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Abstract

We prove that the incompressible Navier-Stokes equations in R?, without external force, admit

a continuum of distinct suitable weak solutions in the Leray—Hopf class with the same initial datum.

The datum is compactly supported, axisymmetric without swirl, and smooth away from the origin;
it lies in L>*> and in L7 for every ¢ < 3, but not in L?. The solutions are axisymmetric without
swirl and smooth at positive times, and they satisfy the local and global energy equalities. Any
two of them separate in L? at the rate t'/4+7, for a fixed 0 < o < 1/4. The proof follows the

program of Jia and Sverdk, with a discretely self-similar background in place of a self-similar one.

The background is an exact unforced solution built from a train of thin vortex rings, which we
obtain by lifting a periodic row of planar vortices with Gaussian stream function. We construct a
growing Floquet mode of its linearization directly, from the angular-two instability of the planar
vortex, and conclude by a nonlinear correction and a localization of the datum.
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1 Introduction
We consider the incompressible Navier-Stokes equations in R? without external force:
Opu + div(u @ u) — Au+ Vp =0, divu =0, u(0) = up. (1.1)

Here u is the velocity, p is the pressure, and the viscosity is normalized to one. For every divergence-free
up € L?(R?), Leray [36] constructed a global weak solution that satisfies the energy inequality
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and Hopf [25] gave the corresponding construction in bounded domains. We call such solutions Leray—
Hopf solutions. Whether they are uniquely determined by their datum is a basic question that goes
back to Leray’s work. In this paper we prove that, without force, uniqueness fails in the axisymmetric
class without swirl: Theorem A below gives a compactly supported datum from which a continuum of
distinct Leray—Hopf solutions emanates. The proof is analytic. Recent results on the same question
are discussed in Section 1.2.

1.1 Uniqueness and regularity

Uniqueness holds as long as one of the solutions is regular. If a Leray—Hopf solution lies in L"(0,T"; LY)
with 2/r+3/¢ = 1 and 3 < ¢ < oo, then every Leray—Hopf solution with the same datum coincides with it
on [0, T]. This weak—strong uniqueness theorem is due to Prodi [39], Serrin [43] and Ladyzhenskaya [32];
Kozono and Sohr [31] treated the endpoint L°°(0,T; L3). Such regular solutions exist for data in the
critical space L?: Kato [29] constructed solutions for data in L3, local in time for large data and global
for small data. Koch and Tataru [30] obtained global solutions for small data in BMO~!. Escauriaza,
Seregin and Sverdk [19] proved that Leray—Hopf solutions bounded in L°°(0, T’; L) are smooth. For a
general Leray—Hopf solution only partial regularity is known. Scheffer [40] bounded the size of the
singular set at the first singular time, and Caffarelli, Kohn and Nirenberg [10] proved that suitable
weak solutions, those satisfying the local energy inequality, are smooth outside a closed set of zero
one-dimensional parabolic Hausdorff measure. We refer to the monograph [34] for these results.

The critical spaces are those invariant under the scaling u +— Au(Az, A?t) of (1.1). The datum of
Theorem A lies in the weak Lebesgue space L>> but not in L3; near the origin it is of size |x|~!. For
such data the theory is incomplete. Seregin and Sverak [42] studied global weak solutions with large
data in L3, and Barker, Seregin and Sverak [3] constructed, for data in L3°°, global weak solutions that
are stable under weak-* convergence of the data; their uniqueness is not known. For a scale-invariant
datum it is natural to look for a self-similar solution u(z,t) = t~%/2U(x/+/t). Jia and Sverdk [27] proved
that every scale-invariant datum that is smooth away from the origin, of any size, gives rise to at least



one forward self-similar solution. Discretely self-similar data, invariant only under ug(x) — Aug(Az)
for one A > 1, also admit discretely self-similar solutions: Tsai [44] constructed them for X close to one,
and Bradshaw and Tsai [6] and Chae and Wolf [12] for every A > 1. Our solutions are built around a
discretely self-similar solution of this kind.

In the axisymmetric class without swirl the theory is more complete. Ladyzhenskaya [33] and
Ukhovskii and Yudovich [45] proved that smooth, sufficiently decaying axisymmetric data without swirl
give global smooth solutions, and Leonardi, Malek, Nec¢as and Pokorny [35] relaxed the regularity of
the data. Feng and Sverak [20] constructed solutions whose initial vorticity is a vortex ring, a measure
supported on circles, and Gallay and Sverak [22] proved that the solution emanating from a circular
vortex filament is unique. The datum of Theorem A is axisymmetric without swirl and smooth away
from the origin. Theorem A therefore shows that a singularity at one point, of the critical size |x| 7!, is
enough for uniqueness to fail in this class.

1.2 Non-uniqueness

Two methods have produced non-unique solutions of the equations of fluid mechanics. The first is
convex integration. Buckmaster and Vicol [8] proved that weak solutions of the Navier—Stokes equations
with finite kinetic energy are not unique. Buckmaster, Colombo and Vicol [7] constructed non-unique
weak solutions that are smooth outside a set of singular times of Hausdorff dimension less than one,
and Cheskidov and Luo [13] proved non-uniqueness on the torus in LYL for every p < 2, which is
sharp in view of the Ladyzhenskaya—Prodi-Serrin criterion; we refer to the survey [9]. These solutions
do not satisfy the energy inequality, so they are not Leray—Hopf solutions, and convex integration
leaves the question open for Leray—Hopf solutions.

The second method is instability. In self-similar variables, an unstable eigenvalue of the linearization
around a self-similar solution becomes, after the change back to physical variables, a second solution
with the same datum. Vishik [46, 47] carried this out for the two-dimensional Euler equations with
vorticity in LP, with a force in L} (L' N LP),; a complete account is given by Albritton, Brué, Colombo,
De Lellis, Giri, Janisch and Kwon [2]. Albritton, Brué and Colombo [1] adapted the method to the
three-dimensional Navier—Stokes equations and proved non-uniqueness of Leray—Hopf solutions with
a force; their unstable profile is a smooth compactly supported vortex ring whose cross-section is a
modification of Vishik’s unstable vortex. Castro, Faraco, Mengual and Solera [11] obtained sharp
non-uniqueness with forcing for the a-SQG equations, which include the Euler equations, using smooth
compactly supported unstable vortices. In all of these results the force is chosen so that an unstable
profile is an exact solution of the forced equation. Without force, the background must be an exact
solution, and constructing an exact solution whose linearization is provably unstable is the main
difficulty; see the discussion in [15]. For the unforced two-dimensional Euler equations, Coiculescu [16]
constructed non-unique solutions with vorticity in L' N LP by perturbing a stationary radial solution,
with the spectral input verified by rigorous interval arithmetic. Choi [14] constructed two solutions
with the same initial vorticity in every finite L?, using a cascade of quadrupoles across infinitely many
scales. For the Navier-Stokes equations, Coiculescu and Palasek [17] constructed data in BMO~! with
two distinct global solutions, both smooth at positive times, which shows that the small-data theorem
of Koch and Tataru is sharp.

For the unforced Navier-Stokes equations, Jia and Sverdk [28] proposed the following program.
Take a scale-invariant datum and a forward self-similar solution emanating from it, which exists
by [27]. If the linearization around this solution in self-similar variables has an unstable eigenvalue,
then, under a further spectral condition, there are two distinct Leray—Hopf solutions with the same
datum, and a localization of the datum makes it of finite energy. The spectral condition concerns a
non-self-adjoint operator around a large solution that is not explicit. Guillod and Sverdk [24] computed
self-similar solutions for a one-parameter family of axisymmetric scale-invariant data and found a



symmetry-breaking bifurcation at large data, which would give non-uniqueness through this program.

Ionescu, Jia and Palasek [26] constructed numerically, with pointwise residuals of order 10719,
unstable self-similar solutions in the axisymmetric class without swirl. Binz and Coiculescu [4] proved
that, for sufficiently regular data, there are no nontrivial homothetic self-similar solutions in three
dimensions.

Theorem A carries out a version of the program of Jia and Sverdk in which the self-similar solution
is replaced by a discretely self-similar one and the unstable eigenvalue by a Floquet exponent; both are
constructed here. The proof uses no computer assistance, and the solutions have no swirl.

1.3 The main result

Write L3, = {u € L*(R*R?) : divu = 0} and HY = H*N L2 . The weak Lebesgue space L3> has
the quasinorm || f||3.00 = sup,sgs|{z : [f(x)| > s}|'/3. We include the initial condition in the weak
formulation: for a viscosity v > 0, a pair (u,p) solves the equation with datum wg on [0, T) if, for every
real p € CX(R3 x [0,T);R3),

T
/ / (u- 0o+ (u®u): Vo+vu-Ap+pdivy) dedt —|—/ ug - o(x,0)dzx = 0. (1.2)
0 JR3 R3
Equation (1.1) is the case v = 1; a general viscosity is used for intermediate constructions. The main
theorem of this paper is the following.

Theorem A. There are T’ > 0, a nonzero compactly supported datum ug € Lgiv, and real solutions
(u(o‘),p(a)), 0 < a <1, of the unforced equation with viscosity one and the same datum. The datum is
smooth away from zero and satisfies

up € L>*(R* N () LYR?), ug ¢ L3(R3).
1<g<3

Each solution is smooth at positive times and satisfies
ul® € C([0,T; L) N L*(0,T; HY),
ul® e O([6,T); Hy,) (0<6<T),  pl* e LPPR x (0,T)).

All solutions have the strong L? trace ug at zero and satisfy (1.2) withv = 1. For every 0 <top <t; <T,
L@z 4 [ 10u@ 12 de = Ll 012
S I3+ [ IV )3 de = 51 (t0)
0

They also satisfy the local energy equality. Writing u = uw'®, p = p(® and e = |u|?/2, for every real
¢ € C2°(R? x [0, 7)),

T T
/0/RS|VU|2<;dedt:/O/Rg[e(atqzﬁ+A¢)+(e+p)u-V¢]d:vdt
1

- 2
+5 [ oo, 0)da.

(1.3)

In particular, the solutions are suitable. Moreover,

sup HU(Q)HLOO(O,T;L&oo) < 00, sup Hu(a)HLT(O,T;Lq) <0
0<a<1 0<a<1

for every 1 < r < oo, 2 < q < oo with2/r+3/q > 1. There are constants 0 < ¢, < Cy < o0 and
0 < o < 1/4 such that, for every a,a’ € [0,1] and 0 <t < T,

cela — o/|t<7+1/4 < ||u(a)(t) _ U(a’)(t)HQ < Cyla— O/|ta+1/4.



In particular,
cz|a _ a/|2T2<7+3/2

20 +3/2
Thus the family consists of pairwise distinct Leray—Hopf solutions. The datum and all solutions are

azisymmetric without swirl: they are invariant under rotations about the xs-axis, and their azimuthal
components vanish.

T /
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The integrability in Theorem A is sharp on the scale of mixed Lebesgue spaces. Every solution of
the family is bounded in L"(0,7;L9) for all 1 <r < oo and 2 < g < oo with 2/r +3/¢q > 1. By the
weak—strong uniqueness theorem [39, 43, 32], none of them lies in L"(0,7T’; L?) with 2/r +3/¢ = 1 and
3 < q < o0, since otherwise all of them would coincide. Similarly, the uniform bound in L°(0,T’; L3*°)
cannot be improved to L>(0,T; L3): the strong L? trace would then put ug in L3.

The rate t°t1/4 has a simple origin. To leading order the difference of two solutions is a multiple
of t7=1/2b,(x/+/t,logt), where b, is the periodic profile of a Floquet mode with exponent o (see
Section 1.4); its L? norm is a multiple of t7+1/4,

1.4 The construction

We follow the program of Jia and Sverdk [28]. In the similarity variables y = x//t and 7 = logt, write
u(z,t) =t~ 20U (x/V/1,logt). Equation (1.1) becomes

0:U =AU + 3y - VU + 3U — Pdiv(U ®@ U),

where P is the Leray projection, and the initial time ¢ = 0 becomes 7 = —o0. Self-similar solutions
are stationary in 7. Discretely self-similar solutions, those with u(Az, \t) = A"tu(z,t) for one A > 1,
are periodic in 7 with period 2log A. Suppose that U, is a periodic solution and that its linearization
has a Floquet solution e?b,, with o > 0 and b, periodic. Since e°” = t? vanishes at t = 0, the fields
U, + ae’7b,, a € R, all carry the datum of U,, and one expects to correct each of them to an exact
solution. The difficulty is to find an exact unforced periodic solution whose linearization provably has
such a mode. Proposition 2.1 in Section 2 states the background and the mode we construct. The
construction has four steps.

Step 1: the planar vortex train and its Gaussian instability (Sections 3—4). The building
block is the planar vortex with Gaussian stream function y(x) = —2e~leP/4 1 € R2. Tts velocity
V4 = e~lal?/4g L rotates, and its vorticity (2 — |:L‘|2/2)e_"”|2/4 changes sign and has zero integral: it
is a shielded vortex. The instability of shielded vortices is classical in geophysical fluid dynamics [23].
We prove that the Euler equations linearized around g have exactly one unstable pair of eigenvalues
M\, A, with A = v + iw, v > 0, and eigenfunctions in angular mode two (Proposition 4.1). The count
uses the index theorem of Lin and Zeng [38] together with an explicit negative direction. Lin [37]
developed related criteria for instability. With a small viscosity v > 0 the vortex diffuses: at time s its
vorticity is a=?Eg(x/y/a), a = 1 + vs, where Ej is the vorticity of 1)g. The turnover clock s/(1 + vs)
has total length »~'. In the heat variables the unstable evolution has the canonical normalization
N, = eMVy=* for a constant x € C (Proposition 4.5). A fixed canonical age § = [v(1 + vs)] ™' > 0
corresponds to physical time s = (?0)~! — v~!, of order 2. The train is the exact solution of the
planar Navier-Stokes equations with viscosity v on the cylinder (R/cZ) x R, ¢ = v~2, whose initial
stream function is the periodic sum ), 7 ¥0(q — ne,n). It exists globally by the theorem of Gallay
and Slijepcevié¢ [21]. Until the diffusing vortices overlap the train is close to the sum of independently
evolving vortices, and afterwards it is a decaying shear flow plus a part that decays exponentially
(Lemma 3.1).



Step 2: thin rings and the exact discretely self-similar background (Sections 5-7). In
cylindrical coordinates (r, z) and for R > 2, use the logarithmic ring chart

qg=Rlog(r/R), n=Rz/r, s=Rt/r"

The stream function ¢ (q,n, s) of the train defines an axisymmetric field without swirl. The planar
vortex centered at ¢ = nc becomes a vortex ring of radius r, = Re"/® whose cross-section has
size comparable to r,/R; the rings accumulate at the origin and at infinity. The dilation (r, z,t) —
(Ar, Az, A%t) with A = e“/F sends ¢ to ¢ + ¢ and fixes n and s, so the periodicity of the train becomes
exact discrete self-similarity: translation becomes discrete scaling. The lifted field solves the Navier—
Stokes equations up to a curvature residual, which is small when the rings are thin, e = R~! — 0
(Proposition 5.1). In similarity variables the residual is a small periodic force. Since the background
must be an exact unforced solution, we remove it: a right inverse for the linearized periodic problem
and a nonlinear correction give an exact periodic solution U,. Its datum ugss is discretely self-similar
and of size |z|~!, and U, differs from the heat evolution of ugs by a remainder in H? (Section 7). The
three small parameters are tied together: ¢ = v~2 and ¢ = e~ %" with d in a fixed compact interval.

Step 3: the direct three-dimensional Floquet construction (Sections 8-18). We fix the
exact background and look for 0 < o < 1/4 and a nonzero periodic profile b, solving (2.4). The mode
comes from a loop through the rings. In similarity variables the rings move toward the origin and age
as 7 increases: rings far from the origin are young and still close to the inviscid Gaussian vortex, and
rings near the origin are old and have diffused. A strain acting on a young ring excites its unstable
angular-two mode, which grows by the factor N, during the life of the ring. Once the ring is old, the
stress of the amplified perturbation generates, through the three-dimensional pressure, a strain on the
younger rings. By discrete self-similarity this loop repeats in every period, and a Floquet mode is a
loop that reproduces its input up to the factor e=°7, where T is the period.

We find the exponent in the spirit of the Birman—Schwinger principle [5, 41]: instead of studying
the spectrum of the full linearized operator, we reduce the Floquet problem to a scalar equation for
the gain of one loop. We solve the forced linearized equation along the train with zero initial data and
bounds polynomial in v~! (Section 9), and rewrite the Floquet problem as a fixed point problem for
the return operator, which maps the strain received by young rings to the strain they return. In the
joint limit €, — 0, and on a fixed space of smooth sources, this operator is a rank-one operator plus a
remainder that tends to zero. Its nonzero eigenvalue, the gain of one loop for an exponent p, is

2352 Re{C ()N, } + o(1),

where C is an explicit holomorphic function that does not vanish identically. The factor €2 measures the
weak three-dimensional coupling of thin rings, and N, is the planar amplification. We choose v, — 0
so that the phase of CN,,, is fixed and ¢, so that the gain is close to one, construct the background
once at these parameters, and vary only p in a window of width |logv,|~!. Across the window the
gain moves from about e to about e™!. Its crossing of one gives a Floquet exponent o,, of the exact
three-dimensional operator, with its full pressure and the correction of Step 2 (Section 18). The planar
response only supplies the limit of the return operator; the mode is constructed for the exact operator.

Step 4: nonlinear correction and localization (Section 19). With the background and the
mode in hand we follow the instability and localization argument of Jia and Sverak [28], adapted to a
profile periodic in 7. We replace the infinite-energy datum wug4ss by a compactly supported divergence-
free truncation that equals ugss near the origin. The resulting common heat correction K satisfies
| K (7) |l = O(e7/?). For each amplitude o € [0,1] we seek a profile U, + K 4 ae®7b, + z, with
| za(T) || g2 = O(eP7) as T — —o0, where 0 < < 20 < 1/2. We choose 3 so that no Floquet multiplier



has modulus €7 and split the periodic evolution at this rate. The resulting right inverse accounts for
every faster unstable mode, so no maximal-growth assumption on ¢ is needed. Both forcing rates 20
and 1/2 exceed 3, and a contraction gives the nonlinear corrections. Their Lipschitz dependence on «,
uniformly on one interval [0, 7], gives the two-sided separation estimate of Theorem A.

Organization. Section 2 fixes conventions and states Proposition 2.1. Sections 3—19 carry out the
four steps above, and the proof of Theorem A is completed at the end of Section 19.

Formalization. A Lean formalization of this work is forthcoming at https://github.com/
mcoiculescu/unforced-leray-hopf-public.

Declaration on the use of large language models

This work was carried out with extensive use of the large language models Claude (Anthropic) and
Codex (OpenAl). The models were used to search for the construction, to write and revise the proofs,
and to check them.

While exploring the instability of an exact self-similar profile as a mechanism, among others, for
nonuniqueness, GPT-6 Astra proposed using a planar unstable vortex as a building block to lift to an
unstable profile. We found this approach promising and pushed the model to complete the construction
of an exact discretely self-similar solution with a growing mode.

The argument first appeared in a draft of about 200 pages, written largely by the models, whose
exposition was poor and highly redundant. We then realized that the construction does not need swirl;
working in the axisymmetric class without swirl reduced the draft to about 150 pages. Finally, we
replaced the original proof of the existence of the Floquet exponent by a more standard argument in
the spirit of the Birman—Schwinger principle, which reduces the Floquet problem to a scalar equation
for the gain of one loop (Section 1.4). This cut the length of the proof in half, to about 70 pages.

The authors take full responsibility for the content of this paper.

2 Conventions and the reduction to a growing mode

We use (u® v);; = uiv;, (divT); = 8;Tij, Rj = 9;(—A)~'/2 and the Cartesian Leray projection P = P.
The pressure is the global choice p = 37, . R; Ry (ujug). A vector field is axisymmetric without swirl if it
is invariant under rotations about the x3-axis and its azimuthal component vanishes. For intermediate
constructions the viscosity is v > 0, and the initial condition is included through (1.2).

The construction uses the similarity variables y = x/v/t, 7 = logt. For a period T > 0, set

yq = Lq([ovﬂadT/T; LQ(R?)))v 76 = 87‘ - %y : V

Periodic spaces identify their endpoints. The analytic construction needed for localization is stated
below.

Proposition 2.1. There exist v > 0, T > 0, and a nonzero real divergence-free field ugss on R3,
smooth away from zero, satisfying

T/2

ugss(e7?x) = e T Pugg(z), |D%ugss ()] < Colz| 710 (2 #£0, |of < 4). (2.1)

Set
Hu[udss] (ya 7_) = eT/Q [eue A'L’sts](eﬁrﬂ:@/)-

There is a real divergence-free T -periodic distributional solution U, of

0:U, = VAU, +3y- VU 41U, —R div(U.®U.), Ue = Hy[udss) +Theat,  Theat € Cper H2(R?). (2.2)
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There are 0 < o < 1/4 and a nonzero real T -periodic divergence-free field b, satisfying

b* S y2,diva Vb* € y2- (23)

The second space is tensor-valued. The periodic field b, is the Floquet profile: e°"b, solves the linearized
equation and has multiplier ¢®7 > 1 over one period. The equation for the profile is

oby + Tobs — vAb, — 3by + Pdiv(U, @ by + b, @ U,) =0

in D'(R® x R/TZ). @4

The fields uqss, Us and by are axisymmetric without swirl.

Proposition 19.1 in Section 19 shows that Proposition 2.1 implies Theorem A. Constants denoted by
P, or P, are fixed polynomials in #~! and the specified polynomial cell parameters. Each exponential
loss is kept separately until the final parameter inequalities are imposed.

3 The exact periodic planar train

We start with an exact nonlinear solution on the periodic cylinder (R/¢Z) x R. Its initial stream is a
train of translated Gaussians; the independently evolving Gaussian sum is an approximation whose
interactions must be estimated. The train bounds proved here and the Gaussian instability proved in
Section 4 are used to construct the background and its growing mode.

Fix a finite collection of derivative orders, transverse weights and Lebesgue exponents, and fix
p > 1/2. Throughout this section

c=v"", ee = (ve?) ™, C.= (R/cZ) x R, a(s) =1+vs, se= (2 —1)/v.

Cell norms are unnormalized. A bar denotes the normalized horizontal average and a tilde its

complement. The letter P denotes a polynomial in ¢, vt with degree depending only on the fixed

collection; Pg may also depend polynomially on 1+ S. All the smallness conditions below are satisfied

by first fixing that collection and then decreasing e.. In particular they hold for ¢ = v~2 and small v.
Let v = V1 be the exact cylinder Navier-Stokes solution with viscosity v and initial stream

b(g,n,0) = —2¢(la=ne)Tn*)/4,
nez

This specifies the nonlinear train, rather than the sum of independently evolving vortices. The datum
is divergence-free and belongs to BUCNH* for every k, where BUC denotes the bounded uniformly
continuous functions on C,; its vorticity is in L' N L®> and has zero integral. The cylinder existence
theorem of Gallay and Slijepcevié [21] therefore applies after interchanging the two coordinates and
taking density one. It gives a unique global mild solution in BUC, smooth for positive time, with the
bounded periodic pressure choice. It is also the finite-energy solution: on each finite interval the mild
equation in BUCNL? gives

t
lo(®)llz < [[o(0)]l2 + Cv~"/2 =up Hv\loo/o (¢ =) "2 |o(r) |2 dr,

)

which continues L? membership. Approximation and transverse cutoffs then give the velocity and
vorticity energy identities. The scalar vorticity equation preserves zero circulation and its L', L™
bounds. Uniqueness gives v(—gq, —n,s) = —v(q,n, s).



Lemma 3.1. Put

YP(x,5) = =20~ e P/ yE = NPT hyP(g — ne,n, 5).

For every fized j, with constants independent of ¢, v,

1D7 (v = VP)(s)]l2 < Cjrta 2727, (3.1)
1D (v = VE)(5)[loo < CjV_la_(erj)/Qe_beQ/“, 1<a<c (3.2)

After overlap, set X = q/c, Y = n/e, T = v(s — s.)/c?, and write c3v = b(Y,T)e; + W(X,Y,T),
W =0. Then

H%b(T)Hp S Cj,p(l + T)ilij/2+1/(2p)7 b= 27 o0, (33)
ID?W(T)||2ne0 < Cje T

In particular, whenever a(sg) < ¢,

Jo(3)]z < Cafs) (5 < 50), (35)
Jo(3)]z < Ce?(s/5.) " (5 50). (36)
okl
[ 1Dl ds < s + O (37)
S0 =)
oo C2
N 39

Proof. The isolated vortex is an exact radial heat solution. Its periodization has residual div (), where
Q = >_i+; Vi ® Vj. Completing squares in the Gaussian products and summing their separation index
gives

HDJ'VCPHOO < Cja_(3+j)/2, VP < Ca™', |DIQ|s < Cja_(5+j)/26_b102/“.

Indeed the product is bounded by Ca=3e b~ )*c?/a times a Gaussian of width Va centered at the
midpoint; its cell L? norm contributes C'y/a. Fixed weights in units of \/a obey the same estimate.

Write e = v — VP, use slow time ¢ = vs, and choose an integer N > 3 at least two above the
required supremum order. For 0 < § < (4N)~1 set E%, = Zé\fzo(da)jHDjeH%. On the bootstrap interval
[Velloo < a™2, differentiated energy and one integration by parts on the stress give

N
. . C
(B) + Y (6a)|[VDIe|} < N B} + Onv2a S tne/a,

, va

7=0
Here differentiated transport is controlled by ||[D7, e - V]e|l2 < C;||Ve|lso||D’e||2. Its constants are
independent of the period: integration by parts gives ||le||2m/l < CmeHégl/mHDmelQ/m, and applying
this to f = Ve bounds each commutator product. The differentiated weights are absorbed by the
preceding derivative’s dissipation. Time-ordered Gronwall yields

a ) ,
E]ZV(CL) < ONViQ/ 7”75€7ch [r+Cn/(vr) dr < CNV*2a74efb§vc /a7
1

because e, is small. In the last integral use u = ¢2/r. The cylinder interpolation inequality

1£lloe < CUFISPIUD2 £ + Ce 2 1121V £l



includes the one-dimensional mean term; its other term follows by Fourier inversion on nonzero
horizontal modes. It proves the second estimate in (3.2), since a'/4¢=1/2 < 1. Consequently ||Vel|oo <
Cec(2/a)e /2q~2 < ¢=2 /2. Continuity from the smooth datum closes the bootstrap to s..

At overlap, U = c?v solves Ur + e.U - VU + VII = AU on the unit cylinder, and (3.2) gives
|U0)]| gz~ < Cy. Fix N > 3 sufficiently above the entire required derivative budget for the Sobolev
interpolations below. Differentiated transport gives

1d
2dT

Small e, thus gives the uniform high-order norm directly. The exact fluctuation energy identity is

1d
2dT

— UG + (1= Cnee|| Ul gn) [ VU[7n < 0.

FIWIE + VW3 = —ec [ Wataby.

The horizontal Poincare gap gives exponential L? decay; interpolation with the uniform high-order
bound gives all required smooth decay.
The mean stream S = 1 is fixed by

Ss — vSyy = g 1= 10z, 1 = =95, Ty = 0. (3.9)

The last equality follows from divergence and finite energy; uniqueness of the averaged velocity
equation proves the preceding equality. Separate reflection symmetries of V? imply (V¥)1(V¥)e = 0.
Consequently o

1S(se) — ¥E(se)|1 < Cv2¢ 5+ Cv =3¢,

2
For example, the mixed term is bounded by Cv—2¢~! Ik a3ebe*/a da; the quadratic error has v 3%

in its place. Thus the rescaled mean stream function S = ¢S satisfies ||S(0)]| 1 < C. It solves

ST — Syy = €CW1W2, b= —Sy.

