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Abstract. We prove that every closed smooth Riemannian n-manifold admits a
smooth isometric embedding into Rsn+28, where sn = n(n + 1)/2. This improves the
previous upper bound sn + max{n + 5, 2n} to a dimension-independent surplus of 28.
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1. Introduction

Let (M, g) be a smooth Riemannian manifold of dimension n. An isometric embed-
ding of (M, g) into RN is a smooth embedding f : M → RN satisfying
(1.1) ⟨dfx(u), dfx(v)⟩ = gx(u, v) (x ∈ M, u, v ∈ TxM).
In local coordinates this is a system of

sn = n(n+ 1)
2

equations, one for each independent metric coefficient, and N = sn is the smallest
dimension in which one can expect solvability for every metric (Remark 1.2). We call
N−sn the surplus. Nash [Nas56] proved that every closed Riemannian manifold embeds
isometrically in a Euclidean space, and Günther [Gün89a, Gün91] obtained the sharpest
classical bound

N = max
{
n(n+5)

2 , n(n+3)
2 + 5

}
= sn + max{2n, n+ 5}.

In these results the surplus grows linearly with n. The main result of this paper replaces
it by a constant.

Theorem 1.1. Every closed smooth Riemannian manifold (Mn, g) admits a smooth
isometric embedding into Rsn+28.

No orientability, parallelizability, connectedness or Euler characteristic assumption is
made. For n ≤ 14 the theorem follows from the classical bound, since max{2n, n+5} ≤
28 exactly when n ≤ 14; its content is the range n ≥ 15. The seven-label construction
described below is used for n ≥ 16, and the case n = 15 uses a nowhere-zero vector
field, which exists on every closed odd-dimensional manifold (§20).

Remark 1.2 (The universal dimension sn cannot be lowered). Let N < sn. Then some
smooth metric on the torus Tn admits no C∞ isometric immersion into RN . Indeed,
fix k ≥ 0 and consider maps F defined near 0 ∈ Rn with F (0) = 0. The k-jet at 0
of (dF )TdF depends polynomially on the (k + 1)-jet of F . The (k + 1)-jets form a
space of dimension at most N

(
n+k+1
n

)
, and the k-jets of symmetric matrices a space of

dimension sn
(
n+k
n

)
. Since

(
n+k+1
n

)
= n+k+1

k+1

(
n+k
n

)
, the first is smaller than the second as

soon as (sn −N)(k+ 1) > Nn, which holds for large k. For such k the image of the jet
map has measure zero, so it misses a jet with positive definite constant term. Its Taylor
polynomial is a positive definite metric near 0; gluing it to the flat metric by a cutoff
equal to 1 near 0 and supported where the polynomial metric is positive definite gives
a smooth metric on Tn, and an isometric immersion of it would realize the omitted jet.

Background. A map is free if its first and second derivatives ∂iF , ∂i∂jF are linearly
independent. For a free map the linearized metric operator has an algebraic right inverse,
and this is the mechanism of the classical proofs [Nas56, Gün89a]. It costs a surplus
linear in n twice over. First, a free map needs N ≥ n+ sn, simply to accommodate its
columns. Second, a free map exists only if there is a bundle monomorphism J(TM) =
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TM ⊕Sym2 TM → εN , and for general M the characteristic classes of J(TM) obstruct
such a monomorphism unless N − (n+ sn) is comparable to n.

The idea of the proof. We replace freeness by a weaker condition. A covector ξ is
good for an immersion F if the second fundamental form of F is injective on Sym2(ker ξ),
and F is phase regular if every point has a good covector; no continuity of the good
covector is required. For phase-regular maps an exact metric correction holds as soon as
N ≥ sn+1 (Theorem 6.1), with all derivatives in transverse parameters, uniformly over
atlases with any number of charts, and for polynomially degenerating phase margins
(Theorem 6.3). The global problem is then reduced, by composing with fast phases on
products of Hopf spheres (Theorem 7.1), to the construction of one exactly isometric
phase-regular map, a selector, on a model space.

A genuinely free structure is needed only on a subbundle of TM of rank m = n− 6,
whose complement in the target has rank comparable to n, so that general position
applies. The remaining six tangent directions are carried by an exactly isometric free
map of a product of six Hopf spheres into R28 (Theorem 5.1), and the mixed second
derivatives between the two blocks are produced by a normal tensor T : E ⊗ R7 → W
with seven labels. Its coefficients come from a four-dimensional space of 3 × 3 matrices,
the complement of an orthogonal product configuration of Tiles type from the theory
of unextendible product bases [DT01]. The tensor must satisfy a flat alternating Gram
identity, two regularity conditions and the bound

dimC BT ≤ 4

on the complex family BT of five-dimensional label planes H ⊂ C7 with kerTC ∩ (EC ⊗
H) ̸= 0. This bound is proved by two incidence counts, one over the region where
the six active directions split off (Theorem 11.6) and one over the corank-one locus
of a generic six-frame (Proposition 12.1). It controls the characteristic variety of the
mixed rows of the metric equation, which leads to a periodic differential right inverse
(Proposition 17.3). The bound 4 = k − 2, with k = 6 active variables, is critical: the
raw characteristic locus then has dimension at most k, and Lagrangian components are
excluded by a Hessian identity and polynomial jet interpolation on the Hopf spheres.

The dimension count is as follows. For n = m + 6 the principal model consists of a
free block in Rjm , jm = m+ sm, a seven-frame of normal vectors, and a residual normal
bundle of rank 5(m+ 1) + 10, for a total of

DP = jm + 7 + 5(m+ 1) + 10 = sn + 1.

The old map lies in a hyperplane of dimension DP − 1. The six active directions are
carried by the free Hopf block in Rj6+1 = R28, whose unit cofactor normal plays the
role of the remaining model coordinate, so that

N = (DP − 1) + (j6 + 1) = sn + 28.

Section 21 shows that 28 is the least surplus compatible with the full complex seven-
label condition and these two identities. This is a limitation of the construction, not
an obstruction to isometric embeddings in smaller dimension.
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Organization of the paper. Section 2 describes the proof step by step and Section 3
fixes notation. Section 4 proves the foliated, parametric and relative free realization
theorem, Section 5 constructs exact free Hopf blocks, and Section 6 proves the exact
metric correction. Section 7 passes from selectors to isometric immersions and then
to embeddings. Section 8 constructs the source bundles and their complete boundary
classes. Sections 9–12 construct the seven-label tensor: the coefficient model (§9), the
incidence estimates (§10), the exterior count (§11) and the core count (§12). Sections 13
and 14 prepare the active block, the protected collar and the horizontal frame, and Sec-
tions 15–17 construct the periodic inverse. Section 18 completes the metric, Section 19
absorbs the surviving line, and Section 20 proves Theorem 1.1 in all dimensions. Sec-
tion 21 proves the lower bound within the construction. Appendix A specifies the finite
exact computations used in the proofs.

2. Outline of the proof

Throughout, γ(F ) = (dF )TdF denotes the induced metric. We fix n ≥ 16 and the
parameters
(2.1)
q = 7, k = 6, m = n−6, M = n−5, r = n−4, c = 5, C0 = 10;
the cases n ≤ 15 are treated in §20.

Step 1: Free realization. Free maps realizing a prescribed complete formal class
with prescribed leaf metric exist in the foliated, parametric and relative setting when
the target exceeds jd by at least five (Theorem 4.1). The class is realized by the higher-
order ample theorem, the map is shortened along the leaves, and the deficit is added
by a supported metric primitive with parameters built on Günther’s construction.

Step 2: Exact free Hopf blocks. On a product of d Hopf spheres there is an exactly
isometric free map into Rjd+1, one dimension more than the number of its columns,
independently of the sphere sizes (Theorem 5.1). The induction adds one sphere at a
time with an orthogonal matrix primitive whose orbit moments are prescribed exactly,
and removes the remaining error by an exact metric correction on a torus bundle.

Step 3: Exact metric correction. For a phase-regular map in RN , N ≥ sn+1, every
nearby positive metric is induced by a nearby map (Theorem 6.1). Positive defects are
produced by the quadratic part of high-frequency normal waves in good phases, and
the oscillatory errors are removed by finite differential formulas; one smooth iteration
converges in every norm, including transverse derivatives. A quantitative form allows
phase margins and reference bounds that degenerate polynomially in a small parameter
(Theorem 6.3).

Step 4: Selectors and embeddings. A selector is an exactly isometric phase-regular
map on B × (S2C−1)s, isometric along the Hopf directions with coefficients in a bundle
W ⊂ B × Rs. Composing a selector with fast Hopf phases and correcting the small
metric error by Step 3 gives an isometric immersion of every closed (M, g) with TM ∼=
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f ∗W (Theorem 7.1). For N ≥ sn+2 exactly isometric families of probes remove double
points (Theorem 7.4).

Step 5: Source bundles. A generic six-frame in TM has corank at most one, along
a core of dimension at most five, where it determines a possibly nonorientable line
(Proposition 8.3). Two source transports identify the complete boundary classes of the
exterior and the core (Proposition 8.2).

Step 6: The seven-label tensor. For symmetric operators on E the tensor T :
E ⊗R7 → W of §9 has a flat alternating Gram, by the partial-transposition invariance
of the Tiles projector. Symmetric evaluation bounds the cokernels in the incidence
counts (§10). The exterior count, with old rank M ≥ 9 and reserve C0 = 10, and the
core count, with old rank r ≥ 12 and reserve c = 5, give parameters with dimC BT ≤ 4
and the regularity used later (Theorem 11.6, Proposition 12.1).

Step 7: Active block, collar and frames. The active free block shares its unit
cofactor normal with one model coordinate (Proposition 13.4). The activity is selected
before the tensor is perturbed, a normalized collar scaling keeps the boundary data,
and the actual normal frame is made horizontal by an h-principle for an infinitesimally
invertible relation (§14).

Step 8: The periodic mixed inverse. With the tensor fixed, the mixed rows of
the metric equation lead to a periodic operator on the active Hopf source. Its adjoint
presents a D-module whose characteristic variety is controlled by the bad-label set.
Relative involutivity [Wu22, Theorem 2.1], the exclusion of Lagrangian components
for a polynomial activity, and one killing point on every orbit show that the module
vanishes, which gives a differential right inverse depending smoothly on all parameters
(Proposition 17.3).

Step 9: Completion and the surviving line. The selector is completed to any
finite precision by the periodic inverse and the free pairing inverses (Proposition 18.1)
and made exact by Theorem 6.3. Over the core, the surviving line is absorbed by a
twisted normal construction in the same target (Theorem 19.4).

Logical dependence. Steps 1 and 2 are independent of each other and of Step 3.
Step 3 is used in Steps 4, 7 and 9, Step 1 in Step 9 and in the cases n ≤ 15, and Step 2
in Step 7. Steps 6 and 8 use no analytic input from Steps 1–4.

3. Notation and conventions

All manifolds, bundles, metrics, and maps are smooth unless another regularity is
specified. A closed manifold is compact and has no boundary. We write

sd = d(d+ 1)
2 , jd = d+ sd, J(E) = E ⊕ Sym2 E.

The trivial real bundle of rank a is denoted by εa. Inner products identify duals when no
ambiguity can result. Symmetric powers carry their induced inner products; changing
their normalization changes only positive constants in singular value estimates.
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Let E ⊂ TX be an integrable distribution. A torsion-free connection along its leaves
defines the complete column map of a map F : X → RN by

JEF (v, S) = dEF (v) + HessE F (S).
The map is E-free if this bundle map is injective. Changing the leaf connection adds
first columns to second columns; the resulting triangular operation preserves injectivity
and gives a homotopy through injections. The complete free class is the homotopy
class of the injection JEF , including its first columns. A prescribed formal free class
is a given bundle monomorphism J(E) → εN . Relative classes agree with the actual
complete jet on a neighborhood of the prescribed closed set.

For an integrable rank-n distribution D, n ≥ 2, put
γD(F ) = dDF

∗dDF, BF = ΠdDF (D)⊥ HessD F.
The second expression is independent of the leaf connection. A D-immersion is phase
regular if at every point there is a nonzero covector ξ ∈ D∗ such that BF |Sym2 ker ξ
is injective. Such a covector is called good. With fixed auxiliary tangent norms, the
best-phase margin is

µ(F, x) = max
|ξ|=1

σmin
(
BF (x)|Sym2 ker ξ

)
.

It is a continuous positive function for a phase-regular map. No continuous choice of a
maximizing covector is required. Norms of a partial map include all source derivatives,
including slow parameters and directions transverse to the leaf distribution, unless a
fiber norm is indicated.

Theorem 3.1 (Parametric relative open ample theorem). Let a first-order differential
relation for sections of a smooth fibration be open and ample in its principal affine slices.
Then a formal solution is homotopic through formal solutions to a holonomic solution.
The statement holds for compact parameter families and relative to a neighborhood where
the family is already holonomic.

We use this theorem in the form of [EM02, Theorem 18.4.1]. Each application below
checks the principal affine slices. The corresponding higher-order ample theorem is used
only in the free-realization argument, with the slice check in Lemma 4.2; see [Spr98,
Chapter VIII, Theorem 8.12].

The foundational results are proved in the next four sections. Theorem 4.1 realizes
a complete formal free class with its prescribed leaf metric and actual relative data.
Theorem 5.1 constructs exact free Hopf blocks in Rjd+1. Theorems 6.1 and 6.3 give exact
metric correction, including all parameter derivatives and polynomially degenerating
phase margins. Theorems 7.1 and 7.4 pass from a bundle selector to an isometric
immersion and then to an embedding. Their dimension bounds are checked at each
use.

A bundle selector is defined as follows. For a Euclidean subbundle W ⊂ B × Rs, let
Yj be the period-one Hopf generators on (S2h−1)s and let

Yw =
s∑
j=1

wjYj (w ∈ Wb).
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These vectors define an integrable distribution on B × (S2h−1)s, since their coefficients
are constant along each Hopf product. A selector is an actual map whose Gram matrix
on this distribution is the given metric of W and whose best-phase margin is positive.
The coefficient bundle, its inclusion, and the number of sphere factors are fixed before
the sphere dimension is chosen.

4. Relative realization of free leaf metrics

Let D ⊂ TX be an integrable distribution of rank d and put jd = d+ d(d+ 1)/2. A
torsion-free connection adapted to D identifies the complete leaf derivative of f : X →
RN with

JDf : D ⊕ Sym2 D −→ εN , JDf(v, S) = dDf(v) + HessD f(S).

We call f D-free when this map is injective. Changing the adapted connection adds first
columns to second columns and therefore preserves freeness and the complete formal
class. Write γD(f) = (dDf)∗dDf .

In this section we show that a free map with prescribed leaf metric exists in every
complete formal free class, relative to prescribed data and in families. The proof com-
bines the higher-order open ample theorem [Spr98, Chapter VIII, Theorem 8.12 and
its relative extension construction] with a parametrized form of Günther’s local metric
modification; the threshold N ≥ jd + 5 is that of [Gün89a, Satz 3.3]. Subsection 4.2
proves the local modification, with its dependence on transverse variables, and the last
subsection proves that the complete class is preserved.

Theorem 4.1 (Relative free realization). Let π : X → B be a smooth submersion
of compact smooth manifolds, with ∂X = π−1(∂B) when a boundary is present, and
let D ⊂ ker dπ be integrable of rank d ≥ 1. Suppose N ≥ jd + 5, and let h be a
positive smooth metric on D. Let A ⊂ B be closed and contain ∂B. On π−1(U), for a
neighborhood U of A, prescribe a smooth D-free map fA with γD(fA) = h.

Suppose that a bundle monomorphism

J : D ⊕ Sym2 D −→ εN

agrees with JDfA near π−1(A). Then there is a smooth D-free map g : X → RN such
that

γD(g) = h, g = fA near π−1(A),

and JDg is homotopic to J through bundle monomorphisms, relative to a neighborhood
of π−1(A).

If J = JDf for an actual global D-free map f extending the prescribed data, f and g
can be joined by an actual smooth path of D-free maps with the same relative condition.
These conclusions hold for compact smooth families without increasing N ; prescribed
family data are retained wherever they are already free and induce the prescribed metric.
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4.1. Realizing the complete formal free class.
Lemma 4.2 (Holonomic free columns). Let D ⊂ TX be integrable of rank d, let X
be compact, and suppose N ≥ jd + 1. A monomorphism J : D ⊕ Sym2 D → εN that
agrees with the complete derivative of a smooth map f near a closed set K is homotopic,
relative to a neighborhood of K, to JDF for a smooth D-free map F . One may require
F = f near K and arbitrary C0 approximation to f . If the first component of J is dDf
on all of X, one may require C1 approximation. When X has boundary, K contains a
boundary collar.
Proof. Choose an adapted torsion-free connection and a complement TX = D⊕C. Such
a connection is obtained by combining the coordinate connections of foliation charts
with a partition of unity: torsion-freeness and preservation of D in its own directions
are affine conditions. Write J = (j1, j2) and extend its first component to a formal full
derivative by

L(v + c) = j1(v) + df(c), v ∈ D, c ∈ C.

Its value component is f . A formal covariant Hessian is freely specifiable as a symmetric
tensor on TX; extend j2 by the actual Hessian of f on summands with an argument in
C. These are full formal jets with the prescribed actual jets near K.

Consider the open first-order relation of derivatives injective on D. In a principal
affine slice the derivative varies by ζ ⊗ u, u ∈ RN . If ζ|D = 0, the slice is either empty
or unrestricted. Otherwise choose a basis v1, . . . , vd of D with ζ(vi) = 0 for i < d and
ζ(vd) = 1. Only the last first column varies. In a nonempty slice its forbidden values
form an affine subspace of codimension N − d + 1 ≥ 2. Its complement is connected
and its convex hull is the whole affine space. The relation is therefore ample in every
full-source principal direction.

The relative first-order open ample theorem [EM02, Theorem 18.4.1] gives a formal
first-jet homotopy (ft, Lt) to the derivative of a map f1, preserving injectivity on D and
the prescribed neighborhood. Relative smoothing makes this homotopy smooth and
stationary near its endpoints; openness preserves its rank conditions. Put j1,t = Lt|D,
let j+

1,t be its smooth metric left inverse, and solve
Ṫt = (j̇1,t)j+

1,tTt, T0 = Id .
The solution is invertible and satisfies Ttj1 = j1,t by uniqueness. It is the identity
on the protected neighborhood. Consequently (j1,t, Ttj2) remains a monomorphism
throughout. At the endpoint its first component is dDf1.

Now consider the open second-order relation of complete free leaf columns. Its prin-
cipal variation fixes the full first jet and adds ζ2 ⊗ u to the covariant Hessian. If
ζ|D = 0, the slice is again empty or unrestricted. Otherwise, in the basis just used,
only the (vd, vd) Hessian column changes. A nonempty slice fixes jd − 1 independent
other columns; its forbidden affine subspace has codimension N − jd + 1 ≥ 2. Thus
this relation is ample in every principal direction, including directions with transverse
components.

We use the higher-order theorem only in its C1-dense form with holonomic lower
jet [Spr98, Chapter VIII, Theorem 8.12 and its relative extension construction]: if
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R ⊂ J2(X,RN) is open and ample in every principal direction, then every section
α of R whose 1-jet component is holonomic, α = (j1f1,H), is homotopic through
sections of R, relative to a neighborhood where it is already holonomic, to a holonomic
section j2F , with j1F arbitrarily C0-close to j1f1. The holonomy of the lower jet is
needed: for formal sections without it the second-order statement fails in general. The
relation ∂θf > 0 in J2(S1,R) has unrestricted top-order slices and formal sections, but
no solution. The first-order part is the relation already treated. Since N ≥ jd, an
injective L|D extends to injective complete columns by choosing H|Sym2 D with values in
a complement of L(D), which has dimension N − d ≥ jd − d = dim Sym2 D. Hence the
projection of the complete-column relation to J1 is the partial-immersion relation {L :
L|D injective}. Its slices were checked above, and it has the actual solution j1f1. The
principal subspaces are intrinsic: the fiber of J2 → J1 is affine over Hom(Sym2 TX,RN),
and H 7→ H + ζ2 ⊗ u does not depend on the adapted connection. Hence the slice
computation above gives the ampleness in coordinate directions required in [Spr98,
Chapter VIII].

Apply this to α = (j1f1,H), where H = T1j2 on Sym2 D and H is the actual Hessian of
f1 on pairs with an argument in C. The section lies in the relation because (dDf1, T1j2)
is a monomorphism. Near K one has f1 = f , T1 = Id and j2 equal to the leaf Hessian
of f , so α = j2f there. The theorem gives a homotopy αt of formal free second jets,
relative to the protected neighborhood, ending at j2F , with F arbitrarily close to f1 in
C1, hence to f in C0. The complete columns of αt give a path of monomorphisms from
(dDf1, T1j2) to JDF , and concatenation with (j1,t, Ttj2) proves the homotopy assertion.
A relative C2 smoothing keeps the open freeness condition and its complete class. If
j1 = dDf initially, omit the first-order step and apply this argument directly with lower
jet j1f . Then F is C1-close to f . On a manifold with boundary, work on the interior
while fixing the boundary collar. The principal directions above are directions of the full
source, including the parameters of a compact family; for parameter directions ζ|D = 0
and the slice is unrestricted. The family and transverse regularity statements therefore
follow by applying the theorem on the total space. □

4.2. A supported metric primitive with parameters. In this subsection B ⊂ Rd

is an open ball, P is a compact convex parameter box, and all maps are smooth on a
neighborhood of P × B. Derivatives ∂i are taken in x ∈ B. For a map F (p, x) let MF

be the N by jd matrix of the columns ∂iF (1 ≤ i ≤ d) and ∂i∂jF (1 ≤ i ≤ j ≤ d), and
write

λF (V ) = M t
FV =

(
⟨∂iF, V ⟩; ⟨∂i∂jF, V ⟩

)
∈ Rjd

for the pairings of V ∈ RN . If F is free in x, its algebraic pairing inverse is

EF = MF (M t
FMF )−1, λF ◦ EF = Id .

We write EF (h, f) when the first and second pairings are prescribed separately. Fix
0 < α < 1, and let ∥ · ∥r be the Cr,α(B) norm, applied entrywise to vectors and
matrices. On the convex set B one has ∥ · ∥2 ≤ C∥ · ∥C3 .
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Lemma 4.3 (Supported quadratic correction). Let χ, ζ ∈ C∞
c (B) with ζ = 1 near

suppχ. There is K0 > 0, depending only on B,χ, ζ, α, d,N , with the following property.
Let P (p, x) be free in x, and let e(p, x) be a smooth family of symmetric d by d matrices
whose x-support lies in the interior of {χ = 1}. Put η(p) = ∥EP (p)∥2 and ϱ(p) =
∥EP (p)(0, e(p))∥2, and suppose
(4.1) K0 η(p) ϱ(p) ≤ 1

4 (p ∈ P).
Then there is a jointly smooth v with ∥v(p)∥2 ≤ ϱ(p), with v(p, ·) = 0 whenever e(p, ·) =
0, and with

γx(P + χv) = γx(P ) + e.

Proof. Let T = Rd/ℓZd with ℓ so large that B lies in one fundamental domain; functions
supported in B are regarded as functions on T . Put L = ∆ − 1 and W = L−1. The
periodic Schauder estimate gives bounded maps W : Cr,α(T ) → Cr+2,α(T ) for all
r ≥ 0. The operator W is a Fourier multiplier; it commutes with x-derivatives, and on
smooth families it commutes with parameter derivatives. For z, z′ ∈ C2,α(T,RN) define
symmetric bilinear expressions

ni(z, z′) = − 1
2W

[
⟨∂iz,∆z′⟩ + ⟨∂iz′,∆z⟩

]
,

mij(z, z′) = 1
2W

[∑
k

(
⟨∂i∂kz, ∂j∂kz′⟩ + ⟨∂i∂kz′, ∂j∂kz⟩

)
− ⟨∆z, ∂i∂jz′⟩ − ⟨∆z′, ∂i∂jz⟩

− 1
2

(
⟨∂iz, ∂jz′⟩ + ⟨∂iz′, ∂jz⟩

)]
.

Their C2,α(T ) norms are at most C∥z∥ ∥z′∥, with the C2,α(T ) norms on the right. Write
ni(z) = ni(z, z) and mij(z) = mij(z, z). The Leibniz rule gives

∆⟨∂iz, ∂jz⟩ = ∂i⟨∂jz,∆z⟩ + ∂j⟨∂iz,∆z⟩ − 2⟨∆z, ∂i∂jz⟩ + 2
∑
k

⟨∂i∂kz, ∂j∂kz⟩.

Hence L maps ∂inj(z) + ∂jni(z) − 2mij(z) and −⟨∂iz, ∂jz⟩ to the same distribution.
Since L is injective on distributions on T ,
(4.2) ∂inj(z) + ∂jni(z) − 2mij(z) = −⟨∂iz, ∂jz⟩.

For v ∈ C2,α(B,RN) put z = ζv, extended by zero, and
Ai(v) = χni(z) − 1

2∂iχ |v|2,
Bij(v) = χmij(z) + ∂iχnj(z) + ∂jχni(z) − 1

2∂i∂jχ |v|2,

Φp(v) = EP (p)
(
A(v), −1

2e(p) +B(v)
)
.

Suppose v = Φp(v) and put U = χv. Then ⟨∂iP, v⟩ = Ai and ⟨∂i∂jP, v⟩ = −1
2eij + Bij.

Since ⟨∂iP, ∂jU⟩ = ∂j⟨∂iP,U⟩ − ⟨∂i∂jP,U⟩,
γ(P + U)ij − γ(P )ij = ∂j⟨∂iP,U⟩ + ∂i⟨∂jP,U⟩ − 2⟨∂i∂jP,U⟩ + ⟨∂iU, ∂jU⟩.

Here ⟨∂iP,U⟩ = χ2ni − 1
4∂i(χ

2)|v|2 and

⟨∂iU, ∂jU⟩ = χ2⟨∂iv, ∂jv⟩ + 1
4

(
∂i(χ2)∂j|v|2 + ∂j(χ2)∂i|v|2

)
+ ∂iχ∂jχ |v|2.
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The first derivatives of |v|2 cancel, and

γ(P+U)ij−γ(P )ij = χeij+χ
[
χ
(
∂inj+∂jni+⟨∂iv, ∂jv⟩

)
+2∂iχnj+2∂jχni−∂i∂jχ |v|2−2Bij

]
.

On suppχ one has z = v near each point, so (4.2) replaces the first parenthesis by 2mij.
The bracket is then zero by the definition of Bij. Finally χe = e.

Write Φp(v) = −1
2EP (p)(0, e(p))+Bp(v, v) with Bp symmetric bilinear. The Schauder

bound and the algebra property of C2,α give ∥Bp(v, w)∥2 ≤ K0η(p)∥v∥2∥w∥2, with K0
as stated. By (4.1), Φp maps the closed ball of radius ϱ(p) into itself and has Lipschitz
constant at most 2K0ηϱ ≤ 1

2 there. Put v0 = 0 and vk+1 = Φp(vk). The iterates converge
in C2,α, uniformly in p, to a fixed point v(p) with ∥v(p)∥2 ≤ ϱ(p). If e(p, ·) = 0, every
iterate vanishes.

Each vk is jointly smooth on P × B. Let ∂γ be a derivative in (p, x). Since W
commutes with ∂γ,

∂γvk+1 = 2Bp(vk, ∂γvk) + rγ,k,

where rγ,k is a finite sum of derivatives of EP (0, e) and of bilinear expressions of the
same type in ∂γ1vk, ∂

γ2vk with |γ1|, |γ2| < |γ|; their coefficients are derivatives of EP , χ, ζ.
Since 2K0η∥vk∥2 ≤ 1

2 , induction on |γ| bounds ∥∂γvk(p)∥2 uniformly in k and p. Thus
for every r the sequence is bounded in Cr+1(P ×B). It converges uniformly, so by the
Arzelà–Ascoli theorem its limit v lies in Cr for every r. □

This is Günther’s quadratic perturbation identity. In [Gün89a, §5] it is solved with
the Dirichlet inverse of the ball and a correction a2v (Lemma 5.3 and Satz 5.5 there,
with the same smallness form [Gün89a, (5.14)–(5.16)]). The periodic resolvent and the
first-power cutoff used above give the same conclusion.

Let F be free in x. Let ΠU be the orthogonal projection onto
UF = span{∂iF (1 ≤ i ≤ d), ∂k∂lF (2 ≤ k ≤ l ≤ d)},

the span of the columns not containing ∂1 twice or in a first column; put ΠH = Id −ΠU

and H = U⊥
F . Let LF be the orthogonal complement of all free columns. Put

ej = ΠH∂1∂jF (1 ≤ j ≤ d), E = span{e1, . . . , ed}.
A relation ∑

cjej = 0 would put ∑ cj∂1∂jF in UF ; by freeness the ej are linearly
independent. Since each ej lies in the column span, H = E ⊕ LF orthogonally. The
projection defining ej omits the columns ∂1∂jF ; projecting away all free columns would
make every ej vanish. This is the subspace Fx of [Gün89a, proof of Satz 3.3].

Lemma 4.4 (Oscillating normal pair). Suppose N ≥ jd + 5. There are smooth or-
thonormal fields u, v on P ×B with values in H such that, with

ct = cos t u+ sin t v, τt = ∂tct = − sin t u+ cos t v,
the following hold at every point.

(i) The free columns of F , together with u and v, are linearly independent.
(ii) For every t ∈ R and s ≥ 0, the d+ 1 vectors ej + sΠH∂jτt (2 ≤ j ≤ d), u, v are

linearly independent.
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Proof. The bundle LF has rank at least five and is the image of the smooth projection
Id −MF (M t

FMF )−1M t
F . Choose an orthonormal 5-frame of LF at one point of the

convex set P × B and transport it along segments from that point by the connection
given by this projection. This gives smooth orthonormal sections f1, . . . , f5 of LF . If
d = 1 take u = f4, v = f5; (1) holds because LF is orthogonal to the columns, and (2)
is vacuous.

Let d ≥ 2, m = d − 1, and write x′ = (x2, . . . , xd). We first construct a 2π-periodic
immersion g = (g1, . . . , gm+1) : Rm → Rm+1 with
(4.3) ∂yi

gl = 0 (l < i).

Put g(1)(y1) = (cos y1, 2 + sin y1). If g(k−1) = (g1, . . . , gk) is a periodic immersion in
y1, . . . , yk−1 with gk ≥ 1, put

g(k) =
(
g1, . . . , gk−1, gk cos yk, Ak + gk sin yk

)
, Ak = 1 + max gk.

The last coordinate is at least one. If ∑i<k βi∂ig
(k) + βk∂kg

(k) = 0, the last two coor-
dinates give (∑i<k βi∂igk)(cos yk, sin yk) + βkgk(− sin yk, cos yk) = 0; hence βk = 0 and
then all βi = 0. Thus g(k) is an immersion. Its coordinate of index l ≤ k depends only
on y1, . . . , yl, which is (4.3). Take g = g(m). This is the triangularity condition [Gün89a,
(3.2)].

Let bi = ei+1 for 1 ≤ i ≤ m, and bm+i = fi for i = 1, 2, 3. For 0 < δ ≤ 1 put

u0 = f4 + δ
m+1∑
l=1

gl(x′/δ2) bl+1, v0 = f5 + δ
m+1∑
l=1

gl(x′/δ2) bl+2,

and let u, v be the Gram–Schmidt orthonormalization of u0, v0. All vectors involved lie
in H, and f4, f5 are orthogonal to every bi. Hence |u0|2 = 1+O(δ2) and ⟨u0, v0⟩ = O(δ2),
while the x-derivatives of these two functions are O(1). Consequently u = f4 + O(δ),
v = f5 +O(δ), and for 2 ≤ j ≤ d,

(4.4) ΠH∂jτt = δ−1
m+1∑
l=1

∂yj−1gl(x′/δ2)
(
− sin t bl+1 + cos t bl+2

)
+Rj.

Here, and below, O(·) and the bound |Rj| ≤ A are uniform in (p, x, t) and δ ∈ (0, 1].
Statement (1) follows for small δ, since the columns together with f4, f5 are uniformly
independent.

For (2), work with coefficients in the basis b1, . . . , bm+3, f4, f5; its Gram matrix and
inverse are uniformly bounded. For ν ∈ [0, 1], t ∈ R and y ∈ Rm define Λ = Λν,t,y :
Rm × R2 → Rm+3 × R2 by

Λ(c, w) =
(

(1 − ν)
∑
i

ciεi + ν StDg(y)c, w
)
, Stεl = − sin t εl+1 + cos t εl+2,

where εl is the standard basis and St maps Rm+1 to Rm+3. By (4.3), the ith column of
StDg has nonzero entries only in rows k ≥ i + 1. Hence for ν < 1 the first component
of Λ is lower triangular in c with diagonal 1 − ν, and Λ is injective. For ν = 1, Dg(y)
is injective, and so is St: for ξ ∈ Rm+1 with first nonzero coordinate ξl, if sin t ̸= 0
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row l + 1 of Stξ is − sin t ξl ̸= 0, and if sin t = 0 the map is a shift. Compactness of
[0, 1] × (R/2π) × (R/2π)m gives κ > 0 with |Λ(c, w)| ≥ κ(|c| + |w|).

Let s ≥ 0, µ = s/δ and ν = µ/(1 + µ). By (4.4),
d∑
j=2

cj
(
ej + sΠH∂jτt

)
+ w1u+ w2v = X +

∑
j

cjsRj + w1(u− f4) + w2(v − f5),

where the coefficient vector of X is (1+µ)Λν,t,y

(
c, w/(1+µ)

)
with y = x′/δ2. Therefore

|X| ≥ κ′((1+µ)|c|+ |w|), while the remaining terms have norm at most µδA|c|+Cδ|w|.
For small δ the sum is nonzero unless c = 0 and w = 0. Fix such a δ. □

Lemma 4.4 is the variant, for the directions x2, . . . , xd and s ≥ 0, of [Gün89a,
Lemma 3.1].

Fix u, v as in Lemma 4.4. Let Πuv be the orthogonal projection onto {u, v}⊥. By
Lemma 4.4(1), M t

FΠuvMF is invertible, and

R = ΠuvMF (M t
FΠuvMF )−1

is a smooth right inverse of λF with values orthogonal to u and v. We use two-scale
functions h(p, x, t), 2π-periodic in t, and put hϵ(p, x) = h(p, x, x1/ϵ). With Dϵ

i =
∂i + ϵ−1δi1∂t one has ∂i(hϵ) = (Dϵ

ih)ϵ. Let ⟨h⟩ be the t-mean, and for ⟨h⟩ = 0 let Ih
be the primitive of h in t with zero mean. Both operators are linear, act fiberwise in
(p, x), and commute with (p, x)-derivatives.

Lemma 4.5 (Two-scale expansion). Let a(p, x) be smooth with x-support in a fixed
compact Ka ⊂ B, and let K ≥ 2. There are smooth two-scale maps V1, . . . , VK with the
following properties.

(i) V1 = a2ct + Z1, where Z1 is independent of t and orthogonal to u, v; for m ≥ 2,
Vm is orthogonal to u, v.

(ii) Vm(p, x, t) = 0 for x /∈ supp a(p, ·), and Vm(p, ·, ·) = 0 whenever a(p, ·) ≡ 0.
(iii) |∂tV2| + |∂2

t V2| ≤ C|a|.
(iv) There are smooth two-scale Gm, K ≤ m ≤ 2K, such that Pϵ = F + ∑K

m=1 ϵ
mV ϵ

m

satisfies

γx(Pϵ) = γx(F ) + a4dx2
1 +

2K∑
m=K

ϵmGϵ
m.

Proof. For a two-scale V write λF (V ) = (α; β). Since ⟨∂iF,Dϵ
jV ⟩ = Dϵ

j⟨∂iF, V ⟩ −
⟨∂i∂jF, V ⟩,

(4.5) ⟨Dϵ
i(F + V ), Dϵ

j(F + V )⟩ − ⟨∂iF, ∂jF ⟩ = Dϵ
jαi +Dϵ

iαj − 2βij + ⟨Dϵ
iV,D

ϵ
jV ⟩.

Insert V = ∑K
m=1 ϵ

mVm, with λF (Vm) = (αm; βm), V0 = 0, VK+1 = 0. Put Di,a =
∂iVa + δi1∂tVa+1. The coefficient of ϵm in (4.5) is

Gm,ij = ∂jαi,m + ∂iαj,m + δj1∂tαi,m+1 + δi1∂tαj,m+1 − 2βij,m +
∑

a+b=m
⟨Di,a, Dj,b⟩,
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and these vanish for m > 2K. It suffices to arrange that G0 has the single nonzero
entry G0,11 = a4 and that Gm = 0 for 1 ≤ m ≤ K − 1; then (4) holds with Gm for
m ≥ K.

We construct Vm and αm+1 recursively, starting from α1 = 0. Note λF (ct) has only
the entries ⟨∂1∂jF, ct⟩, which have zero mean. At step m ≥ 1, V1, . . . , Vm−1 and αm are
known. Put

β′
ij,m = 1

2

(
∂jαi,m + ∂iαj,m +

∑
a+b=m, a,b≥1

⟨∂iVa, ∂jVb⟩
)

(2 ≤ i ≤ j ≤ d),

let V ′
m = R(αm; β′

m)+ δm1a
2ct, with the entries β1j of the argument set to zero, and put

S1j = ∂jα1,m + ∂1αj,m +
m−1∑
a=0

⟨D1,a, ∂jVm−a⟩, S11 = 2∂1α1,m +
∑

a+b=m
⟨D1,a, D1,b⟩,

for 2 ≤ j ≤ d. In S the term ∂tVm+1 occurs only paired with D1,0 = ∂tV1 = a2τt, and
this pairing vanishes for every map orthogonal to u, v; we omit it. Let S ′ denote S
computed with V ′

m in place of Vm. Define the t-independent β̂1j,m = 1
2⟨S ′

1j⟩ (1 ≤ j ≤ d),
and

Vm = V ′
m + R(0; β̂m),

where β̂m has only the entries β̂1j,m. Then S−S ′ equals ⟨a2τt, ∂jR(0; β̂m)⟩, respectively
twice that with j = 1. Its mean is zero, because τt has zero mean and the other factor
is independent of t. Hence ⟨S1j⟩ = 2β̂1j,m = 2⟨β1j,m⟩. Put

αj,m+1 = I
(
2β1j,m − S1j

)
(j ≥ 2), α1,m+1 = 1

2I
(
2β11,m − S11

)
.

By construction λF (Vm) = (αm; βm) with βij,m = β′
ij,m for i, j ≥ 2; also α1 = 0 and

Z1 = R(0; β̂1) is independent of t.
Now α1 = 0 and Di,0 = δi1a

2τt, so the only nonzero entry of G0 is a4|τt|2 = a4. For
1 ≤ m ≤ K−1, the entries with i, j ≥ 2 vanish by the definition of β′

m; the entries (1, j)
and (1, 1) equal S1j + ∂tαj,m+1 − 2β1j,m and S11 + 2∂tα1,m+1 − 2β11,m, which vanish by
the definition of αm+1. This proves (4), and (1) holds by construction. Every quantity
is obtained from a by differentiation, multiplication by smooth functions of (p, x, t), ⟨·⟩,
I and products, with no term independent of a; this gives (2). For (3), ∂tα2 is a2 times
a smooth function, so is α2, and ∂α2 and ∂V1 are a times smooth functions. Thus β′

2 is
a times a smooth function, and ∂rt V2 = R(∂rtα2; ∂rt β′

2) for r = 1, 2. □

The construction involves no division by the amplitude: the increment is written as
a4dx2

1, and the right inverse R has image orthogonal to the oscillation plane. Günther’s
finite construction [Gün89a, Satz 3.3, Satz 4.1, (4.2)–(4.5)] instead uses pairing systems
against the oscillating columns, which lead to quotients by a2; these do not occur in
Lemma 4.5.
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Lemma 4.6 (Finite primitive estimates). In Lemma 4.5, put eϵ = γx(F ) + a4dx2
1 −

γx(Pϵ). There are ϵ0, c0 > 0 and constants Cr such that, for 0 < ϵ ≤ ϵ0 and all p,

det(M t
Pϵ
MPϵ) ≥ c0, ∥∂γxMPϵ∥C0 ≤ C|γ|ϵ

−1−|γ|,(4.6)
∥Pϵ − F∥C0 ≤ C0ϵ, ∥eϵ∥C3 ≤ C3ϵ

K−3.(4.7)

Proof. The last three bounds follow from ∥hϵ∥Cr ≤ Crϵ
−r∥h∥Cr and Lemma 4.5(4).

Using ∂tV1 = a2τt, ∂2
t V1 = −a2ct and the t-independence of Z1, the columns of Pϵ are

∂iPϵ = ∂iF + δi1a
2τ +O(ϵ), ∂1∂jPϵ = ∂1∂jF + ∂j(a2τ) +O(ϵ) (j ≥ 2),

∂k∂lPϵ = ∂k∂lF +O(ϵ) (k, l ≥ 2), ∂2
1Pϵ = −ϵ−1a2c+ g +O(ϵ),

evaluated at t = x1/ϵ, where g = ∂2
1F +2∂1(a2τ)+∂2

t V2. Let C be the list of all columns
except ∂2

1Pϵ, and C0 the same list without the O(ϵ) terms.
We claim that C0 and c are linearly independent at every (p, x, t). Suppose a combi-

nation with coefficients xi for the first columns, yj for ∂1∂jF + ∂j(a2τ), zkl, and w for
c vanishes. Apply ΠH ; it kills UF and fixes τ, c ∈ H. One obtains∑

j≥2
yj
(
ej + a2ΠH∂jτ

)
+
(
x1a

2 +∑
j yj∂j(a2)

)
τ + wc = 0.

By Lemma 4.4(2) with s = a2, y = 0, w = 0 and x1a
2 = 0. The remaining relation

lies in UF , and freeness of F gives x = 0, z = 0. The Gram determinants of C0 and of
C0∪{c} are continuous and positive on the compact set of (p, x, t), hence bounded below.
Similarly the free columns of F and c are uniformly independent by Lemma 4.4(1).

The Gram determinant of all columns equals det Gram(C) · dist(∂2
1Pϵ, span C)2, and

the first factor is bounded below for small ϵ. Where a2 ≥ ϵ1/2, the distance is at least
ϵ−1/2 dist(c, span C) − C ≥ 1. Where a2 ≤ ϵ1/2, one has |a| ≤ ϵ1/4; by Lemma 4.5(3),
g = ∂2

1F + O(ϵ1/4) and C is within O(ϵ1/4) of the corresponding columns of F . The
distance is then at least dist(∂2

1F, span(C ∪{c}))−Cϵ1/4, which is bounded below. Both
cases give c0. □

Set b = 8jd + 2. In Lemma 4.6, the Gram matrix G of Pϵ has Cr norms O(ϵ−2−r), its
adjugate O(ϵ−2(jd−1)−r), and detG ≥ c0 gives ∥1/ detG∥C3 = O(ϵ−6jd−3). Hence
(4.8) ∥EPϵ∥2 ≤ Cϵ−b.

Since detG ≥ c0 and the largest singular value of MPϵ is O(ϵ−1), its least singular value
is at least c ϵjd−1.

Lemma 4.7 (Parametrized supported primitive). Let P be a compact convex parameter
box and Bx a coordinate ball. Let F (p, x) be smooth on a neighborhood of P × Bx and
free in the x directions. Suppose N ≥ jd + 5, and let a(p, x) be smooth with leaf support
in a fixed compact subset of Bx. There is a jointly smooth map G such that

γx(G) = γx(F ) + a4dx2
1,

with G free in x, equal to F outside a fixed larger compact leaf support, and arbitrarily
close to F in C0. At a parameter where a(p, ·) ≡ 0, the construction gives G(p, ·) =
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F (p, ·). In particular it extends by F across a parameter boundary collar on which a
vanishes.

For a fixed input F it can give a smooth free path Gs, 0 ≤ s ≤ 1, from F to such a
G, with metric γx(F ) + s4a4dx2

1 and the same support condition.
Proof. Write B = Bx and let Ka contain all leaf supports of a. Choose χ, ζ ∈ C∞

c (B)
with χ = 1 near Ka and ζ = 1 near suppχ, and let K0 be the constant of Lemma 4.3.
Fix u, v by Lemma 4.4, take K = 2b+4 in Lemma 4.5, and let Pϵ, eϵ be as in Lemma 4.6.
The x-support of eϵ lies in Ka. By (4.7) and (4.8), uniformly in p,

ϱ ≤ Cϵ−bϵK−3 = Cϵb+1, K0ηϱ ≤ Cϵ−2bϵK−3 = Cϵ.

