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Abstract
We investigate the complex geometry and Eulerian Beta— Gamma arc-length parameteri-
zation of the normalized Dirichlet eta terms ¢, (s) = 1_211,5 (= 1) for s = a + bi. Whereas

individual terms on the critical line Re(s) = % undergo a nearly sixfold modulus oscillation

driven by the Euler prefactor (1 — 2!7%)7! the two-term partial sum Sy(s) = t1(s) + t2(s)

traces an exact Mobius circle for every fixed a # 1 that is centered at the origin (0, 0) if and
1

only if Re(s) = 4, where it reduces to a scaled Blaschke factor %B (2) of constant radius o

Factoring m™* across odd-even dyadic pairs Py, (s) = t,(s) + tam(s) = m™2S2(s) eliminates
prefactor amplitude oscillations entirely, collapsing precessing annular rosettes into concentric
origin-centered circles on the critical line with strictly descending radii R,, = \/ﬁ Removing

all odd-even pairs leaves the complementary multiples—of 4 terms ty5(s) = k™ %t4(s): we prove
that on the critical line the anchor term t4(3 + zb) traces an exact Lemniscate of Bernoulli
with foci at (0,0) and (1,0) (uniquely for Re( ) = 1), pure powers of 2 (k = 2") trace closed
periodic multi-loop rational curves, and non-powers of 2 trace precessing lemniscate rosettes,
while the dyadic differences Dy, (8) = tam(s) — tsm(s) = —47°P,,(s) collapse both families
into exact origin-centered circles, partitioning the sequence {t,(s)}; termwise and decom-
posing ((s) via analytic continuation Finally, we establish a pointwise velocity—modulus
duality ‘df4| = ’tg +1ib) ’ = f‘t = 4 1b) ‘ (6 = bIn2) and a double-angle Blaschke iden-

tity —2B(z) = elza(b) linking the central polar angle a(b) of t4(2 + ib) to its fundamental

perimeter L(t4) = F(;é?z, thereby parameterizing every individual term tn(% + ¢b) and ev-

ery concentric dyadic circle on the critical line in terms of the regularized inverse incomplete

Beta function I (ll))( 1.1). As a geometric consequence, critical-line zeros ((3 + ib) = 0 are

reframed as values of b where the resultant of the inner concentric circles lands on the antipode
—Py (3 +1b) of the initial circle of constant radius Ry = % = FABrEm -

1 Introduction and Definitions

The Dirichlet eta function n(s) provides the standard analytic continuation of the Riemann
zeta function ((s) across the critical strip 0 < Re(s) < 1 via the Euler factor normalization
[2, 9, 10, 14]:

s o0 n 1
C(s) = 1ﬁ(21)8’ where 7(s Z (1)

n=1
To examine the local geometry of this summation in the complex plane C = R?, we distribute
the prefactor into each term, defining the normalized sequence:
1 (_1)1171
1—21-s  ps

tn(s) = s =a+ bi. (2)
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For any fixed real part a, treating b € R as the curve parameter gives each term an instanta-

neous modulus:
n—a

tn(a+bi)| = . 3
fn ) V/1+41-a —22-acos(hIn 2) 3)
On the critical line a = %, this modulus breathes between a periapsis minimum R, min = \/\5/%1
(when cos(bIn2) = —1) and an apoapsis maximum R, max = \/\5/%1 (when cos(bln2) = +1),

spanning a nearly sixfold amplitude variation.

In this paper, we demonstrate that grouping terms into dyadic pairs eliminates this prefactor
breathing entirely on the critical line a = %, collapsing the series into an infinite sequence of exact
origin-centered concentric circles. We establish the unique origin-centering of the base-2 M&bius
circle Sa(s) on a = %, prove the dyadic pairing identity for odd-even pairs P,,(s), characterize the
exact geometric forms and pairings of the complementary multiples-of-4 subseries, and transition
in Section 5 from geometric classification to an analytic synthesis connecting the anchor lemniscate
ta(3 +ib), Euler’s Beta and Gamma integrals, and the concentric dyadic circles of ((s).

2 The Base-2 Anchor: S5(s) = t1(s) + t2(s) and the Critical Line
a =

D=

For n =1 and n = 2, the term frequencies In1 = 0 and In 2 resonate with the prefactor frequency
In2. Letting z = e~®™™2 parametrize the unit circle |z| = 1, each individual term is a Mdbius
transformation [11] of |z| = 1:
, 1 , —279% 1 1 ,
tl(a‘i‘b’l/) = m, tQ(a‘i‘b’l/) = m :i—itl(a+b2) (4)
For any a # 1, ti(a + bi) and ta2(a + bi) trace exact circles symmetric across the real axis with
centers C1(a) = (h1(a),0), C2(a) = (ha(a),0) and radii Rq(a), R2(a) given by:

1 21—(1
hi(a) = Tl Ri(a) = T —4ia] (5)
721—211 9—a

On the critical line a = 1, let B(z) = 1{27\752 denote the unit-modulus Blaschke factor (|B(z)| =