Split Duhamel at 7/2. On its early half use the source L' bound and ||8{,+1GT||p < CT—173/2+1/Cp),
on its late half move derivatives onto the exponentially small source. This proves (3.4). Integrating
the two regimes proves (3.8); in particular the pre-overlap error contributes at most C; v=2c¢ 773 to
[1ID¢||s0, and the post-overlap contribution is Cjrv~'c¢™7~!. For smoothness statements at fixed
parameters there is no restriction to this quantitative derivative budget. The resulting integrable strain
and the tame higher-order inequality d||U|| g /dT < Cre.||VU] x| |U|| g+ propagate every higher norm
from its finite smooth overlap datum. All higher-order versions of the argument therefore hold at fixed
parameters, without requiring a new smallness condition for each order. O

Lemma 3.2 (One weighted heat description at all ages). Every fived mized age/spatial derivative of
(1, v,p) obeys

[n)™ 0D (9,7, p)(s) laree < Pe™"*/ . (3.10)
The decaying pressure gauge is used here. The mean stream is even and, for every fired N, has the
following expansion and remainder for nonnegative integers m,b,f and 1 < p < oo:

Zaza n) + Rn(n,s), (3.11)
. f772]5 7]5 / / 2k
agj = Z g, % n**g(n,t)dndt, (3.12)
™ LR N (3)]lp < Ps<m b-2N-3)/2— f+1/<2p>, s> 1. (3.13)
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In particular, replacing the remainder power by (m —b —1)/2 — £+ 1/(2p) bounds S itself with s
replaced by 1 4+ s. On each 0 < s < S, all these fields and fized derivatives have transverse tails

Py {etl/e o tP/(CotvSay 1l > Oy 42+ 1. (3.14)

On every fized slow-age interval 0 < s < X /v, put 0 = vs and let p? be the sum of the isolated radial
pressures in the decaying gauge. For d = (v — VP, w — curl VP, V(p — pP)),

> (lmmoDdlls + 105D d]loc ) < Pes/vbue, (3.15)
1<L,j<k

Proof. Lemma 3.1 gives [ ||v2(s)|leods < C/v: integrate a=3/? and the comparison error before
overlap, and ¢ 2Wjy afterwards. For the vorticity drift-diffusion equation, the Gaussian datum and the
supersolutions

Coxp{-An—A() + (Co+va\},  Als) = [ a0t

with both transverse signs, imply |w| < Cexp[—b(|n| — C/v)2 /(Co + vs)]. The comparison is justified
by exhaustion with a positive quadratic barrier. Unit-patch interpolation with the fixed higher smooth
bounds from Lemma 3.1 gives the same tail, with reduced exponent, for every required spatial derivative
of w.

For k, = 27n/c # 0, the stream inverse has kernel —e~*=l1"l /(2|k,|). Move higher derivatives to the
source and sum modes using a fixed extra horizontal derivative. Splitting the convolution at distance
1/2 proves (3.14) for the nonzero stream and velocity modes, with only polynomial costs in ¢. The zero
mode has two decaying primitives:

() = /n Toe)de, S) = /n T n(6) de.

Zero circulation makes the first primitive agree at both ends. Central oddness makes 77 odd and
integrable, so its integral is zero and the second primitive also decays at both ends. It agrees with
(3.9) and is even. These formulas prove the mean tails and polynomial weighted bounds for all fields at
every age.

Interpolate a doubled polynomial weight with the unweighted exponential fluctuation bounds in
(3.4); the resulting polynomial in 1 + T is absorbed in a smaller exponential. For pressure, p = —v3,
and the pure mean tensor ﬁel ® e1 has zero double divergence. Every other term in —Ap = 6¢8j(vivj)
contains a fluctuation. The same inverse kernels prove (3.10) and (3.14) for pressure. The equations
now give the age derivatives by finite induction: each fluctuation equation retains a fluctuation factor,
and each differentiated vorticity equation retains a Gaussian vorticity factor.

It follows that S(0) has every fixed spatial moment and g has every fixed mixed space/time moment,
all bounded by P. Taylor-expand G,s(n — &) through order 2N + 1; evenness removes odd terms.
In the source Duhamel integral, for ¢ < s/2, Taylor-expand jointly in (§,¢) and retain k + ¢ < N.
The identity 0;G,s = V@%Gys gives exactly the coefficients in (3.13). Integral Taylor remainders are
controlled by the next even derivative and a fixed higher moment. For ¢t > s/2, transfer derivatives to
the exponentially decreasing source. Its tail, and the coefficient-integral tails, are exponential times a
polynomial and obey the stated remainder. The same heat proof without subtraction gives the asserted
bound for S.

Finally (3.2), interpolated with the just-proved doubled weights, proves fixed-band comparison
for velocity and vorticity. The pressure difference has source tensor Q + VX @ e+e® VP +e®e.
On each nonzero mode the pressure kernels are k2Gy,, knG), , and G = k2Gy, — 6 up to signs;
their weighted L' norms cost only powers of c. The zero Fourier mode of the pressure difference
is —(Q+VP®e+ex® VP +e®e)w. Weighted convolution proves its estimate, and the difference
equations inductively give slow-time derivatives at polynomial cost in v~ 1. O
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4 The Gaussian instability and canonical evolution

4.1 The Gaussian seed, its two couplings, and the complementary evolution

Use u = V19, curlu = A and put
r=1r2/4, Q=7 Vo(y) =, Ey=(2-22)e" k=E)/r=@x-2e% G=4nr)te ™

The Euler linearization is

ZLf=-Q0sf — (VIATLf) . VE,.

For j > 0, M > 1, let H& be the space with norm },/<; ()Mo f|l2 and let X;pr = {f € H]J\/[ :
J f =0}. In angular sector two use

Xo = L*(0,00), G lrdr)e®,  Lo=—2iQ+2ikR, R=A;",

where the pairing is linear in its first argument and omits 27r. For a general planar function, fo(r) =
(2m)~! 02 ™ f(r,9)e 2" dyY. The regular decaying Green inverse in angular sector n > 1 is

T oo
Raw=—— [r_"/ " law(s) ds + r"/ s w(s) ds] . (4.1)
0 r
Proposition 4.1. On every X\ the entire spectrum of £ in {Rz > 0} is one algebraically simple

conjugate pair X =y +iw, X, where v > 0 and —2 < w < 0. Its eigenvectors are ¢ = h(r)e*” and q.
FEvery derivative of q is bounded by a polynomial times e*’"z/‘l, [ q =0, its velocity belongs to L?, and

M, = /OOO r3h(r)dr # 0.

The same A is the sole growing spectral value of Lo on X¢q. Its projection is P = qf, with

L[ b)) * hr)?
l :—/ —=—rdr, J, :/ rdr #£ 0. 4.2
(f) Jq 0 k‘(?“) q 0 k(?”) 7& ( )
The quotients at k = 0 are removable. In particular, the harmonic-strain input H = r2k(r)62“9 satisfies
((H) = Mg/ Jq # 0.
With & the projection onto the pair and Q =1 — P,
"etg(l - ‘@)HHifﬁHﬂ/I < C‘,M,nenta ‘|et(L0_)\)QHXG—>XG < Cne—('y—n)t (4'3)

for everyn > 0 andt > 0. Finally D = A + %y -V 4 2 is selfadjoint and nonpositive on Xqg, with
spectrum {0, —1,—2,...}. Both q and the normalized Gaussian adjoint vector ' belong to every D(D™);
thus DP and PD extend boundedly to X¢.

Proof. One negative direction. Set a, = e~ 2, t = logr, and

k x—2 9 da(x —2)
U:_Q—a*:e$—2—1>0’ W:rvziex_Q_l,

At © = 2, define v = 1 and W = 8 by continuity. The bounded function W tends to zero at both
ends, so H, is selfadjoint on H?(R) and has essential spectrum [n?,00): multiplication by W is
relatively compact by truncation and Rellich’s theorem. Also supW < 9: for y = & — 2, the function
F(y) = 9(e¥—1)—8y—4y? satisfies F(0) = 0 and F'(y) > —8log(8/9) > 0,50 9—W = F(y)/(e¥—1) > 0;

at y = 0 the inequality follows from W = 8.

12



There is a negative trial in sector two. For ¢ = r2e="/8 direct integration gives

©  xr—2

2 —x
s S

/Oo(\czS’F + 4r72|¢|% — v|p|?)r dr = 48 — 32/
0 0

For all real y,

5y2

60 + y2

Y
ey —1—

Y
- = 4.4

! (4.4)
Indeed, with z = y/2, this is equivalent to

(22 + 152) cosh z — (622 + 15) sinh 2 -0

sinh z

At z = 0 take the continuous extension. The numerator has coefficients (2m)(2m—2)(2m—4)/(2m+1)! >
0 at 22+l For dp = x?e *dx, y = v — 2, and p = y(16 — 3)/930, completion of the square and
Jo° aFe~2dx = k! give

16

155

2
Yy 2y, 2
dp> [ (2yp — (60 d
/60+y2p_/(yp (60 + y*)p”) dp

Thus the trial form is at most —16/31.
There cannot be a second nonpositive direction. The function h.(t) = €!(Q — a,) has one simple
zero t, = log /8 and R/ /h, = 1 — W. Ground-state factorization on the two half-lines gives

/(|F'|2 (L= W)|F))dt = / \F' — (K. /h)F?dt >0 when F(t,) = 0.

Prove it first for compact support away from ¢, and then use H} density. Hence (F, H,F) > (n®>—1)|/F||3
on a codimension-one subspace. Min—max implies that Hy has exactly one negative eigenvalue, counting
multiplicity, and no kernel. For n > 3 the bound W < 9 directly gives

(FHRE) 2 (1~ [Wlloo/n®)(I|E"|3 + n? | FI[3). (4.5)

A bounded Hamiltonian realization and its neutral modes. On'Y = L?((0,00),r dr) set

K,=vVo(-A) v, B,=I-K, J=Q-a., T,=a.+JB,.
The kernel of K, relative to sds, is 5-+/v(r)v(s)(min(r, s)/ max(r,s))". Since [rv(r)dr < oo, it is
Hilbert—Schmidt; Green’s identity makes it nonnegative and selfadjoint. More explicitly, on the energy
space &, with norm [(|¢'|? + n?r~2|¢|?)r dr, the compact map S¢ = \/v¢ satisfies SS* = K,,. The
nonzero eigenvalues of S5* and S*S agree with multiplicity. The preceding form computation therefore
says that Bs is invertible with one complex negative direction, whereas B, is strictly positive for n > 3.
The change w = /vf intertwines T, = Q — kA, with T,.
If T,f = cf and ¢ = S*f, then F(t) = ¥(e!) € H%(R) and

(Q—c)(F" —=n?F) - AF =0, A=1%%=0?Q+20,Q. (4.6)

Indeed the Green source p = 72,/vf has squared logarithmic L? norm [ W|f|*r dr, and —F" +n?F = p.
Also F = 0 forces f = 0.

The operator T has no real eigenvalues. At ¢ = a4 the equation JBsof = 0 gives f = 0, since J
vanishes at one point and By is invertible. At ¢ = 0, (4.6) becomes —F" + 4(x — 1)?F = 0, whose
cutoff energy identity gives F' = 0. For the other real ¢, put h. = e!(Q —c); then h” /h. =1+ A/(Q —c)
and the equation is —F” + (3 + hl//h.)F = 0. When 0 < ¢ < 1, ¢ # a., its only critical point ¢,
has A(t.) # 0. The equation and F” — 4F € L? force F(t.) = 0, since otherwise AF/( — ¢) has a
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nonintegrable simple pole. As F' € H?, F = O(|t — t.|). For ¢ < 0 or ¢ > 1 there is no finite zero. In
every case, factorization on the intervals avoiding t. gives

0= / (IF" = (h/he)F I + 3| F|?) dt.

The critical boundary term is O(|t — t.|); the terms at infinity vanish because F, F — 0 and h./h. is
bounded there (its limit at —oo is three if ¢ = 1). Thus F' = 0.

Regard Y as a real Hilbert space. The operator A = —2iJ By has bounded skew-adjoint factor
—2iJ and bounded selfadjoint energy Bs. Its negative index is two over the reals, its kernel is zero,
and its positive space is uniformly positive since By is an invertible compact perturbation of identity.
These verify the hypotheses of the index theorem of Lin and Zeng [38], which gives

Ky + 2k + 2650 + k50 = 2.

The last two counts vanish by the preceding absence of imaginary eigenvectors; continuous spectrum
creates no additional term in this theorem. The complexification of the real operator is unitarily
equivalent to A® A on Y @Y, so its total unstable algebraic multiplicity is twice that of A on complex
Y. Hence it is one on Y. Equivalently, Ts has exactly one upper-half-plane eigenvalue c, algebraically
simple.

Frequency, Gaussian regularity, and the quadrupole. For this nonreal ¢, substitute F' = (2 — ¢)®
into (4.6) and integrate against ®:

/(Q —20dt =0, O =[O + 402 — 2R(@'D) > 3.

Here ® € H?, so integration by parts is valid. The imaginary and real parts imply respectively
[0 = (Re) [O and [Q?O = |c[2 [O. Since 0 < Q < 1, |c —1/2| < 1/2. Thus A = —2ic has the
asserted growth and frequency.

Write ¢(r) = F(logr). The coefficient B = A/(Q — ¢) in F” — 4F = BF is O(e*) at —oo and
decreases faster than every exponential at +oo, with the same differentiated bounds. At +oo the
Volterra equation .

Fu(t) :e_%—l—% / sinh(2(s — 1)) B(s) Fi(s) ds
¢
is a contraction on sup,sp e?|F(t)| for large T. It gives F,. = e 2/(1 + o(1)) with differentiated
asymptotics; reduction of order supplies an independent solution growing as e?*. The analogous forward
Volterra construction at —oo selects e (1 + O(e?!)). Thus every nonzero H! solution has

o(r) = Bor*(1 + O(r?)) (r 1 0), B(r) = Coor2(1 4+ 0(1)) (r — 00), ByCx # 0.
The Cartesian streamfunction ¥ = ¢e?? is in L?. These endpoint estimates remove the inner-circle
boundary terms in Green’s identity, so AU = [k/(2—¢)]¥ on the whole plane. The coefficient is smooth
with bounded derivatives. The estimate ||¥| g2 < C(||[AY||2 + ||¥||2), differentiated and iterated, gives
all Sobolev norms and bounded Cartesian derivatives. Hence ¢ = AW = he?” | with h = k¢/(Q — ¢),
has the claimed Gaussian bounds. Its velocity is O(r) at zero and O(r~3) at infinity. Finally

o
My = [ 8aidr = [ 2P0 = ~Cs, £0 (@1
0
Its circulation vanishes by angular integration.

Ezcluding other angular sectors and transferring rootspaces. For n > 3, B, > 0 and i’;Bn = B, T,
imply every phase-speed eigenvalue is real. For n = 1, ¢; = (2 — ¢) is an exact solution for every
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nonreal c. Its independent solution is ¢1(r) [" ds/(s¢1(s)?) = —[2(1 — ¢)r] ™1 + O(r|log|) at zero, and
is not locally square integrable. The regular solution ¢; grows as —cr at infinity, excluding a regular
decaying mode. Radial vorticities are stationary. Negative sectors are the conjugates of positive ones.

This classification applies to the actual weighted spaces without claiming a bounded similarity
w — w/y/v there. Cauchy—Schwarz in (4.1) gives, for r > 2,

[Rpw(r)] < Coprllwllg, (r' = 477" (1 + logr)1/2) ;

at zero it is O(r), with an extra |logr|"/? only for n = 1. For a nonreal rootvector the equation

w = kR,w/(2 — ¢), and for each subsequent Jordan vector the same equation with its preceding vector
divided by Q — ¢, show inductively that w/\/v € Y. Indeed k/+/v is Gaussian at infinity and bounded
at zero. The Green inverse agrees with —S*(w/+/v): their difference is ar™ + br~", and both vanish
at the two endpoints. Thus whole Jordan chains transfer injectively to Y. Local elliptic regularity
selects precisely the regular solutions used above. In X membership in Y is immediate from v > ¢G.
Conversely the constructed Gaussian eigenmode belongs to all these spaces, so the growing eigenvalue
and its algebraic multiplicity agree.

Generators, projections, and complementary bounds. The free transport is T'(t) f(r,¥) = f(r, ¥ —
Q(r)t). The chain rule gives ||T(t) < C;(1 +|t|)?. Density and differentiation of the flow

”H?\/1_>H1J\/1
give its generator domain {f : Qdyf € Hj,}. For the converse domain inclusion use the distributional
identity T(t)f — f = — [1T(s)Q0y f ds and strong continuity. The interaction (V*A~!f) . VEy is
compact on H ﬂ/j splitting the Biot—Savart kernel at distance one controls its undifferentiated near part
in L? and far part in L™ by || f||z2 + || f||1; derivatives have Fourier order at most j. Multiplication by
the Schwartz coefficient V Ey therefore maps H3, into H f\j ! Truncation to a disk, Rellich compactness,
and the vanishing weighted coefficient tails prove compactness on H ]Jw The bounded perturbation
theorem now realizes £ on the stated domain. Both terms have zero integral, so & 5s is invariant.

The Duhamel difference e’ — T'(t) is compact for each t > 0: its integrand consists of the
compact interaction between strongly continuous evolutions, and is norm continuous because the
adjoint evolutions are strongly continuous on this Hilbert space. Thus the essential growth bound
is at most zero. The standard semigroup spectral decomposition outside the essential growth bound
[18, Corollary IV.2.11 and Theorem V.3.1] makes all growing spectrum discrete of finite algebraic
multiplicity. Each such finite-dimensional rootspace is rotation invariant, so the circle representation
splits into integer angular characters. The preceding transfer and exclusions leave precisely A, \, each
simple. The same theorem gives the first estimate in (4.3). This statement includes the full Hy,:
splitting off a fixed radial function of integral one merely adds a stationary direction. Resolvents,
hence Riesz projections, agree on intersections of weighted spaces by uniqueness in a common weaker
realization.

On Xg, the Green estimate |Rf(r)| < C| f|x, min(r,7~2) shows that Ly is bounded. After the
unitary map f — f/ VG, its interaction kernel is

i k(r) (min(r,s)\? Iz
- 2./G(r) (max(r, s)) (),
which is Hilbert—Schmidt. Hence the same compact-perturbation and spectral-decomposition argument
gives the second estimate in (4.3).
Actual adjoint, strain coupling, and diffusion domains. Unweighted selfadjointness of R and
k= Q(x — 2) give

Lyg = 2iQg — R((z — 2)g)].

The explicit adjoint eigenvector is

hx (r,9) = G@)Jfﬁéew, Lihx = Mhx.
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Indeed the conjugate Rayleigh equation gives R(k¢/(2 — ¢)) = ¢, with no homogeneous ambiguity
by its endpoints. Every derivative of hx is a polynomial times G. The Fredholm operator Ly — A
has index zero, one-dimensional kernel, and adjoint kernel spanned by hx. Its pairing with ¢ cannot
vanish, since otherwise ¢ would lie in the range and produce a Jordan vector. This pairing is exactly
Jy in (4.2). Setting ¢! = hx/J, therefore gives that formula and ¢(H) = M,/J, # 0. The kernel
h/k = ¢/(Q2 — c) is smooth at zero and O(r~?2) at infinity, so the same functional is bounded on each
polynomially weighted space. Its adjoint identity extends from smooth data by density and gives the
corresponding Riesz projection.
Finally, conjugation by Ugf = f/v/G gives

UcDUG = A — |y*/16 + 3/2.

The selfadjoint harmonic oscillator has Hermite levels 1 — N/2; angular weight two consists exactly of
N =24 2m, m > 0. This proves the domain and spectral assertion about D. The Gaussian derivative
bounds make Ugq and Ughx Schwartz, so both belong to every oscillator power domain. With
0(f) = (f,q"), selfadjointness gives £(Df) = (f, Dq'). Consequently PD = q(-, Dq') and DP = (Dq)¢
are bounded. O

Corollary 4.2 (Frozen heat profiles). Set

Juf(y) = a7 2f(y/Va),  Eo=JuEo,  Valy) =a 3 *Voly/Va).

Their Euler generators and unstable projections satisfy
Ly =a2 I, LT, Py =J,2J L.

Thus the unstable eigenvalues are =2\, a=2\; the complementary estimates are uniform for 1 < a <
A < o0, and the projections depend continuously on a in operator norm.

Proof. The generator identity is the Biot—Savart scaling identity. J,, J, I are uniformly bounded on
HY, on each compact a interval, so conjugating (4.3) proves the bounds. The finite-rank projection
consists of the Gaussian eigenvectors and the dual functional (4.2); their dilates are norm continuous
by dominated convergence. O

4.2 A compact-perturbation lemma and the canonical heat branch

We use the Gaussian angular-two Hilbert space X¢, its Euler operator L =T + A with T' = —2iQ2 and
compact A = ZikAgl, the simple eigenpair (A, q), and P = g/, Q = I — P established above. Write
v =%RA>0and

D=A+1y-V+2,  r={Dg).

On Xg, D is selfadjoint and nonpositive; ¢, ¢' belong to every power domain of D. In particular DP
and PD extend boundedly. These statements concern the actual Gaussian adjoint, not an unweighted
formal adjoint.

Lemma 4.3 (Compact Duhamel comparison). Fiz a finite time length B. Suppose uniformly bounded
free evolutions I, converge strongly to Fy, and their adjoints converge strongly, uniformly in both times
and any auziliary parameters. Suppose the bounded strongly measurable interactions Ay (t) converge
uniformly in operator norm to Ag(t), and all the latter form a norm-precompact family of compact
operators. The full evolutions U, and their adjoints converge strongly, and

sup ||(U, — Fn)(t,s) — (Uy — Fo)(t, s)|| — 0.
0<t—s<B
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Proof. The Dyson series have a uniform exponential majorant, so termwise convergence proves the
two strong assertions. For finite-rank K = 377", u;(-,v;), strong convergence on u; and adjoint-strong
convergence on v; imply norm convergence of Fy,(t,r)KU,(r,s). A finite norm-net and finite-rank
approximation of the compact family Ag(r) make the conclusion uniform. Integrate

(U — Fo)(t,5) = / "Bt ) A () Un (. 5) dr-

Uniform bounds absorb A,, — Ap. This proves norm convergence only for the compact remainder, as
required. O

Lemma 4.4 (Small diffusion on the complementary space). There are 5y, g,C > 0 such that, for every
measurable 0 < B(t) < Py, the forward evolution on QX¢g generated by

Q{L = A+B(t)(D - k)}Q
has norm at most Ce=9(t=5) fort > s.
Proof. Extend the generator to Gg =L — X — P + SQ(D — k)Q on X¢. Since
QD —-r)Q=D—-rk+Rf, Ry=-DP—PD+ PDP + kP,

Ry is bounded and finite rank. Split G into the free generator ' — A — 8k + D and interaction
A — P+ BRy. The evolution exists for measurable 3 by the Dyson series based on exp(D [, ; B); its
short-interval bounds are uniform. Dissipativity of D and skew-adjointness of T' give

[1E5(t, 8)|| < exp{—(t — s) + [Rr[B(t — 5)}.

This inequality can first be proved for bounded nonpositive Yosida approximants of D and then passed
to the strong limit.

On a fixed block, exp(D | st B) — I strongly as 3, | 0, uniformly over all admissible coefficients. The
Dyson series give the corresponding direct and adjoint strong limits for the free and full evolutions. For
the adjoints, reverse time on the block; the class of admissible coefficients is unchanged. Lemma 4.3
therefore gives

Us(s+ B,s) — Fg(s+ B,s) — eBUAAP) _ (BT=A)

in norm uniformly in s and . The inviscid complementary semigroup estimate, with any rate below =,
makes L — A — P exponentially stable. Consequently
limsupsup ||Us(s + B, s)|| < [[eBEAP)|| 42778 < :
«40 s,
when B is sufficiently large. Fixing (. then makes every full block contract by 1/2; iteration and the
short-block bound prove exponential decay. Finally Gz commutes with P and equals —1 on its range.

In the mild equation this follows by testing against ¢' € D(D) and uniqueness from the datum ¢. Thus
QX is invariant and restriction proves the claim. O

The radial Gaussian evolves exactly by heat diffusion:
a=14wvs, E(s,z)=a2Ey(z/Va), V(s,z)=a"3?Vy(z/Va).
It is also an unforced planar Navier—Stokes solution, since its vorticity is radial and its velocity
tangential. Substitution of w(s,z) = a 2W (z,x//a) gives the exact linearized equation
1

— 1 _ —
=v 0, 0 St vs) (4.8)

s
 14ws

W.,=(L+6"'D)W, =z

Here dz/ds = a~2; the Biot-Savart velocity scales as a=3/2.
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Proposition 4.5 (Canonical branch). There is a unique solution of

-V

can

= (L+67'D)Vean, 6 >0,
with
Vean(0) = e 207"{q+ Ox, (671} (§ — o). (4.9)

It is bounded in Xg as 0 ] 0 and smooth for positive §. For Xq,; = D((I — D)i/?), fized j, and @ > b
with a fixed sufficiently large b,

120" Vean (0) [ xc,; < C(1 4 0)7/2,
Proof. Write e’05V = Aq+r, r € QX¢. The equations are
—A'=07""%Dr), —r'=Q{L-X+60""(D-r)}Qr+0"AQDq.

For b > B; ! let S(0,5s), b < 0 < s, be the forward complementary evolution. It satisfies || S(, s)|| <
Ce~9(=9) The normalization at infinity is imposed by

A(s)

S

ra(0) = /9 S(0,0D¢ 2 qs,  (TA)H) =1 +/€ W ds.

Because ¢D is bounded, ||r4(0)| +|TA(0) — 1] < CO7Y|Al|co- The same estimate for differences makes
T a contraction on Cy([b,0)) after enlarging b. Its fixed point gives (4.9). Splitting both integrals
at any finite sg verifies the coupled mild initial-value equations, whose uniqueness follows from the
bounded coupling maps and Gronwall. Conversely every normalized solution satisfies the integrals: the
term S(6, so)r(so) tends to zero as sy — oo. This also proves uniqueness at infinity.

Set 7 = log(b/0). Then
0V =DV +be" TLV.

The bounded-perturbation formula and D < 0 give continuation for all 7 > 0 with supyg<; ||V (0)]| <
ePlIEI||V (b)|. This is forward parabolic continuation; no backward heat inverse occurs.

For completeness, conjugation by G'/2 turns D into a shifted harmonic oscillator. Its Hermite
decomposition shows that the squared X¢,; norm is equivalent to 37, <; ||8°‘f||%2(G_1) (Cartesian
derivatives may leave angular sector two). Multiplication by € is bounded on these spaces. The
radial Green formula for Ay" first gives [|A; " fll2 < C||f||x; elliptic regularity and boundedness of
G~1/29%k then show L : Xa,j — Xg; is bounded. Spectral calculus gives a one-derivative heat gain
e xg X0 < Cja=/? for 0 < a < 1. On the unit turnover interval from 6 + 1 down to 6,
diffusion is comparable to (1 + #)~!. Duhamel therefore gains one derivative at elapsed time h at cost
Ci((1+0)/h)"/?; its integral kernel is integrable. Divide the interval into j equal pieces to obtain the
stated C(1 + 0)7 /2 bound from the bounded X¢ norm at its inlet. The 7 equation propagates every
fixed graph norm to zero because [;°be™" dr = b. O

Corollary 4.6 (Nontrivial full-age output). Let M(f) = [5° 3 f2(r) dr and My = M(q) # 0. Then
T() = [ 0120 (Vean(0))
0

is holomorphic and not identically zero on Ru > —3/2.

Proof. Weighted Cauchy—Schwarz bounds 9t on X5. Thus its canonical value is O(1) at zero and
e MO~ (M, + O(0~1)) at infinity. These bounds prove absolute convergence and permit differentiation
under the integral, including every logarithmic factor on compact subsets of the half-plane. If J
vanished identically, then for fixed real b > —3/2 the L'(R) function e®*+3/2%0(V .0 (e*)) would have
identically zero Fourier transform. Fourier uniqueness would contradict M, # 0. O
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5 The logarithmic ring lift and its residual

The planar shift becomes a physical scale change under the ring chart. For ¢ = Rlog(r/R) and
A = e“/B the map (r,z,t) = (Ar, Az, A%t) sends ¢ to ¢ + c and leaves = Rz/r and s = R?*t/r? fixed.
Thus the raw lift obeys

Upaw (A, A*t) = A Yy (2, 1).

This is exact DSS symmetry; the Navier—Stokes equation still has a small curvature residual. We
estimate it and construct an exact unforced background U with its DSS datum and common H? heat
remainder. The physical free-operator estimates proved here also serve Sections 8-18.

Let v = V14 and p be the exact periodic planar train and its bounded pressure constructed in
Section 3. The following stream construction converts its period into discrete scaling.

Proposition 5.1 (Exact lift, residual and trace). Let R > 2, e = R™!, and set
¢ = Rlog(r/R), n=Rz/r, s=Rt/r’ K= N0y + 2505, H = (1—-K).

