - +dy_yn, — 2Ny,
the j-th old insertion lowering the order by d; — 2, and the change of variables, area preserving with
derivatives bounded at the scale ,,,—1 > p(m), keeps the class. So U [N-+N+] (tpr) — Hreng is the sum
of UWN=F+N+I(¢,.) — T, (F?"¢) and of 1, applied to the zone part of (UIN-I(ty) — (UIN-](t3))°) o
Xm—1(hm, , (I4+1)hy,). By Lemmas 12.14(b), 12.13(c) at the scale &, and 12.13(a) for the first, and
by Lemmas 12.14(a) with Ney + Npeg in place of N (Nerr > Ny is chosen below; pmei(m) < p(m)),
12.13(c) with (12.31), and 12.13(a) for the second, they are at most, times ||g|[ 12 g2),

Kmhm \ 2N3 —crmTm Ko P\ — 5 Emhum \ N3
C1+7 ) (1 mfem) e T CWNar) (F255) 5 (147552 ) 7 (14 2 /o)™

The powers of €py,—1. With the bounds of Step 4 of the proof of Lemma 12.12, which with h,, /7., >
e 2 (by (2.4)) give Kmhm /2, > ce %, the first term is at most ngt?ngHLE,(R?) for m large, and

m—1 m—1»
the second, as Ng > 2N3 by the choice below, at most C(Nerr)sgf(_]\{e”/Q_NS)_WNB||g||La(R2); we
choose Ny, after N3, with 65(Ney/2 — N3) — ¢yN3 > Q + 3. a

In the proof of Proposition 12.7, moments control the freezing: the coefficients vary on the
scale &,,—1, much larger than p(m), and the moments of a piece are multiplied by at most a constant
over each block (Step 3); the models of the pieces, each localized near its centre, are almost orthogonal
(Step 5).

Proof of Proposition 12.7. Step 1: The time interval. With to and t,; asin (12.17), t; < to < t1+hy,
gives the bounds there, and the slow cutoff (2.9) vanishes within 7/, of every block boundary, which
gives the margin.

Step 2: Patches. We cover the labels at time ¢1, in the chart of the block of ¢1, by a smooth partition
of unity at the scale p(m)/8, with bounded overlap, whose functions are supported within p(m)/4
of their centres. Their products with g, the pieces, have squared L2 (T?) norms of sum at most
I gH%i (12> and the same in Hé\r[:;f(m)w(TQ) up to a constant, as the partition varies on the scale
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p(m) > pmor(m) and the chart of the block of ¢; preserves area and has derivatives bounded at the
scale €,,_1 > p(m), by (7.9). Each piece is a datum on R?. Fix a piece, and let yo be its centre.

Step 3: Freezing (the decisive estimate). On the patch of yy, we replace the conductivity and
the two-scale forms of the sources by their Taylor polynomials of degree N,y at 3o, on the block
of [ 4+ 1 at yj, the label of the same point in its chart (X,,—1(lhm, y), (I + 1)hm) = yo). We expand
the conductivity polynomial as insertions (Subsection 12.6), up to Nay of them on the two blocks
together. Near the ends of a block, the forms given in the chart of the neighbouring block are
insertions of the block, of C' times the same strength (paragraph Insertions; (a4), (a6), (7.9); the
items (al)—(d) cited in this proof are those of Definition 11.1). Moments bound the remainders:
by (7.9), the conductivity differs from its Taylor polynomial by at most

Ce2 (M)Nm“ _ o2 (P(m)>NTay+1<!y - yo!>NTay+1
m—1

= (Ce?°_
Em—1 m-1 Em—1 p(m) ’

and the same holds for the forms in the sums of (b2') with j = Nty + 1, with C, times the entry of
the majorant matrix in place of 57275_1; here N1,y + 1 is an internal order of Proposition 12.7, so at
most Neoer (the table of Subsection 11.1). By Proposition 2.1(c), and as each power of (y —v0)/em—1
costs one moment and the strength below,

M < C’ejn/ﬁ_é, Cefg_lm < C'z—:;yn/z—f% (the strength of a conductivity insertion) .

Em—1 E€m—1

Telescoping the frozen evolution with its insertions against the actual one leaves, as forcing of the
difference, the Taylor remainders and the term with N,y 4+ 1 conductivity insertions. These forcings
take at most Ny := Nay(NtTay + Naep + 1) + 1 moments from the datum, as at most Nray + Nyep
insertions, of Taylor degrees at most Ny, precede a forcing of degree at most Nty + 1. We use
an energy with the moment weights w = (1 + |y — yo|2/p(m)?)N>, about yj in place of yo on the
block of [ + 1, as in Proposition 8.6, at moment orders Ny, that decrease along the chain from Ny + 3
for the datum to 3 for the difference, as the Sobolev orders do. Each term is bounded through the
previous ones, and the moments of the previous term absorb the polynomial growth of the frozen
coefficients. The difference at ¢, is therefore at most, in LEJ’S(]RQ) about y(, with g,, the piece and
the norm (12.8),

248\ Ny +1 2436 Nray+1
o[+ (TN ™ Nyl s =)
pmol(nL),w,Nﬁ«FS

The shears of the chart move labels by far more than p(m) over a block, but they enter the weighted
energy only through their stream function ,,, which is small. For a solution D of the equation of
the block with a forcing f,

d
— | wD?dy + 2., / wKVD-VDdy = [ D>V, - Vwdy + km / D?*Awdy
dt R2 ]RQ RQ ]R2

— 2Km DVw-(K—I)VDdy—i—Q/ wDfdy.
R2 R2
As in the proof of Lemma 12.13(a), the first term on the right is at most a quarter of the dissipation plus
Clvm|?/ (kmp(m)?) < C/hyy, times the weighted energy, and the second at most C'kp, /p(m)? < C/hy,
times it; as Ky, |Vw|? /w < Cw/hy,, the Cauchy—Schwarz inequality bounds the third by half of the
dissipation plus C/h,, times the weighted energy. At the orders i of derivatives at the scale pyo1(m),
the sources add 2 [ Vw - VID V'F dy, with F the flux of the forcing of D, which Young’s inequality
bounds by Ch;;! [w|ViD[2dy + k;,! [w|VIF|?dy, the size of the forcing in Proposition 8.6. With

112



condition (i) of Proposition 8.3 for V+4),,, at the scale pye1(m), by the second line of (12.1), the
energy runs on R? with the weight w, and Grénwall’s inequality at the rate C/h,,, multiplies it by at
most a constant on each of the two blocks, the weights about yp and y(, being matched at ¢ as in
the proof of Lemma 12.13(c). The degree Ny is chosen so that, for m large, the difference is at

t
mos 8 Hgyo || Nbuf(m)’w(RQ)

is supported within p(m)/4 of yo.

Step 4: The frozen terms. Each frozen patch evolution is a finite sum of Duhamel terms across
the renewal at to, of lengths at most Ngep + NTay. Lemma 12.15, with J := Ny and N7 = 3, gives
their models and errors Csm 1, multiplied by the product of the strengths of the insertions, which
for ng. source insertions, by (b2) and (b3), and ncen conductivity insertions is at most

(0036%4)nsm (Csf,f_l p(m) ) Teon _

Em—1

the norm of the display is at most a constant times this norm, as gy,

A piece of g € HVui(T?)V has the regularity that the lemma asks, as the conductivity insertions
have order 2: N1 +dy + - —2(N- + N;) < 34 Nyep(Nsre — 2) < Nyt

Step 5: Sums. Let II°"™g be the sum, over the pieces and over the lattice images, of the models
of all these Duhamel terms, returned to T2 by the chart at tpr, and for the piece gy, centred at yo
let II;0™g be the sum of the models of its Duhamel terms. By (a5), the periodicity of K and
X1,y +n,t") = X, _1(¢,y,t') + n for n € Z2, the model of a shifted piece is the shifted model;

the chart at ¢, changes the norm of H ;\(];)7‘5 . Py at most a constant, as in Step 2. For two centres yo

and 9o, let y; and g be their labels in the chart of the block of [ + 1, and r = |y; — g;|. By the
moments of order N1 = 3 about y(, in Lemma 12.15 and Peetre’s inequality, for j < Noyt,

j Tysum j TTsum —24 r -3
‘<ijyo g,V]HgO g>LEJ(R2)| SCp(m) 2]< p(m)) HgyoHL‘%(RQ)HQ?JOHLZ(RH7

and the matrix (1 +7/p(m))~3, indexed by the centres, has bounded row sums: the labels of the
centres in the chart of the block of [ + 1 form a net of mesh comparable to p(m)/8 in R?, as the
transition X,,_1(lhm, -, (I + 1)hy,) has gradient within Ce?? | of the identity, by (7.9). So Schur’s
test in the patch index gives, by (5.8),

[T g < Cligllrz(r2)

H out (’]I‘Q)
By density, IT*"™ extends to a bounded linear map on L?(T?)V

The errors add in the same way. For a piece gy, let Ey, be its error at t,, in the chart of the
block of [ + 1, the sum of the difference of Step 3 and of the errors of Step 4. By Step 3, and by
Lemma 12.15 with N1 = 3 and the strengths of Step 4, at most 1 for m large,

+5
1Bz o2y < Can s vy = 055 Mgmollgine gy
’ pmol m

with the moments about y). By the moments, (a5), the periodicity of the coefficients and the

uniqueness of the energy solutions on T?, the lattice sum over the pieces of the terms on R? is U1},

for each j, and the charts preserve area. So Z;V:dgp vl }(tpr) — II®""g is the sum of the errors Ey,

over the pieces and their lattice images. At each y, one of |y — | and |y — g{| is at least r/2,

0 [(Eyy, Ego)r2 @2y < C(1+1/p(m )) "3ay,ag,, and Schur’s test over the centres and their lattice
images, with Step 2, gives

N, dep

|3 00—t oy < OB < ol

Npuf 2)
" H om0 (T

L2,(T2)
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Step 6: Constants. A field with constant components solves the system without smoothing, whose
sources carry at least one derivative, so its Duhamel expansion is the field itself in U{% and zero
in UV}, j > 1. With (g)T2 the field of the means of the components, Steps 3-5 therefore give the
first bound below, and we define Il by the formula on the right:

= [(g)ze] = (9)2ll o o) < Cenilgligmsy,  Tlg = TE"g = TP [(g)ga] + (g)z

The map II fixes the fields with constant components and satisfies both bounds of the proposition,
since [[(g)12 |22 (r2) < llgllL2 (12)-

Both choices of the masses. The construction of ¢, and IT does not use the masses, and the
hypotheses hold for both choices (Definition 11.1), so one II serves both. O

Remark 12.16 (The terminal level). Propositions 12.4-12.7 and Lemmas 12.8-12.15 hold at the
terminal level m = M; Section 15 uses them, with Lemma 15.8 in place of Lemma 12.17, which is
stated for m < M.

12.10 Proof of Proposition 5.3(a) and of Proposition 12.1

The Duhamel expansion applies the sources without their smoothing operators, and each source
it applies takes derivatives of the datum. Lemma 12.17 supplies them, at the molecular scale; the

truncated expansion is within C&?S:i of the solution (Step 4 below), and Proposition 12.7 prepares
it.

Lemma 12.17 (Molecular smoothing). For every integer 0 < N < Ncoe there exists a constant C(N),
depending only on N, such that the following holds. Let k € Ky and mg < m < M, let G be an
admissible family of level m on [ta,ts], and let te € [ta,tt — pmol(M)?/km]. For both choices w,
and w, /W2 of the masses and for every datum g, the solution U of G from g at t. satisfies

U Loo (et pumot(m)2 fremotelsir - (r2y) < C(N)lgll 22 (72 -

Pmol (M),

Proof. Proposition 8.3 applies at every order j < N at the scale pyo1(m), with its diffusivity equal

to Ky, its hypothesis (i) is (12.1); (ii) follows from (b1), (b2) of Definition 11.1 and (7.9); and (iii) is

its (d), with sums at most § for m > mg (Proposition 11.5); by its part (b), [|U(t)]| s (72) does
Pmol (M),w

2 .
HJ

Pmol (M),w
||UH%E(’]I‘2) + meI(m)QHVUH?;[jfl (T2) (by (58))’ gives for 0 <t — te < pmol(m)Q/ﬁm

Pmol(Mm),w

not increase in t. The (t — t.)/-weighted energy estimate, by induction on j with ||U]| ) <

t
] 2 ! j 12 /
E =t IO oy + Fm / (' =tV VU@ ey dt

Pmol (M),w Pmol (M),w
, Pmol (M) \J
< G+ D! (P ) g e
m

as 1+ 77! < (j + 1)!: the weight vanishes at t., whatever the derivatives of the datum. At
t = te + pmot(m)? /Ky, this is the bound, with C(N) = ((N + 1)!)/2, which persists. O

Proof of Proposition 5.3(a). The top level myg is at least the levels of Propositions 12.5-12.7 and
Lemmas 12.8-12.15, and so large that ppe1(m)?/km < C’eq@_lﬁ) < 2hy,, by (12.1), Lemma 7.1(a),

m—

(2.3) and (2.5). Fix g, let U be the solution of G from g at t., and put t; == tc + pmol(m)?/km. Then
t1 <te+ 2hy, <ty — 2hy,, as te + 4h,y, <ty (Proposition 5.3).
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Step 1: Smoothing. By Lemma 12.17 with N = Npur < Neoef,

T s 7y < Cllgllzzr2) -

/Jrnol m),w

Step 2: The remainder of the expansion. Let U} be the Duhamel expansion of G from U(t1)

at t1. Applying the operator of level m to each term, the remainder U — Z;V:dgp U} solves on
[t1,tr] the system (8.2) of G, with its smoothings, from the datum 0 at ¢;, with the flux forcing
F=F1U 4+ @,

= 3 AeaVIN (S U FP = Y A (S - 1) YD U s

v o,d v o,d J<Ndep

the last term of the expansion fed back through the sources, and the error of applying the sources
without their smoothing. By Proposition 8.3(a) at the order 0, whose (iii) is clause (d) of Defini-
tion 11.1,

8

1/2
7) I L2((t1 e);22 (T2)) -

Nge
HU U{J}HLOO ([t1,t¢]; L2 (T2)) — (mm

Step 3: The terms of the expansion. The coefficients of the sources are summed by Schur’s test:
by (b2') and the transport to x (as in Step 8 of the proof of Lemma 11.7, at the cost of a constant),
for every N < Ny the matrix with entries

N (N 4+d-2) .
( ) > ZN;,{ : )12 Zp 1( ! IV* Al £oo ((t1,8) xT2)
o: v —vd= m i<N

is at most C' times the majorant matrix, so its row and column sums are at most 05%4, by (b3).
Proposition 8.3(a) at the scale pye1(m) and the order Nyyus — j(Nge — 2), with (12.1) for its (i) and
with Lemma 8.1 and these sums for the forcing as in the proof of Proposition 8.6, gives by induction
on j, with a constant C,

ra VU] < CTHER U ()] i

L2((t1,te);H Mbut ](Nsrc_m('ﬂ'z)) - Lol (1)@

mol (1), (T2)

Step 4: The forcing. We use the order and width conditions, with ¢ the order of the kernels Wy
of S, in (c1), which depends on o,

Npom < 26—17 Nbuf_j(Nsrc_2) > Nmom+Nere—2 (.7 < Ndep) s (Ta/pmol(m))Nmom < Cegfivinom 5

the first by (c1), the second by the definition (12.2) of Nyy¢, the third by (¢2) and &, < 2! ;. In
L3((t1,t¢); L2(T?)), the two parts of the forcing satisfy

HF H < Cadm5q6/4 /meVU{NdeP}HLz ((b1,46): L2 (T2)) (Lemma 8.4 and (d)),
IF@|| < Ckl/2 ‘I‘*Nmoan(tl)u e (Proposition 6.1, (b2'), Step 3);

p ol(m),w

(T2)

in the first line, the sums Cadmeggi 41 of (d) replace the % of Lemma 8.4; in the second line, the
third bound of Proposition 6.1, which holds for every r,p > 0 and [Q;|oc < Cq, with a constant

independent of £ as Nyom < 20— 1, at the scale pp1(m) with Ny = Nyom, bounds (I — Sg)VdflU{j}
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by C(ro/ pmot (1)) Nmom || 41717} | Hmom (72); and the coefficients A, 4 are summed by the matrix

Pmol ™

of Step 3 at N = 0. By Steps 2 and 3, 56/4 < 25q6£4 the choice of Ngep, (12.2) and Step 1,

m—1’

Ndep
— {7} q6(Ngep+1)/4 q(5Nmom Q+3
HU Z:(:) . HLOO([tLtf]'LQ 2y = O™ +em-i " )Mglzz ) < Centillglizame)

and the same holds with the masses w,/¥2, for which (b2'), (b3) and (d) also hold.

Step 5: The preparation. Proposition 12.7, with the constants of Definition 11.1 (Proposition 11.5)
and with its path hypothesis (an admissible family has paths of at most Npatn sources, item (1) of
Subsection 11.1), gives tp € (t1,t1 + 2hy] C [te, te + 4hp] and II; we put Ig := IIU(t;), which is
linear in g. Step 4, Proposition 12.7 and Step 1, for the masses w,/¥2, give the first bound of (a),

3
Mg = U (tpr) 22, (r2) < Commtillgl o, ey -

Step 6: The other two bounds. The solution U does not grow in L2G(’]T2), by Proposition 6.2 for
the masses wy/ \Il%, whose coupling sums are at most % by (d); the near-unit norm of II comes from
this energy, not from the model. With Step 5 and the first bound of Proposition 12.7 for these
weights,

ITTgll 2, (z2y < U (tpr)llzz, 2y + Commillgllzz ez < (14 Cep_y)llgllzz, (xe)
Il eus ey < U 2y < Cllzg ooy - O

Proof of Proposition 12.1. We take t,, and II as just constructed. (i) tpr > t1 = te + pmol(m)?/fm,
and the margin is that of Proposition 12.7. (ii) A field with constant components is a solution
of G at every time, so U(t;) = g, and II fixes it. (iii) Lemma 12.17 with N = 2Niep +4 <
Nret < Neoet; a8 tpr > te + pmot(m)?/kim, and [|gll 2 (r2) < HgHLQG(T2)7 as U, > 1. (iv) We expand
exp,(—Tm(tpe) : V?): by Lemma 8.1(b) each application of I'y,(t,:) : V2 costs two orders and at
most C(Nyet, p)| T (tpr)|/p(m)? < Cel, | in He o(T?) (Lemma 10.3(b)), and Nyet + 2p < Nout;

p(m),
the third bound of Proposition 5.3(a) concludes. O

13. Two-scale expansion and the homogenization error

In this section we prove Proposition 5.3(b), the comparison of the solution U of G' with its two-scale
expansion, the lift Y of (5.10): the successor G’ of Definition 11.3 is admissible, the solution Y
of G keeps the amplitude of the datum, and the homogenization error U — Y# is small. We also give
the formulas for the sources of the successor, whose data Definition 11.3 lists. Section 12 proves
part (a) and constructs the preparation time ¢, and the map II used below.

The route. Each of the three steps of the lift (5.10) turns one equation into another, exactly, up
to explicit error terms (Figure 13.1).

e The correctors (Subsection 13.1). The correctors of Section 10 cancel every term of degree at
most Neor of the operator of G applied to a lifted field. There remain the averaged operator
O +bpy_1-V —V-M,,, with the mean flux M,, of the lift, whose part of order 2 without
sources is JimV up to a defect, and a tail of mean zero in the fast variable. Each degree of the
tail costs the square root (£2,/(Kmhm))”? of the ratio of the cell time to the renewal time. The
correctors are switched from pulse to pulse in the quiet intervals, where they decay exponentially.
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e The truncated exponential (Subsection 13.2). Conjugation by exp,(I'p, : V?) turns £pm—1A into
Jhm () V2, up to a term of degree p in T, times 0,I,, = Jim — ky—11, and commutes with
b,—1 -V up to the divergence of an explicit flux.

e The readout (Subsection 13.3). The part of M,,, beyond J%V and the commutator, conjugated
by the truncated exponential, are not small. They are kept as the sources of G’: this is the
construction of the successor. The readout weight ¢, ;| that each letter (Definition 11.3(i))
adds cancels the power " | of the coefficients of the new source that carries it (Lemma 13.8),
so the letters telescope.

The residual of Y* in the system of G is then a forcing of size Cag_1|]g|]Lé(T2) (Subsection 13.4),
and Proposition 8.3(a) bounds U — Y* by it (Subsection 13.5).

‘ Y: the successor G’, level m — 1 ‘
Y., ¥ Lemma 13.8
‘ T,V level m — 1, drift by, ;. nm_lA‘
exp,(T'm : V?)§ Lemma 13.7
‘Yb: averaged, drift b,,_1, Jm (¢) : V2
Corr,,, y Lemmas 13.2, 13.4-13.6
‘ Y#: the family G, level m ‘

Figure 13.1: The three steps of the lift (5.10), Y* = Corr,), [exp, (T, : V)Y, Y], from top to bottom.
Each box names a field and the equation it solves, up to error terms; J%m is the averaged flux (2.16).

Setting. Throughout, C' and ¢ denote positive constants depending only on «, s,q,(, A, n,tg,T.
In Subsection 13.1, the setting of the lift is: M > 1, kK € Ky, 2 < m < M, and a family G of
level m that satisfies the invariant (Definition 11.1) on an interval [ta, t¢], whose sources have current
order at most Ng. (the sums of (10.13) stop at the current order), whose paths of sources have at
most Npaen sources, and whose sources of birth order at least 3 have birth radius at most £,,. An
admissible family has these properties (item (1) of Subsection 11.1, Definition 11.2(i), and Step 5 of
the proof of Lemma 11.7). Its constants are those of Section 11, or other constants fixed depending
only on «, s,q,(, A, n,tg, T (for the terminal family of Section 15, with the terminal orders and path
bound). Above a level that depends only on «, s,q,(, A, n,tg, T and is at least mc, such a family
has the finite lifts of Section 10 at every order N, with constants depending only on N and «, s, g,
¢,A,n,ty,T. Indeed, the majorant matrix is at most the priced one, so its row and column sums
are at most 1 by (b3). By (bl) and the bound on the birth radii, ||As 4lan,» i at most a constant
times maj(o). Cauchy’s estimate in the base label on D,,, whose supremum runs over the whole
window of k, and the exponential weight in z give (10.17) for the forms, at every ji, jo; and (7.9)
gives it for the conductivity, as the window of k lies in |t — l,;, xhm| < Ay, Below, Proposition 10.7 is
used at the order N = Ny. Clauses (al)—(d) are those of Definition 11.1.
For a field F' of a family of level m we write

Ngre Nsrc
(AmF)o=> > Y A,V ' Fy,  (ALF)y=>Y_ > > AqV" (S Fy) (13.1)
v'eV o v—v d=2 v'eV o v'—v d=2

for the flux of its sources without and with the smoothing, so that the system (5.6) of the family
reads U + by, - VU — k,, AU =V - A%U.
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Subsections 13.3-13.5 work in the setting of Proposition 5.3: mg < m < M, an admissible
family G of level m on [ta,tf] and its successor G', with set of components V', a time t. with
ta + 37 < te <ty — 4hy, the time ¢, and the map II of Section 12, a datum g of G, the solution U
of G from g at time ¢, and the solution Y of G’ from the retained trace of IIg at time ¢,,. Recall
from Subsection 5.5 that the readout is (T, Y ), = Yy + >, EZil{YU/, over the children v’ of v
in G’, where #v’ is the number of letters of the word of v’. The retained trace of Ilg at time ¢, is
expy,(—Tm(tpr) : V2)(Ilg), on each component v of G and 0 on the new components. Here tp—tp < T
(Definitions 11.2 and 11.4). The family G’ is admissible on [tA + 37, t¢] (Subsection 13.5, which
uses only Definition 11.4), so, by Proposition 11.5, G and G’ satisfy the invariant, with sums at
most % in clause (d) for both masses, and below % at the order 0 when m is above a level depending
only on «, s,q,(, A, n,tg, T. Being admissible, G is in the setting of the lift. We write

YP(t) = exp,(Tm(t) : V) LY (1),  sothat  Y¥(t) = Corr, Y(1). (13.2)

Two norms. For a field F' of a family with masses w, on [t1, 2], an integer N > 0, p > 0 and
v > 0, the component energy of F of order N at the scale p, with the diffusivity v, on [¢1, t2] is

1 1/2
(> ;v(”Fv||2L°°([t1,t2];H;V<T2>>+’/”VFv||%2<(t1,t2);H;V(T2>))) : (13.3)
veV
the square root of the left side of Proposition 8.3(c), with the supremum in time taken in each
component. In this section, the energy of F of order N is its component energy (13.3) of order N at
the scale p(m), with the diffusivity ,,_1, on the interval at hand. For a forcing (F*f, Ff0) of the
system (8.2) of a family of level m on [ty t2], its norm is

o I 2o sz o)+ IE Ml popsza oy (134)

Orders. Besides the parameters of Subsection 5.3 and Sections 11 and 14, the comparison uses
the number N, of antidivergence steps in the reconstruction of the cell tail (Lemma 13.4; “cl” for
cleanup), and fixes the moment order Ny, for the smoothings of the sources of G’ at the scale p(m)
and of G at the scale pyo1(m) (Step 3 of the proof of Proposition 13.11). They are fixed in the order
of item (1) of Subsection 11.1 (Table 11.1), as follows. Given @ (Section 14) and the seed’s bounds
on its orders and path lengths (Section 15), we choose Ngen, Neor, p and Ngj; then Ny and O, with
(Ngre — 2)0© < §/8; then Niep; then Nyom, such that

Nen 1 5N 1 1
n( g8+ )7 ( le2+ )7 36NCOI‘7 6p7 e]\fmom > Q+qu+4’

(gy+30)Neg > 2 — 3+ 85;

these give ¢d Nmom > 120 Nyom > @ + 4, since g6 > § > 120 by (14.4); the kernels then have
vanishing moments up to Nyem (clause (c1)), and the third bound of Proposition 6.1 applies with
Ny = Npom. Last, we choose Nyet and set Noyt = Nyet +4p. With Nyee := 4(Neor + Nare) + 2N¢ + 16,
the order of the reconstruction, and the path bound Npa¢n of Section 11, Nyt is at least the passage
floor of (14.3) and

Nyet > maX{Nrec + Nare + Nmom + 6p, Nsre — 2+ Nmom + Neor +2p + 1} )
Nret > Nrec + 2Nsrchath (136)
+ maX{Nsrc + Nmom + Neor + 6p + 4, (Npath + 3)(Ncor + Ngre + 12) + 2]7} .