1 for |z| = 1) [12]. Then ¢; and ¢2 admit the explicit representations:

1
t (2 + bi) = —1+V2B(z), centered at C; = (—1,0), Ry = V2 ~ 1.4142 (Figure 1), (7)

1 1 1
to (2 + bi) =+1- 7z B(z), centered at Cy = (+1,0), R2 = 7z ~ 0.7071 (Figure 2). (8)
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Figure 1: Locus of tl(% + bi) = % in the complex plane: an exact circle centered at
Cy = (—1,0) with radius Ry = v/2 ~ 1.4142.
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on the critical line a = %: an exact circle centered at

Cy = (+1,0) with radius Ry = % ~ 0.7071.

Figure 2: Locus of to(3 + bi) =

Grouping t1(s) and ta(s) yields the two-term partial sum:

1-27 1.1 . (9)

Sa(s) = t1(s) +ta(s) = 1_91—s 9 "9

Letting z = e~ "2 parametrize the unit circle |z| = 1, So(s) acts as the Mobius transformation
g p
Mo(2) = 155=%.

Proposition 2.1 (Center and Radius of S2). For any fized a € R\ {1}, the locus of Sa(a + bi)
is a circle centered on the real azis at C(a) = (h(a),0) with radius R(a), where:

1— 21—2a
1—4l-a’

2—(1

h(a) = hi(a) + ha(a) = = Toaia)

R(a) = 5Ra(a) (10)

Proof. Since M,(z) has real coefficients, its real-axis intercepts occur at z = +1 (b = 0) and
z=-1(b=:):

In2
1—27¢ 14+27¢
z4(a) = 1_9l—a’ z—(a) = 140l
The center is the midpoint h(a) = “(a);z‘(a) = 11__2;1:2; , and the radius is the half-width
_ lz4(@)—z—_(a)] _ [2'"*—27¢] _ g-e
R(CL)— + 2 - |1,41—a‘ - ‘1,41—a|- D



Theorem 2.2 (Unique Origin-Centering on the Critical Line). The center of the circle Sa(a+ bi)
lies at the origin (0,0) if and only if a = %

Proof. Setting the center h(a) = 0 (for a # 1) requires 1 — 272% = 0, which yields 1 — 2a =
0 = a= % At a = %, the centers C; = (—1,0) and Cy = (+1,0) cancel, and the map reduces
to a scaled Blaschke factor [12]:

1 1 [(V2-=z 1
S, +bi|=—| —F— :—6@2({’), 11
+(3+4) ﬂ(l—ﬁz) V2 -
whose modulus is constant at R (3) = 7 for all b € R (Figure 3), and whose phase ®3(b)
advances with non-uniform angular speed d:lbb = #js(blnm. O
Im(z)

Figure 3: Superposition of ¢1(3 + bi) (dashed blue7 C1 = (—1,0), R1 = V2), to(5 + bi) (dotted
red, Cy = (4+1,0), Ry = \[) and their sum So(% + bi) = t1 + t5 (solid purple), which forms an
exact circle centered at the origin C' = (0,0) with radius R = % ~ 0.7071.

When a # %, the circle Sy(a + bi) immediately shifts its center C(a) = (h(a),0) off the origin
along the real axis, as summarized in Table 1 and illustrated in Figure 4.

Table 1: Center C(a) = (h(a),0) and radius R(a) = % of Sa(a—+bi) = t; +t2 across positive
values of a = Re(s).

Real Part a Center C(a) = (h(a),0) Radius R(a) Shift Relative to (0,0)
a=0250<a<i)

a = 0.50 (Critical Line)
a=0.75 (3 <a<1)
a=1.50 (a>1)

3=v2 0) ~ (+0.227,0) 2" ~0.460 Shifted right (h(a) > 0)

0,0 ~ 0.707 Centered at origin (0,0)
75, 0) = (=0.707,0) 2= ~1.436  Shifted left (h(a) < 0)

+3,0) = (+1 500, 0) L ~o0.707 Shifted right (h(a) > 0)
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Figure 4: Off-center shift of the circle So(a + bi) = t; + t2 When
(0,0) (solid purple, R ~ 0.707), a = 0.25 shifts right to C =
green, R ~ 0.460), and a = 0.75 shifts left to C = (——=,0) =~
R ~ 1.436).