The physical stream r(q,n, s) defines the exactly divergence-free axisymmetric field without swirl

R R R
Up = —V1, uzzi(v2+€H)7 praW:(7)2p‘
T r "

It is smooth through the axis for positive time and discretely self-similar with ratio e/, Its similarity
field Ur has period 2¢/R, globally bounded fized spatial derivatives, and residual

PRl cperirrs)y < Ppel_Z/p, 2<p< 0. (5.1)

This includes the projected residual. In particular p = 11/4 gives P/ Tts nonzero initial datum aray
is divergence-free, has the same discrete scaling, and satisfies

\Djaraw(x)] < Cj]x\_l_j. (5.2)

Proof. Put D, = 9, — eK. The differentiation rules are 9, = (R/r)De, 0, = (R/r)0y, Oy = (R/r)?0s.
Differentiating the stream proves the divergence-free condition, including its geometric correction eH.
After dividing the physical residual by (R/7)3, direct expansion of the cylindrical equations gives

rr = €A; + €2By, r, = €Ay + €2 By + € Bs,
where the complete coefficients are

Ay = —viKvy + H(vi)y — v? 4 20(K + 1)(v1)g — (K + 2)p,
Ay = (0s+v-V —vA)H + H(v2)y — v1(K + 1)va + 2v(K + 1)(v2)g,
By = —vK(K + 2)vy,
By = v (K +1)H+ HH, +2v(K +1)H, — v(K + 1)%vs,
Bs = —v(K + 1)%H.
For verification, the normalized diffusion operators on the radial and axial components respectively are

D? — 2¢D, + (9% and D? —2eD, + €% + 8,2); the radial pressure operator is D, — 2¢. Thus the formulas
include all age derivatives and are identities at every age, with no truncation.
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The heat identity K 8%6’,,5 =—(+ 1)8797(?”S and Lemma 3.2 give the following complete late residual
table. Each entry denotes its L7°Lg® bound with normalized weight (n/+/s)™; an 7 derivative gains
571/ and an LT norm costs s1/(2p).

coefficient ‘ size ‘ (K + 3) size
A, By Ps? Ps?
By, Bs Ps—3/2 Ps5/2
As Pe—m/s/c2 Pe—n/zjs/c2.

Every ¢ derivative is exponentially small. Indeed the leading means of By, B are 4a(2)Gl,58nG,,S and
—16Va28$Gys; both have K degree —3. Also (05 — V@%)(S — KS)=—(K + 1)g, and every remaining
term of A9 has a fluctuation factor.

In similarity variables o = r/v/t, z, = z/V/,

0=R/\s, 2 =mn/Vs, q=Rr/2—(R/2)logs, dy=nR>s*dsdn,
and Ug = /s(vie, + (v2 + eH)e,), Fr = s3/?r. Tts derivatives in ¢ and z, are
0.,Fr = 82(3,]7“, 0y Fr = 8%[0, — (K + 3)|r;

the angular frame derivative costs only es?|r;|. For the field norm the late integrands are s7P/272 and
572 for its radial derivative they are s=2 and s~ P/2~2. The axial and angular derivatives are integrable
by the same table. At zero age the integrands are bounded by Ps®?/275/2 or Ps?P=5/2 integrable for
p > 1. The Jacobian contributes R*/? and every residual term contributes at least e. This proves
(5.1), including continuity by dominated convergence. The Leray projection is bounded on W1? by the
Fuclidean Riesz-transform theorem.

Smoothness at the axis follows term by term from the full heat expansion:

azj 7“2j+2

9% —
rag;0, Gys = T

0% G (2).
After a radial derivatives the remainder after order N is O(r?¥+479) on compact positive-time sets;
fluctuations are flat because e~"*E**/(¢*r*) dominates all radial derivative costs. Thus uy/r and u,
are smooth functions of (72, z,t). The same argument with the finite needed expansion order proves
|Ug|lyk.c < Py, uniformly for R > 2. For example the leading mean is (—oR™'9;, (aoG.), 2R aoG,);
its Cartesian second derivatives are regular at the axis. Shifting ¢ by ¢ proves the stated DSS period.
At t = 0 use the same stream formula with the Gaussian inlet. Each derivative costs C/r; all
powers of |z|/r are absorbed by the Gaussian decay in n = Rz/r. This proves the datum bound away
from the origin, including smoothness at nonzero axis points. Flux across a sphere of radius h is O(h),
proving that the divergence is zero in distributions. The datum is nonzero on the central ring core.
O

6 The common free equation and local comparison

6.1 The free Cartesian equation

Put 7T =0, —y-V/2, L =T —vA—1/2, and let Y, denote L"((R/PZ) x R?), with normalized phase
measure. Its maximal distributional graph is

Dy ={weY,:vAw,TweY,},  |wlp, = |wly, + [vAwly, +[Twly,.
The derivatives in this definition are Cartesian; there is no axis condition. Write v, = (3/r —1)/2,

ar = Rep + .
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Lemma 6.1. Forl <r <3,a, >0,v >0, and0 < P < 1, the componentwise operator u+L : D, — Y,
is bijective and

lwllp, + VV[Vwly, < C[L+ 1+ |ul)/a]llfllv,,  (n+L)w=f. (6.1)

Its projected inverse is obtained by applying Cartesian Leray projection to f. At r = 2 the adjoint has
the same maximal graph and the same bound. All these estimates are independent of P.

Proof. The heat-dilation formula gives a distributional inverse

S(Oh(y) = DN, Ruf(r) = [ S @ )
0
Its integrand has Y, norm at most e~ | f||y,; hence |R,|| < a,!. The local heat estimate needed
here is
|lvD?ully + |Juellr < Carl| F|lr, up — vAu = F, (6.2)

for compactly time-supported distributional solutions u, F € L™(R x R?). To justify its precise forcing
class, scale to v = 1. The multiplier —&;&;/(iw + [£]?) has L? norm at most one. Its kernel away from
the origin is K (t,x) = 14500;;H¢(x). For p(t,z) = max{|z|, /|t|}, Gaussian differentiation gives

|K| < Cp~ 972, |V.K|<Cp %3, |8:,K|<Cp i

The kernel extends smoothly by zero through ¢t = 0, away from z = 0. Integrating these derivatives in
parabolic annuli gives

/ K (2 — h) — K(2)|dz < Cy.
p(z)>4p(h)

The spatial and temporal differences are bounded, respectively, by
[ee] e}
Clho| [~ R-ar,  Clnl [ RdR,
4p(h) 4p(h)
which are uniformly bounded. For completeness, decompose an L' N L? function at height a using
maximal dyadic rectangles with spatial side 2¥ and time side 22¥. The good part has ||g||3 < Cya|f]|1.
The bad parts bg have zero integral, total L! norm at most 2||f||1, and their rectangles have total
measure at most o !|| f||1. Outside fixed enlargements of these rectangles, cancellation and the displayed
kernel integral bound the L' norm of each Thg by Cylbgl|l1. The L? estimate for the good part and
Chebyshev’s inequality for the bad part prove weak type (1,1). Integrating this distribution bound for
the portions |f| > a and |f| < «, together with the L? bound, gives L” boundedness for 1 < r < 2.
Duality gives the remaining exponents since the reflected kernel has the same bounds. Mollify the
compact-time equation. The mollified solution vanishes in the distant past, so its causal heat formula
identifies its second derivatives with these bounded operators applied to the mollified F. Their L" limit
equals the distributional derivatives of u; the equation gives u;. This proves (6.2), with no viscosity
loss.

On |t| < 2, set v(t,z) = e ¥/ ?w(ry +t,e~"?z). Then v; — ve! Av is the same pullback of f — pw. A
fixed cutoff equal to one on |t| < 1, followed by 6 = €!, reduces this equation to the preceding heat

estimate. All Jacobians on the window are bounded. Consequently

To+1 , T0+2 , , ,
L7 dwlrdr < [ I+ )l
T0— T0O—

For periodic h, fOP J; h(mo +t)dtdry = |1 fOP h. Averaging the last inequality over the centers proves
the diffusion bound with no inverse-period factor. The equation gives the drift bound; spatial elliptic
interpolation gives the gradient bound. The same reasoning applies to any distributional Y. solution.
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The adjoint semigroup is S(t)*h = e~ ![e(1=¢")AR](e~1/2y). For a smooth compact spatial test, its
adjoint resolvent has itself and its first two spatial derivatives in Y,., by the gap and the extra factor
e~ %2 per derivative. Test a homogeneous solution against this resolvent times a radial cutoff at radius
N. The drift cutoff is bounded, and the diffusion cutoffs cost N~ N=2; all terms are bounded by
the Y, tail of the solution times fixed Y,» norms and tend to zero. Thus the solution vanishes. The
inverse therefore has precisely the displayed maximal distributional domain. To exhibit a core directly,
approximate the right side by smooth periodic Schwartz functions and truncate the inverse integral at
M. Such a truncated integral is Schwartz and its equation has right side

f—e *MS(M)f(r — M).

The remainder tends to zero in Y,; the graph estimate gives graph convergence of the truncations.
Thus the smooth periodic Schwartz class is a core. Radial cutoffs approximate it in this graph, since
their drift commutator is bounded on an escaping annulus and their diffusion commutators tend to
zero. At r = 2, reverse the phase window and use § = 1 — et for L* = —T — vA + 1. Testing against
the compact core identifies the distributional equation of every vector in the actual adjoint domain;
this reversed-window estimate places it in Ds. Conversely, core integration by parts puts every element
of Dy in the adjoint domain. Its resolvent norm is at most a5 ! by duality, so the same graph bound
follows. Leray commutes with heat, dilation and phase translation, so projection preserves all identities.
Restriction to the real axisymmetric no-swirl subspace is also legitimate since its symmetry projections
commute with these maps. On the Hilbert core, direct integration by parts gives

Re((p + L)w,w) = (Re u + 1/4)[w|3 + v||Vew||3.
The adjoint has the same real part. For a tensor source Pdiv T, its right side is at most ||T']|2||Vw||2.
Completing the square gives ||Vwl||s < v~ 1|T|2 and ||w||2 < [2y/v(Rep + 1/4)]71||T||2. Approximation
of tensors completes this weak-stress map and the inequality without assigning a full graph to its rough
outputs. [

Lemma 6.2. Every w € D, has a representative in C(R/PZ; L"), and
sup [[w(7)llr < (1 43P/ (2r))[lwlly, + Pl[Tw]y,. (6.3)
.

Forr >5/2,
lwllrse, < Crv /@0 lw||p, - (6.4)

Proof. On a fixed phase interval the distributional chain rule gives V (t, z) = w(mo+t, e "/%z) € th’TLg,
with V; the pullback of Tw. Undoing the strongly continuous dilation gives the continuous phase
representative; distributional periodicity matches its endpoints. For f(7) = ||w(7)||,, the norm chain
rule gives |f' + 3f/(2r)] < ||[Tw(7)|l,. Start at a phase with f < |Jw||y,, integrate for at most one
period, and apply Hoélder to obtain (6.3).

For the supremum fix (70,70) and put W (t,z) = w(ro + t,e""/?(yo + \/vz)) on |t| < 1/2. Then
Wi = (Tw)o, A, W =ve *(Ayw)o, and dz = v=3/2e3/2dy. The integral of a nonnegative P-periodic
function over a unit interval is at most (1 + P) times its phase average. Thus

Wl + IWill e + 12:W | < Cror™ ]|, .

Choose a fixed time cutoff y = 1 near zero. The right side F' = (0, — A, +1)(xW), after zero extension,
has this same bound. Its causal inverse kernel k(t, z) = 14~0e” ' Hy(z) satisfies

! 0 / /
[kl = Cr/ BN < 00 = 1 >5/2.
0

The identity xW = k x F follows distributionally; uniqueness follows from the nonvanishing symbol
iw+ €[> 4+ 1. Hélder bounds its value at (0,0), proving (6.4). Translation continuity of & in L" supplies
a continuous local representative. No external Sobolev embedding or inverse-period factor is used. [
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6.2 Tensor forces

Write R, = (1 + L)~'P. For tensor inputs its divergence is interpreted by completion from smooth
tensors, rather than as an ordinary Y> body force. Let

B:T—%, A= —-vA.

The group u(7,y) — e 3/4u(r+t, e */?y) is unitary on Y3 and has generator B; hence B is skew-adjoint.
The operator A is nonnegative self-adjoint.

Lemma 6.3. Fora=Repu+1/4 >0, the map S, = R, div extends uniquely to Yo(Syms), with

Iy,

ISTlhe < 5 o I9S.Tly < vl (65)
Uniformly on compact subsets of this half-plane,
(1 + B2, Ty, < Cov ™ 2||T Iy (6.6)

The weak solution is unique among distributional Yo solutions. Bounded measurable tensor partitions
are allowed before divergence. The body and tensor inverses depend holomorphically on p in their
respective half-planes.

Proof. The energy identity and completion proved above give (6.5). Differences of smooth tensors give
strong convergence of both velocities and first gradients, so the equation and energy identity pass to the
limit. Distributional uniqueness follows by subtracting two solutions and applying the homogeneous
uniqueness argument in Lemma 6.1. In particular a bounded measurable multiplier may be applied to
a tensor before this completion; the distributional divergence includes all interface terms.

Put C =1+ |B|, D=1+ A, and let R, be the inverse of u + L, acting componentwise. Its direct
graph bounds C'R,; the actual adjoint graph bounds DR}, and duality bounds the extension of R, D.
The imaginary powers of C, D are unitary. Insert the respective spectral cutoffs on the two sides of

CzRuDl_Z, 0<Rez<1.

At the two boundary lines the preceding graph estimates give uniform bounds. The scalar three-lines
theorem applied to pairings, followed by density and closedness, yields ||C/ QRMDU %] < Cy. No
commutation between A and B is asserted. Spatial Fourier transformation gives div = v~1/241/2Q,
where Q is a bounded tensor-to-vector combination of Riesz transforms. Since D~/2 A2 is bounded
and Leray commutes with A, B, the last estimate proves (6.6).

The inverse of y + L is holomorphic by its convergent semigroup integral. For the stress inverse,
distributional uniqueness gives

Sp =S¢ = (¢ — p)RuSc.
The body and stress bounds make this the resolvent identity in operator norm, proving the asserted
holomorphy. O

At r =11/4 the body gap at p = 01is 1/22, and at r = 23/8 it is 1/46. In particular all shifts in
the background and spectral constructions lie in the stipulated ranges. The graph embeddings also
give, at r = 11/4,

IP[(w- V)ollly, < Cv™>2|ul|p,|[v]p,-

For any unitary velocity and tensor lifts J, : H — Y and Jp : Hp — Ya, the transported stress map is
exactly J, 1SMJT : Hr — H, with the same energy bounds. This formula transports the completed
tensor inverse; it does not assign an ordinary body-force norm to div JpT.
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6.3 Free comparison with global tensor inputs
Let R=¢"!, P =2ec <1, and use
s=R*/p*,  q=Rlog(p/R)+ Rr/2,  n=Rz/p.

The velocity and tensor measures are H = L%(s~%/2ds dq/cdn) and Hy = L*(s~/2ds dq/c dn; Syms).
The natural lifts b — /sb and T' — sT both multiply norms by /7 R. All vector fields are axisymmetric
without swirl, and tensors have no component with exactly one azimuthal index. Set

S =505, K=25+4n0, Qc=0,—€eK+1), E =diag(l,1,0).

Direct Cartesian differentiation gives

Ao = -8+ vs[(Q* + 8,27)1 — 2R, Ag = =S +vsAyy,
div(y/sb) = s[(0q — €K)b, + 0,b.],
(diVe T)’I’ = QT + anTrz - 6T¢¢7 (diVe T)z = Q1% + anTzz

Thus the full tensor divergence, including the hoop traction, is retained. The domains of A, and its
adjoint are the exact Cartesian domains under these lifts. No boundary is introduced at either age end.
Let P, be the conjugated Cartesian Leray projection and Py the ordinary planar cylinder projection.
Write

T. = (pn— Ag)flpe, S =T.sdiv,.

The tensor map means completion from smooth tensors. The free Cartesian energy estimate, and its
flat age-energy counterpart, give uniformly for 0 < e <1 and p in a compact subset of Re u > —1/4,

1bllzz + VVIN(Qeb, Db, eb)llrry < Co™ VM |y, b= ScM. (6.7)

The flat equation is (05 + p/s — vA)b = Pydivg M. Pairing it with s~1/2p gives the coercive constant
Re 4 1/4 and proves its completion independently of comparison. Bounded measurable partitions of
M are therefore allowed before divergence; their distributional interface terms remain.

Proposition 6.4. Let x be supported in o < s < Hy, |n| < Ly, and let x1 equal one on a larger
neighborhood. There is a fized integer k such that

IX(Te = To)l -t < CT* ™, |IX(Se = So)llsrp—ar < OT* e/, (6.8)
where 7, = inf(Repu 4+ 1/4) > 0 over the fized parameter set and
P=2+v+v i +etc +o7 +Hi+ Ly +suplu| +97" + Ixllos + Ixalles.

The integer is fized before any window is allowed to depend on €. Inputs are global and arbitrary in
their indicated spaces.

Proof. First compare the projections on smooth tests. On each nonzero g-frequency, a flat divergence-
free field and gradient have forms (=1, 1q), (¢4, ¢y). Their exact counterparts are

(_wm (aq - GKW + 61/1)7 ((aq - €K)(p, 9077)'

The first has zero exact divergence; the second lifts to a Cartesian gradient. The inverse g-derivative
costs at most ¢/(2m). Also, for the flat Fourier multiplier, ]%Pg(k,{ﬂ < Cjlk|™7, j = 1,2, so one or
two transverse moments of the projected field cost only fixed powers of ¢. All projection operations
commute with S.
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For the zero frequency, the radial component is divergence-free and the axial component is a
gradient. Take the corresponding primitives to vanish at n = 0, and cut them off at |n| ~ Ly. Their
suprema, including one S derivative, are bounded by C||(n) f||2 and C||(n)S f||2. Cutoff differentiation
costs L61/2, geometric correction costs eL(l)/Q, and the omitted field tail costs Lal. Choose Ly = ¢ L.
Distances to the exact gradient and divergence-free subspaces, both closed orthogonal subspaces of H,
now give

1
[(Pe = Po) fllr < p(L+c+c e Y S f|n (6.9)
a,j=0
Initially use finite Fourier sums, compact log-age support and Schwartz transverse profiles. The exact
corrections lift to annular fields. Cutoff, mollification and Fourier truncation are dense in the displayed
norm, after = = log s, u = e~%/*f(e®). Thus (6.9) holds on its full stated domain and retains the zero
mode.
Next obtain uniform local regularity of the outputs. The unitary lift conjugates 7 —3/4 to S — 1/4.
The Cartesian estimate (6.6) therefore gives

IS = 1/4" 25 M|l < Cv™ || M| (e >0).

At € = 0, a compact-age cutoff u of the flat solution satisfies u € L2H*', us € L2H~! by (6.7) and
its equation. Fourier Cauchy-Schwarz gives |||0s|"/?u||3 < lusll 21 |ull 21 All local constants are
polynomial in I'.

In log age the conjugate of @, shifted by ¢, is the skew operator Q. = Oq — 260, — €(n0y +1/2). Its
three constituent flows commute. Multiplication by a smooth cutoff preserves the half age derivative:
its difference quotient splits into the cutoff times the quotient of the function and its first derivative
times a translated function. Both terms have the stated polynomial bound. For a compactly supported
cutoff f of e=%/*b(e®), their unitary flow identities give

1f(a+h) = f@llz < [RIIQefllz2 + Clehl'2[[10:]"2 fllz + ek | (ndy + 1/2) f 2.

For |h| < 1, square and integrate against |h|~3/2; for larger h, use 2||f||o. The half age derivative and
full transverse derivative already have bounds. Directional Fourier inequalities and the smooth log-age
change prove

IXSeM || g71/3(5, 4.y < CT* 1M || 1 (6.10)

5,q4,1)

For a body source the graph controls Sb, and the gradient controls Qcb, dpb. Since 9; = s~1S and
9 = Qe + €(2S + nd, + 1), the body output has a full local H! bound. The flat body graph follows
directly by cutting off its heat equation on dyadic intervals [a/2,4a]: the Fourier heat estimate controls
vsAb, the equation controls Sb, and finite overlap sums these bounds. Periodic extension over many
cells followed by division by their number gives constants independent of the number of cells.

It remains to compare smooth adjoint observations globally. For a smooth test z in the observation
box, put h = Pyz and v = Tjjz. Exactly,

o(s) = / (s /1) 2 1=90 b ) %

It vanishes for s > H;. With a = i+ 1/2,
Sv =av —vsAv — h, S%0 = a*v — vs(2a + 1)Av + v2s*A%v — ah + vsAh — Sh.

In log age the integral is a heat contraction followed by translation, with scalar kernel e~(E+1/47 > 0.
Minkowski bounds it by the inverse coercivity gap. The identities

net® = et (n — 2t0y), net® = e (n? — 4tnoy, — 2t + 4752872])
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control two transverse moments since the heat time is at most vH;. The multiplier estimate used
in (6.9) transfers these moments through Py. The preceding two age identities therefore give, with
A=K +1,

1
lvsAdolli + vsA?ull i + lvsBollm + [ndgells + S 7 S0l < OOzl o (611)
a,j=0

Indeed A? = 452 + 4510, + 45 + 1728,2] + 310, + 1. At most two age differentiations, two moment
commutations and six test derivatives occur. Below the test support all norms are integrable by
I s2Ren=1/20s < 50. Thus the degree k is fixed independently of later windows.
The exact generator difference is Ac— Ay = vs[—2eAd,+€*A%—€? E], also for adjoints. If w = T*z—v,
then
(7~ ATy = (P — Po)= + (A — A},

The right side has H norm at most CT'*\/e||z|zs. The exact componentwise free adjoint energy
estimate bounds w and its physical gradient by this quantity (with a polynomial viscosity cost). There
is no projection before the second source term. The domain application is legitimate because (6.11)
puts v in the actual maximal adjoint graph; its lift vanishes near the axis, without any assumption
that v is divergence-free for finite e.

Let G¢ be the negative weighted symmetric gradient adjoint to sdiv.. Then

(S =8p)z = Gew + (Ge — Go)v.

The divergence formula at the start shows that the second term is € times Sv,n9,v,v and frame terms.
Consequently
* * * * k
(T = T5)zllm + (S8 = S5)zll iy < CT*Vel|z| o (6.12)

Place the output support in a larger periodic box in s, 7, retaining the original normalized ¢ measure.
Fourier projection to frequencies at most N, and the local H' and H 1/4 hounds, give high-frequency
errors CT*N—1 and CT*N—1/4, A unit low-frequency dual vector corresponds to the compact smooth
H-test s/2yFyh, with H® norm at most CT¥* N®. Thus the full operator differences are at most

CTH(N™' 4+ /eNS), RN~V 4 /eNS).

Choose N = ¢ /1 and N = ¢ 2/25 respectively. No Fourier mode-count factor is used. This proves
(6.8). O

The argument uses only normalized phase averages. The imported Cartesian graph bound is
obtained by averaging fixed-size heat windows over their centers, so it has no inverse-period loss. Every
remaining operation above is a spatial or age identity. Hence the comparison remains valid when
P = 2ev~? tends to zero. Exact Cartesian divergence, the pressure projection, the zero cylinder mode
and tensor interface terms have all been retained.

6.4 The background free comparison
Use the chart, operators and cutoffs of Proposition 6.4. For 1 < r < 3, set
H, = L"(s"?>75% dsdq/cdn), dm = s7°2dsdq/cdn, Mb = +/sb.

The common multiplication M : H, — L"(dm) is an isometry for every r. Both the physical body
source and velocity have lift /s and norm factor (wR?)'/"; this factor cancels from every source-to-state
estimate. In particular the conjugated Leray bound is uniform in R.
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The exact graph gives
I TeF ||, + |STeF | 1, + VY IV3(Qe, On)TeF| 1, < Crpl| Fllm, - (6.13)

Indeed T (y/sb) = v/s(S + 1/2)b, 0,(1/sb) = sQeb, and 0,(+/sb) = sd,b. For € = 0, the same estimate
follows without a limiting argument. The causal formula

TyF(s) = /0 (1)) e AP B () dit 1t

and weighted dilation give ||To| -, < Cr/ar. On each dyadic window [a, 2a], cut its heat equation
off inside [a/2, 4a] and apply the heat estimate used above. The cutoff costs a~!; multiplication by s
cancels it. Finite overlap and comparability of s"/275/2 on each window prove the global bounds for
STy and vsD?Tp, and interpolation gives its gradient bound. The cylinder heat estimate follows by
applying the Euclidean estimate to a cutoff of N repeated cells, dividing its r-th power by N, and
letting N — oo. There is no period loss. Consequently ds = s~1S and 9; = Q. + €(2S + 19, + 1) give
uniform local first-derivative bounds at both endpoints.

Proposition 6.5. Fizp =11/4 and r = 23/8. On any compact set of shifts with inf(Re pu+ 1/46) > 0,
let B be a first-order operator in q,n, with smooth matriz coefficients supported in the observation box.
There is a fized integer k such that

|B(T. — To) || 11,1, < CTHe2/539. (6.14)

Here I, is I' of the shared Hilbert proposition, augmented by the reciprocal r-gap and the finite coefficient
seminorms of B. The inputs may have arbitrary age support.

Proof. We first upgrade the shared body Hs estimate to spatial derivatives. For || F|g, = 1, put
u=TF,v=TyF,w=u—v,and w = ||x1(Tc —Tp)||. Subtract their componentwise equations and test
against y2w. This compact test is allowed by the local first-derivative graph. Writing L; = 25 +n0y,+1,
the principal diffusion difference has exactly the two terms

ve(v/SL1v, V3Q (x*w)) + ve(v/sd,, /5L (xC*w)).

Absorb one quarter of the gradient energy from the first term; the second is O(I'¥¢) by the separate
bounds for Sv, Sw on this box. Diffusion cutoff terms cost another quarter plus CT*w?. The drift
identity is

Re(Sw,X2w>H2 = i“xw”%b — /.9)()(s|w|2 dH>.

The projection-source difference (P. — Py)F has norm at most two, so its pairing costs 2w. The radial
frame discrepancy costs CT'¥€?; retain its nonnegative energy on w. It follows that

HX(Qea 817)10”%12 < CPI:(W + w? + e),

By (6.8), w < CTFe!/1. Since 9,w = Qcw + eLyw, the localized first-derivative difference is O(T¥e!/28).
This proves the Hilbert version of (6.14).

At exponent r = 23/8, (6.13) and the local coordinate identities give a uniform polynomial bound
for the same operator. Interpolate the single consistent operator M B(T. — To)M ! on L"(dm), rather

than interpolating unequal weighted spaces. The weight on its Hilbert endpoint is
W Up=ir_ 8 a2
C12—1/r 7T 28 539

The semigroup formulas agree on the dense intersection of the endpoint spaces, so this is an interpolation

of one operator.
O
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For the actual localized interaction write K. = sB. 1., Koy = sByTy. Then
KE — KO = SBo(Te - To) + S(B6 — BO)T€-

The first term is covered by (6.14). Exact chart substitution writes the second as € times polynomially
bounded coefficients multiplying b, dyb, 9,b, Sb; these are bounded by (6.13) and its local consequence.
Thus the same €2/539 bound applies. The interaction remains unprojected in force coordinates: Leray
is already inside T,. No pressure-cutoff commutator or derivative of a rough input has been introduced.
Output tails outside the box require the separate train coefficient estimates; none are inferred from
this local proposition.

7 The exact unforced background
We use the real axisymmetric class without swirl. Set
p=11/4, c¢=v"% R=¢€! €= eV, P =2, 0<d_<d<d,.

Powers of v~ !, ¢ and fixed polynomial cutoff lengths are denoted by P,. Constants may depend on d+
and on a fixed derivative budget. The phase measure is normalized by dr/P. Use the spaces Y, D), of
Lemma 6.1, and write Ag = L and X, = D, N {divw = 0} with the same graph norm. Let v, be the
train of Proposition 3.1 and Vi = Us,y its divergence-free lift from Proposition 5.1, with residual Fg.
In particular, (5.1) gives | Fg| o wir < Ppe¥/1L,

For m > 8, write X,, = L?(R?, (x)?*™). The frozen growing pair and complementary bound are
given by Corollary 4.2. The train estimates give

3
sup [ D7ve(s) ]l < C, (7.1)
/OO ([[Dve(8)|loo + [1D?ve(8)]]00) ds < _C + OV, (7.2)
Z/V c o0 C o0 — Z/(l +E)

The weighted coefficient and polynomial spatial L22/3 bounds follow from Lemma 3.2. In normalized
cylinder coordinates set

: dt
Hy,=LP(s®dsdq/cdn),  |[Vsblly, = (xR*)"?||b]|m,, TOF(S):/O TR R () (73)

The global free graph and compact-output comparison are (6.13) and Proposition 6.5; their inputs
have arbitrary age support.
7.1 One mixed construction for the finite age interval

We first verify the common actual-cylinder comparison. On the centered cell let X, . = L*(C., (1 +
@+ 772)m) and let J., R. be zero extension and restriction. Extend the free cylinder evolution by the
identity on the exterior summand of X,,, and the interaction by zero there. The vorticity equation is

ws = (WA —ve(s) - V + Ac(s))w, Ac(s)w = —(Kw) - VE.(s). (7.4)

Here E. = curlv, and K, includes the horizontal mean mode. On s < ¥ /v, the train comparison gives,
in any fixed finite weighted derivative budget,

[ve — V|| + || B — EP|| < 8. := P,eCs/v=bse”,
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The central radial Gaussian transports the radial weight exactly; the velocities induced by the
other periodic copies, the region near the cell boundary, and the displayed error contribute at most
C(6. + e_bECQ) to its logarithmic derivative. The weight is continuous across the cell boundary and its
normal derivative has a negative jump. Its distributional Laplacian is therefore bounded above by C,,
times the weight. Weighted integration by parts gives

1Syt )| X e Xome < XP[(Cots + T + Ce™ ) (t = 5)]. (7.5)

One may smooth the weight, preserving uniform comparability, to justify this calculation. On a fixed
block, Duhamel for a smooth compactly supported datum against the frozen radial transport gives
convergence: the transported support remains a fixed disk, the viscosity error is vA applied only to
that smooth datum, and the coefficient change is O(vL) 4 o(1) there. Density and (7.5) give strong
convergence on X,,, uniformly for block lengths in a compact interval. The frozen radial transport is
unitary in this radial weighted space. Multiplying by its inverse reduces the free convergence to W,, — I
strongly with ||W, || < 1+ o(1). The identity for |W;f — f||? then gives strong adjoint convergence
too. This argument makes no operator-norm assertion about the Laplacian.