The second floor bounds the number of derivatives in the fast variable that a cycle takes along
the paths of sources, which have at most Npan sources (proof of Lemma 11.7); it depends on Ny,
through Npan.

(13.5)
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13.1 The two-scale expansion

For a pulse k of level m, a field F' of GG is read in the chart of its block as ﬁk (t,y), with the label
Yy = Xin—1(lm khm,z,t) and the fast variable z = y/ep,. The parts Lo, L1, L2 and ﬁ;fc[o*] of the
operator of the system are those of (10.10) and (10.14). Written without a path, V; and M, 4 are
the correctors and means of the system, the sums over the paths of Proposition 10.6(f), with Vy = I.
The operators Corry, j, Corry, and the mean flux M,,, are those of Definition 10.8, the part of M,,
of degree d along the paths of ¢ sources being the sum of the means of degree d along them.

The cost of a degree. Since p(m)2 = Km—1hm, the corrector amplitude &,, of Subsection 5.1,
divided by p(m), is the square root of the ratio of the cell time €2, /k,, to the renewal time:

iy = o) oatn, = (P (o) semy. e

The first bound is Lemma 10.1(c); the second holds at every 2 < m < M, since &, < 2e! |
(Lemma 7.1(a)), p(m) = (Km—1hm)"? > 0871:_71/2-#5 (Proposition 2.1(c)), and ¢ =1 —3 —d = ¢y + 3¢
by (2.3). The degree is the number of derivatives in y, and every derivative that falls on the field is
one of them, so the order never exceeds the degree. By Proposition 10.7, the coefficients of order d
of a corrector of degree j are bounded, with their derivatives (each slow derivative costing
each fast one a constant), by

m—1’

Cad et — Cp(m)d(f‘:?n)m(ﬂ(m))jd, (13.8)

m—1
Kmhm Em—1

in row and column sums of the matrices with the entries multiplied by (w,/w,)"?, as in (11.3).
The excess of the degree over the order costs p(m)/em—1 < C’e?n/ﬁ_é.
of degree j satisfy the same bound times r,,/c2,. We also use ce,, < p(m) < e€,_1, so that
(p(m) fem—1)1~0 < 1.

The correctors of a pulse start from zero when its window opens, and stay zero while the shear is off
and the forms do not depend on the fast variable (Proposition 10.6(e)). So at a time of [tA + 37y, t¢]

with no pulse of level m active within 7}, such as t,, (Proposition 12.1(i)), the lift adds no corrector.

The coeflicients of the means

Lemma 13.1 (Quiet entrance). The following holds in the setting of the lift, with m above a level
depending only on «, s,q,(, A, n,tg,T. Lett € [ta + 3Tm, ts] be such that the velocity added at level m
vanishes on [t — 7, t +7,,]. Then, for every pulse k with H,, (t) # 0, every corrector V; of k with
j > 1 vanishes at t. In particular, for every field F' of G, Corr,, ' = F at the time t.

Proof. Let Hp, 1,(t) # 0, s0 |t — k7| < %Tm. The window of k starts at (k — %)Tm >t— %Tm. Since
7! JTm = 4[e;2 |1 +1 > 5, every ' between the start of the window and ¢ has [t/ — Dot 4+ 5] C
[t — 7], t+ 7], and ¢/ >t — 37, > ta. So the shear of k vanishes there, and, by (a4), the two-scale
forms of G do not depend on z. For m large, the conductivity of the chart lies between %I and %I ,
by (7.9). So, by Proposition 10.6(e), the correctors of positive degree vanish at ¢. O

When we apply the operator of the system to the field with its correctors and sort the terms by
degree, each corrector of degree j < N¢or removes the part of mean zero in z of the terms of degree j,
and their means move into the averaged equation of F' (Definition 10.5). The cell tail is what is left,
of degrees above N¢or, each degree carrying the small factor &,,/p(m) of (13.7); in Lemma 13.4 one
of them pays for the cell rate k,,/e2, that multiplies its coefficients.
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Lemma 13.2 (The correctors cancel the leading terms). There exists C(a, s,q,(, A, n,tg, T) < 00
such that the following holds in the setting of the lift, with m above a level depending only on «, s,
q,C, Ayn,to, T. Let k be a pulse, let I be an interval in the window of k, and let F(t,y) be a field
on I, in the chart of k, with F(t,-) € C2NeortNsret1(R2) with bounded derivatives, and with VZ?,
la| < Neor + 1, Lipschitz in t, uniformly in y. Then there exists a differential operator Ty, in y, the
cell tail on the pulse k, depending on no field, of orders 1 to 2Ncor + Nge, whose coefficients have
mean zero in z and whose terms have degrees Neor + 1 t0 2Neor + Nere, Such that, off a null set of t
independent of (y, z),

Neor
(ﬁo + L1+ Lo — Z Z ﬁjfﬂa]) Z Vj//ﬁ
o j'<Nsrc j"=0
Neor _ Neort+Nsre J B _
— Z Vi (8tF — Z Z Vy - (M, dV;’*F)) =T.F. (13.9)
7""=0 j=2 d=2

Its coefficients of order d and degree j satisfy (13.8) times ki /c2,, in row and column sums as there,

each slow derivative up to the order N¢ costing 5m1_

m’

Proof. Off a null set of ¢, the derivatives in t of the VZﬁ , la| £ Neor, and of the coefficients V; 4 exist
at every (y, z): their difference quotients are Lipschitz in (y, z), uniformly in the increment (by the
Lipschitz bound one derivative higher, and by (10.12) with the Wiener norm of Proposition 10.7),
and they converge on a countable dense set, at the Lebesgue points of the data of the cell equations.
So the limits for the V;f commute with V,, and the limit for V;4 is the right side of its cell

equation at every (y, z), by continuity. Thus, off this null set, the product rule holds for Vj,dvzﬁ,
Proposition 10.6(b) holds at every (y, z), and the left side of (13.9) is computed at the time ¢ as
an identity between differential operators applied to F. We sort its terms by degree. The cell
operator Ly contains 0, so on VjFV it acts on the coefficients and gives vjatﬁ , which cancels. The
remaining terms act on F through its derivatives in y, with coefficients built from the correctors, the
means and the parts of the operator, which depend on no field. At the degree 0 only »_ _ L§* [a]ﬁ
remains, and it vanishes, as FV does not depend on z. The terms of degree j > 1 are then Ly
acting on the coefficients of V F plus the bracket of degree j of Definition 10.5 (for the system, by
Proposition 10.6(f)), plus 37,2 OV 1w qVy - (Mj_jr gV LF), with Vjn =0 for j” > Neor and no

term for j — j” > Neor + Nsrc. For 1 <j S Neor this is £0VJF minus (10.16), which vanishes by
Proposition 10.6(b).

For j > Ncor no corrector is added, and the terms of degree j are the bracket plus the sum. The
term j” = 0 of the sum cancels the mean of the bracket (Proposition 10.6(a); the bracket and the
means of Definition 10.5 are both formed with V; = 0 for j > Neo), and the terms j” > 1 have
mean zero, as the correctors do. For j > N¢o; + Ny the bracket and the term j” = 0 vanish, since
a source has at most Ny, slow derivatives. So the degrees are Neor + 1 to 2Ncor + Ny, and every
term has order at least 1, since the correctors of positive degree annihilate constants and L1, Lo, the
source parts and the means differentiate.

Each term of degree j is a lower corrector times one of the four products (10.22) divided by €2, / ki,
or a corrector times a mean. By Proposition 10.7, its coefficients obey (13.8) times #,;,/c2,, in row and
column sums, which are submultiplicative, those of the majorant matrix being at most 1 by (b3). For
the slow derivatives up to the order N, we use Proposition 10.7 at an order N > N¢ + Neor + Ngre
(such as Nyet, by (13.6)). In a coefficient of the tail, a corrector carries at most Ng.. slow derivatives
and a mean at most Neoy + 1 (one from the divergence and at most N, from the corrector applied
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to it), so that after N, further slow derivatives each carries at most N. Each slow derivative of a
corrector, a mean, the conductivity or a form costs 5;1_1 (Proposition 10.7, (10.17)). O

At one time, the correctors change a field by at most a constant times &,,/p(m) times its derivatives
at the scale p(m), and, as they oscillate at the wavelength &,,, each derivative of the change costs ;!
(Lemma 13.3). On a field smooth at the wavelength e,,,_1, this gives the cost (5.2) of the correctors

in Step 4 of the proof of Proposition 5.4, where the condition s < %(1 — «) is used.

Lemma 13.3 (The correctors on a field). There exists C(«, s,q,(, A,n,to,T) < oo such that, in
the setting of the lift with mg < m < M, for every t € [ta + 3Tm, t¢], every field F of G of class
CNeeptNeort2 op T2 every multi-index a with |a| < Nyep and every x € T2,

61%‘ !8“(CorrmF — F)(x)|w <C Em Z p(m)'“/‘ \aa/F(x)\w, (13.10)
P | Ny Moo

where Corry, acts at the time t, as in (5.10).

Proof. At each time at most two time cutoffs are positive, so it suffices to bound Corry,  F' — F' =
Z;V:“f ijk, read at y = Xy 1 (L khm, ¢, 1), 2 = y/em. The coeflicients of the correctors of positive
degree act on derivatives of order d > 1, since these correctors annihilate constants. A derivative
in 2 falls on the fast variable (cost £;,!), on a slow coefficient or on the chart (cost Ce, 't |, by (7.9)),
or on F. So, by (13.8) and the chain rule, 6'&”8“1@?“ is at most a sum, over 1 < d' <d < j and
d' < |d| < d'+]al, of Cp(m)® (2, / (Fumhm))I/2(p(m) /em-1)I = <lt =16 F|. Tndeed, V2F}, contains
the derivatives of F of every order 1 < d’ < d, the other d — d' derivatives falling on the chart at the

cost C’e%:‘f, which turns (13.8) at the order d into (13.8) at the order d’. Moreover
’ 2 z j—d" / Sm, / 2 = j—d’ la’|—d’
p(m)d ( Em )2 (p(m))] gl;ll |-a' _ & p(m)|a | . ( Em ) 2 (p(m))] ( Em ) :
Kmhm Em—1 p(m) Kmhm Em—1 p(m)

and the last three powers are bounded: the first and the third by (13.7), as j > 1 and |a’| > d’, and
the second by p(m) < ep—1, as j > d'. Here 1 < |a/| < Neor + Nyep. By Proposition 10.7(a), whose
hypothesis holds by (b3), and Schur’s test, the coefficients ) V; 4, summed over the paths, act on

d—j

m-—1, 0 these bounds hold in the norm | - . O

(RY,] - |») with norm at most C&7,e
The tail in physical space. The cell tail of (13.9) has mean zero in the fast variable, and is
read at z = y/ep,. A function of mean zero in z is a derivative in z, and a derivative in z read at
z = y/em is ey, times a derivative in y, up to a new slow derivative. So each antidivergence step
gains the factor e,,,/p(m), and after N steps only a scalar remainder of that size is left. In (13.11)
the factor before the parenthesis is the power Neor of (£2,/(Kmhm))"? = &m/p(m) (by (13.7)), one
degree paying for the cell rate against the dissipation. In the second term, the remainder, the
power N of €,,/p(m) beats, by the choice of Ny in (13.5), the square root of the number of cell
diffusion times in [t1,%2] when to —t; < T.

Lemma 13.4 (The cell tail). There ezists C(a, s,q,(,A,n,tg,T) < oo such that the following
holds in the setting of the lift, with m above a level depending only on «,s,q,(,A,n,tg,T. Let
[t1,t2] C [ta + 37T, t¢], and let F be a field of G on [t1,ts], of class CNre<tl in 2 at each time, with
derivatives measurable in (t,z). Then there exists a forcing (F™, F1'0) such that the fields Tp,Fy,
with Ty the cell tail of Lemma 13.2, read at z = y/em, carried to x by the charts and glued by the
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cutoffs Hy i (t), are V - F + FU0 and such that its norm (13.4) is at most the energy of F of
order Nyec on [t1,ta] times

C(/{j;m ) Neor/2 (1 ¥ (ts — tl)l/lelf (p?;’;) ) N“) . (13.11)

Proof. Step 1: Antidivergence. The forms are transverse, by clause (a2), so each coefficient of the
cell tail depends on z only through z - e(lk). A function of mean zero in z - e(Lk) has a primitive

(eé;c) - V.)~! of mean zero, bounded by its supremum, with the same slow derivatives. Let Fgl be

one term of the cell tail of fk, a function of (t,y,z) of mean zero in z, and let the cleanup iterates

be Ffj, = eé;c) . Vy(eé;c) - V,)"LFF! again of mean zero. The chain rule gives
Na—-1 y y
1 L L 1 o el
Fe (t, v, ) (Z el (e - V)~ 1FC)<, ,Em))+s%1 fvd(t,y,a). (13.12)

Each slow derivative in £, falls on a coefficient (cost ¢,," ; < p(m)~!) or on Fy.

Step 2: Size of the flur. Let the term F§1 have degree j > Ncor + 1 and order d. Lemma 13.2
bounds the flux of (13.12) with i = 0 by Cepnkim /2, times the bound (13.8) times ]Vgﬁkl By the
chain rule, the first line of (7.9), area preservation and p(m) < e,,—1, and by (5.8) and (13.3), for

d>1, HvdﬁkHLg ((t1,£2);L2,(T2)) 18 at most Cp(m V=g /1 times the energy of F' of order d. Also

Ko KmEm K ml 2p(m) = (Kmhm/2,)"?. So the flux contributes to (13.4) at most

Ncor

2 j—1 - 2
o(m) " (A o)

times the energy, by (13.7). The steps i > 1 add the factors (e,,/p(m))* < C.

Step 3: The remainder. The remainder 5%15’]‘{}01 is at most (g,,/p(m))Ne! times the bound of
Step 2 divided by &, on derivatives Vzlﬁk with d < d < d+ Ng. Its norm in L*((t1,t2); L2 (T?))
is at most (tp — t1)"? times its norm in L?. As in Step 2, with the relation ﬁm6;12/1;11ﬁp(m) =
(k 1/2/5m)(/£m hum/€2,)"/?, this gives the second term of (13.11).

Step 4: Back to x. The charts preserve area and turn the divergence in y into that in z (Piola,
Lemma 7.9, with |V, Xm 1] < 2), and derivatives in y of order d’ into derivatives in x of orders

d" < d at the cost Ce? ~% (Lemma 7.7); at most two cutoffs are positive at cach time, and the

m—1
orders used are at most 2Ncor + Ngre + Nel < Nyee, by Step 3 and Lemma 13.2. On the paths with
sources, the sums over the paths are bounded by (b3). O

Switching. Lemma 13.5 glues the identities of Lemma 13.2 in the coordinates x, using the lift of
each pulse where its time cutoff is positive. The glumg produces the derivatives H’ mk = = OiHp, 1, of
the cutoffs, supported in the quiet intervals [(k + 2)7p, (k + 3)7m], k € 2Z + 1, between consecutive
pulses, where the correctors of the pulse that has just sw1tched off decay at the rate ck,,/e2,, and
those of the next pulse have not started.

Lemma 13.5 (Switching between pulses). There ezist C(a, s,q,¢, A, n,to,T) < 0o and ¢(a, s,q, ¢,
A,n,to, T) > 0 such that the following holds in the setting of the lift, with m above a level depending
only on «, s,q,(,A,n,to,T. Let [t1,to] C [ta + 3Tm, t] with to —t1 < T, and let F be a field of G
on [t1,t2], of class ONreetl in @ at each time, with derivatives measurable in (t,), with VoF,
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la| < Neor +2, bounded on [t1,t2] x T2, and with VOF, |a| < Neor + 1, Lipschitz in t, uniformly in x.
Then, with a forcing (FY, FY9) as in Lemma 13.4, at almost every t € (t1,t),
(O + by, - V — ,,A) Corry, F — V - (A, Corry, F') — Corryy, (8tF +by,_1-VF-V- (./\/lmF))

=V -F'4 P04 N HL () (Cortp F — F) (13.13)
ke2Z+1

and the norm of the last sum in L'((t1,t2); L2(T?)) is at most the energy of F of order Niee on
[t1,ta] times

C(i)l/Q(l + (t27;f1)/7m>1/2 exp(—c ”;”72:”) (13.14)

Moreover kpy,Tm/e2, > 05;14_51, so the exponential is smaller than any power of €m_1. The

field Corry, F is Lipschitz in time in L*(T?), so (13.13) holds in the form (8.3).

Proof. Step 1: One pulse. Where H,, . > 0, the velocity added at level m is the shear of k, and A, is
the transport of the coefficients of k. Where H,, ;, = 1, this holds as the other cutoffs vanish; where a
neighbouring cutoff is also positive, the velocity added at level m vanishes, and by (a6) the transports
of the coefficients of the two pulses agree. By Lemma 7.9, the chart turns 9y +b,, -V -k, A—V-A,,
into the operator on the left of (13.9) in the labels, and 9, at fixed label into 0y + by,—1 - V at fixed x.
On the part of the window outside the block of I,, 1, the velocity added at level m vanishes, and
the proof of Lemma 7.9 applies verbatim. Lemma 13.2 applies to F i on the interval I where [t1, t2]
meets the window of k: its class follows from that of F, by 9, X,,—1 = by—1(t, X;n—1) and (7.9).
So Lemma 13.2, carried to z, is (13.13) with Corr,,  in place of Corry,, the means of the pulse &
carried to = in place of M,,, the cell tail of k, and without the last sum.

Step 2: Gluing. The cutoffs depend only on ¢, >, Hyp =1 and >, H/ , = 0. So the operator
of G without smoothing, applied to Corry, F' =), Hy, 1 Corrp, 1, F, is >, H,;%k times its application
to Corry, , F', plus ) H;n’k(Corrmka — F). By Definition 10.8, M, is the sum over k of H,,
times the means of the pulse k carried to z. By Step 1, the first sum gives (13.13) when, in the term
of k, the means of k are replaced by M,,. Their difference is nonzero only where the cutoffs of k and
of a neighbour %’ overlap, where %Tm < |t = k| < %Tm, inside the quiet intervals. There the means
of each pulse are the operator of G itself, read in its chart (Proposition 10.6(d)). Their part £, K
carries to the flux ,, VF in every chart, as Vy X1 Ky, (Vme,l)T = I by (7.8), and consecutive
charts describe the same coefficients of the sources, by (a6); so the replacement costs nothing. The
field Corr,y, F' is a finite sum of products of H,, 1.(t), the coefficients V; 4, derivatives of the chart and
Vgﬁk, each Lipschitz in ¢ uniformly in x, which proves the last assertion of the lemma.

Step 8: The switching term. The derivative H/m,k is supported where %Tm < |t — k| < %Tm, and
\H'mk| < C/Tp. There the shear of k vanishes, since its envelope is supported where |t — k7, | < %Tm.
On the side before k, the positive correctors of k vanish, as in Lemma 13.1, since the stretch from
the start (k — %)Tm of the window to (k — 3)7,,, enlarged by 32, lies in the quiet interval between
k —2 and k. On the side after k, for ¢ > (k + 30)7y, [t — Z2,¢ + 32] lies in the quiet interval
[(k+ %)’Tm, (k+ %)Tm], on which the velocity added at level m vanishes, as ( has compact support
in (—%, %) So, at these times, the shear of k vanishes, the forms do not depend on z, by (a4), and
neither do the conductivity and the means. As in the proof of Proposition 10.6(e), the terms of
the brackets (10.16) with Vy[0] = I then do not depend on z and give nothing, and the positive
correctors solve a triangular system of homogeneous cell equations, with no datum except the lower
correctors, the mode £ in z - eé;g) of each forced only by the modes £ of the lower ones. On every

transverse Fourier mode the cell inverse decays at a rate at least ckp,/e2,, by the ellipticity of
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the conductivity (Lemma 10.4). After the time 7% the positive correctors are therefore bounded
by C exp(—ckmTm/e2,) times their sizes (13.8); the polynomial factors of the triangular system
are absorbed by lowering c. The supports of the H;  in (t1,%2) are at most C(1 + (t2 — t1)/7m)
intervals of length at most 7,,. So, by the Cauchy—Schwarz inequality in time, the norm of the last
sum of (13.13) in L((t1,t9); L2(T?)) is at most C((1 4 (t2 — t1)/Tm)/Tm)"/? times the norm of the
fields Corry, x F — F in L?((t1,t2); L2(T?)) over these supports. As in Lemma 13.4, for j > 1, (13.8)
times p(rn)l_dlifnlf1 is at most p(rrL)/i;zz1 (€2, ) (Fmhm))"? = (€2,/km)"?, which gives (13.14). Last,
FKmTm /€2, > ce.-4 by Proposition 2.1(c). O

In Proposition 13.11, the field Y of (13.2) solves the averaged equation up to the divergence of a
small flux F?V, which the corrector operator carries into the system of G. The correctors of positive
degree give the second, small term of (13.15), as in Lemma 13.4. The first term is the cost of the
identity part: the flux is bounded against the dissipation of level m — 1, but the norm (13.4) uses &y,.
For m < M this cost is at most Ce,_ 77, which the term g7y in (13.5) absorbs, and at m = M at
most C, by Proposition 2.1(c).