%- = 0.50 is centered at

2.0) ~ (+0.227,0) (dashed
0 707,0) (dash-dot orange,

E\H

3 The Dyadic Pairing Identity

For individual unpaired terms t,(s) = (—1)""'n=%t;(s) with n > 3 (n # 2¥), the incommensu-
rable rotation e~ spins an off-center circle around the origin, sweeping out a thick annular
rosette. In contrast, grouping every odd integer m € {1,3,5,...} with its even double 2m locks
the prefactor phase to the base-2 term, defining the m-th dyadic pair:

Pur(s) = ta(s) + tam(s) = — <1_2) _ %52(3). (12)

ms \1—21-s

Corollary 3.1. On the critical line a = 1, every dyadic pazr P, (1 + bi) traces an exact circle
centered at the origin (0,0) with descending radius Ry, = —=

\/2m
P, Libi)=m12|s, (L 40
2 2

1 1 1
For a # L. these circles shift off-center into annular rosettes of thickness |h(a)|m
2

(13)

T Vm Ve Vam

—a

Proof. Direct evaluation from Theorem 2.2 shows that [Sa(3 + bi)| = % is strictly constant for
all b € R. In particular, beyond m = 1 (P} = t; + t3, R1 = == ~ 0.7071), the higher odd-even

V2
pairs m = 3 (Py = t3 + tg, R3 = = ~ 0.4082) and m =5 (P5 = t5 + ti0, Rs = 5 =~ 0.3162)
trace exact concentric circles centered at (0,0), as shown in Figure 5. t
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/P1 =1t + to (R1 = % ~ 0707)

Ps =t3 + ts (Rg = % ~ 0.408),/

Figure 5: Illustration of Corollary 3.1 on the critical line a = %: the odd-even pairs P; =t + o

(R1 = % ~ 0.7071), P3 = t3 + tg (R3 = % ~ 0.4082), and P5 = t5 + t19 (R5 = ﬁ ~ 0.3162)
trace exact concentric circles centered at the origin (0, 0).

4 Geometric Forms and Dyadic Pairings of the Multiples-of-4
Subseries

When we remove all odd-even dyadic pairs P, (s) = t,(s) + tam(s) (m = 1,3,5,...) from the
normalized sequence {t,(s)}22, we strip out all odd indices (n = 1,3 (mod 4)) and all singly-
even indices (n = 2m =2 (mod 4)). The remaining terms are strictly the multiples of 4 (n = 4k,
k € N), which factor through the anchor term t4(s) as:

~1 1 —47 >

t4/€(8) = (1 — 21,3)(4]?)5 = Et4(s)v t4(8) = mv Zt4k(s) = t4(8) C(S) (14)
k=1

On the critical line s = % + ib, where z = e~®I"2 parametrizes the unit circle |z| = 1, the

individual terms t4k(% + ib) separate into three distinct geometric forms depending on the index
k € N (Figure 6).

4.1 The Three Geometric Forms of Individual Terms t4k(% +ib)

1. The Anchor Term t4(3 +ib) (k= 1): An Exact Lemniscate of Bernoulli. Whereas

t1(3 + ib) and ty(3 + ib) are degree-1 Mébius transformations of |z| = 1 and trace exact
circles centered at C; = (—1,0) and Co = (+1,0), the anchor term t4(5 + ib) = 2(1:7%2)

is quadratic in z. Using the difference of squares 1 — 4175 = (1 — 217%)(1 + 2179), t4(s)
decomposes for any s € C as:

1 1
ta(s) = — (1+2'7%) — —t1(s). (15)
4 4
On the critical line a = 1, substituting ¢1(3 + i) = —1 + v2B(z) with the unit-modulus
Blaschke factor B(z) = 1_2\;5"; yields the two-arm epicyclic representation:
1 1 1
ty (5 +ib) = (- B®). 16
4<2+z> 2+2ﬂz (2) (16)

Measuring the distances from t4(3 + ib) to the origin Fy = (0,0) and to F» = (+1,0) (the
center Cy of t3) reveals an exact cancellation on |z| = 1 (where z = z7!):

(a) Distance to F; = (0,0): ‘t4 (3 +ib) — O‘

_ =2 1
T21—v2z] T 2[1-v2z|”



. . . 22 y— —22(1—/22)2 .
(b) Distance to F» = (+1,0): Since t4(3 + ib) — 1 = Q(Ilzgz) 2 — 2(517\/\/;)) , its
} ’1 \fz‘

modulus is ‘t4 (% + zb

(c) Constant Bipolar Product (Lemniscate Law): Multiplying the two distances
eliminates the denominator ‘1 — ﬂz‘ identically for all b € R:

1 1 1

Consequently, as shown in Figure 6(a), t4(% + ib) traces an exact Lemniscate of Bernoulli
with foci Fy = (0,0) and F» = (+1,0), central self-intersection node Cy = (+3,0) (crossed at

+45° tangents when bIn2 = £ (mod 27)), horizontal span x € [543 V2~ —0.2071, 1+‘[
+1.2071], vertical span y € [—%, —1&], and Cartesian/polar equations centered atu = m—l =

2
pcosa, y = psina:

2<(x—;>2+y2>2:(x—;>2—y2 — ,02:%(:05(20[). (18)

For general a # 1, a second focus F»(a) satisfying |t4(a + bi)| - [ta(a + bi) — Fa(a)| = const
requires 2'72¢ = 41722 which holds if and only if a = %—prowdlng a lemniscate counterpart
to Theorem 2.2.