The cylinder kernel is uniformly bounded away from its common local 1/|x — y| singularity. On
|z, |y| < ¢/4, paired periodic images give | K.(z—vy)— Kp2(z—y)| < Cc™2(1+|x|+|y|). Multiplication by
the Gaussian observation coefficient VE and weighted Cauchy—Schwarz control this part by Cc™2| f||x,,.-
For |y| > ¢/4, the same Cauchy—Schwarz estimate gives a factor ¢!~™, with an additional harmless
source-moment power if needed; for |z| > ¢/4 the coefficient is Gaussian-small. The coefficient error
contributes Cd.. Thus

|JeAc(0/V)Re — Apiollx,sx,, < Cs(c?+6:.), 0<o<X. (7.6)

The near kernel gains one local derivative, by the Fourier multiplier bound for DK, and the coefficient
is localized. Truncate source and observation, use local Rellich compactness, and then the same tail
estimates: every interaction is compact and their family is collectively compact. The artificial exterior
is invariant and has no growing component. Restriction removes it. To implement zero circulation in
the comparison one may adjoin a radial mass-one neutral vector to the plane zero-circulation space;
radial Euler linearization annihilates it. Cylinder curl sources and periodized angular-two entrance
vectors have zero circulation, so their actual solutions remain in the desired subspace.

Fix ¥ and put T = X/v. Choose 0 < a < a’ <V <b < v/(1+ %)% On a bounded block of length
L, the common compact-Duhamel lemma gives

Ut + L,t) = W, 40, ,5(1) in operator norm,

where |[W, 4| <1+ 0(1) and Wy, W), — I strongly. The error is uniform for block lengths in [0, L].
Indeed the interaction Duhamel term converges in norm; its limit is compact, so multiplying it by
W, — I gives a norm-small error. Let Ey, Fy be the frozen growing and complementary spaces. Finite
rank and strong adjoint convergence make both off-diagonal blocks small. For L fixed sufficiently large,
each full block has matrix

an, b _
(c" d">’ ozt < A, lldall < D, lloull + llea <m —> 0, AD<1.
n n

al

/
—bL’e

Here A, D can be chosen below e L with strict margins. Frozen projections use the periodized
plane direct vectors, which have zero circulation, and the restricted plane dual vectors, with their
finite pairing matrix normalized. Weighted-dual convergence suffices; no far-field expansion of the dual

vector is used.
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For completeness, construct the invariant subspaces using

én—i-l = (Cn + dnfn)(an + bnfn)_lv Cn = (an - <n+1cn)_1(<n+ldn - bn)’ 50 = 0, CN =0. (77)

On a ball of radius » = C7,, these maps have Lipschitz constant at most A(D + n,r)/(1 — An,r) < 1.
They preserve the ball if 7(1 — AD) > An,(1 + r2). Hence the graphs are complementary, their
projections are uniformly bounded, and the products of their coordinate maps have bounds e® (#=5)
forward on the center and e~ =t backward on the growing space. Coordinate equivalence is used
only at the two endpoints of a product. An appended block of length at most L has uniformly bounded
growing inverse and forward map and changes only the prefactor.

At intermediate times in a block [t,,t,41], put Jy = U(t, t,)|pe and Fy = I | U(tp41,t). Their
product is the invertible two-dimensional block By, = U (tn41,tn)|pu, so I1%(t) = J; B, ' Fy and TI°(t) =
I — T1*(¢). This proves invariance and bounds without inverting a parabolic map on the infinite-
dimensional space. Consequently

- /0 U (s, OT(0) £(£) dt — / U (s I ) £(8) dt (7.8)

satisfies the equation, has initial value in the fixed entrance pair, has vanishing terminal growing
coordinate, and obeys

[80117131 12(8) 1 x < Ce™ 1 f Il 0,75, (7.9)

Only a rank-two evolution was inverted. All constructions preserve zero circulation and reality.

7.2 Completion for arbitrary body forces
Let F' € H,, set by = Ty F, and solve for the correction in the (r, z)-components
zs —VAz+Po(v-Vz+2-Vov)=g:=—Py(v-Vby + by - Vv). (7.10)

Use the fixed Green selector (7.8) for the vorticity curl z: its initial value belongs to the fixed entrance
pair and its terminal growing coordinate vanishes. No condition is imposed on by(7") or on a velocity
observation. The train coefficient and source remain present at every age. The global free graph gives

bollsz, + [I/vsDbollsz, + [vsD?boll, < CIF |,

Put b = 13/8, so b — p = —9/8. Spatial Holder with 22/3, followed by one derivative, bounds both g in
H' and curlg in X, on a finite slow-age band by P, (||D?bo||, + || Dbol|, + ||bolp). Thus

”g”LP((U,T),s”ds;Hl) + |l CurlgHLP((O,T),sbds;Xm) < PVHFHHP‘ (7.11)

The circulation of the curl source is zero. The elementary estimates

1120y < TATV22Y £l L grs/sa)s (7.12)
[ rwar < 22) o ernasy (7.13)
Lp(s—9/8ds)
|[s=ozma < VTl (7.14)
Lp(s13/8ds)
follow respectively by Holder and by ¢ = su, Minkowski, and the integrable factors u=21/22 and

(1 — u)~1/24=21/22_ These apply to norms of Banach-valued functions.
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The zero-circulation cylinder Biot-Savart map sends X,,, to H' with polynomial ¢ cost. On nonzero
horizontal modes use the gap 27 /c; on the mean mode use |@(0,&)| <[] [ [nw(n)|dn before dividing by
€. Thus (7.9) and (7.11) give

sup [[2(s)l| e + ] < Poe®||F |, (7.15)
(0,71
where a € R? is the entrance coefficient of the Green-selected correction. It is determined linearly by
F; no force trace is used.

For the global continuation, the train estimates imply, with normalized spatial measure and
r=22/3,

ID70(s) [l < Pys™ M2 lu(s)[loo < Pus™, [IDv(s)]loo < Pus™?, s> 1
Write B;(s) = (vs)3/2|| DIbg(s)||,. Holder gives
lg(s)ller < Py~ s~/ " Ba(s) + 5~/ (w712 By (s) + Bo(s)))- (7.16)

Each B; has LP(s~%/8ds) norm at most C||F|lu,. For a factor s~*Bj, weighted Hélder on (T, 00)
gives T23/22=k. hence the exponents in its L' bound are —39 /44 and —17/44, respectively. The same
expression belongs to LP(s~%/8ds; H'). Differentiated velocity energy and (7.2) therefore give

dYX+C/(14+ %
M, = Sl>1}8 lz(s)|| g < P exp< V/( )
S_

+0y3> IFll, (7.17)
Local smoothing introduces no further exponential. To check this, differentiate (7.10) homogeneously
twice. Incompressibility, orthogonality of Py, and (7.1) give E; +vEjn < C)ic; By j < 2. Multi-
plication by successive powers of v(t — s) and summation gives H' — H? norm C[v(t — s)]~'/? for
t—s5<1. On0<s <2, Duhamel and (7.14) give the weighted LP(s'3/3ds; H?) estimate. For s > 2
use Duhamel only on [s — 1, s]; weights at s and s — r, 0 < r < 1, are comparable. Consequently

HZHLP((T,oo),s—9/80ls;H2) <Oy [T_l/QzMz + HgHLP((Tfl,oo),s—Wsds;Hl)}'

Since s]|v(s)||oc + 5|[Dv(5)]|00c < Py for s > 1, these estimates bound sB,z in H, with the right side of
(7.17). Here Byz =v-Vz+ z- Vu.

Let E(s)a be the fixed inlet stream with an age cutoff equal to one near zero and zero before
the terminal time T'. Its homogeneous solution differs from Fa by O(s)|a] in the velocity state. The
first Hardy estimate controls the forced difference, so 2 — Fa € H), at zero; the global H ! bound and
I s79/8ds = 8T~1/3 give the tail. Thus the exact global identity is

bo+z=FEa+Tyf, f=F —sBy(bo+ z) —s(0s — vA)Ea. (7.18)

It follows from the differential equation and free uniqueness; each term defining f belongs to H). For
the remaining free interaction term this is explicit: on s < T, |[sBybo|lm, < Po(v~Y2VT + T)||F||n,;
on s > T, the bounds v = O(s~ '), Dv = O(s3/2) and the free weighted gradient give lsBubol|z, <
P,T~Y2(v=Y2 4+ 1)||F||n,. Approximation in LP(s'*/8ds; X,,) and the difference estimates above
justify all identities for the original arbitrary force. Choosing ¥ large and then o’ small proves, for
every fixed m > 0,

1f 1, + lal < Pue™||F|,- (7.19)
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7.3 Exact geometry and the nonlinear correction

The exact stream lift E o is affine: its nonzero inlet is not in Y. Its complete equation source is in Y.
The Gaussian angular-two eigenstream is a harmonic quadrupole plus a Gaussian remainder outside a
fixed core. Periodizing its harmonic part uses only

Y (g+nc+in)* = (7/c)? esc?(n(q +in) /c).
nez

Its apparent poles are replaced by the smooth eigenstream core. Thus the actual periodized stream
and every fixed derivative have exponential transverse decay, with polynomial ¢ costs. This proves the
inlet bounds needed below without any estimate on a dual tail. Indeed write K = 2505 + 10y, and for
one inlet stream 1 write its normalized lift as

€e = €0 + €eq, €0 = X(_¢77) wq)a €1 = (05 (X - QSX/)IZJ - men)

The exact vector diffusion is L = A — 2¢(K + 1)9, + €2[(K + 1) — diag(1,0)]. Substitution in the
complete unprojected source column

Ceav = s[(0s — vLe)e. + Bee|a

gives C. — Cy = esre, where 1. is smooth at zero, compact in upper age, and has polynomial weighted
bounds. Hence

ICe — Collm, < €P, | Ao Ecar + PBy, By, < P, R¥P|al. (7.20)

The integrability exponent is —9/8 + p = 13/8 > —1. The quadratic inlet source has the same bound
with |a|?, and || Ecayyic < Py jlal. These assertions compare sources, never the nonintegrable inlet
states.

The global flat completion now permits one all-age perturbation. Put X = H,, K. = sB/I,
Ko = sB,Ty. The flat train is retained at every age. Give X x R? the norm ||(f, )| = ||fllx + |a/-
The equation row is

Ay : X X R? — X, Ao(f, a) = (I 4+ Kp)f + Coa.

The all-age reconstruction (7.18) and the complete inlet source defining Cy give Ao(f,a) = F. The
Green selector, Biot—Savart map and reconstruction are linear, so (7.19) constructs a bounded linear
right inverse

Ro: X — X xR%,  ARy=1Ix, |Rol|<M =P,e™".

We compare operator outputs while inputs remain arbitrary global elements of H,,.
Here the all-age mean expansion gives a useful stronger coefficient bound than a fixed small late
constant:
sug(\V(ﬂ + |DVo|) < P(S7V2 +¢). (7.21)
s>

To check the Cartesian gradient, write b = (vi,vo + €H). Its three derivative types are sd,b, s[04 —
€(K 4 1)]b, and the frame term esv;. The mean stream is Sy = agGps + agf)f]Gys + Oweighted(ﬂ,s_5/2).
Thus v1 = =0,y and H = 2a0G,s + 4a28,2]G,,8 + ---. The potentially nondecaying radial derivative
cancels because (K +1)G,s = 0, giving (K +1)H = —8a28,27G,,s —I-Oweighted(Pl,s*‘r’/Q). Every fluctuation
derivative is exponentially small. These identities prove (7.21), including the full frame term; the axial
mean velocity itself has the genuine O(e) floor. The physical free graph and the exact norm identity
then give
IlsssKellx—x < Pu(S7% +¢).
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For the flat operator, v = O(P,/s) and Dv = O(P, /s%/?), paired with the free /5 Dby graph bound, give
|1ss5Ko|| < P,S~1/2. At the young end, smooth inlet coefficients give ||1s<oKe|| + ||1s<o Kol| < Pu/o
by the same free graph.

Take 0 = € and S = ¢, where a,b > 0 will be small fixed numbers. In (3.14), choose
Il =Cplc/v+ VS + 1). Both negative exponents dominate any prescribed multiple of v~1, while
Pg < P,efd+/v for fixed k. Increasing C'p makes all required coefficient tails at most e 2/¥; fixed
weights and K derivatives change only the polynomial cost. The prefactor in the localized comparison
is polynomial in this width, S and o~!. With § = 2/539 from Proposition 6.5, for some fixed N < oo,

|1 Ke — Kollxox + ||Cc — Co|| < P [e¥? + /2 4 ¢ 4 d~N@+0) 4 =DV = A, (7.22)

The affine column is supported in a fixed polynomial age interval and has the already proved O(e)
source difference. No equation or source is cut off. Choose a,b so § — N(a + b) > 0, and put
¢ =min{a/2,b/2,1,6 — N(a+b)} > 0. Choose m < d_(/2 and D > 2m. Then MA, < 1/2 for small
v. The exact equation row

A : X xR? — X,  A(f,a) =T+ K)f +Cex
has the bounded linear right inverse
R.= Ro[I + (A —Ao)Ro]™', || Re|| <2M.

Indeed (A —Ap)Ro : X — X has norm at most MA, < 1/2, and multiplication verifies AR, = Ix.
This compares all global inputs, including those supported arbitrarily late; it does not assume that the
exact inverse is causal in age. Returning to physical normalization proves

Jwllx, + R*Plal < Pue™||fly, (7.23)

for Agw + PBy,w + (AoEe + PBy, Ec)a = Pf. Here the physical w is the free response to the first
coordinate selected by R, and the free graph supplies its X, norm. The same normalized measure
multiplies source, state, and finite coordinate, so no additional power of R is lost.

Set A = R?Paand ||(w, A)||z = ||lw||x, + |A|. By Lemmas 6.1-6.2 and (7.20), the quadratic terms
in w + E.a and their polarized differences are bounded by P, ||(w, 4)||% in Y,. Apply the fixed linear
right-inverse selection to minus these terms and minus Fr. With § = P,e3/1! and M = P,e™/¥, this is
a contraction on the radius 2M ¢ ball if 4P, M2§ < 1. This holds after decreasing m so 2m < 3d_/11.
We obtain an exact smooth unforced profile

U=Vy+ Ec«a+w, |wl|x, + R a| < P,emV e, la] < P,e™e. (7.24)

The projected equation is AgU + P(U - VU) = 0 with zero residual. Reality, no-swirl symmetry, and
periodicity are preserved at each iteration.

No second unstable inverse is needed for spatial regularity. Write V = Vy + F.a and Agw =
f=P(V  -Vw+w-VV +w-Vw). The complete source has W¥» norm bounded by the right side
of (7.24), up to a polynomial. Since 9;Agw = (Ap — 1/2)0;w and HDwH2Y2p < Cllw|lo || D*wly,, every
differentiated term is in Y),. Also Dw € Y}, is already known. Rewrite the differentiated equation as
AoDjw = f; + %Djw, with the entire right side in Y),, and apply the maximal graph at shift zero. No
inverse of Ay — % is used. Thus Dw € X'p, and

sup [|w(7) ||, + |w]lwice + | Eea|wioe < P e™ve/ (7.25)
T

For any fixed derivative order, the train and inlet complete sources belong to the corresponding W#:Yr.
Explicitly, in the large-radius region their unprojected derivatives are bounded by Cj, No 3R 4
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lys|/0) ™V, whose pth integral reduces to C [y 0?2 PBHR) gy < 0o. On p < R, take the all-age heat
expansion to a sufficiently high finite order: its even radial powers extend smoothly through the axis
and its weighted remainder gives arbitrary axial decay. The inlet cutoff vanishes near the axis. These
estimates are uniform in phase; the bounded Cartesian Leray map preserves them in W*P. Inductively,
if derivatives through order k are in the graph, all factors through order k£ are bounded and derivatives
through order k + 2 are in Y),. In each order-(k + 1) derivative of w - Vw, one factor has order at most
k. Put it in L°° and the other in Y),, then apply the maximal graph to the differentiated equation. This
proves all spatial orders. On positive physical-time compact intervals the resulting C,W** regularity
and the projected equation give all time derivatives, so U is jointly smooth through the axis.

7.4 The datum, heat remainder, and pressure

Let v, be the raw inlet plus its single entrance adjustment. Define, with o = |2/,

R R
q= Rlog(o/R), n=Rz/o, ar = E(_win,n)a Ay = E[win,q + €(tin — nwin,n)]-

The stream is periodic in ¢ and has arbitrary fixed transverse polynomial decay. Differentiation and
this decay give |D7a(z)| < Cjlz|~'7, including smooth extension at each nonzero axis point. The
omitted divergence flux through a radius-r sphere is O(r), so a is distributionally divergence-free on all
of R3. Thus a € L3»* N L12oc' The shift ¢ — g + ¢ proves its DSS identity. The raw inlet is nonzero on
a fixed core and (7.24) makes its finite adjustment exponentially small there, so a # 0.

Put a,(y) = e/?a(e™?y) and H,(7) = €’”a,. Taylor expansion against the Gaussian, whose first

moment vanishes, gives
D7 (" %ar —ar)(y)l < Ciulyl 7, lyl 2 1.

Use the expansion only in a ball of radius |y|/4 about y; differentiate the Gaussian on its complement,
which is exponentially small despite the singularity of a at zero. The O(s) inlet expansion gives the
same inverse-cubic bound for V' — a, in the large-radius region, with arbitrary transverse decay. The
all-age train expansion gives arbitrary axial decay in the remaining bounded radial region. Therefore

V — H, € Cpee H* N X, for every fixed required k. (7.26)

The graph membership includes the mixed phase/dilation derivative; it follows from the same source
expansion. In particular this conclusion is stronger than an X, estimate alone.

The inverse-distance bounds and the all-age expansion give DV € CperL4. For w, interpolation
between its Cper LP derivatives and their uniform supremum bounds gives Diw € CperL4. Therefore
DIU € Cper LA for j <2, and T=U QU € Cper H?. The field Q = U — H, € X, solves AgQ = —PdivT.
The exact free semigroup is

So(t)f (y) = [ "VA f](e! ).
Free uniqueness identifies @ with — [ So(t)Pdiv T(7 — ¢)dt. For j < 2, move derivatives to T when
t <1 and to the heat kernel when ¢t > 1. The resulting integrable majorants are

V2T s, 0<t <1,
e 34 T)o, t>1.

Thus Q € Cper H?. Also (0; —y-V/2)Q = vAQ + Q/2 — PdivT € Cper L. Scaling back gives
lu () — €2 allz = /4| Qlog )|z < Ct'/*.

| D7 S ()P div T < CW{

A compact part of @ is in L?; its complement is bounded and uniformly continuous. The Gaussian
approximate identity therefore shows e”**a — a locally in L?, and hence the same is true for wu,.
Finally py = 32, ; RiR;(U;Uj) € CperL? recovers the discarded gradient part of the exact projected
equation.
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8 Thin and repair stress spaces

Fix the exact background from Section 7. The goal is its nonzero periodic energy mode b with exponent
0 < 0 < 1/4. The planar Gaussian eigenpair supplies transient train amplification and a signed
integrated stress response. The three-dimensional pressure interaction returns a strain to the young
rings and closes the loop. The singular limit compares these response operators as curvature and
viscosity decrease together; the final characteristic zero belongs to the exact three-dimensional operator,
with its full pressure and repair.

We first establish the causal near inverse and all-age moments, then identify the returned strain and
control its errors, and finally solve the rank-one scalar return equation. The background and geometry
remain fixed as we vary the real Floquet exponent.

Use the exact background U =V + 1y, where V = Uyayw + Ecang and 13 is the energy repair. Set

c=v"2, R=¢!, and retain component order (r, ¢, z). In the cylinder chart

s=R*/p®,  q=Rlog(p/R)+Rr/2,  n=Rz/p,
put d¢ = dsdq/cdn and
H = L*(s73/%dy), Hp = L*(s~'/%dg; Symy).

The natural velocity and tensor lifts are N,b = /sb and NpT = sT. Changing variables in the
normalized phase/spatial integral gives

INWIS, = w2, [NTTIS, = 7R T, (8.1)

Indeed the physical space Jacobian after azimuthal integration is wR2s~%/2ds dn and normalized phase
becomes dg/c. The physical divergence and Leray projection remain in the free inverse; these formulas
only identify its Hilbert spaces.

Fix myz > 3/2, for example myz = 2, and define

W= <77/\/1 T s>mz . Zy=LXsTVPWie),  Z=2Zi®p, PHy.

The norm on Z is the sum norm ||(71,73)||z = |11z, + p, 1/2||T2||HT. Here

oy = PV€3/11€mO/V

is a fixed upper bound from the exact-background construction, chosen so that sup(||7(7)|[11/4 +
I75(7)]|oo) < pp- It is not the radial coordinate. The stress inverse acts on 17 + T5; the second entry is
not assigned a transverse weight.

Write v = s~ Y2V and v, = s~ /2r,. The train heat expansion, transverse bounds, and compact-age
inlet construction imply

sup /s Wo| < P, sup /s Wo| < P,(S7Y2 +e),
s>S

e VoWl < Ao <0<, (32)
s<o
HWU(S)HL%Lgo < P,J(1+8) 3 4 e(14 )74,

Here S is larger than the compact-age inlet support. To check the age powers, the mean stream and its
fixed weighted derivatives have size (1 + s)~!/2 on transverse scale v/I + s. One transverse derivative
gives the velocity size (1 + s)~'. The stream completion (1 — 18, — 2595)¢ has size P,e(1 + s)~1/2,
Its slower decay is retained. The L% norm adds the factor (1 + s)'/%. Fluctuations have exponential
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decay after overlap; before overlap the Gaussian comparison gives the same polynomial bounds. The
finite inlet is absorbed by P,, and early smoothness gives the third bound. Multiplying by any further
fixed power of (n/v/1+ s) leaves these conclusions unchanged, by the weighted train expansion.

If S =etand D, > 0 is fixed, the coefficient can also be localized to

Inl <Ly =Cuic/v+VS+1)

with

sup s W(|v] + |vgat]) < e PV (8.3)

s<S, In|>L 1
The Gaussian vorticity tail controls the heat-width part. The nonzero horizontal stream kernels
e~lknllnl /(21K ), |kn| > 27/c, control the ¢/v part. The zero mode has decaying heat primitives.
Increasing C'; absorbs the fixed weights, derivative budgets, and the finite inlet’s stream tail. No such
localization is claimed for 7.
Define the exact split multiplier by

Mpb=(v@b+bRv, 1, @b+ b® ).

The flat multiplier uses the actual planar train in its first entry and zero in its second entry. Since the
ratio of stress and velocity age densities is s, (8.2) gives

IMublliz < Poliblla, — [[(Muball ~12py, < 2v/p5][0] - (8.4)

Its thin old and young restrictions have respectively norms P,(S~'/2 + €) and P,\/o. Indeed |a ® b +
b® al < 2|al|b], so the thin multiplier norm is at most 2sup y/sW|v|. For the repair, \/sv, = r, and
multiplication followed by the factor pb_l/ 2 gives the second estimate. These bounds also hold after
multiplication of both sides by any common positive age weight, in particular the gain g(s)~'.

For A > 1 the thin source has the absolute old moment bound

Mi(LioaT) = [ 7572 [ VST () 2o dn s < Cong A 2L Tzr (85)

Transverse Cauchy—Schwarz gives
[+ VI, )l dn < oy s W T ()3,

because [(2)272"Zdx < co. The remaining time integral is [° s~%/4||WT(s)|2ds. Cauchy-Schwarz
against s~/2ds leaves [° s72ds = A~!, proving (8.5).

In outer coordinates 2’ = y'/R, u = |2'|~2 and Y = n/\/u, the thin physical tensor is represented
by F' = uT'. Directly,

[+ DRG0 2y da’ dY = mAR(T).
Thus (8.5) supplies exactly the first moment used in the separated-kernel approximation. It also
justifies extending an old annulus to the axis by moment-norm approximation. All cutoffs multiply the

tensor before its distributional divergence; no artificial boundary force is removed. The broad repair is
instead estimated by its physical L'1/4 coefficient and energy bounds.
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9 Planar amplification, the full age tail, and the causal inverse

9.1 The full moving evolution and weak sources

Let C. = (R/cZ) x R, ¢ = v~2, and let v = v be the actual planar train. Fix m > 8. Write

_ . s
Xme = L2(Cor )" d).  Zylo={f € (H )" {£.1) =0}, gls) =exp
The test 1 belongs to H lm’c. The centered radial weight is used for evolution norms. Smooth periodic

weights are used only for local smoothing, with equivalence applied at its two endpoints.

Proposition 9.1 (Full forward train estimate). For a fixed sufficiently large b and all sufficiently
small v, the moving full complement has the exponential relative bound (9.4), the full moving evolution
satisfies (9.5), and on 0 <t < s < H = v=Y((vb)~! — 1) its physical weak-source extension satisfies

HZZ;U(S,@ SO {14 (s =072 My =m/2 4+ R+ 2],

Zmre—Xm,e
These bounds hold on the entire zero-circulation space, with no input parity restriction.

Proof. The full moving complement. Set

a=1+vs, 0=wa)™t, z=sla=v -0, e.=w) =13 d=c/Va=/0/e.
The exact substitution w(s,z) = a 2W(z,z/\/a) gives
W.=G)W, G=0'D+L,(2)), D=A+1y-V+2, d./d=-1/(20). (9.1)

The rescaled train differs from the periodized Gaussian by C’j,mece_bﬂ"me/ € in every fixed weighted
derivative norm on € > b > 0. This follows by rescaling the train error, interpolating its Gaussian-small
unweighted norm with a larger fixed weighted norm, and absorbing the resulting fixed powers into the
Gaussian. The required region is contained in 1 < a < 2.

The common actual-cylinder comparison (7.5)—(7.6) applies in moving coordinates after including
Reynolds’ formula. Here is the quantitative part needed for all parities. The paired-image kernel
satisfies, for |z| < d/8, |y| < d/4,

Kq(x —y) — Koo (z —y) = d7°Bi(z — y) + O(d |z — y|*).

For zero-mass input the z times mass term disappears; the first moment is retained and bounded by
Cmllfllx,,- The source tail has L' norm at most Cy,,d*~™||f]|x,,; the separated far kernel costs O(d~1).
The observation outside d/8 is Gaussian-small. Hence the localized interaction error, also after dd,, is
O(d=2) = O(e./0) on the entire space. No first-moment cancellation or parity restriction is used. The
same O(d~?) bound holds for auxiliary nonzero-mass inputs: retain = [ f and bound it against the
localized observation coefficient. Thus restricting an ambient input to a cell creates no mass-related
gap in the compact comparison.

Let E(z) be the two periodized growing vectors from Proposition 4.1, and normalize their dual
rows A(z) by AE = I,. The planar dual kernels and their fixed derivatives have the O(|y|=277) decay
obtained from (4.1) and (4.2). Paired translates therefore give dual error O(d~2) in the weighted dual
norm, with the same bound after ddy; direct columns have Gaussian tails. The finite Gram inverse
exists uniformly and its differentiated error is O(6~1d~2). The identities

07 D(Pyq) — 0.(Paq) = 07 PyDq, 0 'D#(Pyl) + 0.(Pyl) = ' P,D¥t, D¥ =A-1y.-V+1
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follow term by term using d,/d = —1/(26). They are identities for the unweighted dual kernels, with
Gram normalization then applied. In particular the combined direct and dual rows are bounded;
neither AD alone nor a derivative of sharp zero extension is used.