Lemma 13.6 (A coarse flux under the lift). There ezists C(a, s,q,(, A, n,ty,T) < oo such that the
following holds in the setting of the lift, with m above a level depending only on «, s, q,(, A, n, tg, T.
Let [t1,to] C [ta + 3Tm, tt], and let F* be a flux, a vector field for each component of G, on [t1,ts],
of class CNve<tl in 2 at each time, with derivatives measurable in (t,z). Then there exists a forcing
(Fe°, F0) such that Corrp,(V - F&) = V- F° + FY and such that its norm (13.4) is at most

K/m_l 1/2 E?n 1/2 K;;r/f €m Ncl _1/2 av
C |:< Rm, ) + Hmhm (1 + (t2 - tl) g (p(m>> )i| /’im—l ‘F ”L2((t1’t2);H;)\(]£reL§’w(T2)) . (1315)

Proof. The identity part of Corr,, gives V - F?V, whose flux contributes /ir_nl/QHFaV”L2((t1,t2);Lg(q1‘2)) =
(ffmfl//ﬂm)lhf‘ﬁ:ﬁ||Fav\|L2((t1,t2);Lg(T2))- A corrector of positive degree j has mean zero in z,
so its action on V - F'*' is reconstructed by (13.12), as in Lemma 13.4. The first flux is at

most &, times (13.8) times |[VE((V - F*) o X, _1)|, whose norm in L?((t1,t); L2(T?)) is at
most Cp(m) =41 F]| o Pemp(m)™! =

Q

bt HEEL (12)) by the chain rule and (7.9). As Fom

)w

(€2, /(Kmhm))" 2/{”1121, it contributes at most

o Em )j?<p(m))j—d<c £

Emhm Em—1 o KmPm

times H;:ﬁHFaV”Lz(( (1) since j > 1. The remainder after N steps is bounded as in

ppd+1
tuot2) H o

Step 3 of Lemma 13.4. O

13.2 Conjugation by the exponential of the covariance

The averaged operator has the time-dependent averaged flux J%m(t); the operator of level m — 1
has the constant diffusivity x,,,—1, the average of J%m over a period (2.17). The covariance I'y,(t)
of (5.11) is the primitive of their difference, and the full exponential exp(I',, : V?) would conjugate
one into the other if the drift were absent. We write [-, ] for the commutator of two operators, and
A:V? = > i Air0;0p for a 2 x 2 matrix A, as for I';, before (5.11). In Lemma 13.7, (i) writes the
commutator of the coarse drift with the truncated exponential as the divergence of an explicit flux,
as I'y,(t) is a symmetric matrix independent of x and the drift is divergence free; (ii) is the exact
conjugation identity, with this commutator and the truncation at the order p as error terms; by (iii),
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as the covariance is a small multiple of p(m)? (Lemma 10.3(b)), each power of T, : V2 gains €9,

on fields smooth at the scale p(m), at the cost of two derivatives.

Lemma 13.7 (Temporal conjugation). Let M > 1, k € Kpr and 2 < m < M.

(1) For everyt € R, T'y, = 'y, (t) is a symmetric matriz independent of x, and, for every function F
of class C*P*2 on T2,

b1V, T : VIF =V - (=(Vby_1 Ty + Ty (Vbyo1) )VE) (13.16)

where (Vby,—1)sir = Oy (bm—1)i. Consequently the commutator with the truncated exponential
is a divergence,

[brm—1-V,exp, (L, : VQ)]F

_v. ( 1 S V) (—(me,l T+ Do (Vb)) V(I 2 V2) F))

and we call the field in the divergence the flux of the commutator at F'.

(ii) For every t1 < ty and every field F on [t1,ts] of class C?P*2 in x at each time, with VEF,
la] < 2p+ 1, Lipschitz in t, uniformly in xz, there exists a null set of t, independent of x, off
which

(8¢ + b1 -V =T (t) : V) exp, (I : VA F
= exp, (' : V2) ((9,5 +by_1-V— mm,lA)F
(Dp - V2P

+ [b—1 - V,exp, (T : V2)|F — (J5m (t) = kip—11) : V° o

m

F. (13.18)

(iii) There exist Ao(av, s,q,¢) > 128 and, for every integer N >0, a constant C(«, s,q,¢(,p, N) < o0
such that, for every A > Ao, t € R and F € HNT4P(T?) (in the second bound, F € HN+2P(T?)),
with Ty = Ton(1),

m—1

S(p+1
| (exp, (T : V2) exp, (—Ty : V2) — I)FHHﬁfm(TQ) < oot )HFHH%A)W(TQ), (13.19)

H(ex0y (L = V%) = D) F| gy oy < Cepuall Pl gyavsan -
p(m) p(m)

Proof. (i) The matrix I',,(¢) is symmetric by (5.11). With summation over the repeated coordinate
indices 4,14, 4",

b1V, T s VIF = —(Tin)iir 000 rm—1)in O F' — 2(Tn)iir (D1 )i Oy O

and expanding the divergence on the right side of (13.16) gives the same two terms, as V- b,,—1 =0
and T, is symmetric. The operators I'y, : V2 and V- commute, and [br—1 -V, ([ : Vz)j] =
D=1 (T V2 b1 -V, Ty : V(T - V2)7” | which gives (13.17).

(ii) By (5.11), I'y,, is Lipschitz in time with oIy, = Jim — k11, and constant-coefficient operators
commute (off a null set of ¢ independent of x, the derivatives 9; V*F, |a| < 2p, exist at every x and
equal V*O,F, as in the proof of Lemma 13.2). So

(T, V2)p)F.

Oy exp, (', : VHF = exp, (' VHF + (JEm — Ky qI) : V2 (expp(Fm V2 — ol
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Adding by,—1 - V, which commutes with exp,,(I'y, : V2) up to (i), and subtracting Jf : V2 exp,(I',
V2)F = exp, (D : V) (km—1AF) + (I — k1) : VZexp, (I, : V) F gives (13.18).

(iii) The operator (T'y, : V2)7 is a sum of 47 derivatives of order 2j with coefficients of absolute
value at most |I',,|7, so Lemma 8.1(b) gives, for p > 0,

A 4T, N +2j
(T = V2 Fll gy 2y S( ’p2 |) ( NI . 1l e ey -

In exp,(I'y, : V?) expf( m : V2) — I the terms of powers 1 to p of T, : V2 cancel, since they are
those of exp(I'y, )exp(—Fm : V?), which is the identity, and the powers p + 1 to 2p remain.
Lemma 10.3(b) gives T, (t)] < CeS,_p(m)?. O

13.3 The coupled system at the coarser level

The sources of the successor. Let G be as in Definition 11.3. Its successor G’ has the components
and weights of Definition 11.3(ii). Its sources carry the pieces of the operator

F— V. (expp(—Fm : V) (M, — T V) exp, (' : VQ)F))
— exp,(—I'm : V?) b1 - V,exp,(I'n, : V?)]F (13.20)

on fields F' of G, which is in divergence form by (13.17). The pieces are the following.

e The defect letter: the part of M,, on the paths without sources, of all orders, less JEmV (the
defect of the averaged flux), conjugated as in (13.20), together with the commutator term
of (13.20), whose flux is — exp, (=L, : V?) applied to the flux of the commutator at F.

e Old sources: the part of M,, of degree 2 along the nonempty paths of sources (Definition 11.3(iii));
and the cell averages of the sources of GG in their orders d > 3, carried to the charts of level
m — 1, which are the part of M,, along the paths of one source that involves no corrector.

e Mean letters: for d > 3 and i > 1, the part of M,, of degree d along the paths of i sources; for
1 =1, less the cell average of the source in the order d, which the old source carries.

e Covariance letters: for d > 2,4 > 1, and 7,5 < p with j + 5’ > 1, the part of M,, of degree d
along the paths of ¢ sources, times (—T', : V2)7 /5! on the left and (', : V2)7' /4! on the right.

Their sum is (13.20), since the sum over j,j" < p of a part multiplied in this way is that part
multiplied by exp,(—I'y, : V?) on the left and by exp,(I'y : V?) on the right. By item (1) of
Subsection 11.1, the sources of G have current orders at most Ngc — 2Ncor — 4p — 4, so by (10.15)
the means along their paths vanish above the degree Ng. — Neor — 4p — 4; as these paths have at
most Npath sources, every piece above has its letter in Definition 11.3(i). They are carried by the
sources of Definition 11.3(iii)~(iv), with its words, smoothings and the power " ; of the coefficients
of the new sources; the components of generation above Nge, or word length above Ny, are omitted,
with the sources into them. In the charts of level m — 1 these fluxes are the transports (11.8) of their
two-scale forms. So the successor exists for every such G: its sources are explicit in the correctors
and the means of Section 10, and no further cell problem is solved.

The successor at the scale p(m). In the setting of Proposition 5.3, for m above a level that
depends only on «a, s,q,(, A, n,to, T, p(m) < pmor(m — 1), as p(m) is below ¢ times each entry of
the minimum (11.1):

1+v/2+6 2 —25_20 2— 2—
p(m) < Cep "0 < cnoemt, p(m)? = Kme1hm < 27520 k162 < Aohmoren
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by Proposition 2.1(c) and (2.13), as cmer is fixed before this level (Section 12). So Proposition 8.3
applies to G’ on [tpy, t¢], at every order N < Ny and the scale p(m), with the masses w,/¥?2 (the
marked norm) and with the masses w,: its hypothesis (iii) holds by clause (d) of G' (Nyet < Neoef),
since the coupling matrix (8.4) increases with the scale, and (i) by (12.1) at the level m — 1;
hypothesis (ii) holds by clause (bl), whose analytic norm runs over every time of the window,
through Cauchy’s estimate on the polydiscs of Step 6 of Subsection 11.6, the chains being smooth
(Lemma 11.9). The datum of Y is the retained trace, with the weights of G on the components of G

(Lemma 11.8(i)), so Proposition 12.1(iv) gives ||Y (tp)]] ,~ mt (T2) < C|lgll 12 2 (12)- Lemma 13.9 and
p

Proposition 13.10 use these facts, as mg is at least this level

Lemma 13.8 checks the construction: summed with the readout weights, the equations of the
components of G’ give the equation of level m — 1 for 1,,,Y, forced by (13.20), up to the fluxes of
the smoothings and of the omitted components.

Lemma 13.8 (The successor read out). In the setting of Proposition 5.3, let' Y be a solution of the
system of G' on [tpr, te] in C([tpr, ts]; HNH3(T2)V'). Then

(Or+bm-1-V—En1A)T,Y =V (expp(—f‘m : V) (M, — T V) exp, (' V2)TmY))
—exp, (=T : V?) b1 - V, exp, (T, : VHIT,Y
— V- (F™ 4 i (13.21)

in the weak sense of (8.3). Here F*™ is the smoothing defect: the sum, over the pieces of (13.20), of
the flux of each piece acting on (I —S,)Y,Y, with S, the smoothing of the source of the construction
that carries it, before the omission. And F' is the frontier flux: the readout of the fluz of the
construction into the omitted components, from the retained ones.

Proof. By the readout formula, the readout weight of a component v’ over a component v of G
is En#v (#v' = 0 for v" = v). We multiply the equation of each component over v by its readout
Welght and sum. Old sources act between components with the same word, with the same coefficient
and smoothing, so they sum to the old pieces acting on S,Y,,Y. A letter source (a new source of
Definition 11.3(iv)), with the same coefficients and smoothing for every word of its origin, runs from
a component over a component v of G to the component v" over v whose word is that of the first

followed by the letter, so the word of its origin has length #v" — 1. Its coefficients carry SO

ml?

et ety = emty
the readout weight of its origin, and the letter sources sum to the letter pieces acting on S,7,,Y,
as long as their targets are retained. The sources into omitted components are missing from the
sum, and their readout is F. Writing Sy Y,,Y = T,,Y — (I — S,)Y,,Y and summing the pieces
into (13.20) gives (13.21). As Y € C([tpr, t¢]; HNet3(T?)V"), the identities (8.3) of the components,
combined with the readout weights, give (13.21) in that sense. O

Lemma 13.9 bounds the flux into the omitted components, in the norm in which Lemma 13.6 reads

a coarse flux. Those of generation Nge, 4 1 have markers at least 5 (iV gen+1)/8 , and the solution is

bounded in the marked norm: the first term of (13.22). Those w1th words of length Nien + 1 are
5/2

reached through Nje, + 1 letters, each gaining ¢,/”; in the coupling: the second.

Lemma 13.9 (The omitted components). There exists C(a, s,q,(, A,n,ty,T) < oo such that, in
the setting of Proposition 5.3, for every datum g and every integer 0 < N < Niet,

_1 T Ngen+1)/8 Nien ]. 2
/QHFf HL2(tpr,tf) N (72 <C( ( i 0/ 4 &2 WNient /)HQHL2 (T2) - (13.22)

p(m)w m—1
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Proof. The datum of Y satisfies ||Y(tpr)||H1\E (™) < Cllglipz,r2y for 0 < N < Nret, by the
p(m),

paragraph on the successor at the scale p(m), as the norm increases with N.

Omitted generation. A child v’ of generation Ngen + 1, an omitted component, was created by
Ngen + 1 cycles, at levels m’ > m. By (11.5), applied before the omission, its marker is that of its
root, at least 1, times ¢, | 77/ 8 > e, 77/ for each of these cycles, so at least ¢, (f[ge”“)/ ®. The sources of
the construction into v/, before the omission, have row and column sums at most C, at the order N
and the scale p(m), in the coupling matrix for the masses w,/¥2. Indeed, Steps 3 and 8 of the
proof of Lemma 11.7 use Definition 11.3 only through the masses and markers of the copies and the
bound of a new source by a fixed number times the product along its path, which hold before the
omission. So do Steps 4 and 5, as a child of generation Ngen + 1 has reserve 1/(Ngen + 2+ Nog) > 0;
so (bl) holds for the sources into it, and Step 8 reads their derivatives by Cauchy’s estimate on
the margin of this reserve. Lemma 8.4, with ¢ = C, bounds their flux, measured with the mass
and the marker of v/, by Ckp,—1 times the norm of VY in L?((tp, tr); H,ﬁ\(fm),G'(TQ))' Dividing by
the marker of v’ gives the first term of (13.22); the readout weight and the ratio of the masses
of v' and of the component of G whose child it is cost at most C. Proposition 6.2 for G’ with the
masses w, /P2 bounds the norm of VY in the marked norm by Kr—nlﬁ 1Y (tpr) |l 12,(T2); and at order N

Proposition 8.3(b) does so, by the paragraph on the successor at the scale p(m).

Omitted length. The components of G’ whose words have length j form a family, the layer of
length 7, whose coupling matrix is a principal submatrix of that of G’, with sums at most %; the
sources within a word are old sources, and those from the layer of length j — 1 letter sources. For
7 > 1 its datum is zero, and its forcing is the flux of the letter sources from the layer of length j — 1.
By Steps 3 and 8 of the proof of Lemma 11.7, for each letter the entries of the coupling matrix of

these sources into a component, or out of one, add up to at most C’z—:(S Hn/ 8= (Nexc=2)® < Csifi/IM <

Ced/? (as n < /8 by (2.3), and (Nge — 2)© < §/8), the factor £, | and the mass and marker

m—1
ratios included. So Proposition 8.3(a), with Lemma 8.4 at ¥ = C’sffl, bounds the dissipation
m 1HVYHL2 (pr b)Y i (T2)) of the components of Y in the layer of length j > 1 by Ce,’ 5/2 ~, times
T G/

that of the layer of length j — 1, with the marked norms (5.7). One more letter, from the layer of
length Njen, bounds the flux into the omitted layer of length Ny, + 1: in all, Njo, + 1 letters. The
readout weight costs at most C. O

13.4 Bounds on the residual of the two-scale expansion

Lemmas 13.4-13.6 bound the residual of the lift by energies of the fields they act on; Proposition 13.10,
with Lemma 13.7(iii), bounds these and the energy of the lift. By item (i) of Proposition 13.10, the
solution of the successor keeps the Nyet derivatives at the scale p(m) of its datum. By item (ii),
the lift has derivatives at the scale pye1(m), with the diffusivity k,,: a fast derivative of a corrector

1/2

costs €}, against k,;, in the dissipation, and one degree offsets it.

Proposition 13.10 (Energy of the successor and of the lift). There exists C(a, s, q,(, A, n,to,
T) < oo such that, in the setting of Proposition 5.3, for every datum g of G the following hold.

(i) The solution Y lies in C([tpr, t¢]; HNet3(T2)V), and
||Y”L°°(tpr,tf] ‘H ret) ,(T2)) < C||gHL2G(T2) )

and the energy of YY" of order Nrey on [tpr, t] is at most Cllgl| 2, (12)-

(i) For every integer 0 < N < Nyt — Neor — 2p, the component energy of Y of order N at the
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scale pmoi(m), with the diffusivity K, on [tpr,tf], is at most CHQHL%(T?)- In particular, for

every t € [tpr tel, [[VF(E) aveapss o) < Cllgllzz cr2y-

Pmol (M),w

H

Proof. (i) By the paragraph on the successor at the scale p(m), Proposition 8.3(b) with the marked
masses gives the bound on Y and the continuity in H™t(T2)V’ and (c) with the masses w, gives the
component energy of Y, since the markers are at least 1. By Lemma 11.8(iii), the readout has norm

at most 1 + Nvlv/jrdsiﬂ ﬁ < 2 in the coordinates scaled by wy, Y/ ®. with nonnegative entries; applied to
the component norms, it bounds the component energy of T,,Y by twice that of Y.

The solution Y lies in C([tpr, t¢]; HNre+3(T2)Y"), by Proposition 8.3 at the order Nye; + 3 and
a scale p/ < p(m) small enough, and the uniqueness at the order 0. Indeed, the datum lies in
HNow=20(T2)V' with Nyt — 2p = Nyey 4+ 2p > Nyet + 3 (p > 2 by (13.5)); hypothesis (i) holds at o’
as at p(m); (ii) holds as the coefficients of G’ have bounded derivatives of every order, by Cauchy’s
estimate on its forms at positive reserve (Steps 4 and 6 of Subsection 11.6) and Lemma 11.9; and
(iii) holds as, when p’ — 0, the coupling sums of order Nyet + 3 tend to those at the order 0, below %.

(ii) By Lemma 13.7(iii), the energy of Y? of order N + N, is at most C times that of Y,,Y of
order N + Ncop + 2p. In Y*¥ = Corr,, Yb7 we consider the part of a corrector of degree j > 1 on the
paths without sources, acting on derivatives of order d of Y?, with 1 < d < j (the order 0 vanishes,
as these correctors annihilate constants). In the dissipation, the costly derivative is the fast one, e, !,
against #,,°. Its contribution to ,%;,/12||VYﬁ||L2((tPr te):HN (T2)) 18 at most

ET .

mol (M), w

ot i R () Wi (0 e (LA Re

Kmhm Em—1 Em—1

times the energy of Y? by (13.8) and the exact relation m%zer_nlp(m)n;ﬂi = p(m)/é, =

(Kmhm/€2,)"> of (13.7). A derivative that falls on VY in place of the fast variable costs in-
stead (Km/km—1)"72(€2,/(Kmhm))?/?(p(m) Jem—1)?~¢ < C times the energy; the transport of the
coefficients to x by (7.9) lowers the order d at the cost 5;1_1 per order, which keeps the form
of (13.8); and puo1(m) < emoiem < Cp(m). The supremum in time is at most C(e2, /(Kmhm))?/?
times the energy. Derivatives at the scale py01(m) cost at most C', and the identity part of Corr,,
costs (Km/Km—1)"> < 1 in the dissipation. The paths with sources are bounded in the same way,
the sums over the paths by (b3). With 2Nyep + 4 < Nyt — Neor — 2p by (14.3), this gives the last
bound. O

In Proposition 13.11, the lift starts from the preparation, up to the two truncated exponen-
tials (13.23), since it adds no corrector at the preparation time (Lemma 13.1). Its residual has four
terms: the coarse flux (Lemma 13.6), the cell tail, the switching term, and the fine smoothing defect
(the error of the smoothings of G); Table 13.1 lists their bounds and the origin of their smallness.

Proposition 13.11 (The residual of the lift). There exists C(a, s,q,(, A,n,to,T) < oo such that,
in the setting of Proposition 5.3, for every datum g of G, the lift Y solves the system (8.2) of G on
[tpr, t] from

Y¥(ty) = exp, (L (tpr) : v?) exp, (=L (tpr) vy, (13.23)

with a forcing (F, F°) such that

Fm 1| L2((tpmteizz @2)) + IFC L ez 12y < Corp_yllgllz2, 2y - (13.24)

Proof. The top level mg is at least the levels of the lemmas above, and so large that the finitely
many inequalities below between powers of €,,_1 hold for m > my.
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Step 1: The initial value. The velocity added at level m vanishes on [tpy — 7)., tpr + To] (Proposi-
tion 12.1(1)), and tpy > te > ta + 37, so Lemma 13.1 gives Y¥(t,,) = Y (t,). As Y (t,;) vanishes
on the new components, T, Y (tp:) = exp, (=T (tpe) : V?)IIg, and (13.23) follows.

Step 2: The exact identity. By Proposition 13.10(i) and (8.3), Y,,,Y is Lipschitz in ¢ with values in
HNveet3=Nsre(T2): the drift costs one order, #,, 1A two, a source at most Ny, and the coefficients
of G’ have bounded derivatives of every order. As Iy, is Lipschitz in ¢, Y? of (13.2) is Lipschitz in ¢
with values in HNret#3=Nse=2P(T2) and bounded in HNret+3-2P(T?2) and by (13.6) and Sobolev’s
embedding these fields have the classes of Lemmas 13.7(ii) and 13.5. So (13.21) holds at almost
every t, and, with Lemma 13.7(ii), it gives the averaged equation of Y?, with the fluz of the averaged
equation F?V:

Y  + b1 - VY’ =V (M, Y?)=V-F¥ where
F™ = (expy(Lm : V) expy(—Ti : V2) = 1) (My, — JEm V)Y — Fom) (13.25)
(D : V2)P

— oxpy (T« V) (F™ 4+ ) — (I3 — k1 1)V p!

T,Y.

Here F°™ is the flux of the commutator at Y,,Y; the first line of F®' is the truncation part,
and its last term the Taylor part. Indeed, [bp,—1 - V,exp,(Ly, : V2)]T,,Y = V- FO™ by (13.17),
Jim . V2 =V - (J5mV), and exp, (£l : V?) commute with V-. Lemma 13.5, applied to the field Y’
then gives, with A,,, = AS + (A, — A3),

(O +bm -V — knA)YF -V (AT Y

= Corr (V- F™) + V- FU 4 FY0 4N "H] | (Corry Y7 = Y7) + V- Fine,
k

with the fine smoothing defect Ffir¢ .= (A,, — AS)Y*, the sources of G acting on (I — S,)Y*. The
forcing (F, F°) of (13.24) collects the four terms on the right side, the coarse flux, the cell tail, the
switching term and the fine smoothing defect: with the forcing (F°°, F°>0) of Lemma 13.6 for F&",
it is F = F< + Ft 4 Ffine and FO = peod  ptlo 4 5~ Hy,, £ (Corrpp i Y? —Y?). And Y* lies in the
class of solutions: by Lemma 13.5 it is Lipschitz with values in L?(T?)", the display holds in the
form (8.3), and Proposition 13.10(ii) gives the rest.