. Pure Powers of 2 (4k = 2""2 j.e., k = 2" € {2,4,8,...}): Closed Periodic Multi-
Loop Curves. When k = 2" (ts, t16, t32, . .. ), the multiplier k=% = 27"/22" is a pure power

of z = e~ N2
1 ) _zr+2
lort2 <2 + Zb) = S22 = \/5,2) (19)

Because the numerator and denominator share the same fundamental frequency In 2, these

terms are closed rational curves of period T = 12—“2 ~ 9.0647, as shown in Figure 6(b) for

ts(3 + ib) (2-looped curve) and t16(5 + ib) (3-looped curve).

. Non-Powers of 2 (k € {3,5,6,7,...}, i.e., t12,t20,%24,...): Precessing Lemniscate
Rosettes. When k contains an odd prime factor (k # 2"), the rotation frequency Ink in
k=% = 1 e~k js incommensurable with In2. As shown in Figure 6(c) for t12(5 + ib) =

37 5t4(s ) each term scales the Anchor Lemniscate t4(3 +1ib) by ﬁ and continuously rotates

it around its left focus F; = (0,0) at speed —bIn k, densely filling the origin-centered annulus

V2-1 _ V241
ok and R4k,max = oVE

between Ryj min =



(a) Anchor t;;(% + ib) (k = 1): Exact Lemniscate of Bernoulli

== t,(3 + ib): Lemniscate of Bernoulli
@® FociF1=(0,0), F2=(1,0)
< Node C,=(3,0) (b= +,")

0.4

0.2 1

0.0

Im(z)

-0.41

02 0.0 02 04 06 08 10 12
Re(z2)

(b) Dyadic Multiples tg, t16 (k = 2"): Periodic Loops (c) Non-Dyadic tlz(% + ib) (k = 3): Precessing Lemniscate
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Figure 6: Geometric forms of the individual multiples-of-4 terms t4(3 + ib): (a) the Anchor
Lemniscate of Bernoulli t4(3 + ib) (k = 1) with foci F; = (0,0), F» = (1,0) and self-intersection
node Cy = (%,O); (b) closed periodic multi-loop rational curves tg,t;s for pure powers of 2
(k = 27); and (c) the precessing lemniscate rosette t12(3 + ib) = 37%t4(s) (k = 3) bounded
between Rl?,min ~ 0.120 and RlQ,max ~ 0.697.

4.2 Producing Origin-Centered Circles from Pure Powers and Non-Powers of
2

Pairing each anchor term with its dyadic double on the critical line s = % + ¢b cancels the
(1 — 217%)~! prefactor denominator against a (1 — 27%) numerator, converting non-circular or

off-center trajectories into exact origin-centered circles via the Blaschke factor B(z) = 1‘?\752
(Figure 7):

1. First-Level Odd—Even Dyadic Pairs P, (s) = t;,(s) + tam(s) = m™S2(s) (Figure

_1\n—1
7a,b): In tn(S) = (I_QIIW,
2m carries sign —1. Thus their direct sum t,, + 2, automatically forms the Blaschke
numerator (1 —27°). For m = 1 (pure power of 2, Panel a), adding the off-center circles t;

(C1 = (—1,0)) and to (Co = (+1,0)) cancels their centers to form the origin-centered circle

P=5 (R, = % ~ 0.7071). For m = 3 (non-power of 2, Panel b), adding the precessing

every odd index m carries sign +1 while its even double

annular rosettes t3 and tg cancels their rotating offsets FF37° at every instant b, collapsing
them onto the origin-centered circle P (Rg = % ~ 0.4082).
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2.

Multiples-of-4 Dyadic Differences Dy, (s) = tam(s) — tsm(s) = —47°Py,(s) (Figure
7c,d): Because every index 4k in the multiples-of-4 subseries is even, both t4,,(s) and
tsm(s) carry the same negative sign (—1)*~! = —1. Consequently, forming the Blaschke
numerator (1 —27°) requires their dyadic difference:

D4m(8) = t4m(8) — tgm(s) =47 (tm(s) + tgm(S)) —4_8Pm(8). (20)

For k = 1,2 (pure powers of 2, Panel c), subtracting the 2-looped curve tg( % +ib) from the

Anchor Lemniscate t4(3 + ib) yields t4 — tg = ;223(2:), an exact origin-centered circle of

2v2
ﬁ ~ 0.3536. For k = 3,6 (non-powers of 2, Panel d), subtracting the
precessing 2-looped rosette to4 = 37 %tg from the precessing lemniscate rosette t1o = 37 %4
eliminates both the lemniscate radius pulsation and the irrational precession, tracing an

exact origin-centered circle of constant radius R = 27«1/6 ~ 0.2041.

constant radius R =

(b) Non-Power of 2(m=3):t3 + tg =P3 (R3 = % =~ 0.4082)