Put Ky = GE — E,. Define Hy by differentiating the actual moving pairing: (AW)" = HyW
whenever W/ = GW. Then My = HoE = AKy. For By = v+ Rr/0 set

B=G—pBy— EHy+ [~Ko+ (Bo — 1)E + EM)A. (9.2)

All added terms are bounded finite rank. Direct substitution gives (AW) = —AW for W' = BW,
and BE = E, — E. Thus ker A(z) is invariant and the artificial pair decays at rate one. The planar
limit is 2(& — )2 — &, where 2 = I — & removes both growing modes. Its full-space semigroup is
exponentially stable by (4.3). This statement includes the horizontal mean and every angular sector.
For ambient identifications a radial mass-one neutral vector can be adjoined; . annihilates it and the
relative damping makes it stable. Restriction to zero circulation is preserved by the actual equation.

To compare on a fixed Hilbert space let I, R,,II, = I, R, be zero extension, restriction and cell
projection. Extend the free moving evolution F' by the actual cocycle

F(Z7t) = IzF(th)Rt + S(Z,t)([ - Ht)7 Sf(y) = p4f(py), pP= d(t)/d(z)

The two terms have disjoint entrance and exit supports. The exterior term has norm at most p®. For
the interior, Reynolds’ boundary term cancels the dilation seam term. With p = (1 + |y|*)™,

d - Ap
IR < (o7 sup (52 +3 - 4y V1ogp) -+, W2,

The two seam weights agree and the remaining diffusion seam term is nonpositive. Radial Euler
transport preserves the weight; the image and actual-base velocity errors give supd, — 0 on 6 > b for
fixed b. One can take C,, = (m? + 3m + 3)/2 for the norm-growth contribution of D. Consequently
the relative free evolution satisfies

| Frat(2, 8)]| < exp{[—7 + (Co + |R5|) /b + sup 8] (z — £)}. (9.3)

On each fixed block of length B, compact smooth tests and Duhamel give direct strong convergence
to radial Fuler transport in the successive limit ¥ — 0, then b — co, uniformly in the entrance time.
Density extends the convergence. The undamped norms have limiting upper bound one, and radial
transport 7' is unitary; the identity

1Ef =T I < FIPIFIP = 2R(f, BT f) + |1 £

gives adjoint-strong convergence. The localized interaction is compact by source and observation
truncation and local Rellich compactness; the image and dual estimates above give norm convergence
of every compact and finite-rank term in (9.2). Lemma 4.3 therefore compares the full-minus-free
remainders in norm. If the limiting full relative bound is Coe™ "%, choose B so that Coe "B 4+ 2e7F <
1/4, then b large, then v small. Each full block contracts by 1/2. Uniform bounds on the remaining
short block yield

[Seet(z,8)|| < Ce™m0GED h<g(z) <O(t) <v L. (9.4)

All block products use the same ambient radial weighted norm.
Write W = Ea + r, Ar = 0. The amplitude diagonals are \; + x;/6; angular orthogonality makes
the planar off-diagonal D pairing zero. The direct errors are bounded by

5.:(0) = Clec/0 + ece 20/c ),
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and both amplitude-complement couplings by C(#~* 4 4,). Divide each amplitude by e*:(70=0) (rq /§)":
and the complement by their common modulus. Equation (9.4) bounds its stable convolution. For
small v, enlarge constants to bound the coupling by 7n(z) = C(1 + e.)/0(z) and the direct error by
d(z) = Ce./0(z). The Gaussian error is absorbed in these bounds. If A,(z) is the running maximum of
the normalized amplitude, the stable convolution gives ||r(z)|| < Ce~"==1||r(t)|| + Cn(z)A.(2). The
initial-complement term in the amplitude is integrable with bound C/||r(¢)||/b. Equivalently, for the
double convolution, i/ /n = 1/6 < 1/band b > 2/hq give [ n(v)e "= dy < (2/ho)n(u). Substitution
into the amplitude equation and scalar Gronwall give an exponential of

1/v
c/b 6,(r) + (" 4 6.(r))2]dr < C/b+ Ceolog(1/ (b)) + Ceo/b + Ce2 /b + o(1).

The initial complement contributes only a uniformly bounded decaying convolution. The displayed
budget is uniformly bounded. We obtain, on the entire zero-mass space and with no input symmetry
restriction,

HUmOV(Ha TO) |’Xm,d(r0)_>Xm,d(9) < Cbe’Y(rO_e) (TO/H)%K' (95)

Weak sources and the polynomial loss. Choose the core endpoint
H=s,=v Y wb)" ' -1), ap = (vb)~L.
For J,W (z) = a=2W (x/\/a), change of variables gives

||Ja”Xm,d‘>Xm,c S a’(m_3)/2’ ||J(l_1HXm,c‘)Xm,d S a3/2’ ||Ja_1H(Him,c)**>(Him,d)* S a’3/2 (96)
For the last incquality, (J;1/,¢) = a(f.6(-/va)) and [6(-/va)lg < Valélm . At two end-

2, Normalizing both physical

points 1 < a; < as < ap, the product of the first two factors is at most al:n
cell norms by ¢~! does not change this operator estimate.

For short weak smoothing use only here the equivalent periodic weight
pa = [1+y3 + (d/7)%sin(my; /d)]™.

Its first two logarithmic spatial derivatives are uniformly bounded, |0, log p4| < C,, /6, and |y-V log pg| <
Chn- The rescaled train and its first two derivatives are uniformly bounded for § > b. The adjoint
localized interaction maps X_,, 4 to H im’ 4 uniformly: its localized source has uniformly bounded L'
and L? norms by weighted Cauchy-Schwarz; split the Biot-Savart kernel into its integrable near part
and bounded far part, and use the uniform order-zero multiplier bound for its derivative, including the
horizontal mean. This also proves the stated bound for the actual train perturbation.

For the reverse-time adjoint let E; be its squared weighted H? , energy. On Az <1, with § = o1,
Reynolds cancellation and differentiated weighted energy give

E{ + BminE1 < CypEy, El + BminE2 < Cyo(Ey + Ep).

The diffusion-weight errors have coefficient C), 5 and the transport and compact terms have coefficient Cl;
no negative power of v occurs in a Gronwall coefficient. Moreover Smax/Bmin < 1+1/b on such an interval.
Integrate the first inequality and then the inequality for rE;(r) to get E1(Az2) < Cy(Bminldz) 1 Eo(0).

By duality, the moving weak-to-strong norm is at most C’b(ﬁminAz)_l/ 2,
For 0 < s —t < 1, the clock identities are exactly
s—1t v(s—t
Az = ) Pmin = vay, BminAz = g
AgQy Qs

39



Combining with (9.6) gives the physical weak-to-strong cost Cyr~("+2)/2(s — t)=1/2, For a longer

gap factor at ¢ + 1/2 in moving coordinates and apply (9.5) after the short smoothing step. The

two intermediate maps J,, 11;1 /2Jat +1/2 cancel before taking norms. Thus only one endpoint cost v~""/2

occurs, the smoothing costs at most Cprv~—!, and the long-clock algebraic factor costs v~ ™%l For the
fixed integer
Ms = [m/2 + |Rk| + 2]
we haveon 0 <t <s< H
t)

Hz(()U(s,t) < G Mo {14 (s — )72} (9.7)

—1
Z’VV‘L,CA)X’VTL,C

S

Zero mass is preserved by the conservative physical equation and then by continuous extension in the

actual weighted dual source norm.
O

9.2 From the plane branch to the actual train output
All cell measures in this subsection are unnormalized. Put
O=vl, c=v? e=wH =13 a=1+vs,

0=(va)~t, d=c/Va=/0/e, N =eN"v",

Write P; for periodization, K, for cylindrical Biot—Savart, and X,, 4 for the centrally even zero-
circulation class with weight (y)?™ on the centered cell, m > 8. Its first moments vanish. The
canonical plane branch is that of Proposition 4.5; set M (6) = 9(Vean(0)). Angular integration and cell
summation give QgPyVean(6) = M(0).

The actual residual, including moving images. For z = © — 0, the identity d./d = —1/(20)
gives

0~ D(Paf) — 0-(Paf) = 0~ ' PaDf (9.8)

when f is independent of z. Thus periodization commutes with the combined diffusion/dilation/moving-
cell derivative, not with each term separately. Reynolds’ boundary term cancels the dilation seam term.
All calculations below may first be made on the fixed physical cylinder and then rescaled.
For completeness the improved even image error is elementary. The symmetrically summed planar
kernels satisfy
Ka(€) = Koo(§) =d?Bi&+ O(df¢),  [¢] < 3d/8.

Indeed the opposite translates cancel the constant and quadratic Taylor coefficients, while their jth
derivatives are O((|n|d)~1=7). The affine convolution vanishes because both mass and first moments
are zero. On |y| < d/4, |z| < d/8, the remaining convolution is bounded by Cd=4(1+ |z|3)|/f| x,,. The
excluded source tail is at most Cd'~™| f||x,, in L' and its far kernel costs Cd~!. Multiplication by the
Gaussian observation coefficient controls the polynomial in z; its complement |z| > d/8 is exponentially
small. The same reasoning after dd; gives the same bound. Consequently the localized linearized
interaction error is O(d~*) on this even class. For a periodized Gaussian input, cross transport between
different cells is exponentially small, using its fixed Gaussian derivative norms.

Let E. be the actual train vorticity and h = a?E.(s,/ay) — PsEg. The train comparison (3.2),
after rescaling, gives

167 hll2 + (167 Kahllaneo < Cjee_bjd2-
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Here the curl estimate uses one additional derivative. Since # = ed?, the right side is at most
C’jee_b;dQ. There is no reliance on smallness of an unbounded differential operator. To add fixed
polynomial weights, the heat-coordinate vorticity energy with weight (3y)*™ and finitely many derivatives
gives the crude bound P,e®mi/: transport coefficients and their selected derivatives are uniformly
bounded by the preceding unweighted comparison, their clock interval has length at most v~!, and
the diffusion/dilation contribution integrates Cmvjﬁfl, costing only a power of v. The periodic seam
diffusion term is nonpositive and the moving seam cancels as in (9.8). Interpolating that bound with
the unweighted error, and using d > r/e on any fixed [r, ©], absorbs e“/V and every fixed polynomial
into a smaller Gaussian for sufficiently small v:

17l g7 + 1K ahllwsoe < Cmgeema?e, r<g<e. (9.9)

Let w = U, .(s,0)P.q be the actual bare column and write w(s,z) = Na 2Z(0,z/\/a). The
canonical asymptotic gives

1eX°0"[Z(©) = PeVean(0)]] x,n.. < Cv.

m,c —

Applying (9.8), the image estimate, and (9.9) to V; = PyVian gives the following residual in the equation
—0gZ = LyZ:

120" (=85 — Lo)Vil|x,, 4 < Cy(€?07% + ee™0/e), b<6<0, (9.10)
(=09 — Lo)Vallx,, . < Co(e2072 + e @), r<6<b. (9.11)

The image term needs only the Gaussian zeroth norm of the branch; cross transport and the base-
error terms use its fixed derivative budgets. Their polynomial factors in 1 + 8 are absorbed into the
displayed Gaussian. This explicitly accounts for the actual nonlinear train, rather than substituting its
independent-vortex sum.

The full-input forward bound (9.5) and Duhamel, including this normalized inlet error, imply

1eX6%(Z — V) (0)x,. . < Colv +€*/0+e ¢}, b<o<o. (9.12)

In particular the error at b is Oy(v), and both columns have an exponentially decaying, polynomially
weighted majorant for 6 > b. No terminal projection or backward parabolic propagator has been used.

Kinetic and tested moment continuation through overlap. The embeddings

Quf |+ I1Kaf o < Cullf s Qaf == [wP1,  dz1 (9.13)

are uniform in d. The moment bound is weighted Cauchy—Schwarz. For velocity, zero mass gives
17(6)] < I¢] [ yllf(y)|dy at low cylindrical frequencies. In Plancherel, the O(d) horizontal frequencies
of modulus at most one cancel the measure factor d~1; the high frequencies are bounded by || f||2. This
proves (9.13) without a factor 1 + d.

Let Uz(0,7) be the exact heat-coordinate evolution. The velocity energy inequality and (3.8) give,
for 0 < 6 <r <b,

[ Ka@yUz(0,7)h[l2 < Co(r/0)||[ Kaq)hll2- (9.14)

Indeed the input physical kinetic norm is v K,y h[|2 and the integrated strain costs at most C(r +e).
The exact physical quadrupole law is

d 4 4 - U
s Qc(w) = —*/(Uluz +vouy) = —— /(v1u2 + Vatiy).
S ™ T
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The mean terms vanish because the mean vertical velocities vanish. Since () is invariant under heat
scaling, the same identity gives a tested bound uniform in v. Before overlap ||0(s(6))||2 < Cv0; after
overlap it is at most Cveexp[—a(e/d — 1)]. Thus at every age v~ 1072||v(s(0))|]2 < C/0, and

|QUz(0,7)h| < |Qh| + Cyrlog(r/0)|| Ky hll2, (9.15)
/0 071 |QU (0, 7)h| dB < Cypr?(|Qh| + 7| Kghll2), p > 0. (9.16)

The second follows from [j 67~ !log(r/6)df = rP /p*. Similarly the absolute stress, divided by its scale
V3280 Je for an impulse at r is bounded by

Cr P max{1, (e/r)*}H|[Kamyhlz,  p=Ru+3/2. (9.17)

For 6 > e insert |[v||z < Cv0 and ||u||s < Cyvr||Kh|s. For 6 < e insert |[v||y < Crel/*63/* instead. Its
integral is Cre'/*min(e, r)P~1/4||Kh||2, proving the assertion. All these identities first hold for smooth
data and sources. Duhamel and the integrable displayed bounds give the stated completion on the
fixed physical cylinder; the actual decaying mean stream is retained when identifying its quadrupole.

For each fixed r > 0, apply (9.14) and (9.15) to the residual and the error at b. The kinetic residual
integral is bounded by Cye?6~11og(b/6); the partial-moment factors are bounded on r < 6 < b. Thus

sup (| Ka(Z — Va)(0)ll2 + |Qa(Z — Va)(0)|) — 0. (9.18)
r<6<b
The plane bounds and periodization imply limsup,_,o(|Q4Z(r)| + ||KqaZ(r)|2) < Cp uniformly in
0 <7 <b. Apply the impulse estimates to the homogeneous actual column with data Z(r), not to its
discrepancy from V. For p in a compact subset of (1/4, c0),

T

lim sup / 0P 1QuZ(0)]do < Cyr?,
v—0 0

and (9.17), with e < r, bounds its normalized absolute stress tail by CyrP*!. Letting first v — 0 and

then r | 0 therefore gives the required tested convergence through the entire overlap tail.

Mellin output and stress defects. Fix K € {0 < Ru < 1/4}, put 0 = Rpu, u, = v=3/2, and
6, = (v/v +v)~L. For the actual column define A (s) = —7s HQ.(w(s))/(4c). The exact substitution
s = (1 —v0)/(v%0) yields

C

[e%¢) N 0o
4= / ()55 2ds = =T / G121 1g)H512Q 7 (0)d
Uo 0

= TSI () + ok (1) (9.19)

Use (9.12) for the exponentially integrable large-clock part and the compact-clock convergence and
tested tail bound above for the rest. The error is locally uniform and holomorphic. An extra s—*/2
costs vkOk/ 21— V@)*k‘/ 2 k=0,1. At u,, every selected state or stress observation divided by N is
P,e="'/V¥ for any 4/ < . The partial-moment bound gives QZ(#) = O, (1 + |log8)|) as 6 | 0, so the
upper weighted moment endpoint is zero. If the old cutoff starts at oy, /v < u,, its entire preceding part
has the same exponentially small coefficient after polynomial weights; that source and cutoff transition
have not been removed.
For u = K.w, u, = s™#u, set

2 2 1
Ey = - /Uluu,lv Eq = E/U2Uu,2, C= E/(Uluuﬂ + vaup1),

D.=E,+E, R.=E,—iC, A,=|Np*"%/c.
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These are bilinear pairings. Define the stronger absolute component quantity
Saps(s) = ¢t / v ® uy 4+ uy @ v|dgdn.

For k= 0,1,
/ 373/24“/2Sabs(s)ds < C’KkAyyk. (9.20)

This controls each absolute tensor component before cell integration, and hence also |E,|+|E,|+|C|, up
to an absolute constant. Indeed the integrand before its time weight is at most C|N|c™1s™7||v||2[lu/N||2.
For § > b, |u/N|]2 < Ca 'H(f) with H exponentially decreasing times a polynomial. Changing
variables gives the integrable majorant C' A, v*07+3/2+k/2H (). For § < b, energy gives ||u/N|j2 < Cyv.
Before overlap ||v]|a < C/(vs); after overlap |[v]j2 < Cc™2(s/s.)~%/%. The two integrals are bounded by
C A, VF and C A, ke T3/24k/2 regpectively.

For a plane radial background in positive angular sector two, E, = —F, and E, = ¢C by direct
angular integration. On each fixed positive clock interval, (9.18) and the actual background comparison
therefore make the scaled D., R, tend to zero. Their absolute small-clock tails are bounded by (9.17)
with data Z(r), hence by Cx.A,r° %2 in the v — 0 limit. Large-clock domination, followed by r | 0,
proves

/ T (Do — 3R.)s3%ds = o (Ay). (9.21)

The unforced moment law is exactly C' = A', + A, /s; hence

/00(2Eq — E,)s32ds = 3i(u + 3/2) 14 + ok (A,), (9.22)

o

o5 just shown negligible. For the negative channel the sign of

including the boundary term 3i[A s~ %/2]
i reverses and N J () becomes N 7 (ji).

9.3 A polynomial causal inverse in the gain norm
Retain the fixed spaces, actual train, and gain from Proposition 9.1. Put
H = L*(s™ds; L (da/cdn)), T = L*(s™'/2ds; L*(dg/cdn)).

Let K be a fixed compact subset of {0 < ®u < 1/4} and k, := inf g (Rp + 1/4) > 0. Constants below
are uniform on K.

Proposition 9.2. For every planar symmetric tensor F : C. x (0,00) — Sym, with g~ 'F € T, there
1 a unique causal zero-entrance enerqgy solution of

bs + 2b — vAb + Py div(v @ b + b ® v) = Py div F. (9.23)
S

Here zero entrance means b € H near zero; no homogeneous s—* entrance is adjoined. The energy class
also requires Vb € L2 ((0,00); L?). There is a finite M such that

loc
lg™" bl + VIV (g~ D)l < Cv Mg . (9.24)

The response is locally continuous in p with the geometry fived. This is a bound after conjugation by g;
its ordinary norm can contain €/”.
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Proof. Use Proposition 9.1 with its fixed b, H = v~ 1((vb)~! — 1), and weak-source degree Mj.

The zero-entrance construction and all ages. Put T = g 'F,u =g 'band h = ¢' /g = v/(1+vs)? >
0. Solve the free equation for uy with scalar term /s 4+ h and tensor T' by starting from zero at s = ¢
and taking § | 0. The weighted energy is coercive and gives

luoll < (Vo) T ||, IVuollr < v T 7.

Spatial coeflicient estimates may first be taken with unnormalized cell measure. Multiplying velocity,
tensor, X,,, and weighted-dual source norms by the same ¢~1/2 gives the normalized convention used in
‘H and T all inequalities below are unchanged. Equivalently define the source duality using normalized
cell pairing and normalized test norm. The localized vorticity source f = — curl(v - Vug + ug - Vv) has
zero mass and satisfies

1F () 771, < Am(IVuo(s)ll2 + [luo(s)ll2),  Am < Cv7Pm (0 <s < H),

m,c

for one fixed finite p,,. Indeed A,, is bounded by a constant times sup <z ||(z)™ (v, Vv)(s)|loo. The
actual train tail (3.14), with S, = H, bounds this by a fixed polynomial in ¢,v»~', H: the nonzero
modes have exponential transverse kernels, and the zero mode has decaying primitives at both ends.
Here ¢ = v=2 and H = O(v~2). Thus this is a polynomial coefficient bound, with no exponential
weighted-energy loss. Testing the outer curl against H'  then gives the displayed negative-order
estimate. Hence ||fHL2(S_1/2;Z;ll) < Cy=Pm=32||T|| 7.

For o = Ru, the substitution t = su and Minkowski give the exact Hardy inequality

The kernel 1 on s < H costs an additional v H < Cyrv~!. Define using only forward propagation

[ s s— 07w

< B(o+3/4,1/2)| fll 12(5-1/2)- (9.25)
L2(8_3/2)

w(s) = /S(t/s)“g(ﬂU(s,t)f(t)dt, u=ug+ K.w.
0 9(s)

Equations (9.7)-(9.25) give [[w|[p2(-3/2,x,,) < Cv~Ms=Pm=5/2||T|| ;. Zero-circulation Biot—Savart

reconstruction gives | K.w| g1 < Ch(1 4+ ¢)||w||x,,: nonzero horizontal modes cost ¢, while the mean is

the zero-endpoint primitive controlled by one-dimensional Hardy: || [;* @(¢)d(|l2 < 2[|ni(n)ll2. This

follows by integrating (7| f;o @|?)"; zero circulation removes both endpoint terms. Since vVH = O(v~!),

we obtain on the core

ullo.2ry + VPN Vullro.m) < Cov™M 7P =3 T 70 ).

The velocity equation follows from its curl and divergence equations: after testing in age the discrepancy
is spatial H~!, curl-free and divergence-free; its Fourier transform is supported only at zero and must
vanish. This retains the horizontal mean. Local Hilbert triple regularity gives a strong L? trace at
every positive age.

For E = s7Y2||u|j3, L = || sym V|| and A(s) = exp(—2 J L), the exact energy inequality is

(AE) + 2k, AE/s + 2hAE + vAs~ 2| Vu|? < v As™ V2| T2, (9.26)

Selecting a time in [H — 1,H — 1/2] and applying this inequality to H gives H~'4|u(H)|l> <
ColVH|ullgg(rr—1,m) + V_1/2||T”T(H—1,H)]- With a, = 1+ vH = (vb) ™1, the actual train estimate (7.2)
yields

Iy = / L(s)ds < C/(vay) + Ce. = Cb+ Cv3.
H
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Thus continuation from the exact strong trace, with the entire prescribed tensor after H, costs only
the fixed factor e?+C¥". It crosses the overlap regime and reaches infinite age without a vorticity
moment assumption on the late response. Combining the core and tail gives (9.24), for example with
any M > Mg + pm, + 6.

For uniqueness, a homogeneous difference in the energy class has a sequence d; | 0 with
5;1/2||u(5j)H§ — 0, because its integral against ds/s is finite. Apply (9.26) on [J;, B] and let j — oo.
This also proves causality. Continuity in u on the core follows from the same Hardy estimate with one
factor |log(t/s)|; its beta integral is finite uniformly on K. In the free and tail equations the difference
contributes —(p — p1")u,y /s, whose weighted pairing is bounded by |p — p/|||w, || ||uy — wpw ||2 and is
absorbed by the k, coercivity. The local energy estimate also gives trace continuity. All geometric
parameters stay fixed. O

Corollary 9.3. Let So, and Sin, denote the free and actual causal tensor responses, acting on the

sum of the two components of the split stress space Z = Z1 @ p;1/2T, with its specified norm and
0 < pp < 1. For a three-component cylindrical tensor these flat maps act on its (r, z) block; its hoop
component is retained in the exact curved comparison. The first-component weight is at least one, so
|Fi + Follr < ||Fillz, + \/EHFngb_l/zT. Let Myu = (v ® u+u ®v,0) and suppose its actual train

multiplier bound is || Moul|z, < Cv™PV||u|ly. Then
Dyt = (I+ MoSou)~" =1 — MoSnu, lg™' Dy'gllzmz < Cv™, M = [pp +pv + M, + 10].

Indeed b = Sy, F' satisfies b = So ,,(F — Mob) by free uniqueness, giving both inverse identities. The
second split input component is retained. The degree has slack for the fixed norm equivalences and trace
estimate, and depends only on the fixed weights and coefficient budgets.

10 Separated stress kernels and one phase average

All phase norms use normalized measure on Tp. Write B =0, —y-V/2, D,, = B—vA+p—1/2, and
Sy = D/leP’ div. The exponent p ranges over a fixed compact subset K of {Reu > —1/4}. Let T be
supported in the radial disk |2’| < r,, and restrict receivers to |y'| > r; > r,. Put D = r; —r,. The
support condition is imposed on the tensor before its divergence. We begin with smooth tensors and
then complete in the norms appearing below.

Let G; be the three-dimensional heat kernel. The heat—Leray kernel is

(Kt)ij = 5ijGt + 81(9]/ G, da.
t

Differentiation and the substitution a = |z|?r give, off the origin,
|DIVE(z)| < Cjlz|™,  |DI(Ky — Ko)(z)| < Cjt|x| >, (10.1)

The second bound also follows by integrating 0; Ky = AK; from zero to t. Thus it remains valid as ¢t | 0
at every separated observation point. At t = 0, Ko = D?(4n|z|)~! off the origin; its local distributional
part is retained by the operator, but vanishes at a separated receiver.
The free semigroup is
eh/2 [eu(ehfl)Af@_ . h)] (eh/Zy)_

In its Laplace integral set A = e "2 and integrate the tensor divergence by parts. Heat scaling
contributes A3, the divergence contributes A, and the semigroup amplitude and differential contribute
A=t and —2d\/\. Consequently the negative response W, = —8,T is exactly

1
W, (y,7) = —2/ A\2u+2 / VK, (1-x2)(y — Az) : T(z,7 4 2log A) dz dA. (10.2)
0
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The radial gap persists under every dilation: |y — Az| > |y/| — A|z’| > D. No temporal derivative of T
occurs.

10.1 Thin sources, repair sources, and the stream cutoff
For b > 3/(4 + j), integrating (10.1) outside the gap gives
11aj>p DI VI 10 < Cjp D440,

In Young’s inequality we use b > 1. Dilation of an LP source contributes A~313/?_ leaving the integrable
power \2Re#=1+3/p in (10.2). Minkowski and phase-translation invariance therefore prove, whenever
14+1/¢g=1/p+1/band inf,cx(2Repn+3/p) > 0,

ILyoung D! Wil 2 g < CK7j7p,qD747j+3/bHTHLEL’;- (10.3)
The pointwise version has ¢ = oo, b = p/. In particular, for p = 22/19,
IVWa(ys iz < Cx D™ Y?2||T | s p22 (10.4)
Tyoung VWall 2 225 < Cie D™*M™ T 12 22, (10.5)
lyoung D' Will 222 < Crey D™/ 7| T 12 2210 (10.6)

Here the kernel exponents are respectively 22/3, 11/3, and 11/7. A repair tensor T' =7, @ w + w @ 13
obeys
1T 2 L2219 < 2|l oo prr/allw]lys.-
These estimates include the Cartesian pressure projection.
For a thin source with [ |[|T(z,-)|| 2 dz < R*Ny and D > coRy/v, the same argument with p =1
gives, for fixed ¢ > 1 and fixed j,

HDjWH”LELq(young) < PVR_Q_j+3/qN0' (10'7)
The polynomial P, depends on the fixed derivative and exponent budgets and on the fixed fractional
radial gap.

For axisymmetric no-swirl divergence-free W, choose a smooth radial cutoff y whose transition lies
outside the source disk, on an annulus of radius comparable to D. Its divergence-free stream cutoff is

_ _ . X'(p) [, / /
(CW)r = XW,, (CW), = xW, P PW(p',2)dp".
p

The stream primitive converges by the separated kernel bound. The cutoff correction has a translation-
invariant majorant of the form

CD_2(D2 + |Z — Zsrc|2)_11|y’—z’

src

|<CD-

Indeed the radial integral of the order-four kernel is bounded by C(D? + |z — zg¢|?) ™!, while x//p =
O(D~2). After j derivatives the same estimate costs D7, Its L norm is CD~47+3/% for b > 1/2, as
follows by scaling the two horizontal variables and the vertical integral. Thus (10.3)—(10.7) remain
valid after this cutoff in all exponents used here. The estimate is an inequality for the full tensor
convolution; it does not discard a cutoff source.

Put

Xo=W, W1, X=CXo, Q=[B,CJ]—v[AC] Y=CW,+QX,.

The difference in Xg inserts 1 — A2 in (10.2). It costs no inverse. Derivatives of x cost D™, By is
bounded, and each extra Laplacian costs vD~2. For D > ¢oR\/v and R > 1 this last factor is bounded.
Therefore the displayed estimates also hold for X, Y, with finitely many increased derivative budgets.
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10.2 One phase primitive gives an extra curvature factor

Set e = R1, P = 2¢ec, and x = y/R. Write the thin physical stress as
T(Rx,7) = F(2,Y,q.(]2'|, 7)), Y =3/, qc(r,7) =€ tlogr+ 7/(2€),

where F' has g-period c. Define
Ny = [+ VIR Y g 4o’ Y. = 0,1,
Then its physical phase-averaged mass is R2Ny. Changing variables in (10.2) gives
W, = —2¢ /01 AZut2 / VK, 252 (@ — M@, eYV)F(2',Y, q(r', 7 + 2log A)) da’ dY dA\.  (10.8)
Let F be its normalized phase mean, and set
Voo(z) = —2 /01 /\2“+2/VK0(9@ — A\, 0)F(,Y) da’ dY d.