Step 8: The four terms. By Proposition 13.10(i), the energy of Y,,Y of order Ny¢ is at most
CHgHLQG(TZ), and so, by Lemma 13.7(iii), is that of Y of order Nyt — 2p. The truncation part
reads the energy of T,,Y of order at most Nye. + 6p + Ngc — 2, and the smoothing defect that
of order at most Nyee + 2p + Nae + Nmom — 2, both at most Nye by the first line of (13.6). The
fine smoothing defect reads the component energy of Y* of Proposition 13.10(ii) at the order
Nimom + Nere — 2 < Nyt — Neor — 2p, by the same line. Moreover, at each time Y? and F have
Nyee + 3 derivatives in L2, by Proposition 13.10(i) and (13.6), hence Ny + 1 continuous ones
(measurable in (¢, ), being continuous in xz and measurable in ¢, the smoothings by clause (c3) and
Lemma 8.2), as Lemmas 13.4-13.6 require. Table 13.1 lists the terms.

e The coarse flur, by Lemma 13.6: its cost is C(km_1/km)7> < Ce 9, since its second term

m—1
is at most C, by (13.7) and the condition on N in (13.5) (see the cell tail below). Then
/ﬁ;ﬁ ||FaV||L2((t 4y, Nree 2y, has four parts. The truncation part is at most C’ei&jﬁl) 9l 2, (T2)
prs f)7 p(m),w( )) G

by (13.19): the coefficients of M,,, — J&mV and of the flux of the commutator are at most
Ckm—1 at the scale p(m), by Proposition 10.7 and, for the flux of the commutator, by

p(m)' [V by || oo (rr?) [T ()] < C(1) Kmae)

m—1>

1>0,
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which holds by (10.9), with (7.4) and (2.13) at [ = 0, and with the first line of (12.1) at the
level m — 1 and p(m) < pmol(m —1) at [ > 1. The Taylor part is at most Csffl’_ngHLzG(Tz),

since |J5m (8)] < km + o 5 /(2km) < Ckm—1. The smoothing defect F¥™ appears under the
truncated exponential, so by the second bound of (13.19) we bound it in H (re°)+2p (T?). Tt is at

most Ce2Nmem (g 5 2 (r2): by the third bound of Proposition 6.1 at each time (which needs no
transversality and has a constant independent of ), with N1 = Nmom and the bound Cq of (cl),
each piece acting on (I — S,)Y,,,Y costs (ry/p(m))Nmem | with r, < Cp(m)e | by (c2) for G,
whose old sources G’ copies, by (14.1) for the letters, and 46 > © (by (14.4)). The coefficients
are bounded by clauses (b1)—(b3) of the admissible family G’; a letter piece into a component
of G of generation Ngen has no source in G', and its coefficients obey the same bounds before
the omission, as in the proof of Lemma 13.9. The frontier part is Lemma 13.9 at the order
Nyee + 2p, under the truncated exponential as for F=™.

e The cell tail, by Lemma 13.4: at most C’sfr‘fivfor by (13.7). Its term in parentheses is bounded:

1
(b —1 )1/2/%42( Em )Nc < OTaeT BN @FIN ¢
o Em \p(m)

by (13.7), the condition on Ny in (13.5), and k,,/e2, < Ceb =2 < C’ejn(f;ﬂ+85) (Proposi-
tion 2.1(b) and Lemma 7.1(c)).

e Switching, by Lemma 13.5: at most C’sm Lexp(—c ) < Cce?
52 5+45 by (2.5), and €2, /ky, < C1pp, by Proposmon 2.1( ).

1> since tg — tp < T, 7y <

e The fine smoothing defect. The sources of G at the scale pye1(m) are bounded by clause (b2).
By the third bound of Proposition 6.1 at this scale, at each time, as for F®™, each costs
(7o) pmol(m)) Nmom < CgdNmom < C’e%ﬁfi\]f‘om, by (c2). The remaining norm of Y* of order
Nmom + Nsre — 2 at the scale ppo1(m), is bounded by Proposition 13.10(ii).

Step 4: The orders. By (13.5), whose margin ¢y absorbs the cost £, 7| of the coarse flux, the

norm (13.4) of each term is at most Ceg:%HgHLzG(Tz), and (13.24) follows. O
term bound (times ||g]| 2 (r2)) smallness from statement
cell tail Csif_for correctors up to degree Ncop 13.2, 13.4
switching Cs;lcl exp(— 5;4_61) decay in the quiet intervals 13.5
coarse smoothing Ce 2Nrf°m 7 moments of the smoothings of G’ 6.1, 13.6
fine smoothing Csfrfj_vf“’m moments of the smoothings of G 6.1, 13.10
truncation, Taylor Csif:i” truncation of the exponential 13.7, 13.6
frontier, generation Csnm(ffe"ﬂ)/ 8y markers 13.9, 13.6
frontier, length Caig]jlfnﬂ)/ 2=y one letter per word length 13.9, 13.6

Table 13.1: The residual of the lift (Proposition 13.11) in the norm (13.4), the coarse flux split as in
Step 3, each part with its cost €, 7", (Lemma 13.6). Each bound is at most C’eg_l by (13.5).
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13.5 Proof of Proposition 5.3(b)

Here my is the top level of item (4) of Subsection 11.1, at least every threshold below (Table 11.1).

Admissibility. By Definition 11.4, G descends from an admissible seed by successors, with (11.6)
and ty = t&m); we append G’ to it. The new condition (11.6) is t&m_l) =ta + 37, < tp — 4h,y,, which
holds since tp + 37, < tc <ty — 4hy,, and m — 1 > my. So G’ is admissible on [ta + 37, t¢].

The marked amplitude. So G’ satisfies clause (d) on [tpy, t¢] (Proposition 11.5), whose matrix at
the order 0 is the coupling matrix of Proposition 6.2; with the masses w, /W2, this proposition gives

||Y||L°°([tpr,tf];L2G/ (12)) < Hy(tpr)||L2G,(T2)' The datum, the retained trace, has the masses and markers

of G on the components of G (Lemma 11.8(i)), so Lemma 13.7(iii) and Proposition 5.3(a), with
Nout > 2p, give the first bound of Proposition 5.3(b):

1Y (tor) 22, (r2) < TGl (r2) + Ol pyone 7o
< (1 + ng,l)HgHLé(W) + CS?n—l”g”L?G(T?) :

The comparison. The restriction of U to [ty, t] solves the system of G from U (t,) (Section 8).
By Proposition 13.11, U — Y* solves (8.2) with the forcing —(F, F°) from

Ultpr) — Yﬁ(tpr) = (U(tpr) - HQ) - (eXPp(Fm(tpr) 1 V?) exp, (=L (tpr) : v?) — I)Hg.

We bound both terms in L2(T?) by their norms with the markers, which are at least 1. The first
term is at most CaglegHch(Tz) by the first bound of Proposition 5.3(a). By (13.19) at N = 0, the
third bound of Proposition 5.3(a) with Noyu > 4p, and dp > @, the second term is at most
O(p+1
Cen Il aoy < Colgllzz ooy
As G satisfies (d) with sums at most 3 for the masses w, (Proposition 11.5), by linearity and uniqueness
(Proposition 8.3, N = 0), U — Y is the solution given there for this datum and the forcing —(F, F°),
oL 1
and PI‘OpOSlthD 83(&) bounds HU - YﬁHLO"([tpr,tf];LE,(TZ)) + fiyézHV(U - Yﬁ)HLz((tpr,tf);Lg)(TQ)) by C
times the norms of this datum in L2(T?) and of the forcing in (13.4), hence by C’g?n_ngHLé(Tg)
by (13.24): the second bound of Proposition 5.3(b). The third is Proposition 13.10(i). O

The terminal cycle. Section 15 compares the terminal cycle, at level M, in the same way:
Lemmas 13.1, 13.2 and 13.4-13.6 hold at m = M, where the cost (ka7—1/kp)"”? in Lemma 13.6
is bounded; Lemma 13.3 is for m < M. Lemma 13.7(i)—(ii) hold at every level, and (13.19) holds
at m = M, with its proof, for the anchored covariance I"p/(t) — I‘M(tl()]y)), which Lemma 10.3(b)
bounds.

14. Passage between consecutive levels and induction on the levels

In this section we prove Proposition 5.4, one passage: the cycle from level m to the coarser level m —1,
read on representations; and Proposition 5.2, the induction on the levels, which runs the two dual
cascades.

The five profiles. In the notation of Proposition 5.3, a passage writes U(t) as 1,,Y (t) plus
the five profiles of Table 14.1: the exponential and corrector parts (14.10) of the lift, applied to
SY (t), where S = S(¢) is the fresh smoothing (14.9), and to (I — S)Y (¢), and the comparison error
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U(t) — Y¥#(t). The first two profiles are bounded by a small multiple of the size of a representation R’
of Y(t) at wavelength ¢,,_1 (Lemma 14.2(a)), the last three by ngn_1||g||L%(T2). This absolute

smallness absorbs the power £ 7, of (14.2) lost when a Sobolev bound is read as a profile.

Parameters. Throughout, C and ¢ denote positive constants depending only on «, s, q, (, A, n, to,
T, which may change from line to line. Besides the parameters of Subsection 5.3, among them the
order Ny, fixed in Section 13 with the floors (13.6) and (14.3), the proofs use the following ones,
depending only on a, s,q,(, A, n,tg, T (Table 11.1):

e the width exponent © > 0 of the width
Tm = p(m) 52_1 (14.1)

of the fresh smoothing (14.9) of the new sources of a successor created at level m, and the
order Nyom of its vanishing moments (Section 11);

e the constant ¢y € (0, 1] of the molecular radius pyer(m) of (11.1), the scale at which a solution
of a family of level m has derivatives after the time pyo1(m)?/km (Section 12);

e the power-loss exponent
Z:=1+s+ (% +6) (Neep + 1), (14.2)
lost when a Sobolev bound is read as a profile.
These parameters and Nyt satisfy
Nret > 2Nrep + 4+ Neor +2p + Niom , @ > 4+29Z, (14.3)

and the width exponent is so small that

120 <86,  ONey < <2 + 5)( vep — 1) (14.4)

14.1 Estimates from the homogenization cycle

For a field F' of a family G and p > 0, the norm (8.1) of ng(T2) is the norm (5.7) of HéYG(T2)
with all markers replaced by 1. Since the markers are at least 1,

1F gy ooy < IF Wy ooy (14.5)
profile wavelength profile norm at most smallness from

(SY (1)) Em—1 Ced29 s [V (1)] cer (72) covariance against r2,

(SY (£))eer Em Ceb |- 6771i1[y(t)]05r‘f’1 (12) the balance (5.2)

(I=8)Y ()™ e,y ngn—l”g”Lé(’]V) moments of S

(I =9)Y @) em Cg%n—l”g”LQG(W) moments of §

U(t) — Y1) Em Ce2_, gl 2, (r2) Proposition 5.3

Table 14.1: The five profiles that a passage at level m appends to the readout of a representation R’

of Y'(t): the wavelength Ap of each profile P, the bound on Ap®(|P|| e (r2) proved in Steps 3-6 of
AP

the proof of Proposition 5.4, and the origin of its smallness. With the readout of Proposition 14.1(i),
the first two give the coefficient 1+ Ce! | in Proposition 5.4; the last three give its additive term.
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A passage works at one time. Proposition 14.1 bounds the factor by which the readout multiplies
the size of a representation (Lemma 14.2(b)), states the comparison at every time, and gives U(t)
the 2N,op + 4 derivatives at the scale ppmei(m) that the lift has (Proposition 13.10(ii)); Step 6 of the
proof of Proposition 5.4 interpolates between the comparison and these derivatives.

Proposition 14.1 (Further properties of a cycle). There exists C(a, s,q,(, A, n,to,T) < oo such
that, for every M, k, m, ta, tc, tg, G and G’ as in Proposition 5.3, there exist t,, and I satisfying
(a) and (b) of Proposition 5.3 with this C, such that the following holds for every datum g of G,
with U and Y as there.

(i) The readout satisfies | Tp,| <1+ Cé‘fr?fi.

(ii) For everyt € [tpr, te),

IU®) = YE#)llar2) < Cepillglliz o2 »

[0 g2svap s zz) < Cllgllza ooy

Pmol(m),w

Proposition 14.1 holds for the time t,, and the map II constructed in Section 12: part (i) is
Lemma 11.8(iii). The first bound of (ii) is Proposition 5.3(b), and the second is Proposition 12.1(iii),
each at every time, as U (Proposition 6.2) and Y* (Proposition 13.11) are continuous in time with
values in L2(T?)". For the same t,, and II, Proposition 13.10 bounds Y and Y*(t). Proposition 5.4
is proved below with these ¢, and II. Lemma 13.3 applies to the family G of Proposition 5.3 at
every time ¢ € [t¢, t¢], since G is admissible on [ta, ¢, hence in the setting of the lift of Section 13
(Proposition 11.5 gives the invariant), and t. > ta + 37,,.

By Lemma 10.3(b) and (14.1), the covariance is small against the square of the width:

T (t)] < Ced 2P 1 (14.6)

m—1 Tm -
By Proposition 2.1(c), for m > 2, p(m) =< 571;_71/2%, so that

c&ti:jl/H& < p(m) < Cein+j1/2+6 < Cem-1, rm < p(m). (14.7)

14.2 Representations and the smoothing

By Lemma 14.2(a), the size of a representation bounds the field, its derivatives at the wavelength
and its Holder norm. By (b), the readout carries a representation to a finer wavelength at the cost of
the norm of the readout, as each profile keeps its wavelength and the base, read at a finer wavelength,
does not grow; added profiles add their norms.

Lemma 14.2 (Bounds from a representation, and copies). Let 0 < A < X < 1.
(a) For every field U of a family and every representation R of U at wavelength \,

Ul oo (r2) + A7°[U] <sizex(R), Ul co.s (12) < 3sizex(R).

Civrcp(TQ)
(b) Let R be a representation, with base E and profiles P, of a field Y of a successor G' of
a family G of level m at wavelength N'. Let finitely many fields P; € CNrer(T2)V of G be
given, with wavelengths \; € [\, 1]. Then the base Yp, E, the profiles T, P, P € P, with
the wavelengths Ap, and the profiles P; with the wavelengths \; form a representation R of
T,,Y + 3, P at wavelength X\, and
. . / —S
sier () < [Ty size () + 30 X7 P o

)
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Proof. (a) For a profile P and [j| > 1> s, A < A\p < 1 gives AVI=5 < )\|1JD'|—3 and 1 < A5*; adding the
definitions (5.12) over the base and the profiles gives the first bound. For the second, for x,y € T2,

|P(z) — P(y)|w < min{2HPHLoo<T2), (HalpuLoo(T?) + ”‘92PHL00(T2))’37 - yhﬂ}

e I S
Ap

since Ap([|01P|| oo (12) + |02P|| oo (12)) < [P] and s < 1, and adding [E]co.s(72) and the first

o (r
bound gives ||Ul|co.s(r2) < 3sizey(R).

(b) The readout, a constant linear map, commutes with derivatives and at every point costs at
most its operator norm |Y,,| for |- |,, hence at most |, | in each term of (5.13). The base, measured
at A < X, only decreases by the monotonicity of (a), and the profiles P; add their terms. O

Lemma 14.3 turns a Sobolev bound into a profile: Nyep, + 2 derivatives in L? at a scale p, read at
a wavelength \, cost the fixed power A™% where the maximum in (14.8) is bounded.

Lemma 14.3 (Sobolev bounds read at a wavelength). There exists C(Nyep) < 00 such that, for
every 0 < A <1,0< p<1 and every field F € HNT2(T2)V of a family,

1+v/246 Nyep+1
Ai} ’ (14.8)

)\_SHFHCinep(TQ) < Cmax{l, A2 ||FHH£]Lep+2

(T2)
The pair (F,0), with base F and no profile, is a representation of F at wavelength \ with
sizex((F,0)) < 4AT°||F || pvecp oy

Proof. For a scalar function g, a multi-index j and p < 1, the Cauchy—Schwarz inequality in Fourier
gives [|07g]| oo (r2) < Cp*‘j‘*ngHH‘sz(Tz). Applied to each component, it bounds the left side
P

of (14.8) by C’ZZN;SP )\i_sp_i_1||FHHNrep+2 and for 0 <7 < Nigp, since A < 1,
pw

(T2)’

AL+v/2+6

; 14+7/246 § N,
) +1)\f(1+s+(w/2+5)(i+1)) < max{l, A/ }N p+1)\7Z

A5 p—itl = <
p

o
Finally, ' € CN»(T2)V by the Sobolev embedding, and the size of (F, () is bounded as in the proof
of Lemma 14.2(a). O

At the time t, the fresh smoothing of the new sources of a successor created at level m is the
product of two averages (6.2) along ellipses of width 7,

S(t) = St .01 (8) Strm,Qa(t) 5 (14.9)

where ¢ is a fixed integer with 2¢ > Nyom, depending only on «, s, q,, A, n,to, T, and Q;(t), Qa(t)
are the maps of the ellipses (11.18). By Step 7 of the proof of Lemma 11.7, they are invertible with
19(t)]|c0 < Cq, and, at the levels finer than the top level of Subsection 11.1, their long axes Q4 (t)er,
y(t)es are uniformly transverse in the sense of Proposition 6.1.

A passage splits Y (¢) with this smoothing. By Lemma 14.4(a), S(¢) moves derivatives onto its
kernel at the cost ! each, uniformly in the eccentricity, as every derivative combines derivatives
along the two long axes; by (b), the vanishing moments of the kernel make (I —S)Y(¢) small.

Lemma 14.4 (The smoothing). There exists C(a, s,q,(, A, n,tg,T) < oo such that the following
holds for every M > 1, k € Ky, mg <m < M, t € R and every successor G' of a family of level m.
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(a) For every pair of integers 1 < N1 < Na < Nyep + Neor + 2p and every field F of G’ of class ch
on T2,
D NS Fllpseqrey < Crit ™ > " |07F || o2y -

|i[=N2 |7]=N1

(b) For every integer 0 < N < Nyt — Nmom —2, every p > 1y, and every field F' € HN+Nm°m+2(']I‘2)V/
of G', where V' is the set of components of G’,

Tm Nmom
IF = SOF Ly, < C (7)1 o

Proof. (a) This is Step 1 of the proof of Proposition 6.1, with r,, in place of r, Q;(¢) in place of Q;,
and L°°(T?) in place of L?(T?), applied to the derivatives 0/ F, |j| = Ny: every ' with |i| = Ny is a
combination of products of No — Ny derivatives d(q) or J3) with one &, |j| = N1, with coefficients
that are products of entries of the inverse of the matrix of the long axes Q1 (t)e1, Qa(t)e2, which are at
most 2 in absolute value. Only this inverse enters, not the inverse of the short axes. Each J(y) or 9y
costs 7}, and C depends only on Ny and on norms in L!(R?) of derivatives of Wy of orders at most
Ny — Nj. (b) is the third bound of Proposition 6.1 at the order Nyom < 2¢, applied to the derivatives
O F,, |j] < N, which commute with S(t), and summed with the weights of Hgg,(TQ); the factorial

weights cost a constant depending on N + Npom < Nyet, and the constant of (b) contains C’g‘“o"’.

Both parts use the bounds on €;(t) recalled after (14.9), which hold for every ¢t € R, as m > mg. 0O

14.3 Proof of Proposition 5.4

Proof of Proposition 5.4. The top level mg > 2 (so that m > 2, as Lemma 7.1(a) and (14.7) require)
is so large that, for m > myg, p(m) <1 and C’siﬁ]ﬁ < 1, with the constant C' of Proposition 14.1(i);
then |Y,,| < 2. Let t, and II be those of the paragraph after Proposition 14.1. Fix a datum g,
a time t € [tyr, tr] and a representation R’ of Y (t) at wavelength e,,_1, and write S for S(t). The
proof writes U(t) as Y,,,Y (t) plus five profiles (Step 2), bounds their profile norms (Steps 3-6), and
adds them (Step 7).

Step 1: Regularity. By Proposition 13.10(i), Proposition 14.1(ii) and the Sobolev embedding,
Y (t) is of class CNret=2 on T2, with Nyet — 2 > Nyep + Neor + 2p + 2 by (14.3), and U (%) is of class
C?Nret2 on T2 this is the first claim of Proposition 5.4. Since S keeps regularity, exp, (D (t) : V?2)
costs 2p derivatives and Corr,,, maps fields of class CVrerTNeor 0 fields of class CNrer | the five profiles
defined in Step 2 are of class CNrer on T2.

Step 2: The exact split. The operator expp(Fm(t) : V2) acts on every component by the same
scalar differential operator with constant coefficients, so it commutes with the constant matrix T,,
For a field F of G’ of class CNreptNeart 2042 o1y T2, define, as in (13.2), F” := exp,(T'm(t) : V) T F,
and its exponential and corrector parts

FoP =Y, (exp, (T (t) : V2) = I)F,  F" = (Corr,, —I) F’ . (14.10)

Then the lift (5.10) of F is F# = Corr,, F* = Y, F + F&P 4 F° since F* = Y,,F + F*P. Both
parts are linear in F, so the splitting Y'(¢) = SY (¢) + (I — S)Y (¢) gives the exact identity

U(t) = Tmy(t) + (SY(t))eXP + (SY(t))Cor
I =SY W) + (I = )Y () + (U(1) = Y1), (14.11)

We give the two exponential parts the wavelength &,,_1, and the two corrector parts and U (t) — Y¥(t)
the wavelength e,,. Lemma 14.2(b), with X' = ¢,,,_1 and A = &,,, turns R’ and these five profiles
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into a representation R of U(t) at wavelength &,,, whose size is at most |1, |size.,, ,(R’) plus the
five profile norms bounded in Steps 3—6.
Step 3: The exponential part of SY (t). We show

sy () < CR2 L Y (O ppion 1oy (14.12)

loon, o <
Every term carries I',,(t) at least once, which is small compared with 72, by (14.6), and 7",271 absorbs
the two derivatives that come with it: on S each costs r,,", and on Y( ) each costs 5_ L <Ot
In detail, every term of exp, (I, (t) : V?) — I is (D (t) : VZ) JU with 1 <[ <p, and (I’ ( ) : V2) s
a sum of 4! derivatives of order 2/ with coefficients of absolute value at most |I',,(¢)|'. Let j be a
multi-index with |j| < Nyep, and put Np == [j| 4+ 2 and Ny := min{Nyep, N2} > 1. Lemma 14.4(a)
keeps N7 derivatives on Y (¢) and puts the other No — N7 on S:

107 (Con () = V2'SY ()] oo 2y < 4@ D 10"SY ()] oo r2)

|i|=N2
< O =2 Y |OY (1)l oo 2 -
|i]=N1
We multiply by am 1 and write [Ty, (¢)|'r Nl_N2€|j| = (T ()] /72) (rm/m—1) M HleN | Here
(T (t)]/7r2)! < Ce‘s 29 by (14.6) and 20 < d, and (rm/am )Nl < € by (14.7), since Ny > [j].
As 1 < Ny < Nygp, for | | = Ny we have e |07V ()| 1o (12) < Y ()] (~vep 12y’ 50
€m—1

§—20
e 1110 O (t) - V2SY ()] oy < Cen P e 4 [Y (D] s -
The readout commutes with derivatives and |Yp,| < 2; dividing by j! and summing over |j| < Nyep
and 1 <1 <p gives (14.12).