Choose ϵ so small that (4.1) holds, that Cϵb+1 is smaller than the least singular value
cϵjd−1 of MPϵ divided by the constant in ∥χv∥C2 ≤ C∥v∥2, and that C0ϵ is below a
prescribed C0 tolerance. Lemma 4.3 gives a jointly smooth v, and

G = Pϵ + χv

satisfies γx(G) = γx(Pϵ) + eϵ = γx(F ) + a4dx2
1. It is free, because the change of its

columns is smaller than the least singular value of MPϵ . It equals F outside suppχ. If
a(p, ·) ≡ 0 then Pϵ(p, ·) = F (p, ·) and eϵ(p, ·) = 0 by Lemma 4.5(2), so v(p, ·) = 0 and
G(p, ·) = F (p, ·). Hence G extends by F across the spatial boundary and across each
zero-amplitude parameter collar.

For the path replace a by sa and include s ∈ [0, 1] in the parameter box. All constants
above are uniform on the enlarged box. At s = 0 the output is F , which gives the actual
free path. A smooth reparametrization makes it stationary at its endpoints when paths
are concatenated. □

4.3. Global metric completion and complete classes.
Lemma 4.8 (Finite positive decomposition). For a smooth positive metric ∆ on D over
a compact source, there are finitely many foliation boxes, supported smooth amplitudes
aν, and noncritical linear leaf phases ϕν in those boxes such that

∆ =
∑
ν

a4
ν(dDϕν)2.

For a tensor β4∆ with smooth β, the amplitudes can all be multiplied by β.
Proof. At the center of a small foliation box choose a constant coframe θ1, . . . , θd with
∆0 = ∑

i θ
2
i . For d ≥ 2, choose τ > 0 with 2τ(d− 1) < 1. The tensors θ2

i and (θi ± θj)2

span the symmetric tensors and express ∆0 with positive coefficients 1 − 2τ(d− 1) and
τ , respectively. A fixed right inverse of this linear spanning map gives smooth positive
coefficients cℓj for nearby ∆. For d = 1 one coefficient suffices. Each constant covector
is dDϕℓj for a linear noncritical leaf phase.

Choose finitely many supported smooth bumps ψℓ subordinate to these boxes, with
S = ∑

ℓ ψ
4
ℓ > 0. Then

aℓj = ψℓS
−1/4c

1/4
ℓj

gives the identity. The coefficients are positive near each bump support, so zero ex-
tension is smooth; in particular no root of a vanishing nonnegative function is taken.
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A finite refinement and a constant linear leaf coordinate change put each phase in the
form x1, with its support inside a contractible coordinate product. Multiplying the
amplitudes by β proves the last assertion. □

Proof of Theorem 4.1. Suppose first that A is nonempty and not all of B. Shrink
its prescribed neighborhood and choose nested neighborhoods V0, V1, V2, V3 of A, each
closure contained in the next, such that J equals the actual complete jet of fA near
π−1(V 3). A base cutoff extends fA to a global smooth map f agreeing with it there.
Lemma 4.2 gives a global free map F in the specified complete class, with the same
equality. If an actual global free input was supplied, take it as F and omit this step.

Choose M ≥ 1 with γD(F ) ≤ Mh, and a constant λ0 > 0 with λ2
0M < 1/2. Set

β0 = (1−λ2
0)1/4. Choose a smooth β : B → [0, β0] that is zero near V 1 and is β0 outside

V2. Put
λ = (1 − (β ◦ π)4)1/2, F0 = λF.

Because D ⊂ ker dπ, all first and second leaf columns are multiplied by λ > 0. Thus
F0 is free, agrees with fA near the protected set, and is joined to F by the actual free
path ((1 − t) + tλ)F .

Where β ◦ π ̸= 0, define

∆ = h− λ2γD(F )
(β ◦ π)4 ,

and on its zero set put ∆ = h. This is a smooth positive metric. Wherever β is not its
constant outer value, one has F = fA and the quotient is identically h. Elsewhere the
numerator is at least h/2. Consequently
(4.9) h− γD(F0) = (β ◦ π)4∆.

Apply Lemma 4.8 using a foliation cover subordinate to the open cover
π−1(V1), X \ π−1(V 0).

The amplitudes in boxes of the first type are zero. Every nonzero primitive is supported
away from a fixed neighborhood of π−1(A), and there are only finitely many primitives.

Apply Lemma 4.7 successively. Each input is the actual free output of the preceding
step, and its metric increases by the corresponding fixed summand in (4.9). These
summands add up to the deficit. The resulting g is smooth in all variables, free, induces
h, and equals fA on a common protected neighborhood. Concatenating the actual free
paths of the primitive lemma, with stationary endpoint reparametrizations, preserves
the complete class. Together with the scaling path and the formal homotopy from
Lemma 4.2, this proves the assertion about JDg. For an actual initial free map all these
paths are paths of actual free maps.

If A = ∅, use the holonomic lemma with any value map, a sufficiently small positive
constant scaling, and the same finite metric completion. If A = B, the prescribed
map already solves the problem. Boundary collars are in the protected region, so all
modifications are interior.

For a compact smooth family, include its parameter manifold in the slow base and
in the full source. The distribution remains vertical and integrable with rank d. The
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principal-slice counts in Lemma 4.2 do not involve source dimension, and Lemma 4.7
includes all additional variables in its compact parameter product. Thus the proof
gives one jointly smooth family with the same target dimension and relative equality
on prescribed parameter collars. Products with boundary have corners only in protected
collars; one performs the interior construction while keeping those collars fixed. □

Remark 4.9. The relative condition requires the prescribed maps to induce h. The
amplitude homotopies of Lemma 4.7 preserve the complete free class and are stationary
on every protected parameter subfamily. They also give the asserted paths of actual
free maps.

5. Exact free maps on products of Hopf spheres

In this section we construct exact free maps on products of Hopf spheres, by induction
on the number of factors.

Write sd = d(d+1)/2 and jd = d+sd. The Hopf action on S2h−1 ⊂ Ch is Rtz = e2πitz,
with period-one generator X. For a function on a Hopf sphere, possibly with additional
parameters, write

a(z) =
∫ 1

0
a(Rtz) dt, IXa(z) =

∫ 1

0
t a(Rtz) dt if a = 0.

Integration by parts gives XIXa = a and IXa = 0. These definitions require no choice
of origin on an orbit. An orbit-invariant function is called basic.

Theorem 5.1 (Exact free Hopf blocks). Let d ≥ 1 and h1, . . . , hd ≥ 2. On

Xd =
d∏
i=1

S2hi−1

let X1, . . . , Xd be the commuting period-one Hopf generators. There is a smooth map

Hd : Xd −→ Rjd+1

such that ⟨XiHd, XjHd⟩ = δij and all jd vectors

XiHd, XiXjHd (1 ≤ i ≤ j ≤ d)

are independent at every point. Their orthogonal complement has a global smooth unit
section. The map is defined on the full sphere product, so its restrictions to coordinate
subsphere products are restrictions of a single map. The derivative bounds may depend
on the fixed sphere dimensions.

The proof uses the first-order open ample theorem [EM02, Theorem 18.4.1] for two
auxiliary immersions. The exact metric step rests on the periodic quadratic identity
underlying Günther’s method [Gün89b, Gün91]. The section does not depend on the
global isometric realization or metric-repair theorems.
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5.1. Auxiliary immersions and normalized plane curves.

Lemma 5.2 (Immersion along a framed distribution). If a smooth manifold has a
framed rank-b distribution, it admits a smooth map to Rb+1 whose differential is injective
on that distribution.

Proof. A formal derivative sends the given frame to the first b coordinate vectors; extend
it to the tangent bundle using any complementary distribution. The relation requiring
this restricted derivative to be injective is open and ample. A principal affine derivative
slice fixes the derivative on a hyperplane. If that hyperplane contains the distribution,
a nonempty allowed slice is the whole slice. Otherwise it fixes a (b − 1)-plane in the
distribution. On a nonempty allowed slice the fixed images of that plane are indepen-
dent, and the excluded free derivative is an affine (b−1)-plane in Rb+1. Its complement
is connected and its convex hull is the whole slice, since the excluded plane has codi-
mension two. The open ample theorem for sections of a fibration therefore gives the
required smooth map, also when the source is closed. □

Lemma 5.3 (A reflection-symmetric planar selector). For h ≥ 2 there is a smooth map
f : S2h−1 → R2, real analytic on each Hopf orbit, such that

|Xf | = 1, f(−z) = diag(1,−1)f(z), f1Xf2 − f2Xf1 = 0.
Write v = Xf = (s, t), u = Jv = (−t, s), and Xv = κu. Then κ is analytic and not
identically zero on any orbit, has both signs on every orbit, and has only finitely many
zeros there.

Proof. Over RP 2h−1 = S2h−1/{z ∼ −z}, consider the flat rank-two bundle associated
to the reflection diag(1,−1). The Hopf field descends to the quotient. For sections g
the relation ∇Xg ̸= 0 is open ample: in a principal slice not fixing X, its excluded set
is one point in a two-dimensional affine space. There is a formal solution with value
zero and derivative β⊗e1, where β(X) = 1 and e1 is the invariant first coordinate. The
same open ample theorem gives a section whose lift satisfies g(−z) = diag(1,−1)g(z)
and Xg ̸= 0.

Approximate this lift in C1 by a finite Fourier sum for the circle action. The Fourier
coefficients are global smooth functions; pairing opposite frequencies preserves reality,
and the finite sum preserves the reflection symmetry. Smoothness and integration by
parts in the circle variable give C1 convergence. Choose the sum close enough that its
orbit derivative remains nonzero, and still call it g.

Set a = |Xg|, ℓ = a > 0, and q = a/ℓ− 1. The orbit-preserving map
Ψ(z) = RIXq(z)z

has derivative 1 +XIXq = a/ℓ > 0 along every orbit and has degree one on each orbit,
so it is a global smooth diffeomorphism. It commutes with the half-period involution
because a and IXq do. The map f = (g ◦ Ψ−1)/ℓ has unit orbit speed and the required
reflection symmetry. Each orbit reparametrization is analytic with positive derivative
and analytic inverse, so f is analytic on every orbit. The signed area integrand changes
sign under the half-period involution, so it has zero mean.



20 WENCHANG YANG AND YI WANG

The sphere is simply connected, so the circle-valued map v has a smooth real angle
lift β. Thus κ = Xβ has zero mean. If κ vanished identically on an orbit, v would be a
constant unit vector there, contradicting Xf = 0. Analyticity and zero mean now give
finitely many zeros and both signs. □

Lemma 5.4 (A free space-curve selector). There is a smooth map c : S2h−1 → R3 with
|Xc| = 1 and with Xc,X2c independent everywhere.

Proof. For the planar map above, put g = (f, |f |2/2). Its two derivatives are

Xg = (v, ⟨f, v⟩), X2g = (Xv, 1 + ⟨f,Xv⟩).

If Xv ̸= 0, their planar components are independent. If Xv = 0, the second vector is
(0, 0, 1), still independent of the first. Apply the same orbitwise speed normalization to
g. Reparametrization and basic positive target scaling multiply the first derivative by a
nonzero scalar and replace the second by a nonzero multiple of itself plus a multiple of
the first, so independence is preserved. The normalized cross product supplies a smooth
unit binormal. □

5.2. Orthogonal matrix primitives with prescribed moments.

Lemma 5.5 (Uniform orbitwise oscillation). For the map in Lemma 5.3 and every
fixed smooth amplitude a,

aeiT t −→ 0
uniformly over the Hopf quotient as T → +∞.

Proof. The function t is nonconstant on every orbit. A constant component of the
unit vector (s, t) would have zero mean, hence be zero, and continuity would make
the other component a constant unit vector, contradicting v = 0. Consequently the
analytic function Xt has a zero set of orbit measure zero. Choose cutoffs decreasing
to its zero-set indicator, equal to one on |Xt| ≤ δ and supported in |Xt| < 2δ. Their
averages are continuous on the compact quotient and decrease pointwise to zero, so
they converge uniformly to zero. On their complements, integration by parts using
XeiT t = iT (Xt)eiT t bounds the integral by Oδ(T−1). We first choose δ small and then
T large. The same proof applies to any finite list of amplitudes. □

Lemma 5.6 (Orthogonal primitive and scalar moments). For every h ≥ 2 and p ≥ 2,
there are smooth maps on S2h−1

f : S2h−1 → R2, P : S2h−1 → Matp,p(R), η : S2h−1 → R

with the planar properties of Lemma 5.3, such that, for Q = XP ,

Q ∈ SO(p), Q = 0, P tQ = 0,(5.1)
XQ = 0 on {κ = 0}, η = 0, η2QtXQ = 0.(5.2)

The function η − |f |2/2 is flat on {κ = 0}; in particular X2η = 1 there.
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Proof. We construct the three-dimensional matrix, then the matrices of every dimension,
and finally the scalar. Put b = ⟨f, u⟩ and

ρ0 =

e−1/κ2
, κ ̸= 0,

0, κ = 0.
This is smooth, positive off the curvature-zero set, and flat on that set. The two
functions 1, s are independent on every orbit, and so are t, b. For the latter pair, a
relation b = ct would make f + (c, 0) parallel to v everywhere. At a maximum of
|f + (c, 0)|2 its derivative is zero; the parallel vector must then vanish, so the maximum
would be zero, contradicting |Xf | = 1. A relation with zero coefficient of b would
force t ≡ 0, already excluded. Since the curvature zeros are finite on each orbit, these
independence statements remain true after restriction to κ ̸= 0.

The three-dimensional matrix. Regard v, u as planar vectors in R3, and set
Q3(θ) =

[
v, e3 cos θ − u sin θ,−e3 sin θ − u cos θ

]
.

Its columns form a positively oriented orthonormal frame. For θ0 = Tt consider the
four constraints

G(θ) = (cos θ, t sin θ, s cos θ, b sin θ)
and their derivative vector

FT = (− sin θ0, t cos θ0,−s sin θ0, b cos θ0).
Use the four variations ha = ρ0(FT )a, with coefficients αa constant on each orbit. The
derivative at zero of α 7→ G(θ0 + ∑

a αaha) is ρ0FTF t
T . By Lemma 5.5 it converges

uniformly, after permuting coordinates, to the direct sum of one half the weighted
Gram matrices of (1, s) and (t, b). Both are positive definite, with uniformly positive
smallest eigenvalues on the compact quotient. Also G(θ0) → 0 uniformly, and the
second derivatives in α are uniformly bounded since the values of the variations are
bounded independently of T .

For all sufficiently large T , the finite-dimensional implicit function theorem therefore
gives a unique small solution αT , tending uniformly to zero. Uniformity follows by
multiplying the equation by the inverse of its derivative at zero and applying the con-
traction theorem on a ball of radius a fixed multiple of |G(θ0)|, on which the derivative
remains invertible. The solutions are smooth basic functions by the ordinary implicit
function theorem and uniqueness. Put θ = θ0 +∑

a(αT )aha. Then
(5.3) ∥θ − Tt∥C0 + T−1∥X(θ − Tt)∥C0 −→ 0.
Here XαT = 0 and Xha = O(T + 1).

Under the half-period involution, s is even and t, b are odd. Each ha is odd and flat
on κ = 0. Consequently θ(−z) = −θ(z), and Xθ = 0 on that zero set. The reflection
identity is

Q3(−z) = RQ3(z)D, R = diag(1,−1, 1), D = diag(1, 1,−1).
Reflection kills all means of the last two columns except their first and third, respectively
second, components. These three remaining means are the first three constraints in
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G = 0. The first column has mean zero because it equals Xf . Therefore Q3 = 0 and
P3 = IXQ3 is defined globally. The matrix Ω = P t

3Q3 is skew by integrating X(P t
3P3).

Its reflection law Ω = DΩD kills entries 13, 23 in ordinary one-based matrix notation.
The remaining entry is −b sin θ = 0: the first column of P3 is f − f , and the second
column of Q3 has mean zero. Thus P t

3Q3 = 0. Finally Xv = Xu = Xθ = 0 on κ = 0,
hence XQ3 = 0 there.

The required positive cone. If necessary, we increase T before fixing these matrices.
We claim that the values on each orbit, away from κ = 0, of

(5.4) aT = (κ sin θ, κ cos θ, T−1Xθ, κ)

positively span R4. On a fixed orbit the real angle β of v is a nonconstant periodic
analytic function. Choose a regular level strictly between its minimum and maximum,
away from angles where either sine or cosine vanishes. The periodic function crosses
that level with both signs of derivative. Hence there are two inverse branches over a
common small interval of angle values, with κ of opposite signs and |κ|, | cos β| bounded
below. The branches and their bounds persist on a quotient neighborhood.

Choose two interior angle values with different cosines c1, c2. For each of them and
for large T , the monotone function T sin β attains the phases 0, π/2, π, 3π/2 modulo
2π at angle values within O(T−1) of the chosen value. Use the same angle values on
the two inverse branches. Before the correction in (5.3), the corresponding normalized
vectors aT/|κ| approach the sixteen vectors

±(sinφ, cosφ, ca, 1), a = 1, 2, φ = 0, π/2, π, 3π/2.

They span R4: phase differences span the first two coordinates, and phase sums give
the independent vectors (0, 0, c1, 1), (0, 0, c2, 1). Their symmetric convex hull contains
a neighborhood of zero. By (5.3) the correction changes these vectors by o(1), so
this property persists. A finite collection of the quotient neighborhoods covers the
compact base; choose one T above their finitely many thresholds. This proves the
claim uniformly, without a global choice of inverse branches.

Every matrix dimension. In dimension two set

P2 = f1I + f2J, Q2 = sI + tJ.

Then XP2 = Q2 ∈ SO(2), Q2 = 0, and

P t
2Q2 = ⟨f, v⟩I + f1t− f2sJ = 0.

Also Qt
2XQ2 = κJ and XQ2 = 0 where κ = 0. For even p, take repeated two-by-two

blocks; for odd p ≥ 3, take one three-by-three block followed by two-by-two blocks.
This gives (5.1) and the first assertion of (5.2).

Let A = QtXQ, viewed in its fixed coefficient space V ⊂ so(p). For even p this is
the common repeated J-line; for p = 3 it is so(3); for odd p ≥ 5 it is so(3) plus the
common repeated J-line. The independent entries of Qt

3XQ3 are κ sin θ, κ cos θ,−Xθ.
Thus the values of A, restricted to κ ̸= 0, positively span V on every orbit. For even p
use the two signs of κ; for odd p use (5.4), deleting its fourth coordinate when p = 3.
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Fixed invertible changes and rescalings of coefficient coordinates preserve this property.
All matrices and their derivative bounds are now fixed.

Smooth positive densities with prescribed vector moment. Identify V with Rr. For
every smooth basic vector y there is a nonnegative smooth function ρ, positive where
κ ̸= 0 and flat where κ = 0, with

Aρ = y,
√
ρ smooth and flat on {κ = 0}.

The construction is finite-dimensional. Choose finitely many global smooth functions
ha, including h0 = 1, such that va = Aρ2

0h
2
a positively span Rr at every base point.

Locally choose narrow bumps about finitely many orbit points whose A-values positively
span; their weighted integrals remain positive spanning when the bumps are sufficiently
narrow. Multiply by base cutoffs supported in a local trivialization and positive on a
smaller neighborhood. A finite cover gives the global list. Adding its other vectors and
h0 preserves positive spanning.

Minimize over λ ∈ Rr the function
Φ(λ) =

∑
a

e⟨λ,va⟩ − ⟨λ, y⟩.

Its Hessian is positive definite, and compactness and positive spanning give a uniform
c > 0 such that maxa⟨e, va⟩ ≥ c for every unit e. Thus Φ(λ) ≥ ec|λ| − |λ||y|, so it has a
unique minimizer, which depends smoothly on the base point by the implicit function
theorem and uniqueness. Its equation is ∑a e

⟨λ,va⟩va = y. Therefore
ρ = ρ2

0
∑
a

e⟨λ,va⟩h2
a

has the required moment. The sum is everywhere strictly positive because h0 = 1, so
its square root has the asserted regularity.

The final scalar. Let η∗ = |f |2/2, and set

ηb = η∗ − ρ0
η∗

ρ0
.

The denominator is positive on the compact quotient. Then ηb = 0, and ηb − η∗ is flat
on κ = 0. Apply the density construction to y = −Aη2

b , and define, for a second large
frequency,

ηL = ηb +
√

2ρ cos(Lt).
Lemma 5.5 gives ηL → 0 and Aη2

L → 0 uniformly. To make both moments vanish, we
use the (r+ 1) variations given by the components of ρ0fL, where fL = (1, 2AηL), with
basic coefficients. The derivative matrix of these constraints at zero is ρ0fLf tL. Its limit
has quadratic form

ρ0(c+ 2ηb⟨b′, A⟩)2 + 4ρ0ρ⟨b′, A⟩2, (c, b′) ∈ R × Rr.

It is positive definite: the second term is positive when b′ ̸= 0 because the A-values span
V and the weights are positive off κ = 0; when b′ = 0, c ̸= 0, the first term is positive.
The eigenvalue lower bound is uniform by compactness. The second derivatives of the
constraints in the coefficients are uniformly bounded in L, since all values of ηL and the
variations are uniformly bounded. For a fixed sufficiently large L, the same uniform
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implicit function argument gives a smooth basic correction with both moments zero.
Every correction of η∗ is flat on κ = 0. Finally

X2η∗ = |Xf |2 + ⟨f,X2f⟩ = 1 where κ = 0.
This completes the proof. □

5.3. A normalized exact metric correction on a torus bundle.

Lemma 5.7 (Quadratic correction with a singularly scaled inverse). Let X be a compact
principal Tb-bundle with commuting period-one generators D1, . . . , Db. Let Pϵ : X →
RN be a smooth family with

γ(Pϵ)ab := ⟨DaPϵ, DbPϵ⟩ = δab + ϵ3(S3)ab + ϵ4(S4)ab,
where S3, S4 are smooth, also at ϵ = 0. For ϵ ̸= 0, suppose that the full pairing map

z 7−→
(
⟨DaPϵ, z⟩, ⟨DaDbPϵ, z⟩

)
a, a≤b

has a smooth right inverse Cϵ, and that C̃ϵ = ϵCϵ extends smoothly through zero. Then,
on one sufficiently small interval in ϵ, there is a jointly smooth correction Uϵ such that

γ(Pϵ + Uϵ) = Ib, ∥Uϵ∥C2(each fiber) = O(ϵ2)
uniformly over the base. The inverse need not have its image in the span of the original
columns.

Proof. On each period-one torus put L = ∑
aD

2
a − 1 and W = L−1. The periodic

Schauder estimate gives a bounded map W : c0,α → c2,α, where 0 < α < 1 and cr,α

denotes the closure of smooth functions in the Hölder norm. The operator commutes
with derivatives and translations. All torus fibers have the same periods, so the operator
and its bound are independent of the base point. Since the transition functions are
translations, it defines a global fiber operator. This is the fixed periodic resolvent used
in the classical quadratic correction [Gün89b, Gün91].

For target-valued functions v, w, define symmetric bilinear data

Qa(v, w) = 1
2W

[
⟨Lv,Daw⟩ + ⟨Lw,Dav⟩

]
,

(5.5)

Qab(v, w) = W
[∑
c

(
⟨DaDcv,DbDcw⟩ + ⟨DaDcw,DbDcv⟩

)
+ 1

2

(
⟨Dav,Dbw⟩ + ⟨Daw,Dbv⟩

)
− ⟨Lv,DaDbw⟩ − ⟨Lw,DaDbv⟩

]
.(5.6)

They are bounded bilinear maps from two copies of c2,α to c2,α: every product inside
W uses at most two derivatives, and the resolvent gains two derivatives. For v = w,
applying L and using the product rule and the commutation of the Da, we obtain
(5.7) DaQb(v, v) +DbQa(v, v) +Qab(v, v) = ⟨Dav,Dbv⟩.
Indeed, the derivatives of ⟨Lv,Dbv⟩ provide the third-derivative terms; the other terms
in (5.6) cancel 2⟨Lv,DaDbv⟩ and supply 2∑c⟨DaDcv,DbDcv⟩ + ⟨Dav,Dbv⟩. The result
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is L⟨Dav,Dbv⟩, and injectivity of L proves the identity. Smooth approximation extends
it to the little Hölder space.

Set Qdata = (−Qa, Qab/2), using the same ordering as the pairing map. Solve on each
fiber
(5.8) v = C̃ϵ

(
0, (ϵS3 + ϵ2S4)/2

)
+ C̃ϵQdata(v, v).

The smooth multiplication operators C̃ϵ have uniformly bounded norms on c2,α. Thus
on a fixed small ball the fixed-point map is a contraction, uniformly over the compact
base and small ϵ. The forcing is O(ϵ), so the unique solution satisfies ∥v∥c2,α = O(|ϵ|).

Set Uϵ = ϵv. The exact right-inverse property gives
⟨DaPϵ, Uϵ⟩ = −Qa(Uϵ, Uϵ),

⟨DaDbPϵ, Uϵ⟩ = 1
2(ϵ3S3 + ϵ4S4)ab + 1

2Qab(Uϵ, Uϵ).
Substitution in the identity

γ(P + U)ab − γ(P )ab = Da⟨DbP,U⟩ +Db⟨DaP,U⟩ − 2⟨DaDbP,U⟩ + ⟨DaU,DbU⟩
and then (5.7) cancel the metric error.

It remains to prove joint smoothness; the base may have large dimension. In a local
bundle chart the quadratic operator is one fixed torus operator. Its linearization in the
unknown in (5.8) is

I − 2C̃ϵQdata(v, ·),
invertible by the same uniform Neumann bound. The Banach implicit function theorem
gives smooth dependence into c2,α on all transverse parameters and on ϵ, on this same
interval. For the vertical variables, translate the smooth coefficients and forcing by
a torus parameter; they depend smoothly on that parameter into c2,α. The resulting
solution depends smoothly on it by the same theorem; uniqueness and translation
invariance of Qdata identify it with the translate of v. Hence all vertical derivatives
exist in c2,α, together with all mixed transverse derivatives, and the solution is jointly
smooth. Uniqueness glues it across the translation transition functions. Increasing the
derivative order imposes no new smallness condition. □

5.4. The rank-one-complement induction.
Proof of Theorem 5.1. For d = 1, use Lemma 5.4; its target is R3 = Rj1+1, and its
binormal supplies the complementary unit vector.

Suppose the result holds for m, and write H = Hm, with old Hopf fields Y1, . . . , Ym.
Let ν be the oriented unit complement to its ordered first and symmetric second columns.
On the new sphere use Lemma 5.6 with p = m+1, and retain its notation f, P,Q, η, v, κ.
Put
(5.9) F0 = (H, f, 0m), D = jm + 1 + 2 +m = sm + 2m+ 3 = jm+1 + 1.
This map has exact partial Gram Im+1.

Inside the old target and the m new constant coordinates, the orthogonal complement
to the old free columns is a rank-(m + 1) bundle E with orthonormal frame Ty =
(ν, e1, . . . , em). Its induced connection along each Yi is zero, since the new vectors are
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constant and orthogonal to the old target, and ⟨ν, Yiν⟩ = 0. Thus projection of Yi(Tya)
to E has coordinates Yia. The components of Yiν in the old free-column span remain
in the full derivatives, although their pairings with vectors in E vanish.

By Lemma 5.2, choose A : Xm → Rm+1 with independent columns YiA. Let n be
their oriented unit cofactor normal. For a small positive constant δ, to be fixed before
any metric-correction parameter, set

(5.10) Z(y, z) = Ty
(
P (z)A(y) + δη(z)Q(z)n(y)

)
.

The field Z is perpendicular to every first column and every pure old or pure new second
column of F0; the mixed second columns of F0 are zero. Hence the linearized metric
satisfies DγF0Z = 0 in every row.

Every mixed period is zero. Since XZ ∈ E, only the E-projection of YiZ contributes
to their pairing. With C = δηQn, the pairing is, in coordinates,

⟨YiZ,XZ⟩ = ⟨PYiA+ YiC, QA+XC⟩.

The mean of the term quadratic in A is (YiA)tP tQA = 0. Integration by parts gives

⟨PYiA,XC⟩ = −δη ⟨YiA, n⟩ = 0, ⟨YiC,QA⟩ = δη ⟨Yin,A⟩ = 0.
The first equality also vanishes pointwise after integration by parts because YiA ⊥ n;
the second uses the separate condition η = 0. The remaining term is

⟨YiC,XC⟩ = δ2ηXη ⟨Yin, n⟩ + δ2η2(Yin)tQtXQn.

Its first summand is zero pointwise, and the second has zero mean by (5.2). Conse-
quently

(5.11) ⟨YiZ,XZ⟩ = 0 for every old point and every new orbit.
Mixed rank and the pure new column. The E-coordinates of YiXZ are

Mi = QYiA+ δ
(
(Xη)Q+ ηXQ

)
Yin.

For sufficiently small δ, these m columns are independent everywhere, with a uniform
margin. Let nδ be the projection of Qn to their orthogonal complement. The projection
formula M(M tM)−1M t gives nδ = Qn+O(δ) uniformly.

At κ = 0, one has XQ = 0 and X2η = 1, so

X2(PA+ δηQn) = δ
(
Q+ ηX2Q

)
n.

Twice differentiating QtQ = I shows that QtX2Q is skew at these points. It follows
that

⟨Qn,X2(PA+ δηQn)⟩ = δ.

The second vector has norm O(δ) on that compact zero set. Replacing Qn by nδ changes
the pairing by O(δ2). Fix a positive δ small enough that mixed independence holds and
this pairing is at least δ/2 on the zero set. Compactness supplies a fixed d0 > 0 for
which it is at least δ/4 throughout |κ| < d0. Thus the m mixed columns and the pure
new second column add m+ 1 independent E-directions on this region.
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Cancellation through second order. Set e = |XZ|2 and k2 = κ2 > 0; the latter is
basic with a positive minimum. Define

b = κe

2k2
, u = IX(−e/2 + κb), wi = IX

(
−⟨YiZ,XZ⟩ − Yiu

)
.

The first primitive has zero-mean input by construction, and the others by (5.11), since
Yi commutes with averaging and u = 0. In the old free-column span choose the unique
vector WH with

⟨YiH,WH⟩ = wi, ⟨YiYjH,WH⟩ = 1
2

(
Yiwj + Yjwi + ⟨YiZ, YjZ⟩

)
.

The induction hypothesis provides the smooth pairing inverse. Put Wpl = uv + bJv in
the new plane and W = (WH ,Wpl, 0m). The pure old rows of DγF0W are −⟨YiZ, YjZ⟩;
the mixed rows are Xwi+Yiu = −⟨YiZ,XZ⟩; and the pure new row is 2Xu−2κb = −e.
Therefore DγF0W = −γ(Z) in every row.

The actual polynomial family
Pϵ = F0 + ϵZ + ϵ2W

has the exact expansion

(5.12) γ(Pϵ) = I + ϵ3S3 + ϵ4S4,
(S3)ab = ⟨DaZ,DbW ⟩ + ⟨DaW,DbZ⟩,
(S4)ab = ⟨DaW,DbW ⟩,

where Da runs through Y1, . . . , Ym, X. All its coefficients are fixed smooth functions on
the compact product.

A globally normalized pairing inverse. Near |κ| < d0, let Π be projection away from
the planar normal Jv, acting as the identity in the other target blocks. Project all first
and second columns of Pϵ by Π, divide each mixed second column and the pure XX
column by ϵ, and leave the other columns unscaled. Call the resulting D-by-(D − 1)
matrix Tnear. It extends smoothly through ϵ = 0: the mixed base columns vanish, and
Π(κJv) = 0 identically. At zero its unscaled columns are the old free columns and
v. Its remaining columns have the m+ 1 independent E-projections established above.
Thus its columns are independent, with a positive margin, on any slightly smaller closed
region.

The matrix Tnear(T tnearTnear)−1, applied to pairing data whose normalized entries have
also been divided by ϵ, is an exact right inverse Cnear for the original pairing map. Its
image lies in im Π, so pairing with an original column equals pairing with its projection.
Multiplying the inverse by ϵ turns every data multiplier into ϵ or one. Hence ϵCnear
extends smoothly through zero.

On |κ| > d0/3, use the unprojected columns and divide only the mixed second
columns by ϵ. At zero, the old free columns, v, and κJv are independent, and the
mixed columns add their independent E-projections. The same formula gives Cfar and
a smooth extension of ϵCfar.

Choose a fixed smooth cutoff equal to one for |κ| ≤ d0/2 and zero for |κ| ≥ 3d0/4. Use
the near inverse on |κ| ≤ 7d0/8 and the far inverse on |κ| ≥ d0/3. Their cutoff-weighted
sum is an exact right inverse Cϵ, because the right-inverse identities are linear and the
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weights sum to one. The products extend by zero outside their buffered domains. On
one common small interval, ϵCϵ is smooth in all variables through zero.

For a fixed sufficiently small positive ϵ, Lemma 5.7 now gives a smooth exact map
Hm+1 = Pϵ + Uϵ. The correction Uϵ is O(ϵ2) in the vertical C2 norm, so it changes
the unscaled normalized columns by O(ϵ2) and the divided columns by O(ϵ), and the
positive margins in the two regions persist. All jm+1 = D−1 first and symmetric second
columns are independent, and their Gram is exactly Im+1. Their oriented unit cofactor
supplies the global complementary unit vector. This completes the induction. □

Remark 5.8 (The role of the extra coordinate). The curvature-zero set in this construc-
tion cannot be discarded. On a simply connected Hopf sphere a unit planar tangent
has a real angle lift, so its signed curvature has zero orbit average and must vanish on
every orbit. Hence there is no free planar selector. The space-curve lift handles the
initial case, and the pure new second column in the induction replaces the planar cur-
vature at its zeros. Orthogonal products alone would have zero mixed second columns;
the displacement (5.10) produces these columns, and its moment identities permit ex-
act correction. The Gauss equation is not imposed separately; it holds for the actual
exactly isometric map just constructed.

6. Exact metric correction with full source regularity

We prove the metric correction used later. We need its quantitative form because the
phase margin in the finite completion tends to zero. The proof uses finite differential
formulas followed by one smooth iteration; smooth dependence on transverse variables
is part of the construction.

Let D ⊂ TX be an integrable rank-n distribution on a compact smooth manifold. We
first take X closed. In a foliated chart write (y, z), where D is spanned by ∂y1 , . . . , ∂yn .
Set

γD(F )ij = ⟨Fi, Fj⟩, ΠF = I − dDF γD(F )−1(dDF )∗, Bij = ΠFFij.

Throughout this section i, j denote leaf derivatives. The full source need not be im-
mersed. Under a foliated change of coordinates the extra terms in Fij are first leaf
derivatives, which ΠF kills; hence B is a well-defined tensor on D. The normal bundle
is dDF (D)⊥. For ξ ̸= 0 the transverse pairing

βξ : dDF (D)⊥ −→ Sym2(ker ξ)∗, βξ(v)(S) = ⟨B(S), v⟩
is onto if and only if ξ is a good phase covector. Its kernel has dimension N −sn, which
is positive for N ≥ sn + 1.

All Cm norms below contain derivatives in both y and z. We use the maximum of the
chart norms rather than their sum. An admissible atlas has fixed inner coordinate balls
with larger buffers, controlled transition maps and inverse maps, and a bounded degree
for the intersection graph of enlarged supports. The number of charts is unrestricted.

Theorem 6.1 (Uniform exact metric correction). Fix n ≥ 2, dimX ≥ n, N ≥ sn + 1,
an admissible atlas class, sequences of reference-map and transition derivative bounds,
leaf ellipticity bounds, and a positive lower bound c0 for the best-phase margin. Given a
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sufficiently small full C2 radius ρ > 0, there are a finite reference order J∗ and a number
ε∗ > 0 with the following property. If F0 is a smooth D-immersion with the specified
reference bounds through J∗ and best-phase margin at least c0, then every smooth positive
partial metric h with

∥h− γD(F0)∥C440 < ε∗

is induced by a smooth D-immersion F in the same RN , with ∥F − F0∥C2 < ρ and
best-phase margin at least c0/2. The initial constants use only finitely many of the
prescribed reference and atlas bounds and are independent of the number of charts. The
solution is the limit of a single sequence, which converges in every full source smooth
norm. Higher derivatives of an individual input affect only finite waiting times within
that sequence.

6.1. Positive phases and supported finite corrections. We first record the geo-
metric preparation. In a leaf frame put q = n(n− 1)/2 and

Pξ = |ξ|2I − ξξt, DB(ξ) =
∑(

q-minors of B ◦ Sym2 Pξ
)2
.

This nonnegative homogeneous polynomial has degree 8q and is positive exactly on
good nonzero covectors. At a phase-regular jet it is not identically zero. A polynomial
vanishing on an open set is zero, as follows by successive restriction to coordinate lines.
Hence good covectors form an open dense set.

A positive metric has a positive rank-one square basis with good directions. For a
convenient basis, identify Rn with the zero-sum hyperplane in Rn+1 and use the edge
roots (ei−ej)/

√
n+ 1. Their squares sum to the identity. They are linearly independent:

a relation gives a graph Laplacian that vanishes both on that hyperplane and on the
constant vector, so all its off-diagonal coefficients vanish. Apply a square root of the
metric and a generic orthogonal rotation. Each of the finitely many directions is good
because the bad rotations have empty interior. The inverse of the square basis and its
positive coefficients persist on a neighborhood. Extend the directions as differentials
of coordinate-linear leaf phases, and shrink the full chart, including the transverse
variables.

Choose covering bumps and divide them by the square root of the sum of their
squares. This gives cutoffs χν and pointwise linear functionals ℓν such that, for tensors
A in a fixed neighborhood of h0 = γD(F0),

(6.1) A =
∑
ν

bν(A)2 dDϕ
2
ν , bν(A) = χν

√
ℓν(A).

The square-root arguments have a positive lower bound near their cutoff supports. We
obtain a local unit vector nν ∈ ker βdϕν by projecting a fixed ambient coordinate vector
and normalizing; one of these projections has length at least 1/

√
N at a center. The

projection is
ΠF − β∗(ββ∗)−1βΠF .

It depends smoothly on the actual partial two-jet on fixed margins.
Multiply successive phase labels by sufficiently separated positive constants and di-

vide their square coefficients by the squares of those constants. This preserves (6.1).
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Every interacting sum or difference, divided by its larger weight, is close to the dominant
good covector. Thus the primary phases, their doubles, and all interacting sums and
differences are noncritical and good. Each needed phase ψ has a finite adapted foliated
cover with y1 = ψ: keep z and the other leaf coordinates fixed and use a leaf partial
derivative bounded away from zero. By strict monotonicity this change of coordinates is
injective on a sufficiently small rectangle, and differentiating the inverse identity bounds
the derivatives of its inverse. All constructions persist in one C2 neighborhood of F0.

For a tensor or coefficient a write

|a|m,ℓ =
m∑
j=0

ℓj∥a∥Cj .

For a map, the partial two-jet norm also includes its value and its first and second leaf
derivatives, before the full observation derivatives are taken. Each leaf derivative costs
at most ℓ−1 at the next weighted order. Products and smooth matrix operations on
fixed positive margins obey the corresponding weighted product and chain estimates.

Lemma 6.2 (A finite positive increment). Fix the preceding phase data, inner and
outer positive-decomposition neighborhoods, and weighted bounds Dj for the partial two-
jet of F and for the input tensor H. Assume that F lies in the prepared partial two-jet
domain and H lies in the inner positive neighborhood. Let Q ≥ 1 be an integer. For
0 < δ ≤ τ ≤ ℓ ≤ 1 and η = τ/ℓ sufficiently small there is a real smooth displacement
U , given by a fixed finite differential formula, such that for every full observation order
m,

|U |m,τ ≤ Cmδτ,(6.2)

|γD(F + U) − γD(F ) − δ2H|m,τ ≤ Cm

(
δηQ + δ3

τ

)
.(6.3)

The smallness condition uses only finitely many Dj, independently of m, and each Cm
uses finitely many further bounds. The formula is smooth in auxiliary parameters, and
every summand is supported in a primary cutoff support or in a pairwise intersection
of such supports.

Proof. We write out the finite solver, including the coefficients of its mixed rows. Com-
plexify the coefficient spaces. In coordinates with y1 = ψ, write an ambient amplitude
as

Z = dDF (g−1u) + v, g = γD(F ), v ⊥ dDF (D).
The Gram identity gives

Fij = ΓkijFk +Bij, (DγD)FZij = ∂iuj + ∂jui − 2Γkijuk − 2⟨Bij, v⟩.

Conjugation by eiψ/τ adds (i/τ)(δi1uj + δj1ui). For a, b ≥ 2 put
T (u)ab = 1

2(∂aub + ∂bua) − Γkabuk, J = β∗
ψ(βψβ∗

ψ)−1.

For a mode target h and a chosen vf ∈ ker βψ, set
v = vf + JT (u) − 1

2JhH .
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This solves all transverse rows exactly. The remaining equation is (i/τ+L)u = k, where
(Lu)1 = ∂1u1 − Γk11uk − ⟨B11, JT (u)⟩,

k1 = 1
2h11 + ⟨B11, vf⟩ − 1

2⟨B11, JhH⟩,
(Lu)a = ∂1ua + ∂au1 − 2Γk1auk − 2⟨B1a, JT (u)⟩,

ka = h1a + 2⟨B1a, vf⟩ − ⟨B1a, JhH⟩.
Note that the last coefficient is −1, whereas in the divided 11 row it is −1/2. A residual
e in this tangent system gives the residual 2e1 in the 11 metric row, ea in the 1a row,
and zero in every transverse row.

For p ≥ 1 use the finite Neumann polynomial

(6.4) up = τ

i

p−1∑
l=0

(
−τ

i
L
)l
k.

Its residual is exactly (−1)p−1(τ/i)pLpk. Since L has leaf order one, this is bounded
by Cmηp times finitely many higher weighted norms of h, vf . The reconstruction has a
fixed finite derivative loss. If h = 0, it also gives

Z = vf +Om,ℓ(η vf ),
where the notation means the preceding weighted estimate with a finite higher input
order. All operations are differential and preserve supports. When an adapted phase
needs more than one chart, split the amplitudes by subordinate cutoffs; the leading free
amplitudes recombine because these cutoffs sum to one.

Take p = Q+ 2. For a trial tensor A use homogeneous primary modes with
vf,ν =

√
2 δτ bν(A)nν , U1(A) =

∑
ν

ℜ(eiϕν/τZν(A)).

Then |U1|m,τ ≤ Cmδτ , |(DγD)FU1|m,τ ≤ Cmδτη
p, and |dDU1|m,τ ≤ Cmδ. Before the

exponentials are inserted, the leading first-derivative coefficient is i
√

2δbνnνdDϕν ; all
remaining coefficients carry a factor η.

Expand the exact quadratic tensor γD(U1). Its formal zero-phase coefficient is

δ2
(
A+ T (A)

)
, T (A) = Om,ℓ(η).

This is the extraction of a coefficient from a finite oscillatory expression; no integration
or ergodic averaging is involved. The only zero pairs are a primary label and its conju-
gate. The leading mean follows from (6.1). Every other mean term contains one of the
coefficient errors just estimated. The product rule and the positive lower bound in the
square roots also give
(6.5) |T (A) − T (Ā)|m,ℓ ≤ Cmη |A− Ā|m+l,ℓ

for a fixed finite loss l. This can be checked term by term: after the leading A − Ā
cancels, every remaining product contains a factor (τ/i)L, the term JT (up), or a slow
derivative multiplied by τ , and each of these contributes τ/ℓ.

Define A0 = H and Aj+1 = H − T (Aj) for 0 ≤ j < Q. These are finitely many
substitutions rather than an infinite inverse series. Working backward through their
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finite derivative orders, we bound the weighted norms required at each step by finitely
many earlier ones. Since the initial tensor lies in the inner positive neighborhood, taking
η small keeps all Aj in the outer one. This domain check uses a fixed finite list and
does not depend on the observation order. Applying (6.5) repeatedly gives

AQ + T (AQ) −H = Om,ℓ(ηQ+1).
Once the finite formulas are defined, their higher estimates require no further smallness
condition.