Taylor expansion in €Y and (10.1) control the mean collapse and heat errors by first transverse moments.
The strict radial gap remains valid along the entire Taylor segment.

For the oscillatory part let J = 1 on zero-mean periodic functions. Fourier series gives
Wl 22 (dg/e)—12(dg/e) < ¢/(27). Exactly in distributions in A,

Fi(qe(r',7 +2log ) = eNONTFL(qe(r', 7 + 2log ).

Integrate once by parts in (10.8). The boundary at A = 1 is retained. The boundary at zero vanishes
in normalized L2, since 2Re pu + 3 > 0 and translations of JF| preserve its norm. The derivative of
the kernel is

—(2',€Y) - V(VEK,;) — 202 A\A(VK), t=wveX(1—M\2).

The factor 2’ is bounded by the source radial endpoint and the factor Y by Nj. Every fixed spatial
observation derivative is estimated by (10.1). This proves

IVy Wy = Vo Viollrz < PoeNy (10.9)

on compact separated observation sets, with the stated polynomial dependence on radial endpoints,
their gap, and c. No age or phase derivative of F' has been used.

For the full young band s < 1/v, old support ¢t > 1.2/v, and r = s~Y2 in outer coordinates, the
same calculation gives the more explicit bounds

|IDyW,, 1|12 < Poe's™/2 Ny, (10.10)

IDyWy, — € DaVyiollrz < Poet(s°/2 + s*)Ny. (10.11)

The direct differentiated kernel contributes 7—°; a transverse collapse costs one further derivative, 5.

In the phase calculation the extra factor 2’ is at most a fixed multiple of r; the Y term has the harmless

factor €/r, and the heat term has ve?/r? < 2. These estimates hold with any fixed number of spatial

observation derivatives, with the corresponding powers of r~!. The stream cutoff estimates proved

above extend them to X,Y. Moment-norm approximation proves the statements for all NV inputs,
without assuming smoothness of the source.
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10.3 Phase suprema use a separate ordinary bound

The extra € in (10.10) is not asserted after arbitrary phase or conormal derivatives. Instead use the
exact free equations

BXo=vAXo— (n+1/2)Xo + W, BW, =vAW, — (n—1/2)W, —PdivT.

At a separated receiver the last term has an order-four kernel, and its gradient has order five. It is
bounded by precisely the ordinary kernel estimates already proved. It does not require differentiating
T, but need not retain the extra phase-average factor. For the cutoff terms use

BT2aW = TraaBW — TraaW, [Ba A] = A,
and
[Ba Q] = [B’ [B,CXH - V[A,CX] - V[A7 [B’CXH

Thus BX, BY have the same ordinary separated bounds as X, Y, with a fixed increased derivative
budget and the factors vD~? already controlled. Also Bd; = 0;B + 9;/2.

For a global cutoff field Z among these vectors or tensors and 1 < ¢ < oo, spatial integration by
parts gives

d
12,

3
<|[IBZ(7)llq + ;qIIZ(T)\Iq-

Choose a phase where the norm is no greater than its normalized L? average, then integrate over an
interval of length at most P < 1. This yields

12]leere < (1+3P/20)| Z| 1210 + PlIBZ| 12 La- (10.12)

In particular (10.5) for VX, VY holds also in phase supremum, with D > ¢oR+/v and a fixed viscosity
polynomial. The thin bounds have the same upgrade. For weighted spatial suprema, apply the transport
identity along y(7) = e~"/?y(0) to p**/ DI X and p**DIY; the weight has Bp*t7 = —(4 + j)p**7 /2.
The same argument bounds the supremum in time by the L? average. Its input is the LzLZO bound:
take the weighted spatial supremum of the separated kernel first, then apply Minkowski in the source
and dilation variables. The thin L;L% moment supplies this bound. A pointwise-in-space L2 estimate
alone would not suffice. Approximation of the source in its stated norm passes all these estimates to
rough tensors.

11 The direct zero-entrance near equation
Use the normalized cylinder spaces
H = L*(s™3?dsdq/cdn), Hp = L*(s™Y%dsdq/cdn), Z =17 Epr_l/QHT,

where Z; = L?(s~'/2W?2dsdq/cdn) and W = (n/\/I + s)™%, my > 3/2. The stress inverse always
acts on the sum of the components. Let Mg be multiplication by the actual flat train, with zero second
output component, and let My be the exact thin/repair multiplier. Set

Do =14 MoSy,  g(s) = ers/(Fvs) GT = ¢T.
The direct causal construction on the full moving clock gives

IGT'Dy G772 < Q:= P,. (11.1)
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There are no auxiliary entrance coordinates in this statement. The ordinary norm of this inverse is not
asserted to have the same bound; it can contain the full planar amplification. The polynomial degree
is fixed by the velocity and tensor spaces.

The finite-curvature free inverse is the conjugate of the Cartesian weak-stress inverse. In particular
its divergence and pressure are not replaced by planar ones. In the profile chart

s=R’/p*, q=Rlog(p/R)+ Rr/2, n=Rz/p, R=c",

its exact divergence is

div(v/sb) = s{[0, — €(2505 + 10y)]by + Oyb-}.

The geometric comparison below concerns these exact operators.
Fix a small positive logarithmic gap J. For an output age s and input age t, define

Sfar = 1{3<S, t>e5s}Seu SN = SE - Sfah DN =1+ MUSN-

The notation for the mask means its exact kernel realization with tensor partitions before distributional
divergence. Interface terms are retained. A masked intermediate velocity need not satisfy the whole-
space divergence-free constraint by itself; the stress equation is well defined independently of that issue.
Only the recombined full Cartesian inverse is used to recover the final physical mode.

This Dy is distinct from subtracting the divergence-free old-to-young velocity in the nilpotent
translation transformation. Their difference is retained in the transformed equation.

Proposition 11.1. Let u range over a fived compact subset of 0 < Ry < 1/4. Put s_ = ¢*, S = e ?,

0 < b < 1. There is a fired integer K, chosen before a,b, such that

i = 67 (D = Do)Gl < B[ 4 2 ecmosmlv 4 c/0-Kletigml
+ 3/22pms+ma/2) /v e—(DL—na)/VL (11.2)

where n5 } 0 as § | 0. The constant D, > 0 specifies the transverse-tail accuracy. If Qon < 1/2, then

IGT'DN'G| < 20,

B B - (11.3)
IG~H(Dy" — Dy 1)G|| < 2Q%.

Both statements are equation-only estimates; no terminal functional or affine source is added.

Proof. The required free comparison is global in its input and compact in its output:
HX(SE - SO)”HT—>H < CFK€1/5O.

Here I' is a polynomial in inverse lower age, upper age, transverse box size, viscosity inverse, cell width,
and finitely many cutoff derivatives. The exponent K is fixed. The transverse cutoff may be chosen
at L, =C (c/v++vVS+1),s0 L, < C' S for small v, and 'K < p,eK(atb)  The actual flat train
coefficient outside this box is at most P,e~P+/¥. Its curved stream and entrance adjustments are
estimated separately by their global small multiplier norm, so their tails need not be Gaussian. No
transverse weight is imposed on the broad repair coefficient.

Partition [s_, S] into output bins [I,7] with 7/l < ¢%/2. Their number is a viscosity polynomial in
the distinguished regime. The retained input region on a bin is the complete block t < €%l and the
partial strip €’l < ¢t < . On the complete block, multiplication by ¢ on inputs and ¢! on outputs
costs at most g(e®l)/g(1). More generally

sup
s>0, s<t<Ms

1/( t s > VM -1

1+t 1+vus :\/M+1'
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Indeed, writing ¢ = ks, & = vs, the expression is (k — 1)x/[(1 + z)(1 + kz)], maximized at 2 = k~'/2.

Thus all complete blocks and partial strips cost at most e™/”, with ng = ~ tanh(34/8) after enlarging the
overlapping bins if necessary. The polynomial bin count is included in P,. Applying the compact-output
comparison and the train multiplier proves the fourth term of (11.2); the transverse tail gives its last
term.

On a partial strip the flat causal inverse is zero. Its source radius is separated from the output
radius by a fixed multiple of R/\/r, also after the source contraction in the resolvent. By (10.1), the
heat-Leray stress kernel has the uniform positive majorant C|z|~%, whose spatial L' norm outside
distance d is C'/d. The exact dilation integral on an L? source has power AZRu+1/2 hence a uniform
integrability margin. Young’s inequality, followed by normalized-phase Minkowski, gives P,e\/r for
this output-dependent strip. After gain multiplication this is at most P,e"/*e!~%/2 absorbed by the
fourth term. This direct positive-kernel estimate is needed; boundedness of an arbitrary triangular
operator truncation is not used.

For s < s_, the train multiplier has norm P,,/s—. Retained inputs have ¢ < es_, where the gain
ratio is 1 4 o(1). Subtracting the forbidden separated subblock costs at most P,e,/5_, by the same
positive-kernel estimate. For s > S, use the full free inverse and the train tail P,(S~1/2 + ¢); its gain
ratio is bounded by

exp{v/[v(1+vS)]} =1+ o(1).

These give the first two terms.

The same complete blocks, using free energy in place of the difference estimate, give a global bound
without a coefficient multiplier. The positive partial-strip bounds remain valid, the lower end has gain
ratio 1 4+ o(1), and the upper end has the ratio just displayed. Consequently

g~ SNyl rpsmr < Pe™/. (11.4)

The exact thin coefficient differs from the flat train by its € stream completion and fixed entrance
adjustment, whose multiplier norm is P,ee™/”. For its contribution use the exact decomposition

MininSN — MpSo = (Mihin — Mo)Sn + Mo(Sy — So).

The first uses the global near free bound and costs P, ee(™0t7)/V including all tails of the entrance
adjustment. The second is the geometric difference with the Gaussian train multiplier estimated
above. Each broad input/output coupling is bounded by a polynomial times /p,, using the unweighted
free stress bound. The same bin and end-region estimates apply without a transverse weight; since
Pp = P,e3/1emo/v  thig gives the fifth term. This proves the complete equation difference, including
every split component.

Conjugate by G and apply the geometric inverse series to Dy = Dg + (Dxy — Dyg). Its norm is at
most QI < 1/2. The resolvent identity then gives (11.3). O

The parameters can be chosen without a terminal observation. Fix the derivative budgets and K,
then choose a,b > 0 with K(a + b) < 1/100. Let

0 = min{a/2,b/2,1/100,3/22},  dy = /3.

Choose §, mg so that ns < 0dy/8, mo < 0dy/8, and take D | > ns + 0dy. The background construction
realizes the prescribed mg. All these choices precede v | 0. For € = Cyv"e~%/¥_ uniformly on bounded
r and positive compact C-ranges,

Sy < })Ve—edo/@l/)7 Q26N < Pye—Qdo/(Ql/)‘

Thus the inverse and its comparison close with a positive exponential margin. The choice is uniform
over the spectral interval while all geometric parameters and the exact background are held fixed.
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11.1 The actual forced column

Let f be a normalized body source, so that its physical representative is NV, f, and set
ue=MuRef,  T.=Dyue,  be=Ref—SnTe

The first row of the equation gives exactly T, = Mb.. Hence both its thin and repair components are
actual polarized stresses, even before full spectral closure. Free body coercivity and g~! < 1 give

lg™' Tellz < Pl £l

By (11.4),
g™ beller < Poe™||f |-

The remaining exponent can be made as small as required before viscosity is chosen. These estimates
do not assert that the intermediate masked velocity is the final whole-space mode. They apply to the
prescribed body input. For an arbitrary equation input of the form Mywy,, the corresponding identity
is b = vy, — SyT, and its velocity bound retains ||g~'vin|/z. A small stress norm alone does not control
that velocity witness.

If a fixed smooth Gaussian affine force is used in both geometries, write ug = MoRof, To = Dy Lug.
Suppose its H norm is a fixed viscosity polynomial. The body version of the same output comparison,
with rate €'/, and the coefficient/end-region bounds above give ||g~!(ue — ug)||z < P,e~¢/* for some
fixed ¢ > 0. No gain factor is needed on the input here: f is the prescribed unit force, not an amplified
stress history. The resolvent identity therefore yields

g™ (T2 — To)l|z < 2Qllg™ " (ue — uo)||z + 2Q%*3n|lg™ uollz < Pre™/".

In particular any old tensor moment whose norm after gain multiplication is a viscosity polynomial has
the same limit on these two columns.

12 The exact Ward change on the multiplier range
Fix the exact real unforced profile U and its full pressure p:
DyU +U -VU 4 Vp =0, D,=08; -3y -V—vA+pu—1 divU = 0.

Use normalized phase measure d7/P, the prescribed orthogonal symmetry, and the whole-space free
inverses R, = Dljl and S, = R,Pdiv. Here R, acts on divergence-free body forces. Fix K € (0,1/4)
and all geometric parameters. Put

Myw=U®w+w®U, DI =1+ MyS,.

We use only physical stresses T = Myw represented in the actual pair graph of the final return. Its
velocity witness w € Y5 has the stated symmetry and need not be divergence-free. Since U is bounded,
T € Yo; its old thin part has finite first transverse moment N1, and its old repair part belongs to
L%Lm/ 19 The multiplier, moment and repair-product bounds establish these facts and are preserved
by approximation.
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12.1 The full old source and its outward stream cutoff

Let r = ||, s = R?/r? and R = ¢ !. Take smooth cutoffs
Xo=0(s<12/v), xo=1(s>15/v), Xy=1(s<08/v), xy,=0(s>1/v).
Thus the old source disk r» < R./v//1.2 is separated from the young receiver r > R\/v. Set
W, =-S,(xT), Xo=W,—-Wu1, X=CXo, Y=D,X, h=[UX]. (12.1)

Here [U, X] =U-VX — X - VU, and the tensor x,T" = xoMyw + xoM,,w is identical in both resolvents.
In particular the full repair stress enters before inversion and before taking divergence.
For these radially separated divergence-free fields define directly

/

[e.e]
X
Uy(r,z) = —/ pZ.(p,z)dp, CyZ = xyZ + 7y\I/ZeZ.
T

The phase is suppressed. The separated-kernel estimates prove convergence of this primitive and its
differentiated versions for the thin N; and repair LZLQQ/ 19 sources. Their decay makes the boundary
term rZ, at infinity vanish. Hence 0,V = rZ, and 0,V = —rZ,.. The cutoff is divergence-free,
equals Z on its plateau and vanishes in the old region; define it by zero where x, = 0. The same kernels
control the stream correction and commutators, so X, DX,)Y € Y5 and, since U, DU are bounded,
h € Y5. These are fixed-parameter bounds on the actual multiplier range.

The full free resolvent identity gives

Xo =Ry 1Wy, D1 X0 = W,. (12.2)
Consequently the exact cutoff identity is
Y = CyW;L + [D“+1,Cy]X0. (123)

It follows first for smooth graph inputs and then by the moment, repair-product and separated-
kernel bounds. For example direct integration of the outward primitive gives ¥4, = AV, + ¥, for
A=—y-V/2 and Upy = (02 — r~ 10, + 0%)Vy; the same decay removes the boundary terms. Thus
this identity does not require a choice of stream primitive near the axis. Relative to a scalar-cutoff
reference return, both (Cy — x,)W, and [D,11,Cy]Xo remain. They are supported on the transition
annulus and are separately estimated below.

12.2 Derivation with the exact pressure

We derive the identity before projecting. In physical coordinates let u solve the unforced Navier—Stokes
equation with pressure ppys, let X be divergence-free, and set

D=0, —vA, k(t)=up/t, Y=(D+EX, h=][uX].
Repeated indices are summed, and (DX);; = 0;X;. The product rule yields

(D + k?)hZ = [Du,X]Z + [U,Y]Z — 2VC2'7 Ci = Z[(ﬁjul)aﬂxi — (8le)8jlui].
gl

For N = u - Vu, expansion and cancellation give

—[N, X]Z‘ + ujé?jhi + hjaju,; = ujulﬁﬂxi.
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The pressure identity is
—[Vpphys; X]i = 0i(X;0jPphys) — (0;Xi + 9;X;)0;Pphys-

Using Du = —N — Vpphys and [u, Y] = —(u- VY +Y - Vu) + 2u - VY, these formulas prove the desired
identity. The global Leray projection removes precisely V(X - Vpphys)-
Now substitute

u=t"2U(y, 1), X=VIX(y,7), Pphys =1t 'p(y,7), y=ax/Vt, T=1logt.

Then Y = t_l/QDuHX and h = t_l/z[U, X]; every term in the differential identity has factor t=3/2,
Consequently, in profile variables,

D,h+Pdiv Myh = —Pdiv MyY + PE,, (12.4)
where the full unprojected residual is
E,=2U-VY —20Cyg + (U®U) : D*X — (DX + DX")Vp, (12.5)

(Cain)i = Y _[(0;U1) 05 X — (9;X1)0,Us].
gl
All four terms are retained. In particular the pressure is the exact global pressure of U, including
the repair. A spatially constant displacement has zero residual; spatial derivatives of the returned
displacement and velocity produce the remaining force.

For actual graph inputs this identity holds distributionally by symmetry-preserving smooth approx-
imation of w, followed by the multiplier, moment, repair-product and separated-kernel bounds. The
energy field h + S, My (Y + h) has distributional D, equal to }P’EM. The actual-range body estimates
below show Eu € Ys: the repair part is bounded directly, and the thin part differs from its Gaussian
affine body by a Ys error. Free weak uniqueness therefore gives

h+S,My(Y + h) = R,PE,,.
Multiplying by My and adding MyY yields precisely the stress identity used in the final return:

DIMy (Y + h) = MyY + MyR,PE,. (12.6)

12.3 Support and invertibility on the actual range

Both Y and h are divergence-free and supported in s < 1/v: D, preserves the divergence-free
condition, the bracket of divergence-free fields is divergence-free, and these operations are local after
the stream cutoff. No projection is applied to Y + h. Thus

XoMy(Y 4+ h) = 0. (12.7)

The change H,T = My (Y[T]+ h[T]) maps the actual multiplier range to itself by the multiplier bounds.
It depends only on x,7" and has young support, so H2 = 0 and its inverse change is I — H,. The same
argument applies after adding the later affine correction: it depends only on old data and is supported
in s < 1.1/v, still disjoint from the old source. No smallness of these changes is required.

In particular a nonzero actual stress T' gives a nonzero T = (I + H)T. If the transformed equation
gives DET "= 0, then b = —S,T" satisfies T" = Myb and is a nonzero divergence-free energy field.
This implication uses neither injectivity of M nor an isomorphism of full ambient velocity and stress
kernels. The final return below supplies the nonzero T and retains both stream transitions, the full
pressure, and all old repair terms in its exact error decomposition.
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13 A direct map from young forcing to the old stress

This section turns the actual train’s forward estimate and the all-age outputs of Section 9.2 into
a uniform map on young forcing. The physical pressure and curved-space comparison are treated
separately.

Put a(s) = 1+wvs, z(s) = s/a(s), 0(s) = 1/[va(s)], e = (vc?) ", and c=v2 Fix K € {0 < Repu <
1/4}, 1 < a < 1.2, and a fixed & > a. Write H = X/v, Ty = a/v, and u, = v~%/2. The auxiliary time
s is distinct from physical logarithmic time. All cell norms use the unnormalized spatial measure. The
weighted vorticity space is the centrally even, zero-circulation subspace X, ., with a fixed m > 8; its
first moments vanish.

Let U(s,t) be the actual train evolution, and let g+ ; and £+ ¢ be the heat-scaled, periodized frozen
Gaussian pair and its finite Gram-normalized dual. This Gram normalization only makes ¢; sq; s = d;;;
it is not a terminal measurement. Set

a(s)\"* -
Fas,0) =eplha 606 = 2] (201) 0 o) = (A, (o) = (R,
The two diagonal factors have equal modulus. On 0 < s < H, the direct/dual residual is d. and the
following are the retained block estimates: relative complementary propagation is Ce~9(~% the direct

amplitude error is C'd., and both amplitude/complement couplings are C'(v + d.). One has
be = Cs(c™? + Opase), Shase = P, eCn/v—bne? n, =v—+0:./v=0(v).

These bounds follow from the block construction in Proposition 9.1: on a < 1+ %, 7! = va,
d=? = ¢/ = Ox(c2), and conversion to physical auxiliary time divides the generator by a?. Its
two diagonal entries are A+ /a? + k+v/a. Moreover z(s) — z(t) > (s —t)/(1 + X)?, and the endpoint
heat-scaling maps have uniform norms on this finite band. Thus the moving complementary decay is
Ce 92571 and the stated direct and coupling errors follow.

Divide the two amplitudes by Fly(s,t) and the complement by their common modulus. If A and R
are the resulting amplitude and complementary norms, variation of constants gives

S
R(s) < Ce 9D R(t) + C(v + 6.) / =967 A(r) dr.
t
Insert this estimate in the amplitude equation. Its deviation from the initial amplitude is bounded by
C [0e(s = 1) + (v +8e) + (v + ) (s — D] (A1) + B(®))

times a Gronwall factor bounded uniformly on s — ¢ < ¥/v. Indeed the coefficient of that factor is
C[6c + (v + 8.)?], whose integral is bounded and tends to zero. Consequently, since H —t > (3 — a) /v
for 0 <t < Ty,
j—+
The exponentially decaying initial complement is absorbed in 7),; the full error is not claimed expo-
nentially small. Keeping that complement in the same inequalities gives the full gain bound on every
subinterval.
Define the actual bare columns by

¢u,+(3) = U(S, O)ch7 ¢I/,—(8) = ¢V,+(S)'
Using (13.1) at ¢t = 0 shows
¢vj(H) = Fj(H,0)gj,n + [F1(H,0)[0(n,).

Thus the same estimate may be written with these actual bare columns, with coefficient F}(t, O)_lﬁj,t
and the same relative O(7,) error. This is an approximate covector derived directly from the frozen
pair; no exact transported observer is used.
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13.1 A uniform tested estimate for all later ages

Fix the large clock b used in the long-clock comparison. The kinetic, tested-moment and absolute-stress
impulse estimates (9.14), (9.16) and (9.17) apply uniformly through overlap. Only their value at r = b
is needed here.

For a state at H, (9.5) propagates it to b with bound

lagw(ses v/ab ) /Nl 4y < ColFs(H,0) M w(H)|[x,er Ny = M07"

Above b the same estimate has an exponentially decaying factor e 7?0~ Rex At b, the uniform Biot—
Savart and moment embedding applies since d(b) > 1. Equations (9.16) and (9.17) therefore show that
every old weighted moment and absolute stress functional used in the leading strain calculation has
norm at most

O By (H, 0)| " lw(H) | x5 . (13.2)

after division by its canonical scale |N,|v3*2Re# /c. No ordinary inverse factor or logarithmic loss
occurs here.

13.2 Young source theorem and angular signs

Let f be supported in 0 < s < T and valued in X, .. Consider the zero-entrance causal equation
(0s + p/s)w = Ly o(s)w + f(s), sfw(s) — 0 (s10).

The tested source norm below defines a causal old-output theorem; it alone does not imply a physical
energy entrance. For the Gaussian affine sources actually used here, f(s) = O(s%?2) in the fixed smooth
weighted norms near zero. The local bounded forward evolution then gives w(s) = O(s%/?) by Duhamel,
uniformly for p € K. Thus its planar velocity has finite entrance energy fol s73/2|| Kw(s)||3ds < oo;
the same fixed derivative bounds give the required local derivative integrability. The curved physical
reconstruction still uses the separate free graph and comparison theorem. A general source in the
tested completion must not be assigned these stronger properties without checking them. Define the
finite tested norm and explicit frozen covectors

T

1fllz... :/0 ftRe“’FJr(t,0)!_1||f(t)HXm,c dt,
Ty

ays(f) = /0 tHEL(1,0) L 0u  f(2) dt.

Their bounds are viscosity-independent: |ay, 1|+ |a,, | < Ck/||f]|z,,,. Since a(t) < 14 « on the source

band, the norm is bounded by Cx f(;ff tRere=7t/(14)|| £(#)|| dt. For a spectral scan, keep the source
space fixed: choose a slightly larger compact strip with endpoints o < Reu < o4 and use t°~ ont < 1
and t°+ on ¢t > 1 in the defining norm. The strict margins absorb powers of |logt|, so the displayed
covectors and tested outputs are holomorphic in p for holomorphic source families. All geometry,
coefficients and cutoffs remain fixed during this scan.

Duhamel and (13.1) give exactly, at H,

HYw(H) = ay 4 (f)ov+(H) + ay,—(f) v, (H) + 11, |rall < Cxn|Fy(H,0)]]f]lz,,,.-

For s > H both sides evolve by the same unforced equation. Apply (13.2): the normalized old moment
and absolute stress errors are at most Ckn, | f|z, . This is an operator statement on the specified
source class, not only a calculation for one chosen forcing.
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Put J(u) = T (1), Jo () = J(u) and J_(u) = J(f1), and set A, = |N,|[v3+2Re# /c. The canonical
Mellin limit and stress defect, with the opposite angular identities of the two harmonics, give uniformly
on the source class

31

Ip(w) = =~ (u + 3/2)v° 2 [ay, 1 ()N T4 (1) = av— ()N J- ()] + ok (A) I fl|z,.,.- (13.3)

Here I#, is the integral of (2E; — En)s_?’/ 2 where, for the already Floquet-weighted solution w in this
theorem,

2 2

By = E/Ul(ch)h E, = E/v2(ch>27 C= i/[”l(chh + v2(Kew)i].

These are bilinear pairings, without complex conjugation or another factor s™. For real y and real
forcing, a_ = @, so the leading term of (13.3) is [37/(2¢)](u+3/2)v3 2# Im(ay + N, J(11)). The Floquet
parameter is not conjugated in the negative channel when it is complexified.

The source is zero before the old analytical tail begins, since T < u,. Thus the old moment law is
homogeneous. Its lower endpoint is exponentially small after division by IV, and its upper weighted
endpoint vanishes; the old cutoff transition below u, is retained in its separate earlier-old contribution.

14 The signed old-stress response to young affine forcing

Fix a real compact interval K € (0,1/4) and ¢ = v~2. Cell L? norms use the unnormalized measure
dqdn on (—c/2,c/2) x R; stress averages contain ¢~ '. Velocity components are ordered (r, ¢, z), with
zero azimuthal velocity. The vorticity sources are centrally even and have zero circulation. Let

Val(z,s) = a(s)_26_|x‘2/(4a(s))<]az, a(s) =1+ wvs, Vi =Va(lqg —je,n,s).

Write Eg = curl Vg (-, s), and let Hy. and R; . be the periodizations of 7E’(r)e?" and rE’(r) + 2E4(r)
respectively. The Gaussian defines the source; the evolution operator L, .(s) uses the actual cylinder
train. Take xf(s) = Xf(vs) with Xy =1 on [0, 1] and support in [0,1.1), and take x, = 0 for s < 1.2/v
and x, =1 for s > 1.5/v. Set

00 il eI (M)
Ir(M) = o 3/27/ OM,. — M,,)dqdnd (M) = —— ")
r(0) = [Tals)s 2 [ Jdadnds, (M) = g
Nl,:e’\/l’l/*”, vy=ReA, n,=v+d/v, AV:\N,,|V3+2“/C, A, =63A,.

Fix 0 < a < 7/16. Let %, consist of measurable real trace-free matrices B(s), with no mixed
azimuthal entries, supported in 0 < s < 1.1/v, with norm

|B|la = esssup e~ *s73/2|B(s)|.
>0
For z; = (¢ — jc,n) define the full affine force

fB =-hF Z[(Bmerl'j) : VV] + BV}]

J

d e 0 -1
Bmer—BIJr(e —d>+w<1 0)) B¢¢_725

The antisymmetric contribution is a periodic gradient, annihilated by Py. The vorticity source is

Decompose

g8 = —3(d —ie)Hsc — 3(d +ie)Hye — BRac.
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Let
S
¢B(s) = 37“/ HUye(s,t)gp(t)dt,  bp =K, ~ Mp=v®bp+bp®u.
0
Since gp = O(s%?) near zero, g = O Xm,c(55/ 2); this causal column has finite-energy entrance. Define
its limiting amplitude
o0
ao(B) = — 10, (H) / tre N (d(L) — ie(t)) dt.
0
Proposition 14.1 (Uniform affine-source return). There is a canonical modulus wean(v) — 0 such
that, uniformly on K and %,,

|aV:+(B) - a’O(B)| < CK,a,ZnuHBHaa (14.1)

where a, 1 is the frozen-source amplitude of the young-source theorem. For every fired 0 < ' < 7,

3 e3pit2m

0, (Mg) + ==
a B)+16 c

Re[ZCLO(B)NVJ(,U)]‘ < CK,a,ZA* [Wcan +n + Pye_W//\/;} HBHa

For k =0,1 one also has

o0 a9 1791
/0 Xo($)s 3/2 k/zz/n\MB(s,q,n)]dqdnds§ CK,a,E,k-AVVkHBHa- (14.2)
ce.