(a) Pure Powerof 2(m=1):t; +t, =5, (R, = % =0.7071) t3(1 +ib) = 37°ty: Outer Annular Rosette
J
— to(3 + ib) = 37*t;: Inner Annular Rosette
154 == t(k+ib):CircleatC=(-1,0), Ry =2 igin Ci 1
: ! L == P3 =t; + t;: Exact Origin Circle R = ~ 0.4082
*+ tolj +ib): Circleat Co =(+1,0), Ry = L. ~\\\ 1.0 1
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Figure 7: Visual comparison of how dyadic pairing produces exact origin-centered circles on
a= % for both pure powers of 2 (left column) and non-powers of 2 (right column), with tip-to-

tail vectors shown at b = 1.35: (a) t; +t2 = P; (R4
(C) ty —tg = —47°5, (R ~ 03536), and (d) tio —tog =

~
~

0.7071); (b) ts +tg = P (Rg i~ 0.4082);
—475Py (R ~ 0.2041).



4.3 Complete Partition of the Series Terms

Every positive integer n € N admits a unique factorization n = 2"m with m € {1,3,5,...} odd
and r > 0. The odd integers (r = 0, 50% of N) and singly-even integers (r = 1, 25% of N) form
the first-level origin-centered circles Py, (s) = tn(s) + tam(s), while the remaining 25% (r > 2,
n = 4k) form the multiples-of-4 terms t4x(s) = k~%t4(s). For Re(s) > 1, where the Dirichlet series
converges absolutely, summing the two disjoint subseries yields the exact functional partition:

Sotals) = X Pus +Zt4k e O i i P TR R EY)
n=1

m odd

Because the middle and right-hand expressions are meromorphic functions of s across C (regu-
lar for s # 1 + 27”’“) this decomposition extends by analytic continuation to the critical strip
0 < Re(s) < 1 and specifically to the critical line Re(s) = %, while holding term-by-term with-
out rearrangement for every finite partial sum Syy(s) = SV t,(s) = Y <N odd Pm(s) +

Z]kV:1 tak(8) + D Nem<aN odd t2zm(s). Re-expanding ((s) in the remainder t4(s)((s) recursively
decomposes the function into concentric origin-centered circles Pm(% +1ib) across all dyadic scales

(=47%)7 (¢ 2 0).

5 Connection to the Gamma Function and the Lemniscate Beta—
Gamma Arc-Length Parameterization

This section marks a departure from building geometric intuition for the trajectories of individual
series terms into a more serious attempt to bridge the analytic connection between the Gamma
function, the Lemniscate of Bernoulli, and the Riemann zeta function. Historically, these three
pillars of classical analysis did not develop in isolation; their structural unity was forged largely
by Leonhard Euler over four decades of eighteenth-century research [1, 2, 3, 4, 5, 6].

The geometric thread began in 1694, when Jacob Bernoulli introduced the lemniscata (p* =
A2 cos 2a) in Acta Eruditorum to describe an elastic band and observed that its arc-length integral
fom \/fltit resisted elementary quadrature, followed in 1718 by Giulio Carlo de’ Toschi di Fagnano’s
discovery that arcs of the lemniscate can nevertheless be algebraically doubled and bisected [6, 7].
In 1729-1730, Euler interpolated the factorial by introducing the integral and infinite-product
representations of what is now the Gamma function, alongside binomial integrals of the form
fol tP=1(1 — t9)"=1dt [1]. Over the next two decades, Euler simultaneously advanced all three
subjects: in 1738, while analyzing the rectangular elastlca, he discovered that the product of the

first and second lemniscate integrals equals fo 7 1 t4 fo \;fﬁ - = 7 (the integral precursor to the
reflection law at x = i); in 1749, he introduced the alternating eta normalization ((s) = 1_"5‘?)_8

to continuation-evaluate ((s) across the real axis and formulated the functional relation linking
¢(1 —s) to ¢(s) through the factorial/Gamma function [2, 5]; and on December 23, 1751—while
reviewing Fagnano’s Produzioni Matematiche for the Berlin Academy—he established the general
algebraic addition theorem for lemniscate integrals, founding the theory of elliptic integrals [3, 6].

Euler completed the analytic bridge between binomial integrals and the factorial interpolation
in 1771 [4] by proving the reduction of the first-kind Eulerian integral to the second kind integral—

written in Adrien-Marie Legendre’s 1811 notation [8] as B(x,y) fo T (1 — )y ldt = %
Under the quartic substitution ¢t = u!/4, the lemniscate integral reduces dlrectly to %B ( I 2) =

W, which combines with Euler’s reflection formula at z = 1

ar(3/4) 1
1 3 T
'f=|r({s)l=—— =7v2 22
(1) (3) = s =2 @)
to express the lemniscate constant in closed form as w = 2 fo \/1 t4 = FQ(\I//%2 (whose inverse

arc-length function was introduced by Gauss in 1799), while Riemann’s 1859 functional equation
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£(s) = 2s(s — 1)7r_5/2f(§)§(s) = {(1 — s) evaluates at the real midpoint s = 3 of the critical
strip to I'(1) [10, 9]. In our normalized series ((s) = >_°°; ,(s), this classical triad materializes

directly on the critical line Re(s) = 3: the anchor term t4(3 + ib) of the remainder subseries

t4(s)((s) is an exact Lemniscate of Bernoulli whose critical-line semi-axis A = % cancels the

V2 factor in Euler’s reflection identity, allowing both the individual terms tn(% + ib) and the
concentric dyadic circles Pm(% +1b) and D4m(% +1b) to be parameterized explicitly by arc length
through Euler’s Beta and Gamma functions.