Each nonzero quadratic coefficient is Om,ℓ(δ2) and carries one of the prepared doubled
or sum/difference phases. Solve its negative by (6.4), now with vf = 0, and let U2 be
the sum of the real corrections. The reconstructed normal term −JhH/2 has size O(δ2),
and

|U2|m,τ ≤ Cmδ
2, |(DγD)FU2 + (γD(U1) − its mean)|m,τ ≤ Cmδ

2ηp.

Set U = U1 + U2. The exact quadratic expansion of γD leaves the errors

Cm

(
δτηp + δ2ηQ+1 + δ2ηp + δ3

τ
+ δ4

τ 2

)
.

Since δ ≤ τ and p = Q + 2, these imply (6.2)–(6.3). All estimates use full observation
derivatives. These derivatives commute with the finite formulas by the product rule,
and derivatives of an exponential in any source direction cost at most one τ−1 per order.
This also proves the assertion about parameters. □

6.2. Smoothing at the true map and one smooth limit. For each integer r choose
a compactly supported smooth convolution kernel with integral one and vanishing mo-
ments of degrees 1 through r. Such a kernel is a linear combination of r + 1 distinct
dilates of one integral-one kernel: the equations for the coefficients are the nonsingu-
lar Vandermonde equations for the dilation powers 0, . . . , r. A multivariate moment
scales according to its total degree, so the same equations cancel every required mo-
ment. Localize in buffered foliated charts, convolve in all (y, z) coordinates, multiply
by secondary cutoffs equal to one near the localized supports, and sum. This defines a
smoothing operator Sℓ on maps and partial symmetric tensors.

Let J 2
DG denote the value and the first two leaf derivatives in these charts, and write

Wm(t;G,H) =
m∑
j=0

tj
(
∥J 2

DG∥Cj + ∥H∥Cj

)
.

Under a foliated transition the transverse coordinate is independent of the leaf coordi-
nate. Consequently two leaf derivatives of a localized convolution can be assigned to
the input using only J 2

DG, rather than two arbitrary full derivatives. Further obser-
vation derivatives are assigned to the kernel, and derivatives of cutoffs and transition
coefficients use lower partial jet terms. The product rule and Taylor’s formula with the
cancelled moments therefore give, if Wr(t;G,H) ≤ B and 0 < τ ≤ ℓ ≤ t ≤ 1,

|J 2
DSℓG|m,ℓ + |SℓH|m,ℓ ≤ Cm,rB,(6.6)

|J 2
D(G− SℓG)|m,τ + |H − SℓH|m,τ ≤ Cm,r [B(ℓ/t)r +Wm(t;G,H)(τ/t)r] .(6.7)
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Indeed, an observation order j ≤ r contributes at most CBt−rℓr−jτ j ≤ CB(ℓ/t)r. For
j > r, the boundedness of smoothing in the inherited Cj norm gives the second term,
because (τ/t)j ≤ (τ/t)r. The same arguments prove the estimates for bundle tensors
once the fixed frame derivatives are included. The estimates involve all transverse
derivatives.

Fix h0 = γD(F0) and a C2 neighborhood on which the prepared phase data are valid.
Make its radius ρ1 smaller than ρ/2 and small enough to retain the phase margin c0/2.
Choose B greater than four times ∥J 2

DG∥C0 + ∥h0∥C0 throughout that neighborhood.
At an integer amplitude stage k ≥ 10 use
(6.8)
δ = tk, ℓ = t11/10, τ = t6/5, r = Q = 40(k + 1), H = δ−2(h− γD(G)).

Assume Wr(t;G,H) ≤ B and that H lies in a smaller positive-decomposition neighbor-
hood of h0. The next reserve δ+ will be either τ k or τ k+1. Apply Lemma 6.2 at the
smoothed map G̃ = SℓG, with

Htar = SℓH − (δ+/δ)2h0.

For t sufficiently small, the smoothing tail keeps G̃ in the same geometric domain and
Htar in the inner positive neighborhood. All finite weighted inputs are bounded by (6.6).
Thus the finite formula gives an increment U with constants depending on k,B and the
fixed phase data, but not on uncontrolled higher norms of the current map or target.

Update the true map, G+ = G + U , and define H+ = δ−2
+ (h − γD(G+)). With the

polarized metric term
CrossD(V,W )ij = ⟨Vi,Wj⟩ + ⟨Vj,Wi⟩

we have the exact identity
(6.9) δ2

+(H+ − h0) = δ2(H − SℓH) − E − CrossD(G− SℓG,U),

where E = γD(G̃ + U) − γD(G̃) − δ2Htar. In particular, no square of the smoothing
defect remains. Full derivatives of this identity are estimated by the ordinary product
rule.

For the smaller choice δ+ = τ k+1, the six powers of t obtained from the finite error
and the two smoothing tails, after division by δ2

+, are
13k + 8

5 ,
3k − 18

5 ,
18k + 8

5 ,
38k + 28

5 ,
13k + 8

5 ,
33k + 28

5 .

For example, the quadratic interaction gives 3k − 6/5 − 12(k + 1)/5 = (3k − 18)/5,
and the linear finite-accuracy term gives k + Q/10 − 12(k + 1)/5 = (13k + 8)/5. The
remaining terms are, respectively, δ2B(ℓ/t)r, δ2Wm(τ/t)r, δB(ℓ/t)r, and δWm(τ/t)r.
All powers are positive for k ≥ 10, with minimum 12/5. The larger reserve requires a
weaker division. Hence the same increment satisfies, for every full order m,

|H+ − h0|m,τ ≤ Cm(k)t1/5(1 +Wm(t;G,H)),(6.10)
Wm(τ ;G+, H+) ≤ ∥J 2

DG∥C0 + ∥h0∥C0 + Cm(k)t1/5(1 +Wm(t;G,H)).(6.11)
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For the second estimate, the inherited positive-order map terms gain τ/t = t1/5, the
partial two-jet of the increment is Om(δ/τ), and the positive-order terms of the fixed h0
gain a factor τ . The coarse exponent 1/5 is smaller than every exponent needed above.

Choose a finite stage threshold so that the geometric domain, the positive cone, and
the controlled Wr bound are preserved for both choices of reserve. At that stage also
impose
(6.12) ∥U∥C⌊k/2⌋ ≤ ρ1t/8.
This is possible because k + (6/5)(1 − ⌊k/2⌋) > 1. The bound controls full source
derivatives, not only leaf derivatives.

For the initialization take k = 10 and first choose t0 small for the stage thresholds,
for the finite reference norms through order 442 and any further finite orders used by
the fixed phase formulas, for the scaling distance, and so that ∑j≥0 t

(6/5)j

0 < 1. Put

δ0 = t10
0 , G0 =

√
1 − δ2

0 F0, H0 = h0 + δ−2
0 (h− h0).

This is the normalized defect of the scaled map. After t0 is fixed, choose ε∗ so that the
C440 bound in the theorem puts H0 in the smaller positive cone and gives W440 ≤ B.
No higher derivative of h enters this initial choice.

At each step replace t by t6/5. Hold k fixed while waiting for the next controlled
order 40(k + 2). For any fixed m, (6.11) has the form

xj+1 ≤ B/4 + cj(1 + xj), cj = Cm(k)t1/5
j −→ 0.

Every xj is finite. Once cj ≤ 1/4, the sequence is bounded by a geometric recurrence,
and its upper limit is then at most B/4. It therefore enters xj < B after finitely many
steps. The finitely many scale thresholds of the next stage also hold eventually. At
a step where both conditions hold, choose δ+ = τ k+1 in the formula. The recurrence
places the new normalized defect in the next controlled bound. Thus every stage is
finite and k → ∞.

The initial scaling and (6.12) keep all maps within ρ1/4 of F0 in full C2. For any
fixed m, eventually ⌊k/2⌋ ≥ m, so the same sequence is absolutely summable in Cm. It
converges to a smooth map F in all full source norms. The normalized defects remain
bounded in C0 and δ = tk → 0, whence γD(F ) = h. Positivity makes F a D-immersion,
and the retained phase neighborhood gives the asserted margin and displacement.

6.3. Uniformity and transverse parameters. We now justify the uniform asser-
tions in Theorem 6.1; they do not follow from qualitative openness alone. Bounded
partial two-jets, ellipticity, and a positive best-phase margin give a compact jet set.
The good positive-square bases above give a finite template cover of this set with uni-
form margins, inverse-basis bounds, and positive coefficient reserves. A fixed full C3

bound permits a fixed refinement mesh, and the projected coordinate normal fields then
have uniform normalization denominators.

The refined enlarged support graph still has bounded degree. Color it with its degree
plus one colors, and label a wave by its color and square-basis index. At most a fixed
number L of labels occur, independently of the number of charts. Supports with the
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same label are disjoint. Give label a the weight Λa for one sufficiently large fixed Λ. The
transition bounds and phase margins imply that all interacting sums and differences are
uniformly good. Their adapted foliated charts have uniform inverse bounds and need
only a bounded number of rectangles per overlap. Squared partitions have uniform
derivative bounds because only a bounded number of terms meet at any point.

Every expression in Lemma 6.2 consists of a fixed finite number of differentiations,
products, positive square roots, inverse matrices on fixed margins, and locally bounded
sums. Its constants and its finite backward list of derivative orders therefore depend
on the accuracy and the local overlap degree, not on the total number of charts. The
same holds for the moment-smoothing estimates. At initial accuracy 440 choose J∗
larger than all reference and transition derivative orders in this finite list, in the phase
preparation, and in the initialization through 442. The initial scale and error threshold
in the preceding proof are then uniform, and higher input derivatives enter only the
subsequent finite waits. This completes the proof of Theorem 6.1.

In particular, for a compact parameter manifold P useX = M×P andD = TM . The
construction smooths in both position and parameters, while the metric differentiates
only in M . It yields one jointly smooth exact family rather than a selection of unrelated
exact solutions at each parameter. Parameter sets with boundary can be placed in a
compact parameter manifold using a slightly larger collar. The leafwise construction
also applies over a compact slow base with boundary: extend its smooth data across a
slow collar, make them constant in the outer collar, and double. This retains partial
immersion and phase margins, since they involve leaf derivatives only. A small target
difference extends by a smooth collar extension bounded in each fixed Cj norm, as in
Seeley’s extension theorem [See64]; take the doubled target to be the extended reference
metric plus that difference. Restriction gives the desired correction. We do not require
the correction to be fixed on a prescribed source region.

6.4. Polynomially degenerating phase margins.

Theorem 6.3 (Polynomial metric correction from finite reference bounds). Fix n ≥ 2,
dimX ≥ n, N ≥ sn + 1, an admissible buffered foliated atlas class, and uniform leaf
ellipticity bounds for both the reference and target metrics. There is a finite reference
order J∗ ≥ 442, independent of the growth exponents and of a later approximation order,
with the following property. For every a, b ≥ 0 and d0 > 0 there is a finite integer K
such that smooth D-immersions fϵ and positive partial metrics hϵ satisfying

∥fϵ∥CJ∗ + ∥hϵ∥CJ∗ + ∥h−1
ϵ ∥CJ∗ ≤ Cϵ−a,(6.13)

inf
X

max
|ξ|=1

σmin
(
Bfϵ|Sym2 ker ξ

)
≥ cϵb,(6.14)

∥hϵ − γD(fϵ)∥C440 ≤ C ′ϵK(6.15)
admit exact smooth solutions Fϵ in the same target with

γD(Fϵ) = hϵ, ∥Fϵ − fϵ∥C2 ≤ ϵd0

for all sufficiently small ϵ > 0. The finite reference bound includes any coefficient
fields used to describe D and the partial metric in the specified charts. The exponent K
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depends on the growth exponents and the fixed atlas class, not on the positive prefactors
C, c, C ′, the number of charts, or input norms above J∗; these may affect the final
smallness threshold and the subsequent finite waits. No smoothness in ϵ is required.

Proof. We quantify the finite construction just given. A qualitative openness radius
alone would not give a power bound. All controlled norms Wm and initial defect norms
are measured in the original admissible atlas. The phase-adapted charts are used only in
the finite mode formulas, and their derivative losses are included in the power bounds for
those formulas. Thus the initial C440 error condition requires no additional coordinate-
change factor.

First we choose good positive-square directions quantitatively. The polynomial DB

has degree 8q. At a unit good covector with restricted singular values at least cϵb, it is
at least c1ϵ

2qb. Since evaluation on the unit sphere is bounded by the coefficient norm
in this fixed-dimensional polynomial space,

∥DB∥coeff ≥ c2ϵ
2qb.

The coefficient-normalized nonnegative homogeneous polynomials of degree 8q form a
compact set. For each such polynomial and each positive metric in the fixed elliptic-
ity interval, a generic rotation of the edge-root square basis avoids its zero set in all
directions simultaneously. Indeed, the direction obtained from a fixed nonzero root, a
rotation, and a positive square root of the metric ranges over the sphere after normaliza-
tion, so the preimage of the zero set is a proper real analytic subset of each component
of O(n). For finitely many roots the complement of these preimages is nonempty. The
function

(D, h) 7−→ max
R∈O(n)

min
ν
D(h1/2Rwν)

is continuous, by uniform continuity on compact sets, and positive on the compact
parameter space of polynomials and metrics, so it has a positive minimum. The
resulting square basis has uniformly bounded inverse and positive coefficients, and
DB(αν) ≥ c3ϵ

2qb for every selected direction.
The other q − 1 singular values are at most C∥B∥ ≤ Cϵ−a. Taking a square root of

the minor sum and using the equivalence of the fixed exterior-power norms therefore
gives
(6.16) σmin

(
B|Sym2 kerαν

)
≥ c4ϵ

a0 , a0 = qb+ (q − 1)a.
Before phase-frequency rescaling, the tensor neighborhood of the positive decomposition
has a radius independent of ϵ, and on it the arguments ℓν of the square roots have a
lower bound cℓ > 0, independent of ϵ, near their cutoff supports. Rescaling a phase by a
factor λ and its coefficient functional by λ−2 does not change that neighborhood, since
ℓν(A) ≥ cℓ is equivalent to λ−2ℓν(A) ≥ cℓλ

−2. It does change the lower bound. For the
label weights λ = ϵ−Wl chosen below, with l ≤ L0 for the fixed number L0 of labels,
the rescaled functionals satisfy only λ−2ℓν ≥ cℓϵ

2WL0 . Their square roots have lower
bound c

1/2
ℓ ϵWL0 , and by the chain rule every fixed derivative of χνλ−1√ℓν is bounded

by a power of ϵ−1. These powers depend on W and L0 and are among the finite power
bounds collected below. We use no uniform lower bound for the rescaled coefficients.
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The true normal projection, the transverse Gram matrices and their inverses, and the
local free-normal projections now have polynomial bounds through every fixed initial
derivative order. This follows from the product rule and D(Q−1) = −Q−1(DQ)Q−1,
using ellipticity and (6.16) for the denominators. The same holds for the normalized
normal fields and the positive square roots. Choose a grid of diameter ϵA1 , where
A1 exceeds the finitely many first-derivative growth and margin exponents. Freeze the
selected linear phases at its centers. The choices are made independently at each center,
and no continuous maximizing rotation is needed. A projected ambient coordinate
vector has length at least 1/

√
N at the center, and refinement keeps its length at least

1/(2
√
N) on the cell. The mean value theorem preserves half of the phase margin on

enlarged cells. The local enlarged degree is bounded independently of the number of
cells, and every fixed cutoff derivative is bounded by a power of ϵ−1.

Color this enlarged graph and give a wave label the weight ϵ−Wl, where the number
of labels is fixed. Choose W so that lower frequencies divided by a dominant one are
smaller than the angular margin of the good directions. All quadratic interaction phases
then remain good. Their adapted leaf-coordinate Jacobians and inverse derivatives
have polynomial bounds: use a dominant leaf partial derivative with a power lower
bound, and differentiate the inverse identity. Subdivision into smaller rectangles with
subordinate cutoffs preserves bounded local degree; even when the number of such
rectangles grows, each local sum has bounded multiplicity. Thus the data are valid
throughout a full C2 radius
(6.17) rϵ ≥ c5ϵ

A2

for a finite A2. Assigning a new frequency level to each individual chart would not give
this conclusion; the fixed color labels keep all exponents finite.

Choose J∗ larger than the maximal differential order in the initial Q = 440 formula,
its finite backward domain checks, the phase preparation, and the initialization through
442. This finite list is determined before a, b, d0 or an approximation precision are chosen.
These later choices alter grid sizes and numerical exponents but do not increase any
differentiation order in the list. All its operations are finite products, differentiations,
smooth matrix inverses with power lower bounds, and positive square roots with power
lower bounds. Therefore all initial constants and inverse margins are bounded by Cϵ−P

for some finite exponent P .
For the iteration choose

Bϵ = CBϵ
−(a+1), ρϵ = ϵA2+d0+2.

For a sufficiently large fixed CB, this bounds the zero-order partial two-jet and reference
tensor with the required strict reserve. For small ϵ the displacement budget is less than
rϵ/4 and at most ϵd0 . We include its reciprocal among the finite power bounds.

Consequently every initial stage condition has the form
Cϵ−Pitθi ≤ ciϵ

Qi , θi > 0,
for a fixed finite list. Choose µ so large that µθi > Pi +Qi + 1 for this list, and also

µ > 2a+ 2, 20µ− a > A2 + d0 + 3.
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Now set t0 = ϵµ, δ0 = t10
0 , and

G0 =
√

1 − δ2
0 fϵ, H0 = γD(fϵ) + δ−2

0 (hϵ − γD(fϵ)).
The initial scaling has C2 size O(ϵ20µ−a) = o(ρϵ). For 1 ≤ j ≤ 440 the weighted
reference-map terms are O(ϵµj−a) and the reference metric terms are O(ϵµj−2a), so they
tend to zero. Finally choose an integer K > 20µ + 1. The normalized initial metric
difference in C440 is O(ϵK−20µ), so it lies in the fixed tensor neighborhood and satisfies
the controlled initial norm. The order of choices is J∗, the finite power bounds, µ, K,
and only then the smallness threshold in ϵ. The positive prefactors affect only that last
threshold.

Fix a sufficiently small ϵ. All particular higher derivatives and all phase data are
now fixed finite smooth quantities. Apply the true-map iteration of Section 6.2, with
the budget ρϵ in (6.12). Its later constants may depend on those higher derivatives,
but the finite-wait argument works at every stage because Cm(k, ϵ)t1/5

j → 0. Thus
one sequence converges in all full source norms to an exact metric solution, within the
prescribed phase-valid radius and displacement bound. The bounded-degree arguments
are unchanged for varying scaled atlases in the fixed class. This proves the theorem. □

7. From selectors to isometric embeddings

In this section we construct an isometric immersion from an exact bundle selector
and then separate its double points without changing the metric. A colored partition
keeps the number of Hopf coordinates fixed while the source mesh is refined, so the
assembly uses a selector on one fixed, sufficiently large Hopf product.
Theorem 7.1 (Direct assembly of a bundle selector). Let n ≥ 2, N ≥ sn + 1, and let
W ⊂ B × Rs be a rank-n Euclidean subbundle over a closed smooth base. Suppose that
for every sufficiently large integer C there is a smooth map

SC : B × (S2C−1)s −→ RN

whose Gram matrix on the coefficient distribution determined by W is the given Eu-
clidean metric of W , and whose best-phase margin is positive on this compact source.
The bundle, the coefficient inclusion, and the number s are fixed before C varies.

Let M be a closed smooth n-manifold, let f : M → B be smooth, and fix a bundle
isomorphism TM ∼= f ∗W . Then every smooth positive metric g on M is induced by a
smooth phase-regular immersion M → RN whose image lies in any prescribed ball about
the origin.
Proof. The analytic input is the atlas-uniform ordinary case of Theorem 6.1.

A fixed coefficient matrix. There is a smooth map ϕ : M → Rd with injective
derivative for some finite d. For example, take a finite coordinate cover and smooth
functions βi supported in its charts, with at least one βi > 0 at every point, and use all
functions βi and βix

a
i as coordinates of ϕ. If dϕ(v) = 0, a chart with βi > 0 gives first

dβi(v) = 0 and then βi dx
a
i (v) = 0 for every a, so v = 0.

Normalize the given isomorphism by a positive square root to obtain an isometry
J : (TM, g) → f ∗W : if its initial pullback metric is g0, the positive g0-self-adjoint
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square root P satisfying g(v, w) = g0(Pv, Pw) gives J = J0P . Let L : TM → εs be J
followed by the coefficient inclusion and put A = dϕ. With any fixed auxiliary metric,
set

A+ = (A∗A)−1A∗, Rx = LxA
+
x .

These are global smooth bundle maps, and RxAx = Lx. In particular L∗
xLx = gx.

A fixed number of colors. Fix an auxiliary Riemannian metric on M . For each
sufficiently large K, take a maximal r/K-separated net, with r > 0 fixed and small; it
gives a covering by balls of radius r/K. Choose bumps on the balls of radius 2r/K and
normalize them by the square root of the sum of their squares. The resulting χi satisfy∑

i

χ2
i = 1, ∥∇jχi∥∞ ≤ CjK

j.

The constants are uniform in K. Disjoint balls of radius r/(3K) around neighboring
centers fit inside a ball of radius a fixed multiple of r/K, and uniform volume comparison
in compact coordinate charts bounds their number. This also bounds the degree of the
graph of intersecting closed support balls. We color that graph with a fixed number of
colors, so that closed supports of the same color are disjoint, and increase the number of
colors, by empty colors if necessary, to an integer C for which SC is available. We choose
this one selector now. Its derivatives and its positive phase margin are independent of
all subsequent K,T .

One actual global approximate map. Let xi be the center of the ith support and put
Ri = Rxi

. For T ≥ K define, in slot ℓ and color a,

(7.1) zℓ,a(x) =
∑

i of color a
χi(x) exp

(
2πiT (Riϕ(x))ℓ

)
.

Each phase in this formula is a global real function, so no lattice rounding is needed.
Since supports of the same color are disjoint, ∑a |zℓ,a|2 = 1 for every ℓ. Thus zℓ(x) ∈
S2C−1 and

FK,T (x) = SC(f(x), z1(x), . . . , zs(x))
is a smooth global map. Its values are bounded by sup |SC |, so its C0 norm does not
grow with K or T .

On the support centered at xi,
Ei(x) = RiAx − Lx = O(K−1).

Every positive-order derivative of Ei in coordinates scaled by T−1 is O(T−1), hence
O(K−1), since derivatives of Ri vanish and the remaining coefficient maps belong to
one fixed smooth family. For a bounded local tangent field v, differentiating (7.1) gives

T−1v(zℓ,a) = 2πi(Lxv)ℓzℓ,a +
∑

i of color a

(
T−1v(χi) + 2πiχi(Eiv)ℓ

)
e2πiT (Riϕ)ℓ .

The first term is the standard Hopf action with coefficient Lxv, and the remaining terms
are O(K/T +K−1).

These bounds hold in every fixed derivative order in the T−1-scaled charts. Indeed,
each derivative of a cutoff contributes K/T ≤ 1, each positive-order derivative of a
phase T (Riϕ) contributes a bounded factor T 1−jRi∂

jϕ, and every differentiated slow
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coefficient gains T−1. Every error term retains an Ei factor, a differentiated Ei, or a
factor K/T , and only a bounded number of supports meet any point. Repeating the
calculation for two leaf derivatives gives, for every fixed J , the same error bound in
CJ for both the first and second columns. The additional derivatives of local tangent
frames and of f carry a factor T−1.

Choose g-orthonormal local frames. Dropping these errors gives the first and second
coefficient derivatives of the fixed selector at the point (f(x), z(x)), under the isometry
Jx. Their first Gram matrix is the identity and their best-phase margin has a fixed
positive lower bound. The normal projector is a smooth function of the first columns
on a fixed ellipticity interval. Consequently the actual maps have a uniform positive
best-phase margin once K−1 +K/T is small, and

(7.2) ∥γ(FK,T ) − T 2g∥CJ
scaled

≤ CJ(K−1 +K/T ).

The tensor norm here uses the scaled coordinate fields, in which the components of T 2g,
their inverses, and every fixed derivative are uniformly bounded.

Uniform atlases and repair. Use exponential coordinate balls x = expp(y/T ) of fixed
buffered y-radii, with centers in a maximal net of spacing proportional to T−1. Compact-
ness gives a positive injectivity radius and uniform coordinate estimates. Transitions
and inverse transitions have uniformly bounded derivatives: derivatives of order j ≥ 2
gain T 1−j, and first derivatives have bounded condition numbers. The packing argu-
ment bounds the enlarged overlap degree. Hence these atlases lie in one class covered
by Theorem 6.1.

Take K = T 1/2. All reference derivatives of FK,T are uniformly bounded in these
atlases, its phase and ellipticity margins are fixed, and the error in (7.2) is O(T−1/2) in
C440. Fix a sufficiently small scaled C2 displacement tolerance. The uniform theorem
supplies a positive error threshold independent of T and of the number of charts; we
choose T large enough to meet it. The repaired map F ∗ has metric T 2g and is phase
regular, so F ∗/T has metric g. Its phase margin remains positive because multiplication
by a nonzero scalar does not change rank. Finally

∥F ∗/T∥∞ ≤ (∥SC∥∞ + ρ)/T,

where ρ is the fixed repair tolerance. Taking T sufficiently large gives the stated bound
on the image. □

7.1. Exact families with controlled value and second-form responses. The pas-
sage from immersions to embeddings requires smooth families along which the metric
is exactly fixed; the existence of nearby repaired maps does not provide such families.
The following lemma uses the finite increments and the full-parameter iteration of the
metric-repair proof.

Lemma 7.2 (Paired exact-metric probes). Let n ≥ 2, N ≥ sn+1, and let F0 : M → RN

be a smooth phase-regular immersion of a closed manifold. Put h0 = γ(F0). Supply a
finite list of waves

Aℓ = χℓνℓ ⊗ dψ2
ℓ ,
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where χℓ is compactly supported in a coordinate chart, dψℓ is nonzero and good
on a neighborhood of its support, and νℓ is a smooth normal field perpendicular to
BF0(Sym2 ker dψℓ) there. The fields νℓ may vanish.

There are fixed positive weights λℓ and a fixed ball |u| < ρ with two parameters
uℓ,1, uℓ,2 for each wave such that, for every sufficiently small t > 0, a jointly smooth
family Ft,u on this ball satisfies γ(Ft,u) = h0 and is phase regular. Put

τ = t6/5, σ = t44/5, a = t56/5, cℓ,1 = cos(λℓψℓ/τ), cℓ,2 = sin(λℓψℓ/τ).
There are smooth orthogonal identifications of its normal bundles with the normal bundle
of F0 such that the identified second fundamental form B̃t,u has parameter derivatives

∂uℓ,j
B̃t,u = σAℓcℓ,j +RB

ℓ,j,(7.3)
∂uℓ,j

Ft,u = −aλ−2
ℓ χℓνℓcℓ,j +RV

ℓ,j.(7.4)
Uniformly on the fixed parameter ball,

|RB
ℓ,j| ≤ σ(ηB(t) + C|u|), |RV

ℓ,j| ≤ a(ηV (t) + C|u|),

where ηB(t), ηV (t) → 0. Moreover,
∥Ft,u − F0∥C2 ≤ Cσ, ∥∂uFt,u∥C1 ≤ Ct10, ∥∂uFt,u∥C2 ≤ Cσ.

All norms are taken in fixed finite charts. The family need not be regular in t, need
not satisfy Ft,0 = F0, and need not have prescribed support. The remainders in the two
response formulas are global.

Proof. We record the parameter and tail estimates, which are stronger than the quali-
tative conclusion of metric repair.

The first finite increment. Adjoin the given probe phases to the positive-square
background phases of Lemma 6.2, and give every probe and every background wave a
distinct primary label, even when their unweighted phase functions coincide. Choose
successively large positive weights for this finite list. On a common compact support,
a sum or difference of two weighted covectors, divided by the larger weight, is as close
as desired to the corresponding good covector. Thus primary, doubled, and interacting
sum and difference phases are nonzero and good with fixed margins. Scaling ψℓ by λℓ
and νℓ by λ−2

ℓ leaves Aℓ unchanged.
Set

δ = t10, ℓ0 = t11/10, τ = t6/5, δ1 = τ 10, G0 =
√

1 − δ2 F0.

The homogeneous finite mode solver of Lemma 6.2 is linear in its chosen free normal
amplitude. Give its ℓth probe the complex amplitude

−δτ χℓλ−2
ℓ νℓ(uℓ,1 − iuℓ,2).

Its leading real displacement is the corresponding combination of cosine and sine. Its
formal quadratic mean, divided by δ2, is

Hpr,ℓ(u) =
χ2
ℓ |νℓ|2(u2

ℓ,1 + u2
ℓ,2)

2λ2
ℓ

dψ2
ℓ .
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Subtract their sum from Hfirst = (1 − (δ1/δ)2)h0 before performing the positive-square
background decomposition. For a sufficiently small fixed parameter ball, this tensor
remains in its positive decomposition neighborhood for all small t.

For the all-parameter correction, place the parameter ball inside a coordinate chart
of a compact parameter torus, and compose its coordinate map with a smooth cutoff
into the small ball that equals the original coordinates on a smaller ball. Every expres-
sion then extends smoothly to the compact parameter space, and the conclusions are
restricted back to the smaller ball.

We now describe the dependence of the mean correction on u. The formal zero-phase
mean is

δ2 [Atr +Hpr(u) + Tmean(Atr, u)] .
The last term satisfies the finite difference estimate with factor τ/ℓ0 proved in the finite-
increment lemma. Only a primary label and its conjugate contribute to the zero phase.
Consequently the background terms are independent of u when Atr is fixed, and the
probe terms are quadratic in u. Starting from A0 = Hfirst −Hpr, the finite substitutions

Aj+1 = Hfirst −Hpr − Tmean(Aj, u)

therefore give ∂uAj = O(|u|), uniformly in every required finite weighted slow norm.
This also follows by induction: the iterates are even near zero, their second parameter
derivatives are bounded by the finite formulas, and integration along the segment from 0
to u bounds their first derivatives. Their positive domains persist by the finite backward
derivative estimates of the same lemma.

Take finite accuracy 440 and solve for the nonzero quadratic modes. The first actual
increment U0,u and its error satisfy

|U0,u|r,τ ≤ Crδτ, |E0,u|r,τ ≤ Cr
[
δ(τ/ℓ0)440 + δ3/τ

]
,

where the norms count all spatial and parameter derivatives, and

E0,u = γ(G0 + U0,u) − γ(G0) − δ2Hfirst.

Parameter derivatives commute with the spatial mode equations and do not differentiate
the oscillatory phases, so these are the finite estimates already proved, with parameters
included.

Differentiating the leading probe twice in space yields σAℓcℓ,j; differentiating its
slow coefficients instead costs a factor τ/ℓ0. The background parameter response is
O(|u|σ) by the even-mean argument, and secondary quadratic corrections have pa-
rameter C2 norm O(δ2/τ 2) = O(σ2). The first increment therefore has the required
second-derivative response up to O(στ/ℓ0 + σ2 + |u|σ). Its parameter C1 response is
O(δ). At the level of values the leading response is the principal term in (7.4), with
finite errors O(aτ/ℓ0 + a|u| + δ2).

One joint exact correction with a negligible tail. Put G1,u = G0 + U0,u and start the
iteration at scale t1 = τ . Its normalized defect is

H1,u = δ−2
1 (h0 − γ(G1,u)) = h0 − δ−2

1 E0,u.
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After division by δ2
1, the two error terms displayed above have powers t30 and t24/5. Thus

the controlled initial weighted norms are bounded uniformly on the compact parameter
space for all small t.

Apply the full-parameter iteration of Section 6.2 on the product of M with this
parameter space. The metric operator differentiates only in the M directions, while the
smoothing and observation norms include all directions. The iteration is therefore a
single joint construction rather than a separate choice of solutions at different parameter
values. It gives exact metric h0 and joint smooth convergence.

The finite increment at stage kj and scale tj has total-order r bound

Cr(kj)t kj+(6/5)(1−r)
j .

At entry to every stage k > 10, add the finitely many waiting conditions Cr(k)tk−10
j ≤ C∗

for r = 1, 2, 3. They are eventually satisfied during the preceding stage, so they do
not affect the finite termination of each wait. Choose C∗ ≥ maxr=1,2,3 Cr(10). Since
tj+1 = t

6/5
j starts at t1 = t6/5, summing the tail against a geometric majorant gives

∥Tail∥C2
xC

1
u

≤ 2C∗t
228/25 = o(σ),(7.5)

∥Tail∥C1
xC

1
u

≤ 2C∗t
264/25 = o(δ),(7.6)

∥∂uTail∥C0 ≤ 2C∗t
12 = o(a).(7.7)

These follow from total orders 3, 2, 1, respectively. The spatial C2 norm of the tail is
also O(t264/25) = o(σ). All constants are independent of the initial t, because every
stage uses the same controlled input bound and the same geometric margins; the finite
waiting conditions provide this uniformity.

The true normal form. For the exact family the Christoffel symbols of h0 are fixed:

BFt,u,ij = ∂i∂jFt,u − Γkij(h0)∂kFt,u.

The parameter derivative of the connection term is O(δ). The maps and their first
parameter derivatives are C1-close to F0 at scale O(δ), so their normal projectors Πt,u

differ from Π0 by O(δ) and have parameter derivatives of the same size. If ι is the
inclusion of the old normal bundle in the ambient bundle, then

Rt,u = Πt,uι(ι∗Πt,uι)−1/2

is a smooth isometry from the old normal bundle to the new one. Its inverse on the
new normal bundle gives the stated identification. Its parameter derivative is O(δ), so
applying and differentiating it changes the second-form response by o(σ).

Combining the estimates proves (7.3) with, for example, an error function bounded
by a constant times t1/10 + t44/5 + t6/5 + t8/25, plus C|u|. For (7.4), use δ2/a = σ and
(7.7); the corresponding error is bounded by a constant times t1/10 + t44/5 + t4/5, plus
C|u|. All of these tend to zero. The bounds on the first increment and on the tail
also give the asserted uniform C1 and C2 estimates. Only the principal waves have the
prescribed supports; the remainders are global. □
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7.2. The available normal value directions.

Lemma 7.3 (A quadratic saturation bound). Let V be a real n-dimensional Euclidean
space and B : Sym2 V → W a linear map. Write K = kerB, d = dimK, and suppose
the contraction K → V , Q 7→ Qξ, is injective on a nonempty open cone O ⊂ V ∗. For
ξ ∈ O put

Eξ =
(
B(Sym2 ker ξ)

)⊥
.

If d ≥ 1, then

dim spanξ∈O Eξ ≥ dimW − d(d− 1)
2 .

If d = 0, these spaces span W .

Proof. Choose a basis Q1, . . . , Qd of K and let R(K) be the space of symmetric matrices
P satisfying

Q1ξ ∧ · · · ∧Qdξ ∧ Pξ = 0 for every ξ.
Let Ω be the open set where the first d vectors are independent; it contains O. Define
ai(ξ) = Qi(ξ, ξ) and a = (a1, . . . , ad). The map a is a submersion on Ω because
Dai = 2Qiξ. Choose ξ0 ∈ Ω with a(ξ0) ̸= 0; such a point exists, since a nonzero
quadratic polynomial cannot vanish on an open set.

For P ∈ R(K) put pP (ξ) = P (ξ, ξ). Its derivative lies in the row span of Da on Ω.
In submersion coordinates (a, z) near ξ0 it is therefore independent of z, so pP = fP ◦ a
locally. The map P 7→ DpP (ξ0) on R(K) has image of dimension d: the image lies
in the row span of Da(ξ0) and contains that span because K ⊂ R(K). Let L0 be its
kernel and write J = Da(ξ0). For P ∈ L0, the chain rule gives

DfP (a(ξ0)) = 0, D2pP (ξ0) = J∗CPJ, CP = D2fP (a(ξ0)).
Homogeneity gives Jξ0 = 2a(ξ0) =: h ̸= 0 and D2pP (ξ0)(ξ0, ·) = DpP (ξ0) = 0. Since J is
surjective, CPh = 0. The assignment P 7→ CP is linear and injective: J∗CPJ determines
CP , and the constant Hessian determines the quadratic polynomial pP . Symmetric
forms on Rd annihilating a fixed nonzero vector form a space of dimension d(d − 1)/2.
Thus

dim R(K) ≤ d+ d(d− 1)
2 = d(d+ 1)

2 .

The annihilator of the span in the statement is(
spanξ∈O Eξ

)⊥
= B(R(K)).

Indeed, a vector in the left side belongs to B(Sym2 ker ξ) for every good ξ. Choose one
preimage P . For each such ξ there is Q ∈ K with (P − Q)ξ = 0. The defining wedge
polynomial for R(K) therefore vanishes on an open set, hence identically. Conversely,
its vanishing and the independence of the Qiξ give such a Q for every ξ ∈ O. A
symmetric form annihilating ξ lies in Sym2 ker ξ, which proves the equality. Since
K ⊂ R(K) is the kernel of B, dimB(R(K)) ≤ d(d− 1)/2, as required. For d = 0, the
same argument gives a unique preimage P annihilating every ξ in an open set; hence
P = 0. □
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7.3. Isometric approximation by embeddings.

Theorem 7.4 (Isometric approximation by embeddings). Let n ≥ 2, N ≥ sn + 2, and
let F : M → RN be a smooth phase-regular immersion of a closed smooth manifold. For
every ε > 0 there is a smooth phase-regular embedding G : M → RN satisfying

G∗δ = F ∗δ, ∥G− F∥C2 < ε.

The manifold need not be connected or orientable.

Proof. Put q = n(n−1)/2 = sn−n and m = N−n. Phase regularity gives rankBF ≥ q
everywhere. It is an open C2 condition with a uniform positive best-phase margin on the
compact manifold: finitely many local good covectors and their singular-value margins
give such a neighborhood.

We use an elementary parameter-avoidance observation. Let D : P × Y → Rb be
smooth, where P ⊂ Rp is open and dim Y = a. If the joint derivative in source
and parameter has rank at least k > a at every relevant zero, then the parameters
admitting such a zero form a set of measure zero. At each zero choose k component
equations with independent derivatives. Their zero set is locally a manifold of dimension
p + a − k < p containing the incidence set. Its projection to P has measure zero: on
countably many compact coordinate cubes the projection is Lipschitz, and covering a d-
cube by O(h−d) cubes gives total p-volume O(hp−d) → 0 when d < p. Countably many
charts suffice. The same argument applies to equations for an incidence submanifold in
local coordinates.

Raising the minimal rank of the second fundamental form. At a rank-q point let
K = kerBF , of dimension n, and U = (imBF )⊥, of dimension N − sn ≥ 2. The
normal space to the rank-q stratum is Hom(K,U), of dimension n(N − sn) > n. To see
this, choose an invertible q-by-q block and write the remaining rank condition as the
vanishing of a Schur complement; its derivative is the K-to-U block.

For every good ξ at this point, BF (Sym2 ker ξ) = imBF , so its free normal space
is U . A legal wave ν ⊗ ξ2 induces on the normal space of the rank stratum the map
Q 7→ Q(ξ, ξ)ν. Evaluation at covectors in any open good cone spans K∗, since a
quadratic polynomial vanishing on an open set is zero. Hence finitely many such waves
span Hom(K,U).

Extend the covectors as coordinate-linear phases on small charts, extend their nor-
mals by smooth projection onto the free normal spaces, and use compactly supported
cutoffs equal to one on smaller charts. These projections are smooth because the re-
stricted second form has an inverse Gram matrix on a fixed positive singular-value
margin. Since the rank-q locus is compact, a finite collection of such charts and waves
has a common spanning margin.

Apply Lemma 7.2. After division by σ, each pair of second-form parameter columns
has principal terms Aℓ cos θℓ and Aℓ sin θℓ, whose contribution to the column Gram
matrix is AℓA∗

ℓ , independent of the angle. First shrink the fixed parameter ball and
then take t small. The global normalized remainders and the small changes in the
Schur coordinates preserve the spanning margin at every actual rank-q incidence near
the original locus. Away from this neighborhood the (q + 1)st singular value has a
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positive minimum, which small C2 changes preserve, and no rank below q can occur.
The avoidance observation, with source dimension n and normal rank n(N − sn) > n,
yields a parameter with no rank-q point. This gives an immersion F1 with the same
metric, arbitrarily C2-close to F , with rankBF1 ≥ q + 1 everywhere. If the original
locus is empty, take F1 = F .

Legal normal value directions. At any point of F1, put K = kerBF1 and d = dimK.
The rank preparation gives d ≤ n − 1. A covector is good if and only if Q 7→ Qξ is
injective on K, so Lemma 7.3 applies and gives

dim spanξ good Eξ ≥ m− d(d− 1)
2 ≥ (q + 2) − (n− 1)(n− 2)

2 = n+ 1.

For d = 0 the conclusion follows from the last clause of that lemma and the same lower
bound on m. Choose n + 1 independent vectors, each in some Eξ, and extend them
locally as legal normal waves as above. This requires no global good covector or normal
frame.

Separating the remaining pairs. There is an open neighborhood Vdiag of the diagonal
in M × M on which no map sufficiently C1-close to F1 has coincidences other than at
identical points. To see this, take convex source balls on which the projection of F1 to
its tangent plane at the center has derivative close to a fixed invertible matrix. The
same property holds for nearby maps, and integration along a straight segment gives a
uniform lower bound for the displacement. Finitely many smaller balls and a Lebesgue
number give the assertion. Put Kpair = (M ×M) \ Vdiag, which is compact and disjoint
from the diagonal.

At each old coincidence (x, y) ∈ Kpair choose disjoint source neighborhoods. Choose
n + 1 independent legal normal vectors at x, with cutoffs equal to one near x and
supported away from the neighborhood of y. These normal vectors and the n tangent
vectors of F1 at x are independent, and remain so on a smaller product neighborhood.
Finitely many such neighborhoods cover the compact coincidence set and give one finite
wave list with uniform margins.

Apply Lemma 7.2 at F1 to this list and consider

Dt(u, x, y) = F1,t,u(x) − F1,t,u(y).

Divide its parameter columns by a = t56/5. On a selected product neighborhood, their
principal paired terms at x span the chosen n+1 normal directions, and their principal
terms at y vanish. The fixed nonzero weights λ−2

ℓ preserve independence, and the sine-
cosine pairing makes the spanning margin independent of every fast angle. The global
remainder of the difference is bounded by 2(ηV (t)+C|u|) and is included in the estimate.
The x-source columns converge to dF1,x. After first shrinking a fixed parameter ball
and then taking t small, the joint derivative has rank at least 2n+ 1 throughout these
neighborhoods. The target dimension allows this, since sn + 2 ≥ 2n+ 1 for n ≥ 2.

The complement of these neighborhoods in Kpair has a positive old separation margin,
and uniform C0 closeness excludes new coincidences there. The avoidance observation,
now with source dimension 2n and rank 2n+1, gives a parameter with no coincidence in
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Kpair. The fixed C1 neighborhood handles Vdiag. The resulting map is globally injective,
including between distinct components.

Each modification preserves the original metric. We divide the C2 tolerance between
the rank preparation and the pair separation, while preserving the phase margin and the
prepared rank margin. The result is an injective smooth immersion within the asserted
distance of F , and compactness of M makes it an embedding. Every construction used
only local frames, so nonorientable manifolds are included. □

Corollary 7.5 (Selector assembly in the embedding range). Under the selector hypothe-
ses of Theorem 7.1, if N ≥ sn + 2, then for every closed M with a given isomorphism
TM ∼= f ∗W and every positive smooth metric on M there is a smooth phase-regular
isometric embedding in the same RN , with image arbitrarily small. In particular, this
range includes the target sn + 28 used in the main construction.

Proof. Apply Theorem 7.1 and then Theorem 7.4. For a prescribed image radius, assign
half the radius to the first map and half to the C0 part of the second approximation. □

8. The corank-one source and its complete boundary class

In this section we derive the source constructions needed below from bundle transver-
sality, including the clutching map on first and second columns. No metric realization
theorem is used. As before, sd = d(d+ 1)/2, jd = d+ sd, and J(E) = E ⊕ Sym2 E.

Lemma 8.1 (Relative rank avoidance). Let U and W be smooth Euclidean bundles of
ranks u and w, w ≥ u, over a compact smooth base of dimension b. If w − u + 1 > b,
there is a smooth isometric injection U → W . It can be chosen relative to an injection
prescribed near a closed subset, with equality on a possibly smaller neighborhood of that
subset. If w − u + 1 > b + 1, any two isometric injections are joined by a homotopy
through isometric injections that is constant on collars of the two parameter endpoints.
The relative version of this homotopy statement also holds.