Step 4: The corrector part of SY (t). We show

Er_nsH(SY yeer < Ce! —s [Y(t)]CNrep (2) " (14.13)

HCNT‘SP(Tz) m—1%m—1

The correction costs the corrector amplitude times one derivative of Y (¢) at the wavelength £,,_1;
the length p(m) cancels, and (5.2) says that this is small when measured at the wavelength €,,. This
is where s < (1 — «) is used. We apply Lemma 13.3 to the field (SY (¢ )’ of G. Tts derivatives at
the scale p(m ) are controlled by the seminorm of Y (¢) at the wavelength e,,_1:

Z m)||'(SY (¢ HLOO(’]I‘2) <C pm) [Y ()] (een

(14.14)
. Em—1 Ce 1
1§|z|§Nrep+Ncor m "

(T2)

Indeed, we expand exp,, (L', (t) : V?2) as in Step 3, now with 0 < [ < p; the readout commutes
with derivatives, |Y,,| < 2, and |, ()] < Cr2, by (14.6), as 20 < §. For a multi-index i with
1 < |i| < Niep + Neor, Lemma 14.4(a) with Ny = min{Nyp, |i| + 2{} > 1 bounds the term of
degree I by Cp(m)lr' ™ 571 107V (8) | e (g2)- 1 il < Noep, then Ny > [i] and p(m)ilry ™1 <
p(m)Nt < Cp(m) et by (14.7). If |i| > Nyep, then Ny = Nyep, and the |i] — Nyep < Neor
derivatives beyond N]rep fall on S, each at the cost p(m)/rm = ,.2,. The power p(m)Ner—1 <
C’eTNnrfpl_le(W/QM)(N’ep_l) (by (14.7)) absorbs them:

m—1

Nl Jil—Nre . 1)
()il e =il _ p(m)Nrep(p(m)> P < Cp(m) eNeen 1 L0/240) (Nrep=1)~ONeor

m—1 m—1 ’

p

'm
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and the last exponent is nonnegative by (14.4). In both cases the term is at most

o= en E;V [07Y (@)oo 2y < € £ Y Ol e o)
J 1

which proves (14.14). Now Lemma 13.3 and (14.14) give, for |j| < Nyep,

—s Em_p(m)
<
Cep, p(m) Em1 [Y(t)]cévniei(’p)

= C (e Ementy) En [V (O Mron ()

e 197 (SY ()| o )

and the first factor is at most Ce! | by (5.2). Summing over j proves (14.13).
Step 5: The parts of (I —S)Y (t). We show

ensq ||((I = S)Y(t))exp}lcgjl‘f’l(TQ) + &7 |[((1 = S)Y (t) CorHchep(rﬂ-Q) < Ce%nlegHLé(?lﬂ)‘ (14.15)
By Lemma 14.4(b) with p = p(m), the bound r,,,/p(m) < 9 |, (14.3) and Proposition 13.10(i),

17— 9)Y () < Ce8Npem |y (1) < CEONp gl oy (14.16)

N, N, 2p+2
H rep+Ncor+2p+

Nre
p(m),G, ||Hp(mt)7G/ (T2)

(T2)

For the exponential part, in the norms H é\([m) (T?) cach operator T'y,(¢) : V? costs two orders

(Lemma 8.1(b)) and the factor C|Ty,(t)|/p(m)? < Ced,_, (Lemma 10.3(b)), and the readout costs

|T,,| < 2. Lemma 14.3 with A = ¢,,,_1 and p = p(m), Where 51+7/2+5/p( ) < C by (14.7), the
bound (14.5) and (14.16) give

ena [ (I = Y @)™ [, (o) < ConZa[ (T = Y W)™ g o

< O 41T = S)Y (1) Oy

Hl\grep;‘gQIPJFQ(TQ) S m—1 HgHL2 (TQ)
p(m),

For the corrector part, the inequality of the proof of Lemma 14.3, with the costs of exp,,(I'n(t) : v?)
and T, just used and (14.5), bounds p(m)||0*((I — S)Y (t))° | oo 12y, for [i| < Niep + Neor, by
Cp(m)~! times the left side of (14.16). Moreover, &, < Cp(m) and p( ) > cem by (13.7), and
em > cel | by Lemma 7.1(a). Lemma 13.3 and (14.16) then give

@Nmom q(1+s)

= |[((I = 9)Y (#)) Cor||CNrep(T2) Celp(m) ' egNmem g 2 2(12) < Cepy H9HL2 2,(T2) -

The moments of S beat both losses: by (13.5), and as Q@ > 4+ 2¢Z by (14.3), Z> 1+ s and ¢ > 1,
ONmom > Q +qy+4>2+max{Z,q(l+5s)},

which proves (14.15).
Step 6: The comparison error. We show

e [0 = YOl pien oy < C2ollgllzz e (14.17)

Proposition 14.1(ii) bounds U(t) — Y¥(t) in L2(T2) by Ce%_, ||l 12,(r?), and, with Proposi-

tion 13.10(ii), in H QNYQ(I’J)ZL (T?) by Cllgl| .2 2 (12)- Interpolation between these two bounds (in Fourier,

by the Cauchy—Schwarz inequality) gives Nrep + 2 derivatives with half the smallness:

2
[0®) = YiOllremsz g2y < Ceililllzz - (14.18)
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Since m < M, Proposition 2.1(b) gives Kk, > c=bt7 | hence, by (11.1), cent VA < Pmol(m) < 1.
Lemma 14.3 with A = &, and p = pei(m), (14.18) and e,, > ce? | (Lemma 7.1(a)) give

— 2—
e U ) - < CerZe gl 2,2y < CeX 2 Nlgll e cr)

(Ol e ey < Coneme

and Q/2 — qZ > 2 by (14.3).
Step 7: Conclusion. By Lemma 14.2(a) applied to R, € _° [Y ()] e ) < sizee,, ,(R').
€m—1

m—1

Inserting this, (14.12)—(14.17) and Proposition 14.1(i) into the bound of Step 2 gives
. 5n/4 :
size., (R) < (14 C(e27 + 5720 1ol V) size.,, ,(R) + Cem1llgll 2 (r2) -

By (2.3), n = min{4/8, 1/4}, and by (14.4), § —20 > 24, so each of 5y/4, § — 20 and p is at least 7.
Since €,,_1 < 1, this proves Proposition 5.4. O

14.4 Proof of Proposition 5.2

Proof of Proposition 5.2. Each cycle starts once the previous preparation is complete and the
admissibility window has moved forward by 37;.

Step 1: Levels finer than mg. By the choice of mg (item (4) of Subsection 11.1), ,0( 1) <1 for
every level j > mg. An admissible seed of level j > mg on a window [tg, tf] with tg + 2t0 < tfis an
admissible family of level j on [ts, tf] (Definition 11.4, with no successor). For every j > my, the row
and column sums of the coupling matrices of an admissible family of level j, for the masses w, and
wy /W2, are at most 3 (Proposition 11.5). By the bounds (2.5) on 7; and h; (Lemma 7.1(b)), and
since e; <A77 (Lemma 7.1(a)), the series of the 37; + 4h; converges, and item (4) takes mg so large

that, for every m > my,
m

> (31 +4hy) < tto. (14.19)
j=mo+1

Step 2: The homogenization cascade. Let m, k, G, tsg, tf, g and U be as in Proposition 5.2. Set
Gm =G, Up =U, t(y) =1s and txn) = tg; by Step 1, G,, is an admissible family of level m on

[t&m),tf]. For j =m,m —1,...,mg+ 1 in turn, given an admissible family G; of level j on [tg{), te]
and a solution Uj of G on [t(;),t¢], put
t9) = max{t), t9) + 37} . (14.20)

Let G’ be the successor of G in the descent of the seed G given by Lemma 11.8(iv), and let

(J) € D 9 4 4p; j] and II; be the time and the map constructed in Section 12 for G; and G,

with tp = tg) and t. = tgj). By the paragraph after Proposition 14.1, Propositions 5.3, 14.1, 13.10

and 5.4 hold for this pair. The hypothesis t((;j) + 4h; (S)tf of Proposition 5.3 follows from (14.21)
i

at level 7, whose proof below uses only the times ¢,; of the levels 7 > j, constructed before.
By Proposition 5.3(b), Gj_1 = G;- is an admissible family of level j — 1 on [tg_l) te], where
5{ . t(J) + 37;j. Let Uj—1 be the solution of Gj_; from the retained trace of IT;U;( (])) at time
b1y = tér). By the uniqueness in Proposition 6.2 and (8.3), subtracted at the times t(J ) and ¢ > tgj ),
the restriction of U; to [tgj ),tf] is the solution of G; from Uj(tg )) at time ). Hence these four

propositions apply at level j to the datum Uj( (j)), with U = Uj and Y = Uj_;.
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The times satisfy, for mg < j < m,

m
t9) +dh; <ts+ > (37 +4hi) < ts+ Sto < tr. (14.21)

i=j
For j = m, t&™ = tg + 37,,. For j <m, ty) = t5t < 49D pany i and 0§ 4 3r; = ts +3 i Tis
which gives the first inequality by induction on j, for j = m,m —1,... in turn; the second is (14.19).

In particular, for myg < j < m, tl(o];f) < tgj) +4h; < ts + %to. Moreover, ¢, = tl&m) and, for
mo < .7 <m, ) )
ty) =t > 10 > 40 3r, =)
so Uj lives in the window [tgj), t¢] of Gj, on which Step 1 bounds its coupling matrices.
Step 3: The marked amplitudes. We show that, for mg < j < m,

m
HUj‘|L°°([t(j)7tf];Léj(T2)) < ] 0+ C(e? + 2 ))llgllzz o2y < Cllgllzz (2 - (14.22)
i=j+1
which is (5.3) iterated; the product is bounded as in Subsection 5.2. For j = m, this is Proposition 6.2
for G, since the markers of a seed are 1; the proposition applies by Step 1 and Definition 11.2(iv).
Let mg < j < m. Since Uj is continuous in time (Proposition 6.2), the norm of the datum U; (tgj))
in LZG], (T?) is at most the left side of (14.22) at level j. Proposition 5.3(b) at level j, with Y = U;_,

bounds ”Uj—l||L°°([t(g>1>7tf]%Léj71('ﬂ’z)) by 1+ C(E?_l + E?_l) times this norm, which gives (14.22) at
level 7 — 1.
(mo+1) _

Step 4: The top level. Let t € [tg + %to,tf]; by (14.21), t > tpr = t(mg)- At level mg + 1 the
solution Y is Upy,,, so Proposition 13.10(i) and (14.22) give

(mo+1)
||Um0 (t)HHé\E:to-H),GmO (T2) < C||Um0+1(tcm0 )HLQGmoJrl (T2) < CHQHL%(TQ) .
Since p(mo+1) <1 and 571n+07/2+5/p(m0 +1) < C by (14.7), Lemma 14.3 with A = &,,,, together
with (14.5) and Nyet > Nyep + 2, shows that R, (t) == (Up,(t),0) is a representation of Uy, (t) at
wavelength &,,, with

52021 (Rong(0) < O Un ()]s~ ) < Oz o (14.23)
p(mg W
Step 5: The regularity cascade. For j = mg +1,...,m in turn, t € [tl(:)‘?,tf] by (14.21), and

Proposition 5.4 at level j, applied to the representation R;_1(t) of U;_1(t) at wavelength €;_1, gives

a representation R;(t) of U;(t) at wavelength ;. The datum of this passage is Uj( g )), whose norm

is at most Cl|g|zz (r2) by (14.22), so
sizee; (R;j(t)) < (14 Ce]_y) sizee, , (Rj—1(t)) + Cej-1llgll 2 (r2) »

which is (5.4) together with (14.22). Tterating, with [[;(1+ Ce]_;) <exp(C'3;€] ), the bounded
sums of Subsection 5.2 and (14.23),

sizee,, (Rm(t)) < exp (C’ Z 5}7_1) <size€m0 (R (1)) +C Z 6j,1||g||L3(Tz))

j=mo+1 J=mo+1
-z
< Clemg + Dlgllez(re -
Since mg depends only on «,s,q,(,A,n,ty, T, the representation R(t) := R,,(t) proves Proposi-
tion 5.2, for every t € [tg + %to,tf]. O
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15. Initialization at the finest levels

In this section we prove Proposition 5.1, the entry, which initializes the induction at the finest
levels: it produces the admissible seed of level M — 1, depending only on M, k and tj,, from which
the homogenization cascade (Proposition 5.2) starts. A weak solution € of (4.1), whose velocity
field bys1y, has n levels finer than M, only provides the datum of the seed. Throughout, k € KCps, so
that Ky = K, tin € R and t; := t;, + T'; C and ¢ denote positive constants depending only on «;, s, g,
¢, A, n,ty, T, which may change from line to line; and M > M, (a, s,q,(, A, n,tg,T), the threshold of
Proposition 5.1, fixed last, above the finitely many levels beyond which the inequalities below hold.

The route. The entry walks up from level M + n to level M — 1 in three stages, and then back
down.

1. Weak passages, from level i to level i — 1 for i = M +n, ..., M + 1. At the levels finer than M,
the Péclet number 5;-8 /k is small (Lemma 15.1), so a passage keeps the diffusivity x: the
enhancement of level 7 has the relative size (5;8 /k)?, and it is kept as a source of the coarser
family instead of being added to the diffusivity. On the quiet margins of level ¢ the velocity field
is b;—1, and molecular diffusion over a margin reaches the wavelength €;_1; the solution regains
its derivatives there, and the next passage starts at the block boundary between two margins.

2. One smoothing, at level M: the sources are averaged over discs of radius 7, slightly below ey,
so that the terminal cycle can use Sections 12 and 13.

3. The terminal cycle at level M, by the method of Proposition 5.3, at the bounded contrast
ky—1/k < 2. It is prepared over a time of order hj; and creates one generation of components.
Its successor, restarted hys later with its components declared of generation 0, is the seed.

Back down, the terminal lift and the n weak lifts carry a representation at e3;_1 to one at epr4y, at
a constant cost, and 6 differs from the lifted solution by little in C'%%(T?).

One ladder of families. We write G; and U;, M < i < M + n, for the families of the weak
levels and their solutions, and ) for the time at which U; starts; Ups4y, = 6. This continues
upward the notation Gj, Uj, t(;) of the proof of Proposition 5.2: the seed is Gy—1 = G, and its

solution is Upy;_1 = U, from t(m—1) = te. Between them stand C:YM, the family Gj; with smoothed

sources, its solution U M, and the terminal successor G’ of G M, of level M — 1, with its solution Y
(Subsection 15.3). Figure 15.1 shows the times.

l Y
Uppin =10 Umin—1 ... Ups and Uy U=Y
% " | % _
| | | | | | |
I I I I I I I
@ t(Mtn) UMtn—1) - ) £ te a+ o

Figure 15.1: The times of the entry, not to scale. Shaded: the quiet margins, the two of level ¢ around
t(i—1), forming [t;_1y — 7/, t_1) + 7], M < i < M +n, and the two of level M around t]grw). Bars:

the solutions of the ladder from their starts, with the preparation time tl()]r\/[) and te = téﬁ“ + hars a

bar ends where the next solution takes over, or at t;. Dots: the levels between M +mn — 1 and M.
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15.1 Parameters and scales

Parameters. The entry uses the readout weight 5?1 116 of a letter at level 4, the mass factor

(4nNcor7w)_15?£312 of a letter of a weak passage at level ¢, with Neopyw of item (1), and the width

1 446/2
TW::E:]\;_’Y/J’_/

of the smoothing at level M. Since § < }(¢ — 1) and vy < %(q —1) by (23), T + g < 2—74(q - 1).
With L := A‘JM/(‘J*U7 (2.4) gives epry1 < L% and ep > (2L)71, and LA=1=7/4=6/2 > A17/24 > 4 a4
A > 128, so that epri1 < 7w < epr. The entry then fixes the following orders and exponents, in this
order, depending only on «, s,q,(, A, n,to, T (Table 11.1).

(1) The weak orders: the corrector order Ngoryw and word length Njep  of a weak passage, with
(¢ = 1)Neorw > 5 +2¢", 2(¢+2)y (Nien,w +1) >4+ 3¢". (15.1)

They absorb the cell tail and the frontier of a weak passage (Lemma 15.7). With them, 6 is
recovered from a field of Gjs at the order nNeor,w + 5 (Lemma 15.13(b)).

(2) The terminal orders: the accuracy Qe := 2(5 + ¢"™!(1 + s)) of the terminal cycle; then its
corrector order Neor e, truncation order pe, word length Niep, o and number N . of antidivergence
steps, with

(q7+35)Ncor,e > Qe+27 5pe >Qe+27
%5(Nlen,e + 1) > Qe +2, (Q’V + 35)Ncl,e > 3;

then the largest birth order of the sources the terminal cycle creates and the width exponent of
their smoothing,

(15.2)

J

—_ . 15.
16(Nsrc,e - 1) ( ’ 3)

Nsrc,e = Neore + nNcor,w +4dpe + 1, O¢ =

The accuracy absorbs the loss 6;};{; < CEijF(HS) of the recovery of § (Lemma 15.14),
and (15.2) the residual of the terminal cycle (Table 15.1).

(3) The representation order
Nrep = nNeor,w + Neore + 2pe + 4. (15.4)

This is Part I's Nyep: the terminal lift spends Neore 4+ 2pe + 1 derivatives and the weak lifts
N Neor,w, which leaves three. The orders of items (1) and (2) fix the seed’s bounds: birth orders
at most Ngrce, at most Npath e = (Nien,e + 2)(nNien,w + 1) components along a path of sources,
that is, at most B := Npagn e — 1 sources on a path, the bound B of item (1) of Subsection 11.1.
Section 11 then fixes the remaining parameters of its item (1).

(4) After these: the moment orders Nyom,w of the smoothing at level M and Nyom. of the
smoothing of the sources the terminal cycle creates, with

6 — 1%3 - & - @e(Nsrc,e - 2) + @eNmom,e > Qe+ 2,

(15.5)
a(200+2)7 = B+ (3 + ) Nuomw ) > 2Qe +4;

they absorb the smoothings in Table 15.1. Since 2(¢ +2)y < 1 and ¢ < 1L by (2.3) and (2.1),

the second condition gives (F + %)Nmom,w > (2Qe+4)/q—1 > 2+2¢", which Lemma 15.14 uses.

Then the recovery order Nyge > nNeor,w + 5 of the terminal comparison (Proposition 15.10(c)),
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which, with Nece = 4(Neor,e + Nsre,e) +2Nere + 16 and Nyom = max{ Nmom,w, Nmom,es Nmom }+
is also at least the floor (13.6) of the comparison at m = M, with the terminal orders,
Nide > max{Nrece + Nerc,e + Nmom + 6Pe; Norce — 2 + Nmom + Neore + 2pe + 1},
Niqe 2 Nrece T 2Nsrc,e Npath,e (15.6)
+ max{ Nac,e + Nmom + Neor,e + 6P + 4, (Npathe + 3)(Neor,e + Nsree +12) + 2pe }
then the output order Ny e of the terminal preparation and the trace order Ny, . of a weak
passage,
Nout,e = max{Nrep, 2Nrde + 2, Neor,e + 2Pe + Nra,e + 2},
Nirw > max{ Nmomw + "Neor,w + 1 + Nrd,es 2Nrdge + 2} .
As Noute > 2Npqe + 2, the proof of Proposition 15.10 runs at the order Nyt e, above this

(15.7)

floor. The condition on Ny, 4 in (15.7) leaves room for the smoothing and the sources of G/
in Lemma 15.8, above Nyq.. The order Ny, is also at least the order Ny, of (12.2) that the
preparation reads at the terminal level to produce II at Ngyut e, above the order 2/Vq o at which
the proof of Proposition 15.10(a) interpolates. Then the seed’s constants (Section 11, item (2)).

(5) The threshold M, last.

Lemma 15.1 separates the weak levels from the terminal one. At the levels finer than M, by (a),
the Péclet number is small, the strain of b; 1 is small over the time diffusion needs to reach ¢;_1,
the quiet margins are long enough for item 1 of the route (as v > 3§), and a pulse lasts many cell
diffusion times. At level M, by (b), the margins are too short, and the contrast is at most 2.

Lemma 15.1 (Scales of the entry). There exist Ao(e,s,q,¢) > 128 and C(a,s,q,() with the
following property. For every A > Ag there exists an integer Ma(cv, s,q,(, A) > 2 such that, for every
M > 2 and k € Ky, the following hold.

(a) For every M < i < M +n,

B B 2
€, € €;_ _ KT; 1 _2g- _
Lo, <o, <o’ e fUTTTY.
K K KT, €; c
(b) At level M, k1), =< 53}1?36 and
B _
Mo CeY M ay+30 khy e 230 KTM . —(27+49)
L ~EM-1 2~ v ) 2 ~fMm :
K p(M) €%y €%y

Moreover kyj—1/k > 1, and, if M > My, then kpr—1/k < 2.
Proof. All the bounds are arithmetic. By (2.18) and Lemma 7.1(a), for i —1 > M,

1.B—y ) q o B=v o Bty
K2 581, g < 2¢_,, k=gt =Xey .

With (2.5), they give the exponents of (a) and (b) by two identities: ¢(8 — ) = 5 + 7, which turns
qB — B+~ into (¢ +2)y,and ¢ — 1 — 3 — 0 = ¢y + 39 (Lemma 7.1(c), as § = 1 + «), which gives

Enr/p(M) = en(rkhpy)~"? = 5?\/ﬁ17/275 and KTy /e, < 5?\2:21((17177/275). By Proposition 2.1(c),
and by Proposition 2.1(a) and Lemma 7.1(a),
K 28
1< Ml <140 M <14 0y <14+ CADM,
K K
which is at most 2 for M > My, the least integer My > 2 with CA27M2 < 1, O
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15.2 The levels finer than M, at small Péclet number

The two-dimensional cell inverse. Let M < i < M + n and let k be a pulse of level i. In
the chart of k (Section 7), with z = y/e;, the shear added at level 4 is V11;(t,y) of (7.11), of size
27r€f ~!. in the cell time Kkt/e? it is the Péclet number Ef /k times a bounded field. A weak passage
solves its cell problems with the two-dimensional cell inverse below, as Definition 11.2(iii) allows:
once, from zero, on the window of each pulse. As the divergence-free shear drops out of the energy,

solutions without forcing decay at the cell rate of level ¢, which absorbs the switching in Lemma 15.7.

Lemma 15.2 (The two-dimensional cell inverse). Let N > 1 be one of the orders used below; they
depend only on «, s,q,(, A,n,ty, T, and M, is fized after them. There exists C(a,s,q,(, A, n,to,
T, N) such that the following hold for every M > M,, M < i < M +n, every pulse k of level i, every
conductivity K(t,y) on the window of k as in Section 10, and every pair FO, F of two-scale forms
on the window, of zero average in z, measurable in t, of class CNT3 in z with bounded derivatives. A
solution on an interval I of the equation below is a two-scale form A with A(-,y,-) € C(I; L*(]0,1]?))
for every y € R? that solves it in the integrated form in t, tested against smooth periodic functions
of z, as in Lemma 10.4.

(a) There exists exactly one solution A on the window, of zero average in z and with V,A(-,y,-)
square integrable over the window times [0,1]? for every y € R?, of

WA+ e (Vi) (t,ei2) - VoA — ke 2V, - (KV,A)
= 1%;2 (FO + V.- F) in the window of k ,
A=0 at its start, t = (k — $5)7;;

it is of class CN in z.

(b) Let FO = F =0, and let A be a solution on an interval [t1,ts] within the window, of class CV
in z, with A(t1) of zero average and of class CN*2 in z, and with V,A(-,y,-) square integrable
over [t1,ta] x [0,1]? for every y € R%. Then, for everyt € [t1,t2] and y € R?,

Ay, Ml z2(0,112) < Cexp(=m?hi(t — t1) /) 1ALy, ) z2(0,172) -

Proof. The solution of (a) is constructed by Galerkin approximation. The shear is divergence free,
so it drops out of the energy identity; with K > 27 and HVZ‘A”%P([O,IP) > 47r2HAH%2([071]2) for forms
of zero average, the identity gives (b), with C' = 1, and, for the difference of two solutions, the
uniqueness in (a). The derivatives of the shear in z are at most Csf /k < C, by Lemma 15.1(a); so,
differentiating in z, the energy identity and the Sobolev embedding give the regularity in (a). [

The weak corrector operator. The weak finite lift of level ¢ is the finite lift of Definition 10.5
for the pulses of level ¢, with & for both diffusivities, the corrector order Neor,w, the slow length €,
and the two-dimensional cell inverse: the inverse of a right side H° + V. - H is the solution of
Lemma 15.2(a) with F* = &2k 'H? and F = e?x ' H. The definition, existence and uniqueness of
the finite lift use only the cell inverse (Section 10): the correctors exist at every order, each solved
once on the window of its pulse from zero at its start, and the lift is determined by its values on the
window. The weak corrector operator Corr}' (t) is the corrector operator of Definition 10.8 built from
the weak finite lift. For a field U of (¢, ), Corr}' U is the field t — Corr}' (¢)U ().