5.1 The Gamma Function and the Exact Arc Length of t4(l +ib)

Centered at its self-intersection node Cy = (3,0), the anchor lemniscate t4(3 +ib) = 1 4 p(b)ei*®)
satisfies the central polar equation p? = A? cos(2a) with semi-axis A = % (matching the radius

Ri1= % of the base-2 Mobius circle SQ(% +ib)). In central polar coordinates (p, a), the arc-length
differential along t4(3 + ib) is:

|da|

with respect to the base-2 phase 6 = bln 2

lda| = (23)

dp A
dsy = \[p* + ( > da| =
do do} = \/cos(20z)
Simultaneously, differentiating t4(3 + ib) = 2o \2[ 7
(where z = e~") reveals a pointwise velocity-modulus duality connecting the arc-length speed
of t4 to the breathing modulus [t,(3 + b)| of every term in the series:

dty i2*(2 - V22) ( ) 'dt4 <1 >‘ n (1 )
— = = —1zB(z)t +ib) = —+ib|| =/ |th |z +ib])],
a9~ 2(1 - 22)2 ()t 23 2 2
(24)
so that
« (3 )
dsy = |24 dp = +ib)|d9  (YneN). (25)
g 6 — 4\5008 2
Integrating dss over one complete fundamental period ¢ € [0, 2] (b € [0, £5]) traces all four
quadrants of the two-loop figure-eight (o € [—7F, %] on the right loop and a € [2F, 2T] on the left
loop). Substituting 2a = ¢ and applying Euler’s Beta mtegral B(z,y) =2 f”/Q (cos ¢)?*~1(sin ¢)W~1dp =
% together with the reflection formula I'(})I'(2) = 7v/2 and ['(3) = /7 yields the exact

total perimeter £(t4) in terms of T'():

L(ts)

"
2 cos (2o 2T (g) 2/
(26)
Notice that the semi-axis 4 = % on the critical line cancels the v/2 denominator in Gauss’s

1 1 1\2

2 T \472

. 2 2
lemniscate constant w = FQ(}//% ~ 2.62206, so that L(t4) = V2w = gél({é/%) Consequently, the
quarter-perimeter along a single quadrant from the central node Cy = (3,0) (o = £%) to either

horizontal apsis (o = 0 or =) is:

r(H?
Equarter(t4) = ﬁ(j4) = 8% ~ 0927037, (27)

and by Equation (25), the integrated modulus of every individual term tn(% +1b) over one period
0 € [0, 2n] is governed by I'():

/‘27T
0

2
th (; + z’b) ‘ =) 2 ity = & (2 (Vn € N). (28)




5.2 The Lemniscate Beta—Gamma Arc-Length Equation for Individual Terms

To express each individual term tn(% +ib) directly through the Lemniscate Beta-Gamma arc-
length integral, let 0(b) = min(bIn2 mod 27, 27 — (bIn2 mod 27)) € [0,7] denote the folded
base-2 phase, and let ds4(b) denote the arc length along t4(3 -+ ib) measured from the central self-
intersection node Cy = (3,0) (where 6 = 7 and cos(2a) = 0) to 0(b). Substituting w = cos?(2a)
into Equation (23) (so dw = —4cos(2a) sin(2a) daw = —4y/w(1 — w) da) transforms ds4(b) into

an incomplete Beta integral with parameters (%, %)
a(b) cos?(2a(b))
/ 9 1 / w3 (1) V2 duy = ) Lot ou) <1 1)
/4 6 — 4v/2 cos ¥ 42 Jo 87 472
(29)

where I,(z,y) = % Jo t“71(1 —t)v~1dt is the regularized incomplete Beta function. (Equiv-

1\2
ds4(b) = L@

alently, if s4(b) is the arc length measured from the nearest horizontal apsis 6 € {0, 7} to 6(b),
then ds4(b) = "% 5, (b).)