Proof. The explicit amplitude is
1.1/v L 1 \e/(1
a4 (B) = /O tE(8,0)" Uy pregp(t)dt,  Fy(t,007h = e M D14 pp) 7,

The direct/dual Gaussian comparisons and heat scaling give
ZJr,ut,cI_It,c = £+(HO) + O(l/t + C_Q), €+,I/t,CHt,Cv £+,1/t,th,c = 0(0_2)7

[Py (8,0)7 —e M| < Cu(t+t2)e 3, 0<t<11/v.

The resulting error has integrable majorant C(, + v/(t +t2))t#+3/2e=(1/3=a)|| B|| ., proving (14.1). The
radial and opposite harmonic sources have zero limiting projection; their source norms need not be
small.

Apply the young-source theorem with a = 1.1. Its tested source norm is at most C||Bl|, since
t/(14 vt) > t/2.1 on its support. Thus (13.2) transports the finite-band error to the whole old output
without a polynomial loss. The real form of (13.3) gives

3
Ir(Mp;s > u,) = ?Z(M + 3/2)’/3_'—2” Im[aan(B)Nl/J(#)] + Ok (Av(ny + wWean)) | Blla;, o = v 32,

The earlier-old part has bound A, P,e™"/V¥||B|, by the full forward gain estimate. The old cutoff acts
on the full tensor. The source ends before that cutoff begins, so the old moment law is homogeneous;
both weighted endpoints were retained in the canonical calculation. Substitute (14.1) and divide by
8(u +3/2)/€® to obtain the scalar estimate.

For the absolute moments use s~ %/2 = vk*/2(1 — v9)~#/2. On 6 < b, apply (9.17) with p =
w+3/24+k/2. On b <6 < 0(u,) the denominator is bounded and the exponential long-clock factor
absorbs 0%/2. The earlier-old exponential bound absorbs its fixed polynomial age factors. Apply these
estimates to both bare columns and to the uniform frozen-pair error, using the state-at-H bound (13.2).
This proves the absolute estimates on the whole source unit ball. ]
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Corollary 14.2 (Unit signed coefficient). Put

e _ xs(8)s7? _ By
DO = d1ag(12, —3, —9), A#(S) = mDO, B‘u = A:L + EAH = T,LL(S)D()a
/ 5/2 .
_ 3/ Xjp(s)s _ T(p+5/2) _ 63mi
ru(s) = xs(s)s” " + PSR L(p) = t+(Ho) = mgs €W = 355 LI (w).

Let (f,uagmme,u) = (fBuvé.BF”bB,,,aMBH)' For some b > 0,

[0 (M) = 2607 24 Re[C(u) N, )| < Crc Aulwean +my + Pre ™" + Pe™ V7],

Proof. Here 8 =3r,/2,d =21r,/2 and e = w = 0, so
N 3
9y = _ZT‘#(HS e+ Hse) — ir#Rs,c. (14.3)

This retains the trace of the (r, z) block 3r, and hoop entry —3r,. The unit %, norm is bounded. Its
cutoff derivative is supported above 1/v, so the explicit Laplace integral gives ag(B,) = —(21/4)L(p) +
Ok (P,e~"). Substitute this into the general scalar formula and use ¢~ = 2. O

15 The return on a fixed space of young displacements

Fix K € (0,1/4), an integer k = 6, and a5 > 0. Choose as < 7/16 and smaller than the fixed
exponential reserves in the curved near comparison. All constants below may depend on as, k, K. Let
/ be the real Banach space of C* matrix functions on (0,00), trace free and with no entry having
exactly one azimuthal index, with norm

k
|All = sup e s 3" | (s0,)7 A(s)].
>0 =0

This space is independent of v, €, u. Its elements need not be symmetric. Choose two fixed smooth
cutoffs. The stream cutoff x,(s) = Xy(vs) equals one below 4/(5v) and zero above 1/v. The source
cutoff x; equals one through 1/v and zero above 1.1/v. Put

AY =X A, B [A] = (AY) + %Ay.

Then || B, [A]l| 2., < Ck|Allw, with the source norm of the preceding section. The matrix cutoff
derivative is included in this definition. Let ¥, , A denote the complete flat stress of the zero-entrance
forced column with Gaussian age force fp, ,(4). The actual cylinder train remains in this evolution.

We next define a return map which retains the entire mean-thin kernel. For an old thin tensor M,
use its normalized phase mean and set

Xol\U
Eij(u) = i )/CeHMij(u,q,n) dq dn.

For o' = (pcosp, psinp), u = p~2, let pr(z") be the Cartesian rotation of the cylindrical tensor
p 1E(u), embedded on z3 = 0. The zero azimuthal row and column are retained as zero entries; the
rz and zr entries are retained. Define the exact zero-width Newton field by

1
 Anlx|

1
Vor(z) = —2 /0 22 [ DN@—t(a,0): En(@) do' dt,  Na)
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The contraction is the velocity contraction of VK, with Ky = D?>N away from the source. Put
t 2 t t
Wini(y) = Vi (ey), Xy = Cx, (Wil — Wik a),

where the same tensor M is used in the shifted field. The stream cutoff uses the outward primitive, so
the field is fixed without an additional entrance constant. Define

(LuyM)(s) = Dy X35 (R/V/5,0,0) in the (r,¢,z) frame. (15.1)

This is the full physical gradient, including its hoop entry and all stream-cutoff terms. It is trace free,
has the required azimuthal symmetry, and vanishes for s > 1/v. The uncut field is a harmonic gradient,
but the cutoff gradient need not be symmetric. In particular x fLM = LM exactly. Thus the source
map applied to LM introduces no second cutoff.

The fixed-space flat return is ICE?;E = L,,,%,. Define the unit displacement and real row by

$5/2

au(s) = mD07 Dy = diag(12, -3, -9),

3w .
Apu(A) = —1—6631/5+2“ Re[iN, J(1)ao(Byu[A])]-

Both real harmonic coordinates enter the complex amplitude ag; the matrix force still contains its
radial and hoop components.

Proposition 15.1. Use the direct young-source theorem and the Gaussian force calculation of the
preceding section. Uniformly for p € K,

||IC2?IE - auAu,VHJZV—w{ < CA, [V +n + Wcan(V) + Pye—'y’/ﬁ + Pye—4a5/(5u)} .

The constants multiplying v,1n,,wean are fized, not wviscosity polynomials. Also |a,|s < C and
|Auull < CAs. The operators are real and continuous in p for each fixed geometry. On every band
where A, stays bounded, the displayed error tends to zero. For the unit displacement,

633

—b/v
L )TN, + AP ),

Ayo(a,) = 2830572 Re {
Proof. Write M =%, , A, with [|Al| < 1. The uniform source theorem gives, for j = 0,1,

/oo uig/Q*ijOi(u) / | M (u,q,n)| dgdndu < CjAVVj.
0 c cell

Its earlier-old part 1.2/v < u < u, = v~3/2 instead has A, P,e~7"/V" as a bound, including any fixed
extra age powers. All tensor components are estimated together.

For the analytical tail u > wu,, the source radius satisfies p/r < v'/* < 1/2 on s < 1/v. The
integrated Cartesian tensor has the form diag(Ty, Th,T%), with T, — T, = (7/2)I7(M;u > u,). The
cross tensor has zero integrated Cartesian moment. The isotropic part contracts to zero, since ; AN = 0
off source. Direct differentiation gives

D?933N(1,0,0) = (47r°) " diag(—12,3,9).
The negative sign in V), ; and the dilation integral therefore give

3
0 € IT(M; u Z uo)
p,w%, =




This calculation includes the hoop derivative W, /|y|. Subtracting the shifted field, with the same
tensor, supplies the additional factor (u + 5/2)7L.

Every point in the mean-value remainder lies at distance at least /2 from zero. The fifth Newton
derivative is bounded by Cr~6. Its radial first moment is the j = 1 moment above. Thus, for all
0<j<k,

|(595) Dy(Wt, — Wity = W + W )] < CreAws®.

Receiver conormal derivatives act only on the smooth separated kernel; no derivative of M is taken.
This bound includes all higher source multipoles, without expanding them one at a time. Since
SUPgg 5'/2e7 %% < o0, its & norm is at most Cy, jAsv.

The same separated-kernel bounds, on the outward primitive ray, control the stream cutoff and its
fixed conormal derivatives. The analytical-tail transition contribution is bounded by P, A,e~%as/(5v) in
&/ . The uncut leading displacement beyond the cutoff has the same bound. The earlier-old source has
a fixed fractional gap even at u = 1.2/v, s = 1/v; its entire exact kernel, including the stream cutoff, is
bounded by P, A,e~7/V?. Consequently

LM — a, b, (M) .y < CALv + BeV/VY 4 pem1as/V)],

The uniform scalar estimate in the preceding section replaces ¢,,(M) by A, ,(A) and proves the result.

The row is bounded because its Laplace integrand is bounded by Ct#+3/2¢=(0=a:)t For A = a,
its positive amplitude is —(21/4)L(p) + O(P,e~%"), with the cutoff derivative included. This gives
the stated coefficient. Continuity in p follows by dominated convergence in the Laplace and dilation
integrals and in the exact causal formula. One may use a slightly larger compact interval within (0,1/4)
for the dominating old-age powers. The finite conormal norms are dominated by the same separated
kernels, so this gives operator-norm continuity, not merely pointwise continuity. ]

For later use, the smooth extraction map has a bound on arbitrary old thin tensors. If

o0 1
NoO) = [ s [ dgddu,
1.2/v C Jeell

then the separated fourth-derivative kernel and its outward primitive give
£ Mo < Cr gy € No(M). (15.2)

Indeed each fixed 70, derivative costs the same power r~°; the fractional radial gap is fixed on the
whole young-old rectangle. Conormal derivatives of Xy (vs) are uniformly bounded. In the gain stress
space, No(M) < P,e/"||g~*M]||z, hence the norm of £ is polynomial on a bounded loop-gain band.
This estimate uses only the thin component. It assigns no thin moment to the broad repair tensor.

The curved loop is [,Dx,l My R, Fs, with the original cutoff to the near region and the exact physical
source below. The proposition does not identify that loop with K2, The equation comparison supplies
their difference as an exponentially small operator on o, after the factor el-1as/v i paid. The remaining
velocity witnesses belong to the mixed ambient block. Thus no polynomial inverse is applied to the
O(v) or canonical-modulus terms above.

15.1 The physical affine lifting identity

Use component order (r, ¢, z) and the full matrix space &/. Let x¢(s) = Xf(vs) equal one on s < 1/v
and zero on s > 1.1/v. For A € o set

6
A=A, B (A 4pAfs,  M(A)= sup sy |(s0,74%(s)]
0<S§1.1/V j=0
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The cutoff derivative is included in B; the matrices are not continued beyond their support. All
assertions are uniform for y € K € (0,1/4) and the fixed cutoff.
Write a = 1+ vs, z; = (¢ — je,n), ¢ = v~2, and

Vi = a_26_|$j|2/(4a)ij, pj = —a 3¢ lwil*/(2a), P = —2q~ e I7l/(4a), J(a,n) = (=n,9)-
Embed V; = JV; with zero azimuthal component and define

fa=— Z[(Bmer$j) -VVj + BVj]»
J
ea =Y [2BVj +20AY : D*V; — (AY + (AY)T)Vpy),

J
hg = Z[‘/J? A?IJner:L‘j]a

J

TPZ = Z[(trA?ner)wj - (A?nerxj) ' V%]

J

The full matrix, including its hoop entry, is used before restriction to the (r, z)-plane; symmetry of A
is not assumed. The identity A% J = J[(trA%e )] — (A%e)T] gives Y = JVY. The sums and their

mer mer

required derivatives converge by Gaussian decay. With K = nd, + 250, put
ha = s [(B)rer + (W5): 4+ €(1 — K)R)es],  Fa=s"%fa,  Ea=s*2e4.

The physical cylindrical streamfunction is ¢4, with r = R/+/s, so h A is exactly divergence-free,
vanishes near the axis, and has young support and finite energy. The forces are unprojected; the
physical body inverse supplies the Cartesian Leray projection. All these maps depend linearly on A.

Lemma 15.2. There is a real physical body force ta, linear in A, such that on the exact background U,
(Lt + Pdiv My)ha = P(Fa + Ea +ta).
For 0 < e,v <1, with éy = ||U — Uraw|lw1.00,

R (IFally, + [1Ballys + hally, + [IVhally,) < PoM(A),

. (15.3)
R HtAHYg < Pu(€ + Obase + 5U)M(A)

Here Opase 15 the fixed envelope for the train-to-Gaussian and cross-center norms on 0 < s < 1.1/v,
with the required finite spatial and conormal derivative budget.

Proof. Write v for the planar train in this calculation. The Cartesian bracket calculation, with the full
matrix retained, gives

(0s + p/s —vA)RE + (v- V)R + (WY - Vv = fa+ea+ VU4 + rper, Uy = Z(A?nerxj) - Vp;.
J

Here rpe; consists of distinct-center convection products and (v — >-; V) terms. Gaussian summation
and the fixed-band train comparison bound its unnormalized cell norms, with the finite derivative
budget, by CopaseM (A)s/2.

The exact ring-chart rules are

Oy = s(8, — €K),  8.=+/s0,,  (0r—y-V/2—1/2)(/sb) = s3/20,b.
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The physical Laplacian of \/sb is s3/? times
[Agy — 26(K + 1) + (K + 1)*]b — €%bye,..

Together with the stream completion, these identities put every geometric difference into e M (A) times
a fixed Gaussian polynomial of age size at most C/(s%/2 + 5%/ 2) in age-force units. The pressure is
completed before projection:

§/2V WA = Vy(sU4) + es¥2(K 4 2) T 4e,.

The first term is a global gradient with adequate decay; the second belongs to the geometric error.
Thus the physical pressure tail remains accounted for without identifying the two Leray projections.
The remaining convection difference is exactly

(U = Upaw) - Vha + ha - V(U = Upaw),

which is bounded by dy; times the asserted energy norm.
The Gaussian cell norms and fixed spatial derivatives are bounded by C'M (A)s3/ 2 for f4 and by
CM(A)s"/? for both h% and ¢%. The residual e4 has size CM(A)(s%/? 4 s5/2). For body fields the

physical conversion is
. 1.1/v
B2 8 = [ S g g

Thus the relevant age powers, including s7/2 and s''/2, are integrable at zero; their upper-end integrals

and the normalization ¢~ %/2 = v cost only P,. The same calculation with the physical spatial Jacobian
s7°/2 bounds the lift and its gradient. The smooth cutoff introduces no boundary source.

For the derivative budget, the bracket uses AY, the stream completion uses one conormal derivative,
and one physical spatial derivative uses two. Its Laplacian uses three; one further spatial derivative of
the residual uses four. The declared six suffice. These are body and spatial estimates; no bound for
arbitrary pure phase derivatives is asserted. The maps are continuous in y € K. O

There are two uses of this single estimate. For generic A € o7, M(A) < Ce'1%/?||A||s. For the
actual jet A = LT, the separated-kernel conormal bound gives instead M (A) < P,e3Ny(x,T1), since
XA = A. Together with oy < P, p from the background bounds, this gives the actual-range remainder
without the generic exponential envelope. For a,(s) = s°/% diag(12, -3, —9) /(1 + 5/2), the formulas
give the unit affine force used in the signed return.

The unprojected force also satisfies the stronger weighted estimate:

R g ' Falv, < PllAllrs  g(s) = explys/(1 +vs)).

Indeed a, < v/16 and s < 1.1/v give g(s)~te®* < e~(7/3-45)5. inserting this pointwise bound in the
same Gaussian integrals proves the estimate. Multiplication by ¢g~! is not commuted through the
Cartesian Leray projection; the near comparison keeps that projection explicit.

16 Repair, pressure and transition errors on the generated range

Write R = €', c =172, g(s) = exp{ys/(14+vs)} and N, = e*"v =", where R\ = v > 0. The geometry
satisfies
€= C*Vre_do/”, dop = /3, N, 5T < 1.

All constants below are uniform for x4 in a fixed compact subset of (0,1/4) and for the stipulated
compact ranges of C,,r. The gain-band assertions refer to parameter triples satisfying the displayed
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relation. At fixed v, e the final spectral scan is only an interval of width O(|logv|~1); no positive gain
bound is asserted on a nonshrinking spectral interval for that fixed background. P, denotes a fixed
polynomial in v~!. The exact background is U =V + 1y, V = Upaw + Eayg, with the unprojected raw
residual and coefficient bounds of the background construction. In particular

2

Irlle, s + Irsllwroe + 0 1D llyy, 0 < Pop, p =€/ Memolv,
j=1

Fixed additional viscosity powers are included in P,. For an arbitrary axisymmetric physical velocity
w without swirl put

G(w) = R g™ vy,

16.1 Normalize the full old stress before inversion

Let x, vanish on s < 1.2/v and equal one on s > 1.5/v. The old source must be
To=xo(Uw+w®U),

including the repair. Define W, = =S, T, X = C (W, —=W,41), Y = Liree y+1X and h = [U, X|, where
Cy is the divergence-free stream cutoff supported on s < 1/v. All operators are applied in physical
units here. The tensor in the two shifted resolvents is identical.

The thin part is controlled by its first transverse moment. If w = AN,b and A = 1.2/v, weighted

Cauchy—Schwarz gives
Ni(xoMyb) < BAT2||b]l i < PN, |G(w).

For the repair, use instead the global product estimate
Ey = Ixo(rs @ W+ w @ 1) 212210 < PpRIN, |G (w). (16.1)

This follows from Hélder’s inequality and g < e?/”. The fixed power relating €?/” to | N, | is absorbed
in P,. No moment is assigned to the repair source.

The general separated kernels give X, DX, Y € Y5 for both source classes. For example the repair
source-to-L? bound uses the order-four kernel in L*/7, with norm C'D~23/1! outside distance D. Hence
w — H,w :=Y + h is bounded at fixed parameters. Its output has young support. Consequently
H2 =0and (I + H,)"' = I — H, by the disjoint old and young supports.

For T = Myw, the later full affine correction gives w = w+Y [T]+h[T]—h,r. The added correction
has young support and depends only on old data. Hence

XoMyw = xoMyw. (16.2)

Thus every old-source estimate below applies literally to the new unknown w. No gain norm of the
possibly large young correction is inserted into the old repair product.

16.2 The repair source and exact pressure give a positive margin

Let E (U; X,Y) be the full unprojected Ward residual,
2U - VY — 20Cqig + (U@ U) : D*X — (DX + DXT)Vp.

Here p is the exact pressure. For the old repair source, the pointwise gradient kernel has L?2/3 norm
CD~101/22 At age s < 1/v this gives

IDX ()l 215 + DY (8)] 2150 < B2 04,
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with the spatial supremum understood on that age surface. The global gradient estimate into L22/3
uses the kernel exponent 11/3 and is

HDX||L$°L22/3 + HDYHL$°L22/3 < P,e'/1F,. (16.3)

The phase supremum follows from the free equations for (9; —y-V/2)DX and DY and the normalized
phase estimate over P < 1. The instantaneous projected tensor divergence is separated from the
receiver and has the same kernel bound. This argument differentiates no source in phase.

To estimate V- VY, use V' = y/sv and the physical Jacobian TR2s75/2ds dn. Its squared normalized
norm is bounded by

1/v
PV6101/11FT2/ 334/11\\sup\v(S,CI?')‘H%ds'
0 q

The integral is finite at zero and polynomial in »~!. For the remaining thin-coefficient terms use
R7Y(||DV]j2 + |D*V ]2 + ||V ® V||2) < P,. Here their products with the returned derivatives use the
ordinary L7°L;® bound on the cutoff fields, of size P,eOY22F for a first derivative. To obtain it,
apply the same phase norm argument at its ¢ = oo endpoint: dilation is an isometry on L*°, so along
its characteristics the norm difference is bounded by the integral of the L* norm of BZ. Young’s
inequality bounds both Z and BZ in L%L;O. Thus no product of two merely phase-L? factors is used
for the global pressure term below. Define the canonical pressure by Vpy = —(I —P)(V - VV). It
obeys ||Vpyll2 < C||V]|so||DV||2. Therefore

RYWE(V;X,Y)|y, < P,e®Y2E, < P,e®/2|N, e/ G(w).
The exact pressure correction is
Vip—py)=—IT=P)(V -Vry+r,-VV +14-Vryp),

whose Y1 /4 norm is at most P, p. By Holder’s inequality, (16.3) bounds all products with a phase-average
coefficient, including D?r, DX and DXV (p — py). They contribute at most

PVR_IPE46/HFT < Py€52/11|Ny|€2m0/VG(UJ).

Terms with D?X have an additional curvature power. This proves the old repair bound on the entire
source interval, including every large age and every spatial pressure tail.

For a thin old source, replacing the exact background pressure by the flat lifted pressure has the
same first error size. Indeed the unprojected residual gives

v(praw - plift) = _(I - ]P)Fraw-

The entrance convection terms and the explicit radial pressure completion then give ||[Vp — Gaat ||y, 1 <
P,e3/11emo/v . The general thin-source estimate is || DX || 22/ < P e®”/?2Ny. Holder’s inequality and

R~ = ¢ give the factor €9/22, Nonpressure repair and entrance coefficient changes are bounded in the
same way or have a larger curvature power. Thus the combined error f, satisfies

R frllvs < PUIN,|Glw) (55/22emolv . 2/Mg2molv). (16.4)
All the unprojected forces here have young support, because every term contains a derivative of X or

Y. Applying the Leray projection does not change their curl, so these forces do not create a direct
vorticity-source moment at old ages.
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16.3 Both transition terms and the other age rectangles

Let the near operator remove only the original far mask s < S, t > e%s, with S = e ?and 0 < § <
log(6/5). The young-old rectangle is contained in this mask. Its complement is exactly the late-output
part (1 — xy)Frar and the early-source part x,Frr(1 — xo). Neither is identified with a local causal
inverse. The two differences produced by the stream cutoff are also retained:

(Cx = X)Wy, [Liree,jit+15 Co (W — Wii1).

They are supported on 0.8/v < s < 1/v.

On late output, g(s)~! < e=*/); on early source, g(t) < e37/(3*), The general separated kernel
bounds, followed by the actual product estimate (16.1), give the following weakest curvature powers
for the four source/receiver combinations, in the split stress norm:

‘ thin receiver scaled repair receiver

thin source €2 19722 gmo/(2v)
663/2267)’10/1/ 679/22637”0/(2”).

repair source

Each entry has a common fixed polynomial P,S*, and is multiplied by G(w)|N,|e=*7/®) for late
output, or by G (w)e?”/ () for early source. For example, the thin-to-repair entry uses the order-four
kernel from L? to L?2/3 with off-diagonal norm D~23/11 followed by v/p- The repair-to-thin entry uses
the pointwise exponent 79/22, followed by pR. The repair-to-repair entry uses the source L22/19 norm
and the L'1/3 kernel. The outward stream primitive has the same norm powers, so both transition
terms have the late-output bound. The thin-to-thin estimate at age zero does not use a first-moment
bound with a fixed positive lower source age. Use the mass estimate Ny(a) < C(a=%/* +a=Y?)||T| 2,
proved below instead. The separated pointwise velocity is at most Pye2s2N0(e5s). After the normalized
velocity lift and thin multiplication, the square root of the output stress age density is bounded by

P,e2s%/4V,,(s)No(e%s) < P,e?(s'/% + s/ ()T 2,

Its square is integrable at zero, and the integral up to S is polynomial in .S. This supplies the first
table entry on the full age interval.
The two weakest exponential margins are

2dy — v+ 4v/9 =~/9, 2dy — 3v/5 = v/15.

For completeness the thin-to-repair margins are 37v/198 and 47+/330, before its mg/2 loss; the
repair-to-thin margins are 79v/198 and 39v/110, before its mg loss. Thus, if 67, is the total stress
correction from these regions and both stream transitions,

"}//15 — kbdo — 3m0/2 a

14

lg™'0Tullz < Pyexp|—

(w). (16.5)

16.4 The whole thin geometric residual and the actual affine lift

We now include the terms remaining in the exact transformed equation, not just the repair and age
errors. Write T' = (11,T») = Myw in the split stress space, so T = My w is the thin component and
the physical repair tensor represented by 75 is M,,w. Let X1,Y; denote the response to x,71 alone
and let X™ Y™ = D, 1 X™" be its phase-mean, zero-transverse-width Newton response, with the
same stream cutoff. The uncut Newton fields are harmonic outside the old source disk; their shifted
dilation identity therefore gives the same displayed commutator formula for Y™, In particular the
Laplacian of the stream-cutoff field is retained even though the uncut fields are harmonic there. Set

Ar(s) = LTi(s) = DyX™(R/\/5,0,0),  Br = Ay + uAr/s.
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The full Cartesian matrix is retained, including its hoop entry. The first stream cutoff x, is supported
in s < 1/v; the affine source cutoff x; equals one there and vanishes for s > 1.1/v. Hence xfAr = Ar
exactly. In particular the source Fa, uses Br, without a second cutoff derivative.

Put N = N1(x,711). The explicit separated kernels imply, for 0 < j < 6,

[(s05)7 Ap(s)] < C’je3s5/2N, Ar(s) =0 (s> 1/v). (16.6)

Indeed the gradient Newton kernel has degree —5, and the ratio of the old source radius to the young
receiver radius is at most 1/4/1.2 < 1. Each 50, = —r0, /2 derivative keeps degree —5 after its factor r
is included. The outward stream primitive has the same degree. Fixed conormal derivatives of X, (vs)
are bounded. This proves the displayed bound directly, without first passing through the exponentially
weighted smooth-source norm.

For clarity we give the geometric comparison that is needed for arbitrary thin inputs. One phase
primitive in the dilation variable, with its dilation-one boundary term retained, gives

IDyX1 = Dy X™ 12 + DY = DyY™ ||z < Poc's™?N.

The same bound includes the finite transverse width and the heat-to-Newton error: Taylor’s formula
costs the first transverse moment, and the strict radial gap holds along every Taylor segment. The
initially stronger age power s3 is bounded by P,s%2 on the young interval. For Y use the exact formula

YV =Cy, W+ [D/H-lvcxy](wu = W)

Apply the spatial kernel comparison to these terms separately. Thus no phase derivative of the improved
bound, or of the source, is taken. These are normalized phase L? estimates; the raw-train coefficients
multiplying them are bounded in phase with all the finite transverse weights used below.

The mean transverse Taylor estimate and the Hessian estimate are

|D, X™(s5,1) — Ar(s)| 4+ |D, Y™ (s,1) — sB;(s)| < P,e*s®?|n|N,
ID;X1(s,m)llz2 < Poe'sN,  Bj=s""'D,Y™(R//s,0,0).

There is an exact clock correction, including on the cutoff annulus:
Br = B; + 2D,A X™(R/\/5,0,0),  |Br — Bj| < P,ve®s”/2N. (16.7)
S

To check its sign and constant, differentiate Y™ = (B — vA 4+ p+ 1/2)X™, use D,B = BD,, — D, /2,
and evaluate the phase-independent matrix at z = 0, where BD, X™" = sA/.. All stream-cutoff terms
are already in Y™ none are omitted from this identity.

The exact ring-chart rules give Upaw = v/5(v + €He,), DUpayw = 5(Dgagv + €C1) and D?U,y, =
s3/ 2(Dlglatv + eCy). Here H,Cq,Cy have the finite weighted train bounds supplied by the explicit chart
differentiation and the young train construction. Substitution into the four terms of the Ward residual
gives the affine expression

33/2{QBTU + 2V AT Dﬁatv — (Ar + A%)Vﬂatpcyl}.