Proof. In the space of w-by-u matrices, the stratum of matrices of rank u − ℓ has
codimension ℓ(w−u+ℓ). Indeed, on a chart with an invertible (u−ℓ)-minor, the Schur
complement is a (w − u + ℓ)-by-ℓ matrix whose vanishing is the rank condition; this
also shows that each fixed-rank stratum is smooth. The least codimension among the
noninjective strata is w − u+ 1.

The required transversality can be obtained in a finite-dimensional family. Choose
finitely many bundle charts and subordinate cutoffs such that the associated local ma-
trix perturbations span every fiber of Hom(U,W ) on the compact set where perturba-
tion is needed. Adding these perturbations with independent real coefficients makes
the evaluation map a submersion there. Sard’s theorem, applied to the inverse images
of the finitely many rank strata, gives a parameter for which the resulting section is
transverse to each stratum. The cutoffs vanish on the prescribed neighborhood, and a
sufficiently small perturbation preserves the positive injectivity margin on a compact
collar of that neighborhood. A transverse preimage of a stratum whose codimension
exceeds the base dimension is empty.
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For a homotopy, start with any smooth interpolation of the two bundle maps, constant
near the endpoints, and apply the same argument on the cylinder, of dimension b + 1,
relative to its endpoint collars. Finally, replace every injective map z by z(z∗z)−1/2.
This smooth polar normalization preserves isometric prescribed data and gives all the
assertions. □

Proposition 8.2 (Two source transports and complete extension). Let k ≥ 2 be even
and m ≥ 1. Let P be a closed smooth manifold of dimension q ≤ k− 1, let K ⊂ P ×Rk

be a metric line bundle, and let Q → P be a Euclidean bundle of rank m+ 1. Put
N = Hom(K,Q), C = S(N ), d = q+m, a = k−1, R = (m+1)a+sa,
and assume R > d and jm > d. Fix an orthogonal complex structure Jc on Rk and
define

L = JcK, B0 = (K ⊕ L)⊥, A = K ⊕B0, H = Q⊕B0.

A point v ∈ C is a unit isometry K → Q. Set Ev = (vK)⊥ ⊂ Q and identify H|C =
Ev ⊕ A by using v on the K summand of A. There are a rank-jm Euclidean bundle
J0 → P and smooth isometries

κv : J(Ev) −→ J0,

constructed from source bundles alone, with the following properties.
Define the bundle

S+ = A⊕ (Q⊗ A) ⊕ Sym2 A

over P . For every Euclidean target bundle W → P and every pair of monomorphisms
U0 : J0 −→ W, A+ : S+ −→ W

with orthogonal images, the boundary map
(8.1) Bv(x+ s) = U0κv(x) + A+(s), x ∈ J(Ev), s ∈ A⊕ (Ev ⊗ A) ⊕ Sym2 A,

extends to a smooth monomorphism J(H) → W over D(N ) which equals the radial
pullback of (8.1) on a boundary collar. All bundles over the disk in this assertion are
pulled back from P . If an additional injection ℓ : L → W has image perpendicular to
U0(J0) + A+(S+), the extension of J(H) ⊕ L can keep ℓ fixed.

If Bext is a compact manifold with boundary C and Eext → Bext is a rank-m bundle
identified with Ev on a product boundary collar, there is a smooth rank-jm bundle on
Bext ∪C D(N ) satisfying
(8.2) Jext|Bext = J(Eext), Jext|D(N ) = J0.

Its transition map on C is κv. This bundle, like κv, is chosen before any target data.

Proof. All bundles on C not indexed by v are pulled back from P . We construct the
two transports in turn.

First transport. Let Z = K ⊗A, of rank a. The map v defines an isometric injection
zv : Z → S+ into the Q⊗ A summand, with orthogonal complement

Sv = A⊕ (Ev ⊗ A) ⊕ Sym2 A.



ISOMETRIC EMBEDDINGS IN Rn(n+1)/2+28 49

Thus rankS+ = R + a and rankSv = R. By Lemma 8.1, choose an isometric injection
z0 : Z → S+ over P and write S0 = z0(Z)⊥. The two injections zv and z0 over C have
rank gap R > d = dimC, so the same lemma on C × [0, 1] gives an isometric path zt
from zv to z0, constant near t = 0, 1.

We use the following orthogonal lifting formula twice. If zt is a path of isometric
injections, put
(8.3) Ct = z∗

t żt, Ωt = żtz
∗
t − ztż

∗
t − ztCtz

∗
t .

Differentiating z∗
t zt = Id shows that Ct and Ωt are skew-adjoint and that Ωtzt = żt.

The solution of Ṙt = ΩtRt, R0 = Id, is therefore orthogonal and satisfies Rtzv = zt.
This is a global linear ordinary differential equation on a compact parameter family, so
Rt depends smoothly on all parameters. In particular,

ψv = R1|Sv : Sv −→ S0

is an isometry.
Second transport. The splitting H|C = Ev ⊕ A induces

J(H)|C = J(Ev) ⊕ Sv.

With the usual normalized inclusion of mixed symmetric tensors, this is an orthogonal
decomposition. Its summands have ranks jm and R; in particular rank J(H) = jm +R.
Over P , rank avoidance gives an isometric injection i0 : S0 → J(H), since the rank gap
jm exceeds q. Put J0 = i0(S0)⊥. Over C, define iv : S0 → J(H) as ψ−1

v followed by
the inclusion of Sv. The gap jm > d gives an isometric homotopy from iv to i0, and
formula (8.3) lifts it to orthogonal maps Tt of J(H) with T0 = Id and T1iv = i0. Taking
orthogonal complements yields the required isometry

κv = T1|J(Ev).

Neither transport involves W or a target map.
Extension of the complete injection. Starting from (8.1), use the path

x+ s 7−→ U0κv(x) + A+Rt(s).
It consists of injections because its two summands lie in the fixed orthogonal subbundles
U0(J0) and A+(S+). Define an injection independent of v by

F0(y + i0z) = U0y + A+z, y ∈ J0, z ∈ S0.

The preceding path ends at F0T1: on J(Ev) this follows from the definition of κv, and
on Sv from ivψv = IdSv and T1iv = i0. Follow this path by the reverse path F0Tt from
F0T1 to F0. Reparametrize both paths to be constant near their endpoints and place
their concatenation in a radial annulus of D(N ). Keep Bv radially constant on an outer
collar and use the pullback of F0 near the zero section. The latter is independent of the
angular variable v, so the resulting extension is smooth at the zero section. Its image
lies in U0(J0) + A+(S+), which proves the assertion about ℓ.

Finally, use κv as the transition isomorphism between J(Eext) and the pullback of J0
on product collars. Gluing bundle charts along this smooth invertible transition gives
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the bundle in (8.2), with the stated restrictions. This construction is independent of
U0, A+, and W . □

Proposition 8.3 (A generic frame with an exact normal form). Let V → B be a rank-n
Euclidean bundle over a closed smooth n-manifold. Write n = m + k with m ≥ 1 and
k ≥ 2 even, and assume

(8.4) 2(m+ 2) > n, (m+ 1)(k − 1) + sk−1 > n− 1, jm > n− 1.

There is a smooth bundle map φ : B×Rk → V whose rank defects form a closed smooth
corank-one locus P of dimension k − 1, possibly empty. Its kernel line K, cokernel
bundle Q, and normal bundle have ranks 1, m + 1, and m + 1, respectively, and the
derivative identifies its normal bundle canonically with Hom(K,Q).

After a modification of φ in a tubular neighborhood that introduces no new rank
defects, its expression on a smaller tube is

diag(Aiso, σ),

where Aiso : K⊥ → im(φ|P ) is a radially pulled-back isometry and σ ∈ Hom(K,Q) is
the actual normal coordinate. The exterior old bundle Eext = (imφ)⊥ has rank m and
boundary restriction Ev. With L,B0, A,H as in Proposition 8.2, the line AisoL is a
surviving line in V , its orthogonal complement is identified with H = Q⊕B0, and that
proposition supplies the complete transports, the bundle Jext, and the complete boundary
extension.

Proof. Apply the finite-dimensional transversality argument of Lemma 8.1 to a section
of Hom(εk, V ). The stratum of corank ℓ has codimension ℓ(n − k + ℓ). For ℓ ≥ 2
this is at least 2(m + 2) > n, so these strata are avoided. The corank-one stratum
has codimension m + 1, so its transverse inverse image is the stated P . The kernel K,
image I, and orthogonal cokernel Q vary smoothly over P . The normal space to the
corank-one stratum at a map is canonically Hom(K,Q), as the Schur complement in
the rank formula shows, and the derivative identifies the normal bundle of P with this
bundle.

Choose a tubular neighborhood, radial identifications of its domain and target bun-
dles with their restrictions to P , and the splittings K⊥ ⊕K and I⊕Q. On a sufficiently
small tube the upper-left block A is invertible. Writing the remaining blocks as b, c, d0,
the Schur complement

σ = d0 − cA−1b

is a fiberwise defining coordinate for P . Its normal derivative is an isomorphism, so,
after shrinking the tube, the map taking a point to its footpoint and σ is a diffeo-
morphism onto a neighborhood of the zero section in Hom(K,Q). This is the inverse
function theorem along a compact submanifold; injectivity follows by taking a common
sufficiently small tube. We use σ as the fiber coordinate. The exact factorization is

(8.5) φ =
(

1 0
cA−1 1

)(
A 0
0 σ

)(
1 A−1b
0 1

)
.
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Multiply the off-diagonal entries of the two shear matrices by a radial cutoff equal to
zero on an inner tube and to one near the outer edge. Both shears remain invertible,
so the only rank defect is still σ = 0.

Let Aiso be the polar isometry of A on P , pulled back radially. On P the operator
A∗

isoA is positive definite, and on a smaller tube its symmetric part remains positive
definite. Consequently every convex combination of A and Aiso is invertible: after
multiplication by A∗

iso, its symmetric part is a convex combination of positive definite
operators. Another radial cutoff therefore changes A to Aiso on the inner tube, keeps
the old map near the outer edge, and introduces no new rank defect. This proves the
exact normal form.

Since Jc is orthogonal and J2
c = − Id, JcK is orthogonal to K and canonically isomor-

phic to it; no orientation or unit section of K is needed. The isometry Aiso identifies
K⊥ = L⊕B0 with I, and hence identifies V on the inner tube with L⊕ (Q⊕B0). At a
boundary direction v, the span of the frame is Aiso(K⊥)⊕vK, with complement Ev. Po-
lar normalization of the frame on the exterior gives the same orthogonal identification,
including a product collar. On this collar, use radial metric connections preserving the
orthogonal summands Ev, A, and L, and write Ir,r′ for their radial isometric transports.
Before fixing the coefficient model, choose a smooth function ρ(r) equal to the boundary
value on a smaller collar and equal to r outside a larger one, and replace each coefficient
injection Cr there by Cρ(r)Ir,ρ(r). Make the same pullback choice for the complete formal
data, using I⊕Sym2 I on complete columns, and take the leaf connection to be a radial
pullback. These choices preserve all boundary values, injection ranks, the protected
hyperplane, and the given fiber metric, and they are homotopic to the original choices
relative to the boundary and the complement of the collar. Thus the coefficient data are
product data on a fixed smaller collar. Here q = k− 1 and dimS(Hom(K,Q)) = n− 1,
so the last two inequalities of (8.4) are the two hypotheses of Proposition 8.2. If P is
empty, the exterior is all of B and no core extension is required. □

Lemma 8.4 (Isometric coefficient extension). In the setting of Proposition 8.2, fix an
isometric injection IQ : Q → εb over P . The boundary coefficient injection

H = Ev ⊕ vK ⊕B0 −→ εb ⊕ εk,

equal to IQ on Ev, v∗ on vK, and the inclusion on B0, extends isometrically over D(N )
with a radial boundary collar. The extension can keep the surviving L coefficient as the
unchanged inclusion in εk.

Proof. For 0 ≤ t ≤ π/2, q1 ∈ Q, and b1 ∈ B0, define on the sphere bundle

(8.6) Ct(q1 + b1) =
(
IQ(PEvq1 + cos t PvKq1), sin t v∗q1 + b1

)
.

The two terms in the second coordinate lie in the perpendicular subbundles K and B0
of εk, so the squared norm is

|PEvq1|2 + cos2 t |PvKq1|2 + sin2 t |PvKq1|2 + |b1|2 = |q1|2 + |b1|2.
By polarization, Ct preserves inner products. At t = π/2 it is the stated boundary map,
and at t = 0 it is (IQq1, b1), independent of v. Let t be a smooth radial function equal to
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zero near the zero section and to π/2 on a boundary collar. Formula (8.6) then gives a
smooth isometric extension over the disk. Its second component lies in K⊕B0, which is
perpendicular to L, so appending the unchanged inclusion of L preserves isometry. The
formulas involve only v, v∗ and orthogonal projectors, and hence remain valid under
sign changes of the possibly nonorientable line K. □

Propositions 8.2 and 8.3 provide the source data for the global construction. The
extension they give is an extension of a complete formal injection. To apply a relative
exact free realization, the actual incoming complete jet must first be connected to (8.1)
by a homotopy through injections. This homotopy is supplied by the protected activity
and the complete-class arguments below, and is not constructed here for an arbitrary
actual boundary map.

9. A flat coefficient model with seven labels

This section constructs the coefficient model of the exterior construction and proves
its ordinary and curvature regularity. We work with a Euclidean vector bundle E of
rank M ; its base dimension is specified in each avoidance argument. All incidence
dimensions are computed after complexification, while the actual bundle maps and
metrics are real. We write Sym(E) for selfadjoint endomorphisms and use algebraic
transposes after complexification. A subspace of EC need not be nondegenerate for its
restricted bilinear form.

9.1. The coefficient space and its flat Gram tensor. Let e0, e1, e2 be the standard
basis of R3, and put

p1 = e0 ⊗ (e0 − e1), p2 = (e0 − e1) ⊗ e2,

p3 = e2 ⊗ (e1 − e2), p4 = (e1 − e2) ⊗ e0,

p5 = (e0 + e1 + e2) ⊗ (e0 + e1 + e2).
These five tensors are mutually orthogonal. Their orthogonal complement, identified
with a space of 3 by 3 matrices, is

(9.1) S =

C(u, v, w, z) =

u u v
w −2(u+ v + w + z) v
w z z

 : u, v, w, z ∈ R

 .
The orthogonal projection onto S is

P = I − 1
2

4∑
i=1

pip
t
i − 1

9p5p
t
5.

Choose an isometry S ≃ R4 and let L : R3 ⊗ R3 → R4 be the resulting quotient map,
so that L∗L = P . Write Liρb for its entries and Bρ = L(eρ ⊗ −). The identity and each
product projector are invariant under partial transpose. Consequently,
(9.2)

∑
i

LiρbLiσc =
∑
i

LiρcLiσb.

This is the coefficient flatness identity.
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Lemma 9.1 (The coefficient seed). The complexification of S has dimension four and
contains no nonzero rank-one matrix. For each nonzero λ ∈ C3, the evaluation C 7→ Cλ
has rank at least two. It has rank two at exactly six projective directions,
(9.3) [1 : −1 : 0], [0 : 0 : 1], [0 : 1 : −1], [1 : 0 : 0], [1 : 1 : 1], [−2 : 1 : −2],
and has rank three elsewhere. There are exactly six constant-row-space coefficient pencils
and exactly six constant-column-space coefficient pencils; all are real.

Lemma 9.2 (The determinant cubic). The surface Σ = {[C] ∈ PSC : detC = 0} is a
smooth cubic surface. In particular, its set of projective lines is finite.

Proof. In the coordinate order (u, v, w, z) its equation is
(9.4) f = −2u2z − 3uvz − 3uwz − 2uz2 + 3uvw + 2v2w + 2vw2 + 3vwz.
Smoothness has the following finite exact certificate. List monomials in ascending
lexicographic exponent order. Form the 56 by 80 integer matrix whose columns are the
coefficients of each of the four partial derivatives of f multiplied by each degree-three
monomial, in degree five. Its square minor on zero-based columns

0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19,
20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 32, 34, 35, 37, 38, 39, 40, 41,
42, 43, 44, 45, 47, 48, 49, 55, 58, 59, 60, 61, 62, 63, 64, 65, 69, 79

is 152546 modulo the prime 1000003. All entries are determined by (9.4), so Gaussian
elimination in this finite field is an exact rational-rank certificate. Hence the Jacobian
ideal contains every degree-five monomial over Q, so its generators have no common
nonzero complex zero, and the surface is smooth. This also proves that SC has no
nonzero rank-one matrix: all cofactors, and hence all four partial derivatives of f ,
vanish at such a matrix.

By adjunction, a line on a smooth cubic surface has self-intersection −1, and its
normal bundle in the surface is OP1(−1). Hence its embedded infinitesimal deformation
space is zero, and the projective scheme parametrizing lines is zero dimensional, hence
finite. □

Proof of Lemma 9.1. It remains to prove the assertions about evaluations and pencils.
For a = (x, y, z) and λ = (p, q, r), the equations atCλ = 0 for every C ∈ S are

x(p+ q) = 2yq, r(x+ y) = 2yq, z(q + r) = 2yq, p(y + z) = 2yq.
If yq = 0, the nonzero projective tensor solutions are e0 ⊗ (1,−1, 0), (1,−1, 0) ⊗ e2,
e2 ⊗ (0, 1,−1), and (0, 1,−1) ⊗ e0. If yq ̸= 0, normalize y = q = 1. Elimination gives
p2 + p − 2 = 0 and the two solutions (1, 1, 1) ⊗ (1, 1, 1) and (−2, 1,−2) ⊗ (−2, 1,−2).
The eliminated denominators are nonzero by the displayed equations, so the list is
exhaustive.

An evaluation of rank at most one would have a kernel of dimension at least three
inside 3 by 2 matrices. Its projective plane would meet the rank-one Segre variety
P2 ×P1 in P5, contrary to the first assertion. Therefore the six drops have rank exactly
two, and each gives a two-dimensional kernel pencil with a fixed row space. Conversely,
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every constant-row-space pencil has a common right kernel and occurs in this list. The
transpose argument gives the constant-column-space pencils, and all factors in the list
are real. □

9.2. Graphs, labels, and regularity. For A1, A2, A3 ∈ Sym(E) define

(9.5) Sib =
3∑
ρ=1

LiρbAρ, JA(Y ) =
(

−
3∑
b=1

Sibyb

)4

i=1
⊕ Y, Y = (y1, y2, y3).

Let V have rank M + C, let D : E ⊗ R3 → V , and put K = JA(kerD) ⊂ E ⊗ R7. Its
complex bad-label set is
(9.6) BK = {H ∈ Gr5(C7) : KC ∩ (EC ⊗H) ̸= 0}.
Equivalently, one may use the normal two-plane U = H⊥, of complex parameter dimen-
sion ten. The weak condition we require is dimC BK ≤ 4.

The corresponding seven maps Ta : E → E4 ⊕ V are the four canonical inclusions
and the three maps (Sib)i ⊕Db. Their ordinary operator is

LT : (E4 ⊕ V )7 −→ E ⊗ Λ2R7, (va) 7−→ (T ∗
a vb − T ∗

b va)a<b.
The curvature tensor is Ω(T )ab = T ∗

aTb − T ∗
b Ta. For the top blocks, (9.2) gives

Φ(S)bc =
∑
i

[Sib, Sic] = 0.

Lemma 9.3 (Full coefficient evaluation). The map
Sym3

3 −→ Mat4,3, (H1, H2, H3) 7−→
∑
ρ

BρHρ

is onto. The map
so(3)3 −→ Mat4,3, (X1, X2, X3) 7−→

∑
ρ

BρXρ

is injective. In particular, for any two distinct coefficient basis directions, the map
(X, Y ) 7→ BρX +BσY on so(3)2 is injective.

Proof. Use the integer coefficient basis in the order (u, v, z, w) before Gram normaliza-
tion. Order the symmetric basis by (00), (01), (02), (11), (12), (22), using entries one in
both positions off the diagonal. Flatten the 4 by 3 output row by row. The square
minor of the evaluation matrix on zero-based columns 0, 1, 2, 4, 5, 6, 7, 8, 9, 10, 13, 14 has
determinant 20. For the skew statements, order the skew basis by (01), (02), (12) and
use zero-based output-row indices. The twelve-by-nine matrix of the triple map, with
columns ordered first by ρ = 0, 1, 2 and then by the skew basis, has the nine-row mi-
nor on rows 0, 1, 2, 3, 4, 5, 6, 7, 10 of determinant −4. The pairs (0, 1), (0, 2), (1, 2) also
have nonzero six-row minors on (0, 1, 2, 3, 4, 5), (0, 2, 3, 6, 7, 10), and (0, 2, 3, 6, 7, 10), of
respective determinants −4,−1,−4. Invertible Gram normalization of the four output
rows preserves all these ranks. □

Lemma 9.4 (Ordinary and curvature regularity). Let A = (A1, A2, A3) ∈ Sym(E)3

and let S = S(A), Sib = ∑
ρ LiρbAρ, be as in (9.5).
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(i) The real bad locus of symmetric triples with a common nonzero commutator-kernel
vector is closed and has codimension at least 2M−3. Outside this locus the seven-
map ordinary operator is onto for every D.

(ii) The selfadjoint curvature differential

DΦS : Sym(E)4×3 −→ Λ2R3 ⊗ so(E), (Ṡib) 7−→
(∑

i

(
[Ṡib, Sic] + [Sib, Ṡic]

))
b<c
,

is onto if and only if A1, A2, A3 have no nonzero common skew-adjoint commutant.
The triples for which it fails form a closed semialgebraic set of codimension at least
2M . A triple whose first two operators have no nonzero common skew-adjoint
commutant lies outside this set; in particular so does a regular pair with the third
coefficient operator set to zero. Surjectivity of DΦS′ persists for all selfadjoint
arrays S ′ near S.

Proof. For the first count, fix a line Rv, put d = M − 1, and write Ai =
(
ai bt

i
bi Ci

)
. The

equations [Ai, Aj]v = 0 are Cibj−Cjbi = aibj−ajbi. If the three bi span an h-plane, their
rank condition costs (d − h)(3 − h) equations. For h = 0, 1, 2, 3, the linear equations
in the Ci have respective ranks 0, 2d, 3d − 1, 3d − 1. For h = 3 their only relation is
the cyclic symmetry relation among the three outputs; the smaller cases follow by one-
and two-column symmetric evaluation. After returning the d parameters of the line,
the four codimension bounds are 2d, 3d − 2, 3d − 3, 2d − 1, each at least 2M − 3. The
locus is the projection of a closed set along the unit sphere of E, hence closed.

An adjoint witness for LT is a skew-label array zab with ∑b Tbzab = 0. These equations
take values in E4 ⊕ V , and their E4 component is the witness system for D = 0, so it
suffices to treat D = 0. The last-label equations determine the top–last entries of the
witness, and the top-label equations determine its top–top entries. Skew symmetry of
the latter leaves ∑

b<c

([Sjb, Sic] + [Sib, Sjc])zbc = 0 (1 ≤ i ≤ j ≤ 4).

The coefficients of [Aρ, Aσ]zbc form a 10 by 9 matrix. With lexicographic pair order
and the integer basis above, its first nine rows have determinant 448. Hence every zbc
belongs to the common kernel of the three commutators, proving ordinary regularity.

For the curvature statement, pair DΦS(Ṡ) with a skew array zbc = −zcb of skew-
adjoint operators by ∑

b<c tr(ztbcYbc). Since tr(z[X,Y ]) = tr(X[Y, z]) and both arrays
are skew in (b, c), the pairing equals −∑

i,b tr(ṠibWib), where

Wib =
∑
c

[Sic, zbc] =
∑
ρ

∑
c

Liρc[Aρ, zbc]

is selfadjoint. As Ṡ is arbitrary, z is an adjoint witness exactly when W = 0. Put
(Xρ)cb = [Aρ, zbc]; then Xρ ∈ so(3) ⊗ Sym(E) and W = ∑

ρBρXρ. The triple injectivity
of Lemma 9.3, tensored with Sym(E), gives Xρ = 0. Hence every zbc is a common
skew-adjoint commutant of A1, A2, A3, and the witness vanishes when no nonzero one
exists. Conversely, a nonzero common skew-adjoint commutant K gives the witness
z01 = −z10 = K, with all other entries zero.
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A nonzero common skew commutant has a nonzero frequency space of real dimen-
sion 2s carrying an orthogonal complex structure. The parameters for that space and
structure have dimension 2s(M − 2s) + s(s− 1). Each symmetric operator preserving
it and commuting with the complex structure has codimension 2s(M − 2s) + s(s + 1).
The projected pair locus therefore has codimension s(2M − 3s + 3) ≥ 2M . The triple
locus lies in the product of this pair locus with the third factor, so its codimension is
at least 2M . It is the projection of a closed semialgebraic set along the unit sphere of
so(E), hence closed and semialgebraic. Surjectivity is open. □

10. Symmetric evaluation and the incidence estimates

This section bounds the cokernels of symmetric evaluation without nondegeneracy
assumptions and derives from these bounds the incidence estimates used in the exterior
count.

10.1. Cokernels without nondegeneracy assumptions.

Lemma 10.1 (Symmetric evaluation). If T ⊂ CR⊗W has dimension t and dimW = h,
evaluation of R symmetric old operators on T has cokernel dimension at most

(10.1) χ(t, h) =
⌊
t

h

⌋(
h

2

)
+
(
t− h⌊t/h⌋

2

)
.

In particular this is at most
(
t
2

)
.

Proof. The cokernel is the tensor intersection (T ⊗ W ) ∩ (CR ⊗ Λ2W ); indeed, by
alternating symmetry, once one old factor lies in W so does the other. Choose a
diagonal one-parameter subgroup on the coefficient and old factors with distinct weights
on all coordinate tensors. The Grassmann limit is a coordinate subspace ⊕ρ eρ ⊗ Wρ.
Intersection dimension is upper semicontinuous, so the desired dimension is at most∑
ρ

(
dimWρ

2

)
. Given total dimension t and each summand dimension at most h, convexity

gives (10.1). The argument applies equally to an isotropic W . □

Let B1, . . . , BR : Cu → Ch be jointly injective and define

Z = {Z ∈ Math,u : BρZ
t is alternating for every ρ}.

Let r be its maximum matrix rank. If r > 0, compatible base changes put a maximum-
rank witness in diagonal form and give

(10.2) Bρ =
(
Kρ Dρ

0 Fρ

)
, Z =

(
A U
V 0

)
, Kt

ρ = −Kρ.

The zero block follows from maximality of the rank in every pencil. The Kρ are jointly
injective, and their images span the first r-plane. The off-diagonal equations determine
V from U .
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Lemma 10.2 (Cokernel bounds). No nonzero member of Z has rank one. For maxi-
mum rank r ≥ 2,

dim Z ≤ ru− r(r + 1)
2 ,(10.3)

dim Z ≤ r(u− 2) + 1.(10.4)

Furthermore, on putting Kr =
(
r
2

)
,

(10.5)
dim Z ≤ ΦR(r, h, u) := max

0≤b≤r
min{bmax(r, u− r) +Kr, (r − b) max(r, h− r) +RKr}.

Proof. A rank-one alternating matrix is zero; hence a rank-one witness would contradict
joint injectivity. In (10.2), the homogeneous A-fiber for fixed U has dimension at most(
r
2

)
by Lemma 10.1, giving r(u − r) +

(
r
2

)
. For (10.4), one nonzero Kρ of rank s ≥ 2

makes the symmetric part of KρA
t have rank sr − s(s − 1)/2 ≥ 2r − 1 as a linear

function of A.
Let b, c be the maximum ranks of the U, V block spaces. A generic matrix attains

both, and a block minor gives rank at least b + c; thus b + c ≤ r. Flanders’ bound
for rectangular matrix spaces [Fla62] gives dimensions at most bmax(r, u − r) and
cmax(r, h − r) for these two projected spaces. The kernel of projection onto U has
dimension at most Kr. In the kernel of projection onto V , all outputs lie in the first
old r-plane. The injective map Z 7→ (BρZ

t)ρ takes it into R copies of that plane’s
alternating tensors, giving dimension at most RKr. Taking both bounds and c ≤ r− b
proves (10.5). □

When R = 4, h ≥ u and 1 ≤ r ≤ u/2, set x = u− r, y = h− r. A weighted average
of the two projection bounds gives

(10.6) dim Z ≤ Fh,u(r) := rxy

x+ y
+
(
r

2

)
4x+ y

x+ y
.

This function is increasing on the stated interval, since(
rxy

x+ y

)′

≥ x2(y − x)
(x+ y)2 ≥ 0,

while κ = (4x+y)/(x+y) satisfies κ ≥ 1 and κ′ ≥ −3/(2r), giving (
(
r
2

)
κ)′ ≥ (r+1)/4 >

0.

Lemma 10.3 (A single coefficient evaluation). Suppose every witness in Z has rank
at most 2L. For a coefficient combination Bd put a = dim kerBd. Then

(10.7) dim Z ≤
(
a

2

)
+ max

{(
2L+ 1

2

)
,
L(2(u− a) − L− 1)

2

}
.

Proof. The image of Z 7→ BdZ
t lies in Λ2(imBd) and has upper rank 2L. The al-

ternating bounded-rank theorem [SP16, Theorem 1.3] gives the maximum in (10.7).
If 2L ≥ u − a, its first term bounds the whole alternating space. In the kernel,
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imZt ⊂ kerBd. The joint coefficient input restricted to that kernel has dimension
a, so Lemma 10.1 bounds this kernel by

(
a
2

)
. Rank-nullity proves the assertion. □

10.2. Dominating tuples and overlap dimensions. We permit an independent pos-
itive metric coefficient A0 in the exterior count. A normal label (z, ξ) ∈ C4⊕C3 then has
augmented coefficient matrix (Cz; −ξ), and its equation is ∑ρCz,ρbAρyb−

∑
b ξbA0yb = 0.

Congruence by A−1/2
0 returns the standard metric. Thus this device adds an algebraic

symmetric parameter but no target coordinate. The same bound applies to the three
top-operator coefficients before normalization. In the core row-expansion arguments
the metric coefficient is retained as a fourth augmented direction, as specified in the
core section and in Lemma 10.7.

Take an irreducible component of the incidence of ([X], U) with [X] ∈ PK and U
annihilating X, whose normal-label image has dimension d. Choose a projective tuple of
length ℓ spanning its matrix span together with its complex conjugate. The allocation of
tuple entries between the two components is fixed on a finite stratum. Independence is
an open condition in the product, whose fiber has dimension at least ℓd. All subsequent
ranks are generic ranks on a dominating stratum of this product. The qualification is
needed, since the ℓd parameters cannot be returned after the product is replaced by an
arbitrary smaller subvariety.

For real data the total column spans of the component and its conjugate are complex-
ifications of real spaces. Their Euclidean forms are nondegenerate. This justifies the
orthogonal block coordinates in the disjoint count below; the individual witness spaces
need not be nondegenerate.

Write

ri = rank Yi = 3 − γi, li = dim(Ui ∩ C3), ti = 2 − li, t =
∑
i

ti,(10.8)

e =
∑
i

(γi − li), h = dim
∑
i

colYi, δ =
∑
i

ri − h, τ = δ + e.

Let Ei be abstract copies of the last-column spaces, Eabs = ⊕
iEi, and let N ⊂ Eabs

be the relation space of dimension δ. The abstract coefficient input has dimension t.
Its maps into Eabs are denoted by Bρ. Let J be the kernel of their joint map after
quotienting by N , and set

j = dim J, WJ =
∑
ρ

Bρ(J), w = dimWJ , u = t− j, L = τ − j.

Lemma 10.4 (Weighted coefficient expansion). Outside the exceptional normal families
described below, restriction through every last matrix is injective on the coefficient input
and

(10.9) dim
∑
ρ

Bρ(J ′) ≥ 3
2 dim J ′ − e

for every input subspace J ′. Consequently w ≥ 3j/2−e, 3j ≤ 2τ , and every symmetric-
evaluation cokernel witness has rank at most 2τ − 3j = 2L− j.
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Proof. For a full-last block a one-dimensional coefficient input has output dimension at
least two, and a two-dimensional input has joint output dimension at least three. For a
rank-two last block the one-dimensional quotient can lose at most one, charged by γi−li.
When γi = li = 1, exclusion of E1 ensures that the remaining one-dimensional input still
has output rank two, so no loss is charged in that case. The inequality for a direct sum
follows inductively by projection onto the first summand and then intersection with
the remaining summands. Since WJ ⊂ N , this proves the first two consequences. For
a cokernel witness of rank s, skewness puts the coefficient images of its s-dimensional
transpose image in its s-dimensional output. Lift the input back across J and apply
(10.9). Quotienting by N loses at most δ dimensions, so 3(j + s)/2 − e− δ ≤ s. □

For a fixed last matrix the normal-plane parameter cost is
(10.10)
di = (2 − li)5 + li(γi − li), ∆i = 10 − di, riγi − ∆i = (3 − γi)γi − li(5 − γi + li).
Indeed, one chooses the pure-last plane in the last kernel, its projected top plane, and
its lift. The respective costs are li(γi − li), (2 − li)(4 − (2 − li)), and (2 − li)(3 − li).

Proposition 10.5 (Raw and complementary incidence bounds). Put Λ = C−10+d+1.
On a dominating positive-overlap stratum the projected bad-data codimension is at least
(10.11) LM + ℓΛ −

∑
i

(riγi − ∆i) − (δ − w)h− j(t− j) − dim Z.

If the normal contractions are onto, a second bound on the same stratum is ℓΛ.

Proof. Choose J at cost j(t−j). Its abstract output WJ is fixed; choosing N containing
it costs (δ−w)h. The quotient injection Eabs/N → E costs Mh. The abstract last ma-
trices, modulo their block general-linear changes and their individual projectivizations,
cost ∑i riγi− ℓ. Thus the total last-matrix cost is Mh+(δ−w)h+∑i riγi− ℓ+ j(t− j).
The independent symmetric equations cost (t − j)M − dim Z. The residual equations
DYi = 0 cost ℓ(M +C) because the Yi are independent. Subtract the normal cost ∑i di
and return the fiber dimension ℓd. The identity t+ ℓ− h = δ + e gives (10.11).

For the complementary estimate fix the top operators and normals. An onto normal
contraction from E3 to E2 has projective kernel dimension M − 1. Hence the tuple
parameters cost at most ℓ(M − 1 + 10). The same independent residual equations and
fiber return give ℓ(M + C) − ℓ(M + 9) + ℓd = ℓΛ. Both counts refer to the same
dominating stratum. □

Proposition 10.6 (Disjoint input spaces). If τ = 0, let g be the dimension of the total
old-column span of the graphs. Then the bad-data codimension is at least
(10.12) (5ℓ− g)(M − g) + ℓΛ, g ≤ 5ℓ− 1
when the label image is positive dimensional. If each graph has rank four, one may
instead use g ≤ 4ℓ.

Proof. The last-column spaces are disjoint and γi = li. For the positive metric gauge,
fix the total column plane G and restrict A0 to be block diagonal for G⊕G⊥. Normal-
ization preserves G and maps this augmented incidence submersively onto the ordinary
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one. The inside-G metric block remains free, while the off-diagonal top equations are
unchanged. Hence the augmented coefficient evaluation may be used in this count.
Choose their containing old g-plane at cost g(M − g) and their projective last matri-
ces at cost hg +∑

i riγi − ℓ. Off that plane, free rectangular symmetric blocks impose
4ℓ(M − g) independent top-column equations. Within it, normal evaluation costs tg:
Lemma 10.4 gives zero cokernel at τ = j = 0. Include the residual equations and the
normal costs as before. Since t + ℓ = h, the result is (10.12) minus ∑i(riγi − ∆i), a
nonpositive correction.

If all graphs have rank five and g = 5ℓ, their column spaces are disjoint. A linear
combination then has rank at most five only when its active summands have the same
row space. The rank-five locus in their projective span is a finite union of coordinate
projective subspaces with constant labels. An irreducible component with positive-
dimensional label image cannot lie there. This proves the strict inequality. Rank-four
graphs give the alternative directly. □

Lemma 10.7 (Saturated single overlap). If all last matrices have rank three, every
normal has top rank two, j = 0, and δ = 1, a nonzero cokernel implies that one
tuple top pencil is a line on Σ. This holds for both the three-coefficient family and the
augmented four-coefficient family. Thus, on a component not contained in that pencil
locus, the cokernel is zero.

Proof. Its maximum witness rank is two. In (10.2) all the 2 by 2 skew blocks are scalar
multiples of one invertible alternating form. If W is the two-dimensional transpose
input, the actual coefficient maps on W have the form λρT with T injective. Lift across
the relation line N = Cn:

B̃ρ|W = λρT̃ + nµρ.

For each block i, let pi : W → Ui be its input projection, ni the block projection of
n, and T̃i that of T̃ . For every w ∈ W , its coefficient matrix in this block is the sum
λ⊗T̃i(w)+µ(w)⊗ni, of rank at most two. If some pi has rank two, its whole augmented
normal pencil, hence its top pencil, has rank at most two, as required.

Suppose all nonzero pi have rank one. For such a block ni ̸= 0, since otherwise
each nonzero coefficient matrix in the block would have rank one. For k ∈ ker pi,
the displayed tensor is zero, so µ(k) ∈ Cλ. The maps pi are jointly injective; thus
two nonzero ones have distinct kernel lines in W . Consequently the induced map
W → CR/Cλ from µ is zero. All block coefficient matrices now have rank at most
one, again a contradiction. Therefore a rank-two block exists. A generic tuple from a
component not contained in this real-defined closed pencil locus avoids it in every entry,
which proves the final assertion. □

11. The exterior tensor construction with reserve ten

This section proves that at reserve ten the parameters of the seven-label family can be
chosen, relative to prescribed data near a closed set, so that the weak bad-label bound,
ordinary regularity, and surjectivity of the curvature differential hold everywhere.
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11.1. Exceptional normals and initial rank conditions. A normal U ∈ Gr2(C7)
has pure-last rank l = dim(U ∩ C3). Let E1 be the top-rank-one normals whose top
matrix belongs to Σ and whose pure-last line lies in its row plane. Its dimension is at
most 2 + 1 + 2 = 5. Let P0 be the normals whose top pencil is one of the six constant-
row-space pencils and whose two last lifts lie in its common row plane. Its dimension is
four. Outside these families, two augmented coefficient inputs have joint row dimension
at least three. Restriction through a last matrix of rank at least two is injective on S,
since its kernel would otherwise be a rank-one coefficient matrix. These facts give the
block expansion used in Lemma 10.4.

Lemma 11.1 (Constant-column pencils). At reserve C the incidence of a bad-label
component of dimension at least five whose generic top pencil has constant column
space has codimension at least M + C, after excluding a locus of codimension 2M in
the symmetric parameters.

Proof. For one of the six real pencils, real changes of coefficient, pencil, and last-
coordinate bases put its contraction in the form(

A− q11I B − q21I −q31I
−q12I A− q22I B − q32I

)
.

To obtain this form, remove the common zero coefficient row. A 2 by 3 pencil of
constant rank two has a quadratic right kernel with independent coordinates; otherwise
a regular square block would drop rank somewhere on P1. The two linear syzygies of
(s2, st, t2) give the displayed form.

For independent old vectors v, w, the map (A,B) 7→ (Av,Bv + Aw,Bw) is onto.
Indeed, prescribing (x, y, z) and putting h = Aw leaves just ⟨v, h⟩ = ⟨w, x⟩ and ⟨w, h⟩ =
⟨w, y⟩−⟨v, z⟩, two independent equations even for isotropic spans. A projective rank-two
adjoint witness and the six lifts therefore give codimension at least 3M−(2M−1)−6 =
M − 5.

The locus where A,B have a common eigenspace of dimension at least two has
codimension 2M : fixing the plane and two eigenvalues costs 2(2M − 1) equations and
2(M − 2) + 2 parameters. Away from it there are finitely many common eigenlines. A
rank-one witness (αv, βv) forces Av = av, Bv = bv, and three independent equations
on the six lifts. Allowing [α : β] gives a label set of dimension at most four. Thus a
component of dimension d ≥ 5 generically has a rank-two adjoint witness. On the exact
adjoint-corank-s stratum, return its projective witness fiber s− 1; residual failure costs
max(C − s+ 1, 0); the label fiber returns d. The result is

M − 5 + (s− 1) + max(C − s+ 1, 0) + d ≥ M + C.

□

Lemma 11.2 (Singular rectangular pencils). For 1 ≤ d ≤ M , pairs of M by d com-
plex matrices (P,Q) whose pencil P + tQ has deficient column rank for every t have
codimension at least 2M − d+ 1.
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Proof. Choose a nonzero polynomial kernel vector of smallest degree, x(t) = x0 + · · · +
xjt

j, with x0 ̸= 0. Its coefficients are independent. Indeed, a first dependence xh =∑
i<h aixi gives the shorter chain yk = xk − ∑k

a=1 ah−axk−a, 0 ≤ k < h, satisfying
Py0 = 0, Pyk = −Qyk−1 and Qyh−1 = 0. Thus j < d. A fixed coefficient frame imposes
M(j + 2) independent linear equations, whereas frames modulo scale have d(j + 1) − 1
parameters. The difference is M(j + 2) − d(j + 1) + 1 ≥ 2M − d+ 1. There are finitely
many possible minimal degrees. □

Lemma 11.3 (Exceptional lifts). The parameter locus on which the actual bad labels
in E1 have dimension five has codimension at least M + C − 2.
Proof. Fix the top direction and pure-last line (z, k), at a cost of three parameters.
Choose last coordinates with Kz = span(e0, e1) and k = Ce0. A last matrix killing
k is (w, Y2) ∈ E2. On the lift line ξ = e2 + te1 its remaining normal equation is
Abw − Y2 − tw = 0. The map (w, Y2) 7→ (Abw − Y2,−w) is an invertible linear map
of E2. Let the restriction D′ : E2 → V have target corank s and kernel dimension
d = M − C + s. Its rank-stratum cost is sd. A framed kernel therefore gives an
unrestricted pair of M by d matrices for the displayed pencil.

If 0 < d ≤ M , Lemma 11.2 adds 2M − d+ 1 = M +C − s+ 1 equations when every
lift on that line is bad. The sum is M + C + 1 + s(d− 1) ≥ M + C + 1. If d = 0 there
is no bad lift. If d > M , then s ≥ C + 1 and the rank-stratum cost alone is at least
(C + 1)(M + 1) > M + C + 1. Returning (z, k) gives M + C − 2.

A five-dimensional bad-label component inside the five-dimensional E1 fills one of its
irreducible components. For generic (z, k) every lift in that component is then bad,
so the chosen pencil is bad. The preceding exclusion rules this out. The projective
boundary and lower-dimensional coefficient strata already have dimension at most four.
A finite coefficient-chart cover makes the construction algebraic. □

Lemma 11.4 (The preliminary exterior exclusions). For C = 10 and M ≥ 9, parame-
ters can be chosen so that any bad-label component of dimension d ≥ 5 has generic onto
normal contraction, last rank two or three, and graph rank four or five. For rank four
its dominating tuple length satisfies ℓ ≥ d− 1; for rank five it satisfies ℓ ≥ d+ 1.
Proof. The counts below, including the exceptional ones, specify the part of the param-
eter space that is removed. The exact normal parameter dimension is ten. Outside
E1, P0, and the constant-column pencils, two adjoint witnesses with total old-column
dimension h ≤ 4 have coefficient span at least h + 2. For h = 4 this comes from two
disjoint two-column spaces; for h = 3 the constant-rank Kronecker pencil supplies 3 + 2
coefficient dimensions: after basis changes its two witnesses are e1 ⊗ u1 + e2 ⊗ u2 and
e2 ⊗ u1 + e3 ⊗ u2. If the joint coefficient rank is t0 ≥ 3, their two coefficient spaces
intersect in at most t0 − 2 dimensions, since the intersection is supported on the middle
old line. Their sum has dimension at least t0 + 2 ≥ 5. For h = 2 a rank-one pencil
member and projection away from its old line supply 2+2; for h = 1 a failure to supply
three would be a constant-column pencil. The same augmented argument handles top
rank one. Symmetric evaluation minus the witness-plane cost gives

(t− h)M + (h− 2)2 − χ(t, h) ≥ 2M − 3.
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For a single old-rank-two adjoint witness the coefficient span has dimension three
and its cokernel is at most one. A nonzero cokernel contains a coefficient line tensored
with the old two-plane, which forces the augmented top pencil onto the determinant
surface. There are only finitely many such projective pencils, so their two lifts cost six,
not ten. This gives (3M − 1) − (2M − 1) − 6 = M − 6. In the zero-cokernel case it gives
3M − (2M − 1) − 10 = M − 9. For an old-rank-one witness, coefficient rank at least
three is stronger; at rank two its top direction lies in Σ, returning one parameter and
again giving M − 9. The lower-dimensional top-rank-one normal stratum is no worse.