8vm
Defining the normalized Beta—Gamma arc-length fraction ¢(b) € [0, 1] by
8ﬁ(584 b 8ﬁ84(b)
o) = VT g SvTsih), (30)
I'(3) r'(3)

and inverting I,,(3, ) = ¢(b) yields cos?(2a(b)) = I;l (3, 3), or:

cos (2a(b)) = I;(b)<1 ;) p(b):\g cos(Qa(b)):\}i[I;é) (1117;)]1/4. (31)

Because every term t,,(s) factors through the anchor lemniscate t4(s) via t,(s) = (—1)"(2)*t4(s),
substituting t4(3 +1b) = 2 + p(b)e®) produces the explicit Lemniscate Beta—Gamma Arc-
Length Equation for every individual term t,(3 +1ib) (n € N):

o(ieo)- e (@ (@) ]

where the quadrant of «(b) is fixed by sgn(cos a(b)) = sgn(v/2 cos(bIn2) — 1) and sgn(sin (b)) =
sgn((v2cos(bIn2) — 1)sin(bIn 2)).

5.3 Explicit Beta—Gamma Formulas for Every Concentric Circle

When terms are paired into concentric circles on the critical line s = % + b, the Beta—Gamma

5.
1— f
the double angle 2a/(b) rather than a(b). Specifically, multiplying B(z) by —2 = —e~% (§ = b1n 2)

and rationalizing on |z| = 1 gives:

L B(2) = (z — V2)? _ (vV2cosf —1)? p 25in 6 (v/2 — cos 6) _ %), (33)

11— /222 3 —2v/2cosb 3 —2v/2cosb

cos(2a(b)) >0 sin(2a(b))

inversion simplifies even further because the Blaschke factor B(z) = depends directly on

Since v/2—cos > 0 and 3—2v/2cosf > 0 for all § € R, cos(2a(b)) > 0 everywhere and sin(2a(b))
carries the exact same sign as sin(bIn2) everywhere. Substituting cos?(2a(b)) = I, o )( 1, %) from
Equation (31) gives the universal Lemniscate phase factor:

A (11 -1 (11
e’LQOc(b) — Iq(%)) <4 2> —|—Z sgn(sm(bln2))\/ -1 (b) <47 2)7 (34)
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and therefore B(z) = —e®m2¢22()  Substituting this relation into Pp(s) = m Sa(s) =
%m‘sB (z) and Dy, (s) = —47°Pp,(s) yields explicit Beta—Gamma formulas for every concentric

circle in the Riemann zeta series on the critical line:

1. First-Level Odd—Even Concentric Circles P, = t,, +t2,, (m € {1,3,5,...}, Radius

— _1 ).
Rm_ﬁ)'

Lo b ibinmy2) 1 (11 . . (11
Pm<2—|—zb>——\/%e I 13 + i sgn(sin(bIn 2)) L=1 4 73]

(35)

2. Multiples-of-4 Concentric Circles Dy, = tg,, —tsm (m € {1,3,5,...}, Radius Ry, =
1 .
2v/2m ):

1 . 1 —1ibln
D4m (2 —|—Zb> — —}—276 ibIn(2m)

V2m
(36)
3. General r-th Scale Concentric Circles C,,,(s) = (—47°)"Py(s) (r > 0, odd m,
. 1 .
Radius 2T\/%).

(11 . i
b (13)+ sgn<sm<b1n2>>\/ o (5 2>] |

L. D™ @ im (L1 , : 4 (11
Cr7m(2—i—zb):me ( ) I 75 + i sgn(sin(bIn2)) L=T . 173

(37)

Figure 8 illustrates the geometry of this correspondence between the normalized lemniscate

arc coordinate ¢(b) on t4(3 +ib) (Panel a) and the induced phase 22 on the concentric dyadic
circles Py, P3, P5, and Dy (Panel b). At the central self-intersection node Cy = (3,0) 0 = s
the arc coordinate vanishes (¢ = 0, I, l(i, %) =0, p = 0) and the universal phase factor passes
through e??® = +i; at the right and left vertices t4 = % (é = 0, ), the arc length reaches the
full quarter-perimeter §s4 = %17\7;)2 (¢ =1, Ifl(i, %) =1,p= %) and the universal phase factor

aligns with the positive real axis (e2® = +1).

13
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(@) Lemniscate Arc Coordinate q(b) & Beta-Gamma Inversion (b =~ 14.1347) (6) Concentric Dyadic Circles Parameterized by 228! (b = 14.1347)

0.6
0.6
Dy=+ b e

ArcLen
(qib) =

0.4
0.4+

bR gizaly
10
1 g-ibini12lgizalt)
z
0.2 AN

0.0

(L +ib) =1 + p(b)er@®!
~'-0.1821+0.1059/

0.2 alb)= +171.18"

206)~ 0,6903

Im(z)
Im(z)

0.0

o ——————+—+—— £ OO T T — 7.,
F100,0) Node C,(2,0) F2(1,0)
@=0.p=0)

-0.2
-0.2

FullLemniscate ta(} +1b) (Cquarer = sy = 0.9270)

s Node-to-Point Arc 65x(b) = 0.8173 (q(b) =

« + 1 Complementary Vertex Arc
1

-0.6
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Re(z)

-0.50 -0.25 0.00 0.25 0.50 0.75 1.00 125

Figure 8: Geometric correspondence between the Lemniscate Beta—Gamma arc-length param-
eterization and the concentric dyadic circles on the critical line (shown at b ~ 14.1347): (a)
the arc length §s4(b) measured from the central node Cy(3,0) defines the normalized coordinate

q(b) = % € [0, 1], whose incomplete Beta inverse I;(;)(%, 1) = 'COS2(20é(b)) determines the
polar ray (p(b), (b)) of ts(3 + ib); (b) the universal phase factor e22() = —>B(z) maps q(b)
directly onto the concentric circles Py, Ps, P5, and Dy.