The error in 2U - VY has size P,e*s3N times a weighted train coefficient. The errors in DX D?U,
DXVp, DUD?X and (U®U) : D>X have size P,e*s*N. The clock error has the smaller size P,ve®s*N.
In physical units the squared body norm divided by R? uses the density ws~5/2ds dn; the remaining
powers s7/2 and s'1/2 are integrable at zero and give only viscosity polynomials at 1 /v. This also
covers coordinate factors ¢ — jc in an alternative fixed-center Taylor expansion, since they are Gaussian
moments of fixed order.
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Replacing the actual train and its decaying pressure by the summed Gaussian profiles costs
P,e30pase N. Here the young-train comparison supplies the quantitative envelope

5base < Pl/ eXP(CG/V—bG/V4)> bG > Oa

for the fixed derivative and transverse-weight budget on 0 < s < 1.1/v, with Cg, b independent of the
small parameters. It follows directly from the Gaussian train separation ¢ = v~2. This is the bound
used when absorbing its contribution in an exponential curvature margin below. The exact-pressure
and repair-coefficient errors were estimated above, using the ordinary phase-supremum gradient bound,
not a phase derivative of the extra-e comparison. Consequently, with E4, the Gaussian residual of the
physical affine identity,

RYEU; X1,Y1) — Eaylly, < PN (¢! 4 €8/22em0/V £ 35,..). (16.8)

The 85/22 term retains the entire Cartesian pressure correction.
Apply the explicit physical affine lifting identity to the actual jet Ap. Its proof uses at most three
conormal derivatives of the matrix, so (16.6) gives directly

R7razllve < Poe®N(e+ p+ Obase)- (16.9)

This follows by inserting the displayed conormal bounds into each Gaussian product in that identity.
Geometric terms have one extra €, the exact-background convection difference is (U — Uyay) - Vh Ap T+
h Ap - V(U — Upaw), and its bound is P, p times the normalized H I bracket bound. The explicit lifted
pressure potential is a global gradient plus its € radial completion. Thus no projection tail is dropped.
There is no factor e*19/¥ in this actual-range estimate; that factor is needed only for a generic source
in <.

Since N < P,|N,|[[g~!T||z, the new thin and affine body errors have exponential margins at least
v/3, 199/66 — mgo and /11 — mg. All exceed the weakest age stress margin /15 when the stipulated
losses are small.

16.5 The direct near solver and an actual-range pair norm

The direct zero-entrance near inverse satisfies
lg7' D gllzz < Poy g " MuRufllz < PR fllvas 1197 Sncardll st < Pre™/”.
For DT = My R, f, the exact equation gives
T = Myw, w= R, f — SnearT.

It follows that G(w) < P,e™/*R~Y|f|ly,. No homogeneous entrance appears. For a general product
datum Mjv, however, the reconstruction is w = v — Speard’. Its velocity norm must retain the norm of
v; a small stress norm does not imply a small velocity witness.

On the distinguished gain band, (16.4) has operator size at most

P, [e—(197/66—m0)/11 + e—(19'y/33—2m0)/1/:|

from the gain-energy norm to the normalized body norm. For the full actual affine bracket, (16.9) and
2N < P, A give the background-error margin /11 — mg. Geometric lift errors with an extra e have
the larger margin ~/3.
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Here is the additional estimate needed to propagate actual-range witnesses. Let A = ||¢g7 7|z,
with T = Myw. For an unweighted thin stress and a > 0, its old physical mass divided by 7R? is

No(a) = [~ €2 [Tt m)llg dndt < Ca™* + a7 V2T,

Indeed transverse Cauchy-Schwarz contributes (1 + ¢)!/4, and the remaining squared age integral is
[2°475/2(1 + t)1/2dt. Partition the output ages into logarithmic bins of width 2 < §/2. On a bin
of upper age s;, all source ages exceed e‘s*hsj, so there is a uniform radial gap D; < R/ V/Sj- The

order-four kernel has spatial L? norm C’Dj_5/ % Minkowski and the mass estimate therefore bound the
normalized velocity on that bin by
3/2, 1/2 3/4
O (s + 51T 2,

Summing geometric bins down to age zero is convergent. Up to a fixed polynomial in S, the far
thin-source velocity operator has norm P,Ske3/2 from Z; to the normalized physical L? space. The
outward stream primitive obeys the same bound. This proves the estimate for both stream transitions
as well.

Thus the late-output thin velocity has possible growth e7/(
early-source thin velocity has possible growth e?/(10¥);

18v) after gain weighting, and the

Sdo—v+4v/9=—v/18,  3dy—37v/5 = —v/10.
For an actual repair source, Young’s L?2/19 — L2 bound instead gives normalized velocity P, S¥pe23/11
times its gain. Its late and early margins are respectively 23v/99 and 31v/165, before the mg loss.
These bounds include the full old interval.
Put wy, = kbdy, increasing the fixed k if necessary. The error families proved in this section have a
physical velocity witness v,, with stress Myv,, satisfying
lg™ Muvel|z < 544+ 6cG(w),

R_1H9_1U6||Y2 < XAA + XGG(w)a
where it suffices to take
(5A _ Pye—(’y/l5—wb—3m0/2)/1/’ 5G _ Pye—(19’y/66—wb—3m0/2)/1/,

YA = Pye(’y/10+wb+3mo/2)/u’ Yo = Pyef(317/1657wb73m0/2)/1/.

The pressure and Ward body-force contributions use v. = R,, fc, whose energy norm is bounded by the
normalized body norm. Their thin source bounds use A, whereas the repair source bounds use G(w).
The full affine bracket’s background error is bounded by (16.9) and is included in d4. The actual jet
has the direct bound (16.6); on the unit gain band €3Ny < P, A.

Let Q = P, and K, = P,e"5/V be the direct near bounds. For one correction solve D 1Ty = —Mywve
and set wy = —ve — Spearl+. Then T = Myw4 exactly, and

AL <QU0aA+066G), G < xad+xeG+ KAy

This proves closure on the generated range, with no replacement of the velocity witness by its stress
norm. More precisely, use the closed graph space

& ={Tw):g7'T€Z g'weYy, T=Myuw}. (16.10)
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The velocities in this graph have the required orthogonal symmetry but need not be divergence-free.
Boundedness of the thin multiplier and the repair multiplier proves that the graph is closed. Thus
the pair norm below makes it a Banach space. The displayed update preserves this graph exactly; the
divergence-free condition is recovered from the full physical kernel equation, not from the masked near
reconstruction. Choose a = /8 and use the pair norm A + e~%"@G. The four matrix coefficients are

Qoa, Qoqe™”, e Y'xa+e YK ,Q0a, xa+ K.Qdg.

All tend to zero exponentially if 75, wp, mg are sufficiently small. For example each less than /1000
leaves a margin larger than /50 before absorbing fixed viscosity powers. The narrowest new margin
is a — /10 = /40. An initial body-forced column has pair norm at most P,e"/¥, so the resulting
correction series also tends to zero under the bounded old smooth-jet observation.

Proposition 16.1. Let &, have the pair norm just defined. Define the exact error velocity and its
graph correction by

UQ(T) = St T + Y[T] + RM]P){E[T] — Epp — V“LT}, Q(T,w) = —j(vQ(T)).

Here E[T)] uses the full old source, LT uses its thin part, and all projections and cutoffs are the ones
specified above. Every term of this exact vg is covered by the preceding estimates. If ns,wp, mo < v/1000
and the background and train envelopes satisfy the stated bounds, then, for sufficiently small v on the
distinguished gain band,

1Qllg, e, < P/ (1007),

For each fixed geometry this is a real operator-norm-continuous family in p on the stipulated compact
interval.

Proof. The decomposition of Sg,, T+ Y'[T'] consists exactly of the early-source and late-output regions
and the two stream transitions. For the body term, linearity splits the full old response into its thin
and repair responses. The repair response is (16.4); its thin counterpart is (16.8); the final subtraction
is (16.9). These exhaust the displayed definition, including finite width, oscillatory phase, the exact
matrix clock, pressure and the physical affine lift. The graph lift gives precisely the four pair-norm
coefficients above. Their smallest unperturbed exponent is v/40. The specified losses leave more than
~/50, hence the stated weaker v/100 bound absorbs every fixed viscosity polynomial. Continuity
follows from the resolvent identity, the dominated separated dilation kernels and the polynomial near
inverse; the products and finite conormal affine construction are continuous. No differentiation of a
rough source in phase is required. O

17 A return equation with a smooth source and a remainder

The following real block lemma permits the leading return to be estimated in its natural smooth-source
norm. It does not send an algebraically small error through an exponentially large general inverse.

Lemma 17.1. For each fized n and z € [—1,1], let E,, X,, be real Banach spaces and consider the
bounded, norm-continuous system

x=Kp(2)x + An(2)y, y = Bp(2)z + Cp(2)y. (17.1)
The spaces and all auziliary geometric parameters are fived as z varies. Suppose

Kn = anln + Ry, sup [lan(2)[|[|[€n(2)] < M,
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where ap, € E,, £, € E are real and continuous. Write

A2 Bn
e = D ||Cu()| <1, 7= sup [Ru(2)ll, i = sup L2nEMIBG

z 1—-¢c,

If r, + hy, — 0 and
U (2)an(z) — €% uniformly for —1 <z <1,

then, for every sufficiently large n, there is z, € (—1,1) for which (17.1) has a nonzero solution.
Moreover z, — 0. No convergence or compactness of the ambient inverse on X, is required.

Proof. The second equation has the unique solution y = (I — C,,)~!B,z. Substitution into the first
gives ~ N N
&= aplpr + Rpx, R, =R, + A,(I—C,) !B, IR, < 7 + B

For large n set w, = (I — En)*lan and
dp(2) =1 =L, (2)wy(2).
The real function d,, is continuous and

M(ry, + hy)
dn— (1 =2 < — 7,
|dn — ( nan)|_1_rn_hn
It therefore converges uniformly to 1 — e™#, which has opposite signs at —1 and 1. At a zero z,,
take x = w, and y = (I — Cy,) ' Bywy. Since f,w, = 1, w, # 0, and both equations hold. Uniform
convergence implies that every such zero tends to zero. This also proves the asserted nonvanishing
without a choice of norm for the large physical mode. O

18 Closing the exact return and recovering the energy mode

We combine the preceding estimates on one fixed background. The tensor inverse acts on the sum of the
thin and repair components, and the multiplier returns both. Write R, for the physical body inverse,
Sy, for the full tensor inverse, and M for the exact multiplier, including the prescribed normalization
maps.

18.1 The exact two-block equation

Put D=1+MS,, Dy =1+ MSy and St,r = S, — Sn. Use the closed graph &, and pair norm from
(16.10). The near graph lift is

J(v) = (D' M, v — SyDy Mv).

Its components satisfy T' = Mw exactly.
Let L be the complete old—thin—to—youngjet map (15.1). The full old-source Ward fields X, Y, h, E
and the physical affine fields, written hy = hs and r4 = t4 as in Lemma 15.2, satisfy

DM(Y +h)=MY + MR,E, DMha = MR, (Fa+ Eas+12).
The nested cutoffs give x LT = LT. Therefore, with

HTZM(Y—i-h—hLT), UQ(T) :SfarT—i-Y—FRH(E—ELT—TLT),
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the exact transformed equation is

D(I—l—H)T:DNT—MRHFLT—FMUQ(T). (18.1)

Every correction in H has young support and depends only on old data. Thus H? = 0 and (I +H)~!
I — H at fixed parameters.
Define
PA=J(R.Fa), AT, w) = -T(vo(T)), L(T,w) = LT.

The force F4 is unprojected; R, supplies the Cartesian Leray projection. The return system

V =Pz +y, x =1LV, y=QV (18.2)
has the two block equations

xz = (LP)x + Ly, y=(QP)r + Qy.
A solution gives zero on the right of (18.1). These are exact operators, before any asymptotic
replacement.

18.2 One parameter budget for the two blocks

Choose oy and the compact interval K as in the phase-selection paragraph below before fixing the
following constants and budgets. Write J for the canonical Mellin function of Corollary 4.6. Fix
the derivative budgets first, including £ = 6 in &/. Let Ky and ko be the fixed exponents in the
compact-output and separated-kernel window bounds. Put dy = /3. Choose a, byi, > 0 so that

Ko(a + byin) < 1/100,  kobwindo < /1000, ¥ = min{a/2, byin/2,1/100,3/22} > 0.

Here byiy is the small exponent in S = ¢ ®in | distinct from the large fixed heat-clock endpoint b. Next
choose §, mg > 0 with

0 <log(12/11), ns, mo < min{¥dy/16,~/1000}.

Fix the transverse-tail accuracy larger than the required losses. The background construction realizes
this my; all its internal choices are then fixed. There is no incompatible lower bound on a, byin, 6, Mg
in the preceding estimates.

The polynomial flat inverse and Proposition 11.1 give, for some cy > 0,

lg™' Dy'gll < Py g™ (DY = Dy t)gll < Prem/".
Decrease ¢y to include the body-source comparison and coefficient errors. Proposition 16.1 gives
1Qle,—e, < P, cq =~/100. (18.3)

This estimate covers all of v, including full old repair, pressure, finite width, oscillatory phase and
both stream transitions. The actual extracted jet has a polynomial age bound, so the estimate does
not pay the exponential envelope of a general source.

Now fix as; > 0 so small that

as < /16, 1.1las < %min{cN,cQ}.
The general affine bounds and near reconstruction imply

|P||yse, < Pettesl?, \Llle,—o < Py (18.4)

71



For the velocity component use e~/ (8)e/v < 1; the second bound is (15.2). No velocity witness is
estimated solely by its stress.

The curved body-column comparison is uniform over the unit ball of .@7: the six conormal derivatives
and the required fixed Gaussian spatial seminorms of its sources are bounded by P,e'1%/¥. The
global-input body comparison followed by the near resolvent identity therefore gives

|LP — Kot < pem(en—tlas)/v,

Here the inputs are prescribed smooth affine forces. No canonical moment error is passed through this
inverse comparison. Proposition 15.1 yields

LP = apbpy + Ry, sup || Ry || — 0, sup [|ag || Ay, < oo. (18.5)

The suprema are on the final bounded-gain spectral window. The algebraic and canonical-modulus
errors retain their fixed constants. Moreover

ILI[[QP]
1=l

This is the second error in Lemma 17.1. All estimates are locally uniform in real u; kernels, resolvent
identities, the near inverse and affine formulas give operator-norm continuity for each fixed geometry.

< P (ce-llas)/v

18.3 Phase selection and the scalar crossing

Pt 63 (1 +5/2)
_ 63m o+

C(:u) ~ 198 €+(H0) \K+5/2
The planar construction gives v > 0, w # 0, ¢4 (Hp) # 0, and holomorphic, nonidentically zero J.
Choose g € (0,1/4) with C(0¢) # 0 and fix a compact interval K € (0,1/4) around it. Choose v, | 0
satisfying

J(w), N, = eMVyH, A= +iw.

Y m klog vy, + arg C(op) = 2mn sign w.
VTL

The left side diverges with sign w and has derivative —w/v? — Im x/v of fixed nonzero sign for small v,
proving existence of this sequence. Set

5 6—’)//V7LV7136I€—5—20'() y
€ = , Cp =V,

P,=2 .
n 2‘C(O’0)| n n €nCn

Construct the background once at these parameters. The polynomial factor in ¢, is allowed throughout;
equivalently —v, log e, — dy. The background and geometry stay fixed as

z
z) = —_— -1<2<1
Mn( ) UO+2“0gl/n’7 >4

varies. The loop gain €3|N,, |V2+2“ n(?) stays between positive fixed constants. The signed unit response

is
A = 263525 Re{C(11n(2)) Ny, } + (1)

_ eC(un(Z))
= Ry

Hn(2),Vn aﬂn (2)

z

+o(l) — e~

uniformly. Lemma 17.1 supplies z, — 0 and a real solution of (18.2) with x # 0 at 0, = un(2y) €

(0,1/4).
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Since x = LT # 0, T' # 0. Nilpotency gives T/ = (I + H)T # 0, and (18.1) gives DT’ = 0. Thus
b=-S,T, T =Mb

is nonzero, real, periodic and divergence-free, with the required symmetry and b, Vb € Y5. No injectivity
of M is needed: b = 0 would imply 7”7 = 0. The exact identities also give b = w +Y + h — hp7,
so the masked terms recombine into the physical equation with its full pressure. Together with the
background and its heat remainder this proves Proposition 2.1. The localization argument below then
proves Theorem A.

19 From a growing periodic mode to finite-energy nonuniqueness

We now use the exact background and growing mode from Sections 7 and 18. This is the instability and
localization mechanism of Jia and Sverak [28], adapted here to a profile periodic in similarity time. A
divergence-free cutoff localizes the common DSS datum while preserving it near the origin. A common
heat correction and a family of nonlinear correctors then produce the finite-energy solutions. The
periodic right inverse includes every faster unstable mode; no maximal-growth assumption is added.

We localize the initial datum and correct the background and its growing linear perturbation
directly. The correction of the common heat tail decays as /2, while the quadratic mode has size
€27, A periodic spectral splitting at a rate o < 8 < 20 < 1/2 gives a right inverse below both forcing
rates, without an upper bound on other unstable exponents.

Proposition 19.1. The background and mode in Proposition 2.1 imply Theorem A.

Proof of Proposition 19.1 and Theorem A. The background construction and the return argument
prove Proposition 2.1. It remains to localize these fields and construct the nonlinear solutions. Write
a = Ugss, U =Us, Q = Theat, b =by and P =T.

Periodic evolution and regularity of the mode. The map D, f(y) = v~ "/2f(\/vy) changes
the profile viscosity to one: it commutes with the dilation drift and with P, AD, f = D, (vAf), and
div(D, f ® D,g) = D, div(f ® g). Also Hy[D,a] = D, H,[a] and

IVED, fllg = v *=D/2=3/@a) |7k p|

We apply this fixed normalization and retain the notation a, U, @,b. All constants below may depend
on these fixed profiles and on the spatial cutoff, but not on the terminal time 79 < 0 or on «, o’ € [0, 1].
Let X = HY (R3), Z = H3, (R3), and write

A=A+Ly-V+3,  Br)f=-PdiviUT) e f+feoU(r), L=A+B

Gaussian convolution and the bounds on a give | D’ Hya](y, )| < Cj(y)~'77 for j < 2, uniformly in
phase. Hence U € Cp,e:Co, VU € CperL3, and

B € Cper L(X, L3iy) N Cper £(Z, X).

For the first bound use |U||oo ||V £]l2 + [IVU|I3]| f|l6; for the second use the H? product estimate on Q f
and the bounded derivatives of Hj[a]. The Leray multiplier is bounded on all the Sobolev spaces used
here.

The free evolution is

S(s)f(y) = [l VAf)(e2y).
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It has X — X norm at most Ce %4, and L? — X and X — Z norms at most Cs /2 for 0 < s < 1.
The large-time gradient estimate follows by applying the heat gradient bound to f, rather than
differentiating f. Volterra iteration therefore constructs the periodic evolution E(7,s) of £, bounded
on L?, X, Z over bounded time strips, with these same short-time smoothing bounds. The iteration in
the smoothing norm uses the integrable convolution of two kernels r—/2.

These evolutions also represent the given weak mode. On a finite time interval set g(xz,7) =

b(e ™2z, 7) and U(z,7) = U(e~ /%2, 7). Then
gr — € Ag+ (0 —3g+e?PdiviU @ g+ g U) =0.

The energy hypotheses imply g € L2H!, and this equation gives g, € L?H~'. Its form is bounded on
H' x H'; Young’s inequality makes it coercive after adding C||g||3, since €™ has a positive minimum on
the interval. The Hilbert triple energy identity gives a continuous L? trace and uniqueness from every
initial time. Thus b(7) = e=?"=%) E(, 5)b(s) whenever b(s) € H'. Choosing such an earlier phase and
using smoothing gives

b€ Cper H?, my = OénrigP |b(T)]|2 > 0. (19.1)

Indeed a zero phase would, by forward uniqueness and periodicity, make the entire mode zero.

A right inverse on the ancient interval. We next construct an ancient right inverse, including
every faster unstable mode. Multiplication by U(7) € Cj is compact X — L?, by compactness on
balls and the small uniform spatial tail. Consequently B(7) : X — H~! is compact. For positive
r, S(r)B(t) : X — X is compact; its alternative factorization through L? has norm O(r~/2). The
Duhamel formula applied to a weakly null sequence, followed by dominated convergence with this
integrable bound, proves E(t, s) —S(t—s) compact on X. For the monodromy M = E(P,0), periodicity
and the free decay therefore give
Tess(M) < e P/t < 1.

The spectrum outside this disk consists of isolated eigenvalues with finite algebraic multiplicity. Choose
0 < B <20 <1/2so that |z| = e#F avoids the spectrum. The Riesz projections P_ inside that circle
and Py = I — P_ are real, P, X is finite dimensional, and for some f_ < < 4,

IMPP_|| < CeP P, |[(M]px) ™" < Cen P, n >0,

These are the spectral-radius estimates for the two restrictions; no inverse of the full parabolic evolution
is taken.
For 0 < 6 < P put

Fy = E(evo)‘P+X7 Gy = (M|P+X)71P+E(P7 9)7 H+(0) = F9G97 n-=1I- H+'

Here GypFy = I, and the endpoints agree. Extend the projections periodically. They intertwine the
evolution. On the finite-dimensional exterior fibers its backward extension is

Ey(kP+0,1P + ¢)I11(§) = Fo(M|p, x)"'Gy.

One-period smoothing shows Py X C Z, since Py = M(M|p, x)~ ' P;. Factoring general intervals into
periods and bounded phase strips now gives

IE(r, )T (5)[[ x5z < C(L+ (1 — )7 /%)e~ 779 (7> 9),
HE-‘r<T7 S)H-"-(S)”X—)Z < Ceﬂ'*'(T_S) (T < 3)'
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If PLX = 0, the second expression is zero. For continuous functions on (—oo, 79| use the norms
Illx; = sup e[ f(7)llx and || f]|z, =supe " f(7)||lz. Then

70

Raf)(r) = [ B @f(s)ds = [ By(ral(s)f(&)ds, [Rsflz, < Callfllxs- (192

T

Both weighted kernels are integrable. The evolution law verifies (0 — £L)Rgf = f and the terminal
condition IT4 (79)Rgf(m0) = 0.

Divergence-free truncation of the datum and the common heat correction. To obtain a
compact datum, define

1
A(z) = 7/ rx X a(rz)dr, ug = curl(yA), d=wu—a,
0

where x is a smooth compact radial cutoff equal to one near zero. The derivative bounds give
|DIA(z)| < Cjl|z|~7 and

curl[rz x a(rz)] = —0,[r*a(rz)], curl A = a.

The latter identity holds across zero: the omitted spherical boundary term is O(r?). Thus ug is compact,
divergence-free and in L?. It is nonzero, since it equals a near zero and DSS rescales any nonzero value
of a into that neighborhood. It is smooth off zero and |ug(z)| < C|z|~!; compact support therefore
gives ug € L** NNj< 3 L9, To exclude L3, put X = eP/?2 > 1 and E = {1 < |z| < \}. Nonvanishing,
continuity and DSS 1mp1y 0 < [glal® < co. Each of the disjoint annuli A™"F has this same integral,
and ug = a on all sufficiently small such annuli. Thus [ |ug|> = co. The field d is smooth, vanishes
near zero, and satisfies inverse-radius derivative bounds. Set

H(z,t) = ®d(z),  K(y,7)=e?H( y,e).
For 7 < 0, | K (7)|lw2e < Ce™/2. Write
N(f)=-Pdiv(fe f), C(f9)=Pdiv(feg+gaf), G=-CUK)+N(K)

Then ||G(7)|| g < Ce™/2. For the Q contribution this follows from the H? product bound. For the
other contributions, put H, = e'®a. The physical force

—Pdiv(H,® H+ H® H, + H® H)

is uniformly bounded in H! for 0 < ¢ < 1: on an inner ball the heat evolution of d and its required
derivatives are exponentially small, whereas derivatives of H, lose only powers of t; outside that ball
the unprojected divergence and its derivative decay as (z)~3 and (x)~%. Apply P after these bounds.
Multiplication by /2 and evaluation at v/¢y give L? and gradient norms bounded by Ct*/* and Ct%/4,
which prove the claim for G.

Nonlinear correctors and their amplitude dependence. Let v =¢"b. For a € [0, 1] solve in
Zs
Zo = Rg{G + a*N(v) — aC(K,v) — C(K + aw, za) + N (2a)}- (19.3)

The constant, linear and bilinear parts of this map have respective norms bounded, uniformly in «, by

00(6(1/2_B)T0 + 6(2‘7_,8)7'0)’ 0(670/2 + €770), Cebro.
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These follow from (19.2), the H? product estimate and the bound on K. The mixed constant term has
the smaller size Ce(1/2t9=)70 For sufficiently negative 7y, all these maps preserve the ball of radius

p = 2Co(e(/2=P)m0 4 ((o=F)70)

and have Lipschitz constants at most 1/2. Indeed these constants are bounded by the displayed linear
bound plus 2Cpe’™, which tends to zero. The resulting real z, satisfy | z4]| z; < p. Expanding the
quadratic terms in (19.3) proves that U + K + av + z, solves the exact profile equation.

Subtract the fixed-point equations at a and o/. The terms involving z, — 2, are absorbed by the
common contraction bound, while |a? — a/?| < 2|a — /|. The remaining terms give

|20 — Zo/HZﬁ < Ly|a— ol L, = 0(6(20—/3)70 +ell/2ro=Am peam)' (19.4)
The three contributions come from N (v), C(K,v) and C(v, zo/), respectively. Since
Ly, e~ < (7™ 4 €™/2 4 pe™) — 0,

choose one 7y so that this quantity is at most my/2 and the preceding contraction bounds hold. This
choice is independent of both amplitudes.

Finite energy, the common trace, and separation. With T = ¢, the physical solutions are
wl (z,t) = ePug(x) + 7Y2[Q + aw + z4)(x/VE, log ). (19.5)

The L? and gradient norms of t~%/2f(x/\/t) are t'/4|| f||2 and t~*/4||V f||2. Thus the three remainders
have L? orders ¢1/4, tt1/4 and t#t1/4 and squared gradient orders t~1/2, 20-1/2 gand ¢26-1/2. All
dissipation powers are integrable. Heat energy and continuity yield the strong trace, C;L? N L?H' and
positive-time C;H?. The projected equation then gives o™ e C,L? on every positive closed interval.
Pairing it with u(®) gives the energy equality there; strong trace and finite dissipation extend it to
to = 0. For s > 2, the nonlinearity maps H* to H*~!, and heat smoothing from H*~! to H5%1/2 hag
the integrable kernel (¢ — r)_3/ 4. Tteration on smaller positive-time intervals gives all spatial derivatives;
the equation gives all time derivatives.

10/3 < Cllully”
bounds yield the stated L%/3 pressure and recover the full equation. Integrating from a positive time
and using the strong trace gives the distributional formulation including wuyg.

Orthogonal maps fixing the axis commute with the heat and Leray operators and the nonlinearity.
They therefore commute with the evolution, its spectral projections, and Rg. The potential A is
azimuthal, so curl(yA) is axisymmetric without swirl. Uniqueness in the common contraction ball
preserves this symmetry for every z, and (19.5). By (19.1) and (19.4), for 7 < 79,

10/3

2+ - The Riesz-transform

The interpolation inequality ||ul| |Vu||3 gives ul®) € L

(@ — a")v + 20 — 2|2 > |a — a[€7 (my — LyyelP~0™),
(e — ')+ za — 2arll2 < | — 0/|€W(T[f)1":LX [1bll2 + me/2).

Physical scaling gives the two-sided separation with ¢, = m;/2; integrating its square gives the stated
integral bound. In particular, o — u(® — 4 is Lipschitz for the norm SUPg <4< =4 (@)

Local energy equality and mixed norms. For a fixed branch write © = u(®, p = p(® and
e = |u|?/2. Tts positive-time smoothness gives the classical local energy identity. For every real
¢ € CX(R? x [0,T)), integration from ¢ > 0 and then passage to zero give (1.3). Indeed |Vul? is
integrable; u € Li?t/ Sand p € Li{tg glc?t/ 2,

put both |u|® and pu in L hence in L' on the support of ¢.
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Strong L? trace implies |u(e)|* — |ug|? in L'. These facts justify every limit in the identity and, with
nonnegative ¢, prove suitability.
Put F, = Q + av + z and Hy = e"®ugy. The uniform H? bound on F, gives, for 2 < ¢ < oo,

[t Fy(2/v/E, logt) ||y < Cut®a=1/2,

The pointwise bound on 1y and Gaussian convolution give |Ho(x,t)| < C/(|x| + v/t): rescale by v/t and
split the convolution into |y — x| < |z|/2 and its complement when |x| > 2v/t. Hence ||Ho(t)||3,00 < C
and ||Ho(t)||ec < Ct~'/2. Since the scaled remainder has uniform L? norm, (19.5) proves the uniform
weak-L3 assertion.

Heat contraction gives ||[Ho(t)||q < |luollq for 2 < ¢ < 3. For ¢ > 3, integrate the distribution
function of |Hp|, using its uniform L? and weak-L? bounds and its Ct~/? supremum. Together with
the remainder estimate this yields

17 2 S q < 3,
[l B)llg < Cq § (1+[logt) /2, q=3,
t3/a=1)/2 3<q< 0.

For ¢ = 3 this is integrable to every finite time power. For ¢ > 3 and finite r, the displayed power is
integrable exactly when r(1 — 3/q)/2 < 1; for ¢ < 3 it is uniformly bounded in time. These conditions
give every claimed strict mixed norm, with constants independent of «. O
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