At exact corank one, residual failure and a label fiber of dimension d ≥ 5 thus give
M − 9 +C + 5 = M +C − 4. At exact corank s ≥ 2, return the Grassmannian witness
fiber 2(s− 2) in the two-witness estimate; the result is

2M − 3 − 10 + 2(s− 2) + max(C − s+ 1, 0) + 5.

At C = 10 this has minimum 2M + 1. Constant-column pencils are covered by
Lemma 11.1.

Lemma 11.3 supplies the bound M + C − 2 on E1. The family P0 already has the
allowed dimension four.

For rank-one last matrices Y = v ⊗ λ, the maximal graph row space is imLλ ⊕ Cλ.
At ordinary λ it has dimension four, and its supporting normal family has dimension
two; allowing λ adds two. At one of the six exceptional directions its row rank is three,
and the supporting normal family is Gr2(C4), also of dimension four. These maximal-
rank graphs are harmless. A rank drop costs M + C − 4 at an ordinary direction and
M + C − 1 at an exceptional direction.

For last rank t = 2, 3, graph rank at most ρ has codimension at least

(11.1) (M − ρ)(4 + t− ρ) − εt +M + C − t(M + 3 − t) + 1, ε2 = 3, ε3 = 0.

To see this, choose a projective rank-t last matrix, choose its containing old ρ-plane,
and impose the four top columns modulo that plane. The full-rank evaluation loss is
zero by Lemma 9.3; at rank two it is at most 3 dim Λ2C2 = 3. The residual equation
then gives (11.1). For ρ = 3 the two bounds are 2M + C − 13 and 2M + C − 11.

Thus the relevant lower bounds at C = 10 are
failure codimension lower bound

ordinary/exceptional rank-one graph drop M + 6, M + 9
exceptional lift pencil M + 8

last-rank-two/three low graph rank 2M − 3, 2M − 1
actual nononto contraction M + 6, 2M + 1

constant-column pencil M + 10
ordinary and curvature regularity 2M − 3, 2M

Every number exceeds M + 5 when M ≥ 9. A rank-four graph has a two-dimensional
normal-label fiber, giving ℓ − 1 ≥ d − 2. A rank-five graph has a unique label, giving
ℓ− 1 ≥ d. □

11.2. The single-evaluation improvement.
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Lemma 11.5 (The pure full-last overlap strata). At reserve ten, every positive-overlap
stratum with γi = li = j = 0 and ℓ ≥ 4 has codimension greater than M + 5 whenever
M ≥ 6ℓ− 5.
Proof. Here δ = L, h = 3ℓ − L, u = 2ℓ, and Eabs = ⊕

iEi with dimEi = 3. Choose
one coefficient direction d that evaluates each two-dimensional normal input injectively
into its last block. If all evaluations of a block had rank at most one, their linear
matrix space would have a common image or common kernel. The former contradicts
minimum coefficient rank two, the latter joint injectivity. Thus each block has a nonzero
quadratic minor in d. The product of chosen minors is a nonzero polynomial of degree
at most 2ℓ in each of four coordinates. The fixed grid {0, 1, . . . , 2ℓ}4 meets its nonzero
locus, by iterated one-variable interpolation. This is a finite choice, with no continuous
parameter cost.

Fix the normal data and that direction before choosing the relation plane N . The
unquotiented evaluation has an image I of dimension 2ℓ in the 3ℓ-dimensional last
direct sum. Stratify by a = dim(N ∩ I) = dim kerBd. If 1 ≤ L ≤ ℓ, this stratum has
codimension
(11.2) a(ℓ− L+ a)
in GrL(C3ℓ). This cost is additional: the raw relation expense is Lh and j = e =
w = 0, so the coefficient-kernel conditions remove none of it. The quotient injection is
unaffected, and further open conditions cannot increase this stratum’s dimension.

At M = 6ℓ − 5 the raw excess over M + 5, before its cokernel subtraction, is 3Lℓ +
L2 − 5L. Apply Lemma 10.3 and add (11.2). Subtracting the two possible branches
gives, respectively,

E1 = L(3ℓ− L− 6) + a(ℓ− L) + a(a+ 1)
2 > 0,(11.3)

E2 = L(ℓ− 3) + 3L(L− 1)
2 + aℓ+ a(a+ 1)

2 > 0.(11.4)

These inequalities hold for ℓ ≥ 4, 1 ≤ L ≤ ℓ, and 0 ≤ a ≤ L. If L > ℓ, the crude
cokernel cap

(
2ℓ
2

)
gives excess at least 2ℓ2 + ℓ − 4, attained at L = ℓ + 1. The excess

has slope L− 1 ≥ 0 in M , which covers the remaining range. □

11.3. All tuple lengths and all old ranks.
Theorem 11.6 (Reserve-ten exterior avoidance). Let E have rank M ≥ 9 over a
compact smooth manifold X, possibly with boundary, of dimension at most M + 5, and
let V have rank M + 10. Call parameters (A,D) at x ∈ X, with A ∈ Sym(Ex)3

and D : Ex ⊗ R3 → Vx, good if the structured seven-label family satisfies the weak
bound dimC BK ≤ 4, ordinary regularity, and surjectivity of the curvature differential
DΦS(A) of Lemma 9.4. Let X0 ⊂ X be closed, possibly empty, and let (A0, D0) be a
smooth good family on an open neighborhood of X0. Then there is a smooth good family
over X that coincides with (A0, D0) on a neighborhood of X0. The only hypothesis
on (A0, D0) is goodness. Positive residual scaling and sufficiently small normalized
curvature corrections preserve the selected compact open activity conditions.
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Proof. After Lemma 11.4, a forbidden component has d ≥ 5 and an onto generic con-
traction. Thus Λ = d + 1 ≥ 6 and ℓ ≥ 4. The complementary bound excludes every
length with 6ℓ > M + 5. It remains to work at M ≥ 6ℓ− 5. Since (10.11) minus M + 5
has slope L− 1 ≥ 0, it suffices to examine the endpoint M = 6ℓ− 5.

Long tuples. Suppose ℓ ≥ 16. Generic last and pure-last ranks are constant on the
irreducible component and its conjugate, leaving (γ, l) = (0, 0), (1, 0), (1, 1). For the
first two cases set ϵ = 0, 1 respectively. Then

h = 3ℓ− L− j, u = 2ℓ− j, r∗ = 2L− j,

and δ − w ≤ L− j/2. The raw excess before subtracting the cokernel is at least

(11.5) 3Lℓ− jℓ

2 + L2 + Lj

2 + j2

2 − 5L− 2ϵℓ.

For L ≤ ℓ/2, the hypotheses of (10.6) hold, and monotonicity gives

dim Z ≤ 6
5(2L− j)(ℓ− L) + 11

10(2L− j)(2L− j − 1).

When r∗ ≤ 1 the cokernel is zero, so the same inequality is harmless. The resulting
excess is at least

(11.6) L
(3

5ℓ− L− 14
5

)
+ j

( 7
10ℓ+ 37

10L− 3
5j − 11

10

)
− 2ϵℓ.

The quadratic bound (10.3), valid for L ≤ ℓ, alternatively gives

(11.7) L(3L− ℓ− 4) + j
(3

2ℓ+ 1
2L− 1

2

)
− 2ϵℓ.

For ϵ = 0 the j coefficients are positive. If 3L > ℓ + 4, use (11.7); otherwise L ≤
(ℓ + 4)/3 < (3ℓ − 14)/5, and use (11.6). For ϵ = 1, L + j ≥ ℓ and j ≤ 2L give
ℓ/3 ≤ L ≤ ℓ/2, j ≥ ℓ/2. The first term in (11.6) is at least ℓ2/20 − 7ℓ/5, and its j
coefficient is at least 23ℓ/15 − 11/10. Hence the excess is at least ℓ(49ℓ− 237)/60 > 0.
For ℓ/2 < L ≤ ℓ, (11.7) is strictly greater than ℓ2/4 − 4ℓ ≥ 0. For L > ℓ, use
dim Z ≤ 2ℓ2 − ℓ in (11.5); the result is at least 2ℓ2 − 6ℓ > 0.

For (γ, l) = (1, 1) one has h = 2ℓ−L− j, u = ℓ− j, and normal loss −3ℓ. If L ≤ ℓ/2,
the quadratic cap gives excess at least

(2L+ j + 3)ℓ+ 3L2 + 1
2Lj − 4L− 1

2j > 0.

If L > ℓ/2, the crude cap
(
ℓ
2

)
gives a value strictly greater than 7ℓ2/4 + ℓ. This treats

all positive-overlap long tuples.
The finite short range. For 4 ≤ ℓ ≤ 15 enumerate

(γ, l) = (0, 0), (1, 0), (1, 1), 0 ≤ δ < (3 − γ)ℓ, 0 ≤ j ≤ (2 − l)ℓ,
e = (γ − l)ℓ, t = (2 − l)ℓ, h = (3 − γ)ℓ− δ, τ = δ + e,

L = τ − j ≥ 1, 3j ≤ 2τ, w = max{0, ⌈(3j − 2e)/2⌉} ≤ δ.
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The family γ = l = j = 0 is already proved by Lemma 11.5. For every other row put
u = t− j, r∗ = 2τ − 3j, and bound its cokernel by

(11.8) max
2≤r≤min(r∗,h,u)

min
{
ru− r(r + 1)

2 , r(u− 2) + 1, Φ4(r, h, u)
}
,

where an empty maximum is zero. Use the exact normal loss (3 − γ)γ − l(5 − γ + l) in
(10.11). This is a finite integer calculation, with the following row totals and minima:

ℓ direct rows symbolic rows minimum direct excess
4 108 11 7
5 170 14 9
6 246 17 11
7 335 20 13
8 439 23 15
9 556 26 17
10 687 29 19
11 832 32 21
12 991 35 23
13 1163 38 25
14 1350 41 27
15 1550 44 29

There are 8427 direct rows and 330 symbolic rows. The enumeration formula specifies
every operation, and the accompanying certificate uses only integer arithmetic. Every
row has nonnegative slope in M , so these finite checks cover the short-length range for
every old rank M .

Zero overlap. For generic graph rank five, ℓ ≥ 6. If 5ℓ ≤ M , (10.12) is at least
M + ℓ + 1 > M + 5; otherwise integrality gives 6ℓ > M + 5. For graph rank four, the
only remaining range is M ≥ 6ℓ− 5 > 4ℓ. The excess from (10.12) is at least

ℓ(M − 4ℓ) + 6ℓ−M − 5 ≥ ℓ(2ℓ− 5) > 0.
This treats every length and every rank stratum.

Smooth choices and curvature. The complex incidence strata and their projected fiber-
dimension conditions are defined over the reals. Their complex codimension bounds
imply at least the same real codimension on real parameters. In the disjoint count,
the nondegenerate open tuple stratum contains the component-and-conjugate spanning
tuples and retains their full returned fiber dimension.

Let Px = Sym(Ex)3 ⊕ Hom(Ex ⊗ R3, Vx), and let Nx ⊂ Px be the set of parameters
that are not good. It is the union of three sets. The incidence set {dimC BK ≥ 5} is
closed, since projectivity of the bad-label incidence makes the fiber dimension upper
semicontinuous. It is the real part of a constructible set, hence semialgebraic. By
Lemma 11.4 and the preceding counts it lies in a finite union of semialgebraic sets of
codimension greater than M + 5, so its own codimension exceeds M + 5. The ordinary
failure set is closed, since surjectivity is open. By Lemma 9.4(1) it lies in a locus of
codimension at least 2M−3 > M+5. The curvature failure set is closed of codimension
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at least 2M > M+5, by Lemma 9.4(2). All three sets are invariant under O(Ex)×O(Vx),
since L is fixed. Over a chart U with orthonormal frames, therefore, N |U = U × N0
for one closed semialgebraic set N0 of codimension greater than M + 5 ≥ dimX. A
semialgebraic set is a finite union of smooth submanifolds of no larger dimension. Thus
N is covered by finitely many submanifolds of open subsets of P , each of codimension
greater than dimX.

Choose closed neighborhoods N1 ⊂ intN2 of X0 with N2 inside the domain of
(A0, D0). Choose a cutoff equal to one on N2 and supported in that domain, and
let p be the product of the cutoff with (A0, D0), extended by zero. Choose a smooth
ψ ≥ 0 with ψ−1(0) = N1, and smooth sections σ1, . . . , σK of P spanning every fiber.
Put pc = p+ψ∑k ckσk. On (X\N1)×RK and on (∂X\N1)×RK the map (x, c) 7→ pc(x)
is a submersion to P . By the parametric transversality theorem, for almost every c the
section pc is transverse on both sets to each of the finitely many submanifolds covering
N . Their codimension exceeds the dimension, so pc misses N on X \ N1. On N1 it
equals (A0, D0), which is good. Hence (A,D) = pc is a smooth good family over X that
coincides with (A0, D0) on intN1 ⊃ X0. For X0 = ∅ this is the absolute statement.

Put S = S(A). By goodness and compactness, DΦS is onto on X with a uniformly
bounded right inverse. Replace D by ηD, η > 0; this leaves its kernel fixed and in-
troduces only the last–last curvature error η2Ω(D). The surjective differential DΦS

corrects that error by Sη = S+O(η2). After normalizing the residual target by η−1, the
graphs converge to the chosen graph. Projectivity of the bad-label incidence makes its
fiber-dimension upper bound open; in particular the fixed compact activity and bound-
ary homotopy margins survive. Block elimination shows DΩT is onto: first prescribe
top–top entries, then top–last entries using skew parts, and last–last entries through
DΦSη . Scaling the whole map and applying the finite-dimensional implicit-function
theorem similarly accommodates a prescribed bounded background curvature. These
are tensor corrections; the realization and assembly theorems proved above pass from
them to an actual isometric map. □

12. The core tensor construction with reserve five

The exterior construction must be supplemented by data on a core whose dimension
is bounded independently of the dimension of the manifold. In this section we construct
such data on a core of dimension at most five. The required improvement concerns the
actual symmetric matrix parameters; it does not follow by treating the columns of a
structured graph as independent.

We use the Tiles coefficient space of Lemma 9.1. Put A = C3, let P = C4 denote its
coefficient space, and write E = Cr. The label space is P ⊕A. We denote by X(Y ) the
structured graph of a last matrix Y : A → E; it is an actual kernel graph if and only if
DY = 0, where

D : E ⊗ A∗ −→ V, dim V = r + c.

Signs in the top columns play no role in the counts. In the coefficient calculation we
permit the positive metric gauge: the last columns are then A0Y , where A0 is positive
definite, and there are three independent symmetric top operators. Normalizing the
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metric returns the original family without changing its target dimension. Whenever
a row-expansion argument uses the last lifts, we retain the four augmented coefficient
directions, including A0.

We work with normal two-planes instead of their annihilating five-planes. Thus

B = {U ∈ Gr2(P ⊕ A) : X(Y )|U = 0 for some 0 ̸= Y ∈ kerD}.

For a real normal three-plane Z, the corresponding Schubert fiber is B ∩ Gr2(ZC). We
call it complete when it equals that projective plane.

Proposition 12.1 (Core tensor family). Let r ≥ 12, c = 5, and let the slow parameter
space have dimension at most five. In the structured real Tiles family the following
finite-dimensional conditions can be imposed simultaneously:

(i) the complex bad-normal set has dimension at most four;
(ii) the Schubert fiber over every real normal three-plane is finite or complete;
(iii) the prescribed standard activity is safe;
(iv) ordinary regularity and the full selfadjoint curvature differential are surjective, as

are the residual ordinary operator and the top curvature differential;
(v) the ordinary and curvature conditions required on every rank-(r− 1) compression

hold simultaneously.
The relative version used below fixes the regular collar constructed in Section 14.
Normalization and preservation of the complete boundary class are established in
Lemma 14.2.

12.1. A rank-two symmetric-evaluation lemma. The first estimate sharpens a
graph-rank exclusion at the endpoint. All duals and transposes in its proof are algebraic;
in particular, an isotropic complex old subspace causes no exception.

Lemma 12.2. Let S ⊂ Mat3×3(C) have dimension four and contain no nonzero matrix
of rank one. If Y : C3 → E has rank two, the four-column symmetric evaluation
associated with S and Y has cokernel dimension at most one.

Proof. Every nonzero left evaluation C 7→ atC on S has rank at least two. Otherwise
its kernel has dimension at least three and, after changing rows, lies in Mat2×3. By the
projective dimension theorem its projective plane meets the rank-one variety P1 ×P2 ⊂
P5, a contradiction. The same holds for right evaluation.

Put W = im Y . The restricted coefficient map S → C3 ⊗ W is injective, since a
kernel element has all rows in the one-dimensional last kernel and hence has rank at
most one. Denote its four-dimensional image by T . Symmetric duality identifies the
cokernel with

(T ⊗W ) ∩ (C3 ⊗ Λ2W ).
Because dimW = 2, its dimension is the dimension of

K = {a ∈ C3 : a⊗W ⊂ T}.
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If dimK ≥ 2, then T = K0 ⊗ W for a two-plane K0 ⊂ C3. A nonzero covector
annihilating K0 would send every original seed matrix into the one-dimensional kernel
of Y , contradicting the left evaluation bound. Therefore dimK ≤ 1. □

For last rank three the symmetric evaluation is onto by Lemma 9.3. If the full graph
has rank at most ρ, choose a ρ-plane containing im Y . For last rank t = 2, 3, the
resulting projected incidence codimension is at least

(12.1) (r − ρ)(4 + t− ρ) − ϵt + r + c− t(r + 3 − t) + 1, ϵ2 = 1, ϵ3 = 0.

Here the extra containing plane costs (ρ− t)(r−ρ), the four-column evaluation outside
it costs at least 4(r−ρ) − ϵt, a projective last matrix costs t(r+ 3 − t) − 1, and DY = 0
costs r + c. At ρ = 4 the bounds are r + c− 10 and r + c− 11, which equal seven and
six at (r, c) = (12, 5).

12.2. Preparations and exceptional normal planes. For a last direction λ ∈ P(A),
write Dλ(v) = D(v ⊗ λ). Two distinct directions with nonzero kernels have projected
incidence codimension 2c−2: select two independent projective rank-one matrices, each
costing r+1 parameters, and impose their independent residual equations, of total rank
2(r + c). A two-dimensional kernel at one direction costs 2(c + 2) − 2, and failure of
injectivity at one fixed direction costs c + 1. At c = 5 all these quantities exceed five.
Consequently there is at most one bad last direction at each slow point, its kernel is a
line, and all six exceptional last directions of the Tiles seed can be made injective.

At an ordinary direction, a rank-one graph has maximal rank four. Its rank-drop
incidence has codimension r + c − 4: the residual rank-one incidence costs c − 1, and
the drop of the three independent top evaluations modulo the last vector costs r − 3.
Thus the only remaining rank-one graph contributes a complete plane Gr2(Wλ), for a
normal three-plane Wλ. Its intersection with Gr2(Z) is empty, a point, or that whole
plane. By (12.1), every other bad graph has rank five and determines a unique bad
normal.

We retain the notation E1 and P0 from the exterior coefficient analysis. The set E1
consists of normals with a one-dimensional top projection z on the determinant surface,
a pure-last line k in the two-dimensional row space of Cz, and a last lift. Its dimension
is at most 2 + 1 + 2 = 5. The locus P0 consists of normals whose top projection is one
of the six constant-row pencils and whose lifts both lie in its fixed row two-plane; its
dimension is four.

We treat the constant-column pencils before counting actual ordinary normals. Their
canonical operator has two independent symmetric coefficients. By the symmetric eval-
uations in the exterior proof, a common eigenline costs r − 1 and a rank-two adjoint
costs r − 5. Both costs exceed five at r = 12. Outside the two exceptional normal
loci and these column pencils, the projected single-adjoint bound is r − 9. Requiring
an actual residual witness on the corank-one stratum adds c conditions. The actual
nononto-normal bound is therefore

(12.2) r + c− 9.
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For exact adjoint corank s ≥ 2, the two-witness bound, normal parameters, witness-
fiber return and residual equations give
(12.3) 2r + 2s− 17 + max(c+ 1 − s, 0) ≥ 2r + c− 14.
Both bounds exceed five, the dimension of the core. Hence the contraction is onto at
every actual ordinary bad normal; surjectivity at an arbitrary normal is not claimed.

Lemma 12.3. The preceding preparations allow dimC B ≤ 4.

Proof. The rank-one graph planes have dimension two and P0 has dimension four. On
the generic lift stratum of E1, the last two-vector equation has an identity coefficient.
For a fixed normal, its top equation and residual equation have projected codimension
c+1. A five-dimensional fiber returns the five normal parameters, and the codimension
is still c+ 1 = 6. The remaining lift stratum has dimension at most four.

A forbidden component of dimension d ≥ 5 therefore has generically onto contrac-
tions and rank-five graphs with unique normal labels. A dominating independent tuple
spanning this component and its conjugate has length ℓ ≥ d + 1. The complementary
residual count of the exterior argument is

ℓ(c− 10 + d+ 1) = ℓ(c+ d− 9) ≥ 6.
This exceeds the core dimension and excludes the component. □

We next give the exceptional Schubert counts. They do not improve as r increases
and hence matter at reserve five. A proper fiber cannot contain a nonzero actual graph
killing Z. Consequently the restriction to Z is injective on the span of its supporting
actual graphs, and distinct normals require independent graph witnesses.

For E1, write Bz = rowCz. Over a bad rank-one direction there is no additional
actual witness unless it kills Bz: the independent rank-one witness costs r−1, a second
projective matrix killing its last line costs 2r−1, the two residual equations cost 2(r+c),
the remaining top equation costs r, and the normal parameters cost five. The difference
is 2c− 3 > 5.

For two independent witnesses with nonzero restrictions to Bz, the combined top-
equation and last-parameter cost is at least the cost of 2r−1 top equations. If their old
evaluation vectors are independent, this is symmetric evaluation on two independent
vectors. If they are proportional, their parameters lose r − 1, while one top equation
still costs r. Together with the residual equations this gives 2c+ 1 before we allow the
common plane Z.

If Z has top rank one, put B = Z ∩ A. When B ̸= Bz, its parameters cost five
and its exceptional normals form a pencil; two prescribed points give 2c − 4. When
B = Bz, the common-plane parameters cost three. A component with fixed pure-last
line adds one parameter and gives 2c − 3. When that line varies, two general choices
and the return of the two-dimensional actual choice fiber give the same bound. If Z
has top rank two, its top projective line lies on the smooth determinant cubic, which
contains finitely many lines. The common last line is determined on a nonconstant-row
pencil; on a constant-row pencil it costs one parameter. The lifts cost four. Thus the
common-plane family costs at most five, and the two-point bound is again 2c − 4. At
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a pure-last normal, the supporting last matrix has rank at most one. Its contribution
is therefore one of the complete rank-one graph planes treated above, and it creates no
additional proper positive-dimensional component. Since the minimum of these bounds
is six, a proper exceptional component is excluded.

Lemma 12.4 (Constant-row two-point evaluation). For each constant-row Tiles pencil,
its restriction to the common row two-plane is equivalent to the symmetric two-by-two
coefficient space. If two independent old-vector pairs (xi, yi), i = 1, 2, have total span
of dimension h, their two-point symmetric evaluation has coefficient dimension four for
h ≥ 2 and three for h = 1. The respective cokernel bounds for h = 4, 3, 2, 1 are 1, 3, 2, 0.

Proof. We use the canonical rational kernel bases specified in Section A.3. For the six
exceptional directions, the annihilators of the coefficient hyperplanes in Mat2×2, read
row by row, are

λ H detH
(1,−1, 0) (7/2, 1,−1, 1) 9/2
(0, 0, 1) (1,−1, 0, 1) 1

(0, 1,−1) (−1,−2/7, 2/7, 1) −45/49
(1, 0, 0) (1, 0,−1, 1) 1
(1, 1, 1) (2, 1,−1, 1) 3

(−2, 1,−2) (1/2, 1,−1, 1) 3/2.

They are obtained by substituting the four seed matrices, restricting to λ⊥, and solving
the three coefficient equations. Every displayed annihilator is invertible. Invertible
changes of the two bases carry it to the standard alternating matrix, so its annihilator
hyperplane becomes the symmetric matrices.

In this form the four coefficient vectors are e1xi + e2yi and e2xi + e3yi. A coefficient
relation of rank one would make the two old-vector pairs dependent. A rank-two relation
can be put into the form x1 = 0, y1 + x2 = 0, y2 = 0, which forces h = 1. This proves
the stated coefficient dimensions. For h = 4, the dual equations are

sym
∑
i

xi ⊗ αi = 0, sym
∑
i

(yi ⊗ αi + xi ⊗ βi) = 0, sym
∑
i

yi ⊗ βi = 0.

The first and last equations give α1 = tx2, α2 = −tx1 and β1 = uy2, β2 = −uy1, and the
middle equation forces t = u. Hence the cokernel has dimension one. For h = 3, 2, 1 the
general symmetric-evaluation estimate gives χ(4, 3) = 3, χ(4, 2) = 2, and χ(3, 1) = 0.
All calculations are tensorial and remain valid on isotropic spans. □

For a proper curve in P0, the common Z has the fixed top pencil, a last line inside
its row plane, and lifts inside its row plane modulo that line. Its parameter cost is
1 + 2 = 3. Choose two points by fixing two distinct values of a nonconstant affine
lift coordinate; one lift parameter remains at each point. The restrictions of the two
witnesses to the row plane are independent, since the complementary exceptional last
line is residual-injective. If their four old columns span an h-plane, their parameter
space loses (4 − h)(r − h). Lemma 12.4, two independent residual equations, the three
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common-plane parameters, and the two remaining lift parameters give

(12.4) h 4 3 2 1
codimension 2c− 4 r + 2c− 9 2r + 2c− 9 2r + 2c− 6.

For h ≥ 2, for example, this is 2c− 3 − χ(4, h) + (4 − h)(r − h), with the sharper loss
one at h = 4. Every bound is greater than five. The curve need not attain every fixed
affine value: we use a countable dense collection of pairs, and a nonconstant algebraic
map misses only finitely many generic values.

12.3. The common-plane incidence and its finite rows. After the exceptional
reductions, a remaining proper Schubert component has ordinary rank-five graphs. Let
ℓ be the dimension of the span of the component and its conjugate, and choose a generic
independent tuple from them. The complementary estimate with the common three-
plane charged once is cℓ − 12, because dim Gr3(C7) = 12. For c = 5 it excludes every
ℓ ≥ 4. It remains to consider ℓ = 2, 3.

Write γ ∈ {0, 1} for the last corank and l for the pure-last normal rank, and use the
generic ranks

(12.5)
0 ≤ l ≤ γ, e = ℓ(γ − l), h = ℓ(3 − γ) − δ,

u = ℓ(2 − l) − j, L = δ + e− j, w = max{0, ⌈3j/2 − e⌉}.

Here δ is the dimension of the relation space among the last images, j is the joint
coefficient-kernel dimension, and w is a lower bound for its unquotiented row span.
The admissible positive-overlap rows satisfy

(12.6) 0 ≤ δ ≤ (ℓ− 1)(3 − γ), 0 ≤ j ≤ ℓ(2 − l), L ≥ 1, j ≤ 2L, w ≤ δ.

Put R = min(2L− j, u, h). The skew-cokernel bound permits

(12.7) χ = 0 (R ≤ 1), χ = Ru− R(R + 1)
2 (R ≥ 2).

The raw projected incidence codimension is at least

(12.8) Lr + cℓ− 12 − ℓγ(3 − γ) + 2l − (δ − w)h− ju− χ.

We count parameters, including the projection fiber. The last matrices and their
coefficient kernel cost at most

rh+ (δ − w)h+ ℓ(3 − γ)γ − ℓ+ ju.

There are ru − χ independent symmetric equations and ℓ(r + c) independent residual
equations. The normal planes inside Z cost 2ℓ, and the choice of Z costs twelve. Each
dominating choice lies on a positive-dimensional component, so its actual projection
fiber returns at least ℓ parameters. When l = 1, the pure-last condition saves two
common-plane parameters. Subtracting gives (12.8). The dominating stratum is needed
here: the fiber return fails for an arbitrary tuple subvariety.
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At (r, c) = (12, 5), the only raw rows at most five are

(12.9)

ℓ γ l δ j L h u χ raw
2 0 0 1 0 1 5 4 5 0
2 1 0 0 1 1 4 3 0 3
2 1 0 1 2 1 3 2 0 2
2 1 1 1 0 1 3 2 1 4
3 0 0 1 0 1 8 6 9 −2
3 0 0 2 0 2 7 6 14 −1
3 1 0 0 2 1 6 4 0 1
3 1 0 1 2 2 5 4 5 3
3 1 1 1 0 1 5 3 3 3.

There are seventeen pair rows and forty-seven triple rows in (12.6). The endpoint
certificate enumerates all of them; the table lists every row that needs a geometric
refinement.

12.4. Pencils, conics, and one-relation saturation. The following facts concern the
restriction of the span of actual graphs to Z. Properness makes this restriction injective.
Every graph from the component restricts to a rank-one map, and the kernels vary with
the normal planes.

Lemma 12.5. If a proper component and its conjugate span a two-dimensional re-
striction space, its maps have common image. If their total span has dimension three,
the component is a nonsingular conic whose image vectors span a two-plane. Thus
three general generators satisfy one output relation with all coefficients nonzero, at a
projective parameter cost of two.

Proof. A line of rank-one matrices has common image or common kernel; otherwise
independent image vectors and independent covectors produce a rank-two generic sum.
Varying kernels exclude the second alternative.

Suppose the component spans a projective plane. The rank-one locus is cut out by
quadratic minors. If all these minors vanish on the plane, a linear space of rank-one
maps has common image or common kernel. A common kernel contradicts varying
labels; a common image identifies the three-dimensional space with all covectors on Z,
making the fiber complete. Therefore some quadratic minor does not vanish on the
plane. An irreducible nondegenerate plane curve contained in its zero set is a conic.
Both Segre projections of the conic are nonconstant. Since the hyperplane degree is
two, their degrees are (1, 1), and its image vectors span a two-plane. Three general
image vectors have a unique projective dependence with all coefficients nonzero.

Finally, a line component and a different conjugate line cannot span a proper pro-
jective plane. The lines intersect, and their nonzero intersection map forces their two
common image lines to coincide. Their span then consists of one image vector times all
covectors on Z, again making the fiber complete. □

Lemma 10.7 applies to the present four augmented coefficient directions, including
the metric coefficient A0. Its proof uses the actual one-dimensional relation space, so
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no coefficient direction is deleted and no reduction from four augmented directions to
three is made.

On a dominating tuple stratum, a generic block lying in the finite set of cubic pencils
forces its irreducible normal component into one such pencil. The common Z then has
top rank two, since top rank three would determine a unique two-plane in Z with that
fixed top projection. Consequently Z ∩ A is a line. The reality of Z also identifies the
fixed top plane of the conjugate component.

12.5. Coefficient-kernel exclusions and the corank-one rows. If γ = 1, l = 0, δ =
0, the last images are disjoint. Since the seed contains no rank-one matrices, its restric-
tion through each rank-two last map is injective. Therefore j = 0, and all rows with
j > 0 in this case are impossible.

If γ = 1, l = 0, δ = 1, j = 2, let N be the relation line and J the two-dimensional
coefficient kernel. Choose a block with nonzero projection of N . The projection of J to
that normal input is injective: a zero component would make every coefficient row in
N vanish, and joint injectivity would then kill the vector. Hence it is an isomorphism.
The augmented rows of the whole normal pencil lie in one line in the restricted last
image. Restoring its last kernel places all top and lift rows in a fixed two-plane in A.
This is the locus P0, already excluded. The argument allows zero projections of N on
other blocks.

Consider next γ = l = 1, δ = 1, j = 0. Each old coefficient input is a line with output
span two. For any s-dimensional subspace of their direct sum, projection to one block
followed by passage to its kernel shows that the unquotiented row span has dimension
at least 2s. The one-dimensional relation reduces this by at most one. A rank-s skew
witness would require 2s − 1 ≤ s. Rank-one witnesses are impossible, so the cokernel
vanishes. At length three the raw value rises from three to six.

At length two it rises from four to five. If Z ∩ A is a line, the last kernels coincide,
saving two parameters relative to two independent points of P(A). This saving is
separate from the common-plane saving already charged: the diagonal kernel choice
and a common Z meeting A may be counted independently, which only overcounts. If
DZ = Z ∩A has dimension two, the proper restriction pencil has common image, so its
nonzero images of DZ coincide. The last relation line lies in (DZ/k1)⊕ (DZ/k2), a fixed
two-plane in the four-dimensional abstract last sum. This saves two parameters in its
relation-line fiber, and no additional common-plane saving is charged in this branch.
Both cases give seven. Intersection dimension three would contradict l = 1.

12.6. Free rectangular blocks and the remaining positive overlaps. For full last
rank and l = j = 0, put

H̃ =
ℓ⊕
i=1

Ei, dimEi = 3, H = H̃/N, dimH = 3ℓ− δ.

The total last span of a component and its conjugate is real and therefore nondegenerate
for the positive old metric. Write E = H ⊕ Q and hold A0 fixed. The three top
symmetric operators have arbitrary rectangular blocks H → Q, independent of their
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symmetric blocks inside H. Last matrices whose images lie in H do not sample the
transposed blocks.

For fixed Z and fixed last matrices, let

F :
⊕
i

Z −→ C3 ⊗H

be the expanded top coefficient map. If it is injective, the rectangular blocks prescribe
all Q-valued evaluations on ⊕

i Z independently. After the old normal equations on⊕
i Ui, the new outputs πQXizi, with chart vectors zi ∈ Z\Ui, are independent arbitrary

vectors in Q. Contributions of A0 are affine right-hand sides. The old skew allowance
concerns the symmetric blocks inside H, so the new output conditions impose additional
codimension in the correct actual parameter fiber. The full graph-image span is not
fixed here.

Two generators and one relation. The raw value is zero and h = 5. If Z ∩ A = 0,
the map F is injective: a kernel vector would put all unquotiented rows of a nonzero
block seed matrix in the projection of the relation line, giving rank at most one. Its
top coefficient must therefore vanish, and transversality of Z makes the whole block
vector vanish. By Lemma 12.5 the two new Q-outputs must be proportional. The
rank-at-most-one locus in Mat(r−5)×2 has codimension r − 6, which equals six at the
endpoint. We retain the old allowance χ = 5.

If Z ∩ A = Ck, this common-plane position has codimension two, which has not
been charged before because l = 0. The nonzero vectors Y1k, Y2k are proportional.
Hence the relation line lies in their fixed abstract two-plane inside C6, saving four
further parameters. The two costs occur successively, first in Z and then in the relation
fiber at fixed Z, and together give six. A larger last intersection is incompatible with
Ui ∩ A = 0.

Three generators and one relation. The raw value is −2 and the old allowance is nine.
A nonzero skew witness has rank at most two. Lemma 10.7 therefore either removes the
cokernel, giving seven, or forces the component into a fixed cubic pencil. In the latter
case Z ∩ A = Ck. By the conic conclusion of Lemma 12.5, the three nonzero vectors
Xik = A0Yik are dependent. Since A0 is invertible, the relation line lies in the fixed
three-plane ⊕iC(Yik) ⊂ C9. Its position saves six parameters in P8, and the last-line
condition on Z saves two. Keeping the old allowance nine gives −2 + 6 + 2 = 6. We
add no separate single-evaluation position saving here.

Three generators and two relations. Now h = 7, u = 6, and the raw value is −1 with
allowance fourteen. The relation plane varies in Gr2(C9), of dimension fourteen. There
are three exhaustive branches.

First suppose Z ∩ A = 0 and F is injective. Choose a coefficient direction whose
evaluation on every old normal input is injective before quotient. If the quotient eval-
uation has kernel dimension a = 0, 1, 2, its relation-plane position costs a(a + 1). The
one-evaluation skew estimate from the exterior proof gives the respective cokernel caps
10, 10, 11; after the position saving their maximum is ten. The three new Q-outputs are
arbitrary. The conic relation forces their matrix to have rank at most two, a condition
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of codimension r − 9. At r = 12 the total bound is
−1 + 14 − 10 + 3 = 6.

The relation-position cost concerns only last and normal data, while the three extra
equations concern independent rectangular operator blocks over each such stratum.

Second suppose Z∩A = 0 and F is not injective. A projective kernel vector belongs to
P(⊕i Z) = P8. Its unquotiented row span lies in N and, since some block seed matrix is
nonzero, has dimension at least two. It therefore equals N and determines that relation
plane uniquely. The bad relation locus has dimension at most eight, hence codimension
at least six. In this branch we do not also charge the preceding relation-position saving.
The uniform one-evaluation cap before that saving is eleven, giving

−1 + 14 − 11 + 6 = 8.
Finally suppose Z ∩A = Ck. Its position saves two. By the conic, the three nonzero

vectors Yik are dependent, so N meets their fixed abstract three-plane. The condition
dim(N ∩ C3) ≥ 1 has Schubert codimension five in Gr2(C9). At fixed Z this is a new
relation-position condition. Retaining the old allowance fourteen gives −1 + 2 + 5 = 6,
and no competing relation-position cost is added. These three branches settle the last
row requiring a full-last refinement.

12.7. Zero overlap: independent shared-output equations. At zero overlap the
last images are disjoint, and γ = l. If γ = 1, the generic last kernels of the component
and its conjugate coincide for ℓ ≤ 3, because a combination of last matrices with disjoint
old images has last rank two only when its active summands share the same row plane.
A positive-dimensional component in each distinct kernel group would therefore require
at least two independent generators. Equating the kernels saves 2(ℓ− 1), and requiring
Z to contain their line saves two. This cancels the raw last-kernel loss 2ℓ. For either
last rank the disjoint-graph estimate is therefore
(12.10) (5ℓ− g)(r − g) + 5ℓ− 12, 5 ≤ g ≤ min(r, 5ℓ− 1),
where g is the dimension of the full graph-image span. The strict upper bound g < 5ℓ
holds because independent full graph images would make every irreducible rank-five
combination have a constant normal label.

Lemma 12.5 gives the extra equation

(12.11)
ℓ∑
i=1

θiXizi = 0, θi ̸= 0,

at projective coefficient cost ℓ − 1. We prove that it adds g independent equations in
the symmetric parameter fiber; arbitrary graph-column freedom is not assumed.

In full last rank, Z ∩ A = 0. Otherwise the images of a nonzero pure-last vector
under the ℓ graphs would be nonzero vectors in disjoint old last spaces, contradicting
the common image line for ℓ = 2 or the common image two-plane for ℓ = 3. In last
rank two the same argument gives Z ∩ A = k, the common last kernel. We work on Z
or Z/k, respectively.
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On each expanded coefficient block every subspace has row span of dimension at least
its own dimension. On every nonzero subspace of an old normal input the expansion
is strict. For full last rank these statements follow from minimum seed rank two and
the exclusion of P0. A three-dimensional subspace of the seed cannot have rows in a
fixed two-plane, since its projective plane in PMat3×2 would meet the rank-one Segre
variety. For last rank two, injectivity of the restricted seed gives weak expansion, and
the exclusion of E1 gives strict expansion on the old normal line.

Adjoin to the old direct sum one shared scalar input, projecting to θizi in every block,
and call the resulting input V ′. Let Bρ be its augmented coefficient maps. Suppose
a nonzero dual symmetric-evaluation witness ζ exists. Set J = im ζt, W = im ζ, and
s = dim J = dimW . Skewness gives
(12.12)

∑
ρ

Bρ(J) ⊂ W, dim
∑
ρ

CBρj ≤ s− 1 (0 ̸= j ∈ J).

For the second assertion, write j = ζtα. Then α does not vanish on W , while
α(Bρζ

tα) = 0. This argument pairs vectors with covectors and requires no nonde-
generacy of the restriction of the old metric to W .

If a block projection of J has a nonzero kernel K, the shared scalar vanishes on K, so
this kernel lies in the other old normal inputs. Projection followed by kernel induction
gives strict row expansion there, of at least dimK + 1. The chosen block projection
gives weak expansion of at least its own dimension. Counting that output projection
and its kernel gives total row dimension at least s+1, contradicting (12.12). This count
cannot be replaced by adding the dimensions of two correlated output projections.

Every block projection of J is therefore injective. In full last rank, s ≤ 3, and
minimum seed rank two excludes s ≤ 2. If s = 3, a block projection fills Z, whose top
coefficient space is three-dimensional. This space contains an invertible matrix, since
a smooth cubic surface contains no projective plane. Its three independent coefficient
outputs contradict the bound s − 1 = 2. In last rank two, s ≤ 2. Joint injectivity
excludes s = 1, while for s = 2 we project to the old normal line. Its coefficient rank is
two outside E1, again contradicting (12.12). Thus the combined symmetric evaluation
is onto.

Fix the real g-dimensional full graph span and choose the positive metric gauge
block diagonal with respect to it and its orthogonal complement. The off-diagonal
equations place all graph images in that span. Its inside symmetric blocks remain free,
and the preceding surjectivity applies there. Equation (12.11) therefore adds exactly g
independent equations after the old normal equations. Returning its ℓ − 1 projective
coefficients improves (12.10) by g − (ℓ− 1).

At r = 12 the final bounds are
(10 − g)(12 − g) + g − 3 > 5 (5 ≤ g ≤ 9),(12.13)
(15 − g)(12 − g) + g + 1 > 5 (5 ≤ g ≤ 12).(12.14)

Their minima are nine and thirteen. For larger r, every fixed row increases. The newly
allowed triple values g = 13, 14 satisfy r ≥ g and have bound at least g + 1 > 5. The
value g = 15 does not occur for a proper dominating tuple.
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12.8. Completion of the core proposition. The finite endpoint enumeration of
(12.6), using only the refinements just proved, gives

ℓ all rows impossible retained minimum positive-overlap bound
2 17 2 15 6
3 47 3 44 6.

Together with (12.13)–(12.14) this excludes every proper positive-dimensional Schubert
fiber. Each positive-overlap bound has positive coefficient L in r, and all added output
costs are constant or increasing. The exceptional and preliminary bounds also persist
for all r ≥ 12.

The endpoint margins are collected below. The listed numbers are projected codi-
mensions, that is, codimensions after the witnesses are allowed to vary.

excluded failure at (r, c) = (12, 5) codimension lower bound
two distinct bad last directions 8
higher kernel at one last direction 12
one fixed exceptional last direction 6
rank-one graph rank drop 13
rank-two / rank-three graph rank at most four 7 / 6
column-pencil common eigenline / rank-two adjoint 11 / 7
actual ordinary corank one / higher corank 8 / 15
additional exceptional graph above a bad last direction 7
proper exceptional Schubert fiber 6
ordinary Schubert tuple of length at least four 8

Choose a real unit vector η ∈ R7 whose top coefficient Cη is invertible, and fix an
isometry I : R6 → η⊥. For the prescribed rank-five subbundle A ⊂ ε6, the normal
two-plane of I(A) contains η and varies only over the slow base. We verify injectivity
on E ⊗ I(A) for this formal standard activity.

For a fixed such normal plane, an old-rank-two adjoint witness has three indepen-
dent coefficient inputs. A nonzero symmetric-evaluation cokernel would force its whole
top normal pencil onto the determinant cubic, which is impossible because the pencil
contains Cη. There are therefore 3r equations and 2r − 1 projective witness parame-
ters, giving the bound r + 1. For an old-rank-one witness, the top coefficient has rank
three except at finitely many zeros of the nonzero determinant polynomial on the pen-
cil. A rank-two zero costs no coefficient-direction parameter; its 2r equations and r− 1
old-vector parameters again give r+ 1. At a rank-three direction the witness equations
have rank 3r, and the parameters are the r−1 old-vector parameters and one coefficient
direction in the normal pencil. These 3r equations and r parameters give the stronger
bound 2r ≥ r + 1.