5.4 Reframing Critical-Line Zeros via the Antipode of the Initial Circle Pl(% +
ib)

When the Euler prefactor (1 —2'7%)~1 is retained inside each term t,(s), isolating the first term

t1(3 +1b) alone requires the remaining series tail Y0 , ¢, (3 +1ib) at a zero (3 +ib) = 0 to match

a moving target —tl(% + ib) whose modulus breathes nearly sixfold between /2 — 1 ~ 0.4142

and v/2 + 1 =~ 2.4142. In contrast, isolating the initial origin-centered circle Pi(s) = Sa(s) =

t1(s) + to(s) stabilizes the zero target on the critical line Re(s) = 3 onto a circle of strictly
constant radius Ry = % ~ 0.7071, which simultaneously equals the semi-axis A = % of the
anchor Bernoulli lemniscate t4(% +ib) and the Euler reflection ratio at « = i:
1 7r w
Ri=A=—= = . (38)

V2 T(E)T(E) L)

Combining the odd-index dyadic sums P,,(s) = tin(s) + tam(s) (n = m odd) and the even-
index dyadic differences Doy (s) = tor(s) — tar(s) (n = 2k even, which include the multiples-of-4
circles Dy,,) into the single concentric circle sequence

Cu(s) = (1 =27ty (s) = (=1)" 'n"5Py(s) (neN) (39)

yields an alternating series of origin-centered circles on Re(s) = % with descending radii R,, =
\/% that converges conditionally across the critical line to > >, Cn(s) = (1 —27%){(s). Since

|1 — 27127 > 1 — % > 0, a point b € R is a critical-line zero of ((3 + ib) if and only if the

resultant of all inner concentric circles (Cz,Cs,Cy, ... ) lands on the exact antipode —P; ( % +1ib)
of the initial circle C; = Pi:

11

- L. L. L b2 -1 (11 . . -1
Z;Cn(2+zb>:—P1 <2+zb>:ﬂe [ I 3 + i sgn(sin(bIn2)) =T 4 )

(40)
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Simultaneously, in the disjoint partition ((s) = P1(s)+>_,,>3 oad Pm(8) +ta(s)((s), the multiples-
of-4 remainder t4(s)((s) vanishes whenever ((s) = 0, so the analytic continuation of the odd-even
inner circles Y3, -3 oqq P (3 4 ib) and the full series tail Y 0% 5 ¢, (5 + ib) meet Y02, Co(5 + ib)

at the exact same antipode —Pl(% + ib) on the initial circle of constant radius %

6 Conclusion

By unifying the Dirichlet prefactor with individual series terms, we have shown that the crit-
ical line a = % is distinguished not only algebraically by functional equation symmetry, but
geometrically by two simultaneous characterizations: it is the unique real-axis slice where the
base-2 epicyclic anchor Ss(s) and all its odd-even dyadic descendants P,,(s) are centered at the
origin (0,0) [13], and where the complementary multiples-of-4 anchor t4(3 + ib) traces an exact
Lemniscate of Bernoulli with foci at (0,0) and (1,0). Furthermore, the odd-even dyadic sums
tm + tom = Py, and the multiples-of-4 dyadic differences t4,, — tg;, = —47°PF,, collapse both
periodic multi-loop rational curves and incommensurable precessing rosettes into exact concen-
tric origin-centered circles, accounting for all terms ¢,(s) (n € N). Finally, moving beyond the
geometric classification of individual curves, we have shown that the eighteenth-century analytic
triad pioneered by Euler—connecting the Lemniscate of Bernoulli, the Beta and Gamma integrals,
and the zeta function [1, 2, 3, 4]—converges directly on the critical line: the fundamental perime-

ter L(t4) = F(;\%)Q’ the velocity-modulus duality ‘dt“ V5 ‘t 5+ 1b)

Blaschke relation —zB(z) = €2*() parameterize both the individual terms t, (3 +ib) and the
concentric dyadic circles Py, (3 +ib) and Day, (5 -+ ib) through I'(3) and I ob )( 1 2) and reframing
critical-line zeros geometrically as points where the inner concentric circles land on the antipode
—Pl(% + 1b) of the initial circle of constant radius 7, thereby uniting the visual geometry and
classical analysis of the Riemann zeta function on the critical line.

, and the double-angle
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