In Definition 15.3, the means of the weak finite lift along the paths of sources become the inherited
sources (ii), and those along the empty path, less the molecular flux, become the letters (iii).
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Definition 15.3 (The weak families). The family G4, has one component, of mass %, and no
source. For M < i < M + n, the weak family G;_1, of level i — 1, with the diffusivity x, the velocity
field b;_; and no smoothing, is defined from G; as follows.

(i) Components: the components v of G;, with their masses, and their children v, labelled by
the nonempty words of length #v" < Niepy in the letters 2, ..., Neorw + 1, with the masses

Wy = ((4nNcor7w)*1€f£ 312)#1] wy. All markers are 1. The components over v are v, with the
empty word, and its children.

(i) Inherited sources: for every word of length at most Niey v, every nonempty path of sources
of G; from v1 to vy and every 2 < d < Neorw + 14+ (M +n — i) Neor,w, a source of birth order d
from the component over v; with this word to the component over vy with this word. Its
coefficients are the means of degree d of the weak finite lift along the path (Definition 10.5),
transported to z (11.8); its factor is the product of the factors along the path.

(ili) Letters: for every component with a word of length less than Ny, v and every letter 2 < d <
Neor,w + 1, a source of birth order d to the component over the same v whose word is extended
é/

by d. Its coefficients are 5;_116 times the mean of degree d of the weak finite lift along the
empty path, less 175_091rK (the eddy diffusivity at degree d), transported to x; its factor is

—0/16
aCIDR
Every source of G;_1 has the majorant 1 and the birth radius ;. For M < ¢ < M + n, every
component of G; has the reserve res; == (Ngen +3+1—M)/(Ngen +2+ Nog), at most 1 for i < M +n

as Nog > n (item (2) of Subsection 11.1), which replaces res(v) in (11.9) for this family; the smoothed
family of Lemma 15.4(b) has the components of Gy, at the reserve resyy.

5/16

The power €, ] in the coeflicients of a letter is the inverse of the readout weight it adds, as for

a successor (5.10). The readout of the weak passage is accordingly (Y¥F), = F, + >, Efﬁv '/ g,

over the children v" of v, and the weak lift of level ¢ is the map F' +— Corr}' (¢)YF. The birth orders
of G; are at most 1 4 (M + n — i) Neor,w, and its paths have at most (M + n — i) Njen,w sources.

By Lemma 15.4(a), a source of birth order d, has coefficients of that order at most C'x times its
factor and 5?"72, each derivative and each lower order costing 57;__11. The factor of a letter is small
because the shear is weak: the first corrector, forced by the shear alone, has the size of the Péclet
number, so the eddy diffusivity at degree 2, the average of the shear against it, is £ times the square
of the Péclet number times a bounded form. The masses and readout weights turn this gain into the
small coupling of (b), with which the smoothed family of level M satisfies the invariant.

Lemma 15.4 (The weak coefficients). There ezists C(«, s,q,(, A,n,to,T) such that, for every
M > M., the following hold.

(a) For every M < i < M + n, every source o of Gi_1, of birth order d,, every 2 < d < d, and
every order N used below,

Ji
g/l , 9 4
g Zi'l sup | V91 A, 4| < Cfac(o) kelr 270
<N J1T RxT?

(b) The family Gp; has total mass at most % The family éM, which is Gp; with every source
smoothed by the paired smoothing Sy of width ry over round discs (Subsection 15.3), satisfies
the clauses of Definition 11.1 on [t(M),tf] with constants depending only on «, s, q,(, A,n,tg,
T (in clause (b1) the magjorant of a source is multiplied by such a constant), the time t(r)
being that of Proposition 15.5; the row and column sums of its priced majorant matriz and
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of its coupling matrices (8.4) of every order used below, at every scale p < epr, are at most
06?\2(]4_2)7_56/64 < 0531\21‘

Proof. (a) By induction on M + n — 4, from G sy, which has no source. In the chart of a pulse k
of level i, with z = y/e;, the system of G; is a system on the window of pulse k in the sense of
Section 10, with k for K, and kp,—1, & for €, and g;_; for ,,_1: by (a) at the level ¢ + 1 and
the clauses of Definition 11.1 for G;, proved below at every level together with (a), its forms are
transverse and satisfy (10.17). On transverse forms the shear term of the cell operator vanishes, so
the inverse of Lemma 15.2 is that of Lemma 10.4, by the uniqueness in Lemma 15.2(a). The proofs
of Propositions 10.6 and 10.7 then apply with ¢; in place of &,,: the four products (10.22) become

(5?/&)&, Ei, 52, and €2, with 5;8/#; < C by Lemma 15.1(a). Along the empty path the bracket of
degree 1 is the shear term alone and LY has no part of zero average, as K does not depend on z;
so every corrector of positive degree along () carries one power of the Péclet number 52-6 /k, and the
means along ) differ from 1¢;_5yxK by the average of the shear, of size (x/ ai)(af /k), against such a
corrector. Hence, for every path 1---05 of G;, 2 < d < j and j; < N,

d—j
i

6?11}|V§1Mj7d[01 . O'J]HLOO([(k 61 61 < Cfac(oq) - - -fac(oy) kel 2 1,

7R)T¢,(k‘+R)T¢}><R2) g

e[| V3 (Myal0] = 1=y pK) < Cr(e] )] el .

61 p

“Lm([(km)n,w%)n]xR?)
These means of degree d, with the power 52-_:51/ 1% for the letters, are the coefficients of Definition 15.3,
transported to x with the derivatives of the charts at the scale ¢;,_; (Lemma 7.7); this gives (a).

(b) Row and column sums. Every source of Gy was created at the weak passage from level M + 1,
with birth radius epr41 < 7y, so its price in (11.3) is 1. By (a) with ¢« = M + 1, its coefficients of
order d are at most C fac(o)kré=2, with derivatives at the scale €37; so the entries of the coupling
matrices (8.4) of G of every order used below, at the scale &)y, are at most C' times those of the
majorant matrix (11.3). These entries increase with p, so the same holds at every scale p < ey,
among them pne1(M) = emoienr (by (11.1), as na?\/fﬁ > %EL_’Y > 5%4 by the proof of Lemma 15.1
and 51/[ < % for M > M,). Along a letter from a component to its child, created at the weak passage
from a level i > M, the square root of the mass ratio and the factor give

(4n Ncorjw)l/gg;al/m ' Ei_zsl/m(&f )2 < C€?£q1+2)'7755/64 < CE?\/([q+2)’y756/64,
by Lemma 15.1(a). For an inherited source, the factor is the product of the factors along its path,
the square roots of the mass ratios telescope, and the word multiplies the masses at both ends by
the same number; so its entry is the product of the entries of the letters in its history. Since Gps4n
has no source, every source of Gy has at least one letter, and at most nNjep w, in its history, and
every entry is at most Ce?\qu+2)w—5é/ 4 A row or a column has a number of entries bounded by
the numbers of words, paths and degrees; this gives the sums, and 2(q + 2)y — g—i > q — 1 since
(g+2)y>qg—1(as B >1) and %5 < q— 1. The masses: a weak passage multiplies the total mass
by at most 1 + ZL21(4n)*L =1+1/(4n—1),and (1+1/(4n—1))" < 3.

The other clauses of Definition 11.1 are proved at every level, for G;_1, M < ¢ < M + n,
and G M, together with (a), which uses them at the level i. They are checked as for the successors
in Subsection 11.6, the weak finite lift replacing the finite lift of Section 10, with the inverse of
Lemma 10.4 on transverse forms, as in (a): clauses (al)—(a7) by Steps 1 and 2 there, the weak cell
solutions being solved once on their windows and unique there (Lemma 15.2(a)). Clause (b1) holds by
Steps 4 and 5, with res(v) = res; and res(?) = res;—1 = res; —1/(Ngen +2+ Nog) for every component
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of Gj—1 (within G all reserves are equal, which replaces the monotone generations of Step 4), a
weak passage taking at most nNeorw — 1 < Nge — 2 slow derivatives (Nge > Neree > nNeorw + 6,
as Ngc counts from the seed’s birth orders, item (1) of Subsection 11.1). The entry across the
pulse of the conductivity has real part at least 1% on the outer domain by (2.13) at the level i,
so the bounds of (a) hold in the analytic norms; with the birth radius ¢;, the left side of (bl)
is at most C(g;/e;_1)% 9. Clauses (b2) and (b2') hold by Cauchy’s estimate, as in Step 6, the
birth radii being ¢; < ¢;,_1, and, for Gar, 41 < pmol(M) = emoienr; (b3) and (d) by the sums
above; and, for Gy, (c1) as the long axes of Sy, have the inverse 221, (¢3) by Lemma 8.2, and

(c2) as rw/pmol(M) = 5M/4+6/2/ cmol < CeY; and 1y /p(M) < C’E?\j+4q7+2q5 < Cefd |, by 36 <,

Proposition 2.1(c) and ¢ — 1 — 3 — 0 = ¢y + 36. O

Proposition 15.5 carries out item 1 of the route: items (i)—(iii) restart each solution in the next
family, with the new components starting from zero, and (iv) follows from Lemma 15.6.

Proposition 15.5 (The weak reduction). There exists C(a, s,q,(, A, n,to,T) such that, for every
M > M., the families G; do not depend on tin, bhn or 0, and there exists t(yr) € [tin, tin + 6nhpr41],
depending only on M, r and ti,, with the following property. For every i, € L?(T?) and every weak
solution 0 of (4.1) there exist times tin < t(ar4n) < t(M4n—1) < - < t(ar) and solutions U; of the
systems (5.6) of Gy, with x in place of their diffusivity K, and without smoothing, on [t;),t], in the
class of Proposition 8.6, such that:

(1) Untyn =0 on [t(arin)- tel;

(ii) for every M < i < M +n, t_y) is the block boundary at the centre of the first pair of quiet
margins [(I+ 5)hi — 7/, (1+ 3)hi +7]), | € Z, whose left end is at least t(;); so ty+7] <ty <
by + 2h;, and b; = b;_1 on these margins;

iii) for every M < i < M +n, U;—1(t;_1)) s U;(t;_1y) on the components of G; and 0 on their
(i-1) (i-1)
children;

(iv) for every M <i < M +mn, [Uillpec(jr 40102 (12)) < Cllbinll2(12), and

1UM]| + K2 VUM < Cl0inll 272 -

Lo ([t(ar tf]H;;;Zj(T?)) L2((t(ary te); HE;;W(W)

Lemma 15.6 is the regain of derivatives on the quiet margins of item 1 of the route.

Lemma 15.6 (A complete trace on the quiet margins). There exists C(a, s,q,(, A, n,to, T) such
that the following holds for every M > M,, M < i < M +n, 6, and 8. For a component v of G;_1,
let Ny be Nirw plus nNeorw — 1 times the largest number of sources on a path of G;—1 that starts
at v (the components of G; are among those of G;—1). Then the solutions of Proposition 15.5 satisfy

Ui (¢ )HH<NU> 12y S Ol oo ety 122 m2)) -

Proof. The heat interval [t;_1) — g2 ,/k, t(i—1)] lies in the second half of the quiet margin that ends
at t(;_1), since e7_, [k < C&?Z__f’(sri’ < 17/ by Lemma 15.1(a); and every time within ghi+1 of it lies
in the two quiet margins around (;_y), since Shit1 < 37/ by (2.5) and Lemma 7.1(a), (c).

Step 1: the coefficients on the heat interval. Let N, := max, Ny + nNjenw(1 + nNeorw), an
auxiliary order depending only on «, s,q,(, A, n,to, T (M, is taken after it). On the heat interval
the coefficients of G; have their slow derivatives at the wavelength £;_1, up to the order N,: for a
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source o: v' — v of Gj, of birth order d,, let

B, = ( ) Z leup|VA dl
d—2 | o
Wy d—2 NEi_1 =0 J:
the supremum over the heat interval and T?; then the matrix Evv/ =Y v EU has row and

column sums at most C. Indeed, a coefficient of G; at a time t reads the flow of b; only over the
histories of the pulses of level 7 + 1 whose cutoff is positive at ¢, which lie within ghi+1 of ¢ (the
nesting after (11.19)), hence, for ¢ in the heat interval, in the margins, where b; = b,;_;. So there the
coefficients do not depend on the fast variable of level ¢, by (ad), and their slow derivatives cost 5;11
at every order, by Cauchy’s estimate in the chart parameters from (b1l) and by the transport (11.8);
(ad) and (b1) hold for G; by the proof of Lemma 15.4. With the sizes of Lemma 15.4(a) at the level
i+ 1 and Ed_H ed do < 2 this gives By < C(wy Jwy)"? fac(o), whose row and column sums are
at most C' by the telescoping in the proof of Lemma 15.4(b).

Step 2: one path. We rescale time so that the heat interval is [0,1], t = t;_1) — (1 — t)ei_, /k,
write U, (t) = wv_l/ZUi,U(t), and measure lengths at the scale ;_1, in the norms Hgfl('ﬂa), negative
orders N being the dual norms. The drift b;_; then has derivatives at most Csffl /k < Cszfl
at the unit scale, by Lemma 15.1(a) and the bound ijbz‘_lnLoo(RX’H‘Q) < Ci(j - 1)!5?__11_j of
Section 12. Let £(¢,t') be the evolution of the scalar part of the system of G;, drift and diffusion,
and F,(t)g = (2 1/K)(Wy /wy)?V - 3, A aV¥1g the source term of o. The rate x/e? | of a
source cancels against the length of the heat interval, and the product rule and its dual give, for
IN|,|IN —d,| < N,,

IFo 00l 300 2y < OBlglly )

at a fixed time a source loses its whole birth order d,, not the d, — 2 of the energy estimates. As the
sources of G; form no cycle and its paths have at most (M +n — %) Njep w sources, Duhamel’s formula,
iterated in the spaces HY (T?), [N| < N,, writes U,(1) as the sum, over the paths oy --- 0 of G;
from a component v’ to v, of

/ E(L ) o (£)E(tr 1) - Foy ()E(t1,0) Uy (0) dty - - - ity
0<t1 <<t <1

the empty path, J = 0, giving £(1,0)U,(0). Fix the path and the times. One of the J + 1 intervals
between 0,¢1,...,ts,1 has length at least 1/(J + 1); let d— and dy be the sums of the birth orders
of the sources before and after it, so that N, + d_ + dy < N,. Before this long interval we follow
the integrand in H_™ (T?), down to N = d_, and after it in HY* N (T?), from N = d down to 0,
spaces on which the scalar evolutions are bounded, uniformly in the lengths of their intervals, by the
energy estimate and its dual. Across the long interval, split at its midpoint, the adjoint evolution
maps L%(T?) to Hg;l(’JI‘Q) over the first half and & maps L?(T?) to HN“erJr (T?) over the second,
by energy estimates with time weights, with constants C'(J), as both halves have length at least
1/(2(J+1)) and the orders are at most N.. So the integrand is at most C(.J)Bo, - - By, |U,/(0)(| £2(12)
in HY» (T?), and the ordered simplex has volume 1/J! < 1.
Step 3: the sum over paths. Summing over the paths,

(M‘l’n*i)Nlen,w

0 e <X COE) WO

J=0 LY
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The row and column sums of this matrix are at most C, as its degree, the C'(J) and the row and column

sums of B (Step 1) depend only on a, s,q,(, A, n, to, T. So, by Schur’s test, Ui (-1l v (2) <
£i_1,w

ClUi(ti—1y — €7-1/8)lr2(12), and i1y — €7_1 /K > t;. O

Proof of Proposition 15.5. Let t(pr1y) be the left end of the first pair of quiet margins of level M +n
whose left end is greater than t;,, so that ¢, < tan) < tin + hpr4n, and let Upsyn == 6 on
[t(M4n), tt], the solution of the single equation of Garin, With [0 g (s, 0:2(12)) < |0inll22(T2)-
Since bpsiy is smooth, 8 is smooth for ¢ > t;,, by parabolic regularity, so it lies in the class of
Proposition 8.6 at every order on [t(M+n),tf]. Let M < i < M + n, let U; be constructed, with
”UiHLoo([t<i)’tf];La(T2)) < C|6inl|z2(12), and define t(;_;) by (ii); on the quiet margins of level i the
pulses of level ¢ vanish, so b; = b;_1 there. By Lemma 15.6, the datum (iii) has the orders N, of that
lemma at the scale €;—1, with norm at most C|[0in || 2(12). Proposition 8.6 applies to G;—1 at these
orders, which decrease along every source o by at least nNeor,w — 1 > dy — 2, as it asks, and at the
scale g;_1: its drift condition holds by Step 2 of the proof of Lemma 15.6, and its matrix is at most C
times the majorant matrix, by Lemma 15.4(a), with row and column sums at most C&:?V;l < % as
in the proof of Lemma 15.4(b). It gives U;—1 on [t;_y), ], with the energy of that proposition at
most C' times the norm of the datum. After n restarts this gives (iv), the constant growing by a fixed
factor per restart, as the orders of the components of Gy are at least Ny w. By (ii), the times 2(;
are determined by ti, and the margins; as h; < hasy1, tony < tvrn) + 2nhprv1 < tin+6nhprer < te
for M > M,. O

For M <i < M +n we write N; :== (M +n — i) Neorw + 5: the composed weak lifts from level i
to level M + n spend (M + n — ) Neor,w derivatives.

A weak passage is the comparison of Section 13 without the truncated exponential. Of its residual,
the cell tail is small by the separation of scales, the flux into the omitted words by the square of the
Péclet number for each letter, and the switching as a pulse lasts many cell diffusion times; by (15.1)
and Lemma 15.1(a), their size absorbs the loss of Lemma 15.13(b) in Lemma 15.14.

Lemma 15.7 (One weak passage). There exists C(«, s,q,(, A,n, to, T) such that, for every M > M,,
M <i< M+n, 6, and 0, the solutions of Proposition 15.5 satisfy

|U; = Corrf T} U;- < O Uil o (e el 2 ) -

! HLOO([tufl),m;Héifw (T2))
Proof. Let k := M + n —i. For a component v of G;, let P;(v) be the largest number of sources
on a path of G; that starts at v, and N, = N; + (nNeor,w — 1)P;(v), the orders of Lemma 15.6
for G;, with N; in place of Ny w. Let R = 4(Neorw + 1 + kNeorw) + 18 + Neor,w — 1, the order
Nree = 4(Neor + Nere) + 2Ng) + 16 of the reconstruction at Neor = Neorw, Nere = 1 + ENcor,w and
N =1, plus the d — 2 < Neorw — 1 of a frontier letter. As k <n—1, Ngce > nlNeorw + 6 by (15.3),

and Nrd,e > Nrec,e + 2]\fsrc,e]\[path,e > 8Nsrc,e by (156), and Ntr,w > 2-erd,e +2 by (157)7

N; + R = (5k 4 5) Neor.w + 26 < 51 Neorw + 26 < 16Ngree +2 < 2Npgo + 2 < Nip -

A component of U;_; of order K > Ny, y, in Lemma 15.6 is bounded in H K(T?2) and, by its equation
and the order condition of Proposition 8.6, Lipschitz in ¢ with values in H¥ ~2(T?). So, by the
Sobolev embedding, U;_1(t) is of class cmax{nNeorw,iH1} " these derivatives being Lipschitz in t,
uniformly in x: the classes that the weak lift and Lemmas 13.2 and 13.4-13.6 ask for; the corrector
coeflicients are absolutely continuous in ¢, with a bounded derivative at each mode.

Step 1: zero initial difference. At the block boundary t(;_1), between two quiet margins, the weak
corrector operator is the identity: the correctors of the pulses whose cutoff is positive at ¢;_1) are
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solved from zero on windows within %Ti of 1) which lie in these margins as 14281 Ti+55 2 IS 7]
there the shear of level i vanishes and, by (a4), the forms of G; do not depend on the fast
variable, so the correctors of positive degree vanish (Proposition 10.6(e), as in Lemma 13.1). Since
Y Ui-1(t(i—1)) = Ui(t(i—1)) by Proposition 15.5(iii), the difference vanishes at #(;_.

Step 2: the residual. The computations of Lemmas 13.2 and 13.5 and of the readout identity of
Lemma 13.8 use only the recursion of Definition 10.5, the equations of the cell problems, and the
masses and factors of the new components. As these lemmas are stated in the setting of the lift, we
rerun their proofs, and those of Lemmas 13.4-13.6 for the sizes, with e, = &,, = &;, p(m) = &;_1,
Km = Km—1 = K, Emhm = €2_1, Neor = Neornws Nsre = 1+ kENcorw, Neg = 1, with 7; in (13.14) and
the bounds of the proof of Lemma 15.4(a) for (13.8). With the weak finite lift and Definition 15.3
they show that U; — Corr} TYU;_1 solves the system of G; on [t(i_l),tf] with a forcing in three parts:

o the cell tail, the degrees above Ncor v of the weak finite lift, written in divergence form as in
Lemma 13.4, with one antidivergence step at the wavelength ¢;_1, of size (g;/g;_1)"Neorw times
the cleanup factor 1+ (KT)"/2/g;_1;

e the frontier, the letters out of the words of length Niep v, whose targets are not components

of Gi_1, of size (1 + (;/gi—1)?(1 + (kT)"?/g;_1)) 5?\/([q+2)7(Nle“’WH), the first factor being the
cost of a coarse flux under the weak lift (Lemma 13.6 with s for both diffusivities); read out,
each of its Nienw + 1 letters contributes the relative size (ef /k)? of its eddy diffusivity;

e the switching, the time derivatives of the cutoffs between consecutive pulses, where the correctors
of the earlier pulse have decayed for a time at least 2;7;, of size ;S exp(—ckri/e?) (Step 3 of
the proof of Lemma 13.5 at the level 4, with (a4) for G;, and with Lemma 15.2(b) on each
equation of the triangular system, Duhamel’s formula and induction on the path length and the
degree in place of the decay of the cell inverse on transverse modes).