A pure-last direction cannot support a nonzero witness, because the metric coefficient
A0 is invertible.

Once the contraction is onto, its kernel has dimension r. Restriction of the free
residual map to this kernel is onto the space of all maps from that kernel to the rank-
(r + c) residual target. Its noninjective locus has codimension c + 1 = 6 > 5. The
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fixed-normal failure bound r+ 1 > 5 and this residual bound are therefore avoided over
the whole slow core. This proves that the prescribed formal standard activity is safe,
before the later actual activity is chosen.

Finally, Lemma 9.4 applies to the Tiles family at old rank r: its ordinary and curva-
ture failure loci are closed, of codimensions at least 2r−3 and 2r. The residual ordinary
adjoint is a nonzero skew-label witness of label rank s = 2 or 3. Fixing its label image
and projective coefficients, its equations on the free residual maps have rank s(r + c),
and its parameters cost at most r

(
s
2

)
+ s(3 − s) − 1. Thus residual ordinary failure has

codimension at least

min
2≤s≤3

{
s(r + c) − r

(
s

2

)
− s(3 − s) + 1

}
= min(r + 2c− 1, 3c+ 1) ≥ 16 > 5.

It too can be avoided simultaneously. Every compression has old rank r−1. To include
all hyperplanes, we parametrize them by Grr−1(E), of dimension r−1; together with the
five-dimensional slow core the joint parameter dimension is at most 5 + (r− 1) = r+ 4.
For each fixed real hyperplane H ⊂ E, the restriction map

Sym(E)3 −→ Sym(H)3, (Aρ)ρ 7−→ (PHAρ|H)ρ,

is surjective: extend each selfadjoint operator on H by zero on H⊥. Lemma 9.4 therefore
applies on every fiber with old rank r− 1. Ordinary failure costs 2r− 5, and curvature-
pair failure costs 2r − 2. At r = 12 these are 19 > 16 and 22 > 16; their excesses
are r − 9 and r − 6, respectively, and remain positive for every r ≥ 12. For fixed
H, the triples whose compression to H lies in a failure locus of Lemma 9.4 form the
preimage of that closed locus under the surjective restriction map. The union over
H ∈ Grr−1(E) is the projection of a closed set along a compact Grassmannian. It is
therefore closed, of codimension at least (2r − 2) − (r − 1) = r − 1 for curvature and
(2r − 5) − (r − 1) = r − 4 for the ordinary operator; both exceed five. We apply the
relative genericity principle to the full symmetric triple and the residual maps, as in the
proof of Theorem 11.6, with base dimension at most five, and avoid these closed loci,
the full-rank failure loci above, and the ordinary and incidence bad loci counted above.
All required conditions then hold for the same parameters, relative to any collar on
which they already hold. The finite-or-complete property is used to select the compact
activity homotopy before the normalized small corrections. These later corrections
retain its open injection and regularity margins; the finite-or-complete condition itself
need not be open under arbitrary perturbations. This proves Proposition 12.1.

13. The active block and the shared normal coordinate

Theorem 5.1 provides the metric and free columns of the active block. In this section
we prove the additional complete-class statement needed on the core, without adding
a coordinate.

Lemma 13.1 (High homotopy groups of the orthogonal frame group). For D ≥ 2, the
group πi(SO(D)) is finite whenever i > 2D − 3.
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Proof. For D = 2 the group is a circle and its higher homotopy groups vanish. For
the induction step we use the fiber bundle SO(D − 1) → SO(D) → SD−1. By Serre’s
finiteness theorem [Ser53], πi(SD−1) is finite for i > 2D − 3. This range lies above
2(D − 1) − 3, so the left group in the homotopy exact sequence is finite by induction.
The middle group is an extension of subquotients of these two finite groups, hence
finite. □

Lemma 13.2 (Coordinate powers kill maps to a finite Postnikov range). Let X =
(S2c−1)k, based at (e1, . . . , e1), and let Y be a path-connected space such that πj(2c−1)(Y )
is finite for 1 ≤ j ≤ k. For every continuous map F : X → Y there is a positive integer
K such that F ◦ PK is nullhomotopic, where PK is the product of

pK : S2c−1 → S2c−1, pK(z) = (zK1 , . . . , zKc )
(∑α |zα|2K)1/2 .

Proof. The map pK is smooth, fixes e1, and has degree Kc: the degree is the number Kc

of inverse images of a regular value with all coordinates nonzero under the corresponding
complex polynomial map, and every local sign is positive. Moreover pKpL = pKL.

Put d = 2c − 1. The product CW structure of X has cells only in dimensions
0, d, 2d, . . . , kd. The based product map PK preserves every skeleton and induces mul-
tiplication by Kcj on each jd-cell of the quotient X(jd)/X((j−1)d). We first homotope
the map at the zero cell to a fixed base point of Y . Suppose inductively that its re-
striction to X((j−1)d) is constant. Then its restriction to X(jd) factors through a wedge
of jd-spheres. Choose Kj divisible by the exponent of the finite group πjd(Y ). After
precomposition with PKj

all these sphere classes vanish, so the restriction is nullhomo-
topic relative to the lower skeleton. By the homotopy extension property this homotopy
extends to X, and we obtain a representative constant on X(jd). We repeat this for
j = 1, . . . , k. The final map is nullhomotopic on all of X, and its class is that of F ◦PK ,
with K = K1 · · ·Kk. Throughout, we track homotopies of maps on the whole product;
the complete class is not replaced by the classes on the individual sphere factors. □

Proposition 13.3 (Exact active free block with one surplus coordinate). Put D = jk+1
and let the common sphere size satisfy c ≥ D. There is an actual smooth map

b : (S2c−1)k −→ Rjk+1

with exact standard partial Gram and independent complete first and symmetric second
Hopf columns, whose complete column map is homotopic through injections to the stan-
dard constant injection Rjk ↪→ Rjk+1. All coordinate-subsphere restrictions are literal
restrictions of this one map. The integer K may depend on c.

Proof. Let H be the actual free exact unit-Gram map from Theorem 5.1. The ordered
jk free columns have a canonical oriented unit cofactor normal in RD. Applying Gram–
Schmidt to the columns and appending that normal, we obtain a smooth complete
frame map F : X → SO(D). Since 2c− 1 ≥ 2D − 1 > 2D − 3, every homotopy group
of SO(D) in the cell dimensions of X is finite. The preceding lemma gives an integer
K with F ◦ PK nullhomotopic.
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The coordinate powers intertwine each Hopf flow with its K-fold speedup. Thus, for
the standard generators Yi,

Yi(H ◦ PK) = K(YiH) ◦ PK , YiYj(H ◦ PK) = K2(YiYjH) ◦ PK .
Define b = K−1H ◦ PK . Its first columns are the composed first columns of H, so its
partial Gram is the identity. Its second columns are K times the composed second
columns of H, so the full columns remain independent. Multiplying the second column
group by a path of positive scalars from K to 1 gives a homotopy through injections
from its complete column map to that of H composed with PK . Orthogonalization and
its inverse are likewise homotopies through injections. The nullhomotopy of F ◦ PK
therefore supplies the required complete homotopy to the standard frame. Continuous
frame homotopies may be smoothed relative to endpoint collars; by compactness and
openness of injectivity the smoothing preserves their rank. □

For k = 6 the target dimension is j6 + 1 = 28, so every common sphere size c ≥ 28
lies in the required topological range. The integer K and all derivative bounds may
depend on this fixed sphere size; the assembly does not require a uniform choice across
different sphere sizes.

Proposition 13.4 (One shared normal coordinate). Let the principal model have target
V0 ⊕Re of dimension DP , and let its old free map H(x) take values in V0, of dimension
DP − 1. Suppose that the complete old class can be realized in V0 and that all normal-
frame realizations and their curvature equations hold in the model target V0 ⊕ Re. Let
b(y) : XA → Rjk+1 be the actual exact active-free map in the standard complete class
and let η(y) be its unit cofactor normal. Then the normal-frame perturbation, periodic
mixed inverse, finite metric completion, phase protection and complete boundary class
can all be realized in the physical target

V0 ⊕ Rjk+1,

whose dimension is DP + jk, one less than the unshared sum.

Proof. Put F0(x, y) = (H(x), b(y)) and define an isometric fiber map
Φy : V0 ⊕ Re −→ V0 ⊕ Rjk+1, Φy(v + te) = (v, tη(y)).

It fixes V0, is independent of the old fast variable x, and satisfies
(13.1) ⟨Φu, ∂iΦv⟩ = 0.
This follows from ⟨η, ∂iη⟩ = 0. Moreover, since η is perpendicular to the complete active
jet,
(13.2) ⟨∂iη, bj⟩ = −⟨η, bij⟩ = 0.
The active free-jet complement is a line, so ∂iη belongs to the span of the complete
active columns. Together with (13.2), this shows that all nonconstant parts of Φ are
pure active second-column components.

Let ν = (ν1, . . . , νq) be the model horizontal frame, let a(y) be the activity, and set
Z = Φy(ν(x)a(y)).
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The model frame is perpendicular to JEH. Equations (13.1)–(13.2), together with this
orthogonality, show that Z pairs to zero with every first and pure second column of F0.
Its mixed base second columns are zero. Consequently DΓF0Z = 0 in every metric row.
For an old derivative ∂α and an active derivative ∂i,

∂αZ = Φ(∂αν a), ∂iZ = Φ(ν ∂ia) + (∂iΦ)(νa).

The second summand is perpendicular to the image of Φ, while the first gives the
original horizontal-frame pairing. Hence Γ(Z)αi = 0, as in the unshared construction.
The pure active quadratic row changes, but the active free pairing inverse cancels it in
the second-order correction.

For a model residual normal field v(x, y) we use the physical field v̂ = Φyv. It
is orthogonal to the complete jet of F0, since Φ identifies the model old free-normal
bundle with the orthogonal complement of the old and active pure complete-column
blocks. Its old derivatives have no ∂αΦ term, and (13.1) cancels every new term in the
mixed quadratic cross expression. Thus

σ(Z, v̂)αi = ⟨∂α(νa), ∂iv⟩ + ⟨ν∂ia, ∂αv⟩
= ∂i⟨∂αν a, v⟩ − 2⟨U(∂α, ∂ia), v⟩.

This is the mixed recurrence used in Proposition 18.1, so the periodic operator B∗v+dAf
applies to the same model coefficient bundle. Its unknowns may depend on active
variables; (13.1) still cancels their new frame-derivative terms.

At every higher step we changeWr−1 only by such a field v̂. The subsequent correction
Wr may lie in the direct sum of the old and active complete-column spans, where its
prescribed first and second pairings are solvable by independent algebraic inverses. It
need not lie in the image of Φ. All its effects are included in the next known error
coefficient, whereas the freedom used to cancel that coefficient is again a field v̂. Thus
the induction constructs all the finite coefficients required in Proposition 18.1.

For the phase calculation, the extra term (∂iΦ)(∂αν a) in a mixed second column
belongs to the complete active-column span by (13.2). It need not belong to the smaller
second-column span of the selected active hyperplane, so we do not eliminate using
only those columns. Instead we project onto the image under Φ of the model old
normal bundle. This kills every complete active column and leaves ΦU(IdE ⊗dAa) after
eliminating old components. Its protected injectivity proves independence of the actual
mixed columns together with the pure columns. It also allows a formal homotopy
multiplying all the extra active components by a scalar from one to zero, while the
projected mixed map is held fixed. Thus all the original phase margins and protected
complete classes persist. Theorem 6.3 applies in the resulting target, whose dimension
still exceeds sn + 1.

Finally we use the full orthogonal frame homotopy of b, including η, to the standard
frame, and carry Φ along this homotopy. Throughout it the active complete columns
are orthogonal to the image of the model normal bundle. At the standard endpoint Φ is
one fixed isometric inclusion, so the slow complete boundary injection U0κv⊕A+ of (8.1)
is obtained in the physical target. The complete source transports of Proposition 8.2
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and the relative hyperplane fill therefore apply with no new class assumption. This
proves the proposition. □

14. Protected activity, collars, and actual normal frames

In this section we select the protected activity, join the core and exterior tensors
along a collar, and realize the formal normal frame by an actual horizontal frame. The
two tensor constructions have different base dimensions. The exterior tensor is chosen
over an n-dimensional slow base, and the tensor on the core over P , whose dimension
is at most five. Once the slow choices are made, they are pulled back to the whole Hopf
source. General position is never applied as though this larger source had dimension
five.

14.1. Selecting the activity before perturbing the tensor. On the prepared core
let A = K ⊕ B0 be the rank-five subbundle of the trivial active bundle ε6. The core
construction gives a tensor T with a safe standard injection onQ+⊗A, whereQ+ = Q⊕ε.
For each real four-plane Z ⊂ R7, its bad five-plane fiber through Z is either finite or
the whole projective plane of five-planes containing Z.

Lemma 14.1 (Protected activity). There is a partial immersion a0 from the six ac-
tive Hopf factors to R7, independent of the old fast variables, and a formal derivative
homotopy

Fs : R6 −→ R7, F0 = I, F1 = dAa0,

such that T is injective on Q+ ⊗Fs(A) for every core point, active point, and s ∈ [0, 1].
The activity and its formal class extend over the exterior relative to an inner collar on
which they are unchanged.

Proof. Consider the injective linear maps F : R6 → R7 for which T |Q+⊗F (A) is injective.
This open relation contains I; we show that it is ample. Fix the derivative on a principal
hyperplane C ⊂ R6. If C = A, the protected image is fixed, and the immersion
condition excludes an affine subspace of codimension two. Otherwise Z = F (A ∩ C)
has dimension four. A nonempty admissible slice cannot have a whole bad fiber through
Z, since its existing safe five-plane belongs to that fiber; hence the bad fiber is finite.
Each bad five-plane excludes an affine five-plane in the seven-dimensional free derivative
variable, and immersion excludes at most one further affine subspace of codimension
two. The complement is connected and its convex hull is the whole space. If a principal
hyperplane of the full source contains all active directions, the relation imposes no
varying condition in that slice. Hence the relation is ample.

Apply Theorem 3.1 with the core variables as parameters. The resulting activity and
homotopy have a positive compact injection margin. Pull them radially to an inner col-
lar. Extend the underlying map by a cutoff, and extend its formal derivative by running
Fs backwards to I on a larger collar. The ordinary partial-immersion relation is open
and ample, so its relative realization gives the exterior extension. Later perturbations
of the activity may be taken arbitrarily small in full C1; straight-line interpolation of
their derivatives adds a short protected homotopy. □
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The finite-or-complete fiber property need not be open, and it is used only in this
lemma. Subsequent tensor perturbations preserve the compact family of injective re-
strictions already selected.

14.2. Normalized positive collar scaling.
Lemma 14.2 (Collar compatibility in the counted complement). Suppose the algebraic
tensor families on the core and the exterior have the ordinary, selfadjoint, and curvature
regularities and the relative rank-avoidance properties proved in the preceding sections.
With r = M + 1, c = 5, and C0 = 10 = c + 5, they determine compatible curvature-
prescribed tensors that coincide on a protected collar and retain the activity family of
Lemma 14.1. No additional target coordinate is needed.
Proof. The counted normal bundle of the whole core has rank 5r + 5. Choose its four
top copies of Q+; their complement VQ has rank r+5. On the boundary Q+ = E+

v ⊕vK,
so the normal bundle splits as

(E+
v )4 ⊕ V0 ⊕ VQ, V0 = (vK)4.

Extend the four top copies of E+
v to the exterior. Their rank-failure codimension is

M + 11 > n = M + 5, so relative general position supplies the extension, and polar
normalization makes it isometric. Let VE denote its orthogonal complement. On the
boundary

VE = V0 ⊕ VQ, rank VE = 4 + (r + 5) = M + 10.
The summand V0 is used only on the collar; we do not extend it globally.

Compress the universally flat selfadjoint top array of the whole core to E+
v . Its

omitted rows give a map D0 to V0, and its retained top array is denoted by SE. Or-
thogonality and the two flat identities give Ω(D0) = 0. The total residual on the collar
is Dfull = D0 ⊕ DQ. Its kernel is the restriction of the kernel on the whole core, so
the required weak-label bound persists. Since compression is linear in the symmetric
operators, SE = S(AE) with AEρ = PE+

v
Aρ|E+

v
, a triple of rank r − 1 = M . By item (5)

of Proposition 12.1 this compression avoids the ordinary and curvature failure loci of
Lemma 9.4. By that lemma the ordinary operator with residual Dfull is onto, and DΦSE

is onto. Thus (AE, Dfull) is good, in the sense of Theorem 11.6, on an open collar. Ap-
ply that theorem to this VE-valued residual and its top arrays, with X0 a closed collar
inside the open one. The resulting exterior family coincides with (AE, Dfull) near X0.

Choose a slow cutoff η, equal to zero on the inner collar and to one on a larger collar,
and a small positive scalar δ. On the collar use the physical residual

δηD0 ⊕ δDQ;
outside use δDfull. The two formulas agree where η = 1. Normalize by the bundle
automorphism that acts on the collar as the identity on the top copies, as δ−η on V0,
and as δ−1 on VQ, and outside as δ−1 on VE. The normalized residual is then the fixed
good residual Dfull everywhere. Since both physical scales are positive, the kernel is not
enlarged.

First apply the selfadjoint top inverse on the whole core to remove its O(δ2) last-last
flatness error. The resulting changes in its compressed top rows and omitted rows are
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O(δ2). Extend them radially, and insert the change of the omitted rows as δηζ∆D0,
where ζ becomes zero only after η = 1. Its normalized size is O(δ2). The change in the
collar flatness equation is still O(δ2): the corrected omitted rows have alternating Gram
O(δ2), and their rescaling multiplies that Gram by the factor δ2η − 1, whose absolute
value is at most one. The exterior selfadjoint inverse removes the remaining error and
vanishes on the protected inner band.

Hence the normalized correction tends to zero. Choose δ after the protected compact
activity family has been fixed; then its positive injection margin, all ordinary regulari-
ties, and the exterior weak bound survive. In any prescribed finite norm the additional
cutoff losses are O(δ2| log δ|a) and also tend to zero.

Transport the target data through the free homotopy of the old map, and fix this
positive δ. Multiply the flat tensor by λ and solve the prescribed connection-curvature
equation at size λ−2 with the full curvature inverse, first on Q+ and then on the exterior
relative to the protected collar. Rescaling back gives the required actual curvature. For
λ sufficiently large every normalized open margin is preserved. The corrections are
small homotopies and preserve the collar class. The construction introduces neither an
extra top copy nor a separately extended V0. □

14.3. The fixed-base horizontal step. Let X be the compact old source, E ⊂ TX
its integrable coefficient distribution of rank m, and H the old E-free map. We may
assume that H, E, and all data below are defined on an open manifold X ′ ⊃ X. Put
V = (im JEH)⊥, with the target metric and the normal connection along E,

∇uw = PV (∂uw) (u ∈ E, w ∈ Γ(V )).
It is a metric partial connection along E, with leafwise curvature RV (u, u′) = [∇u,∇u′ ]−
∇[u,u′].

Microextension. Let Y = X ′ × R, with projection pr to X ′ and coordinate t. Put
E+ = (d pr)−1(E) = E ⊕ R∂t, an integrable distribution of rank m + 1, and pull V
and ∇ back by pr. Then ∇ is a metric partial connection along E+, ∇∂t = ∂t in
pulled-back frames, and RV (∂t, ·) = 0. In a foliated chart we use leaf coordinates
σ = (σ0, . . . , σm), σ0 = t, spanning E+, and transverse coordinates z. Greek indices
run over leaf coordinates. Multi-indices I, J,K, L run over all chart coordinates, and
I + i raises the i-th entry by one.

Frames. A frame is a section ν of the Stiefel bundle St(V ) → Y of orthonormal
seven-frames, viewed as an isometry ν : R7 → V . For B1, B2 ∈ Hom(R7, Vp) let
B∗

1B2 ∈ End(R7) be the matrix (⟨B1ϵa, B2ϵb⟩). Put Wν = V ⊖ ν(R7) and, for u ∈ E+,
Θ(ν)(u) = ν∗∇uν, U(ν)u = PWν ∇uν ∈ Hom(R7,Wν).

Thus Θ(ν)ab = θab = ⟨νa,∇νb⟩, and ∇uν = ν Θ(ν)(u) + U(ν)u. The frame is horizontal
along E exactly when Θ(ν)|E = 0.

Pointwise algebra. For a frame ν at p and T ∈ Hom(E+
p ⊗R7,Wν) write Tu = T (u⊗·)

and Ta = T (·⊗ϵa). Identify Λ2R7 with so(7). The ordinary operator and the alternating
Gram are, as after (9.5) but over E+,
LT : Hom(R7,Wν) → (E+

p )∗⊗so(7), LT (v)(u) = T ∗
uv−v∗Tu, Ω(T )(u, u′) = T ∗

uTu′−T ∗
u′Tu,
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so that LT (v)ab = T ∗
a vb − T ∗

b va and Ω(T )ab = T ∗
aTb − T ∗

b Ta. Call T regular if LT is onto,
and then put RT = L∗

T (LTL∗
T )−1. It depends smoothly on T in the open regular set.

The pair (ν, T ) is compatible if Ω(T ) + ν∗RV
p ν = 0 on Λ2E+

p .
Let P → X ′ be the bundle of pairs (ν, T ) as above, with E+

x = Ex ⊕ R∂t. Pull it
back to Y . Let Gx be the group of g ∈ GL(E+

x ) with g(u) − u ∈ R∂t for u ∈ Ex and
g(∂t) ∈ R×∂t. It acts by (ν, T ) 7→ (ν, T ◦ (g ⊗ Id)). An open set O ⊂ P is admissible
if it consists of regular pairs and is G-invariant. The following identities hold for every
g ∈ GL(E+

x ):
LT◦(g⊗Id)(v)(u) = LT (v)(gu), ker(T ◦ (g ⊗ Id)) = (g−1 ⊗ Id) kerT.

Hence regularity, the weak-label bound for kerT , and injectivity of T on E+ ⊗ Π for
Π in a prescribed compact family are G-invariant. These are the ordinary surjectivity,
weak-label, and whole-core protected injection conditions on Q+⊗Fs(A) of Lemma 14.1.

Lemma 14.3 (Linearization). Let ν be a frame and w ∈ Γ(Hom(R7,Wν)), a vertical
tangent field of St(V ) along ν. Then

(DΘ)ν(w) = −LU(ν)(w).
This expression contains no derivative of w. Consequently, wherever U(ν) is regular,

Mν(g) = −RU(ν)(g) (g ∈ Γ((E+)∗ ⊗ so(7)))
is a right inverse of (DΘ)ν. It is of order zero in g, has values in Γ(ν∗T vertSt(V )), and
has coefficients depending smoothly on the 1-jet of ν.

Proof. Since ν∗w = 0, the curve νs = (ν + sw)(1 + s2w∗w)−1/2 consists of frames and
has velocity w. Hence (DΘ)ν(w)(u) = w∗∇uν + ν∗∇uw. As ν∗w ≡ 0 and ∇ is metric,
ν∗∇uw = −(∇uν)∗w. As w takes values in Wν , only U(ν)u contributes to either term.
The result is w∗U(ν)u − U(ν)∗

uw = −LU(ν)(w)(u). □

For a section ν of Hom(R7, V ), not necessarily a frame, define Θ(ν)(u) = ν∗∇uν ∈
End(R7) and

Ψ(ν)(u, u′) = (∇u′ν)∗∇uν − (∇uν)∗∇u′ν − ν∗RV (u, u′)ν.
Let dE+ denote the leafwise exterior derivative.

Lemma 14.4 (Compatibility identities). For every section ν of Hom(R7, V ),
Ψ(ν) = −dE+Θ(ν), dE+Ψ(ν) = 0, Θ(ν) + Θ(ν)∗ = dE+(ν∗ν).

At a point where ν is a frame and Θ(ν) = 0, one has ∇ν = U(ν) and Ψ(ν) =
−(Ω(U(ν)) + ν∗RV ν).

Proof. In leaf coordinates write Θα = Θ(ν)(∂α) and Ψαβ = Ψ(ν)(∂α, ∂β). Since ∇
is metric, ∂βΘα = (∇βν)∗∇αν + ν∗∇β∇αν. Antisymmetrizing and using [∇α,∇β] =
RV (∂α, ∂β) gives ∂βΘα − ∂αΘβ = Ψαβ, which is the first identity. The second follows
from d2

E+ = 0, and the third from ∂α(ν∗ν) = (∇αν)∗ν + ν∗∇αν. The last assertion
follows from ∇uν = νΘ(u) + U(ν)u. □
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In particular, a horizontal frame on Y satisfies the connection-curvature equation
Ω(U(ν)) + ν∗RV ν = 0 on Λ2E+.

Jet relations. Let O be admissible, and let A1 ⊂ J1(St(V )) be the open set of 1-jets
whose pair (ν, U(ν)) lies in O. For k ≥ 0 let Zk ⊂ Jk+1(St(V )) be the set of (k+ 1)-jets
at points p ∈ Y that lie over A1 and satisfy

jkpΘ = 0 and jkpΨ = 0.
This is well defined because Θ and Ψ are of first order. A point of Z0 is a compatible
pair (ν, T ) ∈ O, together with the leaf derivatives ∇uν = Tu and arbitrary transverse
first derivatives. For α ≥ 1 put

Rα = { jα+1
p ν : jαp Θ(ν) = 0, j1

pν ∈ A1 }.
Then Zα ⊂ Rα. The 1-jet projection of Rα lies in Z0, since Ψ = −dE+Θ is determined
by j1Θ.

Lemma 14.5 (Prolongation). For every k ≥ 1 the projection Zk → Zk−1 is onto. Its
fibres are affine subspaces, of constant dimension, of the fibres of Jk+1 → Jk, and it has
a smooth section. Consequently every continuous section of Z0 over a subset S ⊂ Y lifts
to a continuous section of Zα for every α ≥ 1. If such a lift is prescribed over S ∩ N ,
where N is a neighborhood of a closed set C, then the lift may be chosen to agree with
it near C.

Proof. Fix p and a k-jet j ∈ Zk−1 at p. Use a foliated chart and an orthonormal frame
of V near p. Sections of Hom(R7, V ) become matrix-valued maps, and ∇α = ∂α + Aα
with Aα skew. A (k + 1)-jet with k-jet j is given by its top coefficients ν̂I = ∂Iν(p),
|I| = k+1. Indexing by multi-indices records the symmetry of mixed partial derivatives,
and every array (ν̂I) is realized by a polynomial map. The jets of sections of St(V ) are
those with ∂I(ν∗ν)(p) = 0 for |I| = k + 1. Let ν = ν(p), T = U(ν)(p), W = Wν , all
determined by j, and decompose

ν̂I = ν ωI + wI , ωI ∈ End(R7), wI ∈ Hom(R7,W ).
Since k+1 ≥ 2, the chain rule shows that the coefficients of order k+1 enter linearly

in ∂I of a zero-order expression with |I| = k + 1, and in ∂J of a first-order expression
with |J | = k. Since Θ(p) = 0, we have ∇ν(p) = T . Since ν∗ν = 1 and ν∗wI = 0 = T ∗

uν,
one obtains, on all matrix jets with k-jet j,

∂I(ν∗ν) = ωI + ω∗
I + cI ,(i)

∂JΘα = ωJ+α + eJ,α,(ii)
∂KΨαβ = LT (wK+α)(∂β) − LT (wK+β)(∂α) + ψK,αβ,(iii)

for |I| = k + 1 and |J | = |K| = k. Here cI , eJ,α, ψK,αβ are the values at the jet with
k-jet j and ν̂ = 0, so they depend only on j. In (iii) the linear terms are T ∗

∂β
ν̂K+α −

ν̂∗
K+αT∂β

− (α ↔ β), and the parts νω drop out because T ∗ν = 0. Since j ∈ Zk−1, a jet
over j lies in Zk exactly when the right sides of (i)–(iii) vanish.

The ω-system. By the third identity of Lemma 14.4, ∂JΘα + (∂JΘα)∗ = ∂J+α(ν∗ν)
on all matrix jets. So the symmetric part of (ii) is (i) for I = J+α. Suppose I contains
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the leaf indices α ̸= β, and put L = I − α − β. The two equations (ii) indexed by
(L + β, α) and (L + α, β) prescribe the same ωI . By the first identity of Lemma 14.4,
the difference of their constant terms is

eL+β,α − eL+α,β = ∂L+βΘα − ∂L+αΘβ = ∂LΨαβ,

a function of j since |L| = k − 1. It vanishes because j ∈ Zk−1. Hence (i) and (ii)
determine ωI uniquely and consistently when I contains a leaf index. When I contains
no leaf index they prescribe its symmetric part and leave its skew part free. They do
not involve w.

The w-system. Let ξ = (ξα, ξµ) be polynomial variables dual to the chart coordinates,
and let dξ be the exterior derivative in the leaf variables ξα alone. Identify an array
(τI)|I|=d of leaf q-covectors with values in so(7) with the homogeneous polynomial leaf
q-form τ = ∑

I τI ξ
I/I!. Then

(dξτ)K(∂α, ∂β) = τK+α(∂β)−τK+β(∂α) (q = 1), (dξτ)K′(∂α, ∂β, ∂γ) =
∑
cyc
τK′+γ(∂α, ∂β) (q = 2).

Put Λ(w) = ∑
|I|=k+1 LT (wI) ξI/I! and ψ = ∑

|K|=k ψK ξ
K/K!, where ψK(∂α, ∂β) =

ψK,αβ. The vanishing of (iii) is then the single equation
(14.1) dξΛ(w) = −ψ.
All relations between the equations (iii) for different (K,α, β) are contained in this
form.

The right side is closed. Indeed, by Lemma 14.4, ∑cyc ∂γΨαβ = 0 for every matrix-
valued map. Hence ∑cyc ∂

K′+γΨαβ, |K ′| = k− 1, vanishes at every (k+ 1)-jet of matrix
maps. Evaluating at the jet with k-jet j and ν̂ = 0 gives
(14.2) dξψ = 0.

Let ρ = ∑
α ξ

α∂ξα . On leaf q-forms whose coefficients have degree i in ξα and arbitrary
degree in ξµ, the operator dξιρ + ιρdξ acts as multiplication by i + q. Both dξ and ιρ
preserve i + q. For q ≥ 1 put hτ = ∑

i(i + q)−1ιρτ
(i), where τ (i) is the part of degree i

in ξα. Then dξh + hdξ = Id on forms of positive degree, and h raises the total degree
by one. By (14.2), κ = −hψ is a homogeneous polynomial leaf 1-form of degree k + 1
with dξκ = −ψ. Put wI = RT (κI). Then LT (wI) = κI , so Λ(w) = κ and (14.1) holds.
Only the surjectivity of LT is used.

Structure of the fibres. The data above define a jet sk(j) ∈ Zk over j. For ωI with
no leaf index take the symmetric solution −cI/2. Since c, e, ψ are polynomial in j and
RT is smooth on regular tensors, sk is smooth. The fibre over j is sk(j) plus a linear
space, which is the sum of two parts:

• the ω with ωI + ω∗
I = 0 for all I and ωI = 0 when I has a leaf index;

• the kernel of w 7→ dξΛ(w).
The latter map is onto the space of closed polynomial leaf 2-forms of degree k, by the
argument just given. That space does not depend on j, so the dimension of the fibre is
constant. For the last assertions lift inductively with sk. To obtain the relative state-
ment, replace the lift at each stage by the fibrewise affine combination ϕ ŝ+ (1 − ϕ) sk,
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where ŝ is the prescribed lift and ϕ is a cutoff equal to one near C; the neighborhoods
shrink finitely many times. □

Remark 14.6. The unknown is a section over the fixed base Y ; neither H nor (V,∇)
is varied. Hence the top coefficients of a jet of order k + 1 range over an affine space
modelled on Symk+1 T ∗

p Y ⊗ T vert
ν , where

T vert
ν = TνSt(Vp) = ν · so(7) ⊕ Hom(R7,Wν).

The first summand consists of the internal rotations, on which θ|Vert is the identity of
so(7). The second consists of the normal variations, on which the contraction of dθ with
the leaf derivative is LT . At top order the two systems decouple. The compatibility
of the ω-system is the previous-order condition ∂LΨ = 0; this is why Ψ is included
in Zk. The compatibility of the w-system is (14.2). No ordering of the multi-indices
is used. The base and transverse coordinates enter only through the constants c, e, ψ,
which depend on lower jets.

Lemma 14.7 (Horizontal realization on the counted microextension). Let O ⊂ P be
admissible. Let (ν◦, T ◦) be a continuous section over X ′ of compatible pairs with values
in O, that is, a formal orthonormal seven-frame in V on the microextension, satisfying
its connection-curvature equation, with LT ◦ onto. Then there is a smooth frame ν on a
neighborhood of X × 0 in Y with the following properties:

• Θ(ν) = 0 and (ν, U(ν)) ∈ O;
• (ν, U(ν))|X×0 is homotopic to (ν◦, T ◦)|X through continuous sections of compat-

ible pairs in O;
• the frame ν0 = ν|X×0 is horizontal along E, with U(ν0) = U(ν)|E;
• the old map H is unchanged.

Relative version: let C ⊂ X be closed, and let ν ′ be a horizontal frame near C × 0 with
(ν ′, U(ν ′)) ∈ O and (ν◦, T ◦) = (ν ′, U(ν ′))|t=0 near C. Then one may take ν = ν ′ near
C × 0, with the homotopy constant near C.

Thus every open G-invariant condition imposed on the whole extended domain holds
for the actual frame. This includes the protected family of Lemma 14.1. The actual
tensor U(ν0) is joined to the formal one within O, but need not coincide with it.

Proof. Infinitesimal inversion. Take the fibration X = St(V ) → Y , the vector bun-
dle (E+)∗ ⊗ so(7), and the first-order operator Θ. It is so(7)-valued on frames by
Lemma 14.4. By Lemma 14.3, Θ is infinitesimally invertible over the open set A1, with
order r = 1, inversion of order s = 0, and defect d = 1. Fix α ≥ max{d+s, 2r+2s} = 2.
By [BD23, Theorem 2.12], which is [Gro86, pp. 119–120], the sheaf Φ over Y of germs
of smooth A1-regular solutions of Θ(ν) = 0 is microflexible. Moreover, the jet map Jα+1

from Φ to the sheaf of continuous sections of Rα is a local weak homotopy equivalence.
Sharp motion. Let δ(x, t) = (x, φ(x, t)) with ∂tφ ̸= 0 be a local diffeomorphism.

These maps form the fibre-preserving pseudogroup of [BD23, Example 2.8(1)], which
sharply moves X ′ × 0. Since pr ◦ δ = pr, δ preserves St(V ), the pulled-back connection,
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and E+ = (d pr)−1E. Hence ν ◦ δ is a frame, with

Θ(ν ◦ δ)p(u) = Θ(ν)δ(p)(dδpu), U(ν ◦ δ)p = U(ν)δ(p) ◦ (dδp ⊗ Id).

On E+, dδp is the element u 7→ u + u(φ)∂t, ∂t 7→ ∂tφ∂t of Gx. Since O is pulled back
from X ′ and G-invariant, Φ is invariant. By [BD23, Theorem 2.7] ([Gro86, p. 78]),
Φ0 = Φ|X′×0 is flexible.

Restriction to t = 0. Let Φ♭ be the sheaf over X ′ of continuous sections of Rα|X′×0.
It is flexible, being a sheaf of sections of a subset of a fibre bundle. All the structures
are invariant under the translations τc in t. So restriction from germs along X ′ × 0 of
sections of Rα to Φ♭ is a homotopy equivalence over every open set: its inverse is the t-
invariant extension, and the contraction is s 7→ τ(1−λ)t s(x, λt). The stalks of Φ0 at x are
those of Φ at (x, 0). Hence the composite Φ0 → Φ♭ is a local weak homotopy equivalence
of flexible sheaves. By the sheaf homomorphism theorem [BD23, Theorem 2.6] ([Gro86,
p. 77]), it is a weak homotopy equivalence over X. The same holds relative to C: the
restriction maps to OpC are Serre fibrations, and the homotopy sequences show that
the induced map of fibres is a weak homotopy equivalence.

The formal section. Fix a complement F of E in TX ′ and a metric connection ∇′ on
V extending ∇ along E, and pull both back to Y . At (x, 0) define the 1-jet with value
ν◦(x) by ∇′

uν = T ◦
u for u ∈ E+ and ∇′

fν = 0 for f ∈ F . This is a jet of a section of
St(V ), since ν◦∗T ◦ = 0. It has Θ = 0 and pair (ν◦, T ◦), so it lies in Z0. In the relative
case replace the transverse part by ϕ∇′

fν
′, where ϕ is a cutoff equal to one near C.

This changes no condition defining Z0. Lemma 14.5 lifts this section of Z0 over X ′ × 0
to a continuous section s of Zα ⊂ Rα. In the relative case s equals jα+1ν ′ near C × 0;
this jet lies in Zα because Θ(ν ′) ≡ 0 implies Ψ(ν ′) ≡ 0.

Conclusion. Surjectivity on π0 of the fibre map gives an A1-regular solution ν near
X × 0, equal to ν ′ near C × 0. It also gives a homotopy in Φ♭(X) from s to jα+1ν|X×0
that is constant near C. Its projection to 1-jets lies in Z0, because α ≥ 1. It is therefore
a homotopy through compatible pairs in O from (ν◦, T ◦) to (ν, U(ν))|X×0.

Restriction to the old source. On X ′ × 0 the connection is the original one along
E ⊂ E+. Hence Θ(ν0) = Θ(ν)|E = 0 and U(ν0) = U(ν)|E. Restriction from E+ to E
preserves the following open conditions:

• regularity, since LT |E is LT followed by restriction;
• the weak-label bound, since kerT |E⊗R7 = kerT ∩ (E ⊗R7), so the bad-label set

can only shrink;
• injectivity on E ⊗ Π.

Only ν was constructed, so H is unchanged. The auxiliary missing core line is an
algebraic derivative variable. It is carried in the normal complement and imposes no
additional differential equation. □

The argument relies on the formal-to-actual theorem for an infinitesimally invert-
ible operator and on the sharp-motion theorem. Invariance under the shears (x, t) 7→
(x, φ(x, t)) requires the open conditions to be imposed on all of E+; conditions imposed
only on a smaller principal source slice would not be preserved.



ISOMETRIC EMBEDDINGS IN Rn(n+1)/2+28 91

15. An activity with a periodic mixed differential inverse

Let k = q − 1 ≥ 2. The active source is a product of k Hopf spheres with its free
commuting Tk action. Let a be an actual partial immersion into Rq, independent of the
old fast variables; it may depend smoothly on the slow base. For an actual horizontal
frame put

W = (im JEH + span ν)⊥, Ua(u) = PW∇uνa, By = U ◦ (IdE ⊗dAa).

The operator to be inverted on the compact active source is

(15.1) Q(v, f) = B∗
yv + dAf, v ∈ W, f ∈ E∗.

The old bundles E,W , their local identifications, and U are pulled back from the old
source and are independent of the active variables. The moving physical isometry in
Proposition 13.4 identifies its mixed equation with this fixed old-bundle model.

In this section we construct a differential right inverse on the periodic source, with
coefficients depending smoothly on all the old parameters. The critical inequality is

dimC BU ≤ q − 3 = k − 2.

We first eliminate formal adjoint solutions at selected points, and then eliminate the
nonzero characteristic variety throughout each active orbit.

15.1. A finite-jet killing test. Fix real vector spaces E,W and a linear mapX 7→ UX
from E ⊗ Rq to W , with kernel K. Write eu : E ⊗ Rq → E for contraction by a label
covector u. All spaces are complexified when convenient. We assume

(H) dim BK ≤ q − 3, and the ordinary frame adjoint has zero kernel.
The second condition says that every skew tensor in E ⊗ Λ2Cq whose label columns lie
in KC is zero; this holds over C because it holds over R. The incidence

{(H, [ν]) : H ∈ BK , [ν] ∈ P(H⊥)}

has dimension at most q − 2 < q − 1. We call a real covector ν ̸= 0 good if [ν] is not
in its projection. For good ν put Kν = ker(eν |K). Then eξ is injective on Kν for every
complex covector ξ /∈ Cν; otherwise a nonzero tensor in Kν would be supported on
(ν, ξ)⊥, a bad label plane incident to ν.

Graph charts. Fix an orthonormal frame of Rq with coordinates (y1, . . . , yk, z), coor-
dinate covectors u1, . . . , uk, n, and ei = eui

. A leaf germ transverse to the z-axis is a
graph z = f(y) with conormal ν(y) = n − ∑

i fi(y)ui, fi = ∂if . We write the adjoint
unknown as a densitized ambient flux X ∈ E ⊗ Cq. Its equations are

(15.2) UX = 0, eνX = enX −
∑
i

fieiX = 0, DX :=
∑
i

ei∂iX = 0.

Write PfX for the triple on the left. We keep the ambient unknown, so no frame of K
is chosen, and en need not be surjective.
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Prolongation matrices. By Taylor expansion we identify m-jets at 0 with polynomials
of degree at most m. For N ≥ 0 define
(15.3)
PN : JN+1

0 (E⊗Cq) −→ JN+1
0 (W )⊕JN+1

0 (E)⊕JN0 (E), jN+1
0 X 7−→

(
jN+1

0 (UX), jN+1
0 (eνX), jN0 (DX)

)
.

The unknowns are the ∂αX(0) with |α| ≤ N + 1. The rows are ∂β(UX)(0) and
∂β(eνX)(0) for |β| ≤ N + 1, and ∂β(DX)(0) for |β| ≤ N . By the Leibniz formula

∂β(fieiX)(0) =
∑
γ≤β

(
β

γ

)
∂γfi(0) ei∂β−γX(0).

Hence each row involves only derivatives of X of order at most N + 1, and PN is well
defined. Its entries are linear in U and affine in the jet jN+2

0 f ; the value f(0) does not
enter. The same formula at a point y defines PN(y) from jN+2

y f . For every holomorphic
X,

PN(y) jN+1
y X =

(
jN+1
y (UX), jN+1

y (eνX), jNy (DX)
)
.

Definition 15.1. The data (U, f) are killing at y to order N if PN(y) is injective, that
is, has full column rank.

A formal solution of (15.2) at y is a power series X with PfX = 0 formally. Its
(N + 1)-jet lies in kerPN(y) for every N . In general kerPN(y) is larger than the image
of the formal solutions, because it contains truncated jets that admit no extension. The
definition requires the truncated kernel itself to vanish. This condition is stronger than
the absence of formal solutions, and it is open.

Lemma 15.2 (Killing gives a local left inverse). Let U and f depend holomorphically
on parameters θ, and let PN be injective at (y0, θ0). Then PN(y, θ) is injective on
a neighborhood Ω of (y0, θ0). On Ω there is a differential operator L in y, of order
at most N + 1, with holomorphic coefficients, such that LPf = Id. In particular the
relative module presented by (15.2) vanishes on Ω, and the system has no nonzero formal
solution at any point of Ω.

Proof. Choose rows I with det(PN)I(y0, θ0) ̸= 0, and shrink Ω so that this minor does
not vanish there. Put Λ = (PN)−1

I ◦ prI . Then ΛPN = Id, and the entries of Λ are
rational in the entries of PN with denominator this minor. Let Λ0 be the block of Λ
that returns the value X(y). By the identity preceding the definition,

X(y) = Λ0(y, θ)
(
jN+1
y (UX), jN+1

y (eνX), jNy (DX)
)

=: (LPfX)(y)

for all polynomial, hence all holomorphic or formal, X. The identity LPf = Id expresses
each generator of the presented module as a differential combination of the relations. □

Lemma 15.3 (Finite-jet killing). Assume (H) and fix a graph chart. Let c ∈ Rk be
such that ν = n−∑i ciui is good. Then there exist N and a real jet jN+2

0 f with f(0) = 0
and df(0) = c at which PN is injective. Consequently, for each N ′ ≥ N the set

F≤N ′(U) = {jN ′+2
0 f : PM is not injective for every M ≤ N ′}
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is a proper real algebraic subset of the jet fiber. It is contained in the zero set of one
maximal minor Φ of some PM , M ≤ N ′. This Φ is a polynomial in (U, jN ′+2

0 f) and is
not identically zero in the jet variables at this U . Injectivity of PM is an open condition
in (U, jM+2

0 f).