The forcing is measured in the norm of the right side of Proposition 8.6 at the orders NU and the
scale g;; in it each part is at most its size times the energy of U;_1 at the orders of Lemma 15.6 and
the scale g;,_1 (for the frontier, layer by layer), which Proposition 8.6 and Lemma 15.6 bound by
C”UiHLW([t(i),t(i_l)];LE,(W))- Indeed, each term of the three parts is a two-scale form read at (y,y/e;)
and carried to x by the chart, times a derivative of the field or of a flux, and a derivative at the scale ¢;
costs a constant on the two-scale form (Proposition 10.7, with (10.17) from (b1) by Cauchy’s estimate),
at most Ce;/e;_1 on a slow coefficient or a chart (Lemmas 15.4(a) and 7.7), and, on the field, ;/&;_1
times one derlvatlve at the scale ¢;_ 1. So only the order at which U;_; is read rises: the forcing in v
at the order N, reads it at the order N, + R at the components (v, w), for every word w and every v’
with a path of J > 0 sources of G; into v; as this path, followed by a longest path from v, lifts with
the word w to inherited sources (Definition 15.3(ii)), N w) = Nerw + (nNeor,w — 1) Pi(v) > Ny + R.
For the frontier we argue as for the omitted length in the proof of Lemma 13.9, layer by layer in
the length [ of the words. The layer of length [ receives sources only from itself and, by letters, from
the layer of length [ — 1; its matrix in Proposition 8.6 at the orders N, ,) and the scale €;_1 has

sums at most 3 (proof of Proposition 15.5), and its datum vanishes for [ > 1. Let D; be K'/? times
the norm of VU;_1 on it in L*((f(;_1y, t); Héﬁ(fﬂ”(’]la)). A letter (v, w) — (v, wd) has coefficients
at most Ce,_ /16( B/H) k times the powers of Lemma 15.4(a), and Neww) = Nwwd) + 1 Neorw — 1 2

Nwa) + d — 2, as a path from (v, wd) extends by this letter. With Lemma 8.1, the square root
(4nNcor7w)1/ 25;6/ 64 of the mass ratio and Schur’s test (a child has one parent, a parent Neorw
children), Proposition 8.6 gives D; < Ce,_ 56/ 64( 5 /k)2D;_; for I > 1, and bounds Dy by the datum,

5N1en w/16

which Lemma 15.6 bounds. The frontier ﬂux F'* carries the readout weight €, , the square
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root (4nNcor,w)*N'e"vW/Qefin“’W/M of the mass ratio and the eddy coefficient /f(sf/ka)Q; so, in the
norm of the forcing and before the coarse-flux cost, the powers of ¢;_; cancel and, by Lemma 15.1(a),

B2 B\ 2(Nien.w+1)
E'. £ len,w
R E) < cY e () D, < 0() Dy < Gy et g,

Step 3: the sizes. We use g; < 2e! | and cs?\z '<ea<en (Lemma 7.1(a)), and (kT)"?/e;_1 <

C’e;_ll. The cell tail is at most ngq__ll)Nwr’w_l < Csj‘\qun by the first condition of (15.1). The
n__n—1 n . .
frontier is at most C’Ei_flls?\/(fqﬁh(]vle"“"ﬂ) < Cs}l\jg’q a < C’sﬁ}ﬂq by the second. The switching

is at most Ce; G exp(—c&i:(f(q_le_M)) < Ce?\}ﬂqn by Lemma 15.1(a), since 2(q¢ — 1) — 44 > 0.
Step 4: energy. Proposition 8.6 for G; at the scale €; and the orders ]Vv, which decrease along the
sources of G; as it asks (dy —2 < ENcorw — 1 < nNeor,w — 1), bounds the energy of the difference
by C' times its forcing; its hypotheses hold by Lemmas 15.1(a) and 15.4, and its uniqueness identifies
the difference with the solution from zero, as the difference lies in its class: the lift by the count of
Step 2, and U; by the proof of Proposition 15.5, as Ni;w > N; (for i = M + n, 6 is smooth). With

Steps 1 and 3 this gives the lemma, as N, > N;, with one power of €5 to spare. O

15.3 Level M: smoothing and a homogenization cycle

The smoothing. The weak families have unsmoothed sources: Proposition 8.6 solves their systems
at orders that decrease along the paths of sources, and the derivatives are regained on each quiet
margin. The terminal cycle uses Sections 12 and 13, which need the clauses of the invariant, and
clause (c) asks for paired smoothings with vanishing moments and widths below pye1 (M) and p(M);
so the sources are smoothed once, at level M.

Let Sw =5, . o-12r Sy, . 2-Y2r> the product of two averages (6.2) over round discs of radius
22 with 20, — 1 > max{ Nmom,w, Nmom }. Its matrix of long axes, 27'/2], has the inverse 2"/21,
of | - |se-norm 272 < 2, so Proposition 6.1 applies. Let G be the family Gp; with every source
smoothed by Sy, and let Uy be the solution of G/ from Un(tary) at time ¢(,7). By Lemma 15.8,
U  keeps the derivatives of Uys at the scale e/, and, at a lower order, differs from it by at most a

constant times the gain of the moments of S, times the small coupling of Lemma 15.4(b).

Lemma 15.8 (The smoothing at level M). There exists C(a, s,q,(, A, n,to,T) such that, for every
M > My, 6, and 0, the component energy (13.3) of Uy of order Ny at the scale ey, with the
diffusivity x, on [t(M),tf] s at most CHG;nHLz(Tz), and, with N := Nty v — Nmom,w — "Neor,w — 1,

) S 06(]]‘21+(7/4+5/2)Nm0m,w||0

1Un — ﬁMHLoo([t(M),td;HN inll 2(T2) -

N (T2)

Proof. Proposition 8.3 applies to G M at every order up to Ny, v and the scale €;/: its condition (i)
holds by the bound on V’by, stated after (12.1) and 5@[//1 < Ce}; (Lemma 15.1(b)), and (ii)
and (iii) by Lemma 15.4(a) at ¢ = M + 1 and the order Ny, with the sums of the proof of
Lemma 15.4(b). The solution Uy has no forcing, and its datum Un (t(ary) has norm at most
Cl|0inll2(12) in Hg;ﬁg('ﬂ'z) by Proposition 15.5(iv); so part (c) gives the first bound.

The difference Uy — U M vanishes at t(j7) and solves the system of G m with the forcing V -

Yoo 2od A(Ldvd_Q(I — Sw)VUir,, the sums over the sources o: v/ — v. By the third bound of
Proposition 6.1 at the scale ep; and the order Nyomw < 20w, I — Sy costs C(ryJepy) Nmomw =

Ceg\}/ 4+6/2) Nmom,w and Nyom,w more derivatives at the scale e, and d —2 < nNeor w — 1, as the birth
orders of G'yr are at most 1 +nNeorw. By Lemma 15.4, /£_1€?\2d times the coeflicients, with the mass
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ratios, has row and column sums at most ng—l So the forcing, measured as in (13.4) at the order N
is at most Ce,,
L2((taryte); H, trW(Tz))

41+ (v/446/2) Nmom,w 1 oo /QHVUMH which Proposition 15.5(iv)
EM w

bounds by C||0in||2(r2). Proposition 8.3(a) at the order IV then gives the second bound. O

The terminal successor of Definition 15.9 is the successor of Section 13 at the level M, with four
changes: the orders; one generation of children, with the marker 1, so that it can be declared a seed
without change (Proposition 15.11); the coefficients, majorant and smoothing of the new sources;
and the covariance, anchored at the preparation time so that the retained trace there is the identity
on the components of G M- The preparation time depends on #(,;) alone: with [ € Z such that

(1—Hhu < toan < (0 + Db, it is tl()r ) = (I + 3)has, the time (12.17) at m = M with ¢; = tan-

Definition 15.9 (The terminal successor). The terminal successor G' of Gy is the family of level
M — 1 that the comparison of Section 13 constructs at m = M (Definition 11.3), with these changes.

(i) The orders are Neore and pe; the mean and covariance letters run over the degrees up to
Neor,e +1+nNeor,w and the paths of sources of Gy, so that the birth orders are at most Ngc e.

(ii) One generation: the components of G M, with their masses, and their children v/, with nonempty

words of length #v' < Niepe, each with the mass ces}s\//ISQva divided by the number of these

words, for a constant ce(a, s,q, ¢, A,n,tg,T) > 0, the readout weight 66#v /16 n (5.10), and the
marker 1.

6/16

(ili) The coefficients of the new sources are multiplied by €, The new sources have the birth

radius p(M), the majorant Cmaﬁ?w 5/116 times the product of the majorants along the path,
and the round smoothing of Sy, with the width p(M )51‘9/19_1 in place of ry, and with the kernel
order /. in place of £y, where 20, — 1 > max{Nmom,e; NVmom }-

(iv) The covariance is anchored at the preparation time t&\/): Cp(t) =T M(tgy)) replaces I'p/(t) in
Definition 11.3, in (13.20) (the defect and covariance letters) and in the lift.

The terminal lift of a field Y of G’ is
YH(t) == Corr®(t) [exppe ((Car(8) = Tar(t20)) = v2) Tey(t)} , (15.8)

where Y€ is the readout (5.10) of G’, exp,, is the truncated exponential (5.11) with pe in place of p,

and Corr® is the corrector operator Corry; of Definition 10.8 for G M with the corrector order Neore.

The anchored covariance is small: by Lemmas 10.3(b) and 15.1(b),
[Par() = Par(§0)] < Crarary < Cfyoap(M)? < O3 eR o

Proposition 15.10 is Proposition 5.3 at the terminal level, with a preparation for éM, which is
not admissible but satisfies the clauses of the invariant (Lemma 15.4(b)); the contrast kp;—1/k is
at most 2, and the datum already has derivatives at the scale pyo1(M) = cmoiensr- The last bound
of (a), by interpolation, and the comparison (c) carry Nyq. derivatives at the scale s at half the
accuracy of the L? bound; the weak lifts read (c) in Lemma 15.14. Parts (b) and (c) use sums of G
bounded in the proof of Proposition 15.11, which does not use (b) or (c).

Proposition 15.10 (The terminal cycle). There ezist C(a, s,q,(, A, n,to, T) and c(a, s,q,¢, A, n,
to,T) > 0 such that, for every M > M,, there exist tl()]rw) and a linear map 11: HNew (T2)V —
HNowte (T2)V V' the set of components of Gy, both depending only on M, r and t,, with the
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following pmpertzes For every i, and 0, let Y be the solution of G' on [t;()r ), te] from the datum
equal to HUM( (M)) on the components of GM and to 0 on their children.

(a) t(M) 4+ chy < t}()r ) < t(M) + Chpr, by =bp_1 on [tér ) M,t(M) +T]/\/[], and

ITIT 0 (¢ ton)ll < C|lOinllz2(r2y 5

oute(TQ
1OM(ERD) = T (t a2z, (12) < Celyl16inll 272

G0 () = U0t (b1 o oy < OO0 2y

(b) The component energy (13.3) of Y of order Noute at the scale p(M), with the diffusivity kyr—1,
on [t t4] is at most C||6;
pr s te] is at most C||Oinl| 2 (T2).-

(c) For every t € [to”), t7], Y¥(t) € HNo(T2)", and

130 = Ve ey < O3 Wl
part of the residual size, over ||0in|| L2 (r2) bounded by coarse flux
cell tail (EM/;)(M))N“‘“’e x cleanup factor =~ Lemma 13.4

frontier 5ifljjlf“‘e+l)/2 as Lemma 13.9 yes
truncation of exp,,_ g3be (13.19), Lemma 10.3(b)  yes

6— 5/16 3/64—0c(Nsrc,e—2)+Oe Nmom, e

new smoothings Proposition 6.1 yes

old smoothings at p(M) €i(IQ+2)"/ 56/64( /p(M))N““"n o Proposition 6.1 yes

(q+2)7755/64 (TW /EM) Nmom,w

old smoothings at cmolens €}y Proposition 6.1

switching enr 1 exp(—ckTar/edy) Lemma 13.5

Table 15.1: The residual of the terminal lift Y* in the system of Gy on [tgy),tf], measured as
in (13.4) at the order N,q. and the scale ej7. The cell tail has the degrees above Neor o; the frontier

the words of length Njen e + 1, each letter gaining 5(]5\//[271 (proof of Proposition 15.11); the new

smoothings are bounded by the priced majorant entry of that proof times the gain 5%]\71‘“0“1’9 of the

moments. The cleanup factor 14 (kT)2}} (ear/p(M))Nete is at most C, as (g7y + 30) Nepe > 3, and
so is the cost of a coarse flux under the lift (Lemma 13.6; fourth column), as kyr—1/k < 2. The
truncation row includes the Taylor part, as in the proof of Proposition 13.11.

Proof. (a) The preparation of Section 12 runs at the terminal level for Gy from t; = t(nr), the start
of the interval [t(ys),tf] on which G satisfies the invariant (Lemma 15.4(b)), so that ty = tn
and, for M > M,, t1 + 2hy < tin + 6nhpre1 + 2k < tr, as Proposition 12.7 asks. It uses that
proposition at m = M for G M, with Nyt e in place of Noyt and the constants of Lemma 15.4(b),
and Propositions 12.4-12.6 and Lemmas 12.8-12.15, which hold at m = M (Remark 12.16), where
the contrast xps—1/k is at most 2 (Lemma 15.1(b)), so that their powers of the contrast factor are

constants. Assembled as in Subsection 12.10, with the bound |[Ups ((ar)) ||HNbuf = < C||Oinll L2 (T2)
Pm

of Proposition 15.5(iv) (ﬁM(t(M)) = Unm(tr))s Pumol(M) = cmorem, Nour S wa) in place of the
molecular smoothing, they give II, depending only on G M and t(yp, the first two bounds, the second
as Q > 4+ 2qZ > Q. by (14.2), (14.3), (15.4) and (15.2), and the time tgy), a block boundary
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between two quiet margins, with ¢ + hy < tf%) < t(ar) + 2hp. Here G has paths of at most
NNen,w < Npath sources (the remark after Definition 15.3, and item (1) of Subsection 11.1), as
Proposition 12.7 asks; and that proposition holds with Noye in place of Noy, as its proof uses Nyt
only as the order J of Lemma 12.15, which holds for every J, in Step 4, and as the order of the

norms of Step 5, which the chart at ¢, changes by at most a constant. The third bound follows
by interpolation in Fourier between the second bound and the bounds of Uy, (tff)) in Hg;ﬂ}fj (T?)
(Lemma 15.8) and of IIU;(t(r)) in Hé\(fcj’\‘f)’fw('ﬂa) (the first bound), as 2Nyq . < min{ N w, Noute }
and ey < p(M).

(b) Proposition 8.3(c) applies to G’ at the order Noyt e, the scale p(M) and the diffusivity xp—1.

2

Its condition (i) holds since p(M) < ep—1 and p(M)st/;_Ql = HM—th5[X/;_1 < Ce%\fl_lﬁM_l

by (2.5); (ii) as in the proof of Proposition 13.10(i); and the coupling sums of G’ are at most 05%2_1
by clauses (b3) and (d) in the proof of Proposition 15.11, which bound the matrix (8.4) at the
order Nout o and the scale p(M), as it increases with both, p(M) < pmei(M — 1) and the seed’s
derivative order is at least Noyt e (item (2) of Subsection 11.1). That proof uses Lemma 15.4(b), on

[t(ar), tt], and bounds that hold at every time, so these clauses hold on [ty + 37az, t¢] D [tg/[),tf],

as t]grw) >ty + har >ty + 3u (proof of (a), (2.4)). The datum is bounded by (a).

(¢) The identities. Lemmas 13.1, 13.2 and 13.4-13.6 hold at m = M for éM, with Neor,e,
Nsreer Netey, Nrecjes MNVlen,w in place of Neor, Nere, Nel, Nrees Npath: CNJM is in the setting of the
lift (Section 13) with these orders, as it satisfies the clauses of the invariant (Lemma 15.4(b)),
its birth orders are at most 1 + nNeorw < Ny, its paths have at most niNjey yw sources (proof
of (a)), and its birth radii, those of Gy, are epry1 < 25(}\;15]\/1 < ey for M > M, (Definition 15.3,
Lemma 7.1(a)). The identity of Lemma 13.7 is exact, and the anchor does not change it, as only
the derivative J%; — kpr—11 of the covariance appears in it; the readout identity of G’ is that of
Lemma 13.8, with the same proof. By (b), T¢Y and its anchored exponential have the classes of
Lemmas 13.7(ii) and 13.5, as in Step 2 of the proof of Proposition 13.11 with Noutc, Nerc,es Pe il
place of Nyet + 3, Nge, p: by (15.7) and the first line of (15.6), Nout,e — Nerce — 2Pe — 2 > Nyece + 1,
which gives the orders 2p. + 1 and Nore + 1 of these lemmas. As in Step 2 of the proof of
Lemma 15.7, with the cost Cepr/p(M) of a derivative at the scale ej on slow factors, the proofs
of Lemmas 13.4-13.6 give, for N < Nyq, the same bounds with HY (T?) in place of L2(T?) in
the norm (13.4), reading N more orders. At N = Nq, the residual reads Y at most at the order
2Nide < Noute — 2, and the row of the old smoothings at cpeiens in Table 15.1 reads Y*¥ at the
order Nyge + Nmom,w + "Neor,w — 1 < Noute — Neore — 2pe (first line of (15.6)), up to which the
component energy of Y* at the scale pyo(M), with the diffusivity &, is at most C||6;,|| £2(T12), by the

proof of Proposition 13.10(ii) with the sizes of Lemma 15.1(b). So Y* solves the system of Gj; on
[tgy),tf] with a forcing, the residual, listed in Table 15.1; by (15.2), (15.5) and Lemma 15.1(b), each
is at most CEJ‘Q/[Cj12||t9;nHL2(T2), the energy of Y being bounded by (b).

The initial difference. At tgy) the anchored exponential is the identity, Y vanishes on the children,

and the correctors of the pulses whose cutoff is positive vanish, by Lemma 13.1, as the velocity added
at level M vanishes on [tgrv[) — Thrs tl(fy) + 7)) and t}()JrW) >ty + 37 So Yﬁ(tg/l)) = HﬁM(t(M)),
and by (a) the difference Up; — Y? at tffr”) is at most Ce?jﬁ\\&;nHLz(Tz) in Hg}fgj (T?).

Energy. Proposition 8.3(a) for G M at the order Vg, and the scale e,7, whose hypotheses hold as

in the proof of Lemma 15.8, bounds the left side of (c¢) by C' times the sum of the initial difference and
the residual, and E%jlg < 5%121 By (b), Yﬁ(t) € HNde (’]I‘Q)V, as Noute = Neore + 2Pe + Nige + 2

and the lift spends Neore + 2pe derivatives, and two more in the Sobolev embedding. O
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15.4 The first family of the induction

Proposition 15.11 makes the terminal successor, restarted at ¢, an admissible seed G = Gp;_1. The
reserve of generation 0 is the one the terminal cycle reaches from resys, and the markers of G’ are 1,
so declaring its components of generation 0 changes no coefficient, smoothing or mass. As G’ does
not descend from a seed, Lemma 11.7 does not apply; the main estimate is the recursion for (b3): a

. . . —6/2
new source gains 5%471 from its majorant and loses less than e M 1 1

Proposition 15.11 (The seed). Let M > M, and te == tl()]y) 4+ hy. Then te < tin + %to, and

the family G of level M — 1 obtained from G’ by declaring all its components of generation 0
is an admissible seed of level M — 1 on [te,ts] (Definition 11.2), with the bounds of item (3) of
Subsection 15.1 and constants depending only on «, s, q,(, A, n, ty, T.

Proof. By Propositions 15.5 and 15.10(a), and as M > M,, te < tin+6nhpr41+(C+1)hy < tin—l—%to7
and te > té]r\/[) > t(ur) 2 tin, 50 tf — te < T'; we check Definition 11.2 with tg = t.

(i). The components of Gy have total mass at most 2 (Lemma 15.4(b)), their children at most
065%3_21 times that. The sources of G m have birth orders at most 1 + nNcor,w, and the new ones at
most Ngrce. Along a path, at most Niep e + 1 new sources separate at most Nyep o + 2 runs of sources
of G M, each of at most nNjey v sources, so a path has at most (Nep,e + 2)(nNjen,w + 1) components.
The widths are ry, < &7 and p(M)SJ\@/f_1 < ep—1, and the birth radii of the sources from CNJM are at
most ep741, those of the new ones p(M) < epr_;.

(7i). The coefficients of G are those of G'. By (bl) of (iv) and the transport, as in Steps 6
and 8 of Subsection 11.6, each derivative of a coefficient costs at most £, , (the fast variable of
level M — 1; the slow ones cost €;,_,) and the transport costs sﬁf; < p?=?'; 50 the sum in (ii) at
p = ep—1, which increases with p, is at most C fac(c) maj(o)ky_1p%272 < Cmaj(c)kpr_1p%2, as
fac(o) < 1: it is 1 or a product of factors of letters of the G;_1 (Definitions 11.3, 15.9 and the proof
of Lemma 15.4(b)), each at most CE?£q1+2)w—6/16 <1 for M > M, (Lemma 15.1(a)).

(#ii). The cell solutions are those of the weak finite lifts, finitely many two-dimensional cell
problems per pulse (Lemma 15.2), each solved once, from zero, on the window of its pulse, in the
cell time kt/ 512 of its level ¢ > M, depending, among the pulses of level ¢ + 1, only on those whose
charts are used there; the terminal cycle solves none. Their invariance when the phases move along
the pulses and their determination on the window are proved as in Steps 1 and 2 of Subsection 11.6.

(iv): clauses (a), (b1), (b2), (b2). As in Steps 1, 2 and 4-6 of Subsection 11.6, for Ga; and G’ at
m = M, with Lemma 15.4(b) in place of the invariant, with the reserve res); on all components
of G, one step 1/(Ngen + 2 + Nog) above generation 0, and with the supremum in time, as every
bound used holds at every time. Three scale facts change: the correctors and the covariance gain
Ear/p(M) < CeDF (Lemma 15.1(b)) and [Tar(t) — Tas(t97)|/p(M)2 < C£3,_, (after (15.8)); in
Step 5, the cell average of a source o of G subtracted by a mean letter along o gains (p, /p(M))¥—2
or (pg/sM_l)d_d/, at most Ce?\}fi’é as po < enp41, in place of kyr/kpr—1, which is not small here;
and in Step 6 the birth radii epr41 and p(M) < Csﬂjf” are below ppe(M — 1) > ce}\}j{Z, and
the widths 7, p(M)e%_l below epr_1.

(iv): the recursion for (b3). The markers are 1, so the two choices w, and w,/¥? of the masses
agree. Step 3 of Subsection 11.6 uses Definition 11.3 only through two facts, which hold for Gy and G
by Definition 15.9: the copies keep the masses of the family, and the entry of a new source is at most
a fixed number times the product along its path. It uses the invariant only through the old priced

sums, which must be at most 3 and are at most C’s?\SIquQ)'Y*S(s/M here, with prices 1 (Lemma 15.4(b)).
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So the computation of (11.20) applies, with C' depending only on the numbers of words and letters
and on Chaj. A new source gains z—:g/[ ; from its majorant C’maJe?\/[ 5/116 which clause (bl) justifies
as in Step 5 of Subsection 11.6: the mean letters gain powers of £p/p(M), and the covariance and

defect letters €}, ;, by the scale facts above (for the defect letter, the bound after (15.8) replaces

Lemma 10.3(b)). It costs the power 51\/16/1 of its coefficients, the square root Ce,," 9/64 6f the mass
ratio, and the price 5M®71(Nsr°e 2 of its width p(M >6M 1~ Since O ( see — 2) < 750 by (15.3), the

exponent ¢ — 1% — & — O¢(Ngre,e — 2) exceeds 225 > 15 and, as EM < qu(q 1) and q(q — 1) > 496,
every row and column sum of the priced majorant matrlx of G’ is at most
2(q+2)7—56/64 6—6/16—6/64—O¢(Nsre,e—2 5/2 5/4
Ce (Q+ )y—56/ +C / / ( )<C€/ <Cseed5]\g L

(iv): clause (c). (c1): the sources from Gy have the smoothing Sy, and the new ones the round
smoothings of Definition 15.9(iii); all have the inverse 2'/%I of the matrix of long axes, of | - |s-norm
2'2 < 2. and the order ¢ of the kernel Wy of their smoothings satisfies 20 — 1 > Nyom. (€2): by
Lemma 7.1(a), (c) and Proposition 2.1(c), pme(M — 1) > CSHZ{Q and p(M —1) > ceﬂjé2+5, and,
with ¢ —1 -3 =46 + ¢,

T p(M)€e
w < (- TA5+a(y/4+6/2) M-l (040
(M — 1) = G ’ b (M — 1) = CF1=1
r 12— p(M)els_ —1)(147/2+6) 44O
w < O (1H7/446/2)=1-7/2-3 M-1 o (a=D)(A+7/2+8)+qOe
o1 1) = o2 ’ o1 —1) = o

The exponents of the first line are at least ¢, those of the second at least g—1 > 46, as 3 +J < 1—72(q— 1).
(¢3): Lemma 8.2, with the constant matrices 27721,

(iv): clause (d). As in Step 8 of Subsection 11.6, the coupling matrices of G at the scale
Pmol(M — 1) are at most C times the priced majorant matrix, entry by entry, so their row and
column sums are at most Csé/ 2 L < nga/ 2 < Cooed€ ]\f[/ 5, by Lemma 7.1(a). O

15.5 From the first family to the solution 6

Representations of any order. FEach lift spends derivatives, so the representations on the way
back down have the orders nNeor,w + 3 (at epr) down to 3 (at epryn): for N > 1, a representation of
order N at wavelength X\ and its size sizey n(R) are defined by Subsection 5.6 and (5.13) with IV in
place of Nyep (sizey = sizey n,,), and Lemma 14.2 holds for them, with the same proof.