Proof. Step 1: detecting syzygies. Fix c and good ν. For ξ ∈ Ck \ 0 write eξ = ∑
i ξiei.

Since ξ /∈ Cν, the map
Mξ : KC → E ⊕ E, MξY = (eνY, eξY )

is injective. Define T̂ξ : Kν → cokerMξ by X 7→ [(eξX, 0)]. We claim that these maps
have zero joint kernel. Let X lie in every ker T̂ξ. The unique Yξ ∈ KC with eνYξ = eξX
and eξYξ = 0 is given locally by Cramer’s rule with a nonvanishing maximal minor of
Mξ. It is therefore holomorphic on Ck \ 0 and homogeneous of degree one. Since k ≥ 2,
Hartogs extension makes it linear: Yξ = ∑

i ξiYi with Yi ∈ KC. Define label columns
Rν = X and Rui

= −Yi. Then eνRν = 0 and eiRν = eiX = −eνRui
. Comparing the

coefficient of ξiξj in eξYξ = 0 gives eiRuj
= −ejRui

. Thus R is a skew tensor with
columns in KC. By (H), R = 0, and so X = 0.

Let Z be the C[ζ]-module of pairs (λ1, λ2) of E∗-valued polynomials with λ1(ζ)eν +
λ2(ζ)eζ = 0 on KC. Give λ1 weight ℓ and λ2 weight ℓ− 1. The weighted homogeneous
parts of a syzygy are then syzygies, so Z has finitely many homogeneous generators
(λ(s)

1 , λ
(s)
2 ), of weights ℓs ≥ 0. For ξ ̸= 0, Cramer’s rule near ξ gives a rational basis of the

left null space of Mξ whose denominators do not vanish at ξ. Clearing the denominators
shows that the generators evaluated at ξ span this null space. Since (eξX, 0) pairs with
(λ1, λ2) to λ1eξX,

ker T̂ξ = {X ∈ Kν : λ(s)
1 (ξ)eξX = 0 for all s}.

These conditions are polynomial in ξ. If they hold for all real ξ ̸= 0, they hold for
all complex ξ, and then X = 0. Since descending chains of subspaces of Kν are finite,
there are distinct real ξ1, . . . , ξJ ̸= 0 such that

X 7−→
(
λ

(s)
1 (ξj)eξj

X
)
s,j

is injective on Kν .

Step 2: the flat truncated kernel. Let f 0 = c · y, so ν(y) ≡ ν, and let P 0
N be the

corresponding matrix. Write a jet as X = ∑
m≤N+1 Xm with Xm homogeneous of

degree m. The rows of P 0
N are UXm and eνXm in degree m ≤ N + 1, and DXm in

degree m− 1 ≤ N . All these rows lie in the truncation range. Hence
(15.4) kerP 0

N =
⊕

m≤N+1
Vm, Vm = {X ∈ C[y]m ⊗Kν : DX = 0}.

We show that Vm = 0 for m > d, for some d. Let S = C[ξ]. The pairing ⟨p ⊗ λ,X⟩ =
λ
(
(p(∂)X)(0)

)
between Sm ⊗ K∗

ν and C[y]m ⊗ Kν is perfect, and ⟨ξiφ,X⟩ = ⟨φ, ∂iX⟩.
For µ ∈ E∗ put σµ(ξ) = µ◦eξ|Kν ∈ S1 ⊗K∗

ν . Then ⟨pσµ, X⟩ = ⟨p⊗µ,DX⟩. So Vm is the
annihilator of Im, where I is the submodule generated by the σµ, and dim Vm = dimNm

for N = (S ⊗ K∗
ν )/I. The fiber of N at ξ is the cokernel of µ 7→ σµ(ξ), which is dual

to ker(eξ|Kν ); it vanishes for ξ ̸= 0. By Nakayama’s lemma and the Nullstellensatz,



94 WENCHANG YANG AND YI WANG

(ξ)d+1N = 0 for some d. Since N is generated in degree zero, Nm = 0 for m > d. Put
V = ⊕

m≤d Vm. This is the space of all polynomial, equivalently all formal, solutions at
the flat graph. By (15.4),

kerP 0
N = V (N ≥ d− 1).

Thus at the flat graph, and only there, the truncated kernels and the formal solutions
coincide.

Step 3: exponential perturbation at a finite order. Put

f1 =
∑
j

(
eξj ·y − 1 − ξj · y

)
, ft = c · y + tf1.

Then j1
0ft = j1

0f
0 and PN(t) = P 0

N + tA exactly, where

AX =
(
0, −jN+1

0 (gX), 0
)
, gX =

∑
i

∂if1 eiX =
∑
j

(
eξj ·y − 1

)
eξj
X.

Let W be the span of the functions eξj ·yyα and yα with |α| ≤ d; it is finite dimensional.
The kernels of its Taylor truncations to order m decrease with m, and their intersection
is zero by analyticity. Choose m0 such that truncation to order m0 is injective on W ,
and put N1 = max{d− 1, m0 + maxs ℓs − 1}.

We claim that for N ≥ N1 the induced map V → cokerP 0
N , X0 7→ [AX0], is injective.

Suppose X0 ∈ V and P 0
NX1 = −AX0 with degX1 ≤ N + 1. Since the rows cover all

degrees of X1, we get UX1 = 0, DX1 = 0, and eνX1 ≡ gX0 modulo (y)N+2. As X1 is
KC-valued and the operators have constant coefficients, the syzygies give

λ
(s)
1 (∂)(eνX1) = −λ(s)

2 (∂)(DX1) = 0.

Hence Fs := λ
(s)
1 (∂)gX0 vanishes modulo (y)N+2−ℓs , so its Taylor coefficients vanish

through order m0. Using λ(∂)(eξ·yh) = eξ·yλ(∂ + ξ)h, we find

(15.5) Fs =
∑
j

eξj ·y λ
(s)
1 (∂ + ξj)(eξj

X0) − λ
(s)
1 (∂)

(∑
j

eξj
X0

)
∈ W .

Therefore Fs = 0. The frequencies ξ1, . . . , ξJ , 0 are distinct, and exponentials with
distinct frequencies are independent over polynomials. Hence λ(s)

1 (∂ + ξj)(eξj
X0) = 0

for all s, j. If X0 ̸= 0, let Xtop
0 be its top homogeneous part, of degree m. Every term

of λ(s)
1 (∂ + ξj) other than λ

(s)
1 (ξj) lowers degree, so the degree-m part of the identity

is λ(s)
1 (ξj)eξj

Xtop
0 = 0. Applied to each Kν-valued monomial coefficient of Xtop

0 , the
detecting rows of Step 1 force that coefficient to vanish, a contradiction. This proves
the claim.

Step 4: full column rank. Fix N ≥ N1. Choose a complement V ′ of V = kerP 0
N and

a complement C of imP 0
N . In block form from V ′ ⊕ V to imP 0

N ⊕ C,

PN(t) =
(
B + tA11 tA12
tA21 tA22

)
.

Here B is invertible and A22 : V → C is the injective map of Step 3. If (x′, x) ∈ kerPN(t)
and t is small, the first row gives x′ = −t(B + tA11)−1A12x. The second row then gives
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t
(
A22 − tA21(B + tA11)−1A12

)
x = 0. For small t ̸= 0 the bracket is injective, so x = 0

and x′ = 0. The maximal minors of PN(t) are polynomials in t, not all identically zero,
so PN(t) is injective for all but finitely many real t. The jet jN+2

0 ft is real and has first
jet c.

Step 5: the algebraic consequences. The failure set of PM is the common zero set of
its maximal minors, which are polynomials in (U, jM+2

0 f). So F≤N ′(U) is real algebraic.
It omits the jet found above, so it is proper. Since the jet fiber is an affine space, some
maximal minor Φ of some PM , M ≤ N ′, is not identically zero in the jet variables, and
F≤N ′(U) ⊂ {Φ = 0}. A nonzero minor stays nonzero under perturbation, which gives
openness. □

Uniformity and killing points. Let U be a compact set of real matrices satisfying
(H). We use the finitely many coordinate frames of Rq. At every point some frame
has normal component at least q−1/2 along its z-axis, and so gives a graph chart. For
U0 ∈ U the lemma gives one order N and one real jet at which PN is injective. By
openness, the same jet and the same N serve on a neighborhood of U0. Compactness
gives one order N∗ such that F≤N∗(U) is proper in every chart for every U ∈ U . A point
of an active leaf is a killing point for U if, in a chart of this kind, PM is injective there
for some M ≤ N∗; here PM is computed from the graph representation of the activity.
By Lemma 15.2, the module presented by (15.2) then vanishes near the point, for all
nearby complex values of y, of the matrix entries and of the activity coefficients.

The graph jet jN∗+2
0 f is a rational function of the activity jet, whose denominators are

powers of the Jacobian of the chart projection and are nonzero on the chart. The map
from activity jets to graph jets at a fixed point is a submersion, as one sees by varying
the activity along the z-axis. Hence failure is contained in a proper algebraic subset of
the activity jet fiber. After the chart denominators are cleared, it lies in the zero set
of a polynomial Φ in the vertical jet variables, smooth in the old parameters and not
identically zero at each of them. This is the form used in the orbitwise transversality
argument below. The argument is unchanged when the dimension of K varies, since
the ambient unknown X and the rows UX = 0 are part of (15.3).

15.2. Finite complex Gauss germs.
Lemma 15.4 (Finite Gauss germs). An actual partial immersion on the active Hopf
source can be perturbed in any prescribed C1 neighborhood so that, after finite analytic
approximation in the active variables, every complexified leafwise Gauss-map germ at a
real point is finite. This can be done jointly with finitely many open finite-jet conditions
and compact smooth slow parameters.
Proof. For f ∈ C[[y1, . . . , yk]] let µ(f) be the possibly infinite colength of its Jacobian
ideal. Let ZN be the closed algebraic set of (N + 1)-jets for which

dimC
C[[y]]

(∂f) + (y)N+1 ≥ N + 1.

This condition is equivalent to µ(f) ≥ N + 1 for every extension of the jet. Indeed,
until the maximal-ideal filtration of a local algebra ends, each successive quotient has
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positive dimension, and if the filtration stabilizes, Nakayama’s lemma makes that power
zero. This proves the equivalence and the nested inverse-image containment of the ZN .

Their codimensions tend to infinity. Otherwise these nondecreasing integer codimen-
sions would stabilize at some c. A codimension-c component at the next jet level would
have to be the whole affine jet cylinder over a codimension-c component at the preced-
ing level. There are finitely many minimal components at the first stable level, so one of
them would persist as a full cylinder to every order. But every finite Taylor polynomial
T has an extension

T +
∑
i

yDi

with isolated critical points, for D > deg T . The leading gradient terms DyD−1
i have

no common projective zero, so the gradient zero scheme is finite in affine space. This
contradicts the existence of an infinite-colength cylinder.

For each real unit height vector u, the map from activity jets to the scalar jet of
⟨a, u⟩ is a submersion; vary the activity by u δf . Choose N so that the preceding
codimension exceeds the source dimension, the slow parameter dimension, and k for the
height parameter. Jet transversality then gives every critical height jet finite Jacobian
colength. This is detected by open finite-order rank conditions, and compactness gives
one finite order and a common tolerance.

Approximation by polynomials in the ambient sphere coordinates, with smooth co-
efficients in the slow variables, preserves these conditions and partial immersion. In a
graph chart the Gauss map is represented by df . The fiber over the central normal is
the critical scheme of the corresponding height function. Its finite colength makes the
complex Gauss germ finite. The germ may branch; it need not be a local diffeomor-
phism. □

15.3. A killing point on every active torus orbit. Choose distinct ϑ1, . . . , ϑr ∈ Tk,
where r exceeds the dimension of the whole old–active parameter product. Since the
action is free, their translates of any active point are distinct, and activity jets there can
be varied independently. For a fixed old matrix U , simultaneous failure of the finite-jet
test at all translates has codimension at least r. Multijet transversality therefore gives
an activity for which every active orbit contains a killing point for every old parameter.

The same argument applies to a smooth old family. At a zero of a nonzero polynomial
in the vertical jet variables, we stratify by a minimal-order nonzero vertical derivative.
On that stratum the preceding derivative vanishes and has nonzero vertical differential,
so the stratum lies in a smooth hypersurface. The fixed degree gives finitely many
derivative choices on each matrix chart. A single such hypersurface need not contain
the whole local polynomial zero set. At distinct translates the corresponding vertical
jet variables, and hence these hypersurface differentials, are independent. The resulting
finite collection of smooth containing submanifolds has codimension at least the number
of translates. Parametric transversality, with the whole smooth old family included in
the base dimension, then gives the required avoidance.
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Both the orbit-killing property and the finite-Gauss property are open on their com-
pact real parameter products. They can therefore be imposed after horizontal actu-
alization, inside the arbitrarily small C1 neighborhood allowed by the protected core
homotopy. One final finite polynomial approximation in active sphere coordinates pre-
serves them. Its degree may depend on the fixed source and on n; this does not affect
the target count.

16. Eliminating critical characteristic components

16.1. A necessary Hessian identity. Let B ⊂ Gr2(Ck+1) be an algebraic family of
projective lines in Pk. In a fixed affine chart put

IB = {(p, ℓ) : p ∈ ℓ, ℓ ∈ B}, S =
⋃
ℓ∈B

ℓ.

For f : Ck → C, write g = df . A line ℓ through p = g(y) gives a direction [ξ] ∈ P(TpCk),
which the coordinate pairing identifies with a projective covector at y. Let Σf ⊂ T ∗Ck\0
be the conic locus obtained in this way. Up to an overall sign, it is the raw characteristic
locus of the graph-normal construction.

Lemma 16.1 (Hessian obstruction to a raw Lagrangian branch). Assume that g is finite
and dim B ≤ k − 2. Let a k-dimensional irreducible component of Σf be Lagrangian.
Then it lies over an irreducible component B of B of dimension k − 2. Write SB for
the union of the lines in B. At a generic point of this component, either det Hess f = 0
identically on its base projection, or, at a nonramified point y,
(16.1) nt Hess f(y)n′ = 0 for all n, n′ ∈ N∗

g(y)SB.

Proof. The projectivized component has dimension k−1. Its finite map to the line inci-
dence must dominate a component IB of the same dimension, since lower-dimensional
line families cannot contribute. Consequently its base projection dominates SB. More-
over SB has positive dimension, since it contains the lines being parametrized, and
dimSB ≤ k − 1.

At a nonramified point, g is a local biholomorphism and the base projection is an
open part of Y = g−1(SB). A conic Lagrangian whose generic base is Y is generically
its conormal bundle: the symplectic form forces its covectors to annihilate TY , and the
dimensions of the conic fibers then agree. Thus its covectors fill

N∗
yY = (Hess f(y))tN∗

g(y)SB.

On the other hand, each raw direction is tangent to a line lying in SB, so it lies in
Tg(y)SB. Pairing the preceding equality with every normal to SB and using the symmetry
of the Hessian gives (16.1). If the component has no nonramified generic point, the
determinant alternative holds instead. □

At a smooth point of SB, choose any nonzero rational normal vector n(p) on a
dense algebraic open subset. A necessary condition along the whole raw Lagrangian
component is then
(16.2) detA

(
n(p)tAn(p)

)
= 0, A = Hess f(y), p = df(y).
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For fixed p, this is a nonzero polynomial in the symmetric matrix A. Neither a posi-
tive definite form nor a nonisotropic complex normal is needed for this: the rank-one
symmetric tensor n⊗ n is nonzero whenever n ̸= 0.

16.2. Arbitrarily large codimension in polynomial coefficients.

Proposition 16.2 (Fixed-family polynomial avoidance). Fix an algebraic B as above
with dim B ≤ k− 2. Let L ≥ 1. In the affine space PD of polynomials of degree at most
D, where D ≥ 3L− 1, the following set has Zariski closure of codimension at least L:
(16.3) {f : df is finite and Σf has a k-dimensional Lagrangian component}.
The same conclusion holds after prescribing any fixed finite jet at one point, if D is
increased sufficiently. In particular, generic real polynomial perturbations avoid (16.3)
inside any specified C1 neighborhood on a compact set.

Proof. There are finitely many top-dimensional components B to consider. We restrict
to one of their dense smooth incidence charts and a dense smooth chart of SB carrying
the normal n used in (16.2).

Take L pairs (pi, ℓi) ∈ IB and L distinct points yi. The universal equations
df(yi) = pi, 1 ≤ i ≤ L

impose kL independent affine conditions on polynomial coefficients, because arbitrary
two-jets can be interpolated at L distinct points by polynomials of degree 3L− 1. For
each i one may take the product of the cubes of separating linear forms for the points
yj, j ̸= i, multiplied by a quadratic Taylor polynomial whose jet compensates for the
nonzero product at yi.

Thus the unrestricted L-point incidence has dimension
dim PD + L(k − 1).

After these first derivatives have been fixed, the L Hessians are still independent, and
(16.2) imposes at least one further condition on each of them. The resulting con-
structible incidence therefore has dimension at most
(16.4) dim PD + L(k − 2).
Every polynomial in (16.3) has a fiber of dimension at least L(k − 1) in this incidence:
choose L general points on the projectivized Lagrangian component. Their base points
can be taken distinct because the base projection has positive dimension. The com-
ponent dominates IB, so all points can be taken in the dense charts just chosen. The
fiber-dimension theorem applied to (16.4) gives codimension at least L for the parameter
set.

For a prescribed jet of order R at y0, we exclude yi = y0 and multiply the ith
interpolation factor by a separating linear form vanishing at y0 to order R+ 1. Degree
R + 3L suffices to retain independent two-jets at the yi while leaving the prescribed
jet unchanged. Finite gradient maps exist in this affine coefficient space: extend the
prescribed Taylor polynomial by sufficiently high pure powers of every coordinate. Their
highest gradient terms have no common projective zero, and the nonvanishing of the
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corresponding homogeneous resultant defines a nonempty Zariski open set of finite
gradient maps. Finally, real coefficients are Zariski dense in the complex coefficient
space, so a proper algebraic exception can be avoided by an arbitrarily small real
perturbation. □

Parameter dependence. In the proposition the bad line family is fixed, and the proof
uses that particular algebraic incidence family. The bound can be made independent
of the degree of B because no degree estimate for the bad set is used. Uniformity in a
varying family and in all Hopf coordinate germs requires an additional algebraic-family
and openness argument; the parameter-family statement needed for the application is
proved in Section 17.

16.3. A sufficient relative-module criterion.

Lemma 16.3 (No Lagrangian raw fibers implies zero-section support). Let X → P
be a smooth analytic family of relative dimension k, and let M be a coherent relative
differential module. Suppose a closed conic analytic set Σ ⊂ T ∗(X/P ) contains its
characteristic variety. In a parameter neighborhood assume:

(i) every fiber Σp \ 0 has dimension at most k;
(ii) no irreducible k-dimensional component of any Σp \ 0 is Lagrangian.

Then the characteristic variety of M is contained in the zero section in that neighbor-
hood.

Proof. The relative characteristic variety is involutive by relative Gabber involutivity.
Suppose it had an irreducible component off the zero section. Choose a smooth point
at which the projection of this component to the parameter space has locally constant
maximal rank. The projection is locally a submersion onto its smooth local image,
and its smooth fibers are coisotropic in the vertical symplectic cotangent space. The
last assertion follows from involutivity: any covector on the vertical tangent space
annihilating the tangent to the fiber extends to a covector annihilating the total tangent,
so its vertical Hamiltonian vector belongs to that tangent and to the vertical tangent
space.

The fiber has dimension at least k by coisotropy and at most k by the assumed
raw bound. Hence it is Lagrangian and is an open part of a k-dimensional raw fiber
component, contradicting the second assumption. Analytic continuation of the sym-
plectic restriction across the smooth locus justifies passing from that open part to the
component. □

We use relative involutivity in the form recalled in [Wu22, Theorem 2.1]. A special
fiber of an involutive relative variety need not be involutive; for this reason the proof
uses a generic smooth fiber over the local image of one characteristic component.



100 WENCHANG YANG AND YI WANG

17. Polynomial activities on Hopf sources

17.1. Algebraic orbit parameters and independent jets. The complexification of
a real Hopf sphere S2c−1 can be written

Xc = {(z, w) ∈ Cc × Cc : wtz = 1}.
The complexified Hopf action is t · (z, w) = (tz, t−1w). Its orbit quotient is the affine
variety
(17.1) Qc = {P ∈ Matc(C) : P 2 = P, trP = 1}, (z, w) 7−→ zwt.

Indeed, every such idempotent has rank one, and two factorizations P = zwt with
wtz = 1 differ by a unique nonzero scalar. Choosing a nonzero matrix entry gives
algebraic local sections, so the map is an algebraic principal C∗-bundle. The quotient
is smooth of dimension 2c − 2; this also follows from its description as the orbit of
diag(1, 0, . . . , 0) under conjugation by GLc.

For a product of k active spheres let X and Q be the corresponding products. Every
complex active leaf is an algebraic torus (C∗)k, and t = dimQ is finite. The real
Hopf source is the compact locus w = z. Here and below “real coefficients” refers to
polynomials in the original real coordinates, equivalently to the real form in (z, w) fixed
by simultaneous conjugation and exchange of z, w, and not to unrelated real coefficients
in the two complex coordinate lists.

Lemma 17.1 (Ambient interpolation of leafwise two-jets). For L distinct complex
points of X, scalar ambient polynomials of degree at most 3L− 1 realize arbitrary two-
jets along the active leaves at these points. The same holds componentwise for maps to
Ck+1.

Proof. Choose an ambient linear function separating the L points. For the ith point, the
product of the cubes of the separating factors for the other L−1 points has degree 3L−3,
vanishes to order three at those points, and is nonzero at the ith point. Multiplying it
by an appropriate ambient quadratic Taylor polynomial compensates for its two-jet at
the ith point and gives the desired ambient two-jet. Summing over i gives simultaneous
interpolation of ambient two-jets. Since each leaf is immersed in the ambient affine
space, the restriction map from ambient two-jets to leafwise two-jets is surjective. □

17.2. Varying bad line families without extra parameters. Let P be a finite-type
complex parameter space of dimension p and let

B ⊂ P × Gr2(Ck+1)
be a closed algebraic family, projective over P , with dim Bu ≤ k − 2 for all u ∈ P .
In the application P is the open locus of matrix parameters satisfying the ordinary
adjoint surjectivity and this weak-label bound. Upper semicontinuity applies because
the bad-label incidence is projective.

We use a finite stratification of P and finite covers of its strata on which the geomet-
ric irreducible components of the fibers of B are separately parametrized. This does
not add parameter dimension. We recall the standard spread-out construction. At the
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generic point of an irreducible stratum, all the finitely many geometric components are
defined over a finite extension of its function field. Normalize a nonempty affine open
in that extension. After shrinking, take the closures of the components; by generic
flatness and geometric irreducibility on an open set, their fibers are geometrically irre-
ducible, cover every fiber, and remain distinct components. Repeat on the complement,
whose dimension is smaller. Noetherian induction terminates. The specialization and
geometric-irreducibility results used are [Sta, Tags 054V and 0559].

For each top-dimensional component Bu, its projective line incidence IBu has dimen-
sion k−1. Its proper image SBu in Pk is the union of its lines. Shrinking and stratifying
again gives a dense smooth locus in every SBu , with a relative conormal bundle of pos-
itive rank. Finite affine charts give nonzero rational normal sections n(u, p). These
choices introduce finite covers and charts, but no new continuous choice of hypersur-
face or normal family.

17.3. A global algebraic exceptional set of activity coefficients. Let AD be the
vector space of (k+ 1)-tuples of ambient polynomials of degree at most D, restricted to
X. We retain redundant ambient coefficients, which is harmless. Write ND = dim AD.

Proposition 17.2 (Uniform coefficient exceptional set). For every L ≥ 1 and D ≥
3L− 1, there is a complex algebraic subset ED ⊂ AD of codimension at least
(17.2) L− p− t

with the following property. If a /∈ ED, then for every u ∈ P and every complex active
orbit, at every point where a is a partial immersion and its Gauss germ is finite, the
associated raw characteristic germ has no k-dimensional Lagrangian component. The
set may be replaced by its union with its complex conjugate without changing the bound.

Proof. Use one of the finitely many component and normal charts above, one algebraic
orbit chart in Q, and one of the k + 1 graph projection charts for the target. Take L
distinct points xi on an orbit and L incidence points (pi, ℓi) ∈ IBu , and impose that the
Gauss normal of a at xi equals pi.

On the partial-immersion locus, the map from the first derivative of a to its projective
normal is a submersion onto Pk. Thus the normal constraints impose kL independent
equations. After the first derivatives have been fixed, the graph Hessians at the L points
are arbitrary and independent by Lemma 17.1. The necessary equation
(17.3) detAi n(u, pi)tAin(u, pi) = 0
imposes at least one additional independent condition at each point. All expressions
are algebraic after clearing the denominators of the chosen charts. This is an incidence
in coefficient space, not a statement about generic unrestricted tensors.

The resulting L-point incidence has dimension at most
(17.4) ND + p+ t+ L(k − 2).
If a tuple (u, orbit, a) has a Lagrangian raw germ at a point where the Gauss germ
is finite, analytic continuation in its algebraic irreducible component makes that com-
ponent Lagrangian. Its projectivization has dimension k − 1, maps generically finitely
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onto a top-dimensional IBu , and satisfies (17.3) on a dense open subset, as in the pre-
ceding Hessian lemma. Thus the fiber of the incidence (17.4) over this tuple contains an
L(k− 1)-dimensional family of point tuples. The points may be taken distinct because
the base projection has positive dimension.

The locus of tuples whose incidence fiber has dimension at least L(k − 1) is con-
structible, and the fiber-dimension theorem bounds its dimension by ND + p + t − L.
Its image in AD and the Zariski closure of that image have no larger dimension. Taking
the finite union over all the charts and component strata proves (17.2).

Only Gauss germs near the point in question need be finite. A Lagrangian analytic
branch there is an open analytic part of an algebraic component of the same dimension.
Its symplectic identity extends over that component, and the finite germ makes its map
to IBu generically finite. Therefore other components, or remote points where the Gauss
map is not finite, cause no omission in the count. □

The algebraic closure in this proposition gives openness: its complement is a single
Zariski open set of coefficient space. Separate nonzero Hessian conditions at isolated
points would not by themselves give openness.

17.4. Smooth slow coefficients and the protected class. Let the slow parameter
manifold be compact of dimension b. Choose L > p + t + b and then a finite degree
D ≥ 3L − 1 large enough for the required analytic approximation. For a smooth
polynomial-coefficient family a0 : Bslow → AD(R), arbitrarily small constant coefficient
translations v ∈ AD(R) achieve

(17.5) a0(x) + v /∈ ED for every x.

Indeed, the real algebraic exceptional set has real codimension greater than b. We strat-
ify it and apply parametric transversality to (x, v) 7→ a0(x) + v, which is a submersion
in v. Compactness then gives a positive margin from the closed exceptional set. The
translation can be taken as small as desired in any prescribed finite norm on the real
compact Hopf source, and it is independent of every old fast variable.

The choices are made in the following order, so the Hopf source size does not increase.
First fix any common sphere size allowed by the source construction and the active-
frame class argument; this fixes X, Q, and t. Next choose L, the polynomial degree,
and then the differential-inverse order. Theorem 7.1 permits the actual activity and
its finite derivative orders to depend on the fixed sphere size, while its slow coefficient
bundles and number of factors remain fixed. The later expansion order and repair
frequencies are chosen afterwards; they require no new Hopf factors and no larger
common sphere size.

In the order of construction, the horizontal frame has already retained the compact
protected activity homotopy before this analytic perturbation is made. An arbitrarily
small C1 perturbation appends a short straight derivative homotopy, which preserves
its injection margin and complete class. A new polynomial activity need not agree
literally with the old one on an open active collar; agreement on collars is provided by
the relative clauses of the preceding tensor and frame constructions. The polynomial
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approximation therefore imposes no incompatible analytic continuation condition on
an active collar.

17.5. The critical periodic inverse.

Proposition 17.3 (Critical weak-label periodic inverse). Let U be the actual derivative
tensor of a horizontal normal frame, with surjective ordinary frame operator. Let the
active source be a product of k = q−1 Hopf spheres and fix a compact protected homotopy
of its first-column injection. Assume

dim BU ≤ q − 3.
Then the activity can be chosen in an arbitrarily small protected C1 neighborhood so that
the periodic mixed operator has a global smooth finite-order differential right inverse,
depending smoothly on all old and slow parameters.

Proof. We first apply Lemma 15.3. In choosing its initial good graph normal we use
only that the union of the bad normal lines has dimension dim BU + 1 ≤ k − 1 < k.
Hence a real good normal exists and is dense, and the finite-type flat system, detecting
rows, exponential perturbation, and compact finite-jet test of Lemma 15.3 apply. The
orbitwise multijet argument in Section 15 supplies a killing point on every active torus
orbit, and Lemma 15.4 supplies finite complex Gauss germs at every real point. Both
conditions are open in a fixed sufficiently high finite norm on the relevant compact
parameter products.

We approximate in that norm by an ambient polynomial activity with smooth slow
coefficients. Enlarging the degree as necessary, we use (17.5) to remove the algebraic
exceptional set by an arbitrarily small constant polynomial perturbation. This preserves
the finite-Gauss and orbit-killing conditions, partial immersion, old-fast independence,
and the protected complete class.

We treat matrix entries, activity coefficients and transverse complex Hopf coordinates
as independent complex parameters, and differentiate only in the active variables. Near
each relevant real parameter, the finite Gauss property and the projective bad-label di-
mension bound give raw characteristic fiber dimension at most k. Proposition 17.2 and
the open coefficient condition exclude every k-dimensional Lagrangian raw fiber com-
ponent throughout that neighborhood. The relative no-Lagrangian criterion therefore
forces the completed characteristic variety into the zero section.

The relative module here is the module presented by the formal adjoint equations.
In graph coordinates, with densitized ambient flux X, they read

UX = 0, enX −
∑
i

fieiX = 0,
∑
i

ei∂iX = 0.

Passing to these coordinates is an invertible change of unknowns and density. The
entries of U , the finitely many activity coefficients, and the transverse Hopf coordinates
are independent complex parameters; the actual smooth family is substituted only after
the inverse is found.

A good filtration and zero-section characteristic support imply coherence over the
full holomorphic function sheaf: locally the cotangent generators act nilpotently on the
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associated graded module, so finitely many graded pieces generate it over the function
ring. The relative differential action gives an integrable connection. On a fixed param-
eter fiber a coherent module with a holomorphic connection is locally free, and its rank
is constant on a connected active leaf. Lemma 15.3 makes that module zero near a
killing point, so it vanishes along the whole active orbit. Ordinary Nakayama for the
coherent function module then makes the relative module zero near every relevant real
parameter point.

Vanishing of the presented module expresses its identity matrix as a finite sum of
differential multiples of the adjoint equations. This is a differential left inverse with holo-
morphic parameter coefficients. Smooth dependence comes from this parameter-level
step, not from a separate choice of inverses on individual fibers. We pull those coeffi-
cients back by the actual smooth parameter family and take formal adjoints. Choose
a finite subordinate partition of unity {χi} and local right inverses Ri. The formula
R(h) = ∑

iRi(χih) is globally defined because differential operators preserve support,
and QR(h) = ∑

i χih = h. Compactness bounds the order of R and each fixed coefficient
norm. All operations take place on the original periodic source. □

18. Finite metric completion and the complete core class

This section completes the old free map and the active block to a polynomial fam-
ily with arbitrarily small metric error, repairs it exactly, and identifies the resulting
boundary class on the core.

Let H be the actual old free map, b the exact active free block, and ν the actual
horizontal normal frame. Proposition 13.4 places these in the physical space V0 ⊕ R28

by means of the isometries Φy. Write

F0 = (H, b), Z = Φy(νa), Fϵ = F0 + ϵZ +
P∑
j=2

ϵjWj.

The source and all coefficients are fixed before ϵ is chosen. The zeroth-order active
metric is the full prescribed active metric, not that metric minus ΓA(a).

Proposition 18.1 (Arbitrary finite precision). For every finite P , the coefficients can
be chosen on the whole original source so that

ΓE⊕A(Fϵ) − (hE ⊕ hA) = O(ϵP+1)

in every fixed full derivative norm. The true best-phase margin is at least cϵ for small
ϵ. On the protected core collar the specified rank-(n− 1) bundle Ev ⊕A is free, with the
prescribed complete class.

Proof. The field Z is perpendicular to the complete pure old and active columns, hence
DΓF0Z = 0. Horizontality and Proposition 13.4 also give a zero mixed row in Γ(Z). The
two independent pure free-block pairing inverses choose W2 with DΓF0W2 = −Γ(Z).

Suppose the metric is correct through order r − 1, r ≥ 3, and write e[r] for its next
coefficient. A change Wr−1 7→ Wr−1 + Φyv, with v in the residual normal bundle, leaves
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the preceding equation unchanged. Its new mixed contribution at order r is

dAT − 2B∗v, Tα =
〈∑

a

aa∇eανa, v

〉
, B = U ◦ (IdE ⊗dAa).

We use the periodic differential inverse of Proposition 17.3 to solve

B∗v + dAf = 1
2e

[r]
mixed.

The new mixed error is then dA(T+2f). Prescribe ⟨Hα,Wr⟩ = −Tα−2fα and zero active
first pairings. The second pairings in the pure old and active free blocks then cancel
their remaining symmetric rows; these are global algebraic inverses. All other effects of
changing Wr−1 start after degree r, since 2r − 2 > r. This proves the induction on the
compact periodic source; it involves no choice of origin and no indefinite integration on
a Hopf circle.

At an active point, the five-planes in im dAa ⊂ R7 form a Grassmannian of dimension
five, which a complex bad-label set of dimension at most four cannot cover. Choose a
good real plane; if all real planes were bad, their Zariski density would give the excluded
coverage. Project away the pure complete blocks and divide the mixed columns by ϵ.
They converge to the injective restriction of U(IdE ⊗dAa) on this good plane. Since
the pure blocks are independent, the complete hyperplane jet has a positive normalized
margin. Compactness, with the maximum over phases, gives a uniform margin cϵ for
the true normal second form. On the core we use the already protected plane instead of
selecting a maximizing one; the compact activity homotopy gives the specified complete
class. □

Before applying the polynomial correction theorem, we use the product slow collar
fixed in the source preparation. The coefficient bundle E⊕A, its metric, the protected
hyperplane, and the leaf connection have radial pullback components there. Let R be a
fixed slow retraction, constant in the radial variable on an inner collar and the identity
outside a slightly larger one, and apply it to the whole finite polynomial family: replace
Fϵ by Fϵ ◦ R. In product coefficient coordinates dR(Y ) = Y ◦ R for every leaf field Y ,
so the complete leaf jets and the metric error of the new family are the corresponding
pullbacks. All full derivative estimates lose only constants independent of ϵ. The cϵ
phase margin and the protected augmented complete class persist, the latter also along
the retraction homotopy. The resulting family and prescribed partial metric have literal
product collars. We double this fixed slow source and its data, apply Theorem 6.3 on
the closed double, and restrict to the original exterior. In particular, no extension across
a collar whose width depends on ϵ is needed.

To apply that theorem, first choose its entrance exponent with phase exponent one
and a full C2 displacement exponent strictly greater than one. Its reference finite
derivatives are bounded independently of ϵ for each fixed finite construction. Choose P
above the resulting entrance exponent, construct all coefficients, and then take ϵ small
enough. Exact repair gives an exterior selector in the same target with C2 displacement
o(ϵ). The phase and normalized complete collar injections persist. Constant prefactors
may depend on P ; since they are fixed before ϵ is selected, the choices are not circular.
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If a literal product collar is required after correction, precompose once more with a fixed
retraction supported inside the collar where the reference family is radially constant.
This preserves the exact prescribed metric and changes the C2 distance from that
reference only by a fixed factor, so the distance remains o(ϵ).

18.1. The actual complete boundary class. On the core sphere boundary the nor-
malized limiting hyperplane injection is
(18.1) JEvH ⊕ JAb ⊕ TQ(IdEv ⊗dAa).
This expression is obtained by triangular elimination of pure components and multi-
plication of mixed columns by the positive scalar ϵ−1; both operations are homotopies
through injections. First reverse the protected activity homotopy while holding the
actual whole-core tensor fixed. Next reverse the supplied horizontal-frame homotopy
while holding the standard activity fixed. Transport the old complete class to its slow
injection and contract the complete active class, including its cofactor normal, by Propo-
sition 13.3. The whole mixed block stays injective throughout. The endpoint is

U0κv ⊕ A+|J(A)⊕(Ev⊗A).

This is the complete injection in Proposition 8.2. The whole-Q derivative enters only
as algebraic class data; we make no claim about an actual derivative of the old map in
the missing Q/Ev direction.

We also retain the old L first column. In the active standard block it is independent
of J(A) and perpendicular to the other standard blocks, so the same homotopy extends
the augmented injection J(H) ⊕ L. Lemma 8.4 extends the coefficient injection of H
across the core disk while retaining the separate L coefficient. The resulting coefficient
distribution on the Hopf source is vertical and integrable, since all its coefficients depend
only on the slow base. Place the complete boundary homotopy in an inner radial annulus
and keep the actual complete jet fixed on the protected outer collar. After removing
the prospective new line inputs, apply the relative free realization Theorem 4.1 to the
hyperplane H with its actual incoming complete collar jet. This gives an exact H-free
fill. Literal radial collars can be arranged by slow retractions, which preserve all leaf
derivatives and metrics. The exterior is unchanged on the outer annulus, and its full
metric remains exact there.

Lemma 18.2 (Two normal line copies after the fill). Suppose the physical target is
Rsn+C and C − 1 > dimP . After this relative fill there is an isometric copy of 2L
perpendicular to the complete actual H jet and to a unit augmented line e(L). This line
can be chosen to equal the actual old unit L first derivative on the peeling annulus.

Proof. Since jn−1 = sn − 1, the slow complement to the extended augmented injection
J(H) ⊕ L has rank C. The noninjective locus for a map from 2L to this complement
has codimension C−1 > dimP . General position over P therefore supplies a monomor-
phism, and polar normalization makes it isometric. Pull these slow data back to the
fast source and transport them through the retained complete free homotopy. Rank
avoidance is applied only on the slow base, not on the much larger fast source.
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On the fixed collar we choose the transported normal representative to equal the
nonzero complete-normal projection of the old L first column, multiplying its unit
representative by the positive norm of that projection. To recover the actual unit
first column, add its component in the complete H span, extend that component by
a cutoff into the tube, and keep the complete-normal component nonzero. The added
component is perpendicular to the first H columns, since the old metric is exact on
the annulus, and it may be extended inside that subbundle. Normalize the resulting
nonzero line. The selected 2L is perpendicular to both components, so this modification
preserves its orthogonality and gives the required actual annular unit line. All steps
are invariant under sign transitions of L. □

At C = 28 the rank-failure codimension is 27 > 5. Theorem 19.4 applies to these
data and supplies the final exact selector in the same physical target.

19. Absorbing the surviving line in the same target

We construct a supported normal loop for an arbitrary metric line bundle on the
corank-one core. The intermediate twisted source is used only over the core tube.
Signed integer transport then produces a single global map on ordinary Hopf inputs, to
which one final nonrelative repair is applied.

19.1. A contact family with line-bundle coefficients. Let L be a metric real line
bundle over a compact closed base P . For C ≥ 2 put

ZC(L) = S(εC ⊕ LC), A(z) = −z.
Its unoriented Hopf distribution is canonically the pullback of L. In a unit frame ℓ of L,
identify a point with z = u + iv; changing ℓ to −ℓ changes the local coordinate z to z̄
and the period-one generator Xℓ to −Xℓ. Orbit averaging is independent of orientation.
The zero-mean primitive IX changes line parity: using L2 ∼= ε, it sends scalar functions
to L-valued functions and L-valued functions to scalars.

For a zero-mean function in a local unit frame, the primitive is

IXh(z) =
∫ 1

0
th(Rtz) dt.

It satisfies XIXh = h and IXh = 0. Reversing the orientation changes its sign, which
gives the stated line parity.
Lemma 19.1 (Twisted finite strict contact families). For every finite d there is a small
parameter neighborhood of the zero section of

εd ⊕ Ld ⊕ L with variables (q, p, τ)
and a smooth family of sections a(q, p, τ, z) of 2L over ZC(L) such that, in every unit
frame of L,

|Xℓa| = 1, a = 0, a ∧Xℓa = 0,(19.1)

⟨dq,p,τa,Xℓa⟩ = dτ −
d∑
j=1

pjdqj.(19.2)
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Equation (19.2) is an identity of L-valued one-forms. The parameter dependence is
smooth over the compact quotient by the Hopf circles. On the Legendrian family p =
0, τ = 0, the q derivatives are 2L-valued and the p derivatives are ordinary R2-valued;
these parities are part of the assertion.

Proof. A global unit-speed zero-area base selector. Pass to the quotient ZC(L)/{1, A}
and let γA be the sign line of its double cover. On this quotient use the flat metric
rank-two bundle

L⊕ (L⊗ γA).
The Hopf line descends and is still isomorphic to L. The open relation that the covariant
derivative along this line be nonzero is ample, since its nontrivial principal slices are
punctured real planes. It has a global formal section with zero value whose derivative
from the Hopf line into the first L factor is the identity. Theorem 3.1 supplies an actual
section.

Lift it to ZC(L) and use the canonical trivialization of the pulled-back sign line. The
lift is a section of 2L satisfying
(19.3) a(Az) = Ra(z), R = diag(1,−1), |Xℓa| > 0.
Intrinsic arclength normalization is independent of the local orientation: speed and
mean length are scalars, and the primitive of the normalized speed defect is L-valued,
as required for an orbit shift. Normalization preserves (19.3), as does subtraction of the
orbit mean. We obtain a centered unit-speed base selector. Its signed-area integrand
changes sign under A, so its orbit area is zero. The construction requires no equivariant
convex integration at fixed points of complex conjugation, since the only quotient used
is the free half-period quotient.

Write locally v = Xℓa and n = Jv. Both are ordinary R2-valued functions, unchanged
when the unit frame of L changes. Put Xℓv = κn; then κ is L-valued. On every Hopf
fiber sphere the unit velocity map has zero turning number, since that sphere is simply
connected. Consequently κ̄ = 0. The function k2 = κ2 is a positive scalar basic function
with a positive compact minimum: if the curvature vanished on an orbit, its unit tangent
would be constant, contradicting the zero mean of the derivative of a closed curve.

Uniform contact tangent pairs with the correct parity. Choose a smooth scalar cutoff
η = η(v1) supported where v1 > δ > 0 and positive where v1 > 2δ, with 2δ below the
minimum, over all orbits, of maxorbit v1. That minimum is positive, because a closed
unit-speed planar curve cannot have v1 ≤ 0 everywhere, nor can v1 vanish identically.
Moreover,
(19.4) w0 = a2

2η
2v1 > 0

on every orbit, hence uniformly. Indeed, if a2 vanished on the nonempty open set
v1 > 2δ, then there v2 = Xa2 = 0 and unit speed would force v1 = 1. Such a set cannot
have a boundary at v1 = 2δ < 1, and it cannot be the whole closed orbit. This proves
the strict positivity in (19.4).

For distinct positive integers cj and large K use
(19.5) hq,j = a2η cos(Kcja1), hp,j = a2η sin(Kcja1).
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The first is L-valued and the second scalar. Both are odd under A, because a1 and v1
are even and a2 is odd. For either choice let

(19.6) βh = h− h̄− κ
κh

k2
, αh = IX(κβh), uh = αhv + βhn− αhv + βhn.

For hq both αh and βh are L-valued, and for hp both are scalar, so these formulas
produce the stated q and p tangent parities. They satisfy β̄h = κβh = 0, and hence
define unit-speed tangent vectors with ⟨uh, v⟩ = 0.

All corrections preserve the half-period symmetry: κ and βh are odd under A, αh is
even, v(Az) = Rv(z), and n(Az) = −Rn(z), so uh(Az) = Ruh(z). In particular every
finite linear combination of the allowed tangent vectors preserves (19.3), and therefore
preserves zero signed area exactly, not only to first order.

On the support of η, Xℓa1 = v1 > δ. Repeated integration by parts in the Hopf field,
whose phase derivative is bounded below on the support of η, gives, uniformly on the
compact quotient,

(19.7) ⟨uq,j, Xℓup,j⟩ = Kcj
2 w0 + o(K).

Pairings between different frequencies, and pairings of the same type, are o(K). These
estimates are independent of the unit frame: changing it changes a1 and X together,
and the two parameter parities compensate. For the orbit one-form λ = ⟨da,Xℓa⟩, the
exterior derivative on two commuting tangent variations is

dλ(uq, up) = −2⟨uq, Xℓup⟩.

Divide both vectors of the jth pair by
√
Kcjw0 and reverse the sign of its p vector.

Equation (19.7) then makes dλ close to the canonical L-valued form ∑
j dqj ∧ dpj on

εd ⊕ Ld. The sign reversal respects all line parities and the half-period symmetry.
Relabel these normalized vectors as uq,j, up,j.

A smooth basic bundle automorphism makes this skew form exactly canonical. One
intrinsic construction joins it to the canonical form by a short linear path Ωt and
solves the linear matrix transport with −1

2Ω−1
t Ω̇t; the two L factors cancel, so this is a

globally defined ordinary bundle endomorphism. The construction also shows that the
normalization commutes with every sign transition of L.

Integrating the finite family and normalizing the contact form. Form the actual family
gq,p = a+∑ qjuq,j+∑ pjup,j. The products pjup,j are 2L-valued, so this family is global.
It satisfies (19.3), has nonzero Hopf derivative for sufficiently small parameters, and has
zero area by the half-period symmetry. Intrinsic speed normalization, division by orbit
length, and centering preserve these properties and leave its tangent vectors at zero
unchanged. Append an orbit shift τ ∈ L. The resulting finite parameter one-form is
dτ +λ(q, p), where λ is L-valued and dλ is symplectic near zero on the parameter fibers.

Apply the ordinary finite-dimensional radial-primitive Moser argument fiberwise to
make dλ canonical, and remove the resulting closed difference in λ by a change of τ .
The argument is global on the parameter bundle: the path of L-valued forms, its radial
primitive, and the inverse form defining the Moser vector field are invariant under
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the simultaneous transitions p 7→ −p, τ 7→ −τ , and λ 7→ −λ. Compactness gives
one common small parameter neighborhood. This proves (19.2), with all dependence
smooth on the whole twisted sphere bundle, without trivializing any nontrivial line
bundle. □

19.2. The geometric data for absorption. Let X0 be the completed old Hopf source
over the closed slow base. On a core tube assume a metric splitting V = H ⊕L, where
L is a metric line bundle and rankH = n− 1. We work in a local unit frame of L and
track the sign changes below. Write Yi for local commuting coefficient fields of H, and
Y0 for the old coefficient field of that unit section. All their coefficients depend only on
the slow base, so they commute in every such local frame.

Suppose the completed old map F0 : X0 → RN is exact and phase regular off the
tube, is H-free and H-isometric throughout the tube, and remains the original exact
rank-n map on its peeling annulus. Let σ be a slow function equal to zero on an outer
neighborhood and to π/2 on the inner filled region, and put

χ = sin σ, c = cos σ.

The support of χ lies inside the tube. Choose a second slow cutoff β, supported in a
larger tube and equal to one on a neighborhood of suppχ. These slow cutoffs and their
collar supports are fixed before the common Hopf sphere size is varied.

We require the following augmented normal data, supplied by the complete boundary-
class argument. There is a smooth unit field e orthogonal to the first H columns, with
JHF0 ⊕ e injective, and an isometric bundle map ν : 2L → εN , represented locally by
two orthonormal fields ν1, ν2 orthogonal to all columns of JHF0 ⊕ e. On the region
where c ̸= 0 and χ may vary, e = Y0F0 and the old rank-n map is still exact. Thus,
wherever it is used,

(19.8) cY0F0 = ce.

Only this actual augmented jet and its two actual normal fields are required.
Lemma 18.2 constructs them from the standard complete class by rank avoidance on
the slow core and transport through the complete boundary homotopy.

For the finite construction we use the twisted sphere bundle ZC(L). Instead of
imposing an isometric coefficient embedding at this intermediate stage, we use the
fixed coefficient map with H unchanged and line coefficient

(19.9) cY0 + βXnew.

It is smooth and injective everywhere. On the wave region β = 1; on its complement
where β changes, χ = 0, c = 1 and all maps below are independent of the twisted sphere.
The coefficient metric is uniformly comparable to the original one, and no division by
sin σ occurs.

Choose an actual smooth map j : X0|tube → Rd whose derivative on H is injective;
for instance, an ordinary embedding of this compact source into a sufficiently large
Euclidean space. Rescale its image into the small q-ball of Lemma 19.1. The parameter
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dimension d is internal to the curve family; it is neither a physical target dimension nor
an additional Hopf slot. Put
(19.10) a(x, z) = a(j(x), 0, 0, z), v = Xa, na = Jv, Z = νa = ν1a1 + ν2a2.

The profile is centered and has zero area. Since the skew connection matrix ν∗dν
takes values in so(2), its contribution to an orbit mean is proportional to signed area.
Equation (19.2) therefore gives, for every old derivative Y ,
(19.11) ⟨Y Z,XZ⟩ = 0, Z = 0, |XZ| = 1.

19.3. Arbitrary finite periodic completion, including the cutoff.

Proposition 19.2 (Finite completion in the existing target). For every finite integer
L ≥ 2 there are fixed smooth coefficient maps F1, . . . , FL on the old source fibered with
the twisted sphere, taking values in the same RN , such that
(19.12) F1 = χZ, Fr ∈ χC∞, Fr ∈ χ2C∞,

and the actual maps

(19.13) F [L]
ϵ (x, z) = F0(x) +

L∑
r=1

ϵrFr(x, PT z), ϵ = T−1, T ∈ N,

have partial metric error O(ϵL) before observation derivatives. Here PT is the normal-
ized coordinate power map, so (PT )∗X = TX. In any fixed full source atlas, for every
fixed observation order J ,
(19.14) ∥ΓD(F [L]

ϵ ) − g∥CJ ≤ CJ,Lϵ
L−J , ∥F [L]

ϵ ∥CJ ≤ C ′
J,L(1 + ϵ1−J).

The best-phase margin is bounded below independently of small ϵ. Every coefficient
vanishes outside the wave tube.

Proof. It suffices first to work with formal powers of ϵ, treating the new field in (19.9)
on the wave region as D0 = cY0 + ϵ−1X. The leading line tangent is

w = ce+ χνv.

It is a unit vector orthogonal to the first H columns, because c2 + χ2 = 1 and e ⊥ ν.
The leading metric is therefore exactly g. Also F1 is orthogonal to the complete H jet,
so its linear pure-H metric variation is zero.

At order r ≥ 1 the mixed, line, and next pure-H coefficients have the triangular form
Emix
r,i = X⟨YiF0, Fr+1⟩ + Cr,i,(19.15)

Eline
r = 2⟨w,XFr+1⟩ +Dr,(19.16)

EH
r+1 = LHFr+1 +QH

r+1,(19.17)

where Cr, Dr, Q
H
r+1 depend only on the coefficients through Fr. Here
(LHW )ij = Yi⟨YjF0,W ⟩ + Yj⟨YiF0,W ⟩ − 2⟨YiYjF0,W ⟩.

These formulas follow by expanding the quadratic metric; the negative power occurs
only in the displayed X derivative.
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We retain the ideals in (19.12) throughout. They imply

(19.18) Cr, Dr ∈ χC∞, Cr, Dr ∈ χ2C∞, QH
r+1 ∈ χ2C∞.

Indeed, all quadratic terms contain two factors in χC∞. The only linear terms involve
fixed old derivatives of Fr, and their averages contain Fr ∈ χ2C∞. All cutoffs are slow,
so old leaf derivatives and X preserve these ideals and commute with orbit averaging.
These are identities in smooth ideals, not only pointwise big-O estimates.

At the initial step r = 1, the mixed mean vanishes without a correction:

C1,i = −2cχ⟨Yie, Z⟩ + χ2⟨YiZ,XZ⟩,

whose average is zero by (19.11). Likewise

D1 = 2c2χ⟨e, Y0Z⟩ + 2cχ2⟨XZ, Y0Z⟩

has zero mean, by centering and (19.11).
For r ≥ 2 we first kill the mixed mean by changing Fr in a leading-kernel direction.

Write bj = ∂pj
a on the Legendrian q-family. For a basic section ζ(x, [z]) ∈ Ld put

(19.19) Vr = χν
∑
j

bjζj.

It is orthogonal to JHF0 ⊕ e, is centered, and satisfies ⟨w,XVr⟩ = 0 by the unit-speed
derivative identity in Lemma 19.1. Thus adding it to Fr preserves all previously canceled
rows, including the pure-H row at order r and the mixed and line rows at order r − 1.

Its change to the mixed mean at order r is

(19.20) δCr,i = −χ2 Yij · ζ.

To verify this, note that the terms involving the old line tangent are −2c⟨Yie, Vr⟩, whose
mean is zero because Vr is centered. The remaining terms are χ times

⟨YiZ,XVr⟩ + ⟨YiVr, XZ⟩.

The normal-frame connection contributions are derivatives of the zero signed-area tensor
and hence vanish. What remains is the variation of the pulled-back contact one-form
(19.2), which at p = 0, τ = 0 is −χYij · ζ. Derivatives of ζ are multiplied by the
vanishing coefficient of dp in (19.2), so none survives. This proves (19.20).

Since dHj is injective, its adjoint maps Rd onto H∗ and has a smooth algebraic right
inverse. Divide the known mixed mean by its smooth factor χ2 in (19.18), and choose
ζ by that right inverse so that the new mixed mean is zero. The division takes place in
the smooth ideal and therefore introduces no singularity at χ = 0. The new coefficient
Fr + Vr still satisfies both ideals in (19.12). From now on we use this updated Fr and
recompute the known line coefficient Dr and the next pure-H coefficient QH

r+1; (19.18)
still holds, including any quadratic terms created when r = 2.

Set the first H pairings for Fr+1 to

(19.21) αi = −IXCr,i.
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They lie in χC∞ and have zero mean. Put h = −Dr/2 and write h̄ = χ2h0 smoothly.
For the current unit planar loop let Xv = κna and k2 = κ2 > 0. Define
(19.22) b = −κh0/k2, u = IX(h+ χ2κb), Wline = uw + χbνna.

The primitive is defined because its input has zero mean, and the formula involves no
division by χ. Since Xw = χκνna,

⟨w,XWline⟩ = Xu− χ2κb = h.

This solves (19.16). The vector Wline is orthogonal to every first H column. It lies in
χC∞, and its mean lies in χ2C∞ because ū = 0, u ∈ χC∞, and κna = Xv = 0.

Use the algebraic pairing inverse of the augmented injection JHF0 ⊕ e to choose WH

in its column span with
⟨YiF0,WH⟩ = αi,

⟨e,WH⟩ = 0,
⟨YiYjF0,WH⟩ = 1

2(Yiαj + Yjαi +QH
r+1,ij) − ⟨YiYjF0,Wline⟩.

Then Fr+1 = WH + Wline solves (19.15)–(19.17). Indeed, WH ⊥ ν and ⟨e,WH⟩ = 0, so
⟨w,XWH⟩ = 0, and the pure-H pairing formula gives LHFr+1 = −QH

r+1. The pairing
inverse is independent of the twisted sphere. Its prescribed first pairings have zero
mean, and its prescribed second pairings have mean in χ2C∞. Consequently WH , and
therefore Fr+1, satisfies both ideals in (19.12). This completes the finite induction.

After constructing the coefficients through FL, all pure-H coefficients through order
L and all mixed and line coefficients through order L−1 vanish, so the remaining metric
polynomial starts at order ϵL. The normalized power map has full derivative bounds
∥PT∥CJ ≤ CJ(1 + T )J . The chain rule applied to the finitely many fixed coefficients
proves (19.14). The coefficient is chosen after the observation order is fixed.

Finally, the first H columns and second H columns differ from those of F0 by O(ϵ) in
value, while the line tangent is w+O(ϵ). At χ = 0 the augmented old injection JHF0 ⊕e
protects the phase. At χ > 0 the line has a nonzero component in the normal plane ν,
and at χ = 1 it lies in that plane. Thus JHF0 together with w is injective everywhere,
with a uniform compact margin. Projection off the full first tangent span preserves
injectivity of the normal second form on Sym2 H, and the O(ϵ) perturbation retains a
fixed positive margin. Off the tube the original phase-regular map is unchanged. The
large pure-line second derivative does not enter this phase check. □

Independence of the local orientation. Under a change of unit frame of L, the functions
a, ∂qa are 2L-valued, while v, Jv, and ∂pa are ordinary two-vectors. The curvature κ
and the old line columns e, w are L-valued. The mixed error Cr belongs to H∗ ⊗ L,
and its primitive −IXCr belongs to H∗. The contact parameter ζ belongs to Ld, and in
the line solve b and u belong to L. Consequently Vr, uw, χbνJv, and every coefficient
Fr are ordinary ambient vectors, and all formulas in the finite induction descend over
the nontrivial line. The plane connection is so(2)-valued with transition −I2; its orbit
mean is removed by the zero signed-area identity. This proves the finite completion for
arbitrary metric lines.
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19.4. Signed transport to ordinary Hopf factors. The intermediate twisted sphere
need not extend outside the core tube, and we eliminate it before exact repair. Choose
the fixed inclusion IL : L ↪→ ε6 provided by the active bundle and add six ordinary
Hopf factors with coefficient βILPL; keep the old H coefficient and c times the old L
coefficient. This gives a fixed, uniformly injective coefficient map A0, since β = 1 on
the support of χ and c = 1 where β can decrease to zero.

Fix the original sphere size h. A finite colored mesh of the slow core at scale T−1

can be chosen with a fixed number a0 of colors, disjoint supports within each color,
and a squared partition of unity ∑a ρ

2
a = 1. For example, fixed coordinate grids with

uniformly enlarged boxes have bounded intersection degree, and a fixed finite atlas
together with a coloring of this bounded-degree graph provides the construction. In
fully scaled slow coordinates all cutoff derivatives are uniformly bounded. Use unit line
frames ℓa from one fixed trivializing atlas and put la = ILℓa ∈ S5. Round T la at the
center of its mesh box to an integer row Qa ∈ Z6.

For an integer row Q, the tensor product of normalized coordinate power maps, with
conjugate powers for negative entries and a fixed unit vector for zero entries, is a unit
map ΦQ satisfying

XiΦQ = 2πiQiΦQ, ∥ΦQ∥Cj ≤ Cj(1 + |Q|)j.
The polynomial derivative estimate follows by putting mz = max |zi| ≥ h−1/2. A
derivative of order a of the numerator of a normalized power, divided by its norm, is at
most

Caq
a |zi|q−a

∥(zq1, . . . , zqh)∥
≤ Cah

a/2qa.

Differentiating the normalization gives the stated bound inductively; the finitely many
q < a are absorbed into the constant.

In each color block form ∑
a of that color

ρa
(
Re ΦQa , ℓa Im ΦQa

)
.

The disjoint supports and the squared partition produce a unit map
WT : P × (S2h−1)6 −→ Zh∗(L), h∗ = a0h

6.

The intermediate size h∗ is independent of T . Changing a local line orientation changes
both the signed frequency row and the complex structure, and preserves the ideal
derivative.

On a mesh support the rounding estimate is Qa/T − la = O(T−1). For scaled slow
coordinates u = T (b− ba), every nonzero multi-index satisfies

∂αu (Qa/T − la) = −T−|α|∂αb la.

Thus the error is O(T−1) in every fixed full scaled norm, including cutoffs and all
projective variables. The frequency rows are constant on each support and are never
differentiated as rounded functions of b. The line field determined by IL, divided by
T , acts on WT as the twisted Hopf field up to that error, through every fixed leaf-jet
order.
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Construct the contact family and all finite coefficients once on Zh∗(L). Put ϵ = K−1
0 ,

where K0 is an integer coil frequency, and let P tw
K0 be the normalized coordinate power

on that twisted sphere; it is well defined because coordinate powers commute with
conjugation. Simultaneously apply PT to every old Hopf factor. The actual map on
the ordinary source is

(19.23) Gϵ,T = F0 ◦ P old
T +

L∑
r=1

ϵrFr
(
P old
T x, P tw

K0WT

)
.

Extend the sum by zero outside the tube. Smoothness follows from Fr ∈ χC∞; no local
exact solutions are pasted together.

Scale every old, new, projective and slow source coordinate by T−1. For the possi-
bly nonisometric A0, use the images of an orthonormal V frame as leaf columns and
complete them by an orthonormal complementary frame. The resulting chart matrices
and their inverses have uniformly bounded condition numbers. Their transition and
inverse-transition derivatives and enlarged overlap degrees are uniformly bounded. In
particular these are atlases to which Theorem 6.3 applies, regardless of mesh cardinality.
The chain rule gives, for every fixed J ,

∥Gϵ,T∥CJ
scaled

≤ CJ,L(1 + ϵ1−J),(19.24)
∥(ΓD(Gϵ,T ) − T 2g)(Y/T, Y/T )∥CJ

scaled
≤ CJ,Lϵ

L−J + C ′
J,Lϵ

−BJ/T.(19.25)

Here BJ is finite; its value is immaterial because T is chosen after ϵ. The reference
exponent 1 − J does not grow with L: after the coefficients are fixed, the worst chain-
rule factor is ϵKJ

0 . Comparison of first and second leaf jets also preserves the fixed
positive phase margin for sufficiently large T .

Lemma 19.3 (Changing an injective coefficient model). Let A0 : V → εs0 be a fixed
injective coefficient map, and suppose its ordinary Hopf models have exact phase-regular
selectors inducing the prescribed metric of V for every sufficiently large common sphere
size. Let A1 : V → εs1 be a fixed isometric coefficient map. Then the A1 models have
exact phase-regular selectors in the same Euclidean target.

Proof. The smooth rectangular matrix C = A0A
∗
1 satisfies CA1 = A0. For a fixed

final sphere size h, apply the preceding colored mesh construction to each row of C,
rounding TC on each support. The signed tensor maps, in color blocks, send the s1
original spheres to s0 ordinary spheres of one intermediate size a0h

s1 independent of T .
Choose the selector on this intermediate source before choosing T .

The identity CA1 = A0 gives the ideal first and second leaf jets of the composed
selector in the scaled frame Y/T . By the calculation above, the rounding error is O(T−1)
in every fixed full scaled norm. All reference bounds, phase margins, chart constants
and ellipticity bounds are uniform in T ; they may depend on the fixed intermediate
selector. Apply Theorem 6.1 with these fixed bounds and sufficiently large T , and
divide the repaired map by T . Its metric is the prescribed metric of V , and all outputs
lie in the original target. The factor counts and coefficient maps were fixed before h
varied, as required for assembly. □
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Theorem 19.4 (Supported absorption of an arbitrary metric line). Suppose the old
completed selector and its augmented injection JHF0 ⊕ e(L) have the collar properties
above, and that its complete normal complement contains an isometric copy of 2L. If
N ≥ sn+1, the last line is realized in the same RN , whether or not L is orientable. The
result is one smooth selector on ordinary Hopf factors, with exact metric and positive
compact phase margin.

Proof. Fix the finite reference order J∗ and the repair exponents from Theorem 6.3
before choosing the finite completion order. Use reference growth exponent J∗+1, phase
exponent zero, and any fixed positive displacement exponent to obtain the required
error exponent K. Choose L > K + 440 and construct all finite coefficients on the
intermediate twisted sphere of fixed size. Choose a sufficiently small reciprocal integer
ϵ = K−1

0 . Finally take T larger than a sufficiently high power of ϵ−1 so that the second
term of (19.25), through order 440, is O(ϵK) and the phase comparisons hold.

Equations (19.24)–(19.25) satisfy all hypotheses of the uniform repair statement. One
exact repair on the whole ordinary source gives ΓD(G∗) = T 2g. Dividing by T gives
the desired exact selector for A0, and Lemma 19.3 returns it to an isometric coefficient
model. No additional target coordinate is used. The order of choices is: repair orders
and exponents, finite precision, coil frequency, transport frequency, and one final exact
repair. Global tails of that final repair are allowed because no further relative gluing is
performed. □

20. The global target and all source dimensions

In this section we prove Theorem 1.1 in all source dimensions.

Proof in dimensions at least sixteen. Fix n ≥ 16 and put
q = 7, k = 6, m = n− 6, M = n− 5, r = n− 4, c = 5, C0 = 10.

We choose a finite coefficient embedding of TM and all slow source data before varying
the common Hopf sphere size. In this proof we write Mn for the manifold when it could
be confused with the exterior rank M . The prepared-source inequalities are

2(m+ 2) > m+ 6, 5(m+ 1) + 15 > m+ 5, jm > m+ 5.
They hold for m ≥ 10. Proposition 8.3 gives a core of dimension at most five, with the
possibly nonorientable line L = JcK. Since the activity k = 6 is even, there is no Euler
obstruction.

The principal algebraic model has dimension
(20.1) DP = jm + 7 + 5(m+ 1) + 10 = jm + 5m+ 22 = sn + 1.
Place the old free map in a fixed physical hyperplane of dimension DP − 1. The first
rank-failure codimension for its complete injection is DP − jm = 5m + 22 > n, and a
seven-frame in its complement has first rank-failure codimension 5m + 15 > n. These
choices concern the slow complete bundle Jext fixed by the source transports. The
surplus over jm exceeds five, so Theorem 4.1 gives the old actual map in that complete
class.
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To apply the absolute form of Theorem 4.1 on a closed source, we choose product
slow collars before making this first free realization. The exact normal form identifies
the exterior bundle on its inner collar with Ev by fiberwise isometries; we use a metric
connection for the radial identifications. Consequently the prescribed fiber metric has
constant radial components in these identifications, and the given metric on V is un-
changed. Choose the coefficient injection and the complete formal injection to be radial
pullbacks on a smaller collar, retaining their prescribed boundary values. Double the
exterior slow base, these bundles, and the formal data across that product collar. The
resulting Hopf source is a compact submersion over a closed base, so the absolute real-
ization theorem applies. Restrict the exact free map to the exterior. Finally, compose
in the slow variable with a radial retraction that is constant on an inner collar and the
identity outside a larger product collar. Since the coefficient fields are radial pullbacks
there, their leaf derivatives commute with this retraction. Its effect on the leaf metric
is pullback by the stated fiberwise isometries, so the metric remains the prescribed one.
The complete columns undergo the corresponding pullback homotopy and remain injec-
tive. This gives an actual product collar with the same target dimension and complete
formal class.

The counted normal ranks are 5r + 5 on the core and 5M + 10 on the exterior. The
core construction of Proposition 12.1 is valid for r ≥ 12, and the exterior construction
of Theorem 11.6 for M ≥ 9. In our range r ≥ 12 and M ≥ 11. After the four top
copies the residual ranks are r + 5 and M + 10. The exact boundary identity

4 + (r + 5) = M + 10
accounts for all four omitted-line rows. The top-copy inclusion failure codimensions are
r + 6 > 5 on the core and M + 11 > n on the exterior.

Lemmas 14.1–14.7 provide the compatible actual frame and activity, with complete
collars retained. The critical weak bound is dimC B ≤ 4 = q − 3 = k − 2, so Proposi-
tion 17.3 applies. The active block has dimension j6 + 1 = 28, and its cofactor normal
shares one virtual principal coordinate. The physical target is therefore

N = (DP − 1) + (j6 + 1) = DP + 27
= jm + 5m+ 49 = sn + 28.

The shared coordinate is saved without deleting any algebraic normal row.
Finite completion and repair produce the exact exterior selector. The complete

boundary homotopy supplies the relative H-free fill; its rank is jn−1 = sn − 1, so
its target surplus is 29, above the threshold in Theorem 4.1. The augmented complete
bundle has rank sn and complement rank 28. Lemma 18.2 and Theorem 19.4 absorb
the surviving line without adding a physical coordinate. This yields an exact phase-
regular selector on the original ordinary coefficient model for every sufficiently large
fixed common sphere size. Applying Corollary 7.5 with base Mn, coefficient bundle
TM , and identity classifying map gives the desired embedding.

At the endpoint n = 16 we have m = 10, M = 11, r = 12, DP = 137, and
N = 164 = s16 + 28. The source inequalities are 24 > 16, 70 > 15, and 65 > 15; the old
complete and seven-frame failure codimensions are 72 and 65. The boundary matching
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is 4 + 17 = 21, and the final two-line codimension is 27 > 5. Thus every inequality is
strict at n = 16. □

20.1. The dimensions below sixteen.

Proposition 20.1 (Two lower-dimensional constructions). Every closed Riemannian
n-manifold, n ≥ 2, has an embedding with

N ≤ sn + n+ max(n, 5).

If every component has a nowhere-zero tangent field, then

N ≤ sn + max(n, 5) + 1.

Proof. The bundle J(TM) has rank jn. The first noninjectivity stratum for a map to
a trivial bundle of rank jn + max(n, 5) has codimension max(n, 5) + 1 > n, so general
position gives a monomorphism. The target is at least jn+5, and Theorem 4.1, applied
with base a point and distribution TM , gives an exact free isometric immersion. The
same-target upgrade in Theorem 7.4 gives an embedding, since the target is at least
sn + 2 in every case.

For the second bound, normalize the given tangent field and write TM = H⊕ε1, with
rankH = n− 1. Choose a coefficient model for H and one separate Hopf coefficient for
the line. General position embeds J(H) in the trivial bundle of rank jn−1 + max(n, 5)
over the original slow base, and Theorem 4.1 supplies its exact free selector. Lemma 19.1
with a one-point base, L = ε1, C = h ≥ 2, and parameters q = p = τ = 0 gives a map
bh : S2h−1 → R2 with |Xbh| = 1. We use it as the selector for the separate line input
and append its two orthogonal target coordinates. The metric is the exact orthogonal
sum, and the complete H columns together with the first column of the new line are
independent. Hence the normal second fundamental form is injective on Sym2 H with
positive compact margin, and Corollary 7.5 gives

jn−1 + max(n, 5) + 2 = sn + max(n, 5) + 1.

The distribution H on the original manifold need not be integrable, since its coefficient
distribution on the Hopf source is vertical and integrable. □

Completion of the proof of Theorem 1.1. For 2 ≤ n ≤ 14, the first bound in Proposi-
tion 20.1 has surplus at most 28. Every connected closed odd-dimensional manifold,
orientable or not, has Euler characteristic zero. Its tangent Euler obstruction with ori-
entation coefficients therefore vanishes, so it has a nowhere-zero tangent field. By the
second bound, dimension 15 has surplus 16. A closed one-manifold is a finite disjoint
union of metric circles; planar circles of the prescribed lengths, translated apart, give
its isometric embedding. A closed zero-manifold is finite and embeds in a line. Padding
these targets if necessary covers n = 0, 1. Together with the construction in dimensions
at least sixteen, this proves the theorem. □
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20.2. Quantifiers and scope. The construction first fixes the slow bundles, their
complete classes, and the number of Hopf factors. For a fixed sufficiently large com-
mon sphere size, it then chooses the active free block, protected activity homotopy,
normalized collar scale, and curvature scale. Horizontal realization precedes the finite
polynomial activity perturbation and the periodic differential inverse. The repair ex-
ponent is fixed before the finite metric precision, and the finite coefficients before the
small amplitude. For line absorption, the finite precision precedes the coil frequency,
which precedes the signed transport frequency and the final repair. A source sphere is
never enlarged after it has been fixed.

The theorem concerns closed manifolds. An extension to noncompact manifolds
would require separate exhaustion and uniformity arguments. The number 28 is a
universal upper bound on the surplus in the closed case; we do not know whether it is
optimal or whether a different construction gives a smaller constant.

21. The lower bound within the seven-label construction

This section proves a lower bound for the full complex weak-label condition imposed
on the auxiliary whole-core tensor. It is not a lower bound for isometric embeddings,
and it does not apply to an interface which protects only the activity used by the
construction.

Proposition 21.1 (Universal weak-label dimension). Let E have complex dimension
r, let q ≥ 3, and suppose 0 ≤ c < 2r and c ≤ 2q − 5. For any linear map

T : E ⊗ Cq −→ W, dimW ≤ (q − 2)r + c,

its bad-label set
BT = {H ∈ Grq−2(Cq) : kerT ∩ (E ⊗H) ̸= 0}

satisfies
dim BT ≥ 2q − 5 − c.

Proof. Choose K ⊂ kerT of dimension k = 2r− c. Write V = E⊗Cq, of dimension qr,
and let G = Grk(V ). Consider the closed incidence

I = {(K ′, H) ∈ G × Grq−2(Cq) : K ′ ∩ (E ⊗H) ̸= 0}.
For fixed H, the subspace E⊗H has dimension (q−2)r. The locus of k-planes meeting
it nontrivially is an irreducible Schubert variety of codimension c + 1 in G. Indeed,
choosing an intersection line and then a k-plane containing that line gives dimension

((q − 2)r − 1) + (k − 1)(qr − k),
and a generic such k-plane meets that subspace exactly in that line. Subtracting from
k(qr − k) gives c+ 1. Local trivializations over the label Grassmannian show that I is
irreducible and

dim I = dim G + 2(q − 2) − (c+ 1).
The projection I → G is surjective. If r ≤ q− 2, every nonzero tensor in K ′ has rank

at most q − 2 and is therefore supported on some such H. If r > q − 2, the projective
variety of r-by-q matrices of rank at most q−2 has codimension 2(r−q+2) in P(V ). By
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the projective dimension theorem, its intersection with P(K ′) has projective dimension
at least

(2r − c− 1) − 2(r − q + 2) = 2q − 5 − c ≥ 0
and is therefore nonempty.

Since the projection is proper and dominant, its generic fiber has dimension 2q−5−c,
and by upper semicontinuity of fiber dimension every fiber has at least that dimension.
The fiber over K is contained in BT , which proves the proposition. □

Corollary 21.2 (Critical reserve and target dimension). Suppose q ≥ 3, 2r > q − 3,
and the complex bad-label set of the core tensor is required to satisfy dim BT ≤ q − 3.
Assume the two dimension identities

C0 = c+ q − 2, N − sn = C0 + 3q − 3.
Then c ≥ q − 2 and N − sn ≥ 5q − 7. For q = 7 the least possible surplus under these
requirements is 28.

Proof. If c ≤ q − 3, then c < 2r and c ≤ 2q − 5, and the preceding proposition gives
dim BT ≥ 2q − 5 − c ≥ q − 2, a contradiction. Thus c ≥ q − 2, and substitution gives
N − sn = c+ 4q − 5 ≥ 5q − 7. □

The corollary concerns the full complex label condition and the specified target de-
composition. It is not a lower bound on the Euclidean dimension of an isometric
embedding. It does not show that six-label constructions fail, or that a construction
protecting only selected active planes obeys the same bound. It shows that increasing
the old rank under these requirements cannot improve 28.

21.1. Further directions. The theorem treats closed manifolds with arbitrary smooth
positive metrics. The preceding bound identifies the source of the constant within the
present construction. Improving it requires changing the full complex label condition,
the coefficient tensor, or the source and target decomposition. Extending the result to
noncompact manifolds requires an exhaustion argument with compatible quantitative
control. These questions remain open.

Appendix A. Exact algebraic calculations

This appendix specifies the finite calculations used in the paper. The matrices, poly-
nomial coefficients, integer ranges, and reduction rules are given in the body of the
paper and in the procedures below. All ranks and determinants are computed over Q,
except for the modular cubic certificate identified below. All arithmetic is exact.

Five Python programs reproduce these calculations. Their roles are as follows.
(i) seed_certificate.py forms the rational orthogonal projection defining the Tiles

space, checks its partial-transpose identity, excludes all thirty-two product-vector
factor branches, checks the six exceptional contractions, and computes the dis-
played symmetric-evaluation and ordinary-operator minors. It also checks the
triple and the three pairwise skew-evaluation minors.
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(ii) cubic_certificate.py expands the determinant of the seed matrix and forms
the degree-five Jacobian multiplication matrix. It checks rank 56 modulo 1000003
and the specified nonzero minor. Full rank modulo a prime implies full rational
rank, so the check certifies the displayed algebraic smoothness proof over C, rather
than sampling points on the cubic.

(iii) exterior_certificate.py enumerates every admissible short-tuple row for 4 ≤
ℓ ≤ 15. It checks 8427 rows directly; the remaining 330 rows are covered by
the uniform single-evaluation lemma in the text. It also checks that the old-rank
slopes are nonnegative. The estimates for all larger tuple lengths are the symbolic
inequalities in the proof of Theorem 11.6.

(iv) core_certificate.py enumerates all seventeen pair rows and forty-seven triple
rows at (r, c) = (12, 5). After the geometrically proved exclusions and corrections,
the positive-overlap minima are both six. The zero-overlap minima are nine and
thirteen. The proof in the text shows that the inequalities persist for unbounded
r, including the graph ranks thirteen and fourteen that become available.

(v) pencil_certificate.py uses rational row reduction to form the six constant-
row coefficient pencils and checks that their two-by-two annihilator matrices are
nonsingular. Their determinants are 9/2, 1,−45/49, 1, 3, 3/2, in the order used in
the core section.

These checks presuppose the parameter spaces, projection fibers, and independent
equation counts established in the text. In particular, the added codimensions in the
core program are inputs from the geometric arguments, and a successful run verifies their
integer consequences. The independence of the equations and the geometric realization
arguments are proved in the preceding sections.

A.1. Exact arithmetic conventions and the seed matrices. We specify the finite
calculations independently of any implementation. All matrix indices start at zero.
A matrix is flattened row by row, and tuples of indices are ordered lexicographically
in ascending order. Rational computations use exact fractions. Determinants can be
evaluated by Gaussian elimination: in each successive column choose the first available
nonzero pivot, exchange rows when necessary, and eliminate below it. The determinant
is the product of the pivots times the signs of the row exchanges; a missing pivot gives
zero. The same procedure is used over the stated finite field, with division by nonzero
field elements.

For all seed computations, the ordered coordinate basis is (u, v, z, w), and the four
integer matrices are

(A.1)

M0 = ∂uC =

1 1 0
0 −2 0
0 0 0

 , M1 = ∂vC =

0 0 1
0 −2 1
0 0 0

 ,
M2 = ∂zC =

0 0 0
0 −2 0
0 1 1

 , M3 = ∂wC =

0 0 0
1 −2 0
1 0 0

 .
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The integer slices B̃ρ ∈ Mat4,3 are given by

(B̃ρ)ib = (Mi)ρb, 0 ≤ i < 4, 0 ≤ ρ, b < 3.

These are the slices before the Gram normalization in the seed construction. That
normalization is an invertible change of the four output coordinates and preserves the
ranks being checked.

Let Ebc denote the elementary three-by-three matrix. We use the symmetric basis

E00, E01 + E10, E02 + E20, E11, E12 + E21, E22

and the skew basis E01 −E10, E02 −E20, E12 −E21. The twelve-by-eighteen symmetric
evaluation matrix has columns vec(B̃ρS), ordered first by ρ = 0, 1, 2 and then by the dis-
played symmetric basis. Its minor on columns 0, 1, 2, 4, 5, 6, 7, 8, 9, 10, 13, 14 is 20. The
twelve-by-nine triple skew evaluation matrix has columns vec(B̃ρK), ordered first by
ρ = 0, 1, 2 and then by the displayed skew basis. Its minor on rows 0, 1, 2, 3, 4, 5, 6, 7, 10
has determinant −4. For a pair ρ < σ, the twelve-by-six skew evaluation matrix has
columns vec(B̃aK), ordered first by a = ρ, σ and then by the displayed skew basis. The
minors are

(ρ, σ) selected rows determinant
(0, 1) 0, 1, 2, 3, 4, 5 −4
(0, 2) 0, 2, 3, 6, 7, 10 −1
(1, 2) 0, 2, 3, 6, 7, 10 −4.

These are the skew-evaluation assertions of Lemma 9.3.
For the ordinary operator in Lemma 9.4, the ten-by-nine coefficient matrix has rows

(i, j), 0 ≤ i ≤ j < 4, and columns ordered first by (ρ, σ), 0 ≤ ρ < σ < 3, then by (b, c),
0 ≤ b < c < 3. Its entries are

(A.2)
Qρσ,bc
ij = (B̃ρ)jb(B̃σ)ic − (B̃σ)jb(B̃ρ)ic

+ (B̃ρ)ib(B̃σ)jc − (B̃σ)ib(B̃ρ)jc.

The determinant on its first nine rows is 448. All these are determinants of specified
integer matrices.

A.2. The Jacobian multiplication matrix. The polynomial coordinates in this com-
putation are x = (u, v, w, z), as in (9.4); this order differs from the seed basis (u, v, z, w)
in (A.1), and no permutation is applied to the polynomial. Write f = ∑

ν fνx
ν , with

unlisted coefficients zero, and let

Md = {α ∈ Z4
≥0 : α0 + α1 + α2 + α3 = d},

ordered lexicographically. The rows of the Jacobian multiplication matrix are indexed
by β ∈ M5, and its columns are ordered first by ρ = 0, 1, 2, 3, then by α ∈ M3. The
entry, namely the coefficient of xβ in xα∂ρf , is

(A.3) Aβ,(ρ,α) =

(βρ − αρ + 1)fβ−α+eρ , β − α ∈ Z4
≥0,

0, otherwise.
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There are 56 rows and 80 columns. All rows together with the fifty-six columns listed in
the proof of Lemma 9.2 give a determinant of 152546 modulo 1000003. The modulus is
prime, as can be checked by trial division up to 1000. Hence the corresponding integer
determinant is nonzero. The implication from this rank calculation to smoothness and
to the absence of rank-one seed matrices is proved in that lemma.

A.3. Canonical bases for the six constant-row pencils. For a rational matrix T ,
let N (T ) be its ordered canonical nullspace basis, defined as follows. Compute the
reduced row echelon form, list the free columns in increasing order, and for each such
column set its free coordinate to one and all other free coordinates to zero. The pivot
coordinates are then the negatives of the corresponding entries in the reduced matrix.
This rule fixes both the basis and its order.

For each of the six real vectors λ in (9.3), use the matrices (A.1) to form

Eλ = (M0λ M1λ M2λ M3λ), (v0, v1) = N (Eλ), Ci =
3∑

a=0
(vi)aMa.

Here Eλ has rank two. Let the columns of the three-by-two matrix B be N (λt), and
put

R = B(BtB)−1.

The matrix BtB is invertible, since B is real and has full column rank. This step
concerns only the six displayed real directions, not Gram matrices on arbitrary complex
subspaces. Define the three-by-four rational matrix

(A.4) (Dλ)ρ,• =
(
(C0R)ρ0, (C0R)ρ1, (C1R)ρ0, (C1R)ρ1

)
, 0 ≤ ρ < 3.

Each Dλ has rank three, so its canonical nullspace consists of one vector h. Reshape it
row by row as H =

(
h0 h1
h2 h3

)
. This procedure gives the six four-tuples in Lemma 12.4,

in the order printed there, and the determinants

9/2, 1, −45/49, 1, 3, 3/2.

The three rows in (A.4) are the row-by-row coordinates of the coefficient operators
on the pencil and its common row plane, and the equation Dλh = 0 says that H
annihilates their hyperplane under the entrywise pairing. Invertibility ofH is unchanged
by invertible changes of either two-dimensional basis; the canonical choices above also
fix the numerical entries in the table.

A.4. The exterior short-tuple enumeration. For nonnegative integers R, h, u, de-
fine the following finite integer function, with an empty maximum interpreted as zero:

Kq = q(q − 1)/2,
ϕ(q, h, u) = max

0≤b≤q
min{bmax(q, u− q) +Kq, (q − b) max(q, h− q) + 4Kq},

c(R, h, u) = max
2≤q≤min(R,h,u)

min{qu− q(q + 1)/2, q(u− 2) + 1, ϕ(q, h, u)}.
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This is the cap in (11.8); its three terms are proved in Lemma 10.2. The following
pseudocode specifies all loops, filters, and arithmetic for the short range. Intervals
include both endpoints, and ceil denotes the integer ceiling.
for ell in 4,...,15:

M = 6*ell - 5
direct = symbolic = 0
minimum = +infinity
for (gamma,l) in [(0,0),(1,0),(1,1)]:

e = (gamma-l)*ell; t = (2-l)*ell
for delta in 0,...,(3-gamma)*ell-1:

h = (3-gamma)*ell-delta; tau = delta+e
for j in 0,...,t:

L = tau-j; u = t-j
w = max(0,ceil((3*j-2*e)/2))
if L<1 or 3*j>2*tau or w>delta: continue
assert L-1 >= 0
if gamma==0 and l==0 and j==0:

symbolic = symbolic+1
continue

a = (3-gamma)*gamma-l*(5-gamma+l)
b = L*M+6*ell-ell*a-(delta-w)*h-j*u
b = b-cap(2*tau-3*j,h,u)
excess = b-M-5
assert excess > 0
minimum = min(minimum,excess)
direct = direct+1

record(ell,direct,symbolic,minimum)

Here cap is the function c defined above. The outputs are the twelve rows printed in
the proof of Theorem 11.6: the direct and symbolic totals are 8427 and 330, and the
minimum at each length is 2ℓ − 1. The symbolic rows are covered for every length
by Lemma 11.5; the long-length estimates and the nonnegative old-rank slopes in the
theorem cover the unbounded ranges. The finite enumeration involves no extrapolation
in either variable.

A.5. The core endpoint enumeration. The row generator is (12.5)–(12.6): take
ℓ = 2, 3, (γ, l) = (0, 0), (1, 0), (1, 1), 0 ≤ δ ≤ (ℓ− 1)(3 − γ), and 0 ≤ j ≤ ℓ(2 − l). Define

e = ℓ(γ−l), h = ℓ(3−γ)−δ, u = ℓ(2−l)−j, L = δ+e−j, w = max{0, ⌈(3j−2e)/2⌉},

and keep the rows with L ≥ 1, j ≤ 2L, and w ≤ δ. Put

R = min(2L− j, u, h), χ =

0, R ≤ 1,
Ru−R(R + 1)/2, R ≥ 2,

and let b denote the raw bound

b = Lr + cℓ− 12 − ℓγ(3 − γ) + 2l − (δ − w)h− ju− χ.
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Write k = (γ, l, δ, j). In the following decision table the first applicable rule supplies the
revised bound b′. The last column gives the geometric proofs, including independence
of the added equations, that justify each rule.

Condition Revised bound or exclusion Proof location

γ = 1, l = 0, δ = 0, j > 0 Exclude: direct-sum injectivity. Section 12.5; Lemma 9.1.
k = (1, 0, 1, 2) Exclude: the P0 locus. Section 12.5; (12.4).
ℓ = 2, k = (0, 0, 1, 0) b′ = b + min{r − 6, 6}. Two generators and one rela-

tion.
ℓ = 3, k = (0, 0, 1, 0) b′ = b + min{χ, 8}. Three generators and one re-

lation; Lemma 10.7.
ℓ = 3, k = (0, 0, 2, 0) b′ = b+min{χ+r−19, χ−5, 7}. Three generators and two re-

lations.
k = (1, 1, 1, 0) b′ = b+χ+2 if ℓ = 2; b′ = b+χ

if ℓ = 3.
Section 12.5.

Every other row b′ = b. (12.8).

In the three-branch rule the three increments are χ + r − 19 = (χ − 10) + (r − 9),
χ− 5 = (χ− 11) + 6, and 7 = 2 + 5, respectively. Thus the table records the separate
alternatives proved in the text; their codimensions are not added to one another. The
endpoint algorithm is:
set r=12 and c=5
for ell in [2,3]:

form every row in the stated finite ranges
discard rows failing L>=1, j<=2*L, w<=delta
count the remaining rows before applying the decision table
apply the first matching decision-table rule to each row
count exclusions and record all retained revised bounds
assert every retained revised bound is greater than 5
record the smallest retained revised bound

It gives, respectively, 17, 47 rows before the decision table, 2, 3 exclusions, 15, 44 retained
rows, and minimum 6 in both cases. For zero overlap, evaluate (12.13) for every integer
5 ≤ g ≤ 9, and (12.14) for every integer 5 ≤ g ≤ 12. The two minima are 9 and 13.
The proof of Proposition 12.1 treats separately the new values g = 13, 14 that occur
when the old rank increases, and proves persistence of the positive-overlap bounds by
symbolic arguments.

These procedures give the arithmetic content of the finite calculations. Their use in
the dimension estimates rests on the incidence and equation-independence proofs in the
body of the paper.
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