The composed weak lift. For ¢t € R, let Wy, (t)U = U for a field U of Gpryp, a func-
tion, and, for M < i < M +n, Wi_1(t)U = W;(t) Corr}'(t)Y}U for a field U of G;—; of class
CMAn=i+D)Neorwt1: 56 Wy (£)U is a function for every field U of Gy of class C™Neorw+1,

Lemma 15.12 carries a representation through the terminal lift at a constant cost, harmless as
only n 4 1 lifts remain: the anchored covariance is small against 6%\471 and the contrast bounded.

Lemma 15.12 (The terminal lift of representations). There exists C(a,s,q,(, A, n,to, T) such
that, for every M > M,, every field Y of G' on [tgy),tf], every t € [tl()]y),tf] and every representa-
tion R of Y (t) at wavelength epy—1 (of order Nyep), there exists a representation R* of its terminal
lift Y¥(t) (15.8) of order nNeorw + 3 at wavelength ey with size.,; pn.., ., +3(R*) < Csize.,, ,(R).

Proof. Let E be the base of R and N := nNcorw + 3; we follow the three steps of (15.8).
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Step 1: the readout. Scaled by w51/2, T¢ is the identity plus, for each child v" of v, one entry
eﬁf;/m(wv//wv)w < Cs?\j/ff, so |Y¢| < 2 for the norms | - |, by Schur’s test, and it maps R to a
representation of size at most 2size.,, ,(R) (Subsection 5.6).

Step 2: the exponential. For 1 < j < pe, on a profile of wavelength A\p > epr—1, (Tar(t) —
Do (D)) : V2) costs ([Tar(t) — Tar((87)/A2)7 < C (after (15.8)) and 2j derivatives; so it maps
the profiles, and the base read as a profile of wavelength e,,_1, to profiles of the same wavelengths,
of order N 4+ Ncore + 1 and size at most C'size.,, ,(R).

Step 3: the correctors. Corr®(t)P — P is the sum, over the pulses k with Hyz () # 0, of the
correctors of degrees 1, ..., Neore of P, read in the chart of k at z = y/eps. By the computation of
Proposition 10.7(a), with the bounds of Lemma 15.4(b) in place of its hypotheses and &y; < 272¢) (as
kar—1/k < 2), the coefficient of V¢P in a corrector of degree j > d > 1 is at most C(QI/QEM)JE%ZL <
C’Eﬁl\/[, and each of its derivatives costs CEX}; the chart has bounded derivatives at the scale ej;_1.
So, for a profile P of wavelength Ap > ep;—1, Corr®(¢)P — P is a profile of wavelength 3, with
6;\/[“;” COl“I"e(t)P — PHCé\JIW(TQ) < CZle 6]748(eM/)\P)d[P]CiV+NC°r’e(T2) < C}\I;S[P] since

d > 1 > s. The profiles of Step 2 keep their wavelengths, and the base, read at the wavelength e,

has 6]Tj[E]CévM(T2) < 6;;_1[E]CQM71(T2), as (ep/enm—1)'7% < 1. The three steps use at most

N + Neore + 2pe + 1 = Nyep derivatives, which gives the lemma. O

N+Ncor,
C')\ cor e(T2)7

By Lemma 15.13(a), the weak lifts do the same, each spending Ncorw derivatives, as their
correctors take derivatives of the field with a factor &; each. By (b), a Sobolev bound at the
wavelength ¢; becomes, after the lifts, a Hélder bound with the loss 5;41;:3, offset by the accuracies
of the weak passages, of the smoothing and of the terminal cycle.

Lemma 15.13 (The weak lifts of representations). There exists C(«, s,q,(, A, n,ty, T) such that,
for every M > M,, M <i< M +mn andt € R, the following hold.

(a) For every representation R of a field U of G; of order (M 4+ n — i) Neorw + 3 at wavelength €;,
there exists a representation R* of Wi(t)U of order 3 at wavelength, € pyyp, with size€M+n73(Rﬁ) <
C'sizec; (Mt+n—i)Neosw+3(F)-

(b) For every field U of G; with components in H™i(T?),

WO lcwe(r2) < Ol Ul g -

Proof. (a) By induction on M +n —i: |[T¥| < 2 as in Step 1 of the proof of Lemma 15.12, and
d:f < C’eg, each
derivative costing Cai_l (proof of Lemma 15.4(a)); so Step 3 there, with ¢; for €57 and no exponential,
gives the passage, which spends N derivatives. (b) As in the proof of Lemma 14.3, U, with no
profile, is a representation of order N; — 2 = (M + n — ) Neor,w + 3 at wavelength ¢; of size at most

Ce; 9|0 and Lemma 14.2(a) with the order 3 give (b), as €; > err4n. O

the coefficient of V?P in a corrector of degree j > d > 1 of Corr}" is at most ngei

iy (@)

In Lemma 15.14, the difference between 6 and the solution of the terminal successor, lifted through
the terminal cycle and the n weak passages, telescopes into the errors of Lemmas 15.7 and 15.8 and
Proposition 15.10(c), each read in C%*(T?) by Lemma 15.13(b).

Lemma 15.14 (Recovering ). There exists C(a, s,q,(, A,n,to,T) such that, for every M > M,
Oin and 0, with Wy Y#)(t) == Wi (1) YE(t),

16— WMYﬁ”Loo tint Lto,:],005 (T2)) = CE?V[—lHGinHL?(’]T?) .
(Itin+gt0ste] (T2))
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Proof. Let t € [tin + jto,t¢], s0 t > te > t(). AS Nuw > Nide = nlNeorw + 5 (item (4) of
Subsection 15.1), by the Sobolev embedding W;_1(t) applies to U;_1(t) and Wy (t) to Y#(t), whose
components lie in HVww (T?2) and HMde(T?) (proof of Lemma 15.7, Proposition 15.10(c)). By
Proposition 15.5(i) and the definition of the W,

M+n
0(t) = Wa(DYH(t) = Y Wit)[Ui(t) — Corrf () ¥ U1 (8)] + War(8) [Una(8) — YE(8)],
i=M+1

and Uy — Y = (Unr — ﬁM) + ((7M — Yﬁ). We bound each term by Lemma 15.13(b), with EX/}J:S <
Ceﬁqn and sj/};f < ngfj?(lﬁ) (Lemma 7.1(a), s < 1). By Lemma 15.7 and Proposition 15.5(iv),
each term of the sum is at most CeﬁqnaﬂzanQinHLz(Tz); by Lemma 15.8, whose order Ni;y —
Nuom,w — "Neorw — 1 is at least Nyge > Ny, and as (7 + g)Nmom’W > 2+ 2¢" (item (4)), the
q"stjz‘}r1+2q” 16

term with Uy — Uy is at most CEX} inllL2(T2); by Proposition 15.10(c), the term with

~ _n+1
Uy — Yt is at most Cscj\?jg " (HS)HQinHLz(Tz) = 05%71\\9;n\\L2(T2). As ey < epr—1, the sum is at
most 08%\4_1”&””[/2@2). ]

15.6 Proof of Proposition 5.1

Proof of Proposition 5.1. Let M > M., k € Ky and tiy € R. The times # (57, tgy), te € [tin,t;n—i-%to],
the map IT and the admissible seed G of level M — 1 on [te,tf] depend only on M, k and ¢,
(Propositions 15.5, 15.10 and 15.11). Given 6;, and 6, let Y be the solution of G’ of Proposition 15.10
and g = Y (t), a datum of G with [|g[| 2 (12) < C||in|| £2(T2) by (b) there. As the systems of G and G’
coincide, the solution U of G from g at time t. is Y on [te, tf] (Proposition 6.2). For [t1,ts] and E as
in the statement and t € [t1,t2] at which R(t) exists (so ¢ > te > tl()]y)), Lemma 15.12, applied to
the representation R(t) of U(t) = Y (t), and then Lemma 15.13(a) at ¢ = M give a representation
of Wyr(t)Y*(t) of order 3 at wavelength €74, of size at most CZ, so HWM(t)Yﬁ(t)HCo,s(Tg) <C=
by Lemma 14.2(a). With Lemma 15.14, [|0(t)[|co.s(r2y < CZ + C||0inl|r2(r2) for almost every
te [tl, tg]. O

Index of notation and terms

The main symbols, by topic, then a glossary of terms, each with the place of its definition; local symbols
are left out. Throughout, k indexes pulses, [ renewal blocks and m levels (a second level is i: in a chain, in
Definition 11.4 and in the entry; Subsection 14.4 writes j and 4); M is the terminal level (k € Kyy).

General notation

T =y C~ly < 2 < Cy, with C depending only on a, ¢, ¢ 82
LY,y > for m > 2: © < Cef,_,y, with ¢ > 0 and C depending only on «, ¢, §2
1, |+ oo Euclidean norm; largest modulus of a coordinate; their operator norms §2
(9)E the average f, g of g over E §2
|- 1lcosss []eo.s Hélder norm and seminorm (3.1)
Vi, Vig (—0o,01); the array of the 27 ordered derivatives of order j of g §2, §8
Parameters and exponents

a, B Holder exponent of the velocity field b, 0 < a < %; =1+« 82

s Holder exponent of Theorem A, 0 < s < %(1 —a) §2

q supergeometric scale separation parameter, &, < el | for m > 2 (2.1)
A minimal scale separation, €,,-1/&, > A > 128 82

¢ the cutoff function, which switches the pulses on and off (2.2)
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0% K < €557 for 1 <m < M, and HMXE/XJW (2.3)

0, t, M time-scale separation; cost exponent of a level (5.2); readout exponent (2.3)

Ao threshold for A, declared with its dependence in each statement Thm. A
The reduction and the main results

tin, Oin, 0, K; to, T initial time, datum, solution, diffusivity; waiting time, horizon Thm. A
S the solution operator 6, — 0(ti, + 1,-) of Theorem B §3

n number of levels kept finer than M Prop. 4.1
w; Wo, W1 relative size of a skew perturbation; its thresholds 84

P, <I> 0 stream functions, ® smooth and close to ®; the solution for P Prop. 4.2
a, b, the coefficient, with a — I skew, and the divergence-free drift Lem. 4.3
T, Ttube, Tobs tube of Theorem C and its radius; radius of the observed disc (9.11)
grer, Urer the periodic comparison solution; the same in the coordinates y Lem. 9.3
Scales and windows

Em wavelength of level m; gp =1 (2.4)

Romy Thy T renewal time (the length of a block), margin time, pulse time (2.4)

ik the renewal block of pulse k (2.8)

Crm ks Zva Em,;@ fast cutoff of pulse k; slow cutoff of block [; envelope of pulse k (2.7)—(2.10)
H; Hoke smooth step; time cutoff of pulse k, on its window [t — k7| < 817, (2.9), (10.2)
p(m) (Km—1hm)'?, the effective diffusion length over a renewal time (5.5)
Pmol (M), Cmol the molecular radius and its constant (11.1)
Tm, O width p(m)eS _; of the fresh smoothings of level m (14.1)

Ty, Ow width 5%7/44'6/2 and smoothing (over round discs) at level M §15.1, §15.3
Serq the average over the ellipse {y — rQ2z : |z| < 1} with the kernel W, (6.2)
Times (Figure 5.1)

te entry time, ti, <te <t + %toz the solution of the seed starts there Prop. 5.1
ts; mg start of the window [tg, t¢] of an admissible seed; its level Def. 11.2
ta, t(l) start of the admissibility window [ta, t¢]; at level 4 Def. 11.4

te start of a cycle, t. > ta + 37, Prop. 5.3
tor preparation time, a block boundary in [tc,t. + 4h.,]; Y starts there Prop. 5.3
tl(frw) preparation time of the terminal cycle; start of Y; ¢, = tpr[) + hyr Prop. 15.10
L(m) start of the solution U,,, also for M < m < M + n (Section 15) 85.2

te final time of the windows and the tube; t;, + T in Prop. 5.1 and §15  §5.2

The velocity field and its flows

Ym k3 (k) shear stream of pulse k; its direction of flow (2.6), (2.16)
eé;ﬂ) the coordinate vector other than e, §10

®m, bm; &, b stream function and velocity of the levels up to m; their limits (2.12), (2.14)
X (t,z,t) position at time ¢ of the trajectory of by, through x at time ¢/ (2.11)
Ko i; ¥m(t,y) conductivity of the chart of block /; the level-m stream in a chart (7.8), (7.11)
chain C; m. chart parameters across the coarser levels; the carrier level (11.7)
Diffusivities

v, J¥ (t) a generic diffusivity (as in Prop. 6.2); the averaged flux of level m (2.16)

K, (v) the average of J¥, over a period (2.17)

K, K the bands; their union, the permissible diffusivities (2.18)

Em effective diffusivity of level m: kas = K, Km—1 = Kpm(km) (2.19)

Em corrector amplitude sm(mm,l/nm)l/z, with the contrast k,;,—1/km §5.1

T (t) the covariance of the level-m pulses (5.11)
Families and their norms

G; V, v wy, Uy a family; its components; the mass and the marker of v 85.4

o:v = v; Se, 7o a source; its smoothing and the width of the smoothing 85.4

Wy, £ kernel of the smoothings, with vanishing moments of orders 1,...,2¢ —1 (6.1)
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Asa; 9, U coefficient of order d of o, 2 < d < Ng.; a datum and the solution (5.6)

L%, L%, H ;JXG weighted norm, marked norm and Sobolev norm of a family (5.7)

H,ﬁv; H;Yw, H,(,,]Z}”) N derivatives at scale p; weighted, at one order or per component (5.8), (8.1)

By, BNP the coupling matrix; the coupling matrix of order N at the scale p (5.9), (8.4)

F, F° flux forcing and scalar forcing of a system (8.2)

G'; #0' the successor; the number of letters of the word of v/ §5.4, (5.10)

G, Un, the families of the homogenization cascade and of the entry, and their §5.2, §15
solutions

G, Un G v with its sources smoothed by Sy,; its solution from Uns(t(ar)) §15.3

dy, po, Tac, maj birth order, birth radius, factor fac(c) and majorant maj(o) §11.1

Alt,y, z) two-scale form, read at z = y/e,,; transverse if a function of z - e(Lk) §10

Il N1 Allan,v Wiener norm on the window of a pulse (10.18); analytic norm (11.9)

The lift, the correctors and the representations

Y., Yt Corr,, readout; lift of a field Y of the successor; corrector operator (5.10)

exp,, the exponential series truncated after the degree p (5.11)

Yy’ exp, (I : V3)Y,, Y, so that Y = Corr,, Y” (13.2)

1I the preparation map Prop. 5.3

Xom ks Xom the corrector of pulse k; the glued corrector (Lemma 10.2) (10.3)

K(t,y); Lo a conductivity on the window of a pulse; the cell operator §10.3, (10.10)

Vi, Mj.a correctors of degree j and means of the finite lift, per path or summed Def. 10.5

Corrp, i, M, the corrector operator on pulse k; the mean flux (10.23)

|U(2)]w, CN pointwise norm of a field of a family; norm, seminorm at scale A (5.12)

R;E,PeP, Ap representation at wavelength \.; base, profiles, their wavelengths §5.6

R* the representation of a lifted field, built from R (Lemmas 15.12, 15.13) §15.5

= a bound on the sizes of the representations of U () Prop. 5.1

The preparation (Section 12)

Yo, K(t) the point at which the conductivity is frozen; the frozen conductivity §12.2

L2 nos HY o the moment norms about yo (12.8)

Re, Z¢ the principal branch and its symbol Prop. 12.4

Hl (&), co low-frequency cutoff H(2 — &,,|¢|/c10), cio of Prop. 12.5 §12.8

va an insertion: a source term with polynomial coefficients (12.18)

Ut the terms of the Duhamel expansion of a family §12.6

vl ... U a Duhamel term of length N §12.6

Ut, Ugr a test, a solution of the adjoint fibre equation; the branch test (12.19)

|ﬁ|...;5, llgll....e the normalized £-jet and the moment data at £, of orders Ny, N’ §12.8

e, ) ien models of a Duhamel term over a block, the future block, the renewal §§12.8-12.9

Hp_iy N'+25 Noeg negative norms, dual to the moment norms; the negative order §12.9

Orders (chosen in the order of Table 11.1, which gives their conditions)

Neors P corrector order (largest corrector degree); truncation order of exp, 85.3

Nret, Nout order controlled by a cycle; order of the preparations 85.3

Nrep, Nere, @ representation order; source order; accuracy exponent 85.3

Z; Nmom power-loss exponent; moment order of the smoothings (14.2), §11.1

Ngen, Nien generations kept; length of the longest word §11.1

Nword, Npath number of words; path bound (11.5), §11.1

Neoefy, Nan, Nof derivative-bound order; weight order and offset of the analytic norm  §11.1

Ndep, Nout depth of the Duhamel expansion; order of the molecular smoothing (12.2)

Nal, Nyee cleanup steps for the cell tail; order of the reconstruction (13.5)

Neor,ws Nien,w corrector order and word length of the weak passages (15.1)

Qe, Nsrc,e, Oc accuracy, largest new birth order, width exponent of the terminal cycle (15.3)

Neor,es Pe corrector order and truncation order of the terminal cycle (15.2)
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Nlen,e7 Ncl,e
Nmom,wa Nmom,e
Nrd,e7 Ntr,wy Nout,e
N;

word length and antidivergence steps of the terminal cycle (15.2)
moment orders of the smoothings at level M and of the terminal cycle (15.5)
terminal recovery order; weak trace order; terminal output order (15.7)
(M +n—1%)Ngor,w + 5, the order at which a field of G; is read back down §15.2

Constants and thresholds

C,c

mo

M*7 Ml

Csccda Ca.dm; C(maj
CQ7 Cwida Cderv Cjet

generic constants; dependence declared in each section and statement each section

the top level, the largest threshold on the level in Sections 11-14 §5.3, §11.1
thresholds for the terminal level (M;: Proposition 4.1) Prop. 5.1
seed constant; bound on majorant and coupling sums; cycle factor 811.1

constants of the invariant (with the ¢;): smoothings, widths, derivatives §11.1

Can the strip constant 1/20000 of the chart parameters §11.3
Terms

activity weight the weight wy,, (t) of the norm || - || v (12); N, ¢ (12.23)
admissible family a family descended by cycles from an admissible seed Def. 114
admissible seed a seed that satisfies Definition 11.2 Def. 11.2
allowed chain a chain of levels at least m. whose centres satisfy |y(?)|; < 3canei/4 (11.7)
averaged flux J¥ . the spatial average of the flux of the correctors of the pulses (2.16)
base, profile the smooth part and the oscillating parts of a representation 85.6
Bloch sum Bg(&, z), the sum (12.9) of a field g about yq (12.9)

branch test

cell average

cell inverse

cell solution

cell tail

cell time

child, parent
comparison
component energy
contrast factor
corrector amplitude
covariance
covariance letter
cycle

defect, defect letter
entry

family

fibre equation
finite lift

frontier flux
generation

halving interval
homogenization
cascade

invariant

lift

marked amplitude,
Am

marker

mass
mean letter

moment term

the test from 1 at a quiet time (off-branch: orthogonal to the principal §12.6
branch)

the average in z of a two-scale form of a source, carried by its transport Def. 11.3
the solution of a cell problem across a pulse; xk, the corrector in K Lem. 10.4
a function built from two-dimensional cell problems of a family Def. 11.1
Tk, the operator left by the correctors of pulse k, of degrees above Ny, Lem. 13.2

€2, /km, the time diffusion takes to cross a period cell §2.5

a component created by a cycle; the component it comes from §5.4

the bound on U — Y* in a cycle Prop. 5.3
the quantity (13.3) of a field, of an order, at a scale, with a diffusivity (13.3)
L+ &m/em =14 (Km—1/km)"? §12.6
€m, the size of the correctors of level m per derivative §5.1

Iy, (%), the accumulated surplus of the averaged flux over w11 (5.11)

a letter for the means along a path conjugated by powers of FI',, : V2 Def. 11.3
one homogenization step, from level m to level m — 1 Prop. 5.3
the mean flux along the empty paths minus J& (¢)V; its letter §10.5
from 6 at level M + n up to the seed, and the lift back down Prop. 5.1
a coupled system of equations of one level §5.4

the equation of the periodic part of a Bloch wave at the frequency ¢  (12.5)

the correctors and means of a system on the window of one pulse Def. 10.5
Ff the readout of the flux into the omitted components Lem. 13.8
gen(v), the number of cycles that created the component v §11.1

a few cell times in which solutions and tests halve; #[t, "] counts them §12.7

the entry and the cycles, up the levels, forward in time §5.2

the bounds satisfied by the admissible families Def. 11.1
Y# from a field of the successor to the components of G (5.10)
the norm ||Up.| oo (ft,,y.41:22 (72)), carried up the levels §5.2

the number ¥, which grows with the generation; marked norm: || - || 1z, §5.4

the number w, of a component §5.4

the letter for the means of the lift along a path Def. 11.3
UV a term UVl of a Duhamel term times ((y — yo)/p(m))’ §12.6
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outer domain
passage

path
preparation
price

pulse

quiet margin
readout
regularity cascade
renewal block
renewal chart
representation
reserve
retained trace
seed

shear displacement
size

source

successor

terminal cycle
terminal level

terminal lift

terminal successor
test

transport

weak family

weak lift

weak passage
word, letter

zone

zone part, F'©
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D, with 2 in place of res(v); its real points are the allowed chains (11.9)

a cycle read back down on representations, at a fixed time Prop. 5.4
sources o1 - - - 04, each starting where the previous one ends §10.3
I1g, close to the solution at t,, and smooth at the scale p(m) Prop. 5.3
max{1, (ps/r,)% ~2}, which enters the priced majorant matrix (11.3)

an odd slot k of level m, active for a time of about 7,,, around k7., (2.6)

the pulse-free end of a renewal block, of length 7/, (2.10)
T,., which adds each new component to its parent (5.10)
the passages and the lifts, back down the levels, at a fixed time Prop. 5.2
[(1 = $)m, (I + 3)hy,), with the Lagrangian coordinates of by, (2.8)

y = Xpm—1(t,y,lhy,), inverse to the Lagrangian label y §7.3

a base plus profiles, each measured at its wavelength 85.6
res(v), which fixes the radii of the domain D, of the analytic norm (11.9)
the datum of G’ obtained by inverting the truncated exponential 85.5

a family whose components have generation 0 and marker 1 §5.4

the map y — y + (f: Cnk) VU 1 (y) of (7.13) §7.3
sizey, (R), which bounds the C%* norm (5.13)

a coupling term between two components, with a smoothing §5.4

the family of level m — 1 that a cycle produces Def. 11.3
the cycle of the entry at level M, which passes to kar—1 85.7

the level M of the band K that contains k (2.18)
the lift of a field of G’ with the anchored covariance I'ps(t) — T M(t&“) (15.8)
the successor G of Gy, of level M — 1 Def. 15.9
a solution of the adjoint fibre equation, paired with Duhamel terms  (12.19)
coefficients carried from y to x (Piola identity, chain rule) (11.8)
the family G;_1, M < i < M 4 n, made from G; at the diffusivity x = Def. 15.3

Corr}' ()Y}, weak readout, then correctors; W;(t), the composed lifts §15.2

a step of the entry at a level finer than M, at the diffusivity §5.7
the label of a created component; a letter names a source term 85.4
the frequencies with £,,|€|oo < 7, the cell frequencies §12.2

Fzone the part of a field at the frequencies &, [¢| < 7/2; Flo = HleF §12.9
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